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Chapter 1

Introduction

In this introduction we will explain the ideas behind the results of this
thesis. We will restrict ourselves to the simplest case here in order to avoid
technicalities, i.e. we shall consider only classical i.i.d. stochastic processes
with finite alphabet. This is not a serious restriction since the interpretation
of the results remains unchanged in the ergodic quantum case, too. At the
same time instead of following always the shortest way of explanation we
will try to stay as close as possible to the arguments used in the proofs of
the main results in the quantum setting.
The classical results of this introduction are “folklore” of the information
theory and full proofs can be found in almost every book on the subject.

1.1 Entropy

The entropy of a probability distribution P on a finite set A, introduced by
Shannon, is defined as

H(P ) := −
∑

a∈A

P (a) log P (a) = EP (− log P ),

where EP denotes the expectation with respect to the distribution P . En-
tropy is one of the fundamental quantities in the information theory because
of its intimate connection to coding or data compression results. Following
the fundamental idea of information theory that each information theoretical
quantity obtains its full justification trough an appropriate limit theorem,
we start with law of large numbers for entropy called asymptotic equiparti-

tion property (AEP) or Shannon’s theorem. Consider the measurable space
[AZ,AZ] where AZ is the set consisting of two-sided infinite sequences with
components from A and A

Z denotes the σ-algebra generated by the cylinder
sets. Let P∞ be an i.i.d. probability measure on [AZ,AZ] with generating
distribution P . For each ε > 0 and each positive integer n we define the set
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of entropy typical sequences:

Tn,ε := {an ∈ An : | −
1

n
logP (n)(an) −H(P )| < ε}.

The law of large numbers guarantees that

lim
n→∞

P (n)(Tn,ε) = 1. (1.1)

Note that by definition of Tn,ε we have

e−n(H(P )+ε) < P (n)(an) < e−n(H(P )−ε) for all an ∈ Tn,ε, (1.2)

and since bounds on probability imply bounds on cardinality we obtain

en(H(P )−ε) < #Tn,ε < en(H(P )+ε), (1.3)

for sufficiently large n. The equations (1.1) and (1.3) state that the measure
P (n) is essentially carried by the set Tn,ε (see Figure 1.1) the cardinality of
which is exponentially smaller than that of An (except for the case where
P is the equidistribution). Moreover, the meaning of (1.2) is that the mea-
sure P (n) is “equipartitioned” over the set Tn,ε. From the data compression
point of view the AEP states that an asymptotically error-free information
compression at rate H(P ) is possible. On the other hand, (1.2) ensures that
an asymptotically error-free compression at a rate below H(P ) is impossi-
ble since all sequences in Tn,ε have probabilities of order e−nH(P ). In fact,
let us have a closer look at the data compression. We consider an encoder
fn : An → Bm and a decoder gn : Bm → An, where B = {0, 1}. The prob-
ability of error is given by P (n)({an : an 6= gn ◦ fn(an)}). Our task is to
find an encoder and a decoder such that the ratio m

n is as small as possible
while the probability of error should not exceed some prescribed ε ∈ (0, 1).
Observe now that the pairs (fn, gn) having error probabilities less or equal
ε correspond in one-to-one manner to sets A ⊂ An with P (n)(A) ≥ 1 − ε

and #A ≤ 2m. Hence, in order to study asymptotics of such codes we have
to consider the limiting behaviour of the following covering exponents

αε,n(P∞) := min{log2 #A : A ⊂ An, P (n)(A) ≥ 1 − ε},

for ε ∈ (0, 1). An easy application (cf. [24]) of the AEP shows that

lim
n→∞

1

n
αε,n(P∞) = H(P ) for all ε ∈ (0, 1). (1.4)

Setting m(ε, n) = [αε,n(P∞)] + 1 we obtain

lim
n→∞

m(ε, n)

n
= H(P ),
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i.e. the optimal asymptotic error-free coding scheme has the rate H(P ). This
consideration makes clear that, looking trough the data compressors eyes,
the AEP and (1.4) express the same fact. Indeed, as we indicated above the
AEP implies (1.4). The converse implication will be demonstrated in proof
of Lemma 2.3.5. We mention this fact because our proof of the Shannon-
McMillan theorem in the quantum case will be based to a substantial part
on the extension of the covering exponent idea to that more general situa-
tion. Another pillar in that proof will be the decomposition of the ergodic
quantum state under consideration into ergodic components with respect
to a subshift (cf. Theorem 2.2.1). This technique will help us to cope with
ergodicity problems arising in an approximation of the quantum state by a
appropriately chosen classical stochastic process.

An

T ,εn supp(P   )(n)

Figure 1.1: Entropy typical set Tn,ε

1.2 Relative Entropy or Kullback-Leibler Distance

The aim of this section is to describe, in an informal way, the main idea
behind the ergodic theorem for relative entropy. Again, we consider only
i.i.d. stochastic processes for simplicity.
When A is a finite set and P and Q are probability distributions on A the
relative entropy of P with respect to Q, introduced by Kullback and Leibler,
is given by

D(P,Q) :=
∑

a∈A

P (a) log
P (a)

Q(a)
.

Our task in the remainder of this section is to understand intuitively the
meaning of the relative entropy from the point of view of limit theorems.
To this end we have to consider stochastic processes consisting of infinitely
many independent repetitions of experiments governed by the probability
distributions P and Q. Let P∞ and Q∞ be i.i.d. probability measures on
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[AZ,AZ] with generating distributions P resp. Q, where AZ is the set of two-
sided infinite sequences with components from A and A

Z is the σ-algebra
generated by the cylinder sets. If we assume that P 6= Q then a simple
application of the law of large numbers shows that there is measurable set
S ⊂ AZ with the property that P∞(S) = 1 and Q∞(S) = 0, i. e. the
measures P∞ and Q∞ are mutually singular. Hence we can see that the
Q(n)-probability of the set of sequences which are frequency typical with
respect to P (n) approaches 0 as n becomes large. In other words, if we are
given a long sample an drawn from the set A and we are asked to decide
whether this sample is a realization of P∞ or Q∞ then, at least in principle,
we can make the right decision with high probability if n is large enough.
Our next goal is to understand the role played by the relative entropy in the
problem of discrimination between two i.i.d. probability measures described
above. Consider a frequency typical sequence an with respect to P (n). Since
Q(n) and P (n) are product measures we have

Q(n)(an) =
∏

a∈A

Q(a)nPan (a) = e−n(H(Pan )+D(Pan ,Q)),

P (n)(an) = e−n(H(Pan )+D(Pan ,P )), (1.5)

where Pan denotes the empirical distribution or the type of the sequence
an. We have H(Pan) ' H(P ), D(Pan , Q) ' D(P,Q) and D(Pan , P )) ' 0 if
n is large enough due to our assumption that an is frequency typical with
respect to P (n). Hence we are led naturally to the set

An,ε := Bn,ε ∩ Tn,ε(P ),

for ε > 0, where

Bn,ε := {an ∈ An : D(P,Q) − ε <
1

n
log

P (n)(an)

Q(n)(an)
< D(P,Q) + ε},

and Tn,ε(P ) denotes the set of entropy typical sequences with respect to P∞

defined in the previous section. Then one immediately sees that

lim
n→∞

P (n)(An,ε) = 1 and #An,ε ' e−nH(P ), (1.6)

for n large enough. Moreover for each an ∈ An,ε we have

Q(n)(an) ' e−n(H(P )+D(P,Q)) and P (n)(an) ' e−nH(P ), (1.7)

by definition of An,ε. Puting these pieces toghether we arrive at

Q(n)(An,ε) ' e−nD(P,Q). (1.8)

Clearly, we could derive the equations (1.6), (1.7) and (1.8) directly from
(1.5) but in the quantum case the analogues of the sets An,ε will serve
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as a substitute for frequency typical sets (even in the ergodic situation).
The equations (1.6), (1.7) and (1.8) express the validity of the AEP for

the relative entropy. Therefore, it is clear that there is no sequence (Bn)
of sets contained in An, respectively, whose P -probabilities are close to 1
but having Q-probabilities asymptotically substantially smaller than the
sequence (An,ε). To be precise, let ε ∈ (0, 1) and set

βε,n(P∞, Q∞) := min{logQ(n)(B) : B ⊂ An, P (n)(B) ≥ 1 − ε}. (1.9)

Then the heuristics above can be expressed in the statement that

lim
n→∞

1

n
βε,n(P∞, Q∞) = −D(P,Q), (1.10)

for each pair of i.i.d. measures P∞, Q∞ and all ε ∈ (0, 1). Sets obeying (1.8)
and whose P (n)-probability is close to 1 could be called maximally separating

subsets (cf. Figure 1.2).
Maximally separating subsets have a natural interpretation in the context
of statistical hypothesis testing. Suppose that a probability distribution of
interest is either P or Q and we have to decide between P and Q on the
basis of a sample of size n. A set B ⊂ An serves as a test in the sense that we
accept P if the sample belongs to B and else we accept Q. One important
task is then to minimize the Q(n)-probability of wrong decision subject to
the constraint P (n)(B) ≥ 1− ε. Hence we see that the maximally separating
subsets are just asymptotically optimal tests (cf. (1.9) and (1.10)).

 

n,T   (Q)ε

A ,εn

T   (P)n,ε

An

Figure 1.2: Maximally separating set An,ε

1.3 Data Processing Inequality for the Relative

Entropy

Let A, B be finite sets and let (W (b|a))a∈A,b∈B be a stochastic matrix or a
channel. Assume that the symbols from A are distributed either according to
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the distribution P or to Q. The output symbols, after passing the channel,
are then distributed either according to P̃ or to Q̃, where

P̃ (b) =
∑

a∈A

P (a)W (b|a) and Q̃(b) =
∑

a∈A

Q(a)W (b|a).

The data processing inequality for the relative entropy (or monotonicity of
the relative entropy) states that

D(P̃ , Q̃) ≤ D(P,Q), (1.11)

for all pairs of distributions P , Q on A and each channel W . In view of
the interpretation of the relative entropy as a measure of distinguishability
between two probability distributions described in the previous section the
output distributions of the channel are easier confusable than the input
distributions. Note that (1.11) is a trivial consequence of the elementary
log-sum inequality

l∑

i=1

ui log
ui

vi
≥

l∑

i=1

ui log

∑l
i=1 ui∑l
i=1 vi

,

where ui, vi, i = 1, . . . , l, are non-negative numbers.
The situation changes drastically if we pass to the quantum situation. Here,
we consider two density operators D1 andD2 acting on the finite dimensional
Hilbert space H1. The role of the stochastic matrix is played by a completely
positive trace preserving map T# transforming density operators on H1 into
density operators on a finite dimensional Hilbert space H2. Lindblad proved
in [15] that the monotonicity

S(T#(D1), T#(D2)) ≤ S(D1, D2), (1.12)

holds. Actually Lindblad showed that inequality for infinite dimensional
Hilbert spaces but we pay attention only to finite dimensional case for sim-
plicity. Lindblads proof uses the strong subadditivity of the von Neumann
entropy, a deep property of the quantum entropy which was shown by Lieb
and Ruskai in [14] using purely analytical tools. Subsequently many other
proofs were discovered but all of them have in common the usage of more or
less deep analytical considerations. In chapter 4 of this thesis we will present
a new proof of (1.12) which is more natural from the information theoretical
point of view. The crucial observation in our approach is that the quan-
tum analogue of the limit theorem stated in (1.10) relates the monotonicity
properties of the separation numbers βε,n in (1.9) to the monotonicity of
the relative entropy. This can be already demonstrated on the classical side,
to some extent, as follows: Consider an algebra of sets B which is coarser
then the algebra consisting of all subsets of A. Then it is obvious that we
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increase the separation numbers βε,n if we perform the minimization in (1.9)
only over the sets belonging to B. The limit assertion (1.10) then shows that

D(P � B, Q � B) ≤ D(P,Q).

Turning back to the quantum case we can see that the quantum analogue of
(1.10) will provide a opportunity to show the monotonicity of the quantum
relative entropy under restriction to subalgebras. But this will suffice since,
according to a well known result of Stinespring, each completely positive
trace preserving map can be represented as composition of three simple
maps:

• tensoring with a fixed ancilla state,

• global unitary evolution of the system under consideration and ancilla
state,

• restriction to a subalgebra (partial trace).

Observe that the relative entropy is invariant under the first two operations.
Hence the crucial operation is the restriction to subalgebras, described in
the third item, and we will be able to control the behaviour of the relative
entropy under restrictions to subalgebras by means of the limit theorem that
will be proved in chapter 4 below.
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Chapter 2

Quantum Version of the

Shannon-McMillan Theorem

In this chapter we will present the proof of the Shannnon-McMillan theorem
for ergodic quantum states which appeared in paper [2] by T. Krüger, Ra.
Siegmund-Schultze, A. Szko la and the author of this thesis. This theorem
states that, under the assumption of ergodicity, for large n-blocks the state
of the system is concentrated on a subspace whose dimension is of order ens

with s denoting the mean v. Neumann entropy of the system (to be defined
in the following section). Moreover, each minimal projection dominated by
the projection onto this subspace has expectation value with respect to the
state under consideration of order e−ns. Our proof of this theorem is in-
spired by the methods developed by Hiai and Petz in [8]. In that paper
Hiai and Petz considered the problem of discriminating between a com-
pletely ergodic state (i.e. the state is ergodic with respect to each power of
the shift) and a stationary product state, a problem closely related to the
quantum Shannon-McMillan theorem. They succeeded to derive upper and
lower bounds on the normalized separation numbers (or error probabilities
concerning correct discrimination) depending on the mean quantum relative
entropy and conjectured that the upper bound should be the limit of these
numbers (A proof of this conjecture is reproduced in the third chapter of
this thesis on the basis of joint work [4] with Ra. Siegmund-Schultze). Their
method of proof was to show that the quantum relative entropy on a large
l-block can be approximated well by the relative entropy of the states after
their restriction to an abelian algebra living on that l-block. The abelian
quasi-local algebra built up from this large abelian l-block-algebra and the
restriction of the states to this algebra provide a classical stochastic process
which is a good approximation of the original system. Now the assumption
of complete ergodicity ensures that this stochastic process is ergodic and
hence one can apply classical ergodic theorem for the relative entropy in
order to derive the result of Hiai and Petz above.
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Roughly, the Shannon McMillan theorem will be established if we can get rid
of the restrictive assumption that the system is completely ergodic and if we
can prove the conjecture of Hiai and Petz in this situaton for the stationary
product state being the tracial state (see the third section of this chapter).
Our basic tool to circumvent the assumption of complete ergodicity will be
Theorem 2.2.1.

2.1 The Set-up

In this section we recall, in an informal way, the notion of quasilocal
C∗-algebras over the lattice Z

ν . Moreover we fix the notations for this and
the remaining chapters of this thesis.

