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Abstract

Owing to the increasing demand for large scale and high efficiency in manu-

facturing processes, computer aided tools for process operation and control are

rapidly gaining popularity. An important state variable in aerobic processes is

the dissolved oxygen, which can be easily measured online and is an important

indicator of the metabolic activity. However, due to the fast kinetics of the

oxygen transfer, dynamical models describing aerobic bioprocesses tend to be

highly stiff. This can lead to significant numerical problems hampering its use

for fixed step discretization methods and computationally costly applications

such as computer fluid dynamics. In this work we use the slow-motion invariant

manifold and the quasi steady state assumption methods to eliminate the differ-

ential equation describing the dissolved oxygen (the fast mode). By doing this,

the tractability of the model is significantly increased with a neglectable loss in

description power. The reduced model is also useful for simplifying the observer

design problems, which is demonstrated by a state and parameter estimation
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example at the end of the work.

Keywords: Model Reduction, Dissolved Oxygen Tension, Aerobic, Nonlinear

Dynamics, Observer

1. Introduction

A rapid shift in industry towards more sustainable manufacturing processes

is desperately needed to meet the current environmental challenges. Biotech-

nology offers attractive alternatives to traditional chemical engineering pro-

cesses for the production of pharmaceuticals (e.g. antibodies and insulin [1, 2]),5

biodegradable materials, and renewable fuels [3].

Nevertheless, bioprocesses typically lie behind chemical engineering solutions

in terms of costs, developmental times, process efficiency, and reliability. For

this reason, it is essential to tailor and apply existing process systems engineer-

ing (PSE) tools for process design, optimization and control [4, 5, 6, 7, 8, 9]. But10

for this, an accurate and tractable mathematical description of the bioprocess

is required. Once available, mathematical models can be used from regulatory

agencies support as in Quality by Design (QbD) [10], over model-based process

monitoring (e.g. soft sensors, nonlinear observers) and control [11], up to plant

optimization [12, 13], and to plant-wide optimization [14]. And even though it15

is true that it is difficult to mathematically describe the dynamics of living or-

ganisms, macro-kinetic growth models offer a good trade-off between descriptive

power and model tractability for bioprocesses [15, 16, 17].

The applicability of advanced model-based methods depends on the proper-

ties of the models used, such as accuracy, robustness, and identifiability. Stiff-20

ness, for example, increases the computational burden and instability of the nu-

merical integration. Differential equation systems that have both very fast and

very slow modes will require very small discretization steps to catch all changes

in the system and need long time spans to allow slow modes to come to equilib-

rium. Stiffness is especially inconvenient for fixed step discretization methods25

(e.g. full discretization) and large systems of partial differential equations (e.g.
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computational fluid dynamics). In aerobic bioprocesses, the big difference in

dynamics between physicochemical phenomena and biological reaction can be

very challenging. The dissolved oxygen, for instance, reveals important process

insights, but is prone to cause stiffness due to its fast kinetics.30

There are a number of methods that can be applied to reduce the order of

chemical and biochemical models[18]. Some of them are easy to implement and

thereby widely used, such as the quasi-steady-state assumption (QSSA) method

[19, 20] and singular perturbation method [21, 22]. However, due to the fact that

these methods render some non-vanishing errors between the reduced model and35

the original one, the performance of the reduced model cannot be guaranteed for

those applications that are sensitive to such errors. An alternative method to

overcome this is the slow-motion invariant manifold method which can guarantee

the convergence of the reduced model [23]. The invariant manifold method

has been successfully applied to the fields of anaerobic digestion [24, 25, 26,40

27] and metabolic models [28], and is also widely used for the reduction of

general chemical kinetics models [29, 30, 31]. In this study, both the invariant

manifold and the quasi-steady-state assumption methods are applied in search

for a tractable but accurate description of aerobic bioprocesses. We demonstrate

that it is possible to increase the tractability of aerobic bioprocess models with45

a minimal loss in accuracy.

