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ABSTRACT

We study relay and complete synchronization in a heterogeneous triplex network of discrete-time chaotic oscillators. A relay layer and two
outer layers, which are not directly coupled but interact via the relay layer, represent rings of nonlocally coupled two-dimensional maps. We
consider for the first time the case when the spatiotemporal dynamics of the relay layer is completely different from that of the outer layers.
Two different configurations of the triplex network are explored: when the relay layer consists of Lozi maps while the outer layers are given by
Henon maps and vice versa. Phase and amplitude chimera states are observed in the uncoupled Henon map ring, while solitary state regimes
are typical for the isolated Lozi map ring. We show for the first time relay synchronization of amplitude and phase chimeras, a solitary state
chimera, and solitary state regimes in the outer layers. We reveal regimes of complete synchronization for the chimera structures and solitary
state modes in all the three layers. We also analyze how the synchronization effects depend on the spatiotemporal dynamics of the relay layer
and construct phase diagrams in the parameter plane of inter-layer vs intra-layer coupling strength of the relay layer.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0008902

Synchronization in complex networks of coupled oscillators is
one of the most important phenomena of self-organization and
can be observed in natural, social, and technological systems.1–8

Recently, special attention has been given to the collective dynam-
ics and synchronization effects in multilayer and multiplex
networks,9–11 in which layers can exhibit different spatiotempo-
ral structures such as chimera states12–15 or solitary states.16,17

Remote or relay synchronization18 represents an important fea-
ture allowing distant control and coordination, which is par-
ticularly valuable in neurophysiology19–21 and communication
technology.22 This form of synchronization occurs between two
distant (outer) layers that are not directly coupled but mediated
by a relay (remote) layer. Very recently, relay synchronization
has attracted much interest, which is particularly related to the
discovery of chimera states,12,13 where a network spontaneously
splits into coexisting spatially localized clusters of elements with

incoherent and coherent dynamics, respectively. Remote synchro-
nization has been explored in multiplex networks of continuous-
and discrete-time systems,15,18,23,24 and for different types of
intra-layer architecture, e.g., scale-free or Erdös–Renyi,18 and ran-
dom topologies of small-world type.25 However, in these cases,
all layers consist of identical nodes with the same type of local
dynamics. In the present work, we study for the first time relay
and complete synchronization in a heterogeneous three-layer
network of chaotic maps. The system under study includes an
intermediate (relay) ensemble (layer) and two remote ensembles
(outer layers) that are symmetrically coupled with the relay layer.
All the three layers are represented by rings of nonlocally cou-
pled discrete-time oscillators but the individual dynamics of the
relay layer elements is completely different from that of the outer
layers. We consider two different configurations: when the indi-
vidual elements of the central layer and of the outer layers are
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described by Lozi maps and Henon maps, respectively, and vice
versa. This enables one to observe various types of spatiotemporal
structures, such as solitary states in the Lozi map ring,26–28 ampli-
tude, and phase chimeras in the Henon map ring,26–29 when the
subnetworks are uncoupled. In this work, we show for the first
time relay and complete synchronization of these structures and
a solitary state chimera,30,31 in a heterogeneous multiplex network
of discrete maps. We also analyze the role of the relay layer struc-
ture in forming synchronous patterns and observing relay and
complete synchronization.

I. INTRODUCTION

Over many years, collective dynamics of complex ensem-
bles of interacting subsystems has been a topic of special atten-
tion of experts in different scientific fields.1,32–38 This is related
to the fact that many phenomena in living and inanimate nature
occur due to the interaction between a large number of individ-
ual elements that are coupled with each other in different ways.
Of most interest are complex networks of nonlinear elements
that exhibit rich dynamics and various self-organization effects. A
prominent example is synchronization phenomena. Synchroniza-
tion is one of the most important nonlinear effects in nature and
technology.1–8 Synchronization phenomena take place both in self-
sustained oscillatory systems (synchronization of limit cycle,69,70

chaos synchronization6,71,72) and in application to spatiotemporal
structures in complex ensembles.1,4,7,8 Over the past two decades,
an important insight into the synchronization phenomena has been
related to the discovery of a so-called chimera state,12,13 which rep-
resents an intriguing example of partial spatial synchronization. The
chimera is a state where spatially localized coherent (synchronous)
and incoherent (asynchronous) clusters of oscillators coexist in the
network.12,13,39 Chimera states were first discovered in ensembles of
nonlocally coupled identical Kuramoto oscillators.12,39 Afterward,
they were found in networks of oscillatory systems with periodic
and chaotic dynamics,26–29,40–50 in neural networks,51–55 and also for
global and local coupling56–60 between the elements. Chimeras were
also observed in a number of experiments.61–68

