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Zusammenfassung

Das Darmbakterium Escherichia coli (E.coli) ist in den Bereichen der Molekularbiolo-
gie, der Zellbiologie und des Forschungsfeldes der Mikroschwimmer eines der am bes-
ten erforschten Lebewesen. Die vorliegende Arbeit leistet einen Beitrag zur Grundla-
genforschung der Chemotaxis von E.coli (gerichtete Bewegung entlang eines externen
chemischen Stimulus). Insbesondere werden neue theoretische Modelle sowohl für die
individuelle als auch für die kollektive Chemotaxis von E.coli entwickelt.
Im ersten Teil führen wir eine stochastische Beschreibung der Schwimmbewegung eines
individuellen Bakteriums ein. Hierfür stellen wir zwei überdämpfte Langevin-Gleichungen
für die Dynamiken des Orientierungswinkels sowie für den Betrag des Geschwindigkeits-
vektors auf. Für beide Gleichungen berechnen wir die zugehörigen Momente, Wahr-
scheinlichkeitsverteilungen und Autokorrelationsfunktionen. Im Experiment erzeugen
moderne Aufnahmetechniken große Datenmengen an bakteriellen Trajektorien. Der Ver-
gleich der oben genannten stochastischen Größen aus Theorie und Experiment erlaubt
die Bestimmung der Modellparameter. Im Einzelnen sind dies die Taumelrate λ, die
Taumelzeit r−1, der Betrag der Schwimmgeschwindigkeit v0, die Stärke σ mit der die
Geschwindigkeit fluktuiert, die relative Höhe der Geschwindigkeitssprünge η, der ther-
mische Wert für die Rotationsdiffusionskonstante D0 und der erhöhte Wert DT der
Letzteren während eines Taumels. Gegenüber etablierten Analysemethoden hat unsere
Methode den Vorteil, dass keinerlei a priori Parameter gewählt werden müssen. Durch
Berechnung der bedingten Wahrscheinlichkeiten für verschiedene Schwimmrichtungen
können wir die Chemotaxisstrategien von E.coli untersuchen. Wir bestätigen die klas-
sische Strategie einer Reduzierung der Taumelrate und die kürzlich entdeckte Verringe-
rung des mittleren Taumelwinkels (angle bias) bei Hinaufschwimmen eines Lockstoffgra-
dienten. Wir zeigen, dass letztere Strategie sowohl durch kürzere Taumelzeiten als auch
durch eine kleinere Diffusivität der Orientierung verursacht wird. Wir beobachten zu-
dem, dass die Geschwindigkeitsfluktuationen in Richtung des Gradienten 30% höher sind
als bei entgegengesetzter Schwimmrichtung. Zuletzt untersuchen wir die chemotaktische
Antwortfunktion des Bodenbakteriums Pseudomonas putida.
Im zweiten Teil formulieren wir eine Markov’sche lineare Antwort für die Taumelrate
eines Bakteriums, das in einem chemischen Feld schwimmt. Diese Relation für die Tau-
melrate setzen wir in die Smoluchowski-Gleichung ein. Nach einer Multipol-Entwicklung
erhalten wir ein verallgemeinertes Keller-Segel-Modell, das auch den angle bias bein-
haltet. Wir bestimmen die Diffusions- und Chemotaxis-Koeffizienten als Funktion der
mikroskopischen Schwimmparameter. Wir sehen, dass für eine positive Taumelrate die
chemotaktische Driftgeschwindigkeit beschränkt ist. Damit beheben wir die Singulari-
tät des ursprünglichen Keller-Segel-Modells. Numerische Lösungen unserer beschränkten
Keller-Segel-Gleichungen zeigen bakterielle Dichtepulse. Wir zeigen somit, dass man für
einen bakteriellen Puls weder eine singuläre Driftgeschwindigkeit noch einen zweiten
Lockstoff braucht. Wir führen eine quantitative Parameterstudie des Pulses durch und
bestimmen wie Pulsgeschwindigkeit, -breite und -höhe von den mikroskopischen Para-
metern abhängen. Dabei entdecken wir eine maximale Anzahl an Bakterien, die sich
im Puls befinden können. Zuletzt zeigen wir, dass unser Modell den experimentellen
Dichtepuls quantitativ sehr gut beschreibt.
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Abstract

This thesis introduces theoretical frameworks for the individual and collective chemo-
taxis of Escherichia coli (E.coli). In the first part, we describe the swimming motion of
an individual bacterium. For this purpose, we set up two Langevin equations for the ori-
entation angle and speed dynamics. We calculate corresponding moments, distribution
and autocorrelation functions for both equations. Matching them to the same quantities
determined from experimentally recorded trajectories, we infer the swimming parame-
ters of E.coli. These are the tumble rate λ, the tumble time r−1, the swimming speed v0,
the strength of speed fluctuations σ, the relative height of speed jumps η, the thermal
value for the rotational diffusion coefficient D0, and the enhanced rotational diffusivity
during tumbling DT . In contrast to established analysis methods by a tumble recognizer
algorithm, our inference method does not rely on a priori parameters. Conditioning the
observables on the swimming direction relative to the gradient of a chemoattractant, we
infer the chemotaxis strategies of E.coli. We confirm the classical strategy of a lower
tumble rate for swimming up the gradient but also a smaller mean tumble angle (angle
bias). The latter is realized by shorter tumbles as well as a slower diffusive reorientation.
We also find that speed fluctuations are increased by about 30% when swimming up the
gradient compared to the reversed direction. Finally, we investigate the chemotactic
response function of the soil bacterium Pseudomonas putida.

In the second part, we formulate a Markovian response theory for the tumble rate of a
bacterium moving in a chemical field and use it in the Smoluchowski equation. Based on
a multipole expansion for the one-particle distribution function and a reaction-diffusion
equation for the chemoattractant field, we derive a polarization extended model, which
also includes the recently discovered angle bias. In the adiabatic limit we recover a gen-
eralized Keller-Segel equation with diffusion and chemotactic coefficients that depend
on the microscopic swimming parameters. Requiring the tumble rate to be positive, our
model introduces an upper bound for the chemotactic drift velocity, which is no longer
singular as in the original Keller-Segel model. Solving the Keller-Segel equations numer-
ically, we identify traveling bacterial concentration pulses, for which we need neither a
second, signaling chemical field nor a singular chemotactic drift velocity, as demanded by
earlier publications. We present an extensive study of the traveling pulses and demon-
strate how their speeds, widths, and heights depend on the microscopic parameters.
Most importantly, we discover a maximum number of bacteria that the pulse can sus-
tain - the maximum carrying capacity. Finally, by tuning our parameters, we are able
to match the experimental realization of the traveling bacterial pulse.
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1
Introduction

Directed migration is a crucial ability for many living organisms to find better living
conditions or to escape from predators. Fish leave the ocean to swim upstream toward
spawning grounds, while later the smolts then swim downstream to the main rivers and
back into the ocean. Birds group to a flock and fly towards the equator in autumn to
stay in warmer regions during winter. Earthworms leave their soil homes and migrate
towards the surface during heavy rainstorms, from which stems their traditional name
“rainworms". Sperm cells migrate towards the oocyte (egg) with the aim of fertilization.
Migration is observed at all scales ranging from meters (humans, birds, fishes, etc.)
over millimeters (worms, flies, amoeba, etc.) down to microns (bacteria, sperm, etc.).
Migration is an integral part for living organisms: It makes life possible and ensures
survival in case of a worsened environment.
For millions of years, evolution has optimized both the migration mechanisms as well as
the navigation strategies. They have been adapted to the environment of the respective
organism. Understanding these mechanisms and strategies is a first step for biomimet-
ics, which is the development of new technologies inspired by living organisms. Humans
have looked at nature for inspiration to solve complex problems throughout their exis-
tence. A modern example is a plane, which turns out to have two wings similar to a
bird. More recently, robots have been developed that very much resemble human beings,
dogs, or horses in their physiology and way of migration. Humans have also been appre-
ciating the optimized migration mechanisms of other living organisms in a more direct
way: Monkeys have been used as cargo-carriers, carrier pigeons for communication, and
tracking dogs serve as navigation or searching assistants for several purposes, to name
a few examples. It is a recent discovery that the migration of living organisms at the
micron scale, so-called microswimmers, may also be very useful for human beings: Bac-
teria can drive a micro-ratchet motor [1] and, like sperm cells [2], carry micro-objects,
which might be used for precise drug-delivery inside the body [3–5]. Investigating and
understanding the migration strategies of living organisms is thus basic research that
may give rise to technical progress.
From a physical point of view, living organisms that migrate are self-propelled particles,
which constantly transform internal energy into the kinetic energy of directed motion,
also called active motion. The internal energy originates from nutrients and is stored
in complex biochemical processes. As energy is continuously converted into directed
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motion, active particles show non-equilibrium behavior. Very interesting effects occur on
different length scales ranging from cell mechanics to swarming bird flocks. Active matter
has been extensively studied at the interface between physics, biology, and chemistry
both theoretically and experimentally in the last years, as summarized in several review
articles [6–11].

In biology, migration in response to a stimulus is called taxis. As an example, sperm
guidance for mammals is realized by at least three different taxes [12–14]: chemotaxis -
swimming up a concentration gradient of a favorable chemical, also called chemoattrac-
tant [15], thermotaxis - swimming up a temperature gradient, and rheotaxis - swimming
against a fluid flow. Further taxes have been reported for other organisms, for example
aerotaxis (stimulation by oxygen), barotaxis (pressure), gravitaxis (gravitation), magne-
totaxis (magnetic field), and phototaxis (light), to name a few. Chemotaxis is important
for humans and other mammals, as olfactory information helps them finding food and
also influences their social interactions.

In this thesis, we concentrate on the chemotactic behavior of the gut bacterium Es-
cherichia coli (E.coli). Already in the 19th century, bacterial accumulation near or away
from a gas bubble or a chemical was observed [16, 17]. In the 1960s, Adler showed that
a population of E.coli concentrated in space eats the surrounding nutrient and thereby
creates a chemical gradient along which it drifts towards untouched regions. If the nu-
trient is initially uniformly distributed, the bacterial population travels along a capillary
tube with almost no dispersion in approximately the same way a soliton does [18, 19].
The number of bacteria in the pulse is high enough that the pulse becomes visible by
eye. Nowadays, Adler’s capillary assay is still a quick and easy way to check whether
a cell is chemotactic or not. A seminal model that is able to describe the pulse and its
interplay with the chemical field has been proposed by Keller and Segel [20].

E.coli has become one of the work horses in system biology, molecular biology, bio-
informatics, and in the microswimmer research community [21, 22]. Its significant ad-
vantage is that it is a unicellular organism, which at the same time shares a lot of its
cellular processes with larger organisms, including human beings. A seminal work on
E.coli’s chemotaxis strategy was developed first by Howard Berg and co-workers [23],
and today its swimming mechanism as well as its signaling process, which relates the
sensed chemoattractant to a response of the swimming machinery, has been intensively
studied [22, 24]. E.coli migrates with its celebrated run-and-tumble random walk, which
consists of alternating run phases, where it moves nearly along a straight line, and tum-
ble phases, where it randomly reorients its moving direction [23].

E.coli realize a directed migration by a chemotactic drift along a chemical gradient: runs
are prolonged if the environment becomes more favorable while runs are shortened in the
opposite case [23, 25]. The internal chemotaxis machinery of E.coli senses and compares
the nutrient concentration in time, which is rationalized in a linear response theory for
the tumble rate [26–29]. Using logarithmic sensing, E.coli is able to perform chemotaxis
in concentration fields varying by many orders of magnitude [30–32]. Such an ability is
commonly described by Weber’s law in different physical areas [33, 34]. More recently,
a second chemotaxis strategy, called angle bias, has been reported [19, 35]. The mean
reorientation angle during tumbling is reduced if the bacterium swims along a chemical
gradient and increased in the opposite case. This also generates a net drift motion in
the favorable direction.

Using modern imaging techniques, large datasets of bacterial trajectories can be recorded
at the micron scale [19, 36–42]. The method of labeling flagella by fluorescent markers
allows one to unravel the diverse swimming mechanisms of microorganisms [43, 44].
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These refined techniques require an appropriate theoretical modeling of the bacterium’s
stochastic swimming path, including the dynamics of tumbling. They also require a
rational and efficient method for analyzing the recorded data in experiments. In earlier
works specialized computer algorithms, called tumble recognizers, have been widely used
to identify tumble events [19, 23, 36, 45]. However, they build on a priori parameters
which have to be chosen arbitrarily; indeed, they vary quite substantially [19, 23].

In this thesis, we develop two models that describe, respectively, the individual and
collective run-and-tumble motion of E.coli. In the first part of the thesis, we provide a
theoretical framework that allows us to infer the averaged swimming parameters from
individual bacterial trajectories without setting any a priori parameters. It contains
two Langevin equations for the orientation angle and speed dynamics. Moreover, it
resolves tumble events in time. We implement a parameter inference method and apply
it to experimental data: From the large amount of recorded experimental trajectories,
we determine moments, distribution and autocorrelation functions for the orientation
angle as well as the speed. Matching them to the same quantities calculated from our
model, we are able to infer the swimming parameters of E.coli. Their values are in good
agreement with the parameters determined using an established analysis method. As
our method resolves tumbles in time and also incorporates speed dynamics, in contrast
to a previous work [35], we can also reveal some new and detailed insights into E.coli’s
chemotaxis strategy.

In the second part of the thesis, we provide a theoretical framework for the traveling
concentration pulse of bacteria. We start with the linear response theory of chemo-
taxis for an individual bacterium and derive a probabilistic description for the coupled
dynamics of bacteria and chemoattractant field. Our framework simplifies to the cele-
brated Keller-Segel model after a multipole expansion [20]. Requiring the tumble rate
to be positive, our model introduces an upper bound for the chemotactic drift veloc-
ity, which is no longer singular as in the original Keller-Segel model. We present an
extensive study of the traveling pulses and demonstrate how their speeds, widths, and
heights depend on the swimming parameters of individual bacteria. Most importantly,
we discover a maximum number of bacteria that the pulse can sustain - the maximum
carrying capacity. Finally, by tuning our parameters, we are able to match the traveling
bacterial pulse that has been observed in experiments.

The thesis is structured as follows. We start by introducing stochastic methods from
statistical physics, which we will use throughout the thesis, in the first part of Chapter 2.
In the second part of that chapter, we discuss microswimmers. We summarize the state-
of-the-art of the research on the bacterium E.coli and its chemotactic strategy in Chapter
3. We present our theoretical framework for the individual swimming mechanism of
E.coli in Chapter 4 along with some further stochastic description and an investigation
of the chemotactic response of the soil bacterium Pseudomonas putida. The theoretical
framework for the traveling concentration pulse of bacteria is introduced in Chapter 5.
Last, we summarize our findings and provide an outlook in Chapter 6.
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2
Statistical physics of microswimmers

In this chapter, we introduce the main concepts of random processes and their applica-
tion to microswimmers. Unlike deterministic processes, where always the same output is
produced for a given initial condition, random processes lack predictability. Prominent
examples are the fall of a die, the decay of a radioactive atom, the gold price for the next
day, neuronal firing, a diffusion process, and in general any many-body system which is
too large to set up a deterministic description. All random processes have in common
that they cannot be described by ordinary differential equations in the first place, e.g.,
it is not possible to set up coupled equations for all atoms of a diffusion process. Instead
one has to formulate a Langevin equation or in mathematical words a stochastic differ-
ential equation. Yet, as we will see later, we can derive ordinary differential equations for
related averaged quantities of random processes, which are then deterministic processes.
A historically prominent example for such a quantity is the mean squared displacement.
Another example is the Fokker-Planck equation, which is a partial differential equation
for the probability distribution function of the random process. Random processes are
ubiquitous in the physics of microswimmers; prominent examples are the biochemical
processes inside living cells, thermal diffusion, and randomly moving patterns.

We first describe random processes and their stochastic description, which is mainly
based on the comprehensive textbooks of Gardiner, Risken and van Kampen [46–48].
In the second part, we give an introduction to the world of microswimmers and extend
the stochastic methods from the first part by including active motion.

2.1 Random processes and their stochastic description

Gardiner introduces Brownian motion in a convenient historical way [46]. We start this
section by following this path in Sec. 2.1.1. Subsequently, in Secs. 2.1.2 and 2.1.3 we
introduce the Langevin equation and the Fokker-Planck equation (FPE) along with their
main characteristics following the textbook of Risken [47]. Last, we discuss shot noise
and the Master equation in Secs. 2.1.4 and 2.1.5.
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Figure 2.1: Drawing by Perrin of the erratic motion that was first observed under the
microscope of Robert Brown [49]. Three trajectories of particles with diameter 1 µm
suspended in water are shown; the time between each point is 30 s.

2.1.1 Historical prelude - Brownian motion

Random motion was first reported in 1827 by Scottish botanist Robert Brown (1773-
1858), a leading microscopist of his time. Under the microscope he observed that small
pollen grains show a very animated and irregular state of motion when suspended in
water [50]. Brown could not explain this erratic movement, but he was able to exclude
active movement of the pollen as also dead pollen and even fine particles of glass or
minerals showed this behavior.
To find an explanation, it took until 1905 when Einstein and Smoluchowski developed
independently from each other a theory for the erratic motion [51, 52]. Einstein estab-
lished the nowadays commonly accepted name Brownian motion and the pollen are from
now on referred to as Brownian particles. His three key assumptions were: (i) Brownian
particles undergo collisions with the molecules of the liquid in which they are suspended.
(ii) There are so many collisions that a dynamic many-body description is impossible.
Thus, only a probabilistic description of the collision impacts can be made. (iii) The
resulting movement at different times is not correlated given that the time distance is
much bigger than the usual collision time. Using these assumptions in his probabilistic
approach, Einstein derived the diffusion equation

∂f

∂t
= D

∂2f

∂x2 , (2.1)

where f(x, t) is the number of Brownian particles per unit volume at position x at time
t. This equation is a simple version of the more general Fokker-Planck equation which
we introduce in Sec. 2.1.3. Its solution for the initial condition f(x, 0) = δ(x) is given
by

f(x, t) = 1√
4πDt

e−
x2

4Dt , (2.2)

from which Einstein determined the mean square displacement along the x-direction

〈x2〉 = 2Dt , with D = kT

ζ
= kT

6πηa . (2.3)

It is linear in time t in contrast to the quadratic relation for ballistic motion. Einstein
determined also the diffusion coefficient D as a function of temperature T , Boltzmann
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constant k, and the friction coefficient ζ = 6πηa of a spherical particle with radius a
in a fluid with viscosity η. This is nowadays known as the celebrated Stokes-Einstein
relation. It is an antecessor of the fundamental fluctuation-dissipation theorem, which
was proven in full generality around 50 years later [53].

Three years after Einstein’s work, Langevin proposed a different approach to Brownian
motion, which he praised as being “infinitely more simple" [54]. He added a fluctuating
force Γ, which describes the impact of the molecules in the liquid on the Brownian
particle, to Newton’s equation of motion. The resulting equation reads

m
d2x

dt2
= −6πηadx

dt
+ Γ , (2.4)

where the first term on the right-hand-side (R.H.S.) describes the viscous drag of a
spherical particle. The fluctuating force is positive and negative with equal probability,
hence the mean vanishes: 〈Γ〉 = 0.

To proceed, Langevin first multiplied his equation by x, then averaged over a large num-
ber of different particles, and finally inserted the mean kinetic energy of the Brownian
particle, which is given by the equipartition theorem of statistical mechanics as〈

1
2m

(
dx

dt

)2〉
= 1

2kT . (2.5)

Altogether he obtained an ordinary differential equation for the mean squared displace-
ment 〈x2〉,

m

2
d2〈x2〉
dt2

+ 3πηad〈x
2〉

dt
= kT , (2.6)

where the term 〈xΓ〉 = 〈x〉〈Γ〉 = 0 vanishes because x and Γ are independent of each
other. Note that he implicitly assumed ergodicity, i.e., that the ensemble average over
all trajectories is the same as the time average. He transformed Eq. (2.4), which contains
random fluctuations, into a fully deterministic equation for the averaged quantity 〈x2〉.
The solution to the latter is given by

〈x2〉 = kT

3πηat+ Ce−
6πηa
m

t + 〈x2
0〉 . (2.7)

Langevin estimated the exponent to be of the order 108 s−1, consequently the over-
damped limit is reached practically immediately for any observation at that time. The
overdamped solution reads

〈x2〉 − 〈x2
0〉 = kT

3πηat . (2.8)

After inserting D = kT/(6πηa) and choosing x0 = 0, we recover Einstein’s result for the
mean squared displacement.

2.1.2 Langevin equation

Equation (2.4) is nowadays known under the name Langevin equation. We generalize
notation and write the Langevin equation for a random process X(t) with damping
constant or rate γ,

d

dt
X(t) = −γX(t) +√q Γ(t) , (2.9)
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start
end

Figure 2.2: Three numerical simulations r1 (blue), r2 (orange), r3 (green) of a Brownian
particle in 2D. The trajectory is plotted in (a), the normalized autocorrelation function
in the semi-logarithmic plot in (b), and the mean squared displacement in (c). The
corresponding parameters that were used in the Langevin equation (2.9) are γ1,2,3 =
1, 1, 0.5s−1, and q1,2,3 = 1, 0.1, 1µm2s−1 for both the x and y-direction. Each trajectory
has a length of T = 104 s, whereas the time step was chosen to be ∆t = 0.01 s.

where X(t) corresponds to the velocity ẋ from above, the rate corresponds to γ = ζ/m,
and q is the amplitude of the fluctuating term. Fig. 2.2(a) shows three trajectories in 2D
that have been obtained by numerically solving a Langevin equation for each dimension.

The fluctuating force is given the name Langevin force. We assume Gaussian white
noise, which is fully characterized by

〈Γ(t)〉 = 0 ; 〈Γ(t)Γ(s)〉 = δ(t− s) , (2.10)

Here, the brackets 〈· · · 〉 denote the ensemble average over many realizations of the
stochastic process. The first equation means that the stochastic force is zero on av-
erage, and according to the second the force is uncorrelated for different times. A
particular property of the Gaussian white noise process is that the correlation function
〈Γ(t1)Γ(t2)Γ(t3)Γ(t4)〉 and all higher orders reduce to a product of delta correlations, and
hence the characterization in Eq. (2.10) is complete. Note that Langevin has implicitly
used both characterizations of Gaussian white noise when he argued that 〈xΓ〉 = 0.

We now want to solve the Langevin equation. Integrating it yields

X(t) = X0e
−γt +√q

∫ t

0
e−γ(t−t′)Γ(t′)dt′ , (2.11)

where we have introduced the initial condition X0 at time t = 0. We can use this
equation to calculate the autocorrelation function g(t, s) := 〈X(t)X(s)〉. Inserting the
delta-correlation of the Langevin force, and taking carefully both integrals [47] leads to

g(t, s) = 〈X(t)X(s)〉 (2.12)

= X2
0e
−γ(t+s) +

∫ t

0

∫ s

0
e−γ(t+s−t′−s′)qδ(t′ − s′)ds′dt′ (2.13)

= X2
0e
−γ(t+s) + q

2γ
(
e−γ|t−s| − e−γ(t+s)

)
, (2.14)

→ q

2γ e
−γ|t−s| . (2.15)

In the last line we have applied the limits γt � 1 and γs � 1. The correlation de-
cays exponentially within the correlation time 1/γ. The autocorrelation function g(s, t)
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reduces to g(τ), with τ = t − s, and the random process is called stationary in these
limits. In Fig. 2.2(b) we plot the autocorrelation function of the numerical solutions of
the Langevin equation. Indeed, we see an exponential decay which depends only on γ,
not on q.
For stationary processes, the correlation function is related to the spectral density S(ω)
via the Wiener-Khintchine theorem,

S(ω) := lim
T→∞

1
2T

〈∣∣∣∣∣
∫ T

−T
e−iwtX(t)dt

∣∣∣∣∣
2〉

=
∫ ∞
−∞

e−iωτg(τ)dτ . (2.16)

Inserting the white noise process Γ from Eq. (2.10) and its correlation function g(τ) =
δ(τ), we obtain a constant spectrum S(ω) = 1 independent of the frequency ω. This
explains the name white.
For the Brownian particle we determine the white noise amplitude q of Eq. (2.9) using
its average kinetic energy. It is convenient to change notation by inserting the speed
v(t) = X(t) when discussing a Brownian particle. Setting t = s, the correlation function
g(t, t) is the variance 〈v(t)2〉 and we obtain

〈E〉 = 1
2m〈v(t)2〉 = 1

2m
q

2γ . (2.17)

Applying the equipartition theorem finally yields

q = 2γkT
m

= 2γ2D , (2.18)

where we have inserted the Stokes-Einstein relation in the last step.
Einstein’s mean squared displacement (msd) can also be calculated from the autocorre-
lation function of the velocity:

〈[x(t)− x0]2〉 = 〈
[∫ t

0
v(t′)dt′

]2
〉 (2.19)

=
∫ t

0

∫ t

0
〈v(t′)v(t′′)〉dt′dt′′ (2.20)

=
(
v2

0 −
q

2γ

) (1− e−γt)2

γ2 + q

γ2 t−
q

γ3 (1− e−γt). (2.21)

Indeed, we recover Eq. (2.3) in the long time limit γt � 1, while we have a quadratic
relation characteristic for ballistic motion in the limit γt� 1. The two regimes can be
clearly identified in the msd of the numerical solutions in Fig. 2.2(c).

Overdamped Langevin equation

The mass of the Brownian particle is not only small enough that the Langevin force
has a visible impact in solvents like water, it is also small enough that the friction term
usually dominates the inertial term: ∂v(t)

∂t � γv(t). This is called the overdamped limit,
and by neglecting inertial terms, Eq. (2.9) simplifies to

d

dt
x(t) =

√
2DΓ(t) , (2.22)

where x(t) =
∫
X(t)dt denotes the position. One immediately recognizes that the ve-

locity v(t) = d
dtx(t) is now delta-correlated in time,

〈v(t)v(s)〉 = 2Dδ(t− s) . (2.23)
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Again, we can calculate the mean squared displacement from the autocorrelation func-
tion of the velocity:

〈[x(t)− x0]2〉 =
∫ t

0

∫ t

0
〈x(t′)x(t′′)〉dt′dt′′ , (2.24)

= 2Dt . (2.25)

In the overdamped limit the mean squared displacement does not have a ballistic part,
it is purely diffusive. This is consistent with Langevin’s result in Eq. (2.8), for which
the overdamped limit was also applied. As we have seen in Eq. 2.15, the correlation
time of the velocity of a Brownian particle is given by the inverse friction γ−1. Note
that Einstein implicitly applied the overdamped limit γt � 1, too, when he assumed
that the Brownian movement is uncorrelated.

Markovian processes

The Langevin equation (2.9) is said to describe a Markovian process as the derivative
d
dtX(t) at time t depends solely on X(t), but not on previous values X(t′) at times t′ < t.
Knowledge of the present value is thus sufficient to describe future values.
We can formulate this property more rigorously: Let p(x1, t1;x2, t2;x3, t3; . . . ) be the
probability for measuring {X(t1) = x1, X(t2) = x2, X(t3) = x3, . . . }. Moreover, we
define the conditional probability density for measuring {X(t1) = x1, X(t2) = x2, . . . }
given that we have already measured {X(s1) = y1, X(s2) = y2, . . . } in the past,

p(x1, t1;x2, t2; . . . |y1, s1; y2, s2; . . . ) := p(x1, t1;x2, t2; . . . ; y1, s1; y2, s2; . . . )
p(y1, s1; y2, s2; . . . ) , (2.26)

It gives us predictions of the futures values of X(t), i.e., x1, x2, . . . at times t1 < t2 < · · · ,
given the knowledge of past values, i.e., y1, y2, . . . at times s1 > s2 > · · · .
For a Markov process, future values depend only on the most recent condition X(s1) =
y1. In that case, the conditional probability density reduces to

p(x1, t1;x2, t2; . . . |y1, s1; y2, s2; . . . ) = p(x1, t1;x2, t2; . . . |y1, s1) . (2.27)

This is a strong statement, as we can describe an arbitrary joint probability by a sequence
of the simple conditional probability p(x1, t1|y1, s1):

p(x1, t1;x2,t2;x3, t3; . . . ;xn, tn) (2.28)
= p(x1, t1|x2, t2)p(x2, t2|x3, t3) · · · p(xn−1, tn−1|xn, tn)p(xn, tn) , (2.29)

given that t1 ≥ t2 ≥ t3 ≥ · · · ≥ tn−1 ≥ tn.
Using the Markov property, one can simplify the computation of the stationary auto-
correlation function, which can be rewritten (also for non-Markovian processes) to

〈X(t)X(s)〉 =
∫ ∫

xyp(x, t; y, s)dxdy =
∫
〈X(t)|[y, s]〉yp(y, s)dy . (2.30)

Here, we have defined the conditional mean value of X(t) given that X(s) = y at time
s < t:

〈X(t)|[y, s]〉 =
∫
dxxp(x, t|y, s) . (2.31)

Only for a Markov process, this conditional mean is a uniquely defined quantity, as
knowing the value X(s) = y completely determines the whole process due to the unique
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conditional probability in Eq. 2.29. Note that we have averaged over an ensemble instead
of time as done in Eq. (2.15) assuming ergodicity. We will use this simplification to
calculate the autocorrelation function of a Telegraph process in Sec. 2.1.5 and for the
speed process of Escherichia coli in Chapter 4.
A non-Markovian Langevin equation is given by

d

dt
X(t) = −

∫ t

−∞
γ(t− t′)X(t′)dt′ +√q Γ(t) , (2.32)

where the rate γ(t − t′) is now a memory kernel that describes the linear response to
all previous values X(t′). Such a Langevin equation is used e.g. for Brownian particles
in a visco-elastic fluid. The elastic part of the fluid induces a memory, which in a
polymeric fluid is caused by the distortion of the polymeric network [55–57]. In Sec. 5.1
we will convert a non-Markovian linear response theory for bacterial chemotaxis into a
Markovian one.

Moments, characteristic function, and probability distribution function of
X(t)

We have introduced the mean squared displacement and the autocorrelation function.
Now we present further averaged quantities of a random process X(t). Moments Mn =
〈X(t)n〉, the probability distribution function p(x) = 〈δ(X(t)−x)〉, and the characteristic
function CX(u) of a random process X(t) are related by

CX(u) = 〈eiuX〉 =
∫
eiuxp(x)dx = 1 +

∞∑
n=1

(iu)n
n! Mn . (2.33)

Note that the variable x now has a different meaning as before. We have already stated
the mean 〈X(t)〉 = 0 and the variance ∆2X = M2 −M2

1 = q
2γ in the stationary limit

above. For general n = 1, 2, 3, . . . , the moments of our random process X(t) from Eq.
(2.11) in the stationary limit γt� 1 can be calculated to
〈X(t)2n+1〉 = 0 , (2.34)

〈X(t)2n〉 =
∫ ∞

0
· · ·
∫ ∞

0
e−γ(τ1+...+τ2n)〈Γ(t− τ1) · · ·Γ(t− τ2n)〉dτ1 · · · dτ2n (2.35)

= (2n)!
2nn!

[∫ ∞
0

∫ ∞
0

e−γ(τ1+τ2)qδ(τ1 − τ2)dτ1dτ2

]n
(2.36)

= (2n)!
2nn!

(
q

2γ

)n
, (2.37)

where we have used that all higher-order correlations of the Gaussian white noise reduce
to the sum of (2n)!

2nn! products of the delta function [47]. All odd moments vanish because
〈Γ〉 = 0. Inserting the moments into the series expansion of the characteristic function
CX(u), we obtain

CX(u) = e
−u

2q
4γ . (2.38)

For the distribution function, we arrive at
p(x) : = 〈δ(X(t)− x)〉 (2.39)

= 1
2π

∫ ∞
−∞

CX(u)e−iux (2.40)

=
√
γ

πq
e
− γx

2
q (2.41)

=
√

m

2πkT e
−mv

2
2kT , (2.42)
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where in the last equation we recover the Maxwell distribution for the Brownian particle
after setting X = v [47].

Finally, we introduce the cumulants κn which occur in the expansion of the cumulant-
generating function log[cX(u)] [47]:

log[cX(u)] = log
[
〈eiuX〉

]
=
∑
n

κn
(iu)n
n! . (2.43)

In general, the n-th cumulant can be calculated from the first n moments (M1, . . . ,Mn).
For n ≤ 3 we have simple relations: The first cumulant corresponds to the mean,
the second to the variance, and the third cumulant to the third central moment. Unlike
moments, cumulants have the advantage of being additive for two independent stochastic
variables X and Y , as one can easily show,

log[cX+Y (u)] = log
[
〈eiu(X+Y )〉

]
= log

[
〈eiuX〉〈eiuY 〉

]
= log[cX(u)] + log[cY (u)] .