We will first study the model reduction problem for aerobic processes. In

section 2, we analyze the dynamic properties of a basic 3-state aerobic system

to demonstrate why model reduction is meaningful, and use the detailed E.

coli model as a numerical example. In section 3, both continuous and fed-batch50

process models will be reduced with the slow-motion invariant manifold method,

in comparison to the simpler quasi-steady-state approximation approach. After

the model reduction, in section 4, we will work on an example to show how the

reduced model could simplify the observer design problem to estimate the state

and parameter.55
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2. Aerobic Model and System Properties

In aerobic processes, substrate is consumed by biomass in the presence of

oxygen. Other organic and inorganic matters may also be involved in the pro-

cess, such as acetate, enzyme, etc. For representative purposes, we will start

with a basic aerobic model consisting of 4 states: biomass concentration (X) in

[g/L], substrate concentration (S) in [g/L], dissolved oxygen tension (DOT ) in

[%] and the volume of culture medium (V ) in [L]:

dS

dt
= −F

V
(S − Sin)− qsX

dX

dt
= −F

V
X + µX (1)

dDOT

dt
= KLa(DOT ∗ −DOT )−HqoX

dV

dt
= F − Fout

F and Fout are the inlet and outlet flow rates. The substrate is fed to the system

with a concentration of Sin. In the DOT equation, KLa is the mass transfer

coefficient for oxygen, DOT ∗ is the percentage of dissolved oxygen saturation

and H is the Henry coefficient.60

In real practice, the process is usually operated under substrate-limited con-

ditions, where the oxygen is in excess. It is reasonable to assume that DOT is

kept above the 20% level all the time and thereby the oxygen uptake rate qo

is independent of DOT . Then the biomass growth rate µ, the substrate and

oxygen uptake rates qs and qo are functions of the substrate concentration only:

qs = qsmax
S

S +KS

µ = Yxqs

qo = Yo/s · (qs − µ ·
CX

CS
) (2)

The definition for other coefficients are given in Table 1, as well as a set of

representative parameter values to be used in the following sections, which is

based on Enfors’ book [16] and our experimental practices. As Cx and Cs in (2)

can be treated as constant, qo is then proportional to qs. Thus, we can define
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an overall DOT to substrate yield coefficient Yo = Yo/s − Yo/sYxCX/CS and65

rewrite (2) as qo = Yoqs.

Table 1: Parameter values

Sin Organic substrate concentration in feed 20 g/L

qsmax Maximum aerobic substrate uptake rate 1.5 g/gh

Ks Half-saturation constant for organic substrates 0.05 g/L

DOT ∗ Percentage of dissolved oxygen saturation 100 %

KLa Mass transfer coefficient for oxygen 800 h−1

Yx Specific aerobic yield for substrate 0.56 g/g

Yo/s Specific yield of DOT to substrate 1.217 %/g

H Henry coefficient 14000

D Dilution rate 0.4 h−1

Cs Carbon content of substrate 0.487 gC/gX

Cx Carbon content of biomass 0.391 gC/gX

There could be three operating conditions depending on the inlet and outlet

flows: batch, fed-batch and continuous operations. The batch reactor has nei-

ther inflow nor outflow: F = Fout = 0. The fed-batch reactor has only inflow

but no outflow: Fout = 0. In continuous operation, the rate of the inlet flow

equals to that of the outflow: F = Fout 6= 0. Therefore, the volume of culture

remains constant in both batch and continuous reactors, and the state V in

model (1) can be dismissed for these operations. Particularly, the continuous

reactor model can be written as:

dS

dt
= −D(S − Sin)− qsX

dX

dt
= −DX + µX (3)

dDOT

dt
= KLa(DOT ∗ −DOT )−HqoX

where D = F/V represents the dilution rate and is defined as the ratio of inlet

flow rate over the culture medium volume.
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To study the properties of aerobic systems, the continuous process would be

a good starting point. For the model (3), there are two steady states: one is a

trivial steady state, where the biomass is washed out; and the other non-trivial

steady state can be calculated as:

Ss =
−DKs

−Yxqsmax +D

Xs = Yx(Sin − Ss)

DOTs = DOT ∗ −
Yo/sHD(Sin − Ss)

KLa

By linearizing model (3) around this steady state, we get the following ex-

pression:
Ṡ

Ẋ

DȮT

 =


−D −Xs

dqs
dS |s.s. − D

Yx
0

−YxXs
dqs
dS |s.s. 0 0

−HYoXs
dqs
dS |s.s − Yo

Yx
DH −KLa




S − Ss

X −Xs

DOT −DOTs


(4)

and the corresponding eigenvalues:

λ1 = −D

λ2 = −KLa

λ3 = −qsmaxKsXs

(Ss +Ks)2
=
Yxqsmax −D
YxqsmaxKs

(SinYxqsmax − SinD −DKs)

