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ABSTRACT

We consider sparse random networks of Kuramoto phase oscillators with inertia in order to mimic and investigate the dynamics emerging
in high-voltage power grids. The corresponding natural frequencies are assumed to be bimodally Gaussian distributed, thus modeling the
distribution of both power generators and consumers, which must be in balance. Our main focus is on the theoretical analysis of the linear
stability of the frequency-synchronized state, which is necessary for the stable operation of power grids and the control of unstable synchronous
states. We demonstrate by numerical simulations that unstable frequency-synchronized states can be stabilized by feedback control. Further,
we extend our study to include stochastic temporal power �uctuations and discuss the interplay of topological disorder and Gaussian white
noise for variousmodel con�gurations and �nally demonstrate that our control scheme also works well under the in�uence of noise. Results for
synthetic Erdös–Renyi random networks with low average connectivity and with symmetric or asymmetric bimodal frequency distributions
are compared with those obtained by considering a real power grid topology, namely, the grid of Italy.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5111686

The goal of this paper is to investigate complex dynamic networks
that canmodel high-voltage power grids with renewable, �uctuat-
ing energy sources. For this purpose, we use the Kuramoto model
of phase oscillators with inertia (rotators) to model the network
of power generators and consumers. In particular, we analyze
the synchronization transition of networks ofN phase oscillators,
whose natural frequencies are bimodally distributed, correspond-
ing to the distribution of generator and consumer power. More-
over, we take into account random networks and Gaussian white
noise in order to mimic the topological disorder and temporal
power �uctuations, respectively. Results for synthetic randomly
diluted networks are then compared with those obtained by con-
sidering a real power grid topology, i.e., the grid of Italy. Ourmain
focus is on the stability of the synchronized state, which is neces-
sary for the stable operation of power grids and its control. We
present numerical simulations of the deterministic and stochas-
tic dynamics and a theoretical analysis of the stability against
small perturbations and show that unstable synchronous states
can be stabilized by a control loop. Further, we study the in�u-
ence of noise, which is typical for renewable energy sources, and

its interplay with topological disorder, both for sparse synthetic
random networks and for the Italian power grid.

I. INTRODUCTION

Within the last century, electrical energy has been generated
mainly by power plants based on coal or nuclear power.1 Nowa-
days, we are witnessing a time of drastic changes in the operation
of power grids due to the necessity to reduce global warming caused
by a large emission of carbon dioxide gases.2,3 In particular, the gen-
erating units of a power grid are more and more supplied by natural
sources, such as wind parks, photovoltaic arrays, and other renew-
able energy sources.4Themain question here remains the sustainable
and stable operation of power grids, which is of vital importance to
our daily lives.5–8 However, due to the regime shift toward renewable
energy sources, three major changes have to be envisaged in mod-
ern power grids. The �rst change is decentralization, i.e., the power
system represents a distributed network carrying many small units
of energy to the consumers instead of large units of energy coming
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from a few power plants.9,10 The second change is a strong spatial
separation between power generators and consumers.11 It is evident
that power systems based on solar or wind energy should be located
in areas where such energy is abundant. Finally, the last important
change is the increasing fraction of strongly �uctuating power out-
put due to renewable energy sources, which are strongly dependent
on weather conditions.12–18

The investigation of power grid systems has been recently
addressed from a nonlinear dynamics point of view, using the
Kuramoto phase oscillator model with inertia.19–30 The modi�ca-
tion of the Kuramoto model by an additional inertial term was �rst
reported and investigated by Tanaka, Lichtenberg, and Oishi,31,32

who were inspired by Ermentrout33 when choosing a phase oscil-
lator model able to show a transition to synchronization via fre-
quency adaptation instead of the usual phase-locking mechanism.
That work speci�cally focused on a phase oscillator model able to
mimic the synchronizationmechanismobserved in the �re�yPterop-
tix malaccae.33 Recently, the model has been used to investigate the
self-synchronization emerging in disordered arrays of underdamped
Josephson junctions34 as well as to show the emergence of explo-
sive synchronization35 in a network of rotators whenever the natural
frequency is chosen to be proportional to the node degree. Nowa-
days, the Kuramoto model with inertia is a standard mathematical
model used to study the dynamical behavior of power generators
and consumers19–27 since it captures the essential dynamical features
of a power grid on coarse scales but is still simple enough to allow
for a comprehensive understanding of the fundamental properties of
power grid dynamics.

The Kuramoto model with inertia includes an additional term
that takes into account the frequency dynamics. Oscillators are able
to reach frequency synchronization by adapting themselves to some
intrinsic collective frequency. In particular, power grids tend to syn-
chronize their frequencies to the standard ac power frequency of
� = 50Hz (or 60Hz in some countries). The description of high-
voltage power grids in terms of the extended Kuramoto model has
been �rst proposed by Filatrella et al.,19who distinguished the power
generated by power sources (Pi

source > 0) from the power consumed
by passive machines or loads (Pi

cons < 0). Such a power separation
implies using a bimodal distribution of the power (correspond-
ing to the dimensionless natural frequencies in the dimensionless
Kuramotomodel) within the network. Although this is a very impor-
tant feature of themodel, most of the previous studies consider either
a unimodal frequency distribution24,36 or δ-function shaped bimodal
distributions.22,23,36 In our work, we use a bimodal Gaussian distribu-
tion of frequencies, which models consumed and generated power
in a more realistic way. Moreover, from the topological viewpoint,
we focus on randomly diluted networks, giving rise to a more realis-
tic description of power grids than all-to-all coupled networks, since
real-world systems are characterized by low connectivity per node.
As a proof of principle, results are compared with those obtained by
considering the real Italian high-voltage power grid, supplemented
by a bimodal δ-distribution of natural frequencies.

The stable operation of power grids is characterized by main-
taining a synchronous state of the entire network. The present paper
focusses on the stability and control of frequency-synchronized solu-
tions emerging in sparse populations of N Kuramoto oscillators
with inertia (rotators). A detailed stability analysis of a population

of N rotators, randomly connected, is reported in order to clar-
ify how stable and unstable solutions can be found before applying
the control technique. A similar stability analysis was performed by
Mirollo et al.37 and by Delabays et al.38 for networks of classical
Kuramoto oscillators (without inertia)with di�erent topologies (fully
coupled networks and planar graphs, respectively). Regarding net-
works of rotators, a stability analysis has been presented in Refs. 25
and 39–41 for globally coupled networks and chain structures. In
particular, Coletta et al.40 have extended the stability analysis per-
formed byManik et al.39 for networks with inhomogeneous damping
but identical inertia to the case of inhomogeneous inertia and damp-
ing. Here, we use the stability analysis to characterize unstable syn-
chronous states in diluted networks, which we subsequently stabilize
by a control loop.

