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Abstract

This cumulative dissertation extends the theory of neural networks (NNs).
In the first part of this thesis, [PRV20] in Appendix A, we provide a general analysis

of the hypothesis class of NNs from a structural point of view. Here, we examine the
algebraic and topological properties of the set of NNs with fixed architecture. We establish
that this set is never convex, hardly ever closed in classical function spaces and that the
parametrization of NNs is not inverse stable. These observations could, in practice, lead
to highly undesirable phenomena such as diverging weights or slow convergence of the
underlying training algorithm.

The second part of this thesis deals with the concrete application of solving parametric
partial differential equations (PDEs) by NNs. In typical modeling tasks, it is required to
solve some PDE for different characterizing parameters such as the shape of the domain,
the boundary conditions, or the right-hand side. In this context, the development of
algorithms that are able to efficiently and accurately compute the solution for a new
input is imperative. A large variety of reduced order models, taking into account the
low-dimensionality of the solution set, have been developed in the past. Moving away
from model-based techniques and motivated by their success in applications, in this
thesis we focus on a data-driven approach based on NNs for the solution of parametric
PDEs. A factor in favor of their use is their ability to calculate a new solution with little
computational effort after training, when compared to the cost of the training phase. The
focus of this part of the thesis lies on an examination of the expressive power of NNs for
solutions of parametric PDEs. We first derive in [GR21] (see Appendix B) almost optimal
approximation rates for smooth functions by NNs with encodable weights, measured with
respect to Sobolev norms. These results continue a long avenue of research and provide a
consolidating proof strategy for deriving expressivity results based on the regularity of
the target function. However, if we apply the results from [GR21] to the approximation of
the solution map of parametric PDEs, we might end up with sub-optimal rates. In fact,
the upper bounds from [GR21] completely ignore the low-dimensionality of the solution
manifold. A remedy to overcome this drawback is our theoretical analysis [KPRS21] (see
Appendix C) that establishes improved upper complexity bounds for the approximation of
the solution map based on the intrinsic dimension of the solution set. Although theoretical
approximation results of the above flavor give some intuition for the success of NNs,
they can at most partially explain why NNs work so well in practice. Moreover, it is not
clear, to which extent purely asymptotic approximation rates are visible in practice. In our
last contribution to this thesis, [GPRSK20] in Appendix D, we provide a comprehensive
and systematic numerical study for the practical observation of approximation rates. We
concentrate on a large variety of parametrizations of the Poisson equation. We derive
numerical complexity bounds for the approximation of the solution map by NNs that do
not suffer from the curse of dimensionality and only weakly depend on the dimension of
the parameter space.

Concluding, we observe that NNs, despite their unfavorable structure, possess a huge
potential for their application within the framework of parametric PDEs.
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Zusammenfassung in deutscher Sprache

Die vorliegende Dissertation erweitert die Theorie neuronaler Netze (NNe).
Zunächst untersuchen wir im ersten Teil dieser Arbeit, [PRV20] in Appendix A, die

strukturellen Merkmale der Menge der NNe mit fester Architektur. Dabei legen wir einen
besonderen Fokus auf ihre algebraischen und topologischen Eigenschaften. Wir stellen fest,
dass die Menge nie konvex ist, selten abgeschlossen in klassischen Funktionenräumen ist,
und dass die Parametrisierung NNe nicht invers stabil ist. Die praktisch denkbaren Kon-
sequenzen dieser Resultate sind unerwünschte Phänomene wie explodierende Gewichte
oder die langsame Konvergenz des zugrundeliegenden Trainingsalgorithmus’.

Der zweite Teil der Arbeit beschäftigt sich mit der konkreten Anwendung der Lö-
sung von parametrischen partiellen Differentialgleichungen (parametrischen PDGen)
durch NNe. Eine Vielzahl von Anwendungen erfordert die Lösung einer PDG für ver-
schiedene Parameter, die die Gleichung charakterisieren. Dazu zählen z.B. die Form des
zugrundeliegenden Gebiets, die rechte Seite oder die Randbedingungen. In solch einem
Zusammenhang ist die Entwicklung effizienter und genauer Algorithmen notwendig,
welche eine Approximation der tatsächlichen Lösung für einen neuen Parameter schnell
ermitteln können. In der Vergangenheit wurde eine Vielzahl von Methoden zur Reduktion
der Modellordnung entwickelt, welche auf der Niedrigdimensionalität der Lösungsmenge
basieren. Im Gegensatz zu klassischen, modell-basierten Methoden und motiviert durch
ihren Erfolg in vielen praktischen Anwendungen beschäftigen wir uns in der vorliegenden
Arbeit mit der Lösung von parametrischen PDGs durch NNe, welche mit einem daten-
basierten Ansatz trainiert werden. Diese sind nach dem Training in der Lage, eine neue
Lösung mit vergleichsweise kleinem Rechenaufwand zu bestimmen. Die Expressivität
von NNen für die Lösung von parametrischen PDGen wird den Fokus des zweiten Teils
der Dissertation bilden. Wir beginnen in [GR21] (siehe Appendix B) damit, quasi-optimale
Raten für die Approximation von hinreichend glatten Funktionen durch NNe mit kodier-
baren Gewichten in Sobolevräumen herzuleiten. Diese Ergebnisse setzen eine seit langem
bestehende Forschungslinie fort, welche Raten basierend auf der Glattheit der Zielfunktion
beinhalten. Wenn wir die in [GR21] gezeigten Resultate allerdings für die Approximation
der Lösungsabbildung von parametrischen PDGen benutzen wollen, so erhalten wir u.U.
suboptimale Raten. Dies ist der Tatsache geschuldet, dass die oberen Schranken aus [GR21]
die Niedrigdimensionalität der Lösungsmannigfaltigkeit außer Acht lassen. In der Arbeit
[KPRS21] (siehe Appendix C) leiten wir verbesserte obere Schranken für die Annäherung
der Lösungsabbildung her. Diese fußen auf der Dimension der Lösungsmenge. Obwohl
die soeben beschriebenen, approximations-theoretischen Überlegungen einen Einblick
in den Erfolg von NNen in Anwendungen geben, so können sie diesen nur teilweise
erklären. Weiterhin ist nicht klar, inwiefern die bewiesenen asymptotischen Raten auch in
der Praxis sichtbar sind. In dem letzten Teil der Dissertation, [GPRSK20] in Appendix D,
führen wir eine umfangreiche und systematische numerische Studie für die Beobachtung
praktisch relevanter Approximationsraten durch. Wir konzentrieren uns hierbei auf eine
Vielzahl von Parametrisierungen der Poissongleichung. Wir leiten numerische Schranken
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für die Annäherung der Lösungsabbildung durch NNe her, welche nicht unter dem Fluch
der Dimensionalität leiden und nur schwach von der Dimension des Parameterraums
abhängen.

Abschließend stellen wir fest, dass NNe, trotz ihrer ungünstigen Struktur, ein hohes
Potential für die Anwendung im Kontext von parametrischen PDGen besitzen.
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1

Introduction

This cumulative dissertation advances the mathematical theory of artificial neural net-
works, with a particular focus on the application of parametric partial differential equations.
Artificial neural networks (henceforth referred to as NNs) were first introduced in [MP43]
and were originally motivated by biological considerations. They constitute the hypothesis
class in the subset of machine learning algorithms coined deep learning, e.g., see [LBH15;
Sch15; GBC16]. The resulting data-driven methods have lead to performance break-
throughs in numerous applications including image classification [KSH12], translation
tasks [Jac+19], autonomous driving [TPJR18], or fraud detection [FDPZP19]. In the last
decades, they have also begun to influence classical research areas of (applied) mathemat-
ics. Notable instances are inverse problems [JMFU17], optimal control problems [MA01],
and partial differential equations (PDEs) [LLF98; EY18]. Oftentimes in these applications,
sophisticated methods are developed by combining preexisting knowledge about the
underlying problem with a learning-based approach. Despite promising and sometimes
even spectacular results, many theoretical facets of deep learning remain unclear, e.g., see
[EMWW20].

The purpose of this thesis is to obtain a better understanding of NNs and their applica-
bility to solving parametric PDEs by studying the following two subjects in detail.

Subject A. Structural Properties of NNs with Fixed Architecture: The typical workflow
of a deep learning application includes the fixation of an NN architecture and an activation
function. Afterwards, an optimization algorithm (such as stochastic gradient descent
or a modification thereof) aims at finding a weight configuration among all NNs with
the prescribed architecture and activation function such that a specific problem (e.g., a
classification task or a PDE) is solved sufficiently well. During training, there frequently
happen undesirable phenomena. These include slow convergence of the optimization
procedure or exploding network weights. By studying the hypothesis class of NNs from a
structural point of view, we aim at identifying potential causes for these occurrences. This
brings us to the first set of questions that is examined in this thesis:

Which algebraic and analytical properties does the set of NNs
with fixed architecture and activation function have?

Are there practical consequences that can be concluded from these properties?

Subject B. Expressivity of Deep NNs for Solving Parametric Elliptic PDEs: When real-
world-phenomena are modeled by PDEs, a multitude of parameters such as the underlying
domain, the right-hand side, boundary conditions, or multiplicative coefficients are fixed
beforehand. In a multi-query context, one solves a PDE for a large number of parameters
[QMN16]. In this framework, classical finite-element-solvers are not suitable from a
computational point of view, since they devour too many resources. A well-established
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2 Chapter 1 Introduction

remedy are reduced order modeling techniques, which rely on the inherent low-dimensionality
of the solution manifold. Compared to many of these techniques, NNs are fully non-
intrusive, since they do not require knowledge of the underlying PDE and are able to
act as a black-box-solver. Furthermore, the computation of the solution of a PDE with
new parameters after training is very efficient, since it only consists of a feedforward
pass. Despite these obvious merits, it is not clear to which extent NNs are capable of
solving parametric PDEs. We examine this topic by studying the following approximation-
theoretical questions in detail:

How many weights are sufficient for an NN to approximate the parameter-to-solution map?
Which approximation rates can be observed numerically?

Outline: In the remainder of this introduction, we motivate the aforementioned ques-
tions by embedding them into the basic framework of statistical learning theory. Section
1.1.1 is devoted to an introduction of abstract statistical learning problems, whereas we in-
troduce parametric elliptic PDEs and their interpretation within the framework of machine
learning, in Section 1.2. Section 1.3 contains a concise and high-level, non-mathematical
overview of the findings of this thesis. Chapter 2 presents and discusses the results of
Subject A. The corresponding publication [PRV20] can be found in Appendix A. Chapter
3 is devoted to Subject B. In particular, Section 3.1 is concerned with the paper [GR21] of
Appendix B, Section 3.2 deals with [KPRS21] of Appendix C and Section 3.3 focuses on
the results of [GPRSK20] in Appendix D. We conclude this thesis in Chapter 4, where we
reflect upon our results and depict potential future research directions. All parts of the
main body include extended related work sections.

A Short Note on this Thesis’ Structure: Chapters 1–4 contain an almost self-contained
overview of the papers in Appendices A–D. We establish a common thread that con-
nects these four works. Additionally, we expound related works in more detail than in
the publications. Section 1.1 provides the reader with the basics of machine learning
which are sufficient for understanding [PRV20]. Reading Section 1.2 additionally helps to
comprehend [GPRSK20; GR21; KPRS21].

1.1 Statistical Learning Problems and NNs: Basic Concepts

We start by giving a concise introduction to statistical learning problems and typical,
associated questions in Section 1.1.1. In Section 1.1.2, we formally introduce NNs.

1.1.1 Statistical Learning Problems

In its most basic form1, the ingredients of a (statistical) learning problem, e.g., see [CS02;
CZ07; LS11; GRK20], are an input space X , a target space Z , a loss function L : Z ×Z →

1Later on, we will interpret parametric PDEs in the framework of machine learning. For this purpose, let
us already mention at this point that many modifications of the problem described here are possible. For
instance, instead of the risk functional being defined on ZX , one could choose a normed subspace of ZX as
its domain of definition.



1.1 Statistical Learning Problems and NNs: Basic Concepts 3

[0, ∞] and a (generally unknown probability) measure σ on X ×Z . One then seeks to find a
minimizer f̂ (also called target function) of the risk functional2

F : ZX → [0, ∞], f 7→
∫

X×Z
L ( f (x), z) dσ(x, z),

with the convention that F( f ) = ∞ if the integral is not well-defined. In most applications,
solving a learning problem in the form described above is not possible for the following
reasons3:

• Searching over the whole set ZX is infeasible in general. Hence, one confines oneself
to a smaller, structured hypothesis or model space M ⊂ ZX , and either hopes to
determine

f̂M ∈ argmin {F( f ) : f ∈ M} ,

or an approximate minimizer. Depending on the structure of X and Z , a multitude
of hypothesis spaces have been deemed relevant for practical applications. Notable
examples include linear functions, higher-order polynomials, or reproducing kernel
Hilbert spaces, e.g., see [CZ07, Section 2].

The focus of this dissertation is on standard feedforward NNs as the choice ofM. For
mathematically precise notions, we refer to Section 1.1.2.

The quantity
∣∣∣F( f̂ )− F( f̂M)

∣∣∣ is called approximation error. It measures the expressivity

of the hypothesis spaceM, i.e., its ability to approximate functions f̂ ∈ ZX .

• A calculation of F( f ) for a given function f is impossible if σ is unknown. Even
if σ was known, calculating f̂M is an infeasible task in general. In the context of
supervised learning, only m ∈ N training samples (xi, zi)

m
i=1 ⊂ X × Z (drawn i.i.d.

with respect to σ) are accessible, e.g., see [HTF09]. One then aims at determining a
minimizer of the empirical risk Fm

emp( f ) = 1
m ∑m

i=1 L ( f (xi), zi) , i.e.,

f̂ m
M,emp ∈ argmin

{
Fm

emp( f ) : f ∈ M
}

.

The quantity
∣∣∣F( f̂M)− F( f̂ m

M,emp)
∣∣∣ is referred to as the estimation or generalization

error.

• In order to find f̂ m
M,emp, one needs to solve a potentially non-convex optimization

problem. The resulting algorithm ideally returns an approximation f̂ m,∗
M,emp of f̂ m

M,emp.

The quantity
∣∣∣F( f̂ m

M,emp)− F( f̂ m,∗
M,emp)

∣∣∣ is called training error.

Thus, the overall error
∣∣∣F( f̂ )− F( f̂ m,∗

M,emp)
∣∣∣ can be estimated by the sum of approximation

error, generalization error and training error (see Figure 1.1 for a schematic visualization).
In theoretical considerations, the hardness of a learning algorithm is often measured by

suitable estimates on the three errors introduced above. Typical questions include:
2ZX denotes the set of all functions X → Z .
3As every model, a statistical learning problem is an idealization of a real-world application and hence itself
flawed [DNR14]. The resulting modeling error is not examined in classical works on statistical learning.
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ZX

M

f̂ ∗,mM,emp
f̂ m
M,emp

f̂M

Training Error

Generalization Error

f̂

Approximation Error

Figure 1.1: Decomposition of the overall error into approximation error, estimation error and
training error. This figure is an adaptation of [GRK20, Figure 1].

• For a given target function f̂ and decreasing approximation error ε, is it possible
to quantify how large the hypothesis space M = M(ε) needs to be in order to
obtain |F( f̂ )− F( f̂M)| ≤ ε? Conversely, for a given hypothesis spaceM, how can
we estimate |F( f̂ )− F( f̂M)|?

• How fast does m need to grow in order for the generalization error to converge to 0
with high probability?

• What are the properties of F|M and Fm
emp? In case these functions are non-convex,

does their loss landscape encompass sub-optimal local minima, saddle points, global
minima? How do the valleys around minima look like? How effective are (iterative)
optimization procedures such as stochastic gradient descent or more sophisticated
modifications thereof (e.g., batch gradient descent based on Adam [KB15]) in finding
good local or global minima? How fast does the training error decrease for a given
training set (xi, zi)

m
i=1, as the number of iterations increases?

In many situations, the examination of the aforementioned questions is a complex task,
for instance due to the unknown nature of σ. However, even from an abstract point of
view, it becomes clear that in order to understand the complete picture, it is imperative to
balance the analyses of the three errors described above against each other. For instance, a
mere enlargement of the hypothesis space in order to decrease the approximation error
might result in a larger generalization error. This phenomenon has been manifested by
the bias-variance decomposition of the overall error [CS02]. It (at least partially) explains
overfitting of the training data for a large hypothesis space and underfitting in the case of
a small hypothesis space. Of course, the hardness of the learning problem is also highly
dependent on the choice of the loss function L. Depending on the application at hand,
popular choices for loss functions in classification tasks4 are variations of the cross-entropy
loss or the hinge loss, whereas popular choices for loss functions in regression tasks5 are the
quadratic loss or the absolute loss [GBC16]. In the case of the quadratic loss function, it is
at least abstractly possible to write down the target function f̂ , referred to as the regression
function6 of σ [CS02].
4I.e., when Z is discrete.
5I.e., when Z is not discrete.
6It is given by f̂ (x) =

∫
Z z dσ(z|x).
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We will see in Section 1.2.4 that it is possible to interpret parametric PDEs as a regression
problem with (compared to other applications) significant simplifications: the target
function, the measure σ, and a suitable loss function L are often known a priori.

1.1.2 The Hypothesis Class of NNs: Basic Notions

We now formally introduce standard feedforward NNs. We stick to the terminology
introduced in [PV18; PRV20]. Particularly, we denote by an NN a structured set of weights,
whereas the associated function is called its realization.

• NN: Let L, d = N0, N1, . . . , NL ∈ N be fixed. A family

Φ =
(
(A`, b`)

)L
`=1

of matrix-vector tuples with A` ∈ RN`×N`−1 , b` ∈ RN` is called neural network (NN).

– The input dimension of Φ is denoted by d and its output dimension by NL.

– L = L(Φ) is the number of layers and (N0, . . . , NL) is the architecture of Φ.

– We refer to the entries of A`, b` as the weights of Φ and call7

M(Φ) :=
L

∑
`=1

(‖A`‖0 + ‖b`‖0)

its number of (non-zero) weights. Moreover, we denote by ‖Φ‖∞ the maximum
absolute value of all weights.

• Realization of an NN: Additionally, fix an activation function $ : R → R and a set
X ⊂ Rd. The $-realization of Φ is the function

RX$ (Φ) : X → RNL ,

x 7→ AL($(AL−1$(. . . $(A1x + b1) . . . ) + bL−1)) + bL ,

where $ is applied componentwise. Throughout this thesis, and for the sake of
simplicity, we denote by ($-)NNs both NNs and their $-realizations as long as their
is no ambiguity about their meaning.

• Sets of NNs and their Realizations: Let S := (N0, . . . , NL). We call NN (S) the set of
NNs with architecture S and define

RNN X$ (S) := {RX$ (Φ) : Φ ∈ NN (S)}.

A wide range of activation functions has been used in practical applications. For the
sake of brevity, we refer to Table 1 of [PRV20] and to Table 1 of [GR21] for comprehensive
lists of activation functions. These functions will be frequently referenced.

7For a matrix A, we denote by ‖A‖0 its number of non-zero entries.
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1.2 Parametric Partial Differential Equations: A Short Introduction

After having established the learning-theoretical background, we now turn to the intro-
duction of parametric PDEs. We exclusively focus on the elliptic case. Parametric PDEs
appear in various applications, such as uncertainty quantification, e.g., see [Sul15, Chapter
12], or optimal control problems, e.g., see [MA01]. A PDE is typically considered to be an
idealized model of a physical phenomenon. Within such a context, one is often interested
in the solution of the PDE under certain characterizing parameters.8 These parameters are
not necessarily fixed but allowed to vary within a certain range. Among them are bound-
ary conditions, the shape of the underlying domain, the right-hand side, multiplicative
coefficients, or the order of the PDE. Mathematically speaking, and in an idealized setting,
one ends up with a family of well-posed operator equations of the form

B(y)u(y) = g(y), (1.1)

where, for every y in the parameter set Y ⊂ Rp, p ∈ N ∪ {∞}, B(y) : X(y) → X(y)∗ is
a continuous map with continuous inverse between a (possibly parameter-dependent)
Banach space X(y) and its topological dual space X(y)∗, g(y) ∈ X(y)∗ is the parametric
right-hand side and u(y) ∈ X(y) solves (1.1). Parametric PDEs are particularly relevant
within a multi-query context. There, one needs to compute u(y) for a large amount of
parameters y and it is imperative to develop efficient solvers, which enable the quick
computation of solutions for new input parameters. Reduced order models (ROMs) deal with
the underlying parametric PDE very efficiently by significantly lowering the dimension of
the problem (see Section 3.2.1 for a more detailed overview).

The goal of this part is to provide an overview of the mathematical background of
parametric PDEs. In particular, we introduce the concrete setup of operator equations
we consider throughout this thesis in Section 1.2.1. Afterwards, we describe the notions
behind high-fidelity discretizations in Section 1.2.2 and the main objectives within multi-
query applications in Section 1.2.3. Finally, we demonstrate in Section 1.2.4 that parametric
problems yield a natural interpretation within statistical learning theory, thereby enabling
us to build a bridge to NN-based techniques.

1.2.1 Setup of Operator Equations

In a classical modeling context (e.g., see [CD15]), one typically distinguishes between the
case of finite parametrizations (where p < ∞) and infinite parametrizations (where p = ∞
and where the components of (y1, y2, . . . ) ∈ Y fulfill certain decay conditions). Moreover,
the parameters are either deterministic or random. In this thesis, we restrict ourselves to
p < ∞. We consider parametric elliptic PDEs, in their weak formulation given by

b(y)(u(y), v) = g(y)(v), for all v ∈ H. (1.2)

Here, for every y in the compact parameter set Y ⊂ Rp, the symmetric, elliptic, bounded9

bilinear form b(y) is defined on H×H for a (parameter-independent) Hilbert space H,

8An associated topic of interest we are not going to discuss in this thesis is the converse question of determining
the underlying parameters from observed solutions, e.g., see [CDMN20].

9With ellipticity, boundedness constants independent of y.
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and g(y) ∈ H∗ is the parametric right hand side10. The Lax-Milgram lemma ensures that
Equation (1.2) has, for every y ∈ Y , a uniquely determined solution u(y) ∈ H [QMN16,
Lemma 2.1]. We call

S : Y → H, y 7→ u(y), S(Y) = {u(y) : y ∈ Y}

the parameter-to-solution map and solution manifold, respectively. An important observation
is that if the forward maps y 7→ b(y)(u, v) and y 7→ g(y)(v) are of a certain smoothness,
then so is the solution map S (e.g., see [QMN16, Section 5.3.2] and the references therein).
In particular, analytic parametrizations yield that S is analytic.

A Representative Example - The Parametric Poisson Equation: For illustrative pur-
poses, and since this example plays an important role in our numerical analysis [GPRSK20],
one could always bear the parametric Poisson equation with homogeneous boundary conditions
in mind:

−∇ · (a(y)(x)∇u(y)(x)) = g(x), on K, and u = 0, on ∂K.

Here, K ⊂ Rd is a Lipschitz domain, g ∈ L2(K) and, for every y in the compact parameter
set Y ⊂ Rp, the function a(y) ∈ L∞(K) is a diffusion coefficient with 0 < r ≤ a(y) ≤ R for
absolute constants r, R > 0. The Hilbert space H is given by the Sobolev space W1,2

0 (K)
(see [Ada75, Section 3] for precise definitions) and we end up with the weak formulation

b(y)(u, v) :=
∫

K
a(y)(x)∇u(x)∇v(x) dx =

∫

K
g(x) · v(x) dx, for all v ∈W1,2

0 (K).

