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Summary

Measurements of planetary solid body tides provide crucial constraints on the interior
structure, and thereby the formation and thermal evolution, of planets and satellites. The
tidal Love number h2 describes the radial surface displacement due to tides. On the planet
Mercury, a successful measurement of h2 can prove the existence and determine the size
of a possible solid inner core. On Jupiter’s moon Ganymede, h2 constrains the thickness of
the outer ice shell if a subsurface ocean exists. This dissertation presents a method for the
retrieval of h2 from global laser altimetry data sets. Contrary to previous studies, which
determine the radial displacement over time at crossover points, this method applies a
global approach, simultaneously solving for displacement and the global static topography,
parametrized as 2D cubic B-splines on an equirectangular grid. The first step is a validation
of the method by studying theMoon. On theMoon, tidal forces cause radial displacements
that have a maximum peak-to-peak amplitude of about 25 cm, making their detection
very challenging. The Lunar Orbiter Laser Altimeter aboard the Lunar Reconnaissance
Orbiter has provided over 7 billion range measurements. The obtained h2 result agrees
well with that of a previous study, thereby validating the method. The second step is a
determination of the expected retrieval accuracy of Mercury’s h2 from the BepiColombo
mission. The analysis of independent synthetic sets of measurements of the BepiColombo
Laser Altimeter provides a measure for the uncertainty of h2. The experiment considers
errors caused by the unknown properties of Mercury’s topography, the performance and
misalignment of the instrument, the orbit determination, and uncertainties in the rotational
model of Mercury. The detection of a solid inner core is possible under all assumed error
cases. Favorable cases enable the determination of its size to roughly 150 km if the core is
larger than 800 km. Themain error sources are the small-scale topography ofMercury and
themisalignment of the instrument. Another application of themethod is the determination
of parameters describing planetary rotation and librations. On Ganymede, a joint solution
for h2 and the amplitudes of selected librations using data collected by theGanymede Laser
Altimeter aboard the Jupiter IcyMoons Explorerwill deliver a sufficiently strong constraint
on these parameters to prove the existence of a subsurface ocean and give valuable insights
on the properties of the outer ice shell. A future application of the method presented in this
dissertation to the data that the BepiColombo and Jupiter Icy Moons Explorer missions
will collect will yield significant geophysical insights into Mercury and Ganymede.
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1 Introduction

1.1 Internal structure of planetary bodies

The knowledge of a planet’s interior structure is fundamental to understanding its formation
and evolution. The materials, their distribution, and their thermal state determine the
interior structure (Lissauer and de Pater, 2013). Models of thermal evolution allow
concluding from the current state of a planet’s interior on its history. Heat transport within
a planet is responsible for its dynamics, including tectonics, volcanism, and magnetism,
for which evidence remains in the geologic record, often over a large part of the planet’s
history (Breuer and Moore, 2015). The interior is also fundamental to the habitability of
a planet as it governs processes such as outgassing through volcanism or a magnetic field
shielding life and atmosphere from high-energy particles (Dehant et al., 2019). Models
for the planetary interior structure are based on theoretical considerations and constrained
by observations on the one hand, and laboratory experiments on the behavior of materials
under planetary interior conditions on the other hand (Sohl and Schubert, 2015). The
most important observation is the bulk density of a planet, which allows an immediate
conclusion on its composition (Hussmann et al., 2015). The major constituents are iron,
rock and ices, whose relative abundance depends on the location of the planet’s formation
in the protoplanetary disk.

Various methods exist to acquire observations constraining a planet’s interior structure.
The most thorough of these is seismology, which more than a century ago revealed the
differentiated structure of Earth’s interior and its division into a crust, a rocky mantle, a
liquid metallic outer core, and a solid inner core (Oldham, 1906). This structure has served
as a prototype for the interior structure of other terrestrial bodies, and the deep interior of
some of the larger icy bodies. Deployment of seismometers on other planets than Earth
has proved a very challenging task, and has so far only been successful on the Moon
(Nakamura et al., 1982) and very recently on Mars (Lognonné et al., 2019). However,
a global seismic network is required to achieve a globally accurate representation of the
interior. Furthermore, on some planetary bodies, the lack of naturally occurring quakes
limits the usefulness of seismology for the internal structure determination.

The gravity field of a planet provides essential information on the density distribution
in its interior. The strength and large-scale structure of the gravity field reveal the mass
and, under the assumption of hydrostatic equilibrium, the moments of inertia of a planet,
which in turn reveal the degree of differentiation (Schubert et al., 2004). Due to the
non-uniqueness of the mass distribution, small-scale features in the gravity field can only
inform on the structure of the uppermost layers. Planetary gravity fields are routinely
determined by tracking the trajectory of a passing or orbiting spacecraft (e.g., Anderson
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1 Introduction

et al., 1987; Iess et al., 2010, 2014).
The existence of a magnetic field reveals a fluid conducting layer in a planet’s interior

that can harbor a dynamo. It can also inform on the depth of this layer. The field
generated at the depth of the dynamo can only be measured at the surface or at the orbital
altitude of a spacecraft. This upward continuation and the magnetization of the crust
limit the spatial resolution with which the dynamo can be described. Magnetic fields are
also induced in briny subsurface oceans of icy moons that orbit the outer planets within
their magnetospheres. Magnetic fields are routinely measured by planetary exploration
missions (Ness et al., 1975; Kivelson et al., 1996; Khurana et al., 1998; Benkhoff et al.,
2010).

Thermal evolution models can be constrained by measurements of the present-day
heat flux (Hahn et al., 2011) and surface features providing evidence for the past dynamic
evolution of the planet (Grott and Breuer, 2008). The bulk chemical composition of a
planet can be inferred to some degree from the materials exposed at the surface by remote
sensing methods or sample analysis. Samples can be analyzed either in situ or after
delivery to Earth by a spacecraft or as a meteorite. The bulk composition is also a result
of the chemical environment during accretion.

This dissertation studies how planetary interiors can be constrained by laser altimetry
observations. Laser altimetry is a geodetic techniquemainly concernedwith the generation
of highly accurate global planetary shape models. However, it can also measure tidal
surface deformations and contribute to the determination of the spin state of a planet.
Tides are periodic deformations of a planetary body in interaction with the gravity field
of another planet, satellite, or star. Through tidal deformation, orbital energy dissipates
into heat. Thereby, tides contribute majorly not only to the thermal, but also to the orbital
evolution of a planet. The tidal potential is known to high precision from the masses
and orbits of the involved bodies. The associated deformations depend strongly on the
elastic properties of the materials in the planet’s interior and their distribution. Therefore,
measurements of tides pose constraints on the interior structure of planets.

The spin state of a planet is another piece of information to constrain planetary interiors.
Physical librations are periodic variations in the rotation rate of a planet due to the excitation
by another body. Their amplitude depends on the mass distribution in the planet’s interior.
Like tides, physical librations are drastically amplified when liquid layers decouple some
of the solid layers inside a planet. The orientation of a planet’s or satellite’s spin axis can
reveal the degree of differentiation when combined with the quadrupole moments of the
gravity field and when its rotation is in resonance with its orbit.

The structure of this dissertation is as follows. The following subsections provide
a very brief overview of the current state of knowledge on the interior structure of the
three planetary bodies studied in this dissertation: The Moon (Sec. 1.1.1), Mercury
(Sec. 1.1.2), and Ganymede (Sec. 1.1.3). Sec. 1.2 gives the necessary tidal and librational
theory. Sec. 1.3 introduces recent and upcoming missions and Sec. 1.4 presents the basic
principles of laser altimetry, and the laser altimeters flown on these missions. Sec. 1.5
reviews methods for the detection of tidal surface determination from laser altimeter
measurements. The method described in Sec. 1.5.2 has been applied in this dissertation.

An application to the Moon validates the method (Paper I, Chap. 2). Paper II (Chap. 3)
describes the expected insights through tides on Mercury’s internal structure from the
BepiColombo mission. Appendix A considers the problem for Jupiter’s moon Ganymede,
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1.1 Internal structure of planetary bodies

incorporating both tides and librations. The findings of these studies are discussed in
Chap. 4 and summarized in Chap. 5.

1.1.1 The Moon
The Moon’s interior is better studied than that of any planet other than Earth (Zuber et al.,
2013a). The Apollo missions returned a large amount of samples to Earth and placed
a seismological network and retroreflectors on the surface. Analyses of samples and
seismological data continue to today, and Lunar Laser Ranging (LLR) still uses the existing
retroreflectors from the Apollo and Soviet missions for measurements. More recently, a
dedicated gravity mission, the Gravity Recovery and Interior Laboratory (GRAIL, Zuber
et al., 2013a), explored the lunar gravity field. All of these measurements are unique to the
Moon and have been complemented by a variety of remote sensing measurements from
orbiting spacecraft and other Earth-based and in situ measurements.

LLR is a powerful tool for lunar geophysics, Earth geophysics, general relativity, and
reference frames. A short (typically ∼ 100 ps) laser pulse is sent from a ground station
on Earth to one of the retroreflectors on the Moon. The round-trip travel time is measured
to determine the range with a precision of a few millimeters. The laser link budget is
extremely tight due to the signal strength depending on the inverse fourth power of the
distance. In consequence, the average number of collected returning photons per shot is
typically around one or less, requiring to consolidate measurements over typically 5 to 15
min into one so-called normal point, which contains a single representative launch and
travel time. Filtering of the return signal in the temporal, spatial, and spectral domains is
required, especially when the Moon is illuminated. There are a total of five retroreflectors
on the Moon, three of which were placed by the astronauts of the American Apollo
missions, and two by the Soviet Luna rovers. LLR thereby covers more than 50 years of
data. Recent technological developments, including the usage of infrared lasers, permit
ranging more reliably to all five reflectors and to the illuminated Moon, leading to a more
homogeneous spatial and temporal coverage. By 2018, about 26000 normal points had
been generated by five observatories on Earth. Concerning lunar physics, the ranges are
sensitive to the lunar orbit, physical librations, and tides. For recent reviews of LLR, see
Murphy (2013) and Müller et al. (2019).

The GRAIL mission was necessary because of a special challenge in observing the
lunar gravity field. Planetary gravity fields are typically determined bymeasuring precisely
the Doppler shift in a radio signal emitted by an orbiting spacecraft. Small undulations in
the gravity field are revealed by variations in the range-rate. As the planet rotates, global
coverage is reached. Since a spacecraft flying over the lunar far-side is not visible from
Earth, it cannot be tracked and the fine-scale structure of the far-side lunar gravity field
cannot be resolved. The GRAIL mission resolved this problem by employing satellite-to-
satellite tracking between two spacecraft (Zuber et al., 2013a). The gravity field of the
Moon perturbed the spacecraft orbits and thereby impacted the distance between the two
spacecraft. The range between the spacecraft was measured to micrometer precision in
the microwave band. This technique has allowed to measure the Moon’s gravity field to
degree 900 (Zuber et al., 2013b; Konopliv et al., 2013; Lemoine et al., 2014). Such an
extremely high resolution, higher than what is available on Earth (Ermakov et al., 2018),
is obtainable because the lack of an atmosphere permits average flight altitudes as low as
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1 Introduction

23 km (Zuber et al., 2013a).
The interior of the Moon consists of a thin crust, a thick silicate mantle, a small liquid

outer core, and possibly a solid inner core. The GRAIL mission revealed an average
crustal thickness between 34 and 43 km (Wieczorek et al., 2013). Its low bulk density of
2550 kgm−3 is explained by a large porosity ranging from 4 to 21 % (Wieczorek et al.,
2013). In the lunar mantle, there is a zone with low seismic velocity below a depth
of 1000 km, which may indicate partial melting (Weber et al., 2011). Three lines of
evidence have revealed the nature of the lunar core. Hood et al. (1999) used measurements
of the induced magnetic field created when the liquid core passes through the Earth’s
geomagnetic tail to estimate a core radius of 340± 90 km. Dissipation at the core-mantle
boundary requires a differential rotation of the core and the mantle and therefore a liquid
core. An offset of the pole position from the Cassini state detected by LLR indicates
that such a core dissipation exists and can best be explained by a liquid core of radius
between 352 and 374 km (Williams et al., 2001). More recent LLR results combined
with the assumption that the core is in hydrostatic equilibrium resulted in an estimate of
381 ± 12 km for the core radius (Viswanathan et al., 2019). Finally, recent methodical
improvements allowed for the detection of the lunar core from seismic data from theApollo
era and determined an outer core size of 330±20 km and an inner core size of 240±10 km
(Weber et al., 2011). The core may have generated a dynamo at some point, which could
explain remnant crustal magnetization (Weiss and Tikoo, 2014). The surface of the Moon
exhibits a dichotomy. The far side is old and heavily cratered, whereas on the near side,
there are also younger smooth mare regions. There is also a 1.9 km offset between center
of mass and center of figure (Wieczorek, 2015). This dichotomy is believed to continue
into the subsurface, for example manifested in a thinner nearside crust (Wieczorek et al.,
2006).

For reviews of the interior structure and composition of the Moon, see Garcia et al.
(2019), Sohl and Schubert (2015) and Wieczorek et al. (2006).

1.1.2 Mercury
Amassive metallic and at least partly liquid core, whose radius, at about 2015 km, is more
than 80% of the planetary radius, dominates Mercury’s interior (Margot et al., 2018).
Mercury presents an end-member case among the terrestrial planets in our solar system,
being closest to the Sun and having the largest uncompressed density (Sohl and Schubert,
2015). The liquid core also harbors a dynamo, making Mercury the only terrestrial planet
other than Earth with an intrinsic magnetic field (Ness et al., 1975). Understanding
Mercury’s formation is crucial for the understanding of solar system formation in general
and of exoplanets with similar interior structure (Benkhoff et al., 2010). The solid outer
shell of Mercury contains a crust with a thickness of about 35 km (Padovan et al., 2015),
underlain by a mantle and possibly a solid FeS layer at its bottom (Hauck et al., 2013;
Knibbe and van Westrenen, 2015).

Due to the triaxiality of Mercury’s inertia ellipsoid, its rotation exhibits a libration at
the 88-day orbital period. Measurements of this libration’s amplitude provide a unique
constraint on Mercury’s interior. Through the procedure of Peale (1976), they allow to
determine the moment of inertia of the solid shell alone (Margot et al., 2007, 2012; Stark
et al., 2015c), which puts a strong constraint on its thickness. Internal structure models
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1.2 Tidal and librational theory

based on a recent determination of Mercury’s polar moment of inertia favor the existence
of a solid inner core, whose radius is approximately half that of the entire core (Genova
et al., 2019). However, thermal evolution and dynamo models would benefit from even
better constraints on its size (Christensen, 2006; Hauck et al., 2018).

For a recent review of Mercury’s interior structure, see Margot et al. (2018).

1.1.3 Ganymede
At a radius of 2633 km (Zubarev et al., 2015), Ganymede is the largest moon in the solar
system and larger than the planet Mercury. Its interior is strongly differentiated (Anderson
et al., 1996) into a metallic core, a rocky mantle, and an H2O layer. The thicknesses of
these layers are poorly constrained, except for the H2O layer that has a thickness of about
800 km (Anderson et al., 1996). Ganymede is the only moon with an intrinsic magnetic
field (Kivelson et al., 1996), which is generated in a dynamo in a layer of molten iron at
the top of the core (Schubert et al., 1996). Similar to other icy moons, Ganymede may
possess a subsurface liquid water ocean. Such subsurface oceans are detectable because
Jupiter’s magnetic field creates a secondary, or induced, magnetic field in the electrically
conducting salty water layer (Khurana et al., 1998). However, at Ganymede, the intrinsic
magnetic field complicates a detection and the presence of an ocean remains uncertain
(Kivelson et al., 2002). At the pressure expected at the bottom of the H2O layer, water is
in a high-pressure ice phase, meaning that a potential subsurface ocean would be located
between two ice layers (Hussmann et al., 2015). From thermal modeling considerations,
the presence of a liquid water layer requires either antifreeze materials, such as ammonia
(Spohn and Schubert, 2003), or an additional heat source. Some major resurfacing events
took place on Ganymede about 3.5 Ga ago (Hussmann et al., 2015). The differences
between Ganymede and its twin Callisto are enigmatic. While their sizes and masses
are very similar, they underwent a very different evolution, with Callisto being mostly
undifferentiated (Anderson et al., 2001) and never having resurfaced. This may be due to
different formation scenarios with Callisto accreting fewer radiogenic elements or due to
Ganymede’s evolution into the Laplace resonance (Hussmann et al., 2015).

For a recent review of Ganymede’s interior structure, see Hussmann et al. (2015).

1.2 Tidal and librational theory

1.2.1 Tides
The total potential at a point on the surface of a planet caused by another body is (Murray
and Dermott, 1999; Agnew, 2015)

Vtot =
µ

ρ
=

µ√
R2 + r2 − 2rR cosψ

, (1.1)

where µ is the gravitational parameter of the attracting body and ρ is the distance between
the point and the center of mass of the attracting body. In the second equality, the cosine
rule was used to express ρ as a function of the radiusR of the planet, the distance r between
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1 Introduction

the centers of mass of the two bodies, and the planetocentric angle ψ between the point
on the surface and the center of mass of the attracting body. Using Legendre polynomials

Pl(x) =
1

2ll!

dl

dxl
(x2 − 1)l (1.2)

to write the square root in Eq. 1.1, the total potential becomes

Vtot =
∞∑

l=0

Vl , (1.3)

where

Vl =
µ

r

(
R

r

)l
Pl (cosψ) . (1.4)

The term

V0 =
µ

r
(1.5)

is constant, and therefore the force resulting from the potential is zero. The gradient of
the term

V1 =
µR

r2
cosψ (1.6)

is the gravitational acceleration due to the attracting body, which balances with the cen-
trifugal force. The remaining terms Vl for degrees l ≥ 2 constitute the tidal potential.
However, due to the factor R/r, which is < 0.005 for the Moon and even less for other
bodies, the higher terms for degrees l ≥ 3 are negligibly small. For this study, the
truncation

Vtide = V2 =
µR2

2r3
(3 cos2 ψ − 1) (1.7)

holds. The angle ψ and distance r can be computed with high accuracy using ephemerides
(e.g., Williams et al., 2008, 2013; Folkner et al., 2014) so that the tidal potential can be
determined at any location on the surface for any moment in time.

Large moons are often in a 1:1 spin-orbit resonance, implying that their orbital and
rotation periods are the same. Similarly, the planetMercury is in a 3:2 spin-orbit resonance,
meaning that it completes three rotations while orbiting the Sun twice. These resonant
states are the result of tidal forcing on the orbit. Due to these resonances, the tidal
potential has a time-invariant, static, and a time-dependent, dynamic, part. Kaula (1964)
transformed the tidal potential (Eq. 1.7) into a Keplerian coordinate system, which allows
decomposing it into its static and dynamic components. The static tidal potential for a
body in 1:1 resonance, such as the Moon and Ganymede, is (Kaula, 1964)

Vstat(θ, λ) =
µR2

a3

(
−1

2
G2,1,0(e)P20(cos θ) +

1

4
G2,0,0(e)P22(cos θ) cos(2λ)

)
, (1.8)
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1.2 Tidal and librational theory

where θ is the co-latitude, λ is the longitude, a is the semi-major axis, e is the eccentricity,
Gl,p,q(e) are eccentricity functions given by Kaula (1966, p. 37) and

Plm(x) = (1− x2)m
2

dm

dxm
Pl(x) (1.9)

are unnormalized associated Legendre functions. For a body in 3:2 resonance, such as
Mercury, the static tidal potential is

Vstat(θ, λ) =
µR2

a3

(
−1

2
G2,1,0(e)P20(cos θ) +

1

4
G2,0,1(e)P22(cos θ) cos(2λ)

)
. (1.10)

For the derivation of Eq. 1.8 and 1.10, it was assumed that the obliquity of the planet or
satellite with respect to its orbit is zero. This is a reasonable approximation in the case of
Mercury and the Galilean Moons, but the Moon has a rather large obliquity with respect
to its orbit of about 6.7◦ (Ward, 1975). The dynamic tidal potential is

Vdyn = Vtide − Vstat . (1.11)

The Love numbers h2, k2, and l2 describe the deformation of a planet due to the
second-degree dynamic tidal potential Vdyn. The radial displacement of the surface of the
planet ur is described by h2 which is defined as (e.g., Agnew, 2015)

ur(θ, λ, t) = h2ftide(θ, λ, t)

= h2
Vdyn(θ, λ, t)

g(θ, λ)
(1.12)

where g is the gravitational attraction at the surface and t is time. The lateral displacement
of the surface is described as

ul(θ, λ, t) = l2
∇Vdyn(θ, λ, t)

g(θ, λ)
. (1.13)

Through these deformations and the associated mass redistribution, an additional gravity
potential

Vdef(θ, λ, t) = k2Vdyn(θ, λ, t) (1.14)

is generated, which is described by the Love number k2.
For the purpose of this dissertation, the simple description of radial tidal deformation

using the global bulk quantity h2 is sufficient. However, more complicated and realistic
models are commonly applied. Love numbers hl, kl, ll describe the deformation due to
higher degrees of tidal potential Vl (e.g., Konopliv et al., 2013), which is neglected here
(see Eq. 1.7). The definitions in Eq. 1.12–1.14 are based the assumptions that deformation
is proportional to the applied force and independent of the frequency of the forcing. When
deformation is not perfectly elastic, the tidal bulge will lag behind the direction of the
force. The lag angle can be in excess of 10◦ for icy moons (e.g., Kamata et al., 2016), but
is generally much smaller for terrestrial bodies (e.g., Steinbrügge et al., 2018a). Complex
Love numbers can be used to describe the tidal lag. Then, the phase of the complex Love
number describes the lag, whereas the amplitude gives the amount of tidal deformation.
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1 Introduction

The tidal lag is an indicator for the tidal dissipation in a planet. Therefore it is very
important for studies of tidal heating and orbital evolution (Segatz et al., 1988). Love
numbers can be computed from interior structure models using radial profiles of density,
viscosity, and shear modulus (Segatz et al., 1988; Zschau, 1978). Rheological models
describe the frequency dependence of the rigidity. The Maxwell model provides a simple
description of this frequency dependence whereas Andrade and Burgers models provide
more realistic descriptions at the expense of more unknown parameters (Padovan et al.,
2014; Hussmann et al., 2015). At zero frequency, i.e. long timescales, the deformation of a
body can be regarded as fluid, causing large tidal bulges in synchronously rotating satellites.
This complete relaxation is described by the fluid Love number kf , which, in hydrostatic
equilibrium, also allows computing the planetarymoment of inertia (Schubert et al., 2004).
At intermediate frequencies, the rheology is viscoelastic and highly dissipative, whereas
at short frequencies, the deformation is elastic. When measuring a Love number, one has
to take into account that this Love number is only valid at the frequency of the forcing,
under which it was measured. When Love numbers are measured at the tidal period, these
are called tidal Love numbers. When Love numbers are computed from seismic velocities,
these represent the elastic case (Williams et al., 2014). Furthermore, Love numbers can be
adapted to represent lateral variations in tidal response (Zhong et al., 2012; Smith et al.,
2017).

1.2.2 Librations
The spin state of a planet with respect to a reference frame, for example the International
Celestial Reference Frame (ICRF), can be described by three time-dependent angles.
These angles are the declination and the right ascension, which describe the orientation of
the spin axis, and the orientation of the prime meridian ω (e.g., Archinal et al., 2011). The
declination is the angle between the spin axis and the z-axis of the reference frame. The
right ascension is the angle between the x-axis of the reference frame and the projection
of the spin axis onto the equatorial plane. The angle between the normal to the equatorial
plane of the reference frame and the spin axis of the planet is also called the obliquity ε.
The orientation of the prime meridian is

ω(t) = ω0 + ω1t+ ωlib(t) (1.15)

where ω0 is the orientation of the prime meridian at the reference epoch, ω1 is the rotation
rate, and

ωlib(t) =
∑

i

φi sin(ωit+ ϕi) (1.16)

is a term describing the physical librations of the planet. In Eq. 1.16, φi is the libration
amplitude, ωi is the libration frequency, and ϕi is the phase of the libration.

Physical librations are caused by the torque of other bodies onto the asymmetric
mass distribution of the planet. Their amplitude depends on the mass distribution in
a planet’s interior. Therefore, libration frequencies are well known from ephemerides,
while libration amplitudes must be measured. For example, Rambaux and Williams
(2011) extracted the amplitudes of several hundred libration terms of the Moon from the
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DE421 ephemerides which was obtained using Lunar Laser Ranging. On other planets,
such a precise determination of many libration terms is not yet possible. Instead, the
analysis usually focuses on a few terms describing the libration in longitude.

On Mercury, the dominant libration is the annual libration at the 88-day orbital period.
Its amplitude is given by (Peale, 1972)

φ88 =
3

2

B − A
Cm

(
1− 11e2 +

959

48
e4 + ...

)
, (1.17)

where A and B are the two equatorial moments of inertia, and Cm is the polar moment of
inertia of the outer shell. Equation. 1.17 is based on the assumption that only Mercury’s
solid outer shell librates, whereas a potential solid inner core is decoupled from the outer
shell and does not follow the libration. This way, measurements of φ88 contribute to
the determination of Mercury’s moment to inertia ratio through the experiment of Peale
(1976).