(2.44)

Non-linear Langevin equation

We can generalize Eq. (2.9) to a non-linear Langevin equation, which for arbitrary
functions h and g is defined as

d

dt
X(t) = h(X, t) + g(X, t)Γ(t) . (2.45)

Its integral form is given by

X(t) =
∫ t

0
h(X, t′)dt′ +

∫ t

0
g(X, t′)Γ(t′)dt′ . (2.46)

For constant g, the noise is called “additive", as it is the case for the Brownian particle
with h(X, t) = (−6πηa/m)X(t) = γX(t) and g(X, t) = √q.
For a function g that depends on X, we have “multiplicative" noise. In this case the
integrated Langevin equation imposes the so-called Itô-Stratonovich dilemma: Suppose
the Γ(t) are a sum of peaks at time ti with zero width and the random processX(t) jumps
at every such peak. Which values are we supposed to take for X(t′) in the last integral
on the R.H.S. of Eq. (2.46)? The value right before ti, right after or a function of both?
In contrast to deterministic integrals, where the left and right Riemann sums converge
to the same value, integrals of random variables may produce different results. In Itô
interpretation one chooses the value right before the jump akin to the left Riemann sum,
while in Stratonovich interpretation one chooses the average of the values before and
after the jump. There is no general rule that answers the question of which interpretation
to choose, instead the answer depends on the specific case at hand.

The physicist’s approach is to introduce a small but finite width δ(t)→ δε(t) for the delta
peaks of the white noise correlation in Eq. (2.10). If we think of the collision between
the fluid molecules and the Brownian particle, this makes sense as the Langevin force
is correlated at least for the duration of one collision. We can, for example, choose a
Gaussian function f(t) = 1√

2π exp
(−(t/ε)2)/ε, which converges to the delta function in

the limit ε → 0. As a consequence, the average 〈g(X(t), t)Γ(t)〉 is no longer zero for
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g depending on X. This leads to a so-called “noise-induced" drift of the Stratonovich
interpretation, which we see later when we calculate the Kramers-Moyal coefficients.

Instead of introducing a non-zero correlation time, we can define the increments caused
by the Langevin force,

ω(τ) = W (t+ τ)−W (t) =
∫ t+τ

t
Γ(t′)dt′ , (2.47)

where we have introduced the Wiener process W (t). The increments are a well defined
white noise process with

w(0) = 0 , 〈w(τ)〉 = 0 , 〈w(τ1)w(τ2)〉 = min(τ1, τ2) . (2.48)

Note that the increments again are a Wiener process. We divide the time interval [0, t]
into N subintervals of length τ with interval limits ti+1 = ti+τ . We are now equipped to
write down the equivalent to the Riemann sum for Itô and Stratonovich interpretations.
For clarity, we write time arguments in the subscript:

∫ t

0
g(Xt′ , t

′)Γ(t′)dt′ =


lim
τ→0

N−1∑
i=0

g(Xti , ti)(Wti+1 −Wti) Itô,

lim
τ→0

N−1∑
i=0

g
(
Xti+Xti+1

2 , ti+ti+1
2

)
(Wti+1 −Wti) Stratonovich.

(2.49)
While in Itô interpretation the function g is independent of the actual increment ω(τ) =
Wti+1 −Wti , in Stratonovich interpretation both points before and after the increment
contribute and the function g is thus correlated with the increment ω(τ). This has
consequences when calculating averaged quantities, e.g. the Kramers-Moyal coefficients.

Kramers-Moyal coefficients

The Kramers-Moyal coefficients are defined as

D(n)(x, t) = 1
n! lim

τ→0

1
τ
〈[X(t+ τ)− x]n〉

∣∣∣∣
X(t)=x

. (2.50)

For the non-linear Langevin equation in Eq. (2.45) one can calculate [47]

D(1) = h(x) , D(2) = g2(x, t) , D(n) = 0 for n ≥ 3 , (2.51)

in Itô interpretation and

D(1) = h(x) + g′(x, t)g(x, t) , D(2) = g2(x, t) , D(n) = 0 for n ≥ 3 , (2.52)

in Stratonovich interpretation. The “noise-induced" drift g′g already mentioned above
appears only in the latter.

The Brownian particle has additive noise and h = 0, consequently both interpretations
agree:

D(1) = 0 , D(2) = q , D(n) = 0 for n > 3 . (2.53)

Note that in both cases the coefficients vanish for n ≥ 3, which is a characteristic of the
Gaussian white noise process.
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Multivariate Langevin equation

One can extend Eq. (2.45) to arbitrary dimensions. We obtain the multivariate stochas-
tic process

d

dt
X(t) = h(X, t) + g(X, t)Γ(t) , (2.54)

where we have vectors X as well as h, and the second-rank tensor g. The multivariate
Gaussian white noise process is fully characterized by

〈Γi(t)〉 = 0 ; 〈Γi(t)Γj(s)〉 = 2δijδ(t− s) , (2.55)

where it is convenient to choose the factor two in the correlation function. Note that
the different components Γi of the Langevin force are uncorrelated. The multivariate
diffusion and drift terms in Stratonovic interpretation read

D
(1)
i (x, t) = hi(x, t) + gkj(x, t)

∂

∂xk
gij(x, t) , (2.56)

D
(2)
ij (x, t) = gik(x, t)gjk(x, t) , (2.57)

whereas all higher Kramers-Moyal coefficients vanish in analogy to the one-dimensional
case and we use Einstein’s summation convention. In Itô interpretation we have

D
(1)
i (x, t) = hi(x, t), (2.58)

D
(2)
ij (x, t) = gik(x, t)gjk(x, t) . (2.59)

Stochastic differential equations (SDE)

For simplicity, we now turn back to the one-dimensional case. Switching to mathematical
notation, we write the Langevin equation in its differential form and the time argument
in the subscript. We obtain a stochastic differential equation (SDE) for the random
variable Xt,

dXt = h(Xt, t)dt+ g(Xt, t)dWt , (2.60)

where we have introduced the Wiener process dWt =
∫ t+dt
t Γ(t′)dt′.

While in Stratonovich interpretation the ordinary chain rule applies, there are different
rules to consider for the change of variables in Itô interpretation. Suppose we have an
arbitrary, well-behaved function f(X). Its stochastic differential equation is then given
by Itô’s formula

df(Xt) = h̃(f, t)dt+ g̃(f, t)dWt , (2.61)

with h̃ = h(Xt, t)f ′(Xt) + 1
2g(Xt, t)2f ′′(Xt) and g̃ = g(Xt, t)f ′(Xt). We have an addi-

tional term in h̃ coming from the fact that the square of the Wiener process is propor-
tional to dW 2

t = dt. This term vanishes for linear f , for which Itô’s formula becomes
equivalent to the change of variables from ordinary calculus.

2.1.3 Fokker-Planck equation (FPE)

Derivation from the Langevin equation

As we have seen, one can interpret the random process X(t) as a random variable with
probability distribution function (pdf) p(X = x). We have also seen that knowing the
pdf allows us to calculate interesting quantities, e.g. moments. From the Langevin
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(a) (b)

Figure 2.3: Realization of an Ornstein-Uhlenbeck (OU) process X1(t) with relaxation
rate r1 = 5 s−1 and mean µ1 = 10 in blue and a second OU process X2(t) with relaxation
rate r2 = 50 s−1 and mean µ2 = 5 in orange. We show time series in (a), corresponding
long-time (tend = 100 s) probability distribution functions p(X) in (b), and stationary
autocorrelation functions g(τ) = 〈[X(t+ τ)− µ][X(t)− µ]〉 in (c).

equation one can derive the time dynamics of the pdf via the Kramers-Moyal expansion
of the Master equation [47]

∂p(x, t)
∂t

=
∞∑
n=1

(
− ∂

∂x

)n
D(n)(x, t)p(x, t) . (2.62)

We recover the Kramers-Moyal coefficients D(n)(x, t) from above. We will discuss the
Master equation in Sec. 2.1.5, and now truncate the sum for n ≥ 3 to arrive at the
Fokker-Planck equation (FPE)

∂p(x, t)
∂t

=
[
− ∂

∂x
D(1)(x, t) + ∂2

∂x2D
(2)(x, t)

]
p(x, t) , (2.63)

with drift coefficient D(1)(x, t) and the diffusion coefficient D(2)(x, t) > 0. As these
coefficients depend upon interpretation, the FPE may do so as well. The FPE is a
deterministic partial differential equation and hence, the dynamics are fully determined
by the initial conditions. Note that the FPE is an exact description of the Langevin
equation (2.45) as Kramers-Moyal coefficients of order n ≥ 3 are zero anyway. We will
later in Sec. 2.1.4 discuss random processes that do not have this property and thus
require the Master equation.

For the Brownian particle from above we have the same Fokker-Planck equation for both
interpretations:

∂p(x, t)
∂t

= kT

6πηa
∂2p(x, t)
∂x2 , (2.64)

and we recover Einstein’s diffusion Eq. (2.2).

Finally, we note that van Kampen criticized the Kramers-Moyal expansion as being not
rigorous. However, for our purpose the Kramers-Moyal expansion is sufficient and we
have chosen it because of its simplicity. We refer to Ref. [46] and [48] for more details
on van Kampen’s so-called system-size expansion and for different ways of introducing
the Fokker-Planck equation.
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The Ornstein-Uhlenbeck process

In physics, the Ornstein-Uhlenbeck (OU) process finds wide application [58, 59] as it
combines white noise fluctuations of strength σ with a drift towards the mean value µ:

d

dt
X(t) = −r[X(t)− µ] + σΓ(t) . (2.65)

The third parameter of the OU process is the mean-reverting rate r. Two realizations of
an Ornstein-Uhlenbeck process can be seen in Fig. 2.3(a). The corresponding Fokker-
Planck equation reads

∂p(x, t)
∂t

= r
∂

∂x

[
xp(x, t)

]
+ σ2

2
∂2p(x, t)
∂x2 , (2.66)

Solving this linear parabolic partial differential equation [46, 47] yields

p(x, t|x′, t′) =
√

r

πσ2(1− e−2r(t−t′))
exp

− r

σ2

[
(x− µ)− (x′ − µ)e−r(t−t′)

]2
1− e−2r(t−t′)

 , (2.67)

which gives the probability for the state x at time t for the initial state x′ at time t′ < t.
In the limit t− t′ →∞, we obtain the stationary probability distribution

pst(x) =
√

r

πσ2 exp
[
−r(x− µ)2

σ2

]
, (2.68)

hence we obtain a Gaussian distribution with mean µ and variance σ2/2r. We recover
the findings from the numerical simulations in Fig. 2.3(b) as well as from the Langevin
treatment in Eq. (2.15) when we set µ = 0, q = σ and r = γ. Note that mean and
variance fully determine the stationary pdf, and hence, fitting a stationary pdf to an
experimental histogram only provides two parameters. To fully infer all three parameters
of the OU process, one has to use the autocorrelation function in the stationary limit

g(τ) = 〈[X(t+ τ)− µ][X(t)− µ]〉 = σ2

2r e
−rτ . (2.69)

The autocorrelation function is shown in Fig. 2.3(c). It gives rise to the temporal order
in which the data points are sampled, while mean and pdf describe only the statistical
properties of sampled data. In contrast to the white noise process, the OU Process has
an exponential autocorrelation function. Thus, the OU process describes correlated or
so-called colored noise.

Multivariate Fokker-Planck equation

The Fokker-Planck equation for a n-dimensional random variable X that obeys the
multivariate Langevin equation in Eq. (2.54) reads

∂p(X = x, t)
∂t

= −
n∑
i=1

∂

∂xi
D

(1)
i (x, t)p(x, t) + 1

2

n∑
i,j

∂2

∂xi∂xj
D

(2)
ij (x, t)p(x, t) . (2.70)

where D(1)
i , D

(2)
ij are the drift and diffusion constants from Eqs. (2.56)-(2.59) depending

upon interpretation.
A special form of the multivariate Fokker-Planck equation is the Smoluchowski equation,
which is a dynamic equation for the density ψ(r,v, t) as a function of position r and
velocity v. We will formulate it for active Brownian particles in an external field in Sec.
2.2.3.
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2.1.4 Shot noise - a discontinuous random process

Next to Brownian motion, which is a continuous process with discontinuous increments,
there is shot noise where the process itself is discontinuous at each shot. The green curve
in Fig. 2.4 contains both noise types, and we can identify discontiuous jumps as well
as continuous fluctuations. Shot noise finds wide applications in various disciplines, e.g.
insurance mathematics when modeling failure of machines [60], in telecommunication
when modeling incoming calls in a queueing system [61], in neuroscience to model neuron
activity [62], in finance to model prize jumps [63–65], or in quantum mechanics to model
tunneling electrons [66], to name a few.
Early investigations on shot noise were done by Campbell in 1909 [67] and Schottky
in 1918 [68], whereas its theory was largely completed by Rice in 1944 [69] under the
mathematical term point process. We base the following section on textbooks from Cox
and Isham [70] as well as Gardiner [46].

Shot noise and the Poisson process

We introduce shot noise using an illustrative example based on Ref. [46]: The elec-
tric current within a vacuum tube originates from individual electrons that travel from
cathode to anode and deposit their charge q at one point in time. Let us describe the
electric current as

I(t) =
∑
tk

f(t− tk) , (2.71)

where the k-th electron arrives at the anode at time tk and we assume that all electrons
have the same contribution function f(t− tk). The function f(t) is also called impulse
response function, which, in general, can be a random variable, too. However, we
concentrate on deterministic response functions in the following and refer the interested
reader to Ref. [70]. A common form of the impulse response function is given by

f(t) =
{
qe−αt , for (t > 0),
0 , for (t < 0).

(2.72)

We still have to describe the random arrival times tk. A simple assumption is that each
arrival time is independent from the previous one. Hence, the times tk are randomly
distributed with an average rate λ = M/T given as the ratio of the total number of
occurrences M divided by the total observation time T . We arrive at the Poisson
process which is characterized by the fact that an event in the time interval [t, t + ∆t]
occurs with the probability λ∆t, while ∆t � λ−1. The formal definition, which lends
the process its name, is that the probability for having N electrons arrived at time t is
given by a Poisson distribution

P (N, t) = 1
N ! (λt)

Ne−λt . (2.73)

This distribution describes the counting random variable N(t), which is called Poisson
process variable. Indeed, one can show that the Poisson distribution follows from the
independence of the arrival times by probabilistic reasoning [46], but not the converse
[71, 72].
Important properties of the Poisson process are: (i) The waiting intervals between two
events τk = tk+1 − tk are exponentially distributed with mean 〈τ〉 = 1/λ. (ii) All mo-
ments of the Poisson process variable are identical and linear in time t, i.e., 〈N(t)n〉 = λt.
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(iii) The process is Markovian: the next value N(t + dt) depends only on the current
value N(t) but not on previous values N(t′) with t′ < t. As a consequence, the prob-
ability of the next occurrence does not depend on the time one has already waited,
which is known as the waiting time paradox. This follows directly from the assump-
tion of independent occurrence times tk. Note that one can also define the counting
Poisson process by stating that the waiting intervals between arrivals are exponentially
distributed random variables with mean 1/λ.
The derivative of the Poisson process variable, µ(t) = dN(t)/dt, is zero except for the
electron arrivals tk where N(t) increases by 1. We can write the derivative as sum of δ
distributions,

µ(t) =
∑
k

δ(t− tk) , (2.74)

which diverges at the arrival times tk as we would expect for a derivative of a non-
continuous function. Combining the last equation and Eqs. (2.72),(2.71), we can rewrite
the electric current as

I(t) =
∫ t

−∞
qe−α(t−t′)µ(t′)dt′ . (2.75)

We differentiate this equation using the product rule to obtain the stochastic differential
equation

d

dt
I(t) = −αI(t) + qµ(t) . (2.76)

This is similar to the Langevin equation, but the fluctuating part µ(t) has non-zero
mean and a variance that equals the mean

〈µ(t)dt〉 = λdt , 〈[µ(t)dt− λdt]2〉 = λdt , (2.77)

which follows directly from the Poisson distribution.
In Fig. 2.4 we show a numerical solution of this equation in blue. A fluctuation process
with zero mean can be obtained by defining the compensated Poisson process dÑ(t) =
dN(t)− λdt. The stochastic differential equation translates to

dI(t) = [λq − αI(t)]dt+ qdÑ(t) . (2.78)

This will be useful in Chapter 4 when we calculate averaged quantities of a random
process that contains shot noise.

Generalizations of the Poisson process

Several generalizations of the Poisson process are possible. We first allow random am-
plitudes ηk and arbitrary, but deterministic impulse response functions f(t − t′). We
obtain the compound Poisson process

X(t) =
∑
k

qηkf(t− tk) (2.79)

= q

∫
f(t− t′)

∑
k

ηkδ(t′ − tk)dt′ , (2.80)

which is numerically realized with Gaussian distributed ηk in Fig. 2.4 in orange. Note
that the times tk are still Poisson distributed and independent from the amplitude. Rice
determined the cumulants in that case [69],

κn = λqn〈ηn〉
∫ ∞
−∞

fn(t′)dt′ , (2.81)
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Figure 2.4: Numerical simulations of three different shot noise processes: The electric
current from Eq. (2.76) in blue, the compound Poisson process X1(t) from Eq. (2.78)
with Gaussian distributed amplitudes ηk with zero mean and standard deviation 2 in
orange, and shot noise extended by additive white noise X2 from Eq. (2.87) in green.
For all three processes, the arrival times have been determined by the differential of the
Poisson process dN(t), which we plot in red. Note that there are two very close arrival
times around t = 3.5 s which are responsible the large peak. Parameters: λ = 1 s−1,
α = 4 s−1, D = 1.41 s−1, q = 3.

as well as the autocorrelation function,

g(τ) = λq2〈η2〉
∫ ∞
−∞

f(t+ τ)f(t)dt . (2.82)

The Campbell theorem is a special case of the last two equations for n = 1, 2 and
deterministic shot amplitude, which means 〈ηn〉 = 1 for all n.
Instead, if we assume an instantaneous impulse response function f(t) = δ(t) in Eq.
(2.78), we have the random sum of random amplitudes ηk. Eq. (2.81) is then a special
case of Wald’s equation. For well-behaved functions h it reads〈∑

tk

h(ηk)
〉

= 〈N(t)〉〈g(η)〉 , (2.83)

i.e., the expectation value of the compound process factorizes into the expectation values
of the Poisson process variable N(t) and the random amplitude ηk.
Another generalization of the Poisson process concerns the shot rate λ. Up to now, we
have assumed a rate that is constant in time: This case is called homogeneous Poisson
process. For a non-homogeneous Poisson process, the rate λ(t) becomes a function of
time and the counting variable N(t) generalizes to

P (n, t) = 1
n!

(∫ t

0
λ(t′)dt′

)n
e−
∫ t

0 λ(t′)dt′ . (2.84)

The distribution of waiting intervals P (τ) is no longer exponentially distributed and the
mean waiting time becomes 〈τ〉 = T

[∫ T
0 λ(t′)dt′

]−1
.

Moreover, if we discard the assumption of independent times of occurrences, the general-
ization of the Poisson process is called point processes. A sub-class of the point process
is the renewal process, which has independent waiting intervals τ with an arbitrary
distribution P (τ). The Poisson process is thus a renewal process with an exponential
distribution P (τ) of waiting intervals, while for renewal processes P (τ) may be a gamma
distribution or even follow power laws as long as the mean is defined. One can then



20 CHAPTER 2. STATISTICAL PHYSICS OF MICROSWIMMERS

show that the occurrence time tk is correlated to the previous occurrence time tk−1,
i.e., the process is no longer Markovian. Nevertheless, Wald’s equation still applies for
renewal processes. However, if we use a non-zero linear impulse function f as in Eq.
(2.79), the relations in Eq. (2.81) are no longer valid for a renewal process. Complicated
expressions can be derived and we refer the interested reader to the original work of Rice
[63, 69, 70].

2.1.5 Master equation

Unlike the white noise of Brownian motion, Kramers-Moyal coefficients for shot noise
are non-zero for n ≥ 3. This comes from the scaling property of the Poisson process:
The moments of the increment are linear in dt for all n, 〈dNn〉 = λdt. As a consequence,
truncating the Kramers-Moyal expansion of Eq. (2.62) for n ≥ 3 discards non-zero terms.
Instead, we have to consider the full Kramers-Moyal expansion which is by definition
the Master equation [46]. It is defined as

∂p(x, t)
∂t

=
∫
r(x′ → x)p(x′, t)− r(x→ x′)p(x, t)dx′ , (2.85)

with positive transition rates r(x → x′) > 0 and r(x → x′) > 0 from value x to x′ and
reverse direction, respectively. The initial condition p(x, t = t0) determines the process
for all times t, thus the process is Markovian. We recover the Fokker-Planck equation
upon setting

r(x′ → x) =
[
− ∂

∂x
D(1)(x) + ∂2

∂x2D
(2)(x)

]
δ(x− x′) . (2.86)

Now, we combine the drift-diffusion motion of Brownian particles and a compound
Poisson process. The Langevin equation in one dimension is given by

d

dt
X(t) = h(X, t) +

√
2DΓ(t) +

N(t)∑
k

ηkδ(t− tk) , (2.87)

which is called a drift-diffusion-jump process. We assume a constant event rate λ that
governs the Poisson process variable N(t), and introduce the probability distribution
function pη of the amplitudes ηk. The green curve X2(t) in Fig. 2.4 is a numerical
realization of such a process. It finds wide application, especially in finance (see, for
example, Refs. [73, 74]. The corresponding SDE reads

dXt = h(Xt, t)dt+
√

2DdWt + ηtdNt , (2.88)
for which Itô’s formula generalizes to [74, 75]

df(Xt) = h̃(f, t)dt+ g̃(f, t)dWt + [f(Xt− + ηt)− f(Xt−)]dNt . (2.89)
Here, we have introduced the value Xt− right before a jump of size ηt at time t and
we recover h̃ = h(Xt, t)f ′(Xt) + Df ′′(Xt) and g̃ =

√
2Df ′(Xt) from the Itô formula in

Eq. (2.61). Thus the Itô formula for a jump-drift-diffusion process is just the sum of
Itô’s formula of its individual parts. We will use it in Chapter 4 in order to calculate
moments of E.coli’s speed process.
The Master equation for this drift-diffusion-jump process is given by [46, 76]
d

dt
p(x, t) = − ∂

∂x
g(x, t)p(x, t) +D

∂2

∂x2 p(x, t)− λp(x, t) +
∫ ∞
−∞

λpη(x− x′)p(x′, t)dx′ .
(2.90)

Here, we have inserted the event rate λ of the compound Poisson process that depends
neither on x nor on x′. A modification of this Master equation will be the starting point
of our theoretic model presented in Chapter 5.



2.1. RANDOM PROCESSES AND THEIR STOCHASTIC DESCRIPTION 21(a) (b) (c)
(s) (s)

Figure 2.5: Realization of a telegraph process X1(t) with rates λ1 = 5 s−1 and r1 =
2.5 s−1 in blue, and a telegraph process X2(t) with rates λ2 = r2 = 50 s−1 in orange. We
show time series in (a), corresponding long time (tend = 100 s) probability distribution
functions p(X) in (b) and autocorrelation functions g(τ) = 〈X(t + τ)X(t)〉 − 〈X〉2 in
(c).

Telegraph process

The Master equation is suitable for discontinuous processes such as the shot noise pro-
cess. Another simple discontinuous process is the telegraph process. It is a two-state
process, where the random variable Xt alternates between the two states A and B with
switching rates λ from A to B and r for the reverse direction. Figure 2.5(a) shows two
different numerical realizations. The two probabilities for being in one of the states at
time t obey the following Master equations:

∂tP (A, t|X(t0), t0) = −λP (A, t|X(t0), t0) + rP (B, t|X(t0), t0) ,
∂tP (B, t|X(t0), t0) = λP (A, t|X(t0), t0)− rP (B, t|X(t0), t0) .

The variable X(t0) indicates the initial condition at time t0.

We calculate the pdf p(X) in the long-time limit t→∞ as well as the auto-correlation
function 〈XtXs〉 in the following. The two Master equations are a system of linear
differential equations and can be solved by standard methods. A convenient way is to
multiply the first equation by λ, the second by r, subtracting the second equation from
the first to finally obtain a differential equation for λP (A, t|X(t0), t0)−rP (B, t|X(t0), t0).
Using the initial condition P (x′, t0|x, t0) = δx,x′ , we obtain

λP (A, t|X(t0), t0)− rP (B, t|X(t0), t0) = exp [−(λ+ r)(t− t0)] (λδA,X(t0) − δB,X(t0)) .
(2.91)

We use the normalization P (A, t|X(t0), t0)+P (B, t|X(t0), t0) = 1 and finally obtain the
solution for the two pdfs

P (A, t|X(t0), t0) = r

λ+ r
+ e−(λ+r)(t−t0)

(
λ

λ+ r
δX(t0),A −

r

λ+ r
δX(t0),B

)
, (2.92)

P (B, t|X(t0), t0) = λ

λ+ r
− e−(λ+r)(t−t0)

(
λ

λ+ r
δX(t0),A −

r

λ+ r
δX(t0),B

)
. (2.93)

In the stationary limit (λ+ r)(t− t0)� 1 this reduces to

p(A) = r

λ+ r
, p(B) = λ

λ+ r
. (2.94)

The pdfs of the numerical realization are shown in Fig. 2.5(b). Note that the two pdfs
are identical as the two processes have the same ratio λ1

r1
= λ2

r2
. This can also be seen in
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Eq. 2.94 equations when dividing by r or λ. From the pdf we calculate the mean value
of X(t) for any time t with initial value X0 at time t0

〈X(t)|X0, t0〉 =
∑
x

xP (x, t|X0, t0) (2.95)

= 〈X〉+ e−(λ+r)(t−t0) (X0 − 〈X〉) . (2.96)

Here, we have introduced the mean in the stationary limit,

〈X〉 = Ar +Bλ

λ+ r
. (2.97)

The variance can also be computed. For simplicity we directly state it in the stationary
limit,

∆2X = (A−B)2λr

(λ+ r)2 . (2.98)

Finally, we compute the autocorrelation function:

〈X(t)X(s)〉 =
∑
xx′

xx′P (x, t|x′, s)Ps(x′) (2.99)

=
∑
x′

〈X(t)|x′, s〉Ps(x′) (2.100)

= 〈X〉2 + ∆2X e−(λ+r)|t−s| . (2.101)

In the last step, the conditional mean is a uniquely defined quantity due to the Markov
property [see Eq. (2.30)], and thus we have inserted Eqs. (2.92)-(2.98). The telegraph
process is exponentially correlated with decay rate λ + r, which is illustrated in Fig.
2.5(c). Note that the two processes are distinguishable when looking at the autocorrela-
tion function. As for the Ornstein-Uhlenbeck process, the autocorrelation function give
again raise to further information about a random process.

2.2 Active motion of microswimmers

Schrödinger asked in 1944 the question [77]: “How can the events in space and time
which take place within the spatial boundary of a living organism be accounted for
by physics and chemistry?” As we will see in this section, studying out-of-equilibrium
systems may bring us closer to an answer.

We now turn to the second part of the title of the chapter, microswimmers. The name
alrady contains the two characteristics: On the one hand, swimmer refers to active
motion, sometimes also called self-propelled motion, while on the other hand the term
micro refers to their size at the micron scale. Prominent examples are shown in Fig.
2.6. The gut bacterium Escherichia coli (E.coli) swims by rotating its flagella, sperm by
initiate bending waves traveling along their flagellum, the alga Chlamydomonas by using
a breast stroke of its cilia, and the slime mold Dictyostelium discoideum migrates as a
slug composed of up to 100,000 cells by producing a cellulose sheath in the anterior cells
through which the slug moves. A synthetic microswimmer is the Janus particle which
migrates by self-diffusiophoresis. Diffusiophoresis in general is the ability to establish
a drift velocity along a chemical gradient. The Janus particle creates the chemical
gradients itself because solutes in the ambient fluid react differently at its two different
hemispheres. Microswimmers are a class of active matter that live usually in fluids at
low Reynolds numbers [78]. Consequently, they inherit on the one hand a rich diversity
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(a)

(b)

(c) (e)(d)

Figure 2.6: A zoo of microswimmers: (a) Gut bacterium Escherichia coli (E.coli), (b)
sperm, (c) alga Chlamydomonas, (d) slime mold Dictyostelium discoideum, and (e)
synthetic active swimmer Janus particle.

of non-equilibrium phenomena from active matter, while a rich diversity of non-linear
dynamics emerge due to hydrodynamic effects. As hydrodynamic interactions are not
taken into account in this work, we refer the interested reader to Refs. [10, 78, 79] and
concentrate on the active motion of microswimmers in the following.
We begin this section by explaining why active systems are usually out of equilibrium
in Sec. 2.2.1, subsequently, we introduce the Langevin formalism in Sec. 2.2.2 and a
continuum description for active Brownian particles in Sec. 2.2.3.

2.2.1 Active motion is out of equilibrium

Active particles are capable to convert stored or ambient free energy locally into directed
motion. This enables them to move autonomously without the need for external forces or
torques. Living organisms, ranging from mammals to single cell organisms like the ones
from Fig. 2.6(a)-(d), store energy in biochemical processes after nutrient consumption.
In case of the Janus particle, the ambient free energy originates from chemical reactions
with the sourrounding fluid, e.g., hydrogen peroxide (H2O2). As energy is continuously
pumped into directed motion, active particles show non-equilibrium behavior. Very
interesting collective effects emerge ranging from cell mechanics to swarming bird flocks.
For comprehensive reviews on such active matter systems we refer the reader to Refs.
[6, 7, 9, 80, 81] and concentrate on microswimmers in the following [10, 11, 79, 82]. In
Fig. 2.7, we illustrate non-trivial behavior of active systems.
In 2.7(a) we see an illustration for a time forward and time backward trajectory of an
active particle. The particle hits the obstacle and after some interactions, it finally
swims away from the obstacle in the forward case. However, there is no collision with
the obstacle for the trajectory backwards in time. Time symmetry is broken, which is
consistent with Noether’s theorem that predicts that time is not an invariant if energy
is not conserved [84]. We want to stress here that active motion is performed in a
particular direction of the body. Hence active particles, often assumed to be spherical
or even point-like, have an intrinsic orientation. While the active particle is trapped
in the forward case where it has to wait until its orientation has changed due to some
interactions with the wall or other mechanisms, the orientation does not change at all in
the backward trajectory. A good example for an active particle from the everyday life is
a driving car whose particular direction is given by its velocity, too. In contrast to the
Brownian particle from above, active particles do not possess an isotropic symmetry.
This has important consequences as we will see in the following.
The anisotropy of active particles is also responsible for the non-homogeneous steady
state in Fig. 2.7(b). Starting from a uniform initial distribution, active particles ex-
perience a net drift from right to left that is induced by the asymmetric shape of the
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(a) (b)

(c) (d)

time + time -

Figure 2.7: Active particles are not in thermal equilibrium. We illustrate the resulting
time symmetry breaking by different forward and backward trajectories in time (a). In
(b) active particles accumulate at the left side of a wall of funnels as well as at bound-
aries in general. Examples for fascinating non-equilibrium and non-linear dynamics of
microswimmers are given by the rotating bacterial ratchet in (c) and by the turbulent
collective motion of bacteria in (d). Fig. (c) and (d) are reproduced from [1] and [83],
respectively.
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funnels [85]. Particles that swim from left to the right are very likely to get trapped.
Once trapped, they have to wait until they are reoriented by wall interactions, diffusion
or other mechanisms. During that time, the active motion is effectively reduced or may
even vanish completely. For the reversed direction, trapping is very rare. Particles pass
the funnels more often, and consequently active motion is on average less reduced. A
net drift from right to left occurs which explains why there are more particles on the
left side in the steady state. Moreover, we illustrate that active particles accumulate at
boundaries, too. It has been reported for sperm cells in Ref. [86], for E.coli in Ref. [87],
and for the alga Chlamydomonas in Ref. [88]. It is a hallmark of active particles that
they accumulate generally where they move more slowly. Here, we have seen trapping
at obstacles and at boundaries. We will discuss this hallmark from a theoretical point
of view in Sec. 2.2.3 after introducing a formalism for active particles in Sec. 2.2.2.

It is noteworthy that trajectories of Brownian particles do not show a time symmetry
breaking as their “passive" motion is in thermal equilibrium and thus undirected. Con-
sequently, passive Brownian particles have a uniform steady-state distribution in the
system with a wall of funnels.

We may now ask what happens if we stop fixing the funnels? Passive Brownian particles
exert a pressure that is equal at all sides of object, and hence there is no net movement
on average. The active particles accumulate in the cusp of the funnel and thereby exert
a pressure which leads to a net movement of the funnels. This effect also occurs in the
bacterial ratchet shown in Fig. 2.7(c). The asymmetric shape of the ratchet transforms
the pressure exerted by the bacteria into a torque. The second law of thermodynamics
prohibit extraction of useful work for passive Brownian particles. In contrast, active
particles are able to move the funnels as well as to start a rotation of the ratchet [1].

Another interesting non-equilibrium phenomenon is shown in Fig. 2.7(d), where a tur-
bulent flow structure occurs in a highly concentrated suspension of bacteria [83, 89–91].
The so-called active turbulence has been also reported for cytoskeletal preparations [92]
and cell tissues [93], while the movement of a mobile funnel in a turbulent active bath
was investigated in Ref. [94].