An important subclass of parametric PDEs are affine problems that, in the special case of
the parametric Poisson equation, are of the form

a(y) =
p

∑
i=1

θi(y)κi, (1.3)

for functions θi : Y → R and κi : K → R. Depending on the application at hand, typical
choices for the functions κi are (trigonometric) polynomials, B-splines, characteristic
functions of sub-domains on K, wavelets, or, in the stochastic setting, functions from
the Karhunen-Loeve basis (e.g., see [CD15, Section 1.2] or [BCM17, Section 4.3]). If the
functions θi are analytic (in particular, this includes linearly parametrized problems), then
the nonlinear solution map is analytic as well (e.g., see [CDS11; OR16]).

1.2.2 High-Fidelity Discretizations

A PDE, in its continuous formulation, is often considered to be an idealized version of a
discrete physical system, typically derived from finite-, but high-dimensional discretizations.
In particular, instead of the infinite-dimensional spaceH one considers a discretization11

Uh = span((ϕi)
D
i=1). The basis vectors (ϕi)

D
i=1 are, for instance, functions obtained by

finite element discretizations of the underlying domain (e.g., see [Cia02]). Afterwards,

10With operator norm bounded independently of y.
11For simplicity of exposition, we do not distinguish betweenH and Uh any further. However, in a precise

analysis, one needs to take the discretization error into account.
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for y ∈ Y , one determines the Galerkin projection12 uh(y) = ∑D
i=1 uh(y)i ϕi, where the

coefficient vector uh(y) ∈ RD can be determined by solving a high-dimensional system of
linear equations. The map

Sdis : Y → RD, y 7→ uh(y) (1.4)

is called the discretized parameter-to-solution map and will be our main object of interest.

1.2.3 Goal in Multi-Query Applications: Efficient Calculation of the
Parameter-to-Solution Map

In applications where one needs to determine uh(y) for a multitude of parameters and
only has limited computational resources, it is imperative to develop computationally
fast algorithms. Towards that goal, several types of ROMs have been established. These
efficiently capture the intrinsic properties of the parameter-to-solution map S and of the
solution manifold S(Y) (see Section 3.2.1 for a more detailed depiction). On an abstract
level, the two main questions in this framework can be summarized as follows:

• Is it possible to prove the existence of specifically structured approximations ũ(y) ∈
H of u(y) ≈ uh(y) or ũh(y) ∈ RD of uh(y) that have a comparatively low complex-
ity? In the literature, this is referred to as representational complexity [BCD18]. Popular
quantities for measuring the approximation quality are:

– in the deterministic setting, the uniform error

sup
y∈Y
‖u(y)− ũ(y)‖H or sup

y∈Y

∥∥∥∥∥uh(y)−
D

∑
i=1

(ũh(y))i ϕi

∥∥∥∥∥
H

;

– in the stochastic setting, for a probability measure σY on Y , and for r ∈ (0, ∞),
the r-average error

(∫

K
‖u(y)− ũ(y)‖r

H dσY

)1/r

or

(∫

K

∥∥∥∥∥uh(y)−
D

∑
i=1

(ũh(y))i ϕi

∥∥∥∥∥

r

H
dσY

)1/r

.

• The question of how to actually compute ũ(y) in practice is referred to as the
computational complexity of the problem.

1.2.4 Interpretation of (Parametric) PDEs as a Learning Problem

One can naturally formulate the task of solving (parametric) PDEs within statistical
learning theory. Several different interpretations within this context have been studied:

Fixed Parameters (not the main focus of this thesis): An important line of research that
has been established in the literature is to keep the PDE model fixed and then interpret
the solution of a single PDE defined on a domain K ⊂ Rd as a learning problem. This
is not the main focus of this thesis and we only reiterate it in order to delineate it from

12Which is a quasi-best approximation of u(y) in Uh by Cea’s Lemma, e.g., see [QMN16, Lemma 2.2].
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our setup. Nevertheless, we can interpret the bounds we derive in [GR21] within such
a framework. Here, the input space is the physical domain X = K, the output space is
Z = Rk for some k ∈ N, and the target function is given by the solution u : K → Rk. This
avenue of research in the context of deep NNs has been (numerically) studied, e.g., in
[LLF98; RPK17a; EY18; SS18; YP18; LMMK19; BGJ20; Sam+20]. Here, in particular two
different points of view on the loss function and the risk functional have been developed:

• The point of view taken in [COJSP17] has not been directly associated within the
context of PDEs but has a natural interpretation therein. In the case of the Pois-
son equation with fixed diffusion coefficient a(y) ≡ a, one would end up with
minimizing the risk functional

F : Wn,r
0 (K)→ R, f 7→ ‖ f − u‖Wn,r(K) ,

where r ∈ (0, ∞] and n ∈ N0. The training data in this setup are observed or
computed evaluations of (xi, u(xi)) at spatial points xi ∈ K. This approach is feasible
even if one does not have access to the concrete PDE model;

• Contrary to the setup above, the papers [RPK17a; EY18; LMMK19] require knowl-
edge about the underlying PDE13. On the other hand, training NNs in such a frame-
work may be more efficient, since it is under no circumstances required to compute
actual solutions of the PDE during the training phase. The problem formulation
incorporates the law prescribed by the PDE. For instance, [EY18], for fixed y, aims at
solving the Poisson equation by minimizing the risk functional

F : W1,2
0 (K) f 7→

∫

K

(
1
2
|a(x)∇ f (x)| − g(x) f (x)

)
dx.

Variable Parameters (the main focus of this thesis): In thesis, we take a different point
of view, which has already been proposed in [ESTW19] in the case of random parametriza-
tions. Instead of using NNs as a surrogate for specific solutions of a PDE (with the
typically low-dimensional spatial variable as its input), we aim at the approximation of
the discretized parameter-to-solution-map Sdis which typically acts between the two high-
dimensional spaces Rp and RD. Recalling the notions from Section 1.1.1, we particularly
concentrate on the following interpretation:

• X = Y is the input space and Z = RD is the target space;

• We distinguish between the following two setups:

– In the deterministic setting, a popular loss function is given by

L : RD ×RD → [0, ∞), (c1, c2) 7→
∥∥∥∥∥

D

∑
i=1

(
c1

i − c2
i

)
i
ϕi

∥∥∥∥∥
H

and the associated risk functional is the uniform error

F : (RD)Y → [0, ∞), c 7→ sup
y∈Y
L(c(y), uh(y));

13The paper [RPK17a] speaks about physics-informed deep learning.
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– In the stochastic setting, we assume that σY is a probability measure on Y . For
r ∈ (0, ∞), consider the loss function

L : RD ×RD → [0, ∞), (c1, c2) 7→
∥∥∥∥∥

D

∑
i=1

(
c1

i − c2
i

)
i
ϕi

∥∥∥∥∥

r

H

with associated risk functional induced by the r-average error

F : (RD)Y → [0, ∞), c 7→
(∫

Y
L(c(y), uh(y)) dσY (y)

)1/r

.

• The target function f̂ that minimizes the risk functional (with F( f̂ ) = 0), both in the
deterministic as well as in the stochastic setting, is given by f̂ = uh.

In this regard, the learning problem induced by parametric elliptic PDEs is significantly
different from other problems considered in statistical learning theory:

• the probability distribution σY is often known a priori;

• the target function can be written down explicitly;

• the risk functional has at least one minimizer with zero risk.

1.3 Main Objectives and Findings of This Thesis

After having provided the necessary background, we are now returning to the two subjects
described at the beginning and demonstrate how they are addressed in this thesis.

Main Objectives within Subject A: In view of the questions raised within Subject A,
we provide in [PRV20] (see Appendix A) the first comprehensive study of the intrinsic
structural properties of the hypothesis classRNN K

$ (S) for all practically used activation
functions $ from Table 1 of [PRV20] and a fixed NN architecture S. A summary and
interpretation of the results can be found in Chapter 2. This study provides a new point
of view on NNs and can be regarded as a research object that stands independently
from the three fundamental pillars of learning theory that examine the approximation,
generalization and training error. It turns out that the setRNN K

$ (S) is:

non-convex, not closed in classical function spaces and that the realization map
Φ 7→ RK

$ (Φ) is not inverse stable14.

Although the properties described above are not dependent on a specific learning problem,
they yield interpretations within learning theory. In particular:

• the non-convexity confirms the common observation that the training of NNs is a
highly non-trivial optimization problem;

• from the non-closedness we conclude that for certain regression tasks, the weights
of the approximating networks explode as the approximation error decreases;

14In the sense that for two functions inRNN K
$ (S) which are close in some norm, there do not always exist

corresponding weight configurations in the finite-dimensional space NN (S) that are close.



1.3 Main Objectives and Findings of This Thesis 11

• from the missing inverse stability of the NN parametrization, we conclude that
for specific regression problems, the training algorithm could converge either very
slowly or not at all.

Overall, we establish that:

RNN K
$ (S) has unfavorable structural properties,

which, from a purely theoretical point of view, at least raise questions about their suitability
as a hypothesis class in machine learning.

Of course, despite their disadvantageous intrinsic properties, NNs have shown remark-
able success in applications and many of the phenomena described above can be avoided
in practice. One reason lies in an abundance of well-established (albeit not always well-
understood) techniques that suitably regularize the learning algorithm. Another reason
lies in the flexibility of NNs with respect to their capabilities for the efficient approximation
of large classes of target functions. This leads us to the

Main Objectives within Subject B: In Chapter 3, we examine the approximation ca-
pabilities of NNs for functions which occur in the context of (parametric) PDEs. We
first theoretically examine how many parameters of an NN are sufficient to approximate
specific function classes to achieve a certain accuracy. Here, we aim at identifying key
properties of the target function that enable these rates. Concretely, we concentrate on the
following setups:

• In [GR21] (see Appendix B), we provide lower and almost optimal upper bounds for
function approximation in Sobolev spaces that hold for many activation functions.
We assume that the weights of the approximating NNs are encodable in the sense that
they can be represented by bit strings of moderate length. Here, the

target functions are assumed to be sufficiently smooth.

Concretely, if ε is the approximation accuracy, and Mε is the uniform bound of param-
eters (in terms of the number of non-zero weights) needed to achieve approximation
error ε, we show the expected relation

Mε ∈ Θ(ε−d/(n−k)), as ε→ 0.

Here, d is the input dimension, n is the Sobolev regularity (see [Ada75, Section 3] for
precise definitions) of the target function, k denotes the degree of smoothness in the
approximation norm, and Θ is the standard Landau symbol which expresses that Mε

grows asymptotically like ε−d/(n−k). We discuss these results and their proof strategy
in Section 3.1. They form a continuation of a long line of research, showing that
under the sole assumption of smoothness of the target function, the approximation
capabilities of NNs are as limited as that of other approximation schemes.

• In [KPRS21] (see Appendix C), we turn our attention to parametric elliptic PDEs and
the approximation of the discretized parameter-to-solution map Sdis in the deter-
ministic, uniform setting. Of course, if this map between the two high-dimensional
spaces Rp and RD is sufficiently smooth (lets say, in Wn,∞ for some n ∈ N0), then we
obtain rates of order O(Dε−p/n) by using classical approximation results. However,
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these rates may still be highly sub-optimal, since the term D is multiplied with the
unfavorable scaling ε−p/n. On the other hand, a key observation within classical
ROM techniques is that, in many cases,

the solution manifold S(Y) is intrinsically low-dimensional.

In fact, if S(Y) is approximable by d-dimensional linear subspaces with d� D, then
we are, for some q, r ∈ N, able to derive NN approximation rates of the form

Mε ∈ O(Dd + dq log(1/ε)r).

This is particularly pertinent in scenarios, where d scales more favorably in p than ε−p.
Additionally, the result is not confined to frameworks for which Sdis is sufficiently
smooth but could, in principle, also be applied to other problems as long as the
solution set has small dimension. The results of [KPRS21] are another instance
of the commonly made observation that NNs are able to efficiently identify low-
dimensional structures in high-dimensional data. The proof strategy (see Section
3.2) is based on an emulation of the online phase of reduced basis methods.

Due to their asymptotic nature, approximation-theoretical results of the above flavor
have limited meaning in practice. Additionally, we have seen in Section 1.1.1 that other
factors also contribute to the hardness of a learning problem. It is not clear whether it is
numerically possible to observe approximation-theoretical effects.

• In [GPRSK20] (see Appendix D), we perform comprehensive experiments for the
solution of the parametric Poisson equation. Here, as the parameter dimension p
increases, our goal is to numerically estimate the expressiveness of fixed architecture
NNs for the approximation of the discretized parameter-to-solution map Sdis for a
large variety of parametrizations. Towards this goal,

we numerically isolate the approximation error

and

derive approximation rates which do not suffer from the curse of dimensionality
and depend on an intrinsic complexity of the underlying parametrization.

We describe our method and observations in Section 3.3.

Overall, our expressivity results demonstrate the potential of using NNs in the task of
solving parametric PDEs, thereby contrasting the results derived within Subject A.



2

The Hypothesis Class of Neural Networks
with Fixed Architecture: Structural
Properties and Their Consequences

Within the context of a vanilla deep learning algorithm, one fixes an NN architecture1

S = (d, N1, . . . , NL−1, 1), L ∈ N≥2, and an activation function $ a priori. Afterwards, for
some K ⊂ Rd, Z ⊂ R, one proceeds by solving the associated learning problem, which
can either be formulated as

argminΦ∈NN (S)F
(

RK
$ (Φ)

)
, (2.1)

or, sticking more closely to the notions of Section 1.1.1, as

argmin f∈RNN K
$ (S)

F ( f ) , (2.2)

where F : ZK → R is a risk functional prescribed by an application of interest. Although
a minimizer Φ∗ of Problem (2.1) yields a minimizer RK

$ (Φ∗) of Problem (2.2), the two
optimization problems are fundamentally different from an analytical point of view:

• Problem (2.1) has a linear, finite-dimensional vector space as its hypothesis set,
whereas the objective function is given by F ◦ RK

$ .

• Problem (2.2) has the highly complex hypothesis set RNN K
$ (S) and the objective

function is given by F.

Among other characteristics, the structural properties of the hypothesis class determine
the hardness of a learning problem. Whereas the structure of NN (S) is clear and many
analyses in the past focused on the properties of F ◦ RK

$ , several aspects concerning
the structure of RNN K

$ (S) have either been unknown or only conjectured to hold. A
prominent example is the presumption thatRNN K

$ (S) is not convex for many practically
used activation functions, e.g., see [GBC16].

In [PRV20], we have examined the structural properties of the hypothesis setRNN K
$ (S).

This paper is the first comprehensive analysis of the intrinsic properties of this set for a
wide range of activation functions. The goal of this section is a summary of the results
of that paper, their interpretation as well as the underlying proof strategies. Moreover,
we include a more detailed discussion of related works. We have divided the analysis to
follow into three topics, which will be examined in the upcoming Sections 2.1–2.3:

1For n ∈ N0, we define N≥n := {n, n + 1, n + 2, . . . }, and N≤n analogously.

13
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(i) Non-Convexity: We examine to which extent the conjecture that RNN K
$ (S) is not

convex is true. Also, we establish further algebraic properties ofRNN K
$ (S).

(ii) (Non)-Closedness: Here, we additionally fix a function space D ⊃ RNN K
$ (S) and

establish to which extentRNN K
$ (S) is closed in D. It turns out that closedness is a

desirable property, since non-closedness potentially leads to the frequently observed
occurrence of divergent network weights.

(iii) Relationship between Problem (2.1) and Problem (2.2): Although a minimizer of (2.1)
yields a minimizer of (2.2), it is not clear how the loss landscapes of both problems
are associated to each other. We examine this topic in more detail below by studying
the forward and inverse stability of the realization map. In particular, we pinpoint
potential causes for slow convergence of the associated learning algorithm.

2.1 Non-Convexity of RNN K
$ (S)

One of the most complicated and, in many parts unresolved, questions within deep
learning theory is a proper understanding of the underlying optimization procedure and
its convergence properties. Many results have established that training NNs, even in
very simple frameworks, is NP-complete in general (e.g., see [Jud87; BR89; BB02; GV15]).
A prevalent reason for this fact is that the optimization problem is highly non-convex.
Most analyses in the past have examined the degree of non-convexity of the objective
function of Problem (2.1). As examples, we mention [BH88; Bac17; FB17; NH17; ZLW17;
JGH18; MMN18; RV18; VBB18] and the references therein. Many of these works study the
loss surface of the risk functional in different settings and inspect the (non-)existence of
sub-optimal local minima or saddle points. Frequently, suitable convexification techniques
are introduced and discussed. These results give some insight into the practically observed
success of training algorithms by excluding obstructing phenomena that can occur during
non-convex optimization. In several cases, after suitable regularization and initialization of
the weights, convergence results to global minima of the loss surface of gradient-descent-
related approaches can be derived, e.g., see [Jud87; BR89; BB02; GV15].

While the aforementioned works depend on the choice of the loss function, our paper
[PRV20] takes the point of view of Problem (2.2) by studying the convexity of the hy-
pothesis classRNN K

$ (S) instead of the risk functional. This analysis can be performed
independently from the underlying learning problem. Although the aforementioned
works to some degree implicate that the set RNN K

$ (S) needs to be non-convex, it is
not clear to which extent (i.e., for which NN architectures and activation functions) this
can be mathematically verified. In Theorem 2.1 of [PRV20], we show the following gen-
eral result establishing non-convexity of RNN K

$ (S) for all practically used activation
functions:

Theorem 2.1 Assume that K has non-empty interior. Moreover, let $ be locally Lipschitz
continuous and assume that $ is not a polynomial. ThenRNN K

$ (S) is not convex.

Remark 2.2 We are even in a position to show in Theorem 2.2 of [PRV20] that, for an
arbitrary r ≥ 0, the set

{
f ∈ C(K) : infg∈RNN K

$ (S)
‖ f − g‖C(K) ≤ r

}
, is not convex. 3
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We now proceed with depicting the overall proof strategy of Theorem 2.1 which also
enables us to conclude several other algebraic properties ofRNN K

$ (S).

• We first establish (see Proposition C.1 of [PRV20]) that:

RNN K
$ (S) is scaling- invariant2, hence star-shaped with center 0.

• Now recall the basic fact that a star-shaped subset of a vector space is convex if and only if
every element of this subset is a center. Using that $ is locally Lipschitz continuous, we
show in Lemma C.2, Corollary C.3 and Proposition C.4 of [PRV20] that:

RNN K
$ (S) can only contain finitely many linearly independent centers.

From this it can be directly concluded (see Corollary C.5 of [PRV20]) thatRNN K
$ (S)

is not convex if it encompasses infinitely many linearly independent functions.

• Finally, by using that $ is not a polynomial as well as the fact that RNN K
$ (S) is a

translation-invariant3 subset of C(K), a classical result from [AK64] shows that:

RNN K
$ (S) has infinitely many linearly independent functions,

from which the claim follows.

2.2 (Non)-Closedness of RNN K
$ (S)

An important part of past research connected to the topological properties ofRNN K
$ (S)

has been done in connection with the examination of the best approximation property. If D
is a normed function space with RNN K

$ (S) ⊂ D, then RNN K
$ (S) ⊂ D is said to have

the best approximation property, if, for every g ∈ D, there exists f ∗ = f ∗(g) ∈ RNN K
$ (S)

with
‖g− f ∗‖D = inf

f∈RNN K
$ (S)
‖g− f ‖D.

The question of the existence of best approximations is motivated by the associated ques-
tion whether, for a target function g, there exists an NN from the underlying hypothesis
class which has minimal distance to g and is the desired output of the learning algorithm.

A necessary condition for a set to have the best approximation property (e.g., see
[GP90]) is the closedness of RNN K

$ (S) in D which is the focus of this section. In this
regard, [GP90, Proposition 4.1] shows that for $ = sigmoid (with sigmoid(x) = 1

1+e−x ), the
setRNN K

$ ((d, N1, 1)) is not closed in L∞ and hence cannot have the best approximation
property. The proof idea consists in showing that there exists a function that is the limit
of $-realizations of NNs but cannot be represented as a $-realization of an NN with the
same architecture.4 Moreover, in [GP90, Page 171] it has been wrongly claimed that the
non-closedness property can be proven for “every other non trivial choice of nonlinear
[activation] function and for networks with more than one hidden layer”. As we will see
below, a result of such generality is not true. E.g., [KKV00] proves that Heaviside NNs
do possess the best approximation property in Lr(K), r ∈ (1, ∞). Moreover, in Theorem
2.3.(iii) we demonstrate that ReLU-NNs are closed in C(K).
2I.e., for all λ ∈ R, f ∈ RNN K

$ (S), also λ f ∈ RNN K
$ (S).

3I.e., for every f ∈ RNN K
$ (S), t ∈ Rd, also f (· − t) ∈ RNN K

$ (S).
4In our proofs we use a similar strategy.
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Why is closedness desirable? At this point one might argue that non-closedness is not
severe, since in practice it may be sufficient to get arbitrarily close to inf f∈RNN K

$ (S)
‖g−

f ‖D. However, as we have shown in Section 3.3 of [PRV20], in this case, the undesirable
occurrence of

divergent network weights needs to occur.

To see this, we first note that it has been demonstrated in different setups5 that, for all
C > 0, the set of $-NNs with bounded weights

{
RK

$ (Φ) : Φ ∈ NN (S), ‖Φ‖∞ ≤ C
}

is compact in D.

Since compactness implies the best approximation property, we make the following two
observations:

• Observation in the non-discrete setting: If g ∈ D does not have a best approximation in
RNN K

$ (S) and (RK
$ (Φn))n∈N ⊂ RNN K

$ (S) is any sequence with

∥∥∥g− RK
$ (Φn)

∥∥∥
D
→ inf

f∈RNN K
$ (S)
‖g− f ‖D, as n→ ∞,

then ‖Φn‖∞ → ∞.

• Observation in the discrete setting: In practice, one usually aims at minimizing the
empirical risk Fn

emp as introduced in Section 1.1.1. If the underlying loss function is
the empirical mean square error6 and based on classical results in statistical learning
theory from [CS02], we derive in Proposition 3.6 of [PRV20]: If

– σ is a (potentially unknown) probability Borel measure on K ×R, σK is the
marginal probability on K;

– the regression function f̂ ∈ L2(K; dσK) of σ does not have a best approximation
inRNN K

$ (S),

then for every random sequence (RK
$ (Φn))n∈N which approximately minimizes the

empirical risk (Fn
emp)n∈N, there holds ‖Φn‖∞ → ∞ in probability.

When is RNN K
$ (S) actually closed? We proceed with examining the closedness of

the set of $-NNs with respect to Lebesgue norms, where $ is any of the functions from
Table 1 of [PRV20]. We summarize the results of Theorem 3.1, Corollary 3.2, Theorem 3.3,
Corollary 3.4 and Theorem 3.8 of [PRV20] in a non-technical way:

Theorem 2.3 The following results hold:

(i) Let $ be any of the activation functions from Table 1 of [PRV20]. Moreover, let σK
be any finite Borel measure on K with uncountable support and r ∈ (0, ∞). Then:

RNN K
$ (S) is not closed in Lr(K; dσK).

5In [Kur95] for continuous, bounded $ andD = Lr(K), r ∈ [1, ∞]; in Proposition 3.5 of [PRV20] for continuous
$ and D = Lr(K; dσ) for finite Borel measures σK , r ∈ (0, ∞) as well as for D = C(K).

6L : R2 → R, x 7→ |x1 − x2|2
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(ii) Let $ be any of the activation functions from Table 1 of [PRV20] except for the
(leaky) ReLU. Then:

RNN K
$ (S) is not closed in C(K).