We consider the lattice Z
ν . To each lattice site x ∈ Z

ν we assign a
finite dimensional C∗-algebra Ax being ∗-isomorphic to a fixed finite
dimensional C∗-algebra A. Recall that each finite dimensional C ∗-algebra
A can be thought of as

⊕n
i=1 B(Hi) up to a ∗-isomorphism where the Hi

are finite dimensional Hilbert spaces and B(Hi) is the algebra of linear
operators on Hi. For a finite Λ ⊂ Z

ν the algebra of local observables
associated to Λ is defined by

AΛ :=
⊗

x∈Λ

Ax.

Clearly, this definition implies that for Λ ⊂ Λ′ we have AΛ′ = AΛ ⊗AΛ′\Λ.
Hence there is a canonical embedding of AΛ into AΛ′ given by a 7→ a⊗1Λ′\Λ

for a ∈ AΛ where 1Λ′\Λ denotes the identity of AΛ′\Λ. The quasilocal C∗-
algebra A∞ is the norm completion of the normed algebra

⋃
Λ⊂Zν AΛ where

the union is taken over all finite subsets Λ. For a precise definition of the
quasilocal algebra we refer to [7] and [22]. The group Z

ν acts in a natural way
on the quasilocal algebra A∞ as translations by x ∈ Z

ν . A translation T (x)
by x associates to an a ∈ AΛ the corresponding element T (x)a ∈ AΛ+x.
This mapping T (x) extends canonically to a ∗-automorphism on A∞ (cf.
[7], [22]).

A state ψ on A∞ is a linear, positive and unital mapping of A∞ into C.
Each state ψ on A∞ corresponds to a compatible family {ψ(Λ)}Λ⊂Zν ,#Λ<∞

where each ψ(Λ) denotes the restriction of ψ to the local algebra AΛ. The
compatibility means that ψ(Λ′) � AΛ = ψ(Λ) for Λ ⊂ Λ′. A state ψ is called
stationary or translationally invariant if ψ = ψ ◦ T (x) for all x ∈ Z

ν . The
convex set of stationary states is denoted by T (A∞) and is compact in the
weak∗-topology. The extremal points in T (A∞) are the ergodic states. The
basic theory of ergodic states is described in [7] and [22].

In this thesis the local sets Λ will mainly be boxes in Z
ν which are defined

12



for n = (n1, n2, . . . , nν) ∈ N
ν by

Λ(n) := {0, . . . , n1 − 1} × . . .× {0, . . . , nν − 1},

and the cubic boxes of edge length n ∈ N will be denoted by Λ(n). The local
algebras associated with Λ(n) will be denoted by A(n). In a similar fashion
we will denote the restriction of a given state ψ on A∞ to the local algebra
A(n) by ψ(n). A state ϕ ∈ T (A∞) is called a stationary product state if
ϕ(n) = (ϕ(1))⊗Λ(n) holds for each n ∈ N.

Recall that for every stationary state ψ on A∞ the mean von Neumann

entropy is defined by the limit

s(ψ) := lim
Λ(n)↗Nν

1

#Λ(n)
S(ψ(n)).

Here S(ψ(n)) denotes the von Neumann entropy of the state ψ(n) which is
given by

S(ψ(n)) := −trn(Dψ(n) logDψ(n)),

where trn denotes the trace on An. In the following we shall suppress the
index n to the traces whenever it is clear which local algebra is considered.

The mean relative entropy of a stationary state ψ with respect to the
stationary product state ϕ is defined by

s(ψ,ϕ) := lim
Λ(n)↗Nν

1

#Λ(n)
S(ψ(n), ϕ(n)) = sup

Λ(n)

1

#Λ(n)
S(ψ(n), ϕ(n)). (2.1)

The last equation is an easy consequence of the superadditivity of the relative
entropy of the state ψ(n) with respect to the product state ϕ(n). For the
convenience of the reader we recall the definition of the relative entropy of
the state σ on a finite dimensional C∗-algebra C with respect to the state τ :

S(σ, τ) :=

{
tr(Dσ(logDσ − logDτ )) if supp(σ) ≤ supp(τ)
∞ otherwise

where Dσ respectively Dτ denote the density operators of σ respectively τ

and supp(σ) is the support projection of the state σ. The important proper-
ties of the quantum relative entropy are summed up in the monograph [18]
by Ohya and Petz.

Let l ∈ N and consider the subgroup Gl := l · Zν of Z
ν. Later on we will

need the notion of the mean relative entropy of the Gl-stationary state ψ
with respect to the Gl-stationary product state ϕ given by

s(ψ,ϕ,Gl) := lim
Λ(n)↗Nν

1

#Λ(n)
S(ψ(ln), ϕ(ln)). (2.2)

Similarily, we set for a Gl-stationary state ψ

s(ψ,Gl) := lim
Λ(n)↗Nν

1

#Λ(n)
S(ψ(l·n)). (2.3)

Note that if all involved states are also stationary then the quantities
s(ψ,ϕ,Gl) resp. s(ψ,Gl) equal lνs(ψ,ϕ) resp. lν · s(ψ).
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2.2 An Ergodic Decomposition

As mentioned in the introduction to this chapter our proofs of the limit
theorems for the mean v. Neumann entropy as well as for the mean quantum
relative entropy will be based on an approximation by classical systems on
large boxes. If we would restrict our ergodic quantum state to this classical
approximation algebra we would obtain in general a non-ergodic state. The
reason for such behaviour is that an ergodic state may have periodicities
with respect to a subshift (in our case the action of the group Gl). This is
illustrated in the following
Examples: a) Let B = {0, 1}, consider BN equipped with the shift T

and the σ-algebra B
N generated by the cylinder sets. We then define the

probability measure P by

P =
1

2
δ(0,1,0,1,...) +

1

2
δ(1,0,1,0,...),

where δ’s on the right hand side denote Dirac probability measures carried
by the indicated points. Then it is obvious that the measure P is stationary,
non-ergodic with respect to T 2 and has T 2-ergodic components δ(0,1,0,1,...)
and δ(1,0,1,0,...). Observe that each T -invariant set A ∈ [BN, BN] containing
(0, 1, 0, 1, . . .) for example contains also (1, 0, 1, 0, . . .) and vice versa. Hence,
each T -invariant set A with P (A) > 0 fulfills P (A) = 1 which shows T -
ergodicity of P .
b) We can give even a much simpler example. Consider to this end a positive
integer n and the set {0, 1, . . . , 2n− 1} with the dynamics given by T (k) :=
k + 1 (mod 2n) for k ∈ {0, 1, . . . , 2n − 1}. It is obvious that the uniform
distribution P on {0, 1, . . . , 2n − 1} is T -ergodic. Clearly, the sets O and
E of odd and even numbers in {0, 1, . . . , 2n− 1} are T 2-invariant and have
probabilities which are neither 0 nor 1. The T 2-ergodic decomposition of P
is given by

P ( · ) =
1

2
P ( · |E) +

1

2
P ( · |O).

The following theorem provides a detailed description of ergodic states pos-
sessing periodicities with respect to a subshift: Each ergodic state on the
algebra A∞ can be decomposed into a finite number of Gl-ergodic com-
ponents, Gl being the group l · Z, l ∈ N, l > 1. Moreover, these ergodic
components have equal mean v. Neumann entropies and mean quantum rel-
ative entropies (a fact we will need in the third chapter). The first three
items of that theorem are from the paper [2] by T. Krüger, Ra. Siegmund-
Schultze, A. Szko la and the author. The last item is from the paper [4] by
Ra. Siegmund-Schultze and this author.

Theorem 2.2.1 Let ψ be an ergodic state on A∞. Then for every subgroup

Gl := l · Z
ν, with l > 1 an integer, there exists a k(l) ∈ N

ν and a unique

convex decomposition of ψ into Gl-ergodic states ψx:
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ψ =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψx. (2.4)

The Gl-ergodic decomposition (2.4) has the following properties:

1. kj(l) ≤ l and kj(l)|l for all j ∈ {1, . . . , ν}

2. {ψx}x∈Λ(k(l)) = {ψ0 ◦ T (−x)}x∈Λ(k(l))

3. For every Gl-ergodic state ψx in the convex decomposition (2.4) of ψ

the mean entropy with respect to Gl, s(ψx, Gl), is equal to the mean

entropy s(ψ,Gl), i.e.

s(ψx, Gl) = s(ψ,Gl) (2.5)

for all x ∈ Λ(k(l)).

4. For each Gl-ergodic state ψx in the convex decomposition (2.4) of ψ

and for every stationary product state ϕ with s(ψ,ϕ) < ∞, the mean

relative entropy with respect to Gl, s(ψx, ϕ,Gl), fulfills

s(ψx, ϕ,Gl) = s(ψ,ϕ,Gl) (2.6)

for all x ∈ Λ(k(l)).

Proof of Theorem 2.2.1: Let (Hψ, πψ,Ωψ, Uψ) be the GNS representation
of the C∗-dynamical system (A∞, ψ,Zν). Uψ is the unitary representation of
Z
ν on Hψ. Note that the Hilbert space Hψ is separable by GNS construction

since the algebra A∞ is separable. Recall the following properties of the GNS
quadruple for every x ∈ Z

ν:

Uψ(x)Ωψ = Ωψ, (2.7)

Uψ(x)πψ(a)U∗
ψ(x) = πψ(T (x)a), ∀a ∈ A∞. (2.8)

Define

Nψ,Gl
:= πψ(A∞) ∪ Uψ(Gl), (2.9)

Pψ,Gl
:= {P ∈ N ′

ψ,Gl
: P = P ∗ = P 2}. (2.10)

By ′ we denote the commutant. Observe that Nψ,Gl
is selfadjoint. Thus

N ′
ψ,Gl

(as the commutant of a selfadjoint set) is a von Neumann algebra.
Further it is a known result that N ′

ψ,Gl
is abelian, (cf. Proposition 4.3.7. in

[7] or Lemma IV.3.4 in [10]). This is essentially due to the fact that the
quasilocal algebra is by construction Gl asymptotically abelian. The details
can be found in the references quoted above.
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Consider some l > 1 such that ψ is not Gl-ergodic. (If there is no
such l the statement of the theorem is trivial.) This implies that Nψ,Gl

is
reducible ande hence that

Pψ,Gl
\{0,1} 6= ∅, (2.11)

holds.

Let I be a countable index set. An implication of the Z
ν-ergodicity

of the Gl-invariant ψ is the following:

{Qi}i∈I orthogonal partition of unity in N ′
ψ,Gl

=⇒ |I| ≤ lν . (2.12)

To see (2.12) observe at first that for any Q ∈ Pψ,Gl
\{0} the projection

Uψ(x)QU∗
ψ(x), x ∈ Λ(l), belongs to the abelian algebra N ′

ψ,Gl
, namely

πψ(a)Uψ(x)QU∗
ψ(x) = Uψ(x)πψ(T (−x)a)QU ∗

ψ(x) (by (2.8))

= Uψ(x)Qπψ(T (−x)a)U ∗
ψ(x)

= Uψ(x)QU∗
ψ(x)πψ(a) (by (2.8))

holds for every a ∈ A∞ and [Uψ(y), Uψ(x)QU∗
ψ(x)] = 0 is obvi-

ous by [Uψ(y), Uψ(x)] = 0 for all y ∈ Gl and x ∈ Z
ν . Thus

{Uψ(x)QU∗
ψ(x)}x∈Λ(l) is a family of mutually commuting projections. De-

fine Q̄ :=
∨

x∈Λ(l) Uψ(x)QU∗
ψ(x). Note that if Q ∈ Pψ,Gl

\{0} then for any
y ∈ Z

ν we have Uψ(y)QU∗
ψ(y) = Uψ(y(mod l))QU ∗

ψ(y(mod l)), where
l = (l, . . . , l) ∈ Z

ν. This means that {Uψ(y)Uψ(x)QU∗
ψ(x)U∗

ψ(y)}x∈Λ(l) =

{Uψ(x)QU∗
ψ(x)}x∈Λ(l) and consequently Q̄ is invariant under the action of

Uψ(Zν). From the Z
ν-ergodicity of ψ we deduce that Q̄ = 1. The Gelfand

isomorphism represents the projections Uψ(x)QU∗
ψ(x) as continuous charac-

teristic functions 1Qx on some compact (totally disconnected) space. Thus
Q̄ has the representation as

∨
x∈Λ(l) 1Qx

= 1S
x∈Λ(l)Qx

. If we translate back

the finite subadditivity of probability measures to the expectation values of
the projections Uψ(x)QU∗

ψ(x) we obtain:

1 = 〈Ωψ, Q̄Ωψ〉 ≤
∑

x∈Λ(l)

〈Ωψ, Uψ(x)QU∗
ψ(x)Ωψ〉

= lν · 〈Ωψ, QΩψ〉 (by (2.7)).

Thus (2.12) is clear.
Combining the results (2.11) and (2.12) we get the existence of an orthogonal
partition of unity {Pi}

nl−1
i=0 in nl ≤ lν minimal projections Pi ∈ Pψ,Gl

\{0,1}.
The abelianess of N ′

ψ,Gl
implies the uniqueness of the orthogonal partition
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of unity {Pi}
nl−1
i=0 . Further it follows that {Pi}

nl−1
i=0 is a generating subset for

Pψ,Gl
in the following sense:

Q ∈ Pψ,Gl
=⇒ ∃{Pij}

s≤nl−1
j=0 ⊂ Pψ,Gl

such that Q =

s∑

j=0

Pij . (2.13)

Define pi := 〈Ωψ, PiΩψ〉 and order the minimal projections Pi such that

p0 ≤ pi, ∀i ∈ {1, . . . , nl − 1}. (2.14)

Let
G(P0) := {x ∈ Z

ν : U(x)P0U
∗(x) = P0}.

Note that G(P0) is a subgroup of Z
ν and contains Gl, since P0 ∈ Pψ,Gl

. This
leads to the representation

G(P0) =

ν⊕

j=1

kj(l)Z, with kj(l)|l for all j ∈ {1, . . . , ν},

where the integers kj(l) are given by

kj(l) := min{xj : xj is the j-th component of x ∈ G(P0) and xj > 0}.

For P0, as an element of Pψ,Gl
, {Uψ(x)P0U

∗
ψ(x)}x∈Λ(k(l)) ⊆ Pψ,Gl

for
k(l) = (k1(l), . . . , kν(l)). Thus by (2.13) each Uψ(x)P0U

∗
ψ(x), x ∈ Λ(k(l)),

can be represented as a sum of minimal projections. But then by lin-
earity of the expectation values and the assumed ordering (2.14) each
Uψ(x)P0U

∗
ψ(x) must be a minimal projection for x ∈ Λ(k(l)). Other-

wise there would be a contradiction to 〈Ωψ, Uψ(x)P0U
∗
ψ(x)Ωψ〉 = p0. Con-

sequently {Uψ(x)P0U
∗
ψ(x)}x∈Λ(k(l)) ⊆ {Pi}

nl−1
i=0 . Consider the projection

P̄0 =
∑

x∈Λ(k(l)) Uψ(x)P0U
∗
ψ(x). Using the same argument as for Q̄, defined

a few lines above, we see that P̄0 is invariant under the action of Uψ(Zν)
and because of the Z

ν-ergodicity of ψ

P̄0 = 1.

