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Abstract

In this thesis, the interplay between the Brownian motion of colloidal quantum dots (QDs) and
the position-dependent Coulomb coupling is investigated. The Coulomb interaction plays an
important role since it changes the optical and electrical properties of nanostructures such as
colloidal QDs, even in the case of non-overlapping electron wave functions. Due to the Coulomb
coupling, the individual characteristics of the single QDs are modified and new delocalized exciton
states are formed. Coulomb coupled colloidal QDs diffuse in the solvent and thus, they frequently
change their spatial positionings and their angular orientations. The Brownian motion represents
a simple approximative way for describing this stochastic motion of the QDs.

Since the Coulomb coupling is determined by the distance between the QDs and their relative
dipole orientation, the strength of the coupling is influenced by the spatial arrangement of the
colloidal QDs. Accordingly, the diffusion of the colloidal QDs determines the strength of the
Coulomb coupling. In general, the calculation of the Coulomb coupling requires the evaluation
of a six dimensional integral. Therefore, it presents a limiting factor in quantum mechanical
calculations, if the size or the complexity of the model system increases. Therefore, the Poisson
Green’s function method for an efficient numerical calculation of a high number of Coulomb cou-
pling elements is introduced. The method reduces the number of integrals in real space without
being restricted to specific symmetry conditions or an explicit Coulomb Green’s function. Fur-
thermore, the method naturally includes an arbitrarily spatial-dependent dielectric permittivity,
as is needed for colloidal QDs with varying spatial arrangements caused by the diffusion.

Since the signatures in the multidimensional coherent spectroscopy are directly induced by
the interaction processes between the QDs, the double quantum coherence spectroscopy allows
an analysis of the averaged positions of the QDs to be done without influencing the motion of
the QDs. Thus, the two dimensional (2d) coherent spectroscopy is used for the visualization
and investigation of the Coulomb coupling. The position-dependent Coulomb interaction as well
as the excitation transfers between the colloidal QDs cause characteristic shifts and signatures
in the 2d spectra. Since the motion of colloidal QDs in the solvent, induced by the diffusion,
changes the strength of the Coulomb coupling, the characteristic signatures in the 2d spectra
can be used for investigating the arrangement specific Coulomb coupling. Accordingly, the 2d
spectroscopy enables an analysis of the interplay between the Brownian motion of the colloidal
QDs and the strength of the Coulomb coupling to be done.

Furthermore, the spectroscopic signatures of millions of QDs arrangements are averaged to get
stochastically converged signatures providing information on the characteristics of the Brownian
motion. The averaged spectroscopic signatures are calculated for varying QD concentrations.
The different averaged distances and orientations of the colloidal QDs, determining the strength
of the Coulomb coupling, induce specific signatures in the 2d spectra. If the QDs are densely
arranged in mean, the Coulomb coupling, which decreases with the distance, forms delocalized
exciton states and QD clusters arise. For a decreasing concentration of the colloidal QDs, the
influences of the Coulomb coupling decreases and the colloidal QDs appear more and more as
localized single QDs. Hence, an analysis of the interplay between the Brownian motion of the
colloidal QDs and the Coulomb coupling provides information on the QD concentration using
the characteristic averaged signatures in the 2d spectra.
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Zusammenfassung

In dieser Dissertation wird das Zusammenspiel zwischen der Brownschen Bewegung kolloidaler
Quantenpunkte (QP) und der positionsabhängigen Coulomb-Kopplung untersucht. Die Coulomb-
Wechselwirkung spielt eine wichtige Rolle, da sie die optischen und elektrischen Eigenschaften von
Nanostrukturen wie kolloidale QP ändert, selbst wenn die elektronischen Wellenfunktionen nicht
überlappen. Durch die Coulomb-Wechselwirkung werden die individuellen Eigenschaften von ein-
zelnen QPn modifiziert und neue delokalisierte Exziton-Zustände gebildet. Coulomb-gekoppelte
kolloidale QP diffundieren im Lösungsmittel und ändern deshalb regelmäßig ihre räumlichen Po-
sitionen und ihre Winkelorientierungen. Die Brownsche Bewegung stellt ein einfache Möglichkeit
zur Beschreibung dieser stochastischen Bewegung der QP dar.

Da die Coulomb-Wechselwirkung durch die Distanz zwischen den QPn und ihrer relativen
Dipolorientierung bestimmt wird, ist die Stärke der Kopplung abhängig von der räumlichen An-
ordnung der kolloidalen QP. Dementsprechend bestimmt die Diffusion der kolloidalen QP die
Stärke der Coulomb-Wechselwirkung. Im Allgemeinen erfordert die Berechnung der Coulomb-
Wechselwirkung die Auswertung eines sechsdimensionalen Integrals. Dieses stellt somit einen li-
mitierenden Faktor in quantenmechanischen Berechnungen dar, sobald Größe oder Komplexität
des Modellsystems erhöht werden. Aus diesem Grund wird eine Methode, die auf der Darstel-
lung der Lösung der Poissongleichung mittels Greenscher Funktionen basiert, für eine effiziente
Berechnung einer großen Anzahl an Coulomb-Kopplungselementen eingeführt. Diese Methode
reduziert die Anzahl der Integrale im Realraum ohne auf bestimmte Symmetriebedingungen
oder eine explizite Form der Greenschen Funktion beschränkt zu sein. Darüber hinaus beinhaltet
die Methode direkt den Einfluss einer beliebigen ortsabhängigen Permittivität, wie sie auch für
kolloidale QP mit diffusionsbedingten räumlich veränderlichen Anordnungen benötigt wird.

Da die Signaturen in der multidimensionalen kohärenten Spektroskopie direkt von den Wech-
selwirkungsprozessen zwischen den QPn beeinflusst werden, erlaubt es die doppelte Quantenko-
härenzspektroskopie eine Analyse der gemittelten Positionen der QP durchzuführen, ohne die
Bewegung der QP zu beeinflussen. Aus diesem Grund wird die zweidimensionale (2d) kohären-
te Spektroskopie für die Visualisierung und Untersuchung der Coulomb-Kopplung verwendet.
Die ortsabhängige Coulomb-Wechselwirkung sowie der Anregungstransfer zwischen kolloidalen
QPn verursachen charakteristische Signaturen und Verschiebungen in den 2d Spektren. Da die
Bewegung der kolloidalen QP, welche durch die Diffusion hervorgerufen wird, die Stärke der
Coulomb-Kopplung verändert, können diese charakteristischen Signaturen in den 2d Spektren
verwendet werden, um die anordnungsspezifische Coulomb-Kopplung zu untersuchen. Aus die-
sem Grund ermöglicht es die 2d Spektroskopie, eine Analyse des Zusammenspiels zwischen der
Brownschen Bewegung der kolloidalen QP und der Stärke der Coulomb-Kopplung durchzuführen.

Weiterhin werden spektroskopische Signaturen von Millionen Quantenpunktanordnungen ge-
mittelt um stochastisch konvergente Signaturen zu erhalten, welche dann Informationen über
die Charakteristiken der Brownschen Bewegung bereitstellen. Die gemittelten spektroskopischen
Signaturen werden für verschiedene Quantenpunktkonzentrationen berechnet. Die unterschied-
lichen mittleren Distanzen und Ausrichtungen der kolloidalen QP, die die Stärke der Coulomb-
Kopplung festlegen, rufen spezifische Signaturen in den 2d Spektren hervor. Wenn die QP im
Mittel dicht beieinander liegen, bildet die Coulomb-Wechselwirkung, welche mit zunehmender
Distanz abgeschwächt wird, Exziton-Zustände aus und Quantenpunktcluster entstehen. Für eine
sinkende Konzentration der kolloidalen QP sinkt auch der Einfluss der Coulomb-Kopplung und
die gekoppelten QP erscheinen mehr und mehr als lokalisierte einzelne QP. Demzufolge stellt eine
Analyse des Zusammenspiels zwischen der Brownschen Bewegung der kolloidalen QP und der
Coulomb-Kopplung, anhand der charakteristischen gemittelten Signaturen in den 2d Spektren,
Informationen bezüglich der Quantenpunktkonzentration bereit.
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Chapter 1

Introduction

1.1 Main idea

In this thesis, the interplay between the diffusion of colloidal quantum dots (QDs) and the
position-dependent Coulomb coupling is investigated. The multidimensional coherent spec-
troscopy allows an analysis of the averaged QD positions to be done without influencing their
motion. In the two dimensional (2d) spectroscopy, the signatures are directly induced by the
interaction processes between the QDs [1]. Thus, they can be used for visualizing and analyzing
the spatial-dependent couplings and excitation transfers between the colloidal QDs [2]. Since
the Coulomb coupling is determined by the distance between the QDs and their relative dipole
orientations [3,4], the diffusion of the colloidal QDs changes the strength of the coupling. In the
2d spectra, the Coulomb induced exciton shifts [5, 6] cause characteristic signatures for the dif-
ferent spatial QD arrangements. Therefore, the 2d spectra provide information on the Brownian
motion of the colloidal QDs induced by the spatial-dependent Coulomb coupling.

1.2 Motivation

Colloidal QDs have been in the focus of research for many years, since their tunable size and
shape, manipulatable by the synthesis process [7,8], strongly influence their optical and electronic
properties [9,10]. With the developments in the chemical synthesis of colloidal nanocrystals [11–
13], a selective control of the size, the shape and the dimensionality of the colloidal QDs becomes
possible [14]. Therefore, the size-dependence of the electron band gap [14, 15] and the related
exciton energies [16] presents one of the most important topics in the colloidal semiconductor
research [17]. Moreover, in colloidal core/shell nanostructures [18,19] two or more semiconductor
materials are combined forming new materials with adapted properties such as a high emission
rate [11, 13].

Since the colloidal QDs diffuse in the solvent, they change their spatial positioning and their
angular orientation frequently. The manipulatable brightness and photostability of the colloidal
QDs make them excellent markers for the visualization of biological processes [20, 21]. The
Brownian motion represents a simple approximative way for describing the stochastic motion of
the QDs. Following the fluctuation-dissipation theorem [22], the Brownian motion determines
the dynamics including the random positions and the averaged velocity of a microscopic particle
immersed in a fluid. Therefore, an analysis of the Brownian motion is of particular interest since
the motion is directly related to the transport of molecules and cells in biological systems [23–25].

In assemblies of colloidal QDs [26, 27], the optical and electrical properties are changed due
to the Coulomb interaction between the QDs [4,28]. Even in the case of non-overlapping electron
wave functions, the Coulomb interaction plays an important role, since the individual characteris-

1
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(a) Pairwise Coulomb coupled colloidal QDs dif-
fusing in the solvent.

(b) Colloidal QDs moving on specific trajectories
introducing changes in the distances and orienta-
tions, which influence the Coulomb coupling.

Figure 1.1 Coulomb coupled colloidal QDs diffuse in the solvent and thus, they frequently change
their spatial positions and angular orientations. The motion influences the strength of the coupling.
For investigating the motion of the colloidal QDs, arrangement specific 2d spectra are used.

tics of the QDs are modified and new delocalized exciton energy states are formed [4,16,29]. The
coupling includes the electrostatic monopole-monopole Coulomb coupling between electrons and
holes respectively [30], and the Förster dipole-dipole coupling [31, 32] as nonradiative resonant
energy transfer between the QDs [33]. Therefore, the Coulomb coupling, which is determined by
the Brownian motion of the colloidal QDs, induces characteristic exciton energy shifts [5,6] and
excitation transfers [34, 35].

A microscopic analysis of the Coulomb coupling is essential for the understanding of sev-
eral physical processes in condensed matter such as the scattering of charge carriers [36, 37] or
the formation of collective states as excitons and biexcitons [38, 39]. Therefore, the Coulomb
coupling as a many particle interaction plays an important role in a variety of systems such as
nanostructures as QDs or wells [36], coupled nanotubes [40, 41], bulk semiconductors [37, 42],
graphene [43, 44] as well as atomic structures and molecular systems [45, 46]. In this thesis,
semiconductor QDs are investigated, which are of great interest for the fundamental physic and
for novel device applications [10]. For instance, the resonance energy transfer is important in the
context of quantum computations and quantum dot lasers [3].

In general, the calculation of the Coulomb coupling requires the evaluation of a six dimen-
sional integral [47, 48]. For numerical efficient calculations, the Poisson Green’s function (PGF)
method [49] is introduced for reducing the number of integrals in real space. The fast computa-
tion of Coulomb coupling elements may be important in electronic structure calculations [46,50]
and for quantum dynamics [28,51] and efficient density matrix calculations using many-body cor-
relation expansions [52,53]. Following the approach of the PGF method [49], the monopole and
the Förster coupling elements are calculated microscopically. The method enables the influence
of the dielectric environment of the two colloidal QDs diffusing in the solvent to be included.
The results of the full microscopical calculation of the Coulomb coupling are compared to the
typically used point-dipole approximation, which offers the possibility of a very fast calculation
of the Coulomb coupling for homogeneous media [54,55].

Since the Coulomb coupling is determined by the distance between the QDs and their relative
dipole orientation [3,4], the strength of the coupling is influenced by the spatial arrangement of
the colloidal QDs in the solvent. For detecting and analyzing the spatial-dependent coupling and
excitation transfers, the 2d coherent optical spectroscopy is used [1, 2]. The position-dependent
Coulomb coupling causes characteristic shifts and shape transformation of the optical signatures
in the 2d spectra. Since the motion of colloidal QDs in the solvent, induced by the diffusion,
changes the strength of the Coulomb coupling, the characteristic signatures in the 2d spectra
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can be used for investigating the arrangement specific Coulomb coupling. Accordingly, the 2d
spectroscopy is used for analyzing the interplay between the Brownian motion of the colloidal
QDs in the solvent and the strength of the Coulomb coupling.

For investigating the characteristic spectra according the QD positions, first the Coulomb
coupling between QDs with varying positions and orientations needs to be calculated. Therefore,
the motion of colloidal QDs is given by characteristic trajectories, which are represented by
specific positions and orientations of the dots to each other. Thus, each of these snapshots of the
motion require the calculation of the Coulomb coupling elements to determine the corresponding
2d spectroscopic signature. Therefore, the fast model of the point-dipole approximation is used
for the calculation of the Coulomb coupling elements in the Brownian motion of two colloidal
QDs. All single position signatures resulting from one trajectory are added together into an
averaged 2d spectra providing information of the motion and the averaged distances between the
QDs.

1.3 Structure of the thesis

This thesis is composed of a part introducing the fundamental physical concepts, three main
parts and a conclusion.

After this introduction, the second chapter briefly introduces the model system as well as
the main physical concepts used in the following chapters. This includes the properties of the
colloidal QDs together with the connected Hamiltonian, the Coulomb induced exciton states,
and the realization of rotations in three dimensions.

For investigating the relation between the coupling processes and the motion of the colloidal
QDs, firstly the position-dependent Coulomb coupling needs to be calculated. Thus, in the
third chapter, the numerical efficient Poisson Green’s function method is defined and adapted to
the model of the colloidal QDs. In the approach of the method, the QD’s arrangement-specific
strength of the monopole-monopole and dipole-dipole Coulomb coupling elements is investigated.
Furthermore, the influence of the spatial-dependent dielectric permittivity is included. Finally,
the results are compared with the point-dipole approximation for a very fast calculation of the
interdot Coulomb coupling.

In the fourth chapter the formalism of the double quantum coherence spectroscopy (DQCS) is
presented and 2d spectra for varying QD arrangements are calculated. Using the results of chap-
ter three, the position-dependent signatures resulting from the full calculation of the Coulomb
coupling are compared with the signatures in the point-dipole approximation. Furthermore, the
influence of the QD’s size, the polarization of the excitation pulses and the dephasing rate on
the spectroscopic signatures is demonstrated.

In chapter five, the concepts of the Brownian motion of the colloidal QDs are introduced. The
formalism of the 2d spectroscopy given in chapter four, together with the results of the Coulomb
coupling from chapter three, are used to calculate averaged 2d spectra consisting of millions
of single QD signatures. The implementation of the approach together with a convergence
analysis are given in the fifth chapter. Then the signatures in the averaged 2d spectra are
analyzed concerning the influence of the QD concentration as well as the influence of the solvent’s
parameters.

Finally, in the brief conclusion the main results are summarized and a short outlook for
further investigations is given.
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Chapter 2

Physical concepts

While in the main part of this thesis, the Coulomb coupling between diffusing colloidal QDs
will be used to investigate the motion of the QDs in the approach of a multidimensional spec-
troscopy, in this chapter, the fundamental physical concepts needed for the description are briefly
introduced. Firstly, the model system of colloidal QDs and the concerning material parameters
are presented. Then, the free particle Hamiltonian together with the confinement potential of
colloidal core/shell QDs are introduced. In the following, the interaction Hamiltonian is defined,
which determines the Coulomb coupling between the colloidal QDs and the electron-light in-
teraction. Furthermore, the exciton basis as a result of the Coulomb interaction between the
colloidal QDs is given and the pure electronic Hamiltonian is formulated in this basis. A descrip-
tion in the eigenstate of this Hamiltonian allows other observables, such as the dipole operator,
to be formulated in the simple three band exciton model directly including the influence of the
Coulomb interaction. Finally, the rotation of three dimensional objects based on the quaternion
as well as the Euler angle description is introduced.

2.1 Colloidal quantum dots

QDs are nanocrystals which are sized smaller than the Bohr radius [56] in all three dimensions.
Accordingly, the excitons (electron-hole pairs) are confined in all directions and the QD is expe-
rienced as a 0-dimensional object [57]. In this thesis, colloidal QDs are investigated, which are
synthesized in a solvent [7, 8] and thus they diffuse freely in their surrounding medium. Typical
diameters of colloidal QDs occur in a range from 1 to 10 nanometers [17].

Colloidal CdSe QDs have been in the focus of research for many years, and therefore, they
are extensively studied as a prototypical colloidal QD [58]. Due to developments in the synthesis
process of colloidal QDs, the size and shape of the colloidal QDs are manipulatable [11–13].
Therefore, the optical as well as the electronic properties are tunable [9, 10]. The resulting size-
dependence of the electron band gap and the related exciton energies presents one of the most
important topics in the colloidal semiconductor research [17]. In the following section, the model
system used in this thesis, which consists of two Coulomb coupled colloidal QDs, is presented
together with its characteristic material parameters. Then, the confinement potential and the
free particle Hamiltonian are introduced.

2.1.1 Model system and material parameters

In this thesis, colloidal core/shell QDs pairwise coupled via Coulomb interaction were analyzed,
as schematically depicted in Fig. 2.1. Since the Brownian motion of the QDs in the solvent is
considered, both QDs frequently change their spatial positions and dipole orientations due to

5
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Figure 2.1 Two Coulomb coupled colloidal QDs. Each QD can be described by a two level-systems
consisting of a valance band v and a conduction band c with two spin configurations respectively.
The two Coulomb coupled core/shell CdSe/ZnTe QDs in water change their spatial positions and
orientations due to the diffusion. For investigating the coupling processes, the QDs are excited with
a sequence of laser pulses.

the diffusion. The Brownian motion used to describe such a diffusion will be shortly introduced
in Chap. 5. The orientation of the spherical QDs is given by the orientation of the permanent
transition dipole moment which is induced by the orientation of the crystal axes [59]. As it will
be calculated in Chap. 3, the Coulomb coupling, which influences the electronic properties [28], is
determined by the QD arrangements. To investigate the influence of the QD’s positioning on the
Coulomb coupling [4], the system is excited with a sequence of laser pulses and the 2d spectra are
detected [2]. The double quantum coherence spectroscopy together with its spatial-dependent
signatures will be introduced in Chap. 4.

In contrast to bulk materials, carriers in semiconductor QDs are confined in all spatial dimen-
sions [56,60] and therefore, they show discrete energy states [56,61,62]. Since we investigate the
energy of the direct excitons, the QD model is given by a two-level system, which is composed
of the highest valence band v and the lowest conduction band c separated by the energy of the
band gap Egap, as depicted in Fig. 2.1. The resulting two-level model system is characterized
by the bandindex λ ∈ {v, c}, the QD number n ∈ {1, 2}, and the spin configuration σ ∈ {↑, ↓}.
The large range of the size variation of colloidal QDs over tens of nanometers according to the
synthesis process results in manipulable changes in the density of the electronic states [57]. The
band gap increases with decreasing size of the nanocrystal.

The optical spectra as well as the electronic properties of the colloidal QDs are influenced
by the Coulomb coupling [4, 28]. Even if the wave functions of the QDs do not overlap, the
Coulomb coupling between the QDs may have a significant impact. The Coulomb interaction
between two QDs contains the direct electrostatic monopole-monopole coupling between the
electrons and the holes of the two QDs [30] and dipole-dipole coupling such as the non-radiative
Förster energy transfer [31,32] inducing exciton energy shifts [5,6] and excitation transfer between
the QDs [34,35].

The QDs are excited with a sequence of circular polarized light for investigating the influence
of the motion of the colloidal QDs, which is determined by specific trajectories, as schematically
depicted in Fig. 2.2 and calculated in Chap. 5, on the Coulomb coupling. In order to get a
systematically analysis of the influence of the QD arrangement on the strength of the Coulomb
coupling (Chap. 3) and on the spectroscopic signatures (Chap. 4), the distances and the angular
orientations are varied. The material parameters for describing different core/shell QDs are listed
in Tab 2.1. These parameters are used of all the numerical calculations based on the model of
the pairwise Coulomb coupled colloidal QDs.
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Figure 2.2 Two colloidal QDs moving on characteristic trajectories. The movement of the QDs
changes their distance Rd and their relative dipole orientation. Both influence the strength of the
Coulomb coupling between the QDs. To analyze the interplay between the movement of the colloidal
QDs and the Coulomb coupling, the 2d spectroscopy can be used. Therefore, the QDs are excited by
an external circular polarized electrical field Ecirc.

Table 2.1 Material parameters used for the different core/shell QDs and the parameters of water
H2O used as a solvent. These parameters include the effective electron m∗

e and hole m∗
h mass in

units of the free electron mass m0. Furthermore, the permittivity ε of the different materials is listed.
These parameters are used of all the numerical calculations of the model system of the two Coulomb
coupled colloidal QDs.

material m∗
e[m0] m∗

h[m0] ε references
CdSe 0.13 0.30 6.23 [10,15,17]
ZnTe 0.13 0.56 7.28 [17,63,64]
H2O 1.0 1.0 1.78 [65]
CdS 0.18 0.60 5.50 [18,65]
ZnSe 0.14 0.52 5.90 [18,64]
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Figure 2.3 The confinement potential of CdSe/ZnTe core/shell QDs surrounded by water [33]. At
the bottom the confinement potential of the holes is given, while at the top the electron potential
well resulting from the different materials is plotted.

2.1.2 The free particle Hamiltonian and the confinement potential

The Hamiltonian of a system of Coulomb coupled QDs excited by an external light field consists
of three parts: the free electronic part H0, the part of the Coulomb interaction HC and the
coupling to the excitation field He-l. The free particle Hamiltonian reads

H0 =
∑︂
λ,n,σ

ελσa
†
λnσaλnσ . (2.1)

Here, a(†)λnσ denotes the annihilation (creation) operator of an electron in the band λ of the nth
QD and with the spin configuration σ. The connected single particle energy is given by ελσ.
Following the envelope function description, the electron wave functions ϕ(r) are written as a
product of an envelope function ξ(r) and a lattice periodic Bloch part u(r) [41,55]. For evaluating
the eigenfunctions of the material system, the stationary Schrödinger equation

H0ξc/v(r) =

(︃
− ℏ2

2m∗∆+ V (r)

)︃
ξc/v(r) = Eξc/v(r) (2.2)

is solved by using the numerical eigenvalue solver SLEPc [66] for the electrons ξc and holes ξv
respectively. The equation is determined by the free particle Hamiltonian H0 including the con-
finement potential V (r) which depends on the geometry as well as on the electronic structure of
the model system [67]. Typically, the confinement potential of colloidal QDs is given by a three
dimensional potential well for electrons and holes respectively. Fig. 2.3 gives the confinement
potential of CdSe/ZnTe core/shell QDs surrounded by water. The confinement is determined
by the material’s composition and structure [57]. The large range of size variation over tens of
nanometers induces changes in the density of electronic states and in the energy level separation.
This results in an increase of the band gap with decreasing size of the nanocrystal and the forma-
tion of discrete energy levels in the range of the band edges [57]. Accordingly, the electronic and
the optical properties of the colloidal QDs are strongly size and shape dependent and therefore,
they are tunable by the synthesis process.

Since in the experimental setup the different materials are mixed at the interfaces, a softening
of the function of the confinement potential V (r) is introduced [67]. Accordingly, the rectangular-
like potential wells of the specific material systems are softened by a weighting factor, which is
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Figure 2.4 According to the thickness of the QD’s core/shell structure, the energy and the localization
of the electronic eigenstates changes. Therefore, different QD types can be introduced [18].

given by the information on the confinement potential stored in the neighboring grid points. The
geometry as well as the softness determine the confinement potential, and thus, they influence
the eigenenergies [67].

QDs with a core/shell structure can be divided into type-I and type-II QDs, depending on
the electronic structure of the confinement potentials of the different materials. Thus, this clas-
sification is determined by the alignment of the conduction band edge in relation to the valence
band edge [18]. This is induced by the relation of the core- to shell-thickness, as schematically
depicted in Fig. 2.4. In the case of the type-I QD, the band gap of the core material is enclosed
and lies within the energy gab of the shell material. Thus, the electron and holes are confined
in the same volume [68] and show similar wave functions [57] (cf. Fig. 2.4(a)). An electron-hole
pair, forming an direct exciton, excited near the interface tends to localize in the core material
and provides the lowest energy states. In contrast, the type-II QDs, which show a staggered
energy level system, provide the lowest energy states for electron and holes which are located in
the different materials. This indirect energy gap results in a separation of the electron and hole
wave functions (cf. Fig. 2.4(c)). Since the electrons in the type-I QDs are located in the core
of the lower band gap material, the interaction of the excitons with the surface can be reduced
by the shell material with a wide band gap. For this reason, type-I core/shell QDs with such
improved confinement of the electrons and holes are widely used. In contrast, the type-II QDs
provide an investigation of interesting effects caused by the separation of the electron and holes
in the different materials. Furthermore, the band edge transition energy can be smaller than the
energy of the band gab of the individual materials [18].

Following the classification presented in [18], quasi type-II QDs which show a only partial
spatial separation of the electrons and holes (cf. Fig. 2.4(b)) are defined. The electron is located
at the core material, while the hole is delocalized over the entire volume of the QD. This type of
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QDs can be used to reduce the overlap between the electron and hole wavefunctions still providing
a non-zero overlap region. A change between those types of core/shell QDs can be achieved by
varying the thickness of the shell material. Thus, the optical and electrical properties of colloidal
QDs can be selectively manipulated by changing both core radius and shell width. This influences
the overlap of electron and hole wave functions. Accordingly, for a large dimensionality of both
core and shell structures, the electron and holes can be completely separated due to a vanishing
overlap of the wave functions [18].

The core/shell structure of colloidal QDs is used for manipulating the electrical, optical and
the chemical properties of the QDs. For instance, the shell passivates the core’s surface and
prevents it from leeching with the fluid molecules [25] influencing the motion of the colloidal
QD. Furthermore, molecules can be arranged around the QD, which is called a ligand [25].
This monolayer of phospho-alkane ligands creates a barrier to the molecules of the solvent and
therefore, the ligand strongly influences the QD-solvent interaction [69]. The composition and
chemical interaction between the solvent molecules and the ligand chain length and the size of the
QD [69] determine the influence of the ligand to the environment-QD coupling. A surrounding
ligand of stabilizing molecules can be extended some nanometers out from the particle [20].
Therefore, the occurrence of a ligand influences the strength of distance-dependent interdot
coupling such as the Coulomb interaction.

2.2 Interaction Hamiltonian

If the Coulomb coupled colloidal QDs which diffuse in the solvent are excited with a sequence
of laser pulses, the interaction Hamiltonian consists of two parts: the Coulomb Hamiltonian and
the electron-light Hamiltonian. These parts of the interaction Hamiltonian are defined in this
section. Finally, the total Hamiltonian describing the model system of the colloidal QDs coupled
by the Coulomb interaction and interacting with an external laser field is summarized.

2.2.1 Coulomb Hamiltonian

In this thesis, the influence of the frequently changing positions of the colloidal QDs in the solvent
on the Coulomb coupling will be investigated. For calculating the strength as well as the QD
arrangements dependence of the Coulomb coupling, first the Coulomb Hamiltonian needs to be
defined. Thus, the Hamiltonian of the Coulomb interaction is derived for a spatial-dependent
medium characterized by ε(r) [70]. In analogy to the approach of the Poisson Green’s function
method, which will be introduced in Sec. 3.1, for the derivation of the Hamiltonian a Green’s
function representation of a Poisson equation is used. The method as well as parts of this section
are published in [49],©2016 American Physical Society.

The inhomogeneous Maxwell equations describe electromagnetic fields, including free charges
ρ and currents j as source terms [71]. To solve the Maxwell equations in material, we use the
vector potential A in a generalized Coulomb gauge [71, 72]: ∇r ·

(︁
ε(r)A(r)

)︁
= 0. Following

the approach of Ref. [73], in semiclassical description, the longitudinal part of the dielectric
displacement is defined as DL(r) = −ε0ε(r)∇rΦ(r) with the scalar potential Φ. Therefore, the
Coulomb field energy is given by:

HC =
1

2

∫︂
d3r

DL(r) ·DL(r)

ε0ε(r)
. (2.3)

Inserting the definition of the longitudinal dielectric displacement DL in Eq. (2.3), the scalar
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potential Φ appears:

HC = −1

2

∫︂
d3r∇rΦ(r) ·DL(r) . (2.4)

After an integration by parts, the Maxwell equation ∇r · DL(r) = ρ(r) is used to include the
free charge density ρ:

HC =
1

2

∫︂
d3rΦ(r)ρ(r) . (2.5)

In the Coulomb gauge, the scalar potential Φ satisfies the Poisson equation and the influence of
a spatially inhomogeneous medium is represented by a dielectric function ε(r) [73, 74]:

∇r · (ε(r)∇rΦ(r)) = −ρ(r)
ε0

. (2.6)

To express the solution of Eq. (2.6) for a spatially inhomogeneous medium, as is done in Ref. [73],
a generalized Coulomb Green’s function G(r, r′) is defined through:

∇r ·
(︁
ε(r)∇rG(r, r

′)
)︁
= − 1

ε0
δ(r − r′) . (2.7)

Using the definition of the Green’s function in Eq. (2.7), the scalar potential Φ as solution of the
Poisson Eq. (2.6) is:

Φ(r) =

∫︂
d3r′G(r, r′)ρ(r′) . (2.8)

The scalar potential in the Hamiltonian in Eq. (2.5) is replaced using Eq. (2.8) and the two-
particle Coulomb Hamiltonian is obtained:

HC =
1

2

∫︂
d3r

∫︂
d3r′ρ(r)G(r, r′)ρ(r′) . (2.9)

In second quantization, the charge density is given by the electron field operators expanded into
electronic eigenstates. Thus, the Coulomb Hamiltonian is:

HC =
1

2

∑︂
1234

V1234a
†
1a

†
2a3a4, (2.10)

with 1,2,3 and 4 as multi-indices representing all quantum numbers states (e.g., band index, QD
number, spin configuration) and a†i (ai ) denoting the creation (annihilation) operators for elec-
trons of the state i. The Coulomb coupling elements V1234 of a generalized Coulomb interaction
potential G(r, r′) read [50,75]:

V1234 = e2
∫︂
d3r

∫︂
d3r′ϕ∗1(r)ϕ

∗
2(r

′)G(r, r′)ϕ3(r
′)ϕ4(r) , (2.11)

where ϕi(r) is the electron wave function of the state i. In general, Eq. (2.11) requires a numerical
solution. The six dimensional space integral needs to be evaluated for calculating the two-
particle Coulomb interaction. Accordingly, the calculation of the Coulomb coupling elements is
numerically demanding, compared to three dimensional integrals, and constitutes a significant
limitation factor in the calculation of complex problems. Since the colloidal QDs diffusing in
the solvent frequently change their spatial positions and angular orientations, a high number
of Coulomb coupling elements needs to be calculated. Therefore, the Poisson Green’s function
method for fast numerical calculations is necessary and will be introduced in Sec. 3.1 representing
a general numerical procedure to reduce the computational cost of the calculation of the related
coupling elements.
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2.2.2 Electron-light interaction

For detecting and visualizing the influence of the QD arrangements on the Coulomb coupling, the
multidimensional coherent spectroscopy will be used. Therefore, the colloidal QDs are excited
with a sequence of well-defined laser pulses. The coupling of the electrons of the colloidal QDs
to this external light field E is given by a semicalassical dipole interaction and the Hamiltonian
of the electron-light interaction as follows:

He-l = −d ·E . (2.12)

In second quantization, the dipole operator d is given by electron field operators ψ(†)(r) for the
annihilation (creation) of an electron at position r

d = e

∫︂
d3rψ†(r)rψ (r) . (2.13)

These electron field operators are expanded into electronic eigenmodes

ψ(r) =
∑︂
λ,n,σ

ϕλnσ(r)aλnσ , (2.14)

where ϕλnσ(r) denotes the electron wave function of an electron with bandindex λ ∈ {v, c},
QD number n ∈ {1, 2} and spin configuration σ ∈ {↑, ↓}, and aλnσ gives the annihilation of
an electron in the corresponding quantum state. Using the effective mass and the envelope
function approximation, the electron wave functions are assumed to be written as a product of
the envelope function ξ(r) and a lattice periodic Bloch part u(r) [55]:

ϕλnσ(r) = ξλn(r)uλnσ(r) . (2.15)

Using Eq. (2.14) and Eq. (2.15), the dipole operator of the semiconductor QD reads

d = e

∫︂
d3r
∑︂
λ1,λ2

∑︂
n1,n2

∑︂
σ1,σ2

ξ∗λ1n1
(r)u∗λ1n1σ1

(r)rξλ2n2
(r)uλ2n2σ2

(r)a†λ1n1σ1
aλ2n2σ2

. (2.16)

A scale separation of the space operator r into the position of the ith unit cell Ri and the
variation inside the cell si is conducted: r = Ri + si [41]. Under the assumption of a slowly
varying envelope, the envelope function is treated to be constant on the size of the unit cell:
ξ(Ri + si) ≈ ξ(Ri). Using the periodicity of the Bloch functions: u(Ri + si) = u(si), the dipole
operator is given by

d =e
∑︂
i

∑︂
λ1,λ2

∑︂
n1,n2

∑︂
σ1,σ2

ξ∗λ1n1
(Ri)ξλ2n2

(Ri)

·
(︃
Ri

∫︂
d3siu

∗
λ1n1σ1

(si)uλ2n2σ2
(si) +

∫︂
d3siu

∗
λ1n1σ1

(si)siuλ2n2σ2
(si)

)︃
a†λ1n1σ1

aλ2n2σ2
. (2.17)

The first term in the Eq. (2.17) corresponds to the intraband transitions, while the second term
describes interband processes. In the following, the first term is neglected, since interband and
intraband processes occur on different energy scales. Accordingly, in this thesis, only interband
interactions are considered for the electron-light interaction. Therefore, the macroscopic dipole
operator d is determined by the microscopic dipole moments µnσ

λ1λ2
for the interband electron

transitions on the volume of the unit cells Vuc, which are defined through [34,76]:

µnσ
λ1λ2

=
e

Vuc

∫︂
Vuc

d3siu
∗
λ1nσ(si)siuλ2nσ(si) . (2.18)
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Under the assumption that the unit cells are very close, the summation over the number of unit
cells in Eq. (2.17) is transformed into an integration

∑︁
i →

1
Vuc

∫︁
Vuc
d3r and therefore, the dipole

operator is written as

d =
∑︂
λ1,λ2

∑︂
n,σ

∫︂
d3rξ∗λ1n(r)ξλ2n(r)µ

nσ
λ1λ2

a†λ1nσ
aλ2nσ

. (2.19)

Introducing the envelope overlap integral χn
λ1λ2

=
∫︁
d3rξ∗λ1n

(r)ξλ2n
(r), which describes the spatial

extension of the QDs, the dipole operator of a semiconductor QD consisting of a valence band v
and a conduction band c is given by:

d =
∑︂
n,σ

χn
vcµ

nσ
vc a

†
vnσacnσ + χn

cvµ
nσ
cv a

†
cnσavnσ . (2.20)

Due to the spin selection rules of the resonance energy transfer between QDs with a zinc-blende
structure [3], the microscopic dipole transitions in Eq. (2.18), which depends on the spin of the
involved system, can be written as follows:

µn↑
cv =

µ0√
2
(ex + iey) µn↑

vc =
µ0√
2
(ex − iey) (2.21a)

µn↓
cv =

µ0√
2
(ex − iey) µn↓

vc =
µ0√
2
(ex + iey) . (2.21b)

Eqs. (2.21a) and (2.21b) show, that the microscopic transition dipole moments of QDs with
a zinc-blende lattice are perpendicular to the crystal c-axis. Accordingly, if the QDs rotate,
the angular orientation of the dipole moments changes too, which is particularly important for
colloidal QDs freely diffusing in the solvent. For both, zinc-blende and wurtzite nanocrystals, the
permanent dipole moment is linearly dependent on the radius of the colloidal QD [58]. Depending
on the synthesis process, colloidal QDs like CdSe can by synthesized with a crystalline zinc-blende
structure [12,77]. Therefore, the orientation of microscopic dipole transitions of the colloidal QDs
depends on the angular orientation of the QDs in the excitation field. The permanent dipole
moment of colloidal CdSe QDs with a radius of rp = 1.5 nm is µ0 = 1 enm [58]. If the size of the
colloidal QDs increases, the value of the permanent dipole moment is enlarged. Thus, for bigger
colloidal CdSe QDs with a radius of rp = 3 nm a dipole moment of µ0 = 2 enm is used [78].

2.2.3 The total Hamiltonian

The total Hamiltonian used in this thesis, which describes the Coulomb coupled colloidal QDs
interacting with an external light field, consists of three parts: the free electronic part H0, the
part of the Coulomb interaction HC and the coupling to the excitation field He-l:

H0 =
∑︂
λ,n,σ

ελσa
†
λnσaλnσ (2.22)

HC =
1

2

∑︂
λ1,...,λ4

∑︂
n1,...,n4

∑︂
σ1,...,σ4

V1234a
†
λ1n1σ1

a†λ2n2σ2
aλ3n3σ3

aλ4n4σ4
(2.23)

He-l = −ℏ
∑︂
n,σ

(︂
Ωnσ
cv a

†
cnσavnσ +Ωnσ

vc a
†
vnσacnσ

)︂
, (2.24)

with the Coulomb coupling elements:

V1234 = e2
∫︂
d3r

∫︂
d3r′ϕ∗λ1n1σ1

(r)ϕ∗λ2n2σ2
(r′)G(r, r′)ϕλ3n3σ3

(r′)ϕλ4n4σ4
(r) , (2.25)

and the Rabi frequency and the envelope overlap integral:

Ωnσ
λ1λ2

=
1

ℏ
χn
λ1λ2

µnσ
λ1λ2

·E χn
λ1λ2

=

∫︂
d3rξ∗λ1n(r)ξλ2n(r) . (2.26)
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Figure 2.5 A system of two colloidal QDs includes four localized bright exciton states as eigenstates
of the free particle Hamiltonian. While the local exciton states |Xi⟩ are given in the electron-electron
picture, in the schemes the electron-hole picture is illustrated.

2.3 Exciton basis

The Coulomb coupling between nanostructures induces the formation of collective particle states,
such as excitons, biexcitons, or trions [36]. In this thesis, the single and double excitons as
collective delocalized electronic excitations [79] determine the interaction processes of the system
of two colloidal QDs. They provide information on the Coulomb coupling between carriers,
such as exchanges and correlation effects [80]. For receiving a formalism directly including the
influence of the Coulomb coupling, the pure electronic Hamiltonian, which includes the free
particle Hamiltonian as well as the Coulomb-Hamiltonian, is formulated as a matrix in the
exciton basis.

Even if the electron wave functions do not overlap, the Coulomb interaction between nano-
structures causes a formation of new delocalized exciton states. Since the dipole-dipole Coulomb
coupling induces off-diagonal elements, the Hamiltonian is diagonalized to get a description based
on the delocalized exciton states as eigenstates of the pure Hamiltonian. Other variables and
quantum dynamical equations are transformed into the new basis of delocalized exciton states
for a consistent description based on the eigenstates of the electronic Hamiltonian. Therefore,
the formalism directly includes the influence of the Coulomb coupling.

In the optical spectroscopy, the electron-light excitation processes determine the interaction
processes. Therefore, the dipole operator, determining the electron-light Hamiltonian, is trans-
formed into the exciton basis. This enables the whole formalism of the multidimensional spec-
troscopy to be introduced in the delocalized exciton states, which directly included the influence
of the Coulomb coupling.