Apparently, all three eigenvalues are negative and this is a stable steady

state. It can be seen that the eigenvalue λ1 equals to the negative dilution rate.70

The value of λ2 is the mass transfer coefficient for oxygen−KLa, which is usually

a very large number such that KLa >> D and λ3 is also small compared to

KLa. Since these eigenvalues are of different orders of magnitude, the process is

comprised of fast and slow dynamics, with λ2 = −KLa to be the fast eigenvalue,

λ1 = −D and λ3 related to reaction dynamics to be the slow. This spectral gap75

is more explicit given the numbers of eigenvalues calculated with the parameters

in Table 1: λ1 = −0.4, λ2 = −800 and λ3 = −91.98.

Note that the linearized matrix in (4) is a lower block triangular matrix, with

−KLa being the right bottom block, which is the value of the fast eigenvalue
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λ2. The left upper block governs the dynamics of the first two states S and X80

, with only slow eigenvalues, and therefore they are the slow states. And the

state DOT is the fast state that associates with the fast eigenvalue λ2 = −KLa.

Consequently, the entire process has serial structure, with the slow dynamics

followed by the fast dynamics.

The physiology of E. coli, which has been described mathematically and

applied in various studies [8, 32, 33], can be used as an example to demonstrate

these dynamic properties in a specific application. An E. coli model can be

written as:

dS

dt
= −F

V
(S − Sin)− qsX

dX

dt
= −F

V
X + µX

dA

dt
= −F

V
A+ qAX (5)

dDOT

dt
= KLa(DOT ∗ −DOT )− qoXH

dV

dt
= F − Fout

This dynamic model is comprised of five ODEs describing five state variables,85

namely biomass X, extracellular concentrations of substrate (glucose) S, acetate

A, dissolved oxygen DOT , and culture volume V . They are modelled in a

standard form, which can be easily transformed to a continuous, fed-batch or

batch process model.

The auxiliary algebraic equations, coupled with the ODEs to form the ki-

netic model, are listed as follows; they describe the biomass formation, and the
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intracellular interactions relating substrate, oxygen and acetate consumption:

qs =
qsmax

1 + A
Kia

· S

S +Ks

qsof =
PAmaxqs
qs +Kap

qsox = (qs − qsof )

pA = qsofYas

qsA =
qAmax

1 + qs
Kis

A

A+Ksa

qA = pA − qsA

qo = (qsox − qm)Yos + qsA ∗ Yoa

µ = (qsox − qm)Yem + qsof ∗ Yxsof + qsA ∗ Yxa

Note that under the assumption that DOT > 20%, the kinetics functions are90

still independent of DOT . An elaborate description of this model and parameter

values can be found in the publication of Anane et. al [8].

For a continuous process with D = 0.15 h−1, Sin = 20 g/L and KLa = 800,

the non-trivial steady state can be calculated numerically as:

Ss = 0.0273 Xs = 11.37 As = 0.0296 DOTs = 38.67;

After linearization around the steady state, the state linear matrix is
−63.37 −0.2634 2.36 0

28.89 0 3.728 0

13.02 0.0004 −9.042 0

−1100000 −4315 −22955 −800

 (6)

And the eigenvalues around the steady state are calculated as

λ1 = −800 λ2 = −63.81 λ3 = −8.445 λ4 = −0.1512;

It is evident that the system (5), even with more detailed kinetics, is com-

prised of both fast (λ1) and slow (λ2, λ3 and λ4) eigenvalues. Similarly to the

previous basic system (3), the linear state matrix is also block lower triangular.95
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Therefore, it can be concluded that DOT is the fast state that corresponds to

the fast eigenvalue (−KLa) in the E. coli model.

Based on this fact, it’s meaningful to properly eliminate the very fast dynam-

ics associated with the state DOT in dynamic model (3), so that the stiffness

issue can be avoided when applying these model to biology and bioengineering100

applications.

For fed-batch operations, the system is different as there is no steady state

and it is meaningless to study their eigenvalues. However, inspired by the idea

from continuous processes, we will still apply similar approaches to probe the

fed-batch models, and then show that the reduced model is also valid for the105

fed-batch case as long as KLa is large.