It follows by the uniqueness of the orthogonal partition of unity

{Uψ(x)P0U
∗
ψ(x)}x∈Λ(k(l)) = {Pj}

nl−1
j=0 .

Obviously nl = #Λ(k(l)) and for each Pi, i ∈ {0, . . . , nl − 1}, there is only
one x ∈ Λ(k(l)) such that

Pi = Uψ(x)P0U
∗
ψ(x) =: Px. (2.15)

It follows pi = p0 for all i ∈ {0, . . . , nl − 1} and hence

pi =
1

nl
=

1

#Λ(k(l))
, i ∈ {0, . . . , nl − 1}.
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Finally, set for every x ∈ Λ(k(l))

ψx(a) := #Λ(k(l))〈Ωψ , Pxπψ(a)Ωψ〉, a ∈ A∞.

From (2.15), (2.7) and (2.8) we get

ψx(a) = #Λ(k(l))〈Ωψ , Pxπψ(a)Ωψ〉

= #Λ(k(l))〈Ωψ , P0πψ(T (−x)a)Ωψ〉

= ψ0(T (−x)a), a ∈ A∞,

hence
∑

x∈Λ(k(l))

〈Ωψ, Pxπψ(a)Ωψ〉 = 〈Ωψ, (
∑

x∈Λ(k(l))

Px)πψ(a)Ωψ〉

= ψ(a).

Thus we arrive at the convex decomposition of ψ:

ψ =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψ0 ◦ T (−x).

By construction this is a Gl-ergodic decomposition of ψ. It remains to prove
the fact that the mean entropies with respect to the lattice Gl are the same
for all Gl-ergodic components ψx.

Proof of item 3.: It is a well known result that the quantum mean entropy
with respect to a given lattice Gl is affine on the convex set of Gl-invariant
states, (cf. prop. 7.2.3 in [22]). Thus to prove (2.6) it is sufficient to show:

s(ψx, Gl) = s(ψ0, Gl), ∀x ∈ Λ(k(l)).

By the definition of the mean entropy this is equivalent to the statement

|S(ψ
(ln)
x ) − S(ψ

(ln)
0 )| = o(|n|) as n → ∞. (2.16)

This can be seen as follows: In view of the definition of ψ
(ln)
x we have

S(ψ
(ln)
x ) = S(ψ

(Λ(ln))
x ) = S(ψ

(Λ(ln)−x)
0 ). We introduce the box Λ̃ being con-

centric with Λ(ln), with all edges enlarged by l on both directions, i.e. an

l-neighborhood of Λ(ln). The two expressions S(ψ
(ln)
x ) and S(ψ

(ln)
0 ) are von

Neumann entropies of the restrictions of ψ
(eΛ)
0 to the smaller sets Λ(ln) and

Λ(ln) − x, respectively. On the other hand we consider the box Λ̂ being

concentric with Λ(ln) with all edges shortened by l at both sides. S(ψ
(bΛ)
0 ) is

the von Neumann entropy of ψ
(Λ(ln))
0 and ψ

(Λ(ln))
x after their restriction to

the set Λ̂. S(ψ
(Λ(ln))
x ) and S(ψ

(Λ(ln))
0 ) can be estimated simultaneously using

the subadditivity of the von Neumann entropy

S(ψ
(eΛ)
0 ) − log trΛ̃\Λ(ln)1 ≤ S(ψ

(ln)
\ ) ≤ S(ψ

(bΛ)
0 ) + log trΛ(ln)\bΛ1,
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where \ ∈ {x, 0}. Thus (2.16) is immediate.
Proof of item 4.: The proof of the last item is based on the monotonicity

of the relative entropy and the usage of item 2. of the theorem. For each

n ∈ N
ν and x ∈ Λ(k(l)) we have ψ

(Λ(ln))
x = ψ

(Λ(ln)−x)
0 by the second item.

We consider the box Λ̃(n) containing Λ(ln) and each Λ(ln) − x defined by

Λ̃(n) := {−l, . . . , ln1 − 1} × . . .× {−l, . . . , lnν − 1},

and the box Λ̂(n) contained in Λ(ln) and Λ(ln) − x given by

Λ̂(n) := {0, . . . , l(n1 − 1) − 1} × . . .× {0, . . . , l(nν − 1) − 1}.

The volumes of these boxes are asymptotically equivalent in the sense that
the quotient tends to one. Hence using the observation above and twice the
monotonicity of the relative entropy we obtain

S(ψ
(Λ̃(n))
0 , ϕ(Λ̃(n))) ≥ S(ψ

(Λ(ln)−x)
0 , ϕ(Λ(ln)−x))

= S(ψ
(Λ(ln))
x , ϕ(Λ(ln)−x))

≥ S(ψ
(Λ̂(n))
x , ϕ(Λ̂(n))).

After dividing by #Λ(n) and taking the limit Λ(n) ↗ N
ν this inequality

chain shows that
s(ψ0, ϕ,Gl) ≥ s(ψx, ϕ,Gl)

holds. A similar argument using ψ
(Λ(ln)+x)
x = ψ

(Λ(ln))
0 shows that the reverse

inequality is also valid. Hence we established

s(ψ0, ϕ,Gl) = s(ψx, ϕ,Gl).

Since the mean relative entropy is affine in its first argument on the set of
Gl-invariant states this implies

s(ψx, ϕ,Gl) = s(ψ,ϕ,Gl) = lνs(ψ,ϕ). �

2.3 Quantum Shannon-McMillan Theorem

We are now prepared to state and prove the main theorem of this chapter
(and perhaps of the whole thesis). This is the full extension of the funda-
mental Shannon-McMillan theorem of classical information theory to the
quantum mechanical setting. Note that this theorem is sometimes refered to
as asymptotic equipartition property (AEP).

Theorem 2.3.1 (Quantum Shannon-McMillan Theorem) Let ψ be

an ergodic state on A∞ with mean entropy s(ψ). Then for all δ > 0 there

is an Nδ ∈ N
ν such that for all n ∈ N

ν with Λ(n) ⊇ Λ(Nδ) there exists an

orthogonal projection pn(δ) ∈ A(n) such that
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1. ψ(n)(pn(δ)) ≥ 1 − δ,

2. for all minimal projections p ∈ A(n) with p ≤ pn(δ)

e−#(Λ(n))(s(ψ)+δ) < ψ(n)(p) < e−#(Λ(n))(s(ψ)−δ) ,

3. e#(Λ(n))(s(ψ)−δ) < trn(pn(δ)) < e#(Λ(n))(s(ψ)+δ) .

Remark: In complete analogy to the classical case the above theorem, in

particular item 2., expresses the AEP in a quantum context. As will be seen

in the proof of this theorem the typical subspace given by the projection

pn(δ) can be chosen as the linear hull of the eigenvectors of ψ(n) which have

eigenvalues of order e−#(Λ(n))s(ψ).

From the point of view of quantum data storage one is looking for
essentially carrying subspaces the dimension of which is as small as
possible. The circumstance that such subspaces have probability close to
1 ensures that the probability of decoding error vanishes asymptotically.
The requirement of small dimensionality for essentially carrying subspaces
leads to an reduction of resources needed for the data storage. Our next
proposition is the crucial step towards the precise quantitative statement of
the previously described intuition about quantum data compression. As the
following proofs will show, this proposition is equivalent to the quantum
Shannon-McMillan theorem.

For ε ∈ (0, 1) and n ∈ N
ν we define the dimension covering exponent

by

βε,n(ψ) := min{log tr(q) : q ∈ A(n) projection, ψ(n)(q) ≥ 1 − ε}. (2.17)

Proposition 2.3.2 Let ψ be an ergodic state on A∞ with mean entropy

s(ψ). Then for every ε ∈ (0, 1)

lim
Λ(n)↗Nν

1

#(Λ(n))
βε,n(ψ) = s(ψ). (2.18)

2.3.1 Proof of the Shannon-McMillan Theorem

A basic tool for the proof of the Shannon-McMillan theorem under the gen-
eral assumption of ergodicity is the structural assertion Theorem 2.2.1. It is
used to circumvent the complete ergodicity assumption made by Hiai and
Petz. The substitution of the quantum system by a classical approximation
on large boxes leads to an ergodicity problem for these classical approxima-
tions. Theorem 2.2.1 combined with the subsequent lemma allow to control
not only the mean (per site limit) entropies of the ergodic components (with
respect to the subshift generated by a large box), but also to cope with the
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obstacle that some of these components might have an atypical entropy on
this large but finite box. Using these prerequisites, we prove Lemma 2.3.4
which is the extension of the Hiai/Petz upper bound result to ergodic states.
Finally, from the simple probabilistic argument expressed in Lemma 2.3.5
we infer that the upper bound is really a limit.

In order to simplify our notation in the next lemma we introduce some
abbreviations. We choose a positive integer l and consider the decomposition
of an ergodic state ψ ∈ T (A∞) into states ψx being ergodic with respect to
the action of Gl, i.e. ψ = 1

#(Λ(k(l)))

∑
x∈Λ(k(l)) ψx. Then we set

s := s(ψ,Zν) = s(ψ),

i.e. the mean entropy of the state ψ computed with respect to Z
ν . Moreover

we set

s
(l)
x :=

1

#(Λ(l))
S(ψ

(Λ(l))
x ) and s(l) :=

1

#(Λ(l))
S(ψ(Λ(l))).

From the third item of Theorem 2.2.1 we know that

s(ψx, Gl) = s(ψ,Gl) = lν · s(ψ), ∀x ∈ Λ(k(l)). (2.19)

For η > 0 let us introduce the following set

Al,η := {x ∈ Λ(k(l)) : s
(l)
x ≥ s+ η}. (2.20)

By Acl,η we denote its complement. The following lemma states that the
density of Gl-ergodic components of ψ which have too large entropy on the
box of side length l vanishes asymptotically in l.

Lemma 2.3.3 If ψ is a Z
ν-ergodic state on A∞, then

lim
l→∞

#Al,η
#Λ(k(l))

= 0

holds for every η > 0.

Proof of Lemma 2.3.3: We suppose on the contrary that there is some

η0 > 0 such that lim supl
#Al,η0

#Λ(k(l)) = a > 0. Then there exists a subsequence

(lj) with the property

lim
j→∞

#Alj ,η0
#Λ(k(lj))

= a.

By the concavity of the von Neumann entropy we obtain

#Λ(k(lj)) · s
(lj) ≥

∑

x∈Λ(k(lj ))

s
(lj)
x

=
∑

x∈Alj ,η0

s
(lj)
x +

∑

x∈Ac
lj ,η0

s
(lj)
x

≥ #Alj ,η0 · (s+ η0) + #Aclj ,η0 · min
x∈Ac

lj ,η0

s
(lj)
x .
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Here we made use of (2.20) at the last step. Using that for the mean entropy
holds

s(ψx, Gl) = lim
Λ(m)↗Nν

1

#Λ(m)
S(ψ

(lm)
x ) = inf

Λ(m)

1

#Λ(m)
S(ψ

(lm)
x )

we obtain a further estimation for the second term on the right hand side:

#Aclj ,η0 · min
x∈Ac

lj ,η0

s
(lj)
x ≥ #Aclj ,η0 · min

x∈Ac
lj ,η0

1

lνj
s(ψx, Glj )

= #Aclj ,η0 · s(ψ) (by(2.19)).

After dividing #Λ(k(lj))·s
(lj) ≥ #Alj ,η0 ·(s+η0)+#Aclj ,η0 ·s(ψ) by #Λ(k(lj))

and taking limits we arrive at the following contradictory inequality:

s ≥ a(s+ η0) + (1 − a)s = s+ aη0 > s.

So, a = 0. �

Lemma 2.3.4 Let ψ be an ergodic state on A∞. Then for every ε ∈ (0, 1)

lim sup
Λ(n)↗Nν

1

#Λ(n)
βε,n(ψ) ≤ s(ψ).

Proof of Lemma 2.3.4: We fix ε > 0 and choose arbitrary η, δ > 0.
Consider the Gl-ergodic decomposition

ψ =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψx

of ψ for integers l ≥ 1. By Lemma 2.3.3 there is an integer L ≥ 1 such that
for any l ≥ L

ε

2
≥

1

#Λ(k(l))
#Al,η ≥ 0

holds, where Al,η is defined by (2.20). This inequality implies

1

#Λ(k(l))
#Acl,η · (1 −

ε

2
) ≥ 1 − ε. (2.21)

On the other hand by

S(ψ(n)) = inf{S(ψ(n) � B) : B maximal abelian C∗ − subalgebra of A(n)}

(cf. Theorem 11.9 in [17] and use the one-to-one correspondence between
maximal abelian ∗-subalgebras and orthogonal partitions of unity into
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minimal projections contained in A(n)) there exist maximal abelian C∗-
subalgebras Bx of AΛ(l) with the property

1

#Λ(l)
S(ψ

(Λ(l))
x � Bx) < s(ψ) + η, ∀ x ∈ Acl,η. (2.22)

We fix an l ≥ L and consider the abelian quasilocal C ∗-algebras B∞
x , con-

structed with Bx, as C∗-subalgebras of A∞ and set

mx := ψx � B∞
x and m

(n)
x := ψx � B

(n)
x

for x ∈ Acl,η and n ∈ N
ν . The states mx are Gl-ergodic since they are re-

strictions of Gl-ergodic states ψx on a quasilocal algebra. This easily follows
from Theorem 4.3.17. in [7]. Moreover, by the Gelfand isomorphism and
Riesz representation theorem, we can identify the states mx with probabil-
ity measures on corresponding (compact) maximal ideal spaces of B∞

x . By
commutativity and finite dimensionality of the algebras Bx these compact
spaces can be represented as BZ

ν

x with finite sets Bx for all x ∈ Acl,η. By the
Shannon-McMillan-Breiman theorem (cf. [20], [16])

lim
Λ(n)↗Nν

−
1

#Λ(n)
logm

(n)
x (ωn) = hx (2.23)

mx-almost surely and in L1(mx) for all x ∈ Acl,η, where hx denotes the

Kolmogorov-Sinai entropy of mx, and ωn ∈ Bx
Λ(n) are the components of

ω ∈ BZ
ν

x corresponding to the box Λ(n). Actually, as we shall see, we need
the theorem cited above only in its weaker form (convergence in probability)
known as Shannon-McMillan theorem. For each n and x ∈ Acl,η let

C
(n)
x := {ωn ∈ B

(n)
x : | −

1

#Λ(n)
logm

(n)
x (ωn) − hx| < δ}

= {ωn ∈ B
(n)
x : e−#Λ(n)·(hx+δ) < m

(n)
x (ωn) < e−#Λ(n)·(hx−δ)}.