2.3.1 Localized exciton states and Hamiltonian

Colloidal QDs, as introduced in Sec. 2.1, can be viewed as a two-level system, which is composed
of the highest valence band v and the lowest conduction band c separated by the energy of the
band gap Egap. Since the spin splitting of the electronic quantum states is included, each band
with bandindex λ ∈ {v, c} provides two spin levels σ ∈ {↑, ↓}. In this thesis, a system consisting
of two colloidal QDs is investigated. Thus, the Coulomb coupling as a two particle interaction
occurs between the two QDs as interdot coupling or located in one QD as intradot coupling,
given by the QD number n ∈ {1, 2}. The local single exciton states |Xi⟩, which represent the
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Figure 2.6 The interdot (left) and intradot (right) monopole-monopole Coulomb coupling elements.
The electrostatic Coulomb coupling occurs between the electrons and holes of the colloidal QDs. The
different coupling elements are determined by the band indices.

eigenstates of the free particle Hamiltonian H0, are generated from the ground state |g⟩:

|Xi⟩ = a†cniσi
a
vniσ′

i
|g⟩ . (2.27)

Therefore, the local exciton states for a system of two coupled colloidal QDs, as depicted in
Fig. 2.5, can be formulated. Respecting the bright states only, since the dark states are usually
not excited due to the spin flip between electron and hole, the basis set of the localized single
exciton states consists of four bright states:

|X1⟩ = a†c1↑av1↑|g⟩ , (2.28a)

|X2⟩ = a†c1↓av1↓|g⟩ , (2.28b)

|X3⟩ = a†c2↑av2↑|g⟩ and (2.28c)

|X4⟩ = a†c2↓av2↓|g⟩ . (2.28d)

In the following, the Hamiltonian is formulated in the basis of localized bright exciton states.
Since these exciton states result from the Coulomb interaction, the pure electronic Hamiltonian
Hel = H0 + HC is introduced. First, all elements of the pure electronic Hamiltonian resulting
from the quantum numbers are identified. The Hamiltonian consists of multiple combinations
of the two-particle electron-electron operators each weighted with a specific Coulomb coupling
element, generally written as the sum in Eq. (2.10). All these elements are explicitly given in
App. A.1. The Coulomb coupling between two colloidal QDs includes the monopole-monopole
Coulomb coupling elements, given in App. A.1.1 as well as the dipole-dipole coupling elements in
App. A.1.2, both occurring as intradot and interdot coupling. The monopole-monopole coupling
elements, depicted in Fig. 2.6, represent the electrostatic Coulomb coupling between electrons and
holes. The dipole-dipole coupling includes a spin-sensitive excitation energy transfer between the
QDs as well as an intradot coupling, as schematically illustrated in Fig. 2.7.

For further calculations, the pure electronic HamiltonianHel needs to be expressed in the basis
of the locale exciton states, represented in a matrix formula. Starting with the single exciton basis
defined in Eq. (2.28), the calculations are conducted in App. A.2.1 for the example of two Coulomb
coupled colloidal QDs. In this notation, terms resulting from the free particle Hamiltonian H0 (cf.
Eq. (2.1)) as well as shifts caused by the direct monopole-monopole Coulomb coupling occur on
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Figure 2.7 The spin-sensitive Förster coupling as excitation energy transfer between the colloidal
QDs (on the left) and the intradot dipole-dipole Coulomb coupling (on the right). The dipole-dipole
coupling is determined by the microscopic dipole moments µ14 and µ23.

the diagonal of the Hamiltonian. Collecting all terms, the following abbreviations are introduced:

E0 :=2εv1 + 2εv2 + 2V
mm
11
vv

+ 2V
mm
22
vv

+ 8V
mm
12
vv

, (2.29)

E1 :=εc1 − εv1 − 2V
mm
11
vv

+ 2V
mm
11
cv

− 4V
mm
12
vv

+ 4V
mm
12
cv

, (2.30)

E2 :=εc2 − εv2 − 2V
mm
22
vv

+ 2V
mm
22
cv

− 4V
mm
12
vv

+ 4V
mm
12
vc

. (2.31)

Since the spin configurations do not directly influence the monopole-monopole coupling elements
and therefore, they are not included in this notation. Due to the symmetry regarding the pair-
wise change of the indices, all Coulomb terms appear twice.

While the free particle Hamiltonian and the monopole-monopole Coulomb coupling determine
the diagonal elements of the pure electronic Hamiltonian, all dipole-dipole excitation transfers,
given in App. A.2.1, appear as off-diagonal elements. Including the symmetry of the pairwise
permutation of the indices in the Coulomb coupling, the Förster coupling between two QDs is
determined by two spin configurations: the spin-preserving processes given by σ = σ′ and the
spin-flipping processes with σ ̸= σ′. Therefore, the spin-selective Förster coupling elements are
characterized by V↑↑ = V∗

↓↓ and V↑↓ = V∗
↓↑. Due to the Pauli principle in a two-level system, the

intradot dipole-dipole coupling elements Vi only includes spin-flipping processes (σ ̸= σ′) and
therefore, they are determined by the quantum dot number.

Collecting all interdot and intradot Coulomb coupling elements, the pure electronic Hamil-
tonian matrix (without the electron-light interaction) [35, 62] can be transformed into the basis
of the localized single exciton states:

HelXX
=

⎛⎜⎜⎝
E0 + E1 2V1 2V↑↑ 2V↑↓
2V∗

1 E0 + E1 2V↓↑ 2V↓↓
2V∗

↑↑ 2V∗
↓↑ E0 + E2 2V2

2V∗
↑↓ 2V∗

↓↓ 2V∗
2 E0 + E2

⎞⎟⎟⎠ . (2.32)

The Hamiltonian matrix in Eq. (2.32) shows, that the monopole-monopole coupling induces an
energy renormalization in comparison to the uncoupled system [35]. In case of the Förster
coupling, the off-diagonal dipole-dipole coupling elements induce a non-radiative energy transfer
between the QDs [34]. Since the off-diagonal matrix elements couple different exciton states,
they induce a delocalization of the exciton states. Thus, induced by the Coulomb interaction,
the exciton states are delocalized over the whole system and therefore cannot be allocated to the
single localized QDs. A calculation of these delocalized states is given in Sec. 2.3.2.

If multiple excitations are included, as in the case of the multidimensional spectroscopy,
double exciton states also called biexciton states occur. In analogy to the single exciton states
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Figure 2.8 A system of two colloidal QDs provides six local bright double exciton states as eigenstates
of the free particle Hamiltonian. In analogy to the singly excited states, the doubly excited states
|Bi⟩ are written in the electron-electron picture and depicted in the electron-hole picture. Either both
excitons are located in one QD or they are separated in each QD respectively.

in Eq. (2.27), the local double exciton states |Bij⟩ of the uncoupled system are generated from
the ground state as follows:

|Bij⟩ = a†cniσi
a
vniσ′

i
a†cnjσj

a
vnjσ′

j
|g⟩ . (2.33)

Thus, for the example of two Coulomb coupled colloidal QDs, six local bright doubly excited
states occur, as illustrated in Fig. 2.8:

|B1⟩ = a†c1↑av1↑a
†
c1↓av1↓|g⟩ , (2.34a)

|B2⟩ = a†c1↑av1↑a
†
c2↑av2↑|g⟩ , (2.34b)

|B3⟩ = a†c1↓av1↓a
†
c2↑av2↑|g⟩ , (2.34c)

|B4⟩ = a†c1↑av1↑a
†
c2↓av2↓|g⟩ , (2.34d)

|B5⟩ = a†c1↓av1↓a
†
c2↓av2↓|g⟩ and (2.34e)

|B6⟩ = a†c2↑av2↑a
†
c2↓av2↓|g⟩ . (2.34f)

If both excitons are located in one QD, the Coulomb interaction occurs as intradot coupling. In
the case of separated excitons, each QD include one exciton and therefore, the Coulomb coupling
induces an interdot interaction between both colloidal QDs.

Since multiple excitation processes induce double exciton states, a formulation of the pure
electronic Hamiltonian Hel in the basis of these biexciton states should be introduced. In analogy
to the transformation in the single exciton basis, all terms of the Hamiltonian, given in App.A.1
are collected and the matrix elements can be calculated, cf. App. A.2.2. As in the case of the
single exciton basis, the diagonal elements of the pure Hamiltonian matrix includes the free
particle Hamiltonian H0 (cf. Eq. (2.1)) and the monopole-monopole Coulomb elements. For
convenience, the following abbreviations for the diagonal elements of the Hamiltonian matrix are
introduced:

E011 := E0 + 2E1 + E11 , (2.35)
E012 := E0 + E1 + E2 + E12 , (2.36)
E022 := E0 + 2E2 + E22 , (2.37)
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including additional shifts caused by the doubly excited states:

E11 := 2V
mm
11
vv

+ 2V
mm
11
cc

− 4V
mm
11
cv

, (2.38)

E12 := 2V
mm
12
vv

+ 2V
mm
12
cc

− 2V
mm
12
cv

− 2V
mm
12
vc

, (2.39)

E22 := 2V
mm
22
vv

+ 2V
mm
22
cc

− 4V
mm
22
cv

. (2.40)

The off-diagonal elements are determined by the dipole-dipole Coulomb elements which couple
different biexciton states. Thus, the resulting matrix of the pure electron Hamiltonian matrix
Hel = H0 +HC represented in the basis of the local bright double exciton states (cf. Eqs. (2.34)
and Fig. 2.8) reads:

HelBB
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

E011 2V↓↑ 2V↑↑ 2V↓↓ 2V↑↓ 0
2V∗

↓↑ E012 2V1 2V2 0 2V↑↓
2V∗

↑↑ 2V∗
1 E012 0 2V2 2V↓↓

2V∗
↓↓ 2V∗

2 0 E012 2V1 2V↑↑
2V∗

↑↓ 0 2V∗
2 2V∗

1 E012 2V↓↑
0 2V∗

↑↓ 2V∗
↓↓ 2V∗

↑↑ 2V∗
↓↑ E022

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (2.41)

The monopole-monopole Coulomb coupling induces energy renormalization regarding the uncou-
pled system, while the dipole-dipole coupling induces a delocalization of the states. For retrieving
a formulation based on the eigenenergies of the Hamiltonian, the matrices of the pure electron
Hamiltonian in the single exciton basis in Eq. (2.32) as well as in the biexciton basis given in
Eq. (2.41) need to be diagonalized. The resulting description is based on delocalized exciton
states and will be introduced in the following section.

2.3.2 Delocalized exciton states

Since the dipole-dipole Coulomb interactions occur off-diagonal, they couple different electronic
states. Thus, the Coulomb coupling hybridizes the local QD states into new delocalized exciton
states [4]. These states represent the eigenstates of the pure electronic Hamiltonian Hel. There-
fore, a new three band model consisting of the ground state as well as the delocalized single and
double exciton states is introduced. Since these states are delocalized over the whole structure,
they cannot be identified with the isolated QD states.

The new delocalized basis set of exciton states |e⟩ is given by a linear combination of the
local single exciton states in Eq. (2.27) [81]:

|e⟩ =
∑︂
i

ηei |Xi⟩ (2.42)

|e⟩ =
∑︂
i

ηei a
†
cniσi

a
vniσ′

i
|g⟩ . (2.43)

The coefficients ηei of the transformation into the new delocalized basis are numerically obtained
by diagonalizing the Hamiltonian given in the single exciton states in Eq. (2.32). These new
delocalized exciton states represent the eigenstates of the pure electronic Hamiltonian, including
the Coulomb interaction: (H0 +HC)|e⟩ = Ee|e⟩.

In an analog way, the delocalized double exciton states |f⟩ generated by local biexciton states
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in Eq. (2.33) are:

|f⟩ =
∑︂
i,j ̸=i

ηfij |Bij⟩ (2.44)

|f⟩ =
∑︂
i,j ̸=i

ηfija
†
cniσi

a
vniσ′

i
a†cnjσj

a
vnjσ′

j
|g⟩ . (2.45)

Again, the coefficients ηfij of the linear combination of the double exciton states have to be
numerically calculated as coefficients of the diagonalization of the Hamiltonian matrix in the
basis of the local biexciton states in Eq. (2.41). Accordingly, the new delocalized biexciton states
are the eigenstates of the pure electronic Hamilton operator: (H0 +HC)|f⟩ = Ef |f⟩, analog to
the delocalized single exciton states.

As a result of the new three band system consisting of the ground state and the delocalized
exciton states, the pure electronic Hamiltonian reads:

Hel = H0 +HC = Eg|g⟩⟨g|+
∑︂
e

Ee|e⟩⟨e|+
∑︂
f

Ef |f⟩⟨f | . (2.46)

The delocalized exciton states enable descriptions to be done in the eigensystem of a Hamiltonian
directly including the influence of the Coulomb coupling. Therefore processes and observables
can be formulated in this simple three band system. In the following section the dipole operator
in Eq. (2.20) is transformed to the new basis of the delocalized states to express the coupling
between the electrons of the system and the photons of the exciting pulses.

2.3.3 Transforming the dipole operator into the delocalized basis

Since the dipole-dipole Coulomb interaction induces off-diagonal matrix elements in the Hamil-
tonian, new delocalized exciton states as eigenstates of the pure electronic Hamiltonian occur
as introduced in Sec. 2.3.2. Therefore, other observables are transformed into the new basis of
delocalized exciton states, since this directly includes the influence of the Coulomb coupling. For
describing excitation processes, as typically involved in the optical spectroscopy, the electron-
light interaction introduced in Sec. 2.2.2 needs to be formulated in the eigensystem of the pure
electron Hamiltonian. Since the dipole operator determines the electron-light interaction, in this
section the formulation of the dipole operator in the delocalized basis is introduced.

In the approach of the electron-light interaction, the dipole operator, which was introduced
in Eq. (2.20), determines the transitions in the electronic system. The delocalized exciton base
is based on the identity:

1 = |g⟩⟨g|+
∑︂
e

|e⟩⟨e|+
∑︂
f

|f⟩⟨f |+ · · · . (2.47)

In the following, only single exciton states |e⟩ and double exciton states |f⟩ are included and
therefore, further terms of the identity Eq. (2.47) are neglected. Using the selection rules for a
zinc-blende nanocrystal [3] and assuming that only dipole transitions between the ground and
single exciton states as well as between single and double exciton states occur [2], the dipole
operator in the delocalized exciton base reads:

del =
∑︂
e

(︂
dge|g⟩⟨e|+ deg|e⟩⟨g|

)︂
+
∑︂
e,f

(︂
def |e⟩⟨f |+ dfe|f⟩⟨e|

)︂
. (2.48)

As visible in Eq. (2.48), the dipole operator in the delocalized base del is determined by the dipole
transitions between the exciton states. Thus, these dipole transitions need to be calculated. We
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start with the dipole transition from the ground state |g⟩, which keeps its format, to a single
exciton state |e⟩ defined in Eq. (2.43). Therefore, the dipole operator d in the local QD states
given in Eq. (2.20) needs to be transformed into the delocalized states as follows:

dge = ⟨g|d|e⟩

dge =
∑︂
i,j

ηej

(︂
χni
vcµ

niσi
vc ⟨g|a†vniσi

acniσi
a†cnjσj

avnjσj
|g⟩⏞ ⏟⏟ ⏞

δij

+χni
cvµ

nσ
cv ⟨g|a†cniσi

avniσi
a†cnjσj

avnjσj
|g⟩⏞ ⏟⏟ ⏞

0

)︂
dge =

∑︂
i

ηeiχ
ni
vcµ

niσi
vc . (2.49)

Since the dipole element denotes a transition from the ground g state to an exciton state with
the index e, it describes one component of the dipole transition in the delocalized exciton base.
But since the dipole operator keeps its cartesian components, defined by the microscopic dipole
transition µniσi

vc (given in Eq. (2.21)), the dipole transition dge is written as a cartesian vector.
Analogously, the dipole transition form a delocalized exciton state to the ground state is:

deg = ⟨e|d|g⟩ =
∑︂
i

ηe∗i χ
ni
cvµ

niσi
cv . (2.50)

For calculating the formal introduced coefficients ηei , the transformation matrix used to diag-
onalize the single exciton Hamiltonian in Eq. (2.32) is needed: HD

elXX
= T e†HelXX

T e. Thus, the
transformation matrix T e is numerically calculated by diagonalizing the Hamiltonian written in
the basis of delocalized single exciton states HelXX

. Therefore, the basis transformation for the
dipole operator of the localized exciton states into the delocalized exciton states can be written
using the hermitian transformation matrix T e:

deg = T e†dXg . (2.51)

Since the system of two colloidal QDs includes four bright local single exciton states, as introduced
in Sec. 2.3.1, the dipole transition from the ground state g to a local exciton state X occurs as:

dXg =

⎛⎜⎜⎜⎝
χ1
cvµ

1↑
cv

χ1
cvµ

1↓
cv

χ2
cvµ

2↑
cv

χ2
cvµ

2↓
cv

⎞⎟⎟⎟⎠ . (2.52)

Accordingly, the components of the dipole transition from the ground state g to an exciton state
e are calculated as follows:

deg = T e∗
1e χ

1
cvµ

1↑
cv + T e∗

2e χ
1
cvµ

1↓
cv + T e∗

3e χ
2
cvµ

2↑
cv + T e∗

4e χ
2
cvµ

2↓
cv . (2.53)

Similar to Eq. (2.49) for the dipole moment between the ground and single exciton state, the
dipole transitions from a delocalized single exciton state |e⟩ to a double exciton state |f⟩ and
vice versa are calculated:

def = ⟨e|d|f⟩ =
i ̸=j∑︂
i,j

ηe∗i η
f
ijχ

nj
vcµ

njσj
vc and dfe = ⟨f |d|e⟩ =

i ̸=j∑︂
i,j

ηei η
f∗
ij χ

nj
cvµ

njσj
cv . (2.54)

Again, the dipole transition def denotes a component of the dipole operator in the basis of the
delocalized exciton states as well as a three dimensional cartesian vector. For calculating the
development coefficients ηfij , the Hamiltonian matrix represented in the double exciton states,
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which are given in Eq. (2.41), is diagonalized: HD
elBB

= T f†HelBB
T f. Accordingly, the dipole

operator describing the transitions from the local singe exciton states X to the doubly excited
states B is transformed into the new delocalized basis as follows:

dfe = T f†dBXT e . (2.55)

Using the basis of the single exciton states in Eq. (2.28) and the bright double exciton states in
Eq. (2.34), the dipole operator in the matrix form reads

dBX =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

χ1
cvµ

1↓
cv χ1

cvµ
1↑
cv 0 0

χ2
cvµ

2↑
cv 0 χ1

cvµ
1↑
cv 0

0 χ2
cvµ

2↑
cv χ1

cvµ
1↓
cv 0

χ2
cvµ

2↓
cv 0 0 χ1

cvµ
1↑
cv

0 χ2
cvµ

2↓
cv 0 χ1

cvµ
1↓
cv

0 0 χ2
cvµ

2↓
cv χ2

cvµ
2↑
cv

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (2.56)

Therefore, the components of the transformed dipole operator in the basis of the delocalized
exciton states giving the transition from an exciton state |e⟩ to a double exciton state |f⟩ reads:

dfe =χ
1
cvµ

1↑
cv(T

e
2eT

f∗
1f + T e

3eT
f∗
2f + T e

4eT
f∗
4f ) + χ1

cvµ
1↓
cv(T

e
1eT

f∗
1f + T e

3eT
f∗
3f + T e

4eT
f∗
5f )

+χ2
cvµ

2↑
cv(T

e
1eT

f∗
2f + T e

2eT
f∗
3f + T e

4eT
f∗
6f ) + χ2

cvµ
2↓
cv(T

e
1eT

f∗
4f + T e

2eT
f∗
5f + T e

3eT
f∗
6f ) (2.57)

Since the dipole transitions between the delocalized exciton states are formulated, the dipole
operator in the basis of the eigenstates of the pure electronic Hamiltonian del in Eq. (2.48) can be
calculated. This allows the electron-light interaction to be included into the description based on
the effects of the Coulomb coupling. This formalism plays an important role for the calculation
of the spectroscopic signatures of colloidal QDs.

2.4 Rotation of three dimensional objects

In this section, the fundamentals for the rotations of the colloidal QDs in the solvent are briefly
introduced. Firstly, the typically used and intuitively understandable Euler angle description
is introduced. Since an uniform distribution of all angles is quite difficult in this frame, the
formalism of the quaternions is introduced. In this description no singularities occur and all
angle are naturally equally distributed. This will be important for describing the stochastic
motion of colloidal QDs in the solvent. Finally, the displacement of rotations on a discrete grid
is discussed and an occurring loss of information is demonstrated.

2.4.1 Euler angles

An intuitive approach, which is quite often used for describing an arbitrary rotation of an object
in three dimensions, is represented by the Euler angles. For three rotations around the Cartesian
coordinate axes, there exists 24 different definitions of the Euler angle representation [82]. The
rotation matrices for the rotation around the three Cartesian axes reads

Rx =

⎛⎝ 1 0 0
0 cosα − sinα
0 sinα cosα

⎞⎠ , Ry =

⎛⎝ cosβ 0 sinβ
0 1 0

− sinβ 0 cosβ

⎞⎠ , Rz =

⎛⎝ cos γ − sin γ 0
sin γ cos γ 0
0 0 1

⎞⎠ .

(2.58)
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The combinations of these matrices give different Euler angle representations, and the rotation
angles are defined as follows [83]:

λ ∈ (−π, π] ϑ ∈ [−π
2
,
π

2
] φ ∈ (−π, π] . (2.59)

Since many conventions of the sequence of rotation axis are valid, a fixed combination is con-
sequently chosen to get the rotation matrix R = Rx(λ)Ry(ϑ)Rz(φ). Accordingly, the rotation
matrix including the three Euler angles occurs

R =

⎛⎝ cosϑ cosφ − cosϑ sinφ sinϑ
cosλ sinφ+ sinλ sinϑ cosφ cosλ cosφ− sinλ sinϑ sinφ − sinλ cosϑ
sinλ sinφ− cosλ sinϑ cosφ sinλ cosφ+ cosλ sinϑ sinφ cosλ cosϑ

⎞⎠ . (2.60)

The result of the orientation using the Euler angle representation is influenced by the defini-
tions of the rotation axes and the sequence of the angles chosen to determine the rotation. The
combined rotations are ambiguous, since different combinations in the Euler angle representa-
tion result in the same orientation of the object. Furthermore, a degeneracy of the rotations are
possible, if two of the rotation axes are equal. In this case, called the gimbal lock, a degree of
freedom is lost for angle values near 0.5π [83].

The dipole orientations of colloidal QDs changes due to their movement in the solvent. For
including the mean rotational orientation, a statistical average over all orientations can be calcu-
lated [84]. For random orientations, the influence of the sequence of Euler rotations is neglected,
sine the angle average is calculated [82]. If the time scales of the movement and the physi-
cally measurements are separable, the angle averaging is simply given by an integral expression
including the Euler angles, as given in Ref. [84]:

⟨f⟩ = 1

8π2

∫︂ π

0
dϑ

∫︂ 2π

0
dλ

∫︂ 2π

0
dφf(ϑ, λ, φ) sinϑ . (2.61)

The weighing factor sinϑ should ensure, that the orientations are uniformly distributed over the
unit sphere, but it does not avoid the high density of orientations at the poles [82].

For describing the rotations of colloidal QDs freely diffusing in the solvent, the angular
orientations need to be uniformly distributed. For the monopole-monopole Coulomb coupling
an analytical angle average can be calculated, since the orientations do not directly influence
the strength of the coupling. In the case of the dipole-dipole interactions, which is directly
determined by the relative orientation of the dipole vectors, all angular orientations need to
be explicitly calculated. Thus, the angular orientations are randomly chosen. If Euler angles
are picked randomly, the pole coordinates will occur more often due to the sinus and cosine
representation. Thus, a new formalism for picking Euler angles which are equally distributed
over all angles needs to be introduced which is not quite simple. Furthermore, the areas where a
gimbal lock occur need to be avoided [83]. Alternatively, as introduced in the following section,
quaternions can be used, since they are naturally equally distributed for all angles.

2.4.2 Quaternions

Since the colloidal QDs freely rotate in the solvent, the diffusion is described by picking randomly
chosen angular positions. Therefore, the possible orientations need to be equally distributed
over all angular positions. Thus, a description of the rotation based on quaternions is chosen,
since they naturally include an equal distribution. Furthermore, in comparison to Euler an-
gles, quaternions do not have singularities and rotations can be composed very efficiently using
quaternions [85].



2.4. ROTATION OF THREE DIMENSIONAL OBJECTS 23

Quaternions were formulated and introduced by Olinde Rodrigues and William Rowan Hamil-
ton as an system of complex numbers with three complex axes: i2 = j2 = k2 = ijk = −1.
Therefore, a quaternion q has a real part q0 and three imaginary parts q1, q2 and q3 [83, 85]:

q = q0 + iq1 + jq2 + kq3 . (2.62)

The complex conjugated quaternion is given by:

q∗ = q0 − iq1 − jq2 − kq3 . (2.63)

The norm of a quaternion is

|q| =
√
qq∗ =

√︂
q20 + q21 + q22 + q23 , (2.64)

and the inverse of a quaternion, which gives qq−1 = 1 reads

q−1 =
q∗

qq∗
. (2.65)

Unit quaternions are characterized by |q| = 1 and thus, they show the following relation: q−1 =
q∗. Particularly, quaternions are used for describing the rotation of a three dimensional object.
A unit quaternion represents a rotation with the angle α = 2arccos(q0) around the rotation axis
given by the vector v = (v1, v2, v3) [83]. Since this representation directly include the rotation
axis, there are no alternatively description as in the case of the Euler angle representation.

A composition of rotations is given by the product of the quaternions. Thus, the multiplica-
tion of two quaternions is introduced:

pq =p0q0 − p1q1 − p2q2 − p3q3 + i(p0q1 + p1q0 + p2q3 − p3q2) (2.66)
+ j(p0q2 − p1q3 + p2q0 + p3q1) + k(p0q3 + p1q2 − p2q1 + p3q0) . (2.67)

The product of two quaternions does not commute. Alternatively, a vector part q, which includes
the imaginary parts and a scalar part q0 can be introduced [86]

q = q0 + q = q0 + iq1 + jq2 + kq3 . (2.68)

In this notation, a quaternion describing a scalar has a zero vector part: q = [q0,0], while a pure
quaternion has a zero scalar part: q = [0, q] [85]. Furthermore, using the definition in (2.68), the
multiplication of two quaternions can be simplified as:

pq = p0q0 − p · q + p0q + q0p+ p× q . (2.69)

Since, the product of two quaternions q and p gives the combination of the connected rotation, the
relative orientation of two quaternions, which means the relative orientation of the two rotation
axis, reads

qrelative = q−1p . (2.70)

The relative angle between those quaternions is given as:

αrelative = 2arctan 2
(︁√︂

q21 + q22 + q23, q0
)︁
. (2.71)



24 CHAPTER 2. PHYSICAL CONCEPTS

For calculating a quaternion from an initial Euler representation, the three quaternions giving
the rotations around the cartesian axes are introduced:

qx = (cos
λ

2
, sin

λ

2
, 0, 0) , (2.72)

qy = (cos
λ

2
, 0, sin

λ

2
, 0) , (2.73)

qz = (cos
λ

2
, 0, 0, sin

λ

2
) . (2.74)

Then, the combination of these quaternions, in relation to the chosen Euler representation con-
cerning the rotations around the different axes, give the quaternion determining the Euler de-
scription:

qeuler = qxqyqz . (2.75)

Analogously to the Euler description, rotations determined by quaternions can be described
using a matrix as follows:

R =

⎛⎝ 1− 2(q22 + q23) 2(q1q2 − q0q3) 2(q0q2 + q1q3)
2(q1q2 + q0q3) 1− 2(q21 + q23) 2(q2q3 − q0q1)
2(q1q3 − q0q2) 2(q0q1 + q2q3) 1− 2(q21 + q22)

⎞⎠ . (2.76)

Comparing the coefficients of (2.60) with (2.76), equations for calculation the Euler angles from
the quaternion of the rotation are formulated:

λ = arctan

(︃
2(q0q1 − q2q3)

1− 2(q21 + q22)

)︃
, (2.77)

ϑ = arcsin(2(q0q2 + q1q3)) , (2.78)

φ = arctan

(︃
2(q0q3 − q1q2)

1− 2(q22 + q23)

)︃
. (2.79)

Note, for a correct implementation in computer languages according the full range of the Euler
angles, given in Eq. (2.59), the arctan 2 function is used instead of the arctan, which is defined
as

arctan 2(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

arctan(xy ) x > 0

arctan(xy ) + π x < 0, y ≥ 0

arctan(xy )− π x < 0, y < 0
π
2 x = 0, y > 0
−π

2 x = 0, y < 0
undefinded x = 0, y = 0

. (2.80)

Reproducing the Euler angles over the whole angular domain back from the quaternions is not
quite simple. The arc tangent has a restricted co-domain between (−0.5π, 0.5π). Furthermore,
q and −q determine the same rotations and thus, some care needs to be taken comparing two
orientations given by quaternions [85].

In order to randomly chose quaternions which are equally distributed over all angles, all
elements of the quaternions are randomly picked form the interval between -1 and 1. Then, all
tuples showing a magnitude greater than the unit magnitude:

q20 + q21 + q22 + q23 ≥ 1 (2.81)
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Figure 2.9 Rotation of a body with α = 0.25π on a discrete grid. If the square is rotated, the
number of grid points covered by the body changes. At the left hand side, the square includes 16 red
grid points, while in the rotated square in the middle only covers 12 blue gird points.

are rejected [83]. Finally, the resulting quaternion is normalized. In the following, this method
is used the calculate the random orientations of the colloidal QDs diffusing in the solvent.

Euler angles may be more natural to understand and use than quaternions. Furthermore, a
calculation based on Euler angles is as quick as a calculation based on quaternions and both can
be formulated being equally compact to storage [83]. Nevertheless, quaternions can be easily
manipulated as matrices and additionally, they are homogeneous distributed over all angular
positions. Additionally, a random choice of the quaternions is simply reached by randomly picking
the components of the quaternions under the normalization conditions. Thus, quaternions can be
easily used to determine millions of angular orientations as needed for investigation the Brownian
motion of the colloidal QDs in Chap. 5.

2.4.3 Rotation on a grid

If the translation or the rotation of a body is restricted on a discrete grid, as usually in numerical
simulations, information on the movement will be lost. The smaller the distances between the
grid points, the less important is the loss of information. Since the loss of information during the
rotation of a body results in the variation of the shape of the body, rotations are more difficult
to operate on a discrete gird. Thus, in this section effects caused by rotations displaced on a
discrete grid are investigated.

In numerical simulations, it is necessary to introduce discrete grids, which determine the posi-
tion used for further calculations. Positions beyond the grid are described using approximations
and known properties such as curve progressions. Often in complex calculations, it is not possible
to implement very small distances between the grid points. The choice of the grid spacing is
determined by the relation between the computation time as well as the memory requirements
to the replicability of known properties such as physical correlations.

In this thesis, the spatial-dependent Coulomb coupling needs to be numerically calculated.
Since the coupling is determined by the QD arrangements, all spatial positions and angular
orientations require the calculation of the Coulomb coupling elements. Accordingly, the numerical
requirements are high. Therefore, the grid used for the reconstruction of the spatial positions
and the angular orientations required for the calculation of the Coulomb coupling cannot be too
small otherwise the numerical requirements strongly rise.

For demonstrating the effect of losses by a rotation, a square displaced on a discrete 2d grid is
plotted in Fig. 2.9. On the gird the information of the square are stored in 16 grid points (marked
red). After a rotation of the square around α = 0.25π, the body covers less gird points (depicted
on the middle). Now only 12 blue marked dots store the information of the same sized square.
The decrease of the number of grid point displaying the body indicates the loss of information
in the case of a rotated body. If a coordinate of the body does not reach a grid point after the
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Figure 2.10 Approximations for the rotation of a body on a discrete grid. The red square marks
the transformed body resulting from a continuous motion, the blue bodies are determined by the
grid point positions. On the left hand side, information not appearing on the grid are cut off. The
blue body occurs smaller and its shape is changed concerning the red body. On the right hand side,
the values between the grid point are weighted to their direct neighbor grid points, depicted with
proportionate blue and black plotted grid points. This includes a change in the size and the shape
of the body, but all information of the positions beyond the grid points are stored together in the
bordering grid points.

rotation, it can not be disposed directly. Therefore, approximations are needed to work with the
transformed coordinates.

In Fig. 2.10 two different approaches of the handling of the transformed positions beyond the
grid points are schematically depicted. On the left hand side of the figure, the positions outside
the grid points are simply cut off (blue body). This induces a change of the shape of the body.
Thus, information and symmetry properties are lost, both influencing the numerical results. If
the grid points can be arranged very densely, the loss of information does not strongly influence
the results. In this case, the approach presents a simple and good approximation of the rotation
on the discrete grid. If the distances between the grid points cannot be small enough, the changes
in the shape and varying symmetry conditions will strongly influence the results.

Another approach for handling the transformed positions beyond the grid points is given by
a weighting of the information to the bordering grid points, depicted on the right hand side of
Fig. 2.10. The position of the coordinate concerning its distance to each of the neighbor gird
points gives a weighting factor. The products of the value from the transformed coordinate
and the weighting factor are stored in the neighbor gird points, as schematically depicted in
Fig. 2.10. This induces an extension of the body to all neighbor gird points. If a transformed
coordinate is identical with a position of a grid point, the weighting factor to the other grid points
is zero. In all other cases, the neighbor gird points are used for storing the information of the
coordinates beyond the grid positions. In particular, for bigger distances between the grid points
the method avoids the loss of an important part of information. Therefore, this method is used
for the numerical calculations used in this thesis. Nevertheless, since the body is extended to
neighboring grid points, the shape as well as the size of the body is changed and other symmetry
conditions can occur influencing the results.

For demonstrating the influence of the errors resulting from the rotations on a discrete grid, in
Fig. 2.11 exciton energies of colloidal QDs are calculated as functions of the rotation angle around
the different cartesian axes. The changes in the shape of the QDs, induced by transformations
beyond the gird points, result in aberrations from a smooth curve progression. In particular, for
angular transformations with nπ/4 with n as odd number the most inaccuracies occurs, visible
as peaks at these positions.
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Figure 2.11 Exciton energies of two Coulomb coupled colloidal QDs rotated on a discrete grid.
Since the rotation is displaced on a discrete grid, the diagrams show aberrations from a smooth curve
progression. In particular, the angular position of α = 0.25π and α = 0.75π are the most defective
rotations on discrete grid points, since the diagrams show strongly peaked curves in these regions.
Note, that not only the loss of information during the rotations displaced on the discrete grid induces
aberrations from a smooth curve progression, since other effects are also included in these calculations.
Nevertheless, the sharp small peaks result from errors caused by the rotation and can be reduced by
increasing the number of grid points covering the QDs.
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Chapter 3

Calculation of Coulomb coupling
elements

The Coulomb interaction inside and between nanostructures plays an important role, even in
the case of non-overlapping electron wave functions, since the coupling influences the optical and
electrical properties [4,28]. Due to the Coulomb interaction, the individual characteristics of the
QDs are modified and new delocalized exciton energy states are formed [4,16,29]. Therefore, the
Coulomb coupling induces exciton energy shifts [5, 6] as well as excitation transfer [34,35].

Often, the calculation of Coulomb coupling elements requires the evaluation of a six dimen-
sional spatial integral, cf. Sec. 2.2.1. Therefore, it represents a significant limiting factor in
quantum mechanical calculations. If the size or the complexity of the investigated system in-
creases, many coupling elements need to be determined. The resulting computational constraints
require an efficient method for a fast numerical calculation of the Coulomb coupling. Especially,
if the calculation of a high number of coupling elements is required, as in the case of Coulomb
coupled colloidal QDs moving in a solvent, the Poisson Green’s function method (PGF method),
introduced in this chapter, represents a promising approach for increasing the efficiency in the
numerical calculation.

In the following, we present the PGF method as a computational method which reduces the
numerical effort in the calculation of Coulomb coupling elements in real space. The method
as well as parts of the chapter are published in [49], ©2016 American Physical Society. In
contrast to methods simplifying the calculation of the Coulomb coupling, which are typically
based on symmetry conditions, the PGF method is very general since it is not restricted to spe-
cific symmetries of the model system or geometry properties in the Green’s function. Since the
method decreases the number of spatial integrals, a fast calculation of the Coulomb coupling ele-
ments is achieved. Additionally, the method enables an arbitrarily spatially dependent dielectric
permittivity to be included.

Following the approach of the PGF method, we analyze the Coulomb coupling between
two colloidal QDs in varying spatial arrangements. That includes the electrostatic monopole-
monopole Coulomb coupling between electrons and holes respectively [30], as well as the Förster
dipole-dipole coupling [31,32] as nonradiative resonant energy transfer between the QDs [33]. For
demonstrating the feasibility of the approach, we calculate inter nanostructure couplings without
explicitly specifying the Green’s function of the problem. Since the PGF method naturally
includes a spatially dependent dielectric function, the influence of the dielectric permittivity on
the Coulomb coupling elements is investigated. Additionally, for self-organized QDs embedded
in a host material, we calculate the Coulomb coupling for bound electron and hole QD states
coupled to many continuum states [30]. Here we show, that a drastic reduction of computational
costs is also possible with the presented method, if typical symmetries, such as radial symmetry
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of the QD confinement potential, are included.

3.1 Poisson Green’s function method

The calculation of Coulomb coupling elements for quantum dynamical treatments, e.g., in cluster
or correlation expansion schemes, represents a significant limiting factor in numerical quantum
mechanical calculations, if the evaluation of the typically used six dimensional spatial integral
is included, cf. Sec. 2.2.1. Since the size or the complexity of the investigated system increases,
many coupling elements occur. The resulting computational constraints for the calculation of
the Coulomb coupling require an efficient method for a fast numerical calculation.

In this section, we present the PGF method, published in [49], as a computational method
to reduce the numerical complexity by decreasing the number of spatial integrals for arbitrary
geometries. We use a Green’s function formulation of the Coulomb coupling and introduce a
generalized scalar potential as a solution of a generalized Poisson equation with a generalized
charge density as inhomogeneity. This enables a fast calculation of Coulomb coupling elements
and additionally, a straightforward inclusion of boundary conditions and arbitrarily spatially
dependent dielectrics through the Coulomb Green’s function.

3.1.1 Concepts in the literature

Since the Coulomb coupling plays an important role in many systems and calculations, in the
literature there exists many different concepts for the calculation of the coupling elements. This
section gives an overview of the typically used concepts and methods used for the calculation of
the Coulomb interaction. Then, the PGF method is classified into these concepts. The method
as well as parts of this section are published in [49], ©2016 American Physical Society.

Systems involving only a few electronic levels have been investigated in detail in quantum
dynamical calculations, this includes e.g., QD interband transitions [40] and their modifications
due to a dielectric medium [87]. For larger or asymmetric complex systems, the numerical
computation of the Coulomb coupling constitutes a significant limiting factor and therefore,
approaches to efficiently calculate the Coulomb interaction are needed. Often, a radial symmetry
is exploited and spherical coordinates are used to simplify the spatial integrals. Thus, the
Coulomb potential can be expressed by Legendre polynomials [31, 55]. In Ref. [6], spherical
coordinates were used to calculate the Coulomb interaction of a molecular complex, which is
influenced by the presence of an adjunct metal nanoparticle. Typically, in quantum dynamical
calculations of QD systems, several analytic approaches are based on the symmetries of the QD
confinement [39, 40, 88] and the shape of the electron wave functions [37] for facilitating the
evaluation of the Coulomb interaction.

If the system includes the calculation of a high number of coupling elements, the resulting
computational constraints [46, 55] require an efficient model to calculate the Coulomb coupling
elements numerically. In Ref. [46], a generalization of a multipole expansion [89] was presented
for electronic structure calculations (e.g., for large molecules) to reduce the numerical effort
for an increasing system size. For the Coulomb coupling involving continuum states, which
influence dephasing [90] and scattering processes [91, 92] as well as the formation of excitons
between carriers of the QD and the continuum [30], a high number of coupling elements occurs.
In addition, many Coulomb elements need to be calculated for varying arrangements of the
nanostructures, since the Coulomb coupling between the carriers of spatially separated systems
depends on the distance and the angular orientation [4].

A method for an efficient numerical calculation of Coulomb coupling elements is given by a
transformation of the electron wave functions into the Fourier space. The Fourier transformation
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can be used to separate the integrals of the two-particle Coulomb interaction, if the Coulomb
potential for a homogeneous medium in free space is considered [41, 55, 93]. In real space, the
connection of the electron wave functions with the Coulomb potential results in a six dimensional
integral. In contrast, in the Fourier domain, the Coulomb coupling for a spatially homogeneous
medium is simply given as a product of the electron wave functions and the Coulomb potential.
Accordingly, the calculation of a three-fold integral is required, and additionally, three dimen-
sional Fourier transformations needs to be done. Compared to a six dimensional integral in real
space, the numerical complexity is reduced in the Fourier domain. However, a singularity of the
Coulomb potential is also present in Fourier space and the Fourier transformation can not be
applied with the same numerical reduction for spatially inhomogeneous dielectrics.

For nanostructures such as QDs, a calculation of the Coulomb coupling in the Fourier domain
often includes form factors, which are defined by a Fourier transformation of the product of two
electron wave functions. For example in Ref. [55], form factors were introduced to calculate
the Coulomb matrix elements between exciton and biexciton states for the impact ionization in
semiconductor nanocrystals with surface polarization. In Ref. [37], form factors of an in-plane
Fourier transformation and the construction of orthogonal plane waves [47] were used to simplify
the calculation of the Coulomb coupling between a QD and a wetting layer. In the spherical
symmetric case, the form factors can be formulated using spherical coordinates in the Fourier
domain [40] to further reduce the computational costs.

In contrast, in this chapter we present a numerical method for an efficient calculation of
Coulomb coupling elements in real space, which is not restricted to specific symmetry properties
of the permittivity or the whole system. The PGF method, which is published in Ref. [49],
naturally includes the screening introduced through a spatially dependent permittivity. We re-
duce the computational complexity by decreasing the dimension of the spatial integrals, required
for the calculation of Coulomb coupling elements, as illustrated in the scheme in Fig. 3.1. This
is achieved by using a Green’s function formulation of the Coulomb potential [59, 73, 94]. We
identify a generalized scalar potential as a solution of the generalized Poisson equation with a
generalized charge density as inhomogeneity, determined by the complex electron wave functions.

Since solvers and libraries such as PETSc [95], used for an efficient numerical computation
of partial differential equations [96, 97], are available, a calculation of the Coulomb potential
based on the solution of a differential equation is feasible with a straightforward implementation.
Furthermore, solving a modified Poisson equation offers the possibility of including screening
effects as well as the influence of a spatially dependent dielectric function ε(r) [48, 59]. In this
way, induced surface charge effects, which can result in energetic shifts [73] (e.g., for the band
gap and exciton resonances), can be included by solving the Poisson differential equation with
appropriate boundary conditions [48].

