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Zusammenfassung

Diese Dissertation beschäftigt sich mit der Klassifikation von isothermen constrained Will-
more Tori. Jörg Richter hat in seiner Dissertation gezeigt, dass für jeden in R3 immer-
sierten, isothermen, constrained Willmore Torus durch eine konforme Änderung der eu-
klidischen Metrik eine Raumform konstruiert werden kann, in der die Immersion kon-
stante mittlere Krümmung (CMC) hat. Wir modifizieren seinen Beweis, sodass er seine
Gültigkeit auch dann behält, wenn die Fläche Nabelpunkte besitzt. Die Nabelpunkte
isothermer constrained Willmore Tori sind entweder isoliert (Bryant Flächen mit glat-
ten Enden) oder liegen in einer Ebene (Babich-Bobenko Tori). In beiden Fällen haben
die Flächen konstante mittlere Krümmung bezüglich einer hyperbolischen Metrik. Ben
Andrews and Haizhong Li haben unter der Verwendung von Sphären-Kongruenzen be-
wiesen, dass jeder in S3 eingebettete CMC Torus rotationssymmetrisch ist [2]. Wir haben
ihre Konstruktion der maximalen Sphären-Kongruenz für geschlossene Flächen in einem
Möbius geometrischen Setup reproduziert. Auf diese Weise können wir ihren Beweis für
Tori in S3 auf beliebige Raumformen erweitern. Im Besonderen zeigen wir, dass Babich-
Bobenko Tori nicht eingebettet werden können. Dem entsprechend ist jeder eingebettete,
isotherme, constrained Willmore Torus f : M → R3 entweder eine Bryant Fläche, oder hat
nach einer stereographischen Projektion konstante mittlere Krümmung in S3. Im zweiten
Fall ist der Torus eine Kanalfläche. Die Methode lässt sich auch auf periodische Zylinder
in R3 anwenden. Dies führt zu einem neuen Beweis für die bekannte Tatsache [21], dass
Delaunay Zylinder die einzigen eigentlich eingebetteten, periodischen, CMC Zylinder in
R3 sind. Es ist bekannt, dass isotherme Kanalflächen in S3 Möbius äquivalent zu Rota-
tionsflächen sind. Wir geben einen neuen Möbius geometrischen Beweis für diese Tatsache
und erhalten damit folgende Klassifizierung: Jeder eingebettete, isotherme, constrained
Willmore Torus f : M → R3 ist entweder eine isotherme Bryant Fläche mit glatten En-
den oder nach einer stereographischen Projektion Möbius äquivalent zu einer Drehfläche
in S3.





Abstract

This dissertation treats the classification of isothermic constrained Willmore tori. Jörg
Richter proved in his dissertation that for every immersion f : M → R3 of an isothermic
constrained Willmore torus, there exists a conformal change of the euclidean metric of R3

such that the surface has constant mean curvature (CMC) in a space form. We extended
his proof such a way that it remains true if the surface has umbilical points. The umbilical
points of isothermic constrained Willmore tori are either isolated (Bryant surfaces with
smooth ends) or lie in a plane (Babich-Bobenko tori). In both cases the surface has
constant mean curvature with respect to a hyperbolic metric.

Using sphere congruences, Ben Andrews and Haizhong Li proved in [2] that every embed-
ded CMC torus f : M → S3 has a rotational symmetry. We reproduced their construction
of a maximal interior sphere congruence for closed surfaces in a Möbius-geometric setup.
This enables us to extend their proof for CMC tori in S3 to arbitrary spaceforms. By this
means, we can prove that Babich-Bobenko tori cannot be embedded. Further, we obtain
that after a stereographic projection, every embedded isothermic constrained Willmore
torus f : M → R3 that is not a Bryant surface has constant mean curvature in the unit
3-sphere in R4 and is hence a canal surface. We also apply this method to periodic CMC
cylinders in R3, which leads to a new proof of the well-known fact that Delaunay cylin-
ders are the only properly embedded, periodic, CMC cylinders in R3. It is well-known
that isothermic canal surfaces in S3 are Möbius equivalent to a surface of revolution. We
give a new Möbius-geometric proof for this fact and obtain the following classification:
After a stereographic projection, every embedded isothermic constraint Willmore torus
f : M → R3 is either an isothermic Bryant surface with smooth ends or Möbius equiva-
lent to a surface of revolution in S3.
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1. Introduction

For a given abstract closed surface M there exist many different immersions into the
euclidean space R3. As a natural consequence, the question arises which immersions
f : M → R3 of a given surface M are the most ‘round’ or symmetric ones. An answer to
this question was given in the year 1965 by Thomas James Willmore [32] by defining an
energy for immersions of surfaces using their mean curvature H

W (f) :=

∫
M
H2dσ.

The critical points of the Willmore functional W are called Willmore surfaces. Based on
the early investigations of elastic surfaces by Sophie Germain [13], where she suggested
that the mean curvature is proportional to the elastic force of thin plates, the Willmore
energy plays an important role in the elasticity theory of surfaces and is still the object of
modern research in this area (see for example [12]).

The theory of Willmore surfaces is also used in computer graphics when looking for the
‘smoothest’ realization of an abstract surface that may have some additional structure (see
[10]). This leads to the notion of constrained Willmore surfaces, which are critical points
of the Willmore energy under all compact variations that preserve a particular structure.
The most investigated constraint, and the only one that we will consider in this work,
is the conformal structure of the surfaces. Critical points of the Willmore functional in
a fixed conformal class will be called constrained Willmore surfaces. They can be seen
as the most ‘round’ resp. symmetric realizations of an abstract Riemann surface and
are hence of great interest in conformal geometry and computer graphics. Important
work to understand constrained Willmore surfaces has already been done. Ulrich Pinkall
et al. gave a basic theory of constrained Willmore surfaces, including a derivation of
the Euler-Lagrange equation from a variational problem [6]. Ernst Kuwert and Rainer
Schätzle furthermore proved the existence of minimizers of the Willmore functional under
preservation of a fixed conformal class if there exists an immersion of the surface with
Willmore energy smaller than 8π [22]. A substantial survey of the previous research on
constrained Willmore surfaces can be found in the article “Towards a constrained Willmore
conjecture” [16] by Lynn Heller and Franz Pedit, where they also state several conjectures
for the classification of constrained Willmore tori. For Willmore tori without constraints
Fernando C. Marques and André Neves [26] proved the famous Willmore conjecture:

Conjecture 1 (Willmore 1965).
For every smooth immersed torus f : M → R3 the Willmore energy satisfies: W (f) ≥ 2π2.

The Clifford torus has a Willmore energy of 2π2 and realizes the absolute minimum among
all immersions of tori into S3 and hence in its conformal class. To find the explicit mini-
mizers of the Willmore energy among all tori in an arbitrary prescribed conformal class is
still an open problem. For the rectangular conformal class Lynn Heller and Franz Pedit
conjectured the following.

Conjecture 2 (Heller, Pedit [16]).
The constrained minimizers of the Willmore energy for tori in R3 of rectangular types
R2/Z⊕ ibZ are (stereographic projections of) the homogeneous tori S1×S1

b in the 3-sphere
for 1 ≤ b ≤

√
3 and the 2-lobed Delaunay tori in a 3-sphere for b >

√
3 limiting to a twice

covered equatorial 2-sphere as b→∞.
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In [25] Peter Li and Shing-Tung Yau proved that compact surfaces with a Willmore energy
smaller than 8π are embedded. Therefore, embedded surfaces are the best candidates
for minimizing the Willmore energy and it is an interesting question which constrained
Willmore tori are embedded.

Many known examples of constrained Willmore surfaces (for instance, constant mean cur-
vature surfaces like the Delaunay tori and the homogeneous tori from Conjecture 2) are
isothermic, i.e., locally they admit a conformal coordinate line parametrization. Since
embedded isothermic constrained Willmore tori are good candidates to minimize the Will-
more energy in their conformal class, we are interested in a classification of these tori.
Being isothermic or constraint Willmore are both Möbius invariant properties, thus the
classification should reflect this invariance and a theory of isothermic constraint Willmore
tori should be a Möbius-geometric one. Our main result is the following theorem:

Theorem (Main theorem).
Every embedded isothermic constraint Willmore torus is either an isothermic Bryant sur-
face with smooth ends or Möbius equivalent to a surface of revolution in S3.

The starting point of our research is given by a theorem from Jörg Richter, which states
that every isothermic constrainedWillmore torus f : M → R3 has constant mean curvature
in a space form [30]. We extended his proof in a way that it remains true if the surface
has umbilical points. In this case there exists a hyperplane E that separates R3 in two
hyperbolic spaces H3

± whose ideal boundaries are given by ∂H3
± = E. The umbilical

points of the surface all lie on E and the restriction of f to H3
± has constant mean

curvature. Surfaces that intersect E are called Babich-Bobenko tori because they were
first constructed by Mikhail V. Babich and Alexander I. Bobenko using theta functions
and eliptic integrals [3]. Their constant mean curvature w.r.t. the hyperbolic metric will
be denoted with H̃ and satisfies |H̃| < 1. If the surface lies in one of the hyperbolic spaces
H3
± and is tangential to E, it has hyperbolic mean curvature H̃ = 1 and is called a Bryant

tori with smooth ends [9]. We prove that the Babich-Bobenko tori cannot be embedded,
which leads to the following theorem:

Theorem.
An embedded, isothermic constrained Willmore torus f : M → R3 is either a Bryant
surface with smooth ends or there exists a stereographic projection that maps it into a unit
3-sphere in R4, where it has constant mean curvature.

Shortly before finishing this work Birahim Ndiaye Cheikh, Lynn Heller and Sebastian
Heller published the preprint of an article [15] in which they proof that isothermic con-
strained Willmore tori in the conformal 3-sphere with Willmore energy below 8π are CMC
surfaces in the round 3-sphere. Using the estimate of Peter Li and Shing-Tung Yau [25],
and the quantization for the Willmore energy of Bryant surfaces that Christoph Bohle and
G. Paul Peters proved in [5], our theorem confirms their result.

Ben Andrews and Haizhong Li proved in [2] that every embedded CMC torus f : M →
S3 has a rotational symmetry. In their proof they consider the maximal interior sphere
congruence (MISC) of these tori, which is the map that assigns to every point p ∈M the
biggest sphere in S3 that is tangent to the surface at f(p) and contained in the compact
region bounded by f(M). In particular, they show that the curvature of theses spheres is
given by the bigger principle curvature of f at the touching points.
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We reproduce their construction in a projective model of Möbius geometry, whose repre-
sentation in homogeneous coordinates corresponds to the five dimensional Minkowski space
R4,1 on which the group of Möbius transformations acts linearly. The different space forms
S3,H3,R3 are obtained by intersections of the light cone L := {P ∈ R4,1|〈P, P 〉Mink = 0}
with affine hyperplanes and the set of their spheres can be identified with the standard
hyperboloid of one sheet H4

+ ⊂ R5. In this model a sphere congruence is given by a con-
tinuous map S : M → H4

+. The property of being an isothermic constrained Willmore
immersion is invariant under Möbius transformations. To exploit this invariance, which
also applies to sphere congruences, the projective model of Möbius geometry is the natural
setup to study these surfaces and their maximal interior sphere congruence.

Another advantage of this model is that it makes it possible to generalize the method that
Ben Andrews and Haizhong Li developed for CMC surfaces in S3 in a way that it can be
used for surfaces in R3 and H3, too.

In particular, for CMC tori in H3
± that intersect the ideal boundary ∂H3

± = E (Babich-
Bobenko tori and Bryant tori with smooth ends), the Möbius-geometric setup is very useful
to study their sphere congruences. This is because given as a map S : M → H4

+, a sphere
congruence is well defined even if the hyperbolic radius of the spheres goes towards infinity,
as it is the case if the surface touches E. Using their maximal interior sphere congruence,
we are able to prove that Babich-Bobenko tori can be embedded. We conjecture that
isothermic Bryant tori with smooth ends cannot be embedded either. So far we don not
have a proof for the conjecture, but are confident that it is possible to use the MISC to
show that these surfaces cannot be embedded.

Complete and properly embedded surfaces in R3 can also be investigated in the setup given
above. In 1989 Nicholas J. Korevaar, Rob Kusner and Bruce Solomon proved that every
complete and properly embedded CMC surface in R3 with two ends is a Delaunay surface
[21]. In their proof they use Alexandrows reflection method. We reproduced their result
for embedded periodic CMC cylinders with annular ends by adapting Ben Andrews’ and
Haizhong Li’s strategy for tori in S3 to periodic cylinders in R3.

Surfaces whose bigger principal curvatures are constant along the corresponding curvature
lines are canal surfaces, i.e., the envelope of a 1-parameter family of spheres. After we
have shown that this is the case for embedded isothermic constrained Willmore tori, that
are no Bryant surfaces, and periodic CMC cylinders, we continue our investigation of these
surfaces by considering them as canal surfaces in the projective model of Möbius geometry.
In particular, we give a new geometric proof for the well-known fact (see for example [17])
that isothermic canal surfaces are Möbius equivalent to a surface of revolution in S3, and
that there are no embedded CMC tori in R3 and H3.

Before we start with the derivation of the new results in Section 7, we will give a deeper
introduction into the subject in the sections 2 - 6. In this introduction we will fix the nota-
tion and establish the definitions and concepts that are necessary for a basic understanding
of isothermic constrained Willmore surfaces.

The first section starts with abstract Riemann surfaces that we define as 2-dimensional
Riemannian manifolds equipped with an almost complex structure. Using the Levi-Civita
connection of the Riemannian metric, we define holomorphic structures on several vector
bundles, like the one of C-valued functions or of quadratic differentials. Further, we show
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how the connection and its induced curvature behave under a conformal change of the
metric.
For the investigation of immersions of Riemann surfaces into R3, we make use of the
quaternions by identifying the euclidean space R3 with the imaginary quaternions. This
gives us a very simple representation for conformal transformations of R3. In the presence
of an immersion, the vector bundle ofH-valued 1-forms splits into two complex line bundles,
the normal and the tangential one. Using these line bundles, we obtain a coordinate-free
description of many important quantities of the immersion and a straightforward derivation
of the structure equations (Gauß and Gauß-Codazzi equation). Holomorphic quadratic
differentials can also be identified with sections of these line bundles and used for the
definition of isothermic surfaces and their Christoffel dual.
In Section 4 we compute how a conformal change of the euclidean metric of the ambient
space R3,

〈·, ·〉euc → 〈·, ·̃〉 = e2u〈·, ·〉euc, u ∈ C∞(H,R),

changes important quantities of the immersion f : M → R3, such as the Hopf differential
and the mean curvature. Further, we will show how different space forms such as H3

and S3 can be obtained from R3 by a conformal change of the euclidean metric. This
construction of different space forms for a fixed immersion in R3 has its analogue in the
projective model of Möbius geometry and is crucial for the proof of Jörg Richters theorem.
In Section 5 we introduce the Willmore functional and prove its invariance under repara-
metrizations of the surface and conformal transformations of the ambient space. Further,
we use the quaternionic analysis of surfaces to obtain variation formulas for immersions
into R3 and their induced metric and conformal structure. This supports a coordinate-free
derivation of the Euler-Lagrange equation for the Willmore functional.
In Section 6 we finally consider constrained Willmore surfaces, i.e., critical points of the
Willmore functional in a fixed conformal class. Since the Willmore functional is invariant
under reparametrizations, Teichmüller space is an important tool for the understanding of
constrained Willmore surfaces. We recap the construction of the Teichmüller space from a
Riemannian perspective as it was developed by Anthony J. Tromba in [18]. Then we use
the strategy that Christoph Bohle, Paul Peters, and Ulrich Pinkall establish in [6] to derive
the Euler-Lagrange equations of constrained Willmore surfaces. The subspace of conformal
immersions of a Riemann surface inside the smooth manifold of all immersions is singular
at the isothermic immersions. Therefore, it is not self-evident that every infinitesimal
conformal variation of an isothermic immersion extends to a real conformal variation of
the immersion. Since we are particularly interested in isothermic surfaces and because
the existence of conformal variations is crucial for the derivation of the Euler-Lagrange
equations, we recap some of the ideas that Ernst Kuwert and Rainer Schätzle use in [22]
to prove the existence of minimizers of the Willmore functional in a fixed conformal class.

We hope that this longer introduction makes the work self-contained and accessible for
those readers that are not as familiar with conformal geometry, quaternionic analysis
of surfaces, or variations of immersions. The investigation of immersions into different
space forms via fixing the map f : M → R3 and considering a conformal change of the
euclidean metric of R3 could be interesting for experienced readers too. Furthermore,
we view the well-known results from a Riemannian perspective and present them in a
common coordinate-free language. We hope this makes some of the already established
proofs better understandable.



ISOTHERMIC CONSTRAINED WILLMORE TORI 5

2. Riemann surfaces

The fundamental object of this work are immersions of Riemann surfaces into 3-dimensional
space forms. However, before we consider immersions in Section 3, we will start with a
purely intrinsic investigation of the surfaces. This section serves mainly as an introduction,
where we give important definitions and fix the notation. Our approach is a Riemannian
one, in the sense that, we consider the almost complex structure and the corresponding
Riemannian metrics as the main objects to describe Riemann surfaces. From the Levi-
Civita connection of these metrics we will derive the important notion of holomorphicity.
Therefore, we start with describing the relation between the spaces of Riemannian met-
rics, conformal structures and complex structures. This will also be important for the
construction of the Teichmüller space in section 6.

Section 2 and 3 are highly inspired by two lectures that Ulrich Pinkall gave at TU Berlin
about conformal geometry (WS 2013/2014) and Riemann surfaces (WS 2018/2019). We
assume that the reader is familiar with the notion of smooth manifolds and vector bundles.

Definition 1.
Let M be a smooth manifold, then J ∈ Γ(End(TM)) with J2 = −1 is called an almost
complex structure on M . The set of all almost complex structures on M will be denoted
by A(M). If M is 2-dimensional, the pair (M,J) is called a Riemann surface.

On C the almost complex structure is given by the complex multiplication with i. If we
identify R2 with C in the usual way, that is, R2 3 (x, y) ↔ x + iy = z ∈ C, the almost
complex structure on R2 is given by

Ĵ =

Å
0 −1
1 0

ã
.

Vice versa, an almost complex structure J turns the tangent spaces TpM into complex
vector spaces if we define the complex multiplication on TpM by

(x+ iy)X := xX + yJpX ∀X ∈ TpM and x+ iy ∈ C.

Definition 2.
Let M be a 2n-dimensional smooth manifold. A complex structure c := {Ui, ϕi}i∈I on
M is a maximal atlas of M such that the transition functions ϕi ◦ ϕ−1

j : ϕj(Ui ∩ Uj) →
ϕi(Ui ∩ Uj) are biholomorphic.
The set of all complex structures on M will be denoted by C(M). A pair (M, c) is
called a complex manifold.

Proposition 1.
Every complex manifold has a canonical almost complex structure, i.e., there is a well-
defined map

Φ : C(M)→ A(M). (2.1)

Proof. For a complex manifold (M, c) we define an almost complex structure J on M by
locally pulling back Ĵ using the charts of the complex structure

Jp := dφ−1
φ(p)Ĵdφp (2.2)
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for some chart (ϕ,U) ∈ c with p ∈ U . We have to show that this definition is independent
of the choice of the chart. To this end, let (φ, V ) ∈ c be another chart with p ∈ V . Now,
ϕ ◦ φ−1 is an biholomorphic function and its differential commutes with Ĵ . This give rise
to

Ĵ = d(ϕ ◦ φ−1)φ(p)Ĵd(φ ◦ ϕ−1)ϕ(p)

⇔ Ĵ = dϕpdφ
−1
φ(p)Ĵdφpdϕ

−1
ϕ(p)

⇔ dϕ−1
ϕ(p)Ĵdϕp = dφ−1

φ(p)Ĵdφp.

�

Definition 3.
For A ∈ Γ(End(TM)) the Nijenhuis-tensor NA ∈ Ω2(M,TM) is defined as:

NA(X,Y ) := −A2[X,Y ]− [AX,AY ] +A([AX,Y ] + [X,AY ]),

where X,Y ∈ X(M) and [·, ·] denotes the Lie bracket of vector fields on TM .

The question which almost complex structures are integrable and hence give rise to a
complex structure was first answered by A. Newlander and L. Nirenberg in [28].

Theorem 1 (A. Newlander and L. Nirenberg).
An almost complex manifold (M,J) is complex, if and only if the Nijenhuis-tensor of the
almost complex structure vanishes, i.e., NJ = 0.

Corollary 1.
Every Riemann surface (M,J) is a 1-dimensional complex manifold. In particular, the
map

Φ : C(M)→ A(M)/{±1},

defined in Proposition 1 is bijective.

Proof.

NJ(X, JX) := −J2[X, JX]− [JX, JJX] + J([JX, JX] + [X, JJX]) = 0.

�

2.1. Riemannian metrics, conformal structures and almost complex structures
on Riemann surfaces.

Definition 4.
Let M be a smooth manifold. We define Sym(M) to be the vector bundle over M whose
fiber at p ∈M consists of all symmetric bilinear maps hp : TpM × TpM → R. Further, let

M(M) := {g ∈ Γ(Sym(M))| gp : TpM × TpM → R is positive definite ∀p ∈M}

denote the set of all Riemannian metrics on M . A pair (M, g) is called a Riemannian
manifold.
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For a Riemannian manifold (M, g), the space of endomorphism fields of the tangent bundle
splits into the symmetric and skew-symmetric ones with respect to g,

Γ(End(TM)) = Γ(Endg+(TM))⊕ Γ(Endg−(TM)),

where

Γ(Endg+(TM)) := {Γ(End(TM))|A = A∗},
Γ(Endg−(TM)) := {Γ(End(TM))|A = −A∗}.

The projection maps are given by

π± : Γ(End(TM))→ Γ(Endg±(TM))

A 7→ 1

2
(A±A∗).

Fixing g ∈M(M), we obtain the following identification:

Γ(Sym(M))↔ Γ(Endg+(TM))

g(A·, ·)↔ A. (2.3)

In the same way, we can identify M(M) with the positive definite sections of Endg+(TM).

On a Riemannian surface (M, g), we can choose a basis on TpM such that gp(·, ·) = 〈·, ·〉R2 .
This gives us for A ∈ Γ(End(TM)) and A± ∈ Γ(Endg±(TM)):

A(p) =

Å
a b
c d

ã
, A+(p) =

Å
a b+c

2
b+c

2 d

ã
and A−(p) =

Å
0 b−c

2
c−b

2 0

ã
,

for some a, b, c, d ∈ R. Therefore, the rank of the vector bundles is given by:
rank(End(TM)) = 4, rank(Endg−(TM)) = 1 and rank(Endg+(TM)) = 3.

Definition 5.
The trace of A ∈ Γ(End(TM)) with respect to a Riemannian metric g is defined as

tr : Γ(End(TM))→ C∞(M)

tr(A)(p) := gp(AX,X) + gp(AY, Y ),

for some orthonormal basis (ONB), X,Y of TpM .

Recall from linear algebra:

(1) The definition of the trace is independent of the particular choice of the ONB X,Y .
(2) tr(A∗) = tr(A).
(3) tr(AB) = tr(BA).
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Definition 6.
A conformal structure on a smooth manifold M is an equivalence class of Riemannian
metrics, where two metrics g and g̃ are conformally equivalent if there exists u ∈ C∞(M)
such that

g̃ = e2ug. (2.4)

The set of conformal structures on M is given by M(M)/P(M), where P(M) :=
C∞(M,R+).

The name conformal comes from the fact that angles are the same for every representative
g of a conformal structure. For X,Y ∈ TpM \ {0} their enclosed angle α is given by

cos(α) =
gp(X,Y )√

gp(X,X)gp(Y, Y )
,

and hence the same for all metrics in one conformal class. If g̃ is conformally equivalent
to g, the endomorphism field associated to g̃ is given by: A = e2u1.

Lemma 1.
Both the trace and the adjoint are invariant under a conformal change of the metric.

Proof. Let g and g̃ be conformally equivalent metrics, i.e., g̃ = ge2u. If X,Y ∈ TpM have
length one w.r.t. g, the vectors X̃ := e−uX and Ỹ := e−uY are normalized w.r.t g̃ and we
obtain for the trace of A ∈ Γ(End(TM)) that

trg̃(A)(p) = g̃p(AX̃, X̃) + g̃p(AỸ , Ỹ )

= e2ugp(Ae
−uX, e−uX) + e2ugp(Ae

−uY, e−uY )

= gp(AX,X) + gp(AY, Y )

= trg(A)(p).

For the adjoint we get

g(AX, Y ) = g(X,A∗Y )⇔ e2ug(AX, Y ) = e2ug(X,A∗Y )⇔ g̃(AX, Y ) = g̃(X,A∗Y ).

�

Definition 7.
On a Riemann surface (M,J) we define:

Γ(End−(TM)) := {A ∈ Γ(End(TM))|AJ = −JA},
Γ(End+(TM)) := {A ∈ Γ(End(TM))|AJ = JA}.

Note that Γ(End(TM)) = Γ(End+(TM))⊕ Γ(End−(TM)) and that the projection maps
are given by

π± : Γ(End(TM))→ Γ(End±(TM))

A 7→ 1

2
(A∓ JAJ).
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In local coordinates with J =

Å
0 −1
1 0

ã
, A± ∈ Γ(End±(TM)) have the form

A+ =

Å
a −b
b a

ã
and A− =

Å
c d
d −c

ã
.

A straightforward calculation shows:

• Γ(End+(TM)) = spanC∞(M){1, J}.

• Γ(End−(TM)) = {A ∈ Γ(End(TM))| tr(A) = 0 and A = A∗}.
Definition 8.
Let g be a Riemannian metric on a Riemann surface (M,J), then g and J are called
compatible if J is skew adjoint with respect to g, i.e.,

g(JX, Y ) = −g(X, JY ), ∀X,Y ∈ X(M). (2.5)

Given a compatible metric g, we define a Hermitian inner product on the tangent spaces
by

〈·, ·〉C : Γ(TM)× Γ(TM)→ C
〈X,Y 〉C := g(X,Y ) + ig(JX, Y ).

Note that J and g are compatible if and only if J is orthogonal w.r.t. g, i.e.,

g(X,Y ) = g(JX, JY ).

In the following we will write (M,J, g) for a Riemann surface with compatible metric g.

Proposition 2.
Let g be a Riemannian metric on a Riemann surface (M,J) compatible with J . Any other
Riemannian metric g̃ is conformally equivalent to g if and only if g̃ and J are compatible,
too.

Proof. “ ⇒ ” Let g and g̃ be conformally equivalent. With the last Lemma J is skew
adjoint w.r.t. g if and only J is skew adjoint w.r.t. g̃.

“ ⇐ ” Let g and g̃ be compatible with J . By (2.3) there exists a positive definite
A ∈ Γ(Endg+(TM)) such that g(A·, ·) = g̃(·, ·). The compatibility gives us for all
X,Y ∈ X(M)

g̃(JX, Y ) = −g̃(X, JY )

⇔ g(AJX, Y ) = −g(AX, JY )

⇔ AJ = JA

⇒ A ∈ Γ(Endg+(TM)) ∩ Γ(End+(TM)).

Since A is positive definite, there exists u ∈ P(M) such that A = e2u1 and the metrics are
conformally equivalent. �
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Definition 9.
A n-dimensional smooth manifold M is called orientable if there exists a nowhere van-
ishing volume form σ ∈ Ωn(M). An orientation of M is an equivalence class of nowhere
vanishing volume forms, where two volume forms are equivalent if there exists u ∈ C∞(M)
such that

σ̃ = e2uσ. (2.6)

An orientation of a Riemann surface (M,J) is called compatible with the almost complex
structure if the basis X, JX is positively oriented, i.e., σ(X, JX) > 0 for all X 6= 0 ∈
X(M).

Note that for an orientable manifold there exist exactly two choices of orientation.

Proposition 3.
Every Riemann surface (M,J) has a compatible conformal structure and orientation. Vice
versa, every oriented Riemannian surface has a unique almost complex structure J com-
patible with the orientation and the conformal structure.

Proof. “⇒ ” Let (M,J) be a Riemann surface and g̃ any Riemannian metric on M , then

g(·, ·) := g̃(·, ·) + g̃(J ·, J ·)

defines a J compatible metric because

g(JX, Y ) = g̃(JX, Y ) + g̃(J2X, JY ) = −g̃(JX, J2Y )− g̃(X, JY ) = −g(X, JY ).

The orientation is given by the never vanishing volume form

σ(·, ·) := g(J ·, ·).

“ ⇐ ” We define Jp on TpM to be the 90 degree rotation in the positive sense. Let
X,Y ∈ TpM with g(X,X) = g(Y, Y ), g(X,Y ) = 0 and σ(X,Y ) > 0, then Jp is defined by

JX = Y and JY = −X.

This definition is independent of the choice of metric g in the conformal class and the basis
X,Y . If X̃, Ỹ is another positively oriented orthogonal basis of TpM with equal length,
there exists α ∈ [0, 2π] and λ ∈ R \ {0} such that

X̃ = λ(cos(α)X + sin(α)Y ); and Ỹ = λ(cos(α)Y − sin(α)X).

Hence,

JX̃ = Ỹ and JỸ = −X̃.

�

Note that −J has the same conformal structure than J but a different orientation. This
observation leads to the following definition.

Definition 10.
On an oriented surface M , we define the set of compatible almost complex structures

A+(M) := {J ∈ A(M)|X, JX is positively oriented ∀X ∈ X(M)} ∼= A(M)/{±}.
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Corollary 2.
On an oriented surface M , the set of compatible complex structures is the same as the set
of conformal structures

C(M) ∼= A+(M) ∼= M(M)/P(M).

The set of Riemannian metrics on M

M(M) := {g ∈ Γ(Sym(M))| gp : Tp × TpM → R is positive definite ∀p ∈M},

is an open subset of Γ(Sym(M)) and hence an infinite dimensional (Hilbert-)manifold.
The tangent space of M(M) at g ∈M(M) is given by TgM(M) = Γ(Sym(M)).

Definition 11.
We define a metric on TgM(M) ∼= Γ(Endg+(TM))

〈〈·, ·〉〉g : Γ(End(TM))× Γ(End(TM))→ R

(H1, H2) 7→ 1

2

∫
M

tr(H∗1H2)dσg, (2.7)

where dσg := g(J ·, ·) denotes the volume form associated to the Riemannian metric g.

Note that:

(1) The splitting Γ(End(TM)) = Γ(End−(TM)) ⊕ Γ(End+(TM)) is orthogonal with
respect to the inner product 〈〈·, ·〉〉, because tr(A) = 0 for A ∈ Γ(End−(TM)) and
A∗−A+ ∈ Γ(End−(TM)) for A± ∈ Γ(End±(TM)).

(2) The inner product is compatible with the almost complex structure J on Γ(End(TM))
because

tr((JA)∗B) = tr(A∗J∗B) = tr(B∗JA) = − tr((JB)∗A).

.

Definition 12.
Let g ∈ M(M) be a Riemannian metric of M . A variation of g is given by a smooth
curve in M(M)

gt : (ε, ε)→M(M)

with g0 = g. The derivative

ġ :=
∂

∂t

∣∣∣∣
t=0

gt

is called the variation field of g. A variation is conformal, if the metrics gt are con-
formally equivalent for all t. For a conformal variation the variation field has the form
ġ = u1 for some u ∈ C∞(M).
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Lemma 2.
There is an orthogonal splitting of Γ(Endg+(M)) = TgM(M) into trace-free endomorphism
fields and those that correspond to conformal variations of g

Γ(Endg+(M)) = Scg(M)⊕ Stg(M),

where

Stg(M) := {A ∈ Γ(Endg+(M))| tr(A) = 0} = Γ(End−(TM)),

Scg(M) := {A ∈ Γ(Endg+(M))|A = u1, u ∈ C∞(M)}.