(iii) Let S = (d, N1, 1). Then:

RNN K
(leaky) ReLU(S) is closed in C(K).

Remark 2.4 • The original statement of (i), (ii) in [PRV20] has been stated in an ab-
stract way by giving technical conditions on the activation functions that imply
non-closedness. The proof strategy behind (i), (ii) consists in demonstrating the exis-
tence of functions in the D-closure ofRNN K

$ (S) that cannot be exactly represented
by NNs, since they do not belong to the same function class. For instance, in the case
of (i), we approximate a discontinuous function by NNs with continuous activation
functions (a property which all of the functions from Table 1 of [PRV20] fulfill).

• The proof idea of (iii) is to exploit the non-differentiability of the (leaky) ReLU
combined with an analysis of the singularity hyper-planes of the resulting NNs. 3

The recent paper [MKC20] also establishes non-closedness of NNs in Sobolev spaces
for multiple activation functions. The proofs essentially rely on the same ideas as the
corresponding statements in [PRV20]. Hence, even a stronger norm does not automatically
enforce closedness ofRNN K

$ (S).

2.3 Relation between Problem (2.1) and Problem (2.2)

As we have already seen in the introduction of this section, a minimizer Φ∗ of Problem
(2.1) yields a minimizer of Problem (2.2). Additionally, we have established in Proposition
4.1 of [PRV20] the rather obvious fact that, if D = C(K) or D = Lr(K), for continuous $,
the realization map

RK
$ : NN (S)→ D, Φ 7→ RK

$ (Φ)

is forward stable (i.e., continuous). This implies that if two NNs are close in some norm on
NN (S), also their associated realizations are close in D. Hence, approximate minimizers
of Problem (2.1) yield approximate minimizers of Problem (2.2). Nevertheless, it is not
clear to which extent the converse is true:

If f , g ∈ RNN K
$ (S) are two NN realizations that are close, do there always exist

Φ, Φ̃ ∈ NN (S) that are close to each other and such that f = RK
$ (Φ) and g = RK

$ (Φ̃)?

In particular, this would imply that for an approximate minimizer of Problem (2.2) there
exists a parametrization that is an approximate minimizer of Problem (2.1). We examine
this question by studying the inverse stability of the realization map.

Why is inverse stability of RK
$ desirable? Assume we want to find an approximate

solution Φ∗ ∈ NN (S) of (2.1). Then, an iterative training procedure may return Φ̃∗

for which F(RK
$ (Φ∗)) ≈ F(RK

$ (Φ̃∗)). However, if RK
$ is not inverse stable, every weight

configuration Φ̃∗ yielding this realization is potentially very far away from Φ∗ in NN (S).
In case the loss landscape of F ◦ RK

$ has wide valleys,
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this would result in very slow or no convergence of the underlying training algorithm.

Is RK
$ inverse stable? The following simplified version of Theorem 4.2 and Corollary 4.3

of [PRV20] establishes that RK
$ is never inverse stable in a neighborhood around 0 as long

as D = C(K) or D = Lr(K):

Theorem 2.5 Let $ be Lipschitz continuous and not affine linear and assume that K has
non-empty interior. Then, there exists a sequence (Φn)n∈N ⊂ NN (S) with:

•
∥∥∥RK

$ (Φn)
∥∥∥

C(K)
→ 0;

• any sequence (Ψn)n∈N ⊂ NN (S) with RK
$ (Φn) = RK

$ (Ψn) implies ‖Ψn‖∞ → ∞.

In particular:

RK
$ : NN (S)→ Range(RK

$ ) ⊂ C(K) is not a quotient map7.

In view of Theorem 2.5, one may ask whether inverse stability can be achieved under
stricter restrictions, such as:

• a stronger topology than the one on C(K). In such a framework, our proof strat-
egy, relying on the construction of NNs with exploding Lipschitz constants and
decreasing amplitude, fails;

• a restriction of the parameter space.

These types of restrictions lie at the heart of the more recent work [EBG19] which examines
inverse stability for two-layer ReLU-NNs with respect to first-order Sobolev semi-norms.
Despite focusing on a stronger norm, it is shown that inverse stability cannot be achieved
in general. However, by suitably confining the parameter space, [EBG19, Theorem 3.3]
establishes inverse stability of the restricted realization map. This observation may open
up new research directions also in the C(K)-setting.

Let us close this part by a depiction of:

Further Related Works Examining the Parametrization of NNs: Another line of re-
search that has gained attention in recent years is the study of all parametrizations which
yield a specific realization. This question of identifiability stands in contrast to our anal-
ysis which focuses on NN realizations that are only close in some norm. The papers
[PL20; VB20a; VB20b] (and the references therein) examine the question whether, up to
certain symmetries or transformations, a particular output of the realization map uniquely
determines the NN (i.e., its architecture, weights and biases) yielding that realization.

7A quotient map (see [Lee11]) is a continuous map q : V → W between two topological spaces V, W
such that for any A ⊂W the equivalence A is open in W ⇐⇒ q−1(A) is open in V holds.
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Efficient Approximation of Solutions of
Parametric PDEs by Neural Networks

We have seen in the last section that the structural properties of NNs are rather unfavor-
able. In contrast, their approximation capabilities are considered to be quite exceptional.
Additionally, compared to many questions related to NN-based techniques, they are
well-understood1 and a plethora of past research has focused on estimates of the approxi-
mation error. However, it should be noted that in most applications one does not have
direct access to the quantity

∣∣∣F( f̂ )− F( f̂M)
∣∣∣, since the probability distribution σ and the

target function f̂ are unknown. Instead, (potentially rough) surrogate quantities, such
as norm estimates, are considered (see also the related discussion in [GRK20, Page 2]).
As we have seen in Section 1.2.4, the application of parametric PDEs, the main focus of
this section, is different in this regard. An important reason for the high expressivity of
NNs lies in the fact that they are, in theory (disregarding algorithmic considerations),
as efficient as a multitude of other schemes of approximation. A notable example is the
universal approximation theorem (e.g., see [Cyb89; Pin99]), a version of which establishes
that every continuous function on a compact set K ⊂ Rd can be uniformly approximated arbitrar-
ily well by shallow NNs with continuous, non-polynomial activation function. Several proof
strategies have been established in the literature. One idea consists of an emulation of
polynomials2 by NNs. In other words, under the assumption of unrestricted width3, NNs
are theoretically at least as powerful as polynomials for function approximation in C(K).
The universal approximation theorem does not give any bounds on the complexity of the
approximating NNs. Subsequent works have measured the number of free parameters
(in terms of the number of non-zero weights) in order to quantify the approximation
capabilities of NNs. In the second part of this thesis, we continue this line of research by
examining NN approximation rates for solutions of (parametric) PDEs. Although they are
not adapted for this particular task, our results highlight the potential of NNs for their
utilization within the area of parametric PDEs. We study the following aspects:

• In Section 3.2, we depict and discuss the results of [KPRS21] in Appendix C. We pro-
vide upper bounds on NN approximation of the discretized parameter-to-solution
map Sdis from Equation (1.4). Contrary to the upper bounds from Section 3.1, which
are solely based on the smoothness of the target function, we use the specific struc-
ture of Sdis in order to derive improved rates. The proof is based on the emulation of
reduced bases, which are a ROM for solving parametric PDEs and a particular instance

1For a comprehensive survey on expressivity results of NNs we refer to [GRK20] and the references therein.
2These are dense in C(K) by the Stone-Weierstraß Theorem, e.g., see [Rud76, Theorem 7.26].
3Denseness of NNs with uniformly bounded width cannot be achieved for practically used activation
functions as is shown in Appendix C.3 of [PRV20].

19
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of manifold approximation by linear subspaces. This result shows that using the
nonlinear approximation scheme of NNs is essentially at least as powerful as linear
approximation schemes for the solution of parametric PDEs.

The theoretical results from the papers [GR21; KPRS21] examine, for ε > 0, the suffi-
cient/necessary number Mε ∈ N of non-zero parameters for an NN such that it yields
approximations with error ε with a particular emphasis on the dependence on the input
dimension of the target function. From a practical point of view, this notion might be
inadequate, since it is inherently asymptotic. Instead, it is often more relevant to ask the
converse question: For a fixed NN architecture, is it possible to upper bound the resulting
approximation error? This leads us to the last part of this section.

• In Section 3.3, we depict and discuss the results of [GPRSK20] in Appendix D. We
perform systematic and comprehensive numerical experiments in which we learn
the map Sdis associated to the parametric Poisson equation (see Section 1.2) for
parametrizations of varying complexity. We aim at a numerical derivation of ap-
proximation rates, dependent on the underlying parametrization and for increasing
parameter dimension p. We are particularly interested in a numerical verification of
the theoretical observation that the complexity of the solution manifold is a main
contributing factor to the hardness of the associated approximation problem.

3.1 Theoretical Approximation of Regular Functions in Higher-Order
Smoothness Norms

The first approximation-theoretical results following the universal approximation theorem
were mostly concerned with shallow NNs (e.g., see [Pin99] for an overview). In recent
years, driven by their success in applications, deeper NNs and the potential gain in
expressivity of deeper over shallow architectures have been examined more closely (for
an overview of connected works, e.g., see [GRK20, Section 7] or [MLP16; PMRML17]).

Many works have focused on the following question:

For a function space D on a domain K ⊂ Rd and C ⊂ D, approximation accuracy ε > 0, and an
activation function $, is it possible to upper/lower bound

Mε = Mε(C,D, $), Lε = L(C,D, $) ∈ N to obtain

sup
f∈C

inf
Φ NN with

M(Φ)≤Mε, L(Φ)≤Lε

∥∥∥ f − RK
$ (Φ)

∥∥∥
D
≤ ε ?

Before we continue, we emphasize that approximation rates depend on

Conditions Regarding the Choice of Weights:

• Allowing for arbitrary weights might lead to better rates than approximation with
constrained weights.

• However: Examining NNs with unrestricted weights is not feasible from a practical
point of view, since computers are only able to store weights with a limited amount
of bits. Hence, an assumption of the works [PV18; BGKP19; GPEB19; GKV20]
and also the focus of this section, [GR21], is to only allow for encodable weights.
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In particular, we require that the lengths of the bit strings of the weights of the
approximating NNs grow moderately in ε. In such a framework, an NN typically
is interpreted as an encoder within rate-distortion theory as introduced in [Don93].
Throughout the remainder of this section, and for the sake of simplicity, we do not
provide the precise mathematical notions.

• Another assumption that has been studied in [Pin99; Yar17], is the continuous depen-
dence of the parameters on the target function.

In the following, we particularly focus on results connected to classes C of sufficiently
smooth functions. For an overview of works connected to piecewise smooth functions, we
refer, e.g., to [GRK20, Section 5].

3.1.1 Lower Bounds for NN Approximation in General Smoothness Spaces

A variety of lower bounds that limit the capabilities of NN approximation have been
established in the past. For classical function spaces, these bounds are subject to the curse of
dimensionality (in the sense that Mε grows exponentially in the input dimension as ε→ 0).

• The famous lower bound of [DHM89] essentially states that any scheme of ap-
proximation (not necessarily NNs) with continuous parameter dependence for the
Lr(K)-approximation of functions in the unit ball of Wn,r(K) requires at least

Ω
(

ε−d/n
)

parameters.

• The slightly more optimistic bound Ω(ε−(d−1)/n) for function approximation by
shallow NNs with unrestricted weights and arbitrary activation function has been
obtained in [Mai10].

• In the case of NNs with more than two layers and unrestricted weights, a result of the
above flavor does not hold anymore for arbitrary activation functions4. However, it is
widely assumed that for practically used activation functions one cannot circumvent
the curse of dimensionality. For instance, [Yar17; GKP20] show the lower bound

Ω
(

ε−d/(2(n−k))
)

for approximation by ReLU-NNs in the case C = { f ∈Wn,∞(K) : ‖ f ‖Wn,r≤1} , D =
Wk,r(K), for n ∈ N≥k+1. The proof relies on estimates of the VC-dimension [AB99].

We now turn to the case of NNs with weights that are encodable by bit strings which
moderately grow in the approximation accuracy. Concretely, we consider weights that are
encodable byO(log(1/ε)) bits. This information-theoretical viewpoint has first been taken
in [BGKP19] and further considered in [PV18; GPEB19]. By imposing the restriction of
encodable weights, in our paper [GR21] we derive lower bounds for arbitrary choices of
activation functions. The main idea is to show that:
4For instance, [Pin99, Theorem 4] shows the existence of an exotic activation function $ such that $-NNs with
three layers and number of weights bounded linearly in d is dense in C(K).
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if the minimax code length5 Tε(C,D) can be bounded from below,
then the same holds true for Mε.

The minimax code-length essentially describes the necessary length of bit strings to encode
every element in C up to accuracy (or distortion) ε. We have derived the following informal
version of Theorem 3.5 of [GR21]:

Theorem 3.1 Let $ be such that the resulting $-NNs are a subset of D. Assume that
Tε(C,D) ∈ Ω(ε−γ) for some γ > 0, as ε→ 0. Then, if we only allow for approximation by
NNs with weights that are encodable by O(log(1/ε)) bits, we have

Mε(C,D, $) ∈ Ω(ε−γ/ log(1/ε)).

Remark 3.2 This statement is a direct generalization of [BGKP19, Proposition 3.6] (where
D = L2(K)) to arbitrary function spaces D and an immediate generalization of the proof
strategy of [PV18, Theorem 4.3] (where D = Lr(K) and $(0) = 0 was assumed). 3

In particular, it follows from [GHJW18, Remark 5.10] that, if C is the unit ball of a function
space C̃, then

Tε(C,D) ≥ Hε(C̃,D),
where Hε(C̃,D) is the ε-entropy of C̃ in D (e.g., see [ET96]). Since lower bounds on the
ε-entropy are well-studied for a large variety of function spaces (e.g., see [Tri78; ET96]),
we immediately obtain the following shortened version of Corollary 3.8 of [GR21] which
establishes the following lower bound for NN approximation in Sobolev spaces:6

Corollary 3.3 Let n, k ∈ N0 with n ≥ k + 1 and let r ∈ (0, ∞]. Let $ be such that the
resulting $-NNs are a subset of D := Wk,r(K). If:

• C is the unit ball in Wn,r(K);

• as ε → 0, we only allow for the approximation by NNs for which every weight is
encodable by O(log(1/ε)) bits,

we have

Mε(C,D, $) ∈ Ω
(

ε−d/(n−k)
/

log(1/ε)
)

. (3.1)

3.1.2 Almost Optimal Upper Bounds for NN Approximation in Sobolev Spaces

In view of Equation (3.1), we now turn to deriving complementing (and almost tight)
upper complexity bounds. We now exclusively concentrate on the case that C is the unit
ball in Wn,r(K) for n ∈ N andD = Wk,r(K) for k ∈ N≤n−1. These bounds can be employed
for deriving upper bounds on the approximation of the discretized parameter-to-solution
map Sdis, provided it is sufficiently smooth. Additionally, this setup is relevant in the
context of the approximation of solutions of PDEs with fixed parameters by NNs. These
typically have a higher regularity than the elements from the solution space. Consider the
5We refer, e.g., to Definition 3.1 of [GR21] for the precise definition.
6Similar results can be obtained for Hölder spaces, Besov spaces, Triebel-Lizorkin spaces, and more.
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Two Examples: Depending on the regularity of the right-hand side f , of the underlying
domain K ⊂ Rd, and of the diffusion coefficient a,

• typical weak solutions ua ∈W1,2(K) of the second-order Poisson equation

−∇(a(x)∇u(x)) = f (x), on K + boundary conditions,

are even in Wn,2(K), for some n ≥ 2 (e.g., see [Dob10, Section 7]);

• typical weak solutions ua ∈ W2,2(K) of the fourth-order Dirichlet problem for the
biharmonic operator ∆2 (e.g., see [Cia02])

−∆(a(x)∆u(x)) = f (x), on K + boundary conditions,

are even in Wn,2(K), for some n ≥ 3 (e.g., see [Cia02, Section 6]).

Contrary to the lower bounds of the last section, complementing upper bounds cannot
be derived in a straightforward manner for arbitrary choices of sufficiently smooth $. In
[GR21], we have identified simple conditions that allow for almost optimal approximation
of Sobolev functions by $-NNs with encodable weights. Our paper [GR21] can be seen as
a generalization of the results and overall proof strategy of the upper bounds of [Yar17;
GKP20] for ReLU-NNs to more general activation functions. [GR21] is the first paper that
establishes approximation rates for a wide class of activation functions in higher-order
smoothness norms. For related works, we refer to the end of this subsection. We now
depict the overall idea behind the upper bounds of [Yar17; GKP20], in which the rates

Mε ∈ O(ε−d/(n−k) log(1/ε)), Lε ∈ O(log(1/ε)), (3.2)

have been derived for k ∈ [0, 1], n ≥ k + 1 and r ∈ [1, ∞]. When restricting to ReLU-NNs,
approximation with respect to Sobolev norms of order k ≥ 2 is excluded due to the ReLU’s
limited regularity. Hence, although ReLU-NNs have gained popularity in applications in
recent years, from an approximation-theoretical point of view, they might not be as well
suited for applications in which the smoothness of the target function plays a significant
role. Before turning to smoother activation functions, let us shortly describe the proof idea
behind the upper bounds of [Yar17; GKP20], since this constitutes the starting point of
[GR21]. The strategy consists in

the emulation of localized Taylor polynomials

by ReLU-NNs.

(i) First, approximate f by localized polynomials of the form

∑
b

φb · p f ,b. (3.3)

Here,

– the functions φb are localizing, piecewise linear, compactly supported bump
functions within patches b ⊂ K;

– The functions (φb)b form a partition of unity (PU) on K, i.e., ∑b φb = 1;
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– the number of patches scales, for a grid-size 1/R, R ∈ N, like O(Rd);

– the p f ,b are Taylor polynomials of degree ≤ n− 1 provided by the Bramble-
Hilbert Lemma (e.g., see [BS08]). The polynomials approximate f up to a
certain accuracy on the patch b. In order to achieve the overall approximation
accuracy ε, choose 1/R = 1/R(ε) ∈ O(ε1/(n−k)).

(ii) Second, approximate (3.3) by ReLU-NNs. Towards this goal, it is shown that:

– the bump functions φb can be implemented by ReLU-NNs with constant size;

– ReLU-NNs approximate the square function x 7→ x2 with O(log(1/ε)) weights
and layers. This observation is the foundation for the approximation of the mul-
tiplication (x, y) 7→ xy = 1

2 ((x + y)2 − x2 − y2) by ReLU-NNs. Subsequently,
the approximation of arbitrary polynomials as well as the approximation of the
product φb · p f ,b can be achieved by ReLU-NNs with O(log(1/ε)) weights and
layers. Combining this result with the number of patches yields (3.2).

If we want to transfer the proof strategy of [Yar17; GKP20] based on localized polynomials
to $-NNs with other activation functions $ ∈ W j,∞

loc (R) for some j ∈ N, we identify the
following two basic ingredients, from which the approximation of localized polynomials
can be deduced from in a straightforward manner (see Section 4.3 of [GR21] for more
detailed explanations):

• Ingredient 1: Efficient approximation of the square function x 7→ x2. This is straight-
forward for all activation functions that are sufficiently smooth and have non-
vanishing second derivative at some point x0 ∈ R.7 This includes all activation
functions listed in Table 1 of [GR21] except for the (leaky) ReLU. In particular, the
resulting networks have O(1) non-zero weights and 2 layers. In this sense, they
allow for more efficient approximations of the square function than ReLU-NNs. For
a more detailed discussion, we refer to Section 4.2 of [GR21].

• Ingredient 2: Implementation of localizing bump functions φb by $-NNs. We have
not been aware of a strategy for general $.

The main goal of Section 4.1 of [GR21] is to:

provide a general framework for the construction of bump functions by $-NNs

that, together with the efficient approximation of polynomials, allows for almost optimal
approximation rates in Sobolev norms. Contrary to ReLU-NNs, we face the following
difficulties:

• The implementation of compactly supported bump functions is no longer possible in
general. In particular, a bump function which is mainly concentrated on one patch
does not vanish on other patches. Here, a fast decay outside of a certain patch is
required in order to yield meaningful approximation rates;

• In general, we cannot hope for ∑b φb = 1. Instead, we aim at constructions of
approximate PUs.

7For the corresponding statements, e.g., see, [RT18, Proof of Prop. 4.6] for L∞-approximation or Proposition
4.7 of [GR21] for Wk,r-approximation.
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We have identified the asymptotic behavior of $ to be the key factor in the construction of
bump functions that vanish sufficiently fast outside of a certain patch. Concretely:

• on a high-level and following the analogous notion in [MM92], for τ ∈ N0, we first
require $ to be a sigmoidal function of order τ in the sense that there exist a, b ∈ R with
a 6= b and

lim
x→−∞

$(x)
xτ

= a, lim
x→∞

$(x)
xτ

= b.

• we require that $ and its weak derivatives approach the asymptotes with a specific
speed (see Definition 4.2 of [GR21] for the case τ ∈ {0, 1}). Particularly, we either
require that the asymptotes are reached with polynomial speed, exponential speed or
that the asymptotes are reached with zero error.

We then show in Lemma 4.5 of [GR21], for the case τ ∈ {0, 1}, the existence of bump
functions (implementable by $-NNs with a constant number of weights) which:

either converge to a PU with polynomial speed, exponential speed,
or yield an exact PU.

Remark 3.4 All activation functions from Table 1 of [GR21] are either zero-order sig-
moidal (if they are bounded) or first-order sigmoidal functions (if they are unbounded).
An important example of a τ-order sigmoidal for τ ≥ 2 is given by the rectified power
unit RePUτ = ReLUτ. τ-order sigmoidals allow for the construction of sufficiently con-
centrated bump functions (see Definition 4.4 for the case τ ∈ {0, 1} and Remark 4.6 of
[GR21] for τ ≥ 2). All functions from Table 1 of [GR21] reach their asymptotes at least
with polynomial speed. Several (such as, e.g., softsign or arctan) do not exhibit faster
decay. Functions that approach their asymptotes with exponential speed are for instance
the softplus or the ELU. Functions that reach their asymptotes with zero error are, e.g.,
(leaky) ReLU or RePUτ. For a detailed exposition we refer to Table 1 of [GR21]. 3

Depending on the behavior of the bump functions, we are able to show the following
informal version of Proposition 4.8 and Theorem 4.9 of [GR21]:

Theorem 3.5 We assume the following:

• Let j, τ ∈ N0, k ∈ {0, . . . , j}, n ∈ N≥k+1, r ∈ [1, ∞] and µ > 0.

• $ ∈W j,∞
loc (R) is a τ-order sigmoidal that admits the construction of a polynomial,

exponential or exact PU.

• There exists a neighborhood around x0 ∈ R in which $ is three times continuously
differentiable with $′′(x0) 6= 0.

Then, as ε→ 0, for every f in the unit ball of Wn,r(K) there exists an NN Φε, f that has:
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• at most

Mε ∈





O(ε−d/(n−k)), for k ≤ τ, if polynomial PU,
O(ε−d/(n−k−µ max{0,k−τ})), if exponential PU,
O(ε−d/(n−k)), if exact PU,

non-zero weights that are encodable by O(log(1/ε)) bits;

• at most Lε ∈ O(1) layers,

such that
∥∥∥ f − RK

$ (Φ f ,ε)
∥∥∥

Wk,r(K)
≤ ε.

