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While the pessimist may disdain the ad hoc nature of current digital
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Abstract

In this thesis two computational imaging techniques, namely ptychographic coher-
ent di�raction imaging and propagation-based phase retrieval, are explored. Central
to both techniques are algorithmic aspects which are formulated in the framework
of nonlinear optimization. Applications such as optical phase retrieval, x-ray beam
characterization and lensless imaging are discussed both in theory and experiment.
The results open up novel perspectives on beam shaping and microscopy with par-
tially coherent visible light and x-ray radiation.
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.

Kurzzusammenfassung

Diese Arbeit behandelt rechengestüzte Bildgebungsverfahren mit Hilfe von Pty-
chographie sowie propagationsbasierter Phasenrekunstruktion. Ein Schwerpunkt
ist auf den zugrundeliegenden physikalischen Modellen und mathematischen Opti-
mierungsverfahren gesetzt. Darüber hinaus werden Anwendungen wie Wellenfront-
rekonstruktionstechniken, Röntengenstrahldiagnostik und linsenfreie Abbildungsver-
fahren besprochen. Die Resultate erö�nen neue Perspektiven in der Strahlformung
sowie Mikroskopie mit partiell kohärenter elektromagnetischer Strahlung.
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1. Introduction

Overview

The development of optical imaging systems has been stimulated by the improve-
ment of lens fabrication technologies for hundreds of years. Modern di�raction-
limited objectives in the visible spectrum o�er spatial resolution on the order of the
wavelength of the employed light (>250 nm). One approach to image structures with
sub-100 nm spatial resolution is to use shorter wavelengths as provided by extreme
ultraviolet (EUV) and x-ray radiation. However, the development of refractive and
di�ractive focusing optics with spot sizes smaller than 20 nm is associated with
considerable fabrication challenges [66, 94, 125].

An alternative to short-wavelength lens-based microscopy is lensless imaging. Tech-
nologies such as single-shot coherent di�raction imaging (CDI) [91] and ptychogra-
phy [116, 118, 142] have not only become competitive to lens-based direct image-
forming x-ray microscopy [122] but also provide feedback for optics characterization
and nanofabrication [129, 154].

Lensless imaging technologies have further been used to improve lens-based mi-
croscopy. An example is Fourier ptychography (FP) [161], where the coherent
transfer function of a lens-based system takes the role of the illuminating beam
in a lensless ptychography setup. By exposing a specimen to variable tilted illu-
minations, a synthetic aperture is created which can extend the spatial resolution
of a low-numerical aperture microscope by an order of magnitude [137]. Further
FP allows to recover the objective's aberrations contained in the coherent transfer
function [100].

State of the art and scope

An overview of current imaging systems is provided in Fig. 1.1, where the classi-
�cation is based on the given detection architecture [6]. Classical imaging systems
record a direct aerial image of a specimen or scene of interest on a retina, photo-
graphic �lm or pixelated electronic detector. Since the acquisition is parallel and
therefore fast, classical imaging systems are the standard solution in commercial
visible light imaging systems such as cell phones, photographic cameras and tele-
scopes. In addition, the vast majority of commercial microscopes employs lens-based
imaging architectures. A relatively recent extension to the capabilities of classical

9



imaging systems is a�orded by hyperspectral cameras, which allow to record images
at multiple narrow spectral bands in parallel.
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Figure 1.1.: A classi�cation of imaging systems by detection architecture.

Scanning microscopy acquires direct information by measuring quasi-pointwise in-
formation of a specimen of interest. Examples are atomic force microscopy (AFM),
which can provide surface topography information at several nanometer resolu-
tion, and scanning transmission x-ray/electron microscopy (STXM/STEM) [23, 68],
which can be complemented with chemical and magnetic sensitivity. Disadvantages
of serial imaging techniques are low speed and spatial resolution limited by the size
of the scanning probe [141]. Exceptions are nonlinear microscopy techniques such
as stimulated emission depletion microscopy (STED) [58], where doughnut-shaped
beams allow to collect �uorescence information in a sub-di�raction limited region,
and Fourier ptychography [161], where the numerical aperture of an objective can
be extended by using tilted illuminations.

Computational imaging systems do not require direct observation of aerial images.
Instead, a physical model of the image formation process together with optimiza-
tion algorithms are used to retrieve object information from observed data. Matured
techniques such as crystallography, synthetic aperture radar (SAR), magnetic reso-
nance imaging (MRI) [74], and computed tomography (CT) [63] have pioneered this
approach. With the increasing performance of computers, problems of considerable
complexity can be solved in situations where analytical approaches are futile.

Computational imaging techniques can further be distinguished into parallel and
serial acquisition architectures. Parallel computational imaging techniques acquire
indirect specimen information such as di�raction data. Holographic measurements
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allow to measure the phase of optical or electron waves [128]. This has the ad-
vantage that measured data can be refocused into various planes of interest in an
imaging system. A disadvantage is the requirement for high alignment stability
in holographic and interferometric setups. In Fourier transform holography (FTH)
[136], the resolution is mainly limited by the photon �ux and size from a small ref-
erence pinhole in the vicinity of a sample. Other parallel acquisition schemes such
as coded aperture imaging and Hartmann-Shack wavefront sensing are limited in
spatial resolution by the precision of the employed pinholes or microlenses [14]. Fi-
nally, single-shot coherent di�raction imaging uses oversampled di�raction data to
recover information about an object [91]. This approach typically requires a priori
knowledge or low-complexity specimens such as binary masks.

Serial computational imaging architectures rely on data-driven approaches where
the availability of multiple measurements compensates the lack of a priori informa-
tion. As an example, optical coherence tomography (OCT) [64] collects scattering
from three-dimensional structures which are reconstructed using a combination of
Fourier transform spectroscopy (FTS) and digital holography. Disadvantages are
the assumption of achromaticity, the requirement for interferometric stability of the
setup and the assumption of single-scattering inside the sample.

The two techniques of interest in this work are ptychography [116, 118, 142] and
propagation-based phase retrieval [93]. Ptychography is a scanning di�raction mi-
croscopy technique similar to STXM and STEM, but scans an object of interest in
overlapping regions. This way additional data is provided allowing to achieve lat-
eral resolution orders of magnitude smaller than the probe size. Propagaton-based
phase retrieval collects redundant information by measuring di�raction data at mul-
tiple object-detector distances to solve the phase problem. This results in similar
capabilities to holography and interferometry but without the requirement for high
alignment stability. Both ptychography and PPR do not rely on a priori knowl-
edge. They are ideal choices for phase contrast imaging, beam characterization and
wavefront sensing when ultrafast or real-time capabilities are not required.

Structure of this thesis

Chapter 2 reviews the theory of scalar di�raction and coherence. The material
covers physical models for the propagation of partially coherent light. Chapter 3
discusses basics of ptychography and reports novel extensions. The chapter closes
with results from three synchrotron experiments. Propagation-based phase retrieval
is discussed in chapter 4. Both theoretical and experimental results are discussed.
Papers published by the author on the subject of phase retrieval and computational
imaging are found in references [79, 77, 81, 80, 120]. Chapter 5 summarizes the
conclusions of this work.
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2. Diffraction and coherence theory
of scalar wave fields

The purpose of this chapter is to review propagation and coherence properties of
scalar electromagnetic waves. Quantities of frequent usage such as scalar wave �elds
and intensities are related to electrodynamic �eld quantities. Further, approximate
models for fast computation of wave propagation and their limitations are derived.
The �nal sections of this chapter review the propagation and e�cient numerical
representation of partially coherent scalar waves.

2.1. Scalar wave propagation

In the absence of free charge and currents, Maxwell's equations in a linear medium
are given by [11, 5]

∇×E = −∂ (µH)

∂t
(2.1)

∇×H =
∂ (εE)

∂t
(2.2)

∇ ◦ (εE) = 0 (2.3)

∇ ◦ (µH) = 0, (2.4)

where E = E (r, t) ∈ C3 is the electric �eld, H = H (r, t) ∈ C3 is the magnetic
�eld, both being functions of position r ∈ R3 and time t ∈ R, and ∇× as well as
∇◦ are shorthand notation for curl and divergence, respectively. For mathematical
convenience, E and H are taken to be complex-valued. In this way, harmonic
functions A (r, t) · cos (kr − ωt) can be represented as the real part of A (r, t) ·
exp [i (kr − ωt)] [158]. The complex phasor form is more convenient in mathematical
manipulations. The permeability µ and permittivity ε, which describe material
properties, are assumed to be scalar. This includes only isotropic media and excludes
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for instance e�ects such as birefringence and optical activity from the following
analysis [57]. Taking the curl of Eqn. 2.1

∇ (∇ ◦E)−∇2E = − ∂

∂t
((∇µ)×H + µ (∇×H)) (2.5)

and substituting Eqn. 2.2 into the latter yields

∇ (∇ ◦E)−∇2E = − ∂

∂t

(
(∇µ)×H + µ

∂εE

∂t

)
. (2.6)

Assuming µ and ε to be time-independent gives

∇ (∇ ◦E)−∇2E = − (∇µ)× ∂H

∂t
− εµ∂

2E

∂t2
. (2.7)

Using Eqn. 2.1 and noting that (∇µ) /µ = ∇ ln (µ) leads to

∇ (∇ ◦E)−∇2E = ∇ ln (µ)× (∇×E)− 1

c2

∂2E

∂t2
, (2.8)

where c is given by c2 = 1/εµ. From Eqn. 2.3 it follows that

∇ ◦E = ∇ ◦
(
εE

ε

)
= −E ◦ ∇ ln (ε) (2.9)

and therefore

∇2E − 1

c2

∂2E

∂t2
+∇ ln (µ)× (∇×E) +∇ (E ◦ ∇ ln (ε)) = 0. (2.10)

A similar result holds for the magnetic �eld. Finally, if the medium is homogeneous
or approximately so, the logarithmic terms can be neglected, which gives the vector
wave equations

∇2E − 1

c2

∂2E

∂t2
= 0, ∇2H − 1

c2

∂2H

∂t2
= 0. (2.11)

The assumption of homogeneity is a good approximation for weakly scattering or
very thin inhomogeneous specimens which are discussed in section 2.6. In Eqn. 2.11
the components of both the electric and the magnetic �eld obey the same di�erential
equation. Hence it is su�cient to solve the scalar wave equation

∇2u− 1

c2

∂2u

∂t2
= 0, (2.12)

where here, by de�nition, u = u (r, t) represents a component of E. Eqn. 2.12
describes the evolution of an electromagnetic disturbance in time and space.

Alternatively, an electromagnetic disturbance can be described in the space-frequency
domain using its Fourier representation [12]. Substituting

u (r, t) =

ˆ
U (r, ν) exp (i2πνt) dν (2.13)
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into Eqn. 2.12 leads to the Helmholtz equation

∇2U +
(2πν)2

c2
U = 0 (2.14)

or
∇2U + k2U = 0, (2.15)

where k = 2πν/c. Elementary solutions to Eqn. 2.15 are given by

Us (r) = A exp (iksr) , (2.16)

where A ∈ C is constant and s is a unit vector indicating the propagation direction.
These harmonic solutions are periodic in propagation direction with spatial period
λ, i.e. U (r + λ) = U (r) . It follows that λk = 2π. Substituting k = 2πν/c, the
dispersion relation

c = λν (2.17)

is obtained. In the development so far, it was assumed that light is an electromag-
netic wave. As a historical note, by comparing experimentally obtained values for
the vacuum permittivity ε0 and permeability µ0 with those obtained for the speed
of light c0 and using the above obtained relation c2

0 = 1/ε0µ0, Maxwell concluded
that this is the case [71]. In a material medium the speed of light is slower than in
vacuum and given by

c2 =
1

εµ
=

1

ε0µ0εrµr
=
c2
o

n2
(2.18)

where ε = εoεr and µ = µoµr. The material properties are contained in the relative
permittivity εr and the relative permeability µr, respectively. In most of the optics
literature the material properties are alternatively described by the refractive index
n =
√
εrµr. For a time-independent inhomogeneous medium the refractive index is

a function of space. Therefore the Helmholtz equation for a wave propagating in an
inhomogeneous medium is given by

∇2U (r) + k2
0n

2 (r)U (r) = 0, (2.19)

where k0 = 2π/λ. De�ning the scattering potential V (r) = k2
0 (n2 (r)− 1) [11], this

can be written in the form

∇2U (r) + k2
0U (r) = −V (r)U (r) . (2.20)

Solving Eqn. 2.20 allows to predict the radiation pattern emanating from a given
three-dimensional spatial refractive index distribution or its corresponding scattering
potential. In optical di�raction tomography (ODT) [11], the inverse problem is of
interest: Given information about U (r) , the refractive index or scattering potential
is recovered [132].
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2.2. Intensity of an electromagnetic wave

Di�erences in the components of the electric �eld E and the magnetic �eld B occur
as a result of Maxwell's equations and underlying boundary conditions. Substituting
an elementary solution, also called plane wave solutions, of the wave equation of the
form

E (r, t) = E exp (iksr) exp (−i2πνt) (2.21)

and
H (r, t) =H exp (iksr) exp (−i2πνt) , (2.22)

where E ,H ∈ C3 are constant, into Eqn. 2.1 leads to

iks×E (r, t) = i2πνµH (r, t) . (2.23)

Thus the magnetic �eld can be obtained from the electric �eld by

H (r, t) =
√

ε
µ
s×E (r, t) . (2.24)

This result holds for general solutions of the wave equation since, as a result from
Fourier analysis [12], any well-behaved function can be written as a linear combi-
nation of the elementary solutions in Eqns. 2.21 and 2.22. The magnetic �eld is
therefore orthogonal to the electric �eld. Together with the divergence equations
(Eqns. 2.3 and 2.4), which show that E ,H are orthogonal to the propagation direc-
tion s, it follows that electromagnetic waves are transverse waves.

The electric and magnetic �eld de�ne the Poynting vector

S (r, t) = E (r, t)×H (r, t) =
√

ε
µ
|E (r, t)|2 s, (2.25)

which represents the direction and magnitude of energy �ow per unit area and unit
time [5]. Since electromagnetic waves in the visible and x-ray spectral range oscillate
beyond terahertz frequencies, existing electronic detectors can only record the time-
integrated Poynting vector. The intensity of an electromagnetic wave is de�ned by
the time-integrated magnitude of the Poynting vector

I (r) = 〈|S|〉 =
1

T

ˆ T

0

√
ε
µ
|E (r, t)|2 dt, (2.26)

where T is the detector integration time. For a scalar monochromatic wave with
harmonic time dependence

I (r) = 〈|S|〉 =
1

T

ˆ T

0

√
ε
µ
|U (r) exp (−i2πνt)|2 dt =

√
ε
µ
|U (r)|2 . (2.27)

The term
√
ε/µ is a proportionality constant and may be absorbed into U. It is

therefore appropriate to de�ne the optical intensity

I (r) = |U (r)|2 . (2.28)
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2.2.1. Photoelectric counting statistics

In the previous section, a classical model for the optical intensity was discussed.
Since the detection of optical intensity is based on the photoe�ect [34], the classical
model needs to be extended to account for the probabilistic nature of quantum
mechanics. The transition from deterministic classical �elds to probabilistic electron
counting distributions is illustrated in panel (a) of Figure 2.1. The absorption of
photons in a semiconducting device allows bound electrons to overcome the band
gap and be transported under the in�uence of an external electrostatic �eld [50]. It
is assumed that the observation period T is divided into N time intervals ∆t = T/N
(see panel (b) in Figure 2.1), which are short enough for the probability of absorbing
two photons within time ∆t to be negligible. The probability p of absorbing a photon
within any time interval is modeled to be proportional to the optical intensity I and
the length of the time interval, i.e. p ∼ I∆t. Assuming a linear detector response
this can be re�ned to p = αI∆t, where α is a proportionality constant related to the
quantum e�ciency of the detector (discussed further at the end of this subsection)
[158]. Then the number of photon counts n is a discrete binomial random variable
with N trials conditional on the optical intensity which can be approximated by a
continuous Poisson distribution, i.e.

P (n | I ) =

(
N
n

)
pn (1− p)N−n

=

(
N
n

)
(αI∆t)n (1− αI∆t)N−n , use∆t = T/N

=
N !

n! (N − n)!

(
αIT

N − αIT

)n(
1− αIT

N

)N
=

(
1− αIT

N

)N
n!

[
n−1∏
k=0

(N − k)

](
αIT

N − αIT

)n
=

(
1− αIT

N

)N
n!

[
n−1∏
k=0

N − k
N − αIT

αIT

]

≈
exp (−αIT )

n!
(αIT )n , (2.29)

where in the last step N � n, αIT was assumed. For a quantum e�ciency of α = 1
and a unit observation time interval this result becomes

P (n | I ) ≈
In

n!
exp (−I) , (2.30)

which is a special case of Mandel's formula for photoelectric counting statistics
[158]. From the properties of the Poisson distribution it follows immediately that
〈n〉 =

〈
(n− 〈n〉)2〉 = I, where brackets denote expectation values. Therefore the

signal to noise ratio (SNR) for photoelectric conversion, de�ned as expectation value
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over standard deviation of n, is

SNR =
〈n〉√〈

(n− 〈n〉)2〉 . (2.31)

It follows that the SNR is proportional to
√
I. A simulated detected optical intensity

with varying SNR and underlying Poisson noise is shown in panel (c) of Fig. 2.1.
A near-�eld propagated pinhole di�raction pattern (see section 2.3) was used as an
optical intensity. The Poisson measurements were simulated for maximum intensity
signals Imax = 28, 26 and 24 assuming α = 1 and T = 1.
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Figure 2.1.: Photodetection as a statistical process: (a) due to the quantum me-
chanics of the photoe�ect, the conversion from photons to electrons is
probabilistic, (b) the underlying discrete random process is binomial and
can be approximated by a Poisson distribution, (c) simulated measure-
ments with Poisson noise of an optical intensity with varying dynamic
range (DR) and signal-to-noise ratio (SNR).
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Note on quantum efficiency

The quantum e�ciency η is de�ned here as

η =
Ne

Np

(2.32)

where Ne is the number of electrons produced and Np is the number of photons
absorbed in a given time interval. For visible light CMOS and CCD detectors α is
typically smaller than 100 %. Due to the silicon band gap of 1.1 eV, a visible light
photon creates at most one photoelectron. For x-rays η can be larger, since multiple
photoelectrons are generated by a single x-ray photon. The proportionality constant
α used in Eqn. 2.30 is related to the quantum e�ciency via [50]

α =
ηA

hν
, (2.33)

where A is the area over which the optical intensity is integrated, h is Planck's
constant and ν is the frequency of the radiation.

Note on independence of photon arrivals

The derivation of the Poisson statistic implied independence of photon arrival events
and a stationary optical intensity. If intensity �uctuations are given, the number of
counts has to be calculated as a weighted average over all possible values that the
optical intensity I can attain, i.e.

P (n) =

ˆ
P (n | I ) p (I) dI

=

ˆ
In

n!
exp (−I) p (I) dI, (2.34)

which is the general form of Mandel's equation. For a stabilized, single mode laser
it is valid to assume p (I) = δ (I − I0) ,where I0 is constant. This essentially results
again in Eqn. 2.30

P (n) =
In0
n!

exp (−I0) . (2.35)

For other sources the photocounting statistics generally depend on the degree of
coherence of the source [50]. Throughout this thesis Poisson statistics (Eqn. 2.30)
is assummed as a model for photoelectric conversion.

2.3. Angular spectrum propagation

In vacuum, where the refractive index across the electromagnetic spectrum is n = 1,
and in homogeneous media, where the refractive index is independent of space, an
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integral-form solution for the Helmholtz equation (Eqn. 2.15) can be obtained. A
two-dimensional coordinate system (x, z) is assumed with the optical axis pointing
in z-direction. Suppose a scalar wave �eld is given in a plane at z = 0 in the form

U (x, 0) = ψ (x, 0) exp (iksxx) , (2.36)

where sx is the direction cosine with the x−axis of the tilted plane wave envelope
exp (iksxx). Writing Eqn. 2.36 in a factorized form saves work for later purposes.
Inserting the latter expression into the Helmholtz equation and canceling exponen-
tials gives

∇2ψ + 2iksx
∂ψ

∂x
− (ksx)

2 + k2ψ = 0.

Now Fourier transform ψ with respect to x, i.e.

ψ̃ (fx, z = 0) = F {ψ (x, 0)} =

ˆ
ψ (x, z = 0) exp (−i2πfxx) dx, (2.37)

and rearrange terms to get

∂2ψ̃

∂z2
= −k2

[
1− (sx − λfx)2] ψ̃. (2.38)

The solution to this di�erential equation is found to be

ψ̃ (fx, z) = ψ̃ (fx, z = 0) exp

[
ikz

√
1− (sx − λfx)2

]
. (2.39)

Inverse Fourier transform the latter to get the solution

ψ (x, z) = F−1 {F {ψ (x, 0)}H (fx, sx, z)} , (2.40)

where

H (fx, sx, z) = exp

[
ikz

√
1− (sx − λfx)2

]
(2.41)

is the coherent transfer function of free space1. An analog derivation for a three-
dimensional coordinate system (x, y, z) yields

ψ (x, y, z) = F−1 {F {ψ (x, y, 0)}H (fx, fy, sx, sy, z)} , (2.42)

where

H (fx, fy, sx, sy, z) = exp

[
ik

√
1− (sx − λfx)2 − (sy − λfy)2

]
. (2.43)

1In a homogeneous medium the corresponding wavenumber is k = n2π/λ, where n is the refractive
index of the medium.
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Finally, the tilted plane wave solution of the propagation problem in Eqn. 2.36 for
a three-dimensional coordinate system is given by

U (x, y, z) = F−1 {F {ψ (x, y, 0)}H (fx, fy, sx, sy, z)} exp [ik (sxx+ syz)] . (2.44)

The latter form is called angular spectrum of plane wave (ASPW) solution for sx =
sy = 0 [? ]. If sx or sy are nonzero, we refer to the tilted angular spectrum of plane
wave (tASPW) solution.

An illustration of the ASPW is given in Fig. 2.2. Here a simulated rectangular
aperture of size 500µm is numerically propagated over a range 0 ≤ z ≤ 0.15m at
a wavelength of λ = 632.8 nm. The spread in the angular distribution of the beam
upon interacting with the rectangular aperture is a manifestation of an uncertainty
principle: con�ning the spatial extent of a beam results in a spread in its angular
distribution [20]. Numerical implementation details and digital sampling conditions
for the ASPW propagation method can be found in [89, 90].

x y zx x y

500μm
1mm

z=0 z=15mm

Figure 2.2.: ASPW propagation: (left) rectangular aperture in xy−plane at z =
0, (middle) section of the beam in xz−plane in the range 0 ≤ z ≤
0.15m, (right) di�racted beam in xy−plane at z = 0.15m. The colorbar
indicates the intensity of the beam normalized to its maximum.

2.4. Rayleigh-Sommerfeld diffraction formula

The solution to the propagation problem in section 2.3 for illumination in z-direction
was written in the form

ψ (x, y, z) = F−1 {F {ψ (x, y, 0)}H (fx, fy, z)} , (2.45)

where

H (fx, fy, z) = exp

[
ikz

√
1− (λfx)

2 − (λfy)
2

]
(2.46)
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is the transfer function for propagation in a homogeneous medium. The inverse
Fourier transform of the transfer function, namely the impulse response of free space,
is given by [135]

h (x, y, z) =
exp (ikr)

iλ |r|
z

|r|

(
1− 1

ikr

)
, (2.47)

where r = (x, y, z) . The last term in parenthesis can be approximated as
(
1− 1

ikr

)
≈

1 given that |r| > λ. In particular, if the propagation distance z is much larger than
a wavelength this condition is satis�ed, so that

h (x, y, z) ≈ exp (ikr)

iλ |r|
z

|r|
. (2.48)

Combining this approximate impulse response and the convolution theorem, Eqn.
2.45 simpli�es to the Rayleigh-Sommerfeld di�raction integral

ψ (x, y, z) =

ˆ
ψ (x′, y′, 0)

exp [ik (r − r′)]

iλ |r − r′|
z

|r − r′|
dr′, (2.49)

where the prime denotes source coordinates. While the ASPW method in its sim-
plest form (Eqn. 2.45) is useful only to compute scalar �elds between parallel planes
orthogonal to the propagation direction, the Rayleigh-Sommerfeld di�raction inte-
gral can also be used between non-parallel planes and freeform geometries. However,
its numerical evaluation, for instance by the trapezoidal rule [110], is computation-
ally less e�cient than the ASPW method, which can be evaluated at the cost of two
fast Fourier transforms [21].

2.5. Fresnel and Fraunhofer approximations

If the square root term in the exponent of the Rayleigh-Sommerfeld integral is
expanded into a Taylor series

k

√
z2 + (x− x′)2 = kz

(
1 +

1

2

(
x− x′

z

)2

+
1

8

(
x− x′

z

)4

+ ...

)
, (2.50)

simpler expressions can be derived. Retaining only second-order terms and approx-
imating the distances in the denominator by |r − r′| ≈ z of Eqn. 2.49, the Fresnel
approximation

ψ (x, y, z) =
exp (ikz)

iλz
exp

[
i
k

2z

(
x2 + y2

)] ˆ
ψ (x′, y′, 0)×

exp

[
i
k

2z

(
x′2 + y′2

)]
exp

[
−i2π
λz

(xx′ + yy′)

]
dx′dy′ (2.51)
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is obtained. From the Taylor series above it is seen that this approximation is valid
when

π

4λ

(x− x′)4

z3
� 1 (2.52)

for all points in the source plane x′.

If only frst-order terms in Eqn. 2.50 are retained, the Fraunhofer approximation

ψ (x, y, z) =
exp (ikz)

iλz
exp

[
i
k

2z

(
x2 + y2

)]
×

ˆ
ψ (x′, y′, 0) exp

[
−i2π
λz

(xx′ + yy′)

]
dx′dy′ (2.53)

follows, which is a good approximation given that

π

λ

(x− x′)2

z
� 1. (2.54)

In practice, the conditions in Eqns. 2.52 and 2.54 are rather conservative. Less
stringent conditions can be formulated using the Fresnel number de�ned as

F =
x′2

λz
, (2.55)

which is seen to be on the order of the quadratic phase exponential in Eqn. 2.51.
If F ∼ 1, the Fresnel integral is a good approximation. For F � 1 the Fraunhofer
integral is typically used. Using the projection approximation discussed in the next
section (Eqn. 2.58) with ∆x = a = x′, it is seen that for F � 1 di�raction e�ects
can be neglected. In the latter case ray optics is an appropriate choice to model
light propagation.