Nowadays, the attention of researchers is focused on the
effects that can occur not only in isolated (individual) ensem-
bles but in large systems of interacting ensembles. The interac-
tion between ensembles (layers) in multilayer networks can lead
to different types of synchronization of complex spatiotempo-
ral structures, including chimeras, e.g., cluster synchronization,73,74

complete synchronization,75 generalized synchronization,76 phase
synchronization,77 external and mutual synchronization,78–80 explo-
sive synchronization,81–83 etc.

Recently, relay or remote synchronization has received spe-
cial attention of researchers. This form of synchronization takes
place between two distant nodes (elements) of a network, which
are not directly coupled but interact via an intermediate (relay)
node. Remote synchronization was first reported as one of the spe-
cific peculiarities of star-like networks. A star-like structure includes
a single hub node connected with several peripheral ones that
form star rays. Nodes which belong to different rays are not con-
nected with each other. The formation of synchronized clusters in

such star-like networks was considered in a number of papers.84–86

Remote (relay) synchronization occurs in networks of nonidenti-
cal self-sustained oscillators as phase synchronization of peripheral
nodes when the hub is not synchronized with them. This type
of synchronization was studied for starlike networks of periodic
oscillators,87 chaotic oscillators,88,89 van der Pol oscillators,90 and also
for scale-free networks.91

Remote synchronization has also been detected experimentally
in laser systems88 and circuits of chaotic oscillators.18,87,92 This type
of synchronization has an outstanding importance for exploring
the information transmission in brain networks.19–21 Recent stud-
ies have been addressed to relay synchronization in multiplex or
multilayer networks,15,18,22–24,93 where the individual layers can repre-
sent ensembles of continuous- or discrete-time systems and exhibit
complex spatiotemporal structures, including chimera states.15,23,24

Besides, it has been shown that relay synchronization occurs in mul-
tiplex networks with different types of intra-layer topology such as
scale-free or Erdös–Renyi,18 and random inhomogeneities of small-
world type.25 However, in all cases, both relay and remote layers are
represented by ensembles of the same type of oscillators.

The purpose of the present work is to study relay and com-
plete synchronization in a heterogeneous three-layer network of
discrete-time oscillators where the relay layer is completely differ-
ent in its spatiotemporal dynamics from that of the remote layers.
In our study, each layer is represented by a ring of nonlocally cou-
pled chaotic maps. As individual elements, we choose the Henon
map96 and the Lozi map.94 We explore two different configurations
of the triplex network: when the relay layer is described by a Lozi
map ring, while the outer layers are given by Henon map rings, and
vice versa. When the rings are uncoupled, the Henon map ensemble
demonstrates phase and amplitude chimera states,26–29 and the Lozi
map ring typically exhibits solitary states.26–28 We show for the first
time relay and complete synchronization of amplitude and phase
chimeras, a solitary state chimera,30,31 and solitary state regimes in
heterogeneous triplex networks of chaotic maps. We also analyze
how these synchronization effects depend on the spatiotemporal
structure in the relay layer and construct maps of synchronization
regimes in the parameter plane of inter-layer vs intra-layer coupling
strength of the relay layer.

II. MODEL

We study the dynamics of a multiplex network that consists of
three pairwise coupled subnetworks and is schematically pictured
in Fig. 1. Each layer is represented by a ring of nonlocally coupled
discrete-time oscillators (maps) in a chaotic regime. The consid-
ered triplex network is heterogeneous, i.e., the middle ring includes
elements that are completely different in their individual dynamics
from those of the outer layers that are in turn identical.

