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Abstract

The coded caching scheme proposed by Maddah-Ali and Niesen (MAN) is designed to
reduce peak hours traffic by partially prefetching the files in end users’ cache memory in
low traffic hours and sending the requested files through multicast messages. This scheme
was proved to be optimal under the constraint of uncoded prefetching and was originally
proposed for a so-called single bottleneck link network. This dissertation goes beyond the
unrealistic bottleneck network and extends the MAN scheme to a class of two-hop wireless
networks consisting of one server connected via fronthaul links to a layer of H helper
nodes, which in turn communicate via a wireless access network to K users. The proposed
schemes in this work achieve full spatial scalability with an arbitrary number of users and
the multicast rate does not vanish as the number of users in the network increase. This
dissertation primarily focuses on interference management techniques. This work includes
several network models with the first model in Chapters 2 and 3 embracing the path loss
and channel gain, while in Chapter 4 orthogonal links (topological model) and interference
collision model (protocol model) were considered. In the first model, users are able to
use their multiple antennas to receive their requested multicast message through a fixed
number of helpers with a non vanishing rate. Furthermore, a scalable video streaming
service with two different qualities was implemented using the proposed delivery scheme,
allowing users with better channel quality to decode a high quality version of the requested
video file, which results in lower distortion levels. The routing scheme proposed in the final
chapter delivers the multicast messages through the helpers with orthogonal channels to
the receivers by formalizing a Linear Program (LP) which can be solved optimally in linear
time in terms of the number of users in very large networks. Furthermore, a novel scheme
that serves users as they become interference-free is proposed, which has a practical appeal
since it could be implemented via the CSMA protocol. These approaches simultaneously
solve many of the open practical problems identified as stumbling blocks for the application
of coded caching in practical scenarios, namely: asynchronous streaming sessions, finite file
size, subpacktization and high complexity of the MAN scheme, scalability of the scheme to
large and spatially distributed networks, user mobility, and random activity (users joining
and leaving the system at arbitrary times), decentralized prefetching of the cache contents.
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Zusammenfassung

Das von Maddah-Ali und Niesen (MAN) vorgeschlagene Coded Caching Schema zielt dar-
auf ab, den Datenverkehr zu Spitzenzeiten zu reduzieren, indem die Dateien im Cache-
Speicher der Endbenutzer zu verkehrsarmen Zeiten teilweise vorgeladen werden und die
angeforderten Dateien über Multicast-Nachrichten gesendet werden. Dieses Schema er-
wies sich unter der Einschränkung des uncodierten Prefetchings als optimal und wurde
ursprünglich für eine so genanntes Single-Bottleneck-Link Netzwerk entworfen. Diese Dis-
sertation geht über das unrealistische Bottleneck Netzwerk hinaus und erweitert das MAN-
Schema auf eine Klasse von drahtlosen Two-Hop Netzwerken mit einem Server, der über
Fronthaul-Verbindungen zu einer Schicht von H-Hilfsknoten verfügt, die ihrerseits über ein
drahtloses Netzwerk mit K-Benutzern kommunizieren.

Diese Dissertation befasst sich in erster Linie mit Interferenzmanagement-Techniken.
Diese Arbeit umfasst mehrere Netzwerkmodelle, wobei das erste Modell in Kapitel 2 und
3 den Pfadverlust und die Kanalverstärkung umfasst, während Kapitel 4 orthogonale Ver-
bindungen (topologisches Modell) und das Interferenz-Kollisionsmodell (Protokollmodell)
berücksichtigt. Im ersten Modell sind die Benutzer in der Lage, mehrere Antennen zu
verwenden, um ihre angeforderte Multicast-Nachricht über eine feste Anzahl von Helfern
zu empfangen. Darüber hinaus wurde ein skalierbarer Video-Streaming-Dienst mit zwei
verschiedenen Qualitäten unter Verwendung des vorgeschlagenen Bereitstellungsschemas
implementiert, der es Benutzern mit besserer Kanalqualität ermöglicht, eine qualitativ
hochwertige Version der angeforderten Videodatei zu dekodieren, was zu einer geringe-
ren Verzerrung führt. Das im letzten Kapitel vorgeschlagene Routing-Schema liefert die
Multicast-Nachrichten über die Helfer mit orthogonalen Kanälen an die Empfänger, indem
es ein Lineares Programm (LP) formalisiert, das in linearer Zeit in Bezug auf die Anzahl
der Benutzer optimal gelöst werden kann. Darüber hinaus wird ein neuartiges Schema
vorgeschlagen, das den Nutzern hilft, wenn sie störungsfrei werden. Das wäre auch von
praktischer Bedeutung, da es über das CSMA-Protokoll implementiert werden könnte.
Diese Ansätze lösen gleichzeitig viele der offenen praktischen Probleme, die als Stolperstei-
ne für die Anwendung von Coded Caching in praktischen Szenarien identifiziert wurden,
nämlich: asynchrone Streaming-Sitzungen, endliche Dateigröße, die hohe Komplexität des
MAN-Schemas, die Skalierbarkeit des Schemas auf große und räumlich verteilte Netzwerke,
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Benutzermobilität und Zufallsaktivität (Benutzer treten dem System zu beliebigen Zeiten
bei und verlassen es wieder), dezentrales Prefetching der Cache-Inhalte.
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1. Introduction

1.1. Background and Motivation

1.1.1. Motivation for Caching

Given the ever growing amount of traffic generated within the internet being transmitted
via wireless networks with limited bandwidth, wireless networks should exploit the phe-
nomenal progress made both in the pricing and capacity of data storage devices, the drastic
increase in computational power, while also taking the users’ consumption patterns into
account and alleviate the burden of increased traffic during busy hours. Nowhere is this
more apparent than the growing consumption of on-demand video and audio streaming
services with prominent platforms like Youtube, Netflix and Spotify garnering billions of
users on a daily basis. This calls for a clever usage of the low cost storage to cache data
in network design. Due to the complexity of the transmission of traffic to the end user,
a large variety of solutions were proposed to optimize every step of the process. In LTE,
the evolved Multimedia Broadcast Multicast Service (eMBMS) standard was designed to
simultaneously multicast popular common content (e.g., live TV channels) to a large num-
ber of users in a wide area via the simultaneous transmission from multiple base stations
(multipoint multicasting). While addressing vital issues it has left much to be desired as
the by-far favorite media user consumption pattern over internet consists of on-demand
content delivery like in the streaming services previously mentioned. Caching addresses
this issue by duplicating parts of the content in the end user’s storage during off-peak
hours and using these copies to recreate the content during peak hours, where the user’s
demands are known.

The caching strategy can further be adapted to be better suited to wireless networks
which exploits the inherent asynchronous content reuse of on-demand content delivery and
has been widely advocated in several contexts (e.g., see [16,35,50,51,56,59]). The authors
in [16] introduced femto caching in heterogeneous wireless networks, where edge nodes
posses high storage, are placed in a fixed position within the cell and cache popular files
requested by mobile users. The aforementioned work is based on uncoded caching, where
the demanded files are both stored and transmitted in their original form. That is to say
that the server and the base stations directly transmit the uncached bits of each demanded

1



1. Introduction

file through the network. The gain achieved by uncoded schemes is referred to as the local
caching gain. An alternative approach would be to consider coded caching strategies,
where the users’ cache content is exploited as side information so that coded messages are
multicast and are simultaneously useful to multiple users; in other words, coded caching
creates multicast opportunities and provides global caching gain defined later. Maddah-Ali
and Niesen [36, 37] (for brevity referred to as MAN henceforth) proposed a novel coded
caching scheme that creates multicast opportunities to ensure a global caching gain is
achieved. This scheme operates in two phases: a placement phase which takes place during
off-peak times, and a delivery phase which takes place during peak times. We explain main
idea of coded caching through a toy example.

Example 1. Consider the server has access to a library of two files {A,B} each of which
has length F bits and two users equipped with cache memory to save F bits. File A and B

are divided into two equal length subfiles, {A1, A2} and {B1, B2} where |A1| = |A2| = F/2

and |B1| = |B2| = F/2. First, user 1 saves the subfiles A1 and B1 in its cache memory and
user 2 saves the subfiles A2 and B2 in its cache memory. Then consider user 1 requests
file A and user 2 requests file B. In MAN scheme, server transmits the multicast message
X = A2

⨁
B1 of length F/2 to both users. User 1 has B1 in its cache memory, after

receiving X it can extract A2 by doing X
⨁

B1. In a similar manner, user 2 can decode
B1 from the message X by using its own cache content. In this scheme, the server in total
need to have a transmission of rate R = F/2 bits. On the other hand, in traditional uncoded
caching, the server needs to transmit subfile A2 to user 1 and in another transmission send
subfile B1 to user 2. In this scheme the server in total has transmission of rate R = F

bits.

As we have seen in above example, the coded caching scheme has a gain of 1/2 in rate
compared to the uncoded caching scheme, which we will refer to this gain as global caching
gain. The coded caching scheme enables users to benefit from the cache memories across
the network and provides global caching gain. The main distinction between these two
gains is that local caching gain scales with the individual cache size, while global caching
gain scales with the accumulative cache size.

1.1.2. Fundamentals of the Coded Caching Scheme (MAN)

The information theoretic formulation of the coded caching scheme was proposed in [36].
The problem, originally, was to study the fundamental limits of caching in an error-free
broadcast channel. This section serves as an in-depth exploration of the aforementioned
scheme. In this scenario the server has access to a library of N files F = {W1,W2, ...,WN}

2



1.1. Background and Motivation

Library of N files

Server

….U1 U2 UK

Z1 Z2 ZK

Figure 1.1.: MAN setting

each of which has a length of F bits. The server is connected to K users through an error-
free shared link, which is referred to as the bottleneck channel. Each user k is equipped
with cache memory Zk of size MF bits, i.e. it is equal in length to M files. The normalized
cache size is denoted as µ = M

N and is also referred to as the normalized/fractional cache
memory. The setting of MAN scheme is illustrated in Fig. 1.1. The key idea is to treat
the cache content as receiver side information and design the caches during the placement
phase such that, during the delivery phase, the server can send coded multicast messages
to satisfy multiple users’ requests simultaneously.

The caching scheme consists of two phases, which are referred to as the placement and
delivery phase. Coded caching is a way in which these two phases can be optimized.
Please note that in certain works these phases are referred to as pre-fetching (or cache
placement) and multicast transmission. During the placement phase, which is performed
prior to the network’s run time( i.e. peak hours), the users store segments of the files either
in a specified manner (centralized scheme [36]) or at random (decentralized scheme [37]).
Then, during the network runtime, users make requests from a file from library, to which
the server responds with the transmission of coded multicast messages, computed such
that each user can retrieve its requested subfile from the multicast codeword and its own
cache content. The objective of the MAN scheme is to design a two-phase scheme so that
the worst-case load over all possible demand configurations is minimized. For brevity,
we denote the quantity MK/N by t. Note that t can be understood as the normalized
aggregate (i.e. global) size of cache memories. For ease of exposition, we proceed while
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1. Introduction

assuming that t takes integer values. 1 In the centralized MAN scheme, each file Wi is
partitioned into segments {Wi,T : T ⊆ [K], |T | = t} and each user k ∈ [K] caches all and
only the segments Wi,T for all the subsets T such that T ∋ k. It is easy to check that the
cache of each user must have size

N
F(
K
t

)(K − 1

t− 1

)
= MF. (1.1)

In the delivery phase, given a uniform demand vector d ∈ [N ]K , the server computes the
codeword X obtained from the concatenation of blocks XS for all S ⊆ [K], |S| = t + 1.
Each such block is given by

XS =
⨁
k∈S

Wdk,S\{k}, (1.2)

where we observe that for any S of size t+ 1 and k ∈ S, the set S \ {k} is a subset of size
t, such that Wdk,S\{k} are effectively segments of the file desired by user k and cached at
all users j ∈ S, j ̸= k. Assuming that K < N , the achievable rate in the centralized MAN
scheme is given by

R = F
K(1−M/N)

1 +KM/N
. (1.3)

The rate here corresponds to the worst-case load, i.e. the number of bits that have to
be communicated over the shared link to satisfy set of demands. Local caching gain
from individual memory size is equal to (1 −M/N) and global caching gain is equal to
(1/(1 + KM/N)). The MAN scheme was then later extended to decentralized settings.
In decentralized coded caching, during the placement phase each user k independently
caches a subset of the µF bits of each file in a uniform manner. Such random symmetric
independent decentralized placement was shown to be optimal (under uncoded prefetching)
in the limit of infinite file size in [71]. During the delivery phase for any nonempty set, the
server transmits a coded multicast message for any S ⊂ [K] and |S| = s ( s ∈ {1, . . . ,K})
as given in (1.2). The placement procedure of the decentralized scheme partitions each file
Wi into 2K subfiles, Wi = {Wi,S |S ⊆ [K], |S| = {0, 1, 2, . . . ,K}}. Wi,S denotes the part of
the file Wi that are cached by users in the set S. By the law of large numbers it follows
that

|Wi,S | = F

⎛⎝∏
j∈S

µj

⎞⎠(∏
k/∈S

(1− µk)

)
. (1.4)

1if not, a memory-sharing argument is used to multiplex between points for which this parameter is an
integer [36].
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1.1. Background and Motivation

For large enough F the rate can be approximated by

Rd =
N(1−M/N)

M
(1− (1−M/N)K). (1.5)

When N ≥ K the MAN scheme was proved to be optimal under the constraint of uncoded
placement (i.e., each user directly stores a collection of segments of the library files in its
cache) [29] . However for the case with K > N , the authors in [71] observed that the
algorithm proposed in [36] produces redundant transmissions. They improved the delivery
phase of the original MAN scheme and finally demonstrated the optimality of the proposed
scheme through a matching converse for all possible values of N and K under uncoded
prefetching. The peak rate or worst case rate when K > N is characterized as follows

R =

(
K

µ+1

)
−
(
K−min{K,N}

µ+1

)(
K
µ

) . (1.6)

1.1.3. Coded Caching beyond Error-Free Shared Link

The coded caching scheme introduced by the MAN scheme was originally proposed for
an idealized single bottleneck network, where a server is connected to K users through a
shared error-free link of given capacity. Based on the coded caching idea, several other
network topologies have been studied and explored beyond error free or orthogonal links.
In practice, most communication systems possess a more complicated network topology,
which consists of more than a single broadcast link. A particularly relevant topology for
the present work is the so-called combination network, formed by the server, a layer of
NE helpers (alternatively referred to as edge nodes or access point in other works), and
a second layer of end users. In the combination network there are exactly K =

(
NE
L

)
users, each of which is connected to a distinct unordered subset of L out of NE helpers
(from which the name “combination” network derives from). All links are error-free and
orthogonal in [24, 25, 41, 65, 67, 72]. Fig. 1.2 illustrates a small combination network with
3 helpers and L = 2.

In [25] the authors applied the centralized MAN algorithm to create each coded multicast
message, which is then encoded with a (NE, L) Maximum Distance Separable (MDS) code
and then transmitted to NE helpers. The users receive messages from the connected
helpers. Each user receiving L out of the NE coded blocks will be able to decode the
whole coded message. The server transmits a different MDS coded symbol for each MAN
multicast message to each helper, which in turn broadcasts it to the connected users.
Notice that while the MDS coded scheme of [25] applies to any network topology as long
as each user can receive from at least L helpers, the scheme of [72] critically hinges on the
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1. Introduction

Server

NE !
Intermediate Nodes

K users

L 

1 2 3

1 2 3

Figure 1.2.: Combination network setting

combination network topology and therefore does not generalize to networks with random
topology, which is the main focus of this dissertation. In [65, 67] further improvements
on combination networks were presented, and cache-aided multiple helper networks with
random topology were considered in [41], where each user is randomly connected to L

helpers. By observing that for each helper, there are some MAN multicast messages which
are not desired by any of its connected users, the authors presented an improved delivery
strategy with respect to [25] by avoiding transmitting MDS coded symbols to the helpers
which are not connected to at least one user desiring these symbols.

In the MAN scheme framework the prefetching phase is an offline operation that costs
no transmission resources.2 This is meaningful when the prefetching phase is performed
at a time-scale much larger than the one at which the users make their content requests.
For example, in a video-server application (e.g., Netflix), it is reasonable to assume that a
fixed number N of the most popular movies are maintained in the system, and this list is
updated every week by adding some new movies and removing some obsolete ones, such
that the prefetching phase can be performed ∼ once per week, using the home internet
connection. In contrast, for a wireless mobile network, the network topology may change
much faster. A typical video streaming session lasts between 10 and 100 minutes. Consider
a vehicular network with cars moving in an urban areas. It is clear that in this case the
network topology may change significantly even within a single streaming session. In
the context of such rapidly changing network topology, designing the prefetching phase
as a function of the network topology is practically meaningless. Hence, it is interesting
to design systems according to a separation principle between caching and physical-layer
(PHY) transmission, where the caching (i.e., the prefetching and the formation of MAN
multicast message) is completely agnostic of the underlying network topology, while the

2In fact, the prefetching phase plays the same role as the “code generation” in a standard information
theoretic setting [11].
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1.2. Outline and Contributions

delivery of MAN multicast message is implemented [18] which has shown that separation
is indeed a good thing to do. Motivated by the separation approach, several works have
considered the delivery of the multicast message(s) generated by the MAN scheme through
some specific wireless PHY and network topology. In [60] the authors focused on applying
the multi-server linear network setting of [61] to the scenario of a multiuser MIMO downlink
(DL) with Channel State Information at the Transmitter (CSIT).

1.1.4. Tackling the Complexity of Coded Caching

The coded caching algorithm requires splitting the files into
(
K
t

)
subfiles to achieve caching

gain t. The drawback of this algorithm is that the number of subfiles is increasing ex-
ponentially with K. For example, consider that the number of users in the network is
K = 10, 100, 1000 and t = 3; by a simple calculation we can verify that the number of sub-
files will be order of 102, 105, 108 respectively. Not only is the complexity of the algorithm
increasing exponentially with number of users K, but it is also not possible for finite length
files to be divided into an exponentially increasing number of segments. This subpacke-
tization bottleneck becomes a big challenge in designing coded caching algorithms. The
authors in [61] were one of the first to combine the coded caching gain with the spatial
multiplexing gain. They considered L multiple servers connected to K users through a
network. Their work can be considered as MISO BC with L antennas. The multiplexing
gain of L users and an additional theoretical caching gain of t can be achieved through
their work.

Work [43] explored a scenario with multiple transmitters equipped with cache. Both
works [43,61] explored networks with multiple transmitters and combined the coded caching
and multiplexing gain but maintained a high exponential subpacktization order. The au-
thors in the recent work [32] revealed that having multiple transmitting antennas dramat-
ically reduces the subpacketization bottleneck of coded caching by reducing it to approxi-
mately its L-th root. Works [27,48] proposed a new class of coded caching algorithm, the
so-called coded caching with cache replication, which has a significantly lower subpackti-
zation order. In this scheme, users are divided into groups with L members. Each group
separately and sequentially serves an independent MAN scheme.

1.2. Outline and Contributions

This dissertation concerns itself with extending the MAN scheme to a two-hop broad-
cast network and mainly deals with the design of algorithms that optimize physical layer
performance. The main aspects that are addressed at the physical layer are interference
management, channel coding, subpacketization order as well as minimizing the outage

7



1. Introduction

probability and delivery latency. Furthermore, a novel routing algorithm on the network
layer is proposed.

In Chapter 2 we develop a physical layer model that applies the preexisting coded
caching scheme for a combination network to the aforementioned two-hop broadcast net-
work. In order to apply the coded caching paradigm proposed by the MAN scheme to
a spatially distributed wireless network, the chapter starts from a variant of the MAN
scheme successively proposed for combination networks, where the multicast message is
further encoded by a MDS code. The MDS-coded blocks are sent to multiple spatially
distributed single-antenna helpers, which in turn transmit at a fixed rate with no channel
state information. The users have multiple antennas and they obtain receiver channel state
information from standard downlink pilots and can select to decode a desired number of
helper transmissions, while either nulling the others or treating them as noise. The users
are then able to decode their requested file if they successfully decode L transmissions of
the helpers. This parameter is referred to as the macro diversity order. The fundamental
underlying transmission mechanism is multipoint multicasting, where each user can inde-
pendently (in a user-centric manner) decide which helper to decode, without any explicit
association of users to helpers. The proposed scheme achieves full spatial scalability in the
following sense: for an extended network with arbitrary constant ratio of users per helper
and area A = O(NE), where NE denotes the number of helpers, the system achieves a
per-user delivery rate that does not vanish as NE →∞.

Chapter 3 builds upon the same model as in the previous chapter and applies it to a
multipoint multicasting video paradigm, where each video file in the library can be broad-
cast in varying degrees of quality. Each user can decide to decode any helper transmission
by using a zero forcing receiver. Motivated by Scalable Video Coding (SVC), we consider
successive refinement source coding in order to provide a “softer” tradeoff between the num-
ber of decoded helpers and the source distortion at each user receiver. Each level of quality
is referred to as a layer. Unlike Chapter 2, the users are not restricted by a fixed macro
diversity order, but are rather capable of obtaining a higher video quality by decoding
more than L transmissions. The proposed system is spatially scalable in the sense that, for
given users’ and helpers’ spatial density, the achieved distortion-delivery time performance
is independent of the coverage area. We consider a scenario with two layers, referred to as
the fundamental and enhancement layer respectively, with users being able to decode both
layers only if they have a high enough channel coding rate. Time-division multiple access
(TDMA) and superposition coding are used to transmit both layers in the same channel.

After exploring the pros and cons of MDS coding in our proposed physical layer, we then
turn to addressing the issue of redundant parity blocks within our scheme. The scheme
proposed in Chapter 4 uses an alternative approach and extends the MAN caching scheme
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to a class of two-hop helper networks including one server, and H helpers communicating
with K users all of whcih are distributed according to a Poisson Point Process (PPP). The
key strategy of our approach is routing the MAN multicast messages through the network
and formulating the optimal routing scheme as a Linear Program (LP). The MAN scheme
requires splitting the files into an exponentially large number of subfiles which renders
it impractical in the case of a large number of users. By building upon the initial LP
formulation we are then able to address this issue. In the last part of the chapter, we
consider the “collision interference model” and achieve interference avoidance by routing
packets though non-interfering helpers through a heuristic method. Through numerical
simulations we show that our proposed model outperforms the existing frequency reuse
scheme in terms of delivery latency . Our proposed scheme offers solutions to multiple
challenges, namely asynchronous requests, finite file size, scalability of the scheme to large
and spatially distributed networks, decentralized prefetching of the cache contents, reduc-
ing subpacktization order to linear.

