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Zusammenfassung

Diese Arbeit befasst sich mit verschiedenen mehrstufigen Optimierungsproble-
men im Kontext allgemeiner parameterabhängiger linearer differentiell-alge-
braischer Gleichungen (DAEs).

ImerstenTeil analysierenwirProbleme,bei denendieunterste Stufe aus einem
Optimalsteuerungsproblem für lineare DAEs besteht. Das Optimalsteuerungs-
problem hängt vonVariablen höherer Stufen ab, die die Rolle eines Parameters
übernehmen. Die Lösung des Optimalsteuerungsproblems wird anschließend
in das Optimierungsproblem der nächsten Stufe eingesetzt.Wir berechnen die
Lösung des Optimalsteuerungsproblems mit Hilfe der notwendigen Optimali-
tätsbedingungen, die ein differentiell-algebraisches Randwertproblem darstel-
len.

Ein wesentlicher Bestandteil zur Lösung der übergeordneten Optimierungs-
probleme sind Sensitivitäten des Optimalsteuerungsproblems.Wir analysieren
verschiedene Möglichkeiten zur Berechnung der Sensitivitäten und diskutieren
kurz die Folgen für DAEs mit höherem Index. Außerdem stellen wir mögliche
numerischeMethoden für die Berechnung der Sensitivitäten vor.Wirwenden die
Ergebnisse auf ein mehrstufiges Optimalsteuerungsproblem mit einer oberen
Stufe bestehend aus einem nichtlinearen quadratischen Ausgleichsproblem an,
und stellen ein Konvergenzergebnis und numerische Beispiele zur Verfügung.

Weiterhin leiten wir Formeln für das analytische Zentrum der Lösungsmenge
von linearen Matrixungleichungen (LMIs), die passive Übertragungsfunktio-
nen definieren, her. Für die Berechnung des analytischen Zentrums werden
numerische Methoden entwickelt. Es wird auch gezeigt, dass das analytische
Zentrum hilfreiche Robustheitseigenschaften hat, wenn es zur Darstellung passi-
ver Systeme verwendet wird. Die Ergebnisse werden durch numerische Beispiele
veranschaulicht.

Darüber hinaus analysieren wir bestimmte Robustheitsmaße, die bei der ro-
busten Stabilisierung linearer zeitinvarianter Systeme inBezug auf eine bestimm-
te Konditionszahl auftreten, die bei der Berechnung von invarianten Unterräu-
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Zusammenfassung

men eines Matrizenbüschels bei linear-quadratischen Optimalsteuerungspro-
blemen auftreten.Wir zeigen, dass diese Konditionszahl bei der Berechnung der
Robustheitsmaße einfließen kann und veranschaulichen mögliche Konsequen-
zen anhand eines Beispiel.
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Abstract

This thesis is about various multilevel optimization problems in the context of
general parameter-dependent linear differential-algebraic equations (DAEs).

In the first part we analyze problems where the lowest level consists of an
optimal control problem for linear DAEs. The optimal control problem depends
on higher level variables that take the role of a parameter. A solution of the
optimal control problem is fed into the next level optimization problem. We
compute the solution of the optimal control with the help of the necessary
optimality conditions which constitute a differential-algebraic boundary value
problem.

An essential ingredient for solving the higher level optimization problems is
sensitivity information of the optimal control problem. We analyze different
possibilities for the computation of the sensitivities and briefly discuss impli-
cations for higher index systems. We also present possible numerical methods
for the computation of the sensitivities. We apply the results to a multilevel
optimal control problem with a nonlinear least-squares upper level and provide
a convergence result and numerical examples.

We also derive formulas for the analytic center of the solution set of linear ma-
trix inequalities (LMIs) defining passive transfer functions. Numerical methods
are developed for the computation of the analytic center. It is also shown that
the analytic center has nice robustness properties when it is used to represent
passive systems. The results are illustrated by numerical examples.

Also, we analyze certain robustness measures appearing in the robust sta-
bilization of linear time-invariant systems with respect to a certain condition
number appearing in the computation of deflating subspaces of a matrix pencil
associated with the linear quadratic optimal control problem. We show, that this
condition number can be incorporated into the computation of the robustness
measures and illustrate possible consequences with an example.
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1. Introduction

This thesis is devoted to the analysis and the development of numerical algo-
rithms for optimization problems arising in the context of parameter-dependent
optimal control problems and parameter-dependent passivity problems. While
on a more abstract level the problems being analyzed are all similar, they vary in
a lot of properties, in particular when it comes down to the actual underlying
structure. Optimal control problems and passivity problems are defined for
certain system classes. Throughout this thesis we focus on system classes where
the dynamics are described by differential-algebraic equations (DAEs) or the
special case of ordinary differential equations (ODEs).

This work is split up into two parts. In the first part, we investigate multilevel
optimal control problems in the linear-quadratic setting with linear DAEs. These
aremultilevel optimizationproblems,where the lowest level is anoptimal control
problem depending on higher level variables. These higher level variables take
the role of a parameter for the optimal control task. In the next level, another
optimization problem is solved, which depends on the solution of the lowest
level for the current value of higher level variables.

We focus on analyzing bilevel optimal control problems – multilevel optimal
control problems with exactly two levels, a lower and an upper level. Bilevel
optimization and bilevel optimal control problems have recently attained a lot of
attention. For plain algebraic bilevel optimization problems an overview can be
found in [CMS07; Dem02; DKPK15]. Bilevel optimal control problems have been
considered with ordinary, differential-algebraic, or partial differential equations
as lower level dynamics in various settings, see e. g., [DG19; DF19; HW19; Meh16;
Meh17a; Meh17b; MW16; PG16; PG17; Ye97], and the references therein. For the
sake of simplicity we assume in this work that the lower level optimal control
problem is uniquely solvable, and its solution is differentiable with respect to
the set of parameters.

One commonly analyzed bilevel optimal control problem is parameter esti-
mation, where the lower level is given by an optimal control problem and the
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1. Introduction

upper level is given by a nonlinear least squares problem. Another application
is given by co-design problems, see, e. g., [JWBJ15; WWB16], where both levels
optimize the same objective function subject to changes in system parameters.
Parameter estimation problems appear regularly in engineering problems such
as humanoid locomotion [MTL09]. In the literature, proposed methods for the
computation of numerical solutions mainly include so-called direct methods,
where the underlying optimal control problem is discretized before optimization.
Indirectmethods using the necessary conditions for optimality are also available,
see [Boc87; BP84; HSB12; KB06; LBBS03; LSBS03] and the references therein for
a comparison. It is well-known, that for optimal control problems under cer-
tain circumstances both approaches, direct and indirect, lead to correct results,
see [Hag00]. In the DAE setting, however, the situation is more complicated.
Besideswell-knownnumerical issueswith higher indexDAEs, see [KM06; KM08],
even in the case of strangeness-freeDAEs onemay suffer from a drop in the order
of convergence, in particular if the leading coefficient in front of the derivative
term has a time-depending kernel [CK13].

This thesis aims at laying the theoretical foundation for analyzing such multi-
level optimal control problems based on the necessary conditions for general
linear time-varying and parameter-dependent DAEs. These multilevel optimal
control problems essentially need sensitivity information of the optimal control
problem with respect to the higher level parameters. Based on the strangeness
concept for DAEs [KM06] and a related flow definition [Bau14; Bau17; KM06] we
develop a forward and an adjoint equation for general parameter-dependent
boundary value problems, which then can be applied to the boundary value
problem of necessary conditions of the parameter depending optimal control
problem. We use these systems to derive formulas for the computation of the
sensitivities. While for the case of ordinary equations this problem is solved
in [SP02], the situation for DAEs is more complicated as additional regularity
requirements have to be fulfilled. For DAEs only some of the subproblems as the
development of the adjoint equation for self-adjoint boundary value problems
have been solved, see [BL05; BM00; KMS14; KM08; KM11a; KM04] for more
details. Also, some of the cited articles base their results on the tractability index
for DAEs, which has its own advantages and disadvantages, see [Meh15] for
a comparison. Here, we recover some of those results for the case of strange-
ness-free DAEs and generalize the results in [SP02] for the computation of the
sensitivities.

2



For the numerical solution we discuss a multiple shooting approach and
develop a differential Riccati equation approach. Also, we provide test examples
for verification. To conclude this part, we analyze the different numerical errors
in solving the multilevel optimal control problem, where the upper level is given
by a nonlinear least-squares problem. We study the numerical errors for solving
the necessary optimality conditions for the optimal control problem and the
corresponding sensitivity system. Our analysis results in an error-estimator that
links these errors to the global error of the Gauss-Newton method [DS96] used
to solve the higher level problem.

In the second part of the thesis we consider optimization problems that also
have more than one level of optimization. However, in contrast to the first part,
these optimizations do not rely on the solution of the optimal control problem.
Instead, other quantities are optimized in the context of the computation of
solutions of optimal control problems and estimates for the passivity radius.

Formulas are derived for the analytic center of the solution set of linear matrix
inequalities (LMIs) defining passive transfer functions. The algebraic Riccati
equations that are usually associated with such systems are related to boundary
points of the convex set defined by the solution set of the LMI. It is shown that the
analytic center is described by closely related matrix equations, and their proper-
ties are analyzed for continuous- and discrete-time systems. Numericalmethods
are derived to solve these equations via steepest descent and Newton methods.
It is also shown that the analytic center has nice robustness properties when
it is used to represent passive systems. The results are illustrated by numerical
examples. The analytic center proves to be a good choice regarding computation
of the passivity radius, see [BMV19], which can be considered as a bilevel opti-
mization problem. Also, the analytic center for the passivity LMI turns out to be
an useful object for the determination of a good port-Hamiltonian formulation.
Here, ‘good’ means finding the right coordinate system that is robust in the sense
of numerical errors [BMV19].

We also consider the computation of the condition number of the transforma-
tion matrix that is used in the computation of deflating subspaces associated
with the solution of linear time-invariant control systems. In [MX00] several
methods for solving algebraic Riccati equations are evaluated in terms of solving
the robust stabilization problem. Robust stabilization is achieved, if by choosing
certain weights in an optimal control setting, the real values of the eigenvalues
of the closed-loop matrix lie below a predefined threshold. We analyze how

3



1. Introduction

optimizing this certain condition affects the overall performance of the robust
stabilization problem.

4



2. Multilevel Optimizations in
Optimal Control

In this chapter we introduce multilevel optimization problems in the context
of optimal control problems. The following definitions cover the optimization
problems we are facing in this work, c. f., Pages xiii to xiv for basic notation.

Definition 2.1 (Multilevel optimization problem). Let 𝕀 ⊆ ℝ be an interval. Fur-
ther, let 𝕂 ∈ {ℝ,ℂ} and sets 𝕏1,…,𝕏𝑙, 𝕌1,…,𝕌𝑙, 𝑙 ∈ ℕ be given, where 𝕏𝑖 are
either subsets of𝒞𝑘(𝕀,𝕂𝑛𝑙),𝑘 ∈ ℕ,𝑛𝑙 ∈ ℕ, or empty sets and𝕌𝑖 are Banach spaces.
Moreover, set ℤ𝑖≔𝕏𝑖×𝕌𝑖, 𝑖 = 1,…,𝑙 and let 𝑆𝑖 be mappings such that 𝑆𝑖𝑧𝑖 =𝑢𝑖
for 𝑧𝑖 = (𝑥𝑖, 𝑢𝑖) ∈ ℤ𝑖. Also, if 𝕏𝑖 ⊆ 𝒞𝑘(𝕀,𝕂𝑛𝑙) denote by 𝕏′

𝑖 a subset of 𝒞𝑘−1(𝕀,𝕂𝑛𝑙);
otherwise 𝕏′

𝑖 = {}. For 𝑖 = 1,…,𝑙−1 define objective functions

𝒦𝑖 ∶ ℤ1×⋯×ℤ𝑖+1→ℝ,

constraint functions

𝒢𝑖 ∶ ℤ1×⋯×ℤ𝑖−1×𝕀×𝕏′
𝑖×ℤ𝑖×ℤ𝑖+1→ℝ𝑐𝑖,

𝑐𝑖 ∈ ℕ0, and solution functions

ℒ𝑖+1 ∶ ℤ1×⋯×ℤ𝑖→ℤ𝑖+1.

Furthermore, let𝒦𝑙 ∶ ℤ1×⋯×ℤ𝑙→ℝ and 𝒢𝑙 ∶ ℤ1×⋯×ℤ𝑙−1×𝕀×𝕏′
𝑙×ℤ𝑙→ℝ𝑐𝑙,

𝑐𝑙 ∈ ℕ0. Also, for brevity, let

ℒ𝑙+1 ∶ ℤ1×⋯×ℤ𝑙→ {}

denote the ‘empty function’, i. e., 𝒦𝑙(𝑧1,…,𝑧𝑙,ℒ𝑙+1(𝑧1,…,𝑧𝑙)) ≔ 𝒦𝑙(𝑧1,…,𝑧𝑙).
Then a multilevel optimization problem consists of 𝑙 recursively defined op-
timizations of the form

min
𝑢𝑖=𝑆𝑖𝑧𝑖

𝒦𝑖(𝑧1,…,𝑧𝑖,ℒ𝑖+1(𝑧1,…,𝑧𝑖))

s. t. 𝒢𝑖(𝑧1,…,𝑧𝑖−1, 𝑡, �̇�𝑖,𝑧𝑖,ℒ𝑖+1(𝑧1,…,𝑧𝑖)) = 0, 𝑖 = 1,…,𝑙,
(2.1)

5



2. Multilevel Optimizations in Optimal Control

where 𝑧1,…,𝑧𝑖−1 ∈ ℤ1×⋯×ℤ𝑖−1 are given and 𝑧∗𝑖+1≔ℒ𝑖+1(𝑧1,…,𝑧𝑖) denotes the
unique solution of the optimization problem at level 𝑖 +1,𝑖 < 𝑙. ▷

Definition 2.2 (Multilevel optimal control problem). Let all the assumptions of
Definition 2.1 hold. If in addition the lowermost level fulfills

ℤ𝑙 ⊆ 𝒞1(𝕀,𝕂𝑛𝑙)×𝒞0(𝕀,𝕂𝑚𝑙), 𝑚𝑙 ∈ ℕ, (2.2)

then the Optimization Problem 2.1 is calledmultilevel optimal control problem.
Optimal control problems are introduced in more detail in Section 3.4. ▷

Remark 2.1.

1. The given definition of a multilevel optimization or multilevel optimal
control problem suggests to solve the optimizations recursively. The first
optimization to be solved is for 𝑖 = 𝑙, the last for 𝑖 = 1. The number 𝑖 is
thus often referred to as the level of the optimization problem, where 𝑖 = 𝑙
is the lowermost level and 𝑖 = 1 the uppermost level.
In the particular case of 𝑙 = 2we have a bilevel optimization problem and
we denote the two levels by lower level with subscript l and upper level
with subscript u, respectively.
Analogously, the variables 𝑧1,…,𝑧𝑖−1 are called higher level variables and
𝑧𝑖,…,𝑧𝑙 are called lower level variables.

2. The assumption (2.2) and the conditions 𝕏𝑙 ∈ 𝒞𝑘(𝕀,𝕂𝑛𝑙), 𝕏′
𝑙 ∈ 𝒞𝑘−1(𝕀,𝕂𝑛𝑙)

may need to be weakened in certain cases. This is discussed in Section 4.3.

3. We also may need to include inequality constraints in Definition 2.1 and
the optimizations in (2.1). See Chapter 7 for an example.

4. It is important to note that we explicitly require that there is a solution
operatorℒ𝑖 with a unique solution on each level. The problem gets much
more involved, if one allows non-unique solutions, see, e. g., [Dem02] for
an introduction in the caseof plain algebraicbilevel optimizationproblems
and the work on bilevel optimal control problems [Meh17a]. ▷

The thesis is divided into two parts. In Part I we focus on multilevel optimal
control problems as in Definition 2.2. In Part II we consider more general prob-
lems, that do not fitDefinition 2.2, butDefinition 2.1. These optimizations do not
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directly depend on the solutions of the dynamical system involved. Rather, other
quantities are optimized. While we focus on bilevel optimization problems, the
developed results and techniques can also be applied to multilevel optimization
problems.
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Part I.

Solution Based Multilevel
Optimal Control Problems

In this part we studymultilevel optimal control problems that fitDefinition 2.2.
Preliminary material that ranges from matrix perturbation theory to parameter-
dependent differential-algebraic systems and their optimal control is introduced
in Chapter 3. We discuss sensitivities, i. e., parameter derivatives of solutions of
optimal control problems of linear parameter-dependent differential-algebraic
equations (DAEs) in Chapter 4. Finally, we turn to a concrete bilevel optimal
control problem in Chapter 5, explain how it fits Definition 2.2, and link the
numerical errors of both levels.

Starting from a general parameter-dependent differential-algebraic control
system

𝐹(𝑡,𝑥, �̇�,𝜃,𝑢) = 0

with time 𝑡 ∈ 𝕀, time-differentiable state 𝑥, parameters 𝜃 ∈ Θ and continuous
input 𝑢, we perform a linearization step such that we obtain a linearized DAE of
the form

𝐸(𝑡,𝜃)�̇� = 𝐴(𝑡,𝜃)𝑥+𝐵(𝑡,𝜃)𝑢+𝑓. (I.1)

We discuss conditions under which we can separate the time-parameter space
𝕀×𝜃 into disjoint subsets, where the characteristic values of the linear DAE (I.1),
c. f., Hypothesis 3.3, stay constant. Starting from one such system, e. g., with
time-parameter space 𝕀1 ×Θ1, we set up the corresponding linear-quadratic
optimal control problem. Given weight functions𝑄(𝑡,𝜃),𝑆(𝑡,𝜃), and 𝑅(𝑡,𝜃) on
𝕀1×Θ1 and a weight 𝐾(𝜃) on the final state we want to minimize the objective
function

𝒥(𝑥,𝑢)≔ 𝑥(𝑡f)H𝐾𝑥(𝑡f)+∫
𝑡f

𝑡0
(𝑥𝑢)

H

[ 𝑄 𝑆
𝑆H 𝑅](

𝑥
𝑢)d𝑡 (I.2)



over all input functions 𝑢(𝑡) such that (I.1) is fulfilled with an initial condition
𝑥(𝑡0) = 𝑥0.

We compute the minimizer of (I.2) with the help of the necessary conditions
for optimality, which constitute a boundary value problem of the form

𝐸�̇� = (𝐴+�̇�)𝑥+𝐵𝑢+𝑓, (I.3a)
−𝐸H�̇� = 𝑄𝑥+𝑆𝑢+(𝐴+�̇�)H𝜆, (I.3b)

0 = 𝑆H𝑥+𝑅𝑢−𝐵H𝜆, (I.3c)

with corresponding boundary conditions

(𝐸+𝐸𝑥)(𝑡0) = 𝑥0, (𝐸𝐸+𝜆)(𝑡f) = (𝐸+H𝐾𝑥)(𝑡f),

where 𝜆 is a Lagrange multiplier function and 𝐸+ is the Moore-Penrose inverse
of 𝐸.

There are at least two ways for determining the necessary conditions (I.3). We
can proceed by first deriving the strangeness-free formulation

�̂�(𝑡,𝜃)�̇� = �̂�(𝑡,𝜃)𝑥+ �̂�(𝑡,𝜃)𝑢+ ̂𝑓

of the original dynamical equation (I.1), see the forthcoming discussion after Hy-
pothesis 3.3, and then writing down the corresponding system of necessary
conditions. Another approach is to directly write down a formal system of nec-
essary conditions. The differences between those approaches are discussed
in Subsection 3.4.5.

A summary of the general procedure for the computation of a solution of the
bilevel optimal control problem is depicted in Figure I.1. Thepossible procedures
for determining the sensitivities of the systemof necessary conditions is pictured
in more detail in Figure I.2. We discuss them briefly in Chapter 4, before we focus
on the boldly marked paths in Figure I.2.

First, similar to the derivation of the necessary conditions (I.3), which them-
selves constitute a DAE with possibly higher index, we need to decide, whether
we want to proceed with a strangeness-free formulation or by using some kind
of formal approach. The latter case is discussed in Section 4.6. In the former
case, we need to decide, which kind of index reduction is appropriate, which is
investigated in Subsection 3.4.6.
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Linear parame-
ter-dependent DAE
𝐸(𝑡,𝜃)�̇� = 𝐴(𝑡,𝜃)𝑥+
𝐵(𝑡,𝜃)𝑢 + 𝑓(𝑡,𝜃)

General parame-
ter-dependent DAE
𝐹(𝑡,𝑥, �̇�,𝜃,𝑢) = 0

𝑡 ∈ 𝕀2,
𝜃 ∈ Θ2

𝑡 ∈ 𝕀1,
𝜃 ∈ Θ1

𝑡 ∈ 𝕀3,
𝜃 ∈ Θ3

�̂�, �̂�, �̂�, ̂𝑓

�̂�, �̂�, �̂�, ̂𝑓

Linear parameter-
dependent boundary

value problem
ℱ(𝑡,𝑥,𝜆,𝑢, �̇�, �̇�,𝜃) = 0

of the form (I.3)

Sensitivities
Upper level
optimization

Linearize

Split
time-pa-

rameter set
to obtain
constant
charac-
teristic
values

Compute
strange-
ness-free

coeffi-
cients

Compute system of
necessary conditions

Formal
approach

Figure I.1.: Full picture of the computation of sensitivities in a bilevel optimal
control problem.

11



Once, we have fixed a strangeness-free formulation of the system of necessary
conditions (I.3), we distinguish between two approaches, the forward system
approach and the adjoint system approach. The forward system approach is dis-
cussed in Section 4.1, where we differentiate the system of necessary conditions.
The adjoint approach is discussed in Section 4.2, wherewe develop a correspond-
ing adjoint boundary value problem of the necessary conditions (I.3). Based on
a solution of that adjoint system, we derive formulas for the computation of the
sensitivities.

Using the sensitivity information, a concrete bilinear optimal control prob-
lem, also known as parameter estimation, is studied in Chapter 5, where the
higher level optimization is given by a nonlinear least squares problem. We
assume that the nonlinear least squares problem is solved by the Gauss-Newton
method [DS96]. The numerical solution of the lower level optimal control prob-
lem is only correct up to the discretization and roundoff errors. We analyze
the relation of these discretization errors with the convergence behavior of the
Gauss-Newton method by using perturbation theory established in [GLN07]. We
also check validity of the result with a numerical example.
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ℱ(𝑡,𝑥,𝜆,𝑢, �̇�, �̇�,𝜃)

ℱ̂(𝑡,𝑥,𝜆,𝑢, �̇�, �̇�,𝜃) ℱ̃(𝑡,𝑥,𝜆,𝑢, �̇�, �̇�,𝜃)

Adjoint sensitivity systemForward sensitivity system

Adjoint index reduction,
see Subs. 3.4.6

Index reduction by
change of weights,

see Subs. 3.4.6

Formal adjoint approach,
see Subs. 3.4.5 and Sec. 4.6

Forward approach,
see Sec. 4.1

See Secs. 4.1
and 4.3

See Secs. 4.2,
4.3 and 4.5

Sensitivities

Solve the systems
numerically,
see Sec. 4.7

Figure I.2.: Different ways of computing the sensitivities from a given system of
necessary conditionsℱ of the form (I.3). All systems are linear with
respect to the variables 𝜆, 𝑥, and 𝑢 and possibly their time deriva-
tives. Paths marked in bold are analyzed in more detail in this thesis
in Subsection 3.4.6 and Chapter 4.
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3. Preliminaries

In this chapter, we introduce definitions and results that are used throughout
the forthcoming chapters. For basic notation see Pages xiii to xiv.

3.1. Generalized Inverses

First, we look at generalized inverses, see, e. g., [CM79].

Definition3.1. (Pseudo inverse) Let𝐴 ∈𝕂𝑛×𝑚 be given. Then theMoore-Penrose
pseudo inverse or short pseudo inverse is uniquely defined by the four properties

1. 𝐴+𝐴𝐴+ =𝐴+;

2. 𝐴𝐴+𝐴 = 𝐴;

3. (𝐴+𝐴)H =𝐴+𝐴;

4. (𝐴𝐴+)H =𝐴𝐴+. ▷

There is also a weaker notion of a generalized inverse. We call 𝐴g a generalized
inverse of 𝐴 if it only fulfills the first condition in Definition 3.1. Note, that 𝐴𝑔 is
not necessarily unique anymore.

Proposition 3.1. Let 𝐴 ∈ 𝕂𝑛×𝑚, 𝐵 ∈ 𝕂𝑚×𝑟, 𝐶 ∈ 𝕂𝑠×𝑚 and isometric matrices
𝑈 ∈𝕂𝑙×𝑛, 𝑉 ∈ 𝕂𝑘×𝑚 be given. Then, the following holds.

1. 𝑃𝐴 ≔ 𝐴+𝐴 and �̆�𝐴 ≔ 𝐴𝐴+ are orthogonal projectors onto im𝐴H and im𝐴,
respectively, i. e., both quantities are Hermitian and we have 𝑃2

𝐴 = 𝑃𝐴 and
�̆�2
𝐴 = �̆�𝐴;

2. (𝑈𝐴)+ =𝐴+𝑈H and (𝐴𝑉 H)+ =𝑉𝐴+;

3. (𝑃𝐴𝐵)+ = (𝑃𝐴𝐵)+𝑃𝐴;
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3. Preliminaries

4. (𝐶𝑃𝐴)+ = 𝑃𝐴(𝐶𝑃𝐴)+. ▷

Proof. See, e. g., [GV96].

Next, we discuss differentiability of parameter-dependent matrix functions.
The following differentiation formulas are well-known.

Lemma 3.2 ([GP73]). Let an open set𝕆⊆ℝ𝑝 and 𝐴 ∈ 𝒞1(𝕆,𝕂𝑛×𝑚) be given. Then
the derivative of the pseudo-inverse 𝐴+ with respect to the arguments can be
expressed on𝕆 as

𝜕𝐴+

𝜕𝜃 = −𝐴+ 𝜕𝐴
𝜕𝜃𝐴

+𝐴+(𝐴+)H 𝜕𝐴
H

𝜕𝜃 (𝐼𝑛−𝐴𝐴+)+ (𝐼𝑚−𝐴+𝐴)𝜕𝐴
H

𝜕𝜃 (𝐴+)H𝐴+. (3.1)

In particular for the projectors 𝑃𝐴 and �̆�𝐴 we have

𝜕𝑃𝐴
𝜕𝜃 = 𝐴+ 𝜕𝐴

𝜕𝜃𝑃
⊥
𝐴 +(𝐴+ 𝜕𝐴

𝜕𝜃𝑃
⊥
𝐴 )

H

and
𝜕�̆�𝐴
𝜕𝜃 = �̆�⊥

𝐴
𝜕𝐴
𝜕𝜃𝐴

++(�̆�⊥
𝐴
𝜕𝐴
𝜕𝜃𝐴

+)
H
,

where the conjugate transpose in the second term of both formulas is applied for
each term 𝐴+ 𝜕𝐴

𝜕𝜃𝑖
𝑃⊥
𝐴 or �̆�⊥

𝐴
𝜕𝐴

𝜕𝜃𝑖
𝐴+ individually, i. e.,

(𝐴+ 𝜕𝐴
𝜕𝜃𝑃

⊥
𝐴 )

H ≔ [(𝐴+ 𝜕𝐴
𝜕𝜃𝑖

𝑃⊥
𝐴 )H]𝑖=1,…,𝑝

and
(�̆�⊥

𝐴
𝜕𝐴
𝜕𝜃𝐴

+)H ≔ [(�̆�⊥
𝐴
𝜕𝐴
𝜕𝜃𝑖

𝐴+)H]𝑖=1,…,𝑝. ▷

Remark 3.1. Note, that the resulting quantity in (3.1) is a function, whose images
are tensors of order 3, i. e., 𝜕𝐴(𝜃)

𝜕𝜃
∈ 𝕂𝑛×𝑚×𝑝. For our purposes, we can view this

object as a stack of matrices with the third index being the stacking dimension.
In particular, products of those objects can be viewed as matrix products for
every index in the stacking dimension.

Laterwedifferentiate products of the form𝐴(𝜃)𝑥(𝜃)with respect toparameters
𝜃 ∈ ℝ𝑝. The product rule still holds in that case, i. e., we get

(𝐴𝑥)𝜃 =𝐴𝜃𝑥+𝐴𝑥𝜃,
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3.2. Matrix Perturbations

where 𝐴𝜃𝑥 is a product of a rank 3 tensor with a vector and can be rewritten in
matrix terms by using the convention

𝐴𝜃𝑥≔ [𝐴𝜃1 … 𝐴𝜃𝑝](𝐼𝑝⊗𝑥),

where ⊗ denotes the Kronecker product, see, e. g., [KM06, p. 248]. ▷

3.2. Matrix Perturbations

Let us look at a few basic matrix perturbation results. The next result establishes
an estimate of the difference between the pseudo inverse of a matrix and the
pseudo inverse of a perturbed matrix in terms of the perturbed pseudo inverse
and the error.

Lemma 3.3. Let matrices ̃𝐽 , 𝐽 ∈ 𝕂𝑚×𝑛 with rk ̃𝐽 = rk 𝐽 be given and set 𝐽𝔈 ≔ ̃𝐽 − 𝐽.
Then,

‖ ̃𝐽+−𝐽+‖2 ≤ ‖ ̃𝐽+‖2‖𝐽+‖2‖𝐽𝔈‖2 ≤
‖ ̃𝐽+‖22‖𝐽𝔈‖2

1−‖ ̃𝐽+‖2‖𝐽𝔈‖2
. ▷

Proof. The first inequality is a standard result which can be found in [MZ10].
The second part is an immediate consequence ofWeyl’s inequality for singular
values [Wey12].

The bound is sharp as can be seen from the following example.

Example 3.2. Let

𝐽 = [1 0
0 0], 𝐽𝔈 = [

1

100
0

0 0
], ̃𝐽 = [

101

100
0

0 0
].

Then

‖ ̃𝐽+−𝐽+‖2 =
1
101 =

100

101

1

101

1− 1

101

=
‖ ̃𝐽+‖2(‖ ̃𝐽+‖2‖𝐽𝔈‖2)
1−‖ ̃𝐽+‖2‖𝐽𝔈‖2

. ▷

We continue with deriving an estimate of the difference between the product
of two matrices and its perturbed version.
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Lemma3.4. Letmatrices𝐴𝔈, �̃�,𝐴 ∈ 𝕂𝑚×𝑛,𝐵𝔈, �̃�,𝐵 ∈ 𝕂𝑛×𝑝, and𝐶 ∈𝕂𝑛×𝑛 be given
such that �̃� = 𝐴+𝐴𝔈 and �̃� = 𝐵 +𝐵𝔈. Then

‖�̃�𝐶�̃� −𝐴𝐶𝐵‖2 ≤ (‖�̃�‖2‖𝐵𝔈‖2+‖�̃�‖2‖𝐴𝔈‖2+‖𝐴𝔈‖2‖𝐵𝔈‖2)‖𝐶‖2. ▷

Proof. The assertion follows immediately by inserting the relations for 𝐴 and 𝐵
and an application of the triangular inequality.

We can finally bound the error of the product of a matrix with the pseudo
inverse of a second matrix.

Lemma 3.5. Let matrices 𝐴𝔈, �̃�,𝐴 ∈ 𝕂𝑚×𝑛 and 𝐵𝔈, �̃�,𝐵 ∈ 𝕂𝑛×𝑝 be given such that
�̃� = 𝐴+𝐴𝔈 and �̃� = 𝐵 +𝐵𝔈. Also, assume that rk𝐴 = rk �̃�. Then

‖�̃�+�̃� −𝐴+𝐵‖2 ≤
‖�̃�+‖22‖�̃�‖2

1−‖�̃�+‖2‖𝐴𝔈‖2
‖𝐴𝔈‖2+

‖�̃�+‖2
1−‖�̃�+‖2‖𝐴𝔈‖2

‖𝐵𝔈‖2. ▷

Proof. First we apply Lemma 3.4 and obtain that

‖�̃�+�̃� −𝐴+𝐵‖2 ≤ ‖�̃�+‖2‖𝐵𝔈‖2+‖�̃�‖2‖(𝐴+)𝔈‖2+‖(𝐴+)𝔈‖2‖𝐵𝔈‖2,

where (𝐴+)𝔈 = �̃�+−𝐴+. By Lemma 3.3 we further deduce that

‖(𝐴+)𝔈‖2 ≤
‖�̃�+‖22‖𝐴𝔈‖2

1−‖�̃�+‖2‖𝐴𝔈‖2
,

‖�̃�+‖2+‖(𝐴+)𝔈‖2 ≤
‖�̃�+‖2

1−‖�̃�+‖2‖𝐴𝔈‖2
.

Thus the assertion follows.

3.3. Nonlinear Least Squares Problems

Let 𝕀 ⊆ [0,∞) be an interval and Θ ⊆ ℝ𝑝. Given (𝑡𝑖,𝜉𝑖) ∈ 𝕀×𝕂𝑛, 𝑖 = 1,…,𝑞, and
a function 𝑓 ∶ 𝕀 ×Θ → 𝕂𝑛, a nonlinear least squares problem consists of the
unconstrained minimization problem

min
𝜃∈Θ

𝑞

∑
𝑘=1

‖𝑓(𝑡𝑘,𝜃)−𝜉𝑘‖2. (3.2)
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3.3. Nonlinear Least Squares Problems

Define the residuals 𝑟𝑘(𝜃) ≔ 𝑓(𝑡𝑘,𝜃)−𝜉𝑘 and the residual vector

𝑟(𝜃) ≔
⎛

⎝

𝑟1(𝜃)
⋮
𝑟𝑞(𝜃)

⎞

⎠
. (3.3)

Optimization Problem 3.2 can be solved with a simplified Newton approach,
where we can use, that most of the information of the Hessian is already given
by the Jacobian [DS96]. The following approach is called Gauss-Newton method
and, given a starting point 𝜃𝑘 ∈ Θ, computes the next iterate by

𝐽(𝜃𝑘)H𝐽(𝜃𝑘)Δ𝑘 =−𝐽H(𝜃𝑘)𝑟(𝜃𝑘), (3.4a)
𝜃𝑘+1 = 𝜃𝑘+Δ𝑘, (3.4b)

where 𝐽 denotes the Jacobian of 𝑟 with respect to 𝜃 and is assumed to have
point-wise full column rank.

In [DS96] the following approximation result is derived.

Theorem 3.6 ([DS96]). Let 𝜃∗ ∈ Θ be a minimizer of Optimization Problem 3.2
and let 𝜆 be the smallest eigenvalue of 𝐽(𝜃∗)H𝐽(𝜃∗). Assume that there is an open
set𝕆⊆Θwith 𝜃∗ ∈ 𝕆 such that

1. 𝐽(𝜃) is Lipschitz continuous in𝕆with a Lipschitz constant equal to 𝛾𝐽;

2. The Jacobian 𝐽(𝜃) is bounded, i. e.,‖𝐽(𝜃)‖2 ≤𝛼 for some𝛼 ∈ ℝ+ and all 𝜃 ∈ 𝕆.

3. There exists 0 < 𝜎 < 𝜆 such that

‖(𝐽(𝜃∗)− 𝐽(𝜃))𝑟(𝜃∗)‖2 ≤𝜎‖𝜃∗−𝜃‖2

for all 𝜃 ∈ 𝕆 and let 𝑐 ∈ ℝ such that 1 < 𝑐 < 𝜆/𝜎.

Further, let 𝜃0 be given. Then, there exists 𝜀 > 0 such that, if ‖𝜃∗−𝜃0‖ < 𝜀, then the
iterates {𝜃𝑘}𝑘 generated by the Gauss-Newton method (3.4) converge to 𝜃∗. ▷

In the following we summarize perturbation results from [GLN07]. If we allow
perturbations 𝑒𝑘 in the solution of the normal equation (3.4a), i. e., the perturbed
Gauss-Newton scheme reads

𝐽(𝜃𝑘)H𝐽(𝜃𝑘)Δ𝑘 =−𝐽(𝜃𝑘)H𝑟𝑘(𝜃𝑘)+𝑒𝑘, (3.5a)
𝜃𝑘+1 = 𝜃𝑘+Δ𝑘, (3.5b)

then we obtain the following convergence result.
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Theorem3.7 ([GLN07]). Let all the assumptions ofTheorem 3.6 hold and let 𝑐 ∈ ℝ
be given such that 1 < 𝑐 < 𝜆/𝜎. Choose 𝛽𝑘 such that

0 ≤ 𝛽𝑘 ≤ ̂𝛽 < 𝜆−𝑐𝜎
𝑐(𝜎+𝛼2) ,

‖‖𝑒𝑘‖‖2 ≤𝛽𝑘‖‖𝐽(𝜃𝑘)H𝑟(𝜃𝑘)‖‖2 .

Then there exists 𝜀 > 0 such that, if ‖𝜃∗−𝜃0‖ < 𝜀, the iterates {𝜃𝑘}𝑘 generated by
the perturbed Gauss-Newton method (3.5) converge to 𝜃∗. ▷

If, on the other hand, we only have an approximation ̃𝐽 (𝜃𝑘) of the Jacobian
𝐽(𝜃𝑘), i. e.,

̃𝐽 (𝜃𝑘)H ̃𝐽 (𝜃𝑘)Δ𝑘 =− ̃𝐽(𝜃𝑘)H𝑟𝑘(𝜃𝑘), (3.6a)
𝜃𝑘+1 = 𝜃𝑘+Δ𝑘, (3.6b)

then we have the following converge result.

Theorem3.8 ([GLN07]). Let all the assumptions ofTheorem 3.6 hold and let 𝑐 ∈ ℝ
be given such that 1 < 𝑐 < 𝜆/𝜎. Choose 𝜂𝑘 such that

0 ≤ 𝜂𝑘 ≤ �̂� < 𝜆−𝑐𝜎
𝑐(𝜎+𝛼2) ,

‖‖𝐽(𝜃𝑘)H𝐽(𝜃𝑘)(𝐽+(𝜃𝑘)− ̃𝐽+(𝜃𝑘))𝑟(𝜃𝑘)‖‖2
‖‖𝐽(𝜃𝑘)𝑟(𝜃𝑘)‖‖2

≤ 𝜂𝑘 < �̂�.

Then there exists 𝜀 > 0 such that, if ‖𝜃∗−𝜃0‖ < 𝜀, the iterates {𝜃𝑘}𝑘 generated by
the perturbed Gauss-Newton method (3.6) converge to 𝜃∗. ▷

If we combine both perturbations, i. e.,

̃𝐽 (𝜃𝑘)H ̃𝐽 (𝜃𝑘)Δ𝑘 =− ̃𝐽(𝜃𝑘)H𝑟𝑘(𝜃𝑘)+𝑒𝑘, (3.7a)
𝜃𝑘+1 = 𝜃𝑘+Δ𝑘, (3.7b)

then we have another convergence result.
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Theorem3.9 ([GLN07]). Let all the assumptions ofTheorem 3.6 hold and let 𝑐 ∈ ℝ
be given such that 1 < 𝑐 < 𝜆/𝜎. Choose 𝜂𝑘 and 𝛽𝑘 such that

0 ≤ 𝜂𝑘 ≤ �̂� < 𝜆−𝑐𝜎
𝑐(𝜎+𝛼2) ,

‖‖𝑒𝑘‖‖2 ≤𝛽𝑘‖‖ ̃𝐽 (𝜃𝑘)H𝑟(𝜃𝑘)‖‖2 ,

0 ≤ 𝛽𝑘 ≤
𝜂𝑘‖‖ ̃𝐽 (𝜃𝑘)H𝑟(𝜃𝑘)‖‖2−

‖‖𝐽(𝜃𝑘)H𝐽(𝜃𝑘)(𝐽+(𝜃𝑘)− ̃𝐽+(𝜃𝑘))𝑟(𝜃𝑘)‖‖2
‖‖ ̃𝐽 (𝜃𝑘)H𝑟(𝜃𝑘)‖‖2

‖‖𝐽(𝜃𝑘)H𝐽(𝜃𝑘)( ̃𝐽 (𝜃𝑘)H ̃𝐽 (𝜃𝑘))−1‖‖2
.

Then there exists 𝜀 > 0 such that, if ‖𝜃∗−𝜃0‖ < 𝜀, the iterates {𝜃𝑘}𝑘 generated by
the perturbed Gauss-Newton method (3.7) converge to 𝜃∗. ▷

3.4. Linear Differential-Algebraic Equations and
Control Systems

Consider control systems of the form

𝐸�̇� = 𝐴𝑥+𝐵𝑢+𝑓 (3.8)

with given matrix functions 𝐸 ∈ 𝒞2(𝕀,𝕂𝑛×𝑛), 𝐴 ∈ 𝒞1(𝕀,𝕂𝑛×𝑛), 𝐵 ∈ 𝒞1(𝕀,𝕂𝑛×𝑚), and
inhomogeneity 𝑓 ∈ 𝒞0(𝕀,𝕂𝑛), where 𝕀 ⊆ ℝ is a (possibly unbounded) interval. In
the control world, the time-dependent functions 𝑥 and 𝑢 are called state and
input, respectively. We call (𝑥,𝑢)with 𝑥 ∈ 𝒞1(𝕀,𝕂𝑛) and 𝑢 ∈ 𝒞0(𝕀,𝕂𝑚) a solution
of the control problem (3.8), if 𝑥(𝑡) and 𝑢(𝑡) fulfill

𝐸(𝑡)�̇�(𝑡) = 𝐴𝑥(𝑡)+𝐵𝑢(𝑡)+𝑓(𝑡) (3.9)

for all 𝑡 ∈ 𝕀. Then (𝑥, 𝑢) lies in the behavior 𝔅(𝐸,𝐴,𝐵,𝑓) which is the set of all such
solutions for given data (𝐸, 𝐴, 𝐵, 𝑓) ∈ Σ𝑚,𝑛(𝕂), where Σ𝑚,𝑛(𝕂) denotes the set
of all admissible data. The control system can be casted to a pure differential-
algebraic formulation, where formally there are no inputs and every variable is a
state, by defining a new system

ℰ�̇� =𝒜𝑧+𝑓 (3.10)

where

ℰ≔[𝐸 0], 𝒜 ∶= [𝐴 𝐵], 𝑧≔ [𝑥𝑢].
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This formulation is called the behavioral formulation [IM05] and originally goes
back to Willems for ordinary differential equations (ODEs), see e. g., [PW98].
Imposing the additional condition

𝑥(𝑡0) = 𝑥0 (3.11)

for some 𝑥0 ∈𝕂𝑛 we arrive at an initial value problem. An initial value problem
(3.8), (3.11) is called solvable, if the corresponding initial value (3.11) is consistent,
i. e., there exists (𝑥, 𝑢) ∈ 𝔅(𝐸,𝐴,𝐵,𝑓) that fulfills (3.11). In contrast to ODEs, the
set of consistent initial values for differential-algebraic equations (DAEs) is in
general not be the whole space𝕂𝑛 and depends on the initial time 𝑡0.

The control system is called solvable for some consistent initial value 𝑥0
and sufficiently smooth 𝑢 and 𝑓, if there exists 𝑥 such that (𝑥, 𝑢) ∈ 𝔅(𝐸,𝐴,𝐵,𝑓)
and (3.11) is fulfilled. If that is the case for all consistent 𝑥0 and sufficiently
smooth 𝑢 and 𝑓, then the system is called solvable. If in addition, such 𝑥 is
uniquely determined, the control system is called uniquely solvable or regular.

Since for DAEs the required regularity on 𝑢 and 𝑓 depends on the system
structure, we present a more precise definition of what ‘sufficiently smooth’
means in Subsection 3.4.1.

In the following, we do not anymore distinguish between the formal notation
in Equation (3.8) and the pointwise notation in Equation (3.9), whenever the
correct interpretation is clear from the context.

Remark 3.2. Sometimes, we are dealing with pure DAEs without inputs that are
of the form

𝐸�̇� = 𝐴𝑥+𝑓, (3.12)

i. e.,𝑚=0 in (3.8). The results in this subsection can be applied accordingly by
setting𝑚=0. ▷

Solvability and uniqueness of solutions of the control system can be analyzed
using the strangeness concept [KM06]. It builds on the so-called derivative array
[Cam87] thatwe apply to the system in behavior form (3.10). Assuming sufficient
smoothness of the data, we obtain an inflated system

ℳ𝑙�̇�𝑙 = ((𝑒(𝑙)1 )𝑇⊗𝒩𝑙)𝑧𝑙+𝑔𝑙 (3.13)
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withℳ𝑙 ∈𝕂𝑛𝑙×𝑛𝑙 and𝒩𝑙 ∈𝕂𝑛𝑙×𝑛, where each subblock is defined by

(ℳ𝑙)𝑖𝑗 = (
𝑖
𝑗
)ℰ(𝑖−𝑗)−(

𝑖
𝑗 +1

)𝒜(𝑖−𝑗−1), 𝑖, 𝑗 = 0,…,𝑙,

(𝒩𝑙)𝑖 =𝒜(𝑖), 𝑖 = 0,…,𝑙,
(𝑧𝑙)𝑖 = 𝑧(𝑖), 𝑖 = 0,…,𝑙,
(𝑔𝑙)𝑖 = 𝑓(𝑖), 𝑖 = 0,…,𝑙.

Note, that we slightly changed the definition of𝒩𝑙 compared to [KM06] to sim-
plify some of the quantities involved in forthcoming terms such that it is more
consistent with the nonlinear case.

Throughout this work we assume that there are no vanishing equations, i. e.,
consistency conditions on the right-hand side 𝑓. For more details, see [CKM12;
KM06]. Then we can formulate the following regularity assumptions.

Hypothesis 3.3 ([KM06]). There exist integers 𝑛𝜇, 𝑛𝑎, and 𝑛𝑑 such that the in-
flated pair (ℳ𝑛𝜇,𝒩𝑛𝜇) associated with the given pair of matrix functions (ℰ,𝒜)
has the following properties:

1. For all 𝑡 ∈ 𝕀 we have rkℳ𝑛𝜇(𝑡) = (𝑛𝜇 +1)𝑛 −𝑛𝑎 such that there exists a
smooth matrix function 𝑍2 of size (𝑛𝜇+1)𝑛×𝑛𝑎 and pointwise maximal
rank satisfying 𝑍H

2 ℳ𝑛𝜇 = 0.

2. For all 𝑡 ∈ 𝕀we have rk ̂𝒜2(𝑡) = 𝑛𝑎, where ̂𝒜2 = 𝑍H
2 𝒩𝑛𝜇 such that there exists

a smooth matrix function 𝑇2 of size 𝑛×𝑛𝑑, 𝑛𝑑 = 𝑛−𝑛𝑎, and pointwise
maximal rank satisfying ̂𝒜2𝑇2 = 0.

3. For all 𝑡 ∈ 𝕀we have rkℰ(𝑡)𝑇2(𝑡) = 𝑛𝑑 such that there exists a smoothmatrix
function 𝑍1 of size 𝑛×𝑛𝑑 and pointwise maximal rank satisfying rk �̂�1𝑇2 =
𝑛𝑑 with �̂�1 = 𝑍H

1 𝐸.

The integers 𝑛𝑢, 𝑛𝑎𝑛𝑑 are called characteristic values of (ℰ,𝒜). ▷

The quantities in Hypothesis 3.3 are independent under global equivalence
transformations.
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Definition 3.4 ([KM06]). Let (𝐸, 𝐴, 𝐵, 𝑓) ∈ Σ𝑚,𝑛(𝕂) and invertible matrix func-
tions 𝑇l ∈ 𝒞0(𝕀,𝕂𝑛×𝑛) an 𝑇r ∈ 𝒞1(𝕀,𝕂𝑛×𝑛) be given. Then the system (�̃�, �̃�, �̃�, ̃𝑓) ∈
Σ𝑚,𝑛(𝕂) given by

�̃� = 𝑇l𝐸𝑇r, �̃� = 𝑇l𝐴𝑇r−𝑇l𝐸�̇�r, �̃� = 𝑇l𝐵, ̃𝑓 = 𝑇l𝑓

is said to be globally equivalent to (�̃�, �̃�, �̃�, ̃𝑓).
If, additionally, 𝑈 = 𝑇l and 𝑉 = 𝑇r are pointwise unitary matrices, then the

system (�̃�, �̃�, �̃�, ̃𝑓) is called unitarily equivalent to (𝐸, 𝐴, 𝐵, 𝑓). ▷

Under the assumptions of Hypothesis 3.3 and using the notation of (3.13) we
can formulate the strangeness-free formulation given by

�̂��̇� = �̂�𝑥+ �̂�𝑢+ ̂𝑓, (3.14)

where

�̂� = [�̂�10 ] = [𝑍
H
1 𝐸
0 ], [�̂� �̂�] ≔ [�̂�1 �̂�1

�̂�2 �̂�2
]≔ [𝑍

H
1 0
0 𝑍H

2
][

𝒜
𝒩𝑛𝜇

],

̂𝑓 = [
̂𝑓1
̂𝑓2
] = [𝑍

H
1 0
0 𝑍H

2
]𝑔𝑙.

A system in the form (3.14) is strangeness-free, if it fulfills Hypothesis 3.3 with
𝑛𝜇 = 0, i. e., if and only if the matrix

[�̂�1 0
�̂�2 �̂�2

] (3.15)

has full row rank. It immediately follows that the strangeness-free formula-
tion is strangeness-free. Note, that all selection matrices 𝑍1, 𝑍2, 𝑇2 can be cho-
sen smooth and with orthonormal columns, by, e. g., using the Gram-Schmidt
orthonormalization process, which itself is a smooth process. Computing a
smooth singular value decomposition is another tool for guaranteeing existence
of smooth and orthonormal 𝑍1, 𝑍2, and 𝑇2 in Hypothesis 3.3.

Lemma 3.10 ([KM06, Theorem 3.9]). Let 𝐸 ∈ 𝐶 𝑙(𝕀,𝕂𝑛×𝑛), 𝑙 ∈ ℕ0∪{∞} be given
with rk𝐸(𝑡) = 𝑟 for all 𝑡 ∈ 𝕀. Then there exist pointwise unitary (and therefore
nonsingular) functions𝑈 ∈𝐶 𝑙(𝕀,𝕂𝑛×𝑛) and 𝑉 ∈ 𝐶 𝑙(𝕀,𝕂𝑛×𝑛), such that

𝑈H𝐸𝑉 = [Σ 0
0 0]
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with pointwise nonsingular Σ ∈ 𝐶 𝑙(𝕀,𝕂𝑟×𝑟). ▷

Another consequence is, that these matrices can be orthogonally comple-
mented to unitary matrices by smooth and isometric matrices

𝑍 ′
1 ∈𝕂𝑛×𝑛𝑎,𝑍 ′

2 ∈𝕂(𝑛𝜇+1)𝑛×(𝑛𝜇+1)𝑛−𝑛𝑎,𝑇 ′
2 ∈𝕂𝑛×𝑛𝑎. (3.16)

In the following, we merely follow [KM06; KM08].
We need to distinguish between two different systems. The controlled system

(𝐸, 𝐴, 𝐵, 𝑓) ∈ Σ𝑚,𝑛(𝕂)with inputs allowed to be arbitrary, free variables and the
uncontrolled system (𝐸, 𝐴, 𝑓) ∈ Σ0,𝑛(𝕂), where we formally set 𝑢 ≡ 0 or𝑚= 0.
We immediately obtain from (3.15) that if the uncontrolled system is strangeness-
free, then also the controlled system is strangeness-free. The opposite direction
does not hold in general. In that case, we can apply a feedback of the form
𝑢 = 𝐹𝑥+𝑣with 𝐹 ∈ 𝒞0(𝕀,𝕂𝑚×𝑛) and 𝑣 ∈ 𝒞0(𝕀,𝕂𝑚) being the new input [KM06].
The feedback can be chosen in such a way that

[ �̂�1
�̂�2+�̂�2𝐹

]

is pointwise invertible. Hence, after renaming of variables and suitable regularity
assumptions we can safely assume, that the system under consideration is also
strangeness-free as an uncontrolled system. Note, that for time-varying systems
the feedback can in general only be computed during the integration and thus
it may be pointless to include this procedure into a numerical algorithm as a
preprocessing step.