As individual elements we choose classical two-dimensional
chaotic discrete-time systems, the Lozi map,94

xL(n + 1) = fx(x
L(n), yL(n)) = 1 ! !|xL(n)| + yL(n),

yL(n + 1) = fy(x
L(n), yL(n)) = "xL(n), (1)
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FIG. 1. The scheme of the three-layer multiplex network given by system (3). The
index m denotes the layer number, and the intra-layer coupling is given by #m.
The outer layers m = 1 and m = 3 are pairwise and symmetrically coupled with
the middle layer m = 2 with the inter-layer coupling $ 12 and $ 32, respectively.

and the Henon map,71,96

xH(n + 1) = fx(x
H(n), yH(n)) = 1 ! !(xH(n))

2
+ yH(n),

yH(n + 1) = fy(x
H(n), yH(n)) = "xH(n). (2)

In both maps, xL,H, yL,H are dynamical variables, n denotes the dis-
crete time. The control parameters ! and " are fixed as ! = 1.4 and
" = 0.3, which correspond to chaotic dynamics in both individual
uncoupled maps.

The individual Lozi map (1) is known to be characterized by a
quasihyperbolic chaotic attractor.95 As was shown in Refs. 26–28, the
ring of nonlocally coupled Lozi maps demonstrates the transition
from complete coherence to incoherence through the appearance of
solitary states16 when the coupling strength between the elements
decreases.

The isolated Henon map (2) represents a classical example of
a discrete-time system with a nonhyperbolic chaotic attractor.6,96,97

When Henon maps are nonlocally coupled within a ring, the transi-
tion from complete chaotic synchronization to spatiotemporal chaos
is accompanied by the emergence of amplitude and phase chimera
states with decreasing coupling strength.26–28,46

The multiplex network schematically drawn in Fig. 1 is
described by the following system of equations:

xm
i (n + 1) = fx(x

m
i (n), ym

i (n)) +
#m

2Rm

i+Rm
!

j=i!Rm

[fx(x
m
j (n), ym

j (n))

! fx(x
m
i (n), ym

i (n))] +

3
!

l=1

$ mlGml
i (n), (3)

ym
i (n + 1) = fy(x

m
i (n), ym

i (n)),

FIG. 2. Examples of initial spatial distributions (snapshots) of the x values in
the Henon map ring (a) and the Lozi map ring (b) in the uncoupled outer layers
($ = 0) in network (3). Parameters: ! = 1.4, " = 0.3, R = 320, N = 1000,
and #1 = #3 = 0.31 (a) and #1 = #3 = 0.18 (b).

where m = 1, 2, 3 is the layer number, i = 1, 2, . . . , Nm is the node
number in each layer, and Nm = N = 1000 is the total number of
elements in each layer. Functions fx and fy are defined by the right-
hand parts of maps (1) and (2).

The layers in network (3) are pairwise and symmetrically cou-
pled in a triplex configuration. The inter-layer coupling is intro-
duced via the x variables and described by the third term in (3). $ ml

characterizes the inter-layer coupling strength between the individ-
ual elements of the corresponding layers m and l. Gml

i (n) represents
the inter-layer coupling function which is of dissipative nature and
is given as follows:

Gml
i (n) = fx(x

l
i(n), yl

i(n)) ! fx(x
m
i (n), ym

i (n)). (4)

By analogy with the work,24 we represent the inter-layer coupling
strength in the matrix form,

$ ml =

"

#

0 $ 12 0
$ 21 0 $ 23

0 $ 32 0

$

% , (5)

where the row and column numbers are related to the correspond-
ing layers. Thus, each element of matrix (5) describes the coupling
between the corresponding layers. In our numerical simulation,
the inter-layer coupling is chosen to be identical, $ 21 = $ 12 = $ 23

= $ 32 = $ .
The nonlocal intra-layer coupling in the mth layer is given by

the coupling strength #m and the coupling range Rm, i.e., the num-
ber of neighbors to which the ith element is coupled from each side
within the corresponding ring. The intra-layer coupling is given by
the second term in (3). In our numerics, the intra-coupling range is
fixed the same for all the layers, Rm = R = 320.