1.3. Notation, Abbreviations and Definitions

We denote scalars, vectors, matrices and sets by lower case letters, lower case bold letters,
upper case bold letters and calligraphic letters, i.e., x, x, X, X , respectively. For two value
a and b, we denote by [a : b] = {a, a+ 1, . . . , b}, [n] = [1 : n]. We denote the probability
mass function as p(x) = Pr(X = x), for x in (element of) X (discrete) and the probability
density function as fX(x) (continuous). The symbol | · | indicates the number of elements
of a set or the length of a sequence appearing as argument inside the bars. To specify
a particular range of elements in a vector, we use the notation a[i:j] to indicate that a is
restricted to the elements i to j. If i = 1, it will be omitted a[:j], the same for j=n ,a[i:].
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1. Introduction

Notation
N (µ, σ) Gaussian (normal) distribution with mean µ and variance σ

Unif[a, b] Continues uniform distribution between a and b

var(X) Variance of the real-valued random variable X

x ∈ X x is an element of X
X × Y Cartesian product of the sets X and Y
X n n-th Cartesian product of X
E[X] The expected value of X:

∑
x∈X xp(x)

minA,
maxA

The smallest and the largest number of the set

(·)+ max{0, ·}
| · | The absolute value or the cardinality, distinction is made clear in context
log(·) The base 2 logarithm log2(·)
⊕ Binary addition (addition in F2)
(a, b), [a, b] An open and a closed interval, respectively
(a, b], [a, b) Half-open intervals, which do not contain a or b, respectively
iff if and only if
:= equal by definition

Abbreviations
SNR signal to noise ratio
SINR signal to sum of noise and interference ratio
MAN Maddah Ali and Niesen
LP linear programming
PHY physical
ZF zero forcing
PZF partial zero forcing
MAC medium access control
TIN treating interference as noise
MDS minimum distance separable
CSIT channel state information at the transmitter
DL downlink
PPP poisson point process
SIC successive interference cancellation
MSE mean square error
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2. Broadcast Wireless Network with Zero
Forcing Receiver

2.1. Background and Motivation

In this chapter we focus on the efficient delivery of the coded multicast message generated
by the MAN scheme over a wireless extended network formed by K users and NE helpers,
such that the ratio K/NE is an arbitrary constant, and the area of the network grows as
A = O(NE) when NE becomes large. Both the single bottleneck link network and the
combination network are deterministic error-free models. In order to apply such caching
paradigms to an actual wireless network, it is important to ensure that the content delivery
rate does not vanish as the number of users and/or the network size become large. This
represents a challenge in the presence of small-scale fading and distance dependent pathloss.
We call scalable a scheme that achieves a non-vanishing per-user delivery rate as K →∞.
In particular, for extended networks as defined above K → ∞ implies that the network
coverage area (A) must grow linearly with K. In this case, a scalable scheme shall be
referred to as spatially scalable, since the scheme can provide a fixed positive delivery rate
for an arbitrarily large coverage area. In this chapter the content server is connected
through high-capacity backhaul links to NE wireless helpers (e.g., access points, or remote
radio heads or edge nodes). In the presence of a given set of users’ demands, the server
computes the MAN coded message and further encodes with a (L,NE) Minimum Distance
Separable (MDS) code, such that the whole message can be retrieved from any L out of NE

MDS-coded blocks, and where L ≥ 1 is an integer parameter referred to as macro-diversity
order of the system. The MDS-coded blocks are sent to the NE helpers, that transmit them
simultaneously on the same channel at some fixed PHY rate R bit/s/Hz. Each user in the
system can choose to receive data from its best L helpers in a completely autonomous
user-centric way. As long as a user is able to decode at least L helper transmissions, it will
retrieve the whole MAN coded message and therefore its own requested file.

The network topology induced by this PHY scenario is somehow reminiscent of the
combination network, with the fundamental difference that, in general, the number of
users K not necessarily equal to

(
NE
L

)
and the nice symmetry of the combination network
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2. Broadcast Wireless Network with Zero Forcing Receiver

is lost, since there are possibly more than one user associated to the same combination of L
strongest helpers, while some other combinations of L helpers that are physically far apart
will not be chosen by any user. Nevertheless, we argue that the combination network forms
a useful good paradigm. In fact, the fully separated scheme based on the concatenation of
the MAN with MDS coding can be seamlessly applied for the more general topology induced
by the PHY of the spatially extended wireless network at hand. Notice also that this is not
the case for more advanced schemes successively proposed for the combination network,
exploiting its special topology (e.g., see [41, 65, 67, 72]). In this chapter, users are affected
by both small-scale fading (e.g., Rayleigh fading as in [15,45]) and by large-scale distance-
dependent pathloss. A single base station multi-antenna approach as in [15,45] will not be
effective against the pathloss since the worst-case user rate can be made arbitrarily small
with a network whose area grows as A = O(K), such that the distance from the worst-case
user and the base station grows as O(

√
K).

While [60] focused on the small K regime, with the goal of achieving the optimal cache-
aided degrees of freedom, other works such as [15, 45] have considered schemes to serve
multicast messages to a very large number of users K, such that the delivery rate does not
vanish as K →∞. In particular, [45] considers the transmission from a single base station
with ntx antennas to K users and focuses on the worst-case user instantaneous rate, i.e.,
the common rate that can be sustained by the system when coding on a single fading
state (a single realization of the K × ntx channel matrix). In this dissertation’s scenarios,
like those in [45], the transmitter has no Channel State Information at the Transmitter
(CSIT). This assumption is fully justified in the large K regime by the fact that gathering
the CSIT for all users and for each fading coherence block would incur an enormous pilot
overhead and consume the transmission resource completely. In this case, the worst-case
user instantaneous rate is shown to vanish as K →∞ if ntx = O(1) and be bounded away
from zero if ntx grows at least as logK.

The proposed system is extremely simple, since no coordination among users and between
the users and the helpers is required, no CSIT at the helpers is required, no joint signal
space precoding across the helpers is used, and only standard Channel State Information
at the Receiver (CSIR) at each user is required, which can be obtained via a completely
standard DL pilot scheme, for which each helper broadcasts a pilot beacon signal as done
in virtually any cellular system in operation today (including eMBMS). Summarizing, the
contributions of this chapter are: We provide a novel stochastic geometry performance
analysis for the proposed system, focusing on the distribution of the per-user ergodic rate
as a function of the (random) network topology. The analytical tools focus on optimizing
the system, in particular, the macro-diversity order L of the scheme and the PHY coding
rate R of the helper transmissions, as a function of the MAN parameters.
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2.2. System Model

We consider a wireless network with NE single-antenna helpers and K users, each equipped
with an nr-antenna array.1 A server is connected to the helpers via an error-free backhaul
data network of very high capacity and has access to a content library formed by N files
indicated as F = {W1,W2, ...,WN}, each of which has a size of F bits. The helpers are
simple remote antenna terminals that simply transmit what they receive from the server.
For the sake of conceptual simplicity we consider here the centralized MAN scheme [36]
but everything can also be applied to its decentralized version [37] as well as to improved
versions thereof that take into account possible repeated requests [71] or other schemes
based on uncoded pre-fetching and optimized for finite file size F (e.g., see [27,28,64,68]).

In our scheme, coded words X computed by coded multicast message in (1.2) is divided
into L blocks of equal size, for some integer L ≤ NE, and MDS coding is applied to append
NE−L parity blocks. Each MDS-coded block is treated as a symbol over a large finite field.
The resulting NE MDS-coded blocks are sent to the NE helpers, such that each helper is
associated to a distinct MDS-coded block. Eventually, the blocks are transmitted through
an appropriate physical-layer (PHY) coded modulation scheme and sent in parallel, on the
same time-frequency slot, from the different helpers. The users use their antenna array to
detect and decode the PHY codewords of L helpers. Thanks to MDS coding, whenever a
user k is able to decode L helpers messages, then it can reconstruct the whole multicast
codeword X.2 At this point, user k can decode the desired file dk from X and its cache
content, as detailed in [36]. Fig. 2.1 shows an example with NE = 5 and L = 2, where all
users that can decode 2 data streams from two distinct helpers can retrieve their requested
file. The delivery latency, i.e., the time necessary to deliver all requests, is given by

T =
1

LR
× F

w
× K(1− µ)

1 +Kµ
, (2.1)

where w is the bandwidth of the wireless channel and R is the PHY coding rate, expressed
in bit/s/Hz and µ is normalized cache size at each user. This scheme is spatial scalable
which means T does not vanish as K grows. Notice that T in (2.1) is given by the product
of three factors: F/w depends on the file size and the system bandwidth (baudrate), and is

1Typical hand-held devices operating at conventional cellular and WiFi frequency bands cannot host a
large number of antenna elements. Nevertheless, for a relevant scenario we may think of a vehicular
network where users are cars, which can host relatively large arrays, or a mmWave network, where
a large number of antenna elements can be accommodated in a small form factor even on hand-held
devices.

2The basic property of an MDS code is that it satisfies the Singleton bound with equality. In our case,
a (L,NE) code has minimum Hamming distance (in symbols) equal to NE − L+ 1. This implies that
any (NE − L)× (NE − L) submatrix of the party-check matrix has full rank. In turn, this means that
the transmitted codeword can be uniquely identified if at least L MDS-coded symbols are received.
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2. Broadcast Wireless Network with Zero Forcing Receiver

Figure 2.1.: A conceptual example of the proposed system with NE = 5 and L = 2. User nodes
make use of their beamforming antenna array to decode two out of five helper trans-
missions, by treating the others as noise.

fixed by the system design. The term K(1−µ)
1+Kµ is the MAN codeword length normalized by

the file size [36]. Finally, 1/(LR) is the combined effect of MDS “macro-diversity order” L

and the PHY coding rate. For this system, the main design goal consists of determining L

such that the product LR is maximized (i.e., the delivery latency is minimized) for a given
target per-user outage probability. From the PHY viewpoint, the goal for each user is to
successfully decode the L strongest helpers. Assuming that the PHY codewords span a
sufficiently large number of small-scale fading states. we denote by Ck,ℓ(Φ) the achievable
ergodic rate that user k can successfully decode with high probability (w.h.p.) from helper
ℓ for a given decoding strategy (to be detailed later) and a given geometry Φ, i.e., a given
placement of the helpers relative to user k. Without loss of generality, we can sort these
achievable rates such that Ck,1(Φ), . . . , Ck,L(Φ) are the largest rates over all the helpers.
It follows that user k can obtain its requested file if

C
(L)
k (Φ) = min

ℓ∈[L]
Ck,ℓ(Φ) > R. (2.2)

For a random geometry Φ, we can define the user outage probability as

Pout,k(R) = P(C(L)
k (Φ) ≤ R), (2.3)

given by the Cumulative Distribution Function (CDF) of C(L)
k (Φ).

Furthermore, the case of PHY coding over a single fading state is quite irrelevant in
the context of modern broadband communication systems. The existing 4G LTE and the
forthcoming 5G systems are designed such that a codeword can span a large number of
fading states in the time-frequency domain. For example, in a channel with bandwidth 20
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MHz, PHY-layer coding with frame length 10 ms,3 small-scale fading coherence time of 1
ms and coherence bandwidth of 200 kHz, a codeword spans ∼ 1000 nearly independent
states (channel realizations). It is well-known that when a codeword spans between 100 and
1000 independent fading states (indeed, much less when channel hardening due to multiple
antennas occurs), the ergodic rate (averaging with respect to the small-scale fading) rather
than the instantaneous rate per fading state becomes a much more meaningful performance
metric. It follows that, under the ergodic rate metric, the symmetric system scenario of [45]
becomes completely trivial since all users have exactly the same ergodic rate. Motivated
by the above observations, in this chapter we focus on a spatially extended network with
non-symmetric users due to the fact that the pathloss between each user and the helpers
is different, and depends on the users and helpers locations. As extensively discussed in
[14,42], in this context it is meaningful to consider the per-user ergodic rate where averaging
(ergodic behavior) is with respect to the small-scale fading and conditioning is with respect
to the random realization of the pathloss, which in turn depends on the random placement
of users and helpers on the plane. Since such conditional ergodic rate is a function of the
random network geometry, it is a random variable itself. Using stochastic geometry, we
are able to characterize the distribution of such random variable under different detection
schemes at the users’ receivers. In particular, the tail of such distribution yields the user
outage probability, which can be interpreted as the fraction of users in the system that
cannot retrieve their requested file, since they are not able to decode at least L helpers
transmissions. Since this probability is a constant strictly less than 1 (in fact, it can be
made sufficiently small for a good choice of the system parameters), this means that a
linear fraction of users can be served at non-vanishing delivery rate. In turn, this shows
that the proposed system is spatially scalable in the presence of both small-scale Rayleigh
fading and distance dependent pathloss.

2.3. Main Results

We assume that helpers are randomly located on the two-dimensional plane and are dis-
tributed according to a two-dimensional homogeneous Poisson Point Process (PPP) of
density λ. The ensemble of the locations of the helpers is denoted by Φ. The propagation
is characterized by small-scale Rayleigh fading that remains constant on time-frequency
coherence blocks of n symbols (block fading model) and evolves according to a station-

3Notice that the 1 ms latency requirement of 5G does not apply for content distribution and video
streaming, which is generally a much more elastic traffic, since at the streaming client there is a
playback buffer that averages the channel instantaneous delivery rate over a window of several seconds
of video. Therefore, it is really the average rate and its long-term fluctuations due to pathloss that
count here, not the small-scale fading instantaneous realizations.
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ary ergodic process from block to block. Each receiving user acquires the DL CSIR from
its surrounding helpers (e.g., through common DL pilots periodically broadcasted by the
helpers). For simplicity, we do not consider CSIR error and pilot overhead in the present
analysis. However, broadcasting DL pilots, or “beacon” signals, from the base stations/ac-
cess points is common practice of any current cellular system and Wi-Fi network, so that
the same type of overhead and (small) performance degradation incurred by any standard
technology is to be expected in our system.

Without loss of generality, we can consider the performance of the typical user indexed
by k and located at the origin. We sort the helpers according to their distance from user
k in non-decreasing order, and let j ∈ [NE] be the index of the j-th closest helper to user
k. The space-time signal received by user k is given by

Yk =

NE∑
j=1

√
βr−η

k,jhk,jxj +Nk (2.4)

where Yk ∈ Cnr×n with n being the size of the fading blocks in symbols, hk,j ∈ Cnr×1 is
the channel vector containing the small-scale fading coefficients from helper j to the array
of user k, xj ∈ C1×n is the coded-modulation block of symbol sent by helper j, rk,j is the
distance between helper j and user k, η is the pathloss exponent, and β is the path loss
intercept. The helpers transmit at a constant average power 1

nE[xjx
H
j ] = P . The noise

samples in the matrix Nk are independent and identically distributed (IID) ∼ CN (0, N0).
According to the independent Rayleigh statistics, hk,j are IID across users and helpers and
have IID components ∼ CN (0, 1).

2.3.1. Partial Zero-Forcing Detection

We introduce here the Partial Zero-Forcing (PZF) receiver strategy, proposed for our
system. Let Hk = [hk,1, . . . ,hk,NE

] denote the nr ×NE matrix of the channel coefficients
from the helper antennas to user k antenna array, and, for a subset B ⊆ [NE], let Hk,B

denote the submatrix formed by the columns with indices j ∈ B. PZF consists of applying
linear zero-forcing only with respect to the signals of the L nearest helpers, whereas the
signals of the remaining helpers with indices j > L are treated as noise. Assuming nr ≥ L,
the receive filtering matrix of user k is defined as the pseudo-inverse of the nr × L matrix
Hk,1:L. This is given by

H†
k,1:L = Hk,1:L(H

H
k,1:LHk,1:L)

−1. (2.5)

Denoting by h†
k,ℓ, 1 ≤ ℓ ≤ L, the ℓ-th column of H†

k,1:L and by qk,ℓ = h†
k,ℓ/∥h

†
k,ℓ∥ the

normalized receive filtering vector corresponding to the ℓ-th stream, the filtered output
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ỹ
k,ℓ

= qH
k,ℓYk is written as

ỹ
k,ℓ

=
(h†

k,ℓ)
H

∥h†
k,ℓ∥

hk,ℓ

√
βr−η

k,ℓ xℓ +

NE∑
j=L+1

(h†
k,ℓ)

H

∥h†
k,ℓ∥

hk,j

√
βr−η

k,ℓ xj + z̃k (2.6)

where z̃k is the filtered noise vector with IID components ∼ CN (0, N0). In the rest of
this chapter, for the sake of analytical tractability, we focus on the case of an infinitely
extended network (i.e., NE → ∞) and high-SNR interference limited performance (i.e.,
N0 → 0). As a result, the system becomes “scale-free”, that is, the results of our analysis
are invariant to any non-zero scaling factor of the physical distances rk,ℓ appearing in (2.6).
The Signal-to-Interference Ratio (SIR) at user k receiver is given by

SIRk,ℓ =
r−η
k,ℓ∥h

†
k,ℓ∥

−2∑∞
j=L+1 r

−η
k,j |h̃k,j |2

. (2.7)

Since qk,l is a unit vector that is independent of {hk,j : j = L + 1, L + 2, . . . }, it follows
that h̃k,j = qH

k,lhk,j ∼ CN (0, 1), ∀j ≥ L + 1. Furthermore, a well-known property of the
ZF linear detector is that in the case of Gaussian IID channel vectors the useful signal
coefficient ∥h†

k,l∥
−2 = X2(nr−L+1) is Chi-squared distributed with 2(nr − L+ 1) degrees of

freedom [39] and mean E[X2(nr−L+1)] = nr−L+1. The ergodic rate with Gaussian inputs
and treating interference as noise for the transmission of the ℓ-th closest helper at user k

is given by

Ck,ℓ(Φ) = E

[
log

(
1 +

r−η
k,ℓX2(nr−L+1)∑∞
j=L+1 r

−η
k,j |h̃k,j |2

)⏐⏐⏐⏐⏐Φ
]
, (2.8)

where the random variables X2(nr−L+1) and |h̃k,j |2 : j > L are mutually independent,
and the conditioning with respect to the geometry Φ determines the distances rk,ℓ and
rk,j : j > L. In order to obtain analytically tractable expressions, we consider the following
lower bound:

Proposition 1. The ergodic rate in (2.8) is lower-bounded as

Ck,ℓ(Φ) ≥ E
[
log
(
1 + ρk,ℓX2(nr−L+1)

)⏐⏐Φ] , (2.9)

where we define the local-average SIR

ρk,ℓ =
r−η
k,ℓ∑∞

j=L+1 r
−η
k,j

, 1 ≤ ℓ ≤ L. (2.10)

□
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Proof. From the convexity of the function f(x) = log(1 + a/x) for a > 0 and x > 0, and
using E[|h̃k,j |2] = 1, the result follows by applying Jensen’s inequality with respect to the
interference fading coefficients |h̃k,j |2, j ≥ L+ 1 in (2.8).

Next, we would like to eliminate the dependency on the distances rk,j with j ≥ L + 1.
To this purpose, we replace the conditioning with respect to Φ by the conditioning with
respect to only rk,ℓ and rk,L, i.e., the ℓ-th and the L-th shortest distances from the origin.
Furthermore, letting I =

∑∞
j=L+1 r

−η
k,j and noticing that rk,j for j ≥ L + 1 depends on

PPP points outside the disk of radius rk,L around user k while rk,ℓ depend on PPP points
inside the disk, we have that [20]. By applying this approximation and Jensen’s inequality
in (2.9), we obtain

Ck,ℓ(Φ) ⪆ E

[
log

(
1 +

r−η
k,ℓX2(nr−L+1)∑∞

j=L+1 r
−η
k,j

)⏐⏐⏐⏐⏐ rk,L, rk,ℓ
]

(2.11a)

≥ E

[
log

(
1 +

r−η
k,ℓX2(nr−L+1)

E [I| rk,L]

)⏐⏐⏐⏐⏐ rk,L, rk,ℓ
]
. (2.11b)

In order to calculate the conditional average interference term in (2.11b), we apply
Campbell theorem [20, Theorem 4.1] and, for η > 2, we obtain

E[I|rk,L] =
2πλ

η − 2
r2−η
k,L . (2.12)

Plugging (2.12) in (2.11b), we obtain the quasi-lower bound4 on the ergodic rate.

Proposition 2. The quasi-lower bound on the ergodic rate is given by

Cqlb
k,ℓ (Φ) = E

[
log
(
1 + ρ̃k,ℓX2(nr−L+1)

)⏐⏐Φ] , (2.13)

where we define the approximated conditional local-average SIR as

ρ̃k,ℓ =
rη−2
k,L

rηk,ℓ

η − 2

2πλ
, 1 ≤ ℓ ≤ L. (2.14)

□

Notice that ρ̃k,ℓ is related to ρk,ℓ defined in (2.10) by replacing the denominator I of (2.10)
with its conditional expectation given in (2.12). This approach yields analytically tractable
expressions and is expected to provide an accurate approximation of the actual achievable
ergodic rate for fixed geometry Φ because the interference term I contains the cumulative

4This is referred to as quasi-lower bound because of the approximation in (2.11a).
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Figure 2.2.: CDFs of the exact and approximate local-average SIRs ρk,ℓ and ρ̃k,ℓ with nr = 8.

effect of many “far” helpers, such that it is expected that a sort of self-averaging effect kicks
in. Fig. 2.2 compares the CDF of the local average SIR ρ̃k,ℓ obtained via approximation
in (2.14) against its exact form ρk,ℓ in (2.10). All the curves are obtained via Monte-Carlo
simulations by setting the helper density λ = 8Relays/km2 (which means on average there
is one helper in a circular cell of radius 200 m), the pathloss exponent η = 3.75. We
assumed that the PZF is applied to cancel the L = 4 nearest interferers at the receiving
user equipped with antenna array size nr = 8. As it can be seen from Fig. 2.2, the CDFs of
ρ̃k,ℓ and ρk,ℓ are very close for a wide range of SIR. Similar results have been observed for
different system parameters L, nr and η. Notice also that the quasi-lower bound in (2.13)
and the actual lower bound in (2.9) differ only by the replacement of ρk,ℓ with ρ̃k,ℓ. Since
these terms appear inside the logarithm, their very small difference (as evidenced by the
CDFs of Fig. (2.2) plays an even more negligible role with respect to the ergodic rates. In
order to proceed further, we shall make use of the following results on distance distribution
in PPPs taken from [19,38].

Lemma 1. Given a homogeneous PPP Φ of density of λ, let rn denote the n-th shortest
distance of points of Φ from the origin. Then, the Probability Density Function (PDF) of
rn is given by

frn(v) =
2(πλ)n

(n− 1)!
v2n−1e−πλv2 , v ≥ 0, (2.15)

and the joint PDF of rℓ and rn with 1 ≤ ℓ < n is given by

frℓ,rn(u, v) =
4(πλ)ne−πλv2

(n− ℓ− 1)! (ℓ− 1)!
(v2 − u2)n−ℓ−1vu2ℓ−1, u, v ≥ 0. (2.16)

□
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2. Broadcast Wireless Network with Zero Forcing Receiver

Using Lemma 1, we can obtain closed-form accurate approximations for the outage
probability and the average delivery rate in terms of the macro-diversity order L, the
receive antenna array size nr, the pathloss exponent η, and the PHY coding rate R.

Outage Probability Derivation

Due to the difficulty of obtaining an exact closed-form expression for the local-average SIR,
we derive an approximate expression based on the approach introduced in [1,7]. First, the
Laplace transform of 1/ρ̃k,ℓ is derived. Then, this is numerically inverted via Euler series
expansion. Finally, the CDF of ρ̃k,ℓ can be obtained in the form of finite series yielding
accurate results with only a few terms (see [7]).

Lemma 2. The sought approximated form for the CDF of ρ̃k,ℓ is

Fρ̃k,ℓ(γ) ≈ 1− γ
eA/2

2B

B∑
b=0

(
B

b

)G+b∑
g=0

(−1)g

Dg
Re

{L1/ρ̃k,ℓ(τ)
τ

}
, (2.17)

where
τ =

(A+ i2πg)γ

2
. (2.18)

The values D0 = 2 and Dg = 1 for g > 0 and A = 9.21, B = 5 and G = 8 provide a
satisfactory accuracy [46]. □

The Laplace transform of 1/ρ̃k,ℓ, for s ∈ C, is given by the following compact expressions,
proved in Appendix A.1.

Proposition 3. The Laplace transform of 1/ρ̃k,ℓ takes on the following form:
Case 1: For ℓ < L

L1/ρ̃k,ℓ(s) =
L−ℓ−1∑
n=0

(−1)nΓ(L)
(L− ℓ− 1) ! (ℓ− 1) ! (n+ ℓ)

(
L− ℓ− 1

n

)
2F1

(
L, η′; η′ + 1;

−2s
η − 2

)
,

(2.19)

where η′ = 2n+ℓ
η and 2F1(a, b; c; z) is the Gaussian hypergeometric function.

