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ABSTRACT

The paper describes the e�ects of mutual and external synchronization of spiral wave structures in two coupled two-dimensional lattices of
coupled discrete-time oscillators. Each lattice is given by a 2D N × N network of nonlocally coupled Nekorkin maps which model neuronal
activity. We show numerically that spiral wave structures, including spiral wave chimeras, can be synchronized and establish the mechanism
of the synchronization scenario. Our numerical studies indicate that when the coupling strength between the lattices is su�ciently weak, only
a certain part of oscillators of the interacting networks is imperfectly synchronized, while the other part demonstrates a partially synchronous
behavior. If the spatiotemporal patterns in the lattices do not include incoherent cores, imperfect synchronization is realized formost oscillators
above a certain value of the coupling strength. In the regime of spiral wave chimeras, the imperfect synchronization of all oscillators cannot be
achieved even for su�ciently large values of the coupling strength.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5092352

Synchronization, being one of the fundamental nonlinear
phenomena of nature, continues to play an important role in the
modern research in the natural sciences. Many important prob-
lems have been considered and solved when studying synchro-
nization of coupled oscillators, including chaotic ones. Nowadays,
special interest is targeted on the synchronization of interacting
networks, which exhibit a rich variety of complex spatiotemporal
patterns. The present research is devoted to the study of two-
dimensional spiral autowave structures. These were previously
observed in biological experiments and numerical simulations
of neural networks of the brain and human cardiac �brillations
in cardiology. We explore numerically the e�ects of mutual and
external synchronization of spiral wave structures, including spi-
ral wave chimeras, in a system of two coupled 2D lattices of non-
locally coupled discrete maps and reveal the peculiarities of these
phenomena. The discrete Nekorkin map, that simulates the neu-
ral activity, is selected as an individual oscillator in the networks.
It is shown that with increasing coupling strength between the
lattices, the number of synchronized elements gradually grows

and the imperfect synchronization is observed for the case of
relatively simple spatiotemporal structures, which do not include
incoherent cores. Only partial synchronization takes place when
the networks exhibit spiral wave chimera structures. In this case,
oscillators in coherent domains are imperfectly synchronized,
while elements in incoherent cores remain desynchronized. Com-
plete in-phase synchronization is not achieved even if the coupling
strength increases considerably.

I. INTRODUCTION

Formation and evolution of various dissipative structures
in complex ensembles of interacting oscillators represent one of
the key research directions in modern natural science.1–9 In the
last 15 years, the attention of specialists in nonlinear dynamics
and related scienti�c �elds was focused on the studies of so-
called “chimera states.”10–13 These states are characterized by the
coexistence of clusters of oscillators with coherent (synchronous)
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and incoherent (asynchronous) dynamics in the ensemble space.
Of particular interest is the synchronization of chimera states in
multicomponent systems and networks. Recently, various synchro-
nization scenarios in multiplex and multilayer14–22 networks were
studied, such as generalized synchronization,23 interlayer (external
andmutual) synchronization,24–29 relay (remote) synchronization,30,31

and explosive synchronization.32–35Among a large variety of chimera
states,26,36–63 here we concentrate on so-called “spiral wave chimera
structures,” which are observed in 2D ensembles of coupled non-
linear oscillators.13,64–79 These were typically found in the case of
nonlocal coupling topology of network elements. These structures
represent spiral waves which rotate around incoherent cores. The
network elements in the regions of rotating spiral waves are char-
acterized by coherent dynamics, while the elements inside the inco-
herent cores oscillate asynchronously. We note that spiral wave
chimeras were observed in both numerical and experimental70 stud-
ies of the dynamics of 2D ensembles whose individual oscillators are
described, as a rule, by systems of ordinary di�erential equations. The
model of a 2D lattice consisting of nonlocally coupled discrete-time
oscillators which describe neural activity80 has been �rst proposed
and explored in Ref. 79. It was shown that this discrete model of
the 2D lattice can exhibit all typical spiral wave structures, includ-
ing spiral wave chimeras, which were found earlier for networks of
coupled continuous-time systems.13,65–73,77,78 However, e�ects of syn-
chronization of spiral wave chimera structures have not been studied
yet. In the present paper, we describe numerical results for mutual
and external synchronization of spiral wave structures in two coupled
2D lattices consisting of nonlocally coupled discrete-time neuronal
models.79,80