Sometimes, for theoretical analysis, it turns out to be useful to transform the
system to another representation. Using a unitarily equivalent system

(�̃�, �̃�) = (𝑈𝐸𝑉 ,𝑈𝐴𝑉 −𝑃𝐸�̇� )

according to Definition 3.4 does not change the solution behavior in the sense
that 𝑥(𝑡) is a solution of the original system (𝐸,𝐴)with inhomogeneity 𝑓 if and
only if �̃�(𝑡) ≔ 𝑉 H𝑥(𝑡) solves the new system (�̃�, �̃�) with inhomogeneity ̃𝑓 =
𝑈𝑓. For numerical analysis, we want to avoid variable transformations, as they
require differentiation of transformation matrices 𝑉 and possibly mix variables
from different physical domains and orders of magnitude. Most numerical
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integrators, however, do not apply such a transformation and directly operate
on the original data.

A particular globally equivalent system for a system in strangeness-free from
(3.14) is the semi-explicit form. It is given by

[𝐸11 0
0 0](

�̇�1
�̇�2
) = [𝐴11 𝐴12

𝐴21 𝐴22
](𝑥1𝑥2

)+(𝑓1𝑓2
) (3.17)

with invertible 𝐸11 ∈ 𝒞0(𝕀,𝕂𝑛𝑑×𝑛𝑑) and 𝐴 partitioned accordingly with invertible
𝐴22 ∈ 𝒞0(𝕀,𝕂𝑛𝑎×𝑛𝑎).

3.4.1. Regularity Requirements

To adequately reflect the smoothness properties of the inhomogeneity 𝑓, in
particular, when it is continuous only, we need to weaken the assumptions on
differentiability of 𝑥. Since

𝐸�̇� = 𝐸 d
d𝑡(𝐸

+𝐸𝑥)−𝐸 d
d𝑡(𝐸

+𝐸),

we can rewrite (3.8) as

𝐸 d
d𝑡(𝐸

+𝐸𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥+𝐵𝑢+𝑓

or as
𝐸 d

d𝑡(𝐸
+𝐸𝑥) = (𝐴+𝐸 d

d𝑡(𝐸
+𝐸))𝑥+𝑓 (3.18)

if𝑚=0. For 𝑓 ∈ 𝒞0(𝕀,𝕂𝑛) and 𝑢 ∈ 𝒞0(𝕀,𝕂𝑚)we therefore find solutions

𝑥 ∈ 𝒞1
𝐸+𝐸(𝕀,𝕂𝑛) ≔ {𝑥 ∈ 𝒞0(𝕀,𝕂𝑛) ∣ 𝐸+𝐸𝑥 ∈ 𝒞1(𝕀,𝕂𝑛)}. (3.19)

Similarly, for a system with 𝐸H as leading matrix, we define the solution space

𝒞1
𝐸𝐸+(𝕀,𝕂𝑛) ≔ {𝜆 ∈ 𝒞0(𝕀,𝕂𝑛) ∣ 𝐸𝐸+𝜆 ∈ 𝒞1(𝕀,𝕂𝑛)}. (3.20)

This solution space becomes important for analyzing adjoint equations, see Sub-
section 3.4.5 and Sections 4.3 and 4.5 for more details.
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3.4. Linear Differential-Algebraic Equations and Control Systems

In the case of semi-explicit systems (3.17) we have

𝐸+𝐸 = [𝐼𝑛𝑑 0
0 0] = 𝐸𝐸+

and thus (3.17) can be written as

[𝐸11 0
0 0](

�̇�1
0 ) = [𝐴11 𝐴12

𝐴21 𝐴22
](𝑥1𝑥2

)+(𝑓1𝑓2
) . (3.21)

3.4.2. Flow Formulation

Analysis of solvability and uniqueness of solutions can be done via so-called
flow formulations, which capture the whole solution behavior in a single flow
operator. For DAEs in strangeness-free form (3.14) we obtain an explicit flow
formulation [Bau14; Bau17] by first defining an equivalent projected system. Let

�̇�d =𝐷d(𝑡)𝑥d+𝑓d(𝑡), (3.22a)
𝑥a =−𝐷a(𝑡)𝑥d−𝑓a(𝑡), (3.22b)

where

𝑃𝑧 =𝐸+𝐸, 𝒫𝑧 = (𝐼𝑛−𝐷a)𝑃𝑧, 𝑃⊥
𝑧 = 𝐼𝑛−𝑃𝑧,

𝐷d = (�̂�+�̂� + �̇�𝑧)𝒫𝑧, 𝑓d = �̂�+ ̂𝑓 − (�̂�+�̂� + �̇�𝑧)𝑓a,

𝐷a = 𝑃⊥
𝑧 (�̂�2𝑃⊥

𝑧 )+�̂�2, 𝑓a = (�̂�2𝑃⊥
𝑧 )+ ̂𝑓2.

(3.23)

Note, that both 𝑥d and 𝑥a are functions in the full space𝕂𝑛 in contrast to 𝑥1 and
𝑥2 in (3.21). Then, the flow is given by the affine linear operator

Φ𝑡0
(𝐸,𝐴,𝑓)(𝑡,𝑥0) = Φ𝑡0

(𝐸,𝐴)(𝑡)𝑥0+∫
𝑡

𝑡0
Φ𝑠
(𝐸,𝐴)(𝑡)𝑓d(𝑠)d𝑠−𝑓a(𝑡), (3.24)

where the homogeneous flow is given by the operator Φ𝑡0
(𝐸,𝐴)(𝑡) = (𝒫𝑧Φ

𝑡0
𝐷d
𝑃𝑧)(𝑡)

andΦ𝑡0
𝐷d

corresponds to the usual flow definition for ODEs, i. e.,Φ𝑡0
𝐷d

solves

Φ̇𝑡0
𝐷d
=𝐷dΦ

𝑡0
𝐷d
, Φ𝑡0

𝐷d
(𝑡0) = 𝐼𝑛.

The homogeneous flow matrixΦ𝑡0
(𝐸,𝐴) admits certain properties which are a gen-

eralization of the properties well-known for the ODE case.
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Proposition 3.11 ([Bau17]). Let 𝑠,𝑡 ∈ 𝕀 and the corresponding homogeneous
flowsΦ𝑠

(𝐸,𝐴) andΦ
𝑡0
(𝐸,𝐴) be given. Then we have

1. Φ𝑠
(𝐸,𝐴)(𝑡)Φ

𝑡0
(𝐸,𝐴)(𝑠) =𝒫𝑧(𝑠);

2. Φ𝑡
(𝐸,𝐴)(𝑠)Φ𝑠

(𝐸,𝐴)(𝑡) =𝒫𝑧(𝑡);

3. Φ𝑠
(𝐸,𝐴)(𝑡) is a generalized inverse ofΦ

𝑡0
(𝐸,𝐴)(𝑠), i. e., (Φ𝑠

(𝐸,𝐴)(𝑡))g =Φ𝑡0
(𝐸,𝐴)(𝑠).

In the case of an invertible 𝐸we immediately obtain thatΦ𝑠
(𝐸,𝐴)(𝑡) = (Φ𝑡0

(𝐸,𝐴)(𝑠))−1.
▷

Since we are dealing with strangeness-free DAEs it follows immediately that
the selector matrices 𝑇2 and 𝑍1 can be directly read off the smooth singular value
decomposition of 𝐸, i. e., 𝐸 = 𝑍1𝐸11𝑇H

2 for invertible 𝐸11 with rk𝐸11 = rk𝐸. Also,
the complementary matrices 𝑍 ′

1 and 𝑇 ′
2 of (3.16) represent the kernel of 𝐸H and

𝐸, respectively. Consequently, 𝑃𝑧 =𝐸+𝐸 = 𝑇2𝑇H
2 and 𝑃⊥

𝑧 = 𝑇 ′
2 (𝑇 ′

2 )H.
Let us also introduce the projectors

�̆�𝑧 =𝐸𝐸+, �̆�⊥
𝑧 = 𝐼𝑛−�̆�𝑧,

which can be computed by the products 𝑍1𝑍H
1 and 𝑍 ′

1(𝑍 ′
1)H. Then we have the

following result for unitary equivalence.

Proposition 3.12. Let (𝐸, 𝐴, 𝑓) ∈ Σ0,𝑛(𝕂) be given and let (�̃�, �̃�, ̃𝑓) ∈ Σ0,𝑛(𝕂) be
unitarily equivalent via𝑈 and 𝑉. Then, we have the following.

1. The quantities (3.23) for the transformed system are given by

�̃�𝑧 =𝑉 H𝑃𝑧𝑉 , �̃�⊥
𝑧 =𝑉 H𝑃⊥

𝑧 𝑉 , �̃�𝑧 =𝑉 H𝒫𝑧𝑉 , (3.25a)
�̃�a =𝑉 H𝐷a𝑉 , ̃𝑓a =𝑉 H𝑓a, (3.25b)
�̃�d =𝑉 H𝐷d𝑉 +�̇� H𝑃𝑧𝑉 , ̃𝑓d =𝑉 H𝑓d𝑉 +�̇� H𝑃𝑧𝑉 . (3.25c)

2. The quantities (3.23) are independent of unitary transformations from the
left and the transformation 𝑍1 to strangeness-free form (3.14).

3. Further, the quantities (3.23) can be represented in terms of the original
data without explicitly forming 𝑍 or 𝑍1 or 𝑍 ′

1 or parts of them, i. e., we have

𝐷d = (𝐸+𝐴+�̇�𝑧)𝒫𝑧, 𝑓d =𝐸+𝑓−(𝐸+𝐴+�̇�𝑧)𝑓a,
𝐷a = (�̆�⊥

𝑧 𝐴𝑃⊥
𝑧 )+𝐴, 𝑓a = (�̆�⊥

𝑧 𝐴𝑃⊥
𝑧 )+𝑓.

(3.26)

▷
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Proof. We consider the equivalent system �̃� =𝑈𝐸𝑉, �̃� =𝑈𝐴𝑉 −𝑈𝐸�̇� , and ̃𝑓 =
𝑈𝑓. Let the transformation matrices 𝑍1, 𝑍 ′

1 be given according to Hypothesis 3.3
and set

[ ̂�̃�2 ̂̃𝑓2]≔ (�̃� ′
1)H [�̃� ̃𝑓] .

Then, the transformation matrix �̃� ′
1 fulfills

�̃� ′
1 =𝑈𝑍 ′

1�̃�

for some pointwise orthogonal matrix function �̃�. Thus,

�̃�𝑧≔ �̃�+�̃� = 𝑉 H𝐸+𝑈H𝑈𝐸𝑉 =𝑉 H𝑃𝑧𝑉

and
̃�̆�
⊥
𝑧 = �̃� ′

1(�̃� ′
1)H =𝑈𝑍 ′

1(𝑍 ′
1)H𝑈H =𝑈�̆�⊥

𝑧 𝑈H. (3.27)

Note, that by Proposition 3.1

𝑃⊥
𝑧 (�̂�2𝑃⊥

𝑧 )+ = ((𝑍 ′
1)H𝐴𝑃⊥

𝑧 )+ = (�̆�𝑧𝐴𝑃⊥
𝑧 )+𝑍 ′

1.

Hence,
𝐷a = 𝑃⊥

𝑧 (�̂�2𝑃⊥
𝑧 )+�̂�2 = (�̆�⊥

𝑧 𝐴𝑃⊥
𝑧 )+�̆�⊥

𝑧 𝐴 = (�̆�⊥
𝑧 𝐴𝑃⊥

𝑧 )+𝐴

does not need explicit availability of 𝑍 ′
1. By (3.27), Proposition 3.1 and noting

that ̃�̆�
⊥
𝑧 �̃� = ̃�̆�

⊥
𝑧𝑈𝐴𝑉, we conclude that

�̃�a = ( ̃�̆�
⊥
𝑧 �̃��̃�⊥

𝑧 )+ ̃�̆�
⊥
𝑧 �̃� = (𝑈�̆�⊥

𝑧 𝐴𝑃⊥
𝑧 𝑉 )+𝑈�̆�⊥

𝑧 𝐴𝑉 =𝑉 H𝐷a𝑉 .

The remaining quantities in Equations (3.25a) and (3.25b) follow analogously.
For the quantities in Equation (3.25c) we first note, that 𝐸+𝐴 = �̂�+�̂�. Then, we
obtain for ̇̃𝑃𝑧 that

̇̃𝑃𝑧 = �̇� H𝑃𝑧𝑉 +𝑉 H ̇𝑃𝑧𝑉 +𝑉 H𝑃𝑧�̇�

and thus

�̃�d =𝑉 H𝐸+(𝐴𝒫𝑧𝑉 −𝐸�̇�𝑉 H𝒫𝑧𝑉 )+𝑉 H ̇𝑃𝑧𝒫𝑧𝑉 +�̇� H𝑃𝑧𝒫𝑧𝑉 +𝑉 H𝑃𝑧�̇� 𝑉 H𝒫𝑧𝑉
=𝑉 H𝐷d𝑉 +�̇� H𝑃𝑧𝑉 .

The remaining quantity ̃𝑓d follows analogously.
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The next result shows, that for the flow formulation we can use either the
original representation of the DAE (3.12) or the reformulated version (3.18) with
weaker solution requirements.

Proposition 3.13. The system (3.12) and the reformulated version (3.18) are
represented by the same flow representation (3.23). In particular, solutions of
the flow equation (3.24) with 𝑥d ∈ 𝒞1(𝕀,𝕂𝑛) and 𝑥a ∈ 𝒞0(𝕀,𝕂𝑛) define solutions
𝑥 = 𝑥d+𝑥a ∈ 𝒞1

𝐸+𝐸(𝕀,𝕂𝑛). ▷

Proof. Follows immediately by inspecting the proof of the flow formulation
in [Bau14] and by noting that 𝑥d =𝐸+𝐸𝑥 and �̆�⊥

𝑧 (𝐴+𝐸
d

d𝑡
(𝐸+𝐸)) = �̆�⊥

𝑧 𝐴.

We conclude this subsection with the following result.

Lemma 3.14. The differential part of the homogeneous flow matrix Φ𝑡0
(𝐸,𝐴) is a

flow for the matrix 𝑇H
2 𝐷d𝑇2+�̇�H

2 𝑇2, i. e., the matrix

𝑇H
2 (𝑡)Φ𝑡0

(𝐸,𝐴)(𝑡)𝑇2(𝑡0)

is invertible for all admissible 𝑡0, 𝑡 ∈ 𝕀. ▷

Proof. The result is a direct consequence of the findings in [KM06, Section 7.2].
For a direct proof let

𝑇 = [𝑇2 𝑇 ′
2 ] ,

which by the above convention (3.16) is invertible. Then by global equivalence
and Proposition 3.12 we have

𝑇H(𝑡)Φ𝑡0
𝐷d
(𝑡)𝑇 (𝑡0) = Φ𝑡0

�̃�d
(𝑡) = Φ𝑡0

𝑇H𝐷d𝑇+ ̇𝑇H𝑃𝑧𝑇
(𝑡)

for all 𝑡 ∈ 𝕀. By simple calculations it follows that

(𝑇 ′
2 (𝑡))H𝐷d𝑇2(𝑡)+ (�̇� ′

2 (𝑡))H𝑃𝑧(𝑡)𝑇2(𝑡) = (𝑇 ′
2 )H(𝑡)�̇�2(𝑡)+ (�̇� ′

2 (𝑡))H𝑇2(𝑡) = 0

and thus

Φ𝑡0
�̃�d
(𝑡) =

⎡

⎣

Φ𝑡0
11(𝑡) Φ𝑡0

12(𝑡)

0 Φ𝑡0
22(𝑡)

⎤

⎦

with invertibleΦ𝑡0
11(𝑡). Hence,

𝑇H
2 (𝑡)Φ𝑡0

(𝐸,𝐴)(𝑡)𝑇2(𝑡0) = 𝑇H
2 (𝑡)Φ𝑡0

𝐷d
(𝑡)𝑇2(𝑡0) = Φ𝑡0

11(𝑡)

is also invertible.
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3.4.3. Boundary Value Problems

We consider boundary value problems for strangeness-free DAEs of the form

𝐸�̇� = 𝐴𝑥+𝑓(𝑡), (3.28a)
Γ0𝑥(𝑡0)+Γf𝑥(𝑡f) = 𝛾, (3.28b)

where Γ0,Γf ∈ 𝕂𝑛×𝑛, and 𝛾 ∈ 𝕂𝑛. Note, that Equation (3.28a) corresponds to
the strangeness-free DAE (3.8) with no inputs and (3.28b) defines boundary
conditions. Setting 𝛾 = 𝑥0, Γ0 = 𝐼𝑛, and Γf = 0we are in the initial value problem
case (3.11). Here, we seek for a solution 𝑥 ∈ 𝒞1(𝕀,𝕂𝑛) that is smooth on the
whole interval 𝕀. The following theorem provides a characterization for unique
solvability in the case of strangeness-free DAEs.

Theorem 3.15 ([KMS05]). Let Γ0,Γf ∈ 𝕂𝑛×𝑛 be given such that for an isometric
𝑍Γ ∈𝕂𝑛×𝑛𝑑

rk𝑍H
Γ [Γ0 Γf] = 𝑛𝑑 = rk[Γ0 Γf] .

Also, letΦ𝑡0
(𝐸,𝐴) denote the flow and 𝑇2 be the selection matrix from Hypothesis 3.3.

Then the boundary value problem (3.28) is uniquely solvable for every𝛾 ∈ im𝑍Γ,
if and only if

𝑍H
Γ (Γ0+ΓfΦ

𝑡0
(𝐸,𝐴)(𝑡f))𝑇2(𝑡0) (3.29)

is invertible. ▷

Proof. This is an immediate consequence of the findings in [KMS05] for the
arbitrary index case, however, for a slightly different notation. For a direct proof
see the proof of Theorem 3.16.

We can also add inner value conditions by replacing (3.28b) with
𝑞

∑
𝑖=0

Γ𝑖𝑥(𝑡𝑖) = 𝛾, (3.30)

where 𝑡0 < 𝑡1 <… < 𝑡𝑞 ≔ 𝑡f, Γ𝑖 ∈ 𝕂𝑛×𝑛, 𝑖 = 0,…,𝑞, and Γ𝑞 ≔ Γf. Then we have
the following generalization.

Theorem 3.16. Let Γ0,…,Γf ∈𝕂𝑛×𝑛 given such that for an isometric 𝑍Γ ∈𝕂𝑛×𝑛𝑑

rk𝑍H
Γ [Γ0 … Γf] = 𝑛𝑑 = rk[Γ0 … Γf] . (3.31)
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Also, letΦ𝑡0
(𝐸,𝐴) denote the flow and 𝑇2 be the selection matrix from Hypothesis 3.3.

Then the boundary value problem (3.28a) and (3.30) is uniquely solvable for
every 𝛾 ∈ im𝑍Γ with 𝑥(𝑡0) ∈ 𝑃𝑧(𝑡0), if and only if

𝑍H
Γ (Γ0+

𝑞

∑
𝑖=1

Γ𝑖Φ
𝑡0
(𝐸,𝐴)(𝑡𝑖))𝑇2(𝑡0) (3.32)

is invertible. ▷

Proof. Let us look at a parametrization of all solutions of the DAE (3.28a), which
is given by (3.24) in terms of 𝑥0,d ∈ im𝑃𝑧(𝑡0). This is a bijective mapping with
rk𝑃𝑧(𝑡0) = 𝑛𝑑, where the remaining algebraic variables 𝑥0,a of 𝑥0 are recovered
from (3.22b).

Replacing 𝑥(𝑡𝑖) in (3.30) byΦ𝑡0
(𝐸,𝐴,𝑓)(𝑡𝑖,𝑥0,d), we obtain that

𝑍H
Γ (Γ0+

𝑞

∑
𝑖=1

Γ𝑖Φ
𝑡0
(𝐸,𝐴)(𝑡𝑖))𝑇2(𝑡0)𝑇H

2 (𝑡0)𝑥0,d = 𝑍H
Γ �̃� (3.33)

for some �̃� independent of 𝑥0,d. Note, that by (3.31) �̃� ∈ im𝑍Γ if and only if
𝛾 ∈ im𝑍Γ. Thus, (3.33) can be uniquely solved for 𝑥0,d for every 𝛾 ∈ 𝑍Γ, if and
only if (3.32) is invertible.

In Chapter 4 we encounter situations where we can only expect solutions 𝑥
that are smooth inside the subintervals (𝑡𝑖, 𝑡𝑖+1), which makes 𝑥(𝑡) a piecewise
smooth solution. More precisely, given 𝑡0 <…< 𝑡𝑞 = 𝑡f, we look for solutions
𝑥 ∶ 𝕀 →𝕂𝑛, which fulfill 𝑥|(𝑡𝑖,𝑡𝑖+1) ∈ 𝒞

1((𝑡𝑖, 𝑡𝑖+1),𝕂𝑛), 𝑖 = 0,…,𝑞. We denote the set
of all such piecewise smooth solutions by

𝒞1
pw(𝕀,𝕂𝑛, {𝑡0,…,𝑡𝑞}).

In addition, we may have to allow jumps at intermediate values of 𝑥, which
corresponds to distributional inhomogeneities.

Definition 3.5 (𝛿-distribution). Let 𝜏 ∈ ̊𝕀 = (𝑡0, 𝑡f) and a function 𝑔 ∈ 𝒞0(𝕀,𝕂𝑛) be
given. Then the 𝛿-distribution 𝛿𝜏 is defined by the formal notation

∫
𝑡f

𝑡0
𝛿𝜏(𝑡)𝑔(𝑡)d𝑡≔ 𝑔(𝜏). (3.34)

▷
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Remark 3.3. In Equation (3.34) we represented the 𝛿-distribution formally as a
time-dependent function. This is motivated by the fact, that the 𝛿-distribution
can be approximated by

lim
𝜀→0

∫
𝑡f

𝑡0
𝛿𝜀𝜏(𝑡)𝑔(𝑡)d𝑡 = 𝑔(𝜏),

while lim𝜀→0𝛿𝜀𝜏(𝑡) = 0 for 𝑡 ≠ 𝜏 and some 𝛿𝜀𝜏 ∈ 𝒞0(𝕀,𝕂).
Further, the integral in (3.34) is not a Riemann or Lebesgue integral. However,

we assume that conventional linearity properties hold in combination with
standard integrals. ▷

Definition 3.6. Let 𝟙[𝑡0,𝜏)(𝑡) denote the jump function on 𝕀which is 1, whenever
𝑡 < 𝜏 and 0 otherwise. Then we define the derivative

d
d𝑡𝟙[𝑡0,𝜏)(𝑡) ≔

d
d𝑡𝟙[𝑡0,𝜏](𝑡) ≔ 𝛿𝜏(𝑡).

Remark 3.4. Since 𝟙[𝑡0,𝜏)(𝑡) = 𝟙(𝑡,𝑡f](𝜏) = 1−𝟙[𝑡0,𝑡](𝜏) for all 𝑡,𝜏 ∈ ̊𝕀, we also have

d
d𝜏𝟙[𝑡0,𝜏)(𝑡) = −𝛿𝜏(𝑡).

Definition 3.7 (Distributional inhomogeneities). Let 𝜏 ∈ ̊𝕀 = (𝑡0, 𝑡f) and a func-
tion 𝑔 ∈ 𝒞0(𝕀,𝕂𝑛)with 𝑔(𝜏) ∈ �̆�𝑧(𝜏) be given. We can replace 𝑓 in Equation (3.28a)
by the formal term 𝛿𝜏(𝑡)𝑔(𝑡) to obtain the formal representation

𝐸�̇� = 𝐴𝑥+𝛿𝜏(𝑡)𝑔(𝑡).

For 𝑥 ∈ 𝒞1
pw(𝕀,𝕂𝑛, {𝜏}) this has to be understood as the evaluation of

0 =∫
𝑡f

𝑡0
𝜆H(𝐸�̇� −𝐴𝑥−𝛿𝜏(𝑡)𝑔(𝑡))d𝑡 (3.35)

for any 𝜆 ∈ 𝒞1(𝕀,𝕂𝑛). ▷

Remark 3.5. The integral in (3.35) can be reformulated by partial integration as

0 = 𝜆H𝐸𝑥|𝑡f𝑡0 −∫
𝑡f

𝑡0
( d
d𝑡(𝐸

H𝜆)H+𝜆H𝐴)𝑥+𝜆H𝛿𝜏(𝑡)𝑔(𝑡))d𝑡
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for any 𝜆 ∈ 𝒞1(𝕀,𝕂𝑛). Thus, for 𝑡0 →𝜏−,𝑡f →𝜏+we obtain that

𝐸(𝜏)(𝑥(𝜏+)−𝑥(𝜏−)) = 𝑔(𝜏),

since 𝜆 can be chosen arbitrarily. This also makes clear, why we assume, that
𝑔(𝜏) ∈ im �̆�𝑧(𝜏) in Definition 3.7.

Note, that since 𝑥 is piecewise smooth with possible discontinuity at 𝜏 we
could naturally set 𝑥(𝜏) either to 𝑥(𝜏+) or to 𝑥(𝜏−). As the evaluation of 𝑥 at such
an intermediate point 𝜏 does notmatter in this thesis, we consider solutions, that
differ at such points as equivalent in the sense of an equivalence relation. ▷

There are a couple of small inconsistencies and implicit assumptions that
come with the use of this formal notation. Also, here we restrict to a special case,
where solutions are not distributional and at most have jumps at prescribed
points. For a comprehensive and detailed study of those problems we refer
to [Jan71; KM06; RR88; RR89; Tre09] and the references therein.

If we have a distributional and/or discontinuous inhomogeneity we can use
the following trick.

Lemma 3.17. Let us consider the boundary value problem (3.28)with some 𝛾 ∈
𝕂𝑛,Γ0,Γf, and𝑍Γ. Further, let ̃𝑓 be given by ̃𝑓 = 𝛼𝟙[𝑡0,𝜏)+𝛽𝛿𝜏 for some𝛼 ∈ 𝒞0(𝕀,𝕂𝑛),
𝜏 ∈ (𝑡0, 𝑡𝑓), and 𝛽 ∈ 𝒞0(𝕀,𝕂𝑛)with 𝛽(𝜏) ∈ �̆�𝑧(𝜏). Then, the following are equivalent:

1. The boundary value problem (3.28)with sufficiently smooth 𝑓 is uniquely
solvable in the sense of Theorem 3.15 and the unique solution 𝑥 lies in
𝒞1(𝕀,𝕂𝑛);

2. The boundary value problem (3.28)with 𝑓 = 0 is uniquely solvable in the
sense of Theorem 3.15 and the unique solution 𝑥 lies in 𝒞1(𝕀,𝕂𝑛);

3. The boundary value problem (3.28)with 𝑓 = ̃𝑓 = 𝛼𝟙[𝑡0,𝜏)+𝛽𝛿𝜏 has a unique
piecewise smooth solution 𝑥 in 𝒞1

pw(𝕀,𝕂𝑛, {𝜏}) for any 𝛾 ∈ im𝑍Γ;

4. The augmented system

𝐸�̇�1 =𝐴𝑥1+𝛼, (3.36a)
𝐸�̇�2 =𝐴𝑥2, (3.36b)
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�̃�H
Γ ([

Γ0 0
0 0](

𝑥1(𝑡0)
𝑥2(𝑡0)

)+[ 0 0
𝐸(𝜏) −𝐸(𝜏)](

𝑥1(𝜏)
𝑥2(𝜏)

)+[0 Γf
0 0 ](

𝑥1(𝑡f)
𝑥2(𝑡f)

))

= �̃�H
Γ (

𝛾
𝛽(𝜏)) , (3.36c)

with �̃�Γ given by

�̃�Γ = [𝑍Γ 0
0 𝑍1(𝜏)

]

has a unique smooth solution on 𝕀 for any 𝛾 ∈ im𝑍Γ with 𝑥𝑖(𝑡0) ∈ 𝑃𝑧(𝑡0), 𝑖 =
1,2.

In that case the solution of the boundary value problem (3.28)with 𝑓 = ̃𝑓 = 𝑔+𝛽𝛿𝜏
can be written as 𝑥(𝑡) = 𝟙[𝑡0,𝜏)𝑥1(𝑡)+𝟙[𝜏,𝑡f)𝑥2(𝑡). ▷

Proof. First, we show that Statement 3 is equivalent to Statement 4.
Let the boundary value problem (3.28) with 𝑓 = 𝛼𝟙[𝑡0,𝜏)+𝛽𝛿𝜏 have a unique

andpiecewise smooth solution𝑥. First note, that since the𝛿-function is localized
at time point 𝜏, we know that𝑥 solves theDAE𝐸�̇� = 𝐴𝑥+𝛼 on [𝑡0,𝜏) and𝐸�̇� = 𝐴𝑥
on (𝜏,𝑡f]. Thus, we can define 𝑥1 ∶ 𝕀 →𝕂𝑛 and 𝑥2 ∶ 𝕀 →𝕂𝑛 as the smooth extension
of 𝑥|[𝑡0,𝜏) and 𝑥|(𝜏,𝑡f] on the whole interval 𝕀, respectively. Then, with the help
of Remark 3.5 we easily confirm that (3.36c) is fulfilled.

Vice versa, we candefine𝑥(𝑡) = 𝟙[𝑡0,𝜏)𝑥1(𝑡)+𝟙[𝜏,𝑡f)𝑥2(𝑡), which solves thebound-
ary value problem (3.28) with 𝑓 = ̃𝑓 = 𝛼𝟙[𝑡0,𝜏) +𝛽𝛿𝜏 by using Remark 3.5 and
relation (3.36c).

Uniqueness follows from the fact, that there is a one-to-one correspondence
between parts of the solutions, which is a unique mapping except for 𝑡 = 𝜏.

The equivalence of Statement 1 and Statement 2 follows directly by Theo-
rem 3.15 as it is independent of the concrete inhomogeneity 𝑓.

It remains to show the equivalence of Statement 2 and Statement 4. First, we
note that due to the coupling structure theflowof Equations (3.36a) and (3.36b) is
given byΦ𝑡0

(𝐼2⊗𝐸,𝐼2⊗𝐴) = 𝐼2⊗Φ
𝑡0
(𝐸,𝐴). Thus, byTheorem 3.16 we have that Statement 4
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is equivalent to the regularity of the matrix

�̃�H
Γ ([

Γ0 0
0 0]+[

0 0
𝐸(𝜏) −𝐸(𝜏)][

Φ𝑡0
(𝐸,𝐴)(𝜏) 0
0 Φ𝑡0

(𝐸,𝐴)(𝜏)
]

+[0 Γf
0 0 ][

Φ𝑡0
(𝐸,𝐴)(𝑡f) 0
0 Φ𝑡0

(𝐸,𝐴)(𝑡f)
])[𝑇2(𝑡0) 0

0 𝑇2(𝑡0)
]

= �̃�H
Γ [

Γ0 ΓfΦ
𝑡0
(𝐸,𝐴)(𝑡f)

(𝐸Φ𝑡0
(𝐸,𝐴))(𝜏) −(𝐸Φ𝑡0

(𝐸,𝐴))(𝜏)
][𝑇2(𝑡0) 0

0 𝑇2(𝑡0)
] . (3.37)

Since
(𝑍H

1 𝐸Φ
𝑡0
(𝐸,𝐴))(𝜏)𝑇2(𝑡0) = (𝐸11𝑇H

2 Φ𝑡0
(𝐸,𝐴))(𝜏)𝑇2(𝑡0)

is invertible by Lemma3.14, we conclude that thematrix (3.37) is invertible if and
only if (3.29) is invertible, which, by Theorem 3.15 is equivalent to Statement 2.

3.4.4. Optimal Control

In this sectionwe introduce optimal control problems forDAEs, wherewemainly
follow [KM08; KM11b]. For additional resources, see, e. g., [Ger12; Lib12].

We again consider the control system (3.8), where the input in Equation (3.8)
is used as a free variable. In optimal control, onewants to restrict𝑢 in such away,
that together with the resulting state 𝑥 a certain objective function is minimized.
A typical objective function for linear control systems is a quadratic function of
the form

𝒥(𝑥,𝑢)≔ 𝑥(𝑡f)H𝐾𝑥(𝑡f)+∫
𝑡f

𝑡0
(𝑥(𝑡)𝑢(𝑡))

H

[ 𝑄 𝑆
𝑆H 𝑅](

𝑥(𝑡)
𝑢(𝑡))d𝑡, (3.38)

where we require, that

[ 𝑄 𝑆
𝑆H 𝑅] ⪰ 0, (3.39)

𝐾 ∈ 𝕂𝑛×𝑛 is Hermitian and positive semi-definite and 𝑅 ∈ 𝕂𝑚×𝑚 is Hermitian
and positive definite. The first summand is a weight on the final state, where the
second summand weighs the trajectory on the whole time interval.
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Using Lagrange’s theorem, see e. g., [Zei85], and using the notation from the
definition of the spaces in (3.19) and (3.20) we can write down the necessary
conditions for an optimal solution.

Theorem 3.18 ([KM08]). Let the control system (3.10) be strangeness-free as a
controlled system. Further, let im𝐾 ⊆ im𝐸H(𝑡f) and 𝑥0 be a consistent initial
condition. Then, for every optimal (𝑥,𝑢)with 𝑥 ∈ 𝒞1

𝐸+𝐸(𝕀,𝕂𝑚) and 𝑢 ∈ 𝒞0(𝕀,𝕂𝑚)
there exists a function 𝜆 ∈ 𝒞1

𝐸𝐸+(𝕀,𝕂𝑛) such that (𝜆,𝑥,𝑢) solves

𝐸 d
d𝑡(𝐸

+𝐸𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥+𝐵𝑢+𝑓, (3.40a)

−𝐸H d
d𝑡(𝐸𝐸

+𝜆) = −𝑄𝑥−𝑆𝑢+(𝐴+𝐸𝐸+�̇�)H𝜆, (3.40b)

0 = −𝑆H𝑥−𝑅𝑢+𝐵H𝜆, (3.40c)

with boundary conditions

(𝐸+𝐸𝑥)(𝑡0) = 𝑥0, (𝐸𝐸+𝜆)(𝑡f) = −(𝐸+H𝐾𝑥)(𝑡f). (3.40d)

▷

Using the condition (3.39) we also have, that any solution (𝜆,𝑥,𝑢) of (3.40)
defines an optimal solution (𝑥,𝑢) of the optimal control problem with objective
function (3.38). The boundary conditions (3.40d) can be written in the general
framework as in Subsection 3.4.3 by setting

Γ0 =
⎡

⎣

0 (𝐸+𝐸)(𝑡0) 0
0 0 0
0 0 0

⎤

⎦
, Γf =

⎡

⎣

0 0 0
(𝐸𝐸+)(𝑡f) 𝐸+H(𝑡f)𝐾 0

0 0 0

⎤

⎦
, 𝑧 =

⎛

⎝

𝜆
𝑥
𝑢

⎞

⎠
.

For a theoretical analysis, let us assume that the uncontrolled system (𝐸,𝐴) is
strangeness-free and regular. Let us choose 𝑉 ∈ 𝒞0(𝕀,𝕂𝑛×𝑛) and𝑊 ∈ 𝒞1(𝕀,𝕂𝑛×𝑛)
pointwise unitary such that

�̃� = 𝑉𝐸𝑊 = [𝐸11 0
0 0], �̃� = 𝑉𝐴𝑊 −𝑉𝐴�̇� = [𝐴11 𝐴12

𝐴21 𝐴22
],

�̃� = 𝑉𝐵 = [𝐵1𝐵2
], ̃𝑓 = 𝑉 𝑓 = [𝑓1𝑓2

], �̃� =𝑊 −1𝑥 = [𝑥1𝑥2
],

�̃�0 =𝑊 −1𝑥0 = [𝑥1,0𝑥2,0
],

(3.41)
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where 𝐸11 ∈ 𝒞0(𝕀,𝕂𝑛𝑑×𝑛𝑑) is pointwise invertible and

[𝐴22 𝐵2]

has pointwise full rank. The weights of the objective function (3.38) transform
appropriately, i. e.,

�̃� = 𝑉𝑄𝑉 H = [𝑄11 𝑄12
𝑄H
12 𝑄22

], �̃� = 𝑉 𝑆 = [𝑆1𝑆2
], �̃� = 𝑅,

�̃� = 𝑉𝐾𝑉 H = [𝐾11 𝐾12
𝐾H
12 𝐾22

].
(3.42)

In these coordinates the system of necessary conditions simplifies even more.

Corollary 3.19 ([KM08]). Let the control system (3.10) be strangeness-free as an
uncontrolled system. Further, consider the transformed quantities (3.41), (3.42),
let im �̃� ⊆ im �̃�H(𝑡f), and let �̃�0 be a consistent initial condition.
Then, for every optimal (�̃�,𝑢) there exists a function �̃� ∈ 𝒞1

�̃��̃�+(𝕀,𝕂𝑛) such that
(�̃�, �̃�,𝑢) solves ℰ ̇�̃� =𝒜�̃�+ ̂̃𝑓(𝑡), where

ℰ=

⎡
⎢⎢⎢⎢⎢
⎣

0 𝐸11 0 0 0
−𝐸H

11 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥
⎦

, 𝒜=

⎡
⎢⎢⎢⎢⎢
⎣

0 𝐴11 0 𝐴12 𝐵1
(𝐴11+�̇�11)H −𝑄11 𝐴H

21 −𝑄H
21 −𝑆1

0 𝐴21 0 𝐴22 𝐵2
𝐴H
12 −𝑄H

21 𝐴H
22 −𝑄22 −𝑆2

𝐵H
1 −𝑆H

1 𝐵H
2 −𝑆H

2 −𝑅

⎤
⎥⎥⎥⎥⎥
⎦

,

�̃� = (𝜆1𝜆2
) , �̃� =

⎛
⎜⎜⎜⎜⎜
⎝

𝜆1
𝑥1
𝜆2
𝑥2
𝑢

⎞
⎟⎟⎟⎟⎟
⎠

, ̂̃𝑓 =

⎛
⎜⎜⎜⎜⎜
⎝

𝑓1
𝑓2
0
0
0

⎞
⎟⎟⎟⎟⎟
⎠

,

(3.43)

with boundary conditions

𝑥1(𝑡0) = 𝑥1,0, 𝜆1(𝑡f) = −(𝐸−H
11 𝐾11𝑥1)(𝑡f). (3.44)

▷
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Note, that in this formulation, we formally differentiate the input 𝑢. The
resulting derivative �̇�, however, does not appear in the resulting equations. Thus,
we can use this system description formally for algebraic manipulations, even if
the input is not differentiable.

Further note, that the requirement that im �̃� ⊆ im �̃�H(𝑡f) implies that

�̃� = [𝐾11 0
0 0].

Even if the original control system is strangeness-free as a controlled system,
this does not necessarily mean, that the system of necessary conditions as in
Equations (3.43) and (3.44) is again strangeness-free.

Theorem 3.20 ([KM08]). The system of necessary conditions (3.43) is strangeness-
free and regular if and only if the matrix

�̂� ≔
⎡

⎣

0 𝐴22 𝐵2
𝐴H
22 −𝑄22 −𝑆2
𝐵H
2 −𝑆H

2 −𝑅

⎤

⎦
(3.45)

is invertible for all 𝑡 ∈ 𝕀. ▷

Proof. The proof follows as in [KM08] by noting that we multiplied the second,
fourth and fifth block row of (3.43) by −1.

It can be immediately seen that condition (3.45) is fulfilled only if

[𝐴22 𝐵2] (3.46)

has full rank, which is fulfilled in our case of strangeness-free controlled systems.
Hence, in particular also for systems that are strangeness-free as an uncontrolled
system.

Lemma3.21. Let (𝐸, 𝐴, 𝐵, 𝑓) ∈ Σ𝑚,𝑛(𝕂) be strangeness-free as a controlled system
and let �̂� be given by (3.45). If (3.46) has full row rank and if the submatrix

[𝑄22 𝑆2
𝑆H
2 𝑅] (3.47)

in (3.45) is positive definite, then �̂� is invertible. ▷
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Proof. First note, that 𝑅 is invertible. Taking the Schur complement of �̂� with
respect to the 0 block, we obtain that �̂� is invertible, if

[𝐴22 𝐵2][
𝑄22 𝑆2
𝑆H
2 𝑅][

𝐴H
22
𝐵H
2
]

is invertible. This is guaranteed by the fact that (3.46) has full row rank and
the matrix (3.47) is positive definite and thus possesses an invertible Cholesky
factorization.

3.4.5. Adjoint Equations

In this subsection we mostly follow [KM11a]. The homogeneous part of equa-
tion (3.40b) in Theorem 3.18 can be rewritten as

−𝐸H�̇� = (𝐴+ �̇�)H𝜆 (3.48)

and is usually referred to as the adjoint equation of the DAE (3.12). If (𝐸, 𝐴, 𝐵, 𝑓)
is not strangeness-free, we have to replace 𝐸 and 𝐴 in (3.47) with their strange-
ness-free coefficients �̂� and �̂� of (3.14).

It is tempting to use the adjoint equations with respect to the original data
𝐸,𝐴 also when the original DAE is not strangeness-free, i. e., the assumptions of
Theorem 3.18 are not fulfilled. These what we call formal adjoints in contrast
to the true adjoint (3.48) still show a lot of the underlying structure. The formal
adjoint is defined by

(�̆�, �̆�) ≔ (−𝐸H, (𝐴+ �̇�)H). (3.49)

In the strangeness-free case Equation (3.40b) is statedwith respect to the original
data. Hence, in this case the formal adjoint adjoint coincideswith the true adjoint
equation.

Definition 3.8. Let (𝐸, 𝐴) be given. Then the system (𝐸, 𝐴) is called self-adjoint
if the formal adjoint (�̆�, �̆�) equals the original coefficients (𝐸, 𝐴). ▷

Remark 3.6. The systems of necessary conditions (3.40) and (3.43) constitute
self-adjoint DAEs. For (3.43) this immediately follows from the definition. The
necessary conditions (3.40) are stated in theweak setting (3.18). The correspond-
ing adjoint equation then reads

−𝐸H d
d𝑡(𝐸𝐸

+𝜆) = (𝐴+𝐸𝐸+�̇�)H𝜆.
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It is straightforward to check, that self-adjointness of the operator associated
with (𝐸,𝐴) is equivalent to the conditions 𝐸 =−𝐸H and

(𝐴+𝐸𝐸+�̇�)H =𝐴+𝐸 d
d𝑡𝐸

+𝐸.

Thus, the characterization of self-adjointness is equivalent for systems in the
form (3.12) and (3.18). ▷

We have the following lemma.

Lemma 3.22 ([KM11a]). Let (�̃�, �̃�) be globally equivalent to (𝐸,𝐴). Then the
adjoint pair of (�̃�, �̃�) equals the transformed adjoint pair of (𝐸,𝐴). ▷

One can even show, that the index of the original DAE (3.12) is invariant under
taking the adjoint. Similarly, one can also define formal necessary conditions.

Proposition 3.23 ([KM11a]). Let the original DAE Equation (3.12) have a well-
defined differentiation-index 𝑛𝜈 ≥ 1with characteristic value 𝑛𝑑, i. e., its strange-
ness index is also well-defined. Then the formal adjoint (3.49) also has a well-
defined differentiation index, which equals 𝑛𝜈, and has the same characteristic
value 𝑛𝑑. ▷

This directly implies, that the adjoint equation of a strangeness-free DAE for
which the differentiation-index is defined is also strangeness-free. In particular,
the strangeness-free form of the adjoint system is given by the coefficients

̂�̆� = [
̂�̆�1
0
], ̂�̆� = [

̂�̆�1
̂�̆�2
].

Similarly, one can also define formal necessary conditions in the setting of non-
vanishing strangeness index. Based on the true necessary conditions (3.40), we
set

𝐸�̇� = (𝐴+�̇�)𝑥+𝐵𝑢+𝑓, (3.50a)
−𝐸H�̇� = −𝑄𝑥−𝑆𝑢+(𝐴+�̇�)H𝜆, (3.50b)

0 = −𝑆H𝑥−𝑅𝑢+𝐵H𝜆 (3.50c)

with corresponding boundary conditions

𝑥(𝑡0) = 𝑥0, (𝐸H𝜆)(𝑡f) = −𝐾𝑥(𝑡f). (3.50d)
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Again, the boundary conditions (3.50d) can be reformulated in the form (3.44).
We have the following characterization for solvability of the formal necessary

conditions.

Theorem 3.24 ([KM11a]). Let all data of the system (3.50) be sufficiently smooth.
Further, let the formal system necessary conditions (3.50) have a solution (𝑥,𝑢,𝜆).
Then there exists a function �̌�which replaces 𝜆 such that (𝑥,𝑢, �̌�) solves the true
system of necessary conditions (3.40). ▷

However, this result does not imply the validity of the opposite direction. Let
us suppose we do not want to solve the true necessary conditions, because we
have to go through the process of index reduction, which involves solving the
larger inflated system (3.13). Then, if the formal necessary conditions have a
solution, we can directly solve the higher index system. Of course, if one needs 𝜆,
then this approach cannot be used. See [KM08] for a more detailed discussion.

3.4.6. Obtaining Numerical Solutions of the Necessary Conditions

For computing a numerical solution of the necessary conditions (3.40) there are
multiple possibilities.

If we are allowed to assume that the system of necessary conditions is regular
and strangeness-free, following [KM08], we can proceed as follows. For a numer-
ical algorithm to work, we need to compute all the data defining the necessary
conditions. The system defined in Equations (3.43) and (3.44) is not suitable for
the numerical integration, since it involves variable transformations. Variable
transformations can be very ill-conditioned when combining variables that have
different physical meaning and thus have completely different behavior and
orders of magnitude. Also, variable transformations can lead to non-smooth
behavior. See e. g., [KM06] for more details.

Furthermore, the transformations 𝑍1 and 𝑍2 in Equation (3.14) are in general
time-dependent smooth functions, which are very expensive to store. Thus,
usually, numerical integration methods such as GENDA, see [KMS02], or GELDA,
see [KMRW97], use non-smooth realizations and the fact that transformations
from the left do not alter solutions of commonly used integration schemes such
as Runge-Kutta or BDF methods. Instead, the derivation of the reduced sys-
tem (3.14) only uses transformations from the left. Unfortunately, the adjoint
equation in (3.40) needs transformations from the right and the data become
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functions that are not transformable to smooth functions from the left anymore.
To overcome this problem, the following approach is introduced in [KM08]. We
define new variables �̂�1 = 𝑍1𝜆1 and �̂�2 = 𝑍2𝜆2. Note, that 𝑍1𝑍H

1 and 𝑍2𝑍H
2 are

again smooth functions as long as the characteristic values stay constant on 𝕀.
An equivalent boundary value problem also suitable for numerical algorithms is
then given by

�̂�1
d
d𝑡(�̂�

+
1 �̂�1𝑥) = (�̂�1+

d
d𝑡(�̂�

+
1 �̂�1))𝑥+ �̂�1𝑢+ ̂𝑓1, (3.51a)

0 = �̂�2𝑥+�̂�2𝑢+ ̂𝑓2, (3.51b)
d
d𝑡(𝐸

H𝑍1𝑍H
1 �̂�1) = 𝑄𝑥+𝑆𝑢−𝐴H�̂�1−𝒩H

𝑛𝜇�̂�2, (3.51c)

0 = 𝑆H𝑥+𝑅𝑢−𝐵H�̂�1−𝒩H
𝑛𝜇�̂�2, (3.51d)

0 = (𝑍 ′
1)H�̂�1, (3.51e)

0 = (𝑍 ′
2)H�̂�2 (3.51f)

with boundary conditions

(�̂�+
1 �̂�1𝑥)(𝑡0) = 𝑥0, (𝑍H

1 �̂�1)(𝑡f) = −[(�̂�+
1 )H 0]𝐾𝑥(𝑡f).

If the system of necessary conditions (3.40) is not strangeness-free, we cannot
use this approach anymore. There are a few possibilities, to obtain a strangeness-
free system of necessary conditions, where each of them have their own advan-
tages and disadvantages. We describe them briefly in the following subsections.
This corresponds to the first reduction step in Figure I.2.

Two-step index reduction

The most straight-forward way to obtain a strangeness-free formulation for the
necessary conditions is a two-step index reduction. First, we write down the
true necessary conditions (3.40) for the strangeness-free formulation (3.14). As
pointed out in Subsection 3.4.4, this system is not necessarily strangeness-free
anymore. Thus, applying a second index-reduction gives us a strangeness-free
formulation of the necessary conditions. According to [KMS14] it is also possible
to perform this index reduction while keeping the self-adjoint structure of the
equation.
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However, this approach is not feasible for computing a numerical solution
of the necessary conditions, if either the original control system (3.8) or the
necessary conditions are not already strangeness-free. Otherwise, this approach
involves building the inflated system for the necessary conditions based on the
computed data in (3.51). This may be very ill-conditioned, since differentiating
computed quantities can lead to arbitrary errors as roundoff errors are non-
smooth. On the other hand, this approach is still feasible for the more costly
smooth implementations of the selection matrices 𝑍1 and 𝑍2, see [KM06] for a
possible procedure for the computation of those selection matrices.

Remark 3.7. In the case of constant coefficient systems, the selection matrices
are constant and thus automatically smooth. ▷

Reducing the formal necessary conditions

Another approach is writing down the formal necessary conditions (3.50) for
the original data and then performing the self-adjoint index-reduction as it was
pointed out in [KM11a]. The advantage of that approach is, that quantities and
derivatives are available in terms of the original data. The big disadvantage,
though, is that the inhomogeneity may need additional smoothness require-
ments and that the boundary conditions may be inconsistent, i. e., they may
lead to contradictions, see the discussion in [KM11a, Section 4] and [Bac06] for
more details and examples.