Since lower bounds on the probability imply upper bounds on the cardinality
we obtain

#C
(n)
x = trn

(
p
(n)
x

)
≤ e#Λ(n)·(hx+δ) ≤ e#Λ(n)·(lν(s(ψ)+η)+δ) (2.24)

where p
(n)
x is the projection in B

(n)
x corresponding to the function 1

C
(n)
x

. In

the last inequality we have used that hx ≤ S(ψ
(Λ(l))
x � Bx) < lν(s(ψ) +η) for

all x ∈ Acl,η by

hx = lim
Λ(n)↗Nν

1

#Λ(n)
H(m

(n)
x ) = inf

Λ(n)

1

#Λ(n)
H(m

(n)
x ),
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(cf. [22]), and by (2.22). Here H denotes the Shannon entropy.
From (2.23) it follows that there is an N ∈ N (depending on l) such that for
all n ∈ N

ν with Λ(n) ⊃ Λ(N)

m
(n)
x (C

(n)
x ) ≥ 1 −

ε

2
, ∀ x ∈ Acl,η. (2.25)

For each y ∈ N
ν with yi ≥ Nl let yi = nil+ji, where ni ≥ N and 0 ≤ ji < l.

We set
q(ln) :=

∨

x∈Ac
l,η

p
(n)
x .

and denote by qy the embedding of q(ln) in A(y), i.e. qy = q(ln) ⊗1Λ(y)\Λ(ln).
By (2.25) and (2.21) we obtain

ψ(y)(qy) =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψ
(y)
x (qy)

≥
1

#Λ(k(l))
#Acl,η · (1 −

ε

2
) ≥ (1 − ε).

Thus the condition in the definition of βε,y(ψ) is satisfied. Moreover by the
definition of qy and (2.24)

βε,y(ψ) ≤ log try(qy) = log trln(q(ln)) + log(trΛ(y)\Λ(ln)(1Λ(y)\Λ(ln)))

≤ log(
∑

x∈Ac
l,η

e#Λ(n)·(hx+δ)) + log(trΛ(y)\Λ(ln)(1Λ(y)\Λ(ln)))

≤ log(#Acl,η · e
#Λ(n)(lν (s(ψ)+η)+δ)) (by (2.24))

+ log(trΛ(y)\Λ(ln)(1Λ(y)\Λ(ln)))

≤ log(#Acl,η) + #Λ(n)(lν(s(ψ) + η) + δ)

+ log(trΛ(y)\Λ(ln)(1Λ(y)\Λ(ln)))

≤ log(#Acl,η) + #Λ(ln)(s(ψ) + η +
δ

lν
)

+ log(trΛ(y)\Λ(ln)(1Λ(y)\Λ(ln))).

We can conclude from this that

lim sup
Λ(y)↗Nν

1

#(Λ(y))
βε,y(ψ) ≤ s(ψ) + η +

δ

lν
,

because #Acl,η does not depend on n and Λ(y) ↗ N
ν if and only if Λ(n) ↗

N
ν . This leads to

lim sup
Λ(y)↗Nν

1

#Λ(y)
βε,y(ψ) ≤ s(ψ),
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since η, δ > 0 were chosen arbitrarily. �

Let ν ∈ N. For n = (n1, . . . , nν) ∈ N
ν we define |n| :=

∏ν
i=1 ni and write

n → ∞ alternatively for Λ(n) ↗ N
ν . Further we introduce the notation

n ≥ m :⇐⇒ ni ≥ mi, ∀i ∈ {1, . . . , ν}.

Recall that for a probability distribution P on a finite set A the Shannon
entropy is defined by

H(P ) := −
∑

a∈A

P (a) log P (a).

Lemma 2.3.5 Let D > 0 and {(A(n), P (n))}n∈Nν be a family, where each

A(n) is a finite set with 1
|n| log #A(n) ≤ D for all n ∈ N

ν and P (n) is a

probability distribution on A(n). Define

αε,n(P (n)) := min{log #Ω : Ω ⊂ A(n), P (n)(Ω) ≥ 1 − ε}. (2.26)

If {(A(n), P (n))}n∈Nν satisfies the following two conditions:

1. limn→∞
1
|n|H(P (n)) = h <∞

2. lim supn→∞
1
|n|αε,n(P (n)) ≤ h, ∀ε ∈ (0, 1)

then for every ε ∈ (0, 1)

lim
n→∞

1

|n|
αε,n(P (n)) = h. (2.27)

Note that we do not expect either {A(n)}n∈Nν or {P (n)}n∈Nν to fulfill any
consistency conditions. We will see later on that this is the important point
for why Lemma 2.3.5 will be useful in the non-commutative setting.

Proof of Lemma 2.3.5: Let δ, σ > 0 and define

A
(n)
1 (σ) :=

{
a ∈ A(n) : P (n) (a) > e−|n|(h−σ)

}
,

A
(n)
2 (δ, σ) :=

{
a ∈ A(n) : e−|n|(h+δ) ≤ P (n) (a) ≤ e−|n|(h−σ)

}
,

A
(n)
3 (δ) :=

{
a ∈ A(n) : P (n) (a) < e−|n|(h+δ)

}
.

To see that lim
n→∞

P (n)
(
A

(n)
3 (δ)

)
= 0 assume the contrary and observe that

then there would exist infinitely many n ∈ N
ν such that P (n)(A

(n)
3 (δ0)) > ε,

for some δ0 > 0 and some ε ∈ (0, 1). Consider the subset Ω ε
2
,n of A(n) with
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Ω ε
2
,n = arg minα ε

2
,n(P (n)). Then we would have P (n)(A

(n)
3 (δ0) ∩ Ω ε

2
,n) ≥ ε

2
and hence

#Ω ε
2
,n ≥ #(A

(n)
3 (δ0) ∩ Ω ε

2
,n) ≥

ε

2
· e|n|(h+δ0),

for infinitely many n ∈ N
ν , which contradicts condition 2 in the lemma.

Furthermore the set A
(n)
3 (δ) cannot asymptotically contribute to the mean

entropy h since

−
1

|n|

∑

a∈A
(n)
3 (δ)

P (n) (a) logP (n) (a)

≤ −
1

|n|

∑

a∈A
(n)
3 (δ)

P (n) (a) log
1

#A
(n)
3 (δ)

Pn(An
3 (δ))

and

lim
n→∞

−
1

|n|

∑

a∈A
(n)
3 (δ)

P (n) (a) log
1

#A
(n)
3 (δ)

P (n)(A
(n)
3 (δ))

= lim
n→∞

(
P (n)(A

(n)
3 (δ))

log #A
(n)
3 (δ)

|n|
−
P (n)(A

(n)
3 (δ)) log P (n)(A

(n)
3 (δ))

|n|

)

= 0.

Here we used the fact that log #A(n)

|n| stays bounded and −
∑
pi log pi ≤

−
∑
pi log qi for finite vectors (pi) , (qi) with

∑
i pi =

∑
i qi ≤ 1 and

pi, qi ≥ 0. Since A
(n)
3 (δ) does not contribute to the entropy one easily

concludes that lim
n→∞

P (n)
(
A

(n)
1 (σ)

)
= 0 for all σ > 0 because otherwise

lim infn→∞
1
|n|H

(
P (n)

)
< h would hold. Recall that δ, σ > 0 were chosen

arbitrarily.
Thus setting δ = σ we obtain

lim
n→∞

P (n)
(
A

(n)
2 (δ)

)
= 1, ∀δ > 0. (2.28)

Consequently the lemma follows since P (n) (Ω) ≥ 1 − ε implies

P (n)
(

Ω ∩A
(n)
2 (δ)

)
≥ (1 − ε)2 for |n| sufficiently large and one needs

at least (1 − ε)2 · e|n|(h−δ) elements from A
(n)
2 (δ) to cover Ω ∩A

(n)
2 (δ) and δ

can be chosen arbitrarily small. �

Proof of Proposition 2.3.2: A(n) as a finite dimensional C∗-algebra

is isomorphic to a finite direct sum
⊕M

j=1 B(H
(n)
j ), where each H

(n)
j is a

Hilbert space with dimH
(n)
j = d

(n)
j < ∞ and any minimal projection in

A(n) is represented by a one-dimensional projection on H(n) :=
⊕M

j=1 H
(n)
j
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with dimH(n) =
∑M

j=1 d
(n)
j =: dn. Note that

⊕M
j=1 B(H

(n)
j ) ⊂ B(H(n)).

Consider the spectral representation of the density operator Dn of ψ(n) in
B(H(n)):

Dn =

dn∑

i=1

λ
(n)
i q

(n)
i ,

where each q
(n)
i is an one-dimensional projection. For n = (n1, . . . , nν) ∈ N

ν

let A(n) be the finite set consisting of these eigenprojections q
(n)
i of ψ(n), i.e.

A(n) := {q
(n)
i }dni=1. (2.29)

Let P (n) be the probability distribution on A(n) given by:

P (n)(q
(n)
i ) := ψ(n)(q

(n)
i ) = λ

(n)
i . (2.30)

Recall that |n| =
∏ν
i=1 ni. Let D := log(dimH(0)), then 1

|n| log #A(n) ≤ D

for all n ∈ N
ν . We show that the family {(A(n), P (n))}n∈Nν fulfills both

conditions in Lemma 2.3.5 and consequently

lim
n→∞

1

|n|
αε,n(P (n)) = lim

n→∞

1

|n|
H(P (n)), ∀ε ∈ (0, 1). (2.31)

It is clear that H(P (n)) = −
∑dn

i=1 λ
(n)
i log λ

(n)
i = S(ψ(n)). Thus

h := lim
n→∞

1

|n|
H(P (n)) = s(ψ). (2.32)

We assume that for each n ∈ N
ν the eigenvalues are listed in decreasing

order of magnitude, i.e.

λ
(n)
1 ≥ λ

(n)
2 ≥ . . . ≥ λ

(n)
dn
,

and define for ε ∈ (0, 1)

kε,n := min{k ∈ {1, . . . , dn} :
k∑

j=1

λ
(n)
j ≥ 1 − ε}.

Thus αε,n(P (n)) = log #({q
(n)
i }

kε,n

i=1 ) = log kε,n. We claim :

αε,n(P (n)) = βε,n(ψ(n)), ∀ε ∈ (0, 1). (2.33)

From ψ(n)(
∑kε,n

i=1 q
(n)
i ) ≥ 1 − ε and tr(

∑kε,n

i=1 q
(n)
i ) = kε,n it is obvious that

βε,n(ψ(n)) ≤ αε,n(P (n)).
Assume βε,n(ψ(n)) < αε,n(P (n)). Then there exists a projection q ∈ A(n)
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with ψ(n)(q) ≥ 1 − ε such that m := tr(q) < kε,n. Applying Ky Fan’s
maximum principle (cf. [1]) to the density operator Dn we infer the following
contradiction:

1 − ε ≤ ψ(n)(q) = tr(Dnq) ≤
m∑

i=1

λ
(n)
i < 1 − ε.

ψ is ergodic. Thus we can apply Lemma 2.3.4:

lim sup
Λ(n)↗Nν

1

#(Λ(n))
βε,n(ψ(n)) ≤ s(ψ), ∀ε ∈ (0, 1). (2.34)

Taking into account (2.33), (2.32), (2.34) and using that #Λ(n) = |n| we
obtain

lim sup
n→∞

1

|n|
αε,n(P (n)) ≤ h, ∀ε ∈ (0, 1). (2.35)

With (2.32) and (2.35) both conditions in Lemma 2.3.5 are satisfied. It
follows that (2.31) holds. Finally, the relations (2.33), (2.32) and (2.31) lead
to

lim
Λ(n)↗Nν

1

#(Λ(n))
βε,n(ψ) = s(ψ), ∀ε ∈ (0, 1). �

Proof of the Quantum Shannon-McMillan Theorem:
Fix δ > 0. We continue to use the family {(A(n), P (n))}n∈Nν and further
notations from the proof of Proposition 2.3.2. Choose some δ′ < δ. Let

A
(n)
2 (δ′) be the subset of A(n) defined in the proof of Lemma 2.3.5 with

h = s(ψ) (cf. (2.32)). Let In(δ′) := {i ∈ {1, . . . , dn} : qni ∈ A
(n)
2 (δ′)}. Set

pn(δ) =
∑

In(δ′)

qni .

By (2.28) there exists an Nδ ∈ N
ν such that pn(δ) is a projection with

ψ(n)(pn(δ)) = P (n)(A
(n)
2 (δ′)) ≥ 1 − δ, ∀n ≥ Nδ.

Any minimal projection p ∈ A(n) with p ≤ pn(δ) is represented as a one-
dimensional projection pf , f ∈ H(n), ‖f‖ = 1, such that f =

∑
i∈In(δ′) γie

n
i ,∑

i∈In(δ′) |γi|
2 = 1, where each eni is a normalized vector in the range of the

one-dimensional projections qni . Hence

ψ(n)(p) =
∑

i∈In(δ′)

|γi|
2λ

(n)
i

is a weighted average of the eigenvalues λ
(n)
i corresponding to the set

A
(n)
2 (δ′). Thus we obtain by the definition of this set

e−#Λ(n)(s(ψ)+δ) < ψ(n)(p) < e−#Λ(n)(s(ψ)−δ) . (2.36)
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Using the linearity of ψ(n) and applying (2.36) to the projections q
(n)
i we

arrive at the following estimation

e#Λ(n)(s(ψ)−δ) < tr(pn(δ)) < e#Λ(n)(s(ψ)+δ),

if n is large enough. We have shown all assertions of the theorem. �

2.4 Concluding Remarks

As mentioned in section 2.3, Proposition 2.3.2 should be seen just as a
reformulation of the Shannon-McMillan theorem suited for application to
problems of data compression. In fact, using the results of this chapter it
had been shown by A. Szko la and the author in [6] that there exist asymp-
totically error-free compression schemes for ergodic quantum sources at the
rate which is given by the mean von Neumann entropy. Moreover it had been
shown there that compression at a rate below mean von Neumann entropy
results in a decoding error (defined by an appropriate notion of fidelity) ap-
proaching 1. This extends the quantum data compression results of Jozsa
and Schumacher in [11], Petz and Mosonyi in [21] to ergodic sources. On the
other hand Kaltchenko and Yang [12] could show, on the basis of the results
and techniques presented in this chapter, the existence of projections typi-
cal for all ergodic states the mean von Neumann entropy of which does not
exceed some prescribed number r. This in turn demonstrates the possibility
of universal quantum data compression at rate r for all sources with mean
von Neumann entropy below r. These compression results are theoretical in
spirit and far from being algorithmically implemented.

