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Abstract
Critical phenomena describe the drastic change of a system upon modification of
a parameter and appear in various areas of physics. This thesis deals with such
critical phenomena of classical and quantum systems under nonequilibrium con-
ditions. We especially focus on a consistent description fulfilling the fundamental
laws of thermodynamics. In this way, we obtain rigorous notions of heat, work
and entropy production, and are able to analyze the thermodynamic behavior of
the system. In particular, we study three examples of critical phenomena, namely
self-oscillation, synchronization and quantum phase transitions.

To investigate the thermodynamic properties of self-oscillation, we consider
the electron shuttle, a paradigmatic model of self-sustained oscillations driven by
the interplay of mechanical motion and sequential electron tunneling. We analyze
the system dynamics at different levels of description, namely fully stochastic,
perturbative and mean-field, and provide consistent derivations of the laws of
thermodynamics for this model system at each of the these levels. The abrupt
transition to self-oscillation observed at the mean-field level is smeared out by
noise at the stochastic levels, which is also reflected in thermodynamic quantities
like heat, work and entropy production at the different levels of description.

As a practical application of these results, we propose a stochastic rotor engine
which can be realized with current technologies. For realistic parameters of the
individual components, we demonstrate that the engine is able to convert chemical
into mechanical work and vice versa. Moreover, the operation of the nanoengine
is remarkably stable despite the noisy environment and can be easily up-scaled.

Synchronization is a hallmark of collective behavior under nonequilibrium con-
ditions. We explore this phenomenon by extending the shuttle model to a chain
of interacting electron shuttles. Additionally, we modulate the oscillator frequen-
cies to form a chain of trimers. Thereby, we are able to define topology in the
system and observe topologically protected synchronization of boundary modes.
Based on the thermodynamic description of a single shuttle, we derive notions
of heat, work and entropy production for the trimer chain. All thermodynamic
quantities reflect the synchronized motion at the ends of the chain.

Finally, we consider currents through quantum systems, which may probe
non-analyticities in quantum-critical many-body ground states. For a large class
of dissipative quantum-critical systems we show that it is possible to obtain the
reduced system dynamics in the vicinity of quantum-critical points in a thermo-
dynamically consistent way, while capturing non-Markovian effects. We achieve
this by combining reaction coordinate mappings with polaron transforms. Exem-
plarily, we consider the Lipkin-Meshkov-Glick model in a transport setup, where
the quantum phase transition manifests itself in the heat transfer statistics.
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Zusammenfassung

Kritische Phänomene beschreiben die drastische Veränderung eines Systems bei
Modifikation eines Parameters und treten in vielen Bereichen der Physik auf.
Die vorliegende Dissertation befasst sich mit solchen kritischen Phänomenen von
klassischen und quantenmechanischen Systemen im Nichtgleichgewicht. Hierbei
achten wir besonders auf eine konsistente Beschreibung im Einklang mit den fun-
damentalen Gesetzen der Thermodynamik. Auf diese Weise erhalten wir präzise
Formulierungen von Wärme, Arbeit und Entropieproduktion und sind in der La-
ge, das thermodynamische Verhalten des Systems zu analysieren. Insbesondere
betrachten wir Selbstoszillation, Synchronisation und Quantenphasenübergänge
als drei Beispiele kritischer Phänomene.

Um die thermodynamischen Eigenschaften von Selbstoszillation zu untersu-
chen, betrachten wir das Beispielmodell des Elektronen-Shuttles. Hierbei werden
die selbsterhaltenden Oszillationen durch die Wechselwirkung von mechanischer
Bewegung und sequentiellem Elektronentunneln angetrieben. Wir analysieren die
Dynamik des Systems durch verschiedene Arten der Beschreibung, eine kom-
plett stochastische Beschreibung, eine störungstheoretische Beschreibung und ei-
ne Mean-Field-Näherung, und leiten jeweils konsistent die Gesetze der Thermo-
dynamik her. Der in der Mean-Field-Näherung beobachtete, abrupte Übergang
zur Selbstoszillation ist in den stochastischen Beschreibungen durch Rauschen
verwischt. Dies spiegelt sich auch in thermodynamischen Größen wie Wärme,
Arbeit und Entropieproduktion der verschiedenen Beschreibungen wider.

Als praktische Anwendung dieser Ergebnisse schlagen wir eine stochastische
Rotormaschine vor, welche mit aktuellen Technologien hergestellt werden kann.
Für realistische Parameter der einzelnen Komponenten zeigen wir, dass die Ma-
schine in der Lage ist, chemische in mechanische Arbeit umzuwandeln und um-
gekehrt. Zudem läuft die Nanomaschine trotz des Umgebungsrauschens bemer-
kenswert stabil und lässt sich mühelos hochskalieren.

Synchronisation is ein Merkmal kollektiven Verhaltens im Nichtgleichgewicht.
Wir untersuchen dieses Phänomen, indem wir das Shuttle-Modell zu einer Kette
gekoppelter Elektronen-Shuttles erweitern und zusätzlich die Oszillatorfrequen-
zen modulieren, um eine Kette aus Trimeren zu erhalten. Dadurch können wir
Topologie im System definieren und beobachten topologisch geschützte Synchro-
nisation der Randmoden. Aufbauend auf der thermodynamischen Beschreibung
eines einzelnen Shuttles leiten wir Formulierungen für Wärme, Arbeit und Entro-
pieproduktion in der Trimerkette her. Alle thermodynamischen Größen spiegeln
die synchronisierte Bewegung an den Kettenenden wider.

Schließlich betrachten wir Ströme, welche durch ein Quantensystem fließen
und Nicht-Analytizitäten im Grundzustand eines quantenkritischen Vielteilchen-
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systems aufzeigen können. Für eine große Klasse dissipativer quantenkritischer
Systeme zeigen wir, dass es möglich ist, die reduzierte Systemdynamik in der Nä-
he quantenkritischer Punkte in einer thermodynamisch konsistenten Weise zu
erhalten und gleichzeitig nicht-Markovsche Effekte zu erfassen. Wir erreichen
dies durch eine Kombination von Reaktionskoordinaten-Mapping und Polaron-
Transformationen. Exemplarisch betrachten wir das Lipkin-Meshkov-Glick-Modell
in einem Transportszenario, bei dem sich der Quantenphasenübergang in der Sta-
tistik des Wärmeübertrags manifestiert.
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Chapter 1

Preface

1.1 What this thesis is about

The theory of thermodynamics is concerned with transitions of a system involving
the exchange of heat, work and matter with the environment and is, despite
its phenomenological character, one of the most successful theories. A central
result of thermodynamics is that the total entropy production can never decrease,
which in turn puts fundamental constraints on the efficiency of heat engines and
refrigerators [1]. However, the validity of the laws of classical thermodynamics is
limited to macroscopic systems and quasi-static transitions between equilibrium
states and for a long time there have been no universal exact results.

During the last two decades we have seen an enormous progress in the un-
derstanding and description of the thermodynamic behavior of fluctuating sys-
tems out of equilibrium. This includes a consistent thermodynamic description of
stochastic processes even at the trajectory level and the discovery of so-called fluc-
tuation relations which, in a certain sense, promote the status of the second law
of thermodynamics from an inequality to an equality [2–5]. The corresponding
framework is nowadays called stochastic thermodynamics and has been applied
to a wide range of topics, including the operation of biomolecular machines [6],
feedback control of mesoscopic systems [7], the thermodynamic arrow of time [8],
and the thermodynamic implications of information processing [9, 10]. We are
therefore now equipped with powerful tools to investigate a variety of physical
effects from a thermodynamic perspective.

Among the most striking phenomena of nature is the observation that the
same physical system may exhibit a substantial change in its properties while
continuously changing a parameter. Such critical transitions appear in various
areas of physics ranging from equilibrium many-body physics to nonequilibrium
dynamics of systems with only a few degrees of freedom. One example of the field
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CHAPTER 1. PREFACE

of nonlinear dynamics is the emergence of self-sustained oscillations [11], where
a system maintains periodic motion by constantly consuming energy supplied by
a source without corresponding periodicity. This phenomenon is familiar from
every day life like, for instance, from the human voice, the sound of a violin
string or the beating of the heart [12]. Moreover, self-oscillation can give rise
to collective behavior like synchronization if many of such systems are coupled
together [11].

A quite different example of criticality can be found at the quantum level.
At vanishing temperature, a quantum many-body system may show singular be-
havior at the critical point solely driven by quantum fluctuations as observed,
for example, in the transition to a ferromagnetic state as a function of magnetic
field [13]. Nowadays, quantum phase transitions have been realized in numer-
ous experimental setups including ultracold atoms [14–18], spinor Bose-Einstein
condensates [19] and trapped ion quantum simulators [20, 21].

The key idea of this thesis is to investigate the thermodynamic properties
of systems undergoing critical transitions far away from equilibrium, specifically
systems operating at the nanoscale. There are two main reasons for motivation:
First, the laws of thermodynamics – conservation of energy and positivity of
entropy production – are universal concepts which any realistic system has to
obey. Thus, the theory of thermodynamics provides a consistency check of our
theoretical models near criticality. Second, thermodynamics poses fundamental
bounds on the possible system operations and thereby on the efficiency of engines.
With the current quest for efficient micro-machines, it is of utmost importance to
study and understand the thermodynamic behavior of systems at the nanoscale.

Recently, self-oscillatory as well as quantum critical systems have drawn at-
tention as possible working substance of heat engines and refrigerators at the
nanoscale [22–26]. In this thesis we explore exemplary systems undergoing the
aforementioned critical transitions while focusing on providing descriptions for
each model that are consistent with the fundamental laws of thermodynamics.
Applying tools from stochastic thermodynamics allows us to properly define ther-
modynamic quantities like heat, work and entropy production and analyze the
thermodynamic properties of the considered systems. In doing so, we hope that
this thesis can shed some light on the thermodynamic capabilities of critical phe-
nomena and that it can be of use for future applications.

1.2 Outline

This thesis is divided into five parts. In part I we give an introduction to nonequi-
librium thermodynamics of fluctuating systems, which should provide all neces-
sary details to follow the further course of this work. In Sec. 2, we therefore
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1.3. CONVENTIONS AND ABBREVIATIONS

review basic concepts of probability theory and stochastic processes, followed by
a brief overview of macroscopic thermodynamics in Sec. 3. Having these fun-
damentals established, we present a detailed description of thermodynamics for
classical stochastic systems with Markovian dynamics in Sec. 4. At the end of
this part, in Sec. 5, quantum aspects of thermodynamics are discussed.

The following part II deals with the thermodynamic aspects of self-oscillation
and is based on Refs. [28, 29]. In Sec. 6, we discuss this phenomenon from the per-
spective of nonlinear dynamics and introduce the electron shuttle as an example
of a self-oscillatory system. A detailed study of the dynamics and thermodynam-
ics of the electron shuttle at different levels of description, including stochastic
and mean-field, can be found in Sec. 7. Further, we propose a stochastic rotor
engine as a practical application of our findings in Sec. 8.

In part III, we combine self-oscillation with the field of topology. This part is
based on Ref. [30]. The basic concepts of topological band structures are intro-
duced in Sec. 9. Based on these considerations, we extend the previous model to a
chain of interacting shuttles and explore topologically protected synchronization
and its thermodynamic implications in Sec. 10.

The preceding two parts concern critical phenomena in classical systems. In
part IV, we turn to quantum systems and investigate thermodynamic signatures
of quantum criticality. The content of this part is based on Ref. [31]. In Sec. 11,
we explain the phenomenon of quantum phase transitions and discuss in detail the
Lipkin-Meshkov-Glick model as an example. In the following Sec. 12, we provide
a general method to describe quantum-critical systems interacting with multiple
structured heat reservoirs while being thermodynamically consistent. In this
way, we are able to investigate the manifestation of quantum phase transitions in
well defined thermodynamic quantities, which we show explicitly for the Lipkin-
Meshkov-Glick model in a transport setup.

In part V, we conclude the key points of this thesis. In the appendices,
we provide additional information about the analytic derivations and numerical
methods. Additionally, one can find a list of figures here.

Overall, we focus in this thesis on physical effects rather than mathemati-
cal details. However, most of the time, a well-founded theoretical background is
required to provide comprehensive explanations. We try to introduce all mathe-
matical concepts as far as needed and provide additional references for a deeper
understanding at the respective position.

1.3 Conventions and abbreviations

Here, we give an overview of the conventions used in this thesis. In the context
of classical physics, matrices are written with bold capital letters (e.g., M) and

3



CHAPTER 1. PREFACE

vectors with bold lowercase letters (e.g., p). The transpose of a matrix or vector
is denoted by a superscript ⊺ and the complex conjugated and transpose by a
superscript †. Sometimes we will use a shorthand notation for derivatives (e.g.,
∂x = ∂/∂x). In a quantum mechanical context, we use a hat on operators (e.g.,
â†). Throughout most of the thesis, except for Sec. 8, we choose units such that
the electron charge and the Planck constant are equal to 1, i.e., e = 1 and h̵ = 1,
respectively.

Below we provide a list of abbreviations and symbols frequently used through-
out the thesis.

Abbreviation Definition
ME Master equation
SET Single-electron transistor
FPE Fokker-Planck equation
KKE Klein-Kramers equation
SDE Stochastic differential equation
QME Quantum master equation
NEMS Nanoelectromechanical systems
MF Mean-field
MS Multiple scale
QD Quantum dot
QPT Quantum phase transition
LMG Lipkin-Meshkov-Glick
RC Reaction coordinate

Superscript Definition
chem Chemical
mech Mechanical
S Source
D Drain
osc Oscillator
rot Rotor

Subscript Definition
ss Steady state
eq Equilibrium

4



1.3. CONVENTIONS AND ABBREVIATIONS

cr Critical
tot Total
max Maximum
S System
S’ Supersystem
I Interaction
B Bath
B’ Residual bath

Symbol Definition
i Imaginary unit defined by i2 = −1
N, R The set of natural, real numbers
x, v, q Position, velocity and charge of the electron shuttle
p(x, v, q, t) Probability density of the electron shuttle state at time t
⟨●⟩ Ensemble average with respect to a probability density
Rqq′ , Rqq′(x), Rqq′(φ) Transition rate from state q′ to state q, position-dependent,

angle-dependent
V Applied bias voltage between source and drain
ν, ν′ Index labeling the reservoirs (leads), reference reservoir
µν , µ̃ν Chemical potential of reservoir ν, effective chemical poten-

tial of reservoir ν
ε On-site energy of the QD
mg, Mg Mass of the harmonic oscillator, mass attached to the rotor
K Spring constant of the oscillator
ωK Frequency of the harmonic oscillator defined by ωK =√

K/mg

α (Effective) Inverse distance between source and drain, such
that αV is the generated electrostatic field

γ, γ̃(x), γ̂(E) Friction coefficient, effective friction coefficient within MS,
after transformation to energy space

D, D̃(x), D̂(E) Velocity diffusion coefficient, effective diffusion coefficient
within MS, after transformation to energy space

Fel, Fharm, Fdamp Electrostatic force due to electric fields, restoring force of
the harmonic oscillator, damping force due to friction

λ Characteristic tunneling length

5



CHAPTER 1. PREFACE

Γ Bare tunneling rate
T Temperature
β Inverse temperature defined as β = 1/kBT

f ν(ε) Fermi function of reservoir ν defined as f ν(ε) =
[exp (βν (ε − µν)) + 1]

−1

Uq(x), Ũ(x) Oscillator potential Uq(x) =Kx2/2 −αV qx, effective oscil-
lator potential within MS

E [●] Average of a quantity obtained by many realizations of a
stochastic process

π(x) Position dependent stationary charge defined by
R(x)π(x) = 0 with entries π(x) = [π0(x), π1(x)]⊺

p̃(x, v, t), p̂(E) Probability density of the oscillator alone within MS, after
transformation to energy space

qeq(x) Instantaneous stationary charge of the QD defined as
qeq(x) = π1(x)

E Oscillator energy defined as E =Kx2/2 +mgv2/2

θ Oscillation phase
Z(β) Partition function
IνM, I lνM Matter current from reservoir ν to the system, matter cur-

rent from reservoir ν to the shuttle at site l in the chain
A Order parameter quantifying the onset of self-oscillation
E Total energy of the system
Qν Heat exchanged between system and reservoir ν
W Work performed on or by the system
S(t), Ṡe, Σ̇ System entropy, entropy flow, entropy production rate
φ, ω, q Angle, angular velocity and charge of the rotor engine
p(φ,ω, q, t) Probability density of the rotor engine state at time t
I Moment of inertia
r Radius of the rotor
Eext Externally applied electrostatic field
FM Gravitational force of the attached mass Mg

τel, τM Electrostatic torque due to electrostatic fields, gravita-
tional torque due to attached mass Mg

g Gravitational acceleration
η Efficiency of the rotor engine
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1.3. CONVENTIONS AND ABBREVIATIONS

σmech, σchem Standard deviation of the mechanical, chemical power
ωl(ϕ) Frequency of oscillator l in the trimer chain
ϕ Global phase of the oscillator frequencies in the chain
∆ Frequency amplitude
κ Control parameter
g Mechanical coupling between adjacent oscillators in the

chain
Ω(ϕ), Ω̄(ϕ), Ω̃(k,ϕ) Finite trimer chain matrix, diagonalized trimer chain ma-

trix, Fourier transformed trimer chain matrix
Ωl(ϕ) Eigenfrequencies of Ω(ϕ)

O Normal mode transformation that diagonalizes Ω(ϕ)

P Inversion operator
Cn Chern number of band n
x∗ Fixed point of a dynamical system ẋ = f(x)

J0(x∗) Jacobian matrix with entries [J0(x∗)]ij = ∂fi(x)/∂xj ∣x=x∗

λi Eigenvalues of the Jacobian matrix J0(x∗)

σ̂m with m ∈ {x,y, z} Pauli matrices
Ĵm with m ∈ {x,y, z} Collective spin operators defined as Ĵm = ∑Nm=1 σ̂

(n)
m /2

h Strength of the magnetic field in z-direction in the LMG
model

ε(κ), εm(κ), ε̄m(κ) Excitation energy of the LMG model, excitation energies
of the system, excitation energies of the supersystem

a, b Macroscopic MF occupations
Em(κ), EG(κ) Ordered energies of a quantum system, ground-state en-

ergy
∣m(κ)⟩ Many-particle eigenstate of a quantum system
X̂ Generic dimensionless system operator
ωkν , Ωkν Original reservoir frequencies, residual reservoir frequen-

cies
tkν , hkν Original emission (absorption) amplitudes, transformed

emission (absorption) amplitudes of residual reservoir
Jν0 (ω), Jν1 (ω) Original spectral density of reservoir ν, transformed spec-

tral density of residual reservoir
Ων RC frequencies
gν Coupling constant between system and RC
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CHAPTER 1. PREFACE

Û , Û ν
P Orthogonal transformation with entries U ν

m, reservoir-
specific polaron transformation

%(t), %B, %tot(t) System density matrix, reservoir density matrix, total den-
sity matrix of system and reservoir(s)

L̂ν , D̂[Ô]%̂ Lindblad operator, dissipator defined as D̂[Ô]%̂ = Ô%̂Ô† −
1
2
{Ô†Ô, %̂}

Γνm(κ), Γ̄νm(κ) Transition rates
nνB(ε) Bose distribution of reservoir ν defined as nνB(ε) =

[exp (βνε) − 1]
−1

C∞ν′ (κ) Scaled cumulant generating function of the heat statistics
χν

′

m Counting field of transport channel m
⟪●n⟫ Cumulant of order n
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Part I

Thermodynamics at the nanoscale
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Chapter 2

A brief introduction to stochastic
processes

In the macroscopic world we observe that repeating an experiment with identical
conditions many times gives (up to some measurement error) always the same
result. Moreover, the system on which the experiment is performed is expected
to trace identical paths in each repetition of the experiment. This fundamental
property has allowed us to express physical laws of nature in terms of mathemat-
ical equations, which in turn has lead to many technological innovations ranging
from the aqueducts in ancient Rome to modern time airplane travel. The underly-
ing implication of the macroscopic world is that fluctuations are negligibly small,
which justifies to describe system dynamics with deterministic equations. This,
however, changes drastically for systems that are so small that fluctuations can
dominate their behavior. Then, the description must inherently be probabilistic.
This defines the so called mesoscopic world.

The first systematic investigation of the stochastic character of nature was
carried out by Robert Brown in 1828 [32], when he observed that pollen grains
suspended in water perform very irregular motion. The associated phenomenon
is now termed Brownian motion. It took almost 80 years until Einstein [33] –
and independently Smoluchowski [34] – solved the riddle of the observed effect
and provided a satisfactory explanation by using arguments from statistical me-
chanics.

Today, random processes play an important role in numerous disciplines rang-
ing from natural sciences to economy. Thus, many different techniques to deal
with stochastic dynamics have been developed over the years and providing a
complete overview of probability theory goes beyond the scope of this thesis.
Nevertheless, we will introduce some important aspects, which should equip the
reader with all necessary details to follow the course of this work. In doing so,

11



CHAPTER 2. A BRIEF INTRODUCTION TO STOCHASTIC PROCESSES

we will focus on accessing probability theory from a physicist’s point of view and
refrain from mathematically rigorous definitions and derivations. For the latter
perspective the interested reader is referred to Refs. [35, 36]

In this chapter we first introduce some fundamental concepts of probability
theory and stochastic processes in Sec. 2.1. Afterward, we will discuss the Markov
condition in Sec. 2.2 and go into detail for two types of stochastic Markov pro-
cesses, jump and diffusion processes, in Secs. 2.3 and 2.4, respectively. Finally,
we touch the topic of stochastic differential equations in Sec. 2.5.

2.1 Basics of probability theory
Let us start by introducing some notation. We refer to a system by a capital
letter, say Z. Associated to each system is a state space Z, which denotes a set
of states z ∈ Z. The elements of Z are uniquely distinguishable and the state z
is fully characterized by a probability density p(z), which obeys

∫
z∈Z

p(z) dz = 1 (normalization), (2.1)

∀z ∈ Z ∶ p(z) ≥ 0 (positivity). (2.2)

In the following, integrals without specific integration domain are carried out over
the whole domain, i.e., ∫ ● dz ≡ ∫z∈Z ● dz. If the total system is composed of two
systems, Z and Z ′, the state is described by the joint probability density p(z, z′)
and the marginal probability density of system Z is obtained by integration,
p(z) = ∫ p(z, z

′) dz′. One may be interested in system Z under specific conditions
of Z ′. Mathematically, this situation is described by the conditional probability
density,

P (z∣z′) =
p(z, z′)

p(z′)
. (2.3)

Here, P (z∣z′) denotes the probability density of state z provided that Z ′ is in
state z′. Consequently, z and z′ are statistically independent if P (z∣z′) = p(z)
and thus p(z, z′) = p(z)p(z′). The generalization to more than two systems is
straightforward.

An important way of characterizing a probability density is to investigate its
expectation values. The expectation value or mean of a real-valued function f(z)
is defined to be

⟨f(z)⟩ = ∫ f(z)p(z) dz. (2.4)

One particularly interesting expectation value is the so-called characteristic or
generating function G(χ) which is defined as the Fourier transform of the prob-
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ability density,
G(χ) = ⟨exp (iχz)⟩ = ∫ exp (iχz)p(z) dz, (2.5)

and which uniquely determines the probability density. Here, i is the imaginary
unit defined by i2 = −1. Derivatives of G(χ) evaluated at χ = 0 yield the moments
of order n of the probability density,

⟨zn⟩ = ∫ znp(z) dz =
dnG(χ)

d(iχ)n
∣
χ=0

. (2.6)

Up to now we have only considered systems defined on a state space without
explicit time dependence. However, physical systems may evolve probabilistically
in time, which mathematically is described by the concept of stochastic processes.
A stochastic process is a family of states z(t) on a common state space Z depend-
ing on a parameter t, which usually denotes a time variable in a physical context.
Even though we cannot precisely predict the outcome of a single realization of a
stochastic process, we can characterize the state z of the system at a fixed time
t by the probability density

p(z, t) = ⟨δ [z − z(t)]⟩ . (2.7)

For a set {t1, t2, ..., tN} of discrete times we can measure the values {z1, z2, ...zN}
of z(t) and define the joint probability density

p(zN , tN ; zN−1, tN−1; ...; z1, t1) = ⟨δ [zN − x(tN)] δ [zN−1 − x(tN−1)] ...δ [z1 − x(t1)]⟩ .
(2.8)

In terms of this joint probability density, we can also define a conditional proba-
bility density analogously to Eq. (2.3) as

P (zN , tN ∣zN−1, tN−1; ...; z1, t1) =
p(zN , tN ; zN−1, tN−1; ...; z1, t1)

p(zn−1, tn−1; ...; z1, t1)
, (2.9)

which is interpreted as a prediction of the future value of z(t) (zN at time tN)
given the knowledge of the past (values z1, ..., zN−1 at times t1, ...tN−1).

The simplest kind of stochastic process is the purely random process, for
which the conditional probability density does not depend on values of the state
at earlier times, i.e.,

P (zN , tN ∣zN−1, tN−1; ...; z1, t1) = p(zN , tN). (2.10)

Thus, values of the state at different times are statistically independent and the
joint probability density factorizes,

p(zN , tN ; zN−1, tN−1; ...; z1, t1) =
N

∏
i=1

p(zi, ti). (2.11)

13



CHAPTER 2. A BRIEF INTRODUCTION TO STOCHASTIC PROCESSES

All information about the process z(t) is contained in p(z, t). Because the purely
random process has no memory at all, it is also referred to as white noise (see
also Sec. 2.4).

2.2 The Markov condition
A prominent example of a stochastic process in physics – and natural sciences in
general – is the Markov process. It is important because many physical systems
can be described by Markov processes given an appropriate set of variables and,
moreover, this kind of stochastic process is relatively easy to describe mathemat-
ically.

A stochastic process is said to be Markovian if the conditional probability
density, Eq. (2.9), fulfills the Markov condition,

P (zN , tN ∣zN−1, tN−1; ...; z1, t1) = P (zN , tN ∣zN−1, tN−1). (2.12)

It states that the probability density of the state zN at time tN conditioned
on the N − 1 previous states z1, ..., zN−1 depends only on the latest state zN−1.
Consequently, the joint probability density of a Markov process can be expressed
by

p(zN , tN ; zN−1, tN−1; ...; z1, t1) =P (zN , tN ∣zN−1, tN−1)P (zN−1, tN−1∣zN−2, tN−2) × ...

× P (z2, t2∣z1, t1)p(z1, t1).
(2.13)

The conditional probability density P (z, t∣z′, t′) is also called transition probabil-
ity or propagator and obeys

∫ P (z, t∣z′, t′) dz = 1, (2.14)

lim
t→t′

P (z, t∣z′, t′) = δ(z − z′). (2.15)

The first equation expresses the fact that the probability for the process to take
any value at any fixed time is equal to 1, and the second equation states that the
process will not change for a vanishing time increment.

Whereas the purely random process discussed in Sec. 2.1 has no memory at
all [see Eqs. (2.10) and (2.11)], the Markov process has a short memory, but will
rapidly forget its past history. Nevertheless, because the transition probability
to the next state only depends on the current state due to condition (2.12), the
Markov process is said to be memoryless. In the following, we will introduce two
important examples of processes fulfilling the Markov condition. These are jump
(Sec. 2.3) and diffusion processes (Sec. 2.4).
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2.3 Jump processes and the master equation

We now consider a Markov processes with discontinuous sample path, that is z(t)
performs instantaneous jumps between the possible system states z ∈ Z. Suppose
the system at time t is characterized by the probability density p(z′, t). Invoking
the Markov condition, Eq. (2.12), the probability density of state z at a later
time t + dt is given by

p(z, t + dt) = ∫ P (z, t + dt∣z′, t)p(z′, t) dz′. (2.16)

Assuming that the transition probability P (z, t + dt∣z′, t) is at least one time
differentiable with respect to dt, we can formulate an appropriate short time
behavior of the propagator, which fulfills conditions (2.14) and (2.15), as

P (z, t + dt∣z′, t) ≈ dtRzz′(t) + δ(z − z
′) [1 − dt∫ Rzz′(t) dz] . (2.17)

Here, the object Rzz′(t) defined as

Rzz′(t) =
∂P (z, t + dt∣z′, t)

∂dt
∣
dt=0

≥ 0 (2.18)

has the physical dimension of a rate and therefore is also referred to as rate
matrix. The first term in Eq. (2.17) gives the probability that a jump from z′ to
z occurs during the time interval from t to t + dt. The second term, on the other
hand, represents the probability that no jump occurs during that time interval.
Note that if the state space Z consists of a discrete set of states, the Dirac
delta distribution δ(z − z′) in Eq. (2.17) becomes the Kronecker delta δzz′ . The
transition rate Rzz′(t) is positive for all z, z′ ∈ Z, which follows from positivity of
probability densities, Eq. (2.2), especially of the propagator, Eq. (2.17). In the
limit dt → 0, the transition probability P (z, t + dt∣z′, t) approaches a Dirac-delta
distribution, as it should according to Eq. (2.15).

Inserting Eq. (2.17) into Eq. (2.16), we obtain

p(z, t + dt) = p(z, t) + dt∫ [Rzz′(t)p(z
′, t) −Rz′z(t)p(z, t)] dz

′. (2.19)

In the limit dt→ 0, the latter expression is exact and we can rewrite

∂

∂t
p(z, t) = lim

dt→0

p(z, t + dt) − p(z, t)

dt
= ∫ [Rzz′(t)p(z

′, t) −Rz′z(t)p(z, t)] dz
′.

(2.20)
This differential equation is called master equation (ME) or rate equation.
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For time-independent rates, Rzz′(t) = Rzz′ , and an ergodic network, meaning
that any two states z and z′ are connected through a series of transitions and for
any rate Rzz′ ≠ 0 also Rz′z ≠ 0, the system will eventually reach a unique steady
state pss(z) [37] defined by the condition

∂

∂t
pss(z) = ∫ [Rzz′pss(z

′) −Rz′zpss(z)] dz
′ = 0. (2.21)

In the derivation of the ME, Eq. (2.20), we have not made any assumptions
on the structure of the state space Z. However, one usually assumes that Z
consists of a discrete set of states z when referring to a ME. To make a clear
distinction, we will use M as label for a system with discrete state spaceM and
statesm ∈M. Then, m(t) denotes the stochastic jump process and the associated
ME, Eq. (2.20), takes the form

∂

∂t
p(m, t) =∑

m′
Rmm′(t)p(m

′, t) with Rmm(t) = − ∑
m′≠m

Rm′m(t). (2.22)

Further details on MEs can be found, for instance, in Ref. [36].

2.4 Diffusion processes and the Fokker-Planck equa-
tion

In the previous section we have looked at discontinuous Markov processes, that
is, the sample path z(t) [or m(t) in the case of a discrete state space M, see
Eq. (2.22)] is broken by instantaneous jumps in time and its evolution is described
by Eq. (2.20). However, stochastic processes fulfilling the Markov condition,
Eq. (2.12), may also be continuous. This is the case if the propagator P (z, t +
dt∣z′, t) from state z′ to state z fulfills the continuity condition,

lim
dt→0

1

dt ∫
∣z−z′∣>δ

P (z, t + dt∣z′, t) dz = 0. (2.23)

This condition states that the probability for a transition during dt of a size larger
than δ > 0 decreases more rapidly than dt as dt → 0. Clearly, the ME discussed
in Sec. 2.3 violates this condition since [see Eq. (2.17)]

lim
dt→0

1

dt ∫
∣z−z′∣>δ

P (z, t + dt∣z′, t) dz′ = ∫
∣z−z′∣>δ

Rzz′(t) dz
′ > 0. (2.24)

There exists, however, a further class of stochastic Markov processes, the dif-
fusion processes, which fulfill the continuity condition (2.23). In the following,
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2.4. DIFFUSION PROCESSES AND THE FOKKER-PLANCK EQUATION

we consider the one-dimensional case for simplicity and state the result for the
general case at the end. Its derivation is in close analogy to the one-dimensional
case and can be found, for example, in Ref. [38].

We start from Eq. (2.20) and define Rzz′(t) = g(z′, y, t) with y = z − z′. The
ME then takes the form

∂

∂t
p(z, t) = ∫ g(z − y, y, t)p(z − y, t) dy − p(z, t)∫ g(z, y, t) dy. (2.25)

The fundamental assumption is now that g(z′, y, t) varies smoothly with z′ but –
as a function of y – is sharply peaked around y ≈ 0. We are then able to expand
g(z − y, y, t)p(z − y, t) up to second order in y, which yields

∂

∂t
p(z, t) = −∫ y

∂

∂z
[g(z, y, t)p(z, t)] dy +

1

2 ∫
y2 ∂

2

∂z2
[g(z, y, t)p(z, t)] dy.

(2.26)
Note that due to the strong dependence of g(z′, y, t) on y, we have not expanded
with respect to the y-dependence of the second argument of g(z−y, y, t). Finally,
we introduce drift and diffusion coefficients,

γ(z, t) ≡ ∫ yg(z, y, t) dy and D(z, t) ≡
1

2 ∫
y2g(z, y, t) dy, (2.27)

respectively, to arrive at the famous Fokker-Planck equation (FPE),

∂

∂t
p(z, t) = −

∂

∂z
[γ(z, t)p(z, t)] +

∂2

∂z2
[D(z, t)p(z, t)] . (2.28)

The first term on the right-hand side of Eq. 2.28 accounts for a deterministic
drift, whereas the second term describes the diffusion of the stochastic variable
z(t). In the case of N variables z = (z1, ..., zN), Eq. (2.28) has the form

∂

∂t
p(z, t) = −

N

∑
i=1

∂

∂zi
[γi(z, t)p(z, t)] +

N

∑
ij=1

∂2

∂zi∂zj
[Dij(z, t)p(z, t)] (2.29)

with drift vector γi(z, t) and diffusion tensor Dij(z, t). More details on the FPE
can be found in Ref. [39].

There are two prominent diffusion processes we would like to highlight and
which play an important role in the course of this thesis. The first example is the
Wiener process, or Brownian motion, in one dimension, which is obtained from
Eq. (2.28) by setting the drift equal to zero, γ(z, t) ≡ 0, and by taking D(z, t) ≡
1/2. Furthermore, we take the initial probability density to be delta-distributed,
p(z,0) = δ(z). The solution of Eq. (2.28) is then Gaussian-distributed,

p(z, t) =
1
√

2πt
exp(−

z2

2t
) , (2.30)
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with zero mean, ⟨z⟩ = 0, and variance Var(z) = ⟨(z − ⟨z⟩)2⟩ = t. Thus, the
probability density disperses over time corresponding to free diffusion in one
dimension. Since p(z, t) does not depend on any prior time or state, the Wiener
process is a purely random process [see Eqs. (2.10) and (2.11)], which is the reason
it is often used to model white noise in Langevin dynamics (see Sec. 2.5).

The Klein-Kramers equation (KKE) is another specific version of a FPE,
which describes Brownian motion of a particle with position x and velocity v
moving in a potential field U(x),

∂

∂t
p(x, v, t) = [−

∂

∂x
v +

∂

∂v
(

1

mg

∂U(x)

∂x
+
γ

mg
v) +D

∂2

∂v2
]p(x, v, t). (2.31)

Here, γ is the friction constant and mg the mass of the particle. Moreover, the
friction constant is related to the velocity diffusion coefficient D = γ/βm2

g via
inverse temperature β = 1/kBT with Boltzmann constant kB and temperature
T of the surrounding. Assuming a well-behaved potential U(x)1, the stationary
solution of Eq. (2.31) is given by the Boltzmann distribution,

p(x, v) =
1

Z(β)
exp [−β (

1

2
mv2 +U(x))] (2.32)

with partition function

Z(β) = ∫ exp [−β (
1

2
mv2 +U(x))] dxdv, (2.33)

such that ∫ p(x, v) dx dv = 1. We will encounter the KKE, Eq. (2.31), again in
Sec. 7.1.1, when we model the stochastic evolution of the electron shuttle.

2.5 Stochastic differential equations

So far we have discussed stochastic processes, which fulfill the Markov condition,
Eq. (2.12), in terms of probability densities. This description represents the dy-
namics of a whole ensemble of identical systems. However, one can also describe
the evolution of a single realization of the process using the framework of stochas-
tic differential equations (SDE). In the following we will introduce this concept
for jump and diffusion processes discussed in Secs. 2.3 and 2.4, respectively. We
will restrict the discussion to the special cases of discrete valued MEs, Eq. (2.22),
and the KKE, Eq. (2.31), as examples to introduce the basic concept.

1with well behaved we mean that U(x) is smooth and that exp [−βU(x)] is Lebesgue inte-
grable
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We start by considering a jump process. Suppose at time t the system is
in state m = m(t). During a small time dt the system may transition to state
m′ = m(t + dt) by performing a jump dm = m(t + dt) − m(t) with a certain
probability, which we can formulate as

dm =∑
m′
(m′ −m)dNm′m(t). (2.34)

The independent Poisson increments dNm′m(t) ∈ {0,1} obey the statistics

E [dNm′m(t)] = Rm′m(t)dt, (2.35)
dNm′m(t)dNm̃m(t) = δm′m̃dNm′m(t). (2.36)

Here, E [●] denotes an average of many realizations of the stochastic processm(t),
in comparison to ensemble averages in terms of the probability density p(m, t)
denoted by ⟨●⟩. Let us explain the two Eqs. (2.35) and (2.36). The first one
specifies that the average number of jumps into state m′ from state m in a time
interval dt is given by the transition rate Rm′m(t). This rate is equivalent to the
one appearing in the ME, see Eqs. (2.18) – (2.22). The second Eq. (2.36) enforces
that only one event per time interval can occur, i.e., either all dNm′m(t) are zero
or dNm′m(t) = 1 for precisely one set of indices m and m′.

The ME, Eq. (2.22), and SDE, Eq. (2.34), are two representations of the same
stochastic process, that is both reproduce the same expectation values up to order
O(dt). Taking an arbitrary differentiable scalar function f(m) one finds for the
expectation value by employing Eq. (2.22)

∂ ⟨f⟩

∂t
= ∑
mm′
[f(m)Rmm′(t)p(m

′, t) − f(m)Rm′m(t)p(m, t)]

= ∑
mm′
[f(m′) − f(m)]Rm′m(t)p(m, t)

= ⟨∑
m′
[f(m′) − f(m)]Rm′m(t)⟩ .

(2.37)

Our aim is to show that Eq. (2.37) is also obtained by the use of the SDE,
Eq. (2.34). We can write for the expectation value of the increment of f(m)
(using Itô’s Lemma)

E [f(m + dm) − f(m)] =E[
∞

∑
n=1

1

n!
f (n)(m) (dm)

n
] +O(dt2). (2.38)

All powers of the Poisson increment dNm′m(t) are of order dt [see Eq. (2.36)], such
that we have to evaluate the sum on the right hand side of Eq. (2.38) exactly.

19



CHAPTER 2. A BRIEF INTRODUCTION TO STOCHASTIC PROCESSES

Because of Eq. (2.36), [dNm′m(t)]
n
= dNm′m(t) for all n ∈ N and we can rewrite

the expectation value as follows

E[
∞

∑
n=1

f (n)(m)

n!
(dm)

n
] = E[

∞

∑
n=1

f (n)(m)

n!
∑
m′
(m′ −m)

n
dNm′m(t)]

= E[∑
m′
{f(m′) − f(m)}dNm′m(t)]

= E[∑
m′
{f(m′) − f(m)}Rm′m(t)]dt,

(2.39)

where the last equality follows from a general identity of Poisson processes [40].
Hence, up to order O(dt) we write

∂E [f(m)]
∂t

=E[∑
m′
[f(m′) − f(m)]Rm′m(t)] . (2.40)

Because Eq. (2.37) is equivalent to Eq. (2.40), we can conclude that, for the same
initial conditions, expectation values of an arbitrary function f(m) with respect
to the probability density p(m, t) and with respect to realizations of the stochastic
process m(t) evolve equally. Hence, the ME, Eq. (2.22), and the SDE, Eq. (2.34),
describe the same stochastic jump process.