While the Fresnel number only contains the source geometry of the di�racting aper-
ture, the more restrictive condition 2.52 predicts deviations of the Fresnel integral
as compared to the Rayleigh-Sommerfeld integral as a function of the di�erence be-
tween source and observation plane coordinates. In particular, this leads to artifacts
using the Fresnel integral in numerical propagation problems with large detectors.
For further details the reader is referred to [127, 96].

2.6. Projection approximation and axial resolution

In this section a condition is derived which allows to consider a specimen as optically
thin. This condition simpli�es the analysis of wave-matter interaction and allows
to neglect multiple-scattering and di�raction e�ects inside a thin, three-dimensional
sample. In this case, the sample is mathematically represented by a two-dimensional
transmission function, which is obtained by a projection of the refractive index along
one spatial dimension. This is referred to as the projection approximation [103].
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specimen

(a)

grating

(b)

Δz

Δx

λz/Δx

(c)

incident 
beam

Figure 2.3.: For the derivation of the projection approximation (Ineq. 2.58) the
specimen (a) is considered as a grating (b, c) with spatial period 2∆x
and thickness ∆z. If the displacement due to di�raction of a coherent
beam traversing the grating is smaller than its half period, the specimen
is considered as optically thin.

Consider a sample occupying a �nite volume of axial length L. Using results from
Fourier analysis, the sample can be decomposed into a linear combination of phase
gratings. The highest spatial frequency in Fourier space corresponds to an e�ective
harmonic grating with spatial period2 2∆x, which in the context of imaging can
be interpreted as the smallest resolvable scattering structure inside the specimen.
Let the grating be located at z = 0. Assuming plane wave illumination, the �rst
di�raction orders propagate under angles [103]

± α ≈ sin (α) =
λ

2∆x
(2.56)

with respect to the optical axis. To consider the object as optically thin, the dis-
placement in x-direction at z = ∆z is required to be smaller than the smallest
resolvable structure, i.e.

tan (α) ∆z ≈ α∆z =
λ∆z

2∆x
< ∆x, (2.57)

leading to

∆z < 2
∆x2

λ
, (2.58)

which is referred to here as the projection approximation. This condition limits the
maximum thickness ∆z under which multiple scattering e�ects inside a specimen
may be neglected. It is noted that the projection approximation is a function of
spatial resolution. Any wave traveling through a specimen will inevitably di�ract.
However, the projection approximation can be regarded as a condition under which

2The convention here is to denote the full period by 2∆x and the half period by ∆x, which should
not be confused when assessing spatial resolution [61].
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these di�raction e�ects can be neglected. For microscopy applications this is the case
when the imaging system's resolving power is not high enough to resolve di�raction
e�ects. In soft x-ray ptychography (see sections 3.7, 3.8 and 3.9) with ∆x ∼ 50 nm
and λ ∼ 2 nm the sample thickness needs to be below 5µm for the sample to be
modeled as optically thin. A similar criterion for the maximum sample thickness can
be derived using the inhomogeneous Helmholtz equation3. If the beam is focused
down to the size of the achievable spatial resolution ∆x = λ/NA, limited by the
numerical aperture (NA) of the lens or detector of the optical system, then inequality
2.58 can be rewritten as

∆z <
λ

NA2 , (2.59)

where λ/NA2 is the depth of �eld (DoF) or the axial resolution of the imaging
system.

An optically thin specimen can mathematically be represented by means of a two-
dimensional transmission function de�ned by

T (x, y) =
ψn (x, y)

ψ0 (x, y)
, (2.60)

where ψn and ψ0 are the waves in the presence and absence of the sample, re-
spectively. Assuming plane wave illumination4 and that di�raction e�ects can be
neglected within the sample, the absorption and phase accumulated are proportional
to the integrated optical path, i.e.

T (x, y) =
exp

(
ik
´
n (x, y, z) dz

)
exp (ikz)

. (2.61)

Quantifying a sample by its transmission using an integrated optical path is referred
to as the projection approximation. For x-rays the refractive index is often written
in the form n = 1− δ + iβ, so that the transmission function is given by

T (x, y) = exp

(
ik

ˆ
[−δ (x, y, z) + iβ (x, y, z)] dz

)
= |T (x, y)| exp (iφ) , (2.62)

where |T (x, y)| = exp
(
−k
´
β (x, y, z) dz

)
is an exponentially decaying absorption

term, which is referred to as Beer's law [71], and the phase shift is given by φ =
−k
´
δdz. For hard x-rays the imaginary part of the refractive index β is much

smaller than δ [5]. Therefore imaging techniques for hard x-rays typically rely on
phase contrast. In general, the transmission function of an optically thick specimen
is complex-valued. If the complex-valued transmission function and the incident
illumination can be measured, quantitative information about material properties
as contained in the refractive index n = 1−δ+iβ can be obtained. However, because

3See supplementary information in [142]
4The derivation is not restricted to plane wave illumination. Any other type of illumination can
be synthesized by a superposition of plane waves.
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the phase of a complex-valued object is only de�ned modulo 2π, phase unwrapping
techniques and reference measurements have to be applied. For example if the
phase shift of a given sample region is known, the phase shift relative to this region
quanti�es δ [27].

2.7. Partially coherent scalar wave fields

The emission of light from excited atoms and accelerated charge is a statistical
process. The �uctuations in wave �elds can be quanti�ed in terms of correlations in
space and time. The study of these correlations is the subject of coherence theory
[50]. Since the optical detectors available to date integrate wave �elds over many
periods of oscillation, it is desirable to formulate the study of coherence in terms
of observable quantities which necessitates the use of time averages. The mutual
coherence function

Γ (r1, r2, τ) =
〈
u† (r1, t) u (r2, t+ τ)

〉
t
, (2.63)

measures the correlation of a wide-sense stationary5 wave �eld u (r, t) at two points
in space and time [158]. Here the dagger denotes complex conjugation and the
brackets denote averages over time. Since u satis�es the wave equation with respect
to space and time, a set of wave equations is obeyed by the mutual coherence, i.e.
[11]

∇2
1Γ (r1, r2, τ)− 1

c2

∂2Γ (r1, r2, τ)

∂τ 2
= 0 (2.64)

and

∇2
2Γ (r1, r2, τ)− 1

c2

∂2Γ (r1, r2, τ)

∂τ 2
= 0, (2.65)

where the Laplacians ∇2
1 and ∇2

2 operate with respect to r1 and r2, respectively.

Alternatively, random wave �elds may be regarded as a function in the space-
frequency domain by taking the Fourier transform with respect to time separation
τ of Eqn. 2.63, which gives the cross-spectral density (CSD) [157]

W (r1, r2, ν) =

ˆ
Γ (r1, r2, τ) exp (−i2πτν) dτ. (2.66)

Inserting Eqn. 2.66 into Eqns. 2.64 and 2.65, it follows that the CSD obeys a set of
Helmholtz equations, i.e.

∇2
1W (r1, r2, ν) + k2W (r1, r2, ν) = 0 (2.67)

and
∇2

2W (r1, r2, ν) + k2W (r1, r2, ν) = 0. (2.68)

5A wave whose statistical properties only depend on separation in time is said to be wide-sense

stationary.
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The CSD can be decomposed into a series of orthonormal basis functions, also
referred to as coherent modes , i.e.

W (r1, r2, ν) =
∑
n

λn (ν)U †n (r1, ν)Un (r2, ν) , (2.69)

where the modes Un and eigenvalues λn are given by the integral equations
ˆ
W (r1, r2, ν)Un (r1, ν) dr1 = λn (ν)Un (r2, ν) (2.70)

and ˆ
U †m (r, ν)Un (r, ν) dr = δmn, (2.71)

where δmn is the Kronecker delta [46]. Inserting Eqn. 2.69 into Eqn. 2.67 yields

∇2Un (r, ν) + k2Un (r, ν) = 0, (2.72)

which shows that the modes Un (r, ν) satisfy a Helmholtz equation. This result is
important because it allows to decompose a partially coherent wave �eld of any
state of coherence into uncorrelated coherent modes, which can be propagated sep-
arately through an optical system6. For quasi-monochromatic waves, for which the
frequency bandwidth is much smaller than the average frequency, i.e. ∆ν � ν, the
CSD can approximately be written in the form

W (r1, r2, ν) = J (r1, r2) δ (ν − ν) , (2.73)

where the spatial part is called mutual intensity J. The mutual intensity (MI) is
independent of frequency (or wavelength) whereas the CSD contains the frequency
as an independent variable. Hence the MI mode decomposition is written in the
frequency-independent form

J (r1, r2) =
∑
n

λnU
†
n (r1)Un (r2) . (2.74)

For a fully coherent wave the MI consists of only one mode

Jc (r1, r2) = U †1 (r1)U1 (r2) . (2.75)

If the CSD and MI are discretized such that they comply with the Shannon-Nyquist
sampling theorem, they can be regarded as matrices, where r1 and r2 denote row

6It is useful to think of modes as coherent waves, which independently propagate through an
optical system and add incoherently upon detection, in analogy with polychromatic radiation.
However, modes may contain contributions from di�erent uncorrelated source emitters which
appear in the same mode due to the geometry of the source. This is illustrated in section 2.11.
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and column indices, respectively [101]. The intensity of a coherent wave �eld can
be written in terms of the mutual intensity as

I (r) = Jc (r) = diag (Jc (r1, r2)) = U †1 (r)U1 (r) , (2.76)

where diag (...) sets r = r1 = r2. The intensity of a partially coherent wave �eld can
be written as a superposition of intensities of each coherent mode

I (r) = J (r) = diag (J (r1, r2)) =
∑
n

λnU
†
n (r)Un (r) =

∑
n

In (r) , (2.77)

where In (r) = λnU
†
n (r)Un (r) is the intensity due to the nth mode.

It can be shown that the normalized mutual intensity (also called complex coherence
factor)

j (r1, r2) =
J (r1, r2)√
I (r1) I (r2)

(2.78)

obeys the relation [11]
0 ≤ |j (r1, r2)| ≤ 1. (2.79)

Two points in a monochromatic wave front for which |j (r1, r2)| = 1 are fully corre-
lated or coherent. In contrast, two points for which |j (r1, r2)| = 0 are uncorrelated
or incoherent. In particular, a point is coherent with itself, i.e. |j (r, r)| = 1. For
thermal emitters it is often appropriate to model the source as uncorrelated, i.e. [50]

Jinc (r1, r2) =
√
I (r1) I (r2)δ(r2 − r1). (2.80)

2.8. Evolution of partially coherent scalar waves

In the last section it was mentioned that the cross-spectral density and consequently
the mutual intensity satisfy a set of coupled Helmholtz equations (Eqns. 2.67 and
2.68). These can be solved in a way analog to the solution of the Helmholtz equation
for coherent waves. The angular spectrum solution for the propagation of mutual
intensity is [103]

J (x1,x2, z) = F -1 {F {J (x1,x2, 0)}H (f1,f2, z)} , (2.81)

where F denotes four-dimensional Fourier-transformation with respect to x1,x2 ∈
R2 and

H (f1,f2, z) = exp

[
ikz

(√
1− |λf 1|

2 −
√

1− |λf 2|
2

)]
(2.82)

is the transfer function of free space. The choice of opposite signs derives from the
asymmetry in the de�nition of the mutual coherence function (Eqn. 2.63). As is the
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case for coherent waves, the ASPW solution for the propagation of mutual coherence
can be written in a form analog to the Rayleigh-Sommerfeld integral7

J (r1, r2, z) =
z2

(iλ)2

ˆ
J (r′1, r

′
2, 0)

exp [ik (|r1 − r′1| − |r2 − r′2|)]
|r1 − r′1|

2 |r2 − r′2|
2 dr′1dr

′
2. (2.83)

Assuming an incoherent source with J (r′1, r
′
2, 0) = I (r′1) δ(r′2 − r′1), the far-�eld

approximation of Eqn. 2.83 leads to the Van Zittert-Zernike theorem,

J (∆x,∆y, z) ∝
ˆ
I (x′, y′, 0) exp

[
i
2π

λz
(x′∆x+ y′∆y)

]
dx′dy′, (2.84)

where ∆x = x2 − x1 and ∆y = y2 − y1. The Van Zittert-Zernike theorem states
that far away from an incoherent source the mutual intensity is proportional to
the scaled Fourier transform of the source intensity, with the independent variables
∆x, ∆y given by the separation of two points in the observation plane.

2.9. Transmission of partially coherent radiation
through thin specimens

Given a light source of partial spatial coherence (psc), the di�raction intensity re-
sulting from using the far-�eld approximation in Eqn. 2.83 and setting r = r1 = r2

leads to

Ipsc (r) =

ˆ
J (r′1, r

′
2) exp

(
−j2π (r′2 − r′1) r

λz

)
dr′1dr

′
2, (2.85)

where J (r′1, r
′
2) is the mutual intensity in the source plane. The mutual intensity

downstream a stationary sample Jo is given by (cf. Eqn. 2.78)

Jo (r′1, r
′
2) = T (r′1)T ∗ (r′2) Ji (r

′
1, r
′
2) , (2.86)

where T is a sample transmission function and Ji is the mutual intensity representing
an incident illumination. As a special case, it is assumed that the mutual intensity
can be approximated by

J (r′1, r
′
2) = ψ (r′1)ψ∗ (r′2) j (r′2 − r′1) , (2.87)

where j is the normalized mutual intensity, ψ (r) =
√
I (r)T (r) is the product of

the normalization factors from the incident normalized mutual intensity and the
sample transmission function, and the indices are dropped for convenience. The
relation j (r′1, r

′
2) = j (r′1 − r′2) is de�ning a Schell model beam [50]. It is noted that

all �elds satisfying the Van Zittert-Zernike theorem (Eqn. 2.84) are Schell model

7Eqn. 2.83 is often called generalized Van Zittert-Zernike theorem [158].
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beams8. Substituting the Eqn. 2.87 into 2.85 and changing to centered coordinates
r = (r′1 + r′2) /2 and ∆r = r′2 − r′1, the partially coherent di�raction intensity in
the observation plane is given by

Ipsc (r) =

ˆ
ψ

(
r − ∆r

2

)
ψ∗
(
r +

∆r

2

)
j (∆r) exp

(
−i2π∆rr

λz

)
drd∆r. (2.88)

Invoking the paraxial approximation as well as the autocorrelation and convolution
theorems for Fourier transforms9, the latter is equivalent to

Ipsc (r) = Ic (r)⊗ j̃ (r) , (2.89)

where

Ic (r) =

ˆ
ψ

(
r − ∆r

2

)
ψ∗
(
r +

∆r

2

)
exp

(
−i2π∆rq

λz

)
drd∆r (2.90)

is the the coherent di�raction intensity and j̃ (r) = F∆r→rj (∆r) . Equation 2.89 is
referred to as Schell's theorem which states that the partially coherent di�raction
intensity is equal to the coherent di�raction intensity convolved with the Fourier
transform of the complex coherence factor [50]. Thus, under the Schell model as-
sumption, decreasing the spatial coherence in a light source reduces the visibility in
the observed far-�eld di�raction intensity.

2.10. Effective number of modes

Using the mutual intensity in numerical propagation problems is computationally
challenging. While the digital representation of a two-dimensional coherent wave
with N samples per dimension requires N2 samples, a partially coherent wave with
N samples per dimension described by means of a four-dimensional mutual intensity
requires N4 samples. However, the orthogonal mode decomposition (Eqn. 2.69) can
render partially coherent propagation problems tractable. De�ning the purity [1]

ν =

√∑
l λ

2
l∑

l λl
∈ [0, 1], (2.91)

as a measure for coherence, the e�ective number of modes Me� required to approxi-
mately represent a partially coherent wave �eld is on the order of [134]

Me� =
1

ν2
. (2.92)

8With regard to the experiments reported later in this thesis, this approximation holds for most
synchrotron beams since the exit slits are typically far away from the condenser or object plane
in imaging experiments.

9See [50] for details.
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2.11. Numerical aspects of partially coherent wave
propagation

The purpose of this section is to illustrate numerical aspects of partially coherent
wave propagation by example. The intuition gained from the discussion facilitates
later analyses of partially coherent beams. Another objective is to show how di�rac-
tion data critically depends on the coherence state of the source deployed in an
optical system [119]. It will be evident that accurate analysis of partially coherent
lensless imaging setups, as discussed in later chapters, relies on a proper model of
the coherence state of the underlying radiation source.

Simulated setup
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Figure 2.4.: Simulated experimental setup. An incoherent source illuminates an
aperture serving as a spatial �lter. A phase-only di�user behind the
aperture modulates the partially coherent wave. Di�raction data is col-
lected downstream the di�user. Relevant physical units are as indicated.

The optical system depicted in Fig. 2.4 consists of an optical radiation source (con-
denser), an aperture, a di�user and a detector. The condenser is assumed to be
monochromatic (λ = 625 nm) and spatially extended. Spatially separated source
points are assumed to be mutually incoherent. Two condenser geometries are simu-
lated below: a square with side length 60µm (cf. Fig. 2.5 a) and a ring condenser
with 240µm diameter (cf. Fig. 2.6 a). The square condenser was selected as an
example for a source with moderate degree of spatial coherence, whereas the ring
condenser was selected as an example for a source with low spatial coherence. An
aperture at distance z1 = 10 cm serves as a spatial coherence �lter with a diame-
ter of 1.5µm. A phase-modulating di�user is simulated closely behind the aperture
(z2 = 1mm) with a mean granularity of 67µm, as measured by the full width at half
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maximum of its autocorrelation. The detector is placed at z3 = 5 cm downstream
the di�user to record di�raction patterns from variable source geometries.

Square condenser
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Figure 2.5.: (a) square condenser; (b,c,d,e) show coherent modes, mode occupancy,
nMI section (2D) and nMI section (1D), respectively in the aperture
plane; (f) shows the di�raction pattern measured in the detector plane
resulting from the square condenser.

The simulation results for the square condenser are shown in Fig. 2.5. At a pixel
size of 6µm the square source with side length 60µm in panel (a) consists of 100
source points. Each individual source point is propagated into the aperture plane
using the impulse response of free space (Eqn. 2.47). The resulting set of spherical
waves is orthogonalized by means of a singular value decomposition (SVD).10 The
complex-valued orthogonalized mode structure in the aperture plane is shown in the
hue-brightness plot in panel (b), where intensity is encoded as brightness and phase

10The orthogonalization step by means of the SVD is described in detail in [81, 80]. Other orthog-
onalization methods such as Gram-Schmidt or QR decomposition may alternatively be used
[110].
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is encoded as hue. The corresponding mode occupancy

Em =
λm∑
allm λm

, (2.93)

which is a measure for the relative energy in each mode, is shown in panel (c).
From the semi-logarithmic plot it is seen that the relative mode energy decreases
exponentially. The purity (Eqn. 2.91) for the square condenser beam is ν = 0.36.
As noted in the last section, the purity is useful to estimate the number of modes
required to numerically represent a partially coherent beam to a good approximation.
In this example Me� = 1/ν2 ≈ 8 and the �rst 8 aperture modes contain

8∑
m=1

Em ≈ 99.9% (2.94)

of the total energy contained in the partially coherent beam. Hence the truncated
orthogonal mode decomposition is much more e�cient than propagating individual
source wavelets through the optical system. In particular, the orthogonal mode
representation of the partially coherent beam requires only 8N2 samples, while
the source wavelets required 100N2 samples in this example11. Panel (d) shows
a two-dimensional section (y1-y2-plane) of the four-dimensional normalized mutual
intensity (nMI, Eqn. 2.78). A consequence of the Van Zittert-Zernike theorem
(Eqn. 2.84) is that a far-�eld nMI is only a function of separation (∆r = r1 − r2).
Therefore the far-�eld partially coherent beam is a Schell-model beam and the nMI
plotted in panel (d) takes the form of a Toeplitz matrix [101]. One-dimensional
sections of the mutual intensity inside the aperture plane are shown in panel (e),
where |j (∆x)| and |j (∆y)| are shown by dashed an dotted lines, which in this ex-
ample fully overlap. For |j (∆x)| both y1 and y2 are set to zero (and vice versa
for |j (∆y)|). From the Van Zittert-Zernike theorem it is expected that the nMI
takes on the form of a sinc-function, since the source intensity and far-�eld nMI are
related by Fourier transformation (Eqn. 2.84). Here only the portion of the sinc
function is shown, that is spatially �ltered by the 1.5mm aperture. It is seen that
the �ltered beam exhibits correlation throughout the entire aperture. The smallest
correlation is found at the extremal points of the aperture, where a double pinhole
experiment (without di�user) would yield a di�raction pattern I with a contrast
(max (I)−min (I)) / (max (I) + min (I)) ≈ 0.5. The di�raction pattern that results
from the modulation of the phase-only di�user as observed in the detector plane is
shown in panel (f). The high contrast and fringe visibility is a consequence of the
moderately high degree of spatial coherence of the beam.
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Figure 2.6.: (a) Ring condenser; (b,c,d,e) show coherent modes, mode occupancy,
nMI section (2D) and nMI section (1D), respectively in the aperture
plane; (f) shows the di�raction pattern measured in the detector plane
resulting from the square condenser.
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Ring condenser

A similar simulation as above was carried out with the ring condenser shown in
Fig. 2.6. All parameters including the di�user shape were held constant except the
source geometry. The 240µm diameter ring (panel a) condenser has a thickness
of 43µm and consists of 848 source points. The spherical waves emanating from
the source were orthogonalized in the aperture plane. The resulting mode structure
is shown in panel (b). The beam produced by the ring condenser geometry has
lower spatial coherence in the aperture plane as compared to the square condenser
discussed above. This is both seen from the mode occupancy in panel (c), which
is much more �at than in the previous example (Fig. 2.5 f), and from the low
purity of ν = 0.167. The resulting required number of modes is on the order of
Me� = 1/ν2 ≈ 36. The relative energy contained in the �rst 36 modes is

36∑
m=1

Em ≈ 94.9%. (2.95)

As in the previous example, the orthogonal mode representation dramatically re-
duces the computational complexity of the partially coherent wave propagation
simulation12. Another indication of the smaller spatial coherence length is given
by the normalized mutual intensity shown in panels (d) and (e), which ehibits a
smaller FWHM than in the previous example. Finally, the di�raction pattern looks
di�erent than in the previous example. For the ring condenser it is apparent that the
di�raction pattern is the convolution of both the di�raction pattern of the di�user
and the source . Mathematically, this is a consequence of Schell's theorem (Eqn.
2.89).13

Summary

For a low coherence source the normalized mutual intensity j (x1, x2) is diagonal, or
full rank [101]. For a coherent source the rows and columns of j (x1, x2) are linearly
dependent, i.e. low rank or sparse. In between the extreme cases of incoherence
(full rank) and coherence (sparsity), e�cient numerical representations for partially

11In practical problems of large data volumes the marginal loss of numerical precision is often a
good trade-o� against the order of magnitude in computational memory and overhead gained
in using the truncated orthogonal mode representation.

12848 spherical waves each of which contain N2 pixels are approximated by 36 modes each of which
have N2 pixels.

13Intuitively, this e�ect can be understood in analogy to a pinhole camera. In this case, the source
radiation is once Fourier transformed into the aperture plane upon propagation. Then through
spatial �ltering at the aperture and propagation to the observation plane a second Fourier
transform occurs which displays an inverted source. This e�ect is for example used in coded

aperture imaging, with the di�erence that a non-redundant aperture array is used, for which
the observation data can be deconvolved more easily than in the present example [14].
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coherent wave �elds can be found by means of truncated singular value decomposi-
tions, where the e�ective rank is proportional to the reciprocal square of the purity
of the wave �eld.

It was seen that the appearance of di�raction patterns in lensless imaging setups
is e�ected by the source geometry in the case of partially coherent �elds14. From
the example, it is evident that lensless partially coherent systems are sensitive to
the source geometry at hand. In particular, if the source geometry is not exactly
known, the coherence state of the system has to be recovered in order to allow for
lensless imaging. The ability to recover the coherence state of an illuminating beam
together with the specimen to be imaged is a�orded by ptychography, as was shown
in [144]. The underlying mixed state algorithm for the recovery of partially coherent
modes from ptychographic data is discussed in sections 3.6 to 3.9.

The simulation in this section illustrated that the correlation in diverging partially
coherent wave �elds increases upon propagation. While the source emitters were
mutually incoherent, the waves in the observation plane exhibited coherence in both
examples. This is a consequence of the fact that not only optical wave �elds but
also their correlations obey wave equations (Eqns. 2.64 and 2.65). The standard
deviations of the independent variables in the Van Zittert-Zernike theorem (cf. Eqn.
2.84) must therefore satisfy the uncertainty relations 15

σ∆xσx′/λz ≥
1

4π
. (2.96)

Assuming that the standard deviation of the source is on the order of its size s,
the standard deviation for the correlation distance in the observation plane can be
estimated to have a lower bound given by

σ∆x ≥
1

4π

λz

s
. (2.97)

It is common to de�ne the transverse coherence length [73]

lt,max =
λz

2s
, (2.98)

as an estimate on the order of magnitude of the length scales over which an inco-
herent source exhibits some degree of correlation. For the square condenser problem
Eqn. 2.98 estimates a coherence length of lt,max = 520µm. It is noted that at
this distance and larger, the source exhibits only about 70% correlation, or fringe

14A discussion for lens-based systems is found in [119].
15Any Fourier transform pair G (f) = Fg (x) satis�es the uncertainty relation σxσf > 1/4π

[12]. Here σ2
x =
´
x2 |g (x)|2 dx and σ2

f =
´
f2 |g (f)|2 dx are the variances of the independent

variables in real and Fourier space, respectively. It was further assumed for simplicity that g (x)
and G (f) are normalized and have zero mean. Further details can be found in [158].
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contrast in a double pinhole experiment. Here Eqn. 2.98 is interpreted as the max-
imum distance over which an incoherent source exhibits substantial correlation in
the far-�eld. A more conservative estimate of the transverse coherence length is [5]

lt,min =
1

2π

λz

s
. (2.99)

The latter expression for the square simulation in this section (cf. �g. 2.5) yields
|j (lt,min = 166µm)| = 0.96 . Therefore Eqn. 2.99 is interpreted as the minimum
distance over which the source is su�ciently correlated.
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3. Ptychographic coherent
diffraction imaging

Ptychographic coherent di�raction imaging (PCDI), or shortly ptychography, is a
computational imaging technique that uses intensity measurements collected as a
function of object translation to recover complex information about scattered wave
�elds. Originally suggested in the 1960s1 and further developed in the 1990s [115],
it was not until e�cient numerical techniques were established in the last decade
that PCDI became a widely popular imaging technique for visible light, x-rays and
electron microscopy [116, 39, 142, 87]. A recent comprehensive overview on pty-
chography is given in [107].