Together with its harmonics, the annual libration can be represented as (Stark et al.,
2015a)

ωlib(t) =
∑

k

φ88/k sin(kM(t)) , (1.18)

whereM(t) is the mean anomaly of Mercury and the amplitudes are defined recursively
as

φ88/(k+1) = φ88/k
k2(G2,0,−k(e)−G2,0,2+k(e))

(k + 1)2(G2,0,1−k(e)−G2,0,1+k(e))
. (1.19)

For the simulations in this work, harmonics up to k = 5 are considered.
Planetary perturbations on a planet’s orbit can cause librations, whose amplitude is

enhanced if the period of the perturbation is close to a free libration period of the planet
(van Hoolst, 2015). Free libration periods depend on the planetary interior structure.
Therefore, measurements of the amplitude of planet-induced librations can give insights
on the internal structure of the planet. Specifically, for Mercury, the angular frequency of
the free libration in case of an interior model without a solid inner core is (Yseboodt et al.,
2010)

ω = n

√
3G2,0,1(e)

B − A
Cm

, (1.20)

where n is the mean motion of Mercury. Baland and van Hoolst (2010) and van Hoolst
et al. (2013) give expressions for the free libration frequencies of icy satellites such as
Ganymede, depending on assumptions made on interior structure and consideration of
coupling effects.

1.3 Missions

1.3.1 Lunar Reconnaissance Orbiter
The Lunar Reconnaissance Orbiter (LRO, Vondrak et al., 2010) is a mission by the
National Aeronautics and Space Administration (NASA). It was launched on June 18,
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2009 and immediately went on a direct trajectory to the Moon and into a lunar orbit. After
a commissioning phase, the LRO was transferred into a circular, near-polar orbit with
mean altitude of 50 km on September 15, 2009. Since maintaining this orbit required
monthly station-keeping maneuvers, the LRO was put into a quasi-frozen elliptical orbit
in December 2011 (Mazarico et al., 2018). This orbit has its periselene over the southern
hemisphere and is stable until at least 2030, requiring very little fuel for station-keeping
maneuvers (Mazarico et al., 2018). Motivation for the mission came from both science
and future human exploration. Its goals include the mapping of the lunar surface to
unprecedented resolution and accuracy, which is necessary to find suitable landing sites,
an exploration of resources, as well as measurements of the space radiation environment.
LRO continues to produce data at the time of writing.

1.3.2 MESSENGER
The MErcury Surface, Space ENvironment, GEochemistry, and Ranging (MESSENGER,
Solomon et al., 2007) mission by NASA was the first spacecraft to explore Mercury since
the flybys of Mariner 10 in 1974 and 1975. MESSENGER was launched on August 3,
2004, and, after three flybys, entered orbit around Mercury on March 18, 2011, making it
the first mission to achieve this task. Entering into an orbit around Mercury is challenging
because of the high speed relative to Mercury that would be obtained in a direct transfer
to Mercury. Therefore, multiple flybys were used to contribute a large part of the required
deceleration, extending the travel time to over six years. The initial orbit had an inclination
of 82.5◦ and was highly eccentric with a periherm altitude between 200 km and 500 km
and apoherm altitude of 15200 km at a 12 h orbital period. Corrective maneuvers roughly
maintained these parameters against a northward drift of the periherm. In April 2012, at
the beginning of the extended mission, the spacecraft was put into a slightly less eccentric
8 h orbit. The periherm then gradually lowered and maneuvers were optimized to increase
spacecraft lifetime with limited fuel supply. During the last days of the mission, there was
a low-altitude campaign with periherm altitudes as low as 5 km (Solomon and Anderson,
2018). MESSENGER ended its mission after more than four years in orbit by impacting
onto Mercury’s surface on April 30, 2015.

MESSENGER was built to explore the whole planet from core to exosphere and
featured a wide range of instruments. Some of the major questions to be answered by
the MESSENGER mission were the formation process leading to Mercury’s high density,
making it an end-member among the terrestrial planets, and the nature and origin of its
magnetic field. To withstand the extreme thermal and radiation environment in the close
vicinity of the Sun, a ceramic-cloth sunshade permanently shielded the spacecraft from
the Sun. Because of this requirement on the spacecraft orientation, the instruments were
not generally pointing in nadir direction. However, when the spacecraft had its periherm
over the sun-facing side of Mercury, thermal radiation fromMercury sometimes prevented
normal instrument operation (Preusker et al., 2017).

1.3.3 BepiColombo
The BepiColombo mission to Mercury (Benkhoff et al., 2010) consists of two spacecraft:
the Mercury Planetary Orbiter (MPO), led by the European Space Agency (ESA), and
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the Mercury Magnetosphere Orbiter (MMO), led by the Japanese Aerospace Exploration
Agency (JAXA). The two spacecraft were launched together on October 20, 2018. They
will arrive at Mercury on December 5, 2025. Six flyby maneuvers and the usage of a
solar electric propulsion system will decelerate the spacecraft into Mercury orbit. Only
then, the two spacecraft will be separated and enter their respective orbits. The orbit of
MMO will be highly elliptic with a periherm altitude of 400 km and an apoherm altitude
of 11824 km. It carries instruments to study the planet’s magnetosphere and exosphere
and the solar wind. The orbit of MPO will be less eccentric, with a periherm altitude
of 400 km and an apoherm altitude of 1508 km, resulting in a 2.3 h orbital period. The
periherm will initially be located at 16◦N and then drift to 15◦ S within the first year
and further to 43◦ S during the second year of the mission due to the equatorial bulge of
Mercury’s gravity field (Gunderson and Thomas, 2010; Imperi et al., 2018). This ensures
a global coverage of the planet, at least during the nominal mission. The instruments of
MPO aim at investigating the interior, surface, exosphere, and magnetosphere, as well as
test the theory of general relativity. The remote sensing instruments are designed to point
in nadir direction. All surfaces and payloads are designed for the high thermal load from
both the Sun and Mercury. A radiator that always faces away from the Sun dumps excess
heat.

1.3.4 JUICE
The JUpiter ICymoons Explorer (JUICE) is an ESAmission to the Jovian system and to its
largest moon Ganymede (Grasset et al., 2013). It will be launched in mid-2022 and arrive
at Jupiter in 2030, followed by a 32 month tour through the Jovian system with several
flybys of Jupiter’s other two icy moons, Europa and Callisto. An initial highly elliptical
orbit around Ganymede will be followed by two circular orbital phases at Ganymede with
altitudes 5000 km and 500 km, respectively, making JUICE the first spacecraft to orbit
around a moon in a giant planet system (Kimura et al., 2019). JUICE will spend about 4
months in the lower circular orbit within the nominal mission. This duration is limited by
the radiation dose received by the spacecraft and instruments (Hussmann et al., 2019). An
extended mission in an even lower circular orbit with an altitude of 200 km is possible.
JUICE will investigate the atmosphere and magnetosphere of Jupiter and the interior,
surface, and environment of its satellites. Of particular interest are the ocean layers within
the three moons Europa, Ganymede, and Callisto, which might harbor life. An important
goal is to constrain the thickness of Ganymede’s subsurface ocean, which can be achieved
through a combination of interior structure modeling and measurements of spin state, tidal
deformation, and magnetic field.

1.4 Laser altimeters
A laser altimeter is a remote sensing instrument that ranges the surface through a laser
pulse. As a lasing medium, normally a neodymium-doped yttrium-aluminum garnet
(Nd:YAG) is chosen (e.g., Kallenbach et al., 2013), which is preferred due to its high
efficiency and typically high albedo at the resulting wavelength of 1064 nm (Thomas
et al., 2007). The laser fires a pulse with a duration of some nanoseconds several times
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per second. A small beam divergence ensures that the size of the footprint at the surface
of the planet will be on the order of tens of meters. At the surface, the laser pulse is
reflected diffusely. The echo is wider than the emitted laser pulse due to the finite size
of the footprint and the roughness and slope of the surface or, equivalently, the off-nadir
pointing of the instrument. Part of the reflected laser pulse then enters the telescope
aperture, where it is detected by an avalanche photodiode (APD). The incoming signal is
detected by applying matched filters, followed by a detection of the leading edge, typically
in analog. A small fraction of each outgoing laser pulse is directed onto the detector to
establish the emission time and to characterize the pulse shape. From the readings of the
APD, three main quantities can be derived (Gardner, 1992):

1. The number of photons in the return pulse

N =

∫ ∞

0

p(t) dt (1.21)

2. The pulse centroid time of arrival

Tp =
1

N

∫ ∞

0

tp(t) dt (1.22)

3. The root-mean-square (RMS) pulse width

σp =

√
1

N

∫ ∞

0

(t− Tp)2 dt (1.23)

In Eq. 1.21 and 1.22, p(t) is the number of detected photons at time t. The number of
photons N relates to the surface reflectivity, or albedo, at the laser wavelength. The pulse
centroid time relates to the travel time and therefore to the altimetric range as

d =
c

2
(Tp − T0) , (1.24)

where T0 is the emission time and c is the speed of light. Finally, the RMS pulse width σp
contains information on the slope and roughness of the surface.

The link budget of the laser altimeter is characterized by a performance model (Gard-
ner, 1992; Abshire et al., 2000; Gunderson et al., 2006; Gunderson and Thomas, 2010;
Steinbrügge et al., 2015, 2018c). The signal strength depends on the pulse energy, beam
width, altitude, surface properties, telescope aperture, and efficiencies of transmitter and
receiver optics and the APD. The noise budget mainly consists of effects related to the
receiver. An additional noise source is sunlight reflected by the surface during daytime.
Its effect is limited by filtering out tightly all wavelengths other than the laser wavelength.
The range resolution of the measurement is constrained by the pulse width and the sam-
pling frequency during detection. Therefore, it mainly depends on the roughness of the
topography. On a flat surface, precisions on the decimeter level can be reached (Smith
et al., 2010a).

The combination of altimetric range with information on the position and orientation
of the spacecraft allows inferring the location of footprint, i.e. the planetary surface, in
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space. The position of the spacecraft is typically delivered from orbit determination based
on radio science (see also Paper II, Sec. 2) and the orientation is provided by the attitude
control system of the spacecraft. The limiting factor for the accurate determination of the
footprint location is usually not the ranging precision of the altimeter, but the accurate
knowledge of the instrument position and orientation.

Laser altimeters provide important insights in the areas of planetary geodesy, geo-
physics, and geology. The topographic heights at the sample points derived from the
altimetric ranges establish a planetocentric reference frame, to which other measurements
can be referenced. Different from terrain models derived from stereophotogrammetry, this
frame has a high absolute reliability (Gläser et al., 2013). The most important product of
the laser altimeter is a global digital terrain model (DTM). DTMs have important appli-
cations in geophysics and geology. The absolute reference of an altimetric DTM allows
for the determination of the Bouguer gravity and thereby the crustal structure (Wieczorek
et al., 2013). Morphometric and morphologic analyses are important tools in geology
(e.g., Head et al., 1999; Byrne et al., 2014). Apart from the geologic interpretation en-
abled by DTMs and single altimeter tracks, also the albedo at the laser wavelength can be
used to gain information on the surface in permanently shadowed regions that occur near
the poles of Mercury and the Moon. These regions are thought to harbor water ice and
are difficult to sense by imaging techniques. Slope and roughness information contained
in the RMS pulse width can be separated by subtracting the slope on the scale of the
shot-to-shot distance. Global maps of surface roughness at different scales are another
important geologic product (Kreslavsky and Head, 2000; Kreslavsky et al., 2013, 2014).
Furthermore, laser altimetry can also detect periodic tidal deformation and determine the
rotational state of a planet (see Sec. 1.5), thereby revealing the state of the its deep interior
(Hussmann, 2014).

Table 1.1: Characteristic parameters of the laser altimeters discussed in this work.
MLA LOLA BELA GALA

Mission MESSENGER LRO BepiColombo JUICE

Laser wavelength [nm] 1064 1064 1064 1064
Pulse energy [mJ] 20 2.7 / 3.21 52 17
Pulse width [ns] 5 5 < 3 2.9
Pulse rate [Hz] 8 28 10 302
Altitude [km] 200 - 1800 503 400 - 1500 5002
Shot-to-shot distance [m] 175 - 420 254 135 - 250 502
Beam divergence [µrad] < 80 100 60 100
Footprint diameter [m] 35 - 280 5 24 - 90 50

1 Primary and secondary laser;
2 During the lower circular orbit phase at Ganymede, for exceptions see Sec. 1.4.4;
3 During the circular orbit phase; 4 Distance to the nearest footprint

In the following, the instruments investigated in this dissertation are described in more
detail. Some of their characteristic parameters are summarized in Table 1.1.
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1.4.1 Lunar Orbiter Laser Altimeter

~11 m

~11 m~57 m 5 m diameter footprint

Figure 1.1: Ground pattern of LOLA. Each color indicates one spot and receiver channel.

The Lunar Orbiter Laser Altimeter (LOLA, Smith et al., 2010a) is an instrument
aboard the LRO spacecraft. While the nominal pointing of the instrument is nadir, there
are also off-nadirmeasurements takenwhen other instruments require a different spacecraft
orientation. The most distinct feature of LOLA is the multi-beam approach. The laser
pulse is split in five different beams by a diffractive optical element, resulting in X-pattern
of five spots on the surface (Fig. 1.1). At the nominal spacecraft altitude of 50 km, the
distance between spots is approximately 25 m, and the distance between the centers of
two succeeding patterns is approximately 57 m, resulting in a continuous coverage of the
surface. The X-pattern is rotated by 26◦ with respect to the direction of flight, causing the
sampling of five parallel profiles with a distance of about 11 m. The multi-beam pattern
gives valuable cross-track information and provides a 2D slope within the swath. Due to a
thermal contraction of a thermal blanket, the receiver telescopes of the LOLA are pulled
out of alignment whenever the spacecraft enters the shadow, so that the laser footprints are
no longer within their field of view, and retract back into their intended position during
daytime. Fortunately, two of the receiver telescopes are viewing the footprints of different
spots, so that measurements can be taken at night with a reduced coverage. This effect is
the so-called "LOLA thermal blanket anomaly" (Smith et al., 2017).

One specific goal of LOLA is the characterization of landing sites for future robotic
and human exploration (Smith et al., 2010a). Because of the short shot-to-shot distances,
the topography is resolved down to a resolution of 25 mwithin the swath and in the densely
covered polar regions (Smith et al., 2010b, 2017). LOLA also detected thick ice deposits
on crater floors in permanent shadow in polar regions (Rubanenko et al., 2019). Water ice
could also be detected from the reflectivity at the laser wavelength (Smith et al., 2017).
Furthermore, global maps of surface slopes and roughness can be geologically interpreted
(Rosenburg et al., 2011; Pommerol et al., 2012; Kreslavsky et al., 2013; Kreslavsky and
Head, 2016). The laser of the altimeter has also been used for one-way laser ranging
to Earth which serves as a means for precise orbit determination (Zuber et al., 2010;
Bauer et al., 2016). Ultimately, it was found that with the unprecedented accuracy of
the GRAIL gravity field, neither one-way laser ranging nor the exploitation of crossovers
could improve the orbit determination significantly (Mazarico et al., 2012, 2018).

1.4.2 Mercury Laser Altimeter
The Mercury Laser Altimeter (MLA, Cavanaugh et al., 2007) was an instrument on
MESSENGER. Due to the highly eccentric orbit of MESSENGER, the MLA was only
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Figure 1.2: Global map of MLA topographic measurements with respect to reference
radius R = 2439.4 km in a Mollweide projection. Gross outliers were removed and only
every twentieth subsequent measurement is shown.

able to acquire ranges close to periherm, limiting its operation time to 15 to 45 minutes
out of each 12 h or 8 h orbit (Sun and Neumann, 2015). In consequence, only the Northern
hemisphere is densely covered by topographic measurements, with some reaching as far as
20◦ S (Fig. 1.2). As the harsh radiation environment at Mercury restricted the spacecraft
attitude, the MLA was not usually pointing in nadir direction. The MLA was equipped
with an array of four receiver telescopes, which, compared to a single telescope, are
more tolerant to the large thermal gradients occurring due to Mercury’s strong thermal
infrared radiation when MESSENGER approached the planet closely (Ramos-Izquierdo
et al., 2005). The MLA could record multiple return pulses at three different channels
with different signal-to-noise thresholds. This way, return pulses that were spread out due
to the off-nadir pointing could be detected more reliably.

The MLA aimed at providing data on three major science topics: the geologic history,
the structure and state of the core, as well as the nature of radar-bright materials at
Mercury’s poles (Solomon et al., 2007). A topographic map of Mercury’s northern high
latitudes created from MLA data and profiles over various geologic features revealed
a planet that has been geologically active throughout its history (Zuber et al., 2012;
Kreslavsky et al., 2014; Fa et al., 2016; Susorney et al., 2017). The combination of
altimetry and gravity results allowed constraining the crustal thickness (Padovan et al.,
2015; James et al., 2015). Measurements of Mercury’s 88-day libration amplitude by co-
registration of MLA data and photogrammetric imagery (Stark et al., 2015c) confirmed
a previous measurement by Earth-based radar (Margot et al., 2007), which had revealed
the liquid state of Mercury’s core. Measurements of the surface reflectivity at the laser
wavelength of permanently shadowed regions close to Mercury’s north pole are consistent
with the existence of surface water ice (Neumann et al., 2013).
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1.4.3 BepiColombo Laser Altimeter
The BepiColombo Laser Altimeter (BELA, Thomas et al., 2007; Hussmann et al., 2018;
Thomas et al., 2019) is one of the instruments aboard the MPO. BELA is designed to
detect echoes at altitudes up to 1050 km, allowing it to sample the hemisphere around
periherm in each orbit. This way, it samples half the planet in half a Mercury year. Since,
unlike on MESSENGER, no sunshade protects MPO from radiation, thermal design of
the instrument was challenging. The instrument will face significant thermal infrared
radiation and reflected sunlight from Mercury’s surface during daytime. Both receiver
and transmitter are equipped with baffles to reflect sunlight (Seiferlin et al., 2007; Thomas
et al., 2019). Another novelty in the instrument design is the use of a digital rangefinder,
instead of the analog direct pulse detection used by LOLA and MLA. The detected return
pulse is fully digitized and then analyzed by fitting polynomials to it. The sampling of
the return pulse is equivalent to a range resolution of 1.875 m, but the filter-matching
algorithm in the rangefinder allows for a sub-sampling accuracy corresponding to up to
20 cm (Hussmann et al., 2018). This approach has the advantage of avoiding systematic
biases through a range walk, which occur when the pulse shape between leading and
trailing edges is not symmetric (Neumann et al., 2001). In general, the goal of BELA is to
extend the MLA measurements to a global scale. A global digital terrain model (DTM)
serves geological and geomorphological analyses and establishes a geodetic network on the
whole planet. Combining the altimetric shape model with a gravity field model will allow
inverting for the global crustal thickness. Measurements of surface roughness, slopes, and
albedo complement the geologic investigations. An additional goal is the detection of tidal
surface displacement, which is the topic of this dissertation and discussed in Paper II.

1.4.4 Ganymede Laser Altimeter
The Ganymede Laser Altimeter (GALA, Hussmann et al., 2019; Kimura et al., 2019) is
one of the instruments aboard JUICE and is built on the heritage of BELA. GALA will be
operated at distances lower than 1600 km, 1400 km, and 1100 km during flybys of Europa,
Ganymede, and Callisto, respectively. The different ranges are a result of the moons’
different albedo values (Hussmann et al., 2019). Its main period of activity is the low
circular orbit phase at Ganymede, when the spacecraft has an altitude of 500 km (Kimura
et al., 2019). GALA’s high 30 Hz shot frequency allows for a detailed investigation
of surface features with an along-track resolution of up to 20 m. The shot frequency
can be further increased to 50 Hz during flybys and for specific targets on Ganymede
(Hussmann et al., 2019). GALA’s measurements will for the first time allow for a detailed
characterization of the geology and tectonics of an icy satellite (Kimura et al., 2019)
by providing the global, regional, and local topography as well as surface roughness,
slope, and reflectivity of Jupiter’s icy moons. The degree of isostatic compensation
revealed by GALA measurements in combination with gravity data will elucidate the ice
rheology and the thermal state of Ganymede’s interior. GALA will also contribute to the
determination of Ganymede’s, Europa’s, and Callisto’s rotational states, i.e. the amplitude
of their physical librations and their obliquities (see Appendix A). Furthermore, GALA
will measure Ganymede’s tidal surface displacements, which allow for a constraint on the
thickness of its outer ice shell.
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1.5 Methods for the extraction of solid body tides
The goal of this dissertation is to establish a reliable method for the extraction of planetary
solid body tides and rotation parameters from laser altimeter measurements, with a focus
on tides. So far, two methods have been proposed or applied for this task, which are
presented in the next two subsections.

Alternative ways of determining h2 without laser altimetry include Lunar Laser Rang-
ing (Murphy, 2013; Williams et al., 2013; Pavlov et al., 2016; Viswanathan et al., 2018)
and radar altimetry (Steinbrügge et al., 2018b), and a variety of space geodetic methods on
Earth (Mitrovica et al., 1994; Rutkowska and Jagoda, 2010). The potential Love number k2
is routinely measured jointly with planetary gravity fields from radio science observations
(Iess et al., 2012; Konopliv et al., 2013; Mazarico et al., 2014b).

1.5.1 Crossover analysis
When an orbiting spacecraft takes laser altimeter measurements, the ground tracks of the
laser footprints from different orbits will intersect. In case of a continuous coverage, the
number of these crossovers increases quadratically with the number of orbits (Mazarico
et al., 2014a). Given no movement of the surface and an error-free determination of the
footprint position, the difference between two elevations measured at different times at
the crossover location should be zero (Fig. 1.3). As laser altimeters typically have a high
ranging precision of less than about 1 m, crossovers on smooth terrain can be used to
determine errors in spacecraft position and orientation. The elevation of both ground
tracks is interpolated to determine a mismatch at the crossover point. Neumann et al.
(2001) used this technique to model these errors in the case of Mars Global Surveyor.
Mazarico et al. (2012) used crossovers to improve the orbit of the LRO, although the
improved lunar gravity field provided by the GRAIL mission made these results obsolete
soon after (Mazarico et al., 2018). These authors neglected tides in their error analyses,
because the tidal amplitudes of the Moon and Mars are small compared to the investigated
error signals. No other significant sources of surface displacement at the time scale of an
orbital mission are known, meaning that all significant mismatch at the crossover point
must be due to orbit and pointing errors.

Moore and Schubert (2000) andWu et al. (2001) first proposed measuring tidal surface
displacement of Europa, where the tidal displacements can be up to 30 m, from an orbital
mission. Wahr et al. (2006) carried out a simulation where they proposed to use crossovers
for the estimation of orbital errors of the spacecraft and the tidal deformation at the same
time. They found that h2 could be determined with an uncertainty of about 0.01 after a
30-day orbital mission.

Small angles between intersecting ground track are a problem for the estimation of the
crossover mismatch. These provide an unfavorable geometry where a small lateral error
in footprint position, which may be caused by orbit or pointing errors, leads to a large
uncertainty in the along-track location of the crossover point. Such small intersection
angles are most common for missions with a near-polar inclination, especially when the
planet is a slow rotator, such as Mercury and most large moons. The multi-beam laser
altimeter LOLA on the LROmission (Sec. 1.3.1) alleviates this problem. The ground track
of multi-beam laser altimeters has a limited lateral extent, which reduces the ambiguities
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Figure 1.3: Comparison of crossover method and global approach of joint extraction of
tides and topography. Two intersecting tracks sample the topography at different points
in the tidal cycle (a and b). The crossover method interpolates the tracks at the crossover
location and determines the vertical difference (c). The global approach simultaneously
determines a model of the topography and the tidal displacement (d).

compared to single-beam crossovers and adds another dimension to the constraint on orbit
and pointing of the spacecraft (Mazarico et al., 2010). Crossover analysis was applied for
the first successful determination of planetary h2 from laser altimetry (Mazarico et al.,
2014a). Mazarico et al. (2014a) estimated h2 by minimizing the difference between the
three-dimensional displacement at the crossover locations and the tidal signal.

Crossover analysis continues to be a valuable technique for the estimation of planetary
h2, also for the single-beam laser altimeters BELA and GALA. Steinbrügge et al. (2015,
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2018c) simulated the retrieval of Ganymede’s and Mercury’s h2 from GALA and BELA
data and found an uncertainty of 0.02 and 0.14, respectively.

1.5.2 Joint extraction of tides and global topography

A completely different method to retrieve h2 from laser altimetry is the simultaneous
inversion for h2 and global topography, first developed by Koch et al. (2008). The
fundamental idea is that each measurement of topography Tk can be decomposed into a
static, time-invariant part Tstat and a dynamic, time-dependent part ur,

Tk(θk, λk, tk) = Tstat(θk, λk) + ur(θk, λk, tk) + ek , (1.25)

where ek contains measurement and model errors. The time-dependent part ur(θk, λk, tk)
is the radial tidal displacement, which is a function of h2 (Eq. 1.12). The static part
Tstat(θk, λk) can be parametrized using a set of basis functions on the sphere. Investigations
using spherical harmonics as global basis functions (Koch et al., 2008; Steinke et al., 2015)
were followed by those using local basis functions (Koch et al., 2010, as well as Paper I,
Paper II, and Appendix A in this dissertation).

This method aims at solving the small intersection angle problem by avoiding the
explicit usage of crossovers (Fig. 1.3). In a global approach, this method considers all
measurements, instead of breaking the problem into many local problems, which only uti-
lize themeasurements in the immediate vicinity of a crossover. The underlying assumption
is that the small-scale topography, i.e. the topography that cannot be modeled by Tstat,
can be treated as a statistical process that is independent and identically distributed. This
implies that the small-scale topography at one location does not affect the topography at
other locations and that the random distribution of all observations of small-scale topog-
raphy is the same. Then, a least-squares solution of the observation equation (Eq. 1.25)
will give an unbiased estimate of the static topography and h2. Because of the typically
large amount of measurements, small tidal displacements can be confidently determined,
even if the small-scale topography has significantly higher amplitudes than the tidal dis-
placement. The retrieval benefits from an increased resolution of the static topography
Tstat because it causes a reduced amplitude of the small-scale topography, represented by
the error term ek.