II. MODELS UNDER STUDY

A. Single Nekorkin map

Before focusing on the study of two coupled 2D lattices, we
describe brie�y the dynamics of a single Nekorkin map which is a
simple model for neuronal dynamics.80 It is de�ned by the following
equations:

xt+1 = xt + F(xt) − yt − βH(xt − d),

yt+1 = yt + ε(xt − J),
(1)

where xt is a variable that describes the dynamics of the membrane
potential of the nerve cell, yt is a variable that relates to the cumulative
e�ect of all ion currents across the membrane, and functions F(xt)
and H(xt − d) are given as follows:

F(xt) = xt(xt − a)(1 − xt), 0 < a < 1, (2)

H(xt) =

{

1, xt > 0,

0 elsewhere.
(3)

The parameter ε > 0 determines the characteristic time scale of
yt , the parameter J controls the level of the membrane depolariza-
tion (J < d), and the parameters β > 0 and d > 0 determine the
excitation threshold of bursting oscillations, t = 1, 2, . . . , represents
discrete time. Despite its simplicity, this map can describe a number
of basicmodes of neuronal activity81when the control parameters are

FIG. 1. (a) Phase portrait and (b) time series xt for the map (1) at a = 0.25, β =

0.04, J = 0.15, d = 0.5, and ε = 0.005. The Lyapunov exponents are30 = 0.0
and 31 = −0.4, and the rotation number is r = 0.014.

varied. These modes include spike-bursting chaotic oscillations, sub-
threshold oscillations, as well as the regime of single, periodic, and
chaotic spike generation.80

In our studies, we are especially interested in the dynamical
regime of themap (1), which relates to spike oscillations. Thismode is
exempli�ed in Fig. 1, where the phase portrait and time series for the
variable xt are plotted, respectively. The corresponding phase portrait
represents a closed invariant curve. Themaximal Lyapunov exponent
in this regime is (up to numerical inaccuracy) zero, and the second
one is negative. Thus, we can conclude thatmap (1) dynamics re�ects
a quasiperiodic mode in a lifted continuous-time system.82 However,
as clearly seen fromFig. 1(b), the time series of the variable xt is nearly
periodic, and the rotation number for the invariant curve [Fig. 1(a)]
is very small, i.e., r = 0.014. In this case, the trajectory shifts on a
very small angle per iteration that leads to the observation of nearly
periodic oscillations, and the invariant curve is very similar to a limit
cycle. This fact is also con�rmed by numerical results for the auto-
correlation function.79 The latter decays gradually and very slowly as
a consequence of nearly periodic oscillations.

B. 2D lattice of coupled Nekorkin maps

In Ref. 79, Nekorkin map (1) was chosen as the individual
element in a two-dimensional N × N lattice of nonlocally coupled
oscillators. The network equations are as follows:

xt+1
i,j = xti,j + F(xti,j) − yti,j − βH(xti,j − d)

+
σx

Bx
i,j

∑

mx ,nx

[

f (xtmx ,nx
) − f (xti,j)

]

,

(4)
yt+1
i,j = yti,j + ε(xti,j − J),

where mx, nx ∈ N are indices for nonlocal neighbors. The sum
denotes nonlocal coupling of range Rx in a square domain. Network
(4) was analyzed for both periodic and no-�ux boundary condi-
tions in Ref. 79. The double index of variables xi,j and yi,j with
i, j = 1, . . . ,N encodes the position of corresponding oscillators on
the two-dimensional lattice. The parameter σx denotes the coupling
strength between the elements in the x variable, and Bx

i,j gives the
number of nonlocally coupled neighbors of node (i, j). In the case
of periodic boundary conditions, we have Bx

i,j = (2Rx + 1)2 − 1. In
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the case of no-�ux83 boundary conditions, Bx
i,j satis�es the following

relations:
{

max(1, i − Rx) 6 mx 6 min(N, i + Rx),

max(1, j − Rx) 6 nx 6 min(N, j + Rx).
(5)

The numerical results described in Ref. 79 have shown that when
the nonlocal coupling strength σx and the coupling range Rx are var-
ied, model (4) can demonstrate all the typical spiral wave patterns,
including spiral wave chimeras, which were observed earlier.