Note that there is a sharper version of the quantum Shannon-McMillan
theorem which reduces to the famous Shannon-McMillan-Breiman theorem
in the classical case. The main idea behind this theorem is that the point-
wise (almost-sure) convergence can be reformulated in a finitary way: The
Shannon-McMillan theorem asserts the convergence of the normalized log-
arithms of individual probabilities to −h in probability, where h denotes
mean entropy. Breiman’s sharpening is obtained if we are able to show that
the entropy typical subsets, obtained in Shannon-McMillan theorem, can be
chained in the sense that projecting the entropy typical set of the block of
length n + 1 onto the first n coordinates produces the entropy typical set
of the n-block. It can be shown that Breiman’s theorem is equivalent to the
existence of chained high probability subsets fulfilling only the upper esti-
mate of the AEP concerning probabilities of the minimal typical projections
while having cardinalities of the order enh of typical n-blocks, where h de-
notes the entropy of the process. This reformulation is suited for extending of
Breiman’s theorem to the quantum situation where the notion of the realiza-
tion (or trajectory) of the process does not make sense. A quantum version
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of Breiman’s theorem was proved by T. Krüger, Ra. Siegmund-Schultze, A
Szko la and the author in [3]
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Chapter 3

Limit Theorems for the

Quantum Relative Entropy

In this chapter we shall give a proof of the Hiai-Petz conjecture we described
in the introduction to chapter 2. Moreover from our proof of that conjec-
ture we will infer the validity of the asymptotic equipartition property for
the mean quantum relative entropy (quantum relative AEP) containing the
quantum Shannon-McMillan theorem as a special case. The results in this
chapter are from the paper [4] by Ra. Siegmund-Schultze and the author.

3.1 Quantum Stein’s Lemma and the Relative

AEP

The basic quantity in this section is given by

βε,n(ψ,ϕ) := min{log ϕ(n)(q) : q ∈ A(n) projection, ψ(n)(q) ≥ 1 − ε}, (3.1)

where ε ∈ (0, 1) and ψ,ϕ ∈ T (A∞). The quantities appearing in (3.1) have a
natural interpretation from the point of view of quantum statistical hypoth-
esis testing. Assume that under the hypothesis H1 the state of the system
is given by ψ(n) and under the hypothesis H2 the state is given by ϕ(n). A
projection q ∈ A(n) can be thought of as a decision rule: If a measurement
of the projection q on the system under consideration has outcome 1, then
the hypothesis H1 is accepted and the measurement outcome 0 implies that
H2 is accepted. The quantities ψ(n)(1− q) and ϕ(n)(q) respectively describe
the probabilities for the occurrence of the eigenvalue 0 respectively 1 if the
hypothesis H1 respectively H2 was accepted, i.e. the error probabilities. The
following theorem had been conjectured by Hiai and Petz in [8].

Theorem 3.1.1 Let ψ be an ergodic state and let ϕ be a stationary product

state on A∞ with mean relative entropy s(ψ,ϕ) <∞. Then for all ε ∈ (0, 1)
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we have

lim
Λ(n)↗Nν

1

#Λ(n)
βε,n(ψ,ϕ) = −s(ψ,ϕ).

The fact that in the case where both states are stationary product states
the limit of 1

#Λ(n)βε,n(ψ,ϕ) exists and equals −s(ψ,ϕ), had been shown by

Ogawa and Nagaoka in [19]. Their proof requires some deeper properties
of so called quasi-entropies which are quantities defined analogously to the
relative entropy where an arbitrary operator convex function is used in their
definition instead of the function − log x. We shall derive now the existence
of the limit in the general case. As an instrument we will use some abelian
approximation of all relevant quantities.

Projections q in (3.1) for which ϕ(n)(q) is of the order e−#Λ(n)s(ψ,ϕ) and
for which ψ(q) ≥ 1 − ε could be called maximally separating projections

and their range could be denoted as maximally separating subspace. The
proof of this theorem reveals some additional information about maximally
separating projections, which is collected in the following

Theorem 3.1.2 (quantum relative AEP) Let ψ be an ergodic state with

mean entropy s(ψ) and let ϕ be a stationary product state on A∞ with mean

relative entropy s(ψ,ϕ) < ∞. Then for all ε > 0 there is an Nε ∈ N
ν such

that for all n ∈ N
ν with Λ(n) ⊇ Λ(Nε) there exists an orthogonal projection

pn(ε) ∈ A(n) such that

1. ψ(n)(pn(ε)) ≥ 1 − ε,

2. for all minimal projections p ∈ A(n) with p ≤ pn(ε) we have

e−#(Λ(n))(s(ψ)+ε) < ψ(n)(p) < e−#(Λ(n))(s(ψ)−ε) ,

and consequently e#(Λ(n))(s(ψ)−ε) < trn(pn(ε)) < e#(Λ(n))(s(ψ)+ε) .

3. for all minimal projections p ∈ A(n) with p ≤ pn(ε) we have

e−#(Λ(n))(s(ψ)+s(ψ,ϕ)+ε) < ϕ(n)(p) < e−#(Λ(n))(s(ψ)+s(ψ,ϕ)−ε) ,

and consequently

e−#(Λ(n))(s(ψ,ϕ)+ε) < ϕ(n)(pn(ε)) < e−#(Λ(n))(s(ψ,ϕ)−ε) .

In the case that the state ϕ is the tracial state on A∞ Theorem 3.1.2
above is equivalent to the quantum version of the Shannon-McMillan theo-
rem proved in chapter 2 of this thesis.

The proof of Theorem 3.1.1 will make use of a classical law of large
numbers for the (classical) mean relative entropy.
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Theorem 3.1.3 Let A be a finite set and P respectively Q be an ergodic

respectively an i.i.d. probability measure on [AZ
ν
,AZ

ν
], where A

Z
ν

is the σ-

algebra generated by the cylinder sets. We have

lim
Λ(n)↗Nν

1

#Λ(n)
log

P (n)(ωn)

Q(n)(ωn)
= DM (P,Q) P − almost surely, (3.2)

where DM (P,Q) denotes the mean relative entropy of P with respect to Q

and ωn ∈ AΛ(n) are the components of ω ∈ AZν
corresponding to the box

Λ(n).

The proof of this classical assertion is an elementary application of the
Shannon-McMillan-Breiman theorem and the individual ergodic theorem.
The higher dimensional versions of these theorems needed in the present
situation can be found in the article [20] by Ornstein and Weiss. A full proof
of Theorem 3.1.3 is given in appendix B.
Convention: Due to our assumption s(ψ,ϕ) < ∞ we suppose w.l.o.g. in
the following proofs that the state ϕ(1) is faithful.

3.1.1 Proof of the Quantum Stein’s Lemma

An important ingredient in our proof of the Theorem 3.1.1 is a result proved
by Hiai and Petz in [8]. The starting point is the spectral decomposition of
the density operator Dϕ(1) corresponding to the state ϕ(1) on A:

Dϕ(1) =

d∑

i=1

λiei,

where ei are one-dimensional projections. Clearly, the spectral representa-
tion of the tensor product of Dϕ(1) over a box Λ(y) can be written as

Dϕ(y) =

d∑

i1,...,iN(y)=1

λi1 · · · λiN(y)
ei1 ⊗ . . .⊗ eiN(y)

,

where we have chosen some enumeration {1, . . . , N(y)} of the points belong-
ing to the box Λ(y). We have N(y) = y1 · . . . · yν . Collecting all one dimen-
sional projections ei1 ⊗ . . .⊗ eiN(y)

which correspond to the same eigenvalue
of Dϕ(y) we can rewrite the last expression as

Dϕ(y) =
∑

n1,...nd:n1+...+nd=N(y)

(
d∏

k=1

λnk

k

)
pn1,...nd

, (3.3)

with
pn1,...nd

:=
∑

(i1,...,iN(y))∈In1,...nd

ei1 ⊗ . . . ⊗ eiN(y)
,
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where

In1,...nd
:= {(i1, . . . , iN(y)) : #{j : ij = k} = nk for 1 ≤ k ≤ d}.

We define the conditional expectation with respect to the trace by

Ey : A(y) →
⊕

n1,...,nd: n1+...+nd=N(y)

pn1,...,nd
A(y)pn1,...,nd

,

Ey(a) :=
∑

n1,...,nd: n1+...+nd=N(y)

pn1,...,nd
a pn1,...,nd

. (3.4)

We are prepared to state the announced important result of Hiai and Petz,
Lemma 3.1 and Lemma 3.2 in [8].

Theorem 3.1.4 If ψ is a stationary state on A∞ and Dy is the abelian sub-

algebra of A(y) generated by {pn1,...nd
Dψ(y)pn1,...nd

}n1,...,nd
∪{pn1,...nd

}n1,...,nd

then

S(ψ(y), ϕ(y)) = S(ψ(y) � Dy, ϕ
(y) � Dy) + S(ψ(y) ◦Ey) − S(ψ(y)),

and

S(ψ(y) ◦ Ey) − S(ψ(y)) ≤ d log(#Λ(y) + 1). (3.5)

Consequently we have

lim
Λ(y)↗Nν

1

#Λ(y)
S(ψ(y) � Dy, ϕ

(y) � Dy) = s(ψ,ϕ). (3.6)

Remark This theorem had been proved by Hiai and Petz in [8] for the
one-dimensional lattice. A simplified proof appeared in the work [5] by Ra.
Siegmund-Schultze and this author which is reproduced in appendix A. How-
ever, both proofs extend canonically to the present situation.
Any abelian algebra Dy in Theorem 3.1.4 can be represented as

Dy =

ay⊕

i=1

C · fy,i (3.7)

where {fy,i}
ay
i=1 is the set of orthogonal minimal projections in Dy. For any

y we introduce a maximally abelian refinement By of Dy by splitting each
fy,i into a sum of orthogonal and minimal (in the sense of the algebra A(y))
projections gy,i,j which leads to the representation

By =

ay⊕

i=1

by,i⊕

j=1

C · gy,i,j. (3.8)
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By the monotonicity of the relative entropy we get

S(ψ(y) � Dy, ϕ
(y) � Dy) ≤ S(ψ(y) � By, ϕ

(y) � By) ≤ S(ψ(y), ϕ(y)), (3.9)

from which we deduce

lim
Λ(y)↗Nν

1

#Λ(y)
S(ψ(y) � By, ϕ

(y) � By) = s(ψ,ϕ), (3.10)

by (3.6).
We choose a positive integer l and consider the decomposition of ψ

into states ψx being ergodic with respect to the action of Gl, i.e. ψ =
1

#Λ(k(l))

∑
x∈Λ(k(l)) ψx in accordance with Theorem 2.2.1. Moreover, we con-

sider a stationary product state ϕ. Note that this state is Gl-ergodic for each
l ∈ Z. In order to keep our notation transparent we agree on the following
abbreviations:

s := s(ψ,ϕ,Zν) = s(ψ,ϕ),

i.e. the mean relative entropy of the state ψ computed with respect to Z
ν.

We write Bl for B(l,l,...,l) and set

s
(l)
x :=

1

#Λ(l)
S(ψ

(Λ(l))
x � Bl, ϕ

(Λ(l)) � Bl)

and

s(l) :=
1

#Λ(l)
S(ψ(Λ(l)) � Bl, ϕ

(Λ(l)) � Bl).

From the Theorem 2.2.1 we know that

s(ψx, ϕ,Gl) = s(ψ,ϕ,Gl) = lν · s(ψ,ϕ), ∀x ∈ Λ(k(l)). (3.11)

For an arbitrarily chosen η > 0 let us define the set

Al,η := {x ∈ Λ(k(l)) : s
(l)
x < s− η}. (3.12)

By Acl,η we denote its complement. In the next lemma we shall show that
the essential part of Gl-ergodic components of ψ have the entropy per site
close to s as l becomes large, even if we restrict them to the abelian algebras
Bl.

Lemma 3.1.5 If ψ is a Z
ν-ergodic state and ϕ a stationary product state

on A∞ and if s(ψ,ϕ) <∞, then

lim
l→∞

#Al,η
#Λ(k(l))

= 0

holds for every η > 0.
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Proof of Lemma 3.1.5: We suppose, on the contrary, that there exists

some η0 > 0 such that lim supl
#Al,η0

#Λ(k(l)) = a > 0. Then we can select a

subsequence, which we denote again by (l) for simplicity, with the property

lim
l→∞

#Al,η0
#Λ(k(l))

= a.

Using joint convexity of the relative entropy we have the following estimate:

#Λ(k(l)) · s(l) ≤
∑

x∈Λ(k(l))

s
(l)
x

=
∑

x∈Al,η0

s
(l)
x +

∑

x∈Ac
l,η0

s
(l)
x

< #Al,η0 · (s− η0) + #Acl,η0 · max
x∈Ac

l,η0

s
(l)
x (by 3.12)

(3.13)

Employing that for the mean entropy

s
(l)
x ≤

1

#Λ(l)
S(ψ

(Λ(l))
x , ϕ(Λ(l))) (by the monotonicity)

and

s(ψx, ϕ,Gl) = lim
Λ(m)↗Nν

1

#Λ(m)
S(ψ

(lm)
x , ϕ(lm))

= sup
Λ(m)

1

#Λ(m)
S(ψ

(lm)
x , ϕ(lm))

are fulfilled, we obtain an upper bound for the last term in (3.13):

#Acl,η0 · max
x∈Ac

l,η0

s
(l)
x ≤ #Acl,η0 · max

x∈Ac
l,η0

1

lν
s(ψx, ϕ,Gl)

= #Acl,η0 · s(ψ,ϕ) (by (3.11)).

Inserting this in (3.13) and dividing by #Λ(k(l)) we obtain

s(l) <
#Al,η0

#Λ(k(l))
(s− η0) +

#Acl,η0
#Λ(k(l))

s.

And after taking limits we arrive at the following contradictory inequality:

s ≤ a(s− η0) + (1 − a)s = s− aη0 < s,

since liml→∞ s(l) = s by Theorem 3.1.4 and s <∞. Hence a = 0. �
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Lemma 3.1.6 Let ψ be an ergodic state on A∞ and let ϕ be a stationary

product state on A∞ fulfilling s(ψ,ϕ) <∞. Then for every ε ∈ (0, 1)

lim sup
Λ(n)↗Nν

1

#Λ(n)
βε,n(ψ,ϕ) ≤ −s(ψ,ϕ).