The PGF method [49] (©2016 American Physical Society), presented in detail in the fol-
lowing section, is very general and allows an efficient calculation of Coulomb coupling elements
without being restricted to a specific analytic expression of the Green’s function or to particular
system symmetries. We achieve a similar reduction in the numerical complexity as in a calcula-
tion of the Coulomb potential in Fourier domain using form factors, but without the restriction
to the Coulomb potential in free space with a spatially homogeneous dielectric constant εr.

Similar methods as used in Ref. [59] are already known and used by different authors in
other contexts such as ab initio treatments and electronic structure calculations. In Ref. [94], a
Green’s function representation of the solution of a Poisson equation was introduced to calculate
the screening of the classical interaction of electrons of a quantum dot with gate electrodes.
Therefore, the Green’s function is explicitly determined and the screened electrostatic energy in
a dielectric material is calculated. In Refs. [54, 98, 99], the Coulomb potential is obtained from
solving a Poisson equation to calculate the Coulomb energy in the context of electronic structure
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Figure 3.1 PGF method for increasing the efficiency in numerical calculations of Coulomb coupling
elements. Typically, the calculation of the Coulomb interaction requires the evaluation of a six
dimensional integral. In the Green’s function formalism, a scalar potential, which includes a three
dimensional integral, is defined for decreasing the numerical complexity. This scalar potential is
calculated by solving a generalized Poisson equation. Using the solution of the Poisson equation the
number of integrals in the calculation of Coulomb elements is reduced.

calculations. Especially for including the influence of a spatially inhomogeneous medium, a
generalized Poisson equation can be introduced, as is done in Refs. [59, 73,100]. Additionally, a
Poisson equation can be used to reach a linear scaling of the Coulomb problem with the system
size [101]. Furthermore, other methods exists, which include a Poisson equation to calculate many
Coulomb coupling elements. For example in Ref. [102], a method was introduced, based on the
expansion of the charge density in a specific set of functions, to reduce the number of integrals
required for the calculation of Coulomb interactions in the context of a density functional theory.

Nevertheless, as far as we are aware, a method based on the Green’s function formulation
of a solution of a Poisson equation without the restriction to certain symmetries or an explicit
Green’s function and the resulting wide range of applications is not yet discussed in the literature
devoted to the QD community. Therefore, in the next section, we present the PGF method for
increasing the numerical efficiency in real space without being restricted to specific symmetries,
e.g., of the QD confinement potential or the electron wave functions, and without explicitly
determining an analytic Green’s function.

3.1.2 Approach of the PGF method

Similar to the derivation of the Hamiltonian in Sec. 2.2.1, the numerical efficient PGF method [49]
(©2016 American Physical Society) for a fast calculation of Coulomb coupling elements is based
on a Green’s function representation of the solution of a generalized Poisson equation [94] (analog
to Eq. (2.6)). The method, schematically illustrated in Fig. 3.1, reduces the high computational
complexity of Eq. (2.11) by introducing a generalized scalar potential Φ23(r), which includes
the Green’s function. This approach separates the number of integrals from a six dimensional
integral in Eq. (2.11) to two separate three dimensional integrals:

V1234 = e

∫︂
d3rϕ∗1(r)Φ23(r)ϕ4(r) . (3.1)
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Thus, to reproduce the Coulomb coupling element formula of Eq. (2.11), the scalar potential
Φ23(r) is given by:

Φ23(r) = e

∫︂
d3r′ϕ∗2(r

′)G(r, r′)ϕ3(r
′) . (3.2)

The Green’s function in Eq. (3.2), which includes properties of the geometry [94], is determined
by Eq. (2.7) in a dielectric medium with a spatially dependent dielectric function ε(r) [48].
Following the derivation of the Hamiltonian in Sec. 2.2.1, the generalized scalar potential, given
by Eq. (3.2), can be identified as a Green’s function representation of the solution of a generalized
Poisson equation [94], analog to Eq. (2.8):

Φ23(r) =

∫︂
d3r′G(r, r′)ϱ23(r

′) . (3.3)

Therefore, the generalized charge density ϱ23(r), described by the corresponding electron wave
functions [54], is introduced as: ϱ23(r) = eϕ∗2(r)ϕ3(r). Note, that the electron wave functions
may be complex. Thus, the charge density ϱ23(r) and the scalar potential Φ23(r) may be
complex as well and therefore, they are not directly measurable but mathematical quantities,
solely intended for the calculation of Coulomb coupling elements.

Accordingly, for applications in materials with spatially varying permittivities, a generalized
Poisson equation determines the generalized scalar potential Φ23(r) of the Coulomb interaction
[39,100], analog to Eq. (2.6), with a potentially complex charge density as the inhomogeneity:

∇r · (ε(r)∇rΦ23(r)) = −ϱ23(r)
ε0

. (3.4)

For example, if the dielectric constant of the system differs from that of the surrounding medium,
such as in the case of colloidal QDs moving in a solvent, surface charge effects may be consid-
ered [87, 103]. The PGF method offers the possibility of including such effects as appropriate
geometries in ε(r) or as boundary conditions for Φ23(r) [104] by solving the generalized Poisson
Eq. (3.4). To solve such differential equation e.g., finite-difference methods [100] or finite elements
methods [105, 106] can be used. Nowadays, solvers are very fast and highly optimized [96, 97],
so that together with an integration of Eq. (3.1), a fast calculation and implementation of the
Coulomb coupling is accomplished.

In Refs. [73,94], the Green’s function representation of a generalized Poisson equation is used,
to calculate the Coulomb interaction for applications in material by determining the Green’s
function explicitly. The numerical calculation of Φ23(r) is applicable to a larger variety of
systems than the derivation of a specialized analytic expressions. Therefore, we propose to solve
the Poisson equation directly, without specifying the Green’s function explicitly. Nevertheless,
this reduces the numerical complexity of the six dimensional integral in Eq. (2.11).

The numerical effort for evaluating the integrals of the two-particle Coulomb interaction in
Eq. (2.11) scales with O(N6), where N is the number of grid points in one dimension assuming
a cubic grid used to discretize the problem. The formalism of using a discrete grid as well as
some resulting problems in the description of continuous movements are introduced in Sec. 2.4.3.
In the PGF method [49] (©2016 American Physical Society), the three dimensional integral in
Eq. (3.1), which scales with the system size O(N3), needs to be evaluated during the calculation
of Coulomb coupling elements. Additionally, the generalized scalar potential Φ23(r), used to
separate the integral expression in Eq. (2.11), is determined by the numerical solution of the
Poisson Eq. (3.4). Due to the development of efficient solvers for differential equations, a linear
scaling with the system size in three dimensions O(N3) can be obtained [97, 101, 107] e.g., by
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using multigrid methods [108], as is done in this thesis, which are also included in libraries such
as PETSc [95].

A transformation into the Fourier space can be used to efficiently calculate the Coulomb
coupling by separating the integrals of the two-particle Coulomb interaction in the Fourier do-
main. For a spatially homogeneous medium, the Coulomb coupling elements in Fourier domain
are given as a product of the electron wave functions and the Coulomb potential. Therefore, the
formalism of the Fourier transformation includes the evaluation of a three dimensional integral in
Fourier space scaling with O(N3) for the reciprocal grid. In addition, three dimensional Fourier
transformations of the electron wave functions are needed to determine form factors [40, 41].
Therefore, a fast Fourier transform [109] is used, which scales with O(N3 logN) [97,108,110]. In
contrast to the transformation into the Fourier space, the presented PGF method is not restricted
to the case of a homogeneous dielectric medium εr in free space [70] and therefore, effects caused
by a spatially dependent dielectric medium can be included, as needed for Coulomb coupled
colloidal QDs moving in a solvent. Furthermore, using the PGF method, singularities in the
Green’s function are avoided, which often increase the numerical costs.

The PGF method represents a very general and efficient method to numerically calculate a
high number of Coulomb coupling elements. Without the restrictions to specific material systems,
symmetry properties or explicit Coulomb Green’s function, the method enables Coulomb coupling
elements to be calculated in a wide range of application. While the model system of two Coulomb
coupled colloidal QDs diffusing in a solvent will be analyzed very detailed in the approach of this
thesis, in the following section some other applications of the method are shortly presented.

3.1.3 Applications of the method

In the following, we demonstrate, that the PGF method can also be applied with great benefit,
if specific symmetries are considered, which simplify the Coulomb coupling elements. If certain
symmetries are available, such as the spherical symmetry of the model system [54, 55], the
scalar potential Φ23(r) can be calculated adapted to the specific conditions. Especially, if a
homogeneous material system is assumed, the dielectric environment εr stays constant for all
spatial positions and an explicit form of the Coulomb Green’s function can be assumed simplifying
the calculations of the Coulomb coupling elements. Calcualtions concerning the spatial depending
Coulomb coupling of colloidal QDs in a homogeneous environment are given in detail in Sec. 3.4.3.

Often, modifications of the Coulomb potential due to screening are necessary [76, 93, 111].
In the case of a homogeneous medium, the dielectric function εr is constant and therefore, the
left hand side of the Poisson Eq. (3.4) is given by the Laplace operator ∆r operating on the
scalar potential Φ23(r). Screening in the Yukawa form for homogeneous media may be included
into the formula of the PGF method [49] (©2016 American Physical Society) by introducing a
constant screening factor α in the Poisson Eq. (3.4) with a constant dielectric function εr:(︁

∆r − α2
)︁
Φ23(r) = −ϱ23(r)

εrε0
. (3.5)

Therefore, the definition of the Green’s function in Eq. (2.7) for an isotropic medium is adapted
for screening by including the screening constant α:(︁

∆r − α2
)︁
Gα(r, r

′) = − 1

εrε0
δ(r − r′) . (3.6)

Then, the PGF method can be applied straightforwardly using Eq. (3.1) and Eq. (3.3) to cal-
culate screened Coulomb coupling elements in real space. The Yukawa potential Gα(r, r

′) =
e−α|r−r′|/ (4πε0εr|r − r′|) with its Fourier transform Gα(q) = 1/

(︁
ε0εr(q

2 + α2)
)︁
, which is typ-

ically used to account for screening in semiconductors with a homogeneous medium [112] (cf.
Eq. (3.6)), represents the Green’s function.
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Additionally, the method greatly reduce the numerical effort if a specific symmetry such as
radial symmetry occurs. In a variety of many-body systems, a finite number of localized discrete
energy states is coupled via Coulomb interaction to a continuum of states from an embedding
system. Therefore, in the following, we present the example of a QD embedded in a host
material determined with a spatially homogeneous dielectric constant εr. Since the Coulomb
coupling between bound QD states and electrons located in free continuum states occurs [113], a
high number of Coulomb coupling elements needs to be calculated. Other examples, which can
be calculated in a similar way, are impurities in a bulk medium or other nanostructures such as
quantum wells [114] and wires [115] as well as molecular systems [88,116].

The unbound continuum states in a bulk semiconductor are characterized by a three dimen-
sional wave vector k and therefore, the calculation of the Coulomb interaction between a bound
state in a QD and many continuum states in the embedding material [30] requires the calcu-
lation of a high number of coupling elements. Typically, in pure bulk materials, electron wave
functions are expanded in plane waves. Since the presence of the QD confinement potential mod-
ifies the continuum wave functions, a description beyond the plane wave approximation may be
necessary [91,93]. Therefore, the PGF method, presented in Sec. 3.1.2, can be used to efficiently
calculate the Coulomb coupling elements for modified continuum wave functions.

If the confinement potential is rotational symmetric, spherical coordinates can be used to
simplify the calculation of the Coulomb coupling. Therefore, the envelope of the electron wave
functions are decomposed into a product of a radial part Rl(r) and spherical harmonics Y l

m(ϑ, φ),
with l denoting the angular momentum number and m the magnetic quantum number: ξ(r) =
Rl(r)Y l

m(ϑ, φ). For a formulation of the PGF method [49] (©2016 American Physical Society) in
spherical coordinates, the Green’s function is separated into a radial part gl(r, r′) and spherical
harmonics [31,55]:

G(r, r′) =
∑︂
lm

1

ε0εr
Y l∗
m (ϑ, φ)Y l

m(ϑ′, φ′)gl(r, r′) . (3.7)

For an analytical evaluation of the angular part given by the spherical harmonics, the Coulomb
coupling of the QD ground state to the continuum states is investigated. To follow the approach
of the PGF method, in case of a radial symmetric confinement potential, the Green’s function
and the charge density are used to express the scalar potential Φ23(r) for the radial symmetric
case using the Poisson equation Eq. (3.4) in spherical coordinates with momentum l = 0:(︃

∂2

∂r2
+

2

r

∂

∂r

)︃
Φ0
23(r) = −eR

0∗
2 (r)R0

3(r)

4πε0εr
. (3.8)

Now, the radial part of the scalar potential Φ0
23(r), obtained by a numerical solution of Eq. (3.8),

is used to calculate the Coulomb coupling elements for a radial symmetric problem:

V1234 =e

∫︂
dr r2Rl∗

1 (r)Φ
0
23(r)R

l
4(r)δ

λ
14δ

σ
14δ

λ
23δ

σ
23δ

l
14δ

m
14 . (3.9)

In the case of a radial symmetric confinement potential, the computational requirements for
calculating Coulomb coupling elements are significantly reduced, since Eq. (3.9) only requires
the evaluation of a one dimensional spatial integral. Since the continuum states are only occu-
pied near the energetic minimum of continuum levels and the coupling to the QD’s resonances
decreases, the number of continuum states in numerical calculations is finite [91]. However, to
reach numerical convergence, a high number of coupling elements needs to be calculated [30].

We used the PGF method for an efficient numerical calculation of bound-to-continuum
Coulomb coupling elements. Moreover, we have shown, that the PGF method can also exploit
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symmetries to further reduce the computational cost for calculating Coulomb coupling elements.
In the following sections, we introduce the model system of two Coulomb coupled colloidal QDs
in real space and demonstrate the efficient calculation of the Coulomb coupling elements fol-
lowing the approach of the PGF method. Since in the case of colloidal QDs diffusing in the
solvent, the distances and dipole orientations are changed frequently, a high number of Coulomb
coupling elements needs to be calculated. First, we calculate the interdot as well as the intradot
coupling elements for the monopole and dipole order without specifying the Green’s function
to an explicit analytic form. Then, we analyze the influence of the spatial arrangement of the
colloidal QDs to each other on the strength of the Coulomb coupling. Finally, we investigate
how a spatially dependent dielectric environment, which is naturally included in the formalism
of the PGF method, determines the Coulomb coupling elements.

3.2 Calculation of different orders in the Coulomb coupling

The Coulomb interaction between two semiconductors contains the monopole-monopole coupling
as well as the Förster induced excitation transfer. Although, in the PGF method [49] the
Green’s function is not specified to an explicit analytic form, terms connected with the monopole-
monopole interaction and the Förster coupling are identified. That enables the specific effects,
caused by the different order in the Coulomb interaction, to be analyzed.

The PGF method for an efficient numerical calculation of the Coulomb coupling elements does
not rely on specific symmetries of the system. To demonstrate the wide range of applications, we
calculate the Coulomb coupling between two colloidal QDs with varying spatial arrangements.
We identify terms describing the monopole-monopole interaction as well as the dipole-dipole
coupling between the two QDs, a very common approach [40, 62], but without using an explicit
analytic form of the Green’s function.

3.2.1 Taylor series of the Green’s function

For identifying the coupling terms connected with the monopole-monopole, the monopole-dipole,
and the dipole-dipole coupling, the Taylor series of the Green’s function used for the calculation
of the Coulomb coupling elements is carried out. Since the calculation of the Coulomb elements
in the PGF method is not restricted to a specific geometry, the Taylor series of an arbitrary
Green’s function is introduced. Starting from the general form of the Coulomb coupling elements
in Eq. (2.11), the multi-indices are evaluated concerning the quantum numbers, which determines
the Coulomb coupling: the bandindex λ, the QD number n, and the spin configuration σ. Thus,
the Coulomb coupling elements are calculated as follows:

V1234 = e2
∫︂
d3r

∫︂
d3r′ϕ∗λ1n1σ1

(r)ϕ∗λ2n2σ2
(r′)G(r, r′)ϕλ3n3σ3

(r′)ϕλ4n4σ4
(r) . (3.10)

In the approach of the envelope function description, the electron wave functions ϕ(r) in Eq. (3.10)
are written as a product of an envelope function ξ(r) and a lattice periodic Bloch part u(r) [41,55]:

ϕλnσ(r) = ξλn(r)uλnσ(r) . (3.11)

Thus, the Coulomb coupling elements including the electron envelopes and Bloch functions read

V1234 = e2
∫︂
d3r

∫︂
d3r′ξ∗λ1n1

(r)u∗λ1n1σ1
(r)ξ∗λ2n2

(r′)u∗λ2n2σ2
(r′)G(r, r′)

· ξλ3n3
(r′)uλ3n3σ3

(r′)ξλ4n4
(r)uλ4n4σ4

(r) . (3.12)

Using the usual scale separation [34], the spatial operator r is separated into the center position
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Figure 3.2 A scale separation of the spatial vector r into the center position of the ith unit cell Ri

and the positioning inside the unit cell si. The same is done with the second spacial operator r′ for
the jth unit cell. The spatial vectors r and r′ can be located in one QD or in both QDs respectively.

Ri of the ith unit cell and a spatial operator si located in the unit cell [55] r = Ri+ si, which is
schematically depicted in Fig. 3.2. Therefore, the integration of the spatial positions is changed
into a summation of all unit cells and an integration over one cell [41]. Using the periodicity of
the Bloch functions u(Ri + si) = u(si) and the assumption that the envelope function, which
is slowly varying and therefore nearly constant on the size of the unit cell, is determined by the
center position of the unit cell: ξ(Ri + si) ≈ ξ(Ri), the Coulomb coupling elements are

V1234 =e
2
∑︂
i,j

ξ∗λ1n1
(Ri)ξ

∗
λ2n2

(Rj)ξλ3n3
(Rj)ξλ4n4

(Ri)

·
∫︂
d3si

∫︂
d3sju

∗
λ1n1σ1

(si)u
∗
λ2n2σ2

(sj)G(Ri + si,Rj + sj)uλ3n3σ3
(sj)uλ4n4σ4

(si) . (3.13)

For identifying the terms which are connected to the monopole and dipole coupling, the Green’s
function is expanded in both arguments in a Taylor series. Therefore, a multidimensional Taylor
series is used

Tf(x1, . . . , xN )|x=a =
∞∑︂
n1

· · ·
∞∑︂
nN

1

n1! · · ·nN !
(x1 − a1)

n1 · · · (xN − aN )nN

· ∂
n1

∂xn1
1

· · · ∂
nN

∂xnN
N

f(a1, . . . , aN ) . (3.14)

For an arbitrary Green’s function with two three dimensional arguments sn and sn′ , the Taylor
series for the two expansion points around zero is

G(Ri + si,Rj + sj)|s̃i = 0
s̃j = 0

=G(Ri,Rj) +
[︂
si · ∇s̃iG(Ri + s̃i,Rj + s̃j)

]︂
s̃i = 0
s̃j = 0

+
[︂
G(Ri + s̃i,Rj + s̃j

↶
) ∇s̃j · sj

]︂
s̃i = 0
s̃j = 0

+
[︂
si · ∇s̃iG(Ri + s̃i,Rj + s̃j

↶
) ∇s̃j · sj

]︂
s̃i = 0
s̃j = 0

+ . . . . (3.15)

While the zeroth order of the Taylor expanded Green’s function (first term in Eq. (3.15)) repre-
sents the monopole-monopole interaction, the first order in both arguments, si and sj , constitutes
the dipole-dipole coupling (last term in Eq. (3.15)) such as the dipole induced Förster coupling
transfer. For quantum dynamical calculations, the mixed terms of the monopole-dipole inter-
action, represented by the second and third term, will often be neglected in a rotating wave
approximation [4], but can be included if necessary (e.g., for carrier multiplication). Terms of
higher order in the Taylor expansion [34] are discarded here, but they can be included in prin-
ciple in a similar way (as is done in Sec. 3.5.3 for quadrupole-quadrupole terms in the Coulomb



38 CHAPTER 3. CALCULATION OF COULOMB COUPLING ELEMENTS

Figure 3.3 Schema of the electrostatic monopole-monopole Coulomb coupling between two colloidal
QDs in a solvent, which occurs between electrons and holes. The Coulomb elements can be distin-
guished between the interdot coupling as an interaction between both QDs (left hand side) and the
intradot coupling, where both charge carriers are located in one QD (right hand side).

potential). We see, using the Green’s function formalism, the monopole-monopole as well as the
dipole-dipole contributions can be identified without specifying a closed analytic expression for
the Green’s function. In the following sections, we will explicitly specify the monopole-monopole
as well as the dipole-dipole Coulomb coupling elements in the formalism of the PGF method [49].

3.2.2 Monopole-monople coupling elements

Using the PGF method, the electrostatic monopole-monopole coupling between the electrons
and the holes of the QDs, which is schematically depicted in Fig. 3.3, should be calculated.
The monopole-monopole Coulomb coupling is given by the direct coupling between the charge
densities of the nanostructures. It can be divided into the intradot coupling, where both charge
densities are located in the same QD, and the interdot coupling as interaction between the
nanostructures. For calculating the monopole-monopole Coulomb coupling elements, the first
term of the Green’s function Taylor series in Eq. (3.15) (which represents the zeroth order) is
included into the equation of the Coulomb coupling in Eq. (3.13):

V mm
1234 =e

2
∑︂
i,j

ξ∗λ1n1
(Ri)ξ

∗
λ2n2

(Rj)ξλ3n3
(Rj)ξλ4n4

(Ri)

·
∫︂
d3si

∫︂
d3sju

∗
λ1n1σ1

(si)u
∗
λ2n2σ2

(sj)G(Ri,Rj)uλ3n3σ3
(sj)uλ4n4σ4

(si) . (3.16)

Using the normalization condition of the Bloch functions over the volume of a unit cell Vuc, as
is done in Ref. [4],

1

Vuc

∫︂
d3siu

∗
λnσ(si)uλ′n′σ′(si) = δλλ′δnn′δσσ′ , (3.17)

the monopole-monopole coupling elements read

V mm
1234 =e

2V 2
uc

∑︂
i,j

ξ∗λ1n1
(Ri)ξ

∗
λ2n2

(Rj)G(Ri,Rj)ξλ3n3
(Rj)ξλ4n4

(Ri)δ
λnσ
14 δλnσ23 . (3.18)

For convenience, the Kronecker delta relations for the different quantum numbers, which ensure
the selection rules, are merged together as follows: δλnσij = δλiλj

δninjδσiσj . Under the assumption,
that the unit cells densely cover the QD, the summation over all cells can be transformed into
an integral:

∑︂
i

=
(∆Ri)

3

(∆Ri)3

∑︂
i

→ 1

Vuc

∫︂
d3r . (3.19)
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Therefore, for an arbitrary Green’s function G(r, r′) the monopole-monopole Coulomb coupling
elements, which can be divided into interdot coupling elements with n ̸= n′ and intradot coupling
with n = n′, as illustrated in Fig. 3.3, are calculated:

V mm
1234 =e

2

∫︂
d3r

∫︂
d3r′ξ∗λ1n1

(r)ξ∗λ2n2
(r′)G(r, r′)ξλ3n3

(r′)ξλ4n4
(r)δλnσ14 δλnσ23 . (3.20)

The Coulomb interaction depends on the spatial arrangement of the nanostructures, which
includes the distance between the QDs as well as the relative angular positioning of QDs to each
other. Therefore, a high number of coupling elements needs to be calculated, if the positioning of
the QDs changes during the measurements. Particularly without assuming specific symmetries of
the QD confinement potential or the Green’s function, the six dimensional integral in Eq. (3.20) is
numerically demanding. For a numerical efficient calculation of the Coulomb coupling elements,
the PGF method is used, according to the workflow illustrated in Fig. 3.1. Hence, the number of
integrals, required to determine the monopole-monopole interaction, is reduced by introducing a
generalized scalar potential Φm

23(r), as presented in Sec. 3.1 in Eq. (3.2):

Φm
23(r) = e

∫︂
d3r′ξ∗λ2n2

(r′)G(r, r′)ξλ3n3
(r′)δλnσ23 . (3.21)

Including the monopole scalar potential in Eq. (3.21) into the equation of the monopole-monopole
Coulomb coupling elements reduces the numerical effort from the six dimensional spatial integral
in Eq. (3.20) to a three dimensional integral:

V mm
1234 = e

∫︂
d3r
(︂
ξ∗λ1n1

(r)Φm
23(r)ξλ4n4

(r)δλnσ14

)︂
. (3.22)

Following the approach of the PGF method [49], the monopole scalar potential in Eq. (3.22) is
determined by solving the generalized Poisson equation in the monopole case:

∇r · (ε(r)∇rΦ
m
23(r)) = −e

ξ∗λ2n2
(r)ξλ3n3

(r)

ε0
. (3.23)

Eq. (3.23) shows, that the inhomogeneity of the generalized Poisson equation for the monopole-
monopole Coulomb interaction is determined by a product of the electron envelope functions for
the corresponding QD band indices λ2/3 and the QD numbers n2/3. The numerical solution of
Eq. (3.23) enables a calculation of the monopole-monopole Coulomb coupling elements without
inserting an explicit Green’s function. Accordingly, using the PGF method, as published in
Ref. [49], numerically demanding singularities can be avoided. Without implying a restriction
to a certain symmetry of the QD confinement potential or the Coulomb Green’s function, the
efficiency of the calculation of Coulomb coupling elements is increased in the PGF method. Fur-
thermore, the influence of an inhomogeneous medium, which is required for the calculation of the
Coulomb coupling between colloidal QDs in a solvent, is naturally included by the permittivity
ε(r) in Eq. (3.23).

3.2.3 Dipole-dipole coupling elements

The dipole-dipole Coulomb coupling elements, given by the last term of the Green’s function’s
Taylor series in Eq. (3.15), include the Förster excitation transfer between the colloidal QDs
as well as an intradot coupling, schematically depicted in Fig. 3.4. Whereas the influence of
the intradot dipole interaction is very small and negligible, the effects caused by the so-called
Förster interaction play an important role in Coulomb coupled systems. If one QD is excited,
the excitation energy can be transfered to the other QD by the Förster mechanism [3]. Thus,
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Figure 3.4 The dipole-dipole Coulomb coupling can be distinguished between the interdot Förster
induced excitation transition between the two QDs (left hand side) and the dipole-dipole intradot
coupling located in one QD (right hand side).

even in the case of non-overlapping electron wave functions of the two colloidal QDs, there is an
excitation transfer for small distances between the nanostructures, induced by the dipole-dipole
Förster coupling as resonant excitation energy transfer. Inserting the last term of the Coulomb
Green’s function Taylor series in Eq. (3.15) into the equation of the Coulomb coupling elements
Eq. (3.13) leads to:

V dd
1234 =e

2
∑︂
i,j

ξ∗λ1n1
(Ri)ξ

∗
λ2n2

(Rj)ξλ3n3
(Rj)ξλ4n4

(Ri)

∫︂
d3si

∫︂
d3sju

∗
λ1n1σ1

(si)u
∗
λ2n2σ2

(sj)

·
[︂
si · ∇s̃iG(Ri + s̃i,Rj + s̃j

↶
) ∇s̃j · sj

]︂
s̃i = 0
s̃j = 0

uλ3n3σ3
(sj)uλ4n4σ4

(si) . (3.24)

For identifying the dipole-dipole interactions, the microscopic interband transition dipole mo-
ments µll′ , which are given by the Bloch functions of the unit cells [34,76], are defined as follows,
analog to the definition given in Sec. 2.2.2:

µll′ =
e

Vuc

∫︂
d3siu

∗
λlnlσl

(si)siuλl′nl′σl′
(si)δnlnl′

δ
σlσl′

. (3.25)

Note, that the interband transition moments µll′ , which appear during the usual scale separation,
depend on the spin configurations [3] σl and σl′ . The differentiation of the Green’s function in
Eq. (3.24) can be transformed from the variable s̃i to Ri since they belong to the same entry:[︂

∇s̃iG(Ri + s̃i,Rj + s̃j)
]︂
s̃i = 0
s̃j = 0

=
[︂
∇RiG(Ri + s̃i,Rj + s̃j)

]︂
Ri = Ri − s̃i
Rj = Rj − s̃j

. (3.26)

Based on the assumption, that the Green’s function does not significantly change on the scale of
the unit cells, the summation over the unit cells can be transformed into an integration. Using
the transformation of the differentiation and identifying the microscopic dipole moments results
in the following equation for the Coulomb coupling elements in the dipole-dipole case:

V dd
1234 =

∫︂
d3r

∫︂
d3r′ξ∗λ1n1

(r)ξ∗λ2n2
(r′)ξλ3n3

(r′)ξλ4n4
(r)µ14 · ∇rG(r, r

′
↶
) ∇r′ · µ23δ

nσ
14 δ

nσ
23 . (3.27)

The Kronecker delta relations, ensuring the selection rules, are merged together as follows:
δnσij = δninjδσiσj . For evaluating the nabla operators effecting the arbitrary Green’s function, a
multidimensional integration by parts is used∫︂

Ω
d3r r · ∇χ =

∫︂
∂Ω

df · rχ−
∫︂
Ω
d3rχ∇ · r , (3.28)

under the assumption of vanishing boundary integrals. Finally, applying the multidimensional
integration by parts twice, the equation for the calculation of the dipole-dipole Coulomb coupling
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elements reads

V d
1234 =
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d3r
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d3r′∇r ·

(︂
ξ∗λ1n1

(r)µ14ξλ4n4
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δnσ14 δ

nσ
23 .

(3.29)

Since the microscopic transition moments µll′ vanishes for equal bandindices l = l′, only the
dipole transitions with λ1 ̸= λ4 and λ2 ̸= λ3 determine the dipole-dipole Coulomb coupling.
As in the case of the monopole-monopole coupling terms, the dipole-dipole Coulomb coupling
can be divided into the interdot coupling with n ̸= n′ and the intradot coupling with n = n′,
as schematically depicted in Fig. 3.4. Furthermore, the interdot coupling is separated into spin-
preserving processes with σ = σ′ and spin-flipping processes with σ ̸= σ′.

For applying the PGF method, as introduced in Sec. 3.1 and published in Ref. [49], a Poisson
equation for the first order in the Taylor expansion Eq. (3.15) needs to be formulated. Thus, a
generalized scalar potential Φd

23(r) of the Coulomb dipole interaction of a QD is introduced

Φd
23(r) =

∫︂
d3r′G(r, r′)∇r′ ·

(︂
ξ∗λ2n2

(r′)µ23ξλ3n3
(r′)

)︂
. (3.30)

With the Green’s function fulfilling the condition in Eq. (2.7), Eq. (3.30) represents the solution
of the following generalized Poisson equation:

∇r ·
(︁
ε(r)∇rΦ

d
23(r)

)︁
=
∇r ·

(︂
ξ∗λ2n2

(r)µ23ξλ3n3
(r)
)︂

ε0
. (3.31)

In the dipole case, the Poisson equation is induced by the dipole distribution, which includes the
QD’s envelope functions ξλini

and the microscopic interband transition dipole moment µ23.
Therefore, the scalar potential Φd

23(r) has a different unit than the scalar potential of the
monopole-monopole coupling Φm

23(r) in Eq. (3.23). In the approach of the PGF method, the
generalized scalar potential Φd

23 is obtained numerically from the Poisson Eq. (3.31), using ef-
ficient solvers and libraries such as PETSc [95]. Including this solution in the equation of the
dipole-dipole Coulomb coupling elements in Eq. (3.29), the numeric effort for the calculation is
significantly reduced:

V d
1234 =

∫︂
d3r∇r ·

(︂
ξ∗λ1n1

(r)µ14ξλ4n4
(r)
)︂
Φd
23(r)δσ1σ4δσ2σ3 . (3.32)

The strength of the dipole-dipole coupling between colloidal QDs in a solvent is influenced by
the distance between the nanostructures as well as by the relative orientation of the QD’s dipole
moments to each other [4].

We have shown, that the PGF method allowed us to calculate the monopole-monopole and the
dipole-dipole Coulomb coupling respectively, without the necessity of assuming an explicit form
of the Green’s function. For both contributions, the generalized scalar potential is calculated for
a specific generalized Poisson equation. We showed that, based on the Taylor expansion of the
Green’s function, the Coulomb coupling elements of the monopole-monopole as well as the dipole-
dipole contribution of the Coulomb interaction can be calculated numerically efficiently without
being restricted to a specific symmetry or permittivity by using an adapted Poisson equation. In
the next sections, we explicitly calculate the monopole-monopole and Förster coupling elements
for two colloidal QDs in varying spatial positions. Thus we can investigate the influence of the
distance between the QDs and their relative dipole orientation to each other on the Coulomb
coupling elements. Furthermore, the influence of the spatial dielectric function on the coupling
elements is analyzed.
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Figure 3.5 A schematic sketch of the Coulomb coupling elements of two colloidal QDs. The intradot
coupling is given by the monopole-monopole elements of the n’th QD (n ∈ 1, 2) V cc

nn, V vv
nn and V cv

nn.
The interdot coupling is classified as monopole-monopole V mm

intra and spin-selective Förster coupling
elements V F

↑↑ and V F
↓↑.

3.3 Position dependent Coulomb coupling of colloidal QDs

In this section, we calculate and analyze the influence of the spatial arrangement of two colloidal
QDs on the strength of the Coulomb coupling between them. Colloidal QDs, as presented in
Sec. 2.1, diffuse in the surrounding solvent and thus, they change their positioning frequently.
The motion of the colloidal QDs induces changes in the center-to-center distance between the
QDs as well as in their relative angular orientation, both determining the strength of the Coulomb
coupling, respectively. Thus, for the calculation of the arrangement specific Coulomb interac-
tion, a high number of coupling elements needs to be calculated. Therefore, the PGF method,
introduced in Sec. 3.1 and published in Ref. [49], is used for the calculations.

3.3.1 Distance dependence

As we will see in this section, the distance between the colloidal QDs strongly influences the
Coulomb coupling elements. The standard simplified form of the dipole-dipole coupling between
two point-like emitters in a homogeneous medium reads [34,117]:

V12 =
1

4πε0εr

(︃
µ1 · µ2

|R12|3
− 3

(µ1 ·R12)(µ2 ·R12)

|R12|5

)︃
, (3.33)

with R12 = r1 − r2 denoting the emitter’s distance and µi the dipole moment of the emitter i.
This approximative equation shows, that the distance strongly determines the strength of the
Coulomb coupling. However, since the distance between the QDs can be very small or if a spatial
dependent dielectric function needs to be included, we have to go beyond the point-dipole form
of Eq. (3.33), as is done in Refs. [4, 41, 62]. An explicit calculation and analysis of the so-called
point-dipole approximation will be given in Sec. 3.5.

In the following, we will fully calculate the Coulomb coupling elements for CdSe/ZnTe
core/shell QDs in water (material parameters are presented in Sec. 2.1.1) for varying distances
with fixed angular orientations. While one QD stays in the initial position, the other QD sys-
tematically changes its position. The calculations are done for different fixed angular dipole
orientations. The Coulomb coupling elements for two semiconductor QDs modeled by a two-
level system are characterized by the bandindex b ∈ {v, c}, the QD number n ∈ {1, 2}, and the
spin configuration σ ∈ {↑, ↓}. For introducing the notations, all counting Coulomb elements
calculated in this section are schematically depicted in Fig. 3.5.

We start with the calculation of the monopole-monopole Coulomb coupling, as introduced in
Sec. 3.2.2, which includes interdot as well as intradot coupling elements. While QD 1 stays in the
initial position, the second QD moves along the x-axis and the distance between the both QDs
increases. The calculations for Fig. 3.6 are done for two different initial angular orientations of
the two QDs to each other. In both cases, the monopole-monopole interdot coupling elements
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λ = 0.5π λ = 0

Figure 3.6 The monopole-monopole Coulomb coupling elements are determined by the distances
between the QDs in different fixed initial angular orientations. The Coulomb interaction is divided
into the intradot and the interdot coupling. While the interdot coupling decreases with increasing
distance, the intradot coupling shows a distance dependence for small distances only. Then, all
intradot coupling elements reach a saturation value. According to the angular orientation, the intradot
coupling elements from the different QDs insignificantly differ (λ = 0.5π) or coincide (λ = 0).

are equal and decreases with increasing distance. In the case of a spatially homogeneous medium
with εr = const, the typically used form of the Coulomb coupling in the monopole case reads:

G(r, r′) =
1

4πε0εr

1

Rd
. (3.34)

The equation gives the 1/Rd-dependence of the interdot monopole Coulomb elements, which
determines the curves of the interdot elements even if a spatially dependent dielectric function is
included, as visible in Fig. 3.6. In contrast to the monopole-monopole interdot coupling elements,
the intradot elements show a distance-dependent behavior for small distances only.

Since the permittivity of the QDs differs form the permittivity of the surrounding medium
(e.g., colloidal QDs moving in a solvent), the interdot as well as the intradot Coulomb coupling
elements in Eq. (3.20) are influenced by the distance between the QDs, as illustrated in Fig. 3.6.
The generalized Poisson equation in Eq. (3.23) for calculating the monopole-monopole Coulomb
coupling elements includes the influence of the inhomogeneous medium through the dielectric
function ε(r), which is determined by the distance between the QDs. If the QDs are close to each
other, in a distance smaller than four nanometers, even the monopole-monopole intradot coupling
elements are influenced by the distance to the other QD. This effect is evoked by the dielectric
mismatched caused by the other QDs, which will be discussed in more detail in Sec. 3.4. If the
distance between the colloidal QDs increases, the intradot coupling elements reach a saturation
value. Since the intradot monopole coupling stays constant even in the case of big QD distances,
it determines the monopole shifts and peak positions concerning the excitation energy.

The diagrams in Fig. 3.7 show the Förster coupling elements for an increasing distance Rd

between the QDs for three different angular positions λ of the moving QD. Since the Förster
coupling between the two QDs decreases with increasing distance, it plays an important role if
the QDs are close to each other. But, as the diagrams illustrate, in distances of Rd = 12 nm its
influence is already negligible. In most angular positions the Förster elements are spin selective.
Thus, they can be divided into spin preserving coupling elements V F

↑↑ with the complex analog
V F
↓↓ with σi = σj and the spin flipping elements V F

↑↓ and V F
↓↑ with σi ̸= σj [4], schematically

depicted in Fig. 3.4. If the dipole axis are orthogonal to each other (as in the case λ = 0.5π),
the spin splitted elements are degenerated. For investigating the influence of the relative dipole-
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Figure 3.7 The diagrams show the Förster coupling elements as a function of the distance Rd

between the QDs in three different fixed angular orientations of the moving QD. With increasing
distance between the colloidal QDs the strength of the Förster coupling decreases in all three cases.
In the first two dipole orientations, the Förster elements show a spin splitting, which is degenerated
in the case of an relative angle of λ = 0.5π.

Figure 3.8 Two different initial orientations of the dipole vectors in relation to each other. In the
first case (on the left), the dipole moments of the two colloidal QDs are parallelly orientated. The
second case (on the right) shows an orthogonal orientation of the dipole vectors to each other.

dipole orientation on the Förster coupling elements, in the next section the coupling elements are
calculated in a fixed distance but with systematically changing angular orientations. The dipole-
dipole intradot coupling elements (cf. Fig. 3.4) are very small compared to the Förster elements
(two orders of magnitude) and therefore, their influence is generally negligible. Furthermore,
the inaccuracy caused by the calculation on a discrete grid, for a more detailed discussion see
Sec. 2.4.3, is percentaged much higher for small values and thus, the error in the calculations
superimposes the physical interpretation.

We have seen in the calculations done in this section, that the distance between the two
colloidal QDs plays an important role for the monopole-monopole coupling elements as well
as for the Förster excitation transfer. While the interdot coupling decreases with increasing
distance, the intradot coupling reaches a saturation value and therefore, they determine the
Coulomb shifts for bigger distances as a constant value.

3.3.2 Influence of the angular orientation

Colloidal QDs, diffusing in the solvent, change their spatial positions as well as their angular
orientations. Not only the distance between the QDs determines the strength of the Coulomb
coupling but also their relative dipole-dipole orientation [3, 4]. The influence of the angular
orientation on the monopole-monopole and Förster Coulomb coupling elements is calculated
in this section. Therefore, the Coulomb coupling elements for the rotation around the three
Cartesian axis are calculated, while the distance between the QDs stays constant. As initial
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Figure 3.9 Scheme of the three different Euler angles. One QD is fixed while the other QD rotates
in a fixed distance, starting from a position of two parallel orientated dipole operator (blue arrows).
The rotation around the x-axis is given by the angle λ, the y-axis induces the angle ϑ and the rotation
around the z-axis gives φ.

Figure 3.10 The monopole-monopole Coulomb coupling elements as a function of the Euler angles
in two different fixed distances. Since the rotations around the three cartesian axis results in the
same coupling strengths, the x-axis represents all Euler angles. The distance influences the Coulomb
coupling elements, as discussed in Sec. 3.3.1, while the monopole-monopole interdot elements are
not influenced by the rotation angles. Only the intradot coupling elements of the rotating QD are
periodically influenced by the rotation. A discussion of the induced inaccuracy of the projection of a
continuous rotation on a discrete grid is given in Sec. 2.4.3.

orientation of the two dipole vectors in relation to each other, we do calculations for a parallel
orientation as well as for an initially orthogonal orientation, cf. Fig. 3.8. Generally, the rotation
is given by three Euler angles for each QD respectively, as introduced in Sec. 2.4. The schematic
sketches in Fig. 3.9 illustrate the different rotations of the two colloidal QDs around the three
Cartesian axis starting form a parallel orientation of the QD’s dipole vectors.