We now turn to continuous stochastic processes, namely diffusion processes. In
the case of the KKE, Eq. (2.31), the corresponding SDE describing the evolution
of x = (x, v)⊺ is given by

dx =
⎛

⎝

dx

dv

⎞

⎠
=
⎛

⎝

vdt

− 1
mg
[
∂U(x)
∂x + γv]dt +

√
2DdB(t)

⎞

⎠
. (2.41)

This equation is called (underdamped) Langevin equation. In Eq. (2.41) the
fluctuations are taken into account by a Wiener process dB(t) with zero mean
E [dB(t)] = 0 and variance E [(dB(t))2] = dt, as we have seen in Sec. 2.4 [see
Eq. (2.30)]. The proof that Eq. (2.41) describes the same system dynamics as
Eq. (2.31) can be found in many textbooks, for example in Ref. [39], and we
therefore refrain from the lengthy derivation in this work.

This concludes our brief introduction to the mathematical aspects of stochas-
tic processes. In the following Sec. 3, we will review the theory of traditional
thermodynamics before combining the two fields to derive a consistent thermo-
dynamic framework for stochastic Markov processes in Sec. 4.
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Chapter 3

Classical thermodynamics in a
nutshell

The theory of traditional thermodynamics was developed in the 19th century to
understand the working principles and limitations of steam engines. At its core,
it poses general laws on the transformations of a system from one state to another
by exchanging energy with its environment in form of heat and work. The theory
is based on a number of highly idealized, yet often justified, assumptions and
gets its microscopic justification from equilibrium statistical mechanics. In this
chapter we give a brief introduction to traditional thermodynamics. The basic
concepts are explained by formulating the first law in Sec. 3.1 and the second law
in Sec. 3.2. We will build on these fundamentals to define thermodynamics of
stochastic Markov processes in Sec. 4.

3.1 Heat, work and the conservation of energy

One usually starts by dividing the “universe” into a system, which describes the
integral part under investigation, and the environment, which describes the rest.
A macroscopic system, if left alone, will reach a so-called equilibrium state. This
equilibrium state is characterized by a limited set of macroscopic state variables.
The most basic of these conserved variables is the total energy E. Other exam-
ples are the volume and possibly the number of particles. The environment is
considered to be composed out of one or multiple idealized systems, which are
characterized by a single state variable, their energy. These heat baths or reser-
voirs maintain their equilibrium states even as they exchange energy with their
surroundings. To be more precise, their relaxation time-scale is fast enough so
that changes can be considered as quasi-static.

The energy E of the system can change by external perturbations. We distin-
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guish contributions identified as work W , which can be controlled at the macro-
scopic level, and heat Q, which corresponds to uncontrollable energy exchanges
via microscopic degrees of freedom. In the framework of classical thermodynam-
ics, such a process describes the transformation from one equilibrium state to
another equilibrium state. The first law of thermodynamics now states the con-
servation of energy, that is all forms of energy flow have to locally balance each
other. This “fact” was nicely expressed by Planck:

It is in no way possible, either by mechanical, thermal, chemical, or
other devices, to obtain perpetual motion, i.e. it is impossible to con-
struct an engine which will work in a cycle and produce continuous
work, or kinetic energy, from nothing. – M. Planck (1927) [41].

Using the convention that work performed on and heat flowing into the system
are positive, the first law is mathematically formulated as

∆E =W +Q (3.1)

or for small changes
dE = δW + δQ. (3.2)

Note, that work and heat are no state variables such that they depend on the
actual way the perturbation is applied to change the state of the system. We
express this fact by denoting infinitesimal changes of such variables by a δ in
front of them.

3.2 Entropy production and the second law
Having the first law of thermodynamics, however, is not enough because it does
not forbid the existence of a device, which converts thermal energy of a single
reservoir at temperature T into work. Such a device would be nice to have as it
would solve all energy problems. Unfortunately, this is forbidden by the second
law of thermodynamics. In simple words, the law states:

Heat can never pass from a colder to a warmer body without some
other change, connected therewith, occurring at the same time. – R.
Clausius (1854) [42].

This is known as the Clausius statement but many other formulations of the sec-
ond law exist, like for instance the Kelvin, Planck or Carnot statement. However,
all statements express in essence the following [43]: For any process in nature the
total change of the entropy can never be negative, i.e.,

∆Σ =∆S −∆Se =∆S +∑
ν

∆Sν ≥ 0. (3.3)
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Here, ∆S is the change of the system entropy and ∆Se = −∑ν ∆Sν is the entropy
flow, which accounts for the entropy decrease of all reservoirs ν. The quantity
∆Σ is called entropy production and quantifies the irreversibility of the process.
A process is thermodynamically reversible if and only if ∆Σ = 0. In this case, en-
tropy is only exchanged between system and reservoirs and no additional entropy
is produced during the process.

The entropy S of a system is an additional state variable, which characterizes
the state of a system. Since a reservoir is an idealized equilibrium system solely
defined by its energy, the change of its entropy ∆Sν can be expressed by the
change of its energy,

∆Eν = T ν∆Sν , (3.4)

where T ν denotes the temperature of reservoir ν. Invoking the first law, Eq. (3.1),
the entropy flow can be expressed as

∆Se =∑
ν

Qν

T ν
, (3.5)

where Qν is the heat flowing from reservoir ν into the system. Remember that
heat is defined as positive flowing into the system. Hence, the second law of
thermodynamics can also be formulated as

∆Σ =∆S −∑
ν

Qν

T ν
≥ 0. (3.6)

Finally, we would like to mention that there are two more laws of thermody-
namics, called zeroth and third law. The zeroth law states that if two thermo-
dynamic systems are each in thermal equilibrium with a third system, then they
are in thermal equilibrium with each other. This is, for instance, important for
a well defined concept of temperature. The third law of thermodynamics states
that the entropy of a homogeneous solid or liquid at zero temperature is zero.
This defines an absolute value of entropy, which otherwise would only be defined
up to an additive constant.

So far we have discussed the laws of thermodynamics for macroscopic sys-
tems and transitions between equilibrium states as originally described in the
framework of thermodynamics. However, thermodynamic quantities like heat,
work and entropy production can also be properly defined for small-scale systems
which are highly fluctuating and are arbitrarily far from equilibrium. In doing
so, equivalent laws of thermodynamics can be derived, which we discuss in the
next Sec. 4.
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Chapter 4

Thermodynamics of stochastic
Markov processes

The theory of thermodynamics as discussed in the previous Sec. 3 is inherently a
theory of macroscopic systems. In the past few years we have seen a growing in-
terest in applying the laws and tools of thermodynamics to individual microscopic
systems, down to the nanoscale, resulting in the development of the framework of
stochastic thermodynamic [2–6, 8, 27]. It provides a consistent thermodynamic
description of stochastic processes and as discussed here applies to Markovian
dynamics, i.e., the future state of the system depends only on the present one
without any memory effects (see Sec. 2.2). This assumes a time-scale separation
between the observable slow degrees of freedom of the system and the unob-
servable fast ones made up by the thermal reservoirs and allows for a consistent
thermodynamic description.

In the following, we will give an introduction to some important developments
in the field of stochastic thermodynamics. First, we derive the laws of thermo-
dynamics at the ensemble level for stochastic jump processes in Sec. 4.1 and for
diffusion processes in Sec. 4.2. Second, we highlight some important results of
stochastic thermodynamics beyond ensemble averages in Sec. 4.3.

4.1 Master equations

We consider a system M with a discrete set M of states m ∈M and associate
to each state m a specific energy εm(t) and a number of particles nm. The sys-
tem performs stochastic jumps between the states with transition rates Rmm′(t).
Then, the evolution of M is governed by a ME of the form (2.22). So far, the
ME is just a mathematical construct. The connection to a physical system is
made through the transition rates Rmm′(t). We consider the situation where the
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system is in contact with several reservoirs ν and each reservoir gives an additive
contribution to the transition rates, namely

Rmm′(t) =∑
ν

Rν
mm′(t) ∀m,m

′ ∈M. (4.1)

The main assumption for the connection of microscopic theory and thermodynam-
ics is the following statement: Each transition rate Rν

mm′(t) obeys a local detailed
balance condition with respect to the corresponding equilibrium distribution of
the system in contact with the corresponding reservoir ν,

Rν
mm′(t)p

ν
eq(m

′) = Rν
m′m(t)p

ν
eq(m), (4.2)

where pνeq(m) is defined via the condition

∂

∂t
pνeq(m) =∑

m′
Rν
mm′(t)p

ν
eq(m

′) = 0. (4.3)

The local detailed balance condition (4.2) can be interpreted as a “local equi-
librium assumption”. If the system is only in contact with a single reservoir at
(inverse) temperature β and chemical potential µ, and the transition rates are
time-independent, then it follows from the local detailed balance condition that
the grand-canonical equilibrium state,

peq(m) =
1

Z(β)
exp [−β (εm − µnm)] with Z(β) =∑

m

exp [−β (εm − µnm)] ,

(4.4)
is the steady state of the (time-independent) ME, Eq. (2.22). It is important to
remark that local detailed balance does not imply (global) detailed balance,

Rmm′p(m
′) = Rm′mp(m). (4.5)

If a state p(m) obeys detailed balance, Eq. (4.5), it is guaranteed to be a steady
state of the ME. However, not every steady state has to obey this condition
and, especially, nonequilibrium steady states usually break this condition with
non-vanishing probability currents. Nevertheless, if the steady state is given
by Eq. (4.4), detailed balance, Eq. (4.5), is equivalent to local detailed balance,
Eq. (4.2), and the steady state characterizes genuine thermodynamic equilibrium.

In order to derive the laws for thermodynamics for stochastic jump processes,
we first define the average of the total energy E of the system as

⟨E⟩ =∑
m

εmp(m). (4.6)
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Here and in the following, we suppress the time argument. The energy of the
system is modified if either the probability density changes or if the energy of
states is shifted. Thus, we can write

⟨
d

dt
E⟩ =∑

m

[
∂εm
∂t

p(m) + εm
∂p(m)

∂t
] = ⟨Ẇmech⟩ + ⟨Q̇⟩ + ⟨Ẇ chem⟩ . (4.7)

This constitutes the first law of thermodynamics with a clear interpretation: (Me-
chanical) work is applied to the system by moving occupied energy levels,

⟨Ẇmech⟩ =∑
m

∂εm
∂t

p(m). (4.8)

Heat exchange, on the other hand, corresponds to transitions between states
of different energies resulting in a change of the probability density. In case
the number of particles also changes, one has to subtract the chemical energy
contribution to obtain the heat flow. Using Eqs. (2.22) and (4.1), we obtain

⟨Q̇⟩ =∑
ν

⟨Q̇ν⟩ = ∑
mm′ν

[εm − nmµ
ν] Iνmm′ , (4.9)

where ⟨Q̇ν⟩ denotes the heat exchanged between system and reservoir ν, and
where we have introduced the probability current

Iνmm′ = R
ν
mm′p(m

′) −Rν
m′mp(m), (4.10)

which quantifies the net rate of transitions from state m′ to state m. Finally we
define the chemical work as

⟨Ẇ chem⟩ = ∑
mm′ν

µνIνmm′ . (4.11)

Note that derivatives with respect to time (d/dt) denote exact (or complete)
differentials whereas a dot (⋅) denotes inexact ones (compare also to Sec. 3.1).

Next, we turn to the definition of entropy. We use the Shannon expression
[44] as it is formally equivalent to the definition used in equilibrium statistical
mechanics and allows for a consistent and elegant formulation:

S = −kB∑
m

p(m) lnp(m) (4.12)

with p(m, t) being the solution of the ME, Eq. (2.22). Our purpose is to derive
an entropy balance equation. We find

d

dt
S = − kB∑

m

∂p(m)

∂t
lnp(m)

=
1

2
kB ∑

mm′ν

Iνmm′ ln
p(m′)

p(m)

=
1

2
kB ∑

mm′ν

Iνmm′ ln
Rν
mm′p(m

′)

Rν
m′mp(m)

+
1

2
kB ∑

mm′ν

Iνmm′ ln
Rν
m′m

Rν
mm′

.

(4.13)
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The change of system entropy thus splits into two parts and we can identify these
two parts as the entropy production rate and entropy flow.

First, the entropy production rate Σ̇ is defined as

Σ̇ =
1

2
kB ∑

mm′ν

Iνmm′ ln
Rν
mm′p(m

′)

Rν
m′mp(m)

≥ 0, (4.14)

where positivity follows from the log-sum inequality,

∑
mm′ν

Rν
mm′p(m

′) ln
Rν
mm′p(m

′)

Rν
mm′p(m)

≥ ( ∑
mm′ν

Rν
mm′p(m

′)) ln
∑

mm′ν
Rν
mm′p(m

′)

∑
mm′ν

Rν
m′mp(m)

= 0.

(4.15)
Second, the entropy flow Ṡe is given by

Ṡe =
1

2
kB ∑

mm′ν

Iνmm′ ln
Rν
m′m

Rν
mm′

. (4.16)

Using the local detailed balance condition (4.2) and Eq. (4.4), we find

ln
Rν
m′m

Rν
mm′
= ln

pνeq(m
′)

pνeq(m)
= −βν(εm′ − nm′µ

ν − εm + nmµ
ν). (4.17)

Thus, the entropy flow takes the form

Ṡe = kB ∑
mm′ν

βν (εm − nmµ
ν) Iνmm′ =∑

ν

⟨Q̇ν⟩

T ν
. (4.18)

Combining Eqs. (4.13), (4.14) and (4.18), the second law of thermodynamics is
given by

Σ̇ =
d

dt
S −∑

ν

⟨Q̇ν⟩

T ν
≥ 0, (4.19)

which agrees with the standard expression of macroscopic thermodynamics, see
Eq. (3.6).

As an illustrative example, we consider the single-electron transistor (SET)
[45–47]: A quantum dot (QD) with on-site energy ε is connected to two fermionic
leads, a source (ν = S) and a drain (ν = D), with inverse temperature βν and
chemical potential µν . A bias voltage V = µS − µD, where µS = ε + V /2 and
µD = ε− V /2, is applied between the leads. The dynamics of the QD occupation,
empty [p(0, t)] and filled [p(1, t)], are governed by a ME of the form (2.22) with
time-independent rates [4],

R10 =∑
ν

Γνf ν(ε) and R01 =∑
ν

Γν [1 − f ν (ε)] , (4.20)
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where Γν denotes the bare tunneling rate and f ν(ε) = {exp [βν (ε − µν)] + 1}
−1

the Fermi function of lead ν. Obviously, the tunneling rates, Eq. (4.20), fulfill
the local detailed balance condition (4.2) and the steady state is given by

pss(0) =
R01

ΓS + ΓD and pss(1) =
R10

ΓS + ΓD . (4.21)

The system can be driven out of equilibrium either by a thermal gradient, βS ≠ βD,
or a chemical gradient, µS ≠ µD. In either case, electrons are transferred from one
lead to the other through the system, such that there exist non-vanishing matter
and energy currents from source to drain [see Eq. (4.10)],

IM = I
S
10 =

ΓSΓD

ΓS + ΓD [f
S(ε) − fD(ε)] and IE = εIM. (4.22)

Using Eqs. (4.9) and (4.19), the second law of thermodynamics implies for the
SET at steady state:

Σ̇ = (
1

TD −
1

T S) IE + (
µS

T S −
µD

TD) IM ≥ 0. (4.23)

In the case of equal temperatures, T = T S = TD, it follows

Σ̇ =
1

T
(µS − µD) IM =

V

T
IM ≥ 0. (4.24)

Thus, particles (negative charge) always flow in the direction of descending chem-
ical potential. In the other case of equal chemical potentials, µ = µS = µD, the
second law implies

Σ̇ = (
1

TD −
1

T S) (IE − µIM) = (
1

TD −
1

T S) ⟨Q̇
S⟩ ≥ 0. (4.25)

This shows that heat flows from the hot reservoir to the cold one, i.e., if T S > TD,
heat flows from source to drain (⟨Q̇S⟩ > 0) and vice versa. If there are both a
temperature and a chemical gradient present, it is possible to use the temperature
gradient to drive electrons against the electric bias (thermoelectric generator) or
to use the chemical bias to cool the cold reservoir (refrigerator) [48]. We will
encounter the SET model and its thermodynamic properties again in Sec. 7,
when we compare it to the single-electron shuttle.

4.2 Fokker-Planck equations
To discuss the thermodynamics of FPEs, we turn to the example of the KKE,
Eq. (2.31), which is the important case regarding this thesis. Note that we allow
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now for a time-dependent potential U(x, t) in contrast to Sec. 2.4. However, we
will again suppress the time argument in the following. We first define the total
energy of the system E = mgv2/2 + U(x) such that the average total energy is
defined by the following ensemble average

⟨E⟩ = ∫ [
1

2
mgv

2 +U(x)]p(x, v) dxdv, (4.26)

where p(x, v) is the solution to Eq. (2.31). The energy of the system changes again
either to modifications of the probability density or by shifting the potential U(x).
Thus, we can write

⟨
d

dt
E⟩ = ∫ [E

∂p

∂t
(x, v) +

∂E

∂t
p(x, v)] dxdv = ⟨Q̇⟩ + ⟨Ẇmech⟩ . (4.27)

This equation represents the first law of thermodynamics for the special diffusion
process described the KKE, Eq. (2.31). The thermodynamic interpretation is
analogous to the one in the previous Sec. 4.1.: Changing the potential U(x) in
time is identified as mechanical work applied on the system, i.e.,

⟨Ẇmech⟩ = ∫
∂U(x)

∂d
p(x, v) dxdv, (4.28)

while heat exchange leads to modifications of the probability density, ⟨Q̇⟩ =
∫ E∂p(x, v)/∂t dxdv. Note that the chemical work is missing in Eq. (4.27) be-
cause we do not allow for particle exchange. Using the conservation of probability
and partial integration1, we obtain a compact form of the heat flow,

⟨Q̇⟩ = −γ (⟨v2⟩ −
1

mgβ
) . (4.29)

Note that in the case of the KKE, Eq. (2.31), the system is only in contact with
a single thermal reservoir at inverse temperature β.

In order to prove the second law, we again use the Shannon expression defined
in Eq. (4.12). Using Eq. (2.31) and partial integration, the change of system
entropy S is given by

d

dt
S =kB∫ {

γ

mg
v
∂p(x, v)

∂v
+

D

p(x, v)
[
∂p(x, v)

∂v
]

2

} dxdv

= −∫ {
γv2p(x, v)

T
+
kBγv

mg

∂p(x, v)

∂v
} dxdv

+∫ {
kB

Dm2
gp(x, v)

[γvp(x, v) +Dmg
∂p(x, v)

∂v
]

2

} dxdv.

(4.30)

1assuming vanishing boundary contributions, limx→±∞ xp(x, v) = 0 and limv→±∞ vp(x, v) = 0

30



4.3. BEYOND ENSEMBLE AVERAGES

In analogy to the previously discussed case of the ME, Eq. (4.13), dS/dt splits
into two parts. We first notice that the second term on the right hand side of
Eq. (4.30) is always positive and we thus identify this part as entropy production
rate,

Σ̇ = ∫ {
kB

Dm2
gp(x, v)

[γvp(x, v) +Dmg
∂p(x, v)

∂v
]

2

} dxdv ≥ 0. (4.31)

This is supported by the fact that we can rewrite the first term on the right hand
side of Eq. (4.30) in terms of the heat exchanged between system and reservoir,
Eq. (4.29), and thus identify this term as entropy flow,

Ṡe = −∫ {
γv2p(x, v)

T
−
kBγ

mg
p(x, v)} dxdv =

⟨Q̇⟩

T
. (4.32)

Also in this case, we obtain a form of the second law in close analogy to classical
thermodynamics [see Eq. (3.6)],

Σ̇ =
d

dt
S −
⟨Q̇⟩

T
≥ 0, (4.33)

even though the system under consideration evolves stochastically and may be
far from equilibrium.

4.3 Beyond ensemble averages
In the previous sections, we have shown how thermodynamic quantities for stochas-
tic processes can be defined in a way to give a consistent description of the laws of
thermodynamics. However, the derived equations only hold on average. Actually,
we have just reproduced the macroscopic laws of thermodynamics at the meso-
scopic level. The only difference is that we have to define entropy via the Shannon
entropy, Eq. (4.12), which indicates that the system must be described by a prob-
ability density. However, as mentioned in Sec. 2, the evolution of systems at the
mesoscopic level may be dominated by fluctuations. Thus, the question arises
whether statements about the fluctuations can be made, i.e., is there a consistent
formulation of thermodynamics beyond the simple average description?

As it turns out, one can define meaningful notions of heat, work and en-
tropy production for individual realizations of the system [2–6, 8, 27]. In fact,
the power of the framework of stochastic thermodynamics lies in the consistent
thermodynamic description at the level of single, fluctuating trajectories. The
most prominent achievement within stochastic thermodynamics is the discovery
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of so-called fluctuation theorems. These powerful relations impose restrictions
on the possible fluctuations of the entropy production of single realizations and
reveal a deep connection between equilibrium and nonequilibrium thermodynam-
ics. Moreover, they imply the possibility of individual trajectories with negative
entropy production, which, however, are exponentially less likely than trajectories
with positive entropy production. This is in no contradiction to the statement
that the average entropy production is positive. Fluctuation theorems actually
impose stronger bounds on the entropy production as they are formulated in
terms of equalities at the trajectory level. This thesis, however, focuses mainly
on the averaged thermodynamic description of systems, such that we will not
elaborate further on this topic.
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Chapter 5

Quantum aspects of
thermodynamics

The systems considered so far are small such that their dynamics is dominated
by fluctuations but are nevertheless large enough such that quantum effects can
be neglected. One may ask the question of what happens if the system dynamics
are governed by the laws of quantum mechanics instead of classical equations of
motion. We expect that at the quantum level the same laws of thermodynamics
discussed in Secs. 4.1 and 4.2 hold, at least if the dynamics are approximately
Markovian. In fact, it has been shown already more than thirty years ago, that a
quantum system evolving under the action of a so-called quantum master equation
(QME) obeys the laws of thermodynamics [49]. Such a QME for the dynamics of
the density matrix, which is the quantum counterpart of a classical probability
density, is obtained if some approximations (Born-Markov and secular approxi-
mation) are made. We will discuss in more detail in Sec. 5.1.

The consistency of the QME and thermodynamics is not too surprising since
one can show that if the spectrum of the system is discrete and non-degenerate,
then the time evolution of the populations of the density operator evolve exactly
under the action of a classical ME as introduced in Sec. 2.3. Especially, the QME
fulfills the local detailed balance condition (4.2) and similar procedures to the
ones presented in Sec. 4.1 are applicable to derive the laws of thermodynamics at
the quantum level.

In this chapter, we will give a brief introduction to the QME in Sec. 5.1 and
its thermodynamic interpretation in Sec. 5.2. We will limit the discussion to
quantum systems without explicit time dependence because this thesis concerns
only such cases at the quantum level. However, one can show that the laws of
thermodynamics also apply to time-dependent quantum systems, if its reduced
density matrix obeys a closed evolution equation [50].
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5.1 Quantum master equation

We consider a system described by the Hamiltonian ĤS with eigenstates ∣m⟩ and
eigenenergies εm, i.e., ĤS ∣m⟩ = εm ∣m⟩. The system is in contact with multiple
thermal reservoirs labeled by the index ν and which are modeled as a collection of
harmonic oscillators, Ĥν

B = ∑l ωlν â
†
lν
âlν . Here, â

†
lν
and âlν denote bosonic creation

and annihilation operators, respectively, and ωlν denotes the frequency of mode
l. The interaction of system and reservoir ν is described by the Hamiltonian
Ĥν

I = X̂∑l tlν(â
†
lν
+ âlν), where X̂ denotes a system operator and tlν represent

emission (absorption) amplitudes. The Hamiltonian of the total system is given
by

Ĥtot = ĤS +∑
ν

(Ĥν
I + Ĥ

ν
B) . (5.1)

Note that we consider here the case of bosonic reservoirs. However, fermionic
reservoirs can be treated equivalently to the description presented here [4]. More-
over, we assume that Ĥtot is time-independent.

The state of the total system is characterized by the density matrix %̂tot(t),
which evolves according to the von Neumann equation

∂

∂t
%̂tot(t) = −i [Ĥtot, %̂tot(t)] . (5.2)

Due to the large number of degrees of freedom of the reservoirs, it is in general
not practical to solve Eq. (5.2) for the total system to determine the dynamics
of the system. One rather tries to obtain an equation of motion for the reduced
system state

%̂(t) = TrB {%̂tot(t)} , (5.3)

where TrB denotes the trace over the degrees of freedom of all reservoirs, such
that %̂(t) describes solely the state of the system. In the theory of open quantum
systems, it is common to assume that system and reservoirs are uncorrelated at
the initial time t = 0, i.e.,

%̂tot(0) = %̂(0)⊗
ν
%̂νB, (5.4)

and, furthermore, that the reservoirs are in a thermal or Gibbs state, %̂νB ∼
exp(−βνĤν

B), with inverse temperature βν = 1/kBT ν .
In order to derive a ME for the system dynamics, one performs a perturbative

expansion in the system-reservoir coupling ĤI and applies further approximations,
which are summarized as follows:

• Born approximation: Assuming that the influence of the system on the
reservoirs is small (weak-coupling), the density matrix of the reservoirs is
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only negligibly affected by the interaction, and the state of the total system
at time t may be approximated by

%̂tot(t) ≈ %̂(t)⊗
ν
%̂νB. (5.5)

• Markov approximation: Excitations in the reservoirs are assumed to decay
over times which are not resolved by our description of the system dynamics.
This implies that the system dynamics are assumed to be memoryless (see
also Sec. 2.2).

• Secular approximation: This approximation involves averaging over rapidly
oscillating terms.

Performing these approximations, one arrives at the Born-Markov secular QME,
also known as Lindblad master equation:

∂

∂t
%̂(t) = −i [Ĥ, %̂(t)] +∑

ν

Lν %̂(t). (5.6)

Here, Ĥ refers to a Hermitian operator and is often given by ĤS. The Lindblad
operator associated to reservoir ν is defined as

Lν %̂(t) =∑
ω

Γν(ω)D [X̂(ω)] %̂(t) (5.7)

with dissipator

D [X̂(ω)] %̂(t) = [X̂(ω)%̂(t)X̂†(ω) −
1

2
{X̂†(ω)X̂(ω), %̂(t)}] . (5.8)

The decay rates Γν(ω) are given by

Γν(ω) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

Jν(ω) [nνB(ω) + 1] ω ≥ 0,

if
Jν(−ω)nνB(−ω) ω < 0.

(5.9)

with spectral density Jν(ω) = 2π∑lν t
2
lν
δ(ω − ωlν) and Bose distribution nνB(ω) =

[exp(βνω) − 1]
−1. Furthermore, we have introduced in Eqs. (5.7) and (5.8) the

spectral decomposition of the system operator X̂ in terms of eigenstates of ĤS,

X̂(ω) = ∑
mm′
⟨m∣X̂ ∣m′⟩ ∣m⟩ ⟨m′∣ δεm−εm′ ,ω. (5.10)

A detailed derivation of the Lindblad ME, Eq. (5.6), can be found in multiple
textbooks, like, for instance, in Refs. [4, 38, 51].
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Before moving on to discuss the thermodynamics of the QME we would like
to highlight some important aspects: First, for a ME of the form (5.6) it is
guaranteed that its associated dynamical map is completely positive and trace
preserving and, therefore, that the evolution of the open quantum system is phys-
ical (Gorini-Kossakowski-Sudarshan-Lindblad theorem) [52, 53]. Furthermore, in
order to perform the above approximations, especially the secular approximation,
the spectrum of ĤS has to be non-degenerate. Another important property of
the QME is that it gives rise to a closed equation of motion for the populations
p(m, t) = ⟨m∣%̂(t)∣m⟩ of the system. Using Eq. (5.6) we find that the populations
in the eigenbasis of ĤS evolve according to a classical ME of the form (2.22) with
transition rates

Rν
mm′ = Γν(εm′ − εm) ⟨m∣X̂ ∣m

′⟩ ⟨m′∣X̂ ∣m⟩ . (5.11)

The coherences ⟨m∣%̂(t)∣m′⟩ with m ≠m′, on the other hand, decay exponentially
to 0 in the long time limit (t → ∞). In the case of a single thermal reservoir
ν, the system will eventually reach a thermal state, %̂νeq = exp (−βνĤS) /Zν(βν).
Consequently, pνeq(m) = exp (−βνεm) /Zν(βν), which fulfills the detailed balance
condition (4.5) and thus corresponds to equilibrium.

Lastly, we would like to mention that we have neglected the so-called Lamb-
shift term, an additional part on the coherent dynamics of the system. However,
as the dynamics of the populations are governed by a classical ME, which does
not depend on the coherent dynamics, taking the Lamb-shift term into account
leads to exactly the same description in terms of Eq. (2.20).

5.2 Thermodynamics of undriven quantum sys-
tems

Having derived the QME, Eq. (5.6), and the classical ME for the populations,
Eq. (2.20), we can now investigate its thermodynamic properties. We first note
that the rates fulfill the local detailed balance condition (4.2),

Rν
mm′

Rν
m′m

=
pνeq(m)

pνeq(m
′)
= exp [−βν (εm − εm′)] . (5.12)

This already indicates that a consistent thermodynamic description can be for-
mulated and the procedure follows closely the steps of Sec.4.1.

As the system energy is described by ĤS, we define the average energy by
taking the trace of system degrees of freedom, i.e.,

⟨E⟩ = Tr{ĤS%̂(t)} . (5.13)
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As we do not allow ĤS to be time-dependent (and no particle exchange), the
system energy can only change due to heat exchange. Hence, the first law of
thermodynamics takes the form

⟨
d

dt
E⟩ = Tr{Ĥ

∂%̂(t)

∂t
} =∑

ν

⟨Q̇ν⟩ , (5.14)

which is valid for systems for which the Born-Markov and secular approximation
apply (see Sec. 5.1). Using Eqs. (5.6) and (5.7), the heat flow from reservoir ν to
the system can be expressed as

⟨Q̇ν⟩ = Tr{ĤSL
ν %̂(t)} . (5.15)

In contrast to classical systems, where one employs the Shannon definition of
entropy, Eq. (4.12), one turns to the von Neumann entropy in order to prove the
second law of thermodynamics,

S(t) = −kBTr{%̂(t) ln %̂(t)} . (5.16)

Using Eqs. (5.6) and (5.7), the time derivative of the von Neumann entropy is
given by

d

dt
S = −kBTr{

∂%̂(t)

∂t
ln %̂(t)} = −kB∑

ν

Tr{Lν %̂(t) ln %̂(t)} . (5.17)

By use of Spohn’s inequality for each individual reservoir,

−Tr{Lν %̂ [ln %̂(t) − ln %̂νeq]} ≥ 0, (5.18)

and the definition of heat flow coming from reservoir ν, Eq. (5.15), it can be shown
that the second law holds, i.e., that the entropy production rate is positive,

Σ̇ = −kB∑
ν

Tr{Lν %̂(t) [ln %̂(t) − ln %̂νeq]} =
d

dt
S −∑

ν

⟨Q̇ν⟩

T ν
≥ 0. (5.19)

The latter equation is equivalent to the case of a classical ME [see Eq. (4.19)].
However, this does not make any statements about whether the physical system
is classical or quantum, even though the thermodynamics as well as the dynamics
itself can be described by a classical ME. In fact – since any density matrix can
be diagonalized in a suitable (possibly time-dependent) basis – the evolution of
a system described by a QME can always under some approximations be casted
in the form of a classical ME.

This concludes our introduction to the thermodynamics of classical and quan-
tum mechanical systems that evolve under Markovian dynamics. In the rest of
this thesis, we will build on these fundamental concepts to explore the thermo-
dynamic behavior of nanoscale systems undergoing critical transitions.
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Part II

Thermodynamic aspects of
self-oscillation
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Chapter 6

Preliminaries – Self-oscillation of
electron shuttles

The second part of this thesis concerns the thermodynamic capabilities of self-
oscillation. To this end, we consider the electron shuttle, a paradigmatic model
of electron transport, that undergoes a transition to self-oscillation driven by
the interplay of mechanical motion and sequential electron tunneling. However,
before analyzing the dynamics and thermodynamics of the electron shuttle in
Sec. 7 and a stochastic rotor engine in Sec. 8, we give a brief introduction to
the field of nonlinear dynamics in Sec. 6.1 and the phenomenology of electron
shuttling in Sec. 6.2, which should provide the reader with all necessary details
to follow the course of this part of the thesis.

6.1 Self-oscillation
Self-oscillation is a striking phenomenon of nonequilibrium physics and is best
described as follows:

Self-oscillation is the generation and maintenance of a periodic mo-
tion by a source of power that lacks a corresponding periodicity. – A.
Jenkins (2012) [12].

As opposed to resonant systems, in which the driving source is modulated ex-
ternally, the energy required to sustain self-oscillations is supplied by a constant
source that lacks a corresponding periodicity. We would like to highlight this
important difference. For example, the driven harmonic oscillator is not a self-
oscillating system but a paradigmatic example of resonance because the driving
force itself is periodic leading to stable oscillations. Nevertheless, self-oscillations,
also known as autonomous or self-sustained oscillations, appear in a wide range
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of biological systems and chemical and biochemical processes [54–56] control-
ling, e.g., the beating of the heart, circadian cycles in body temperature or the
Belousov-Zhabotinsky reaction.

In general, self-oscillation is described as an instability of the linearized equa-
tions of motion upon perturbations about stationary points of the nonlinear sys-
tem. The solutions of the linear equations then grow exponentially in time and it
is necessary to take nonlinearities into account to obtain physical solutions and
determine the actual limit cycle attained by the system. Hence, the study of self-
sustained oscillations is to a large extent closely related to the field of nonlinear
dynamics.

Usually, positive feedback between the system’s motion and the action of the
power source on the system causes the linear instability. Thus, self-oscillatory
systems have a built-in mechanism to regulate the energy input. For example,
in the case of the famous Tacoma Narrows bridge, the feedback between the
torsional motion of the bridge and the formation of turbulent vortices in the
wind lead eventually to its collapse. The study of autonomous oscillations is
therefore also connected to control theory and the treatment of feedback and
stability therein.

In the following Sec. 6.1.1 we provide a compact introduction to the field of
nonlinear dynamics and linear stability analysis. Subsequently, in Sec. 6.1.2 we
go a little more into detail and discuss the emergence of limit cycles by means of
a Hopf bifurcation in dynamical systems.

6.1.1 Nonlinear dynamics and linear stability analysis

Nonlinearities can give rise to various outstanding effects such as bifurcations,
synchronization, or chaos. The term nonlinear dynamics indicates that the differ-
ential equations describing the evolution of a system are nonlinear, which makes
most of them impossible to solve analytically. However, many phenomena in
nature emerge due to the nonlinear behavior of systems and studying the corre-
sponding nonlinear dynamics is vital for our physical understanding of the world.

A general nonlinear system is described by the ordinary differential equation

ẋ =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

ẋ1

ẋ2

⋮

ẋn

⎞
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

f1 (x)

f2 (x)

⋮

fn (x)

⎞
⎟
⎟
⎟
⎟
⎟
⎠

= f (x) , (6.1)

where a dot (⋅) indicates a derivative with respect to time t, i.e., ẋ = dx/dt. The
variables xi might represent position and velocity, concentrations of chemicals, or
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Figure 6.1: Vector field corresponding to the nonlinear Eq. (6.2) with (a) κ =
−1.0 and (b) κ = 1.0. The stability of the fixed point A (brown) at
the origin changes from a stable fixed point if κ < 0 (a) to a saddle
node if κ > 0 (b). Additionally, two stable attractors B and C (gray)
emerge if κ > 0 (b). Adapted from Ref. [58].

populations of species. The functions fi(x) are determined by the specific model
at hand and are in general nonlinear functions of x. In the following we will
discuss systems in two dimensions for illustrative reasons. However, many of the
results presented in this section also apply to the case of more dimensions.

One of the most basic techniques to investigate the dynamics of nonlinear
systems is to interpret Eq. (6.1) as vector field. We illustrate this point by
considering a simple example,

ẋ =
⎛

⎝

x1 (κ + x2
1)

−x2

⎞

⎠
. (6.2)

The corresponding vector field is shown in Fig. 6.1 (a) and (b) for κ < 0 and κ > 0,
respectively. It shows the trajectories along which the system evolves for each
starting point x = (x1, x2) in the phase plane. We observe that for κ < 0 [Fig. 6.1
(a)] all system paths lead to point A, whereas for κ > 0 [Fig. 6.1 (b)] there are
three exceptional points. At A, trajectories are only attracted in the x2-direction,
whereas they are repelled in the x1-direction, and trajectories close to B and C
are always attracted toward these points.

At these exceptional points x∗, it holds ẋ∗ = 0, and they are therefore called
fixed points. In general, we can distinguish three types: Stable fixed points or
attractors, toward which all nearby trajectories are drawn, unstable fixed points
or repellers with exclusively outgoing trajectories and saddle nodes, which are
attractors in one direction but repellers in another one. There exist even more
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classifications of fixed points depending on their stability properties. However, for
the discussion here it is sufficient to only distinguish between the aforementioned
three types.

In Fig. 6.1 (a) the fixed point at A is stable, but in Fig. 6.1 (b) it is a
saddle node, and the fixed points at B and C are stable. This indicates that
upon modification of a control parameter κ, fixed points may appear, disappear
or change their stability. In order to study the behavior of fixed points, one
approximates the system by a corresponding linear system. To this end, we
expand f(x) as a Taylor series around x∗ for which f(x∗) = 0. Up to linear order
we can write

ẋ ≈ J0 (x
∗) (x − x∗) with [J0 (x

∗)]ij =
∂fi (x)

∂xj
∣
x=x∗

. (6.3)

Here, J0 (x∗) is the Jacobian matrix. The stability of x∗ is determined by the
eigenvalues of J0 (x∗) and we can make the following classifications (in two di-
mensions):

• unstable fixed points or repellers: Both eigenvalues have positive real part.

• stable fixed points or attractors: Both eigenvalues have negative real part.

• saddle notes: One eigenvalue has positive real part and the other one has
negative real part.

One may raise the question whether the linearized system (6.3) gives qualitatively
the correct picture near a fixed point. In fact, this is the case as long as the eigen-
values of J0 (x∗) are non-degenerate [57]. Otherwise, a more delicate treatment
is needed. However, in this thesis we are not concerned with such systems.

In the above example, Eq. (6.2), the eigenvalues of the Jacobian matrix at the
fixed point A are λ1 = −1 and λ2 = κ. Hence, for κ < 0 the origin is an attractor.
However, its stability changes to a saddle note for κ > 0. In general, fixed points
can be created, destroyed, or their stability can change. These qualitative changes
in the dynamics are called bifurcations and their investigation and characteriza-
tion is a key concept in the theory of nonlinear dynamics. In the next Sec. 6.1.2,
we will discuss an important example of a bifurcation related to self-oscillation,
the Hopf bifurcation. A detailed introduction to bifurcation theory goes beyond
the scope of this thesis and the interested reader is referred to Ref. [58].

6.1.2 Limit cycles and the Hopf bifurcation

In the previous section we have discussed the case of single, attracting or repelling
points of the dynamical system (6.1). However, trajectories in phase space may
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also form so-called limit cycles, which are isolated closed orbits. Isolated means
that neighboring trajectories are not closed, i.e., they spiral either toward or away
from the limit cycle. If all neighboring trajectories approach the limit cycle, the
limit cycle is said to be stable. Otherwise the limit cycle is unstable or, in
exceptional cases, half-stable. Limit cycles are inherently nonlinear phenomena,
meaning that they cannot occur in linear systems. While linear dynamics may
yield closed orbits, these orbits will not be isolated. There rather will be a whole
family of closed orbits depending on one parameter. For example the solutions
of the harmonic oscillator without damping always form closed trajectories and
the amplitude of oscillation depends on the system energy or initial conditions.

The most prominent example of a system with a limit cycle is given by the
van der Pol oscillator, which plays a central role in the development of the theory
of nonlinear dynamics. It is written by the ordinary differential equation

ẋ =
⎛

⎝

x2

−κ (x2
1 − 1)x2 − x1

⎞

⎠
, (6.4)

where 0 ≤ κ < 2 is a control parameter. Historically, this equation is connected
to the nonlinear electrical circuits used in the first radios. It describes a simple
harmonic oscillator with nonlinear damping, which for ∣x1∣ > 1 acts as ordinary
positive damping, but for ∣x1∣ < 1 as negative damping. Hence, the damping
causes large amplitude oscillations to decay, but small amplitudes oscillations
to grow. In the long time limit (t → ∞), all trajectories will approach a limit
cycle, whose specific form depends on the parameter κ. In Fig. 6.2 we show the
vector field corresponding to Eq. (6.4) with limit cycle (pink), which attracts all
trajectories.