Ptychography has become a popular technique in applications where the use of high-
quality optics is challenging. This is for instance the case in the soft x-ray regime,
where the availability of imaging optics with focal spots signi�cantly smaller than
30 nm is limited [94]. Lensless imaging techniques such as ptychography can provide
di�raction-limited resolution with theoretically unlimited �eld of view. Moreover,
scanning transmission microscopy with both x-rays (STXM) and electrons (STEM)
can be complemented by ptychography to achieve a spatial resolution much smaller
than the spot size of the focusing optics. This is due to PCDI's ability to resolve
for object transmission and illumination separately. The latter also renders PCDI
robust against speckle artifacts that are often lowering image quality in coherent
microscopy [? ]. At the time of this writing, ptychography has achieved the highest-
magni�cation two-dimensional transmission electron micrograph ever obtained with
a spatial resolution of 0.39Å [114, 69]. For hard x-rays, which o�er higher pene-
tration depths as compared to electrons, ptychotomographic reconstructions of an
integrated circuit have been reported at an isotropic resolution of 14.6 nm [60].

In its original conception, PCDI utilizes a coherent illumination pro�le to produce
far-�eld di�raction intensities from partially overlapping regions of a specimen trans-
lated with respect to a stationary beam or vice versa [116]. In practice, this ideal
model is rarely satis�ed due to the presence of systematic errors in the observed
data. For instance, the assumption of high coherence and accurate encoder informa-
tion from the translation stage that the specimen is mounted on may be incorrect
[144, 37, 18, 84, 8, 160, 146]. Other systematic errors such as intensity �uctuations
[143] and pointing instability of the illumination [97] as well as detector-sided er-
rors such as overexposure, point spread, background signal, defect pixels, electronic
1See [? ] and references therein for an account of the early history of ptychography.
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readout noise and the probabilistic nature of photoelectric counting corrupt the
data further [37, 80]. Since the �rst experimental demonstrations of ptychography
[117, 118], it has been a major research direction of the ptychography community
to incorporate systematic errors into sophisticated forward models resulting in more
robust ptychographic reconstruction algorithms. This development is still going on
and parts of this chapter are devoted to expanding the capabilities of ptychography.
Novel developments reported here are adaptive weighting of detector observations
(subsection 3.5.1.1) and probe �eld-of-view extension by means of detector pixel
sub-sampling (subsection 3.5.2.3). An experimental novelty is the characterization
of a di�ractive optical element for the generation of helical x-ray beams by means
of ptychography, which is reported in section 3.9.

The structure of this chapter is as follows: First, the optical phase problem (section
3.1) and fundamentals of ptychography (section 3.2) are reviewed. A visible light test
setup, which was used to compare various optimization algorithms for ptychography,
is described in section 3.3. The results of this benchmark are discussed in section
3.4. Advanced algorithms that allow to correct for systematic experimental errors
and partial coherence are described in sections 3.5 and 3.6, respectively. The chapter
closes with experimental results from synchrotron experiments that are described in
sections 3.7 to 3.9.

3.1. The optical phase problem

Chapter 2 described the direct problem of propagating a known partially coherent
scalar wave �eld from one plane to another. In section 2.2 it was also discussed
that photoelectric detection of light and x-rays involves conversion from complex
amplitude to optical intensity, which results in the loss of phase information in
the measured di�raction data and the presence of noise. Therefore, the di�raction
pattern can not directly be back-propagated to its plane of origin. The problem
of attributing a phase to a di�racted wave �eld is known as the phase problem.
It arises in many scienti�c areas: In astrophysics, stellar Michelson interferometers
measure the coherence properties of distant stars [73]. By the Van Zittert-Zernike
theorem this information is related to the Fourier transform of the source intensity
(cf. Eqn. 2.84). However, since the phase of the mutual intensity is not directly
measured, a critical ingredient is a priori information about the source. In this
case, a positivity constraint may be applied since optical intensities can not be
negative. While it is hard to construct an intensity distribution in the source plane
that complies simulateneously with a positivity constraint and with an observed far-
�eld coherence function, it is possible to use iterative algorithms which impose both
constraints (positivity and measured far-�eld information) sequentially [40]. As a
second example, in blind deconvolution, iterative phase retrieval algorithms can be
applied to recover two functions whose convolution is measured. Yet again, this
technique requires a priori knowledge such as positivity or �nite support [25]. In
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inline holography, the di�raction pattern contains phase information which can be
decoded if the object is weakly scattering and the reference wave is known a priori
[44].

Many more instances of the phase problem can be found in the literature [99, 41, 130].
The aforementioned examples show that phase retrieval often involves the use of
a priori information. Ptychography has the advantage that it relies on minimal
assumptions such as position information and wavelength of the deployed radiation
source, which can typically be measured with high precision or self consistently
corrected if necessary [84, 8, 160, 97, 80].

3.2. Fundamentals of ptychography

A minimal ptychography setup is illustrated in Fig. 3.1. Here a specimen, or object,
is translated relative to a stationary, coherent illumination P (r), also called probe.
The scattered wave is recorded on a pixelated detector, typically a CCD or CMOS
camera. Here it is assumed that the detector is placed in the far-�eld where it
measures overlapping views of the sample. Optically thick specimens (see section
2.6) can be modeled by multislice approaches which take into account multiple
scattering e�ects [83, 147]. If the object is optically thin, it can be described by
a two-dimensional transmission function O (r) . In this case, the recorded optical
far-�eld intensity is given by the modulus squared of the two-dimensional windowed
Fourier transform of the object

I (t,f) = |Fr→f {P (r)O (r − t)}|2 , (3.1)

where t is a translation vector and the Fourier transform maps the input from the
spatial domain r ∈ R2 to the spatial frequency domain f ∈ R2. The collection
of intensities I (t,f) in a ptychography experiment is called spectrogram [24] and
contains information in both the space (t) and spatial frequency (f) domains. It
can be written as

I (t,f) =

ˆ ˆ
WP (y,f − f ′)WO (y − t,f ′) dydf ′ (3.2)

where
Wg (a, b) =

ˆ
g
(
a +

c

2

)
g∗
(
a− c

2

)
exp [−i2πbc] dc (3.3)

is the Wigner distribution function [139]. Equation 3.2 was �rst derived in [115]. A
derivation is provided for completeness in appendix A. In words, Eqn. 3.2 states that
the set of intensities I (t,f) collected in a ptychography experiment is the convolu-
tion of the Wigner distribution of the illumination and the Wigner distribution of
the object transmission function. Early attempts to solve ptychography and STXM
data used Wigner distribution deconvolution methods [115, 17]. Those methods to
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date have not found widespread application since numerical implementations su�er
from excessive memory requirements2. However, the phase-space description of pty-
chographic data in terms of Wigner distributions yields valuable theoretical insights
such as sampling requirements [24], which are discussed in section 3.2.2.

Most solution strategies for ptychography involve iterative application of two con-
straints which are discussed in the following sections.

Figure 3.1.: Minimal ptychographic setup consisting of illumination (probe), object
(specimen), and detector. The object is translated relative to a coherent
stationary beam. The scattered wave is recorded on a detector.

3.2.1. Intensity constraint

In the absence of noise and systematic errors, the estimate to the solution of a pty-
chographic problem has to comply with the measured intensities in the spectrogram.
For the moment far �eld di�raction is assumed. The generalization to other propa-
gation operators is straightforward. Let ψ (r) denote the exit surface wave (ESW)
downstream the object for a given translation vector t. De�ne further its Fourier
transform

ψ̃ (f) = Fψ (r) . (3.4)

Then compliance with the far-�eld intensity is measured by the error functional

L =

ˆ (
I (f)−

∣∣∣ψ̃ (f)
∣∣∣2)2

df . (3.5)

2For a two-dimensional signal with N2 samples the Wigner distribution requires N4 samples.
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From the calculus of variations [148], minimization of L is equivalent to solving the
Euler-Lagrange equation (ELE) with respect to variation in ψ̃ for the error density

L =

(
I (f)−

∣∣∣ψ̃ (f)
∣∣∣2)2

. (3.6)

Since complex-valued quantities are involved, two separate Euler-Lagrange equations
for the real and imaginary parts of ψ̃ have to be solved. Alternatively, because the
Lagrangian is is symmetric in the derivatives with respect to ψ̃ and ψ̃∗

∂L
∂ψ̃∗ (f)

=

(
∂L

∂ψ̃ (f)

)∗
, (3.7)

minimization with respect to either ψ̃ or ψ̃∗ is su�cient [43, 36]. The latter approach
is used throughout. The ELE for Eqn. 3.6 is given by

∂L
∂ψ̃∗ (f)

= 0 (3.8)

since no higher derivatives are present. More explicitly,(
I (f)−

∣∣∣ψ̃ (f)
∣∣∣2) ψ̃ (f) = 0

can be rearranged to give

ψ̃ (f) =
I (f)∣∣∣ψ̃ (f)

∣∣∣2 ψ̃ (f) . (3.9)

This constraint for the Fourier transform of the ESW is typically implemented iter-
atively

ψ̃n+1 (f) =
I (f)∣∣∣ψ̃n (f)

∣∣∣2 ψ̃n (f) , (3.10)

where ψ̃n is the estimated complex-valued Fourier amplitude at the nth iteration.

Eqn. 3.10 bears a simple meaning: If the fraction I (f) /
∣∣∣ψ̃n (f)

∣∣∣2 is unity, the
Fourier amplitude of the estimate wave is left unchanged. If the measured intensity
is greater/smaller than the estimated Fourier intensity, then the estimated Fourier
amplitude is increased/decreased.

The choice of the error metric in Eqn. 3.6 was chosen ad hoc. In fact, a di�erent
choice of error metric may lead to other update rules. For example, solving the ELE
for the error metric

L =
(√

I (f)−
∣∣∣ψ̃ (f)

∣∣∣)2

(3.11)
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leads to

ψ̃n+1 (f) =

√
I (f)∣∣∣ψ̃n (f)

∣∣∣ ψ̃n (f) . (3.12)

Both update rules (Eqns. 3.10 and 3.11) are correct in the absence of noise. In prac-
tice, the particular statistics of the noise dictates which update rule has to be used.
It was shown that Eqn. 3.10 follows from assuming a Poisson noise distribution and
moderately large photon counts while Eqn. 3.11 follows from Gaussian distributed
noise [143, 49]. All results in this thesis use Eqn. 3.12 if not otherwise stated.

Finally, it is noted that the intensity constraint is nonlinear. Suppose that ψ̃1 and

ψ̃2 satisfy the intensity constraint I =
∣∣∣ψ̃1

∣∣∣2 =
∣∣∣ψ̃2

∣∣∣2 . In general, linear combinations
of ψ̃1 and ψ̃2 do not satisfy the intensity constraint, i.e. I 6=

∣∣∣c1ψ̃1 + c2ψ̃2

∣∣∣2 , where c1

and c2 are constants. Therefore, nonlinear optimization methods have to be used to
�nd solutions from ptychographic data. The choice of a suitable algorithm is critical
since due to the nonlinear nature of the problem, a solution in PCDI is generally not
guaranteed. Optimization algorithms for ptychography are discussed and compared
in section 3.4.

3.2.2. Overlap constraint

As a second constraint, the estimated ESWmust comply with the overlap constraint,
which assumes that the ESW ψ can be factorized into a product of object O and
illumination P , i.e. ψ (r) = P (r)O (r − tj) for each translation tj. Suppose ψj
satis�es the Fourier modulus constraint by applying Eqn. 3.12 for all positions
indicated by j. An update rule for the object O and probe P is sought that minimizes
the overlap constraint error functional

L =
∑
j

ˆ
|ψj (r)− P (r)O (r − tj)|2 dr. (3.13)

The Euler-Lagrange equations of the corresponding error density

L =
∑
j

|ψj (r)− P (r)O (r − tj)|2 , (3.14)

where P and O are the quantities with respect to which L is minimized, are given
by

∂L
∂P (r)∗

=
∑
j

O∗ (r − tj) [P (r)O (r − tj)− ψj (r)] = 0 (3.15)

and

∂L
∂O (r)∗

=
∑
j

P ∗ (r + tj) [P (r + tj)O (r)− ψj (r + tj)] = 0, (3.16)
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where a coordinate shift r → r + tj is necessary to compute the derivative with
respect to O∗ (r) instead of O (r − tj). This coupled system of equations may be
solved by applying

On+1 (r) =

∑
j P
∗
n (r + tj)ψn,j (r)∑
j |Pn (r + tj)|2

(3.17)

and

Pn+1(r) =

∑
j O
∗
n (r − tj)ψn,j (r)∑
j |On (r − tj)|2

(3.18)

iteratively [142]. Together, these equations allow to estimate the object and probe
functions from the collection of exit surface wave estimates at the jth translation
and nth iteration. However, in practice the update rules given by Eqns. 3.17 and
3.18 can be numerically unstable when the terms in the denominator approach zero.
Further the rate of convergence may be accelerated by using sequential updates, as
was shown in [87]. Section 3.4 discusses various forms of more advanced update
rules to minimize the overlap error functional.

Algorithm 3.1 Basic ptychography algorithm in pseudo code.
initialize n, P,O
while n < nmax

for all positions j
1. select jth object patch

2. form exit surface wave: ψj (r) = P (r)O (r − tj)

3. propagate to detector: ψ̃j (f) = Fψj (r)

4. replace detector signal: ψ̃j
′
(f) =

√
I(f)

|ψ̃j(f)| ψ̃j (f)

5. backpropagate to object: ψ′j (r) = F−1ψ̃j
′
(f)

6. estimate P (r) and Oj (r) from ψ′j (r):

6. Pn+1(r) =
∑

j O
∗
n(r−tj)ψn,j(r)∑
j |On(r−tj)|2

6. On+1 (r) =
∑

j P
∗
n(r+tj)ψn,j(r)∑
j |Pn(r+tj)|2

end

end

To summarize: In the simplest form, ptychography iterates between a Fourier space
update step for each position as typically given by Eqn. 3.11 and a real space update
step as given by Eqns. 3.17 and 3.18. While the Fourier update forces the estimated
wave �eld to comply with the measured optical intensities, the overlap constraint
forces each exit wave to comply with the factorization assumption and the dictated
scanning geometry. A basic ptychographic inversion algorithm is described in Alg.
3.1 and illustrated in Fig. 3.2. Note that the numbers in Alg. 3.1 correspond
to the numbers in Fig. 3.2. It is also emphasized that although in Fig. 3.2 only

45



Figure 3.2.: Basic ptychography work�ow. The steps 1 to 6 are described in algo-
rithm 3.1.

two positions are shown, in practice many more positions are needed to su�ciently
constrain the ptychographic phase retrieval problem.

3.2.3. Overlap requirements

A quanti�cation of the required overlap in a ptychography experiment has to date
not been provided in the sense that it would guarantee convergence to a unique
solution. It would be desirable to have a �xed de�nition of the overlap parameter for
which it would be clear before an experiment is carried out, how the scan geometry
should ideally look like. In particular, for biological imaging the radiation dose has
to be kept as low as possible to not damage the sample. On the other hand, overlap
between adjacent positions makes the problem solvable at all in the abscence of a
priori knowledge.

A �rst attempt to quantify the necessary overlap was studied in [15]. The authors
empirically come to the conclusion that more than o1D = 60% linear overlap between
adjacent positions is required. The linear overlap is de�ned as

o1D = 1− s

2r
, (3.19)

where s is the scan step size and r is the radius of a circular illumination pattern. For
more complicated two-dimensional illumination patterns, an alternative de�nition
of the overlap ratio is given by [65]

o2D (r) =

∑
j |P (r − rj)| |P (r − rj+1)|∑

j |P (r − rj)|2
. (3.20)

This particular de�nition of the overlap is not unique as it depends on the sequence
in which adjacent positions are addressed [36].
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A more recent study discussed overlap requirements from the viewpoint of the
Wigner distribution representation of ptychographic data sets [24]. The argument
presented therein, which is only outlined here, is that sampling requirements for pty-
chographic scanning grids arise from uncertainty relations of the Wigner distribution
resulting in the sampling requirement

1

αβ
> 1, (3.21)

where α = s/L, β = pL/ (λz) , s is the scanning step size, L is the beam diameter, p
is the detector pixel size, z is the sample detector distance and λ denotes wavelength.
However, the derived sampling condition is equivalent to

s <
λz

p
, (3.22)

which constrains the scan step to be smaller than the real space numerical �eld of
view, which follows also from the reciprocity relation for a single far �eld di�raction
pattern discussed in subsection 3.2.5. As the authors remark, it was experimentally
demonstrated in [33] that this limit can be broken, which may be due to phase
variations in the probe not taken into account in the derivation of Ineq. 3.21.

The above discussion emphasizes that accurate requirements for the overlap ratio in
ptychographic scanning geometries are yet to be formulated. It is doubtful whether
such an exact relation exists that guarantees uniqueness and convergence to the
solution, since it would have to take into account the coherence state and the noise
statistics of the detector which both in practice are not known a priori. Throughout
this thesis the linear overlap in Eqn. 3.19 is used to quantify overlap.

3.2.4. Scan Grid Optimization

Ptychography draws phase sensitivity from acquiring partially overlappinginforma-
tion from a variety of relative shifts of an object with respect to a �xed illumination.
This principle has also been referred to as transverse translation diversity [53]. Scan-
ning microscopy techniques, such as STXM and STEM, typically scan on periodic
grids to collect homogeneously distributed information over a region of interest.
However, in ptychography this causes non-uniqueness as was demonstrated in [140].
The argument in the latter reference is short enough to be repeated here: Let the
solution to the ptychographic problem be given by P (r) and O (r) and the scan
grid have periodicity t. Then P ′ (r) =f (x)P (r) and O′ (r) = O (r) /f (x) are also
solutions since

P ′ (r)O′ (r + t) = P (r) f (x)
O (r + t)

f (x + t)
(3.23)

= P (r) f (x)
O (r + t)

f (x)
= P (r)O (r + t) , (3.24)
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Figure 3.3.: Optimization of ptychographic scanning grids. The top row shows con-
centric , Fermat and randomized raster grids without optimization of
the scan trajectory, each containing 99 ± 1 grid points. The lower row
shows scan trajectories obtained with a genetic optimization algorithm.
The dimensionless total travel distance is indicated on top of each panel.
The red point marks start and end. Figure adapted from [65].

for any function satisfying f (r + t) = f (r) . To avoid this non-uniqueness, ptycho-
graphic scan grids have to be aperiodic.

Typical PCDI scan geometries are concentric circles, Fermat spirals or randomized
raster grids, which have been discussed in [65]. These choices are illustrated in
Fig. 3.3. The top row shows scan trajectories that are conveniently represented in
polar coordinates (e.g. concentric and Fermat) or obtained by randomized computer
commands (e.g. rand. raster). Each scan grid contains roughly 100 points (98 for
concentric, 98 for Fermat and 100 for randomized raster grid). Since scanning time
and radiation dose imparted on the sample have to be minimized, the trajectories
are optimized for the shortest travel distance. Further this has a positive e�ect if
the positioning system introduces errors over large travel distances.

The problem of minimizing the length of a trajectory where each scan point is visited
only once is equivalent to the traveling salesman problem (TSP). For this problem,
a large body of solution strategies is described in the literature [22]. An algorithm
for the TSP, using a genetic algorithm similar to di�erential evolution [111], was
implemented to optimize the scan grids in Fig. 3.3. The starting and end point,
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marked in red color, are constrained to be equal. This is useful if multiple scans
are carried out, e.g. varying exposure time for high dynamic range enhancement
of the data. Further the di�raction signals of the �rst and last scan point can be
compared to estimate systematic errors such as position drift, noise statistics and
beam �uctuations [96]. Each grid was optimized for 10000 iterations, which took less
than a minute of computation time on the author's notebook. Comparing the total
distance traveled in the top and bottom rows reveals a decrease in travel distance.
In the case of the Fermat grid, an order of magnitude in travel distance is saved as
compared to the non-optimal result. The improvement in the randomized raster grid
travel distance by roughly a factor of two is mostly due to avoiding the long distances
traveled at the extremal points of each row. It is noted that the TSP algorithm may
not have fully converged to the global minimum as seen by the presence of diagonal
steps within the randomized raster grid. If scan time is critical, this can be improved
by carrying out more iterations of the TSP optimizer.

3.2.5. Reciprocity relations and digital sampling requirements

In far-�eld ptychography, the complex-valued wave in the detector plane is related
to a scaled Fourier transform of the exit surface wave ψ (x) = P (x)O (x− t) as
modeled by the Fraunhofer approximation (Eqn. 2.53)

ψ̃ (q, z) =
exp (ikz)

iλz
exp

[
i
k

2z
q2

] ˆ
ψ (r, 0) exp

[
−i2π
λz

rq

]
dr, (3.25)

where r = (x, y) and q = (qx, qy) are source and observation plane coordinates,
respectively. If the wave is not propagated further in the optical system and only
intensities in the spectrogram are concerned, then the phase terms preceding the
Fraunhofer integral may be neglected and the wave in the detector plane is given by
a scaled Fourier transform

ψ̃ (q, z) =

ˆ
ψ (r, 0) exp

[
−i2π
λz

rq

]
dr. (3.26)

Substituting

f =

(
fx
fy

)
=

(
qx/λz
qy/λz

)
(3.27)

yields

ψ̃ (λzf , z) =

ˆ
ψ (r, 0) exp [−i2πfr] dr, (3.28)

which is the standard signal processing convention for the two-dimensional Fourier
transform [13? ]. The Fourier transform in Eqn. 3.28, and not the scaled version
in Eqn. 3.26, is typically implemented in scienti�c programming languages3. The

3MATLAB is used in this work.
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discrete Fourier transform relates real space and spatial frequency pixel size ∆r and
∆f, respectively, via [127]

∆r =
1

N∆f
(3.29)

where N is the number of samples in a numerical array. From Eqn. 3.27, it follows
that ∆f = ∆q/λz, where ∆q is the detector pixel size. Inserting this into Eqn. 3.29
leads to

∆r =
λz

D
(3.30)

and
L =

λz

∆q
, (3.31)

where D = N∆q is the detector size, L = N∆r is the probe �eld of view (pFOV )
and ∆r is the real space sampling. The relationships in Eqns. 3.30 and 3.31 are
referred to as reciprocity relations in here. These relations hold for both the Fresnel
and Fraunhofer integrals (Eqns. 2.51 and 2.53) and are visualized in Fig. 3.4.

Figure 3.4.: Reciprocity in far-�eld di�raction. The smallest object feature (real
space sampling) relates to the detector size The detector pixel size de-
termines the �eld of view of a single object patch.

It is important to not confuse real space sampling with spatial resolution. The spatial
resolution of a setup is often, although not always [85], lower than the real space
sampling. For instance, this is the case if the detector does not collect su�cient
photon �ux at high scattering angles [28]. On the other hand, it is possible to
resolve smaller structures than the real space sampling by means of super-resolution
ptychography [85] and Fourier ptychography [161]. The discussion of resolution is
deferred to section 3.4.6. Another point emphasized here is that L as given in Eqn.
3.31 is the probe �eld of view. The object �eld of view is given by the scan geometry,
and is typically larger than the probe �eld of view.
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The far-�eld reciprocity relations can be used to derive approximate sampling re-
quirements and resolution limits in ptychographic setups. The limits that follow are
not exact and techniques have been investigated to overcome them, typically at the
cost of increased input data [85, 33, 81]. However, as is the case with the empirically
reported linear overlap (Eqn. 3.19) [15], estimations of the required length scales
and limits in ptychographic experiments can be made.

Probe size and object-detector distance

As a �rst condition, the probe, which is assumed here to have a diameter of σP , is
required to be con�ned within half of the real space �eld of view, i.e. σP ≤ L/2. In
CDI, the factor of 2 principally allows for phase retrieval from a single, oversampled
far-�eld di�raction pattern [92]. In ptychography the requirement is lower as shown
in [33], but keeping a factor of 2 is safe in situations where the probe diameter slowly
tapers to the edges of the numerical array4. It follows that the beam diameter is
constrained by

σP ≤
λz

2∆q
. (3.32)

This condition gives an upper bound on the size of the probe given by a �xed pixel
size of the detector ∆q, wavelength λ and object-detector distance z. Typically in an
experiment the beam diameter is �xed and the setup has to be adjusted accordingly
so the latter condition can be rewritten as

z ≥ 2∆qσP
λ

, (3.33)

which is the minimum object-detector distance for a given probe size σP .

Real space pixel size

Scattering information is collected over a �nite angular spectrum limited by the size
of the detector D (or the maximum scattering region on the detector containing
su�cient photon �ux). Assuming that no super-resolution techniques are used [85],
this gives a lower bound on the half period resolution ρ, limited by the real space
sampling ∆x, i.e.

ρ ≥ ∆x =
λz

D
. (3.34)

Note that the term half period resolution has to be distibguished from the full period
resolution [61]. From the Shannon-Nyquist sampling theorem [12], at least two
half period resolution elements ρ are needed to digitally sample a harmonic signal
component exp [i2πfr] with full period 1/f.

Using the paraxial approximation for the numerical aperture NA ≈ D/2z, Eqn. 3.34
may be rewritten as

ρ ≥ λ

2NA
, (3.35)

4In that case the beam width may be de�ned by the variance σ2
P =

´
r2|P (r)|2dr´
|P (r)|2dr , which for

a Gaussian beam is related to the full-width at half maximum by FWHM = 2
√

2 ln 2σP ≈
2.355σP .
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which is identical to Abbe's resolution limit for lens-based imaging systems [72]. Ap-
proaching the lower bound λ/2NA is referred to here as di�raction limited resolution.
Rearranging Ineq. 3.34 gives a maximum object-detector distance

z ≤ ρD

λ
, (3.36)

for which a desired resolution ρ can principally be achieved. Ineqs. 3.33 and 3.36
are summarized compactly as

2∆qσP
λ

≤ z ≤ ρD

λ
. (3.37)

Spatial coherence

Modeling a beam by a single coherent mode requires the transverse coherence length
(Eqn. 2.99) to be larger than the probe �eld of view, i.e.

lt =
1

2π

λzs
s

> L =
λz

∆q
, (3.38)

where s is the size of the radiation source placed at distance zs upstream the object
and z is the object-detector distance. Ineq. 3.38 can be rewritten

zs >
2πsz

∆q
. (3.39)

As an example, for an experimental geometry where the source-object distance zs
equals the object-detector distance, the source s is required to be smaller than the
pixel size of the detector ∆q. A similar condition was derived in [133]. It can
be shown that the partially coherent di�racted intensity under the aforementioned
coherence conditions is given by a convolution of the coherent di�racted intensity
with a kernel of characteristic size s [158]. If s < ∆q then the convolution operation
can be neglected and the partially coherent di�raction pattern is well modeled by a
coherent di�raction pattern.