Remark 3.6 The encodability of the weights can be concluded from the fact that only the
weights in the last layer of the approximating NNs Φ f ,ε depend on f . These weights are
rounded to a suitable mesh. The other weights can be directly encoded by an abstract
coding scheme (see the proof strategy of Theorem 4.9 of [GR21]). This observation can
intuitively be transferred to the emulation of other approximation schemes for which only
the weights in the last layer of the approximating NNs depend on the target function. 3

Concluding, we can show:

• (up to a log factor) optimal rates for all activation functions from Table 1 of [GR21]
in Wk,r(K) for k ≤ τ. If the activation function $ only admits the construction of a
polynomial PU, then we are not able to show optimal approximation rates for k > τ.
The reason for this is that, on a high level, the k-th order derivatives of the resulting
bumps do not vanish fast enough outside of a certain patch. For a more detailed
explanation we refer to Section 4.3 of [GR21];

• (almost) optimal rates for all activation functions that allow for an exact or exponen-
tial PU up to their highest order of smoothness;

• constant-depth approximations. This is a slight improvement over the corresponding
statement for ReLU-NNs. Lε only depends on n, d.

We conclude this part by depicting further works that are related to our setup.

Related Works I - Approximation of Dictionaries and Classes of Smooth Functions:
Our results can be embedded into a long line of research that shows upper bounds for
function approximation in smoothness spaces. These results, based on the emulation
of a multitude of other approximation tools, demonstrate the expressive power of NNs.
Thereby, many instances of approximation rates have been established that essentially
show that NNs are theoretically at least or almost as powerful as other schemes of approx-
imation. Similarly to our proof strategy, in these results one:

• approximates the target function by combinations of elements from a dictionary for
which approximation rates are known;

• approximates the elements of the dictionary and combinations thereof by NNs.



3.1 Theoretical Approximation of Regular Functions in Higher-Order Smoothness Norms 27

Notable instances of dictionaries and simple functions that NNs with practically used
activation functions are able to efficiently approximate are:

• polynomials (e.g., see [Mha96; Pin99; Yar17; PV18; RT18; GKP20; Sch20; GR21]);

• rational functions (e.g., see [Tel17]);

• wavelets (e.g., see [SCC18]), and more general affine systems (e.g., see [BGKP19]);

• B-splines (e.g., see [MM92; Mha93; Suz19]);

• finite elements (e.g., see [HLXZ20; OPS20]);

• radial basis functions (e.g., see [CLZ19]);

• sparse grids (e.g., see [MD19]);

• localizing functions (e.g., see [CS13; Yar17; PV18; BGKP19; Lin19; GKP20; GR21]).

Remark 3.7 We note that the constructions of the localizing functions of the works [CS13;
Yar17; PV18; Lin19; GKP20] are only given for specific activation functions and do not
provide a unifying framework for their construction:

• [BGKP19] proposes the implementation of compactly supported bump functions by
activation functions that have compact support on the negative half-axis;

• [PV18] considers approximation in Lr, r ∈ (0, ∞). In this setup, approximations of
indicator functions by NNs with continuous activation function are shown. Deal-
ing with higher-order smoothness spaces is not possible. Similarly, the localizing
functions of [Lin19] rely on the mixed application of an indicator function and a
sigmoidal function as the choice of activation functions;

• [Yar17; GKP20] consider bump functions implemented by ReLU-NNs. These are
only in W1,r and hence not usable for approximation in higher-order Sobolev norms;

• [CS13] propose implementations of approximate bump functions by zero-order
sigmoidals. The essential difference to our approach is that the influence of bump
functions neighboring a certain patch does not decrease fast enough as 1/R→ 0. 3

Based on the emulation of the dictionaries described above, many NN approximation
results that prove upper bounds that are similar to ours have been studied. We only
mention a few of these works:

• Further rates for function approximation in first-order Sobolev norms by ReLU-NNs,
based on an emulation of finite element methods, have been derived in [OPS20].
Such a proof strategy might also work in the setting of higher-order smoothness
spaces and for general activation functions;

• Constant-depth approximations of Hölder continuous functions with respect to
Lr-norms, r ∈ (0, ∞), by ReLU-NNs have been derived in [PV18]. The proof strategy
is also based on the emulation of localized polynomials with indicator functions as
the localizing functions. The constant depth can only be achieved due to r < ∞;
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• Results based on the approximation of B-splines by $-NNs where $ = ReLU or $ is a
τ-order sigmoidal function for τ ≥ 2 can be found in [MM92; Mha93; Suz19]. These
results provide approximation of Besov functions in Lr. Such a proof strategy might
also work in the setting of higher-order smoothness spaces and for general activation
functions. However, we are not aware of approximation rates for B-splines by NNs
with general zero-or first-order sigmoidal activation function;

• [Mha96] shows approximation rates for Sobolev functions in Lr, r ∈ [1, ∞]. The result
is based on an emulation of global polynomials. To achieve accuracy-independent
depth, it is assumed that the activation function has a point with non-vanishing
derivatives. This proof strategy can potentially be transferred to our setting of
approximation in Sobolev norms. However, since we only assume that the activation
function has a non-vanishing second derivative, the depth of the resulting NNs needs
to grow with the approximation accuracy. This is caused by the unboundedness of
the degree of the polynomial as the approximation accuracy increases.

Related Works II - Improved Rates by Further Structural Constraints: The aforemen-
tioned results suffer from the curse of dimensionality. This is due to the fact that the sole
assumption on the target function is to be sufficiently smooth. The established lower
bounds show that under such a weak constraint, no notable improvement is possible.
However, significantly better approximation rates can be derived for functions with ad-
ditional structural constraints. We refer to [GRK20, Section 6] for a more comprehensive
overview. Here, we only shortly describe four lines of research in this direction:

• A famous example of a class of functions for which approximation rates can be
derived that only weakly depend on the input dimension are functions with a

finite Fourier moment,

sometimes referred to as the Barron class (e.g., see [Bar93; Bar94; CPV20]).

• If the target function is

compositional,

the hierarchical arrangement of NN helps to gain significant expressive power over
other approximation schemes (e.g., see [MLP16; PMRML17; MD19]).

• If the target function is the

solution of a particular PDE,

then it is also sometimes possible to break the curse of dimensionality (e.g., see
[EHJ17; BBGJJ18; EGJS18; GHJW18; HJE18; JSW18; BEJ19; BGJ20; HJKN20]). A
common strategy in this framework is the interpretation of the underlying PDE in a
statistical context combined with an emulation of Monte Carlo methods by NNs.

• Another structural constraint leading to a massive gain in expressivity is the assump-
tion that the target function is

intrinsically low-dimensional.
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This assumption which has, e.g., been considered in [PV18; SCC18; Sch19], mirrors
the common observation that NNs are able to efficiently capture low-dimensional
structures in high-dimensional data. The aforementioned works show that the
approximation rate in this setting mainly depends on the dimension of the low-
dimensional structure and only weakly on the ambient dimension.

3.2 Theoretical Approximation of the Discretized Parameter-to-Solution Map

We now turn to the approximation of the discretized parameter-to-solution map Sdis

of (1.4). Of course, as long as this map is sufficiently smooth, we can directly infer
approximation rates of the type which have been discussed in the last section (see also
Section 5 of [KPRS21] for a related discussion). However, as we have pointed out above,
such results might lead to highly sub-optimal approximation rates, since they do not take
the specific properties of the solution map into account. An important observation which
lead to the emergence of classical ROMs in order to deal with solutions of parametric PDEs
is that the solution manifold S(Y) is low-dimensional in many cases. We will exploit this
property later on to derive approximation rates for Sdis that are highly superior compared
to classical rates. Our results heavily depend on the existence of small reduced bases, a
linear approximation scheme. Since their theory plays an important role in our results and
to give the reader a better overview of related, classical ROM techniques, we first proceed
by a short survey of these techniques. Afterwards, we turn to NN-based approaches. We
stick to the notation of Section 1.2.

3.2.1 Preliminaries: Classical Reduced Order Modeling Techniques

Linear ROM approaches aim at finding a linear subspace8 Ured = span
(
(ψi)

N
i=1

)
of H

with N � D such that, for y ∈ Y , there exist coefficient vectors ured(y) ∈ RN with

u(y) ≈
N

∑
i=1

ured
i (y)ψi.

This approach can be seen as a separation ansatz, in which the functions ψi only depend on
the spatial variable, whereas the coefficient functions ured

i only depend on the parametric
variable. In general, a small representational complexity (i.e., when N can be chosen to be
comparatively small) does not necessarily imply small computational complexity. Due to
this reason, most dimension-reducing algorithms have an offline-online decomposition.

• In the computationally expensive offline phase, the dimension of the problem is
reduced by capturing the intrinsic properties of the solution manifold. In particular,
the functions ψi are computed. In this phase, one has plenty of computational
resources at ones disposal.

• The online phase, in which one only has access to few computational resources, uses
the previously computed ROM to efficiently calculate new solutions.

8In the trivial case of a PDE with fixed parameters, i.e., when Y consists of one element, one can simply
choose the space spanned by the Galerkin solution as the optimal reduced space.
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A lower bound on the approximative capabilities of the space Ured is given by the Kol-
mogorov N-width WN(S(Y)) (e.g., see [CD15]) which measures the best theoretically fea-
sible uniform approximation of S(Y) by an arbitrary, at most N-dimensional subspace
of H or Uh. A fast decay of WN(S(Y)) indicates the existence of spaces Ured with small
dimension, implying small representational complexity of S(Y). Standard estimates of
WN(S(Y)) often rely on the smoothness of the solution map S. In case it is analytic, it is
possible to expand u(y) in a Taylor series of the form

u(y) = ∑
0≤|α|<∞

yαψα, (3.4)

with Taylor coefficients ψα ∈ H, [CDS11, Theorem 1.3]. Such an expansion gives rise to:

sparse polynomial decompositions (SPDs),

where the infinite series (3.4) is approximated by a truncated partial sum ∑N
i=1 ured

i (y)ψαi =

∑N
i=1 yαi ψαi . For problems with affine parametrizations (1.3), it is possible to choose

N ∈ O(log(1/ε)p) to achieve uniform approximation error ε, e.g., see [OR16, Theorem
3.1] or [BC17, Equation 3.6]. This constitutes an upper bound on the Kolmogorov N-width
which is the only available bound for affine elliptic problems with general functions9 κi.
The size of the resulting reduced space span((ψαi)

N
i=1) is subject to a mitigated curse of

dimensionality. Apart from Taylor expansions, popular choices of SPDs in the stochastic
setting are truncations of orthonormal Legendre polynomials [CD15].

Since for SPDs the structure of ured(y) is prescribed, the structure of the associated ψαi

is also predetermined. In practice, it remains to find a configuration ψα1 , . . . , ψαN such that
the resulting polynomial approximates u(y). There exists an abundance of numerical algo-
rithms that identify the multi-indices α1, . . . , αN and subsequently calculate ψα1 , . . . , ψαN

by solving a high-fidelity equation. Notable examples are interpolation algorithms (e.g., see
[CD15, Section 6]), greedy algorithms (e.g., see [CD15, Section 7.2]) or approaches based on
compressed sensing (e.g., see [RS17; CDTW18; DTW19]). The computational complexity of
these methods in the offline phase is manageable10. After having found a configuration
ψα1 , . . . , ψαN , computing a solution for a new parameter in the online phase is trivial, since
it only requires the evaluation of the polynomials and the assembly of the resulting sum11.

A more general approach than SPDs which has gained attention in recent years is the
structural assumption that the coefficients ured(y) possess a (e.g., see [EPS17; BCD18])

hierarchical tensor decomposition.

Since in both approaches described above, one a priori prescribes the structure of the
coefficient vectors ured(y), the flexibility in choosing the functions (ψi)

N
i=1 is limited. This

might ultimately lead to the construction of a sub-optimal reduced space. In order to
overcome this issue and if one is interested in finding almost optimal approximations with
respect to the 2-average error in the stochastic setting, methods based on

9Sharper estimates, which completely overcome the curse of dimensionality, are only known in very special
cases and for small parameter dimensions p, e.g., see [CD15, Section 4.4], [BC17, Sections 2 & 4], [BCM17,
Section 4] or [BCD18, Section 6].

10For instance, the algorithms proposed in [CD15, Sections 6 & 7] require a number of operations which grow
of low polynomial order in D, N, see [CD15, Equations 6.110 & 7.99].

11This results in O(ND) operations.



3.2 Theoretical Approximation of the Discretized Parameter-to-Solution Map 31

proper orthogonal decompositions (PODs)

have been developed. Here, the basis (ψi)
N
i=1 is constructed via an approximation of a

covariance operator associated to the problem at hand (e.g., see [QMN16, Section 6] and the
references therein). Another approach, which has gained a lot of attention in recent years
and aims at approximations with respect to the uniform error, are

reduced basis methods (RBMs),

which we will discuss now in more detail (e.g., see [RHP08; CD15; Dah15; QMN16] for
more comprehensive overviews). The basic idea is to find a configuration y1, . . . , yN ∈ Y
such that the associated snapshots ψ1 := uh(y1), . . . , ψN := uh(yN) ∈ Uh yield (almost)
optimal approximations in the sense that

sup
y∈Y

inf
v∈span((uh(yi))

N
i=1)
‖u(y)− v‖H

exhibits similar decay as WN(S(Y)) for N → ∞. In theory, [Bin+11, Theorem 4.1] es-
tablishes the existence of such bases in the case that WN(S(Y)) either decays polyno-
mially or exponentially. In practice, (weak) greedy algorithms are able compute such a
basis (e.g., see [Bin+11; BMPPT12; DPW13; CD15; Dah15]). Concerning the cost of the
offline-decomposition, the following observations can be made:

• Compared to the computation of SPDs, the offline phase of RBMs is very costly and
based on a sufficiently dense sampling of the parameter set Y ⊂ Rp. The size of the
sampling set is subject to the curse of dimensionality12 as it grows exponentially in
p. Moreover, for every sample, one needs to solve a D-dimensional Galerkin scheme.
Hence, when choosing an algorithm, one carefully needs to weigh a (potentially
small) gain in approximation accuracy against a (potentially massive) increase in
computational complexity.

• After having found the reduced basis (ψi)
N
i=1 =

(
∑D

j=1 Vji ϕj

)N

i=1
, for a transforma-

tion matrix V ∈ RD×N , in the online phase and for a new parameter y, one:

1. assembles the associated stiffness matrix Bred(y) :=
(
b(y)(ψj, ψi)

)N
i,j=1 and

discretized right-hand-side gred(y) := (g(y)(ψi))
N
i=1;

2. solves the N-dimensional system of linear equations Bred(y)ured(y) = gred(y)
to compute the coefficient vector ured(y);

3. recovers the approximative solution ured(y) = ∑D
j=1(Vured(y))ϕj, expanded

with respect to the high-fidelity basis.

Compared to the online phase of SPDs, the online phase of RBMs is more costly,
since one needs to assemble and solve a system of linear equations.

Typical results ensuring the efficiency of RBMs is the affine parameter-dependence (1.3).
Many RB solvers for non-affine problems depend on a reduction step which substitutes

12This observation is only valid if one strives for convergence results that hold with certainty, as the recent
paper [CDDN20] shows. If one only aims at an algorithm which outputs a reduced basis that has the
required approximation accuracy with high probability, then it is sufficient to use a random sample set the
size of which, asymptotically, does not depend on p.
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the problem by an affine one (see [QMN16, Section 10] and the references therein for
detailed explanations). Other approaches for dealing with non-affine equations do exist.
E.g., we mention the study [BCDM17] which provides sparse polynomial approximation
for parametric PDEs with lognormal coefficients.

As we have already mentioned above, the efficiency of linear ROMs is limited by the
decay of the Kolmogorov N-width of S(Y). In contrast, nonlinear methods of approxima-
tion are often able to simultaneously provide low representational and computational
complexity. For a comprehensive overview of general nonlinear approximation schemes
we refer to [DeV98]. In the context of parametric PDEs, nonlinear techniques are the
subject of [Bon+20]. Instead of examining approximation by one linear space, it establishes
approximation properties for finite unions of affine spaces generated by (with respect to y)
local polynomial chaos expansions. This method, referred to as

library approximation,

gives significant gains, both from a representational as well as from a computational point
of view when compared to standard SPDs or RBMs.

Let us close this part with the following short comments:

Other Types of parametric PDEs: In this thesis, we solely focus on uniformly elliptic,
symmetric parametric PDEs with small intrinsic dimension of S(Y). RBMs based on Petrov-
Galerkin schemes for non-symmetric or not uniformly elliptic parametric PDEs have been
developed, e.g., see [Dah15; QMN16]. Here, the ansatz and the test space are potentially
different. Linear ROMs for linear, parabolic problems have been considered, e.g., in
[CD15]. For certain nonlinear equations or optimal control problems, linear ROMs exist as
well, e.g., see [QMN16, Sections 11 & 12]. However, linear techniques fail to work well
for parametric PDEs where WN(S(Y)) exhibits slow decay. A prominent example are
linear transport equations, e.g., see [DPW14; OR16]. Here, the sub-polynomial decay of
WN(S(Y)) prohibits the construction of small subspaces Ured and only nonlinear schemes
enable the development of sufficiently efficient algorithms.

Other Solution Techniques for Parametric PDEs: After solving the reduced problem
in the online phase of RBMs, it is still required to transform the reduced solution into
the high-dimensional space RD by multiplying V. Hence, the complexity of the online
phase, additionally to the complexity of solving the low-dimensional system of linear
equations, depends linearly on D. On the other hand, it is known that multigrid methods
[Yse93] are able to compute the high-fidelity solution (e.g., induced by a full or sparse grid)
with complexity O(D) and are therefore asymptotically optimal. Hence, in a multi-query
context, one might come to the conclusion that it would be favorable to use the fully non-
intrusive multigrid algorithm (which does not rely on an offline/online decomposition) for
the computation of the high-fidelity solution associated to a new parameter y. However,
from a practical point of view, it has been pointed out in [Peh13] that the online phase
of an RBM is computationally less involved, since the recursive nature of the multigrid
algorithm as well as the repeated need for the assembly of high-dimensional matrices
hampers its speed. Nevertheless, the high cost of the offline phase of RBMs can only be
compensated by the computationally less expensive online phase in the case that one
needs to compute the solutions for a large variety of parameters and if S(Y) is small.
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3.2.2 NN Approximation Rates Based on the Low-Dimensionality of S(Y)

The aforementioned ROM techniques can be seen as a special instance of dictionary learning.
We now turn to NNs as the choice of the dictionary. Deep learning algorithms are similar
to ROM techniques, since they also admit an offline-online decomposition:

• the offline phase corresponds to the training of the NN;

• the online phase primarily consists in a feedforward pass.

The cost of the online phase of a deep learning algorithm is proportional to the resulting
NN’s number of non-zero weights and the size of its architecture.13

We now turn to an examination of the representational complexity of NNs for the solu-
tion of parametric PDEs. First of all, we have seen before that NNs are at least as expressive
as as polynomials. This fact has been used in [SZ19] where NN-approximation rates for
the solution map S with infinite parameters have been derived. [HSZ20] focuses on the
case of finite parameters and analytic solution map. An approach based on dimension
reduction by a POD can be found in [BHKS20]. In [KPRS21], we

emulate the online phase of RBMs

to obtain approximation rates for the map Sdis. Particularly, we provide a framework for
the solution of systems of linear equations with NNs. Although Sdis is a map between two
potentially high-dimensional spaces (Rp → RD), our rates are only weakly dependent on
the ambient dimensions (see also Section 5 of [KPRS21] for a more detailed discussion).
The governing factor is the dimension of the solution manifold. We exclusively use the

existence of a small reduced basis, without knowing its concrete shape,

to derive bounds on the size of the approximating NNs which are superior to classical
rates. Contrary to RBMs, we do not require the reduced basis to consist of snapshots of the
solution manifold, but of arbitrary linear combinations of the high-fidelity basis vectors
(ϕi)

D
i=1. Apart from this property, we only assume that the forward maps y 7→ Bred(y), y 7→

gred(y) can be efficiently approximated by NNs ΦB, Φg, respectively.14 The following
informal version of Theorem 4.3 of [KPRS21] is true:

Theorem 3.8 Let $ = (leaky) ReLU. As ε→ 0, there exist NNs Φu
ε and q ∈ N with:

• at most O(DN + N3 · logq(1/ε) + M(ΦB) + M(Φg)) non-zero weights;

• at most O(log(1/ε) + max{L(ΦB), L(Φg)}) layers,

such that

sup
y∈Y

∥∥∥∥∥uh(y)−
D

∑
j=1

(RY$ (Φ
u
ε ))j ϕj

∥∥∥∥∥
H
≤ ε.

13It is straightforward to see that, for an NN Φ with architecture (N0, . . . , NL), a forward pass requires
O(M(Φ) + ∑L−1

`=1 Ni) operations. The first term stems from the calculation of the involved affine-linear
maps, whereas the second term comes from the application of the activation function.

14This is the case for many parametrizations. Particularly, for linearly parametrized problems one can choose
ΦB, Φg to be one-layer NNs with p + D2 non-zero weights (see Section 4.2.1of [KPRS21]).
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Remark 3.9 If $ is another activation function than the (leaky) ReLU, similarly to the
strategy in [GR21], one can derive slightly improved approximation rates. 3

The proof strategy (see Section 1.2.2 of [KPRS21] for a detailed exposition) is based on an
approximation of the following compositional map by NNs:

Rp ⊃ Y 3 y 7→ Vured(y) = V(Bred(y))−1gred(y) ∈ RD.

We have identified the efficient approximation of the matrix inversion map

RN×N 3 A 7→ A−1 =
∞

∑
k=0

(IdN −A)k ∈ RN×N

to be the crucial task in this regard. Hence, our approach can be seen as a special case of
an operator inversion based on NNs. Towards this goal, we

emulate matrix polynomials

by NNs. Besides the efficient approximate matrix multiplication (see Proposition 3.7 of
[KPRS21]), the proof of Theorem 3.8 of [KPRS21] regarding the approximation of the
Neumann series heavily uses the intrinsic hierarchical structure of NNs to control the
resulting number of non-zero weights and layers.

3.3 Numerical Approximation of the Discretized Parameter-to-Solution Map

Our results from the last section state that, from a theoretical point of view, the main
governing quantity in the approximation of Sdis is an intrinsic complexity of the solution
manifold. However, although rates of the above type are the main focus of NN approxima-
tion theory, they have several drawbacks from a practical point of view (see also [AD20]
and Section 1.1.1 of [GPRSK20] for more comprehensive discussions):

• The upper bounds are pure existence results. It is not clear to which extent deep
learning algorithms are actually able to find a theoretically existing NN.

• The bounds are asymptotic, implying that for increasing accuracy the approximating
NNs need to grow. The rates additionally include implicit constants which may
depend very unfavorably on the problem at hand and the ambient dimension.

• The upper bounds are based on the emulation of a linear approximation scheme.
Hence, they are very likely sub-optimal. This would also hamper the computational
efficiency of the NNs in the online phase, since a forward pass would require a
potentially unfavorable number of computations (comparable to the computation of
a new solution in the online phase of RBMs).

In our comprehensive numerical study [GPRSK20], we aim at addressing these issues by
providing systematic experiments in the case of the parametric Poisson equation. Our
goals are two-fold:

• Goal 1: We have briefly discussed in the introduction that it is in general not possible
to understand a statistical learning problem from a purely approximation-theoretical
point of view, since the training algorithm itself or the potential overfitting of the
training data heavily influence the outcome. In an experiment, we aim at:
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numerically isolating the approximation-theoretical properties

of NNs by eliminating any obfuscating phenomena that happen during learning.
Such an analysis could also be of independent interest.