In the context of two-dimensional systems, one of the central theoretical re-
sults in nonlinear dynamics is the Poincaré-Bendixson theorem: Suppose that R
is a closed, bounded subset of the phase plane in two dimensions and Eq. (6.1) is
a continuously differentiable vector field on an open set containing R. Further-
more, suppose that R does not contain any fixed points and that there exists a
trajectory x(t) that is confined in R, in the sense that x(t) starts and stays in R
for all times. Then, either x(t) is a closed orbit or it approaches a closed orbit in
the long time limit (t →∞). In either case, R contains a limit cycle. Note, that
this implies that chaotic behavior is not possible in two dimensions. For details
on the proof see Ref. [59].

While the Poincaré-Bendixson theorem is a very important result, it is in
most cases of little practical use. Linear stability analysis on the other hand
has proven to be a helpful tool for investigating the stability and bifurcations
of limit cycles. In the following we will discuss the important example of the
(Poincaré–Andronov–)Hopf bifurcation.
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Figure 6.2: Vector field of the van der Pol oscillator, Eq. (6.4), with κ = 1:
All trajectories inside the stable limit cycle (pink) are pushed out-
ward, whereas all outer trajectories are attracted inward. Even-
tually all trajectories will follow the trajectory traced by the limit
cycle. Adapted from Ref. [58].

Suppose a two-dimensional system has a fixed point x∗. If the fixed point is
stable, then the two eigenvalues, λ1 and λ2, of the Jacobian matrix J0 (x∗) must
both have negative real part (see Sec. 6.1.1). However, if the real part of one
or both eigenvalues becomes positive upon modification of the control parameter
κ, the stability of x∗ changes. Since λ1/2 satisfy a quadratic equation with real
coefficients, there are two possible cases: Either both eigenvalues are real and
negative or λ1/2 are complex conjugates. Here, we focus on the latter case of a
pair of complex conjugated eigenvalues. Suppose, as the eigenvalues cross the
imaginary axis and x∗ looses its stability, a stable limit cycle emerges about
the former stable fixed point. Then, we say that the system has undergone a
supercritical Hopf bifurcation. On the other hand, a subcritical Hopf bifurcation
occurs if an unstable limit cycle exists additionally to the stable fixed point. As
the control parameter κ is varied, the limit cycle tightens around x∗ and as λ1/2

become purely imaginary, the unstable limit cycle shrinks to zero amplitude and
the fixed point becomes unstable.

To illustrate this further, consider again the van der Pol oscillator, Eq. (6.4).
The fixed point under investigation is x∗ = (0,0) and the eigenvalues of the
Jacobian matrix are given by λ1/2 = κ ±

√
κ2 − 4, which have positive real part

for 0 < κ < 2 and become purely imaginary for κ = 0. Hence, the van der Pol
oscillator undergoes a supercritical Hopf bifurcation at κ = 0 with stable limit
cycle for 0 < κ < 2 (see Fig. 6.2).

Finally, we would like to remark that limit cycles and Hopf bifurcations are
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not limited to the case of two-dimensional systems but can occur in the phase
space of any higher dimension [58].

6.2 The electron shuttle

In the last years we have seen an increasing interest in the concepts and imple-
mentations of nanoelectromechanical systems (NEMS), which combine mechani-
cal and electronic degrees of freedom in a single nanoscale device. The interplay
of mechanical motion and electrostatics makes them interesting both from a tech-
nological as well as a fundamental point of view. Potential industrial applications
of such devices are, for instance, nanomechanical switches [60], electronic trans-
ducers [61–63], solar cells [64, 65] or high-sensitivity charge, spin and mass sensors
[66–68]. From the scientific point of view, they offer the possibility to study for
example phonon-mediated processes [69] or nonlinear dynamics of nanomechani-
cal oscillators and resonators [70–73]. In general, NEMS are fascinating because
of their mesoscopic nature: Their behavior is notably determined by quantum
mechanics despite the macroscopic aspect that they usually consist of a large
number of atoms. Thus, NEMS provide a platform for studying mechanical de-
grees of freedom at the interface between the quantum and classical worlds [74,
75].

One particular example of a NEMS is the electron shuttle [76–78]. As the
name suggests, the characteristic feature of this device is that a movable object
transfers electrons one-by-one by oscillating between a source and a drain lead.
In the first proposal of the electron shuttle [76], the oscillating object is a metallic
grain or molecular cluster attached to the leads by elastically deformable organic
molecular links (see Fig. 6.3). The shuttle is tunnel coupled to the source (S) and
drain (D), such that electrons can jump between the leads and the grain. Notably,
the rate of tunneling depends on the position of the shuttle in a nonlinear fashion
– the closer the shuttle is to the lead, the larger is the rate of tunneling. A bias
voltage V applied to the source and drain generates an electric field αV . The
shuttle mechanism works as follows: When the shuttle is close to the source,
electrons are loaded onto the grain. The electrostatic force Fel = αV q due to
the electric field between the leads pushes the negatively charged shuttle (q > 0)
toward the drain similar to a charged particle in a capacitor [see Fig. 6.3 (a)].
As the shuttle approaches the drain, the electrons are unloaded from the grain,
leaving it uncharged (q = 0). Due to the oscillator restoring force the shuttle
returns [see Fig. 6.3 (b)] and the cycle starts again. Above a critical value of the
applied bias voltage the damping due to friction is overturned by the electrostatic
force. As a result, oscillations of the shuttle are sustained and in each cycle a
number of electrons are transferred from one lead to the other.
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Figure 6.3: Illustration of the shuttling mechanism: A movable metallic grain
is tunnel coupled to a source (S) and a drain (D) lead. If the grain
is loaded with electrons (q > 0), the electrostatic force Fel = αV q
generated by the bias voltage V between the leads pushes the shuttle
toward the drain (a). If the electrons then tunnel out of the grain
into the drain, only the oscillator restoring force acts on the empty
grain (q = 0), pushing the shuttle back toward the center. For weak
friction the shuttle may pass the center and approach the source
(b), where electrons may tunnel again into the grain, which closes
the cycle. The tunneling rates into and out of the leads depend
exponentially on the position x of the shuttle [see Eq. (7.2)], such
that electron tunneling is enhanced in the proximity of the lead as
indicated by the thickness of the arrows. Adapted from Ref. [28].

The coupled system of mechanical and electronic degrees of freedom has drawn
considerable theoretical and experimental attention since its original proposal.
Theoretical descriptions of the system range from full quantum mechanical mod-
els of the coherent dynamics [82–88] to semiclassical [88–90] and completely clas-
sical descriptions [76, 91–93]. Throughout this thesis, we describe the system
classically, which is justified if the intragrain electronic relaxation time is much
shorter than the tunneling charge relaxation time and is sometimes referred to
as classical shuttling of particles [94]. The underlying mechanism (tunneling of
electrons via Fermi’s golden rule), is nevertheless intrinsically quantum. The elec-
tron shuttle has been experimentally realized by a vibrational fullerene molecule
[79], gold grains [80, 95, 96], as well as nanopillars [81] as molecular junctions
between two leads. The different experimental realizations are shown in Figs. 6.4
(a) – (c). Also macroscopic shuttles, consisting of a pendulum between two ca-
pacitor plates [97], rotational [98, 99] and coupled electron shuttles [100, 101],
and shuttles based on electron spin [102] and Cooper pairs [94, 103] have been
investigated. Reviews on the electron shuttle can be found in Refs. [94, 104–107].
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Figure 6.4: Different experimental realizations of the nanomechanical electron
shuttle using (a) a fullerene molecule, (b) a gold nanoparticle or (c)
a nanopillar as movable island to shuttle electrons between source
and drain. Panel (a) is taken from Ref. [79], panel (b) from Ref. [80]
and panel (c) from Ref. [81].

In the following Sec. 7, we study the electron shuttle in more detail and,
especially, develop a consistent thermodynamic description of the system to study
the thermodynamic properties of self-oscillation. Further, in Sec. 8, we investigate
a stochastic engine based on the mechanism of electron shuttling as an application
of our analysis.
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Chapter 7

Stochastic thermodynamics of
self-oscillation

Self-oscillation is a phenomenon studied across many scientific disciplines, in-
cluding the engineering of efficient engines and generators. The appeal of self-
oscillatory systems is that they provide a useful transduction mechanism for the
design of autonomous motors and heat engines by converting direct current into
stable oscillations. Classical self-sustained oscillations have been analyzed using
the tools of deterministic nonlinear dynamics as discussed in Sec. 6.1. For the elec-
tron shuttle in particular, a sharp transition from stationarity to self-oscillation
arises due to a Hopf bifurcation as the voltage difference between the leads crosses
a threshold value [88]. While the dynamical description is well understood, the
electron shuttle has not yet been thoroughly investigated from a thermodynamic
perspective. Our aim in this chapter is to provide such a perspective and lay
out the groundwork for further thermodynamic analysis of the electron shuttle
as a paradigmatic engine that converts direct electric current into periodic me-
chanical motion [29]. We discuss a possible realization of such an engine based
on the electron shuttle mechanism in Sec. 8. Because the electron shuttle is a
nanoscale device, fluctuations play a central role in our analysis, in contrast with
deterministic classical models.

In recent years a number of models of non-autonomous stochastic heat en-
gines have been proposed and investigated within the framework of stochastic
thermodynamics [108–113]. In these models, externally applied time-periodic
driving leads to the conversion of thermal fluctuations into work. By contrast,
autonomous nanoscale engines are characterized by the absence of an externally
imposed cycle (see also Sec. 6.1). A variety of such autonomous engines have re-
cently drawn both theoretical and experimental attention. First, thermoelectric
devices, which use the interplay of thermal and chemical gradients to perform
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useful tasks, were proposed [48, 114–118] and experimentally realized using QD
structures [119–121]. Second, stochastic self-oscillatory engines were analyzed, in-
cluding a Brownian gyrator [122, 123], a rotor engine [25, 124], a heat engine based
on Josephson junctions [125], solar cells [22, 126, 127] or mechanical resonators
[23, 123], and an experimental realization of the Feynman’s ratchet-and-pawl
mechanism [128]. While particular thermodynamic aspects, such as nonequilib-
rium hot electron transport [129], subresonance inelastic electronic transport [130,
131] and tip-induced cooling [132] have been investigated, a systematic thermo-
dynamic description of a nanoscale self-oscillating system, such as the one we
provide for the electron shuttle, is still missing.

In the following, we investigate the electron shuttle at three different levels
of description: the fully stochastic level modeled by a FPE and the equivalent
Langevin equation, a mean-field (MF) model described as a deterministic dynam-
ical system, and an intermediate perturbative model based on multiple scale (MS)
perturbation theory, containing both deterministic and stochastic elements. We
study the dynamics and obtain statements of the first and second laws of ther-
modynamics at all three levels of description. In doing so, we draw a direct
line between our stochastic thermodynamic model of the electron shuttle and the
nonlinear dynamic model of Refs. [76, 91]. We find that the abrupt onset of self-
oscillatory behavior observed at the deterministic level, appears at the stochastic
level as a smoothed but nevertheless discernible transition from stationarity to
self-oscillation. At all three levels of description, this transition is reflected in
thermodynamic quantities such as the rates of heat flow and entropy production.

This chapter starts with a mathematical description of the system at the
different levels mentioned above: the fully stochastic model in Sec. 7.1.1, the MF
approach in Sec. 7.1.2, and the intermediate, perturbative model in Sec. 7.1.3.
The dynamics at the different levels are discussed and compared in Sec. 7.1.4. In
Sec. 7.2 the first and second laws of thermodynamics are derived at the different
levels of description, fully stochastic in Sec. 7.2.1, the MF level in Sec. 7.2.2, and
the MS description in Sec. 7.2.3, followed by a discussion of the thermodynamic
behavior of the electron shuttle in Sec. 7.2.4. Finally, in Sec. 7.3, we discuss our
findings and point out future applications.

7.1 Modeling of the single-electron shuttle

7.1.1 Fully stochastic description

We here introduce the specific model of an electron shuttle considered in this
chapter. In contrast to the original proposal [76], we idealize the QD by assuming
Coulomb blockade. That is, we assume the QD can accept no more than a single
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excess electron, due to Coulomb repulsion. Hence the charge can take only the
two values q = 0 (empty) and q = 1 (occupied). In this scenario electrons can be
transferred one by one between the two leads [133–135]. We use this simplified
model of a single-electron shuttle for illustrational and numerical purposes, but
the phenomenology discussed in Sec. 6.2 does not change if multiple electrons are
allowed on the QD.

The QD with on-site energy ε is hosted by a nanomechanical oscillator. In the
following we will refer to this combined system of QD and oscillator as a “shuttle”.
We describe the movement of the oscillator in one dimension with position x ∈ R
and velocity v ∈ R. The charge q of the shuttle (setting the electron charge e ≡ 1)
can change due to electron tunneling with one of the two leads, source (S) or
drain (D), with chemical potentials µS = ε + V /2 and µD = ε − V /2, respectively.
The bias voltage between the two leads is then given by V = µS − µD.

The QD and the motion of the shuttle are coupled by the electric field that is
generated by the bias voltage and assumed to be homogeneous between the leads
[76]. Thus an electrostatic force Fel = αV q acts on the shuttle when it is charged
(q = 1), pushing it toward the drain with lower chemical potential [see Fig. 6.3
(a)]. Here α is an effective inverse distance between the leads. When there is no
excess electron on the shuttle (q = 0) this electrostatic force is absent.

The mechanical vibrations of the QD are modelled as a harmonic oscillator
with an effective mass mg [76, 79, 94, 104]. From a classical point of view, this
restoring force can be explained through interactions between the shuttle, its
anchor and the leads, which can be approximated by a harmonic potential [79].
The restoring force acting on the shuttle is then given by Fharm = −Kx with
spring constant K, such that ωK =

√
K/mg is the frequency of the harmonic

oscillator. The shuttle is damped by Fdamp = −γv with friction coefficient γ and
we assume underdamped motion to enable the possibility of oscillatory shuttling.
Additionally, we connect the oscillator to its own heat bath at inverse temperature
βosc stemming from a dissipative medium in equilibrium. The state of the shuttle
is described by the vector x = (x, v, q)⊺. Combining the electron jumps with the
underdamped oscillations and thermal fluctuations, we describe the dynamics of
the shuttle by a generalized FPE, known e.g. from switching diffusion processes
[136, 137],

∂p

∂t
= [−v

∂

∂x
+
∂

∂v
(ω2

Kx +
γ

mg
v −

αV

mg
q) +D

∂2

∂v2
]p +∑

q′ν

Rν
qq′(x)p(x, v, q

′, t). (7.1)

Here, p ≡ p(x, v, q, t) denotes the joint probability density to find the shuttle
at position x and velocity v with q ∈ {0,1} electrons at time t, and we have
introduced a velocity diffusion coefficient D = γ/(βoscm2

g). The first term of
Eq. (7.1) is a KKE, Eq. (2.31), and describes the underdamped evolution of
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the oscillator in the potential Uq(x) = 1
2Kx

2 − αV qx, at fixed electron charge
q. The second term in Eq. (7.1) couples the mechanical variables (x, v) to the
charge (q) through a ME, Eq. (2.22), describing transitions from state q′ to state
q, corresponding to the tunneling of electrons between the QD and the lead
ν ∈ {S,D}. The transition rates Rν

qq′(x) are given by

RS
10(x) = Γe−x/λfS [ε(x)] ,

RD
10(x) = Γe+x/λfD [ε(x)] ,

RS
01(x) = Γe−x/λ {1 − fS [ε(x)]} ,

RD
01(x) = Γe+x/λ {1 − fD [ε(x)]} ,

(7.2)

and Rν
qq(x) = −∑q′≠qR

ν
q′q(x), which guarantees the conservation of probability, see

Sec. 2.3. Here, Γ denotes a bare tunneling rate, which for simplicity we take to be
equal for the two leads. The probability for quantum mechanical tunneling is ex-
ponentially sensitive to the tunneling distance, such that the tunneling amplitudes
are modulated by the dimensionless displacement x/λ of the center of mass of the
shuttle [76, 89, 138–140], where λ is a characteristic tunneling length. Further-
more, the rates depend on the probability of an electron (hole) with a matching
energy in the lead, i.e., on the Fermi distribution f ν(ε) ≡ [exp(βν(ε − µν)) + 1]

−1

with inverse temperature βν . Note that the effective dot energy ε(x) = ε − αV x
enters the Fermi functions in Eq. (7.2), as the energy of an electron in the shuttle
depends on both, the QD energy ε and the electrostatic potential −αV x (see also
Sec. 7.2).

In Eq. (7.1), the system is connected to three reservoirs at generally different
temperatures: a thermal reservoir of the oscillator at inverse temperature βosc

and two fermionic reservoirs with inverse temperature βν and chemical potential
µν . While the derivations in this chapter are general, when solving the dynam-
ics numerically we will focus on the case of equal temperatures, βosc = βν = β.
Nonequilibrium conditions then arise solely due to the applied bias voltage, i.e.,
µS ≠ µD.

Since the space of dynamical variables defined by the vector x is large, solving
Eq. (7.1) numerically is expensive. We therefore turn to the trajectory represen-
tation of the single-electron shuttle. The SDE

dx =

⎛
⎜
⎜
⎝

dx

dv

dq

⎞
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎝

vdt

(−ω2
Kx −

γv
mg
+
αV q
mg
)dt +

√
2DdB(t)

∑
νq′
(q′ − q)dN ν

q′q(x, t)

⎞
⎟
⎟
⎟
⎟
⎠

(7.3)

produces the FPE, Eq. (7.1), at the ensemble level, as we show in App. A.1 by ex-
plicitly looking at the evolution of averages (see also Sec. 2.5). Analogously to the
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Langevin Eq. (2.41), thermal fluctuations are taken into account in Eq. (7.3) by a
Wiener process dB(t) with zero mean E [dB(t)] = 0 and variance E [(dB(t))2] = dt
(see Sec. 2.5). The independent Poisson increments dN ν

q′q(x, t) ∈ {0,1} obey the
statistics (2.35) – (2.36) and dq = ∑ν dqν .

Well-known models emerge as a simple limit of our description. First, for α →
0 the motion of the oscillator becomes independent of the charge q, and Eqs. (7.1)
and (7.3) describe a simple underdamped harmonic oscillator [see Eqs. (2.31) and
(2.41)]. However, the tunneling of electrons still depends on x [see Eq. (7.2)] and
the QD therefore remains coupled to the oscillator. Second, a complete decoupling
of the QD and the oscillator is achieved in the limit λ → ∞ and α → 0. In that
case, the QD coupled to the leads describes the well known SET [see Eq. (4.20)].

7.1.2 Mean-field approximation

In order to understand the nonlinear dynamics of the compound system of QD
and oscillator, we first look at the MF equations derived from the fully stochastic
evolution. From the FPE, Eq. (7.1), we obtain for the ensemble averaged position
⟨x⟩ and velocity ⟨v⟩:

d

dt
⟨x⟩ = ⟨v⟩ ,

d

dt
⟨v⟩ = −ω2

K ⟨x⟩ −
γ

mg
⟨v⟩ +

αV

mg
⟨q⟩ .

(7.4)

Here, ⟨●⟩ = ∫ dxdv∑q ●p(x, v, q, t) denotes ensemble averages with respect to the
probability distribution p(x, v, q, t). The above equation is exact, but in order to
form a closed set we need an expression for d ⟨q⟩ /dt. Integrating Eq. (7.1) over x
and v we obtain

∂

∂t
p(q, t) = ∫ dxdv∑

q′ν

Rν
qq′(x)p(x, v, q

′, t) =∑
ν

⟨Rν
qq′(x)⟩ . (7.5)

Due to the nonlinearity of the tunneling rates with respect to x [see Eq. (7.2)] we
approximate

⟨Rν
qq′(x)⟩ ≈ R

ν
qq′ (⟨x⟩) , (7.6)

and we refer to this as the MF approximation. Note that if the tunneling rates
Rν
qq′(x) were linear in x, Eq. (7.6) would be an equality and Eq. (7.4) would be

closed without the MF approximation. However, no shuttling would be observed
in this case.
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Within the MF approximation, the shuttle dynamics is described by the non-
linear differential equation

˙̄x =

⎛
⎜
⎜
⎝

˙̄x

˙̄v

˙̄q

⎞
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

v̄

−ω2
Kx̄ −

γ
mg
v̄ + αV

mg
q̄

∑
ν
[−Rν

01(x̄)q̄ +R
ν
10(x̄)(1 − q̄)]

⎞
⎟
⎟
⎟
⎠

. (7.7)

The overbars denote that the quantities are governed by MF equations. Within
the MF description, the QD is still described by a probability distribution q̄ ∈ [0,1]
and therefore behaves stochastically, whereas the oscillator is fully deterministic.

The temperature of the oscillator bath, βosc, does not appear in Eq. (7.7). In
effect, the MF approximation describes a macroscopic system for which thermal
fluctuations are negligible, as would be expected in the limit of large oscillator
mass. In this limit the oscillation period 2π/ωK becomes much longer than the
time scale associated with changes in the charge q, hence the charge can be
replaced by its local-in-time average, as reflected in Eq. (7.7). The latter equation
is identical to the one found in the original proposal of Gorelik et al. [76] for the
case of one excess electron.

7.1.3 Multiple scale perturbation theory

To improve on the MF approximation, which only captures the average dynam-
ics of the electron shuttle, we can perturbatively solve Eq. (7.1), by assuming
a separation of time scales between the short dwell-time of electrons and the
slow movement of the oscillator, and applying MS perturbation theory [141–143].
Specifically, we assume that during one oscillation there are many electron tun-
neling events, Γ ≫ ωK. We provide details of the MS calculation in App. A.2,
and summarize the result here.

Working to first order in the perturbation we obtain

p(x, v, q, t) ≈ πq(x)p̃(x, v, t), (7.8)

where the vector π(x) = [π0(x), π1(x)]⊺ denotes the stationary state of the rate
matrix R(x) = ∑ν Rν(x) with entries [Rν(x)]qq′ ≡ R

ν
qq′(x) defined in Eq. (7.2).

Thus, π(x) is the right eigenvector corresponding to the zero eigenvalue, nor-
malized to unity: ∑q πq(x) = 1. The probability density to find the oscillator at
position x with velocity v at time t is given by p̃ = p̃(x, v, t), which obeys the FPE

∂

∂t
p̃ = [−v

∂

∂x
+
∂

∂v
(ω2

Kx +
γ̃(x)

mg
v −

αV

mg
qeq(x))] p̃ + D̃(x)

∂2p̃

∂v2
. (7.9)
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Here, qeq(x) ≡ π1(x) is the instantaneous stationary charge of the QD given by

qeq(x) =
fS [ε(x)] − fD [ε(x)]

1 + e2x/λ
+ fD [ε(x)] . (7.10)

As seen in Eq. (7.9), the effects of the electronic degrees of freedom on the evolu-
tion of the oscillator are incorporated into an effective potential Ũ(x), along with
position dependent friction and diffusion coefficients:

∂

∂x
Ũ(x) = Kx − αV qeq(x), (7.11)

γ̃(x) = γ +
αV

2Γcosh(x/λ)
∂qeq(x)

∂x
, (7.12)

D̃(x) = D +
α2V 2qeq(x)

2m2
gΓcosh(x/λ)

[1 − qeq(x)] . (7.13)

The zeroth order perturbation (see App. A.2) corresponds to an adiabatic
approximation, i.e., infinite time scale separation, Γ → ∞. In that limit we
have γ̃(x) → γ and D̃(x) → D, and Eq. (7.9) describes underdamped Brownian
motion in the effective potential Ũ(x) at inverse temperature γ/(Dm2

g) = β
osc

[compare to the KKE, Eq. (2.31)]. In this situation, detailed balance, Eq. (4.5),
is satisfied and the oscillator relaxes to an effective equilibrium state, with no self-
sustained oscillations, see Eq. (2.32). By contrast, in the first order perturbation
represented by Eq. (7.9), the x-dependence of γ̃(x)/[D̃(x)m2

g] breaks detailed
balance, giving rise to nonequilibrium behavior and allowing for the possibility of
self-oscillations.

To solve Eq. (7.9) approximately, we parametrize x and v by the energy E
and the oscillation phase θ,

x =

√
2E

K
sin θ and v =

√
2E

mg
cos θ, (7.14)

such that 1
2Kx

2 + 1
2mgv2 = E , and we assume that the probability density does

not depend on the phase [144]: p̂(E , θ, t) ≈ p̂(E , t). With the transformations of
Eq. (7.14) and the latter assumption we find a FPE for the energy distribution
by averaging over the phase θ (see App. A.3):

∂

∂t
p̂(E , t) =

∂

∂E
[2E (

γ̂(E)

mg
+mgD̂(E)

∂

∂E
) p̂(E , t)] , (7.15)

where p̂(E , t) is the transformed probability distribution p̃(x, v, t). The effective
friction and diffusion parameters take after the transformation the form

γ̂(E) =
1

2π

2π

∫
0

dθ γ̃(x) cos2 θ and D̂(E) =
1

2π

2π

∫
0

dθ D̃(x) cos2 θ. (7.16)

57



CHAPTER 7. STOCHASTIC THERMODYNAMICS OF SELF-OSCILLATION

Solving for the steady state of Eq. (7.15), i.e. ∂p̂/∂t = 0, we get [39]

p̂ss(E) =
1

Ẑ
exp
⎛

⎝
−

E

∫
0

γ̂(E ′)

m2
gD̂(E

′)
dE ′
⎞

⎠
, (7.17)

where Ẑ is a normalization constant.

7.1.4 Dynamics on the different levels of description

In this section we discuss and compare the dynamical behaviour of the single-
electron shuttle at the different levels of description introduced before. All nu-
merical results in this section are obtained using the parameter values specified
in App. A.4.

7.1.4.1 Stochastic dynamics

We start by looking at the fully stochastic model, given by Eq. (7.1). Rather
than solving the FPE directly, we generate stochastic trajectories evolving under
the Langevin Eq. (7.3). In Fig. 7.1 (a) and (b) we show trajectory segments
x(t) for two different values of the applied bias voltage: βV = 1.0 [panel (a)]
and βV = 40.0 [panel (b)]. The two figures show quite different behavior of the
stochastic position (brown) as well as the tunneling of electrons, indicated by pink
(source) and blue (drain) bars. Here, a negative value of dqν denotes the jump of
an electron from the QD into the reservoir ν (dqν = −1), whereas a positive value
indicates the reverse process (dqν = 1).

For a small bias voltage [panel (a)] tunneling events are frequent and the
position x(t) oscillates irregularly around the equilibrium position. In contrast,
Fig. 7.1 (b) shows regular oscillations of the position and fewer tunneling events.
Also, the tunneling events in Fig. 7.1 (b) are synchronized with the shuttling:
During each period of oscillation, the empty shuttle picks up one electron from
the source (pink bar) as it moves past the origin toward the drain, dx/dt < 0,
and it releases that electron to the drain on its way back (blue bar), dx/dt > 0.
(Typically, immediately after releasing the electron the shuttle picks up another
electron from the source and quickly delivers it to the drain.) This behavior
reflects the mechanism of electron shuttling discussed in Sec. 6.2.

The directed shuttling of electrons coincides with self-oscillation, as illustrated
in Fig. 7.1 (c) and (d), which show the stationary probability density of the
oscillator, p(x, v) = ∑q p(x, v, q), obtained by simulating a long trajectory evolving
under Eq. (7.3) and assuming ergodicity (see App. A.4). For a small bias voltage
[panel (c)], p(x, v) is peaked at the origin, showing no sign of regular oscillations.
When the applied voltage sufficiently large [panel (d)], the probability density is

58



7.1. MODELING OF THE SINGLE-ELECTRON SHUTTLE

Figure 7.1: Top: Exemplary trajectories of the position x (brown) together
with electron jumps between the QD and the source dqS (pink) and
the drain dqD (blue) for (a) βV = 1.0 and (b) βV = 40.0 showing
clearly the shuttling for a large bias voltage. Bottom: Probability
density of the oscillator p(x, v) in phase space for (c) βV = 1.0 and
d) βV = 40.0 simulated from Eq. (7.3). The circular orbit indicates
self-oscillation. The green dot and circle correspond to MF solutions
[see Eq. (7.7)]. Parameters specified in App. A.4. Adapted from
Ref. [28].
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concentrated around a circular orbit, revealing self-oscillatory motion with some
amplitude and phase noise. These behaviors are consistent with the trajectories
shown in Fig. 7.1 (a) and (b), respectively, and they suggest that there exists
a value of V above which the shuttle oscillates, as we will discuss later in this
chapter. Similar oscillator distributions in phase space have been observed for
Wigner functions in semiclassical descriptions of the single-electron shuttle [85,
86]. Note that V enters the equations governing the dynamics via the coupling
to the electrostatic field and via the chemical potentials [see Eq. (7.2)].

7.1.4.2 Mean-field dynamics

We now turn to the MF dynamics. The green dot and circle in Fig. 7.1 (c)
and (d) correspond to the solutions of the MF model given by Eq. (7.7). As
we can see, the MF solutions coincide very well with the stochastic phase space
distribution. As shown in previous extensive studies [88], when the parameter V
crosses a critical value V̄cr, the MF system undergoes a Hopf bifurcation from a
stable fixed point to a stable limit cycle. In order to determine the critical value
V̄cr, we perform a linear stability analysis in App. A.5 (see also Secs. 6.1.1 and
6.1.2)

The linear stability analysis tells us that in the long time limit the MF system
is at rest for V̄ < V̄cr and oscillating for V̄ > V̄cr. However, upon closer inspection
we find that three dynamical regimes can be distinguished, which we characterize
as follows:

SET regime (I): The point (x̄∗, v̄∗) = (αV q̄∗/K,0) is a fixed point of Eq. (7.7),
and below the critical value of the applied voltage, this fixed point is stable (see
Sec. 6.1.1): from any initial conditions the oscillator spirals into this point, hence
at steady state the MF system does not oscillate [see Fig. 7.1 (c)]. In Fig. 7.2 (a)
we find the steady state solution of the MF position at x̄∗ = 0.006λ and electron
currents ĪS

M = −Ī
D
M = 0.122Γ, describing a fixed oscillator and a constant current

from source to drain. The electrostatic force Fel cannot overcome friction and the
dynamics of the QD are described by a simple ME of the SET, Eq. (4.20) with
(net) electron current ĪM = ĪS

M = −Ī
D
M = Γ/2{fS[ε(x̄∗)] − fD[ε(x̄∗)]} sech (x̄∗/λ)

[see Eq. (4.22)]. Note that at the stochastic level [see Fig. 7.1 (a)] the oscillator
is not fixed – only the average position and velocity are equal to the fixed point
values.

Shuttling regime (III): For a bias voltage V ≫ V̄cr the system is self-oscillating
and therefore acts as a shuttle transporting one electron from source to drain
during each cycle [see Fig. 7.1 (b) and Fig. 7.2 (c)]. When the shuttle is occupied
by an electron, Fel is sufficient to overcome friction, leading to self-sustained
oscillations. Note that perfect shuttling, i.e., transport of exactly one electron
per oscillation, only occurs at very large values of V . For a bias of βV̄ = 55.0
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Figure 7.2: MF position x̄ (brown solid) as well as source (pink dashed) and
drain (blue dotted) currents, ĪS and ĪD, during one oscillation pe-
riod in the asymptotic limit. From (a) to (c) the bias voltage V
is increased. Below βV̄cr = 15.0 the system is equivalent to a SET
and the position x̄∗ = αV q̄∗/K is constant as indicated also by the
illustration in (a) [regime (I)]. Above the critical voltage the system
oscillates and after a crossover regime (II) [panel (b)] the system
acts as an electron shuttle (III) transporting one electron per cy-
cle. The illustrations in (c) indicate the position of the oscillator
during the cycle. Parameters specified in App. A.4. Adapted from
Ref. [28].
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there are still more tunneling events than from shuttling electrons one by one,
which in Fig. 7.2 (c) can be seen from the fact that both currents ĪνM are finite
when x̄ ≈ 0. We also see this in the stochastic case in Fig. 7.1 (b).

Crossover regime (II): When V ≳ V̄cr the system exhibits both SET and shuttle
behavior. Above V̄cr the MF fixed point is unstable and a small perturbation to
the system causes variations in the charge of the QD. The electrostatic force
acting on these charge variations provides positive feedback on the oscillator and
compensates for losses due to friction. The asymptotic MF state is characterized
by periodic oscillations of the position x̄ and velocity v̄ – as in the shuttling regime
(III) – as well as charge q̄ and matter currents ĪνM [see Fig. 7.2 (b)]. However,
throughout the entire period of oscillation the QD is able to exchange electrons
with both leads, as in the SET regime (I). As the bias voltage is increased,
the amplitude of oscillations increases [note the different scales of the y-axis in
Figs. 7.2 (b) and (c)], and the time during which the shuttle exchanges electrons
with the leads decreases, and finally only one electron is transferred per cycle,
which corresponds to the pure shuttling regime (III).

7.1.4.3 Perturbative dynamics

To gain further insight into the transition to self-oscillation, we solve the full
FPE, Eq. (7.1), perturbatively by imposing a time scale separation between
the rapid tunneling events of electrons and the slow movement of the oscilla-
tor (see Sec. 7.1.3). In Fig. 7.3 (a) we plot the steady state probability den-
sity p̃ss(E), Eq. (7.17), obtained from this calculation for different applied bias
voltages (dotted). We also plot the corresponding energy distributions pss(E) =

∫ δ(E −Kx
2/2 −mgv2/2)pss(x, v)dxdv determined from numerical simulations of

the full stochastic evolution (solid). The two sets of distributions show similar
behavior: for small voltages the maximum occurs at E = 0 but for larger values of
V the distributions are peaked at non-zero values of the energy, corresponding to
self-oscillation as discussed earlier. For βV = 30.0 (blue) the maximum of pss(E)

occurs at smaller values of E compared to p̃ss(E). This deviation can be under-
stood in terms of the underlying assumption of time scale separation of the MS
perturbation theory: As the bias voltage is increased the system transitions from
the SET regime (I) with clear time scale separation, to the shuttling regime (III),
where time scales are comparable. Thus, in the shuttling regime, MS is expected
to be not as good as in the SET regime.

7.1.4.4 Comparison

Finally, we compare all three levels of description in terms of an order pa-
rameter A that quantifies the magnitude of self-oscillation. In the MF case
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Figure 7.3: (a) Numerical solutions of p̂ss(E) (MS, dotted) together with the
equivalent plots of the stochastic solution p(E) (FPE, solid) as func-
tion of the energy E of the oscillator. A maximum larger than zero
indicates that the system is oscillating. For large values of V the
MS solution deviates from the stochastic solution due to the break
down of the time scale separation. (b) ‘Order parameter’ A of os-
cillation as function of V for the FPE (brown solid), the MF (pink
dashed) and the MS description (blue dotted): All three descrip-
tions predict an onset of oscillation and agree quite well for the
chosen set of parameters. The inset shows a zoom into the onset
region. Parameters specified in App. A.4. Adapted from Ref. [28].

the position at long times performs oscillations of the form x̄(t) = Ā cos(ω̄t +
ϕ̄0) + x̄∗, and we choose AMF = Ā as our order parameter. In the stochastic
case we consider the probability density at v = 0, i.e., p(x, v = 0), which in
the case of large self-oscillations resembles a pair of well-separated peaks [see
Fig. 7.1 (d)]. We fit p(x, v = 0) to a normalized sum of Gaussians, g(x) =
{exp[−(x − c − x0)

2/2σ2] + exp[−(x − c + x0)
2/2σ2]} /Z(σ) with fit parameters1 σ2,

c, and x0. We then define the self-oscillation amplitude AFPE in terms of the
value(s) x at which the function f(x) = g(x + c) has a maximum: when x0 ≤ σ,
f(x) has a unique maximum at x = AFPE = 0, and when x0 > σ, f(x) has distinct
maxima at x = ±AFPE. Note that this definition is not sensitive to small oscilla-
tions of the stochastic system, as it gives AFPE = 0 when x0 ≤ σ, even though the
shuttle may be oscillating. Finally, for the MS perturbative solution, we define

1We have to include a shift c because the the orbit is not exactly centered around the origin.
This shift is the counterpart of x̄∗ discussed in the MF context in Sec. 7.1.4.2.
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the self-oscillation amplitude as AMS =
√

2Emax/K, where Emax is the value of E
at which p̂ss(E) is maximum [see Eqs. (7.15) and (7.17)]. Similar to AFPE, and
for the same reason, AMS is not sensitive to small oscillations.

In Fig. 7.3 (b) we show A for the different levels of description as a function
of the applied voltage: FPE (brown solid), MF (pink dashed) and MS (blue
dotted). All three descriptions show an onset of oscillation at a critical value
of the voltage. The specific values are given by βV̄cr = 15.0, βV ∗FPE = 13.2 and
βV ∗MS = 13.6. These values are surprisingly close to each other, in particular the
MS analysis accurately reflects the onset seen in the full stochastic simulations.
Recall, however, that since AFPE and AMS are not sensitive to small oscillations,
the onset to self-oscillation in the FPE and MS cases may not be as abrupt as
suggested by the data in Fig. 7.3 (b).

As V is increased, the perturbative solution deviates from the stochastic am-
plitude of oscillation due to the lack of time scale separation, as discussed earlier
in Sec. 7.1.4. On the other hand, for large voltages the MF and stochastic descrip-
tion coincide quite well, as the deterministic component of the dynamics becomes
dominant and the fluctuations become less important. Note that the onset of
oscillations in the stochastic case may vary somewhat according to the choice
of fitting function g(x). Also, due to fitting of the probability density, AFPE is
quite noisy close to the onset; see inset of Fig. 7.3 (b). Despite these caveats,
we see that a transition toward self-oscillation can be identified at all three lev-
els of description. Next, we investigate whether this transition is reflected in
thermodynamic quantities such as chemical work, heat, and entropy production.

7.2 Thermodynamics

In this section we formulate the first and second law of thermodynamics at the
different levels of description introduced above – stochastic in Sec. 7.2.1, MF in
Sec. 7.2.2 and MS in Sec. 7.2.3. In each case we introduce precise definitions
of essential thermodynamic quantities, namely heat, work, and entropy produc-
tion. At the stochastic level (Sec. 7.2.1), the calculations follow closely the ones
presented for the ME in Sec. 4.1 and the KKE in Sec. 4.2. We compare the ther-
modynamic behavior of the electron shuttle at the different levels of description in
Sec. 7.2.4, focusing on the thermodynamic signatures of the onset of spontaneous
self-oscillation.
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7.2.1 Stochastic thermodynamics

We start by looking at the full stochastic model, Eq. (7.1). The total energy of
the coupled system is given by

E(x, v, q) =
mgv2

2
+
Kx2

2
+ εq − αV xq, (7.18)

where the first two terms correspond to the kinetic and potential energy of the
harmonic oscillator (see Sec. 4.2) and the third term is the energy of the QD (see
Sec. 4.1). The last term describes the interaction energy of the oscillator with
the QD, which is given by an electrostatic energy analogous to that of a charged
particle in a capacitor with a constant electrostatic field of strength αV . The
average of total energy is then given by

⟨E⟩ = ⨋ E(x, v, q)p(x, v, q, t), (7.19)

where p(x, v, q, t) is the solution of the FPE, Eq. (7.1), and where we have intro-
duced the short-hand notation ⨋ ≡ ∫ dx ∫ dv∑q.