Temporal coherence

The derivation of temporal coherence requirements given here is adapted from [149].
Consider Fig. 3.5. First, the path length di�erence under the paraxial approximation
(z � D,L) for the laterally separated blue points ∆l⊥ is given by

∆l⊥ =

√
z2 +

(
D

2
+
L

2

)2

−

√
z2 +

(
D

2
− L

2

)2

≈
DL

2z
. (3.40)

Second, the path length di�erence for the axially separated red points ∆lz is given
by

∆lz = ∆z +

√
z2 +

(
D

2

)2

−

√
(z + ∆z)2 +

(
D

2

)2

≈
D2∆z

8z2
, (3.41)
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Figure 3.5.: Geometry for the derivation of temporal coherence requirements.

where z � ∆z was assumed. Requiring that the path length di�erences of photons
arriving at the detector are smaller than the temporal coherence length λ2/∆λ, two
conditions follow. Using the approximation in Eqn. 3.40, it follows that

λ2

∆λ
>
DL

2z
, (3.42)

or

L <
2λ2z

∆λD
, (3.43)

which states that partial temporal coherence e�ects are mitigated by a small probe
size and a small detector, both resulting in small path length di�erences. This e�ect
has been investigated in [37]. Further, using the approximation in Eqn. 3.41, it
follows that

λ2

∆λ
>
D2∆z

8z2
, (3.44)

or

∆z <
8z2λ2

D2∆λ
, (3.45)

which states that the smaller the temporal coherence length of the illuminating
beam, the thinner the sample has to be in order to allow for the observation of
di�raction e�ects.

A few numerical examples follow to give an impression of the involved length scales
at visible light and x-ray wavelengths.

Example 1: HeNe setup

A collimated HeNe laser with λ = 632.8 nm and σP = 400µm is assumed for which
the spatial and temporal coherence considerations can be neglected. A camera with
211 = 2048 pixels and pixel size ∆q = 5.5µm is assumed. Let the desired spatial
resolution be ρ = 5µm. Then Ineqs. 3.37 limit the object-detector distance z to the
interval 7mm < z < 89mm. This estimation is relevant for the optical test setup
discussed in the next sections.
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Example 2: Blue LED setup

Appendix B discusses experimental results of ptychography with a narrow-bandwidth
blue LED (λ = 465 nm, ∆λ = 22 nm). In this experiment with L = 200µm,
D = 113mm and z = 95mm, ∆z = 10µm the theoretical probe size limit due to
temporal coherence is L < 166µm. The maximum specimen thickness ∆z = 5.5mm
is practically not a limiting factor. For thick specimen in the visible light spectral
range multiple scattering e�ects inside the sample are more limiting.

Example 3: Soft x-ray synchrotron beamline

Assuming a soft-x-ray experiment with λ = 2 nm, λ/∆λ = 103, z = 10 cm, D =
266mm Eqn. 3.43 limits the probe to a maximum size of L = 15µm. The maximum
specimen thickness is limited to around ∆z = 226µm. Again, multiple scattering
e�ects inside the sample play a more important role at these sample thicknesses as
seen by the projection approximation (Eqn. 2.58) which limits the allowed sample
thickness to approximately 25µm for a 1µm beam and a desired spatial resolution
of 50 nm. However, for signi�cantly lower monochromaticity than stated above,
partial temporal coherence e�ects can be a limiting factor for the investigation of
moderately thick samples. This is especially the case for laboratory setups, which
typically rely on spectral �ltering by means of multilayer mirrors [124, 70, 98].

3.3. Visible light experimental test setup

To test the ptychographic software described in section 3.4, a visible light setup
was developed. The setup is illustrated in Fig. 3.6. Both a HeNe (632.8 nm, 4mW)
and a Nd:YAG (532 nm, 100mW) laser can be chosen to vary wavelength and output
power. The main ptychographic module of the setup is shown in the lower part of the
�gure. An aperture (d) allows to roughly adjust the size of the incident beam which
is focused by an achromatic lens (f = 15 cm). The detector (IDS UI-3370CP-M-
GL, 20482 pixels, 5.5µm pixel size, 12 bit CMOS chip) is placed in the focal plane
of the achromat. The object is mounted on an xy positioning system (SmarAct
SLC-1770-D-S, 46mm range, nominal repeatability 70 nm, nominal resolution 1 nm,
closed loop) which is placed between achromat and detector. The incident beam is
focused onto the detector. It can be shown that in this con�guration the complex
valued �eld distribution in the detector plane is given by [? ]

ψ̃ (q, z) =
A

iλz2

exp

[
i
k

2z2

q2

] ˆ
ψ (r) exp

[
−i 2π

λz2

rq

]
dr, (3.46)

where A is a scaling parameter to match the intensity of the laser and

ψ (r) = P (r)O (r − tj) (3.47)
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is the ESW downstream the sample in the plane at z1 and z2 is the distance from the
object to the detector. All other parameters are the same as in Eqns. 3.17 and 3.26.
Therefore the complex wave�eld in the detector plane is proportional to the scaled
Fourier transform of the exit wave downstream the object, where the scaling can be
controlled by variation of z2. The quadratic phase factor preceding the integral in
Eqn. 3.46 can be neglected since optical intensities are measured. Further details
about the experimental setup are described in [145].

Figure 3.6.: Visible light test setup.(a) HeNe-laser (632.8 nm, 4mW), (b) Nd:YAG
laser (532 nm, 100mW), (c) beam splitter, (d) aperture, (e) mirror, (f)
neutral-density �lter, (g) variable neutral-density �lter, (h) achromatic
lens (15 cm focal length), (i) object, (j) positioning stage, (k) CMOS
camera (20482 pixels, 5.5µm pixel size). [Figure taken from [145] and
modi�ed]

3.3.1. Siemens star test data set

In the following section a variety of algorithms is benchmarked for convergence. The
data set used is a ptychographic scan of a Siemens star calibration target (Thorlabs
R1L1S1P) made of chrome vacuum sputtered on a lime glass substrate. The object
consists of a circular area subdivided into 36 lines with equi-angular separation of 10
degrees. There are 10 concentric circles with radii 50µm, 100µm, ..., 450µm, 500µm.
In the center there is a 10µm transmissive hole. Fig 3.7, panel (a), shows a re�ection-
mode bright �eld micrograph (NA = 0.2) of the calibration target. In panel (d), the
Archimedean spiral scan grid is shown (not to scale with other panels). The panels
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Figure 3.7.: (a) Re�ection-mode bright �eld micrograph of calibration target; the
outermost concentric ring radius is 500µm, (b, e) reconstructed probe
with full width at half maximum 259µm (d) Archimedean spiral scan
grid, (c, f) transmission-mode ptychographic reconstruction. The
yellow-blue ruler is 1mm, each segment is 100µm.

(b, e) and (c, f) show a ptychographic reconstruction (λ = 632.8 nm) of the calibra-
tion target using an mPIE algorithm (cf. subsection 3.4.4). The reconstructed probe
is approximately Gaussian with a standard deviation of σ = 110µm as measured by
[12]

σ2 =

´
r2 |P (r)|2 dr´
|P (r)|2 dr

−

(´
r |P (r)|2 dr´
|P (r)|2 dr

)2

, (3.48)

corresponding to full width at half maximum (FWHM) of FWHM = 2
√

2 ln 2σ ≈
259µm. It is noted that the contrast in panels (a) and (c, f) are complementary
due to the di�erent microscopy modes (re�ection and transmission). In the ptycho-
graphic experiment, the object-detector distance was z2 = 59mm. With a detector
size of D = 11.3mm this results in a numerical aperture of NA ≈ 0.1.

3.4. Reconstruction algorithms

As described in subsection 3.2.1 and 3.2.2, in ptychography both an object and
illumination are iteratively estimated that comply with the measured di�raction in-
tensities and scan geometry. Since the underlying optimization problem is nonlinear,
the search for a suitable solution often involves a compromise between exploration
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and convergence rate of the algorithm used. Excessive exploration of the search
space may lead to instability and divergence while fast convergence entails the pos-
sibility of stagnation in local minima. In the development of ptychography software,
it is therefore useful to have a variety of optimizers for the problem at hand. In
the worst scenario, the invertibility of a data set depends on the complexity of the
illumination and object in a given experiment and various optimizers have to be
tried until a solution is found [82].

In this section, a variety of optimization strategies for ptychography are discussed
and compared for the inversion of the Siemens star calibration target data set de-
scribed in the last section. The optimizers discussed are implemented in the MAT-
LAB ptychography software package fracPty5 developed by the author.

3.4.1. Second-order Newton-Raphson

To understand ptychography algorithms requires an elementary understanding of
nonlinear optimization [9, 110]. As a vantage point the Newton-Raphson iteration,
a second-order optimization algorithm, is discussed here. Other ptychography algo-
rithms are derived in the following subsections.

Consider the error L (x) , where x ∈ RN is the quantity with respect to which L
is minimized. Assuming L (x) is smooth, a second-order Taylor series expansion at
x0 ∈ RN gives

L (x) ≈ L (x0) +∇L (x0) (x− x0) + (x− x0)T H (x0) (x− x0) , (3.49)

where H (x0) is the Hessian matrix at x0. The gradient of this approximation with
respect to x is given by

∇L (x) ≈ ∇L (x0) + H (x0) (x− x0) . (3.50)

At a stationary point ∇L (x) = 0 and therefore

x− x0 = −H−1 (x0)∇L (x0) , (3.51)

where H−1 is the inverse of the Hessian matrix. In search for a stationary point,
this procedure can be repeated iteratively with the update rule

xn+1 = xn −H−1 (xn)∇L (xn) , (3.52)

which is referred to as the Newton-Raphson iteration [9, 110]. The negative gra-
dient −∇L (x0) points into a direction of descending error. However, H−1 (xn)
maps the gradient into a di�erent direction. If H (x0) is positive de�nite, then

5From here on, software implementation details are written in typewriter font. It is hoped that
potential future users of the fracPty software package �nd the documentation details useful.

57



−H−1 (xn)∇L (xn) points into a descending direction6. The Newton-Raphson it-
eration has the disadvantage that it is numerically unstable when the Hessian is
not positive de�nite or not invertible. Moreover for high-dimensional optimization
problems iterative computation of the Hessian is computationally expensive.

3.4.2. Steepest descent (sdPIE)

At the cost of rapid convergence, the Hessian in Eqn. 3.52 can be replaced by

H (xn)→ 1

α
I, (3.53)

where I is the identity matrix and α > 0 is constant, leading to

xn+1 = xn − α∇L (xn) , (3.54)

which is referred to as the steepest-descent iteration. In the case of ptychography,
the steepest descent algorithm minimizes the exit wave error

L [P (r) , O (r)] =
∑
j

|ψj (r)− P (r)O (r − tj)|2 , (3.55)

where the index j denotes position and ψj is an exit wave complying with the jth

Fourier constraint. The error can be written as7

L =
∑
j

ψ∗jψj + P ∗P |Oj|2 − P ∗O∗jψj − POjψ
∗
j . (3.56)

Then the gradient of the error metric with respect to P ∗ is given by

∂L
∂P ∗ (r)

= −
∑
j

O∗j (r) [ψj (r)− P (r)O (r − tj)] . (3.57)

Optimizing L with respect to P requires to take a step in the negative direction of
the gradient, i.e.

Pn+1 (r) = Pn (r) + α
∑
j

O∗n,j (r) [ψn+1,j (r)− Pn (r)On (r − tj)] . (3.58)

For numerical stability the step size may be normalized by setting

α =
β∑

j

∣∣O∗n,j (r − tj)
∣∣2 (3.59)

6This is most easily seen in a basis in which H (x0) is diagonal. Since the Hessian is always
symmetric, positive de�niteness guarantees such a basis exists.

7In some of the expresssions that follow the explicit dependence on the independent variables is
not written out to facilitate readibility.
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where 0 < β < 1. The probe update is therefore given by

Pn+1 (r) = Pn (r) + β

∑
j O
∗
n (r − tj) [ψn+1,j (r)− Pn (r)On (r − tj)]∑

j |O∗n (r − tj)|2
. (3.60)

Similarly, the object update follows as

On+1 (r) = On (r) + β

∑
j P
∗
n (r + tj) [ψn+1,j (r + tj)− Pn (r + tj)On (r)]∑

j |P ∗n (r + tj)|2
. (3.61)

To prevent division by zero in Eqns. 3.60 and 3.61, a regularization term may be
added to Eqn. 3.55. A possible way of regularization is to penalize strong changes
in the probe and object [144], i.e.

L =
∑
j

|ψn+1,j − Pn+1On+1,j|2 + λO |On+1,j −On,j|2 + λP |Pn+1 − Pn|2 , (3.62)

where the parameters λO, λP > 0 control the weight of regularization. A similar
calculation as before gives the regularized update rules

Pn+1 (r) =
λPPn (r) +

∑
j O
∗
n (r − tj)ψn+1,j (r)

λP +
∑

j |On (r − tj)|2
(3.63)

and

On+1 (r) =
λOOn (r) +

∑
j P
∗
n (r + tj)ψn+1,j (r + tj)

λO +
∑

j |Pn (r + tj)|2
. (3.64)

The particular choices [144]

λP =
γ

β
max

∑
j

|O∗n (r − tj)|2 +
1− γ − β

β

∑
j

|O∗n (r − tj)|2 (3.65)

and
λO =

γ

β
max

∑
j

|P ∗n (r + tj)|2 +
1− γ − β

β

∑
j

|P ∗n (r + tj)|2 , (3.66)

where max is the maximum over all r and 0 < β, γ < 1, lead to

Pn+1 (r) = Pn (r) + β

∑
j O
∗
n (r − tj) [ψn+1,j (r)− Pn (r)On (r − tj)]

γmax
∑

j |On (r − tj)|2 + (1− γ)
∑

j |On (r − tj)|2
(3.67)

and

On+1 (r) = On (r) + β

∑
j P
∗
n (r + tj) [ψn+1,j (r + tj)− Pn (r + tj)On,j (r)]

γmax
∑

j |Pn (r + tj)|2 + (1− γ) |Pn (r + tj)|2
. (3.68)

The sdPIE update in fracPty uses γ = 0.1 and β = 0.5 by default. It is noted
that for a moderately small β (e.g. β = 0.5), the sdPIE engine typically has a
monotonically decreasing error. The sdPIE engine is summarized in Alg. 3.4.2.

In fracPty the gradients ∇OL and ∇PL are approximated by the regularized gradi-
ents from Eqns. 3.67 and 3.68.
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Algorithm 3.2 Steepest descent
Require: n = 0, nmax, β
1: while n < nmax do

2: dO = ∇OL(On, Pn)
3: dP = ∇PL(On, Pn)
4: On+1 = On − βdO
5: Pn+1 = Pn − βdP
6: n = n+ 1
7: end while

3.4.3. Extended ptychographic iterative engine (ePIE)

The composite Lagrangian in Eqn. 3.55 can be split into sub-problems each of the
form

Lj (Pn, On,j) = |ψn,j − PnOn,j|2 + λO |On,j −On−1,j|2 + λP |Pn − Pn−1|2 . (3.69)

Minimizing each Lagrangian sequentially with respect to Pn and On,j and using the
regularization8

λP =
1

β
max |Pn (r)|2 − |Pn (r)|2 (3.70)

as well as
λO =

1

β
max |On (r − tj)|2 − |On (r − tj)|2 (3.71)

leads to the update rules of the extended ptychographic iterative engine (ePIE) [87]

Pn+1 (r) = Pn (r) + β
O∗n (r − tj)

max |On (r − tj)|2
[ψn+1,j (r)− Pn (r)On (r − tj)] (3.72)

and

On+1 (r − tj) = On (r − tj) + β
P ∗n (r)

max |Pn (r)|2
[ψn+1,j (r)− Pn (r)On (r − tj)] .

(3.73)
The ePIE algorithm is inherently sequential. This results in faster convergence than
the sdPIE algorithm and other engines such as the difference map (DM) [142, 87].
The ePIE engine is summarized in Alg. 3.3. The gradients in the algorithm listing
are approximated by

−∇PLj (On,j, Pn) =
O∗n (r − tj)

max |On (r − tj)|2
[ψn+1,j (r)− Pn (r)On (r − tj)] (3.74)

and

−∇OLj (On,j, Pn) =
P ∗n (r)

max |Pn (r)|2
[ψn+1,j (r)− Pn (r)On (r − tj)] . (3.75)

8The regularization terms for the ePIE update were �rst derived in the supplementary information
of [144].
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Algorithm 3.3 Extended ptychographic iterative engine
Require: n = 0, nmax, β
1: while n < nmax do

2: draw random j
3: On+1 = On − β∇OLj(On,j, Pn)
4: Pn+1 = Pn − β∇PLj(On,j, Pn)
5: n = n+ 1
6: end while

3.4.4. Accelerated gradient techniques (mPIE)

The previous reconstruction engines, sdPIE and ePIE, search along the negative
gradient with respect to all or individual positions. However, this procedure may
point into the same or similar search directions multiple times resulting in slow
convergence and zig-zag movement near local optima. The search strategy can be
improved by incorporating momentum in the search direction as proposed in [82].
The idea is to not only update in the negative gradient direction but also memorize
previous search directions. This can be expressed for the probe update as

Pn+1 (r) = Pn (r)− β∆P, n, (3.76)

where the probe search direction ∆P, n is de�ned recursively

∆P, n = ∇PLj (On, j, Pn) + η∆P, n−1, (3.77)

and 0 < η < 1 is a friction term that determines how long previous search directions
are memorized. The update rule for the object can be chosen similarly. With the
probe and object gradients given by Eqns. 3.74 and 3.75, the update rule in Eqn.
3.76 is referred to as the momentum ptychographic iterative engine (mPIE) [82]. This
engine is summarized in Alg. 3.4.

Algorithm 3.4 Accelerated gradient
Require: ∆O, 0 = 0,∆P, 0 = 0, n = 0, nmax, 0 < β < 1, η < 1
1: while n < nmax do

2: ∆O,n = ∇OLj(On, j, Pn) + η∆O,n−1

3: ∆P, n = ∇PLj(On, j, Pn) + η∆P, n−1

4: On+1 = On − β∆O,n

5: Pn+1 = Pn − β∆P, n

6: n = n+ 1
7: end while

3.4.5. Performance benchmark

To compare the algorithms described in the previous section, 5 independent recon-
structions for each engine were carried out with randomized position order and 1000
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Figure 3.8.: Five independent (a) sdPIE reconstructions (β = 0.5, 1000 iterations),
(b) ePIE reconstructions (β = 0.5, 1000 iterations), and (c) mPIE recon-
structions (β = 0.25, η = 0.7, 1000 iterations).

iterations. Both sdPIE and ePIE were tested for β = 0.5. A range of other pa-
rameters was tested for sdPIE and ePIE but is not shown here with the following
observations: It was found that the choice 0 < β < 1 works well for sdPIE and
ePIE but may e�ect stability and convergence. In general, values of β close to or
bigger than 1 tend to be unstable while values close to 0 are stable but result in
slow convergence. The choice β = 0.5 is often - but not always - a good compromise
between these two extremes, which is the reason why this value was �xed for sdPIE
and ePIE within the benchmark reported here. For the mPIE engine, lower values
of β are recommended [82]. This can intuitively be explained by noting that the
update is dictated both by the current gradient of the iterate and previous search
directions. If the iterate tends to repeat certain search directions, then the gradients
accumulate and the search in this direction is accelerated. However, to prevent in-
stability from the accumulated gradients, the feedback β has to be lowered. To our
knowledge, a stability analysis for the mPIE has not been carried out so far and no
large body of empirical values exists in the literature. Therefore a range of values
was tested here and it was found that for the mPIE engine the values β = 0.25 and
η = 0.7 performed well.

While a detailed report of the parameter tuning process and a larger variety of
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test samlples is beyond the scope of this thesis, the purpose here is to compare
sdPIE, ePIE and mPIE in terms of convergence speed. The reconstruction results
for the Siemens star test data set (cf. subsection 3.3.1) are compared qualitatively
in Fig. 3.8. From the visual impression it is seen that the mPIE engine yields
qualitatively superior reconstructions as compared to sdPIE and ePIE. This is also
found quantitatively when comparing the error measured by Eqn. 3.6 as shown in
Fig. 3.9. Here the the error was averaged over each ensemble of reconstructions.
The error bars show one standard deviation from the average. It is noted that the
error is shown on a normalized logarithmic scale to facilitate comparison.
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Figure 3.9.: Comparison of errors for sdPIE, ePIE and mPIE. For each engine 5 re-
constructions with randomized position order were obtained. The lines
show the mean error on a normalized logarithmic scale. The errorbars
span a range of ±1 standard deviation.

In conclusion, mPIE outperformed sdPIE and ePIE in terms of convergence speed.
As a drawback, to achieve the performance improvement the parameters β and η of
the mPIE engine had to be tuned. Also, sdPIE and ePIE were able to reconstruct the
object after more iterations. In this thesis the mPIE engine is chosen if not stated
otherwise. Another engine available in the fracPty toolbox but not discussed here
is thhe difference map algorithm [35, 142, 140].

3.4.6. Resolution assessment

Resolution measures the reproducibility of spatial frequency response in an imaging
system and, as such, is a measure of quality. Instead of giving a single-valued
resolution metric, it is more precise to quantify resolution as a function of spatial
frequency. This approach takes into account that aberrations, noise and systematic
errors such as misalignment of the experimental setup modulate the entire spatial
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frequency response of an optical system. The resolution of coherent and incoherent
lens-based imaging systems is typically quanti�ed by the amplitude transfer function
(ATF) and optical transfer function (OTF), respectively [? ]. For lensless imaging
systems, where the specimen information is recovered by means of computational
methods, closely related to the ATF and OTF is the Fourier ring correlation (FRC)
given by

FRC (fi) =

∑
f∈fi Õ

∗
1 (f) Õ2 (f)√∑

f∈fi

∣∣∣Õ∗1 (f)
∣∣∣2∑f∈fi

∣∣∣Õ2 (f)
∣∣∣2 , (3.78)

where f ∈ R2 denotes spatial frequency and the summations range over concentric
rings of radius fi. Õk (f) = FOk (f) k = 1, 2 are Fourier transforms of object
reconstructions from independent data sets of the same object and scan region [150].
In this way, the FRC measures reproducibility of spatial frequency content as a
normalized correlation of two signals. The intersection of the FRC and a 1-bit
information threshold curve is de�ned as the resolution of the reconstructed object.
This is referred to as 1-bit criterion, which indicates the spatial frequency, as a
fractional of the theoretical maximum (Nyquist limit), at which the reconstructed
singal-to-noise ratio is unity [150]. It has been noted that the 1-bit criterion, in
practice, yields overly conservative resolution estimates. For experimental data the
1/2-bit criterion is typically used instead [153]. An example of the FRC for resolution
evaluation is given in [81].

3.5. Correction of systematic experimental errors

This section discusses the correction of systematic errors in ptychography. A distinc-
tion is made between Fourier space corrections, that are carried out in the detector
plane, and real space corrections, that are carried out in the object plane.

3.5.1. Fourier space corrections

3.5.1.1. Corrupted pixels and background

Ptychographic algorithms rely on accurate physical models of the measured di�rac-
tion intensities. Since detector-sided imperfections can hardly be avoided in practice,
advanced models are required that address deviations from ideal data . Typical
errors are dead and hot pixels, statistical variation due to photoelectric counting
statistics (e.g. Poisson and Gaussian noise), charge spread, reduced quantum e�-
ciency, nonlinear response and background due to thermal and electronic noise of
the detector [32, 143, 49, 96, 80]. Although static corrections such as dark current
and �at �eld measurements can principally be used to mitigate artifacts, a thor-
ough correction of the aforementioned errors is not straightforward, especially in
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the presence of multiple noise sources and noise �uctuation. Further it has to be
taken into account that the input data of ptychography algorithms is typically mea-
sured in Fourier space where signals often span an entirely di�erent dynamic range
than direct images of the specimen under investigation.

Ptychographic data sets provide redundancy that can be used to correct the detector
signal. In particular, strong outliers may be identi�ed and excluded from the analysis
as shown in this subsection. A simple heuristic is presented here which prevents the
estimate from being updated and in�uenced by strong outliers. Moreover the scheme
presented here is automated and adaptive to a variety of noise sources that do not
comply with the underlying signal model.

Suppose an estimate of the detector wave at the nth iteration is given by ψ̃nj (q). A
relaxed update of the latter is given by

ψ̃n+1
j (q) = [1− w (q)]

√
I (q, tj)√∣∣∣ψ̃nj (q)

∣∣∣2 + ε

ψ̃nj (q) + w (q) ψ̃nj (q) , (3.79)

where 0 ≤ w (q) ≤ 1 is a weighting mask. The pixel error e (q) at pixel q in the
detection plane at the nth iteration and jth position is de�ned here as

e (q) =

∣∣∣∣I (q, tj)−
∣∣∣ψ̃nj (q)

∣∣∣2∣∣∣∣∣∣∣ψ̃nj (q)
∣∣∣2 , (3.80)

which is the absolute deviation of the estimated data from the measured data relative
to the estimated data. The choice of the denominator

∣∣∣ψ̃nj (q)
∣∣∣2 instead of the

measured intensity I (q, tj) is a critical detail. To see that the latter choice is

biased, suppose9 that the estimate approaches the true intensity It, i.e. It =
∣∣∣ψ̃nj ∣∣∣2

, and the measured intensity is erroneous, i.e. I = It + ∆I. Then Eqn. 3.80 is the
true relative error ∆I/It whereas the choice of I in the denominator gives the biased
error ∆I/(It + ∆I).

As a next step, the weighting mask w is de�ned as a function of error w = w (e (q)).
To exclude outliers, w should have the property w → 0 as e becomes large. Together
with the property 0 ≤ w ≤ 1 this narrows down the range of possible choices for w.
Two heuristic choices are discussed here: First, the exponential deactivation function
10

w (e (q)) =
1

2
exp (−αe (q)) , α > 0 (3.81)

9Assuming that the true intensity is approached requires the estimate to contain information
about the correct di�raction intensity provided by intensity measurements from neighboring
scan positions and neighboring uncorrupted pixels at a outlier pixel location.

10The terminology is in analogy to activation functions, which are used in neural networks, but
with the purpose of deactivating updates from corrupted pixels.
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monotonically decreases to 0 as the error e becomes large. Second, a cuto� function
is de�ned that updates the estimate only if the error is below a prede�ned threshold.
This property is a�orded by the function

w (e (q)) =
1− βe (q) + |1− βe (q)|

4
, β > 0, (3.82)

which is zero for e > 1/β. The latter weighting function is referred to here as ramp
deactivation function. It is emphasized that both the above weighting functions
push the iterate into the direction of the measured intensity if the error is not too
large (as judged by Eqn. 3.80).
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Figure 3.10.: Nonlinear weighting functions for outlier removal.