Proof. For A ∈ Γ(Endg+(M)) the splitting is given by

A =
1

2
tr(A)1︸ ︷︷ ︸
∈Sc

g(M)

+A− 1

2
tr(A)1︸ ︷︷ ︸

∈St
g(M)

.

The splitting is orthogonal because

〈〈1
2

tr(A)1, A− 1

2
tr(A)1〉〉g =

1

2

∫
M

tr

Å
1

2
tr(A)1

Å
A− 1

2
tr(A)1

ãã
dσg = 0.

Consider now a conformal variation of g, i.e., gt := e2utg for some u : (−ε, ε) ×M → R
with u0 = 0. The variation field is given by ġ = 2u̇g, corresponding to 2u̇1 ∈ Scg(M). Vice
versa, any u1 ∈ Scg(M) defines a conformal variation of g by: gt := etug. �

Due to Lemma 1, the splitting is the same for all metrics in one conformal class.

Proposition 4.
M(M)/P(M) is a smooth quotient manifold of M(M). Its tangent space at c ∈ C(M) is
given by TcC(M) = Stg(M) for some g compatible with c.

Sketch of proof: M(M)/P(M) is a quotient manifold of M(M) if the the group action of
P(M) on M(M) is smooth, proper and free. This is proven in [18]. If Og denotes the orbit
of the group action containing g ∈M(M), we obtain with the last lemma that its tangent
space is given by TgOg = Scg(M) and thus T[g](M(M)/P(M)) = Stg(M).

Proposition 5 (Tromba).
The space A+(M) is a smooth submanifold of Γ(End(TM)) whose tangent space at J ∈
A+(M) is given by

TJA
+(M) = Γ(End−(TM)).

The proposition is proven by using the implicit function Theorem twice and can be found
in [18].

2.2. Quadratic differentials and Riemannian metrics. Quadratic differentials will
play a crucial role for the notion of both isothermic and constrained Willmore surfaces,
which we will investigate in section 3.3 and 6, respectively . We start with the definition of
real and complex quadratic differentials and consider their relation to Riemannian metrics.
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Definition 13.
A real quadratic differential on a smooth manifold M is a map q : X(M) → C∞(M)
that satisfies:

(1) q(λX) = λ2q(X),
(2) q(X+Y )+q(X−Y ) = 2q(X)+2q(Y ), ∀X,Y ∈ X(M) and λ ∈ C∞(M).

The set of all real quadratic differentials on a manifold M will be denoted with RQ(M).

On a Riemann surface (M,J) there is a one-to-one correspondence between real quadratic
differentials and symmetric C∞(M) bilinear maps

RQ(M) ∼= Γ(Sym(M)).

For h ∈ Γ(Sym(M)) we obtain q ∈ RQ(M) by

q(X) := h(X,X) ∀X ∈ X(M).

Vice versa, q ∈ RQ(M) defines h ∈ Γ(Sym(M)) by

h(X,Y ) :=
1

2
(q(X + Y )− q(X)− q(Y )).

Because any h ∈ Γ(Sym(M)) defines a real valued two form ω ∈ Ω2(M)

ω(X,Y ) := h(JX, Y ),

we can identify a real quadratic differential with the corresponding two form

q(X) = ω(X, JX).

Definition 14.
On a Riemann surface (M,J) a map q : X(M) → C∞(M,C) is called a (complex)
quadratic differential if

q(zX) = z2q(X), ∀X ∈ X(M) and z ∈ C∞(M,C).

The set of complex quadratic differentials on a Riemann surface (M,J) will be de-
noted with Q(M).

In local coordinates z : U ⊂M → C, a complex quadratic differential q has the form

q = fdz2,

for some f ∈ C∞(U,C).

Proposition 6.
Let q ∈ Q(M) with qp 6= 0 ∀p ∈M , then

g : Γ(TM)× Γ(TM)→ C∞(M)

g(X,Y ) :=
1

2
(|q(X + Y )| − |q(X)| − |q(Y )|),

defines a metric compatible with J .
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Proof. The absolute value of a complex quadratic differential defines a real quadratic
differential. Therefore, g(X,Y ) := 1

2(|q(X + Y )| − |q(X)| − |q(Y )|) defines a symmetric
bilinear map. This map g is positive definite, because q has no zeros. From q(JX) =
−q(X), we get g(X,Y ) = g(JX, JY ), i.e., g is compatible with J . �

2.3. Holomorphic structures on vector bundles, curvature and some important
differential operators. Starting from the Levi-Civita connection, we will define holomor-
phic structures on several vector bundles, like the one of quadratic differentials. Further,
we will show how the connection and its induced curvature behave under a conformal
change of metric, which will be important for section 4. We introduce the Laplace oper-
ator and show how it can be computed using the exterior derivative and the Hodge star
operator. Finally, we will consider the divergence of endomorphism fields, which will play a
crucial role for holomorphic quadratic differentials and the construction of the Teichmüller
space.

Theorem 2 (Fundamental Theorem of Riemannian geometry).
On a Riemannian manifold (M, g) there is a unique connection ∇ on TM , called the
Levi-Civita connection, satisfying the following properties for all X,Y, Z ∈ X(M) :

(1) X(g(Y,Z)) = g(∇XY,Z) + g(Y,∇XZ), meaning ∇ is metric.
(2) [X,Y ] = ∇XY −∇YX, that is, ∇ is torsion free.

For the proof see for example [24].

Definition 15.
Let E be a vector bundle with an almost complex structure J , i.e., J ∈ Γ(End(E)) with
J2 = −1. A connection ∇ on E is called a complex connection if ∇ J = 0.

Proposition 7.
If (M,J, g) is a Riemann surface, then the Levi-Civita connection w.r.t. g is complex.

Proof. Using the Levi-Civita connection and J∗ = −J , we obtain from g(X, JY ) =
−g(JX, Y ) that

0 = g(∇X, JY ) + g(X,∇(JY )) + g(∇(JX), Y ) + g(JX,∇Y )

= g(∇X, JY ) + g(X, (∇J)Y + J∇Y ) + g((∇J)X + J∇X,Y ) + g(JX,∇Y )

= g(X, (∇J)Y ) + g(Y, (∇J)X),

i.e., (∇J) ∈ Ω(M,Endg−(TM)). From J2 = −1 we have (∇J)J + J∇J = 0, i.e., ∇J ∈
Ω(M,End−(TM)). Since End−(TM) ∩ Endg−(TM) = 0, we finally have ∇J = 0. �

Having two vector bundles E1, E2 with connections ∇1,∇2, we can define a connection on
Hom(E1, E2) using the product rule:

∇ : X(M)× Γ(Hom(E1, E2))→ Γ(Hom(E1, E2))

(∇XA)(ψ) := ∇2
X(Aψ)−A(∇1

Xψ).
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Lemma 3.
Let (M,J, g) be a Riemann surface. Using the Levi-Civita connection, we define a connec-
tion on End(TM):

(∇XA)(Y ) := ∇X(AY )−A(∇XY ).

The restriction of this connection onto End±(TM) is a connection too.

Proof. We have to show that A ∈ Γ(End±(TM))⇒ ∇A ∈ Ω(M,End±(TM)):

AJ ± JA = 0⇒ 0 = (∇A)J +A∇J ± (J∇A+ (∇J)A) = (∇A)J ± J∇A.

�

Note, that if we equip End(TM) with the almost complex structure

J : Γ(End(TM))→ Γ(End(TM))

A 7→ J ◦A,

the connection defined in Lemma 3 is complex.

Definition 16.
On a Riemann surface (M,J) the Hodge star operator is defined by its action on
1-forms:

∗ω := ω ◦ J.

Using the Hodge star operator, we can split the bundle of C-valued 1-forms into the
canonical and anti-canonical bundle: Ω(M,C) = K ⊕K, where

K := {ω ∈ Ω1(M,C)| ∗ ω = iω}, (2.8)
K := {ω ∈ Ω1(M,C)| ∗ ω = −iω}. (2.9)

Note:

• K and K are complex line bundles, where the almost complex structure is given
by Jω := iω.

• In local coordinates z : U ⊂M → C, ω ∈ K and η ∈ K have the form

ω = fdz and η = gdz

for some f, g ∈ C∞(U,C).

• With the Hodge star operator we can rewrite the wedge product of 1-forms

(ω ∧ η)(X, JX) = ω(X)η(JX)− ω(JX)η(X) = (ω ∗ η − ∗ωη)(X).
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In particular, we obtain for ω, ω̃ ∈ K and η, η̃ ∈ K

ω ∧ ω̃ = ω ∗ ω̃ − ∗ωω̃ = ωiω̃ − iωω̃ = 0,

η ∧ η̃ = η ∗ η̃ − ∗ηη̃ = −ηiη̃ + iηη̃ = 0,

ω ∧ η = −ωiη − iωη = −2iωη.

Definition 17.
A holomorphic structure on a complex vector bundle (E, J) over a manifold M is a
linear map

∂̄ : Γ(E)→ Γ(K̄E)

satisfying for all f ∈ C∞(M,C), X ∈ Γ(TM) and ψ ∈ Γ(E)

∂̄X(fψ) = (∂̄Xf)ψ + f∂̄Xψ,

where ∂̄Xf := 1
2(df(X) + idf(JX)).

In the same way, an anti-holomorphic structure is a linear map

∂ : Γ(E)→ Γ(KE)

satisfying for all f ∈ C∞(M,C), X ∈ Γ(TM) and ψ ∈ Γ(E)

∂X(fψ) = (∂Xf)ψ + f∂Xψ,

where ∂Xf := 1
2(df(X)− idf(JX)).

Given a complex connection ∇ on a complex vector bundle (E, J) over a Riemann sur-
face (M,J), we can uniquely decompose ∇ into a holomorphic and an anti-holomorphic
structure:

∇ = ∂ + ∂̄, (2.10)

where ∂ := 1
2 (∇− J ∗ ∇) and ∂̄ := 1

2 (∇+ J ∗ ∇) .

Example 1:
After identifying KK with Ω(M,C) via ωη ↔ ω ∧ η, the exterior derivative defines an
holomorphic structure on K. For f ∈ C∞(M,C) and ω ∈ K we have:

∂̄(fω) = d(fω) = df ∧ ω + fdω

= (∂f + ∂̄f) ∧ ω + fdω

= ∂̄f ∧ ω + fdω

= ∂̄f ∧ ω + f∂̄ω,

where we used that ∂f ∧ ω = 0, because ∂f, ω ∈ K.

For a complex line bundle (L, J), (L̃, J̃) we define

L∗ := {ω : L→ C|ω is C-linear},

L⊗ L̃ := {η : L∗ × L̃∗ → C| η is C-linear}.
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In particular, we obtain that K∗ = TM and K2 = K⊗K = Q(M), i.e., for every complex
quadratic differential q ∈ Q(M) there exists ω, η ∈ K such that

q(zX) = ω(zX)η(zX) = zω(X)zη(X) = z2q(X), ∀z ∈ C∞(M,C) and X ∈ X(M).

Example 2:
With the holomorphic structure on K and the identification K2 ∼= Q(M) we can define
a holomorphic structure on Q(M). Let q ∈ Q(M) and ω, η ∈ K with ωη = q. In local
coordinates we have ω = fdz, η = gdz and hence q = fgdz2. Now define

∂̄q := ∂̄(fdz)gdz + fdz∂̄(gdz) = (∂̄(f)g + f∂̄(g))dz2 = ∂̄(fg)dz2.

Note that the holomorphic structure is defined independently of the choice of ω, η ∈ K that
represent q. The set of holomorphic quadratic differentials on M is a vector space
and will be denoted with H0(Q(M)).

With the famous Riemann–Roch Theorem it is possible to compute the dimension of
H0(Q(M)).

Proposition 8.
On a compact Riemann surface M of genus g the dimension of the complex vector space
H0(Q(M)) is given by

dimC(H0(Q(M))) = 0 for g = 0,

dimC(H0(Q(M))) = 1 for g = 1,

dimC(H0(Q(M))) = 3g− 3 for g > 1.

For the proof and more information about the Riemann-Roch Theorem see for example
[20].

In this work we are particularly interested in tori, i.e., genus one surfaces. For these
surfaces the complex dimension of H0(Q(M)) is one, and because for every c ∈ C there
exists a holomorphic quadratic differential q = c dz2, these are the only ones with that
property. In particular, we obtain the following corollary that will play an important role
in this work.

Corollary 3.
On a torus, holomorphic quadratic differentials do not have zeros.

We will now consider how the structures obtained from the Levi-Civita connection behave
under a conformal change of the metric.

Proposition 9.
Let (M, g) be a Riemannian surface with Levi-Civita connection ∇ and g̃ = e2ug a confor-
mally equivalent metric, then the Levi-Civita connection w.r.t. g̃ is given by:

∇̃XY = ∇XY + 〈X,G〉Y + 〈Y,G〉X − 〈X,Y 〉G,

where G = gradu and g = 〈·, ·〉. With the anti-holomorphic structure ∂ we further obtain:

∇̃ = ∇+ 2∂u. (2.11)
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Proof. The connection ∇̃ is torsion free, because

∇̃XY − ∇̃YX = ∇XY −∇YX = [X,Y ].

We have to show that ∇̃ is metric w.r.t. g̃. Therefore, consider

X (g̃(Y,Z)) = e2u (2〈G,X〉〈Y, Z〉+ 〈∇XY, Z〉+ 〈Y,∇XZ〉) .

Further, we obtain

g̃(∇̃XY, Z) + g̃(∇̃XZ, Y ) = e2u(〈∇XY + 〈X,G〉Y + 〈Y,G〉X − 〈X,Y 〉G,Z〉
+ 〈∇XZ + 〈X,G〉Z + 〈Z,G〉X − 〈X,Z〉G, Y 〉),

which gives rise toÄ
∇̃X g̃

ä
(Y,Z) = X (g̃(Y,Z))− g̃(∇̃XY, Z)− g̃(∇̃XZ, Y ) = 0.

To prove the second identity, first note that ∇̃XY is tensorial in the first entry and we
may assume |X| = 1. This gives rise to

G = 〈X,G〉X + 〈JX,G〉JX,

and we obtain

〈Y,G〉X − 〈X,Y 〉G = X(〈Y,X〉〈X,G〉+ 〈JX, Y 〉〈JX,G〉)
− 〈X,Y 〉(〈X,G〉X + 〈JX,G〉JX)

= 〈JX,G〉(〈Y, JX〉X − 〈X,Y 〉JX)

= −〈JX,G〉JY.

Now, we can finish the proof:

∇̃XY = ∇XY + 〈X,G〉Y + 〈Y,G〉X − 〈X,Y 〉G
= ∇XY + 〈X,G〉Y − 〈JX,G〉JY
= ∇XY + du(X)Y − du(JX)JY

= ∇XY + 2(∂Xu)Y.

�

Corollary 4.
The holomorphic structure induced by the Levi-Civita connection does not depend on the
particular choice of metric but on the conformal class.

Proposition 10.
On a Riemannian surface (M, g) the Laplace operator is defined pointwise by

4 : C∞(M)→ C∞(M)

(4u)p := div grad u = g(∇X(gradu), X) + g(∇Y (gradu), Y ),

for some ONB X,Y of TpM . Note that the definition is independent of the choice of X,Y .
If M has an almost complex structure J compatible with g, we obtain a new expression for
the Laplace operator using the Hodge star operator and the exterior derivative:

−4 u dσ = d ∗ du,

where dσ denotes the volume form associated to g.
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Proof. For X ∈ TpM with g(X,X) = 〈X,X〉 = 1 we get:

(d ∗ du)(X, JX) = X(∗du(JX))− JX(∗du(X))− ∗du([X, JX])

= −X(〈gradu,X〉)− JX(〈gradu, JX〉)− 〈gradu, J [X, JX]〉
= −〈∇X gradu,X〉 − 〈gradu,∇XX〉 − 〈∇JX gradu, JX〉
− 〈gradu,∇JXJX〉 − 〈gradu, J(∇XJX −∇JXX)〉

= −〈∇X(gradu), X〉 − 〈∇JX(gradu), JX〉
= −4 uσ(X, JX).

In the calculation we used that J is parallel w.r.t. the Levi-Civita connection of g. �

On a closed Riemannian surface the Laplace operator is self-adjoint w.r.t. the scalar prod-
uct

〈〈f, g〉〉 :=

∫
M
fg σ,

and its kernel is given by the constant functions. This is a consequence of Stokes Theorem.

Definition 18.
Let (M, g) be a Riemannian manifold with Levi-Civita connection ∇. The curvature
tensor w.r.t. ∇ is defined as

R : X(M)× X(M)× X(M)→ X(M)

R(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

For a plane E ⊂ TpM with ONB X,Y we define the sectional curvature of E by

K := g(R(X,Y )Y,X).

A complete Riemannian manifold with constant sectional curvature is called a space form.
If (M, g) is a surface, K is called the Gaussian curvature of M .

Note that R is indeed a tensor, i.e., C∞(M)−linear in each entry. Therefore, the definition
of the sectional curvature is independent of the choice of basis X,Y .
Example 3:
Let (M,J) be a Riemann surface and q ∈ H0(Q(M)) a holomorphic quadratic differential
without zeros. In local coordinates z : U ⊂ M → C it has the form q = fdz2, for some
holomorphic function f : U → C (see example 2). Because f has no zeros, there exists
z̃ : U ⊂ M → C such that dz̃2 = fdz2 = q. With Proposition 6, g := |q| = |dz̃2| defines
a J compatible metric on M and z̃ : (U, g) → (C, 〈·, ·〉) is an isometry. Therefore, the
Gaussian curvature of g is zero.

For more examples of space forms see Section 4.
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Proposition 11.
Let (M, g) be a Riemannian manifold with dim(M) ≥ 2 and E ⊂ TpM a plane. Under the
conformal change of metric g 7→ e2ug = g̃, the sectional curvature of E changes according
to

K̃ = e−2u(K − 〈∇XG,X〉 − 〈∇YG, Y 〉 − |G⊥|2),

where G = gradu and G⊥ denotes the projection from G onto the orthogonal complement
of E. In particular, if (M, g) is a surface we obtain

K̃ = e−2u(K −4u).

Proof. Let X,Y be some ONB of TpM with respect to g = 〈·, ·〉, then X̃ = e−uX, Ỹ =
e−uY are an ONB w.r.t. g̃. We extend X,Y to vector fields on a neighborhood of p such
that (∇XY )p = (∇YX)p = 0. Then

K̃ = g̃(R̃(X̃, Ỹ )Ỹ , X̃)

= e−2u〈R̃(X,Y )Y,X〉

= e−2u〈∇̃X∇̃Y Y − ∇̃Y ∇̃XY − ∇̃[X,Y ]︸ ︷︷ ︸
=0

Y,X〉

= e−2u〈∇X∇̃Y Y + 〈∇̃Y Y,G〉X + 〈X,G〉∇̃Y Y − 〈X, ∇̃Y Y 〉G

−∇Y ∇̃XY − 〈∇̃XY,G〉Y − 〈Y,G〉∇̃XY + 〈∇̃XY, Y 〉G,X〉
= e−2u(〈∇X(∇Y Y + 2〈Y,G〉Y −G), X〉+ 〈∇Y Y + 2〈Y,G〉Y −G,G〉
− 〈∇Y (∇XY + 〈X,G〉Y + 〈Y,G〉X), X〉 − 〈Y,G〉〈∇XY + 〈X,G〉Y + 〈Y,G〉X,X〉
+ 〈∇XY + 〈X,G〉Y + 〈Y,G〉X,Y 〉〈G,X〉)

= e−2u(K − 〈∇XG,X〉+ 〈∇Y Y,G〉+ 2〈Y,G〉2 − |G|2

− 〈X,G〉 〈∇Y Y,X〉︸ ︷︷ ︸
=0

−〈∇Y Y,G〉 − 〈Y,∇YG〉 − 〈Y,G〉2 + 〈X,G〉2)

= e−2u(K − 〈∇XG,X〉 − 〈∇YG, Y 〉 − |G⊥|2).

IfM is a surface, we have E = TpM . Hence G⊥ = 0 and4u = 〈∇XG,X〉+〈∇YG, Y 〉. �

Definition 19.
On a Riemann surface (M,J, g) we define the divergence operator for endomorphism fields

div : Γ(End(TM))→ X(M)

(divA)p := (∇XA)pX + (∇YA)pY,

where X,Y is some ONB of TpM and the connection on End(TM) is obtained from the
Levi-Civita connection w.r.t. g (compare Lemma 3).

Note that the definition is independent of the choice of the ONB but depends on the metric
g.
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Proposition 12.
After identifying the bilinear maps with the corresponding 2-forms, the holomorphic struc-
ture on Γ(End+(TM)) defines a map

D : Γ(End+(TM))→ Ω2(M,TM)

DA(X,Y ) := ∂XAY − ∂YAX = J divAdσ(X,Y ).

Analogously we obtain for the anti-holomorphic structure on ∈ Γ(End−(TM))

D : Γ(End−(TM))→ Ω2(M,TM)

DA(X,Y ) := ∂XAY − ∂YAX = −J divAdσ(X,Y ).

In particular, we have A ∈ Γ(End±(TM)) is holomorphic resp. anti-holomorphic if and
only if divA = 0.

Proof. Locally choose a normalized vector field X. For A ∈ Γ(End−(TM)) we have
∇XA ∈ Γ(End−(TM)) and hence ∂XAJX = −∂JXAX. This gives rise to

DA(X, JX) = ∂XA(JX)− ∂JXA(X)

= ((∇X − J∇JX)A)(JX)

= −J(∇XAX +∇JXAJX)

= −J divAdσ(X, JX).

The case of A ∈ Γ(End+(TM)) is proven analogously. �

3. Conformal immersions of Riemann surfaces into R3

In this section we will consider immersions of Riemann surfaces into R3 using quaternions.
The quaternions are a very useful tool for the investigation because they admit a very
simple representation for conformal transformations of R3 and allow a beautiful coordinate-
free description of surfaces. We start with a brief introduction of the quaternions and their
connection to conformal geometry of R3.

3.1. Quaternions. The quaternion numbers H are nothing but R4 together with a mul-
tiplication law. The identification of H and R4 is given by:

H = {x0 + x1i + x2j + x3k |x0, x1, x2, x3 ∈ R}.

With the usual addition, scalar multiplication and metric inherited from R4, the set of
quaternions H becomes a four dimensional euclidean vector space with canonical basis
{1, i, j,k}. Extending the usual multiplication of real numbers, the quaternion multiplica-
tion is defined by

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j.

Note that the multiplication is associative but not commutative. Similar to the complex
numbers, we can split every quaternion into a real and an imaginary part

H = Re(H)⊕ Im(H),
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where Re(H) := span{1} = R and Im(H) := span{i, j,k} = R3. Writing q ∈ H as

q = α+ v, for some α ∈ R and v ∈ R3,

we obtain a new expression of the quaternion multiplication using the scalar and cross
product of R3

pq = (α+ v)(β + w) = αβ − 〈v, w〉+ αw + βv + v × w.

Vice versa, we obtain for v, w ∈ R3 = Im(H)

〈v, w〉 = −1

2
(vw + wv)

v × w =
1

2
(vw − wv).

Analogously to the complex numbers, the conjugation is defined as

q̄ = Re(q)− Im(q).

A short calculation shows:

(1) qp = p̄q̄.
(2) |q|2 = qq̄ = q̄q.
(3) |qp| = |q||p|.
(4) For q ∈ H the inverse element with respect to the quaternion multiplication is

given by

q−1 =
q̄

|q|2
.

(5) Similar to the complex numbers we can write quaternions in polar coordinates.
For q ∈ H there exists α ∈ [0, 2π], v ∈ S2 ⊂ R3 and r ∈ [0,∞) such that

q = r
(

cos
(α

2

)
+ sin

(α
2

)
v
)
.

A very useful application of the quaternions is the description of rotations in R3.

Theorem 3.
Let v ∈ R3 with |v| = 1 , α ∈ R and q = cos

(
α
2

)
+ sin

(
α
2

)
v. Then we have for all y ∈ R3:

(1) qyq̄ ∈ Im(H) = R3.
(2) The map F : R3 → R3, y 7→ qyq̄ is a rotation around v by the angle α.
(3) S3 = {q ∈ H| |q| = 1} is a double cover of SO(3).

Proof. (1) A quaternion q is purely imaginary if and only if q̄ = −q.

qyq̄ = qȳq̄ = −qyq̄.
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(2) F is a linear map and hence completely determined by its action on a basis. We extend
v to a positive oriented orthonormal basis {v, b, c} of R3. The action of F on v is given by

F (v) = qvq̄ =
(

cos
(α

2

)
+ sin

(α
2

)
v
)
v
(

cos
(α

2

)
− sin

(α
2

)
v
)

=
(

cos
(α

2

)
+ sin

(α
2

)
v
)(

cos
(α

2

)
v + sin

(α
2

))
=
(

cos2
(α

2

)
+ sin2

(α
2

))
v + cos

(α
2

)
sin
(α

2

)
(1 + v2)

= v.

In the last step we used that v2 = −1. This gives us that the v-axis is invariant under F .
Now, we consider the action of F on the plane orthogonal to v, i.e., the plane spanned by b
and c. Since v and b are orthogonal, they anti-commute w.r.t. quaternionic multiplication.

vb = v × b = −b× v = −bv.

Using this and the addition formulas for cosine and sine we obtain

F (b) =
(

cos
(α

2

)
+ sin

(α
2

)
v
)
b
(

cos
(α

2

)
− sin

(α
2

)
v
)

=
(

cos
(α

2

)
+ sin

(α
2

)
v
)(

cos
(α

2

)
+ sin

(α
2

)
v
)
b

= (cos(α) + sin(α)v) b = cos(α)b+ sin(α) (v × b)
= cos(α)b+ sin(α)c.

Analogously one shows F (c) = cos(α)c− sin(α)b, and the matrix representation of F with
respect to the basis {v, b, c} is given by:

F =

Ñ
1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)

é
.

Now it is easy to see that F describes a rotation around v by the angle α.
(3) Every q ∈ S3 is of the form q = cos

(
α
2

)
+ sin

(
α
2

)
v. Further q and q̃ define the same

rotation if and only if q̃ = −q. �

On Sn the Möbius group Möb(n) is defined as the subgroup of the automorphism group of
Sn that preserves hyper-spheres Sn−1 ⊂ Sn. The Möbius group is of special interest when
studying conformal geometry because any Möbius transformation is a conformal diffeo-
morphism. Moreover in dimensions n ≥ 3, they are the only conformal diffeomorphisms.

Theorem 4 (Liouville).
Let f : U → V be a conformal diffeomorphism between connected open subsets U, V ⊂
Sn ⊂ Rn+1, n ≥ 3. Then there is a unique Möbius transformation µ ∈ Möb(n), such that
f = µ|U .

For the proof see for example [17]. Using a stereographic projection, we can identify the
compactification of Rn, Rn = Rn ∪ {∞} with Sn

π : Rn → Sn ⊂ Rn+1

(x1, . . . , xn) 7→ 1

|x|2 + 1
(2x1, . . . 2xn, |x|2 − 1).
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The stereographic projection is a conformal map because

π∗〈·, ·〉Sn =
4

(1 + |x|2)2
〈·, ·〉Rn .

The action of Möb(n) on Rn is generated by the inversion in the unit sphere Sn−1 ⊂ Rn,
stretch rotations and translations. Considering R3 as Im(H), we can express the generators
of Möb(3) using quaternions. For λ ∈ H \ {0} and x ∈ R3 = Im(H) we have:

• Stretch rotations: x 7→ λxλ̄.
• Inversion at the unit sphere: x 7→ −x−1.
• Translations: x 7→ x+ λ.

3.2. Immersions into R3. After an intrinsic investigation of Riemann surfaces in the first
section and studying the quaternions, we will now focus on immersions f : M → R3 = Im(H).
We start by a giving a sufficient and necessary criterion for these immersions to be con-
formal. Then we consider the set of H-valued 1-forms and introduce some important
quantities of immersions, like the Gaußian and mean curvatures. After deriving the well-
known structure equations of surfaces in our coordinate free setup, we will finish with some
computational lemmas that will be needed in the coming sections.

Let M be a two dimensional manifold and f : M → R3 = Im(H) an immersion. If
〈·, ·〉 denotes the euclidean scalar product on R3, the pullback metric g(·, ·) := f∗〈·, ·〉
turns M into a Riemannian manifold. The set of all immersions of a surface M into
R3 = Im(H) will be denoted by I(M).

Proposition 13.
Let (M,J) be a Riemann surface and f : M → R3 = Im(H) an immersion, then f is
conformal if and only if there exists N : M → S2 ⊂ R3 with

∗ df = Ndf. (3.1)

The map N is called the unit normal vector field of f .

Proof. ”⇒ ” Let f be conformal, then df(X) and ∗df(X) = df(JX) are orthogonal w.r.t.
the euclidean scalar product of R3 and we can define N : M → S2 ⊂ R3 pointwise by

Np := df(X)df(JX) = −〈df(JX), df(X)〉︸ ︷︷ ︸
=0

+df(X)× df(JX),

for some X ∈ TpM with |df(X)| = 1. This definition is independent of the choice of X.

”⇐ ” If there exists a N : M → S2 ⊂ R3 with

∗df = Ndf,
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we obtain 〈N, df(X)〉 = 0 for all X ∈ TpM and hence

g(JX, Y ) = 〈df(JX), df(Y )〉
= 〈−〈N, df(X)〉︸ ︷︷ ︸

=0

+N × df(X), df(Y )〉

= −〈N × df(Y ), df(X)〉
= −g(X, JY ).

�

In the presence of a conformal immersion f : M → R3 = Im(H), the trivial quaternionic
line bundle M × H splits into two complex line bundles: the tangent bundle f∗TM and
the trivial normal bundle M × span{1, N} ∼= M × C, where we use the identification
(1, i)↔ (1, N).

This splitting is reflected on the level of H valued 1-forms as follows: ω ∈ Ω1(M,H) is
tangential(-valued) if

ωN = −Nω, (3.2)

and normal(-valued) if

ωN = Nω.

The corresponding projection maps are given by

πT : Ω1(M,H)→ Ω1(M,f∗TM)

ω 7→ 1

2
(ω +NωN)

πN : Ω1(M,H)→ Ω1(M,C)

ω 7→ 1

2
(ω −NωN).

In Section 2.3 we have seen that Ω(M,C) splits into the canonical and anti-canonical
bundle: Ω(M,C) = K(M) ⊕ K(M). Also the tangential value 1-forms split into two
complex line bundles

KL(M) := {ω ∈ Ω1(M,H)| ∗ ω = Nω = −ωN}, (3.3)
KR(M) := {ω ∈ Ω1(M,H)| ∗ ω = ωN = −Nω}. (3.4)

Note:

• A map f : M → Im(H) is conformal w.r.t. N if df ∈ KL(M) and conformal w.r.t.
−N if df ∈ K−N (M) = KR(M).

• Because the differential of an immersion never vanishes, KL(M) is spanned by df .
Moreover, we can identify ω ∈ KL(M) with A ∈ Γ(End+(TM)) via ω = df ◦A.