2.2.2 Active Brownian particles (ABP)

A simple model for a microswimmer is the active Brownian particle (ABP), an active
particle that experiences thermal diffusion. Despite its simplicity, systems of ABPs have
been quite succesfull in describing phenomena of real microswimmers [95–101]. Living
organisms consume nutrients, which they convert to kinetic energy. How do we incorpo-
rate this into our Langevin formalism? Several approaches proposed an effective friction
coefficient ζ(v) that depends on velocity, another way is to introduce a hypothetical
potential U(r) that exerts a force −∇U(r) on the ABP. More details on these models
can be found in Refs. [7, 102, 103].

In this work, we will use a formalism that is based on the observation that thermal
fluctuations in speed and orientation are uncorrelated [104]. We extend the overdamped
Langevin equation for the position r by an active velocity term v(t)e(t), where we
introduce the speed v(t) and the unit vector e describing the orientation. The ori-
entation vector is affected by thermal noise, too, a process which is called rotational
diffusion. Translational motion is now coupled to rotational diffusion and we need a
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second Langevin equation for the reorientation process:

∂r(t)
∂t

= v(t)e(t) +
√

2Dtr Γtr(t) , (2.102)

∂e(t)
∂t

=
√

2DrotΓrot(t)× e(t) . (2.103)

We add the subscript tr for translational diffusion from now on and have introduced
the rotational diffusion constant Drot. Gaussian white noises Γtr(t) and Γrot(t) for
translation and rotation, respectively, are, as usual, fully characterized by 〈Γtr,rot(t)〉 = 0
and 〈Γtr,rot(t)Γtr,rot(s)〉 = δ(t− s). Translational and rotational noises are uncorrelated
from each other as written above. It is noteworthy, that both diffusion constants Dtr
and Drot fulfill the Stokes-Einstein relation with

Dtr,rot = kT

ζtr,rot
, (2.104)

where ζtr is the usual friction coefficient already mentioned in its Stokes form in Eq.
(2.3) and ζrot corresponds to the rotational friction coefficient. For a sphere of radius a,
it is given by ζrot = 8πηa3.
The reorientation equation (2.103) describes the dynamics of the unit vector e. The
noise term is multiplicative due to the cross product. In Stratonovich interpretation
ordinary differential rules apply, and we can show that the unit vector stays normalized:

d

dt
(e · e) = 2ė · e = 2(Γ× e) · e = 0 . (2.105)

In Itô interpretation ordinary differential rules do not hold, instead we have to apply Ito’s
formula from Eq. (2.61). We would obtain a noise-induced drift term and consequently,
one has to normalize the unit vector by hand [105].
However, we can transform the orientation equation into spherical coordinates Ω =
(θ, φ) with polar angle θ and azimuthal angle φ. Here, the noise becomes additive and
Stratonovich and Ito interpretation are equivalent [105, 106]. The conditional probability
p(Ω, t|Ω′, t′) solves the rotational diffusion equation

∂

∂t
p(Ω, t|Ω′, t′) = Drot∆Ωp(Ω, t|Ω′, t′) . (2.106)

Here, ∆Ω denotes the angular part of the Laplace operator and solutions are in d = 3
dimensions fully given by [107]

p(Ω, t|Ω′, t′) =
∞∑
l=0

l∑
m=−l

e−l(l+1)Drot|t−t′|Y ∗lm(Ω′)Ylm(Ω) , (2.107)

where we have used the spherical harmonics Ylm(Ω). In two dimensions, we can reduce
Eq. (2.103) to a simple one dimensional Langevin equation by using polar coordinates,

φ̇ =
√

2DrotΓ . (2.108)

Of course, noise is additive here, too.
Using the independence of speed and angular noises, the velocity autocorrelation func-
tion factorizes

〈v(t) · v(s)〉 = 〈v(t)e(t)v(s)e(s)〉 (2.109)
= 〈v(t)v(s)〉〈e(t)e(s)〉 , (2.110)
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into speed and orientation parts. The latter, 〈e(t) · e(s)〉, is called directional autocor-
relation function. In d ≥ 2 dimensions, rotational diffusion can be seen as a random
walk on the unit sphere of d− 1 dimensions. Assuming Gaussian white noise, an initial
orientation e decorrelates exponentially with decorrelation time τrot := 1/(d − 1)Drot
[103, 108]:

〈e(t) · e(s)〉 = e−(d−1)Drot|t−s| = e−|t−s|/τrot . (2.111)

We derive this result for the two-dimensional case 〈e(t)〉e(s)〉 = 〈cos[φ(t)−φ(s)]〉. Here,
the unit sphere is a circle and can be parameterized by the angle φ ∈ [0, 2π]. Inte-
grating the Langevin equation for orientation, we obtain the solution φ(t) − φ(s) =√

2Drot
∫ τ

0 Γ(t′)dt′ with τ = t− s. Using the real part Re of the Euler identity Re eiφ =
cosφ yields

〈e(t) · e(s)〉 = 〈Re ei[φ(t)−φ(s)]〉 , (2.112)

= 〈Re ei
√

2Drot
∫ t
t0

Γ(t′)dt′〉 , (2.113)

= Re
∞∑
n=0

in

n!mn(τ) , (2.114)

In the last step we have expanded the characteristic function with wavenumber u = 1 of
the random variable Y (τ) =

√
2Drot

∫ τ
0 Γ(t′)dt′, where the moments mn(τ) = 〈Y (τ)n〉

appear. Odd moments vanish due to symmetry

m2n+1 = 0 , (2.115)

the second moment can be calculated to

m2 = 2Drot

∫ τ

0

∫ τ

0
〈Γ(t1)Γ(t2)〉dt1dt2 , (2.116)

= 2Drot

∫ τ

0

∫ τ

0
δ(t1 − t2)dt1dt2 , (2.117)

= 2Drotτ , (2.118)

and general even moments reduce to powers of the second moment [47]

m2n = (2n)!
2nn! (m2)n . (2.119)

This comes from the fact that for Gaussian white noise the correlation 〈Γ(t1)Γ(t2)Γ(t3)Γ(t4)〉
and all higher orders reduce to a product of delta functions. The prefactor (2n)!

2nn! is the
number of possible permutations for n different times. Inserting these relations into the
expansion from Eq. (2.114), we obtain Eq. (2.111) in the two-dimensional case d = 2

〈e(t) · e(s)〉 = e−Drotτ . (2.120)

Note that for non-Gaussian processes, the even moments do not reduce to the second
moment, instead one has to take higher correlation functions of the Gaussian white
noise process. We will see this in Section 4.5 when we approximate the directional
autocorrelation function for a time dependent diffusion constant Drot(t) that is a random
process itself.

Next, we introduce a number that compares active motion to translational diffusion.
For the remainder of this chapter, we assume the active speed to be constant in time,
v(t) = v0. As the mean squared displacement is quadratic in time for ballistic motion
and linear for diffusion, we need a quantity that tells us which motion dominates at a
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given time or length scale. For a spherical particle, the radius a is a characteristic length
and we divide the time the particle needs to diffuse this length (td = a2/Dtr) by the
time it needs to migrate due to active motion (ta = a/v0) [109]. We obtain the Péclet
number

Pe = v0a

Dtr
, (2.121)

which is large when active motion dominates and small when translational diffusion
dominates.
For large Péclet number Pe � 1, we calculate the velocity autocorrelation function by
using the directional correlation function from Eq. (2.111),

〈v(t) · v(s)〉 = v2
0e
−|t−s|/τrot . (2.122)

The mean squared displacement in arbitrary dimension d ≥ 2 then calculates to

〈[r(t)− r(t0)]2〉 = v2
0

∫ t

0

∫ t

0
〈e(t1) · e(t2)〉dt1dt2 , (2.123)

= 2v2
0

[(d− 1)Drot]2
(
e−(d−1)Drott + (d− 1)Drott− 1

)
. (2.124)

We recover ballistic motion for times smaller than the directional correlation time τrot =
[(d−1)Drot]−1. The migrated length l = v0τrot is called the persistence length. For times
t/τrot � 1, active particles show diffusive behavior with effective diffusion constant

Deff = lim
t→∞

〈[r(t)− r(t0)]2〉
2dt = v2

0
d(d− 1)Drot

(2.125)

For non-zero translational diffusion (Pe ' 1), Ref. [95] showed that the effective diffusion
constant in three dimensions is just the sum of the diffusion constants of the individual
parts,

Deff = Dtr + v2
0

6Drot
= Dtr

(
1 + 2Pe2

9

)
. (2.126)

In the last equality, we have used the Stokes-Einstein relations in Eq. (2.104) and the
definition of the Péclet number from Eq. (2.121). For further reading and experimental
data of the mean squared displacement of an active Brownian particle, we refer to Refs.
[10, 95, 107].

2.2.3 The Smoluchowski equation for ABPs

Active motion is directed and hence, a continuum description for ABPs needs to in-
clude the orientation vector e. Instead of the Fokker-Planck equation from Sec. 2.1.3
that has been appropriate for the passive Brownian particles, we have to formulate the
Smoluchowski equation for the normalized probability distribution function ∂ψ

∂t (r, e, t):

∂ψ

∂t
(r, e, t) = −∇ · (v0eψ) +D∇2ψ +DrotR2ψ . (2.127)

Here, we have introduced the operator R = e × ∂e, where ∂e = (∂ex , ∂ey , ∂ez) denotes
the nabla operator in orientation space.
We derive the Smoluchowski equation by treating it as a continuity equation for proba-
bility,

∂ψ

∂t
= −∇ · Jtrans −R · Jrot , (2.128)
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where we have introduced the translational and rotational currents,

Jtrans = −D∇ψ + v0eψ and Jrot = −DrotRψ . (2.129)

The Smoluchowski equation can also be related to the Langevin Eqs. (2.102,2.103),
which has been shown in Ref. [110]. Space and orientation vectors r and e have to be
interpreted as a six-dimensional variable for which the drift vector and diffusion tensor
is calculated using Eqs. (2.56,2.57). Finally, one obtains the Smoluchowski equation by
inserting drift and diffusion tensor to the Fokker-Planck formalism in Eq. (2.70).

We now apply the formalism of a multipole expansion [109, 111]. Truncated after the
second order, the multipole expansion of the distribution function is given by

ψ(r, e, t) = 1
4π

[
ρ(r, t) + 3P(r, t) · e + 15

2 Q(r, t) · (e⊗ e− 1
31) + . . .

]
, (2.130)

with zero-th moment ρ(r, t) =
∫
ψ(r, e, t)de, dipole moment or polarization P(r, t) =∫

eψ(r, e, t)de, and quadrupole moment Q =
∫

(e⊗ e− 1
31)ψ(r, e, t)de. To proceed, we

derive a hierarchy of dynamic equations for the moments. We multiply Eq. (2.127) with
one, e, etc., and then integrate out the orientation vector e. This amounts to

∂ρ

∂t
=−∇ · (v0P) +Dtr∇2ρ , (2.131)

∂P
∂t

=− v0∇Q− v0
3 ∇ρ+Dtr∇2P− 2DrotP . (2.132)

Note that the equation for each moment couples to the next higher moment through the
active drift term. Moreover, the polarization P relaxes with rate ω := 2Drot. On time
scales larger than tr = ω−1, we can make use of the adiabatic approximation ∂P

∂t = 0.
By further neglecting contributions from ∇Q and keeping only leading spatial gradients
in both moments, we obtain

P = − v0
6Drot

∇ρ . (2.133)

Inserting the last equation into Eq. (2.131) yields finally

∂ρ

∂t
=
(

v2
0

6Drot
+Dtr

)
∇2ρ , (2.134)

where we recover the effective diffusion constant Deff = v2
0

6Drot
+ Dtr of an ABP from

above.

We can also show that active particles accumulate where they move more slowly. First,
we allow the speed to be a function of space v(r) and insert it into the Smoluchowski
equation (2.127), then we set the time derivative to zero in order to obtain the steady-
state. One can show that the steady-state obeys the following proportionality [112, 113]:

ψstat ∝
1
v(r) . (2.135)

At positions where active particles move more slowly, the density increases. This explains
the accumulation at the left side of the wall of funnels in Fig. 2.7(b), as well as the
accumulation of active particles near surfaces. These effects do not occur for the passive
Brownian particle. Passive Brownian particles have a random speed whose statistics
depend solely on temperature (equipartition theorem of kinetics) but not on position r.
Hence, passive systems can show these effects only if temperature is non-uniform [114].
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2.2.4 Swimming in an external field

If the ABP experiences an external force Fext, the Langevin equation contains an addi-
tional term:

ṙ(t) = v0e(t) +
√

2Dtr Γtr(t) + Fext
γ

, (2.136)

ė(t) =
√

2DrotΓrot(t)× e(t) . (2.137)

The external force may for example be a gravitational force Fext = mgez
γ as in Ref. [110],

or a chemotactic drift Fext/γ = χ∇c as in Ref. [115]. Writing down the Smoluchowski
equation, performing the same multipole expansion as above, and neglecting the same
terms in the adiabatic limit as above, we arrive at

P =− v0
6Drot

∇ρ , (2.138)

∂ρ

∂t
=
(

v2
0

6Drot
+Dtr

)
∇2ρ+∇ ·

(F
γ

)
ρ . (2.139)

The stationary equation is given by dropping the time derivative. For simplicity, we
insert the gravitational force in ez-direction, and concentrate without loss of generality
on the z-direction: (

−Deff∇z −
mg

γ

)
ρ(z) = 0 . (2.140)

This is a balance equation for the diffusional and gravitational drift. It is solved by an
exponential profile

ρ(z)
ρ(0) = e−

z
δ with δ =

(
1 + 2

9Pe2
)
δ0, (2.141)

where we have introduced the effective sedimentation length δ, the sedimentation length
of a passive Brownian particle δ0 = kT/mg, and inserted the Péclet number. We see that
the sedimentation length increases with the square of active speed v2

0. Rich collective
behavior emerges when hydrodynamic interactions for example with the wall of a system
box [116, 117], or bottom heavy-particles [118], are taken into account.

For the chemotactic drift Fext/γχ∇c, we obtain the drift-diffusion equation for an ABP:

∂ρ

∂t
= Deff∇2ρ+∇ · [χ∇cρ] . (2.142)

We will later see in Sec. 3.3.2 that this is the Keller-Segel equation for the particle
density.
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3
Escherichia coli, the model microswimmer

Escherichia coli (E.coli) is a rod-shaped bacterium that has peritrichously distributed
flagella around its cell body. The cell body has typically a length of around 3 µm,
a diameter between 0.25 and 1 µm, and a volume of around 0.7 µm3 [120, 121]. An
illustration of the E.coli cell can be seen in Fig. 3.1(a). E.coli is a model organism in
the microswimmer research field and also in system biology, molecular biology, and bio-
informatics [21, 22]. Its significant advantage is that it is a very simple organism: E.coli
consists of only a single cell per organism compared to around 102 cells in worms, 105

in flies and at least 1010 in the nervous system of human beings. Nevertheless, E.coli
is remarkably similar to human beings from a cellular and molecular point of view.
Bacteria have existed on earth roughly a thousand times longer than human beings, and
they have passed their cellular functional processes all the way down to us. Examples of
such processes are storing and reading of genetic information, using enzymes for energy
harvest, and general basic cellular functions. Understanding the cellular mechanism of
bacteria allows one to draw conclusions on the mechanism of other organisms, including
human beings.
We are interested in the motility of E.coli in this thesis. Its navigation strategies have
been optimized by evolution and may serve as a prototype for the biomimetic devel-
opment of artificial swimming devices. In this chapter, we discuss how E.coli migrates

Figure 3.1: Illustration of the E.coli cell (a) and run-and-tumble walk (b). Figures are
taken from Refs. [119] and [24], respectively.
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Figure 3.2: (a) Tumble angle distribution P (β) measured experimentally by Berg (cir-
cles) and described theoretically as random walk on a unit sphere with exponentially
distributed durations (black curve). (b) Cumulative distribution function P (τr,t > τ of
the run time τr and tumble time τt in a semi-logarithmic plot. The plots are adapted
from Refs. [25] and [23], respectively.

(run-and-tumble walk) in Sec. 3.1, how it biases its run-and-tumble walk to find food
(chemotaxis) in Sec. 3.2, and how interesting collective behavior emerges from chemo-
tactic interactions (traveling concentration pulse) in Sec. 3.3.

3.1 Run-and-tumble random walk

The environment in which E.coli lives is quite different than the one for humans. Bacte-
ria live in solutions at a Reynolds number of 10−5 [122]. Howard Berg estimated that a
bacterium like E.coli with swimming speed v0 = 20 µm/s would only coast 0.04Å after
its self-propelling mechanism had been switched off [123]. In a Langevin formalism, the
overdamped limit is thus well justified.

Moreover, by approximating E.coli as a spherical particle with radius a = 1 µm, Berg
estimated the thermal diffusion constants to be Dtr = 0.2 µm2s−1 (translational) and
Drot = 0.062 s−1 (rotational) from the Stokes-Einstein relation in Eq. (2.104). Inserting
the translational diffusion constant along with the speed v0 = 20 µm/s and diameter
a = 2 µm in Eq. (2.121), we obtain an estimate of the Péclet number Pe ≈ 300. We
conclude that translational diffusion does not play a crucial role for E.coli.

In turn, rotational diffusion has a significant impact as it causes E.coli to wander off
course about 90° per second. In other words, the cell forgets where it is going after
one second. This has consequences for the sensory system, as it sets an upper bound
for the time within which the cell should decide whether life has improved or worsened.
Evolution brought E.coli an effective way to cope with these circumstances, namely its
run-and-tumble walk, which we introduce it in the following section.

3.1.1 Tracking the bacterial swimming mechanism

The active propulsion of E.coli is realized by its flagella. A cell has typically between five
and ten flagella, which are rotated either clockwise (CW) or counter-clockwise (CCW)
by protein motors [21]. The flagella form a bundle when all the flagella rotate CCW. The
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cell then migrates along a straight line, during which only thermal rotational diffusion
affects its persistence [43]. This is called the run phase. When at least one flagella
reverses its sense of rotation to CW, the bundle uncoils and the resulting torque on the
cell body leads to a strong reorientation of the cell [124, 125]. This is called the tumble
phase which ends when all flagella return to CCW rotation and the bundle is formed
again. Figure 3.1(b) shows an illustration of E.coli’s run-and-tumble random walk.
In the early 1970s, Berg and co-workers developed the celebrated tracking microscope
that enabled them to record trajectories of single cells [23]. To analyze the recorded
trajectories quantitatively, Berg classified each data point either as a tumble or a run
depending on whether the angular displacement was higher or lower than a certain
threshold value. He discovered that the durations of the two phases, the run time τr and
the tumble time τt, are both exponentially distributed with means 〈τr〉 = 0.86± 1.18 s
and 〈τt〉 = 0.14± 0.19 s, respectively. We show the original curves in Fig. 3.2(a). The
inverse of the mean run time is the tumble rate λ = 1/〈τr〉. Furthermore, Berg deter-
mined the tumble angle distribution P (β) shown in Fig. 3.2(b). It has a maximum for
βmax ≈ 45° and possesses the mean 〈β〉 = 68± 36°. The mean speed was found to be
v0 = 21.2± 4.6 µms−1.
From their high uncertainties one can immediately conclude that run times, tumble
times, tumble angles, and swimming speed are highly fluctuating quantities. Indeed,
E.coli’s run-and-tumble motion is a random walk and the fluctuations originate from a
complex cascade of bio-chemical processes inside the cell. Similar to Brownian particles
in a fluid, a stochastic description is needed here, since it is hardly possible to take all
fluctuating processes into account.

3.1.2 Theoretical models

Many stochastic descriptions for the run-and-tumble walk have been proposed. Here we
want to present two recent models. Ref. [25], in the following called Saragosti’s model,
models the tumbles as a random walk on the unit sphere, while Ref. [35], called Pohl’s
model, uses shot noise. The former has two main ingredients: The random walk on the
unit sphere is described by rotational diffusion and the durations of the walk, i.e., the
tumble times, are exponentially distributed as measured by Berg. Numerical simulations
provide the solid line in Figure 3.2(b). It nicely agrees with the experimental data. It
is noteworthy that a discretization step ∆τ = 0.1 s, which is comparable to the tumble
time 〈τt〉 = 0.14 s, was chosen to simulate the tumble times. In Sec. 4.2.1 we will discuss
the validity of this model for arbitrary discretizations of the time step.
Pohl’s model comprises two overdamped Langevin equations in two dimensions:

d

dt
r(t) = v(t)e(t), (3.1)

d

dt
Θ(t) = q(t) +

√
2DrotΓ(t) . (3.2)

Here, we have introduced the bacterium’s orientation angle Θ in two dimensions, the two-
dimensional position vector r, the orientation vector of the bacterium e = (cos θ, sin θ),
and swimming speed v(t). The white noise term Γ(t) describes rotational diffusion with
constant Drot. Moreover, we define the shot noise process q(t) as a train of Nλ delta
peaks with random tumble angles βi drawn from the probability distribution function
P (β),

q(t) =
Nλ∑
i=1

βiδ(t− ti) . (3.3)
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Ref. [35] focused on the angular dynamics which is fully characterized by four parame-
ters: tumble rate λ, parameters ν1 and ν2 that describe the tumble angle distribution
P (β) (assumed to be a gamma distribution), and the rotational diffusion constant Drot.
Speed dynamics was neglected, and hence we set v(t) = v0. The four parameters of the
angular dynamics are inferred from experimental trajectories. Therefore, one calculates
the Kramers-Moyal coefficients of Eq. (3.2) as a function of the parameters. Matching
the theoretical coefficients to the coefficients determined from experimental data leads
to a system of non-linear equations for the parameters. Note that tumbles are assumed
to occur instantaneously within this model. As the tumble phase is usually much shorter
than the run phase, one has time steps that fulfill τt < ∆t < τr. Hence, tumbles indeed
occur within a time step.
Finally, we want to add the velocity autocorrelation and the mean squared displacement
(msd) of the run-and-tumble motion [126]. The velocity autocorrelation is given by

〈v(t) · v(s)〉 = 〈v(t)v(s)〉〈e(t) · e(s)〉 , (3.4)

= v2
0e
− |t−s|

τeff , (3.5)

where we have introduced the persistence time τeff = [(d− 1)Drot,eff]−1 and the effective
rotational diffusion constant

Drot,eff = λ(1− 〈cosβ〉)
d− 1 +Drot . (3.6)

The mean squared displacement then becomes

〈[r(t)− r(t0)]2〉 = v2
0

∫ t

0

∫ t

0
〈e(t1) · e(t2)〉dt1dt2 , (3.7)

= 2v2
0

[(d− 1)Drot,eff]2
(
e−(d−1)Drot,efft + (d− 1)Drot,efft− 1

)
. (3.8)

This is equivalent to the msd of an active Brownian particle (ABP) from Eq. (2.123)
with rotational diffusion Drot,eff. Again, we recover ballistic motion for t� τeff, and the
migrated length l = v0τeff is the persistence length of a run-and-tumble bacterium. For
times t� τeff, we identify diffusive behavior with effective diffusion constant

Deff = lim
t→∞

〈[r(t)− r(t0)]2〉
2dt = v2

0
d[λ(1− 〈cosβ〉) + (d− 1)Drot]

. (3.9)

Hence, one can model run-and-tumble bacteria by active Brownian particles for times
larger than the persistence time t � τeff. This has also been done implicitly in the
celebrated Keller-Segel model for chemotaxis, which we introduce in Sec. 3.3.2. A de-
tailled comparison between ABP and run-and-tumble particles can be found in Ref. [98].
Finally, we note that Eqs. (3.6) and (3.9) were calculated first in Ref. [127].

3.2 Chemotaxis

E.coli is able to sense and navigate along chemical gradients, an ability which is called
chemotaxis. All microswimmers shown in Fig. 2.6, even Janus particles and slime molds,
perform chemotaxis. We focus on bacterial chemotaxis in the following of this thesis.
Chemicals that induce a bacterial drift towards higher concentration are called chemoat-
tractants, while chemorepellants induce a drift away from higher concentration. Exam-
ples of chemoattractants are serine, α-methyl-aspartate or glucose, while antibiotics are
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Figure 3.3: (a) Signaling pathway of E.coli during chemotaxis, taken from [135]. (b)
Chemotactic response function R for delta impulses of chemoattractant and chemore-
pellant measured experimentally [27] (red circles), and parametrization of R from Eq.
(3.11) (black line). Figure adapted from [136].

chemorepellants. In general, bacteria are capable of performing taxis towards all sorts
of stimuli, e.g. magnetotaxis, aerotaxis, gravitaxis. A complete overview may be found
in Ref. [29].

Early chemotactic experiments were done at the end of the 19th century by Engelmann,
Pfeffer, and others. Under the microscope they observed bacterial accumulation near
or away from a gas bubble or a chemical [16, 17]. Later, Beijerinck [128] showed that
bacteria inside a tube migrate towards favorable oxygen regions, which was visible with
the bare eye.

Seminal quantitative works were done on the population level by Adler and the single
cell level by Berg. Adler investigated the bacterial concentration pulse in self-created
chemoattractant gradients in the 1960s [18, 129–131]. We will discuss it in detail in
Sec. 3.3 and present our own theoretical description in Chapter 5. On the other hand,
Berg and co-workes determined the chemotactic strategy of individual cells by using
the above-mentioned tracking microscope [23] and by monitoring the motor response of
tethered bacteria while introducing a step-profile of chemoattractants [27, 132]. Later,
the intracellular biochemical processes responsible for chemotaxis have been extensively
characterized [24, 133, 134].

In this section, we shortly summarize the intracellular signaling pathway of E.coli, we
present a linear response theory for the resulting chemotactic response, and finally review
a method that infers the response function from bacterial trajectories.

3.2.1 From sensing to chemotactic drift: The signaling pathway

Here we give a short overview of the biochemical processes that allow E.coli to perform
chemotaxis. It is based on the comprehensive reviews in Refs. [24, 135, 137]. An illus-
tration of the signaling pathway is shown in Fig. 3.3. The Molecules of chemicals can
bind to methyl-accepting chemotaxis proteins (CheW and CheA) located at the outer
surface of the cell membrane. CheA shows an autophosphorylation activity whereby the
phosphoryl group is rapidly passed on to the response regulator CheY. Being phospho-
rylated, CheY becomes CheY-P and diffuses to the flagellar motors where it changes the
direction of motor rotation from CCW to CW and a tumble is induced. This mechanism
is the run-and-tumble motion described earlier in this chapter showing fluctuations in
run times, tumble times, and tumble angles due to the non-deterministic arrival times
of CheY-P at the motors. CheZ, in turn, ensures a quick dephosphorylation of CheY.
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Chemotaxis occurs due to the following mechanism: Chemoattractant (chemorepellent)
binding inhibits (enhances) the autophosphorylation activity, consequently there is a
lower (higher) kinase activity and motor rotation reversals are less (more) likely to
occur. This causal chain is of course not instantaneous and the probability of rotation
reversal also depends on chemical binding in the past. Indeed, E.coli integrates the
chemical signal along its trajectory prolonging runs on average if the environment got
better, while it shortens runs in the opposite case. The run-and-tumble motion is biased
showing a chemotactic drift in the favorable direction. Another bias has been recently
established for E.coli [19, 35, 138]: When more flagella reverse their rotational direction
at the same time, the tumble angle tends to be larger. Thus, when swimming up a
gradient, the decrease in kinase activity also leads to smaller tumble angles on average
compared to the case of swimming against the gradient. This is called angle bias.

This was the first part of the signaling process. We retain: E.coli performs temporal
sensing as it integrates the chemical signal instead of measuring spatially a local gradient
as does, for example, the slime mold Dictyostelium discoeideum, around 1000 times
larger than an E.coli. The temporal sensing mechanism allows E.coli to compare the
concentrations between around five seconds, which gives a distance of around 100 µm
when swimming straight with v0 = 20 µms−1. This distance is up to a factor of 30 times
larger than the particle length. The noise over signal ratio for temporal sensing is thus
much smaller compared to local sensing, which is important for small cells like E.coli.

The second part of the signaling process is the adaption of the sensory system. Adaption
is the process of resetting the tumble rate to its unbiased value after a sudden nutri-
ent increase. It allows E.coli to further sense changes with the same precision in the
enhanced nutrient environment. Adaption is mainly realized by the fact that autophos-
phorylation activity of the kinase CheA depends also on the receptor methylation level,
which we now describe in more detail.

The methylation level is governed by two enzymes, CheR and CheB. CheR methylates
inactive receptors independently of the signaling process leading to a lower CheA activity
and making binding less likely. CheB, in turn, demethylates active receptors leading to a
higher CheA activity and making binding more likely. As the kinase CheA also transfers
the phoshoryl group to CheB and phosphorylated CheB has an increased activity, a neg-
ative feedback is established: Assume a nutrient increase, hence more chemoattractant
molecules bind to the receptors. This causes a decreased CheA activity, which leads,
besides the lowered tumble rate mentioned above, also to a lower receptor demethylation
as fewer CheB are activated. Consequently, the receptor methylation level increases as
the methylation process by CheR dominates. A higher receptor methylation level leads
to an increased CheA activity and an increased tumble rate. As the adaption process
takes longer than the fast initial signaling process, the tumble rate turns out to be even
bigger as before the nutrient increase. The adaption mechanism causes an overshoot
[139]. Finally, the tumble rate relaxes back to its unstimulated value. The slow adap-
tion process results in a short-term memory about past conditions, hence the signal
process is non-Markovian. The adaption process is very robust to protein fluctuations,
which has been shown in Ref. [140].

Moreover, the adaption process allows E.coli to perform logarithmic sensing as has been
shown in [31]: The chemotactic drift is proportional to the gradient of the logarithm of
the chemical [30], an ability which is commonly described by Weber’s law in different
physical areas [33, 34]. Using logarithmic sensing, E.coli is able to perform chemotaxis
in concentration fields varying by many orders of magnitude.
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3.2.2 Linear response theory for chemotaxis

The signaling process can be rationalized by a linear response theory [28]. It describes
the tumble rate λ(t) as a function of time which depends on the past chemoattractant
concentrations c(t′),

λ(t) = λequ −
t∫

−∞

R(t− t′) c(t′)dt′ . (3.10)

Here, we have introduced the response function R(t) and the tumble rate in an homoge-
neous environment λequ. The response function R(t) has been measured experimentally
by exposing tethered cells to a nutrient pulse [27]. Inserting c(t′) = δ(t′) into Eq. (3.10),
one can immediately see that the tumble rate response λequ − λ(t) corresponds to the
response function R(t) in that case. In Fig. 3.3(b) we show the response function and
its parametrization suggested in Ref. [136],

R(t) = X0X1e
−X0t

[
X0t−

(X0t)2

2

]
. (3.11)

Here, the parameters X0 and X1 control the rescaling of time and amplitude and shape,
respectively. We recover the key properties from above in both the experimentally
measured curve as well as in the theoretical description: (i) sudden response causing a
tumble rate decrease, (ii) non-Markovian response, (iii) overshoot due to the negative
part of R, (iv) recurrence, and (v) adaption. Adaption is achieved for∫ ∞

0
R(t)dt = 0 , (3.12)

which ensures that the tumble rate is the same for different concentrations c0 that are
constant in time. Experiments have shown that E.coli is adapted to some chemoat-
tractants (e.g. aspartate), while to other chemoattractants it is not (e.g. serine) [36].
Possible advantages for imperfect adaption were reported in bacterial speed races up a
linear gradient in Ref. [141].
Schnitzer proposed a Markovian response of the tumble rate as a function of the angle θ
between swimming direction and chemoattractant gradient [112]. The first order of an
expansion in Legendre polynomials yields a simple cosine dependence with amplitude
χSch:

λ(θ) = λequ − χSch cos θ . (3.13)
He then derived continuum equations for chemotactic run-and-tumble bacteria, which
are similar to the ones for the ABP in Sec. 2.2.3, to obtain an expression for the chemo-
tactic velocity along the gradient direction:

vch = v0χSch
3λequ

|∇c| . (3.14)

Later, Locsei considered temporal sensing and also derived the drift velocity vch [142].
He started with Eq. (3.10), averaged over all possible paths c(t′) of a run-and-tumble
bacterium, and finally ended up with

vch =
ζv2

0λ
3
equ [λequ(5− 2〈cosβ〉) + 4Drot] (1− 〈cosβ〉)

9 [2Drot + λequ(1− 〈cosβ〉)] [2Drot + λequ(2− 〈cosβ〉)3] |∇c| . (3.15)

Here, ζ is a constant quantifying the strength of the chemotactic response. A feature of
this equation is that the maximum drift velocity is reached for a positive value of 〈cosβ〉.
This is in contrast to Schnitzer’s work which suggested 〈cosβ〉 = −1. In Chapter 5
we will use a technique similar to Locsei’s approach and show that Schnitzer’s cosine
dependence sill holds when taking temporal sensing into account.
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3.2.3 Bayesian inference method for the response function

The response function measured for tethered cells has been validated by a Bayesian
inference method using bacterial swimming trajectories in a linear gradient [36]. We
describe the method in this section. A data set of E.coli trajectories is sampled during
time T with time step ∆t, thus we have M = T/∆t data points and introduce the
index j ∈ 1, 2, . . . ,M . Each data point is labeled tumble phase (sj = 1) or swimming
phase (sj = 0) by applying a tumble recognizer algorithm (see Sec. 4.1.4). We thus have
two vectors that contain all the relevant information: the states of the bacteria s and
the concentration at the same times c. First, we parameterize the response function
different to Eq. (3.11):

RX = e−X0t(X1 −X0X2t) . (3.16)

In the Bayesian framework we now look for the parameter vector X = (X0, X1, X2) that
maximizes the probability of the given data set (s, c) to occur. To proceed, we calculate
the probabilities for single data points: For a state sj , the probability for switching
from run to tumble can be calculated by inserting the concentration history ci<j into a
discrete version of the linear response theory from Eq. (3.10). Staying in the run phase
is the complementary event. Altogether, if the previous state is a run (sj−1 = 0), the
conditional probability for state sj is given by

PX(sj |sj−1 = 0) =


[
λequ −

∑j
i=0 ciRX(j − i)

]
∆t for sj = 1 (tumble),

1−
[
λequ −

∑j
i=0 ciRX(j − i)

]
∆t for sj = 0 (run).