The present article is structured as follows. In Sec. II, the model
and the dynamical indicators are presented. After discussing the
onset of synchronization in a randomly diluted network (Sec. III)
and characterizing the frequency-synchronized solution (Sec. IV),
we analytically establish the criteria for the stability of the syn-
chronous state (Sec. V), and we numerically solve the eigenvalue
problem of N coupled rotators by using the Levenberg–Marquardt
algorithm42–44 (Sec. VI). This allows us to obtain, for all N rotators,
a set of initial phases for which a frequency-synchronized solution
evolves. Moreover, we determine the minimum coupling strength
for which frequency synchronization is still possible and we derive
both stable and unstable solutions, as illustrated in Sec. VI, where
solutions are shown as the spatiotemporal evolution of state vari-
ables. In Sec. VII, we apply a control method to stabilize the unstable
frequency-synchronized solutions. Thus, control enables us to realize
a stable synchronous state even if this does not exist in the uncon-
trolled system for too small coupling constant or nonzero initial
phase di�erences. In Sec. VIII, we add temporal random �uctuations
and consider the interplay of Gaussian white noise and spatial dis-
order due to diluted connectivities. We examine how the frequency-
synchronized solution changes with respect to the deterministic case,
taking into account di�erent setups (i.e., di�erent frequency distri-
butions and di�erent topologies). Finally, in Sec. IX, the control is
applied to the stochastic setups investigated in Sec. VIII. The results
are discussed in Sec. X, while, in the Appendix, further determinis-
tic setups are considered demonstrating the wide applicability of our
control method.

II. MODEL

The investigated system consists of a population of i = 1, . . . ,N
coupled Kuramoto oscillators with inertia and reads

mθ̈i + θ̇i = �i +
K

Ni

N
∑

j=1

Aij sin
(

θj − θi
)

, (1)

where θi and θ̇i are the instantaneous phase and frequency, respec-
tively, of oscillator i. In terms of the power grid, θ̇i represents the
angular velocity of the ith oscillator, which corresponds to the fre-
quency deviation, divided by 2π , with respect to the standard grid
frequency (50 or 60Hz). The parameter m > 0 indicates the iner-
tial mass of generators and loads that plays a fundamental role in
determining the hysteretic transition to synchronization. K > 0 is
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the coupling constant of the network, which measures the strength
of the connectivities among the oscillators. In terms of power grid
systems, K is equivalent to the transmission line capacities between
loads and generators. Increasing coupling strength enhances the syn-
chronization of elements with heterogeneous natural frequencies. A
is the connectivity matrix, whose entries Aij can be either one, pro-
vided that there is a link between nodes i and j, or zero if the link
is absent. From the topological viewpoint, the power grid network is
an undirected, symmetric graph, i.e., Aij = Aji. Ni is the node degree
of the ith element, thus denoting the number of the links outcom-
ing from this node. Throughout this study, we will mainly consider
Erdös-Renyi networks, i.e., the graph is constructed by connecting
nodes randomly with a constant probability. This topology turns
out to be more realistic in comparison to a globally coupled net-
work, since power grid networks are characterized by only a few
links per node. We assume a constant node degree Ni = Nc and a
dilution parameter p = Nc

N
. The latter indicates the ratio of existing

links to the number of all possible links. These so-called diluted net-
works are thus obtained by considering random realizations of the
coupling matrix A, keeping the connectivity matrix symmetric. In
order to understand the role played by topology in our analysis, we
have also implemented a realistic power grid topology, i.e., the Italian
high-voltage (380 kV) power grid (Sardinia excluded), which is com-
posed of N = 127 nodes, divided into 34 sources (hydroelectric and
thermal power plants) and 93 consumers, connected by 342 links.45

Finally, �i represents the natural frequency of the oscillator
i, whose value is chosen in accordance with a bimodal Gaussian
distribution,

g(�) =
[

pg√
2π

e−
(�−�

0+ )2

2 +
1 − pg√

2π
e−

(�+�
0− )2

2

]

. (2)

In particular, g(�) is the superposition of two Gaussians with unit
standard deviation, whose peaks are located at�0+ and−�0− . Thus,
the distance between the peaks is �0+ + �0− . In the following,
we will assume almost nonoverlapping Gaussians, with two di�er-
ent choices for the peak locations: (i) symmetric peak locations
(pg = 0.5,�0+ = �0− ≡ �0 = 2) and (ii) asymmetric peak location
to model the presence of fewer but larger generators and many small
consumers (pg = 0.2, �0+ = 3.2,�0− = 0.8).

The physical motivation for choosing a bimodal distribution
comes directly from Filatrella et al.:19 according to their work, each
element of the power grid network either generates (Pi

source > 0) or
consumes (Pi

cons < 0) power. Thus, one should distinguish two kinds
of oscillators: the sources that deliver electrical power and the con-
sumers that consume this power.Hence, the electrical power distribu-
tion of all oscillators should be bimodal, with a maximum at Pi

source >

0 and one at Pi
cons < 0. In the dimensionless Kuramoto model with

inertia given by Eq. (1), this corresponds to a bimodal frequency
distribution of �i that we assume to be given by a superposition of
twoGaussians with peaks at corresponding positive and negative fre-
quencies. Thus, the necessary condition for the existence of the steady
state is that the sumof the generated power equals the sumof the con-
sumed power in order for the energy to be conserved. Note that, for
the Italian high-voltage power grid, we have used a simpli�ed formula
for the bimodal distribution in order to make our �ndings compara-
ble to previous studies.20,24 The distribution of�i is composed of two
δ-functions located at −�0− = −1 and �0+ = 2.7353.

The phase ordering of the power grid is measured by the com-
plex order parameter

r(t)eiφ(t) =
1

N

N
∑

j=1

eiθj , (3)

where its modulus r(t) ∈ [0, 1] and argument φ(t) indicate the
degree of synchrony and mean phase angle, respectively. In the
following, we will denote r(t) as global order parameter, which cor-
responds to the standard Kuramoto order parameter. In the contin-
uum limit, an asynchronous state is characterized by r ≈ 0, while
r = 1 corresponds to full phase synchronization. Intermediate val-
ues of r correspond to states with partial or cluster synchronization.
It is worth noting that, for a phase-locked state, this parameter is
not exactly 1, but the state can be still synchronous whenever all
frequencies are equal.

III. DILUTED NETWORKS: THE ONSET OF

SYNCHRONIZATION

First, we explore the transition to synchronization for a ran-
domly coupled set of power suppliers and consumers described by
Eq. (1) with a symmetric bimodal frequency distribution. The ran-
dom network we investigate is characterized by a dilution parameter
of p = 0.20, thus indicating that each node is randomly connected to
20% of all possibleN − 1 nodes. A typical synchronization transition
pro�le is illustrated in Fig. 1(a), where we show the time-averaged
global order parameter obtained by sweeping up and down adiabati-
cally the connectivity strength K, following two di�erent protocols
as described in Refs. 24, 26, 31 and 28. In particular, protocol (I)
denotes the upsweep: the system’s state variables {θi} and

{

θ̇i
}

= {ωi}
are randomly initialized in the absence of coupling; then, the cou-
pling strength is increased in steps of 1K = 0.5 until the maximum
coupling KM is reached (for p = 0.2, we choose KM = 60). Note that
the global order parameter increases as the elements become more
strongly connected. Finally, it reaches the maximum value of r̄ ≈ 1
as synchronization is achieved, which corresponds to the maximum
coupling KM . At each step, the initial conditions for phases and fre-
quencies correspond to the �nal conditions obtained for the previous
K value. By protocol (II), we denote the reverse procedure: this time
the initial state corresponds to the synchronized system at K = KM ,
while the coupling is adiabatically decreased in steps1K = 0.5, until
we approach again a completely uncoupled asynchronous system.
For both protocols, the investigation of the nature of the dynamics
emerging at each time step is done by using the same procedure: the
system is simulated for a transient time TR followed by an investi-
gation period TW , during which the average values of global order
parameter r̄, the phase velocities {ω̄i}, and the maximum natural
frequency of the locked oscillators are calculated.