Proof of Lemma 3.1.6: We fix ε > 0 and choose arbitrary η, δ > 0.
Consider the Gl-ergodic decomposition

ψ =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψx

of ψ for integers l ≥ 1. By Lemma 3.1.5 there is an integer L ≥ 1 such that
for any l ≥ L

ε

2
≥

1

#Λ(k(l))
#Al,η ≥ 0

holds, where Al,η is defined by (3.12). This inequality implies

1

#Λ(k(l))
#Acl,η · (1 −

ε

2
) ≥ 1 − ε. (3.14)

Recall that by definition of Al,η we have

1

#Λ(l)
S(ψ

(Λ(l))
x � Bl, ϕ

(Λ(l)) � Bl) ≥ s(ψ,ϕ) − η for all x ∈ Acl,η. (3.15)

We fix an l ≥ L and consider the abelian quasilocal C ∗-algebra B∞
l built up

from Bl. B
∞
l is clearly a C∗-subalgebra of A∞. We set

mx := ψx � B∞
l and m

(n)
x := ψx � B

(n)
l .

Moreover we define

p := ϕ� B∞
l and p(n) := ϕ� B

(n)
l .

The state p is a Gl-stationary product state. On the other hand, Theorem
4.3.17. in [7] shows that the states mx are Gl-ergodic. Due to the Gelfand
isomorphism and the Riesz representation theorem we can (and shall) iden-
tify all the states above with the probability measures on the corresponding
maximal ideal space of B∞

l . Since the algebra Bl is abelian and finite dimen-
sional this compact maximal ideal space can be thought of as BZ

ν

l for an
appropriately chosen finite set Bl. This is essentially the well-known Kol-
mogorov representation of a classical dynamical system.

By the definition of the measures mx and p, monotonicity of the relative
entropy and the fourth item in Theorem 2.2.1 we have

DM (mx, p) ≤ s(ψx, ϕ,Gl) = lνs(ψ,ϕ) <∞, (3.16)
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where DM (mx, p) denotes the mean relative entropy of mx with respect to
p. Using Theorem 3.1.3 we see that

lim
Λ(n)↗Nν

1

Λ(n)
log

m
(n)
x (ωn)

p(n)(ωn)
= DM (mx, p) =: DM,x (3.17)

mx-almost surely for all x ∈ Λ(k(l)), where ωn ∈ B
Λ(n)
l are the components

of ω ∈ BZν

l corresponding to the box Λ(n). For each n and x ∈ Acl,η let

C
(n)
x :=

{
ωn ∈ B

(n)
l : |

1

#Λ(n)
log

m
(n)
x (ωn)

p(n)(ωn)
−DM,x| < δ

}

=

{
ωn ∈ B

(n)
l : e#Λ(n)·(DM,x−δ) <

m
(n)
x (ωn)

p(n)(ωn)
< e#Λ(n)·(DM,x+δ)

}
.

The indicator function of C
(n)
x corresponds to the projection q

(n)
x ∈ B

(n)
l .

The definition of the set C
(n)
x implies a bound on the probability of this set

with respect to the probability measure p:

p(n)(C
(n)
x ) = ϕ(q

(n)
x ) ≤ m

(n)
x (C

(n)
x )e−#Λ(n)·(DM,x−δ)

≤ e−#Λ(n)·(DM,x−δ)

≤ e−#Λ(n)·(#Λ(l)(s(ψ,ϕ)−η)−δ) , (3.18)

because for all x ∈ Acl,η we have

DM,x ≥ D(m
(1)
x , p(1)) = S(ψ

(Λ(l))
x � Bl, ϕ

(Λ(l)) � Bl)

≥ #Λ(l)(s(ψ,ϕ) − η), (3.19)

by (2.1) and (3.15). The limit assertion (3.17) implies the existence of an
N ∈ N such that for any n ∈ N

ν with Λ(n) ⊃ Λ(N)

m
(n)
x (C

(n)
x ) ≥ 1 −

ε

2
, ∀ x ∈ Acl,η. (3.20)

For each y ∈ N
ν with yi ≥ Nl let yi = nil+ji, where ni ≥ N and 0 ≤ ji < l.

We set
qln :=

∨

x∈Ac
l,η

q
(n)
x

and denote by qy the embedding of qln in A(y). By (3.20) and (3.14) we
obtain

Ψ(y)(qy) =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψ
(y)
x (qy)

≥
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψ
(y)
x (q

(n)
x )

≥
1

#Λ(k(l))
#Acl,η · (1 −

ε

2
) ≥ 1 − ε.
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Thus the condition in the definition of βε,y(ψ,ϕ) is satisfied. We are now
able to estimate βε,y(ψ,ϕ) using (3.18):

βε,y(ψ,ϕ) ≤ log ϕ(y)(qy)

≤ log
∑

x∈Ac
l,η

e−#Λ(n)·(DM,x−δ)

≤ log(#Acl,η · e
−#Λ(n)·(#Λ(l)(s(ψ,ϕ)−η)−δ))

= log(#Acl,η) − #Λ(ln)(s(ψ,ϕ) − η −
δ

#Λ(l)
).

This leads to

lim sup
Λ(y)↗Nν

1

#Λ(y)
βε,y(ψ,ϕ) ≤ −s(ψ,ϕ) + η + δ,

since #Acl,η does not depend on n and Λ(y) ↗ N
ν if and only if Λ(n) ↗ N

ν.
Since η, δ > 0 were chosen arbitrarily we have

lim sup
Λ(n)↗Nν

1

#Λ(n)
βε,n(ψ,ϕ) ≤ −s(ψ,ϕ). �

Suppose we are given a sequence (pn) of projections in A(n) and a sta-
tionary state ψ on A∞ with mean entropy s(ψ). We consider the positive
operators

pnDψ(n)pn =

d(n)∑

i=1

λn,irn,i d(n) := tr(pn), (3.21)

where the numbers λn,i are the eigenvalues and the rn,i form a complete set
of eigen-projections of pnDψ(n)pn. We set

Tn,δ := {i ∈ {1, . . . , d(n)} : λn,i ≤ e−#Λ(n)(s(ψ)−δ)} for δ > 0, (3.22)

and denote by T cn,δ the complement of this set.

Lemma 3.1.7 Let ψ be an ergodic state on A∞ with mean entropy s(ψ)
and let (pn) be a sequence of projections in A(n), respectively. If pT c

n,δ
is the

projection corresponding to the set T cn,δ then

lim
Λ(n)↗Nν

ψ(n)(pT c
n,δ

) = 0

for all δ > 0.
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Proof of Lemma 3.1.7: We have

1 ≥
∑

i∈T c
n,δ

λn,i > e−#Λ(n)(s(ψ)−δ)#T cn,δ = e−#Λ(n)(s(ψ)−δ)tr(pT c
n,δ

),

and, consequently

1

#Λ(n)
log(tr(pT c

n,δ
)) < s(ψ) − δ.

If we would have ψ(Λ(n))(pT c
n,δ0

) ≥ a > 0 for infinitely many n and some

a > 0 there would be a contradiction to Proposition 2.3.2, which implies
that there is no sequence (qn) of projections in A(n) with ψ(n)(qn) ≥ a > 0
and lim supΛ(n)↗Nν

1
#Λ(n) log(tr(qn)) < s(ψ). �

Lemma 3.1.8 Let ψ be an ergodic state on A∞ and let ϕ be a stationary

product state on A∞. Suppose that s(ψ,ϕ) < ∞ holds, then for every ε ∈
(0, 1)

lim inf
Λ(n)↗Nν

1

#Λ(n)
βε,n(ψ,ϕ) ≥ −s(ψ,ϕ).

Proof of Lemma 3.1.8: Let (ty) be a sequence of projections, ty ∈ A(y),
with Λ(y) ↗ N

ν and

lim inf
Λ(y)↗Nν

1

#Λ(y)
log ϕ(y)(ty) < −s(ψ,ϕ).

Then there exists an a > 0 and a subsequence, which we denote by (ty) for
notational simplicity, fulfilling

ϕ(y)(ty) < e−#Λ(y)(s(ψ,ϕ)+a). (3.23)

We consider an integer l ≥ 1 and the Gl−ergodic decomposition of ψ:

ψ =
1

#Λ(k(l))

∑

x∈Λ(k(l))

ψx.

As in the proof of Lemma 3.1.6 for each ε, η > 0 we can choose l in such a
way that we have

#Acl,η
#Λ(k(l))

(1 −
ε

2
) ≥ 1 − ε, (3.24)

where the set Al,η was defined by (3.12). Recall that we have by definition,

1

#Λ(l)
S(ψ

(l)
x � Bl, ϕ

(l) � Bl) ≥ s(ψ,ϕ) − η for all x ∈ Acl,η.
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We consider again the abelian quasilocal algebra B∞
l , which will be identified

with the algebra of continuous functions on the maximal ideal space B∞
l :=

BZ
ν

l , bearing in mind that the restrictions of the Gl−ergodic components
of ψ and ϕ to this algebra are Gl−ergodic. We denote those restrictions by
mx, x ∈ Λ(k(l)), and p. As in the proof of Lemma 3.1.6 we can show that
for δ > 0 the sets

C
(n)
x,δ := {ωn ∈ B

(n)
l : e#Λ(n)(DM,x−

δ
2
) <

m
(n)
x (ωn)

p(n)(ωn)
< e#Λ(n)(DM,x+ δ

2
)}

fulfil

lim
Λ(n)↗Nν

m
(n)
x (C

(n)
x,δ ) = 1 for all x ∈ Λ(k(l)). (3.25)

In a similar way, by employing the classical Shannon-McMillan theorem, we
can see that for

F
(n)
x,δ := {ωn ∈ B

(n)
l : e−#Λ(n)(hx+ δ

2
) < m

(n)
x (ωn) < e−#Λ(n)(hx−

δ
2
)},

we have

lim
Λ(n)↗Nν

m
(n)
x (F

(n)
x,δ ) = 1 for all x ∈ Λ(k(l)), (3.26)

where hx denotes the Shannon mean entropy of mx. Each ωn ∈ B
(n)
l corre-

sponds to a minimal projection qn ∈ B
(n)
l ⊂ A(ln). So, for all x ∈ Acl,η and

for any ωn ∈ C
(n)
x,δ ∩ F

(n)
x,δ and corresponding qn we have

ϕ(ln)(qn) = p(n)(ωn)

> e−#Λ(n)(DM,x+hx+δ)

≥ e−#Λ(n)(s(ψ,ϕ)lν+hx+δ). (3.27)

In fact, the first inequality follows from the definitions of the sets C
(n)
x,δ and

F
(n)
x,δ and the assumption that ωn ∈ C

(n)
x,δ ∩ F

(n)
x,δ . The second inequality is a

consequence of (3.16). Moreover, by (3.19) we get the upper estimate

ϕ(ln)(qn) = p(n)(ωn)

< e−#Λ(n)(DM,x+hx−δ)

≤ e−#Λ(n)((s(ψ,ϕ)−η)lν +hx−δ). (3.28)

Next, observe that the representation (3.8) of Bl implies that

D
ψ

(l)
x �Bl

=
∑

ql,iDψ
(l)
x

ql,i,
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where (ql,i) is a complete set of minimal eigen-projections of Dϕ(l) . Observe
that from the fact that the maximal abelian algebra Bl is generated by
eigen-projections of Dϕ(l) it follows that Dϕ(l)�Bl

= Dϕ(l) . We get

tr(D
ψ

(l)
x �Bl

logDϕ(l)�Bl
) = tr(

∑
ql,iDψ

(l)
x

ql,i logDϕ(l))

= tr(D
ψ

(l)
x

∑
ql,i(logDϕ(l))ql,i)

= tr(D
ψ

(l)
x

logDϕ(l)). (3.29)

Finally, by our assumption that s(ψ,ϕ) <∞ holds we know that s(ψ,ϕ) =
−s(ψ) − tr(Dψ(1) logDϕ(1)). Using the product structure of the state ϕ and
the fact just derived we obtain

S(ψ
(ln)
x � B

(n)
l , ϕ(ln) � B

(n)
l ) = −H(m

(n)
x ) − tr(D

ψ
(ln)
x �Bn

l

logDϕ(ln))

= −H(m
(n)
x ) − #Λ(n)tr(D

ψ
(l)
x �Bl

logDϕ(l))

= −H(m
(n)
x ) − #Λ(n)(tr(D

ψ
(l)
x

logDϕ(l))(by (3.29)).

(3.30)

On the other hand we have for all x ∈ Acl,η

S(ψ
(ln)
x � B

(n)
l , ϕ(ln) � B

(n)
l ) ≥ #Λ(n)(−H(m

(1)
x ) − tr(D

ψ
(l)
x �Bl

logDϕ(l)))

(by the subadditivity of the entropy)

= #Λ(n)S(ψ
(l)
x � Bl, ϕ

(l) � Bl)

≥ #Λ(n)lν(s(ψ,ϕ) − η)

(by the choice of algebra Bl)

= #Λ(n)lν(−s(ψ) − tr(Dψ(1) logDϕ(1)) − η).

(3.31)

The equation chain (3.30) and the inequality chain (3.31) imply that

−H(m
(n)
x ) − #Λ(n)(tr(D

ψ
(l)
x

logDϕ(l)))

≥ #Λ(n)lν(−s(ψ) − tr(Dψ(1) logDϕ(1)) − η). (3.32)

Note that the third and the fourth item of Theorem 2.2.1 show that

tr(D
ψ

(l)
x

logDϕ(l)) = lνtr(Dψ(1) logDϕ(1)),

in the case where s(ψ,ϕ) < ∞. Dividing (3.32) by −#Λ(n) and taking the
limit Λ(n) ↗ N

ν leads to

lνs(ψ) ≤ hx ≤ lν(s(ψ) + η), (3.33)
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where the lower bound simply follows from the fact that the entropy on a
maximally abelian subalgebra is not less than the entropy on the algebra.
This inequality, (3.27) and (3.28) imply:

e−#Λ(ln)(s(ψ,ϕ)+s(ψ)+η+δ/lν ) ≤ ϕ(ln)(qn) ≤ e−#Λ(ln)(s(ψ,ϕ)+s(ψ)−η−δ/lν ).(3.34)

Let pln denote the projection corresponding to the set
⋃

x∈Ac
l,η
C

(n)
x,δ ∩F

(n)
x,δ

and pn,x be the projection which corresponds to C
(n)
x,δ ∩F

(n)
x,δ . For sufficiently

large n ∈ N
ν we have

ψx(pn,x) ≥ 1 −
ε

2
by (3.25) and (3.26),

and hence by (3.24)

ψ(pln) ≥
1

#Λ(k(l))

∑

x∈Ac
l,η

ψx(pn,x)

≥
1

#Λ(k(l))
#Acl,η(1 −

ε

2
) ≥ 1 − ε. (3.35)

Any ty fulfilling (3.23) can be embedded in an appropriately chosen A(ln).
Indeed, choose the unique n ∈ N

ν such that (ni − 1)l ≤ yi < nil for all
i ∈ {1, . . . , ν} and set

eln := ty ⊗ 1Λ(ln)\Λ(y).