(3.17)

Note that the conditional probability depends on the response curve R and the parameter
vector X as indicated by the subscript. If the preceding state is a tumble (sj−1 = 1),
the probability to switch to the run phase or to stay in the tumble phase is independent
from the concentration history. This has been measured in experiments [23]. Using that
the tumble time is exponentially distributed with mean τt, we obtain

PX(sj |sj−1 = 1) =
{

1− ∆t
τt

for sj = 1 (tumble),
∆t
τt

for sj (run).
(3.18)

In Bayesian statistics, the posterior probability P (X|s, c) is the probability of X given
one has observed the data (s, c). For Bayesian inference methods, one links the posterior
probability to two antecedents: a prior probability P0(X), an estimate of the probability
of X before the data s, c has been observed, and a likelihood function P (s, c|X) given
by a statistical model for the observed data. The likelihood is the probability that the
data set (s, c) occurs given the parameter set X. Applying Bayes theorem, we obtain
the key equation of Bayesian inference [143, 144],

P (X|s, c) = P (s, c|X)P0(X)
PM (s, c) , (3.19)

where one normalizes by PM (s, c).
To proceed, we choose a flat prior P0(X) = C, with C being a constant. This means that
all parameters are equally likely before we observe the data. Moreover, the likelihood
P (s, c|X) is the product of the single time probabilities PX(sj |sj−1) from Eqs. (3.17)
and (3.18) in our case, which reads

P (s, c|X) =
M∏
j=0

PX(sj |sj−1) . (3.20)
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Figure 3.4: Evolution of the bacterial concentration in Adler’s experiment (a). Pulse
propagation in the experiments of Saragosti et al. with individual trajectories shown in
the blow-up (b). Adapted from [18] and [19], respectively.

We are now equipped to vary the parameter vector X to find the value Xsol that max-
imizes Bayes’ formula. As the prior P0(X) and normalization factor PM (s, c) are con-
stants in X, our task reduces to maximizing the likelihood

Xsol = argmax
X

P (s, c|X) . (3.21)

Finally, the inferred response function is RXsol .

3.3 Traveling concentration pulses of bacteria

3.3.1 Experiments

A very interesting collective phenomenon is the bacterial pulse that travels along a
capillary tube with almost no dispersion in approximately the same way a soliton does
[18, 19]. The pulse is initiated in an initially uniform environment of a chemoattractant.
A bacterial population concentrated in space eats the nutrient and thereby creates a
chemical gradient along which it drifts towards untouched regions [see Fig. 3.4(a)]. The
number of bacteria in the pulse is high enough that the pulse becomes visible by eye.
This capillary assay is a quick and easy way to check whether a cell is chemotactic or
not.

Adler investigated the pulse quantitatively: He determined the concentration profiles
for both nutrient and bacteria by plating, densitometry, and chromatography, while
oxygen concentration was determined polarographically. Thereby, he observed that not
all bacteria travel with the pulse but some are left behind at the initial location [18].
This indicates a finite carrying capacity of the traveling pulse, which we want to motivate
by our theoretical approach in Chapter 5. Further chemoattractants present in Adler’s
experiments then initiated further pulses emerging from the bacteria left behind. An
investigation of the separation process into pulse and leaving cluster in a more complex
environment can be found in Ref. [145].

In 2011, Saragosti and co-workers recorded the pulse profile and trajectories of individual
bacteria at the same time [see Fig. 3.4(b)]. This allowed them to show that bacteria in
the back of the wave have a stronger drift up the gradient than bacteria in the front.
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Bacteria in the back thus catch up, while bacteria in the front of the pulse are slowed
down. This mechanism keeps the pulse together and counteracts the dispersion caused
by diffusion associated with the run-and-tumble walk. We will call it anti-dispersion
mechanism in the following. While Saragosti argued that a second chemoattractant is
responsible for the anti-dispersion mechanism, we will show that the log sensing property
of the signaling pathway alone is sufficient to keep the pulse together. Moreover, we
match the experimentally recorded pulse profiles to our numerical results.
More recently, pulse propagation for two populations with different chemotactic velocity
have been investigated experimentally [146]. Fu and co-workers extended this work [147]:
They showed that a population with non-genetic variations of chemotactic velocity vch
sorts itself within the pulse: Chemotactically fast bacteria accumulate in front of the
pulse, while chemotactically slow bacteria tend to be found in the back of the wave.
A traveling concentration pulse has also been realized for an artificial swimmer in Ref.
[148].

3.3.2 Keller-Segel model

A very early and prominent model for chemotaxis is the Keller-Segel model (KS). It was
first introduced for the aggregation of slime molds [149], where the interplay between
diffusive behavior due to random active motion and the chemotactic drift may lead to a
collapsing state (Keller-Segel instability) and other interesting collective phenomena. A
short time later, the KS model was used to describe the bacterial pulse in the capillary
assay [20]. Keller and Segel coupled a drift-diffusion equation for the bacterial density
ρ with a reaction-diffusion equation for the nutrient density c:

∂ρ

∂t
= Deff∇2ρ− χ0∇ ·

[∇c
c
ρ

]
, (3.22)

∂c

∂t
= Dc∇2c− kρ, (3.23)

Here, we have introduced the effective bacterial diffusion coefficient Deff from Eq. (3.9),
the chemotactic strength χ0, the diffusion coefficient Dc for the nutrient, and the con-
sumption rate k by which the bacteria degrade the nutrient. We have already derived
the first equation for an active Brownian particle in Eq. (2.142). Note that in contrast
to the original model for slime molds, the chemical is not produced by the bacteria
themselves. Moreover, the consumption does not depend on the nutrient concentration
c in agreement with Adler’s experiments.
From the chemotactic term on the R.H.S. of Eq. (3.22), we can directly read off the
chemotactic velocity along the chemical gradient

vch = χ0
∇c
c
. (3.24)

It fulfills Weber’s law of logarithmic sensing but is singular in c. From a biological
point of view, this is a very unrealistic scenario. However, Keller and Segel showed
mathematically that a singular chemotactic velocity is a necessary condition for solitary
solutions.
Solitary solutions were derived analytically in the case Dc = 0 along with a prediction for
the speed with which the bacterial pulse migrates along the capillary assay. Surprisingly,
it is independent of the chemotactic velocity, but depends on how fast the bacteria in
the pulse degrade the nutrient:

vthp = Npk

Ac0
. (3.25)
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Here, we have introduced the cross-section A of the capillary assay, the number of bacte-
ria in the pulse Np obtained by integrating the density over the direction of migration x,
Np = A

∫
ρdx, and the initial concentration of nutrient c0. In Chapter 5 we derive this

equation for a bounded chemotactic velocity |vch| < v0. We shall see that Np becomes
a function of χ0 and thus a function of the chemotactic velocity.

Since their introduction in the early 1970s, the Keller-Segel equations have found wide
application in modeling chemotaxis of all sorts of biological and artificial microswimmers.
For example, they have been derived for active Brownian particles and quorum-sensing
run-and-tumble particles [150]. For a summary of developments and a derivation starting
at the molecular binding to receptors (receptor laws), we refer the interested reader to
the reviews in Ref. [7, 151–154].

However, the KS model has drawbacks. A soliton solution was shown to be unstable in
Ref. [155]. It occurs only if the chemotactic drift velocity has a singularity for vanishing
nutrient concentration. Brenner et al. showed that this singularity is not necessary if
one introduces a second chemoattractant, which the bacteria excrete themselves [156].
Saragosti and co-workers followed this approach to formulate a kinetic model inspired by
the Othmer-Dunbar-Alt model [76]. Their kinetic model is able to match the experimen-
tal pulses, from which they conclude that the second chemoattractant is responsible for
the anti-dispersion mechanism. Nevertheless, in Chapter 5 we will show in a generalized
Keller-Segel model that neither a second chemoattractant nor a singular chemotactic
drift is needed to match the bacterial pulse.
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4
Statistical inference of bacterial chemotaxis

strategies

Modern imaging techniques make it possible to record large datasets of bacterial trajec-
tories in 2D [35, 36, 39, 138] as well as in 3D [37, 38, 40–42]. In order to analyze these
datasets, specialized computer algorithms (tumble recognizers) have been developed to
distinguish tumble events from noisy fluctuations [19, 23, 36]. Comparing turning rate
and speed to threshold parameters, these tumble recognizers classify each data point as
run or tumble. The threshold parameters have to be chosen a priori and adjusted until
results from the tumble recognition agree with a visual inspection of the trajectories.
There is no general rule on how to set these parameters and indeed they vary quite
substantially [19, 23].
In this chapter, we present an inference technique that allows us to analyze large data
sets of bacterial trajectories without setting any a priori parameter. To this end, we
introduce a stochastic model for E.coli’s run-and-tumble random walk using the methods
introduced in Chapter 2. We considerably extend the theoretical framework (Pohl’s
model) from Sec. 3.1.2 based on Ref. [35] by resolving tumble events in time and by
incorporating a stochastic process for the speed dynamics. We calculate moments, the
velocity correlation and the probability distribution function of our model. Matching
these quantities to the experimental values, we are able to infer the swimming parameters
of E.coli within this model. We reveal some new and detailed insights into E.coli’s
chemotaxis strategy.
This chapter is mainly based on my article of Ref. [138]. We first present the experi-
mental set-up that will be used to record the bacterial trajectories in Sec. 4.1. We then
introduce our stochastic model and calculate moments, distribution and autocorrelation
functions for speed and orientation angle, respectively, in Sec. 4.2. Subsequently, we
apply the parameter inference first to the control experiment (no chemoattractant), and
then to a linear gradient of chemoattractant concentration in Sec. 4.3. We discuss the
validity and robustness of our inference technique in Sec. 4.4. An alternative descrip-
tion of the diffusive angular dynamics of our model is presented in Sec. 4.5, where we
also provide a fast and easy quantization of the tumble time. Next, we discuss the soil
bacterium Pseudomonas putida and its chemotactic response function in Sec. 4.6. We
close this chapter with a summary and an outlook in Sec. 4.7.
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Figure 4.1: (a) Layout of the chemotaxis device. The chemotaxis chamber consists of two
large reservoirs connected to a central observation area. Both right and left reservoirs
were filled with bacterial cell suspension. The chemoattractant α-methyl-aspartate is
added to the right-hand side reservoir. A linear, stable chemoattractant concentration
profile establishes across the central gradient region marked in blue due to Fick’s law.
Bacteria are observed by video microscopy in the field of view marked in red. Figure is
adapted from Ref. [35]. (b) Blow-up of the field of view showing trajectories obtained
within a 120 s-recording. Typically, trajectories have a length of several seconds before
the bacterium leaves the focal plane of the microscopy device.

4.1 Recording large datasets of bacterial trajectories

Figure 4.1(a) presents a layout of the chemotaxis device which allows us to record large
data sets of bacterial trajectories in linear gradients of chemoattractant concentrations.
An ensemble of recorded trajectories is shown in the blow-up in Fig. 4.1(b). Experi-
ments have been implemented and conducted by Zahra Alirezaeizanjani in the Biophysics
group of Carsten Beta at the University of Potsdam. In the following, we restate the
experimental procedure from Ref. [138].

4.1.1 Cell culture

E.coli AW405 strain was cultured overnight in liquid Tryptone Broth (TB) (10 g/l Difco
BactoTM-Tryptone and 5 g/l NaCl) at 37 ◦C on a rotary shaker at 300 rpm. The cell
suspension was diluted 1:100 into fresh TB, and grown to mid-exponential phase (OD600
= 0.5). Then the bacterial suspension was washed two times in order to remove any
remaining medium from the growth medium following Refs. [23, 140] and resuspended in
motility buffer (11.2 g/l K2HPO4, 4.8 g/l KH2PO4, 3.93 g/l NaCl, 0.029 g/l EDTA and
0.5 g/l glucose; pH 7.0). Afterward, the cell suspension was divided into two fractions.
One was centrifuged and resuspended in the same motility buffer, and the other was
centrifuged and resuspended in motility buffer supplemented with the chemoattractant
α-methyl-aspartate (Sigma-Aldrich, USA) in a final concentration of 0.5 mM. In both
cases, the final OD600 of the cell suspensions was 0.07 before filling them into chemotaxis
chambers.
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4.1.2 Chemotaxis assay

A µ-Slide Chemotaxis 3D (ibidi, Martinsried, Germany) was used to maintain a stable
linear gradient of the chemoattractant α-methyl-aspartate. This chemotaxis chamber
consists of two large reservoirs connected to a central observation area [see Fig. 4.1(a)].
For the chemotaxis assay, the cell suspension with chemoattractant was filled into the
reservoir on the right-hand side and the chemoattractant-free cell suspension into the
reservoir on the left-hand side. The central observation area was filled with motility
buffer. A stable linear chemoattractant gradient is generated by diffusion in the obser-
vation area and maintained for several hours [157]. For the control assay, both reservoirs
were filled with chemoattractant-free cell suspension. In this case, a homogeneous envi-
ronment without any gradient was established in the observation area.

4.1.3 Cell imaging and tracking

An IX71 inverted microscope with a 20× UPLFLN-PH objective (both Olympus, Ger-
many) in phase contrast mode was used for imaging cell trajectories. Five image se-
quences were taken with 10 min intervals between them using a Orca Flash 4.0 CMOS
camera (Hamamatsu Photonics, Japan). For each sequence, the images were acquired at
20 frames per second for 30 s. The field of the view was placed in the center of the gra-
dient region at 30 µm above the bottom of the chamber (total height in the observation
area was 70 µm).

A custom Matlab program based on the Image Processing Toolbox (version R2015a, The
MathWorks, USA) was used to process the image sequences automatically. For each im-
age sequence, a background image was calculated by pixel-wise time average projection.
It was subtracted from each frame to eliminate non-motile objects and shading effects.
The built-in Matlab function imerode was then applied for morphological erosion (with
a disk of radius 0.6 µm) to reduce the background noise. The putative bacterial cells are
distinguished from the background using the maximum entropy thresholding algorithm
by Kapur et al. [158]. The threshold was calculated for each image in the sequence sepa-
rately. The median of all threshold values was used to segment the whole sequence. The
binary images were further processed with the morphological operations, imopen and
imclose (with a disk of radius 0.3 µm) to eliminate any noise caused by segmentation.
The built-in function bwconncomp was used to find all connected objects in the binary
images. Size and centroid of the objects were determined using the regionprops function.
Afterward, particles with an area between 1 µm2 to 15.6 µm2 were considered as a single
bacterial cell. Finally, trajectories were obtained employing the tracking algorithms by
Crocker and Grier [159].

To avoid tracking artifacts caused by tumble events when cells enter and leave the focal
plane, the first and last 0.5 s of each track were removed. We use the curvatures of
the trajectories to filter out bacteria that circle close to the cover slip. The curvature
at each data point is calculated and after that the median curvatures for each single
trajectory. Finally, the trajectories with the highest 5% of median values are removed.
We checked that our results do not change if we go up to 20%. Also, tracks with a
total displacement of < 10 µm were eliminated, as they most likely result from damaged
flagella. The minimal track length is 0.5 s and the maximal length is 19.35 s. The control
data set consists of 769 tracks with a total length of 1629 s. The gradient data set consists
of 3498 tracks with a total length of 7206 s. An ensemble of extracted trajectories from
the control data set is shown in Fig. 4.1(b).
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Figure 4.2: (a) Zoom to five recorded trajectories. (b) E.coli with swimming velocity
v(t) = v(t)e(t) = v(t)[cos Θ(t), sin Θ(t)]. A tumble event with tumble angle β = |Θ(t+
∆t) − Θ(t + 3∆t)| occurs between the times t + ∆t and t + 3∆t. A possible chemical
gradient is indicated. (c) Extracted times series for angular displacement ∆Θ and speed
v(t) of the blue trajectory in (a). Two of the four thresholds, ∆Θ > β

√
Drot∆t = β̃ and

∆v
vmin

> α, are illustrated in orange.

4.1.4 Heuristic tumble recognizer

Later, we want to compare our inference method to the results of an established tumble
recognizer. For the heuristic tumble recognizer, trajectories were smoothed using a
second-order Savitztky–Golay filter with a window size of 5 data points corresponding
to 250 ms [160]. A zoom to five trajectories is shown in Fig. 4.2(a). Instantaneous speed
v = ∆s

∆t , direction of propagation θ, and turning rate ω = ∆θ
∆t were evaluated on the

smoothed tracks. An illustration of the relevant variables is shown in Fig. 4.2(b) and
time series of speed and angular displacement in Fig. 4.2(c).

The tumble events are detected as described previously [35, 36, 45]. Briefly, in the
time series of speed and turning rate, local minima and local maxima are detected,
respectively, to identify tumble events. In total five parameters, two for the speed and
three for the turning rate, need to be adjusted such that the recognition of tumble
events is correct as checked by visual examination (threshold parameters α = 3 and β =
6.5, tumble duration parameters 0.55×∆v and 0.65×∆ω, and guess for the rotational
Diffusion Drot = 0.1 s−1; see the Supporting Information S5 in Ref [35]).

4.2 A stochastic model for the random walk of E.coli

A typical trajectory of bacteria such as E.coli is described by the run-and-tumble random
walk introduced in Sec. 3.1. During the run phase, the bacterium moves forward along
a nearly straight line, only rotational thermal noise affects its persistence. During the
tumble phase, the bacterium’s speed is reduced and it reorients strongly into a new
direction. The angle between the orientations before and after the tumble event is the
tumble angle β. We express the velocity of the bacterium in two dimensions as the
product of speed v(t) and unit vector e(t) = (cos Θ, sin Θ),

ṙ(t) = v(t)e(t) , (4.1)

where the orientation angle Θ is measured with respect to the x axis. Figure 4.2(b)
illustrates the different quantities.
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We set up two overdamped Langevin equations for speed and orientation angle, which
fully describe the bacterial motion,

v̇(t) = r [v0 − v(t)] + σΓsp(t) + q(t), (4.2)

Θ̇(t) =
√

2Drot(t) Γan(t) . (4.3)

We introduce both Langevin equations in more detail.
(1) The equation for speed v(t) contains three terms, which are associated with drift,
diffusion, and jumps. We start with the last term,

q(t) = −
Nλ∑
i=1

ηv(t)δ(t− ti) . (4.4)

It initiates each tumble event at time ti by a shot-noise process, while the occurrence of
times ti follows a Poisson process with tumble rate λ. At the beginning of each tumble,
the bacterial speed is reduced by the relative jump height η to (1− η)vt and Nλ is the
actual number of tumble events. The first and second term represent a conventional
Ornstein-Uhlenbeck process. After a tumble event, the speed relaxes with relaxation
rate r towards the swimming speed v0 of the run phase. Thus r−1 is the mean duration
of a tumble event, which we call tumble time in the following. The Gaussian white
noise term is fully determined by 〈Γsp〉 = 0, 〈Γsp(s)Γsp(t)〉 = δ(t − s), and the white
noise strength σ. It describes the ubiquitous noise due to internal noise of the swimming
mechanism and variations between individual bacteria.
Note that the actual tumble time of a bacterium is exponentially distributed. In our
model the white noise term also induces stochastic fluctuations in the duration of the
tumble events as visible in Fig. 4.3(b). Altogether, the stochastic speed process is
determined by five parameters: {λ, r, v0, σ, η}.
(2) The stochastic equation for the orientation angle Θ is fully described by rotational
diffusion, where the white noise process is defined by 〈Γan〉 = 0 and 〈Γan(s)Γan(t)〉 =
δ(t − s). Following Ref. [25], we model tumbles as a random walk on a unit sphere
with enhanced rotational diffusion. Thus, the rotational diffusion coefficient Drot(t) is
no longer a constant but alternates between two values: the thermal rotational diffusion
coefficient D0 during run phases and an enhanced value DT during tumble phases. We
describe each transition between the two states by a Poisson process and thus obtain
the telegraph process from Section 2.1.5. The transition rate from the run to the tumble
phase is the tumble rate λ, whereas the transition rate in the opposite direction is the
speed relaxation rate r or the inverse tumble time.
To link the telegraph process to the shot-noise process for the speed value in Eq. (4.4),
the diffusion coefficient switches at the same times ti from the thermal (D0) to the
enhanced (DT ) value. Note, while the speed process allows a second tumble although
the first one is not finished yet, this is not possible in the telegraph process for rotational
diffusion. However, for bacteria like E.coli the time between tumble events is typically
one order of magnitude larger than the tumble time r−1. This makes these double
events very rare and tumble events in both speed and angular processes coincide. All in
all, we have four parameters governing the stochastic process for the orientation angle:
{λ, r,D0, DT }.
Figure 4.3 shows a typical simulated trajectory (a) and the corresponding time series
for speed and angular displacement ∆Θ during time step ∆t = 0.1 s (b). It has to
be compared to the experimental time series of both quantities in (c). Note that ∆Θ

∆t
represents the turning rate of the bacterium. In the following, we will always work with
the angular displacement ∆Θ.
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Figure 4.3: (a) Simulated run-and-tumble trajectory of a bacterium using the stochastic
equations (4.2) and (4.3). It starts at the green and ends at the red triangle. (b) Initial
part (from green triangle to the black diamond) of the corresponding time series for speed
v(t) and angular displacement ∆Θ(t) during time step ∆t = 0.1 s. Tumble initiations
are marked in orange. (c) Experimental time series for v(t) and ∆Θ(t) from the blue
curve in Fig. 4.2(a), for which we have already seen an excerpt in Fig. 4.2(c).

Figure 4.4: (a) Histogram showing the distribution of speed values for a dataset recorded
for E.coli in a control experiment moving in a buffer medium without any chemical
gradient. The orange line shows the distribution from the simulated process using the
inferred parameters. (b) Corresponding speed autocorrelation function gV (τ) of the
same dataset. The orange line shows an exponential fit with relaxation rate αV =
5.1± 0.2 s−1. Inset: Semi-logarithmic plot of gV (τ).

4.2.1 Moments, autocorrelation, and distribution functions

In this section we state moments, stationary distributions, and time autocorrelation
functions for the stochastic processes of speed and orientation angle in Eqs. (4.2) and
(4.3). We only present the final expressions of these stochastic quantities here, whereas
the detailed derivations can be found in the next section, Sec. 4.2.2. The stochastic
quantities depend on the swimming parameters introduced above. Matching them to
the values determined by averaging over all individual tracks of the experiments, we
will be able to infer the mean swimming parameters of an E.coli population in Sec.
4.3. Finally, we note, while the calculated moments and distribution functions are
valid for any point process with arbitrary run-time distribution, the formulae for the
autocorrelation functions are only valid for a Poisson process, which gives an exponential
distribution for the run times (see also Sec. 4.4.3).
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Speed dynamics

The moments mV
n = 〈v(t)n〉 of Eq. (4.2), where the average is taken over all times t

and all tracks in the long-time limit, can be calculated as a function of the reduced
parameter set

(
λ/r, η, v0, σ

2/r
)
. For the first moment, the mean speed, we obtain

mV
1

(
λ

r
, η, v0,

σ2

r

)
= v0

1 + ηλ/r
. (4.5)

The mean speed is smaller than the swimming speed v0 since during the tumble phase,
speed is reduced by a factor η. More generally, a recursive formula for the nth moment
is given by

mV
n

(
λ

r
, η, v0,

σ2

r

)
=
v0 m

V
n−1 + 1

2 (n− 1) σ2

r mV
n−2

1 + λ
nr − λ

nr (1− η)n
, (4.6)

where the zeroth moment is m0 = 1 due to normalization. We now have access to all
the speed moments. As an example, Fig. 4.4(a) shows a histogram for the distribution
of speed values recorded in an experiment, from which the speed moments can be calcu-
lated. The orange line represents the distribution obtained from numerically solving the
speed equation (4.2) using the actual parameters inferred from this experiment. The two
distributions nicely agree, which is an a-posteriori verification of our Langevin equation.

From the moments we can only infer the ratios λ/r and σ2/r. In order to determine
the full set of parameters of Eq. (4.2), we also use the speed autocorrelation function
for our model. It has an exponential form with relaxation rate r + ηλ,

gV (τ) = 〈[v(t+ τ)−mV
1 ][v(t)−mV

1 ]〉 = ∆2ve−(r+ηλ)τ , (4.7)

where we have introduced the variance ∆2v = 〈(v − mV
1 )2〉. In comparison with the

Ornstein-Uhlenbeck process from Eq. (2.69), an additive summand from the tumbles
appears in the relaxation rate. Figure 4.4(b) shows the autocorrelation function for the
experimental data of E.coli. Indeed, the curve is well-fitted by an exponential over two
decades up to τ ' 1s, which is around half the mean track length. This agreement
supports the validity of our stochastic description of the speed process in Eq. (4.2).

Angular dynamics

Here, we work directly with the steady-state probability distribution p(|∆Θ|) for the
absolute angular displacement |∆Θ| during a finite time step ∆t. We determine p(|∆Θ|)
from Eq. (4.3) for the orientation angle as a function of the reduced parameter set
(λ/r,D0, DT ). We restrict ourselves to small time steps ∆t � min{r−1, λ−1}, which
means that multiple crossovers between run and tumble state during one time step do
not occur. In the long-time limit the probability distribution p(|∆Θ|) becomes stationary
and is given by

p(|∆Θ|) = 2
[

r

λ+ r
N (0,

√
2D0∆t) + λ

λ+ r
N (0,

√
2DT∆t)

]
(4.8)

where N (0, σ) denotes the normal distribution with zero mean and standard deviation
σ and the factor 2 stems from the fact that we describe the absolute value |∆Θ|. For
our parameter inference we use the same time step ∆t = 0.1s as in Ref. [25].

Figure 4.5(a) presents a histogram for all angular displacements in time step ∆t recorded
in the experiment. It shows a deviation from the theoretical distribution of Eq. (4.8)



50 CHAPTER 4. STATISTICAL INFERENCE

Figure 4.5: (a) Histogram showing the distribution of angular displacements ∆Θ in
time step ∆t for the same data set as in Fig. 4.4. The orange line shows the distribution
p(|∆Θ|) from Eq. (4.8) using the inferred parameters. Inset: Semi-logarithmic plot of the
distribution. (b) Semi-logarithmic plot of the corresponding directional autocorrelation
function gΘ(τ). Green line: linear fit with negative slope αΘ = 0.33 s−1; orange line:
exponential fit with relaxation rate αΘ = 0.32 s−1.

in the tail at angles larger than π/2, which is visible only in the semi-logarithmic plot.
Note that the region |β| > π/2 only represents roughly 3% of all angular displacements.
There are two possible reasons for this deviation: First, we record angular displacements
Θ = π + ε as a displacement −(π − ε) since we cannot distinguish between tumbles to
the right and left during one time step. Second, it is also possible that the diffusion
model for tumbling does not apply for such large angles.

For completeness we also give the nth moment of the absolute angular displacement,
m∆Θ
n = 〈|∆Θ|n〉. It follows directly from the probability distribution of Eq. (4.8):

m∆Θ
n (λ, r,D0, DT ) =

(
(2D0∆t)n2

1 + λ/r
+ (2DT∆t)n2

1 + r/λ

)
(n− 1)!!

·

√

2
π if n is odd

1 if n is even
,

(4.9)

where n!! denotes the double factorial.

Similar to the speed process, we can only infer the ratio λ/r from fits to the probability
distribution p(|∆Θ|) of Eq. (4.8). In order to determine the full set of parameters of Eq.
(4.3), we use again the autocorrelation function of our model, now for the swimming
direction e(t). Numerical investigations of our model (see Section 4.2.2) suggest that it
has a simple exponential form with relaxation rate αΘ for parameters relevant to the
experiments:

gΘ(τ) = 〈e(t+ τ) · e(t)〉 ∝ e−αΘτ (4.10)

Analytically, we are not able to calculate this exponential form. However, in the time
interval (λ+ r)−1 < τ < 〈Drot〉−1 relevant to the experiments, we can derive the linear
approximation

gΘ(τ) ≈ 1− αΘτ ≈ 1−
(
〈Drot〉 −

∆2Drot
λ+ r

)
τ (4.11)

and thereby obtain an expression for the relaxation rate αΘ. Here we have introduced
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the respective mean 〈Drot〉 and variance ∆2Drot of the telegraph process Drot(t),

〈Drot〉 = D0
1 + λ/r

+ DT

1 + r/λ

∆2Drot = 〈(Drot − 〈Drot〉)2〉 = (D0 −DT )2λ/r

(1 + λ/r)2 . (4.12)

Figure 4.5(b) shows the directional autocorrelation function for the experimental data
of E.coli moving in a uniform buffer medium. Indeed, the curve is well-fitted by an
exponential up to τ ' 5 s excluding the first point. This agreement supports the validity
of our stochastic description of the angle process in Eq. (4.3). The deviation in the
experimental data for the first point is caused by the offset for angular displacements
larger than π/2, where the experimental distribution function in Fig. 4.5(a) deviates
from theory. For two and more time steps the influence of this offset becomes smaller
and smaller.

4.2.2 Derivation of moments, autocorrelation and distribution func-
tions

In this section, we provide detailed derivations of the stochastic quantities that have
been presented in the previous section. First, we derive expressions for the moments
and the autocorrelation function of the speed process of Eq. (4.2). Then, we derive
the probability distribution function (pdf), moments, and an approximation for the
directional autocorrelation function of the angle process in Eq. (4.3).

Speed

In order to perform the derivations, we rewrite Langevin equation (4.2) as a stochastic
differential equation (SDE) using mathematical notation:

dvt = r(v0 − vt)dt+ σdWt − ηvtdNλ
t . (4.13)

Here, we define the Poisson Process where dNλ
t = 1 occurs with probability λdt for

each time step indicating the start of a tumble and dNλ
t = 0 otherwise. Moreover,

we introduce the Wiener process dWt. Integrating Eq. (4.13) and splitting the Poisson
process into a deterministic part and a compensated Poisson process dNλ

t = λdt+ dÑλ
t

yields

vt =
∫ t

0
r(v0 − vs)ds+

∫ t

0
σdWs −

∫ t

0
ηvsλds−

∫ t

0
ηvsdÑ

λ
t . (4.14)

Note that the second and fourth term on the RHS are martingales [161]. Thus, their
expectation values vanish. We will use this property when calculating the moments and
autocorrelation function of the speed variable. Taking the expectation value 〈. . .〉 on
both sides, we obtain the first moment:

m1 = 〈vt〉 = rv0t−
∫ t

0
(r + ηλ) 〈vs〉ds . (4.15)

To ease the notation, we dropped the superscript V from above. Taking the time
derivative on both sides, we obtain a non-homogeneous ordinary differential equation
(ODE):

dm1
dt

= rv0 − (r + ηλ)m1 (4.16)
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Its full solution with initial value C at time t0 reads

m1(t) = v0

1 + η λr
+ e−(r+ηλ)(t−t0)

(
C − v0

1 + η λr

)
. (4.17)

Taking the long-time limit t→∞, we recover the equation (4.5) from above.
Next, we calculate the n-th moment mn = 〈vn〉. Using Ito’s lemma, we first formulate
a SDE for an arbitrary function f(vt) of the speed variable:

df(vt) =
(
f ′(vt)r(v0 − vt) + 1

2f
′′(vt)σ2

)
dt

+ f ′(vt)σdWt + [f(vt− − ηvt−)− f(vt−)] dNλ
t .

(4.18)

Here, vt− denotes the value right before a jump. Setting f(vt) = vnt , integrating Eq.
(4.18), and taking the expectation value on both sides yields:

〈vnt 〉 =
∫ t

0

(
nrv0〈vn−1

s 〉+ (λ [(1− η)n − 1)]− nr)〈vns 〉

+ n(n− 1)
2 σ2〈vn−2

s 〉
)
ds ,

(4.19)

where we again extracted the deterministic part of the Poisson process and all martin-
gales dropped out. Taking the time derivative on both sides, we obtain an ODE, which
also contains the lower-order moments mn−1 and mn−2:

dmn

dt
= nrv0 mn−1+

(
λ [(1− η)n − 1]− nr

)
mn

+ n(n− 1)
2 σ2 mn−2.