Changing the weights

According to Theorem 3.20 the system of necessary conditions is regular and
strangeness-free if the matrix �̂� is invertible, which by Lemma 3.21 is the case if
the weight matrix on the algebraic variables

𝒲a = [𝑄22 𝑆2
𝑆H
2 𝑅]

is positive definite and
[𝐴22 𝐵2]

has full rank. The latter holds by the assumption that the system (𝐸, 𝐴, 𝐵, 𝑓) ∈
Σ𝑚,𝑛(𝕂) is strangeness-free in the behavior setting, while the former can always
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be achieved by changing the original weights. This is feasible in the sense, that
the weights are parameters chosen by application, so they are subject to change.
Of course, if we change the weights, we alter the problem and possibly also its
solution.

3.4.7. Linear Parameter-Dependent Differential-Algebraic
Equations

Linear DAEs may also depend on parameters 𝜃 and as such are of the form

𝐸(𝑡,𝜃)�̇� = 𝐴(𝑡,𝜃)𝑥+𝑓(𝑡,𝜃), (3.52)

where 𝜃 ∈ Θ⊆ ℝ𝑝. Analysis of existence and uniqueness of solutions is similar to
DAEs depending on time only, as long as the characteristic values of the DAE
do not change with the parameters. If the set of parameters is bounded we
can decompose the definition set into countably many disjoint parameter sets,
whose closure span the closure of the original set.

Theorem 3.25. Let 𝕀×Θ ⊆ ℝ×ℝ𝑝 be a compact subset with ̊𝕀 × Θ̊ = 𝕀×Θ on which
𝐸(𝑡,𝜃),𝐴(𝑡,𝜃), and𝑓(𝑡,𝜃)are sufficiently smooth. Then there are atmost countably
many pairwise disjoint domains𝔸𝑖 ⊆ 𝕀×Θwith

�̊�𝑖 =𝔸𝑖

such that all the rank conditions in Hypothesis 3.3 are constant on each set and

⋃
𝑖
𝔸𝑖 = 𝕀×Θ. (3.53)

▷

Proof. It follows along the lines of [CM79, Theorem 10.5.2], that the set

𝔹≔ {(𝑡,𝜃) ∈ 𝕀×Θ ∣ rk𝐸(𝑡,𝜃) is not continuous}

is closed and has no interior. Thus, (𝕀×Θ) ⧵𝔹 contains at most countably many
pairwise disjoint domains𝔸𝑖 on which rk𝐸(𝑡,𝜃) is constant with �̊�𝑖 =𝔸𝑖 such
that

⋃
𝑖
𝔸𝑖 ⊆ 𝕀×Θ.
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Suppose now, that
𝕀×Θ⧵⋃

𝑖
𝔸𝑖 ≠ {},

which is a relatively open set. Then, again, by the fact that 𝔹 is closed and has no
interior, 𝕀×Θ⧵⋃𝑖𝔸𝑖 must contain additional sets of the form of𝔸𝑖 or a subset of
the boundary 𝜕(𝕀×Θ). The former contradicts the fact, that we collected all of
those𝔸𝑖 and the latter violates the assumption that ̊𝕀 × Θ̊ = 𝕀×Θ. Hence, (3.53)
must hold.

The argument can be repeated finitely many times for the remaining matrix
functions in Hypothesis 3.3 on each𝔸𝑖 to iteratively refine the family of subsets.

Note, that Theorem 3.25 only guarantees existence of some subsets𝔸𝑖 ⊆ 𝕀×Θ.
They do not need to be decomposable as 𝔸𝑖 = 𝕀 ×Θ𝑖 ⊆ 𝕀 ×Θ. There is also a
straight-forward generalization of the local form of the smooth singular value
decomposition [KM06, Theorem 3.9] to parameter-dependent matrix functions.

Lemma3.26 (Local smooth full rank decomposition). Let𝐸 ∈ 𝒞𝑙(𝕀×Θ,𝕂𝑛×𝑛), 𝑙 ∈
ℕ0 bea smooth function in 𝑡and𝜃with constant rank 𝑟. Then, for any (𝑡0,𝜃0) ∈ 𝕀×Θ
there exists a relatively open subset𝔸0 ⊆ 𝕀×Θwith (𝑡0,𝜃0) ∈ 𝔸0 on which smooth
transformation matrices 𝑉 ∈ 𝒞𝑙(𝔸0,𝕂𝑛×𝑛) and𝑊 ∈ 𝒞𝑙(𝔸0,𝕂𝑛×𝑛) exist such that

𝑉𝐸𝑊 = [Σ11 0
0 0],

where Σ11 ∈ 𝒞𝑙(𝔸0,𝕂𝑟×𝑟) is a smooth and invertible function. ▷

Proof. The proof follows along the lines of the first part of the proof of [KM06,
Theorem 3.9].

Remark 3.8. Lemma 3.26 is a local version of [KM06, Theorem 3.9] for matrix
functions depending on more than one parameter. To the best knowledge of the
author, a global version is not available in general. ▷

Remark 3.9 (Order of differentiation). We denote time differentiation of variable
𝑥 by �̇�. Differentiation with respect to other variables is written in the subscript,
i. e.,

𝑥𝜃≔
𝜕
𝜕𝜃𝑥.
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When mixing both notations, then the differentiation in the subscript takes
precedence over time differentiation, i. e., we have

�̇�𝜃≔
d
d𝑡(𝑥𝜃).

We can safely ignore this convention whenever time differentiation and differen-
tiation with respect to 𝜃 commute. ▷

It is a well-known fact, that for ODEs depending on parameters, i. e., set,𝐸 = 𝐼𝑛
in Equation (3.52), smoothness of the coefficients carries over to smoothness of
the solution. For the following theorem let us recall Remark 3.1.

Theorem 3.27. Let 𝐸 = 𝐼𝑛 in Equation (3.52), 𝕀 ⊆ ℝ be a compact interval, and
Θ⊆ ℝ𝑛 be open. Further, let 𝐴 ∈ 𝒞0(𝕀×Θ,𝕂𝑛×𝑛), 𝑓 ∈ 𝒞0(𝕀×Θ,𝕂𝑛), and an initial
condition 𝑥0 ∈ 𝒞0(Θ,𝕂𝑛) be given.

1. Equation (3.52) has a unique solution for any fixed 𝜃0 ∈ Θ and initial con-
dition 𝑥(𝑡0) = 𝑥0(𝜃0).

2. If the data is sufficiently smooth, that is, we have 𝐴(𝑡, ⋅) ∈ 𝒞1(Θ,𝕂𝑛×𝑛),
𝜕

𝜕𝜃
𝐴(⋅,𝜃) ∈ 𝒞0(𝕀,𝕂𝑛×𝑛×𝑝),𝑓(𝑡, ⋅) ∈ 𝒞1(Θ,𝕂𝑛), 𝜕

𝜕𝜃
𝑓(⋅,𝜃) ∈ 𝒞0(𝕀,𝕂𝑛×𝑝), and 𝑥0 ∈

𝒞1(Θ,𝕂𝑛), it follows that every solution 𝑥 of (3.52) fulfills 𝑥(𝑡, ⋅) ∈ 𝒞1(Θ,𝕂𝑛)
and �̇�(𝑡, ⋅) ∈ 𝒞1(Θ,𝕂𝑛) for all 𝑡 ∈ 𝕀. In particular,

𝜕2
𝜕𝜃𝜕𝑡𝑥 =

𝜕2
𝜕𝑡𝜕𝜃𝑥,

and 𝑥𝜃 solves
�̇�𝜃 =𝐴𝑥𝜃+𝐴𝜃𝑥+𝑓𝜃. ▷

Proof. Statement 1 is essentially a corollary of the Picard-Lindelöf uniqueness
result. See, e. g., [GJ16] for a proof of Statement 1.

For Statement 2 note, that from [Wal98, Chapter 13] it follows, that 𝑥 ∈ 𝒞1(𝕀×
Θ,𝕂𝑛) and d

d𝑡
𝑥𝜃 exists. Thus, we can differentiate Equation (3.52) with respect to

𝜃 at some fixed 𝜃0 to obtain the equation

𝜕2
𝜕𝜃𝜕𝑡𝑥 = 𝐴𝑥𝜃+𝐴𝜃𝑥+𝑓𝜃.
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Further, note, that the differential equation

�̇� = 𝐴𝑦+𝐴𝜃𝑥+𝑓𝜃

has a unique solution for given 𝑥 and initial condition 𝑦(𝑡0,𝜃0) =
𝜕

𝜕𝜃
𝑥0(𝜃0). One

can show, that indeed 𝑦 = 𝑥𝜃, see again [Wal98, Chapter 13], and thus time and
parameter differentiation commute.

Remark 3.10. Statement 2 of Theorem 3.27 can be extended to higher order
derivatives of 𝑥with respect to the parameters 𝜃. This requires more smoothness
on the data with respect to the parameters. See [Wal98, Chapter 13] for more
details. ▷

When the characteristic values stay constant, the result of Theorem 3.27 can
be easily extended to the DAE case, since we have a smooth transformation to an
ODE by using the smooth decomposition of Lemma 3.26. See Chapter 4 formore
details. Unfortunately, when the characteristic values are allowed to change with
respect to the parameters, this result does not hold anymore as the following
example shows.

Example 3.9. Let

𝐸(𝑡,𝜃) = [𝜃] , 𝐴(𝑡,𝜃) = [1] , 𝑓(𝑡,𝜃) = 𝛼, 𝛼 ∈ ℝ,

be given, whereΘ= [0,1], 𝕀 = [0,1], and 𝑥0(𝜃) = 𝜃. Then the solution of the DAE
is given by

𝑥(𝑡,𝜃) =
⎧
⎨
⎩

e
𝑡
𝜃𝜃+(e

𝑡
𝜃𝜃−1)𝛼, if 𝜃 > 0,

−𝛼, if 𝜃 = 0.

Letting 𝜃 go to 0, we see that the solution blows up and goes to infinity, if 𝛼 ≠−1.
Thus, the solution becomes non-smooth at 𝜃 = 0, even though the coefficients
are smooth. In this particular case, the system (𝐸,𝐴) is unstable for all positive 𝜃.
SettingΘ= [−1,0] instead with 𝑥0(𝜃) = 𝜃+1, we see that

lim
𝜃→0

𝑥(𝑡,𝜃) =
⎧
⎨
⎩

0, 𝑡 > 0,
1, 𝑡 = 0.

▷
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This result is not very promising as we see that we not only loose smoothness,
but also may have solutions that blow up. This behavior is similar to what was
observed in several occasions for time-varying DAEs with non-constant charac-
teristic values or for so-called hybrid DAEs, see, e. g., [BL02; KM18; LT12; LPS99;
MW09; Wun08] and the references therein. Hence, in the following we restrict us
to the case of constant characteristic values, this corresponds to the first branch
in Figure I.1.
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In order to compute solutions of multilevel optimal control problems, we are
interested in computing the change of solutions with respect to higher level
variables. Sensitivity analysis for ordinary differential equations (ODEs) and
also differential-algebraic equations (DAEs) has been addressed by many au-
thors. In [SP02], sensitivity analysis is done for implicit ODEs with boundary
conditions. In [CLPS03] the case of general index 1 DAEs and DAEs of index 2 in
Hessenberg form with given initial values have been treated. Adjoint equations
for the tractability index have been analyzed in [BL05; BM00]. For a comparison
of the different index concepts we refer to, e. g., [Meh15].

In the following, we want to combine both approaches to define a forward
and an adjoint system for the computation of sensitivities of DAEs with given
boundary conditions. For the adjoint system we consider strangeness-free DAEs.

Let us consider the parameter-dependent version of the differential-algebraic
boundary value problem (3.28) given by

𝐸(𝑡,𝜃)�̇� = 𝐴(𝑡,𝜃)𝑥+𝑓(𝑡,𝜃), (4.1a)
Γ0(𝜃)𝑥(𝑡0,𝜃)+Γf(𝜃)𝑥(𝑡f,𝜃) = 𝛾(𝜃) (4.1b)

with sufficiently smooth 𝐸,𝐴,𝑓 on 𝕀×Θ ⊆ ℝ×ℝ𝑝 and Γ0,Γf,𝛾 onΘ. We also add
an output equation

𝑦(𝑡,𝜃) = 𝐶(𝑡,𝜃)𝑥+𝑔(𝑡,𝜃), (4.2)
which selects 𝑟 variables of interest with the help of a sufficiently smooth ma-
trix function 𝐶with 𝐶(𝑡,𝜃) ∈ 𝕂𝑟×𝑛. We are interested in computing the partial
derivatives 𝑦𝜃(𝜏, ̂𝜃) at given timepoints 𝜏 ∈ [𝑡0, 𝑡f] and parameter values ̂𝜃 ∈ Θ.
In the following we most of the times drop the explicit dependence on 𝑡 and 𝜃.
Further, we assume, that the rank conditions in Hypothesis 3.3 are constant on
𝕀×Θ.

In this chapter we first introduce the so-called forward-system in Section 4.1
for the computation of the sensitivities. In Section 4.2 we introduce an alter-
native approach using adjoint equations. In Section 4.3 we discuss how these
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approaches can be extended to situations with fewer regularity assumptions on
time differentiability of the state, which is used for the application to the neces-
sary conditions in optimal control as introduced in Subsection 3.4.4. These sec-
tions are concluded by Section 4.4, which provides a comparison of the ap-
proaches. In Section 4.5 we apply these results to the necessary conditions in
optimal control and discuss implications for higher index cases in Section 4.6.
We finally discuss approaches for obtaining the sensitivities numerically in Sec-
tion 4.7. Also, compare with Figures I.1 and I.2.

4.1. The Forward System

One straightforward approach for computing the sensitivities is to differentiate,
both, boundary value problem (4.1) and output equation (4.2) with respect to 𝜃.
Assuming enough smoothness in the solutions we can interchange differentia-
tion with respect to the parameters and time similar to Theorem 3.27 and obtain
the new system

𝐸�̇�𝜃 =𝐴𝑥𝜃+�̃�, (4.3a)
𝑦𝜃 =𝐶𝑥𝜃+�̃� , (4.3b)
Γ̃ = Γ0𝑥𝜃(𝑡0)+Γf𝑥𝜃(𝑡f), (4.3c)

where �̃� ≔ 𝐴𝜃𝑥 −𝐸𝜃�̇� + 𝑓𝜃, �̃� ≔ 𝑔𝜃 +𝐶𝜃𝑥, and Γ̃ ≔ 𝛾𝜃 − (Γ0)𝜃𝑥(𝑡0) − (Γf)𝜃𝑥(𝑡f).
For the products of differentiated matrix functions with vectors let us recall Re-
mark 3.1. Note, that �̃�, �̃� , and Γ̃ depend on a solution 𝑥(𝜃) of the original system
(4.1) for a given parameter 𝜃.

Lemma 4.1. Consider the parameter-dependent boundary value problem (4.1),
where all involvedmatrix functions in (4.1)and (4.2)are assumed to be sufficiently
smooth such that all rank conditions in Hypothesis 3.3 are constant on 𝕀 × Θ.
Moreover, assume that the coefficients of the corresponding reduced system given
pointwise in 𝜃 by (3.14) are sufficiently smooth in time and parameters.
Then, if for a fixed ̂𝜃 ∈ Θ there is a solution 𝑥 of (4.1), then 𝑥 is differentiable

with respect to 𝜃 and 𝑥𝜃 solves (4.3). ▷

Proof. Let 𝑥 solve the boundary value problem (4.1). Then 𝑥 also solves the
reformulated system (3.14) for this fixed ̂𝜃.
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Now, using the flow representation (3.24), we obtain that there is a solution
(𝑥𝑑,𝑥𝑎) of (3.22) with 𝑥 = 𝑥𝑑+𝑥𝑎. According to Theorem 3.27 we can differen-
tiate 𝑥𝑑 and �̇�𝑑 with respect to 𝜃 such that �̇�𝑑,𝜃 =

𝜕

𝜕𝜃
�̇�𝑑 =

d

d𝑡
𝑥𝑑,𝜃. Consequently,

using Equation (3.22b), time and parameter derivatives of 𝑥𝑎 also exist and
commute. Hence, time and parameter derivatives also exist and commute for
𝑥 = 𝑥𝑑 +𝑥𝑎. Thus, all quantities in Equations (4.1) and (4.2) are sufficiently
smooth with respect to 𝜃 and differentiation of Equations (4.1) and (4.2) imme-
diately proves that 𝑥𝜃 solves Equation (4.3).

Remark 4.1.

1. Whenwe solve system (4.3), we need to solve a system in thematrix-valued
function 𝑥𝜃(𝑡) ∈ 𝕂𝑛×𝑝 and thus the effort for solving such a system grows
with the number of parameters.

2. Note, that we assumed that the whole state 𝑥 is differentiable with respect
to time. In view of Subsection 3.4.4 this is quite restrictive. This becomes
more evident in Sections 4.2 and 4.3.

3. Both systems (4.1) and (4.3) share the same matrix pair (𝐸, 𝐴) for the
homogeneous dynamics. Thus, from the discussion in Section 3.4 it is
clear, that if system (4.1) is regular, then system (4.3) is regular as well.

4. However, this does not mean, that there is a one-to-one correspondence
between the coefficients of (4.1) and (4.3). For example, take any coef-
ficients which are constant in 𝜃 such that (4.1) is regular. Then, for any
admissible value of 𝛾we obtain different solutions 𝑥while the coefficients
of (4.3) stay untouched and (4.3) has the unique solution 𝑥𝜃 = 0.

5. Still, if the system (4.1) is strangeness-free and fulfills the assumptions
ofTheorem3.15, then also the forward system (4.3) fulfills the assumptions
of Theorem 3.15, i. e., uniqueness in the sense of Theorem 3.15 of the
original system translates to uniqueness of the forward system.

6. For the quantities of the flow formulation, we need to use representa-
tion (3.25) instead of the representation (3.23) as the transformation ma-
trices 𝑍1 and 𝑇2 may not be available on the whole set 𝕀 ×Θ as smooth
matrix functions, see also Lemma 3.26. ▷
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4.2. Adjoint Sensitivities

Instead of directly solving the forward system (4.3a) there is an alternative ap-
proach for computing the sensitivities𝑦𝜃. This canbedonebyconsidering adjoint
equations similar as in Subsection 3.4.4. Let us first analyze the properties of
adjoint equations coming from the boundary value problem (4.1). Throughout
this section we assume the following.

Assumption 4.2. For all 𝜃 ∈ Θ it holds that

1. the DAE (4.1a) is regular and strangeness-free;

2. the boundary coefficients (4.1b) satisfy

Γ0𝐸+𝐸 = Γ0

and
Γf𝐸+𝐸 = Γf;

3. there exists isometric 𝑍Γ ∈𝕂𝑛×𝑛𝑑 such that

rk𝑍H
Γ [Γ0 Γf] = 𝑛𝑑 = rk[Γ0 Γf]

and the boundary inhomogeneity 𝛾 lies in im𝑍Γ. ▷

The following lemma provides a characterization of boundary conditions for
an adjoint boundary equation. Also, let us define the adjoint system coefficients

�̆� ≔ −𝐸H, �̆� ≔ (𝐴+�̇�)H (4.4)

and recall that 𝑃𝑧 =𝐸+𝐸 and �̆�𝑧 =𝐸𝐸+.

Lemma 4.3. Let Assumption 4.2 hold and a fixed 𝜃0 ∈ Θ be given. Further, let
Γ̆0,11 ∈𝕂𝑛𝑑×𝑛𝑑 and Γ̆f,11 ∈𝕂𝑛𝑑×𝑛𝑑 be given such that

im[Γ̆
H
0,11
Γ̆H

f,11
] = ker𝑍H

Γ [−Γ0𝑇2(𝑡0) Γf𝑇2(𝑡f)] = ker[−Γ0,11 Γf,11] (4.5)

and set
Γ̆0 ≔𝑍ΓΓ̆0,11𝑇H

2 (𝑡0), Γ̆f ≔𝑍ΓΓ̆f,11𝑇H
2 (𝑡f). (4.6)
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Then, the boundary value problem

�̆��̇� = �̆�𝜇, (4.7a)
�̆� = Γ̆0(�̆�𝜇)(𝑡0)+ Γ̆f(�̆�𝜇)(𝑡f) (4.7b)

is uniquely solvable for every �̆� ∈ im𝑍Γ, if and only if the original boundary value
problem (4.1) for the same fixed 𝜃0 is uniquely solvable for every 𝛾 ∈ im𝑍Γ. ▷

Before we prove Lemma 4.3, we need the following lemma.

Lemma 4.4. Let Φ𝑡0
(𝐸,𝐴) and Φ𝑡f

(�̆�, �̆�) be the flows of the DAEs (4.1a) and (4.7a),
respectively, for a fixed ̂𝜃 ∈ Θ. Then, it holds that

d
d𝑡 ((Φ

𝑡f
(�̆�, �̆�))

H𝐸Φ𝑡0
(𝐸,𝐴)) = 0. (4.8)

▷

Proof. This identity has been shown in a different index setting and different
flow definition [BM02]. However, with the flow definition in Subsection 3.4.2 we
obtain that

(Φ𝑡f
(�̆�, �̆�))

H𝐸Φ𝑡0
(𝐸,𝐴) = (𝐸𝐸+Φ𝑡f

(�̆�, �̆�))
H
𝐸(𝐸+𝐸Φ𝑡0

(𝐸,𝐴))

= (𝐸𝐸+)(𝑡f) (Φ
𝑡f
�̆�d
)
H
𝐸Φ𝑡0

𝐷d
(𝐸+𝐸)(𝑡0), (4.9)

where �̆�d corresponds to𝐷d in (3.23) for the adjoint system (4.7a).
Wefirst show thatEquation (4.8) is invariantunder coordinate transformations.

To this end, let unitary matrix functions𝑈 ∈ 𝒞0(𝕀,𝕂𝑛×𝑛) and 𝑉 ∈ 𝒞1(𝕀,𝕂𝑛×𝑛) be
given such that (�̃�, �̃�) = (𝑈H𝐸𝑉 ,𝑈H𝐴𝑉 −𝑈H𝐸�̇� ), which again is a strangeness-
free system. To this end, let us recall the transformation result of Proposition 3.12.
Then, using Equation (3.25c), the projected flow fulfillsΦ𝑡0

�̃�d
=𝑉 HΦ𝑡0

𝐷d
𝑉 (𝑡0). Sim-

ilarly, for the adjoint system we obtain thatΦ𝑡f
̃�̆�d
=𝑈HΦ𝑡f

�̆�d
𝑈(𝑡f). Thus, with the

help of (4.9) we conclude that (4.8) is equivalent to

(�̃��̃�+)(𝑡f) (Φ
𝑡f
̃�̆�d
)

H
�̃�Φ𝑡0

�̃�d
(�̃�+�̃�)(𝑡0) = 0.
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4. Sensitivities

Hence, we are allowed to assume that the system in Equation (4.8) is already
in semi-explicit strangeness-free form. Thus,

𝑃𝑧 = [𝐼𝑛𝑑 0
0 0], 𝐷a = [ 0 0

𝐴−1
22𝐴21 0],

𝒫𝑧 = [ 𝐼𝑛𝑑 0
−𝐴−1

22𝐴21 0], 𝐷d = [𝐸
−1
11 (𝐴11−𝐴12𝐴−1

22𝐴21) 0
0 0],

and for the adjoint equation

�̆�𝑧 = [−𝐼𝑛𝑑 0
0 0], �̆�a = [ 0 0

𝐴−H
22 𝐴H

12 0],

̆𝒫𝑧 = [ 𝐼𝑛𝑑 0
−𝐴−H

22 𝐴H
12 0], �̆�d = [−𝐸

−H
11 (𝐴H

11+�̇�H
11−𝐴H

21𝐴−H
22 𝐴H

12) 0
0 0].

Then, what remains to show is the statement for the implicit ODE

𝐸11�̇�1 = (𝐴11−𝐴12𝐴−1
22𝐴21)𝑥1,

however, this immediately follows from the same statement for (implicit) ODEs,
see [Boy01; SP02].

Proof of Lemma 4.3. Let the original boundary value problem (4.1) for the fixed
𝜃0 be given in semi-explicit form (3.17). Then, also the adjoint boundary value
problem (4.7a) is in semi-explicit form given by the coefficients

�̆� = [−𝐸
H
11 0

0 0], �̆� = [𝐴
H
11+�̇�H

11 𝐴H
21

𝐴H
12 𝐴H

22
].

It is feasible to assume the semi-explicit form since globally equivalent systems
have a one-to-one correspondence between solutions. Also, recall Lemma 3.22.
We now have to show, how the boundary conditions are transformed. To this
end, let unitary matrix functions 𝑍 ∈ 𝒞0(𝕀,𝕂𝑛×𝑛) and 𝑇 ∈ 𝒞1(𝕀,𝕂𝑛×𝑛) be given
such that

(�̃�, �̃�) = (𝑍H𝐸𝑇 ,𝑍H𝐴𝑇 −𝑍H𝐸�̇� )

is in semi-explicit form (3.17). Then, boundary condition (4.1b) is transformed
to

𝛾 = Γ0𝑇2(𝑡0)𝑥1(𝑡0)+Γf𝑇2(𝑡f)𝑥1(𝑡f)
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4.2. Adjoint Sensitivities

and thus after premultiplication with 𝑍H
Γ we obtain

𝑍H
Γ 𝛾 = Γ0,11𝑥1(𝑡0)+Γf,11𝑥1(𝑡f).

Analogously, for the adjoint boundary conditions (4.7b) we obtain after premul-
tiplication with 𝑍H

Γ that

𝑍H
Γ �̆� = Γ̆0,11𝐸H

11(𝑡0)𝜇1(𝑡0)+ Γ̆f,11𝐸H
11(𝑡f)𝜇1(𝑡f).

LetΦ𝑡0
(𝐸,𝐴) andΦ𝑡f

(�̆�,�̆�) be the homogeneous flows of the DAEs (4.1a) and (4.7a),
respectively, with

Φ𝑡0
(𝐸,𝐴)(𝑡0) = [ 𝐼𝑛𝑑 0

−(𝐴−1
22𝐴21) (𝑡0) 0] , Φ𝑡f

(�̆�,�̆�)(𝑡f) = [
𝐼𝑛𝑑 0

−(𝐴−H
22 𝐴H

12) (𝑡f) 0] .

Then, by Theorem 3.15 the original boundary value problem (4.1) is uniquely
solvable for every 𝛾 ∈ im𝑍Γ, if and only if

𝑍H
Γ (Γ0Φ

𝑡0
(𝐸,𝐴)(𝑡0)𝑇2(𝑡0)+ΓfΦ

𝑡0
(𝐸,𝐴)(𝑡f)𝑇2(𝑡f)) = Γ0,11+Γf,11Φ

𝑡0
𝐷𝑑,11

is invertible, where𝐷d,11 =𝐸−1
11 (𝐴11−𝐴12𝐴−1

22𝐴21)denotes the first diagonal block of
𝐷d. Analogously, the adjoint boundary value problem (4.7a) is uniquely solvable
for every �̆� ∈ im𝑍Γ with 𝜇(𝑡f) ∈ �̆�𝑧(𝑡f), if and only if

𝑍H
Γ (Γ̆0 (𝐸HΦ𝑡f

(�̆�,�̆�)𝑍1) (𝑡0)+ Γ̆f (𝐸HΦ𝑡f
(�̆�,�̆�)𝑍1) (𝑡f))

= Γ̆0,11 (𝐸H
11Φ

𝑡f
�̆�𝑑,11

) (𝑡f)+ Γ̆f,11𝐸H
11(𝑡f)

is invertible, where �̆�d,11 =−𝐸−H
11 (𝐴H

11+�̇�H
11−𝐴H

21𝐴−H
22 𝐴H

12) denotes the first diagonal
block of �̆�d. Hence, we have reduced the assertion to the problem stated for
ODEs and the proof follows by looking at the corresponding proof for ODEs
in [SP02].

We now present the relation between solutions of the adjoint boundary value
problem and the sensitivity problem.
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4. Sensitivities

4.2.1. Sensitivities in the Open Interval (𝑡0, 𝑡f)

First, we show what happens if we wish to evaluate the sensitivities at values
strictly inside 𝕀, i. e., 𝜏 ∈ (𝑡0, 𝑡f).

For this, we need the following assumption.

Assumption 4.5. Let the dependence of the coefficientmatrices in Equations (4.1)
and (4.2) on 𝜃 be sufficiently smooth, such that for solutions of Equation (4.1) the
forward system (4.3) also has a solution.
Further, assume that (4.1) is uniquely solvable in the sense of Theorem 3.15

pointwise in 𝜃. ▷

We present results for the sensitivities 𝑦𝜃(𝜏) and integrated sensitivities of the
form

∫
𝜏

𝑡0
𝑦𝜃d𝑡 =∫

𝜏

𝑡0
𝐶𝑥𝜃+�̃�d𝑡.

Theorem 4.6. Consider the original system (4.1) and (4.2) and the corresponding
forward system (4.3). Let Assumptions 4.2 and 4.5 hold and define Γ̆0, Γ̆f as in (4.6).
Let a fixed 𝜏 ∈ (𝑡0, 𝑡f) be given. Then, we have the following.

1. There exists a unique solution𝑀 ∈ 𝒞1
pw(𝕀,𝕂𝑛×𝑟, {𝜏}) of

�̆��̇� = �̆�𝑀 +𝟙[𝑡0,𝜏)𝐶
H, (4.12a)

0 = Γ̆0(�̆�𝑀)(𝑡0)+ Γ̆f(�̆�𝑀)(𝑡f), (4.12b)
0 = �̆�(𝜏)(𝑀(𝜏+)−𝑀(𝜏−)), (4.12c)

where (�̆�, �̆�) is defined as in (4.4).

2. Set
Ξ≔ (Γ0ΓH

0 +ΓfΓH
f )

+
(Γ0(�̆�𝑀)(𝑡0)−Γf(�̆�𝑀)(𝑡f)) (4.13)

and let𝑀 be the unique solution of (4.12). Then, the integrated sensitivities
are given by

∫
𝜏

𝑡0
𝑦𝜃d𝑡 = −ΞHΓ̃+∫

𝑡f

𝑡0
𝟙[𝑡0,𝜏)�̃� +𝑀H�̃�d𝑡. (4.14)

▷
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4.2. Adjoint Sensitivities

Proof. By Lemma 4.1 and Remark 4.1, Item 5 we conclude that the assump-
tions of Lemma 4.3 are fulfilled, which in turn implies that the assumptions
of Lemma 3.17 are fulfilled. This shows Statement 1.

From the boundary condition (4.12b) we obtain that

[Γ̆0,11 Γ̆f,11][
(𝐸H

11𝑍H
1 𝑀)(𝑡0)

(𝐸H
11𝑍H

1 𝑀)(𝑡f)
] = 𝑍H

Γ [Γ̆0 Γ̆f][
(𝐸H𝑀)(𝑡0)
(𝐸H𝑀)(𝑡f)

] = 0.

Hence, from the definition of Γ̆0 and Γ̆f as in (4.6) we obtain existence of Ξ11 ∈
𝕂𝑛𝑑×𝑛𝑑 such that

[−𝑇
H
2 (𝑡0)ΓH

0
𝑇H
2 (𝑡f)ΓH

f
]𝑍ΓΞ11⏟⏟⏟⏟⏟⏟⏟

≕Ξ

= [−Γ̆
H
0,11

Γ̆H
0,11

]Ξ11 = [(𝐸
H
11𝑍H

1 𝑀)(𝑡0)
(𝐸H

11𝑍H
1 𝑀)(𝑡f)

] .

After premultiplication with diag(𝑇2(𝑡0),𝑇2(𝑡f) and using Assumption 4.2 this
leads to

[−Γ
H
0

ΓH
f
]Ξ = [(𝐸

H𝑀)(𝑡0)
(𝐸H𝑀)(𝑡f)

] . (4.15)

Indeed, Ξ given by formula (4.13) is a possible solution.
Let 𝑥𝜃 ∈ 𝒞1(𝕀,𝕂𝑛) be the solution of (4.3). It follows, that

𝑀H𝐸𝑥𝜃|𝜏−𝑡0 +𝑀
H𝐸𝑥𝜃|

𝑡f
𝜏+ (4.16)

= (𝐸H(𝜏)(𝑀(𝜏−)−𝑀(𝜏+)))H𝑥𝜃(𝜏)− (𝑀H𝐸𝑥𝜃)(𝑡0)+ (𝑀H𝐸𝑥𝜃)(𝑡f)
= ΞH(Γf𝑥𝜃(𝑡f)+Γ0𝑥𝜃(𝑡0)) = ΞHΓ̃.

Thus, one obtains for any fixed 𝜏 ∈ (𝑡0, 𝑡f) that

0 =∫
𝜏

𝑡0
𝑀H(𝐸�̇�𝜃−𝐴𝑥𝜃−�̃�)d𝑡+∫

𝑡f

𝜏
𝑀H(𝐸�̇�𝜃−𝐴𝑥𝜃−�̃�)d𝑡

=𝑀H𝐸𝑥𝜃|𝜏−𝑡0 +𝑀
H𝐸𝑥𝜃|

𝑡f
𝜏+−∫

𝜏

𝑡0
(�̇�H𝐸+𝑀H�̇� +𝑀H𝐴)𝑥𝜃d𝑡

−∫
𝑡f

𝜏
(�̇�H𝐸+𝑀H�̇� +𝑀H𝐴)𝑥𝜃d𝑡−∫

𝑡f

𝑡0
𝑀H�̃�d𝑡

= ΞHΓ̃−∫
𝑡f

𝑡0
−𝟙[𝑡0,𝜏)𝐶𝑥𝜃+𝑀

H�̃�d𝑡

(4.17)
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which leads to

∫
𝜏

𝑡0
𝑦𝜃d𝑡 =∫

𝜏

𝑡0
𝐶𝑥𝜃+�̃�d𝑡 = −ΞHΓ̃+∫

𝑡f

𝑡0
𝟙[𝑡0,𝜏)�̃� +𝑀H�̃�d𝑡.

If we are interested in computing the derivatives𝑦𝜃(𝜏) at single timepoints 𝜏we
have to differentiate the quantities in Theorem 4.6 and solve a slightly different
system, now including the delta distribution as introduced in Subsection 3.4.3
and the projection 𝒫𝑧 introduced in (3.23).

Theorem 4.7. Consider the original system (4.1) and (4.2) and the corresponding
forward system (4.3). Let Assumptions 4.2 and 4.5 hold and define Γ̆0, Γ̆f as in (4.6).
Let a fixed 𝜏 ∈ (𝑡0, 𝑡f) be given. Then, we have the following.

1. There exists a unique solution𝑁 ∈ 𝒞1
pw(𝕀,𝕂𝑛×𝑟, {𝜏}) of

�̆��̇� = �̆�𝑁 +𝛿𝜏(𝐶𝒫𝑧)H, (4.18a)
0 = Γ̆0(�̆�𝑁)(𝑡0)+ Γ̆f(�̆�𝑁)(𝑡f), (4.18b)

(𝐶𝒫𝑧)H(𝜏) = �̆�(𝑁(𝜏+)−𝑁(𝜏−)), (4.18c)

where (�̆�, �̆�) is defined as in (4.4).

2. Set
Ξ𝜏≔ (Γ0ΓH

0 +ΓfΓH
f )+(−Γ0𝐸H𝑁(𝑡0)+Γf𝐸H𝑁(𝑡f)) (4.19)

and let �̃�a denote the projected quantity of �̃� as defined in (3.23). Then

𝑦𝜃(𝜏) = (�̃� −𝐶�̃�a)(𝜏)−ΞH
𝜏 Γ̃+∫

𝑡f

𝑡0
𝑁H�̃�d𝑡. (4.20)

▷

Proof. The first part of the proof is analogous to the first part of the proof of
Theorem 4.6, where we note that at time 𝑡 = 𝜏 the coefficient (𝐶𝒫𝑧)H(𝜏) of the
delta distribution lies in im �̆�(𝜏). Then, similar to (4.16) we have that

𝑁H𝐸𝑥𝜃|
𝑡f
𝑡0 =ΞH

𝜏 Γ̃. (4.21)
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Then, similar to (4.17), by using (4.18a), we obtain that

0 =∫
𝑡f

𝑡0
𝑁H(𝐸�̇�𝜃−𝐴𝑥𝜃−�̃�)d𝑡

=𝑁H𝐸𝑥𝜃|
𝑡f
𝑡0 −∫

𝑡f

𝑡0
(�̇�H𝐸+𝑁H�̇� +𝑁H𝐴)𝑥𝜃d𝑡−∫

𝑡f

𝑡0
𝑁H�̃�d𝑡

= ΞH
𝜏 Γ̃+ (𝐶𝒫𝑧𝑥𝜃)(𝜏)−∫

𝑡f

𝑡0
𝑁H�̃�d𝑡.

Note, that we can rewrite 𝐶𝑥𝜃 as

𝐶𝑥𝜃 =𝐶𝒫𝑧𝑥𝜃−𝐶�̃�a.

Thus,

𝑦𝜃(𝜏) = �̃� (𝜏)+ (𝐶𝑥𝜃)(𝜏) = �̃� (𝜏)+ (𝐶𝒫𝑧𝑥𝜃)(𝜏)− (𝐶�̃�a)(𝜏)

= (�̃� −𝐶�̃�a)(𝜏)−ΞH
𝜏 Γ̃+∫

𝑡f

𝑡0
𝑁H�̃�d𝑡.

Remark 4.2. There is another interpretation of Equation (4.18). The main idea
is to differentiate the respective formulas in Theorem 4.6 with respect to 𝜏, in
particular Equations (4.12a) to (4.12c) and (4.13). Note, that𝑀 depends on the
chosen timepoint 𝜏 and is related to𝑁 via𝑁 = d

d𝜏
𝑀. This holds in a distributional

sense in the space of piecewise smooth functions. Thus, differentiating the
boundary condition (4.12c) with respect to 𝜏 leads us to

0 = �̇�H(𝜏)(𝑀(𝜏+)−𝑀(𝜏−))+𝐸H(𝜏)(�̇� (𝜏+)−�̇�(𝜏−)+𝑁(𝜏+)−𝑁(𝜏−))
= −𝐴H(𝑀(𝜏+)−𝑀(𝜏−))+𝐶H(𝜏)+𝐸H(𝜏)(𝑁(𝜏+)−𝑁(𝜏−)).

Since𝑀 fulfills Equation (4.12c) we obtain from �̆�a, ̆𝑓a defined for (4.12a) as in
(3.25) that for the projected quantities𝑀a, 𝑀d we have

𝑀a(𝜏+)−𝑀a(𝜏−) = −(�̆�a(𝐸+)H𝐸H) (𝜏)(𝑀d(𝜏+)−𝑀d(𝜏−))− ̆𝑓a(𝜏+)+ ̆𝑓a(𝜏−)

= 0+((𝑃⊥
𝑧 𝐴H�̆�⊥

𝑧 )+𝐶H) (𝜏)

and thus

𝐸H(𝜏)(𝑁(𝜏+)−𝑁(𝜏−)) = (𝐴H(𝑃⊥
𝑧 𝐴H�̆�⊥

𝑧 )+𝐶H−𝐶H) (𝜏) = ((𝐷a−𝐼)H𝐶H)(𝜏),
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or, equivalently, after premultiplication with 𝑃𝑧

𝐸H(𝜏)(𝑁(𝜏+)−𝑁(𝜏−)) = −(𝐶𝒫𝑧)H(𝜏). ▷

Remark 4.3. The quantity 𝐶�̃�a in (4.20) does not appear in (4.14). This term
essentially recovers the sensitivities of the algebraic variables directly from the
flow formulation via (3.22b). If we choose to compute only sensitivities of the
differential variables, then we have 𝐶H(𝜃,𝑡) ∈ im𝑃𝑧(𝜃,𝑡) for all (𝜃,𝑡) ∈ Θ× 𝕀 and
thus 𝐶𝒫𝑧 =𝐶 and 𝐶�̃�a = 0. ▷

4.2.2. Sensitivities at the Boundary 𝑡0 or 𝑡f
Let us now consider the special case of 𝜏 ∈ {𝑡0, 𝑡f} being at the boundary of 𝕀.
This can be seen as a limit process of the previous subsection letting 𝜏 go to
𝑡0 or 𝑡f. Thus, one immediately obtains the following result for the integrated
sensitivities.

Corollary 4.8. Consider the original system (4.1) and (4.2) and the corresponding
forward system (4.3). Let Assumptions 4.2 and 4.5 hold and define Γ̆0, Γ̆f as in (4.6).
Let 𝜏 be fixed to 𝜏 = 𝑡f. Then, we have the following.

1. There exists a unique solution𝑀 ∈ 𝒞1(𝕀,𝕂𝑛×𝑟) of

�̆��̇� = �̆�𝑀 +𝐶H, (4.22a)
0 = Γ̆0(�̆�𝑀)(𝑡0)+ Γ̆f(�̆�𝑀)(𝑡f), (4.22b)

where (�̆�, �̆�) is defined as in (4.4).

2. Set
Ξ≔ (Γ0ΓH

0 +ΓfΓH
f )+(Γ0(�̆�𝑀)(𝑡0)−Γf(�̆�𝑀)(𝑡f))

and let𝑀 be the unique solution of (4.22). Then, the integrated sensitivities
are given by

∫
𝑡f

𝑡0
𝑦𝜃d𝑡 = −ΞHΓ̃+∫

𝑡f

𝑡0
�̃� +𝑀H�̃�d𝑡. (4.23)

▷

Proof. The proof follows along the lines of the proof of Theorem 4.6 by setting
𝜏− = 𝜏+= 𝑡f.
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Remark 4.4. The case 𝜏 = 𝑡0 is not of much interest, since in that case

∫
𝑡0

𝑡0
𝑦𝜃d𝑡 = 0.

Note, that also in this case, taking the limit in (4.12a) gives the correct result.
Equation (4.12a) is turned into a homogeneous equation with only the trivial
solution. ▷

As it has been remarked already in [SP02] for the ODE case, we cannot easily
differentiate the integral output equation (4.23) with respect to either of the
boundary points 𝑡0 or 𝑡f, since this would involve differentiating 𝑥with respect
to either of these points as well.

Without loss of generality, let us choose 𝜏 = 𝑡f. We can again let 𝜏 → 𝑡f and
take the limits of the Equations (4.18a) to (4.18b) and (4.19) in Theorem 4.7 for
the open interval. This is feasible, since the adjoint solution𝑁 is only needed
in the integration of the inhomogeneity �̃�, and we can insert the result of Equa-
tion (4.18c) into Equation (4.18b). After all, we obtain a solution, where𝑁(𝑡f) is
replaced by𝑁(𝑡f−).

Corollary 4.9. Consider the original system (4.1) and (4.2) and the corresponding
forward system (4.3). Let Assumptions 4.2 and 4.5 hold and define Γ̆0, Γ̆f as in (4.6).
Let 𝜏 be fixed to 𝜏 = 𝑡f. Then, we have the following.

1. There exists a unique solution𝑁 ∈ 𝒞1(𝕀,𝕂𝑛×𝑟) of

�̆��̇� = �̆�𝑁, (4.24a)
−Γ̆f(𝐶𝒫𝑧)H(𝑡f) = Γ̆0(�̆�𝑁)(𝑡0)+ Γ̆f(�̆�𝑁)(𝑡f), (4.24b)

where (�̆�, �̆�) is defined as in (4.4).

2. Set

Ξ𝜏≔ (Γ0ΓH
0 +ΓfΓH

f )+(Γ0(�̆�𝑁)(𝑡0)+Γf(−�̆�𝑁 +(𝐶𝒫𝑧)H)(𝑡f)) (4.25)

and let𝑁 be the unique solution of (4.24). Then, the sensitivities are given
by

𝑦𝜃(𝜏) = (�̃� −𝐶�̃�a)(𝜏)−ΞH
𝜏 Γ̃+∫

𝑡f

𝑡0
𝑁H�̃�d𝑡. (4.26)

▷
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4. Sensitivities

Proof. The proof is analogous to the proof of Theorem 4.7. First note, that the
linear system (4.15) transforms to the linear system

[−Γ
H
0

ΓH
f
]Ξ𝜏 = [ (𝐸H𝑁)(𝑡0)

(𝐸H𝑁 −(𝐶𝒫𝑧)H)(𝑡f)
]

for the given quantities in Equations (4.24b) and (4.25). Hence, we obtain
that (4.21) transforms to

𝑁H𝐸𝑥𝜃|
𝑡f
𝑡0 = (𝑁H𝐸𝑥𝜃)(𝑡f)− (𝑁H𝐸𝑥𝜃)(𝑡0)

= ((𝑁H𝐸−𝐶𝒫𝑧)𝑥𝜃)(𝑡f)− (𝑁H𝐸𝑥𝜃)(𝑡0)+ (𝐶𝒫𝑧𝑥𝜃)(𝑡f)
= ΞHΓ̃+ (𝐶𝒫𝑧𝑥𝜃)(𝑡f)

by using (4.24b). Then, (4.26) follows along the lines of the proof of Theorem 4.7,
by noting that all terms that included 𝛿𝜏 in the proof of Theorem 4.7 vanish in
the context of the present theorem.

Remark 4.5. The statement for 𝜏 = 𝑡0 is completely analogous. ▷

4.3. Weaker Assumptions on Time Differentiability

In the previous subsections we assumed that time derivatives of 𝑥 exist also in
the kernel of 𝐸(𝑡). This is not feasible in all occasions. For instance, we have
seen in Subsection 3.4.4 that for non-differentiable inputs and inhomogeneities
the algebraic components of 𝑥may not be differentiable for all possible values
of 𝑢 and 𝑓.

Throughout this section we assume that the DAE (4.1a) is strangeness-free
pointwise in 𝜃. If we want to apply the results from Sections 4.1 and 4.2 in this
case, we have to rewrite the original DAE (4.1a) as

𝐸 d
d𝑡(𝐸

+𝐸𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥+𝑓, (4.27)

where now only 𝐸+𝐸𝑥 has to be differentiable with respect to 𝑡. Recall, that a
solution 𝑥(⋅,𝜃) of (4.27) lies in 𝒞1

𝐸+𝐸(𝕀,𝕂𝑛).
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4.3. Weaker Assumptions on Time Differentiability

4.3.1. Forward Sensitivities

For writing the sensitivity forward system, we need sufficient differentiability of
𝐸,𝐴,𝑓,𝑥, and 𝐸+𝐸𝑥with respect to 𝜃.

Assumption 4.10. Thematrix functions𝐸,𝐴 fulfill𝐸 ∈ 𝒞2(𝕀×Θ,𝕂𝑛×𝑛), 𝐴 ∈ 𝒞1(𝕀×
Θ,𝕂𝑛×𝑛). The inhomogeneity 𝑓 is continuous in the first argument, and con-
tinuously differentiable in the second argument. Moreover, the DAE (4.27) is
strangeness-free and the characteristic quantities 𝑛𝑑 and 𝑛𝑎 of Hypothesis 3.3 are
constant on 𝕀×Θ. ▷

Then we can formulate the following lemma.

Lemma 4.11. Consider the parameter-dependent DAE (4.27) and let Assump-
tion 4.10 hold. Let ( ̂𝑡, ̂𝜃) ∈ 𝕀×Θ be given. Further, let pointwise isometric𝑈,𝑉 ∈
𝒞1(𝔸0,𝕂𝑛×𝑛) on a sufficiently small subset𝔸0 ⊆ 𝕀×Θwith ( ̂𝑡, ̂𝜃) ∈ 𝔸0 be given and
set (�̃�, �̃�, ̃𝑓) = (𝑈H𝐸𝑉 ,𝑈H𝐴𝑉 −𝑈H𝐸�̇� ,𝑈H𝑓).
Then the solutions 𝑥 and �̃� = 𝑉 H𝑥 of (4.27) for the coefficients (𝐸, 𝐴, 𝑓) and

(�̃�, �̃�, ̃𝑓) and their respective time derivatives are differentiable with respect to 𝜃.
In particular, we have

𝜕2
𝜕𝑡𝜕𝜃(𝐸

+𝐸𝑥) = 𝜕2
𝜕𝜃𝜕𝑡(𝐸

+𝐸𝑥). (4.28)

Further, we have the relation

�̃�𝜃 =𝑉 H
𝜃 𝑥+𝑉 H𝑥𝜃. (4.29)

▷

Proof. Existence of the derivatives with respect to 𝜃 follow as in the proof of
Lemma 4.1, by noting that the flow equations (3.22) are identical for systems in
the form (4.1a) and (4.27), see Proposition 3.13.

Since, 𝑥d =𝐸+𝐸𝑥, we also obtain (4.28). Moreover, relation (4.29) follows by
direct differentiation of �̃� = 𝑉 H𝑥.

Lemma 4.11 shows, that we can safely differentiate (4.1b), (4.2) and (4.27) with
respect to 𝜃when Assumption 4.10 is fulfilled. In that case the forward sensitivity
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system (4.3) is given by

𝐸 𝜕2
𝜕𝑡𝜕𝜃(𝐸

+𝐸𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥𝜃+�̃�(2), (4.30a)

𝑦𝜃 =𝐶𝑥𝜃+�̃� , (4.30b)
Γ̃ = Γ0𝑥𝜃(𝑡0)+Γf𝑥𝜃(𝑡f), (4.30c)

where �̃�(2) = (𝐴+𝐸 d

d𝑡
(𝐸+𝐸))𝜃𝑥−𝐸𝜃

d

d𝑡
(𝐸+𝐸𝑥)+ 𝑓𝜃, �̃� ≔ 𝑔𝜃+𝐶𝜃𝑥, and Γ̃ ≔ 𝛾𝜃−

(Γ0)𝜃𝑥(𝑡0)− (Γf)𝜃𝑥(𝑡f). Note, that �̃�(2), �̃� , and Γ̃ depend on the solution 𝑥(𝜃) of
the original system (4.27) for a given 𝜃, and except for �̃�(2) they correspond to
the respective quantities in (4.3).

The first equation (4.30a) is not a DAE anymore since the time derivative is
not explicitly formed on 𝐸+𝐸𝑥𝜃 or 𝑥𝜃 and thus in this form not computable via
existing numerical methods. The problem is, that the term in front of the time
derivative in (4.30a)

(𝐸+𝐸𝑥)𝜃 = (𝐸+𝐸)𝜃𝑥+𝐸+𝐸𝑥𝜃

cannot be separated into two terms dependent only on 𝑥 and 𝑥𝜃, respectively,
which are separately differentiable with respect to time.

However, if we assume that

ker(𝐸+𝐸) ⊆ ker(𝐸+𝐸)𝜃𝑖 (4.31)

for 𝑖 = 1,…𝑝, we can reformulate the system. Condition (4.31) implies that

(𝐸+𝐸)𝜃 = (𝐸+𝐸)𝜃𝐸+𝐸.

Hence, it follows that (4.30a) is equivalent to

𝐸 d
d𝑡(𝐸

+𝐸𝑥𝜃)

= (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥𝜃+�̃�(2)−𝐸 d
d𝑡((𝐸

+𝐸)𝜃𝐸+𝐸𝑥)

= (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥𝜃+�̃�(2)−𝐸 d
d𝑡((𝐸

+𝐸)𝜃)𝐸+𝐸𝑥−𝐸(𝐸+𝐸)𝜃
d
d𝑡(𝐸

+𝐸𝑥).