First, we calculate the influence of the different rotations around the Cartesian axis on
the monopole-monopole coupling elements. Fig. 3.10 shows the dependence of the monopole-
monopole Coulomb coupling elements on the relative angular orientation of the two colloidal QDs.
Since all rotations around the different Cartesian axis result in the same angular dependence,
the x-axis in Fig. 3.10 represents all Euler angles respectively. While the monopole-monopole
interdot coupling elements as well as the intradot coupling elements of the fixed QD (QD 2)
stay constant for all angular positions, the intradot coupling elements of the rotating QD are
influenced by the rotation angle. Thus, only the moving QD (QD 1) is affected by the rotation
angle. Since both QDs are generally equal, the guess that the inaccuracy effects in the monopole
intradot coupling elements are caused by the rotation seems likely. A discussion of the effect of
the projection of the rotation on a discrete grid is given in Sec. 2.4.3. The most inaccuracy occurs
for angles with nπ/4, while it vanishes for nπ rotations. In the next section, we will see, that
in the case of an homogeneous dielectric environment all monopole-monopole coupling elements



46 CHAPTER 3. CALCULATION OF COULOMB COUPLING ELEMENTS

Figure 3.11 The Förster elements as a function of the rotation of one QD around the three Cartesian
axis in a distance of Rd = 1 nm. In contrast to the monopole-monopole elements, the Förster elements
are strongly influenced by the dipole-dipole orientation of the QDs to each other, which is determined
by the three independent rotation angles λ, θ, and ϕ. Furthermore, the coupling elements are spin-
selective and can be classified as spin-preserving (VFuu) and spin-splitting (VFud) elements. The
rotation around the x-axis and the y-axis are given by a cosine function, while the rotation around
the z-axis does not influence the Förster elements.

stay equal while the QD rotates. Thus, the spatial dependent dielectric function induces the
changes in the intradot monopole-monopole Coulomb elements.

For investigating the influence of the relative dipole-dipole orientation to each other, the
Förster coupling elements are calculated as a function of the rotation around the Cartesian axis
in Fig. 3.11. The Förster coupling elements are strongly influenced by the angular orientation
of the colloidal QDs which is determined by the orientation of the crystal axis inducing the
microscopic dipole moments µij . Since they are perpendicular to the crystal c-axis, which is
orientated along the Cartesian z-axis, as given in the Eqs. (2.21a) and (2.21b), a rotation around
the z-axis does not influence the Förster elements. The rotation around the x-axis and the y-axis
show a 2π-periodic symmetry in a cosine function profile. The Förster elements are spin-selective
for the spin-preserving V F

↑↑ and the spin-flipping elements V F
↑↓ for all angles except 0.5π and 1.5π,

where they are degenerated. The amplitude of the function is determined by the distance between
the QDs. The diagrams in Fig. 3.11 are calculated for a distance of Rd = 1 nm. The smaller
the distances between the QDs the bigger the amplitude, which determines shifts caused by the
angular orientation. Additionally, the amplitude is influenced by the rotation axis. As Fig. 3.11
shows, the rotation around the y-axis shows a bigger amplitude than the rotation around the
x-axis. Nevertheless, both amplitudes decreases with increasing distance between the colloidal
QDs, as discussed in Sec. 3.3.1.

The calculations for the rotations in Fig. 3.11 are done for QDs arranged along the x-axis
starting with the same dipole orientation for both QDs. But this starting orientation of the dipole
vectors does not include all relative orientations of the two dipole moments to each other for the
rotations around the Cartesian axis. Therefore, the Förster elements are calculated starting from
an initial perpendicular orientation of the dipole vectors to each other. The results are given
in Fig. 3.12. The amplitudes of the diagrams strongly differs from that in the case of an initial
parallel orientation of the dipole vectors, depicted in Fig. 3.11. Thus, the rotation around the
x-axis as well as the rotation around the z-axis do not influence the Förster elements, if the
QDs show perpendicular orientated dipole moments. In the initial perpendicular orientation of
the dipole vectors, the projection of the relative orientation of the two dipole moments does not
change while one QD rotate around the x-axis or the z-axis. In contrast, for a parallel starting
position of the two dipole vectors, the projection of the relative orientation is influenced by the
rotation around the x-axis and the y-axis. Only the rotation around the z-axis does not change
the projection in both cases.
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Figure 3.12 The Förster elements for the rotation of one QD around the three Cartesian axis in a
distance of Rd = 1 nm for QDs with an initially orthogonal dipole orientation to each other. Only the
rotation around the y-axis strongly influences the strength of the Förster coupling elements. In the
cases of the x-axis and z-axis rotations, the projection of the dipole moments to each other results in
one point, and accordingly it does not influence the coupling. While the rotation around the y-axis
changes the length of the dipole-dipole projection.

The interplay between the spatial distance and the angular orientation and its influence
on the Coulomb coupling elements for an arbitrary motion in three dimensions is complex. It
includes many different aspects, since for the spatial arrangement of the QDs in three dimensions
many degrees of freedom influence the results. In this section, we have only shown a few spatial
QD arrangements and calculated the resulting coupling elements. The spatial arrangement is
also determined by the size and the shape of the QDs and the resulting spatially dependent
permittivity, as we will discuss in the next section. Since the diffusion of the colloidal QDs in the
solvent presents a complex mechanisms, many parameters including the QD arrangements and
the material compositions influence the strength of the Coulomb coupling. In App. D a scheme of
the program mode is given including the input and output parameters. This gives an overview of
the high number of parameters influencing the strength of the coupling and the diffusive motion
of the colloidal QDs.

3.4 Spatially dependent dielectric permittivity

Each material is characterized by a specific dielectric constant ε. Since the material of the col-
loidal QDs differs from the material of the surrounding solvent, the whole dielectric environment
is given by a spatially dependent dielectric function ε(r). This arbitrarily complex dielectric
environment includes information on the size and shape of the colloidal QDs, which diffuse in
the solvent, as well as on their spatial arrangement [59]. Furthermore, the properties of the sur-
rounding material, given by the properties of the solvent in the case of colloidal QDs, determines
the dielectric function and therefore, they influences the Coulomb coupling between the QDs.

In this section, we analyze the influence of the whole dielectric environment on the strength
of the Coulomb coupling of two colloidal QDs. Therefore, we use the PGF method, presented
in Sec. 3.1, which allows us to calculate all Coulomb coupling elements for a general dielectric
function. Thus, we first investigate the influence of the solvent’s dielectric permittivity on the
Coulomb interaction between the QDs. Then, we vary the material composition and size of the
colloidal QDs and analyze the effects on the monopole and dipole elements. Finally, we compare
the fully calculated Coulomb coupling elements, where the spatially dependent dielectric function
includes all material information, with the Coulomb coupling in different homogeneous dielectric
media.
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Figure 3.13 Coupling elements of the a) dipole-dipole and b) monopole-monopole Coulomb inter-
action as a function of the QD’s center-to-center-distances for different solvent’s permittivities. The
value of the dielectric constant of the solvent εsol is (i) smaller, (ii) equal or (iii) greater than the
permittivity of the QDs εQD = 6.23. The coupling strength as well as the curve progression are
influenced by the value of the dielectric constant of the medium. Only in the case (ii) where QDs and
solvent have the same permittivity, the dipole and monopole intradot coupling elements (V d/m

11 and
V

d/m
22 ) stay constant for all distances between the QDs.

3.4.1 Solvent induced dielectric mismatch

In the following, we analyze the influence of the relation of the dielectric constants from the QDs
and the surrounding solvent on the monopole-monopole and dipole-dipole Coulomb coupling
elements. Since the calculation of the Coulomb coupling elements is based on the generalized
Poisson equation (3.4), as in the approach of the PGF method introduced in Sec. 3.1, the influence
of the spatially dependent permittivity of the medium on the coupling elements is naturally
included. Thus, the Coulomb coupling elements are calculated for different dielectric constants
of the surrounding solvent’s permittivity εsol. The colloidal QDs are assumed to be small colloidal
CdSe QDs with a radius of rQD = 1.5 nm and a constant permittivity of εQD = 6.23.

Fig. 3.13 illustrates the influence of the solvent’s dielectric constant on the center-to-center
distance’s behavior of the Coulomb coupling elements. If the permittivity of the embedding
material is equal to the QD’s permittivity, as in Fig. 3.13(ii), and thus, the dielectric environment
is homogeneous over the whole structure, the intradot coupling elements stay constant. They
do not depend on the center-to-center distance Rd of the QDs and present a material specific
parameter. In contrast, in the range of small center-to-center distances, the intradot coupling
elements in Fig. 3.13(i) and Fig. 3.13(iii) are not constant but reach a material specific saturation
value for an increasing distance. Thus, the intradot monopole-monopole coupling elements in
Fig. 3.13b) as well as the intradot dipole-dipole coupling elements in Fig. 3.13a) are influenced
by the dielectric mismatch caused by the other QDs.

Since the dielectric constant of the QDs differs from the surrounding medium, the whole
dielectric environment is represented by a spatially dependent function ε(r). The dielectric
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Figure 3.14 The intradot coupling elements of the a) dipole and b) monopole interaction for different
permittivities of the solvent, centered at their saturation values. If the dielectric constant of the
medium is smaller than that of the QDs (εQD = 6.23), the dipole elements decrease with growing
distance between the QDs, while the monopole elements increase. For a solvent’s permittivity greater
than that of the QDs, the curve progression shows an opposite behavior.

mismatch, induced by the contrast between the internal and external dielectric constants, results
in surface charges [69]. Accordingly, if the dielectric environment is not approximated as a
homogeneously distributed dielectric permittivity, as in Fig. 3.13(ii), an image charge distribution
on the interface surfaces occurs [69]. Therefore, even the intradot coupling elements, where both
charge carriers are only located in one QD, are influenced by the dielectric properties of the other
QD, if the QDs are arranged close to each other. For an increasing distance between the QDs,
the effect vanishes and the intradot coupling elements reach a constant material specific value.
Especially, in the case of the intradot dipole-dipole coupling, the effect is very small and will
be difficult to quantify in experimental set-ups. Nevertheless, the effect caused by the dielectric
mismatch induces Coulomb shifts and thus, it influences for example the positions in optical
spectra.

To illustrate the deviation of the intradot coupling elements from their material specific sat-
uration value, in Fig. 3.14 the monopole-monopole as well as the dipole-dipole intradot coupling
elements are plotted embedded in different solvent materials and respectively shifted by their
saturation values. In a region of small center-to-center distances, the intradot coupling elements
differ from the material specific constant. If the value of the solvent’s permittivity is smaller
than that of the QDs, the amplitude of the dipole-dipole elements decreases while the monopole-
monopole amplitude increases. If the permittivity of the medium is bigger than that of the
QDs, the coupling elements show an opposite behavior. The higher the difference between the
permittivities of the QDs and the solvent, the bigger the deviation from the saturation value.
For an increasing distance between the QDs, the influence of the dielectric mismatch vanishes
and the intradot coupling elements reach their material specific saturation value.

The relation of the QDs permittivities to the surrounding material influences the strength of
the Coulomb coupling. If the QDs are arranged close to each other, the properties of the whole
dielectric environment induce distance dependent shifts and deviations from the material specific
values. In the case of a homogeneous dielectric permittivity, the effects of the dielectric mismatch
vanish and the intradot coupling elements are constant for all distances. Since in this section
we have analyzed the influence of the solvent’s permittivity, in the following we investigate the
influence of the QD properties on the strength of the Coulomb coupling.



50 CHAPTER 3. CALCULATION OF COULOMB COUPLING ELEMENTS

Figure 3.15 Influence of the QD’s size (on the left r = 1.5 nm and on the right r = 3.0 nm) on the
distance dependence of monopole-monopole Coulomb coupling elements. For the bigger QD (right)
the amplitude of the intradot coupling elements is decreased and shifted together. The influence of
the dielectric mismatch for small distances (Rd < 2 nm) is decreased. For the smaller QDs (left) the
interdot couplings are bigger but they decrease faster for an increasing distance between the QDs.

3.4.2 Size effects and core/shell structure of colloidal QDs

Depending on the synthesis process, colloidal QDs can be fabricated with a variety of compo-
sitions [13, 18] and diameters [11, 17]. Since the size and shape of the colloidal QDs strongly
influences the optical and electronic properties [9, 10], we calculate the Coulomb coupling ele-
ments of different sized and structured colloidal QDs.

The most important parameter for tuning the optical and electronic properties of colloidal
QDs is given by the diameter of the QDs. A variety of studies investigates the size-dependent
band gab of the colloidal QDs [14,15]. Here, we calculate the influence of the size of the colloidal
QDs on the Coulomb coupling elements. Therefore, we follow the approach of the PGF method
[49] introduced in Sec. 3.1, for colloidal QDs with two different diameters r = 1.5 nm and r =
3.0 nm. Generally, both parameter set-ups represent small colloidal QDs, since we do not change
the general parameter set-up.

Fig. 3.15 shows, that the QD size determines the amplitude of the monopole-monopole cou-
pling elements. The bigger the QDs, the smaller the strength of the intradot Coulomb elements
and the smaller the differences between the different bandindex induced intradot elements V cc

ii ,
V vv
ii and V cv

ii . For the smaller QD the dielectric permittivity stronger influences the amplitude
in the range on small distances between the QDs (a detailed discussion of the influence of the
permittivity in given in Sec. 3.4.1). Since the dielectric permittivity is assumed to change its
value monotonously as a softened step-function, in very small QDs the permittivity is mostly
not constant. Therefore, the changes in the permittivity strongly influences the Coulomb cou-
pling elements. For bigger QDs, the changes in the amplitude of the monopole-monopole intradot
coupling elements caused by the dielectric function decreases but its influence on the second QD,
which does not carry the charge density, is present over a longer distance between the QDs.
The bigger the QDs, the bigger the influence of the QD’s properties on the whole dielectric
environment.

The monopole-monopole interdot coupling elements in Fig. 3.15 as well as the Förster ele-
ments in Fig. 3.16 show strongly size dependent amplitudes for small distances between the QDs
(Rd < 2 nm). For smaller QDs the amplitude of the interdot Coulomb coupling is higher but
it decreases faster with increasing distance between the QDs. Thus, for bigger colloidal QDs
the strength of the Coulomb coupling becomes more long-ranged. The composition of the whole
structure and geometry influences the strength of the Coulomb coupling elements.
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Figure 3.16 Förster coupling elements for two different sized QDs with r = 1.5 nm on the left and
r = 3.0 nm on the right. Especially for small distances between the QDs (Rd < 2 nm) the influence
of the dielectric mismatch is increased for smaller QDs. For bigger QDs, the strength of the dipole-
dipole coupling is smaller but it decreases not so fast as in the case of the smaller QDs with increasing
distance.

Figure 3.17 Monopole-monopole Coulomb elements of colloidal CdS/ZnSe core/shell QDs with
rc = 1.5 nm and rs = 1.5 nm. The interdot coupling does not differ from the couplings of CdSe/ZnTe
QDs as presented before. The strength of the coupling is also comparable to the case of the CdSe/ZnTe
QDs. In contrast, the shifts in the intradot coupling elements caused by the splitting in the band
indices is increased.

Not only the size of the QDs but also the material parameters influences the dielectric en-
vironment, as presented for the solvent’s properties in Sec. 3.4.1. Therefore, we calculate the
Coulomb coupling elements for another material system without changing the other conditions
such as the size of the QDs or the permittivity of the solvent. For a comparison with the results
for the CdSe/ZnTe QDs given in Sec. 3.3.1 and Sec. 3.3.2, we chose same sized CdS/ZnSe QDs
with rc = 1.5 nm and rs = 1.5 nm. The material parameters of such colloidal QDs are given in
Sec. 2.1.1.

Compared with the results of the dependence on the distance in Fig. 3.6 and the orientation
angles in Fig. 3.9, the interdot monopole-monopole coupling elements are approximately equal
while the bandindex induced splitting of the intradot coupling elements is increased. All in all,
the physically behavior as well as the general strength of the Coulomb coupling stay constant
for both material systems. While the interdot coupling is mostly determined by the dielectric
constant of the solvent, the intradot couplings are influenced by the properties of the QDs. Since
the material systems differ from each other, the confinement potential is changed and therefore
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Figure 3.18 Förster elements of colloidal CdS/ZnSe core/shell QDs in comparison to CdSe/ZnTe
QDs. The amplitude of the Coulomb coupling is lightly shifted, while the general physical behavior
stay equal. Only in the range of small distances between the QDs with Rd < 2 nm the influence
of the dielectric mismatch plays an important role and thus, the material system changes the curve
progression.

the eigenproblem gives other results in the eigenenergies, as introduced in Sec. 2.1.2.
The Förster coupling as an interdot dipole-dipole Coulomb interaction is mostly influenced

by the properties of the solvent and the geometry (such as the size of the QDs and the core/shell
structure) of the whole system as well as the properties of the microscopic dipole moments. Since
all these parameters were put constantly, the material lightly changes the amplitude of the Förster
elements. In the range of small distances between the QDs the influence of the QD’s dielectric
constant, which is determined by the material of the QDs, plays a more important role. Since
the material systems show similar properties, the effect in the strength of the Coulomb coupling
is very distinct. Other materials showing very different dielectric and confinement properties
will stronger influence the Coulomb coupling. Especially, if the relation between the dielectric
constant of the solvent and the QDs is changed, as presented in Sec. 3.4.1 or if the size effects in
the core/shell structure are varied. This should be analyzed in the following.

For investigating the influence of the QD type, as introduced in Sec. 2.1.2, we calculate the
Coulomb coupling elements for two QD systems each with a radius of rQD = 3 nm once as
CdSe cores without any shell structure as well as QDs with a CdSe core with rc = 1.5 nm and
a ZnTe shell with rs = 1.5 nm. Since the QDs have the same radius, the resulting effects are
not introduced by size properties of the QDs but by the dielectric permittivity, cf. Sec. 3.4.1,
and the QD types induced by the composition of the core/shell structure. As introduced in
Sec. 2.1.2, core/shell QDs can be divided into type-I and type-II QDs [18]. While for type-I
QDs, consisting of one material only, the electron and holes are confined in the same volume [68]
and form an direct exciton, in type-II core/shell QDs the electrons and holes are separated in
the different materials. Since we investigate very small colloidal QDs with well-separated energy
levels, the core/shell QDs are defined as quasi type-II QDs showing a partial spatial separation of
the electrons and holes. The electron is located at the core material, while the hole is delocalized
over the entire volume of the QDs [18]. By varying the thickness of the shell material, a change
between the QD types occurs. Thus, the optical and electrical properties of colloidal QDs can
be selectively manipulated by changing the relation of the core to shell width influencing the
overlap of electron and hole wave functions.

The monopole-monopole intradot coupling elements change their amplitude as well their
shifts caused by the bandindex-splitting, as visible in Fig. 3.19. In analogy to the material
induced changes in the strength of the Coulomb coupling given in Fig. 3.17, these effects are not
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Figure 3.19 The monopole-monopole Coulomb coupling elements of QDs with a radius of r=3.0 nm.
The first plot shows a core/shell QD structure with rc = 1.5 nm and rs = 1.5 nm. The second plot
shows a type-I QD consisting of the core material only.

Figure 3.20 The size of the colloidal QD influences the Förster coupling elements. The diagram
on the right hand side shows the dipole-dipole Coulomb coupling elements of QD with a radius of
r=3.0 nm and in contrast of a core/shell QD structure with rc = 1.5 nm and rs = 1.5 nm.

influenced by the size of the QDs but by the dielectric mismatch. Since the core/shell structure
changes the material properties and therefore the curve progression in the spatially dependent
dielectric function ε(r), the amplitude of the intradot coupling elements is varied too. The
interdot coupling are determined by the properties of the solvent and therefore, they are not
appreciable influenced by the QD types.

Fig. 3.20 shows the distance as well as the angular dependence of the Förster elements for
a type-I QD (blue) and for a core/shell quasi type-II QD (red) with the same total QD radius.
Since the Förster elements as interdot Coulomb interaction are more influenced by the dielec-
tric properties of the solvent then of the QDs, the QD-type lightly changes the strength of the
Coulomb coupling. The Förster induced excitation transfer between the QDs plays an important
role for small distances between the QDs. Therefore, a variation of the shell thickness simulta-
neously changing the size of the QDs, determines the strength of the Förster coupling elements.
The shell thickness for increasing sized QDs separated the electrons and holes and therefore it
reduces the overlap of the electron wave functions. Accordingly, as visible in Fig. 3.21, the Förster
elements are strongly influenced by the size and the shell thickness. An increasing shell reduces
the influence of the dielectric core/shell mismatched and thus, the curve progression for small
distances is changed by the variation of the shell thickness.

In conclusion, we see that the strength of the Coulomb coupling elements is influenced by
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Figure 3.21 Förster coupling elements as a function of the distance between the QDs, calculated
for colloidal QDs with the same core (rCdSe = 1.5 nm) but a varying shell thickness. The shell
thickness as well as the size of the QDs influence the amplitude and the curve progression of the
Förster coupling elements. The bigger the shell, the less the influence of the dielectric mismatch on
the Förster elements.

many parameters. Especially, the properties of the dielectric environment, induced by the size
and the compositions of the colloidal QDs, influences the curve progression as well as the ampli-
tude of the Coulomb elements in the monopole and the dipole case. The Förster coupling as a
short range interaction is strongly influenced by the size of the QDs. While the intradot coupling
elements are determined by the QD dielectrics, the interdot coupling is mostly influenced by the
solvent’s dielectric constant, as presented in Sec. 3.4.1. For further investigating the influence of
the dielectric environment on the Coulomb coupling elements, we compare the fully calculated
spatially dependent dielectric function with a homogeneous environment in the next section.

3.4.3 Homogeneous dielectric environment

Using the PGF method, we have analyzed in the last sections how different material compositions
and size effects influence the Coulomb coupling elements due to the resulting complex dielectric
function. Since the PGF method naturally includes an arbitrarily complex spatially dependent
permittivity, effects caused by a dielectric mismatch can be investigated. Now, we assume the
whole dielectric environment to be homogeneous and compare the influence on the Coulomb
coupling with the results of the fully calculated spatially dependent dielectric function. The
homogeneous dielectric environment combines the properties of the QDs and the surrounding
solvent as a kind of a weighted averaged value.

The composition of different materials and a diverse weighting of the dielectric permittiv-
ities of the QDs and the surrounding medium results in varying homogeneous environments.
Therefore, the Coulomb coupling elements are calculated for different values of the homogeneous
dielectric permittivity. Hence, the influence of the dielectric environment on the strength of the
Coulomb coupling can be investigated and the results can be compared with the fully calculated
coupling elements.

Fig. 3.22 shows the distance dependence of the monopole-monopole intradot and interdot cou-
pling elements for varying homogeneous environments. In a homogeneous environment, there is
no dielectric mismatch since the permittivities of the QDs do not differ from the surrounding sol-
vent. Thus, there is no distance dependence in the intradot coupling elements since the environ-
ment stays constant for all distances and orientations (see also right hand diagram in Fig. 3.23).
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Figure 3.22 Comparison of the fully calculated intradot and interdot monopole-monopole Coulomb
coupling elements (red curve) with the coupling resulting from different homogeneous environments.
While the fully calculated intradot elements show a distance-depending shift for a small distance
between the QDs, in a homogeneous environment the intradot coupling stays constant. The material
properties determine the strength of the monopole-monopole coupling.

Figure 3.23 Comparison of the rotation of the monopole-monopole Coulomb coupling elements
on the left hand with the spatially dependent dielectric function ε(r) and the right hand with a
homogeneous dielectric constant for the whole system with εhom. In a homogeneous environment the
intradot elements are constant for all angular orientations.

In the case of a homogeneous dielectric environment, the effect of the distance-dependent shifts
in the intradot coupling elements for closely arranged QDs vanishes. Nevertheless, the value of
the dielectric environment determines the strength of the intradot coupling elements and thus,
it induces a constant material specific Coulomb shift. Furthermore, the material influences how
fast the interdot monopole-monopole coupling decreases with an increasing distance between the
QDs.

A comparison with the Coulomb elements which results from the spatially dependent dielec-
tric function ε(r) (red curves in Fig. 3.22), indicates that an environment with εhom = 2 shows
the smallest deviations. For the full calculation the solvent is given by water with εsol = 1.78,
while the CdSe/ZnTe QDs induces εCdSe = 6.23 for the core and εCdSe = 7.28 for the shell,
cf. Sec. 2.1.1. Thus, the monopole-monopole Coulomb coupling elements seem to be mostly
determined by the solvent’s permittivity, in the case of a homogeneous permittivity.

In Fig. 3.23 the dependence of the monopole-monopole Coulomb elements on the angular
orientation is given for a spatially dependent dielectric function ε(r) on the left hand side and
for a homogeneous dielectric medium characterized by εhom = 2 on the right hand side. Since the
material system determines the amplitude of the coupling elements, the diagrams show a different
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Figure 3.24 Comparison of the fully calculated Förster elements (red curve) with coupling elements
resulting from different homogeneous environments. Only for small distances the curve progression
of the full calculation differs from the homogeneous case with εr = 6. The value of the dielectric
environment determines the amplitude of the Förster elements.

Coulomb strength, even in this parameter adapted case. Furthermore, the bandindex induced
splitting of the monopole-monopole intradot elements is influenced by the material system. In
the case of a homogeneous environment, the shifts caused by the different monopole-monopole
elements V cc

ii , V cv
ii and V vv

ii decrease compared to the case of the spatially dependent dielectric
function. The main difference is given by the oscillations in the fully calculated case, which
are induced by the dielectric mismatch and increased by the inaccuracy of the projection of the
continuous rotation on a discrete grid, as discussed in Sec. 2.4.3. Since in a homogeneous medium
the permittivity is constant independent from the QD’s positioning, effects caused by differences
in the dielectric environment vanish.

The Förster dipole-dipole coupling, as interdot excitation transfer between the colloidal QDs,
decreases with increasing distance, as visible in Fig. 3.24. Again, all effects caused by a dielectric
mismatch, which is induced by the usage of different permittivities and the resulting spatially
dependent dielectric function, vanish in the case of a homogeneous environment. Nevertheless,
the properties of the homogeneous environment influences the strength of the Coulomb coupling
and the distance depending decreasing of the Förster elements. In contrast to the monopole-
monopole Coulomb elements in Fig. 3.23, the fully calculated Förster elements can be approaches
with an homogeneous environment εhom = 6. Therefore, the Förster excitation transfer between
the QDs is mostly influenced by the properties of the QDs.

In Fig. 3.25, Förster elements calculated with the spatially dependent dielectric function and
with the elements in a homogeneous environment with εhom = 6 are plotted together. Especially,
in the region of small center-to-center distances with Rd < 2 nm, the results differ from each other
since in this region the dielectric mismatch plays an important role. For bigger distances, the
distance dependence of Förster elements in both cases coincidences. The curve progression for
the angular dipole-dipole orientation is plain for the homogeneous environment and the material
induced amplitude is smaller. But, the cosine-like behavior for the spin-splitting and the spin-
preserving Förster elements and therefore, the general physical properties are preserved.

In the case a homogeneous dielectric environment, effects caused by the dielectric mismatch,
occurring in a spatially dependent permittivity, vanish. Therefore, the fully calculated Coulomb
coupling elements show different curve progression if the QDs are arranged close to each other.
For an increasing distance, the differences between the fully calculated Coulomb elements and
the elements resulting from a homogeneous medium show the same physical properties and very
similar dependence on the distance and the angular orientations. Since the monopole-monopole
and Förster elements occur on different spatial scales, the dielectric permittivity influencing these
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Figure 3.25 Comparison of the distance (left hand side) and orientation (right hand side) dependence
of the fully calculated Förster elements with elements in an homogeneous environment with εhom = 6.
The curves resulting from the homogeneous environment are plain and differ in the region of small
distances from the results of the full calculation including a spatial-dependent dielectric function ε(r).

coupling elements can be distinguished. While the monopole-monopole Coulomb elements are
mostly influenced by the solvent’s permittivity, the Förster excitation transfer is influenced by
the dielectric properties of the colloidal QDs. For describing the Coulomb coupling elements in
a homogeneous environment as adapted as possible to the results from the full calculation, the
intradot monopole-monopole shifts are based on a different homogeneous environment than the
interdot Förster elements. These coupling mechanisms occur on different energy scales as well as
on dividing spatial locations. Thus, a parameter adapted description of the Coulomb coupling
with a homogeneous environment greatly determines the physical processes and the strength of
the Coulomb coupling if the QDs are not very close to each other (order of the QD radius). In the
next section, we will introduce a model for a very fast calculation of the interdot dipole-dipole
Coulomb coupling which is based on the parameter adapted description of the Coulomb coupling
in a homogeneous medium.

3.5 Point-dipole approximation

The results of the microscopically calculated Coulomb coupling elements in Sec. 3.2 should be
compared with an analytical approximation of the Coulomb potential. While the full calcula-
tion based on the PGF method [49] naturally includes the influence of an arbitrarily spatially
dependent dielectric function ε(r), in an analytic solution the dielectric environment is assumed
to be homogeneous over the whole system. Thus, the Green’s function for the Coulomb coupling
between the two QDs is given by the free space Coulomb potential. To identify the influence of
the monopole and dipole terms, analogously to the calculations done in the approach of the PGF
method, the Taylor series of the free space Coulomb potential is formulated. Accordingly, the
leading terms are calculated influencing the diagonal as well as the off-diagonal elements of the
pure electronic Hamiltonian, as introduced in Sec. 2.3. This leads to the often used point-dipole
approximation [34,117] of the interdot dipole-dipole Coulomb coupling. Finally, we compare the
results of the point-dipole approximation with the fully calculated Förster elements in the case
of an homogeneous environment adapted to the material parameters, as given in Sec. 3.4.3.
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(a) A scale separation of the spatial vector r into
the center postion of the ith unit cell Ri and the
positionning inside the cell si. The same is done
with the second spactial operator r′ for the jth unit
cell. The spatial vectors can be located in one QD
or separated into both QDs.

(b) Scale separation into the position of the QD’s centers
Rn and Rn′ and a variation inside the QD rn and rn′

respectively. A second scale separation transforms the
vecotor from the QD’s center position rn′ into the center
position of the jth unit cell Rn′

j and a variation inside
the unit cell sn′

j .

Figure 3.26 Different separation of the spatial operators r and r′, depiced in the case of the inter-QD
coupling.

3.5.1 Taylor series of the free space Coulomb potential

For identifying the influence of the monopole-monopole and the dipole-dipole Coulomb coupling
separately, the Taylor series of Coulomb Green’s function needs to be formulated, as done in
Sec. 3.2.1. In a spatially homogeneous medium, the Coulomb interaction is typically represented
by the free space Green’s function [31,54]:

G(r, r′) =
qq′

4πε0εr

1

|r − r′|
. (3.35)

Thus, in a homogeneous medium with εr determined by the free space Coulomb potential the
strength of the Coulomb coupling is given by:

V pd
1234 =

q14q23
4πε0εr

∫︂
d3r

∫︂
d3r′ϕ∗1(r)ϕ

∗
2(r

′)
1

|r − r′|
ϕ3(r

′)ϕ4(r) . (3.36)

In Sec. 3.4.3, we have calculated, that in the case of a homogeneous medium, the arrangement
specific Coulomb coupling is determined by the interdot couplings, since the intradot couplings
are constant. Accordingly, the spatial vector can be separated into the center position of the
QD Rn and the innerdot positioning of the charges rn resulting in r = Rn + rn, which is
schematically illustrated in Fig. 3.26(b). The center-to-center distance vector between the QDs
is given by Rnn′ = Rn −Rn′ . Using this scale separation, the Coulomb coupling elements are:

V pd
1234 =

q14q23
4πε0εr

∫︂
d3rn

∫︂
d3rn′ϕ∗1(rn)ϕ

∗
2(rn′)

1

|Rnn′ + rn − rn′ |
ϕ3(rn′)ϕ4(rn) . (3.37)

For identifying the terms of the Coulomb potential which are connected with the monopole and
dipole coupling, the spatial dependent term of the Green’s function is expanded in a multidimen-
sional Taylor series (cf. Eq. (3.14)) for two expansion points given by the interdot positions rn
and rn′ . The related calculations are given in App.B.3. Following the assumption that the in-
terdot charge transitions rn and rn′ are small compared to the center-to-center distance between
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the QDs Rnn′ , the Taylor expansion of the free particle Coulomb potential reads

T
(︃

1

|Rnn′ + rn − rn′ |

)︃
rn = 0
rn′ = 0

=
1

|Rnn′ |
− Rnn′ · (rn − rn′)

|Rnn′ |3

+
rn · rn′

|Rnn′ |3
− 3

(rn′ ·Rnn′)(Rnn′ · rn)
|Rnn′ |5

+ . . . . (3.38)

The first term gives the monopole-monopole Coulomb coupling, the second term is connected to
mixed monopole-dipole couplings and the last two terms determine the dipole-dipole coupling.
Terms of higher order are not explicitly included here, but can be added if needed. This will be
done in Sec. 3.5.3 for quadrupole-quadrupole corrections terms. Now, the Taylor series can be
used to calculate the strength of the interdot Coulomb coupling in Eq. (3.37).

3.5.2 Coulomb coupling approximation

For evaluating the integrals in Eq. (3.37) to calculate the Coulomb coupling between two colloidal
QDs in a homogeneous medium, the wave functions are written as a product of an envelope
function ξ(rn) and a lattice periodic Bloch part u(rn), as introduced in Eq. (2.15). Thus, the
spatial operator rn, located inside the nth QD, is separated into Rn

i as a vector from the QD’s
center position Rn to the center position of the ith unit cell and sni as a variation inside the unit
cell: rn = Rn

i +sni , cf. small picture in Fig. 3.26(b). Using the periodicity of the Bloch functions
u(Rn

i +sni ) = u(sni ) and the assumption that the envelope function is nearly constant on the size
of the unit cell ξ(Rn

i + sni ) ≈ ξ(Rn
i ), the terms are analogously evaluated as done in Eq. (3.13).

For convenience, an overlap integral including the envelope functions is introduced as a scaling
factor [59]:

On
ll′ =

∫︂
d3r̃nξ

∗
l (r̃n)ξl′(r̃n) . (3.39)

The first term of the Taylor expansion in Eq. (3.38) gives the point-like monopole-monopole
coupling at the QD’s center positions using the normalize condition of the Bloch functions in
Eq. (3.17):

V pd-mm
1234 (Rn,Rn′) =

q14q23O
n
14O

n′
23

4πε0εr

1

|Rnn′ |
δ14δ23 . (3.40)

An evaluation of the Kronecker-deltas, together with the connected charges of the electrons
q = e and of the holes q = −e, results in a vanishing monopole-monopole coupling term, since
there are equally numbered positive and negative terms. Furthermore, mixed terms connected
to a monopole-dipole coupling (second term in Eq. (3.38)) are neglected, since they equals zero
in an usually used rotating wave approximation. Therefore, this interdot approximation of the
Coulomb coupling in a homogeneous medium is determined in the first order by the dipole-dipole
interaction, given by the last two terms in the Taylor series in Eq. (3.38). To get the Coulomb
interaction in the point-dipole approximation, the two dipole-dipole terms need to be evaluated.
Thus, the scale separation into the QD’s center position, the variation over the unit cells, and
the product ansatz of the wave functions are applied on the first dipole-dipole term in Eq. (3.38),
which results in:
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Analogously, the second dipole-dipole term gives
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(3.42)

Now, the summation of the unit cells is transformed into an integration, as is done in
Eq. (3.19). The concerning calculations are given in App. B.3.1. In analogy to the definition
of the microscopic transition dipole moment in Eq. (3.41), a macroscopic dipole moment, depen-
dent on the enevelope functions, is introduced:

Dn
ll′ =

∫︂
d3r̃nξ

∗
l (r̃n)r̃nξl′(r̃n) . (3.43)

An evaluation of the Kronecker deltas resulting from the normalization condition of the Bloch
function introduced in Eq. (3.17), conducts equal envelope functions in the macroscopic dipole
moments in Eq. (3.43) with Dn

ll. Such macroscopic dipole moment is introduced as a statical
dipole moment, since the bandindex does not change and is no dynamical transitions occurs.
The squared absolute values of the envelope functions ξl, which give the electron probability
densities, represents a symmetric function in each Cartesian direction, whereas the spatial vector
r̃ is anti-symmetric. Thus, the product of both factors represents an anti-symmetric function.
Accordingly, the integral of the statical macroscopic dipole moments, including the spatial vector
with the QD’s center position Rn as the origin, should vanish:

Dn
ll =

∫︂ rQD

−rQD

d3r̃|ξl(r̃)|2r̃ = 0 . (3.44)

Hence, all dipole terms including the statical macroscopic dipole-dipole moments Dn
ll with equal

envelope functions vanish due to the Bloch normalize condition. An explicit calculation of
the resulting terms is given in the appendix in App. B.3.1. Accordingly, terms only consisting
dynamical dipole transitions µn

ij preserve and thus, they determine the strength in the point-
dipole Coulomb coupling as follows:

V pd
1234 =

q14q23O
n
14O
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23

4πε0εr
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µn
14 · µn′

23

|Rnn′ |3
− 3

(Rnn′ · µn
14)(Rnn′ · µn′

23)

|Rnn′ |5

)︄
. (3.45)

This interdot Coulomb coupling resulting from the point-like dipole approximation includes the
center-to-center distance vector between the two QDs Rnn′ as well as the microscopic transition
dipole moments of the QDs µn

14 and µn′
23. The resulting approximated Coulomb coupling of the

free space Coulomb potential in the dipole-dipole order does not include monopole moments.
Accordingly, in the point-like dipole approximation the strength of the Coulomb coupling is
determined in the first leading order by the dipole-dipole interaction.

Even in this approximation, the Coulomb coupling is determined by the distance between the
QDs as well as their relative dipole-dipole orientation given by the microscopic dipole moments.
A calculation of the Coulomb coupling of two colloidal QDs in the point-dipole approximation,
assuming a homogeneous environment, is given in Sec. 3.5.4. Furthermore, the projection of the
dipole moments regarding the distance vector influences the strength of the Coulomb coupling
in the point-dipole approximation. The scaling factor defined in Eq. (3.39) does not depend on
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the distance and orientations of the colloidal QDs to each other. Therefore, the approximative
calculation of the Coulomb coupling in Eq. (3.45) is very fast since no step-wise evaluations of
position dependent integrals are required. Hence, if the dielectric environment can be assumed
to be homogeneous, the approximation represents a very efficient way to calculate a high number
of orientation dependent interdot dipole-dipole Coulomb coupling elements. Since the distances
between the QDs are very small or the influence of a spatially dependent dielectric function or
surface charge effects play an important role, we have to go beyond the point-dipole form of
Eq. (3.45), as is done in Refs. [4,41,62]. Especially, if an arbitrary spatially dependent dielectric
function ε(r) needs to be included, the PGF method introduced in Sec. 3.1 represents a promising
approach for reducing the numerical effort in the fully calculation of the Coulomb coupling
elements.

3.5.3 Statical macroscopic quadrupole-quadrupole correction terms

Since for the statical macroscopic dipole moment Dn
ll all terms equals zero, the quadrupole terms

are calculated finding the first leading non-vanishing terms for the statical case. As calculated in
Sec. 2.3, the dipole-dipole coupling induces off-diagonal elements in the pure electronic Hamilto-
nian Hel = H0 +HC in the exciton base, while the monopole-monopole terms give the diagonal
elements. Since in the point-dipole approximation all monopole terms, as well as all statical
dipole terms equal zero, we have to go to the second order in both spatial arguments in the Tay-
lor series of the free particle Coulomb potential in Eq. (3.35). Accordingly, in the Taylor expansion
Eq. (3.38) the quadrupole-quadrupole terms are added to get the first non-vanishing order in the
diagonal elements. But only the statical terms are taken into account, since they determine the
diagonal elements of the Hamiltonian, while the dynamical terms induce off-diagonal elements.
Mixed terms in the Taylor series, like monopole-quadrupole and dipole-quadrupole terms are
generally neglected, since they usually vanish in a rotating wave approximation. The terms of
the Taylor expansion which are connected with the quadrupole-quadrupole coupling include the
second order in both expansion points. In App. B.3.2 the Taylor series respecting only the statical
terms of the quadrupole-quadrupole interaction is calculated.

Following the calculations done for the point-like dipole terms in Sec. 3.5.2, a scale separation
concerning the QD center-to-center position illustrated in Fig. 3.26(b) and the envelope function
approximation are used. Then, only the statical terms without any dynamical transition moments
are considered. Since the lower ordered mixed terms of statical Dn

ll and dynamical transitons
vanish and the dynamical transitions are described by the point-like dipole-dipole approximation,
only the statistical term of the Coulomb coupling elements is transformed to the quadrupole-
quadrupole order. The terms and the results of the calculation are given in App. B.3.2.

Now, analog to the definition of the macroscopic dipole moment in Eq. (3.43), a macroscopic
quadrupole moment is introduced:

Qll′
ij =

∫︂
d3r̃ξ∗l (r̃)

(︁
3r̃ir̃j − r̃2δij

)︁
ξl′(r̃n) . (3.46)

Using the definition of the macroscopic dipole moment and collecting all terms resulting from
the statical quadrupole-qudrupole terms of the Taylor series, the statical quadrupole-quadrupole
Coulomb interaction in a point-like approximation results in:
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Figure 3.27 The Förster coupling elements calculated in the point-dipole approximation as a function
of the distance Rd between the QDs in three different fixed angular orientations of the moving QD.
With increasing distance between the colloidal QDs the strength of the Förster coupling decreases in
all three cases. In the first two dipole orientations, the Förster elements show a spin splitting, which
is degenerated in the case of an relative angle of λ = 0.5π.

Note, that the equation includes correction terms to the quadrupole-quadrupole coupling, intro-
duced as a scalar term for the diagonal elements:

mll′ =

∫︂
d3r̃ξ∗l (r̃)r̃

2ξl′(r̃n) , (3.48)

and a tensor term

M ll′
ij =

∫︂
d3r̃ξ∗l (r̃)r̃ir̃jξl′(r̃n) . (3.49)

Thus, the first non-vanishing order of the interdot diagonal elements of the Coulomb coupling
in the point-like approximation is given by the statical qudrupole-qudrupole coupling, together
with correction terms to the quadrupole-quadrupole coupling.