(4.20)

The solution of this ODE in the long-time limit t → ∞, where dmn/dt = 0, yields Eq.
(4.6) from above,

mn =
v0 mn−1 + 1

2 (n− 1) σ2

r mn−2

1 + λ
nr − λ

nr (1− η)n
. (4.21)

Finally, we calculate the speed autocorrelation function g(s, t) = 〈(vs−m1)(vt−m1)〉 of
Eq. (4.13). We define the probability distributions for the speed process P (v′) and the
conditional probability P (v, t|v′, s) of having v at time t given that we have v′ at time
s and obtain

g(s, t) =
∫ ∫ [

(v −m1)(v′ −m1)P (v, t|v′, s)P (v′)
]
dvdv′

=
∫ [〈v(t)−m1|[v′, s]〉(v′ −m1)P (v′)

]
dv′

=
∫ [(

(v′ −m1)e−(r+ηλ)|t−s|
)

(v′ −m1)P (v′)
]
dv′

= ∆v2 e−(r+ηλ)|t−s| ,

(4.22)

where we have have used Eq. (4.17) with C = v′ in the second last step. We recover
Eq. (4.7) after setting s = t + τ . Identifying the relaxation rate αV , we can write the
following formulae for λ and r:

λ = αV
η + (λ/r)−1 , (4.23)

r = αV
1 + ηλ/r

. (4.24)
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Angle

We rewrite the Langevin equation (4.3) from above as a SDE using mathematical nota-
tion:

dΘt =
√

2DtdWt (4.25)
The SDE contains two stochastic processes: the telegraph process Dt, where we drop
here the subscript rot used above, and the white noise process dWt. These two pro-
cesses are stochastically independent of each other. Thus, the moments for the angular
displacement during time step ∆t factorize into contributions from each process,

〈|∆Θ|n〉 =
〈

[2Dt]
n
2
〉
〈|∆Wt|n〉 . (4.26)

The probability distribution function (pdf) p(∆Wt) and the absolute moments of the
white noise increments ∆Wt during time step ∆t are given by

p(∆Wt) = N (0,
√

∆t) , (4.27)

〈|∆W (t)|n〉 = (∆t)
n
2 (n− 1)!!


√

2
π if n is odd

1 if n is even
, (4.28)

where N (0, σ) denotes the normal distribution with zero mean and standard deviation
σ and n!! denotes the double factorial.
For the telegraph process Dt, the transition from state D0 to DT is described by a
Poisson processes with mean rate λ and the reversed transition from DT to D0 by a
Poisson process with mean rate r. The two probabilities for being in one of the states
at time t obey the following master equations:

∂tP (D0, t|C, t0) = −λP (D0, t|C, t0) + rP (DT , t|C, t0) , (4.29)
∂tP (DT , t|C, t0) = λP (D0, t|C, t0)− rP (DT , t|C, t0) . (4.30)

The variable C indicates the initial condition at time t0. We first state the pdf p(D)
in the long-time limit t → ∞ as well as the auto-correlation function 〈DtDs〉, see Sec.
2.1.5:

p(D0) = r

λ+ r
, (4.31)

p(DT ) = λ

λ+ r
, (4.32)

〈DtDs〉 = 〈D〉2 + ∆2D e−(λ+r)|t−s| . (4.33)

In the last equation we have introduced the mean 〈D〉 and the variance ∆2D in the long
time limit. They are given by

〈D〉 = D0r +DTλ

λ+ r
, (4.34)

∆2D = (D0 −DT )2λr

(λ+ r)2 . (4.35)

The mean value of Dt for any time t with initial condition C at time t0 is given by

〈Dt〉 = 〈D〉+ e−(λ+r)(t−t0) (C − 〈D〉) . (4.36)

We can use the pdf p(D) to calculate the first factor on the RHS of Eq. (4.26) in the
long time limit, 〈

[2Dt]
n
2
〉

= (2D0)n2
1 + λ/r

+ (2DT )n2
1 + r/λ

. (4.37)
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Inserting this expression and Eq. (4.28) in Eq. (4.26) leads to Eq. (4.9) stated above.
The pdf of the absolute angular displacement p(|∆Θ|) can be calculated straightfor-
wardly. Using the independence of the two stochastic processes and combining Eqs.
(4.27), (4.31), and (4.32), we obtain

p(|∆Θ|) = r

λ+ r
N (0,

√
2D0∆t) + λ

λ+ r
N (0,

√
2DT∆t) . (4.38)

This agrees with Eq. (4.8).
Finally, we calculate the directional autocorrelation function g(τ) = 〈e(τ) · e(0)〉 =
〈cos (Θ(τ)−Θ(0))〉. Integrating Eq. (4.3) and using the real part Re of the Euler identity
eix = cos(x) + i sin(x) yields:

g(τ) = Re
〈
ei
∫ τ

0

√
2DsdWs

〉
(4.39)

The term in the real part operator can be interpreted as the characteristic function of
the random variable X(τ) =

∫ τ
0
√

2DsdWs for wavenumber u = 1. Using the moment
representation of the characteristic function, we obtain

g(τ) = Re
∞∑
n=0

in

n!mn(τ) , (4.40)

where we have defined the moments mn = 〈Xn〉. For symmetry reasons, the odd
moments vanish,

m2n+1 = 0 , (4.41)
and the real part operator can be skipped. First, we calculate m2, where we use again
the independence of the two stochastic processes dWt and Dt in the second line,

m2(τ) = 〈
∫ τ

0

√
2Ds1dWs1

∫ τ

0

√
2Ds2dWs2〉

=
∫ τ

0

∫ τ

0
〈
√

2Ds1

√
2Ds2〉〈dWs1dWs2〉

=
∫ τ

0

∫ τ

0
〈
√

2Ds1

√
2Ds2〉δ(s1 − s2)ds1ds2

= 2
∫ τ

0
〈D〉ds1

= 2〈D〉τ (4.42)

Next, we calculate the fourth moment m4, where we use the correlation function of Eq.
(4.33) in the fourth line:

m4(τ) =
∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0
〈
√

2Ds1

√
2Ds2

√
2Ds3

√
2Ds4〉〈dWs1dWs2dWs3dWs4〉

=
∫ τ

0

∫ τ

0

∫ τ

0

∫ τ

0
〈
√

2Ds1

√
2Ds2

√
2Ds3

√
2Ds4〉3δ(s1 − s2)δ(s3 − s4)ds1ds2ds3ds4

= 12
∫ τ

0

∫ τ

0
〈Ds1Ds2〉ds1ds2

= 12
∫ t

0

∫ t

0
〈D〉2 + (D0 −DT )2rλ

(λ+ r)2 e−(λ+r)|s1−s2|ds1ds2

= 12
(
〈D〉2τ2 + I

)
= 12

(
〈D〉2τ2 + 2 ∆2D

λ+ r

[
τ + e−(λ+r)(τ−0)

λ+ r
− 1
λ+ r

])
(4.43)
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Replacing in the double integral
∫ τ

0 . . . ds1 by 2
∫ s2

0 . . . ds1, the integral I is calculated as
follows:

I = 2
∫ τ

0

∫ s2

0
∆2De−(λ+r)(s2−s1)ds1ds2

= 2
∫ τ

0

[
∆2D

λ+ r
e−(λ+r)(s2−s1)

∣∣∣∣∣
s1=s2

s1=0
ds2

= 2 ∆2D

λ+ r

∫ τ

0
1− e−(λ+r)s2ds2

= 2 ∆2D

λ+ r

[
s2 + e−(λ+r)s2

λ+ r

∣∣∣∣∣
s2=τ

s2=0

= 2 ∆2D

λ+ r

[
τ + e−(λ+r)τ

λ+ r
− 1
λ+ r

]
(4.44)

Truncating the sum of Eq. (4.40) for n > 4 , we finally obtain:

gΘ(τ) =1− 〈D〉τ + 〈D〉2τ2/2

+ ∆2D

λ+ r

(
τ + e−(λ+r)τ

λ+ r
− 1
λ+ r

)
.

(4.45)

This form suggests a slope −〈D〉 of the correlation function for times τ < (λ + r)−1,
which in our case means τ < 0.2 s and is just valid for the very initial time range of the
correlation function. From Eq. (4.45) we can extract another linear approximation by
concentrating on the time range (λ+ r)−1 < τ < 〈D〉−1. It gives Eq. (4.11) from above,

gΘ(τ) = 1−
(
〈D〉 − ∆2D

λ+ r

)
τ , (4.46)

from which we obtain an expression for the relaxation rate αΘ measured in experiments.
It is determined by 〈D〉 and the second term in the brackets is a correction. But it is
sufficient to determine separate values for r and λ, when r/λ is known from the analysis
of the pdf p(|∆Θ|). Solving the equation for αΘ for either λ or r, we obtain the formulae

λ = ∆2D

(1 + (λ/r)−1)(〈D〉 − αΘ) , (4.47)

r = ∆2D

(1 + λ/r)(〈D〉 − αΘ) . (4.48)

Numerical investigations of the directional autocorrelation function

The directional autocorrelation function gΘ(τ) = 〈e(τ) · e(0)〉 has an exponential form
in experiments (see Fig. 4.5). Here, we validate this dependence by numerically solving
Eq. (4.3) with the inferred parameters of Table 4.1 which we determine in Sec. 4.3.1.
The semi-logarithmic plot in Fig. 4.6(a) shows the resulting autocorrelation function
(blue data points). It is in good agreement with the exponential decay of Eq. (4.10)
using the relaxation rate αΘ from Eq. (4.11), which we derived in the previous section
in Eq. (4.46). This validates our proposition for the relaxation rate.

Moreover, we can further validate the exponential fit to the experimental directional
autocorrelation function using the theoretical value for the relaxation rate. After having
inferred the reduced parameter set (λ/r,D0, DT ) as described above using the pdf p(|Θ|),
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Figure 4.6: (a): Semi-logarithmic plot of the directional autocorrelation function from a
numerical solution of Eq. (4.3) using the inferred parameters from Table 4.1 (blue data
points). The orange line shows an exponential decay with the relaxation rate from Eq.
(4.11). (b): Mean squared deviation between the simulated directional autocorrelation
function gΘ(τ) = 〈e(t+ τ) · e(t)〉 and the experimental curve for different tumble rates
λ. The global minimum at λ = 0.81 s−1 verifies the use of the theoretical expression
(4.11) for the relaxation rate.

Table 4.1: Inferred parameters for the stochastic processes of speed and angle for E.coli
moving in a buffer medium without a chemical gradient (control experiment).

Speed Angle

λ 0.83± 0.04 s−1 λ 0.84± 0.02 s−1

r 4.41± 0.30 s−1 r 3.81± 0.30 s−1

v0 20.8± 0.2 µms−1 D0 0.090± 0.002 s−1√
σ2

r 5.11± 0.07 µms−1 DT 2.31± 0.12 s−1

η 0.85± 0.01

we determine the directional autocorrelation function by simulating the angle process
with the reduced parameter set for different values of the parameter λ. Figure 4.6(b)
shows the mean squared error Σ of the simulated autocorrelation function compared to
the experimental function plotted versus the tumble rate λ. The best match is for a λ
very close to the value shown in Table 4.1, which was determined using the theoretical
prediction of Eq. (4.11) for the relaxation rate αΘ.

4.3 Inference of swimming parameters

We are now equipped to infer the swimming parameters from experimental data for
different experimental settings. We first illustrate the inference method by applying
it to a control experiment where E.coli swims in a homogeneous buffer solution. We
validate it by comparing the inferred parameters to their values determined by the
heuristic tumble recognizer from Sec. 4.1.4. Then we apply it to data that was recorded
in a linear gradient of α-methyl-aspartate demonstrating that our method also reveals
the chemotaxis strategy of E.coli.
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4.3.1 E.coli in a uniform environment

Figures (4.4) and (4.5) show distributions and autocorrelation functions for speed and
angular displacements recorded for E.coli when swimming in a homogeneous buffer
without any chemical gradient. Note that speed and angle inference are performed
separately from each other but they are linked by the tumble rate λ and the inverse
tumble time r.

Speed inference:

From the histogram of the recorded speed values in Fig. 4.4(a) we determine the moments
of the experimental speed data:

mv,exp
n := N−1

N∑
i=0

T−1
i

Ti∑
t=0

[vi(t)]n . (4.49)

The sums are taken over all tracks i = 0, . . . , N and all times t, where Ti is the length of
track i. Figure 4.4(b) shows the exponential fit to the speed auto-correlation function,
which yields the experimental relaxation rate αV = −5.1± 0.2 s−1. Note that the error
estimate and all the following ones are obtained by the method of bootstrapping (see Sec.
4.3.3 for more details). We match the first eight speed moments and the relaxation rate
to the their theoretical expressions of Eqs. (4.5)-(4.7) and obtain 9 non-linear equations
for the speed swimming parameters. We solve these equations numerically using a
simplex-downhill optimization algorithm from the python package scipy.

Angle inference:

Independently, we match the theoretical distribution function for the angular displace-
ment [given in Eq. (4.8)] to the experimentally recorded histogram in Fig. 4.5(a) and
thereby extract the parameters D0, DT , and λ/r. We perform the fit up to ∆Θ = π/2
to avoid the offset for angular displacements larger than π/2. Last, by matching the
experimental relaxation rate αΘ of the directional autocorrelation function to the theo-
retical expression of Eq. (4.11), we obtain the full set of parameters [see also Eqs. (4.47)
and (4.48) in Section 4.2.2]. Figure 4.5(b) shows the linear fit with relaxation rate
αΘ = 0.33 s−1 ± 0.02 (green line) and the exponential fit with rate αΘ = 0.32 s−1 ± 0.01
(orange line) in a semi-logarithmic plot.

Inferred Parameters:

Table 4.1 gives an overview of the inferred swimming parameters for the two stochastic
processes for speed and angle. The two inferred tumble rates λ are very close together
and the inverse tumble times r agree within the error bars. Our results are in good
agreement with tumble rate λ = 0.84 s−1 and swimming velocity v0 = 20.7 µms−1 deter-
mined with a heuristic tumble recognizer (see Sect. 4.1.4 and Ref. [35]). This validates
our inference method. Moreover, our findings are in good agreement with previously
measured tumble rates [23, 35, 36] and swimming speeds [162]. The inferred value for the
thermal rotational diffusivity D0 agrees with previously reported values in the literature,
which range from 0.06 s−1 [35, 123] to 0.18 s−1 [163].
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Figure 4.7: Comparison of the two tumble angle distributions P (|β|) measured by the
heuristic tumble recognizer (blue bars) and determined from the stochastic process for
the orientation angle using the inferred parameters DT and r from Table 4.1 (orange
line). The distribution determined from theory has a maximum at βmax = 0.78 = 45°
and the mean tumble angle is 〈|β|〉 = 1.06 = 61°.

We use the enhanced rotational diffusion coefficient DT = 2.31 s−1 and the inverse tum-
ble time r = 3.81 s−1 of the angle stochastic process to determine the distribution func-
tion of absolute tumble angles, P (|β|), by recording the angular displacement for expo-
nentially distributed tumble times with mean r−1. The corresponding three-dimensional
distribution function is obtained by multiplying the two-dimensional quantity with sin β
from the solid angle element. The resulting distribution is shown in orange in Fig. 4.7
for |β| < π. It has a maximum at βmax = 0.78 = 45° and the mean tumble angle is
〈|β|〉 = 1.06 = 61°, which are remarkably close to the values βmax = 45° and 〈|β|〉 = 62°
from Ref. [23]. The shape of the distribution function is similar to the one obtained with
the heuristic tumble recognizer (blue bars). Also, the maximum values are very close.
While the main characteristics of the two curves agree well, the heuristic tumble recog-
nizer determines more tumbles for angles close to π. As a result, it finds a larger mean
tumble angle 〈|β|〉 = 1.43 = 82°. This might be explained as follows. Some tumbles
occur only in one time interval, where one cannot distinguish between a leftward tumble
angle β̃ and a rightward tumble |β̃ − 2π|. Thus, the heuristic tumble recognizer chooses
always the smaller angle and, therefore, the distribution of tumble angles close to π is en-
hanced. In contrast, our inference for the angle process only uses angular displacements
up to π/2 and thereby avoids differences of P (∆Θ) between theory and experiment for
values larger than π/2, as discussed in connection with Fig. 4.5(a). Therefore, we think
that our inferred tumble angle distribution gives a better account of P (|β|).

Compared to literature we define the tumble time differently by setting τt = r−1. Usu-
ally, one employs a tumble recognizer and identifies the tumble state when the angular
displacement (per time step) exceeds a threshold value [19, 23, 43, 164]. The duration of
this period is then the tumble time [see also Fig. 4.8(a)], for which values of τt = 0.12 s
and 0.14 s were measured using different thresholds [19, 23]. However, this procedure
underestimates the duration of a tumble event, which starts when a flagellum leaves the
bundle and ends when it returns to the bundle. At the beginning and end of this period,
the angular displacement (per time step) can, of course, be below the given threshold
value. Indeed, Ref. [43] has shown that the duration of a tumble event obtained from
visualizing the flagellar dynamics during tumbling is significantly larger than the time
determined by tumble recognizers.
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Figure 4.8: (a) Usually, the tumble time τt is defined as the period where the angular
displacement per time step exceeds an a priori threshold value. (b) In our method the
tumble time is the inverse speed relaxation rate r−1.

In contrast to tumble recognizers, our method defines the tumble time as the inverse
relaxation rate τt = r−1. This is a more rational quantification of the tumble time
without the need for an a priori threshold value. Tumbles are initiated when the speed
jumps below the swimming speed and they end when the speed has relaxed back to the
swimming speed. We argue that the higher value τt = 0.23 s obtained by our method
describes the tumble process more precisely.

4.3.2 Chemotaxis in a linear density gradient of chemoattractants

Next, we apply our method to experimental data of E.coli recorded in a constant gradient
of a chemoattractant concentration. We first condition the analysis on the swimming
direction, which allows us to determine how the swimming parameters depend on the
orientation or swimming angle θ. Hereafter we present results for conditioning the data
on the chemoattractant concentration c.

Conditioning on orientation

We divide the experimental data into eight subsets or sectors each spanning a range
of orientation angles centered at θn = 2πn/8 for n = {0, 1, ..., 7}. Here, θ = 0, 2π
means swimming up the gradient and θ = π against the gradient. In practice, instead
of dividing the data for the orientation angle into 8 disjunct sectors, we use smooth
weighting based on Gaussian kernels as in Ref. [35] (for further details see Sec. 4.3.3).
Figure 4.9 shows the results from applying our inference method to the moments of
speed and the distribution of angular displacements. Graph (a) plots the tumble bias
λ/r, the ratio of tumble time to run time, versus orientation angle. It is lowered when
swimming up the gradient (θ = 0, 2π) and increased when swimming down the gradient
(θ = π). This confirms the classical chemotaxis strategy. The curves from angle inference
(orange) and speed inference (blue) show good agreement. Again, we recognize that both
inference strategies give coherent results, even though they are performed independently
from each other. In Fig. 4.9(b) the rotational diffusion coefficient DT during tumbling
also depends on the swimming direction. It is lowered when swimming up the gradient
and increased when swimming down the gradient. This suggests angular persistence or
a reduced mean tumble angle, when swimming in a favorable direction, as a chemotaxis
strategy. It was already reported in Refs. [19, 35]. We will comment more on this
strategy in the following.
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(a) (b)

Figure 4.9: (a) Tumble bias λ/r conditioned on the swimming angle θ and determined
either by angle inference (orange) or speed inference (blue) for E.coli in a linear gradient
of chemoattractant (α-methyl-aspartate). (b) Rotational diffusion coefficient DT during
tumbling conditioned on the orientation angle θ. The grey line represents the average
over all swimming directions in both plots. The bacterium swims up the gradient for
θ = 0, 2π and down the gradient for θ = π.

Adding the speed autocorrelation function to the parameter inference, we investigate
whether tumble rate λ and tumble time r−1 are separately modulated during chemotaxis.
Figure 4.10 shows the results for the speed parameters λ, r, η, v0, σ. Indeed, we recover
the classical chemotaxis strategy in plot (a) with a strong reduction of the tumble rate
when swimming up the chemical gradient. The tumble rate for θ = 0 is less than
half of the tumble rate for θ = π and the cosine fit (purple dashed line) seems to be
appropriate, which confirms earlier findings of Ref. [35]. The same trend occurs for the
tumble time r−1, which increases when swimming down the gradient. Again, the cosine
is a good fit. This bias in tumble time together with the same trend for the diffusion
coefficient DT found above confirms a bias in the mean tumble angle 〈β〉. It is enhanced
when swimming in an unfavorable direction, which confirms the alternative chemotaxis
strategy identified in Refs. [19, 35]. We can link the angle bias to the signaling pathway
within the cell described in Sec. 3.2.1. If more molecules bind to the receptors, fewer
CheY-P will diffuse to the flagellar motors making a motor reversal less probable. In
addition to a lower probability for tumbles, for which at least one flagellum has to rotate
clockwise, we will also have a lower probability for two or more flagella rotating clockwise
at the same time. Tumbles that have such overlapping motor reverses should have, on
the one hand, a longer duration, since the second flagella that leaves the bundle may
prolong the tumble and, on the other hand, a stronger torque that reorients the cell,
since several flagella may leave the bundle at the same time. Overlapping motor reverses
are less probable when swimming up the gradient, hence, we would expect the tumble
time to be shorter on average and the reorientation dynamics to be slower, which is
exactly what we observe. No significant modulations are visible for the jump height η
as well as the swimming speed v0 plotted in (c) and (d), respectively. The latter implies
that E.coli does not perform chemokinesis. In the last plot (e) we report a bias in speed
fluctuations. The swimming speed is significantly more volatile when swimming up a
chemical gradient compared to swimming against it. We are not aware that this has
been reported so far and it is also not clear to us what purpose it serves. Finally, we
note that the cosine curve is again a good fit.
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Figure 4.10: Inferred parameters of the speed process conditioned on the swimming
angle θ and inferred from the same experiment as in Fig. 4.9. We recover the bias of
tumble rate in (a), find a bias in tumble time r−1 in (b), no significant dependence for
the jump height in (c), no chemokinesis in (d), and a novel fluctuation bias in (e). The
bacterium swims up the gradient for θ = 0, 2π and down the gradient for θ = π. The
grey lines are the mean after averaging over all swimming directions, the red line is the
swimming speed obtained by using the heuristic tumble recognizer, and the pink dashed
lines are cosine fits f(θ) = a+ b cos(θ). The fitted parameters are listed in (f).
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Conditioning on concentration

We now direct our attention to the background concentration c and how the swimming
parameters depend on it. It is sufficient to condition on the x-position as in a linear
gradient the concentration is proportional to x, c ∝ x. We divide the experimental
data into six sectors each spanning a range of positions x centered at xn = n∆x for n =
{0, 1, ..., 5} and sector width ∆x = 100 µm. As the gradient is in the positive x-direction,
x = 0 means being at low concentrations and x = 500 µm at high concentrations. Again,
instead of dividing the data into 6 disjunct sectors, we use smooth weighting based on
Gaussian kernels.

We present the results for the parameters λ/r, v0, and DT in Fig. 4.11. The tumble
bias λ/r in plot (a) is increased by around 18% between the left and the right edges
of the observation field. This would suggest that the response to the chemoattractant
α-methyl-aspartate is not adapted, which contradicts previous results [26, 36, 141, 165].
However, in the control experiment (green curve) where no chemoattractant is present,
the tumble rate is not a constant but exhibits a modulation with a similar amplitude:
The tumble bias is increased in the center of the observation field around 15% compared
to the edges of the observation fields. The origin of the tumble bias variations remains
unclear. We conclude that further investigations are needed.

In Fig. 4.11(b) the swimming speed v0 in the gradient experiment shows a small trend
to increase for higher x, too. This would imply chemokinesis. However, this increase
is only about 4% between left and right edges and the opposite trend, a decrease of
5%, is visible for the control experiment (green curve). Again, further investigations are
needed.

In Fig. 4.11(c) the rotational diffusion coefficient DT during tumbling shows an increase
by around 24% between the left and right edge. This would suggest that for constant
tumble times the reorientation angle tends to be larger at high concentrations. But
again, the control curve is not a constant, it rather shows partially the same trend.

We conclude that we have seen significant trends for the tumble bias λ/r and the rota-
tional diffusion coefficient during tumbling DT as a function of the position x. Whether
these trends are real trends as a function of the concentration c, which is proportional
to x, is not clear as the control curves show the same trends to an extent. The origin
of these trends has to be clarified in future investigations. Then, it would be interesting
to see what happens if E.coli swims in a gradient of chemoattractant to which it is not
adapted, e.g. serine.

4.3.3 Method of bootstrapping and smooth weighting of data

Bootstrapping allows us to derive an estimate of the standard deviation of the inferred
parameters without the need for repeated experiments [166]. Similar to Ref. [35], we
create synthetic ensembles by randomly mixing subsets of the original data set. Let
T0 = {t1, ...., tN} be the set of original trajectories. Pulling N random trajectories of
this set and laying them back after each pull, one obtains a bootstrap sample T1 =
{t̃1, ..., t̃N}, where single trajectories can appear several times. We create K = 100 of
these bootstrap samples, apply our inference technique to each sample, and obtain a
distribution of values for each swimming parameter. The error bars in the previous
sections are the standard deviation from the mean of each swimming parameter.

The conditioning in the previous section needs the division of the data in different
sectors. Instead of a discrete division, we use the whole data set for each sector but
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Figure 4.11: Inferred parameters conditioned on the x-position in the channel. A linear
gradient is present in positive x-direction, and hence the concentration is proportional
to the position, c ∝ x. We use the speed inference (blue) and the angle inference
(orange). The green curve shows the values obtained for the control experiment without
chemoattractant gradient. We plot the tumble bias λ/r in (a), the swimming speed v0
in (b), and the rotational diffusion coefficient DT during tumbling in (c).

weight the data by a Gaussian kernel similar to Ref. [35]. The speed moments for N
experimental trajectories when conditioning on a specific swimming angle θ are then
calculated according to

〈mV
n (θ)〉 =

∑N
i=1

∑
t vi(t)n exp

(
− [Θi(t−2∆t)−θ]2

2∆θ2

)
∑N
i=1

∑
t exp

(
− [Θi(t−2∆t)−θ]2

2∆θ2

) , (4.50)

where we have introduced the width of a section, ∆θ = 0.125π, and their centers θ.
Note that we use the actual orientation angle Θi(t − 2∆t) of the second previous time
step to calculate the moments. Tumble events have a finite duration of around 2∆t
and this ensures that the whole tumble is connected to the condition of the previous
run. The same Gaussian kernels are applied when we calculate the histogram of angular
displacements and the autocorrelation functions for speed and direction. In case of
conditioning on the x-position, it is straightforward to rewrite Eq. (4.50) accordingly.

4.4 Robustness of the inference method

How robust is our inference method? In the following, we demonstrate its general
validity by using different chemoattractants and growing media, respectively, in Sec.
4.4.1. Moreover, we determine the minimal amount of data it requires in Sec. 4.4.2,
discuss its limited validity for gamma-distributed run times in Sec. 4.4.3, and finally
study its dependence on the time step ∆t in Sec. 4.4.4.

4.4.1 Varying the experimental configurations

Serine as chemoattractant

First, we use L-serine instead of α-methyl-aspartate as chemoattractant. Cells were
harvested and washed two times before they were placed in the motility buffer enriched
with the chemoattractant L-serine (Sigma-Aldrich, USA) at final uniform concentrations
c0 = 1, 10, 100, and 1000 µM. Figure 4.12(a) shows the normalized tumble rate λ/λ∗
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Figure 4.12: Normalized tumble rate λ/λ∗ (a) and normalized swimming speed v0/v
∗
0 (b)

as a function of the concentration c0 of L-serine for E.coli AW405. Cells were harvested
and washed two times in the motility buffer enriched with the chemoattractant L-serine
(Sigma-Aldrich, USA) at concentrations c0 = 1, 10, 100, and 1000 µM. λ∗ and v∗0
denote the reference values of the control experiment at c0 = 0 µM. The results from
the heuristic tumble recognizer and our inference method nicely agree.

and Fig. 4.12(b) shows the normalized swimming speed v0/v
∗
0 both as a function of the

serine concentration obtained by our inference method. Here, λ∗ and v∗0 denote the
reference values from the control experiment without any chemoattractant.

First of all, the parameters determined using the tumble recognizer and our inference
method agree well within the error bars. Our results for the tumble rate are in qualitative
agreement with previous measurements, see Fig. 4.12(a). Except for one data point,
our data shows a decreasing tumble rate in higher concentrations of serine as in Refs.
[23, 141]. Currently, we have no explanation for the outlier at c0 = 100 µM, which needs
further investigation. Within error bars, our results for the swimming speed shown in
Fig. 4.12(b) are similar to those obtained for the E.coli RP437 strain [141, 167], in
particular we do not see the 40% increase in swimming speed of E.coli AW405 in serine
reported by [23], neither. We emphasize that both analysis methods, heuristic tumble
recognizer and our inference method, do not show this increase. Thus, we conclude
that our method is also applicable for experiments in serine. The lack of an increase in
swimming speed is an experimental issue and needs further investigation. A potential
reason could be the different motility buffer used in our experiments compared to the
one in Ref. [23].

Different growth medium

Moreover, we apply our method to experimental data from Ref. [35]. A similar experi-
mental set-up was used except for the growth medium, which was Lysogeny broth (LB)
instead of TB. Our method infers a tumble rate of λ = 0.37± 0.02 s−1 and a swimming
speed of v0 = 18.1± 0.2 µms−1. This is in agreement with the tumble rate determined
in Ref. [35] (λ = 0.39± 0.03 s−1) and the swimming speed, which was obtained by using
the heuristic tumble recognizer (v0 = 18.0± 0.1 µms−1). Thus, our method also repro-
duces essential parameters in a different growth medium, where bacteria tumble less
often.
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Figure 4.13: (a) Thermal value of rotational diffusion constant D0 plotted versus the
total length T of the data set used in the inference (a). Below T ∗ = 145 s the fitting
procedure does no longer terminate. Moments of the speed process (b) and the speed
autocorrelation function (c) calculated from Eqs. (4.5)-(4.7) (blue) and simulated with
gamma-distributed run times (orange).

4.4.2 Minimal amount of required data

How many data points does our inference method need to produce reliable results?
Figure 4.13(a) provides an answer. We reduce the total length of data T by randomly
eliminating trajectories and plot the inferred value of the rotational diffusion constant
D0. The minimal amount of data required for our inference method to work is found
to be T ∗ = 145 s. For shorter lengths the inference technique no longer generates
an estimate. We make our point using D0, but we have also checked that the other
parameters stay in the ranges reported in Table 4.1.

4.4.3 Gamma-distributed run times

Figure 4.13(b) shows the theoretical moments of Eqs. (4.5) and (4.6) (blue stars) and
numerical values from simulations, where the speed process uses gamma-distributed
run times (orange stars) in Eq. (4.4) instead of a Poisson process. A Γ-process has
been found for the run times of the marine bacterium Pseudomonas putida [45] or the
switching mechanism of the flaggelar rotary motor of E.coli [168]. Indeed, we can derive
Eqs. (4.5) and (4.6) also for a Γ-process. This follows from Wald’s equation and the
Blackwell’s theorem [169] (see Sec. 2.1.4 and also S6 in the supplemental material of
Ref. [35]). In contrast, the formula of Eq. (4.7) for the speed autocorrelation function
is not valid for gamma-distributed run times, as can be seen in Fig. 4.13(c). This is in
agreement with Ref. [170].

4.4.4 Varying the time step ∆t

The experimental data from above is recorded with a frame rate of 20 Hz, corresponding
to a time step of ∆texp = 0.05 s. We can change the time step of our inference method by
using only every k-th data point, which yields a time step ∆t = k∆texp for k = 1, 2, 3, . . . .
We study the influence of the time step on speed and angular dynamics in the following.
For the speed dynamics, we apply our inference method to the control experiment for
each different time step ∆t. Fig. 4.14(a) shows the inferred tumble bias λ/r for different
∆t. The tumble bias, as well as all other swimming parameters of the speed process (not
shown), converges very fast to a stable output where it does not vary significantly. We
conclude that the speed inference is robust to changes in the time step for ∆t ≥ 0.1 s.
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Figure 4.14: (a) Inferred tumble bias λ/r using different time steps ∆t in the speed
inference. (b)-(e) Plots of the n-th moment for the angular displacement mn

∆t as a
function of the time step ∆t. Moments were calculated from experimental data (blue
stars), from Eq. (4.9) (green stars, labeled “Our model"), and from Pohl’s model (red
stars). Figure is adapted from [171].