(4.32)

Thus, we have proven the following lemma.
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4.3. Weaker Assumptions on Time Differentiability

Lemma4.12. Let Assumption 4.10 and condition (4.31) hold. Then if for a fixed ̂𝜃
there is a solution 𝑥 of (4.1b), (4.2) and (4.27), then 𝑥𝜃 solves (4.30), where (4.30a)
can be equivalently replaced by (4.32). ▷

Proof. The proof follows analogously to Lemma 4.1 by using Lemma 4.11 and
the discussion preceding this lemma.

If, however, condition (4.31) does not hold, then we can use the flow equa-
tions (3.22) directly. Note, that for any quantity in the flow representation (3.23),
e. g., 𝑥d, we denote by 𝑥d,𝜃 the derivative of 𝑥d with respect to 𝜃, whereas 𝑥𝜃,d
denotes the projected quantity 𝑃𝑧𝑥𝜃.

For the remainder of this section, we make the following assumption, which
is analogous to Assumption 4.2.

Assumption 4.13. For all 𝜃 ∈ Θ it holds that

1. the DAE (4.27) is regular and strangeness-free;

2. the boundary coefficients (4.1b) satisfy

Γ0𝐸+𝐸 = Γ0

and
Γf𝐸+𝐸 = Γf;

3. there exists isometric 𝑍Γ ∈𝕂𝑛×𝑛𝑑 such that

rk𝑍H
Γ [Γ0 Γf] = 𝑛𝑑 = rk[Γ0 Γf]

and the boundary inhomogeneity 𝛾 lies in im𝑍Γ; ▷

Lemma 4.14. Let Assumptions 4.10 and 4.13 hold, and consider the forward
system (4.30) and the corresponding flow equations (3.22). Further, assume that
the original system (4.27) is uniquely solvable in the sense of Theorem 3.15. Then,
𝑥𝜃 = 𝑥d,𝜃+𝑥a,𝜃 can be computed via the unique solution of

�̇�d,𝜃 =𝐷d𝑥d,𝜃+𝐷d,𝜃𝑥d+𝑓d,𝜃, (4.33a)
Γ̃+Γ0((𝐸+𝐸)𝜃𝑥)(𝑡0)+Γf((𝐸+𝐸)𝜃𝑥)(𝑡f) = Γ0𝑥d,𝜃(𝑡0)+Γf𝑥d,𝜃(𝑡f), (4.33b)

(𝑃⊥
𝑧 𝑥d,𝜃)(𝑡0) = (𝑃⊥

𝑧 (𝐸+𝐸)𝜃𝑥)(𝑡0), (4.33c)
𝑥a,𝜃 =−𝐷a𝑥d,𝜃−𝐷a,𝜃𝑥d+𝑓a,𝜃. (4.33d)

▷
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Proof. In the proof of Lemma 4.11 we already remarked, that the derivatives 𝑥d,𝜃
and 𝑥a,𝜃 exist and 𝑥𝜃 = 𝑥d,𝜃+𝑥a,𝜃 solves (4.30). By noting that

𝑥d,𝜃 = (𝐸+𝐸)𝜃𝑥+(𝐸+𝐸)𝑥𝜃 = (𝐸+𝐸)𝜃𝑥+𝑥𝜃,d, (4.34a)
𝑥a,𝜃 =−(𝐸+𝐸)𝜃𝑥+(𝐼𝑛−𝐸+𝐸)𝑥𝜃 =−(𝐸+𝐸)𝜃𝑥+𝑥𝜃,a, (4.34b)

we conclude, that also (4.33b) and (4.33c) are fulfilled.
Now we show that (4.33) indeed is (uniquely) solvable by considering 𝑥d,𝜃

and 𝑥a,𝜃 as independent variables. It suffices to prove that Equations (4.33b)
and (4.33c) uniquely fix the initial value 𝑥d,𝜃(𝑡0).

By Assumption 4.13 and Theorem 3.15 we conclude that (4.33b) uniquely
fixes (𝑇H

2 𝑥d,𝜃)(𝑡0), thus also (𝑃𝑧𝑥d,𝜃)(𝑡0). Hence, together, with (4.33c) this proves
unique solvability of (4.33a) and thus of (4.33d) and 𝑥𝜃.

Remark 4.6. If condition (4.31) is fulfilled, then we can differentiate (4.34a) with
respect to timeand the system(4.33) canbe reformulated in termsof the indepen-
dent variables𝑥𝜃,d and𝑥𝜃,a which is the flow representation of theDAE (4.32). ▷

We present an example where condition (4.31) is fulfilled.

Example 4.1. Let a system (𝐸, 𝐴, 𝐵, 𝑓) ∈ Σ𝑚,𝑛(𝕂)with

𝐸(𝑡,𝜃) = [𝐸11(𝑡,𝜃) 0
𝐸21(𝑡,𝜃) 𝐸22(𝑡)

]

with pointwise invertible 𝐸11(𝑡,𝜃) ∈ 𝕂𝑟×𝑟 be given. Then, the derivative 𝐸𝜃 is
given by

𝐸𝜃(𝑡,𝜃) = [𝐸11,𝜃(𝑡,𝜃) 0
𝐸21,𝜃(𝑡,𝜃) 0] .

Let 𝑥 ∈ ker(𝐸+𝐸)(𝑡,𝜃) = ker𝐸(𝑡,𝜃) be given. Partitioning 𝑥 as 𝑥 = (𝑥𝑇1 ,𝑥𝑇2 )𝑇, we
then obtain that 𝐸11(𝑡,𝜃)𝑥1 = 0. Thus, omitting arguments,

(𝐸+𝐸)𝜃𝑥 = 𝐸+𝐸𝜃𝑥+𝐸+
𝜃𝐸𝑥 = 𝐸+[𝐸11,𝜃𝐸

−1
11 0

𝐸21,𝜃𝐸−
111 0](

𝐸11𝑥1
0 )+0 = 0.

Hence, condition (4.31) is fulfilled and the approach of Lemma 4.12 is applicable.
▷
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4.3. Weaker Assumptions on Time Differentiability

An example, where condition (4.31) is not fulfilled is given as follows.

Example 4.2. Let the system (𝐸, 𝐴, 𝐵, 𝑓) be defined by the coefficients

𝐸(𝑡,𝜃) = [1 𝜃
0 0], 𝐴(𝑡,𝜃) = [0 0

0 1], 𝑓(𝑡,𝜃) = ( 0
𝑓2(𝑡)

) . (4.35)

We have

𝐸+(𝑡,𝜃) = [1 0
𝜃 0]

1
1+𝜃2

and

ker𝐸 = im( 𝜃−1)

Thus, in this case the kernel of

𝐸𝜃(𝑡,𝜃) = [0 1
0 0]

is not a superset of the kernel of 𝐸(𝑡,𝜃) for any (𝑡,𝜃) ∈ ℝ×ℝ. In particular, for
𝑥 ∈ ker𝐸 = ker𝐸+𝐸we have

(𝐸+𝐸)𝜃𝑥 = 𝐸+
𝜃𝐸𝑥+𝐸+𝐸𝜃𝑥 = [0 1

0 𝜃]
1

1+𝜃2𝛼(
𝜃
−1) = (−1−𝜃)

𝛼
1+𝜃2 ≠ 0, 𝛼 ≠ 0.

A parameterization of solutions of the system (𝐸, 𝐴, 𝐵, 𝑓) in the weak setting
is given by

𝑥(𝑡,𝜃) = (𝑥1(𝑡,𝜃)𝑥2(𝑡,𝜃)
) = (𝜃𝑓2(𝑡)+𝑐(𝜃)−𝑓2(𝑡)

) .

Thus, 𝐸+𝐸𝑥 is differentiable with respect to time, even if 𝑓2 is continuous only.
However, (𝐸+𝐸)𝜃𝑥 is not differentiable with respect to time and neither of the
approaches of Lemmas 4.1 and 4.12 are applicable.

On the other hand, assuming that 𝑐(𝜃) is continuously differentiable, the
solution 𝑥(𝑡,𝜃) is differentiable with respect to the parameters and the 𝑥𝜃(𝑡,𝜃)
is even continuous in time and parameters, if 𝑓 is continuous. ▷

69



4. Sensitivities

4.3.2. Adjoint Sensitivities

Thesituation for the adjoint approach is not as bad as for the forward sensitivities.
It is not necessary to make the assumption (4.31). This can be seen by inspecting
the proof of Theorem 4.6 and in particular Equation (4.17), where we do a partial
integration, and thus, the term (𝐸+𝐸)𝜃𝑥 does not need to be differentiable with
respect to time.

We can state the following theorem, where we define 𝒞1
𝐸𝐸+(𝕀,𝕂𝑛, {𝜏}) as the

set of functions 𝜆, for which 𝐸𝐸+𝜆 is a piecewise smooth function with 𝐸𝐸+𝜆 ∈
𝒞1

pw(𝕀,𝕂𝑛, {𝜏}) and 𝜆 ∈ 𝒞0
pw(𝕀,𝕂𝑛, {𝜏}).

Theorem 4.15. Consider the original system (4.1b), (4.2) and (4.27) and the cor-
responding forward system (4.30). Let Assumptions 4.10 and 4.13 hold and define
Γ̆0, Γ̆f as in (4.6). Let a fixed 𝜏 ∈ (𝑡0, 𝑡f) be given. Then, we have the following.

1. There exists a unique solution𝑀 ∈ 𝒞1
𝐸+𝐸(𝕀,𝕂𝑛×𝑟, {𝜏}) of

−𝐸H d
d𝑡(𝐸𝐸

+𝑀)= (𝐴+𝐸𝐸+�̇�)H𝑀 +𝟙[𝑡0,𝜏)𝐶
H, (4.36a)

0 = Γ̆0(𝐸H𝑀)(𝑡0)+ Γ̆f(𝐸H𝑀)(𝑡f), (4.36b)
0 = 𝐸H(𝜏)(𝑀(𝜏+)−𝑀(𝜏−)). (4.36c)

2. Set
Ξ≔ (Γ0ΓH

0 +ΓfΓH
f )

+(−Γ0(𝐸H𝑀)(𝑡0)+Γf(𝐸H𝑀)(𝑡f)) (4.37)

and let𝑀 be the unique solution of (4.36). Then, the integrated sensitivities
are given by

∫
𝜏

𝑡0
𝑦𝜃d𝑡 = −ΞHΓ̃−𝑀H𝐸(𝐸+𝐸)𝜃𝑥|

𝑡f
𝑡0

+∫
𝑡f

𝑡0
𝟙[𝑡0,𝜏)(�̃� −𝐶(𝐸+𝐸)𝜃𝑥)+𝑀H�̃�(3)d𝑡,

where
�̃�(3)≔ �̃�(2)−𝐴(𝐸+𝐸)𝜃𝑥 (4.38)

and �̃�(2), Γ̃ are as in (4.30). ▷
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4.3. Weaker Assumptions on Time Differentiability

Proof. The existence and uniqueness of solutions follows analogously to the
proof of Theorem 4.6 by noting that (4.36a) and (4.12a) share the same flow
representation, see Proposition 3.13, because

𝐸𝐸+�̇�𝐸+𝐸+𝐸 d
d𝑡(𝐸

+𝐸) = 𝐸𝐸+�̇�. (4.39)

See also [KM11a] for the derivation of (4.39).
Thus, let us assume that𝑀 is as solution of (4.36) and that 𝑥 solves (4.30). In

that case we can get rid of time differentiation of the (𝐸+𝐸𝑥)𝜃 tensor in (4.30a)
and separate the 𝐸+𝐸𝑥𝜃 part by partial integration. Hence, we obtain

0 =∫
𝜏

𝑡0
𝑀H (𝐸 𝜕2

𝜕𝑡𝜕𝜃(𝐸
+𝐸𝑥)− (𝐴+𝐸 d

d𝑡(𝐸
+𝐸))𝑥𝜃−�̃�(2))d𝑡

=𝑀H𝐸(𝐸+𝐸𝑥)𝜃|𝜏𝑡0

−∫
𝜏

𝑡0
( d
d𝑡(𝐸𝐸

+𝑀)H𝐸+𝑀H𝐸𝐸+�̇�𝐸+𝐸+𝑀H𝐴+𝑀H𝐸 d
d𝑡(𝐸

+𝐸))𝑥𝜃d𝑡

−∫
𝜏

𝑡0
( d
d𝑡(𝐸𝐸

+𝑀)H𝐸+𝑀H𝐸𝐸+�̇�) (𝐸+𝐸)𝜃𝑥d𝑡 (4.40)

−∫
𝜏

𝑡0
𝑀H�̃�(2)d𝑡.

Again, using (4.39) and that𝑀 solves (4.36) we deduce that (4.40) is equivalent
to

0 =𝑀H𝐸(𝐸+𝐸)𝜃𝑥|𝜏𝑡0 +𝑀
H𝐸𝑥𝜃|𝜏𝑡0

+∫
𝜏

𝑡0
𝐶𝑥𝜃d𝑡

+∫
𝜏

𝑡0
𝑀H (𝐴+𝐸𝐸+�̇� −𝐸𝐸+�̇�) (𝐸+𝐸)𝜃𝑥+𝐶(𝐸+𝐸)𝜃𝑥d𝑡

−∫
𝜏

𝑡0
𝑀H�̃�(2)d𝑡.

Repeating these steps on the interval (𝜏,𝑡f] and adding the results we obtain that
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0 =∫
𝑡f

𝑡0
𝑀H (𝐸 𝜕2

𝜕𝑡𝜕𝜃(𝐸
+𝐸𝑥)− (𝐴+𝐸 d

d𝑡(𝐸
+𝐸))𝑥𝜃−�̃�(2))d𝑡

=𝑀H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0 +𝑀

H𝐸(𝐸+𝐸𝑥)𝜃|𝜏+𝜏−

+∫
𝜏

𝑡0
𝐶𝑥𝜃d𝑡

−∫
𝑡f

𝑡0
𝑀H�̃�(2)−𝑀H𝐴(𝐸+𝐸)𝜃𝑥−𝟙[𝑡0,𝜏)𝐶(𝐸

+𝐸)𝜃𝑥d𝑡.

Recall, that under Assumption 4.13 on the boundary coefficients we have exis-
tence of Ξ such that

[−Γ
H
0

ΓH
f
]Ξ = [(𝐸

H𝑀)(𝑡0)
(𝐸H𝑀)(𝑡f)

]

andΞ given by formula (4.37) is a possible solution, see the proof of Theorem 4.6
for more details.

Then, for the boundary terms we compute

𝑀H𝐸(𝐸+𝐸𝑥)𝜃|𝜏+𝜏− = (𝑀H(𝜏+)−𝑀H(𝜏−))(𝐸(𝐸+𝐸𝑥)𝜃) (𝜏) = 0

by (4.36c) and

𝑀H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0 =𝑀H𝐸𝑥𝜃|

𝑡f
𝑡0 +𝑀

H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0 =ΞHΓ̃+𝑀H𝐸(𝐸+𝐸)𝜃𝑥|

𝑡f
𝑡0

analogously to the proof of Theorem 4.6.
Hence, in total we obtain that the sensitivities are given by

∫
𝜏

𝑡0
𝑦𝜃d𝑡 =∫

𝜏

𝑡0
�̃�d𝑡+∫

𝜏

𝑡0
𝐶𝑥𝜃d𝑡 (4.41)

=−ΞHΓ̃−𝑀H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0 +∫

𝑡f

𝑡0
𝟙[𝑡0,𝜏)(�̃� −𝐶(𝐸+𝐸)𝜃𝑥)+𝑀H�̃�(3)d𝑡.

Theorem 4.16. Consider the original system (4.1b), (4.2) and (4.27) and the cor-
responding forward system (4.30). Let Assumptions 4.10 and 4.13 hold and define
Γ̆0, Γ̆f as in (4.6). Let a fixed 𝜏 ∈ (𝑡0, 𝑡f) be given. Then, we have the following.
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4.3. Weaker Assumptions on Time Differentiability

1. There exists a unique solution𝑁 ∈ 𝒞1
𝐸+𝐸(𝕀,𝕂𝑛×𝑟, {𝜏}) of

−𝐸H d
d𝑡(𝐸𝐸

+𝑁) = (𝐴+𝐸𝐸+�̇�)H𝑁 +𝛿𝜏(𝐶𝒫𝑧)H (4.42a)

0 = Γ̆0(𝐸H𝑁)(𝑡0)+ Γ̆f(𝐸H𝑁)(𝑡f), (4.42b)
−(𝐶𝒫𝑧)H(𝜏) = 𝐸H(𝜏)(𝑁(𝜏+)−𝑁(𝜏−)). (4.42c)

2. Set
Ξ𝜏≔ (Γ0ΓH

0 +ΓfΓH
f )

+(−Γ0(𝐸H𝑁)(𝑡0)+Γf(𝐸H𝑁)(𝑡f)). (4.43)

Then the sensitivities 𝑦𝜃(𝜏) are given by

𝑦𝜃(𝜏) = (�̃� +𝐶(𝒫𝑧)𝜃𝑃𝑧𝑥−𝐶𝑓a,𝜃) (𝜏)−ΞH
𝜏 Γ̃

−𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0 +∫

𝑡f

𝑡0
𝑁H�̃�(3)d𝑡. (4.44)

with �̃�(3) given as in (4.38). ▷

Proof. For the proof of this theorem we combine ideas from the proofs of The-
orems 4.7 and 4.15. The existence and uniqueness discussion of Statement 1
follows analogously to the proofs of Theorems 4.7 and 4.15.

For Statement 2 let𝑁 be a solution of (4.42) and let 𝑥 solve (4.30). Then,

0 =∫
𝑡f

𝑡0
𝑁H (𝐸 𝜕2

𝜕𝑡𝜕𝜃(𝐸
+𝐸𝑥)− (𝐴+𝐸 d

d𝑡(𝐸
+𝐸))𝑥𝜃−�̃�(2))d𝑡

=𝑁H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0

−∫
𝑡f

𝑡0
( d
d𝑡(𝐸𝐸

+𝑁)H𝐸+𝑁H𝐸𝐸+�̇�𝐸+𝐸+𝑁H𝐴+𝑁H𝐸 d
d𝑡(𝐸

+𝐸))𝑥𝜃d𝑡

−∫
𝑡f

𝑡0
( d
d𝑡(𝐸𝐸

+𝑁)H𝐸+𝑁H𝐸𝐸+�̇�) (𝐸+𝐸)𝜃𝑥d𝑡 (4.45)

−∫
𝑡f

𝑡0
𝑁H�̃�(2)d𝑡.

Again, using the fact (4.39) and by using that 𝑁 solves (4.42) we deduce that
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relation (4.45) is equivalent to

0 =𝑁H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0

+∫
𝑡f

𝑡0
𝐶𝒫𝑧𝑥𝜃𝛿𝜏d𝑡

+∫
𝑡f

𝑡0
𝑁H (𝐴+𝐸𝐸+�̇� −𝐸𝐸+�̇�) (𝐸+𝐸)𝜃𝑥+𝐶𝒫𝑧(𝐸+𝐸)𝜃𝑥𝛿𝜏d𝑡

−∫
𝑡f

𝑡0
𝑁H�̃�(2)d𝑡

=𝑁H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0

+(𝐶𝒫𝑧𝑥𝜃)(𝜏)

+ (𝐶𝒫𝑧(𝐸+𝐸)𝜃𝑥)(𝜏)−∫
𝑡f

𝑡0
𝑁H�̃�(2)−𝑁H𝐴(𝐸+𝐸)𝜃𝑥d𝑡.

Recall, that under the Assumption 4.13 on the boundary coefficients we have
existence of Ξ𝜏 such that

[−Γ
H
0

ΓH
f
]Ξ𝜏 = [(𝐸

H𝑁)(𝑡0)
(𝐸H𝑁)(𝑡f)

]

andΞ𝜏 givenby formula (4.43) is a possible solution. See theproof ofTheorem4.6
for more details.

Then, for the boundary term we compute

𝑁H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0 =𝑁H𝐸𝑥𝜃|

𝑡f
𝑡0 +𝑁

H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0 =ΞH

𝜏 Γ̃+𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0.

Note, that using the notation from (4.34) we obtain

𝑥𝜃 = 𝑥d,𝜃+𝑥a,𝜃 = (𝒫𝑧𝑥d−𝑓a)𝜃 =𝒫𝑧𝑃𝑧𝑥𝜃+(𝒫𝑧𝑃𝑧)𝜃𝑥−𝑓a,𝜃

=𝒫𝑧𝑥𝜃+(𝒫𝑧)𝜃𝑥−𝑓a,𝜃.
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4.3. Weaker Assumptions on Time Differentiability

Hence, in total we obtain that the sensitivities 𝑦𝜃 at time 𝜏 are given by

𝑦𝜃(𝜏) = (�̃� +𝐶𝑥𝜃)(𝜏)

= (�̃� +𝐶𝒫𝑧𝑥𝜃+𝐶(𝒫𝑧)𝜃𝑥−𝐶𝑓a,𝜃) (𝜏)

= (�̃� +𝐶(𝒫𝑧)𝜃𝑥−𝐶𝑓a,𝜃) (𝜏)−ΞH
𝜏 Γ̃−𝑁H𝐸(𝐸+𝐸)𝜃𝑥|

𝑡f
𝑡0

−(𝐶𝒫𝑧(𝐸+𝐸)𝜃𝑥)(𝜏)+∫
𝑡f

𝑡0
𝑁H�̃�(2)−𝑁H𝐴(𝐸+𝐸)𝜃𝑥d𝑡

= (�̃� +𝐶(𝒫𝑧)𝜃𝑃𝑧𝑥−𝐶𝑓a,𝜃) (𝜏)−ΞH
𝜏 Γ̃−𝑁H𝐸(𝐸+𝐸)𝜃𝑥|

𝑡f
𝑡0 +∫

𝑡f

𝑡0
𝑁H�̃�(3)d𝑡.

Remark 4.7. Comparing the result ofTheorem 4.16 with the result ofTheorem 4.7
we note the following.

1. The approach in Theorem 4.16 does not require time differentiability of
the algebraic variables for both, the original system (4.30) and the adjoint
system (4.42).

2. In the formula for the sensitivities (4.41) we need the quantity 𝑓a,𝜃 instead
of �̃�a in (4.20). This is because the equivalent of �̃�a is not available in
the former case as we cannot use rewrite the forward system is in the
form (4.30).

3. However, we could have used the quantity 𝑓a,𝜃 in formula (4.20) instead of
�̃�a.

4. In particular, the approach of Theorem 4.16 also works in the case where
(4.31) is not fulfilled. ▷

Example 4.3. Let the system of Example 4.2 be given by the coefficients (4.35).
We impose the initial condition

𝐸(𝑡0,𝜃)𝑥(𝑡0) = (𝑥0(𝜃)0 ) , 𝑥0 ∈ 𝒞1(ℝ𝑝,ℝ)

which translates to the boundary coefficients

Γ0(𝜃) = 𝐸(𝑡0,𝜃), Γf(𝜃) = 0, 𝛾(𝜃) = (𝑥0(𝜃)0 ) .
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Note, that

𝑇2(𝑡,𝜃) = [1𝜃]
1

1+𝜃2 .

Thus, the corresponding adjoint boundary coefficients are given according
to (4.6) by

Γ̆0 = 0, Γ̆f = [1 𝜃
0 0]

1
1+𝜃2 .

Further we have, omitting arguments,

𝑃𝑧 =𝐸+𝐸 = [1 𝜃
𝜃 𝜃2]

1
1+𝜃2 , �̆�𝑧 =𝐸𝐸+ = [1 0

0 0],

𝑃⊥
𝑧 = 𝐼2−𝑃𝑧[

𝜃2 −𝜃
−𝜃 1 ]

1
1+𝜃2 , �̆�⊥

𝑧 = 𝐼2−�̆�𝑧 = [0 0
0 1].

Thus, for the quantities𝐷a and 𝒫𝑧 in (3.26) we obtain that

𝐷a(𝑡,𝜃) = [0 −𝜃
0 1 ], 𝒫𝑧 = [1 𝜃

0 0]𝑃𝑧 =𝐸.

Hence, for a fixed 𝜏 ∈ (𝑡0, 𝑡f) and setting 𝐶 = 𝐼2, the adjoint boundary value
problem (4.42) is given by

[−1 0
−𝜃 0][

�̇�1
0 ] = [0 0

0 1][
𝑁1
𝑁2
]+𝛿𝜏[

1 0
𝜃 0],

0 = [1 0
0 0][

𝑁1(𝑡f)
𝑁2(𝑡f)

] ,

[−1 0
−𝜃 0] = [1 0

𝜃 0][
𝑁1(𝜏+)−𝑁1(𝜏−)
𝑁2(𝜏+)−𝑁2(𝜏−)

] .

It has the unique solution

𝑁1(𝑡,𝜃) = [𝟙[𝑡0,𝜏](𝑡) 0] , 𝑁2(𝑡,𝜃) = 0.
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For the computation of the sensitivities (4.44) we note that, omitting arguments,

Ξ𝜏 = [−1 0
0 0], �̃� = 0, Γ̃ = [𝑥0,𝜃(𝜃)0 ]−[0 1

0 0](
𝜃𝑓2(𝑡0)+𝑥0(𝜃)

−𝑓2(𝑡0)
) ,

(𝑃𝑧)𝜃 = (𝐸+𝐸)𝜃 = [ −2𝜃 1−𝜃2
1−𝜃2 2𝜃 ] 1

(1+𝜃2)2 , �̃�(2) = 0,

�̃�(3) =−[ 0
(1−𝜃2)𝜃𝑓2+(1−𝜃2)𝑥0(𝜃)−2𝜃𝑓2

] 1
(1+𝜃2)2 ,

(𝒫𝑧)𝜃 =𝐸𝜃 = [0 1
0 0], 𝑓a,𝜃 = [−𝑓20 ].

Thus, we have

𝑦𝜃(𝜏) = 0+[
𝜃

1+𝜃2
𝑥0(𝜃)
0

]+[𝑓2(𝜏)0 ]+[𝑥0,𝜃(𝜃)+𝑓2(𝑡0)0 ]

+[−𝑓2(𝑡0)−
𝜃

1+𝜃2
𝑥0(𝜃)

0
]+∫

𝑡f

𝑡0
0d𝑡 = [𝑓2(𝜏)+𝑥0,𝜃(𝜃)0 ] (4.46)

as expected. Note, that we did not need any time derivatives of 𝑓2. ▷

Examples with non-trivial boundary conditions are presented in Section 4.5.
The analogous result of Corollary 4.9 for values 𝜏 on the boundary of [𝑡0, 𝑡f] is
given as follows.

Corollary 4.17. Consider the original system (4.1b), (4.2) and (4.27) and the
corresponding forward system (4.30). Let Assumptions 4.10 and 4.13 hold and
define Γ̆0, Γ̆f as in (4.6). Let 𝜏 be fixed to 𝜏 = 𝑡f. Then, we have the following.

1. There exists a unique solution𝑁 ∈ 𝒞1
𝐸+𝐸(𝕀,𝕂𝑛×𝑟) of

−𝐸H d
d𝑡(𝐸𝐸

+𝑁) = (𝐴+𝐸𝐸+�̇�)H𝑁 (4.47a)

Γ̆f(𝐶𝒫𝑧)H(𝑡f) = Γ̆0(𝐸H𝑁)(𝑡0)+ Γ̆f(𝐸H𝑁)(𝑡f). (4.47b)
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2. Set

Ξ𝜏≔ (Γ0ΓH
0 +ΓfΓH

f )
+(Γ0(�̆�𝑁)(𝑡0)+Γf(−�̆�𝑁 +(𝐶𝒫𝑧)H)(𝑡f)) (4.48)

and let𝑁 be the unique solution of (4.47). Then the sensitivities 𝑦𝜃(𝜏) are
given by

𝑦𝜃(𝑡f) = (�̃� +𝐶(𝒫𝑧)𝜃𝑥−𝐶𝑓a,𝜃) (𝑡f)−ΞH
𝜏 Γ̃

−𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0 +∫

𝑡f

𝑡0
𝑁H�̃�(3)d𝑡 (4.49)

with �̃�(3) given as in (4.38). ▷

Proof. The proof is analogous to the proofs of Corollary 4.9 and Theorem 4.16.
Note again, that the linear system (4.15) transforms to the linear system

[−Γ
H
0

ΓH
f
]Ξ𝜏 = [ (𝐸H𝑁)(𝑡0)

(𝐸H𝑁 −(𝐶𝒫𝑧)H)(𝑡f)
]

for the given quantities in Equations (4.47b) and (4.48). Hence, we obtain
that (4.21) transforms to

𝑁H𝐸(𝐸+𝐸𝑥)𝜃|
𝑡f
𝑡0

=𝑁H𝐸𝑥𝜃|
𝑡f
𝑡0 +𝑁

H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0

= (𝑁H𝐸𝑥𝜃)(𝑡f)− (𝑁H𝐸𝑥𝜃)(𝑡0)+𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0

= ((𝑁H𝐸−𝐶𝒫𝑧)𝑥𝜃)(𝑡f)− (𝑁H𝐸𝑥𝜃)(𝑡0)+ (𝐶𝒫𝑧𝑥𝜃)(𝑡f)+𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0

=ΞH
𝜏 Γ̃+ (𝐶𝒫𝑧𝑥𝜃)(𝑡f)+𝑁H𝐸(𝐸+𝐸)𝜃𝑥|

𝑡f
𝑡0

by using (4.47b). Then, by noting that all terms that included 𝛿𝜏 in the proof
of Theorem 4.16 vanish in the context of this theorem, we obtain

𝑦𝜃(𝑡f) = (�̃� +𝐶𝒫𝑧𝑥𝜃+𝐶(𝒫𝑧)𝜃𝑥−𝐶𝑓a,𝜃) (𝑡f)

= (�̃� +𝐶(𝒫𝑧)𝜃𝑥−𝐶𝑓a,𝜃) (𝑡f)−ΞH
𝜏 Γ̃−𝑁H𝐸(𝐸+𝐸)𝜃𝑥|

𝑡f
𝑡0 +∫

𝑡f

𝑡0
𝑁H�̃�(3)d𝑡.
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Remark 4.8. Note, that the formulas (4.44) and (4.49) slightly differ in addi-
tion to the evaluation point, which is 𝜏 ∈ (𝑡0, 𝑡f) and 𝜏 = 𝑡f, respectively. Equa-
tion (4.44) contains the term (𝐶𝒫𝑧𝑃𝑧𝑥)(𝜏)whereas the respective term in (4.49)
reads (𝐶𝒫𝑧𝑥)(𝑡f). Moreover, the result of Corollary 4.17 can be analogously stated
at the initial time with 𝜏 = 𝑡0. ▷

Example 4.4 (Example 4.3 revisited). We revisit Example 4.3 and compute the
sensitivities at 𝜏 = 𝑡f.

Setting 𝐶 = 𝐼2, the adjoint boundary value problem (4.47) is given by

[−1 0
−𝜃 0][

�̇�1
0 ] = [0 0

0 1][
𝑁1
𝑁2
],

[1 0
0 0] = [1 0

0 0][
𝑁1(𝑡f)
𝑁2(𝑡f)

] .

It has the unique solution

𝑁1(𝑡,𝜃) = [1 0] , 𝑁2(𝑡,𝜃) = 0.

For the computation of the sensitivities (4.49) we note that (4.48) is given by

Ξ𝜏 = [−1 0
0 0].

Thus, we have

𝑦𝜃(𝑡f) = 0+[−𝑓2(𝑡f)0 ]+[𝑓2(𝑡f)0 ]+[𝑥0,𝜃(𝜃)+𝑓2(𝑡0)0 ]

+[𝑓2(𝑡f)+
𝜃

1+𝜃2
𝑥0(𝜃)

0
]+[−𝑓2(𝑡0)−

𝜃

1+𝜃2
𝑥0(𝜃)

0
]+∫

𝑡f

𝑡0
0d𝑡

= [𝑓2(𝑡f)+𝑥0,𝜃(𝜃)0 ] (4.50)

as expected. Note, that the resulting value of 𝑦𝜃(𝑡f) is the limit of 𝑦𝜃(𝜏) for 𝜏→ 𝑡f.
The respective quantities in the computation of (4.46) and (4.50) differ though.

▷
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4.4. Summary and Comparison of the Approaches

Let us briefly summarize the results of Sections 4.1 to 4.3. We have seen several
possibilities for computing the sensitivities of the system (4.1) or its weaker
version (4.1b), (4.2) and (4.27). Depending on which system we consider and
whether we choose to use the forward system approach or the adjoint approach,
different assumptions are made. Also, certain terms may change depending on
the method we choose. Some of those differences are mentioned in Remarks 4.1,
4.3 and 4.6 to 4.8. Further, note the following.

1. The adjoint equations (4.12), (4.18), (4.24), (4.36), (4.42) and (4.47) do not
depend on the number of parameters 𝑝, however, a new solution has to be
computed for every timepoint 𝜏 of interest, as their respective boundary
conditions change.

In contrast, the number of variables in the forward systems (4.3) and (4.30)
grow linearly with the number of parameters𝑝, but solving the forward sys-
tem, immediately gives access to the sensitivity values at every timepoint
of the solution.

Hence, regarding this point, one should favor the adjoint approach, when,
roughly, the number of parameters is higher than the number of sensitivity
evaluation points.

2. It is not always favorable to use the approaches for the weaker formula-
tion of the forward system (4.30). If condition (4.31) does not hold, we
can only use the forward system approach based on the flow formulation,
see Lemma 4.14. However, if the system coefficients and the inhomogene-
ity in (4.30) are smooth enough, then we can reformulate the problem
in the stronger form (4.3), for which the forward problem can be solved
without condition (4.31).

3. All approaches require that the data is sufficiently smooth with respect
to the parameters 𝜃. However, the different approaches partially require
derivatives of different quantities. For example, the forward approach
based on the flow formulation in Lemma 4.14 in particular requires deriva-
tives of𝐷d,𝐷a and thus also of 𝐸+, while the forward approach (4.3) only
needs derivatives of the original data 𝐸,𝐴,𝑓. Derivatives of 𝐸+,𝐷a and
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Table 4.1.: Comparison of selected assumptions of the different theorems and
lemmas for the computation of the sensitivities. The first block de-
scribes hard assumptions, that are necessary for the theory to work.
The second block are soft assumptions in terms of usefulness for a nu-
merical method, where 𝑛𝜏 denotes the number of evaluation points
of the sensitivity function 𝑦(𝜏) and 𝑝 is the number of parameters.

Assumption L. 4.1 L. 4.12 L. 4.14 Th. 4.7 Th. 4.15

�̇� exists ✔ ✘ ✘ ✔ ✘
condition (4.31) holds ✘ ✔ ✘ ✘ ✘

compute (𝐸+)𝜃 ✘ ✘ ✔ ✘ ✘
compute𝐷a,𝜃 ✘ ✘ ✔ ✘ ✘

𝑛𝜏 >𝑝 ✔ ✔ ✔ ✘ ✘
𝑛𝜏 <𝑝 ✘ ✘ ✘ ✔ ✔

derivatives of all further quantities are available in terms of the original
data 𝐸,𝐴,𝑓 through Lemma 3.2. This is computationally hard though as
those formulas have to be applied at every single timepoint of the integra-
tion.

4. For strangeness-free systems all statements hold globally on the whole set
𝕀×Θ, if the respective assumptions 4.2, 4.5, 4.10 and 4.13 are fulfilled. In
particular, the approaches do not rely on existence of the global version of
the local smooth full rank decomposition of Lemma 3.26. An exception
is Lemma 4.1 for higher index systems, where we explicitly require, that
the reduced system (3.14) is sufficiently smooth globally on 𝕀×Θ.

The assumptions are also summarized in Table 4.1.

4.5. Application to Optimal Control Problems

In this section, we apply the results of Section 4.3 to boundary values coming
from a parameter-dependent optimal control problem.
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4. Sensitivities

We consider sensitivities of parameter-dependent optimal control problems,
which pointwise in the parameter 𝜃 correspond to the optimal control prob-
lem (3.38). Hence, we look for the sensitivities of solutions of the optimization
problem

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

min
𝑢∈𝒞0(𝕀,𝕂𝑚)

𝑥(𝑡f,𝜃)H𝐾𝑥(𝑡f,𝜃)+∫
𝑡f

𝑡0
(𝑥(𝑡,𝜃)𝑢(𝑡,𝜃))

H

[𝑄(𝑡,𝜃) 𝑆(𝑡,𝜃)
𝑆H(𝑡,𝜃) 𝑅(𝑡,𝜃)](

𝑥(𝑡,𝜃)
𝑢(𝑡,𝜃))d𝑡

s. t. (𝐸 d
d𝑡(𝐸

+𝐸𝑥))(𝑡,𝜃) = (𝐴𝑥+𝐵𝑢+𝑓)(𝑡,𝜃),

𝑥(𝑡0,𝜃) = 𝑥0(𝜃),
(4.51)

where we assume, that the following assumptions are satisfied.

Assumption 4.18.

1. Assume that the system (𝐸(⋅,𝜃), 𝐴(⋅,𝜃), 𝐵(⋅,𝜃), 𝑓(⋅,𝜃)) ∈ Σ𝑚,𝑛(𝕂) is strange-
ness-free pointwise in 𝜃, and all the rank conditions of Hypothesis 3.3 are
constant.

2. Assume, that also the system of necessary conditions (3.40) is strangeness-
free pointwise in 𝜃, uniquely solvable, and all characteristic quantities stay
constant for all (𝑡,𝜃) ∈ 𝕀 ×Θ. The former is fulfilled, if and only if the as-
sumptions of Theorem 3.20 are fulfilled.

3. Assume, that the final weight matrix 𝐾 fulfills 𝐾𝐸+𝐸 =𝐾 and thus due to
its self-adjointness also 𝐸+𝐸𝐾 =𝐾. ▷

The necessary conditions of the optimal control problem are given pointwise
for every parameter 𝜃 ∈ Θ by Equation (3.40), i. e., we have

𝐸 d
d𝑡(𝐸

+𝐸𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑥+𝐵𝑢+𝑓, (4.52a)

−𝐸H d
d𝑡(𝐸𝐸

+𝜆) = −𝑄𝑥−𝑆𝑢+(𝐴+𝐸𝐸+�̇�)H𝜆, (4.52b)

0 = −𝑆H𝑥−𝑅𝑢+𝐵H𝜆, (4.52c)
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4.5. Application to Optimal Control Problems

where by setting 𝑧 = (𝜆𝑇, 𝑥𝑇, 𝑢𝑇)𝑇 the boundary condition is given by

⎡

⎣

0 0 0
0 (𝐸+𝐸)(𝑡0) 0
0 0 0

⎤

⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=∶Γ0

𝑧(𝑡0)+
⎡

⎣

(𝐸𝐸+)(𝑡f) (𝐸+)H(𝑡f)𝐾 0
0 0 0
0 0 0

⎤

⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=∶Γf

𝑧(𝑡f) =
⎛

⎝

0
𝑥0
0

⎞

⎠⏟⏟⏟⏟⏟
=∶𝛾

. (4.53)

Using relation (4.39), the system (4.52) can be written as

ℰ d
d𝑡(ℰ

+ℰ𝑧) = (𝒜+ℰ d
d𝑡(ℰ

+ℰ))𝑧+
⎛

⎝

𝑓
0
0

⎞

⎠

with

ℰ=
⎡

⎣

0 𝐸 0
−𝐸H 0 0
0 0 0

⎤

⎦
, 𝒜=

⎡

⎣

0 𝐴 𝐵
(𝐴+�̇�)H −𝑄 −𝑆
𝐵H −𝑆H −𝑅

⎤

⎦
.

Noting that ℰH = −ℰ and (𝒜+ ̇ℰ)H = 𝒜, we conclude by Remark 3.6 that the
system (4.52) is self-adjoint according to Definition 3.8 pointwise in 𝜃.

In the following, we derive the boundary conditions of the adjoint problem
as in Lemma 4.3 for the boundary coefficients (4.53). A possible choice for the
selector matrices of Hypothesis 3.3 is given by

𝒵1 =
⎡

⎣

𝑍1 0
0 −𝑇2
0 0

⎤

⎦
, 𝒯2 =

⎡

⎣

𝑍1 0
0 𝑇2
0 0

⎤

⎦
,

where 𝑍1 and 𝑇2 are the respective quantities of Hypothesis 3.3 for the sys-
tem (4.52a).

Then, by setting

𝑍Γ =
⎡

⎣

𝑍1(𝑡f) 0
0 𝑇2(𝑡0)
0 0

⎤

⎦
,
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and recalling Equations (4.5) and (4.6) we obtain that

im[Γ̆
H
0,11
Γ̆H

f,11
] = ker𝑍H

Γ [−Γ0𝒯2(𝑡0) Γf𝒯2(𝑡f)] (4.54a)

= ker[0 0 𝐼𝑛𝑑 𝐸−H
11 (𝑡f)𝐾11

0 −𝐼𝑛𝑑 0 0 ] (4.54b)

= im
⎡
⎢⎢⎢
⎣

0 −𝐸−H
11 (𝑡f)

0 0
−(𝐸−H

11 𝐾11𝐸−1
11 )(𝑡f) 0

𝐸−1
11 (𝑡f) 0

⎤
⎥⎥⎥
⎦

. (4.54c)

There is certain freedom in the actual representation of the spaces in (4.54) as
the image representation in (4.54c) of (4.54b) is invariant under transforma-
tions from the right. We chose this particular representation for simplifying the
upcoming result.

We then deduce that

Γ̆0 = 𝑍ΓΓ̆0,11𝒯H
2 (𝑡0) =

⎡

⎣

0 0 0
−𝐸+(𝑡0) 0 0

0 0 0

⎤

⎦
,

Γ̆f = 𝑍ΓΓ̆f,11𝒯H
2 (𝑡f) =

⎡

⎣

−((𝐸+)H𝐾𝐸+)(𝑡f) (𝐸+)H(𝑡f) 0
0 0 0
0 0 0

⎤

⎦
,

and consequently

Γ̆0ℰH(𝑡0) =
⎡

⎣

0 0 0
0 (𝐸+𝐸)(𝑡0) 0
0 0 0

⎤

⎦
= Γ0,

Γ̆fℰH(𝑡f) =
⎡

⎣

(𝐸𝐸+)(𝑡f) 𝐸+H(𝑡f)𝐾 0
0 0 0
0 0 0

⎤

⎦
= Γf.

(4.55)

Hence, also the boundary conditions can be considered self-adjoint, in the sense
that the boundary conditions of the adjoint system (4.7a) correspond to the
original boundary conditions (4.55). This relation was also mentioned in [BL05]
for a different index notion.
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Thus, the adjoint system of, e. g., Theorem 4.16 is given by

ℰ d
d𝑡(ℰ

+ℰ𝑁) = (𝒜+ℰ d
d𝑡(ℰ

+ℰ))𝑁 +(𝐶𝒫𝑧)H𝛿𝜏 (4.56a)

ℰ(𝜏)(𝑁(𝜏+)−𝑁(𝜏−)) = (𝐶𝒫𝑧)H(𝜏) (4.56b)
0 = Γ0𝑁(𝑡0)+Γf𝑁(𝑡f) (4.56c)

for a fixed 𝜏 ∈ (𝑡0, 𝑡f). Partitioning 𝑁 and 𝐶 according to the structure of the
original variable 𝑧 in the form

𝑁 =∶
⎡

⎣

𝑁𝜆

𝑁𝑥

𝑁𝑢

⎤

⎦
, 𝐶𝒫𝑧 =∶

⎡

⎣

𝐶𝜆

𝐶 𝑥

0

⎤

⎦

H

(4.57)

and after removing redundant equations and the algebraic variables, we obtain
the boundary condition

(𝐸+𝐸𝑁𝑥)(𝑡0) = 0, (𝐸𝐸+𝑁𝜆)(𝑡f) = −𝐸+H(𝑡f)𝐾𝑁𝑥(𝑡f) (4.58)

and the jump condition

𝐸(𝜏)𝑁𝑥(𝜏+) = 𝐸(𝜏)𝑁𝑥(𝜏−)+𝐶𝜆(𝜏), 𝐸H(𝜏)𝑁𝜆(𝜏+) = 𝐸H(𝜏)𝑁𝜆(𝜏−)−𝐶 𝑥(𝜏).
(4.59)

For completeness, thequantities Γ̃andΞ𝜏 inTheorem4.16 for the computation
of the sensitivities are given by

Γ̃ =
⎡

⎣

−((𝐸𝐸+)𝜃𝑥)(𝑡f)− ((𝐸+H𝐾)𝜃𝑥)(𝑡f)
𝑥0,𝜃−(𝐸+𝐸)𝜃(𝑡0)𝑥(𝑡0)

0

⎤

⎦
,

Ξ𝜏 =
⎡

⎣

((𝐸𝐸++𝐸+H𝐾 2𝐸+)+(𝐸+H𝐾𝐸H𝑁𝜆−𝐸𝑁𝑥)) (𝑡f)
−(𝐸H𝑁𝜆)(𝑡0)

0

⎤

⎦
.

Example 4.5. Let the data in the optimal control problem (4.51) defined on
𝕀×Θ = 𝕀× (1,∞) be given by

𝐸(𝑡,𝜃) = [1] , 𝐴(𝑡,𝜃) = [−1] , 𝐵(𝑡,𝜃) = [1] , 𝑓(𝑡,𝜃) = 0,

𝑄(𝑡,𝜃) = [𝜃2−1], 𝑆(𝑡,𝜃) = [0] , 𝑅(𝑡,𝜃) = [1] , 𝐾 = [0] ,
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and 𝑥0(𝜃) ∈ 𝒞1(Θ,𝕂𝑛). Then the necessary conditions (4.52) are given by

⎡

⎣

0 1 0
−1 0 0
0 0 0

⎤

⎦

⎛

⎝

�̇�
�̇�
0

⎞

⎠
=
⎡

⎣

0 −1 1
−1 𝜃2−1 0
1 0 1

⎤

⎦

⎛

⎝

𝜆
𝑥
𝑢

⎞

⎠
, (4.60)

𝑥(𝑡0) = 𝑥0, 𝜆(𝑡f) = 0.

System (4.60) has the analytic solution

⎛

⎝

𝜆
𝑥
𝑢

⎞

⎠
(𝑡,𝜃) =

⎛

⎝

−𝑒−(𝑡+𝑡0)𝜃 (𝑒2𝑡𝜃−𝑒2𝑡f𝜃)𝑥0 (𝜃2−1)
𝑒−(𝑡+𝑡0)𝜃𝑥0 (𝑒2𝑡𝜃(𝜃−1)+𝑒2𝑡f𝜃(𝜃+1))
𝑒−(𝑡+𝑡0)𝜃 (𝑒2𝑡𝜃−𝑒2𝑡f𝜃)𝑥0 (𝜃2−1)

⎞

⎠
𝜃+𝑒2(𝑡f−𝑡0)𝜃(𝜃+1)−1

. (4.61)

Suppose now, we would like to compute the sensitivities of the solution (4.61)
inside the interval 𝕀 = [𝑡0, 𝑡f]. Thus, let a fixed 𝜏 ∈ (𝑡0, 𝑡f) and 𝜃 ∈ Θ be given and
assume, that we want sensitivity information of the whole state 𝑧, i. e., we set
𝐶 = 𝐼3. Note, that the projection 𝒫𝑧 as in (3.23) is pointwise given by

𝒫𝑧(𝑡,𝜃) =
⎡

⎣

1 0 0
0 1 0
−1 0 0

⎤

⎦
.

Thus, the partitioning for 𝐶𝒫𝑧 in (4.57) is given by

𝐶𝜆 = [1 0 −1] , 𝐶 𝑥 = [0 1 0] .

The adjoint boundary value problem (4.42) in Theorem 4.16 then has the form

⎡

⎣

0 1 0
−1 0 0
0 0 0

⎤

⎦

⎡

⎣

�̇�𝜆

�̇�𝑥

0

⎤

⎦
=
⎡

⎣

0 −1 1
−1 𝜃2−1 0
1 0 1

⎤

⎦

⎡

⎣

𝑁𝜆

𝑁𝑥

𝑁𝑢

⎤

⎦
+
⎡

⎣

1 0 −1
0 1 0
0 0 0

⎤

⎦
𝛿𝜏,

𝑁𝑥(𝜏+) =𝑁𝑥(𝜏−)+[1 0 −1] , 𝑁𝜆(𝜏+) =𝑁𝜆(𝜏−)−[0 1 0] ,

𝑁𝑥(𝑡0) = 0, 𝑁𝜆(𝑡f) = 0. ▷
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4.6. Higher Index Cases

For the forward system approach in Section 4.1 we already noted in Remark 4.1
that it is also feasible for an arbitrary strangeness index. In Sections 4.2 to 4.5 we
assumed that the system (�̃�, �̃�, �̃�, ̃𝑓) or the system of necessary conditions (4.52)
is strangeness-free pointwise in 𝜃.

If we drop that assumption, we can proceed with a formal adjoint sensitivity
approach similar to (3.50). In the general boundary value problem case of The-
orem 4.7 we need the adjoint boundary coefficients Γ̆0, Γ̆f as in (4.6) which are
defined based on the strangeness-free coefficients. In the case of the necessary
conditions (4.52), we can use the fact that the boundary conditions of the true
adjoint system (4.56) correspond to the boundary conditions of the necessary
conditions (4.53).

We focus on the optimal control case for a fixed 𝜏 ∈ (𝑡0, 𝑡f). Let some 𝐶 𝑥 ∈
𝒞1(𝕀×Θ,𝕂𝑛×𝑟) and 𝐶𝜆 ∈ 𝒞1(𝕀×Θ,𝕂𝑛×𝑟) be given such that 𝐶 𝑥(𝜏) ∈ im𝐸H(𝜏) and
𝐶𝜆(𝜏) ∈ im𝐸(𝜏). Then, define the formal adjoint sensitivity system by

𝐸�̇�𝑥 = (𝐴+�̇�)𝑁𝑥+𝐵𝑁𝑢+𝐶𝜆𝛿𝜏, (4.62a)
−𝐸H�̇�𝜆 =−𝑄𝑁𝑥−𝑆𝑁𝑢+(𝐴+�̇�)H𝑁𝜆+𝐶 𝑥𝛿𝜏, (4.62b)

0 = −𝑆H𝑁𝑥−𝑅𝑁𝑢+𝐵H𝑁𝜆, (4.62c)

with corresponding boundary and jump conditions

𝑁𝑥(𝑡0) = 0, (𝐸H𝑁𝜆)(𝑡f) = −𝐾𝑁𝑥(𝑡f), (4.62d)
𝐸(𝜏)𝑁𝑥(𝜏+) = 𝐸(𝜏)𝑁𝑥(𝜏−)+𝐶𝜆(𝜏), 𝐸H(𝜏)𝑁𝜆(𝜏+) = 𝐸H(𝜏)𝑁𝜆(𝜏−)−𝐶 𝑥(𝜏).

In the strangeness-free case, assuming that all coefficients are sufficiently smooth
and 𝐶 𝑥 and 𝐶𝜆 are defined by (4.57), the formal sensitivity adjoint (4.62) corre-
sponds to the true sensitivity adjoint (4.56).