By the first law of thermodynamics, a change of the total energy of the system
is due either to exchange of heat or to work performed by (on) the system (see
Sec. 3.1). The average change of total energy in the electron shuttle is expressed
as

d

dt
⟨E⟩ = ⨋ E(x, v, q)

∂p(x, v, q, t)

∂t
. (7.20)

Inserting Eq. (7.1) into the latter equation and using the conservation of proba-
bility as well as partial integration2 we obtain:

d

dt
⟨E⟩ = ⟨Q̇S⟩ + ⟨Q̇D⟩ + ⟨Ẇ chem⟩ + ⟨Q̇osc⟩ . (7.21)

Derivatives with respect to time ( ddt) denote exact (or complete) differentials
whereas a dot (⋅) denotes inexact ones, see Secs. 4.1, 4.2. The average heat
absorbed from reservoir ν is given by

⟨Q̇ν⟩ = (ε − µν) ⟨IνM⟩ − αV ⟨xI
ν
M⟩ . (7.22)

Here, ⟨IνM⟩ is the current from reservoir ν [see Eq. (4.10)],

⟨IνM⟩ = ∫ dxdv [R
ν
10(x)p(x, v, 0, t) −R

ν
01(x)p(x, v,1, t)] , (7.23)

and
⟨xIνM⟩ = ∫ dxdv x [R

ν
10(x)p(x, v, 0, t) −R

ν
01(x)p(x, v, 1, t)] (7.24)

2assuming vanishing boundary contributions, limx→±∞ xp = limv→±∞ vp = 0
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represents the position-current correlation. The average chemical work is given
by

⟨Ẇ chem⟩ =∑
ν

µν ⟨IνM⟩ , (7.25)

and the heat current entering from the reservoir of the oscillator is

⟨Q̇osc⟩ = −γ (⟨v2⟩ −
1

mgβosc) . (7.26)

We use the convention that work performed on the system is positive as is heat
transferred from a reservoir into the system. With these definitions of heat and
work we can derive a consistent second law as we will show below. Eq. (7.26) is
formally equivalent to the definition of heat in underdamped Langevin dynamics
[27], see Eq. (4.29). Similarly, the definition of the chemical work rate, Eq. (7.25),
is consistent with the corresponding definition of the SET [see Eq. (4.8) and, e.g.,
Refs. [48] and [4] and references therein]. However, the definition of heat with
respect to source and drain, Eq. (7.22), differs by the additional contribution of
−αV ⟨xIνM⟩, which stems from the interaction of QD and oscillator. Note that the
above definitions of average chemical work rate and average heat flows can also
be derived from Eq. (7.3) using stochastic calculus, which we show in App. A.6.

To establish that the second law holds, i.e., that the average total entropy
production rate is non-negative, we consider the evolution of the Shannon entropy,
Eq. (4.12),

S(t) = −kB⨋ p(x, v, q, t) lnp(x, v, q, t). (7.27)

In the following, we denote partial derivatives with a subscript, e.g. ∂v = ∂/∂v.
Taking the time derivative of S(t), introducing the shorthand notation p(q) ≡
p(x, v, q, t), and using the conservation of probability as well as partial integration
we obtain

d

dt
S(t) =kB⨋ {∂v [−

γ

mg
vp(q) −D∂vp(q)]} lnp(q) − kB⨋ ∑

q′ν

Rν
qq′(x)p(q

′) lnp(q).

(7.28)
Letting Ṡ1(t) and Ṡ2(t) denote the two terms on the right side of Eq. (7.28), we
integrate by parts to rewrite the first term as follows:

Ṡ1(t) = kB⨋ {
γ

mg
v∂vp(q) +D

[∂vp(q)]2

p(q)
} . (7.29)

From Eq. (7.26) we obtain

0 =
⟨Q̇osc⟩

T osc +⨋ [
γv2

T oscp(q) +
kBγ

mg
v∂vp(q)] . (7.30)
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Summing Eqs. (7.29) and (7.30) we arrive at

Ṡ1(t) =
⟨Q̇osc⟩

T osc + Σ̇1, (7.31)

where

Σ̇1 = kB⨋
[γvp(q) +Dmg∂vp(q)]

2

Dm2
gp(q)

≥ 0. (7.32)

Next, we rewrite the second term on the right side of Eq. (7.28) as follows:

Ṡ2(t) = −
1

2
kB⨋ ∑

q′ν

[Rν
qq′(x)p(q

′) lnp(q) +Rν
q′q(x)p(q) lnp(q

′)] . (7.33)

From the property of local detailed balance, Eq. (4.2), obeyed by the electron
tunneling rates, Eq. (7.2), i.e.,

Rν
01(x)

Rν
10(x)

= exp [βν(ε − αV x − µν)] , (7.34)

we derive the identity

0 =∑
ν

⟨Q̇ν⟩

T ν
−

1

2
kB⨋ ∑

q′ν

[Rν
qq′(x)p(q

′) −Rν
q′q(x)p(q)] ln

Rν
q′q(x)

Rν
qq′(x)

, (7.35)

where the first term on the right relates to heat exchange with the fermionic leads
[see Eqs. (7.22) - (7.24)]. Summing Eqs. (7.33) and (7.35) and rearranging terms,
we obtain

Ṡ2(t) =∑
ν

⟨Q̇ν⟩

T ν
+ Σ̇2, (7.36)

where

Σ̇2 =
1

2
kB⨋ ∑

q′ν

[Rν
qq′(x)p(q

′) −Rν
q′q(x)p(q)] ln

Rν
qq′(x)p(q

′)

Rν
q′q(x)p(q)

≥ 0. (7.37)

Here, non-negativity follows from the log-sum inequality, Eq. (4.15).
Adding Eqs. (7.31) and (7.36), we find that the rate of change of the system’s

Shannon entropy is given by

d

dt
S(t) = Ṡe + Σ̇, (7.38)

with

Ṡe =
⟨Q̇osc⟩

T osc +∑
ν

⟨Q̇ν⟩

T ν
and Σ̇ = Σ̇1 + Σ̇2 ≥ 0. (7.39)
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Here, the entropy flow rate Ṡe is the rate at which the total entropy of the
reservoirs decreases due to heat exchange with the system [145], see Sec. 3.2. The
quantity

Σ̇ =
d

dt
S −
⟨Q̇osc⟩

T osc −∑
ν

⟨Q̇ν⟩

T ν
≥ 0 (7.40)

is the total entropy production rate, which can be expressed as the sum of two in-
dependently non-negative contributions, from the continuous [Σ̇1, Eq. (7.32)] and
discrete [Σ̇2, Eq. (7.37)] degrees of freedom. The non-negativity of Σ̇, Eq. (7.40),
shows that the second law holds in our system.

We note that the two separate parts of the total entropy production rate
[see Eqs. (7.32) and (7.37)] are formally equivalent to the definitions derived for
an independent underdamped harmonic oscillator, Eq. (4.29) and an independent
SET, Eq. (4.14) [4, 48]. However, as is apparent especially at steady states, where
d
dtS(t) = 0, the entropy production rate involves the heat flows [see Eq. (7.40)],
for which the definitions for the independent systems differ from the definition
for the electron shuttle, Eqs. (7.22) and (7.26).

7.2.2 Mean-field thermodynamics

At the MF level, the total energy of the system (denoted by an overbar) corre-
sponding to Eq. (7.7) is given by

Ē =
mgv̄2

2
+
Kx̄2

2
+ εq̄ − αV x̄q̄, (7.41)

and its rate of change is

dĒ

dt
=mgv̄

dv̄

dt
+Kx̄v̄ + εĪM − αV x̄ĪM − αV q̄v̄, (7.42)

where we have introduced the MF matter current [see Eq. (4.10)],

ĪM =
dq̄

dt
=∑

ν

[Rν
10 (1 − q̄) −R

ν
01q̄] ≡∑

ν

ĪνM. (7.43)

Note that ĪνM > 0 denotes the flow of matter from reservoir ν into the system, and
vice versa for ĪνM < 0. Using Eq. (7.7), the first law of thermodynamics takes the
form

dĒ

dt
=∑

ν

(ε − αV x̄ − µν)ĪνM + µ
ν ĪνM − γv̄

2

= ˙̄QS + ˙̄QD + ˙̄W chem + ˙̄Qosc.

(7.44)
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The heat flow from reservoir ν into the QD is given by [see Eq. (4.9)]

˙̄Qν = (ε − αV x̄ − µν)ĪνM, (7.45)

the rate at which chemical work is performed on the system by [see Eq. (4.11)]

˙̄W chem =∑
ν

µν ĪνM, (7.46)

and the heat flow into the oscillator from its bath is given by

˙̄Qosc = −γv̄2. (7.47)

Note that ˙̄Qosc is always negative, in contrast to the stochastic case [see Eq. (7.26)].
To establish the second law within the MF approximation, we first have to

define the system entropy at this level of description. Within the MF approxi-
mation, Eq. (7.7), the state of the harmonic oscillator (x̄, v̄) evolves deterministi-
cally, while the QD is represented by a probability distribution q̄ evolving under
a ME. We therefore define the entropy of the system to be the Shannon entropy,
Eq. (4.12), of the QD probability distribution:

S̄(t) = −kBq̄ ln q̄ − kB (1 − q̄) ln (1 − q̄) . (7.48)

As in Sec. 7.2.1, the total entropy production rate is the sum of the rates of
change of the entropies of the system and the reservoirs:

˙̄Σ =
d

dt
S̄ −

˙̄Qosc

T osc −∑
ν

˙̄Qν

T ν
. (7.49)

We now analyze the three terms on the right side of this equation.
The rate of change of the system entropy is given by

d

dt
S̄ = kB∑

ν

[Rν
10(x̄) (1 − q̄) −R

ν
01(x̄)q̄] ln

1 − q̄

q̄
. (7.50)

By Eq. (7.47), the second term on the right side of Eq. (7.49) is equal to γv̄2/T osc.
To analyze the third term we use Eqs. (7.34), (7.43) and (7.45) to write

˙̄Qν

T ν
=

1

T ν
(ε − αV x̄ − µν)ĪνM = kB [R

ν
10(x̄) (1 − q̄) −R

ν
01(x̄)q̄] ln

Rν
01(x̄)

Rν
10(x̄)

. (7.51)

Combining results, we obtain

˙̄Σ = kB∑
ν

[Rν
10(x̄) (1 − q̄) −R

ν
01(x̄)q̄] ln

Rν
10(x̄) (1 − q̄)

Rν
01(x̄)q̄

+
γv̄2

T osc ≥ 0, (7.52)

in agreement with the second law.
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7.2.3 Perturbative thermodynamics based on multiple scales

Within the first order perturbative treatment of the FPE, Eq. (7.1), we obtain an
approximation solution given by Eq. (7.8). Therefore, to compute thermodynamic
quantities such as heat and chemical work at this level of approximation, we use
Eq. (7.8) to evaluate the relevant averages introduced in Sec. 7.2.1.

Note that an alternative attempt, which we will not follow here, could be
to derive the laws of thermodynamics based on the effective FPE, Eq. (7.9).
This effective FPE goes, however, beyond a simple adiabatic approximation and
hence, its associated entropy production rate does not match the original entropy
production rate evaluated with the approximated solution [146].

To evaluate the heat flow into the oscillator, Eq. (7.26), we first write

⟨v2⟩ = ∫ dxdv∑
q

v2p(x, v, q, t) ≈ ∫ dxdv v2p̃(x, v, t) = ⟨v2⟩
MS
, (7.53)

where ⟨●⟩MS denotes an average taken with the density p̃(x, v, t). Using the trans-
formation to energy E and oscillation phase θ given by Eq. (7.14), and assuming
p̂(E , θ, t) ≈ p̂(E , t) (see Sec. 7.1.3), we get after averaging over θ:

⟨v2⟩
MS
= ∫ dE

1

mg
E p̂(E , t) =

1

mg
⟨E⟩MS (7.54)

Here, p̂(E , t) is the solution to Eq. (7.15), which at steady state is given by
Eq. (7.17).

For the chemical work and the heat exchanged with the leads, we need the
currents ⟨IνM⟩ and position-current correlations, ⟨xIνM⟩. Substituting Eq. (7.8)
into Eq. (7.23) we get

⟨IνM⟩ ≈ ⟨[R
ν
10(x)π0(x) −R

ν
01(x)π1(x)]⟩MS . (7.55)

Transforming to (E , θ)-space and averaging over θ gives

⟨IνM⟩MS = ∫ dER̂ν(E)p̂(E , t) = ⟨R̂ν(E)⟩
MS

(7.56)

with

R̂ν(E) =
1

2π

2π

∫
0

[Rν
10(x)π0(x) −R

ν
01(x)π1(x)]dθ. (7.57)

For the position-current correlations, we similarly get

⟨xIνM⟩ ≈ ⟨xR
⋀ν
(E)⟩

MS
, (7.58)
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where

xR
⋀ν
(E) =

1

2π

2π

∫
0

x [Rν
10(x)π0(x) −R

ν
01(x)π1(x)]dθ. (7.59)

Combining these results with Eqs. (7.22), (7.25) and (7.26) we obtain

⟨Q̇ν⟩
MS
= (ε − µν) ⟨R̂ν(E)⟩

MS
− αV ⟨xR
⋀ν
(E)⟩

MS
, (7.60)

⟨Ẇ chem⟩
MS
=∑

ν

µν ⟨R̂ν(E)⟩
MS
, (7.61)

⟨Q̇osc⟩
MS
= −

γ

mg
(⟨E⟩MS −

1

βosc) . (7.62)

As in Sec. 7.2.1, the first law is expressed by Eq. (7.21), but the heat flows and
chemical work rate are now given by Eqs. (7.60) – (7.62).

Using Eq. (7.8), the system entropy, Eq. (7.27), becomes a sum of distinct
contributions from the harmonic oscillator and the QD:

S(t) ≈ ⟨−kB ln p̃ + SQD⟩MS (7.63)

where SQD(x) = −kB∑q πq(x) lnπq(x).
The decomposition dS/dt = Ṡe + Σ̇ [see Eq. (7.38)] remains valid in the MS

approximation. To show that the entropy production rate Σ̇ is non-negative at
this level of approximation, we first look at the contribution from the continuous
degrees of freedom. Replacing p(x, v, q, t) by πq(x)p̃(x, v, t) in Eq. (7.32), we find

Σ̇1 ≈ kB∫ dxdv∑
q

[γvπqp̃ +Dmg∂v(πqp̃)]
2

Dm2
gπqp̃

= kB∫ dxdv
[γvp̃ +Dmg∂vp̃]

2

Dm2
gp̃

≥ 0.

(7.64)
Transforming to (E , θ)-space and averaging over θ then results in

Σ̇1,MS = kB∫ dE
[γ
√
E p̂ +D

√
Em2

g∂E p̂]
2

Dm3
gp̂

≥ 0. (7.65)

Applying a similar analysis for the discrete degrees of freedom [see Eq. (7.37)] we
get

Σ̇2 ≈
1

2
kB⨋ ∑

q′ν

(Rν
qq′πq′ −R

ν
q′qπq) ln

Rν
qq′πq′

Rν
q′qπq

p̃, (7.66)

which after transforming to (E , θ)-space and averaging over θ becomes

Σ̇2,MS =
1

2
kB∫ dE s(E)p̂(E , t) ≥ 0, (7.67)
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where

s(E) =
1

2π

2π

∫
0

dθ∑
qq′ν

(Rν
qq′πq′ −R

ν
q′qπq) ln

Rν
qq′πq′

Rν
q′qπq

. (7.68)

Since s(E) ≥ 0 by the log-sum inequality, Eq. (4.15), and since p̂(E , t) ≥ 0 is a
probability density, Σ̇2,MS is non-negative. Combining results, we get

Σ̇MS = Σ̇1,MS + Σ̇2,MS ≥ 0, (7.69)

again in agreement with the second law.

7.2.4 Discussion

Having derived the general laws of thermodynamics at the different levels, we
now discuss the thermodynamic properties of the model at hand and compare
the stochastic, MF and MS solutions, focusing on the transition toward self-
oscillation. All numerical results are obtained using the parameters specified in
App. A.4.

7.2.4.1 Entropy production rate

We first look at the entropy production. Fig. 7.4 shows the entropy production
rate for the stochastic case (brown solid), the MF case (pink dash-dotted) and
the MS description (blue dotted) at steady state as a function of the applied
bias voltage V . Also shown is the SET entropy production rate Σ̇SET (green
thin), Eq. (4.24), or, alternatively, Eq. (7.37) in the completely decoupled limit
α → 0 , λ→∞ (see Sec. 7.1.1).

The steady state entropy production rate at the MF and the stochastic level
is equal to the chemical work, aside from a factor T . To see this in the stochastic
case, note that at steady state the system’s Shannon entropy and average energy
are constant: dS/dt = 0 = ⟨dE/dt⟩. Combining this observation with Eqs. (7.21),
(7.25) and (7.40), and with our choice of setting all reservoir temperatures to be
equal, βν = βosc = β, we obtain

Σ̇ =
⟨Ẇ chem⟩

T
=
V

T
⟨IS

M⟩ = −
V

T
⟨ID

M⟩ . (7.70)

The last equality follows from the preservation of electron number, ⟨ID
M⟩+⟨I

S
M⟩ = 0.

In the MF case, we arrive at the analogous result using Eqs. (7.44), (7.46) and
(7.49).

At the MF level, we see in Fig. 7.4 that below βV̄cr = 15.0 the entropy pro-
duction rate ˙̄Σ is essentially the same as for the SET. This is not too surprising:
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Figure 7.4: Entropy production rate for the full stochastic description Σ̇

[Eq. (7.40), brown solid], the MF approximation ˙̄Σ [Eq. (7.52), pink
dash-dotted], the MS analysis Σ̇MS [Eq. (7.69), blue dotted)], and
for the SET Σ̇SET [Eq. (4.24), thin green], as a function of V . The
MF entropy production shows a clear signature of the underlying
bifurcation at the critical value βV̄cr = 15.0. The MS entropy pro-
duction rate deviates from (specifically, underestimates) the full en-
tropy production rate as V is increased, due to the breakdown of
time scale separation. Parameters specified in App. A.4. Adapted
from Ref. [28].

below the bifurcation, the system evolves to a stable fixed point, with the QD at
rest near the origin (see Sec. 7.1.4.2). Above the bifurcation the shuttle oscillates,
hence the resulting entropy production deviates from that of the SET. The sharp
transition to self-oscillation is clearly reflected in the deviation of ˙̄Σ from Σ̇SET

for V > V̄cr.
Interestingly, we see in Fig. 7.4 that self-oscillation lowers the rate of entropy

production, relative to the value it would have taken had the QD remained at
rest; that is, ˙̄Σ < Σ̇SET for V > V̄cr. In effect, above the critical voltage, when
faced with a “choice” between two modes of behavior – oscillatory or at rest –
the shuttle adopts the one that generates entropy more slowly. To understand
this point quantitatively, note that the entropy production rate is determined by
the current flowing from left to right through the device, Eq. (7.70). For βV ≫ 1
the SET current approaches ISET

M = Γ/2, as our choice of chemical potentials
produces a SET steady state in which q = 1/2. For the MF case, recall that
for V ≫ V̄cr our system approaches the perfect shuttling regime in which one

73



CHAPTER 7. STOCHASTIC THERMODYNAMICS OF SELF-OSCILLATION

electron is transferred per oscillation period, which implies ĪM = ω/2π, where ω
is the oscillation frequency. Our parameter choices give ISET

M = 0.5 and ĪM ≈ 0.1,
hence the SET generates entropy at a rate about five times that of the MF shuttle,
in the high-bias limit. These results are consistent with the asymptotic slopes of
the SET and MF entropy production rates shown in Fig. 7.4. By the same token,
if the parameters were chosen such that ĪM > ISET

M (roughly, if ωK > πΓ), then we
would get ˙̄Σ > Σ̇SET.

In the stochastic case the oscillator undergoes thermal motion at steady state,
the matter current through the QD is lower than the corresponding SET current,
and as a result Σ̇ < Σ̇SET. Note that the onset of oscillations is not as clearly
marked as in the MF case, rather the entropy production rate transitions smoothly
from one regime to the other. From Fig. 7.4 we see that for both small and large
bias voltages, the MF and stochastic entropy production rates agree quite well:
both approach the SET value when V ≪ V̄cr, and when V ≫ V̄cr the MF value
only slightly underestimates the entropy production rate. However, around the
bifurcation at V̄cr the stochastic entropy production rate deviates substantially
from the MF prediction.

We finally note that the stochastic entropy production rate is well approxi-
mated by the MS results, up to V ≈ V̄cr. As argued in Sec. 7.1.4, for V > V̄cr

the key assumption of time scale separation is no longer valid and the perturba-
tive solution breaks down. This is seen in the large deviation of Σ̇MS from Σ̇ in
Fig. 7.4.

7.2.4.2 Heat flows

Next we look at the heat flows between the shuttle and the three reservoirs.
At steady state the average energy of the system is constant at all levels, i.e.,
⟨dE/dt⟩ = dĒ/dt = ⟨dE/dt⟩MS = 0, as we have verified numerically. In Fig. 7.5
we show the source and drain heat flows. At all three levels of description the
heat flows between the QD and the source and drain are nearly indistinguishable.
This is a consequence of our parameter choices of small α and µν = ε ± V /2, as
can be seen from Eq. (7.22): ⟨Q̇ν⟩ = (ε−µν) ⟨IνM⟩−αV ⟨xI

ν
M⟩. By the conservation

of the matter, the first term on the right is the same for source and drain and
differences arise only from the correlation of x and IνM. Since αλ = 0.06≪ 1, the
difference is barely noticeable in Fig. 7.5. Note that all heat flows are negative
while the chemical work is positive, indicating that chemical work is performed
on the system, and energy is transferred as heat into all three reservoirs.

As with the case of entropy production (Fig. 7.4), at the MF level the onset
of oscillations at βV̄cr is clearly reflected in the heat flows ˙̄Qν (Fig. 7.5) and ˙̄Qosc

(Fig. 7.6). The latter vanishes below the bifurcation (where the shuttle is at
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Figure 7.5: Heat flows between the QD and the leads as a function of the bias
voltage V : Solid lines correspond to heat flow of the source, dotted
lines to heat flow of the drain. We plot the full stochastic heat flows
⟨Q̇ν⟩ [brown, Eq. (7.22)], the MF heat flows ˙̄Qν [pink, Eq. (7.45)]
as well as the heat flows derived by MS perturbation theory ⟨Q̇ν⟩

MS
[blue, Eq. (7.60)]. For comparison we also plot the heat flows of
the SET ⟨Q̇ν

SET⟩ (thin green). The MF heat flows show a clear
signature of the underlying bifurcation whereas the full stochastic
and the MS heat flows transition smoothly between the two regimes
of operation. Parameters specified in App. A.4. Adapted from
Ref. [28].

rest), but becomes negative above the bifurcation, where the shuttle’s oscillatory
motion gives rise to dissipation due to friction. Below the bifurcation, the MF
heat flows agree with the corresponding SET values, as expected.

In the stochastic case the transition to self-oscillation is gradual rather than
sharp, as seen in the behaviours of ⟨Q̇S⟩, ⟨Q̇D⟩ and ⟨Q̇osc⟩. Away from the transi-
tion – that is, for small and large values of V – these heat flows are well approx-
imated by the MF values, as is the case for the entropy production rate.

For the MS solution we see that ⟨Q̇ν/osc⟩ ≈ ⟨Q̇ν/osc⟩
MS

at small values of V . At
larger values of the applied bias voltage the MS heat flows deviate from the full
stochastic heat flows, due to the breakdown of time scale separation as previously
discussed.

To summarize this section, the thermodynamic quantities we have studied –
the entropy production rate and the heat exchanges with reservoirs – all bear
the signature of the onset of self-oscillation. In particular, all of these quantities
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Figure 7.6: Heat flow between the oscillator and its respective heat bath as a
function of the bias voltage V : The solid (brown) line corresponds
to fully stochastic heat flow ⟨Q̇osc⟩ [see Eq. (7.26)], the (pink) dash-
dotted line shows the MF heat flow ˙̄Qosc [see Eq. (7.47)] and the dot-
ted (blue) line shows the effective heat flow by use of MS ⟨Q̇osc⟩

MS
[see Eq. (7.62)]. Again the MF heat flow shows a clear signature of
the underlying bifurcation whereas the full stochastic and the MS
heat flow transition smoothly between the two regimes of operation.
Parameters specified in App. A.4. Adapted from Ref. [28].

deviate substantially from the corresponding SET values above the critical voltage
V̄cr, as the system approaches the pure shuttling regime and its oscillatory motion
influences the exchange of energy and matter. The transition is abrupt in the
MF approximation, but gradual in the fully stochastic case.

7.3 Conclusions

In this chapter, we provided a classical stochastic description of the single-electron
shuttle based on a generalized FPE. The average dynamics can be well approx-
imated by MF equations away from the onset of self-oscillation for our specific
choice of parameters. However, we expect deviations between the stochastic and
MF description if fluctuations are strong, i.e., for a system with a smaller mass.
Within the MF approximation the system undergoes a Hopf bifurcation from a
stable fixed point to a stable limit cycle by changing the applied bias voltage,
where a limit cycle corresponds to self-oscillation of the shuttle.

By introducing a time scale separation between the frequent tunneling events
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and the slow dynamics of the oscillator we were able to perturbatively solve the
FPE. This MS solution approximates the full stochastic solution very well be-
low and around the critical bias voltage of the MF description. However, as the
applied bias voltage is increased and the system starts shuttling, the underlying
assumption of many jumps per cycle is not valid anymore and the perturbation
approach breaks down. An order parameter defined in terms of a mean ampli-
tude of oscillation shows clear signatures of the Hopf bifurcation found in the
deterministic MF description. This order parameter is not sensitive to small os-
cillations of the shuttle in the stochastic and MS approaches, hence the system
transitions smoothly toward self-oscillation in those cases, and the abrupt onset
is realized only in the MF case.

In the classical description chosen here, we identified three different regimes:
Below the bifurcation, i.e., for V < V̄cr the shuttle acts as a SET with additional
noise. For very large bias voltages V ≫ V̄cr the system oscillates and transports
one electron from source to drain per period. In this regime the system truly
serves as a shuttle for single-electron transport. Between the two limits there is
a crossover regime.

Additionally, we performed a thermodynamic analysis of the shuttling mech-
anism. Using stochastic thermodynamics we derived the first and second law at
the stochastic as well as the MF level. At the perturbative level, we used the
solution from MS perturbation theory to perform ensemble averages in order to
define effective thermodynamic quantities. The thermodynamic quantities as en-
tropy production rate, heat flows and chemical work rate show clear signatures
of the underlying bifurcation within the MF approximation. The corresponding
stochastic and MS quantities lack such an abrupt transition from noisy movement
to self-oscillation, but show a smoothed transition, which suggest that the abrupt
transition seen in the dynamical description is an artefact of the chosen order pa-
rameter. However, the thermodynamic quantities do reflect the transition toward
pure shuttling if compared to the single-electron transistor.

The thermodynamic analysis of the electron shuttle provides an exemplary dis-
cussion of the thermodynamics of self-sustained oscillations, especially for highly
fluctuating systems at the nanoscale, and which is also experimentally realizable.
The combined system of QD and oscillator has rich dynamics and is capable of
realizing various thermodynamic objectives. It can be used as a heat pump or
refrigerator, with applied chemical work used to transfer heat from cold fermionic
reservoirs to the hot reservoir of the oscillator (βν > βosc). Alternatively, the shut-
tle can be transformed into an engine, which uses the chemical gradient in order
to perform mechanical work. Such an engine might be constructed as a nanoscale
rotor driven by single-electron tunneling, as proposed in Ref. [98]. Similarly, one
can then use the mechanical motion in order to pump electrons and generate a
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matter current against an externally applied electric field. The thermodynamic
analysis of such a device is subject of the next Sec. 8.
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Chapter 8

Stochastic rotor engine based on
electron shuttling

A major challenge in a world with rapidly growing nanotechnological abilities is
to understand and design efficient and realizable micro-machines in form of heat
pumps, refrigerators or isothermal engines. Particularly promising examples are
so-called autonomous machines, which do not require any active regulation from
the outside. Here, two different approaches seem to be outstanding, thermoelec-
tric devices and self-oscillating machines. In the former, the interplay of thermal
and chemical gradients is used to perform useful tasks [48, 114–121, 147], whereas
in the latter, the system is coupled to multiple thermal reservoirs [22, 23, 25, 122,
123, 126, 127, 148–153]. While moving parts can be challenging to implement in
nanoscale systems, self-oscillating machines offer the possibility to study the use
and conversion of mechanical work within an autonomous setting that does not
rely on time-dependent control fields.

Based on the extensive thermodynamic analysis of the electron shuttle in the
previous Sec. 7, we propose an electrostatic direct current engine, which combines
ideas from both areas. Its design is close to the conventional electron shuttle (see
Sec. 7). However, instead of using a harmonic oscillator to shuttle electrons
between source and drain, we will use a rotational degree of freedom [98, 99]. To
have an unambiguous notion of mechanical work, a liftable weight is attached
to this rotational degree of freedom. We provide a thorough theoretical and
numerical analysis of the power output and efficiency in the isothermal regime,
where chemical work is converted into mechanical work (as in a car) or vice versa
(as in a turbine). Another main point is to pay attention to use experimentally
realistic parameters. Thus, we demonstrate that our device is implementable with
state-of-the-art technologies. Furthermore, it is possible to scale up our engine
by using multiple QDs attached at appropriate positions to the same rotational
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degree of freedom.
This chapter of the thesis is structured as follows: We start in Sec. 8.1.1 by

introducing the stochastic model of the rotor engine, followed by a discussion
of experimentally realistic parameters in Sec. 8.1.2. In Sec. 8.1.3 we identify
different dynamical regimes found in the model. Subsequently, we discuss the
thermodynamic properties by first providing definitions of the relevant quantities
in Sec. 8.2.1, before investigating the power output, efficiency and reliability of
our engine in Sec. 8.2.2. Finally, in Sec. 8.2.3 we discuss possible schemes for
up-scaling and summarize our findings in Sec. 8.3. Note that since we are using
realistic parameters in this chapter, we explicitly take the electron charge e into
account and do not set it equal to 1, in contrast to the rest of this thesis.

8.1 Model of a rotational electron shuttle

8.1.1 Fully stochastic description

The model is depicted in Fig. 8.1. As the rotational degree of freedom (called
‘rotor’ in the following) we imagine a multi-walled carbon nanotube, where the
outer walls have been removed in the middle of the tube using electrical break-
down techniques [154, 155]. Then, the inner shell with radius r and moment of
inertia I can be accessed and rotate while being held by the outer walls. Inter-
estingly, such a bearing has been realized experimentally [156, 157]. We suggest
to mount a gold nanoparticle onto the nanotube, e.g. using dip-pen nanolithog-
raphy [158–160], which serves as a QD with on-site energy ε. Similar to the
conventional electron shuttle (see Sec. 7.1.1), the QD is tunnel coupled to two
leads with chemical potentials µS = ε+ eV /2 and µD = ε− eV /2 for the source and
drain lead, respectively, at inverse temperature β. We idealize the QD to a single
level (Coulomb blockade [133–135]), such that the QD is either empty (q = 0) or
occupied by exactly one electron (q = 1). It is to be expected, however, that lift-
ing the assumption of Coulomb blockade does not decrease the thermodynamic
performance of the engine, compare also with Sec. 8.2.3.

With only the lead bias applied, clockwise and counter-clockwise rotation
would be equally likely. It is therefore necessary to break also the top-bottom
symmetry. While this symmetry breaking can be achieved with energy-dependent
tunneling rates [114–116] or geometric design [99], we aim for a simple approach
that does not require any fine-tuning of the device. Therefore, we consider an
additional transverse field Eext, such that the coupling of the rotor motion and
the charge is introduced by two perpendicular electric fields αV and Eext [see
Fig. 8.1 (b)]. The first is generated by the bias voltage and is assumed to be
homogeneous between the leads [76]. The second is applied externally and breaks
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Figure 8.1: (a) Proposed realization of the rotor engine with a gold particle
mounted onto the inner nanotube of a multi walled carbon nan-
otube, where the outer walls have been removed and serve as a
bearing for the inner tube. (b) Schematic representation of the en-
gine: The QD can move along a circle with radius r and is tunnel
coupled to a source (S) and drain (D) lead. A bias voltage V be-
tween the leads induces an electrostatic field, which in turn exerts a
force αV on the charged QD. An additional electrostatic field Eext is
externally applied and a massMg is attached to the rotor. Adapted
from Ref. [29].

the top-bottom symmetry.
We take the electric field generated by the two leads to point along the x-

direction [from left to right in Fig. 8.1 (b)], such that it can be written as αV ex

with unit vector ex in x-direction. The externally applied electric field Eext is
pointing along the y-direction [from bottom to top in Fig. 8.1 (b)] and is given
by Eextey. The position x of the QD is given by x = r cos(φ)ex + r sin(φ)ey. The
electrostatic force Fel = qeαV ex + qeEextey exerts a torque τ el on the QD, which
is given by the cross product of x and the force, i.e.,

τ el = x ×Fel = [Eextqer cos(φ) − αV qer sin(φ)]ez = τel(φ, q)ez. (8.1)

To demonstrate power output, we connect a weight with mass Mg to the rotor
[see Fig. 8.1 (b)]. The force FM stemming from the mass Mg is always perpen-
dicular to the position x of the QD, i.e., FM = −Mgg sin(φ)ex+Mgg cos(φ)ey with
gravitational acceleration g, such that the torque exerted on the rotor is given by

τM = x ×FM =Mggrez = τMez. (8.2)

Due to the fact, that both contributions to the total torque act along the z-axis,
the dynamics of the rotor can completely be described in one dimension by an
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angle φ ∈ R and angular velocity ω ∈ R. We choose φ = 0 to be the rightmost
position of the QD and φ increases with counter-clockwise rotation [see Fig. 8.1
(b)].

The dynamics of the rotor is modeled as underdamped motion with friction
constant γ such that the rotor may perform a whole revolution due to inertia
and stable rotations are possible (see Sec. 7.1.1). The friction arises e.g. from
the interaction between the walls of the multi-walled carbon nanotube and the
displacement of the image charge in the leads. Additionally, the rotor is small,
such that thermal fluctuations from a heat bath at inverse temperature β have to
be taken into account. Assuming negligible gold particle mass compared to the
rotor mass, the dynamics of the engine can be described by a generalized FPE
[see Eq. (7.1)],

∂pq
∂t
= [−ω

∂

∂φ
+

1

I

∂

∂ω
(γω +DI

∂

∂ω
)]pq −

1

I

∂

∂ω
[τel(φ, q) + τM]pq +∑

q′ν

Rν
qq′(φ)pq′ .

(8.3)
Here, pq ≡ p(φ,ω, q, t) is the joint probability density to find the engine at the
state φ = (φ,ω, q)⊺ at time t, and we have introduced an angular velocity diffusion
coefficient D = γ/βI2. The first term in Eq. (8.3) describes the free rotational
diffusion of the rotor and the second term represents the two torque contribu-
tions. The rates Rν

qq′(φ) describe transitions from state q′ to state q, i.e., electron
tunneling between the QD and the lead ν = {S,D}, and are given by [see Eq. (7.2)]

RS
10(φ) = Γ exp [−r cos(φ)/λ] fS [ε(φ)] ,

RD
10(φ) = Γ exp [r cos(φ)/λ] fD [ε(φ)] ,

RS
01(φ) = Γ exp [−r cos(φ)/λ] {1 − fS [ε(φ)]} ,

RD
01(φ) = Γ exp [r cos(φ)/λ] {1 − fD [ε(φ)]} ,

(8.4)

and the probability conservation condition, Rν
qq(φ) = −∑q′≠qR

ν
q′q(φ) (see Sec. 2.3).

Here, Γ denotes a bare transition rate controlling the overall tunneling time-scale.
Similar to the conventional electron shuttle, the rates are exponentially sensitive
to the dimensionless distance r cos(φ)/λ between QD and leads [see Eq. (7.2)] with
characteristic tunneling length λ [76, 89, 138–140], and depend on the Fermi dis-
tribution f ν(ε) ≡ [exp (β(ε − µν)) + 1]

−1. Here, the difference in energy between a
filled and empty QD in the electrostatic field ε(φ) = ε−αeV r cos(φ)−eEextr sin(φ)
enters the Fermi function in Eq. (8.4), see also Ref. [107] and Sec. 7.1.1. Note,
that we investigate here the isothermal regime, i.e., the temperature of the rotor
reservoir is the same as the temperature of source and drain. Hence, the engine
converts chemical work into mechanical work and vice versa (see also Sec. 8.2.1).
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8.1.2 Experimental parameters

In order for the proposed engine to be realized it is important that the parameters
of the theoretical system lie within an experimentally accessible range. Clearly,
the engine can also be fabricated in other ways, however, for the proposed ex-
perimental realization there exists data in the literature for estimating system
parameters.

We assume a radius r = 4nm [161] and a length L = 0.6µm [162] of the
carbon nanotube, deposited between two electronic leads of distance d = 10nm,
which can be achieved by junction-breaking technique [163]. Since α ≈ 1/d, we
approximate α = 0.1nm−1. The moment of inertia I of the carbon nanotube with
the mentioned dimensions can be approximated to be I = 19.2 ⋅ 10−38kg m2[164].
Usual temperatures at which single-electron experiments are performed range
from mK to a few K [79, 160] and we use a temperature of T = 10K. The applied
bias voltage V is given in order of mV [79], such that the dimensionless quantity
βeV lies in the order of magnitude of 10.

Next we estimate the timescale of tunneling. We approximate the rate of
tunneling by looking at the tunneling current between gold particles and an STM
tip [165]. Since the measured current is in the low nA regime, which is roughly 109

electrons per second, the experimental tunneling rate can be estimated with about
Γ ≈ 109/s. Then, ⟨ω⟩ /Γ is of the order of magnitude of 1. For the characteristic
tunneling length we choose a value of λ = 3nm, such that the quotient r/λ is
in the same order of magnitude as for an electron shuttle consisting of a gold
nanoparticle in between two gold electrodes [95]. We assume that the externally
applied electric field can be easily adjusted and we choose a value of Eext =

4mV/nm. Lastly, we choose γ = 0.8 ⋅ 10−30kg m2
/s, where the friction γ is two

orders of magnitude larger than estimated for interaction between the walls of
the multi-walled carbon nanotube [166] in order to take additional effects like
coupling of the charge on the QD with the image charge on the leads or friction
due to the mounted gold particle into account. For a proper functioning as a
useful thermodynamic device, the friction constant γ and tunneling length λ need
careful fine-tuning in the experiment. Our simulations suggest that the influence
of other parameters is of minor relevance instead.

In the following, we vary the applied bias voltage V as well as the mass Mg

attached to the rotor. We imagine that these two quantities are the easiest ones
to vary in a given experimental setup.

8.1.3 Dynamics of the rotor engine

To understand the steady state dynamics of the rotor, we show in Fig. 8.2 the
stationary probability density of the rotor alone, p(φ,ω) = ∑q pq(φ,ω), for differ-
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Figure 8.2: Probability density of the rotor p(φ,ω) = ∑q p(φ,ω, q) in phase
space (periodic in φ) for βMggr = 2.0 showing the different dynam-
ical regimes: (a) For a small bias voltage, the mass Mg is falling
and the rotor turns counter-clockwise [regime (I)]. (b) – (c) Com-
petition of τel with τM resulting in bistability of the rotor motion
between standstill and counter-clockwise (b) or clockwise (c) rota-
tion [regime (II)]. (d) For a sufficiently large bias voltage the rotor
turns clockwise and the weight is lifted [regime (III)]. Parameters
specified in Sec. 8.1.2. Adapted from Ref. [29].
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ent values of V for the case of βMggr = 2.0. The steady state probability density
is obtained by numerically solving the trajectory representation of Eq. (8.3) and
assuming periodic boundary conditions of φ (see App. A.7 for details). Three
basic regimes can be distinguished:

Falling weight (I): For a small bias voltage [Fig. 8.2 (a) with βeV = 4.0]
the net electric field is almost pointing along the externally applied electric field
(βeEext/α = 40.0). Thus, the left-right symmetry is almost unbroken and without
applied weight (Mg = 0), the rotor would not move on average. However, due
to the gravitational torque τM it turns counter-clockwise (ω > 0). Utilizing this
mechanism, the engine can also pump electrons against the bias voltage V , which
we will discuss in Sec. 8.2.2.

Lifting weight (III): A large bias voltage [Fig. 8.2 (d) with βeV = 80.0] breaks
the left-right symmetry and the rotor turns clockwise (ω < 0) with a typical
trajectory described as follows: When the QD is close to the left lead (source),
an electron is loaded onto the QD and the electric field exerts a (clockwise)
torque τel on the rotor. As the QD approaches the right lead (drain), the electron
is unloaded and due to inertia approaches the left lead again, thereby closing the
cycle. Note that lifting the weight relies on stochastic electron jumps at specific
moments. Hence, the variance of ω is increased [Fig. 8.2 (d)] compared to a falling
weight [Fig. 8.2 (a)], where τM is exerted independently of φ.