3.5.4 Förster elements in the point-dipole approximation

In this section, the results of the point-like Coulomb coupling should be compared with the
fully calculated Förster elements calculated in Sec. 3.3. Therefore, the distance dependence of
the Coulomb elements on the distance as well as on the dipole-dipole orientation are calculated
using the model of the point-dipole approximation. To get a similar parameter set-up, same
sized colloidal QDs are arranged in the same initial positions as used in Sec. 3.3. Since the
point-dipole approximation gives in the leading order the dipole-dipole Coulomb coupling, the
results are compared with the Förster elements. In Sec. 3.4.3 was shown how the dipole-dipole
elements in a homogeneous environment can be adapted to the Coulomb elements resulting from
the calculation including a complex spatially dependent permittivity. Thus, for adapting the
values of the dipole-dipole coupling, the homogeneous environment is characterized by εhom = 6.

Comparing the results of Fig. 3.27 and Fig. 3.28 for the point-dipole model with the fully
calculated Förster elements in Fig. 3.7 and Fig. 3.11, we see that the parameter adapted model
describes the arrangement specific properties of the Coulomb dipole-dipole elements very well.
The strength of the Coulomb coupling as well as the physical characteristics are generally iden-
tical. As interdot coupling, the Coulomb elements calculated in the dipole approximation de-
crease with increasing distance between the colloidal QDs. Furthermore, the spin-splitting in
spin-preserving V↑↑ and spin-flipping V↑↓ Förster elements occurs even in the formalism of the
point-dipole approximation. Since the relative orientations of the dipole moments to each other
determine the Coulomb coupling in the point-dipole approximation, cf. Eq. (3.45), the strength
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Figure 3.28 The Förster elements in the point-dipole approximation as a function of the rotation of
one QD around the three Cartesian axis in a distance of Rd = 1 nm. The coupling elements are spin-
selective and can be divided into spin-preserving (VFuu) and spin-splitting (VFud) elements. The
rotation around the x-axis and the y-axis are given by a cosine function, while the rotation around
the z-axis does not influence the Förster elements.

Figure 3.29 Comparision of the fully calculated Förster elements, the calculated elements in an ho-
mogenous environement of εhom = 6 and the elements resulting from the point-dipole approximation.

of the coupling is strongly influenced by the relative angular orientation of the QDs to each other.
For the rotation of one QD around the x-axis and the y-axis, the Förster elements show a cosine-
like curve progression. Rotations around the z-axis do not influence the Coulomb strength, since
the microscopic QDs are orientated along the crystal c-axis coinciding with the cartesian z-axis.

For a direct comparision, of the Förster coupling elements, in Fig. 3.29 the results of the full
calculation in a spatially dependent dielectric permittivity as well as the results from a homo-
geneous dielectric environment and the dipole-approximation are plotted together. Differences
in the three models for the calculation of the Coulomb coupling are small. Due to the adaption
of the parameters to the full calculated Coulomb coupling, the amplitude as well as the physi-
cal properties are determined very well with the point-dipole approximation. Only in the case
of very small distances between the QDs differences in the three models occur. Due to effects
caused by the dielectric mismatch can not be described following the approach of the point-dipole
approximation. Since the derivation of the approximation includes, that the distance between
the QDs needs to be bigger than the intradot charge transitions (cf. Sec. 3.5.1), the results of
the model are only valid for not too small distances between the QDs (the distance should be
bigger than the range of the QD’s radius).

In conclusion, it was shown, that the point-dipole approximation reproduces very well the
results of the Förster coupling elements, particularly if the parameters are adapted to the results
of full calculation. But if the QDs are arranged in a very short distance to each other or if surface
charges or other effects caused by dielectric mismatches should be investigated, we have to go
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beyond the point-dipole approximation. Especially, if effects caused by a spatially dependent
dielectric function are included or if a high number of coupling elements occur, the PGF method
presents a good approach for the full calculation of the Coulomb coupling. Furthermore, since
the monopole-monopole terms equal zero in the point-dipole approximation, material specific
shifts caused by the intradot coupling elements are not included in the model of the dipole
approximation and need to be added by other calculations. Since in a homogeneous medium
the intradot monopole-monopole elements are constant, they can be simply included as constant
shifts in the calculation of the Coulomb coupling.

3.6 Conclusion

A numerical method, based on a Green’s function representation of the solution of a generalized
Poisson equation, was presented to calculate Coulomb coupling elements efficiently by decreasing
the number of integrals in the two-particle Coulomb interaction. The PGF method [49] (©2016
American Physical Society) can be applied to a broad range of applications, since the method
is not restricted to specific symmetries of the potential or the wave functions. Furthermore, a
spatially inhomogeneous dielectric function can be included by using the solution of a generalized
Poisson equation. Thus, the influence of a medium and e.g., surface charge effects can be included.

Though, the presented method does not prevent the application of commonly used simplifi-
cations. In case of radial symmetry, the reduction of the computational time can be huge, since
only an one dimensional differential equation and one spatial integral need to be calculated.
Accordingly, the Poisson Green’s function method presents a general approach to increase the
computational efficiency in numerical calculations of Coulomb coupling elements.

The strength of the formalism was demonstrated, particularly with regard to the calculation
of a high number of Coulomb coupling elements, by using the method for the calculation of
the spatially dependent Coulomb coupling between colloidal QDs moving in the solvent. By
expanding the Green’s function of two Coulomb coupled QDs in a Taylor series, an identification
of terms connected to the monopole-monopole and the dipole-dipole interaction is possible with-
out using an explicit analytic form of the Green’s function. Since the PGF method enables a
fast numerical calculation of Coulomb coupling elements to be done, the influence of the spatial
arrangement of the colloidal QDs was analyzed systematically. This includes variations in the
distance between the two colloidal QDs as well as changes in their relative dipole-dipole orienta-
tion to each other. Both influences the strength of the Coulomb coupling. Furthermore, since the
PGF method naturally includes an arbitrarily complex spatially dependent dielectric function,
the influence of the dielectric environment on the Coulomb coupling elements was investigated.
Thus, it was shown, that the solvent’s permittivity as well as the material compositions and the
size of the QDs determine the strength of the Coulomb coupling. The results were compared
with calculations done for a homogeneous environment.

Finally, the fully calculated Förster elements following the approach of the PGF method were
compared with a point-dipole approximation for the interdot dipole-dipole Coulomb coupling. It
was demonstrated, that the dipole approximation reproduces the results concerning the strength
of the Coulomb coupling and the physical characteristics very well. Particularly, if the free pa-
rameters are adapted to the values of the calculations following the approach of the PGF method,
the results match together. But, if the QDs are arranged very close to each other or if effects
caused by a dielectric mismatch need to be respected, we have to go beyond the point-dipole
approximation. Nevertheless, the point-dipole approximation represents a very fast method for
the calculation of the Coulomb coupling, since no integrals need to evaluated. Therefore, if the
motion of the colloidal QDs induces a huge number of spatially dependent coupling elements, as
in the case of the Brownian motion of colloidal QDs, the point-dipole approximation enables the



3.6. CONCLUSION 65

calculations to be done fast and efficiently.
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Chapter 4

Arrangement dependent signatures in
two dimensional spectra

The multidimensional optical coherent spectroscopy represents a powerful tool for the visual-
ization of couplings between nanostructures [1]. While linear spectroscopy indirectly provides
information on the electronic populations [118], the signatures in the two dimensional (2d) spec-
troscopy are directly correlated to coupling processes and induced excitation energies. Therefore,
multidimensional spectroscopy represents a possibility to get structural information on complex
systems, since coupling processes can be observed directly [79]. Thus, coherent multidimensional
spectroscopy provides information on complex many-body interactions [118] and it enables deeper
insights into the mechanism of excited state processes [119].

Recent developments concerning the formalism of optical coherent spectroscopy, such as the
ultrashort laser technologies, enables the extension of spectroscopic methods and measurements
to be done continuously [119, 120]. Since changes in the couplings between multiple emitters
become visible with a femtosecond time resolution [119] the method of the two dimensional
spectroscopy can be applied to a wide range of applications [118]. This includes the example of
biological systems [20,21] as well as researches on semiconductor nanostructures [1, 4, 118].

In this chapter, the characteristic optical signatures of diffusing QDs in different spatial ar-
rangements and with varying orientations are calculated. Since the signatures in the 2d spectra
are directly related to the coupling processes, an analysis of the spectroscopic signatures repre-
sents a possibility of visualizing and analyzing the interplay between the spatial positions of the
colloidal QDs and the resulting strength of the Coulomb coupling. Thus, the formalism of the
multidimensional coherent spectroscopic can be used as an method of analyzing the interplay
between the motion and the related Coulomb coupling of the colloidal QDs. A further investiga-
tion of the Brownian motion of colloidal QDs and the resulting averaged signatures will be given
in Chap. 5.

Here, first the double quantum coherence spectroscopy (DQCS) is introduced. Therefore, the
sequence of exciting pulses in the heterodyne detections is visualized by Feynman diagrams [2]
and the signal giving the 2d spectra is determined. Then, the DQCS resulting from a full
calculation of the Coulomb coupling elements based on the PGF method, which was introduced
in Sec. 3.1, are calculated including the influence of a spatially dependent dielectric function. The
results are compared with the spectroscopic signatures based on the point-dipole approximation
given in Sec. 3.5. The influence of the spatial positions as well as the angular orientations of the
colloidal QDs on the signatures in the DQCS is investigated. Furthermore, the dependence of
the signatures on the polarization of the exciting pulses and on the dephasing rate is introduced.

67
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Figure 4.1 Sequence of four well separated pulses in the approach of the heterodyne detection.
Three pulses interact with the sample, while the fourth pulse is used for detecting the emitted field
via interference. The time intervals between the pules determine the spectroscopic signal. Thus, the
signal can be tuned by varying the time intervals Ti.

4.1 Double quantum coherence spectroscopy

In contrast to linear spectroscopy, shortly introduced in App.C, couplings of the individual
transitions directly determine the signatures in the multidimensional coherent spectroscopy [1].
Correlations between excitons can be directly observed, which is impossible in the linear spec-
troscopy [80]. Therefore, multidimensional spectroscopy represents a powerful tool for the visu-
alization and investigation of the interdot and the intradot couplings as well as the excitation
energy transfer between the nanostructures. Thus, in this section, we introduce the DQCS for
identifying effects of the Coulomb coupling between colloidal QDs on optical excited excitons
and biexcitons [16]. Firstly, the heterodyne detection for getting the spectroscopic signatures is
introduced. Then, Feynman diagrams are used to graphically illustrate the interaction processes
resulting from the exciting laser pulses. Finally, the related signal determining the DQCS is
defined.

4.1.1 Heterodyne detection

Due to developments in the ultrashort laser technologies, measurements based on multidimen-
sional coherent spectroscopy [79] become possible. The detection, which occurs either phase
sensitive (heterodyne) or phase insensitive (homodyne) [118], is based on a sequence of four
temporally well separated laser pulses, as schematically depicted in Fig. 4.1. Thus, the multidi-
mensional spectroscopy, as a kind of a nonlinear four-wave mixing technique [121], is given by the
mixing of multiple electromagnetic excitation fields in the sample [1]. Since in the heterodyne
detection the amplitude and the phase of the electric field are measured, the sequence of the
excitation pulses must have well-defined wave vectors or phases [2]. Thus, it requires a precise
tuning of multiple laser pules. While the first three pulses interact with the sample, the fourth
pulse, as a reference pulse, interferes with the transmitted intensity and the resulting field is
detected [1]. The fixed relation of the wave vectors of the pulse sequence defines the 2d spectra
technique. The resulting quantum pathways, which can be illustrated using specific Feynman
diagrams [2], cf. Sec. 4.1.2, are distinguished by the combination of the wave vector and the
time-ordering selection of the pulses [79].

The optical electric field is composed of the three excitation pulses [2]:

E(r, t) =
3∑︂

j=1

∑︂
uj=±1

E
uj

j (r, t− τj)e
iuj(k̃j−ωj(t−τj)) . (4.1)

Here, Euj

j denotes the envelope of the jth pulse, while the factor uj = ±1 gives the positive or
rather negative frequency components of the optical field with E−1

j = (E+1
j )∗. The variable k̃j
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gives either the wave vector product k̃j = kj · r or the phase k̃j = φj of the jth pulse depending
on the detection mechanism and the experimental set-up. The total signal is determined by the
combination of the wave vectors or phases: ks = u1k1 + u2k2 + u3k3.

In the heterodyne detection, a reference pulse interferes with the transmitted intensity and
the resulting field is detected. For the signatures in the DQCS, which provide information on
the singly and the doubly excited states, the reference pulse for detecting the emitted field is
given by the following relation between the exciting pulses: ks = k1 + k2 − k3 [121]. Note,
that the variable ki denotes either the phase φi or the wave vector ki of the ith pulse. The
pulse sequence, which perturbs the equilibrium of the QD electrons, enables an observation of
the electronic correlations to be done during the time intervals between the pulses [2]. Thus, in
experimental set-ups, the signature is varied by time delays [118].

The resulting spectroscopic signal, as a scalar product of the induced third order polarization
P

(3)
ks

(t) with the electric detection field, is determined by the time intervals between the well
separated pulses of the sequence, cf. Fig. 4.1:

S(T3, T2, T1) =

∫︂ ∞

−∞
dtP

(3)
ks

(t) ·E∗
s (t− τs)e

iωs(t−τs) . (4.2)

The third-order polarization P
(3)
ks

(t) in the direction ks is related to a combined third-order
response function of the colloidal QDs [121]. This response function is given by a sum of com-
binations of the four time correlation functions of the dipole operator [4] according to the two
contributing Liouville pathways [2], which will be introduced in the following section. Trans-
forming the time intervals between the pulses into the Fourier domain gives the signatures in the
2d spectra. In this thesis, the first and second time intervals T1 and T2 are transformed into the
Fourier domain. Thus, caused by the specific phase matching of the DQCS, the spectroscopic
signatures are directly determined by the single exciton states |e⟩ and biexciton states states
|f⟩ [122]. A calculation of the signal according to the phase matching is given in the following
section.

4.1.2 Feynman diagrams and spectroscopic signatures

The Coulomb coupling creates excitons as delocalized collective electronic excitations of coupled
QDs [79]. Caused by the off-diagonal dipole-dipole Coulomb coupling, different QD states are
coupled to each other. Therefore, the resulting exciton states are delocalized over the whole
system and can not be identified with local QD states. Accordingly, due to the Coulomb coupling
between two colloidal QDs new delocalized exciton states |e⟩ and double exciton states |f⟩ occur.
The resulting three band model, which consists of the ground state and the delocalized exciton
states, was introduced in Sec. 2.3. The delocalized exciton states represent the eigenstates of the
pure electronic Hamiltonian Hel = H0+HC [4], and thus, they directly include effects caused by
the Coulomb coupling.

In the DQCS, multiple time-ordered ultrashort laser pulses induce coherences between the
ground state, the singly excited states and the doubly excited exciton states [119]. Thus, the
exciton and the biexciton energies are directly accessible [80]. Therefore, by determining the
resulting combined third order response function, the optical signatures of colloidal QDs in
varying spatial arrangements are calculated. These characteristic signatures in the 2d spectra
enable the visualization of the interplay between the spatial-dependent Coulomb coupling and
the QD arrangements. The contributions of the signal, given in Eq. (4.2), can be represented by
two double-sided Feynman diagrams [2], as schematically depicted in Fig. 4.2

An analysis of the Feynman paths given in Fig. 4.2 provides information on the correlated
induced excitation energies [118]. The vertical lines in the Feynman diagrams represent the ket
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Figure 4.2 Feynman diagrams and level schema of the exciton states of DQCS due to the phase
matching ks = k1+ k2− k3: In both paths, the first pulse k1 induces a coherence between the ground
state |g⟩ and a single exciton state |e⟩, evolving for a time t1. k2 creates a coherence between a double
exciton state |f⟩ and the ground state |g⟩. After a time t2, the third pulse k3 creates in (i) a coherence
between the ground state |g⟩ and a single exciton state |e′⟩ and in (ii) a coherence between single |e′⟩
and double exciton state |f⟩ [123]. The forth pulse, used for the detection, gives the signal.

and the bra of the density matrix [118]. The time evolution goes from the bottom to the top
and at the beginning of each time interval a pulse induces a new state (illustrated by the curly
arrows). In both Feynman contributions, the first pulse with k1 creates a single exciton |e⟩ to
ground state |g⟩ coherence during the first time interval t1. The second pulse k2, showing the
same phase direction, induces a coherence between the doubly excited state |f⟩ and the ground
state |g⟩. Thus, in both Feynman contributions, the system shows coherent superpositions
between the single exciton or rather the biexciton state and the ground state [122]. Therefore,
this spectroscopy is called double quantum coherence. The third pulse with k3 creates the system
state either to the ground state to exciton coherence (Fig. 4.2 (i)) or to a coherence between the
single- and biexciton states (Fig. 4.2 (ii)). The fourth pulse ks is used for receiving the signal in
the heterodyne detection. The final states of the density matrix are given by the ground state
in the first Feynman contribution (Fig. 4.2 (i)) and an exciton state in the second Feynman path
(Fig. 4.2 (ii)).

Under the assumption of well separated pulses [2], the signal in Eq. (4.2) is transformed into
the Fourier domain for the first and the second time arguments T1 and T2, while the third time
interval T3 is fixed [4]. During these time intervals, coherences between the ground state to the
exciton state and between the biexciton to ground state are induced, giving the spectroscopy its
name. Thus, the signal of the DQCS can be expressed as a function of the frequencies of the
excitations Ω1 and Ω2, which are related to the exciton and biexciton energies. The total signal
of the two contributing Feynman pathways, illustrated in Fig. 4.2, is given by a summation of the
signatures of the two quantum paths: S(T3,Ω2,Ω1) = S(i)(T3,Ω2,Ω1) + S(ii)(T3,Ω2,Ω1). The
two contributing signatures which results from the two Feynman pathways reads

S(i)(T3,Ω2,Ω1) = − i

ℏ3
∑︂
ee′f

(︁
d∗
fe′ ·E∗

s (ωfe′ − ωs)
)︁(︁
d∗
e′g ·E∗

3(ωe′g − ω3)e
−iξfe′T3

)︁
·
dfe ·E2(ωfe − ω2)

Ω2 − ξfg

deg ·E1(ωeg − ω1)

Ω1 − ξeg
and (4.3)

S(ii)(T3,Ω2,Ω1) =
i

ℏ3
∑︂
ee′f

(︁
d∗
e′g ·E∗

s (ωe′g − ωs)
)︁(︁
d∗
fe′ ·E∗

3(ωfe′ − ω3)e
−iξe′gT3

)︁
·
dfe ·E2(ωfe − ω2)

Ω2 − ξfg

deg ·E1(ωeg − ω1)

Ω1 − ξeg
. (4.4)
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Here, the complex transition frequencies ξij = ωij − iγij are introduced including the resonance
frequencies ωij = ωi − ωj and a dephasing rate γij as homogeneous broadening of the transition
from j to i. In the low temperature limit, the dephasing rate for colloidal CdSe QDs is around
1 meV [124]. For higher temperatures around T = 300K, which are needed for describing the
Brownian motion of colloidal QDs in water, as will be done in Chap. 5, the dephasing rate is
higher and will be assumed as 10 meV [125]. Assuming that the laser pulses with a circular
polarization p are very short and thus, show a narrow band width in the frequency domain, the
amplitude function of the optical field is set to one Ei(ω) = 1 resulting in Ei(ω) = ep with
p ∈ {l, r}. Thus, regarding the circular polarization the excitation pulses are divided into the left
polarization with el =

1√
2
(ex − ey) and the right polarization with er =

1√
2
(ex + ey).

The dipole transitions in Eq. (4.3) and Eq. (4.4) with d∗
ij = dji are written in the basis of

the delocalized exciton states, representing the eigenstates of the pure electronic part of the
Hamiltonian Hel = H0 + HC. The transformation of the dipole operator into the delocalized
exciton basis is given in Sec. 2.3.3. In the exciton basis, the macroscopic dipole operator, which
is determined by the microscopic interband transition dipole moments µnσ

cv and µnσ
vc defined in

Eq. (2.18), includes transitions from the ground state to an exciton state dge = ⟨g|d|e⟩ as well
as transitions between exciton and double exciton states def = ⟨e|d|f⟩, which are derived in
Sec. 2.3.3.

The calculation of the signal functions for the contributing Feynman pathways in Eq. 4.3 and
Eq. 4.4 allowed the signatures in DQCS, which depend on the Fourier transformed pulse delays,
to be retrieved. The resulting signal is determined by the laser pulses with the frequency Ω1

for the exciton resonances and with Ω2 for the double exciton resonances. The technique of
the DQCS can be used for visualizing coupling processes. Since the signals resulting from the
two Feynman pathways given in Eq. (4.3) and Eq. (4.4) are equal in the case of an uncorrelated
system [122], the coupling dependent signatures vanish [79]. Thus, in the next sections, the
influence of the spatial-dependent Coulomb coupling on the signatures in the 2d spectra should
be investigated.

4.2 Fully calculated 2d spectra with a spatially dependent the
dielectric permittivity

For investigating the fingerprints of the distance and orientation dependent Coulomb coupling,
the spectroscopic signatures in the DQCS are calculated. The diffusion of the colloidal QDs in the
solvent results in frequently changing QD’s arrangements. Since the strength of the Coulomb
coupling is influenced by the arrangement of the QDs relative to each other, different spatial
positions and angular orientations result in specific signatures in the 2d spectra. Therefore, the
signatures in the DQCS, directly influenced by the coupling processes, represent a possibility of
visualizing the interplay between the Coulomb coupling and the motion of the colloidal QDs.

In this section, the characteristic spectroscopic signatures in the 2d spectra are analyzed in
dependence to their specific QD arrangement. To include the influence of the spatially dependent
dielectric permittivity, the Coulomb coupling elements are fully calculated using PGF method,
which was introduced in Sec. 3.1. Accordingly, the spectroscopic signatures in the DQCS are
calculated for different spatial arrangements of the colloidal QD. Finally, the influence of the
QD size as well as the material composition concerning the core/shell structure on the spectra
is investigated.



72 CHAPTER 4. ARRANGEMENT DEPENDENT SIGNATURES IN 2D SPECTRA

4.2.1 Signatures depending on the QD arrangements

Each spatial QD arrangement, including the transversal positions as well as the angular dipole-
dipole orientation, influences the strength of the Coulomb coupling, as calculated in detail in
Sec. 3.3. For the calculations of the spatial dependent Coulomb coupling of two colloidal QDs with
varying spatial positions, the PGF method is used, cf. Sec. 3.1. This enables the influence of the
distances between the CdSe/ZnTe QDs in water and their angular orientation to be visualized by
the connected signatures in the 2d spectra. Furthermore, the influence of the spatial dependent
dielectric environment ε(r) is directly included in the approach of the PGF method [49].

The signals in the DQCS, given in Eq. (4.3) and Eq. (4.4), are determined by the laser pulses
with the frequency Ω1 and Ω2. Thus, the signatures show single exciton resonances along the Ω1

axis and biexciton resonances along the Ω2 axis. Accordingly, the position of the signal in the
DQCS indicates the energy of the involved transitions between the ground and the exciton states
on the Ee = ℏΩ1-axis and between the ground and the biexciton states on the Ef = ℏΩ2-axis.
Therefore, the 2d spectra provide information on the involved delocalized single exciton states
and biexcitons states. The color coding used in the 2d spectra indicates the signal strength. In
the 2d spectra, transitions of the unperturbed states appear as diagonal peaks, while the coupling
induces off-diagonal features [1]. To balance the weak and the strong features in the DQCS, a
nonlinear scale is chosen: Snl = arsinh(|S(T3,Ω2,Ω1)|/N) including a normalization constant
N [1].

For investigating the influence of the spatial dependent Coulomb coupling of the colloidal QDs
in the DQCS, the spectroscopic signatures of different QD arrangements are calculated. Since the
Coulomb coupling depends on the distance between the QDs as well as on their relative dipole-
dipole orientation, calculated in Sec. 3.3, the DQCS show characteristic signature depending on
the relative positions of the two colloidal QDs in water.

Fig. 4.3 shows the DQCS of the two Coulomb coupled QDs in three different distances Rd and
two relative angular orientations, resulting form the rotation around the x-axis, respectively. In
order to get the spectroscopic signatures, the QDs are excited with the circular polarized pulse
sequence of elereler. An analysis of the influence of the excitation direction on the 2d spectra is
given in Sec. 4.3.3. The blue dots in the spectra mark all possible exciton energies resulting from
the specific position of the two QDs. As introduced in Sec. 2.3, these exciton eigenenergies result
from the diagonalization of the Coulomb Hamiltonian, and hence, account for the influence of the
dipole-dipole Coulomb coupling. As visible in the spectra in Fig. 4.3 not all possible resonances
occur in the signal, since not all transitions are optically allowed [122]. The polarization sequence
together with the relative dipole-dipole orientation of the QDs regarding the excitation direction
determines which exciton energies are excited and which Förster induced signatures occur.

The spectra in Fig. 4.3 show signatures along the cross diagonal through the exciton and
the corresponding double exciton energy (dotted line), which is connected with the energies of
the unperturbed QDs. For small distances between the QDs, the connected peaks are slightly
shifted by the Coulomb interaction. Additionally, off-diagonal peaks occur induced by the dipole-
dipole Coulomb coupling between the two colloidal QDs. The independent transitions only occur
as diagonal elements, whereas the coupled transitions are represented as off-diagonal elements
and therefore, they evoke cross peaks [1]. Hence, for the small distance of d = 1 nm between
the QDs, where the influence of the Coulomb coupling is very high, the signatures are clearly
separated into different exciton and double exciton peaks. With increasing distance, the strength
of the Coulomb coupling decreases until the peaks shift together and the spectroscopic signatures
coincide along the cross diagonal for big QD distances. Since the QDs are identical, only one
exciton peak remains for big distances. The double excitons can be separated into both QDs as
well as located in one QD as a biexciton [79]. Therefore, for big distances two double exciton
energies occur.
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Figure 4.3 The DQCS for three different distances Rd between the QDs and two relative orientations
respectively: λ = 0 as parallel orientation and λ = 0.5π as orthogonal orientation resulting from a
rotation around the x-axis. The blue dots mark the possible exciton eigenenergies and the dotted line
gives the cross diagonal along the unperturbed exciton energies. The signatures in the 2d spectra are
strongly influenced by the relative QD positions. The varying angular orientation together with the
excitation direction determine which of the eigenenergies are excited and thus induce spectroscopic
signatures. For the small distance of d = 1 nm between the QDs, the signatures are clearly separated
due to the high influence of the Coulomb coupling. With increasing distance, the strength of the
Coulomb coupling decreases and therefore, the peaks shift together and coincide for big distances
between the QDs.
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In contrast, for small distances Rd between the two colloidal QDs, the DQCS in Fig. 4.3 show
specific energy shifts and signatures concerning the angular orientation given by the rotation
angle λ around the spatial x-axis. This is induced by the dipole-dipole Förster coupling between
the nanostructures, calculated in Sec. 3.3, which depends on the relative dipole orientation of the
QDs to each other. Due to the spin selective Förster induced excitation transfer, the hybridization
of the local exciton states changes with the angular orientation of the colloidal QDs. Therefore,
the 2d optical spectra show characteristic peaks for the different QD arrangements. These peaks
will show up corresponding to splittings between various levels. Therefore, the DQCS provides
information on the electron correlations sensitive even for weak couplings [122].

Due to the spin selective coupling, the fully calculated DQCS in Fig. 4.3 show separated peaks
for small distances between the colloidal QDs. In the case of parallel orientated dipole operators
with λ = 0, the spin preserving as well as the spin flipping occurs strongly shifted from each
other. In contrast, in the case of perpendicularly orientated QDs with λ = 0.5π, the spin flipping
and spin preserving Förster elements are shifted relative to each other and thus they are nearly
degenerated. For increasing distance Rd between the QDs, the Förster induced splitting of the
signatures in the DQCS vanishes, since the Förster interaction decreases. Since terms of the
monopole-monopole intradot coupling are also included, the shifts and peak positions are not
only influenced by the interdot coupling. Accordingly, in the DQCS for big distances between
the nanostructures one exciton and two double exciton peaks remain determined by the intradot
coupling elements.

Figure 4.4 Exciton energies as functions of the distance between the QDs and their relative dipole-
dipole orientation as a result of the rotation around the x-axis. At the top the exciton energies are
given, while at the bottom the double exciton energies are depicted. The two left hand side columns
are calculated in a spatial dependent dielectric environment ε(r) and the two diagrams on the right
hand side give the results in a homogeneous dielectric environment with εhom = 6. The general
physical behavior concerning the variations caused by the QD arrangements is equal in both cases.
The exciton energies decrease for increasing distance, but the saturation value resulting from the
constant monopole-monopole intradot shifts differs in both cases. For small distances the influence
of the dielectric mismatches for ε(r) induces aberrations from a smooth curve progression that can
be observed in the case of εhom = 6. Additionally, effects caused by errors resulting from the rotation
on a discrete grid occur.
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To determine the shift in the DQCS qualitatively, in Fig. 4.4 the exciton energies are cal-
culated as a function of the distance between the QDs as well as a function of the angular
orientation concerning the rotation around the x-axis. On the left hand side the diagrams show
the exciton energies for a full evaluation of the Coulomb coupling in a scheme of a spatial de-
pendent dielectric permittivity, characterized with ε(r). In contrast, the diagrams on the right
hand side are calculated assuming a homogeneous dielectric environment with εhom = 6.

The diagrams in Fig. 4.4 show, that all exciton shifts (at the top) and two of the double
exciton shifts (at the bottom) decrease with increasing distance between the QDs analogously
to the interdot Coulomb coupling as calculated in Sec. 3.3. The constant double exciton shifts
are determined by the material specific intradot coupling. Since the two colloidal QDs consist
of the same materials and have the same size, only one exciton peak remains for big distances,
determined by the intradot monopole-monopole Coulomb coupling. Due to the fact that the
composed double exciton can be located in one QD or separated into both QDs, for the double
exciton two peaks occur for big distances, energetically shifted by the biexciton energy.

In the region of small distances the influence of the dielectric permittivity, discussed in
Sec. 3.4, causes a dielectric mismatch, mirror charges and a screening of the Coulomb energy.
Thus, the exciton energies from the fully calculated Coulomb coupling show aberrations from
a smooth curve progression, in contrast to the curves resulting form calculations done in a
homogeneous environment. Furthermore, particularly in the curves giving the dependence on
the angular orientations, effects and errors resulting from the description on a discrete grid occur,
as mentioned in Sec. 2.4.3. Since the calculations for the varying angular orientation are done
in the fixed small distance of Rd = 1 nm, the aberrations are distinct. Generally, the physical
behavior of the exciton energies concerning the variation of the spatial and angular orientations
is equal in particular for big distances between the QDs. For comparing the corresponding
spectroscopic signatures, the DQCS in an homogeneous dielectric environment with εhom = 6
are calculated for the same spatial arrangements as used in Fig. 4.3.

The 2d spectra given in Fig. 4.5 for the different QD arrangements in the homogeneous dielec-
tric environment show, analogously to the DQCS in Fig. 4.3, that the shifts decrease and thus,
the peaks coincide for an increasing distance. The angular orientation determines which peaks
are excited in the spectra. Since the influence of the spatial dependent dielectric permittivity
only plays an important role for small distances between the QDs, in these cases the resulting
signatures in the DQCS differ from each other. The effect is more distinct in the case of parallel
orientated QDs with λ = 0 due to the Förster coupling being spin separated.

The value of the homogeneous dielectric environment εhom determines the strength of the
Coulomb coupling because of the screening effects. Furthermore, the permittivity determines
the constant monopole-monopole intradot coupling, as presented in Sec. 3.4.3. Since the con-
stant value of the dielectric environment changes, all signatures are shifted in the 2d spectra.
Accordingly, the homogeneous dielectric environment with εhom = 6 is chosen as an adaption
to the results of the full calculation, cf. Sec. 3.4.3. Since the values are adapted to the interdot
coupling and not to the intradot coupling, for big distances a shift of the saturation values oc-
curs. In the model of the point-dipole approximation, which will be analyzed in the following in
Sec. 4.3, the interdot and intradot couplings are independently adjusted to the results of the full
calculation of the Coulomb coupling, since they occur on different energetic scales and spatial
positions.

In summary , it can be confirmed, that the signatures of this two dimensional spectroscopy
are determined by the Coulomb interaction between the nanostructures, which is characteris-
tically influenced by the QD spatial positioning. Accordingly, in the DQCS of two Coulomb
coupled colloidal QDs, the QD arrangements show characteristic optical signatures for varying
QD distances and relative spatial orientations. Since the strength of the Coulomb coupling,
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Figure 4.5 DQCS for three different QD’s distances and two angular orientations calculated for a
homogeneous dielectric environment with ehom = 6. For small distances in dependence on the angular
orientation, diagonal and off-diagonal peaks occur shifted by the Coulomb coupling. For an increasing
distance the shifts decreases and the peaks coincide to one exciton and two biexciton peaks.
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Figure 4.6 DQCS depending on QD sizes and core/shell structures for two different distances between
the QDs: Rd = 1 nm at the top and Rd = 4 nm at the bottom. The two spectra on the left hand
side are calculated for QDs without a shell (rs = 0) for differently sized QDs with rc = 1.5 nm and
rc = 3 nm. The Coulomb shifts and induced peaks are strongly influenced by the size of the QDs.
The two spectra in the middle result from equally sized QDs with and without a core/shell structure.
The exciton energies and the Coulomb induced shifts are smaller if a core/shell structure is used.
The two spectra on the right hand side demonstrate the influence of a growing shell which comes
along with a growing QD size. In this case, even for the small distance between the QDs (top) the
Coulomb induced shifts are small and the signatures are only lightly separated compared to the other
QD structures.

which determines the signatures in the DQCS, is not only influenced by the QD arrangements
and the dielectric environment, as discussed in Sec. 3.4, in the following the effects of a variation
of the size of the colloidal QDs and the core/shell structure is investigated.

4.2.2 Variation of size and shape of the colloidal QDs

The strength of the Coulomb coupling between two colloidal QDs diffusing in water is not only
influenced by the spatial QD arrangement but also by the material properties and the size of
the QDs, as calculated in Sec. 3.4.2. Therefore, in this section the influence of the QD size and
the composition of their core/shell structure on the spectroscopic signatures in the DQCS is
investigated.

Thus, the 2d spectra of different sized but still small colloidal QDs, since the other parameters
are assumed to be fixed, are calculated. Furthermore, the signatures of same sized QDs with
and without a core/shell structure are investigated. For combining the influence of the distance
between the QDs and effects caused by the size and the material composition, the spectra are
evaluated for the small distance of Rd = 1 nm and the bigger distance of Rd = 4 nm.

As the DQCS in Fig. 4.6 show, Coulomb induced shifts as well as the peak positions are
influenced by the size of the QDs and the core/shell structure. As observed in the previous
section, the Coulomb coupling is strongly influenced by the center-to-center distance between the
QDs and a growing size implies that the center-to-center distances increases even for a constant
distance Rd between the QDs. The bigger the QD the smaller the influence of the interdot
Coulomb coupling. Particularly for small QDs as (depicted on the left hand side of Fig. 4.6),
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caused by the strong distance depending strength of the Coulomb coupling, the signatures in
the 2d spectra show Coulomb induced signatures and strongly shifted peaks. For small QDs the
exciton energies are higher. Furthermore, the influence of the dielectric mismatches is increased
caused by the changes in the value of the dielectric permittivity. For an increasing QD size, the
Coulomb induced shifts as well as the exciton energies decrease.

The spatial dielectric permittivity ε(r) is determined by the QD’s position, the size, the
material composition, and the core/shell structure. Thus, in particular for small distances, the
effects caused by the changes in the dielectric environment influence the signatures in the 2d
spectra, as visible in Fig. 4.6. This includes the strength of the Coulomb coupling, resulting in
specific shifts of the peaks in the spectra, as well as the intradot coupling, which determines the
general position of the signatures in the spectra concerning the exciton and biexciton energies.
Especially the positions of the peaks for big distances between the QDs are given by the constant
monopole-monopole intradot coupling, which is determined by the dielectric environment (cf.
Sec. 3.4).

The relation of the core to shell thickness determines where the charge carriers in the QDs are
located and whether a separation of the charge carriers occurs resulting in a strong decreasing
of the overlap of the electron and hole wave functions, as it was introduced in Sec. 2.1.2. Thus,
comparing the two signatures resulting from same sized QDs in the middle of Fig. 4.6, the exciton
energies as well as the shifts in same sized QDs are decreased if a core/shell structure occurs.

The two DQCS spectra on the right hand side of Fig. 4.6 are calculated for colloidal QDs
with the same core radius but with a varying shell thickness. For an increasing shell thickness,
which equally increases the size of the colloidal QD, the Coulomb induced shifts as well as the
exciton energies further decrease. Thus, even for the small distance between the colloidal QDs
at the top of the figure, the Coulomb induced shifts are small and with increasing distance the
signatures resulting form the interdot coupling coincide fast.

The optical signatures in the DQCS are strongly influenced by the spatial arrangement of
the colloidal QDs relative to each other. Since the material composition as well as the size of
the QDs determine the eigenenergies and the dielectric environment, the peak positions and the
occurring shifts are also influenced by these parameters. Accordingly, the 2d spectra provide
information on the size and the materials of the colloidal QDs. Generally, the influence of the
QD arrangement is visible for all material systems but if the QDs are big the influence of the
interdot Coulomb coupling on the spectroscopic signatures vanishes.

4.3 2d spectra based on the point-dipole approximation

The point-dipole approximation represents a good approximation for the interdot Coulomb cou-
pling if the distances between the QDs are not smaller than their radius, as introduced in Sec. 3.5.
In particular, if a huge number of coupling elements needs to be calculated resulting from the
motion of the colloidal QDs, the point-dipole approximation enables the calculations to be done
very fast. In the following, the spectroscopic signatures in DQCS, determined by the QD ar-
rangements, are calculated based on the Coulomb coupling in the formalism of the point-dipole
approximation.

In Sec. 4.2.1 arrangement dependent signatures generated by a full calculation of the Coulomb
coupling, are analyzed in the DQCS. This includes the interdot as well as the intradot coupling
elements and the influence of a spatial dependent dielectric permittivity. In this section, the re-
sults are compared with the optical signatures in DQCS which are based on the interdot Coulomb
coupling in the point-dipole approximation adapted to the results of the full calculation, as in-
troduced in Sec. 3.5. Furthermore, the influence of the different rotations around the cartesian
axis and the direction of the circular polarized laser pulses are investigated. Finally, the influ-
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ence of the temperature depending dephasing rate on the spectroscopic signatures is calculated.
Particularly for the Brownian motion which will be analyzed in the following chapter Chap. 5, a
description based on the diffusion of the colloidal QDs in water at room temperature is required.

4.3.1 Comparison with the fully calculated signatures

The calculations of the interdot Förster coupling elements in the formalism of the point-dipole
approximation, done in Sec. 3.5, demonstrated that the model describes very well the physical
behavior as well as the strength of the Coulomb coupling. The dependence on the distances be-
tween the QDs and the relative dipole-dipole orientations can be represented by the results of the
point-dipole approximation. Since the model requires a homogeneous dielectric environment, ef-
fects caused by the dielectric mismatch do not occur. Additionally, based on the derivation of the
method in Sec. 3.5.1, only interdot couplings are included. Since the interdot monopole-monopole
order vanish in the model, the dipole-dipole interaction determines the Coulomb coupling as the
leading order.

In the point-dipole approximation the homogeneous dielectric environment, appearing as a
weighted averaged permittivity, is adapted to the values of the fully calculated Förster coupling
elements, as it was introduced in Sec. 3.5.4. Furthermore, the monopole-monopole intradot shifts,
resulting from the full calculation of the Coulomb coupling, are added as constant diagonal
elements of the pure electronic Hamiltonian (cf. Sec. 2.3.1). While the interdot coupling is
determined by the dielectric environment, the strength of the intradot coupling elements is
influenced by the QDs properties. Thus, both parameters can be separately adapted to the
results of the full calculation. Hence, the physical behavior of the interdot dipole-dipole coupling
as well as the monopole induced intradot shifts of the signatures in the 2d spectra are adapted
very well to the results of the full calculation.

In the diagrams in Fig. 4.7 the exciton energies (at the top) as well as the double exciton
energies (at the bottom) resulting from the point-dipole approximation (continuous curves) and
the full calculation (dots) are plotted together. The distance dependence on the left hand side
shows a good agreement of the two methods apart from the region of small distances. In this
region, the fully calculated exciton energies are affected by the dielectric mismatch caused by
the spatially dependent permittivity ε(r), cf. Sec. 3.4.1. Thus the dots resulting from the fully
calculated exciton energies deviate from the curve progression given by the point-dipole approx-
imation. For distances bigger than Rd = 4 nm the arrangement specific characteristics of the
exciton energies resulting from the both approaches are equal. In the derivation of the point-
dipole approximation for the Taylor series, it was assumed that the variations inside the QDs are
much smaller than the center-to-center distance between the QDs, as schematically illustrated in
Fig. 3.26. Thus, the results are only valid for not to small distances (approximately not smaller
than the radius of the QDs).

The calculations for the dependence on the angular orientation in Fig. 4.7 are done with a fixed
small distance of Rd = 1 nm, and thus, the aberrations are particularly increased. Therefore,
the exciton energies resulting from the different approaches are slightly shifted. Furthermore,
the fully calculated exciton energies (given by the dots) show aberrations from a smooth curve
progression as it occurs in the case of the point-dipole approximation (continuous curves) which
is caused by the dielectric mismatch and noise terms resulting from the rotations on the discrete
grid. Nevertheless, both methods for the calculation of the Coulomb coupling elements show an
agreement in principle concerning the physical behavior for the distances and the rotations.