Case 2: For ℓ = L

L1/ρ̃k,ℓ(s) =
(

2s

η − 2
+ 1

)−L

. (2.20)

□

Fig. 2.3 illustrates the CDF of the approximated local-average SIR given in (2.17) with
different sub-stream indices and different values of L with a received antenna array size
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Figure 2.3.: CDF of the approximated local-average SIR (ρ̃k,ℓ ) with nr = 8. Solid curves corre-
spond to the analysis in (2.17) while the dashed curves are obtained via simulation.

nr = 8, helper density λ = 8Relays/km2, and η = 3.75. Monte Carlo simulation of
the CDF is also reported for comparison, and shows that our analytical approximation is
accurate. The expectation with respect to X2(nr−L+1) in (2.13) can be calculated in closed
form as

Cqlb
k,ℓ (ρ̃k,ℓ) = E [ log (1 + ρ̃k,ℓXnr−L+1)|Φ]

= I(nr−L+1)(ρ̃k,ℓ) log(e), (2.21)

where with a slight abuse of notation we use Cqlb
k,ℓ (ρ̃k,ℓ) instead of Cqlb

k,ℓ (Φ) since the depen-
dency on the PPP points reduces to the single random variable ρ̃k,ℓ, and where we use the
well-known general integral result (see [3])

IM (µ) =: E [loge(1 + µX2M )] (2.22a)

= ΠM (−1/µ)Ei(1, 1/µ) +
M−1∑
m=1

1

m
Πm(1/µ)ΠM−m(−1/µ), (2.22b)

with Πn(x) =: e−x
∑n−1

i=0
xi

i! and with the exponential integral function defined as Ei(n, x) =:∫∞
1 t−ne−xtdt. Due to the monotonicity of the log function, Cqlb

k,ℓ (ρ̃k,ℓ) is strictly monotoni-

cally increasing in ρ̃k,ℓ. Then, using Cqlb
k,L(ρ̃k,ℓ) instead of C(L)

k (Φ) in the outage probability
expression (2.3), we arrive at the desired quasi-upper bound to the outage probability in
the form

P out
k (R) ⪅ P

(
Cqlb
k,L(ρ̃k,L) ≤ R

)
(2.23a)

= P
(
ρ̃k,L ≤

(
Cqlb
k,L

)−1
(R)

)
(2.23b)
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2. Broadcast Wireless Network with Zero Forcing Receiver

= Fρ̃k,L

((
Cqlb
k,L

)−1
(R)

)
, (2.23c)

where the inverse function
(
Cqlb
k,L

)−1
(·) is easily obtained numerically from (2.21).

Average Delivery Rate Derivation

In order to appreciate the tradeoff between the macro-diversity order L and the PHY
coding rate R, and to quickly see which value of L minimizes the delivery latency, we
can consider the average rate of the typical user when averaging is also with respect to
the random locations of the helpers (i.e., with respect to Φ). We indicate by “overline”
quantities averaged also with respect to the geometry. Then, we have

Ck,ℓ = E

[
log

(
1 +

r−η
k,ℓX2(nr−L+1)∑∞

j=L+1 r
−η
k,j

)]
(2.24a)

= E

[
E

[
log

(
1 +

r−η
k,ℓX2(nr−L+1)∑∞

j=L+1 r
−η
k,j

)⏐⏐⏐⏐⏐ rk,L, rk,ℓ
]]

(2.24b)

≥ E
[
E
[
log
(
1 + ρ̃k,ℓX2(nr−L+1)

)⏐⏐ rk,L, rk,ℓ]] (2.24c)

= E
[
log2

(
1 + ρ̃k,ℓX2(nr−L+1)

)]
. (2.24d)

Remark 1. Comparing (2.24d) with (2.13) and using the law of iterated expectation, for
which E

[
log
(
1 + ρ̃k,ℓX2(nr−L+1)

)]
= E

[
E
[
log
(
1 + ρ̃k,ℓX2(nr−L+1)

)⏐⏐Φ]], we have that the
expectation of our quasi-lower bound Cqlb

k,ℓ (Φ) on the ergodic mutual information for a given

geometry Φ yields a true lower bound C
lb
k,ℓ on the average (w.r.t. the random geometry)

ergodic mutual information. ♢

At this point, it is convenient to define

S̃IRk,ℓ = ρ̃k,ℓX2(nr−L+1), (2.25)

as the “SIR” quantity appearing in (2.24d) and evaluate the expectation by following the
approach of [42]. We can write

C
lb
k,ℓ =

∫ ∞

0
log2(1 + γ) dF

S̃IRk,ℓ
(γ) (2.26a)

=

∫ ∞

0

(
1− F

S̃IRk,ℓ
(2γ − 1)

)
dγ. (2.26b)

24



2.3. Main Results

Notice that, for fixed ρ̃k,ℓ, S̃IRk,ℓ is chi-squared distributed (up to a scaling factor). Hence,
its conditional CDF is given by

F
S̃IRk,ℓ|ρ̃k,ℓ

(γ) = 1−
Γ (nr − L+ 1, γ/ρ̃k,ℓ)

Γ(nr − L+ 1)
, (2.27)

where Γ(a, x) =:
∫∞
x ta−1e−tdt is the upper incomplete gamma function. The uncon-

ditional CDF of S̃IRk,ℓ is derived by expressing ρ̃k,ℓ in terms of rk,ℓ and rk,L (cf. (2.14))
and using their joint PDF to average these variables out, by treating the two cases ℓ < L

and ℓ = L separately (cf. Appendix A.2). The following result (proved in Appendix A.3)
provides the sought lower bound of the average ergodic rate corresponding to the ℓ-th data
stream:

Proposition 4. A lower bound of the average ergodic rate is given by
Case 1: For ℓ < L

C
lb
k,ℓ =

nr−L∑
m=0

L−ℓ−1∑
n=0

2(−1)n

m ! (L− ℓ− 1) ! (ℓ− 1) ! η

(
L− ℓ− 1

n

)

·G2,3
3,3

(
−(m+ 1),−(m+ L),−m− η′

−(m+ 1),−1,−(m+ 1 + η′)

⏐⏐⏐⏐ 2

η − 2

)
·
(

2

η − 2

)m+1

log2(e), (2.28)

where Gp,q
m,n

(
a1, . . . , an, an+1, . . . , ap

b1, . . . , bm, bm+1, . . . , bq

⏐⏐⏐⏐z
)

is Meijer-G function.

Case 2: For ℓ = L

C
lb
k,L =

nr−L∑
m=0

log2(e)

m+ L
2F1

(
1, L;m+ L+ 1; 1− 2

η − 2

)
. (2.29)

□

The tightness of these lower bounds is illustrated in Fig. 2.4, comparing C
lb
k,L and

Ck,L for the settings: λ = 8Relays/km2 and η = 3.75 with nr = 8, L = 4 and with
nr = 16, L = 8. Since eventually the delivery rate is defined by the worst-case data stream,
we define the lower bound for minimum average ergodic rate as follows

C
lb
k,PZF = C

lb
k,L. (2.30)

Remark 2. Operational significance of the average ergodic rate. Averaging with
respect to the random geometry of the helpers placement for a given typical user has no

25



2. Broadcast Wireless Network with Zero Forcing Receiver

1 2 3 4 5 6 7 8

Stream index (ℓ)

1

2

3

4

5

6

7

8

A
v
er
a
g
e
er
g
o
d
ic

sp
ec
tr
a
l
effi

ci
en

cy
(b
/
s/
H
z)

Simulation with L=4, n
r
 =8

Analysis with L=4, n
r
=8

Simulation with L=8, n
r
=16

Analysis with L=8, n
r
=16

Figure 2.4.: Average ergodic rate versus stream index.

operational significance in terms of achievable rate. In fact this would require a sufficiently
fast mixing, i.e., an ergodic behavior, of the geometry during the transmission of a single
PHY codeword, which is generally not the case. We remark here that in classical stochastic
geometry analysis it is customary to mix the time dynamics of the small-scale fading and
of the random geometry. While the small-scale fading mixes on time intervals of the order
of the inverse of the Doppler bandwidth, i.e., typically between 1 and 10 ms, the geometry
(distances between a user and the helpers) evolves according to much slower dynamics, and
can be considered constant on intervals between 1 and 10 s for users moving at vehicular
speeds, and even much larger for nomadic users. Hence, the operational meaning of the
average ergodic rate as an achievable rate for a specific typical user is questionable. This
is precisely the reason why we focused on the outage probability where outages are defined
with respect to the random geometry. Nevertheless, the average ergodic rate captures the
tradeoff between L and R. On one hand, we would like to make L large in order to gain a
speed-up factor L in the delivery latency (see (2.1)). On the other hand, a larger L yields a
smaller value of C lb

k,PZF. Hence, a useful rule of thumb in system optimization is to choose
the value of L that maximizes the product L× C

lb
k,PZF. ♢

2.3.2. PZF with Successive Interference Cancellation

In this section we improve the PZF strategy by introducing successive interference cancel-
lation (SIC). In PZF-SIC users decode their strongest helper signals in sequence. We let
Π denote the set of permutations of [L], and let π = {π(1), π(2), . . . , π(L)} ∈ Π denote
the decoding order of a generic user k. Then, user k decodes xπ(1) first, by suppressing
interference from the remaining L − 1 helpers via ZF beamforming, Then, it subtracts
the decoded version of xπ(1) from the received signal, and proceeds to the decoding of
the next signal xπ(2) by suppressing interference from the remaining L− 2 helpers via ZF
beamforming. Notice that since we treat ergodic spectral efficiencies, each codeword must
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2.3. Main Results

span a large number of fading states (i.e., channel matrices). Therefore, the decoding order
cannot depend on the realization of the channel matrices, but only on their statistics, i.e.,
ultimately on the distance dependent path strengths. Assuming successful decoding and
interference cancellation for the first ℓ − 1 SIC stages, the signal at the input of the ℓ-th
decoding stage is given by

YSIC
k,ℓ =

L∑
j=ℓ

hk,π(j)

√
βr−η

k,π(j) xπ(j) +

∞∑
j=L+1

hk,j

√
βr−η

k,jxj , (2.31)

where ℓ ≤ L. Denoting by Hk,π(ℓ:L) the channel matrix restricted to helpers with indices
π(ℓ), π(ℓ+ 1), . . . , π(L) and letting H†

k,π(ℓ:L) be the corresponding pseudo-inverse, the ZF
beamforming vector for the ℓ-th SIC stage is given by the first column of pseudo-inverse,
denoted by [H†

k,π(ℓ:L)]:,1, normalized to have unit norm. Letting vk,ℓ denote such vector,
the decoder input after ZF beamforming is given by

ỹSIC
k,ℓ

= vH
k,ℓhk,π(ℓ)

√
βr−η

k,π(ℓ) xπ(ℓ) +
∞∑

j=L+1

vH
k,ℓhk,j

√
βr−η

k,j xj .

Consequently, the ℓ-th decoder SIR is given by

SIRSIC
k,ℓ =

r−η
k,π(ℓ)

⏐⏐⏐[H†
k,π(ℓ:L)]:,1

⏐⏐⏐−2

∑∞
j=L+1 r

−η
k,j |h̃k,j |2

. (2.32)

Since vk,l is a unit vector that is independent of {hk,j : j > L}, as before it follows that
h̃k,j ∼ CN (0, 1), ∀j > L. Also, similarly as before, we have that the useful signal coefficient⏐⏐⏐[H†

k,π(ℓ:L)]:,1

⏐⏐⏐−2
= X2(nr−L+ℓ) is Chi-square distributed with 2(nr−L+ℓ) degrees of freedom

and mean nr−L+ ℓ. It follows that the ergodic rate achievable at the ℓ-th decoding stage
is given by

Ck,ℓ(ρπ(ℓ)) = E

[
log

(
1 +

r−η
k,π(ℓ)X2(nr−L+ℓ)∑∞
j=L+1 r

−η
k,j |h̃k,j |2

)⏐⏐⏐⏐⏐Φ
]
, (2.33)

Operating as before, we obtain the corresponding quasi-lower bound on the ergodic rate
at the ℓ-th decoding stage as

Cqlb
k,ℓ (ρ̃k,π(ℓ)) = E

[
log
(
1 + ρ̃k,π(ℓ)X2(nr−L+ℓ)

)⏐⏐Φ] , (2.34)

where ρ̃k,ℓ is defined in (2.14). Next, we consider the outage probability of the PZF-SIC
decoder. Notice that (2.33) is the ergodic rate at the ℓ-th stage assuming a genie-aided
SIC decoder that has already removed the codewords xπ(1), . . . ,xπ(ℓ−1). As a matter of
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2. Broadcast Wireless Network with Zero Forcing Receiver

fact, the performance of the actual PZF-SIC decoder coincides with that of the genie-aided
SIC as stated by the following result (see also [52]):

Proposition 5. The overall probability of error of the actual PZF-SIC decoder coincides
with that of the genie-aided PZF-SIC decoder. □

Proof. Define the outage set A as the set of all geometry configurations Φ for which the
PZF-SIC fails w.h.p.. For any Φ ∈ A there exists 1 ≤ ℓ∗ ≤ L such that

Ck,ℓ(ρk,π(ℓ)) > R, for ℓ = 1, . . . , ℓ∗ − 1, and

Ck,ℓ∗(ρk,π(ℓ∗)) ≤ R. (2.35)

In other words, ℓ∗ is the index of the first stage (dependent on Φ) for which a decoding
error occurs w.h.p.. Now, consider the set B of geometry configurations Φ such that
minℓ∈[L]Ck,ℓ(ρk,π(ℓ)) ≤ R. Since for any Φ ∈ A it is always true that minℓ∈[L]Ck,ℓ(ρk,π(ℓ)) ≤
Ck,ℓ∗(ρk,π(ℓ∗)) ≤ R, then A ⊆ B. On the other hand, let ℓ̂ denote the index achieving
the minimum of {Ck,ℓ(ρk,π(ℓ)) : ℓ ∈ [L]}. For any Φ ∈ B we have Ck,ℓ̂(ρk,π(ℓ̂)) ≤ R.
Therefore, there must exist some ℓ∗ ≤ ℓ̂ for which the condition (2.35) is verified (in fact,
it has to be some ℓ∗ ∈ [1 : ℓ̂] including ℓ̂ itself). Hence, we have B ⊆ A. Thus, we
conclude that A = B, and the outage probability of the PZF-SIC decoder is given by
Pout,k(R) = P

(
minℓ∈[L]Ck,ℓ(ρk,π(ℓ)) ≤ R

)
.

Using the same argument made for PZF in the previous section, we replace Ck,ℓ(ρk,π(ℓ))

with its quasi-lower bound approximation (2.34) and obtain a quasi-upper bound to the
outage probability of the PZF-SIC as

Pout,k(R) ⪅ P
(
min
ℓ

Cqlb
k,ℓ (ρ̃k,π(ℓ)) ≤ R

)
. (2.36)

A problem that remains to be addressed is how to choose the optimal decoding order
π ∈ Π that minimizes the outage probability. It is immediate to verify from (2.34) that
the functions Cqlb

k,ℓ (ρ) for ρ ∈ R+ are monotonically increasing and that, for any ρ ∈ R+,
they satisfy the dominance condition

Cqlb
k,1 (ρ) ≤ Cqlb

k,2 (ρ) ≤ · · · ≤ Cqlb
k,L(ρ), (2.37)

due to the order of the chi-squared variable in (2.34) that increases with ℓ. Then, we have
the following result, proved in Appendix A.4.

Theorem 1. Let f1(x), . . . , fL(x) be a collection of monotonically non-decreasing functions
on R such that, for all x ∈ R, f1(x) ≤ f2(x) ≤ · · · ≤ fL(x). Then, for any L-tuple of
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Figure 2.5.: Outage probability versus delivery rate with nr = 8.

values x1 ≥ · · · ≥ xL,
max
π∈Π

min
ℓ∈[L]

fℓ(xπ(ℓ)) = min
ℓ∈[L]

fℓ(xℓ), (2.38)

i.e., the minimum of fℓ(xπ(ℓ)) is maximized by the identity π(ℓ) = ℓ (although this may not
be the unique solution). □

Notice that for any given realization of the geometry Φ, the sequence ρ̃k,1, ρ̃k,2, . . . , ρ̃k,L

is monotonically decreasing. Therefore, as a corollary of Theorem 1, the optimal PZF-SIC
decoding order consists of decoding the helper signals in path strength order (strongest
first, L-th strongest last, and treat all the others as noise).

In Fig. 2.5, the outage probability of the worst stream for cases with PZF and PZF-SIC
are plotted. In PZF receiver, the last stream ( L-th one) has the minimum ergodic rate
and defines the outage probability of PZF (as already written in (2.23a)). However, for
the PZF-SIC receiver the last stream is not necessarily the minimum for any realization
of Φ. The curves (1) and (2) in Fig. 2.5 show the CDFs P

(
minℓ∈[L]C

qlb
k,ℓ (ρk,ℓ) ≤ R

)
and P

(
Cqlb
k,L(ρk,L) ≤ R

)
for PZF-SIC. We notice that these two CDFs are almost iden-

tical. Therefore, for the sake of analytical tractability, we shall further relax our outage
probability approximation for the PZF-SIC receiver to

Pout,k(R) ⪅ P
(
Cqlb
k,L(ρ̃k,L) ≤ R

)
, (2.39)

which can be obtained analytically by adapting the formulas of Section 2.3.1. We conclude
this section by providing a tight approximation of the average (over the geometry) ergodic
rate of the PZF-SIC decoder. From what said before, it follows that

C
qlb
k,PZF−SIC = E

[
min
ℓ∈[L]

Cqlb
k,ℓ (ρ̃k,ℓ)

]
(2.40a)

≈ E
[
Cqlb
k,L(ρ̃k,L)

]
, (2.40b)
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where the last line follows again by replacing the minimum with the L term. Using similar
steps as done before for the PZF case with ℓ = L, we obtain

C
qlb
k,PZF−SIC =

nr∑
m=0

log2(e)

m+ L
2F1

(
1, L;m+ L+ 1; 1− 2

η − 2

)
. (2.41)

2.4. Numerical Results

In this section we provide some numerical results illustrating the behavior and the per-
formance of the proposed content delivery wireless caching network. In order to generate
the simulation results, the locations of helpers are distributed according to a homogeneous
PPP restricted to a disk radius Rarea = 3 km with density λ = 8Relays/km2. The number
of helpers is a Poisson random variable with mean πR2

areaλ and the helper positions are
generated independently with uniform probability over the disk. We considered realistic
values of the pathloss exponent η = 3.75 and the number of antennas nr = 8, 16 at the
user receivers.

Fig. 2.6 compares, as a function of nr, L × C
lb
k,PZF (cf. (2.30)) and L × C

qlb
k,PZF−SIC(cf.

(2.41)) versus L for PZF and PZF-SIC receiver, which serves for the system designer a
quick way to choose the best macro-diversity order L in order to minimize the delivery
latency. With PZF, the trade-off between PHY rate and macro-diversity order L is evident.
In fact, the product L × C

lb
k,PZF increases for small L, reaches a maximum at L = 3 for

nr = 8 and at L = 6 for nr = 16, and then decreases, because the PHY rate at which
the typical user can decode the L-th strongest helper decreases faster than increase in
L. In contrast, with PZF-SIC, the product L × C

qlb
k,PZF−SIC monotonically increases with

L ∈ {1, . . . , nr} showing that, at least for these system parameters, the best macro-diversity
order is L = nr.
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1 2 3 4 5 6 7 8 9 10
L× R

10
-3

10
-2

10
-1

10
0

O
u

ta
g

e
 P

ro
b

a
b

ili
ty

L=2
L=3
L=4
L=5
L=6
L=7

PZF-SIC

PZF

L=3,4,5,6,7,8

Figure 2.7.: Outage probability versus L×R with nr = 8.
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Figure 2.8.: Outage probability versus L×R with nr = 16 .
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2. Broadcast Wireless Network with Zero Forcing Receiver

Figs. 2.7 and 2.8 illustrate the outage probability versus L×R with PZF and PZF-SIC
receiver, nr = 8 and nr = 16 , respectively. For better exposition and simplicity of illus-
tration, we only bring the plots for some macro-diversity orders whose outage probability
are the lowest. The missing marco diversity orders in these two figures have higher outage
probability than the illustrated plots, so they do not play a role to find the best trade-off
between the latency and the macro diversity order. The delivery latency varies with L×R

in an inverse manner and therefore moving to the right of these curves yields shorter de-
livery latency at higher outage probability (i.e., less and less users will be able to retrieve
their requests, but those who can, receive it faster). In Fig. 2.7, by using PZF alone the
macro-diversity order L = 3, 4, achieves better overall product L× R and therefore lower
delivery latency. In PZF-SIC, by increasing L the curves move to right side, indicating
that for given target outage probability the delivery latency decreases by increasing the
macro-diversity order L, confirming the behavior already observed for the average ergodic
rate in Fig. 2.6. Similarly for nr = 16, with PZF receiver macro-diversity L = 6, 7 yield
uniformly the best trade-off between latency and the outage probability while for PZF-SIC
the best tradeoff is obtained by increasing L.

2.5. Summary and Conclusion

We considered a multipoint multicast system for the delivery of a common message to
a large number of spatially distributed users with transmission from multiple spatially
distributed infrastructure nodes, referred to here as helpers, without channel state infor-
mation at the transmitter side. This scheme finds its main motivation in the application of
the MAN coded caching approach to a spatially distributed extended network, according
to the separation principle between caching and PHY. The resulting multipoint multicast
system is somehow reminiscent of the current eMBMS for media broadcasting. The key
ingredients of our scheme are coded caching as proposed for the single bottleneck network,
able to turn the individual demands into a single coded multicast stream in an information-
theoretic optimal way, and MDS-coded multipoint multicast. The MDS code allows each
user to retrieve the whole multicast message by decoding just L out of all possible helper
transmissions. In this way, each user can select its “best” L helpers in a completely decen-
tralized user-centric way. In our case, since the pathloss depends on distance, the best L

helpers are the L closets ones.
Overall, the proposed system results in full spatial scalability, since the per-user through-

put (resp., per-request delivery latency) does not vanish (resp., does not diverges to infinity)
as the system coverage area grows without bound with constant user density, as long as
also the density of the helpers is also constant. We derived analytical expressions for the
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2.5. Summary and Conclusion

outage probability with respect to the random network geometry and the average ergodic
rate, where the averaging is also with respect to the network geometry. Our analysis shows
that a rule of thumb to determine the optimal macro-diversity order L in the case of linear
Partial Zero-Forcing (PZF) strategy at the users’ receiver is to set L equal to half of the
number of antennas nr at the user receivers. In contrast, when PZF is augmented by Suc-
cessive Interference Cancellation (SIC) in the order of the strongest helper (first) to the
L-th strongest (last), letting L = nr provides the best performance.
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3. Lossy Cache Aided Broadcast Channel

3.1. Background and Motivation

Recent years saw the emergence of wireless (cellular) standards designed for multicast
streaming services (e.g. live TV), such as the evolved Multimedia Broadcast Multicast
Service (eMBMS). It is possible to extend these paradigms by applying the coded caching
scheme to design an on-demand video content delivery service in a lossy transmission
environment. In such an environment, users experience different wireless channel qualities,
which in turn should translate into different video streaming qualities. Scalable Video
Coding (SVC) [55] refers to a set of techniques which enable a smooth tradeoff between
video quality and source coding rate by producing layers of source-encoded bits. Layers
are decoded in sequence at each user receiver, such that the number of successive decoded
layer(s) determines the reconstructed source quality. The SVC scheme can be seen as a
practical embodiment of the information-theoretic concept known as successive refinement
source coding [12]. In this chapter, we focus on the special case of two layers. The encoder
provides a fundamental layer at rate R1

S and a refinement layer at rate R2
S . A source is

said to be successively refinable if the points (D1, R
1
S) and (D2, R

1
S +R2

S) are points on the
boundary of the distortion-rate region where D1 and D2 denote the distortions of layer 1

and 2, respectively. It is well-known that Gaussian sources with Mean Square-Error (MSE)
distortion are successively refinable. It is also well-known that successive refinability with
respect to the MSE distortion holds approximately for many other source distributions. In
order to gain theoretical insights into the problem, we consider the Gaussian source case.
For an i.i.d. source ∼ N (0, σ2), we have D1 = σ22−2R1

S and D2 = σ22−2(R1
S+R2

S).