3. Model Reduction

It has been shown in section 2 that the continuous aerobic process is com-

prised of fast and slow modes. Therefore, the models are eligible for further

simplification by assuming the fast dynamics to be instantaneous and approxi-110

mate the fast state as a function of other slow states. One approach for imple-

mentation is to find the slow-motion invariant manifold of the system and use

it to approximate the fast state. A detailed tutorial and explanation about this

method can be found in some previous work [23, 24, 27].

Another widely used, simple but less accurate approach is the QSSA method.115

It assumes that the fast state reaches its steady state instantaneously, and thus

approximating the differential equation of that state to be zero. One can directly

solve the algebraic equations by setting the differential equations of the fast

states to be zero.

In the following part, we will apply both methods to reduce the order of120

continuous and fed-batch models, and compare the results.
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3.1. Continuous processes

Consider a dynamic system of the form:

dxs
dt

= Fs(xs)

dxf
dt

= Ff (xs, xf )

with xs and xf being the vectors of slow and fast states, where the slow dy-

namics Fs are followed by the fast dynamics Ff . The fast states can then be

approximated by the slow-motion invariant manifold xf = T (xs) where T (xs)

satisfies the following invariance equation [23]

∂T (xs)

∂xs
Fs(xs, T (xs)) = Ff (xs, T (xs))

In the basic continuous aerobic digestion model (1), the slow-motion invari-

ant manifold T (S,X) can be used to approximate the fast state DOT , and it

should satisfy

∂T (S,X)

∂X
(−DX + µ(S)X) +

∂T (S,X)

∂S
[D(Sin − S)− qs(S)X]

= KLa(DOT ∗ − T (S,X))−Hqo(S)X (7)

This is a first order nonlinear partial differential equation, whose exact so-

lution is difficult to find in closed form. But an asymptotic solution can be

derived by using perturbation analysis. As KLa is a large number, it is evident

that ε = 1/KLa is a very small parameter that can be used for perturbation

analysis. Dividing both sides of equation (7) by KLa, and we have

ε
∂T (S,X)

∂X
(−DX + µ(S)X) + ε

∂T (S,X)

∂S
[D(Sin − S)− qs(S)X]

= DOT ∗ − T (S,X)− εHqo(S)X

Or equivalently,

ε
∂T (S,X)

∂X

(
−DX + YxqsmaxX

S

S +KS

)
+ ε

∂T (S,X)

∂S

[
D(Sin − S)− qsmaxX

S

S +KS

]
= DOT ∗ − T (S,X)− εYoqsmaxHX

S

S +KS
(8)
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Expanding T (S,X) in asymptotic series in terms of the small parameter ε:

T (S,X) = P0(S,X) + P1(S,X) · ε+ P2(S,X) · ε2 + P3(S,X) · ε3... (9)

and substituting (9) into (8), and we get(
∂P0

∂X
ε+

∂P1

∂X
ε2 +

∂P2

∂X
ε3
)[(

−DX + YxqsmaxX
S

S +KS

)]
+

(
∂P0

∂S
ε+

∂P1

∂S
ε2 +

∂P2

∂S
ε3
)[

D(Sin − S)− qsmaxX
S

S +KS

]
= −

(
P0 + P1ε+ P2ε

2 + P3ε
3
)

+

(
DOT ∗ − εYoqsmaxHX

S

S +KS

)
(10)

We can solve for the unknown terms Pi in (10) by matching the coefficients

of the terms in ε from lower order to higher order. The result with up to the

second order in ε is:

P0 = DOT ∗

P1 = −YoHXqs(S)

P2 = qoH(−DX + µ(S)X) + YoXH
dqs
dS

[−D(S − Sin) + qs(S)X]

where
dqs
dS

= qsmax
KS

(S +KS)2

The slow motion invariant manifold for DOT can be expressed as

T (S,X) = P0(X,S) + P1(X,S) · 1

KLa
+ P2(X,S) · 1

KLa2
+O

[
(

1

KLa
)
3]

= DOT ∗ − XHYoqsmax

KLa

S

S +Ks

+
1

KLa2

{
qoH(−DX + µ(S)X) + YoXH

dqs
dS

[−D(S − Sin) + qs(S)X]

}
+O

[
(

1

KLa
)
3]

(11)

Therefore, the reduced model becomes

dS

dt
= −D(S − Sin)− qs(S)X

dX

dt
= −DX + µ(S)X (12)