Bistable regime (II): In between the two cases there exists a crossover regime
[see Fig. 8.2 (b) and (c)], in which the two operational modes compete. Below a
threshold voltage of βeVlow ≈ 11.0 the rotor turns counter-clockwise due to Mg.
However, as V is increased and the symmetry is further broken, τel is competing
with τM, such that ⟨ω⟩ decreases. Simultaneously, a circle around the point
(φ ≈ π/2, ω = 0) emerges indicating a standstill of the charged engine (q = 1).
As V is further increased, solely the rest state survives and above βeVhigh ≈ 42.0,
τel overcomes τM and the friction, resulting in the coexistence of standstill and
clockwise rotation (ω < 0) [see Fig. 8.2 (c)]. Due to the stochasticity of the
electron jumps, the circle as well as the line in panel (c) is smeared out compared
to panel (b). Notice that, when we would model the dynamics of the rotor at
a MF level, there would be a sharp transition from a clockwise to a counter-
clockwise spinning rotor due to an underlying Hopf bifurcation of the nonlinear
dynamics (see Sec. 7.1.4).
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8.2 Thermodynamics

8.2.1 First and second law

In this section we discuss the specific formulations of the first and second law of
thermodynamics for the model at hand. To this end, we first look at the total
energy E of the coupled system of rotor and QD, given by

E(φ,ω, q) =
Iω2

2
+ ε(φ)q =

Iω2

2
+ [ε − αeV r cos(φ) − eEextr sin(φ)] q. (8.5)

Here, the first term corresponds to the kinetic energy of the rotor and the second
term to the energy of the QD in the electrostatic field generated by V and Eext.
The average total Energy is then obtained by taking the ensemble average [see
Eq. (7.19)]

⟨E⟩ = ⨋ E(φ,ω, q)p(φ,ω, q, t), (8.6)

where ⨋ = ∫ dφ ∫ dω∑q and p(φ,ω, q, t) is the solution to Eq. (8.3). The change
of average total energy is either due to exchange of heat or to work performed
on the system (first law), see Sec. 3.1. Thus, using Eq. (8.3), the conservation of
probability and partial integration1, the first law can be obtained in the following
form:

d

dt
⟨E⟩ =∑

ν

⟨Q̇ν⟩ + ⟨Q̇rot⟩ + ⟨Ẇ chem⟩ + ⟨Ẇmech⟩ . (8.7)

The averaged heat exchange with reservoir ν takes the form [see Eq. (7.22)]

⟨Q̇ν⟩ = (ε − µν) ⟨IνM⟩ − αeV r ⟨cos(φ)IνM⟩ − eEextr ⟨sin(φ)I
ν
M⟩ . (8.8)

Here, the average matter current from reservoir ν, ⟨IνM⟩, is expressed via the
ensemble average [see Eq. (7.23)]

⟨IνM⟩ = ∫ dφdω [Rν
10(φ)p0 −R

ν
01(φ)p1] , (8.9)

as well as correlations of sin(φ) and the matter current [see Eq. (7.24)],

⟨sin(φ)IνM⟩ = ∫ dφdω sin(φ) [Rν
10(φ)p0 −R

ν
01(π)p1] . (8.10)

The correlations of cos(φ) and the current are defined equivalently by replacing
sin with cos in Eq. (8.10). The heat current entering from the reservoir of the
rotor is given by [see Eq. (7.26)]

⟨Q̇rot⟩ = −γ (⟨ω2⟩ −
1

Iβ
) . (8.11)

1assuming vanishing boundary conditions limφ→±∞ φp = limω→±∞ ωp = 0
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Furthermore, the work contributions are defined as

⟨Ẇ chem⟩ =∑
ν

µν ⟨IνM⟩ (8.12)

for the average chemical work [see Eq. (7.25)] and

⟨Ẇmech⟩ =Mggr ⟨ω⟩ (8.13)

is the mechanical work corresponding to lifting or lowering the weight Mg.
The mechanical average power ⟨Ẇmech⟩ is directly proportional to the average

velocity of the rotor, i.e., if ⟨ω⟩ > 0 mechanical work is performed on the system
and if ⟨ω⟩ < 0 the engine performs work by lifting the weight. Note the similarities
of Eqs. (8.8) – (8.13) with the corresponding Eqs. (7.22) – (7.26) of the conven-
tional electron shuttle. The main difference arises in the heat flow between the
system and the leads ⟨Q̇ν⟩, Eqs. (8.8) and (7.22), due to the externally applied
electric field Eext.

The derivation of the second law, i.e., the positivity of the average total en-
tropy production rate, is in close analogy to the one presented in Sec. 7.2.1 and
we therefore only summarize the result. The details, however, can be found in
App. A.8. The total entropy production rate Σ̇ is formulated in terms of the
change of Shannon entropy, Eq. (4.12), and the heat flows, Eqs. (8.8) and (8.11),

Σ̇ =
d

dt
S −

1

T
(⟨Q̇rot⟩ +∑

ν

⟨Q̇ν⟩) ≥ 0. (8.14)

At steady state, dS/dt = 0 and d ⟨E⟩ /dt = 0, and using Eq. (8.7), the second law
becomes

Σ̇ =
1

T
(⟨Ẇ chem⟩ + ⟨Ẇmech⟩) ≥ 0, (8.15)

which describes the fundamental trade-off between extracting chemical (mechan-
ical) work at the expense of consuming mechanical (chemical) work.

8.2.2 Work output, efficiency and reliability

Having derived the laws of thermodynamics and defined the average of thermo-
dynamic quantities in the previous section, we are able to investigate the rotor
engine from a thermodynamic point of view. Fig. 8.3 demonstrates that our en-
gine works as desired. Within the region enclosed by the pink dotted curve of
Fig. 8.3 chemical work is transformed into mechanical work, i.e., the weight is
lifted (ω < 0). Here, p(φ,ω) is similar to the ones shown in Fig. 8.2 (c) and (d),
i.e., a coexistence of standstill and clockwise turning, or solely clockwise turning.
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Figure 8.3: Power output for different values of βeV and βMggr. Within
the region enclosed by the pink (blue) dashed line ⟨Ẇmech⟩ > 0

(⟨Ẇ chem⟩ > 0). The illustrations indicate the directionality of the
weight (pink) and the matter current (blue). The brown dashed line
separates the two regimes by thermodynamic arguments and the
black lines correspond to the maximum power output curves. In-
set: Efficiency at maximum power (pink/blue for lifting/pumping).
Parameters specified in Sec. 8.1.2. Adapted from Ref. [29].

Coexistence, however, is found especially between the pink area and the pink
dotted curve in Fig. 8.3, i.e., where ⟨Ẇmech⟩ ≈ 0.

On the other hand, the blue area of Fig. 8.3 corresponds to values of V and
Mg for which electrons are pumped against the chemical gradient (⟨Ẇ chem⟩ < 0)
by utilizing mechanical work (⟨Ẇmech⟩ > 0), i.e., the weight is falling (ω > 0). In
order to understand the electron pumping mechanism, we introduce the effective
chemical potential µ̃ν = µν + αeV r cos(φ) + eEextr sin(φ), which enters the Fermi
functions, see Eq. (8.4). For small values of V and large values of Mg, the rotor
is turning counter-clockwise (ω < 0). For φ ∈ (−π/2, π/2) the QD is more likely
to interact with the drain and µ̃D > ε. Thus, an electron may tunnel into the QD
from the right lead. Consequently, the filled QD approaches the left lead with
µ̃S < ε for φ ∈ (π/2,3π/2) and the electron is unloaded into the source. Then, the
empty dot approaches the drain lead again and the cycle is closed, in which one
electron has been pumped. As V is increased, µ̃D < ε and pumping is no longer
possible.

In the white region in Fig. 8.3 not enclosed by the pink/blue dashed lines, the
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engine does not perform any work output and the input power is solely dissipated
as heat into the different reservoirs. In that case the engine is either at rest
(βMggr < 3.0) or turning counter-clockwise (βMggr > 3.0). For infinite bias or
infinite mass, the colored regions will vanish (not shown): For V → ∞, the top-
bottom symmetry is no longer broken by the net electric field. For Mg →∞, the
large rotation velocity leads to an effective single dot picture placed at an average
position ⟨r cos(φ)⟩ = 0, inhibiting electron pumping.

The two regions discussed above are separated not only by different rotational
directions but also by thermodynamic arguments: According to the second law,
Eq. (8.15), the output power can be at most equal to the (negative) input power.
Hence, for electron pumping (⟨ω⟩ > 0) the bound is given by ⟨Ẇ chem⟩ ≤ − ⟨Ẇmech⟩.
Using the fact that at most one electron per revolution can be pumped (⟨IS

M⟩ ≤

− ⟨ω⟩ /2π) results in V ≤ 2πMggr. For V < 2πMggr, only pumping is possible and
for V > 2πMggr only lifting. We plot this bound in Fig. 8.3 as brown dashed line
exactly separating the two regimes.

The performance of the proposed engine can be quantified by the efficiency

η = −
⟨Ẇ out⟩

⟨Ẇ in⟩
≤ 1, (8.16)

where the bound follows from Eq. (8.15). Saturation of the bound is only possible
for zero power output, i.e., an infinite long cycle. Since our machine operates
in finite time, we discuss the efficiency at maximum power ηmax[48, 108, 147,
167–171]. The inset of Fig. 8.3 shows this quantity along the two black curves
in the main plot, which correspond to the maximum power output within each
region. In both cases, the efficiency first increases after which further increase of V
(pink line) or Mg (blue line) results in a decreasing efficiency. For experimentally
feasible parameters (see Sec. 8.1.2), ηmech

max ≈ 8.1% for βeV = 18.0 and βMggr = 0.6
and ηchem

max ≈ 9.4% for βMggr = 1.4 and βeV = 3.0.
Apart from efficiency another figure of merit of a stochastic engine is its reli-

ability. This can be described, e.g., by the normalized standard deviation

σmech/chem ≡

√

⟨(Ẇmech/chem)
2
⟩ − ⟨Ẇmech/chem⟩

2

∣⟨Ẇmech/chem⟩∣
. (8.17)

In Fig. 8.4 (a) we plot σmech as a function of V for βMggr = 0.6 (brown solid),
βMggr = 2.0 (blue dotted) and βMggr = 4.5 (pink dashed). For the smallest
attached weight (brown solid) there are large fluctuations for βeV < 15.0. Here,
the rotor is at rest, such that ⟨Ẇmech⟩ = 0. Then, σmech diverges [see Eq. (8.17)].
As the engine is turning clockwise (βeV > 15.0) the fluctuations decrease. A
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Figure 8.4: Normalized fluctuations σmech (a) and σchem (b) as function of βeV
for different attached weights. The drastic increase of σmech in-
dicates the standstill of the rotor because here ⟨Ẇmech⟩ ≈ 0, see
Eq. (8.17). In contrast, small values of σmech indicate a turning
rotor. Similarly, σchem diverges if the electron current vanishes. Pa-
rameters specified in Sec. 8.1.2. Adapted from Ref. [29].

similar behavior can be observed for βMggr = 2.0 (blue dotted). Here, below
βeV = 12.0 the fluctuations are small, which corresponds to a falling weight
(ω > 0). Fluctuations drastically increase as the rotor comes to a standstill
and subsequently decrease as the weight is lifted (ω < 0). The slow decay of
fluctuations results from telegraph noise induced by the switching between lifting
and rest state [172–175]. Along the pink dashed line (βMggr = 4.5) the rotor is
always turning counter-clockwise and, thus, fluctuations do not diverge. However,
as electrons are no longer pumped (βeV > 16) the rotor is decelerated and σmech

increases about one order of magnitude.
Fig. 8.4 (b) shows σchem for the same values of Mg as before. For βMggr = 4.5

(pink dashed) σchem diverges at βeV = 0.0 since ⟨Ẇ chem⟩ = 0 [see Eq. (8.12)]. As
V is increased, almost in each cycle one electron is pumped as a very regular
process and fluctuations decay. Upon further increase of V electron pumping
against the bias becomes less likely with decreasing current and as the current
switches direction, i.e., electrons follow the descent of the chemical potentials
from source to drain, σchem peaks. The latter corresponds to the border of the
blue area in Fig. 8.3. Further increase of V again results in a regular current (now
along the bias) and fluctuations decay. For βMggr = 0.6 (brown solid) and small
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V the rotor is at standstill. As discussed above, the rest state is accompanied
by large fluctuations σchem. As the rotor starts to move (βeV > 15.0) the current
(along the chemical potentials) becomes more regular and fluctuations decrease.
For the intermediate weight (βMggr = 2.0, blue dotted) all effects discussed so
far can be observed.

8.2.3 Possible upscaling

Lastly, we briefly discuss a possible up-scaling of the engine. This can be achieved
by adding more QDs onto the rotor, optionally changing its length and there-
fore the moment of inertia I. We restrict the discussion to two extensions:
First, adding two more QDs with rotational displacement ∆φ = 2π/3, which
are transversally well separated by increasing the length of the rotor such that
Coulomb and magnetic interactions between the moving QDs can be neglected.
This setup is comparable to a multi-cylinder engine. Coulomb interactions can
be neglected if the distance between two QDs is ≫ 1µm. This is the case for a
rotor of length L = 30µm and three equidistant QDs. Then, I = 9.6 ⋅ 10−36kg m2.
Second, adding two more rotationally displaced QDs onto the rotor of the origi-
nal length and assuming that only one QD can be filled at a time due to strong
Coulomb interactions.

In Fig. 8.5 we plot ⟨Ẇmech⟩ for βMggr = 0.6 as a function of V for the first
(brown dashed) and second (pink solid) scenario. For a better comparison we
also plot the respective single QD versions of a rotor of the original length (green
dotted) and of increased length and increased I (blue dash-dotted). If the engine
with three QDs can only be occupied by one electron at a time (pink solid), the
power output increases roughly by a factor of 1.5 - 2. The reason is that, due to
the rotational displacement of the QDs, the engine is almost always occupied by
one electron that drives the rotor. If additionally Coulomb interactions can be
neglected (brown dashed), multiple electrons can tunnel into the different QDs
and drive the engine simultaneously. In that case, the power is even further
increased, roughly by a factor of 3 compared to the single QD case. Moreover,
fluctuations decrease by almost one order of magnitude (inset of Fig. 8.5) due to
the increased moment of inertia I as well as the additional QDs. We expect that
if one lifts the assumption of Coulomb blockade, i.e., allowing multiple electrons
on a single QD, one will also increase the performance of our engine.

8.3 Conclusions

Summarizing, we proposed an autonomous stochastic rotor engine based on the
mechanism of electron shuttling and provided a thermodynamic analysis of the
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Figure 8.5: Comparison of two possible up-scaling scenarios: First, three well
separated QDs mounted onto a rotor of increased length such that
Coulomb repulsion can be neglected (brown dashed). Second, three
QDs mounted onto the original rotor and taking Coulomb repulsion
into account (pink solid). For comparison the original rotor with a
single QD (green dotted) and rotor of increased length with a single
QD (blue dash-dotted). Inset: The normalized fluctuations σmech

of the different engine designs. Parameters specified in Sec. 8.1.2.
Adapted from Ref. [29].

engine. For experimentally realistic parameters of the single components of the
machine, we showed that the engine can convert mechanical into chemical work
and vice versa, and operates remarkably stable albeit with moderate efficiency.
Additionally, we clearly demonstrated the possibility to increase power and reduce
fluctuations by considering three QDs mounted onto the rotor and increasing its
length. Increasing the number of QDs further, which is only limited by the feasible
length of the nanotube and possible friction effects due to additional bearings,
and investigating the collective behavior of the model therefore seems to be an
interesting perspective for future work [176, 177].

With the parameters used in this work, we can approximate the order of
magnitude of the mass we can lift with the rotor engine: From Fig. 8.3 we find
that βMggr is in the order of magnitude of 1, such that Mg is about the order of
magnitude of 10−15kg, which is about the mass of E. coli [178].

92



Part III

Topology, synchronization and
thermodynamics
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Chapter 9

Preliminaries – Topological band
structures

In the previous Secs. 7 and 8, we have investigated the phenomenon of self-
oscillation at the example of the electron shuttle. The capability to attain au-
tonomous oscillations is a key ingredient for several intriguing phenomena, that
arise if many of such systems are interacting with one another. One example
of such collective behavior is synchronization, which this part of the thesis is
concerned with. Specifically, we explore the interplay of synchronization and
topological band structures for a trimerized chain of coupled electron shuttles in
Sec. 10. But first, we want to review some basic concepts of topology in this
chapter, in order to provide all necessary details to follow the course of Sec. 10.

9.1 Introduction to topology

In the last decades, powerful tools of differential topology have been applied to
band structures of crystals, leading to the development of topological supercon-
ductors and insulators. One of the first examples of this is the integer quantum
Hall effect, where the plateaus in the Hall conductance are intimately related
to an integer-valued topological invariant [179, 180]. By varying the magnetic
field, there are transitions between a series of topological phases characterized by
different values of a topological invariant known as the Chern number [181–183].
In recent times, the use of topology in physics has become a fast-developing field
driven by considerable theoretical and experimental progress. In fact, topology
plays a fundamental role in several disciplines ranging from condensed matter
physics [183–187] to gauge field theories in high-energy physics [188–190]. More-
over, it has been shown that topological phases of matter are not restricted to
the quantum regime, but can also be implemented in classical systems such as
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mechanical meta-materials [191, 192], arrays of pendula [193, 194], or electrical
circuits [195, 196].

A characteristic feature of topological systems is the existence of symmetry
protected states localized at the boundaries, so-called edge states. In the case
of the integer quantum Hall effect, the topological protection emerges as a con-
sequence of broken time-reversal symmetry, due to the external magnetic field
[197, 198]. These localized edge states allow for a dissipationless energy transfer
via scatter-free currents along the edges [185, 199–202]. Recent experiments in
platforms ranging from ultracold optical superlattices [203–205] to waveguide ar-
rays [206–208] have demonstrated topological protection of transported particles.
In mechanical systems, one can exploit topological protection to design materials
with desired properties [209–211]. Moreover, Majorana fermions appearing at
the edge of a topological superconductor are topologically protected against per-
turbations, which makes them interesting candidates for quantum computation
[212–214] and the most promising schemes for quantum error correction in near-
term devices exploit ideas of topology [215, 216]. In photonic systems, topological
networks have been proposed as robust information transmitters [217].

In the following we will provide a compact introduction to the large field of
topology and some of the outstanding effects. We will do this by exploring a
specific example exhibiting topological band structures, namely a trimer chain of
coupled harmonic oscillators. In this way we are able to introduce the concepts
which are important to understand the findings and contents of this thesis while
keeping the discussion comprehensible. More general introductions and overviews
to the theory of topology in physics can be found in Refs. [197, 198, 218–220].

This chapter is organized as follows: In Sec. 9.1.1, we introduce the model
of a trimer chain of coupled harmonic oscillators. Subsequently, in Sec. 9.1.2,
we discuss the inversion symmetry of the train, which paves the way to define
a topological invariant in Sec. 9.1.3. Finally, in Sec. 9.1.4, we explain the bulk-
boundary correspondence, which predicts the existence of localized edge states,
which are topological protected against local disorder.

9.1.1 Trimer chain of coupled harmonic oscillators

Symmetry-protected phases constitute one of the most striking applications of
topology in physics and there exists a variety of different models exhibiting topo-
logical effects, for example in two spatial dimensions, the Hofstadter model [221]
or the Haldane model [180]. In one spatial dimension, the Aubry-André model
describes a system of particles with modulated on-site energies in space,

ωl(ϕ) = ∣∆ [1 + κ cos (2πlb +ϕ)]∣ , (9.1)
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Figure 9.1: Schematic representation of the trimer chain model with N units,
each consisting of a harmonic oscillator with frequency ωA, ωB or
ωC depending on the chain site. Adjacent units are mechanically
coupled (g) such that they can exchange excitations.

where l denotes the site index, ∆ is the frequency amplitude and κ denotes a
dimensionless control parameter [206, 222]. Furthermore, b is a real number
related to the magnetic field in the integer quantum Hall effect and ϕ is a pa-
rameter that acts as a synthetic dimension [183, 206]. When b is rational, the
system exhibits a finite number of bands. For example, in the case of b = 1/3, the
system has three energy bands with different topological numbers and in the case
of b = 1/2, the system is connected to the Su-Schrieffer-Heeger model [223, 224].
The Aubry-André model is closely related to the two-dimensional integer quan-
tum Hall effect and inherits topological properties associated to two-dimensional
topological invariants [206].

Here, we want to introduce the concept of topological band structures and
symmetry protected boundary states at the example of a one-dimensional trimer
chain of N units. Motivated by the Aubry-André model [206, 222] we consider
each unit to consist of a harmonic oscillator with frequency ωl(ϕ), Eq. (9.1). Be-
cause we explore a classical mechanical system, we consider the absolute value
in Eq. (9.1), such that the frequencies ωl(ϕ) are always positive for all values of
κ > 0 and ϕ ∈ [0,2π]. The chain is trimerized into units A, B and C by choosing
b = 1/3. Adjacent oscillators (and units) can exchange excitations via mechani-
cal coupling of neighboring oscillators with coupling strength g. In Fig. 9.1 we
depict the model we consider, where the harmonic oscillators are represented by
nanomechanical resonators.
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The system of coupled oscillators is described by the Hamiltonian

H(ϕ) =
1

2
mgv

⊺v +
1

2
mgx

⊺Ω(ϕ)x with Ω(ϕ) =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

ω2
1(ϕ) −g

2 0

−g2 ⋱ ⋱

⋱ ⋱ −g2

0 −g2 ω2
N(ϕ)

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.

(9.2)
Here, x ≡ (x1, x2, ..., xN)⊺ and v ≡ (v1, v2, ..., vN)⊺ are position and velocity vec-
tors, respectively, mg the effective mass of the harmonic oscillators, and Ω(ϕ) is
a tridiagonal matrix. Hamiltonian (9.2) can be diagonalized by a normal mode
transformation O, such that

H(ϕ) =
1

2
mgv̄

⊺v̄ +
1

2
mgx̄

⊺Ω̄(ϕ)x̄ with Ω̄(ϕ) =

⎛
⎜
⎜
⎝

Ω2
1(ϕ) 0

⋱

0 Ω2
N(ϕ)

⎞
⎟
⎟
⎠

,

(9.3)
where Ω̄(ϕ) =OΩ(ϕ)O⊺. The collective modes are given by x̄ =Ox with collec-
tive velocities v̄ =Ov.

The following sections will provide a brief introduction to some important
concepts of topological band structures and topological protected boundary states
focusing on the example discussed in this section.

9.1.2 Periodic boundary conditions and symmetry consid-
erations

So far we have assumed open boundary conditions, meaning that sites l = 1
and l = N are only coupled to one neighbor. However, one can also consider
periodic boundary conditions where site l = N + 1 is equivalent to site l = 1.
In the thermodynamic limit, N → ∞, this is equivalent to a translationally-
invariant infinite system. One of the central findings of the field of topological
band structures is that there exists a relation between these two kinds of boundary
conditions, the so-called bulk-boundary correspondence, which states that a bulk
topological invariant is related to the number of boundary modes. We will explain
this in more detail in Sec. 9.1.4.

Let us for now consider the trimerized chain with a periodic boundary condi-
tion. Due to the translational symmetry, we can apply a discrete Fourier trans-
formation

xl =
1
√
N
∑
k

x̃ke
ikl, (9.4)
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Figure 9.2: Dispersion bands of the translationally invariant trimer chain (left
panels k = −π, middle panels k = 0, right panels k = π). Panels
(a) – (c): Three gapped dispersion bands for κ = 0.5. Panels (d) –
(f): Gap closings of the dispersion bands at the encircled points for
κ = κcr = 4.0. For k = ±π [panels (d) and (f)], the middle and top
band touch and for k = 0 [panel (e)] the middle and bottom band
touch. Panels (g) – (i): Three gaped dispersion bands for κ = 4.5.
Note that the apparent gap closings in these panels are actually
avoided crossings. Overall parameter: ∆ = 2g.

where k = 2πm/N with m ∈ {−N/2 + 1,⋯,N/2}. In the thermodynamic limit,
N → ∞, k becomes a continuous variable within the Brillouin zone k ∈ (−π,π].
Inserting Eq. (9.4) into the Hamiltonian (9.2), we find that we can write

H(ϕ) =
1

2
mgṽ

⊺ṽ +
1

2
mg∑

k

x̃†(k,ϕ)Ω̃(k,ϕ)x̃(−k,ϕ), (9.5)

where † denotes transpose and complex conjugated and

Ω̃(k,ϕ) =

⎛
⎜
⎜
⎝

ω2
1(ϕ) −g2eik −g2eik

−g2e−ik ω2
2(ϕ) −g

2eik

−g2e−ik −g2e−ik ω2
3(ϕ)

⎞
⎟
⎟
⎠

. (9.6)
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The spectrum of the above Hamiltonian, Eq. (9.5), consists of three dispersive
bands labeled by index n with corresponding eigenstates (Bloch modes)

x̃n(k,ϕ) =

⎛
⎜
⎜
⎝

x̃n1(k,ϕ)

x̃n2(k,ϕ)

x̃n3(k,ϕ)

⎞
⎟
⎟
⎠

. (9.7)

We depict the dispersion bands in Fig. 9.2 for different values of κ. We observe
that the bands touch each other if κ = κcr [Figs. 9.2 (d) – (f)]. In this case
ω1 = ω2 = ω3 and the translational symmetry is enhanced as the periodicity now
repeats after translation of only one site instead of three. Then, the unit cell
consist of only one unit such that the spectrum only has one dispersive band.

The concept of topological protection relies on the presence of symmetries in
the system. It is therefore convenient to analyze the symmetries of the trimer
chain in order to explore its topological effects. If units A and C are equal, the
system obeys an inversion symmetry with the inversion center lying in unit B
within a trimer. This is for example the case if the global phase attains the value
ϕ = 2π/3, that is

PΩ̃(k,2π/3)P−1 = Ω̃(−k,2π/3), (9.8)

with inversion operator

P =

⎛
⎜
⎜
⎝

0 0 1

0 1 0

1 0 0

⎞
⎟
⎟
⎠

, (9.9)

which obeys P2 = 1 and P−1 = P . This corresponds to a complete inversion of the
chain. Another inversion point exists at ϕ = 5π/3.

9.1.3 The Chern number as topological invariant

The one-dimensional trimer chain of harmonic oscillators introduced in the pre-
vious section can be considered as part of a family of trimer chains, where each
value of ϕ corresponds to one member of this family. Thus, the model describes
an effective two-dimensional system, where ϕ is seen as an additional dimension
to the spatial dimension [225, 226], and the topology of the system can be studied
using concepts know from two-dimensional systems.

After discussing the inversion symmetry of the trimer chain, we are now in
the position to characterize the topological phases of the system. We do this by
defining a topological invariant via the celebrated Berry phase [227, 228], which
appears for example under a periodic time evolution of system parameters. In
the context here, the adiabatic cyclic evolution of ϕ leads to the accumulation of
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a Berry phase. To see this we consider first the frequencies of the oscillators and
note that

ωl(ϕ + 2π/3) = ωl+s(ϕ) with 1 = s mod 3. (9.10)

Hence, s can take two values in the range of ∣s∣ < 3, namely s = 1 and s = −2.
This implies for the Bloch modes that x̃n(k,ϕ + 2π/3) is related to x̃n(k,ϕ) as
[see Eq. (9.7)]

x̃n(k,ϕ + 2π/3) =

⎛
⎜
⎜
⎝

x̃n1+s(k,ϕ)

x̃n2+s(k,ϕ)

eiksx̃ns (k,ϕ)

⎞
⎟
⎟
⎠

. (9.11)

Hence, after a full cyclic evolution of ϕ from 0 to 2π, the Bloch modes accumulate
a Berry phase equal to ks, i.e.,

x̃n(k,ϕ + 2π) = eiksx̃n(k,ϕ). (9.12)

This phase is an observable topological invariant which is indicative of the non-
trivial topology of the reciprocal space for the lattice family formed from the
underlying two-dimensional surface.

The topological invariant can be quantified by the so-called Chern number
associated to a given dispersion band. A general proof of this is rather advanced
and goes beyond the scope of this thesis. Here, we restrict ourselves to the
particular case of the trimer chain. The dispersive bands are defined in the
(k,ϕ) ∈ S = [−π,π] × [0,2π] space. The Chern number associated to the nth
band is defined as

Cn =
1

2πi ∫
S

∇×AndS, (9.13)

where ∇ = ∂kek + ∂ϕeϕ and An = x̃†
n(k,ϕ) ⋅ ∇x̃n(k,ϕ). Applying Stoke’s theorem

to Eq. (9.13) yields

Cn =
1

2πi ∫
∂S

n ×And (∂S) . (9.14)

Here, n is the outward normal vector to S at a given point on the boundary ∂S.
If An would be non-degenerate, the above integral would be evaluated along a
torus, which has no boundaries and hence would be equal to zero. However, as
An has multiple values at ϕ = 0 and ϕ = 2π we have to evaluate the integral along
a cylinder of height 2π along ϕ. Then the integral reduces to evaluating An along
the two boundaries ϕ = 0 and ϕ = 2π for k ∈ [−π,π]. This gives

Cn =
1

2πi

π

∫
−π

[Akn(ϕ = 2π) −Akn(ϕ = 0)]dk, (9.15)
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where Akn = x̃†
n(k,ϕ) ⋅∂kx̃n(k,ϕ). Using Eq. (9.12), we find for the Chern number

of band n

Cn =
1

2πi

π

∫
−π

is dk = s. (9.16)

As the Chern number is integer-valued, it cannot change under smooth transfor-
mations of systems parameters. However, if there is a degeneracy of two bands,
the eigenvectors are not uniquely defined, which can cause a change in the Chern
number. Hence, such points mark a topological phase transition where the system
changes from one topological phase to another one.

For the above example of the trimer chain, a topological phase transition
occurs at κ = κcr. For κ < κcr [Fig. 9.2 (a) – (c)] the Chern numbers are C1 = C3 = 1
and C2 = −2, which we compute numerically [229]. However, these invariants
change as we cross the phase transition at κcr and attain the values C1 = C3 = 2
and C2 = −4 for κ > κcr [Fig. 9.2 (g) – (i)]. We will see in the next section that
the topological invariants and their change when crossing a topological phase
transition have a large impact on finite systems with open boundary conditions,
which is called the bulk-boundary correspondence.

9.1.4 Edge states and robustness against disorder

In the previous section we have investigated the bulk properties of the trimer
chain. Now, we explore a finite chain with an open boundary condition. With
open boundary condition we mean that site l = 1 and l = N are connected only
to one neighboring unit. As a consequence the system looses its translational
invariance and we get altogether N eigenvalues and eigenstates.

In Fig. 9.3 we plot the frequency spectrum Ωl(ϕ) of Ω(ϕ), Eq. (9.2), for
N = 24 sites for κ < κcr (a) and κ > κcr (b). As expected the spectrum consists
of three dispersive bands with two band gaps. Two exemplary bulk states, which
are delocalized across the chain, are shown in Fig. 9.3 (c), corresponding to the
middle (pink) and lower (blue) bands of the spectrum shown in Fig. 9.3 (a) for
ϕ = 3π/2.

As the global phase ϕ is changed, the band gaps may host very peculiar
edge states located at either end of the chain as depicted in Fig. 9.3 (d). For
the special cases of inversion symmetry, e.g. ϕ = 2π/3, with exponentially small
avoided midgap crossings in the frequency spectrum, we find a symmetric and an
antisymmetric edge state localized at both ends of the chain as shown in Fig. 9.3
(e) for the case of ϕ = 2π/3. These are the famous topologically protected edge
states. The presence or absence of these states cannot be changed by smooth
transformations of system parameters but requires a closing of the bulk gap. As
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Figure 9.3: Panel (a) and (b): Frequency spectrum of the Hamiltonian (9.2)
for N = 24 units with κ = 0.5 (a) and κ = 4.5 (b). For κ < κcr = 4
(a) the bandgaps host two edge states, whereas for κ > κcr there
are four edge states located in the bandgaps. (c) – (e) Eigenstates
corresponding to the pink and blue branch in (a) showing delocal-
ized bulk states, localized edge states and inversion symmetric edge
states, respectively. Overall parameter: ∆ = 2g. Adapted from
Ref. [30].

the phase transition is crossed by changing κ two more midgap crossings appear
as indicated by the vertical brown lines in Fig. 9.3 (b).

In general, the bulk-boundary correspondence connects the topological invari-
ant of the bulk to the number of boundary modes [197]. More precisely, if we
connect two systems with topological invariants Cn and Cn′ , then the number of
topologically protected boundary modes at the interface of the two systems is
precisely ∣Cn − Cn′ ∣. In the case of the trimer chain with an open boundary con-
dition, the region outside the chain can be regarded as topologically trivial with
Cn = 0. Moreover, the Chern number summed over the bands n below the gap

C = ∑
n≤nmax

Cn, (9.17)

where nmax denotes the band right below the gap, yields the topological invariant
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Figure 9.4: Frequency spectrum of the trimer chain of N = 24 harmonic os-
cillators for ϕ = 2π/3 with increasing amount of disorder r for 30
realizations of disorder. The edge state (pink) is topologically pro-
tected against the disorder for large values of r. Parameters: κ = 0.5,
∆ = 2g. Adapted from Ref. [30].

of the gap. Consequently the number of edge states within a bandgap is given
by the topological invariant times the number of boundaries (two in this case).
Thus, for κ < κcr each bandgap hosts two edge states [see Fig. 9.3 (a)], whereas
for κ > κcr there are four boundary states located within the two bandgaps [see
Fig. 9.3 (b)].

One particularly interesting property of edge states is that they are topolog-
ically protected against disorder which preserves the symmetry of the system.
Hence, in the trimer chain not all edge states are of topological nature. Only if
the inversion symmetry is preserved, the edge states are protected against per-
turbations. This is the case of midgap crossing indicated by the brown vertical
lines in Fig. 9.3. We exemplify the topological protection on the trimer chain
by considering spatial disorder, which preserves the intratrimer symmetry and
thus, we only allow for disorder in the coupling between trimers. To be specific,
the nanomechanical coupling between oscillators of units A and C is given by
(g + δg)2, where δg is a uniformly distributed random number δg ∈ {−r, r}. In
Fig. 9.4 we show the frequency spectrum of H(2π/3), Eq. (9.2), for κ < κcr for
increasing amount of disorder r for 30 realizations. We can observe, that even
if details of the spectrum are modified by disorder, the midgap state (pink) is
topologically protected for very large amounts of disorder. In the next Sec. 10,
we will see how one can exploit the topological protection of the inversion sym-
metric edge states to enhance the robustness of synchronized motion at the ends
of the chain.
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Chapter 10

Synchronization of topological edge
states

In the previous Sec. 9, we have shown that topological band structure may host
localized boundary states, which are robust against symmetry-preserving per-
turbations. While topological protection is nowadays well understood in closed
systems, it is a nontrivial problem to determine if this feature is still available
in open systems [230–233]. A recent example of this is the theoretical predic-
tion [234] and experimental realization [235] of topological lasers [236, 237].

Systems coupled to external reservoirs [4, 38, 238] exhibit a variety of phenom-
ena with no counterpart in closed systems [239–242]. One of these is synchroniza-
tion, which is a hallmark of collective behavior in nonequilibrium systems [58].
This phenomenon was first observed by Huygens in 1665 in coupled clocks [244]
and has been studied in diverse communities since then. Synchronization plays an
important role in our understanding of electric networks in engineering, circadian
rhythms in biology, pattern formation, and chemical reactions [11, 245, 246]. In
nonlinear dynamics, synchronization is related to the emergence of collective pe-
riodic motion in networks of nonlinear coupled self-sustained oscillators [58] and
has been extensively explored in classical systems both theoretically as well as
experimentally [11, 245, 246]. However, its quantum counterpart remains largely
unexplored. Recent works have reported synchronization of quantum Stuart-
Landau oscillators [247–251], arrays of coupled spin systems [252, 253] and other
manybody systems [254, 255]. In the theory of synchronization, the system usu-
ally reaches a steady state that is independent of the initial conditions. In this
sense, the system is robust against changes in its initial configuration. How-
ever, under perturbations of the system parameters, the synchronized state of
the system may change.

In this chapter, we exploit topological protection to enhance the robustness of
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synchronization phenomena in quantum transport. A key ingredient to achieve
synchronized motion is self-oscillation (see Sec. 6.1). The latter naturally appears
in the electron shuttle, where the interplay between sequential electron tunneling
and mechanical motion of the oscillator leads to self-sustained oscillations (see
Chap. 7). Thus, an array of coupled electron shuttles (see Fig. 10.1) serves as
a natural platform to investigate synchronized motion. In contrast to previous
studies [256], we stress that in our model the electron transport is transversal to
the chain. Inspired by models of condensed matter physics such as Aubry-André
[206, 222] and Harper-Hofstadter [221] models, we modulate the frequencies of the
oscillators in space in order to define topological band structures in our system
(see Sec. 9). In this way, topology allows us to synchronize the edge states so that
they oscillate with the same frequency, even under the effect of imperfections as
long as they preserve the symmetry of the model. Furthermore, we investigate
the thermodynamic properties of the trimer chain and show that signatures of
edge state synchronization are observable through thermodynamic quantities like
heat, work and entropy production.

This chapter is organized as follows: We start by introducing the model of
a finite trimer chain of electron shuttles in Sec. 10.1.1, followed by a discussion
of different synchronization scenarios observed in the system in Sec. 10.1.2. Af-
terward, in Sec. 10.1.3, we explain the synchronization of boundary modes by
means of a linear stability analysis and show that this synchronization is robust
against local disorder in Sec. 10.1.4. The second part of this chapter concerns the
thermodynamic properties of the trimer chain: In Sec. 10.2.1 we define precise
notions of heat, work and entropy production to derive the first and second law of
thermodynamics of the model. Subsequently, in Sec. 10.2.2, we discuss signatures
of synchronized boundary modes found in these thermodynamic quantities and
we summarize our findings in Sec. 10.3.

10.1 Synchronization of topological edge states

10.1.1 Trimer chain of electron shuttles

In Sec. 7 we have discussed the onset of self-oscillation in the electron shuttle
and in Sec. 9 how topology can be defined in a trimer chain of coupled harmonic
oscillators. In the following, we combine these two concepts in a chain of cou-
pled electron shuttles. Due to the nature of the electron shuttle, the system is
inherently out of equilibrium and the challenge here is to investigate topological
protection in non-Hamiltonian systems. However, motivated by the discussion in
the previous Sec. 9, we spatially modulate the oscillator frequencies which allows
us to define topology in our system.
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Figure 10.1: Dissipative nonequilibrium system with topological edge states:
An open chain of N coupled systems splits into trimers with units
A, B and C. Each system consists of an electron shuttle, that is
a QD hosted by a nanomechanical oscillator positioned between
electronic leads. The QD is tunnel coupled to the leads, source
(S) and drain (D), in a nonlinear fashion such that electron tun-
neling is enhanced in the proximity of the lead (indicated by the
thickness of the arrows). The same bias voltage V is applied to
each shuttle and induces an electrostatic field αV between the
leads, which in turn forces the charged shuttle to move toward the
drain. Each shuttle is coupled to its nearest neighbors via me-
chanical coupling of the oscillators to build a chain. Trimerization
of the chain is then achieved by assigning different frequencies to
the nanomechanical oscillators of each unit, e.g. by varying the
oscillator length. Adapted from Ref. [30].

The full model we are interested in consists of a chain of N electron shuttles
labeled by the index l. The state of the chain is fully described by the vector x
with entries xl = (xl, vl, ql) describing the position xl, velocity vl and charge ql of
the shuttle at site l. One can model the dynamics of the chain by a differential
equation ẋ = f(x), where every unit l is governed by the nonlinear equation [see
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Eq. (7.7)]

ẋl = fl(x) =

⎛
⎜
⎜
⎜
⎝

vl

−ω2
l (ϕ)xl −

γ
mg
vl +

αV
mg
ql + g2 (xl−1 + xl+1)

∑
ν
[−Rν

01 (xl) ql +R
ν
10 (xl) (1 − ql)]

⎞
⎟
⎟
⎟
⎠

. (10.1)

Here, the tunneling rates Rqq′(xl)ν of lead ν ∈ {S,D} are defined as in Eq. (7.2).
To fulfill the open boundary conditions it must hold that x0 = xN+1 ≡ 0. Note that
the different electron shuttles in the chain only differ by the assigned oscillator
frequency ωl(ϕ) defined by Eq. (9.1) with b = 1/3 to form trimers, see Sec. 9.1.1.
Additionally, we choose κ = 1/2 and ∆ > 0, such that the frequencies ωl(ϕ) are
always positive for all values of the global phase ϕ even without considering the
absolute value. Then, the spectrum of the coupled harmonic oscillators defined
by Hamiltonian H(ϕ), Eq. (9.2), is the one shown in Fig. 9.3 (a) with two sym-
metry points and two edge states in each bandgap. The total system inherits the
inversion symmetry of H(ϕ), Eq. (9.2). Hence, Eq. (10.1) is inversion symmetric
for ϕ = 2π/3 and ϕ = 5π/3. We apply the same bias voltage V to all shuttles, see
Fig. 10.1.