An illustration of the above discussed weighting functions is given in Fig. 3.10. The
exponential deactivation function (dotted line) for the parameter α = 1 tapers o� to
zero as the error increases. Since the exponential function does not have roots, the
weighting is non-zero for all error values. The ramp deactivation function (dashed
line) for the parameter β = 1 is non-zero for all error values smaller than 1 and zero
for all values greater or equal 1.

The adaptive Fourier weighting (AFW) heuristic proposed above was tested ex-
perimentally with a USAF1951 resolution test chart (Thorlabs R1L1S1P). Ptycho-
graphic reconstructions11 are shown in Fig. 3.11. Panels (a) and (f) show the full

11Speci�cations: FOV 2mm, 155 scan positions on Archimedean spiral scan grid, linear overlap
92%, λ = 632.8 nm, real space sampling ∆x = 1.88µm, object detector distance z = 33mm,
e�ective detector pixel size ∆q = 11µm (twofold binning was applied). For both reconstructions
2500 iterations were carried out until the reconstruction and error metric reached a stable
plateau. The weighted update was carried out with 1250 exponential updates followed by 1250
ramp updates. Direct application from the �rst iteration of the ramp deactivation function
was also tested but resulted in slower convergence. It is believed that the use of the ramp
deactivation function is most e�cient if the estimate is not too far from the solution as is
typically the case for initial iterations.
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Figure 3.11.: Reconstruction of a USAF1951 resolution target without (top) and
with (bottom) adaptive Fourier weighting. (a) Complex-valued recon-
struction without AFW. (b, c) Insets of modulus of (a). (d, e) Mea-
sured and estimated di�raction pattern, respectively. (f) Complex-
valued reconstruction using AFW. (g, h) Insets show reduced artifacts
originating from detector backgound noise as compared to (b, c). (i)
Removed noise in the estimated di�raction pattern using AFW. (j)
Reconstructed probe. (k) Reconstructed object refocused on dust par-
ticles ∆z = 1.1mm upstream the object.

�eld of view of the reconstructions. Comparing the insets in (b,c) with (g,h) shows
that the adaptive weighting is superior to the standard Fourier update as judged
by the overall reconstruction quality. In particular, comparing the blue boxes in
(b) and (g) shows that the adaptive weighting scheme results in higher resolution
reconstructions. Also note the presence of artifacts in (c) as indicated by the orange
dotted curve. These artifacts are caused by the background noise, which is visible in
panel (d), where a measured di�raction pattern on a logarithmic scale (colorbar is
base 10) is shown. Comparing panels (d), (e) and (i) shows that the standard pro-
jection forces the estimate to contain background signal, while the adaptive Fourier
weighting scheme �lters out the background noise (compare the violet boxes in (d,
e, i)). It is also noted, that the adaptive Fourier weighting does not simply �lter
out the high spatial frequency content - which would amount to a loss in resolution
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(compare the high scattering signal in the violet box). Although only one di�raction
pattern is shown here, the latter observations can be veri�ed for the entire scan.

The resolution of the reconstructed object with adaptive Fourier weighting is esti-
mated from panel (g), where the red arrow points at element 2 in group 6 of the
USAF target corresponding to a line width - i.e. the width of a single black line - of
6.96µm. Although some higher elements appear to be resolved as well for the verti-
cal bars in group 6, the horizontal bars are indistinguishable starting with element
3 in group 6. The reconstructed probe (only shown for adaptive Fourier weighting)
is shown in panel (j) and was found to have a size of FWHM = 2

√
2 ln 2σ ≈ 570µm,

where the standard deviation σ was calculated from Eqn. 3.48.

As a side note, the reconstruction presented in Fig. 3.11 has a spatial resolution
two orders of magnitude smaller than the beam size - an advantage of ptychography
over STXM, which is limited in resolution by the size of the beam [141, 2]. Moreover
the ability to recover the phase of the object allows to propagate the object into
other planes. For example, the object was backpropagated to focus on dust particles
(indicated by orange arrows in panel (c) and turquoise arrows in panel (k)) approx-
imately 1100µm upstream the USAF target giving an estimate of the thickness of
the glass substrate.

3.5.1.2. Intensity fluctuations

If the probe varies in average intensity during acquisition, the problem can be mod-
eled by modifying Eqn. 3.6, where an o�set c is estimated along with the Fourier
transform of the exit wave. This amounts to minimizing the Fourier error

L =

(
cI (q)−

∣∣∣ψ̃ (q)
∣∣∣2)2

(3.83)

with respect to ψ̃ and c. The �rst condition

∂L
∂ψ̃∗ (q)

= 0 (3.84)

leads to the update

ψ̃n+1 (q) = c
I (q)∣∣∣ψ̃n (q)

∣∣∣2 ψ̃n (q) , (3.85)

where n denotes iteration. The second condition

∂L
∂c

= 0 (3.86)

leads to

c =

〈
I (q) |

∣∣∣ψ̃n (q)
∣∣∣2〉

〈I (q) | I (q)〉
(3.87)
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where
〈a (x) | b (x)〉 =

ˆ
a∗ (x) b (x) dx (3.88)

denotes an inner product. From Eqns. 3.85 and 3.87 the update rule

ψ̃n+1 (q) =

〈
I (q) |

∣∣∣ψ̃n (q)
∣∣∣2〉

〈I (q) | I (q)〉
I (q)∣∣∣ψ̃n (q)

∣∣∣2 ψ̃n (q) (3.89)

follows. A similar update rule was derived in [143]. The alternative model

L =

(
c
√
I (q)−

√∣∣∣ψ̃ (q)
∣∣∣2)2

(3.90)

is minimized by thhe update

ψ̃n+1 (q) =

〈√
I (q) |

√
ψ̃∗n (q) ψ̃n (q)

〉
〈√

I (q) |
√
I (q)

〉 √
I (q)

ψ̃∗n (q) ψ̃n (q)
ψ̃n (q) . (3.91)

3.5.2. Real space corrections

3.5.2.1. Lateral position correction

Ptychography relies on accurate position information. If the positioning system of an
experimental setup is subject to error, this lowers resolution or prevents reconstruc-
tion completely. Several authors have investigated correction algorithms to improve
position accuracy. Among the proposed strategies are gradient descent [53, 146],
genetic [84, 8], cross-correlation-based [160] and holographic methods [59]. Here a
simple heuristic based on the random walk is presented.

The position correction method implemented in fracPty is based on ePIE: At every
iteration a test position sj with a random o�set of ±p pixels in both transverse
translation directions is compared against the original position tj. If the detector
error as measured by Eqn. 3.6 of the test position is lower than a certain percentage
0 < c < 1 of the original position's detector error, then the original position is
replaced by the test position12. The random walk position correction algorithm
is summarized in Alg. 3.5. In line 1 of the algorithm, randi is a random integer
generator and ∆x is the object pixel size. The errors in line 5 are evaluated according
to Eqn. 3.6. The function selects the test position if its error is smaller than c times
the error of the original position. By default, the random walk step size p = 1 and a

12The threshold c allows to control the stability of the position correction algorithm. For small
values of c the position is updated only if it results in a signi�cant improvement of the error.
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Algorithm 3.5 Random walk position correction (pcPIE)
initialize sj, tj
while n < nmax

for all positions j
1. draw test position sj = tj +

[
randi (−p, p) , randi (−p, p)

]
∆x

2. select object patches for both sj, tj

3. form exit surface waves: ψsj = POsj and ψtj = POtj

4. propagate to detector: ψ̃sj = Fψsj and ψ̃tj = Fψtj

5. get detector errors: esj =

∥∥∥∥I − ∣∣∣ψ̃sj

∣∣∣2∥∥∥∥ and etj =

∥∥∥∥I − ∣∣∣ψ̃tj

∣∣∣2∥∥∥∥
6. choose best position: rj = argmin rj∈{sj ,tj}

{
esj , cetj

}
6. replace detector signal: ψ̃′rj

=
√
I

|ψ̃j| ψ̃rj

7. backpropagate to object: ψ̃′rj
= F−1ψ̃′rj

8. estimate P and Oj from ψ′j (here ePIE is used, cf. Alg. 3.3)

9. replace translation position tj = rj
end

end

threshold of c = 0.9 are chosen in fracPty. The corresponding position correction
engine is pcPIE.

The pcPIE engine was tested on the Siemens star calibration target. The results
are shown in Fig. 3.12. The spiral scan pattern is depicted on the right. A random
o�set of ±7 pixels (±22µm) was added to the original scan grid (black) resulting
in a perturbed scan grid (blue). The reconstruction result using ePIE is shown on
the left where it is seen that the position error leads to artifacts both in the object
and probe reconstruction. While the quality of the object reconstruction is signi�-
cantly lowered, the probe is less e�ected. However, closer examination reveals that
the outer regions of the probe are not properly reconstructed (see grayscale inset
on the bottom, depicting phase of probe within interval [−π, π]). In the middle,
the reconstruction result using pcPIE is shown. Both the object and probe recon-
struction quality are improved as compared to the reconstruction without position
correction. The scan grid on the right shows that the corrected positions (red) are
in agreement with the original encoder positions (black). The central point and the
points in the outer cycle in the spiral where not corrected to avoid the possibility of
a global position shift that would introduce non-uniqueness in the reconstruction.
It is noted that fracPty allows the user to specify a maximum correction distance
for each point in the scan grid.
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Figure 3.12.: pcPIE test on calibration target with random position o�sets. (a, b)
ePIE object and probe reconstruction in the presence of position er-
rors, (c, d) object and probe reconstruction using position correction
(pcPIE), (e) ground truth encoder positions (black), uncorrected posi-
tions with uniform, isotropic random o�set in the range ±22µm (blue),
corrected positions (red) using pcPIE. The white and yellow scale bars
show 200µm and 1mm, respectively. The contrast of the inset in (a)
was enhanced to make the object reconstruction visible.

3.5.2.2. Axial position correction13

Another systematic positioning error is uncertainty in the object-detector distance z,
which has been reported to cause non-uniqueness and artifacts in the reconstruction
[16, 30]. It is shown in this subsection that axial position uncertainty results in
lateral position error and can be corrected.

It follows from Eqn. 3.30 that axial displacement of the detector or sample results
in scaling of the real space sampling. If a coordinate r provided by the encoder is
interpolated on an integer14 grid N = r/∆r = rD/λz, as required by numerical
processing, then a change in z causes a relative shift in the pixel location within the
�eld of view of an individual object patch, i.e.

∂N

∂z
= − rD

λz2
. (3.92)

For small displacements ∆z the latter expression is approximated by

∆N = −rD
λz

∆z

z
. (3.93)

13Parts of this subsection were published in [80].
14We neglect rounding in this discussion.
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Figure 3.13.: Scan grid distortion as a consequence of axial detector position un-
certainty. If the measured object-detector distance zm is larger than
the ground truth zt, the interpolated scan grid appears contracted as
compared to the true scan grid as shown for the case of a concentric
scan grid on the left. The converse, zm < zt, is shown on the right for
the case of a Fermat scan grid.

From this it follows that the discrete coordinate error in units of pixels ∆N is
proportional to the distance from the origin of the coordinate system r and to
the ratio ∆z/z. Equation 3.93 is illustrated in Fig. 3.13. The sign of ∆z leads to a
contraction or in�ation of the scan grid: If the measured object-detector zm distance
is larger than the ground truth object-detector distance zt, i.e. ∆z = zm − zt > 0,
then ∆N < 0 and the estimated lateral positions are contracted with respect to the
true scan grid (see left panel in Fig. 3.13). The converse case, ∆z < 0, leading to
an in�ation of the scan grid is shown on the right of Fig. 3.13.

Equation 3.93 was tested experimentally by applying the lateral position correction
algorithm (pcPIE) described in subsection 3.5.2.1. Three data sets were generated
for z = 50, 59, 62mm as shown in Fig. 3.14. It is seen that for zm < zt (a, b)
and zm > zt (c, d) the initial scan grids are in�ated and contracted, respectively.
The scaling of the corrected scan grids with respect to the initial scan grids is in
agreement with Eqn. 3.93 and can be used to detect and correct for axial position
uncertainty. This step may be automated or carried out manually as done here.
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Figure 3.14.: E�ect of axial detector uncertainty. The reconstructed objects and
scan grids for zm = z = 50, 59, 62mm are shown from left to right.
Incorrect object-detector distances lead to scaled coordinate grids as
predicted by Eqn. 3.93 and artifacts in the object reconstruction (a-
d). For the correct object-detector distance of zt = 59mm the cor-
rected scan grid complies with the initial encoder values (e, f). The
reconstructed probe in the object plane is shown for the correct object-
detector distance (g, h). The green and white scale bars show 500µm
and 259µm (FWHM), respectively.

3.5.2.3. Probe field of view extension15

By Eqn. 3.31 the probe �eld of view L is anti-proportional to the detector pixel size
∆q, i.e. in far-�eld ptychography the relation

L =
λz

∆q
(3.94)

holds. If the pFOV is smaller than the illuminating beam, then the detector signal
is under-sampled, which results in problems in the reconstruction of a ptychographic
data set. A simple way to increase the pFOV is to enlarge the sample-detector dis-
tance z. However, this solution sacri�ces spatial resolution as increasing z for a given
experimental setup decreases the numerical aperture of the detector. Moreover, in
some experimental setups, e.g. EUV and soft x-ray setups which require operation
in vacuum, the detector might be �xed to a �ange. Therefore in some instances
changing z is not an option.

A way to circumvent these issues is to numerically sub-sample the detector signal.
While without further knowledge it is not possible to sub-sample an under-sampled

15Parts of this subsection were published in [81].
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Figure 3.15.: Illustration of CPS sub-sampling: (top) a measured di�raction pattern
with large pixel size results in a small real space probe �eld of view,
(bottom) CPS estimates a sub-sampled signal from coarser sampled
data to enlarge the real space probe �eld of view.

signal without ambiguity [12], ptychography provides the missing information from
the redundancy in overlapping scan positions, which was �rst demonstrated in [33].
In the latter reference, the authors recorded over-sampled di�raction data, discarded
portions of the recorded data to the extent that the remaining data was under-
sampled, and showed that a ptychography algorithm could recover the discarded
information. Here a similar, but slightly di�erent approach is taken: The signal on
a single detector pixel in the measured (coarsely sampled) di�raction intensity is
modeled as an incoherent sum of multiple sub-pixels over a region R. Instead of
using the conventional reciprocal space update (cf. Eqn. 3.12)

ψ̃n+1 (q′) =

√
I (q)∣∣∣ψ̃n (q′)

∣∣∣ ψ̃n (q′) , (3.95)

the sub-sampled update rule is given by

ψ̃n+1 (q′) =

√
I (q)√∑

q∈R

∣∣∣ψ̃n (q′)
∣∣∣2 ψ̃n (q′) , (3.96)

where q and q′ denote pixel locations in the measured and sub-sampled di�raction
patterns, respectively. Equation 3.96 is referred to here as the constrained pixel sum
(CPS) method.
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The CPS method is illustrated in Fig. 3.15. Here a pixel in the measured di�raction
intensity (red pixel, top) is the incoherent sum of four pixels in the sub-sampled
di�raction pattern (red pixels, bottom). By Eqn. 3.31, the pFOV in the sub-
sampled data L′ set is given by

L′ =
∆q

∆q′
L, (3.97)

where ∆q and ∆q′ are the respective pixel sizes in the measured di�raction intensities
and L is the pFOV resulting from the original data (cf. Eqn. 3.31). In the particular
example in Fig. 3.15, sub-sampling the di�raction pattern by a factor of two results
in a two-fold increased pFOV (blue pixels in real space). The spatial resolution in
both grids is the same (black pixels in real space), since the numerical aperture of the
detector remains unchanged under sub-sampling. The CPS method is used for the
data analyses in sections 3.8 and 3.9, which would have resulted in under-sampled
pFOVs otherwise.

3.5.2.4. Orthogonal probe relaxation

Conventional ptychography models the illumination pro�le as constant throughout
acquisition. If the wavefront is subject to slow 16 variations throughout a ptycho-
graphic scan, the assumption of a constant probe is violated. In this case, the model
of a constant beam has to be relaxed, e.g. by allowing the probe to adapt a variety
of di�erent states, which can mathematically be described as a linear combination
of a small set of basis functions. If the set of basis functions is much smaller than
the number of scan positions, the data set may contain su�cient information to
recover basis functions as well the corresponding expansion coe�cients that allow
to synthesize varying wavefronts.

A method that achieves the above mentioned basis recovery was theoretically and
experimentally demonstrated [97]. The method, referred to as orthogonal probe
relaxation ptychography (OPRP), forms a probe estimate at each scan position, for
example using the ePIE probe update (Eqn. 3.72), but without directly passing on
the updated probe to the next scan position. Numerically the probe estimates Pj
at positions 1 ≤ j ≤ J can be rearranged17 into a matrix

P = [P1|P2|_|PJ ] ∈ CN×J , (3.98)

where each column contains a di�erent scan position, N is the total number of

16�Slow� refers here to wavefront variations on time scales larger than the acquisition of a single
di�raction pattern. Variations faster than the detector acquisition time lead to decoherence
e�ects. These are described in section 3.6.

17fracPty stores the probe as 2D arrays. In the OPRP method these are reshaped into 1D column
vectors to assemble them into a large matrix.
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pixels (in two dimensions) in each probe estimate18 and J is the total number of
scan positions. The matrix P is referred to here as probe stack. At every iteration
the OPRP method forms a singular value decomposition (SVD) of the probe stack,
i.e.

P = USV∗, (3.99)

where U ∈ CN×r and V ∈ CJ×r are orthonormal matrices and S ∈ Rr×r is diagonal.
The rank r is assumed to be smaller than the number of scan positions J . In
practice, due to noise in the measurement rank (P) = J and a truncated singular
value decomposition has to be used, which �nds the best low-rank least-squares
approximation to P , so that Eqn. 3.99 becomes an approximation P ≈ USV∗.19 To
understand the meaning of the matrices U , S, and V , block multiplication notation
[48] is helpful, i.e.

USV∗ = U [S1|_|Sr]V∗

= [US1|_|USr]V∗

= [σ1U1|_|σrUr] [V∗1 |_|V∗J ]

= [[σ1U1|_|σrUr]V∗1 |_| [σ1U1|_|σrUr]V∗J ] , (3.100)

where σ1,_, σr denote the singular values (i.e. the diagonal elements of S). Com-
paring the jth columns (i.e. scan position) of Eqns. 3.98 and 3.100 yields the
approximation (assuming the SVD to be truncated)

Pj ≈ [σ1U1|_|σrUr]V∗j

=
r∑
i=1

σiv
∗
i,jUi

=
r∑
i=1

σivj,iUi, (3.101)

where vj,i is the element in the jth row and ith column in V . Equation 3.101 states that
the OPRP method approximates each probe at scan position j by a linear combination
of r orthogonal basis functions U1,_,Ur. The coe�cients in the synthesis of the jth

probe are given by vj,1,_, vj,r, i.e. the jth row of V (or equivalently the jth column
of V∗). The singular values σ1,_, σr scale the overall energy of the probe stack.

The OPRP method allows the probe to adapt variable states which can be represented
as a linear combination of a �nite set of orthogonal basis functions. Mathematically
the truncated SVD �nds the best least-square rank-r approximation to the full-rank
data set. Although this is an approximation, it relaxes the ptychographic inversion
problem to deal with wavefront aberration, pointing instability, position error and
time-varying probes [123, 75, 96].

18This implies
√
N samples per dimension. It is explicitly noted that this is not the same con-

vention as in subsection 3.2.5, where N denoted the number of samples per dimension. The
inconvenience in changing notation here is compensated by increased readability of the equa-
tions that follow.

19fracPty uses the randomized SVD algorithm reported in [56].
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Numerical study: rotating elliptical beam recovery using OPRP

Figure 3.16.: Orthogonal probe relaxation applied to a simulated ptychography scan
with rotating elliptical beam. a) Ground truth object region of inter-
est. b) Whole �eld of view. c) OPRP object reconstruction; ePIE (not
shown here) was not able to reconstruct the object. d) 4 out of 300
reconstructed beam rotation states (rotation angle θ indicated). e) rel-
ative amplitude of S |V∗| . Rows and columns show weights in the re-
spective beam synthesis linear combination and scan position position,
respectively. f) Reconstructed orthogonal modes (relative amplitude
indicated).

Here a numerical study is carried out to illustrate the OPRP. In Fig. 3.16, a simulated
object20 with both phase (0 ≤ ∆φ ≤ π) and amplitude modulation is depicted
(panels a and b). A Fermat scan grid with 300 scan positions within a region of
interest of approximately 1.5mm×1.5mmwas simulated. Poisson noise at a detector
dynamic range of 16 bit was assumed. The illumination wavelength, real space pixel
size and object-detector distance are λ = 632.8 nm, ∆x = 5µm and z = 15 cm,
respectively. As a time-varying probe a rotating elliptical beam was simulated.
The total beam rotation is θtotal = π (θ = 180◦) , with a uniform rotation between
adjacent scan points of ∆θ = π/300 (∆θ = 0.6◦) . At θ = 0◦, the beam widths are
150µm in x-direction and 300µm in y-direction. A rank-9 OPRP reconstruction of
the object is shown in panel c) to f) of Fig. 3.16. The reconstructed object complies
with the ground truth. In contrast, attempted ePIE reconstructions (not shown)

20The simulated object is a micrograph of a Tilia tree [104] taken from www.cellimagelibrary.org.
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did not recover the object. Four OPRP recovered probe states at rotation angles
θ = 0, π/2, π, 3π/2 are shown in panel d). It is emphasized that the algorithm had
no prior knowledge that the beam rotated and autonomously recovered the correct
rotation states. Panel e) shows the product S |V ∗| , containing the coe�cients of
the linear combination along the rows and the scan positions along the columns.
Notably, rows 2 and 3 as well as rows 6 and 7 show oscillatory behavior of the
coe�cients between di�erent states in the synthesis of the beam rotation states.
Panel f) shows the orthogonal basis functions (as hue-brightness plot) and their
corresponding weights wj as measured by

wj =
σ2
j

tr (S2)
, (3.102)

where tr denotes trace. It is seen that the higher states contain relatively small
weights indicating that the reconstruction may as well be carried out by a lower-
rank reconstruction. However, without a priori knowledge it is not known before
a reconstruction how many states are necessary to solve a given problem. While
it can be argued that this is a shortcoming of the method, the numerical study
presented shows that the OPRP signifantly extends the capability of ptychography in
the presence of (slow) time-dependent probe variations.

As a �nal note, the simulation discussed above is relevant for Fourier ptychogra-
phy (FP) [161]. In conventional microscopes the object is a low-pass �ltered image
of the specimen, where the low-pass �lter in the pupil plane is the optical trans-
fer function (OTF). In FP the object is illuminated sequentially by a set of plane
waves from di�erent angles. A property of the Fourier transform is that a multipli-
cation with an exponential phase ramp in real space corresponds to a translation
in Fourier space and vice versa. Therefore in FP the set of measurements can be
carried out such that a high synthetic aperture image of the specimen can be recov-
ered by applying ptychographic phase retrieval in Fourier space. However, a typical
assumption of Fourier ptychography is that the OTF has a circular shape and is
stationary throughout all scan positions. For high NA illumination this assumption
is invalid and the circular OTFs become elliptical21. To the author's knowledge the
OPRP method has not yet been applied to Fourier ptychography. The simulations
presented in this section indicate that elliptical OTFs may be recovered since math-
ematically the OTF in Fourier ptychography plays an equivalent role to the probe
in conventional ptychography [100].

3.6. Mixed state ptychography

In the last section it was seen that time-varying wavefronts can be incorporated into
the ptychographic inversion model. In this section mixed state ptychography (MSP)

21Varying scattering cones are intercepted by the objective plane. The intersection areas are
ellipses that degenerate into a circle only for the central illumination cone.
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is described, which allows to extend ptychography to partially coherent beams [144].
The incorporation of partial coherence in the ptychographic reconstruction scheme
requires modi�cations of both the Fourier space and the real-space updates.

Fourier space update for MSP

Recalling Eqn. 2.77, the detector signal is a superposition of intensities of coherent
modes, i.e.

I (q) =
∑
m

Im (q) =
∑
m

∣∣∣ψ̃m (q)
∣∣∣2 , (3.103)

where 1 ≤ m ≤M is the summation index in the orthogonal mode expansion of the
partially coherent wave �eld. In contrast to the update rules in Eqns. 3.10 and 3.12,
where an update rule for a single coherent mode was given, now an update rule for
all coherent modes ψ̃m (q) is required. Solving the Euler-Lagrange equation

∂L
∂ψ̃∗

= 0 (3.104)

for the error density

L =

(√
I (q)−

√∑
m

∣∣∣ψ̃m (q)
∣∣∣2)2

(3.105)

leads to the iterative update rule

ψ̃n+1,m (q) =

√
I (q)√∑

m′

∣∣∣ψ̃n,m′ (q)
∣∣∣2 ψ̃n,m (q) , (3.106)

where n denotes iteration andm′ denotes summation over the mode index. Equation
3.106 is the Fourier space update for MSP.

Real space update for MSP

To factorize the real space exit wave mode ψm (r) into probe mode Pm (r) and object
O (r) , the error

Lj =
∑
m

|ψn,m,j − Pn,mOn,j|2 + λO |On,j −On−1,j|2 +
∑
m

λP |Pn,m − Pn−1,m|2 ,

(3.107)
can be minimized by solving the underlying ELEs ∂Lj/∂P ∗ = 0 and ∂Lj/∂O∗ = 0.
This yields the real space updates [144]

On+1 = On +
β

max
∑

m |Pn,m|
2

∑
m

P ∗n,m (ψn,m − Pn,mOn) (3.108)
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and
Pn+1,m = Pn,m +

β

max |On|2
O∗n (ψn,m − Pn,mOn) , (3.109)

where n,m and j denote iteration, mode index and scan position, respectively. Note
that in Eqn. 3.107 multiple object states can be incorporated into the model, e.g.
allowing for object vibrational states as described in [36]. Here the model is restricted
to partially coherent probe states22.

Numerical study: Ptychography with partial spatial coherence

The mixed state algorithm is implemented in fracPty and tested here. Figure 3.17
depicts a simulated experiment in which a partially coherent source is spatially �l-
tered by a pinhole array to illuminate an object (cf. panel a). The di�racted intensi-
ties are recorded on a 16 bit detector with Poisson noise according to Eqn. 2.30. The
source (λ = 633 nm) has a size of 200µm and 800µm in x- and y-direction, respec-
tively (cf. panel b). Spatially separated source points are assumed to be uncorrelated
resulting in a mutual intensity of the form J (r1, r2) =

√
I (r1) I (r2)δ(r2 − r1) in

the source plane. The probe was spatially �ltered by an array of pinholes (diam-
eter 128µm) arranged at the edges of an equilateral triangle (side length 256µm,
cf. panel c). The object23 modulus is shown in panel d, where the ROI is high-
lighted red. The scan positions were distributed on a randomized raster grid with
13× 13 = 169 scan points and an average linear overlap of 77 %.