We thus have the following possibilities for the treatment of higher index cases,
where we need to distinguish between the strangeness index of the original
system (4.52a) and the strangeness index of the necessary conditions (4.52), see
the discussion in Subsection 3.4.6 and also compare with Figure I.2.

1. Let us assume that the necessary conditions (4.52) are given in closed form,
are not necessarily strangeness-free, and all data is sufficiently smooth
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with respect to parameters and time, such that the quantities of Hypoth-
esis 3.3 are available and sufficiently smooth with respect to parameters
and time globally on 𝕀×Θ. Also assume, that the original system (4.52a) is
strangeness-free as a controlled system.

If we want to avoid performing the index reduction with smooth versions
of 𝑇2 and 𝑍1 we can proceed as in Subsection 3.4.6 for solving the adjoint
equations (4.18) and (4.42). Theactual sensitivities givenby formulas (4.20)
and (4.44), however, contain terms like 𝐶(𝒫𝑧)𝜃, 𝐶�̃�a, and 𝐶𝑓a,𝜃 which are
flow quantities as in (3.23) that are only defined for strangeness-free sys-
tems. Thus, we need tomake sure, that these quantities are either available,
or to choose 𝐶 in such a way, that they vanish.

2. If the original system (4.52a) is not strangeness-free as a controlled system,
then the discussion of Subsection 3.4.6 applies, where in addition we
require, that all obtained data is sufficiently smooth, in particular with
respect to the parameters.

3. If we opt for reducing the formal necessary conditions, we must ensure,
that all boundary conditions in the parameter-dependent version of Equa-
tion (3.50) are fulfilled such that we have a chance to apply Theorem 3.24.
Obtaining those needs knowledge of 𝑇2(𝑡0), 𝑍1(𝑡f).

4. On theother hand,we candirectly use theparameter-dependent versionof
the formal necessary conditions (3.50) to obtain the corresponding formal
adjoint sensitivity system (4.62). To fix the correct jump conditions (4.59)
we need the quantity 𝐶𝒫𝑧, in particular we need global knowledge of 𝑇2.

The formal sensitivity adjoint approach is problematic due to the follow-
ing. The parameter-dependent formal necessary conditions are formally
self-adjoint in the sense of Section 4.5 and thus Theorem 3.24 applies ac-
cordingly to the adjoint equation (4.56). This implies, that using the parti-
tioning (4.57),𝑁may solve the formal adjoint sensitivity system (4.62), but
the quantity𝑁𝜆 does not necessarily solve the true adjoint system (4.42).

The quantity𝑁𝜆, though, is necessary in the computation of the sensitivi-
ties (4.20) or (4.44). However, if in (4.52) only the weight functions𝑄,𝑆,𝑅
depend on the parameters, then all multiplicative terms with𝑁𝜆 and also
𝜆 in �̃� or �̃�(3) vanish and the approach may be feasible.
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Example 4.6. Let us consider the following parameter-dependent optimal con-
trol problem with dynamical system given by

[0 1
0 0](

�̇�1
�̇�2
) = [1 0

0 1](
𝑥1
𝑥2
)+[10]𝑢+(

𝑓1
𝑓2
) (4.63)

and corresponding objective function

∫
2

0
𝜃𝑥21 (𝑡,𝜃)+𝑢2(𝑡,𝜃)d𝑡,

where the parameter spaceΘ is given byΘ= [0,∞). This is a parameter-depen-
dent version of [KM11b, Example 1.11]. We assume, that 𝑓1 and 𝑓2 are sufficiently
smooth, such that we can pointwise in 𝜃 use the strong setting (3.8). The sys-
tem (4.63) is independent of the parameter 𝜃 and not strangeness-free, even as
a controlled system. Further, the reduced system (3.14) is given by

0 = [1 0
0 1](

𝑥1
𝑥2
)+[10]𝑢+(

𝑓1+ ̇𝑓2
𝑓2

) ,

which constitutes a purely algebraic equation. The corresponding adjoint equa-
tion (4.52b) is given by

0 = −[𝜃 0
0 0](

𝑥1
𝑥2
)+[1 0

0 1](
𝜆1
𝜆2
) (4.64)

and the optimality condition (4.52c) by

0 = −𝑢+𝜆1.

Note that �̂� in (3.45) is given by

�̂� =

⎡
⎢⎢⎢⎢⎢
⎣

0 0 1 0 1
0 0 0 1 0
1 0 −𝜃 0 0
0 1 0 0 0
1 0 0 0 −1

⎤
⎥⎥⎥⎥⎥
⎦

,

is invertible, and equals𝒜 in (3.43). We thus obtain the unique solution

𝑥1 =− 1
1+𝜃(𝑓1+

̇𝑓2), 𝑢 = 𝜆1 =− 𝜃
1+𝜃(𝑓1+

̇𝑓2), 𝑥2 =−𝑓2, 𝜆2 = 0.
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Note, that 𝑃𝑧 = 0 and thus also 𝒫𝑧 = 0 as well as the projected quantity

�̃�a =

⎡
⎢⎢⎢⎢⎢
⎣

0 0 1 0 1
0 0 0 1 0
1 0 −𝜃 0 0
0 1 0 0 0
1 0 0 0 −1

⎤
⎥⎥⎥⎥⎥
⎦

−1
⎡
⎢⎢⎢⎢⎢
⎣

0
0
−𝑥1
0
0

⎤
⎥⎥⎥⎥⎥
⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢
⎣

−1

𝜃+1
𝑥1
0
1

𝜃+1
𝑥1
0

−1

𝜃+1
𝑥1

⎤
⎥⎥⎥⎥⎥⎥⎥
⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢
⎣

1

(𝜃+1)2
(𝑓1+ ̇𝑓2)
0

−1

(𝜃+1)2
(𝑓1+ ̇𝑓2)
0

1

(𝜃+1)2
(𝑓1+ ̇𝑓2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥
⎦

which is defined as in (4.20). Then, the adjoint sensitivity system (4.56) is given
by

⎡
⎢⎢⎢⎢⎢
⎣

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥
⎦

⎡
⎢⎢⎢⎢⎢
⎣

�̇�𝜆
1

�̇�𝜆
2

�̇�𝑥
1

�̇�𝑥
2

�̇�𝑢

⎤
⎥⎥⎥⎥⎥
⎦

=

⎡
⎢⎢⎢⎢⎢
⎣

0 0 1 0 1
0 0 0 1 0
1 0 −𝜃 0 0
0 1 0 0 0
1 0 0 0 −1

⎤
⎥⎥⎥⎥⎥
⎦

⎡
⎢⎢⎢⎢⎢
⎣

𝑁𝜆
1

𝑁𝜆
2

𝑁𝑥
1

𝑁𝑥
2

𝑁𝑢

⎤
⎥⎥⎥⎥⎥
⎦

, (4.65)

which is purely algebraic without any prescribed boundary conditions or jump
conditions. It has 0 as unique solution. Thus, the sensitivities 𝑦𝜃(𝜏)with 𝐶 = 𝐼5
can be computed via (4.20) to obtain

𝑦𝜃(𝜏) = −𝐶�̃�a =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢
⎣

−1

(𝜃+1)2
(𝑓1+ ̇𝑓2)
0

1

(𝜃+1)2
(𝑓1+ ̇𝑓2)
0

−1

(𝜃+1)2
(𝑓1+ ̇𝑓2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(4.66)

as expected.
On the other hand, considering the formal adjoint approach we can replace

the adjoint equation (4.64) by its formal adjoint equation (3.50b) given by

−[0 0
1 0](

�̇�1
�̇�2
) = −[𝜃 0

0 0](
𝑥1
𝑥2
)+[1 0

0 1](
𝜆1
𝜆2
)

and corresponding boundary condition (3.50d) which reads 𝜆1(2) = 0. The for-
mal system of necessary conditions has the unique solution

𝑥1 =− 1
1+𝜃(𝑓1+

̇𝑓2), 𝑢 = 𝜆1 =− 𝜃
1+𝜃(𝑓1+

̇𝑓2), 𝑥2 =−𝑓2, 𝜆2 =
𝜃

1+𝜃(
̇𝑓1+ ̈𝑓2),
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assuming that the boundary condition on 𝜆1 is fulfilled, which, depending on
the data, may or may not be the case. However, in comparison with (4.64) it
is clear that this condition should not be present. Note, that the solutions of
the true and the necessary conditions only differ in 𝜆2 and that we need more
smoothness of the inhomogeneity. Also, compare with Theorem 3.24.

Moreover, we can state the formal adjoint system (4.62) for the computation
of the sensitivities. Choosing some 𝐶𝜆,𝐶 𝑥 ∈ 𝒞1(𝕀×Θ,𝕂2×1) it is given by

⎡
⎢⎢⎢⎢⎢
⎣

0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥
⎦

⎡
⎢⎢⎢⎢⎢
⎣

�̇�𝜆
1

�̇�𝜆
2

�̇�𝑥
1

�̇�𝑥
2

�̇�𝑢

⎤
⎥⎥⎥⎥⎥
⎦

=

⎡
⎢⎢⎢⎢⎢
⎣

0 0 1 0 1
0 0 0 1 0
1 0 −𝜃 0 0
0 1 0 0 0
1 0 0 0 −1

⎤
⎥⎥⎥⎥⎥
⎦

⎡
⎢⎢⎢⎢⎢
⎣

𝑁𝜆
1

𝑁𝜆
2

𝑁𝑥
1

𝑁𝑥
2

𝑁𝑢

⎤
⎥⎥⎥⎥⎥
⎦

+

⎡
⎢⎢⎢⎢⎢
⎣

𝐶𝜆

0
0
𝐶 𝑥

0

⎤
⎥⎥⎥⎥⎥
⎦

𝛿𝜏,

𝑁𝑥
2 (0) = 0, 𝑁𝜆

1 (2) = 0,
𝑁𝑥
2 (𝜏+) =𝑁𝑥

2 (𝜏−)+𝐶𝜆(𝜏), 𝑁𝜆
1 (𝜏+) =𝑁𝜆

1 (𝜏−)−𝐶 𝑥(𝜏).

(4.67)

This system is only solvable, if 𝐶 𝑥(𝜏) = 𝐶𝜆(𝜏) = 0. In that case it also has 0 as
unique solution and corresponds to the solution of the true adjoint sensitivity
system (4.65).

Note, that the derivatives with respect to 𝜃 of the respective matrix coefficients
in (4.65) and (4.67) coincide and in particular the first two columns and rows
vanish such that �̃� defined as in (4.3) does not depend on 𝜆 and𝑁𝜆. Thus, pro-
vided that we set 𝐶 = 𝐼5 and have knowledge of �̃�a, which is only defined for
strangeness-free systems, the formal approach gives the correct solution (4.66)
for the sensitivities. Nevertheless, choosing 𝐶 𝑥 =𝐶𝜆 = 0 corresponds to choos-
ing 𝐶 = 0 in (4.57) in the strangeness-free case and no sensitivity information is
obtained. ▷

In summary, we have stated that using a given original higher index system
directly is beneficial in the sense that we do not have to blow up the system
dimension. Several difficulties arise and we have seen several possibilities of
overcoming individuals of these issues. However, the concrete procedure has
to be decided case by case. We conclude that, whenever possible, one should
avoid higher index models or provide full information about the derivative ar-
ray including smooth selector matrices 𝑍1 and 𝑇2 and possible derivatives with
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4. Sensitivities

respect to the parameters 𝜃. Also, if the strangeness index is higher than 1, one
should consider a different modeling approach, e. g., using port-Hamiltonian
modeling, for which it has been proved in the linear case that the strangeness
index is always at most 1, see [MMW18].

4.7. Numerical Treatment

We present different possibilities for computing numerical solutions of the sensi-
tivity approaches presented in Sections 4.1 to 4.3 and 4.5. In particular, we only
consider the strangeness-free case, i. e., all DAEs in this section are assumed to
be strangeness-free.

Note, that for a given fixed value ̂𝜃 all of these systems require a solution of
the original boundary value problem (4.1) or of its weaker version, where (4.1a)
is replaced by (4.27). Thus, we first need to compute such a solution with any
feasible method. An overview of possible methods is given in [CK13; KM06].

The forward system approaches of Sections 4.1 and 4.3 do not require special
treatment as thehomogeneousparts of theoriginalDAE (4.1a) or (4.27) coincides
with the respective homogeneous part of (4.3a) and (4.32). We just need to
make sure, that �̃� is available at all integration points of the forward sensitivity
system or use a simple interpolation scheme. See, e. g., [Kie99; LP00; PLCS06]
for implementational considerations in the case of DAE initial value problems.
In the case of optimal control problems, there is more structure that can be
exploited, and we are able to use a differential Riccati approach.

This section is structured as follows. In Subsection 4.7.1 we introduce a multi-
ple shooting approach for solving the adjoint sensitivity equations in Sections 4.2
and 4.3. In Subsection 4.7.2 we analyze how Riccati equations can be used to
solve the adjoint equations, when the original boundary value problem is given
by the parameter-dependent necessary conditions (4.52).

4.7.1. Multiple Shooting Approach

The adjoint equations (4.18) and (4.42) both include a jump condition at 𝑡 = 𝜏.
Lemma 3.17 provides a possible way of rewriting that problem in a suitable form.
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Thus, the system (4.42) can be rewritten as

[−𝐸
H 0

0 −𝐸H]
d
d𝑡

[𝐸𝐸
+𝑁1

𝐸𝐸+𝑁2
] = [(𝐴+𝐸𝐸

+�̇�)H 0
0 (𝐴+𝐸𝐸+�̇�)H][

𝑁1
𝑁2
], (4.68a)

with boundary condition

[ 0
−(𝐶𝒫𝑧)H(𝜏)

] = [Γ̆𝐸
H(𝑡0) 0
0 0][

𝑁1(𝑡0)
𝑁2(𝑡0)

]+[ 0 0
𝐸H(𝜏) −𝐸H(𝜏)][

𝑁1(𝜏)
𝑁2(𝜏)

]

+[0 Γ̆f𝐸H(𝑡f)
0 0 ][𝑁1(𝑡f)

𝑁2(𝑡f)
] , (4.68b)

Note, that we are only interested in𝑁1 on [𝑡0,𝜏) and𝑁2 on [𝜏,𝑡f] and that𝑁 =
𝟙[𝑡0,𝜏)𝑁1+𝟙[𝜏,𝑡f]𝑁2 solves (4.42). The augmented system for (4.18) is developed
analogously.

We can directly interpret Equation (4.68) as a multiple shooting approach
with one intermediate node at 𝑡 = 𝜏, where at this node we impose a jump
condition. For stability reasons, see, e. g., [KM06; KMS05], we should also include
intermediate nodes in the intervals (𝑡0,𝜏) and (𝜏,𝑡f). If we want to add additional
nodes at timepoints 𝑡0 < 𝑡𝑖 < 𝜏 =∶ 𝑡𝑖𝜏 < 𝑡𝑗 < 𝑡f, 𝑖 = 1,…,𝑖𝜏 −1,𝑗 = 𝑖𝜏 +1,…,𝑖2
with corresponding solutions𝑁𝑖 on [𝑡𝑖, 𝑡𝑖+1] , we have to impose the additional
conditions

𝐸H(𝑡𝑖)𝑁𝑖(𝑡𝑖) = 𝐸H(𝑡𝑖)𝑁𝑖+1(𝑡𝑖), 𝑖 = 0,…,𝑖2−1,𝑖 ≠ 𝑖𝜏.

Using Lemmas 3.14 and 3.17 iteratively and setting (�̆�, �̆�) = (−𝐸H, (𝐴+�̇�)H),Φ𝑖≔
Φ𝑡𝑖
(�̆�, �̆�), 𝑖 = 0,…,𝑖2, we infer that solvability of (4.68) implies unique solvability of

the shooting system

⎡
⎢⎢⎢⎢⎢
⎣

Φ0(𝑡1) −�̆�𝑧(𝑡1)
Φ1(𝑡2) ⋱

⋱ ⋱
Φ𝑡𝑖2−1

(𝑡f) −�̆�𝑧(𝑡𝑖2−1)
Γ̆0 0 … 0 Γ̆f

⎤
⎥⎥⎥⎥⎥
⎦

⎡
⎢⎢⎢⎢⎢
⎣

𝑁0(𝑡0)
𝑁1(𝑡1)
⋮

𝑁𝑖2−1(𝑡𝑖2−1)
𝑁𝑖2(𝑡f)

⎤
⎥⎥⎥⎥⎥
⎦

= 𝑒𝑖𝜏 ⊗(𝐶𝒫𝑧)
H(𝜏). (4.69)
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Once, correct node values 𝑁𝑖(𝑡𝑖) are fixed, we can obtain solution values at
intermediate points by either forward or backward integration from the closest
node point using the corresponding node value.

For the computation of the sensitivity term (4.44) we need a solution 𝑥 of the
original boundary value problem (4.27) and a solution𝑁 of the adjoint boundary
value problem (4.42). Except for the integral term

∫
𝑡f

𝑡0
𝑁H�̃�(3)d𝑡 (4.70)

with �̃�(3) given as in (4.38), the terms in (4.44) depend on data and evaluations
of𝑁 and 𝑥 at 𝑡0, 𝑡f, and 𝜏 only.

In the following we discuss, whether and how we can control the absolute
and relative error of the computed sensitivity 𝑦𝜃(𝜏) based on formula (4.44). Let
𝜈a and 𝜈r denote the absolute and relative tolerance, respectively. Then, it is
well-known that the errors of the evaluation of𝑁(𝑡) and 𝑥(𝑡) at any timepoint
𝑡 – not necessarily a shooting node – can be controlled to obey 𝜈a and 𝜈r. The
same holds for the evaluation of any integral of the form

∫
𝑡f

𝑡0
�̃�d𝑡

for any continuous 𝑔 ∈ 𝒞0(𝕀,𝕂𝑟×𝑝). The difficulty in the latter case is that in the
case of (4.70) the timepoints at which 𝑔 is evaluated are determined dynamically
andnot knownbeforehand. Thus, for the accurate integrationof (4.70)we cannot
start by computing𝑁 and 𝑥 on a prescribed time grid. Instead we can do the
following.

1. Compute the solutions of𝑁 and 𝑥with the multiple shooting approach at
prescribed shooting nodes including 𝑡0, 𝑡f, and 𝜏.

2. Compute the integral

∫
𝑡f

𝑡0
𝑁H�̃�(3)d𝑡 =∫

𝜏

𝑡0
𝑁H�̃�(3)d𝑡+∫

𝑡f

𝜏
𝑁H�̃�(3)d𝑡,

where each summand is an integral over a continuous function. At each
intermediate timepoint 𝑡, where 𝑥 or 𝑁 is unknown yet, compute 𝑁(𝑡)
and 𝑥(𝑡) via forward or backward integration from the nearest node value.
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Set𝑁𝔈≔𝑁 −�̃� and 𝑥𝔈≔𝑥−�̃�. Then, for the absolute error of𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0

we can use Lemma 3.4 to obtain

‖𝑁H𝐸(𝐸+𝐸)𝜃𝑥|
𝑡f
𝑡0 −�̃�

H𝐸(𝐸+𝐸)𝜃�̃�|
𝑡f
𝑡0‖2≤̇

(‖�̃� (𝑡0)‖2‖𝑁𝔈‖2+‖�̃�(𝑡0)‖2‖𝑥𝔈‖2)‖(𝐸(𝐸+𝐸)𝜃)(𝑡0)‖2+
(‖�̃�(𝑡f)‖2‖𝑁𝔈‖2+‖�̃�(𝑡f)‖2‖𝑥𝔈‖2)‖(𝐸(𝐸+𝐸)𝜃)(𝑡f)‖2 (4.71)

after neglecting higher order terms.
Note, that the absolute error𝑁𝔈 or 𝑥𝔈 is multiplied by norms of the solution

‖�̃�(𝑡)‖2 or ‖�̃�(𝑡)‖2, 𝑡 ∈ {𝑡0, 𝑡f}, respectively. These are both unknown terms
before the computation, and thus can only be used as estimates for another
computation close to the current one.

In summary, all summands in formula (4.44) have a bounded absolute error
for prescribed tolerances 𝜈a and 𝜈r and thus also 𝑦𝜃(𝜏) has a bounded absolute
error.

On the other hand, this does not necessarily mean, that the 2-norm of the
error 𝑦𝜃,𝔈(𝜏) ≔ 𝑦𝜃(𝜏)− �̃�𝜃(𝜏) between the correct sensitivities 𝑦𝜃(𝜏) and the ap-
proximation �̃�𝜃(𝜏) is also bounded by 𝜈a. We need, that in addition the norms
of all involved coefficients like 𝐸(𝐸+𝐸)𝜃 in (4.71) are sufficiently small and to
comprise for the fact, that in (4.44) we sum over 6 terms, e. g., by scaling 𝜈a by 1

6
for the computation of �̃� and �̃�. Then, if the norms of the errors of the solutions
𝑥 and 𝑁 are rather small, then ‖𝑦𝜃,𝔈‖2 does approximately obey the absolute
tolerance 𝜈a.

The relative error of 𝑦𝜃(𝜏), however, cannot be controlled in general as cancel-
lation effects may occur in formula (4.44).

In the case of optimal control problems and the necessary conditions (4.52)
we already noted in Section 4.5 that the homogeneous parts of (4.52) and of the
respective adjoint equation (4.56) coincide. Hence, their respective flows and
shooting matrices (4.69) coincide and thus the computation of solutions can be
simplified.

Example 4.7 (Example 4.5 revisited). The sensitivities of the solution (4.61) can
be computed analytically, e. g., by direct differentiation with respect to 𝜃. Note,
that the differentiation of the terms in (4.61) needs applications of the quotient
rule and multiple applications of the product rule. The resulting term is very
lengthy and can be easily computed with symbolic mathematics packages like
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Table 4.2.: Displays absolute and relative error of the computed sensitivity and
additional evaluation points of𝑁 and 𝑥 inside the integral term (4.70)
at 𝜏 = 1 for equal prescribed tolerances 𝜈a = 𝜈r in Example 4.7.

tolerance relative error absolute error additional integral points

100 5.533 ⋅ 10−1 1.520 ⋅ 10−1 35
10−1 6.346 ⋅ 10−1 1.744 ⋅ 10−1 35
10−2 2.289 ⋅ 10−2 6.290 ⋅ 10−3 54
10−3 3.877 ⋅ 10−3 1.065 ⋅ 10−3 54
10−4 9.364 ⋅ 10−4 2.573 ⋅ 10−4 119
10−5 1.509 ⋅ 10−4 4.146 ⋅ 10−5 170
10−6 2.317 ⋅ 10−5 6.367 ⋅ 10−6 158
10−7 4.491 ⋅ 10−6 1.234 ⋅ 10−6 228

Mathematica. The exact term is thus omitted here. Let us fix 𝑡0 = 0, 𝑡f = 2, 𝜃 =
2, 𝑥0(𝑡,𝜃) = 2, 𝜏 = 1.

Solving the adjoint system (4.42) at timepoint 𝑡 = 1 for different tolerances
𝜈a = 𝜈r, we obtain the errors listed in Table 4.2. To accommodate for the fact,
that formula (4.44) comprises 6 individual summands, we multiply the allowed
tolerance for the computation of𝑁 and 𝑥 by 1

6
.

Table 4.2 shows that in the case of this example the absolute and relative er-
ror roughly fulfill the required tolerances. Note, that the number of additional
integral evaluations does not increase with the same rate as the tolerance de-
creases. ▷

We consider another example based on Example 4.5, where condition (4.31)
is not fulfilled.

Example 4.8 (Example 4.5 revisited). Let the data in the optimal control prob-
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lem (4.51) defined on 𝕀×Θ = 𝕀× (1,∞)×ℝ be given by

𝐸(𝑡,𝜃,𝜔) = [1 0
𝜔 0], 𝐴(𝑡,𝜃,𝜔) = [−1 0

−𝜔 1], 𝐵(𝑡,𝜃,𝜔) = [1𝜔], 𝑓(𝑡,𝜃,𝜔) = 0,

𝑄(𝑡,𝜃,𝜔) = [𝜃
2−1 0
0 0], 𝑆(𝑡,𝜃,𝜔) = [00], 𝑅(𝑡,𝜃,𝜔) = [1] 𝐾 = 02×2,

with 𝑥0(𝜃,𝜔) ∈ 𝒞1(Θ,𝕂2). Note, that

(𝐸+𝐸)(𝑡,𝜃,𝜔) = [1 0
0 0], (𝐸𝐸+)(𝑡,𝜃,𝜔) = [1 𝜔

𝜔 𝜔2]
1

1+𝜔2 ,

and thus

ker(𝐸𝐸+)(𝑡,𝜃,𝜔) = im[ 𝜔−1], ker(𝐸𝐸+)𝜔(𝑡,𝜃,𝜔)[
𝜔
−1] = [−1−𝜔] ≠ 0,

with
ker(𝐸𝐸+)∩ker(𝐸𝐸+)𝜔 = {0}.

In particular, condition (4.31) does not hold.
Then, by setting

𝑥 = (𝑥1𝑥2
) , (�̃�1�̃�2

) = 𝐸𝐸+𝜆 = [1 𝜔
𝜔 𝜔2]

1
1+𝜔2 (

𝜆1
𝜆2
) ,

the necessary conditions (4.52) are given by

⎡
⎢⎢⎢⎢⎢
⎣

0 0 1 0 0
0 0 𝜔 0 0
−1 −𝜔 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥
⎦

⎛
⎜⎜⎜⎜⎜⎜
⎝

̇�̃�1
̇�̃�2
�̇�1
0
0

⎞
⎟⎟⎟⎟⎟⎟
⎠

=

⎡
⎢⎢⎢⎢⎢
⎣

0 0 −1 0 1
0 0 −𝜔 1 𝜔
−1 −𝜔 𝜃2−1 0 0
0 1 0 0 0
1 𝜔 0 0 1

⎤
⎥⎥⎥⎥⎥
⎦

⎛
⎜⎜⎜⎜⎜
⎝

𝜆1
𝜆2
𝑥1
𝑥2
𝑢

⎞
⎟⎟⎟⎟⎟
⎠

,

𝑥(𝑡0) = 𝑥0,1, 𝜆(𝑡f) = 0.

From the 4th equation, we deduce that 𝜆2 = 0 and hence

− ̇�̃�1−𝜔 ̇�̃�2 =−�̇�1.
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4. Sensitivities

Inserting the first equation into the second, we conclude that 𝑥2 = 0. TheDAE for
the remaining equations exactly reads like (4.60) and thus the solution 𝜆1,𝑥1,𝑢
is given by (4.61) and independent of 𝜔. In summary, we have the solution

⎛
⎜⎜⎜⎜⎜
⎝

𝜆1
𝜆2
𝑥1
𝑥2
𝑢

⎞
⎟⎟⎟⎟⎟
⎠

(𝑡,𝜃,𝜔) = 1
𝜃+𝑒2(𝑡f−𝑡0)𝜃(𝜃+1)−1

⎛
⎜⎜⎜⎜⎜
⎝

−𝑒−(𝑡+𝑡0)𝜃 (𝑒2𝑡𝜃−𝑒2𝑡f𝜃)𝑥0 (𝜃2−1)
0

𝑒−(𝑡+𝑡0)𝜃𝑥0 (𝑒2𝑡𝜃(𝜃−1)+𝑒2𝑡f𝜃(𝜃+1))
0

𝑒−(𝑡+𝑡0)𝜃 (𝑒2𝑡𝜃−𝑒2𝑡f𝜃)𝑥0 (𝜃2−1)

⎞
⎟⎟⎟⎟⎟
⎠

.

Thus,weconclude that the sensitivities𝜆𝜔,𝑥𝜔,𝑢𝜔 all equal zero. Using the adjoint
approach of Theorem 4.16 we obtain the following results for the single terms
in (4.44) using a tolerance of 10−6 on 𝕀 = [0,2] and for 𝐶 = 𝐼5:

(𝐶𝜔𝑥)(1.) = 0., (𝐶 (𝒫𝑧)𝜔𝑃𝑧𝑥)(1.) =

⎡
⎢⎢⎢⎢⎢
⎣

1.3284 ⋅ 10−1
7.3742 ⋅ 10−17
3.0231 ⋅ 10−17
6.2662 ⋅ 10−17
−1.3284 ⋅ 10−1

⎤
⎥⎥⎥⎥⎥
⎦

, 𝐶𝑓a,𝜔(𝜏) = 0.

ΞH
𝜏 Γ̃ = 0., 𝑁H𝐸(𝐸+𝐸)𝜔𝑥|

𝑡f
𝑡0 =

⎡
⎢⎢⎢⎢⎢
⎣

−2.9497 ⋅ 10−17
0.

−3.0231 ⋅ 10−17
0.

2.9497 ⋅ 10−17

⎤
⎥⎥⎥⎥⎥
⎦

,

∫
𝑡f

𝑡0
𝑁H�̃�(3)d𝑡 =

⎡
⎢⎢⎢⎢⎢
⎣

−1.3284 ⋅ 10−1
0.

2.7790 ⋅ 10−7
0.

1.3284 ⋅ 10−1

⎤
⎥⎥⎥⎥⎥
⎦

.

Thus, the computed sensitivity

𝑦𝜔(1.) =

⎡
⎢⎢⎢⎢⎢
⎣

−1.9406 ⋅ 10−6
7.3742 ⋅ 10−17
2.7790 ⋅ 10−7
6.2662 ⋅ 10−17
1.9406 ⋅ 10−6

⎤
⎥⎥⎥⎥⎥
⎦
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is indeed close to 0. Note, that cancellation occurs in the first and last component
when adding the second and last term. Further, the relative error is ∞ as the
exact solution is 0. ▷

4.7.2. Differential Riccati Equations

In the optimal control setting of Section 4.5 we havemore structure which can be
exploited. In particular, the system (4.52) is self-adjoint and the corresponding
sensitivity adjoint system is given by system (4.56).

Differential Riccati equations are a well-known tool for solving the finite-time
optimal control problems under consideration, see [KM11b]. The goal of this
subsection is to extend these Riccati equations to the adjoint system (4.56).
Let us first recall the result for differential Riccati equations for the necessary
conditions (4.52).

Theorem 4.19 ([KM11b]). Consider the necessary conditions (4.52) for a fixed
parameter 𝜃 ∈ Θ and let Assumption 4.18 hold. In addition, assume that 𝑅 is
positive definite. Set

𝐹 ∶ = 𝐴−𝐵𝑅−1𝑆H,
𝐺 ∶ = 𝐵𝑅−1𝐵H,
𝐻 ∶ = 𝑄 −𝑆𝑅−1𝑆H,

and assume that
𝐻𝐸+𝐸 =𝐻. (4.72)

If 𝑋 ∈ 𝒞1
𝐸𝐸+(𝕀,𝕂𝑛×𝑛), 𝜈 ∈ 𝒞1

𝐸𝐸+(𝕀,𝕂𝑛) solves

d
d𝑡(𝐸

H𝑋𝐸)+𝐸H𝑋𝐹+𝐹H𝑋𝐸+𝐸H𝑋𝐺𝑋𝐸−𝐻 = 0, (4.73a)

(𝐸H𝑋𝐸)(𝑡f) = −𝐾 (4.73b)

and
d
d𝑡(𝐸

H𝜈)+𝐸H𝑋𝐺𝜈+𝐹H𝜈+𝐸H𝑋𝑓 = 0, (4.74a)

(𝐸H𝜈)(𝑡f) = 0, (4.74b)

then the solution 𝑧 = (𝜆𝑇,𝑥𝑇,𝑢𝑇)𝑇 of the necessary condition (4.52) fulfills

𝜆 =𝑋𝐸𝑥+𝜈. ▷
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4. Sensitivities

Note, that already in the ODE case (4.73a) may not have a solution on the
whole interval 𝕀, even if the necessary conditions (4.52) are solvable for a fixed
parameter 𝜃 [KM11b]. See, e. g., [AFIJ03; Lib12] for a discussion under which
conditions both approaches admit global solutions.

In view of the jump condition (4.59), we must allow for non-zero final con-
dition on 𝜈. However, inspecting the steps in [KM11a] for the derivation of the
Riccati approach, the final condition on 𝜈 is only fixed to zero to fulfill the final
condition 𝜆(𝑡f) = −𝐸+H(𝑡f)𝐾𝑥(𝑡f)+0. Let us assume, that we have a solution𝑁
of (4.56) which is partitioned according to (4.57). Thus,𝑁 fulfills the boundary
conditions (4.58). We now apply the ansatz

𝑁𝜆 =𝑋𝐸𝑁𝑥+𝜈, (4.75)

on the two subintervals [𝜏,𝑡f] and [𝑡0,𝜏] separately. On the subinterval [𝜏,𝑡f]
we are exactly in the situation of Theorem 4.19 and thus for (𝐸H𝜈)(𝑡f) = 0 and a
solution𝑋2 of the Riccati equation (4.73a) we obtain that (4.75) holds. Note, that
𝑋2 corresponds to the solution of the Riccati equation for the original optimal
control problem (4.52) as the adjoint system (4.56) and the necessary condi-
tions (4.52) share the same homogeneous dynamics.

We thus infer that
𝑁𝜆(𝑡) = (𝑋2𝐸)(𝑡)𝑁𝑥(𝑡)

for all 𝑡 ∈ (𝜏,𝑡f]. Hence, using the jump conditions (4.59) we also have

(𝐸H𝑁𝜆)(𝜏−) = (𝐸H𝑁𝜆)(𝜏+)+𝐶 𝑥(𝜏) = (𝐸H𝑋2𝐸)(𝜏)𝑁𝑥(𝜏+)+𝐶 𝑥(𝜏)
= (𝐸H𝑋2𝐸)(𝜏)𝑁𝑥(𝜏−)+ (𝐸H𝑋2𝐶𝜆)(𝜏)+𝐶 𝑥(𝜏).

(4.76)

Note, that also on [𝑡0,𝜏] the adjoint system (4.56) and the necessary condi-
tions (4.52) share the same homogeneous dynamics. Thus, we can view the
condition (4.76) as a final condition compliant with the ansatz function (4.75)
by using the Riccati solution 𝑋1 from the optimal control problem (4.52) and
setting the final conditions

(𝐸H𝑋1𝐸)(𝜏) = (𝐸H𝑋2𝐸)(𝜏), (𝐸H𝜈)(𝜏) = (𝐸H𝑋2𝐶𝜆)(𝜏)+𝐶 𝑥(𝜏).

Hence, we have shown the following theorem.
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Theorem 4.20. Consider the necessary conditions (4.52) and the corresponding
adjoint equation (4.56) for a fixed parameter 𝜃 ∈ Θ and let Assumption 4.18 hold.
In addition, assume that 𝑅 is positive definite and assume that the consistency
condition (4.72) is fulfilled. Let𝑋 ∈ 𝒞1

𝐸𝐸+(𝕀,𝕂𝑛×𝑛) solve the Riccati equation (4.73).
Further, for a fixed 𝜏 ∈ (𝑡0, 𝑡f) let 𝜈1 be a solution of

d
d𝑡(𝐸

H𝜈1)+𝐸H𝑋𝐺𝜈1+𝐹H𝜈1 = 0, (4.77a)

(𝐸H𝜈1)(𝜏) = (𝐸H𝑋𝐶𝜆)(𝜏)+𝐶 𝑥(𝜏). (4.77b)

Then, setting

𝜈(𝑡) =
⎧
⎨
⎩

𝜈1(𝑡), 𝑡 ∈ [𝑡0,𝜏)
0, 𝑡 ∈ [𝜏,𝑡f],

we obtain that
𝑁𝜆 =𝑋𝐸𝑁𝑥+𝜈. (4.78)

▷

Proof. See the discussion preceding the theorem.

Once the relation (4.78) is established, we can compute𝑁𝑥 by inserting (4.78)
and

𝑁𝑢 =𝑅−1(𝐵H𝑁𝜆−𝑆H𝑁𝑥) = 𝑅−1(𝐵H𝑋𝐸−𝑆H)𝑁𝑥+𝑅−1𝐵H𝜈

into the first block equation in (4.56a), i. e., into

𝐸 d
d𝑡(𝐸

+𝐸𝑁𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸))𝑁𝑥+𝐵𝑁𝑢+𝛿𝜏𝐶𝜆,

which leads to

𝐸 d
d𝑡(𝐸

+𝐸𝑁𝑥) = (𝐴+𝐸 d
d𝑡(𝐸

+𝐸)+𝐵𝑅−1(𝐵H𝑋𝐸−𝑆H))𝑁𝑥+𝐵𝑅−1𝐵H𝜈+𝛿𝜏𝐶𝜆.
(4.79)

Together with the initial condition (4.58) equation (4.79) constitutes an initial
value problem on the interval [𝑡0,𝜏). When𝑁𝑥(𝜏−) is fixed, we can proceed by
inserting the solution into the jump condition (4.59), yielding an initial condition
for𝑁𝑥 and system (4.79) on (𝜏,𝑡f].

Remark 4.9. Assuming sufficient memory storage we can proceed as follows.
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1. Compute a solution of the original necessary conditions (4.52) for a fixed
parameter with the help of differential-algebraic Riccati equation (4.73)
with corresponding solution 𝑋(𝑡).

2. For every 𝜏 ∈ (𝑡0, 𝑡f) of interest compute a solution of the Riccati inhomo-
geneity 𝜈1 as in (4.77) on the interval [𝑡0,𝜏].

3. As the final condition (4.77b) consists of multiple columns, depends on
the varying final point 𝜏, and the dynamics (4.77a) are homogeneous,
it may be beneficial to compute and withhold the corresponding flow
representation (3.23).

4. Using the solution𝑁𝜆 propagate forward𝑁𝑥 from 𝑡0 to 𝑡f.

5. For values 𝜏 close to 𝑡0 this approach may save considerable amount of
computation as the computation of 𝜈1 on [𝑡0,𝜏] is relatively cheap. ▷
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5. A Bilevel Problem with Nonlinear
Least Squares Upper Level

Here we consider a bilevel optimal control problem according to Definition 2.2,
where the dynamics in the lower level optimal control problem is given by a
differential-algebraic equation (DAE) as introduced in Subsection 3.4.4 and the
upper level is a nonlinear least squares problem as introduced in Section 3.3. In
this case, comparingwith thenotation inDefinition2.2,Θ≔ℤu =𝕏u ⊆ℝ𝑝, 𝑝 ∈ ℕ,
ℤl =𝕏l×𝕌l = 𝒞1

𝐸+𝐸(𝕀,𝕂𝑛)×𝒞0(𝕀,𝕂𝑚), and

𝕏′
l = { d

d𝑡(𝐸
+𝐸𝑥) ∣ 𝑥 ∈ 𝒞1

𝐸+𝐸(𝕀,𝕂𝑛)} .

Overall, the bilevel problem can be formulated in a more readable way as follows.
Given data points (𝑡𝑖, 𝜉𝑖) ∈ 𝕀×ℝ𝑛, 𝑖 = 1,…,𝑞, solve

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
𝜃∈Θ

𝑞

∑
𝑘=1

‖‖‖‖‖
(𝑥

∗(𝑡𝑘,𝜃)
𝑢∗(𝑡𝑘,𝜃)

)−𝜉𝑘
‖‖‖‖‖

2

2

s. t. (𝑥∗(𝜃),𝑢∗(𝜃)) uniquely solves

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

min
𝑢∈𝕌l

(𝑥H𝐾𝑥)(𝑡f,𝜃)+∫
𝑡f

𝑡0
(𝑥(𝑡,𝜃)𝑢(𝑡,𝜃))

H

[𝑄(𝑡,𝜃) 𝑆(𝑡,𝜃)
𝑆(𝑡,𝜃)H 𝑅(𝑡,𝜃)](

𝑥(𝑡,𝜃)
𝑢(𝑡,𝜃))d𝑡

s. t. (𝐸 d
d𝑡(𝐸

+𝐸𝑥))(𝑡,𝜃) = (𝐴𝑥+𝐵𝑢+𝑓)(𝑡,𝜃),

𝑥(𝑡0,𝜃) = 𝑥0(𝜃).
(5.1)

For the inner optimal control problem, we assume that Assumption 4.18 is ful-
filled. The function (𝑥∗(𝜃),𝑢∗(𝜃)) = ℒl(𝜃) is a time dependent function that is
evaluated at different time points 𝑡𝑖 for the objective function of the nonlin-
ear least squares problem. The residuals 𝑟𝑘(𝜃) in the nonlinear least squares
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approach are given by

𝑟𝑘(𝜃) = (𝑥
∗(𝑡𝑘,𝜃)

𝑢∗(𝑡𝑘,𝜃)
)−𝜉𝑘

and we set 𝑟(𝜃) according to (3.3).
We now analyze the numerical solution of the Optimization Problem 5.1 when

using a Gauss-Newton approach of the form (3.4) for this nonlinear least squares
problem. As a first step we replace the inner optimal control problem by its
necessary conditions (4.52).

Further, we denote by 𝐽(𝜃) the Jacobian of 𝑟(𝜃). For the computation of 𝐽(𝜃)
we essentially need sensitivity information of the solution (𝑥∗(𝑡𝑖,𝜃),𝑢∗(𝑡𝑖,𝜃)), 𝑖 =
1,…,𝑞 of the necessary conditions (4.52). Computation of the sensitivities of
the solution (𝑥∗(𝜃),𝑢∗(𝜃)) is discussed in Chapter 4.

Thus, the Gauss-Newton method for a given starting value 𝜃0 reads as

𝐽(𝜃𝑘)H𝐽(𝜃𝑘)Δ𝑘 =−𝐽H(𝜃𝑘)𝑟(𝜃𝑘), (5.2a)
𝜃𝑘+1 = 𝜃𝑘+Δ𝑘, (5.2b)

where in every new iteration a new solution (𝑥∗(𝜃𝑘),𝑢∗(𝜃𝑘)) and sensitivities
𝐽(𝜃𝑘) have to be computed.

In the sequel we want to analyze the convergence behavior of the Gauss-New-
ton method, when we only have approximations ̃𝑟(𝜃) and ̃𝐽 (𝜃) of 𝑟(𝜃) and 𝐽(𝜃),
respectively. Since the approximation errors 𝑟𝔈(𝜃) and 𝐽𝔈(𝜃) can in some way be
controlled by the approximation methods, we can hope for estimates that give
convergent solutions of the bilevel optimal control method with in some sense
minimal computational effort.

We already noted in Section 4.7, that we can compute and control the ap-
proximation errors 𝑟𝔈(𝜃) = 𝑟(𝜃)− ̃𝑟(𝜃) and 𝐽𝔈(𝜃) = 𝐽(𝜃)− ̃𝐽 (𝜃), where ̃𝑟 and ̃𝐽 are
approximated values, e. g., by using the methods discussed in Section 4.7.

The next result shows that in this case the maximal allowed errors such that
the Gauss-Newton method converges are essentially depending on the squared
condition number of ̃𝐽 (𝜃) and the residual ̃𝐽 (𝜃)H ̃𝑟(𝜃).

Theorem 5.1. Let 𝜃∗ ∈ Θ be a minimizer of Optimization Problem 5.1 and let the
assumptions ofTheorem 3.6 hold. Further, let 𝑐 ∈ ℝ be given such that 1 < 𝑐 < 𝜆/𝜎.
Choose 𝜂𝑘 and a fixed �̂� such that

0 ≤ 𝜂𝑘 ≤ �̂� < 𝜆−𝑐𝜎
𝑐(𝜎+𝛼2) .
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Then the bilevel nonlinear least squares method (5.2) converges to a (local) solu-
tion of the exact problem (5.1) if in iteration 𝑘 the errors ‖𝑟𝔈𝑘‖2 and ‖𝐽𝔈𝑘‖2 fulfill
the inequality

(cond( ̃𝐽 (𝜃𝑘))2+2𝜂𝑘)‖ ̃𝐽 (𝜃𝑘)‖2‖𝑟𝔈𝑘‖2+
(cond( ̃𝐽 (𝜃𝑘))2+𝜂𝑘 cond( ̃𝐽 (𝜃𝑘))+1)‖ ̃𝑟(𝜃𝑘)‖2‖𝐽𝔈𝑘‖2

≤ 𝜂𝑘‖ ̃𝐽 (𝜃𝑘)H ̃𝑟(𝜃𝑘)‖2+𝒪((‖𝑟𝔈𝑘‖2+‖𝐽𝔈𝑘‖2)
2). ▷

Proof. For brevity, we omit all dependencies on 𝜃 and the current iteration 𝑘,
whenever this is clear from context. First note that with 𝑒𝑘≔− ̃𝐽(𝜃𝑘)H𝑟𝔈(𝜃𝑘)we
are exactly in the situation of Theorem 3.9. Now let us find bounds for the 𝛽𝑘
of Theorem 3.9. Note, that ‖ ⋅ ‖2 =𝜎max(⋅). Then, for

‖‖ ̃𝐽H𝑟𝔈‖‖2 ≤𝛽𝑘‖‖ ̃𝐽H𝑟‖‖2

to hold, it is sufficient that

𝛽𝑘 ≥
𝜎max( ̃𝐽 )‖𝑟𝔈‖2

‖ ̃𝐽H ̃𝑟‖2−𝜎max( ̃𝐽 )‖𝑟𝔈‖2
.

Here we assume that ‖𝑟𝔈‖2 is sufficiently small.
Now, we derive sufficient conditions for the inequality

0 ≤ 𝛽𝑘 ≤
𝜂𝑘‖‖𝐽H𝑟‖‖2−

‖‖𝐽H𝐽(𝐽+− ̃𝐽+)𝑟‖‖2
‖‖ ̃𝐽H𝑟‖‖2

‖‖𝐽H𝐽( ̃𝐽H ̃𝐽 )−1‖‖2
.

Using the results of Lemmas 3.3 to 3.5 we have that

‖‖𝐽H𝑟‖‖2 ≥ ‖ ̃𝐽H ̃𝑟‖2−𝜎max( ̃𝐽 )‖‖𝑟𝔈‖‖2−‖ ̃𝑟‖2‖𝐽𝔈‖2−‖𝐽𝔈‖2‖𝑟𝔈‖2,
‖‖𝐽H𝐽‖‖2 ≤𝜎max( ̃𝐽 )2+2𝜎max( ̃𝐽 )‖𝐽𝔈‖2+‖𝐽𝔈‖22,
‖‖ ̃𝐽H𝑟‖‖2 ≤ ‖ ̃𝐽H ̃𝑟‖2+𝜎max( ̃𝐽 )‖𝑟𝔈‖2,

‖𝑟‖2 ≤ ‖ ̃𝑟‖2+‖𝑟𝔈‖2,

‖𝐽+− ̃𝐽+‖2 ≤
𝜎min( ̃𝐽 )−2‖𝐽𝔈‖2

1−𝜎min( ̃𝐽 )−1‖𝐽𝔈‖2
.
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5. A Bilevel Problem with Nonlinear Least Squares Upper Level

Thus it is sufficient that 𝛽𝑘 fulfills

𝜎max( ̃𝐽 )‖𝑟𝔈‖2
‖ ̃𝐽H ̃𝑟‖2−𝜎max( ̃𝐽 )‖𝑟𝔈‖2
≤𝛽𝑘

≤ (𝜂𝑘 (‖ ̃𝐽H ̃𝑟‖2−𝜎max( ̃𝐽 )‖‖𝑟𝔈‖‖2−‖ ̃𝑟‖2‖𝐽𝔈‖2−‖𝐽𝔈‖2‖𝑟𝔈‖2)

− (𝜎max( ̃𝐽 )2+2𝜎max( ̃𝐽 )‖𝐽𝔈‖2+‖𝐽𝔈‖22) (‖ ̃𝑟‖2+‖𝑟𝔈‖2)
𝜎min( ̃𝐽 )−2‖𝐽𝔈‖2

1−𝜎min( ̃𝐽 )−1‖𝐽𝔈‖2
)⋅

((𝜎max( ̃𝐽 )2+2𝜎max( ̃𝐽 )‖𝐽𝔈‖2+‖𝐽𝔈‖22) (‖ ̃𝐽H ̃𝑟‖2+𝜎max( ̃𝐽 )‖𝑟𝔈‖2)𝜎min( ̃𝐽 )−2)
−1

.

Hence, we obtain

(𝜎max( ̃𝐽 )2+2𝜎max( ̃𝐽 )‖𝐽𝔈‖2+‖𝐽𝔈‖22) (‖ ̃𝐽H ̃𝑟‖2+𝜎max( ̃𝐽 )‖𝑟𝔈‖2)𝜎min( ̃𝐽 )−2⋅
𝜎max( ̃𝐽 )‖𝑟𝔈‖2 (1−𝜎min( ̃𝐽 )−1‖𝐽𝔈‖2)

≤ (‖ ̃𝐽H ̃𝑟‖2−𝜎max( ̃𝐽 )‖𝑟𝔈‖2) ⋅

( (1−𝜎min( ̃𝐽 )−1‖𝐽𝔈‖2) ⋅

𝜂𝑘 (‖ ̃𝐽H ̃𝑟‖2−𝜎max( ̃𝐽 )‖‖𝑟𝔈‖‖2−‖ ̃𝑟‖2‖𝐽𝔈‖2−‖𝐽𝔈‖2‖𝑟𝔈‖2)

− (𝜎max( ̃𝐽 )2+2𝜎max( ̃𝐽 )‖𝐽𝔈‖2+‖𝐽𝔈‖22) (‖ ̃𝑟‖2+‖𝑟𝔈‖2)𝜎min( ̃𝐽 )−2‖𝐽𝔈‖2).

And, after neglecting all higher order terms, we deduce that

(‖ ̃𝐽H ̃𝑟‖2𝜎min( ̃𝐽 )−2𝜎max( ̃𝐽 )3+2𝜂𝑘‖ ̃𝐽H ̃𝑟‖2𝜎max( ̃𝐽 ))‖𝑟𝔈‖2+
(‖ ̃𝐽H ̃𝑟‖2𝜎min( ̃𝐽 )−2𝜎max( ̃𝐽 )2‖ ̃𝑟‖2+𝜂𝑘𝜎min( ̃𝐽 )−1‖ ̃𝐽H ̃𝑟‖22+‖ ̃𝐽H ̃𝑟‖2‖ ̃𝑟‖2)‖𝐽𝔈‖2

≤̇𝜂𝑘‖ ̃𝐽H ̃𝑟‖22.

Thus, since cond(⋅) = 𝜎max(⋅)

𝜎min(⋅)
the assertion follows.

Remark 5.1. Wediscuss conditions, underwhich the assumptions ofTheorem5.1
on 𝐽(𝜃) and 𝑟(𝜃) are fulfilled.
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Since 𝐽(𝜃) essentially needs evaluations of the sensitivities 𝑥𝜃, it is sufficient
to look at the corresponding statements for 𝑥𝜃. Following the discussion of Lem-
mas 4.1 and 4.11 and Theorem 3.27, we conclude that if the coefficients 𝐸,𝐴,𝑓
are sufficiently smooth, then 𝐽(𝜃) is differentiable with respect to 𝜃 and thus,
also (locally) Lipschitz continuous.