Successive refinement has been applied to different coded caching scenarios. The authors
in [57] presented a framework for layered caching in which heterogeneous cache sizes are
considered for the end users. In [9, 69] a coded caching scheme with fixed heterogeneous
distortion requirements is investigated. In [21], a cache-aided network for video delivery is
considered. The delivery scheme was designed to minimize the average per-user distortion.
During the placement phase, a user partially caches the layers according to the popularity
distribution of the files. In [40] the authors considered equal distortion requirements for all
users. They provided an inner and outer bound for a multi-layer coded caching scheme by
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3. Lossy Cache Aided Broadcast Channel

treating the cache memory data as side information. Finally, the authors in [22] provided
an algorithm to jointly encode subfiles of different layers to achieve a lower rate than
[69]. The works [9,22,69] considered partitioning the cache memory among the layers and
proposed algorithms for cache assignment among layers. In [4], the authors compared the
performance of time-division multiple access, superposition coding and dirty paper coding
over broadcast channel to delivery scalable video files.

We proposed a multipoint multicast system for on-demand wireless video content deliv-
ery based on coded caching and lossy successive-refinement source coding. The proposed
system is an extension of the previous chapter, where the coded caching message is MDS
encoded and the MDS-encoded symbols are transmitted simultaneously from multiple wire-
less helpers. Each user can choose to receive data from up to L helpers. The goal is to
deliver the video files at higher quality/rates to users with better channels. The source
files are encoded into two layers, a fundamental layer and a refinement layer. Depending
on the channel quality, each user may be able to decode only the fundamental layer, or
both layers. In particular, using MDS codes of different rates for each layer, the successful
decoding of a layer depends on the number of helpers that each user is able to decode. We
use stochastic geometry to analyze the described system and consider both small and large
scale fading. Our aim consists of minimizing the content delivery time subject to a target
average per-user distortion requirement, where the optimization is with respect to the cache
memory allocation between two layers. The proposed system achieves a distortion-delivery
time tradeoff that is independent of the coverage area, in the limit of large area and given
helper and users density. In this sense, we say that the system is spatially scalable. The
helpers use two different channel access methods to transmit the coded multicast messages
for different layers in the same frequency and time resource. Time Division Multiple Access
(TDMA) and Superposition Coding (SC) were used.

3.2. System Model and Definition

We consider a wireless network with NE helpers with a single antenna and K users equipped
with an antenna array of size nr and M units cache memory. All helpers are connected
to the server through an error-free backhaul. The server has access to a content library
with N files F = {W1,W2, ...,WN}, each of which consists of F bits. Helpers are spatially
distributed on the plane according to a two-dimensional homogeneous Poisson Point Pro-
cess (PPP) of density λ. Each file Wj , j ∈ [N ] is source-encoded into I = 2 successive
refinement layers at rates Ri

S , 1 ≤ i ≤ I bits per source sample, such that |W (i)
n | = Ri

SF

bits, where W
(i)
j denotes the i-th layer of the j-th file. The users assign Mi, i ∈ [I] units

out of the total M memory units to cache segments (or “subfiles”) of layer i. Given a cache
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3.3. System Analysis

memory partition, we apply a separate MAN coded caching scheme for each refinement
layer. We let ti = MiK/N, i ∈ [I], and assume that ti is an integer for each i. The
MAN scheme consists of two phases: a pre-fetching and delivery phase. In the pre-fetching
phase, each layer of all files (W (i)

j ) is partitioned into subfiles {W (i)
j,T : T ⊆ [K], |T | = t}

and user k ∈ [K] caches a subset T of subfiles of layer i if and only if k ∈ T . In the delivery
phase, for a given user demand vector d ∈ [N ]K , for each layer i the server computes the
codewords Xi by concatenating the blocks X

(i)
S for all subsets S ⊆ [K], |S| = t+ 1, where

each such block is given by
X

(i)
S =

⨁
k∈S

W
(i)
dk,S\{k}, (3.1)

The overall transmission length for layer i is given by

L(X(i)
S ) =

FRi
S(

K
ti

) ( K

ti + 1

)
=

FRi
SK(1− µi)

1 +Kµi
, (3.2)

where µi = Mi/N is the fractional cache memory assigned to layer i. In the proposed
system, the codeword Xi is divided into Li equally size blocks, for some integer L1 <

L2 ≤ nr, to which NE −Li parity blocks are appended by using MDS coding. The overall

transmission length of each MDS-coded block for layer i is L(X(i)
S )

Li
bits. The resulting

MDS-coded blocks of layers 1 and 2 are sent separately to the NE helpers, such that each
helper just broadcasts these two multicast messages. The MDS-coded blocks of layer 1
and 2 are transmitted in two ways including transmitting in sequence using time-division
or superposition coding, on the wireless channel. The transmissions of all helpers are
simultaneous, on the same frequency band, as in current eMBMS systems [33]. Each user
k is able to reconstruct the entire codeword Xi if it can decode at least Li messages from Li

distinct helpers. Depending on its location with respect to the helpers, a user may decode
ℓ < L1 or L1 ≤ ℓ < L2 or L2 ≤ ℓ helpers. This corresponds to retrieving no layers, only
the fundamental layer (layer 1), or both the fundamental and the successive refinement
layers (layer 1 and layer 2). Each of these decoding outcomes yield a distortion level.

3.3. System Analysis

3.3.1. Time-Division Multiple Access (TDMA)

The first transmission scheme that we will explore is TDMA. In this scenario, the message
for each layer is transmitted in a sequential manner in different time slots. A typical
user indexed by k is considered at the origin location of a plane. The helpers are sorted
with respect to their distance from user k. We assume a block fading channel with fading
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3. Lossy Cache Aided Broadcast Channel

coherence block spanning n channel uses (symbols). The space-time signal Yk ∈ Cnr×n

received by user k corresponding to a fading block is given by

Yi
k =

NE∑
j=1

√
βr−η

k,jhk,jx
i
j +Nk, (3.3)

where hk,j ∈ Cnr×1 is the channel vector containing the small-scale fading coefficients
from helper j to the antenna array of user k, xj ∈ C1×n is the block of the n symbols
sent by helper j, rk,j is the distance between helper j and user k, with η and β being
the pathloss exponent and intercept, respectively. The helpers transmit at a constant
average power P = 1

nE[xjx
H
j ]. The noise samples in the matrix Nk are independent and

identically distributed (i.i.d.) ∼ CN (0, N0) and hk,j have components i.i.d. ∼ CN (0, 1).
Our system utilizes the Partial Zero-Forcing (PZF) receiver strategy, which consists of
applying linear zero-forcing only with respect to the signals of the L2 nearest helpers. We
denote the channel matrix of the coefficients between the helpers and the user k’s antenna
array by Hk = [hk,1, . . . ,hk,NE

] ∈ Cnr×NE , and denote by Hk,B the submatrix formed
by the columns with indices j ∈ B ⊆ [1 : NE ]. Then, the PZF receiver matrix is the
column-normalized version of the pseudo-inverse

H†
k,1:L2

= Hk,1:L2(H
H
k,1:L2

Hk,1:L2)
−1, (3.4)

of the channel submatrix corresponding to the closest L2 helpers to user k. Our scenario
takes place in an infinitely extended network with an asymptotically large number of
helpers and a high-SNR interference limited performance, i.e. NE →∞ and N0 → 0. The
Signal-to-Interference Ratio (SIR) at the ℓ-th stream for user k is given by

SIRk,ℓ =
r−η
k,ℓ∥h

†
k,ℓ∥

−2∑∞
j=L2+1 r

−η
k,j |h̃k,j |2

, (3.5)

where h†
k,ℓ denotes the ℓ-th column of H†

k,1:L2
, h̃k,j ∼ CN (0, 1) and we have shown that

∥h†
k,l∥

−2 ∼ X2(nr−L2+1) before. By considering the above SIR, the ergodic achievable rate
is defined as following

Ck,ℓ(Φ) = E [log (1 + SIRk,ℓ) |Φ] , (3.6)

where Φ is the ensemble of the locations of helpers. Using the same approach consisting
of applying Jensen’s inequality and replacing the terms in the SIR denominator by their
ensemble average, we obtain a quasi-lower bound on the ergodic achievable rate of user k
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as
Cqlb
k,ℓ (ρ̃) = E

[
log
(
1 + ρ̃k,ℓX2(nr−L2+1)

)⏐⏐Φ] , (3.7)

where we define the approximated conditional local-average SIR as

ρ̃k,ℓ =
rη−2
k,L2

rηk,ℓ

η − 2

2πλ
1 ≤ ℓ ≤ L2. (3.8)

Notice that in the rate expression (3.7), the expectation is taken with respect to the
small-scale fading, but it is conditional on the placement of the NEs and user k (system
geometry). This corresponds to separating the time scale of the small-scale fading from
the time scale of the geometry variation, due to mobility. The expectation with respect to
X2(nr−L2+1) in (3.7) can be calculated in closed form as

Cqlb
k,ℓ (ρ̃k,ℓ) = E [ log (1 + ρ̃k,ℓXnr−L2+1)|Φ]

= I(nr−L2+1)(ρ̃k,ℓ) log(e), (3.9)

where IM (µ) is given by

IM (µ) = ΠM (−1/µ)Ei(1, 1/µ) +
M−1∑
m=1

1

m
Πm(1/µ)ΠM−m(−1/µ), (3.10)

with Πn(x) = e−x
∑n−1

i=0
xi

i! and with the exponential integral function defined as Ei(n, x) =∫∞
1 t−ne−xtdt. The ℓ-th helper transmits the modulated blocks for layer i with PHY rate
Ri

C . Consider a fraction of time α ∈ [0, 1] is assigned to layer 1, while the remaining
fraction 1−α is assigned to layer 2. When using the time-sharing strategy, the achievable
region should satisfy the following results

C(R1
C , R

2
C) =

⋃
α,1−α

({R1
C , R

2
C} : 0 ≤ R1

C ≤ αCqlb
k,L1

, 0 ≤ R2
C ≤ (1− α)Cqlb

k,L2
). (3.11)

By considering the MSE distortion function for a Gaussian source with source rate coding
(Ri

S) as Di = σ22−2Ri
S , 1 ≤ i ≤ I and assuming σ2 = 1, we can write the average distortion

for user k as

Dk =P(Cqlb
k,L1

(ρ̃k,L1) ≤
R1

C

α
) + P(

R1
C

α
< Cqlb

k,L1
(ρ̃k,L1), C

qlb
k,L2

(ρ̃k,L2) ≤
R2

C

1− α
)2−2R1

S (3.12)

+ P(
R1

C

α
< Cqlb

k,L1
(ρ̃k,L1),

R2
C

1− α
< Cqlb

k,L2
(ρ̃k,L2))2

−2(R1
S+R2

S).
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Figure 3.1.: Level sets of distortion versus channel coding rates

The total delivery latency with α = 0.5 is given by summation of delivery time of two
layers

T = T1 + T2. (3.13)

The delivery latency for layer i is given by

Ti =
L(Xi)

wRi
CLi

=
FRi

S

w

1

Ri
CLi

K(1− µi)

1 +Kµi
, (3.14)

where w is the bandwidth of the wireless channel and Ri
S and Ri

C are the source coding and
channel coding rate for layer i. The level set for the average distortion function as defined
in (3.12) is plotted in Fig. 3.1. It should be noted that the average distortion can be
divided into two distinct regions. In the first region, where 0 ≤ Dk ≤ 2−2R1

S the level sets
are bounded such that the channel coding rate for both layers is below the boundaries.
In the second region with 2−2R1

S < Dk ≤ 1, the rate R2
C goes to the boundaries with

the second layer having a very high probability of being incorrectly decoded. Expressions
(3.12) and (3.14) establish an achievable tradeoff between average distortion and delivery
time. To reduce distortion, we should choose lower R1

C and R2
C and to decrease delivery

latency we need to increase R1
C and R2

C . Our goal is to minimize delivery latency with
distortion requirement, while solving the cache allocation problem. The constraint on total
cache size at each user is given as

I∑
i=1

MiFRi
S = µNF

I∑
i=1

Ri
S . (3.15)
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where µ denotes the fraction of total source-encoded library bits cached at each user.
Eliminating F from both sides, dividing by N , and dividing by

∑I
i=1R

i
S , we obtain the

cache allocation constraint as
I∑

i=1

µiR̂
i
S = µ, (3.16)

where we define R̂i
S :=

Ri
S∑I

i=1 R
i
S

. We assume that the source coding rates are given (e.g.,

standard and high definition of a given video format). Hence, our objective consists of
minimizing the delivery latency subject to a target average distortion constraint D0. This
yields the following problem:

minimize
R1

C ,R2
C ,µ1,µ2

T

subject to Dk ≤ D0

I∑
i=1

µiR̂
i
S = µ.

(3.17)

3.3.2. Superposition Coding

In this section, the superposition coding scheme is introduced. In this scheme the helpers
broadcast the superimposed signals of the layers instead of just broadcasting the signals
of different layers in a sequential manner. Consider each helper splits the total power P

into P1 = αP and P2 = (1 − α)P with 0 < α < 1. The transmitted signal is the sum of
the signals of layer one and two with the power split.

xsc
j = P1x

1
j + P2x

2
j , (3.18)

where xi
j is the signal of layer i. The signal received by user k can be written as follows

Ysc
k =

NE∑
j=1

√
βr−η

k,jhk,jx
sc
j +Nk, (3.19)

At the receiver side, h†
k,ℓ/∥h

†
k,ℓ∥, 1 ≤ ℓ ≤ L2 denotes the ℓ-th normalized column of the

PZF matrix as defined in (3.4). By applying the normalized receiver filtering vector corre-
sponding to the ℓ-th stream, the filtered output after PZF is written as

ỹsc
k,ℓ

= gk,ℓ

√
βr−η

k,ℓ x
sc
ℓ +

NE∑
j=L2+1

gk,ℓ,j

√
βr−η

k,ℓ x
sc
j + z̃k, (3.20)
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where gk,ℓ,j =
(h†

k,ℓ)
H

∥h†
k,ℓ∥

hk,j and gk,ℓ =
(h†

k,ℓ)
H

∥h†
k,ℓ∥

hk,ℓ. In Chapter 2, we have shown that gk,ℓ,j ∼

CN (0, 1), ∀j ≥ L2 + 1 and |gk,ℓ|2 ∼ X2(nr−L2+1). User k first decodes the data for layer
1 by treating the signal for layer 2 as noise, and then extracts it from the received data.
In the next step, the user uses Successive Interference Cancellation (SIC) to decode the
data for layer 2. By using this scheme the following ergodic rates for layer 1 and 2 can be
achieved

Csc−qlb
k,1,ℓ (Φ) = E

[
log

(
1 +

α|gk,ℓ|2r−η
k,ℓ

(1− α)|gk,ℓ|2r−η
k,ℓ +

∑∞
j=L2+1 r

−η
k,j |gk,ℓ,j |2

)⏐⏐⏐⏐⏐Φ
]
, (3.21)

Csc−qlb
k,2,ℓ (Φ) = E

[
log

(
1 +

(1− α)|gk,ℓ|2r−η
k,ℓ∑∞

j=L2+1 r
−η
k,j |gk,ℓ,j |2

)⏐⏐⏐⏐⏐Φ
]
, (3.22)

where 0 < ℓ ≤ L2. They can be simplified to

Csc−qlb
k,1,ℓ (Φ) = E

[
log

(
1 +

α|gk,ℓ|2ρk,ℓ
(1− α)|gk,ℓ|2ρk,ℓ + 1

)⏐⏐⏐⏐Φ] , (3.23)

Csc−qlb
k,2,ℓ (Φ) = E

[
log
(
1 + (1− α)|gk,ℓ|2ρk,ℓ

)⏐⏐Φ] . (3.24)

In order to decode layer 1, the user needs to decode at least L1 streams. The achievable
ergodic rate for layer 1 is defined as L1-max{Csc−qlb

k,1,ℓ (Φ) : j ∈ [NE ]}. In order to decode
layer 2, the user needs to decode at least L2 streams correctly. The achievable ergodic rate
for layer 2 is given by L2-max{Csc−qlb

k,2,ℓ (Φ)|Csc−qlb
k,1,ℓ (Φ) : j ∈ [NE ]}. By replacing ρk,ℓ with

its average ρ̃k,ℓ we obtain the average ergodic rate as follows

E
[
log

(
1 +

α|gk,ℓ|2ρ̃k,ℓ
(1− α)|gk,ℓ|2ρ̃k,ℓ + 1

)⏐⏐⏐⏐Φ] (3.25)

= E
[
log

(
|gk,ℓ|2ρ̃k,ℓ + 1

(1− α)|gk,ℓ|2ρ̃k,ℓ + 1

)⏐⏐⏐⏐Φ] (3.26)

= E
[
log
(
|gk,ℓ|2ρ̃k,ℓ + 1

)
− log

(
1− α)|gk,ℓ|2ρ̃k,ℓ + 1

)⏐⏐Φ] (3.27)

= E
[
log
(
|gk,ℓ|2ρ̃k,ℓ + 1

)⏐⏐Φ]− E
[
log
(
(1− α)|gk,ℓ|2ρ̃k,ℓ + 1

)⏐⏐Φ] (3.28)

= I(nr−L2+1)(ρ̃k,ℓ) log(e)− I(nr−L2+1)((1− α)ρ̃k,ℓ) log(e), (3.29)
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where the last step is obtained by using (3.9). The achievable region for superposition
coding is given by

C(R1
C , R

2
C) =

⋃
α,1−α

({R1
C , R

2
C} : 0 ≤ R1

C ≤ Csc−qlb
k,1,L1

(ρ̃k,L1), 0 ≤ R2
C ≤ Csc−qlb

k,2,L2
(ρ̃k,L2)).

(3.30)

We consider here α = 1/2, as a result the time necessary to deliver all requested files
depends on the maximum transmission time for each layer. Hence the delivery latency is
given by

T = max(T1, T2), (3.31)

where Ti =
L(Xi)

wRi
CLi

=
FRi

S
w

1
Ri

CLi

K(1−µi)
1+Kµi

. The average distortion for user k is given by

Dk =P(Csc−qlb
k,1,L1

(ρ̃k,L1) ≤ R1
C) + P(R1

C < Csc−qlb
k,1,L1

(ρ̃k,L1), C
sc−qlb
k,2,L2

(ρ̃k,L2) ≤ R2
C)2

−2R1
S

(3.32)

+ P(R1
C < Csc−qlb

k,1,L1
(ρ̃k,L1), R

2
C < Csc−qlb

k,2,L2
(ρ̃k,L2))2

−2(R1
S+R2

S).

3.3.3. Multidimensional Decoding Error Probability

Given a homogeneous PPP Φ of density of λ, let rn denote the n-th shortest distance of
points of Φ from the origin. Then, the Probability Density Function (PDF) of rn is given
by [38]

frn(v) =
2(πλ)n

(n− 1)!
v2n−1e−πλv2 , v ≥ 0 (3.33)

and the joint PDF of rℓ and rn with 1 ≤ ℓ < n is given by

frℓ,rn(u, v) =
4(πλ)n

(n− ℓ− 1)! (ℓ− 1)!
(v2 − u2)n−ℓ−1vu2ℓ−1e−πλv2 , u, v ≥ 0. (3.34)

The conditional PDF of rℓ on rk with 1 ≤ ℓ < k and v ≥ u ≥ 0 is given by

frℓ|rk(u | v) =
k−ℓ−1∑
n=0

αn,ℓ,k(−1)nv−2(n+ℓ)u2(n+ℓ)−1(v > u ≥ 0) , (3.35)

where (v > u ≥ 0) = 1 if v > u otherwise it is 0 and also we define

αn,ℓ,k =
2(k − 1)!

(k − ℓ− 1)! (ℓ− 1)!

(
k − ℓ− 1

n

)
.
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By substituting ℓ = L2 in (3.8) and considering a given R2
C , the threshold on L2-th helper’s

distance r̂k,L2 > rk,L2 such that R2
C < Cqlb

k,L2
, is given by

r̂L2
:=

√ η − 2

2πλ
(
Cqlb
k,L2

)−1
(R2

C)
, (3.36)

where
(
Cqlb
k,L2

)−1
(R2

C) is the inverse of the function in (3.9). By substituting ℓ = L1 and
rk,L2 = v in (3.8) and considering a given R1

C , the threshold on L1-th helper’s distance
r̂k,L1 > rk,L1 such that R1

C < Cqlb
k,L1

, is given by

r̂k,L1
:=

⎛⎜⎝η − 2

2πλ

vη−2(
Cqlb
k,L1

)−1
(R1

C)

⎞⎟⎠
1/η

. (3.37)

The successful decoding probability of layer one conditioned on rk,L2 = v is given by

P(R1
C < Cqlb

k,L1
| rk,L2 = v) =

∫ min(v,r̂k,L1
)

0
frk,L1

|rk,L2
(u | v)du. (3.38)

By defining a :=
√

η−2

2πλ
(
Cqlb

k,L1

)−1
(R1

C)
such that v ≤ r̂k,L1 , v ≤ a are equivalent. By

considering the two cases v ≤ a or v > a, we calculate the integral as follows

Case 1 : P(R1
C < Cqlb

k,L1
| rk,L2 = v, v ≤ a) =

∫ v

0
frk,L1

|rk,L2
(u | v)du = 1, (3.39)

Case 2 : P(R1
C < Cqlb

k,L1
| rk,L2 = v, v > a) =

∫ r̂k,L1

0
frk,L1

|rk,L2
(u | v)du

=

L2−L1−1∑
n=0

α′
n,L1,L2

(γ1)
η′ v−η′ , (3.40)

where η′ = 2(n+L1)
η , γ1 = η−2

2
(
Cqlb

k,L1

)−1
(R1

C)
and

α′
n,L1,L2

=
(L2 − 1)!(−1)n

(
L2−L1−1

n

)
(L2 − L1 − 1)! (L1 − 1)! (n+ L1)

.

By using these two conditional integrals, the successful decodig probability of the first layer
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can be derived as follows

P(R1
C < Cqlb

k,L1
) =

∫ a

0
P(R1

C < Cqlb
k,L1
| rk,L2 = v, v < a)frk,L2

(v)dv

+

∫ ∞

a
P(R1

C < Cqlb
k,L1
| rk,L2 = v, v > a)frk,L2

(v)dv

=
1

Γ(L2)
Γ̄ (L2, γ1) +

L2−L1−1∑
n=0

α′
n,L1,L2

(γ1)
η′ Γ

(
L2 − η′, γ1

)
,

where Γ(s, x) and Γ̄(s, x) are upper and lower incomplete gamma functions, respectively.
By conditioning the joint probability on rk,L2 , the conditional joint probability is given by

P(R1
C ≤ Cqlb

k,L1
, R2

C > Cqlb
k,L2
| rk,L2 = v) = P(R2

C > Cqlb
k,L2
| rL2)P(R1

C ≤ Cqlb
k,L1
| rk,L2 = v)

= 1 (rL2 > r̂L2)P(R1
C ≤ Cqlb

k,L1
| rk,L2 = v). (3.41)

By considering the two cases a ≤ r̂k,L2 or a > r̂k,L2 the joint probability is calculated

as follows. The expression a ≤ r̂k,L2 is equivalent to
(
Cqlb
k,L1

)−1
(R1

C) ≥
(
Cqlb
k,L2

)−1
(R2

C).

Notice that Cqlb
k,ℓ (ρ̃k,ℓ) is strictly monotonically increasing in ρ̃k,ℓ, and this simplifies the

expression
(
Cqlb
k,L1

)−1
(R1

C) ≥
(
Cqlb
k,L2

)−1
(R2

C) to R1
C ≥ R2

C .