The simultaneous inversion for h2 and the global topography is different from the
so-called direct altimetry technique, where laser altimeter measurements are directly com-
pared with an existing topographic model. The existing model can be derived from either
laser altimetry alone or from a combination of laser altimetry and stereophotogrammetry
(Mazarico et al., 2018). While direct altimetry proved useful for the determination of
spacecraft orbit and attitude (Mazarico et al., 2018), it is not suitable for the determination
of h2 because the tidal signal is already contained in the existing topographic model. This
implies that a comparison between the model and the measurements would not deliver
a reliable estimate of h2. Therefore, it is necessary to determine a tide-free topographic
model simultaneously with the inversion for h2.

The first option for the parametrization of the static topography is an expansion in
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spherical harmonics

Tstat(θk, λk) =
L∑

l=0

l∑

m=−l

TlmYlm(θk, λk) , (1.26)

where Ylm are the spherical harmonics of degree l and orderm, and Tlm are the spherical
harmonic coefficients of topography. L is the spherical harmonic degree at which the
expansion is truncated. The spherical harmonics are defined as

Ylm(θ, λ) = P̄l|m|(cos θ)

{
cos(mλ) for m ≥ 0
sin(|m|λ) for m < 0

, (1.27)

where

P̄lm(x) =

√
(2− δ0m)(2l + 1)

(l −m)!

(l +m)!
Plm(x) (1.28)

are the normalized associated Legendre functions with δij the Kronecker delta and Plm
given by Eq. 1.9. Spherical harmonics are global basis functions because each point on
the surface of the sphere is accurately represented by a linear combination of all spherical
harmonic coefficients.

The second option for the parametrization of the static topography is an expansion in
local basis functions. The static topography from Eq. 1.25 is then described as

Tstat(θk, λk) =
I∑

i=1

J∑

j=1

cijfij(θk, λk) (1.29)

where fij are the local basis functions, cij are their coefficients, and I and J are the number
of grid cells in latitudinal and longitudinal direction, respectively.

When using local basis functions, a point on the surface of the sphere is represented by
a small number of local basis function coefficients. Essentially, each local basis function
coefficient represents a topography value on a location on the sphere. An interpolation
between neighboring coefficients determines the value at a certain location. The locations
corresponding to each coefficient are ordered as an equirectangular grid. Equirectangular
grid cells are squares at the equator and have the same extent in latitudinal direction
everywhere on the sphere, but become less wide toward the poles, ultimately reducing
to triangles. The distribution of ground points of a satellite in a circular polar orbit is
homogeneous when projected onto an equirectangular grid, justifying this choice.

The local basis functions can be further decomposed into a longitudinal and latitudinal
component:

fij(θk, λk) = fi(θk)fj(λk) . (1.30)

Koch et al. (2010) considered step functions for fi and three different types of functionswith
increasing complexity and smoothness for fj: step functions, piecewise linear functions,
and cubic splines. They showed that cubic splines are preferable for the retrieval of h2 and
they recommended using cubic splines also in latitudinal direction. In this work, cubic
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splines are applied in both directions. The latitudinal and longitudinal components are
defined as

fi(θk) = S

(
θk
π
I − i+

1

2

)

fj(λk) = S

(
λk
2π
J − j +

1

2

)
,

(1.31)

where

S(x) =





1
4
(x+ 2)3, for − 2 ≤ x < −1

1
4
(1 + 3(x+ 1) + 3(x+ 1)2 − 3(x+ 1)3), for − 1 ≤ x < 0

1
4
(4− 6x2 + 3x3), for 0 ≤ x < 1

1
4
(1− 3(x− 1) + 3(x− 1)2 − (x− 1)3), for 1 ≤ x < 2

0, otherwise

(1.32)

are the spline functions. Each measurement will cause only 16 non-zero basis functions
fij . The addition of 1/2 in Eq. 1.31 causes the centers of the equirectangular grid cells
to be distributed symmetrically around the equator, with a grid node on the pole. This
grid can also be generated from spherical harmonics using a Féjer quadrature (Schaeffer,
2013).

The observation equation 1.25 can be written in vector notation as

T = Ax + e (1.33)

where T contains the observations Tk, A is the design matrix, x is the parameter vector,
and e contains the measurement and model errors ek. When the local basis function
expansion is used,

A =



f1(θ1, λ1) · · · fN(θ1, λ1) ftide(θ1, λ1, t1)

... ... ...
f1(θK , λK) · · · fN(θK , λK) ftide(θK , λK , tK)


 (1.34)

and

x =




c1
...
cN
h2


 , (1.35)

where N = IJ = 2I2 is the total number of splines. The quantities in Eq. 1.34 and 1.35
relate to those in Eq. 1.29 by fn(θk, λk) = fij(θk, λk) and cn = cij , where n = (i−1)J+j.
When the spherical harmonic expansion is used, the fn(θk, λk) in A and the cn in x have
to be replaced by Ylm(θk, λk) and Tlm accordingly.

The linear least-squares solution of Eq. 1.33 is given by

x̂ = (A>A)−1A>T . (1.36)
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The symmetric matrix

N = A>A (1.37)

is the normal equation matrix. When the amount of spherical harmonic or local basis
function coefficients is large, the efficient solution of the linear equation system in Eq. 1.36
is challenging. When using spherical harmonics, all measurements must be considered
for the computation of every coefficient in the inversion. In other words, the normal
equation matrix N is a full matrix. This limits the maximum spherical harmonic degree
L up to which the computational effort is manageable. For example, a spherical harmonic
model of degree and order L = 64 contains (L + 1)2 = 4225 parameters, implying that
a linear equation system with that many rows and columns has to be solved. Koch et al.
(2008) and Steinke et al. (2015) solved for spherical harmonic coefficients up to degree
L = 64 and L = 60, respectively, which is equivalent to a wavelength of about 230 km or
a resolution of 115 km. Any topography at smaller scales contributes to the error, causing
high uncertainties on the retrieved geophysical parameters.

To reduce the high computational cost associated with solving the dense normal
equation system produced by a spherical harmonic expansion of planetary topography,
Koch et al. (2010) proposed to use the local basis function expansion (Eq. 1.29). By using
local basis functions, the normal equation matrix turns highly sparse. Only elements,
where row and column correspond to two coefficients with close mutual distance, are
non-zero. The sparsity pattern of the normal equation matrix is shown in Fig. 1.4. The
small triangles to the upper right of the diagonal are due to longitudinal wrapping and the
short intermediate stripes towards the ends of the diagonals are due to polar wrapping.
For higher resolutions, the sparsity increases and the side diagonals move relatively closer
to the main diagonal. The elements in the right-most column are non-zero because of
the h2 parameter, which is global and therefore causes the matrix to lose its otherwise
banded structure. However, compared to the full normal equation matrix produced by
the spherical harmonic expansion, the sparsity of this normal equation matrix is greatly
beneficial for computational purposes. The matrix can be saved in a sparse data format and
the linear equation system (Eq. 1.36) can be solved using a direct sparse solver (Schenk
and Gärtner, 2004).

An additional feature of the joint extraction ofh2 and global topography is the capability
to solve for rotational parameters by expanding the observation equation (Eq. 1.25) by
rotational terms

Tk(θk, λk, tk) = Tstat(θk + δθ(tk), λk + δλ(tk)) + ur(θk, λk, tk) + ek , (1.38)

where δθ(tk) and δλ(tk) are time-dependent terms which capture the rotational state of
the planet. These terms correct the position of the static topography, but do not need to
be applied to the tidal deformation, because it is tied to the frame, in which the attracting
bodies’ positions are defined. Koch et al. (2008) solved for the 88-day longitudinal libration
of Mercury, and Steinke et al. (2015) solved for a full rotational model of Ganymede.

In this work (Sec. 4.6 and Appendix A), only variations in longitude are considered,
leading to an observation equation

Tk(θk, λk, tk) = Tstat(θk, λk + δλ(tk)) + ur(θk, λk, tk) + ek , (1.39)
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Figure 1.4: Sparsity pattern of the upper right of the symmetric normal equation matrix.
Blue elements are non-zero and white elements are zero. The grid has 12 × 24 = 288
grid cells, resulting in 289 parameters: 288 coefficients cij and h2. At this resolution, the
upper right of the matrix has 7489 non-zero entries. The whole matrix has a sparsity of
82.4%. The sparsity is much higher for higher resolutions.

where

δλ(t) = ω1t+ ωlib(t) (1.40)

contains the rotation rate and the libration angle. These two quantities describe the
deviation from the uniform rotation at time tk. For different experiments, the number of
considered librations in ωlib may be varied and the rotation rate ω1 may be omitted. The
libration amplitudes φi (Eq. 1.16) and the rotation rate ω1 become estimated parameters.
Thereby, the problem becomes non-linear and requires an iterative solution. Linearization
of the observation equation forM rotational parameters (Eq. 1.39) yields

T −Ax0 = A∆x + e , (1.41)
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where x0 is the parameter solution from the previous iteration, and

∆x =




∆c1
...

∆cN
∆h2
∆ω1
...

∆ωM




(1.42)

is the vector of estimated parameter improvements. In Eq. 1.42, ωm are the rotational
parameters, which can be either ω1 or one of φi. The design matrix contains the partial
derivatives evaluated at the solution of the previous iteration

A =




f1,1

∣∣∣∣
0

· · · fN,1

∣∣∣∣
0

ftide,1

∣∣∣∣
0

frot,1,1

∣∣∣∣
0

· · · frot,M,1

∣∣∣∣
0... ... ... ... ...

f1,K

∣∣∣∣
0

· · · fN,K

∣∣∣∣
0

ftide,K

∣∣∣∣
0

frot,1,K

∣∣∣∣
0

· · · frot,M,K

∣∣∣∣
0



, (1.43)

where the notation |0 indicates evaluation of the term using the parameters from the
previous iteration, and specifically

fn,k

∣∣∣∣
0

= fn(θk, λk + δλ0(tk)) (1.44)

ftide,k

∣∣∣∣
0

= ftide(θk, λk, tk) (1.45)

frot,m,k

∣∣∣∣
0

= frot,m(θk, λk, tk)

∣∣∣∣
0

(1.46)

=
I∑

i=1

J∑

j=1

cij,0fi(θk)
dfj(λk + δλ(tk))

dωm

∣∣∣∣
0

(1.47)

=
J

2π

I∑

i=1

J∑

j=1

cij,0fi(θk)S
′
(
λk + δλ0(tk)

2π
J − j +

1

2

)
dδλ(tk)

dωm
. (1.48)

Here, cij,0 and δλ0(t) are the spline coefficients and the rotation change to the nominal
state from the previous iteration, respectively, and S ′(x) = dS(x)/ dx. The solution of
the linear case without rotation parameters provides a suitable initial set of parameters.
The non-linear case has to be iterated until a suitable convergence criterion is met. The
normal equation matrix gains one additional full row and column per included rotational
parameter.
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Abstract
We use widely distributed data from the Lunar Orbiter Laser Altimeter (LOLA) to retrieve
the lunar tidal Love number h2 and find h2 = 0.0386±0.0022. This result is in agreement
with previous estimates from laser altimetry using crossover points of LOLA profiles.
The Love numbers k2 and h2 are key constraints on planetary interior models. We further
develop and apply a retrieval method based on a simultaneous inversion for the topography
and the tidal signal benefiting from the large volume of LOLA data. By the application
to the lunar tides, we also demonstrate the potential of the method for future altimetry
experiments at other planetary bodies. The results of this study are very promising
with respect to the determination of Mercury’s and Ganymede’s h2 from future altimeter
measurements.

Plain Language Summary
We use height measurements from the Lunar Orbiter Laser Altimeter (LOLA) aboard the
Lunar Reconnaissance Orbiter (LRO) to detect the tidal deformation of the Moon. Tidal
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forces from the Earth and the Sun continuously deform the Moon. Measurements of tidal
deformations constrainmodels of the interior structure of a planet. In this study, we present
a method that extracts the tidal deformation and the topography of the Moon from laser
altimetry data. The method benefits from the large volume of 3,686,466,983 individual
LOLA observations. We are confident in our method because our result agrees with a
previous result obtained using a different method. Future studies of the tidal deformation
of Mercury and Jupiter’s moon Ganymede will benefit from applying this method.

2.1 Introduction
Geodetic measurements of mass, moment of inertia, and tidal Love numbers k2 and h2
are key quantities to constrain the interior of planetary bodies, such as Mercury (e.g.,
van Hoolst et al., 2007; Rivoldini et al., 2009; Padovan et al., 2014; Steinbrügge et al.,
2018a), the Moon (e.g., Williams et al., 2014; Matsuyama et al., 2016), Europa (e.g., Wu
et al., 2001; Wahr et al., 2006), and Ganymede (e.g., Jara-Orué and Vermeersen, 2016;
Hussmann et al., 2016). The Love numbers characterize the response of the planet to
the tidal potential exerted on it by other celestial bodies. The k2 Love number describes
the resulting secondary gravitational potential caused by mass re-distribution due to tidal
forcing. The h2 Love number describes the radial displacement of the surface

ur(θ, λ, t) = h2
V2(θ, λ, t)

g
(2.1)

at colatitude θ, longitude λ, and time t as a function of the second degree tidal potential
V2 and the gravitational acceleration at the surface g. The Love numbers are functions of
the spatial distribution of material properties in the planet’s interior and can be computed
from radial profiles of density, shear modulus, and viscosity (Segatz et al., 1988; Moore
and Schubert, 2000). In case of the Moon, tides originating from the Earth and the Sun
cause a radial displacement with an amplitude as small as 10 cm at a period of 27.2 d
(Williams and Boggs, 2015).

Our understanding of the interior of the Moon has recently greatly improved through
a re-analysis of seismic data from the Apollo era (Weber et al., 2011; Garcia et al., 2011)
and the Gravity Recovery and Interior Laboratory (GRAIL) mission which determined
the gravity field, the moment of inertia, and k2 with unprecedented accuracy (Zuber et al.,
2013a). Williams et al. (2014) created a family of lunar interior models which satisfy
all GRAIL-based geodetic parameters, including in particular the value of the k2 Love
number with a quoted uncertainty of 0.9%. At the same time, they retain the density
profile derived from seismic constraints by Weber et al. (2011), but adjust inner and outer
core radii and the radius of the low-velocity zone in the lower mantle. All members of this
model family give h2 = 0.0424. Because h2 and k2 are closely related, in particular for
an object with a small core and rather uniform density in the mantle, this value represents
arguably the best available estimate for the lunar h2.

Further constraints on h2 come from measurements using two different techniques,
namely Lunar Laser Ranging (LLR) and laser altimetry. Three groups which determined
h2 from LLR (Williams et al., 2013; Pavlov et al., 2016; Viswanathan et al., 2018) each
used slightly different data sets and their own ephemerides. Williams et al. (2013) first
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incorporated the new gravity field and k2 results from the GRAILmission into their DE430
ephemerides to find h2 = 0.0476 ± 0.0064. Pavlov et al. (2016) notably compared two
different Earth tidal models and found h2 = 0.0430 ± 0.0010 and h2 = 0.0410 ± 0.0010
for the DE430 model and a model recommended by the International Earth Rotation
and Reference Systems Service (IERS), respectively. Viswanathan et al. (2018) first
presented results including new infrared LLR data and found h2 = 0.0439 ± 0.0002.
Mazarico et al. (2014a) used altimetric data and a method where the radial displacement is
determined through interpolation of intersecting ground tracks at crossover points which
yields h2 = 0.0371± 0.0033. There are thus significant differences between the h2 value
derived from k2 measurements (Williams et al., 2014; Williams and Boggs, 2015) and the
results of LLR (Williams et al., 2013; Pavlov et al., 2016; Viswanathan et al., 2018) on
the one hand, and the h2 value derived from laser altimetry using the crossover method
(Mazarico et al., 2014a) on the other hand.

This study uses laser altimetry to determine the lunar h2, but instead of relying on
crossover points it applies a different method which simultaneously solves for h2 and
coefficients which represent the global topography of the Moon on an equirectangular
grid, as originally proposed by Koch et al. (2008, 2010). The parametrization of the
topography into 2D cubic B-splines provides and advantage over the method of Koch et al.
(2010) who only used cubic splines in longitude direction.

For the retrieval of h2, we use data from the Lunar Orbiter Laser Altimeter (LOLA).
LOLA is a multi-beam laser altimeter with a ground pattern of 5 spots with a distance of
approximately 25 m from each other. The primary objective of LOLA is the generation
of topographic maps of the lunar surface with appropriate resolution and accuracy for
future robotic and human exploration (Smith et al., 2010a). Laser pulses are fired at a
frequency of 28 Hz. While the measurement precision on a flat surface is 10 cm (Smith
et al., 2017), knowledge of the spacecraft position and orientation limit the radial accuracy
to about 1 m (Mazarico et al., 2018). For a review of LOLA’s achievements see Smith
et al. (2017). LOLA is a payload of the Lunar Reconnaissance Orbiter (LRO), which has
been orbiting the Moon since June 2009. From September 2009 to December 2011 it was
in a near-circular 50 km mapping orbit and entered an elliptical orbit afterwards (Mazarico
et al., 2018).

On other solar systembodies, such asMercury (e.g., vanHoolst et al., 2007), Ganymede
(e.g., Jara-Orué and Vermeersen, 2016), and Europa (e.g., Wu et al., 2001; Wahr et al.,
2006), h2 might be retrievablewith a higher accuracy due to stronger tides, with amplitudes
on the order of one to several meters compared to 10 cm at the Moon. With increasing
accuracy, tighter constraints can be emplaced on the respective interior structures. Due
to the lack of seismic data and highly accurate k2 measurements from dedicated gravity
missions like GRAIL on those bodies, a determination of h2 is crucial. Future missions
strive to detect the body tide ofMercury (BepiColombo;Koch et al., 2008, 2010; Thor et al.,
2019) and Ganymede (Jupiter Icy Moons Explorer; Steinbrügge et al., 2015; Steinbrügge
et al., 2019) by laser altimetry.

The goal of this study is thus twofold: Further constrain the lunar h2; and demonstrate
the utility of the applied method for future application to other solar system bodies.
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2.2 Method
We simultaneously extract the lunar solid body tide and the static global topography. A
single LOLA observation of the topographic elevation consists of the static, time-invariant
topography Tstat at that location, the radial displacement ur of the surface due to tides at
time tk (Eq. 2.1), and measurement and model errors, contained in the term ek:

Tk(θk, λk, tk) = Tstat(θk, λk) + ur(θk, λk, tk) + ek (2.2)

Modelling the topography only serves the purpose of removing it from the measured
signal and limiting the size of the error term ek. Accurate models for the topography of
the Moon that are suitable for further analysis are available from LOLA data (Smith et al.,
2010b) and from LOLA and photogrammetric data (Barker et al., 2016). Like Mazarico
et al. (2014a), we compute the potential caused by the Earth and the Sun from the DE421
ephemerides and masses as given by Spacecraft, Planet, Instrument, Camera-matrix,
Events (SPICE) kernels (Williams et al., 2008; Acton et al., 2018).

The static part of the topography is usually simply referred to as the shape of theMoon.
Here, we parametrize the static topography as an expansion in 2D cubic B-spline basis
functions. The expansion can be written as

Tstat(θk, λk) =
I∑

i=1

J∑

j=1

cijSij(θk, λk)

where Sij are the spline basis functions depending on position, cij are their coefficients,
and I and J are the number of splines that are used in latitude and longitude direction,
respectively, with N = I · J being their total number. For the definitions of the spline
functions Sij see Koch et al. (2010), Eq. 9, 11, 14-17. 2D cubic B-spline basis functions
have the property that at any point (θk, λk) on the surface, only 16 functions are non-
zero. The splines are defined on the equirectangular projection of the spherical surface
onto a (θ, λ)-plane. Each spline function is centered at one grid point (i, j) on the
map and is non-zero in the two adjacent grid intervals in longitude and latitude in both
directions. The projections of the grid cells back onto the sphere are squares at the equator
(J = 2I) and evolve over trapezoids in higher latitudes to triangles right at the poles.
The usage of an equirectangular projection is necessary to accommodate the 2D cubic
B-spline basis functions on a sphere. Any topographic signal with a wavelength smaller
than the grid cell size 360◦/J cannot be modelled by the splines and contributes to the
model error term ek. Our approach is to assume that the topography at smaller scales
is independent and identically distributed (i.i.d.). The parametrization using 2D cubic
B-splines is advantageous over, e.g., a spherical harmonic expansion because locality
is retained while still allowing for a high smoothness of the solution. Additionally, an
expansion in spherical harmonics would be computationally too expensive (Koch et al.,
2010). Our method is an improvement over that developed by Koch et al. (2010), who used
cubic splines only in longitudinal direction and step functions in latitudinal direction. Their
justification for using step functions in latitudinal direction was the denser data coverage
in that direction and a reduction of computational cost. However, seeing that using cubic
splines instead of step functions in longitudinal direction provided a crucial improvement
for their retrieval accuracy of h2, they recommended doing the same in latitudinal direction
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in a further study. As the involved computational challenge has become manageable by
now, we apply cubic splines, which are smooth enough to model planetary topography
well, in both coordinate directions.

We gather the spline coefficients cij and h2 in a parameter vector x and use a least-
squares adjustment to solve the observation equation (Eq. 2.2) for x. The resulting normal
equation system is highly sparse and band-structured and hasN+1 equations and 51N+1
non-zero elements, which can be reduced to 26N+1 elements due to symmetry. Due to the
inhomogeneous coverage of the lunar surface with measurements, it can occur that some
grid cells are poorly sampled or not sampled at all. Such data gaps cause instabilities in the
solution. The linear inverse ill-posed problem must therefore be regularized, minimizing

(Ax− T )>(Ax− T ) + αx>Rx

in a least-squares sense, where the vectorT contains theK observationsTk,A is the design
matrix derived from Eq. 2.2, α is a regularization parameter, and R is the regularization
matrix which constrains the fit by minimizing the second derivative of the topography at
the grid points (θi, λj)

∇ ·∇Tstat(θi, λj) =
i+1∑

r=i−1

j+1∑

s=j−1

crs∇ ·∇Srs(θi, λj)

=
i+1∑

r=i−1

j+1∑

s=j−1

crs

(
∂2

∂θ2
Srs(θi, λj) +

1

sin2 θ

∂2

∂λ2
Srs(θi, λj)

)
.(2.3)

In Eq. 2.3, we have applied a Cartesian Laplace operator with a correction term for the
change of cell width as a function of latitude for simplicity. The regularization enables a
trade-off between smoothing the topography solution and minimizing the inevitable biases
in the results. The bias can be approximated as (Xu, 1992)

bias(x̂) ≈ (A>A + αR)−1αRx̂, (2.4)

where x̂ is the biased parameter solution. We apply randomized generalized cross-vali-
dation (Kusche and Klees, 2002) to determine the optimal regularization parameter, and
find that it should always be chosen as small as possible while still stabilizing the normal
equation matrix enough to be solvable. With this general finding in mind, we require
the absolute value of bias(x̂) of individual solutions for h2 to be < 10−4 (Eq. 2.4). This
avoids the cumbersome procedure of determining an optimal regularization parameter for
each experiment. Since an unbiased h2 value is the main interest in this study, we aim at
keeping the regularization parameter only as large as necessary for a stable solution. A
parallel direct sparse solver solves the normal equation system.

Only data which are located in a region containing measurements from different tidal
phases contribute to the determination of h2. These regions usually, but not necessarily,
contain one or multiple crossovers. With finer grid resolution, the size of these regions,
and thereby the amount of contributing measurements, decreases. Measurements outside
of such regions do not contribute to the determination of h2, but they do not bias it either,
because they have sufficient freedom to fit any value of h2. Only in the theoretical case
where no sufficiently small regions with measurements of different tidal phases exist, will
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the topography coefficients attempt to model the tidal signal and cause a bias in the h2
result. This would be the casewhen the grid cell size is smaller than the typical shot-to-shot
distance.

To determine the formal accuracy of the resulting h2 value, we estimate its variance
from the adjustment residuals. The variance of unit weight (e.g., Xu et al., 2006) can be
estimated from the adjustment residuals as

σ̂2 =
1

K − (N + 1)
(T −Ax̂)>(T −Ax̂).

The estimated covariance of estimated parameters is then given by

Q̂x̂ = σ̂2(A>A)−1. (2.5)

The normal equation matrix actually used in the computation of the covariance augments
A>A by the regularization term αR. Since this regularization is small, its influence on
the variance is negligible.

2.3 Data
We work with a subset of the over 7 · 109 range measurements that have been recorded
and published on the Planetary Data System (PDS, Neumann, 2009a). To ensure a
homogeneous spatial distribution, we select only measurements from the near-circular
orbit phase of LRO extending over the 27 months between September 2009 and December
2011, when LOLA achieved global data coverage. We divided the surface of the Moon in
16 tiles and for each derived a coarse 400 m/pixel LOLA Digital Terrain Model (DTM)
compiled from all available tracks from all mission phases. However, only LOLA shots
within a pre-defined topographic range of ±13 km and observed at solar beta angles of
< 85◦ were used. This ensures that extreme outliers in height and LOLA shots that were
recorded during the night where the so-called LOLA thermal blanket anomaly occurs do
not enter the evaluation (Smith et al., 2010b, 2017). Each track of our selected subset of
LOLA tracks (orbit numbers 1005 - 11403) is then co-registered to the 16 tiles (Gläser
et al., 2013, 2018). At each tile we sort out the entire track segment if the mean height
difference or the standard deviation to the DTM tile is > 100 m or if less than 500 points
were co-registered to the tile. Visual inspection of the spatial distribution of adjustment
residuals T −Ax̂ reveals 5 further outlier orbits (orbit numbers 1803, 2351, 7756, 10302,
11226) which we removed for a remaining total of 3,686,466,983 measurements from
10,016 orbits.