The �rst four coherent probe modes downstream the pinhole array, which make up
99 % of the beam energy, are shown in panel e. The panel shows the distribution of
energy of the incident partially coherent beam over its coherent mode structure inside
the aperture. The occurrence of the two bottom pinholes within the main mode (57.8
%) re�ects higher coherence of the source in x- than in y-direction. Using Eqn. 2.99,
the source has a spatial coherence length of lt,x ≈ 126µm and lt,y ≈ 31µm in x-
and y-direction, respectively. Since the transverse coherence length in y-direction
is much smaller than the pinhole size, the radiation propagating through the upper
pinhole is mainly represented within the second coherent mode (31.5 %). The third
coherent mode shows the portion of the beam that is coherent over all pinholes (4.9
%). This mode in particular shows that the notion of partial coherence is more
complex than can be understood from the rule of thumb (Eqn. 2.99), which should
not be misunderstood in the sense that within the characteristic length scale scale of
lt interference can be observed and not beyond. Further the third mode has a zero
crossing within the pinhole in y-direction which is required in the synthesis of the
mutual intensity for the partially coherent beam due to the lower coherence length
in y-direction. The lower spatial coherence length in y-direction leads to a decreased

22Multimode object states are supported in fracPty but here no experiments are reported where
these are relevant.

23The same object as in Fig. 3.16 was used.
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Figure 3.17.: (a) Simulated experimental setup. An extended source is spatially �l-
tered through a pinhole array. (b) Rectangular source geometry. (c)
Three pinholes arranged within an equilateral triangle. (d) Modulus
of object. (e) Coherent mode structure downstream the pinhole ar-
ray. (f) Partially coherent di�raction pattern on normalized log-scale.
The contrast in qx direction is higher than in qy direction due to the
asymmetric source geometry in (b). (g) MSP recovered mode structure
incident on object (magni�ed 2× with respect to panel e). (h) MSP
recovered object. In panels (e), (g) and (h) modulus and phase are
encoded as brightness and hue, respectively.

fringe visibility in the di�raction intensities, one of which is shown in panel f. Here
the contrast in qx direction is higher than in qy direction.

The ptychographic mixed state reconstruction is shown in panels g and h. The
recovered probe mode structure in the object plane (panel g) complies with the
ground truth (panel e propagated by z2 = 2mm) up to fractions of a percent in
energy. The deviations are attributed to the Poisson noise in the di�raction data.
The phase o�set in the second and fourth mode are due the non-uniqueness in the
global phase of each probe mode.
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3.7. Experiment at P04, DESY: Reconstruction of a
diatom24

In this section the mixed state reconstruction algorithm is tested with an experi-
mental data set25 collected at the P04 beamline [152] at the PETRA III storage ring
of the German Electron Synchrotron (DESY) in Hamburg. A simpli�ed schematic
view of the beamline is given in Fig. 3.18. Panel a) shows a collimated undulator
beam that is focused through a combination of a variable line-space (VLS) grating
and a slit (monochromator) at distances of 46m and 71m, respectively, downstream
the source. The APPLE-II type undulator was tuned to generate photons with
an energy of 500 eV (λ = 2.48 nm), i.e. close to the oxygen K absorption edge
[5]. A spectral bandwidth of 25meV was selected by a slit opening of 25µm of the
monochromator. For this spectral bandwidth the expected temporal coherence was
about 50µm. The quasi-monochromatic beam was focused to a FWHM of 15µm in
both directions into the entrance pupil (pinhole plane) of the experimental chamber.

The experimental chamber, HORST (holographic roentgen scattering) [51], con-
tained a pinhole (diameter 5µm) placed at a distance of 81m downstream the un-
dulator, a diatom skeleton (z1 = 1mm behind pinhole), as well as a back-illuminated
and Peltier cooled (=60 °C) charge coupled device (DODX436-BN, Andor Technol-
ogy Ltd., Belfast, UK) at z2 = 16 cm downstream the sample. The square detector
area of 27.6 Ö 27.6 mm² consisted of 2048 pixels in both directions with a pixel size
of 13.5µm.

A ptychographic scan on a region of interest of 20×25µm2 on the sample consisting
of 86 scan positions arranged on a Fermat spiral [65] with an average linear overlap
of 60 % between adjacent illumination positions was measured. The di�raction data
was cropped to 960 pixels in both lateral directions. Panels (b) and (c) in Fig. 3.18
show the reconstruction of the illumination pro�le and the object ROI using a single
mode mPIE algorithm (β = 0.5 and η = 0.9, cf. Eqn. 3.76 and 3.77). Panel (d)
shows a di�raction pattern on a normalized logarithmic scale. Manual inspection of
the di�raction patterns revealed that a beam stop was present in the measurement.
The corresponding detector pixels had to be masked (cf. Eqn. 3.79) with a simple
masking function w that is 1 within the beam stop area and 0 elsewhere. An mPIE
(β = 0.5 and η = 0.9) mixed state probe and object reconstruction is shown in
panels (e) and (f), respectively. The mixed state reconstruction consisted of a total
of 6 states with relative intensities 88.1 %, 5.7 %, 2.4 %, 1.5 %, 1.2 % and 1.1 %, of
which only the �rst 4 modes are shown in panel (e). The second (5.7 %) and third
(2.4 %) probe states show an orthogonal mode structure which typically results from
partial spatial coherence over the length scale of the pinhole (cf. discussion in section

24Parts of this subsection were published in [81].
25The author thanks Max Rose, Ivan Vartanyants, Axel Rosenhahn and all participants of the

experiment, which are listed in the acknowledgments at the end of this thesis, for providing the
data used in this section.
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Figure 3.18.: (a) P04 beamline and HORST chamber, (b, c) single mode probe and
object reconstructions, (d) example di�raction pattern on normalized
log-scale (�ux: 700 photons per second), (e, f) mixed state reconstruc-
tion of probe and object, (g) recovered mutual intensity (black circles)
and Gaussian �t (blue solid line)

3.6). Here zero crossings are present both in x- and y-direction which qualitatively
complies with the anticipated result (compare Fig. 3.17, panel g). The recovered
object is shown in panel (f). The inset shows a slight improvement in the recon-
struction quality in the mixed state reconstruction compared to the single mode
reconstruction (panel c) as judged by the improved visibility of the diatom's striae
(red horizontal stripes). While the object reconstruction improvement is marginal,
the primary mode, P1 (88.1 %), in panel (e) appears cleaner in the multimode recon-
struction than in the single mode reconstruction (b). Quantitatively the recovered
probe modes P1, ..., P6 allow to calculate the mutual intensity j(∆x, y = 0) as a
function of separation ∆x = x2 − x1. The absolute value of the normalized mutual
intensity is shown in panel (g). Here the experimentally recovered absolute value of
the mutual intensity is �tted by a Gaussian with 10.6µm FWHM. The uncertainty
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in the side lobes of the mutual intensity section is due to the low beam intensity in
the outer regions of the numerical probe �eld of view.

A resolution analysis of the reconstructed sample is provided in [81], where a half
period spatial resolution of 88 nm is found. The relatively low spatial resolution as
compared to the theoretical limit of 13.5 nm (cf. Eqn. 3.30) is due to a dynamic
range limited detector NA caused by the illumination with a pinhole generated
beam. Focused beams, as used in the next sections, lead to lower detector dynamic
range requirements by disributing the energy in the zeroth order over a larger area
in the far-�eld di�raction intensity26.

3.8. Experiment at MAXYMUS, BESSY II, October
201727

A second synchrotron experiment was carried out at the MAXYMUS scanning mi-
croscope at the UE46-PGM2 beamline at the BESSY II synchrotron radiation fa-
cility in Berlin [42]. The purpose of this experiment was to characterize novel phase
modulating soft-ray zone plates (ZPs), also known as kinoforms, which generate or-
bital angular momentum (OAM). Visible light OAM beams have found widespread
application in optics and physics, for instance in optical tweezers [3, 4]. In contrast,
the study of x-ray OAM beams has so far been limited to theoretical predictions as
well as the mere observation of such beams [103, 154]. In particular, the prediction of
OAM-induced magnetic dichroism has, to the author's knowledge, not been veri�ed
experimentally [151]. This may be attributed to the lack of switchable phase modu-
lating electronic elements such as spatial modulators in the x-ray regime. Kinoform
optics may be promising analog OAM switches, for instance in two successive PCDI
scans with varying OAM.

In this section, an OAM beam generated by a soft x-ray kinoform is characterized
using the ptychographic software developed in this thesis. While a detailed analysis
of the manufacturing process as well as the characterization of the kinoform zone
plate will be reported elsewhere28, details of the ptychographic reconstruction of the
experimental data are given here.

3.8.1. Experimental setup

The experimental setup, including the UE46-PGM2 beamline and the MAXY-
MUS scanning microscope, is depicted in Fig. 3.19. A quasi-monochromatic beam

26See [54] for a discussion of the role of the probe spatial frequency spectrum in ptychography.
27Parts of this subsection were published in [80].
28This part of the work will be reported in the PhD thesis of M. Baluktsian, Department of Modern

Magnetic Systems, Max Planck Institut for Intelligent Systems, Stuttgart.
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Figure 3.19.: UE46-PGM2 beamline and scanning microscopy branch (MAXYMUS,
magnetic x-ray microscope with UHV spectroscopy) at BESSY II.

(800 eV) is �ltered through crossed exit slits (10 × 10µm2) resulting in an energy
resolution of E/∆E = 6×103 [155]. A kinoform spiral zone plate of 32µm diameter
and 400 nm outer zone width was placed 3m downstream crossed exit slits. The
kinoform generated a charge-one vortex beam29with a spot size of approximately
1.5µm to critically illuminate a binary test target (see Siemens star in Fig. 3.20).
The region of interest on the test target was approximately 6µm in each lateral
dimension with a scan step size of 150 nm. The high linear overlap of 90% ensured
stable recovery of the higher coherent mode structure (cf. subsection 3.8.3) of the
beam. A total of 1600 di�raction patterns were recorded on a CCD (cropped to
128× 128 pixel, 48µm pixel size) placed 15 cm downstream the object resulting in
a real space pixel size and �eld of view per object patch of ∆x = 38 nm (cf. Eqn.
3.30) and L = 4.8µm(cf. Eqn. 3.31), respectively.

3.8.2. Ptychographic reconstruction of an OAM soft-x-ray beam
generated with a kinoform zone plate

The PCDI reconstruction was carried out using an mPIE (β = 0.25, η = 0.25)
algorithm with 100 iterations. The probe structure was set to 9 mixed state modes.
The initial multi-mode probe was chosen to be a circular top-hat function of 2µm
diameter with randomized amplitude �uctuations close to zero30. As an initial object
guess, a fully transmissive object was assumed, i.e. a matrix with all entries equal
to 1. The ptychographic reconstruction of the data is shown in Fig. 3.20. Panel
(a) and (b) show SEM images of the kinoform zone plate as well as the Siemens
star test object. The scan region over which the ptychographic scan was carried

29The topological charge m of an optical beam is de�ned as the closed line integral over its phase
distribution, i.e. m = 1/2π

¸
Γ
dφ, where Γ denotes a closed path around a zero-crossing. It

follows from the continuity of the complex-valued wave�eld that the topological charge of a
beam is path-independent making the topological charge a well-de�ned quantity of the beam
[103].

30The initial probe modes need to be chosen from a linearly independent basis. Otherwise the
gradients for each mixed state probe are the same leading to stagnation of the algorithm.
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Figure 3.20.: (a) SEM image of kinoform zone plate. (b) SEM image of Siemens star
test target. PCDI reconstructions of the OAM beam and the recon-
structed region of interest (red) are shown in (c) and (d), respectively.

out is marked red. It was observed that this region is well-suited for the present
beam characterization experiment. Scans over the Siemens star were carried out as
well with identical reconstructions in the probe but at slower convergence rate of
the algorithm. We believe that this is due to the beam being largely unperturbed
around the marked ROI, so that direct as well as modulated di�raction patterns
of the OAM beam are present in the data set. Panel (c) shows the reconstructed
main mode, which accounts for 60 % of the overall beam energy. Higher modes and a
coherence analysis is discussed in the next subsection. It is seen from the main mode
of the mixed state probe that the beam possesses a topological charge of m = 1. The
reconstructed beam has a (FWHM) width of 1.63µm both in x- and y-direction
(cf. Eqn. 3.48). It is emphasized that no a priori knowledge was required for the
algorithm to �nd the solution for the probe. The reconstructed object ROI is shown
in panel (d) and complies structurally with the SEM image.
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Figure 3.21.: Multi-mode (mixed state) analysis of OAM beam for varying exit slit
sizes (upper row: 10µm× 10µm, bottom row: 20µm× 20µm). (a, d)
single mode object reconstructions. Multi-mode reconstructions for
object and probe are shown in (b) and (c) as well as (e) and (f),
respectively. Only the �rst 4 out of 9 probe modes are shown. The
green and orange scale bars show 5.8µm and 1.5µm, respectively.

3.8.3. Mixed state analysis of OAM beam

To investigate the in�uence of exit slit variations in the monochromator of the beam-
line (cf. Fig. 3.19) on mode structure of the mixed state beam, another scan with
identical parameters as described in subsection 3.8.1 but with an exit slit opening
of 20µm× 20µm was carried out. For this exit slit opening an energy resolution of
E/∆E = 2×103 is expected [155]. The reconstruction results of both exit slit scans
are compared in Fig. 3.21. First, single probe mode reconstructions were obtained
with the same algorithmic parameters as described in the last subsection. These
lead to some pronounced artifacts in the object reconstruction as shown in panels
(a) and (d). Second, multi-mode reconstructions were obtained, where each multi-
mode probe consisted of 9 probe states. The object reconstruction results in panel
(b) and (e) show improved reconstruction quality. The multi-mode probe structures
for both exit slit openings are shown in panels (c) and (f). The energies in each
respective mode for both scans are compared in Fig. 3.22 (a). It is seen that the
mode structure did not signi�cantly vary when doubling the slit size, indicating that
the spatial coherence was not limited by the exit slit opening in both scans. The
same conclusion follows when comparing the normalized mutual intensities in panels
(c) and (d). In addition, the reduced monochromaticity in the larger exit slit scan
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Figure 3.22.: (a) Relative intensity of the individual probe modes in Fig. 3.21
(c). (b) and (b) show the normalized mutual intensities for the re-
constructed multi-mode probes within the probe FWHM.

seemed to not noticeably e�ect the coherence structure of the beam31. Nevertheless,
the presence of multiple states in the probe indicates decoherence e�ects (and sys-
tematic modeling errors) in the experimental data. Since the variation of the exit
slit did not result in changes in the coherence structure of the beam, illumination-
sided decoherence e�ects can be ruled out as a cause for the higher-coherent mode
structure in the beam. Instead other decoherence e�ects (stage vibrations and de-
tector point spread) that are not illumination-sided may have caused the presence
of mixed states in the probe. These possibilities are further discussed in [80].

Intermediate conclusions

Beam characterization

Both the experiments on a biological specimen (section 3.7) as well as a binary test
target (section 3.8) resulted in sub-100 nm spatial resolution ptychographic recon-
structions, which allowed to infer structural information about both the investigated
objects and probes. In particular, the ability to reconstruct x-ray beams with mini-
mal a priori knowledge32 makes PCDI suitable for optics and beam characterization
experiments. Moreover, in contrast to STXM, ptychography can produce high res-

31Similar to partial spatial coherence, where the di�raction contrast is reduced due to blurring
caused by an increased source size, partial temporal coherence is expected to yield similar
blurring e�ects caused by the energy dispersion in the probe.

32Only the object translations as well as a rough estimate of the size of the probe is required as
an initial guess.
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olution x-ray microscopic images without being limited by the illumination spot
size.

The possibility to work with probes of extended size in x-ray microscopy experi-
ments is a design freedom that can be utilized to systematically encode additional
information in the beam pro�le. In the next section (Sec. 3.9), this ability is used
to characterize the focal plane distribution of a holographically designed zone plate
for helical beam generation.

Quantitative coherence analysis

The last subsection shows that the orthogonal mode structure in reconstructed
beams has to be interpreted with care if the data is corrupted by systematic errors
(point spread, dead/hot pixels, overexposure). In particular, quantitative coherence
analysis may be impeded if systematic detector errors are not accounted for in the
underlying inversion model. Nevertheless, mixed state reconstructions can improve
reconstruction quality and mitigate systematic errors. This aspect is further dis-
cussed in [80]. Other decoherence e�ects such as stage vibrations and detector-sided
imperfections have to be investigated in future experiments. Here it is concluded
that ptychography can only be quantitative for partially coherent beam characteri-
zation if systematic detector errors are minimal or incorporated in the reconstruction
model.

3.9. Characterization of a helical x-ray beam

In this section an experiment involving the generation and observation of helical
soft x-ray beams is reported. In subsections 3.5.2.4 it was found that the orthogonal
probe relaxation algorithm allows to reconstruct rotating beams. This opens up the
possibility to encode axial information in the rotation state of the beam. Thus for
a thick or tilted specimen, a rotating beam should give useful depth information on
the three-dimensional structure of a specimen and stage alignment.

Rotating three-dimensional point spread functions have been used in the visible
range to recover depth information [52, 105, 106, 131]. Depth from defocus (DFD)
techniques optimize the point spread function of an imaging system to be sensitive
to defocus, thereby providing axial information of the object being imaged. As a
di�erence to DFD techniques in the visible range, here the potential use of rotat-
ing beams for x-ray ptychography is investigated. In a lensless optical system the
observed far-�eld intensity is the magnitude squared of the convolution of a beam
pro�le and an object. In a coherent lens-based optical system the observed image
intensity is the magnitude squared of the convolution of a point spread function and
an object33. Thus the two approaches are mathematically equivalent. The probe in
33Precisely, this statement assumes plane wave illumination.
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a lensless experiment takes the role of a point spread function in a coherent lens-
based optical system. Since rotating point spread functions have been proven to be
optimal to extract depth information [131], it is a natural starting point to study
the behavior of rotating beams for ptychography.

This path opens up possibilities for a more general direction of research that has not
yet been explored for the case of ptychography: since the resolution of ptychography
is not primarily limited by the spot size of the condenser optics used in a given
experiment, the degrees of freedom gained in a spatially extended probe can be used
to incorporate additional functionality in the beam.

The section is structured as follows: subsection 3.9.1 outlines properties of rotat-
ing beams which are based on the theory of self-imaging. The design of a binary
di�ractive optical element (DOE) for the generation of helical beams is described in
subsection 3.9.2. Fabrication steps for the DOE are described in subsection 3.9.3.
Finally, subsection 3.9.4 describes the PCDI experiment and, to the author's knowl-
edge, the �rst experimental observation of helical soft x-ray beams.

3.9.1. Rotating beam review

Self-imaging e�ects, i.e. repeating intensity distributions of a propagating wave
along the optical axis, such as the Talbot e�ect [138? ] are important in areas such
as EUV lithography [67] and grating-based phase contrast imaging [108]. A recent
overview including other applications is given in [156]. A generalized self-imaging
e�ect was described in [109]. In the latter reference, the authors formulated the
nonlinear problem

|Oψ|2 = |µψ|2 , (3.110)

where µ is a constant scalar and the operator O = PSRD allows for propagation
(D), rotation (R), scaling (S) and multiplication with a spatially dependent phase
term (P) of a wave ψ. Thus the solution to Eqn. 3.110 provides a self-imaged wave
�eld including the possibility of rotation and scaling of a propagated optical intensity.
In [126] a necessary and su�cient condition for generating rotating beams was found:
Using Laguerre-Gaussian modes (LG modes) um,n, which form a complete set of
orthogonal basis functions parameterized by two integers m and n, referred to as
azimuthal and radial order and controlling the appearance of the phase and radial
intensity distribution [46], respectively, the condition for rotating beams is to a have
constant ratio in the di�erence of successive nonzero pairs (mj, nj) and (mj+1, nj+1),
that is

∆n

∆m
=

nj+1 − nj
mj+1 −mj

= V, (j = 1, 2, ...) (3.111)

where V is a constant. This condition states that beams consisting of superpositions
of Laguerre-Gaussian beams with constant slope V in the LG modal plane are
rotating. It was also shown that the rotation rate ∂zφ of the beam, where φ is the
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azimuthal rotation about the optical axis, is proportional to V , namely

∂φ

∂z
=

V

1 +
(

λz
πw0

)2 , (3.112)

where w0 is the focal plane beam waist and z is the propagation distance from the
focal plane. Therefore the highest rotation rate γmax = ∆n/∆m is attained in the
focal plane. For large z the rotation rate asymptotically approaches zero.
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Figure 3.23.: (a) Laguerre-Gaussian modal plane. The black spots highlight the
modes used for the propagated beam on the right. (b, c, d, e) rotating
beam at axial propagation distances z = 0µm, 50µm, 100µm and
150µm, respectively. Over the depicted propagation range, the beam
rotates by an angle of 45°. Beam parameters: w0 = 250 nm, λ =
1.77 nm (700 eV).

An example for a rotating beam is illustrated in Fig. 3.23 where the particular
superposition of LG modes

ψ = u0,2 + u3,3 (3.113)

is depicted. Panel (a) shows the non-zero coe�cients (black) in the LG modal plane
which constitute the beam in panel (b) at z = 0. Since all modal coe�cients fall
on the same line, the beam intensity rotates upon axial propagation [109]. Panels
(c) to (e) depict a rotation of the beam through an angle of 45°. Note that as
expected from Eqn. 3.112, the rotation rate of the beam is not linear in z. This is
highlighted by the red point in panels (b) through (e). It is further remarked that
the beam both rotates and scales upon propagation - a desirable e�ect for imaging
applications since the additional scaling allows to distinguish optical planes that are
separated by a full rotation.
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3.9.2. Design of a binary pitchfork zone plate for the generation
of helical soft x-ray beams

Once a target beam is determined, it remains to fabricate a refractive or di�ractive
optical element that produces the desired pro�le. In the visible range this is typically
done using phase-modulating elements in the aperture plane of an optical system34.
For the proof-of-concept experiment reported here the fabrication of a binary element
is described. A holographic design is chosen similar to the approach in [26].

The zone plate is laid out for a focal length f = 10mm, a diameter ofD = 80µm and
a feature size of 300 nm. Typically zone plates are characterized by the outermost
zone width [5], which the feature size quoted here would correspond to if a radially
symmetric pro�le had been chosen. Due to the strong asymmetry in the zone plate,
small features of characteristic size are required not only in the outermost ring but
over the entire zone plate. As a target beam pro�le a superposition of �ve LG
modes with m = 1, 3, 5, 7, 9 and n = 1, 5, 9, 13, 17 is chosen. This beam pro�le has
previously been reported in the visible range as a helical point spread function for
depth sensitive measurements [52]. The beam waist of the (m,n) = (1, 1) main
mode is 500 nm.

Figure 3.24 illustrates the design of the zone plate, which is referred to as pitchfork
zone plate here. In panel (a) the selected non-zero coe�cients in the LG modal
plane are shown. The hologram of these LG modes and a plane reference wave is
calculated in a backpropagated plane at z = −f = −10mm and thresholded (25%
of the maximum intensity of the hologram) to get the binary zone plate pro�le,
as partially depicted in panel (b). The ideal target beam distribution with m =
1, 3, 5, 7, 9 and n = 1, 5, 9, 13, 17 in the focal plane is shown in panel (c). Note that
while the calculated beam FWHM in the focal plane, as measured by Eqn. 3.48,
is at around 2µm, the tails of the beam have a diameter of 6µm. The nonlinear
hologram generation, including the calculation of absolute value square of reference
and beam, high-pass �ltering of the incident radiation with a beam stop as well as
binary thresholding, was simulated leading to departures from the ideal beam due
to generation of higher di�raction orders resulting in broadening of the tails of the
focal spot. This is shown in the inset of panel (c), where the occurrence of signal
outside the original beam pro�le is indicated by white arrows. Panel (d) shows the
beam FWHM in x-direction in the vicinity of the focal plane. The asymmetry is
due to rotation of the beam.

The e�ciency of the simulated zone plate was estimated by the amount of energy
focused into a central target circular area of 10µm diameter divided by the energy
incident on the 80µm diameter zone plate area35. As a result, an e�ciency of 8%

34See [131] and references therein.
35The e�ects of sub-optimal aspect ratio are neglected here [5]. The practical e�ciency is expected

to be lower than estimated here due to absorption inside the transmissive portion of the P and
fabrication imperfections.

92



m

n

LG modes

helical beam

6µm

F
W

H
M

 [
µ

m
]

(a)

pitchfork ZP

40µm

(b)

(c)

z [mm]

9 9.5 10 10.5 11
1.8

2

2.2

2.4

2.6

2.8

3

FWHMx

beam width 

(d)

Figure 3.24.: Design of pitchfork zone plate. (a) Laguerre-Gaussian modes (see main
text), (b) binary pitchfork zone plate, (c) simulated beam pro�le, (d)
beam width in vicinity of focal plane. The inset in (c) shows slight
broadening of the beam pro�le due to the nonlinear operations (inten-
sity calculation and binary thresholding) that were carried out on the
zone plate.

was calculated. Increasing the target focal spot area to a target circular area of
15µm diameter resulted in an estimated e�ciency of 8.4% indicating that the tails
of the beam far away from the optical axis contribute only small energy amounts to
the beam. The losses in the zone plate are mainly due to the central stop as well
well as to the 0th and higher di�raction orders, which are spatially �ltered by an
order sorting aperture (OSA) complementary to the central stop. The ratio of the
transmissive area of the ZP to the opaque area is 48.6%. The ratio of the focal plane
energy in the 10µm target area as compared to the entire beam energy downstream
the ZP, with losses due to zone plate absorption already subtracted, is 17.2%.

3.9.3. Fabrication

The ZP was written in a 100 nm Au layer sputtered on a 50 nm thick Si3N4 membrane
using a 30 keV Ga+ ion beam with a current of 300 pA. The binarized hologram
was converted to a rasterized stream �le used as input in the pattern generator
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attachment (Elphy Multibeam, Raith GmbH) of the FIB (Nova Nanolab 600, FEI).
An SEM image of the �nal zone plate is shown in Fig. 3.25. A central stop of 27µm
serves to block the 0th di�raction order if used together with a slightly smaller OSA.
The insets show two complementary structures on opposite sites of the zone plates
which result from the phase structure of the selected LG superposition.

27µm

5µm

80µm

Figure 3.25.: Binary pitchfork zone plate for helical x-ray beam generation.