C. Two coupled 2D lattices of Nekorkin maps

We now couple two 2D lattices each described by network
(4) of 200 × 200 nonlocally coupled Nekorkin maps. The coupling
between the lattices is assumed to be mutual. This means that only
corresponding oscillators of the lattices are mutually coupled via
their coordinates, i.e., in a multiplex con�guration. In this case, the
coupled lattices are described by the following system of equations:

xt+1
i,j = xti,j + F(xti,j) − yti,j − βH(xti,j − d)

+
σx

Bx
i,j

∑

mx ,nx

[

f (xtmx ,nx
) − f (xti,j)

]

+ γux

[

uti,j − xti,j

]

,

yt+1
i,j = yti,j + ε(xti,j − J),

ut+1
i,j = uti,j + F(uti,j) − vti,j − βH(uti,j − d)

+
σu

Bu
i,j

∑

mu ,nu

[

f (utmu ,nu
) − f (uti,j)

]

+ γxu

[

xti,j − uti,j

]

,

vt+1
i,j = vti,j + ε(uti,j − J),

(6)

where variables xti,j, y
t
i,j de�ne the dynamics of the oscillators in the

�rst lattice, variables uti,j, v
t
i,j determine the dynamics of the oscilla-

tors in the second lattice, and γux, γxu are the interlattice coupling
strengths between corresponding oscillators of the �rst and second
lattice layer. In our studies, we consider only the case of no-�ux
boundary conditions. Link indices mx, nx ∈ N are given in Eq. (5)
for the �rst lattice, and indices mu, nu ∈ N in the second lattice are
de�ned analogously by replacing Rx with Ru. To account for poten-
tially di�erent coupling parameters in both networks, we introduce
a subscript x and u for the �rst and second network in the coupling
strengths σx, σu, coupling ranges Rx,Ru, numbers of nonlocal neigh-
bors Bx

i,j,B
u
i,j, and neighbor indices mx,mu, nx, nu. The values of the

coupling strengths are �xed as σx = σu = 0.6.
The synchronization of oscillations between the lattices is quan-

ti�ed by calculating the number of synchronized elements Ns in the
lattices, which satisfy the condition ri,j > 0.95, where the correla-
tion coe�cient ri,j between corresponding oscillators of the lattices
is given as follows:

ri,j =
〈x̃i,jũi,j〉

√

〈x̃2i,j〉〈ũ
2
i,j〉

,

x̃i,j = xi,j − 〈xi,j〉, ũi,j = ui,j − 〈ui,j〉.

(7)

The correlation coe�cient ri,j is widely used when synchronization of
coupled oscillators is studied.51,84 The corresponding oscillators are

FIG. 2. Snapshots of (a) xi,j (first lattice) for Rx = 1, γ = 0, (b) ui,j (second lat-
tice) at Ru = 3, γ = 0, and (c) xi,j (first lattice) for γ = 0.04. Other parameters
as in Fig. 1.

assumed to be synchronized if ri,j > 0.95, otherwise they are desyn-
chronized. The threshold value of rthi,j = 0.95 is chosen because com-
plete synchronization cannot be achieved in the case of parameter
detuning in the interacting lattices. The condition ri,j > 0.95 char-
acterizes the maximum degree of synchronization of spatiotemporal
structures, which is possible in the regimes studied.

III. NUMERICAL RESULTS FOR MUTUAL

SYNCHRONIZATION

The parameters of individual map (1) are set as in Sec. II. The
coupling strengths between the lattices are assumed to be γux =

γxu = γ in the case of mutual synchronization. We consider the
dynamics of coupled lattices (6) when the coupling strength γ is var-
ied. In our simulations, spatiotemporal patterns in network (4) are
obtained as follows. We use random initial conditions distributed
in the intervals x0i,j, u