DOT = T (S,X)
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where

µ(S) = Yx/sqs

qs(S) = qsmax
S

S +KS

Figure 1: The evolution of real and reduced states on the invariant manifold

Figure 1 illustrates the approximation of the dynamics (3) through the re-

duced model (12) arising from the invariant manifold method. For an initial

condition S(0) = 0.008 g/L, X(0) = 1.6 g/L, DOT (0) = 25, the blue line rep-125

resents the dynamic response of the exact model (3), whereas the red dotted

line of the reduced model (12) initialized at the same S(0) and X(0), but with
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DOT (0) = T (S(0), X(0)). The exact trajectory of the system involves an initial

phase where the system approaches the invariant manifold very fast, and second

phase where the system slowly moves along the invariant manifold and even-130

tually reaches the steady state. The model reduction approximation involves

projecting the initial state on the slow-motion invariant manifold, by essentially

ignoring the very fast transient of approach to the invariant manifold. With the

reduced system directly starting on the invariant manifold, all its trajectories

will lie on it, as a consequence of the defining property of the invariant manifold135

[23]. So, the reduced model’s state will involve an initial error that will rapidly

decay at early stage and exponentially converge to zero.

Alternatively, one can use the QSSA method to find an approximation by

assuming the state DOT to be at steady state:

dDOT

dt
= KLa(DOT ∗ −DOT )− qo(S)XH ≈ 0

The result from quasi-steady-state approximation is

DOT ≈ DOT ∗ − XHYoqsmax

KLa

S

S +Ks

Comparing the results from slow motion invariant manifold method and the

quasi-steady-state approximation, it can be seen that they are consistent with

each other since the result from QSSA method matches the first two terms of the140

slow invariant manifold in (11). As this result has an error of O(1/KLa
2), when

KLa is a very large number, this approximation is expected to show a good

match to the real fast state. At the same time, it should also be noted that the

higher order terms in the series solution for slow-motion invariant manifold could

provide additional corrections to the leading terms, to render a more accurate145

approximation. One can decide how many terms to keep in the series solution,

depending on the need for accuracy and calculation cost.

For the continuous operation of E. coli model (5), a similar model reduction

approach can be performed. The asymptotic series expansion of the slow-motion
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invariant manifold up to the second order term can be calculated as:

T (S,X,A) =DOT ∗ +
1

KLa
(−XHqo) +

1

KLa2
{qoH(−DX + µX)

+XH
∂qo
∂S

[D(Sin − S)− qsX] +XH
∂qo
∂A

(−DA+ qaX)

}
+O

[
(

1

KLa
)
3]

(13)

The QSSA result is again the same with the first two terms in series expansion

for the slow-motion invariant manifold.

To verify the accuracy of the reduced model, we simulate the basic aerobic150

process in Figure 2 and the E. coli process in Figure 3. At time 2 and 4 for

the basic aerobic process, and at time 10 and 20 for the E. coli process, KLa is

changed from 800 to 1000 and 900, as a result of some step change in oxygen flow

rate and/or stirrer speed, to perturb the system. It can be observed from the

graphs in both figures that the reduced models are in good agreement with the155

detailed ones most time except for the very fast changing period with peaking

mismatch. The second graph, which depicts the error, clearly indicates these

peaks, for whenever KLa value changes. The peaking issues at changing points

are due to the elimination of the fast modes in reduced models, and thereby

the reduced models are not capable of capturing the very fast dynamics when160

system undergoes a sudden change. In the third graph, which is a zoom-in view

for the errors, the small size of error of orange lines indicates that even the

result from QSSA method (corresponding to the first two terms in equation 11)

is with satisfactory accuracy, but the presence of second order term (red lines)

makes the reduced model even more precise. But whenever KLa value changes,165

there are noticeable peaking errors for both reduced models.

As a conclusion, for the typical aerobic systems, while the slow invariant

manifold method guarantees the good accuracy and convergence of the reduced

model, the result from QSSA method is also fairly accurate as long as KLa is

very large. However, the result from QSSA method may not always be accurate170

enough for systems with moderately large KLa. For example, with KLa = 30,

Yo = 0.107 and Sin = 10 g/L, running a new simulation leads to the results
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Figure 2: Simulation of the basic continuous aerobic process

in Figure 4. While the invariant manifold with up to the second order term

still show good accuracy, one can notice the significant error between the QSSA

approximation with the exact one, especially in the transient phase.175

The reduced model for batch processes can be treated as a simplified version

of the continuous process with D = 0.
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Figure 3: Simulation of the E. Coli continuous process