Before introducing the inter-laying coupling, the individual
uncoupled rings are iterated for the period of n = 4 " 104 time
units, which is treated as a transient process to achieve a steady-state
regime in each layer. The initial conditions for the x and y vari-
ables of the Lozi map ring are randomly distributed within the range
[!0.5; 0.5]. For the Henon map ring, the initial x and y values are
randomly chosen from the intervals [!0.5; 0.5] and [!0.15; 0.15],
respectively.

We consider two different situations: when the middle (relay)
layer is given by the Lozi map ring and the outer layers are described
by the Henon map rings [the Henon–Lozi–Henon (HLH) network],
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and vice versa [the Lozi–Henon–Lozi (LHL) network]. When the
layers are uncoupled, chimera states are observed in the Henon
map ring and a solitary state regime in the Lozi map ring. Figure 2
exemplifies typical steady-state spatiotemporal structures that are
established in the isolated Henon and Lozi rings when they are cho-
sen as outer layers, before the inter-layer coupling is switched on.
In this case, #1 = #3 = 0.31 for the Henon map rings and #1 = #3

= 0.18 for the Lozi map rings. As seen from Fig. 2(a), for the cho-
sen values of the intra-layer coupling, a combined chimera structure
is formed in the Henon map ring and consists of incoherence clus-
ters of the phase chimera (1 ! i ! 133, 320 ! i ! 524, and 988 ! i
! 1000) and of the amplitude chimera (720 ! i ! 850). The Lozi
map ring demonstrates a solitary state mode [Fig. 2(b)].

Since the ensembles in network (3) demonstrate complex
spatiotemporal structures of different types (amplitude and phase
chimeras, solitary states) when the layers are uncoupled, it is use-
ful to quantify the degree of synchronization of these structures
between the layers. For this purpose, we use the local time-averaged
variance of the instantaneous values of the x variables for each node
i of the corresponding layers,

%ml
i =

1

T

T
!

n=1

&

xm
i (n) ! xl

i(n)
'2

,

i = 1, 2, . . . , N. (6)

The synchronization effect (in its global sense) between two
layers in the triplex network (3) is measured using the variance of
the amplitudes, averaged over time and ensemble elements. This
quantity is defined as follows:

%ml =
1

N

N
!

i=1

(

1

T

T
!

n=1

&

xm
i (n) ! xl

i(n)
'2

)

, (7)

where the time-averaging is carried out over T = 104 iterations after
the transient process. This measure quantifies the global degree of
synchronization between the layers; it is zero for perfect synchro-
nization, and non-zero for desynchronization. It can be used to
evaluate the regime of synchronization (relay and complete) and
desynchronization when the inter-layer coupling $ is varied.

Taking into account the fact that we deal with a heteroge-
neous network, synchronization effects can be treated only in their
effective sense, i.e., a synchronization criterion must be specified.
We assume that layers m and l are synchronized if the following
condition is valid:

%ml < 0.005. (8)

This value is arbitrary, and any sufficiently small value of %ml may be
chosen as a threshold, but the results remain qualitatively the same.
If %13 < 0.005, %12 > 0.005 and %23 > 0.005, then the effective relay
synchronization appears in network (3). The effective complete syn-
chronization is observed in the system provided that %13 < 0.005,
%12 < 0.005, and %23 < 0.005. The same conditions are applied to the
local measure (6).

III. SYNCHRONIZATION IN THE HENON–LOZI–HENON
NETWORK

We first consider the triplex network (3) when the intermedi-
ate (relay) layer is represented by the Lozi map ensemble, while the
outer layers are given by the Henon map rings. We fix the intra-layer
coupling in the layers as follows: #1 = #3 = 0.31 and #2 = 0.14.
When the layers are uncoupled, the Henon map rings demonstrate
amplitude and phase chimeras as exemplified in Fig. 2(a), and the
Lozi map ring shows an incoherent solitary state regime.