2.4 Results

2.4.1 Complete data set
First, we use the complete data set to assess the sensitivity of the h2 estimate on the
resolution for the static topography by varying the number N of base spline functions.
Results for resolutions between 5 and 31 grid points per degree are shown in Fig. 2.1.
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Figure 2.1: Love number h2 from complete data set (blue) and reduced data set, only
using every sixth data point (yellow), as a function of resolution of the topographic grid.
For better visibility, data points are plotted with a slight offset from the integer value for
resolution. The error bars indicate the formal error of the adjustment. The blue horizontal
line and shaded area show the weighted mean and uncertainty of the results from the
complete data set.

For example, a resolution of 16 grid points per degree needs N = 16, 588, 800 splines
and is equivalent to a cell size of 1.9 km · 1.9 km at the equator. Results for h2 from low-
resolution models scatter widely, but this scatter decreases drastically at high resolutions.
The maximum resolution is limited by the computational expense. Any topographic
signal at smaller scales than the distance between two grid points cannot be modelled and
contributes to the model error ek of a specific measurement Tk. A resolution of 5 grid
points per degree corresponds to 6.1 km · 6.1 km at the equator. The increase of the model
error with decreasing resolution is also reflected by the increase of the formal error of the
adjustment (Eq. 2.5), from 3 · 10−4 at 31 grid points per degree to 0.0014 at 5 grid points
per degree. These formal errors are clearly smaller than the variation of the results with
changing resolution. They are therefore to be understood as an indication of precision
rather than of accuracy. From the decrease of both scatter and formal uncertainty with
increasing resolution, it becomes clear that modelling the topography at high resolution is
necessary to achieve reliable results.

To obtain an additional check on the results, we compute the residuals of the adjustment
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Figure 2.2: RMS of the adjustment residuals at a resolution of 16 grid cells per degree,
computed over one grid cell. The color grey indicates grid cells without measurements.
The global RMS residual is 24.8 m at this resolution. For clarity, only a region on the
lunar surface is shown.

T −Ax̂. We then compute the root mean square (RMS) of the residuals over one grid
cell and display the result in Fig. 2.2. Regions with a smooth topography, such as Mare
Humorum in the eastern half of the region depicted in Fig. 2.2, show small adjustment
residuals, whereas high values are found in rougher regions. The residuals depend on the
resolution of the topography. The RMS residual decreases from 111 m at a resolution of
5 grid points per degree to 9.1 m at a resolution of 31 grid points per degree. Dedicated
DTMs obtain lower residuals with respect to the LOLA measurements. For example,
SLDEM (Barker et al., 2016) achieves RMS vertical residuals of ∼ 3 m. This is possible
because of their much higher resolution of 512 pixels per degree. With a ∼ 16 times
coarser resolution, we achieve a residual that is only ∼ 3 times larger. This indicates that
our spline model for the topography fits the LOLAmeasurements very well. The detection
of tidal displacement with an amplitude . 10 cm in the presence of much larger residuals
is only possible due to the large amount of observations.

2.4.2 Reduced data set

To carry out tests on synthetic data for further characterization of the error sources, we first
define a reduced set of real data containing only every sixth measurement. It consists of
614,411,186 measurements while maintaining a representative geometry and distribution
of used receiver channels. Again, we solve for h2 and vary the resolution of the topographic
grid (Fig. 2.1), revealing a difference with respect to the complete data set of ≤ 5 · 10−4

for h2 and a formal error that is larger by a factor of approximately 2.4.
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Figure 2.3: Power spectra of the topography of the Moon from the PDS (blue) and of one
realization of a randomly generated topography from l = 300 to l = 7999 (red). The latter
spectrum is constrained by a power law which fits the observed topography from l = 300
to l = 2050, the maximum degree of the spherical harmonic expansion of the observed
topography.

2.4.3 Synthetic data set
We synthetically generate 100 data sets that use the actual footprint positions and epochs of
the reduced data set and simulated topography measurements. This allows the evaluation
of the actual measurement geometry in the most direct way. Since the difference between
the results of the complete and the reduced data sets is small, conclusions drawn from
a reduced synthetic data set can be applied to the complete data set. Each simulated
measurement consists of four parts:

1. A spherical harmonic model of the observed lunar topography up to degree 299
which is taken from the PDS (Fig. 2.3; Neumann, 2009b; Smith et al., 2017). This
model exclusively uses LOLA data.

2. A synthetic spherical harmonic model of the lunar topography from degree 300 to
7999 according to a power law alb. The coefficients of the power law are chosen
as a = 3 · 109 m2 and b = −2.8 to approximate the observed topography at higher
degrees and to allow at the same time to vary its detailed structure for test purposes
(Fig. 2.3). Each spherical harmonic coefficient of degree l is randomly generated
according to a normal distribution with zero mean and variance σ2 = alb(2l+ 1)−1.
We do not extend the synthetic model to higher degrees than 7999 due to the
computational expense. The spherical harmonic model is transformed into the
spatial domain (Schaeffer, 2013) and sampled at the laser spot coordinates using
second order Lagrangian interpolation.

3. The lunar topography at smallest scales generated usingGaussian process regression.
Eachmeasurement’s expectancy and variance are computed based on the topography
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values of previous nearby measurements and reflect the measurement error and the
power contained in the topography at smaller scales than in the spherical harmonic
model. The expectancy and variance are given as SUKS−1KKTss and σ2

ss + σ2
re −

SUKS
−1
KKS

>
UK , respectively, where Tss are the small-scale topography values of

previous observations, SKK is the covariance matrix of previous observations, SUK
is a vector containing the covariances between the new and all previous observations,
σ2
ss is the variance of the small-scale topography, and σre is the range error. The

covariance is assumed isotropic and following a Matérn model. The Matérn class of
covariance functions provides a flexible description (Matérn, 1986; Handcock and
Stein, 1993; Guttorp and Gneiting, 2006; Guinness and Fuentes, 2016). It is given
by

cov(ψ) =




σ2
ss + σ2

re, if ψ = 0

σ2
ss

21−ν

Γ(ν)

(
2
√
ν

ρ
ψ

)ν
Kν
(

2
√
ν

ρ
ψ

)
, if ψ > 0 ,

where ψ is the spherical distance between the two observations, ν is the smoothness
parameter, ρ is the decorrelation distance, Γ is the gamma function, and Kν is the
modified Bessel function of the second kind of order ν. We assume σre = 1 m for the
LOLA range error (Mazarico et al., 2018). The topographic power at small scales is
obtained by an integration of the power law from l = 8000 to infinity and amounts
to σss = 12.6 m. We derive the smoothness parameter ν = 0.4 from the power law
exponent. For the decorrelation distance, the resolution of the spherical harmonic
model in latitudinal direction 0.01125◦ is assumed. We only consider previous
measurements of the same ground track to significantly reduce the computational
load by ignoring the correlation of the small-scale topography between different
ground tracks. Due to the linear nature of the locations of known observations that
are considered, the expectancy and variance of the newmeasurementmostly depends
on a handful of previous measurements. We consider all previous measurements
with a covariance cov(ψ) ≥ 10−3σ2

ss, which is reached for at most 47 observations.

4. The radial displacement due to tides (Eq. 2.1) using an a priori h2 of 0.04.

We determine h2 from each of the 100 synthetically generated sets of 614,411,186
measurements, which are based on the reduced data set. From the 100 results, we compute
the root mean square error (RMSE)which describes the spread around the a priori value for
h2. The RMSE generally decreases with increasing resolution (Fig. 2.4), from 0.0239 at 5
grid points per degree and reaching a minimum of 0.0016 at 28 grid points per degree. The
mean of the results from the 100 realizations is significantly different from zero for each
resolution, ranging from -0.0017 to 0.0023. However, the fact that this bias spreads evenly
around zero for different resolutions, with a mean of 0.0001 and a standard deviation of
0.0012, indicates that it is caused rather by the specific geometry associated with a certain
grid resolution, than by the data themselves. The observed bias likely originates from
ignoring the autocorrelation of topography between measurements of different tracks, as
this causes mismatches of several meters within the crossover region. We tested this
statement by simulating both cases, considering and ignoring the mutual correlation of
different tracks, for a single crossover. The recovery of a constant offset between the two
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Figure 2.4: RMSE and bias of h2 obtained from 100 synthetically generated data sets
using the footprint positions of the reduced data set, as a function of the resolution of the
topographic grid.

tracks, representing a time-dependent signal, yields a bias which is ∼ 30 times larger in
the case without mutual correlation after averaging the results of 100 random realizations.
This supports that the observed retrieval bias from synthetic data is only an artifact of
the pessimistically simplified simulation and should not be present in the results obtained
from real data.

The formal errors of the complete data set, which indicate the precision of the mea-
surement, always remain smaller than the RMSE obtained from the synthetic data set.
Due to the simplified simulation of small-scale topography and neglect of other potential
error sources, the RMSE still provides an overly optimistic measure of accuracy of the
results obtained from real data. However, it gives an indication of the dependence of the
accuracy on the resolution of the topographic grid.

2.4.4 Final h2 result

We use the inverse square of the RMSE as weights to compute a weighted mean and
weighted standard deviation of the h2 values obtained from the complete data set for each
resolution from 5 to 31 grid points per degree, resulting in h2 = 0.0386± 0.0018, where
the error bar indicates one standard deviation. This value captures the accuracy indicated
by the scattering h2 results for different resolutions. We add to this weighted standard
deviation the standard deviation of the bias obtained from the synthetic data set, 0.0012,
in order to incorporate the additional uncertainty this implies. This results in a final
h2 = 0.0386± 0.0022.
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h
2

Figure 2.5: Love number h2 results and their accuracies from this study and literature
values. Williams et al. (2014) do not give an accuracy to their result, but we assume a
linear propagation of the 0.9% error of their observed value for k2. For planets such as
the Moon, with a small core and fairly uniform density in the mantle, h2 and k2 are rather
tightly related.

2.5 Discussion

Fig. 2.5 compares the result of this study with results from previous studies. The result
obtained in this work is in agreement with a previous study using LOLA data and the
crossover method (Mazarico et al., 2014a). This demonstrates that the method presented
in this study is capable of reproducing results achieved using the same data set.

However, neither of the LOLA-based values agree with the result from lunar interior
structure models constrained by the Love number k2 (h2 = 0.0424, Williams et al., 2014)
within their respective error bars. On the one hand, this could indicate deficiencies in the
LOLA data or their processing. Unaccounted perturbations due to thermal or instrumental
effects acting at the tidal frequency of 27.2 d may cause biases in the results. While the
method presented in this study excels at filtering out random noise due to the large amount
of measurements, such systematic errors would bias the result. On the other hand, the
discrepancy could also indicate problems with the GRAIL measurements of k2 or the
modelling.

LLR as a different range measurement technique cannot alleviate this problem either.
Three different studies have used different sets of LLR data, ephemerides, and tidal models
to retrieve h2 (Williams et al., 2013; Pavlov et al., 2016; Viswanathan et al., 2018), but only
the result of Williams et al. (2013) with its large error bar and the result of Pavlov et al.
(2016) using the Earth tidal model ofWilliams et al. (2013) agree with the modelling result
based on k2 (Williams et al., 2014). In total, the differences between the various h2 results
from LLR are larger than the uncertainty of h2 retrieved from LOLA data. Viswanathan
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et al. (2018) needed to treat low-degree coefficients of the lunar gravity field as free
parameters in order to be able to fit a lunar interior model to their LLR measurements.
This may also indicate a low reliability of the k2 result by GRAIL, which could potentially
explain the discrepancy between the h2 result of this study and the modelled result of
Williams et al. (2014).

Laser altimetry is more sensitive than LLR to the radial tidal displacement itself
(Mazarico et al., 2014a). One possible issue with the retrieval of h2 from LLR is that
all measurements are taken on the near side of the Moon. If the hemispheric dichotomy
of the Moon’s surface (e.g., Wieczorek et al., 2006) extends into the elastic properties
in its interior, a Love number determined using only near-side measurements could be
biased (Zhong et al., 2012). LLR determination of solid body tides may also be biased by
thermal expansion of retroreflectors on the Moon and the regolith which acts on monthly
frequencies and has an amplitude in the millimeter range (Williams and Boggs, 2015).

The crossover method employed by Mazarico et al. (2014a) has previously been the
only method to successfully determine h2 of any planetary body from laser altimetry and
has also found wide application in simulations (Mazarico et al., 2010, 2015; Steinbrügge
et al., 2015, 2018c; Hussmann et al., 2016). However, a disadvantage of that method is
that in a near-polar orbit, crossovers occur mainly at high latitudes where the tidal signal
is weaker than at the equator. On the Moon, the tidal potential at the poles is 50% weaker
than at the equator, and on Mercury, it is 69% weaker. Furthermore, if a single-beam
laser altimeter were to be used, the grazing angles at which the few crossovers at lower
latitudes occur would be unfavorable for an accurate retrieval (Koch et al., 2008; Mazarico
et al., 2014a). Fortunately, this limitation does not affect multi-beam laser altimeters
like LOLA. However, the upcoming BepiColombo Laser Altimeter (BELA) at Mercury
(Thomas et al., 2007; Hussmann et al., 2018; Thomas et al., 2019) and Ganymede Laser
Altimeter (GALA, Kimura et al., 2019; Hussmann et al., 2019) will be single-beam laser
altimeters. Furthermore, the amount of crossovers of these missions will be limited by
larger orbital periods and short mission durations due to hostile radiation environments.
In the case of BELA, another limitation is the lower pulse repetition rate of only 10 Hz
(Kallenbach et al., 2013). Using the reduced data set, we have achieved a result that differs
by less than 1% when omitting 83.3% of the data, which is promising with respect to
future application of the presented method to experiments which provide smaller data sets
than LOLA.

The scale size of the topography achieved by an expansion in spherical harmonics
is significantly larger than the scale size achieved here. While Koch et al. (2008) and
Steinbrügge et al. (2019) solved to spherical harmonic degree L = 64 and L = 60,
equivalent to a lunar topographic resolution of 85 or 91 km, respectively, the splines used
in this study can resolve topography down to scales of 0.98 km. However, the crossover
method interpolates topography over the even smaller scale of the shot-to-shot distance,
which is approximately 25 m (Mazarico et al., 2010).

We note that for the estimation of the tidal Love number h2 using the method presented
here, there is no difference between using the dynamic and the total tidal potential. Because
of the locked rotation of the Moon, the tidal potential can be decomposed into a static
and a dynamic part. The dynamic part derives from the eccentricity of the Moon’s orbit,
its obliquity, its non-uniform rotation, and solar tides. Its frequency spectrum lies in the
range of days to several years, with most of its power concentrated at the monthly period.
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Even within this tidal band, h2 depends on the forcing frequency, which we have neglected
here, in accordance with Mazarico et al. (2014a). When inserting the dynamic potential
as V2 in Eq. 2.1, the resulting radial displacement is the tidal deformation with amplitudes
on the order of 10 cm (Williams and Boggs, 2015). When inserting the total potential as
V2 in Eq. 2.1, while using the same h2 valid for the tidal frequency band, the resulting
radial displacement contains an additional static bulge with a maximum deformation of
∼ 50 cm. The actual static tidal deformation of the Moon does of course not act at the
tidal period, where the tidal h2 is valid, but at much larger time scales, where the Moon
reacts as a fluid. Furthermore, the actual static tidal bulge of the Moon was frozen in early
in its history when the Moon was on a closer orbit and had a weaker lithosphere (Keane
and Matsuyama, 2014; Qin et al., 2018). However, whether the dynamic or total potential
(or, in fact, the dynamic potential plus any constant term) is used in Eq. 2.1 is irrelevant
for the estimation of h2 in the context of this study, because h2 is the only parameter in our
model that is sensitive to temporal variations. When the definition of the time-dependent
topography changes to include some of the static topography, this will only have an effect
on the parameters that model the static topography, and the result for h2 will stay the same.
This is because the static topography is described at a very high resolution, whereas the
static effect contained in the time-dependent topography is an extremely smooth global
signal. Furthermore, the decomposition of the potential into a static and a dynamic part
(Kaula, 1964) is non-trivial because it requires assumptions on the lunar orbit. In this
study, we have used both the total and the dynamic potential and obtained identical results
for h2, but topography results which differ by the aforementioned ∼ 50 cm time-invariant
part. In order to compare the static topography derived from the total potential with
other topographic models, one would have to correct for this missing part by adding the
displacement caused by the static part of the tidal potential first.

For the solution, we had to make the assumptions that the error term ek, which
is dominated by the unmodelled small-scale topography, is uncorrelated and has equal
variance. In practice, these assumptions are violated because topography at the typical
spot-to-spot distance of∼ 25m is correlated and the variance is expected to be significantly
lower in regions with smoother topography because the spline model can better fit smooth
topography. However, when generating synthetic measurements, we take the correlation
of small-scale topography into account, and still obtain a high retrieval accuracy for the
h2 results. Small-scale topography down to a wavelength of ∼ 680 m is synthetically
generated as correlated topography by the spherical harmonic model with degree L =
7999. Gaussian process regression models the autocorrelation of topography at even
smaller scales. The bias obtained when evaluating synthetic measurements is likely due
to the incomplete consideration of the correlation of small-scale topography, which is a
pessimistic assumption. Since neglecting the autocorrelation of topography in the solution
produces satisfactory results using synthetic data, the same should be the case using real
data.

2.6 Conclusions
Koch et al. (2008, 2010) developed a method for the retrieval of h2 from laser altimetry
data which does not use crossovers directly, but instead solves simultaneously for the
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global topography and h2 in a least-squares adjustment. This study advances this method
further by implementing 2D splines as basis functions and making the solution strategy
more robust. Koch et al. (2008, 2010) tested their method only with synthetic data. Here,
we apply it for the first time to actual data, choosing the enormous data set produced by
LOLA. The result of h2 = 0.0386 ± 0.0022 agrees with a previous result from the same
data set using a crossover method within its standard deviation (Mazarico et al., 2014a),
but is approximately 10% smaller than the probably most reliable value based on a lunar
structure model that satisfies the observed value of the k2 Love number, which is known
with an estimated accuracy of 1% (Williams et al., 2014). Nonetheless, the results in this
work suggest that the method is capable of retrieving the h2 Love number of other Solar
System objects with much larger tidal amplitudes than the Moon, such as Mercury and
Ganymede, by laser altimeters to sufficient accuracy (Thor et al., 2019; Steinbrügge et al.,
2019). Further studies must examine the influence of systematic orbit and pointing errors
on the retrieved h2 and should target the retrieval of additional geophysical parameters
such as the tidal lag, forced libration amplitudes, or regionally varying elastic properties.
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Abstract
Context. The Love number h2 describes the radial tidal displacements of Mercury’s
surface and allows constraints to be set on the inner core size when combined with the
potential Love number k2. Knowledge of Mercury’s inner core size is fundamental to
gaining insights into the planet’s thermal evolution and dynamo working principle. The
BepiColombo Laser Altimeter (BELA) is currently cruising to Mercury as part of the
BepiColombo mission and once it is in orbit around Mercury, it will acquire precise mea-
surements of the planet’s surface topography, potentially including variability that is due
to tidal deformation.
Aims. We use synthetic measurements acquired using BELA to assess how accurately
Mercury’s tidal Love number h2 can be determined by laser altimetry.
Methods. We generated realistic, synthetic BELA measurements, including instrument
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performance, orbit determination, as well as uncertainties in spacecraft attitude and Mer-
cury’s libration. We then retrievedMercury’s h2 and global topography from the synthetic
data through a joint inversion.
Results. Our results suggest that h2 can be determined with an absolute accuracy of
±0.012, enabling a determination of Mercury’s inner core size to ±150 km given the
inner core is sufficiently large (> 800 km). We also show that the uncertainty of h2
depends strongly on the assumed scaling behavior of the topography at small scales and
on the periodic misalignment of the instrument.

3.1 Introduction
Knowledge of Mercury’s interior is key to understanding its formation and thermal evo-
lution. Geodetic measurements are effective in constraining models of Mercury’s interior
structure. For example, the high density of 5429.30 kg/m3 (Margot et al., 2018) and the
quadropole moments of the gravity field show that the planet possesses a large metallic
core, and Earth-based radar observations of its spin state have proven that the core and
silicate shell are mechanically decoupled (Margot et al., 2007, 2012). Measurements of
tides (Mazarico et al., 2014b; Verma and Margot, 2016; Genova et al., 2019) and global
contraction (Byrne et al., 2014) can further constrain interior models (Padovan et al.,
2014; Knibbe and van Westrenen, 2015). Recent modeling efforts are in agreement on
Mercury’s being composed of a solid outer shell of about 400 km thickness and a large
metallic liquid core (Hauck et al., 2013; Padovan et al., 2014; Knibbe and van Westrenen,
2015; Margot et al., 2018; Steinbrügge et al., 2018a; Genova et al., 2019). However, the
existence and size of a potential solid inner core is still uncertain (Margot et al., 2018,
and references therein). Recently, Genova et al. (2019) found evidence for a solid inner
core whose radius is probably between 0.3 and 0.7 times that of the outer core. Better
observational constraints on the inner core size are essential to understanding Mercury’s
thermal evolution (Hauck et al., 2018), thereby gathering information on the evolution
of its orbital state and capture in a 3:2 resonance (Noyelles et al., 2014; Knibbe and van
Westrenen, 2017), as well as the workings of its dynamo (Christensen, 2006).

In October 2018, the European Space Agency (ESA) and the Japanese Aerospace Ex-
ploration Agency (JAXA) jointly launched the BepiColombo mission to Mercury (Benk-
hoff et al., 2010). In December 2025, the Mercury Planetary Orbiter (MPO) and the
Mercury Magnetospheric Orbiter (MMO) will separate and enter their respective orbits
around the innermost planet. One of the instruments aboard the MPO is the BepiColombo
Laser Altimeter (BELA, Thomas et al., 2007; Hussmann et al., 2018). BELAwill measure
the global topography of Mercury with an average accuracy of 2 m and at a horizontal
resolution that varies as a function of latitude, reaching less than 250 m at the poles and
less than 3 km at the equator. It will also measure the surface roughness, local slope, and
albedo at the laser wavelength of 1064 nm (Steinbrügge et al., 2018c). Apart from explor-
ing the surface, BELA will also facilitate further insights into Mercury’s deep interior by
measuring the h2 tidal Love number and contributing to the determination of Mercury’s
88-day libration amplitude φ0.

The h2 tidal Love number describes the radial component of the surface displacement
caused by solar tides. The displacement ur is proportional to the second-degree tidal
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Figure 3.1: Map of the peak-to-peak amplitude of radial displacement ur of Mercury’s
surface due to tides, assuming h2 = 0.85.

potential V2 as

ur(θ, λ, t) = h2
V2(θ, λ, t)

g
, (3.1)

where g = µ'/R
2 = 3.70 ms−2 is the gravitational attraction at the surface, µ' =

22031.78 km3s−2 (Folkner et al., 2014) is Mercury’s gravitational parameter, R =
2439.7 km (Archinal et al., 2011) is the radius of Mercury, θ and λ are co-latitude
and longitude, and t is time. The Love number h2 is a bulk quantity that can be computed
from radial profiles of density, shear modulus, and viscosity (Segatz et al., 1988; Moore
and Schubert, 2000). Model calculations predict 0.77 < h2 < 0.93 (Steinbrügge et al.,
2018a). For h2 = 0.85, the peak-to-peak amplitude of the resulting surface displacement
ur reaches the maximum of 2.13 m at (θ = 90◦, λ = 0◦/180◦), the minimum of 0.11 m at
(θ = 29◦/151◦, λ = 0◦/180◦), and 0.67 m at the poles (Fig. 3.1). These small amplitudes
make the detection of the displacement very challenging. Both h2 and the Love number k2,
which describes the change of the gravitational potential due to tides, are highly sensitive
to the thickness and rheology of themantle and only weakly depend on the properties of the
core. However, forming the ratio h2/k2 and the linear combination 1+k2−h2, also called
the diminishing factor, alleviates the resulting trade-offs (Wu et al., 2001; Wahr et al.,
2006; van Hoolst et al., 2007; Steinbrügge et al., 2018a). These derived quantities are
rather sensitive to the inner core size, which could be inferred to±100 km given error-free
measurements of k2 and h2 if the inner core radius exceeds 800 km (Steinbrügge et al.,
2018a). To distinguish between a small and a large inner core, h2 would have to be mea-
sured with an absolute accuracy of 0.05 (Steinbrügge et al., 2018a). Other than on Earth,
h2 has previously only been measured on the Moon (Mazarico et al., 2014a; Thor et al.,
2018). The tidal signal has not yet been detected in measurements by the Mercury Laser
Altimeter (MLA, Cavanaugh et al., 2007) aboard the MErcury Surface, Space ENviron-
ment, GEochemistry, and Ranging (MESSENGER) mission (Solomon et al., 2007). The
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incomplete coverage, a comparably small volume of data, and the limited measurement
accuracy of the instrument hinder the successful retrieval of h2.

Due to the eccentricity of its orbit and the triaxiality of the inertia ellipsoid, Mercury
is predicted to librate at its 88-day orbital period with an amplitude of (Peale, 1972),

φ0 =
3

2

B − A
Cm

(
1− 11e2 +

959

48
e4 + ...

)
, (3.2)

where e is the eccentricity and A and B are the equatorial moments of inertia. Since the
core is decoupled from the outer shell and does not participate in the 88-day libration, only
the polar moment of intertia of the outer shellCm contributes to the denominator in Eq. 3.2.
Peale (1976) proposed a method for determining the ratio between the polar moments of
inertia of Mercury’s outer shell and the whole planet Cm/C from four quantities: the
amplitude of its 88-day librations φ0, the obliquity, and the quadropole moments J2 and
C22 of the gravity field. Thismoment of inertia ratio reveals themass distributionwithin the
core. The 88-day libration amplitude is currently the limiting factor on the accuracy of the
moment of inertia ratio (Margot et al., 2018). In Eq. 3.2, the influence of a solid inner core
on the libration amplitude is not considered. If the radius of Mercury’s solid inner core is
larger than 1000 km, couplings between the inner core and the solid shell could noticeably
influence the libration of the latter (van Hoolst et al., 2012). Furthermore, the libration
amplitude of the solid shell depends on the radial density structure of the core (Dumberry
et al., 2013). Margot et al. (2007, 2012) found φ0 = 38.5± 1.6 arcsec using Earth-based
radar measurements. Stark et al. (2015c) used a MESSENGER-based digital elevation
model (DEM) and MLA data to find a very similar result of φ0 = 38.9 ± 1.3 arcsec,
equivalent to 460 ± 15 m at the equator. While these two methods are based on surface
observations and therefore directly assess the libration of the solid outer shell, gravity
allows for the measurement of the libration amplitude of the whole planet, with a larger
uncertainty, however, of 2.9 arcsec (Genova et al., 2019). See Stark et al. (2018) for an
overview of measurements of Mercury’s rotation.