From the previous Sec. 9, we know that the spatial modulation of the oscilla-
tors leads to topology-related phenomena. As a matter of fact, the energies of the
collective modes form bands and determine the topology of the system. In the
system of coupled electron shuttles, the friction γ as well as the bias voltage V
are local in space. Therefore, to study nonequilibrium effects on the topology, it
is convenient to perform a transformation of the equations of motion in terms of
collective modes. We apply the same normal mode transformation O with entries
Olm that diagonalizes H(ϕ) [see Eqs. (9.2) and (9.3)]. In terms of the collective
coordinates x̄ with entries x̄l = (x̄l, v̄l, q̄l), where x̄l = ∑mOlmxm and similarly for
the collective velocity and charge, Eq. (10.1) takes the form

d

dt
x̄l =

⎛
⎜
⎜
⎜
⎜
⎝

v̄l

−Ω2
l x̄l −

γ
mg
v̄l +

αV
mg
q̄l

∑
ν
{−Rν

01 [∑
m
Omlx̄m] q̄l +Rν

10 [∑
m
Omlx̄m] (Ol − q̄l)}

⎞
⎟
⎟
⎟
⎟
⎠

. (10.2)

Here, Ol = ∑mOlm. Hence, under the coordinate change, the collective modes
are now only dissipatively coupled, because the tunneling rates depend on all the
collective positions x̄l.

10.1.2 Dynamics

The model introduced in Sec. 10.1.1 describes a dissipative nonequilibrium sys-
tem: By applying a bias voltage V between source (S) and drain (D) of each
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Figure 10.2: Synchronization of a trimer chain of electron shuttles for N = 24.
(a) – (c) Oscillating position δxl(t) of the shuttles, (d) – (f) corre-
sponding oscillating QD occupation δql(t) after initial relaxation.
For ϕ = π/2 (top panels), only the right end of the chain performs
synchronized motion while the left end is at rest. Consequently,
only the dot occupation on the right end of the chain oscillates
in time. For ϕ = 2π/3 (middle panels) the inversion symmetry
is preserved and both ends of the chain are synchronized with a
inversion symmetric initial state. For ϕ = 0.7π also both ends
oscillate, however, each side of the chain with its own frequency,
such that only shuttles on either side of the chain are synchro-
nized. Parameters: βV = 150.0, αλ = 0.06, ∆/g = 2.0, Γ/γ = 1.0,
βmgλ2Γ2 = 72.0, κ = 1/2. Adapted from Ref. [30].
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shuttle, the system is driven out of equilibrium. However, the tunneling of elec-
trons as well as the friction of each oscillator accounts for dissipation, such that
a stable nonequilibrium steady state can emerge. Since each individual electron
shuttle undergoes a transition to self-oscillation (see Sec. 7.1.4), it is expected that
the collective modes of the coupled shuttle chain can also be excited to oscillate.
In fact, we find that for a sufficiently large V and depending on the global phase
ϕ synchronized states may appear, which persist in the long time limit. In the
following we only discuss (periodic) steady states, that is, after initial relaxation.

Besides the trivial scenario (ϕ < 0.41π and ϕ > 0.92π), in which all collective
modes are damped, there are three different dynamical scenarios present in the
system, for which we show examples in Fig. 10.2 (a) – (c). To visualize the
synchronization of shuttles, we show the deviation δxl(t) of the shuttle position
from its time averaged position, that is δxl(t) = xl(t) − ⟨xl⟩. Here, the averaged
position ⟨xl⟩ = ∫

Tl
0 xl(t)dt/Tl with period Tl of the l-th shuttle. Hence, δxl(t) = 0

implies that the shuttle is not moving over time, however, the averaged position
⟨xl⟩ may be different from 0.

If ϕ ∈ [0.41π,0.58π) only the shuttles on the right end of the chain oscillate
with the same frequency and a fixed phase difference. Thus, the right end of the
chain performs synchronized motion while the left end of the chain is at rest.
Moreover, the amplitude decreases exponentially toward the bulk, which is a
direct consequence of the existence of the edge states in the system of trimerized
oscillators [see Fig. 9.3 (d)]. We show this situation exemplary for the case of
ϕ = π/2 in Fig. 10.2 (a). The opposite behavior, where only the left end of the
chain performs synchronized motion, can be observed for ϕ ∈ (0.75π,0.92π].

If the trimer chain is inversion symmetric (ϕ = 2π/3), both ends of the chain
are fully synchronized and the oscillation amplitude again decreases exponentially
toward the bulk [Fig. 10.2 (b)]. While the phase difference between the units
belonging to the same edge is independent of the initial conditions, the phase
between the two ends of the chain does show such a dependency: A fully inversion
symmetric or inversion antisymmetric initial state of the shuttles will be preserved
such that the phase difference is 0 and π, respectively. On the other hand,
random initial conditions will lead to a superposition of the inversion symmetric
and inversion antisymmetric state with random phase difference. However, after
initial relaxation the units are phase locked and synchronized across the whole
chain. As an example, in Figs. 10.2 (b) and (e) we choose an inversion symmetric
initial state.

The synchronization described so far only involve a single frequency in the
system. However, there also exists the case where the left and right end of the
chain oscillate with different frequencies. Moreover, the oscillation amplitudes
differ on both sides of the chain. This is the case for ϕ ∈ [0.58π,2π/3) or ϕ ∈
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(2π/3,0.75π] and an example is shown in Fig. 10.2 (c) for the case of of ϕ = 0.7π.
Nevertheless, shuttles belonging to the same end of the chain are still synchronized
and phase locked.

As the self-oscillation of an electron shuttle relies on the interplay of electron
tunneling and mechanical motion of the oscillator (see Sec. 7), the mechanical
synchronization of the chain has a direct consequence on the QD occupation ql of
each shuttle. For visualization purposes we again show in Figs. 10.2 (d) – (f) the
deviation δql(t) = ql(t) − ⟨ql⟩. If the shuttles are oscillating, the QD occupation
is altered in time due to the exponential dependency of the tunneling rates [see
Eq. (7.2)]. For the examples we have discussed above [Figs. 10.2 (a) – (c)] we
show the corresponding modulations of the charge in Figs. 10.2 (d) – (f), which
clearly show the same synchronization patterns as the mechanical motion. As
the QD occupation may be observed directly by nearby quantum point contacts,
the synchronization may be probed directly with current technology [257, 258].
Note, that 0 ≤ ql(t) ≤ 1 for all times and only the deviations δql(t) may become
negative.

We have discussed three different synchronization scenarios present in the sys-
tem depending on the global phase ϕ. As only the ends of the chains are excited,
the underlying topology of the chain influences the synchronization. For a better
understanding of this interplay of topology and synchronization we investigate
the system using linear stability analysis in the next section.

10.1.3 Linear stability analysis

Linear stability analysis has been proven a useful concept to investigate the emer-
gence of stable periodic motion in nonlinear systems [58], see Sec. 6.1.2. To per-
form this analysis in the system at hand, we work in the collective mode basis x̄
such that the dynamics is described by ˙̄x = f(x̄) [see Eq. (10.2)]. We expand this
nonlinear equation around the fixed point x̄∗ with f(x̄∗) ≡ 0, which needs to be
found numerically, up to first order, i.e.,

˙̄x ≈ J0 (x̄
∗) (x̄ − x̄∗) . (10.3)

Here, J0(x̄∗) denotes the Jacobian matrix [see Eq. (6.3)] with eigenvalues λi
evaluated at x̄∗.

The real part of the eigenvalues, Re(λi), gives us information about the sta-
bility of the fixed point x̄∗ (see Secs. 6.1.1). As long as Re(λi) < 0 for all i, all
solutions of the dynamical system ˙̄x = f(x̄) are attracted into x̄∗ for long times.
However, the fixed point becomes linearly unstable if Re(λi) > 0 for at least one i.
If there exists a complex conjugated pair of eigenvalues which crosses the imag-
inary axis, the corresponding collective mode undergoes a Hopf bifurcation into
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a stable limit cycle with periodic motion (see Sec. 6.1.2) and Im(λi) determines
the oscillation frequency of this mode [58].

In Fig. 10.3 we show the relevant excerpts of the real part (a) and imaginary
part (b) of the eigenvalues of J0(x̄∗) as function of the global phase ϕ, where each
λi comes as a conjugated pair or is purely real and negative for all values of ϕ. We
indicate the left (pink) and right (blue) edge states accordingly to Fig. 9.3 (a). As
ϕ is varied, we can understand the different synchronization scenarios discussed
in Sec. 10.1 by means of the linear stability analysis. First, for ϕ < 0.41π and
ϕ > 0.92π (white area in Fig. 10.3), Re(λi) < 0 for all λi, such that all collective
modes are stable and fall into x̄∗ for long times. This corresponds to the trivial
situation, where all shuttles are at rest.

For ϕ ∈ (0.41π,0.58π) or ϕ ∈ (0.75π,0.92π) (light gray area Fig. 10.3), the
real part of exactly one edge state is positive. Hence, this edge state, located
either at the right (blue) or left (pink) end of the chain (see Figs. 9.3 and 10.2),
becomes linearly unstable and all shuttles belonging to this edge state oscillate
synchronously with a frequency according to the frequency in Fig. 10.3 (b). If
Re(λi) > 0 for both edge states (dark gray area in Fig. 10.3), both edges become
unstable. In general, the two ends of the chain will oscillate with different fre-
quencies as seen by Im(λi) [Fig. 10.3 (b)]. Thus, two shuttles located at different
sides of the chain cannot be phase locked, Fig. 10.2 (c). However, for the special
case of ϕ = 2π/3 (vertical line in Fig. 10.3), the two branches cross and the fre-
quencies of the edge states coincide. Then, all shuttles oscillate synchronized and
phase locked, Fig. 10.2 (b).

For a better understanding why the edges of the chain are excited while the
bulk shuttles are at rest, we investigate the influence of the oscillator frequency
on the self-oscillation of an individual electron shuttle described by Eq. (7.7). In
the inset of Fig. 10.3a we show Re(λi) of the linear stability analysis for a single
shuttle as function of the oscillator frequency ω. For ω < 0.9g and ω > 2.3g the
fixed point is linearly stable and the shuttle is at rest in the long time limit.
However, for 0.9g ≤ ω ≤ 2.3g the stability of the fixed point changes leading to
self-oscillation of the system (see Sec. 7.1.4). Moreover, the largest value of Re(λi)
is centered around ω ≈ 1.5g. We therefore argue in the case of the shuttle chain,
which in the collective mode basis is described by Eq. (10.2), that collective states
with frequencies similar to the self-oscillation frequency of an individual shuttle
are excited. Examining Fig. 9.3 (a) we find that this is the case for the midgap
states located between the first and second band.

We can interpret this as follows: The applied bias voltage V is just large
enough to excite collective modes with matching frequencies located at the ends
of the chain. If the inversion symmetry of the trimer chain is preserved (ϕ = 2π/3)
and the edge states are topological (see Sec. 9.1.4), long-ranged correlations along
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Figure 10.3: Linear stability analysis: Real (a) and imaginary part (b) of the
eivenvalues λi of the Jacobian J0(x̄∗) evaluated at the fixed point
x̄∗. As the global phase ϕ is varied collective edge states are excited
if Re(λi) > 0. The corresponding oscillation frequency is given by
Im(λi). In the light gray shaded area only one edge state is excited
(blue right and pink left) whereas in the dark gray shaded area
both edge states are excited, however, in general with different
oscillation frequencies. At ϕ = 2π/3, the oscillation frequencies
cross in (b), such that both edge states are synchronized. Inset:
Real part of λi for a single shuttle as function of the oscillator
frequency. Parameters: βV = 150.0, αλ = 0.06, ∆/g = 2.0, Γ/γ =
1.0, βmgλ2Γ2 = 72.0, κ = 0.5. Adapted from Ref. [30].

the chain lead to synchronization at both ends. On the other hand, if the edge
states are not of topological nature, they oscillate with different frequencies. The
underlying topology therefore manifests itself in the dissipative nonequilibrium
system as synchronized motion of both chain ends. If V is increased further not
only the edge states but also bulk states with additional frequencies would be
excited destroying the synchronization observed here. Note that by changing sys-
tem parameters, for example the bare tunneling rate Γ, the excitable frequencies
of an individual shuttle can be shifted. We then expect that the midgap edge
states located between the second and third band in Fig. 9.3 (a) can be excited
instead of the ones located between the first and the second band.
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10.1.4 Robustness against disorder

From the discussion in Sec. 9.1, we know that not all edge states are of topolog-
ical nature. Only if ϕ = 2π/3 or ϕ = 5π/3, there exists an inversion symmetry
and the edge states are protected against disorder. We are therefore interested if
synchronized edge states of the shuttle chain are similarly protected by topology.
To this end, we investigate the influence of the same symmetry preserving disor-
der, i.e., disorder which preserves the intratrimer symmetry (see Sec. 9.1.4). In
Fig. 10.4 (a) and (b) we show for ϕ = 2π/3, Re(λi) and Im(λi) of 30 realizations
of disorder with increasing strength r. We first observe, that the frequency of the
synchronized edge state [brown in Fig. 10.4 (b)] is unaffected by disorder, similar
to the trimer chain of harmonic oscillators, Fig. 9.4. However, the spectrum of
Re(λi), which accounts for the emergence of stable collective motion is highly al-
tered by disorder. For weak disorder strength r, only the synchronized edge state
is linearly unstable (Re > 0, pink), such that the synchronization is equivalent to
no disorder. This can also be seen by comparing Fig. 10.2 (b) to Fig. 10.4 (c),
where we show again δxl(t) for one realization of disorder with r/g = 0.1.

On the other hand, for strong disorder, the real part of additional eigenvalues
are positive. The corresponding collective modes are bulk states. Hence, shuttles
belonging to the middle of the chain oscillate. The associated frequencies, how-
ever, differ from the edge state frequency, such that shuttles at the ends and in
the middle of the chain are unsynchronized [see Fig. 10.4 (d)]. Conversely, the
two ends of the chain are still synchronized. However, Re(λi) may be different
for the two ends. Then, both edges oscillate with different amplitudes and are
out of phase even with inversion symmetric initial state [see Fig. 10.4 (d)]. The
synchronization of the chain ends is thus topologically protected, whereas disor-
der manifests itself in breaking the symmetry of the oscillation amplitudes and
phase, and by the appearance of unsynchronized bulk states.

10.2 Thermodynamics

In the previous Sec. 10.1, we have explored the trimer chain of electron shut-
tles from a dynamical point of view and observed that the system may exhibit
topologically protected, synchronized boundary modes. In this section, we want
to provide an additional viewpoint by studying the thermodynamic properties of
the chain. To this end, we formulate the first and second law and analyze the
thermodynamic behavior of the chain, focusing on thermodynamic signatures of
synchronization.
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Figure 10.4: (a) – (b) Re(λi) and Im(λi) of the Jacobian of the linear stability
analysis with ϕ = 2π/3 and with increasing amount of disorder r.
Shown are 30 realizations of disorder. The topologically protected
edge state located at both ends of the chain (pink and brown)
persists for large values of r, however, additional bulk states with
different frequencies may become linearly unstable. (c) – (d) Oscil-
lating position δxl(t) of the shuttles for one realization of disorder
with r/g = 0.1 and r/g = 0.4, respectively, and inversion symmet-
ric initial states. Parameters: βV = 150.0, αλ = 0.06, ∆/g = 2.0,
Γ/γ = 1.0, βmgλ2Γ2 = 72.0, κ = 0.5. Adapted from Ref. [30].
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10.2.1 First and second law

As mentioned previously, the dynamics of the trimer chain described by Eq. (10.1)
are similar to the MF description of an individual shuttle, Eq. (7.7). Hence,
the thermodynamic analysis is performed in close analogy to Sec. 7.2.2, and,
moreover, the thermodynamic quantities like heat and work of the chain are
given by adding these quantities of every individual shuttle. We will discuss this
in detail in the following.

For the trimer chain of electron shuttles, the total energy E is given by the
sum of energies of the individual shuttles, Eq. (10.4), and the coupling energy
between adjacent shuttles,

E =∑
l

[
1

2
mgv

2
l +

1

2
ω2
lmgx

2
l −

1

2
g2mgxl (xl+1 + xl−1)] +∑

l

εql −∑
l

αV xlql. (10.4)

The first term in Eq. (10.4) corresponds to the energy of the coupled harmonic
oscillators, the second term is the energy of the QDs and the last term represents
the interaction energy of oscillators and QDs. Using Eq. (10.1), the change of E
is expressed as

d

dt
E =∑

l

[−γv2
l +∑

ν

(ε − αV xl − µ
ν) I lνM +∑

ν

µνI lνM] , (10.5)

where we have introduced the matter current of shuttle l as [see Eqs. (7.43) and
(10.1)]

I lνM =
dql
dt
=∑

ν

[−Rν
01(xl)ql +R

ν
10(xl) (1 − ql)] =∑

ν

I lνM . (10.6)

Note that I lνM > 0 denotes the flow of electrons from lead ν, source or drain, into the
shuttle at site l, and vice versa for I lνM < 0. By the first law of thermodynamics,
a change of total energy E is either due to the exchange of heat or to work
performed by (on) the system (see Sec. 3.1), i.e.,

d

dt
E = Q̇osc + Q̇S + Q̇D + Ẇ chem. (10.7)

Here, the heat flow into the oscillators from the heat reservoir is given by the sum
of the individual heat flows [see Eq. (7.47)],

Q̇osc =∑
l

Q̇osc
l = −γ∑

l

v2
l . (10.8)

The heat flow between system and leads is analogously expressed as a sum [see
Eq. (7.45)],

Q̇ν =∑
l

Q̇ν =∑
l

(ε − αV xl − µ
ν) I lνM . (10.9)
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Finally, the chemical work rate is defined as [see Eq. (7.46)]

Ẇ chem =∑
lν

µνI lνM . (10.10)

Note that Q̇osc does not depend on the temperature of the heat reservoir and
that it is always negative, i.e., heat can only flow from the oscillators into the
heat reservoir. This is a result of the MF description of the shuttles we employ in
this chapter, see Sec. 7.1.2. The other thermodynamic quantities can in general
take positive and negative values. However, in the isothermal (βosc = βν = β) and
large bias regime (V ≫ ε) considered here, electrons always flow in the direction
of descending chemical potential, i.e., from source to drain, dqS

l /dt = I
lS
M ≥ 0 and

dqD
l /dt = I

lD
M ≤ 0. Thus, the chemical work rate Ẇ chem > 0 in this regime. If

furthermore 2α∣xl∣ ≤ 1 for all times, heat always flows from the shuttles into the
leads, i.e., Q̇ν

l ≤ 0. For the parameters used in this chapter, this will always be the
case in the long time limit. From this analysis we can already see that oscillating
shuttles transform the power provided by the chemical gradient between the leads
into heat to maintain their periodic motion. We will discuss this in more detail
in the next section.

To establish the second law of thermodynamics, one follows closely the steps
presented in Sec. 7.2.2. We move the derivation to App. B.1 and summarize the
result here, i.e., positivity of the entropy production rate

Σ̇ =
d

dt
S −

1

T
(Q̇osc + Q̇S + Q̇D) ≥ 0, (10.11)

where S denotes the Shannon entropy of the system, Eq. (4.12). The above
Eq. (10.11) is in agreement with the standard expression of macroscopic thermo-
dynamics, see Sec. 3.2. Note that due to the MF description of the chain, the
probability density of the QDs factorizes such that the entropy production rate
Σ̇ is given by a sum of each individual shuttle, see App. B.1. Thus, for the model
considered in this thesis, all thermodynamic quantities of the total system are
expressed as a sum of the individual quantities of each unit. However, in a fully
stochastic or quantum description of the model, this may no longer be the case.

10.2.2 Thermodynamic signatures of synchronization

Having derived the general laws of thermodynamics in the previous section, we
discuss now the thermodynamic properties of the model. We start by analyzing
the thermodynamic quantities of each individual shuttle in the chain. Similar to
the discussion of the shuttle dynamics in Sec. 10.1.2, we look at the deviations of
quantities from their respective time averaged value. For instance, δẆ chem

l (t) =
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Figure 10.5: Oscillating thermodynamic quantities of the individual shuttles
in the inversion symmetric (ϕ = 2π/3) trimer chain of N = 24
shuttles after initial relaxation. All quantities [oscillator heat flows
(a), chemical work rates (b), source (c) and drain heat flows (d)]
show the same oscillatory behavior as the shuttle positions and QD
occupations itself, see Fig. 10.2. Thus, the synchronized periodic
motion of the edges directly affects the thermodynamic properties
of the system. Parameters: βV = 150.0, αλ = 0.06, ∆/g = 2.0,
Γ/γ = 1.0, βmgλ2Γ2 = 72.0, κ = 0.5.

118



10.2. THERMODYNAMICS

Ẇ chem
l (t) − ⟨Ẇ chem

l ⟩ denotes the deviation of the chemical work rate Ẇ chem
l (t)

of shuttle l from the time averaged work rate ⟨Ẇ chem
l ⟩. Note that a negative

(positive) value of δẆ chem
l does not imply a negative (positive) value of Ẇ chem

l .
In fact, as discussed in the previous section, the chemical work rate is always
positive, whereas the heat flows are always negative in the parameter regime
considered here. In Fig. 10.5 we show the different thermodynamic quantities in
the long time limit for ϕ = 2π/3, i.e., an inversion symmetric chain with both
edge being synchronized. Note that we choose again a symmetric initial state,
see Sec. 10.1.2.

From the definition of the thermodynamic quantities, Eqs. (10.8) – (10.10),
we already see that the dynamics of the shuttle position xl and QD occupation ql
must be reflected in the thermodynamics. For instance, the heat flowing from the
oscillator at site l to the heat reservoir Q̇osc

l , Eq. (10.8), depends on the velocity
of this oscillator. Consequently, if the shuttle is at rest, Q̇osc

l = 0. On the other
hand, if the shuttle is in motion, Q̇osc

l ≠ 0. Hence, the heat flow oscillates if the
shuttle is moving periodically as seen in Fig. 10.5 (a). Note that, because the
velocity vl of the shuttle enters the heat flow Q̇osc

l squared [see Eq. (10.8)], δQ̇osc
l

changes sign four times during one oscillation period of the shuttle. However,
δQ̇osc

l has the same periodicity as the shuttle motion [see Fig. 10.5 (a)].
In Figs. 10.5 (b) – (d), we show the chemical work rates δẆ chem

l (t) as well
as the heat flows to source and drain δQ̇ν

l (t), respectively. All these quantities
inherit their periodic behavior from the motion and QD occupation of the shuttles,
such that the synchronization of the boundary modes is also observed in these
thermodynamics of the system, which a comparison of Figs. 10.5 (a) – (d) with
Figs. 10.2 (b) and (d) clearly shows. In fact, also the other synchronization
patterns discussed in Sec. 10.1.2 are equivalently observed in the thermodynamic
quantities, i.e., no oscillation at all, oscillations located at only one end of the
chain, or oscillations at both ends with different frequencies depending on the
value of ϕ.

As the synchronized motion can be observed by investigating the thermody-
namics of each individual shuttle, we also expect to find signatures of synchro-
nization in the thermodynamic properties of the total chain, since the latter are
given by the sum of the individual members [see Eqs. (10.8) – (10.10)]. We show
in Fig. 10.6 in panels (a) – (c) the heat flow Q̇osc from the oscillators to the heat
reservoir, in panels (d) – (f) the heat flow Q̇S from the QDs to the source, in
panels (g) – (i) the heat flows Q̇D from the QDs to the drain, and in panels (j)
– (l) the chemical work rate Ẇ chem as function of time after initial relaxation.
For ϕ = 0.5π (left panels), only the right end of the chain is oscillating and syn-
chronized [see Figs. 10.2 (a) and (d)]. The synchronization is reflected in the
periodicity of the thermodynamic quantities and the period matches the period
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Figure 10.6: Thermodynamic quantities of the total system with N = 24 shut-
tles after initial relaxation. (a) – (c) Heat flow Q̇osc from the
oscillators to the heat reservoir, (d) – (f) heat flow Q̇S from the
QDs to the source, (g) – (i) heat flows Q̇D from the QDs to the
drain, (j) – (l) chemical work rate Ẇ chem. If the total chain is
sychronized [left panels (ϕ = 0.5π) only the right end of the chain
is oscillating, middle panels (ϕ = 2π/3) both ends are oscillating
synchronized], the heat flows and work rate are periodic in time
with the same periodicity as the shuttle motion. If the left and
right end of the chain are unsychronized [right panels (ϕ = 0.7π)],
we observe interference patterns due to the two different frequen-
cies present in the chain. Parameters: βV = 150.0, αλ = 0.06,
∆/g = 2.0, Γ/γ = 1.0, βmgλ2Γ2 = 72.0, κ = 0.5.
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of shuttle motion.
Similarly, for ϕ = 2π/3 (middle panels), the heat flows and work rate are

oscillating. Here, the trimer chain is inversion symmetric and both ends of the
chain are synchronized [see Figs. 10.2 (b) and (d)]. Compared to the case of
only one synchronized end of the chain (left panels), the amplitude of Q̇osc is
smaller, whereas the amplitudes of Q̇ν and Ẇ chem are larger. In the case that
both ends of the chain are oscillating but are unsynchronized [see Figs. 10.2 (c) –
(f)], we observe interference patterns of the heat flows and work rate because of
the two oscillation frequencies present in the system [middle panels in Fig. 10.6
(ϕ = 0.7π)]. Note that if the chain is at rest, all thermodynamic quantities take
on constant values. Moreover, Q̇osc = 0 in this case, because the velocities vl
of all shuttles equals zero [see Eq. (10.8)]. Thus, the different synchronization
patterns discussed in Sec. 10.1.2 are clearly reflected in the thermodynamics of
the total system. However, the difference between the case of only one end
of the chain oscillating and both ends of the chain being synchronized is the
actual oscillation amplitude of the thermodynamic quantities. Nevertheless, by
investigating the thermodynamics, we can distinguish between no oscillation of
the chain, synchronization of all oscillating shuttles, or oscillations with different
frequencies (which might be partially synchronized).

Finally, we would like to comment on the thermodynamic implications of
the topological protection. As we have seen, the synchronized dynamics of the
individual shuttles are reflected in synchronized oscillations of thermodynamic
quantities. Thus, the observed robustness of symmetry-protected synchroniza-
tion against symmetry-preserving disorder (see Sec. 10.1.4) directly transfers to
the heat flows and chemical work rate of each shuttle: For a small amount of
disorder, the dynamics and therefore the thermodynamics are unaffected. How-
ever, a large amount of disorder manifests itself in breaking the symmetry of
oscillation amplitude and phase, and in the appearance of unsynchronized bulk
oscillations of both, the system variables (position, velocity and dot occupation)
and the thermodynamic quantities of each shuttle. Consequently, the heat flows
and work rate of the total chain will show interference patterns because additional
oscillation frequencies are involved, similar to the right panels in Fig. 10.6. Thus,
the thermodynamic quantities are affected by perturbations and not topologically
protected against large amounts of disorder.

10.3 Conclusions

In summary, we discussed in this part of the thesis a system which connects
synchronization with topology in a dissipative nonequilibrium setup. Motivated
by models of condensed matter physics we introduced topology into the system
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of coupled electron shuttles by modulation of the oscillation frequency of each
shuttle. The obtained trimer chain exhibits synchronized motion located at the
ends of the chain. By investigation of a linear stability analysis of the nonlinear
dynamical system, we explained the emergence of synchronized states by means
of the underlying topology. If the inversion symmetry is preserved, longranged
correlations lead to synchronized motion of both ends of the chain. However,
if the observed edge states are not of topological nature both ends of the chain
oscillate with different frequencies or one end does not oscillate at all. Hence,
the synchronization of the shuttles is a direct consequence of the topology of the
trimer chain. Moreover, the synchronization at the ends of the chain is topologi-
cally protected against local disorder which preserves the intratrimer symmetry.
However, the local disorder manifests itself in breaking the symmetry of the os-
cillation amplitudes and phase at the ends of chain and by the appearance of
unsynchronized bulk states. The synchronized movement of the shuttles may
be directly probed by the dot occupation of each shuttle, which shows the same
synchronized periodicity as the shuttles itself.

Additionally, we performed a thermodynamic analysis of the system. Based
on the definitions of the thermodynamic quantities of the single shuttle, we were
able to derive these quantities also for the trimer chain. We observed that they
are given as the sum of the individual quantities of each shuttle in the chain.
By investigating the heat flows and chemical work rate, we found signatures of
synchronization in the thermodynamic properties.

The model we investigated in this part of the thesis represents a MF descrip-
tion as the oscillators evolve deterministically. A natural next step is therefore to
consider a fully stochastic model by taking thermal fluctuations of the oscillators
into account or to consider a fully quantum description. Here, we expect that
synchronization can also be observed to some extent as trimer lattices are not
only robust against symmetry-preserving disorder but also against perturbations
that break the symmetry [226].

Beyond this, it would be very interesting to explore the effects of well known
phenomena from the field of topology on synchronization. Here, one may extend
the chain to a two-dimensional grid to investigate synchronized traveling edge
states [194, 259] or topologically pump the synchronized edge states by varying
the global phase ϕ over time [183, 184, 260]. But also exploring the coexistence
of synchronized and unsynchronized states, so called chimera states [261, 262],
which are protected by topology are of great interest. The presented system, thus,
may serve as a testbed not only theoretically but also experimentally for very in-
teresting physics to be investigated and opens a new avenue to explore topological
protection in synchronized systems and their thermodynamic implications.
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Thermodynamic signatures of
quantum criticality
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Chapter 11

Preliminaries – Quantum criticality

In the preceeding two parts of this thesis, we have discussed two examples of crit-
ical phenomena in classical systems. In this part, we turn to quantum systems
and the phenomenon of quantum phase transitions. We hereby aim to find signa-
tures of quantum criticality in the thermodynamic properties of a system coupled
to multiple reservoirs under nonequilibrium conditions. Here, the difficulty is to
develop a framework to describe the system dynamics that is consistent with the
laws of thermodynamics. However, before discussing this issue and a possible
solution in Sec. 12, we give a brief overview of phase transitions in this chapter.

11.1 Phase transitions

A phase transition describes, in general, a dramatic change of a physical system
upon modification of a parameter, i.e., the properties of the system in one phase
can be very different from the ones in another phase. The phenomenon of phase
transitions is a universal physical effect and can appear in numerous contexts like,
for instance, as a transition from a solid to a liquid upon temperature changes or
as a transition from a paramagnet to a ferromagnet upon changes of the applied
magnetic field at zero temperature. The latter two examples already indicate
that there are various types of phase transitions. In Sec. 9 we have already
encountered one kind of phase transition, the topological phase transition, where
the topological order of the system changes accompanied by the appearance or
disappearance of localized edge states. However, there are two more important
types of phase transitions – thermal and quantum – which we discuss in the
following.
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11.1.1 Thermal phase transitions

Thermodynamic phases of matter are characterized by certain properties and
upon small changes of external conditions, such as temperature or pressure, these
properties remain within each phase. However, for large modifications of these
parameters the system properties can change drastically. This is the case when
a phase transition occurs as one phase becomes unstable whereas another one
becomes stable [263]. Thermodynamic potentials, like the internal energy, the
free energy, or the Gibbs free energy, quantify the stability of a phase. Consider
for example the free energy

F = E − TS, (11.1)

where E is the internal energy, T the temperature and S the entropy of the
system. For a system to be in equilibrium, the free energy has to be minimal.
Thus, the phase with the lowest free energy is stable, whereas the other phases
are unstable. From Eq. (11.1) we see that minimizing F corresponds to minimiz-
ing the energy E or maximizing the entropy S. Hence, there is a competition
between the latter two quantities. For low temperatures, the free energy is domi-
nated by the energy and the state of the system is characterized by a minimal E.
Often these low energy states have some kind of order. For high temperatures
on the other hand, high-entropy states with disordered character define the sys-
tem. Hence, for intermediate temperatures, there must be a transition from an
ordered to a disordered state of the system. For example, in the Ising model a
paramagnetic-ferromagnetic phase transition occurs as a function of temperature
in the thermodynamic limit. In the high-temperature paramagnetic phase, each
spin points in an individual direction. Contrary, in the low-temperature ferro-
magnetic phase, all spins point along the same direction and are thus perfectly
ordered.

From the previous discussion it is obvious that phase transitions are closely
related to changes of the systems’s symmetries. The phase with the higher sym-
metry is called disordered or symmetric phase (high-entropy states), whereas the
phase with lower symmetry is called ordered or symmetry-broken phase (low en-
ergy states). Thus, one often refers to phase transitions as symmetry breaking
processes. To quantify the degree of order in a system across the phase bound-
aries, one introduces the notion of order parameters: In the symmetry-broken
phase, the order parameter can take any non-zero values, while in the symmetric
phase the order parameter should be strictly zero. In the example of the Ising
model, the net magnetization represents such an order parameter.

Phase transitions can be classified into two kinds, first and second, based on
the behavior of the free energy F as function of a thermodynamic variable (tem-
perature, pressure, etc.). The label is assigned according to the lowest order of
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the derivative of F with respect to this thermodynamic variable that is discon-
tinuous at the phase boundary (Ehrenfest classification). If, for example, the
temperature T is the considered thermodynamic variable, a phase transition of
the first kind, also called discontinuous phase transition, shows a jump in ∂F /∂T
at a critical temperature Tcr. Consequently, a phase transition of the second kind
is characterized by non-analytic behavior of ∂2F /∂T 2. As the first derivative is
continuous, a phase transition of the second kind is also referred to as a continu-
ous phase transition. Familiar examples of a first order phase transition are the
melting of ice or the boiling of water, and the paramagnetic-ferromagnetic phase
transition in the Ising model is an example of a second order phase transition.

There are many more aspects of phase transitions one could discuss, like the
emergence of long-range spatial and temporal correlations or the existence of
universal power laws characterizing the scaling of some physical quantities as
the system approaches the critical point. However, here we want to focus on
another exceptional phenomenon occurring at zero temperature, the quantum
phase transition.

11.1.2 Quantum phase transitions

In the limit of T → 0, the free energy is equivalent to the internal energy, see
Eq. (11.1). Hence, the state with minimal free energy is given by the ground
state of the system. Nevertheless, a phenomenon with similar effects to a thermal
phase transition can occur since different phases of matter can still exist, which are
realized by different values of a control parameter κ of the underlying Hamiltonian
Ĥ(κ). In contrast to thermal phase transitions, this kind of phase transitions is
driven by quantum fluctuations instead of thermal fluctuations as the latter are
non-existent at vanishing temperature. Thus, this phenomenon is called quantum
phase transition (QPT).

When the control parameter reaches its critical value κ = κcr, the ground state
energy becomes a non-analytic function of κ. This, however, is strictly speaking
only the case in the thermodynamic limit, i.e., when the number of particles that
form the system is infinite. If the system is finite, only a precursor of quantum
criticality can be observed, becoming more and more pronounced as the system
size increases.

The occurrence of a QPT is accompanied by a closing of the energy gap
between the ground state and the first excited state as κ approaches κcr. In a finite
system, the spectrum exhibits an avoided level crossing between the ground state
and the first excited level, which becomes progressively sharper as the system
size increases leading to a non-analyticity at κ = κcr in the thermodynamic limit.
Similar to thermal phase transitions, the order of the QPT is determined by
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discontinuities, now in the derivatives of ⟨Ĥ(κ)⟩.
Recently, QPTs have been observed experimentally in ultracold atoms [14–18],

through cavity-assisted Raman transitions [264], in 1D ferromagnets [265], spinor
Bose-Einstein condensates [19] and even by means of trapped ion quantum simu-
lators [20, 21] and in circuit quantum electrodynamic lattices [266]. However, as
absolute zero temperature cannot be achieved in experiments, the question arises
how QPTs can be observed experimentally. This is possible because the system’s
low-temperature behavior close to a quantum-critical point shows characteristics
of the phase transition. At non-zero temperature, thermal fluctuations with an
energy scale of kBT compete with quantum fluctuations of energy scale h̵ω. Here,
ω is the typical frequency at which the important long distance degrees of freedom
oscillate [13]. Quantum fluctuations dominate the system’s behavior if

h̵ω ≫ kBT, (11.2)

known as the quantum-critical region. Near a quantum-critical point we expect a
phase diagram as shown in Fig. 11.1. For T > 0, there is a line of phase transitions
(solid pink), at which the free energy is non-analytic and which terminates at
T = 0 at the quantum-critical point. In the vicinity of this line, the system
is governed by thermal fluctuations (pink shaded region). This region becomes
narrower as the temperature is decreased and converges toward the quantum-
critical point. Experimentally, the quantum-critical behavior can thus be explored
either by tuning κ through κcr at low temperatures or by lowering the temperature
with κ fixed at κcr.

Prominent examples of systems exhibiting QPTs are the quantum Ising model
[13, 267], the Dicke model [268–271] or the Lipkin-Meshkov-Glick (LMG) model
[272–275]. Often, the main properties of phase transition can be explained and
understood at a semiclassical level in the thermodynamic limit, as for example in
the LMG model as we will see in the next section. The QPT is then visible as a
bifurcation of an averaged system observable as a function of κ.

11.1.3 The Lipkin-Meshkov-Glick model

The LMG model was originally proposed in the context of nuclear physics [272].
However, nowadays it serves as a model to study general properties of an interact-
ing many-body quantum system [273–275] and has been realized experimentally
with trapped cold ions [19]. Due to its simplicity, the LMG model is a suitable ex-
ample to explain and visualize the properties of QPTs introduced in the previous
section.

The model describes N two-level systems collectively interacting with an ex-
ternal field and among themselves. In terms of collective spin operators Ĵm =

128



11.1. PHASE TRANSITIONS

Figure 11.1: Generic phase diagram in the vicinity of a quantum-critical point
as function of a control parameter κ and temperature T . The
phase in the κ < κcr and low T region is bounded by a line of ther-
mal phase transitions which terminates at T = 0 at the quantum-
critical point. In the quantum-critical region, quantum fluctua-
tions dominate the behavior of the critical system. Adapted from
Ref. [13].

∑
N
n=1 σ̂

(n)
m /2, where m ∈ {x,y, z} and Ĵ± = Ĵx ± i ⋅ Ĵy with σ̂(n)m denoting the Pauli

matrix of the nth spin, the LMG Hamiltonian is given by

ĤLMG(κ) = −hĴz −
κ

N
Ĵ2

x , (11.3)

where h is the strength of the magnetic field in z-direction and κ denotes the
coupling between the two-level systems. The scaling of Ĵx with 1/

√
N ensures a

meaningful thermodynamic limit, N → ∞. In general, the LMG model includes
an additional Ĵ2

y term. However, here we only consider the anisotropic case for
simplicity, though the approach remains the same for the general case. The
Hamiltonian (11.3) preserves the total angular momentum as it commutes with
Ĵ2 = Ĵ2

x + Ĵ
2
y + Ĵ

2
z and consequently it connects only states with the same total

spin. Moreover, ĤLMG(κ) is invariant under the operation Ĵx → −Ĵx.
For small κ, the term −hĴz dominates in the Hamiltonian (11.3). Thus, the

eigenstates of the system are the eigenstates of Ĵz and the state with lowest energy
is the one with largest collective spin, i.e., the state for which ⟨Ĵ2⟩ = (N/2 + 1)N/2

and ⟨Ĵz⟩ = N/2. Hence, for small coupling strength κ, all two-level systems are
in the same state. We will refer to this in the following as the normal phase.

In the other limit, for large coupling strength κ, the term −κĴ2
x dominates and

the eigenstates of ĤLMG(κ) are the ones in the Ĵx basis and are doubly degenerate.
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This constitutes the symmetry-broken phase, where the atoms are spontaneously
and macroscopically polarized. We see that the two cases of small and large κ
support completely different ground states. We will see in the following that the
crossover from one ground state to the other one is not smooth, but a phase
transition sets in at a critical value κcr.