Condition 3 of Theorem 3.6 requires that in a neighborhood of 𝜃∗ we have

‖(𝐽(𝜃∗)− 𝐽(𝜃))𝑟(𝜃∗)‖2 ≤𝜎‖𝜃∗−𝜃‖2 (5.3)

for sufficiently small 𝜎. By the submultiplicativity of the 2-norm this condition
is fulfilled if

‖𝐽(𝜃∗)− 𝐽(𝜃)‖2‖𝑟(𝜃∗)‖2 ≤𝜎‖𝜃∗−𝜃‖2.

On the other hand, since 𝐽(𝜃) is locally Lipschitz continuous with constant 𝛾𝐽,
we know that

‖𝐽(𝜃∗)− 𝐽(𝜃)‖2‖𝑟(𝜃∗)‖2 ≤ 𝛾𝐽‖𝑟(𝜃∗)‖2‖𝜃∗−𝜃‖2.

Thus, (5.3) is fulfilled, if ‖𝑟(𝜃∗)‖2 is sufficiently small. If all 𝜉𝑖 correspond to eval-
uations of a solution 𝑥∗(𝜃∗), then 𝑟(𝜃∗) = 0. Since all quantities are continuous,
condition (5.3) is still fulfilled, if the 𝜉𝑖 are sufficiently close to a solution 𝑥∗(𝜃∗)
at the corresponding time points 𝑡𝑖.

We have seen in Example 4.7, that the sensitivities may be 0. In such a case,
the condition of 𝐽(𝜃) having full column rank is violated and Theorem 5.1 cannot
be applied.

Following the discussion in [GLN07], we note that Theorem 5.1 requires, that
also the perturbed quantity ̃𝐽 (𝜃∗)𝑟(𝜃∗) has to fulfill ̃𝐽 (𝜃∗)𝑟(𝜃∗) = 0 at the optimal
solution 𝜃∗of the exact problem (5.1). This is always guaranteed, if we let 𝐽𝔈𝑘 →0
and thus also 𝑟𝔈𝑘 →0 as 𝑘→∞. ▷

We can use Theorem 5.1 to control the maximum of the errors ‖𝑟𝔈𝑘‖2 and
‖𝐽𝔈𝑘‖2.

Corollary 5.2. Let 𝜃∗ ∈ Θ be aminimizer of Optimization Problem 5.1 and let the
assumptions ofTheorem 3.6 hold. Further, let 𝑐 ∈ ℝ be given such that 1 < 𝑐 < 𝜆/𝜎.
Choose 𝜂𝑘 and a fixed �̂� such that

0 ≤ 𝜂𝑘 ≤ �̂� < 𝜆−𝑐𝜎
𝑐(𝜎+𝛼2) .
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5. A Bilevel Problem with Nonlinear Least Squares Upper Level

Then the bilevel nonlinear least squares method (5.2) converges to a (local) solu-
tion of the exact problem (5.1) if in iteration𝑘 the errormax(‖𝑟𝔈𝑘‖2,‖𝐽𝔈𝑘‖2) fulfills
the inequality

max(‖𝑟𝔈𝑘‖2,‖𝐽𝔈𝑘‖2) ≤
𝜂𝑘‖ ̃𝐽 (𝜃𝑘)H ̃𝑟(𝜃𝑘)‖2

(cond( ̃𝐽 (𝜃𝑘))
2+2𝜂𝑘)‖ ̃𝐽 (𝜃𝑘)‖2+(cond( ̃𝐽 (𝜃𝑘))

2+𝜂𝑘 cond( ̃𝐽 (𝜃𝑘))+1)‖ ̃𝑟(𝜃𝑘)‖2

+𝒪((‖𝑟𝔈𝑘‖2+‖𝐽𝔈𝑘‖2)
2). (5.4)

▷

Proof. The assertion is an immediate consequence of Theorem 5.1.

Remark 5.2. Inequality (5.4) shows, that the maximal allowed error directly
depends on the condition number cond( ̃𝐽 (𝜃𝑘))2 and the norm of the residual
‖ ̃𝐽 (𝜃𝑘)H ̃𝑟(𝜃𝑘)‖2. In particular, we can choose less accurate solutions if we are far
away from the optimal point, or if we are interested in less accurate solutions.
This also justifies the use of the linear differential-algebraic setting, which often
arises from linearization process around a solution of a nonlinear differential-
algebraic and which is prone to an approximation error, see e. g., [KM06] for
more details. ▷

Example 5.1 (Example 4.5 continued). Let us consider the optimal control prob-
lem of Example 4.5 with corresponding sensitivity equations and solution (4.61).
For the given time points 𝑡0 = 0,𝑡1 = 1,𝑡2 = 1.3,𝑡f = 𝑡3 = 2we set the correspond-
ing data points 𝜉𝑖 to

𝜉𝑖 = (𝑥𝑢)(𝑡𝑖,2), 𝑖 = 0,…,3.

We want to compute a (local) solution of the bilevel optimization problem (5.1),
which is given by 𝜃∗ = 2. Since we know the correct solution, we can compute
𝜆min (𝐽(𝜃∗)H𝐽(𝜃∗)) = 0.37. To accommodate for the uncertainty in the remaining
unknown quantities in the definition of 𝜂𝑘 and �̂�we choose �̂� = 0.01 and 𝜂𝑘 =
0.9�̂�.

As starting value we choose 𝜃0 = 1. If we start by prescribing a rather large
absolute tolerance of 0.1, then the evolution of solution 𝜃𝑘 and corresponding
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Table 5.1.: Evolution of the solution 𝜃𝑘, corresponding residual norm ‖𝑟𝑘‖2, Jaco-
biannorm‖𝐽𝑘‖2, normof theGauss-Newton residual‖𝐽𝑇𝑘 𝑟𝑘‖2, andnew
prescribed absolute tolerance 𝜈a,𝑘 of Example 5.1 according to (5.4)
for an initial absolute tolerance 𝜈a,0 = 10−1.

𝑘 𝜃𝑘 ‖𝑟𝑘‖2 ‖𝐽𝑘‖2 ‖𝐽𝑇𝑘 𝑟𝑘‖2 𝜈a,𝑘

0 1.00 6.47 ⋅ 10−1 1.03 ⋅ 100 6.66 ⋅ 10−1 1.00 ⋅ 10−1
1 1.63 1.71 ⋅ 10−1 5.59 ⋅ 10−1 9.55 ⋅ 10−2 2.33 ⋅ 10−2
2 1.93 8.45 ⋅ 10−3

residual terms ‖𝑟𝑘‖2, ‖𝐽𝑘‖2, and ‖𝐽𝑇𝑘 𝑟𝑘‖2 with new prescribed absolute tolerance
according to (5.4) are described in Table 5.1. For a smaller prescribed tolerance
of 10−6, the evolution of solution 𝜃𝑘 and corresponding residual terms ‖𝑟𝑘‖2,
‖𝐽𝑘‖2, and ‖𝐽𝑇𝑘 𝑟𝑘‖2 with new prescribed absolute tolerance according to (5.4) are
described in Table 5.2.

Note, that in both cases the chosen absolute tolerances at each iteration ac-
cording to (5.4) are decreased after the first step. Also, the further away from the
solution 𝜃∗ = 2 we are, the larger the absolute tolerance is allowed to be. Vice
versa, when the iterates 𝜃𝑘 get close to the optimal solution 𝜃∗ we need much
smaller absolute errors in the computation of 𝑟(𝜃) and 𝐽(𝜃). Also, the prescribed
tolerance gets small, because eventually ‖𝑟𝑘‖2 gets small, and not ‖𝐽𝑘‖2. Further
note, that for both runs the first 3 iterations lead to similar solutions 𝜃𝑘 and
residual norms ‖𝑟𝑘‖2. The first run stops after 2 iterations, as the Gauss-Newton
residual ‖𝐽𝑇𝑘 𝑟𝑘‖2 is below the prescribed absolute tolerance. The second run
needs 5more iterations for convergence. ▷
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5. A Bilevel Problem with Nonlinear Least Squares Upper Level

Table 5.2.: Evolution of the solution 𝜃𝑘, corresponding residual norm ‖𝑟𝑘‖2, Jaco-
biannorm‖𝐽𝑘‖2, normof theGauss-Newton residual‖𝐽𝑇𝑘 𝑟𝑘‖2, andnew
prescribed absolute tolerance 𝜈a,𝑘 of Example 5.1 according to (5.4)
for an initial absolute tolerance 𝜈a,0 = 10−6.

𝑘 𝜃𝑘 ‖𝑟𝑘‖2 ‖𝐽𝑘‖2 ‖𝐽𝑇𝑘 𝑟𝑘‖2 𝜈a,𝑘

0 1.0000000 6.472 ⋅ 10−1 1.032 ⋅ 100 6.660 ⋅ 10−1 1.000 ⋅ 10−6
1 1.6256578 1.654 ⋅ 10−1 5.456 ⋅ 10−1 9.022 ⋅ 10−2 2.550 ⋅ 10−3
2 1.9286950 2.623 ⋅ 10−2 3.821 ⋅ 10−1 1.002 ⋅ 10−2 9.146 ⋅ 10−4
3 1.9973584 9.540 ⋅ 10−4 3.523 ⋅ 10−1 3.360 ⋅ 10−4 2.043 ⋅ 10−4
4 2.0000661 2.157 ⋅ 10−5 3.507 ⋅ 10−1 7.554 ⋅ 10−6 8.388 ⋅ 10−6
5 2.0000046 1.644 ⋅ 10−6 3.507 ⋅ 10−1 5.705 ⋅ 10−7 1.904 ⋅ 10−7
6 2.0000000 1.438 ⋅ 10−8
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Part II.

Other Parameter Optimizations

In the second part we investigate problems, that do not fit into the multilevel
optimal control framework ofDefinition 2.2. Nevertheless, they have in common,
that they contain at least two levels of optimization in the context of optimal
control problems.

In contrast to Part I of this thesis we restrict ourselves to linear time-invariant
control systems with dynamics described by ordinary differential equations
(ODEs) and their discrete-time counterparts. The system coefficients given by
ℳ= {𝐴,𝐵,𝐶 ,𝐷} orℳ= {𝐴,𝐵,𝑄,𝑆,𝑅} represent the continuous-time systems

�̇� = 𝐴𝑥+𝐵𝑢,
𝑦 = 𝐶𝑥+𝐷𝑢,

with outputs and
�̇� = 𝐴𝑥+𝐵𝑢,

respectively, where in the latter case an optimal control problem with infinite
time-horizon and objective function of the form

𝒥(𝑥,𝑢)≔∫
∞

𝑡0
(𝑥𝑢)

H

[ 𝑄 𝑆
𝑆H 𝑅](

𝑥
𝑢)d𝑡 (II.1)

similar to (I.2) with time and parameter independent matrices 𝑄,𝑆, and 𝑅 is
associated.



In Chapter 6 we derive formulas for the analytic center of the solution set
of linear matrix inequalities (LMIs) defining passive transfer functions. In the
context of this chapter, the matrix function

𝑊(𝑋,ℳ) = [−𝐴
H𝑋 −𝑋𝐴 𝐶H−𝑋𝐵

𝐶 −𝐵H𝑋 𝐷+𝐷H ], 𝑋 = 𝑋H,

plays an important role. The analytic center is defined as the minimizer of the
minimization problem

min
𝑋

− logdet𝑊(𝑋,ℳ) (II.2)

and proves to be a good choice regarding computation of the passivity radius,
in particular see [BMV19], which can be defined as the solution to the bilevel
optimization problem

𝜌 = sup
𝑋

inf
Δℳ
{‖Δℳ‖ ∣ det𝑊(𝑋,ℳ+Δℳ) = 0}. (II.3)

Assuming that the supremum and the infimum are actually attained, the defini-
tion of 𝜌 indeed fits Definition 2.1. This can be seen by setting ℤ1 = {𝑋 ∈𝕂𝑛×𝑛 ∣
𝑋 = 𝑋H}, ℤ2 =𝕂(𝑛+𝑚)×(𝑛+𝑚), 𝒢2(𝑋,Δℳ) = det(𝑊 (𝑋,ℳ+Δℳ)), and the objective
functions𝒦1(𝑋,Δ∗

ℳ(𝑋)) = −‖Δ∗
ℳ(𝑋)‖,𝒦2(𝑋,Δℳ) = ‖Δ𝑀‖. Instead of solving the

bilevel optimization (II.3) we can replace the upper level optimization by Op-
timization Problem II.2, which is independent of a concrete choice of Δℳ. We
show why this is reasonable in Section 6.4.

In Chapter 7 we return to the computation of algebraic Riccati equations
in the more general context of optimal control with system coefficients ℳ =
{𝐴,𝐵,𝑄,𝑆,𝑅}. Solutions of the algebraic Riccati equations can be used to com-
pute a stabilizing feedback 𝐹 such that the resulting closed-loop matrix 𝐴−𝐵𝐹
has all eigenvalues in the left complex half plane. We consider robust stabiliza-
tion problems, where we additionally require that the absolute values of the real
parts of the eigenvalues of 𝐴−𝐵𝐹 are less than some 𝜚 > 0.

In the context of those robust stabilization problems certain robustness cri-
teria were introduced in [MX00] subject to optimization with respect to the
weight matrices𝑄,𝑆, and 𝑅. We show how a certain condition number appear-
ing in the computation of a solution of the algebraic Riccati equation can be
parametrized in terms of the weights𝑄,𝑆, and 𝑅 and how this may improve the
overall performance of the optimization of the robustness criteria introduced
in [MX00].
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6. The Analytic Center of the
Passivity Linear Matrix Inequality

This chapter including Appendices A and B is essentially a copy of the arti-
cle [BMNV20b]. We consider realizations of linear dynamical systems that are
denoted as positive real or passive and their associated transfer functions. In
particular, we study positive transfer functions which play a fundamental role in
systems and control theory: they represent e. g., spectral density functions of
stochastic processes, show up in spectral factorizations, are the Hermitian part
of a positive real transfer function, characterize port-Hamiltonian systems, and
are also related to algebraic Riccati equations.

Positive transfer functions form a convex set, and this property has led to the
extensive use of convex optimization techniques in this area (especially for so-
called linear matrix inequalities (LMIs) [BEFB94]). In order to optimize a certain
scalar function 𝑓(𝑋) over a convex set, one often defines a barrier function 𝑏(𝑋)
that becomes infinite near the boundary of the set, and then finds the minimum
of 𝑐 ⋅ 𝑓(𝑋)+𝑏(𝑋), 𝑐 ≥ 0, as 𝑐→+∞. These minima (which are functions of the
parameter 𝑐) are called the points of the central path. The starting point of this
path (𝑐 = 0) is called the analytic center of the set. Notice that the analytic center
depends as well on the barrier function as on the corresponding convex set.

In this work we present an explicit set of equations that define the analytic
center of the solution set of the LMI defining a passive transfer function. We
also show how these equations relate to the algebraic Riccati equations that
typically arise in the spectral factorization of transfer functions. We discuss
transfer functions both on the imaginary axis (i. e., the continuous-time case),
as well as on the unit circle (i. e., the discrete-time case). In the continuous-time
setting the transfer function arises from the Laplace transform of the system

�̇� = 𝐴𝑥+𝐵𝑢, 𝑥(0) = 0,
𝑦 = 𝐶𝑥+𝐷𝑢, (6.1)
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6. The Analytic Center of the Passivity Linear Matrix Inequality

where 𝑢 ∶ ℝ → ℂ𝑚, 𝑥 ∶ ℝ → ℂ𝑛, and 𝑦 ∶ ℝ → ℂ𝑚 are vector-valued functions
denoting, respectively, the input, state, and output of the system. Denoting real
and complex 𝑛-vectors (𝑛×𝑚matrices) by ℝ𝑛, ℂ𝑛 (ℝ𝑛×𝑚, ℂ𝑛×𝑚), respectively,
the coefficient matrices satisfy 𝐴 ∈ ℂ𝑛×𝑛, 𝐵 ∈ ℂ𝑛×𝑚, 𝐶 ∈ ℂ𝑚×𝑛, and𝐷 ∈ℂ𝑚×𝑚.

In the discrete-time setting the transfer function arises from the z-transform
applied to the system

𝑥𝑘+1 = 𝐴𝑥𝑘+𝐵𝑢𝑘, 𝑥0 = 0,
𝑦𝑘 = 𝐶𝑥𝑘+𝐷𝑢𝑘,

with state, input, and output sequences {𝑥𝑘}, {𝑢𝑘}, {𝑦𝑘}. In both cases, we usu-
ally denote these systems by four-tuples of matricesℳ≔ {𝐴,𝐵,𝐶 ,𝐷} and the
associated transfer functions by

𝒯𝑐(𝑠) ≔𝐷+𝐶(𝑠𝐼𝑛−𝐴)−1𝐵, 𝒯𝑑(𝑧) ≔𝐷+𝐶(𝑧𝐼𝑛−𝐴)−1𝐵, (6.2)

respectively.
We restrict ourselves to systems which are minimal, i. e., the pair (𝐴,𝐵) is

controllable (for all 𝜆 ∈ ℂ, rk [𝜆𝐼 −𝐴 𝐵]=𝑛), and the pair (𝐴,𝐶 ) is reconstructable
(i. e., (𝐴H,𝐶H) is controllable). Here, the conjugate transpose (transpose) of a
vector or matrix 𝑉 is denoted by 𝑉 H (𝑉 T) and the identity matrix is denoted by
𝐼𝑛 or 𝐼 if the dimension is clear. We furthermore require that input and output
port dimensions are equal to𝑚 and assume that rk𝐵 = rk𝐶 =𝑚.
Passive systems and their relationshipswith positive-real transfer functions are

well studied, startingwith theworks [Kal63; Pop73; Wil71; Wil72a; Wil72b; Yak62]
and the topic has recently received a revival in the work on port-Hamiltonian
(pH) systems, [MV20; Sch04; SJ14]. For a summary of the relationships see
[BMV19; Wil71], where also the characterization of passivity via the solution set
of an associated LMI is highlighted.

The chapter is organized as follows. After some preliminaries in Section 6.1, in
Section 6.2 we study the analytic centers of the solution sets of LMIs associated
with the continuous- and discrete-time case. In Section 6.3 we discuss numerical
methods to compute the analytic centers using steepest descent as well as New-
ton methods and show that the analytic centers can be computed efficiently. In
Section 6.4, lower bounds for the distance to non-passivity (the passivity radius)
are derived using smallest eigenvalues of the Hermitian matrices associated with
the LMIs evaluated at the analytic center. The results are illustrated with some
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simple examples where the analytic center can be calculated analytically. In
Appendix A we derive formulas for the computation of the gradients and the
Hessian of the functions that we optimize and in Appendix B we clarify some of
the differences that arise between the continuous- and the discrete-time case.

6.1. Preliminaries

Throughout this chapter we use the following notation. We denote the set of
Hermitian matrices in ℂ𝑛×𝑛 byℍ𝑛. Positive definiteness (semidefiniteness) of
𝐴 ∈ℍ𝑛 is denoted by 𝐴 ≻ 0 (𝐴 ⪰ 0). For a positive semi-definite matrix 𝐴, 𝜆min(𝐴)
and 𝜆max(𝐴) denote, respectively, the smallest and largest eigenvalues of 𝐴. The
real and imaginary parts of a complex matrix 𝑍 are written as ℜ(𝑍) and ℑ(𝑍),
respectively, and 𝚤 is the imaginary unit. We consider functions overℍ𝑛, which is
a vector space if considered as a real subspace ofℝ𝑛×𝑛+𝚤ℝ𝑛×𝑛. We identifyℂ𝑚×𝑛

with ℝ𝑚×𝑛+𝚤ℝ𝑚×𝑛, but we note that this has implications when one is carrying
out differentiations, see Appendix A. The Frobenius scalar product for matrices
𝑋,𝑌 ∈ ℝ𝑛×𝑛+𝚤ℝ𝑛×𝑛 is given by

⟨𝑋, 𝑌⟩ℝ≔ℜ(tr(𝑌 H𝑋)) = tr(𝑌 𝑇
𝑟 𝑋𝑟+𝑌 𝑇

𝑖 𝑋𝑖),

where we have partitioned 𝑋,𝑌 as 𝑋 =𝑋𝑟+𝚤𝑋𝑖, 𝑌 = 𝑌𝑟+𝚤𝑌𝑖 with real and imag-
inary parts in ℝ𝑛×𝑛. As we are mainly concerned with this scalar product, we
drop the subscript ℝ. We make frequent use of the following properties of this
inner product given by

⟨𝑋, 𝑌⟩ = ⟨𝑌 , 𝑋⟩ , ‖𝑋‖𝐹 = ⟨𝑋, 𝑋⟩
1
2 , ⟨𝑋, 𝑌𝑍⟩ = ⟨𝑌 H𝑋, 𝑍⟩ = ⟨𝑋𝑍H, 𝑌⟩.

The concepts of positive-realness and passivity are well studied. In the follow-
ing subsections we briefly recall some important properties following [GNV99;
Wil71], where we repeat a few observations from [BMV19]. See also [Wil71] for a
more detailed survey.

6.1.1. Positive-realness and Passivity, Continuous-Time

Consider a continuous-time systemℳ as in (6.1) and the transfer function𝒯𝑐
as in (6.2). The transfer function𝒯𝑐(𝑠) is called positive real if the matrix-valued
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rational function
Φ𝑐(𝑠) ≔𝒯H

𝑐 (−𝑠)+𝒯𝑐(𝑠)

is positive semidefinite for 𝑠 on the imaginary axis, i. e.,Φ𝑐(𝚤𝜔) ⪰ 0 for all 𝜔 ∈ ℝ
and it is called strictly positive real ifΦ𝑐(𝚤𝜔) ≻ 0 for all 𝜔 ∈ ℝ.

We associate withΦ𝑐 a system pencil

𝑆𝑐(𝑠) ≔
⎡

⎣

0 𝐴−𝑠𝐼𝑛 𝐵
𝐴H+𝑠𝐼𝑛 0 𝐶H

𝐵H 𝐶 𝑅

⎤

⎦
, (6.3)

where here and in the following 𝑅 is an abbreviation for 𝑅 ≔ 𝐷 +𝐷H. Also,
equation (6.3) has a Schur complement which is the transfer functionΦ𝑐(𝑠) and,
under the condition of minimality, the finite generalized eigenvalues of 𝑆𝑐(𝑠) are
the finite zeros ofΦ𝑐(𝑠).

For 𝑋 ∈ℍ𝑛 we introduce the matrix function

𝑊𝑐(𝑋)≔ [ −𝑋𝐴−𝐴H𝑋 𝐶H−𝑋𝐵
𝐶 −𝐵H𝑋 𝑅 ]. (6.4)

If𝒯𝑐(𝑠) is positive real, then the LMI

𝑊𝑐(𝑋) ⪰ 0 (6.5)

has a solution 𝑋 ∈ℍ𝑛 and we have the sets

𝕏≻

𝑐≔{𝑋 ∈ℍ𝑛
||𝑊𝑐(𝑋) ⪰ 0, 𝑋 ≻ 0},

𝕏≻≻

𝑐 ≔{𝑋 ∈ℍ𝑛
||𝑊𝑐(𝑋) ≻ 0, 𝑋 ≻ 0}.

An important subset of 𝕏≻

𝑐 are those solutions to (6.5) for which the rank 𝑟 of
𝑊𝑐(𝑋) is minimal (i. e., for which 𝑟 = rkΦ𝑐(𝑠)). If 𝑅 is invertible, then the min-
imum rank solutions in 𝕏≻

𝑐 are those for which rk𝑊𝑐(𝑋) = rk(𝑅) = 𝑚, which
in turn is the case if and only if the Schur complement of 𝑅 in 𝑊𝑐(𝑋) is zero.
This Schur complement is associated with the continuous-time algebraic Riccati
equation (ARE)

Ricc𝑐(𝑋)≔−𝑋𝐴−𝐴H𝑋 −(𝐶H−𝑋𝐵)𝑅−1(𝐶 −𝐵H𝑋) = 0. (6.7)

116



6.1. Preliminaries

Solutions 𝑋 to (6.7) produce a spectral factorization ofΦ𝑐(𝑠), and each solution
corresponds to a Lagrangian invariant subspace spanned by the columns of
𝑈𝑐≔[ 𝐼𝑛 −𝑋T ]

T
that remains invariant under the action of theHamiltonian

matrix

ℋ𝑐≔[ 𝐴−𝐵𝑅−1𝐶 −𝐵𝑅−1𝐵H

𝐶H𝑅−1𝐶 −(𝐴−𝐵𝑅−1𝐶)H ], (6.8)

i. e., 𝑈𝑐 satisfies ℋ𝑐𝑈𝑐 = 𝑈𝑐𝐴𝐹𝑐 for a closedhyphenloop matrix 𝐴𝐹𝑐 = 𝐴 −𝐵𝐹𝑐
with 𝐹𝑐 ≔𝑅−1(𝐶 −𝐵H𝑋) (see e.g., [FMX02]). Each solution 𝑋 of (6.7) can also
be associated with an extended Lagrangian invariant subspace for the pencil
𝑆𝑐(𝑠) (see [BLMV15]), spanned by the columns of𝑈𝑐≔[ −𝑋T 𝐼𝑛 −𝐹T

𝑐 ]
T
. In

particular,𝑈𝑐 satisfies

⎡

⎣

0 𝐴 𝐵
𝐴H 0 𝐶H

𝐵H 𝐶 𝑅

⎤

⎦
𝑈𝑐 =

⎡

⎣

0 𝐼𝑛 0
−𝐼𝑛 0 0
0 0 0

⎤

⎦
𝑈𝑐𝐴𝐹𝑐.

The sets 𝕏≻

𝑐,𝕏
≻≻

𝑐 are related to the concepts of passivity and strict passivity see
[Wil71]. If for the systemℳ≔ {𝐴,𝐵,𝐶 ,𝐷} of (6.3) the LMI (6.5) has a solution
𝑋 ∈ 𝕏≻

𝑐 thenℳ is (Lyapunov) stable (i. e., all eigenvalues are in the closed left
half plane with any eigenvalues occurring on the imaginary axis being semisim-
ple), and passive, and if there exists a solution 𝑋 ∈𝕏≻≻

𝑐 thenℳ is asymptotically
stable (i. e., all eigenvalues are in the open left half plane) and strictly passive.
Furthermore, ifℳ is passive, then there exist maximal and minimal solutions
𝑋− ⪯𝑋+ of (6.5) in 𝕏≻

𝑐 such that all solutions 𝑋 of𝑊𝑐(𝑋) ⪰ 0 satisfy

0 ≺ 𝑋− ⪯𝑋 ⪯𝑋+,

which implies that 𝕏≻

𝑐 is bounded. For more details on the different concepts
discussed in this section, see the extended preprint version of [BMV19].

6.1.2. Positive-Realness and Passivity, Discrete-Time

For each of the results of the previous subsection there are discrete-time versions
which we briefly recall in this section, see [IOW99; Pop73]. Note, that these
results can be obtained by applying a bilinear transform (see Appendix B) to the
continuous-time counterparts.
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The transfer function𝒯𝑑(𝑧) in (6.2) is called positive real if the matrix-valued
rational function

Φ𝑑(𝑧) ≔𝒯H
𝑑 (𝑧−1)+𝒯𝑑(𝑧)

satisfiesΦ𝑑(𝑒𝚤𝜔) = ΦH
𝑑 (𝑒𝚤𝜔) ⪰ 0 for 0 ≤ 𝜔 ≤ 2𝜋, and it is called strictly positive real

ifΦ𝑑(𝑒𝚤𝜔) ≻ 0 for 0 ≤ 𝜔 ≤ 2𝜋.
We consider an associated the matrix function

𝑊𝑑(𝑋) = [ 𝑋 −𝐴H𝑋𝐴 𝐶H−𝐴H𝑋𝐵
𝐶 −𝐵H𝑋𝐴 𝑅−𝐵H𝑋𝐵 ],

where again 𝑅 =𝐷+𝐷H, the sets

𝕏≻

𝑑≔{𝑋 ∈ℍ𝑛
||𝑊𝑑(𝑋) ⪰ 0, 𝑋 ≻ 0},

𝕏≻≻

𝑑 ≔{𝑋 ∈ℍ𝑛
||𝑊𝑑(𝑋) ≻ 0, 𝑋 ≻ 0},

and the system pencil

𝑆𝑑(𝑧) =
⎡

⎣

0 𝐴−𝑧𝐼𝑛 𝐵
𝑧𝐴H−𝐼𝑛 0 𝐶H

𝑧𝐵H 𝐶 𝑅

⎤

⎦

whose Schur complement isΦ𝑑(𝑧).
If the system is positive real then, see [Wil71], there exists 𝑋 ∈ ℍ𝑛 such that

𝑊𝑑(𝑋) ⪰ 0. If𝑊𝑑(𝑋) ⪰ 0, a transfer function𝒯𝑑(𝑧) ≔ 𝐶(𝑧𝐼𝑛−𝐴)−1𝐵 +𝐷 is called
passive and if𝑊𝑑(𝑋) ≻ 0 it is said to be strictly passive. We again have an associ-
ated discrete-time Riccati equation defined as

Ricc𝑑(𝑋)≔−𝐴H𝑋𝐴+𝑋 −(𝐶H−𝐴H𝑋𝐵)(𝑅−𝐵H𝑋𝐵)−1(𝐶 −𝐵H𝑋𝐴) = 0 (6.10)

from which one directly obtains a spectral factorization ofΦ𝑑(𝑧). The solutions
of the discrete-timeRiccati equation can be obtained by computing a Lagrangian
invariant subspace spanned by the columns of𝑈𝑑≔[ 𝐼𝑛 −𝑋T ]

T
of the sym-

plectic matrix

𝒮𝑑≔[ 𝐼 𝐵𝑅−1𝐵H

0 𝐴H−𝐶H𝑅−1𝐵H ]
−1

[ 𝐴−𝐵𝑅−1𝐶 0
𝐶H𝑅−1𝐶 𝐼 ],
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satisfying 𝒮𝑑𝑈𝑑 = 𝑈𝑑𝐴𝐹𝑑, where 𝐴𝐹𝑑 ≔ 𝐴−𝐵𝐹𝑑 with 𝐹𝑑 ≔ (𝑅 −𝐵H𝑋𝐵)−1(𝐶 −
𝐵H𝑋𝐴).

Each solution 𝑋 of (6.10) can also be associated with an extended Lagrangian
invariant subspace for the pencil 𝑆𝑑(𝑧) (see [BLMV15]), spanned by the columns
of𝑈𝑑≔[ −𝑋T 𝐼𝑛 −𝐹T

𝑑 ]
T
. In particular,𝑈𝑑 satisfies

⎡

⎣

0 𝐴 𝐵
𝐼𝑛 0 𝐶H

0 𝐶 𝑅

⎤

⎦
𝑈𝑑 =

⎡

⎣

0 𝐼𝑛 0
𝐴H 0 0
𝐵H 0 0

⎤

⎦
𝑈𝑑𝐴𝐹𝑑.

Again, if the system is passive, then there exist maximal and minimal solutions
𝑋− ⪯𝑋+ in 𝕏≻

𝑑, such that all solutions 𝑋 of𝑊𝑑(𝑋) ⪰ 0 satisfy

0 ≺ 𝑋− ⪯𝑋 ⪯𝑋+,

which implies that 𝕏≻

𝑑 is bounded.

6.2. The Analytic Center

If the sets 𝕏≻≻

𝑐 , 𝕏
≻≻

𝑑 in (6.6), respectively (6.9), are non-empty, then we can de-
fine their respective analytic center. Following the discussion in [GNV99], we
first consider the continuous-time case, the discrete-time case is derived in an
analogous way. We choose a scalar barrier function

𝑏(𝑋)≔− lndet𝑊𝑐(𝑋), 𝑋 ∈ ℍ𝑛,

which is bounded from below but becomes infinitely large when𝑊𝑐(𝑋) becomes
singular. We define the analytic center of the domain𝕏≻≻

𝑐 as the minimizer of this
barrier function.

6.2.1. The Continuous-Time Case

Since 𝕏≻≻

𝑐 is non-empty, 𝑅 is invertible and the Riccati equation Ricc𝑐(𝑋) = 0 in
(6.7) is well defined. Their solutions 𝑋+ and 𝑋− are both on the boundary of 𝕏≻

𝑐,
and hence are not in 𝕏≻≻

𝑐 . Since we assume that 𝕏≻≻

𝑐 is non-empty, the analytic
center is well defined, see, e. g., Section 4.2 in [Nes04].
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To characterize the analytic center, we need to consider the variation of the
gradient 𝑏𝑋 of the barrier function 𝑏 at point 𝑋 along a direction Δ𝑋 ∈ ℍ𝑛. As
explained in Appendix A, this is equal to

−⟨𝑊𝑐(𝑋)−1, Δ𝑊𝑐(𝑋)[Δ𝑋]⟩ , (6.11)

where 𝑏𝑋 =−𝑊𝑐(𝑋)−1 and Δ𝑊𝑐(𝑋)[Δ𝑋] is the incremental step in the direction
Δ𝑋. It appears that 𝑋 is an extremal point of the barrier function if and only if

−⟨𝑊𝑐(𝑋)−1, Δ𝑊𝑐(𝑋)[Δ𝑋]⟩ = 0 for all Δ𝑋 ∈ ℍ𝑛.

The increment of𝑊𝑐(𝑋) corresponding to an incremental direction Δ𝑋 ∈ ℍ𝑛 of 𝑋
is given by

Δ𝑊𝑐(𝑋)[Δ𝑋] = −[ 𝐴HΔ𝑋+Δ𝑋𝐴 Δ𝑋𝐵
𝐵HΔ𝑋 0 ].

The equation for the extremal point then becomes

⟨𝑊𝑐(𝑋)−1, [
𝐴HΔ𝑋+Δ𝑋𝐴 Δ𝑋𝐵

𝐵HΔ𝑋 0 ]⟩= 0 for all Δ𝑋 ∈ ℍ𝑛. (6.12)

Defining
𝐹𝑐≔𝑅−1(𝐶 −𝐵H𝑋), 𝑃𝑐≔−𝐴H𝑋 −𝑋𝐴−𝐹H

𝑐 𝑅𝐹𝑐,

then

𝑊𝑐(𝑋) = [ 𝐼 𝐹H
𝑐

0 𝐼 ][ 𝑃𝑐 0
0 𝑅 ][ 𝐼 0

𝐹𝑐 𝐼 ] .

For a point 𝑋 ∈ 𝕏≻≻

𝑐 it is obvious that we also have 𝑃𝑐 = Ricc𝑐(𝑋) ≻ 0, and hence
(6.12) is equivalent to

⟨[ 𝑃−1
𝑐 0
0 𝑅−1 ], [

𝐼 −𝐹H
𝑐

0 𝐼 ][ 𝐴HΔ𝑋+Δ𝑋𝐴 Δ𝑋𝐵
𝐵HΔ𝑋 0 ][ 𝐼 0

−𝐹𝑐 𝐼 ]⟩ = 0,

or
⟨𝑃−1

𝑐 , 𝐴HΔ𝑋+Δ𝑋𝐴−𝐹H
𝑐 𝐵HΔ𝑋−Δ𝑋𝐵𝐹𝑐⟩ = 0 for all Δ𝑋 ∈ ℍ𝑛,

which is equivalent to

⟨𝑃−1
𝑐 𝐴H

𝐹𝑐 +𝐴𝐹𝑐𝑃
−1
𝑐 , Δ𝑋⟩ = 0 for all Δ𝑋 ∈ ℍ𝑛,

120



6.2. The Analytic Center

where we have set 𝐴𝐹𝑐 =𝐴−𝐵𝐹𝑐. This implies

𝑃−1
𝑐 𝐴H

𝐹𝑐 +𝐴𝐹𝑐𝑃
−1
𝑐 = 0. (6.13)

We emphasize that 𝑃𝑐 is nothing but the Riccati operator Ricc𝑐(𝑋) defined
in (6.7), and that 𝐴𝐹𝑐 is the corresponding closedhyphenloop matrix. For the
classical Riccati solutions we have 𝑃𝑐 = Ricc𝑐(𝑋) = 0 and the corresponding
closedhyphenloop matrix is well-known to have its eigenvalues equal to a subset
of the eigenvalues of the corresponding Hamiltonian matrix (6.8).

Since 𝑃𝑐 = Ricc𝑐(𝑋) ≻ 0, it follows that 𝑃𝑐 has a Hermitian square root 𝑇𝑐
satisfying 𝑃𝑐 = 𝑇 2

𝑐 . Transforming (6.13) with the invertible matrix 𝑇𝑐, we obtain

𝑇−1
𝑐 𝐴H

𝐹𝑐𝑇𝑐+𝑇𝑐𝐴𝐹𝑐𝑇
−1
𝑐 = 0.

Hence �̂�𝐹𝑐 ≔ 𝑇𝑐𝐴𝐹𝑐𝑇
−1
𝑐 is skew-Hermitian and has all its eigenvalues on the

imaginary axis, and so does 𝐴𝐹𝑐. Therefore, the closedhyphenloop matrix 𝐴𝐹𝑐 of
the analytic center has a spectrum that is also central.

It is important to also note that

det𝑊𝑐(𝑋) = detRicc𝑐(𝑋)det𝑅,

which implies that we are also finding a stationary point of detRicc𝑐(𝑋), since
det𝑅 is constant and non-zero.

Since the matrix 𝑃𝑐 is positive definite and invertible, we can rewrite the equa-
tions defining the analytic center as

𝑅𝐹𝑐 =𝐶 −𝐵H𝑋,
𝑃𝑐 =−𝐴H𝑋 −𝑋𝐴−𝐹H

𝑐 𝑅𝐹𝑐,
0 = 𝑃𝑐(𝐴−𝐵𝐹𝑐)+ (𝐴H−𝐹H

𝑐 𝐵H)𝑃𝑐,

where 𝑋 =𝑋H and 𝑃𝑐 = 𝑃H
𝑐 ≻ 0. We can compute the analytic center by solving

these three equations which actually form a cubic equation in 𝑋. Note that due
to the convexity of the problem, the analytic center is the only solution of these
equations where the conditions 𝑋 ∈𝕏≻≻

𝑐 and 𝑃𝑐 ≻ 0 are both met.
Note that even though the eigenvalues of the closedhyphenloop matrix 𝐴𝐹𝑐

associated with the analytic center are all purely imaginary, the eigenvalues of
the original system and the poles of the transfer function stay invariant under
the state space transformation 𝑇𝑐.
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Remark 6.1 (Interpretation of the analytic center). For strictly positive real sys-
tems, the set of strictly positive LMI solutions 𝕏≻≻

𝑐 contains infinitely many ele-
ments. Every solution 𝑋 ∈𝕏≻≻

𝑐 defines a port-Hamiltonian realization of which
the analytic center ismost robust in terms of conditioning, see [BMV19] formore
details. ▷

6.2.2. The Discrete-Time Case

For discrete-time systems, the increment of𝑊𝑑(𝑋) equals

Δ𝑊𝑑(𝑋)[Δ𝑋] = −[ 𝐴HΔ𝑋𝐴−Δ𝑋 𝐴HΔ𝑋𝐵
𝐵HΔ𝑋𝐴 𝐵HΔ𝑋𝐵

],

for all Δ𝑋 ∈ ℍ𝑛. Defining 𝐹𝑑 ≔ (𝑅−𝐵H𝑋𝐵)−1(𝐶 −𝐵H𝑋𝐴), 𝐴𝐹𝑑 ≔ 𝐴−𝐵𝐹𝑑, and
𝑃𝑑≔𝑋 −𝐴H𝑋𝐴−𝐹H

𝑑 (𝑅−𝐵H𝑋𝐵)𝐹𝑑, then𝑊𝑑(𝑋) factorizes as

𝑊𝑑(𝑋) = [ 𝐼 𝐹H
𝑑

0 𝐼 ][ 𝑃𝑑 0
0 𝑅−𝐵H𝑋𝐵 ][ 𝐼 0

𝐹𝑑 𝐼 ] ,

and the equation for the extremal point becomes

⟨[ 𝑃−1
𝑑 0
0 (𝑅−𝐵H𝑋𝐵)−1 ],

[ 𝐼 −𝐹H
𝑑

0 𝐼 ][ 𝐴HΔ𝑋𝐴−Δ𝑋 𝐴HΔ𝑋𝐵
𝐵HΔ𝑋𝐴 𝐵HΔ𝑋𝐵

][ 𝐼 0
−𝐹𝑑 𝐼 ]⟩ = 0 for all Δ𝑋 ∈ ℍ𝑛,

or

⟨𝑃−1
𝑑 , 𝐴H

𝐹𝑑Δ𝑋𝐴𝐹𝑑 −Δ𝑋⟩+⟨(𝑅−𝐵H𝑋𝐵)−1, 𝐵HΔ𝑋𝐵⟩ = 0 for all Δ𝑋 ∈ ℍ𝑛.

This is equivalent to

𝐴𝐹𝑑𝑃
−1
𝑑 𝐴H

𝐹𝑑 −𝑃
−1
𝑑 +𝐵(𝑅−𝐵H𝑋𝐵)−1𝐵H = 0, (6.14)

which can be seen as a discrete-time Lyapunov equation if 𝑋 was fixed and
independent of 𝑃𝑑. Since (𝐴,𝐵) is controllable (by assumption), so is (𝐴𝐹𝑑,𝐵)
and it follows then from (6.14) that the eigenvalues of 𝐴𝐹𝑑 are now strictly inside
the unit circle. This is clearly different from the continuous-time case, where
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6.3. Numerical Computation of the Analytic Center

the spectrum of 𝐴𝐹𝑐 was on the boundary of the stability region. The equations
defining the discrete-time analytic center then become

(𝑅−𝐵H𝑋𝐵)𝐹𝑑 =𝐶 −𝐵H𝑋𝐴,
𝑃𝑑 =𝑋 −𝐴H𝑋𝐴−𝐹H

𝑑 (𝑅−𝐵H𝑋𝐵)𝐹𝑑,
0 = (𝐴−𝐵𝐹𝑑)𝑃−1

𝑑 (𝐴H−𝐹H
𝑑 𝐵H)

−𝑃−1
𝑑 +𝐵(𝑅−𝐵H𝑋𝐵)−1𝐵H.

Remark 6.2. Note that the solution of the discrete-time problem does not coin-
cide with the one obtained via a bilinear transformation of the continuous-time
problem, since thiswould yield a feedback𝐹𝑑 that puts all eigenvalues on theunit
circle. The bilinear transformation does not preserve determinants, and there-
fore the solution of the minimization problem can be expected to be different
(see also Appendix B). ▷

6.3. Numerical Computation of the Analytic Center

In this sectionwe presentmethods for the numerical computation of the analytic
center.

Suppose that we are at a point 𝑋0 ∈ 𝕏
≻≻

𝑐 (𝕏
≻≻

𝑑) and want to perform the next step
using an increment Δ𝑋. We discuss a steepest descent and a Newton method to
obtain that increment.

6.3.1. A Steepest Descent Method

In order to formulate an optimization scheme to compute the analytic center,
we can use the gradient of the barrier function 𝑏(𝑋)with respect to 𝑋 in a point
𝑋0 to obtain a steepest descent method.

In the continuous-time case, we then need to take a step Δ𝑋 for which

⟨𝑏(𝑋0), Δ𝑊𝑐(𝑋0)[Δ𝑋]⟩

is minimized, which is equivalent to

Δ𝑋≔ arg min
⟨Δ𝑋,Δ𝑋⟩=1

⟨Δ𝑋, 𝑃−1
𝑐 (𝑋0)𝐴𝐹𝑐(𝑋0)H+𝐴𝐹𝑐(𝑋0)𝑃−1

𝑐 (𝑋0)⟩ .

123



6. The Analytic Center of the Passivity Linear Matrix Inequality

The minimum is obtained by choosing Δ𝑋 proportional to the gradient

𝑃−1
𝑐 (𝑋0)𝐴𝐹𝑐(𝑋0)H+𝐴𝐹𝑐(𝑋0)𝑃−1

𝑐 (𝑋0).

The corresponding optimal stepsize 𝛼 for the increment Δ𝑋 can be obtained
from the determinant of the incremented LMI𝑊𝑐(𝑋0+𝛼Δ𝑋) ≻ 0.

In the discrete-time case, we obtain the increment from

Δ𝑋≔

arg min
⟨Δ𝑋,Δ𝑋⟩=1

⟨Δ𝑋, 𝐴𝐹𝑑(𝑋0)𝑃−1
𝑑 (𝑋0)𝐴H

𝐹𝑑(𝑋0)−𝑃−1
𝑑 (𝑋0)+𝐵(𝑅−𝐵H𝑋0𝐵)−1𝐵H⟩.

The minimum is obtained by choosing Δ𝑋 proportional to the gradient

𝐴𝐹𝑑(𝑋0)𝑃−1
𝑑 (𝑋0)𝐴H

𝐹𝑑(𝑋0)−𝑃−1
𝑑 (𝑋0)+𝐵(𝑅−𝐵H𝑋0𝐵)−1𝐵H,

and the stepsize 𝛼 for the increment Δ𝑋 can again be obtained from the deter-
minant of the incremented LMI𝑊𝑑(𝑋0+𝛼Δ𝑋) ≻ 0.

Remark 6.3. Thedetailed explanationhow to compute the stepsize𝛼 is done later
as a special case of the derivation of the Newton step, see Subsection 6.3.2. The
idea is to find the second order Taylor expansion of the function 𝑏(𝑋0+𝛼Δ𝑋) =
− lndet𝑊(𝑋0+𝛼Δ𝑋) and then to minimize this quadratic function in the scalar
𝛼. This is a one dimensional Newton step and only yields an inexact line-search.

▷

6.3.2. Newton Method

For the computation of a Newton stepΔ𝑋 we also need the Hessian of the barrier
function𝑏. In order to simplify the derivation of theHessian, we first reformulate
the determinant of𝑊(𝑋0+Δ𝑋) into a more suitable form. We also point out that
minimizing − lndet𝑊(𝑋) is equivalent to maximizing det𝑊(𝑋).

6.3.2.1. The Continuous-Time Case

In the continuous-time case, we have that

𝑊𝑐(𝑋0+Δ𝑋) = [ 𝑄0 𝐶H
0

𝐶0 𝑅0
]−[ Δ𝑋

0 ][ 𝐴 𝐵 ]−[ 𝐴H

𝐵H ][ Δ𝑋 0 ] ,
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6.3. Numerical Computation of the Analytic Center

where

[ 𝑄0 𝐶H
0

𝐶0 𝑅0
]≔𝑊𝑐(𝑋0).

By taking Schur complements and applying congruence transformations, it
follows that the product det𝑊𝑐(𝑋0+Δ𝑋)(−1)𝑛 is equal to

det

⎡
⎢⎢⎢
⎣

0 𝐼𝑛 Δ𝑋 0
𝐼𝑛 0 𝐴 𝐵
Δ𝑋 𝐴H 𝑄0 𝐶H

0
0 𝐵H 𝐶0 𝑅0

⎤
⎥⎥⎥
⎦

= det

⎡
⎢⎢⎢
⎣

0 𝐼𝑛 Δ𝑋 0
𝐼𝑛 0 𝐴𝐹𝑐 𝐵
Δ𝑋 𝐴H

𝐹𝑐 𝑃0 0
0 𝐵H 0 𝑅0

⎤
⎥⎥⎥
⎦

,

where 𝐴𝐹𝑐 ≔𝐴−𝐵𝑅−1
0 𝐶0 and 𝑃0≔𝑄0−𝐶H

0 𝑅−1
0 𝐶0 are associated with the current

point 𝑋0. Carrying out an additional congruence transformation with

𝑍𝑐≔

⎡
⎢⎢⎢⎢⎢⎢⎢⎢
⎣

𝑃
− 1
2

0 0 0 0

0 𝑃
1
2
0 0 −�̂�𝑅−1

0

0 0 𝑃
− 1
2

0 0

0 0 0 𝑅
− 1
2

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥
⎦

,

we obtain

⎡
⎢⎢⎢
⎣

0 𝐼𝑛 Δ̂𝑋 0
𝐼𝑛 −�̂�𝑅−1

0 �̂�H �̂�𝐹𝑐 0
Δ̂𝑋 �̂�H

𝐹𝑐 𝐼𝑛 0
0 0 0 𝐼𝑚

⎤
⎥⎥⎥
⎦

≔𝑍𝑐

⎡
⎢⎢⎢
⎣

0 𝐼𝑛 Δ𝑋 0
𝐼𝑛 0 𝐴𝐹𝑐 𝐵
Δ𝑋 𝐴H

𝐹𝑐 𝑃0 0
0 𝐵H 0 𝑅0

⎤
⎥⎥⎥
⎦

𝑍H
𝑐 , (6.16)

where �̂� = 𝑃
1
2
0 𝐵, �̂�𝐹𝑐 ≔𝑃

1
2
0 𝐴𝐹𝑐𝑃

− 1
2

0 , and Δ̂𝑋 = 𝑃
− 1
2

0 Δ𝑋𝑃
− 1
2

0 . It is clear that the deter-
minant of the congruence transformation 𝑍𝑐 is given by

(det𝑍𝑐)2 = 1/(det𝑃0 ⋅det𝑅0) = 1/det𝑊𝑐(𝑋0). (6.17)

The above transformations finally lead to the following lemma.

Lemma 6.1. The change of variables

�̂� = 𝑃
1
2
0 𝐵, �̂�𝐹𝑐 ≔𝑃

1
2
0 𝐴𝐹𝑐𝑃

− 1
2

0 , Δ̂𝑋 = 𝑃
− 1
2

0 Δ𝑋𝑃
− 1
2

0 , �̂� = 𝑃
− 1
2

0 𝑋𝑃
− 1
2

0 ,
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6. The Analytic Center of the Passivity Linear Matrix Inequality

yields the following determinant identity

det𝑊𝑐(𝑋0+Δ𝑋) =det
⎡

⎣

0 𝐼𝑛 Δ̂𝑋
𝐼𝑛 −�̂�𝑅−1

0 �̂�H �̂�𝐹𝑐
Δ̂𝑋 �̂�H

𝐹𝑐 𝐼𝑛

⎤

⎦
(6.18)

=det[𝐼𝑛−Δ̂𝑋�̂�𝐹𝑐 −�̂�
H
𝐹𝑐Δ̂𝑋−Δ̂𝑋�̂�𝑅−1

0 �̂�HΔ̂𝑋] . (6.19)

Proof. The determinant of the right hand side of (6.16) equals det𝑊𝑐(𝑋0+Δ𝑋)
because of (6.17). The equalities (6.18), (6.19) then easily follow.

We thus have an equivalent minimization problem min𝑋∈ℍ𝑛 𝑓(𝑋) in the new
‘translated’ variable 𝑋 = Δ̂𝑋 corresponding to an initial point at the origin of the
barrier function

𝑓(𝑋)≔− lndet(𝐺 (𝑋)),
𝑄𝑐≔ �̂�𝑅−1

0 �̂�H,
𝐺 (𝑋)≔ 𝐼𝑛−𝑋�̂�𝐹𝑐 −�̂�

H
𝐹𝑐𝑋 −𝑋𝑄𝑐𝑋.