We vary the inter-layer coupling $ and calculate the global
variance %ml according to Eq. (7) between the layers. The corre-
sponding dependences of %ml vs $ are plotted in Fig. 3 in a logarith-
mic scale and marked by different symbols for the corresponding
pairs of subnetworks. The inset shows a subrange in a linear scale.
Using these plots and applying the synchronization criterion (8),
we can define which kind of synchronization occurs in the network
(3). When the inter-layer coupling is sufficiently weak ($ < 0.14),
%ml > 0.005. This implies that the network (3) is desynchronized. At
$ = 0.14, the value of the global variance between the first and the
third layer %13 < 0.005 and thus satisfies the synchronization condi-
tion (8). At the same time, %12 and %23 > 0.005. This result indicates
the effective relay synchronization in the network (3). With increas-
ing $ > 0.14 up to $ = 0.6, %13 = 0 (they are shown in the inset in
Fig. 3), and thus we can conclude that full relay synchronization is
confidently detected and observed in the network (3). As is clearly
seen from the plot in Fig. 3, the measures %12 and %23 take small but
nonzero values (0.01) within the interval of the inter-layer coupling
$ variation [0.13, 0.32] and even grow for $ " 0.32. Thus, the global
variance between the first and the second layer and the second and
the third layer does not satisfy the synchronization condition (8).
Therefore, one can conclude that complete synchronization does not
occur in the Henon–Lozi–Henon network.

FIG. 3. Dependences of the global synchronization between the first and the third
layer measured by the variance %13 (red crosses), between the first and the second
layer %12 (black crosses), and between the second and the third layer %23 (black
circles) in the Henon–Lozi–Henon network vs the inter-layer coupling $ plotted in
a logarithmic scale. The inset shows the range of relay synchronization in a linear
scale. Parameters: #1 = #3 = 0.31, #2 = 0.14, R = 320, ! = 1.4, " = 0.3,
and N = 1000.

Chaos 30, 061104 (2020); doi: 10.1063/5.0008902 30, 061104-4

Published under license by AIP Publishing.

https://aip.scitation.org/journal/cha


Chaos ARTICLE scitation.org/journal/cha

Figure 4 shows snapshots of the dynamics of each layer (a)–(c)
and the local variance (6) between the first and the third layer %13

i

(d) and between the first and the second layer %12
i (e) for each node

i for three selected values of the inter-layer coupling $ (panels I, II,
and III) in the Henon–Lozi–Henon network. The results presented
in the first (I) panel in Fig. 4 correspond to a small value of the inter-
layer coupling $ = 0.07. As can be seen from Figs. 4,I(d) and 4,I(e),
all the elements of the network in the incoherent domains remain
practically desynchronized. Due to the interaction, the spatiotem-
poral regimes in the layers influence each other and start changing
significantly. The solitary states in the middle (relay) layer seem to
“push” certain elements of the first and third layers out of the coher-
ent mode [Figs. 4,I(a) and 4,I(c)]. The chimera states formed in the
outer layers distort the coherent parts in the relay layer and phase
chimeras are induced in the second layer [Fig. 4,I(b)]. Nevertheless,
one can observe that the synchronization condition (8) is satisfied
for the coherent parts of the outer layers %13

i < 0.005 [Fig. 4,I(d)]. In
this case, one can speak about partial relay synchronization as first
described in Ref. 23.

When the inter-layer coupling becomes stronger, $ = 0.23, full
relay synchronization takes place in the network as clearly depicted
in the second (II) panel in Fig. 4. The spatiotemporal structures
in the first and third layers are identical [Figs. 4,II(a) and 4,II(c)]

and the local synchronization measure %13
i # 0 [Fig. 4,II(d)] satis-

fies criterion (8). The influence of the relay layer structure, which
initially consists of solitary states, leads to the formation of solitary
state clusters in the outer layers. Such a structure represents a soli-
tary state chimera first reported in Refs. 30 and 31. In Figs. 4,II(a)
and 4,II(c) the incoherence cluster of the solitary state chimera
occupies the regions 20 ! i ! 120 and 920 ! i ! 990 and coex-
ists with the phase chimera (320 ! i ! 415 and 880 ! i ! 900) and
coherence regions. Thus, we demonstrate relay synchronization of
the solitary state chimera for the Henon–Lozi–Henon network for
the first time. It is also worth noting that the interaction between
the layers induces the appearance of a completely new structure
in the relay layer (in the Lozi map ring), a solitary state chimera
[Fig. 4,II(b)], which has never been observed in this ensemble with-
out inter-layer coupling. Although the spatial structure in the relay
layer [Fig. 4,II(b)] qualitatively repeats the modes in the outer lay-
ers, the global variances %12 = %23 = 0.009 642 (Fig. 3) do no satisfy
the synchronization condition (8). Thus, in this case and for these
parameter values, complete synchronization does not occur in the
considered network. Note that it is the solitary state chimera that is
least synchronized with the relay layer [Fig. 4,II(e)].