Now, we focus on a more detailed description of the di�erent
regimes emerging in the system by varying the coupling strength
K, see Fig. 1(a). For small coupling constant, the system is uncou-
pled and asynchronous (AS), characterized by a low value of the

time-averaged order parameter r̄ ≈ 1/
√
N and nonidentical average

phase velocities ω̄i for all the elements i, see Fig. 1(b). Increasing
the coupling K leads to a rapid jump of the average global order
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FIG. 1. (a) Time-averaged global order parameter r̄ as a function of coupling con-
stant K for two series of simulations, obtained by following protocols (I) (upsweep,
red filled circles) and (II) (downsweep, blue empty squares) for a diluted network
with symmetric bimodal frequency distribution. The vertical dotted lines indicate
the critical values of coupling K for traveling waves (KTW , purple), standing waves
(KSW , green), partial synchronization (KPS, red), and the value at which desyn-
chronization occurs (KDS, blue). Average phase velocity ω̄i as a function of node
i for (b) K = 2, r̄ = 0.043 (asynchronous state); (c) K = 5, r̄ = 0.217 (traveling
wave); (d) K = 25, r̄ = 0.567 (standing wave); (e) K = 33, r̄ = 0.928 (partial
synchronization). The nodes are labeled such that the average phase velocities
ω̄i are sorted from low to high values. Positive (red) and negative (blue) classes
refer to positive and negative natural frequency distributions, respectively. Param-
eters: m = 6, p = 0.20, pg = 0.5, �0 = 2, N = 500, TR = 4000, TW = 200
[α = 1/6, σ = K/(pNm) = K/600].

parameter r̄ to higher values, i.e., r̄ > 0.1. Here, we observe the emer-
gence of one or more clusters of locked oscillators characterized by
nodes with the same average phase velocity ω̄i. The coexistence of
chaotically whirling oscillators with clusters of locked nodes cor-
responds to a traveling wave (TW) solution [see Fig. 1(c)] that is
observable for K > KTW . A further increase of coupling can cause
both the enlargement of the existing clusters of locked oscillators
and the collapse of smaller clusters to larger ones, which are usually
characterized by an average phase velocity ω̄i ≈ ±�0. For K > KSW ,

the system continuously approaches the standing wave state (SW),
which is characterized by two symmetric clusters of locked oscilla-
tors drifting with opposite average phase velocities equal to ω̄i ≈ �0

and −�0 [see Fig. 1(d)]. In the SW regime, the system behaves
like two independent subnetworks each one corresponding to a net-
work with unimodal Gaussian frequency distribution, whose peaks
are located respectively at +�0 (generators) or −�0 (loads). The
corresponding time-averaged global order parameter equals r̄ ≈ 0.5.
Finally, for further increase of the coupling K, the average global
order parameter r̄ exhibits a rapid jump to higher values, i.e., r̄ > 0.9.
This means that for K > KPS, the system reaches a partially (almost
completely) synchronized regime. Thereby, the two subnetworks that
for smallerK behave almost independently, nowmerge into a unique
stationary cluster with ω̄i ≈ 0, see Fig. 1(e). On the other hand, the
number of unlocked oscillators is vanishingly small, i.e.,N − NL ≈ 0.
Such a rapid change of average global order parameter r̄ allows us
to identify the onset of synchronization of a network. As we con-
tinue increasing K, the system smoothly approaches the regime of
full synchronization.

While the transition to synchronization for K > KPS is always
detectable, irrespective of the chosen value of the dilution parameter
p, the standing wave regime is not always detectable as the dilution
increases and it actually disappears as the network topology becomes
highly diluted, e.g., for p < 0.05. In particular, as the randomness
increases, it becomes more and more di�cult for the system to reach
such states as many elements will have di�erent subgraphs of con-
nected nodes with a variable percentage of nodes belonging to the
same native class or to the opposite one, where the classes identify
the oscillators with positive or negative natural frequencies, respec-
tively. Therefore, the separation in two subnetworkswith positive and
negative classes, leading to a con�guration similar to the one shown
in Fig. 1(d) is hardly achieved. Finally, the disappearance of SW turns
into a decrease of the critical value KPS, as previously reported.28

If we analyze the system in accordance with protocol (II), the
synchronous state survives for a large K interval until it collapses
toward asynchronicity at K < KDS, where DS denotes desynchro-
nization. Note that there is a considerable di�erence between the
critical coupling values required to synchronize or desynchronize the
system and KPS > KDS. In other words, the system needs a stronger
coupling to become synchronized with respect to the desynchroniz-
ing value and once it is synchronized, due to inertia, it hardly leaves
this regime. The transition to synchronization is, therefore, hysteretic
and the size of the hysteresis loop KPS − KDS depends on the inertia
m, KPS is strongly a�ected by the dependence onm.24,28

IV. SYNCHRONOUS SOLUTION

Synchronization is a mandatory regime when the stable opera-
tion of power grids is required. Therefore, determining the stability of
synchronous states is one of the central goals of the present study. In
particular, we aim to investigate the stability of the synchronous solu-
tion emerging in a power grid network by linearizing the state around
the frequency-synchronized solution, which gives a Jacobian matrix
with constant coe�cients, and analyzing the eigenvalues of this lin-
earized system. The calculation of the eigenvalue with the largest real
part λmax will be the main criterion for determining the synchroniza-
tion stability. Stability means that the sign of the largest real part is
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negative. If we rewrite Eq. (1) in terms of two dynamical variables, i.e.,
phase θi and frequency ωi, we obtain the following 2N-dimensional
�rst-order system:

θ̇i = ωi,

ω̇i = α (�i − ωi) + σ

N
∑

j=1

Aij sin(θj − θi),
(4)

where α = 1
m
and σ = K

Ncm
.

Phase synchronization implies for all the phases θ1 = θ2 =
· · · = θc. If we denote the corresponding frequency as ωc, since the

coupling term σ
∑N

j=1 Aij sin(θj − θi) = 0, we obtain from Eq. (4)

ω̇c = α (�i − ωc) ⇒ �i = α−1ω̇c + ωc, (5)

which holds only for the trivial case �i = constant, since the right
side of equation is not a function of i, while we have assumed a
bimodal distribution for the natural frequencies. This suggests that
complete phase synchronization is not achievable in our system. At
this point, it is important to note that, in synchronous power grids,
the phases must be di�erent to enable the energy transmission,
but they have a �xed and time-independent relation, i.e., they are
locked. Thus, the fundamental state that enables stable operations
in electrical grids is a frequency-synchronized synchronous state,
characterized by phase-locking between the phases.

Moreover, in the case of frequency synchronization: θ̇1 = · · · =
θ̇n = ωc ⇒ θi − θj = constant. If we rename the coupling term as

χi = σ
∑N

j=1 Aij sin(θj − θi), from Eq. (4), we get

ω̇c = α�i − αωc + χi. (6)

Note that variables ω̇c and ωc do not depend on index i. Hence, we
can de�ne a constant C0 such that

ω̇c + αωc = α�1 + χ1 = · · · = α�n + χn = C0.