Case 1: P(R1
C ≤ Cqlb

k,L1
, R2

C > Cqlb
k,L2
| R1

C ≥ R2
C) =

L2−L1−1∑
n=0

α′
n,L1,L2

(γ1)
η′ Γ

(
L2 − η′, γ2

)
(3.42)

Case 2: P(R1
C ≤ Cqlb

k,L1
, R2

C > Cqlb
k,L2
| R1

C < R2
C)

=
1

Γ(L2)
Γ̄ (L2, γ1)−

1

Γ(L2)
Γ̄ (L2, γ2) +

L2−L1−1∑
n=0

α′
n,L1,L2

(γ1)
η′ Γ

(
L2 − η′, γ1

)
,

(3.43)

where γ2 = η−2

2
(
Cqlb

k,L2

)−1
(R2

C)
. Similarly, the last joint probability is given by two cases as

follows

Case 1: P(R1
C ≤ Cqlb

k,L1
, R2

C ≤ Cqlb
k,L2
| R1

C ≥ R2
C) (3.44)

=
1

Γ(L2)
Γ̄ (L2, γ1)−

L2−L1−1∑
n=0

α′
n,L1,L2

(γ1)
η′ Γ

(
L2 − η′, γ2

)
+

L2−L1−1∑
n=0

α′
n,L1,L2

(γ1)
η′ Γ

(
L2 − η′, γ1

)
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Case 2: P(R1
C ≤ Cqlb

k,L1
, R2

C ≤ Cqlb
k,L2
| R1

C < R2
C) =

1

Γ(L2)
Γ̄ (L2, γ2) . (3.45)

3.4. Suboptimal Rate and Cache Allocation

In this section, we also provide a feasible but generally sub-optimal solution to the non-
convex optimization problem defined in (3.17). This optimization has two constrains for
cache allocation and minimum distortion requirement. Since the problem is non-convex
and does not seem to have some especially appealing structure that can be exploited for
its efficient solution, mainly due to the complicated dependency of the probabilities of
layer decoding error on the channel coding rates, we propose an iterative method de-
scribed in Algorithm 1. We denote by T (R1

C , R
2
C , µ1, µ2) the value of T in (3.12) for given

R1
C , R

2
C , µ1, µ2. Then, the algorithm applies alternate minimization by fixing µ1, µ2 and

minimizing with respect to R1
C , R

2
C , and for the found values of R1

C , R
2
C minimizing with

respect to µ1, µ2.

We can handle the constrained minimization of T (R1
C , R

2
C , µ1, µ2) subject to the distor-

tion constraint with respect to R1
C , R

2
C for fixed µ1, µ2 using the Particle Swarm Optimiza-

tion (PSO) algorithm [49]. PSO performs a heuristic search in order to find a good feasible
point. It is useful for minimizing a function with linear/nonlinear inequality constraints
and it uses a penalty function technique to solve an unconstrained optimization instead of
its constrained counterpart. Interestingly, the solution of the minimization with respect to
µ1, µ2 for fixed R1

C , R
2
C can be found in closed form. Notice that the constraint Dk ≤ D0

involves only the variables R1
C , R

2
C , therefore, it does not play any role in the optimiza-

tion of µ1, µ2. The function T (R1
C , R

2
C , µ1, µ2) is convex in the vector µ = [µ1, µ2]. The

minimization with respect to µ1, µ2 at the t-th step of our iterative algorithm is given by:

minimize
µ1,µ2

T (R
1,(t)
C , R

2,(t)
C µ1, µ2)

subject to
2∑

i=1

µiR̂
i
S = µ

(3.46)

The partial Lagrangian function (not taking into account the non-negativity constraints)
is given by

L(λ,µ) = T (R
1,(t)
C , R

2,(t)
C µ1, µ2) + λ(

2∑
i=1

µiR̂
i
S − µ). (3.47)

We use cvx toolbox to solve above convex optimization.

Alternatively we could use only PSO with two constraints of distortion and cache allo-
cation with four parameters µ1, µ2, R

1
C , R

2
C .
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Algorithm 1 Searching strategy

Require: µ, K, η, n and Li, Ri
S , i ∈ [2] :

1: Set the initial value µ1,(1) = µ and µ2,(1) = µ
2: for t = 1 : n do
3: [R

1,(t)
C , R

2,(t)
C ] = argminT (R

1,(t)
C , R

2,(t)
C , µ1,(t), µ2,(t))

4: Solve the Lagrangian problem and update the value µ1,(t+1), µ2,(t+1)

5: end for

3.5. Results and Discussions

In this section we provide numerical examples to illustrate the sub-optimal solution for the
delivery latency in (3.17). We considered realistic values of the pathloss exponent η = 3.75

and the number of antennas nr = 8 at the user receivers and source coding rate R1
S = 1

and R2
S = 2. The macro diversity for the receiving layers are considered to be L1 = 2 and

L2 = 4.
In Fig. 3.2, the cache allocation among layers is illustrated for target distortion Dk ≤ 0.2.

We compare the performance of the cache allocation according to the solution of the
optimization in (3.17) with the scenario where the cache allocation is given by µ1 = µ2 = µ.
The metric for this comparison takes their delivery latency into account and is given by

∆Tn =
Tunif − Topt

Topt
(3.48)

where Topt and Tunif are the average delivery latencies for the former and latter scenario,
respectively. The comparison is illustrated in Fig. 3.3 for various distortion requirements.
The sub-optimal iterative method with heuristic searching decreases the delay between
2 − 20%. As can be seen in Fig. 3.3, the proposed optimization achieves significantly
better performance for high target distortion values. As we discussed earlier superposition
coding provides an opportunity to send both layers in same frequency and time slot. In
Fig. 3.4, superposition coding reached a better delivery latency compared to TDMA for
the same cache memory budget.

3.6. Conclusion

We studied an extension of the classical coded caching scheme with the goal of achieving
spatial scalability and graceful degradation. Spatial scalability is obtained by sending the
coded caching codewords simultaneously from multiple helpers, using MDS coding in order
to enforce a desired level of macro-diversity. Graceful degradation is obtained by using
successive refinement source coding and encoding the source files into a fundamental layer
and a refinement layer. The scheme can be also interpreted as the concatenation of coded
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3. Lossy Cache Aided Broadcast Channel

Figure 3.2.: Cache allocation among layers with time-sharing scheme

Figure 3.3.: Improvement of delivery latency of optimized cache allocation over uniform
cache allocation with time-sharing scheme

caching with a multiple-description code, where the users that can decode L1 descriptions
achieve a distortion level D1 of the fundamental layer, and the users that can decode
L2 > L1 descriptions achieve a distortion level D2 < D1 of the refinement layer. We studied
the optimization of the delivery time subject to an average per-user distortion constraint.
The optimization is with respect to the channel coding rates for the transmission of the
two layers, and the memory allocation parameter of the user caches between the two layers.
The optimization is non-convex, but it can be handled by alternating minimization. The
proposed system could be applied to the lossy transmission of video-on-demand (unicast
traffic) via multipoint multicasting, conceptually similar to a caching extension of eMBMS,
to handle individual user demands and not only broadcast common content (such as Live
TV). The approach can be extended to more than 2 layers, but the main bottleneck consists
of the analysis of the probability of successful decoding of a given number � of layers, since
this involves the joint distribution of the first L distances of a PPP with respect to the
origin. We compared the performance of applying superposition coding instead of using
TDMA to transmit coded multicast messages of the fundamental and enhancement layers.
Superposition coding provides a lower delivery latency compared to TDMA.
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3.6. Conclusion

Figure 3.4.: Comparison of delivery latency of optimized cache allocation for time sharing
and superposition coding with K = 10 , D = 0.2 , L1 = 2, L2 = 4
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4. Multicast Routing Scheme in Practical
Wireless Networks

4.1. Background and Motivation

Due to the growing consumption of on-demand multimedia content, a clever use of caching
exploiting the low-cost storage capacity on user devices plays a key role in the design of
efficient content distribution schemes. In this context, caching refers in general to the
prefetching of popular files (or blocks thereof) at the edge nodes such that the traffic
load can be reduced when users’ demands are revealed. For example, [59] introduced
femtocaching in wireless networks, where caching is performed at “helper” nodes modeling
Access Points (APs) or Base Stations (BSs) in a spatially distributed wireless local area or
cellular network. More recently, Fog Radio Access Networks (F-RAN) have been proposed,
where helpers may posses local caches as well as baseband processing units. By letting
helpers store popular files in their cache memories, [47] treats the joint design of the
centralized (cloud) and decentralized (fog) processing to satisfy users’ demands.

The above works, as well as many others that would be too long to mention here, are
based on uncoded caching, where the demanded files are directly transmitted from the
caches at the helpers and from the server through the network. A different line of works
considers coded caching strategies, where the cache content at the users is exploited as side
information such that coded multicast messages are simultaneously useful for many users.
Through coding, individual user demands (unicast traffics) are converted into multicast
messages which may be better suited to the broadcast property of the transmission medium.

In the MAN scheme, the prefetching phase is centrally coordinated. In practice, coordi-
nation may not be possible. For example, in a mobile network over an extended coverage
area it would be impractical that all users receive from the same giant transmitter. In
a typical wireless network scenario, the server communicates to the users via a layer of
spatially distributed helper nodes (APs/BSs). Hence, due to mobility, the local cache
configuration in each cell cannot be centrally pre-designed during the prefetching phase.
Furthermore, users join and leave the network at arbitrary times and in an uncoordinated
fashion. Therefore, decentralized prefetching schemes are needed in practice.
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Another important aspect of practical systems is that user on-demand streaming sessions
start and end at arbitrary times and are formed by sequences of HTTP requests, fetching
sequentially chunks of the streamed video file [26] and [54]. The fundamental performance
in this context is the average delivery time per chunk, which must be (slightly) smaller than
the chunk playback time in order to keep the probability of empty playback buffer (buffer
underrun) sufficiently small [6]. In order to handle the streaming sessions asynchronism
in coded caching, each large video file can be divided into blocks, which are themselves
identified with the “library files” of the coded caching scheme [37]. In order to avoid a
long waiting time before starting a streaming session, the block playback duration should
not exceed a few tens of seconds. For example, with a streaming rate of 2 Mbit/s, and
10s blocks, each effective file item in the library has size of 20 Mbits. This means that
even though the actual video files may be very large, the effective length of the library
files treated by the coded caching scheme is limited. This imposes a limitation of the
subpacketization order of the coded caching scheme, i.e., the number of segments in which
each library file is divided in order to be cached in the prefetching phase. In particular, in
the MAN scheme the subpacketization order grows exponentially with the number of users
K, which makes the scheme impractical for large networks.

Beyond user mobility and limited subpacketization order, there are several other practical
issues that must be addressed in order to make the coded caching paradigm suitable for
practical implementations (see for example the discussion in [5]). In particular, here we
would like to mention: i) the problem of HTTP encryption, for which the user request can
be decrypted only by the server, which belongs to the content owner (e.g., Netflix, Google,
Apple) and not by intermediate helper nodes (APs and BSs belonging to some wireless
network operator); ii) the fact that a content delivery scheme is typically run “above IP”,
i.e., at the application and transport layer, and does not involve the underlying lower layers
such as PHY and MAC, which follow some existing legacy standard (e.g., IEEE802.11, LTE,
5G NR) and are not under the control of the content distribution system; iii) the fact that
in modern content distribution networks a single content server handles very large regions
corresponding to tens of cells (e.g., an entire large metropolitan area) [2]. In particular,
point (i) rules out the possibility of “fog” caching at the helper nodes (considered for
example in [25,30,66]), since the helpers are not supposed to store content and are oblivious
of the user requests; point (ii) rules out the possibility of joint PHY and caching design,
as for example combining coded caching with MIMO zero-forcing precoding as in [32]; and
point (iii) greatly de-emphasizes the relevance of various “multiserver” models [43,61].

Overall, these considerations motivate us to study network models resulting from the
network-layer abstraction the underlying physical wireless network. Our model consists of
one server, co-located with a library of N files, a layer of H helper nodes, connected to
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Figure 4.1.: A pictorial representation of the networks considered in this work, formed by
one server communicating to K users via H helpers, and routing coded caching
packets via a multicast IP network.

the server via capacitated fronthaul links, and K users, connected to a limited number of
helpers via a wireless access network, depending on their geographic location on the network
area. The server communicates to the users via the helper nodes, and uses a multicast
routing protocol (typically IP multicast) in order to leverage the multicast nature of the
coded caching delivery phase. The helper nodes represent APs/BSs and are oblivious of
the user demands and of the caching scheme, i.e., they can only forward to the users what
they receive from the server. This capture the fact that helpers can only read the IP
routing control of the packets, but cannot process, combine, or store such packets. Fig. 4.1
represents qualitatively the class of networks treated in this dissertation.

4.1.1. Contributions

This work extends the MAN scheme to the aforementioned two-hop network by considering
the following two variants: i) A topological network formed by non-interfering links of
limited capacity (referred to as “topological network” model in the following); ii) A network
with broadcast constraints at the helpers and collision interference at the users (referred
to as “broadcast/collision network” model in the following). For both models, we propose
schemes that solve at once all the problems mentioned before, i.e., subpacketization order,
large network scalability, decentralized/asynchronous users’ activity, and transparency of
the helper nodes which must only execute a standard multicast routing scheme oblivious of
the content files and user requests, and therefore can support HTTP encryption. Our main
contributions are summarized as follows:

1) For the topological network model, we propose a novel scheme based on decentralized
random cache replication prefetching and optimized routing of the MAN-type coded mul-
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ticast messages. The routing optimization can be solved via a sequence of linear programs
(LPs), with linear complexity in the network size. For comparison, we consider also a
direct extension of the so-called multiround delivery scheme in [27,48]. The proposed novel
routing strategy generally outperforms the extended multiround scheme since the latter is
a particular feasible point of the optimization problem yielding the former.

2) For the broadcast/collision model, we first propose a two-step baseline reuse scheme,
where in the first step we assign to the same transmission resource (e.g., a time slot or a fre-
quency subband) groups of mutually non-interfering helpers by graph coloring, and in the
second step we assign the users to the helpers in an optimal way (which may be computa-
tionally hard) or using a greedy approach. Then, for the same broadcast/collision model,
we propose a novel scheme that embraces interference and serves users as they become
interference-free. This approach is nicknamed avalanche scheme since the users are freed
of interference progressively as some helper finish serving its own list of interference-free
users, and this property propagates through the network as an avalanche. The scheme has
a practical appeal since it could be implemented via the CSMA protocol, where collisions
are discarded at the receivers (the users) and helpers pause transmission when they have
finished serving the users in their service list. The avalanche scheme not only avoids the
graph coloring problem which is generally NP-hard, but also outperforms the reuse scheme
since instead of following a fixed reuse partition of the transmission resource makes use of
it in a more adaptive and opportunistic way. We show that for sparse graphs, which is the
case for spatially distributed wireless networks, the complexity of the avalanche scheme is
linear in the network size.

4.2. Topological Networks of Non-Interfering Links

In this section we consider our first network abstraction, formed by non-interfering links
connecting the server to the helpers and the helpers to the users. The network is defined
by layered graph as shown in Fig. 4.2. The underlying topology of the spatially distributed
wireless network is reflected in the association between users and helpers. In particu-
lar, each helper is connected to a number of users through some mechanism of user-BS
association (e.g., a helper is associated to all the users within a certain signaling radius
asig). As motivated in Section 4.1, the specific association mechanism may be the result
of some legacy PHY/MAC schemes operating “below IP” and not under the control of the
caching/content delivery system. For the sake of our treatment, the details of the user-
helper association mechanism are irrelevant since the access network topology is not part
of the delivery optimization. The links in this model are “logical”, i.e., we assume that some
reuse, resource allocation, and MAC protocol are able to maintain given transmission rates
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(a) Layout geometry and user-helper asso-
ciation.

(b) Corresponding topological network graph.

Figure 4.2.: An example of the network topology considered in Section 4.2.1 with H = 4
and K = 6. In the graph the helpers and the users are enumerated in increasing
order from left to right.

between associated pairs of helpers and users, such that the network layer can execute a
routing algorithm on the resulting graph. The fact that users can receive simultaneously
from multiple helpers reflects some form of macro-diversity and carrier aggregation, for
which the users are able to receive on different channels at the same time.

4.2.1. System Model

We denote the library of N files as F = {W1,W2, . . . ,WN} where each file has size of F
bits. The connectivity between the server and the helpers is referred to as the fronthaul,
and consists of H error-free wired (i.e., non-interfering) links of capacity Cfront bits per unit
time connecting the server to the helpers. The connectivity between helpers and users is
referred to as the access network and consists of a bipartite graph (see Fig. 4.2). We assume
that sum of the capacities of the links outgoing from any given helper cannot be larger than
the downlink sum capacity of the helper. For simplicity, we consider the symmetric case
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where all helpers have the same downlink capacity denoted by Caccess. This assumption
can be trivially generalized to helpers with different downlink capacities.

In passing, we notice that the network model considered in this section is a generalization
of the model in [41], where each user is connected to exactly r helpers (for some integer
r ∈ [H]). In turn, this is a generalization of the so-called combination network, where
K =

(
H
r

)
and there is a user connected to each distinct combination of r out of H helpers,

as considered in the context of coded caching in [25, 65].The subset of users connected to
helper h ∈ [H] and the subset of helpers connected to user k ∈ [K] are denoted by Uh and
Hk, respectively. The capacities of the links h → k, denoted by Ch→k, must satisfy the
sum constraint ∑

k∈Uh

Ch→k ≤ Caccess. (4.1)

Each user is equipped with a cache memory capable of storing up to MF bits, for some
M ∈ [N ], while the helpers do not possess any cache memory and can only forward packets
received from the server to their connected users. In the prefetching phase, user k ∈ [K]

stores some subfiles from the N library files. This phase is done without knowledge of
the users’ demands and of the network topology. We denote the content in the cache of
user k ∈ [K] by Zk and let Z = {Z1, . . . , ZK} denote the collection of all caches in the
system. During the delivery phase, each user k ∈ [K] demands file Wdk where dk ∈ [N ].
The demand vector d = {d1, . . . , dK} is revealed to all nodes as metacontent information
embedded in the packets sent by the server to the users. Given (d,Z), the server sends
message Xs→h of RhF bits to helper h, for all h ∈ [H]. Then, helper h transmits message
Xh→k of Rh→kF bits to user k, for all k ∈ Uh. User k ∈ [K] must recover its desired file
Wdk from Zk and the collection of received messages {Xh→k : h ∈ Hk} from the helpers.
A coded caching scheme is said to be feasible if, for any demand vector d, all users recover
their desired file with vanishing probability of error as F →∞.

As in most literature on coded caching (e.g., see [36, 71]), we focus on the worst-case
delivery time over all possible demand vectors d. We consider a pipelined transmission
in which fronthaul links and local access links work in parallel. Messages are sufficiently
long such that they can be broken into smaller packets and helpers can simultaneously re-
ceive such packets from their fronthaul links while transmitting previously received packets
on the access links to the users. When the number of packets per message is large, the
delivery time is the maximum between the delivery times in the first (fronthaul) and
second (access) hops. The latency along a path from the server to user k ∈ Uh via
helper h is given by max

{
RhF
Cfront

, Rh→kF
Ch→k

}
. For each user k, the overall delivery time is

the maximum of the latencies incurred by the data that have to reach user k, given by
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maxh∈Hk
max

{
RhF
Cfront

, Rh→kF
Ch→k

}
. Finally, the worst-case user delivery time is given by

max
k∈[K]

max
h∈Hk

max

{
RhF

Cfront
,
Rh→kF

Ch→k

}
,

which is equivalently written as max{Tfront, Taccess}, where we define

Tfront = max
h∈[H]

RhF

Cfront

and
Taccess = max

h∈[H],k∈Uh

Rh→kF

Ch→k
.

Eventually, the minimization over the cache design Z and the access link capacity allocation
{Ch→} of the worst-case user delivery time is given by

T ⋆ = min
Z

max
d∈[N ]K

min
{Ch→k}∑

k Ch→k≤Caccess

max {Tfront, Taccess} . (4.2)

4.2.2. Coded Caching Scheme

For future reference, we briefly review here the MAN scheme for single shared-link network
[36]. This network is a special case of the topological network model treated here with
H = 1 helper connected to all K users, and with Caccess = KCfront. Define the library
replication parameter t = KM/N as how many times the library can be contained in
the collective cache memory of all users, and assume that t ∈ [0 : K] (for non-integer
t, a standard memory sharing approach can be used as done in several existing works,
e.g., [36]). We define the collection of all user subsets of some integer size r ∈ [0 : K]

as ΩK
r = {U ⊆ [K] : |U| = r}. Each file Wi is partitioned into

(
K
t

)
non-overlapping and

equal-length subfiles Wi,T , for all user subsets T ∈ ΩK
t . Each user k ∈ [K] caches the

subfiles Wi,T for all T ∋ k for all i ∈ [N ]. In the delivery phase, for each subset S ∈ ΩK
t+1,

the server broadcasts the coded multicast message

VS =
⨁
k∈S

Wdk,S\{k}. (4.3)

Each user k ∈ S requires Wdk,S\{k} since by definition this subfile is needed (dk is the index
of the file wanted by user k) and not cached (since obviously k /∈ S \{k}). Furthermore, all
other subfiles Wdj ,S\{j} for j ∈ S, j ̸= k in the XOR (4.3) are in the cache of user k since
k ∈ S \ {j}. Therefore, each user k ∈ S can recover Wdk,S\{k} from VS and eventually all
demands are satisfied. For sufficiently large F , so that the subpacketization order

(
K
t

)
is
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possible, then the MAN scheme achieves deliver time

TMAN =
F

Cfront

(
K
t+1

)(
K
t

) =
F

Cfront

K − t

1 + t
. (4.4)

4.2.3. Centralized Coded Caching and Routing Optimization

As a prelude to the proposed caching and delivery scheme of Section 4.2.5, we present
here a direct application of the MAN scheme with routing-based delivery for a general
topological network model. The purpose of this section is also to illustrate why such a
scheme would be completely impractical, and therefore to motivate the following novel
schemes. Define t and the caches configurations {Zk} as in the MAN scheme of Section
4.2.2. At the server side, the subfiles are individually precoded by using an erasure code
over a sufficiently large finite field. Each subfile is represented as a sequence of finite field
symbols over a binary-extension finite field F2q for some integer q. We denote by Ŵi,T

the encoded version of Wi,T , i.e., the resulting sequence of linear combinations over F2q . 1

Letting F ′ = F/(q
(
K
t

)
) denote the length of the subfiles Wi,T in finite-field symbols, we

define the normalized length of the codewords Ŵi,T as y = |Ŵi,T |/F ′ ≥ 1, same for all
subfiles. This precoding is designed such that the original subfile Wi,T can be retrieved
from any F ′ distinct symbols of Ŵi,T .2

In the delivery phase, we create the coded multicast messages for each user group S ∈
ΩK
t+1 by XOR-ing the precoded subfiles, i.e., we let X̂S =

⨁
k∈S Ŵdk,S\{k}. We let X̂h

S
denote the segment of X̂S sent to helper h. After receiving X̂h

S , helper h forwards it to the

users in S ∩Uh. We let yhS =
|X̂h

S |
F ′ , where yhS = 0 if S ∩Uh = ∅, i.e., X̂h

S is not forwarded at
all to the helpers not connected to at least one user in S. When a user k ∈ S receives X̂h

S
containing some symbols of its desired codeword Ŵdk,S\{k}, it is able to locally generate the
corresponding symbols of the interfering codewords Ŵdj ,S\{j} for j ∈ S, j ̸= k participating
in the XOR from its cache content, and “cache out” the desired symbols. Thanks to the
subfile precoding, if a user recovers F ′ distinct symbols of Ŵdk,S\{k}, then it will be able to
decode the whole desired subfile Wdk,S\{k}. By making y large enough, it is always possible
to make sure that the symbols cached out by user k from all its connected helpers h ∈ Hk

are all distinct. It follows that the scheme is feasible if∑
h∈Hk

yhS ≥ 1, ∀ S ∈ ΩK
t+1, and ∀ k ∈ S. (4.5)

1In this section with use the “hat” notation Â to indicate blocks A of symbols over Fq, whose length |Â|
is given by the number of finite-field symbols.

2This can be implemented by intra-session random linear network coding [31, 41, 67] or algebraic MDS
codes, as long as an MDS code with parameters (F ′, yF ′) over F2q exists.
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From the above arguments it is clear that the scheme is feasible for sufficiently large field
size 2q and sufficiently large normalized length y since, for any d, each user k ∈ [K] can
decode its desired file Wdk if the server sends messages Xh

S to helpers h ∈ [H] for all
S ∈ ΩK

t+1 such that (4.5) holds.