A further increase of the inter-layer coupling, $ = 0.48,
leads to the destruction of the chimera structures and transition

FIG. 4. Dynamics of the rings in the Henon–Lozi–Henon net-
work for different values of the inter-layer coupling $ : 0.07
(I panel), 0.23 (II panel), and 0.48 (III panel). (a)–(c) Snapshots
of x1

i
, x2

i
, x3

i
, local variance (6) between the first and the third

layer %13
i
(d), and between the first and the second layer %12

i
(e)

vs the element number i. Other parameters are as in Fig. 3.
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to completely incoherence regimes in all the three layers
[Figs. 4,III(a)–4,III(c)]. Nevertheless, similarly to the previous case
(Fig. 4,II), the skeleton of these modes remains chimera-like and
is defined by the initial chimera structures in the outer layers. The
phase chimera clusters become narrow, while the incoherence clus-
ters of the amplitude chimera occupy the most part of the ring
elements (1 ! i ! 325 and 355 ! i ! 945). Such regimes can be
observed within a narrow range of strong inter-layer coupling. Full
relay synchronization is well pronounced, %13

i # 0 [Fig. 4,III(d)],
while %12

i and %23
i have sufficiently large values [Fig. 4,III(e)].

The changes in the spatiotemporal structures in the network
layers described above are observed in the entire range of the intra-
layer coupling in the relay layer (#2 $ [0; 0.5]) and when the inter-
layer coupling increases. These modifications can be summarized
in the following sequence: emergence of a solitary state chimera
and relay synchronization of the phase and solitary state chimeras
% appearance of an amplitude chimera and relay synchronization
of the phase and amplitude chimeras % expanding of the ampli-
tude chimera and relay synchronization of the phase and amplitude
chimeras % relay synchronization of incoherence regimes. In addi-
tion, it is important to note that the structures in the outer layers (the
Henon map rings in the considered case) have a dominant effect in
the change of spatiotemporal regimes in all the three layers as the
inter-layer coupling strength increases.

We now analyze how the Henon–Lozi–Henon network
dynamics depends on the intra-layer coupling #2 of the relay layer
with increasing inter-layer coupling $ . The isolated Lozi map ring
can demonstrate coherent spatiotemporal regimes and solitary state
regimes as #2 decreases.27,28 For the chosen parameter values of
the Lozi map ring (! = 1.4, " = 0.3, and R = 320), a solitary state
regime is observed within the interval [0; 0.23].

Synchronization and desynchronization regions for the Henon–
Lozi–Henon network are shown in the ($ , #2) parameter plane in
Fig. 5. The layers are desynchronized in the white region, complete
synchronization is observed inside the red-hatched region 1, relay
synchronization occurs within the black-hatched region 2, and tra-
jectories diverge to infinity in the yellow region 3. As can be seen
from Fig. 5, complete synchronization is achieved within a bounded
range for the intra-layer coupling of the relay layer #2 $ [0.22; 0.48]
and characterized by threshold values and finite ranges for the inter-
layer coupling depending on #2 values. The value of #2 = 0.22 in the
isolated Lozi map ring is close to the boundary of transition from
solitary state regimes to coherence regimes with increasing #2. Relay
synchronization (region 2 in Fig. 5) is observed within a finite inter-
val of the inter-layer coupling $ $ [0.11, 0.65] and takes place for
any value of the intra-layer coupling #2 in the relay layer. The lat-
ter means that relay synchronization takes place independently of
which dynamical regime occurs in the relay layer. Moreover, the
boundary values of the relay synchronization region in the inter-
layer coupling do not practically change and only slightly fluctuate
depending on #2. Our calculations and Fig. 5 indicate that the
emergence of solitary states and an increase of their number with
decreasing intra-layer coupling #2 < 0.22 prevents complete syn-
chronization in the Henon–Lozi–Henon network but does not affect
relay synchronization of the outer layers. In our case, complete syn-
chronization occurs when coherence regimes are observed in the
relay layer.