3.2. Fed-Batch

It has been demonstrated that the slow-motion invariant manifold could be

used to approximate the fast state locally around the steady state. For the

fed-batch operation, a local analysis is no longer meaningful. Therefore, in

order to apply a similar method, we need to also show that the calculated slow-

motion invariant manifold would asymptotically approach the real state under

fed-batch operations over the entire feasible domain. By setting Fout = 0 in (1),
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Figure 4: Simulation of an arbitrary continuous process with small KLa

the fed-batch process can be described as follows:

dS

dt
= −F

V
(S − Sin)− qsX

dX

dt
= −F

V
X + µX (14)

dDOT

dt
= KLa(DOT ∗ −DOT )−HqoX

dV

dt
= F

17



To calculate the slow invariant manifold, we follow the same procedure as

for the continuous process. The corresponding slow-motion invariant manifold

equation for system (14) is:

∂T (S,X)

∂X
(−F
V
X+µ(S)X)+

∂T (S,X)

∂S

{
F

V
(Sin − S)− qs(S)X

}
+
∂T (S,X)

∂V
F

= KLa(DOT ∗ − T (S,X))− qo(S)HX (15)

Similarly, define ε = 1/KLa as the small parameter. Dividing both sides of

the equation by KLa, we have

ε
∂T (S,X)

∂X

(
−F
V
X + µ(S)X

)
+ ε

∂T (S,X)

∂S

[
F

V
(Sin − S)− qs(S)X

]
+ ε

∂T (S,X)

∂V
F = DOT ∗ − T (S,X)− εqo(S)HX (16)

Expanding T (S,X) in asymptotic series in terms of the small parameter,

substituting the expansion for T (S,X) into the equation (16), and solving the

equation, we will get the slow invariant manifold as:

DOT (X,S, V ) = P0(X,S, V ) +
P1(X,S, V )

KLa
+
P2(X,S, V )

KLa2
...

= DOT ∗ − XHYoqsmax

KLa

S

S +Ks

+
1

KLa2

{
qoH(−F

V
X + µ(S)X) + YoXH

dqs
dS

[
F

V
(−S − Sin) + qs(S)X]

}
+O

[
(

1

KLa
)
2]

(17)

Note that this result is very similar to that of the continuous model, except

for the substitution of D with F/V . However, one may notice a significant180

difference between them when higher order terms are calculated.

Next we will show that this calculated slow invariant manifold will asymp-

totically approach the real state.

Proposition. Let DOT ′(S(t), X(t), V (t)) be the unique solution of the invari-

ance equation (15) for the model (1), and (S(t), X(t), DOT (t), V (t)) a solu-185

tion curve of model (1). The dynamics of the off-manifold coordinate z =

DOT (t)−DOT ′(S(t), X(t), V (t)) decays exponentially and the rate of decay is

governed by KLa.
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Proof. Since DOT ′ is the solution of Equation (15), it holds that:

∂DOT ′(S,X, V )

∂S
f1(S,X, V ) +

∂DOT ′(S,X, V )

∂X
f2(S,X, V ) +

∂DOT ′(S,X, V )

∂V
F

= −KLa ·DOT ′ +KLa ·DOT ∗ − YoqsmaxXH
S

S +KS

The dynamics of z = DOT −DOT ′ is described by the following nonlinear

differential equation

dz

dt
=
dDOT

dt
− dDOT ′

dt

=

(
−KLa ·DOT − Yoqsmax

S

S +KS
XH +KLa ·DOT ∗

)
−
(
∂DOT ′(S,X, V )

∂S
f1(S,X, V ) +

∂DOT ′(S,X, V )

∂X
f2(S,X, V ) +

∂DOT ′(S,X, V )

∂V
F

)
=

(
−KLa ·DOT − YoqsmaxXH

S

S +KS

)
−
(
−KLa ·DOT ′ − YoqsmaxXH

S

S +KS

)
= −KLa · z

So the off-manifold coordinate will exponentially decay to 0 with the rate of

KLa.190

The result calculated from quasi-steady-state approximation remains the

same as the one for continuous model. That’s because the first two terms

contain no dilution-related terms.

For the E. coli model (5), the fed-batch result also turns out to be similar

with the continuous one. The reader can refer to the reduced continuous E. coli195

model (13) and substitute the dilution rate D with F/V for up to the second

order terms to find the reduced fed-batch model.