0
i,j ∈ [−0.2, 0.6], y0i,j, v

0
i,j ∈ [−0.02, 0.06] for the

coupling rangeRx = Ru = 1.Wheneverwe observe a spiral wave pat-
tern in each uncoupled lattice at Rx = Ru = 1, we use this as initial
condition and continue our calculation by changing the coupling
parameters. First, we choose simple but nonidentical spiral wave
structures which are realized in the lattices when they are uncou-
pled. These patterns are exempli�ed in Figs. 2(a) and 2(b). As can
be seen from Fig. 2(c), when the mutual coupling γ is turned on,
the resulting structure in network (6) di�ers from the initial patterns
in both lattices [Figs. 2(a) and 2(b)] and represents a certain inter-
mediate regime due to the mutual coupling which is invasive. The
topology of this spiral wave structure is preserved, but thewavelength
of the spiral wave in Fig. 2(c) does not coincide with that of the initial
structures [Figs. 2(a) and 2(b)]. We measure the wavelength for each

FIG. 3. (a) Number of synchronous oscillators ({Ns : ri,j > 0.95}) vs the inter-
lattice coupling strength γ , distribution of the correlation coefficient ri,j at (b)
γ = 0.02 and (c) γ = 0.04 with Rx = 1, Ru = 3. Coherent oscillators (i, j) are
marked by the light tone (gray) and incoherent ones by the dark tone (green or
red). The inset in (a) shows a blowup of Ns/N

2 close to unity.
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FIG. 4. Snapshots of (a) xi,j (first lattice) for Rx = 4, γ = 0, (b) ui,j (second
lattice) at Ru = 22, γ = 0, and (c) xi,j (first lattice) for γ = 0.06.

pattern by taking a cross section through the spiral center and then
compare the wavelengths.

Our calculations show that di�erent oscillators in the lattices are
synchronized at di�erent values of the interlattice coupling strength
γ . As follows from Fig. 3(a), when the coupling strength is rather
weak, γ ≤ 0.02, none of the oscillators (Ns = 0) are in-phase syn-
chronized. This is well illustrated by the distribution of the correla-
tion coe�cient ri,j shown in Fig. 3(b). Synchronization is observed
only with γ > 0.02, and most oscillators are synchronized at γ '

0.03. However, the distribution of the correlation coe�cient ri,j
depicted in Fig. 3(c) clearly indicates that there are a certain num-
ber of desynchronized oscillators, which are located in the center of
the lattices. For these oscillators, the correlation coe�cient ri,j < 0.9.
Hence, we can state that partial synchronization takes place in this
case. The regime of partial synchronization is characterized by the
coexistence of synchronous and asynchronous oscillators in the
interacting lattices. As can be seen from Figs. 2(c) and 3(c), the
asynchronous oscillators correspond to the core of the spiral wave.
Almost complete synchronization of all elements is achieved when
γ > 0.05.

We now consider mutual synchronization of a coherent spi-
ral wave and a spiral wave chimera with single core pictured in
Fig. 4. Numerical calculations show that the topology of spiral wave
structures essentially depends on the coupling ranges Rx and Ru. Par-
ticularly, the number of incoherent cores changes when Rx and Ru

are varied. When the lattices are uncoupled, a spiral wave pattern is
realized in the �rst lattice [Fig. 4(a)], and a spiral wave chimera is
observed in the second one [Fig. 4(b)]. The synchronous structure
which results from the mutual synchronization of the two coupled
lattices (6) is presented in Fig. 4(c). Our numerical results indi-
cate that the e�ect of partial synchronization manifests itself more
brightly in this case. Moreover, as follows from Fig. 5(a), a larger
interlattice coupling strength γ & 0.04 is needed to synchronize
most of the oscillators in the lattices. At the same time, the number

FIG. 5. (a) Number of synchronous oscillators ({Ns : ri,j > 0.95}) in dependence
on the interlattice coupling strength γ , distribution of the ri,j values at (b) γ = 0.02
and (c) γ = 0.06 with Rx = 4, Ru = 22.

FIG. 6. Snapshots of (a) xi,j (first lattice) for Rx = 6, γ = 0, (b) ui,j (second
lattice) at Ru = 14, γ = 0, and (c) xi,j (first lattice) for γ = 0.08.

of oscillators which remain desynchronized increases [Fig. 5(c)] as
compared to Fig. 3(c). The distribution of the correlation coe�cient
ri,j values for the transient structure at γ = 0.02 is shown in Fig. 5(b).
A comparison of the results presented in Figs. 4–7 shows that the
number of desynchronized oscillators increases together with the
number of incoherent cores.