FIG. 5. Synchronization and desynchronization regions for the
Henon–Lozi–Henon network in the ($ , #2) parameter plane. The white
region corresponds to desynchronized layers, red-hatched region 1 corresponds
to complete synchronization (%ml > 0.005), black-hatched region 2 relates to
relay synchronization (%13 < 0.005, %23 > 0.005, %13 > 0.005), and trajectories
diverge to infinity in yellow region 3. Other parameters are as in Fig. 3. Sampling
step-size in #2 and $ is 0.01. Averaging over three sets of random initial
conditions is used.

IV. SYNCHRONIZATION EFFECTS IN THE
LOZI–HENON–LOZI NETWORK

We now discuss the dynamics of the triplex network (3) in
the case when the relay layer is represented by the Henon map
ring and the outer layers by the Lozi map rings. When the subnet-
works are uncoupled, the Lozi map rings show solitary state regimes
as depicted in Fig. 2(b), and the Henon map ring demonstrates a
combined chimera structure at #2 = 0.13.

As in the previous case, we vary the inter-layer coupling
strength $ and calculate the global synchronization measure %ml (7)
for each pair of the subnetworks. The numerical results are pre-
sented in Fig. 6 in a logarithmic scale. The inset again shows a
subrange in a linear scale. As can be seen from the dependence
%13($ ) (red crosses in Fig. 6), the outer layers begin to synchronize
even for very weak coupling ($ # 0.10). The value of %13 is pre-
cisely zero within the range $ $ [0.10, 0.58], as can be seen in the
inset in Fig. 6. Full relay synchronization (%13 # 0) appears already
at $ # 0.1, which is less than in the case of the Henon–Lozi–Henon
network (Fig. 3). Besides, in this case, the effective complete syn-
chronization (%13 < 0.005, %23 < 0.005, and %13 < 0.005) is clearly
observed when the inter-layer coupling $ is varied within the inter-
val [0.21, 0.38]. A further increase in the inter-layer coupling leads
to the loss of complete synchronization, while relay synchronization
persists up to $ = 0.58.

The peculiarities of the Lozi–Henon–Lozi network dynamics
are illustrated in Fig. 7 by exemplary snapshots (a)–(c) and the local
synchronization measures %13

i (d) and %12
i (e) for three different val-

ues of the inter-layer coupling $ (panels I, II, and III). The first (I)
panel in Figs. 7,I(a)–7,I(e) shows numerical results for the case of
a very weak coupling between the layers $ = 0.05. It is seen that
all the layers are desynchronized. Increasing $ [Figs. 7,II(a)–7,II(e)
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FIG. 6. Synchronization between the first and the third layer measured by the
variance %13 (red crosses), between the first and the second layer %12 (black
crosses), and between the second and the third layer %23 (black circles) in
the Lozi–Henon–Lozi network vs the inter-layer coupling $ shown in a loga-
rithmic scale. The inset shows the range of relay synchronization in a linear
scale. Parameters: #1 = #3 = 0.18, #2 = 0.13, R = 320, ! = 1.4, " = 0.3,
and N = 1000.

for $ = 0.17] leads to a serious modification of the spatiotemporal
structures in all the three layers and the formation of an ampli-
tude chimera structure (incoherence clusters include nodes 1 ! i
! 120, 350 ! i ! 650, and 880 ! i ! 1000) coexisting with a finite
number of solitary states [Figs. 7,II(a)–7,II(c)]. Besides, as follows
from Fig. 7,II(d), full relay synchronization %13

i # 0 of such a com-
plex structure is clearly observed in the network, while there is no
complete synchronization, %12

i > 0.005 [Fig. 7,II(e)].
When the inter-layer coupling becomes stronger, e.g., $ = 0.36