• Goal 2: We consider a large class of parametrizations of different complexities of the
parametric Poisson equation on the unit square K = [0, 1]2 with a first-order finite
element discretization Uh as the solution space. For a fixed NN architecture with
varying input dimension, we want to:

determine approximation rates for increasing parameter dimension p that
correspond to the intuitive complexity of the parametrization and

do not suffer from the curse of dimensionality.

Additionally, we hope that these results are more refined than the theoretical con-
siderations from Section 3.2 for which concrete bounds are tied to concrete and
potentially coarse upper bounds on WN(S(Y)).

In contrast to the deterministic theoretical results of the last section, we consider random
parameters distributed according to the uniform probability measure on Y = [a, b]p. The
performance of the resulting NN is measured with respect to the relative 1-average error.15

We shortly describe our test cases, method and outcome of the experiment.

Design of Test Cases: We consider four different test cases of parametric diffusion coef-
ficients a(y) which contain subcases of varying complexity (see Section 4.2 of [GPRSK20]
for a detailed exposition):

• trigonometric polynomials with affine parameter dependence. Every function a(y)
is analytic with respect to the spatial variable. This case is divided into subcases
of different complexity where a hyper-parameter controls the influence of higher-
frequency components: the higher the influence of the high-frequency components,
the harder the problem at hand;

• indicator functions on [0, 1]2 based on a checkerboard partition with affine parameter
dependence. The functions a(y) are discontinuous with respect to the spatial variable.
This case is divided into subcases of different complexity where a shift hyper-
parameter controls the ellipticity of the problem: a lower ellipticity constant increases
the hardness of the problem;

• indicator functions of cookies on [0, 1]2. This case contains the affine subcase of cookies
with fixed radii and the non-affine subcase of cookies with variable radii. In both cases,
the functions a(y) are discontinuous;

• clipped polynomials with non-affine parameter dependence. The functions a(y) are only
continuous, but not in Wk,∞(K) for k ≥ 2.

Method: In order to isolate the approximation-theoretical properties, we keep our exper-
iment as simple as possible. To be more precise, we:

15We use the relative error in order enforce comparability among different test cases.
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• choose one feedforward NN architecture (see Appendix A.1 of [GPRSK20]) and
one activation function (leaky ReLU) for all test cases. Only the input dimension
is allowed to vary. In this sense, we ensure that the impact of the choice of the
NN architecture on the training procedure is essentially equal over all test cases.
Certainly, more refined NN architectures might lead to better performance;

• use a simple training algorithm (see Section 4.2.2 of [GPRSK20]) with few adjustable
hyper-parameters. In our case, we employ batch gradient descent combined with
Adam (e.g., see [KB15]) with the same hyper-parameters for all test cases. In particu-
lar, we keep the batch sizes and the number of epochs fixed.

• fix the size of the training set independently of the test case. Additionally, we ensure
(see Appendix A.2 of [GPRSK20]) that different sizes of the training set do not have
a decisive impact on the observed approximation rates;

• establish a posteriori (see Appendix A.3 of [GPRSK20]) that:

– the training algorithm always converges by examining the training error;

– no overfitting occurs by studying the gap between generalization and training
error.

Observations: For all test cases, we observe (see Sections 4.3 and 4.4 of [GPRSK20]), in
accordance with Goal 2,

approximation rates of the types O(1),O(log(p)) or O(pq), for some q ∈ N, as p→ ∞.

These rates do not suffer from the curse of dimensionality and correspond to the intuitive
hardness of the problem. Additionally, we cannot observe a fundamentally different
behavior between affinely decomposed and non-affinely decomposed problems. Such an
observation is particularly useful in comparison with RBMs for which an affine parameter
decomposition is often crucial to allow for an offline-online decomposition.

Before we close this section, let us briefly comment on:

Related Numerical Approaches for the Solution of Parametric PDEs by NNs: The pa-
pers [HU18; WHR19] combine RBMs by POD for nonlinear problems with few parameters
with NNs. Concretely, instead of learning the high-dimensional solution map Sdis directly,
a reduced basis is computed in the offline phase. Afterwards, an NN is trained to learn the
coefficients with respect to this reduced (instead of the high-fidelity) basis. In this regard,
the offline phase might be more costly, since it relies on two highly complex optimization
procedures. A similar approach has been employed in [DDP20]. Here, an RB solver com-
puted in the offline phase is directly incorporated into the NN. In [KLY20], convolutional
NNs are trained to find a Quantity-of-Interest stemming from the parametric Poisson
equation in two dimensions. This approach is fundamentally different from our setup,
since it takes a fully discretized diffusion coefficient, evaluated at specific spatial grid
points as an input. The paper [TB18] is of a similar flavor. The inverse problem of identi-
fying the parameters of a PDE from observed data has, e.g., been examined in [RPK17b;
Rai18; BN19]. The paper [LC20] proposes the use of a convolutional auto-encoder as a
ROM technique for the solution of parametric PDEs of low parameter dimension. The
works [EHJ17; BBGJJ18] propose a framework for the solution of stochastic PDEs.



4

Conclusion and Outlook

In this thesis, we have examined several aspects of NNs. Reflecting upon our results,
we have found disadvantageous structural properties which stand in contrast to ap-
proximation-theoretical considerations that demonstrate the potential of NNs for the
application of parametric PDEs.

I. We have provided in Chapter 2 and within Subject A the first general and funda-
mental mathematical study of the intrinsic structure of the set of NNs with fixed
architecture. Mirroring the commonly made observation that optimizing over NNs
is a highly non-trivial task, we have shown that their algebraic and topological
properties are inconvenient. In particular, we confirm that the set is not convex for
all practically used activation functions and that its structure facilitates exploding
weights or slow convergence in certain situations. Whereas the non-convexity is
prevalent in general frameworks, the topological properties have been mostly ex-
amined in the context of function spaces. While the findings of [PRV20] provide
some insight into the hardness of deep learning problems, a practitioner might find
this setting to be overly artificial. Studying our main questions of interest with
respect to discrete norms might make our analysis more meaningful in the context of
real-world applications. Also, in practice one does not optimize over NNs with un-
restricted parameters. Similarly to our approximation-theoretical considerations, it
would be interesting how the algebraic and topological properties behave under con-
strained weight configurations. The compactness of NNs with uniformly bounded
parameters and the inverse stability results proven in [EBG19] are indicators that in
less arbitrary setups, the structure of NNs with fixed architecture seems to be more
advantageous. This is also reflected by many works (see the associated references in
Chapter 2) which alleviate the non-convexity of the learning algorithm or suitably
regularize it to ensure stability.

II. In the second part of this thesis, we focused on the application of parametric PDEs.

First of all, recalling the interpretation of parametric PDEs within statistical learning
theory from Section 1.2.4, we can naturally regard this application in the framework
of our structural inquiry. The continuous formulation of the problem shows that
examining topological properties with respect to function spaces is relevant in such a
context. In particular, when computing approximations of the parameter-to-solution
map, one ideally aims at norm estimates. Here, it would be interesting to examine
whether in this concrete setup the phenomena described in [PRV20] are bound to
occur in theory.

The main focus of Chapter 3 and Subject B was on the analysis of the approximation-
theoretical power of NNs. The theoretical works [GR21; KPRS21] derive bounds on
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the sizes of NNs for function approximation relevant in the context of (parametric)
PDEs. Both works exploit different properties of the target function - its smoothness
in [GR21], its intrinsic low-dimensionality in [KPRS21]. The contribution of both
works becomes clear when focusing on their proof strategies.

– The lower and upper bounds of [GR21] generalize and unify several approaches
introduced in previous works (see Section 3.1 for the related discussion). Our
main contribution consists in providing an extensive framework for the con-
struction of localized functions by NNs with general activation function. This
enables the emulation of localized polynomials by NNs and the derivation of
upper bounds for approximation of functions based on their smoothness in
Sobolev norms. We believe that the plug-and-play approach presented in this
work is transferable to almost every practically used activation function.

– The proof of the upper bounds of [KPRS21] essentially demonstrates how
to solve systems of linear equations with NNs. This general ansatz can be
employed in contexts different from the application of parametric PDEs. We
believe that several improvements of our estimates are possible. In particular,
our results are based on the naive emulation of Richardson iterations and
more sophisticated schemes from numerical linear algebra might yield sharper
bounds in specific contexts. E.g., one could examine (algebraic) multigrid
methods [Yse93] or the solution of systems of linear equations induced by
hierarchical matrices [Hac15]. The connection to parametric PDEs is made by
combining the just described strategy with the intrinsic low-dimensionality of
the solution manifold. We obtain rates for the approximation of the parameter-
to-solution map that are primarily dependent on the dimension of the solution
set instead of the ambient dimension. Similarly to [ESTW19; BGJ20], we think
that it is feasible to obtain bounds on the generalization error in specific setups
by using standard tools from statistical learning theory.

Our works are two instances of approximation-theoretical considerations that de-
monstrate the high flexibility of NNs in multiple contexts they were not originally
designed for. However, despite having a solid mathematical foundation, their
practical implications are often considered to be limited [AD20]. Our comprehensive
numerical analysis [GPRSK20] can be seen as one of the first studies that aims at
isolating the approximation error of NNs. On the one hand, our findings indicate
that typical solution maps of parametric PDEs are indeed approximable without
curse of dimensionality in the probabilistic setting. On the other hand, we believe
that a study of this flavor shows high potential for its utilization within other areas
of deep learning: by excluding clouding occurrences such as overfitting or the
non-convergence of the training procedure, a systematic heuristic could indeed
yield practically relevant estimates on the approximation error. This might help
practitioners to obtain reasonable bounds on the number of free parameters needed
to achieve a certain accuracy. Nonetheless, a lot of work needs to be done in this
direction in order to make such an approach viable. Also, from a computational
point of view, it is not clear whether NNs are indeed competitive against classical
reduced order algorithms for the solution of parametric PDEs. Particularly the cost
of the offline phase in order to achieve certain bounds on the training error needs to
be studied in detail.
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Abstract
Weanalyze the topological properties of the set of functions that canbe implementedby
neural networks of a fixed size. Surprisingly, this set hasmanyundesirable properties. It
is highly non-convex, except possibly for a few exotic activation functions. Moreover,
the set is not closed with respect to L p-norms, 0 < p < ∞, for all practically used
activation functions, and also not closedwith respect to the L∞-norm for all practically
used activation functions except for the ReLU and the parametric ReLU. Finally, the
function that maps a family of weights to the function computed by the associated
network is not inverse stable for every practically used activation function. In other
words, if f1, f2 are two functions realized by neural networks and if f1, f2 are close
in the sense that ‖ f1 − f2‖L∞ ≤ ε for ε > 0, it is, regardless of the size of ε, usually
not possible to find weights w1, w2 close together such that each fi is realized by a
neural network with weights wi . Overall, our findings identify potential causes for
issues in the training procedure of deep learning such as no guaranteed convergence,
explosion of parameters, and slow convergence.

Keywords Neural networks · General topology · Learning · Convexity · Closedness

Mathematics Subject Classification 54H99 · 68T05 · 52A30

1 Introduction

Neural networks, introduced in 1943 by McCulloch and Pitts [49], are the basis of
every modern machine learning algorithm based on deep learning [30,43,63]. The
term deep learning describes a variety of methods that are based on the data-driven
manipulation of theweights of a neural network. Since thesemethods perform spectac-
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ularly well in practice, they have become the state-of-the-art technology for a host of
applications including image classification [36,41,65], speech recognition [22,34,69],
game intelligence [64,66,70], and many more.

This success of deep learning has encouraged many scientists to pick up research in
the area of neural networks after the field had gone dormant for decades. In particular,
quite a fewmathematicians have recently investigated the properties of different neural
network architectures, hoping that this can explain the effectiveness of deep learning
techniques. In this context, mathematical analysis has mainly been conducted in the
context of statistical learning theory [20], where the overall success of a learning
method is determined by the approximation properties of the underlying function
class, the feasibility of optimizing over this class, and the generalization capabilities
of the class, when only training with finitely many samples.

In the approximation theoretical part of deep learning research, one analyzes the
expressiveness of deep neural network architectures. The universal approximation the-
orem [21,35,45] demonstrates that neural networks can approximate any continuous
function, as long as one uses networks of increasing complexity for the approximation.
If one is interested in approximating more specific function classes than the class of
all continuous functions, then one can often quantify more precisely how large the
networks have to be to achieve a given approximation accuracy for functions from
the restricted class. Examples of such results are [7,14,51,52,57,71]. Some articles
[18,54,57,62,72] study in particular in which sense deep networks have a superior
expressiveness compared to their shallow counterparts, thereby partially explaining
the efficiency of networks with many layers in deep learning.

Another line of research studies the training procedures employed in deep learning.
Given a set of training samples, the training process is an optimization problem over
the parameters of a neural network, where a loss function is minimized. The loss
function is typically a nonlinear, non-convex function of the weights of the network,
rendering the optimization of this function highly challenging [8,13,38]. Nonetheless,
in applications, neural networks are often trained successfully through a variation
of stochastic gradient descent. In this regard, the energy landscape of the problem
was studied and found to allow convergence to a global optimum, if the problem is
sufficiently overparametrized; see [1,16,27,56,67].

The third large area of mathematical research on deep neural networks is analyzing
the so-called generalization error of deep learning. In the framework of statistical
learning theory [20,53], the discrepancy between the empirical loss and the expected
loss of a classifier is called the generalization error. Specific bounds for this error for
the class of deep neural networks were analyzed for instance in [4,11], and in more
specific settings for instance in [9,10].

In this work, we study neural networks from a different point of view. Specifically,
we study the structure of the set of functions implemented by neural networks of fixed
size. These sets are naturally (nonlinear) subspaces of classical function spaces like
L p(�) and C(�) for compact sets �.

Due to the size of the networks being fixed, our analysis is inherently non-
asymptotic. Therefore, our viewpoint is fundamentally different from the analysis
in the framework of statistical learning theory. Indeed, in approximation theory, the
expressive power of networks growing in size is analyzed. In optimization, one stud-
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ies the convergence properties of iterative algorithms—usually that of some form of
stochastic gradient descent. Finally, when considering the generalization capabilities
of deep neural networks, one mainly studies how and with which probability the
empirical loss of a classifier converges to the expected loss, for increasing numbers of
random training samples and depending on the sizes of the underlying networks.

Given this strong delineation to the classical fields, we will see that our point of
view yields interpretable results describing phenomena in deep learning that are not
directly explained by the classical approaches. We will describe these results and their
interpretations in detail in Sects. 1.1–1.3.

Wewill use standard notation throughout most of the paper without explicitly intro-
ducing it. We do, however, collect a list of used symbols and notions in Appendix A.
To not interrupt the flow of reading, we have deferred several auxiliary results to
Appendix B and all proofs and related statements to Appendices C–E.

Before we continue, we formally introduce the notion of spaces of neural networks
of fixed size.

Neural Networks of Fixed Size: Basic Terminology

To state our results, it will be necessary to distinguish between a neural network as a
set of weights and the associated function implemented by the network, which we call
its realization. To explain this distinction, let us fix numbers L, N0, N1, . . . , NL ∈ N.
We say that a family � = (

(A�, b�)
)L
�=1 of matrix-vector tuples of the form A� ∈

RN�×N�−1 and b� ∈ RN� is a neural network. We call S:=(N0, N1, . . . , NL) the
architecture of �; furthermore N (S):=∑L

�=0 N� is called the number of neurons
of S and L = L(S) is the number of layers of S. We call d:=N0 the input dimension
of �, and throughout this introduction we assume that the output dimension NL of
the networks is equal to one. For a given architecture S, we denote byNN (S) the set
of neural networks with architecture S.

Defining the realization of such a network � = ((A�, b�)
)L
�=1 requires two addi-

tional ingredients: a so-called activation function � : R → R, and a domain of
definition � ⊂ RN0 . Given these, the realization of the network � = ((A�, b�)

)L
�=1

is the function

R�� (�) : �→ R, x �→ xL ,

where xL results from the following scheme:

x0:=x,
x�:=�(A� x�−1 + b�), for � = 1, . . . , L − 1,

xL :=AL xL−1 + bL ,

and where � acts componentwise; that is, �(x1, . . . , xd) := (�(x1), . . . , �(xd)). In
what follows, we study topological properties of sets of realizations of neural networks
with a fixed size. Naturally, there are multiple conventions to specify the size of a
network. We will study the set of realizations of networks with a given architecture
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S and activation function �; that is, the set RNN�
� (S):={R�� (�) : � ∈ NN (S)}.

In the context of machine learning, this point of view is natural, since one usually
prescribes the network architecture, and during training only adapts the weights of the
network.

Before we continue, let us note that the set NN (S) of all neural networks (that
is, the network weights) with a fixed architecture forms a finite-dimensional vector
space, which we equip with the norm

‖�‖NN (S):=‖�‖scaling + max
�=1,...,L ‖b�‖max, for � =

(
(A�, b�)

)L
�=1 ∈ NN (S),

where ‖�‖scaling:=max�=1,...,L ‖A�‖max. If the specific architecture of� does not
matter, we simply write ‖�‖total:=‖�‖NN (S). In addition, if � is continuous, we
denote the realization map by

R�� : NN (S)→ C(�;RNL ), � �→ R�� (�). (1.1)

While the activation function � can in principle be chosen arbitrarily, a couple
of particularly useful activation functions have been established in the literature. We
proceed by listing some of the most common activation functions, a few of their
properties, as well as references to articles using these functions in the context of
deep learning. We note that all activation functions listed below are non-constant,
monotonically increasing, globally Lipschitz continuous functions. This property is
much stronger than the assumption of local Lipschitz continuity that we will require
in many of our results. Furthermore, all functions listed below belong to the class
C∞(R \ {0}).

In the remainder of this introduction, we discuss our results concerning the topo-
logical properties of the sets of realizations of neural networks with fixed architecture
and their interpretation in the context of deep learning. Then, we give an overview of
related work. We note at this point that it is straightforward to generalize all of the
results in this paper to neural networks for which one only prescribes the total number
of neurons and layers and not the specific architecture.

For simplicity, we will always assume in the remainder of this introduction that
� ⊂ RN0 is compact with non-empty interior.

1.1 Non-convexity of the Set of Realizations

We will show in Sect. 2 (Theorem 2.1) that, for a given architecture S, the set
RNN�

� (S) is not convex, except possibly when the activation function is a polyno-
mial, which is clearly not the case for any of the activation functions that are commonly
used in practice.

In fact, for a large class of activation functions (including the ReLU and the standard
sigmoid activation function), the setRNN�

� (S) turns out to be highly non-convex in
the sense that for every r ∈ [0,∞), the set of functions having uniformdistance atmost
r to any function in RNN�

� (S) is not convex. We prove this result in Theorem 2.2
and Remark 2.3.
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This non-convexity is undesirable, since for non-convex sets, there do not necessar-
ily exist well-defined projection operators onto them. In classical statistical learning
theory [20], the property that the so-called regression function can be uniquely pro-
jected onto a convex (and compact) hypothesis space greatly simplifies the learning
problem; see [20, Sect. 7]. Furthermore, in applications where the realization of a
network— rather than its set of weights—is the quantity of interest (for example when
a network is used as an Ansatz for the solution of a PDE, as in [24,42]), our results
show that the Ansatz space is non-convex. This non-convexity is inconvenient if one
aims for a convergence proof of the underlying optimization algorithm, since one
cannot apply convexity-based fixed-point theorems. Concretely, if a neural network is
optimized by stochastic gradient descent so as to satisfy a certain PDE, then it is inter-
esting to see if there even exists a network so that the iteration stops. In other words,
one might ask whether gradient descent on the set of neural networks (potentially with
bounded weights) has a fixed point. If the space of neural networks were convex and
compact, then the fixed-point theorem of Schauder would guarantee the existence of
such a fixed point.

1.2 (Non-)Closedness of the Set of Realizations

For any fixed architecture S, we show in Sect. 3 (Theorem 3.1) that the setRNN�
� (S)

is not a closed subset of L p(μ) for 0 < p <∞, under very mild assumptions on the
measure μ and the activation function �. The assumptions concerning � are satisfied
for all activation functions used in practice.

For the case p = ∞, the situation is more involved: For all activation functions
that are commonly used in practice—except for the (parametric) ReLU— the asso-
ciated sets RNN�

� (S) are non-closed also with respect to the uniform norm; see
Theorem 3.3. For the (parametric) ReLU, however, the question of closedness of the
setsRNN�

� (S) remains mostly open. Nonetheless, in two special cases, we prove in
Sect. 3.4 that the sets RNN�

� (S) are closed. In particular, for neural network archi-

tectures with two layers only, Theorem 3.8 establishes the closedness of RNN�
� (S),

where � is the (parametric) ReLU.
A practical consequence of the observation of non-closedness can be identifiedwith

the help of the following argument that is made precise in Sect. 3.3: We show that the
set

{
R�� (�) : � = ((A�, b�))

L
�=1 has architecture S with ‖A�‖ + ‖b�‖ ≤ C

}

of realizations of neural networks with a fixed architecture and all affine linear maps
bounded in a suitable norm, is always closed. As a consequence, we observe the
following phenomenon of exploding weights: If a function f is such that it does
not have a best approximation in RNN�

� (S), that is, if there does not exist f ∗ ∈
RNN�

� (S) such that

‖ f ∗ − f ‖L p(μ) = τ f := inf
g∈RNN�

� (S)
‖ f − g‖L p(μ),
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then for any sequence of networks (�n)n∈N with architecture S which satisfies
‖ f − R�� (�n)‖L p(μ) → τ f , the weights of the networks �n cannot remain uni-
formly bounded as n → ∞. In words, if f does not have a best approximation in
the set of neural networks of fixed size, then every sequence of realizations approxi-
mately minimizing the distance to f will have exploding weights. Since RNN�

� (S)
is not closed, there do exist functions f which do not have a best approximation in
RNN�

� (S).
Certainly, the presence of large coefficients will make the numerical optimization

increasingly unstable. Thus, explodingweights in the sense described above are highly
undesirable in practice.

The argument above discusses an approximation problem in an L p-norm. In
practice, one usually only minimizes “empirical norms”. We will demonstrate in
Proposition 3.6 that also in this situation, for increasing numbers of samples, the
weights of the neural networks that minimize the empirical norms necessarily explode
under certain assumptions. Note that the setup of having a fixed architecture and a
potentially unbounded number of training samples is common in applications where
neural networks are trained to solve partial differential equations. There, training sam-
ples are generated during the training process [25,42].

1.3 Failure of Inverse Stability of the RealizationMap

As our final result, we study (in Sect. 4) the stability of the realization map R��
introduced in Eq. (1.1), which maps a family of weights to its realization. Even though
this map will turn out to be continuous from the finite dimensional parameter space
to L p(�) for any p ∈ (0,∞], we will show that it is not inverse stable. In other
words, for two realizations that are very close in the uniform norm, there do not
always exist network weights associated with these realizations that have a small
distance. In fact, Theorem 4.2 even shows that there exists a sequence of realizations
of networks converging uniformly to 0, but such that every sequence of weights with
these realizations is necessarily unbounded.

For both of these results—continuity and no inverse stability—we only need to
assume that the activation function � is Lipschitz continuous and not constant.