By using the previous de�nition of C0, we obtain a system
of di�erential equations for the frequency-synchronized solution
ω̇c = C0 − αωc. If we assume to be in a frequency-synchronized
regime (ω̇c = 0), we can identify

ωc =
1

α
C0. (7)

Finally, constant C0 can be calculated by summing Eq. (6) over all
nodes i = 1, . . . ,N,

N
∑

i=1



α�i − αωc + σ

N
∑

j=1

Aij sin(θi − θj) = 0



 . (8)

Since the chosen network is a symmetric undirected graph, the term
N
∑

i=1

N
∑

j=1

Aij sin(θi − θj) = 0 and Eq. (8) reduces to

N
∑

i=1

α�i −
N

∑

i=1

αωc = 0 ⇒
N

∑

i=1

α�i − Nαωc = 0.

Thus, it follows that for a �nite system the value at which the
frequency synchronizes is the arithmetic mean of all the natural

frequencies,

ωc =
1

N

N
∑

i=1

�i. (9)

For a large network size, we expect this value to be close to 0. In the
present case, the arithmetic mean will be substituted with the expec-
tation value, since natural frequencies are distributed according to a
bimodal Gaussian distribution as shown in Eq. (2).

V. STABILITY ANALYSIS OF

FREQUENCY-SYNCHRONIZED SOLUTION

The phase evolution of the system in the case of full frequency
synchronization is given by

θ t
i = θ 0

i + ωct, (10)

where θ 0
i denotes the initial phase of oscillator i at time t = 0. Using

the equality sin(θ t
i − θ t

j ) = sin(θ 0
i − θ 0

i ), one can write

α�i − αωc + σ

N
∑

j=1

Aij sin(θ 0
j − θ 0

i ) = 0.

If we rename ω̃i = α(�i − ωc), the previous equation reads

σ

N
∑

j=1

Aij sin(θ 0
j − θ 0

i ) = −ω̃i, (11)

which turns out to be fundamental in order to determine the val-
ues of initial phases θ 0

i necessary to obtain a frequency-synchronized
solution.

In order to determine the linear stability, consider the
evolution of system (4) subject to small perturbations around
the desired (frequency-synchronized) solution, i.e., θi = θ t

i + δθi,
ωi = ωc + δωi. Using the equality cos(θ t

i − θ t
j ) = cos(θ 0

i − θ 0
i ) and

the fact that ω̇c = 0 and �̇i = 0, we obtain

δθ̇i = δωi,

δω̇i = −αδωi + σ

N
∑

j=1

Aij cos(θ
0
j − θ 0

i )(δθj − δθi).
(12)

The system of 2N ordinary di�erential equations can be rewritten in
a block matrix form

(

δθ̇

δω̇

)

=
(

0 I

σM −αI

)(

δθ

δω

)

, (13)

where δθ ≡ (δθ1, . . . , δθN)T , δω ≡ (δω1, . . . , δωN)T , I is the N × N
unit matrix, and M represents the N × N Laplacian matrix of a
weighted undirected graph

M =





−
∑

j A1j cos(θ
0
j − θ 0

1 ) · · · A1N cos(θ 0
1 − θ 0

N)

· · · · · · · · ·
AN1 cos(θ

0
N − θ 0

1 ) · · · −
∑

j ANj cos(θ
0
j − θ 0

N)



 .

Note that, although the synchronous state is time-dependent, lin-
earization around this state gives a Jacobian matrix with constant
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coe�cients. Hence, the stability of the frequency-synchronized solu-
tion can be analyzed by solving the eigenvalue problem of the
2N × 2N Jacobian matrix appearing in Eq. (13),

det(G − λI) ≡
∣

∣

∣

∣

−λI I

σM (−λ − α)I

∣

∣

∣

∣

. (14)

By using Schur’s complement, we obtain |G| = |G11|
∣

∣

∣

G
G11

∣

∣

∣
= |G11|

∣

∣G22 − G21G11
−1G12

∣

∣. Thus, we are able to derive an expres-

sion for det(G − λI) = |−λI|
∣

∣(−λ − α)I − σM(−λI)−1
I
∣

∣ = −λN

∣

∣(−λ − α)I + λ−1σM
∣

∣ and �nally obtain

∣

∣(λ2 + λα)I − σM
∣

∣ = 0. (15)

If we denote the eigenvalues of matrix M by µ, i.e., |µI − M| = 0,
then we have to solve quadratic equations of the type

λ2 + λα − σµ = 0

in order to determine the eigenvalues of matrixG de�ned in Eq. (14).
The eigenvalues are given by

λ =
−α ±

√

α2 + 4µσ

2
(16)

and depending on the properties of M the following holds:

(i) ∃µ > 0 ⇔ ∃λ > 0.
(ii) If matrixM is stable, then G is also stable.

(iii) If cos(θ 0
j − θ 0

i ) > 0 (
∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
< π

2
), then M is a diagonally

dominant matrix. This means |Mii| ≥
∑

j6=i

∣

∣Mij

∣

∣.

Thus, we can conclude that it is not possible to �nd an unstable
solution in the neighborhood of

{

θ 0
i

}

= 0. Furthermore, we know
that any symmetric dominant matrix R is positive de�nite if Rii > 0,
thus λ(R) ≥ 0. In our case, matrix −M satis�es this conditions, thus
µ ≤ 0. In accordance with (ii), it comes straightforward that the
whole system (13) is stable with respect to small perturbations. These
results are in accordance with previous stability analyses performed
in Kuramoto systems with inertia.25,39–41

VI. NUMERICAL SOLUTION OF EIGENVALUE PROBLEM

In this section, we explicitly solve the eigenvalue problem stated
in Sec. V. In order to perform the stability analysis of a frequency-
synchronized solution, we need to �nd the phases which satisfy
the condition expressed in Eq. (11). This means solving an N-
dimensional system with N unknown variables, namely, the phases
θi. This system may have several solutions, the number of which
depends on the system parameters. For instance, low values of the
coupling strength K might not admit any solution at all. Neverthe-
less, for a proper parameter choice, there exist phases θ∗

i satisfying
Eq. (11), thus describing trajectories a frequency-synchronized sys-
tem follows. Once the set of phases θ∗

i is found, we will insert them
into Eq. (13) to solve the eigenvalue problem of the Laplacian matrix
M. This, �nally, will enable us to characterize the stability of the
frequency-synchronized solution.

We are looking for a set of initial phases θ∗
i such that the

following equation holds:

Fi(θ
∗) = ω̃i + σ

N
∑

j=1

Aij sin(θ∗
j − θ∗

i ) = 0. (17)

This multidimensional problem can be solved numerically by
using the Levenberg–Marquardt algorithm,44which represents a com-
bination of a Gauss-Newton algorithm and the method of gradient
descent. The algorithm minimizes, with an iterative procedure, the
sum

∑

|Fi|2, given an initial guess for θ 0
i . After a certain number

of iterations, the algorithm converges to a local minimum near the
initial guess for the phases θ 0

i . However, in order to guarantee that
the obtained solution is a true solution for the system of Eq. (17),
it should ful�ll the condition

∑

|Fi|2 ≡ 0. The trivial choice for the
initial conditions

{

θ 0
i

}

≈ 0 gives rise to a suitable solution only if the
coupling K is su�ciently strong. A heuristic explanation for this is
that, in the limit K → ∞, the choice of phases θ∗

i ≡ 0 is always the
solution, independent of ω̃i and coupling matrix A. On the other
hand, it is always possible, especially for large K, to �nd solutions
which are quite distinct from the solution obtained at initial zero

phases. Recalling that
∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
< π

2
must be satis�ed in order to

ensure that matrix M is diagonally dominant, these new solutions
will be unstable. Finally, once a set of phases θ∗

i which minimizes
the function is found, it is possible to solve the eigenvalue problem
for the matrix M. The eigenvalue with maximum real part deter-
mines the stability of the state, while µ = 0, which is always present
in the Laplacian corresponding to the invariance of the model under
uniform phase shift, will not be considered in the following.