(Fig. 7,III), the number of solitary states in all the three lay-
ers significantly increases and the chimera-like structure is com-
pletely destroyed [Figs. 7,III(a)–7,III(c)]. As in the previous case,
the dynamical regimes in the outer layers play a defining role
in forming spatiotemporal structures in the whole network with
increasing inter-layer coupling. As seen from Figs. 7,III(a)–7,III(e),
both relay and complete synchronization of the incoherence soli-
tary state regime are achieved in the Lozi–Henon–Lozi network.
Complete synchronization takes place since %12

i is less than 0.005
but not zero [Fig. 7,III(e)]. Note that in both networks, the oscil-
lators in the solitary state regime are characterized by larger val-
ues of the local variance (6) as compared with the other network
elements.

FIG. 7. Dynamics of the rings in the Lozi–Henon–Lozi net-
work for different values of the inter-layer coupling $ : 0.05 (I),
0.17 (II), and 0.36 (III). (a)–(c) Snapshots of x1

i
, x2

i
, x3

i
, local

variance (6) between the first and the third layer %13
i

(d), and

between the first and the second layer %12
i
(e) vs node index i.

Other parameters are as in Fig. 6.
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FIG. 8. Synchronization and desynchronization regions for the Lozi–Henon–Lozi
network in the ($ , #2) parameter plane. The notations are the same as in Fig. 5.
Other parameters are as in Fig. 6.

Now we vary the intra-layer coupling in the relay layer (#2)
and construct regions of synchronization and desynchronization
in the Lozi–Henon–Lozi network when the inter-layer coupling
$ increases. Results of the simulations are shown in the two-
dimensional diagram in Fig. 8, where the same notations are used as
in Fig. 5. As is seen from Fig. 8, relay synchronization is observed in
the Lozi–Henon–Lozi network within the whole range of intra-layer
coupling #2 $ [0, 0.5]. However, as compared with the previous
case (Fig. 5), both left and right boundaries of the inter-layer cou-
pling $ range are shifted toward smaller values and depend on
#2. For example, relay synchronization appears already at a very
small coupling strength $ # 0.05 when #2 is varied within the
interval [0.17, 0.35]. Note that amplitude and phase chimera states
are typically formed within that range in the individual uncou-
pled Henon map ring. Complete synchronization takes place in the
Lozi–Henon–Lozi network for almost the whole range of the intra-
layer coupling #2 (Fig. 8) starting with its very small value when
the elements in the relay layer are almost desynchronized. Unlike
the previous case (Fig. 5), the complete synchronization region for
the Lozi–Henon–Lozi network is larger in the inter-layer coupling
strength but its width strongly depends on #2. The widest ranges
of $ correspond to those values of #2 when chimera structures are
observed in the isolated Henon map ring.

V. CONCLUSION

We have demonstrated effects of relay and complete synchro-
nization in a heterogeneous multiplex network of three coupled
ensembles (layers) of chaotic oscillators. Each layer is represented
by a one-dimensional ring of nonlocally coupled two-dimensional
chaotic discrete-time systems. As individual elements, the Henon
and Lozi maps have been used. The individual Henon map ring
exhibits amplitude and phase chimera structures and the uncoupled
Lozi map ring typically demonstrates solitary state regimes. The two
outer layers in the triplex network have not been directly coupled
but interact via the intermediate (relay) layer. We have considered

two different cases, namely, when the relay layer is described by the
Henon map ring, while the outer layers are given by the Lozi map
rings, and vice versa. We have shown for the first time the possibil-
ity of achieving relay and complete synchronization of the amplitude
and solitary state chimera as well as solitary state regimes. We
have also analyzed how the heterogeneous triplex network dynamics
depends both on the inter-layer coupling $ and the intra-layer cou-
pling strength of the relay layer #2 and have defined the relay and
complete synchronization regimes in the ($ , #2) parameter plane.
The numerical results described in this paper can be treated as a
generalization of the findings obtained earlier for a three-layer mul-
tiplex network of nonlocally coupled logistic maps24 to the case of
a heterogeneous triplex network in which the outer and relay layers
consist of chaotic discrete-time oscillators with different individual
dynamics.
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