In this study, we simulate BELA measurements and investigate the expected accuracy
with which the tidal Love number h2 would be retrieved. The most straightforward way for
determining tidal elevation changes appears to be the comparison of data taken at different
phases of the tidal cycle at points where different ground tracks intersect. However,
Steinbrügge et al. (2018c) found that the determination of h2 from a crossover analysis is
not likely to be possible with sufficient accuracy in the nominal one-year mission. One
reason why the crossover analysis is less promising is that for the near-polar orbit of
the MPO, crossover points are abundant only at high latitudes, where the tidal amplitude
reaches only one third of themaximumvalue at the equator (Fig. 3.1). Another reason is the
highly acute angles at which the ground tracks intersect due to the slow rotation ofMercury.
Instead of using crossovers explicitly, we solve simultaneously for h2 and the static global
topography. In this inversion, the emphasis is on retrieving the Love number h2, not on
obtaining an optimal elevation model, which is only a by-product in this analysis. Accurate
elevation models are, of course, required for geomorphologic analyses. The basic method
of a joint inversion has been pioneered by Koch et al. (2008, 2010). Koch et al. (2008)
parametrized the topography using spherical harmonics but found that the method is
computationally too expensive to reach sufficient resolutions. Koch et al. (2010) then
parametrized the topography on an equirectangular grid, using cubic B-splines in latitude
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direction and step functions in longitude direction, but without considering neither error
sources in the orbit and pointing of the spacecraft nor the uncertainty in Mercury’s spin
state. Here, we use an expansion in 2D cubic B-splines to investigate the retrieval accuracy
for h2. Our simulations include the orbit of the spacecraft, the instrument performance, the
surface topography, the orbit determination, and attitude knowledge, focusing particular
attention on potential systematic biases that may affect the results. Previously, we (Thor
et al., 2018) applied the same method to data from the Lunar Orbiter Laser Altimeter
(LOLA) and retrieved a value for h2 for the Moon, which is in good agreement with the
value obtained by crossover analysis (Mazarico et al., 2014a).

3.2 Simulation of measurements
For our simulated laser range measurements, we attempt to account for the most relevant
sources of random or systematic errors in a realistic way. We use a topography model for
Mercury that is expanded in spherical harmonics up to a degree of 7999, corresponding
to a resolution of 958 m. Due to computational limitations, surface roughness at a smaller
scale is treated as a random contribution for each individual range measurement. The
spacecraft ephemeris and the associated errors in the radial and horizontal components
have been obtained from numerical simulations of the Mercury Orbiter Radio science
Experiment (MORE). For the instrument range error, we assume a random noise which is
independent from shot to shot. The location of the laser footprints is affected by a random
pointing jitter, a systematic pointing error, and an error in the assumed libration.

In our simulated measurement campaign, the nominal operation of the MPO begins
on March 15, 2026, 4:00 a.m. UTC. Our simulation of the orbit commences with an
initial state provided by ESA mission analysis at that epoch. We base the propagation
of the orbit on the Hgm005 model of Mercury’s gravity field (Mazarico et al., 2014b),
including perturbations by the Sun, tides, and solar radiation pressure. The MPO will
have an elliptic orbit with 400 km altitutde at pericenter and 1500 km at apocenter at the
start of the science phase.

We simulate nadir-pointing measurements of BELA at a 2 Hz shot frequency. In-
strument performance, surface albedo, slope, and roughness, as well as solar noise all
influence the signal-to-noise ratio (S/N) of the measurement (Gunderson et al., 2006;
Gunderson and Thomas, 2010). The S/N affects whether BELA can successfully detect
the laser return from ground. Performance modeling has shown that for moderate slopes
up to 20◦ and an albedo of 0.19, the probability of false detection is close to zero when the
spacecraft altitude is below 1050 km (Steinbrügge et al., 2018c). This is also considered
as the nominal maximum operation altitude for BELA. We adapt this threshold for our
simulation as a pessimistic scenario, leaving us with 30,282,149 measurements in the one-
year nominal mission. The range error is similarly determined by the S/N and is almost
never larger than 2 m (Steinbrügge et al., 2018c). We simulate the range error by adding
Gaussian noise with a conservative standard deviation of 2 m to each measurement.

For known spacecraft altitude, the dominant signal contained in themeasured altimetric
range is the static surface topography. We generate a synthetic topography of Mercury
in three steps. First, we use a global DEM derived from stereophotogrammetric data
acquired by the Mercury Dual Imaging System (MDIS, Hawkins et al., 2007; Becker
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et al., 2016) aboard MESSENGER to generate a spherical harmonic model up to degree
L. Second, we extrapolate the spherical harmonic model following a power law alb up
to degree 7999, where l is the spherical harmonic degree, and a and b are parameters
(see Table 3.1). The spherical harmonic coefficients are randomly distributed around
zero with variance σ2 = alb(2l + 1)−1. The spherical harmonic model is transformed
into a regular equispaced grid using Féjer quadrature (Schaeffer, 2013) and sampled at
each measurement location using Lagrange interpolation. Third, Gaussian noise is used
to model the topographic power contained in degrees 8000 and higher. The amplitude
of this contribution has been determined under the assumption that the spectral power
distribution from l = 8000 to infinity is the same as for L < l < 8000.

Table 3.1: Three power laws used for the simulation of small-scale topography in this
study, characterized by the parameters a and b. These power laws are used from spherical
harmonic degree L to 7999. The resolution is half the equivalent Cartesian wavelength to
spherical harmonic degree L. Gaussian noise represents power contained in even higher
degrees.

Case a [m2] b L resolution [km] Gaussian noise [m]

1 3.1× 1010 -3.3 900 8.5 3.8
2 4.6× 108 -2.65 450 17.0 10.1
3 1.05× 107 -2 250 30.7 36.2
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Figure 3.2: Power spectrum of Mercury’s topography by MDIS (Becker et al., 2016),
three simulated spectra based on power laws that extrapolate the MDIS spectrum from
different degrees L (see Table 3.1), and the power spectrum from MLA data and radio
science occultations (Neumann et al., 2016).
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Figure 3.3: Contributions of each of the simulated signals to range measurements of the
altimeter for the time span of one orbit of the MPO, using topography case 1. Libration,
pointing, and orbit determination errors contribute to the depicted range measurements
mainly through their lateral effect, sampling the topography at a slightly different location.
Only measurements with a range < 1050 km are shown. During the depicted time frame,
the spacecraft altitude ranges from 1050 km down to 400 km and back to 1050 km.
Random noise contains the range error and the Gaussian noise representing small-scale
topography. Signals vary for each orbit and each random realization.

It is well known that planetary topography at large scales can be described using power
laws, reflecting the fractal nature of topography (Turcotte, 1987). Previous studies often
found that a power law with an exponent −2.5 < b < −2 approximates the variance
spectrum of topography well (Bills and Kobrick, 1985; Balmino, 1993; Ermakov et al.,
2018). At smaller scales, however, it is uncertain if a single power law can be an
appropriate representation of topography (Landais et al., 2015). Global data sets have
limited resolution and the distribution of morphologies over the surface is inhomogeneous.
Therefore, we consider three power laws which are extrapolations of the real topography
of Mercury at different scales for our simulations (see Fig. 3.2 and Table 3.1). Figure 3.3
shows large-scale topography and random noise for case 1 (b = −3.3) over the time frame
of one orbit of theMPO. TheMDIS topography definesmost of the large-scale topography.
The exponent b = −3.3 is in agreement with the spectral slope of the MDIS topography
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in the spectral range of 800 < l < 1000, where the results can be considered reliable.
We use this as our baseline case. However, to account for a possibly rougher topography
at small scale, we also consider the less optimistic cases 2 and 3 which feature spectral
slopes that are less steep.
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Figure 3.4: The radial variance component σR, the variance component σN normal to the
spacecraft orbital plane, and the transversal variance component σT of the initial positions
for each one-day arc. The figure agrees with Fig. 4 of Imperi et al. (2018).

The Mercury Orbiter Radio science Experiment (MORE) determines the orbit of the
MPO (Milani et al., 2001; Iess et al., 2009; Imperi et al., 2018). Ground antennas track
the MPO with a multifrequency radio link providing range and range rate measurements
accurate to 20 cm and 0.04 mm/s, respectively, at 10 s integration time. The set of
synthetic observables used in this simulation comprehends only range-rate measurements
(every 10 s) and the Italian Spring Accelerometer (ISA, Iafolla et al., 2010) readings, to
cope with mismodeling of all non-gravitational accelerations (Lucchesi and Iafolla, 2006).
The MPO’s trajectory is retrieved as a solution of the orbit determination process (Tapley
et al., 2004, chapter 4). We used a weighted least-squares filter with a constrained multi-
arc approach, consisting of a partitioning of the orbit in consecutive one-day arcs (Imperi
et al., 2018). The estimated parameters include the spacecraft state vectors (position and
velocity) at the center of the arc, gravity spherical harmonic coefficients up to degree
and order 50, the k2 tidal Love number, coefficients describing Mercury’s obliquity and
libration, reaction wheels desaturation maneuvers, and calibration parameters for the ISA.
The ISA error, driven by thermal variations of the sensing elements, consists of a low
frequency (Mercury orbital period, 88 d) and a high frequency (BepiColombo orbital
period, 2.3 h) contribution. The first component is modeled by a bias and a bias rate. A
new set of these parameters is estimated for every arc. The second component ismodeled as
a sinusoid at the BepiColombo orbital period. The amplitude of this sinusoid is estimated
as a global parameter for the full one-year data set (Iafolla et al., 2007). This approach,
followed in Imperi et al. (2018), shall suppress the residual systematic accelerations to a
level below 2 ·10−8 m/s2, which corresponds to a range rate signal well below the expected
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Figure 3.5: Propagated formal standard deviations of position as a function of time
for a typical one-day arc. Quantities σR, σN , and σT indicate the radial component,
the component normal to the spacecraft orbital plane, and the transversal component,
respectively. The light blue and light red zones depict the X-band (navigation) and Ka-
band (scientific) tracking periods, respectively. The black dashed lines indicate the two
reaction wheels desaturation maneuvers present on each arc.

accuracy (Iess et al., 2009). Residual non-gravitational accelerations at these levels would
not introduce any statistically significant bias in the estimated parameters. The numerical
simulations of Mariani (2017, Sec. 5.2) also support this assertion. Because ISA readings
will not be available during the desaturation maneuvers, additional coefficients describing
these maneuvers are estimated.

Unlike range, the range rate (or Doppler) measurements are differential, thus largely
immune from systematic errors. In order to account for the uncertainties in the MPO’s
trajectory and to provide an ensemble of trajectories to be used in the generation of BELA
synthetic observables, we perturb the six components of the spacecraft state vectors of
each arc with 100 error realizations. The errors δl in the state vectors are samples of
random variables following a multivariate Gaussian distribution,

f(δli) =
1√

(2π)6 detPi

exp

(
−1

2
δl>i P

−1
i δli

)
,

where Pi is the covariance submatrix of the spacecraft state vector of the i-th arc. The
standard deviation of the spacecraft position at the center of each arc is shown in Fig. 3.4.
The perturbed initial condition vectors are then propagated up until the beginning of the
next arc, thus providing a member of the ensemble of possible MPO trajectories. The
difference between these perturbed trajectories and the reference trajectory represents the
orbit determination error. It is on the order of a few centimeters in radial direction and
meters in transverse and normal directions (Fig. 3.5), and it is degraded substantially when
maneuvers occur during periods without tracking. In fact, after orbit insertion, the MPO
will perform daily maneuvers for reaction wheel desaturation and attitude control, but no
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more orbit maneuvers (Benkhoff et al., 2010). In Fig. 3.5, the first desaturation maneuver
occurring during the navigation passage is estimated well, while the second one is outside
the tracking pass and its estimation is limited by the level of the inter-arc constraints (1 m
in position). The lateral components of the orbit determination error affect the laser range
because the altimeter samples the topography at a different location than the assumed one.
Hence, this effect depends on the local topographic slope. The range signal caused by
the lateral orbit determination error is typically significantly larger than the radial orbit
determination error, which directly affects the range (Fig. 3.3).

The BELA requirement for the attitude knowledge of the instrument is 20 arcsec.
We simulate a 20 arcsec systematic error representing a thermal effect and a 2 arcsec
jitter. This is a worst-case assumption because a constant pointing offset, which is less
critical for the h2 estimation, is likely to dominate the total attitude knowledge uncertainty.
The systematic pointing error is simulated as 20 arcsec · cosM , where M is the mean
anomaly of Mercury. It mimics a thermal effect as it is correlated with the Sun-Mercury
distance. The direction of the systematic pointing error is randomly chosen but kept
constant over the whole mission. The direction of the pointing jitter is randomly chosen
for each measurement and its amplitude has a standard deviation of 2 arcsec. The pointing
affects the range measurements because the altimeter samples the topography at a different
location resulting in a range error on a sloped surface. The additional increase in range
due to a longer laser path when pointing slightly off-nadir is negligible at an off-nadir
angle of 20 arcsec. With increasing spacecraft altitude, the pointing error causes a larger
effect. In Fig. 3.3, the altitude ranges from 1050 km over 400 km back to 1050 km. In
our model, for topography case 1, the standard deviation of the range signal caused by
pointing misalignment is 3.2 m at perihelion and aphelion.

The second-degree tidal potential is given by (Murray and Dermott, 1999),

V2(θ, λ, t) = −µ�R
2

2r3(t)

(
3 cos2 ψ(θ, λ, t)− 1

)
, (3.3)

where µ� = 132712440041.9394 km3s−2 (Folkner et al., 2014) is the standard gravi-
tational parameter of the Sun, r is the distance between the center of mass of Mercury
and the Sun, and ψ is the Mercury-centric angle between the location of the footprint
(θ, λ) and the Sun. We access the DE430 ephemerides (Folkner et al., 2014) which allow
for the computation of r and ψ with high accuracy using Spacecraft, Planet, Instrument,
Camera-matrix, Events (SPICE) kernels (Acton et al., 2018). Higher degrees of the tidal
potential are negligibly small. Mercury’s 3:2 spin-orbit resonance causes a permanent
tidal bulge which peaks at 35 cm at (0◦N, 0◦ E). We remove the static potential responsible
for this tidal bulge using Mercury’s averaged orbital elements a = 57.90909 × 106 km
and e = 0.2056317 (Kaula, 1964; Stark et al., 2015a). Finally, we use the remaining
dynamic potential V2 to compute ur(t) at each measurement location using Eq. 3.1 and an
a priori h2 = 0.8. The tidal displacement measured by the altimeter within one orbit of
the spacecraft (Fig. 3.3) can reach a range of up to 1.4 m when the spacecraft orbits along
zero longitude close to perihelion.

We simulate the 88-day libration of Mercury using the description of Mercury’s
resonant rotation by Stark et al. (2015a). The amplitude error of the libration is randomly
generated and represents the current uncertainty level of 1.3 arcsec. This is a conservative
value because the BepiColombo mission is likely to provide an updated estimate with
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lower uncertainty. A 1.3 arcsec libration translates into a lateral signal of 15 m at the
equator, which has a radial effect of up to a few meters. At the poles, the libration has
no effect. The correlation between libration and systematic pointing signal in Fig. 3.3 is
due to the similar lateral shift. The right ascension and declination of Mercury will be
determined byMOREwith uncertainties< 0.2 arcsec, corresponding to an error of< 3 m
on the surface (Imperi et al., 2018), assuming that the core and solid shell have the same
pole. Therefore, the error caused by the uncertainty of the pole orientation is negligible
and not considered in this study.

3.3 Solution strategy
For the simultaneous retrieval of h2 and global topography from the simulated data, we
follow the strategy of Koch et al. (2010). A single observation

Tk(θk, λk, tk) = Tstat(θk, λk) + ur(θk, λk, tk) + ek (3.4)

= Tstat(θk, λk) + h2
V2(θk, λk, tk)

g
+ ek , (3.5)

at co-latitude θk, longitude λk, and time tk is modeled to contain the static topography
Tstat at that location, the surface displacement ur, and measurement and model errors
ek. Here, (θk, λk) is the simulated spacecraft position, which, in the presence of orbit
and pointing errors and an uncertainty in the libration, is slightly offset from the actually
sampled position on the ground. The static topography is parametrized as an expansion
in local basis functions,

Tstat(θk, λk) =
I∑

i=1

J∑

j=1

cijfi(θk)fj(λk) , (3.6)

where fi(θk) and fj(λk) are the basis functions and I and J are their number in latitude
and longitude direction, respectively, and cij are the basis function coefficients. Koch
et al. (2010) used step functions for the basis functions in latitudinal direction fi and
compared the use of step functions, piecewise linear functions, and cubic B-splines for the
basis functions in longitudinal direction fj . They achieved the best results when applying
cubic B-splines and recommended for them to be applied in both directions for further
studies. Here we apply cubic B-splines, given by Koch et al. (2010), Eqs. 11, 14 - 17,
as basis functions in both directions. The splines are defined on an equirectangular grid,
onto which the topography is projected. The grid cell size is 360◦/J . Since the cells are
square, J = 2I . Because the 2D cubic splines are only non-zero within the 16 surrounding
grid cells, each spline coefficient cij is only influenced by measurements Tk from 16 grid
cells. Compared to spherical harmonics, cubic splines are advantageous because of their
locality, which allows for a much higher topography resolution (Steinbrügge et al., 2019).
At the same time, splines are smooth enough to model planetary topography well, thus
providing a good compromise between global spherical harmonic basis functions on the
one hand, and step functions as entirely local basis functions on the other hand.

We solve the observation equation (Eq. 3.4) simultaneously for the coefficients cij
describing the static topography and for h2 with a regularized least-squares inversion,
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minimizing

(Ax− T )>(Ax− T ) + αx>Rx ,

where x is the parameter vector containing the coefficients cij and h2, T is a vector
containing the K observations Tk, A is the design matrix resulting from Eq. 3.4, R is
a regularization matrix, and α is the regularization parameter. The regularization serves
to stabilize the solution in areas that suffer from limited observations and minimizes the
second derivative of the topography at the grid points (θi, λj),

∇ ·∇Tstat(θi, λj) =
i+1∑

r=i−1

j+1∑

s=j−1

crs∇ ·∇Srs(θi, λj)

=
i+1∑

r=i−1

j+1∑

s=j−1

crs

(
∂2

∂θ2
Srs(θi, λj) +

1

sin2 θ

∂2

∂λ2
Srs(θi, λj)

)
, (3.7)

where Sij(θ, λ) = fi(θ)fj(λ) are the 2D cubic B-spline basis functions. We set the
regularization parameter α = 10−6K/(IJ), which allows for a stable solution of the
linear equation system, while keeping the inevitable bias on the h2 result small.

3.4 Results
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Figure 3.6: Standard deviation, bias and RMSE of h2 from 100 random realizations as a
function of grid resolution for topography case 1 (see Table 3.1).

We generated 100 independent random realizations of measurements as described in
Sec. 3.2. They differ in the topographic model at degrees l > L, direction of the systematic
attitude error, synthetic determined orbit, and all other randomly generated error sources.
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From each of these, we solved for h2 (Sec. 3.3) using topographic grids of different
resolutions. From the resulting 100 h2 values, we computed standard deviation, bias, and
root-mean-square error (RMSE; Fig. 3.6). We first focused on the results achieved using
the topography model of case 1. At resolutions lower than 16 grid points per degree,
there is a noticeable bias in the results that can be explained by our usage of the MDIS
topography model up to degree L = 900. Since there is only a single realization of
MDIS topography model, the results of 100 random realizations are not distributed evenly
around the a priori value of h2 but around a value which is specific to this single random
realization. When the topography is modeled by a sufficiently fine grid (& 15 grid points
per degree) during the solution, the true topography can be almost entirely captured,
causing the bias to vanish. Which resolution is sufficiently fine, depends on the degree L
up to which only a single topography realization is used. The RMSE provides a measure
of the 1σ uncertainty at which h2 can be retrieved from the data. It continually decreases
with increasing resolution and reaches its minimum at the highest investigated resolution
of 28 grid points per degree at a value of ±0.012.
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Figure 3.7: Uncertainty of h2 from simulations as a function of resolution of the to-
pographic grid and its decomposition into the components caused by each of the error
sources. The uncertainty is given by the RMSE from 100 random realizations of model
and measurement errors. The RMSE induced by pointing jitter and the lateral component
of the orbit determination error are both < 0.0004 at all resolutions.

Next we investigate the influence of different error sources on the uncertainty of h2
in the topography case 1 (Fig. 3.7). To make the assessment, we generate synthetic data
sets where only a single error source is simulated and all other error sources vanish.
These simulations include a single realization of topography up to L = 7999 because the
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lateral components of orbit and pointing errors and the uncertainty in Mercury’s libration
only cause a range error when combined with topographic variation. The bias caused by
this specific topography realization is subtracted before computing the RMSE presented
in Fig 3.7. The uncertainty induced by the simulated large-scale topography decreases
strongly with increasing resolution as more of it is modeled by the topographic grid. Still,
the main source of uncertainty at all resolutions up to 24 grid points per degree is the
incomplete representation of the large-scale topography by the splines. This shows the
importance of choosing a realistic model for the large-scale topography. The uncertainty
induced by systematic misalignment of the instrument becomes the main contributor for
resolutions from 24 grid points per degree. At such high resolutions, the cross-track
distance will often be larger than the grid resolution. The solution is overparametrized
and can therefore fit the perturbed measurements very well instead of smoothing out
the perturbations. This is a likely cause for the increase in uncertainty with a denser
topographic grid. This trade-off between large-scale topography error and systematic
pointing error will eventually lead to an optimal topographic grid resolution. We note
that this optimal resolution depends strongly on some of the assumptions taken, such
as the power law used for representing topography at intermediate and small scales, the
magnitude of the pointing error, and the specific measurement geometry. For example, we
found that an increase of the amplitude of the systematic pointing error by a factor of five
will cause an increase in pointing-related h2 uncertainty by a factor of five, resulting in an
optimal resolution at about 14 grid cells per degree. If future real data indicates that the
pointing error may be large, one should consider adjusting the grid resolution accordingly.
Since usually the pointing error is unknown, a weighted average of solutions for different
resolutions provides a good estimate of h2.

All other error sources are small in comparison to the large-scale topography and
systematic pointing errors. The largest of them is the uncertainty in Mercury’s libration
amplitude, followed by the random noise representing range error and small-scale topog-
raphy, orbit determination, and finally, pointing jitter. Even though the magnitude of the
random noise is much larger than the magnitude of the systematic pointing error and the
libration (Fig .3.3), the resulting uncertainty is smaller. This shows that the retrieval is
only weakly influenced by strong normally distributed noise, but strongly affected by small
systematic effects. Similarly, the h2 uncertainty resulting from radial errors in the orbit
determination on the order of centimeters is larger than the uncertainty resulting from
the lateral component of the orbit determination, which has a magnitude on the order of
meters, by a factor of about 3.

Fortunately, we find that none of the modeled error sources cause a systematic bias
in the h2 results. However, we note that a much larger than expected systematic pointing
error would have the potential to cause such a bias. The longer measured range caused by
misalignment by an angle pwith respect to the nadir case leads to an error of (1/ cos p−1)h
on a surface with zero slope, where h is the spacecraft altitude. This error becomes large
at perihelion and aphelion, when extreme temperatures cause maximum misalignment.
Similarly, the measured tidal displacement reaches maxima at perihelion and aphelion.
The maximum tidal displacement is measured over the equator when h ≈ 400 km. For
the case of p = 20 arcsec, this corresponds to a radial error of only 1.9 mm, but for
p = 100 arcsec, the radial error is 4.7 cm. These radial errors cause a systematic bias of
h2 of 0.0012 and 0.027 for p = 20 arcsec and p = 100 arcsec, respectively. While the
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bias in the former case, representing the maximum expected error, is negligibly small, the
latter case illustrates the necessity of high pointing stability. We note that this systematic
bias is independent of the grid resolution.

All results discussed so far were obtained using topography case 1 (Table 3.1). The h2
uncertainties retrieved from case 2 and case 3 at a resolution of 24 grid points per degree
are ±0.017 and ±0.041, respectively. These values are significantly larger because the
topography is less smooth. These cases would benefit from using a topographic grid with
higher resolution, because the imperfect modeling of the topography dominates the h2
uncertainty.

3.5 Discussion and conclusions
The results show that the small-scale topography of Mercury is the primary obstacle in
accurately measuring its solid body tides. This does not come as a surprise because our
initial aimwas to detect dm-range radial displacements in measurements taken at different,
not perfectly known locations on the surface. While splines model the topography at
large scales well, their resolution is not sufficient to model topography at small scales
below 1.5 km, which therefore contributes to the measurement uncertainty. This is a
fundamental limitation of themeasurementmethod. For simulations, a suitable description
of topography at these scales is essential. From Preusker et al. (2017, Fig. 10) we estimate
that the MDIS DEM has an effective resolution of at least 15 km, equivalent to L = 511.
This justifies using the MDIS topography spectrum to degree L = 450 in topography
case 2 and to degree L = 250 in topography case 3. The effective resolution of the MDIS
DEM is not globally uniform and may be lower in the southern hemisphere, where images
were taken from higher altitudes than in the northern hemisphere. Fig. 10 of Preusker et al.
(2017) represents a location close to the equator that might represent an average. To our
knowledge, no mechanism could cause a flattening of the slope of the spectrum at higher
degrees. On the contrary, it seems likely that the spectrum becomes even steeper at higher
degrees, as the spectrum derived from the MDIS DEM suggests (Fig. 3.2). Planetary
topography spectra have been found to follow regionally different power laws at scales
> 10 km, but power laws with an exponent b ≈ −3.4 at scales< 10 km (Aharonson et al.,
2001). The power law exponent b = −3.3 used in topography case 1 represents this most
likely behavior at small scales.