In the set of Hermitian matrices (over the reals), the gradient of 𝑓(𝑋) then is
given by

𝑓𝑋(𝑋)[Δ] = ⟨−𝐺 (𝑋)−1,−(Δ�̂�𝐹𝑐 +�̂�
H
𝐹𝑐Δ+Δ𝑄𝑐𝑋 +𝑋𝑄𝑐Δ)⟩

and the Hessian is given by

𝑓𝑋𝑋(𝑋)[Δ,Δ] = ⟨−𝐺(𝑋)−1(Δ�̂�𝐹𝑐 +�̂�
H
𝐹𝑐Δ+Δ𝑄𝑐𝑋 +𝑋𝑄𝑐Δ)𝐺 (𝑋)−1,

−(Δ�̂�𝐹𝑐 +�̂�
H
𝐹𝑐Δ+Δ𝑄𝑐𝑋 +𝑋𝑄𝑐Δ)⟩

+⟨−𝐺 (𝑋)−1,−2Δ𝑄𝑐Δ⟩.

A second order approximation of 𝑓 (at 𝑋 = 0) is given by

𝑓(Δ) ≈ 𝑇 (2)
𝑓 (Δ) = 𝑓(0)+𝑓𝑋(0)[Δ]+

1
2𝑓𝑋𝑋(0)[Δ,Δ]

= ⟨𝐼𝑛,Δ�̂�𝐹𝑐 +�̂�
H
𝐹𝑐Δ⟩+

1
2⟨Δ�̂�𝐹𝑐 +�̂�

H
𝐹𝑐Δ,Δ�̂�𝐹𝑐 +�̂�

H
𝐹𝑐Δ⟩

+⟨𝐼𝑛,Δ𝑄𝑐Δ⟩.
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Remember, that in order to minimize 𝑓(𝑋), we want the gradient of 𝑓 to be 0.

Thus, for the Newton step we want to determineΔ=ΔH such that
𝜕𝑇 (2)

𝑓

𝜕Δ
(Δ)[𝑌 ] = 0

for all 𝑌 ∈ℍ𝑛, i. e., we require that

⟨𝐼𝑛,𝑌�̂�𝐹𝑐 +�̂�
H
𝐹𝑐𝑌 ⟩+⟨Δ�̂�𝐹𝑐 +�̂�

H
𝐹𝑐Δ,𝑌�̂�𝐹𝑐 +�̂�

H
𝐹𝑐𝑌 ⟩+2⟨𝐼𝑛,𝑌𝑄𝑐Δ⟩ = 0

for all 𝑌 ∈ℍ𝑛. Using the properties of the scalar product, we obtain that this is
equivalent to

⟨𝑌 , �̂�H
𝐹𝑐 +�̂�𝐹𝑐 +�̂�𝐹𝑐Δ�̂�𝐹𝑐 +�̂�𝐹𝑐�̂�

H
𝐹𝑐Δ+�̂�

H
𝐹𝑐Δ�̂�

H
𝐹𝑐 +Δ�̂�𝐹𝑐�̂�

H
𝐹𝑐 +𝑄𝑐Δ+Δ𝑄𝑐⟩ = 0

for all 𝑌 ∈ℍ𝑛, or equivalently

�̂�𝐹𝑐Δ�̂�𝐹𝑐 +�̂�𝐹𝑐�̂�
H
𝐹𝑐Δ+�̂�

H
𝐹𝑐Δ�̂�

H
𝐹𝑐 +Δ�̂�𝐹𝑐�̂�

H
𝐹𝑐 +𝑄𝑐Δ+Δ𝑄𝑐 =−�̂�H

𝐹𝑐 −�̂�𝐹𝑐. (6.20)

If we fix a direction Δ and look for 𝛼 such that 𝑓(𝛼Δ) is minimal, then the one-
dimensional Newton step corresponds to an inexact line search. It can be com-
puted in an analogous way. With 𝑔(𝛼) = 𝑓(𝛼Δ), we then have

𝑔(𝛼) ≈ 𝑓(0)+𝛼𝑓𝑋(0)[Δ]+
1
2𝛼

2𝑓𝑋𝑋(0)[Δ,Δ]

and thus the one-dimensional Newton correction in 𝛼 is given by

𝛿𝛼 =−
⟨𝐼𝑛,Δ�̂�𝐹𝑐 +�̂�

H
𝐹𝑐Δ⟩

⟨𝐼𝑛,Δ𝑄𝑐Δ⟩+
1

2
‖Δ�̂�𝐹𝑐 +�̂�

H
𝐹𝑐Δ‖

2
𝐹

.

6.3.2.2. The Discrete-Time Case

For the discrete-time case, we have that

𝑊𝑑(𝑋0+Δ𝑋) = [ 𝑄0 𝐶H
0

𝐶0 𝑅0
]−[ 𝐴H

𝐵H ]Δ𝑋 [ 𝐴 𝐵 ]+[ 𝐼𝑛
0 ]Δ𝑋 [ 𝐼𝑛 0 ] ,

where

[ 𝑄0 𝐶H
0

𝐶0 𝑅0
]≔𝑊𝑑(𝑋0).
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By taking Schur complements and applying congruence transformations, it
follows again that the product det𝑊𝑑(𝑋0+Δ𝑋)(−1)𝑛 is equal to

det

⎡
⎢⎢⎢
⎣

−𝐼𝑛 0 Δ𝑋 0
0 𝐼𝑛 𝐴 𝐵
𝐼𝑛 𝐴HΔ𝑋 𝑄0 𝐶H

0
0 𝐵HΔ𝑋 𝐶0 𝑅0

⎤
⎥⎥⎥
⎦

= det

⎡
⎢⎢⎢
⎣

−𝐼𝑛 0 Δ𝑋 0
0 𝐼𝑛 𝐴𝐹𝑑 𝐵
𝐼𝑛 𝐴H

𝐹𝑑Δ𝑋 𝑃0 0
0 𝐵HΔ𝑋 0 𝑅0

⎤
⎥⎥⎥
⎦

,

where 𝑅0 = 𝑅−𝐵H𝑋0𝐵, 𝐶0 = 𝐶 −𝐵H𝑋0𝐴, 𝑄0 = 𝑋0−𝐴H𝑋0𝐴, 𝐴𝐹𝑑 ≔ 𝐴−𝐵𝑅−1
0 𝐶H

0
and 𝑃0≔𝑄0−𝐶0𝑅−1

0 𝐶H
0 are associated with the current point 𝑋0. Setting

𝑍ℓ≔

⎡
⎢⎢⎢⎢⎢⎢⎢⎢
⎣

𝑃
− 1
2

0 0 0 0

0 𝑃
1
2
0 0 −�̂�𝑅−1

0

0 0 𝑃
− 1
2

0 0

0 0 0 𝑅
− 1
2

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥
⎦

, 𝑍𝑟≔

⎡
⎢⎢⎢⎢⎢⎢⎢⎢
⎣

𝑃
1
2
0 0 0 0

0 𝑃
− 1
2

0 0 0

0 0 𝑃
− 1
2

0 0

0 −𝑅−1
0 �̂�HΔ̂𝑋 0 𝑅

− 1
2

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥
⎦

,

transforming with 𝑍ℓ from the left and 𝑍𝑟 from the right, and substituting �̂� =

𝑃
1
2
0 𝐵, �̂�𝐹𝑑 ≔𝑃

1
2
0 𝐴𝐹𝑑𝑃

− 1
2

0 , and Δ̂𝑋 = 𝑃
− 1
2

0 Δ𝑋𝑃
− 1
2

0 , we obtain the matrix

⎡
⎢⎢⎢
⎣

−𝐼𝑛 0 Δ̂𝑋 0
0 𝐼𝑛−�̂�𝑅−1

0 �̂�HΔ̂𝑋 �̂�𝐹𝑑 0
𝐼𝑛 �̂�H

𝐹𝑑Δ̂𝑋 𝐼𝑛 0
0 0 0 𝐼𝑚

⎤
⎥⎥⎥
⎦

≔𝑍ℓ

⎡
⎢⎢⎢
⎣

−𝐼𝑛 0 Δ𝑋 0
0 𝐼𝑛 𝐴𝐹𝑑 𝐵
𝐼𝑛 𝐴H

𝐹𝑑Δ𝑋 𝑃0 0
0 𝐵HΔ𝑋 0 𝑅0

⎤
⎥⎥⎥
⎦

𝑍𝑟.

Using det𝑍ℓ ⋅det𝑍𝑟 = 1/(det𝑃0.det𝑅0) = 1/det𝑊𝑑(𝑋0),we obtain a similar lem-
ma to the continuous-time case.

Lemma 6.2. The change of variables �̂� = 𝑃
1
2
0 𝐵, �̂�𝐹𝑑 = 𝑃

1
2
0 𝐴𝐹𝑑𝑃

− 1
2

0 , and Δ̂𝑋 =

𝑃
− 1
2

0 Δ𝑋𝑃
− 1
2

0 , yields the following determinant identity

det𝑊𝑑(𝑋0+Δ𝑋) =det[ 𝐼𝑛−�̂�𝑅−1
0 �̂�HΔ̂𝑋 �̂�𝐹𝑑

�̂�H
𝐹𝑑Δ̂𝑋 𝐼𝑛+Δ̂𝑋

]. ▷

Proof. The proof is analogous to the continuous-time case.
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Wehave again an equivalentminimization problemmin𝑋∈ℍ𝑛 𝑓(𝑋) in the ‘trans-
lated’ variable 𝑋 = Δ̂𝑋 with the barrier function

𝑓(𝑋)≔− lnℜdet(𝐺 (𝑋)),

𝐺 (𝑋)≔ [ 𝐼𝑛−𝑄𝑑𝑋 �̂�𝐹𝑑
�̂�H
𝐹𝑑𝑋 𝐼𝑛+𝑋

],

𝑄𝑑≔ �̂�𝑅−1
0 �̂�H,

and compute the gradient and the Hessian of 𝑓(𝑋). The computation of the
gradient is not as straight-forward as in the continuous-time case, since we
consider non-Hermitian matrices. It is given by

𝑓𝑋(𝑋)[Δ] = ⟨− det𝐺(𝑋)
ℜdet𝐺(𝑋)𝐺 (𝑋)

−H, [ −𝑄𝑑Δ 0
�̂�H
𝐹𝑑Δ Δ ]⟩,

see Appendix A for more details. It follows from the derivation of 𝐺(𝑋) in Lem-
ma 6.2 that det(𝐺 (𝑋)) is positive and real and the solution of the minimization
problem is still unique and Hermitian. Moreover, det𝐺(𝑋) = ℜdet𝐺(𝑋) and the
Hessian is then given by

𝑓𝑋𝑋(𝑋)[Δ,Δ] = ⟨𝐺(𝑋)−H[ −𝑄𝑑Δ 0
�̂�H
𝐹𝑑Δ Δ ]

H

𝐺(𝑋)−H, [ −𝑄𝑑Δ 0
�̂�H
𝐹𝑑Δ Δ ]⟩,

and a second order approximation of 𝑓 (at 𝑋 = 0) is given by

𝑓(Δ) ≈ 𝑇 (2)
𝑓 (Δ)

= 𝑓(0)+𝑓𝑋(0)[Δ]+
1
2𝑓𝑋𝑋(0)[Δ,Δ]

= −⟨[ 𝐼𝑛 0
−�̂�H

𝐹𝑑 𝐼𝑛
], [ −𝑄𝑑𝑌 0

�̂�H
𝐹𝑑𝑌 𝑌 ]⟩

+ 1
2 ⟨

[ 𝐼𝑛 0
−�̂�H

𝐹𝑑 𝐼𝑛
][ −Δ𝑄𝑑 Δ�̂�𝐹𝑑

0 Δ ][ 𝐼𝑛 0
−�̂�H

𝐹𝑑 𝐼𝑛
], [ −𝑄𝑑Δ 0

�̂�H
𝐹𝑑Δ Δ ]⟩

=−⟨𝐼𝑛−𝑄𝑑−�̂�𝐹𝑑�̂�
H
𝐹 , Δ⟩

+ 1
2 ⟨𝑄𝑑Δ𝑄𝑑Δ−2�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ𝑄𝑑Δ, 𝐼𝑛⟩

+ 1
2 ⟨�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ+2�̂�𝐹𝑑Δ�̂�

H
𝐹𝑑Δ−Δ

2, 𝐼𝑛⟩.
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We want the gradient of 𝑓 to be 0, so for the Newton step we determine Δ=ΔH

such that
𝜕𝑇 (2)

𝑓

𝜕Δ
(Δ)[𝑌 ] = 0 for all 𝑌 ∈ℍ𝑛, or equivalently

0 = ⟨𝐼𝑛−𝑄𝑑−�̂�𝐹𝑑�̂�
H
𝐹𝑑,𝑌 ⟩+ ⟨𝑄𝑑Δ𝑄𝑑+�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ𝑄𝑑,𝑌 ⟩

+ ⟨𝑄𝑑Δ�̂�𝐹𝑑�̂�
H
𝐹𝑑 +�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ�̂�𝐹𝑑�̂�

H
𝐹𝑑 −�̂�𝐹𝑑Δ�̂�

H
𝐹𝑑 −�̂�

H
𝐹𝑑Δ�̂�𝐹𝑑 +Δ,𝑌 ⟩

for all 𝑌 ∈ℍ𝑛. Using the properties of the scalar product, we obtain that

𝐼𝑛−𝑄𝑑−�̂�𝐹𝑑�̂�
H
𝐹𝑑

=𝑄𝑑Δ𝑄𝑑+�̂�𝐹𝑑�̂�
H
𝐹𝑑Δ𝑄𝑑+𝑄𝑑Δ�̂�𝐹𝑑�̂�

H
𝐹𝑑 +�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ�̂�𝐹𝑑�̂�

H
𝐹𝑑

−�̂�𝐹𝑑Δ�̂�
H
𝐹𝑑 −�̂�

H
𝐹𝑑Δ�̂�𝐹𝑑 +Δ. (6.21)

If we fix a direction Δ and look for 𝛼 such that 𝑓(𝛼Δ) is minimal, then the one-
dimensional Newton step corresponds to an inexact line search. With 𝑔(𝛼) =
𝑓(𝛼Δ), we then have

𝛿𝛼 =
2⟨𝐼𝑛−𝑄𝑑−�̂�𝐹𝑑�̂�

H
𝐹 , Δ⟩

⟨𝑄𝑑Δ𝑄𝑑Δ−2�̂�𝐹𝑑�̂�
H
𝐹𝑑Δ𝑄𝑑Δ−�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ�̂�𝐹𝑑�̂�

H
𝐹𝑑Δ+2�̂�𝐹𝑑Δ�̂�

H
𝐹𝑑Δ−Δ2, 𝐼𝑛⟩

.

Remark 6.4. To carry out the Newton step, we have to solve equation (6.20) in
the continuous-time case or (6.21) in the discrete-time case. This can be done
via Kronecker products (for the cost of increasing the system dimension to 𝑛2),
i. e., via

((𝐼𝑛⊗�̂�𝐹𝑐 +�̂�𝐹𝑐 ⊗𝐼𝑛)(�̂�
𝑇
𝐹𝑐 ⊗𝐼𝑛+𝐼𝑛⊗�̂�

H
𝐹𝑐)+ 𝐼𝑛⊗𝑄𝑐+𝑄𝑐⊗𝐼𝑛)vecΔ

= vec(�̂�𝐹𝑐 +�̂�
H
𝐹𝑐)

in the continuous-time case, or

((�̂�𝐹𝑑 ⊗�̂�𝐹𝑑 −𝐼𝑛⊗𝐼𝑛)(�̂�
𝑇
𝐹𝑑 ⊗�̂�

H
𝐹𝑑 −𝐼𝑛⊗𝐼𝑛)+𝑄𝑑⊗�̂�𝐹𝑐�̂�

H
𝐹𝑐

+�̂�𝐹𝑐�̂�
𝑇
𝐹𝑐 ⊗𝑄𝑑+𝑄𝑑⊗𝑄𝑑)vecΔ= vec(𝐼𝑛−𝑄𝑑−�̂�𝐹𝑑�̂�

H
𝐹𝑑)

in the discrete-time case. ▷
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6.3.2.3. Convergence

In this subsection, we show that the functions that we consider here actually
have a globally converging Newton method. For this we have to analyze some
more properties of our functions and refer to [BV04; Nes04] for more details.
Recall that a smooth function 𝑓 ∶ ℝ𝑛→ℝ is self-concordant if it is a closed and
convex function with open domain and

|𝑓(3)(𝑥)| ≤ 2(𝑓(2)(𝑥))
3
2

in the case 𝑛 = 1, and if 𝑛 > 1, then 𝑓 is self-concordant if it is self-concordant
along every direction in its domain. In particular, if 𝑛 = 1 then 𝑓(𝑥) = − ln(𝑥)
is self-concordant and in general, if 𝑓 is self-concordant and in addition 𝐴 ∈
ℂ𝑛×𝑚, 𝑏 ∈ ℝ𝑛, then 𝑓(𝐴𝑥+𝑏) is also self-concordant. These results can be easily
extended to the real space of complex matrices showing that the function 𝑏(𝑋) =
− lndet(𝑊 (𝑋)) is self-concordant. Let 𝑏𝑋 and 𝑏𝑋𝑋 denote the gradient and the
Hessian of the barrier function 𝑏(𝑋), and let

𝜆(𝑋)≔ ⟨(𝑏𝑋𝑋)
−1𝑏𝑋, 𝑏𝑋⟩,

where Δ𝑁≔ (𝑏𝑋𝑋)
−1𝑏𝑋 is the Newton step, i. e.,

𝜆(𝑋) = ⟨Δ𝑁, 𝑃−1
𝑐 𝐴H

𝐹𝑐 +𝐴𝐹𝑐𝑃
−1
𝑐 ⟩

in the continuous-time case, and

𝜆(𝑋) = ⟨Δ𝑁, 𝐴𝐹𝑑𝑃
−1
𝑑 𝐴H

𝐹𝑑 −𝑃
−1
𝑑 +𝐵(𝑅−𝐵H𝑋𝐵)−1𝐵H⟩

in the discrete-time case, respectively. In both cases𝜆(𝑋) canbe easily computed
during the Newton step and gives an estimate of the residual of the current
approximation of the solution.

Furthermore, note, that for each 𝑋 ∈ 𝕏≻≻

𝑐 (𝕏
≻≻

𝑑) we have, that the incremental
step Δ𝑊(𝑋)[Δ𝑋] appearing in the directional derivative (6.11) is independent of
𝑋. Thus, the quadratic form of the Hessian can be expressed as

⟨𝑏𝑋𝑋Δ𝑋, Δ𝑋⟩ = ⟨𝑊 −1Δ𝑊[Δ𝑋]𝑊 −1, Δ𝑊 [Δ𝑋]⟩

= tr(𝑊 − 1
2Δ𝑊[Δ𝑋]𝑊 −1Δ𝑊[Δ𝑋]𝑊

− 1
2 ).
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Using the Courant-Fischer theorem twice, see e. g. [Bel97], this implies that

tr(𝑊 − 1
2Δ𝑊[Δ𝑋]𝑊 −1Δ𝑊[Δ𝑋]𝑊

− 1
2 ) ≥ 1

𝜆max(𝑊 (𝑋)) tr (Δ𝑊[Δ𝑋]𝑊 −1Δ𝑊[Δ𝑋])

≥ 1
𝜆2max(𝑊 (𝑋))

tr (Δ𝑊[Δ𝑋]Δ𝑊[Δ𝑋]) .

Note that ‖Δ𝑊[Δ𝑋]‖𝐹 ≠ 0 for controllable (𝐴,𝐵) and Δ𝑋 ≠ 0. Minimizing the
left-hand side over allΔ𝑋 with ‖Δ𝑋‖2𝐹 = 1 yields uniform positivity of the Hessian,
since the spectrum of𝑊(𝑋) is bounded.

Hence, it follows, see e. g., [Nes04, Theorem 4.1.14], that the Newton method
is quadratically convergent, whenever 𝜆(𝑋) < .25 in some intermediate step.
Once this level is reached, the methods stays in the quadratically convergent
regime. If the condition does not hold, then one has to take a smaller stepsize
(1+𝜆(𝑋))−1Δ𝑋 in order to obtain convergence.

6.3.2.4. Initialization

Note that for the reformulations of the Newton step we have to assume that the
starting value 𝑋0 is in the interior of the domain. In this section, we show how
to compute an initial point 𝑋0 ∈ 𝕏

≻≻

𝑐 (or 𝑋0 ∈ 𝕏
≻≻

𝑑), which therefore satisfies the
LMI𝑊𝑐(𝑋0,ℳ) ≻ 0 (or𝑊𝑑(𝑋0,ℳ) ≻ 0) for the modelℳ= {𝐴,𝐵,𝐶 ,𝐷}. Since the
reasoning for both the continuous-time case and the discrete-time case are very
similar, we first focus on the continuous-time case.

We start the optimization from a modelℳ that is minimal and strictly passive.
It then follows that the solution set of𝑊𝑐(𝑋0,ℳ) ≻ 0 has an interior point 𝑋0 ≻ 0
such that

𝑊𝑐(𝑋0,ℳ) ≻ 0, 0 ≺ 𝑋− ⪯𝑋0 ⪯𝑋+,
where𝑋− and𝑋+ are theRiccati solutions corresponding to this LMI.To construct
suchan𝑋0, let𝛼≔𝜆min𝑊𝑐(𝑋0) > 0 and𝛽≔max(‖𝑋0‖2,1) > 0. Then, for0 < 2𝜉 ≤
𝛼/𝛽, we have the inequality

𝑊𝑐(𝑋0,ℳ)−2𝜉[ 𝑋0 0
0 𝐼𝑚

] ⪰ 0. (6.22)

In order to compute a solution 𝑋0 for this LMI, we rewrite it as

𝑊𝑐(𝑋0,ℳ𝜉) ≔ [ −(𝐴+𝜉𝐼𝑛)H𝑋0−𝑋0(𝐴+𝜉𝐼𝑛) 𝐶H−𝑋0𝐵
𝐶 −𝐵H𝑋0 𝑅−2𝜉𝐼𝑚

] ⪰ 0
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for the modified model ℳ𝜉 ≔ {𝐴+𝜉𝐼𝑛,𝐵,𝐶 ,𝐷 −𝜉𝐼𝑚} and 𝑅 = 𝐷 +𝐷H. It then
follows from (6.22) thatℳ𝜉 is passive. Therefore we have the following lemma.

Lemma6.3. Letℳ≔ {𝐴,𝐵,𝐶 ,𝐷}be strictly passive. Then there exists a sufficiently
small 𝜉 > 0, such that the modified modelℳ𝜉≔ {𝐴+𝜉𝐼𝑛,𝐵,𝐶 ,𝐷 −𝜉𝐼𝑚} is passive.
Then the extremal solutions 𝑋−(𝜉) and 𝑋+(𝜉) of the modelℳ𝜉 are interior points
of 𝕏≻≻

𝑐 . ▷

Proof. Let 𝑋0 be any point such that𝑊𝑐(𝑋0,ℳ𝜉) ⪰ 0 and 𝜉 > 0. Then it follows
from (6.22) that𝑊𝑐(𝑋0,ℳ) ≻ 0 and hence it is an interior point of 𝕏≻≻

𝑐 . This also
applies to the Riccati solutions 𝑋−(𝜉) and 𝑋+(𝜉).

The reasoning for the discrete-time case is very similar. Starting from a strictly
passive and minimal modelℳ, we have the inequality

𝑊𝑑(ℳ)−2𝜉[ 𝑋0 0
0 𝐼𝑚

] ⪰ 0, for 0 < 2𝜉 ≤ 𝛼/𝛽 = 𝜆min𝑊𝑑(𝑋0)/max(‖𝑋0‖2,1).

In order to compute a solution 𝑋0 for this LMI, we rewrite it as the scaled LMI

𝑊𝑑(𝑋0,ℳ𝜉) ≔ (1−2𝜉)[ 𝑋0−𝐴H
𝜉 𝑋0𝐴𝜉 𝐶H

𝜉 −𝐴H
𝜉 𝑋0𝐵𝜉

𝐶𝜉−𝐵H
𝜉 𝑋0𝐴𝜉 𝑅𝜉−𝐵H

𝜉 𝑋0𝐵𝜉
] ⪰ 0

for the modified model ℳ𝜉 ≔ {𝐴𝜉,𝐵𝜉,𝐶𝜉,𝐷𝜉} ≔ {𝐴/√1−2𝜉,𝐵/√1−2𝜉,𝐶/(1−
2𝜉), (𝐷 −𝜉𝐼𝑚)/(1−2𝜉)} and 𝑅𝜉 =𝐷𝜉+𝐷H

𝜉 . The solutions 𝑋−(𝜉) and 𝑋+(𝜉) of this
scaled LMI are again strictly included in the original solution set.

The procedure to find an inner point is thus to choose one of the Riccati
solutions𝑋−(𝜉) or𝑋+(𝜉) of shifted or scaled problems, respectively, or some kind
of average of both, since they are then guaranteed to be an interior point of the
original problem. An upper bound for 2𝜉 is 𝜆min(𝑅). If the Riccati solutions of
ℳ𝜉 indicate that the shifted model is not passive, 𝜉 is divided by 2.

Another possibility to compute an initial point is to take the geometric mean
of the minimal and maximal solution of the Riccati equations (6.7), respectively
(6.10), denoted by𝑋− and𝑋+, which is defined by𝑋0 =𝑋−(𝑋−1

− 𝑋+)
1
2 , see [Moa05].

However, e. g., if 𝑋− and 𝑋+ are multiples of the identity matrix, then the geo-
metric mean is a convex combination of 𝑋− and 𝑋+ and is not necessarily in the
interior.
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6.3.3. Numerical Results

We have implemented the steepest descent method of Subsection 6.3.1 and
the Newton method introduced in Subsection 6.3.2. The software package is
written in python 3.6. The code and all the examples can be downloaded
under [BMNV20a].

We have performed several experiments to test convergence for the differ-
ent methods developed in this work. All of them present qualitatively similar
convergence behavior.

Example 6.1. As a prototypical example consider a randomly generated contin-
uous-time example with real coefficients and 𝑛 = 30 and𝑚=10, i. e., the overall
dimension of the matrix𝑊𝑐(𝑋) is 40×40 and we have a total of 465 unknowns.
As one would expect, the steepest descent method shows linear convergence
behavior, whereas the Newton method has quadratic convergence as soon as
one is close enough to the analytic center.

Figure 6.1 shows the convergence behavior using the Newton method. Note,
that the barrier function det(𝑊 (𝑋)) increases monotonously, whereas the dis-
tance of the argument𝑋 to the analytic center𝑋𝑐 slightly increases in the linearly
convergent phase. The number of steps required in the steepest descent ap-
proach, however, is much higher than in the Newton approach.

Table 6.1 shows the convergence behavior of the steepest descent method
after starting the algorithm at a point well inside the feasible region, which has
been obtained from a previous run with the Newton method. One can see, that
even after 10,000 steps, there is no significant improvement for the residual in
the determinant of𝑊(𝑋). Though, one can at least confirm, that the values are
monotonously decreasing as expected. ▷

Also, the initial point computed by the geometric mean approach turns out to
be much better in all the practical examples, even though one cannot guarantee
positivity in some extreme cases.

Note that one has to be extremely careful with the implementation of the algo-
rithm. Without explicitly forcing the intermediate solutions 𝑋𝑘 to be Hermitian
in finite precision arithmetic, the intermediate Riccati residuals 𝑃𝑘 may diverge
from the Hermitian subspace.
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(a) Convergence of the relative error between the current solution 𝑋𝑘 and the analytic
center 𝑋𝑐

(b) Convergence of the relative error between the current value of the objective function
det(𝑊𝑐(𝑋𝑘)) and the value det(𝑊𝑐(𝑋𝑐)) at the analytic center

Figure 6.1.: Convergence behavior for the Newton method applied to Exam-
ple 6.1
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Table 6.1.: Convergence of the relative error of the current value of the objec-
tive function det(𝑊𝑐(𝑋𝑘)) and the intermediate solutions 𝑋𝑘 for the
steepest descent method applied to Example 6.1, where 𝑐1 = 0.86808,
𝑐2 = 0.72171.

𝑘 1 10 100 1,000 10,000

( |det(𝑊𝑐(𝑋𝑘))−det(𝑊𝑐(𝑋𝑐))|

det(𝑊𝑐(𝑋𝑐))
+𝑐1)108 524 522 512 512 428

( ‖𝑋𝑘−𝑋𝑐‖
‖𝑋𝑐‖

+𝑐2)108 198 198 197 194 160

6.4. Computation of Bounds for the Passivity Radius

Once we have found a solution 𝑋 ∈ 𝕏≻≻

𝑐 , respectively 𝑋 ∈ 𝕏≻≻

𝑑, we can use this
solution to find an estimate of the passivity radius of our system, i. e., the smallest
perturbation Δℳ to the system coefficientsℳ= {𝐴,𝐵,𝐶 ,𝐷} that puts the system
on the boundary of the set of passive systems, so that an arbitrary small further
perturbation makes the system non-passive. In this section we derive lower
bounds for the passivity radius in terms of the smallest eigenvalue of a scaled
version of the matrices𝑊𝑐(𝑋,ℳ) or𝑊𝑑(𝑋,ℳ), respectively. Since the analytic
center is central to the solution set of the LMI, we choose it for the realization of
the transfer function, since then we expect to maximize a very good lower bound
for the passivity radius.

6.4.1. The Continuous-time Case

As soon as we fix 𝑋 ∈𝕏≻≻

𝑐 , the matrix

𝑊𝑐(𝑋,ℳ) = [ −𝐴H𝑋 −𝑋𝐴 𝐶H−𝑋𝐵
𝐶 −𝐵H𝑋 𝐷+𝐷H ]
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is linear as a function of the coefficients 𝐴,𝐵,𝐶 ,𝐷. When perturbing the coeffi-
cients, we thus preserve strict passivity, as long as

𝑊𝑐(𝑋,ℳ+Δℳ)

≔ [ −(𝐴+Δ𝐴)H𝑋 −𝑋(𝐴+Δ𝐴) (𝐶 +Δ𝐶)H−𝑋(𝐵 +Δ𝐵))
(𝐶 +Δ𝐶)− (𝐵 +Δ𝐵)H𝑋 (𝐷 +Δ𝐷)+ (𝐷 +Δ𝐷)H

] ≻ 0.

We thus suppose that𝑊𝑐(𝑋,ℳ) ≻ 0 and look for the smallest perturbationΔℳ to
our modelℳ that makes det𝑊𝑐(𝑋,ℳ+Δℳ) = 0. To measure the model pertur-
bation, we propose to use the norm of the perturbation of the system pencil

‖Δℳ‖≔
‖‖‖‖‖‖‖

⎡

⎣

0 Δ𝐴 Δ𝐵
ΔH
𝐴 0 ΔH

𝐶
ΔH
𝐵 Δ𝐶 Δ𝐷+ΔH

𝐷

⎤

⎦

‖‖‖‖‖‖‖
2

≈
‖‖‖‖‖
[ Δ𝐴 Δ𝐵
Δ𝐶 Δ𝐷

]
‖‖‖‖‖2
,

which holds when Δ𝐷 is Hermitian and where ‖ ⋅ ‖2 denotes the matrix 2-norm.
We have the following lower bound in terms of the smallest eigenvalue 𝜆min of a
scaled version of𝑊𝑐(𝑋,ℳ).

Lemma 6.4. The 𝑋-passivity radius, defined for a given 𝑋 ∈𝕏≻≻

𝑐 as

𝜌𝑐ℳ(𝑋)≔ inf
Δℳ
{‖Δℳ‖|det𝑊𝑐(𝑋,ℳ+Δℳ) = 0},

satisfies
𝜆min(𝑌𝑐𝑊𝑐(𝑋,ℳ)𝑌𝑐) ≤ 𝜌𝑐ℳ(𝑋),

for

𝑌𝑐≔[ 𝐼𝑛+𝑋2 0
0 𝐼𝑚

]
− 1
2

⪯ 𝐼𝑛+𝑚.

▷

Proof. See [BMNV20b, Lemma 4].

6.4.2. The Discrete-time Case

In the discrete-time case, for a fixed 𝑋 the LMI takes the form

𝑊𝑑(𝑋) = [ −𝐴H𝑋𝐴+𝑋 𝐶H−𝐴H𝑋𝐵
𝐶 −𝐵H𝑋𝐴 𝐷+𝐷H−𝐵H𝑋𝐵 ] ⪰ 0,

137



6. The Analytic Center of the Passivity Linear Matrix Inequality

and its perturbed version is

𝑊𝑑(𝑋,ℳ+Δℳ)

≔ [ −(𝐴+Δ𝐴)H𝑋(𝐴+Δ𝐴)+𝑋 (𝐶 +Δ𝐶)H−(𝐴+Δ𝐴)H𝑋(𝐵 +Δ𝐵)
𝐶 +Δ𝐶−(𝐵 +Δ𝐵)H𝑋(𝐴+Δ𝐴) 𝑅+Δ𝑅−(𝐵 +Δ𝐵)H𝑋(𝐵 +Δ𝐵)

]

≻ 0,

where again 𝑅≔𝐷+𝐷H and Δ𝑅≔Δ𝐷+ΔH
𝐷.

Note that, in contrast to the continuous-time case, for given 𝑋 ∈ 𝕏≻≻

𝑑 , the
quantity𝑊𝑑(𝑋,ℳ+Δℳ) is not linear in the perturbations. Nevertheless, we have
an analogous bound as in Lemma 6.4 also in the discrete-time case.

Lemma 6.5. The 𝑋-passivity radius, defined for a given 𝑋 ∈𝕏≻≻

𝑑 as

𝜌𝑑ℳ(𝑋)≔ inf
Δℳ
{‖Δℳ‖|det𝑊𝑑(𝑋,ℳ+Δℳ) = 0},

satisfies

𝜆min(𝑌𝑑 (𝑊𝑑(𝑋,ℳ)−[𝐴
H+𝐼𝑛
𝐵H ] 𝑋

2 [Δ𝐴 Δ𝐵]−[
ΔH
𝐴

ΔH
𝐵
] 𝑋
2 [𝐴+𝐼𝑛 𝐵])𝑌𝑑)

≤ 𝜌𝑑ℳ(𝑋),

where

𝑌𝑑≔[ 𝐼𝑛+𝑚+𝑍H
𝑑 𝑍𝑑 ]

− 1
2 ⪯ 𝐼𝑛+𝑚, 𝑍𝑑≔−[ 𝑋

2
(𝐴+Δ𝐴−𝐼𝑛)

𝑋

2
(𝐵 +Δ𝐵) ] .

▷

Proof. See [BMNV20b, Lemma 5].

6.4.3. Examples with Analytic Solution

In this subsection, to illustrate the results, we present simple examples of scalar
transfer functions (𝑚=1) of first degree (𝑛 = 1).

Consider first an asymptotically stable continuous-time system and transfer
function 𝑇 (𝑠) = 𝑑+ 𝑐𝑏

𝑠−𝑎
i. e., with 𝑎 < 0. Then

𝑊𝑐(𝑥) = [ −2𝑎𝑥 𝑐−𝑏𝑥
𝑐−𝑏𝑥 2𝑑 ]
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6.4. Computation of Bounds for the Passivity Radius

and its determinant is det(𝑊𝑐(𝑥)) = −4𝑎𝑑𝑥−(𝑐−𝑏𝑥)2, which is maximal at the
central point 𝑥𝑎 =

𝑐

𝑏
− 2𝑎𝑑

𝑏2
. We then get

𝑊𝑐(𝑥𝑎) =
⎡

⎣

4𝑑𝑎2

𝑏2
−2𝑐𝑎

𝑏
2𝑑𝑎

𝑏
2𝑑𝑎

𝑏
2𝑑

⎤

⎦
= [

1 𝑎

𝑏
0 1

][ 𝑝 0
0 2𝑑 ][

1 0
𝑎

𝑏
1 ],

with 𝑝 = 2𝑑𝑎2

𝑏2
−2𝑐𝑎

𝑏
, which implies that det(𝑊𝑐(𝑥𝑎)) = 2𝑑 ⋅𝑝. For the transfer

function to be strictly passive, it must be asymptotically stable and positive on
the imaginary axis and hence also at 0 and∞. Thus, we have the conditions

𝑎 < 0, 𝑑 > 0, 𝑑𝑎−𝑐𝑏𝑎 > 0. (6.23)

The function Φ𝑐(𝚤𝜔) = 2𝑑 − 2𝑎𝑐𝑏

𝑎2+𝜔2
is a unimodal function, which reaches its

minimum either at 0 (namely Φ𝑐(0) = 𝑝𝑏2

𝑎2
) or at ∞ (namely Φ𝑐(∞) = 2𝑑) and

hence the conditions in (6.23) are sufficient to check passivity. Thus, for the
modelℳ, strict passivity gets lost when either one of the following happens

𝑑+𝛿𝑑 = 0, 𝑎 +𝛿𝑎 = 0, [ 𝑐+𝛿𝑐 𝑑+𝛿𝑑 ][ −𝑏−𝛿𝑏
𝑎+𝛿𝑎

] = 0.

Therefore, it follows that

𝜌 =min(𝑑,𝑎,𝜎2[
𝑎 𝑏
𝑐 𝑑 ]) = 𝜎2[

𝑎 𝑏
𝑐 𝑑 ]

At the analytic center 𝑥𝑎 we have

det𝑊𝑐(𝑥𝑎) = 2𝑑𝑝 = 4𝑎𝑑𝑏2 (𝑎𝑑−𝑏𝑐)

and the smallest perturbation of the parameters that makes this determinant
go to 0, yields exactly the same conditions as (6.23). This illustrates that the
𝑋-passivity radius at the analytic center yields a very good condition for strict
passivity of the model.
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6. The Analytic Center of the Passivity Linear Matrix Inequality

In the discrete-time case the transfer function is 𝑇 (𝑧) = 𝑑+ 𝑐𝑏

𝑧−𝑎
and for it to

be asymptotically stable we need 𝑎2 < 1, when we assume the coefficients to be
real. Then

𝑊𝑑(𝑥) = [𝑥−𝑎
2𝑥 𝑐−𝑎𝑏𝑥

𝑐−𝑎𝑏𝑥 2𝑑−𝑏2𝑥]

and the analytic center, where det𝑊𝑑(𝑥) = (1−𝑎2)𝑥(2𝑑 −𝑏2𝑥)− (𝑐 −𝑎𝑏𝑥)2 is
maximal, is given by 𝑥𝑎 =

𝑑−𝑎2𝑑+𝑎𝑏𝑐

𝑏2
with

det𝑊𝑑(𝑥𝑎) =
(𝑎2−1)(𝑏𝑐−(𝑎 −1)𝑑)(𝑏𝑐−(𝑎+1)𝑑)

𝑏2 .

ThefunctionΦ𝑑(𝑧) =
𝑏𝑐
1
𝑧
−𝑎
+ 𝑏𝑐

𝑧−𝑎
+2𝑑 isminimal on theunit circle at𝑧 = 1or𝑧 = −1.

Thus positivity gets lost, when either 𝑎 reaches 1 or −1, or 𝑏𝑐− (𝑎 −1)𝑑 = 0 or
𝑏𝑐−(𝑎+1)𝑑 = 0. This is exactly the condition also reflected in the determinant of
𝑊(𝑥𝑐) at the analytic center 𝑥𝑎. This again illustrates that the 𝑋-passivity radius
at the analytic center gives a good bound for the passivity radius of the system.
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7. Condition Number Optimization in
Algebraic Riccati Equations

In this chapterwe analyzehow the infinite time-horizonoptimal control problem
given by the objective function (II.1) can be used for optimization of certain
stability quantities of linear time-invariant systems with ordinary differential
equations (ODEs). Thus, we consider systems (𝐸, 𝐴, 𝐵, 𝑓) ∈ Σ𝑚,𝑛(𝕂)with 𝐸 = 𝐼𝑛
and 𝑓 = 0, and 𝐴 ∈𝕂𝑛×𝑛, 𝐵 ∈ 𝕂𝑛×𝑚 are time-invariant constant matrices.

Stabilization in the context of these homogeneous systems (𝐼𝑛,𝐴) can be
viewed as computing a feedback matrix 𝐹 ∈𝕂𝑛×𝑚 such that the resulting closed-
loop matrix 𝐴𝐹 = 𝐴−𝐵𝐹 is stable, i. e., the spectrum of 𝐴𝐹 is contained in the
closed complex left-half plane. However, with eigenvalues of 𝐴𝐹 close or on the
imaginary axis, stability may be very sensitive to perturbations of the data.

Here, we thus consider the problem of robust stabilization which aims at
moving all eigenvalues of 𝐴𝐹 to the region

ℛ𝜚 = {𝑧 ∈ ℂ ∣ ℜ𝑧 ≤ 𝜚}, (7.1)

for a fixed 𝜚 < 0, while minimizing a certain objective function. Possible choices
for the objective function are the robustness criteria

1. ‖𝐹‖𝐹,

2. 𝜅𝐹≔ cond(𝐴−𝐵𝐹), or

3. 𝜅𝐹√1+‖𝐹‖2𝐹.

We have a bilevel optimization problem according to Definition 2.1. The lower
level is given by the linear-quadratic optimal control problem, where instead
of the optimal solution 𝑥∗ we want the optimal feedback 𝐹. The upper level
optimizes one of the Robustness Criteria 1 to 3 over the weight coefficients𝑄,𝑆,
and 𝑅 subject to the inequality constraint (7.1).
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7. Condition Number Optimization in Algebraic Riccati Equations

In [MX00] it is analyzed, how different methods can be used to minimize Ro-
bustness Criteria 1 to 3. Here, we consider the approach of computing solutions
of the algebraic Riccati equation via the deflating subspaces approach, see e. g.,
[Meh91]. This approach is to be favored over the subspace computation via
Hamiltonian matrix pencils, as the feedback 𝐹 is computed directly without
forming a solution 𝑋 explicitly [MX00].

7.1. Subspace Computations for Algebraic Riccati
equations

The algebraic Riccati equation is given by

𝑄+𝐴H𝑋 +𝑋𝐴−(𝑆 +𝑋𝐵)𝑅−1(𝑆H+𝐵H𝑋) = 0, 𝑋H =𝑋, (7.2)

where𝑄 ∈𝕂𝑛×𝑛,𝑄 ⪰ 0, 𝑆 ∈𝕂𝑛×𝑚, 𝑅 ∈𝕂𝑚×𝑚, 𝑅 ≻ 0, and

[ 𝑄 𝑆
𝑆H 𝑅] ⪰ 0.

We call 𝑋 a robustly stabilizing solution of (7.2), if for 𝐹 = 𝑅−1(𝐵H𝑋 +𝑆H), we
have that the eigenvalues of the closedhyphenloop matrix 𝐴𝐹 =𝐴−𝐵𝐹 lie inℛ𝜚
as defined in (7.1) for some 𝜚 < 0. Whether or not the eigenvalues of 𝐴𝐹 fulfill
that condition depends on the particular choices of𝑄,𝑆, and 𝑅.

A solution of (7.2) can be computed via a stable deflating subspace of the
pencil

𝑠ℰ+𝒜=
⎡

⎣

0 −𝑠𝐼𝑛+𝐴 𝐵
𝑠𝐼𝑛+𝐴H 𝑄 𝑆
𝐵H 𝑆H 𝑅

⎤

⎦
, (7.3)

see [Meh91]. In that case, 𝑋 and the corresponding feedback 𝐹 fulfill

(𝑠ℰ+𝒜)
⎡

⎣

𝑋
𝐼𝑛
−𝐹

⎤

⎦
=
⎡

⎣

𝐼𝑛
−𝑋
0

⎤

⎦
(−𝑠𝐼𝑛+𝐴−𝐵𝐹). (7.4)

The matrix pencil (7.3) is called an even pencil as it fulfills the defining prop-
erties ℰH =−ℰ and𝒜H =𝒜. This structural property is preserved under unitary
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7.2. Optimization of the Condition Number of𝑈2

congruence transformations and can be exploited in numerical methods, see
e. g., [KSW09].

The deflating subspace
⎡

⎣

𝑋
𝐼𝑛
−𝐹

⎤

⎦
(7.5)

is then computed in the followingway. First, unitary congruence transformations
on the pencil (ℰ,𝒜) are applied such that the deflating subspace is given by the
isometric matrix

⎡

⎣

𝑈1
𝑈2
𝑈3

⎤

⎦
. (7.6)

In the final step, one recovers 𝑋 and 𝐹 in (7.4) by multiplying𝑈1 and𝑈3 by the
inverse of𝑈2, i. e., 𝑋 =𝑈1(𝑈2)−1 and 𝐹 =−𝑈3(𝑈2)−1.

Note, that the isometric representation (7.6) is unique up to unitary transfor-
mations from the right.

Since both subspaces (7.5) and (7.6) span the same stabilizing subspace and
𝑈 is isometric it follows that

𝑈H
2 (𝐼𝑛+𝑋2+𝐹H𝐹)𝑈2 =𝑈H

2 [𝑋 𝐼𝑛 −𝐹H]
⎡

⎣

𝑋
𝐼𝑛
−𝐹

⎤

⎦
𝑈2 = 𝐼𝑛.

Thus, up to a unitary scaling 𝑉 the matrix𝑈2 is given by

𝑈2 = (𝐼𝑛+𝑋2+𝐹H𝐹)−
1
2 𝑉 .

7.2. Optimization of the Condition Number of 𝑈2

The condition number of𝑈2 is optimal, if, up to unitary scaling,𝑈2 is a multiple
of the identity matrix. Thus, in order to optimize the condition number, we want
to find𝑄,𝑅,𝑆 such that

𝐼𝑛+𝑋2+𝐹H𝐹 = 𝛿𝐼𝑛 (7.7)

for some 𝛿 ≥ 1.
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First, we consider the case 𝑆 = 0. Since 𝐹 = 𝑅−1𝐵H𝑋 we need to find 𝑋 such
that

𝑋(𝐼𝑛+𝐵𝑅−2𝐵H)𝑋 = 𝜀𝐼𝑛 (7.8)

with some 𝜀 = 𝛿−1 ≥ 0. Hence,

�̂� = ±√𝜀(𝐼𝑛+𝐵𝑅−2𝐵H)−
1
2 (7.9)

are the two solutions of (7.8). Note, that �̂� is independent of a concrete choice
of𝑄. The aim now is to modify𝑄 and 𝑅 such that this �̂� becomes the solution of
the Riccati equation (7.2).

Inserting �̂� from (7.9) into the Riccati equation (7.2) we obtain

𝑄+𝐴H�̂� + �̂�𝐴−�̂�𝐵𝑅−1𝐵H�̂� = 0 (7.10)

and we can choose 𝑄 depending on 𝑅. We still need to make sure, that the
resulting𝑄 is positive semi-definite.

Lemma 7.1. Assume, that 𝐵 ∈ 𝕂𝑛×𝑚 has full column rank. Consider Equa-
tion (7.10)with corresponding solution �̂� given by (7.9). Then, there exists 𝜀 > 0
such that𝑄 is positive semi-definite and fulfills (7.10). ▷

Proof. First note, that 𝑄 is 0 for 𝜀 = 0. For positive 𝜀we can assume that 𝐵 has
full column rank. Thus, there exists a unitary transformation 𝑉 ∈𝕂𝑛×𝑛 such that

𝑉 H𝐵 = [𝐵10 ].

Hence, 𝑉 H�̂�𝑉 is of the form

𝑉 H�̂�𝑉 = ±√𝜀[𝑋11 0
0 𝐼𝑚

]. (7.11)

Setting

𝑉 H𝐴𝑉 = [𝐴11 𝐴12
𝐴21 𝐴22

], 𝑉 H𝑅𝑉 = [𝑅11 𝑅12
𝑅21 𝑅22

],

we note, that the matrix

[𝑋11𝐵1𝑅−1
11 𝐵H

1 𝑋11 0
0 𝐼𝑚

]
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7.2. Optimization of the Condition Number of𝑈2

is positive definite, since �̂� in (7.9) is positive definite and thus by construction
also 𝑋11. Consequently, we obtain that

√𝜀[𝐴
H
11𝑋11 0

𝐴H
12𝑋11 𝐴H

22
]+√𝜀[𝑋11𝐴11 𝑋11𝐴12

0 𝐴22
]−𝜀[𝑋11𝐵1𝑅−1

11 𝐵H
1 𝑋11 0

0 𝐼𝑚
] ≺ 0

for sufficiently large 𝜀. Hence,𝑄 can be chosen positive definite for sufficiently
large 𝜀.

Remark 7.1. We can slightly weaken condition (7.7) such that we prescribe
arbitrary eigenvalues instead of all being identical.

This can be achieved by requiring that instead of (7.7) the solutions 𝑋 and 𝐹
fulfill

𝑋2+𝐹H𝐹 = 𝑌 (7.12)

for some 𝑌 ⪰ 𝐼𝑛 that commutes with 𝐵𝑅−2𝐵H. As the coordinates of 𝑌 are fixed
by 𝐵𝑅−2𝐵H, we are left to choose the eigenvalues of 𝑌 and possibly their order.

A solution of (7.12) then is given by

�̂� = 𝑌
1
2 (𝐼𝑛+𝐵𝑅−2𝐵H)−

1
2

and the statement of Lemma 7.1 holds analogously. ▷

In [MX00] it has been shown, that parametrizations with 𝑆 = 0 are not always
sufficient to optimize the Robustness Criteria 1 to 3. If 𝑆 ≠ 0, however, the
situation is much more complicated. The feedback 𝐹 is given by 𝐹 =𝑅−1(𝐵H𝑋 +
𝑆H). Then, in order to fulfill (7.7), we have to find �̂� such that

𝑆𝑅−2𝑆H+𝑆𝑅−2𝐵H�̂� + �̂�𝐵𝑅−2𝑆H+�̂�(𝐼𝑛+𝐵𝑅−2𝐵H)�̂� = 𝜀𝐼𝑛. (7.13)

Compared to (7.8) we are not able to state the solution explicitly anymore. Equa-
tion (7.13) rather corresponds to finding a solution of the algebraic Riccati equa-
tion (7.2) corresponding to the new system

�̃� = 𝐵𝑅−2𝑆H, �̃� = 𝐼𝑛, �̃� = −𝑆𝑅−2𝑆H+𝜀𝐼𝑛, �̃� = 0, �̃� = (𝐼𝑛+𝐵𝑅−2𝐵H)−1.

After changing the signs by setting �̃� = −�̂�we get

�̃� + �̃�H�̃� + �̃��̃� − �̃��̃�−1�̃� = 0. (7.14)
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For the computation of �̃� in (7.14) we need to solve another algebraic Riccati
equation and thus possibly face the same conditioning problem as for the origi-
nal Riccati equation. One idea is to revert back to the case 𝑆 = 0 to obtain the
solutions

�̃� = ±√𝜀(𝐼𝑛+(𝐼𝑛+𝐵𝑅−2𝐵H)2)−
1
2 . (7.15)

However, with this approach we also need to modify �̃� and in general it is not
guaranteed, that there exist 𝑆 and 𝜀 such that �̃� = −𝑆𝑅−2𝑆H+𝜀𝐼𝑛 can be fulfilled.