In order to compare the resulting spectroscopic signatures, DQCS are calculated for the
same distances and orientations as in Fig. 4.3 but instead of the full calculation of the Coulomb
coupling the point-dipole approximation is used, as presented in Sec. 3.5. Here, a homogeneous
dielectric constant, averaged by the material constants of the system, is assumed. The resulting



80 CHAPTER 4. ARRANGEMENT DEPENDENT SIGNATURES IN 2D SPECTRA

Figure 4.7 Comparison of the exciton (top) and biexciton (bottom) energies of the point-dipole
approximation (continuous curves) with the results from the full calculation (dots). In both cases
the exciton energies depend on the QD distance and their relative dipole-dipole orientation. Due to
the influence of the dielectric mismatch for small distances, the results differ from each other in this
region. Since the calculations concerning the dependence on the rotational orientations are done with
the fixed distance of Rd = 1 nm, the energies resulting from the model are shifted concerning the
fully calculated dots. Furthermore, the influence of the aberrations caused by the varying dielectric
environment are distinct, since they results from a small distance. Nevertheless, the general angular
dependences are similar.



4.3. 2D SPECTRA BASED ON POINT-DIPOLE APPROXIMATION 81

Figure 4.8 The DQCS show the signatures for three different distances Rd between the QDs in two
different dipole orientations: λ = 0 for the same orientation and λ = 0.5π as rotation around the
spatial x-axis. The blue dots mark the electronic eigenenergies. The signatures are strongly influ-
enced by the relative QD positions. The varying angular orientation determines which eigenenergies
are excited. The distance shifts the energies: For small distances the Coulomb coupling shifts the
signatures. For an increasing distance the signatures are shifted towards the cross diagonal of the
unperturbed energies such that the peaks coincidence.

exciton and biexciton energies are marked with blue dots. The signatures in Fig. 4.8 are given for
the three different distances for parallel orientated QDs (λ = 0) and respectively for QDs that
possess rectangularly oriented dipole moments (λ = 0.5π). In analogy to the fully calculated
spectra in Sec. 4.2, along the Ω1 axis the singly excited states with ωeg occur, while on the Ω2

axis the doubly excited states ωfg are visible. The color of the bar indicates the signal strength.
In further analogy to the fully calculated signatures in Fig. 4.3, the DQCS in Fig. 4.8 show

for small distances big Coulomb induced shifts which decrease with increasing distance between
the QDs. Furthermore, the angular orientation, regarding the relative dipole-dipole orientation
of the QDs but also regarding the direction of the excitation field, determines which energies
are excited and thus occur in the spectra. For parallel orientated dipole moments (at the top),
two biexciton energies occur in the spectra while in the case of the fully calculated Coulomb
coupling elements three biexciton energies are visible for small distances. In response to an
increased QD distance, the signatures coincide into one exciton peak and two biexciton peaks.
In this case both methods gives the same results. In the case of the fully calculated Coulomb
coupling, the peaks shift toward energies along the cross diagonal, as they do in the case of
the point-dipole approximation. For distances between the QDs bigger than Rd = 10 nm (cf.
Fig. 4.7), the influence of the interdot coupling is negligible and the induced shifts vanish. Here,
only the constant intradot monopole-monopole elements determine as material properties the
peak positions in the 2d spectra. The influence of the angular orientations around the different
cartesian axes is analyzed in detail in the following section.
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Figure 4.9 Exciton (top) and biexciton (bottom) energies as functions of the three Euler angles
λ, ϑ and φ respectively. All rotations are calculated in the fixed distance of Rd = 1 nm. Each
diagram includes four exciton and double exciton curves respectively. For all rotations the resulting
exciton energies are 2π-periodic and symmetric concerning a line parallel to the exciton axis. The
rotations around the x-axis and the y-axis include two exciton and biexciton energies which change
with the angular orientation following a cosine curve progression. The other two biexciton curves are
independent form the Euler angles. The rotation around the z-axis does not influence the exciton
energies.

4.3.2 Rotation around the cartesian axis

Since the colloidal QDs diffuse in all three dimensions and freely change their dipole orientation,
the resulting movement and relative QD arrangements are complex. The distance is composed
of three cartesian coordinates and the angular orientation, given in the Euler description (cf.
Sec. 2.4.1), which includes three angles for each QD respectively. As it was calculated in Sec. 3.3.2
and Sec. 3.5.4, the strength of the Coulomb coupling is not only determined by the distances but
also by each of the rotation around the different cartesian axes. Thus, in the following section,
the influence of the different rotation angles on the signatures in the DQCS is investigated.
Therefore, the exciton and double exciton energies are calculated as functions of the three Euler
angles.

The diagrams in Fig. 4.9 show the angular dependence of the exciton (at the top) and the
double exciton energies (at the bottom) for a fixed QD distance of Rd = 1 nm. The variations
of the angular orientation start from a parallel orientation of the dipole moments, cf. Sec. 3.3.2.
Each diagram includes four different curve progressions for the exciton energies. Furthermore,
all diagrams are symmetric concerning a parallel to the exciton axis and they are 2π-periodic
or generally constant. According to the diagrams on the right hand, the exciton and biexciton
energies are not influenced by rotations around the z-axis. The dipole moments are orientated
along the z-axis and therefore, the relative orientation does not change for rotations around this.
For rotations around the x-axis and the y-axis, a cosine profile of the exciton energies occurs.
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This behavior results from the angular dependence of the Förster coupling elements, as it was
calculated in Sec. 3.5.4.

In particular the exciton energies (at the top of Fig. 4.9) are determined by the spin-selective
splitting of the Förster elements. Depending on the direction of excitation in relation to the
orientation of the dipole moments, the energies show the characteristic cosine profile or they
stay constant. As the results in Sec. 4.3.1 show, for an increasing distance between the QDs the
exciton energies are shifted together and one exciton peak corresponding to the unperturbed
systems remains. In the case of the biexciton energies (at the bottom of Fig. 4.9), two Förster
induced signatures occur showing an angular depending curve progression. The amplitude of
these double exciton energies is influenced by the rotation axis. The two doubly excited energies
in the middle of the diagram stay constant for all angular orientations. Furthermore, as the results
in Sec. 4.3.1 show, these energies are independent from the distance between the QDs and thus,
they determine the energies in the case of big distances. These energies result from the doubly
excited QDs. One of these doubly excited exciton energies corresponds to the double energy of
two isolated QDs excited with one exciton respectively. The other doubly excited energy gives
the biexciton energy where two excitons are excited in one QD. Since the two colloidal QDs are
equal, the energies from the two different QDs coincide and two constant double exciton energies
remain for big distances between the QDs. Thus, these biexciton energies, determined by the
material properties, are constant for all distances and angular orientations.

The DQCS in Fig. 4.10 gives the spectroscopic signatures for three different angles (given by
the columns) rotated around the three cartesian axis (represented by the lines). For comparison,
the spectrum resulting from the starting position of two parallel orientated QDs is given on the
left hand side. The blue dots mark the connected exciton energies given in Fig. 4.9. The positions
of the exciton energies is determined by the strength of the Coulomb coupling and the induced
Coulomb shifts. In the 2d spectra it is visible, how the positions of the exciton energies change
depending on the angular orientations. These exciton energies indicate the possible positions of
peaks in the spectra. Furthermore, they determine the shifts of the signatures and thus, they
show whether the peaks coincide. Nevertheless, not only the position of the exciton energies in
the spectra determines which signatures occur.

Destructive and constructive interferences of the parts of the total double quantum coherence
signature, cf. Sec. 4.1.2, determine which signatures occur in the 2d spectra. Though, the exciton
energies are not influence by rotations around the z-axis, the 2d spectra in the bottom line in
Fig. 4.10 show angular dependent signatures. Even if the strength of the Coulomb coupling is not
influenced by rotations around the z-axis, the QDs rotate in the solvent and thus, they change
their positioning regarding the direction of excitations. Therefore, different QD orientations lead
to the excitation of varying signatures even if the exciton energies remain identical (compare
the most right column of Fig. 4.9 with the spectra at the bottom in Fig. 4.10). The relative
orientation of the QDs concerning the direction of excitation determines which signatures are
excited, while the strength of the Coulomb coupling determines which energies occur. Thus, a
complex interplay between the excitation field and the position dependent Coulomb coupling
gives the signatures in the DQCS.

Since not only the relative dipole-dipole orientation of the colloidal QDs but also their an-
gular orientation regarding the field of excitation influence the signatures in the DQCS, in the
next section such influence of external parameters should be investigated. Therefore, the polar-
ization of the exciting pulses is varied. Furthermore, the influence of the temperature dependent
dephasing rate will be the matter of investigation.
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Figure 4.10 DQCS for rotations around the different cartesian axis. In a fixed distance of Rd = 1 nm,
the spectra for three different QD rotations around the three cartesian axis are calculated. The
polarization of the excitation is elereler. The blue dots mark the connected exciton and biexciton
energies giving peaks and shifts induced by the Coulomb couplings. For comparison, the starting
position for two parallel orientated QDs is given on the left hand side. The signatures resulting from
rotations with an angle of π give nearly the same signatures since the exciton energies are identical or,
because of the spin-degeneration, swapped. For the angular orientations of 0.5π the biexciton energies
show strong shifts while the exciton energies coincide to three possible peaks for the rotations around
the x-axis and the y-axis, in contrast to the four exciton energies for the z-axis. For the rotation of
0.25π around the y-axis the exciton energies shift nearly together to two possible positions and thus,
only one exciton peak remains in contrast to the rotations around the other axis. Though the exciton
energies do not change for the rotations around the z-axis, the spectra show different signatures for
the QD orientations. Since the QDs are excited with a sequence of laser pulse to generate the spectra,
a rotation of the QDs change their angle regarding the direction of this excitation, which determines
the occurrence of signatures.
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4.3.3 Polarization and dephasing

The signatures in the DQCS are determined by the relative spatial position of the QDs and by the
material properties of the colloidal QDs, due to the influence of these parameters on the strength
of the Coulomb coupling. Additionally, the orientation of the QDs concerning the field which
excites the QDs induces varying signatures in the 2d spectra. In order to further investigate
the influence of the excitation on the DQCS, the polarization of the four pulses used in the
heterodyne detection (cf. Sec. 4.1.1) is varied. Furthermore, the influence of the temperature,
which determines the dephasing rate of the electronic transitions in the QDs, on the spectroscopic
signatures is introduced in the following.

The process of retrieving the DQCS involves the excitation of the colloidal QDS by a sequence
of four temporally well separated pulses which must have a fixed phase relation. Due to the spin
selection roles for the electronic transition, using circularly polarized light enables the exciton
states to be distinguished [3]. Thus, for exciting the Förster coupling elements spin-selective,
cf. Eq. (2.21), the laser pulses are characterized by two directions: the left polarized pulses with
el =

1√
2
(ex−ey) and the right polarization with er =

1√
2
(ex+ey). For investigating the influence

of the polarization of the pulse sequence, DQCS are calculated for equal QDs arrangements which
are excited with different polarized pulse sequences.

Figure 4.11 DQCS for QDs in a fixed distance of Rd = 1 nm and with two different angular ori-
entations: λ = 0 at the top and λ = 0.5π at the bottom. The spectra are excited with varying
compositions of the polarization direction of the exciting four pulses. In particular in the case of
parallel orientated QDs (at the top), the composition of the polarization directions determines which
signatures in the 2d spectra are excited. If two QDs are orientated in different directions (at the
bottom), the direction of the exciting pulses influences the strength of the signatures in the spectra.

The DQCS in Fig. 4.11 gives the signatures resulting from alternated compositions of the
polarization directions of the exciting laser pulses. The spectra at the top of the figure are
calculated for two QDs with parallel orientated dipole moments, while for the spectra at the
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Figure 4.12 DQCS for QDs in different spatial arrangements plotted with a larger dephasing rate
of 10meV. Compared to the spectra with a dephasing rate of 1meV, the signatures in these spectra
are broadened and thus a hybridization in separated peaks cannot be resolved even for small QD
distances. Nevertheless, the signatures show shifts and shape transformations caused by the spatially
dependent Coulomb coupling between the colloidal QDs.

bottom one QD is rotated by λ = 0.5π around the x-axis. Thus, the QDs show a rectangular
orientation to each other. A comparison of the spectra resulting from the same QD arrangement
but excited with a varying polarized pulse sequence show, that the direction of the excitation
determines which signatures occur in the spectra. In particular for parallel orientated QDs, peaks
corresponding to different exciton energies (given by the blue dots in the spectra) are excited in
dependence on the polarization direction. If the QD orientations are mixed, the direction of the
excitation determines the signal strength given by the color coding of the 2d spectra. Thus, the
occurrence of signatures in the 2d spectra is not only influenced by the spatial position of the
QDs but also by the polarization of the exciting laser pulse sequence.

An other external parameter that impacts the computation of the DQCS is given by the
temperature. Since colloidal QDs diffuse in the solvent, the temperature plays an important
role for the motion of the QDs. If colloidal QDs should be investigated, the room temperature
represents a good value to observe QD movements in the solvent. The temperature does not only
influence the motion of the colloidal QDs but also their dephasing rate concerning the optically
excited transitions. Since the spectra in this chapter were calculated for a dephasing rate of
1 meV for the low temperature limit [124], in the following signatures resulting from a higher
dephasing rate of 10 meV are presented [125].

In Fig. 4.12 the spectra are calculated for the same positions as in the approach of the point-
dipole approximation in Sec. 4.3.1, but the dephasing is increased for calculations at room tem-
perature. The process of dephasing is a damping process that describes the ongoing loss of phase
equality of two quantum objects (here the QDs) which goes along with decay of mutual states,
like the excitons. Thus, it induces a broadening of the spectroscopic signatures. Accordingly, the
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hybridization of the signatures is merged together and therefore, only one peak in the spectra
remains for all QD positions. Nevertheless, this peak shows shifts and shape transformations at
very small QD distances because of the increased Coulomb coupling between close QDs. Due to
the relation of the QD’s dipole orientation to the external field, the intensity of the signatures
varies depending on the angular positioning of the colloidal QDs.

It was shown, that also external parameters, such as the direction of excitation and the
dephasing, influence the occurrence of signatures in the DQCS. Even of QDs in the same QD
arrangements, different exciton energies are excited if the polarization of the pulse sequence is
changed. Otherwise, if the dephasing rate is increased together with the temperature, a hy-
bridization of the different exciton energies cannot be observed in the spectra since all signatures
coincide. Nevertheless, the spectra provide information on the QD arrangement, as it will be
presented in the next chapter. In Chap. 5 the higher dephasing rate is used for describing the
Brownian motion of the colloidal QDs in water at room temperature.

4.4 Conclusion

The DQCS was introduced providing information on the exciton and double exciton energies.
Therefore, the position dependent Coulomb coupling between colloidal QDs diffusing in water
was visualized by an analysis of the signatures in the 2d spectra. Being directly determined
by the coupling processes, signatures in the DQCS represent a possibility of investigating the
interplay between the motion of the colloidal QDs and the resulting Coulomb coupling between
them.

Firstly, the Coulomb coupling elements of colloidal QDs in different spatial arrangements
were calculated using the formalism of the PGF method, which was introduced in Sec. 3.1. Here,
for each QD position the spectroscopic signatures were calculated including the dependence on
a spatially varying dielectric permittivity. It was shown, that the distances between the QDs
as well as their relative angular orientations influence the signatures in the DQCS. The exciton
and biexciton energies together with the angular orientations of the QDs determined the peaks
and Coulomb induced shifts in the 2d spectra. In particular, for small distances well separated
signatures occurred in the 2d spectra. With an increasing distance between the QDs the shifts
decreased and for big distances they coincided to one exciton and two double exciton peaks.
The position of the peaks was determined by the intradot coupling. The intradot shifts, which
represent a material property, as well as the interdot Coulomb induced shifts were influenced by
the size and the material composition of the QDs.

The results of the full calculation were compared with signatures which were based on the
point-dipole approximation for the interdot dipole-dipole Coulomb coupling. Generally, the ex-
citon energies and the spectroscopic signatures resulting from the different methods were similar.
In particular, for bigger distances between the colloidal QDs the signatures in the DQCS become
equal. Aberrations occurred in the region of small distance, since there the influence of the
dielectric permittivity played an important role. Furthermore, the point-dipole approximation
is only valid for distances bigger than the radius of the QDs.

Additionally, it was shown that not only the distance between the QDs but also their angular
orientations together with the rotation axis determined the occurrence of specific signatures in
the DQCS. Furthermore, the polarization of the exciting sequence of laser pulses could be used to
excite specific exciton peaks. The spatial dependent Coulomb coupling determined the possible
exciton energies in the spectra. Thus, the signatures in the 2d spectra result form a complex
interplay between the position dependent Coulomb coupling and the relative orientation of the
colloidal QDs concerning the field of the excitation pulses.

Finally, it was shown, that the hybridization of the peaks in the DQCS spectra, which was
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particularly visible for small distances between the QDs, was only observable for a low dephasing
rate. If this damping constant was adapted to a system at room temperature, as it will be
needed for describing the motion of colloidal QDs diffusing is water in the following chapter,
the signatures were broadened. In this case, the different signatures were merged together in
one main peak. Since the Coulomb induced shifts were still visible, even for a bigger dephasing
rate the signatures in the DQCS provided information on the spatial QD arrangements and the
corresponding Coulomb coupling. This will be analyzed more detailed in Chap. 5.



Chapter 5

Brownian motion of colloidal QDs
analyzed by averaged 2d spectra

In this chapter, the interplay between the Brownian motion of colloidal QDs and the position-
dependent Coulomb coupling is investigated by analyzing the signatures in averaged 2d spectra.
In multidimensional coherent spectroscopy, introduced in Sec. C, the signatures are directly in-
duced by the interaction processes between the QDs [1] and thus, they can be used for detecting
and analyzing the spatial-dependent couplings and excitation transfers [2]. Since in the DQCS an
analysis of the averaged QD positions does not influence the motion of the QDs, the signatures
provide information on the characteristics of the Brownian motion.

The manipulable brightness and photostability of the colloidal QDs make them excellent
markers for visualizing biological processes [20,21]. Therefore, analyzing the Brownian motion is
of particular interest since the motion is directly related to the transport of molecules and cells in
biological systems [23,24]. The QD labeling provides an insight into the cellular processes [25], if
the motion of the QDs can be tracked on their characteristic time scales [21,24]. For getting the
correct trajectory, the measurement time must be adapted to the velocity of the particle [23].

In assemblies of colloidal QDs [26,27], the optical and electrical properties are changed due to
the Coulomb interaction between the QDs [4,28]. The most important role plays the nonradiative
resonant Förster energy transfer between the QDs [31–33], which modifies the individual char-
acteristics of the QDs and forms new delocalized exciton energy states [4, 16, 29]. The Coulomb
coupling between colloidal QDs is determined by the distance between the dots and their rela-
tive dipole orientation [3,4] to each other, as calculated in Sec. 3.3. Hence, the Brownian motion
of the colloidal QDs influences the strength of the Coulomb coupling between the QDs. Since
the Coulomb coupling induces exciton energy shifts [5, 6] as well as excitation transfer [34, 35],
the signatures in the multidimensional coherent spectra show characteristic shifts for different
averaged distances between the QDs, as introduced in Chap. 4. Therefore, by analyzing the sig-
natures in averaged 2d spectra characteristic of the Brownian motion of the colloidal QDs can
be investigated.

To identify characteristic stochastic quantities, long time trajectories need to be calculated
including a high number of spatial and angular positions. For a fast calculation of the result-
ing huge number of Coulomb coupling elements, the model of the point-dipole approximation
introduced in Sec. 3.5 is used for determining the strength of the coupling between the diffusing
colloidal QDs. The results and parameters of the model system are adjusted and added by results
of the full calculation of the Coulomb coupling.

In the following, the characteristics of the Brownian motion of the two colloidal QDs in water
are investigated by analyzing the specific signatures in averaged 2d spectra. Therefore, in the
first section the formalism of the Brownian motion used to calculate the trajectories of the QDs
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diffusing in the solvent is introduced. Due to the coupling between the colloidal QDs depending
on the spatial positions and the dipole orientations, the translational as well as the rotational
diffusion are introduced for spherical QDs. To obtain an averaged spectrum, the Coulomb
coupling and the spectroscopic signatures are calculated for each step in the trajectory. It is
presented how such system can be realized to fast reach a convergence in the signatures. Since
the periodic simulation boxes indicates the concentration of the QDs in the solvent, the relation
between the averaged distances and the averaged DQCS is analyzed. Finally, the influence of
the solvent’s viscosity on the signatures is investigated.

5.1 Brownian Motion

In an aqueous solution, colloidal QDs frequently change their positions and orientations caused
by the diffusion. This influences the Coulomb interaction between the QDs [126]. The theory of
the Brownian motion represents a simple way to describe nonequilibrium dynamics determining
the random positions and the averaged velocity of microscopic particles immersed in a fluid. In
the thermal equilibrium, the molecules of the fluid move with the thermal energy kBT [127].
Since the fluid molecules are much smaller than the colloid, a diffusive motion occurs resulting
from the collisions with the molecules of the surrounding fluid and random encounters with other
particles [128, 129]. As a result, the colloidal QDs change their spatial position as well as their
dipole orientations.

In the following, the characteristics of the Brownian motion of the two spherical colloidal
QDs in water are investigated. The motion of the QDs is determined by trajectories including
the spatial positions and the angular orientations of the QDs. Thus, the formalism of the
translational diffusion and the rotational diffusion, which independently occur form each other,
are introduced.

5.1.1 Translational motion

The diffusion of the colloidal QDs in the solvent results in a stochastic motion. Following
the fluctuation-dissipation theorem [22], the Brownian motion determines the nonequilibrium
dynamics given by the random positions and the averaged velocity of the colloids.

The stochastic motion of particles immersed in the fluid, induced by collisions with molecules
of the solvent, is determined by the time evolution of the mean-square displacement. The dis-
placement, which includes the random positions and an averaged velocity, linearly expands with
the time in the long time limit [130]. While the particles show a ballistic motion at very short
time scales, the motion of the Brownian particles becomes diffusive at long time scales [131]. The
resulting Brownian motion is determined by the frictional force given by the friction coefficient
γ and by the stochastic force Fs as follows: [22]

m
dv(t)

dt
= −γv(t) + Fs(t) . (5.1)

The Langevin equation in Eq. (5.1), which gives the fundamental dynamics of stochastic motions,
is composed by the frictional forces and the random forces, which are related to each other by the
fluctuation-dissipation theorem [22]. Here, the stochastic force is characterized by a Gaussian
white noise, which means, that the time average over the stochastic force equals zero ⟨Fs(t)⟩ = 0
and distinct time intervals are not correlated ⟨Fs(t)Fs(t

′)⟩ = B1δ(t − t′). The strength B of
the fluctuating force Fs is related to the magnitude of the frictional force via the fluctuation-
dissipation theorem [22]:

B = 2γkBT . (5.2)
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At long time scales, the motion of the colloidal QDs is diffusive and the influence of the inertia
can be neglected [23, 128]. By neglecting the inertia mdv(t)

dt = 0, and without any external force
the overdamped Langevin equation for the Brownian motion is formulated as follows:

v(t) =
1

γ
Fs(t) . (5.3)

With v(t) = dr(t)
dt , the random motion of a colloid is determined by the stochastic force modified

by the friction coefficient

r(t) =
1

γ

∫︂ t

0
dt′Fs(t

′) . (5.4)

Without an external force, the stochastic motion of a colloid is isotropic and therefore, the mean
displacement equals zero for any time ⟨r(t)⟩ = 0 [127]. Nevertheless, a particle diffuses, which
can be described by the Einstein formula for the mean-squared displacement in d dimensions at
long time scales:

⟨r(t)r(t)⟩ = 2dDt . (5.5)

During the time interval ∆t, the diffusion length L gives the averaged travel distance of the
particle [126], which is given by the root of the mean-squared displacement L =

√
2dDt. The

diffusion coefficient D determines the characteristics of the Brownian motion, since it relates the
thermal energy and the friction. If the friction is determined by the Stokes’ law, the Stokes-
Einstein equation [22] gives the diffusion coefficient:

D =
kBT

γ
. (5.6)

Using the diffusion coefficient and a rescaled stochastic force η(t), which is characterized by the
following gaussian relations: ⟨η(t)⟩ = 0 and ⟨η(t)η(t′)⟩ = 1δ(t − t′), the Brownian motion of a
particle reads [127]

dr(t)

dt
=

√
2Dη(t) . (5.7)

In the following, the formalism of the translational Brownian motion is applied to the model
system of two Coulomb coupled colloidal QDs, cf. Fig. 5.1. Thus, the equations are evaluated for
spherical particles, since the colloidal QDs are viewed as hard-spheres diffusing in the fluid. In
the region of low Reynolds-number, the inertial forces are negligible in comparison to the viscous
forces. Accordingly, for small spherical objects with the radius rp in a fluid with the viscosity ν,
the translational friction is determined by the Stoke’s law [20]:

γtrans = 6πνrp . (5.8)

Since the diffusion of a Brownian particle is related to the friction [22], the Stokes-Einstein-
Sutherland relation between the thermal energy and the friction gives the translational diffusion
coefficient [23,126,129]:

Dtrans =
kBT

6πνrp
. (5.9)

Accordingly, the translational diffusion of a spherical colloid is directly determined by the tem-
perature and the inverse of the fluid’s viscosity and the particle size.
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Figure 5.1 Model of two spherical colloidal QDs diffusing in water. Collisions with water molecules
induce a stochastic motion of the QDs. Thus, they frequently change their spatial positions and
angular orientations resulting in a Brownian motion.

5.1.2 Rotational motion

The stochastic motion of a colloid does not only include a translational diffusion but also a
stochastic change of the particle’s orientation. In the model of spherical colloidal QDs, the
angular position is given by the orientation of the permanent transition dipole moment which is
induced by the crystal c-axis of the QDs [59]. Thus, the rotational diffusion constant Drot for
such a spherical particle with radius rp and rotational friction constant γrot = 8πηr3p determines
the stochastic change of the particle’s orientation as follows:

Drot =
kBT

8πνr3p
.

Eq. (5.10) shows, that the size of the particle strongly influences the rotational diffusion. Further-
more, in analogy to the translational diffusion, the temperature and the inverse of the viscosity
determine the rotational diffusion coefficient. The characteristic time describing the stochastic
reorientation of a particle diffusing in d dimensions is given by the persistence time τrot, which
is related to the inverse of the rotational diffusion constant Drot [127]:

τrot =
1

(d− 1)Drot
. (5.10)

Following the assumption that there is no coupling between the translational and the rota-
tional motion of a particle in the fluid, they occur independently. To demonstrate the influence
of the temperature, the solvent’s viscosity and the size of the particles, characteristic quanti-
ties of the Brownian motion are calculated for different parameter setups. In the following, the
Brownian motion of small colloidal QDs should be investigated, and thus, the particle’s size is
chosen in the typical region of such QDs. For getting an overview of the solvent’s influence, the
values of the temperatures and the viscosities cover a wide range of values.

The results in Table 5.1 show that the characteristic time- and length-scales of the Brownian
motion of spherical particles in a flow are influenced by the particle size as well as by the
temperature and the viscosity of the fluid. All particles in the different fluids show a diffusion
length L smaller than 1 nm, while the characteristic change of their orientations is given in the
nanosecond to microsecond time-scale. For instance a colloidal QD with a radius of rp = 3 nm
approximately needs 60 ps to reorientate in water at room temperature.
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Table 5.1 Diffusion constants of the translational Dtrans and rotational Drot Brownian motion of
spherical colloidal QDs in varying solvents. The diffusion length L, here for a time interval of ∆t =
1 ns, as well as the persistence time τrot are influenced by the temperature T , the solvent’s viscosity
ν and the radius rp of the spherical QD.

T [K] ν [mPa·s] rp [nm] Dtrans [(nm)2/ns] Drot [1/ns] L(1ns) [nm] τrot [ns]
200 15 (ethanol) 3.0 0.0033 0.0004 0.14 1250.0
200 15 (ethanol) 1.5 0.0065 0.0029 0.20 172.4
300 1 (water) 3.0 0.0732 0.0081 0.66 61.7
300 1 (water) 1.5 0.1465 0.0651 0.94 7.7
425 3 (motor oil) 3.0 0.0346 0.0038 0.45 131.6
425 3 (motor oil) 1.5 0.0692 0.0307 0.64 16.3

Inserting the persistence time into the diffusion length gives a product of a constant scaling
factor (α = 1.733) and the size of the QD: L(τrot) = αrp. Accordingly, smaller QDs with
rp = 1.5 nm, which need less time to reorientate, pass an averaged distance of L(τrot) = 2.6 nm,
while bigger sized QDs with rp = 3.0 nm move L(τrot) = 5.2 nm during the persistence time.

The mean luminescence decay time for colloidal QDs in water at room temperature is in the
nanosecond time-scale (e.g., 40 ns for CdTe QDs) [77]. During this time interval, the QDs show a
characteristic stochastic drift in water of some nanometers. Therefore, in the photoluminescence
spectroscopy, the Brownian motion of the colloidal QDs influences the resonant energy transfer
between the QDs, as it was concluded in Ref. [126]. In the heterodyne detection, introduced
in Sec. 4.1, the four wave mixing signal of the multidimensional coherent spectroscopy is deter-
mined by induced polarizations [121]. The dephasing time of polarizations in the QDs, which
is influenced by the temperature [132], occurs on a picosecond time-scale. Hence, the Brownian
motion of spherical QDs diffusing in water shows a different time-scale than the microscopic
polarizations. Therefore, the multidimensional nonlinear spectroscopy, such as the DQCS, may
be used to calculate characteristic optical signatures of colloidal QDs. The spectroscopy used in
this thesis allows the observation of electronic correlations to be done during the time intervals
between the pulses [2]. Accordingly, the interplay between the Brownian motion and the spatial
dependent Coulomb coupling of colloidal QDs diffusing in water can be investigated.

The mean velocity of a Brownian particle increases with the temperature of the fluid and
decreases with increasing particle size [23]. The short time scales of the motion represents a
challenge for the measurement of the motion of the colloidal QDs, since it requires a good spatial
and temporal resolution for the small particles [23]. The optical investigation by analyzing
the spectroscopic signature in the DQCS represents a method for a fast investigation of the
main characteristics of the Brownian motion without influencing the current trajectory. In the
following sections, the trajectories resulting from the diffusion of colloidal QDs are calculated
using the formalism of the Brownian motion. To get statistical convergent signatures in averaged
DQCS, long trajectories need to be implemented.

5.2 Implementation of the Brownian motion of colloidal QDs

In this section, it is presented how the long trajectories resulting from the Brownian motion of
two colloidal QDs are implemented. Since the optical signals occur on an ultrafast time scale,
the motion of colloidal QDs with their characteristic trajectories can be treated via snapshots,
each represented by a specific QD arrangement. Thus, each snapshot requires the calculation of
the Coulomb coupling elements and the corresponding spectroscopic signal for the specific point
in time. All snapshots together give the trajectory of the colloidal QDs [23]. To obtain stochastic
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Figure 5.2 Scheme of the simulation boxes which are determined by the width b with periodic
boundary conditions in three dimensions (plotted are only two). Each simulation box exactly includes
two colloidal CdSe/ZnTe QDs in water. Due to the Brownian motion the QDs changing their spatial
positions and angular orientations. This induces a specific Coulomb coupling VC determined by the
smallest distance between the periodic QDs. Since the motion is investigated by multidimensional
coherent spectra, the QDs are excited by a sequence of laser pulses E.

relevant conclusions, a huge number of QD positions needs to be implemented. Each position
determines its own Coulomb coupling elements inducing characteristic shifts in the 2d spectra.
Adding all spectroscopic signatures divided by their total number gives the averaged spectrum.

In the following, the simulation box for describing the pairwise Coulomb coupling between two
colloidal QDs with its periodic boundary conditions is introduced. The size of the boxes indicates
the particle concentration in the solvent. Then, a handling of the trajectories is presented, which
enables a stochastic convergence in the positions and orientations to be reached approximatively.
Thus, signatures in the averaged spectra ca be used to identify stochastic relevant quantities.

5.2.1 Simulation box with periodic boundary conditions

For simulating the pairwise Coulomb coupling between colloidal QDs diffusing in the solvent, a
simulation box, characterized by the box width b, with periodic boundary conditions in three
dimensions is introduced. Each box exactly includes two colloidal QDs, schematically depicted
in Fig. 5.2. A schematic sketch illustrating the mode of the program used to get the 2d spectra is
given in App. D. The trajectories of the Brownian motion of these two colloidal QDs, introduced
in Sec. 5.1, are calculated inside the box complying the periodic boundary conditions. Since the
motion of the QDs in the solvent is determined by a translational and a rotational diffusion,
the trajectories include the positions of the QDs and their angular orientations. To get the
spectroscopic signatures the QDs are excited with a well defined sequence of laser pulses, cf.
Sec. 4.1.

Independently from the simulation box, the smallest distance between the QDs determines
the Coulomb coupling. Since the strength of the Coulomb coupling is strongly influenced by the
distance between the QDs, as analyzed in detail in Sec. 3.3, it is assumed, that only the smallest
distance determines the coupling. Thus, couplings to other QDs are neglected, since the smallest
distance gives the leading order in Coulomb coupling.

The size b of the simulation box indicates the concentration of the QDs in the solvent. If
the width of the simulation boxes is large compared to the size of the QDs, the colloidal QDs
freely diffuse in the solvent and big distances occur, cf. Fig. 5.3. For small simulation boxes, the
QDs are close to each other and the concentration of QDs in the solvent is high. Therefore, the
free moving space of the colloidal QDs is restricted. If the distances between the QDs are small,
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Figure 5.3 Size of the periodic simulation boxes b determining the concentration of the QDs in
the solvent. The box size is varied in relation to the size of the QDs (which stays constant in the
model, while in the picture it is plotted the other way round). Small simulation boxes indicates a
high concentration of QDs in the solvent (left hand side), while a wide box size represents a low
concentration of QDs and thus big distances between the colloidal QDs (right hand side).

the Coulomb coupling plays an important role, due to the coupling strength strongly increasing
with a decreasing distance between the QDs, as calculated in Sec. 3.3. Such interplay between
the concentration of the QDs and the strength of the Coulomb coupling should be investigated
in the following Sec. 5.3.1 by analyzing the averaged signatures in 2d spectra.

Since in the simulations only the smallest distance induces the coupling between the QDs,
the size of the simulation box should not be too small to get reliable information from the model.
If the distances between all QDs are too small and thus the concentration is very high, couplings
to other QDs occur and the model needs to be adapted. Since the calculation of the Coulomb
coupling requires the knowledge of all positions each inducing a specific strength in the Coulomb
coupling, such model causes high computational requirements. In this thesis, the focus lies on
the stochastic convergent Brownian motion of the QDs. Therefore, millions of QD positions
are evaluated concerning the Coulomb coupling between two QDs. If the box size is very small
compared to the size of the QDs, a non-physical trembling of the QDs would be investigated
since the Brownian motion is restricted by the size of the simulation box. If the concentration
of the QDs is very high, the Brownian motion occurs at short time scales and the influence
of the inertia cannot be neglected [23]. Thus, for the calculation of a very high concentration
of QDs other dynamics occur. Accordingly, for using the formalism introduced in Sec. 5.1, the
simulation boxes need to be small enough to restrict the colloidal QDs in their free movement
for describing high concentrations but not so small that one QD couples to more than one other
QD to get valid assumptions resulting from the model system. Since the mean distance between
colloidal particles is often greater than their radius [133] and they are usually surrounded by a
ligand [20,23], the model used in this thesis taking its restrictions into account represents a good
approximation for describing the Brownian motion of colloidal QDs at long time scales.

5.2.2 Trajectory including positions and angular orientations

The colloidal QDs frequently change their spatial position and their angular orientations due
to the diffusion in the solvent. The different kinds of diffusion, introduced in Sec. 5.1, occur
independently from each other. Thus, for each QD the trajectories include the three cartesian
components of the spatial vector rQD n and four components of the quaternions qQD n giving the
angular orientation, cf. Sec. 2.4.2. These parameters are used in the program mode to calculate
the 2d spectra, as schematically depicted in App. D. Altogether, the trajectory of the Brownian
motion consists of N steps of the translational diffusion, resulting in N distances between the
QDs and M dices in the rotational diffusion determined by M quaternions.

Since in this thesis stochastic characteristics of the Brownian motion of colloidal QDs should
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Figure 5.4 3d positions and 2d maps illustrating the distribution of the distance vector. Each dot
represents a spatial position of the distance vector resulting from a random walk of two colloidal QDs
including 100000 steps in the trajectory. The coloring gives the norm of the distance vector between
the QDs. The calculations are done in different sized simulation boxes. Since the QDs have a radius
of rQD = 3 nm, the center-to-center distances are not smaller than Rd = 6 nm, while the box size
determines the biggest distance. Since no clustering or gaps in the positions of the distance vector
are visible, the distance vector is equally distributed.

be investigated using DQCS, cf. Sec. 4.1, the distances as well as the angular orientations need
to be equally distributed. The calculation of the angular orientation is based on quaternions,
introduced in Sec. 2.4.2, which naturally ensure all angles to be equally distributed. A clustering
of angular orientations regarding the pole coordinates, as in the case of rotations based on the
Euler angle description, does not appear if quaternions are used. Thus, the angular orientations
of the colloidal QDs are randomly chosen and equally distributed over the whole domain.

In the following, the distribution of the spatial vector giving the translational positions of the
QDs is analyzed. Since the Coulomb coupling is determined by the smallest distance between
the QDs, the distribution of the distance vector Rd = rQD 1 − rQD 2 is used. Regarding the
periodicity of the simulation boxes, the interacting QDs must not occur in the same simulation
box. Depending on the box size b, the distance vector should reach every position inside the
box while the norm of the vector includes all possible distances between the QDs. Thus, the
distribution of the distance vector is calculated for different box sizes. The 3d diagrams and the
2d cuts in Fig. 5.4 illustrate the spatial arrangement of the distance vector colored by the norm of
the vector. Since each colloidal QD has a radius of rQD = 3 nm, in all cases the smallest distance
is given by Rd,min = 6 nm. The size of the simulation box determines the biggest distance between
the QDs. The diagrams concerning the spatial distribution indicate, that in principle all spatial
positions are reached by the distribution vector. No gaps or clusterings of specific positions are
recognizable. Therefore, the distance vector and the related QD positions are equally distributed
over the whole simulation box.

For further investigating the distribution of the distance vector, in the histograms in Fig. 5.5
all distances occurring in regions of ∆Rd = 0.1 nm are counted. To get significant information
independently from the stochastic walk, 10 million steps are included in the calculations. The
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Figure 5.5 Histograms of the distribution of the distance in different sized simulation boxes resulting
from a random walk including 10 million different positions each with an own angular orientation.
Depending on the box size, the bell curve show a distribution over the area with a maximum. The
periodic boundaries indicate that the distances are smaller than the box size and the increasing branch
is not Gaussian.

resulting histograms, calculated for different box sizes b, show a non-Gaussian bell curved distri-
bution depending on the box size. The smallest distance is given by the double radius of the QDs
while the size of the box determines the range of the distances. Nevertheless, the distances oc-
curring in the simulation are much smaller than the box size indicates. The boundary conditions
of the simulation boxes are periodical and only the smallest distance between the QDs respecting
all neighbor simulation boxes gives the leading order. Thus, the resulting distances between the
Coulomb coupled QDs are smaller than the box size. Furthermore, the curve progression is not
simply given by a Gaussian distribution. Nevertheless, the occurrence of the distances is given
by a bell cure with a maximum at the middle of the range and there are no distances which
show dissenting properties. In conclusion, there are no stochastic clusters or omissions in the
distribution of the translational QD positions.

Respecting the Brownian motion of the colloidal QDs, each step in the trajectories represents
a time interval in which the diffusion induces changes in the QD arrangements characterized by
the diffusion coefficients [23] (cf. Sec. 5.1). Using equidistant time steps in the measurement,
here spectroscopic methods are used, the trajectory of the QDs can be visualized. Tracking the
Brownian motion and determining the trajectories of individual QDs [20, 21, 134] or small QD
clusters [135] is quite challenging. For getting the correct trajectory, the measurement time must
be adapted to the velocity of the particle [23]. In contrast in this thesis to get statistic stable
solutions, the steps of the translational movement are not equidistantly picked in time to received
a fast as possible convergence of all spatial positions. Thus, the number of translational steps,
which determines the positions used to calculate the strength of the Coulomb coupling and the
resulting spectroscopic signatures, are chosen randomly. Accordingly, the trajectories cannot be
reconstructed anymore. Instead, an equal distribution of all positions inside the simulation box
is reached faster and thus, a convergence of all trajectories occurs faster.

Fig. 5.6 shows a color map which is composed of cuts through 2d spectra parallel to the single
exciton axis. Each of these single spectra are calculated for a fixed distance between the QDs.
All together gives distance depending 2d maps of the absolute values and the real and imaginary
part of the 2d spectra. The color coding gives the spectroscopic signatures. The resulting color
maps illustrate, that the signatures strongly change in the region of small distances between
the QDs, while for big distances the signatures slowly vary. To fast reach a convergence, in the
calculation of a high number of QD arrangements, the frequency of picking a not equidistant
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Figure 5.6 2d maps composed of distance-dependent cuts through spectra of single signatures for
QDs with a fixed angular orientation (λ = 0). In the region of distances smaller than Rd = 9 nm
the signatures show a strong distance depending curve progression. For an increasing distance the
signatures slowly vary. Thus, for bigger distances less distance cuts are needed to get the full curve
progression, while for small distances very close steps in the distances are required.

step is adapted depending on the distance. Therefore, the number of the total steps from which
a specific step is chosen is weighted by a distance depending function. Accordingly, steps in
the translational trajectory are statistically picked more often, if they result in small distances
between the colloidal QDs. Steps connected with bigger distances between the QDs are not
picked that often.

5.2.3 Convergence of the QD positions

To get stochastically converged signatures in the 2d spectra, the trajectories resulting from
the Brownian motion of the colloidal QDs need to be very long including a huge number of QD
arrangements. Information on the characteristics of the motion concerning the QD arrangements
cannot be obtained before the signatures in the 2d spectra are independent from the particular
trajectory. In this section, the convergence of the angular orientations and the spatial positions
of the colloidal QDs should be analyzed. Therefore, deviations in the cuts through the signatures
in the averaged spectra are investigated.