3.9.4. Experiment at MAXYMUS, BESSY II, June 2018

The DOE simulation for the pitchfork ZP described in subsection 3.9.2 predicts
departures from the target beam pro�le due to the nonlinearity of the hologram
generation and binary thresholding. Further departures of the target beam pro�le
are expected due to curvature and inhomogeneity of the synchrotron beam as well
as potential misalignment of the OSA. To characterize the �nal beam pro�le, a
ptychography experiment was carried out at the MAXYMUS scanning microscope
(beamline and microscrope described in section 3.8.1). The experimental setup is
identical to the one in Fig. 3.19 with the kinoform ZP replaced by the binary
pitchfork ZP.

A ptychographic scan with 2500 di�raction patterns was recorded with a linear
overlap of 95% at an energy of 500 eV (λ = 2.48 nm). The object-detector dis-
tance was 17 cm and the di�raction patterns were cropped to an e�ective area of
12mm × 12mm. In this experimental geometry, the real space pixel size is 35 nm.
The reconstruction result after 20 iterations is shown in Fig. 3.26. Panels (a), (b)
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Figure 3.26.: PCDI reconstruction from helical beam characterization experiment.
(a) reconstructed beam, (b) reconstructed object, (c) 1 out of 2500
di�raction patterns. The log10-colorscale shows photoelectric counts.
The length scales are indicated at the sides with units as given at the
bottom of each panel.

and (c) show the reconstructed probe, the reconstructed object region of interest
and an example di�raction pattern, respectively. The results shown were obtained
with 4 mixed state modes (only main mode shown here) to account for partial spa-
tial coherence and potential detector-sided imperfections. The exit slit opening in
the experiment was 35µm× 35µm. The relative intensities of the mixed states are
(cf. Eqn. 2.93) E1 = 77.9%, E2 = 13.5%, E3 = 5.8%, E4 = 2.7% resulting in an
estimated purity of ν = 79.3%.

The reconstructed beam is shown in Fig. 3.26 (a) was propagated to various z-
distances ranging from −550µm to 850µm using an angular spectrum propagator
(cf. section 2.3). The propagated beam is shown in Fig. 3.27. Panel (a) shows
a section (x − z plane, y = 0) through the three-dimensional propagation pro�le.
The grayscale images show the square root of the intensity of the reconstructed
beam. Panels (b) to (m) show the beam pro�les (x-y plane) at various propagation
distances z upstream and downstream the reconstruction plane (dashed white line).
From the propagated beam pro�le, it is seen that the beam pro�le rotates through
an angle of 180° within the range −550µm ≤ z ≤ 850µm, thereby verifying that the
beam preserves the rotation properties in its initial conception despite the nonlinear
operations in the holographic zone plate design.

Another aspect of this reconstruction worth noting is the extension of the probe �eld
of view (FOV). The pixel size of the detector used in the experiment is ∆q = 48µm.
For the underlying beam energy of 500 eV (λ = 2.48 nm) and the object-detector
distance of 17 cm, Eqn. 3.31 limits the real space probe FOV to 8.8µm. To achieve
a larger FOV suitable to accommodate the far o�-center lobes inside the numerical
array, the detector pixels were sub-sampled by a factor of two using the CPS method
(cf. Eqn. 3.96) leading to an increase in probe FOV by a factor of two. To see the
utility the CPS method in this reconstruction, the beam was backpropagated into
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Figure 3.27.: Reconstructed three dimensional helical beam pro�le. The top shows
a x-z section through of the beam pro�le. The dotted white line in
(a) marks the plane in which the beam as shown in Fig. 3.26 (a) was
reconstructed. The lower panels are numerically propagated version
of the measured beam pro�le at multiple x-y sections with varying
z. The gray-value colorscale is proportional to the square root of the
beam intensity.
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the OSA plane found at z = −550µm as shown in panel (b) of Fig. 3.27. A contrast
enhanced and magni�ed version of the same image is given in Fig. 3.28. Here
the backpropagated beam intensity inside the 15µm diameter OSA is shown. It is
emphasized that zero-padding the reconstructed probe �eld of view is not equivalent
to the CPS method, since zero-padding can not take signal into account that extends
beyond the original probe FOV. The CPS method on the other hand, reconstructs
signal that extent beyond the original pFOV.

z=15µm

Figure 3.28.: Reconstruced helical beam intensity in OSA plane. The white arrows
point at the rim of the OSA.

Conclusion

The results in this section show that helical x-ray beams can be produced by the
pitchfork zone plate design described in subsection 3.9.2, which was not guaranteed
given the nonlinear operations (intensity formation and thresholding) in the concep-
tion of the ZP. Further the results indicate once more the utility of ptychography
for beam characterization besides imaging experiments.

An unexpected result is that although the spatial structure of the beam generated
by the pitchfork zone plate is fairly complex as for instance compared to typical
Gaussian beam distributions, the ptychography algorithm converged quickly to the
�nal result (~20 iterations). This result indicates that di�raction patterns resulting
from the pitchfork ZP contain more information than conventional zone plates. This
observation is in agreement with results in the literature reporting the bene�t of
using non-centrosymetric and even speckle beams for ptychography although no
explanation, other than improved dynamic range [54], has been found [88, 85, 86, 95].
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Further research in the direction of beam optimization for ptychography has to be
carried out to put these observations onto a stronger theoretical basis. In addition,
future work needs to investigate the potential of rotating x-ray beams for multislice
ptychography applications [83, 147].
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4. Propagation-based phase retrieval

In this chapter a method is described to retrieve phase information from a set of
intensity measurements acquired at several axially displaced sample or detector po-
sitions. There are situations in which the forward model of ptychography is not
exactly known or hard to describe. This may be the case when the thin object
approximation does not hold, for example when a light beam is scattered multiple
times inside a thick specimen. While multislice ptychography [83, 147] accounts
for several repeated forward scattering events inside thick specimens, no results of
this approach have been reported when the specimen consists of hundreds of slices.
Further the multislice methods reported so far neglect backward scattering. As an
example, the characterization of the transmission function of a Fabry-Perot interfer-
ometer would be a challenging task for standard ptychography algorithms. Another
problematic situation occurs in re�ection geometry experimental setups. When the
detector and the sample are not coplanar, a cooordinate transformation has to be
executed in the propagation step, increasing model and computational complexity
[45]. Yet another non-trivial problem is encountered when re�ection occurs at curved
interfaces or free-form optics, for which holographic and interferometric techniques
are easier to use.

Some of the aforementioned complications can be circumvented by use of propagation-
based phase retrieval (PPR), which is discussed in this chapter. To the authors
knowledge, the earliest accounts of this method were reported in [47], where in-
tensity measurements given in image and far-�eld planes were used, and in [93],
where an iterative method to obtain phase information from intensity data collected
at two defocused planes of (electron) optical imaging systems was used. Later a
propagation-based approach, called holotomography [19], was adapted for phase sen-
sitive hard x-ray imaging, where objects are mostly phase modulating.

4.1. Fundamentals of PPR

A setup for propagation-based phase retrieval is depicted in Fig. 4.1. A coherent
source is spatially �ltered by an aperture to produce a con�ned quasi-plane or spher-
ical wave. With no object present, the setup can be used for beam characterization
experiments. In the presence of an object, the setup may be used to image an object
under consideration. If an object is imaged, spherical waves allow for magni�cation.
Typically this is desired for EUV and x-ray wavelengths where the detector is orders
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Figure 4.1.: Illustration of propagation-based phase retrieval. Intensity measure-
ments at multiple planes downstream a scattering object are recorded.
Using an optimization algorithm the phase of the scattered wave can be
made consistent with each observation.

of magnitude larger than the imaged specimen region of interest. Using the Fresnel
scaling theorem [103], spherical wave illumination (S) can be transformed into a
plane wave geometry (P) by the relation

IS (r) =
1

M2
IP
( r

M

)
, (4.1)

where M = 1 + z2/z1 (cf. Fig. 4.1) is the magni�cation of the setup.

The rest of this section discusses optimization algorithms to retrieve phase informa-
tion from a set of intensities measured at multiple sample-detector distances.

4.1.1. Maximum likelihood

It was discussed in subsection 2.2.1 that photoelectric counting underlies Poisson
statistics. Simultaneous satisfaction of multiple intensity constraints is impossible
due to noise contamination in the data. Instead a solution may be sought that
is most likely to produce the given set of observations. Statistical algorithms for
coherent di�raction imaging were reported in [29, 143]. The argument is repeated
here with a formulation that applies to general propagation steps (near- and far-�eld)
in both lens-based and lensless optical systems.

By Eqn. 2.30, the probability of counting n photoelectrons on a detector with an
incident intensity I is given by

P (n | I ) =
In

n!
exp (−I) , (4.2)
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where a quantum e�ciency α = 1 is assumed. An intensity I (q) = ψ̃∗ (q) ψ̃ (q) is
sought that maximizes the conditional probability P (n | I ) for a given observation of
photoelectric counts n (q) . The variable q denotes detector coordinates. Maximizing
the probability P (n | I ) is equivalent to maximizing the log-likelihood

L =

ˆ
lnP (n (q) | I (q) ) dq. (4.3)

Instead of maximizing L with respect to the complex amplitude in the detector
plane, it is desirable to optimize for the complex amplitude in any plane of the
optical system under consideration. Denoting the former and the latter by ψ̃ (q)
and ψ (r) , respectively, these are in general linked by integral transformations

ψ̃ (q) =

ˆ
ψ (r)K (r, q) dr (4.4)

and
ψ (r) =

ˆ
ψ̃ (q)K∗ (r, q) dq, (4.5)

whereK (r, q) is a unitary kernel describing propagation between two distinct planes
of an optical system. In the case of far-�eld di�raction, the kernel is simply given
by K (r, q) = exp (−i2πrq/λz) . Other kernels apply for near-�eld and lens-based
transformations [102]. The gradient of the log-likelihood in Eqn. 4.3 with respect
to ψ (r) is given by

∂L
∂ψ∗ (r)

=

ˆ
ψ̃ (q)

 n (q)∣∣∣ψ̃ (q)
∣∣∣2 − 1

K∗ (r, q) dq, (4.6)

which is derived in appendix C. It is seen that the maximum likelihood formulation
is consistent with Eqn. 3.10 although the latter was derived in subsection 3.2.1
without any noise assumptions.

4.1.2. Gradient-based PPR (gPPR)

In PPR the raw data consists of multiple intensity measurements along a de�ned
axis. Without loss of generality, assume the detector is moved with respect to a
stationary beam in space and de�ne the optical axis given by the translation direction
of the detector and the center of the detector. Then each intensity measurement
at distance z de�nes a log-likelihood Lj with gradients given by Eqn. 4.6, which is
succinctly denoted here by ∇j. The index j = 1, 2, ..., J denotes the distance zj at
which each respective intensity is recorded. With this notation a gradient-based1

method for propagation based phase retrieval (gPPR) is given in algorithm 4.1. Note
that here gradient ascent instead of descent is used since the update rule in Eqn.
4.6 aims to maximize the log-likelihood in Eqn. 4.3.
1See [121] for an overview of gradient search algorithms.
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Algorithm 4.1 Gradient-based PPR optimization
Require: n = 0, nmax, β
1: while n < nmax do

2: draw random j ∈ {1, ..., J}
3: ψn+1 = ψn + β∇jLj
4: n = n+ 1
5: end while

4.1.3. Momentum-based PPR (mPPR)

In ptychography the sdPIE and ePIE algorithm were found to get stuck in local
minima while the mPIE algorithm (cf. subsections 3.4.2 to 3.4.4) was found to es-
cape local minima thanks to the accumulation of momentum at every iteration. By
analogy, a similar optimization engine for propagation-based phase retrieval is de-
�ned here and referred to as momentum-based PPR (mPPR). This engine is described
in algorithm 4.2. If not otherwise stated the mPPR engine is used with parameters
β = 0.25 and η = 0.5.

Algorithm 4.2 Momentum-based PPR optimization
Require: n = 0, nmax, 0 < β < 1,∆0 = 0
1: while n < nmax do

2: draw random j ∈ {1, ..., J}
3: ∆n = ∇jLj + η∆n−1

4: ψn+1 = ψn + β∆n

5: n = n+ 1
6: end while

4.1.4. Benchmark of PPR algorithms

To compare the performance of gPPR against mPPR multiple reconstructions were
carried out for each engine on simulated data. As a test object, the same Tilia tree
micrograph was used as in sections 3.5.2.4 and 3.6. The object was cropped by a
1mm aperture to prevent circular convolution artifacts at the sides of the numerical
array. A wavelength of λ = 520 nm was assumed.

Comments on the choice of adequate test cases for PPR

As an illuminating beam, a plane wave tilted at an angle of of 0.5 degree with respect
to the optical axis was simulated. This way no assumptions about real-valuedness
or any other a priori knowledge can be made. Furthermore testing a variety of data
sets in previous work [77, 78], it was observed that PPR data with tilted plane wave
illumination are particularly challenging to reconstruct. During the reconstruction
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process various regions on the sample with di�erent scattering properties converge
to the solution at di�erent rates with potentially constant phase o�sets. Often
the algorithm struggles to synchronize the phase over the entire specimen during
the reconstruction process. Since any solution to the Helmholtz equation (Eqn.
2.20) must be twice di�erentiable, the above described competing phase domains
are forced to be continuous and form singularities2. It has been reported in the
literature that these singularities lead to stagnation of the phase retrieval process
[38].

The author believes that it is a quality assuring property for PPR algorithms to be
able to deal with tilted plane wave reconstructions as these are particularly suscep-
tible to forming competing phase domains and stagnation during the reconstruction
process. Surprisingly, the literature seems to not address this issue. It might be
conjectured that this is due to the fact that plane wave illumination are tacitly
assumed and removed if present after reconstruction. However, it would be good
practice to mention if such operations are carried out after the reconstruction. While
a recentering scheme is mentioned in [55], many authors in the PPR literature seem
to be either not aware of this issue or fail to report removal of phase ramps in re-
constructions. From a practical stand point it is not trivial to align the propagation
direction of the detector in a way that no phase ramps arise in reconstructions. As
an example, a 1mm FWHM plane Gaussian beam (λ = 520 nm) must undergo a
continuous phase change on the order of π/8 radian over its FWHM if it is later-
ally displaced by an amount of only 1µm over a propagation distance of 1 cm with
respect to a detector moved by the same axial distance. It is a non-trivial task
to achieve such pointing accuracy. Nevertheless few publications report on how to
experimentally achieve this accuracy or, alternatively, whether or not phase ramps
in reconstructions were removed.

Results

The results of three independent reconstructions of gPPR and mPPR are compared
in Fig. 4.2. In panel (a) the ground truth simulated exit wave is shown. In the
hue-brightness color-plot the phase ramp resulting from the tilt angle with the op-
tical axis is clearly visible. Panels (b) to (d) show di�raction intensities simulated
on a 12 bit camera including Poisson noise given by Eqn. 2.30 at the respective
propagation distances of z = 10mm, 15mm and 20mm. The red crosshairs aid in
tracking the gradual lateral shift of the center of mass of the beam. The center
of mass movement of the beam was used as an initial guess for the phase of the
reconstruction to precondition the initial estimates for both gPPR and mPPR. Panels
(e) to (g) show reconstructions after 200 iterations using the gPPR engine. Quali-
tatively, the gPPR reconstructions show artifacts in the regions highlighted by the

2Here these singularities are zero-crossings of the complex-valued wave-�eld with local orbital
angular momentum.
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Figure 4.2.: Comparison of gPPR and mPPR (simulated data): (a) ground truth, (b-d)
simulated intensities at z = 10mm, 15mm and 20mm, (e-g) reconstruc-
tion results for gPPR, (h) reconstruction error versus iteration (logarith-
mic scale) for gPPR, (i-k) reconstruction results for mPPR, (l) reconstruc-
tion error versus iteration for mPPR. The red crosshairs in (b-d) track
the center of mass movement of the tilted beam propagation. The white
insets in (e-g) as well as (i-k) highlight to regions where the either gPPR
or mPPR or both lead to artifacts.

white squares. Quantitatively, the error versus iteration is measured by the �gure
of merit

e =

∑
j

∑
q

(
Ij (q)− |ψn,j (q)|2

)2∑
j

∑
q I

2
j (q)

, (4.7)

where n is shown in panel (h). Here the mean error of all three reconstructions
after 200 iterations is 3.4%. Reconstruction results for the mPPR engine are shown in
panels (i) to (k). Qualitatively, the reconstruction results of the mPPR are superior to
the gPPR results as judged by fewer artifacts in the white squares3. Quantitatively,
the improved reconstruction quality of the mPPR is re�ected in a lower average error
of 3.2%. It is concluded that mPPR has superior convergence properties as compared
to gPPR.
3It is noted that panel (f) and panel (j) are deceptively similar. It was double checked if the
author made an error here, which is not the case. This result randomly happened and close
inspection shows that (f) and (j) are in fact di�erent.
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4.1.5. A genetic optimizer for PPR

As described in the previous sections, momentum incorporated into PPR optimiza-
tion schemes can prevent stagnation in local minima. Nevertheless, it has to be noted
that covergence in PPR optimization is strongly dependent on the starting guess of
the phase. The starting guesses for both gPPR and mPPR in the previous section
used information of the center-of-mass of the propagating intensity to precondition
the initial estimate of the wave front. When this preconditioning procedure was
omitted and, for instance, a uniform phase (plane wave without tilt) was used as
initial guess, both gPPR and mPPR did in most cases not converge to a solution for
the given test data set.

Another di�culty apparent from the simulation is that the mPPR algorithm did
converge in most but not all cases within the examined 200 iterations, which is due
to the randomization of the sequence in which the gradients ∇jLj are evaluated
in algorithms 4.1 and 4.24. The same e�ect was observed in the comparison of
ptychography optimization algorithms (subsection 3.4.5).

Both the formation of singularities and potential variations of the solution make
it advisable that multiple reconstructions are carried out in practice. Only if the
estimated wave �eld converges to the same solution, with small variations on the
order of the noise level of a measurement, can a reconstruction be regarded reliable.
Motivated by this, yet another algorithmic variation of the PPR optimization scheme
was investigated. The approach taken in this subsection is to combine ideas from
genetic optimization and gradient-based optimization.

Excursion into genetic optimization

In genetic optimization, a population of estimates collectively perform an optimiza-
tion task. At each iteration the population of estimates forms a new generation of
estimates that is compared against the older generation in terms of performance.
Some of the members of the old generation of estimates that are outperformed by
the younger generation of estimates, as judged by some de�ned error criterion, also
called �gure of merit, are replaced by the latter. This process is repeated until a
prede�ned number of iterations or �gure of merit is reached.

Since the above outlined optimization process is in analogy with some models of
evolutionary dynamics in Biology, these algorithms are often referred to as genetic
algorithms. Comprehensive information on genetic optimization may for instance
be found in [111].

4It was also tested (not shown here) whether simply evaluating the sub-gradients in the same
successive order at each iteration leads to better results. Unfortunately this is not the case:
Even contrary, stagnation occur ed even more often without randomizing the sequence of sub-
gradients.
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Coupling of test solutions

To prevent stagnation due to the formation of vortices and to make multiple es-
timates iterate until they agree on a single solution, heuristic modi�cations to al-
gorithm 4.1 are proposed here. The main idea is to optimize multiple estimates
simultaneously and introduce coupling between the test solutions. The coupling
is described as follows: Let ψn,s denote an estimate at the nth iteration, where
s ∈ {1, ..., S} is an index to distinguish the members of the current population of
estimates. Let the center of mass at the nth iteration be denoted by

ψn =
1

S

S∑
s=1

exp (iφs)ψn,s, (4.8)

where φs is a constant to achieve synchronization between the phase of each iterate
given by

φs = arg

´
ψ∗n,s (r)ψ1 (r) dr´
|ψn,s (r)|2 dr

. (4.9)

Here ψ1 is a �xed iterate with respect to which all other iterates are synchronized.
Equation 4.9 follows from minimizing the synchronization error

e =

ˆ
|ψ1 (r)− exp (iφs)ψn,s (r)|2 dr (4.10)

with respect to φs.With these de�nitions, coupling is achieved by adding the update
rule

ψn+1,s = ψn,s + σ
(
ψn − ψn,s

)
, (4.11)

where 0 < σ < 1 is a coupling constant, to algorithm 4.1. Precisely, after a pre-
de�ned number of iterations t, where each test solution ψs iterates independently
according to the gPPR scheme, the coupling step in Eqn. 4.11 is carried out. The
experiments reported here use t = 10, σ = 0.25, and β = 0.5 (cf. 4.1). The gPPR
in conjunction with the coupling in Eqn. 4.11 is referred to here as coupled PPR
(cPPR).

Simulation results

To test the performance of the coupling step in Eqn. 4.11, reconstructions of the
same test data set as used in section 4.1.4 were carried out using the cPPR algorithm.
The results for cPPR with σ = 0 (this case corresponds to no coupling and is identical
to gPPR) and σ = 0.25 are compared in Fig. 4.3. In the absence of coupling (top
row, σ = 0) 2 out of 3 iterates show strong artifacts. In particular, the white
squares show regions where singularities formed during the reconstruction process
due to competing phase domains. The lower row shows reconstruction results, where
coupling (σ = 0.25) was applied. Evidently, the introduction of coupling prevented
singularities in the �nal reconstructions. Comparing panels (d) and (h) shows that
coupling led to a lower average error.
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Figure 4.3.: cPPR simulation results: independent reconstructions (a-c) and error (d)
using cPPR with σ = 0 (no coupling). Introducing a coupling between
the reconstructions prevents artifacts due to competing phase domains
as shown in the reconstructions (e-g) and the corresponding error using
cPPR with σ = 0.25. (dimension as in Fig. 4.2)

4.1.6. Non-uniqueness

It is worthwhile to mention special cases where PPR must fail to recover a unique
solution. This is the case for Laguerre-Gaussian modes (cf. section 3.9.1) of oppos-
ing topological charge, e.g. (m,n) = (−1, 1) and (m,n) = (1, 1). For both beams
the intensities observed along the propagation direction are the same. To uniquely
measure the rotation (azimuthal number m) of an LG mode with n = 1 the symme-
try of the beam must be broken. This can for example be done by use of a known
reference wave that is superimposed with the LG mode. References [77, 76] discuss
a propagation-based interferometry technique that can serve to this end. In addi-
tion, ptychography can be used as was already demonstrated in section 3.8.2, where
an LG mode with n = 1 was reconstructed. Alternatively, mode analyzers such as
pitchfork gratings can be used, when a sparse decomposition basis for the beam is
known [103].

4.2. Experimental results

4.2.1. Cross-validation using interferometry

To test if PPR is capable for wavefront sensing applications, cross-validation experi-
ments that allow comparison with reference beam holography [128] were conducted.
The experimental setup is depicted in Fig. 4.4. Three laser diodes5 are combined in

5Thorlabs LP450-SF15 (λ1 = 450 nm), LP520-SF15 (λ2 = 520 nm), LP642-SF20 (λ2 = 642 nm)
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Figure 4.4.: Experimental setup for comparison of PPR and external reference beam
holography.

a �bre coupler (Thorlabs RGB26HF) and transmitted through a single-mode-�bre.
From here the beam is collimated and clipped by an aperture that controls the de-
sired beam size. A shearing interferometer (Thorlabs SI254) is used to monitor the
collimation of the beam. The beam is split and recombined in a Mach-Zehnder in-
terferometer (MZI) with a variable delay stage to adjust the path length di�erence
∆z. For maximum fringe visibility, the MZI is aligned to ∆z close to zero. The
reference arm serves to transmit a plane wave which can be superimposed with the
wave trespassing the object arm. Di�raction patterns from the object arm and holo-
grams are recorded on an RGB sensor (IDS UI-5582LE-C, 2560× 1920 pixels) with
2.2µm pixel size. The camera is mounted on a motorized z-translation stage (PI-
N565, 13 mm travel range, 2 nm minimum step size) with a travel range of 13mm.
An aperture is placed upstream the detector to limit the �eld of view of the wave
�eld mitigating circular convolution artifacts of the angular spectrum propagator
[90]. Further the aperture aids oversampling the di�racted intensity in the detector
plane6.

As a test object a plan-convex lens with a focal length of 500mm was mounted
o�-axis in the object arm of the MZI to produce a slightly tilted beam. The lens
is expected to introduce a quadratic phase dependence in the wave trespassing the
object arm resulting in a converging wavefront. A PPR data set with 13 di�raction
intensities was recorded with the detector placed at distances ranging from 41mm
to 53mm downstream the last aperture of the setup in 1mm intervals. In this
experiment only a single wavelength (λ3 = 642 nm) was used. The center of mass
movement of the measured intensities was calculated to estimate a tilted plane wave
as an initial guess for the wave �eld. Algorithm 4.2 (mPPR, β = 0.25, η = 0.5)

6Compare Eqn. 3.31 which states that for a far-�eld di�raction intensity the detector sampling
requirements are inverse proportional to the real-space �eld of view. Although the setup dis-
cussed here is not in far-�eld geometry, adequate detector sampling is nevertheless required.
Sampling conditions for the optical near-�eld (Fresnel di�raction) can be found in [139].
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Figure 4.5.: Veri�cation of PPR reconstruction: (a) 1 out of 13 measured di�rac-
tion intensities at z = 41mm, (b) PPR reconstructed wave at z = 0,
(c) holographic intensity measurement at z = 41mm, (d) PPR recon-
structed wave at z = 41mm. The arrows in (c) and (d) show that the
phase of the recovered wave complies with the holographic reference
measurement.

was used to reconstruct the wave emanating from the lens inside the aperture at
z = 0mm. The cPPR algorithm was not required since during the reconstruction no
competing phase domains formed. This is due the absence of scattering structures
inside the aperture and a fairly good initial guess for the wave.

The reconstruction results are shown in Fig. 4.5. Panel (a) shows a di�raction
intensity recorded at z = 43mm. The reconstructed wave at z = 0mm is shown
in panel (b). To test this result, the wave from the object arm was experimentally
superimposed with a plane wave from the reference arm of the MZI. The recorded
hologram at z = 43mm is shown in panel (c). For comparison, the reconstructed
wave from the PPR data set was propagated into the same plane at z = 43mm
as shown in panel (d). By comparison of panels (c) and (d) it is seen that the
PPR reconstructed wave complies well with the fringe locations in the holographic
measurement.

The results of the cross-validation experiment veri�es that the reconstruction results
from the PPR measurements can be trusted. Rigorous bounds on the accuracy of
PPR as compared to interferometric measurements are not established here. How-
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ever, the experimental results reported suggest that wavefront sensing by means of
PPR produces quantitative results and, in principle, approach interferometric pre-
cision. As a main bene�t as compared to interferometry and holography, PPR does
not require a high-quality reference wave and a setup with interferometric stability.
Moreover, the optical elements (beam splitters and mirrors) in an interferometer
lead to wavefront perturbations of the input beam. Thus PPR is a convenient alter-
native for beam characterization that does not rely on high-quality interferometric
setups.