For the angular dynamics we calculate the moments of the angular displacement ∆Θ(t) =
Θ(t+ ∆t)−Θ(t) within the time step ∆t:

m∆Θ
n (∆t) := N−1

N∑
i=0

T−1
i

Ti∑
t=0

[∆Θ(t)]n . (4.51)

The sums are taken over all tracks i = 0, . . . , N and all times t, where Ti is the length
of track i. The angle is calculated from the trajectories by

Θ(t) = tan−1
(
x(t+ ∆t)− x(t)
y(t+ ∆t)− y(t)

)
. (4.52)

We plot the absolute moments for the angular displacement m∆Θ
n = 〈|∆Θ|〉 as a function

of the time step ∆t in Figs. 4.14(b)-(e). The blue curves correspond to experimental
data. They have to be compared to the fitted green curves for the theoretical moments
in Eq. (4.9). The green curves are in good agreement with the experimental curve for
∆t = 0.05 s and 0.1 s, but a clear deviation is visible for time steps ∆t > 0.1 s. Our
model resolves tumbles, it describes them as a diffusive motion on the unit sphere, and
thus requires time steps that are smaller than the usual tumble time ∆t < τt ' 0.2 s.
For larger time steps, tumbles are no longer a diffusive random walk on the unit sphere
but an instantaneous reorientation event.

Instantaneous tumbles were assumed in Pohl’s model (see Sec. 3.1.2). The red curves
show shows a fitting of the theoretical moments for the angular displacement [35]. Here,
we see a good agreement for time steps ∆t ≥ 0.5 s.

We conclude that our model requires experimental data that resolves the tumble events,
i.e., ∆t < τt. For experimental data with a larger time step ∆t > τt, one has to use Pohl’s
model, which models tumbles as instantaneous events. Hence, our angular statistics are
sensitive to the chosen time step ∆t in contrast to the speed inference method.
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4.5 Correlation in the turn rate

We take a closer look at the angular dynamics. The autocorrelation function g(τ) of the
turn rate ω = ∆Θ

∆t determined from the experimental data is plotted in Fig. 4.15(a). The
exponential fit provides a correlation time τ∗ = 0.18 s, which is significantly larger than
the time step ∆t = 0.05 s. Hence the turn rate is correlated in time. This is remarkably
as our Langevin equation (4.3) does not capture this finite correlation time. Our model
inherits the δ-correlation from the white noise process, as the telegraph process D(t)
and the white noise process Γ(t) are stochastically independent:

〈ω(t)ω(s)〉 = 〈2
√
D(t)D(s)〉〈Γ(t)Γ(s)〉 ∝ δ(t− s) . (4.53)

We can show that Pohl’s model has a δ-correlated turn rate, too. In Eq. (3.2) shot noise
q(t) and white noise Γ(t) are stochastically independent and both their means are zero
as positive and negative values have the same probability: 〈q(t)〉 = 0 and 〈Γ(t)〉 = 0.
Mixed terms of these processes thus vanish. We obtain

〈ω(t)ω(s)〉 =
〈[√

2DrotΓ(t) + q(t)
] [√

2DrotΓ(s) + q(s)
]〉

,

= 2Drot〈Γ(t)Γ(s)〉+
√

2Drot
(
〈Γ(t)〉〈q(s)〉+ 〈Γ(s)〉〈q(t)〉

)
+ 〈q(t)q(s)〉 ,

=
(
2Drot + λ〈β2〉) δ(t− s) .

(4.54)
where we have used the δ-correlation of the white noise process and calculated the
correlation function of the shot noise using Eq. (2.82) with impulse response function
f(t) = δ(t). It agrees with the second Kramers-Moyal coefficient that was calculated
in Ref. [35] after setting t = s and integrating over t. Note that Pohl’s model requires
time steps that are larger than the correlation time ∆t > τ∗, for which the experimental
turn rate is approximately δ-correlated. In the lower panel of Fig. 4.15(b) we show a
numerical solution of Pohl’s model using a time step ∆t = 0.5 s.

4.5.1 A quick estimate of the tumble time

During tumbles, the turn rate should be correlated in time, which a visual inspection
of the turn rate time series in Fig. 4.3(c) confirms. In contrast, thermal diffusion is
uncorrelated in time and also, measurement errors can not lead to a correlation between
ca. four data points. This allows us to draw an interesting conclusion: The correlation
time is directly connected to the tumble time. Comparing the extracted correlation time
τ∗ = 0.18 s to the inferred tumble time from above τt = 0.23 s confirms our conclusion.

4.5.2 Alternative description of the angular dynamics

How can we implement the finite correlation of the turn rate in a theoretic model?
In the following, we will present an alternative description of the angular dynamics
that captures the turn rate correlation for which we then provide analytical results for
cumulants and the autocorrelation function.
We extend Pohl’s model by substituting the instantaneous δ-jump for a tumble by an
exponential impulse response function, which we have already seen for the electrons in
a vacuum tube in Eq. (2.72),

f(t) =
{
re−rt , for (t > 0),
0 , for (t < 0).

(4.55)
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Figure 4.15: (a) The autocorrelation function of the experimental turn rate ω = ∆Θ
∆t

for ∆t = 0.05 s. The red line is an exponential fit y(τ) = ae−
τ
τ∗ with a = 0.464 and

correlation time τ∗ = 0.18 s. Figure is adapted from [171]. (b) Simulated experimental
time series of the angular displacement ∆Θ using Eq. (4.56) of the alternative model
that exhibits correlation (upper panel) and using Pohl’s model (the lower panel). The
orange dashed lines mark initiations of tumble events at times tk. The time steps are
∆t = 0.05 s and ∆t = 0.5 s, respectively.

The exponent r describes the inverse tumble duration, and multiplication by r ensures
that the integral over the impulse response function is one. We define the Langevin
equation as the sum of a shot noise and a white noise term similar to Pohl’s model:

d

dt
Θ(t) = Γ(t) + q(t) . (4.56)

The white noise term Γ(t) describes rotational thermal diffusion and is fully characterized
by 〈Γ(t)〉 = 0 and 〈Γ(s)Γ(t)〉 =

√
2Drotδst. Note that this is a different notation as

before because the diffusion constant is now part of the process Γ. The shot noise term
is defined as

q(t) =
Nλ∑
i=1

βkf(t− tk) , (4.57)

which describes the tumble events initiated at time tk and the impulse response function
f(t − tk) is given by Eq. (4.55). The tumble angles βk are drawn from a tumble angle
distribution P (β) which is characteristic for a bacterium. Pohl used a gamma distri-
bution with shape parameter ν1 and scale parameter ν2 for E.coli. Note that we have
derived an equivalent definition of the shot noise term in Sec. 2.1.4. It is given by the
stochastic differential equation

dq(t) = [λr − rq(t)] dt+ rβkdÑ(t) , (4.58)

where dÑ(t) = dN(t)−λdt denotes a compensated Poisson process. Altogether, we end
up with five parameters for the alternative angle process: {λ, r,Drot, ν1, ν2}.
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4.5.3 Cumulants, autocorrelation and distribution function

We present statistical properties of Langevin equation (4.56). First, we calculate the
autocorrelation function for the turn rate ω = dΘ

dt ,

〈ω(t)ω(s)〉 =
〈

[Γ(t) + q(t)] [Γ(s) + q(s)]
〉
,

= 〈Γ(t)Γ(s)〉+ 〈Γ(t)〉〈q(s)〉+ 〈Γ(s)〉〈q(t)〉+ 〈q(t)q(s)〉 ,

= 2Drotδ(t− s) + 1
2λr〈β

2〉e−r|t−s| .

(4.59)

In the last step, we have inserted the autocorrelation of the shot noise process [see Eq.
(2.82)],

〈q(t)q(s)〉 = λ〈β2〉
∫ ∞
−∞

f(t′ + t)f(t′ − s)dt′ ,

= λ〈β2〉r2e−r|t−s|
∫ ∞

0
e−2rt′dt′ ,

= 1
2λr〈β

2〉e−r|t−s| .

(4.60)

The turn rate in the alternative model is exponentially correlated as required and the
correlation time corresponds to the tumble time τ∗ = r−1 as argued above.

Next, we state the cumulants of the angular displacement ∆Θ during a time step ∆t.
Cumulants are the coefficients in the Taylor expansion of the cumulant-generating func-
tion K(u) = log

(
〈eiu∆Θ〉

)
, which is the natural logarithm of the characteristic function

c∆Θ(u) = 〈eiu∆Θ〉 of the random process ∆Θ(t). The cumulants κn(W ) of the white
noise increments W (∆t) =

∫∆t
0 Γ(t′)dt′ are calculated as follows: The increments follow

a normal distribution with mean µ = 0 and variance 2Drot∆t. Using Eq. (2.33) we
obtain the corresponding cumulant generating function log[cΓ(u)] = −u2Drot∆t and by
using Eq. (2.43) we finally arrive at the cumulants

κW1 = 0 , κW2 = 2Drot∆t , κWn = 0 for n > 2. (4.61)

The cumulants κQn of the shot noise process Q(t) = q(t)∆t can be calculated using Eq.
(2.81). We obtain

κQn = 1
n
〈βn〉λrn−1(∆t)n . (4.62)

The R.H.S. of the Langevin equation (4.56) for the angle contains two independent
terms. Cumulants are additive, κ∆Θ

n = κWn +κQn , as shown in Eq. (2.44). Thus, we prefer
cumulants over moments here, nevertheless moments can be calculated from cumulants
and vice versa as discussed in Sec. 2.1.2. Even cumulants are given by:

κ∆Θ
2 = 2Drot∆t+ 1

2〈β
2〉λr(∆t)2 , (4.63)

κ∆Θ
2n = 1

2n〈β
2n〉λr2n−1(∆t)2n . (4.64)

As positive and negative values are equally probable for both shot noise and white noise,
odd cumulants vanish due to symmetry. As this would not add any information for an
inference method, we calculate the absolute moments instead. We use the idendity
|a + b| = 2 max(a,−b) − a + b and follow a similar reasoning as done in Supplemental
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Material S1 in Ref. [35]. We obtain for the first and third moment:

m
|∆Θ|
1 = λ∆t〈|β|〉+ 2

(
1− λ

r

)√
Drot∆t
π

, (4.65)

m
|∆Θ|
3 ≈ mQ

3 + 4
(

1− λ

r

)√(Drot∆t)3

π
+ 6λ〈|β|〉Drot∆t , (4.66)

where we have introduced the absolute moment of Q. It can be calculated as a function
of the absolute cumulants

mQ
3 = 1

3λr
2〈|β|3〉(∆t)3 + 3

2rλ
2〈|β2|〉〈|β|〉(∆t)3 + (λ〈|β|〉∆t)3 . (4.67)

The first and third cumulant of the whole angular process ∆Θ can be calculated using
the relations κ1 = m1 and κ3 = m3 − 3m2m1 + 2(m1)3.

Finally, we derive an analytical expression for the probability distribution function (pdf)
of the angular displacement, p(∆Θ). Using the cumulants and Eq. (2.43), we can cal-
culate the cumulant-generating function log[c∆Θ(u)]:

log[c∆Θ(u)] =
∞∑
n=0

κn
(iu)n
n! ,

= −u2Drot∆t+ C + λ

r

∞∑
n=1

(−1)n〈β2n〉(ur∆t)
2n

2n(2n)! .

(4.68)

Here, we have inserted the cumulants whereby odd cumulants are zero and the zeroth
cumulant is the normalization constant C. Note that the cumulant-generating function
of a sum of two stochastic processes is the sum of its individual parts. Hence, we recover
the cumulant-generating function of the white noise process log[cΓ(u)] = −u2Drot∆t.
The pdf can now be accessed by using the inverse Fourier transformation of the charac-
teristic function:

p(∆Θ) = 1
2π

∫
e−iu∆Θc∆Θ(u)du ,

= 1
2π

∫
exp

[
−iu∆Θ− u2Drot∆t+ C + λ

r

∞∑
n=1

(−1)n〈β2n〉(ur∆t)
2n

2n(2n)!

]
du .

(4.69)
Before rewriting the series under the integral, we want to derive an approximation first.
In order to resolve tumbles the time step should fulfill ∆t � r−1. Thus, we keep only
terms of the leading order (r∆t)2 and obtain

p(∆Θ) ∝
∫

exp
{
−iu∆Θ− u2Drot∆t−

λ

r
〈β2〉(ur∆t)

2

4

}
du ,

=
√

2e−
(∆Θ)2

〈β2〉λr(∆t)2+4Drot∆t√
〈β2〉λr(∆t)2 + 4Drot∆t

,

= N (0, σ2) .

(4.70)

We recover a normal distribution N (µ, σ2) with mean µ = 0 and variance

σ2 =
(
〈β2〉λr(∆t)2 + 4Drot∆t

)
/2 . (4.71)
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Another way to proceed from Eq. (4.68) is given by taking a closer look at the series
under the integral. We reformulate:

log[c∆Θ(u)] =
∞∑
n=0

κn
(iu)n
n! ,

= −u2Drot∆t+ C + λ

r

∞∑
n=1

(−1)n〈β2n〉(ur∆t)
2n

2n(2n)! ,

= −u2Drot∆t+ C + λ

r2∆t

∫
P (β) 1

β

∫ 1
ũ

[cos ũ− 1]dũdβ .

(4.72)

Note that the expression is well defined in the limit ũ→ 0. We have used the following
four identities: 〈βn〉 =

∫
βnP (β)dβ,

∫
x2n−1dx = x2n

2n , ũ = r∆tβu, and the Taylor series
of the cosine,

cosx =
∞∑
n=0

(−1)n x2n

(2n)! . (4.73)

The characteristic function then reads

c∆Θ(u) = exp
[
−u2Drot∆t+ C + λ

r2∆t

〈 1
β

Ci(r∆tβu)
〉]

, (4.74)

where we have introduced the cosine integral Ci(u) =
∫ 1
u (cosu− 1) du. We cannot

proceed further as there is no closed form for the double integral if P (β) is gamma-
distributed. However, one can match the characteristic function derived here to the
empirical characteristic function obtained from data to infer the parameters. For a
review of such an empirical estimation of the characteristic function we refer to Ref.
[172]. The pdf finally reads

p(∆Θ) ∝
∫

exp
[
−iu∆Θ− u2Drot∆t+ C + λ

r2∆t

〈 1
β

Ci(r∆tβu)
〉]

du . (4.75)

4.6 Chemotactic response function of Pseudomonas putida

In this section, we investigate the chemotactic behaviour of another bacterium named
Pseudomonas putida (P. putida). We study its chemotactic response function by using
the Bayesian method summarized in Sec. 3.2.3. Moreover, we determine how the swim-
ming parameters depend on the concentration when P. putida swims in a homogeneous
solution and one varies the chemoattractant concentration in the solution.
P. putida has been intensively investigated for its biodegradation and biofilm formation
[173–175]. Usually, P. putida colonizes plant roots where secreted aromatic acids serve
as its nutrient. At the same time, it protects the host from plant diseases thus living in a
synergetic relationship together with the host [176, 177]. P. putida has a lot in common
with E.coli: The cells have roughly the same size, both have several flagella that propel
the cell, and both perform chemotaxis. Yet, in contrast to E.coli, its flagella are all
attached to one polar end of the cell as can be seen in Fig. 4.16(a). Furthermore, P.
putida’s environment in the soil differs substantially from the gut environment of E.coli.
As a consequence, the motion of P. putida is different, it performs run-reverse instead
of run-and-tumble. A typical trajectory of a run-reverse random walk is shown in Fig.
4.16(b). Recently, it has been shown that P. putida shows an alternating swimming
speed [45], which is caused by different swimming modes [44].
Although the swimming mechanism of P. putida is more complex, the chemotactic
strategies of P. putida and E.coli are very similar. For P. putida, runs are also longer
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Figure 4.16: (a) P. putida cell under the electron micrograph. Flagella are attached at
one end of the cell. Figure is adapted from [178]. (b) Typical trajectory of P. putida’s
run-reverse random walk recorded by Zahra Alirezaeizanjani in the Biophysics group of
Carsten Beta at the University of Potsdam. The data points have a distance ∆t = 0.05 s.
(c) Tumble rate λ(θ) and mean reorientation angle 〈|β|〉(θ) as a function of the angle
θ between swimming direction and gradient of chemoattractant. Figure is taken from
Ref. [35], where the swimming parameters were obtained by applying Pohl’s model. The
classical chemotaxis strategy was recovered, while no angle bias is visible.

up a gradient compared to the opposite direction as shown in Fig. 4.16(c). Thus, we
assume that de Gennes’s linear response theory for chemotaxis can be applied. We use
the Bayesian inference technique (see Sec. 3.2.3 and Ref. [36]) to extract the response
function from trajectories that are recorded in a linear gradient of chemoattractant.
We start by restating the linear response theory of chemotaxis and by choosing the same
parametrization of the response function as in Eq. (3.16),

λ(t) = λequ −
t∫

−∞

R(t− t′) c(t′)dt′ , RX = e−X0t(X1 −X0X2t) . (4.76)

The parameter X0 quantifies the memory of the signaling process, while the response
function is perfectly adapted if and only if X1/X2 = 1 [see also Eq. (4.77)]. Zahra
Alirezaeizanjani recorded trajectories of P. putida in a linear gradient of the chemoat-
tractant benzoate realized by the same experimental set-up as shown in Fig. 4.1 with
a maximum of chemoattractant concentration of 5 mM. In total we have N = 30000
trajectory points from which we filter out the trajectories showing behaviour that de-
viates from the run-reverse random walk (e.g. stopping events) by visual examination.
We extract time series of the concentration c and the swimming mode s by applying a
heuristic tumble recognizer giving us the data set {c = (c1, . . . , cN ), s = (s1, . . . , sN )}
that is needed to calculate the likelihood in Eq. (3.20). Finally, the numerical optimiza-
tion routine “optimize.fmin" from the python package scipy is applied to obtain the
parameters {X0, X1, X2} that maximize the likelihood.
The inferred response function shown in Fig. 4.17(a) has two features: (i) It has a very
short memory time, the response function relaxes to zero after around one second. This
is much faster than it is the case for E.coli where the memory time is around five seconds.
This might serve as a motivation for models of navigation strategies without memory,
which have indeed been proposed recently for run-reverse random walks [179]. (ii) The
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Figure 4.17: (a) Inferred response function of P. putida using the Bayesian inference
method. The inferred parameters are X0 = 6.5 s−1 and X1/X2 = 1.165, while the
corresponding values for E.coli are X0 = 1.1 s−1 and X1/X2 = 1 obtained in Ref. [36].
(b) The heatmap shows the likelihood function in arbitrary units (a.u.) as a function of
the ratio X1

X2
and X0. A blow-up is shown in (c).

response function is not adapted as the ratio X1/X2 = 1.165 deviates significantly from
one. The consequences can be seen when integrating the response function:∫

RXdt =
∫
e−X0t(X1 −X0X2t)dt = X1 −X2

X0
. (4.77)

Inserting this in the linear response theory of chemotaxis in Eq. (4.76) and setting the
concentration constant in time, c(t′) = c, we obtain

λ(t) = λequ − c
X1 −X2
X0

≤ λequ . (4.78)

As we have found that X1 − X2 > 0, we conclude that the tumble rate is lowered for
higher concentrations of c, which is in agreement with previous findings [165]. Finally,
we want to stress that the inferred response function is a unique solution as the likelihood
in arbitrary units plotted in Fig. 4.17(b) and (c) shows a clear maximum.

We want to confirm our results by the adaption assay. In the adaption assay trajectories
are recorded in different homogeneous background concentrations c and the swimming
parameters, in particular the tumble rate, are then determined as a function of c. Exper-
iments were performed by Veronika Waljor in the same Biophysics group at Potsdam,
while Marcel Hülsberg applied Pohl’s inference method (see Sec. 3.1.2) in a Bachelor
thesis that I supervised [180]. To describe a run-reverse random walk, the distribution
of reorientation P (β) in Pohl’s model is given by

P (β) = 1
D

(
e−ν1(π−|β|) + ν2

)
, (4.79)

which is an exponential distribution with inverse decay length ν1, a shifted maximum
at |β| = π corresponding to a reversal, and a constant offset ν2. The normalization
constant D is given by

D = 1
ν1

(1− e−ν1π) + ν2π . (4.80)

Figure 4.18 shows the inferred parameters: The tumble rate λ, the diffusion constant
Drot, and the distribution of reorientation angle P (|β|). We observe that the tumble
rate is indeed smaller for larger concentrations of benzoate confirming our result from
above, where the concentration was in the range 1 mM to 5 mM. However, if we take
a closer look at small concentrations in Fig. 4.18(a), we observe that the tumble rate
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Figure 4.18: Pohl’s inference method is applied to experiments where P. putida swims
in different homogeneous concentrations c. We show the tumble rate λ(c) for two differ-
ent ranges of the x-axis in (a) and (b), the corresponding thermal rotational diffusion
constant Drot(c) in (c), and the distributions of reorientation angles P (β) in (d). Figure
is adapted from [180].

starts to decrease at around c0 ≈ 0.4 mM, while below c0 the tumble rate is constant.
This suggests that the tumble rate is adapted for small concentrations, while at higher
concentrations perfect adaption is lost. This encourages further investigations at low
concentrations in order to validate this hypothesis. Finally, we want to note that the
rotational diffusion constant in Fig. 4.18(c) and the distribution of reorientation angles
in Fig. 4.18(d) do not vary significantly with the background concentration.

4.7 Discussion and conclusions

In this chapter, we provided a detailed stochastic description of the swimming motion
of an E.coli bacterium in two dimensions, where we also resolved tumble events in
time. We set up two overdamped Langevin equations for the respective angle and
speed dynamics. An analysis of experimental data verifies our description a-posteriori:
distribution and autocorrelation functions for both speed and orientation angle agree
with theoretical predictions from our model and with numerically determined functions
using the inferred swimming parameters.

Based on moments as well as distribution and autocorrelation functions, we have pro-
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vided a robust methodology for inferring the full set of swimming parameters that char-
acterize the run-and-tumble motion. The inferred swimming parameters are the tumble
rate λ, the tumble time r−1, the swimming speed v0, the strength of speed fluctuations
σ, the jump height η, the thermal value for the rotational diffusion coefficient D0, and
the enhanced coefficient during tumbling DT . Although the inference of angle and speed
parameters are carried out completely independent from each other, they show good and
very good agreement for the two common swimming parameters, r and λ, respectively.
We validated our results by comparing the swimming parameters to the results of a
heuristic tumble recognizer and obtained good agreement. However, our approach of in-
ferring parameters has three advantages. First, it does not need to set a priori threshold
parameters for speed and angular displacement. Second, it is able to infer the strength
σ of speed fluctuations and the thermal rotational diffusion coefficient D0. Third, it pro-
vides a more rational and precise choice for the tumble time that encompasses the whole
tumble event instead of just the part which is determined by threshold parameters.
The inference method allows us to condition the swimming parameters on a specific
situation and monitor how they change with the situation by dividing the full data
set into subsets. In particular, while conditioning on the swimming direction, we are
able to confirm the classical chemotaxis strategy, which modulates the tumble rate
λ when changing the swimming direction relative to the chemical gradient. We also
confirmed the recently discovered modulation of the mean tumble angle (angle bias)
[19]. Resolving the tumble event in time, we realize that this angle bias is due to
modulations of both the tumble time and the enhanced rotational diffusivity during
tumbling. This has not been reported so far. We presented a possible explanation from
the signaling pathway of E.coli: Both modulations might be caused by more flagella
leaving the flagellar bundle, which is more likely for an increased kinase activity inside
the cell. As an increased kinase activity follows swimming against the gradient, both the
tumble time as well as the diffusion while tumbling should be enhanced. This is exactly
what we observe in our results. Another result, which also has not been reported so far,
is that speed fluctuations are larger by 30% when E.coli swims up the chemical gradient.
Finally, we conditioned the swimming parameters on the background concentration. We
obtained ambiguous results which need further investigations. In future experiments,
other possible conditions can explore the biological variability in properties such as the
swimming speed v0 of a bacterium or its size.
We investigated the robustness of our method: We demonstrated that our method also
works for less frequently tumbling E.coli cells that were grown in a different medium
as well as cells that swim in another chemoattractant called serine. We determined the
minimal amount of data our method requires. Moreover, we showed that the calculated
moments and probability distribution functions, but not autocorrelation functions, are
still valid for gamma-distributed run times. Finally, we showed that the speed inference
is robust to changes in the time step ∆t, while for the angular dynamics the time step
should be smaller than the tumble time as our model intends to resolve the tumble. For
larger time steps, one has to use Pohl’s model.
We discovered a correlation in the turn rate which is predicted by neither our model,
Pohl’s model, nor Saragosti’s model. We presented an alternative description for the
angular dynamics that captures this correlation in the turn rate. It contains shot noise
with an exponential impulse response function and thus is an extension of Pohl’s model
that allows non-zero tumble times. We calculated the autocorrelation function, cumu-
lants, and the characteristic function. As the turn rate is only correlated during tumbles,
the correlation time is a quick estimate of the tumble time.
Moreover, we investigated the chemotactic response function of the soil bacterium P.
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putida. The non-invasive Bayesian inference method from Ref. [36] provides a response
function that has a small memory time and is not adapted to benzoate. As a consequence
of the imperfect adaption, P. putida has a lower tumble rate for increasing concentra-
tions of benzoate. We confirmed this result by the adaption assay, where the tumble
rate is determined for experiments with different homogeneous background concentra-
tions. Indeed, the tumble rate is decreasing for increasing concentrations, however, for
small concentrations, we have a constant tumble rate which suggests that the chemo-
tactic response of P. putida is adapted to benzoate at low concentrations. We conclude
that further experimental data at smaller concentrations is needed to finally determine
whether P. putida is adapted to benzoate.

In the following, we mention some further directions, where our inference method can be
applied or needs to be extended. Recent experimental techniques allow to record tracks
of length of the order of 100 s [39, 42]. Such long tracks are in the range of the minimal
amount of data needed so that our inference technique is applicable (see Section 4.4.2).
Therefore it should be possible to apply our inference method to individual trajectories
in the future. This can then reveal and quantify heterogeneities in a bacterial population.

To apply the method of inference to other bacterial swimming mechanism, the Langevin
equations (4.2) and (4.3) need to be modified. For example, run-reverse bacteria such
as the soil bacterium Pseudomonas putida, possess a tumble angle distribution with
a sharp peak centered around π [45]. The marine bacteria Vibrio alginolyticus has a
bimodal distribution of tumble angles with two maxima as measured in Ref. [181]. In
both cases, rotational diffusion during tumbling cannot reproduce such distributions. A
possibility to address these cases is to modify our alternative approach from Sec. 4.5.
Furthermore, an elaborate model of the speed dynamics for Pseudomonas putida should
include the alternating swimming speeds reported in Ref. [45], which belong to different
swimming modes [44].

Once such models are established, inference methods based on stochastic modeling pro-
vide a rational way of analyzing experimental data in order to determine the relevant
swimming parameters and to understand important processes such as chemotaxis by
conditioning the available data on subsets. Thus, in this chapter we have introduced
a powerful methodology for analyzing properties of bacterial populations, which can
handle large amounts of experimental data.
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5
Traveling concentration pulses of bacteria in a

generalized Keller-Segel model

Having described the trajectories of individual bacteria, we turn now towards the col-
lective behavior of large populations and investigate the traveling concentration pulses
of bacteria. We have already introduced the seminal experiments by Adler [18] and
Saragosti et al. [19] as well as the seminal model introduced by Keller and Segel in
Ref. [20]. We have also discussed the drawbacks of the Keller-Segel model: A soliton
solution was shown to be unstable in Ref. [155], it occurs only if the chemotactic drift
velocity has a singularity for vanishing nutrient concentration. Brenner et al. showed
that this singularity is not necessary if one introduces a second chemoattractant, which
the bacteria excrete themselves [156]. Saragosti and co-workers followed this approach
to formulate a kinetic model inspired by the Othmer-Dunbar-Alt model [76]. Their ki-
netic model is able to match the experimental pulses, from which they conclude that
the second chemoattractant keeps the bacterial pulse together [19].
In this chapter, we will show in a generalized Keller-Segel model (KS) that neither a
second chemoattractant nor a singular chemotactic drift is needed to match the bac-
terial pulse. We start with the linear response theory of chemotaxis for an individual
bacterium and derive a probabilistic description for the coupled dynamics of bacteria
and chemoattractant field, which simplifies to a generalized Keller-Segel model after a
multipole expansion. Requiring the tumble rate to be positive, our model introduces
an upper bound for the chemotactic drift velocity, which is no longer singular as in the
original Keller-Segel model. We present an extensive study of the traveling pulses and
demonstrate how their speeds, widths, and heights depend on the swimming parameters
of individual bacteria. Most importantly, we discover a maximum number of bacteria
that the pulse can sustain - the maximum carrying capacity. Finally, by tuning our
parameters, we are able to match the traveling bacterial pulse that has been observed
in experiments.
The chapter is based on my article of Ref. [182] and it is organized as follows: We
calculate the Markovian response theory for the tumble rate in Sec. 5.1. We use it to
derive a probabilistic description in Sec. 5.2, where we also incorporate the angle bias
and formulate a non-dimensional version of the KS model. This section was developed
together with Andrzej Palugniok, who was a RISE exchange student from the University
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Figure 5.1: Left: Schematic of an individual E.coli tumbling from its previous direction
e′ to e with tumble angle β. Right: Mean tumble rate λ(θ) (red) as a function of the
swimming angle θ measured against the negative chemical gradient. The tumble rate
was averaged over a population of around 1.000 E.coli in a linear gradient of α-methyl-
aspartate. The fit with a cosine function, y(x) = a1 + a2 cos(x) (red line) according
to Eq. (5.2), yields regression parameters a1 = 0.278 and a2 = 0.115. The blue line
represents the mean tumble angle 〈cosβ〉(θ) as a function of θ of the same population.
It indicates an angle bias for tumbling in a chemical gradient. Adapted from Ref. [35].

of Oxford which I supervised in 2017. Details of the numerical solution scheme, for which
Andrzej Palugniok wrote the main part of the code, are given in Sec. 5.3. A detailed
numerical study is presented in Sec. 5.4. We close with conclusions and an outlook in
Sect. 5.5.

5.1 Markovian response theory for tumble rate

We have seen in Fig. 4.10(a) that bacteria tumble less when moving up a chemical
gradient. More precisely, the tumble rate is modulated with cos θ when swimming with
an angle θ relative to the local gradient ∇c of a chemoattractant with density c. In the
following, we will derive a theoretical expression that contains this cosine dependence
based on the established linear-response theory from de Gennes [28].
We present and discuss the final, theoretical expression of the tumble rate in Sec. 5.1.1,
we illustrate how it depends on the corresponding parameters in Sec. 5.1.2, and finally
present its detailed derivation in Sec. 5.1.3.

5.1.1 Result

We start with the linear-response theory of Eq. (3.10) proposed by de Gennes [28]. It
gives the tumble rate λ(t) as a function of time and depends on the bacterium’s past
trajectory r(t′),

λ(t) = λequ −
t∫

−∞

R(t− t′) c(r(t′))dt′ , (5.1)

where we have introduced the response kernel R(t) and λequ is the tumble rate without
any chemical gradient. Note that Eq. (5.1) describes a non-Markovian process. In Sec.
5.1.3 we convert it to a Markovian process with λ depending on location r and swimming
direction e by averaging over all possible bacterial trajectories in order to obtain the
mean history for a given swimming direction e. Thus, the tumble rate we give below is an
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averaged quantity suitable to be used in a probabilistic theory. To derive it, we split the
integral on the R.H.S. of Eq. (5.1) into contributions from individual runs, during which
the according swimming directions ei are assumed to be constant. Averaging over the
history of all possible paths, we can show that each of these contributions gives a term
proportional to the scalar product e · ∇cc . The factor 1/c results from the fact that the
response kernel is proportional to the inverse background concentration, R ∝ 1/c, which
was indeed measured in experiments for the chemoattractant alpha-methyl-aspartate in
Ref. [36]. This chemoattractant is widely used, e.g., in the seminal experiments of Refs.
[23, 27, 36, 132] and also in experiments of Refs. [35, 138]. For the detailed derivation
we refer to Sec. 5.1.3 and present the final result,

λ(r, e) = λequ − χ0v0e ·
∇c(r)
c(r) . (5.2)

Here, v0 is the swimming velocity of the bacterium and χ0 is a unitless measure of the
chemotactic strength. It depends on integrals over the response function R and moments
of the tumble angle distribution P (β). Note that we obtain here λ ∝∇(ln c) commonly
known as logarithmic sensing and Weber’s law. It was measured, for example, in Ref.
[32]. The linear dependence of the tumble rate λ on ∇c(r) · e was already introduced
by Schnitzer as the leading order for the angular variation of λ [112]. It follows directly
from Eq. (5.1) by choosing R(t− t′) proportional to the time derivative of the δ function
as demonstrated by Locsei in Ref. [142]. This article also calculates the chemotactic
drift speed [see Sec. 5.2.3 and Eq. (3.15)] by performing an average over all possible
bacterial trajectories similar to our approach. Indeed, in Sec. 5.1.3 we show that we can
reproduce the same chemotactic drift speed.

When we define the orientation angle relative to the negative chemical gradient, cos θ =
−e · ∇c|∇c| , the tumble rate becomes

λ(r, θ) = λequ + χ0v0
|∇c(r)|
c(r) cos θ . (5.3)

Note that the angle θ is different to its definition in the previous chapter. The reason
is that we want to be consistent with Fig. 5.1 adapted from Ref. [35]. Here, the red
points show experimental data for the mean tumble rate λ(r, θ). It was obtained by
averaging over a population of around 1000 individual bacteria in a linear gradient. The
appropriate cosine fit (red line) confirms our theoretically derived result of Eq. (5.2) and
was the motivation to derive it from the linear-response theory.