Since we are interested in the phase transition and its properties, we consider
the thermodynamic limit, N →∞, where the QPT is treated within a MF theory.
There are different methods to analyze ĤLMG(κ) in this limit. Here, we employ
a method which is based upon the Holstein-Primakoff transformation [276],

Ĵz =
N

2
− â†â, Ĵ+ = â

†
√
N − â†â, Ĵ− =

√
N − â†ââ. (11.4)

To account for a macroscopic MF occupation (∝ N) of the atomic ensemble in
the symmetry-broken phase, the bosonic operators for the spin, â† and â, are
displaced via displacement operators [277],

â = Â −
√
Na and â† = Â† −

√
Na, (11.5)

with displacement
√
Na (a ∈ R). By expanding the square roots in Eq. (11.4) in

powers of
√
N , the Hamiltonian of the LMG model, Eq. (11.3), can be written as

Ĥ
(TD)
LMG(κ) = NĤ

0
LMG(κ) +

√
NĤ1

LMG(κ) + Ĥ
2
LMG(κ) +O (

1
√
N
) , (11.6)

where the terms in the Hamiltonian have been sorted in powers of
√
N and a

possible constant term C has been transformed away by the operation Ĥ(TD)
LMG(κ)→

Ĥ
(TD)
LMG(κ) − C. All terms proportional to N−1/2 and lower can be neglected in

the thermodynamic limit. Upon the specific choice of a (see below), Ĥ1
LMG(κ)

becomes identical to zero. The other two terms in Ĥ(TD)
LMG(κ) are given by

Ĥ0
LMG(κ) = − h(

1

2
− a2) − κa2 (1 − a2) ,

Ĥ2
LMG(κ) =hÂ

†Â −
κ

4
(1 − 5a2) (Â† + Â)

2
.

(11.7)

Since NĤ0
LMG(κ) is linear in the atom number it gives the main contribution

in the thermodynamic limit. This means that minimizing the ground state energy
is equivalent to the condition ∂Ĥ0

LMG(κ)/∂a = 0, which has two solutions:

(i) a trivial solution with
a = 0 (11.8)

and
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(ii) a non-trivial solution with

a = ±

√
1

2
(1 −

h

κ
) (11.9)

We see that for κ < h solution (i) minimizes Ĥ0
LMG(κ), whereas for κ > h solution

(ii) provides a minimal energy. Hence, the system undergoes a QPT at κcr = h
from a normal phase (i) to a symmetry-broken phase (ii).

To see the physical meaning of both solutions, Eqs. (11.8) and (11.9), we look
at the ground-state expectation values of the observables Ĵz and Ĵ2

x . Both of
them can be written in terms of the displacement a as follows,

⟨Ĵz⟩ = N (
1

2
− a2) and ⟨Ĵ2

x⟩ = N
2a2 (1 − a2) . (11.10)

In Fig. 11.2 (a) the ground-state expectation values of the two observables Ĵz

and Ĵ2
x are shown. The QPT is clearly marked by non-analyticities at κ = κcr.

Moreover, as the phase boundary is crossed (κ > κcr) we observe a spontaneous,
macroscopic polarization with ⟨Ĵ2

x⟩ > 0. Hence, ⟨Ĵ2
x⟩ may serve as an order pa-

rameter as it is equal to zero in the normal phase but takes finite values in the
symmetry-broken phase, see Sec. 11.1.1. The order of the phase transition can
be deduced from the ground state energy. The latter is given by inserting the
displacement, Eqs. (11.8) and (11.9), into Ĥ0

LMG(κ), Eq. (11.7), which yields

Ĥ0
LMG(κ) =

⎧⎪⎪
⎨
⎪⎪⎩

−h2 κ < κcr

−h
2+κ2

4κ κ > κcr
. (11.11)

The first and second derivative with respect to κ of Ĥ0
LMG(κ) are given by

∂

∂κ
Ĥ0

LMG(κ) =

⎧⎪⎪
⎨
⎪⎪⎩

0 κ < κcr

−1
2 +

h2+κ2

4κ2 κ > κcr
,
∂2

∂κ2
Ĥ0

LMG(κ) =

⎧⎪⎪
⎨
⎪⎪⎩

0 κ < κcr
1

2κ −
h2+κ2

2κ3 κ > κcr
.

(11.12)
The ground-state energy per spin and its first and second derivative are shown
in Fig. 11.2 (b). One sees that the ground-state energy itself, Ĥ0

LMG(κ), and its
first derivative, ∂

∂κĤ
0
LMG(κ), are continuous for all coupling strengths κ. However,

the second derivative, ∂2

∂κ2 Ĥ
0
LMG(κ), shows a discontinuity at the critical coupling

strength κcr. Hence, the system undergoes a second order or continuous QPT.
So far we have analyzed the ground-state properties of the LMG model in

the thermodynamic limit as the quantum-critical point is crossed. However, as
discussed in the previous section, QPTs are accompanied by a closing of the
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Figure 11.2: (a) Ground-state expectation values of the observables Ĵz and Ĵ2
x

as function of κ with non-analyticities at the QPT. (b) Ground-
state and its first two derivatives as function of κ. The phase
transition is of second order as the ground-state (blue) and its
first derivative (pink) are continuous, whereas the second deriva-
tive (brown) shows a discontinuity at the critical coupling. (c)
Excitation energy above the ground state. As κ approaches the
critical coupling, ε vanishes indicating the closing of the gap in the
spectrum.

gap between the ground state and the first excited state. This information is
contained in Ĥ2

LMG(κ), Eq. (11.7), which represents the low-energy excitations
above the ground state. As Ĥ2

LMG(κ) is bilinear in the creation and annihilation
operators of the atoms, it can be diagonalized using a Bogoliubov transformation,
which yields

Ĥ2
LMG(κ) = ε(κ)ê

†ê with ε(κ) =

⎧⎪⎪
⎨
⎪⎪⎩

√
h2 − κh κ < κcr√
3
2 (κ

2 − h2) κ > κcr
. (11.13)
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Here, ê† and ê are bosonic creation and annihilation operators as well and are
given by linear combinations of Â† and A. The excitation energy ε(κ) is shown
in Fig. 11.2 (c). It is continuous and vanishes at the critical point indicating the
closing of the gap between the ground state and the excited states of ĤLMG(κ)
in the thermodynamic limit.

In this chapter we have introduced the phenomenon of QPTs and discussed
various properties at the example of the LMG model. However, so far we have
only looked at closed systems, i.e., we have neglected any interactions with the
environment. In the next Sec. 12, we will introduce a general method to treat
quantum-critical systems which are interacting with one or multiple heat baths.
Here, we pay especially attention to develop a framework that is consistent with
the laws of thermodynamics and show that signatures of quantum criticality can
be probed in a transport setup by investigating the heat transfer statistics.
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Chapter 12

Transport through a
quantum-critical system

In the previous Sec. 11, we have seen that at vanishing temperature, a quantum
many-body system may exhibit a drastic change upon modification of a control
parameter solely driven by quantum fluctuations and that such a QPT is accom-
panied by a closing gap of the low excitation energies and non-analytic changes of
the ground state and observables [13, 270, 278–280]. Recent experiments [14–21,
264–266] have demonstrated the ability to investigate a broad range of quantum-
critical phenomena in a highly controlled manner. However, as experimental
setups are intrinsically open and often involve driven-dissipative systems [14–
16, 281–285] that cannot be described by equilibrium models [286], exploring
the influence of nonequilibrium environments on QPTs and many-body physics
is essential. Examples include periodically driven systems [287–290], quenched
systems [267, 291–295], systems with dissipation [296–305] or critical transport
setups [306–309].

A natural question that arises is whether signatures of quantum criticality
can be probed when the system is coupled to multiple reservoirs in a transport
setup, such that even at steady state energy is transferred between the reservoirs
through the system. To establish a consistent formalism for such a transport
scenario, two fundamental constraints have to be considered. Firstly, in the
thermodynamic limit, the vanishing energy scales of low energy excitations (see
Secs. 11.1.2, 11.1.3) lead to a breakdown of the standard perturbative expansion
in the system-bath coupling (see Sec. 5.1). Secondly, the developed framework
has to obey the laws of thermodynamics, in particular when considering critical
systems as working fluid of heat engines [24, 26].

In general, there has been a great effort in developing techniques to access the
strong coupling regime with MEs, such as polaron transformations [310–313] or
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Figure 12.1: Sketch of the method: (a) A system S is coupled to multiple heat
reservoirs. (b) After local RC mappings, the coupling to residual
reservoirs is mediated by RCs. The new supersystem S′ (shaded
region) consists of S and the RCs. (c) The polaron transform
ÛP, acting solely on original reservoir parts, alters the coupling
between S′ and heat reservoirs while leaving S unchanged, thereby
allowing a weak coupling treatment across the full phase diagram.
Adapted from Ref. [31].

the reaction coordinate (RC) mapping [113, 314–318]. While the first approach
is capable of addressing quantum-critical systems [319], its thermodynamic inter-
pretation remains challenging as system and reservoirs are transformed globally
and a clear separation is not evident. On the other hand, the RC mapping comes
with well-defined thermodynamic notions [316]. However, when combining it
with a secular approximation to obtain a Lindblad ME (see Sec. 5.1), the ap-
proach becomes questionable when the energy gaps of the (transformed) system
are comparable to or smaller than the (transformed) system-reservoir coupling
strength.

In this chapter, we present a novel method to overcome this limitation. It
allows us to go beyond the perturbative weak coupling regime and describe
quantum-critical systems coupled to multiple structured heat baths while be-
ing thermodynamically consistent: Within the framework of the RC formalism,
parts of the environment that interact strongly with the system can be defined as
part of a supersystem, which in turn is coupled to effectively Markovian residual
reservoirs [see Fig. 12.1 (a) and (b)]. Applying a consecutive polaron transforma-
tion only on the original reservoir parts [see Fig. 12.1 (c)] allows for a perturbative
treatment arbitrarily close to quantum-critical points. Moreover, the steady-state
heat flow between supersystem and reservoirs is well defined and allows us to in-
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vestigate the manifestation of QPTs in thermodynamic quantities.
This chapter is organized as follows: We start by introducing the setup we

have in mind of a quantum-critical system interacting with multiple thermal
reservoirs in Sec. 12.1.1. Afterward, we apply a RC mapping in combination
with a subsequent polaron transformation in Sec. 12.1.2 in order to be able to
derive a Lindblad-type ME in Sec. 12.1.3 and access the heat transfer statistics
in Sec. 12.1.4. As an example of the presented method, we consider the LMG
model in Sec. 12.2 and finally conclude in Sec. 12.3.

12.1 Perturbative treatment of open quantum crit-
ical systems

12.1.1 Quantum-critical system interacting with several heat
baths

We consider a class of systems, which undergo a QPT upon changing a control
parameter κ in the thermodynamic limit, N → ∞. After appropriate diagonal-
ization, they can be described by the Hamiltonian

ĤS(κ) = ∑
m≥0

Em(κ) ∣m(κ)⟩ ⟨m(κ)∣ , (12.1)

where Em(κ) are the ordered energies and ∣m(κ)⟩ the many-particle eigenstates
of the system. At least the lowest many-particle excitation energy E1(κ)−E0(κ)
vanishes at the critical point κcr, where the ∣m(κ)⟩ undergo a non-analytic tran-
sition. Examples of such systems described by HS(κ) are the Dicke model [268–
271] realized in Bose-Einstein condensates [14–18, 264], the LMG model [272–
275] (see Sec. 11.1.3) realized in trapped cold ions [19] or spinor Bose-Einstein
condensates [19, 320], or the quantum Ising model [13, 267] and its quantum
simulator realizations [321–324].

We consider the scenario where the generic quantum-critical model is inter-
acting with several bosonic heat reservoirs ν described by Ĥν

B = ∑kν ωkν ĉ
†
kν
ĉkν

with frequencies ωkν and bosonic creation and annihilation operators ĉ†kν and ĉkν ,
respectively. A sketch of the setup is found in Fig. 12.1 (a). The heat baths are
assumed at local equilibrium states with inverse temperatures βν = (kBT ν)−1. To
ensure that the system is thermodynamically stable [325], it is required that the
spectrum of the total Hamiltonian Ĥtot(κ) is bounded from below for all values of
the system-reservoir interaction strength. This is manifest by writing the system-
reservoir coupling via a generic dimensionless system operator X̂ν = X̂

†
ν in terms

137



CHAPTER 12. TRANSPORT THROUGH A QUANTUM-CRITICAL SYSTEM

of positive operators:

Ĥtot(κ) = ĤS(κ) + ∑
ν,kν

ωkν [ĉ
†
kν
+
tkν
ωkν

X̂ν] [ĉkν +
tkν
ωkν

X̂ν] , (12.2)

where tkν ∈ R represent emission (absorption) amplitudes that fix the spectral den-
sities of the reservoirs Jν0 (ω) = 2π∑kν t

2
kν
δ(ω−ωkν). In the standard weak-coupling

approach (perturbative treatment of the tkν , see Sec. 5), the term quadratic in X̂ν

in Eq. (12.2) can be neglected, such that X̂ν induces transitions between the un-
perturbed energy eigenstates of ĤS(κ) [Pauli ME, Eqs. (2.22) and (5.11)], leading
to local thermalization in case of just one reservoir, see Sec. 5.1. However, this
naive perturbation theory will fail in the vicinity of the critical point, where the
system-reservoir coupling strength exceeds (at least the smallest) system energy
differences, manifest e.g. in second-order eigenvalue perturbation theory. We
argue that to maintain thermodynamic consistency, the quadratic term in X̂ν

should generally be kept in particular near critical points.

12.1.2 Reaction coordinate mapping and polaron transfor-
mation

We propose to apply two consecutive transformations to each individual reser-
voir ν in order to apply weak-coupling theory while being thermodynamically
consistent:

First, the RC mapping [314–317, 326–328], which extracts a collective mode b̂ν
from the reservoir and introduces it as part of a new supersystem S′ [see Fig. 12.1
(b)]:

Ĥtot(κ) = ĤS’(κ) +∑
νkν

Ωkν [d̂
†
kν
+
hkν
Ωkν

(b̂†ν + b̂ν)] [d̂kν +
hkν
Ωkν

(b̂†ν + b̂ν)] , (12.3)

where S′ is described by the Hamiltonian

ĤS’(κ) = ĤS(κ) +∑
ν

Ων [b̂
†
ν +

gν
Ων

X̂ν] [b̂ν +
gν
Ων

X̂ν] . (12.4)

The RC mapping is a normal-mode transformation of the original reservoir modes
which is fully determined by the knowledge of Jν0 (ω) only [329]. Thus, the RC
frequencies Ων > 0, the coupling constants gν ∈ R and the transformed residual
spectral densities Jν1 (ω) = 2π∑kν h

2
kν
δ(ω −Ωkν), are fixed by the original spectral

density Jν0 (ω) (see App. C.1). We assume that the residual reservoirs are effec-
tively Markovian, that is, the residual spectral densities are (super-)Ohmic and
admit a perturbative treatment. If this is not the case, such mappings can be
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performed iteratively, which may result in a chain of RCs [316, 330] or more com-
plicated geometries [331] until the resulting spectral densities are unstructured.
Still, the energy scales of ĤS’(κ) may become small at κcr in comparison to any
finite residual coupling.

Second, we therefore apply reservoir-specific polaron transformations [69, 332–
335]

Û ν
P = exp [−(b̂†ν + b̂ν)P̂ν] with P̂ν =∑

kν

hkν
Ωkν

(d̂†
kν
− d̂kν). (12.5)

These commute mutually and also with ĤS(κ) [see Fig.12.1 (c)]. Thereby, the
original system remains unchanged and the total Hamiltonian (12.3), takes with
ÛP =∏ν Û

ν
P in the polaron frame the following form:

Ĥ ′tot(κ) =Û
†
PĤtot(κ)ÛP

=Û †
PĤS’(κ)ÛP +∑

νkν

Ωkν d̂
†
kν
d̂kν

=ĤS’(κ) −∑
ν

ΩνP̂
2
ν +∑

ν

Ων (b̂ν − b̂
†
ν) P̂ν +∑

νkν

Ωkν d̂
†
kν
d̂kν .

(12.6)

Under the assumption that the residual reservoir coupling is weak hkν/Ωkν ≪ 1,
we may also drop the quadratic term in P̂ν in Eq. (12.6). We observe that the
residual reservoirs couple via their momenta to the RCs, which is inert to trivial
displacements. Furthermore, as the polaron transform is unitary, the energy scales
of Û †

PĤS’(κ)ÛP are just the same as that of ĤS’(κ), i.e., the effective coupling
strength must scale adaptively with the phase parameter κ. Therefore, we expect
that when for Ĥ ′tot(κ), Eq. (12.6), a second order perturbative treatment in P̂ν is
applicable away from the critical point, it will hold also for κ ≈ κcr.

We stress the fact that a polaron transform without a prior RC mapping would
have mixed system and reservoir observables, where a thermal state in the polaron
frame would have a different interpretation in the original frame. For the present
approach, a perturbative treatment in P̂ν yields Û †

P exp{−βν∑kν ωkν ĉ
†
kν
ĉkν}ÛP ≈

exp{−βνΩν b̂
†
ν b̂ν} exp{−βν∑kν Ωkν d̂

†
kν
d̂kν}, and for an ergodic evolution in the po-

laron frame, the standard thermodynamic consistency is expected.

12.1.3 Lindblad master equation

To illustrate the framework introduced in Sec. 12.1.2, we turn toward bosonizable
systems for which the diagonalization of ĤS’(κ), Eq. (12.4), can be performed ex-
plicitly, i.e., we consider systems with N constituents that in the thermodynamic
limit, N →∞, can be approximately written as

ĤS(κ) = NEG(κ) + ∑
m≥0

εm(κ)â
†
mâm (12.7)
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with excitation energies εm(κ) and bosonic modes âm. Assuming that these
couple via their position to the reservoirs, we can insert the bosonization trans-
formations for the coupling operator

X̂ν = ∑
m≥0

Cmν(κ)
√
N +Dmν(κ) (â

†
m + âm) /

√
εm(κ), (12.8)

where Cmν(κ) and Dmν(κ) are general functions. To account for a macroscop-
ically populated ground state (see Sec. 11.1.3), we introduce MFs am ∈ R and
bν ∈ R and new operators Âm and B̂ν , such that

âm = Âm +
√
Nam and b̂ν = B̂ν +

√
Nbν . (12.9)

Further, we decompose ĤS’(κ) in orders of N−1/2, i.e. ĤS’(κ) = NĤ0(κ) +√
NĤ1(κ) + Ĥ2(κ) + O(N−1/2). In order to expand around the correct ground

state in the two phases (normal and symmetry broken) separated by κcr, one
demands that Ĥ1(κ) is always equal to zero (see Sec. 11.1.3), which yields

am = 0 and bν = −
gν
Ων
∑
m≥0

Cmν(κ). (12.10)

Then, Ĥ0(κ) = EG(κ) and the ground state energy remains unchanged, see
Eq. (12.7).

Inserting Eq. (12.10) into Ĥ2(κ) yields the quadratic Hamiltonian

Ĥ2(κ) =∑
m≥0

εm(κ)â
†
mâm

+∑
mν

Ων

⎡
⎢
⎢
⎢
⎢
⎣

B̂†
ν +

gνDmν(κ)

Ων

√
εm(κ)

(â†
m + âm)

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

B̂ν +
gνDmν(κ)

Ων

√
εm(κ)

(â†
m + âm)

⎤
⎥
⎥
⎥
⎥
⎦

,

(12.11)
which can be diagonalized by an orthogonal transformation Û , such that Ĥ2(κ) =

∑m≥0 ε̄m(κ)ê
†
mêm, where we have neglected the zero point energy. Hence, after

diagonalization and in the thermodynamic limit,

ĤS’(κ) = NEG(κ) + ∑
m≥0

ε̄m(κ)ê
†
mêm, (12.12)

where ε̄0(κ → κcr) → 0. Note that the position of the QPT remains unchanged
as the terms proportional to N in ĤS(κ) and ĤS’(κ) are equal, see Eqs. (12.7)
and (12.12). After applying the orthogonal (Bogoliubov) transformation Û that
diagonalizes ĤS’(κ), to the system-reservoir coupling, the total Hamiltonian in
the polaron frame, Ĥ ′tot(κ) = Û

†
PĤtot(κ)ÛP, takes the simple form

Ĥ ′tot(κ) ≈ ĤS′(κ) −∑
mν

[U ν
m

√
ε̄m(κ)Ων (ê

†
m − êm) P̂ν +∑

k

Ωkν d̂
†
kν
d̂kν] , (12.13)
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where U ν
m denote the entries of Û and where we have neglected the term quadratic

in P̂ν (see Sec. 12.1.2). Collecting all factors in a polaron frame spectral density,
we see that J̃ν1 (ω) = (U ν

m)
2ε̄m(κ)ΩνJν1 (ω)/ω

2.
As the interaction shows the same scaling behavior as the system, the Born-

Markov secular approximations (see Sec. 5.1) can be applied across the full phase
diagram assuming that ε̄m(κ) are non-degenerate away from the QPT. Thus, the
reduced system density matrix %̂(t) evolves according to a Lindblad-type ME [see
Eq. (5.6)],

∂

∂t
%̂(t) = −i[ĤS’(κ), %̂(t)] +∑

ν

L̂ν %̂

= −i[ĤS’(κ), %̂(t)] +∑
mν

{Γνm(κ)D̂[êm]%̂(t) + Γ̄νm(κ)D̂[ê
†
m]%̂(t)}

(12.14)

with transition rates

Γνm(κ) =
U ν
m

2ΩνJν1 [ε̄m(κ)]

ε̄m(κ)
{nνB[ε̄m(κ)] + 1} ,

Γ̄νm(κ) =
U ν
m

2ΩνJν1 [ε̄m(κ)]

ε̄m(κ)
nνB[ε̄m(κ)].

(12.15)

Here, nνB(ω) = [exp(βνω) − 1]−1 and D̂[Ô]%̂(t) is defined as in Eq. (5.8) for
any operator Ô. We stress that the Markovian Lindblad equation for the su-
persystem captures non-Markovian effects in the original system. In the long
time limit %̂(t → ∞) = ⊗m exp[−β̄mε̄m(κ)ê

†
mêm]/Zm(β̄m) with individual parti-

tion functions Zm(β̄m) = Tr{exp[−β̄mε̄m(κ)ê
†
mêm]}, where the effective inverse

temperature β̄m is related to the emission and absorption rates by β̄mε̄m(κ) =
− ln[∑ν Γ̄νm(κ)/∑ν Γνm(κ)].

12.1.4 Heat transfer statistics and the second law

As the local detailed balance condition, Eq. (4.2), is fulfilled [see Eq. (12.15)],

Γν
′

m(κ)Γ̄
ν
m(κ)

Γ̄ν′m(κ)Γ
ν
m(κ)

= exp[−ε̄m(κ)(β
ν − βν

′

)], (12.16)

a transparent thermodynamic interpretation is possible, see Sec. 5.2. Based on the
rigorous framework of full counting statistics [2] and large deviation theory [336–
340], we obtain the counting variable χν′m dependent cumulant generating function
of the heat flow statistics in the long time limit (t→∞) of the exchanged energy
between a reference reservoir ν′ and the supersystem S′ (see App. C.2),

C∞ν′ (κ) =∑
m

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∆−m −

¿
Á
ÁÀ
[∆−m +

ξ−ν′(χ
ν′
m)

2
]

2

− ξ+ν′(χ
ν′
n ) [∆

+
m +

ξ+ν′(χ
ν′
m)

4
]

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

. (12.17)
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Here, ∆±m ≡ ∑ν[Γ
ν
m(κ) ± Γ̄νm(κ)]/2 and

ξ±ν′(χ
ν′

m) = [Γ
ν′

m(κ)(e
iχν
′

m ε̄m(κ) − 1) ± Γ̄ν
′

m(κ)(e
−iχν

′

m ε̄m(κ) − 1)]. (12.18)

The cumulant of order n associated with the heat flow probability density is
expressed in terms of derivatives of C∞ν′ (κ) [see Eq. (2.5)], that is

⟪Q̇n⟫(κ) =∑
m

(−i)n
∂nC∞ν′ (κ)

∂(χν′m)
n
∣
χν′m=0

. (12.19)

The additive decomposition of the generating function, Eq. (12.17), reflects the
fact that in the diagonal frame, the bosonic modes act as independent trans-
port channels generating independent stochastic events, which eventually renders
all cumulants additive. Furthermore, C∞ν′ (κ) fulfills a Gallavotti-Cohen symme-
try [341, 342] with respect to χν′m → −i(βν

′

−∑ν≠ν′ β
ν)−χν

′

m, which is a direct con-
sequence of the local detailed balance condition, Eq. (12.16). Therefore, a steady
state fluctuation theorem holds [2], which relates the probability p({nm}, t) that a
net number of nm quanta haven been transferred along the mth-channel between
the reference reservoir ν′ to the supersystem S′ in a time t, i.e.,

lim
t→∞

p({nm}, t)

p({−nm}, t)
= exp [(∑

ν≠ν′
βν − βν

′

)∑
m

ε̄m(κ)nm] . (12.20)

It follows from the fluctuation theorem, Eq. (12.20), that at quantum-critical
points the (net) heat transfer is blocked through the critical channel with ε̄m(κ)→
0.

From the existence of a fluctuation theorem or via the use of Spohn’s inequal-
ity, Eq. (5.18), one can show the non-negativity of the entropy production rate
in a straightforward calculation, analogously to Eqs. (5.15) – (5.19),

Σ̇ =
d

dt
S −∑

ν

⟨Q̇ν⟩

T ν
≥ 0, (12.21)

where ⟨Q̇ν⟩ = Tr{ĤS’L̂
ν %̂(t)} is the heat flow coming from reservoir ν. This

demonstrates the thermodynamic consistency of our approach. Moreover, the
change of energy in the original reservoir ν, ⟨dĤν

B/dt⟩, is connected to the change
in energy in the residual reservoir ⟨dĤν

B’/dt⟩ through the energy change of the
RC, i.e.,

⟨
dĤν

B

dt
⟩ ≈ ⟨

dĤν
B’

dt
+
dĤν

RC

dt
⟩ . (12.22)

At steady state ⟨dĤν
RC/dt⟩ = 0, such that ⟨dĤν

B/dt⟩ ≈ ⟨Û
†
P(dĤ

ν
B’/dt)ÛP⟩. We

stress that without the RC mapping prior to the polaron transformation, system
and reservoir would be mixed without a clear thermodynamic interpretation in
contrast to the approach shown here.
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Figure 12.2: (a) Original spectral densities Jν0 (ω) (dashed) of the hot (ν = h)
and cold (ν = c) reservoir and Jν1 (ω) after the RC mapping (solid)
[see Eqs. (12.23) and (12.24)]. (b) Excitation spectrum of the
supersystem S′ after the RC mapping consisting of the LMGmodel
and two RCs. At the critical parameter κcr of the uncoupled LMG
model the gap closes above the ground state marking the QPT.
Parameters: γh = 300.0h, γc = 140.0h, δh = δc = h, ω̄c = 3.5h and
ω̄h = 5.0h. Adapted from Ref. [31].

12.2 Transport through the Lipkin-Meshkov-Glick
model

As a specific application of the general theory for bosonizable systems, we inves-
tigate the LMG model [272–275] (see Sec. 11.1.3) coupled to two reservoirs at
different temperatures. The total system including the two reservoirs, hot (ν = h)
and cold (ν = c), is described by Eq. (12.2) with HS(κ) = HLMG(κ), Eq. (11.3),
and X̂ν = Ĵx/

√
N . For the specific choice of peaked original spectral densities of

the reservoirs of the form

Jν0 (ω) = γν
ω3δ5

ν

[(ω − ω̄ν)
2
+ δ2

ν]
2
[(ω + ω̄ν)

2
+ δ2

ν]
2 , (12.23)
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the residual spectral density after the RC mapping can be calculated analytically
(see App. C.1),

Jν1 (ω) =
16δ3

νω
3

√
δ2
ν + ω̄

2
ν [(δ

2
ν + ω̄

2
ν)

2
+ ω4 + 2ω2 (7δ2

ν − ω̄
2
ν)]

. (12.24)

Furthermore, we find analytic expressions for the energy of the RCs, Ω2
ν = δ

2
ν +

ω̄2
ν , and the coupling strengths g2

ν = Γνδ2
ν/(64Ων). In Fig. 12.2 (a) we plot the

original spectral densities Jν0 (ω) (dashed) and the spectral densities of the residual
reservoirs Jν1 (ω) (solid). The supersystem S′ consisting of the LMG and two RCs
[see Eq. (12.4)] reads in the diagonal frame ĤS’(κ) = NEG(κ)+∑

2
n=0 ε̄m(κ)ê

†
mêm,

where only ε̄0(κ → h) → 0 [see Fig. 12.2 (b)], inherited from the closed LMG
model, see Sec. 11.1.3. Following the treatment of Sec. 12.1, the steady state
dynamics of the nonequilibrium LMG model are calculated straightforwardly.

Before investigating the transport properties across the QPT, we analyze the
system properties. To this end we look at the mean populations of the indepen-
dent channels, ⟨ê†mêm⟩ = ∂ lnZm(β̄m)/∂[−β̄mε̄m(κ)], which are shown in Fig. 12.3
(a). The diverging occupation of the mode with vanishing excitation energy
⟨ê†0ê0⟩ indicates the QPT. However, the two additional modes of the supersys-
tem, ⟨ê†1ê1⟩ and ⟨ê†2ê2⟩, are mostly effectively unoccupied, which shows that close
to the quantum-critical point, the low-temperature physics of the system is dom-
inated by criticality.

As system observables are often difficult to measure in an experiment, we also
look for signatures of the QPT in the heat flows and the statistics thereof. The
first cumulant with n = 1 [see Eq. (12.19)] represents the average heat flow from
the hot reservoir into the system ⟪Q̇⟫ = ⟨Q̇⟩ = ∑m⟨Q̇m⟩. Here, positive values of
⟨Q̇⟩ indicate energy transfers from the hot bath into the system and vice versa.
Another interesting quantity is the second cummulant ⟪Q̇2

m⟫ = ⟨Q̇
2
m⟩ − ⟨Q̇m⟩

2

measuring the noise of each channel m. We show both of these quantities in
Fig. 12.3 (b) and its inset, respectively. At the quantum-critical point, the heat
transfer along the transport channel with closing energy gap ⟨Q̇0⟩ vanishes as
already indicated by the steady state fluctuation theorem, Eq. (12.20). Since this
channel dominates the total heat flow, also the latter is significantly reduced at
the critical point. Moreover, in the symmetry broken phase, κ > κcr, the ground
state is macroscopically occupied (see Sec. 11.1.3), which suppresses the energy
exchange along the system compared to the normal phase, κ < κcr. Furthermore,
the second cumulant scales equally as the first cumulant and also vanishes at the
QPT. This behavior can be observed for all orders of the cumulants (not shown
here), i.e., all cumulants of the heat flow statistics vanish at κcr.
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Figure 12.3: (a) Steady state occupation of the excitation modes for βh = 1.0/h
and βc = 1.2/h. The diverging mode occupation ⟨ê†0ê0⟩ indi-
cates the QPT. (b) Steady state heat flow: At the QPT the heat
flow ⟨Q̇0⟩ with vanishing excitation energy is blocked and in the
symmetry-broken phase the total heat flow is significantly reduced.
Inset: Second cumulant ⟪Q̇2⟫ of the heat flow statistics show-
ing the same behavior as the average heat flow, especially non-
analytic behavior at κ = κcr. Parameters: γh = 300.0h, γc = 140.0h,
δh = δc = h, ω̄c = 3.5h and ω̄h = 5.0h. Adapted from Ref. [31].

12.3 Conclusions

In this chapter, we have presented a general method to study nonequilibrium
QPTs which is consistent with the laws of thermodynamics based on a combina-
tion of the RC mapping and a polaron transformation. This allows us to write
the reduced system dynamics by means of a Lindblad-type ME arbitrarily close
to quantum-critical points and comes with a clear thermodynamic interpretation.
For the specific example of the LMG model interacting with a hot and cold ther-
mal reservoir, we investigate the cumulants of the heat transfer statistics, which
reflect the QPTs by non-analytic behavior at the critical point.

We would like to remark, that if one would not write the total Hamiltonian
in terms of positive operators [see Eq. (12.2)] but neglect the squared term of
X̂ν , the interaction with the reservoirs would shift the position of the QPT and,
moreover, induce additional phase transitions. However, as shown here these

145



CHAPTER 12. TRANSPORT THROUGH A QUANTUM-CRITICAL SYSTEM

additional phase transitions are prohibited in the same way as the diamagnetic
term prevents the QPT of the Dicke model [343–349].

Beyond generic open systems with small or vanishing energy gaps, the for-
malism presented here is particularly relevant for quantum-critical systems like
quantum Ising chains [307], cold atoms [350] and spinor Bose-Einstein conden-
sates [19]. Exploring these critical systems is a natural next step and with the
advances in quantum simulation, structured reservoirs [351] as well as critical
systems [20], appropriate setups can be engineered to test our predictions. More-
over, our approach may be extended to systems undergoing topological phase
transitions, which also exhibit an energy gap closing (see Sec. 9), like the Su-
Schrieffer-Heeger model [219, 223, 224, 256], giving rise to interesting physics to
investigate.
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Conclusions

In the course of this thesis, we showed that a thermodynamic analysis of nanoscale
systems exhibiting critical phenomena offers an additional perspective to the dy-
namical viewpoint and contributes to a better understanding and description of
these effects, especially out of equilibrium. Moreover, it allows us to explore the
capabilities of critical systems as working substance of engines.

Particularly promising candidates for engines at the nanoscale are systems
that exhibit a transition towards self-oscillation. By converting a direct current
into stable oscillations, such systems provide a useful transduction mechanism
for the design of autonomous motors and heat engines. Self-oscillation naturally
appears in the electron shuttle, where the interplay of sequential electron tunnel-
ing and mechanical motion leads to self-sustained oscillations. We analyzed the
onset of self-oscillation in the electron shuttle in Sec. 7 by using three different
levels of description, namely, the fully stochastic level based on Fokker-Planck
and Langevin equations, the deterministic mean-field level, and a perturbative
solution to the Fokker-Planck equation using multiple scale perturbation the-
ory. While at the mean-field level an abrupt bifurcation to self-oscillation can be
observed, the latter is smeared out by noise at the stochastic levels.

A key point investigated in this part was the connection between the dynamics
of the system and its thermodynamic properties. To this end, we developed a
consistent thermodynamic description of self-oscillation in the electron shuttle
and provided rigorous derivations of the laws of thermodynamics. At all levels of
description, thermodynamic quantities such as heat, work and entropy production
reflect the transition toward self-oscillation.

In this part, we provided a comprehensive picture of the electron shuttling
mechanism by relating the fields of deterministic and stochastic nonlinear systems
to electron transport and stochastic thermodynamics. Our analysis constitutes
an exemplary discussion of the thermodynamic aspects of self-sustained oscilla-
tions, especially for highly fluctuating systems at the nanoscale. It may serve as
starting point for further theoretical and experimental investigation of the ther-
modynamic capabilities of autonomous oscillatory systems in general, and of the
electron shuttle in particular, since it has already been realized in experiments
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using fullerene molecules [79], gold nanoparticles [80], or nanopillars [81].
One example of the thermodynamic capabilities of the electron shuttling mech-

anism was analyzed in Sec. 8. Here, we proposed a stochastic rotor engine as a
practical application of our previous findings. Special attention was dedicated
in this part to design an engine that can be fabricated with current technolo-
gies. Our proposed realization of the rotor consists of a multi-walled carbon
nanotube, where the outer walls have been removed using electrical breakdown
techniques [154, 155], and a gold nanoparticle mounted onto the inner tube us-
ing dip-pen nanolithography [158–160]. For realistic parameters estimated from
experimental data of the single components, we showed that the stochastic en-
gine is able to convert chemical into mechanical work and vice versa while being
remarkably stable despite the noisy environment. Moreover, we demonstrated
the possibility to increase power output and reduce fluctuations by increasing the
length of the nanotube and mounting additional gold nanoparticles onto it.

Even more fascinating than self-sustained oscillations of a single oscillatory
system are phenomena that might arise by coupling many of such systems. One of
these collective effects is synchronization, which we explored in Sec. 10. Here, we
considered a chain of electron shuttles interacting through mechanical coupling of
the oscillators. Inspired by topological concepts from condensed matter physics,
we spatially modulated the oscillator frequencies to form a chain of trimers. In
this way, we were able to define topology in a dissipative nonequilibrium setup
and found synchronized motion of the shuttles located at both ends of the chain
for specific system parameters. Remarkably, due to an inversion symmetry, these
synchronized boundary modes are topologically protected against large amounts
of symmetry-preserving disorder.

Based on the thermodynamic description of the electron shuttle, we derived
the laws of thermodynamics for the system of coupled shuttles, which show that
thermodynamic quantities like heat, work and entropy production are additively
composed of the contributions of each individual shuttle. Consequently, the syn-
chronization of boundary modes is reflected in the thermodynamics of the coupled
electron shuttles.

Our model of the trimer chain represents a mean-field description because the
oscillator dynamics are governed by deterministic equations of motion. Based on
the observed robustness against symmetry-breaking perturbations found in topo-
logical lasers [236] and trimer lattices [226], we expect the synchronized bound-
ary modes to persist if thermal fluctuations of the nanomechanical oscillators are
taken into account or by considering a fully quantum description.

The largely unexplored field of combining topological band structures with
nonlinear dynamics and thermodynamics offers a large variety of interesting
physics to be explored in the future. For the chain of electron shuttles for exam-
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ple, one may extend the system to a two-dimensional grid to investigate synchro-
nized traveling edge states [194, 259] or topologically pump the synchronized edge
states by varying the global phase over time [183, 184, 260]. But also exploring
topological protection of coexisting synchronized and unsynchronized states, so
called chimera states [261, 262], are of great interest. Moreover, by analyzing the
thermodynamic properties of these systems, we may be able to harness the power
of topological protection to enhance the robustness of nanoengines. The system
presented in this part, thus, may serve as a testbed not only theoretically but
also experimentally and opens a new avenue to explore the interplay of topology
and synchronization.

In the final part of this thesis, we turned to quantum systems and another
intriguing critical phenomenon, the quantum phase transition, which describes
the drastic change of system properties upon modification of a control param-
eter at zero temperature. In Sec. 12, we developed a general method to study
quantum-critical systems coupled to multiple structured heat baths. We overcame
the usually encountered difficulty of vanishing energy scales of low excitations at
quantum-critical points by combining reaction coordinate mappings and polaron
transforms. Our approach allows for a perturbative treatment arbitrarily close
to quantum-critical points while capturing non-Markovian effects and being ther-
modynamically consistent. As a result, thermodynamic quantities like heat and
entropy production are well defined quantities and may be probed for signatures
of quantum criticality.

As a concrete application of our proposed method, we studied the Lipkin-
Meshkov-Glick model, a paradigmatic example of a system exhibiting a quantum
phase transition, coupled to two thermal reservoirs with peaked spectral densi-
ties at different temperatures. For the considered scenario, we were able to derive
analytic expression for the cumulants of the heat transfer statistics. These cumu-
lants reflect the quantum phase transition by non-analytic behavior at the critical
point.

Nowadays, it is possible to bring quantum many-body systems out of equilib-
rium in a very controlled way and investigate quantum criticality with cold atoms
[14–18], circuit quantum electrodynamics [266], and quantum simulation [20, 21].
In the latter, one can experimentally engineer structured reservoirs and criti-
cal systems to directly probe our predictions. Moreover, our formalism may be
extended to address similar obstacles present in many areas of physics when
considering interactions with structured reservoirs, like, for instance, systems un-
dergoing topological phase transitions, which also exhibit an energy gap closing.