In Figure 5, the same simulation as in Figure 2 is done for the basic aerobic

process model under fed-batch operation. It can be noted that both the reduced

models derived using slow-motion invariant manifold and from QSSA method200

have similar performance as the continuous model. We skip the simulation result

for fed-batch E. coli model as it shows similar behaviour as the continuous case.
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Figure 5: Simulation of the fed-batch process under substrate limited condition

4. Application of Reduced Model: Simplified Observer Design for Aerobic

Process Monitoring205

The lack for affordable and reliable sensors that can measure all states on-line

poses challenges to the bioreactor operation. It also makes advanced monitoring

and control for these processes a tough problem. For this reason, an observer,

also known as a soft sensor, becomes useful as it could estimate some inacces-

sible state information and unknown parameter values based on the measured210
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variables with certain algorithms. Common observer techniques include the

Luenberger observer [34] and the Kalman filter [35]. There are a number of

published books and articles that give introduction on the theory and their ap-

plication on bioreactors [36, 37, 38, 39]. In this part, we will use the Luenberger

observer as an example.215

To estimate the unmeasured state variables for an observable system, the

traditional full-order identity observer would introduce a new estimator state

for each state with proper dynamics, and these new estimated states would

asymptotically approach the real states with the information from measure-

ments. This requires the engineer to have relevant background knowledge in220

order to perform observer design. And the presence of high order observers

will increase the computational effort as well. Now, with the availability of the

reduced model, state estimation becomes easier, because some of the unknown

states could be directly calculated from the algebraic equations instead of tack-

ling the original differential equation system. We will demonstrate an example225

for the fed-batch system.

For the basic 4-state fed-batch aerobic process, the dissolved oxygen tension

DOT and the volume of culture are usually measured continuously on-line,

but the biomass and the substrate concentration X and S are either hard to

measure or can only be measured offline with a relatively slow sampling rate230

due to the sensor limitation. And the value of inlet flow rate F might be hard

to be accurately measured in some applications. In this case, we assume the

measurements to be available for DOT and X, and the estimation for state

variable S is needed. Also, the inlet flow rate F is piecewise time variant and

unknown.235

At first, we consider all the measurements to be continuous. The traditional

observer is a full-order constant-gain Luenberger observer with a parameter
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estimator as follow:

d

dt



Ŝ

X̂

DÔT

V̂

F̂


=



− F̂
V̂

(Ŝ − Sin)− X̂qs(Ŝ,DÔT )

− F̂
V̂
X̂ + YxX̂qs(Ŝ,DÔT )

KLa(DOT ∗ −DÔT )−HYoX̂qs(Ŝ,DÔT )

F̂

0


+L


X − X̂

DOT −DÔT

V − V̂



where L is designed using classical pole placement methods.

For the reduced model, with the measurement of X, DOT and V , unknown

inlet flow rate F can be obtained by calculating the time derivative of V , and

S can be solved directly from the algebraic equation (17) by substituting X,

DOT and V with the measured data at every sampling point. To simulate this240

process, we use the parameter values in Table 1. The initial culture volume

V = 0.2 L, and the initial F = 0.1 L/h. F is stepped up to 0.12, 0.16, 0.2 L/h

at times 1, 2 and 3 . We plot the substrate concentration S from the simulated

process (blue line), from the Luenberger observer (red dash line) and from the

algebraic equation (green line) in the same graph in Figure 6. We can tell that245

both the observer and the solution from the function are in great agreement

with the exact S and F during the entire time period, as they are nearly on top

of each other.

Next, we consider the measurement of X to be discrete, sampled at every

0.2 hour. There are several methods established to deal with discrete-time state250

estimation problems [40, 41, 42, 43]. To improve accuracy in the presence of

large sampling periods, one could use a predictor w to estimate X between

sampling points where there is no measurement[44]. At each sampling time

point, w is reset to be the measurement of X. And between sampling points, it

is simulated under the same dynamics of X. This method is demonstrated by255

the diagram of Figure 7

22



0 0.5 1 1.5 2 2.5 3 3.5 4
0.02

0.03

0.04

0.05

0.06

0.07

0.08
S

u
b

s
tr

a
te

 (
g

/L
)

Exact S

Estimated S from observer

Estimated S solved from DOT equation

0 0.5 1 1.5 2 2.5 3 3.5 4

Time (h)