These properties of the realization map pinpoint a potential problem that can occur
when training a neural network: Let us consider a regression problem,where a network
is iteratively updated by a (stochastic) gradient descent algorithm trying to minimize
a loss function. It is then possible that at some iterate the loss function exhibits a
very small error, even though the associated network parameters have a large dis-
tance to the optimal parameters. This issue is especially severe since a small error
term leads to small steps if gradient descent methods are used in the optimization.
Consequently, convergence to the very distant optimal weights will be slow even if
the energy landscape of the optimization problem happens to be free of spurious local
minima.
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1.4 RelatedWork

Structural properties
The aforementioned properties of non-convexity and non-closedness have, to some

extent, been studied before. Classical results analyze the spaces of shallow neural
networks, that is, of RNN�

� (S) for S = (d, N0, 1), so that L = 2. For such sets
of shallow networks, a property that has been extensively studied is to what extent
RNN�

� (S) has the best approximation property. Here, we say that RNN�
� (S) has

the best approximation property, if for every function f ∈ L p(�), 1 ≤ p ≤ ∞, there
exists a function F( f ) ∈ RNN�

� (S) such that ‖ f −F( f )‖L p = infg∈RNN�
� (S)

‖ f −
g‖L p . In [40] itwas shown that even if aminimizer always exists, themap f �→ F( f ) is
necessarily discontinuous. Furthermore, at least for the Heaviside activation function,
there does exist a (non-unique) best approximation; see [39].

Additionally, [28, Proposition 4.1] demonstrates, for shallow networks as before,
that for the logistic activation function �(x) = (1+ e−x )−1, the setRNN�

� (S) does
not have the best approximation property in C(�). In the proof of this statement, it
was also shown that RNN�

� (S) is not closed. Furthermore, it is claimed that this
result should hold for every nonlinear activation function. The previously mentioned
result of [39] and Theorem 3.8 below disprove this conjecture for the Heaviside and
ReLU activation functions, respectively.

Other notions of (non-)convexity
In deep learning, one chooses a loss function L : C(�)→ [0,∞), which is then

minimized over the set of neural networks RNN�
� (S) with fixed architecture S. A

typical loss function is the empirical square loss, that is,

EN ( f ):= 1

N

N∑

i=1
| f (xi )− yi |2,

where (xi , yi )Ni=1 ⊂ �×R, N ∈ N. In practice, one solves the minimization problem
over the weights of the network; that is, one attempts to minimize the functionL◦R�� :
NN (S)→ [0,∞). In this context, to assess the hardness of this optimization problem,
one studies whether L ◦ R�� is convex, the degree to which it is non-convex, and if
one can find remedies to alleviate the problem of non-convexity, see for instance
[5,6,27,37,50,56,59,67,73].

It is important to emphasize that this notion of non-convexity describes properties
of the loss function, in contrast to the non-convexity of the sets of functions that we
analyze in this work.

2 Non-convexity of the Set of Realizations

In this section, we analyze the convexity of the set of all neural network realiza-
tions. In particular, we will show that this set is highly non-convex for all practically
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used activation functions listed in Table 1. First, we examine the convexity of the set
RNN�

� (S):

Theorem 2.1 Let S = (d, N1, . . . , NL) be a neural network architecture with L ∈
N≥2 and let � ⊂ Rd with non-empty interior. Moreover, let � : R → R be locally
Lipschitz continuous.

IfRNN�
� (S) is convex, then � is a polynomial.

Remark (1) It is easy to see that all of the activation functions in Table 1 are locally
Lipschitz continuous, and that none of them is a polynomial. Thus, the associated sets
of realizations are never convex.

(2) In the case where � is a polynomial, the set RNN�
� (S) might or might not

be convex. Indeed, if S = (1, N , 1) and �(x) = xm , then it is not hard to see that
RNN�

� (S) is convex if and only if N ≥ m.

Proof The detailed proof of Theorem 2.1 is the subject of “Appendix C.1”. Let us
briefly outline the proof strategy:

1. We first show in Proposition C.1 thatRNN�
� (S) is closed under scalar multipli-

cation, hence star-shaped with respect to the origin, i.e., 0 is a center. 1

2. Next, using the local Lipschitz continuity of �, we establish in Proposition C.4
that the maximal number of linearly independent centers of the set RNN�

� (S)
is finite. Precisely, it is bounded by the number of parameters of the underlying
neural networks, given by

∑L
�=1(N�−1 + 1)N�.

3. A direct consequence of Step 2 is that if RNN�
� (S) is convex, then it can only

contain a finite number of linearly independent functions; see Corollary C.5.
4. Finally, using that RNNRd

� (S) is a translation-invariant subset of C(Rd), we

show in Proposition C.6 that RNNRd

� (S) (and hence also RNN�
� (S)) contains

infinitely many linearly independent functions, if � is not a polynomial.

�
In applications, the non-convexity of RNN�

� (S) might not be as problematic as

it first seems. If, for instance, the set RNN�
� (S) + Bδ(0) of functions that can be

approximated up to error δ > 0 by a neural network with architecture S was convex,
then one could argue that the non-convexity of RNN�

� (S) was not severe. Indeed,
in practice, neural networks are only trained to minimize a certain empirical loss
function, with resulting bounds on the generalization error which are typically of size
ε = O(m−1/2), with m denoting the number of training samples. In this setting, one
is not really interested in “completely minimizing” the (empirical) loss function, but
would be content with finding a function for which the empirical loss is ε-close to
the global minimum. Hence, one could argue that one is effectively working with a
hypothesis space of the form RNN�

� (S) + Bδ(0), containing all functions that can
be represented up to an error of δ by neural networks of architecture S.

1 A subset A of some vector space V is called star-shaped, if there exists some f ∈ A such that for all
g ∈ A, also {λ f + (1− λ)g : λ ∈ [0, 1]} ⊂ A. The vector f is called a center of A.
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To quantify this potentially more relevant notion of convexity of neural networks,
we define, for a subset A of a vector space Y , the convex hull of A as

co(A):=
⋂

B⊂Y convex and B⊃A

B .

For ε > 0, we say that a subset A of a normed vector spaceY is ε-convex in (Y, ‖·‖Y ),
if

co(A) ⊂ A + Bε(0) .

Hence, the notion of ε-convexity asks whether the convex hull of a set is contained in
an enlargement of this set. Note that ifRNN�

� (S) is dense in C(�), then its closure
is trivially ε-convex for all ε > 0. Our main result regarding the ε-convexity of neural
network sets shows that this is the only case in whichRNN�

� (S) is ε-convex for any
ε > 0.

Theorem 2.2 Let S = (d, N1, . . . , NL−1, 1) be a neural network architecture with
L ≥ 2, and let � ⊂ Rd be compact. Let � : R → R be continuous but not a
polynomial, and such that �′(x0) �= 0 for some x0 ∈ R.

Assume thatRNN�
� (S) is not dense in C(�). Then there does not exist any ε > 0

such that RNN�
� (S) is ε-convex in

(
C(�), ‖ · ‖sup

)
.

Remark All closures in the theorem are taken in C(�).

Proof The proof of this theorem is the subject of “Appendix C.2”. It is based on
showing that if RNN�

� (S) is ε-convex for some ε > 0, then in fact RNN�
� (S) is

convex, which we then use to show that RNN�
� (S) contains all realizations of two-

layer neural networks with activation function �. As shown in [45], this implies that
RNN�

� (S) is dense in C(�), since � is not a polynomial. �
Remark 2.3 While it is certainly natural to expect that RNN�

� (S) �= C(�) should
hold for most activation functions �, giving a reference including large classes of
activation functions such that the claim holds is not straightforward. We study this
problem more closely in “Appendix C.3”.

To be more precise, from Proposition C.10 it follows that the ReLU, the paramet-
ric ReLU, the exponential linear unit, the softsign, the sigmoid, and the tanh yield
realization setsRNN�

� (S) which are not dense in L p(�) and in C(�).
The only activation functions listed in Table 1 for which we do not know whether

any of the realization sets RNN�
� (S) is dense in L p(�) or in C(�) are: the inverse

square root linear unit, the inverse square root unit, the softplus, and the arctan function.
Of course, we expect that also for these activation functions, the resulting sets of
realizations are never dense in L p(�) or in C(�).

Finally, we would like to mention that if � ⊂ Rd has non-empty interior and if
the input dimension satisfies d ≥ 2, then it follows from the results in [48] that if
S = (d, N1, 1) is a two-layer architecture, then RNN�

� (S) is not dense in C(�) or
L p(�).
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3 (Non-)Closedness of the Set of Realizations

Let ∅ �= � ⊂ Rd be compact with non-empty interior. In the present sec-
tion, we analyze whether the neural network realization set RNN�

� (S) with S =
(d, N1, . . . , NL−1, 1) is closed in C(�), or in L p(μ), for p ∈ (0,∞) and any mea-
sure μ satisfying a mild “non-atomicness” condition. For the L p-spaces, the answer
is simple: Under very mild assumptions on the activation function �, we will see that
RNN�

� (S) is never closed in L p(μ). In particular, this holds for all of the activation
functions listed in Table 1. Closedness in C(�), however, is more subtle: For this set-
ting, we will identify several different classes of activation functions for which the set
RNN�

� (S) is not closed inC(�). As we will see, these classes of activation functions
cover all those functions listed in Table 1, except for the ReLU and the parametric
ReLU. For these two activation functions, we were unable to determine whether the
set RNN�

� (S) is closed in C(�) in general, but we conjecture this to be true. Only
for the case L = 2, we could show that these sets are indeed closed.

Closedness ofRNN�
� (S) is a highly desirable property as we will demonstrate in

Sect. 3.3. Indeed, we establish that if X = L p(μ) or X = C(�), then, for all functions
f ∈ X that do not possess a best approximation withinR = RNN�

� (S), the weights

of approximating networks necessarily explode. In other words, if (R�� (�n))n∈N ⊂ R
is such that ‖ f − R�� (�n)‖X converges to infg∈R ‖ f − g‖X for n → ∞, then
‖�n‖total →∞. Such functions without a best approximation in R necessarily exist
ifR is not closed.Moreover, even in practical applications,where empirical error terms
instead of L p(μ) norms are minimized, the absence of closedness implies exploding
weights as we show in Proposition 3.6.

Finally, we note that for simplicity, all “non-closedness” results in this section are
formulated for compact rectangles of the form� = [−B, B]d only; but our arguments
easily generalize to any compact set � ⊂ Rd with non-empty interior.

3.1 Non-closedness in Lp(�)

We start by examining the closedness with respect to L p-norms for p ∈ (0,∞). In
fact, for all B > 0 and all widely used activation functions (including all activation

functions presented in Table 1), the set RNN [−B,B]d
� (S) is not closed in L p(μ), for

any p ∈ (0,∞) and any “sufficiently non-atomic” measure μ on [−B, B]d . To be
more precise, the following is true:

Theorem 3.1 Let S = (d, N1, . . . , NL−1, 1) be a neural network architecture with
L ∈ N≥2. Let � : R→ R be a function satisfying the following conditions:

(i) � is continuous and increasing;
(ii) There is some x0 ∈ R such that � is differentiable at x0 with �′(x0) �= 0;
(iii) There is some r > 0 such that �|(−∞,−r)∪(r ,∞) is differentiable;
(iv) At least one of the following two conditions is satisfied:

(a) There are λ, λ′ ≥ 0 with λ �= λ′ such that �′(x) → λ as x → ∞, and
�′(x)→ λ′ as x →−∞, and we have NL−1 ≥ 2.
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(b) � is bounded.

Finally, let B > 0 and let μ be a finite Borel measure on [−B, B]d for which the

support suppμ is uncountable. Then the set RNN [−B,B]d
� (S) is not closed in L p(μ)

for any p ∈ (0,∞). More precisely, there is a function f ∈ L∞(μ) which satisfies

f ∈ RNN [−B,B]d
� (S) \ RNN [−B,B]d

� (S) for all p ∈ (0,∞), where the closure is
taken in L p(μ).

Remark If suppμ is countable, then μ =∑x∈suppμ μ({x}) δx is a countable sum of
Dirac measures, meaning that μ is purely atomic. In particular, if μ is non-atomic
(meaning that μ({x}) = 0 for all x ∈ [−B, B]d ), then suppμ is uncountable and the
theorem is applicable.

Proof For the proof of the theorem, we refer to “Appendix D.1”. The main proof
idea consists in the approximation of a (discontinuous) step function which cannot be
represented by a neural network with continuous activation function. �
Corollary 3.2 The assumptions concerning the activation function � in Theorem 3.1
are satisfied for all of the activation functions listed in Table 1. In any case where � is
bounded, one can take NL−1 = 1; otherwise, one can take NL−1 = 2.

Proof For a proof of this statement, we refer to “Appendix D.2”. �

3.2 Non-closedness in (C([−B, B]d) for ManyWidely Used Activation Functions

Wehave seen in Theorem 3.1 that under reasonablymild assumptions on the activation
function �—which are satisfied for all commonly used activation functions—the set

RNN [−B,B]d
� (S) is not closed in any L p-space where p ∈ (0,∞). However, the

argument of the proof of Theorem 3.1 breaks down if one considers closedness with
respect to the ‖ · ‖sup-norm. Therefore, we will analyze this setting more closely in
this section. More precisely, in Theorem 3.3, we present several criteria regarding

the activation function � which imply that the set RNN [−B,B]d
� (S) is not closed in

C([−B, B]d). We remark that in all these results, � will be assumed to be at least C1.
Developing similar criteria for non-differentiable functions is an interesting topic for
future research.

Before we formulate Theorem 3.3, we need the following notion: We say that a
function f : R → R is approximately homogeneous of order (r , q) ∈ N2

0 if there
exists s > 0 such that | f (x)− xr | ≤ s for all x ≥ 0 and | f (x)− xq | ≤ s for all x ≤ 0.
Now the following theorem holds:

Theorem 3.3 Let S = (d, N1, . . . , NL−1, 1) be a neural network architecture with
L ∈ N≥2, let B > 0, and let � : R → R. Assume that at least one of the following
three conditions is satisfied:

(i) NL−1 ≥ 2 and � ∈ C1(R) \ C∞(R).
(ii) NL−1 ≥ 2 and � is bounded, analytic, and not constant.
(iii) � is approximately homogeneous of order (r , q) for certain r , q ∈ N0 with

r �= q, and � ∈ Cmax{r ,q}(R).
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Then the setRNN [−B,B]d
� (S) is not closed in the space C([−B, B]d).

Proof For the proof of the statement, we refer to “Appendix D.3”. In particular, the
proof of the statement under Condition (i) can be found in “Appendix D.3.1”. Its main
idea consists of the uniform approximation of �′ (which cannot be represented by
neural networks with activation function �, due to its lack of sufficient regularity)
by neural networks. For the proof of the statement under Condition (ii), we refer to
“Appendix D.3.2”. The main proof idea consists in the uniform approximation of an
unbounded analytic function which cannot be represented by a neural network with
activation function �, since � itself is bounded. Finally, the proof of the statement
under Condition (iii) can be found in “Appendix D.3.3”. Its main idea consists in the
approximation of the function x �→ (x)max{r ,q}

+ /∈ Cmax{r ,q}. �
Corollary 3.4 Theorem 3.3 applies to all activation functions listed in Table 1 except
for the ReLU and the parametric ReLU. To be more precise,

(1) Condition (i) is fulfilled by the function x �→ max{0, x}k for k ≥ 2, and by the
exponential linear unit, the softsign function, and the inverse square root linear
unit.

(2) Condition (ii) is fulfilled by the inverse square root unit, the sigmoid function, the
tanh function, and the arctan function.

(3) Condition (iii) (with r = 1 and q = 0) is fulfilled by the softplus function.

Proof For the proof of this statement, we refer to “Appendix D.4”. In particular, for
the proof of (1), we refer to “Appendix D.4.1”, the proof of (2) is clear and for the
proof of (3), we refer to “Appendix D.4.2”. �

3.3 The Phenomenon of ExplodingWeights

We have just seen that the realization setRNN [−B,B]d
� (S) is not closed in L p(μ) for

any p ∈ (0,∞) and every practically relevant activation function. Furthermore, for

a variety of activation functions, we have seen that RNN [−B,B]d
� (S) is not closed in

C([−B, B]d). The situation is substantially different if the weights are taken from a
compact subset:

Proposition 3.5 Let S = (d, N1, . . . , NL) be a neural network architecture, let � ⊂
Rd be compact, let furthermore p ∈ (0,∞), and let � : R → R be continuous. For
C > 0, let

�C :=
{
� ∈ NN (S) : ‖�‖total ≤ C

}
.

Then the set R�� (�C ) is compact in C(�) as well as in L p(μ), for any finite Borel
measure μ on � and any p ∈ (0,∞).

Proof The proof of this statement is based on the continuity of the realization map
and can be found in “Appendix D.5”. �
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Proposition 3.5 helps to explain the phenomenon of exploding network weights that
is sometimes observed during the training of neural networks. Indeed, let us assume

thatR := RNN [−B,B]d
� (S) is not closed in Y , where Y :=L p(μ) for a Borel measure

μ on [−B, B]d , or Y :=C([−B, B]d); as seen in Sects. 3.1 and 3.2, this is true under
mild assumptions on �. Then, it follows that there exists a function f ∈ Y which does
not have a best approximation in R, meaning that there does not exist any g ∈ R
satisfying

‖ f − g‖Y = inf
h∈R

‖ f − h‖Y=:M ;

in fact, one can take any f ∈ R \R. Next, recall from Proposition 3.5 that the subset
of R that contains only realizations of networks with uniformly bounded weights is
compact.

Hence, we conclude the following: For every sequence

( fn)n∈N =
(
R[−B,B]d
� (�n)

)
n∈N ⊂ R

satisfying ‖ f − fn‖Y → M , wemust have ‖�n‖total →∞, since otherwise, by com-
pactness, ( fn)n∈N would have a subsequence that converges to some h ∈ R�� (�C ) ⊂
R. In other words, the weights of the networks �n necessarily explode.

The argument above only deals with the approximation problem in the space
C([−B, B]d) or in L p(μ) for p ∈ (0,∞). In practice, one is often not concerned
with these norms, but instead wants to minimize an empirical loss function over R.
For the empirical square loss, this loss function takes the form

EN ( f ):= 1

N

N∑

i=1
| f (xi )− yi |2,

for
(
(xi , yi )

)N
i=1 ⊂ � × R drawn i.i.d. according to a probability distribution σ on

�×R. By the strong law of large numbers, for each fixed measurable function f , the
empirical loss function converges almost surely to the expected loss

Eσ ( f ):=
∫

�×R
| f (x)− y|2 dσ(x, y). (3.1)

This expected loss is related to an L2 minimization problem. Indeed, [20, Proposi-
tion 1] shows that there is a measurable function fσ : �→ R—called the regression
function—such that the expected risk from Eq. (3.1) satisfies

Eσ ( f ) = Eσ ( fσ )+
∫

�

| f (x)− fσ (x)|2 dσ�(x) for each measurable f : �→ R.

(3.2)
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Here, σ� is the marginal probability distribution of σ on �, and Eσ ( fσ ) is called the
Bayes risk; it is the minimal expected loss achievable by any (measurable) function.

In this context of a statistical learning problem, we have the following result regard-
ing exploding weights:

Proposition 3.6 Let d ∈ N and B, K > 0. Let �:=[−B, B]d . Moreover, let σ be a
Borel probability measure on�×[−K , K ]. Further, let S = (d, N1, . . . , NL−1, 1) be
a neural network architecture and � : R→ R be locally Lipschitz continuous. Assume
that the regression function fσ is such that there does not exist a best approximation of

fσ inRNN�
� (S) with respect to ‖ · ‖L2(σ�)

. Let
(
(xi , yi )

)
i∈N

i.i.d.∼ σ ; all probabilities
below will be with respect to this family of random variables.

If (�N )N∈N ⊂ NN (S) is a random sequence of neural networks (depending on(
(xi , yi )

)
i∈N) that satisfies

P

(

EN

(
R�� (�N )

)
− inf

f ∈RNN�
� (S)

EN ( f ) > ε

)

→ 0 as N →∞ for all ε > 0,

(3.3)

then ‖�N‖total →∞ in probability as N →∞.

Remark A compact way of stating Proposition 3.6 is that, if fσ has no best approxima-
tion inRNN�

� (S) with respect to ‖ · ‖L2(σ�)
, then the weights of the minimizers (or

approximate minimizers) of the empirical square loss explode for increasing numbers
of samples.

Since σ is unknown in applications, it is indeed possible that fσ has no best approx-
imation in the set of neural networks. As just one example, this is true if σ� is any Borel
probability measure on� and if σ is the distribution of (X , g(X)), where X ∼ σ� and
g ∈ L2(σ�) is bounded and satisfies g ∈ RNN�

� (S) \RNN�
� (S), with the closure

taken in L2(σ�). The existence of such a function g is guaranteed by Theorem 3.1 if
suppσ� is uncountable.

Proof For the proof of Proposition 3.6, we refer to “Appendix D.6”. The proof is based
on classical arguments of statistical learning theory as given in [20]. �

3.4 Closedness of ReLU Networks in C([−B, B]d)

In this subsection, we analyze the closedness of sets of realizations of neural networks
with respect to the ReLU or the parametric ReLU activation function in C(�), mostly
for the case � = [−B, B]d . We conjecture that the set of (realizations of) ReLU
networks of a fixed complexity is closed in C(�), but were not able to prove such a
result in full generality. In two special cases, namely when the networks have only
two layers, or when at least the scaling weights are bounded, we can show that the
associated set of ReLU realizations is closed in C(�); see below.

We begin by analyzing the set of realizations with uniformly bounded scaling
weights and possibly unbounded biases, before proceeding with the analysis of two
layer ReLU networks.
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For � = ((A1, b1), . . . , (AL , bL)
) ∈ NN (S) satisfying ‖�‖scaling ≤ C for some

C > 0, we say that the network � has C-bounded scaling weights. Note that this
does not require the biases b� of the network to satisfy |b�| ≤ C .

Our first goal in this subsection is to show that if � denotes the ReLU, if S =
(d, N1, . . . , NL), if C > 0, and if � ⊂ Rd is measurable and bounded, then the set

RNN�,C
� (S) :=

{
R�� (�) : � ∈ NN (S) with ‖�‖scaling ≤ C

}

is closed in C(�;RNL ) and in L p(μ;RNL ) for arbitrary p ∈ [1,∞]. Here, and
in the remainder of the paper, we use the norm ‖ f ‖L p(μ;RNL ) = ‖ | f | ‖L p(μ) for

vector-valued L p-spaces. The norm onC(�;RNL ) is defined similarly. The difference
between the following proposition and Proposition 3.5 is that in the following propo-
sition, the “shift weights” (the biases) of the networks can be potentially unbounded.
Therefore, the resulting set is merely closed, not compact.

Proposition 3.7 Let S = (d, N1, . . . , NL) be a neural network architecture, let C > 0,
and let � ⊂ Rd be Borel measurable and bounded. Finally, let � : R → R, x �→
max{0, x} denote the ReLU function.

Then the setRNN�,C
� (S) is closed in L p(μ;RNL ) for every p ∈ [1,∞] and any

finite Borel measure μ on �. If � is compact, then RNN�,C
� (S) is also closed in

C(�;RNL ).

Remark In fact, the proof shows that each subset of RNN�,C
� (S) which is bounded

in L1(μ;RNL ) (when μ(�) > 0) is precompact in L p(μ;RNL ) and in C(�;RNL ).

Proof For the proof of the statement, we refer to “Appendix D.7”. The main idea
is to show that for every sequence (�n)n∈N ⊂ NN (S) of neural networks with
uniformly bounded scaling weights and with ‖R�� (�n)‖L1(μ) ≤ M , there exist a
subsequence (�nk )k∈N of (�n)n∈N and neural networks (�̃nk )k∈N with uniformly
bounded scaling weights and biases such that R��

(
�̃nk

) = R��
(
�nk

)
. The rest then

follows from Proposition 3.5. �
As our second result in this section, we show that the set of realizations of two-layer

neural networks with arbitrary scaling weights and biases is closed inC([−B, B]d), if
the activation is the parametric ReLU. It is a fascinating question for further research
whether this also holds for deeper networks.