Our system is characterized by a sparse network of Kuramoto
oscillators with inertia with a symmetric bimodal frequency distribu-
tion, whose parameters m = 6, p = 0.20, and N = 500 are the same
as in Fig. 1. By means of the Levenberg–Marquardt algorithm, we
are able to obtain a set of phases θ∗

i , which ful�lls the condition for
frequency synchronization equation (17).However, as previously dis-
cussed, it is not always possible to �nd a solution (stable or unstable)
to our system for arbitrary K; therefore, we estimate the critical cou-
pling Kc, below which the nonlinear system (17) has no solutions.
Without loss of generality, we choose as initial guess for the phases
θ 0
i ≡ 0 which is close to the true phases solving Eq. (17). The results
are illustrated in Fig. 2. In particular, we can observe that no solution
can be found for K < Kc = 5.8 while we can always �nd a solution
for K > Kc. If K is only slightly above the critical value Kc, then
few solutions are admittable for phases θ∗

i . For K slightly above Kc,
the coupling is not su�ciently strong to suppress the phase di�er-

ences
∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
, and for this reason, the global order parameter of

r ≈ 0.9. The corresponding maximum Lyapunov exponent (disre-
garding λ = 0) is negative. By further increasing K, a stable solution

is obtained for smaller phase di�erences
∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
, which contribute

to an increase of the global order parameter r. The correspond-
ing maximum eigenvalue µmax of M decreases accordingly (inset of
Fig. 2). The eigenvalue λ determining the stability of the frequency-
synchronized solution is given by Eq. (15) and has the real part
Re(λ) = −α/2 = −0.083 for 4|µ|σ > α2 which holds for all K >
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FIG. 2. Average global order parameter r̄ as a function of coupling strength K.
The shaded red area indicates the region in which no frequency-synchronized
solutions can be found. The blue solid line refers to the stable solution, whereas
the sequence of simulations obtained by running protocol (II) is denoted by red
diamonds. Inset: maximum eigenvalue µmax as a function of coupling strength K.
Other parameters as in Fig. 1.

Kc = 5.8 where the frequency-synchronized solution exists. Simi-
lar results have been found for a network with asymmetric bimodal
frequency distribution (see the Appendix).

It is remarkable that the stable solution obtained by iterating
the algorithm with initial phases set to zero coincides with the sim-
ulations obtained by performing protocol (II) (at least outside the
shaded area). This suggests that the hysteretic loop observed in
Fig. 1, due to the presence of the inertial term, strongly depends on
the initial conditions for the phases. It follows that, by choosing an
appropriate set of initial phases θ 0

i , the power grid can reach syn-
chronization faster without passing through intermediate states (i.e.,
traveling and standing waves) as in protocol (I).

The solution of the eigenvalue problem, related to a speci�c
set of phases θ∗

i , gives rise to both stable and unstable solutions.
An example of this is illustrated in Fig. 3, where stable (unstable)
solutions are reported in panels a and b (c and d). In particular,
panel (a) depicts the spatiotemporal evolution of the phases θi for
a stable solution [Re(λmax) = −0.083]: the initial set of phases θ∗

i is
approximately equal to zero while, as time changes, θi change at equal
rates for all the nodes, thus indicating that they move with the same
constant phase velocity ωc, as con�rmed by the evenly distributed
greenish color in panel (b). Since the natural frequencies �i are ran-
domly distributed according to a bimodal Gaussian distribution with
opposite means �0 = ±2, the arithmetic mean ωc given in Eq. (9) is
close to 0.

A di�erent scenario arises for the unstable solution, see the bot-
tom panels of Fig. 3. Initially, all the phases θ∗

i obtained by solving
Eq. (17) are uniformly distributed on a limit cycle. When the sys-
tem starts evolving, the phases θi evolve nontrivially in time and they
change at equal rates up to the time of t ≈ 9. Afterwards, the system
starts oscillating until a new solution is reached. A con�rmation of
this behavior can be found by analyzing the temporal evolution of the
corresponding frequencies ωi shown in panel (d). Here, we see that
the frequencies lose their constant value at t ≈ 9, corresponding to
frequency synchronization death. For di�erent sets of initial condi-
tions, while keeping the same coupling constant K, it is also possible
to observe cases where the system leaves the frequency-synchronized

FIG. 3. Spatiotemporal evolution of phases θi and frequencies ωi , which satisfy
the condition for frequency-synchronized solution. Stable solution: (a) phases;
(b) frequencies; parameters:Re(λmax) = −0.083,K = 10. Unstable solution: (c)
phases; (d) frequencies; parameters: λmax = 2.41, K = 70. Other parameters:
as in Fig. 1.

solution even earlier with larger Re(λmax). Finally, for increasing time
t, the system approaches another stable state.

VII. CONTROL OF UNSTABLE STATES

In this section, we aim to control the stability of the solution
satisfying Eq. (17). In particular, we want to stabilize frequency-
synchronized solutions obtained for sets of initial phases which vio-
late the condition for the diagonal dominance of matrix M, i.e., for

sets of phases whose di�erences
∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
≥ π

2
. For this purpose, we

introduce a control term ui into the original system (4),

θ̇i = ωi,

ω̇i = α�i − αωi + σ

N
∑

j=1

Aij sin(θj − θi) + ui.
(18)

A linear control technique can be applied to the nonlinear sys-
tem since the linearization around the synchronous state leads to a
time-independent Jacobian matrix and hence to an eigenvalue prob-
lem of the Jacobian equivalent to that of an unstable equilibrium.
By de�nition, the stability of equilibrium points is determined by
the eigenvalues of the Jacobian, which corresponds to the matrix
of the linearized system. The linearized equation (13) will change
accordingly

(

δθ̇

δω̇

)

= G

(

δθ

δω

)

+ Bu, (19)

where G ∈ R2N×2N and B =
(

ON

IN

)

∈ R2N×N .