The length (in bits) of the message X̂h
S is given by qF ′yhS = FyhS/

(
K
t

)
. The normalized

link load from the server to each helper h ∈ [H] is obtained by summing the length of all
the multicast messages and dividing by F , yielding

Rh =
1(
K
t

) ∑
S∈ΩK

t+1

yhS . (4.6)

Similarly, the normalized load for link h → k is obtained by summing over the messages
forwarded by h to k and is given by

Rh→k =
1(
K
t

) ∑
S∈ΩK

t+1:S∋k

yhS . (4.7)

Hence, we have

Tfront = max
h∈[H]

F

Cfront

(
K
t

) ∑
S∈ΩK

t+1

yhS , (4.8)

Taccess = max
h∈[H]

max
k∈Uh

F

Ch→k

(
K
t

) ∑
S∈ΩK

t+1:S∋k

yhS , (4.9)

and resulting routing and resource allocation problem is given by

minimize
(yhS ,Ch→k≥0 : S∈ΩK

t+1,h∈[H],k∈[K])
max{Taccess, Tfront} (4.10a)

subject to: yhS = 0, ∀ S ∩ Uh = ∅, (4.10b)∑
h∈Hk

yhS ≥ 1, ∀ S and ∀ k ∈ S, (4.10c)

∑
k∈Uh

Ch→k ≤ Caccess, ∀h ∈ [H]. (4.10d)

The optimization in (4.10) is not an LP because the objective function contains the ratio
yhS

Ch→k
. However, it is possible to solve (4.10) through a sequence of LPs. First, we rescale

the objective function in (4.10) by Cfront

(
K
t

)
/F , which is just a fixed constant. Up to this
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scaling, the problem is equivalent to

minimize
(yhS ,Ch→k≥0 : S∈ΩK

t+1,h∈[H],k∈[K])
α (4.11a)

subject to:
∑

S∈ΩK
t+1

yhS ≤ α, ∀h ∈ [H], (4.11b)

∑
S∈ΩK

t+1:S∋k

yhS ≤
Ch→k

Cfront
α, ∀h ∈ [H], ∀k ∈ [K], (4.11c)

yhS = 0, if S ∩ Uh = ∅, (4.11d)∑
h∈Hk

yhS ≥ 1, ∀ S and ∀ k ∈ S, (4.11e)

∑
k∈Uh

Ch→k ≤ Caccess, ∀h ∈ [H]. (4.11f)

Written in the form (4.11), the problem can be solved by considering an interval α ∈ [0, ᾱ]

large enough such that the feasibility problem associated with the constraints in (4.11) for
fixed α = ᾱ is satisfied. Then, using the bisection method, we can determine the minimum
α for which feasibility is satisfied. 3

As previously anticipated, the subpacketization order of the MAN scheme becomes
quickly very large since |ΩK

t | ≥ 2Kh2(M/N) (where h2(·) is the binary entropy function). For
constant fractional cache memory M/N = µ and a large number of users, this exponential
growth in K makes the scheme impractical. For example, for a system with K = 1000

users and µ = 0.01 (each user caches 1% of the library), the number of subpackets is larger
than 2×1024. Even computing the solution of problem (4.11) becomes intractable, because
the number of variables {yhS} and constrains is larger than the number of XOR messages
|ΩK

t+1|. In the next section we address both these problems.

4.2.4. Divide and Conquer Greedy Optimization

The numbers of variables and constraints of the LP in (4.10) grow exponentially with the
number of users. For very large value of K, the computational complexity of the direct
solution of (4.10) becomes prohibitive. In order to reduce the computation complexity, we
use greedy programming to break the problem into sub-problems, solve the sub-problems
and combine their solutions to get a suboptimal solution to our problem. We explain how
to apply the greedy programming to optimal delivery time optimization problem in (4.10).
We randomly divide all

(
K
t+1

)
MAN multicast messages into G < ∞ non-overlapping and

3In practice, the search stops when the gap between minimum feasible α and the maximum unfeasible α
is small enough.
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equal-length groups.4 We also let g := ⌈
(

K
t+1

)
/G⌉, representing the maximum number of

MAN multicast messages included in one group. In addition, the family of MAN multicast
sets in the group i is denoted by Gi. The optimization problem in (4.10) can be broken into
multiple sub optimizations for each of the groups with a much lower number of variables
than (4.10), i.e. |Gi| < |Ω|. We can apply minimization of the delivery load in each group
individually and then iterate through the groups and feed the results from the previous
optimization to the next sub-problem.

In the i-th step we solve an optimization for routing the coded multicast message in
group Gi with an initial delivery time α0

i and then we use the optimal delivery time αi

until step i as a fixed initial delivery time into the next (i + 1)-th step’s optimization
problem. Accordingly in (4.11), greedy algorithm can be applied as follows.

minimize
(yhS ,Ch→k:S∈Ωi,h∈[H],k∈[K])

αi

subject to ∀S ∈ Gi :∑
S

yhS ≤ (αi − α0
i ), ∀h ∈ [H],

∑
S,k∈S

yhS ≤
Ch→k

Cfront
(αi − α0

i ), ∀h ∈ [H], k ∈ [K],

0 ≤ yhS ≤ 1, if h ∈ HS ,

yhS = 0, if h /∈ HS ,∑
h∈Hk

yhS ≥ 1, ∀k ∈ S,

∑
k∈Uh

Ch→k,i ≤ Caccess, ∀h ∈ [H],

Ch→k,i ≥ 0, ∀h ∈ [H], k ∈ [K].

(4.12)

Where α0
i = αi−1, it is suboptimal delivery time up to step i − 1. For first step, we set

α0
1 = 0. Notice that αi is suboptimal delivery time for all packets from step 1 to i.

4.2.5. Decentralized Coded Caching with Cache Replication

In order to reduce the subpacketization order and allow for decentralized prefetching, such
that users can join and leave the system at any time irrespectively of the other users,
we consider the cache replication approach of [27] in the context of our “network layer”
model and propose two delivery schemes. The first is a direct extension of the so-called

4If G does not divide
(

K
t+1

)
, each of the first

(
K
t+1

)
−G⌊

(
K
t+1

)
/G⌋ groups contains ⌈

(
K
t+1

)
/G⌉ MAN multicast

messages and each of the remaining groups contains ⌈
(

K
t+1

)
/G⌉ − 1 MAN multicast messages.
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multiround delivery scheme of [48]. The second is the first important novel contribution
of this chapter, and turns out to be generally more efficient. Following [27], we fix an
integer L < K and create a MAN subpacketization for the a system with L virtual users,
with library replication parameter t′ = LM/N ∈ [0 : L]. Hence, each file Wi is divided
into

(
L
t′

)
non-overlapping and equal-length subfiles {Wi,T : T ∈ ΩL

t′}. We generate L cache
configurations, one for each virtual user, according to the MAN scheme for L users, such
that the ℓ-th cache configuration is given by Z̃ℓ = {Wi,T : T ∈ ΩL

t′ , T ∋ ℓ, i ∈ [N ]}.
Notice that the subpacketization reduces from

(
K
t

)
to
(
L
t′

)
. For example, in a system with

K = 1000 users and µ = 0.01 and L = 10 the subpacketization order reduces to ∼ 300

instead of ∼ 2× 1024.
In the decentralized prefetching phase each user k, when joining the system and inde-

pendently of the other users, picks at random an index ℓ ∈ [L] and loads the cache config-
uration Z̃ℓ, i.e., it lets Zk = Z̃ℓ. The set of users with cache configuration ℓ is denoted by
Pℓ. By construction, all users k ∈ Pℓ have the same cache configuration Zk = Z̃ℓ, and the
user groups define the partition P = {P1,P2, . . . ,PL}. In the following, we describe two
delivery schemes for the system with cache replication and decentralized prefetching.

Multiround Delivery with Routing Optimization

We start by recalling the so-called multiround delivery of [27, 48] to handle the case of
cache replication for the MAN model (shared-link network). Consider the case where a
single server is connected to K users partitioned into L caching groups P1,P2, . . . ,PL as
said before, and define the sorting permutation [·] such that |P[1]| ≥ |P[2]| · · · ≥ |P[L]|.
Define the delivery array B with L rows and |P[1]| columns formed by placing in each
row Bℓ,: the users in P[ℓ] for ℓ = 1, . . . , L, respectively, where rows ℓ with |P[ℓ]| < |P[1]|
are padded by zeros in order to have all rows of the same length. The ordered numbers
|P[1]| ≥ |P[2]| · · · ≥ |P[L]|, i.e., the length of the non-zero leading segment of each row of B,
are referred to as the occupancy numbers of the delivery array. Then, each column B:,j ,
for j = 1, . . . , |P[1]| corresponds to a set of users with distinct cache configurations. If
Bℓ,j = 0 it means that the user with the ℓ-th cache configuration is not present. For each
column j, let Rj = {ℓ ∈ [L] : Bℓ,j ̸= 0} denote the set of present cache configurations.
The multiround delivery serves the users in each column of the array B (i.e., each delivery
round) by forming the XORs corresponding to the MAN scheme with parameters N files,
L users and library replication t′, only for the multicast subsets S ∈ ΩL

t′+1 such that
S ∩ Rj ̸= ∅ (otherwise the XOR messages would be useless in round j). Each XOR
packet of such delivery has length F/

(
L
t′

)
bits, and all the users in column j are served

in
(

L
t′+1

)
−
(L−|Rj |

t′+1

)
XOR transmissions. Grouping the columns by the number of zeros

b = 0, . . . , L − 1, B contains exactly |P[L−b]| − |P[L−b+1]| columns with b zeros (where we
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define |P[L+1]| := 0). The duration of the multiround delivery in XOR packets is

L−1∑
b=0

|P[L−b]| − |P[L−b+1]|
((

L

t′ + 1

)
−
(

b

t′ + 1

))
. (4.13)

Dividing by
(
L
t′

)
and rearranging terms, we arrive at the total delivery load

Rmultiround =

L−t′∑
r=1

|P[r]|
(
L−r
t′

)(
L
t′

) . (4.14)

The load in (4.14) was proven to be optimal for the shared-link network with assigned
occupancy numbers [48].

In order to extend multiround delivery to the considered two-hop helper network, after
partitioning the users into the caching groups P1,P2, . . . ,PL, we can apply the routing
optimization (4.11) for each delivery round (i.e., column of the resulting delivery array
B) independently, with the caveat that the set of XORs in round j is given by {S ∈
ΩL
t′+1 : S ∩ Rj ̸= ∅}. Eventually, the multiround scheme yields a total of |P[1]| separate

optimization problems, i.e., one for each round. Notice that |P[1]| ≤ K (in fact, for large
K and random uniform assignment of the caching groups this is close to K/L up to small
fluctuations by the law of large numbers) and |ΩL

t′+1| = O(1) (constant with respect to K).
Therefore, the complexity of this scheme is linear in the number of users K.

New Delivery Scheme based on Routing Optimization

Although multiround delivery is worst-case load optimal for the single shared-link network,
in our model users with the same cache configuration are not equivalent due to the network
topology. Hence, the load depends on the choice of the users in each round. Therefore,
applying multiround delivery for our topological network model is generally suboptimal.

In this section we propose a novel delivery strategy that generally beats multiround
delivery. The idea is to create coded multicast messages based on the network topology,
such that they are simultaneously useful for users connected to same helper. In other words,
there are no multicast messages simultaneously useful for users k, k′ for which Hk∩Hk′ = ∅
(no common helpers in their connectivity set). For each user k in caching group ℓk, we need
to transmit missing subfiles of the type Wdk,S\{ℓk} where S ∈ ΩL

t′+1 and S ∋ ℓk. We define

W h
dk,S\{ℓ} as the segment of Wdk,S\{ℓ} sent to helper h ∈ Hk and define yhk,S\{ℓ} =

|Wh
dk,S\{ℓ}|

F/(Lt′)

as its normalized length. We define W̃ h
ℓ,S\{ℓ} = ∪k∈Pℓ∩Uh

W h
dk,S\{ℓ} as the concatenation

of the subfiles segments required by the users connected to helper h with same cache
configuration ℓ. Notice that if Pℓ ∩ Uh = ∅ then W̃ h

ℓ,S\{ℓ} is empty and therefore has zero
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length. The coded multicast message to helper h is obtained as follows

Xh
S = ⊕

ℓ∈S
W̃ h

ℓ,S\{ℓ}. (4.15)

Since the sets Pℓ ∩ Uh may have different sizes, the concatenated segments W̃ h
ℓ,S\{ℓ} may

have different lengths. Then, zero-padding is used in (4.15) such that Xh
S has length

|Xh
S | = max

ℓ∈S
|W̃ h

ℓ,S\{ℓ}| = max
ℓ∈S

∑
k∈Pℓ∩Uh

|W h
dk,S\{ℓ}|. (4.16)

For each S ∈ ΩL
t′+1, helper h forwards to user k ∈ Uh and S ∋ ℓk just the useful portion of

Xh
S , of length |W h

dk,S\{ℓk}|. In any case, the bits of W h
dk,S\{ℓk} can be cached out from this

portion since all other interfering bits come from subfiles present in cache Zk = Z̃ℓk .

Consistently with the definitions introduced before and using (4.16), we have

Tfront = max
h∈[H]

F

Cfront

(
L
t′

) ∑
S∈ΩL

t′+1

max
ℓ∈S

∑
k∈Pℓ∩Uh

yhk,S\{ℓ} (4.17)

Taccess = max
h∈[H]

max
k∈Uh

F

Ch→k

(
L
t′

) ∑
S∋ℓk

yhk,S\{ℓk} (4.18)

The resulting routing optimization problem is given by

minimize
(yh

k,S\{ℓk},Ch→k≥0):S∈ΩL
t′+1

,h∈[H],k∈[K])
max{Tfront, Taccess} (4.19a)

subject to:
∑
h∈Hk

yhk,S\{ℓk} = 1, ∀k ∈ [K], ∀S ∋ ℓk (4.19b)

∑
k∈Uh

Ch→k ≤ Caccess, ∀h ∈ [H]. (4.19c)

The problem reduces to a sequence of LPs in the same way seen for problem (4.11) (details
are omitted for the sake of brevity). Different from the delivery scheme in Section 4.2.3,
where we use random linear network coding to encode subfiles, here this is not needed
since the scheme is able to deliver requested subfiles in sequence of segments of original
subfiles, avoiding any overlap. The number of variables in problem (4.19) is at most
KH

((
L−1
t′

)
+ 1
)

and the number of constraints at most K
(
L−1
t′

)
+H. Therefore, also this

problem has linear complexity in K.
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4.3. Networks with Broadcast Constraints and Collision
Interference

While in Section 4.2 and 4.2.5 we assumed a model where transmission resources are already
negotiated according to some PHY/MAC protocol, such that the network layer “sees” the
access network as a set of logical orthogonal links, in this section we consider a model
which is one step closer to an actual physical wireless network, capturing the broadcast
nature of the wireless medium and interference in the form of collisions.

4.3.1. System Model

Consider again the 2-dimensional plane geometry qualitatively illustrated in Fig. 4.1 and
assume spatially distributed helpers and users. We refer to the helpers that actually
transmit as the “active helpers” in a given time slot. The set of active helpers can be
scheduled over different time slots according to some transmission strategy which is part
of the system optimization studied in this section. Since the radio channel is a broadcast
medium, when a helper is active, its transmission is received at all users within a certain
radius ainterf . Furthermore, we assume that users within a smaller radius acell ≤ ainterf

can successfully decode the helper message unless they are not interfered by some other
(active) helper. The decodability condition over the access network is formally expressed
as follows: if user k is located at distance not larger than acell from active helper h, and
there is no other active helper h′ ̸= h within distance ainterf from user k, then user k

can decode the message of helper h. 5 An example of the network model considered in
this section and the associated graph involving both interference conflicts and broadcast
constraints is given in Fig. 4.3. Let Θ = {θh} ⊂ R2 and Φ = {ϕk} ⊂ R2 denote the set of
helpers and users positions on the coverage area (a region in the 2-dimensional plane R2),
respectively. In order for the system to be feasible, it is necessary that any user location
ϕk is covered by at least one disk of radius acell centered around a helper position θh ∈ Θ,
i.e., letting B(x, ρ) the disk centered at x of radius ρ, a necessary condition for feasibility
is that

ϕk ∈
⋃

θh∈ΘH

B(θh, acell), ∀ ϕk ∈ Φ. (4.20)

Since here we are not concerned with issues such as coverage probability or outage prob-
ability (widely studied in stochastic geometry [20]), here we make the assumption that
this condition is satisfied. This corresponds to the fact that, realistically, the network
layer takes into consideration only the users that are actually associated to at least one

5This model has been widely used in the wireless networks literature and it is commonly referred as the
protocol model (e.g., see [17]).
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(a) Layout geometry with broadcast trans-
mission from the helpers and collision
interference at the users.
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(b) Corresponding network graph with broadcast and
interference constraints and A reuse scheme with
r = 3 colors eliminating the interference conflicts.

Figure 4.3.: An example of the network topology considered in Section 4.2.1 with H = 4
and K = 6. In the graph the helpers and the users are enumerated in increasing
order from left to right. The dashed edges in the graph represent interference
conflicts.
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helper and can thus receive data. As in the model of Section 4.2, we consider individual
orthogonal fronthaul links of capacity Cfront connecting the server to the helpers, and let
the downlink multicast rate of transmission from the (active) helpers be equal to Caccess.
For simplicity, we use the same symbol Caccess for the helpers downlink sum/multicast
capacity. For the network model defined above, we consider a caching/delivery scheme
where the prefetching is identical to the decentralized cache replication scheme of Section
4.2.5 with L caching groups, and use the same notation t′ = ML/N (integer value in [L])
and caching groups P1, . . . ,PL introduced in Section 4.2.5. The proposed delivery schemes
for the centrally computed coded caching multicast messages is discussed in the following
subsections.

4.3.2. Reuse with per Cell Multiround Delivery

A reuse scheme of order r consists of a coloring of the helpers with r colors, such that
helpers with the same color are associated to the same subband or time slot, and helpers
with different colors corresponds to orthogonal subbands or time slots. In particular, two
helpers h, h′ such that B(θh, acell) ∩ B(θh′ , ainterf) = ∅ can be associated to the same color
and will never cause interference conflicts, since the users that can receive from h are not
interfered by h′ and vice versa. However, this is just a sufficient condition. More in general,
for a given helper and user placements Θ and Φ there exist a minimum r ∈ [H] for which
there exists a reuse scheme of order r such that the network graph has no conflict edges.
The delivery strategy proposed in this section consists of two sub-problems: 1) for given
Θ,Φ find a reuse scheme of order r with r as small as possible avoiding all conflict edges;
2) for the given reuse scheme, associate users to helpers such as the system is feasible and
the worst-case delivery time is minimized.

We define an undirected conflict graph G = (V,E), with V and E denoting vertex
and edge sets, respectively, where vertices V = [H] correspond to helpers and E con-
tains edges (i, j), for all i, j ∈ V , such that there is a user at distance distance ≤ ainterf

from both helpers i and j. The classical integer linear programming model for vertex
coloring problem is defined as follows: define the binary 0 − 1 variables yc : c ∈ [H] and
xi,c : (i, c) ∈ [H]× [H], with yc = 1 if color c is used in the reuse assignment and xi,c = 1

if vertex i is assigned color c. Then, the minimization of the reuse order can be written as:

minimize
H∑
c=1

yc (4.21a)

subject to:
H∑
c=1

xi,c = 1, ∀i ∈ V (4.21b)
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xi,c + xj,c ≤ yc, ∀(i, j) ∈ E, ∀c ∈ [H] (4.21c)

xi,c ∈ {0, 1}, ∀i ∈ V, ∀c ∈ [H] (4.21d)

yc ∈ {0, 1}, ∀c ∈ [H]. (4.21e)

It turns out that the minimum r (solution of (5.2)) is the chromatic number of the graph
G(V,E), and problem (5.2) is known to be NP-hard for general graphs G. Several impor-
tant heuristic approaches have been proposed to solve the vertex graph coloring problem.
One of the best known algorithms is DSatur in [8]. That has been shown to provide the
optimal solution for bipartite graphs with running time of O(|V |2). The pseudo-code of
the algorithm can be found in [34, Fig. 2.8].

After solving graph coloring subproblem, then we address the user-helper association
problem. Assume that a reuse scheme of order r has been found. In general, on the
colored graph we need to find the optimal user-helper association that minimizes the worst-
case delivery time. For a given association, the delivery at each helper achieved by the
multiround delivery scheme in Section 4.2.5. Let Ph

ℓ denote the set of users in caching
group ℓ associated to helper h. The multiround delivery load of helper h, denoted by Rh,
is given by expression (4.14) with occupancy numbers |Ph

[1]| ≥ |P
h
[2]| ≥ · · · ≥ |P

h
[L]|. The

corresponding delivery time over the fronthaul link is simply given by RhF/Cfront while
the delivery time over the access (broadcast) downlink is given by rRhF/Caccess, where the
factor r comes from the fact that with reuse of order r, the access channel is used only
for a fraction 1/r of the total access transmission resource. It follows that the worst-case
delivery time for the reuse scheme with given user-helper association is given by

T reuse = max

{
F

Cfront
,

rF

Caccess

}
× max

h∈[H]
{Rh} . (4.22)

In order to minimize T reuse, define the binary variables xh,k such that xh,k = 1 if user k

is associated to helper h and xh,k = 0 otherwise. Denoting by E the set of solid colored
edges in the colored graph, we have that xh,k = 0 for all h, k for which there is no edge in
E. The cardinality of the caching group Ph

ℓ for a given association {xh,k} is given by

|Ph
ℓ | =

∑
k:(h,k)∈E,k∈Pℓ

xh,k. (4.23)

For given non-negative integers A1, . . . , AL, let the [·] subscript notation denote the sorting
permutation such that A[1] ≥ A[2] ≥ · · · ≥ A[L] and define the quantity

Rmulti(A1, . . . , AL) =
∑

ℓ∈[L−t′]

A[ℓ]

(
L−ℓ
t′

)(
L
t′

) . (4.24)
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Hence, taking (4.23) into (4.14) and using the definition in (4.24) we arrive at the following
optimal user-helper association problem

minimize
{xh,k∈{0,1}}

α (4.25a)

subject to: Rmulti(A
h
1 , . . . , A

h
L) ≤ α, ∀h ∈ [H], (4.25b)

Ah
ℓ ≥

∑
k:(h,k)∈E,k∈Pℓ

xh,k, ∀h ∈ [H], ℓ ∈ [L], (4.25c)

∑
h:(h,k)∈E

xh,k ≤ 1, (4.25d)

xh,k ∈ {0, 1}, (4.25e)

Ah
ℓ ∈ R+. (4.25f)

Since the function Rmulti(A
h
1 , . . . , A

h
L) there is defined through a sorting permutation, the

optimization problem (4.25) is non-linear. A way out of this problem can be found by

noticing that the coefficients (L−ℓ
t′ )
(Lt′)

appearing in (4.24) are decreasing with ℓ, it follows

that for a given set of occupancy numbers A1, . . . , AL, the permutation that sorts them in
non-increasing order yields the maximum of the quantities

∑
ℓ∈[L−t′]

Aπℓ

(
L−ℓ
t′

)(
L
t′

) (4.26)

over any permutation π. Hence, problem (24) can be linearized by replacing each constraint
(4.25b) by the set of L! constraints

∑
ℓ∈[L−t′]

Ah
πℓ

(
L−ℓ
t′

)(
L
t′

) ≤ α, ∀ π ∈ ΠL, (4.27)

where ΠL denotes the set of all permutations of order L, where only one constraint (cor-
responding to the sorting permutation [.]) actually bites.

Greedy User Association Algorithm The drawback of the exact optimization user as-
sociation method is that it generates H × L! constraints while in fact we need only H of
such constraints since all the others are redundant. In order to reduce the complexity, we
propose a greedy approach where the complexity order of our greedy algorithms is upper
bounded by L log(L)×K. We define the set of helpers who can transmit message to user
k as Hk = {h : ϕk ∈ B(θh, acell)}. The proposed greedy user-helper association works as
follows: i) Initialize the groups Ph

ℓ by including the users that have unique assignment,
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i.e., for which |Hk| = 1; ii) For all users k for which |Hk| > 1, associate them one by one,
by selecting at each time the assignment that yields the minimum increase in the total
objective function maxh∈[H]Rh.