Theorem 3.8 Let d, N0 ∈ N, let B > 0, and let a ≥ 0. Let �a : R → R, x �→
max{x, ax} be the parametric ReLU. Then RNN [−B,B]d

�a ((d, N0, 1)) is closed in
C([−B, B]d).
Proof For the proof of the statement, we refer to “Appendix D.8”; here we only sketch

the main idea: First, note that each f ∈ RNN [−B,B]d
�a ((d, N0, 1)) is of the form

f (x) = c + ∑N0
i=1 �a(〈αi , x〉 + βi ). The proof is based on a careful—and quite

technical—analysis of the singularity hyperplanes of the functions �a(〈αi , x〉 + βi ),
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that is, the hyperplanes 〈αi , x〉 + βi = 0 on which these functions are not dif-
ferentiable. More precisely, given a uniformly convergent sequence ( fn)n∈N ⊂
RNN [−B,B]d

�a ((d, N0, 1)), we analyze how the singularity hyperplanes of the func-
tions fn behave as n →∞, in order to show that the limit is again of the same form
as the fn . For more details, we refer to the actual proof. �

4 Failure of Inverse Instability of the RealizationMap

In this section, we study the properties of the realization map R�� . First of all, we
observe that the realization map is continuous.

Proposition 4.1 Let � ⊂ Rd be compact and let S = (d, N1, . . . , NL) be a neural
network architecture. If the activation function � : R → R is continuous, then the
realization map from Eq. (1.1) is continuous. If � is locally Lipschitz continuous, then
so is R�� .

Finally, if� is globally Lipschitz continuous, then there is a constantC = C(�, S) >
0 such that

Lip
(
R�� (�)

) ≤ C · ‖�‖Lscaling for all � ∈ NN (S) .

Proof For the proof of this statement, we refer to “Appendix E.1”. �
In general, the realizationmap is not injective; that is, there can be networks� �= �

but such that R�� (�) = R�� (�); in fact, if for instance

� = ((A1, b1), . . . , (AL−1, bL−1), (0, 0)
)
,

and

� = ((B1, c1), . . . , (BL−1, cL−1), (0, 0)
)
,

then the realizations of �,� are identical.
In this section, our main goal is to determine whether, up to the failure of injectivity,

the realization map is a homeomorphism onto its range; mathematically, this means
that we want to determine whether the realization map is a quotient map. We will see
that this is not the case.

To this end, we will prove for fixed � that even if R�� (�) is very close to R�� (�),

it is not true in general that R�� (�) = R�� (�̃) for network weights �̃ close to �.
Precisely, this follows from the following theorem for � = 0 and � = �n .

Theorem 4.2 Let � : R → R be Lipschitz continuous, but not affine-linear. Let S =
(N0, . . . , NL−1, 1) be a network architecture with L ≥ 2, with N0 = d, and N1 ≥ 3.
Let � ⊂ Rd be bounded with nonempty interior.

Then there is a sequence (�n)n∈N of networks with architecture S and the following
properties:
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1. We have R�� (�n)→ 0 uniformly on �.

2. We have Lip(R�� (�n))→∞ as n →∞.

Finally, if (�n)n∈N is a sequence of networks with architecture S and the preceding
two properties, then the following holds: For each sequence of networks (�n)n∈N with
architecture S and R�� (�n) = R�� (�n), we have ‖�n‖scaling →∞.

Proof For the proof of the statement, we refer to “Appendix E.2”. The proof is based
on the fact that the Lipschitz constant of the realization of a network essentially yields
a lower bound on the ‖ ·‖scaling norm of every neural network with this realization. We
construct neural networks�n the realizations of which have small amplitude but high
Lipschitz constants. The associated realizations uniformly converge to 0, but every
associated neural network must have exploding weights. �

We finally rephrase the preceding result in more topological terms:

Corollary 4.3 Under the assumptions of Theorem 4.2, the realization map R�� from
Eq. (1.1) is not a quotient map when considered as a map onto its range.

Proof For the proof of the statement, we refer to “Appendix E.3”. �
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Appendix A: Notation

The symbolN denotes the natural numbersN = {1, 2, 3, . . . }, whereasN0 = {0}∪N
stands for the natural numbers including zero.Moreover,we setN≥d :={n ∈ N : n ≥ d}
for d ∈ N. The number of elements of a set M will be denoted by |M | ∈ N0 ∪ {∞}.
Furthermore, we write n:={k ∈ N : k ≤ n} for n ∈ N0. In particular, 0 = ∅.

For two sets A, B, a map f : A→ B, and C ⊂ A, we write f |C for the restriction
of f to C . For a set A, we denote by χA = 1A the indicator function of A, so that
χA(x) = 1 if x ∈ A and χA(x) = 0 otherwise. For any R-vector space Y we write
A + B:={a + b : a ∈ A, b ∈ B} and λA:={λa : a ∈ A}, for λ ∈ R and subsets
A, B ⊂ Y .

The algebraic dual space of a K-vector space Y (with K = R or K = C), that is
the space of all linear functions ϕ : Y → K, will be denoted by Y∗. In contrast, if Y is
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a topological vector space, we denote by Y ′ the topological dual space of Y , which
consists of all functions ϕ ∈ Y∗ that are continuous.

Given functions ( fi )i∈n with fi : Xi → Yi , we consider three different types of
products between these maps: The Cartesian product of f1, . . . , fn is

f1 × · · · × fn : X1 × · · · × Xn → Y1 × · · · × Yn, (x1, . . . , xn)

�→ (
f1(x1), . . . , fn(xn)

)
.

The tensor product of f1, . . . , fn is defined if Y1, . . . ,Yn ⊂ C, and is then given by

f1 ⊗ · · · ⊗ fn : X1 × · · · × Xn → C, (x1, . . . , xn) �→ f1(x1) · · · fn(xn) .

Finally, the direct sum of f1, . . . , fn is defined if X1 = · · · = Xn , and given by

f1 ⊕ · · · ⊕ fn : X1 → Y1 × · · · × Yn, x �→ (
f1(x), . . . , fn(x)

)
.

The closure of a subset A of a topological space will be denoted by A, while the
interior of A is denoted by A◦. For a metric space (U , d), we write Bε(x):={y ∈ U :
d(x, y) < ε} for the ε-ball around x , where x ∈ U and ε > 0. Furthermore, for a
Lipschitz continuous function f : U1 → U2 between two metric spaces U1 and U2,
we denote by Lip( f ) the smallest possible Lipschitz constant for f .

For d ∈ N and a function f : A → Rd or a vector v ∈ Rd , we denote for
j ∈ {1, . . . , d} the j-th component of f or v by ( f ) j or v j , respectively. As an
example, the Euclidean scalar product on Rd is given by 〈x, y〉 = ∑d

i=1 xi yi . We
denote the Euclidean norm by |x | := √〈x, x〉 for x ∈ Rd . For a matrix A ∈ Rn×d ,
let ‖A‖max:=maxi=1,...,n max j=1,...,d |Ai, j |. The transpose of a matrix A ∈ Rn×d
will be denoted by AT ∈ Rd×n . For A ∈ Rn×d , i ∈ {1, . . . , n} and j ∈ {1, . . . , d},
we denote by Ai,− ∈ Rd the i-th row of A and by A−, j ∈ Rn the j-th column of A.
The Euclidean unit sphere in Rd will be denoted by Sd−1 ⊂ Rd .

For n ∈ N and ∅ �= � ⊂ Rd , we denote by C(�;Rn) the space of all continuous
functions defined on � with values in Rn . If � is compact, then (C(�;Rn), ‖ ·
‖sup) denotes the Banach space of Rn- valued continuous functions equipped with the
supremum norm, where we use the Euclidean norm on Rn . If n = 1, then we shorten
the notation to C(�).

We note that on C(�), the supremum norm coincides with the L∞(�)-norm, if
for all x ∈ � and for all ε > 0 we have that λ(� ∩ Bε(x)) > 0, where λ denotes
the Lebesgue measure on Rd . For any nonempty set U ⊂ R, we say that a function
f : U → R is increasing if f (x) ≤ f (y) for every x, y ∈ U with x < y. If
even f (x) < f (y) for all such x, y, we say that f is strictly increasing. The terms
“decreasing” and “strictly decreasing” are defined analogously.

The Schwartz space will be denoted by S(Rd) and the space of tempered dis-
tributions by S ′(Rd). The associated bilinear dual pairing will be denoted by
〈·, ·〉S ′,S . We refer to [26, Sects. 8.1–8.3 and 9.2] for more details on the spaces
S(Rd) and S ′(Rd). Finally, the Dirac delta distribution δx at x ∈ Rd is given by
δx : C(Rd)→ R, f �→ f (x).
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Appendix B: Auxiliary Results: Operations with Neural Networks

This part of the appendix is devoted to auxiliary results that are connected with basic
operations one can perform with neural networks and which we will frequently make
use of in the proofs below.

We start by showing that one can “enlarge” a given neural network in such a way
that the realizations of the original network and the enlarged network coincide. To be
more precise, the following holds:

Lemma B.1 Let d, L ∈ N, � ⊂ Rd , and � : R → R. Also, let � =(
(A1, b1), . . . , (AL , bL)

)
be a neural network with architecture (d, N1, . . . , NL) and

let Ñ1, . . . , ÑL−1 ∈ N such that Ñ� ≥ N� for all � = 1, . . . , L − 1. Then, there
exists a neural network �̃ with architecture (d, Ñ1, . . . , ÑL−1, NL) and such that
R�� (�) = R�� (�̃).

Proof Setting N0:=Ñ0:=d, and ÑL :=NL , we define �̃:= (( Ã1, b̃1), . . . , ( ÃL , b̃L)
)

by

Ã�:=
(
A� 0N�×(Ñ�−1−N�−1)
0(Ñ�−N�)×N�−1 0(Ñ�−N�)×(Ñ�−1−N�−1)

)
∈ RÑ�×Ñ�−1 ,

and

b̃�:=
(

b�
0Ñ�−N�

)
∈ RÑ� ,

for � = 1, . . . , L . Here, 0m1×m2 and 0k denote the zero-matrix inRm1×m2 and the zero
vector in Rk , respectively. Clearly, R�� (�̃) = R�� (�). This yields the claim. �

Another operation that we can perform with networks is concatenation, as given in
the following definition.

Definition B.2 Let L1, L2 ∈ N and let

�1 = ((A1
1, b

1
1), . . . , (A

1
L1
, b1L1

)
)
, �2 = ((A2

1, b
2
1), . . . , (A

2
L2
, b2L2

)
)

be two neural networks such that the input layer of�1 has the same dimension as the
output layer of�2. Then,�1��2 denotes the following L1 + L2 − 1 layer network:

�1��2:=((A2
1, b

2
1), . . . , (A

2
L2−1, b

2
L2−1),

(A1
1A

2
L2
, A1

1b
2
L2
+ b11), (A

1
2, b

1
2), . . . , (A

1
L1
, b1L1

)
)
.

Then, we call �1��2 the concatenation of �1 and �2.

One directly verifies that for every � : R → R the definition of concatenation
is reasonable, that is, if di is the dimension of the input layer of �i , i = 1, 2,
and if � ⊂ Rd2 , then R�� (�

1��2) = RRd1
� (�1) ◦ R�� (�2). If �2 has architecture
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(d, N1, . . . , NL2) and �
1 has architecture (NL2 , Ñ1, . . . , ÑL1−1, ÑL1), then the neu-

ral network �1��2 has architecture (d, N1, . . . , NL2−1, Ñ1, . . . , ÑL1). Therefore,
N (�1��2) = N (�1)+ N (�2)− 2NL2 .

We close this section by showing that under mild assumptions on �—which are
always satisfied in practice—and on the network architecture, one can construct a
neural network which locally approximates the identity mapping idRd to arbitrary
accuracy. Similarly, one can obtain a neural network the realization of which approx-
imates the projection onto the i-th coordinate. The main ingredient of the proof is the
approximation x ≈ �(x0+x)−�(x0)

�′(x0) , which holds for |x | small enough and where x0 is
chosen such that �′(x0) �= 0.

Proposition B.3 Let � : R → R be continuous, and assume that there exists x0 ∈ R
such that� is differentiable at x0 with�′(x0) �= 0. Then, for every ε > 0, d ∈ N, B > 0
and every L ∈ N there exists a neural network�B

ε ∈ NN ((d, d, . . . , d))with L layers
such that

•
∣
∣∣R[−B,B]d

� (�B
ε )(x)− x

∣
∣∣ ≤ ε for all x ∈ [−B, B]d ;

• R[−B,B]d
� (�B

ε )(0) = 0;

• R[−B,B]d
� (�B

ε ) is totally differentiable at x = 0 and its Jacobian matrix fulfills

D
(
R[−B,B]d
� (�B

ε )
)
(0) = idRd ;

• for j ∈ {1, . . . , d},
(
R[−B,B]d
� (�B

ε )
)

j
is constant in all but the j-th coordinate.

Furthermore, for every d, L ∈ N, ε > 0, B > 0 and every i ∈ {1, . . . , d}, one can
construct a neural network �̃B

ε,i ∈ NN ((d, 1, . . . , 1)) with L layers such that

•
∣∣
∣R[−B,B]d

� (�̃B
ε,i )(x)− xi

∣∣
∣ ≤ ε for all x ∈ [−B, B]d ;

• R[−B,B]d
� (�̃B

ε,i )(0) = 0;

• R[−B,B]d
� (�B

ε,i ) is partially differentiable at x = 0, with ∂
∂xi

∣∣∣
x=0R

[−B,B]d
� (�̃B

ε,i )

(x) = 1; and

• R[−B,B]d
� (�̃B

ε,i ) is constant in all but the i-th coordinate.

Finally, if � is increasing, then
(
R[−B,B]d
� (�B

ε )
)
j and R[−B,B]d

� (�̃B
ε,i ) are mono-

tonically increasing in every coordinate and for all j ∈ {1, . . . , d}.
Proof Wefirst consider the special case L = 1.Here,we can take�B

ε :=((idRd , 0)) and
�B
ε,i :=((ei , 0)), with ei ∈ R1×d denoting the i-th standard basis vector inRd ∼= R1×d .

In this case, R[−B,B]d
� (�B

ε ) = idRd and R[−B,B]d
� (�B

ε,i )(x) = xi for all x ∈ [−B, B]d ,
which implies that all claimed properties are satisfied. Thus, we can assume in the
following that L ≥ 2.

Without loss of generality, we only consider the case ε ≤ 1. Define ε′:=ε/(dL).
Let x0 ∈ R be such that � is differentiable at x0 with �′(x0) �= 0.

We set r0:=�(x0) and s0:=�′(x0). Next, for C > 0, we define

�C : [−B − Lε, B + Lε] → R, x �→ C

s0
· �
( x
C
+ x0

)
− Cr0

s0
.
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We claim that there is some C0 > 0 such that |�C (x) − x | ≤ ε′ for all x ∈ [−B −
Lε, B + Lε] and all C ≥ C0. To see this, first note by definition of the derivative that
there is some δ > 0 with

|�(t + x0)− r0 − s0t | ≤ |s0| · ε′
1+ B + L

· |t | for all t ∈ R with |t | ≤ δ.

Here we implicitly used that s0 = �′(x0) �= 0 to ensure that the right-hand side is a
positive multiple of |t |. Now, set C0:=(B + L)/δ, and let C ≥ C0 be arbitrary. Note
because of ε′ ≤ ε ≤ 1 that every x ∈ [−B − Lε, B + Lε] satisfies |x | ≤ B + L .
Hence, if we set t :=x/C , then |t | ≤ δ. Therefore,

|�C (x)− x | =
∣∣∣∣
C

s0

∣∣∣∣ ·
∣∣�(t + x0)− r0 − s0t

∣∣ ≤
∣∣∣∣
C

s0

∣∣∣∣ ·
|s0| · ε′

1+ B + L
·
∣∣∣
x

C

∣∣∣ ≤ ε′.

Note that �C is differentiable at 0 with derivative �′C (0) = C
s0
�′(x0) 1C = 1, thanks

to the chain rule.
Using these preliminary observations, we now construct the neural networks �B

ε

and �B
ε,i . Define �

C
0 :=

(
(A1, b1), (A2, b2)

)
, where

A1:= 1

C
· idRd ∈ Rd×d , b1:=x0 · (1, . . . , 1)T ∈ Rd ,

and

A2:=C

s0
· idRd ∈ Rd×d , b2:= − Cr0

s0
· (1, . . . , 1)T ∈ Rd .

Note �C
0 ∈ NN ((d, d, d)). To shorten the notation, let �:=[−B, B]d and J =

[−B, B]. It is not hard to see that R�� (�C
0 ) = �C |J × · · · × �C |J , where the Cartesian

product has d factors. We define �C :=�C
0

��C
0

� · · · ��C
0 , where we take L − 2

concatenations (meaning L − 1 factors, so that �C = �C
0 if L = 2). We obtain

�C ∈ NN ((d, . . . , d)) (with L layers) and

R�� (�C )(x) =
(
�C ◦ �C ◦ · · · ◦ �C (xi )

)
i=1,...,d for all x ∈ �, (B.1)

where �C is applied L − 1 times.
Since |�C (x) − x | ≤ ε′ ≤ ε for all x ∈ [−B − Lε, B + Lε], it is not hard to see

by induction that

|(�C ◦ · · · ◦ �C )(x)− x | ≤ t · ε′ ≤ t · ε for all x ∈ [−B, B],

where �C is applied t ≤ L times. Therefore, since ε′ = ε/(dL), we conclude for
C ≥ C0 that

∣∣∣R�� (�C )(x)− x
∣∣∣ ≤ ε for all x ∈ �.
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As we saw above, �C is differentiable at 0 with �C (0) = 0 and �′C (0) = 1. By
induction, we thus get d

dx

∣∣
x=0(�C ◦ · · · ◦ �C )(x) = 1, where the composition has at

most L factors. Thanks to Eq. (B.1), this shows that R�� (�C ) is totally differentiable

at 0, with D(R�� (�C ))(0) = idRd , as claimed.

Also by Eq. (B.1), we see that for every j ∈ {1, . . . , d}, (R�� (�C )(x)
)
j is constant

in all but the j-th coordinate. Additionally, if � is increasing, then s0 > 0, so that �C
is also increasing, and hence

(
R�� (�C )

)
j is increasing in the j-th coordinate, since

compositions of increasing functions are increasing. Hence, �B
ε :=�C satisfies the

desired properties.
We proceed with the second part of the proposition. We first prove the statement

for i = 1. Let �̃C
1 :=

(
(A′1, b′1), (A′2, b′2)

)
, where

A′1:=
( 1
C 0 · · · 0 ) ∈ R1×d , b′1:=x0 ∈ R1, A′2:=

C

s0
∈ R1×1, b′2:= −

Cr0
s0

∈ R1.

We have �̃C
1 ∈ NN ((d, 1, 1)). Next, define �̃C

2 :=
(
(A′′1, b′′1), (A′′2, b′′2)

)
, where

A′′1:=
1

C
∈ R1×1, b′′1 :=x0 ∈ R1, A′′2:=

C

s0
∈ R1×1, b′′2 := −

Cr0
s0

∈ R1.

We have �̃C
2 ∈ NN ((1, 1, 1)). Setting �̃C :=�̃C

2
� . . . � �̃C

2
� �̃C

1 , where we take
L − 2 concatenations (meaning L − 1 factors), yields a neural network �̃C ∈
NN ((d, 1, . . . , 1)) (with L layers) such that

R�� (�̃C )(x):=
(
�C ◦ �C ◦ · · · ◦ �C

)
(x1) for all x ∈ �,

where �C is applied L − 1 times. Exactly as in the proof of the first part, this implies
for C ≥ C0 that

∣∣∣R�� (�̃C )(x)− x1
∣∣∣ ≤ ε for all x ∈ �.

Setting �̃B
ε,1:=�̃C and repeating the previous arguments yields the claim for i = 1.

Permuting the columns of A′1 yields the result for arbitrary i ∈ {1, . . . , d}.
Now, let � be increasing. Then, s0 > 0, and thus �C is increasing for every C >

0. Since R�� (�̃C ) is the composition of componentwise monotonically increasing
functions, the claim regarding the monotonicity follows. �

Appendix C: Proofs and Results Connected to Sect. 2

C.1. Proof of Theorem 2.1

We first establish the star-shapedness of the set of all realizations of neural networks,
which is a direct consequence of the fact that the set is invariant under scalar multi-
plication. The following proposition provides the details.
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Proposition C.1 Let S = (d, N1, . . . , NL) be a neural network architecture, let � ⊂
Rd , and let � : R→ R. Then, the setRNN�

� (S) is closed under scalar multiplication
and is star-shaped with respect to the origin.

Proof Let f ∈ RNN�
� (S) and choose �:=

(
(A1, b1), . . . , (AL , bL)

) ∈ NN (S) sat-

isfying f = R�� (�). Forλ ∈ R, define �̃:=((A1, b1), . . . , (AL−1, bL−1), (λAL , λbL)
)

and observe that �̃ ∈ NN (S) and furthermore λ f = R�� (�̃) ∈ RNN�
� (S). This

establishes the closedness ofRNN�
� (S) under scalar multiplication.

We can choose λ = 0 in the argument above and obtain 0 ∈ RNN�
� (S). For

every f ∈ RNN�
� (S) the line {λ f : λ ∈ [0, 1]} between 0 and f is contained in

RNN�
� (S), since RNN�

� (S) is closed under scalar multiplication. We conclude

that RNN�
� (S) is star-shaped with respect to the origin. �

Our next goal is to show that RNN�
� (S) cannot contain infinitely many linearly

independent centers.
As a preparation, we prove two related results which show that the classRNN�

� (S)
is “small”. The main assumption for guaranteeing this is that the activation function
should be locally Lipschitz continuous.

Lemma C.2 Let S = (d, N1, . . . , NL) be a neural network architecture, set N0:=d,
and let M ∈ N. Let � : R → R be locally Lipschitz continuous. Let � ⊂ Rd be
compact, and let� : C(�;RNL )→ RM be locally Lipschitz continuous, with respect
to the uniform norm on C(�;RNL ).

If M >
∑L

�=1(N�−1 + 1)N�, then �(RNN�
� (S)) ⊂ RM is a set of Lebesgue

measure zero.

Proof Since � is locally Lipschitz continuous, Proposition 4.1 (which will be proved
completely independently) shows that the realization map

R�� :
(
NN (S), ‖ · ‖NN (S)

)→ (
C(�;RNL ), ‖ · ‖sup

)

is locally Lipschitz continuous.Here, the normed vector spaceNN (S) is per definition
isomorphic to

∏L
�=1
(
RN�−1×N� ×RN�

)
and thus has dimension D :=∑L

�=1(N�−1+
1)N�, so that there is an isomorphism J : RD → NN (S).

As a composition of locally Lipschitz continuous functions, the map

� : RM → RM , (x1, . . . , xM ) �→ �
(
R��
(
J (x1, . . . , xD)

))

is locally Lipschitz continuous, and satisfies �
(
RNN�

� (S)
) = ran(�) = �(RD ×

{0}M−D). But it is well known (see for instance [2]Theorem 5.9), that a locally
Lipschitz continuous function between Euclidean spaces of the same dimension
maps sets of Lebesgue measure zero to sets of Lebesgue measure zero. Hence,
�(RNN�

� (S)) ⊂ RM is a set of Lebesgue measure zero. �
As a corollary, we can now show that the class of neural network realizations cannot

contain a subspace of large dimension.
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Corollary C.3 Let S = (d, N1, . . . , NL) be a neural network architecture, set N0:=d,
and let � : R→ R be locally Lipschitz continuous.