In particular, the control term u can be chosen as a feedback
control loop such that

u = −C

(

δθ

δω

)

, (20)
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FIG. 4. Spatiotemporal evolution of phases θi without (top panel) and with con-
trol (bottom panel) for a symmetric bimodal frequency distribution. Left column:
K = 50 and initial phases θ∗

1 = · · · = θ∗
150 = π , θ∗

151 = · · · = θ∗
500 = 0, (a)

control off, λmax = 2.802; (c) control on, λctrl = −0.759. Right column: K = 70
and uniformly distributed initial phases, (b) control off, λmax = 2.41; (d) control
on, λctrl = −0.823. Other parameters: as in Fig. 1.

where C ∈ RN×2N is chosen to minimize the following cost func-
tional:

J(u) =
∫ ∞

0

∣

∣

∣

∣

∣

∣

∣

∣

(

δθ(t)
δω(t)

)
∣

∣

∣

∣

∣

∣

∣

∣

2

+ ||u(t)| |2dt. (21)

This problem is solved via the application of a linear quadratic reg-
ulator for each set of phases θ∗

i . Basically, the regulator chooses the
time-independent matrix C such that the eigenvalues for the closed-
loop system λctrl are nonpositive when solving the eigenvalue prob-
lem for matrix G − BC. Thus, the frequency-synchronized solution
obtained from Eq. (17) is stabilized for each particular set of chosen

phases θ∗
i , and, regardless of the initial phase di�erences

∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
,

we are always able to obtain a stable solution if K > Kc.
The e�ciency of the control method is shown in Fig. 4 for two

di�erent sets of initial phases θ∗
i . In particular, in panel (a), we use an

initial set of phases which consists of approximately 70% of phases
set to θ∗

0 = 0 and the remaining 30% set to θ∗
0 = π , which does not

ful�ll the criterion for the diagonal dominance of matrix M, since
∣

∣

∣
θ 0
j − θ 0

i

∣

∣

∣
> π

2
. The system remains in this frequency-synchronized

state until the instability triggers oscillations at t ≈ 10. At this point,
the system leaves the unstable frequency-synchronized solution and
the phases change at di�erent rates, thus indicating that frequency
synchronization is lost until another attractor is reached. The corre-
sponding bottom panel (c) illustrates the temporal evolution of the
system, for the same initial set of phases, when control is imple-
mented and turned on. In this case, the system does not leave the
initial state for su�ciently large time, even though the initial set of
phases does not ful�ll the condition of the diagonal dominance of
matrixM. The system turns out to be stabilized by the action of con-
trol. The same behavior is observed for an initial set of uniformly
distributed phases, see panel (b). After the application of control, we
obtain a stable solutionwhich is reminiscent of a traveling wave. Note
that, for both cases (b) and (d), the corresponding space-time plots
with respect to the frequency would look exactly as in Fig. 3(b).

As a proof of principle, here we have applied the control method
to a diluted Erdös-Renyi networkwith symmetric bimodal frequency
distribution. In the Appendix, we report a few more examples where
the control method turns out to work, i.e., a diluted Erdös-Renyi net-
workwith asymmetric bimodal frequency distribution, and a realistic
power grid (Italy) with bimodal δ-distribution of frequencies.

VIII. INTERPLAY OF NOISE AND DISORDER

Finally, we investigate the in�uence of temporal power �uctu-
ations of generators. Strong temporal �uctuations are a signature of
renewable energy-based power grids, e.g., wind turbines and photo-
voltaics. For this purpose, we add Gaussian white noise to the system
considered so far

mθ̈i + θ̇i = �i +
K

Nc

N
∑

j=1

Aij sin
(

θj − θi
)

+
√
2Dξi(t), (22)

where ξi denotes Gaussian white noise de�ned by 〈ξi〉 = 0 and
〈ξi(t)ξj(s)〉 = δijδ(t − s) and D is the noise intensity.

Networks of Kuramoto oscillators with inertia subject to white
noise have been recently investigated in Refs. 21, 28, and 46 to mimic
stochastic power �uctuations and to compute the synchronization
transition scenarios. In particular, Tumash et al.28 have investigated
the in�uence of noise on the synchronization transition for globally
coupled networks; here, we extend these previous studies to sparse
networks.

In order to �nd out how the external noise changes the prop-
erties of a diluted network, we �rst investigate the synchroniza-
tion transition for a random network with average connectivity
Nc = 0.1 N (i.e., dilution parameter p = 0.10 and 90% of links
removed) under the impact of Gaussian white noise of di�erent
intensities. The distribution of natural frequencies is chosen to be
a symmetric bimodal Gaussian. In particular, Fig. 5(a) shows the

results for
√
2D = 5, while in Fig. 6(a), a noise of intensity

√
2D = 15

is considered.As expected, the hysteretic region, identi�ed by the ver-

tical dotted green lines atKc
1 = 25 andKc

2 = 5 for
√
2D = 5, becomes

smaller in comparison to what we observe in Fig. 1(a). Moreover, the
system reveals a smaller K-interval where travelling waves occur in
the upsweep. As the noise is increased, standing waves begin to dis-
appear as well and intermediate states are not detected any more.
Figure 6(a) con�rms this: for higher noise intensity, the hysteretic
region shrinks considerably and the intermediate states, like trav-
elling and standing waves, which were still present for lower noise,
are no more accessible. Therefore, while, in Fig. 5(a), both noise
and dilution seem to play a minimal role, in Fig. 6(a), we observe
the typical e�ect of noise at high intensity: the system reaches the
synchronized state for smaller coupling values and without explor-
ing intermediate states. This is consistent with the results found in
Ref. 28, where it was suggested that disorder and noise have an equiv-
alent e�ect, both aimed at reducing the hysteretic region and pre-
venting the system from reaching intermediate states (i.e., travelling
and standing waves). Panels (b)–(d) of Fig. 5 illustrate the features of
the frequency-synchronized state appearing atK = 30with r̄ = 0.96.
Panel (b) shows that almost all frequencies are synchronized, while
phases and instantaneous phase velocities are not strictly correlated
due to the e�ect of noise, see panels (c) and (d). Moreover, both noise
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FIG. 5. (a) Time-averaged global order parameter r̄ as a function of coupling con-
stant K for a randomly coupled network with a dilution parameter of p = 0.10 and

stochastic dynamics with noise intensity
√
2D = 5, obtained by following pro-

tocol (I) (upsweep, red filled circles) and protocol (II) (downsweep, blue empty
squares). The vertical dotted green lines denote the boundaries of the hysteretic
region. Kc

1 = 25 and Kc
2 = 4.5. (b) Average phase velocity ω̄i for K = 30 (fre-

quency-synchronized solution). The elements related to the positive (negative)
distribution of natural frequencies are denoted by red circles (blue diamonds). (c)
Instantaneous phase velocity ωi vs phase θi for all i ∈ (1, . . . , 500) (snapshot).
(d) Spatiotemporal evolution of phases θi . For all panels, a centered, symmetric
bimodal distribution of the natural frequencies has been used. Other parameters
as in Fig. 1.

and dilution (spatial disorder) contribute to decreasing the value of
coupling strength K at which partial frequency synchronization is
reached (Kc

1 = 25), as compared to the all-to-all coupled case without
noise (KPS = 31). For higher noise intensity, the network is already
fully frequency-synchronized at K = 30, even though it is not phase
synchronized [see Fig. 6, panels (b)–(d)].