To further investigate this observation, we choosemulticore spi-
ral wave chimera structures in both lattices when they are uncoupled.
They are illustrated in Figs. 6(a) and 6(b) and represent multicore
spiral wave chimeras with a di�erent number of incoherent cores in
each lattice. However, as seen from Fig. 6(c), the mutual coupling
between the lattices simpli�es the resulting synchronous structure
as compared with the initial ones. It includes only three incoher-
ent cores when the interlattice coupling strength is su�ciently strong
(γ > 0.05). As before (Figs. 4 and 5), in the regime of spiral wave
chimera with several incoherent cores, a stronger interlattice cou-
pling strength γ > 0.08 is required to synchronize most of the oscil-
lators [Fig. 7(a)]. The number of desynchronized oscillators forwhich
the condition ri,j > 0.95 does not hold becomes larger [Fig. 7(c)],
and, as follows from Fig. 7(a), the almost complete synchronization
of most oscillators in the coupled lattices is not achieved. It is worth
noting that the Ns(γ ) dependence becomes smoother when the
uncoupled lattices exhibit multicore spiral wave chimeras [compare
Figs. 3(a) and 3(b), 5(a) and 5(b), and 7(a) and 7(b)].

IV. NUMERICAL RESULTS FOR EXTERNAL

SYNCHRONIZATION

We now analyze the case of external synchronization when
the interlattice coupling is introduced unidirectionally from the
elements of the second lattice, which is the driver network, to the
corresponding elements of the �rst lattice, which is the response
network. Thus, we set γux = γ , γxu = 0 in (6). The results of

FIG. 7. (a) Number of synchronized oscillators ({Ns : ri,j > 0.95}) vs the inter-
lattice coupling strength γ , distribution of the ri,j values at (b) γ = 0.02 and (c)
γ = 0.08 with Rx = 6, Ru = 14.
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FIG. 8. Snapshots of (a) xi,j in the first (response) lattice at Rx = 4, γ = 0, (b)
ui,j in the second (driver) lattice at Ru = 22, γ = 0, and (c) xi,j in the response
lattice for γ = 0.05.

numerical simulations are shown in Figs. 8–11 for two di�erent spiral
wave chimera structures realized in the driver lattice. When the lat-
tices are uncoupled, a spiral wave chimera is established in the second
(driver) lattice [Fig. 8(b)], and a coherent spiral wave is realized in
the �rst (response) lattice [Fig. 8(a)]. The partial external synchro-
nization which takes place in the coupled lattices starting with γ ≥

0.05 [Fig. 9(a)] results in the synchronous state shown in Fig. 8(c).
However, as can be seen from Fig. 9(c), the oscillators in the inco-
herent core of the spiral wave chimera [in the center of the lattice in
Fig. 8(c)] are desynchronized, and this feature is preserved for su�-
ciently large values of γ ≥ 0.2 [Fig. 9(a)]. If the driver lattice exhibits
a spatiotemporal structure with several incoherent cores, the num-
ber of desynchronized oscillators increases as shown for a �ve-core
spiral wave chimera in Figs. 10(b) and 11(c). Moreover, they corre-
spond exactly to the incoherent cores in the resulting synchronous
pattern [Fig. 10(c)] and remain desynchronized even for a stronger
unidirectional coupling strength [Fig. 11(a)]. Our numerical studies
have shown that this e�ect is general for both mutual and external
synchronizations. The number of desynchronized oscillators grows
when the number of incoherent cores increases (compare Figs. 8–11
and 4–7). It has been found that there is a relation between the num-
ber of desynchronized oscillators in the case of the �ve-core spiral
wave chimera Nd

5 cores [Fig. 11(c)] and the single-core spiral wave
chimera Nd

1 core, which are realized for the same parameters as in
Fig. 11,

Nd
5 cores ≈ 5Nd

1 core.

The imperfect synchronization occurs at a larger value of the
unidirectional interlattice coupling γ in comparison with the mutual
synchronization [Figs. 5(b), 7(b), 9(b), and 11(b)].