0.05

0.1

0.15

0.2

0.25

F
lo

w
 r

a
te

 (
L

/h
)

Exact F

Estimated F from observer

Estimated F solved from DOT equation

Figure 6: State estimation with continuous measurement

Figure 7: Observer design scheme with inter sample predictor

With the predictor, the full order observer becomes

d

dt



Ŝ

X̂

DÔT

V̂

F̂


=



− F̂
V̂

(Ŝ − Sin)− X̂qs(Ŝ,DÔT )

− F̂
V̂
X̂ + YxX̂qs(Ŝ,DÔT )

KLa(DOT ∗ −DÔT )−HYoX̂qs(Ŝ,DÔT )

F̂

0


+L


w − X̂

DOT −DÔT

V − V̂
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dw

dt
= − F̂

V̂
w + Yxwqs(Ŝ, ˆDOT ), t ∈ [tk, tk+1)

w(tk+1) = X(tk+1), t = tk+1

For the reduced model, S would be solved from the algebraic equation (17)

as DOT = T (w, S, V ), where w is the solution of dw
dt = −F

V w + Yxwqs(Ssolved, DOT ), t ∈ [tk, tk+1)

w(tk+1) = X(tk+1), t = tk+1

From Figure 8, we observe that both methods show good performance in

estimating the state S and parameter value F .
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Figure 8: State estimation with continuous DOT measurement and sampled X measurement
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5. Discussion

In this work, we have studied model reduction problems for aerobic pro-260

cesses. For the very basic aerobic model, the analysis shows that the process

typically consists of both fast and slow dynamics. Considering that the process

is substrate-limited in practice, the slow and fast dynamics are connected in

series and the dissolved oxygen tension is the fast state associated with the fast

eigenvalue. The numerical study on a macro-kinetic E. coli model also validates265

the aforementioned property. This is the theoretical basis that motivates the

model reduction to eliminate the fast dynamics associated with the state DOT .

To reduce the model, we use the slow-motion invariant manifold to approx-

imate the fast state DOT , by assuming the fast dynamics to be instantaneous.

This is a rigorous model reduction method that guarantees the convergence to270

the real state once the fast dynamics dies out. To find the slow invariant man-

ifold, a partial differential equation is approximately solved via perturbation

analysis and the accuracy of the solution can be adjusted via the truncation

order. As a comparison, the quasi steady state approximation, which is not

accurate but easy to implement, is also used to find a reduced model. It turns275

out that the result of the QSSA method leads to the same first two terms in the

asymptotic series for the slow-motion invariant manifold. It is observed that for

typical aerobic processes, the less rigorous QSSA method leads to a model that

is fairly accurate, while the slow-motion invariant manifold provides an even

more precise approximation to the state DOT . The model reduction has been280

done to both continuous and fed-batch processes.

Finally, an observer design problem is studied as an example to show how this

reduced model could be useful in bioengineering applications. With the reduced

model, the traditional observer design problem can be simplified, leading to a

zero-order observer, which becomes easy to use for lab researchers. The multi-285

rate measurement problem can also be handled with the introduction of an

inter-sample predictor. And this zero-order observer shows great performance

in estimating unmeasured states and unknown parameters.
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6. Conclusion

Time scale analysis of certain dynamic systems reveals significant differences290

in the rate of change of their modes. This can be used as the basis to increase the

tractability of differential equation models that describe processes governed by

both fast and slow dynamics simultaneously. As we have demonstrated in this

work, the stiffness of aerobic macro-kinetic models can be significantly reduced

by the substitution of the differential equation for dissolved oxygen tension295

with an algebraic equation derived from the slow-motion invariant manifold.

This significantly increases the tractability of the model in the sense of reducing

the computational burden while increasing the robustness of the simulations,

which will highly benefit those applications involving massive simulations (e.g.

optimization and CFD simulations). Furthermore, the reduction of model may300

even open up possibilities for the use of some accessible PSE tools. For example,

we show that the design of an observer based on the reduced model is simplified

by assuming an instantaneous equilibrium between the dissolved oxygen and

all other states. The simplification of the traditional observer to zero-order

makes this powerful tool available for the scientific community of biotechnology,305

who has no need digging into the complicated aspects of mathematics but still

can find a way to implement observers in order to improve their experiments.

Although the derivation and proof is only performed for a basic aerobic model

and an E. coli macro-kinetic growth model, this reduction approach can be used

for any model with similar characteristics.310
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