To reach an averaged signature in the DQCS, all single signatures resulting from each QD
arrangement are added respectively, weighted by their statistical occurrence, and then they are
divided by the total number of steps N in the related trajectory. For comparing the signatures
resulting from different trajectories of the Brownian motion of the colloidal QDs, cuts through
the main peak parallel to the exciton axis in the DQCS are used.

Starting with the investigation of the convergence of the rotational diffusion, the QDs are fixed
in their distance to each other and only the angular orientation is modified. The cuts through
the resulting averaged signatures for different numbers M of total rotation angels, which are
given by quaternions, are plotted in the diagrams in Fig. 5.7 for five different trajectories (called
runs) respectively.

The diagrams in Fig. 5.7 show, that for the small number M = 100 the cuts through the five
runs strongly differ from each other. For an increasing number of angles, the deviations caused
by the different angular trajectories decreases. In the case of M = 10000 the differences in the
signatures of the five runs are very small and they completely vanish in the case M = 100000
and all runs coincide. Thus, the angular orientations have reached their convergence if 100000
angular orientations are included in the trajectory. The Euler angles as well as the quaternions
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Figure 5.7 Random variation of the angular orientations of both colloidal QDs in a fixed distance to
each other. In different diagrams the total number of angles is varied. Since the deviations between
the different runs vanish, the angular orientations reach their convergence if 100000 angles are included
in the trajectories.

show a small restricted domain. Therefore, the convergence of the angular orientation is reached
for a realizable number of angles.

To analyze the convergence behavior of the translational diffusion of the colloidal QDs, the
angular orientation is fixed and analogously to the convergence of the angular orientations, the
total number of the spatial arrangements is varied. To faster reach the convergence, as was
introduced in Sec. 5.2.1, the steps in the translational part of the trajectory are picked randomly
and weighted by the distance. The deviations of the cuts through the signatures in the 2d
spectra resulting from different trajectories are investigated. Since the signatures in the DQCS
are also influenced by the real part and the imaginary part, they are also included in the following
convergence analysis.

The diagrams in Fig. 5.8 show, that for an increasing number of steps the deviations between
the different runs in the cuts through the spectroscopic signatures decreases. A total convergence
where all curves resulting from different trajectories coincide cannot be reached not even in the
case of 20 million steps. Especially for the cuts through the absolute value, comparing the runs
for 10million and 20 million steps, the differences are not significantly reduced. Thus, to reach
the convergence, the total number of steps needs to be strongly increased. Since in the case
of 20 million steps the differences caused by the trajectories are small, these results should be
compared to a walk with 100 million steps.

Thus, in Fig. 5.9 five runs with 20million steps respectively (red and blue curves) are plotted
together with the averaged run including the 100 million steps (orange and light blue curves).
The calculations are done for two different sized simulation boxes (red curves with b = 20 nm



100 CHAPTER 5. BROWNIAN MOTION ANALYZED BY AVERAGED 2D SPECTRA

Figure 5.8 Random variation of the translational positions of the two QDs respectively. To identify
the convergence, cuts through the absolute value, the real part and the imaginary part of averaged
2d spectra are used. Each position gets its own angular orientation, and therefore, the angular
orientations reached the convergence. A total convergence of the spatial positions where all cuts
resulting from different trajectories coincide is not reached. If the trajectories of the Brownian motion
consist of 20million steps, the differences in the signatures caused by the specific trajectory are small.
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Figure 5.9 Cuts through 2d spectra calculated for two different sized boxes showing the deviations
of 5 different runs each with 20 million steps from their average run. The trajectory of the averaged
run includes 100million steps. The mean squared deviation of the runs with 20 million steps from the
averaged is given by 3 % for the small box with b = 20 nm and 10% for the box with b = 40 nm.

and blue curves with b = 40 nm). Determining the root mean square deviation from the value
of 100million steps gives a difference in the smaller box of 3% and 10% in the case of the bigger
simulation box. Thus, the deviations in the case of 20 million steps are smaller than 10% in
comparison to a run consisting of 100million steps. The numerical cost are highly increased
in the case that all trajectories consist of 100 million steps. Since for each QD arrangement,
consisting of the angular orientation and the spatial position, the Coulomb coupling as well as
the spectroscopic signatures need to be calculated, the numerical requirements are very high
for this huge numbers of steps. Therefore, the averaged signatures in the following section are
composed of 20 million steps each with an own angular orientation. The error caused by the not
fully convergent signatures account for approximately 10 %. While the rotational diffusive part of
the trajectory is equally distributed and convergent since quaternions are used, the convergence
of the translational part is reached more faster by randomly choosing the time steps and weight
their occurrence depending on the distance between the QDs, as it was introduced in Sec. 5.2.1.

5.3 Averaged spectra of QDs showing Brownian motion

Colloidal QDs diffuse in the solvent and thus, they frequently change their spatial positions
as well as their angular orientation. This Brownian motion of the colloidal QDs should be
investigated in the following section by analyzing the spectroscopic signatures in averaged 2d
spectra. Since the Coulomb coupling is determined by the spatial arrangement of the QDs to
each other, as calculated in Sec. 3.3, the single signatures in the DQCS show specific shifts for
each arrangement, as introduced in Sec. 4.2. The statistical motion of the colloidal QDs reaches
a convergence, if the trajectory of the motion includes millions of steps, cf. Sec. 5.2.3. Thus,
an averaged spectrum provides information on the characteristics of the stochastic parameters
influencing the movement and the coupling between the QDs.
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5.3.1 Influence of the particle concentration

Since the strength of the Coulomb coupling is strongly influenced by the distances, the con-
centration of colloidal QDs in the solvent induces characteristic signatures in the averaged 2d
spectra. The size of the simulation boxes with periodic boundary conditions in three dimensions
determines the concentration of the particles, cf. Sec. 5.2.1. To get the stochastically convergent
2d spectra, each trajectory describing the Brownian motion includes 20 million spatial positions
with an angular orientation respectively. Thus, the signatures in the averaged spectra reached a
convergence as discussed in Sec. 5.2.3.

In an averaged spectrum, the signal is given by the average of all single signatures resulting
from each QD position determined in the trajectory of the Brownian motion. Hence, all spec-
troscopic signatures resulting from the position dependent Coulomb coupling between the QDs
are calculated and added together, divided by the number of positions. Thus, the magnitude
of the Coulomb induced shifts concerning the QD arrangement (cf. Sec. 4.2) as well as their
occurrence determine the signal in the averaged spectrum. For a fast and efficient calculation of
the Coulomb coupling the point-dipole approximation is used as introduced in Sec. 3.5.

For analyzing the interplay between the averaged QD’s distances and the resulting signatures
in the 2d spectra, the Coulomb coupling and the DQCS are calculated in dependence on the
size of the simulation box b. This gives the concentration of the QDs in a volume element.
With increasing size of the simulation boxes the averaged distance between the QDs increases
too. For small distances the strong Coulomb coupling induces features which determine the
spectroscopic signatures. In contrast, for big distances between the QDs only the constant
intradot shifts determine the signatures, as discussed in detail in Sec. 4.2. To investigate how
the different concentrations influences the spectroscopic signatures, the averaged DQCS as well
as the 2d maps of their real and imaginary part are calculated. The interference of both phase
contributions defines the signal in the DQCS [80].

Since the averaged spectra result from Brownian motions with long trajectories, the spectra
always include signatures resulting from a strong Coulomb coupling between the QDs as well
as the constant shifts induced by the intradot coupling. The occurrence of the single signatures
in the spectra determines the amplitude and the extension of the peaks in the DQCS. If the
concentration of QDs in the solvent is high, and the movement occurs in a small periodic simula-
tion box, a high number of Coulomb induced signatures showing big shifts are added to get the
averaged spectrum. Thus, as visible in the DQCS in the top of Fig. 5.10, the averaged signature
shows a big extension and a high amplitude. In contrast, in a solvent with a low concentration of
QDs, only a few signatures resulting from small distances contribute to the averaged spectrum.
Therefore, amplitude and extension of the averaged peak in the 2d spectra are decreased.

The 2d maps in the middle and at the bottom of Fig. 5.10 show the real part and the
imaginary part of the averaged DQCS respectively. Generally, the real and imaginary parts
are (anti-) symmetric along and perpendicular to the diagonal axis. Thus, the absolute signal is
symmetric along the diagonal and the antidiagonal axis [118]. A variation of the box size causes
the symmetry of the real and the imaginary part concerning the diagonal to be broken. A phase
shift relating the real and the imaginary part occurs for an increasing averaged distance between
the QDs. After a critical phase transformation occurring for simulation boxes between b = 40 nm
and b = 50 nm, the real and the imaginary parts of the averaged 2d spectra change their curve
progression. Since the box size is related to the concentration of QDs in the solvent, around
this critical region, the QDs change their physical behavior depending to the averaged distances
between each other. For a high QD concentration, the QDs are coupled to each other since the
averaged distance are small enough that the Coulomb coupling plays an important role. As a
consequence, a QD clustering induced by couplings occurs [136]. If the concentration decreases,
the distances decreases as well, cf. Fig. 5.3. Thus, the QDs freely move inside the solvent and
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Figure 5.10 Averaged DQCS and their real and the imaginary parts calculated for different sized
boxes b. The calculations are done for a solvent’s viscosity of ν = 1mPas and a temperature of
T = 300K. For an increasing box size the amplitude in the DQCS decreases. For box sizes between
b = 36 nm and b = 50 nm a phase shift occurs and the signatures in the real and the imaginary part
broke the symmetry along the doted antidiagonal and switch their curve progression.
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Figure 5.11 Cuts along the diagonal through the real and the imaginary parts of 2d spectra depicted
in Fig. 5.10 for different box sizes b. Since the curve progression changes for box width bigger than
b = 40 nm, the cuts show the phase transformation in the real and the imaginary part. For the real
parts the minima vanish and maxima occur. For both phase contributions, the extrema are switched
and shifted along the exciton axis.

the occurrence of QD accumulations becomes more and more improbably.
To demonstrate the phase shift in the real and the imaginary parts of the DQCS, 1d cuts

through the 2d maps along the antidiagonal giving in Fig. 5.10 are plotted in Fig. 5.11. The cuts
clearly illustrate that the curve progression changes with an increasing box size b. Especially
for the real part, it is visible that the minima of simulation boxes vanish and maxima occur for
boxes with a size of b = 50 nm or higher. Accordingly, an analysis of the phase of the real or the
imaginary part of an averaged 2d spectra provides information on the concentration of the QDs
in the solvent concerning the occurrence of QD accumulations. Especially if the colloidal QDs
are surrounded by ligand molecules [137], van der Waals forces occur and increase the formation
of clusters [135]. Since the characterizing of small clusters is challenging [135, 137], an analysis
of the signatures in the 2d spectra may be a helpful tool to get information on the occurrence of
accumulations of colloidal QDs.

Fig. 5.12 shows cuts through the averaged signatures in the DQCS for different sizes of the
simulation box. On the left hand side, the diagrams gives the amplitude of the signatures in the
spectra, while on the right hand side the cuts are normalized. For an increasing box size the
amplitudes decrease except of the case b = 20 nm. In this case the concentration of the QDs is
very high and the distances between the dots are very small. As discussed in Sec. 3.3, for small
distances the influence of the Coulomb coupling is high. But if the QDs are very close to each
other, they couple to more than one other QDs. The model used for these calculations needs
to be adapted, as discussed in Sec. 5.2.1. Furthermore, if the averaged distances between the
QDs are very small, the Brownian motion of the QDs is very constricted by the simulation boxes
and an unphysical trembling of the QDs occurs. Thus, to get valid information, the averaged
distances between the QDs and therefore the simulation boxes should not be smaller than the
magnitude of the radius of the QDs.

Generally, the curve progression of the cuts through the averaged signatures in the DQCS for
different sized boxes are similar to each other. On the right hand side of Fig. 5.12, the normalized
cuts show lightly differing curve progressions. For small simulation boxes the Coulomb shifts are
increased due to small distances occurring more often. Thus, the signatures in the averaged
spectra are broadened. This broadening decreases for an increasing box size. The effect ends in
the region of the phase shifts in the real and imaginary part (b = 40 nm and b = 50 nm). In this
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Figure 5.12 Cuts through the averaged signatures in the DQCS along the exciton axis for varying
box sizes b. On the left hand side the cuts show an decreasing amplitude for an increasing box size.
On the right hand side the curves are normalized and thus, changes in the curve progression are
visible. For an increasing box size the broadening of the peak in the DQCS decreases. The effect is
reserved in the region of the phase shift starting by b = 40 nm.

region the curve progression changes and the signatures are again broadened.

For further investigate the influence of the simulation box size on the averaged spectroscopic
signatures, 1d cuts through the main peak in the DQCS parallel to the exciton axis are cal-
culated. The cuts are done through the 2d maps of the absolute value, the real part and the
imaginary parts, given in the diagrams in Fig. 5.13. To get a better description concerning the
QD concentration, the curves are scaled by the inverse of the box volume. In the top of Fig. 5.13
the diagrams show that the amplitudes strongly decreases with increasing size of the simulation
boxes b. The quantity of QD arrangements in the Brownian motion with small distances between
the QDs determines the amplitude of the signal in the averaged spectra. If the concentration of
QDs in the solvent is high, many Coulomb induced single signatures are added in the averaged
spectrum which provokes an increasing amplitude of the signal. The curves at the bottom of
Fig. 5.13 result from the extrema of the cuts. The maximum of the absolute value of the spec-
troscopic signatures show a box size induced decreasing. This is related to the decreasing of the
strength of the Coulomb coupling with increasing distance, cf. Sec. 3.3.1.

Fig. 5.13 shows that the amplitude of the real part (middle diagrams) and the imaginary part
(right hand side) decrease with increasing size of the boxes in the same magnitude as the absolute
value. Caused by the strong decreasing of the amplitude and the scaling concerning a volume
unit, the phase shift illustrated in Fig. 5.11 is almost vanishing. The diagrams in the bottom
show the dependence on the box size of the real part’s minima and the imaginary part’s maxima.
Thus, a curve progression, where the maxima and minima are switched, is not representable in
this description.

In conclusion, it is visible that the size of the simulation boxes, which is related to the concen-
tration of QDs in the solvent, influences the signatures in the averaged 2d spectra. Accordingly,
an analysis of the averaged DQCS provides information on the concentration of the QDs and
their averaged arrangement. Especially the real or the imaginary part enable conclusions on the
average distances between the QDs and concerning effects of accumulations of the colloidal QDs.
In the following, it will be investigated how the parameters determining the Brownian motion of
the QDs influences the signatures in the averaged 2d spectra.
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Figure 5.13 Minima and maxima of cuts through the absolute value and the real and imaginary
parts of the DQCS for different sized boxes. On the top, the cuts show an decreasing amplitude for
a increasing size of the simulation box b. The curves are scaled by the inverse of the volume unit of
the simulation box. On the bottom the dependence of the extrema is given as a function of the box
size. The distance depending decreasing is determined by the strength of the Coulomb coupling.

5.3.2 Influence of the solvent’s viscosity

In the last section, we have shown that the QD concentration, given by the size of the periodic
simulation boxes, determines the signatures in the averaged 2d spectra. In this section, we
investigate how the solvent’s viscosity influences the averaged spectroscopic signatures. The
Brownian motion of the colloidal QDs is induced by the translational and rotational diffusion in
the solvent, cf. Sec. 5.1. The diffusion coefficients are determined by the size of the particles as
well as the viscosity of the solvent and the temperature. Thus, these parameters describe the
motion of the colloidal QDs and gives the trajectories inside the simulation boxes.

Fig. 5.14 shows that, in contrast to the variation of the box size b in Sec. 5.3.1, changes in the
solvent’s viscosity ν do not induce a phase transformation in the real or imaginary part. Except
for a light variation in the amplitude all averaged signatures from Brownian motions in solvent
with different viscosities are similar. The symmetries (and antisymmetries in the case of the real
part) along the diagonal and the antidiagonal are preserved. A variation of the periodic box
size indicates a change in the concentration of QDs in the solvent. Thus, the movement as well
as the averaged distances between the QDs are influenced by the size of the simulation boxes.
In contrast, the viscosity as well as the temperature influence the mean velocity of the colloidal
QDs. Since the signatures in the spectra result from taking the mean over 20 millions positions
in the simulation box, the influence of the velocity disappears in the convergent average. If the
trajectory includes such a high number of positions, the spatial arrangements determined by
the geometry conditions of the simulation box more influences the signatures than the velocity
determining how fast the particles reach all the positions. Furthermore, since the steps in the
trajectory are randomly picked, the information of the path and the velocity are not accessible.
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Figure 5.14 Averaged DQCS and their real and the imaginary parts calculated for different viscosities
ν in a simulation box with b = 30 nm. The signatures for the different solvent’s viscosities are generally
equal. In the real and imaginary parts the symmetry as well as the phase are preserved.

In the following the interplay between the viscosity and the size of the simulation boxes
shall be investigated. The calculations for Fig. 5.14 are done in a box with b = 30 nm. Since
a phase transformation in the real and the imaginary parts occur for an increasing box size,
the calculations concerning the viscosity are also done in simulation boxes with b = 50 nm. For
bigger simulation boxes the variations in the amplitude of the signatures in the averaged DQCS
in Fig. 5.15 caused by the different viscosities are increased. Again, the variation of the solvent’s
viscosity does not induce a phase transformation in the real or imaginary parts. In comparison
to Fig. 5.14, the phases of the real and the imaginary parts are switched. Thus, the size of
the simulation boxes determines the phase in the real and the imaginary parts. Furthermore,
particularly visible in the imaginary parts in the bottom of Fig. 5.15, a small derivations from
the symmetry perpendicular to the diagonal occur if the viscosity of the solvent differs from
ν = 1mPas. For an increasing box size, the QD concentration in the solvent decreases and thus,
the movement of the QDs becomes more and more freely. Therefore, the influence of the mean
velocity plays a more important role, since the geometry conditions do less suppress the motion
of the QDs.

To directly compare the results of the calculations concerning the solvent’s viscosity done
in different sized simulation boxes, 1d cuts through the absolute values, the real parts and the
imaginary parts parallel to the exciton axis are done as depicted in Fig. 5.15 by the dotted lines.
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Figure 5.15 Averaged DQCS and their real and the imaginary parts calculated for different viscosities
ν in a simulation box with b = 50 nm. Caused by the variation of the viscosity of the solvent, the
amplitudes lightly changes. Although no phase transformation occurs in the real and imaginary parts,
variations from the symmetry along the diagonal are visible.

Thus, the influence of the different viscosities as well as the box size is illustrated. The diagrams
at the top of Fig. 5.16 results from the calculations in simulation boxes with b = 30 nm, while at
the bottom the width of the boxes is increased to b = 50 nm. The cuts through the signatures
of the Brownian motion inside the smaller boxes are very similar and the viscosity does lightly
influences the amplitudes. For the calculations done in the boxes with an increased width, the
differences in the amplitudes caused by the solvent’s viscosity are more distinct. While the
curves in the smaller boxes seems to be nearly convergent concerning the viscosity, the cure
progressions for the calculations in the bigger simulation boxes differs from each other. The
general properties, such as the phase in the real and imaginary parts are conserved in both
cases. A comparison of the real and the imaginary parts resulting from the calculations done
for different QD concentrations (diagrams in the middle and on right hand side) show, that the
curve progressions and thus the phases are switched.

Since the concentration of the QDs in the solvent determines the strength of the Coulomb
coupling between the QDs, which directly influences the signatures in the DQCS, the viscosity
defines the mean velocity of the QDs in the solvent. For long trajectories in the Brownian mo-
tion, where the signatures reached their convergence, the specific trajectory does not influence
the signatures in the averaged spectra. Thus, for stochastic convergent signatures in the aver-
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Figure 5.16 Cuts through the absolute value, the real and the imaginary part for varying viscosities.
The diagrams at the top show the calculations done in a simulation box with width b = 40 nm, while
the diagrams at the bottom are done with b = 50 nm. For the smaller simulation box, the motions
determined by the different viscosities are very similar, while in the case of the bigger box deviations
caused by the viscosity occurs. A comparison of the real and the imaginary parts calculated in the
different simulation boxes shows that the phases are switched.

aged DQCS, the influence of the mean velocity determined by the solvent’s viscosity and the
temperature nearly vanishes.

5.4 Conclusion

The diffusion of Coulomb coupled colloidal QDs was calculated in the formalism of the Brownian
motion. Since the QDs change their positions as well as their angular orientations, the trajecto-
ries were determined by the translational and the rotational diffusion. For analyzing the statistic
motion of the colloidal QDs in the solvent, the DQCS was used due to the signatures in this mul-
tidimensional coherent spectroscopy are induced by the spatially depending Coulomb coupling
between the QDs. Since the diffusion occurs on a different time scale than the optical processes
determining the spectra, the multidimensional spectroscopy does not influence the motion of the
QDs. Therefore, it presents a promising tool for visualizing the QD arrangements.

To get characteristic signatures in the averaged spectra, a huge number of QD positions was
included in the trajectories of the colloidal QDs. For each step in the trajectory the strength
of the Coulomb coupling as well as the spectroscopic signatures were calculated to determine
the averaged DQCS. A convergence concerning the angular and the translational diffusion was
reached with an estimated error of 10 %, if the trajectories includes 20 million steps, randomly and
distance dependent picked, each with an own angular orientation. The calculations concerning
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the Coulomb coupling are done using the point-dipole approximation adapted to the parameters
given by the full calculations of the model system. If the motion of the QDs included such
a high number of positions, the spectroscopic signatures were not influenced by the current
trajectories but by the characteristics of the QD arrangements. Thus, the interplay between the
concentration of the QDs in the solvent, given by the size of the periodic simulation boxes, and
the signatures in the averaged spectra were investigated.

Since for a high QD concentration the averaged distances between the QDs are small, the
high strength of the Coulomb coupling induced characteristic spectroscopic signatures. For a
decreasing QD concentration, the distances decreases as well and a phase transformation in the
real and imaginary part of the DQCS was investigated. Geometrically, the motion of the QDs is
restricted by the concentration of the QDs in the solvent, while the mean velocity is determined
by the viscosity of the solvent and the temperature. In the stochastic convergent spectra, the
influence of the velocity was nearly vanished, while the QD arrangement caused specific char-
acteristics in the spectroscopic signatures. Especially the phase of the real or imaginary parts
allowed conclusions concerning accumulation of the QDs to be drawn. If the concentration of the
QDs in the solvent is high, stochastically driven clusters of QDs are formed. For an decreasing
concentration the occurrence of such accumulations of QDs decreases and a phase transformation
in the imaginary and real parts was observed.

An analysis of the signatures in the averaged 2d spectra can be used to get information
on the interplay between the spatial Coulomb depending coupling and the Brownian motion of
colloidal QDs. Especially effects caused by specific averaged distances between the QDs, such as
the accumulations of QDs, are accessible using multidimensional coherent spectroscopy.



Chapter 6

Conclusion

6.1 Summary

In this thesis, the double quantum coherence spectroscopy was used for the visualization and an
analysis of the interplay between the Brownian motion of colloidal QDs and the arrangement-
dependent Coulomb coupling.

The diffusion of the colloidal QDs in the solvent frequently induces changes in the spatial
positions and the angular orientations of the QDs. Thus, in the first main part of the thesis, the
influence of these changes in the QD arrangements on the Coulomb coupling was investigated.
For numerical efficient calculations, the Poisson Green’s function method was presented. This
method reduces the number of integrals in real space and enables a fast calculation of the Coulomb
coupling elements. Since the method is not restricted to specific symmetries or an explicit Green’s
function, it presents a very general approach for the calculation of Coulomb coupling elements.
It was shown, that monopole-monopole and dipole-dipole coupling elements can be identified
without a specification of the Green’s function. Accordingly, the intradot as well as the interdot
monopole-monopole Coulomb coupling and the Förster interaction were calculated as a function
of the spatial positions and the angular orientations of two colloidal QDs respectively. While the
intradot coupling elements reached a material specific saturation value, the interdot couplings
decreased with increasing distance. Furthermore, the Förster elements were strongly influenced
by the relative dipole-dipole orientation of the QDs.

Since the Poisson Green’s function method naturally includes the influence of a spatial-
dependent dielectric permittivity, the influence of the dielectric mismatch on the Coulomb cou-
pling elements was demonstrated. Furthermore, the Coulomb coupling in a homogeneous medium
was calculated. Additionally, the point-dipole approximation for a very fast calculation of a high
number of dipole-dipole coupling elements was introduced in a homogeneous environment and
the results were compared with the fully calculated Coulomb coupling elements. If the approx-
imation is adapted to the results of the full calculation, the spatial- and angular-dependent
dipole-dipole coupling was reproduced very well. But the point-dipole approximation suppose
the environment to be homogeneous and it only includes the interdot dipole-dipole couplings.
Nevertheless, for distances between the QDs which are not smaller than the QD’s radius, the
arrangement-dependent Förster interaction was well described in the approach of the point-dipole
approximation.

Since the signatures in the double quantum coherence spectroscopy are directly determined
by coupling processes, 2d spectra were calculated to analyze the correlation between the different
QD arrangements and the Coulomb coupling. After the formalism was introduced in the fourth
chapter, the spectroscopic signatures of QDs in different distances and with varying angular
orientations were calculated. It was shown, that specific peaks and shifts occurred in the 2d
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spectra dependent on the positioning of the colloidal QDs. For small distances between the QDs,
the spectra showed a splitting of the signatures, while the peaks coincided with an increasing
distance. If the QDs were arranged in large distances, the 2d spectra showed one exciton and two
double exciton peaks. These peaks were determined by the material specific intradot couplings.
This spatial-dependent behavior of the signatures in the 2d spectra was observed for the fully
calculated Coulomb coupling elements and for the adapted point-dipole approximation. Further-
more, it was shown, that the occurrence of signatures was determined by a complex interplay
between the angular orientations of the colloidal QDs and the polarization of the exciting laser
pulses. Finally, it was demonstrated, that an increase of the temperature-dependent dephas-
ing rate resulted in a broadening of the spectroscopic signatures. Though the 2d spectra only
included one peak for all QD arrangements, arrangement-specific shifts occurred. Hence, the
signatures in the 2d spectra provided information on the spatial positioning of the colloidal QDs.

In chapter five, the formalism of the Brownian motion was presented to describe the diffusion
of colloidal QDs in the solvent. The approach was implemented by simulation boxes with peri-
odic boundary conditions including two QDs. The size of these simulation boxes represented the
concentration of QDs in the solvent. The Brownian motion of the QDs is given by trajectories in
which the time steps are determined by the translational positions and the angular orientations
for each QD respectively. It was shown, that millions of spatial positions were needed to reach
a convergence concerning varying trajectories. Thus, averaged 2d spectra were determined, cal-
culated by millions of single spectra for each of these QD arrangements. For a fast calculation
of the Coulomb coupling for this huge number of QD arrangements, the point-dipole approxi-
mation was used. Since the averaged spectra resulted from stochastic convergent trajectories,
characteristics of the motion, given by the viscosity of the solvent and the temperature, did
not have a high impact on the spectroscopic signatures. The averaged distances, which were
determined by the QD concentration, influenced the strength of the signatures. Furthermore, a
phase transformation in the real and imaginary part occurred, induced by changes in the QD
concentrations which were connected with the occurrence of QD accumulations.

Finally, it can be concluded, that the spatial arrangements of the colloidal QDs relative to
each other strongly influenced the Coulomb coupling between them. This effect was visualized
by double quantum coherence spectra which showed coupling-dependent signatures. Thus, the
different QD positions resulted in characteristic signatures in the 2d spectra. For describing the
Brownian motion of the colloidal QDs, these single signatures were added to get an averaged
spectra. These stochastic convergent spectra provided information on the averaged distances
between the QDs and therefore, they allowed conclusions concerning the QD concentration and
accumulations to be drawn.

6.2 Outlook

To extend the analysis of the correlation between the Coulomb coupling and the spectroscopic
signatures in the multidimensional spectra, as it was presented in this thesis, the influence of
the diffusion of non-spherical QDs [138] such as nanorods [139] can be investigated. Effects and
signatures caused by the relation of the axes in such ellipsoidal colloidal QDs can be analyzed.
Using the Poisson Green’s function method directly enables the calculation of the Coulomb
coupling between non-spherical particles. The formalism of the Brownian motion can be extended
to spheroids with two identical axes by introducing products of the frictional forces caused by the
different axial elongation of the ellipsoids [140]. Therefore, specific signatures and shifts caused
by an oblate or prolate spheroidal form of nanorod QDs can be investigated using the presented
approach based on the double quantum coherence spectroscopy. Due to the Poisson Green’s
function method being very general, even the Coulomb coupling between arbitrarily shaped
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colloidal QDs can be calculated. Therefore, the position-dependent spectroscopic signatures from
non-spherical and non-ellipsoidal colloidal QDs can be calculated. Nevertheless a description of
the motion of such QDs and a definition of the relative orientation will be quite difficult [131].

The relation between the stochastic accumulation of the colloidal QDs and the formation of
QD clusters concerning the couplings between the QDs should be analyzed. Thus, further inves-
tigations and a quantitatively description of the correlation between the spectroscopic signatures
and the size of the QD clusters [135, 136] should be conducted. In particular for tracking the
Brownian motion of QD clusters [135] and determining their trajectories [23], information con-
cerning the averaged size of the clusters may be useful. Furthermore, the orientation-dependent
clustering of non-spherical QDs, such as nanorods, could be investigated following the presented
approach of the visualization using the 2d spectroscopy [141].

The formation of QD clusters is connected to the characteristics as well as the occurrence
and thickness of ligands surrounding the QDs [137]. The QD type as well as the size of the QDs
are influenced by the ligand and the shell thickness [7, 69]. Ligands surrounding the colloidal
QDs create a barrier to the molecules of the solvent and therefore, they influence the QD-solvent
interaction [69] and determine the strength of the Coulomb coupling. Therefore, characteris-
tics in the 2d spectra can be used for further analyzing the correlation between the couplings
and thickness of the ligands and the shell. If the barrier was compact enough, the QD-ligand
interaction would dominate the observed effects caused by the dielectric environment [69]. Ad-
ditionally, the influence of the size-dependent band gap and the spectroscopic signatures in the
double quantum coherence spectra can be investigated and quantitatively analyzed [142].

The results of the analysis of the signatures in the double quantum coherence spectra can
be compared and completed with other multidimensional spectroscopic methods. The choice of
the time intervals which will be transformed into the Fourier domain and thus giving the axes
and signatures in the 2d spectra, can be simply changed [80]. Accordingly exciton to biexciton
coherences will occur in the spectra. Furthermore, signatures in other multidimensional coherent
spectra can be calculated, such as the photo echo allowing the tracking of relaxation processes
to be done [1,118]. Combining the results from different spectroscopic methods provides further
information on the correlations and electronic transitions. Thus, the interplay between the
motion of colloidal QDs and the Coulomb coupling between them can be further investigated
using multidimensional coherent spectroscopy.
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Appendix A

Coulomb Hamiltonian

A.1 Coulomb coupling elements determining the Hamiltonian

In this section, all Coulomb coupling elements which determine the Coulomb Hamiltonian are
introduced. Thus, the total Coulomb Hamiltonian as a sum of coupling elements and elec-
tron creation and annihilation operators is formulated. The Hamiltonian is separated into the
monopole-monopole and the dipole-dipole interaction part. Both are respectively divided into
interdot and intradot couplings.

A.1.1 Monopole-monopole Coulomb Hamiltoinian

The monopole-monopole Coulomb coupling elements for a model system of two colloidal QDs
with the QD numbers n ∈ {1, 2}, the band index λ ∈ {c, v} and the spin configuration σ ∈ {↑, ↓}
are calculated as follows (A derivation of the equation is given in Sec. 3.2.2.):

V mm
1234 = V

n1n2n3n4
λ1λ2λ3λ4
σ1σ2σ3σ4

=e2
∫︂
d3r

∫︂
d3r′ξ∗λn(r)ξ

∗
λ′n′(r′)G(r, r′)ξλ′n′(r′)ξλn(r)δσ1σ4δσ2σ3 . (A.1)

The Kronecker delta relations ensure the spin selection rules, since they do not appear directly.
The selection rules for the QD number and the the band indices are already included in the
notation. The selection rules play an important role finding all possible monopole-monopole
Coulomb elements of the pure electronic Hamiltonian Hel = H0+HC. For convenience, the equal
quantum number indices of the monopole-monopole Coulomb coupling elements are summarized
in a new notation:

V
nn

′
n
′
n

λλ
′
λ
′
λ

σσ
′
σ
′
σ

=: V
nn

′

λλ
′

σσ
′
. (A.2)

Now, the monopole-monopole Coulomb coupling Hamiltonian as a summation of all coupling
elements is formulated explicitly. We start with the intradot monopole-monopole elements which
are given by n = n′. The resulting Hamiltonian of the intra-dot monopole-monopole Coulomb
coupling is formulated, with respect to Pauli’s exclusion principle prohibiting two fermions in
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the same quantum sate:

Hmm
intra = 2V

11
vv
↑↓
a†v1↑a

†
v1↓av1↓av1↑ + 2V

11
cc
↑↓
a†c1↑a

†
c1↓ac1↓ac1↑

+ 2V
11
cv
↑↑
a†c1↑a

†
v1↑av1↑ac1↑ + 2V

11
cv
↓↓
a†c1↓a

†
v1↓av1↓ac1↓

+ 2V
11
cv
↑↓
a†c1↑a

†
v1↓av1↓ac1↑ + 2V

11
cv
↓↑
a†c1↓a

†
v1↑av1↑ac1↓

+ 2V
22
vv
↑↓
a†v2↑a

†
v2↓av2↓av2↑ + 2V

22
cc
↑↓
a†c2↑a

†
c2↓ac2↓ac2↑

+ 2V
22
cv
↑↑
a†c2↑a

†
v2↑av2↑ac2↑ + 2V

22
cv
↓↓
a†c2↓a

†
v2↓av2↓ac2↓

+ 2V
22
cv
↑↓
a†c2↑a

†
v2↓av2↓ac2↑ + 2V

22
cv
↓↑
a†c2↓a

†
v2↑av2↑ac2↓ . (A.3)

Note, that all elements occur twice due to the symmetry regarding the pair-wise commutation
of the indices:

V
nn

′

λλ
′

σσ
′

= V
n
′
n

λ
′
λ

σ
′
σ

. (A.4)

As Eq. (A.1) shows, the strength of the monopole-monopole Coulomb coupling is not directly
influenced by the spin index, since the envelope functions as well as the Green’s function do not
directly include the spin configuration. Therefore, the monopole elements are equal regarding
the spin configuration and therefore they can summed up as follows:

Hmm
intra = 2V

mm
11
vv

a†v1↑a
†
v1↓av1↓av1↑

+ 2V
mm
11
cc

a†c1↑a
†
c1↓ac1↓ac1↑

+ 2V
mm
11
cv

(︁
a†c1↑a

†
v1↑av1↑ac1↑ + a†c1↓a

†
v1↓av1↓ac1↓ + a†v1↑a

†
v1↓av1↓av1↑ + a†c1↓a

†
c1↑ac1↑ac1↓

)︁
+ 2V

mm
22
vv

a†v2↑a
†
v2↓av2↓av2↑

+ 2V
mm
22
cc

a†c2↑a
†
c2↓ac2↓ac2↑

+ 2V
mm
22
cv

(︁
a†c2↑a

†
v2↑av2↑ac2↑ + a†c2↓a

†
v2↓av2↓ac2↓ + a†v2↑a

†
v2↓av2↓av2↑ + a†c2↓a

†
c2↑ac2↑ac2↓

)︁
.

(A.5)
Analogously, the Hamiltonian consisting of the monopole-monopole interdot Coulomb cou-

pling elements, which is determined with n ̸= n′ occurs

Hmm
inter = 2V

12
vv
↑↑
a†v1↑a

†
v2↑av2↑av1↑ + 2V

12
vv
↓↓
a†v1↓a

†
v2↓av2↓av1↓

+ 2V
12
vv
↑↓
a†v1↑a

†
v2↓av2↓av1↑ + 2V

12
vv
↓↑
a†v1↓a

†
v2↑av2↑av1↓

+ 2V
12
cc
↑↑
a†c1↑a

†
c2↑ac2↑ac1↑ + 2V

12
cc
↓↓
a†c1↓a

†
c2↓ac2↓ac1↓

+ 2V
12
cc
↑↓
a†c1↑a

†
c2↓ac2↓ac1↑ + 2V

12
cc
↓↑
a†c1↓a

†
c2↑ac2↑ac1↓

+ 2V
12
cv
↑↑
a†c1↑a

†
v2↑av2↑ac1↑ + 2V

12
cv
↓↓
a†c1↓a

†
v2↓av2↓ac1↓

+ 2V
12
cv
↑↓
a†c1↑a

†
v2↓av2↓ac1↑ + 2V

12
cv
↓↑
a†c1↓a

†
v2↑av2↑ac1↓

+ 2V
12
vc
↑↑
a†v1↑a

†
c2↑ac2↑av1↑ + 2V

12
vc
↓↓
a†v1↓a

†
c2↓ac2↓av1↓

+ 2V
12
vc
↑↓
a†v1↑a

†
c2↓ac2↓av1↑ + 2V

12
vc
↓↑
a†v1↓a

†
c2↑ac2↑av1↓ . (A.6)
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Again, terms are equal regarding the spin indices and thus, they can combined as follows:

Hmm
inter = 2V

mm
12
vv

(︁
a†v1↑a

†
v2↑av2↑av1↑ + a†v1↓a

†
v2↓av2↓av1↓ + a†v1↑a

†
v2↓av2↓av1↑ + a†v1↓a

†
v2↑av2↑av1↓

)︁
+ 2V

mm
12
cc

(︁
a†c1↑a

†
c2↑ac2↑ac1↑ + a†c1↓a

†
c2↓ac2↓ac1↓ + a†c1↑a

†
c2↓ac2↓ac1↑ + a†c1↓a

†
c2↑ac2↑ac1↓

)︁
+ 2V

mm
12
cv

(︁
a†c1↑a

†
v2↑av2↑ac1↑ + a†c1↓a

†
v2↓av2↓ac1↓ + a†c1↑a

†
v2↓av2↓ac1↑ + a†c1↓a

†
v2↑av2↑ac1↓

)︁
+ 2V

mm
12
vc

(︁
a†v1↑a

†
c2↑ac2↑av1↑ + a†v1↓a

†
c2↓ac2↓av1↓ + a†v1↑a

†
c2↓ac2↓av1↑ + a†v1↓a

†
c2↑ac2↑av1↓

)︁
.

(A.7)

The equations Eq. (A.5) and Eq. (A.7) give the total monopole-monopole Coulomb Hamiltonian.
Furthermore, they show, that the monopole-monopole Coulomb coupling between two colloidal
QDs is determined by ten different monopole-monopole coupling elements. Since these elements
are determined by the distance between the QDs, all of them need to be calculated for each
center-to-center distance separately.

A.1.2 Dipole-dipole Coulomb Hamiltoinian

In this section, we determine all elements of the dipole-dipole Coulomb Hamiltonian. The
strength of the dipole-dipole coupling is given by (as calculated in Sec. 3.2.3):

V dd
1234 =

∫︂
d3r

∫︂
d3r′∇r ·

(︂
ξ∗λ1n1

(r)µ14ξλ4n4
(r)
)︂
G(r, r′)∇r′ ·

(︂
ξ∗λ2n2

(r′)µ23ξλ3n3
(r′)

)︂
δσ1σ4δσ2σ3 .

(A.8)

The dipole-dipole coupling is the Coulomb interaction between the divergences of the microscopic
dipole transitions and the overlap of the connected envelope functions. The microscopic dipole
transitions

µll′ =
1

VEZ

∫︂
d3siu

∗
λ
l
n
l
σ
l
(si)siuλl′nl′σl′

(si)δσ
l
σl′ δnl

nl′ (A.9)

occurs spin-preserving and in one QD as a material parameter. The delta conditions in Eq. (A.9)
determines the spin and QD number indices preservation for the dipole-dipole Coulomb interac-
tion. The dipole moments µll′ vanishes for equal indices l = l′ leading to λ1 ̸= λ4 and λ2 ̸= λ3.
Furthermore, the principle of energy conservation gives λ1 ̸= λ2 and λ3 ̸= λ4. Thus, the non-
vanishing dipole-dipole coupling elements show alternating band indices. Therefore, the following
notation is introduced:

V dd
1234 = V

λλ
′
λλ

′

nn
′
n
′
n

σσ
′
σ
′
σ

=: V
λλ

′

nn
′

σσ
′
. (A.10)

Note, that this abbreviation differs from the notation used for the monopole-monopole elements
in Eq. (A.2) regarding the order of the band indices.