• Similarly, every η ∈ KR(M) corresponds to B ∈ Γ(End−(TM)) via η = df ◦B.
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For the wedge product of tangential 1-forms ω, ω̃ ∈ KL(M) and η, η̃ ∈ KR(M) we obtain

ω ∧ ω̃ = ω ∗ ω̃ − ∗ωω̃ = ωNω̃ −Nωω̃ = −2Nωω̃,

η ∧ η̃ = η ∗ η̃ − ∗ηη̃ = −ηNη̃ +Nηη̃ = 2Nηη̃,

ω ∧ η = −ωNη −Nωη = 0. (3.5)

Definition 20.
Let f : M → R3 = Im(H) be a conformal immersion with unit normal vector field N , then
the Weingarten operator A ∈ Γ(Endg+(TM)) is defined by

dN(X) = df(AX), ∀X ∈ X(M). (3.6)

Its eigenvectors are called the principal curvature directions. The corresponding eigenvalues
will be denoted by λ1, λ2 and called the principal curvatures of f . Their product K :=
λ1λ2 = detA, is the Gaussian curvature. The decomposition of A into its J commuting
and anti-commuting part gives us

A = H1 +Q, (3.7)

where H := 1
2 trA is called the mean curvature of the immersion f . This leads to the

decomposition of dN into its KL(M) and KR(M) part

dN = Hdf + ω, (3.8)

where ω := df(Q) ∈ KR(M) is called the Hopf differential of f .

Evaluating (3.8) at the principal curvature directions gives us the Gauss equation

|ω|2 = µ2|df |2 = (H2 −K)|df |2, where µ :=
|λ1 − λ2|

2
. (3.9)

Since f is an immersion, we obtain

ω = 0⇔ µ = 0⇔ λ1 = λ2. (3.10)

These points are called umbilical.
Taking the derivative of (3.8), we obtain the Gauss–Codazzi equation:

dω = −dH ∧ df. (3.11)

Hence, the immersion f has constant mean curvature (CMC) if and only if the Hopf
differential ω is closed.

We prove now some important identities of the wedge product and the Laplace operator.

Lemma 4.
For a conformal immersion f : M → R3 with Hopf differential ω and volume form
dσ = |df |2, we have:

(1) df ∧ df = 2Ndσ.
(2) ω ∧ ω = −N2(H2 −K)dσ = −2Nµ2dσ.
(3) dN ∧ ∗dN = 2(H2 + µ2)dσ.

Proof. Let X ∈ TpM with g(X,X) = 1, using (3.5) and (3.8) we obtain
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(1)

(df ∧ df)(X, JX) = df(X)df(JX)− df(JX)df(X)

= 2N |df(X)|2

= 2Ndσ(X, JX).

(2)

(ω ∧ ω)(X, JX) = ω(X)ω(JX)− ω(JX)ω(X)

= −2N |ω(X)|2

= −2Nµ2|df(X)|2

= −2Nµ2dσ(X, JX).

(3)

dN ∧ ∗dN = (Hdf + ω) ∧ (HNdf −Nω)

= H2df ∧Ndf − ω ∧Nω
= 2H2dσ + 2µ2dσ

= 2(H2 + µ2)dσ.

�

The wedge product defined via the quaternionic multiplication is not skew-symmetric
because the quaternionic multiplication is not commutative. In order to obtain a skew
symmetric wedge product, we use the euclidean scalar product of H and define

〈· ∧ ·〉 : Ω(M,H)× Ω(M,H)→ Ω2(M,R)

〈η ∧ ω〉 := 〈η, ∗ω〉 − 〈∗η, ω〉.

For h ∈ C∞(M,H), the real valued wedge product defined above satisfies the following
product rule for the exterior derivative:

d〈h, η〉 = 〈dh ∧ η〉+ 〈h, dη〉. (3.12)

Further, 〈∗η ∧ ω〉 = 〈∗η, ∗ω〉+ 〈η, ω〉 defines a positive definite symmetric bilinear map at
every point in M and we can introduce a pointwise defined norm for η ∈ Ω1(M,H) by

‖η‖2 :=
〈∗η ∧ η〉

2dσ
. (3.13)

Lemma 5.
For a conformal immersion f : M → R3 = Im(H) with unit normal vector field N the
Laplacians of f and N are given by

(1) 4f = − 1
dAd ∗ df = −2HN .

(2) 4N = −2N((H2 + µ2) + dH∧df
|df |2 ).

If f has additionally constant mean curvature, we further get

4N = −2N(H2 + µ2). (3.14)
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Proof. By Proposition 10 we have 4f = − 1
dAd ∗ df . With (3.5) and (3.8) we further

obtain:

d ∗ df = d(Ndf) = dN ∧ df = Hdf ∧ df = H(dfNdf −Ndfdf)

= −2HNdfdf = 2HN |df |2.

d ∗ dN = d(N(Hdf − ω)) = dN ∧Hdf +NdH ∧ df − dN ∧ ω −Ndω
= H2df ∧ df + 2NdH ∧ df − ω ∧ ω
= 2N(H2|df |2 + dH ∧ df + |ω|2)

= 2N
(
(H2 + µ2)|df |2 + dH ∧ df

)
.

In the case that f has CMC, we further get dH = dω = 0 and hence:

4N = −2N(H2 + µ2). (3.15)

�

3.3. isothermic immersions and quadratic differentials. So far, we used the canoni-
cal bundleK to construct quadratic differentials (see Example 2). If we have an immersion,
there is a second construction not using the normal valued differentials contained in K but
tangential ones. In this section we will show the correspondence between quadratic differ-
entials, −N conformal 1-forms and J anti-commuting endomorphism fields of the tangent
bundle. Using this correspondence, we establish criteria when quadratic differentials are
holomorphic and finally consider isothermic immersions.

Proposition 14.
In the presence of a conformal immersion f : M → R3 = Im(H) there is an one-to-
one correspondence between complex quadratic differentials and −N conformal tangential
1-forms:

KR(M) 3 τ ↔ dfτ = q ∈ Q(M). (3.16)

If τ = df ◦A for A ∈ Γ(End−(TM)), we further have

q(X) = −〈AX,X〉C. (3.17)

Proof. For τ ∈ KR(M) we define

q : X(M)→ C∞(M,C)

q(X) := df(X)τ(X).
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First, we show that q takes values in the normal bundle that we identify with M × C

df(X)τ(X) = −〈df(X), τ(X)〉+ df(X)× τ(X)

= −〈df(X), τ(X)〉+
1

2
(df(X)τ(X)− τ(X)df(X))

= −〈df(X), τ(X)〉+
1

2
(−Ndf(JX)τ(X)−Nτ(X)df(JX))

= −〈df(X), τ(X)〉+N〈df(JX), τ(X)〉.

For τ = df ◦A we further get

df(X)τ(X) = −〈df(X), τ(X)〉+N〈df(JX), τ(X)〉
= −g(AX,X) +Ng(JX,AX)

= −〈AX,X〉C.

The differential q is quadratic, because for z = x+ iy we have

q(zX) = df(zX)τ(zX) = (x+Ny)df(X)(x−Ny)τ(X) = (x+Ny)2df(X)τ(X) = z2q(X).

Vice versa, given q ∈ Q(M) we define

τ(X) := q(X)(df(X))−1 = q(X)
df(X)

|df(X)|2
.

Since q is normal and df−1 tangential, τ is also tangential. Moreover, τ is −N conformal
because for α+ Jβ ∈ C∞(M,C) we have

τ((α+ Jβ)X) = q((α+ Jβ)X)(df((α+ Jβ)X))−1

= (α+Nβ)2q(X)
(α−Nβ)

|α+Nβ|2
df(X)

|df(X)|2
= (α−Nβ)τ(X).

�

Lemma 6.
For τ = df(A·) ∈ KR(M) the tangential and normal part of the exterior derivative are
given by

πT (dτ)(X, JX) = df((∂XA)JX), (3.18)
πN (dτ)(X, JX) = − tr(JQA)Ndσ(X, JX) = 2〈τ(X), ω(JX)〉N, (3.19)

where ω denotes the Hopf differential of f . In particular,

πT (dτ) = 0⇔ ∂A = 0,

πN (dτ) = 0⇔ 〈τ(X), ω(JX)〉 = 0 ∀X ∈ X(M).

Proof. The exterior derivative of τ is defined as

dτ(X, JX) = ∇X(τ(JX))−∇JX(τ(X))− τ([X, JX]).

With the usual splitting of the directional derivative into its normal and tangential part,

∇X(τ(Y )) = df(∇X(AY ))− 〈df(AY ), dN(X)〉N,
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we have

πT (dτ)(X, JX) = df(∇X(AJX)−∇JX(AX)−A(∇XJX −∇JXX))

= df((∇XA)JX − (∇JXA)X)

= df(−J((∇XA)X − J(∇JXA)X))

= df(−J(∂XA)X)

= df((∂XA)JX),

i.e., πT (dτ) = 0⇔ ∂A = 0. For the normal part we obtain with (3.8)

πN (dτ)(X, JX) = 〈df(AX), dN(JX)〉N − 〈df(AJX), dN(X)〉N
= g(AX,QJX +HJX)N − g(AJX,QX +HX)N

= −g(JQAX,X)N − g(JQAJX, JX)N

= tr(−JQA)Ndσ(X, JX).

The second identity of (3.19) is proven by

tr(JQA)dσ(X, JX) = g(JQAX,X)N + g(JQAJX, JX)N

= −2g(AX,QJX)N

= −2〈τ(X), ω(JX)〉N.

�

Proposition 15.
Let f : M → R3 be a conformal immersion of the Riemann surface (M,J) and q = dfτ =
〈−A·, ·〉C ∈ Q(M) be a complex quadratic differential, then

(∂̄Xq)(Y ) = 〈(−∂XA)Y, Y 〉C.

In particular, q is holomorphic if one and hence all of the following equivalent conditions
are satisfied:

πT (dτ) = 0,

∂A = 0,

divA = 0.

Proof. q is holomorphic if ∂̄q = ∂̄(−g(A·, ·) + ig(A·, ·)) = 0, where the holomorphic struc-
ture ∂̄ is obtained from the Levi-Civita connection of g using the product rule

2(∂̄Xq)(Y ) = (∇Xq + i∇JXq)(Y )

= −g((∇XA)Y, Y )− ig((∇JXA)Y, Y ) + ig((∇XA)Y, JY )− g((∇JXA)Y, JY )

= −g((∇XA)Y − J(∇JXA)Y, Y ) + ig((∇XA)Y − J(∇JXA)Y, JY )

= −2g((∂XA)Y, Y ) + 2ig((∂XA), JX)

= 2〈(−∂XA)Y, Y 〉C.

Therefore, we have ∂̄q = 0⇔ ∂A = 0. With Proposition 12 this is equivalent to divA = 0
and with the last lemma we finally have πT (dτ) = 0. �
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With the usual identification of bilinear maps and 2-forms and Proposition 12, we define

D : Q(M)→ Ω2(M,T ∗M)

Dq := g(−DA, ·) = g(J divA, ·)dσ. (3.20)

Note that ker(D) = ker(∂) = H0(Q(M)). Using Proposition 14 and Corollary 3, we obtain
the following corollary.

Corollary 5.
On a torus, a differential τ ∈ KR(M) with πT (dτ) = 0 is either identically zero or has no
zeros at all.

Lemma 7.
Let f : M → R3 be a conformal immersion and τ ∈ KR(M) with dτ = 0. Then there
exists ρ : M̃ → R such that ω|M̃ = ρτ , where ω denotes the Hopf differential of f and
M̃ := {p ∈M | τp 6= 0}.

Proof. Since τ, ω ∈ KR(M) there exist α, ρ ∈ C∞(M̃,R) such that ω = (ρ + αN)τ. The
Gauss–Codazzi equation gives rise to

−dH ∧ df︸ ︷︷ ︸
tangential

= dω = d((ρ+ αN)τ) = (dρ+ dαN) ∧ τ︸ ︷︷ ︸
tangential

+αHdf ∧ τ︸ ︷︷ ︸
=0

+α ω ∧ τ︸ ︷︷ ︸
normal

.

Because the left hand side of the equation is tangential, the normal part of the right hand
side has to vanish, and we obtain α = 0. �

Definition 21.
An immersion f : M → R3 of Riemann surface M is called (globally-) isothermic if
there exists a holomorphic quadratic differential q = dfτ with dτ = 0.

Note that locally the closed R3 valued one form τ is exact and hence defines a conformal
immersion f∗ : U ⊂M → R3 with normal −N . The immersion f∗ is called the Christof-
fel dual of f .

Our global definition of isothermic immersions is stricter than the usual local one, where an
immersion is called isothermic if it locally admits a conformal coordinate line parametriza-
tion. In the next proposition we show that these immersions are contained in our definition.

Proposition 16.
Let f : M → R3 be an isothermic immersion such that away from the isolated zeros of τ ,
there exist local coordinates z = x+ i y : U ⊂M → C such that f̃ := f ◦z−1 is a conformal
coordinate line parametrization, i.e.,

dN

Å
∂

∂x

ã
= λ1df̃

Å
∂

∂x

ã
dN

Å
∂

∂y

ã
= λ2df̃

Å
∂

∂y

ã
.

Vice versa, any conformal coordinate line parametrization locally defines a holomorphic
quadratic differential q = τdf with dτ = 0.
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Proof. “ ⇒ ” Let q = dfτ ∈ H0(Q(M)) with dτ = 0 and U ⊂ M with τ |U 6= 0. With
Lemma 7 there exists ρ ∈ C∞(U) such that ρτ = ω on U . Further, there are conformal
coordinates (see example 3) z = x+ i y : U → C with

dfτ = −〈df, τ〉︸ ︷︷ ︸
:=α

+N 〈dfτ,N〉︸ ︷︷ ︸
:=β

= dz2 = dx2 − dy2 + 2idxdy.

From dx
Ä
∂
∂y

ä
= dy

(
∂
∂x

)
= 0 we get

β

Å
∂

∂x

ã
= 2dx

Å
∂

∂x

ã
dy

Å
∂

∂x

ã
= 0 = β

Å
∂

∂y

ã
.

Since dN
(
∂
∂x

)
and df

(
∂
∂x

)
are both tangential, they are parallel if and only if

〈dN
Å
∂

∂x

ã
× df

Å
∂

∂x

ã
, N〉 = 0.

The Gauss equation gives rise to

〈dN
Å
∂

∂x

ã
× df

Å
∂

∂x

ã
, N〉 = 〈

Å
Hdf

Å
∂

∂x

ã
+ ω

Å
∂

∂x

ãã
× df

Å
∂

∂x

ã
, N〉

= 〈ρτ
Å
∂

∂x

ã
× df

Å
∂

∂x

ã
, N〉

= −ρ〈df
Å
∂

∂x

ã
τ

Å
∂

∂x

ã
, N〉

= −ρβ
Å
∂

∂x

ã
= 0.

Analogously one shows that dN
Ä
∂
∂y

ä
and df̃

Ä
∂
∂y

ä
are parallel, hence z gives us curvature

line coordinates.
“⇐ ” Let f : U ⊂ C→ R3 = Im(H) be a conformal coordinate line parametrization with
normal N , i.e.,

Nx = dN

Å
∂

∂x

ã
= λ1df

Å
∂

∂x

ã
= λ1fx

Ny = dN

Å
∂

∂y

ã
= λ2df

Å
∂

∂y

ã
= λ2fy

fy = Nfx = −fxN.

From 〈N, fx〉 = 0 we get

〈N, fyx〉 = −〈Ny, fx〉 = −λ2〈fy, fx〉 = 0.

Since fyx has no real part either, it is tangential, i.e.,

Nfyx = −fyxN. (3.21)

We define τ ∈ Ω(U,H) by

τ := f−1
x dx− f−1

y dy. (3.22)

From ∗dx = −dy and Nf−1
x = −f−1

x N we obtain

∗τ = −f−1
x dy − f−1

y dx = Nf−1
x dx− f−1

y dy = −Nτ = τN.
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It is left to show that τ is closed

dτ = df−1
x ∧ dx− df−1

y ∧ dy

=
∂

∂y
f−1
x dy ∧ dx− ∂

∂x
f−1
y dx ∧ dy

=
(
f−1
x fyxf

−1
x + f−1

y fxyf
−1
y

)
dx ∧ dy

=
(
f−1
x fyxf

−1
x − f−1

x NfxyNf
−1
x

)
dx ∧ dy

=
(
f−1
x fyxf

−1
x − f−1

x fyxf
−1
x

)
dx ∧ dy

= 0,

where we used (3.21) in the last step. �

Remark 1. Due to Proposition 8 there are no holomorphic quadratic differentials on a
genus zero surface. Therefore, our global definition of isothermic immersions does not
work in the case of spheres or ellipsoids.
In the case of genus one surfaces, holomorphic quadratic differentials do not have zeros.
Their umbilical points are given by the zero set of the function ρ defined in Lemma 7.
These umbilical points are special because the conformal curvature lines can be extended
through them and do not collapse as in the case of ellipsoids.

4. Conformal change of metric of the ambient space

Let M be a two dimensional manifold and f : M → R3 = Im(H) a conformal immersion
with unit normal vector field N : M → S2. If 〈·, ·〉 denotes the euclidean scalar product on
H, then g := f∗〈·, ·〉 defines an Riemannian metric on M . Let ∇ denote the Levi-Civita
connection with respect to g. In this section we want to compute how a conformal change
of the euclidean metric of the ambient space

〈·, ·〉 → 〈·, ·̃〉 = e2u〈·, ·〉, u ∈ C∞(H,R), (4.1)

changes important quantities of the immersion f .

Proposition 17.
Under a conformal change of the metric of the ambient space 〈·, ·〉 → 〈·, ·̃〉 = e2u〈·, ·〉, the
Hopf-differential ω and the mean curvature H transform as follows:

ω̃ = e−u◦fω, (4.2)
H̃ = e−u◦f (H + 〈N, gradfu〉), (4.3)

Ã = e−u◦f (A+ 〈N, gradfu〉1). (4.4)

Proof. Due to Proposition 9 the Levi-Civita connection of g̃ = e2u◦fg is given by:

∇̃XY = ∇XY + g(X,G)Y + g(Y,G)X − g(X,Y )G, where G := grad(u ◦ f).

Note that dfp(G) is the tangential part of gradf(p)u. Firstly, we derive an explicit expression
of the new shape operator Ã, which is defined by

df(ÃX) = ∇̃XÑ , ∀X ∈ X(M).
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With Ñ = e−u◦fN we get

∇̃XÑ = ∇̃X(e−u◦fN)

= −〈df(X), gradfu〉Ñ + e−u◦f ∇̃XN

= −〈df(X), gradfu〉Ñ + e−u◦f
(
∇XN + 〈df(X), gradfu〉N + 〈N, gradfu〉df(X)

+ 〈df(X), N〉gradfu
)

= e−u◦f ((∇XN + 〈N, gradfu〉df(X))

= df(e−u◦fAX + e−u◦f 〈N, gradfu〉X).

This gives us Ã = e−u◦f (A+ 〈N, gradfu〉1) and we finally obtain

H̃ =
1

2
tr(Ã) = e−u◦f (H + 〈N, gradfu〉),

ω̃ = e−u◦fω.

�

Proposition 18.
Under a conformal change of metric of the ambient space 〈·, ·〉 → 〈·, ·̃〉 = e2u〈·, ·〉, the
Gaussian curvature with respect to the new metric is given by

K̃ = K̂ ◦ f + det(Ã), (4.5)

where K̂(f(p)) denotes the sectional curvature of f∗TpM ⊂ R3 with respect to the metric
e2u〈·, ·〉.

Proof. By Proposition 11 we have

K̃ = e−2u◦f (K −4(u ◦ f)).

We want to compute 4(u ◦ f). Therefore, we choose X ∈ X(M), such that Xp and JXp

are principal directions of f at p ∈M and |Xp| = 1. For the gradient of u at p we obtain

gradfu = 〈gradfu, df(X)〉df(X) + 〈gradfu, df(JX)〉df(JX) + 〈gradfu,N〉N
= df(grad(u ◦ f)) + 〈gradfu,N〉N. (4.6)

Taking the derivative leads to

∇X(df(grad(u ◦ f)))
(4.6)
= ∇Xgradfu−∇X(〈gradfu,N〉N)

= ∇Xgradfu− 〈∇Xgradfu,N〉N − 〈gradfu, dN(X)〉N
− 〈gradfu,N〉dN(X). (4.7)

The decomposition of ∇X(df(grad(u ◦ f))) into its normal and tangential part is given by

df(∇X grad(u ◦ f)) = ∇X(df(grad(u ◦ f)))− 〈df(grad(u ◦ f)), dN(X)〉N. (4.8)
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Now we have all the ingredients together to compute the Laplacian of u ◦ f .

4(u ◦ f) = div grad(u ◦ f)

= g(∇X grad(u ◦ f), X) + g(∇JX grad(u ◦ f), JX)

= 〈df((∇X grad(u ◦ f)), df(X)〉+ 〈df((∇JX grad(u ◦ f)), df(JX)〉
(4.8)
= 〈∇X(df(grad(u ◦ f)))− 〈df(grad(u ◦ f)), dN(X)〉N, df(X)〉

+ 〈∇JX(df(grad(u ◦ f)))− 〈df(grad(u ◦ f)), dN(JX)〉N, df(JX)〉
(4.7)
= 〈∇Xgradfu− 〈gradfu,N〉dN(X), df(X)〉

+ 〈∇JXgradfu− 〈gradfu,N〉dN(JX), df(JX)〉
= 〈∇Xgradfu, df(X)〉+ 〈∇JXgradfu, df(JX)〉 − 2H〈gradfu,N〉. (4.9)

The sectional curvature of R3 equipped with the euclidean scalar product is zero every-
where. With Proposition 11 we obtain for the sectional curvature of f∗TM with respect
to the metric e2u〈·, ·〉

K̂ ◦ f = −e−2u◦f (〈∇Xgradfu, df(X)〉+ 〈∇JXgradfu, df(JX)〉+ 〈gradfu,N〉2). (4.10)

Proposition 17 and the usual calculation rules for the determinate give rise to

det(Ã) = det(e−u◦f (A+ 〈N, gradfu〉1))

= e−2u◦f (det(A) + tr(A)〈N, gradfu〉+ 〈N, gradfu〉2)

= e−2u◦f (K + 2H〈N, gradfu〉+ 〈N, gradfu〉2). (4.11)

Now we can write everything together to proof the proposition

K̃
(4.5)
= e−2u◦f (K −4(u ◦ f))

(4.9)
= e−2u◦f (K − 〈∇Xgradfu, df(X)〉 − 〈∇JXgradfu, df(JX)〉+ 2H〈gradfu,N〉)

(4.10)
= K̂ ◦ f + e−2u◦f (K + 2H〈N, gradfu〉+ 〈N, gradfu〉2)

(4.11)
= K̂ ◦ f + det(Ã).

�

Corollary 6.
Under the conformal change of metric of the ambient space 〈·, ·〉 → 〈·, ·̃〉 = e2u〈·, ·〉, the
Gauss equation has the form:

|ω̃|2 = µ̃2|df |2 = (H̃2 − K̃ + K̂ ◦ f)|df |2.

Example 4:
Space forms are of particular interest for us (see section 7). The simplest example of a
space form is R3 equipped with the euclidean metric, where the sectional curvature is zero
everywhere. The hyperbolic space is an example of a space form with constant negative
sectional curvature and can be obtained form R3 using a conformal change of metric.
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(1) We consider the Poincaré ball model of the hyperbolic space:

H3
k := {x ∈ R3||x| < k}, 〈·, ·〉hyp =

4

(k2 − |x|2)2
〈·, ·〉.

The conformal factor is given by

u(x) = log

Å
2

k2 − |x|2

ã
,

which leads to

f∗du =
2〈f, df〉
k2 − |f |2

and gradfu =
2f

k2 − |f |2
.

Therefore, we finally have

H̃ =
k2 − |f |2

2
H + 〈N, f〉, (4.12)

ω̃ =
k2 − |f |2

2
ω. (4.13)

For the sectional curvature of (H3
k, 〈·, ·〉hyp), we have K̂ = −k2.

(2) A second model of the hyperbolic space that can be obtained form R3 using a con-
formal change of metric is the the Poincaré half-space model. For b ∈ R3 we
define:

H3
b := {x ∈ R3|〈x, b〉 > 0}, 〈·, ·〉hyp =

1

〈x, b〉2
〈·, ·〉.

Here, the conformal factor is

u(x) = log

Å
1

〈b, f〉

ã
,

this gives rise to

f∗du =
−〈b, df〉
〈b, f〉

and gradfu =
−b
〈b, f〉

.

Therefore, we finally have

H̃ = 〈b, f〉H − 〈N, b〉 = 〈b, fH −N〉, (4.14)
ω̃ = 〈b, f〉ω. (4.15)

(H3
b , 〈·, ·〉hyp) is a space form too, with sectional curvature K̂ = −|b|2.

(3) An similar result is obtained for the spherical case. After a stereographic projection,
we have

S3
k \ {∞} ∼= R3, 〈·, ·〉sph =

4

(k2 + |x|2)2
〈·, ·〉.
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(S3
k, 〈·, ·〉sph) is a space form with positive sectional curvature K̂ = k2. For the Hopf

differential and the mean curvature we obtain:

H̃ =
k2 + |f |2

2
H − 〈N, f〉, (4.16)

ω̃ =
k2 + |f |2

2
ω. (4.17)

5. Variation of immersions and the Euler-Lagrange equations for the
Willmore functional

For a given surface M there exist lots of possible immersions f : M → R3. As a natural
consequence, the question arises which immersions f : M → R3 of a given surface M are
the most ‘round’ or symmetric ones. An answer to this question was given by Thomas
James Willmore [32].

Definition 22 (Willmore surfaces).
Let M be a surface and f : M → R3 an immersion. The Willmore energy of f is defined
as

W (f) :=

∫
M
H2dσ.

The critical points of the Willmore functional W are called Willmore surfaces.

In some papers the Willmore energy of closed immersed surfaces is defined as

W (f) :=

∫
M
H2 −Kdσ.

Because the Gauss-Bonnet Theorem gives us∫
M
Kdσ = 2πχ(M) = 4π(g− 1),

the definitions only differ by a topological constant and their critical points are the same.

In order to obtain a coordinate-free derivation of the Euler-Lagrange equation of the Will-
more functional, we combine the strategy that Ernst Kuvert and Rainer Schätzle use in [22]
with the coordinate free variation formulas of the metric and its almost complex structure
that Christoph Bohle, Paul Peters and Ulrich Pinkall introduce in [6].

First, note that the Willmore energy depends highly on the metric of the target space of
the immersion. If we consider a conformal change of metric of R3, 〈·, ·〉 7→ e2u〈·, ·〉, we
obtain with Proposition 17 and 18

dσ̃ = e2u◦fdσ,

H̃ = e−u◦f (H + 〈N, gradfu〉),

K̃ = K̂ ◦ f + det(Ã),
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where K̂(f(p)) denotes the sectional curvature of f∗TpM ⊂ R3 with respect to the metric
e2u〈·, ·〉. This gives us for the Willmore energy of a closed immersed surface

W̃ (f) =

∫
M
H̃2 − K̃dσ̃ + 4π(g− 1)

=

∫
M
H2 + 〈2HN, gradfu〉+ 〈N, gradfu〉2 − K̂ ◦ f − det(Ã) dσ + 4π(g− 1)

=

∫
M
H2 − K̂ ◦ f −Kdσ + 4π(g− 1)

=

∫
M
H2 − K̂ ◦ f dσ.

This leads to a conformal invariant definition of the Willmore energy of immersions into ar-
bitrary 3-dimensional Riemannian manifolds that is consistent with the one for immersions
into R3, as given above.

Definition 23.
Let f : M → M̂ be a conformal immersion of a closed Riemann surface into a 3-
dimensional Riemannian manifold (M̂, ĝ) with sectional curvature K̂. The Willmore
energy of f is defined as

W (f) :=

∫
M
H2 + K̂ ◦ f dσ.

This definition is invariant under a conformal change of metric ĝ 7→ e2uĝ.

Further, we obtain that the Willmore energy is invariant under isometries and scaling of
the target space. In order to find the critical points of the Willmore functional we have to
consider variations of immersions.

Definition 24.
Let f : M → R3 ⊂ Im(H) be an immersion. A variation of f is given by a one parameter
family of smooth immersions

ft : (ε, ε)×M → R3

(t, p) 7→ ft(p)

such that f0 = f . The derivative at t = 0

ḟ :=
∂

∂t

∣∣∣∣
t=0

ft

is called the variation vector field of f .

Note that for a given variation vector field ḟ , there exist X ∈ X(M) and u ∈ C∞(M)

such that ḟ = df(X) + uN , where df(X) is the tangential and uN the normal part of the
variation. The tangential part of an variation corresponds to a reparametrisation of f(M).
For the flow of X

Φ(ε, ε)×M →M

(t, p) 7→ Φt(p),
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we define ft := f ◦ Φt, and obtain

ḟ =
∂

∂t

∣∣∣∣
t=0

f ◦ Φt = df(X).

For a normal variation vector field ḟ = uN , the corresponding variation is given by

ft = f + tuN.

Lemma 8 (Bohle, Peters Pinkall [6]).
The variations of the induced metric g := f∗〈·, ·〉 and of the compatible almost complex
structure J ∈ Γ(End(TM)) are given by

ġ = LXg = g ((∇X + (∇X)∗) ·, ·)

J̇ = LXJ = 2J∂̄X

for a tangential variation ḟ = df(X) and by

ġ = 2u g (A ·, ·)

J̇ = 2uJQ

for a normal variation ḟ = uN , where A denotes the shape operator of f and Q its trace-
free part, the Hopf differential. A variation is conformal if J̇ = −LXJ + 2uJQ = 0.

Note that A is symmetric with respect to g and hence

Q = A− 1

2
tr(A)1 = A−A+ = A−,

i.e., Q anti-commutes with J .

Proof. We start with the tangential variation ḟ = df(X):

ġ =
∂

∂t

∣∣∣∣
t=0

gt =
∂

∂t

∣∣∣∣
t=0

(f ◦ Φt)
∗〈·, ·〉 =

∂

∂t

∣∣∣∣
t=0

Φ∗t g = LXg.

For the second identity, let Y,Z ∈ X(M) and consider:

Xg(Y, Z) =
∂

∂t

∣∣∣∣
t=0

gt(Y,Z) = ġ(Y,Z) + g(LXY, Z) + g(LXZ, Y )

⇒ ġ(Y, Z) = Xg(Y, Z)− g(LXY, Z)− g(LXZ, Y )

= g(∇XY,Z) + g(Y,∇XZ)− g(∇XY −∇YX,Z)− g(Y,∇XZ −∇ZX)

= g(∇YX,Z) + g(Y,∇ZX)

= g ((∇X + (∇X)∗)Y,Z) .

For the almost complex structure we have Jt = Φ∗tJ and therefore,

J̇ =
∂

∂t

∣∣∣∣
t=0

Φ∗tJ = LXJ.
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The almost complex structure J is compatible with g and hence parallel w.r.t. the Levi-
Civita connection of g. This gives us for Y ∈ X(M)

LXJ(Y ) = LX(JY )− JLXY = [X, JY ]− J [X,Y ]

= ∇X(JY )−∇JYX − J∇XY + J∇YX = J∇YX −∇JYX
= J(∇YX + J∇JYX) = 2J∂̄YX.

Now we consider the normal variation ḟ = uN . For fixed X,Y ∈ X(M) we have

ġ(X,Y ) =
∂

∂t

∣∣∣∣
t=0

〈dft(X), dft(Y )〉

= 〈df(X), dḟ(Y )〉+ 〈df(Y ), dḟ(X)〉
= 〈df(X), du(Y )N + u dN(Y )〉+ 〈df(Y ), du(X)N + u dN(X)〉
= 2〈uN(X), df(Y )〉
= 2u g(AX, Y ).

gt(JtY, Y ) = 0 ∀Y ∈ X(M) gives us

0 = ġ(JY, Y ) + g(J̇Y, Y )

= 2u g(AJY, Y ) + g(J̇Y, Y )

= 2u g((Q+
1

2
tr(A)1)JY, Y ) + g(J̇Y, Y )

= 2u g(QJY, Y ) + g(J̇Y, Y )

⇒ g(J̇Y, Y ) = g(−2uQJY, Y ) (5.1)

From gt(Y, Y ) = gt(JtY, JtY ) we obtain

0 = ġ(JY, JY ) + 2g(J̇Y, JY )− ġ(Y, Y )

= g(2uAJY, JY ) + 2g(J̇Y, JY )− g(2uAY, Y )

= g(2u(JAJ +A)JY, JY ) + 2g(J̇Y, JY )

= g(4uQJY, JY ) + 2g(J̇Y, JY )

⇒ g(J̇Y, JY ) = g(−2uQJY, JY ). (5.2)

Combining (5.1) and (5.2) gives us

J̇ = −2uQJ = 2uJQ.