Nevertheless, even for the two topography cases with flatter slopes, the uncertainty
is < 0.05, which is the necessary condition to further constrain interior models. An h2
determination with an accuracy of 0.05 would permit a distinction between a small and
a large inner core, whereas an accuracy of 0.01 would allow for a determination of the
size of the inner core to about ±150 km (Steinbrügge et al., 2018a). This value is close
to the accuracy limit imposed by other uncertainties in the model of Steinbrügge et al.
(2018a). Ultimately, only the global laser altimetric data set acquired by BELAwill reveal
the spectral slope of Mercury’s topography, which is one of the factors in the obtainable
accuracy of h2 determination.

So far, we have used a conservative estimate of instrument performancewhen assuming
that the altimeter only takes measurements at a spacecraft altitude of 1050 km or less. We
also carried out a test considering all measurements up to a spacecraft altitude of 1500 km.
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3 Paper II: Prospects for measuring Mercury’s tidal Love number h2 with the
BepiColombo Laser Altimeter

This modified experiment uses N = 51, 800, 617 measurements and yields a minimum
uncertainty of ±0.012, which is reached at a resolution of 24 grid points per degree.
This shows that an improved instrument performance does not produce significantly better
results in terms of h2. A reason for this behavior may be that the pointing error, one of
the two dominant error sources, increases with spacecraft altitude. However, in terms of
global topography coverage a better performance of BELA is highly desirable.

The MORE radio science investigation will provide a highly accurate estimate of the
combined pole orientation of solid inner core and outer shell. If there is evidence for
a significant deviation between the orientations of the two poles, future research should
investigate the impact of the pole position knowledge on the h2 determination.

An extension of the nominal one-year orbital phase of the MPO by another year might
be possible. We also simulate a two-yearmission, duringwhich a total ofN = 59, 630, 203
measurements would be taken. The resulting uncertainty is±0.010, marking a noticeable
improvement over the one-year case. Further extensions of the mission may improve the
determination of h2 even more.

Apart from constraining Mercury’s inner core size by measuring its Love number h2,
BELA data will also enable a more accurate determination of Mercury’s 88-day libration
amplitude φ0 and obliquity, which provide additional insights into the interior structure.
While the estimation of the retrieval accuracy of φ0 from BELA is out of the scope of this
study, improved determination from either BELA data alone or a combination of BELA
data and imagery can be expected. Stark et al. (2015b,c) derived the current best estimate
of the 88-day libration amplitude by co-registering MLA tracks and a terrain model
derived fromMDIS stereo images. Imperi et al. (2018) also found that the 88-day libration
amplitude can be determined with an uncertainty of 0.13 arcsec by BepiColombo’s gravity
experiment. The global altimetric coverage achieved with BELA measurements and the
reliable orbit determination by MORE will allow for a more accurate determination of
geodetic parameters of Mercury and, therefore, improve the results of Peale’s experiment
(Peale, 1976). Both a measurement of h2 and improved results from Peale’s experiment
would deepen our understanding of Mercury’s interior structure and evolution.
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4 Discussion

4.1 Computational and methodical advances

The studies in this dissertation are based on a Fortran program, which implements the joint
inversion for the Love number h2 and global planetary topography from laser altimetry
data, as described in Sec. 1.5.2. This program was first developed for the study of Koch
et al. (2010), and has undergone major upgrades for this work, which adapt it to the
scientific requirements and adjust it to the capabilities of the current hardware.

The computational effort mainly consists of two parts: the buildup and the solution of
the normal equation system. The former depends mainly on the number of measurements,
whereas the latter depends on the size of the normal equation matrix, determined by the
grid resolution. At low resolutions, the duration is limited by the buildup of the normal
equation matrix (Eq. 1.37), which has been sped up through the implementation of parallel
computing. Each element of the normal equation matrix and the right hand side is a sum
over all measurements. However, most of the constituents of these sums are zero, because
each measurement only influences 17 elements of the right hand side, 16 for the spline
coefficients and one for h2, and 289 matrix elements, of which 153 are in the upper right
triangle. This is a result of the locality of the splines and their advantage over spherical
harmonics as basis functions. The buildup runs measurement by measurement. For each
measurement, the indices of the matrix elements, which it influences, are determined. This
is very simple because on an equirectangular grid, there is a straightforward relationship
between latitude, longitude, and grid element index. The main effort is then finding the
storage location of the affected matrix elements in the sparse matrix format. Once this is
achieved, the element can be augmented by the measurement’s contribution to the sum
over all measurements. Alternatively, it would also be conceivable to build the normal
equation matrix by element. However, this would first require producing a list of all
measurements contribution to each matrix element, which would also have to be adapted
to each grid resolution.

At high topographic grid resolutions, the main cause of computational effort is the
solution of the normal equation matrix. The size of the normal equation matrix rises
quadratically with the resolution of the topographic grid and the number of operations
increases quadratically with the number of parameters in the equation system. For the
solution, a direct solver is applied (Schenk and Gärtner, 2004). This has the advantages
of being easy to configure and having little overhead. However, direct solvers have high
memory requirements, which are ultimately the limiting factor in achieving higher grid
resolutions. The used solver has the ability to use hard drive space when memory runs out,
at drastically increased computation times. This problem may in the future be alleviated
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by the usage of iterative solvers (Saad, 2003). These have more moderate memory needs,
but require careful configuration. They do not give an exact solution. Instead, the user can
specify the desired accuracy, whichwill affect the number of iterations and the computation
time. Iterative solvers have the additional advantage that the equation system never has
to be in memory in its entirety, which is crucial for many applications (Saad, 2003), but
irrelevant for this study, because the normal equation system is not built up element by
element.

For the analysis of LOLA data, the code needed to be adapted to deal with very
large data sets containing several billion measurements. Typical computation times on a
computer with 32 cores and 576 GB memory are on the order of one hour for the buildup
of a normal equation system with 3.7 ·109 measurements, which is the size of the complete
LOLA data set after filtering (see Paper I). The solution up to a medium resolution of
20 grid cells per degree runs within an hour, whereas a resolution of 32 grid cells per
degree requires more than a day. The use of additional random realizations in the case of
simulations and of iterative solutions additionally extends the required time.

The code was also adapted for the first time for the treatment of real data, which
require regularization. Real data typically contain data gaps that cause undetermined or
very weakly constrained parameters. This ill-conditioning causes the normal equation
system to be unsolvable (Xu et al., 2006). Regularization, as described in detail in
Paper I, as well as in Paper II and Appendix A, provides better conditioning at the price
of introducing a bias, which needs to be kept small.

Koch et al. (2010) used different basis functions: step functions, linear functions,
and cubic B-splines. These are B-splines of first, second and fourth order, respectively.
This study uses cubic B-splines in latitudinal and longitudinal direction for all purposes.
For future studies, even higher orders may be considered. These would provide an even
smoother representation of static topography at the cost of a lower sparsity of the normal
equation matrix, increasing computation time and memory needs.

Koch et al. (2008, 2010) and Appendix A have clearly shown that the equirectangular
grid applied in this study is advantageous over a spherical harmonics expansion. It also
has useful properties compared to other grids. Due to its simple definition, it is extremely
easy to find directly the index of near grid nodes for any given position, which is helpful
for a fast buildup of the normal equation system (see above). Furthermore, footprints of
an altimeter in an ideal circular polar orbit around a planet, which is a good approximation
for many missions, will have a homogeneous spatial distribution in an equirectangular
projection. Therefore, the grid is suitable for the available data. However, other grids
than the equirectangular grid are more appropriate to describe isotropic random fields
on the sphere, such as the global topography. A grid providing approximately equally
spaced grid nodes on the sphere is for example the HEALPix grid (Gorski et al., 2005),
which is also computationally efficient. Furthermore, the 2D cubic B-splines used in this
study are not isotropic for two reasons. Firstly, they are defined on the equirectangular
projection, meaning that the enforced smoothness is much stronger in latitudinal direction
than in longitudinal direction with increasing latitude. Secondly, due to being the result
of a convolution of two 1D cubic B-splines, they are not radial basis functions. The 2D
cubic B-spline is not solely a function of the Cartesian distance in the planar projection,
but a function of both longitude and latitude. Such isotropic properties can be provided by
radial basis functions, which can have the smoothness of cubic splines (Fornberg and Flyer,

64



4.2 Impact of error sources on the retrieval of tides

2015). Radial basis functions have been applied to gravity field modeling (Klees et al.,
2008) and may be interesting to explore for the simultaneous extraction of time-dependent
and static topography in the future.

4.2 Impact of error sources on the retrieval of tides
The studies in Paper I, Paper II, and Appendix A consider various error sources on the
h2 retrieval: the instrument performance, the topography, the orbit and pointing errors,
as well as the uncertainty in the planetary rotational state. This section discusses the
synthetic generation of these errors for simulation purposes, the underlying assumptions,
and their effect on the retrieval accuracy of h2.

4.2.1 Instrument performance
The performance of an altimeter is generally a function of the signal-to-noise ratio (SNR).
The SNR depends on the received signal and noise sources at the telescope. It influences
the probability of successful detection of the signal, the range error, and other performance
characteristics. The performance model is an analytic calculation of the SNR (Gardner,
1992; Abshire et al., 2000; Gunderson et al., 2006; Gunderson and Thomas, 2010; Stein-
brügge et al., 2015, 2018c). Apart from fixed instrument properties, the received signal
depends on the power of the transmitter, the surface properties, and the altitude of the
instrument over ground. The transmitter performance of a space-borne laser altimeter typ-
ically deteriorates significantly over the mission period. For example, the energy output
of the two lasers of the LOLA decreased by about a factor of two between 2009 and 2015
(Smith et al., 2017). The surface roughness at the footprint scale and the reflectivity deter-
mine the amount of radiation returned to the instrument. Radiation at the laser wavelength
entering the telescope from other sources, most importantly reflected sunlight, can have a
severe impact on the noise budget.

The laser altimeter measurements synthetically generated for this dissertation neglect
all of these dynamic effects on the range error. Instead, a normally distributed range error
with constant standard deviation is assumed. This assumption is justified by the small effect
of the range error on the h2 determination due to its stochastic nature. Other error sources,
particularly the unmodeled topography, dominate. In Paper II, two maximum altitudes of
operation are compared showing that additional measurements do not significantly change
the expected retrieval accuracy of h2 under the assumed operation scenario. However, for
other purposes than the detection of tidal displacements, such as morphological studies,
increased coverage and range accuracy are crucial.

4.2.2 Synthetic topography
A major error source for the h2 retrieval is the imperfect modeling of topography. Given
the currently available hardware, the program can solve for a 2D spline representation of
the global topography on a grid with a resolution of up to about 30 grid cells per degree,
i.e. a 5400 × 10800 grid. This corresponds to a resolution at the equator of 1.0 km on
the Moon, 1.4 km on Mercury, and 1.5 km on Ganymede, respectively. All topography at
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shorter scales cannot be modeled and therefore causes uncertainty in the h2 result. This
unmodeled small-scale topography is one of the two main sources of uncertainty, together
with the pointing error (Paper II). The uncertainty caused by the unmodeled small-scale
topography depends strongly on the topography itself. This is evident from the comparison
of the achievable h2 retrieval uncertainty for different models of synthetically generated
topography, which was carried out in Paper II and Appendix A. Paper II finds uncertainties
different by a factor larger than 3 for different models, and the study in Appendix A finds
uncertainties different by a factor larger than 8. In the latter case, this is also because
Ganymede’s topography is almost completely unknown up to now.

It is therefore highly important to model the planetary topography appropriately when
carrying out simulations to determine the retrieval accuracy of h2. The variance spectrum
of planetary topography at large scales can be well described by power laws with an
exponent b = −2 (Bills and Ferrari, 1977; Bills and Kobrick, 1985). Power laws also
represent the fractal nature of topography (Turcotte, 1987), indicating that topographic
roughness is independent of the scale at which it is investigated. However, there is some
evidence for different scaling properties in different parts of the spectrum. Aharonson
et al. (2001) found a significant steepening of the topography power spectrum of two
regions on Mars at a wavelength between 7 and 20 km. Landais et al. (2015, 2019a) found
a change from multifractal to monofractal behavior on Mars, Mercury, Venus, and Earth,
at a wavelength of about 10 km. Also, fitting a single power law to the power spectrum
of topography is usually difficult (see Paper I, Fig. 2.3 and Paper II, Fig. 3.2), especially
when higher degrees are considered. The resulting exponent of a fit would highly depend
on the choice of the degrees used for the fit. Therefore, in Paper II, Mercury’s power
spectrum was extrapolated at a point where Aharonson et al. (2001) and Landais et al.
(2015, 2019a) suggest that the power spectrum may follow a single power law. These
authors based their studies on laser altimetry tracks with sampling distances of about
100 m. To assess the properties of topography at even finer scales, additional control
points at smaller resolution are needed, which could support a further extrapolation of the
power spectrum. Such additional points could come from topographic roughness within
a laser altimeter footprint or from areas that are very densely covered by laser altimeter
measurements, such as the polar regions, or even from in situ measurements.

After choosing an appropriate power law characterizing the planetary topography
down to small scales, it is still necessary to synthetically generate global representations
of it. While it is easy to simulate such representations as spherical harmonic models, their
transformation into the spatial domain requires significant computational effort for high
resolutions. For the simulations in Paper I and II and Appendix A, the spherical harmonic
model was generated up to degree L = 7999, but even finer resolutions are desirable for
the future and in principle possible using optimized algorithms (Rexer and Hirt, 2015).
For these scales, the power law is a sufficiently confident description. It may also be
possible to generate synthetic topographies from a multifractal approach (Landais et al.,
2019b). In Paper II and Appendix A, small-scale topography, i.e. topography at scales
equivalent to degrees L > 7999, is synthetically generated using uncorrelated equal-
variance random noise. This approach ignores the spatial correlation of topography at
small scales. This missing correlation is unlikely to systematically influence the estimated
h2 retrieval uncertainty because the small-scale topography is time-independent and acts
at much smaller scales than the global tidal signal. This claim is supported by the results
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presented in Paper I, which are based on a synthetic generation of topography under
consideration of the autocorrelation along each ground track.

4.2.3 Pointing and orbit errors and uncertainty in the rotational state
Pointing and orbit errors as well as uncertainties in planetary rotation models all cause a
laser altimeter to sample the topography at a different location. Because of this, the impact
of these errors depends strongly on the properties of the topography, making the usage of
an appropriate description of planetary topography (see Sec. 4.2.2) even more important.
In the simulations carried out in Paper I, these three error sources were not considered.
However, it is very likely that the effects of the pointing errors and the uncertainty of
the lunar rotation model on the h2 determination are small compared to the effect of
unmodeled topography. Due to the low 50 km altitude of the LRO spacecraft, the lateral
effect of the pointing error is inherently limited. The rotational state of the Moon is known
to high precision (Rambaux and Williams, 2011). The orbit determination error of the
LRO spacecraft lies on the order of 1 m in the radial direction and 10 m in the lateral
directions (Mazarico et al., 2018). It is therefore significantly larger than what is expected
for the MPO spacecraft, where the radial component is expected to be known to 1 cm
(Imperi et al., 2018). This difference is mainly due to themismodeling of non-conservative
forces, which potentially leads to significant errors on the LRO orbit. In case of the MPO,
non-conservative forces will be measured, so that no modeling will be required. The effect
of the LRO orbit determination on h2 should be investigated in future studies (see also
Sec. 4.4). During the generation of synthetic BELA and GALA measurements (Paper II
and Appendix A), the lateral effect of pointing, orbit, and planetary rotation errors was
only considered for the large-scale topography. The range effect caused by the lateral shift
was computed through the local slope of the large-scale topography, i.e. at baselines of
0.01125◦. However, the lateral effect caused by the small-scale topography is contained
within the uncorrelated randomnoise, which, lacking a better global description, represents
the small-scale topography at each footprint.

Pointing and orbit errors also directly cause a radial effect on the laser altimeter
measurement. For the pointing error, this is a systematic effect because a slanted range to
the surface is always longer than the range in nadir direction, assuming flat topography.
As shown in Paper II, this effect is small enough to be negligible in the case of BELA.
The same holds for LOLA and GALA, as these instruments are flying at lower altitude,
limiting the effect of pointing errors in general. In the case of MLA, the default viewing
direction of the instrument was not nadir. The effect of a pointing error on the range
measurement is larger under off-nadir pointing or onto a sloped surface. Future studies of
MLA data should investigate the impact of this effect on the retrieval of h2. In Paper II,
a temperature-dependent pointing error with an amplitude of 20 arcsec was assumed.
As 20 arcsec is the total attitude budget of the instrument, this is a worst-case scenario.
However, the actual pointing uncertainty is likely to be significantly lower (Gouman et al.,
2014; Thomas et al., 2019). Furthermore, a calibration of the transmitter pointing with
respect to the camera pointing will further reduce the error (Hussmann et al., 2018).

For the simulations of the orbit error of the MPO in Paper II, a full covariance analysis
was carried out. The orbit determination of the MPO will be extremely precise due to
the MORE and ISA instruments. For the simulations of synthetic GALA measurements
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(Appendix A), a scheme similar to the one described in Steinbrügge et al. (2015, 2018c)
was applied, where the orbit errors in radial, along-track, and cross-track directions follow
an oscillation with a random amplitude and phase for each orbit. This simulation method
is based on practical experience with the modeling of such errors in real data (Mazarico
et al., 2014a).

Orbit errors with a period equal to the tidal period have the potential to severely
bias the h2 estimation. Since Doppler tracking of a spacecraft is an inherently unbiased
measurement due to its differential nature, there is no reason to expect an orbit error at the
tidal period from the instrument. However, the mismodeling of non-conservative forces in
the dynamical model can cause a bias. Such an effect may be able to explain the mismatch
of LOLA-derived andGRAIL-derived h2 results (see Paper I). In case of the BepiColombo
mission, the ISA instrument measures the non-conservative forces and thereby eliminates
possible biases in the orbit determination.

One approach of dealing with pointing and orbit errors as well as uncertainties in the
planetary rotation is their inclusion into the model. Mazarico et al. (2014a) used a large
amount of parameters, 2 per orbit of the LRO, to model pointing and orbit errors. A third
parameter per orbit is necessary to ensure continuity of the error signal between orbits
(Steinbrügge et al., 2015). This approach comes with the danger of overfitting the data and
requires to solve for a large amount of additional parameters, which limits the attainable
topography resolution in a joint inversion for h2 and global topography.

Modeling planetary rotation typically only requires a few additional global parameters.
However, the addition of these parameters renders the problem non-linear, complicating
computations. Better parametrizations of planetary rotation should be employed in the
future (see Sec. 1.5.2 and 4.6), not only to improve the fit to the tidal signal, but also
because the determination of the planetary rotation state is a valuable goal on its own.

4.3 Consistency of LOLA, LLR, and GRAIL
The results provided with regards to the tidal response of the Moon by the three different
techniques laser altimetry, LLR, and gravity mapping are not entirely consistent. LOLA
laser altimetry produces h2 = 0.0371 ± 0.0033 from crossover analysis (Mazarico et al.,
2014a) and h2 = 0.0386±0.0022 from a joint inversion for tides and topography (Paper I).
LLR results vary betweenh2 = 0.041±0.01 (Pavlov et al., 2016) andh2 = 0.0476±0.0064
(Williams et al., 2013). Finally, the GRAIL gravity mission provides two independent
solutions for k2, namely k2 = 0.02405 ± 0.00018 (Konopliv et al., 2013) and k2 =
0.024116±0.000108 (Lemoine et al., 2014), which are equivalent to h2 = 0.0424±0.0004
(Williams et al., 2014) assuming linear error propagation between k2 and h2, which is
justified by the close relationship between these two parameters caused by the rigid nature
of the Moon’s interior (see also Fig. 2.5). However, these three techniques are not entirely
independent. The orbit determination of the LRO that carries LOLA is based on the
GRAIL gravity field. Also the orbit determination of the GRAIL spacecraft applies
a lunar ephemeris determined by LLR. Fits of lunar geophysical parameters to the LLR
observations all take the low-degree coefficients of theGRAIL gravity field as given, except
for some of the third degree terms, which are kept as free parameters because otherwise no
satisfactory fit to the LLR data can be achieved (Viswanathan et al., 2018, 2019). While

68



4.4 Detection of body tides from single-beam and multi-beam altimeters

the GRAIL k2 and the LOLA h2 assume an elastic tidal response, the LLR tidal response
uses more complex models which employ a fixed value for k2 obtained by the GRAIL
mission and solve for the tidal lag represented by a time delay and a parameter describing
the dissipation at the core-mantle boundary (Williams and Boggs, 2015; Viswanathan
et al., 2018). A consistent modelling approach using all three data sources would be
desirable, but a significant development and processing challenge. Furthermore, thermal
effects correlating with the tidal frequency, for example in the LRO orbit or in the regolith
beneath the retroreflectors, as well as other yet unknown effects may bias each technique.
Finally, an incorporation of lateral inhomogeneities in the lunar rheology or dissipation
into the model used for the determination of the tidal respsonse from LOLA data may at
least partly solve the discrepancies between the results of the different techniques.

4.4 Detection of body tides from single-beam and multi-
beam altimeters

Asuccessful detection of body tides has so far only been possiblewith LOLA, one ofwhose
unique features is its 5 ground spots. The multi-beam approach was chosen with a cross-
track assessment of slopes for future landing sites in mind (see Sec. 1.4.1). However, the
5-spot pattern may also be beneficial for the detection of body tides. One of the problems
of the crossover method, which also motivated this dissertation, is the acute intersection
angles of ground tracks for polar orbits around slowly rotating moons or planets. The
method of Mazarico et al. (2010, 2014a) specifically exploits the elongated crossover
regions, which form when the intersection angle is small, so-called swath crossovers, to
determine a 3D misfit vector between the two tracks of the crossover. Fig 4.1 shows the
ground spot pattern of LOLA on an exemplary crossover between two tracks. Mazarico
et al. (2010, 2014a) minimize the squared differences between the topographic values of
each track and those of the other one interpolated onto the locations of the former. Using
this method partly eliminates the shortcomings of acute intersection angles. Paper I and
Mazarico et al. (2014a) have shown that the detection of h2 from a multi-beam altimeter
is possible using both the crossover method and the method using a joint inversion for h2
and the global static topography.

No other laser altimeters flown so far and planned for the future have the multi-beam
feature. The detection of h2 might be more difficult using such single-beam altimeters
because the cross-track information provided by swath crossovers is missing. When
only using one of the five channels of LOLA or a single-beam altimeter, the intersection
reduces to a point. In the context of the future application of the method presented in this
dissertation to BELA and GALA, the retrieval of h2 from only a single channel of LOLA
would be an additional validation. This selection results in a geometry that is very similar
to that of a single-beam altimeter like BELA or GALA.

The usage of only one of the five channels also reduces the number of measurements
by a factor of 5. A comparison between the reduced data set of Paper I (Sec. 2.4.2), which
contains 614,411,186 measurements, and channel 1 measurements of the complete data
set (Paper I, Sec. 2.4.1), containing 735,741,955 measurements, serves to separate the
effect of the changed geometry from the effect of a reduced amount of data. Concerning
the number of measurements and the global coverage, these two data sets are very similar.
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Figure 4.1: Map of LOLA ground spots at a crossover location. Left panel: All channels.
Middle panel: Only channel 1. Right panel: The reduced data set used in Paper I
(Sec. 2.4.2). The colors indicate different channels. Note the different scale on x-axis and
y-axis for better visibility.

However, the reduced data set from Paper I contains every sixth measurement of the
complete LOLA data set and alternates between channels in a regular fashion (Fig. 4.1).
Therefore, it mostly retains the intersection area and the provided cross-track information
of the complete data set.

First, synthetic measurements at the real locations are generated for each of the two
data sets. These measurements are based on a description of topography, tides, and range
errors, as described in Paper I (Sec. 4.3). From 100 realizations of syntheticmeasurements,
the RMSE is determined (Fig. 4.2). It is clear that the two data sets produce extremely
similar results, indicating that the two geometries are similarly effective for the retrieval
of h2.

Second, h2 is retrieved from the real data of the two data sets. While the results are
reasonably similar when the resolution of the topographic grid is low, the analysis of data
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Figure 4.2: RMSE of h2 from simulated LOLA data containing only the reduced data set
(Paper I, Sec. 2.4.2) or only measurements on channel 1 as a function of grid resolution.
The values for the reduced data set are identical to those presented in Paper I (Fig. 2.1).
Both cases give very similar results.

from only channel 1 yields a significantly lower h2 at grid resolutions above 20 grid points
per degree (Fig. 4.3). While for the reduced data set, as well as for the complete data
set, h2 results converge starting at a resolution of 16 grid points per degree, the data from
channel 1 produce a downward trend with increasing resolution. The spread between
the values obtained for different grid resolutions is far greater than a variation within the
formal uncertainty or within the simulated accuracy would be.