The Förster excitation transfer between the quantum dots represents the most important
dipole-dipole Coulomb coupling. As interdot coupling the QD indices needs to be different
n ̸= n′. Hence, the Hamiltonian of the Förster energy transfer reads

HF
C = 2V cv

12
↑↑
a†c1↑a

†
v2↑ac2↑av1↑ + 2V cv

12
↓↓
a†c1↓a

†
v2↓ac2↓av1↓

+ 2V cv
12
↑↓
a†c1↑a

†
v2↓ac2↓av1↑ + 2V cv

12
↓↑
a†c1↓a

†
v2↑ac2↑av1↓

+ 2V vc
12
↑↑
a†v1↑a

†
c2↑av2↑ac1↑ + 2V vc

12
↓↓
a†v1↓a

†
c2↓av2↓ac1↓

+ 2V vc
12
↑↓
a†v1↑a

†
c2↓av2↓ac1↑ + 2V vc

12
↓↑
a†v1↓a

†
c2↑av2↑ac1↓ . (A.11)
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Again, all elements are count twice due to the symmetry of the pair-wise commutation of all
indices resulting from the symmetry of the Green’s function. Respecting the symmetry condition
of the Förster coupling elements regarding the change of the band index, the following spin-
selective abbreviation can be introduced:

V cv
12
↑↑

= (V vc
12
↑↑

)∗ := V↑↑ . (A.12)

Using this notation, the Hamiltonian of the Förster interactions can be simplified

HF
C = 2V↑↑a

†
c1↑a

†
v2↑ac2↑av1↑ + 2V↓↓a

†
c1↓a

†
v2↓ac2↓av1↓

+ 2V↑↓a
†
c1↑a

†
v2↓ac2↓av1↑ + 2V↓↑a

†
c1↓a

†
v2↑ac2↑av1↓

+ 2V∗
↑↑a

†
v1↑a

†
c2↑av2↑ac1↑ + 2V∗

↓↓a
†
v1↓a

†
c2↓av2↓ac1↓

+ 2V∗
↑↓a

†
v1↑a

†
c2↓av2↓ac1↑ + 2V∗

↓↑a
†
v1↓a

†
c2↑av2↑ac1↓ . (A.13)

Thus, the Förster Hamiltonian HF
C consists of spin preserving V↑↑ and V↓↓ Coulomb elements as

well as spin flipping V↑↓ and V↓↑ elements.
For calculating the full Coulomb Hamiltonian, the dipole-dipole intradot Coulomb coupling

elements, where both electrons are arranged in one quantum dot, need to be included

H id
C = 2V cv

11
↑↓
a†c1↑a

†
v1↓ac1↓av1↑ + 2V cv

22
↑↓
a†c2↑a

†
v2↓ac2↓av2↑

+ 2V cv
11
↓↑
a†c1↓a

†
v1↑ac1↑av1↓ + 2V cv

22
↓↑
a†c1↓a

†
v1↑ac1↑av1↓ . (A.14)

Since the remaining dipole-dipole intradot elements can be summarized as complex conjugated
numbers, the notation is simplified as:

V cv
11
↑↓

= (V cv
11
↓↑

)∗ := V1 . (A.15)

Thus, the intradot dipole-dipole Coulomb Hamiltonian occurs as follows:

H id
C = 2V1a

†
c1↑a

†
v1↓ac1↓av1↑ + 2V2a

†
c2↑a

†
v2↓ac2↓av2↑

+ 2V∗
1a

†
c1↓a

†
v1↑ac1↑av1↓ + 2V∗

2a
†
c1↓a

†
v1↑ac1↑av1↓ . (A.16)

Collecting all terms of the Coulomb coupling elements, the total Coulomb Hamiltonian reads

HC = Hmm
inter +Hmm

intra +HF
C +H id

C . (A.17)

A.2 Hamiltonian matrix in the local exciton basis

In this section, the Coulomb Hamiltonian should be specified using the basis of localized bright
exciton states. Therefore, the Hamiltonian is introduced as matrix into the four bright single
exciton states as well as into the six local double exciton states. Using this representation into
the localized exciton states, the Hamiltonian matrices can be transformed into a diagonal form
for getting a description based on the eigenstates of the purely electronic Coulomb Hamiltonian.
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A.2.1 Local single exciton basis

Respecting the bright states only, because the dark states are usually not excited due to the spin
flip between electron and hole (bright states), the local single exciton states are

|X1⟩ = a†c1↑av1↑|g⟩ , (A.18)

|X2⟩ = a†c1↓av1↓|g⟩ , (A.19)

|X3⟩ = a†c2↑av2↑|g⟩ , (A.20)

|X4⟩ = a†c2↓av2↓|g⟩ . (A.21)

First, the off-diagonal matrix elements are calculated in the basis of the single exciton states.
The total Coulomb Hamiltonian is given in Eq. (A.17).

⟨X1|HC|X2⟩ = ⟨g|a†v1↑ac1↑|HC|a†c1↓av1↓|g⟩ = 2V1 , (A.22)

⟨X1|HC|X3⟩ = ⟨g|a†v1↑ac1↑|HC|a†c2↑av2↑|g⟩ = 2V↑↑ , (A.23)

⟨X1|HC|X4⟩ = ⟨g|a†v1↑ac1↑|HC|a†c2↓av2↓|g⟩ = 2V↑↓ . (A.24)

The other off-diagonal elements are calculated in an analog way. The free particle and the
monopole-monopole terms of the Hamiltonian, given in Eqs. (A.5) and (A.7), determine the
diagonal elements of the Hamiltonian matrix in the basis of the four local single exciton states.
These diagonal matrix elements are calculated as follows:

⟨X1|HC|X1⟩ = εc1 + εv1 + 2εv2 + 2V
11
cv
↑↓

+ 2V
22
vv
↓↑

+ 2V
12
vv
↓↓

+ 2V
12
vv
↓↑

+ 2V
12
cv
↑↑

+ 2V
12
cv
↑↓

, (A.25)

⟨X2|HC|X2⟩ = εc1 + εv1 + 2εv2 + 2V
11
cv
↓↑

+ 2V
22
vv
↓↑

+ 2V
12
vv
↑↓

+ 2V
12
vv
↑↑

+ 2V
12
cv
↓↑

+ 2V
12
cv
↓↓

, (A.26)

⟨X3|HC|X3⟩ = 2εv1 + εv2 + εc2 + 2V
11
vv
↑↓

+ 2V
22
cv
↑↓

+ 2V
12
vv
↓↓

+ 2V
12
vv
↑↓

+ 2V
12
vc
↑↑

+ 2V
12
vc
↓↑

, (A.27)

⟨X4|HC|X4⟩ = 2εv1 + εv2 + εc2 + 2V
11
vv
↑↓

+ 2V
22
cv
↓↑

+ 2V
12
vv
↑↑

+ 2V
12
vv
↓↑

+ 2V
12
vc
↓↓

+ 2V
12
vc
↑↓

. (A.28)

Since the strength of the monopole-monopole Coulomb coupling elements is not determined by
the spin configuration, the equations can be combined in a more simple way. Therefore, some
abbreviations are introduced:

E0 =2εv1 + 2εv2 + 2V
mm
11
vv

+ 2V
mm
22
vv

+ 8V
mm
12
vv

, (A.29)

E1 =εc1 − εv1 − 2V
mm
11
vv

+ 2V
mm
11
cv

− 4V
mm
12
vv

+ 4V
mm
12
cv

, (A.30)

E2 =εc2 − εv2 − 2V
mm
22
vv

+ 2V
mm
22
cv

− 4V
mm
12
vv

+ 4V
mm
12
vc

. (A.31)

Now, the Coulomb Hamiltonian in the basis of the four local bright single exciton states results:

HelXX
=

⎛⎜⎜⎝
E0 + E1 2V1 2V↑↑ 2V↑↓
2V∗

1 E0 + E1 2V↓↑ 2V↓↓
2V∗

↑↑ 2V∗
↓↑ E0 + E2 2V2

2V∗
↑↓ 2V∗

↓↓ 2V∗
2 E0 + E2

⎞⎟⎟⎠ . (A.32)
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A.2.2 Local double exciton basis

The six local bright biexciton states created by two excitons in a two QD system are:

|B1⟩ = a†c1↑av1↑a
†
c1↓av1↓|g⟩ , (A.33)

|B2⟩ = a†c1↑av1↑a
†
c2↑av2↑|g⟩ , (A.34)

|B3⟩ = a†c1↓av1↓a
†
c2↑av2↑|g⟩ , (A.35)

|B4⟩ = a†c1↑av1↑a
†
c2↓av2↓|g⟩ , (A.36)

|B5⟩ = a†c1↓av1↓a
†
c2↓av2↓|g⟩ , (A.37)

|B6⟩ = a†c2↑av2↑a
†
c2↓av2↓|g⟩ . (A.38)

The diagonal elements of the Hamiltonian include the free particle energies as well as the
monopole-monopole Coulomb coupling elements, which are not dependent on the spin configu-
rations. Therefore, the elements can be combined as follows:

E11 := 2V
mm
11
vv

+ 2V
mm
11
cc

− 4V
mm
11
cv

, (A.39)

E12 := 2V
mm
12
vv

+ 2V
mm
12
cc

− 2V
mm
12
cv

− 2V
mm
12
vc

, (A.40)

E22 := 2V
mm
22
vv

+ 2V
mm
22
cc

− 4V
mm
22
cv

. (A.41)

For convenience, the following abbreviations for the diagonal elements of the Hamiltonian matrix
are introduced:

E011 := E0 + 2E1 + E11 , (A.42)
E012 := E0 + E1 + E2 + E12 , (A.43)
E022 := E0 + 2E2 + E22 . (A.44)

The Coulomb Hamiltonian matrix in the basis of the local bright double exciton states reads:

HelBB
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

E011 2V↓↑ 2V↑↑ 2V↓↓ 2V↑↓ 0
2V∗

↓↑ E012 2V1 2V2 0 2V↑↓
2V∗

↑↑ 2V∗
1 E012 0 2V2 2V↓↓

2V∗
↓↓ 2V∗

2 0 E012 2V1 2V↑↑
2V∗

↑↓ 0 2V∗
2 2V∗

1 E012 2V↓↑
0 2V∗

↑↓ 2V∗
↓↓ 2V∗

↑↑ 2V∗
↓↑ E022

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (A.45)
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Calculation of the Coulomb potential

B.1 Multidimensional Taylor expansion

In general, a multidimensional Taylor series with N expansions points reads

Tf(x1, . . . , xN )|x=a =

∞∑︂
n1

· · ·
∞∑︂
nN

1

n1! · · ·nN !
(x1 − a1)

n1 · · · (xN − aN )nN

· ∂
n1

∂xn1
1

· · · ∂
nN

∂xnN
N

f(a1, . . . , aN ) . (B.1)

The Coulomb coupling is determined by a Green’s function, which includes two spatial three
dimensional vectors as arguments. Thus, the Taylor series of a general Green’s function is
formulated for two expansions points, without specifying the Green’s function to an explicit
analytic form:

G(Rn + sn,Rn′ + sn′)
⃓⃓⃓

sn = 0
s
n′ = 0

=G(Rn,Rn′) (0, 0)

+ sn · ∇s̃nG(Rn + s̃n,Rn′)
⃓⃓⃓
s̃n = 0

(1, 0)

+G(Rn,Rn′ + s̃n′
↶
) ∇s̃

n′ · sn′

⃓⃓⃓
s̃
n′ = 0

(0, 1)

+ sn · ∇s̃nG(Rn + s̃n,Rn′ + s̃n′
↶
) ∇s̃

n′ · sn′

⃓⃓⃓
s̃n = 0
s̃
n′ = 0

(1, 1)

+
1

2
sn · ∇s̃n

(︂
sn · ∇s̃nG(Rn + sn,Rn′)

)︂⃓⃓⃓
sn = 0

(2, 0)

+
1

2

(︂
G(Rn,Rn′ + sn′

↶
) ∇s̃

n′ · sn′

↶)︂
∇s̃

n′ · sn′

⃓⃓⃓
s
n′ = 0

+ . . . (0, 2) (B.2)

The zeroth order in both arguments (0,0) gives the monopole-monopole terms, the monopole-
dipole mixed terms are given by (1,0) and (0,1) and the dipole-dipole term is induced by (1,1).
Terms of higher order are calculated analogously. Including the Taylor series of the Green’s
function into the equation for calculating the Coulomb coupling, the different coupling elements
can be identified by the related order of in the Taylor series.

123
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B.2 Calculate mixed Coulomb terms

Mixed monopole-dipole Coulomb coupling terms are given by the (1,0) and (0,1) order in the
Taylor series in Eq. (B.2). For calculating the Coulomb coupling elements, first the electron wave
functions are written as a product of envelope ξ(r) and Bloch function u(r):

ϕλnσ(r) = ξλn(r)uλnσ(r) . (B.3)

Thus, the Coulomb coupling elements are determined as follows:

V1234 = e2
∫︂
d3r

∫︂
d3r′ξ∗λ1n1

(r)u∗λ1n1σ1
(r)ξ∗λ2n2

(r′)u∗λ2n2σ2
(r′)G(r, r′)

· ξλ3n3
(r′)uλ3n3σ3

(r′)ξλ4n4
(r)uλ4n4σ4

(r) . (B.4)

A scale separation of the space operator to the position of the nth unit cell Rn and the variation
inside the cell sn is conducted: r = Rn + sn. The envelope function is assumed to be constant
on the size of the elementary cell: ξ(Rn + sn) ≈ ξ(Rn). Together with the periodicity of the
Bloch functions u(Rn + sn) = u(sn), the Coulomb coupling elements read

V1234 =e
2
∑︂
n,n′

ξ∗λ1n1
(Rn)ξ

∗
λ2n2

(Rn′)ξλ3n3
(Rn′)ξλ4n4

(Rn) (B.5)

·
∫︂
d3sn

∫︂
d3sn′u∗λ1n1σ1

(sn)u
∗
λ2n2σ2

(sn′)G(Rn + sn,Rn′ + sn′)uλ3n3σ3
(sn′)uλ4n4σ4

(sn) .

(B.6)

For calculating the mixed dipole-monopole term the (1,0) order in Taylor series in Eq. (B.2) is
included for the Green’s function in the equation for the Coulomb coupling elements:

V
(1,0)
1234 =e2

∑︂
n,n′

ξ∗λ1n1
(Rn)ξ

∗
λ2n2

(Rn′)ξλ3n3
(Rn′)ξλ4n4

(Rn)

∫︂
d3sn

∫︂
d3sn′u∗λ1n1σ1

(sn)u
∗
λ2n2σ2

(sn′)

·
[︂
sn · ∇s̃nG(Rn + s̃n,Rn′ + s̃n′)

]︂
s̃n = 0
s̃
n′ = 0

uλ3n3σ3
(sn′)uλ4n4σ4

(sn) . (B.7)

The differentiation of the Green’s function can be transformed from the variable sn to Rn due
to the fact they belong to the same entry:[︂

∇s̃nG(Rn + s̃n,Rn′ + s̃n′)
]︂
s̃n = 0
s̃
n′ = 0

=
[︂
∇RnG(Rn + s̃n,Rn′ + s̃n′)

]︂
Rn − s̃n
R

n′ − s̃
n′

. (B.8)

Additionally, the summation in Eq. (B.7) concerning the unit cells is transformed into an inte-
gration, due the unit cells are assumed to be densely arranged. Based on the assumption, that
the Green’s function does not change on the scale of the unit cells, the mixed dipole-monopole
coupling elements are:

V
(1,0)
1234 =e

∫︂
d3r

∫︂
d3r′ξ∗λ1n1

(r)ξ∗λ2n2
(r′)ξλ3n3

(r′)ξλ4n4
(r)d14 · ∇rG(r, r

′)δλ2λ3δσ2σ3 . (B.9)

In analogy to the calculation of the dipole-dipole coupling, the dipole moment d14 is defined as
follows:

d14 =
1

Vuc

∫︂
d3snu

∗
λ1n1σ1

(sn)snuλ4n4σ4
(sn) . (B.10)
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Using a multidimensional integration by parts:∫︂
Ω
d3rr · ∇χ =

∫︂
∂Ω

df · rχ−
∫︂
Ω
d3rχ∇ · r , (B.11)

under the assumption that the function vanish at the boundaries, the equation (B.9) reads

V
(1,0)
1234 =− e

∫︂
d3r

∫︂
d3r′∇r ·

(︂
ξ∗λ1n1

(r)d14ξλ4n4
(r)
)︂
ξ∗λ2n2

(r′)G(r, r′)ξλ3n3
(r′)δλ2λ3δσ2σ3 . (B.12)

Following the approach of the PGF method introduced in Sec. 3.1, a generalized scalar potential
including the Green’s function as solution of the Poisson equation is introduced:

Φ
(1,0)
23 (r) = e

∫︂
d3r′ξ∗λ2n2

(r′)G(r, r′)ξλ3n3
(r′) = ΦMo

23 (r) . (B.13)

The generalized scalar potential Φ
(1,0)
23 (r) in the case of the dipole-monopole mixed terms is

identical with the scalar potential introduced for the monopole-monopole coupling, cf. Sec. 3.2.2.
Using the scalar potential, the equation for calculating the Coulomb coupling elements can be
simplified:

V
(1,0)
1234 =−

∫︂
d3r∇r ·

(︂
ξ∗λ1n1

(r)d14ξλ4n4
(r)
)︂
Φ
(1,0)
23 (r)δλ2λ3δσ2σ3 . (B.14)

The equation for calculating the dipole-monopole mixed coupling terms seems to be identical to
the equation used for the calculation of the dipole-dipole coupling given in Sec. 3.2.3. In contrast
to the dipole-dipole coupling, the scalar potential Phi(1,0)23 (r) used for the calculation is given
by a monopole scalar potential. This characterize the properties of the mixed terms. Terms
connected with the monopole coupling and the dipole coupling occur together.

Analogously, the mixed terms of the monopole-dipole coupling given by the (0,1) order in
the Taylor series in Eq. (B.2) are calculated. The expression for the Coulomb coupling elements:

V
(0,1)
1234 =− e

∫︂
d3r

∫︂
d3r′∇r′ ·

(︂
ξ∗λ2n2

(r′)d23ξλ3n3
(r′)

)︂
ξ∗λ1n1

(r)G(r, r′)ξλ4n4
(r)δλ1λ4δσ1σ4 , (B.15)

can be efficiently calculated following the approach of the PGF method by introducing a scalar
potential as follows:

Φ
(0,1)
23 (r) =

∫︂
d3r′∇r′ ·

(︂
ξ∗λ2n2

(r′)d23ξλ3n3
(r′)

)︂
G(r, r′) . (B.16)

This scalar potential represents the solution of the Poisson equation equally to the case of the
dipole-dipole coupling. Including the scalar potential into the expression for the calculation of
the monopole-dipole mixed terms yield

V
(0,1)
1234 =− e

∫︂
d3rξ∗λ1n1

(r)Φ
(0,1)
23 (r)ξλ4n4

(r)δλ1λ4δσ1σ4 . (B.17)

Thus, the monopole-dipole mixed terms are characterized by the dipole-dipole scalar potential
and a generally similar the equation for the monopole-monopole Coulomb coupling elements.
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B.3 Free particle Coulomb potential

In a spatially homogeneous medium, the Coulomb interaction is typically represented by the free
space Green’s function [31,54]:

G(r, r′) =
qq′

4πε0εr

1

|r − r′|
. (B.18)

For identifying the terms of the Coulomb potential which are connected with the monopole and
dipole Coupling, the spatial dependent term is expanded in a multidimensional Taylor series for
the two expansion points.

T
(︃

1

|Rnn′ + rn − rn′ |

)︃
rn = 0
rn′ = 0

=
1

|Rnn′ |
+
(︂ 1

|Rnn′ + r̃n − r̃n′ |

↶)︂
∇r̃n · rn

⃓⃓⃓⃓
⃓

r̃n = 0
r̃n′ = 0

+ rn′ · ∇r̃n′

(︂ 1

|Rnn′ + r̃n − r̃n′ |

)︂⃓⃓⃓⃓
r̃n = 0
r̃n′ = 0

+ rn′ · ∇r̃n′

(︂ 1

|Rnn′ + r̃n − r̃n′ |

↶)︂
∇r̃n · rn

⃓⃓⃓⃓
⃓

r̃n = 0
r̃n′ = 0

(B.19)

Since the mixed monopole-dipole terms vanish in a usual rotating wave-approximation, the mixed
terms should be neglected in the following. For evaluating the Taylor series of the free particle
Coulomb potential up to the dipole-dipole order, the following derivations are firstly calculated:

rn′ · ∇r̃n′

(︂ 1

|Rnn′ + r̃n − r̃n′ |

↶)︂
∇r̃n · rn

⃓⃓⃓⃓
⃓

r̃n = 0
r̃n′ = 0

= rn′ · ∇r̃n′

(︂
−(Rnn′ + r̃n − r̃n′) · rn

|Rnn′ + r̃n − r̃n′ |3
)︂⃓⃓⃓⃓

r̃n = 0
r̃n′ = 0

=
rn′ · rn

|Rnn′ + r̃n − r̃n′ |3
− 3

(︁
rn′ · (Rnn′ + r̃n − r̃n′)

)︁(︁
(Rnn′ + r̃n − r̃n′) · rn

)︁
|Rnn′ + r̃n − r̃n′ |5

⃓⃓⃓⃓
⃓

r̃n = 0
r̃n′ = 0

=
rn′ · rn
|Rnn′ |3

− 3
(rn′ ·Rnn′)(Rnn′ · rn)

|Rnn′ |5
. (B.20)

Now the Taylor series of the spatial dependent part of the free particle Coulomb potential is
given as follows:

T
(︃

1

|Rnn′ + rn − rn′ |

)︃
rn = 0
rn′ = 0

=
1

|Rnn′ |
+

rn′ · rn
|Rnn′ |3

− 3
(rn′ ·Rnn′)(Rnn′ · rn)

|Rnn′ |5
. (B.21)

B.3.1 Calculate terms of the dipole-dipole approximation

To get the Coulomb interaction in the point-dipole approximation, the two dipole-dipole terms
(last two terms) in the Taylor series in Eq. (B.21) need to be evaluated. Thus, the scale separation
into the QD’s center position, the variation over the unit cells, and the product ansatz of the
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wave functions are applied on the first dipole-dipole term in Eq. (3.38), which results in:

V pd-1
1234 =

∑︂
i,j

q14q23ξ
∗
1(R

n
i )ξ

∗
2(R

n′
j )ξ3(R

n′
j )ξ4(R

n
i )

4πε0εr

·
∫︂
d3rni

∫︂
d3rn

′
j u

∗
1(s

n
i )u

∗
2(s

n′
j )

(︄
Rn

i ·Rn′
j

|Rnn′ |3
+

(Rn
i · sn′

j ) + (sni ·Rn′
j )

|Rnn′ |3
+

sni · sn′
j

|Rnn′ |3

)︄
u3(s

n′
j )u4(s

n
i ) .

(B.22)

With the normalization condition of the Bloch functions in Eq. (3.17) and a transformation of the
summation of the unit cells into an integration, as done in Eq. (3.19), the first term in Eq. (3.41)
reads:

V pd-1a
1234 =

q14q23
4πε0εr

∫︂
d3r̃

∫︂
d3r̃′ξ∗1(r̃)ξ

∗
2(r̃

′)
r̃ · r̃′

|Rnn′ |3
ξ3(r̃

′)ξ4(r̃)δ
λnσ
14 δλnσ23 (B.23)

Analogously to the definition of the microscopic transition dipole moment in Eq. (3.41), a macro-
scopic dipole moment, dependent on the enevelope functions, is introduced

Dn
ll′ =

∫︂
d3r̃nξ

∗
l (r̃n)r̃nξl′(r̃n) . (B.24)

Therefore, the first term of the dipole interaction takes the form of a dipole-dipole term between
the macroscopic dipole moments:

V pd-1a
1234 =

q14q23
4πε0εr

Dn
14 ·Dn′

23

|Rnn′ |3
δλσ14 δ

λσ
23 . (B.25)

An evaluation of the Kronecker deltas, which results from the normalization condition of the
Bloch function introduced in Eq. (3.17), conducts equal envelope functions in the macroscopic
dipole moments in Eq. (3.43). Such macroscopic dipole moment is introduced as a statical dipole
moment, due the the bandindex does not change and therefore, there is no dynamical transition.
Since the squared absolute values of the envelope functions ξl, which give the electron probabil-
ity densities, represents a symmetric function in each Cartesian direction, whereas the spatial
vector r̃ is anti-symmetric, the product of both factors represents an anti-symmetric function.
Accordingly, the integral of the statical macroscopic dipole moments, including the spatial vector
with the QD’s center position Rn as the origin, should vanish:

Dn
ll = lim

c→∞

∫︂ c

−c
d3r̃|ξl(r̃)|2r̃ = 0 . (B.26)

Hence, the first dipole term, which shows a form of a macroscopic dipole-dipole coupling, van-
ishes due to the Bloch normalize condition. The second term in Eq. (3.41) presents the mixed
terms, which includes the microscopic transitions moments, defined in Eq. (3.25), as well as the
macroscopic dipole moments introduced in Eq. (3.43):

V pd-1b
1234 =

q14q23
4πε0εr

(Dn
14 · µn′

23)O
n′
23δ

λσ
14 + (µn

14 ·Dn′
23)O

n
14δ

λσ
23

|Rnn′ |3
(B.27)

Again, since the macroscopic dipole moments Dn
14 and Dn′

23 are connected with the Kronecker
deltas, they represents statical dipole moments, which include equal envelope functions. There-
fore, this term equals zero. The third term, which only includes dynamic dipole transitions µnij,
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is the non-vanishing term resulting from the first dipole-dipole term of the Taylor expansion in
Eq. (3.38):

V pd-1c
1234 =

q14q23O
n
14O

n′
23

4πε0εr

µn
14 · µn′

23

|Rnn′ |3
. (B.28)

Analogously, using the scale separation into the QD center positions and the positioning of
the unit cells, the second dipole-dipole term of the Taylor expansion in Eq. (3.38) occurs

V pd-2
1234 =

∑︂
i,j

qq′ξ∗1(R
n
i )ξ

∗
2(R

n′
j )ξ3(R

n′
j )ξ4(R

n
i )

4πε0εr

·
∫︂
d3rni

∫︂
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′
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∗
1(s

n
i )u

∗
2(s

n′
j )

(︄
(Rnn′ · (Rn

i + sni ))(Rnn′ · (Rn′
j + sn

′
j ))

|Rnn′ |5

)︄
u3(s

n′
j )u4(s

n
i ) .

(B.29)

Including the definitions of the macroscopic and the microscopic dipole moments analogously,
the second term of the dipole-dipole interaction reads:

V pd-2
1234 = −3

q14q23
4πε0εr

(︄
(Rnn′ ·Dn

14)(Rnn′ ·Dn′
23)

|Rnn′ |5
δλσ14 δ

λσ
23 +

(Rnn′ ·Dn
14)(Rnn′ · µn′

23)

|Rnn′ |5
On′

23δ
λσ
14

+
(Rnn′ · µn

14)(Rnn′ ·Dn′
23)

|Rnn′ |5
On′

14δ
λσ
23 +

(Rnn′ · µn
14)(Rnn′ · µn′

23)

|Rnn′ |5
On

14O
n′
23

)︄
. (B.30)

Since the normalization condition of the Bloch funcitons creates an integral expression in the
statical macroscopic dipole moments over an anti-symmetric functions (cf. Eq. (3.44)), the last
term in Eq. (B.30) of the second dipole-dipole coupling term is the only non-vanishing term in
the new scale transformation. Collecting all non-vanishing terms of the Taylor expansion in
Eq. (3.38) on the scale of the QD’s unit cells, the point-like Coulomb coupling potential reads:

V pd
1234 =

q14q23O
n
14O

n′
23

4πε0εr

(︄
µn
14 · µn′

23

|Rnn′ |3
− 3

(Rnn′ · µn
14)(Rnn′ · µn′

23)

|Rnn′ |5

)︄
. (B.31)

This interdot Coulomb coupling resulting from the point-like dipole approximation includes the
center-to-center distance vector between the two QDs Rnn′ as well as the microscopic transi-
tion dipole moments of the QDs µn

14 and µn′
23. The point-like approximated Coulomb coupling

of the free space Coulomb potential in the dipole-dipole order does not include monopole mo-
ments. Accordingly, the point-like dipole-dipole coupling determines the Coulomb coupling in
this approximation.

B.3.2 Calculate quadrupole-quadrupole correction terms

Since for the statical macroscopic dipole moment Dll all terms equals zero, the quadrupole
terms are calculated finding the first leading non-vanishing terms for the statical case (diagonal
elements). Accordingly, in the Taylor expansion in Eq. (3.38) the quadrupole-quadrupole terms
are calculated and then, only the statical terms are taken into account. Mixed terms in the Taylor
series, like monopole-quadrupole and dipole-quadrupole terms are generally neglected, since they
usually vanish in a rotating wave approximation. The terms of the Taylor expansion which are
connected with the quadrupole-quadrupole coupling include the second order in both expansion
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points. Accordingly, the following terms of the multidimensional Taylor series in Eq. (3.14) are
calculated for describing the quadrupole-quadrupole coupling:

T qq
(︃

1

|Rnn′ + rn − rn′ |

)︃
rn = 0
rn′ = 0

=
1

4
rn′ · ∇r̃n′

(︂
rn′ · ∇r̃n′

(︂ 1

|Rnn′ + r̃n − r̃n′ |

↶)︂
∇r̃n · rn

↶)︂
∇r̃n · rn

⃓⃓⃓⃓
⃓ r̃n = 0
r̃n′ = 0

(B.32)

=
1

4
rn′ · ∇r̃n′

(︂
rn′ · ∇r̃n′

(︂
− rn · rn
|Rnn′ + r̃n − r̃n′ |3

+ 3
((Rnn′ + r̃n − r̃n′) · rn)2

|Rnn′ + r̃n − r̃n′ |5
)︂)︂

r̃n = 0
r̃n′ = 0

(B.33)

=
3

4

r2nr
2
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|Rnn′ |5
+

6

4

(rn · rn′)2

|Rnn′ |5
− 15

4

(Rnn′ · rn′)2r2n
|Rnn′ |7
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4

r2n′(Rnn′ · rn)2

|Rnn′ |7

− 60

4

(Rnn′ · rn)(rn′ · rn)(rn′ ·Rnn′)

|Rnn′ |7
+
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4

(rn′ ·Rnn′)2(Rnn′ · rn)2

|Rnn′ |9
. (B.34)

Now the same scale separation as done for the point-like dipole terms in the section 3.5.2 is
used: the vector from the QD center rn is separated into a vector to the ith unit cell center
Rn

i and a vector located inside the unit cell sni , as illustrated in Fig. 3.26(b). Again, the wave
functions are written as product of an envelope function and a Bloch part. Then, only the statical
term without any dynamical transition moments is considered. Since the lower ordered mixed
terms of statical and dynamical transitons vanish and the dynamical transitions are described
by the point-like dipole-dipole approximation, only the statistical term of the Coulomb coupling
elements is transformed to the quadrupole-quadrupole order.

V qqstatic
1234 =

q14q23
16πε0εr
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14 δλnσ23 . (B.35)

In a description of components, the Coulomb coupling elements read: (Note: the center-to-center
distance vector Rnn′ is written as R for simplifying the component description)

V qqstatic
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(B.36)

Analog to the definition of the macroscopic dipole moment in Eq. (3.43), a macroscopic quadrupole
moment is introduced:

Qll′
ij =

∫︂
d3r̃ξ∗l (r̃)

(︁
3r̃ir̃j − r̃2δij

)︁
ξl′(r̃n) . (B.37)
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For identifying terms connected to the quadrupole-quadrupole coupling, the product of two
macroscopic quadrupole moments is calculated:

Q14
ij Q

23
jk =

∫︂
d3r̃

∫︂
d3r̃′ξ∗1(r̃)ξ

∗
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′2δij + r̃2r̃′2δijδjk

)︂
ξ3(r̃

′)ξ4(r̃) .

(B.38)

For formulating the correction terms to the qudarupole-quadrupole coupling, we introduce a
scalar term for the diagonal elements:

mll′ =

∫︂
d3r̃ξ∗l (r̃)r̃

2ξl′(r̃n) , (B.39)

and a tensor term

M ll′
ij =

∫︂
d3r̃ξ∗l (r̃)r̃ir̃jξl′(r̃n) . (B.40)

Including this quadrupole-quadrupole product into the equation of the Coulomb coupling ele-
ments and using these definitions, the statical quadrupole-quadrupole Coulomb interaction in a
point-like approximation results in:
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δλnσ14 δλnσ23 . (B.41)

The first non-vanishing order of the interdot diagonal elements of the Coulomb coupling in the
point-like approximation is given by the statical qudrupole-qudrupole coupling, together with
correction terms to the quadrupole-quadrupole coupling.
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Formalism of the coherent optical
spectroscopy

Typically, in the linear spectroscopy, ultrafast dynamics are observed as changes in the trans-
mission or absorption spectra [118]. Thus, the calculation of the induced polarization provides
indirect information on the electronic populations.

The induced polarization used to calculate the linear spectrum is given by:

P (1)(t) = tr
(︂
dρ(1)(t)

)︂
. (C.1)

The linear term of the density operator is determined by

ρ(1)(t) = U (1)(t, t0)ρ
(0)(t0) = U (1)(t, t0)|g⟩⟨g| (C.2)

including the first term of the time evolution operator of the Liouville space:

U (1)(t, t0) = − i

ℏ

∫︂ t

t0

d3τ U0(t, τ)Le-l(τ)U0(τ, t0) . (C.3)

That leads to the following presentation of the linear density operator:

ρ(1)(t) = − i

ℏ

∫︂ t

t0

d3τ U0(t, τ)Le-l(τ)U0(τ, t0)|g⟩⟨g| . (C.4)

In the equation (C.4), it is visible that firstly the influence of the free part of the time evolution
operator to the basis of the ground state needs to be calculated

U0(τ, t0)|g⟩⟨g| = e−
i
ℏLel(τ−t0)|g⟩⟨g| = |g⟩⟨g| . (C.5)

Evaluating this expression, the effect of the electronic part of the Liouville operator on the ground
state propagator is used

Lel|g⟩⟨g| =
[︁
Hel, |g⟩⟨g|

]︁
= Eg|g⟩⟨g| − Eg|g⟩⟨g| = 0 . (C.6)

In the following the influence of the electron-light interaction part is investigated

Le-l|g⟩⟨g| = He-l|g⟩⟨g| − |g⟩⟨g|He-l . (C.7)

Using the formulation of the dipole operator (2.48) leads to the following equation of the electron-
light interaction Hamiltonian:

He-l(t) = −
∑︂
e

(︂
deg ·E(t)|e⟩⟨g|+ dge ·E(t)|g⟩⟨e|

)︂
. (C.8)
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Inserting this relation into the equation (C.7) to evaluate the influence of this interaction part
and use the orthonormal condition of the basis states leads to:

Le-l|g⟩⟨g| = −
∑︂
e

(︂
deg ·E(t)|e⟩⟨g| − dge ·E∗(t)|g⟩⟨e|

)︂
. (C.9)

Finally, the effect of the free part of the time evolution operator on this new propagations is
investigated

Lel(t, τ)|e⟩⟨g| = Hel|e⟩⟨g| − |e⟩⟨g|Hel = (Ee − Eg)|e⟩⟨g| . (C.10)

Introducing the transition frequency

ωeg :=
1

ℏ
(Ee − Eg), (C.11)

the influence of the free propagation on the transitions can be formulated:

U0(t, τ)|e⟩⟨g| = e−iωeg(t−τ)|e⟩⟨g| (C.12)

U0(t, τ)|g⟩⟨e| = e−iωge(t−τ)|g⟩⟨e| . (C.13)

Collecting all terms leads to the equation of the linear part of the density matrix added by a
phenomenological damping rate γ:

ρ(1)(t) =
i

ℏ

∫︂ t

t0

d3τ
∑︂
e

(︂
deg ·E(τ)e(−iωeg−γ)(t−τ)|e⟩⟨g| − dge ·E∗(τ)e(−iωge−γ)(t−τ)|g⟩⟨e|

)︂
.

(C.14)

To get the induced linear polarization the trace over the delocalized states is calculated:

P (1)(t) = tr

(︄∑︂
e′

(︂
dge′ |g⟩⟨e′|+ de′g|e′⟩⟨g|

)︂
· i
ℏ

∫︂ t

t0

d3τ
∑︂
e

(︂
deg ·E(τ)e(−iωeg−γ)(t−τ)|e⟩⟨g| − dge ·E∗(τ)e(−iωge−γ)(t−τ)|g⟩⟨e|

)︂)︄
.

(C.15)

Using the condition of the orthonormal basis the equation can be written as:

P (1)(t) =
i

ℏ
tr

(︄
−
∫︂ t

t0

d3τ
∑︂
e′e

de′gdge ·E∗(τ)e(−iωge−γ)(t−τ)|e′⟩⟨e|

+

∫︂ t

t0

d3τ
∑︂
e′e

dge′deg ·E(τ)e(−iωeg−γ)(t−τ)δee′ |g⟩⟨g|

)︄
(C.16)

P (1)(t) =
i

ℏ
tr

(︄∫︂ t

t0

d3τ
∑︂
e

dgedeg ·E(τ)e(−iωeg−γ)(t−τ)|g⟩⟨g|

−
∫︂ t

t0

d3τ
∑︂
e′e

de′gdge ·E∗(τ)e(−iωge−γ)(t−τ)|e′⟩⟨e|

)︄
. (C.17)

Evaluating the trace as follows

tr(. . . ) = ⟨g| . . . |g⟩+
∑︂
e

⟨e| . . . |e⟩ , (C.18)
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leads to:

P (1)(t) =
i

ℏ

∫︂ t

t0

d3τ
∑︂
e

(︄
dgedeg ·E(τ)e(−iωeg−γ)(t−τ) − degdge ·E∗(τ)e(iωeg−γ)(t−τ)

)︄
. (C.19)

The pulse and the exponential function present a convolution. Due to that fact the induced
polarization can be expressed in the frequency domain using the theorem of convolution fo a
Fourier transformation F(f) := f(ω) =

∫︁
dtf(t)eiωt and F(f ∗ g) = F(f) · F(g)

P (1)(ω) =
i

ℏ
∑︂
e

(︄
dgedeg ·E(ω)

∫︂ ∞

0
dte−(iωeg−γ)teiωt − degdge ·E∗(ω)

∫︂ ∞

0
dte(iωeg−γ)te−iωt

)︄
(C.20)

=
i

ℏ
∑︂
e

(︄
dgedeg ·E(ω)

1

γ + i(ωeg − ω)
− degdge ·E∗(ω)

1

γ − i(ωeg + ω)

)︄
(C.21)

=
i

ℏ
∑︂
e

(︄
dgedeg ·E(ω)

γ − i(ωeg − ω)

γ2 + (ωeg − ω)2
− degdge ·E∗(ω)

γ + i(ωeg + ω)

γ2 − (ωeg + ω)2

)︄
. (C.22)

To get the characteristic signatures of the linear spectra the absorption coefficient is calculated

α(ω) =
ω

n(ω)ε0c
Im

(︄
P (1)(ω)

E(ω)

)︄
. (C.23)

With respect to the direction of polarization the electrical field can be written as:

E(ω) = E(ω)ep . (C.24)

Accordingly the induced polarization can be expressed in the same way. That leads to the
following absorption coefficient:

α(ω) =
ω

n(ω)ε0cℏ
∑︂
e

|deg · ep|2
(︃

γ

γ2 + (ωeg − ω)2
− γ

γ2 + (ωeg + ω)2

)︃
. (C.25)

If the light is left polarized the vector reads el =
1√
2
(ex − ey) and if it is right polarized er =

1√
2
(ex+ey) While the optical pumping, the angular momentum of the photons is transfered to the

excitons of the electronic system related to the orientation of the crystal lattice [3]. If the energy
levels of the QDs are degenerated with different angular momentums, circularly polarized light
can excite these states separately. Linear spectroscopy cannot be used for selecting the different
orientations in the angular momentum [3]. Therefore, the multidimensional spectroscopy is
introduced.
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Appendix D

Mode of the program

The program calculates the trajectories of the Brownian motion of two colloidal QDs storing the
positions and as well as the quaternions giving the orientations of the two QDs for each time step.
The time steps should be in the order of nanoseconds according to the mean squared displacement
of the QDs less than one nanometer. Therefore, the program determines the new QD positions
(solution of the Langevin equation) together with the quaternions for the angular orientation.
Then the program checks if they are arranged inside the boundaries of a box and if they do not
overlap each other, since tunneling processes are not included in the model system. Accordingly,
for calculating the trajectories of the QDs, they are viewed as inelastic spherical symmetric
objects. For calculating the center-to-center distance between the QDs, the periodic boundary
conditions are included and therefore, the program takes the smallest distance respecting the
virtual positions of the QDs in the nearby boxes (in a stencil ordering).

In the second part, the program calculates the Coulomb coupling elements. Therefore, first
the Schrödinger equation needs to be solved to determine the eigenfunction and eigenvalues of
the QD two level system consisting of a valence band and a conduction band. The calculations
are done by introducing a grid for the QD system and then, the eigenproblem is solved by using
the Slepc library. For solving the eigenproblem the potential for the electrons and holes needs to
be determined. Here, a spherical symmetric box potential for core/shell colloidal QDs is used,
but it can easily be replaced by other potentials.

The calculation of the Coulomb coupling elements can be based on the Poisson Green’s
function method to numerical efficiently calculate very general monopole-monopole and dipole-
dipole interdot and intradot coupling elements. If the numerous number of positions in the walk
necessitates a very fast calculation of the Coulomb coupling, the point-dipole approximation is
used instead.

If calculation is based on the numerical efficient Poisson Green’s function method, the six
dimensional integral to get the Coulomb coupling elements is replaced by a Poisson equation and
a three dimensional integral. To include the spatial positioning of the two QDs, a dynamically
specified grid is introduced according to the current QD’s positions (input parameters). Then,
the spatially dependent dielectric function ε(r) is determined. In the following, the Coulomb
coupling elements, required for the calculation of 2d spectra, are calculated according to the
indices respectively, which include the band index, the QD number and the spin configuration.

Including the Coulomb coupling elements for each time step into the trajectory, the DQCS are
calculated. To get stochastically convergent spectra including a huge number of single spectra,
an averaging algorithm improves the distribution of the QD positions respecting the distance.
Parameters such as the temperature, the viscosity or the formalism of the spectroscopy can be
easily adapted to the investigated model system.
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Figure D.1 Scheme of the simulation boxes which are determined by the width b with periodic
boundary conditions in three dimensions (plotted are only two). Each simulation box exactly includes
two colloidal CdSe/ZnTe QDs in water. Due to the Brownian motion the QDs changing their spatial
positions and angular orientations. This induces a specific Coulomb coupling VC determined by the
smallest distance between the periodic QDs. Since the motion is investigated by multidimensional
coherent spectra, the QDs are excited by a sequence of laser pulses E.

Figure D.2 Schematic illustration of the program mode including the input and output parameters
which can be used to modify the spectra concerning the experimental setup.
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