�

Corollary 7.
For a normal variation ḟ = uN , the Hodge-star operator changes according to

∗̇ω = ω(J̇ ·) = 2uω(JQ·), (5.3)

for all ω ∈ Ω1(M,H).

Corollary 8.
For a normal variation ḟ = uN , the volume-form dσ := g(J ·, ·) changes according to

ḋσ = 2uHdσ. (5.4)
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Proof.

ḋσ =
∂

∂t

∣∣∣∣
t=0

dσt =
∂

∂t

∣∣∣∣
t=0

gt(Jt·, ·) = ġ(J ·, ·) + g(J̇ ·, ·) = 2u g((A−Q)J ·, ·) = 2uH dσ.

�

We want to compute the Euler-Lagrange equations for the Willmore functional. At first
we only consider tangential variations:

Lemma 9.
The Willmore functional W (f) is invariant under reparametrisations, i.e., tangential vari-
ations of f .

Proof. For a tangential variation ft := f ◦ Φt = Φ∗t f , we get

dσt = gt(Jt·, ·) = Φ∗t (g(J ·, ·)) = Φ∗tdσ.

From Nt = Φ∗tN , we further have

gt(At·, ·) = 〈dft, dNt〉 = (Φ∗t g)(Φ∗tA·, ·) = gt(Φ
∗
tA·, ·).

Therefore, Ht = Φ∗tH and finally:

W (ft) =

∫
M
H2
t dσt =

∫
M

Φ∗t (H
2dσ) =

∫
M
H2dσ.

�

Remark 2. The action of the group

Diff0(M) := {Φ : M →M |Φ is a diffeomorphism isotopic to the identity}

on the space of immersions into R3 I(M) is given by

µ : Diff0(M)× I(M)→ I(M)

(Φ, f) 7→ f ◦ Φ.

With Lemma 9, the Willmore functional is invariant under the group action µ and hence
well defined on the quotient space I(M)/Diff0(M).

Lemma 10.
For a normal variation ḟ = uN , the variation of the H valued 2-form Hdσ is given by

(2Hdσ)· = 2uNKdσ +Nd ∗ du+ 2Hdu ∧ ∗df.
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Proof. With Lemma 5 we have d ∗t dft = 2HtNtdµt = 2Htdµt and hence

2(Hdσ)· =
∂

∂t

∣∣∣∣
t=0

d ∗t dft

= (d ∗t d(f + tuN))·

= d∗̇df + d ∗ d(uN)

= d(df(2uJQ)) + d(u ∗ dN +N ∗ du)

= d(−2u ∗ ω) +Nd ∗ du+ u d ∗ dN + 2du ∧ ∗dN
= −2du ∧ ∗ω + 2udN ∧ ω + 2uNdω +Nd ∗ du+ u d ∗ dN + 2du ∧ ∗dN
= 2uω ∧ ω + 2uNdω + 2Hdu ∧ ∗df +Nd ∗ du+ u d ∗ dN.

Using Lemma 4 and 5 again, we finally obtain

2(Hdσ)· = −4uNµ2dσ + 2uNdω + 2Hdu ∧ ∗df +Nd ∗ du+ 2uN
(
(2H2 −K)dσ + dH ∧ df

)
= 2uNKdσ +Nd ∗ du+ 2Hdu ∧ ∗df.

�

Theorem 5.
An immersion f : M → R3 of a closed Riemann surface M is a critical point of the
Willmore functional

W (f) :=

∫
M
H2dσ,

if and only if the mean curvature H of the immersion satisfies

4H + 2H(H2 −K) = 0. (5.5)

Proof. From Lemma 9 we know that we only have to consider normal variations ḟ = uN .
This gives us for the variation of the Willmore energy of f :

Ẇ (f) =

∫
M

(H2dσ)·

=

∫
M

(〈H,H〉dσ)· =

∫
M

2〈Ḣ,H〉dσ + 〈H,H〉ḋµ

=

∫
M

2〈(Hdσ)·,H〉 − 〈H,H〉ḋµ

=

∫
M
〈2uNKdσ +Nd ∗ du+ 2Hdu ∧ ∗df,HN〉 −H22uHdσ

=

∫
M
u(2HK −H3)dσ +Hd ∗ du

=

∫
M
−u
(
4H + 2H(H2 −K)

)
dσ

In the last step we used that the Laplace-operator is self-adjoint on closed manifolds and
4Hdσ = −d ∗ dH.
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The fundamental Lemma of calculus of variations finally gives us Ẇ (f) = 0 for all varia-
tions if and only if 4H + 2H(H2 −K) = 0.

�

6. The Teichmüller space and constrained Willmore immersions

Definition 25.
An immersion f : M → R3 of a Riemann surface (M,J) is called constrained Willmore,
if f is a critical point of the Willmore functional W (f) with respect to all variations that
preserve the complex structure, i.e., J̇ = 2uJQ+ 2J∂̄X = 0.

Note that in contrast to the more general case of Willmore surfaces, it is not obvious
that for every conformal variation vector field ḟ = uN + df(X) with J̇ = 0 there exists
a corresponding 1-parameter family of conformally equivalent immersions. We will deal
with this problem later in this section.

For closed surfaces with with genus g = 0, there exists only one complex structure and
constrained Willmore surfaces are Willmore surfaces. In this section we want to compute
the Euler-Lagrange equations for constrained Willmore immersions of closed orientable
2-dimensional manifolds M with genus g ≥ 1. We use the strategy that Christoph Bohle,
Paul Peters and Ulrich Pinkall introduce in [6]. With Lemma 9 we know that the Will-
more functional is invariant under reparametrisations. Therefore, the Teichmüller space
is an important tool to understand constrained Willmore surfaces. We will recap the con-
struction of the Teichmüller space from a Riemannian perspective as it was developped by
Anthony J. Tromba in [18].

Definition 26.
Let M be a smooth orientable 2 dimensional manifold with genus g ≥ 1 and C(M) the set
of complex structures on M , then the Teichmüller space of M is defined as

T(M) := C(M)/Diff0(M),

where Diff0(M) := {Φ : M →M |Φ is a diffeomorphism isotopic to the identity}.

For a better understanding of the Teichmüller space we investigate the group action of
Diff0(M) on M(M),

µ : Diff0(M)×M(M)→M(M)

(Φ, g) 7→ Φ∗g.

For every Φ ∈ Diff0(M) there exist a 1-parameter family of diffeomorphisms
Φt : [−1, 1]→ Diff0(M) satisfying:

• Φ0 = idM ,
• Φ1 = Φ,
• ∂

∂t |t=0Φt = X ∈ X(M),
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i.e., Φt is the flow of X and any variation of g ∈M(M) that stays in the same orbit of the
group action has the form

gt := Φ∗t g.

The corresponding variation vector field is hence given by

∂

∂t

∣∣∣
t=0

Φ∗t g = −LXg = g((∇X + (∇X)∗)·, ·).

This observation leads to the following definition. Fixing a metric g ∈M(M) we can map
every vector field on M to the corresponding variation on M(M)

Lg : X(M)→ TgM(M) = Γ(Endg+(TM))

X 7→ LXg = g((∇X + (∇X)∗)·, ·).

Proposition 19.
On a closed Riemannian manifold (M, g), the map −Lg is the adjoint of div, i.e.,

〈〈LXg,H〉〉 = −〈〈X, divH〉〉, ∀H ∈ Γ(Endg+(TM)) and X ∈ X(M), (6.1)

where the scalar product on X(M) is given by

〈〈X,Y 〉〉 :=

∫
M
g(X,Y )dσg,

and the one on Γ(Endg+(TM)) is defined as in (2.7). For A ∈ Γ(End−(TM)) we further
have

2〈〈∂X,A〉〉 = −〈〈X, divA〉〉,

Proof. We start with the left hand side of the equation

〈〈LXg,H〉〉 =
1

2

∫
M

tr((∇X + (∇X)∗)∗H) =

∫
M

tr(H∇X)

because H is self-adjoint and tr(A∗) = tr(A). Now we locally choose a vector field Y with
|Y | = 1 and consider the integrand of the right hand side

g(X, divH) = g(X, (∇YH)Y + (∇JYH)JY )

= g(X,∇Y (HY )−H(∇Y Y ) +∇JX(HJX)−H(∇JY JY )

= Y (g(X,HY ))− g(∇YX,HY ) + (JY )(g(X,HJY ))− g(∇JYX,HJY )

− g(X,H(∇Y Y ))− g(X,H(∇JY JY ))

= g(∇Y (HX), Y ) + g(∇JY (HX), JY )− g((∇X)(Y ), HY )− g((∇X)(JY ), HJY )

= div(HX)− tr(H∇X)

Using Stokes Theorem, we can show that both sides of the equation are equal.

〈〈X, divH〉〉 =

∫
M
g(X, divH) =

∫
M

div(HX)− tr(H∇X) =

∫
M
− tr(H∇X).
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For A ∈ Γ(End−(TM)) we further have

〈〈X, divA〉〉 =

∫
M
− tr(A∇X)

=

∫
M
− tr(A(∂X + ∂X))

=

∫
M
− tr(A∂X)

= −2〈〈∂X,A〉〉.

�

Corollary 9.
Let f : M → R3 be a conformal immersion of a closed Riemann surface (M,J) and

D : X(M)→ Γ(End−(TM)) = T[f ]C(M)

X 7→ J̇ = 2J∂X,

the map that assigns to every tangential variation ḟ := df(X) the corresponding change of
the conformal structure (compare Lemma 8). After the usual identification of Γ(End−(TM))
with Q(M) (see (3.16)), the adjoint operator of D is given by the negative of the D operator
on Q(M) that we defined in (3.20)

D
∗

: Q(M)→ Ω2(M,T ∗M)

q 7→ −Dq = 〈−J div(A), ·〉 dσ

Proof.

〈〈2J∂X, q〉〉 = 〈〈2J∂X,−A〉〉 = 2〈〈∂X, JA〉〉 = −〈〈X, div(JA)〉〉 = −〈〈X,D(q)〉〉.

�

The following diagram visualizes the spaces involved in the definition of D∗:

X(M)
D //

OO

��

Γ(End−(TM))
OO

��
Ω2(M,T ∗M) Q(M)

D
∗

oo

Definition 27.
On a Riemann surface (M,J, g), we define the second order differential operator

� : X(M)→ X(M)

X 7→ divLXg.

Lemma 11.
On a closed Riemann surface (M,J, g), the � operator is self-adjoint and its kernel is given
by the set of Killing vector fields, i.e., ker(�) = {X ∈ X(M)|LXg = 0}.
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Proof. � is self-adjoint because

〈〈�X,Y 〉〉 = 〈〈divLXg, Y 〉〉 = −〈〈LXg,LY g〉〉 = 〈〈X, divLY g〉〉 = 〈〈X, �Y 〉〉.

Obviously {X ∈ X(M)|LXg = 0} ⊂ ker(�). Vice versa, we obtain for X ∈ ker(�)

0 = 〈〈�X,X〉〉 = −〈〈LXg,LXg〉〉 ⇒ LXg = 0.

�

Proposition 20 (M. Berger D.Ebin 1969).
There is an orthogonal splitting of TgM(M) = Γ(Endg+(TM)) into divergence-free endo-
morphism fields and those that come from variations of g that corresponds to the action of
Diff0(M) on M(M). In particular

Γ(Endg+(TM)) = Sdg (M)⊕ SLg (M), (6.2)

where Sdg (M) := {A ∈ Γ(Endg+(TM))| divA = 0}
and SLg (M) := {A ∈ Γ(Endg+(TM))|A = LXg, X ∈ X(M)}.

Proof. With the last Lemma the splitting is orthogonal if it exists. ForH ∈ Γ(Endg+(TM))
we want to find X ∈ X(M) with

divH = divLXg. (6.3)

Then we can define the divergence-free endomorphism field H0 := H − LXg and obtain
the splitting

H = H0︸︷︷︸
∈Sd

g (M)

+ LXg︸︷︷︸
∈SL

g (M)

.

A necessary condition for the existence of such an X is that divH ∈ {ker(div ◦L)}⊥. For
X ∈ ker(div ◦L) we obtain

0 = 〈〈X, divLXg〉〉 = −〈〈LXg,LXg〉〉,
⇒ 0 = LXg,

⇒ 〈〈divH,X〉〉 = −〈〈H,LXg〉〉 = 0.

That this condition is not only necessary but also sufficient, is a consequence of the fact
that div ◦L is an elliptic operator. This is proven in [4]. �

The Teichmüller space of M is obtained as a quotient space of M(M) under the action of
the groups P = C∞(M,R+) and Diff0(M) (see Figure 1). The group actions commute in
the sense that for Φ ∈ Diff0(M) and e2u ∈ P we obtain

Φ∗(e2ug)(p) = e2(u◦Φ)(p)gΦ(p)(dΦ·, dΦ·) = e2(u◦Φ)(p)(Φ∗g)(p).

The orbits of the actions intersect transversallly (see [18]) and T(M) has the structure of
a smooth manifold. The tangent space of of T(M) is hence given as the intersection of the
tangent spaces of the quotient spaces M(M)/P and M(M)/Diff0(M).

We summarize the results in the following theorem:
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M(M)

π2
��

π1 // M(M)/P ∼= A+

π2
��

M(M)/Diff0(M)
π1// C(M)/Diff0(M) = T(M)

Fig. 1: The construction of the Teichmüller space as quotient manifold of
M(M)

Γ(Endg+(TM))

dπ2
��

dπ1 // Stg(M) = Γ(End−(TM))

dπ2
��

Sdg (M)
dπ1// Sdg (M) ∩ Stg(M) ∼= H0(Q(M))

Fig. 2: The tangent spaces of the quotient spaces involved in the construc-
tion above.

Theorem 6.
Let M be a smooth orientable 2 dimensional manifold with genus g ≥ 1. The Teichmüller
space T(M) := C(M)/Diff0(M) of M is a smooth manifold of dimension 6g− 6 for g > 1
and dimension 2 for g = 1. The tangent space at [g] ∈ T(M) is isomorphic to H0(Q(M)).

For the proof and more informations see again [18].

We want to understand the relation between the space of immersions I(M) and the Te-
ichmüller space T(M). Therefore, we consider the projection that maps an immersion f
to its induced complex structure

Φ : I(M)→M(M)/P ∼= A+

f 7→ [f∗〈·, ·〉] ∼= J.

At every point f ∈ I(M) the differential Φ defines a map

dΦf : C∞(M,R3)→ Γ(End−(TM))

ḟ 7→ J̇ .

Since the Willmore functional is invariant under reparametrisations, we are interested in
unparametrized immersions, I(M)/Diff0(M). Therefore, we restricted the differential of
Φ to normal variations and define

δ : C∞(M)→ Γ(End−(TM))

u 7→ J̇ = 2uJQ.
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With the usual non-degenerate pairing between smooth functions and real valued two
forms,

(·, ·) : C∞(M)× Ω2(M)

(u, ω) :=

∫
M
uω,

and the identification of Q(M) with Γ(End−(TM)) (see Proposition 14), we obtain the
adjoint operator of δ

δ∗ : Q(M)→ Ω2(M).

The following diagram visualizes the spaces involved in the definition of δ∗:

C∞(M)
δ //

OO

��

Γ(End−(TM))
OO

��
Ω2(M) Q(M)

δ∗oo

Lemma 12.
The adjoint operator of δ with respect to the inner product 〈·, ·〉 on Γ(Endg+(TM)), defined
in (2.7), is given by

δ∗(q) = tr(JQA)dσ = πN (dτ)N = −2〈τ, ∗ω〉,

where τ = df(A) ∈ KR(M) is defined by q = dfτ and ω = df(Q) denotes the Hopf
differential of f .

Proof.

〈〈δu, q〉〉 = 〈〈2uJQ, q〉〉 =

∫
M

tr(uJQA)dσ = (u, tr(JQA)dσ) = (u, δ∗(q)).

This gives us δ∗(q) = tr(JQA)dσ. Lemma 6 proves the remaining identities. �

Now we can compute the Euler-Lagrange equations for constrained Willmore surfaces.

Theorem 7 (Bohle, Peters, Pinkall [6]).
Let f : M → R3 be a conformal immersion of a compact Riemann surface. Then f is
constrained Willmore if and only if there exists q = dfτ ∈ H0(Q(M)) such that

−dτN = δ∗(q) = gradW = −
(
4H + 2H(H2 −K)

)
dσ.

Proof. By Definition 25 f is constrained Willmore if

Ẇ (f) = 〈〈gradW,u〉〉 = 0,

for all variations ḟ = uN + df(X) with

J̇ = 2uJQ+ 2J∂X = 0, i.e., δ(u) = −2J∂X = −D(X).

Suppose there exists q = 〈−A·, ·〉C ∈ H0(Q(M)) with grad(W ) = δ∗(q). Using Corollary 9,
we obtain

Ẇ (f) = 〈〈gradW,u〉〉 = 〈〈δ∗(q), u〉〉 = 〈〈q, δ(u)〉〉 = 〈〈q,−D(X)〉〉 = 〈〈D(q), X〉〉 = 0.
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Vice versa, suppose 〈〈gradW,u〉〉 = 0 for all u ∈ C∞(M) with δ(u) ∈ Im(D) = ker(D
∗
)⊥.

Then u ∈ (δ∗ ker(D
∗
))⊥ and hence gradW ∈ (δ∗ ker(D

∗
))⊥⊥. Because ker(D

∗
) = H0(Q(M))

is finite dimensional, we have (δ∗ ker(D
∗
))⊥⊥ = δ∗ ker(D

∗
) and the theorem is proven. �

Remark 3. The proof of Theorem 7 does not use the specific form of the Willmore func-
tional but only its invariance under reparametrizations. Therefore, it holds true for other
functionals with the same property, like the area functional

A(f) :=

∫
M
dσ.

Remark 4. Immersions of non-compact Riemann surfaces are called constrained Willmore
if Ẇ (f) = 0 for all conformal variations with compact support. In this case the existence
of q ∈ H0(Q(M)) with δ∗(q) = gradW is still a sufficient condition for f being constrained
Willmore, but no longer necessary because H0(Q(M)) is no longer finite-dimensional.

Corollary 10 (Bohle, Peters, Pinkall [6]).
If f : M → M̂ is a conformal immersion with constant mean curvature into a 3-dimen-
sional space form (M̂, ĝ), then the immersion f is constrained Willmore.

Proof. The immersion f has constant mean curvature H if and only if the Hopf differ-
ential is closed dω = 0, see (3.11). Hence q := dfH ∗ ω defines a holomorphic quadratic
differential, and with Lemma 6 and 4 we obtain

δ∗(q) = πN (d(−HNω))N

= πN (−HdN ∧ ω)N

= πN (−Hω ∧ ω)N

= πN (2NH(H2 −K)dσ)N

= −2H(H2 −K)dσ

= gradWf .

In the last step we used that for CMC surfaces the Laplacian of the mean curvature is
zero, i.e., 4H = 0. �

In [30] Jörg Richter gives a different characterization of constrained Willmore surfaces.
We show that it is equivalent to the one of Theorem 7. In the following we will need two
−N conformal differentials: τ and χ ∈ KR(M). The letter τ will be used for a closed
differential that makes the immersion f isothermic and χ denotes the one that guarantees
f to be constrained Willmore.

Proposition 21.
A conformal immersion of a compact Riemann surface f : M → R3 is constrained Will-
more if and only if there exists η ∈ Ω1(M,H) with:

(1) dη = 0.
(2) ∗η = −Nη.
(3) Re(η) = dH.

The 1-form η is unique up to the addition of some τ ∈ KR(M) with dτ = 0.
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Proof. Due to Theorem 7, f is constrained Willmore if and only if there exists χ ∈ KR(M)
with

dχ =
(
4H + 2H(H2 −K)

)
Ndσ.

We define η ∈ Ω1(M,H) by

η := χ−H ∗ ω + dH +N ∗ dH,

and obtain:

∗η = ∗χ+NH ∗ ω + ∗dH −NdH
= −N (χ−H ∗ ω + dH +N ∗ dH)

= −Nη.

Using Lemma 4 we can compute the exterior derivative

dη = dχ− dH ∧ ∗ω +HdN ∧ ω +HNdω + dN ∧ ∗dH +Nd ∗ dH
=
(
4H + 2H(H2 −K)

)
Ndσ − ω ∧ ∗dH +Hω ∧ ω −HNdH ∧ df

+Hdf ∧ ∗dH + ω ∧ ∗dH −4HNdσ
= 0.

Vice versa, given η with the properties above, we can define χ := ηtan +H ∗ ω and obtain

(1) χ ∈ KR(M).
(2) dχ =

(
4H + 2H(H2 −K)

)
Ndσ.

�

6.1. Existence of conformal variations of immersions. As mentioned after the def-
inition of constrained Willmore immersions, it is not clear that for every variation vector
field ḟ = uN + df(X) with J̇ = 0 there exists a corresponding 1-parameter family of
conformally equivalent immersions. In [23] Ernst Kuwert and Reiner Schätzle prove the
existence of conformal variations. In this subsection we will recap their results. Therefore,
let π : A+(M) → T(M) = A+(M)/Diff0(M) denote the projection that maps an almost
complex structure onto the corresponding point in the Teichmüller space and let

Φ̃ := π ◦ Φ : I(M)→ T(M)

f 7→ π(J).

The map Φ̃ is smooth (see [23]) and the differential of Φ̃ defines a map:

dΦ̃f : TfI(M) ∼= C∞(M,R3)→ TΦ̃(f)T(M) = H0(Q(M))

ḟ = uN + df(X) 7→ dπ(2uJQ).

Remember that a variation ft is conformal if dΦ̃ft(ḟt) = 0 for all t because ker dπ =

D̄(Γ(TM)). Let n := dim(H0(Q(M))) and Vf := Im(dΦ̃f ). Clearly we have dimVf < n.
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Proposition 22.
For a conformal immersion f : M → R3 of a Riemann surface with g ≥ 1 we have:

dimVf ≥ n− 1,

and dimVf = n− 1 if and only if f is isothermic.

Proof. Suppose dimVf = n − 1, then there exists q = dfτ = 〈−A·, ·〉C ∈ H0(Q(M)) such
that:

0 = 〈〈q, 2uJQ〉〉 =

∫
M
u tr(−AJQ)dσ =

∫
M
udτ ∀u ∈ C∞(M,R3).

From the fundamental Theorem of variation we get dτ = 0 and f is isothermic (see
definition 21).

If dimVf ≤ n−1, there exist two linearly independent holomorphic quadratic differentials
q1 = dfτ1, q2 = dfτ2 ∈ H0(Q(M)) with dτ1 = dτ2 = 0. The quotient of two holomorphic
quadratic differentials defines a meromorphic function ρ = α+Nβ : M → span{1, N} ∼= C,
such that τ2 = (α+Nβ)τ1. The exterior derivative of τ2 gives us :

0 = dτ2 = d((α+Nβ)τ1)

= (dα+ dNβ +Nβ) ∧ τ1

= (dα+Ndβ) ∧ τ1︸ ︷︷ ︸
tangential

+βω ∧ τ1︸ ︷︷ ︸
normal

.

The normal part is zero if either β = 0 or ω = 0. If β = 0 at more than finitely many
points, then α is constant. This would imply that τ1, τ2 are linearly dependent. So by
smoothness ω has to be zero everywhere and M is totally umbilical, and hence a sphere.
This contradicts g ≥ 1. �

Proposition 23.
For a conformal immersion f : M → R3 of a Riemann surface with dimVf = n and every
variation vector field ḟ = uN + df(X) with dΦ̃f (ḟ) = 0, there is a 1-parameter family of
conformally equivalent immersions ft with f0 = f and ∂

∂tft

∣∣∣
t=0

= ḟ .

Proof. Let q1, . . . qn be an ONB of TΦ̃(f)T(M). Because dim(Vf ) = n, the map dΦ̃f is sur-
jective and there exist n linearly independent vector fields v1, . . . , vn ∈ TfI(M) = C∞(M,R3)

such that dΦ̃f (vi) = qi. We define:

F : Rn+1 → T(M)

(s1, . . . , sn, t) 7→ Φ̃(f + tḟ +
n∑
1

sivi).

Since ∂F
∂si

∣∣∣
(s,t)=(0,0)

= dΦ̃f (vi) = qi, the differential dF is surjective. The implicit function

theorem gives us the existence of

h : (−ε, ε)→ Rn

h(t) = (s1(t), . . . sn(t)),
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with F (h(t), t) = F (0, 0) = Φ̃(f), ∀t ∈ (−ε, ε). Now we can define the conformal
variation of f with variation vector field ḟ :

ft : (−ε, ε)→ I(M)

ft := f + tḟ +
n∑
1

si(t)vi.

�

For isothermic immersions f , the construction of conformal variations is more complicated
because the map dφ̃f is not longer surjective and we loose one dimension in the Teichmüller
space to do the necessary corrections. Ernst Kuwert and Reiner Schätzle solved this
problem by considering the second derivative of Φ̃. Let V ⊂ T(M) be a neighborhood of
Φ̃(f), ψ : V → Rn local coordinates of T(M), U := Φ̃−1(V ) ,and

Φ̂ : U → Rn

Φ̂ := ψ ◦ Φ̃.

Now the second variation of f in Teichmüller space with respect to the variation vector
field ḟ and the chart ψ is given by:

d2π̂f (ḟ) :=
∂2

∂t2

∣∣∣
t=0

Φ̂(f + tḟ).

Proposition 24 (Kuwert, Schätzle).
For an isothermic immersion f : M → R3, there exist v1, . . . vn−1, v± ∈ C∞(M,R3) and
q ∈ V ⊥f with |q| = 1 such that:

Vf = span{Φ̃f (v1), . . . , Φ̃f (vn−1)},
± 〈〈d2π̂f (v±), q〉〉 > 0 and

Φ̃f (v±) = 0.

For the proof see [23]. These vector fields can now be used to do the corrections in the
Teichmüller space and we finally obtain the following theorem.

Theorem 8 (Kuwert, Schätzle).
For a conformal immersion f : M → R3, there exists a conformal variation for every
smooth variation vector field ḟ = uN + df(X) with dΦ̃f (ḟ) = 0.

7. Isothermic constrained Willmore immersions

In this section we will investigate isothermic constrained Willmore immersions. With
Corollary 10 we know that every conformal immersion that has constant mean curvature in
a 3-dimensional space form is constrained Willmore. These immersions are also isothermic
because their Hopf differential is holomorphic.

The opposite does not hold in general. Fran Burstall constructed a cylinder over a plane
curve that is isothermic and constrained Willmore but does not have constant mean curva-
ture in some space form (see [6]). For every isothermic constrained Willmore tori without
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umbilical points Jörg Richter proved in [30] that there exist a 3-dimensional space form
in which the immersion has CMC. We extend his proof so that it stays true if the surface
has umbilical points. In this case, the surface is either Möbius equivalent to a minimal
surface in R3 with planar ends or there exists a hyperplane E that separates R3 in two
hyperbolic spaces H3

± whose ideal boundaries are given by ∂H3
± = E and the restriction

of the surface onto H3
± has CMC. We start our investigation with the observation that

being an isothermic constrained Willmore immersion is a Möbius invariant property.

Proposition 25 (Richter [30]).
The notion of isothermic constrained Willmore immersions is invariant under Möbius
transformations of the ambient space.

Proof. An immersion f : M → R3 is isothermic if there exist τ ∈ KR(M) with dτ = 0
(see Definition 21), and constrained Willmore if there exists η ∈ Ω1(M,H) with dη = 0,
∗η = −Nη and Re(η) = dH (see Proposition 21). The Möbius group is generated by
translations, scalings, rotations and the inversion at the unit sphere (compare Section
3.1). Under translations neither df nor H are changed and the two differentials τ, η of an
isothermic constrained Willmore immersion stay the same, too. In the quaternionic setup
a stretch-rotation is by

f 7→ f̃ = λ̄fλ, λ ∈ H \ {0}. (7.1)

With df̃ = λ̄dfλ, we get g̃ = |λ|4g. Due to Proposition 17, the mean curvature H and the
normal N change according to

N 7→Ñ = λ−1Nλ,

H 7→H̃ = |λ|−2H.

With the following definitions, f̃ is isothermic and constrained Willmore.

τ̃ := λ̄τλ, (7.2)
η̃ := λ−1ηλ̄−1. (7.3)

To finish the proof, we have to show the invariance of the properties under the inversion
at the unit sphere

f 7→ f̃ = f−1. (7.4)

With df̃ = −f−1dff−1 we have g̃ = |f |4g and hence

N 7→ Ñ = fNf−1,

H 7→ H̃ = |f |2H − 2〈f,N〉,

⇒ dH̃ = 2〈f, df〉H + |f |2dH − 2〈f, dN〉
= |f |2dH − 2〈f, ω〉.
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With τ̃ = fτf we obtain

dτ̃ = df ∧ τf + fdτf + fτ ∧ df = 0,

∗τ̃ = −fNτf = −fNf−1fτf = −Ñ τ̃ ,

∗τ̃ = fτNf = fτff−1Nf = τ̃ Ñ ,

and hence f−1 is isothermic. In order to show that f−1 is constrained Willmore, we define
η̃ := 2fω − fηf and check the necessary properties formulated in Proposition 21.

dη̃ = df ∧ (2ω − ηf)︸ ︷︷ ︸
=0

+f(2dω + η ∧ df)

= f(−2dH ∧ df + η ∧ df)

= f((η − 2dH) ∧ df)

= −fη̄ ∧ df = 0.

∗η̃ = f(−2Nω +Nηf)

= −fNf−1(2fω − fηf)

= −Ñ η̃.

Re(η̃) = −2〈f, ω〉 − Re(fηf) = −2〈f, ω〉 − |f |2 Re(f−1ηf)

= −2〈f, ω〉 − |f |2 Re(η) = dH̃.

This proves that f̃ is constrained Willmore. �

From now on, let f : M → R3 be an isothermic constrained Willmore immersion of a
torus. On a closed genus one surface holomorphic quadratic differentials have no zeros
(see Corollary 3), hence we obtain for the differential of the Christoffel dual of f : τp 6= 0
for all p ∈M . From Lemma 7 we get the existence of ρ ∈ C∞(M,R) with ρτ = ω. Further,
there exists another function h ∈ C∞(M,H) with η = τh. In order to construct a space
form in which f has constant mean curvature, we will investigated the relation between
τ, η and ω.

Lemma 13.
The functions h ∈ C∞(M,H) with η = τh and ρ ∈ C∞(M,R) with ρτ = ω satisfy

dρ = −〈h, df〉. (7.5)

After a proper choice of η (adding a suitable real multiple of τ), we further obtain

χ = β ∗ τ,

for some β ∈ R, where χ ∈ KR(M) with (dχ)tan = 0 is given by ηtan = χ − H ∗ ω (see
Proposition 21). Further, there exist c ∈ R and b ∈ R3 such that

h = cf + b (7.6)
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and the following real valued function is constant

H̃ := 〈N,h〉+Hρ = constant.

Proof. We start with the proof of the first identity by considering the differential of the
mean curvature

dH = Re(η) = Re(τh) = −〈τ, h〉 =
1

2
(τh+ hτ). (7.7)

If we insert this in the Gauß–Codazzi equation, we get

dρ ∧ τ = dω = −dH ∧ df = −1

2
(τh+ hτ) ∧ df = −1

2
τ ∧ hdf

⇒ 0 = τ ∧ (
1

2
hdf − dρ)

⇒ 0 = (N − ∗)(1

2
hdf − dρ).