A biologically relevant tumble rate should have both a sensing threshold [130] as well as
a saturation of the response to the chemoattractant [183], which is not present in Eq.
(5.2). First, it is known that the bacterium needs a small threshold concentration ct to
perform chemotaxis since it senses the chemical field by chemoreceptors [130]. Second,
Eq. (5.2) produces a negative tumble rate for a sufficiently large gradient of log c, which
is even singular at c = 0. In our derivation, the singularity arises from the relation
R ∝ 1/c for the response function mentioned earlier. While R ∝ 1/c was measured for
a wide range of background concentrations [36], clearly the second term on the right-
hand side of Eq. (5.2) has to saturate to a value smaller than λequ to keep the tumble
rate positive. There a several approaches to remedy these shortcomings. The threshold
concentration was implemented, e.g., in Refs. [20, 184, 185] by shifting the singularity
in Eq. (5.2) from c = 0 to ct. To implement a saturation in the chemotactic response,
Refs. [185, 186] among others used the so-called receptor law, while Refs. [19, 187]
introduced a hyperbolic tangent function. To implement both the sensing threshold and
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Figure 5.2: Semi-logarithmic plot of the normalized tumble rate λ/λequ as a function
of the chemical concentration c for different ct (a), δ (b), and θ (c). We always choose
|∇c| = 2× 10−4 µm−1c0, close to the maximum slope of the chemical step in Fig. 5.3(a).
If not stated otherwise, we also keep the values of the other parameters constant: χ0v0

λequ
=

384.0 µm, ct = 10−3c0, δ = 600 µm, and θ = π. The saturation of the chemotactic
response occurs below c∗ = |∇c|δ and ct is the chemotactic sensing threshold.

the saturation in the chemotactic response, we decided to use the hyperbolic tangent
function in Eq. (5.2) and write,

λ(r, e) = λequ − χ
( |∇c|

c

)
e · ŝ (5.4)

with
χ

( |∇c|
c

)
:= χ0

v0
δ

tanh
(
c

ct

)
tanh

(
δ
|∇c|
c

)
. (5.5)

Here, we have introduced ŝ = ∇c
|∇c| and do not explicitly state the space dependence

of the concentration c. This expression recovers Eq. (5.2) for δ|∇c|/c < 1 and c > ct,
while it smoothly approaches the minimum tumble rate λequ − χ0

v0
δ for δ|∇c|/c > 1

(saturation in the chemotactic response) or it tends to λequ for c < ct (sensing threshold).
The chemotactic length δ quantifies the strength of the logarithmic derivative of c(r).
The next section presents a parameter study for the tumble rate of Eq. (5.4). Finally,
we note that in this chapter the swimming speed v0 is constant. If it varies, one always
has to make sure that χ0v0/δ < λequ to keep the tumble rate positive.

5.1.2 Parameter dependence of the tumble rate

We restate the relation for the tumble rate,

λ(r, e) = λequ − χ0
v0
δ

tanh
(
c

ct

)
tanh

(
δ
|∇c|
c

)
e · ŝ , (5.6)

where we use the normalized gradient direction ŝ = ∇c
|∇c . We also introduce the orienta-

tion angle θ between e and the negative chemical gradient,

cos θ = −e · ŝ . (5.7)

To illustrate the effect of the additional parameters δ and ct associated with the hy-
perbolic tangent function, we plot the tumble rate as a function of the chemical con-
centration c in Fig. 5.2 varying different parameters. Already in Fig. 5.2(a), where we
vary ct, we recognize the main features by identifying three regions. For concentrations
well below the sensing threshold, c � ct, the tumble rate approaches its equilibrium
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value. This also ensures a smooth transition to the case where no chemoattractant is
present, λ(c = 0) = λequ. For increasing concentrations but smaller than c∗ = δ∇c, the
chemotactic response saturates to a constant value below λequ. Note that the tumble
rate cannot become negative as long as the parameters satisfy

χ0v0
δλequ

< 1. (5.8)

This relation must be also fulfilled when the bacterial swimming speed varies. Finally,
increasing c further beyond c∗, we recover the 1/c dependence from the original Keller-
Segel model.

In Fig. 5.2(b) we vary the chemotactic length δ, which has two effects. First, the
concentration c∗ = δ∇c, where the transition to the conventional 1/c dependence occurs,
increases with δ. Note that δ = 600µm used for the pulse propagation in Fig. 5.3(a)
guarantees that we are in the conventional 1/c regime. Second, the maximum tumble-
rate variation χ0v0/δ scales with δ−1, which is clearly visible in Fig. 5.2(b). In fact, at
δ = 384µm the tumble rate becomes zero. Finally, in Fig. 5.2(c) we illustrate that the
maximum tumble-rate variation behaves like cos θ χ0v0/δ.

5.1.3 Detailed derivation of Markovian response theory

Equation (5.1) describes the non-Markovian linear response of the tumble rate on the
concentration history of the bacterial trajectory c(r(t′)). Now, by averaging over all
possible trajectories that arrive at location r with orientation e, we derive a Markovian
theory for the mean tumble rate. We make use of the fact that rightward and leftward
tumbling is equally probable, thus the tumble angle distribution is an even function,
P (e− e′) = P (e′ − e). This has indeed been measured for E.coli in experiments [23,
35, 138]. In the following, we derive Eq. (5.2) from above.

We start with repeating the expression for the tumble rate from the linear response
theory:

λ(t) = λequ −
t∫

−∞

R(t− t′) c(r(t′))dt′ . (5.9)

In the following, we will use three key properties of the response function R(τ) that
were measured in experiments [27, 36, 132]. First, starting from τ = 0 it is non-zero
over a time interval τm / 15 s, which we call the memory time. Second, it fulfills∫∞

0 R(τ)dτ = 0, which means the tumble rate does not depend on the absolute chemical
concentration (perfect adaptation). Third, it is inversely proportional to the adaptation
concentration, R(t − t′) = R̃(t − t′)/ca. Adaption occurs during the memory time,
thus we can set ca = c(r(t)). Taking these properties into account, we will use the
approximation

∫∞
0 R(τ)f(τ)dt ≈ 1/ca

∫ τm
0 R̃(τ)f(τ)dτ . In particular, due to perfect

adaption any additive constant in f(τ) will not contribute to the integral.

To evaluate Eq. (5.9), we need an expression for c(r(t′)). Therefore, we perform a Taylor
expansion around the current position r(t) = rt and locally approximate the chemical
field by

c(r′) = c(rt) +∇c · (r′ − rt) , (5.10)

where we used r′ = r(t′). In the following derivation, all locations r′ that contribute
to the integral in Eq. (5.9) should be close to the current location rt so that the linear
approximation is valid. Moreover, we assume that temporal variations of the chemical
field are negligible within the memory time τm so that∇c is constant. Both requirements
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are justified for the bacterial pulse. On the one hand, the mean run length of bacteria
is much smaller than the width of the step in the chemoattractant concentration and on
the other hand, on times comparable to τm the step hardly moves.
Using Eq. (5.10) in Eq. (5.9), we obtain

λ(t) =λequ −∇c/ca ·
t∫

t−τm

R̃(t− t′) r(t′)dt′ , (5.11)

where we applied the property of perfect adaption to set
∫ t
−τm R(t−t′) [c(rt)−∇c(t) · rt] dt′ =

0 and that ∇c is constant within the memory time τm.
To proceed, we write the trajectory of a bacterium that swims with constant velocity v0
along the direction given by unit vector e(t) as r(t) = r(t′) + v0

∫ t
t′ e(t′′)dt′′, where the

bacterium has been at location r(t′) before reaching r(t), thus t′ ≤ t. In the following,
we use it in the form

r(t′) = r(t) + v0

∫ t′

t
e(t′′)dt′′ . (5.12)

Changes in the swimming direction due to rotational diffusion are much smaller than
due to tumbling. Consequently, the trajectory of the bacterium becomes a sequence of
straight runs and instantaneous tumble events. Denoting tumble events by index i, the
tumble time ti, and ei the direction prior to tumble event i, we can write the orientation
vector in Eq. (5.12) at any time t′′ < t with the help of a telescope sum:

e(t′′) = e(t) +
n∑
i=1

(ei − ei−1) =
n∑
i=0

(ei − ei−1) (5.13)

Here we set e0 = e(t) for the current direction after the last tumble event i = 1 and
e−1 = 0 is used. The number of tumble events in the time interval t − t′′ is n and we
number the tumble events backwards in time.
Now, we determine the mean tumble rate 〈λ(t)〉 by averaging the right-hand side of Eq.
(5.11) over an ensemble of bacterial trajectories r(t′) that all reach the position r(t)
with swimming direction e(t). For this, we first have to evaluate 〈e(t′′)〉 in Eq. (5.12) by
averaging over n independent tumble events and considering that n is a random variable.
It is determined by the probability distribution P (n, t − t′′) of having n tumble events
in the time interval t− t′′. We can thus write

〈e(t′′)〉 =
∞∑
n=0

P (n, t− t′′)
n∑
i=0
〈ei − ei−1〉 . (5.14)

Note, for a constant tumble rate P (n, t−t′′) becomes a Poisson distribution. To calculate
the mean tumble direction 〈ei−ei−1〉 we use the probability distribution P (ei−1−ei) and
calculate the first moment as in Eq. (5.31) but with respect to the incoming direction
ei of the tumble event. This gives 〈ei〉 =

∫
eiP (ei−1 − ei)dei = 〈cosβ〉ei−1, where

the tumble angle is determined by cosβ = ei−1 · ei and we used that P (ei−1 − ei)
is an even function meaning that left- and rightward tumbles are equally probable.
Repeating the formula for 〈ei〉 for the whole sequence of tumble events, we finally have
〈ei〉 = 〈cosβ〉ie(t) and the telescope sum in Eq. (5.14) becomes

n∑
i=0
〈ei − ei−1〉 =

n∑
i=0
〈ei〉 − 〈ei−1〉

= e(t)− 0 +
n∑
i=1
〈cosβ〉ie(t)− 〈cosβ〉i−1e(t)

= 〈cosβ〉ne(t)

(5.15)
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Combining the last two equations yields

〈e(t′′)〉 =
∞∑
n=0

P (n, t− t′′)〈cosβ〉ne(t) , (5.16)

where the only remaining orientation vector is the current one, e(t). In general, the
probability distribution P (n, t− t′′) is a complex quantity as it depends on the tumble
rates at previous times. Only for weak chemotaxis we can approximate the tumble rate
by the constant value λequ and P becomes the Poisson distribution

P (n, t− t′′) = [λequ(t− t′′)]n
n! e−λequ(t−t′′) . (5.17)

The weak-chemotaxis approximation was used, e.g., by Locsei in Ref. [142]. However,
knowing the exact form of P (n, t− t′′) is not relevant for our further argumentation.
Now, with Eqs. (5.16) and (5.12) we can formulate the average location

〈r(t′)〉 = r(t) + v0

∫ t′

t

∞∑
n=0

P (n, t− t′′)〈cosβ〉ndt′′ e(t) . (5.18)

Using it in the tumble rate (5.11), we finally obtain

〈λ〉 = λequ − χ0v0e(t) · ∇c
ca

(5.19)

with
χ0 =

∫ t

t−τm

∫ t′

t

∞∑
n=0

P (n, t− t′′)〈cosβ〉ndt′′R̃(t− t′)dt′ . (5.20)

It is clear that χ0 is a complicated quantity, which depends on the history of all trajecto-
ries, we average over. In this chapter we take a more pragmatic approach. We take χ0 as
a constant and concentrate on how the tumble rate depends on e(t) ·∇c/|∇c| = − cos θ.
This dependence was measured in experiments as we show in the plot of Fig. 5.1, right
reproduced from Ref. [35].
Locsei in Ref. [142] calculated the chemotactic drift speed vch in the weak-chemotaxis
approximation using an explicit form for the reponse function. We can reproduce his
formula for vch, which demonstrates that our approach agrees with his work. For weak
chemotaxis Eq. (5.17) is valid. Following Ref. [127] we can also include rotational
diffusion and obtain for the mean orientation,

〈e(t′′)〉 = e−λequ(1−〈cosβ〉)(d−1)Drot(t−t′′)e(t), (5.21)

which replaces Eq. (5.16). Note that in the exponent we recover the relaxation rate
ω = λequ(1 − 〈cosβ〉) + (d − 1)Drot from Eq. (5.34). We will further use it. Now
the exponential function of the last equation becomes the integrand in Eq. (5.20).
Integrating over t′′, we arrive at

χ0 =
∫ t

t−τm

e−ω(t−t′)

ω
R̃(t− t′)dt′ . (5.22)

The parameter χ0 appears in Eq. (5.40) for the chemotactic drift speed vch = |vch|,
which we reproduce here without the threshold and saturation terms:

vch = v2
0(1− 〈cosβ〉)

ωd
χ0
|∇c|
c

. (5.23)
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We choose the same parametrization for the response function as Ref. [142],

R̃(t) =
2ζλ3

equ
3 e−λequt

[
1− λequt

2 −
(
λequt

2

)2]
, (5.24)

where ζ quantifies the strength of the response function. Calculating χ0 from Eq. (5.22)
we finally arrive at

vch =
ζv2

0λ
3
equ(1− 〈cosβ〉)(2ω + 3λequ)

9ω[ω + λequ]3
|∇c|
c

, (5.25)

were we used the dimension d = 3. This expression agrees with Eq. (57) in Ref. [142]
up to the factor 1/c [see also Sec. 5.2.3 and Eq. (3.15)], which resulted from setting
R = R̃/c in the beginning and which Ref. [142] did not introduce.

5.2 Probabilistic description for chemotactic run-and-tumble
bacteria

We are now equipped to formulate a probabilistic theory for chemotactic run-and-tumble
bacteria and their interplay with a chemical field. We write down the Smoluchowski
equation in Sec. 5.2.1 and derive from it a polarization-extended model using a multipole
expansion in Sec. 5.2.2. We reduce it to a generalized Keller-Segel model in Sec. 5.2.3.
We also incorporate the angle bias and formulate a non-dimensional version of the KS
model in Sects. 5.2.4 and 5.2.5, respectively.

5.2.1 Smoluchowski equation

We first construct dynamic equations for the evolution of the one-particle distribution
function ψ(r, e, t) of position r and orientation e at time t and the concentration of
chemoattractant, c(r, t). We begin with a generalized Smoluchowski equation for ψ
[76, 110, 112, 188, 189], which contains the usual contributions from translational and
rotational currents, Jtrans and Jrot, but also contributions from tumble events repre-
sented by F{ψ} and from cell division and death, α

Sd

∫
ψ(r, e′, t)de′ :

∂ψ

∂t
=−∇ · Jtrans −R · Jrot

+ F{ψ}+ α

Sd

∫
ψ(r, e′, t)de′ .

(5.26)

Here, R = e × ∂e where ∂e = (∂ex , ∂ey , ∂ez) denotes the nabla operator in orientation
space and α = ln (2)/τ is the net growth rate with τ being the mean doubling time
of bacterial cells [19]. We also assume that the net growth of cells does not depend
of their directon e and Sd is the surface area of a d dimensional unit sphere (full solid
angle). For the translational current we include active motion and translational diffusion,
Jtrans = v0eψ − D∇ψ, where D is the translational diffusion coefficient and v0 is the
bacterial swimming speed. The rotational current is purely diffusive, Jrot = −DrotRψ,
where Drot is the rotational diffusion coefficient. According to Ref. [23] we take a Poisson
distribution for the run times and write the term for the tumble events as

F{ψ} =− λ(r, e)ψ

+
∫
P (e− e′, e′)λ(r, e′)ψ(r, e′, t)de′ .

(5.27)
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We introduced the tumble rate λ(r, e) and P (e−e′, e′) is the probability of a bacterium
to reorient from orientation e′ to e. In Eq. (5.27) the first term on the R.H.S. represents
events, which cause bacteria with orientation e to tumble into any orientation and the
second term represents all events, which cause bacteria with other orientations to tumble
into orientation e. The complete Smoluchowski equation for the evolution of ψ now reads

∂ψ

∂t
= −∇ · (v0eψ) +D∇2ψ +DrotR2ψ

− λ(r, e)ψ +
∫
P (e− e′, e′)λ(r, e′)ψ(r, e′, t)de′

+ α

Sd

∫
ψ(r, e′, t)de′ ,

(5.28)

Note that we discuss the boundary conditions later in Sec. 5.3. For completeness, we
write a reaction-diffusion equation for the chemoattractant concentration c, which is
also consumed by bacteria with constant rate k,

∂c

∂t
= Dc∇2c− k

∫
ψ(r, e′, t)de′. (5.29)

5.2.2 Polarization extended model (PE)

In order to proceed with Eqs. (5.28) and (5.29), we assume that the probability dis-
tribution for a specific tumble event does not depend on the initial orientation of the
bacterium, P (e − e′, e′) = P (e − e′). Therefore, we can write for the zeroth and first
moment, ∫

P (e− e′)de = 1, (5.30)∫
eP (e− e′)de = 〈cosβ〉e′, (5.31)

where 〈cosβ〉 is the mean of the cosine of the reorientation angle β [112]. We take
the tumble rate λ(r, e) to vary as in Eq. (5.4). Now, we integrate Eq. (5.28) over
all orientations e, define the bacterial density ρ(r, t) =

∫
ψ(r, e, t)de and polarization

P(r, t) =
∫

eψ(r, e, t)de, which correspond to the zeroth and first moments of ψ, respec-
tively, and obtain [98, 112]

∂ρ

∂t
= −∇ · (v0P) +D∇2ρ+ αρ . (5.32)

We have also used
∫ R2ψde = 0 and the normalization condition Eq. (5.30) to show

that tumbling does not contribute to Eq. (5.32).
In order to derive a dynamic equation for the polarization, we compute

∫
eEq. (5.28) de

and introduce the quadrupole moment Q =
∫

(e ⊗ e − 1
d )ψ(r, e, t)de with d being the

number of spatial dimensions. This gives
∂P
∂t

=− v0∇Q− v0
d
∇ρ+D∇2P

− [Drot(d− 1) + (1− 〈cosβ〉)λequ]P

+ (1− 〈cosβ〉)χ
( |∇c|

c

)
Q ŝ

+ 1− 〈cosβ〉
d

χ

( |∇c|
c

)
ρ ŝ ,

(5.33)
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where we used R2e = −(d − 1)e and Eq. (5.31). To truncate the multipole expansion,
we neglect the quadrupole moment Q, which strictly means that the orientational dis-
tribution hardly deviates from the isotropic distribution and the deviation can be well
described by the polarization. We also define the relaxation rate

ω = Drot(d− 1) + (1− 〈cosβ〉)λequ , (5.34)

with which polar order relaxes or decorrelates in time. Thus, we ultimately obtain

∂P
∂t

=− ωP +D∇2P− v0
d
∇ρ

+ 1− 〈cosβ〉
d

χ

( |∇c|
c

)
ρ ŝ .

(5.35)

Finally, with our definition of bacterial density ρ we can write Eq. (5.29) in a simpler
form,

∂c

∂t
= Dc∇2c− kρ . (5.36)

5.2.3 The Keller-Segel model as adiabatic limit

In the case of high Peclet numbers (Pe = av0/D � 1), where we can neglect translational
diffusion1, and on large times t � 1

ω , where the adiabatic limit ∂P
∂t ≈ 0 applies, the

polarization from Eq. (5.35) becomes

P = − v0
ωd
∇ρ+ 1− 〈cosβ〉

ωd
χ

( |∇c|
c

)
ρ ŝ . (5.37)

We remind that ŝ = ∇c/|∇c|. Substituting Eq. (5.37) into Eq. (5.32), we obtain the
generalized Keller-Segel model

∂ρ

∂t
= Deff∇2ρ+ αρ

− v0(1− 〈cosβ〉)
ωd

∇ ·
[
χ

( |∇c|
c

)
ρ ŝ
]
,

(5.38)

∂c

∂t
= Dc∇2c− kρ, (5.39)

where Deff = v2
0/ωd + D ≈ v2

0/ωd is the typical translational diffusion coefficient of an
active particle, the orientation of which decorrelates on the characteristic time ω−1. The
approximate expression for Deff is valid at high Peclet numbers.
From the third term on the R.H.S. of Eq. (5.38) we read off the chemotactic velocity
along the chemical gradient,

vch = v0(1− 〈cosβ〉)
ωd

χ

( |∇c|
c

)
ŝ . (5.40)

Taking χ = χ0v0|∇c|/c, we recover the model suggested by Keller and Segel with
vch ∝ ∇c/c [20], and the chemotactic drift velocity is determined by a combination
of microscopic parameters, χ0v2

0(1−〈cosβ〉)
ωd , called the chemotactic constant. However, as

1Note, in addition, keeping the diffusion term in the polarization equation (5.37) would generate
spatial derivatives larger than two in Eq. (5.38), which we neglect here. This can be seen, when looking
at the spatial Fourier transform in k space.
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stated earlier, according to Eq. (5.2) the original form for χ implies negative tumble rates
for small c and sufficiently steep chemoattractant gradient. The maximum value that
χ can physically assume is λequ, where the tumble rate becomes negative. As a result,
the chemotactic speed vch = |vch| is also bounded. Taking χ = λequ and approximating
ω ≈ (1−〈cosβ〉)λequ since Drot in Eq. (5.34) is usually much smaller than λequ, we find

vch ≤
v0
d
. (5.41)

This shows that an appropriately bounded tumble rate is closely linked to a physically
bounded chemotactic drift speed. Furthermore, in Sec. 5.4.3 we will show that this
upper bound implies an upper bound for the speed of the traveling bacterial pulse and
thereby for the maximum number of bacteria it can carry.

5.2.4 Bias of tumble angles

Up to this point we have ignored the effect of a bias in the tumble angle towards smaller
mean values when swimming up the chemical gradient. This has recently been observed
in experiments [19, 35]. We now introduce it by allowing the probability distribution for
a specific tumble event to explicitly depend on the initial orientation of the bacterium,
e′. Hence Eqs. (5.30) and (5.31) become

∫
P (e− e′, e′)de = 1, (5.42)∫

eP (e− e′, e′)de = 〈cosβ〉(e′) e′ . (5.43)

Equation (5.42) states that the distribution is always normalized irrespective of the
initial orientation of the bacterium. In Eq. (5.43) the value of the mean cosine of the
tumble angle 〈cosβ〉(e′) now explicitly depends on the initial orientation e′ before the
tumble event.

The effect of an angle bias is to lower the mean tumble angle when the bacterium
aligns with the chemoattractant gradient, hence the value of 〈cosβ〉(e′) will increase for
stronger alignment. Expanding 〈cosβ〉(e′) up to the first Legendre polynomial, thus
taking into account the leading polar correction, yields

〈cosβ〉(e′) = 〈cosβ〉0 + σ

( |∇c|
c

)
e′ · ŝ , (5.44)

where σ is a positive and monotonically increasing function. It is bounded such that its
maximum value σmax ≤ 1− 〈cosβ〉0, with 〈cosβ〉0 being the mean cosine of the tumble
angle, when the angle bias is not taken into account. We average Eq. (5.28) over all
orientations e using Eq. (5.42) and obtain

∂ρ

∂t
= −∇ · (v0P) +D∇2ρ+ αρ . (5.45)

Similarly, we compute the polarization
∫

eEq. (5.28) de using Eqs. (5.43) and (5.44)
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and with ŝ = ∇c
|∇c| we obtain

∂P
∂t

=− v0∇ ·Q−
v0
d
∇ρ+D∇2P

− [Drot(d− 1) + (1− Θ̄)λequ]P

+ (1− Θ̄0)χ
( |∇c|

c

)
Q · ŝ

+ 1− Θ̄0
d

χ
( |∇c|

c

)
ρ ŝ

+ λequσ
( |∇c|

c

)
Q · ŝ

+ λequ
d
σ
( |∇c|

c

)
ρ ŝ

− χ
( |∇c|

c

)
σ
( |∇c|

c

)
sisj

∫
eiej eψ(r, e, t)de.

(5.46)

The last term in Eq. (5.46) is part of the octupole moment which is defined as

Oijk =
∫

[eiejek −
1

d+ 2(eiδjk + ekδij + ejδki)]ψ(r, e, t)de, (5.47)

and represents the interplay between tumble rate variation and tumble angle bias. By
neglecting all moments above the first and again defining a relaxation rate ω = Drot(d−
1) + (1− Θ̄)λequ we arrive at

∂P
∂t

=− ωP +D∇2P− v0
d
∇ρ

+ 1− Θ̄0
d

χ
( |∇c|

c

)
ρ
∇c
|∇c|

+ λequ
d
σ
( |∇c|

c

)
ρ
∇c
|∇c|

−
[ 2
d+ 2χ

( |∇c|
c

)
σ
( |∇c|

c

)
P · ∇c|∇c|

] ∇c
|∇c|

− 1
(d+ 2)χ

( |∇c|
c

)
σ
( |∇c|

c

)
P.

(5.48)

Reshuffling the equation, introducing the dyadic product ⊗, and rewriting (1+2ŝ⊗ŝ)P =
P + 2ŝ ŝ ·P, where · means scalar product, we finally arrive at

∂P
∂t

=−
{
ω1 +

[ 1
d+ 2χ

( |∇c|
c

)
σ

( |∇c|
c

)]
× (1 + 2ŝ⊗ ŝ)

}
P +D∇2P− v0

d
∇ρ

+
[1− 〈cosβ〉0

d
χ

( |∇c|
c

)
+ λequ

d
σ

( |∇c|
c

)]
ρ ŝ .

(5.49)

One immediately recognizes that the angle bias renormalizes the relaxation rate of the
polarization and makes it anisotropic. Thus polarizations along and perpendicular to
the chemical gradient relax with different rates. In the adiabatic limit ∂P

∂t ≈ 0 and
for large Pe we can again solve for the polarization by inverting the matrix in front of
P in Eq. (5.49). Substituting the resulting equation into Eq. (5.32), we again obtain
a generalized Keller-Segel equation and a chemotactic velocity vch along the chemical
gradient. It now also depends on the angle bias quantified by σ. We refrain from giving
the lengthy-expression.
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5.2.5 Rescaling the Keller-Segel equations

In order to identify essential parameters especially in the generalized Keller-Segel equa-
tions (5.38) and (5.39), we introduce unitless quantities. First, we rescale time with the
chemical consumption rate, t̃ = kt, lengths by the distance l = ( v2

0
ωdk )1/2, by which a

bacterium diffuses in time k−1, thus r̃ = r/l, and the net growth rate by k, α̃ = α/k.
Second, we refer the bacterial and chemical densities to their initial values, ρ̃ = ρ/ρ0
and c̃ = c/c0, respectively. Finally, we introduce the rescaled chemotactic length δ̃ = δ/l
and the rescaled threshold density c̃t = ct/c0. This allows us to write the generalized
Keller-Segel equations (5.38) and (5.39), where chemotactic response is bounded by the
hyperbolic tangents, in rescaled form:

∂ρ̃

∂t̃
= ∇̃2ρ̃+ α̃ρ̃− χ0(1− 〈cosβ〉)/δ̃

× ∇̃·
[
tanh

(
c̃

c̃t

)
tanh

(
δ̃
|∇̃c̃|
c̃

)
ρ̃ ŝ
] (5.50)

∂c̃

∂t̃
= Dc

Deff
∇̃2c̃− ρ0

c0
ρ̃ . (5.51)

To arrive at this form, we used Deff ≈ v2
0/ωd, where we neglected the thermal contri-

bution to Deff . We recognize that the rescaled Keller-Segel equations are described by
a set of six relevant parameters: { DcDeff

, α̃, χ0(1− 〈cosβ〉), ρ0
c0
, δ̃, c̃t}.

5.3 Details of numerical solution scheme

In the following, we study in detail traveling bacterial pulses in an initially uniform
density field of a chemoattractant by numerically solving both the polarization extended
model (PE) of Eqs. (5.32), (5.35) and (5.36) and the generalized Keller-Segel model (KS)
of Eqs. (5.38) and (5.39). The experiments in Ref. [19] are performed in microchannels
with cross-section A. Neglecting any influence from the channel walls, we take the
three-dimensional system (d = 3) to be quasi infinitely extended perpendicular to the
channel axis. Thus all densities just depend on the x coordinate along the channel and
by symmetry only the x component of the polarization is non-zero.

To solve the equations of the KS and PE model, respectively, we apply a predictor-
corrector method at any given time step to efficiently propagate the field variables in
time [190]. As initial field values we choose an exponentially distributed bacterial density,
ρ(x, t = 0) = ρ0 exp(−x/x0), a uniform density of the chemoattractant, c(x, t = 0) = c0,
and zero polarization Px(x, t = 0) = 0. During time integration no-flux boundary
conditions are employed at x = 0 and at sufficiently large x∞, such that

∂xρ|0,x∞ = 0 and ∂xc|0,x∞ = 0 (5.52)

while we assume that polarization stays zero, Px|0,x∞ = 0, following Ref. [150]. Note,
this assumption neglects the accumulation of bacteria at boundaries due to their per-
sistent motion. However, since the accumulation only occurs within a thin region with
thickness given by the persistence length v0/ω, it is not relevant for the pulse propa-
gation in the bulk, which we study here. To arrive at the conditions of Eq. (5.52), we
consider the governing equations of the KS and PE model, separately. The second con-
dition for c in Eq. (5.52) means that the chemical flux at the boundaries vanishes. For
the KS model, the bacterial flux is −Deff∇ρ+ vchρ, which we identify from Eqs. (5.38)
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Table 5.1: List of parameters used for the reference pulse in Fig. 5.3 and for the match
to the experimental system shown in Fig. 5.9.

Parameter Value Fig. 5.3 Value Fig. 5.9 Ref.
D 0.2 µm2s−1 same [22]
Drot 0.06 s−1 same [35]
α 0 1.67× 10−4 s−1 [19]
k 3.35× 106 s−1 same [130]
λequ 3 s−1 same [19]
v0 25 µms−1 same [19]
〈cosβ〉 0.392 same [19]
Dc 8× 102 µm2s−1 same [19]
χ0 0.64 λequδv0

−1 same [19]
δ 600 µm same [19]
c0 1.26× 106 µm−3 2.61× 106 µm−3 —
ct 10−12c0 10−1c0 —
A 5× 104 µm2 same [19]
x0 50 µm same [19]
N0 1.5× 105 1.5× 105 [19]

and (5.40). The flux vanishes at the boundaries due to the first condition of Eq. (5.52)
and since vch = 0 for zero chemical gradient. For the PE model, Eq. (5.32) gives the
bacterial flux v0P−D∇ρ, which also vanishes at the boundary due to the first condition
of Eq. (5.52) and the vanishing polarization. 2 Finally, when integrating Eq. (5.36) the
sink term can produce negative concentrations of the chemoattractant [191, 192]. To
avoid this, we set the concentration c to zero whenever it would become negative. This
allows the bacteria to fully degrade the chemoattractant without producing negative
values for c.
When we solve our equations with real parameters, we rely on Ref. [19] and take the
channel length x∞ = 105µm and the initial decay length of the bacterial density as
x0 = 50 µm. This ensures that at t = 0 99% of the bacteria can be found within 200 µm
at the channel end at x0 = 0. To be concrete, we also assume a channel cross-section
A = 500 µm × 100 µm to calculate the initial number of bacteria N0 = ρ0x0A, which
we use as a parameter instead of ρ0 in the following. We divide the channel length
into 5× 104 grid points so that the grid length is 2 µm and use the time step 0.01 s
for integrating our equations in time. All the relevant parameters are given in Table
5.1. Finally, we will also numerically solve the rescaled Keller-Segel equations (5.50)
and (5.51) in order to explore the dependence on some of the relevant dimensionless
parameters.

5.4 Traveling concentration pulses of bacteria

We first introduce the traveling bacterial pulse for a reference system using two values for
the initial number of bacteria, we then perform a systematic parameter study, before we
derive an upper bound for the maximum carrying capacity of the pulse of bacteria, and

2Note, the correct treatment of the no-flux boundary condition in the PE model would take n ·∫
Jtransde = 0 and n ·

∫
Jtransede = 0, where n is the unit vector normal to the bounding surface.

In our geometry this implies v0Px − D∂ρ/∂x = 0 and −v0/d ρ + D∂Px/∂x = 0, where in the second
condition we neglected the contribution from the quadrupole moment Q.
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(a)

(b)

Figure 5.3: Bacterial pulse propagation: (a) Snapshots of the bacterial density ρ(x)
(upper panel), the chemoattractant concentration field c(x) (middle panel), and polar-
ization Px(x) (bottom panel) at equally spaced times for the parameter set given in
Table 5.1. Solid lines represent the polarization extended model and dashed lines its
adiabatic approximation, the generalized Keller-Segel model. (b) Bacterial density for
a reduced number of bacteria N0 = 0.5× 105 compared to the reference system.

finally demonstrate a perfect match with the experimentally observed bacterial pulse
reported in Ref. [19].