Overall, the critical phenomena and their thermodynamics discussed in this
thesis are far from being completely understood. However, we demonstrated
for specific examples that investigating the thermodynamic properties of critical
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systems brings new insights. Moreover, it reveals the thermodynamic capabilities
of such systems to be used for technological applications like nanoengines and
motors. It will be interesting to observe the future development of this field, in
particular in view of the phenomena discussed in this thesis.
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Appendix A

Supplemental information for part
II

A.1 Equivalence of Fokker-Planck and stochastic
differential equation

In this section we show that the FPE, Eq. (7.1), and the SDE, Eq. (7.3), describe
the same system, i.e., both representations reproduce the same expectation values
up to orderO(dt). Taking an arbitrary differentiable scalar function f = f(x, v, q),
one finds for the expectation value of f by employing the FPE, Eq. (7.1), (as-
suming that boundary contributions vanish, i.e., fp(x, v, q, t) → 0 as x → ±∞ or
v → ±∞)

∂ ⟨f⟩

∂t
=⨋ f [−v

∂

∂x
+
∂

∂v
(ω2

Kx +
γ

mg
v −

αV

mg
q) +D

∂2

∂v2
]p(x, v, q, t)

+⨋ ∑
q′ν

[fRν
qq′(x)p(x, v, q

′, t) − fRν
q′q(x)p(x, v, q, t)]

=⨋ [
∂f

∂x
v −

∂f

∂v
(ω2

Kx +
γ

mg
v −

αV

mg
q) +D

∂2f

∂v2
]p(x, v, q, t)

+⨋ ∑
q′ν

[f(q′) − f(q)]Rν
q′q(x)p(x, v, q, t)

= ⟨
∂f

∂x
v −

∂f

∂v
(ω2

Kx +
γ

mg
v −

αV

mg
q) +

∂2f

∂v2
D⟩ + ⟨∑

q′ν

[f(q′) − f(q)]Rν
q′q⟩ ,

(A.1)
where ⨋ ≡ ∫ dx ∫ dv∑q. Our aim is to show that Eq. (A.1) is also obtained by the
use of the SDE, Eq. (7.3). In terms of the stochastic process defined by Eq. (7.3)
we can write for the expectation value of the increment of the arbitrary scalar
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function f up to order O(dt2) the following (using Itô’s Lemma):

E [f(x + dx, v + dv, q + dq) − f(x, v, q)] ≈

E[
∂f

∂x
v]dt − E[

∂f

∂v
(ω2

Kx +
γ

mg
v −

αV

mg
q)]dt + E[

∂2f

∂v2
D]dt + E[

∞

∑
k=1

1

k!
f (k) (dq)

k
] ,

(A.2)
where we have used the properties of the Wiener increment, i.e., E [dB(t)] = 0
and E [(dB(t))2] = dt. Note that mixed terms of dB(t) and dN ν

q′q(x, t) exceed
the leading order of dt because E [dN ν

q′q(x, t)]∝ dt. The sum in Eq. (A.2) can be
evaluated using Eq. (2.39) and yields

E[
∞

∑
k=1

f (k)(q)

k!
(dq)

k
] = E

⎡
⎢
⎢
⎢
⎢
⎣

∑
q′ν

{f(q′) − f(q)}Rν
q′q

⎤
⎥
⎥
⎥
⎥
⎦

dt. (A.3)

Hence, up to orderO(dt), Eq. (A.1) is equivalent to Eq. (A.2) and we can conclude
that, for the same initial conditions, expectation values of an arbitrary function
f with respect to the probability density and with respect to realizations of the
stochastic process evolve equally. Therefore, the FPE, Eq. (7.1,) and the SDE,
Eq. (7.3), describe the same process.

A.2 Multiple scale perturbation theory

In this section we derive Eq. (7.9) from the full FPE, Eq. (7.1). The idea of MS
perturbation theory is to impose a time scale separation of the frequent electron
tunneling events and the slow evolution of the oscillator and, furthermore, to
demand that those terms of the approximated solution that grow with time,
vanish. By imposing the latter condition we ensure that the MS solution of the
full probability density will be valid on the long time scale.

First, we will state some useful properties of the matrix R(x) = ∑ν Rν(x),
Eq. (7.2), which we will use throughout the derivation. Since R(x) is a 2×2 rate
matrix it has two eigenvalues (see Sec. 2.3): 0 and χ < 0. Accordingly, there are
two (right) eigenvectors, π(x) and χ, for which R(x)π(x) = 0 and R(x)χ = χχ
holds, respectively. Here,

π(x) =
⎛

⎝

π0(x)

π1(x)

⎞

⎠
(A.4)

is the (instantaneous) stationary solution of R(x). Note that since R = R(x),
the stationary state π(x) is also a function of the position x and we impose the
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normalization condition π0(x) + π1(x) = 1. Furthermore,

χ =
⎛

⎝

1

−1

⎞

⎠
(A.5)

and
χ = −2Γ cosh(

x

λ
) . (A.6)

There are additionally left eigenvectors

π̄ = (1,1) (A.7)

and
χ̄(x) = (π1(x),−π0(x)). (A.8)

satisfying π̄R(x) = 0 and χ̄(x)R(x) = χχ̄(x).
We start the derivation of Eq. (7.9) by considering Eq. (7.1) in matrix repre-

sentation, i.e.,

∂p

∂t
= [−v

∂

∂x
+
∂

∂v
(ω2

Kx +
γ

mg
v)]p +

αV

mg

⎛

⎝

0 0

0 −1

⎞

⎠

∂p

∂v
+D

∂2p

∂v2
+R(x)p. (A.9)

where p = [p0(x, v, t), p1(x, v, t)]⊺. Introducing the differential operator G

G = [−v
∂

∂x
+
∂

∂v
(ω2

Kx +
γ

mg
v)] +

αV

mg

⎛

⎝

0 0

0 −1

⎞

⎠

∂

∂v
+D

∂2

∂v2
, (A.10)

Eq. (A.9) takes the compact form

∂p(x, v, t)

∂t
= Gp(x, v, t) +R(x)p(x, v, t). (A.11)

Since the fast time scale describes the dynamics of the two state system, we treat
the G-part as perturbation and introduce the bookkeeping parameter ε≪ 1 such
that we can rewrite Eq. (A.11) as

∂p

∂t
= εGp +R(x)p. (A.12)

The idea of MS perturbation theory is now to introduce two time scales, a fast
one (t̃) and a slow one τ = εt̃ such that the probability density is a function of both
times scales, i.e., p̃(x, v, t̃, τ) = p(x, v, t). The temporal derivative transforms to
a sum provided by the chain rule,

∂

∂t
=
∂

∂t̃
+ ε

∂

∂τ
. (A.13)
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Then, Eq. (A.12) is given by

∂p̃

∂t̃
+ ε

∂p̃

∂τ
= εGp̃ +Rp̃. (A.14)

From this point on, we will refer to t̃ as t and to p̃(x, v, t, τ) as p(t, τ). Assuming
that we can express p as a series of orders of ε,

p(t, τ) = p(0)(t, τ) + εp(1)(t, τ) + ε2p(2)(t, τ) +O(ε3), (A.15)

we find a hierarchy of equations for the different orders of ε. The goal of the
MS perturbation theory is now to find an approximate solution, such that, after
setting ε ≡ 1, it holds

p(t, τ) ≈ p(0)(t, τ) + p(1)(t, τ). (A.16)

We start with the governing equation for O(ε0):

∂p(0)

∂t
(t, τ) =Rp(0)(t, τ). (A.17)

The simplest solution of the ordinary differential Eq. (A.17) is given by as-
suming that the left hand side of Eq. (A.17) is equal to 0, i.e., assuming that
the probability density at zeroth order is independent of the fast time scale t,
p(0)(t, τ) = p(0)(τ). This means p(0)(τ) must be the eigenvector of R with eiven-
value 0,

p(0)(τ) = π(x)p(0)(τ). (A.18)

Here, p(0)(τ) is a scalar function which represents the probability density of the
oscillator alone, i.e. tracing out the charge state q of p(0)(x, v, τ) results in

π0(x)p
(0)(x, v, τ) + π1(x)p

(0)(x, v, τ) = p(0)(x, v, τ), (A.19)

which is the probability density to find the oscillator at position x with velocity
v at time τ (at zeroth order). The specific form of p(0)(τ) will be determined by
the first order of the perturbation hierarchy. Note that, if we stop the pertur-
bation theory here, Eq. (A.18) implies an infinite time scale separation, which is
equivalent to an adiabatic approximation.

The equation of motion of p(t, τ) at O(ε) is given by

∂p(1)

∂t
(t, τ) = −

∂p(0)(τ)

∂τ
+ Gp(0)(τ) +Rp(1)(t, τ). (A.20)

Since p(0)(x, v, τ) is independent of t, Eq. (A.18), the solution of Eq. (A.20) is
formally given by

p(1)(t, τ) = eRtp̃(1)(τ) + eRt
t

∫
0

e−Rsds [−
∂p(0)(τ)

∂τ
+ Gp(0)(τ)] , (A.21)
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where p̃(1)(τ) is a probability vector which does not depend on the fast time scale
t but is unspecified at this moment.

Next we look at the integral of Eq. (A.21): We can expand the exponential of
the rate matrix by use of the eigenvalues and eigenvectors of R [see Eqs. (A.4)-
(A.8)], i.e.

t

∫
0

e−Rsds =

t

∫
0

π(x)π̄ + e−χsχχ̄ds (A.22)

Evaluating the integral gives

t

∫
0

e−Rsds = π(x)π̄t −
e−χt − 1

χ
χχ̄. (A.23)

Inserting Eq. (A.23) into Eq. (A.21) we find that there are terms in the solution
which grow linearly with t for long times, i.e.,

eRtπ(x)π̄t [−
∂p(0)

∂τ
+ Gp(0)] . (A.24)

Those terms, which will subsequently be referred to as secular terms, prohibit
a steady state solution of the perturbation hierarchy. We therefore demand the
secular terms to vanish such that we find a stable solution.

At the first order perturbation the latter condition is satisfied if

π̄ [−
∂p(0)

∂τ
+ Gp(0)] = 0. (A.25)

Inserting p(0), Eq. (A.18), yields

π̄ [−π(x)
∂p(0)

∂τ
+ Gπ(x)p(0)] = 0. (A.26)

It holds that π̄π(x) = 1 [see Eqs.(A.4) and (A.7)]. Therefore,

−
∂p(0)

∂τ
+ π̄Gπ(x)p(0) = 0. (A.27)

Evaluating the action of the differential operator G on π(x) results in

π̄Gπ(x) = −v
∂

∂x
+
∂

∂v
(ω2

Kx +
γ

mg
v) −

αV

mg
qeq(x)

∂

∂v
+D

∂2

∂v2
, (A.28)
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where qeq(x) = π1(x). Furthermore, we have used that [see Eqs. (A.4) and (A.7)]

π̄
∂

∂x
π(x) =

∂

∂x
π̄π(x) =

∂

∂x
1 = 0. (A.29)

The condition for secular terms to vanish in the first order perturbation [see
Eq. (A.25)] is now given by

∂p(0)

∂τ
= −v

∂

∂x
p(0) +

∂

∂v
[ω2

Kx +
γ

mg
v −

αV

mg
qeq(x)]p

(0) +D
∂2

∂v2
p(0). (A.30)

The latter equation is a FPE for p(0)(x, v, τ) describing the underdamped evolu-
tion in an effective potential Ũ(x) with ∂xŨ = kx − αV qeq(x). This corresponds
to our ansatz for the 0th order, where we have assumed that the QD is in its
instantaneous equilibrium state at all times. The harmonic potential is therefore
altered and the effective FPE describing the oscillator is simple diffusion within
the effective potential, see Eq. (2.31).

We now return to the perturbation of O(ε), Eq. A.21: After removing the
secular terms, the first order solution is given by

p(1) = eRtp̃(1) + eRtχχ̄
1 − e−χt

χ
[−
∂p(0)

∂τ
+ Gp(0)] . (A.31)

The exponential of the rate matrix R can again be expressed in terms of the
eigenvectors,

eRt = π(x)π̄ + eχtχχ̄. (A.32)

Inserting Eq. (A.32) into Eq. (A.31) results in

p(1) =π(x)π̄p̃(1) + eχtχχ̄p̃(1) +π(x)π̄χχ̄
1 − e−χt

χ
[−
∂p(0)

∂τ
+ Gp(0)]

+χχ̄
eχt − 1

χ
[−
∂p(0)

∂τ
+ Gp(0)] ,

(A.33)

where we have used that χ̄χ = 1 [see Eq.(A.8) and (A.5)]. In the long-time limit
terms proportional to eχt will approach zero, since χ < 0, see Eq. (A.6). Using
the latter as well as the fact that π̄χ = 0, Eq. (A.33) simplifies to

p(1) = π(x)p(1) −χχ̄
1

χ
[−
∂p(0)

∂τ
+ Gp(0)] , (A.34)

where p(1) ≡ π̄p̃(1). Substituting now p(0)(τ) by π(x)p(0)(τ) [see Eq. (A.18)] and
the differential operator G by its definition [see Eq. (A.10)] we can approximate
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the first order solution, Eq. (A.31), by

p(1) =π(x)p(1) −χχ̄
1

χ

⎧⎪⎪
⎨
⎪⎪⎩

−v
∂π(x)

∂x
+
αV

mg

⎛

⎝

0

−π1(x)

⎞

⎠

∂

∂v

⎫⎪⎪
⎬
⎪⎪⎭

p(0), (A.35)

using χ̄π(x) = 0 [see Eqs. (A.4) and (A.8)].
We now define a new vector

g ≡

⎧⎪⎪
⎨
⎪⎪⎩

−v
∂π(x)

∂x
+
αV

mg

⎛

⎝

0

−π1(x)

⎞

⎠

∂

∂v

⎫⎪⎪
⎬
⎪⎪⎭

p(0) (A.36)

such that Eq. (A.35) becomes

p(1) = π(x)p(1) −
1

χ
χχ̄g (A.37)

Note that χ̄g ≠ 0 in general.
Similar to the procedure for the zeroth order perturbation we now look at the

second order of p and demand secular terms to vanish. By this condition we will
find a differential equation for p(1), which describes the effective evolution of the
oscillator at a first order perturbation level without taking the electronic degrees
of freedom specifically into account. The governing equation at O(ε2) is similar
to Eq. (A.20) and reads

∂p(2)

∂t
= −

∂p(1)

∂τ
+ Gp(1) +Rp(2). (A.38)

Again, the general solution can be written as

p(2) = eRtp̃(2) + eRt
t

∫
0

e−Rsds [−
∂p(1)

∂τ
+ Gp(1)] . (A.39)

With the same calculation as above we find that in order for the secular terms in
the second order to vanish, the following condition must hold:

π̄ [−
∂p(1)

∂τ
+ Gp(1)] = 0

⇔ −
∂p(1)

∂τ
+ π̄Gπ(x)p(1) −

1

χ
π̄Gχχ̄g = 0.

(A.40)

The term π̄Gπ(x) appears again and is given by Eq. (A.28). We now evaluate
the third term on the left hand side of Eq. (A.40): First we note that π̄χ = 0 [see
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Eqs. (A.5) and (A.7)]. Therefore, we only have to evaluate the action of G on χ
in Eq. (A.40), which is

Gχ =
αV

mg

⎛

⎝

0

1

⎞

⎠

∂

∂v
, (A.41)

because χ is a constant vector [see Eq. (A.5)]. It then holds [see Eq. (A.7) and
(A.8)]

1

χ
π̄Gχχ̄g =

αV

χmg
π̄
⎛

⎝

0

1

⎞

⎠

∂

∂v
(χ̄g)

=
αV

χmg
χ̄
∂

∂v
g.

(A.42)

Lastly, we look at the derivative of g with respect to v, that is

∂

∂v
g = −(

∂

∂x
π(x))

∂

∂v
(vp(0)) +

αV

mg

⎛

⎝

0

−π1

⎞

⎠

∂2p(0)

∂v2
. (A.43)

Using π1 = 1 − π0 = qeq, one can show that

π0
∂π1

∂x
− π1

∂π0

∂x
=
∂qeq
∂x

. (A.44)

Furthermore it holds that π0π1 = qeq(x) − q2
eq(x). With the latter two simplifica-

tions we can rewrite [see Eq. (A.8)]:

χ̄(
∂

∂v
g) =

∂qeq
∂x

∂

∂v
(vp(0)) +

αV

mg
qeq (1 − qeq)

∂2p(0)

∂v2
. (A.45)

Putting everything together, the condition for the secular terms of the solution
at second order in the perturbation [see Eq. (A.40)] is given by

∂p(1)

∂τ
=G0p

(1) −
αV

χmg
[
∂qeq
∂x

∂(vp(0))

∂v
+
αV qeq
mg

(1 − qeq)
∂2p(0)

∂v2
] (A.46)

where

G0 ≡ −v
∂

∂x
+
∂

∂v
(ω2

Kx +
γ

mg
v −

αV

mg
qeq) +D

∂2

∂v2
. (A.47)

Putting zeroth and first order together [see Eqs. (A.30) and (A.46)], i.e.,
p̃(x, v, τ) = p(0)(x, v, τ) + εp(1)(x, v, τ) and setting ε ≡ 1 (τ = εt → t), we find
that the full probability density p(x, v, q, t) can be approximated by

p(x, v, q, t) ≈ πq(x)p̃(x, v, t), (A.48)
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where p̃(x, v, t) is the probability density of solely the oscillator, obtained by
tracing out the fast electronic degrees of freedom. The dynamics of p(x, v, t) is
governed by a FPE:

∂p̃

∂t
= [−v

∂

∂x
+
∂

∂v
(ω2

Kx +
γ̃(x)

mg
v) −

αV qeq(x)

mg

∂

∂v
] p̃ + D̃(x)

∂2

∂v2
p̃, (A.49)

where the effective friction and diffusion coefficients are now position dependent
and are given by Eqs. (7.12) and (7.13). The final Eq. (A.49) is equivalent to
Eq. (7.9) of the Sec. 7.1.3.

A.3 Transformation to energy space

In this section we derive the transformed FPE, Eq. (7.15), from Eq. (7.9). We
first rewrite Eq. (7.9) as follows:

∂p̃

∂t
= −v

∂p̃

∂x
+
γ̃(x)

mg
p̃ + (ω2

Kx +
γ̃(x)

mg
v −

αV

mg
qeq(x))

∂p̃

∂v
+ D̃(x)

∂2p̃

∂v2
. (A.50)

Using the transformation of Eq. (7.14) as well as the assumption p̂(E , θ, t) ≈
p̂(E , t), we find that derivatives with respect to x and v transform as follows:

∂p̃

∂x
→
√

2EK sin θ
∂p̂

∂E
,

∂p̃

∂v
→
√

2Emg cos θ
∂p̂

∂E
,

∂2p̃

∂v2
→mg

∂p̂

∂E
+ 2Emg cos2 θ

∂2p̂

∂E2
.

(A.51)

In energy space, Eq. (A.50) then takes the form

∂

∂t
p̂(E , t) = [

γ̃(x)

mg
+ (

γ̃(x)

mg
2E cos2 θ − αV qeq(x)

√
2E

mg
cos θ + D̃(x)mg)

∂

∂E

+ D̃(x)2Emg cos2 θ
∂2

∂E2
] p̂(E , t),

(A.52)
where x =

√
2E/K sin θ. Upon averaging over θ, the term proportional to cos θ

will vanish: As qeq(x) is an analytic function of x it can be Taylor expanded
in a power series and the individual contributions of all terms vanish due to
∫

2π

0 sinn(θ) cos(θ)dθ = 0 for all n ∈ N. By inspection of Eq. (7.14) and partial
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integration one can show that the following relations hold:

1

2π

2π

∫
0

dθγ̃(x) = 2γ̂(E) + 2E
∂γ̂(E)

∂E
,

1

2π

2π

∫
0

dθD̃(x) = 2D̂(E) + 2E
∂D̂(E)

∂E
.

(A.53)

Then, averaging Eq. (A.52) results in Eq. (7.15).

A.4 Computational methods
For all numerical investigations in Sec. 7, we set βosc = βν = β ≡ 1 as well as Γ ≡ 1
and λ ≡ 1. The other parameters used in this work are given in units of the latter
three: αλ = 0.06, mgλ2Γ2β = 12.0, Kλ2β = 5.0 and γλ2Γβ = 0.2.

Since the probability space of the coupled system of harmonic oscillator and
QD is very large, we assume that the system is ergodic, such that we can sample
the steady state probability density of the system by a single long trajectory.
Additionally this means that an ensemble average of an arbitrary quantity A in
the steady state is calculated by

⟨A⟩ =
1

t

t

∫
0

A(t′) dt′, (A.54)

which is exact for ergodic systems in the limit of t → ∞. We simulate the tra-
jectories after a relaxation time of Γt = 1000 until Γt = 5000000, where we have
also checked that further relaxation time or simulation time does not change the
probability density or averaged quantities. Note that we have also investigated
different initial conditions and have not seen any dependency of the outcome on
the initial conditions (after the relaxation time). Finally we note that the time
step used in the simulations is Γ∆t = 0.0001.

A.5 Linear stability analysis of the electron shut-
tle

In order to show that the electron shuttle at the MF level undergoes a Hopf bi-
furcation and determine the critical bias voltage V̄cr, we perform a linear stability
analysis, analogously to Secs. 6.1.1 and 6.1.2 around the fixed point x̄∗ of the
MF Eq. (7.7), for which ˙̄x∗ = 0 and which has to be obtained numerically. The
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A.6. THERMODYNAMICS OF THE ELECTRON SHUTTLE USING STOCHASTIC
CALCULUS

Figure A.1: Re(λi) (a) and Im(λi) (b) of the three eigenvalues of λi of J0(x̄∗)
as a function of the applied bias voltage V . As V is increased
the two complex conjugated eigenvalues (solid brown and dotted
blue) become purely imaginary at a critical value of βV̄cr = 15.0,
which denotes the bifurcation point and the stability of x∗ changes.
Further increase of V results in a stable limit cycle and an unstable
fixed point x∗. Parameters specified in App. A.4. Adapted from
Ref. [28].

Jacobian matrix J0(x̄∗) has three distinct eigenvalues λi. In Fig. A.1 we show
Re(λi) (a) and Im(λi) (b) of the three eigenvalues as a function of the applied
bias voltage V . Besides the purely real and negative eigenvalue λ1 (dashed pink),
there exists a pair of complex conjugate eigenvalues λ2/3 (solid brown and dotted
blue) which become purely imaginary at a critical value βV̄cr = 15.0. At this
point, x∗ becomes unstable and a stable limit cycle emerges (V̄ > V̄cr). Here, the
dynamical system, Eq. (7.7), undergoes a (supercritical) Hopf bifurcation (see
Sec. 6.1.2).

A.6 Thermodynamics of the electron shuttle us-
ing stochastic calculus

In this section, we show that the first law of thermodynamics of the full model,
Eq. (7.21), is also obtained from the trajectory representation given by Eq. (7.3)
upon taking the average of many realizations. At the trajectory level, the change
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of total energy E(x, v, q), Eq. (7.18), is expressed as [27]

dE =Kx ○ dx +mgv ○ dv − αV q ○ dx + (ε − αV x) ○ dq, (A.55)

where ○ denotes Stratonovich-type calculus. Using Eq. (7.3), we find that the
second term in Eq. (A.55) can be expressed as

mgv ○ dv = (−Kxv − γv
2 + αV qv)dt +

√
2γ/βoscv ○ dB(t)

= −Kx ○ dx + αV q ○ dx − γv2dt +
√

2γ/βoscv ○ dB(t).
(A.56)

Inserting Eq. (A.56) into Eq. (A.55), we get

dE = (ε − αV x) ○ dq − γv2dt +
√

2γ/βoscv ○ dB(t)

= δQS + δQD + δW chem + δQosc.
(A.57)

Here, we have introduced the chemical work δW chem = ∑ν µ
νdqν and the heat

flow to the oscillator from its thermal reservoir due to friction and thermal noise
δQosc = −γv2dt+

√
2γ/βoscv○dB(t) for a single realization of the stochastic process

[27]. The remaining terms in Eq. (A.57) are identified as heat exchanged with the
reservoir ν, defined as δQν = (ε−αV x−µν)○dqν . Due to the fact that averages with
respect to many realizations of the stochastic process are equivalent to ensemble
averages with respect to the probability density (see App. A.1), it holds

d

dt
E [E] =

d

dt
⟨E⟩ = ⟨Q̇S⟩ + ⟨Q̇D⟩ + ⟨Ẇ chem⟩ + ⟨Q̇osc⟩ , (A.58)

which is equivalent to Eq. (7.21).

A.7 Trajectory representation of the rotor engine
To solve for the steady state of Eq. (8.3) numerically, we turn to the trajectory
representation analogously to the conventional electron shuttle in Sec. 7. Similar
to Eq. (7.3), the rotor engine can be described at the trajectory level by the SDE

dφ =

⎛
⎜
⎜
⎝

dφ

dω

dq

⎞
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

ωdt
1
I [−γω + τel(φ, q) + τM]dt +

√
2DdB(t)

∑
νq′
(q − q′)dN ν

q′q(φ, t)

⎞
⎟
⎟
⎟
⎠

, (A.59)

which reproduce the FPE, Eq. (8.3), at the ensemble level (see also App. A.1).
In Eq. (A.59), dB(t) denotes a Wiener process with mean E [dB(t)] = 0 and
variance E [dB(t)2] = dt, which models the thermal fluctuations of the rotor. For
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a fixed q, Eq. (A.59) represents the Langevin equation for rotational Brownian
motion of the rotor subject to the torque τel(φ, q) and τM. The independent
Poisson increments dN ν

q′q(φ, t) ∈ {0,1} obey the statistics defined in Eqs. (2.35)
and (2.36) with the rates Rν

qq′(φ) defined by Eq. (8.4).
As in the model of the conventional electron shuttle, we assume that the sys-

tem is ergodic, such that we can sample the steady state probability density of
the system by a single long trajectory, see App. A.4. We simulate the trajecto-
ries after a relaxation time of Γt = 3000 until Γt = 30,000,000, where we have
also checked that further relaxation time or simulation time does not change the
probability density or averaged quantities. Note that we have also investigated
different initial conditions and have not seen any dependency of the outcome on
the initial conditions (after the relaxation time). Finally we note that the time
step used in the simulations is Γ∆t = 0.01.

A.8 Derivation of the second law for the stochas-
tic rotor engine

To establish that the second law holds in the rotor model, we perform simi-
lar calculations as for the conventional electron shuttle in Sec. 7.2.1, specifically
Eqs. (7.27) – (7.40), but with probability density p(φ,ω, q, t). We start by con-
sidering the Shannon entropy, Eq. (4.12),

S(t) = −kB⨋ p(φ,ω, q, t) lnpq(φ,ω, q, t). (A.60)

Taking the time derivative of S(t), introducing the shorthand notation pq ≡
p(φ,ω, q, t), and using partial integration we obtain

d

dt
S(t) = −⨋ {∂ω [

γ

I
ωpq +D∂ωpq]} lnpq − kB⨋ ∑

q′ν

Rν
qq′(φ)pq′ lnpq (A.61)

Letting Ṡ1(t) and Ṡ2(t) denote the first and second term in Eq. (A.61, we integrate
by parts to rewrite the first term as follows:

Ṡ1(t) = kB⨋ [
γ

I
ω∂ωpq +D

(∂ωpq)2

pq
] . (A.62)

From Eq. (8.11) we obtain

0 =
⟨Q̇rot⟩

T
+⨋ (

γω2

T
pq +

kBγ

I
ω∂ωpq) . (A.63)
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Summing Eqs. (A.62) and (A.63) we arrive at

Ṡ1(t) =
⟨Q̇rot⟩

T
+ Σ̇1, (A.64)

where

Σ̇1 = kB⨋
[γωpq +DI∂ωpq]

2

DI2pq
≥ 0. (A.65)

The second term on the right side of Eq. (A.61) is given by

Ṡ2(t) = −
1

2
kB⨋ ∑

q′ν

(Rν
qq′(φ)pq′ lnpq +R

ν
q′q(φ)pq lnpq′) . (A.66)

From the property of local detailed balance, Eq. (4.2), obeyed by the electron
tunneling rates [see Eq. (8.4)], i.e.

Rν
01(φ)

Rν
10(φ)

= exp{β [ε − αeV r cos(φ) − eUr sin(φ) − µν]} , (A.67)

we derive the identity

0 =∑
ν

⟨Q̇ν⟩

T
−

1

2
kB⨋ ∑

q′ν

(Rν
qq′(φ)pq′ −R

ν
q′q(φ)pq) ln

Rν
q′q(φ)

Rν
qq′(φ)

, (A.68)

where the first term on the right relates to heat exchange with the fermionic leads
[see Eqs. (8.8) - (8.10)]. Summing Eqs. (A.66) and (A.68) and rearranging terms,
we obtain

Ṡ2(t) =∑
ν

⟨Q̇ν⟩

T
+ Σ̇2, (A.69)

where

Σ̇2 =
1

2
kB⨋ ∑

q′ν

(Rν
qq′(φ)pq′ −R

ν
q′q(φ)pq) ln

Rν
qq′(φ)pq′

Rν
q′q(φ)pq

≥ 0. (A.70)

Here, non-negativity follows from the log-sum inequality, Eq. (4.15). Adding
Eqs. (A.64) and (A.69), we find that the total entropy production rate is given
by

Σ̇ = Σ̇1 + Σ̇2 =
d

dt
S −

1

T
(⟨Q̇rot⟩ +∑

ν

⟨Q̇ν⟩) ≥ 0, (A.71)

where the non-negativity of Σ̇ shows, that the second law holds in our system.
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Appendix B

Supplemental information for part
III

B.1 Derivation of the second law in the trimer
chain

To establish the second law of thermodynamics, we define the entropy of the
system to be the Shannon entropy of the individual QDs. We remark that in the
MF description here, Eq. (10.1), ql represents the probability of the QD at site l
to be occupied by an electron. As the QDs are statistically independent at the
MF description, the Shannon entropy of the chain of shuttles is given by the sum
of the Shannon entropy of each individual shuttle, i.e.,

S(t) = −kB∑
l

[ql ln ql + (1 − ql) ln (1 − ql)] . (B.1)

The rate of change of the system entropy can be written as follows,

d

dt
S = − kB∑

l

q̇l ln
ql

1 − ql

=kB∑
lν

[Rν
01(xl)ql −R

ν
10(xl) (1 − ql)] ln

ql
1 − ql

=kB∑
lν

[Rν
01(xl)ql −R

ν
10(xl) (1 − ql)] ln

Rν
01(xl)ql

Rν
10(xl) (1 − ql)

+ kB∑
lν

[Rν
01(xl)ql −R

ν
10(xl) (1 − ql)] ln

Rν
10(xl)

Rν
01(xl)

.

(B.2)

We now analyze the two terms on the right hand side of this equation. The first
term is positive due to the log-sum inequality, Eq. (4.15). Using the local detailed
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balance condition, Eq. (4.2),

Rν
10(xl)

Rν
01(xl)

= exp [−β (ε − αV xl − µ
ν)] , (B.3)

we can can express the second term on the right hand side of Eq. (B.2) in terms
of heat flows, Eqs. (10.8) and (10.9),

kB∑
lν

[Rν
01(xl)ql −R

ν
10(xl) (1 − ql)] ln

Rν
10(xl)

Rν
01(xl)

=∑
lν

I lνM
T
(ε − αV xl − µ

ν) =∑
ν

Q̇ν

T
.

(B.4)
Combining these results yields the second law of thermodynamics, i.e., the posi-
tivity of the entropy production rate Σ̇,

Σ̇ = kB∑
lν

[Rν
01(xl)ql −R

ν
10(xl) (1 − ql)] ln

Rν
01(xl)ql

Rν
10(xl) (1 − ql)

+
γ

T
∑
l

p2
l

=
d

dt
S −

1

T
(Q̇osc + Q̇S + Q̇D) ≥ 0,

(B.5)

which is equivalent to Eq. (10.11).
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C.1 Reaction coordinate mapping
The idea of the RC mapping is to introduce a part of the reservoir as part of
an enlarged supersystem. We follow here the procedure discussed in [113, 314,
316–318, 352]. We postulate the equivalence (up to a possible shift) of the Hamil-
tonians defined in Eqs. (12.2) and (12.3). The mapping shall then be achieved
by means of a Bogoliubov transform

ĉkν = u
ν
k0b̂ν + ∑

m≥1

uνkmd̂mν + v
ν
k0b̂

†
ν + ∑

m≥1

vνkmd̂
†
mν (C.1)

and similar for the creation operator ĉ†kν . To maintain the bosonic character of
the new modes, the coefficients uνkm and vνkm are chosen via

uνkm =
1

2

⎛

⎝

√
ωkν
Ωmν

+

√
Ωmν

ωkν

⎞

⎠
Λν
kq,

vνkm =
1

2

⎛

⎝

√
ωkν
Ωmν

−

√
Ωmν

ωkν

⎞

⎠
Λν
kq,

(C.2)

with the unknown orthogonal transformation Λν obeying ∑m Λν
kmΛν

k′m = δkk′ .
Here, m = 0 maps to the annihilation and creation operators of the RC.

By inserting the transformation and comparing the terms, we find expressions
for the energy and coupling strength of the RC,

Ω2
ν = Ω2

0ν =

∞

∫
0

ωJν0 (ω)dω

∞

∫
0

Jν0 (ω)

ω dω
and g2

ν =
1

2πΩν

∞

∫
0

ωJν0 (ω)dω. (C.3)
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Additionally, the transformed spectral density can be obtained from the original
spectral density by the following transformation:

Jν1 (ω) =
4g2

νJ
ν
0 (ω)

[ 1
πP

∞

∫
−∞

dω′
Jν0 (ω

′)

ω′−ω ]

2

+ [Jν0 (ω)]
2

. (C.4)

Here, P indicates the principal value and it is understood that Jν0 (ω) is extended
to negative values of ω via Jν0 (−ω) = −Jν0 (ω).

C.2 Full counting statistics and large deviaton the-
ory

We consider systems described by Ĥ ′tot(κ) = ĤS’(κ) +
ˆ̄HI + ∑ν

ˆ̄Hν
B, where

ˆ̄HI =

−∑mν U
ν
m

√
ε̄m(κ)Ων(ê

†
m − êm)P̂ν and ˆ̄Hν

B = ∑k Ωkν d̂
†
kν
d̂kν [see Eq. (12.13)]. Let us

introduce a generalized density matrix [113]

ˆ̄%tot ({χm} , t) ≡
ˆ̄U ({χm} , t) ˆ̄%tot(0)

ˆ̄U † ({χm} , t) , (C.5)

with initial density matrix ˆ̄%tot(0) = ˆ̄%(0)⊗∑ν ˆ̄%νB, where ˆ̄%νB = exp(−βν ˆ̄Hν
B)/Zν(β

ν).
Here, we have introduced the so-called counting fields χm corresponding to the
transport channel m. The modified evolution operator ˆ̄U({χm}, t) is related to
the usual evolution operator ˆ̄U(t) corresponding to Ĥ ′tot(κ) by

ˆ̄U ({χm} , t) = exp(−
i
2

ˆ̄Hν′

B ∑
m

χm)
ˆ̄U(t) exp(

i
2

ˆ̄Hν′

B ∑
m

χm) , (C.6)

where ν′ denotes the reference reservoir. The modified reduced density matrix
ˆ̄% ≡ ˆ̄%({χm}, t) = TrB{ ˆ̄%tot({χm}, t)} evolves according to a generalized ME [2],

∂

∂t
ˆ̄% = − i [ĤS’(κ), ˆ̄%] +∑

ν

L̂ν ˆ̄%

+∑
m

[Γν
′

m (ê
iχmε̄m(κ) − 1) êm ˆ̄%ê†m + Γ̄ν

′

m (ê
−iχmε̄m(κ) − 1) ê†m ˆ̄%êm] ,

(C.7)

which can be derived by performing the usual perturbative expansion up to second
order in ˆ̄HI, see Sec. 5.1. Here, Γν

′

m and Γ̄ν
′

m are defined as in Eq. (12.15). Note
that for χm = 0, ˆ̄% = %̂ and the standard Lindblad ME, Eq. (12.14), is recovered.

The moment generating function associated to the probability distribution
p(∆E) = p(Et−E0) of two projective measurements of ˆ̄Hν′

B at time 0 with outcome
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E0 and at time t with outcome Et is given by [2, 113]

Mν′ ({χm} , t) = Tr{ ˆ̄% ({χm} , t)} = ∫ d∆E ∏
m

e−iχm∆Ep (∆E) =∏
m

Mν′ (χm, t) ,

(C.8)
where the last equality holds for weak coupling in the parallel oscillator picture,
since all transport channels are uncoupled. Thus, the statistics of the exchanged
energy between the reference reservoir ν′ and the harmonic oscillators are com-
pletely independent from each other. In the long time limit, large deviation theory
applies [86-90] and the moment generating function tends to [2]

Mν′(χm, t)→ etC
∞

ν′
(κ) (C.9)

with (scaled) cumulant generating function

C∞ν′ (κ) = lim
t→∞

ln (Tr{ ˆ̄% ({χm} , t)})

t
. (C.10)

When investigating transport statistics of nonequilibrium systems, cumulants
usually grow linearly in time [336–340] and it is more convenient to investigate
C∞ν′ (κ), which is scaled by the time t between the two projective measurements.
For the model at hand, i.e. harmonic oscillators independently coupled to bosonic
reservoirs, the cumulant generating function takes the form of Eq. (12.17).

199


	Title page
	Abstract
	Zusammenfassung
	Acknowledgments
	Contents
	Preface
	What this thesis is about
	Outline
	Conventions and abbreviations

	I Thermodynamics at the nanoscale
	A brief introduction to stochastic processes
	Basics of probability theory
	The Markov condition
	Jump processes and the master equation
	Diffusion processes and the Fokker-Planck equation
	Stochastic differential equations

	Classical thermodynamics in a nutshell
	Heat, work and the conservation of energy
	Entropy production and the second law

	Thermodynamics of stochastic Markov processes
	Master equations
	Fokker-Planck equations
	Beyond ensemble averages

	Quantum aspects of thermodynamics
	Quantum master equation
	Thermodynamics of undriven quantum systems


	II Thermodynamic aspects of self-oscillation
	Preliminaries – Self-oscillation of electron shuttles
	Self-oscillation
	Nonlinear dynamics and linear stability analysis
	Limit cycles and the Hopf bifurcation

	The electron shuttle

	Stochastic thermodynamics of self-oscillation
	Modeling of the single-electron shuttle
	Fully stochastic description
	Mean-field approximation
	Multiple scale perturbation theory
	Dynamics on the different levels of description

	Thermodynamics
	Stochastic thermodynamics
	Mean-field thermodynamics
	Perturbative thermodynamics based on multiple scales
	Discussion

	Conclusions

	Stochastic rotor engine based on electron shuttling
	Model of a rotational electron shuttle
	Fully stochastic description
	Experimental parameters
	Dynamics of the rotor engine

	Thermodynamics
	First and second law
	Work output, efficiency and reliability
	Possible upscaling

	Conclusions


	III Topology, synchronization and thermodynamics
	Preliminaries – Topological band structures
	Introduction to topology
	Trimer chain of coupled harmonic oscillators
	Periodic boundary conditions and symmetry considerations
	The Chern number as topological invariant
	Edge states and robustness against disorder


	Synchronization of topological edge states
	Synchronization of topological edge states
	Trimer chain of electron shuttles
	Dynamics
	Linear stability analysis
	Robustness against disorder

	Thermodynamics
	First and second law
	Thermodynamic signatures of synchronization

	Conclusions


	IV Thermodynamic signatures of quantum criticality
	Preliminaries – Quantum criticality
	Phase transitions
	Thermal phase transitions
	Quantum phase transitions
	The Lipkin-Meshkov-Glick model


	Transport through a quantum-critical system
	Perturbative treatment of open quantum critical systems
	Quantum-critical system interacting with several heat baths
	Reaction coordinate mapping and polaron transformation
	Lindblad master equation
	Heat transfer statistics and the second law

	Transport through the Lipkin-Meshkov-Glick model
	Conclusions


	V Back matter
	Conclusions
	List of publications
	List of figures
	Bibliography
	Supplemental information for part II
	Equivalence of Fokker-Planck and stochastic differential equation
	Multiple scale perturbation theory
	Transformation to energy space
	Computational methods
	Linear stability analysis of the electron shuttle
	Thermodynamics of the electron shuttle using stochastic calculus
	Trajectory representation of the rotor engine
	Derivation of the second law for the stochastic rotor engine

	Supplemental information for part III
	Derivation of the second law in the trimer chain

	Supplemental information for part IV
	Reaction coordinate mapping
	Full counting statistics and large deviaton theory