Considering the real part of the last equation, this gives rise to

∗dρ =
1

2
Re(hNdf −Nhdf) = Re(hNdf) = −〈h, ∗df〉

⇒ grad(ρ) = −h.

Since τ, χ ∈ KR(M) and τp 6= 0, there exist functions α, β ∈ C∞(M,R) such that
χ = (α + β N)τ . The tangential part of d(χ)tan is zero, which leads to

dχ = (dα+Ndβ) ∧ τ︸ ︷︷ ︸
tangential

+β dN ∧ τ︸ ︷︷ ︸
normal

⇒ (N − ∗)(dα+ dβN) = 0,

i.e., α+ iβ is a holomorphic map. Since M is compact, α and β are constant. By a proper
choice of η, (η 7→ η − ατ) we have

χ = βNτ = −β ∗ τ.

The tangential parts of τh resp. η are given by

(τh)tan = Re(h)τ + 〈h,N〉τN,
ηtan = χ−H ∗ ω.

Since h was defined by the equation η = τh, we obtain for the tangential parts

0 = (τh)tan − ηtan

= −χ+H ∗ ω + Re(h)τ + 〈h,N〉Nτ
= τ(Re(h) + 〈N,h〉N) + β ∗ τ +Hρ ∗ τ
= τ(Re(h) +N(〈N,h〉+ β +Hρ))

= Re(h)τ − (〈N,h〉+ β +Hρ) ∗ τ.

Due to the fact that the 1-forms τ and ∗τ are linearly independent at every point p ∈M ,
we get

Re(h) = 0 and H̃ := 〈N,h〉+Hρ = −β = constant. (7.8)
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Because η is closed, we have 0 = dη = d(τh) = −τ ∧ dh, which leads to (N − ∗)dh = 0.
Using Re(h) = 0, we further obtain

〈N, dh〉 = −Re(Ndh) = −Re(∗dh) = 0,

that is, dh ∈ KL(M). Since df and dh are both exact, there exists c ∈ R such that
c dh = df and b ∈ R3 with

ch+ b = f. (7.9)

�

Now, we can proof an extended version of Jörg Richters Theorem, that classifies isothermic
contrained Willmore tori as CMC surfaces. Our modification of the proof (we never divide
through the function ρ) allows us to consider tori with umbilical points. This gives us
three new classes of isothermic constrained Willmore tori that were not considered in [30].
As we will see in the proof of the theorem and the discussion of the results afterwards,
isothermic constrained Willmore tori with umbilical points are either Bryant surfaces with
smooth ends, Babich-Bobenko tori, or minimal surfaces with planar ends in R3.

Theorem 9.
Let f : M → R3 be an isothermic constrained Willmore immersion of a torus. Then there
exists ρ̃ ∈ C∞(R3,R) such that

〈·, ·̃〉 := ρ̃−2〈·, ·〉

defines a metric with constant curvature on R3 \ U0, where U0 := {x ∈ R3|ρ̃(x) = 0}.
If the sectional curvature of the new metric is negative, the set U0 is a plane or sphere
and R3 splits into two hyperbolic 3-spaces. If the sectional curvature is zero, the set U0

contains at most one point and for positive sectional curvature the set U0 is empty. In all
the cases, the restriction of f(M) to R3 \ U0 has constant mean curvature

H̃ = ρH − 〈grad ρ̃, N〉,

with respect to the metric g̃ := f∗(〈·, ·̃〉).

Proof. Using (7.6), we can integrate (7.5) and compute ρ in terms of f

dρ = −〈h, df〉 = −〈cf + b, df〉,

⇒ ρ =
−c
2
|f |2 − 〈b, f〉+ k, (7.10)

for some k ∈ R.

The function ρ : M → R naturally extends to a function ρ̃ : R3 → R with f∗ρ̃ = ρ. We
use ρ̃ to define a bilinear map on R3

ĝ := ρ̃−2〈·, ·〉. (7.11)

Depending on c and b, given by cf + b = h, ĝ defines a metric with constant sectional
curvature that is conformally equivalent to the euclidean metric on R3:
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• For c, b = 0, we have h = 0 and ρ̃ = constant, i.e., the bilinear map ĝ defines an
euclidean metric on R3.
• For c = 0 and b 6= 0, we get:

ρ̃ = −〈b, x〉+ k = −〈b, x− a〉,

for some a ∈ R3 and the bilinear map ĝ defines a metric on the half-spaces

H3
±b,a := {x ∈ R3|〈b, x− a〉 ≷ 0}.

The metric spaces (H3
±b,a, g̃) are the Poincaré half space model of the hyperbolic

3-space and we obtain that R3 splits into two hyperbolic spaces that touch at the
plane U0 := {x ∈ R3| 〈x− a, b〉 = 0}, which is their common boundary at infinity.
• For c 6= 0, we get:

ρ̃ =
−c
2
|x|2 − 〈b, x〉+ k =

R2 − |x− a|2

2
,

for some R ∈ R ∪ iR and a ∈ R3. Depending on the value of R, we have to
distinguish 3 different cases:
– For R ∈ R \ {0}, the bilinear map ĝ defines a metric on

H3
±R,a := {x ∈ R3||x− a| ≷ R}.

The metric spaces (H3
±R2,a, g̃) are the Poincaré ball model of the hyperbolic

3-space and we obtain that R3 splits into two hyperbolic spaces that touch at
the sphere U0 := {x ∈ R3| |x− a|2 = |R|2}, which is their common boundary
at infinity.

– For R = 0, the bilinear map ĝ defines a euclidean metric on R3 \ {a}. This
metric is obtained from the usual euclidean metric of R3 by an inversion in
a 2-sphere with center a. The set U0 contains only the point a, which gets
mapped to infinity after the sphere inversion.

– For R ∈ iR \ {0}, the bilinear map ĝ defines spherical metric. Using a stereo-
graphic projection, we can map (R3, g̃) isometrically to S3 such that the center
a becomes the south pole. In this case, the set U0 is empty.

With Proposition 17 the mean curvature of f with respect to g̃ := f∗ĝ is given by

H̃ := ρH − 〈grad ρ̃, N〉.

Due to Lemma 13, the mean curvature H̃ is constant. �

Remark 5. The hyperbolic half-space model H3
± and the hyperbolic ball model H3

±R are
Möbius equivalent because we can map one to the other using a stereographic projection.
After another Möbius transformation, we may assume |R| = |b| = 1 and a = 0 and obtain
the models described in Example 4. The properties of isothermic constrained Willmore
tori, that we are interested in, are invariant under Möbius transformations. In order to
simplify the formulas, we will use these standard models and switch between the half-
space and ball model depending on the occasion. In all the cases - euclidean, spherical,
and hyperbolic - we have

〈d(gradρ), N〉 = c〈df,N〉 = 0, (7.12)

for some c ∈ R, and hence d(gradρ) ∈ KL(M).
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Corollary 11.
Let f : M → R3 be a conformal, isothermic constrained Willmore immersion of a torus.
If f has constant mean curvature with respect to a spherical metric, then there are no
umbilical points. In the hyperbolic case, all umbilical points lie on the sphere/plane at
infinity ∂H3

± = {x ∈ R3| ˜ρ(x) = 0}. In the euclidean case, all umbilical points get mapped
to one point.

Proof. With the Gauss equation

|µ||df | = |ω|, (7.13)

the immersion f has an umbilical point if and only if ω = 0. With ρτ = ω and the fact
that τ has no zeros, the set of umbilical points is given by the zero set of ρ. �

Remark 6. Let f : M → R3 be an isothermic constrained Willmore immersion of a torus
that has constant mean curvature H̃ with respect to the euclidean metric g̃ = 4

|f |4 g. If
there exits at least one umbilical point, i.e., the discrete set M0 := {p ∈ M |f(p) = 0} is
non empty, the constant mean curvature H̃ = |f |2

2 H − 〈f,N〉 is zero everywhere. After an
inversion in the unit sphere, f−1 : M \M0 → R3 is a minimal surface in R3 with smooth
ends. Those ends are given by the umbilical points of f .

Remark 7. If ρ defines a hyperbolic metric, three different cases can occur depending on
the value of H̃:

(1) For |H̃| > 1, the immersion f lies entirely in one of the spaces H3
±.

(2) For |H̃| = 1, the immersion f lies in one of the H3
± and touches the sphere at

infinity ∂H3
± at isolated points, see Proposition 26. These surfaces were first in-

vestigated by Robert Leamon Bryant [9] and are called Bryant surfaces with
smooth ends.

(3) If |H̃| < 1, one part of the surface lies in H3
+ and the other one in H3

−. Then the
normal’s with respect to g̃,

Ñ = ρN,

have different signs in H3
± (see Figure 3). These tori have lines of umbilical points

and were first constructed by Mikhail V. Babich and Alexander I. Bobenko using
theta functions and elliptic integrals [3]. We will call them Babich-Bobenko
tori.

We continue by giving a geometric interpretation of f having constant mean curvature
|H̃| ≤ 1 in H3

±1.

Proposition 26.
If f : M → R3 is an immersion whose restriction to H3

±1 has constant mean curvature
|H̃| = |(ρH−dρ(N)| ≤ 1, then the mean curvature spheres of f , Sf (p) := {x ∈ R3|‖f(p)−
N(p)
H(p) − x‖

2 = 1
H2 }, intersect the ideal boundary ∂H3

±1 = {x ∈ R3|‖x‖ = 1} at constant
angle α ∈ [0, π].
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Fig. 3: The intersection of a Babich-Bobenko torus with the plane E =
∂ H3

± with euclidean normal’s on the left and hyperbolic normal’s on the
right.

Proof. First, note that if |H̃| < 1, all the mean curvature spheres Sf (p) intersect ∂H3
±1.

For p ∈ M and q ∈ ∂H3
±1 ∩ Sf (p), we consider the triangle with vertices (q, 0, c), where

c = f(p)− N(p)
H(p) is the center of Sf (p) (see Figure 4). If α denotes the angle in the vertex

q, the cosine-theorem gives us∥∥∥∥∥f(p)− N(p)

H(p)

∥∥∥∥∥
2

= 1 +
1

H2(p)
− 2

H(p)
cos(α)

⇒ cos(α) =
H(p)

2

Å
1 +

1

H2(p)
− ‖f(p)‖2 +

2〈f(p), N(p)〉
H(p)

− 1

H2(p)

ã
= H(p)

1− ‖f(p)‖2

2
+ 〈f(p), N(p)〉

= ρ(p)H(p)− dρ(N)(p) = H̃(p) = const.

�
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Fig. 4: The mean curvature sphere of f , Sf (p) cuts the ideal boundary of
the hyperbolic space ∂H3

±1 in the angle α.

We summaries the previous results in a theorem.

Theorem 10 (Classification of isothermic constrained Willmore tori as CMC surfaces).
Let f : M → R3 be an immersion of an isothermic constrained Willmore torus. Then f is
Möbius equivalent to one of the following surfaces:

• A CMC surface in H3,R3 or S3

• A Bryant surface with smooth ends
• A Babich-Bobenko torus
• A minimal surface with smooth ends in R3

We finish this section with a lemma that we will need for further computations.

Lemma 14.
The mean curvature H of an isothermic constrained Willmore immersion f : M → R3

satisfies

dH = 〈grad ρ, τ〉,

4H =
−2µ2〈grad ρ,N〉

ρ
,

‖dH‖2 =
µ2

ρ2
‖dρ‖2.



ISOTHERMIC CONSTRAINED WILLMORE TORI 61

Proof. With H = H̃+dρ(N)
ρ and 〈d(grad ρ), N〉 = 0 we get

dH =
〈dN, gradρ〉

ρ
− dρ(H̃ + 〈N, gradρ〉)

ρ2

=
〈gradρ, dN −Hdf〉

ρ

=
〈gradρ, ω〉

ρ

= 〈grad ρ, τ〉.

Let X ∈ TpM be a normalized principal curvature direction of f , i.e., g(X,X) = 1 and
dN(X) = λdf(X). We compute the norm of the differential dH that was defined in (3.13).

‖dH‖2 = ∗dH ∧ dH(X, JX)

= 〈grad ρ, ∗τ〉 ∧ 〈grad ρ, ∗τ〉(X, JX)

=
µ2

ρ2
〈grad ρ, ∗df〉 ∧ 〈grad ρ, ∗df〉(X, JX)

=
µ2

ρ2
‖dρ‖2.

Due to the fact that d(gradρ) ∈ KL(M) and Lemma 4, we further have

d ∗ dH = d〈grad ρ, ∗τ〉 = 〈grad ρ,−dN ∧ τ〉 =
〈grad ρ,−ω ∧ ω〉

ρ
=
〈grad ρ,N〉µ2dσ

ρ
.

�

8. Isothermic constrained Willmore tori with minimal dual surfaces in R3

Robert L. Bryant showed in [8] that for Willmore surfaces f : M → R3, there exists away
from the set of umbilical points M0 a (possibly branched) dual immersion f̂ : M \M0 →
R3, whose mean curvature vanishes up to second order. The immersions f and f̂ are
conformally equivalent and f̂ is called the conformal transform of f . In this section we
will investigate isothermic constrained Willmore tori that, after an inversion in a 2-sphere,
become minimal surfaces in R3 with smooth ends. After a possible translation and scaling,
these surfaces have zero CMC with respect to the metric g̃ = 4

|f |4 f
∗〈·, ·〉, and their inverse

f−1 := −f
|f |2 : M \M0 → R3 is the conformal transform of f . Our aim is to show that these

surfaces cannot be embedded.

Lemma 15.
Let f : M → R3 be an immersion of an isothermic constrained Willmore tori such that its
inversion in the unit sphere f−1 : M → R3 ∪ {∞} is a minimal surface with smooth ends,
then the total curvature of the minimal surface f−1 is finite. In particular, the end points
of f−1 are flat.

Proof. Since the Gaussian curvature of a surface is determined by the metric, we can use
the immersion f together with the Riemannian metric g̃ = 4

|f |4 f
∗〈·, ·〉 to compute the
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Gaussian curvature K̃ of f−1, (see Proposition 11).

K̃ = det(Ã) =
|f |4

4
(det(A+ 〈N, f〉) Id) =

|f |4

4
(K + 2H〈N, f〉+ 〈N, f〉2).

The set of end points of f−1 is given by the set of umbilical points of f

M0 := {p ∈M | f(p) = 0}.

Therefore, the Gaussian curvature of f−1 vanishes at the end points. Further, those end
points are flat, because they are umbilical. The total curvature of f−1 is given by

TC(f−1) =

∫
M
|K̃|dσ̃

=

∫
M

∣∣∣∣∣ |f |44
(K + 2H〈N, f〉+ 〈N, f〉2)

∣∣∣∣∣ 4

|f |4
dσ

=

∫
M

∣∣∣∣∣K + 2H〈N, f〉+ 〈N, f〉2
∣∣∣∣∣dσ.

This integral is finite because M is compact and the integrand is smooth. �

Now assume that f : M → R3 is an embedding. Since sphere inversions are injective,
and there are no compact minimal surfaces in R3 (see [1]), f−1 is an embedded complete
minimal surface of finite total curvature in R3 with one smooth end. Hence, the surface
f−1 satisfies all assumptions of the following theorem of Jorge and Meeks, which we can
use to show that f−1(M) has to be a plane. But because we assumed that M is a torus,
this is not possible and f cannot be embedded.

Theorem 11 (Luquesio P. Jorge, William H. Meeks III [19]).
An embedded complete minimal surface of finite total curvature in R3 is either a plane or
has at least two ends.

Theorem 12.
isothermic constrained Willmore tori that are Möbius equivalent to a minimal surface with
smooth ends in R3 cannot be embedded.

9. The projective model of Möbius geometry and its subgeometries

We want to continue our investigation of isothermic constrained Willmore tori by studying
their sphere congruences. In Section 7, we proved that the property of being an isothermic
constrained Willmore immersion is invariant under Möbius transformations. To exploit
this invariance, which also applies to sphere congruences, we will consider these surfaces
in a Möbius-geometric setup. The main objects of 3-dimensional Möbius geometry are
the space S3, the set of 2-spheres in S3 and the set of Möbius transformations Möb(3),
which map spheres to spheres. We will start by introducing these objects in a projective
model. This projective model is conformal in the sense that we can measure angles, but
we do not have a notion of length. To obtain Riemannian metrics, that we need for
our investigation of surfaces, we will introduce the space forms described in Example 4
as subgeometries of Möbius geometry. An advantage of the projective model of Möbius
geometry is that its representation in homogeneous coordinates corresponds to the five
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dimensional Minkowski space on which the group of Möbius transformations acts linearly.
Furthermore, the different space forms and the set of their spheres can be obtained as
subsets of this Minkowski space. The following short introduction to Möbius geometry is
inspired by the detailed exposition in Udo Hertrich-Jeromins book [17].

The Minkowski space R4,1 is defined as R5 equipped with the bilinear form

〈·, ·〉 : R5 × R5 → R
〈P,Q〉 := P1Q1 + P2Q2 + P3Q3 + P4Q4 − P5Q5, (9.1)

called the Minkowski product. A point P ∈ R5 is called space-like if 〈P, P 〉 > 0,
time-like if 〈P, P 〉 < 0, and light-like if 〈P, P 〉 = 0. The set

L := {P ∈ R4,1|〈P, P 〉 = 0} (9.2)

is called the light cone. The unit sphere with respect to the Minkowski metric is a
hyperboloid of one sheet in R5 and will be denoted with

H4
+ := {P ∈ R5|〈P, P 〉 = 1}. (9.3)

Analogously, consider the two sheeted hyperboloid that is given by:

H4
− := {P ∈ R5|〈P, P 〉 = −1}. (9.4)

With the equivalence relation on R4,1

P ∼ Q⇔ P = λQ, for some λ ∈ R \ {0}, (9.5)

we get the corresponding four dimensional projective space P4 := P(R4,1) =
(
R4,1 \ {0}

)
/∼,

where R4,1 is the corresponding space of homogeneous coordinates, in which the coordi-
nates of points will be denoted with capital letters: Pj , j = 1, . . . , 5. For the corresponding
affine coordinates pj = Pj/P5, j = 1, . . . , 4 we will use small letters. The property of
being time, space or light-like is still well defined after taking the quotient and we can
think of S3 ⊂ P4 as the projectivized light cone:

P(L) = {[P ] ∈ P4|〈P, P 〉 = 0} = {[p, 1] ∈ P4| p2
1 + p2

2 + p2
3 + p2

4 = 1} ∼= S3. (9.6)

The projectivized light cone P(L) inherits a conformal structure from the Minkowski prod-
uct on R4,1 but so far we do not have a metric. Later in this section we will equip P(L)
with different Riemannian metrics that are compatible with this conformal structure and
correspond to the space forms described in Example 4. In particular, we can interpret
the affine coordinates (p1, . . . , p4) as Cartesian coordinates of R4 and equip P(L) with the
usual metric of S3 ⊂ R4 (see Lemma 17).

Identifying opposite points in H4
+ and H4

−, we obtain the set of points outside resp. inside
P(L):

P4
+ := H4

+/±1 = {[P ] ∈ P4| 〈P, P 〉 > 0},
P4
− := H4

−/±1 = {[P ] ∈ P4| 〈P, P 〉 < 0}.

A 2-sphere in P(L) ∼= S3 is given by a transversal intersection of the light cone with a
hyperplane through the origin. A hyperplane intersects P(L) transversely if the normal of
the plane is space-like and is tangent to P(L) if the normal is light-like. Hyperplanes that
have a time-like normal do not intersect P(L). Hence we can identify the set of 2-spheres
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in P(L) with P4
+. To a given 2-sphere Σ ⊂ P(L) ∼= S3 with center [M ] = [m, 1] ∈ S3 and

spherical radius r ∈ (0, π), we assign the space-like point

[S] = [m, cos(r)]. (9.7)

Because of 〈S, S〉 = 1 − cos(r)2 = sin(r)2 > 0, we have [S] ∈ P4
+ and a straight forward

calculation shows that Σ = S⊥ ∩ S3. If we change the orientation of Σ ⊂ S3, the center
and radius are given by [M̃ ] = [−m, 1] and r̃ = π − r, but the point [S] ∈ P4

+ stays the
same. Hence P4

+ is the set of unoriented 2-spheres in S3.

(a) A point S on the hyperboloid of one sheet
H4

+ in R4,1 defines a hyperplane S⊥, that cor-
responds to a 2-sphere in S3.

(b) In the projective picture the intersection of
S3 with the rays, that are tangent to S3 and
pass through the point P outside S3, defines a
2-sphere Σ.

One of the main reasons to choose the projective model to describe Möbius geometry is
the fact that the Möbius transformations of S3 ⊂ P4 arise from the linear group O(4, 1).
Here

O(4, 1) := {A ∈ R4,1×4,1|A−1 = At},

denotes the set of linear maps that preserve the Minkowski product 〈·, ·〉 on R4,1 and hence
the light cone L. In particular, for any F ∈ Möb(3) there exists an A ∈ O(4, 1) such that
in homogeneous coordinates we have F ([P ]) = [A(P )] for all [P ] ∈ S3. The choice of A is
unique up to a sign. For a more detailed explanation and proofs see for example [17].

O(4, 1) is a Lie group and the corresponding Lie algebra is the linear space of skew sym-
metric matrices, which is given by

so(4, 1) := {X ∈ R4,1×4,1| −X = Xt}, (9.8)

where the adjoint is defined w.r.t. the Minkowski product. Now we want to realize
the space forms described in Example 4 as subgeometries of Möbius geometry. To this
end, we change the basis of R4,1. Let {E1, E2, E3, E4, E5} denote the basis that we used
for the definition of the Minkowski product (see (9.1)), then E0 := E5−E4

2 and E∞ :=
E5+E4

2 are light-like vectors and {E1, E2, E3, E∞, E0} is another basis of R4,1. We will

write coordinates of points relative to this basis in column vectors of the form

Ñ
x
α
β

é
,
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where x ∈ R3 contains the coordinates w.r.t. E1, E2, E3 and α, β ∈ R denote the ones
corresponding to E∞ resp. E0. In this new basis the Minkowski product has the form

〈·, ·〉 : R3+1,1 × R3+1,1 → R〈Ñx1

α1

β1

é
,

Ñ
x2

α2

β2

é〉
:= 〈x1,x2〉 −

1

2
(α1β2 + α2β1). (9.9)

This notation that we will use throughout the next sections is motivated by the following
lemma.

Lemma 16.

We define the light-like vector Aeuc :=

Ñ
0
2
0

é
and consider the affine quadric

QAeuc := {P ∈ L| 〈P,Aeuc〉 = −1}.

If we equip QAeuc with the metric inherited from R4,1, the map

Φ : R3 → QAeuc

x 7→

Ñ
x
|x|2
1

é
,

is an isometric parametrization.

Proof. From 〈Φ(x), Aeuc〉 = −1 and 〈Φ,Φ〉 = 〈x,x〉 − 1
2(|x|2 + |x|2) = 0, we find that Φ

maps R3 onto QAeuc , and it is easy to see that the map is bijective. Furthermore, the
parametrization is isometric because

〈dΨ, dΨ〉 =
〈Ñ dx

2〈x, dx〉
0

é
,

Ñ
dx

2〈x, dx〉
0

é〉
= 〈dx, dx〉.

�

After we established an isometric lift of R3 to the light cone, the next lemma gives us a
generalization for arbitrary 3-dimensional space forms.

Lemma 17 (Hertrich-Jeromin [17]).
Let A ∈ R4,1 \ {0} and k := −|A|2, then the affine quadric

QA := {P ∈ L| 〈P,A〉 = −1},

equipped with the metric inherited from R4,1, is a space with constant sectional curvature
k.

Proof. If A is light-like, we can use an analogous construction as in lemma 16 to show
that QA is isometric equivalent to R3. If A is space-like, the restriction of the Minkowski
product to the affine hyperplane EA := {P ∈ R4,1| 〈P,A〉 = −1} is a Minkowski product
too. Hence after identifying k−1A with the origin, we have EA

∼= R3,1. A point

P = k−1A + P⊥ ∈ EA ⊂ R4,1
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lies in the light cone L if and only if

〈P, P 〉R4,1 = 0⇔ 〈P⊥, P⊥〉R3,1 = k−1.

Therefore, the hyperplane EA
∼= R3,1 contains QA as the standard two sheeted hyperboloid

with radius 1√
|k|
. If A is time-like, the restriction of the Minkowski product to EA is

euclidean. If we identify the origin of EA with k−1A, QA becomes a round sphere of radius
1√
|k|

in EA
∼= R4. �

Fig. 6: The intersection of the light cone L with the affine hyperplane
EA := {P ∈ R4,1| 〈P,A〉 = −1} gives us a space with constant sectional
curvature. A light like vector Aeuc, gives us a euclidean space form. For a
time like vector Asph the space form is spherical and for a space like vector
Ahyp, we obtain two hyperbolic spaces that touch at their ideal boundary.

The totally geodesic hyperplanes in QA, that is, planes in R3, great 2-spheres in S3 and
hyperbolic planes in H3 are given by the intersections of QA with hyperplanes in R4,1

whose normal’s are orthogonal to A. The set of all totally geodesic hyperplanes in QA is
hence given by

{[P ] ∈ P4
+| 〈P,A〉 = 0}. (9.10)

In particular, if 〈ν, x〉 = d is a hyperplane in the euclidean space R3 with normal ν ∈ S2 ⊂ R3

and offset d ∈ R, the corresponding point in P4
+ is given by

[K] =

 ν2d
0

 .
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For a sphere in R3 with center c ∈ R3 and radius r the corresponding point [S] ∈ P4
+ is

given in homogeneous coordinates by:

S =

Ñ
c

|c|2 − r2

1

é
.

10. Surfaces in the projectivized light cone

In this section, we will consider immersions f : M → P(L) ∼= S3 of a Riemannian surface
M into the projectivized light cone. Here the immersion f is represented in Cartesian
coordinates and hence denoted with a lower case letter. Any choice of homogeneous
coordinates for the immersion f gives us a map Ψ : M → L ⊂ R4,1, that we will call a
lift of f to the light cone. Because f is an immersion, the restriction of the Minkowski
product to the tangent spaces of an arbitrary lift Ψ is euclidean and Ψ∗〈·, ·〉 defines a
Riemannian metric on M . Vice versa, we can consider any immersion Ψ : M → L,
whose pullback of the Minkowski product defines a Riemannian metric as a the lift of an
immersion f : M → P(L). At first we will show that all lifts of an immersion f : M → P(L)
are conformally equivalent and then consider special lifts corresponding to immersions into
R3, H3, or S3, and recall some of their properties that we described in previous sections.

Lemma 18.
Let M be a Riemannian surface and f : M → P(L) ∼= S3 an immersion. If Ψ, Ψ̃ : M → L

are two lifts of f to the light cone, they are conformally equivalent.

Proof. Let Ψ and Ψ̃ be lifts of f to the light cone. From |Ψ(p)| = 0 we obtain:

〈dΨ(X),Ψ(p)〉 = 0, ∀X ∈ TpM.

Further, there exists a smooth map ρ : M → R \ {0} such that Ψ̃ = ρΨ. The Riemannian
metric induced by Ψ̃ is given by:

〈dΨ̃, dΨ̃〉 = 〈dρΨ + ρdΨ, dρΨ + ρdΨ〉 = ρ2〈dΨ, dΨ〉+ dρ2〈Ψ,Ψ〉 = ρ2〈dΨ, dΨ〉.

Therefore, the metric induced by Ψ̃ is conformally equivalent to the one induced by Ψ. �

Using the map Φ defined in Lemma 16, we can lift any immersion into the euclidean space
isometrically to the light cone. In particular, if f : M → R3 is an immersion, we call

Ψ : M → QAeuc ⊂ L

p 7→ Ψ(p) := Φ(f(p)) =

Ñ
f(p)
|f(p)|2

1

é
, (10.1)

the isometric lift of f to the light cone.

Planes in QAeuc correspond to points in H4
+ that are orthogonal to Aeuc (see (9.10)). If

N : M → S2 denotes the unit normal field of the immersion f : M → R3, the tangent



68 JONAS TERVOOREN

planes of the isometric lift Ψ are given by:

N : M → H4
+

N(p) :=

Ñ
N(p)

2〈N(p), f(p)〉
0

é
. (10.2)

And indeed, we have

〈N(p), dΨp〉 = 〈N(p),Aeuc〉 = 〈dΨp,Aeuc〉 = 0.

Also, the Gauß equation can be formulated for the isometric lift. If A denotes the Wein-
garten operator of the immersion f , we obtain

dN(X) = dΨ(AX) = HdΨ(X) + Ω(X) ∀X ∈ X(M),

where Ω(X) :=

Ñ
ω(X)

2〈ω(X), f〉
0

é
is called the lift of the Hopf differential ω.

ChoosingX ∈ TpM with |X| = 1, we can construct a frame field attached to the immersion
Ψ, i.e.,

{Aeuc,Ψ(p), dΨ(X), dΨ(JX),N(p)}

is a basis of R4,1 such that the Minkowski product has the form (9.9). Note that the
representation of an arbitrary vector V ∈ R4,1 with respect to this basis is given by

V = 〈V, dΦ(X)〉dΦ(X) + 〈V, dΦ(JX)〉dΦ(JX) + 〈V,N〉N − 〈V,Aeuc〉Ψ
− 〈V,Ψ〉Aeuc. (10.3)

In Section 4, we started with an immersion into R3 and used a conformal change of metric
of the ambient space R3 to obtain immersions into different space forms. This construction
can be adapted to the new setup. If f : M → R3 is an immersion and Ψ : M → QAeuc its
isometric lift to the light cone, we can change the lift to obtain immersions into different
space forms QA. Therefore, we define

ρ := −〈A,Ψ〉,

Ψ̃ := ρ−1Ψ,

Ñ := N − 〈A,N〉
〈A,Ψ〉

Ψ = N + 〈A,N〉Ψ̃.

From |Ψ̃| = 0 and 〈Ψ̃,A〉 = −1 we obtain that Ψ̃ : M → QA defines a lift of f to QA.
Further Ñ denotes the tangent bundle of Ψ̃, because 〈Ñ,A〉 = 0 and 〈Ñ, dΨ̃〉 = 0. Due
to Lemma 18, the metrics on M induced by Ψ and Ψ̃ are conformally equivalent. The
conformal change is given by

〈dΨ̃, dΨ̃〉 = ρ−2〈dΨ, dΨ〉.
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Lemma 19.
Let f : M → R3 be an immersion and Ψ : M → QAeuc its isometric lift. If Ψ̃ : M → QA

defines another lift to a space form QA with sectional curvature k, the conformal factor ρ
satisfies

ρ = − 1

2〈A,Aeuc〉
(
2‖dρ‖2 + 〈A,N〉2 + k

)
. (10.4)

Proof. The conformal factor is defined as ρ := −〈A,Ψ〉. Let X ∈ TpM with |X| = 1, then
we can use (10.3) to represent A with respect to the frame field adapted to Ψ

A = 〈A, dΨ(X)〉dΨ(X) + 〈A, dΨ(JX)〉dΨ(JX) + 〈A,N〉N
− 〈A,Aeuc〉Ψ− 〈A,Ψ〉Aeuc

Due to Lemma 17, the sectional curvature of QA is given by k = −|A|2. This gives rise to

−k = ‖A‖2 = 〈A, dΨ(X)〉2 + 〈A, dΨ(JX)〉2 + 〈A,N〉2 − 2〈A,Ψ〉〈A,Aeuc〉

⇒ ρ = −〈A,Ψ〉 =
−1

2〈A,Aeuc〉
(2‖dρ‖2 + 〈A,N〉2 + k).