5.4.1 Reference system

Figure 5.3(a) shows a series of snapshots of the bacterial density profile ρ(x, t), the
concentration field c(x, t), and the polarization Px(x, t) at equally spaced times for
realistic parameters of the E.coli bacterium listed in Table 5.1. Solid lines represent
numerical solutions of the polarization-extended model (PE) and dashed lines of the
generalized Keller-Segel model (KS). Video S1 of the supplemental material in Ref.
[182] shows an animation of the propagating profiles.

Clearly, while the bacteria consume the chemoattractant completely, a traveling pulse in
the bacterial density forms that propagates with constant pulse speed vp = 4.68 µms−1.
It has a comparable width to the traveling step in the chemoattractant profile. In con-
trast to the bacterial solitons derived from the original KS model in Ref. [20], our
bacterial pulse shows a small dispersion visible from the slight decrease of the pulse
height. It is caused by bacteria that cannot follow the pulse at small chemoattractant
concentrations since in our model the chemotactic drift velocity vch of Eq. (5.40) has
an upper bound. In contrast, in the original KS model vch diverges at small chemoat-
tractant concentrations [20], which allows all bacteria to stay in the traveling pulse.
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Thus, we demonstrate when one allows dispersion a singular chemotactic drift velocity
is no longer necessary for traveling pulses to occur. Note, already Ref. [184] used the
KS model with a bounded chemotactic drift and observed traveling pulses which was
ignored in more recent works [19, 156]. Instead, a second chemoattractant was proposed
as explained in the introduction.

One realizes that the profiles generated from the KS and PE model are identical except
in the beginning. We start with Px = 0 in the PE model whereas in the KS model a
non-zero polarization is calculated from Eq. (5.37). It is due to the initial gradient in the
bacterial density. Thus, we conclude that the adiabatic limit ∂P

∂t ≈ 0 as a condition for
deriving the generalized KS model is fulfilled. Indeed, the decorrelation or decay time
ω−1 = 0.49 s is much smaller than the characteristic time for the pulse propagation.
For the latter, we approximately find 200 s for the pulse to travel its width and the
polarization always assumes its stationary value. Our finding also means that the kinetic
models of Refs. [19, 25, 146], which work with the full one-particle distribution function
ψ(r, e, t), are not necessary to describe pulse propagation. They can be reduced to the
Keller-Segel equations.

In Fig. 5.3(a) not all bacteria travel with the pulse but some remain at the initial
location. This also occurs in the experiments of Ref. [18]. However, there the remaining
bacteria perform chemotaxis in oxygen as a second chemoattractant and thereby initiate
a secondary pulse. Since we do not incorporate another chemoattractant, the bacterial
distribution at the initial location only broadens by diffusion. Finally, we mention
previous numerical work on the KS model that also showed the bacteria left behind
[184].

We restate Keller and Segel’s expression for the speed of the bacterial soliton. It is
a function of the number of bacteria in the soliton Np, the consumption rate k, the
cross-section A, and the initial chemoattractant concentration c0 [20],

vthp = Npk

Ac0
. (5.53)

In Sec. 5.4.3 we demonstrate how this relation is derived. It is also valid in our case
provided we can clearly identify an isolated pulse. Now, by integrating the bacterial
density along the x direction at time t = 2000 s, we obtain Np = A

∫
ρdx = 0.88× 105

bacteria in the pulse and for the number of bacteria left behind close to x = 0, Nc =
0.57× 105. Note, Np and Nc do not add up to N0 since there are also bacteria in the
trail between the initial location and the pulse. Using Np and the parameter values of
the reference system from Table 5.1 in Eq. (5.53), we obtain vthp = 4.69 µms−1, which is
in very good agreement with our numerical value of vp = 4.68 µms−1.

In Fig. 5.3(b) we lower the number of bacteria N0 by a factor of three. Now, all bacteria
travel in the pulse and none are left behind. This suggests that the traveling pulse can
only carry a certain number of bacteria and thus has a maximum carrying capacity.
Indeed, in Sec. 5.4.3 we show that the pulse speed vp is bounded from above by the
chemotactic drift speed of Eq. (5.40), which itself cannot grow to infinity since we bound
the chemotactic response through the tumble rate. Thus, the number Np of bacteria in
the pulse, given in Eq. (5.53), cannot become arbitrarily large. We will investigate the
maximum carrying capacity in more detail in the following parameter studies, where we
use the two traveling pulses from Fig. 5.3 as a reference. For the traveling pulse in Fig.
5.3(b) we determine a smaller pulse speed of vp = 2.66 µms−1. It matches very well with
the theoretical prediction from Eq. (5.53) using Np = N0 = 0.5× 105. Video S2 of the
supplemental material in Ref. [182] shows an animation of the traveling profiles.
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Figure 5.4: Pulse speed as a function of time: (a) for the reference pulse from Fig.
5.3(a); (b) for different initial configurations for the bacterial configuration. Instead of
an exponential profile with decay length x0 = 50 µm, we try a step profile and a linear
profile with the same decay length. Moreover, we also vary the decay length for the
linear profile to x0 = {5, 500, 5000}µm.

Time dependence of the pulse speed and effect of the initial bacterial con-
figuration

Fig. 5.4(a) shows the time dependence of the pulse speed vp(t) for the reference pulses
from Fig. 5.3(a) (Ref I) and from Fig. 5.3(b) (Ref II), respectively. The pulse speed
converges to a constant value.

In Fig. 5.4(b) we investigate the effect of the initial bacterial configuration on the pulse
propagation. Changing the initial distribution from an exponential to a step profile or
a linear profile has no effect on the pulse speed, indeed the curves are very close. The
same is true when we change the decay length to x0 = 5 µm and x0 = 500 µm. Only for
x0 = 5000 µm, which corresponds to 5% of the system length and which is larger than
the pulse width, the curve starts to look different. Probably, when one simulates for
much larger time, the pulse assumes the speed of the previous cases. As the pulse speed
is directly linked to the number of bacteria in the pulse, we conclude that the maximum
carrying capacity is stable for reasonable variations in the initial bacterial configuration.

5.4.2 Parameter studies

Influence of bounded chemotactic drift

To keep the tumble rate positive, we introduced the chemotactic length δ in Eq. (5.4),
which prevents the chemotactic drift velocity in Eq. (5.40) to become arbitrarily large.
Furthermore, for the chemotactic response the lower chemical threshold ct was intro-
duced. In Fig. 5.5 we explore the influence of both parameters on the traveling bacterial
pulse. The chemotactic length δ increases from left to right and the threshold concen-
tration ct from top to bottom. The reference system of Fig. 5.3(a) is in the center.

A smaller chemotactic length δ means that the bacterium can sense larger chemical
gradients and that the drift velocity vch saturates at a larger value proportional to
δ−1. However, δ cannot be chosen arbitrarily small since then the tumble rate in Eq.
(5.4) becomes negative. In this case, our numerical solution scheme is unstable and the
bacterial density assumes unphysical negative values.

The length δ = 384 µm is close to the minimal value. In particular, for small ct nearly all
bacteria travel in the pulse, none are left at the origin. As a result, the pulse travels the
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Figure 5.5: Rescaled bacterial density ρ/ρ0 as a function of the chemotactic length δ
and threshold concentration ct. We increase δ from left to the right and ct from top to
bottom. The reference pulse from Fig 5.3(a) is in the center. The color code for the
different times is the same as in Fig 5.3. Note the smaller ranges of the x and y axis in
the last column.

fastest. Increasing δ to 600 µm, it is clearly visible that some bacteria are left behind.
Thus, the pulse contains less bacteria and, therefore, is slower. This is also in agreement
with the smaller chemotactic drift velocity. Interestingly, for the smallest ct we observe
a second propagating pulse strongly decreasing in height. Finally, if we increase δ by a
factor of 10 to 6000 µm, the majority of bacteria stay close to the initial location while
only a smaller number of them travels in the pulse (note the 10 times smaller range of
the vertical axis). Thus, the pulse speed is small and the pulse has not yet separated
from the non-propagating bacteria. In conclusion, increasing δ decreases the maximum
carrying capacity significantly and makes the pulse slower.
Increasing the threshold concentration ct from nearly zero to ct = 0.1c0 has three effects.
First, the dispersion of the pulse increases which slows down the pulse. This is most
notable when comparing the second to the third row. Second, the shape of the pulse
becomes more asymmetric as bacteria at the rear flank cannot follow the pulse. Third,
the number of bacteria left behind at the initial location increases slightly. In the upper-
middle plot, we recognize that the threshold ct is so low that the remaining bacteria can
still travel by chemotaxis, although with a stronger dispersion as the first pulse. Finally,
even for the vanishing threshold of the upper left plot, a slight dispersion is visible. This
again suggests that a true propagating soliton, for which the pulse shape does not vary
in time, is not possible as long as the chemotactic drift velocity is bounded.

Quantitative study of the rescaled Keller-Segel equations

We now consider the rescaled Keller-Segel equations and study the propagating bacterial
pulse in detail. Hence, we plot the rescaled pulse speed vp, the pulse full width at
half maximum ∆xh, and the pulse amplitude ρmax/ρ0 as a function of the remaining
parameters ρ0/c0, Dc/Deff and χ0(1 − 〈cosβ〉). Again, we neglect bacterial growth by
setting α̃ = 0. Figure 5.6 shows all results and the relevant parameters are given in the
figure caption.
In Fig. 5.6(a) we see that the pulse speed depends linearly on ρ0/c0 in agreement with
the Keller-Segel prediction of Eq. (5.53) but then saturates at a constant value. The
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Figure 5.6: Parameter study for the traveling bacterial concentration pulse. The rescaled
pulse speed vp (first line), full width at half maximum of the pulse ∆xh (second line), and
pulse amplitude ρmax/ρ0 (third line) are plotted as a function of the rescaled parameters
ρ0/c0 (a), Dc/Deff (b), and χ0(1 − 〈cosβ〉) (c). The values are determined at rescaled
time t̃ = 1010, where pulse propagation is well established. When not varied, the
following rescaled parameters are used: ρ0/c0 = 4.76× 10−8 (blue stars, study I) and
ρ0/c0 = 1.59× 10−8 (green circles, study II), Dc/Deff = 7.84, χ0(1 − 〈cosβ〉) = 29.6,
δ̃ = 1.09× 105, c̃t = 10−12, and α̃ = 0. The reference pulses from Fig. 5.3(a) and (b)
are marked with orange stars (Ref I) and purple discs (Ref II), respectively. The dashed
line in the curve ρmax versus ρ0/c0 is a fit to y(x) = C/x with C = 2.22× 10−9 while
the dashed lines in the curves ρmax versus χ0(1 − 〈cosβ〉) are fits to y(x) = AxB with
A = 3.53× 10−4, B = 1.42 (blue stars) and A = 10.4× 10−4, B = 1.43 (green circles).
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reference pulse from Fig. 5.3(b) (purple disc), where all bacteria travel with the pulse,
is located in the linear regime, while the reference pulse from Fig. 5.3(a) (orange star),
where some bacteria remain close to the origin, propagates in the saturated regime.
Thus, in the first case adding more bacteria to the system increases the number of
bacteria in the traveling pulse and speeds it up. In contrast, in the second case additional
bacteria remain close to the initial location. Thus, the traveling concentration pulse
has a maximum carrying capacity N∗ with respect to the amount of bacteria it can
carry while further bacteria exceeding the carrying capacity are left behind. This is
in agreement with Sec. 5.4.3, where we derive an upper bound for N∗. The transition
between both regimes occurs at the critical ratio (ρ0/c0)∗. To illustrate the transition,
we discuss the following scenario. Lowering c0 at constant ρ0 speeds up the pulse in
the linear regime since bacteria degrade the chemoattractant faster and in agreement
with Eq. (5.53). However, once (ρ0/c0)∗ is reached, the pulse looses bacteria to keep
the pulse velocity constant, again according to Eq. (5.53). Thus the carrying capacity
of the pulse decreases when c0 decreases below a threshold.

The ratio ρ0/c0 also influences the pulse shape. In the linear regime of increasing ρ0/c0
the pulse becomes narrower while its absolute height ρmax roughly increases with ρ2

0.
When reaching the saturation regime, the pulse width stays constant as should ρmax.
Thus for the relative height we find ρmax/ρ0 ∝ (ρ0/c0)−1.

In Fig. 5.6(b) we show the pulse speed does not significantly depend on the ratio of
diffusion constants, Dc/Deff, for both study cases I (blue stars) and II (green circles).
This is in contrast to Ref. [193] where the authors proposed a correction term to Eq.
(5.53), which predicts a decrease of the pulse speed with increasing Dc. However, when
examining the bacterial pulse profile, we observe that for larger Dc/Deff the pulse needs
more time to form. It needs more time to consume all the chemoattractant at the origin
due to the larger diffusive flux of chemoattractant into the depleted areas. But once the
bacteria have fully degraded the chemoattractant, the pulse propagates with the same
speed vp independent of Dc. For increasing Dc/Deff the width of the pulse also increases
while the amplitude decreases. However, both trends are not very significant since pulse
width and amplitude do not even change by a factor of two while Dc/Deff is varied
over four orders of magnitude. Finally, we note the relevant length scale l =

√
Deff/k

to depend on the effective bacterial diffusion constant Deff and thus find vp ∝
√
Deff.

Moreover, the pulse width increases significantly with Deff while the absolute height
increases only slightly.

Figure 5.6(c) shows the results when the chemotactic parameter χ0(1− 〈cosβ〉) is var-
ied. For values larger than 50 the numerical scheme becomes unstable similar to the
instability in the chemotactic length δ already discussed in Sec. 5.4.2. The pulse speed
increases linearly in the chemotactic parameter for the study case I (blue stars) and also
for the study case II (green circles) in the range χ0(1−〈cosβ〉) < 20. To understand this
finding, we looked in detail at the bacterial profiles. In study case II we find that with
increasing χ0(1−〈cosβ〉) more and more bacteria from the vicinity of the initial location
enter the pulse, which according to Eq. (5.53) then speeds up. Thus we conclude for the
maximum carrying capacity of the pulse, N∗ ∝ χ0(1 − 〈cosβ〉. A similar observation
in connection with the scenario of Fig. 5.6(b) gives N∗ ∝ √Deff. Note that our results
are in contrast to Ref. [194] which found vp ∝ √χ0. In study case II (green circles) we
start with a smaller number of bacteria. Thus, at χ0(1− 〈cosβ〉) ≈ 20 all bacteria have
entered the pulse, which then travels with constant speed when χ0(1−〈cosβ〉) is further
increased. Finally, with growing chemotactic parameter the width of the traveling pulse
decreases in the study case I (blue stars). The curve of study case II (green circles)
follows this trend until the pulse speed becomes constant and then steadily increases.
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For the pulse amplitude of the two study cases, the behavior of the curves is inverted
compared to the pulse width. The curves are well fitted by y(x) = AxB, where the
constants A differ approximately by a factor of three. This is the factor by which the
density ratios ρ0/c0 of study cases I and II differ. The factor of three appears since
we plot the reduced amplitude ρmax/ρ0. The exponents are nearly the same. The
amplitude of the study case II (green circles) decreases for χ0(1 − 〈cosβ〉 > 20 and
thereby compensates the increasing pulse width as the number of bacteria in the pulse
is constant.

Influence of growth rate α

Finally, we investigate the influence of the growth term in the Keller-Segel equation
(5.38). Figure 5.7 shows propagating pulses for three different growth rates α, while
the other parameters are chosen as in the reference system but with the reduced initial
number of bacteria N0 = 0.5× 105. It is below the maximum carrying capacity of the
pulse and was used in Fig. 5.3(b).
Consequently, in the upper panel the pulse grows due to the non-zero growth rate and
speeds up in time until the maximum carrying capacity is reached at around 2600 s.
Then, the pulse propagates with constant shape like a perfect soliton. However, in our
case the pulse leaves a trail of bacteria behind, which originates from the continuous
bacterial growth.
In the middle and lower panel, the maximum carrying capacity is reached after 1000 s
and 50 s, respectively. Interestingly, the pulse does no longer separate from the broad
distribution of bacteria, which spreads from the initial location, but rather sits on top of
the distribution’s right flank. In the lower panel, the pulse is fastest and its amplitude is
highest. This comes from the fact that the broad distribution around the origin contains
much more bacteria compared to the middle panel and, thus, more bacteria actively take
part in the degradation of the chemoattractant. As a consequence, the pulse propagates
faster.
Last, we observe that with increasing growth rate the pulse becomes more peaked. This
is reminiscent to Fig. 5.6(a) and (c), where a faster pulse has a smaller pulse width.

5.4.3 Upper bound for the maximum carrying capacity and mean ori-
entation

From the Keller-Segel equations (5.38) and (5.39) in 1D we derive the equations to
describe a bacterial pulse. Since it should propagate with constant shape, one writes
the bacterial and chemical densities as functions of the pulse variable ξ = x − vpt and
obtains [20],

−vp
∂ρ

∂ξ
= Deff

∂2ρ

∂ξ2 −
∂

∂ξ
vchρ, (5.54)

−vp
∂c

∂ξ
= Dc

∂2c

∂ξ2 − kρ . (5.55)

The boundary conditions at ξ → ±∞ are ρ = 0, ∂ρ∂ξ = 0, c = c0/0, and ∂c
∂ξ = 0. Following

the approach of Ref. [20], we integrate the second equation from −∞ to ∞ and obtain
the Keller-Segel relation for the pulse speed vp:

vp = kNp

Ac0
, (5.56)
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Figure 5.7: Propagating bacterial pulses for three different growth rates α. Other pa-
rameters are the same as the reference pulse of Fig. 5.3(b) with an initial population of
N0 = 0.5× 105.

where Np/A is the number of bacteria in the pulse per unit area.
Now, we can derive another relation for the pulse speed by integrating Eq. (5.54) from
ξ to ∞,

vp = vch(ξ)−Deff
∂ρ

∂ξ
/ρ . (5.57)

This equation has to be fulfilled for all ξ, in particular, also in the rear of the pulse. Here
∂ρ
∂ξ is positive and so is the second term on the R.H.S. of the last equation. Therefore,
the pulse speed always has to be smaller than the chemoctactic drift speed, which itself
has a maximum value vch,max. Thus we obtain an upper bound for the pulse speed,

vp < vch,max . (5.58)

Inserting vp from Eq. (5.56), we finally obtain an upper bound for the maximum carrying
capacity,

N∗ <
Ac0
k
vch,max . (5.59)

Mean orientation within the pulse

The mean orientation n is related to the polarization by

n(x, t) = P(x, t)
ρ(x, t) . (5.60)

Again, we assume a pulse solution where the pulse variable is given by ξ = x−vpt. We
insert it into Eq. (5.32). Neglecting diffusion and bacterial growth, we arrive at

− vp · ∇ξρ = −v0∇ξ ·P . (5.61)

We integrate on both sides and reorganize the equation to obtain

vp
v0

= P(ξ)
ρ(ξ) . (5.62)
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Figure 5.8: Propagating reference pulse (Ref I) from Fig. 5.3(a). Here, we show the
mean orientation nx = n · ex in the bottom panel. The black dashed line corresponds
to the theoretical prediction from Eq. (5.63), nx = vp

v0
= 0.19.

We recover the mean orientation n on the R.H.S., whereas the L.H.S. is the ratio of the
constant pulse velocity divided by the bacterial speed. This is a remarkable result as it
implies that the mean orientation must be a constant for a perfect pulse. Finally, we
have a theoretical estimate of the mean orientation,

n(ξ) = Npk

Ac0v0

vg
|vg|

, (5.63)

where we have inserted the pulse speed from Eq. (5.56).
However, in our model we do not have a perfect pulse. In particular, the pulse speed is
not constant in the back of the pulse where the bacteria fall out. Nevertheless, in the
main part of the pulse the pulse speed is a constant and we can conclude that the mean
orientation is constant within that part of the pulse. Numerical simulations confirm this
theoretical prediction as can be seen in Fig. 5.8.

5.4.4 Matching the experimental pulse

Figure 5.9 (upper panel) shows the traveling bacterial concentration pulse recorded in
the experiments of Ref. [19] and compares it to the numerical solution of our polarization
extended model. Both propagating pulses agree very well in shape and in speed vp =
3.8 µms−1. We extracted the experimental data from Fig. 1(b) in Ref. [19] and in our
model mainly used parameters from the same publication including a non-zero growth
rate but also added missing values from Refs. [35] and [130]. Moreover, a realistic value
for the sensing threshold ct = 2.61× 105 µm−3 = 0.1c0 was chosen [130]. This was
necessary to match the asymmetry and dispersion of the pulse. The full parameter set
is given in Table 5.1.

Varying the chemotactic length at fixed chemotactic strength

The chemotactic strength χ0v0
δ and swimming speed v0 were determined from experi-

mental data in Ref. [19], while the chemotactic length δ could only be estimated. We
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Figure 5.9: Comparison of the experimental traveling pulse (grey circles) from Fig. 1(b)
in Ref. [19] and the simulated pulse using our model (colored lines) with parameters
given in Table 5.1. Both bacterial density profiles are indicated in the upper panel at
different times, the chemical field c is shown in the middle panel, and the polarization
Px in the lower panel. The pulse speeds in both cases are identical: vp = 3.8 µms−1.

want to investigate how the chemotactic length δ, which bounds the logarithmic sensing,
influences the pulse. In contrast to our study in Fig. 5.5, we thus keep the ratio χ0

δ
constant. The parameter δ is then the sensitivity to the logarithmic signal ∇cc . As in
Fig. 5.6, we investigate the pulse speed vp, width ∆xh, and amplitude ρmax. Again, we
have study case I and study case II, which differ in the number of bacteria N0. Fig. 5.10
shows the investigated quantities as a function of δ.
We recover a monotonous curve for the pulse speed, whereas the blue curve (study case
I) looks similar to a hyperbolic tangent. Interestingly, the green curve (study case II)
is monotonic but shows a saddle point in the region of the value used for the reference
pulse before it also saturates to the same value as study case I. This is remarkable as
in that regime the Keller-Segel prediction of the pulse speed can no longer be valid. A
possible explanation might be that the bacterial pulse moves on before all the nutrient
has been consumed, however, further investigations are needed here.
The rescaled width shows a monotonous increase around the reference value in both
study cases, whereas the pulse of the case with less bacteria (study case II) is broader.
The non-monotonous parts at both sides, especially the course of study case II for high
δ, needs further investigations.
The rescaled amplitude shows a resonance behavior in both study cases with a clear
maximum at around δ/l ≈ 2× 104, which corresponds to δ ≈ 100 µm. The estimated
value δ = 600 µm used above has the same order of magnitude, but, especially in study
case II, the amplitude is significantly smaller than the maximum. We finally note that
the rescaled amplitude in study case II is larger than in study case I.

5.5 Discussion and Conclusions

In the first part of this chapter, we demonstrated how to derive the celebrated Keller-
Segel equation using a generalized Smoluchowski equation for the full distribution func-



5.5. DISCUSSION AND CONCLUSIONS 101

Figure 5.10: The rescaled pulse speed vp (a), full width at half maximum ∆xh (b), and
amplitude ρmax/ρ0 (c) are plotted as a function of the rescaled chemotactic length δ/l
while we keep the ratio χ0

δ̃
constant. The values are determined at rescaled time t̃ = 1010,

where pulse propagation is well established. When not varied, the following rescaled
parameters are used: ρ0/c0 = 4.76× 10−8 (blue stars, study I) and ρ0/c0 = 1.59× 10−8

(green circles, study II), Dc/Deff = 7.84, χ0(1− 〈cosβ〉) = 29.6, c̃t = 10−12, and α̃ = 0.
The reference pulses from Fig. 5.3(a) and (b) are marked with orange stars (Ref I) and
purple discs (Ref II), respectively.

tion in position and orientation and a multipole expansion. An important ingredient is
the bacterial tumble rate in a chemical field. We derived the known Markovian response
theory for the mean tumble rate starting from the classical chemotaxis strategy based on
temporal sensing in order to explain experimental results from Ref. [35]. Our expression
for the tumble rate includes logarithmic sensing and we added a lower chemical thresh-
old and an upper bound for the chemotactic response to keep the tumble rate positive.
The multipole expansion provides a polarization extended model (PE) from which we
derived the Keller-Segel equation in the adiabatic limit, where the bacterial polarization
instantly follows variations in the density. We thereby obtain microscopic expressions
for the diffusion coefficient and the chemotactic drift velocity. Due to the bounded
chemotactic response, the inherent and unrealistic singularity in the drift velocity is
removed.
Our detailed study of the traveling bacterial pulse shows that its characteristic time
is much larger than the relaxation time of the bacterial polarization. Thus, PE and
KS model provide identical results except for the initial fields and we conclude that
the full Smoluchowski equation as used for example in Refs. [19, 146] is not necessary.
This drastically reduces the computational effort and allowed us to perform extensive
numerical studies of the bacterial pulse propagation.
We have found that due to the upper bound of the chemotactic velocity the traveling
pulse can only carry a limited number of bacteria. To the best of our knowledge such
a maximum carrying capacity has not yet been reported in the context of traveling
bacterial pulses. In particular, it is not predicted by the analytic soliton solution of
the original Keller-Segel model [20]. Another consequence of the upper bound of the
chemotactic velocity is an effective dispersion of the pulse. While propagating, the
pulse leaves a trail of bacteria behind and hence the pulse height decreases and the
width expands. This is consistent with results from Ref. [184]. The loss of bacteria can
be compensated by a non-zero growth rate and we have seen that soliton-like pulses,
which propagate with constant shape, are possible.
Exploiting a rescaled version of our KS model, we quantified how pulse speed, pulse
width, and pulse amplitude depend on the different unitless parameters. We mention



102 CHAPTER 5. TRAVELING CONCENTRATION PULSES

some key results. First, throughout our parameter study, we have found that the analytic
soliton solution of the original KS model still provides a correct estimate for the pulse
speed as a function of the number of bacteria in the pulse. Second, we have found
the maximum carrying capacity to be proportional to the chemotactic strength χ0(1−
〈cosβ〉)/δ̃ and √Deff. As a consequence, these parameters affect the pulse speed as long
as there are sufficient bacteria in the system so that the maximum carrying capacity
is reached. Third, the diffusion coefficient of the chemoattractant does not influence
the pulse speed as predicted in a theoretic model in Ref. [193]. The pulse only takes
longer to eat up all the chemoattractant at the origin due to the larger diffusive flux of
chemoattractant into depleted areas.

Finally, we have shown that our simulated pulse propagation is able to match quantita-
tively the traveling bacterial pulse in the experiments of Ref. [19] in speed and shape.
In contrast to the models used in Refs. [156] and [19], we do not need a second chemoat-
tractant to generate a traveling concentration pulse as a solution of our generalized KS
model.

We mention four directions into which our approach can be extended. First, so far we
did not explore the full PE model, which will be relevant for dynamic processes with
typical time scales of the order of 1/ω. In future works, it would be interesting to
explore the possibility of having the bacterial polarization as an independent field and
its potential to induce complex dynamics. For example, the alignment or polarization of
magnetotactic bacteria can be controlled by an external magnetic field [195, 196], which
offers the possibility to address polarization as an independent field variable, e.g., by a
time-varying external stimulus. The dependence of cell characteristics on polarization
could also evoke a feedback loop in highly non-linear equations. For example, it was
shown that the nutrient uptake of bacteria depends on cell shape [197], meaning that
the consumption rate may depend on the polarization, which then influences chemotaxis
[198]. For Janus colloids with effective phoretic repulsion, this can generate interesting
collective dynamics on times much smaller than the characteristic time scale of the
bacterial pulse [199]. Finally, in complex geometries with characteristic lengths similar
to the persistence length of the bacterium, we expect the polarization equation also to
become important.

Second, to describe the multiple pulses that have been observed in experiments with
several nutrients [18, 129], one can extend our model by coupling the bacterial density
to several nutrient fields. Bacteria that are left behind by the first pulse can then perform
chemotaxis in a second nutrient field and thereby create a second pulse.

Third, in our generalized Smoluchowski equation, the swimming speed is a constant
as it is commonly done for the E.coli bacterium also during chemotaxis [22, 23, 138].
However, some bacteria are known to couple their swimming speed to the concentration
of a chemical field [162, 200, 201], a strategy which is called chemokinesis. Reference [150]
derived coupled equations for bacterial polarization and density from a Smoluchowski
equation where the swimming velocity depends on the chemical concentration. It is
certainly interesting to extend our theory in order to investigate the combined effect of
chemokinesis and chemotaxis. A cell that performs both strategies is the sperm cell [29].

Finally, it would be interesting to extend our approach to chemoattractants to which
E.coli is not perfectly adapted such as serine [23, 138, 141]. For this chemoattractant, the
mean tumble rate drops as the concentration of serine increases. Thus, when swimming
up a chemical gradient, the chemotactic velocity increases [141]. In our generalized KS
model, the effective diffusion coefficient of bacteria Deff, which directly depends on the
tumble rate λequ, now is enhanced in front of the pulse as runs are longer, while it is
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smaller in the back of the pulse where runs are shorter. This should affect the pulse
propagation and indeed, experiments with serine showed that below a certain strength
of the chemical gradient traveling pulses do not form [202].
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6
Conclusions

In this thesis we developed two theoretical frameworks for the migration of the gut
bacterium Escherichia coli (E.coli). We based both frameworks on stochastic methods
from statistical physics. In the following we summarize the two parts and their respective
findings before we give an outlook for possible future investigations.
In the first part, we investigated the migration of individual bacterial cells. We presented
a stochastic description of the swimming motion of an E.coli bacterium. We set up two
overdamped Langevin equations for the angle and speed dynamics, respectively, where
we also resolved tumble events in time. We calculated moments as well as distribution
and autocorrelation functions for both equations. Using these stochastic quantities, we
provided a robust methodology for inferring the full set of swimming parameters that
characterize the run-and-tumble motion. The inference method has been validated by
comparison to the results of an established tumble recognizer algorithm. In contrast to
tumble recognizers, our method does not rely on a priori parameters and even infers the
rotational diffusion constant as an output. We revealed some new and detailed insights
into E.coli’s chemotaxis strategy by applying our method to experimental data that has
been recorded in a constant concentration gradient of chemoattractant. Resolving the
tumble event in time, we realized that this angle bias is due to modulations of both the
tumble time and the enhanced rotational diffusivity during tumbling, for which we also
presented a possible explanation from the signaling pathway of E.coli. Moreover, we
found that fluctuations in the swimming speed are larger by 30% when E.coli swims in
a favorable direction. We observed a correlation in the turn rate and we showed that all
current models do not predict this correlation. We presented an alternative description
of the angular dynamics that captures the correlation in the turn rate. We investigated
also the chemotactic response of the soil bacterium Pseudomonas putida. We realized
that the response is adapted for small concentrations of the chemoattractant benzoate
while at large concentrations, the tumble rate decreases for increasing chemoattractant
concentration.
In the second part, we directed our attention to the collective migration of E.coli. We
started with the linear response theory of chemotaxis for an individual bacterium. It
includes logarithmic sensing and we added a lower chemical threshold as well as an up-
per bound for the chemotactic response to keep the tumble rate positive. We derived a
probabilistic description for the coupled dynamics of bacteria and chemoattractant field.
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Performing a multipole expansion, our framework generates a generalized Keller-Segel
model. Due to the bounded chemotactic response, the inherent and unrealistic singular-
ity in the drift velocity is removed. We showed that neither a second chemoattractant
[19, 156] nor a singular chemotactic drift [20] is needed to match the bacterial pulse
from experiments. We presented an extensive study of the traveling pulses and demon-
strated how their speeds, widths, and heights depend on the swimming parameters of
individual bacteria. Most importantly, we discovered a maximum number of bacteria
that the pulse can sustain, the maximum carrying capacity, which is not predicted by
the analytic soliton solution of the original Keller-Segel model [20]. We showed that it
occurs due to the bounded chemotactic velocity.

In future works, one can adapt the two theoretical frameworks, which have been elab-
orated for E.coli in this thesis, to different kinds of bacteria. Soil bacteria such as
Pseudomonas putida possess a tumble angle distribution with a sharp peak centered
around π [45], while marine bacteria show a bimodal distribution of tumble angles with
two maxima as measured in Ref. [181]. In both cases, rotational diffusion during tum-
bling cannot reproduce such distributions. A possibility to address these cases is to
modify our alternative description of the angular dynamics, which includes shot noises.
Traveling concentration pulses have not yet been observed for soil and marine bacteria.
This may stem from the fact that the pulse depends on the initial conditions, i.e., the
initial bacterial and chemoattractant concentrations, as well as the consumption rate.
Numerical simulations using our model may provide a quick prediction of which initial
conditions will lead to a clear pulse propagation.

Moreover, it would be interesting to apply our inference method to experimental data of a
long trajectory of a single E.coli cell. This could then reveal and quantify heterogeneities
in a bacterial population. Furthermore, it would be interesting to explore the possibility
of having the bacterial polarization as an independent field and its potential to induce
complex dynamics.

Altogether, this thesis presents novel insights into bacterial chemotactic strategies and
provides two theoretical frameworks that may move forward basic research on the mi-
gration of microswimmers. This is a prerequisite for technical progress in the biomimetic
use of microswimmers, a currently intensively investigated research field.
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