Example 2. Consider a network with H = 4 cells and K = 6 as shown in Fig. 4.3 and
assume L = 3 cache configurations with t′ = 1

P1 = {1, 2, 5}, P2 = {3, 6}, P3 = {4}.

A reuse scheme with r = 3 eliminating the interference conflicts is given in Fig. 4.3 (b).
Helpers 1 and 4 are assigned to frequency band 1, while helpers 2 and 3 are assigned to
frequency band 2 and 3, respectively. In the resulting colored graph, some users may be
served by different helpers. Notice that the multiround delivery length in slots of duration

F
Caccess(Lt′)

is given by (4.14). In the first step, user 1 is assigned to helper 1 and user 2

to helper 2 and user 5 helper 3. Since assigning user 3 to helper 2 or 3 will increase the
number transmission slots equally, user 3 is randomly assigned to helper 2. By assigning
user 4 to helper 3 the number of transmission slots of helper 3 will be increased to 3; on the
other hand, assigning this user to helper 4 will increase the number of transmission slots
of helper 4 to 2. Then the greedy algorithm assigns user 4 to helper 4. Finally user 6 can
be assigned to either helper 2 or helper 4. By assigning the user to helper 2 the number
of transmission slots of this helper will increase to 5 while assigning this user to helper 4

will increase the number transmission slot of helper 4 to 3. Therefore, the greedy algorithm
assigns user 6 to helper 4. The resulting delivery time is

T reuse =
3F

Caccess
× 3

3
=

3F

Caccess
. (4.28)

♢

4.3.3. Avalanche Scheduling Scheme

In this section we propose a routing and scheduling strategy that embraces collisions, and
resolves them over multiple time slots, thus obtaining an overall better worst-case delivery
time. The users are divided into two groups: non-interference and interference users. The
non-interference users are those in the non-interference service area of the helpers given
by the union over h ∈ [H] of unique coverage regions B(θh, acell) \ ∪h′ ̸=hB(θh′ , ainterf).
The second group contains users that are served by at least one helper and are receiving
interference from neighboring helpers given by the union over h ∈ [H] of coverage regions
B(θh, acell)

⋂
∪h′ ̸=hB(θh′ , ainterf). In reuse scheme all users within a cell are served with

reuse factor r > 1, even non-interference users, while the helpers can serve these users
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by all frequency resource without any collision. Our proposed avalanche scheme creates
a platform where users can be served reuse factor 1. We let Ph

ℓ denote the sets of non-
interference users uniquely associated to helper h and belonging to caching group ℓ. At
any point in time, the delivery list of helper h is the union Lh = ∪ℓ∈[L]Ph

ℓ . The main
difference between the scheme of this section, referred to as avalanche scheme, and the
spatial reuse scheme in Section 4.3.2 is that in the avalanche scheme the sets Ph

ℓ and
therefore the delivery list of each helper is dynamically updated. The avalanche scheme
starts by scheduling all the non-interference users simultaneously by running multiround
delivery in parallel for all helpers. Since the multiround load depends on the occupancy
numbers {|Ph

[ℓ]| : ℓ ∈ [L]} and these may differ over the helpers, at some point some
helper h finishes its multiround delivery before the others. As soon as h finishes, it stops
transmitting, so that some users that are interfered by h but can be served by some h′ ̸= h

become non-interference users and can be added to the delivery list of helper h′. Notice
that some helper h may stop temporarily to transmit since its delivery list is empty, but
may restart when some users in its service area B(θh, acell) that are interfered by some
other helper become non-interference users when such helper stop its transmission. The
process continues until all users are served. This algorithm is linear in number of edges
in the bipartite graph represented in Fig. 4.3. For sparse graphs, as typically induced
by the geometric coverage model considered here combined with some admission control
protocol that limits the number of active users in each cell, the degree of each edge is upper
bounded by some constant independent of H and K. Hence, the avalanche algorithm has
linear complexity in the number of users K. Before giving the detailed description of the
avalanche algorithm, we illustrate it through the following example.

Example 3. Consider again the network of Fig. 4.3 with L = 3 cache configurations and
t′ = 1 (same as in Example 2).

After decentralized caching, assume that the realization of the cache configurations is:

P1 = {1, 2, 5}, P2 = {3, 6}, P3 = {4}.

At the beginning, the only helper with non-empty delivery list is h = 1, with P(1)
1 = {1}.

All other sets are empty. Notice that the multiround delivery length in slots of duration
F

Caccess(Lt′)
is given by [27,48]

∆h =
∑

r∈[L−t′]

|Ph
[r]|
(
L− r

t′

)
, (4.29)
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where, we always assume (up to re-labeling of the caching groups) that at any point in time
we have ordered occupancy numbers |Ph

[1]| ≥ |P
h
[2]| ≥ · · · ≥ |P

h
[L]|. Helper 1 finishes its

delivery in
(
3−1
1

)
= 2 slots and stops transmission. In doing so, its frees from interference

users 2 and 5. At this point the updated delivery lists contain P(2)
[1] = {2} for helper 2, and

P(3)
[1] = {5} for helper 3. All other lists are empty. Helper 2 and 3 can serve users 2 and

5, respectively, in
(
3−1
1

)
= 2 time slots and stop transmission. At this point the delivery

list of helper 4 contains P(4)
[2] = {6} and P(4)

[3] = {4}. Users 4 and 6 belong to different
caching groups and therefore can be served simultaneously by multicast coded messages.
This requires

(
3−1
1

)
+
(
3−2
1

)
= 3 slots. Finally, user 3 can be served either by helper 2 or

by helper 3, again in 2 times lots. Eventually, the total delivery time is given by

T avalanche =
F

Caccess
× 2 + 2 + 3 + 2(

3
1

) =
3F

Caccess
. (4.30)

Notice that in this example the avalanche and the reuse scheme (see Example 2) achieve
the same delivery time. ♢

In order to give a general pseudo-code of the avalanche algorithm we need to introduce
some notation. Consider the network bipartite graph G as in Fig. 4.3 (b). For a given subset
of helpers H′ and users U ′, let G(H′,U ′) denote the corresponding subgraph obtained by
keeping only the edges {(h, k) : h ∈ H′, k ∈ U ′}. Let Es(G) be the set of solid edges (i.e.,
carrying useful signal) and Ed(G) the set of dashed edges (i.e., carrying interference) in
graph G. For a given assignment of the caching groups P1, . . . ,PL, and a subset A ⊂ [H]

of helpers, let re-define the symbol Ph
ℓ to denote the set of users k ∈ Pℓ such that ∃! (h, k) ∈

Es(G(A,U)), where we use the unique existence symbol ∃! to indicate that there is no other
edge (h′, k) ∈ Es(G(A,U)) ∪ Ed(G(A,U)) in the graph. For what said before, defining the
delivery list of helpers h ∈ A as Lh =

⋃
ℓ=[L] Ph

ℓ , letting only the helpers in A to transmit
(i.e., be active), it is clear that each helper in h ∈ A can serve by multiround delivery the
users in Lh without interference from other helpers. Notice that in the avalanche delivery
every XOR packet has size (in bits) F/

(
L
t′

)
and since the helpers broadcast these packets

on the access downlink, and must receive them from their fronthaul link, the transmission
duration of a packet is given by Tslot =

F

(Lt′)min{Caccess,Cfront}
. For a given active helper set

A with delivery lists {Lh}, we define the delivery epochs as the integer multiples of Tslot

at which each column of the delivery array Bh induced by Lh is finished. Explicitly, these
are given by

∆h,jh =

jh∑
i=1

((
L

t′ + 1

)
−
(
L− |Rh

jh
|]

t′ + 1

))
, (4.31)
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for jh = |P h
[1]| for each h ∈ [H], representing the index of the last column in the delivery

array of helper h and as defined before, L− |Rh
jh
| denotes the number of zeros in column

jh of Bh. Notice that, given the cache group assignment P1, . . . ,PL and the residual graph
G(A,U), the delivery lists Lh and arrays Bh therefore the sequence of delivery epochs
{∆h,jh} are uniquely determined. Then, the avalanche algorithm works as follows:

Initialization: Let Uunserved = [K], D = 0, and A be a maximal set of helpers with non-
empty delivery lists in G(A,Uunserved) (e.g., this can be easily found in a greedy fashion).

1. Find the set of helpers finishing the current served array column: F =

{h ∈ A : ∆h,jh −D > 0 is minimal}, and let ∆min = min{h ∈ A : ∆h,jh −D} such
minimal “next epoch” value.

2. Increment time: D ← D + ∆min (at this point, all helpers in F have finished
delivery to the users in the jh-th column of their delivery array, denoted collectively
as ∂U = {Bh

:,jh
: h ∈ F}).

3. Update unserved users: Uunserved ← Uunserved \ ∂U .

4. If Uunserved = ∅, exit.

5. Identify stopping helpers: for all h ∈ A such that Lh = ∅, A ← A \ {h}.

6. Update delivery arrays of active helpers: for all k ∈ Uunserved such that
∃! (h, k) ∈ Es(G(A,Uunserved)), add k to Lh in the “next available column” of Bh

and Update jh for each h ∈ A.

7. Reactivate helpers: for all h ∈ [H] \ A such that ∃! (h, k) ∈ Es(G(A,Uunserved))
for some k, add these users k in Lh and increase A ← A∪ {h}.

8. Go back to 1.

The “next available column” of Bh is the column jh of still completely unserved users,and
for which the ℓ-th group is empty (i.e., it has a zero). Notice that it may be necessary
to adjoin a new column to the right of the current array Bh, i.e., the delivery arrays in
general keep growing to the right, until there are no more users to add. Notice also that at
each update of the delivery arrays, all future epochs successive to the current time D must
be updated accordingly, adding up future delivery intervals as in (4.31). As said before,
these are deterministic functions of {Bh} and therefore such updates are trivial. Under the
condition that all users are at least one helper at distance acell, the algorithm terminates
with probability 1 and the resulting delivery time is Tavalanche = D × Tslot.
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Note. It is possible to implement LP program for collision model but it has very high
complexity and it is not possible to run for network size given in the next section. The
formulation of LP for collision model is given in Appendix. B.1

4.4. Results and Discussions

In this section we present some numerical results illustrating interesting features of the
schemes proposed for the topological and the broadcast/collision network models defined
in Section 4.2.1 and 4.3.1, respectively. For the topological network, given the helper
placement Θ and user placement Φ in the plane, we associate user k in position ϕk to all
helpers h such that ϕk ∈ B(θh, asig), for some signaling radius asig. As said before, we
are not concerned with coverage probability and only the users associated at least with
one helper are considered, otherwise the delivery would be infeasible. For the broadcast/-
collision model, we produce the signal/interference graph by defining the radius acell and
ainterf as described in Section 4.3.1. For the same placements Θ and Φ the two models are
related. In particular, driven by practical considerations, we let acell ≤ asig ≤ ainterf . In
addition, we let Caccess be equal in both cases, such that the sum rate of the (orthogonal)
links outgoing from each helper in the topological model is equal to the broadcast downlink
capacity of the helpers in the interference model.

We consider the following parameters throughout the simulations: in the topological
model asig = 220m, while in the broadcast/collision model acell = 200m and ainterf/acell =

1.2. The placements Θ and Φ are generated according to independent homogeneous Poisson
Point Processes (PPP) with densities λh = 7 helpers per km 2 and λu = 20× 7 users per
km2, within a circle of area A = πR2 with radius R = 1km. This results in an average
H = 20 helpers and K = 400 users in the whole area. By fixing an integer L < K

and generating L cache configurations as described in Section 4.2.5, each user chooses one
of the L configurations randomly and independently. Hence, the PPPs of users with the
same cache configurations are independent thinnings (with thinning factor 1/L) of the user
placement PPP. The total delivery time is obtained by averaging over several realizations
of the network and users cache configurations. Without loss of generality, we let F = 1

bit and Cfront = 1 bit/s. Therefore, our “normalized” results are easily translated in actual
bit/s by choosing the ratio F/Cfront.

Fig. 4.4 compares the performance of the multiround delivery strategy (Section 4.2.5) and
the newly proposed LP-optimized strategy (Section 4.2.5) for the topological model. We
note that as the ratio Caccess/Cfront increases, the worst-case delivery time of both schemes
decreases but this improvement is limited (for example, going from Caccess/Cfront = 1

to Caccess/Cfront = 2 the improvement is significant, but the improvement from going
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Figure 4.4.: Delivery time versus cache replication factor with µ = 0.2 and L =
[5, 10, 15, 20].

Caccess/Cfront = 2 to Caccess/Cfront = 5 is essentially negligible. This indicate the fact that
for Caccess/Cfront = 1 the system bottleneck is the access segment, but for Caccess/Cfront ≥ 2

the system bottleneck is the fronthaul segment. Since the most interesting conclusions
for the routing/scheduling algorithms are obtained when the system bottleneck is the
access segment, in the next results we considered Caccess/Cfront = 1.6 Another interesting
consideration is that while multiround delivery seems to be sensitive to the choice of L,
the new LP optimized routing is very insensitive and reaches its minimum delivery time
already for L as small as L = 5. Since the subpacketization order depends (exponentially)
on L, this makes the new scheme very attractive since it can afford a very small value of
L with almost no degradation in performance. Overall, we notice that the new LP-based
scheme significantly outperforms the multiround delivery, although this was proved to be
optimal in the case of a single helper (or, in our case, when each user can be served only
by a single helper, such that the network graph becomes a tree).

For the broadcast/collision model, Fig. 4.5 compares the performance for different user-
helper association schemes for the reuse scheme of Section 4.3.2. The helper coloring is
obtained by both solving the optimization problem in (5.2) and with the DSatur algo-
rithm. As a mater of fact, even though the coloring optimization is NP-hard, for the
network topologies considered here the problem can be easily solved by standard integer
programming solvers for up to H = 1000 helpers. Furthermore, due to the sparse nature
of the underlying graph, DSatur essentially provides optimal results. Hence, optimal or
quasi-optimal coloring is really not a significant problem in most practical scenarios. After
coloring, we consider user association according to the following three methods: i) the re-
laxed LP user association in (4.25); ii) the greedy user association as described in Section

6Of course, this is a qualitative consideration and for different network parameters the transition between
these two bottleneck regimes may appear at different ratio values.
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Figure 4.5.: Delivery time versus cache replication factor with µ = 0.5, L = [2, 4, 6, 8] and
Caccess/Cfront = 1

.

4.3.2; iii) a random user association, in which users are randomly assigned to one of the
helpers at distance acell. The greedy scheme offers a significant improvement of the delivery
time compared to the random association and has much lower computational complexity
than solving the exact optimization in (5.2).

Fig. 4.6 shows a performance comparison between the reuse scheme and the avalanche
scheme for the broadcast/collision model with different parameters. The avalanche scheme
is competitive since it exploits the multicast nature of the coded caching messages together
with the network geometry. In addition, the avalanche scheme is also very insensitive to
the choice of L, such that we can choose L as low as 5 and yet achieve nearly the best
performance. This has an important impact on the subpacketization order.

Fig. 4.6 also shows the comparison between the broadcast/collision model and the topo-
logical model for the same value of Caccess, i.e., the sum of the capacities of the links
outgoing from each helper in the topological model is equal to the helpers broadcast down-
link rate of the broadcast/collision model. We notice that the broadcast/collision model
with avalanche delivery outperforms the topological model with LP-optimized delivery.
This may be explained by the fact that in the topological model each helper-user link is
individual, such that the transmissions from helpers their served users is unicast. In con-
trast, the broadcast nature of the helpers transmissions in the broadcast/collision model
is better batched to the multicast nature of the coded caching messages. Evidently, the
gain obtained by leveraging the broadcast nature of the downlink transmissions is enough
to counter the loss due to collision interference.
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Figure 4.6.: Delivery time versus cache replication factor with µ = 0.2, L = [5, 10, 15, 20]
and Caccess/Cfront = 1.

4.5. Conclusion

In this chapter we investigated two variants of a general “network-layer model” formed
by one server, several helper stations (APs/BSs) and several users, namely, a topological
non-interference network with bounded sum capacity of outgoing links and a network
with broadcast transmission from the helpers and collision model for interference. For
the first model, we proposed a novel routing optimization scheme that outperform the
direct extension of the so-called multiround delivery at each helper. The complexity of
the novel method is linear in the the number of users. For the second model, we proposed
a baseline scheme based on time/frequency reuse and user-helper assignment, and a new
scheme nicknamed “avalanche” that is very reminiscent of CSMA-based random access. Our
novel schemes have worst-case delivery that is very insensitive to the number of distinct
cache configurations L. This has important consequences for the subpacketization order,
since a small value of L (yielding small subpacketization) can be chosen with minimal
system performance degradation. Overall, our work essentially solves most of the problems
outlined by previous literature as “key issues” for the application of coded caching in
realistic scenarios. In particular, our schemes address i) asynchronous user streaming
sessions (by breaking large files in small blocks and using a low subpacketization order
with minimal performance degradation and a completely decentralized prefetching); ii)
scalability to large cellular-type networks with many users and helpers; iii) the HTTP end-
to-end encrypted requests, since the helpers are completely oblivious of the user requests
and content files.
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In this dissertation, we focus on the coded caching scheme introduced by Maddah-Ali and
Niesen. This scheme was originally proposed for an idealized single bottleneck network,
where a server is connected to K users through a shared error-free link of given capacity.
This work addressed the practical aspects of coded caching in a class of two-hop spatially
distributed wireless networks consisting of one server connected via fronthaul links to a
layer of H helper nodes (access points/base stations), which in turn communicate via a
wireless access network to K users, each equipped with its own cache. We investigated
the coded caching design challenges in the physical, multiple access and network layers by
leveraging the network topology. The main contribution is the improvement of efficiency
of delivery of the MAN type multicast messages through helper nodes to the users. This
dissertation also addressed one of the key drawbacks of the MAN scheme - namely the
exponentially growing complexity.

Chapter 2 considered a SIMO system, where the users are equipped with nr antennas.
Building upon the coded multicast message for a group of users, the message is further
encoded by (L,H) MDS code, which allows the MDS-coded blocks to be sent to multiple
spatially distributed single-antenna helpers, transmitting at a fixed rate with no channel
state information. Users applied the ZF receiver to decode the best L (micro diversity
order) helper transmissions in a decentralized manner. In the path loss scenario the best
L transmissions of helpers are also the nearest ones. By leveraging stochastic geometry we
derived the analytical expression for the average ergodic rate and outage probability with
respect to the network topology. The receiver performance is improved by applying SIC,
where the optimal decoding order of SIC is according to the helper-user distance. The
analysis showed that the micro diversity order L should be set as approximately equal to
half of the number of antennas at the user’s side.

Chapter 3 built upon 2 by extending to the video delivery scheme with two quality
options. The video files are initially encoded by SVC into two layers of source-encoded
bits, such that layer one provides a low quality version of the files, while layer two enhances
it to a high quality version. Similar to the previous chapter, the users applied ZF to decode
the helper transmissions. Each user is able to reconstruct the entire codeword message if
it can decode at least L1 messages from distinct helpers. Depending on its location with
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respect to the helpers, a user may decode at least L2 > L1 messages; therefore, it could
be able to decode the enhancement layer as well. This led to a scalable video delivery
scheme, which takes advantage of superposition coding in order to impose the message of
two layers with a much lower delivery time compared to the conventional scheme.

Finally in chapter 4, two variant network models are considered, which differ in the
modeling of access links. Both models should be regarded as abstractions at the “network
layer” for physical scenarios such as local area networks and cellular networks, which are
spatially distributed over a certain coverage area. The key focus of this approach consists
of routing MAN-type multicast messages through the network and formulating the optimal
routing scheme as an optimization problem that can be solved exactly or for which we give
powerful heuristic algorithms. The proposed scheme reduced the complexity of the coded
caching scheme from being exponentially growing with the number of users to being linear.

5.1. Future Work

In conclusion, the results presented in this dissertation reveal numerous research directions.
First, it would be interesting to go beyond the collision model presented in Chapter 4 and
consider a more realistic model involving pathloss, shadowing and fading. One could
consider the Line of Sight model (LoS) described in ITU-1411 [58]. If the helper antenna
height is denoted by hb, the user antenna height is denoted by hm and the transmission
wavelength is denoted by λ, then the transmission loss (in dB) at distance d is taken to be
equal to

L = Lbp + 6 +

⎧⎨⎩20 log10

(
d

Rbp

)
if d ≤ Rbp

40 log10

(
d

Rbp

)
if d > Rbp

,

where Rbp =
4hbhm

λ denotes the breakpoint distance and Lbp =
⏐⏐⏐20 log10 ( λ2

8πhbhm

)⏐⏐⏐ denotes
the basic transmission loss at the break point. One can think about generalizing the result
of the Treating Interference as Noise (TIN) scheme to the multicast coded caching scheme
in two-hop wireless networks. More specifically, the result in [13] shows that this scheme
can achieve capacity within a constant gap. In a K-user interference channel, where the
channel strength level from transmitter i to receiver j is equal to SNRji, ∀i, j ∈ [K], if the
following condition is satisfied

SNRii ≥ max
j ̸=i

SNRji.max
i ̸=k

SNRik, (5.1)
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then with power control, TIN is optimal. It is not possible to hold this condition for all
users and helpers in our network model. The concept of information-theoretic independent
sets (ITIS) introduced in [44], which indicates that the sets of links for simultaneous
communication inside each of which, treating the interference from each other as noise is
information-theoretically optimal. If the transmission set of users meets the TIN condition,
then they will be scheduled together. A simple way to define ITIS is to use a greedy method
to do an exhaustive search within all connections. The coded caching scheme groups L

users together to create a multicast message. The interesting point is that this coded
multicast message to the group of users can be scheduled within one ITIS set. The way to
group users in the coded caching scheme which maximizes the cardinality of each ITIS is
an interesting subproblem. The proposed greedy scheme can address these two concerns to
find optimal ITIS sets. Hence, it would be worth figuring out the performance improvement
that link scheduling with TIN condition [44] is able to guarantee in a coded caching two-
hop setting. Third, it would be interesting to investigate the impact of more advanced
power control with the results of these references in multicast scenario. For example, the
geometric programming method introduced in [10] and have been implemented to D2D
with TIN condition in [70]. There are several power allocation techniques to apply in the
TIN problem. One of the well known approaches is the WMMSE algorithm [63] power
control scheme.

Regardless of whether the TIN condition is applied or not, there are two problems that
present themselves as possible directions for future work: 1) which transmissions should
be scheduled together 2) the power control scheme.