FIG. 9. (a) Number of synchronized oscillators ({Ns : ri,j > 0.95}) vs the unidirec-
tional interlattice coupling strength γ , distribution of the ri,j values at (b) γ = 0.02
and (c) γ = 0.05 with Rx = 4, Ru = 22.

FIG. 10. Snapshots of (a) xi,j in the first (response) lattice at Rx = 4, γ = 0, (b)
ui,j in the second (driver) lattice at Ru = 14, γ = 0, and (c) xi,j in the response
lattice at γ = 0.05.

We have considered in detail the features of the
dynamics of synchronized and desynchronized oscillators for the
case of external synchronization illustrated in Fig. 8. In this case,
the response lattice exhibiting a spiral wave [Fig. 8(a)] is unidirec-
tionally a�ected by the driver lattice exhibiting a spiral wave chimera
[Fig. 8(b)].

In order to estimate the degree of synchrony of oscilla-
tions, we calculate the Fourier spectra of the amplitudes of the
corresponding oscillators [with the same numbers (i, j)] for the
driver and response lattices (Fig. 12). Our calculations show that
oscillators from regions of synchronous (coherent) dynamics are
characterized by completely equivalent spectra [Fig. 12(a)]. How-
ever, Fourier spectra of the amplitudes for the oscillators from
the incoherent region [the lattice center in Fig. 9(c)] have more
peaks than the �rst ones and do not coincide for the same oscil-
lators (i, j) in both lattices [Fig. 12(b)]. The basic modes in the
spectra di�er in amplitude, whereas their harmonics coincide in
frequency.

Our calculations have shown that for bothmutual and unidirec-
tional coupling, complete synchronization is not realized even when
the coupling strength γ and the computation time increase signif-
icantly. In the case of spiral wave chimeras observed in one of the
lattices without coupling, an increase in mutual coupling strengths
up to 1 can destroy the spatiotemporal structures, and the synchro-
nization e�ect does not occur. The structures persist and are not
destroyed in the case of external synchronization, but complete syn-
chronization is also not achieved. All the structures observed in this
work rotate as awholewith increasing calculation (observation) time.
In the case of spiral wave chimeras, one part of the oscillators in the
incoherent cores rotates together with the coherent cluster, while the
other part behaves di�erently.

FIG. 11. (a) Number of synchronized oscillators ({Ns : ri,j > 0.95}) depending
on the unidirectional interlattice coupling strength γ , distribution of the ri,j values
at (b) γ = 0.02 and (c) γ = 0.05 with Rx = 4, Ru = 14.
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FIG. 12. Comparison of the Fourier spectra of the amplitudes xi,j (purple) and
ui,j (green) of oscillators with (a) i = 100, j = 50 in coherent region and (b) i =
100, j = 105 in incoherent core with Rx = 4, Ru = 22, γ = 0.05.

V. CONCLUSIONS

In the present paper, we have analyzed numerically the mutual
and external synchronization of two coupled lattices consisting of
nonlocally coupled Nekorkin maps. Our numerical studies have
shown that these synchronization e�ects are characterized by sev-
eral important features. First, if each of the uncoupled lattices exhibits
simple spiral wave structures, imperfect (almost complete) synchro-
nization of oscillations of most corresponding elements of the two
lattices can occur for a su�cient value of the coupling strength γ .
We note that in the case of mutual synchronization, the resulting
synchronous structure di�ers from the initially established modes
in the uncoupled lattices. This e�ect is typical and has also been
encountered when mutual synchronization of two oscillators with
limit cycles85 was considered. Complete synchronization cannot be
achieved even with a signi�cant increase in the coupling strength,
if one of the lattices exhibits a spiral wave chimera pattern for zero
interlattice coupling. The second peculiarity consists of the fact that
not all oscillators are almost completely synchronized when the lat-
tices are coupled mutually or unidirectionally. A certain number of
oscillators remain desynchronized, while most of them demonstrate
imperfect (almost complete) synchronization. This e�ect takes place
even in the case of simple (single core) initial patterns in both lattices
and is enhanced when the initial spiral wave chimera in one of the
interacting lattices has multiple cores.
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