This result shows that, while no problems occur in simulations, the retrieval of h2
from only one channel is not feasible in practice. However, the simulation results suggest
that the cross-track information and large intersecting regions provided by the multi-beam
pattern alone are not critical for the h2 retrieval using the method of joint inversion for
h2 and global topography. Then, a significantly higher RMSE would be caused in the
channel 1 case. An explanation for the positive simulation results could also be the lack of
important error sources in the simulation. The simulation did not consider uncertainties in
orbit determination, pointing of the instrument, and the rotational state of the Moon. An
inclusion of such error sources, as done in Paper II for Mercury, could reveal a possible
systematic bias. Furthermore, there might be systematic effects related to each of the
channels, such as a systematic in the range finder, which cancel each other out when all
of the channels are used, but remain when only a single channel is used. The implication
of this investigation is important with respect to the future single-beam altimeters BELA
and GALA. Further research is necessary to find whether the 5-spot pattern of LOLA is
crucial for a detection of solid body tides.
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Figure 4.3: The Love number h2 from LOLA data containing only the reduced data set
(Paper I, Sec. 2.4.2) or only measurements on channel 1 as a function of grid resolution.
The values for the reduced data set are identical to those presented in Paper I (Fig. 2.1).
The error bars indicate the formal accuracy.

4.5 Analysis of MLA data

The analysis of data fromMLAmay enable the determination ofMercury’s h2 and its inner
core size long before the global data acquisition by BELA starting in 2026. However,
a retrieval of h2 from MLA data is challenging due to the unfavorable measurement
geometry and limited measurement accuracy.

The MLA data set contains 41,352,933 range measurements taken between March 29,
2011, and April 30, 2015 on more than 26 · 106 individual footprints. The data set is
therefore relatively small compared to the > 7 · 109 LOLA measurements and expected
∼ 300 · 106 BELA measurements. It only covers part of the Northern hemisphere of
Mercury, with 78.5% of all measurements located between 50◦ N and 84◦ N (Fig. 4.4).
Since the periherm of the spacecraft was close to the North Pole, the spacecraft altitude
increased strongly with further distance from the North Pole, resulting in fewer successful
measurements and lower quality. The larger footprints at higher altitude decrease the
ranging accuracy. Furthermore, the off-nadir pointing of the instrument also leads to
larger footprints and a higher influence of a potential misalignment.

The MESSMLA2101 data set (Neumann, 2010b) contains MLA data that have been
processed using a spacecraft trajectory computed based on data from radio science and
laser altimetry. A first analysis of the MESSMLA2101 data set reveals gross outliers.
Solving for h2 and the global topography allows to compute the adjustment residuals
T −Ax̂ (Paper I, Sec. 2.4.1). The RMS of the residuals of all measurements within each
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4.5 Analysis of MLA data

Figure 4.4: Number of MLA measurements per grid cell. Each grid cell has a size of
1/4◦ × 1/4◦. The map is a stereographic projection to 50◦ N.

grid cell (Fig. 4.5) reveals several linear features of high RMS residuals, which indicate
badly fitting orbits. These are likely due to errors in orbit or attitude determination.

To remove orbital errors, once again co-registrationwas applied, as described in Paper I
(Sec. 2.3), and followed by a removal of all orbits with a RMS deviation from the DEM of
more than 15 m and all single measurements with a deviation of the DEM of more than
100 m. After filtering, there are 34,981,900 measurements left, more than two orders of
magnitude less than were used in the analyses of LOLA data. The filtering removed all
major orbital errors (Fig. 4.6).

The solution for h2 and topography uses weighted least-squares, replacing Eq. 1.36 by

x̂ = (A>WA)−1A>WT , (4.1)

where W is a weight matrix, containing a weight for each measurement on its diagonal.
The weights are taken to be the inverse of the estimated accuracy of the measurement, as
provided by the data record.

Computing h2 as the weighted mean from results for different resolutions, following
the same procedure as in Paper I, results in h2 = 0.01± 0.14. This value is in agreement
with structural models of a completely solid Mercury, which cannot be reconciled with
Mercury’s moment inertia that unambiguously predicts a fluid outer core which separates
the outer shell and a potential solid inner core (Margot et al., 2007).

One issue causing this result might be the fact that laser altimetry was used for orbit
determination. Unfortunately, the data documentation does not specify the precise pro-
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Figure 4.5: RMS of adjustment residuals ofMLA data before filtering. The grid resolution
is 16 grid cells per degree. The map is a stereographic projection to 70◦ N.

cessing method. When using laser altimeter crossovers for orbit determination (Neumann
et al., 2001; Mazarico et al., 2012), the tidal displacement is also corrected, which would
explain why the solution is h2 ≈ 0. The MESSMLA2001 (Neumann, 2010a) data sets
used spacecraft ephemerides purely based on radio science for the laser altimetry data
processing. However, in the processing of the MESSMLA2001 data set, the pointing
aberration, induced by the relative velocity of the spacecraft with respect to an observer
during the measurement, was neglected. This effect has a magnitude of up to 100 m
laterally and 25 m radially (Xiao et al., 2019). A reprocessing of the MLA data based
on a recent ephemeris of the spacecraft (Genova et al., 2019; Konopliv et al., 2020) and
considering the effect of pointing aberration would be useful future work.

4.6 Measuring Mercury’s librations
Through the experiment of Peale (1976), the moment of inertia of Mercury’s solid outer
shell Cm can be determined from measurements of its 88-day libration amplitude φ88,
obliquity, and the quadrupole moments J2 and C22 of the gravity field. Furthermore,
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Figure 4.6: RMS of adjustment residuals of MLA data after filtering. The grid resolution
is 16 grid cells per degree. The map is a stereographic projection to 70◦ N.

planetary perturbations cause long-period librations at Mercury. These librations have
periods of a couple of years and their amplitudes depend on their proximity to the periods
of Mercury’s free librations. One free libration period depends mainly on the moment
of inertia of Mercury’s solid outer shell, but through coupling effects also directly on
the inner core size, and the other free libration period depends on the moment of inertia
of Mercury’s inner core. Current models of Mercury’s interior structure predict that
the former free libration period is very close to a Jupiter-induced libration with a period
of 11.86 a. For an inner core radius < 1100 km, the amplitude of this libration φ11.86

≤ 20 arcsec (Yseboodt et al., 2013). The other free libration could be in resonance with a
5.66 a Venus-induced libration.

By co-registering MLA data to a terrain model derived from MDIS imagery, Stark
et al. (2015c) found φ88 = 38.9 ± 1.3 arcsec. They also found that Mercury’s measured
rotation rate is different from its resonant rate, which could be due to an unmodeled long-
period libration. However, an unambiguous detection of such a long-period libration was
not possible, because the MLA data only covers a part of one libration period (Fig. 4.7).
Stark et al. (2015c) noted that a large inner core (van Hoolst et al., 2012) or other effects
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Figure 4.7: The libration angle of Mercury caused by its 88-day libration using φ88 =
38.9 ± 1.3 arcsec (Stark et al., 2015c) and a hypothetical 11.86-year forced libration
with 20 arcsec amplitude as a function of time. The time frames of orbital missions are
highlighted. For BepiColombo, a 2-year nominal and extended mission is shown.

could also affect the rotation rate. The combined time frame of the MESSENGER and
BepiColombo data covers more than one period of the 11.86 a libration, which could
enable the detection of long-period librations (Fig. 4.7; Imperi et al., 2018).

Using altimetric data and imagery from the BepiColombo mission, the method of
Stark et al. (2015b,c) will yield a new, likely more accurate estimate of φ88. The expected
retrieval accuracy for φ88 from the analysis of radio tracking data of the MPO is even
higher at 0.13 arcsec (Imperi et al., 2018). Radio science may also detect long-period
librations. However, rotational parameters can also be determined from laser altimetry
data alone by carrying out a joint inversion for them with h2 and the global topography
(Sec. 1.5.2). This inversion exploits the range effect of longitudinal movement of a sloped
surface. A determination purely based on laser altimetry provides an independent check
on results that use imagery or radio science data. Furthermore, adopting a potentially
inaccurate rotational model from previous determinations through other means instead of
modeling the rotational state creates the risk of introducing a bias in the h2 estimation.

Koch et al. (2008) solved for h2, φ88, and Mercury’s global topography parametrized
as a spherical harmonic expansion and found that the retrieval accuracy of φ88 from BELA
data will be 5 arcsec. The methodical improvements presented in this dissertation may
lead to a more accurate determination. Here, some practical considerations are given
for a future determination of rotational parameters using the method of joint extraction
of tides and global topography. In a first step, one should solve for φ88 and no other
rotational parameters. If a solution for long-period librations is desired, one has to solve
for the rotation rate ω1 as well, because the inversion must be able to distinguish between a
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long-period libration and a secular change in rotation in order to obtain a useful constraint.
The set of parameters then includes φ88, ω1, and φ11.86. When modeling ω1, but not ω0, it
is also necessary to set the reference epoch to a suitable central point within the analysis
time frame, as otherwise a change in rotation rate would mainly cause an offset of the
orientation of the prime meridian. The phase of the long-period librations also depends
on the proximity to the resonance (Yseboodt et al., 2010). Ideally, one would model both
amplitudes and phases of long-period librations. However, the phase can be neglected for
an initial analysis because it is reasonably close to the forcing phase unless the forcing is
almost resonant. The forcing is unlikely to be almost resonant because a resonance is not
stable and would cause a change in orbital state through dissipation. An inclusion of other
rotational parameters, such as right ascension and declination, would also be desirable in
further studies.

When solving for rotational parameters, the observation equation (Eq. 1.39) becomes
non-linear, causing the need for an initial guess. A solution of the linear case, where
rotation is not considered, can provide such an initial guess. However, this solution must
be created using a very strong regularization to avoid that the spline coefficients model
signals that actually originate from rotation. Especially in the presence of data gaps,
splines can model the rotational mismatch at the crossover locations of ground tracks,
causing a good match of model and data, but unrealistically large topographic expression
in areas where no measurements are present. An additional challenge is the computational
efficiency. Depending on the desired accuracy and the according convergence criterion,
the solution has to be iterated a handful of times. This is especially challenging when
inverting for many sets of synthetic data at once for the assessment of retrieval accuracies.
While in the linear case each random realization only affects the right hand side of the
normal equation system, in the non-linear case also the normal equation matrix is different
for each realization. This is because of the terms cij,0 and δλ0(t) in Eq. 1.44-1.48 that
are different for each realization. The solution of nrhs equation systems is much slower
than the solution of one equation system with nrhs right hand sides. The larger size and
lower sparsity of the normal equation system because of added global parameters has a
negligible effect on the computational load compared to this issue.
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This dissertation further developed a method for the retrieval of solid body tides from
laser altimetry and applied it to the Moon, Mercury, and Ganymede. The method is
based on a joint inversion of topographic observations for their time-dependent and static
components, where the latter are parametrized as an expansion into local basis functions
on an equirectangular global grid. The developments presented in this dissertation have
made the existing code of Koch et al. (2010) more efficient and added new functionalities.
These include the iterative solution for parameters describing the planetary rotational state
and the application of 2D cubic B-splines, instead of splines in only latitudinal direction.
Furthermore, an implementation of regularization enabled the evaluation of real data.

The application to the Moon validated the method (Paper I, Chapter 2). LOLA data
were evaluated to find h2 = 0.0386 ± 0.0022. This result is in excellent agreement
with a result using the crossover method (Section 1.5.1) achieved using the same data
set (Mazarico et al., 2014a), thereby validating the method presented in this dissertation.
Furthermore, the result of Paper I confirms the existence of a discrepancy between the
LOLA-derived h2 and that fromGRAIL-based modeling, which must be resolved in future
work.

After the validation of the method followed its application to Mercury in Paper II
(Chapter 3). The method was applied to synthetic data of BELA to assess the expected
h2 retrieval uncertainty. The generation of synthetic data was made to be as realistic as
possible. The resulting h2 uncertainty after a one-year mission of ±0.0012 allows for a
detection of Mercury’s core and determination of its size to ±150 km if the inner core is
sufficiently large (> 800 km).

In Appendix A, the method was applied to retrieve not only h2, but also the amplitudes
of four short-period librations of Ganymede. It has been found that the librations can be
determined with an accuracy between ±2.5µrad and ±6.6µrad and h2 with an accuracy
between 0.006 and 0.049. This implies the confirmation or rejection of the subsurface
ocean hypothesis and, in the former case, a determination of the thickness of the outer ice
shell to an accuracy of tens of kilometers.

This dissertation has established the inversion of laser altimetry data for h2 and rotation
parameters using a local basis function expansion as a valuable tool for the exploration
of planetary interiors. Compared to the crossover method, its performance is favorable,
although further investigations need to be made. Now, I look forward to the successful
retrieval of global altimetry data sets by the BepiColombo and JUICE missions that will
allow an application of this method within the next 15 years. Until then, the retrieval of
Mercury’s body tides from MESSENGER data remains an open challenge.
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Appendix





A Measuring Ganymede’s librations
and body tides

Apart from the BELA instrument, the method presented in this dissertation will also be
applied to data from the Ganymede Laser Altimeter (GALA, Sec. 1.4.4). Ganymede
is a particularly compelling target because of the potential habitability of its subsurface
ocean (Sec. 1.1.3). Measurements of Ganymede’s librations and tides will constrain the
thickness of this ocean and the overlying ice shell.

Baland and van Hoolst (2010) investigated longitudinal librations of Ganymede at
the orbital period, which are forced because of Ganymede’s eccentricity in the Laplace
resonance. They computed free libration periods based on simple structural models that
satisfy observed values of mean density and moment of inertia. The resulting amplitude
of the forced libration at the orbital period depends almost exclusively on the ice shell
thickness in the model. Rambaux et al. (2011) expanded the investigation to librations at
different frequencies, but found that forcings whose frequencies are close to the orbital
frequency constrain Ganymede’s interior the most. Van Hoolst et al. (2013) expanded
the model of Baland and van Hoolst (2010) by also considering the deformation and
misalignment of solid layers in the interior by librations and tides and found an almost
complete cancellation of the librations due to these couplings. However, they noted that
the libration amplitude gives valuable insights on the rigidity of the ice shell.

The tidal Love number h2 depends on the thickness of Ganymede’s outer ice shell,
but also on the unknown ice viscosity and rigidity (Moore and Schubert, 2003). It can
reach values between 1.0 and 1.6 if there is an ocean. However, Kamata et al. (2016)
pointed out that also without an ocean such high values can be reached. These would
then be accompanied by a & 10◦ phase lag (Kimura et al., 2019). In fully elastic models
with a given ice rigidity, a measurement of h2 allows for a constraint on the ice shell
thickness, either directly or by using the linear combination 1 + k2 − h2 (Wahr et al.,
2006; Steinbrügge et al., 2015). When considering various viscosities and rigidities of
the outer ice shell, a measurement of h2 or k2 alone can only place a lower bound on
the shell thickness (Kamata et al., 2016; Jara-Orué and Vermeersen, 2016). However, the
combination of highly accurate measurements of h2 and k2 would enable an estimation
of the ice shell thickness (Kamata et al., 2016). The Love numbers h2 or k2 can also
place a constraint on the density of the subsurface ocean (Jara-Orué and Vermeersen,
2016). Furthermore, a difference between the h2 and k2 phase lags would indicate a
highly dissipative deep interior (Hussmann et al., 2016). In total, these findings show the
importance of combining measurements of h2, k2, and libration amplitudes for insights
into Ganymede’s interior.
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A Measuring Ganymede’s librations and body tides

In the following research paper, the retrieval accuracy of four of Ganymede’s forced
librations and h2 is determined from synthetic GALA data. The data are realistically
simulated in a similar way to Paper II. Ganymede’s libration periods can be determined
with an accuracy of up to±2.17 to±2.76 µrad. Using the structural model of Steinbrügge
et al. (2015), this is equivalent to a determination of the thickness of Ganymede’s ice shell
with an accuracy of ±2.8 km in case of a thin shell (50 km) or ±24.3 km in case of a
thick shell (150 km). h2 will be determined with an accuracy of±0.0056. However, these
estimates depend strongly on the assumed synthetic topography, similar to the dependency
observed in Paper II. For a more conservative choice of power law, the retrieval accuracy
of h2 is only ±0.0488. Steinbrügge et al. (2015) used the crossover method to assess the
retrieval accuracy of h2 and found that h2 will be retrieved with an uncertainty of±0.026,
equivalent to a determination of the ice shell thickness with an accuracy of ±20 km,
according to the authors. However, their assumption on topographic roughness is not
directly comparable to the ones made in the following research paper, which makes a
direct comparison of the crossover method and the joint retrieval of global topography
and solid body tides difficult. In either case, the measurement of Ganymede’s h2 by laser
altimetry will unambiguously confirm or reject the hypothesis of existence of a subsurface
ocean. In the former case, it will also enable a constraint on the shell thickness, whose
strength then depends on the roughness of the actual topography and instrument and
mission performance. The measurement of librations can give an additional constraint.

In the following research paper, the local basis function expansion is also compared
with a spherical harmonic expansion. Unfortunately, also for this case, different simulation
scenarios were used. Nevertheless, it becomes clear that the low attainable resolution of
the spherical harmonic model of topography strongly limits the retrieval of geophysical
parameters. Future studies on Ganymede should also consider the retrieval accuracy of
the h2 phase lag. Further modeling is needed to understand better how complex Love
numbers and measurements of Ganymede’s spin state will constrain its interior.
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Abstract: Jupiter’s moon Ganymede might be in possession of a subsurface ocean located between
two ice layers. However, from Galileo data it is not possible to unambiguously infer the thickness
and densities of the individual layers. The upcoming icy satellite mission JUICE (JUpiter ICy moons
Explorer) will have the possibility to perform more detailed investigations of Ganymede’s interior
structure with the radio science experiment 3GM and the GAnymede Laser Altimeter (GALA).
Here we investigate the possibility to derive the rotational state of the outer ice shell by using
topography measured by laser altimetry. We discuss two different methods to invert synthetic laser
altimetry data. Method 1 is based on a spherical harmonics expansion and Method 2 solves for
B-splines on a rectangular grid. While Method 1 has significant limitations due to the omission of
high degrees of the global expansion, Method 2 leads to stable results allowing for an estimate of the
in-orbit measurement accuracy. We estimate that GALA can measure the amplitude of Ganymede’s
librations with an accuracy of 2.5–6.6 µrad (6.6–17.4 m at the equator). This allows for determining
the thickness of an elastic ice shell, if decoupled from the deeper interior by a subsurface ocean,
to about an accuracy of 24–65 km.

Keywords: Ganymede; librations; laser altimetry; icy satellites; JUICE; GALA

1. Introduction

Three of the Galilean satellites, Io, Europa, and Ganymede, are locked in a 1:2:4 orbital resonance.
This Laplace resonance forces the satellites into eccentric orbits making them subject to strong,
time-variable, gravitational forces exerted by Jupiter. These forces trigger a response of the satellites
dependent on their interior structure. One consequence is tidal heating, which allows the sustaining of
subsurface oceans making Europa and Ganymede compelling targets for future exploration. Measuring
the tidal deformation and resulting changes in the gravity field provides direct evidence of the
subsurface oceans and can reveal structural and rheological characteristics of the outer ice shell [1,2].
In addition, the potential decoupling of the ice shell from the solid interior by an internal ocean would
trigger a response on the rotational dynamics of the ice shell [3,4]. Since the long axis is pointed
towards the empty focus of the moons’ orbit around Jupiter, librational torques arise, which might
force the ice shell to librate about their mean rotation axis [5]. The amplitude of this physical libration
depends on the interior structure of the respective satellite [4].

For Ganymede, our current understanding originates mainly from Galileo spacecraft data which
determined the gravitational constant GM and the second-degree gravity field [6]. However, since only
near-equatorial flybys have been used, only the value for C22 could be determined by radio science
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tracking. Assuming that Ganymede is in hydrostatic equilibrium, the Darwin–Radau relation [7] allows
determination of the value for J2 = 10C22/3. These two gravity field parameters give the normalized
polar moment of inertia C/MR2 = 0.3105 [6] which indicates that Ganymede is a highly differentiated
object. Together with the mean density of ρ = 1936 kg/m3, the resulting internal structure as we
understand it today is as follows: Ganymede is likely composed of an inner iron core responsible for
the generation of the intrinsic magnetic field, surrounded by a silicate mantle [8]. A putative liquid
ocean revealed by induced magnetic field measurements [9] would then be sandwiched between
a high-pressure ice layer and the outer ice I layer [10]. Since the high-pressure ice layer might consist
of ice III, IV, or VI, it is also conceivable that multiple oceans are found between the individual phases
of high-pressure ices [11]. However, the measurement of the induced magnetic field does not allow
constraining the thickness of the ocean or the outer ice shell. Also, the small density contrast between
water and ice does not allow for a determination of the ice/water ratio.

Therefore, additional measurements of yet unknown geophysical parameters have been suggested.
In particular, the combination of tidal Love numbers and the measurement of the rotation state can
unambiguously confirm or disprove the existence of Ganymede’s subsurface ocean and constrain
the ice shell thickness. Among the geodetic measurements, the most promising investigation is
the measurement of the radial and gravitational Love numbers, h2 and k2, which is well suited
to detect an ocean and may constrain the thickness and rheology of the overlaying ice cover [12,13].
The peak-to-peak amplitude of the radial tidal deformation is around 6–7 m at the equator if Ganymede
possesses an interior ocean and only a few centimeters for an entirely solid satellite [12]. Consequently,
the detection of the tidal response is one of the major scientific objectives targeted by the JUpiter
Icy moons Explorer (JUICE) at Ganymede [14] as it is for the Europa Clipper mission at Europa [15].
The potential to measure tides has been investigated in previous studies for gravitational and radial
tidal deformations in the case of Europa [16,17] and for Ganymede [13,18]. However, these studies also
show that the tidal Love numbers h2 and k2 further depend on the ice shell rheology and to some extent
on the deeper interior. Also, a linear combination of both Love numbers [2,13,19] still shows a wide
range of ambiguities and is highly model dependent. Hence, the analysis of the libration amplitudes
may impose additional independent constraints, as demonstrated recently by Thomas et al. [20] for
Saturn’s moon Enceladus. If the shell is decoupled by a global ocean and if it is assumed to be rigid,
then the amplitude on the surface can further reveal the ice shell thickness and density [21]. This comes
with the caveat that models by Van Hoolst et al. [4], which include elastic effects and additional
pressure and gravitational coupling of the surface and interior, show that the libration amplitude can
be significantly decreased in the presence of tides. Also, in the case of Europa, a thin ice shell can lead
to libration amplitudes heavily dependent on elasticity [22].

Further on, the obliquity can provide additional information about the ice thickness and
coupling processes in the interior [3]. The detection of a difference in the libration and/or obliquity,
when measured at the surface and within the gravity field, could suggest a differentially orientated
solid interior and hence provide additional evidence for a global ocean.

The measurement of tides and rotational state is envisioned for the upcoming missions to the
Jovian system, for Ganymede primarily by the JUICE spacecraft [14] which is expected to enter the
moon’s orbit in 2033. The spacecraft carries ten instruments, one being the GAnymede Laser Altimeter
(GALA) [23,24]. The most important mission phase for GALA will begin after the transition from
an initial high elliptic into the circular GCO-500 orbit at 500 km altitude, which will be maintained
for 132 days. During this phase GALA aims at completing its two main scientific goals: (1) obtaining
a global topographic coverage of Ganymede and (2) detect its radial tidal deformations [25]. Further
important objectives include the determination of the rotational state of Ganymede including rotation
rate, librations, and obliquity. The aim of this work is to investigate to which accuracy the measurement
of the rotational state and in particular Ganymede’s libration amplitudes as well as the tidal Love
number h2 can be used to constrain the interior structure of the satellite.
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For this purpose, we investigate two independent non-linear inversion routines. One is applied to
a spherical harmonic expansion of the global topography and the second one focuses on the inversion
of cubic B-splines on a rectangular grid [26,27]. In the following we will call these two inversion
strategies Method 1 and Method 2, respectively. We assessed to what accuracy the libration amplitudes
and h2 can be inferred by both methods, considering the current mission scenario and instrument
as well as spacecraft performance. Sections 2.1 and 2.2 give an overview of the state of knowledge
of Ganymede’s geodetic and geophysical parameters derived from former missions and how they
are implemented in this work. Whereas in Section 2.3 we explain how the synthetic measurements
are created. Section 2.4 then explains in detail the two different inversion strategies investigated
here. In Section 3 the results and possible errors are discussed. Finally, in Section 4 we discuss the
implications of our findings for revealing the interior structure of Ganymede.

2. Methods

2.1. Model of Ganymede’s Rotation State

The rotation state of a planetary body is commonly described by three time-dependent angles,
which are defining its orientation with respect to the International Celestial Reference Frame (ICRF).
The angles are the right ascension α(t), describing the orientation of the equatorial plane with respect
to the x-axis of the ICRF, the declination δ(t), which is the inclination of Ganymede’s equatorial plane
towards the celestial equatorial plane, and the orientation of the prime meridian ω(t) (Figure 1) for
a given time t. The time series of these three Euler angles are given by

α = α0 + α1t+ α2t2 (1)

δ = δ0 + δ1t+ δ2t2 (2)

ω = ω0 + ω1t+ ωlib(t) , (3)

where α0 and δ0 are the orientation of the rotation pole in right ascension and declination at t = 0,
while α1,2 and δ1,2 are their respective secular variation. ω0 denotes the orientation of the prime
meridian at t = 0 (prime meridian constant) and ω1 is the rotation rate of the body. The last term ωlib
includes the longitudinal physical libration terms under investigation

ωlib(t) =
J

∑
j=1

γj sin(ωjt+ φj) , (4)

with the libration amplitudes γj, the libration frequencies ωj and the phases φj.
The time evolution of Ganymede’s rotational state is described by the International Astronomical

Union (IAU) report [28]. Additional periodic librations due to external torques by Jupiter change
the rotation rate periodically. Besides the main libration forcing period of 7.16 days, resulting from
Ganymede’s orbit about Jupiter, diverse additional libration periods emerging from perturbations of
Ganymede’s orbit by other Galilean moons have been calculated by Rambaux et al. [21]. In addition to
the 7.16 days period, we considered the 50.14 days period as well as the 482.06 period. Long periodic
libration terms with periods of more than 5 years cannot be determined due to the comparatively short
GCO-500 phase of 132 days and have been neglected.
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Figure 1. Euler angles describing spin axis orientation with respect to the ICRF. The axes of the ICRF
are denoted by (x, y, z), while the axes of the body-fixed frame are given by (x′, y′, z′).