If, on the other hand, such 𝑅, 𝑆, and 𝜀 are given with �̃� as in (7.15) and 𝐵with
full column rank, then we can compute the corresponding𝑄 as in Lemma 7.1.

7.3. Improving the Robustness Criteria

The Robustness Criteria 1 to 3 do not constrain the condition number of 𝑈2.
Thus, one could add the condition cond𝑈2 = 1 to the Robustness Criteria 1 to 3.
However, since adding constraints makes the feasible set smaller, analytically,
one can only expect worse or equal results.

On the other hand, if we have a bad initial guess for the parameters the error
introduced by a bad conditioning of𝑈2 may be large enough, such that the con-
strained solutionmay behave better than the unconstrained approach of [MX00].
Or, the constrained solution may at least serve as a better initial guess. Let us
consider the following example.

Example 7.1. Let𝑈 ∈ℝ2×2 be an arbitrary orthogonal matrix, 𝛾 > 0, 𝛿 ≥ 0 two
parameters, and set

𝐴 =𝑈[2 0
0 0]𝑈

𝑇, 𝐵 =𝑈, 𝑄 =𝑈[6 0
0 𝛿]𝑈

𝑇, 𝑅 = [
1

2
0

0 𝛾
], 𝑆 = 0. (7.16)

Then, as solution of (7.2), we obtain

𝑋 =𝑈[
3 0
0 √𝛿𝛾

]𝑈𝑇, 𝐹 = 𝑅−1𝐵𝑇𝑋 = [
6 0
0 √𝛿𝛾−1

]𝑈𝑇

and

𝐴−𝐵𝐹 =𝑈[
−4 0
0 −√𝛿𝛾−1

]𝑈𝑇.
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The eigenvalues of 𝐴−𝐵𝐹 are given by 𝜆1 =−4 and 𝜆2 =−√𝛿𝛾−1. Let 0 < 𝜚 ≤ 4
be given. Then 𝜆1,𝜆2 ∈ℛ𝜚 if and only if

𝛿 ≥ 𝜚2𝛾. (7.17)

Robustness Criterion 1 is minimizing the Frobenius norm of the feedback
matrix 𝐹. The Frobenius norm is given by

‖𝐹‖2𝐹 = 36+𝛿𝛾−1 (7.18)

and, using (7.17), is bounded below by 36+𝜚2. Thus, the Frobenius norm (7.18)
is minimized by choosing 𝛿 and 𝛾 such that equality holds in (7.17).

Robustness Criterion 2 is minimizing the condition number of 𝐴−𝐵𝐹. For
𝛿𝛾−1 ≤ 16 it is given by

cond(𝐴+𝐵𝐹) = 4
𝛿𝛾−1 . (7.19)

If 𝛿 = 𝜚2𝛾, then (7.19) is independent of 𝛿 and 𝛾.
According to (7.11) the condition number of 𝑈2 is given by the condition

number of

(𝐼2+[
9 0
0 𝛿𝛾]+[

36 0
0 𝛿𝛾−1])

1
2

.

Note, that𝛾+𝛾−1 is boundedbelowby 2. Thus, for𝛿 ≥ 22.5 the condition number
of𝑈2 equals

cond𝑈2 =√1+𝛿𝛾+𝛿𝛾−1
46 .

Note, that for 𝛿 = 𝜚2𝛾 all robustness criteria are independent of the value of 𝛿
and 𝛾, where at the same time, cond𝑈2 is unbounded for 𝛾 →∞. This suggests,
that the numerical computation of the optimal robustness criteria is depend-
ing on the values of 𝛾 and whether the parametrization results in a reasonably
sized condition number of𝑈2. Although, for the exact solution the value of 𝛾 is
irrelevant as long as 𝛿 = 𝜚2𝛾.

Instead of leaving 𝛿 as a free parameter, we can use Lemma 7.1 to compute𝑄
differently and enforce cond𝑈2 = 1. Choose

�̂� =√𝜀[5 0
0 1+𝛾−2]

− 1
2
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and therefore set

𝑄 =−√𝜀
⎡

⎣

4

√5
0

0 0
⎤

⎦
+𝜀

⎡

⎣

2

5
0

0 1

𝛾+𝛾−1

⎤

⎦
,

which is positive definite for 𝜀 > 20.
The corresponding feedback matrix �̂� is given by

�̂� = 𝑅−1𝐵𝑇�̂� =√𝜀
⎡

⎣

2

√5
0

0 𝛾−1

√1+𝛾−2

⎤

⎦
𝑈𝑇 (7.20)

and

𝐴−𝐵�̂� =𝑈
⎡
⎢
⎣

2−2√
𝜀

5
0

0 −√𝜀 𝛾−1

√1+𝛾−2

⎤
⎥
⎦
𝑈𝑇.

For 𝜀 = 45, this new 𝑄 corresponds to setting 𝛿 = 45(𝛾 +𝛾−1)−1 in (7.16). The
eigenvalues of 𝐴−𝐵�̂� are given by �̂�1 =−4 = 𝜆1 and �̂�2 =−45

1
2 (𝛾2+𝛾−2)−

1
2 .

From (7.20) it can be seen that the Frobenius norm ‖�̂�‖𝐹 isminimized, if either
𝛾 is maximized or minimized such that �̂�2 hits the −𝜚 bound.

In summary, we have seen that both approaches, keeping 𝛿 as a free parameter
or setting 𝛿 such that cond𝑈2 = 1, lead to optimal solutions for appropriate
values of 𝛾. However, in the first case, we may face the problem that a bad
choice of 𝛾 leads to a bad conditioning of the matrix𝑈2. Thus, in a numerical
optimization process for Robustness Criteria 1 to 3 we may obtain more robust
results by constraining cond𝑈2. ▷
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Wehave seen several examples ofmultilevel optimization andmultilevel optimal
control problems.

Conclusion

In Part I we have analyzed the computation of sensitivities for boundary value
problems in the context of differential-algebraic control systems and an applica-
tion to multilevel optimal control problem with nonlinear least squares upper
level. We applied the adjoint approach in the weak setting to the necessary con-
ditions of the optimal control problem and we discussed possibilities for the
computation of the sensitivities, a multiple shooting approach and a Riccati like
approach.

We concluded Part I by analyzing a bilevel optimal control problem with non-
linear least squares upper level, also known as parameter estimation. We used
perturbation results for the Gauss-Newton method to develop an estimate for
themaximal allowed error in the computation of solutions of the optimal control
problem and the corresponding sensitivity computation. A numerical example
confirmed convergence using the error estimator with prescribed tolerances.
Also recall Figure I.2 for a graphical summary of the procedure.

In Part II we analyzed twomore examples ofmultilevel optimization problems.
In Chapter 6 we derived conditions for the analytic center of the linear matrix
inequalities (LMIs) associated with the passivity of linear continuous-time or
discrete-time systems. We presented numerical methods to compute these
analytic centers with steepest descent and Newton methods and we presented
lower bounds for the passivity radii associated with the LMIs evaluated at the
respective analytic center.

In Chapter 7 we have seen possible ways of constraining the weights𝑄,𝑆, and
𝑅 depending on the system coefficients 𝐴 and 𝐵 such that in the computation of
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the respective Riccati equation (7.2) the condition number of𝑈2 is 1 or any other
desired value larger than 1. We have seen an example, where constraining the
weights does not lead to suboptimal solutions while enforcing that cond𝑈2 = 1.

However, practical usefulness is limited so far for computing solutions with
cond𝑈2 = 1. Instead of computing 𝑋 and 𝐹with the Riccati equation (7.2), one
would directly use the parametrization of 𝑋 given by (7.9) or (7.15).

Synopsis

In compact form, the following statements were established.

1. The domains of linear parameter-dependent differential-algebraic equa-
tions (DAEs) canbedecomposed intopairwise disjoint domains, where the
characteristic quantities of the DAE (3.52) are constant, see Theorem 3.25.

2. On each of those domains, there exist local smooth full rank decomposi-
tions, see Lemma 3.26.

3. The sensitivities of a parameter-dependent DAE (4.1) can be uniquely
determined via a forward system approach, see Lemma 4.1.

4. The sensitivities of (4.1) can also be computed via an adjoint approach.

a) We developed a general adjoint equation for boundary value prob-
lems of strangeness-free DAEs and analyzed solvability and unique-
ness properties, see Lemma 4.3.

b) We recovered a version of the Lagrange identity in Lemma 4.4 in the
strangeness-free case.

c) We developed formulas for the computation of the integrated sensi-
tivities based on a solution of a particular adjoint equation, see Theo-
rem 4.6 and Corollary 4.8.

5. The sensitivities of a parameter-dependent DAE (4.27) in the weaker set-
ting can be uniquely determined via a forward system approach, see Lem-
ma 4.1, provided that condition (4.31) holds.
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6. We developed a formula for the computation of the sensitivities of (4.27)
in the weaker setting based on a solution of a particular adjoint equation,
see Corollaries 4.8 and 4.9.

7. Based on the results we developed an adjoint equation for the necessary
conditions in optimal control problems with strangeness-free DAEs.

8. Wediscussedpossibilities for dealingwith higher indexDAEs in Section 4.6.
We have seen an example with a formal sensitivity adjoint equation based
on the formal necessary conditions, where we observed additional regu-
larity requirements on the inhomogeneity and the boundary and jump
conditions. We concluded that, whenever possible, higher index models
should be avoided.

9. We derived a multiple shooting approach and analyzed the convergence
behavior, see Subsection 4.7.1

10. We derived a differential Riccati type approach for the computation of the
sensitivities, see Subsection 4.7.2.

11. We developed an error estimator for a bilevel parameter estimation prob-
lem (5.1) and illustrated the results with a numerical example, see Chap-
ter 5.

12. We derived formulas for the analytic center of the passivity LMI for contin-
uous-time and discrete-time linear time invariant systems, see Section 6.2.

13. We developed a steepest descent approach, see Subsection 6.3.1, and a
Newton method for the computation of the analytic center, see Subsec-
tion 6.2.2.

14. Weprovedquadratic convergenceof theNewtonmethod,when the iterates
are close enough to the analytic center. We still have linear convergence,
otherwise, see Subsubsection 6.3.2.3.

15. The Newton method needs the solution of a linear system which we solve
by a vectorization procedure, see Remark 6.4.
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16. Numerical experiments confirmed quadratic convergence. The steepest
descentmethodproduces very small improvements and thus isnot feasible
in general, see Subsection 6.3.3.

17. We developed a parametrization of the condition number of the matrix𝑈2
involved in the computation of a solution to the algebraic Riccati equation
in terms of a solution 𝑋 and the corresponding feedback 𝐹.

18. We showed how that condition number can be optimized by choosing
according weight matrices and thus fixing a corresponding solution of the
Riccati equation, see Lemma 7.1.

19. We provided an example which confirms that enforcing the condition
number of𝑈2 to 1 still may yield optimal results for the upper level opti-
mizationof certain robustness criteria in the context of robust stabilization,
see Example 7.1.

Outlook

Possible future work includes the following.

1. In Subsection 3.4.7 we have seen that the characteristic quantities of the
DAE (3.52)may change for different values of the parameters. In particular,
Example 3.9 showed that a deeper analysis is necessary. The regularization
techniques presented in [KM18] could be helpful for finding solutions in
such cases.

2. So far, we restricted ourselves to parameters 𝜃 ∈ ℝ𝑝. An extension to time
dependent parameter functions 𝜃 ∈ 𝒞0(𝕀,ℝ𝑝) is desirable.

3. We presented methods for the numerical computation in Section 4.7. It
would be beneficial to extend the analysis to collocation methods and a
comparison of all approaches. In particular in comparison with direct
approaches not using the necessary conditions. We suspect, that con-
vergence issues, similar to what is described in [CK13], are noticeable,
especially for time and possibly parameter-dependent kernels of the lead-
ing matrix 𝐸.
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4. Throughout Part I we assumed that the lower level optimal control problem
is uniquely solvable for every fixed parameter. Dropping that assumption
requires techniques presented in [Meh16] and a derivation of subdifferen-
tials for DAEs similar to [SB16; SB17].

5. In Chapter 6 the analysis and computation of the analytic center is re-
stricted to dynamics based on ordinary differential equations (ODEs). In
the DAE case we have to adapt certain quantities as the matrix function
𝑊(𝑋), to accommodate for the algebraic constraints. This can be achieved,
e. g., by using projected LMIs as developed in [RRV15] for the continuous-
time case or [BV18] in the discrete-time case.

6. In the computation of the analytic center via the steepest descent method
we noted, that the convergence speed is very slow. A good preconditioner
matrix may improve the situation.

7. TheNewtonmethod relies on the solution of a linear system, which by now
is solved by a vectorization process, see Remark 6.4. An iterative approach,
without blowing up the dimension due to vectorization, is desirable.

8. Also, in Chapter 7 many problems remain open and are subject to further
research, for example:

a) What is the distance between the optimal value of the optimization
of the Robustness Criteria 1 to 3 with the unconstrained optimization
to the constrained case with small cond𝑈2?

b) Is the distance always small or even 0 as in Example 7.1?

c) How are those distances affected by allowing 𝑆 ≠ 0?

d) Can we improve the overall performance of the optimization of the
robustness criteria by constraining the condition number of𝑈2?

e) An extension to DAEs with analysis of limiting situations.
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A. Derivatives of Functions of
Complex Matrices

In this appendix we present a precise derivation of the formulas for the differenti-
ation of a matrix function with respect to a complex matrix. Here we distinguish
between complex vector spaces ℂ𝑛 and the corresponding real vector space
ℝ𝑛+ iℝ𝑛. Both spaces can be identified by 𝐜 ∶ ℂ𝑛→ℝ𝑛+ iℝ𝑛, 𝐜(𝑣) = ℜ(𝑣)+ iℑ(𝑣).
For matrix spaces of dimension𝑚×𝑛we use the usual identification with the
vector spacesℂ𝑛 andℝ𝑛+ iℝ𝑛. The spaceℂ𝑛 is equipped with the standard scalar
product ⟨𝑥,𝑦⟩ℂ≔𝑥H𝑦. By 𝜕

𝜕𝑋
we denote the differentiation in a real vector space,

whereas the differentiation of a holomorphic function 𝑔 is denoted by 𝑔′. Note
that if we write 𝐜∘𝑔(𝑥) = 𝑢(𝑥𝑟+ i𝑥𝑖)+ i𝑣(𝑥𝑟+ i𝑥𝑖), then by the Cauchy-Riemann
equations, see e. g. [FB05], we have 𝐜 ∘ 𝑔′(𝑥) = 𝜕

𝜕𝑥𝑟
𝑢(𝑥𝑟 + i𝑥𝑖) − i 𝜕

𝜕𝑥𝑖
𝑢(𝑥𝑟 + i𝑥𝑖).

Then we have the following result:

LemmaA.1. Assume that𝑔 ∶ ℂ𝑛×𝑛→ℂ is holomorphic. Then𝑓 ∶ ℝ𝑛×𝑛+iℝ𝑛×𝑛→ℝ
defined by

𝑓(𝑋𝑟+ i𝑋𝑖) ∶= ℜ𝑔(𝑋)

is differentiable over ℝwith

𝜕
𝜕𝑋𝑓(𝑋𝑟+ i𝑋𝑖) = ℜ(𝑔′(𝑋) ∘𝐜−𝟏)

and
⟨ 𝜕
𝜕𝑋𝑓(𝑋𝑟+ i𝑋𝑖),Δ⟩

ℝ
=ℜ⟨𝑔′(𝑋),𝐜−𝟏(Δ)⟩ℂ, Δ = Δ𝑟+ iΔ𝑖. ▷

For the holomorphic function 𝑔(𝑋) = det(𝑋) the following fact is well-known,
see e. g. [MN99] for a proof in the real case, that easily extends to the complex
case.
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Lemma A.2 (Jacobi’s formula). Let 𝑔(𝑋) = det(𝑋) and 𝑋 ∈ ℂ𝑛×𝑛. Then 𝑔′(𝑋) =
adj(𝑋𝑇) and the directional derivative of 𝑔 in the direction Δ ∈ ℂ𝑛×𝑛 equals

𝑔′(𝑋) ∘Δ = tr(adj(𝑋)Δ) = ⟨adj(𝑋)H,Δ⟩ℂ. ▷

Applying the chain-rule we finally obtain the differentiation formula, which is
used throughout Chapter 6.

Corollary A.3. Let 𝑓 ∶ ℝ𝑛×𝑛+ iℝ𝑛×𝑛 →ℝ with 𝑓(𝑋𝑟+ i𝑋𝑖) = lnℜdet(𝑋) and 𝑋 ∈
ℂ𝑛×𝑛 with ℜdet(𝑋) > 0. Then

𝜕
𝜕𝑋𝑓(𝑋𝑟+ i𝑋𝑖) = 𝐜∘ ( det(𝑋)

ℜdet(𝑋)𝑋
−H) .

Moreover, if 𝑋 ∈ℍ𝑛 then

𝜕
𝜕𝑋𝑓(𝑋𝑟+ i𝑋𝑖) = 𝐜∘ (𝑋−H) . ▷
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B. Differences Between
Continuous-Time and
Discrete-Time Systems

Usually, statements for a continuous linear time-invariant system can be trans-
formed back and forth to discrete-time systems using some bilinear transform.
However, the equations determining the analytic center in both cases are cubic
in 𝑋, which suggests that there might not be a one-to-one correspondence. We
have shown that the eigenvalues of the feedback systemmatrix𝐴𝐹𝑐 at the analytic
center lie on the imaginary axis in the continuous-time case, whereas they lie
inside the unit disk in the discrete-time setting. In this appendix we show that it
is indeed necessary to consider the continuous-time and discrete-time case sep-
arately by showing that the three equations determining the analytic center are
not preserved under the usual bilinear transformations. In the first subsection
we show that the domains of the LMIs are the same for the continuous-time and
discrete-time cases, but in the second subsection we show that the feedbacks
associated with the analytic center are not related via a bilinear transformation.

B.1. Bilinear Transformations

The bilinear transformation 𝑠 = (𝑧−1)/(𝑧+1)maps every asymptotically stable
continuous-time system {𝐴𝑐,𝐵𝑐,𝐶𝑐,𝐷𝑐} to a corresponding asymptotically stable
discrete-time system {𝐴𝑑,𝐵𝑑,𝐶𝑑,𝐷𝑑}.

Let us start with an asymptotically stable continuous-time system given by
{𝐴𝑐,𝐵𝑐,𝐶𝑐,𝐷𝑐}. For some𝑄𝑐 ∈ ℂ𝑛×𝑛 and 𝑅𝑐 =𝐷𝑐+𝐷H

𝑐 set

𝑍𝑐≔[ √2(𝐼 −𝐴𝑐)−1 (𝐼 −𝐴𝑐)−1𝐵𝑐
0 𝐼

] , �̃�𝑐≔[ 𝑄𝑐 𝐶H
𝑐

𝐶𝑐 𝑅𝑐
], (B.1)
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and

�̃�𝑐(𝑋𝑐) ≔ [ 𝑄𝑐 𝐶H
𝑐

𝐶𝑐 𝑅𝑐
]−[ 𝐴H

𝑐 𝐼
𝐵H
𝑐 0 ][ 0 𝑋𝑐

𝑋𝑐 0 ][ 𝐴𝑐 𝐵𝑐
𝐼 0 ] .

Note, that �̃�𝑐(𝑋𝑐) differs from𝑊𝑐(𝑋𝑐) as defined in (6.4) by a constant summand,
i. e.,

�̃�𝑐(𝑋𝑐) =𝑊𝑐(𝑋𝑐)+[
𝑄𝑐 0
0 0].

Then we obtain a transformed discrete-time system by setting

𝐴𝑑≔ (−𝐼 +𝐴𝑐)−1(𝐼 +𝐴𝑐)

𝐵𝑑≔√2(−𝐼 +𝐴𝑐)−1𝐵𝑐

�̃�𝑑≔[ 𝑄𝑑 𝐶H
𝑑

𝐶𝑑 𝑅𝑑
]≔𝑍H

𝑐 �̃�𝑐𝑍𝑐

�̃�𝑑(𝑋𝑑) ≔ 𝑍H
𝑐 �̃�𝑐(𝑋𝑑)𝑍𝑐,

(B.2)

where 𝑄𝑑,𝐶𝑑 and 𝑅𝑑 are obtained from �̃�𝑑 and we choose some 𝐷𝑑 such that
𝑅𝑑 =𝐷𝑑+𝐷H

𝑑 . This defines a mapping 𝒞with 𝒞(𝐴𝑐,𝐵𝑐,𝐶𝑐,𝑅𝑐) = (𝐴𝑑,𝐵𝑑,𝐶𝑑,𝑅𝑑).
Note, that the transformation 𝒞 can also be reversed.

Bilinear transformations preserve asymptotic stability, and they also relate
the domains of the continuous-time and discrete-time linear matrix inequalities.
To see this, we express the two LMIs as

�̃�𝑐(𝑋𝑐) = [ 𝑄𝑐 𝐶H
𝑐

𝐶𝑐 𝑅𝑐
]−[ 𝐴H

𝑐 𝐼
𝐵H
𝑐 0 ][ 0 𝑋𝑐

𝑋𝑐 0 ][ 𝐴𝑐 𝐵𝑐
𝐼 0 ] ⪰ 0,

�̃�𝑑(𝑋𝑑) = [ 𝑄𝑑 𝐶H
𝑑

𝐶𝑑 𝑅𝑑
]−[ 𝐴H

𝑑 𝐼
𝐵H
𝑑 0 ][ 𝑋𝑑 0

0 −𝑋𝑑
][ 𝐴𝑑 𝐵𝑑

𝐼 0 ] ⪰ 0,

respectively. Since

[ 0 𝑋𝑐
𝑋𝑐 0 ] = [ 𝐼 𝐼

𝐼 −𝐼 ]
⎡

⎣

𝑋𝑐
2

0
0 −𝑋𝑐

2

⎤

⎦
[ 𝐼 𝐼
𝐼 −𝐼 ],

we can also express �̃�𝑐(𝑋𝑐) as

�̃�𝑐(𝑋𝑐) = [ 𝑄𝑐 𝐶H
𝑐

𝐶𝑐 𝑅𝑐
]−[ 𝐴𝑐+𝐼 𝐵𝑐

𝐴𝑐−𝐼 𝐵𝑐
]

H⎡

⎣

𝑋𝑐
2

0
0 −𝑋𝑐

2

⎤

⎦
[ 𝐴𝑐+𝐼 𝐵𝑐
𝐴𝑐−𝐼 𝐵𝑐

].

158



B.2. Transformation of the Deflating Subspaces

Applying the congruence transformation 𝑍𝑐 defined in (B.2), then

𝑍H
𝑐 �̃�𝑐(𝑋𝑐)𝑍𝑐 = [ 𝑄𝑑 𝐶H

𝑑
𝐶𝑑 𝑅𝑑

]−[ 𝐴H
𝑑 𝐼

𝐵H
𝑑 0 ][ 𝑋𝑑 0

0 −𝑋𝑑
][ 𝐴𝑑 𝐵𝑑

𝐼 0 ] ,

with 𝐴𝑑,𝐵𝑑,𝐶𝑑,𝑅𝑑 and 𝑄𝑑 defined as in (B.2). For the transformation of the
matrices 𝐶𝑐, 𝑅𝑐, and𝑄𝑐 we obtain

[𝑄𝑑 𝐶H
𝑑

𝐶𝑑 𝑅𝑑
] = 𝑍H

𝑐 [
𝑄𝑐 𝐶H

𝑐
𝐶𝑐 𝑅𝑐

]𝑍𝑐 = 𝑍H
𝑐 [

√2𝑄𝑐(𝐼 −𝐴𝑐)−1 𝑄𝑐(𝐼 −𝐴𝑐)−1𝐵𝑐+𝐶H
𝑐

√2𝐶𝑐(𝐼 −𝐴𝑐)−1 𝐶𝑐(𝐼 −𝐴𝑐)−1𝐵𝑐+𝑅𝑐
],

(B.3)
where the respective quantities are given by

𝑄𝑑 = 2(𝐼 −𝐴𝑐)−H𝑄𝑐(𝐼 −𝐴𝑐)−1,

𝐶H
𝑑 =√2(𝐼 −𝐴𝑐)−H𝑄𝑐(𝐼 −𝐴𝑐)−1𝐵𝑐+√2(𝐼 −𝐴𝑐)−H𝐶H

𝑐 ,
𝑅𝑑 = (𝐼 −𝐴𝑐)−1𝐵𝑐+𝐵H

𝑐 (𝐼 −𝐴𝑐)−H𝑄𝑐(𝐼 −𝐴𝑐)−1𝐵𝑐+𝐵H
𝑐 (𝐼 −𝐴𝑐)−H𝐶H

𝑐 +𝑅𝑐.

This shows, that maximizing det𝑊𝑑(𝑋𝑑) over𝑋𝑑 and maximizing det𝑊𝑐(𝑋𝑐) over
𝑋𝑐 is equivalent. In particular, this holds when 𝑄𝑐 = 0, which is equivalent
to 𝑄𝑑 = 0. Thus, the respective continuous-time analytic center 𝑋𝑎,𝑐 and the
discrete-time analytic center 𝑋𝑎,𝑑 coincide, i. e., 𝑋𝑎,𝑐 =𝑋𝑎,𝑑.

It is well-known, that the bilinear transformation also preserves the solution
of the algebraic Riccati equation as well as the domain of the LMI �̃�𝑐(𝑋𝑐) ⪰ 0.

B.2. Transformation of the Deflating Subspaces

Following [BMMX09] we consider the pencils

𝑠ℰ𝑐−𝒜𝑐≔
⎡

⎣

0 −𝑠𝐼 +𝐴𝑐 𝐵𝑐
𝑠𝐼 +𝐴H

𝑐 𝑄𝑐 𝐶H
𝑐

𝐵H
𝑐 𝐶𝑐 𝑅𝑐

⎤

⎦

corresponding to the continuous-time case and

𝑧𝒜H
𝑑 −𝒜𝑑≔

⎡

⎣

0 𝑧𝐼 −𝐴𝑑 −𝐵𝑑
𝑧𝐴H

𝑑 −𝐼 (𝑧−1)𝑄𝑑 (𝑧−1)𝐶H
𝑑

𝑧𝐵H
𝑑 (𝑧−1)𝐶𝑑 (𝑧−1)𝑅𝑑

⎤

⎦

159



B. Differences Between Continuous-Time and Discrete-Time Systems

corresponding to the discrete-time case, where

(𝐴𝑑,𝐵𝑑,𝐶𝑑,𝑅𝑑) = 𝒞(𝐴𝑐,𝐵𝑐,𝐶𝑐,𝑅𝑐),

see (B.2). If 𝑋𝑟,𝑑 is a solution of Ricc𝑑(𝑋𝑟,𝑑) = −𝑄𝑑, then there is a deflating
subspace of the form

⎡

⎣

0 𝐴𝑑−𝑧𝐼 𝐵𝑑
𝐼 −𝑧𝐴H

𝑑 (𝑧−1)𝑄𝑑 (𝑧−1)𝐶H
𝑑

−𝑧𝐵H
𝑑 (𝑧−1)𝐶𝑑 (𝑧−1)𝑅𝑑

⎤

⎦

⎡

⎣

−𝑋𝑟,𝑑 (𝐼 −𝐴𝑑+𝐵𝑑𝐹𝑟,𝑑)
𝐼

−𝐹𝑟,𝑑

⎤

⎦

=
⎡

⎣

𝐼
(𝐼 −𝐴H

𝑑 )𝑋𝑟,𝑑
−𝐵H

𝑑𝑋𝑟,𝑑

⎤

⎦
(𝐴𝑑−𝐵𝑑𝐹𝑟,𝑑−𝑧𝐼) .

Applying a generalized bilinear transformation to the pencil 𝑠ℰ𝑐−𝒜𝑐 gives

𝑧 ̂𝒜𝑑− ̂𝒜H
𝑑 ≔𝑧(ℰ𝑐−𝒜𝑐)− (−ℰ𝑐−𝒜𝑐)

=
⎡

⎣

0 𝑧(𝐴𝑐−𝐼)− (𝐼 +𝐴𝑐) 𝑧𝐵𝑐−𝐵𝑐
−𝑧(𝐼 +𝐴H

𝑐 )− (𝐴H
𝑐 −𝐼) (𝑧−1)𝑄𝑐 (𝑧−1)𝐶H

𝑐
−𝑧𝐵H

𝑐 −𝐵H
𝑐 (𝑧−1)𝐶𝑐 (𝑧−1)𝑅𝑐

⎤

⎦
,

and then, performing a congruence transformation using𝑍𝑐 from equation (B.1),
we obtain the new pencil

𝑧 ̌𝒜𝑑− ̌𝒜𝑑
H
∶ =

⎡

⎣

1

√2
𝐼 0

0 𝑍H
𝑐

⎤

⎦
(𝑧 ̂𝒜𝑑− ̂𝒜𝑑

H
)
⎡

⎣

1

√2
𝐼 0

0 𝑍𝑐

⎤

⎦

=
⎡

⎣

0 𝐴𝑑−𝑧𝐼 𝐵𝑑
𝐼 −𝑧𝐴H

𝑑 (𝑧−1)𝑄𝑑 (𝑧−1)𝐶H
𝑑

−𝑧𝐵H
𝑑 (𝑧−1)𝐶𝑑 (𝑧−1)𝑅𝑑

⎤

⎦
.

If, conversely, there is a continuous-time solution 𝑋𝑟,𝑐 of Ricc𝑐(𝑋𝑟,𝑐) = −𝑄𝑐, we
have the deflating subspace

⎡

⎣

0 −𝑠𝐼 +𝐴𝑐 𝐵𝑐
𝑠𝐼 +𝐴H

𝑐 𝑄𝑐 𝐶H
𝑐

𝐵H
𝑐 𝐶𝑐 𝑅𝑐

⎤

⎦

⎡

⎣

−𝑋𝑟,𝑐
𝐼

−𝐹𝑟,𝑐

⎤

⎦
=
⎡

⎣

𝐼
𝑋𝑟,𝑐
0

⎤

⎦
(𝐴𝑐−𝐵𝑐𝐹𝑟,𝑐−𝑠𝐼) .

160



B.2. Transformation of the Deflating Subspaces

Then, using the same transformation we obtain

(𝑧 ̌𝒜𝑑− ̌𝒜𝑑
H
)[√2𝐼 0

0 𝑍−1
𝑐
]
⎡

⎣

−𝑋𝑟,𝑐
𝐼

−𝐹𝑟,𝑐

⎤

⎦
(𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−1

=
⎡

⎣

1

√2
𝐼 0

0 𝑍H
𝑐

⎤

⎦

⎡

⎣

𝐼
𝑋𝑟,𝑐
0

⎤

⎦
(𝑧(−𝐼 +𝐴𝑐−𝐵𝑐𝐹𝑟,𝑐)− (𝐼 +𝐴𝑐−𝐵𝑐𝐹𝑟,𝑐)) (𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−1,

which is equivalent to

(𝑧 ̌𝒜𝑑− ̌𝒜𝑑
H
)
⎡
⎢
⎣

−𝑋𝑟,𝑐(𝐼 −𝐴𝐹𝑟,𝑑)
𝐼

−√2𝐹𝑟,𝑐(𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−1

⎤
⎥
⎦
=
⎡

⎣

𝐼
(𝐼 −𝐴𝑑)H𝑋𝑟,𝑐
−𝐵H

𝑑𝑋𝑟,𝑐

⎤

⎦
(𝐴𝐹𝑟,𝑑 −𝑧𝐼) ,

where 𝐴𝐹𝑟,𝑑 denotes the bilinear transform of the matrix 𝐴𝐹𝑟,𝑐 =𝐴𝑐−𝐵𝑐𝐹𝑟,𝑐. One
can check that 𝐴𝐹𝑟,𝑑 fulfills 𝐴𝐹𝑟,𝑑 =𝐴𝑑−𝐵𝑑𝐹𝑟,𝑑 with

𝐹𝑟,𝑑 =√2𝐹𝑟,𝑐(𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−1. (B.4)

In summary, we have shown the following.

Theorem B.1. Let 𝑋𝑟,𝑐 solve the algebraic Riccati equation Ricc𝑐(𝑋𝑟,𝑐) = −𝑄𝑐.
Then,𝑋𝑟,𝑐 also solves the discrete-time Riccati equation Ricc𝑑(𝑋𝑟,𝑐) = −𝑄𝑑, where
the corresponding Riccati feedback 𝐹𝑟,𝑑 is given by (B.4).
Also, the corresponding closed-loop matrices 𝐴𝐹𝑟,𝑐 and 𝐴𝐹𝑟,𝑑 are related via the

bilinear transformation. ▷

For the analytic center though, we have seen in Section 6.2, that the corre-
sponding closed-loop matrices 𝐴𝐹𝑐 and 𝐴𝐹𝑑 are not related via a bilinear trans-
form, as all eigenvalues of 𝐴𝐹𝑐 lie on the imaginary axis, while all eigenvalues of
𝐴𝐹𝑑 lie inside the unit circle.

In the remaining part of this section, we give some more explanation for that
difference. In particular, we rewrite the continuous-time solution of the analytic
center into an appropriately formulated Riccati equation approach, and, after
applying the bilinear transformation and enforcing the discrete-time feedback
𝐹𝑟,𝑑, compare this with its discrete counterpart.
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Let us again denote the continuous-time analytic center by𝑋𝑎,𝑐. Thus, it fulfills
the relation 𝑃𝑐(𝑋𝑎,𝑐) = Ricc𝑐(𝑋𝑎,𝑐) and hence solves Ricc𝑐(𝑋𝑎,𝑐) = −𝑄𝑐, where
𝑄𝑐 ≔ −𝑃𝑐(𝑋𝑎,𝑐). Consequently, using the bilinear transformation and since
𝑋𝑎,𝑐 = 𝑋𝑎,𝑑, also Ricc𝑑(𝑋𝑎,𝑑) = −𝑄𝑑 holds. Note, though, that the coefficients
𝐶𝑑,𝑅𝑑 contained in Ricc𝑑(𝑋) and 𝑄𝑑, explicitly depend on 𝑄𝑐. Thus, they do
not represent the discrete-time system with 𝑄𝑐 = 𝑄𝑑 = 0 that is used for the
computation of the analytic center.

Consequently, even though one could expect that also 𝑃𝑑(𝑋𝑎,𝑑) = −𝑄𝑑, this
turns out not to be true. Furthermore, let us compute the quantity �̃�𝑑, by enforc-
ing the feedback 𝐹𝑟,𝑑 given by (B.4) via the following relation (leaving out the
explicit dependence on 𝑋𝑎,𝑑)

[�̃�𝑑 0
0 𝑅𝑑−𝐵H

𝑑𝑋𝑎,𝑑𝐵𝑑
]

= (𝑍𝑃)
H[𝑃𝑐 0

0 𝑅𝑐
] [ 𝐼 0

𝐹𝑟,𝑐 𝐼][
√2(𝐼 −𝐴𝑐)−1 (𝐼 −𝐴𝑐)−1𝐵𝑐

0 𝐼
][ 𝐼 0

−𝐹𝑟,𝑑 𝐼]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑍𝑃≔

,

where we form

𝑍𝑃 = [√2(𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−1 (𝐼 −𝐴𝑐)−1𝐵𝑐
0 𝐼 +𝐹𝑟,𝑐(𝐼 −𝐴𝑐)−1𝐵𝑐

],

and have used (B.4) and that√2𝐹𝑟,𝑐(𝐼 −𝐴𝑐)−1−𝐹𝑟,𝑑−𝐹𝑟,𝑐(𝐼 −𝐴𝑐)−1𝐵𝑐𝐹𝑟,𝑑 = 0. We
thus obtain that

�̃�𝑑 = 2(𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−H𝑃𝑐(𝐼 −𝐴𝑐+𝐵𝑐𝐹𝑟,𝑐)−1,

which, by considering that 𝑃𝑐 ≻ 0 and equation (B.3), only coincides with −𝑄𝑑 if
𝐹𝑟,𝑐 = 0.

In particular, we have shown, that if we enforce a discrete feedback 𝐹𝑟,𝑑 as
in (B.4), that keeps the eigenvalues of the closed-loop matrix 𝐴𝐹𝑑 at the analytic
center on the unit circle, then �̃�𝑑 ≠ −𝑄𝑑 and thus does not equal the discrete-
time residual 𝑃𝑑(𝑋𝑎,𝑑). Indeed, as mentioned before, the eigenvalues of 𝐴𝐹𝑑 lie
strictly inside the unit circle.
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For performing the numerical experiments in this thesis, software packages and
smaller scripts have been developed. In this appendix we introduce and briefly
describe these software packages.

C.1. Multilevel Optimizations and Optimal Control
Problems

For the numerical experiments of Chapters 2, 4 and 5 we developed the python
package pymloc. It is available at [Ban20] and the source code is published under
BSD-3 license. We use the SciPy stack [VGOH+20], the differential-algebraic
integrator GELDA [KMRW95; KMRW97] and for the computation of parameter
and time derivatives we use the automatic differentiation tool jax [BFHJ+18].
Jupyter notebooks [KRPG+16] are provided for easy verification of the numeri-
cal examples.

The purpose of this software package is to provide an interface for generalmul-
tilevel optimization and optimal control problems as introduced in Chapter 2.
One main goal of this package was to maintain a certain level of abstraction.
Implementation of additional features as new optimization problems or differ-
ent system classes as, e. g., parameter-dependent partial differential equations,
parameter-dependent partial differential-algebraic equations (DAEs), or pa-
rameter-dependent port-Hamiltonian systems should be easily doable without
touching the general structure of the code too much. This, however, should also
increase maintainability of the code.

The main building blocks of a multilevel optimization object are variable
containers and optimizations. Optimizations depend on lower level variables,
higher level variables, and variables of the current level. Optimization problems
can automatically be turned into local optimizations by fixing higher and lower
level variables to their current values. Additionally, optimization objects may
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possess a sensitivity method, which allows to compute sensitivities with respect
to higher level variables.

At the time of handing in this thesis, there are two concrete implementations
of optimization problems. First, parameter-dependent optimal control prob-
lems for strangeness-free differential-algebraic control systems, and, second,
nonlinear least squares problems.

The general solution procedure of a multilevel optimal control problem is as
follows. After initialization of all optimization problems and mapping variable
containers appropriately, the lowermost optimization is turned into a local opti-
mization by fixing higher level variables. A solution is then iteratively passed to
the next optimizations, which are localized and solved again, until the upper-
most optimization is reached. The localized optimizations are solvable objects,
which are linked to available solvers through a generic interface.

We present exemplary code for the creation of the computation of Example 5.1
while leaving out parts of the code.

Importing packages
[1]: import pymloc

import numpy as np
import jax.numpy as jnp

Creating the variables object Thevariables for the different levels are defined
as follows.

[2]: from pymloc.model.variables import InputStateVariables
from pymloc.model.variables import NullVariables
from pymloc.model.variables import ParameterContainer
from pymloc.model.variables.time_function import Time
from pymloc.model.domains import RNDomain

loc_vars = InputStateVariables(1, 1, time=Time(0., 2.))
hl_vars = ParameterContainer(1, domain=RNDomain(1))
variables2 = (hl_vars, loc_vars)
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ll_vars = NullVariables()

Creating the parameter optimal control object First, we need to create
a parameter-dependent optimal control problem. We need objective and
constraint.

Creating the control system The parameter-dependent control system is
defined by

[3]: from pymloc.model.control_system.parameter_dae import␣
↪LinearParameterControlSystem

def e(p, t):
return jnp.array([[1.]])

def a(p, t):
return jnp.array([[-1.]])

def b(p, t):
return jnp.array([[1.]])

def c(p, t):
return jnp.array([[1.]])

def d(p, t):
return jnp.array([[0.]])

def f(p, t):
return jnp.array([0.])
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param_control = LinearParameterControlSystem(ll_vars,␣
↪*variables2, e, a, b, c, d, f)

Creating the constraint object The constraint object is defined by

[4]: from pymloc.model.optimization.parameter_optimal_control␣
↪import ParameterLQRConstraint

def initial_value(p):
return jnp.array([2.])

time = Time(0., 2.)

pdoc_constraint = ParameterLQRConstraint(*variables2,␣
↪param_control, initial_value)

Creating the objective function The objective function is defined by

[5]: from pymloc.model.optimization.parameter_optimal_control␣
↪import ParameterLQRObjective

def q(p, t):
return jnp.array([[p**2. - 1.]])

def s(p, t):
return jnp.zeros((1, 1))

def r(p, t):
return jnp.array([[1.]])
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def m(p):
return jnp.array([[0.]])

time = Time(0., 2.)
pdoc_objective = ParameterLQRObjective(*variables2, time, q,␣

↪s, r, m)

Create the parameter-dependent optimal control object
[6]: from pymloc.model.optimization.parameter_optimal_control␣

↪import ParameterDependentOptimalControl

pdoc_object = ParameterDependentOptimalControl(*variables2,␣
↪pdoc_objective, pdoc_constraint)

The necessary conditions can be obtained as follows

[7]: neccessary_conditions = pdoc_object.get_bvp()
e = neccessary_conditions.dynamical_system.e(2., 3.)
a = neccessary_conditions.dynamical_system.a(2., 3.)
print("E =\n {},\nA =\n {}".format(e, a))

E =
[[ 0. 1. 0.]
[-1. 0. 0.]
[-0. 0. 0.]],

A =
[[ 0. -1. 1.]
[-1. 3. 0.]
[ 1. 0. 1.]]
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Setting up the nonlinear least squares problem

Define the residual function We define the residual function by using the
true solution for the parameter value at 2 and comparing it with the current
solution for the current parameter value.

[8]: def compute_ref_sol(theta, time, x0, t):
tf = time.t_f
t0 = time.t_0
exp0 = np.exp(2 * theta * (tf - t0))
exp1 = np.exp(-(t + t0) * theta)
exp2 = np.exp(2 * t * theta)
exp3 = np.exp(2 * tf * theta)
tmp1 = theta + exp0 * (theta + 1) - 1
tmp2 = np.array([

-(exp2 - exp3) * (theta**2 - 1),
(exp2 * (theta - 1) + exp3 * (theta + 1)),
(exp2 - exp3) * (theta**2 - 1)

])

refsol = tmp1**-1 * tmp2 * exp1 * x0
return refsol

[9]: theta = 2.
t0 = 0.
tf = 2.
x01 = 2.
time = Time(t0, tf)
t2 = 1.3
t1 = 1.

def f_nlsq(ll_vars, hl_vars, loc_vars):
sol1 = compute_ref_sol(theta, time, x01, t1)
sol2 = compute_ref_sol(theta, time, x01, t2)
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sol0 = compute_ref_sol(theta, time, x01, t0)
solf = compute_ref_sol(theta, time, x01, tf)
f1 = ll_vars(t1)[1] - sol1[1]
f2 = ll_vars(t2)[1] - sol2[1]
f0 = ll_vars(t0)[1] - sol0[1]
ff = ll_vars(tf)[1] - solf[1]
return np.hstack((f0, f1, f2, ff))

Define the NonlinearLeastSquares optimization object
[10]: import pymloc.model.optimization as optimization

variables = (variables2[1], NullVariables(), variables2[0])
nlsq_obj = optimization.objectives.

↪NonLinearLeastSquares(*variables, f_nlsq)

nlsq = optimization.NonLinearLeastSquares(nlsq_obj,␣
↪*variables)

Setting up the bilevel optimal control problem

Compute solution We are now able to set up the multilevel optimal control
problem by setting the optimizations and variables in the corresponding order.

[11]: import logging
logger = logging.getLogger(__name__)
logging.getLogger().setLevel(logging.INFO)

optimizations = [nlsq, pdoc_object]
variables = (variables2[0], variables2[1])
variables[0].current_values = np.array([1.])
variables[1].current_values = np.array([])
variables[1].time.grid = np.array([1., 1.3])

We also only want sensitivities of the x component and thus, set the selector
accordingly.
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[12]: pdoc_object.ll_sens_selector_shape = (1, 3)
pdoc_object.ll_sens_selector = lambda p: np.array([[0., 1.,␣

↪0.]])

Then, wen can initialize and run the multilevel optimal control problem

[13]: from pymloc import MultiLevelOptimalControl

logger = logging.getLogger("pymloc.solvers.nonlinear.
↪gauss_newton")

logger.setLevel(logging.DEBUG)
logging.getLogger().handlers[0].filters[0].__class__.

↪max_level = 3
mloc = MultiLevelOptimalControl(optimizations, variables)

np.set_printoptions(precision=8)
mloc.init_solver(abs_tol=1e-6, rel_tol=1e-6)
gauss_newton = mloc.highest_opt.local_level_variables.

↪associated_problem.solver_instance
gauss_newton.upper_eta = 0.01
gauss_newton.save_intermediate = True
solution = mloc.solve()
logger.info("Solution: {}".format(solution.solution))

Starting solver MultiLevelIterativeSolver
Current option values:

abs_tol: 1e-06
rel_tol: 1e-06
max_iter: 10

Starting solver GaussNewton
Current option values:

abs_tol: 1e-06
rel_tol: 1e-06
max_iter: 20

Starting iteration: 0
Updating lower level variables…
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Current residual ||J^T r||_2: 0.6660321871331705
Current ||r||_2: 0.6472009202931233
Current ||J||_2: 1.0317611699564475
Current cond(J): 1.0
Current allowed lower level tolerance: 0.

↪0025501543923860965
New x value:

[1.62565779]
New jac value:
[[ 0. ]
[-0.69271902]
[-0.64637977]
[-0.40849072]]

Starting iteration: 1
Updating lower level variables…
Current residual ||J^T r||_2: 0.09021829248969856
Current ||r||_2: 0.16544194785738267
Current ||J||_2: 0.5456313369531584
Current cond(J): 1.0
Current allowed lower level tolerance: 0.

↪0009145542277046758
New x value:

[1.92869503]
New jac value:
[[ 0. ]
[-0.40312896]
[-0.32529563]
[-0.17141571]]

Starting iteration: 2
Updating lower level variables…
Current residual ||J^T r||_2: 0.010023113613176841
Current ||r||_2: 0.026234802667399967
Current ||J||_2: 0.38206638166805335
Current cond(J): 1.0
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Current allowed lower level tolerance:
0.00020425261292175866

New x value:
[1.99735838]
New jac value:
[[ 0. ]
[-0.29575558]
[-0.21925259]
[-0.10213549]]

Starting iteration: 3
Updating lower level variables…
Current residual ||J^T r||_2: 0.00033601046465835875
Current ||r||_2: 0.000953972969659078
Current ||J||_2: 0.35227148193310337
Current cond(J): 1.0
Current allowed lower level tolerance: 8.

↪387938329980655e-06
New x value:

[2.00006606]
New jac value:
[[ 0. ]
[-0.27553411]
[-0.20008763]
[-0.090228 ]]

Starting iteration: 4
Updating lower level variables…
Current residual ||J^T r||_2: 7.553927904696164e-06
Current ||r||_2: 2.15665120392612e-05
Current ||J||_2: 0.35068348973442637
Current cond(J): 1.0
Current allowed lower level tolerance:

1.9041429186991604e-07
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New x value:
[2.00000464]
New jac value:
[[ 0. ]
[-0.27440401]
[-0.19915694]
[-0.0895425 ]]

Starting iteration: 5
Updating lower level variables…
Current residual ||J^T r||_2: 5.705364273345304e-07
Current ||r||_2: 1.6437829701113807e-06
Current ||J||_2: 0.3506677917787622
Current cond(J): 1.0
Current allowed lower level tolerance:

1.4383951618479082e-08
Solution: [2.]

Perform the same computation for lower tolerances.
[14]: variables[0].current_values = np.array([1.])

variables =(variables[0], InputStateVariables(1, 1,␣
↪time=Time(0., 2.)))

variables[1].current_values = np.array([])
variables[1].time.grid = np.array([1., 1.3])

mloc = MultiLevelOptimalControl(optimizations, variables)
mloc.init_solver(abs_tol=1e-1, rel_tol=1e-1)

gauss_newton = mloc.highest_opt.local_level_variables.
↪associated_problem.solver_instance

gauss_newton.upper_eta = 0.1
gauss_newton.save_intermediate = True
solution_low = mloc.solve()
logger.info("Solution: {}".format(solution_low.solution))

Starting solver MultiLevelIterativeSolver
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Current option values:
abs_tol: 0.1
rel_tol: 0.1
max_iter: 10

Starting solver GaussNewton
Current option values:

abs_tol: 0.1
rel_tol: 0.1
max_iter: 20

Starting iteration: 0
Updating lower level variables…
Current residual ||J^T r||_2: 0.6658138241615206
Current ||r||_2: 0.6470057103540946
Current ||J||_2: 1.0317489703858296
Current cond(J): 1.0
Current allowed lower level tolerance: 0.

↪02331910759868696
New x value:

[1.62546746]
New jac value:
[[ 0. ]
[-0.69271174]
[-0.64637097]
[-0.40848617]]

Starting iteration: 1
Updating lower level variables…
Current residual ||J^T r||_2: 0.09548903338269828
Current ||r||_2: 0.17109116894885706
Current ||J||_2: 0.5586616718068592
Current cond(J): 1.0
Current allowed lower level tolerance: 0.

↪008452008146137857
Solution: [1.93142118]

More examples and a documentation of the code is available at [Ban20].

174



C.2. Computation of the Analytic Center

C.2. Computation of the Analytic Center

For the numerical experiments of Chapter 6 we developed the python pack-
age analyticcenter. It is available at [BMNV20a] and published under BSD-3
license. We use the SciPy stack [VGOH+20] and slycot, a python wrapper
for selected SLICOT [BMSH+99] routines. Jupyter notebooks [KRPG+16] are
provided for easy verification of the numerical examples.

This python package is intended to be used for the computation of the analytic
center of a strictly passive and stable discrete-time or continuous-time linear
time-invariant system.

One can choose between several solvers, i. e., the Newton approach of Subsec-
tion 6.3.2 or the steepest descent approach of Subsection 6.3.1.

The following simple example can be found in examples/example3.py. Run
the example with python3 -O examples/example3.py or with python3 -O
-m analyticcenter.examples.example3. Ommiting the -O switch turns on
some debugging information.

First one has to create a system object sys:

import numpy as np

from analyticcenter import WeightedSystem

A = np.matrix([[1, -1], [1, 1]])
B = np.matrix([[1], [1]])
C = B.T
D = C @ B
Q = np.zeros((2,2))
sys = WeightedSystem(A, B, C, D, Q, B, D + D.T)

Thenonehas to create analgorithmobject, whereonehas todefine the typeof the
system (discrete, continuous) and one can optionally provide some tolerances.

from analyticcenter import get_algorithm_object

alg = get_algorithm_object(sys, 'newton',

175



C. Notes on Software

discrete_time=False, save_intermediate=True)
ac = alg()

The resulting analytic center object ac contains data and methods for analyzing
the systemat the analytic center. More details are available in the documentation
of the code at [BMNV20a].
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