Furthermore, an interesting future direction can be to address joint link scheduling and
power control as a single optimisation problem. For example, recent results in [62] demon-
strate that the original combinatorial problem of scheduling can be written in the form of
fractional programming which can integrate the power control problem. In this method for
each link i variable xi is defined to be 1 if the link can be scheduled and 0 otherwise. The
scheduling problem can be written as the weighted sum rate maximization with variables
xi. Unlike [44, 70] the scheduling optimization based on fractional programming does not
require tuning of the design parameters. Consider a network with H helpers and K users,
where Ui denotes the set of audience of multicast message from helper i. The scheduling
problem can be formulated as the maximization of weighted sum-rate:

maximize
∑
i∈[H]

wiRi(x) (5.2a)

subject to xi ∈ {0, 1}, ∀i ∈ [H], (5.2b)

Ri(x) ≤ log (1 + zi) , ∀i ∈ [H], (5.2c)
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zi ≤
|hki|2pixi∑

j∈[H],j ̸=i |hkj |2pjxj + σ2
, ∀k ∈ Ui, (5.2d)

where the weights wi are chosen for priority or fairness, pi is the transmission power of
helper i, hij is the transmission loss from helper j to user i and σ2 is noise power. By
using the Lagrangian function, we could reformulate the original problem to

maximize
x,z

fr(x, z) (5.3a)

subject to : xi ∈ {0, 1}, ∀i (5.3b)

where the new objective function is

fr(x, z) =
∑
i∈[H]

wi log(1+zi)−
∑
i∈[H]

wizi+
∑
i∈[H]

wi(1+zi) min
k∈Ui

|hki|2pixi∑
j∈[H] |hkj |2pjxj + σ2

(5.4)

This optimization can be solved in an iterative fashion by using [62, preposition 1].
Many emerging technologies involve massive amounts of data collection, and collabora-

tive intelligence that can process this data to make decision or predictions. The current
trends focus on training a powerful learning algorithm, often a neural network, on a massive
dataset and many specialized machine learning algorithms are being developed. The tradi-
tional scheduling method involves first estimating all the interfering channel strengths then
optimizing the scheduling based on the model. This model-based method is however re-
source intensive and computationally hard. It is possible to schedule links efficiently based
solely on the geographic locations of transmitters and receivers for networks in which the
channels are largely functions of distance dependent path-losses. Deep Learning seems to
be a well suited alternative to develop new network models that can be both accurate and
simple to run. The authors in [53] (RouteNet), presented a novel network to understand
the relationship between topology, delay and pathloss. Their scheme is able to generalize
routing schemes over arbitrary topologies. Hence, an exciting line of research is to study
practical and feasible coded caching schemes in a two-hop wireless network by using the
results of graph learning like [53].
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A. Stochastic Geometry

A.1. Proof of (2.19), (2.20)

The Laplace transform of 1/ρ̃k,ℓ, for s ∈ C, is given by

L1/ρ̃k,ℓ(s) = E
[
e−s/ρ̃k,ℓ

]
(A.1a)

=

∫ ∞

0
dv

∫ v

0
e
−s uη

vη−2
2πλ
η−2 frk,ℓ,rk,L(u, v)du, (A.1b)

where frk,ℓ,rk,L(u, v) is given by (2.16) with the replacement n← L. Evaluating the integral
in (A.1b) separately for the two cases ℓ < L and ℓ = L, we have

Case 1: For ℓ < L

L1/ρ̃k,ℓ(s) =
∫ ∞

0
dv

∫ v

0
e
−s uη

vη−2
2πλ
η−2 frk,ℓ,rk,L(u, v)du. (A.2)

The joint PDF of frk,ℓ,rk,L(u, v) is given by (2.16) with n ← L, ℓ ← ℓ. By replacing the
expression for the joint PDF, we have

L1/ρ̃k,ℓ(s) =
∫ ∞

0
dv

∫ v

0
e
−s uη

vη−2
2πλ
η−2

4(πλ)L

(L− ℓ− 1)! (ℓ− 1)!

· (v2 − u2)L−ℓ−1vu2ℓ−1e−πλv2du, (A.3)

where after invoking the binomial expansion for (v2 − u2)L−ℓ−1, we obtain

L1/ρ̃k,ℓ(s) =
L−ℓ−1∑
n=0

4(πλ)L

(L− ℓ− 1)! (ℓ− 1)!

(
L− ℓ− 1

n

)
(−1)n

·
∫ ∞

0
v2(L−ℓ−1−n)+1e−πλv2dv

·
∫ v

0
e
−s 2πλ

η−2
uη

vη−2 u2ℓ−1+2ndu. (A.4)
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First, we apply a change of variable uη → x and then utilize [23, 3.351.1] to solve the inner
integral. After simplification, we have

L1/ρ̃k,ℓ(s) =
L−ℓ−1∑
n=0

4(πλ)L

(L− ℓ− 1)! (ℓ− 1)!

(
L− ℓ− 1

n

)
(−1)n

·
∫ ∞

0
vν+1e−πλv2Γ̄(2

n+ ℓ

η
, sα1v

2)dv, (A.5)

where ν = 2((L− ℓ− 1− n) + (η− 2)n+ℓ
η ) and α1 =

2πλ
η−2 . Then, we invoke the change the

variable v2 → x once more and then utilize the identity [23, 6.455.2] to obtain following
result

L1/ρ̃k,ℓ(s) =
L−ℓ−1∑
n=0

(−1)nΓ(L)
(L− ℓ− 1)! (ℓ− 1)! (n+ ℓ)

(
L− ℓ− 1

n

)
· (1 + α2s)

−L
2F1

(
1, L; η′ + 1;

α2s

1 + α2s

)
, (A.6)

where α2 = 2
η−2 , η′ = 2n+ℓ

η . Finally, by using the formula [23, 9.131.1] the Laplace
transform can be rewritten as in (2.19).

Case 2: For ℓ = L

L1/ρ̃k,L(s) =
∫ ∞

0
e
−sv2 2πλ

η−2 frk,L(v)dv. (A.7)

The marginal PDF frk,L(v) is given by (2.15) with n← L. After replacing the expression
for the marginal PDF, we have

L1/ρ̃k,L(s) =
∫ ∞

0
e
−sv2 2πλ

η−2
2(πλ)L

(L− 1)!
v2L−1e−πλv2dv. (A.8)

To solve this integral first we apply the variable change v2 → x and then use [23, 3.351.3],
which gives (2.20).

A.2. Proof of (A.15) and (A.18)

Case 1: For ℓ < L

F
S̃IRk,ℓ

(γ) =

1−
∫ ∞

0

∫ v

0
(1− F

S̃IRk,ℓ
(γ|rk,ℓ, rk,L))frk,ℓ,rk,L(u, v)dudv. (A.9)
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By direct substitution of the expression (2.27) into (A.9), we have

F
S̃IRk,ℓ

(γ) = 1−
∫ ∞

0

∫ v

0

Γ
(
nr − L+ 1, γ 2πλ

η−2
uη

vη−2

)
Γ(nr − L+ 1)

.
4(πλ)L

(L− ℓ− 1)! (ℓ− 1)!
(v2 − u2)L−ℓ−1vu2ℓ−1e−πλv2dudv. (A.10)

Note that by using [23, 8.352.2] we can expand the incomplete gamma function and then
we have

F
S̃IRk,ℓ

(γ) = 1−
nr−L∑
m=0

4(πλ)L

(L− ℓ− 1)! (ℓ− 1)!m!

·
∫ ∞

0

∫ v

0
(γ

2πλ

η − 2

uη

vη−2
)me

−γ 2πλ
η−2

uη

vη−2

· (v2 − u2)L−ℓ−1vu2ℓ−1e−πλv2dudv. (A.11)

After expanding binomial, we have

F
S̃IRk,ℓ

(γ) = 1−
L−ℓ−1∑
n=0

nr−L∑
m=0

4(πλ)L(−1)n

(L− ℓ− 1)! (ℓ− 1)!m!

· (γ 2πλ

η − 2
)m
(
L− ℓ− 1

n

)∫ ∞

0
v−m(η−2)+2(L−ℓ−1−n)+1e−πλv2

·
∫ v

0
e
−γ 2πλ

η−2
uη

vη−2 u2n+2ℓ−1+mηdudv. (A.12)

To solve the inner integral first we change the variable uη → x and then use [23, 3.351],

F
S̃IRk,ℓ

(γ) = 1−
L−ℓ−1∑
n=0

nr−L∑
m=0

4(πλ)L(−1)n

(L− ℓ− 1)! (ℓ− 1)!m!

·
(
L− ℓ− 1

n

)
(γ

2πλ

η − 2
)−η′

·
∫ ∞

0
vν+1Γ̄(η′ +m, γα1v

2)e−πλv2dv, (A.13)

where ν = (η− 2)η′ +2(L− ℓ− 1− n) and α2 =
2

η−2 , η
′ = 2n+ℓ

η . In the next step to solve
the remaining outer integral, first we change the variable v2 → x and then use [23, 6.455.2]
to obtain following result

F
S̃IRk,ℓ

(γ) = 1−
L−ℓ−1∑
n=0

nr−L∑
m=0

2(−1)nΓ(m+ L)

(L− ℓ− 1)! (ℓ− 1)!m!
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·
(
L− ℓ− 1

n

)
(α2γ)

m

η (η′ +m)(α2γ + 1)m+L

· 2F1

(
1, L+m; η′ +m+ 1;

α2γ

1 + α2γ

)
, (A.14)

where α2 =
2

η−2 . Finally, we use the formula [23, 9.131.1] to rewrite the preceding expres-
sion as (A.15).

F
S̃IRk,ℓ

(γ) = 1−
nr−L∑
m=0

L−ℓ−1∑
n=0

2(−1)n

m ! (L− ℓ− 1) ! (ℓ− 1) !

· Γ(m+ L)

η (η′ +m)

(
L− ℓ− 1

n

)(
2γ

η − 2

)m

· 2F1

(
L+m,m+ η′;m+ η′ + 1;− 2γ

η − 2

)
(A.15)

Case 2: For ℓ = L

As previous case, the complement CDF of SIR can be written as follows

F
S̃IRk,L

(γ) =1−
∫ ∞

0

Γ
(
nr − L+ 1, v2γ 2πλ

η−2

)
Γ(nr − L+ 1)

2(πλ)L

(L− 1)!

· v2L−1e−πλv2dv. (A.16)

Note that by using [23, 8.352.2] we can expand the incomplete gamma function and then
the preceding integral can be written as follows

F
S̃IRk,L

(γ) = 1−
nr−L∑
m=0

2(πλ)L

(L− 1)!m!
(γα1)

m

·
∫ ∞

0
v2m+2L−1e−(πλ+α1γ)v2dv, (A.17)

where α1 = 2πλ
η−2 . After solving the integral by using [23, 3.351.3] and simplify the result,

the final expression can be written as (A.18).

F
S̃IRk,ℓ

(γ) = 1−
nr−L∑
m=0

(m+ L− 1)!

m ! (L− 1) !

( 2γ
η−2)

m

( 2γ
η−2 + 1)(m+L)

. (A.18)

A.3. Proof of (2.28) and (2.29)

The average rate can be computed by a integral which we provided in (2.26b).
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Case 1: For ℓ < L

C
lb
k,ℓ =

∫ ∞

0
1− F

S̃IRk,ℓ
(2γ − 1)dγ (A.19)

By substituting the complement CDF of SIR from (A.15) into the preceding expression,
we have

C
lb
k,ℓ =

nr−L∑
m=0

L−ℓ−1∑
n=0

2(−1)n

m ! (L− ℓ− 1) ! (ℓ− 1) !

Γ(m+ L)

η (η′ +m)

·
(
L− ℓ− 1

n

)∫ ∞

0
(α2(2

γ − 1))m

· 2F1

(
L+m,m+ η′;m+ η′ + 1;−(2γ − 1)α2

)
dγ. (A.20)

By changing 2γ − 1 → x and using of [23, 9.34.7] , the hypergeometric function can be
expressed in terms of the Meijer-G function as follows

C
lb
k,ℓ =

nr−L∑
m=0

L−ℓ−1∑
n=0

2(−1)n

m ! (L− ℓ− 1) ! (ℓ− 1) ! η

(
L− ℓ− 1

n

)
· log2(e)

∫ ∞

0
(α2x)

m+1(x+ 1)−1

·G1,2
2,2

(
−(m+ L),−m− η′

−1,−(m+ 1 + η′)

⏐⏐⏐⏐α2x

)
dx

and the preceding integral has the explicit solution in [23, 7.811.5] and is provided the final
expression in (2.28).

Case 2: For ℓ = L

C
lb
k,L =

∫ ∞

0
F c
S̃IRk,ℓ

(2γ − 1)dγ (A.21)

By changing varibale to 2γ → eγ , then the integral is rewritten as

C
lb
k,L =

nr−L∑
m=0

(m+ L− 1)!

m ! (L− 1) !

log2 e

yL

∫ ∞

0

e−γL(1− e−γ)m

(1 + 1−y
y e−γ)m+L

dγ. (A.22)

The integral can be solved by using of [23, 3.312.3] . The final expression for the integral
is

C
lb
k,L =

nr−L∑
m=0

(m+ L− 1)!

m ! (L− 1) !
log2(e)

Γ(L)Γ(m+ 1)

Γ(m+ L+ 1)

· 2F1

(
1, L;m+ L+ 1; 1− 2

η − 2

)
. (A.23)
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After simplification, the final expression for average rate for the last sub-stream will be
derived and be given by (2.29).

A.4. Proof of Theorem 1

Consider the L × L matrix T with (i, j) elements Ti,j = fi(xj), i ∈ [L], j ∈ [L]. The
elements Ti,j form a partially ordered set. By construction, two elements Ti,j and Ti,j′ on
the same row i are ordered such that Ti,j ≥ Ti,j′ for j ≤ j′, and two elements Ti,j and Ti′,j

on the same column j are ordered such that Ti,j ≥ Ti′,j for i ≥ i′.

Consider the Manhattan topology induced by the squared integer grid of the matrix
indices (similar to the moves of the Rook on a chess board). Any two elements in the
array are connected by a path formed by a horizontal move followed by a vertical move.
A horizontal move to the left decreases the column index. A vertical move down increases
the row index. Hence, the above inequalities imply that if two elements Ti,j and Ti′,j′ are
connected by a path formed by a left horizontal move followed by a down vertical move
(we write (i, j) ⊢ (←, ↓) ⊣ (i′, j′), we can conclude that Ti,j ≤ Ti′,j′ . In contrast, any move
containing a right horizontal move or an up vertical move does not lead to a necessary
ordering of the elements, since these moves go against the monotonicity of the elements in
the same row and in the same column given above.

Consider any permutation π ∈ Π, represented as L× L binary matrix Pπ with a single
1 in each row and column, where Πid is the identity matrix corresponding to the identity
permutation id. We denote by Sπ the support of Pπ, i.e., the list of the positions of
its “ones”, i.e., Sπ = {(i, j) : [Pπ]i,j = 1}. The set of values {fℓ(xπ(ℓ)) : ℓ ∈ [L]} are
obtained by retaining the elements of T corresponding to the “ones” of Pπ. In particular,
Tmin,π = min{Ti,j : (i, j) ∈ Sπ} is the minimum corresponding to permutation π appearing
in the right-hand side of (2.38). A transposition consists of exchanging two rows of Ππ.
Assume (i, j) ∈ Sπ and (i′, j′) ∈ Sπ, and consider the permutation π′ obtained from
π by transposition of rows i and i′. It follows that Sπ′ contains the same elements of
Sπ with the exception of (i, j), (i′, j′) which are replaced by (i, j′), (i′, j). The following
statement is immediate (details are omitted for the sake of space limitation): consider Pπ

and two positions (i, j) and (i′, j′) in its support Sπ and consider P′
π obtained from Pπ by

transposition of rows i and i′. If (i, j) ⊢ (←, ↓) ⊣ (i′, j′), then Tmin,π′ ≥ Tmin,π. We call such
transposition a minimum non-decreasing transposition. Notice that any permutation π ̸= id

has at least a pair of positions (i, j) and (i′, j′) in Sπ such that (i, j) ⊢ (←, ↓) ⊣ (i′, j′).
Hence, if π achieves the max in (2.38), then π′ obtained by minimum non-decreasing
transposition that exchanges rows i and j also achieves the same max-min. It follows
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Figure A.1.: Obtaining permutations of order L = 3 from the permutations of order L = 2 by
adding a row and a column (shaded).

that the Theorem 1 is proved by showing that any π can be transformed into the identity
permutation by a sequence of minimum non-decreasing transpositions.

The proof follows by induction. For L = 2,
[

0 1

1 0

]
can be turned into

[
1 0

0 1

]
by

transposing the rows, and obviously (1, 2) ⊢ (←, ↓) ⊣ (2, 1). Therefore, the statement holds
for L = 2. Suppose that the statement is proved for L− 1. Notice that we can obtain the
L! matrices of the order-L permutations from the (L − 1)! matrices of the order-(L − 1)

permutations by inserting an additional row in all possible positions and column in last
position with a single “one” at their intersection, to all the order-(L−1) matrices. Fig. A.1
shows this augmentation process to go from L = 2 to L = 3. For all order-L matrices with
the additional “one” in position (L,L) there is nothing to prove, since the (L−1)× (L−1)

upper left submatrix is an order-(L − 1) permutation matrix, that we can transform into
the identity by a sequence of minimum non-decreasing transpositions by the induction
assumption. For all order-L matrices with the additional “one” in position (i, L) for some
1 ≤ i ≤ L − 1, we notice that the last row must contain a “one” in position (L, j) for
j < L. Hence, (i, L) ⊢ (←, ↓) ⊣ (L, j), i.e., the transposition of rows L and i is minimum
non-decreasing. After such transposition, we have a one in position (L,L) and the upper
left (L−1)× (L−1) upper left submatrix is an order-(L−1) permutation matrix, that can
be transformed into the identity by a sequence of minimum non-decreasing transpositions.
This concludes the proof.
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B.1. Proposed Scheme by Independent Sets of Interference
Graph

In the following section, we show how to apply the optimization proposed in (4.10) to the
interference scenario. This section result can be obtained for very small network. Unfortu-
nately it has complexity of exponential. In this delivery scheme, users are divided into two
groups like avalanche scheme. The first group contains users without any interference and
the second group contains users who are receiving interference from neighboring helpers.
Helpers can serve non-interference users simultaneously. The detailed description is as
follows.

The number of multicast messages (each of which consists of F

(Lt′)
bits) for the non-

interference users connected to helper h is denoted by

Lh =
∑

r∈[L−t′]

|Pr,h|
(
L− r

t′

)
, (B.1)

where Pr,h represents the non-interference users connected to helper h which are in group
Pr, ℓ ∈ [L] (recall that Pr is the number of users in the ℓ-th group that have the same
cache content as defined in section 4.2.5). Assume without loss of generality that L1 ≥
L2 · · · ≥ LH . We define Dj := LH−j−1 − LH−j for j ∈ [H − 2] and Dj for j ∈ {0, H − 1}
will be defined later. For example, D1 = LH−2 − LH−1, DH−2 = L1 − L2.

The delivery phase is divided into H steps, each of which is denoted by step j where
j ∈ [0 : H]. We define Dj as the delivery time (the number of time slots to finish the
transmission, where the unit of time slot is one multicast message) of step j. For example,
if one step contains 3 time slots, where in the qth slot each of helper transmits one multicast
message (each of which consists of F

(Lt′)
bits), we say the delivery time of this step is 3. The

delivery scheme for step j is as follows.

• j = 0. During step 0, each helper h ∈ [H] serves its non-interference users (i.e., first
group users). At the end of step 0, helpers H and H − 1 finish the transmission for
their non-interference users. Here, we have D0 = LH−1.
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• j ∈ [H − 2]. At the beginning of step j, each helper in [H − j : H] has finished its
transmission for its non-interference users. During step j, each helper in [H − j − 1]

serves its unserved first group users. Meanwhile, helpers in [H − j : H] coordinately
serve the unserved second group users whose connected helpers are all in [H− j : H].
The transmission scheme for the second group users will be clarified later. Here, we
have Dj := LH−j−1 − LH−j , e.g., D1 = LH−2 − LH−1, DH−2 = L1 − L2.

• j = H−1. At the beginning of step H−1, all helpers have finished their transmissions
for non-interference users. During step H − 1, all helpers coordinately serve all
unserved second group users. The delivery time of step H − 1 is denoted by DH−1,
which will be explained later.

Hence, the total delivery time is
∑H−1

j=0 Dj = L1 +DH−1.
Now we describe our scheme to transmit packets from helpers in [H − j : H] to the

second group users in step j ∈ [H − 1]. The set of nodes (helpers) that are not causing
interference at the users side form an independent set, i.e., they have no common user. We
define the family of the independent sets for step j as

Ij = {R| R ⊆ [H − j : H], |Hk

⋂
R| ≤ 1 ∀k ∈ U[H−j:H]}, (B.2)

where US represents the set of users whose connected helpers are all in S ⊆ [H] (we do not
consider non-interference users in this set). In addition, for each h ∈ [H], we define

Ihj = {R ∈ Ij : h ∈ R}. (B.3)

We define the family of sets of interference users, which are to receive the coded multicast
messages. For sake of simplicity, for each h ∈ [H] we also define (whose meaning will be
explained in the following paragraph)

Ω′
h,j = {S1 ∈ Ω′ : Uh ∩ S1 ̸= ∅, (S1 ∩ Uh) \ U[H−j:H] = ∅}. (B.4)

We start from step j = 1. The set of bits transmitted by helper h ∈ {H,H − 1} in
this step is denoted by Bhj , where for each S ∈ Ω′

h,j ,
1 we generate |Xh

S | random linear
combinations of Xh

S , and put them in Bhj . The transmission is divided into |Ij | rounds,
where in each round we focus on one independent set R ∈ Ij , and let each helper h ∈ R
broadcast ȳhR,jF random linear combinations in Bhj , which are then removed from Bhj .

1 Uh ∩ S1 ̸= ∅ guarantees that Xh
S1

is useful to some user(s) connected to helper h. Notice that in step
j, helpers in [H − j − 1] are broadcasting packets to their non-interference users. Hence, these ȳh

R,j,S1

random linear combinations of Xh
S1

transmitted by helper h can be received without interference only
by its connected users who are not connected to any helper in [H− j− 1]. Thus we have the constraint
(S1 ∩ Uh) \ U[H−j:H] = ∅.
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In step j ∈ [2 : H − 1], for each h ∈ [H − j : H], the initial state of Bhj is Bhj−1, obtained

by the last step. In addition, for each S ∈
(
Ω′
h,j \ ∪q∈[j−1]Ω

′
h,q

)
, we generate |Xh

S | random

linear combinations of Xh
S and put them in Bhj . The transmission is also divided into |Ij |

rounds, where in each round we focus on one independent set R ∈ Ij , and let each helper
h ∈ R broadcast ȳhR,jF random linear combinations in Bhj , which are then removed from
Bhj .

Similarly, we repeat the above procedure until step H − 1. In the proposed linear
programming as follows, we search the optimal values of ȳhR,j which represents the delivery
time in step j for set R ∈ Ij . Notice that, in step 1, only helpers H and H − 1 broadcast
packets to their second group users, while in step 2, helpers in {H,H−1, H−2} broadcast
packets to their second group users, etc. In other words, for any helper h ∈ [H], it starts
to serve its second group user from step max{H − h, 1}.

minimize
yhS , ȳ

h
R,j :S∈Ω

′,

h∈[H],j∈[max{H−h,1}:H−1],R∈Ih
j

L1 +
∑

R∈I maxh∈R ȳhR,H−1(
L
t′

) (B.5a)

subject to 0 ≤ yhS ≤ 1, if h ∈ HS , ∀S ∈ Ω′, (B.5b)

yhS = 0, if h /∈ HS , ∀S ∈ Ω′, (B.5c)∑
S:k∈S,CS=T

∑
h∈Hk

yhS ≥ 1, ∀T ∈ Ψ, ∀k : ck ∈ T , (B.5d)

∑
R∈Ij

max
h∈R

ȳhR,j ≤ Dj , ∀j ∈ [H − 2], (B.5e)

∑
j∈[max{H−h,1}:H−1]

∑
R∈Ih

j

ȳhR,j =
∑

S∈Ω′:Uh∩S̸=∅

yhS , ∀h ∈ [H], (B.5f)

∑
j′∈[j]

∑
R∈Ij′ :h∈R

ȳhR,j′ ≤
∑

S∈Ω′
h,j

yhS , ∀j ∈ [H − 1], ∀h ∈ [H − j : H]. (B.5g)

In this optimization, the delivery time in step H − 1 is

DH−1 =
∑
R∈I

max
h∈R

ȳhR,H−1, (B.6)

and thus the objective function is as (B.5a). The constraint in (B.5d) represents the
decodibility condition for the users, i.e., each user k is able to recover Wdk,T \ℓ where
user k is with cache configuration ℓ. The constraint in (B.5e) follows that the number of
transmitted broadcasted packets by each helper in each step cannot exceed the delivery
time. The constraint in (B.5f) makes sure that the all requested multicast messages are sent,
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such that the proposed scheme is decodable. Lastly, the constraint in (B.5g) guarantees
that in step j ∈ [H − 1], each helper h ∈ [H − j : H] can only transmit the random
linear combinations in Bhj to its connected users who are not connected to any helper in
[H − j − 1], in order to avoid interference.
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