4.3. Application: RGB lensless imaging
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Figure 4.6.: RGB-PPR experimental setup. Collimated waves for three wavelengths
(λ1 = 636 nm,λ2 = 519 nm,λ3 = 450 nm) illuminate an object to pro-
duce di�raction patterns on a color-resolved camera.

Another experiment was conducted with the goal to test whether PPR can be used
for color-resolved lensless imaging. Figure 4.6 shows the experimental setup, which
is similar to the setup in Fig. 4.4 but without the MZI to minimize wavefront
aberrations introduced by all re�ecting optical surfaces. As an object a stained
human epidermis histological sample (Konus, Science Kit No. 11) was used. A
set of 13 di�raction pattern with axial separation of ∆z = 1mm with a closest
distance7 to the object of z = 19.75mm was collected on a color-resolved camera
(UI-558-LE-C, 2.2µm pixel size, dimensions cropped to: 4.2mm× 4.2mm).

The cPPR algorithm with 5 estimates was run for 10000 iterations with σ = 0.1 and
β = 0.5 (cf. subsection 4.1.5). The reconstruction results are shown in Fig. 4.7.

7A bene�t of PPR is that the object-detector distance does not have to be known precisely. Only
the relative distances between the detector positions have to be known accurately, which is the
case in the present experiment due to the use of an encoded z-translation stage. A distance of
20 mm was measured during the experiment. The object was refocused to the sharpest plane
at 19.75 mm after reconstruction.
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Panel (a) shows 1 out of 13 color-resolved di�raction patterns. Panel (b, c) show
micrographs recorded with an optical microscope for comparison. The results of the
cPPR reconstruction are shown in panels (d) to (i). Panel (d) shows the entire �eld
of view of the specimen that was captured. Here the images for each wavelength
(λ1 = 636 nm, λ2 = 519 nm, λ3 = 450 nm) are overlayed into an RGB image. In
panels (e) and (f) close-ups of the cPPR reconstruction of similar regions as the
optical micrographs in panels (b) and (c) are shown. Panels (g) to (i) show the
individual complex-valued reconstructions for each wavelength. It is seen that only
the red laser was collimated fairly well. The other wavelengths in panels (h) and
(i) show quadratic phase distributions, which are due to the collimating lens not
being achromatic. While this hinders a quantitative analysis of the phase contrast
imparted on each wave by the specimen alone, it veri�es that the reconstruction
converged close to the solution8. Moreover, if an achromatic lens is used to produce
a high-quality plane wave, the method principally allows for color-resolved phase
contrast imaging.

4.4. Conclusion

From the results in this chapter it can be concluded that PPR can be used for beam
characterization, wavefront sensing and lensless imaging. To use PPR for quantita-
tive phase contrast imaging, the illuminating beam has to be a high-quality plane
or spherical wave. Further the object has to satisfy the projection approximation
to neglect multiple scattering events inside the sample (cf. section 2.6). The ambi-
guity between the illuminating beam and the object can principally be resolved by
acquiring separate measurements with and without specimen. Reconstructing the
latter from the former may result in clean object reconstructions. However, PPR
was not followed further here for two main reasons:

First, it was observed that PPR as compared to PCDI exhibits slow convergence
during the computational inversion process. While the amplitude (RGB image)
of the ESW in Fig. 4.7 was reconstructed in only a few iterations (<10), to see
the quadratic phase contribution (panels g to i) required 2 days (105 iterations) on
an Acer Aspire V 15 notebook including cuda-accelerated computation (NVIDIA
GeForce GTX 860M). While the processing time can certainly be reduced by opti-
mizing the code further9, the slow convergence rate seems to be a major limitation
of PPR. Further the prevention of phase ramps due to illumination wavefront tilt
which result in the formation of competing phase domains during reconstruction can
cause stagnation and premature optimization results as discussed in sections 4.1.4

8The discontinuities in the phase in panels (h) and (i) might be artefacts introduced by cross-talk
between the signals of the RGB camera.

9A multiscale reconstruction using various levels of binning is possible. This way the rough
features (e.g. phase ramp) are reconstructed at low resolution and only a few iterations are
carried out at high resolution.
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Figure 4.7.: Comparison of microscope and lensless (PPR) images of human epider-
mis : (a) one out of 13 RGB di�raction pattern as input data for PPR,
(b) lens-based microscope image and (c) inset, (d) PPR reconstructed of
intensity (RGB encodes λ1 = 450 nm, λ2 = 519 nm, λ3 = 636 nm) and
(f) inset, (g-i) PPR reconstructed, spectrally resolved ESWs (complex-
valued, color encodes phase and brightness encodes intensity).

and 4.1.5.

Second, the PPR con�guration with a motorized detector provides no means to
separately determine illumination and object from a reconstructed exit wave, which
is a major limitation as compared to PCDI. Another approach was reported in
[112, 113]. Here the specimen instead of the detector is axiallly translated through
the beam introducing additional information that allows to separate object and
probe. However, we carried out simulations that indicated the need for large travel
ranges that cause spatial resolution loss due to the low numerical aperture for visible
light setups. To prevent specimen translation in a direction transverse to the beam
propagation, an encoded 3D translation stage is required, which results in increased
cost as compared to PCDI.
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5. Summary, conclusions and future
work

This work focused on theoretical foundations and experimental applications of two
computational imaging techniques, namely ptychography (PCDI) and propagation-
based phase retrieval (PPR). As compared to the other imaging techniques described
in the introduction (cf. Fig. 1.1), these techniques stand out in phase sensitive mi-
croscopy and wavefront sensing applications where a priori knowledge is not available
and interferometric stability is challenging. PPR and PCDI are not entirely di�er-
ent techniques but connected by a principle called imaging by convolution (see [13]
and section 5.3). It is not possible to draw a general conclusion as to which tech-
nique is superior as this depends on the application and available budget of the user.
Nevertheless some conclusions are given below for PCDI and PPR.

5.1. PCDI

The ability to simultaneously recover structural information about object and il-
lumination makes PCDI suitable for both high-resolution scanning microscopy and
beam diagnostics. In addition, a large degree of redundancy in the input data allows
to resolve for additional experimental unknowns.

In this work, both existing developments and various novel extensions to the capabil-
ities of ptychography were explored. A MATLAB software package called fracPty
was written that allows to incorporate many existing algorithms such as the extended
ptychographic iterative engine [87], position correction [84], mixed state [144] and
orthogonal probe relaxation ptychography [97]. In addition, the adaptive Fourier
weighting (section 3.5.1.1) and constrained pixel sum (section 3.5.2.3) methods were
implemented in fracPty. In future work, fracPty is aimed to combine capabilities
for both conventional and Fourier ptychography as well as hybrids of the two. In
analogy with the concept of fractional Fourier transforms [102], which parameterize
the degree to which an object is Fourier transformed by a rotation in phase space
[139], fracPty stands for fractional ptychography and is aimed at parameterizing
the degree to which a system is a conventional or a Fourier ptychographic setup.

The benchmark of current ptychography algorithms in section 3.4.5, including sdPIE,
ePIE and mPIE, could positively reproduce a recent study [82] claiming the superi-
ority of accelerated gradient techniques in ptychography. While fracPty uses the
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mPIE algorithm by default, other engines such as sdPIE, ePIE and difference map
are available.

In subsection 3.5.1.1 an adaptive identi�cation algorithm for systematic detector
outliers was discussed. It was shown that the adaptive Fourier weighting (AFW)
scheme is capable of removing background noise and enhance image reconstruction
quality. Further, besides existing lateral position correction algorithms [87, 8, 160],
an axial position correction algorithm was theoretically analyzed and successfully
demonstrated experimentally (subsection 3.5.2.2 and [80]).

In subsection 3.5.2.3 the constrained pixel sum (CPS) method was theoretically
described and tested. This method allows the extension of the probe �eld of views
limited by the detector pixel size. On the other hand, the method can be used to
compress large ptychographic data sets as was shown in [81]. In particular, it is
possible to multiplex pixels into a single pixel, which may have future applications
in the �eld of single pixel imaging [31].

In subsection 3.5.2.4 the orthogonal probe relaxation method [97] was examined. A
numerical study was carried out suggesting that OPRP is capable of reconstructing
rotating beams. This result has potential applications in Fourier ptychography,
where it principally allows to characterize space-variant optical transfer functions of
optical systems. Further applications may be found in the characterization of mode
transmission matrices in graded index �bers. In particular, scanning endoscopes
based on ptychography may become available if variable light-transfer in bending
�bres can be modeled accurately. The OPRP method is a promising approach to
explore this direction [10].

In section 3.6 mixed state ptychography (MSP) was reviewed. Experimental results
were discussed in section 3.7 and chapter 3.5. It was found that the increased
number of degrees of freedom that can be reconstructed in a partially coherent wave
�eld is accompanied by an increased number of potential ambiguities. In particular,
caution has to be taken in the quanti�cation of partial spatial coherence by means
of ptychography if other decoherence e�ects such as increased detector pixel size,
inhomogeneous detector response and translation stage vibrations are potentially
present in a ptychographic data set. A thorough investigation of quantifying partial
spatial coherence by means of ptychography will be carried out in future work.

An experimental novelty of the work reported here was the design of a di�ractive op-
tical element for the generation of helical x-ray beams. The resulting pitchfork zone
plate was characterized by means of ptychography and the helical beam structure
could be veri�ed. To the author's knowledge this is the �rst experimental demon-
stration of rotational self-imaging e�ects [109] for x-rays. Three-dimensional point-
spread-functions have previously been demonstrated to increase the depth resolution
in visible light microscopes [105, 106, 131]. Since in lensless optical setups the illumi-
nating beam takes the role of the point spread function in lens-based optical setups,
helical x-ray beams may o�er increased depth sensitivity in multislice-ptychography
experiments [147].
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5.2. PPR

Propagation-based phase retrieval allows for wavefront sensing without the need for
scanning of a separate object as is the case in ptychography. Instead only one-
dimensional translation of a detector with respect to a stationary beam is required.
This is an advantage of PPR as compared to PCDI when cost of the experimental
setup is a major concern. Further PPR is model-independent while PCDI requires
a model about the interaction between a beam and an object.

In section 4.1 a variety of iterative algorithms where examined for propagation-based
phase retrieval. To the author's knowledge, the incorporation of momentum in PPR,
in analogy to the mPIE algorithm in PCDI, was not been studied elsewhere. The
benchmark in subsection 4.1.4 suggest that the proposed momentum-based PPR
algorithm (mPPR) is superior to simple gradient-based PPR algorithms (gPPR) such
as the classical Gerchberg-Saxton algorithm. A di�culty that often arises in PPR
is the formation of phase singularities during the reconstruction process originating
from competing phase domains in the estimate wave. A coupled PPR algorithm
(cPPR) using ideas from genetic optimization was proposed in subsection 4.1.5. It
was shown that coupling between independent estimates mitigates the problem of
singularity formation at the cost of increased computational complexity. The same
results were found for propagation-based interferometry [77], where coupling was
a�orded by means of a truncated singular value decomposition similar to OPRP in
ptychography.

In subsection 4.2.1 experimental results of PPR were cross-validated by means of
interferometry. While rigorous bounds on the accuracy of PPR as compared to in-
terferometric measurements were not established, the results show that wavefront
sensing by means of PPR yields results in compliance with interferometric tech-
niques.

In section 4.3 a PPR setup using red, green and blue laser diodes was used together
with a color-resolved CMOS detector demonstrating the utility of PPR for phase
sensitive lensless microscopy. The approach may be extended by employing either
a swept source or a hyperspectral camera to allow label-free investigation of the
optical properties of biological tissue.

5.3. PCDI, PPR and beyond: a future perspective

PCDI and PPR are instances of an imaging paradigm that may best be called
imaging by convolution [13]. In the simplest form of PCDI, each di�raction intensity
I is the magnitude squared of the convolution of the Fourier transforms of probe
P and object O, i.e. Ij = |FP ⊗FOj|2 , where the index j indicates variability
with respect to scan position. In PPR, each di�raction intensity is the magnitude
squared of the convolution of the object O and the inverse Fourier transform of the
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transfer function of free space Hj (cf. Eqn. 2.45), i.e. Ij = |O ⊗F−1Hj|2 , where the
index j indicates variability with respect to axial propagation distance. Therefore,
PCDI and PPR derive phase sensitivity from mixing space and spatial frequency
domain signals through convolution and additional variability that aids in rendering
the underlying invese problem overdetermined.

It is not hard to identify other imaging systems where imaging by convolution is
already used or can be exploited in the near-future. A prominent example is Fourier
ptychography [161] where each intensity recorded is the convolution of object and
point spread function of the imaging system while illuminating with tilted plane
wave adds variability to solve the phase problem and extends spatial resolution.
Using controlled, tilted plane wave illuminations with larger numerical aperture in
the x-ray spectral range poses some experimental challenges in adapting Fourier
ptychography to short wavelengths. However, other imaging techniques such as x-
ray full �eld microscopy [5] may bene�t from introducing variability in the data (e.g.
through lateral scanning). This way it would potentially be possible to characterize
the point spread function of the system once (including the main limiting factor of
large detector pixel size) and enhance spatial resolution through deconvolution. This
would allow for microscopy and tomography applications with sub-100 nm spatial
resolution using partially coherent, laboratory-scale x-ray souces.
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A. Wigner distribution
representation of ptychographic
data sets

This appendix provides a derivation of Eqn. 3.2. The derivation follows reference
[62] with changes in notation and some more details presented. To this end, expand
the far-�eld di�raction intensity in Eqn. 3.1 in terms of two separate Fourier integrals
and change the order of integration to get

I (t,f) =

ˆ ˆ
P (r)P ∗ (r′)O (r − t)O∗ (r′ − t) exp [−i2πf (r − r′)] drdr′

Changing to centered coordinates r = y + z
2
, r′ = y − z

2
leads to
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=

ˆ ˆ
WP (y,f − f ′)WO (y − t,f ′) dydf ′, (A.5)

which is the result stated in Eqn. 3.2.
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B. Ptychography with
narrow-bandwidth visible light

In chapter 3 the in�uence of partial temporal coherence has been ignored. For
chromatic objects, the ptychographic information multiplexing (PIM) algorithm
reported in [7] may be used to recover chromatic object reconstructions from in-
coherent superpositions of di�raction data. This approach works well when the
illumination spectrum consists of only quasi-monochromatic lines, as can be pro-
duced from a superposition of multiple lasers of di�erent wavelength [7] or from a
high-harmonic source [159]. In this appendix, theoretical considerations and prelim-
inary experimental results are reported that descibe consequences of departures from
the quasi-monochromaticity assumption. As will be shown, for narrow-bandwidth
radiation over which an object may be regarded achromatic, the mixed state recon-
struction algorithm (cf. section 3.6) can be used to compensate partial temporal
coherence e�ects. Proof-of-concept results from a ptychography experiment using a
light-emitting diode (LED) are discussed.

B.1. Far-field diffraction of narrow-bandwidth light

Suppose a thin specimen is illuminated with a narrow-bandwidth beam. For a
monochromatic component of the illumination with wavelength λ the complex far-
�eld di�raction amplitude ψ̃λ (f) is given by a (scaled) Fourier transform of the exit
wave downstream the sample ψλ (r), i.e. (cf. section 2.5)

ψ̃λ (f) =

ˆ
ψλ (r) exp (−i2πfr) dr, (B.1)

where r denote sample coordinates and f denote spatial frequency. The spatial
frequency is related to the detector coordinate q by q = λzf [? ]. Since two di�er-
ent monochromatic components of the illumination are uncorrelated1, the observed
intensity in the detector plane is an incoherent superposition of monochromatic
components in the wave �eld,

I (q) =

ˆ
S (λ)

∣∣∣ψ̃λ (λzf)
∣∣∣2 dλ, (B.2)

1This is a consequence of the Wiener-Khintchine theorem. Details can be found in [158].
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where S (λ) is the spectral density of the narrow-bandwidth illumination [158]. Fur-
ther it is assumed here that the object is non-dispersive, which is a good approx-
imation if refractive index variations of the specimen can be neglected over the
spectral bandwidth of the illuminating beam. Under this assumption and using
λzf = Mλzf , where M (λ) = λ/λ is a linear scaling function and

λ =

´
λS (λ) dλ´
S (λ) dλ

(B.3)

is the mean wavelength, Eqn. B.2 can be rewritten as

I (q) =

ˆ
S (λ)

∣∣∣ψ̃ (Mλzf
)∣∣∣2 dλ, (B.4)

where the index λ was dropped for achromatic objects. This shows that the far-�eld
intensity of a specimen, which is non-dispersive over the given illumination spectral
band, is an incoherent superposition of scaled versions of the mean-wavelength far-
�eld di�raction intensity.

B.2. Experimental results

Equation B.4 is an incoherent superposition of weighted, scaled Fourier transforms
of the exit wave behind an achromatic object. Scaling a Fourier tranform can be
achieved by changing the wavelength λ. An equivalent e�ect can be achieved by
either scaling the propagation distance z or deploying a lens dowstream the object
which produces a Fourier transform in its backfocal plane with scaling as a function
of the curvature of the lens [? ]. This consideration suggests that Eqn. B.4 can
be regarded as the superposition of mutually incoherent modes in the illumination
with variable curvature producing Fourier transforms with variable scaling.

To test the above hypothesis, a ptychography experiment was set up with a high-
power blue InGaN-LED (10 lm �ux, 1.4 W power consumption). Prior to the ex-
periment, the LED was characterized with a spectrometer. A mean wavelength of
465 nm and a bandwidth (FWHM) of 22 nm were measured. The experimental setup
is shown Fig. B.1. Panel (a) shows the condenser unit. The LED is imaged into an
intermediate plane (I) where an iris (panel b) forms a condenser to control the spa-
tial coherence. Panels (c) and (d) show the ptychography module of the setup. The
spatially �ltered beam (II) is focused (III) onto an object mounted on a scanning
stage (panel d). The object-detector distance was set to 94.5mm. The distances
in the schematic in panel (e) are z1 = 57.5mm, z2 = 38.3mm, z3 = 1385.5mm,
z4 = 111.2mm and z5 = 94.5mm.

A ptychographic scan was carried out with the condenser iris set to a diameter
d1 = 700µm. The iris (II) in front of the focusing lens (III) was set to a diameter of
d2 = 7mm. Approximating the 700µm iris in the condenser plane as an incoherent
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Figure B.1.: LED ptychography setup. The source (a) is mapped into a condenser
plane where an iris (b) controls spatial coherence. (c, d) The spatially
�ltered beam is focused onto an object (d) that is scanned through
the beam. A schematic (not to scale) of the setup is shown in (e).
The exact distances are z1 = 57.5mm, z2 = 38.3mm,z3 = 1385.5mm,
z4 = 111.2mm, and z5 = 94.5mm.

source, the spatial coherence length in the condenser lens plane is on the order of
λz3/d1 ≈ 920µm. Since in the experiment a circular area of 7mm diameter was
illuminated on the condenser lens, the incoming beam can not be assumed to be
spatially coherent. The scan grid was a Fermat spiral with 400 positions and a
scan step size of 45µm resulting in an object �eld of view of slightly less than
1mm in each lateral dimension as shown in panel (a) of Fig. B.2. As a specimen
an unstained sagittal section of a mouse cerebellum was chosen. The preparation
of the specimen is similar to the description in [77] with the di�erence that no
staining with hematoxylin and eosin was applied. Therefore, the specimen was only
weakly modulating the amplitude and mostly the phase of the incoming beam. The
reconstructed modulus and phase of the specimen are shown in panels (a) and (b),
respectively. It is seen that the modulus shows a clear distinction between grey
(I) and white matter (IV), while the reconstructed phase allows a distinction of the
granular layer (II) from the molecular layer (III) of the cerebellar cortex. Combining
panels (a) and (b) gives panel (c) which encodes phase as hue and transmission as

123



brightness, respectively.
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Figure B.2.: (a) Object modulus, (b) object phase, (c) complex-valued object recon-
struction (hue: phase, brightness: modulus), (d) probe mode structure
in object plane. The relative energy is indicated by the percentages. (e)
probe mode structure propagated into detector plane, (f) Exemplary
di�raction pattern, photoelectric counts are shown on a logarithmic
scale with base 10.

Panel (d) shows 9 out of 16 reconstructed modes of the incoming partiallly coherent
radiation. The radial FWHM of the reconstructed beam is 202µm. Due to both
partial spatial and partial temporal coherence, the beam has a low purity2 of ν =
29.2 %. The in�uence of partial spatial and partial temporal coherence could not
be distinguished from the measured data set. A line �lter with a lower spectral
bandwidth than the LED was not available at the time of the experiment. This
would have been required to systematically discern spatial and temporal coherence
e�ects in the mode structure of the beam. However, propagating the modes into the
detector plane gives a hint on which e�ect is dominant: As described in the previous
subsection, partial temporal coherence manifests itself in the presence of multiple
modes of di�erent curvature while partial spatial coherence is expected to exhibit
the presence of multiple k-vectors in the illumination due to an extended source.

2The notion of purity strictly applies onnly to spatial modes of the beam [1].
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Panel (e) shows the probe modes when propagated into the detector plane (same
color code as panel d). Comparing the overlay of the �rst and second mode shows
that the center of the beam curvature is shifted between the modes. This result
indicates that, despite spatial �ltering in the setup, partial spatial coherence was still
dominating the appearance of the mode structure. However, the in�uence of partial
temporal coherence on the mode structure of the beam can not clearly be discerned
from this result. Panel (f) shows one out of 400 measured di�raction patterns on a
logarithmic intensity scale. It is noted that the focused beam geometry used here
has a dynamical range advantage as compared to previous visible light experiments
(subsections 3.3.1 and 3.5.1.1). Since the undi�racted light of the specimen is spread
out on the detector, overexposure is a smaller issue than in previous experiments. In
particular, multiple exposures where not carried out to obtain the results reported
in this section, although this may further improve the results.

Conclusion

The experimental results discussed in this section can not distinguish between spatial
and temporal coherence as the cause for the mode structure in the beam. Future
experiments with controlled spatial �lters in the condenser plane and controlled
temporal �lters (e.g. tunable Fabry-Pertor interferometer) have to be carried out
to systematically distinguish the in�uence of spatial and temporal coherence on the
mode structure in ptychography. Nevertheless, the preliminary results shown here
demonstrate that ptychography under partially coherent conditions is feasible. In
particular, the theoretical probe size limit in Eqn. 3.43 seemed to be no limiting
factor to the reconstruction of the given specimen. The application of LEDs results
in cheap experimental ptychography setups. In addition, the availability of LEDs
throughout the entire visible light spectrum allows for low-cost hyperspectral lensless
microscopy with phase contrast capability.
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C. Derivation of maximum likelihood
update rule

In this appendix equation 4.6 is derived. The log-likelihood functional

L =

ˆ
lnP (n (q) | I (q) ) dq,

is rewritten in terms of ψ (r) using Eqn. 2.30 and the forward integral transformation
in Eqn. 4.4 resulting in

L =

ˆ
n (q) ln

[ˆ
ψ (u)K (u, q) du

ˆ
ψ∗ (v)K∗ (v, q) dv

]
− ... (C.1)

ˆ
ψ (u)K (u, q) du

ˆ
ψ∗ (v)K∗ (v, q) dv − ln (n (q)!) dq, (C.2)

where u and v are dummy variables. Then the gradient of L with respect to ψ (r)
is given by

∂L
∂ψ∗ (r)

=

ˆ
n (q)∣∣∣ψ̃ (q)

∣∣∣2 ψ̃ (q)

ˆ
δ (v − r)K∗ (v, q) dv − ...

ψ̃ (q)

ˆ
δ (v − r)K∗ (v, q) dvdq (C.3)

=

ˆ
n (q)∣∣∣ψ̃ (q)

∣∣∣2 ψ̃ (q)K∗ (r, q)− ψ̃ (q)K∗ (r, q) dq (C.4)

=

ˆ
ψ̃ (q)

 n (q)∣∣∣ψ̃ (q)
∣∣∣2 − 1

K∗ (r, q) dq, (C.5)

which is the form of Eqn. 4.6. This result was �rst derived for the case of far-�eld
di�ration in [143].
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Nomenclature

AFW adaptive Fourier weighting

ASPW Angular spectrum of plane waves

CDI coherent di�raction imaging

CPS constained pixel sum

CSD cross-spectral density

DoF depth of �eld

ELE Euler-Lagrange equation

ePIE extended ptychogrpahic iterative egine

ESW exit surface wave

EUV extreme ultraviolet

FRC Fourier ring correlation

FWHM full width at half maximum

MI mutual intensity

mPIE momentum ptychogrpahic iterative egine

MSP mixed state ptychography

MZI Mach-Zehnder interferometer

NA numerical aperture

ODT optical di�raction tomography

OPRP orthogonal probe relaxation ptychography

OSA order sorting aperture

PCDI Ptychographic Coherent Di�raction Imaging
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pcPIE position correction ptychogrpahic iterative egine

pFOV probe �eld of view

PPR propagation-based phase retrieval

RI refractive index

ROI region of interest

sdPIE steepest descent ptychogrpahic iterative egine

SNR signal to noise ratio

STEM Scanning transmission electron microscopy

STXM Scanning transmission x-ray microscopy

SVD Singular value decomposition

tASPW tilted angular spectrum of plane waves

TSP traveling salesman problem

ZP zone plate
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Index

axial position correction, 73

coherent di�raction imaging, 9
coherent mode, 27
coherent transfer function, 20
computational imaging, 10
cross-spectral density, 26

depth of �eld, 25
di�raction limited resolution, 52
dispersion relation, 15

ePIE, 61
exit surface wave, 42

Fourier ptychography, 9
Fourier ring correlation, 64
Fraunhofer approximation, 23
Fresnel approximation, 22

grating equation, 24

Helmholtz equation, 15

intensity, 16

kinoform, 84

lateral position correction, 70
linear overlap, 46

Mandel's formula, 17
maximum likelihood, 101
Maxwell's equations, 13
mixed state ptychography, 80
mPIE, 61
mutual coherence function, 26
mutual intensity, 27

numerical aperture, 25

optical di�raction tomography, 15
optical intensity, 16
orbital angular momentum, 84
orthogonal probe relaxation, 76

phase problem, 40
photoelectric counting statistics, 17
Poynting vector, 16
probe, 41
projection approximation, 24
propagation-based phase retrieval, 99
ptychography, 9
purity, 30

Rayleigh-Sommerfeld formula, 22
refractive index, 15

scalar wave equation, 14
scattering potential, 15
signal to noise ratio, 17
singular value decomposition, 76
spatial frequency, 49
spatial resolution, 63
spectral density, 122
spectrogram, 41
steepest descent, 60

topological charge, 85
transverse coherence length, 36
transverse translation diversity, 47
traveling salesman problem, 48
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