The rotational elements currently adopted by the IAU Working Group for Cartographic
Coordinates and Rotational Elements (WGCCRE) date back to the 1970s [29] and do not reflect
the improved knowledge in the orbits of the satellites obtained in recent decades [30,31]. Nonetheless,
to model Ganymede’s rotational state, a series expansion can be derived from ephemerides of the
satellites under the assumption of a perfect spin-orbit resonance. To obtain the resonant rotation model
we followed the procedure of Stark et al. [32]. We first obtained the osculating orbital elements of
the satellite in the ICRF, applying a sampling time step of 12.5 min, corresponding to about 0.1%
of Ganymede’s orbital period and using the full time interval available in the satellite ephemerides
(200 years). Then we decomposed each orbital element in a time series composed of a secular trend and
a sum of periodic terms by using a Fourier transformation. For the resonant rotation state we assumed
that the satellite occupies a Cassini State 1 with zero obliquity. Furthermore, we assumed that the free
precession period is much smaller than any periods in the orbit orientation variations. With these
assumptions the satellite’s rotation axis is precisely following the instantaneous orientation of the
orbital plane. This assumption is supported by the fact that amplitudes of very short variations of
the orbital orientation are typically very small and can be neglected in practice. Finally, we linearized
the precession and nutation terms for the time of GALA observations. As a consequence of this
linearization we obtain large precession terms, which reflect the long-period precession of Ganymede’s
orbital plane. We want to stress that the derived rotation parameters listed below are only valid in
the timeframe from January 2033 until June 2033. Following these assumptions, the resonant rotation
parameters for Ganymede are

α(t) = 268.682303◦ − 2.360616◦ t/cy, (5)

δ(t) = 72.017968◦ − 46.494653◦ t/cy + 70.706538◦ (t/cy)2, (6)

where cy is a Julian century (36,525 days) and t is the time with respect to the J2000.0 epoch measured
in days at the TDB time scale (ephemeris time). The prime meridian angle ω(t) is given by

ω(t) = 42.7011◦ + 50.31754547◦ t+ ωlib(t) , (7)

where the rotation rate parameter reflects the mean motion and the pericenter precession averaged
over the time frame of GALA observations. The forcing terms of the longitudinal libration ωlib(t) we
again follow the assumption of the perfect spin-orbit resonance and obtain these terms by measuring
the angular separation between the line joining the centers of mass of Jupiter and Ganymede and the
direction of the x-axis for a uniformly rotating Ganymede (with the rotation rate and rotation axis
orientation as noted above). A frequency analysis of the angular separation gives
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ωlib(t) = 0.237779◦ sin (360◦ t/7.156596 days + 42.083401◦)

+ 0.070105◦ sin (360◦ t/7.051491 days + 225.924113◦)

+ 0.018412◦ sin (360◦ t/6.262927 days + 66.710268◦)

+ 0.005389◦ sin (360◦ t/12.476995 days + 107.957696◦)

+ 0.000833◦ sin (360◦ t/50.141824 days + 75.978031◦)

+ 0.010478◦ sin (360◦ t/482.056267 days + 14.639341◦) . (8)

In addition, we have included the forcing terms with periods of 50 and 483 days based on
the work by Rambaux et al. [21]. Ganymede’s actual libration amplitudes, i.e., the response to the
forcing, are however dependent from unknown interior properties. The response of Ganymede would
correspond to the here given forcing amplitudes only in the unrealistic case of the free libration period
being much smaller than the forcing periods, i.e., Ganymede exactly follows the evolution of the
forcing angle. The actual libration amplitudes are certainly much smaller as Ganymede’s free libration
period is likely to be between 20 to 140 days (see Section 4).

2.2. Synthetic Topography

Due to the lack of detailed topographic information of Ganymede we used a synthetic topography
model for simulation purposes. The model has been parameterized in spherical harmonics and can
therefore be expressed for a given latitude and longitude (Θ, λ) as

rtopo =
Nmax

∑
n=0

n

∑
m=0

Pnm(sin Θ) [C̄nm cos(mλ) + S̄nm sin(mλ)] , (9)

with Pnm describing the associated Legendre Polynomials of degree n and order m. To adopt a realistic
long wavelength topography we used the ellipsoid 1 of Zubarev et al. [33] for the degree two terms,
with C̄00 = 2, 632, 973 m, C̄20 = −713 m, and C̄22 = 292 m. Higher order topography coefficients up
to degree and order L are randomly generated (Figure 2) under the assumption that the topography
follows a power law [34]

σ2
n =

P2

nb
=

n

∑
m=−n

C̄2
nm. (10)

Above, σ2
n is the variance of the topography at degree n and the parameters P and b describe

the roughness and decay of signal power. The variance of a single topography spherical harmonic
coefficient C̄nm is given by

σ2
nm =

σ2
n

2n+ 1
. (11)

When using the spherical harmonics expansion, Method 1, it is sufficient to generate topography
up to degree L = 200. For Method 2, when inverting B-splines on a rectangular grid, we generated the
topography up to L = 7999. Overall we tested three different power laws with P = 800 m and b = 1,
P = 1549.19 m and b = 2, as well as P = 2144.76 m and b = 3, respectively. The resulting topography
for the version with b = 3 is depicted in Figure 2. Power law models with b = 1 give a rather rough
topography, which means by consequence that we are left with more topography that is not modeled
at the end of the analysis, increasing the uncertainty of the overall solution. For comparison, for Earth
and Venus b ≈ 2 [35]. Only limited topographic data on Ganymede is available to confidently state
which power law applies. However, the power law with b = 1 yields rather rough topography with
amplitudes exceeding 20 km. Since such topographic variations are not observed on Ganymede,
we considered b = 1 only for Method 1 and discarded this option for Method 2.
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Figure 2. Synthetic Ganymede topography with 1/8×1/8 degree resolution based on a power law
(Equation (10)) with σ2

n = 4.6× 106 m2n−3.

As a non-rigid body, Ganymede is affected by tidal deformations. The radial deformation ur is
usually parameterized by the dimensionless Love number h2 and the tidal potential V

ur =
h2V(λ, θ, t)

g0
, (12)

where g0 is the gravitational acceleration on the surface. The topography vector at a given position on
the surface is then rs = rtopo + ur.

2.3. Generation of Synthetic Laser Observations

To test the performance of the inversion for librational amplitudes, we generated synthetic
laser altimetry data. We considered groundtracks from whenever JUICE is closer than 1300 km to
Ganymede’s surface including dropouts due to downlink times (approximately 8 h/day considering
ground station visibility). The considered data includes the elliptical orbit and the polar, circular
orbit with 500 km altitude. This final phase, called GCO-500 will be the primary science phase for
GALA and will be maintained for 132 days. For the type of measurement investigated here, a good
temporal and spatial coverage is needed to sample multiple libration periods on the one hand and
to obtain a dense net of groundtracks for a stable geodetic frame on the other hand. However, since
for the latter the main limiting factor is the distance between individual tracks, a high along-track
resolution is less important for this specific measurement. GALA’s nominal shot frequency is 30 Hz
and leads to a ground separation of consecutive footprints of about 50 m in the GCO-500. However, the
cross-track distance between neighboring profiles is much higher (in the order of a few km). To reduce
the computational load in this simulation we used only every 10th GALA shot. We expect these results
to improve when using the nominal shot frequency.

For the given trajectory, the spacecraft’s position within the ICRF with respect to Ganymede’s
center of mass is the initial input for the forward model. Each laser observation has a time stamp
which is referenced to the spacecraft clock (Figure 3). To simulate range measurement errors, we used
the numerical performance model presented in [36]. GALA is operating with 17 mJ laser and a 25 cm
(diameter) telescope. The return pulses are sampled on board with a frequency of 200 MHz and
fitted to assess their centroid. This technique allows for a subsample range resolution of 10 cm.
The ranging accuracy is in the order of 1 m, slightly dependent on the slope and the local albedo
of the surface which influence the signal-to-noise ratio and hence the accuracy of the fit. For the
simulation of spacecraft and pointing errors we also employ a similar strategy to the one used in
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previous works [13,36]. The orbit error is modeled assuming deviations in along-, cross-track, and
radial direction on the orbital frequency due to residuals in the orbit determination. Pointing errors
reflecting the uncertainties in the transmitter alignment and in the orientation of the spacecraft with
respect to nadir are randomized assuming a Gaussian distribution with random azimuth. The assumed
amplitudes are 5 m along-track, 2 m cross-track, and 0.5 m radial [37], and the pointing knowledge
error is assumed to be 20 arcseconds (all values 1-sigma). The synthetic measurements are in the
ICRF with respect to Ganymede’s center of mass and are therefore independent of the assumed
rotational state or global topography. While the radial position error and the instrument measurement
error directly distort the range measurement, the errors along and cross-track lead to observations
being badly positioned and hence affecting the ability to separate between the topography and the
rotation state.

static + dynamic tide   rotation (surface displacement)

range error topography

orbit determination error pointing error

Figure 3. Simulated signals as observed by GALA over a time frame of 16 h. The tidal signal contains the
static tide. Tidal and rotational signals are dominated by their latitude dependence. The pointing error
and the lateral components of the orbit error contribute to the measurements through the topography,
which was synthetically generated to degree L = 7999 for this plot. The ground-track has been sampled
with 3 Hz.

2.4. Inversion Strategy

The implemented routines aim at estimating the mean radius and global topography of Ganymede,
tidal Love number h2, rotation rate, pole orientation, and the libration amplitudes for the frequencies
derived in Section 2.1. The inversion process of these parameters must account for the fact that the
initial locations of the laser spots are unknown due to the initially limited knowledge of Ganymede’s
rotational state. This leads to a highly non-linear inversion problem which needs to be solved iteratively.
Within this problem, the presence of topography is essential since on a perfect sphere no rotational
state could be determined. However, for this study, the solution for the topography itself is considered
to be a byproduct.

Following the synthetic laser altimetry data, we use two different approaches for the inversion.
Method 1 is a least-squares inversion based on a global spherical harmonic expansion of the topography
while Method 2 is an adaption of the method developed by Koch et al. [27], parameterizing the surface
topography into cubic B-splines on top of a rectangular grid.
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Both inversions are implemented to fit the unknown parameterized topography and rotation
model F(p) to the synthetic observations, which are the ranges (r = rsc − rs) as measured by the laser.
Here, rsc is the distance of the spacecraft from Ganymede’s center of mass. The best approximation
of the inversion problem and at the same time most likely solution vector p = (p1, p2, . . . , pk) is
determined as the minimum of the weighted misfit-function. For a linear model, this result is given by
the normal equation

p =
(

FTCd
−1F

)−1
FTCd

−1r, (13)

with Cd being the covariance matrix of the observation vector. However, the given problem is highly
non-linear and therefore the problem is first linearized for a given a-priori parameter vector p0. Using
a Taylor series expansion, the problem can be formulated as

F(p0 + ∆p) = F(p0) +∇F(p0)
[
r− F(p0)

]
. (14)

∇F(p0) is the Jacobian matrix, or design matrix A, which is used to calculate a parameter update

∆p =
(

ATCd
−1A

)−1
ATCd

−1∆r (15)

at each iteration. As a result, of gaps between laser profiles due to the given JUICE ground-track
spacing, the resolution of the topography is limited. Moreover, the polar orbit of JUICE leads to
a non-uniform distribution of laser spots on Ganymede’s surface, with a high point density at the
poles and a lower point density in the equatorial region. The effect of the resulting irregular sampling
is mitigated by weighting the observations with respect to the data density. This strategy has been
proven useful in previous studies [26].

Due to the gaps between the GALA tracks the series of spherical harmonics in Method 1 must be
cut off at an adequate degree Nest to avoid an ill-posed problem. However, since the surface topography
is consequently only expressed by a finite expansion of spherical harmonics, errors will arise in the
solution even in absence of measurement noise. The result is an omission error which depends on the
discrepancy between the degree of the spherical harmonics expansion used for solving and the one for
simulating the topography.

In non-linear least-squares inversions, regularization can improve the convergence performance
of the inversion. While well-constrained a-priori information about Ganymede’s rotational state
exists for small signal parameters such as the Love number h2 and the libration amplitudes, no such
information is available. Therefore, the strategy is as follows. Within the first iteration only the global
topography (C and S coefficients) is solved, the rotational parameters are all kept constant. In the
second iteration the rotation rate and spin axis orientation are estimated in addition to the refinement
of the topography coefficients. For the subsequent iterations, updates are then computed for the full
parameter vector p.

However, as already noted by Koch et al. [26,27], solving for spherical harmonics comes with
a significant computational load. In practice, this means that in our simulation it is not practical to
solve the topography above degree and order 60 using Method 1. Method 2 has been implemented to
circumvent this problem and we will investigate the impact on the results in Section 3.

The second method used in this paper is described in detail in Koch et al. (2010) [27] and has
been refined by Thor et al. (2017) [38]. Instead of modeling the surface by spherical harmonics, it is
parameterized on a rectangular grid. The topography in each grid cell is then described by a set of
local 2D cubic B-spline basis functions. Each spline function is centered at one grid point on the map
but is also non-zero in the two adjacent grid intervals in longitude and latitude in both directions.
The significant advantage of the parameterization using 2D cubic B-splines is that the parameters can
be kept local (instead of the global spherical harmonics expansion). The resulting normal equation
matrix ATCd

−1A is highly sparse, allowing for an inversion at significantly lower computational
cost. Apart from the topography, Method 2 solves for h2, ω1, and focuses on the short term libration
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amplitudes γ7.16, γ7.05, γ6.26, γ12.48. Long term librations have been omitted in this method, since
they only contribute marginally to the understanding of Ganymede’s interior. Again, a regularization
aims at keeping the topography smooth in the first iteration, while not yet solving for rotational
parameters. Then, in the second iteration, the regularization is relaxed to allow for a quick and
unbiased convergence.

3. Results

For the inversion based on a spherical harmonic expansion we solved for the 7-day, 50-day,
and 483-day period since similar frequencies (e.g., 7.05 d and 7.16 d) cannot be distinguished by the
inversion routine. We find that the differences of the true and recovered libration amplitudes are highly
dependent on the degree of the expansion. The root-mean-squared errors of the libration amplitudes
show a strong hyperbolic decay with increasing inversion degree. The retrieved uncertainties when
simulating the topography up to degree and order 200 and solving for degree 60 (case 1) are given in
Table 1. The result for the rotational state is shown in comparison to the case where the topography
has been simulated and solved up to degree 60 (case 2). As can be seen from the results, the artificial
elimination of the omission error for the case 60-60 increases the precision of the retrieved libration
amplitudes by two orders of magnitude.

Table 1. Derived measurement uncertainties for Ganymede’s libration amplitudes by using a spherical
harmonics approach.

Parameter Error Case 1 Error Case 2

Rotation Rate ω1 [µrad/day] ±30.5 ±0.4
Right Ascension α0 [µrad] ±547.0 ±8.1
Right Ascension rate α1 [µrad/day] ±4.2 ±0.1
Declination δ0 [µrad] ±168.0 ±1.7
Declination rate δ1 [µrad/day] ±1.4 ±0.1
Libration 7.16 d γ7 [µrad] ±83.2 ±1.3
Libration 50 d γ50 [µrad] ±114.0 ±1.2
Libration 483 d γ483 [µrad] ±2740 ±29.5

Furthermore, the inversion method does not yield a statistically significant solution for the tidal
Love number h2. The determined uncertainties are in the same order as the Love number itself or at
least much higher than estimates from cross-over methods [13]. In summary we also find that the
uncertainties resulting from the here modeled distorted spacecraft positioning and misalignment are of
minor importance in comparison to the omission error which arises from the finite spherical harmonics
expansion of the topography.

Also, for Method 2, using cubic B-splines on a rectangular grid, we find that the result has
a dependence on the resolution of the grid (Figure 4). With increasing resolution, the topography
is parameterized using more coefficients and the grid spacing becomes denser than the cross-track
distance. At this point, which is reached at a resolution of about 4 grid cells per degree (equivalent to
spherical harmonic degree 360), unconstrained topography coefficients will soak up rotational signals
and thereby bias the libration amplitudes and rotation rate. A certain range measurement can be
explained by both topography (radial effect) and rotational state (lateral effect), leading to convergence
problems if not treated properly. On the other hand, a fine resolution yields a lower standard deviation.
Therefore, the inversion favors a relatively low resolution of about two grid cells per degree, equivalent
to spherical harmonic degree 180, or a resolution of 23 km at the equator. Table 2 presents parameter
uncertainties derived from 100 random realizations for this resolution. For Method 2, we investigated
all three different power laws for the generation of synthetic topography. Error case 1 uses a power
law σ2

n = 2.4× 106 m2 · n−2. Error case 2 uses a power law σ2
n = 4.6× 106 m2 · n−3. Since with smaller

exponents of n, more power is contained in the unmodeled topography (above spherical harmonic
degree 180), Error Case 1 leads to significantly higher uncertainties.
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Figure 4. Resulting bias and standard deviation of Method 2’s results for 100 random realization for
the libration amplitudes.

Table 2. Derived measurement uncertainties for Ganymede’s rotation parameters and h2 by using an
equi-rectangular grid approach (Method 2).

Parameter Error Case 1 Error Case 2 Error Case 3
(2.4× 106 m2 · n−2) (6.4× 105 m2 · n−2) (4.6× 106 m2 · n−3)

Love number h2 ±0.0488 ±0.0256 ±0.0056
Rotation Rate ω1[µrad/day] ±0.11 ±0.11 ±0.04
7.16-day libration amplitude γ7.16[µrad] ±6.58 ±6.57 ±2.45
7.05-day libration amplitude γ7.05[µrad] ±4.96 ±4.98 ±2.17
6.26-day libration amplitude γ6.26[µrad] ±7.65 ±7.63 ±2.71
12.48-day libration amplitude γ12.48[µrad] ±7.15 ±7.16 ±2.76

We consider the results provided by the second method to be more reliable because the synthetic
topography could be simulated up to very high degree, which is a significant shortcoming in Method 1.
Despite simulating the topography to high degree, we find similar results for the rotation rate as in
Error Case 2 of the spherical harmonics solution which is considered to be overly optimistic due to
the artificial elimination of the omission error. Other than in Method 1, Method 2 also provides an
inversion result for the tidal Love number h2. In Error Case 2 of Method 2, the value for the h2 error is
with about 2% comparable to the result that would be obtained from cross-over measurements [13],
in Error Case 1 the error would be about twice as high and in Error Case 3 h2 could be determined
very precisely with a value below 1%.

4. Implications for Ice Shell Thickness

The potentially observable libration amplitudes are in direct relation to the interior structure
of Ganymede and depend in particular on the presence of a decoupling liquid layer. To assess
the implications of the libration measurement by GALA we investigated three different scenarios.
(1) A completely rigid body, implying no subsurface ocean, (2) a Ganymede with a decoupled rigid ice
shell and (3) a Ganymede with a decoupled elastic shell.

For a rigid body without a global ocean the entire body librates. Therefore, the free libration
period only depends on the J2 and C22 coefficients of the gravitational field. For small libration angles
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γj, the amplitudes of the libration can be approximated by the magnitude of driving force Hj, and the
free libration frequency, ωfree = n

√
3(B− A)/C (n is the mean motion) as

γj = Hj
ω2

free
ω2

free −ω2
j

. (16)

The difference in the equatorial inertia axes B − A is related to the C22 coefficient by
B− A = 4MR2C22. If ωfree � ωj, the system is far from resonance. If the libration response is
equal to the forcing amplitude, i.e., γj = Hj, then γj does not contain any information about the
interior. If ωfree � ωj, the libration amplitude diminishes to γj ≈ 0. Please note that very close to the
resonance, when ωfree ≈ ωj, Equation (16) is invalid, since the assumption of small angles is violated.
With a GM of 9887.83 km3/s2 [8], a C22 of 38.26× 10−6 and a radius of 2631.2 km we can compute
the free libration frequency for a coupled, rigid Ganymede to 0.034 rad/day and obtain a resulting
libration amplitude of about 6 µrad.

In presence of a global subsurface ocean, and assuming that the solid interior is spherically
symmetric, the ice shell is mechanically decoupled from the mantle. Neglecting viscous coupling
at the layer boundaries, the shell can be assumed to librate independent of the interior. In that case
only the moment of inertia of the rigid ice shell Cshell gives resistance to the libration force and the
free libration frequency becomes ωfree = n

√
3(B− A)/Cshell resulting in about a magnitude higher

libration amplitudes.
However, in case of an elastic ice shell, Van Hoolst et al. [4] demonstrated that the gravitational

torque, and thereby the free libration frequency, can be reduced by a factor
√
(k f − k2)/k f ,

where k f = 0.804 [8] is Ganymede’s fluid Love number. Since for the non-ocean case, the response
of a rigid Ganymede without liquid ocean will be similar to the librational response of an elastic
Ganymede without liquid ocean. Therefore, the elastic non-ocean case is not further considered here.
In case of a subsurface ocean, however, k2 can be in the same order of magnitude as k f , and hence
reduce the libration amplitudes. For reference we use a structural model of Ganymede investigated in
a previous work [13] and assume a completely elastic outer ice shell using a rigidity of µ = 3.3 GPa
and a viscosity of η = 1017 Pas. The tidal Love number k2 has been computed as a function of ice
shell thickness using a matrix propagation method [39]. The libration amplitude as a function of the
outer ice shell thickness is shown in Figure 5 for the four most promising forcing frequencies. Please
note that gravitational and pressure coupling arising because of the equatorial flattening of the solid
interior [4] is not included in our calculations but may affect the presented amplitudes. However, the
shape of the inner static bulge is not known and can only be approximated, also inducing uncertainties.

Due to the low gradient at ice shell thicknesses above 50 km, the 6.26 days and 12.48 days forcing
periods are not particularly informative about the ice shell thickness. However, librations on the orbital
period of 7.16 days have a sufficient dependency on the ice shell thickness to provide a meaningful
geodetic constraint. At an ice shell thickness of around 150 km, the gradient of the blue line in Figure 5
is 0.1 µrad/km. In the most optimistic Error Case 3 of Method 2, this translates to an error of ±24 km
(Table 3). However, in the two other error cases of Method 2, the error in ice shell thickness becomes
±65 km and it is questionable if this result would be considered valuable. Generally, for thinner ice
shells it becomes easier to constrain their thickness. In case of a 50 km thick shell, the gradient increases
to 0.6 µrad/km allowing for an error as low as ±3 km assuming Error Case 3.
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Figure 5. (Left): Libration amplitudes as a function of ice thickness for an elastic shell for different
forcing periods Tlib. (Right): Derivative of the libration amplitude as a measure for the sensitivity of
the individual forcing frequencies to the ice shell thickness.

The results of GALA’s libration measurement will still have ambiguity in terms of different
densities and rheologies. Therefore, these measurements will be combined with other approaches in
a complete analysis involving several instruments. The result for a 150 km thick ice shell is comparable
to the accuracy resulting from the h2 measurement using cross-over points [13] and thereby a valuable
independent constraint. In combination with the results from other experiments it would greatly
contribute revealing Ganymede interiors. It is expected that the magnetometer J-MAG [40] will provide
constraints on the ocean thickness and salinity, and the gravity experiment 3GM [41] provides a highly
precise measurement of the gravitational parameter GM, the moment of inertia and independent
constraints on the rotational state.

Table 3. Constraint on the ice shell thickness from the 7.16-day libration period. Results are presented
for the three different error cases as a function of the true ice shell thickness.

Ice Shell Thickness Error Case 1 Error Case 2 Error Case 3

50 km ±7.4 km ±7.4 km ±2.8 km
100 km ±29.1 km ±29.1 km ±10.6 km
150 km ±65.3 km ±65.2 km ±24.3 km

5. Conclusions

Based on the conducted analysis, we can state that a solution based on spherical harmonics is
rather unpractical due to the necessity to expand the topography up to high degrees. Cutting the
expansion will yield a significant omission error dominating all error sources. Since this type of error
is generally avoidable it presents a significant flaw. However, it demonstrates that the topography
of Ganymede can be reconstructed up to degree and order 60 and a determination of the rotation
state should be feasible independently from other instruments. The results for the librations however,
depend too strongly on the degree of the topography expansion to state reliable results. Also, a solution
for the tidal Love number h2 is not possible within this method and the error is much higher compared
to a measurement from cross-over points.

The second method tested, using B-splines on an equi-rectangular grid, allows for stable results
for all parameters. However, it also shows a dependency on the resolution of the grid cells. Indeed,
if the grid resolution is too low, it yields similar omission errors resulting from the undersampling
as in Method 1, while too high resolutions result in the topography absorbing the libration signal.
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An optimum gridsize has been identified at 2 cells per degree, corresponding to spherical harmonics
degree 180. Using Method 2, we estimate that the libration amplitude at the orbital frequency of
Ganymede is measurable by laser altimetry to about 2.4–6.6 µrad and we infer that this result could
constrain the thickness of an elastic ice shell, decoupled by a liquid layer from the deeper interior,
with an accuracy of 24 to 63 km. In the more optimistic range of this error interval, the physical
librations could be a valuable constraint on the outer ice shell in combination with the measurement of
the tidal Love number h2. Moreover, knowledge in the rotational parameters is prerequisite for the
realization of Ganymede’s body-fixed frame and consequently for accurate mapping of its surface.

GALA is part of a geophysics package onboard JUICE including the magnetometer J-MAG and
the radio science experiment 3GM. Together with the tidal Love number k2 and the ocean salinity,
invaluable information can be gained on the H2O layers and hence on the habitability of the largest
ocean world in the Solar System.
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