Then we have

ψ(ln)(eln) = ψ(y)(ty), (3.36)

and

ψ(ln)(eln) = ψ(ln)(elnpln) + ψ(ln)(eln(1 − pln))

≤ ψ(ln)(elnpln) + ε (by (3.35)).

Applying this argument once more we obtain

ψ(ln)(eln) ≤ ψ(ln)(plnelnpln) + 2ε

= tr(plnDψ(ln)plneln) + 2ε. (3.37)

In the final step we will prove that the first term in the last line above can be
made arbitrarily small. Using the notation from (3.21), (3.22) and applying
Lemma 3.1.7 we know that

tr(plnDψ(ln)plneln) ≤ e−#Λ(ln)(s(ψ)−δ)
∑

i∈Tln,δ

tr(rln,ieln) + ε

≤ e−#Λ(ln)(s(ψ)−δ)

tr(pln)∑

i=1

tr(rln,ieln) + ε

= e−#Λ(ln)(s(ψ)−δ)tr(plneln) + ε, (3.38)
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for sufficiently large n ∈ N
ν . We represent the projection pln as a sum of

unique minimal projections in B
(n)
l :

pln =

tr(pln)∑

i=1

qn,i.

Hence by (3.34) we have

tr(plneln) ≤ e#Λ(ln)(s(ψ,ϕ)+s(ψ)+η+δ/lν )

tr(pln)∑

i=1

ϕ(ln)(qn,i)tr(qn,ieln)

= e#Λ(ln)(s(ψ,ϕ)+s(ψ)+η+δ/lν )ϕ(ln)(plneln)

≤ e#Λ(ln)(s(ψ,ϕ)+s(ψ)+η+δ/lν )ϕ(y)(ty)

≤ e#Λ(ln)(s(ψ,ϕ)+s(ψ)+η+δ/lν )e−#Λ(y)(s(ψ,ϕ)+a) (by (3.23)),

(3.39)

since the minimal projections qn,i correspond to the eigen-vectors of Dϕ(ln) .
Inserting this into (3.38) we obtain

tr(plnDψ(ln)plneln) ≤ e
−#Λ(ln)((

#Λ(y)
#Λ(ln)

−1)s(ψ,ϕ)+
#Λ(y)
#Λ(ln)

a−δ−η− δ
lν

)
+ ε.

Note that limΛ(y)↗Nν
#Λ(y)
#Λ(ln) = 1, and that a > 0. Hence if we choose δ, η

small enough and n large enough we can achieve that the exponent in the
last inequality becomes negative eventually. This inequality toghether with
(3.37) and (3.36) shows that

lim
Λ(y)↗Nν

ψ(ty) = 0. �

3.1.2 Proof of the Quantum Relative AEP

To derive Theorem 3.1.2, consider the projections pln constructed in the
proof of Lemma 3.1.8. They can be written as the sum of minimal projections
qn fulfilling (3.34). From the fact, that these are minimal eigen-projections
for Dϕ(n) we derive that (3.34) is valid even if we replace qn by any minimal
projection which is dominated by pln. So we see that, if we would choose
the projections py(ε) to be specified for Theorem 3.1.2 just as pln for boxes
with edge lengths being multiples of l, item 3 would be satisfied for large
n, supposed l is (fixed but) large enough. Item 1 is fulfilled for large n in
view of (3.35). Observe now that embedding the projections pln into A(y) for
0 ≤ r := y − ln < (l, l, . . . , l), i.e. y = ln + r and 0 ≤ r < (l, l, . . . , l), leads
us to a family of projections (py) still fulfilling item 1. Item 3 is satisfied by
this family, too, since ϕ(1) was supposed faithful. Indeed, let λmin > 0 denote

the smallest eigenvalue of the density operator Dϕ(1) and let {er,j}
#Λ(r)
j=1 be a
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complete set of minimal eigen-projections of Dϕ(r) . Then taking into account

(3.34) and that ϕ(y) is a product state we can infer that

ϕ(y)(qn,i ⊗ er,j) ≥ ϕ(ln)(qn,i)e
#Λ(r) log λmin

≥ e−#Λ(ln)(s(ψ,ϕ)+s(ψ)+η+δ/lν )e#Λ(r) log λmin

> e−#Λ(y)(s(ψ,ϕ)+s(ψ)+ε) ,

holds for sufficiently small η and δ and n large enough. Using the largest
eigenvalue λmax of Dϕ(1) a similar argument shows that

ϕ(y)(qn,i ⊗ er,j) < e−#Λ(y)(s(ψ,ϕ)+s(ψ)−ε) ,

also holds for sufficiently large y. Note that each qn,i ⊗ er,j is a minimal
eigen-projection of Dϕ(y) which implies that item 3 holds for each minimal
projection dominated by py.
In order to ensure that item 2 is fulfilled, the constructed family of projec-
tions (py) has to be modified. Represent py as a sum of eigen-projections

of the operator pyDψ(y)py. Now from the definition of the sets F
(n)
x,δ we

easily conclude that tr(py) < e#Λ(y)(s(ψ)+ε) can be guaranteed for large y.
So the asymptotic contribution to ψ(y)(py) of eigen-values of pyDψ(y)py of

magnitude exponentially smaller than e−#Λ(y)(s(ψ)+ε) can be neglected. The
asymptotic contribution to ψ(y)(py) of eigen-values of pyDψ(y)py of magni-

tude exponentially larger than e−#Λ(y)(s(ψ)−ε) can be neglected, too, because
of Lemma 3.1.7. So we may omit the eigen-projections corresponding to ei-
ther too large or too small eigenvalues from the sum, getting a modified
family (p′y), which additionally fulfils item 2. This proves Theorem 3.1.2.

3.2 Concluding Remarks

Note that in [23] Shields had given an example of an B-process (i.e. a sta-
tionary encoding of an i.i.d. process) which has the property that upper resp.
lower limit of the relative entropies per site of a certain ergodic process with
respect to that B-process are ∞ resp. 0. Hence, the assumption in Stein’s
lemma that the reference state should be a stationary product state, even in
the classical situation, cannot be weakened essentially. However, there is a
promising indication (cf. [9]) that one could extend Stein’s lemma to refer-
ence states which are strongly mixing and algebraic, a class of states which
is closely related to strongly mixing Markov states. The essential property
of these states is that they are, in some sense (cf. [9]), almost product states.
In [9] Hiai and Petz could show that for each completely ergodic state ψ and
each strongly mixing algebraic state ϕ the mean relative entropy exists and
that

lim sup
n→∞

1

n
βε,n(ψ,ϕ) ≤ −s(ψ,ϕ),
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lim inf
n→∞

1

n
βε,n(ψ,ϕ) ≥ −

1

1 − ε
s(ψ,ϕ),

hold for each ε ∈ (0, 1). They also conjectured that the limit of the normal-
ized separation numbers 1

nβε,n exist and equals −s(ψ,ϕ), even for ergodic
states ψ.
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Chapter 4

Monotonicity of the

Quantum Relative Entropy

The monotonicity of the quantum relative entropy is one of its deeper prop-
erties. It has been proved by Lindblad in [15] for finite quantum systems and
by Uhlmann in [27] for the most general situation. Lindblad based his proof
on the strong subadditivity of the von Neumann entropy which was shown
by Lieb and Ruskai in [14]. At the present time there are several proofs
of these entropic properties. The most prominent proof is perhaps Simon’s
elegant derivation of the famous Lieb’s concavity (cf. [25]), which implies
the joint convexity of the quantum relative entropy (cf. [17]). This in turn
suffices to show the monotonicity of the quantum relative entropy and the
strong subadditivity of the von Neumann entropy (cf. [17]). All these proofs
are analytical in spirit. In this chapter we will provide another proof of the
monotonicity in the finite dimensional situation which could be more ap-
pealing from the point of view of quantum information theory. The guiding
idea in our approach is that (in complete analogy to classical information
theory) the notion of relative entropy obtains its full information theoretical
justification through an appropriate law of large numbers or ergodic theo-
rem. Such ergodic theorem is given by the Stein’s lemma of the previous
chapter. Ogawa and Nagaoka (cf. [19]) proved that result in the case of sta-
tionary product states. However, they used deep properties of the so called
quasi-entropies, which are analogous to the monotonicity of the relative en-
tropy. Note that we used the monotonicity and the joint convexity in the
proof of the ergodic version of Stein’s lemma in the last chapter, but these
properties were only needed to estimate entropies of l-ergodic components
on local algebras, which is unnecessary for the stationary product case. We
present a complete proof here in the product situation which does not make
use of these properties.
Once we have this theorem in the stationary product situation it is almost
trivial to obtain the monotonicity. In fact, according to this result the rel-
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ative entropy equals a thermodynamic parameter which trivially decreases
if the underlying algebra of observables is replaced by a subalgebra. In view
of a well-known representation theorem for completely positive unital maps
discovered by Stinespring (cf. [26]) this implies monotonicity. The derivation
of the monotonicity is the content of the last section of this chapter.

4.1 Stein’s Lemma: The i.i.d. Case

Our proof of the monotonicity of the relative entropy will be based on a law of
large numbers for the quantum relative entropy. Let ψ∞, ϕ∞ be stationary
product states and let ε ∈ (0, 1). Recall the definition of the separation
numbers βε,n for the states ψ∞, ϕ∞:

βε,n(ψ∞, ϕ∞) := min{log ϕ(n)(q) : q ∈ A(n) projection, ψ(n)(q) ≥ 1 − ε}.

(4.1)

The projection q
(n)
0 at which the minimum in (4.1) is attained represents an

ideal measurement that distinguishes the states ψ(n) and ϕ(n) in an optimal
way. The relationship of the separation numbers defined in (4.1) and the
quantum relative entropy is the content of the following theorem.

Theorem 4.1.1 Let ψ∞, ϕ∞ be stationary product states and let ε ∈ (0, 1).
Suppose that S(ψ,ϕ) <∞ holds. Then we have

lim
n→∞

1

n
βε,n(ψ∞, ϕ∞) = −S(ψ,ϕ), (4.2)

for all ε ∈ (0, 1).

Remark Recall that the mean relative entropy of the stationary product
state ψ∞ with respect to the stationary product state ϕ∞ fulfills

s(ψ∞, ϕ∞) = S(ψ,ϕ).

Proof of Theorem 4.1.1: We choose an η > 0. Then according to Theorem
A.0.2 in the appendix A there exists an integer l ≥ 1 such that for the abelian
algebra Dl considered in that theorem

1

l
S(ψ(l) �Dl, ϕ

(l) �Dl) ≥ S(ψ,ϕ) − η, (4.3)

holds. We consider the quasilocal algebra D∞
l and define

P := ψ∞ �D∞
l and Q := ϕ∞ �D∞

l .

Note that these states are i.i.d. states on D∞
l . We will think of this abelian

algebra as continuous functions on the maximal ideal space X∞
l which in
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turn may be represented as the infinite cartesian product of a finite set
Xl. Let DM denote the classical relative mean entropy of the probability
measure P with respect to the probability measure Q. Then we have by
(A.3)

DM = S(ψ(l) �Dl, ϕ
(l) �Dl) ≤ S(ψ(l), ϕ(l)) = lS(ψ,ϕ) <∞, (4.4)

since the projective measurements increase the von Neumann entropy (cf.
[17]). We choose a δ > 0 and define

C(n) := {ωn ∈ Xn
l : en(DM−δ) <

P (n)(ωn)

Q(n)(ωn)
< en(DM+δ)}. (4.5)

By the law of large numbers we have limn→∞ P (n)(C(n)) = 1. Consider the
projection rln ∈ A(ln) corresponding to the characteristic function 1C(n) .
Then as in the proof of Lemma 3.1.6 we can show that

lim sup
k→∞

1

k
βε,k(ψ∞, ϕ∞) ≤ −S(ψ,ϕ), (4.6)

for all ε ∈ (0, 1).
In the next step we show the existence of the limit in (4.6) and that this

limit equals −S(ψ,ϕ). Let (ty) be a sequence of projections in A(y) such
that y → ∞ and

lim inf
y→∞

1

y
log ϕ(y)(ty) < −S(ψ,ϕ).

Then there exists an a > 0 and a subsequence, which we denote by (ty)
again for notational simplicity, with the property

ϕ(y)(ty) < e−y(S(ψ,ϕ)+a). (4.7)

Let h = H(P (1)) denote the mean entropy of the i.i.d. measure P and
consider the set

F (n) := {ωn ∈ Xn
l : e−n(h+δ) < P (n)(ωn) < e−n(h−δ)}, (4.8)

then we have

lim
n→∞

P (n)(F (n)) = 1 by the law of large numbers. (4.9)

Let qn be the projection in A(ln) corresponding to some ωn ∈ C(n) ∩ F (n)

(cf. (4.5)) then we have

ϕ(ln)(qn) = Q(n)(ωn) > e−n(DM+h+2δ) (by definition of C (n) and F (n))

> e−n(lS(ψ,ϕ)+l(S(ψ)+η)−El+2δ), (4.10)
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whereEl :=
∑al

i=1 tr(Dψ(l)qi,l) log tr(qi,l) and al and qi,l were defined in (A.6).
The validity of the last inequality follows on the one hand from (4.4). On
the other hand we have

h = S(ψ(l) �Dl) = −S(ψ(l) �Dl, ϕ
(l) �Dl) − trDl

(Dψ(l)�Dl
logDϕ(l)�Dl

)

≤ −l(S(ψ,ϕ) − η) − tr(Dψ(l) logDϕ(l)) −El (by (4.3) and (A.9))

= l(S(ψ) + η) −El,

which shows (4.10). Note that each minimal projection sn ∈ D
(n)
l can be

written as ⊗n
j=1qij ,l. We define the following set:

L(n) := {sn ∈ D
(n)
l : sn minimal projection,

1

n
log tr(sn) < El + δ}. (4.11)

Then the law of large numbers implies that

lim
n→∞

P (n)(L(n)) = 1, (4.12)

after obvious identification of the minimal projections in D
(n)
l with elemen-

tary outcomes of Xn
l . (Observe that by definition El is the expectation of

log tr(q(.),l) with respect to P .) Let pln ∈ A(ln) denote the projection corre-

sponding to the characteristic function of the set C (n) ∩ F (n) ∩ L(n). Then
for all sufficiently large n we have ψ(pln) ≥ 1 − ε by (4.9), (4.12) and (4.5).
Consider the embedding eln of the projections ty fulfilling (4.7) into an ap-
propriately chosen A(ln). For example we choose the unique n ∈ N with
(n− 1)l ≤ y < nl. Then we have