�

Example 5:
In the light cone model the spaceforms described in Example 4 are realized by the following
choice of A:

• For the Poincare ball model we define:

Ahyp :=

Ñ
0
1
−1

é
, ⇒ ρhyp =

1− |x|2

2
.

• For the Poincare halfspace model with normal b ∈ S2 ⊂ R3 consider:

Ahyp,b :=

Ñ
b
0
0

é
⇒ ρhyp,b = 〈b, x〉.

• The spherical case is obtained by:

Asph :=

Ñ
0
1
1

é
⇒ ρsph =

1 + |x|2

2
.

In the last lemma of the section, we consider again an isometric lift Ψ of an immersion
f : M → R3 and compute the Laplacian of Ψ and the one of the space-like field N that
represents the tangent bundle of Ψ.

Lemma 20.
The Laplacians of Ψ and N are given by:

4Ψ = −2HN + 2Aeuc,

4N = −2(H2 + µ2)N +
2 ∗ dH ∧ dΨ

|dΨ|2
+ 2HAeuc.
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Proof. With the properties of the wedge product described Equation (3.12) we have

d ∗ d|f |2 = 2d〈f, ∗df〉 = 2〈df ∧ ∗df〉+ 2〈f, d ∗ df〉, .

Now we can use Lemma 5 to obtain

4|f |2 = −4〈HN, f〉+ 4.

Therefore, the Laplacian of Ψ is given by

4Ψ(x) = 4

Ñ
f
|f |2
1

é
=

Ñ
−2HN

−4〈HN, f〉+ 4
0

é
= −2HN + 2Aeuc.

The computation for N is analogous. From

d ∗ d〈N, f〉 = 〈d ∗ dN, f〉+ 〈df ∧ ∗dN〉,

we get with Lemma 5

4N =

Ñ
4N

24 (〈N, f〉)
0

é
=

Ö
−2N(H2 + µ2) + 2∗dH∧df|dΨ|2

−4(H2 + µ2)〈N, f〉+ 4∗dH∧〈df,f〉|dΨ|2 + 2 〈∗dN∧df〉|dΨ|2
0

è
= −2(H2 + µ2)N + 2

∗dH ∧ dΨ

|dΨ|2
+ 2HAeuc.

�

11. The maximal interior sphere congruence of surfaces

Definition 28.
A sphere congruence is a continuous map S : M → P+ = H4

+/±1, that assigns a sphere
to each point in M . An immersion Ψ : M → L envelops a sphere congruence S, if the
spheres S(p) are tangent to the surface at Ψ(p), i.e.,

〈S(p),Ψ(p)〉 = 0 and 〈S(p), dΨ(X)〉 = 0, ∀p ∈M and ∀X ∈ TpM.

Note that if Ψ : M → L is the lift of an immersion f : M → P(L), all other lifts of f to
the light cone envelop S, too.

For a given immersion f : M → R3 and its isometric lift Ψ : M → L, the set of spheres
that are tangent to the surface at the point Ψ(p) is given by:

S(p) := N(p)− Φ(p)Ψ(p), Φ(p) ∈ R,

where Φ(p) denotes the euclidean curvature of the sphere S(p) whose center in R3 is given
by c(p) := f(p)− N(p)

Φ(p) .
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Fig. 7: The pencil of spheres tangent to the surface f(M) at the point p.

If Ψ̃ denotes the lift of f to the space form QA, the sphere congruence S(p) is still enveloped
by Ψ̃, but the radii and centers change.

S(p) : = N(p)− Φ(p)Ψ(p)

= Ñ(p)− 〈A,N(p)〉Ψ̃(p) + Φ(p)〈A,Ψ(p)〉Ψ̃(p)

= Ñ(p)− (−Φ(p)〈A,Ψ(p)〉+ 〈A,N(p)〉)︸ ︷︷ ︸
=:Φ̃(p)

Ψ̃(p). (11.1)

With Proposition 17, the change of the curvature of the spheres is the same as the one of
the mean curvature and the principal curvatures of f under the conformal change of metric
g 7→ ρ−2g. Therefore, the mean curvature sphere congruence and the principal curvature
sphere congruences are the same in every space form:

H(p) := N(p)−H(p)Ψ(p) = Ñ(p)− H̃(p)Ψ̃(p),

Si(p) := N(p)− λi(p)Ψ(p) = Ñ(p)− λ̃i(p)Ψ̃(p). (11.2)

Definition 29.
Let f : M → R3 be a conformal embedding of a compact surface M , M ⊂ R3 the compact
region bounded by f(M), and N the outpointing unit normal field, then the maximal
interior sphere congruence of f is defined as:

K : M → P+

K(p) := N(p)− Φ(p)Ψ(p),

where Φ(p) is the smallest positive real number such that K(p) is entirely contained in M .

Note that if we reverse the orientation of M , we can do the same construction to obtain
the maximal exterior sphere congruence, but since M is no longer compact, there
will exist points x ∈ M with Φ(x) = 0, i.e., K(x) is no longer a sphere but a supporting
plane.
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Lemma 21.
Let f : M → R3 be a conformal embedding of a compact surface M and M ⊂ R3 the
compact region bounded by f(M). A sphere congruence enveloped by f

S : M → P+

S(p) = N(p)− Φ(p)Ψ(p)

lies entirely in M if and only if the function

Z : M ×M → R
(x, y) 7→ 〈S(x),Ψ(y)〉,

is nowhere negative.

Proof. A point f(y) lies inside the compact region bounded by the sphere S(x) if∣∣∣∣f(x)− f(y)− N(p)

Φ(p)

∣∣∣∣2 < Φ(x)−2

⇔ Φ(x)

2
|f(x)− f(y)|2 − 〈N(x), f(x)− f(y)〉 < 0.

With (10.1) and (10.2) we get for Z

〈S(x),Ψ(y)〉 = 〈N(p),Ψ(y)〉 − Φ(p)〈Ψ(p),Ψ(y)〉

= 〈N(p), f(y)− f(x)〉 − Φ(p)
(
〈f(x), f(y)〉 − 1

2
(|f(x)|2|f(y)|2)

)
=

Φ(x)

2
|f(x)− f(y)|2 − 〈N(x), f(x)− f(y)〉.

�

The construction of the the maximal interior sphere congruence for a given embedding
f : M → R3 works pointwise. For x0 ∈M we start with a large number Φ ∈ R and shrink
it till the function

Z : M × R→ R
(Φ, y) 7→ 〈N(x0)− ΦΨ(x0),Ψ(y)〉,

is negative for some y ∈ M . Because Z is continuous and [0,∞) is closed, there exists a
minimal Φ(x0) ∈ R+ such that Z(Φ(x0), y) ≥ 0 for all y ∈ M . Therefore, we can define
the maximal sphere congruence as

K := N − ΦΨ.

This construction is continuous and conformally invariant. If Ψ̃ : M → QA denotes the
lift of f to another space form, we obtain with (11.1) that the maximal sphere congruence
stays the same. We summarize our considerations in the next proposition.



ISOTHERMIC CONSTRAINED WILLMORE TORI 73

Proposition 27.
If Ψ : M → QA is the lift of an embedding f : M → R3 to a space form QA ⊂ L, then
there exists a continuous function Φ : M → R+ such that

K := N − ΦΨ,

is the maximal sphere congruence of Ψ.

We start our investigation of the maximal sphere congruence with a first estimate for
curvature function Φ.

Lemma 22.
Let K := N−ΦΨ be the maximal interior sphere congruence of an embedding f : M → R3,
then the curvature function Φ satisfies

Φ(x) ≥ λ1(x) ∀x ∈M,

where λ1(x) denotes the bigger principal curvature of f .

Proof. We fix x0 ∈ M and consider the function Z(y) := 〈N(x0) − Φ(x0)Ψ(x0),Ψ(y)〉
Because Z(y) ≥ 0 for all y ∈M and Z(x0) = 0, Z has a global minimum at x0.

Let γ : (−ε, ε) → M be an arclength parametrized geodesic in M with γ(0) = x0, then
Z(t) := Z(γ(t)) has a global minimum at t = 0. Because f envelops K, we have

dZ(X) = 〈N(x0)− Φ(x0)Ψ(x0), dΨ(X)〉 = 0 ∀X ∈ Tx0M
⇒ Z ′(0) = 0 for all geodesics γ.

Since γ is a geodesic, the second derivative is normal valued

f(γ(t))′′ = −〈df(γ′(t)), dN(γ′(t))〉N(γ(t)).

This gives us for the second derivative of Ψ(t) := Ψ(γ(t)):

Ψ′′(t) =

Ñ
f ′′(t)

2〈f ′′(t), f(t)〉+ 2
0

é
= −〈df(γ′(t)), dN(γ′(t))〉N(γ(t)) + Aeuc.

Now we can compute the second derivative of Z:

Z ′′(t) = 〈N(x0)− Φ(x0)Ψ(x0),Ψ′′(t))〉
= 〈N(x0)− Φ(x0)Ψ(x0),−〈df(γ′(t)), dN(γ′(t))〉N(γ(t)) + Aeuc〉 (11.3)

⇒ Z ′′(0) = Φ(x0)− 〈df(γ′(0)), dN(γ′(0))〉︸ ︷︷ ︸
∈[λ2(x0),λ1(x0)]

.

Since Z has a minimum at x0, the function Z ′′(0) cannot be negative and we obtain
Φ(x0) ≥ λ1(x0). �

Definition 30.
Let K := N−ΦΨ be the maximal interior sphere congruence of an embedding f : M → R3,
the points x ∈ M with Φ(x) = λ1(x) will be called maximal points of the maximal
interior sphere congruence.
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Fig. 8: Two spheres of the maximal interior sphere congruence K. The
point x is a maximal point ofK because the sphereK(x) touches the surface
only in the point f(x). The points y, z are no maximal points, because the
curvature of the sphere K(y) = K(y) is bigger as the curvature of the
surface at the touching points.

If x0 is not a maximal point of the maximal interior sphere congruence, there exist y0 6=
x0 ∈ M such that the sphere K(x0) is tangent to the surface at ψ(x0) and Ψ(y0). In
particular we have K(x0) = K(y0), i.e.,

Φ(x0) = Φ(y0), (11.4)
N(x0) = N(y0)− Φ(x0)(Ψ(x0)−Ψ(y0), (11.5)

and the function Z(x, y) := 〈K(x),Ψ(y)〉 has a global minimum at (x0, y0). If for x0 ∈M
there does not exist another point y0 6= x0 ∈M with K(x0) = K(y0), then x0 is a maximal
point of the maximal sphere congruence. The existence of a maximal point gives us further
information about the curvature of the surface at this point.

Proposition 28.
Let f : M → R3 be an embedding and x0 ∈ M a maximal point of the maximal interior
sphere congruence K of f . If f admits a curvature line parametrisation in a neighborhood
of x0, we have dλ1(X1) = 0, where X1 ∈ Tx0M is the principal curvature direction corre-
sponding to the bigger principle curvature λ1. If additionally x0 is an umbilical point, we
further have dµx0 = 0 = dHx0 .

Proof. Let γ : (−ε, ε) → M be an arclength parametrized geodesic in M with γ(0) = x0.
If f admits a curvature line parametrisation, there exist normalized principal curvature
vector fields X1, X2 a long γ and β ∈ C∞((−ε, ε), [0, 2π]) such that:

γ′(t) = cos(β(t))X1(t) + sin(β(t))X2(t).
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As in the proof of Lemma 22, we consider the function Z(t) := 〈K(x0),Ψ(γ(t))〉, that has
a global minimum at t = 0 for all geodesics γ(t). Due to (11.3), the second derivative of
Z is given by

Z ′′(t) = 〈N(x0)− Φ(x0)Ψ(x0),−〈df(γ′(t)), dN(γ′(t))〉N(γ(t)) + Aeuc〉
⇒ Z ′′(0) = Φ(x0)− 〈df(γ′(0)), dN(γ′(0))〉.

For the geodesic with γ′(0) = X1, we get Z ′′(0) = 0. Since Z has a global minimum at
t = 0, the third derivative has to be zero, too. This is the case if and only if

0 = 〈df(γ′(t)), dN(γ′(t))〉′|t=0 (11.6)

=
(

cos2(β(t))λ1(γ(t)) + sin2(β(t))λ2(γ(t)〉
)′∣∣∣

t=0

= cos2(β(0))dλ1(γ′(0)) + sin2(β(0))dλ2(γ′(0))

+ 2 cos(β(0)) sin(β(0))dβ(γ′(0))(λ2(p0)− λ1(p0))

= dλ1(γ′(0))

= dλ1(X1).

Assume now that x0 is an umbilical point, i.e., λ1(x0) = λ2(x0). Then Equation 11.6 has
to be satisfied for all choices of β(0) ∈ [0, 2π].

0 =
(

cos2(β(t))λ1(γ(t)) + sin2(β(t))λ2(γ(t)〉
)′∣∣∣

t=0

= cos2(β(0))dλ1(γ′(0)) + sin2(β(0))dλ2(γ′(0))

+ 2 cos(β(0)) sin(β(0))dβ(γ′(0)) (λ2(p0)− λ1(p0)︸ ︷︷ ︸
=0

= cos3(β(0))dλ1(X1) + sin(β(0)) cos2(β(0))dλ1(X2)

+ sin2(β(0)) cos(β(0))dλ2(X1) + sin3(β(0))dλ2(X2).

For β(0) = 0 we get dλ1(X1) = 0 and for β(0) = π
2 we have dλ2(X2) = 0 and hence

0 = sin(β(0)) cos(β(0)) (sin(β(0))dλ2(X1) + cos(β(0))dλ1(X2))

⇔ sin(β(0))dλ2(X1) = − cos(β(0))dλ1(X2) (11.7)

Because (11.7) has to be satisfied for all β(0) ∈ (0, π2 ), we obtain dλ2 = dλ1 = 0 and hence

dHp0 =
1

2
(dλ1 + dλ2) = 0 =

1

2
(dλ1 − dλ2) = dµx0 .

�

12. Babich-Bobenko tori and Bryant tori with smooth ends

Let f : M → R3 be an embedding of an isothermic constrained Willmore torus. With
Theorem 9, we know that f has constant mean curvature H̃ in a space form QA. For
the following investigation we distinguish tree different cases, depending on whether the
surface intersects the ideal boundary of QA (Babich-Bobenko tori), touches it (Bryant
surfaces), or lies entirely in QA. In this section, we will show that the Babich-Bobenko
tori cannot be embedded. To this end, we assume that f : M → R3 is an embedding
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and τ = ρ−1ω the differential of the Christoffel dual of f . Because M is a torus, the
holomorphic differential τ has no zeros (see Corollary 5). We will show that in the case of
Babich-Bobenko tori, these assumptions lead to a contradiction. Let Ψ : M → L denote
the euclidean lift of f to the light cone, and Ψ̃ : M → QA the lift to the space form QA in
which f has constant mean curvature H̃. The maximal interior sphere congruence of f is
given by:

K = N − ΦΨ = Ñ − Φ̃Ψ̃.

We start with a lemma for all embedded isothermic constrained Willmore tori.

Lemma 23.
Let f : M → R3 be an embedding of an isothermic constrained Willmore torus, Ψ : M → L

its isometric lift to the light cone and K its maximal interior sphere congruence. Then for
every point pair (x0, y0) ∈ M ×M with Z(x0, y0) := 〈K(x0),Ψ(y0)〉 = 〈K(y0),Ψ(x0)〉 =
Z(y0, x0) = 0, the following equation for the euclidean mean curvature holds

ρ(x0)H(x0)− ρ(y0)H(y0) = Φ
(
ρ(x0)− ρ(y0)

)
.

If g̃ = ρ−2g defines a hyperbolic metric, f(x0) and f(y0) lie in the same space H3
±. Fur-

thermore, x0 is an umbilical point if and only if y0 is.

Proof. Because H̃ = −ρH + 〈N,A〉 is constant, we obtain with (11.5)

ρ(x0)H(x0)− ρ(y0)H(y0) = 〈N(x0),A〉 − 〈N(y0),A〉
= 〈−Φ(x0)(Ψ(x0)−Ψ(y0),A〉
= Φ

(
ρ(x0)− ρ(y0)

)
.

Rearranging the terms gives us

ρ(x0)(Φ−H(x0)) = ρ(y0)(Φ−H(y0)). (12.1)

The relation between the curvature of the spheres K(x), K(y) and the bigger principal
curvatures of the surface at the touching points was described in Proposition 22:

Φ(x0) = Φ(y0) ≥ λ1(y0) ≥ H(y0) ≥ λ2(y0).

Therefore, Φ(x0)−H(x0) and Φ(x0)−H(y0) are non negative, and both sides of Equation
12.1 are zero if and only if x0 and y0 are umbilical points. Finally, we obtain from (12.1)
that ρ(x0) and ρ(y0) have the same sign and hence f(x0), f(y0) lie in the same space H3

±
or are both umbilical. �

Note, that the Lemma 23 stays true if we reverse the orientation of M and consider the
maximal exterior sphere congruence of M .

12.1. Babich-Bobenko tori. For the following investigations of the Babich-Bobenko tori,
we choose the Poincaré half-space model. Let f : M → R3 be an immersion with out-
pointing euclidean normal field N that has CMC with respect to the hyperbolic metric
g̃ := ρ−2f∗〈·, ·〉, where ρ̃(x) := 〈x, b〉 for some b ∈ S2 and ρ := f∗ρ̃. In other terms, the
restriction of f to

M± := {p ∈M |〈b, f(p)〉 ≷ 0} (12.2)
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Fig. 9: The mean curvature sphere Sf (p) intersects the plane E in a circle
with radius κ−1 = sin(α)

H0
.

has constant mean curvature

H̃ = ±(ρH − 〈b,N〉)), (12.3)

with respect to the metric g̃. Let

M0 := {p ∈M |〈b, f(p)〉 = 0}, (12.4)

denote the set of umbilical points of f(M). The fact that the restriction of the immersion
f onto M± has constant mean curvature ±H̃ implies that τ := ρ−1ω is closed and hence
holomorphic on M±. Since τ is continuous on the whole of the genus one surface M , it
is holomorphic everywhere (for more details see [3]). It follows from Proposition 26 that
f(M) cuts the plane E := {x ∈ R3|ρ(x) = 0} with constant angle α := arccos(H̃), and
from Lemma 14 we obtain for the differential of the euclidean mean curvature H

dH = 〈τ, b〉. (12.5)

We now assume that f : M → R3 is an embedding and consider the intersection of f(M)
with E, i.e, f(M0). Due to the fact that f(M) is embedded, there exist regular simply
closed curves γi : S1 → M such that f(M0) =

⋃
i f(γi)(S1). The curves do not intersect

each other and at least one of them, here denoted by f(γ), bounds a topological disk in
E \ f(M0).

Lemma 24.
The curvature κ(t) of f(γ(t)) as plane curve in E is given by

sin(α)κ(t) = ±H(γ(t)), (12.6)

depending on whether the normal of γ points out of or into the compact region bounded by
f(M). Here H(γ(t)) is the mean curvature of f(M) at γ(t) and α denotes the constant
angle of intersection between f(M) and E.
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Proof. We assume that f(γ) is an arclength parametrization and n : S1 → S1 ⊂ E denotes
the outpointing normal field of f(γ). Since f(M) intersects E in a constant angle α, the
normal field is given by

n(t) = ± sin(α)N(γ(t)) + cos(α)Ndf(γ′(t)).

The curvature κ(t) of the planar curve f(γ) is defined by

−κ(t)n(t) = f(γ(t))′′ = df(γ′(t))′ = df(5γ′(t)γ
′(t))− 〈df(γ′(t)), dN(γ′(t))〉N(t).

Because f(γ(t)) lies in the plane E, all the points of the curve f(γ(t)) are umbilical points
of the immersion f . With |df(γ′(t))| = 1 we obtain for the second fundamental form of f
at γ(t)

〈df(γ′(t)), dN(γ′(t))〉 = H(γ(t)).

Taking the scalar product with N(t) gives us the desired result

−H(γ(t)) = 〈N(t), f(γ(t))′′〉 = 〈N(t),−κ(t)n(t)〉 = ∓ sin(α)κ(t).

�

Because f(γ) is a regular, simply closed and planar curve, we can apply the following
theorem from Bernd Wegner.

Theorem 13 (Wegner [31]).
Every simply closed C3-curve a in the plane has at least two points where the osculating
circles are contained in the closure of its interior and at least two points where the os-
culating circles are contained in the closure of its exterior. (For the exterior case also
supporting lines at points with vanishing curvature will be called osculating circles.)

Now we have all the necessary components to prove the following theorem.

Theorem 14.
There are no embedded Babich-Bobenko tori.

Proof. Assume that f : M → R3 is an embedding of a Babich-Bobenko torus and let
f(γ)(S1) be a component of f(M) ∩ E that bounds a topological disk D in E \ f(M0).
By Theorem 13, there exist two points x1, x2 on f(γ) such that the osculating circles Ci
at these points are contained in the closure of D. Further, let Sf (xi) denote the sphere
that is tangent to f(M) at xi and intersects the plane E in the Ci. With Lemma 24,
the radius of the sphere Sf (xi) is given by ±H(xi), i.e., Sf (xi) = N(xi) −H(xi)Ψ(xi) is
the mean curvature sphere of f at xi. If the normal of f(γ) points outside the compact
region bounded by f(M), we consider the maximal interior sphere congruence of f , else
the exterior one. In both cases we will denote the sphere congruence by K and show that
xi is a maximal point of K.

If xi is not a maximal point, there exists another point yi ∈M such that Ψ(xi) and Ψ(yi)
lie in the same sphere of the maximal interior sphere congruence, i.e., K(xi) = K(yi).
We can now use Lemma 23 and obtain that yi is an umbilical point because xi ∈ M0 is
umbilical. Due to the construction of the maximal sphere congruence, the point f(yi) lies
on the circle Ci if it is contained in the plane E. This gives us that the sphere K(xi)
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Fig. 10: The osculating circle of γ at the point γ(t) is contained in the
compact region bounded by γ(S1).

intersects the plane E in the circle Ci and is hence identical with the mean curvature
sphere of f at xi.

At umbilical points the principal curvatures and the mean curvature are equal and xi is
a maximal point of maximal sphere congruence K. Furthermore, there exist a conformal
coordinate line parametrization in a neighborhood of xi because Babich-Bobenko tori are
isothermic (see Proposition 16). Therefore, the point xi satisfies all assumptions of Propo-
sition 28 and the differential of the mean curvature dH is zero at xi. Using Equation 12.5,
this leads to

0 = dHxi = 〈τxi , b〉.

Since the immersion f intersects the plane E = {b}⊥ transversely and the differential
τ ∈ KR(M) is conformal, we finally have τxi = 0. On a torus holomorphic differentials do
not have zeros and hence f cannot be embedded. �

In Theorem 10 we gave a first classification of isothermic constrained Willmore tori as
CMC surfaces. Now we want to figure out which of them can be embedded. Due to
Alexandrov’s theorem [1], totally umbilical spheres are the only closed CMC surfaces in
R3 andH3. Further we have shown in Proposition 12 that isothermic constrained Willmore
tori that are Möbius equivalent to a minimal surface with smooth ends in R3 cannot be
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embedded. After we have now proved that the Babich-Bobenko tori can be embedded, we
obtain the following classification of embedded isothermic constrained Willmore tori:

Theorem 15 (First classification of embedded, isothermic constrained Willmore tori).
An embedded, isothermic constrained Willmore torus f : M → R3 is either a Bryant
surface with smooth ends or there exists a stereographic projection that maps it into a unit
3-sphere in R4, where it has constant mean curvature.

12.2. Bryant tori with smooth ends. For the investigation of the Bryant surfaces, we
choose the Poincaré ball model, which we obtain by a conformal change of the euclidean
metric of R3:

〈·, ·〉 7→ 〈·, ·̃〉 := ρ̃−2〈·, ·〉, where ρ̃ =
1− |x|2

2
.

An immersion f : M → R3 is a Bryant surface with smooth ends if it has constant mean
curvature H̃ = 1 with respect to the metric g̃ := ρ−2g = (f∗ρ̃)−2f∗〈·, ·〉. These surfaces
lie inside H3 = {x ∈ R3| |x|2 ≤ 1} and are tangential to the ideal boundary ∂H3 = S2 (see
Proposition 26). Points in

M0 := {p ∈M |f(p) ∈ S2}

are called end-points of the Bryant surface. Due to Corollary 11, a point p ∈ M is an
umbilical point of f if and only if it is an end-point. If Ψ : M → L denotes the euclidean
lift of f to the light cone, the map Ψ̃ := ρ−1Ψ lifts the immersion f to the space form
QAhyp

in which it has constant mean curvature H̃ = 1 (see Example 5).

Proposition 29.
Let f : M → R3 be an embedding of a Bryant torus with smooth ends, K : M → P+ its
maximal interior sphere congruence, and x ∈M0 an end-point of the Bryant surface, then
x is a maximal point of the sphere congruence K.

Proof. Since the Bryant surface f(M) is tangent to the ideal boundary S2 at x, the same
applies for the sphere K(x). We assume that x is not a maximal point of the MISC K.
Then there exists another point y ∈ M such that Ψ(x) and Ψ(y) lie in the same sphere
of the maximal interior sphere congruence, i.e., K(x) = K(y). Using Lemma 23 and the
fact that x is an umbilical point, we obtain that y is also an umbilical point and hence an
end-point of the Bryant surface. This means the spheres K(x) and S2 are identical because
they share two points f(x), f(y) and the tangent space at f(x). Since we assumed f to be
a Bryant torus, the surface f(M) is contained in H3 = {x ∈ R3| |x|2 ≤ 1}. If one sphere
K(x) of the maximal interior sphere congruence is given by the ideal boundary S2, this
implies that the surface f(M) lies on the 2-sphere S2. This contradicts the assumption
that f is an embedding of a torus, and is hence impossible. Therefore, x has to be a
maximal point of the MISC. �

If a Bryant torus is isothermic, there exists a conformal coordinate line parametrization
in a neighborhood of the end-points (see Propostion 16), and we can use Proposition 22
to obtain the following corollary.
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Corollary 12.
Let f : M → R3 be an embedding of an isothermic Bryant torus with smooth ends and
x ∈ M0 an end-point. Then both the differential of the euclidean mean curvature H and
the differential of the difference of the principal curvatures µ = λ1−λ2

2 have a zero at x.

Remark 8. For Babich-Bobenko tori, the zero of dHx leads to a zero of the differential of
the Christoffel dual τ , which we utilized to show that these surfaces cannot be embedded.
The same is not true for isothermic Bryant tori because they are tangent to the ideal
boundary. This gives us that at a touching point the zero of the function ρ(p) := 1−|f(p)|2

2
has at least order two. If we now choose a principal curvature direction X at an end-point
x ∈M0, we obtain with Lemma 7 that

ρ(x)τ(X) = ω(X) = µ(x)df(X).

The fact that µ has a zero of order two does no longer imply a zero of the holomorphic
differential τ because ρ also has a zero of order at least two. However, if f : M → R3 is
an embedding of a Bryant torus with smooth ends, we obtain from Proposition 29 that
the mean curvature sphere at the end-points is contained in the compact region bounded
by f(M). Furthermore, we know that at these points the euclidean mean curvature H
is bigger than one and that its differential vanishes if the embedding is isothermic. Since
the end-points are umbilical and the mean curvature is bigger than one, they have to be
isolated. Further, we conjecture that isothermic Bryant tori with smooth ends cannot be
embedded, but do not have a proof so far.

13. Embedded CMC tori

In the last section, we found that every embedded isothermic constrained Willmore torus
f : M → R3 is either a Bryant surface with smooth ends or there exists a stereographic
projection that maps it onto a round 3-sphere where it has constant mean curvature. In
both cases there exists a space form QA in which the surface has constant mean curva-
ture H̃. In this section, we will show that the curvature of the maximal interior sphere
congruence of CMC tori that are entirely contained in QA (this excludes Bryant tori with
smooth ends) is given by the bigger principal curvature λ1 of f , i.e.,

K = N − λ1Ψ,

and that λ1 is constant along its curvature line. Later in Section 15, we will see that
surfaces with this property are canal surfaces.

In 2013 Simon Brendle proofed the Lawson conjecture considering the maximal interior
sphere congruence of minimal tori in S3 [7]. Two years later Ben Andrews and Haizhong Li
[2] generalized Brendles result and showed that any CMC torus in S3 is axially symmetric.
We adapt their strategy such that it works in our Möbius-geometric coordinate free setup
and deals with all possible space forms at the same time. We think that the Möbius-
geometric setup gives a better geometric understanding of the method and makes it possible
to apply it in other situations, too. In particular, we use it in the next section to reproduce
the well-known result that the only periodic CMC cylinders with annular ends in R3 are
Delaunay surfaces. The famous theorem of Alexander D. Alexandrow [1] proves that there
are no embedded CMC tori in R3 or H3, in Section 16 we can show this result for tori
using the MISC. Furthermore, we plane to apply this method in future work to prove that
Bryant surfaces with smooth ends cannot be embedded.
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In this section we will always use the following notation and assumptions:
Let f : M → R3 be an embedding of a torus, that has constant mean curvature H̃ with
respect to the metric g̃ which we obtained by a conformal change of the euclidean metric
of R3, i.e., g̃ := ρ−2g = ρ−2f∗〈·, ·〉, with ρ(p) 6= 0 for all p ∈ M . Further, let Ψ : M → L

denote the isometric lift of f to the light cone and Ψ̃ := ρ−1Ψ the one to the space form
QA in which the surface is entirely contained and has constant mean curvature H̃.

In general it is not guaranteed that the maximal interior sphere congruence of an embedded
surface is smooth. Therefore, we will first construct a smooth sphere congruence K =
N−ΦΨ that is entirely contained in the compact region bounded by f(M) and then show
that the curvature Φ has to be equal to the bigger principal curvature of f .

Let M̂ be the compact region bounded by f(M). Because M is compact, we can choose
the orientation of f such that the normal’s N point outside M̂ and the mean curvature H̃
of f in QA is positive. With Lemma 21, the sphere congruence is entirely contained in M̂
if the function

Z : M ×M → R
(x, y) 7→ 〈K(x),Ψ(y)〉,

is nowhere negative. With Corollary 11, f has no umbilical points, i.e., µ = λ1−λ2
2 > 0,

and we can choose the following ansatz for Φ:

Φ := H + κµ κ ∈ R. (13.1)

For a sufficiently large choice of κ, the radii of the spheres become arbitrarily small and
Z is a positive function. Now we shrink κ till there exist at least one pair of points
(x0, y0) ∈ M ×M with Z(x0, y0) = 0 and Z(x, y) ≥ 0 for all (x, y) ∈ M ×M . Because
K(x) contains Ψ(x0) and Ψ(y0), we get

K(x0) = N(x0)− Φ(x0)Ψ(x0) = N(y0)− Φ(y0)Ψ(y0) = K(y0).

And hence

Φ(x0) = Φ(y0)

N(x0) = N(y0) + Φ(x0) (Ψ(x0)−Ψ(y0))︸ ︷︷ ︸
:=R(x0,y0)

. (13.2)

The function Z attains its global minimum zero at (x0, y0), which is equivalent to

〈N(x0),Ψ(y0)〉 = Φ(x0)〈Ψ(x0),Ψ(y0)〉 = −Φ(x0)
|R(x0, y0)|2

2
. (13.3)

Because Z has a global minimum at (x0, y0), the derivatives of Z disappear at this point.
For (0, Y ) ∈ X(M)× X(M) we get

0 = ∇(0,Y )Z|(x0,y0) = 〈K(x0), dΨ(Y )〉 = 〈K(y0), dΨ(Y )〉. (13.4)
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Fig. 11: The maximal interior sphere K is tangent to the surface f(M) at
the points f(x) and f(y).