As a second setup, we consider a random network with average
connectivity Nc = 0.1 N (p = 0.1), where the distribution of natu-
ral frequencies is chosen to be a noncentered, asymmetric bimodal
Gaussian distribution in order to mimic the presence of 20% of
generators and 80% of loads in the network. When asymmetry is
introduced into the network, it becomes more di�cult to reach full
synchronization. It is achieved for K > 52 in the case of low noise
intensity and for K > 40 in the case of high noise intensity [see
Figs. 7(a) and 8(a), respectively]. However, it turns out that partial
synchronization can be reached for lower K values as compared to
the symmetric case, since Kc

1 is always smaller than in the previous
setup, irrespective of the noise level. The e�ects of noise and dilu-
tion are visible even in this case, since for higher noise intensity,
we observe limited accessibility to intermediate states. As a result,
the system jumps from the asynchronous state directly to a partially
synchronized state with high coherence. Note that full frequency syn-
chronization is achievable in the upsweep for lower K values when
noise is increased [Fig. 8(a)]. A comparative analysis with respect

FIG. 6. Same as Fig. 5 for a randomly coupled network with stochastic dynamics

and noise intensity
√
2D = 15. Kc

1 = 11.5 and Kc
2 = 10.0.

to the one depicted in Figs. 5 and 6 is shown in Figs. 7, 8 [panels
(b)–(d)] for K = 30. In the diluted network with asymmetric fre-
quency distribution and low noise intensity (Fig. 7), we observe a
two-frequency cluster state for the chosen coupling value: clusters
are reminiscent of the original separation (i.e., generators synchro-
nized at ω̄i = �0+ = 3.2 and loads clustered at ω̄i = −�0− = −0.8
at K = 0), where some generators (red) become synchronized to the
loads (blue) at an average frequency≈ − 0.2 close to that of the loads,
and the coupling is not yet su�cient to merge the two clusters into
a single one. For high noise intensity (Fig. 8), note that the cluster
structure is no longer present atK = 30, but it has given a way to fre-
quency synchronization, except for a few outliers: as in the previous
case, the transition to synchronization takes place for lower coupling
values when the noise is increased.

Finally, numerical results are presented for the Italian high-

voltage power grid for low noise intensity
√
2D = 5 (Fig. 9) and

for high noise intensity
√
2D = 15 (Fig. 10). This network is char-

acterized by a quite low average connectivity 〈Nc〉 = 2.865, due to
the geographical distributions of the nodes along Italy; therefore,
the synchronization transition exhibits no hysteresis and has become
continuous, as shown in Ref. 24. When the transition is continuous,
the noise does not play a constructive role any more and just smears
out over a larger interval of K the transition to synchronization that
takes place for higherK values, as compared to the deterministic case.
While in the deterministic case Kc

1 = 26 holds, for low noise inten-
sity,Kc

1 = 35 and, for highnoise intensity,Kc
1 = 30 is found.However,

the Kuramoto order parameter, de�ned in Eq. (3), characterizes
phase synchronization rather than frequency synchronization, and
we know that in our system frequency synchronization does not
imply phase synchronization. In Fig. 9(b), we see that the average fre-
quency is zero, already atK = 30, which corresponds to a frequency-
synchronized regime. In panel (c), the instantaneous frequencies are
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FIG. 7. Same as Fig. 5 for a noncentered, asymmetric bimodal distribution of the
natural frequencies modelling a random network made of 20% of generators and
80% of consumers (pg = 0.2,�0+ = 3.2,�0− = 0.8), and stochastic dynamics

with noise intensity
√
2D = 5. Kc

1 = 3.5 and Kc
2 = 2.5.

shown to be localized around zero, only slightly smeared out due
to the action of noise, while the distribution of phases is widely
spread over all possible values. The randomly spread-out phases
show up as a salt-and-pepper pattern in the space-time plot in panel
(d) but by renumbering of the nodes according to increasing phase

FIG. 8. Same as Fig. 5 for a noncentered, asymmetric bimodal distribution of the
natural frequencies modelling a random network made of 20% of generators and
80% of consumers (pg = 0.2,�0+ = 3.2,�0− = 0.8), and stochastic dynamics

with noise intensity
√
2D = 15. Kc

1 = 8.0 and Kc
2 = 6.5.

FIG. 9. Same as Fig. 5 for the Italian high-voltage grid and stochastic dynamics

with noise intensity
√
2D = 5.

the regular phase-locking space-time pattern might be made better
visible. For high noise intensity, frequency synchronization cannot
be achieved any more at K = 30 [see Figs. 10(a)–10(c)], and the
network splits into two parts corresponding to a 2-frequency clus-
ter, where the phases are more synchronized in the left-hand part
i = 1, . . . , 50 (North Italy), compared to the right-hand part i =
51 − 127 (South Italy). Therefore, we can conclude that, for highly
sparse networks, the Kuramoto order parameter is not an appropriate

FIG. 10. Same as Fig. 5 for the Italian high-voltage grid and stochastic dynamics

with noise intensity
√
2D = 15.
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FIG. 11. Upper panels: Spatiotemporal evolution of phases θi (a) and frequen-
cies ωi (b) with control for a randomly coupled network with dilution parameter

p = 0.10 and stochastic dynamics with noise intensity
√
2D = 5. Nodes are dis-

tributed according to the following percentage: 20% generators and 80% loads
(pg = 0.2, �0+ = 3.2,�0− = 0.8). K = 70. Other parameters as in Fig. 7.
Lower panels: spatiotemporal evolution of phases θi (c) and frequencies ωi (c)

with control for the Italian high-voltage power grid with noise intensity
√
2D = 5

at K = 70. Other parameters as in Fig. 9.

measure to characterize the (frequency) synchronization level of
the network, as noted previously,29,47 and the noise renders fre-
quency synchronization more di�cult to be attained, since it spreads
the instantaneous frequencies around the mean synchronization
value.

IX. CONTROL OF UNSTABLE NOISY STATES

This section is devoted to the application of the control
method to sparse networks with stochastic power �uctuations. Based
upon the characterization of synchronization in sparse networks of
Kuramoto oscillators with inertia under the in�uence of noise in
Sec. VIII, we will now investigate the e�ciency of control, which
was studied for deterministic dynamics in Sec. VII, in the follow-
ing more realistic setups with noise: (i) a randomly coupled net-
workwith asymmetric bimodal frequency distribution and (ii) Italian
high-voltage power grid. The results are shown in Fig. 11. The con-
trol method is able to stabilize unstable solutions and to secure a
frequency-synchronized state for lownoise intensity (e.g.,

√
2D = 5),

while it is not able to succeed if the noise intensity is too high (results
not shown). Note that even in the presence of control, frequency
synchronization does not imply phase synchronization. In particu-
lar, for the Italian grid [panel (c)], the salt-and-pepper pattern of the
phases in the space-time plot remains analogous to the one shown in
Fig. 9(d) for a lower coupling value and no control. For the ran-
domnetworkwith asymmetric bimodal frequency distribution, some
solitary states with di�erent phase remain [Fig. 11(c)].

X. CONCLUSIONS

In this paper, we have considered sparse networks of Kuramoto
oscillators with inertia to investigate the optimal conditions for the
emergence of synchronization in power grids. In the center of our
study is the theoretical analysis of the stability of the frequency-
synchronized state, which is necessary for the stable operation of
power grids, and its control by a linear quadratic regulator. Going
beyond previous work,28 we have used a linear stability analysis to
identify unstable frequency-synchronized states in power grids with
sparse connectivity and applied feedback control to stabilize them,
then extended our study to include stochastic temporal power �uc-
tuations and discussed the interplay of topological disorder and
Gaussian white noise for various model con�gurations, and �nally
demonstrated that our control scheme also works well under the
in�uence of noise. Results for synthetic Erdös-Renyi random net-
works with low average connectivity are compared with those
obtained by considering a real power grid topology, namely, the grid
of Italy.