ψ(ln)(eln) = ψ(y)(ty) (4.13)

and as in the proof of Lemma 3.1.8 we can infer

ψ(ln)(eln) = tr(plnDψ(ln)plneln) + 2ε. (4.14)

In the next step we will estimate the first term in the last line above. Consider
the spectral decomposition of plnDψ(ln)pln into one-dimensional projections

plnDψ(ln)pln =

bln∑

i=1

λi,lnri,ln,

where bln = tr(pln). For δ > 0 we define the set

Tδ,ln := {i ∈ {1, . . . , bln} : λi,ln ≤ e−ln(S(ψ)−δ)},

and
rδ,ln :=

∑

i∈Tδ,ln

ri,ln.
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Then we have

lim
n→∞

ψ(ln)(pln − rδ,ln) = 0 for all δ > 0, (4.15)

by Lemma 3.1.7. The limit assertion (4.15) implies the following estimate
for sufficiently large n ∈ N:

tr(plnDψ(ln)plneln) ≤ e−ln(S(ψ)−δ)
∑

i∈Tδ,ln

tr(ri,lneln) + ε

≤ e−ln(S(ψ)−δ)
bln∑

i=1

tr(ri,lneln) + ε

= e−ln(S(ψ)−δ)tr(plneln) + ε. (4.16)

Note that each projection pln can be represented as a sum of minimal pro-

jections si,n ∈ D
(n)
l :

pln =
∑

i∈I(pln)

si,n,

for some index set I(pln). Recall that by construction the operators si,n are

projections onto eigensubspaces of Dϕ(ln) . Let {µi,n}
an

l

i=1 be the eigen-values

corresponding to the set of minimal projections {si,n}
an

l

i=1. Then by (4.10)
we have

tr(plneln) ≤ en(S(ψ,ϕ)l+(S(ψ)+η)l−El+2δ)
∑

i∈I(pln)

ϕ(ln)(si,n)tr(si,neln)

= en(S(ψ,ϕ)l+(S(ψ)+η)l−El+2δ)
∑

i∈I(pln)

en( 1
n

log tr(si,n))µi,ntr(si,neln)

≤ en(S(ψ,ϕ)l+(S(ψ)+η)l+3δ)ϕ(ln)(plneln) (by (4.11))

≤ en(S(ψ,ϕ)l+(S(ψ)+η)l+3δ)ϕ(ln)(eln)

= en(S(ψ,ϕ)l+(S(ψ)+η)l+3δ)ϕ(y)(ty) (by (4.13))

≤ en(S(ψ,ϕ)l+(S(ψ)+η)l+3δ)e−y(S(ψ,ϕ)+a) (by (4.7)), (4.17)

Taking into account (4.16) and (4.17) we obtain

tr(plnDψ(ln)plneln) ≤ e−ln(( y
ln

−1)S(ψ,ϕ)+ y
ln
a−δ−η− 3δ

l
) + ε.

Observe that limy→∞
y
ln = 1 and a > 0 hold. Hence if δ, η > 0 are chosen

appropriately small we can achieve that the exponent in the last inequality
becomes negative for large n. This fact combined with (4.14) and (4.13)
shows that

lim
y→∞

ψ(ty) = 0

holds. This limit assertion toghether with (4.6) shows (4.2). �
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4.2 Monotonicity of the Quantum Relative En-

tropy

Let T : A → A be a unital, completely positive linear map of a finite
dimensional C∗-algebra A into itself. There is a dual map T# with respect to
the inner product defined by the unique trace tr (which extends canonically
to the state space S(A)) given by

tr(DψT (a)) = tr(T#(Dψ)a) for all a ∈ A and all ψ ∈ S(A).

In [26] Stinespring showed that for each unital, completely positive map T

there exist a finite dimensional Hilbert space Ha, a state σ on B(Ha) and a
unitary operator U : H⊗Ha → H⊗Ha such that

T#(Dψ) = trHa(U(Dψ ⊗Dσ)U∗), (4.18)

where trHa denotes the partial trace with respect to the Hilbert space Ha.

Theorem 4.2.1 (Monotonicity of the relative entropy) Let ψ,ϕ be

states on A and let T : A → A be a unital, completely positive map of

A into itself. Then it holds

S(ψ,ϕ) ≥ S(ψ ◦ T, ϕ ◦ T ), (4.19)

or equivalently

S(Dψ, Dϕ) ≥ S(T#(Dψ), T#(Dϕ)). (4.20)

Proof of Theorem 4.2.1: The monotonicity holds trivially in the case
S(ψ,ϕ) = ∞. We consider the case S(ψ,ϕ) <∞ and define two states ψ̃, ϕ̃
on A⊗ B(Ha) by their density operators:

Dψ̃ := U(Dψ ⊗Dσ)U∗ and Dϕ̃ := U(Dϕ ⊗Dσ)U∗,

where the unitary operator U : H⊗Ha → H⊗Ha and the density operator
Dσ ∈ B(Ha) are chosen according to the representation (4.18) of the com-
pletely positive, unital map T . Observe that according to the representation
(4.18) we have

Dψ̃�A = trHa(U(Dψ ⊗Dσ)U∗) = T#(Dψ). (4.21)

and

Dϕ̃�A = T#(Dϕ). (4.22)

Consider the quasilocal algebra (A ⊗ B(Ha))
∞ and the stationary product

states ψ̃∞ with ψ̃(1) = ψ̃, ϕ̃∞ with ϕ̃(1) = ϕ̃ on (A⊗B(Ha))
∞. Note that the
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algebra A∞ is a subalgebra of (A ⊗ B(Ha))
∞. The definition (4.1) implies

that
βε,n(ψ̃∞ �A∞, ϕ̃∞ �A∞) ≥ βε,n(ψ̃∞, ϕ̃∞),

and hence by Theorem 4.1.1

− S(ψ̃ �A, ϕ̃�A) = lim
n→∞

1

n
βε,n(ψ̃∞ �A∞, ϕ̃∞ �A∞)

≥ lim
n→∞

1

n
βε,n(ψ̃∞, ϕ̃∞)

= −S(ψ̃, ϕ̃).

Using (4.21) and (4.22) this last inequality chain shows that

S(T#(Dψ), T#(Dϕ)) ≤ S(ψ̃, ϕ̃)

= S(U(Dψ ⊗Dσ)U∗, U(Dϕ ⊗Dσ)U∗)

= S(Dψ, Dϕ),

since the relative entropy is invariant under the action of the unitaries and
simultaneous tensor multiplication with Dσ. �
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Appendix A

The Hiai-Petz

Approximation

In this appendix we give a proof of the result established by Hiai and Petz
in [8]. At the same time we simplify slightly their arguments (cf.[5]). Let ϕ
be a stationary product state on the quasilocal algebra A∞. Consider the
spectral resolution of Dϕ(1)

Dϕ(1) =

d∑

i=1

λiei,

where λi are the eigenvalues and ei are projections onto a complete set of
eigenvectors of Dϕ(1) . The density operator Dϕ(n) can be written as

Dϕ(n) =

d∑

i1,...,in=1

λi1 · . . . · λinei1 ⊗ . . .⊗ ein ,

or after collecting all one dimensional projections ei1 ⊗ . . . ⊗ ein which cor-
respond to the same eigenvalue of Dϕ(n) as

Dϕ(n) =
∑

n1,...nd:n1+...+nd=n

(
d∏

k=1

λnk

k

)
pn1,...nd

, (A.1)

with
pn1,...nd

:=
∑

(i1,...,in)∈In1,...nd

ei1 ⊗ . . . ⊗ ein ,

where

In1,...nd
:= {(i1, . . . , in) : #{j : ij = k} = nk for 1 ≤ k ≤ d}.

We define the map

En : A(n) →
⊕

n1,...,nd: n1+...+nd=n

pn1,...,nd
A(n)pn1,...,nd

,
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by

En(a) :=
∑

n1,...,nd: n1+...+nd=n

pn1,...,nd
a pn1,...,nd

. (A.2)

The next theorem is due to Hiai and Petz, Lemma 3.1 and Lemma 3.2 in
[8]. The following simplified proof due to Ra. Siegmund-Schultze and this
author and is from [5].

Theorem A.0.2 (Hiai and Petz) If ψ is a stationary state

on A∞ and Dn is the abelian subalgebra of A(n) generated by

{pn1,...nd
Dψ(n)pn1,...nd

}n1,...,nd
∪ {pn1,...nd

}n1,...,nd
then

S(ψ(n), ϕ(n)) = S(ψ(n) � Dn, ϕ
(n) � Dn) + S(ψ(n) ◦ En) − S(ψ(n)), (A.3)

and

S(ψ(n) ◦En) − S(ψ(n)) ≤ d log(n+ 1), (A.4)

and consequently we have

lim
n→∞

1

n
S(ψ(n) � Dn, ϕ

(n) � Dn) = s(ψ,ϕ). (A.5)

Proof of Theorem A.0.2: We will prove the theorem only in the case
where the density operator Dϕ(1) is invertible, this extends trivially to the
general situation. Since the algebra Dn is abelian it is representable as:

Dn =

an⊕

i=1

C · qi,n. (A.6)

Using the definition of the algebra Dn and the representation (A.6) it can
be easily seen that

Dψ(n)�Dn
=

an∑

i=1

tr(Dψ(n)qi,n)qi,n, (A.7)

i.e. the density operator Dψ(n)�Dn
∈ Dn corresponding to ψ(n) � Dn with

respect to the trace trBn of Dn is given by (A.7). Similarily we have also

Dϕ(n)�Dn
=

an∑

i=1

tr(Dϕ(n)qi,n)qi,n. (A.8)

We have the following equation for the difference of the relative entropies:

S(Dψ(n) , Dϕ(n)) − S(Dψ(n)�Dn
, Dϕ(n)�Dn

) =

− S(Dψ(n)) − tr(Dψ(n) logDϕ(n)) + S(Dψ(n)�Dn
)

+ trDn(Dψ(n)�Dn
logDϕ(n)�Dn

).
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Since Dϕ(n) is invertible logDϕ(n)�Dn
is well defined and contained in Dn. All

projections qi,n commute with logDϕ(n) . Thus we obtain

trDn(Dψ(n)�Dn
logDϕ(n)�Dn

) = tr(Dψ(n) logDϕ(n))

+

an∑

i=1

tr(Dψ(n)qi,n) log tr(qi,n), (A.9)

where we have used (A.7) and (A.8). And hence

S(Dψ(n) , Dϕ(n)) − S(Dψ(n)�Dn
, Dϕ(n)�Dn

) = S(Dψ(n)�Dn
) − S(Dψ(n))

+

an∑

i=1

tr(Dψ(n)qi,n) log tr(qi,n).

(A.10)

On the other hand we can easily see that

En(Dψ(n)) =

an∑

i=1

tr(Dψ(n)qi,n)

tr(qi,n)
qi,n,

and therefore

S(En(Dψ(n))) = S(Dψ(n)�Dn
) +

an∑

i=1

tr(Dψ(n)qi,n) log tr(qi,n).

Hence by (A.10) we have established the first equality of the theorem:

S(ψ(n), ϕ(n)) = S(ψ(n) � Dn, ϕ
(n) � Dn) + S(ψ(n) ◦ En) − S(ψ(n)).

In order to establish (A.4) we need the following entropy inequality:

S(
k∑

i=1

aiDi) ≤
k∑

i=1

aiS(Di) +H({ai}
k
i=1),

where Di are density operators, ai are non negative real numbers summing
up to 1 and H({ai}

k
i=1) denotes the Shannon entropy of the probability dis-

tribution {ai}
k
i=1. An elementary proof of this inequality can be found in [17].

Consider a spectral resolution of the density operator Dψ(n) =
∑dn

i=1 µi,npi,n
into one-dimensional projections. Then we have

S(En(Dψ(n))) − S(Dψ(n)) ≤
dn∑

i=1

µi,nS(En(pi,n)) +H({µi,n}
dn

i=1)

− S(Dψ(n))

=

dn∑

i=1

µi,nS(En(pi,n))

≤ d log(n+ 1),
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since for each projection pi,n the operator pn1,...,nd
(pi,n)pn1,...,nd

has at most
one dimensional range and hence the density operator En(pi,n) can have at
most (n+ 1)d dimensional range. Here we used an obvious estimate for the
cardinality of partitions of the number n into d numbers. �
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Appendix B

Proof of Theorem 3.1.3

We fix an n ∈ N
ν and consider the following expression for ωn ∈ A(n):

dn(ωn) :=
1

#Λ(n)
log(P (n)(ωn)) −

1

#Λ(n)
log(Q(n)(ωn)). (B.1)

Consider first the case DM (P,Q) <∞.
The Shannon-McMillan-Breiman Theorem shows that the first term on the
right hand side of (B.1) converges P− almost surely to the Kolmogorov-Sinai
entropy of P . It is well known that for the ergodic measures the Kolmogorov-
Sinai entropy and the Shannon mean entropy h(P ) coincide. Hence we have

lim
n↗Nν

1

#Λ(n)
logP (n)(ωn) = h(P ) P − almost surely. (B.2)

On the other hand, the condition DM (P,Q) < ∞ implies that the support
of Q(1) contains the support of P (1). Indeed, this immediately follows from

DM (P,Q) = sup
n

1

#Λ(n)
D(P (n), Q(n)).

Let x1 denote the projection onto the coordinate corresponding to the site
0. According to the individual ergodic theorem we can conclude that

1

#Λ(n)
log(Q(n)(ωn)) =

1

#Λ(n)

n∑

k∈Λ(n)

logQ(1)(x1(T (k)ω))

→ EP (log(Q(1) ◦ x1)) (B.3)

P− almost surely as n ↗ N
ν , where we have used the assumption that Q is

a stationary product measure. But obviously

EP (log(Q(1) ◦ x1)) =
∑

a∈A

P (1)(a) logQ(1)(a)
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holds. Thus (B.2) and (B.3) imply that the quantity dn defined in (B.1)
satisfies

lim
n↗Nν

dn(ωn) = DM (P,Q) P − almost surely,

which in turn proves our claim (3.2).
On the other hand, the condition DM (P,Q) = ∞ implies the existence of
an a0 ∈ A such that Q(1)(a0) = 0 and P (1)(a0) > 0. This shows that

1

#Λ(n)

n∑

k∈Λ(n)

− logQ(1)(x1(T (k)ω)) → ∞ P − almost surely.

This in turn leads to

lim
n↗Nν

dn(ωn) = ∞ = DM (P,Q) P − almost surely,

and we are done. �
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[2] I. Bjelaković, T. Krüger, Ra. Siegmund-Schultze, A. Szko la, The
Shannon-McMillan Theorem for Ergodic Quantum Lattice Systems, In-

vent. Math. 155, 203-222 (2003)
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