This means, that f(M) is tangent to K(x0) at y0. Let A denote the shape operator of the
immersion f . Then we get for (X, 0) ∈ X(M)× X(M)

0 = ∇(X,0)Z|(x0,y0) = 〈dK(x0),Ψ(y0)〉
= 〈dN(X)− Φ(x0)dΨ(X)− dΦ(X)Ψ(x0),Ψ(y0)〉
= 〈dΨ(AX − Φ(x0)X)− dΦ(X)Ψ(x0),Ψ(y0)〉

⇒ 〈dΨ(AX − Φ(x0)X),Ψ(y0)〉 = dΦ(X)〈Ψ(x0),Ψ(y0)〉. (13.5)

If the vector dK(X)(x0, y0) is not zero, it is space-like and defines a sphere it self,

dK(X) = −dΦ(X)

Ö
f(x0)− df(AX−Φ(x0)X)

dΦ(X)

|f(x0)|2 − 2 〈f(x0),df(AX−Φ(x0)X)〉
dΦ(X)

1

è
. (13.6)

This sphere contains Ψ(x0) and Ψ(y0) and intersects K(x0) orthogonal because

0 = 〈K(x0), dK(X)〉 = 〈Ψ(x0), dK(X)〉 = 〈Ψ(y0), dK(X)〉.

In order to compute second derivatives of Z, we need to know the Laplacian of Φ. To this
end, we consider a third metric ĝ on M , which we define by the real quadratic form

q̂(X,X) := |df(X)τ(X)|, (13.7)

where τ denotes the differential of the Christoffel dual of f . The metrics g and ĝ are
conformally equivalent. Considering the corresponding quadratic forms q and q̂, we can
compute the conformal factor

q̂ = |df ||τ | = |df | |ω|
|ρ|

=
|µ|
|ρ|
|df |2 =

µ

ρ
q. (13.8)
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Since the quadratic differential q̂ = dfτ is holomorhic, the metric ĝ is flat, i.e., K̂ = 0 (see
Example 3). The conformal change between ĝ and g̃ is given by

ĝ = e2ug̃ = µρg̃ = µ̃g̃. (13.9)

Lemma 25 (Gordon equation).
The function u = ln(µρ)

2 satisfies the following differential equation:

d ∗ du = −
ÄÄ
H̃2 + k

ä
e−2u − e2u

ä
dσ̂

= −
ÄÄ
H̃2 + k

ä
ρ−2 − µ2

ä
dσ,

where k denotes the sectional curvature of the space form with metric g̃.

Note that for H̃ = 0 and k = ±1, this is the cosh- resp. sinh-Gordon equation for minimal
surfaces in H3 resp. S3.

Proof. We consider the conformal change of metric g̃ 7→ e2ug = ĝ. Due to Proposition 11,
the Gauss curvature of the immersion f changes according to

K̂ = e−2u(K̃ − 4̃u),

where the Laplace operator is defined with respect to the old metric g̃

4̃udσ̃ = −d ∗ du.

Using the Gauss equation for an immersion into the space form with metric g̃ and curvature
k (see Corollary 6), we further have

K̃dσ̃ =
Ä
H̃2 + k − µ̃2

ä
dσ̃.

We have now all ingredients together to proof the lemma

−d ∗ du = K̃dσ̃ =
Ä
H̃2 + k − µ̃2

ä
dσ̃

=
ÄÄ
H̃2 + k

ä
µ̃−1 − µ̃

ä
dσ̂

=
ÄÄ
H̃2 + k

ä
e−2u − e2u

ä
dσ̂

=
ÄÄ
H̃2 + k

ä
ρ−2 − µ2

ä
dσ.

�

Proposition 30.
The Laplacian of Φ := H + κµ is given by

4Φ = 2κµ
(‖dµ‖2

µ2
− ‖dρ‖

2

ρ2
+H2 − µ2 +

H〈A,N〉
ρ

− 〈A,Aeuc〉
ρ

)
+

2µ2

ρ
〈A,N〉.

Proof. With u = ln(µρ)
2 we have

d ∗ du =
1

2
d

Å∗dρ
ρ

+
∗dµ
µ

ã
=

1

2

Å
d ∗ dµ
µ

+
∗dµ ∧ dµ

µ2
+
d ∗ dρ
ρ

+
∗dρ ∧ dρ

ρ2

ã
⇒ d ∗ dµ = 2µd ∗ du− 2‖dµ‖2

µ
− µd ∗ dρ

ρ
− 2µ‖dρ‖2

ρ2
.
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In Lemma 14 we computed the Laplacian of the mean curvature H,

d ∗ dH = −2µ2

ρ
〈A,N〉dσ.

The formula for the Laplacian of Ψ that we derived in Lemma 20, gives us

d ∗ dρ = −〈A, d ∗ dΨ〉 = −2H〈A,N〉dσ + 2〈A,Aeuc〉dσ.

This gives rise to

d ∗ dΦ = d ∗ dH + κd ∗ dµ

=
−2µ2

ρ
〈A,N〉dσ + κ

Å
2µd ∗ du− 2‖dµ‖2dσ

µ
− µd ∗ dρ

ρ
− 2µ‖dρ‖2dσ

ρ2

ã
= −2κµ

Ç
‖dµ‖2

µ2
+
‖dρ‖2

ρ2
+
H̃2 + k

ρ2
− µ2 − H〈A,N〉

ρ
+
〈A,Aeuc〉

ρ

å
dσ

− 2µ2

ρ
〈A,N〉dσ.

With Proposition 17 we have H̃ = Hρ+ 〈A,N〉, which leads to

H̃2

ρ2
= H2 +

2H〈A,N〉
ρ

+
〈A,N〉2

ρ2
.

Using Equation 10.4, we finally get

4Φ = 2κµ
(‖dµ‖2

µ2
+
‖dρ‖2

ρ2
+H2 +

2H〈A,N〉
ρ

+
〈A,N〉2

ρ2
+

k

ρ2
− µ2 − H〈A,N〉

ρ

+
〈A,Aeuc〉

ρ

)
+

2µ2

ρ
〈A,N〉

= 2κµ
(‖dµ‖2

µ2
− ‖dρ‖

2

ρ2
+H2 − µ2 +

1

ρ2
(‖dρ‖2 + A,N〉2 + k) +

H〈A,N〉
ρ

+
〈A,Aeuc〉

ρ

)
+

2µ2

ρ
〈A,N〉

= 2κµ
(‖dµ‖2

µ2
− ‖dρ‖

2

ρ2
+H2 − µ2 +

H〈A,N〉
ρ

− 〈A,Aeuc〉
ρ

)
+

2µ2

ρ
〈A,N〉.

�

For the computation of the second derivative of Z, we choose vector fields X1, X2, Y1, Y2 ∈
X(M) with the following properties: Firstly, X1, X2 are orthonormal at x0 with respect to
g̃ and satisfy (∇Xi)|x0 = 0 and dN(Xi) = λidf(Xi). Secondly, Y1, Y2 are orthonormal and
have vanishing derivatives at y0, i.e., (∇Yi)|y0 = 0. We further demand that dΨ(Yi)(y0)
is given by T (dΨ(Xi))(x0), where T denotes the reflection at the affine hyperplane that
contains the center of K(x0) and is perpendicular to R(x0, y0), i.e :

T (dΨ(X)) =
ρ(y0)

ρ(x0)

Å
(dΨ(X)− 2〈dΨ(X), R(x0, y0)〉 R(x0, y0)

|R(x0, y0)|2

ã
= dΨ(Y ).

Using Lemma 20, we can now compute the second derivatives of Z.
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Lemma 26.
At the point (x0, y0) ∈M ×M the second derivatives of Z with respect to Xi, Yi are given
by:

2∑
i=1

∇(0,Yi)dZ(0, Yi)|(x0,y0) = 2ρ2(y0)(Φ(x0)−H(y0)),

2∑
i=1

∇(0,Xi)dZ(0, Yi)|(x0,y0) = 2ρ(x0)ρ(y0)(H(x0)− Φ(x0)),

2∑
i=1

∇(0,Xi)dZ(0, Xi)|(x0,y0) = 2ρ(x0)2(Φ(x0)−H(x0))− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

+

(
−2κρ(x0)2‖dµ‖2

µ
+ 2κµ‖dρ‖2 − 2κρ(x0)µH(x0)〈A,N〉

+ 2κρ(x0)µ〈A,Aeuc〉+ 2(κ2 − 1)ρ(x0)2H(x0)µ2(x0)

− 2µ2ρ(x0)〈A,N〉

)
〈Ψ(x0),Ψ(y0)〉.

Proof.
2∑
i=1

∇(0,Yi)dZ(0, Yi)|(x0,y0) = 〈K(x0), 4̃Ψ(y0)〉

= ρ2(y0)〈K(x0),4Ψ(y0)〉
= ρ2(y0)〈K(y0),−2H(y0)N(y0) + 2Aeuc〉
= ρ2(y0)〈N(y0)− Φ(y0)Ψ(y0),−2H(y0)N(y0) + 2Aeuc〉
= 2ρ2(y0)(Φ(x0)−H(y0)).

2∑
i=1

∇(0,Xi)dZ(0, Yi)|(x0,y0) =
2∑
i=1

〈dK(Xi), dΨ(Yi)〉

=
ρ(y0)

ρ(x0)

2∑
i=1

〈dK(Xi), dΨ(Xi)− 2〈dΨ(Xi), R(x0, y0)〉 R(x0, y0)

|R(x0, y0)|2
〉

=
ρ(y0)

ρ(x0)

2∑
i=1

〈dN(Xi)− Φ(x0)dΨ(Xi)− dΦ(Xi)Ψ(x0), dΨ(Xi)〉

= 2ρ(x0)ρ(y0)(H(x0)− Φ(x0)).

2∑
i=1

∇(0,Xi)dZ(0, Xi)|(x0,y0) = 〈4̃K(x0),Ψ(y0)〉 = ρ(x0)2〈4K(x0),Ψ(y0)〉

= ρ(x0)2〈4N(x0)−4Φ(x0)Ψ(y0)− Φ(x0)4Ψ(x0),Ψ(y0)〉+ 2〈dΦ ∧ ∗dΨ(X1, X2),Ψ(y0)〉
= ρ(x0)2〈−2(H2(x0) + µ2(x0))N(x0) + 2H(x0)Aeuc,Ψ(y0)〉+ 2〈∗dH ∧ dΨ(X1, X2),Ψ(y0)〉
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+ ρ(x0)2〈2H(x0)Φ(x0)N(x0)− 2ρ(x0)2Φ(x0)Aeuc,Ψ(y0)〉 − ρ(x0)2〈4Φ(x0) Ψ(x0),Ψ(y0)〉
− 2 ∗ dΦ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

= 2ρ(x0)2(Φ(x0)H(x0)−H2(x0)− µ2(x0))〈N(x0),Ψ(y0)〉 − 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

− 2ρ(x0)2(Φ(x0)−H(x0))〈Aeuc,Ψ(y0)〉 − ρ(x0)2 4 Φ(x0)〈Ψ(x0),Ψ(y0)〉
= ρ(x0)2

(
−4 Φ(x0) + 2Φ(x0)(Φ(x0)H(x0)−H2(x0)− µ2(x0))

)
〈Ψ(x0),Ψ(y0)〉

− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2) + 2ρ(x0)2(Φ(x0)−H(x0))

= ρ(x0)2
(
−4 Φ(x0) + 2

(
κµ(x0)H2(x0)− κµ3(x0) + (κ2 − 1)H(x0)µ2(x0)

))
〈Ψ(x0),Ψ(y0)〉

+ 2ρ(x0)2(Φ(x0)−H(x0))− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

Prop.30
= ρ(x0)2

(
− 2κµ

(‖dµ‖2
µ2

− ‖dρ‖
2

ρ2
+H2 − µ2 +

H〈A,N〉
ρ

− 〈A,Aeuc〉
ρ

)
− 2µ2

ρ
〈A,N〉

+ 2
(
κµ(x0)H2(x0)− κµ3(x0) + (κ2 − 1)H(x0)µ2(x0)

))
〈Ψ(x0),Ψ(y0)〉

+ 2ρ(x0)2(Φ(x0)−H(x0))− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

= 2ρ(x0)2(Φ(x0)−H(x0)) +

(
−2κρ(x0)2‖dµ‖2

µ
+ 2κµ‖dρ‖2 − 2κρ(x0)µH(x0)〈A,N〉

+ 2κρ(x0)µ〈A,Aeuc〉 − 2µ2ρ(x0)〈A,N〉+ 2(κ2 − 1)ρ(x0)2H(x0)µ2(x0)

)
〈Ψ(x0),Ψ(y0)〉

− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2).

�

Proposition 31.
With the assumptions above we obtain at (x0, y0) ∈M ×M :

2∑
i=1

(
d(Xi,0) + d(0,Yi)

)2
Z|(x0,y0)

= (1− κ2)

(
|R(x0, y0)|2µ2ρ(x0)H̃ +

2µ

κ|R(x0, y0)|2
2∑
i=1

(
〈dΨ(Xi),Ψ(y0) +

|R(x0, y0)|2A
2ρ(x0)

〉
)2
)
.

In order to prove the proposition, we will need two lemmas.

Lemma 27.
With the assumptions above we obtain at (x0, y0) ∈M ×M :

− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

=
2µ(1− κ2)

|R(x0, y0)|2κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2 +
|R(x0, y0)|2µ‖dρ‖2

κ

+
2µ

ρ(x0)κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉dρ(Xi)−
|R(x0, y0)|2κρ(x0)2‖dµ‖2

µ
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Proof. Completing the square and using Equation 13.5 and Lemma 14 we get

− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

=
−1

2|R(x0, y0)|2κµ

2∑
i=1

2|R(x0, y0)|2κdµ(Xi)2κµ〈dΨ(Xi),Ψ(y0)〉

=
1

2|R(x0, y0)|2κµ

2∑
i=1

(
|R(x0, y0)|2κdµ(Xi)− 2κµ〈dΨ(Xi),Ψ(y0)〉

)2
− |R(x0, y0)|2

2κµ

2∑
i=1

κ2dµ(Xi)
2 − 2κµ

|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2

=
1

2|R(x0, y0)|2κµ

2∑
i=1

(
|R(x0, y0)|2dΦ(Xi)− |R(x0, y0)|2dH(Xi)− 2κµ〈dΨ(Xi),Ψ(y0)〉

)2
− |R(x0, y0)|2κρ(x0)2‖dµ‖2

µ
− 2κµ

|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2

=
1

2|R(x0, y0)|2κµ

2∑
i=1

(
− 2〈dN(Xi)− Φ(x0)dΨ(Xi),Ψ(y0)〉 − |R(x0, y0)|2dH(Xi)

− 2κµ〈dΨ(Xi),Ψ(y0)〉
)2
− |R(x0, y0)|2κρ(x0)2‖dµ‖2

µ

− 2κµ

|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2

=
1

2|R(x0, y0)|2κµ

2∑
i=1

(
− 2〈Ω(Xi),Ψ(y0)〉 − |R(x0, y0)|2dH(Xi)

)2

− |R(x0, y0)|2κρ(x0)2‖dµ‖2

µ
− 2κµ

|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2

=
2µ

|R(x0, y0)|2κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2 +
|R(x0, y0)|2ρ(x0)2‖dH‖2

µκ

+
2

κµ

2∑
i=1

〈Ω(Xi),Ψ(y0)〉dH(Xi)−
|R(x0, y0)|2κρ(x0)2‖dµ‖2

µ

− 2κµ

|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2

=
2µ(1− κ2)

|R(x0, y0)|2κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2 +
|R(x0, y0)|2µ‖dρ‖2

κ

+
2µ

ρ(x0)κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉dρ(Xi)−
|R(x0, y0)|2κρ(x0)2‖dµ‖2

µ

�
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Lemma 28.
With the assumptions above we obtain at (x0, y0) ∈M ×M :

2ρ2(x0)(Φ(x0)−H(x0)) + 2ρ2(y0)(Φ(x0)−H(y0)) + 4ρ(x0)ρ(y0)(H(x0)− Φ(x0))

= 2κµρ(x0) (ρ(x0)− ρ(y0))

=
−2κµ

ρ(x0)

2∑
i=1

〈A, dΨ(Xi)〉〈dΨ(Xi),Ψ(y0)〉+ 2κµρ(x)Φ(x0)〈A,N(x0)〉〈Ψ(x0),Ψ(y0)〉

− 2κρ(x0)µ〈A,Aeuc〉〈Ψ(x0),Ψ(y0)〉.

Proof. With Lemma 23 we get:

2ρ2(x0)(Φ(x0)−H(x0)) + 2ρ2(y0)(Φ(x0)−H(y0)) + 4ρ(x0)ρ(y0)(H(x0)− Φ(x0))

= 2Φ(x0) (ρ(x0)− ρ(y0))2 + 2ρ(x0)H(x0) (ρ(y0)− ρ(x0))

+ 2ρ(y0) (ρ(x0)H(x0)− ρ(y0)H(y0))

= 2Φ(x0) (ρ(x0)− ρ(y0))2 + 2ρ(x0)H(x0) (ρ(y0)− ρ(x0))

− 2ρ(y0)Φ(x0) (ρ(y0)− ρ(x0))

= 2Φ(x0)
(
ρ(x0)2 − ρ(x0)ρ(y0)

)
+ 2ρ(x0)H(x0) (ρ(y0)− ρ(x0))

= 2κµρ(x0) (ρ(x0)− ρ(y0)) (13.10)

Since g̃x0(Xi, Xi) = 1, the vectorfield X̃i := ρ(x)−1Xi has length one w.r.t. g at x0 and
we can use Equation 10.4 and 13.2 to obtain a new expression for ρ(y0).

ρ(y0) = −〈A,Ψ(y0)〉

= −〈A, dΨ(X̃1)〉〈dΨ(X̃1),Ψ(y0)〉 − 〈A, dΨ(X̃2)〉〈dΨ(X̃2),Ψ(y0)〉
− 〈A,N(x0)〉〈N(x0),Ψ(y0)〉+ 〈A,Ψ(x0)〉〈Aeuc,Ψ(y0)〉+ 〈A,Aeuc〉〈Ψ(x0),Ψ(y0)〉

= −ρ(x0)−2
2∑
i=1

〈A, dΨ(Xi)〉〈dΨ(Xi),Ψ(y0)〉 − Φ(xo)〈A,N(x0)〉〈Ψ(x0),Ψ(y0)〉+ ρ(x)

+ 〈A,Aeuc〉〈Ψ(x0),Ψ(y0)〉. (13.11)

Now we insert (13.11) into (13.10) to finish the proof of the lemma.

2κµρ(x0) (ρ(x0)− ρ(y0)) = 2κµρ(x0)
(
ρ(x0)− ρ(x0)−2

2∑
i=1

〈A, dΨ(Xi)〉〈dΨ(Xi),Ψ(y0)〉

+ Φ(xo)〈A,N(x0)〉〈Ψ(x0),Ψ(y0)〉 − ρ(x)

− 〈A,Aeuc〉〈Ψ(x0),Ψ(y0)〉
)

=
−2κµ

ρ(x0)

2∑
i=1

〈A, dΨ(Xi)〉〈dΨ(Xi),Ψ(y0)〉

+ 2κµρ(x)
(
Φ(x0)〈A,N(x0)〉 − 〈A,Aeuc〉

)
〈Ψ(x0),Ψ(y0)〉.

�

With the two Lemmas 27 and 28 we have all the ingredients together for the proof of
Proposition 31:
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Proof.

2∑
i=1

(
d(Xi,0) + d(0,Yi)

)2
Z|(x0,y0)

=
2∑
i=1

∇(0,Yi)dZ(0, Yi)|(x0,y0) + 2
2∑
i=1

∇(0,Xi)dZ(0, Yi)|(x0,y0) +
2∑
i=1

∇(0,Xi)dZ(0, Xi)|(x0,y0)

Lem.26
= 2ρ2(y0)(Φ(x0)−H(y0)) + 4ρ(x0)ρ(y0)(H(x0)− Φ(x0)) + 2ρ(x0)2(Φ(x0)−H(x0))

+

(
−2κρ(x0)2‖dµ‖2

µ
+ 2κµ‖dρ‖2 − 2κρ(x0)µH(x0)〈A,N〉+ 2κρ(x0)µ〈A,Aeuc〉

+ 2(κ2 − 1)ρ(x0)2H(x0)µ2(x0)− 2µ2ρ(x0)〈A,N〉

)
〈Ψ(x0),Ψ(y0)〉

− 2κ ∗ dµ ∧ 〈dΨ,Ψ(y0)〉(X1, X2)

Lem.27,28
= − 2κµ

ρ(x0)

2∑
i=1

〈A, dΨ(Xi)〉〈dΨ(Xi),Ψ(y0)〉+ 2κµρ(x)Φ(x0)〈A,N(x0)〉〈Ψ(x0),Ψ(y0)〉

− 2κρ(x0)µ〈A,Aeuc〉〈Ψ(x0),Ψ(y0) +

(
−2κρ(x0)2‖dµ‖2

µ
+ 2κµ‖dρ‖2 − 2κρ(x0)µH(x0)〈A,N〉

+ 2κρ(x0)µ〈A,Aeuc〉+ 2(κ2 − 1)ρ(x0)2H(x0)µ2(x0)− 2µ2ρ(x0)〈A,N〉

)
〈Ψ(x0),Ψ(y0)〉

+
2µ(1− κ2)

|R(x0, y0)|2κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2 +
2µ

ρ(x0)κ

2∑
i=1

〈dΨ(Xi),Ψ(y0)〉dρ(Xi)

+
|R(x0, y0)|2µ‖dρ‖2

κ
− |R(x0, y0)|2κρ(x0)2‖dµ‖2

µ

= (1− κ2)

(
|R(x0, y0)|2µ2ρ(x0)(H(x0)ρ(x0) + 〈A,N〉) +

|R(x0, y0)|2µ‖dρ‖2

κ

+
2µ

κ|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2 +
|R(x0, y0)|2

ρ(x0)
〈dΨ(Xi),Ψ(y0)〉dρ(Xi)

)

= (1− κ2)

(
|R(x0, y0)|2µ2ρ(x0)H̃ +

2µ

κ|R(x0, y0)|2
2∑
i=1

〈dΨ(Xi),Ψ(y0)〉2

+
|R(x0, y0)|2

ρ(x0)
〈dΨ(Xi),Ψ(y0)〉〈A, dΦ(Xi)〉+ 〈A, dΦ(Xi)〉2

|R(x0, y0)|4

4ρ(x0)2

)

= (1− κ2)

(
2µ

κ|R(x0, y0)|2
2∑
i=1

(〈
dΨ(Xi),Ψ(y0) +

|R(x0, y0)|2A
2ρ(x0)

〉)2

+ |R(x0, y0)|2µ2ρ(x0)H̃

)
.

�
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Theorem 16.
Let f : M → R3 be an embedding of a torus and QA ⊂ L a space form, such that the lift
of f to QA ⊂ L has constant mean curvature H̃. Then the sphere congruence

K := N − λ1Ψ,

where λ1 denotes the bigger principal curvature of f , lies entirely in the compact region
bounded by f(M), i.e., the function

Z : M ×M → R
(x, y) 7→ 〈K(x),Ψ(y)〉

is nowhere negative. Furthermore, λ1 is constant along its curvature line.

Proof. We define the sphere congruence Kκ := N−(H+κµ)Ψ. Because f has no umbilical
points, we have µ > 0 and for big enough κ the radii of K get arbitrarily small. Due to
the fact that M is compact, there exists a minimal κ such that Kκ lies entirely in the
compact region bounded by f(M), and there is at least one point pair (x0, y0) ∈ M ×M
with Ψ(y0) ∈ Kκ(x0), i.e., Z is nowhere negative and obtains its global minimum zero at
(x0, y0). For κ = 1 the curvature of the sphere congruence is given by the bigger principal
curvature λ1 of f , hence we obtain with Lemma 22 that κ cannot be smaller than one.

Now consider the geodesic γ : (−ε, ε)→M ×M with

γ(0) = (x0, y0),

γ′(0) =

2∑
i=1

(Xi, Yi).

The function Z(t) = Z(γ(t)) has a global minimum at t = 0 and indeed Equation 13.5
and 13.4 guarantee that Z ′(t) has a zero at t = 0.

With Proposition 31, the second derivative of Z at t = 0 is given by

Z(γ(t))′′
∣∣
t=0

=

2∑
i=1

(
d(Xi,0) + d(0,Yi)

)2
Z|(x0,y0)

= (1− κ2)

(
2µ

κ|R(x0, y0)|2
2∑
i=1

(〈
dΨ(Xi),Ψ(y0) +

|R(x0, y0)|2A
2ρ(x0)

〉)2

+ |R(x0, y0)|2µ2ρ(x0)H̃

)
.

For κ > 1, Z ′′(0) is negative and cannot have a minimum at t = 0, hence we obtain κ = 1
and the sphere congruence K := N − λ1Ψ lies entirely in the compact region bounded by
f(M). Due to Lemma 22, this guarantees that K is the maximal interior sphere congruence
of f . Since every point p ∈M is a maximal point of K, we can use Proposition 28 to prove
that λ1 is constant along its curvature line. �
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14. Periodic CMC cylinders with annular ends

Already in 1841, Ch. Delaunay [11] constructed a class of periodic surfaces of revolution
that have constant mean curvature in R3. In his honor these surfaces are nowadays called
Delaunay surfaces. In 1989, Nicholas J. Korevaar, Rob Kusner and Bruce Solomon
proved in their famous paper [21] that every complete and properly embedded CMC surface
in R3 with two ends is a Delaunay surface. In their proof they use Alexandrows reflection
method. We will reproduce their result for a class of cylinders, called periodic CMC
cylinders with annular ends, by using the strategy that we developed for embedded
isothermic constrained Willmore tori. To this end, we will recap which properties of a
torus were necessary for the proof of Theorem 16, and then consider a class of cylinders
that satisfy the same assumptions.

For the construction of the maximal interior sphere congruence it was crucial that the
surface separates the ambient space into two connected components. One class of surfaces
with this property is given by properly embedded surfaces with two annular ends.

Definition 31.
Let M, M̂ be manifolds with boundary. An embedding f : M → M̂ is proper if

(1) f(∂M) = f(M) ∩ ∂(M̂).

(2) f(M) is transverse to ∂(M̂) for all points in f(∂M).

A properly embedded surface f : M → R3 is called of finite type, if it is homeomorphic to
a closed surface with a finite number of closed submanifolds removed. The neighborhoods of
the removed submanifolds are called the ends of the surface. An annular end A ⊂ f(M) is
a properly embedded subset homeomorphic to the punctured unit disk D◦ := {x ∈ R2| 0 <
|x| ≤ 1}. For an annular end A of f(M) the homeomorphism φ : A → D◦ satisfies
lim
x→0

φ(x)→∞ .

We are especially interested in properly embedded cylinders. They are homeomorphic
to a sphere with two points removed and hence have two annular ends. These surfaces
separate the ambient space into two connected components, but they are not compact.
Therefore, it is not clear that we can construct the maximal interior sphere congruence
(MISC) in the same way as we did it for closed surfaces. By a theorem of William Hamilton
Meeks [27], the annular ends of a properly embedded surface of finite type are cylindrically
bounded if the surface has constant mean curvature in R3. This should guarantee the
existence of the MISC for properly embedded CMC cylinders. However, we will consider
periodic cylinders for which it is much simpler to define the MISC.

Definition 32.
An immersion f : M → R3 of a surface is called periodic if there exists v ∈ R3 such that
f(M) is invariant under translations of the lattice Λ := {av ∈ R3| a ∈ Z}.

Let E denote the hyperplane with normal ṽ := v
|v| , T := |v| and

Et := {x ∈ R3| (x− tṽ) ∈ E},
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the corresponding 1-parameter family of parallel affine hyperplanes. An immersion f is
periodic with respect to the lattice Λ := {av ∈ R3| a ∈ Z} if and only if

f(M) ∩ Et = (f(M) ∩ Et+T )− Tv ∀t ∈ R,

where the sum of sets U, V ⊂ R3 is defined as

U + V := {u+ v ∈ R3|u ∈ U, v ∈ V }.

For properly embedded periodic surfaces f : M → R3, the quotient f(M)/Λ is a closed
surface in R3/Λ. After we have identified R3/Λ with the homeomorphic equivalent space
S1 ×R2, there exists a closed manifold M̃ and an embedding f̃ : M̃ → S1 ×R2, such that
f(M)/Λ ∼= f̃(M̃). In particular, any properly embedded periodic cylinder with annular
ends f : M → R3 corresponds to an embedding of a torus f̃ : M̃ → S1 × R2.

For the closed surface f̃(M), the maximal interior sphere congruence is well defined and
continuous (see Proposition 27). If we equip S1 × R2 with the metric that it inherits as
quotient space from R3, we can use the MISC of f̃ and construct one for f by periodic
continuation. This proves the following lemma.

Lemma 29.
Properly embedded periodic cylinders f : M → R3 admit a continuous and periodic maximal
sphere congruence.

Another property of tori that we used for the proof of Theorem 16 is that holomorphic
differentials of a torus have no zeros. Due to this fact, the differential of the Christoffel
dual τ ∈ KL(M) of an isothermic torus never vanishes. This was crucial for the derivation
of the Gordon equation (see Proposition 30) and further implies that CMC tori in R3, S3,
or H3 have no umbilical points (see Corollary 11). Since properly embedded periodic
cylinders correspond to embedded tori in S1 ×R2, their holomorphic differentials have no
zeros either and we can use the same argumentation for these surfaces. Therefore, we can
extend Theorem 16 such that it stays true for properly embedded periodic CMC cylinders
in R3.

Theorem 17.
The bigger principal curvature of a properly embedded periodic CMC cylinder is constant
along its corresponding curvature line.

15. Canal surfaces

In this section we will investigate canal surfaces. We start with a local criterion for surfaces
in R3 and show that they are canal surfaces if and only if their bigger principal curvature
is constant along its curvature line. With Theorem 16, this ensures that all embedded
constrained Willmore tori are canal surfaces or Bryant surfaces with smooth ends. Then,
we will come back to the projective model of Möbius geometry and present a new proof
for the known fact that isothermic canal surfaces in S3 are Möbius equivalent to a surface
of revolution.
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Definition 33.
The envelope of a smooth 1-parameter family of spheres,

St := {x ∈ R3| ‖x−m(t)‖2 − r(t)2 = 0}, (15.1)

is called a canal surface if there exists a an immersion f : (a, b)× S1 → R3 such that

f(t, S1) = Ct := St ∩ S′t ∀t ∈ (a, b),

where S′t denotes the derivative of St w.r.t. the parameter t, i.e.,

S′t := {x ∈ R3| 0 = −2〈x−m(t),m′(t)〉 − 2r′(t)r(t)}. (15.2)

The curve of centers m : (a, b)→ R3 is called the directrix and the Ct’s are the charac-
teristic circles of the canal surface.

Some authors give a more general definition of canal surfaces (compare for example [17]).
They do not demand that the sphere intersects its envelope in a whole circle and call
surfaces with this property elliptic canal surfaces. Given a curve m : (a, b) → R3 and
a positive function r : (a, b) → R+, the envelope of the 1-parameter family of spheres
St := {x ∈ R3| ‖x − m(t)‖2 − r(t)2 = 0} is not always a canal surface. A necessary
condition is that S′t defines a family of planes which is the case if and only if the curve
m is regular. Further, these planes have to intersect the spheres St transversely. A short
calculation shows that this condition is fulfilled if and only if |r′(t)| < ‖m′(t)‖.

The canal surface can be parameterized as follows (see [14]):

f(s, t) := m(t)− r(t)r′(t)

‖m′(t)‖2
m′(t) + r(t)

√
‖m′(t)‖2 − r′(t)2

‖m′(t)‖
(e1(t) cos(s) + e2(t) sin(s)) ,

(15.3)

where e1(t), e2(t) and m′(t)
‖m′(t)‖ are an orthonormal basis of R3 for all t.