We have implemented sparse synthetic random networks in
order to understand the mechanisms underlying the transition to
synchronization and to capture the role played by spatial disor-
der in randomly diluted networks and temporal noise, typical for
decentralized renewable energy sources, in altering the nature of this
transition. In power grids, where it is of vital importance to maintain
stable frequency synchronization, the details of achieving synchro-
nization cannot be neglected: The transition to synchronization for
upsweep and downsweep of the coupling strength, i.e., line capacity,
is hysteretic and a �nite perturbation can bring the system back to
an intermediate state, which is di�erent from the synchronized one.
For this reason, we have not limited our analysis to the investigation
of the properties of the synchronized state, as it is common in the
literature but have given a more general framework of the transition
to synchronization, characterizing all intermediate states of partial
synchronization.

Within this study, we have provided a linear stability analysis of
the frequency-synchronized solution and derived the stability crite-
ria, based on the initial phase di�erences of the oscillators, and have
estimated the critical coupling strength Kc above which a frequency-
synchronized solution is possible in the deterministic system. For
su�ciently large coupling, we have also found unstable solutions that
are usually characterized by large di�erences of initial phases. It turns
out that our linear feedback control scheme is very e�cient in stabi-
lizing unstable frequency-synchronized solutions for arbitrary initial
phases, and all K > Kc, independent of the chosen frequency distri-
bution and the investigated sparse network. In particular, we have
simulated highly-diluted Erdös-Renyi networks with symmetric or
asymmetric bimodal frequency distributions, where the asymmet-
ric case corresponds to the realistic situation of a grid with fewer
but larger generators and many small consumers. In addition to
the Erdös-Renyi networks, we have successfully tested the control
scheme with a realistic high-voltage power grid, i.e., the Italian grid.

Furthermore, we have investigated diluted networks with
stochastic dynamics due to temporally �uctuating power in order
to infer the similarities and di�erences occurring in the transition
to synchronization with respect to the deterministic case. We have
added a simple noise term, i.e., Gaussian white noise, rather than
correlated noise or intermittent noise, in order to gain insight into
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the general role played by noise in power systems. Real power grids
are susceptible to noise, independent of the inclusion of renewable,
strongly �uctuating energy sources, and here we use the noise term
not speci�cally to model renewable generators, for which it would
be more appropriate to introduce non-Gaussian correlated noise to
reproduce their �uctuations.15,17 Previously, the transition to syn-
chronization has been investigated mainly in deterministic systems24

or in globally coupled networks.28On the other hand,when stochastic
systems with Gaussian white noise were considered,21,46 the focus has
not been on the synchronization transition, thus neglecting possible
consequences of hysteresis in power systems. In particular, here we
have observed that, for synthetic diluted networks (independent of
the frequency distribution), intermediate noise intensities might play
a constructive role in lowering the critical coupling value required
to reach (almost complete) frequency synchronization, since noise
suppresses intermediate states and reduces the hysteretic region. On
the other hand, for the Italian high-voltage power grid, for which the
transition to synchronization is continuous, high noise intensity pre-
vents the system from reaching frequency synchronization. Finally,
we have implemented our control scheme in systems with Gaussian
white noise. Our simulations have shown that unstable synchronous
states can still be stabilized for low to intermediate noise, both in
Erdös-Renyi networks with asymmetric bimodal frequency distribu-
tion and in the Italian high-voltage power grid, but for too high noise
intensity control fails.

Future perspectives of this work might be aimed at a deeper
understanding of the applicability of the control scheme within noisy
systems, for non-Gaussian noise and realistic topologies.
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APPENDIX: CONTROL FOR ASYMMETRIC FREQUENCY

DISTRIBUTION AND ITALIAN GRID

In order to show the broad applicability of the control method
implemented in Sec. VII, we consider in this Appendix two further
con�gurations, both in the absence of noise, (i) a sparse network of
Kuramoto oscillators with inertia with an asymmetric bimodal fre-
quency distribution, to mimic the presence of 20% of generators and
80% of loads in the grid, and (ii) the Italian high-voltage power grid
with bimodal δ-distribution of frequencies.

For the network with asymmetric frequency distribution, by
means of the Levenberg–Marquardt algorithm, it is possible to obtain
a set of phases θ∗

i which ful�lls the condition of frequency synchro-
nization, i.e., Equation (17).However, no stable solution can be found
for K < Kc = 6.5, while we are always able to obtain a stable solu-
tion forK > Kc. The correspondingmaximum eigenvalueµmax of M
decreases accordingly, when K > Kc, see Fig. 12. In comparison with
the case of a symmetric bimodal frequency distribution considered
in Sec. VI (Fig. 2, inset), here µmax < 0 reaches, for large K, smaller
absolute values, which means that the synchronous solutions are less
stable for the asymmetric case than for the symmetric one.

FIG. 12. Maximum eigenvalue µmax as a function of coupling strength K for
a diluted Erdös–Renyi network with asymmetric bimodal frequency distribution.
Nodes are distributed according to the following percentage: 20% generators and
80% loads (pg = 0.2, �0+ = 3.2,�0− = 0.8). Other parameters as in Fig. 1.

Then, if we consider an initial set of uniformly distributed
phases that does not ful�ll the criterion for the diagonal dominance
of matrix M, i.e., corresponding to an unstable synchronous state,
it turns out that it is always possible to stabilize the system by the
action of control (see Fig. 13). In particular, by the action of control,
frequency synchronization is achieved together with stability. Note
also thatmost phases are synchronized except for some solitary nodes
which remain desynchronized.30

When considering the Italian grid, it turns out that the con-
dition for frequency synchronization [Eq. (17)] is well satis�ed for
all K > Kc

1, but it is not possible to �nd a set of phases for which

FIG. 13. Spatiotemporal evolution of phases θi (left column) and frequencies
ωi (right column) without (top panels) and with control (bottom panels) for an
Erdös-Renyi network with asymmetric bimodal frequency distribution. (a) and (b)
control off, λmax = 3.622; (c) and (d) control on, λctrl = −0.733. Nodes are dis-
tributed according to the following percentage: 20% generators and 80% loads
(pg = 0.2, �0+ = 3.2,�0− = 0.8). K = 70. Other parameters as in Fig. 1.
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FIG. 14. Spatiotemporal evolution of phases θi (left column) and frequencies ωi

(right column) without (top panels) and with control (bottom panels) for the Italian
high-voltage power grid. (a) and (b) Control off, λmax = 4.01; (c) and (d) control
on, λctrl = −0.867. K = 70. Other parameters as in Fig. 9.

the stability condition µmax < 0 holds. Although we have consid-
ered 5000 random sets of initial phases, normally distributed around
zero, we have found only unstable solutions when applying the Lev-
enberg–Marquardt algorithm, albeit we cannot exclude that a stable
solution still exists for some initial condition. However, what we sus-
pect is that a stable fully synchronized solution does not exist at
least for an intermediate range of coupling (K ≤ 27): in this regime,
quasiperiodic dynamics arises,24 in contrast to the strictly periodic
motion that constitutes the solution of Eq. (17). Unstable solutions
can be still stabilized via the Linear Quadratic Regulator, as shown in
Fig. 14. The control method allows us to obtain a stable frequency-
synchronized solution, even though phase synchronization is not
achieved but rather a phase-locked state characterized by aKuramoto
order parameter smaller than 1.
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