Proposition 32.
An immersion f : (a, b) × (c, d) → R3 is part of a canal surface if and only if one of
the principal curvatures is constant and non zero along the corresponding curvature line.
These curvature lines are the characteristic circles of the canal surface.

Proof. “ ⇒ ” Let f : (a, b) × (c, d) → R3 be a part of a canal surface, m : (a, b) → R3 its
directrix and r : (a, b)→ R+ the function of radii. Since the immersion f(t, s) is contained
in the intersection of the sphere St := {x ∈ R3| ‖x −m(t)‖2 − r(t)2 = 0} with the plane
S′t := {x ∈ R3| 0 = −2〈x−m(t),m′(t)〉 − 2r′(t)r(t)}, it has to satisfy two equations:

0 = ‖f(t, s)−m(t)‖2 − r(t)2, (15.4)

0 = 2〈f(t, s)−m(t),m′(t)〉+ 2r′(t)r(t). (15.5)

Taking the derivative of Equation 15.4 w.r.t. both parameters s and t, and using (15.5),
we obtain

0 = 〈fs(t, s), f(t, s)−m(t)〉,
0 = 2〈ft(t, s)−m′(t), f(t, s)−m(t)〉 − 2r′(t)r(t) = 〈ft(t, s), f(t, s)−m(t)〉.
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This means, f(t, s) −m(t) is orthogonal to ft(t, s) as well as fs(t, s) and hence a scalar
multiple of the unit normal field N(t, s). Equation 15.4 gives us

f(t, s)−m(t) = r(t)N(t, s).

Taking the derivative with respect to s leads to

fs(s, t) = r(t)Ns(t, s),

i.e., λ(t, s) = 1
r(t) is a principal curvature of f with λs(t, s) = 0.

“⇐ ” Let f : (a, b)× (c, d)→ R3 be an immersion with unit normal vector field N and

λ(t)fs(s, t) = Ns(s, t) 6= 0, (15.6)

i.e., λ is a never vanishing principal curvature that is constant along the corresponding
curvature line. We define

m(t, s) := f(t, s)− N(t, s)

λ(t)
(15.7)

and obtain

ms(t, s) = fs −
Ns(t, s)

λ(t)
= 0. (15.8)

Now we consider the distance of f to m for a given t

‖f(t, s)−m(t)‖ = ‖ − N(t, s)

λ(t)
‖ =

1

|λ(t)|
=: r(t). (15.9)

This gives us the first equation for f being a canal surface

0 = ‖f(t, s)−m(t)‖2 − r(t)2. (15.10)

The second one we obtain by taking the derivative with respect to t:

0 = 2〈ft(t, s)−m′(t), f(t, s)−m(t)〉 − 2r′(t)r(t)

= −2〈m′(t), f(t, s)−m(t)〉 − 2r′(t)r(t) + 2〈ft(t, s), f(t, s)−m(t)〉︸ ︷︷ ︸
=0

.

�

The Theorems 16 and 17 give rise to the following corollary.

Corollary 13.
Every embedding f : M → R3 of a torus that can be lifted to a space form QA in which it
has constant mean curvature, and every properly embedded periodic CMC cylinder in R3

are canal surfaces.

15.1. Canal surfaces in the projective model of Möbius geometry. For the follow-
ing investigation of canal surfaces, we use again the projective model of Möbius geometry
described in Section 9 and homogeneous coordinates with respect to the basis {E1, . . . , E5}
such that the Minkowski product has the form:

〈P,Q〉 = P1Q1 + P2Q2 + P3Q3 + P4Q4 − P5Q5.
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Remember that the set of spheres in P(L) ∼= S3 is given by:

P4
+ := H4

+\±1
= {[P ] ∈ P4| 〈P, P 〉 > 0}.

We adapt the Definition 33 of canal surfaces to the projective setup.

Definition 34.
Let S : (a, b) → H4

+ be a regular curve. The envelope of the corresponding family of
spheres Σt = P(L) ∩ {S(t)}⊥ is called a canal surface if there exists an immersion
Ψ : (a, b) × S1 → L that satisfies for all t:

[Ψ(t, S1)] = Ct := L ∩ {S(t), S′(t)}⊥. (15.11)

The Ct are called the characteristic circles of the canal surface.

Note that this definition of canal surfaces is consistent with the one that we gave for canal
surfaces in R3. In particular, we can change the lift Ψ to obtain a canal surface in an
arbitrary space form QA ⊂ L that envelopes the family of spheres given by S.

Lemma 30 (Bohle and Pinkall [29]).
The envelope Ψ of a a regular curve S : (a, b) → H4

+ is a canal surface if and only if the
following two conditions are satisfied for all t ∈ (a, b):

(1) Gt := span{S(t), S′(t)} defines a projective line that does not intersect S3

(2) Et := span{S(t), S′(t), S′′(t)} defines a projective plane that intersects S3 trans-
versely.

The planes Et are called the osculating planes of the curve S(t).

Proof. At first, we prove that the conditions are necessary. Therefore, we assume that the
envelope of S(t) is a canal surface. Since S(t) is a regular curve, S(t) and S′(t) are linearly
independent for all t, and hence Gt := span{S(t), S′(t)} defines a projective line. If that
line intersects S3, the circle Ct = S3 ∩ {S(t), S′(t)}⊥ is either empty or contains only two
points. In both cases Ψ cannot be an immersion.

If there exist t ∈ (a, b) such that E(t) is not a projective plane that intersects S3 trans-
versely, then there exists s0 ∈ S1 such that Ψ(t, s0) ∈ {S′′(t)}⊥. This gives rise to

0 =
∂

∂t
〈Ψ(t, s0), S(t)〉 = 〈Ψt(t, s0), S(t)〉+ 〈Ψ(t, s0), S′(t)〉︸ ︷︷ ︸

=0

,

0 =
∂

∂t
〈Ψ(t, s0), S′(t)〉 = 〈Ψt(t, s0), S′(t)〉+ 〈Ψ(t, s0), S′′(t)〉︸ ︷︷ ︸

=0

,

i.e., Ψt(t, s0) ∈ {S(t), S′(t)}⊥. Therefore, Ψt(t, s0) would be tangential to the generating
circle Ct and Ψ cannot be an immersion.

We prove now that the conditions are sufficient. The first condition implies that S(t) is
a space-like curve in H4

+, i.e., |S′(t)| > 0 for all t ∈ (a, b). From the second condition
we obtain that the restriction of the Minkowski product to the projective planes Et has
signature (1, 1,−1). We construct a frame for the curve S : (a, b)→ H4

+, representing the
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family of spheres. Using the Gram Schmidt method, we transform {S(t), S′(t), S′′(t)} into
an ONB {S(t), T (t), N(t)} of Et, with |S(t)|2 = |T (t)|2 = 1 and |N(t)|2 = −1.
The frame field (S, T,N) satisfies the following system of ODE’s:

S′ = κµT,

T ′ = −κµS + κN,

N ′ = −κT +Q,

for some smooth functions κ, µ : (a, b) → R+ and Q : (a, b) → P4 with Q(t) ∈ E⊥t .
Note that the restriction of the Minkowski product to the projective line Lt := E⊥t is
euclidean for all t. We extend the frame field (S, T,N) to an ONB of R4,1 by choosing
M1,M2 : (a, b)→ Lt such that M1(t),M2(t) is an ONB of Lt and M ′1(t),M ′2(t) ∈ Et. The
derivatives of (S,N, T,M1,M2) are now given by

S′ = κµT,

T ′ = −κµS + κN,

N ′ = −κT + aM1 + bM2,

M ′1 = −aN,
M ′2 = −bN. (15.12)

Since Q(t) is contained in the projective line Lt, we obtain for the functions a and b

Q(t) = 〈Q,M1〉M1(t) + 〈Q,M2〉M2(t) = a(t)M1(t) + b(t)M2(t).

Using M1 and M2, we can parameterize the projective lines Lt by

P : (a, b)× R2 → P4

P (t, (x, y)) := xM1(t) + yM2(t).

For every t0 ∈ (a, b), Pt0 defines an isometry between Lt0 and R2, and there exists functions
α, β : S1 → R such that the restriction of P onto (a, b)× S1 has the form:

P (t, s) = α(s)M1(t) + β(s)M2(t).

Now we can define the immersion Ψ that envelops S and satisfies (15.11) as follows:

Ψ(t, s) := N(t) + α(s)M1(t) + β(s)M2(t). (15.13)

�

Remark 9. With the frame field defined in (15.12), the generating circles of the canal
surface Ψ are now given by

Ct = S3 ∩ {S(t), T (t)}⊥.

For a fixed t ∈ (a, b), any choice of lift Ψ : (a, b) × S1 → L of the canal surface is
contained in the projective plane span{N(t),M1(t),M2(t)}. In particular, there exist
functions α, β, γ : (a, b)× S1 → R such that

Ψ(t, s) = γ(t, s)N(t) + α(t, s)M1(t) + β(t, s)M2(t). (15.14)
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Definition 35.
Let Ψ : (a, b)× S1 → L be a canal surface and S : (a, b)→ H4

+ the corresponding one pa-
rameter family of spheres. The frame field (S, T,N,M1,M2) defined in (15.12) is called the
canonical frame field adapted to S. The representation of Ψ with respect to (N,M1,M2)
that we defined in (15.14),

Ψ(t, s) = γ(t, s)N(t) + α(t, s)M1(t) + β(t, s)M2(t),

will be called canonical representation of the immersion Ψ.

In the next lemma we will see that the envelope of S : (a, b) → H4
+ has a special form if

S(t) defines a planar curve. This is the case if and only Et defines the same projective
plane for all t, i.e., Q(t) ≡ 0.

Lemma 31.
Let Ψ : (a, b) × S1 → L be a canal surface and S : (a, b) → H4

+ the corresponding one
parameter family of spheres. If S is a planar curve in H4

+, i.e., Et defines the same
projective plane for all t ∈ (a, b), then Ψ is Möbius equivalent to a surface of revolution in
S3.

Proof. If Et is a constant plane, the intersection C := Et ∩ S3 is a fixed circle in S3. After
applying a suitable Möbius transformation, we may assume that Et contains the center of
S3 and C is a great circle. The centers of the spheres Σt now all lie on C and hence Σt

and C intersect orthogonally. The envelope Ψ of the one parameter family of spheres Σt

becomes a surface of revolution. �

Lemma 32.
Let Ψ : (a, b) × S1 → L be a canal surface, S : (a, b) → H4

+ the corresponding one
parameter family of spheres and t0 ∈ (a, b). Then there exists a smooth family of Möbius
transformations A : (a, b)→ O(4, 1) such that we can roll the canal surface Ψ isometrically
onto the sphere Σt0 := {S(t0)}⊥ ∩ L:

(1) Ψ̃(t, s) := A(t)−1Ψ(t, s) ∈ Σt0 , ∀(t, s) ∈ (a, b)× S1.

(2) 〈dΨ, dΨ〉 = 〈dΨ̃, dΨ̃〉.

Proof. We define X : (a, b)→ so(4, 1) by

X(t)P := 〈P, S(t)〉S′(t)− 〈P, S′(t)〉S(t), ∀t ∈ (a, b) and P ∈ R4,1 (15.15)

and A : (a, b)→ O(4, 1) as the unique solution of the initial value problem

A′(t) = X(t)A(t),

A(t0) = 1. (15.16)

We will show that A(t) maps S(t0) onto S(t). To this end, we will consider the function
P (t) := A(t)S(t0) and show that P (t) and S(t) are equal because they solve the same initial
value problem. In particular, P (t) is the unique solution of the initial value problem:

P ′(t) = A′(t)S(t0) = X(t)P (t),

P (t0) = S(t0).



ISOTHERMIC CONSTRAINED WILLMORE TORI 99

The curve S solves the same initial value problem because

X(t)S(t) = 〈S(t), S(t)〉S′(t)− 〈S(t), S′(t)〉S(t) = S′(t).

The uniqueness of the solution gives us: A(t)S(t0) = S(t). For a fixed t ∈ (a, b), we have
Ψ(t, s) ∈ Σt = L ∩ S(t)⊥. The Möbius transformations A−1(t) preserve the Minkowski
product. This gives rise to

〈Ψ(t, s), S(t)〉 = 0 = 〈A−1(t)Ψ(t, s), A−1(t)S(t)〉 = 〈A−1(t)Ψ(t, s), S(t0)〉

⇒ A−1Ψ(t, s) ∈ L ∩ S(t0)⊥ = Σt0 .

Now we compute the derivatives of Ψ(s, t) = A(t)Ψ̃(t, s) using (15.15) and (15.11):

Ψs(t, s) = A(t)Ψ̃s(t, s),

Ψt(t, s) = X(t)A(t)Ψ̃(t, s) +A(t)Ψ̃t(t, s)

= 〈Ψ(s, t), S(t)〉︸ ︷︷ ︸
=0

S′(t)− 〈Ψ(s, t), S′(t)〉︸ ︷︷ ︸
=0

S(t) +A(t)Ψ̃t(t, s)

= A(t)Ψ̃t(t, s).

Since A(t) ∈ O(4, 1), we obtain 〈dΨ, dΨ〉 = 〈dΨ̃, dΨ̃〉. �

Note that the Möbius transformation A−1(t) maps the sphere Σt onto Σt0 and the gener-
ating circles Ct onto circles C̃t ⊂ Σt0 . With R(t) := A−1(t)T (t) the new circles are given
by

C̃t := A−1(t)Ct = L ∩ {S(t0), R(t)}⊥. (15.17)

Using the frame equations for the curve S (see 15.12), the derivative of R is given by:

R′(t) = (A−1)′T (t) +A−1(t)T ′(t)

= −A−1(t)A′(t)A−1(t)T (t) +A−1(t) (−µκS(t) + κN(t))

= −A−1(t)X(t)T (t) +A−1(t) (−κµS(t) + κN(t))

= A−1(t) (κµS(t)− κµS(t) + κN(t))

= κA−1(t)N(t). (15.18)

In particular, we have 〈R(t), R′(t)〉 = 0, which we will need in the proof of the next lemma.

Lemma 33.
Let Ψ : (a, b)× S1 → L be an isothermic canal surface, S : (a, b)→ H4

+ the corresponding
one parameter family of spheres and t0 ∈ (a, b). Then there exist D : (a, b)→ O(4, 1) and
locally L : V ⊂ S1 → C0 := L ∩ {S(t0), S′(t0)}⊥ such that

Ψ : U ⊂ (a, b)× S1 → L

Ψ(t, s) := D(t)L(s), (15.19)

defines a conformal coordinate line parametrisation of the canal surface. Furthermore, the
derivatives of Ψ are given by

Ψt(t, s) = −κ(t)〈Ψ(s, t), N(t)〉T (t), (15.20)

Ψs(t, s) = D(t)L′(s). (15.21)
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Proof. In Lemma 32, we defined a family of Möbius transformations A : (a, b) → O(4, 1)
such that A(t) maps the sphere Σ0 onto Σt. Now, we are looking for a family of Möbius
transformations that preserves the sphere Σ0 and maps the circle C0 = L∩{S(t0), S′(t0)}⊥
onto C̃t = L ∩ {S(t0), R(t)}⊥. Therefore, we define Y : (a, b)→ so(4, 1) by

Y (t)P := 〈P,R(t)〉R′(t)− 〈P,R′(t)〉R(t), ∀t ∈ (a, b) and P ∈ R4,1, (15.22)

and obtain B : (a, b)→ O(4, 1) as the unique solution of the initial value problem

B′(t) = Y (t)B(t),

B(t0) = 1. (15.23)

With the same argumentation as in the proof of Lemma 32,

Y (t)R(t) = R′(t),

B(t0)R(t0) = R(t0),

give rise to

B(t)R(0) = R(t). (15.24)

Further, we can conclude from:

Y (t)S(0) = 〈S(0), R(t)〉R′(t)− 〈S(0), R′(t)〉R(t)

= 〈S(t), T (t)〉R′(t)− 〈S(t), κN(t)〉R(t)

= 0,

that B(t)S(0) = S(0). In particular, B(t) preserves the sphere Σt0 and maps C0 onto C̃t.

Let Ψ : U ⊂ (a, b)× → L be a conformal coordinate line parametrization of the isother-
mic canal surface. Due to Proposition 32, one family of coordinate lines is given by the
generating circles Ct. For the derivative of Ψ̃ := A−1(t)Ψ(t, s), defined in Lemma 32, we
obtain

|Ψ̃t(t, s)| = |Ψ̃s(t, s)|, (15.25)

〈Ψ̃t(t, s), Ψ̃s(t, s)〉 = 0 ∀ (t, s) ∈ U. (15.26)

Further, we use the Möbius transformations A(t), B(t), introduced in (15.16) and (15.23),
to define

L : U ⊂ (a, b)× S1 → C0 ⊂ S3

(t, s) 7→ B−1(t)A−1(t)Ψ(t, s).

The derivatives Ls(s, t) and Lt(s, t) are both tangent to the circle C0 and hence space-
like and linearly dependent. We will show that Lt(s, t) is zero everywhere. Then the
conformal coordinate line parametrisation of an isothermic canal surface has the form
Ψ(s, t) = D(t)L(s), where D(t) := A(t)B(t). We start by computing the derivatives of L,
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by using the one of Ψ̃ and (15.18):

Ψ̃s(t, s) = B(t)Ls(t, s)

Ψ̃t(t, s) = Y (t)B(t)L(t, s) +B(t)Lt(t, s)

= 〈B(t)L(t, s), R(t)〉R′(t)− 〈B(t)L(t, s), R′(t)〉R(t) +B(t)Lt(t, s)

= 〈A(t)B(t)L(t, s), T (t)〉︸ ︷︷ ︸
=0

R′(t)− 〈A(t)B(t)L(t, s), κN(t)〉R(t) +B(t)Lt(t, s)

= −κ〈Ψ(s, t), N(t)〉R(t) +B(t)Lt(t, s)

With (15.26) we have

0 = 〈Ψ̃t(t, s), Ψ̃s(t, s)〉
= 〈B(t)Lt(t, s), B(t)Ls(t, s)〉 − κ〈Ψ(s, t), N(t)〉 〈R(t), B(t)Ls(t, s)〉︸ ︷︷ ︸

=0

= 〈Lt(t, s), Ls(t, s)〉.

Because Ψ(s, t) is an immersion, the space-like vector Ls(t, s) cannot vanish and we ob-
tain Lt(t, s) = 0. From A(t)dΨ̃(t, s) = dΨ(t, s), we finally get the desired form for the
derivatives of Ψ. �

Theorem 18.
An isothermic canal surface Ψ : (a, b) × S1 → L is Möbius equivalent to a surface of
revolution.

Proof. Let S : (a, b) → H4
+ be the 1-parameter family of spheres corresponding to the

canal surface and (S, T,N,M1,M2) the canonical frame adapted to S. Due to Lemma 33,
locally there exists a conformal coordinate line parametrization, Ψ(t, s) = D(t)L(s), of the
canal surface whose derivatives are given by

Ψt(t, s) = −κ(t)〈Ψ(s, t), N(t)〉T (t),

Ψs(t, s) = D(t)L′(s).

We change the lift Ψ such that the partial derivatives of Ψ have constant length one, i.e.,

Ψ̃(t, s) :=
1

|L′(s)|
Ψ(t, s).

From dΨ̃ = 1
|L′|dΨ + d

Ä
1
|L′|

ä
Ψ, we obtain

Ψ̃s(t, s) = D(t)
1

|L′(s)|
L′(s) +

Å
1

|L′(s)|

ã
s

Ψ(t, s),

Ψ̃t(t, s) = −κ(t)〈Ψ̃(s, t), N(t)〉T (t).

Due to the fact that Ψ(s, t) is a conformal coordinate line parametrization and any two
lifts are conformally equivalent (see Lemma 18), the derivatives of Ψ̃ satisfy

|Ψ̃t(t, s)|2 = |Ψ̃s(t, s)|2 = 1 and 〈Ψ̃t(t, s), Ψ̃s(t, s)〉 = 0. (15.27)
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This gives rise to

0 =
∂

∂s
|Ψ̃t(t, s)|2 = 2κ(t)2〈Ψ̃(t, s), N(t)〉〈Ψ̃s(t, s), N(t)〉

⇒ 0 =
∂

∂s
〈Ψ̃(t, s), N(t)〉

⇒ 0 = Ψ̃ts(t, s). (15.28)

Since 〈Ψ̃(t, s), N(t)〉 is constant with respect to the parameter s, the canonical represen-
tation of Ψ̃ (see Definition 35) has the form

Ψ̃(t, s) = γ(t)N(t) + α(t, s)M1(t) + β(t, s)M2(t). (15.29)

Using the frame equations (15.12), we obtain

0 = Ψ̃st(s, t)

=
∂

∂t
(αs(t, s)M1(t) + βs(t, s)M2(t))

= αst(t, s)M1(t) + βst(t, s)M2(t) + αs(t, s)M
′
1(t) + βs(t, s)M

′
2(t)

= αst(t, s)M1(t) + βst(t, s)M2(t)︸ ︷︷ ︸
∈N(t)⊥

− (αs(t, s)a(t) + βs(t, s)b(t))N(t),

⇒
®
αst(t, s)M1(t) + βst(t, s)M2(t) = 0,

αs(t, s)a(t) + βs(t, s)b(t) = 0.

Since M1(t) and M2(t) are linearly independent for all t, the first equation gives us
αs(t, s) = αs(s) and βs(t, s) = βs(s). Due to (15.27) we further have

αs(s)
2 + βs(s)

2 = 1, ∀s ∈ V ⊂ S1. (15.30)

Therefore, the second equation

αs(s)a(t) + βs(s)b(t) = 0,

can only be satisfied for all s ∈ V if a(t) = b(t) = 0. Considering the frame equations
(15.12), this implies that S(t) defines a planar curve in H4

+, and by Lemma 31 the canal
surface is Möbius equivalent to a surface of revolution. �

Remark 10. The centers of the spheres enveloped by an isothermic canal surface in S3 lie
on an circle, m. With a suitable stereographic projection we can map the circle into the
x, y plane in R3 and its center to the origin. If we insert

m(t) := R

Ñ
cos(t)
sin(t)

0

é
, e1(t) :=

Ñ
cos(t)
sin(t)

0

é
, e2(t) :=

Ñ
0
0
1

é
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in (15.3), we obtain the following conformal curvature line parametrisation for an isother-
mic canal torus:

f(s, t) : = m(t)− r(t)r′(t)

R2
m′(t) + r(t)

√
R2 − r′(t)2

R
(e1(t) cos(s) + e2(t) sin(s))

=

Ç
R+ r(t)

√
R2 − r′(t)2 cos(s)

R

åÑcos(t)
sin(t)

0

é
− r(t)r′(t)

R

Ñ
− sin(t)
cos(t)

0

é
+ r(t)

√
R2 − r′(t)2 sin(s)

R

Ñ
0
0
1

é
. (15.31)

16. Classification of embedded isothermic constrained Willmore tori

In this last section, we will collect our previous results and prove the main theorem. We
will further give a new proof for the well-known fact, that tori in R3 and H3 cannot be
embedded.

To this end, let f : M → R3 be an isothermic constrained Willmore embedding of a torus
and Φ : M → L its isometric lift to the light cone L ⊂ R4,1. Due to Theorem 10, there
exist a space form QA ⊂ L and a conformal change of the lift Φ, such that the restriction
of the new lift Φ̃ : M → L to the space form QA ⊂ L has constant mean curvature H̃.

If the torus is not a Bryant surface, the embedding Φ̃(M) is contained in QA and has no
umbilical points (see Theorem 10, 14 and 12). This makes it possible to apply Theorem
16 and Corollary 13, and to show that the Φ(M) is a canal surface. Since CMC surfaces
are isothermic, we obtain from Theorem 18, that the embedding is Möbius equivalent to
a surface of revolution. Since there are no embedded CMC tori in R3 and H3, we have
proven the following classification of embedded, isothermic, constrained Willmore tori.

Theorem 19.
An embedded, isothermic constrained Willmore torus f : M → R3 is either a Bryant
surface with smooth ends or there exists a stereographic projection that maps it into a unit
3-sphere in R4, where it has constant mean curvature and is Möbius equivalent to a surface
of revolution. Further, every properly embedded periodic CMC cylinder in R3 is a surface
of revolution.

We finish this work with a new proof of the following well-known theorem.

Theorem 20.
There are no embedded CMC tori in R3 and H3.

Proof. Let f : M → R3 is an embedding of a torus that has constant mean curvature
H̃ = ρH − 〈N, gradρ〉, with respect to the metric g̃ = ρ−2g. For ρ = 1, we obtain the
euclidean case and for ρ = 1−|f |2

2 , the hyperbolic one. Here, we again use the Poincaré
ball model, and assume that f is contained in the unit ball of R3. Due to Theorem 16,
the surface f is a canal torus and the bigger principle curvature λ1 is constant along the
corresponding curvature lines which are the characteristic circles of the canal surface. The
centers of the spheres enveloped by the isothermic canal torus lie on a circle, that we will
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Fig. 12: The centers of the spheres, which are enveloped by a canal torus
that is Möbius equivalent to a surface of revolution, lie on a circle m.
The intersection of the canal torus with the plane E, containing the circle
m, consists of two simple closed curves γ1, γ2 that are orthogonal to the
characteristic circles Ct of the canal torus.

denote by m (see Theorem 18 and Lemma 31 ). The intersection of the canal torus with
the plane E, that contains the circle m, consists of two simple closed curves γ1, γ2 (see
Figure 12). The characteristic circles Ct intersect the plane E and hence the curves γ1, γ2

orthogonally. Therefore, γ1 and γ2 are curvature lines of the surface with respect to the
principle curvature λ2.
If we use the canal torus parametrization 15.31 from Remark 10, the planar curvature lines
γ1, γ2 are parameterized by

γ1(t) = m(t)− r(t)r′(t)

R2
m′(t)− r(t)

√
R2 − r′(t)2

R2
m(t)

=

Ç
R− r(t)

√
R2 − r′(t)2

R

å
e1(t)− r(t)r′(t)

R
e2(t),

γ2(t) =

Ç
R+ r(t)

√
R2 − r′(t)2

R

å
e1(t)− r(t)r′(t)

R
e2(t), (16.1)

where R denotes the radius of m, r(t) := λ1(t)−1 the radius of the enveloped sphere Σt,
and e1(t) := m(t)

R , e2(t) := m′(t)
R are an orthonormal frame adapted to the circle m(t) (see

Figure 13b). For embedded canal tori, the radius of the circle m has to be bigger than the
one of the characteristic circles, i.e.

R > r(t) ∀t.
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The normal N1/2(t) of the canal surface at the point γ1/2(t) is given by

N1/2(t) = (γ1/2(t)−m(t))λ1(t) = ∓
√
R2 − r′(t)2

R
e1(t)− r′(t)

R
e2(t).

For the derivative of the curves and their normal’s we obtain:

γ′1/2(t) =

Ç
r(t)r′(t)

R
∓ r′(t)

√
R2 − r′(t)2

R
± r(t)r′(t)r′′(t)

R
√
R2 − r′(t)2

å
e1(t)

+

Ç
R− r(t)r′′(t) + r′(t)2

R
∓ r(t)

√
R2 − r′(t)2

R

å
e2(t),

N ′1/2(t) =

Ç
r′(t)

R
± r′(t)r′′(t)

R
√
R2 − r′(t)2

å
e1(t) +

Ç
−r′′(t)
R

∓
√
R2 − r′(t)2

R

å
e2(t).

The continuous function r takes its maximum on the compact set S1. Therefore, there
exists t0 ∈ S1 with: r′(t0) = 0 and r′′(t0) ≤ 0. At this point the tangents and the derivative
of the normal’s of the curves are given by:

γ′1/2(t0) =

Å
R− r(t0)r′′(t0)

R
∓ r(t0)

ã
e2(t0),

N ′1/2(t0) =

Å−r′′(t0)

R
∓ 1

ã
e2(t0).

The curvature of the curves γ1, γ2 at this point is given by

κ1/2(t0) =
〈N ′1/2, γ

′
1/2〉

‖γ′1/2‖2
(t0) =

Å−r′′(t0)

R
∓ 1

ãÅ
R− r(t0)r′′(t0)

R
∓ r(t0)

ã−1

. (16.2)

Due to the fact that γ1/2 are principle curvature lines, their curvature is the same as the
one of the canal surface a long the curves. Let x = (0, t0), y = (π, t0) ∈M = S1 × S1, the
difference of the smaller principle curvature λ2 at these points is given by

λ2(x)− λ2(y)

= κ2(t0)− κ1(t0)

=

Ä−r′′(t0)
R + 1

ä Ä
R− r(t0)r′′(t0)

R − r(t0)
ä
−
Ä−r′′(t0)

R − 1
ä Ä
R− r(t0)r′′(t0)

R + r(t0)
äÄ

R− r(t0)r′′(t0)
R − r(t0)

ä Ä
R− r(t0)r′′(t0)

R + r(t0)
ä

=
2 r
′′(t0)r(t0)

R + 2(R− r(t0)r′′(t0)
R )Ä

R− r(t0)r′′(t0)
R

ä2
− r(t0)2

=
2R2Ä

R− r(t0)r′′(t0)
R

ä2
− r(t0)2

> 0. (16.3)

For canal surfaces, we can use Lemma 23, to obtain a different way to compute the differ-
ence of the smaller principal curvatures on a characteristic circle. To this end, remember
that the difference of the principal curvatures of an CMC torus is never zero, because CMC
tori have no umbilical points

µ :=
λ1 − λ2

2
= λ1 −H > 0,



106 JONAS TERVOOREN

and that the bigger principle curvature of the canal torus is constant along the character-
istic circles

λ1(x) = λ1(y) = r(t0)−1 =: λ1(t0).

Now, Equation 12.1 gives us

ρ(x)(λ1(t0)−H(x)) = ρ(y)(λ1(t0)−H(y))

⇔ ρ(x)

Å
λ1(t0)− λ2(x)

2

ã
= ρ(y)

Å
λ1(t0)− λ2(y)

2

ã
⇔ λ2(x) = −2ρ(y)

ρ(x)
µ(y) + λ1(t0)

⇔ λ2(x) = −2

Å
ρ(y)

ρ(x)

ã
µ(y) + 2µ(y) + λ2(y)

⇔ λ2(x)− λ2(y) = 2

Å
1− ρ(y)

ρ(x)

ã
µ(y). (16.4)

Hence, the difference of the smaller principle curvatures is bigger than zero if and only if
ρ(y) < ρ(x). In the euclidean case, we have 1 = ρ(y) = ρ(x). For a hyperbolic metric,
the Poincare ball model gives us ρ(x) = 1−|f(x)|2

2 < 1−|f(y)|2
2 = ρ(y). In both cases, the

Equations 16.3 and 16.4 contradict each other, and hence CMC tori cannot be embedded
in the euclidean nor hyperbolic 3-space. �

Note, that there exist CMC tori in the 3-sphere (see for example [15]), and that our
argumentation does not contradict this, since in the spherical case the relation of the
conformal factors is given by ρ(x) = 1+|f(x)|2

2 > 1+|f(y)|2
2 = ρ(y).

(a) The centers of the 1-parameter family of
spheres enveloped by the canal surface lie on a
sphere m. The two curvature lines γ1, γ2 of the
surface that lie in the same plane as the circlem
are both passed counter-clockwise. The radius
r(t) of the enveloped spheres has a maximum
at t0 and a minimum at t1.

(b) The orthonormal frame (e1(t), e2(t))
adapted to the curve m(t) is obtained by a nor-
malization of (m(t),m′(t)). The normal’s of the
surface, and hence of the plane curves γ1, γ2,
are given by N1/2(t) = (γ1/2(t)−m(t))r−1(t).
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