Let ∅ �= � ⊂ Rd be arbitrary. If V ⊂ C(�;RNL ) is a vector space with V ⊂
RNN�

� (S), then dim V ≤∑L
�=1(N�−1 + 1)N�.

Proof Let D:=∑L
�=1(N�−1 + 1)N�. Assume toward a contradiction that the claim

of the corollary does not hold; then there exists a subspace V ⊂ C(�;RNL ) of
dimension dim V = D + 1 with V ⊂ RNN�

� (S). For x ∈ � and � ∈ NL , let

δ
(�)
x : C(�;RNL ) → R, f �→ (

f (x)
)
�
. Define W :=span{δ(�)x |V : x ∈ �, � ∈ NL

}
,

and note that W is a subspace of the finite-dimensional algebraic dual space V ∗
of V . In particular, dimW ≤ dim V ∗ = dim V = D + 1, so that there are
(x1, �1), . . . , (xD+1, �D+1) ∈ �× NL such that W = span

{
δ
(�k )
xk : k ∈ D + 1

}
.

We claim that the linear map

�0 : V → RD+1, f �→ ([ f (xk)]�k
)
k∈D+1

is surjective. Since dim V = D + 1 = dimRD+1, it suffices to show that �0 is
injective. But if �0 f = 0 for some f ∈ V ⊂ C(�;RNL ), and if x ∈ � and
� ∈ NL are arbitrary, then δ

(�)
x = ∑D+1

k=1 ak δ
(�k )
xk for certain a1, . . . , aD+1 ∈ R.

Hence, [ f (x)]� = ∑D+1
k=1 ak[ f (xk)]�k = 0. Since x ∈ � and � ∈ NL were arbitrary,

this means f ≡ 0. Therefore, �0 is injective and thus surjective.
Now, let us define �′:={x1, . . . , xD+1}, and note that �′ ⊂ Rd is compact. Set

M :=D + 1, and define

� : C(�′,RNL )→ RM , f �→ ([ f (xk)]�k
)
k∈D+1.

It is straightforward to verify that � is Lipschitz continuous. Therefore, Lemma C.2
shows that the set �(RNN�′

� (S)) ⊂ RM is a null-set. However,

�
(
RNN�′

� (S)
) = �

({ f |�′ : f ∈ RNN�
� (S)}

) ⊃ �
({ f |�′ : f ∈ V }) = �0(V ) = RM .

This yields the desired contradiction. �
Now, the announced estimate for the number of linearly independent centers of the

set of all network realizations of a fixed size is a direct consequence.

Proposition C.4 Let S = (d, N1, . . . , NL) be a neural network architecture, let � ⊂
Rd , and let � : R → R be locally Lipschitz continuous. Then, RNN�

� (S) contains

at most
∑L

�=1(N�−1+ 1)N� linearly independent centers, where N0 = d. That is, the
number of linearly independent centers is bounded by the total number of parameters
of the underlying neural networks.

Proof Let us set D:=∑L
�=1(N�−1 + 1)N�, and assume toward a contradiction that

RNN�
� (S) contains M :=D+1 linearly independent centers R�� (�1), . . . ,R�� (�M ).
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Since RNN�
� (S) is closed under multiplication with scalars, this implies

V := span
{
R�� (�1), . . . ,R

�
� (�M )

}
⊂ RNN�

� (S).

Indeed, this follows by induction on M , using the following observation: If V is a
vector space contained in a set A, if A is closed under multiplication with scalars,
and if x0 ∈ A is a center for A, then V + span{x0} ⊂ A. To see this, let μ ∈ R and
v ∈ V . There is some ε ∈ {1,−1} such that εμ = |μ|. Now set x :=εv ∈ V ⊂ A and
λ:=|μ|/(1+ |μ|) ∈ [0, 1]. Then,

v + μ x0 = ε · (εv + |μ|x0) = ε · (1+ |μ|) ·
(

1

1+ |μ| x +
|μ|

1+ |μ| x0
)

= ε · (1+ |μ|) · (λx0 + (1− λ)x
) ∈ A.

Since the family
(
R�� (�k)

)
k∈M is linearly independent, we see

dim V = M > D =
L∑

�=1
(N�−1 + 1)N�.

In view of Corollary C.3, this yields the desired contradiction. �
Next, we analyze the convexity ofRNN�

� (S). As a direct consequence of Propo-

sition C.4, we see thatRNN�
� (S) is never convex ifRNN�

� (S) contains more than
a certain number of linearly independent functions.

Corollary C.5 Let S = (d, N1, . . . , NL) be a neural network architecture and let
N0:=d. Let � ⊂ Rd , and let � : R→ R be locally Lipschitz continuous.

IfRNN�
� (S) contains more than

∑L
�=1(N�−1 + 1)N� linearly independent func-

tions, then RNN�
� (S) is not convex.

Proof Every element of a convex set is a center. Thus the result follows directly from
Proposition C.4. �

Corollary C.5 claims that if a set of realizations of neural networks with fixed size
contains more than a fixed number of linearly independent functions, then it cannot be
convex. Since RNNRd

� (S) is translation invariant, it is very likely that RNNRd

� (S)

(and hence alsoRNN�
� (S)) contains infinitely many linearly independent functions.

In fact, our next result shows under minor regularity assumptions on � that if the set
RNN�

� (S) does not contain infinitely many linearly independent functions, then �
is necessarily a polynomial.

Proposition C.6 Let S = (d, N1, . . . , NL) be a neural network architecture with L ∈
N≥2. Moreover, let � : R → R be continuous. Assume that there exists x0 ∈ R such
that � is differentiable at x0 with �′(x0) �= 0.

Further assume that� ⊂ Rd has nonempty interior, and thatRNN�
� (S) does not

contain infinitely many linearly independent functions. Then, � is a polynomial.
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Proof Step 1 Set S′:=(d, N1, . . . , NL−1, 1). We first show thatRNN�
� (S

′) does not
contain infinitely many linearly independent functions. To see this, first note that the
map

� : RNN�
� (S)→ RNN�

� (S
′), f �→ f1,

which maps anRNL -valued function to its first component, is linear, well-defined, and
surjective.

Hence, if there were infinitely many linearly independent functions ( fn)n∈N in the
setRNN�

� (S
′), then we could find (gn)n∈N inRNN�

� (S) such that fn = � gn . But
then the (gn)n∈N are necessarily linearly independent, contradicting the hypothesis of
the theorem.

Step 2 We show that G := RNNRd

� (S′) does not contain infinitely many linearly
independent functions.

To see this, first note that sinceF := RNN�
� (S

′) does not contain infinitely many
linearly independent functions (Step 1), elementary linear algebra shows that there is
a finite-dimensional subspace V ⊂ C(�;R) satisfying F ⊂ V . Let D := dim V ,
and assume toward a contradiction that there are D + 1 linearly independent func-
tions f1, . . . , fD+1 ∈ G, and set W := span{ f1, . . . , fD+1} ⊂ C(Rd ;R). The space
� := span{δx |W : x ∈ Rd} ⊂ W ∗ spanned by the point evaluation functionals δx :
C(Rd;R)→ R, f �→ f (x) is finite-dimensional with dim � ≤ dimW ∗ = dimW =
D+1. Hence, there are x1, . . . , xD+1 ∈ Rd such that � = span{δx1 |W , . . . , δxD+1 |W }.

We claim that the map

� : W → RD+1, f �→ (
f (x�)

)
�∈D+1

is surjective. Since dimW = D + 1, it suffices to show that� is injective. If this was
not true, there would be some f ∈ W ⊂ C(Rd;R), f �≡ 0 such that � f = 0. But
since f �≡ 0, there is some x0 ∈ Rd satisfying f (x0) �= 0. Because of δx0 |W ∈ �, we
have δx0 |W = ∑D+1

�=1 a� δx� |W for certain a1, . . . , aD+1 ∈ R. Hence, 0 �= f (x0) =
δx0 |W ( f ) =

∑D+1
�=1 a� δx� |W ( f ) = 0, since f (x�) =

(
�( f )

)
�
= 0 for all � ∈ D + 1.

This contradiction shows that � is injective, and hence surjective.
Now, since � has nonempty interior, there is some b ∈ � and some r > 0 such

that y� := b + r x� ∈ � for all � ∈ D + 1. Define

g� : Rd → R, y �→ f�

(
y

r
− b

r

)
for � ∈ D + 1.

It is not hard to see g� ∈ G, and hence g�|� ∈ F ⊂ V for all � ∈ D + 1. Now, define
the linear operator � : V → RD+1, f �→ (

f (y�)
)
�∈D+1, and note that �(g�) =

(
g�(yk)

)
k∈D+1 =

(
f�(xk)

)
k∈D+1 = �( f�), because of y�/r − b/r = x�. Since the

functions f1, . . . , fD+1 span the space W , this implies �(V ) ⊃ �(W ) = RD+1, in
contradiction to � being linear and dim V = D < D + 1. This contradiction shows
that G does not contain infinitely many linearly independent functions.
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Step 3 From the previous step, we know that G = RNNRd

� (S′) does not contain
infinitely many linearly independent functions. In this step, we show that this implies
that the activation function � is a polynomial.

To this end, define

RNN ∗
S′,�:=

{
f : R→ R

∣
∣∣∣
there is some g ∈ RNNRd

� (S′)
with f (x) = g(x, 0, . . . , 0) for all x ∈ R

}
.

Clearly,RNN ∗
S′,� is dilation- and translation invariant; that is, if f ∈ RNN ∗

S′,�, then
also f (a ·) ∈ RNN ∗

S′,� and f (· − x) ∈ RNN ∗
S′,� for arbitrary a > 0 and x ∈ R.

Furthermore, by Step 2, we see that RNN ∗
S′,� does not contain infinitely many lin-

early independent functions. Therefore, V := spanRNN ∗
S′,� is a finite-dimensional

translation- and dilation invariant subspace of C(R). Thanks to the translation invari-
ance, it follows from [3] that there exists some r ∈ N, and certain λ j ∈ C, k j ∈ N0
for j = 1, . . . , r such that

RNN ∗
S′,� ⊂ V ⊂ spanC

{
x �→ xk j eλ j x : j = 1, . . . , r

}
, (C.1)

where spanC denotes the linear span, with C as the underlying field. Clearly, we can
assume (k j , λ j ) �= (k�, λ�) for j �= �.

Step 4 Let N := max j∈{1,...,r} k j . We now claim that V is contained in the space
Cdeg≤N [X ] of (complex) polynomials of degree at most N .

Indeed, suppose toward a contradiction that there is some f ∈ V \ Cdeg≤N [X ].
Thanks to (C.1), we can write f = ∑r

j=1 a j xk j eλ j x with a1, . . . , ar ∈ C. Because
of f /∈ Cdeg≤N [X ], there is some � ∈ {1, . . . , r} such that a� �= 0 and λ� �= 0. Now,
chooseβ > 0 such that |βλ�| > |λ j | for all j ∈ {1, . . . , r}, andnote that f (β ·) ∈ V , so
thatEq. (C.1) yields coefficientsb1, . . . , br ∈ C such that f (β x) =∑r

j=1 b j xk j eλ j x .
By subtracting the two different representations for f (β x), we thus see

0 ≡ f (βx)− f (βx) =
r∑

j=1
a j β

k j xk j eβλ j x −
r∑

j=1
b j x

k j eλ j x ,

and hence

xk�eβλ�x = 1

a� βk�
·
( r∑

j=1
b j x

k j eλ j x −
∑

j∈{1,...,r}\{�}
a j β

k j xk j eβλ j x
)
. (C.2)

Note, however, that |βλ�| > |λ j | andhence (k�, βλ�) �= (k j , λ j ) for all j ∈ {1, . . . , r},
and furthermore that (k�, βλ�) �= (k j , βλ j ) for j ∈ {1, . . . , r}\{�}. Thus, Lemma C.7
below shows that Eq. (C.2) cannot be true. This is the desired contradiction.

Step 5 In this step, we complete the proof, by first showing for arbitrary B > 0 that
�|[−B,B] is a polynomial of degree at most N .

Let ε, B > 0 be arbitrary. Since � is continuous, it is uniformly continuous on
[−B − 1, B + 1], that is, there is some δ ∈ (0, 1) such that |�(x)− �(y)| ≤ ε for all
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x, y ∈ [−B−1, B+1]with |x− y| ≤ δ. Since �′(x0) �= 0 and L ≥ 2, Proposition B.3
andLemmaB.1 imply existence of a neural network �̃ε,B ∈ NN ((d, N1, . . . , NL−1))
such that

∣∣∣
[
R[−B,B]d
� (�̃ε,B)(x)

]
1 − x1

∣∣∣ ≤ δ, for all x ∈ [−B, B]d .

In particular, this implies because of δ ≤ 1 that
[
R[−B,B]d
� (�̃ε,B)(x)

]
1 ∈ [−B−1, B+

1] for all x ∈ [−B, B]d . We conclude that

∣∣
∣
[
�
(
R[−B,B]d
� (�̃ε,B)(x)

)]
1 − �(x1)

∣∣
∣ ≤ ε, for all x ∈ [−B, B]d , (C.3)

with � acting componentwise. By (C.3), it follows that there is some�ε,B ∈ NN (S′)
satisfying

∣∣R[−B,B]d
� (�ε,B)(x1, 0, . . . , 0)− �(x1)

∣∣ ≤ ε for all x1 ∈ [−B, B]. (C.4)

From (C.4) and Step 4, we thus see

�|[−B,B] ∈
{
f |[−B,B] : f ∈ RNN ∗

S′,�

}
⊂ {p|[−B,B] : p ∈ Cdeg≤N [X ]},

where the closure is taken with respect to the sup norm, and where we implicitly used
that the space on the right-hand side is a closed subspace of C([−B, B]), since it is a
finite dimensional subspace.

Since �|[−B,B] is a polynomial of degree at most N ; we see that the N + 1-th
derivative of � satisfies �(N+1) ≡ 0 on (−B, B), for arbitrary B > 0. Thus, �(N+1) ≡
0, meaning that � is a polynomial. �

In the above proof, we used the following elementary lemma, whose proof we
provide for completeness.

Lemma C.7 For k ∈ N0 and λ ∈ C, define fk,λ : R→ C, x �→ xk eλx .
Let N ∈ N, and let (k1, λ1), . . . , (kN , λN ) ∈ N0 × C satisfy (k�, λ�) �= (k j , λ j )

for � �= j . Then, the family ( fk�,λ�)�=1,...,N is linearly independent over C.

Proof Let us assume toward a contradiction that

0 ≡
N∑

�=1
a� fk�,λ�(x) =

N∑

�=1
a� x

k� eλ�x (C.5)

for some coefficient vector (a1, . . . , aN ) ∈ CN \ {0}. By dropping those terms for
which a� = 0, we can assume that a� �= 0 for all � ∈ {1, . . . , N }.

Let � := {λi : i ∈ {1, . . . , N }}. In the case where |�| = 1, it follows that k j �= k�
for j �= �. Furthermore, multiplying Eq. (C.5) by e−λ1x , we see that 0 ≡∑N

�=1 a� xk� ,
which is impossible since the monomials (xk)k∈N0 are linearly independent. Thus, we
only need to consider the case that |�| > 1.
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Define M :=max{k� : � ∈ {1, . . . , N }} and

I := {� ∈ {1, . . . , N } : λ� = λ1
}
, and choose j ∈ I satisfying k j = max

�∈I k�.

Note that this implies k� < k j for all � ∈ I \ { j}, since (k�, λ�) �= (k j , λ j ) and hence
k� �= k j for � ∈ I \ { j}.

Consider the differential operator

T :=
∏

λ∈�\{λ1}

( d

dx
− λ id

)M+1

Note that
( d
dx − λ id

)
(xk eμx ) = (μ − λ)xk eμx + k xk−1 eμx . Using this identity, it

is easy to see that if λ ∈ � \ {λ1} and k ∈ N0 satisfies k ≤ M , then T (xk eλx ) ≡ 0.
Furthermore, for each k ∈ N0 with k ≤ M , there exist a constant ck ∈ C \ {0} and a
polynomial pk ∈ C[X ]with deg pk < k satisfying T (xk eλ1x ) = eλ1x ·(ckxk+ pk(x)).
Overall, Eq. (C.5) implies that

0 ≡ e−λ1x · T
( N∑

�=1
a� x

k� eλ�x
)
= a j ck j x

k j + a j pk j (x)

+
∑

�∈I\{ j}

[
a� · (ck�xk� + pk� (x))

]

=:a j ck j x
k j + q(x),

where a j ck j �= 0 and where deg q < k j , since k j > k� for all � ∈ I \ { j}. This is the
desired contradiction. �

As our final ingredient for the proof of Theorem 2.1, we show that every
non-constant locally Lipschitz function � satisfies the technical assumptions of Propo-
sition C.6.

Lemma C.8 Let � : R → R be locally Lipschitz continuous and not constant. Then,
there exists some x0 ∈ R such that � is differentiable at x0 with �′(x0) �= 0.

Proof Since� is not constant, there is some B > 0 such that�|[−B,B] is not constant.By
assumption, � is Lipschitz continuous on [−B, B]. Thus, �|[−B,B] is absolutely con-
tinuous; see for instance [60, Definition 7.17]. Thanks to the fundamental theorem of
calculus for theLebesgue integral (see [60, Theorem7.20]), this implies that�|[−B,B] is
differentiable almost everywhere on (−B, B) and satisfies �(y)−�(x) = ∫ y

x �
′(t) dt

for −B ≤ x < y ≤ B, where �′(t) := 0 if � is not differentiable at t .
Since�|[−B,B] is not constant, the preceding formula shows that there has to be some

x0 ∈ (−B, B) such that �′(x0) �= 0; in particular, this means that � is differentiable
at x0. �

Now, a combination of Corollary C.5, Proposition C.6, and Lemma C.8 proves
Theorem 2.1. For the application of Lemma C.8, note that if � is constant, then � is a
polynomial, so that the conclusion of Theorem 2.1 also holds in this case.
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C.2. Proof of Theorem 2.2

We first show in the following lemma that ifRNN�
� (S) is convex, thenRNN�

� (S)
is dense in C(�). The proof of Theorem 2.2 is given thereafter.

Lemma C.9 Let S = (d, N1, . . . , NL−1, 1) be a neural network architecture with
L ≥ 2. Let � ⊂ Rd be compact and let � : R → R be continuous but not a
polynomial. Finally, assume that there is some x0 ∈ R such that � is differentiable at
x0 with �′(x0) �= 0.

IfRNN�
� (S) is convex, then RNN�

� (S) is dense in C(�).

Proof SinceRNN�
� (S) is convex and closed under scalar multiplication,RNN�

� (S)

forms a closed linear subspace of C(�). Below, we will show that
(
� → R, x �→

�(〈a, x〉 + b)
) ∈ RNN�

� (S) for arbitrary a ∈ Rd and b ∈ R. Once we prove this,
it follows that

(
� → R, x �→ ∑N

i=1 ci �(bi + 〈ai , x〉)
) ∈ RNN�

� (S) for arbitrary

N ∈ N, ai ∈ Rd , and bi , ci ∈ R. As shown in [45], this then entails that RNN�
� (S)

(and hence alsoRNN�
� (S)) is dense in C(�), since � is not a polynomial.

Thus, let a ∈ Rd , b ∈ R, and ε > 0 be arbitrary, and define g : � → R, x �→
�(b + 〈a, x〉) and �:=((aT , b), (1, 1)) ∈ NN ((d, 1, 1)), noting that R�� (�) = g.
Since g is continuous on the compact set �, we have |g(x)| ≤ B for all x ∈ � and
some B > 0. By Proposition B.3 and since �′(x0) �= 0 and L ≥ 2, there exists a neural
network�ε ∈ NN ((1, . . . , 1)) (with L − 1 layers) such that |R[−B,B]

� (�ε)− x | ≤ ε

for all x ∈ [−B, B]. This easily shows ‖R�� (�ε
��)−g‖sup ≤ ε, while R�� (�ε

��) ∈
RNN�

� ((d, 1, . . . , 1)) ⊂ RNN�
� (S) by Lemma B.1. Therefore, g ∈ RNN�

� (S),
which completes the proof. �

Now we are ready to prove Theorem 2.2. By assumption,RNN�
� (S) is not dense

in C(�). We start by proving that there exists at least one ε > 0 such that the set
RNN�

� (S) is not ε-convex. Suppose toward a contradiction that this is not true, so

that RNN�
� (S) is ε-convex for all ε > 0. This implies

co
(
RNN�

� (S)
)
⊂
⋂

ε>0

(
RNN�

� (S)+ Bε(0)
)
= RNN�

� (S), (C.6)

where the last identity holds true, since if f̃ /∈ RNN�
� (S), there exists ε

′ > 0 such

that ‖ f̃ − f ‖sup > ε′ for all f ∈ RNN�
� (S). Equation (C.6) shows thatRNN�

� (S)

is convex, which by Lemma C.9 implies thatRNN�
� (S) ⊂ C(�) is dense, in contra-

diction to the assumptions of Theorem 2.2. This is the desired contradiction, showing
that RNN�

� (S) is not ε-convex for some ε > 0.

Thus, there exists g ∈ co
(
RNN�

� (S)
)
such that ‖g − f ‖sup ≥ ε0 for all

f ∈ RNN�
� (S). Now, let ε > 0 be arbitrary. Then, ε

ε0
g ∈ co(RNN�

� (S)), since
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RNN�
� (S) is closed under scalar multiplication. Moreover,

∥∥
∥∥
ε

ε0
g − f

∥∥
∥∥
sup
≥ ε for all f ∈ RNN�

� (S),

again due to the closedness under scalar multiplication of RNN�
� (S). This shows

that RNN�
� (S) is not ε-convex for any ε > 0. �

C.3. Non-dense Network Sets

In this section, we review criteria on � which ensure that RNN�
� (S) �= C(�).

Precisely, wewill show that this is true if � : R→ R is computable by elementary
operations, which means that there is some N ∈ N and an algorithm that takes x ∈ R
as input and returns �(x) after no more than N of the following operations:

– applying the exponential function exp : R→ R;
– applying one of the arithmetic operations +,−,×, and / on real numbers;
– jumps conditioned on comparisons of real numbers using the following operators:
<,>,≤,≥,=, �=.

Then, a combination of [4, Theorem 14.1] with [4, Theorem 8.14] shows that if �
is computable by elementary operations, then the pseudo-dimension of each of the
function classes RNNRd

� (S) is finite. Here, the pseudo-dimension Pdim(F) of a
function class F ⊂ RX is defined as follows (see [4, Sect. 11.2]):

Pdim(F):= sup
{|K | : K ⊂ X finite and pseudo-shattered by F

} ∈ N ∪ {∞} .

Here, a finite set K = {x1, . . . , xm} ⊂ X (with pairwise distinct xi ) ispseudo-shattered
by F if there are r1, . . . , rm ∈ R such that for each b ∈ {0, 1}m there is a function
fb ∈ F with 1[0,∞)

(
fb(xi )− ri

) = bi for all i ∈ {1, . . . ,m}.
Using this result, we can now show that the realization sets of networks with activa-

tion functions that are computable by elementary operations are never dense in L p(�)

or C(�).

Proposition C.10 Let � : R→ R be continuous and computable by elementary oper-
ations. Moreover, let S = (d, N1, . . . , NL−1, 1) be a neural network architecture. Let
� ⊂ Rd be any measurable set with nonempty interior, and letY denote either L p(�)

(for some p ∈ [1,∞)), or C(�). In case of Y = C(�), assume additionally that� is
compact.

Then. we have Y ∩RNN�
� (S) � Y .

Proof The considerations from before the statement of the proposition show that

Pdim
(
Y ∩RNN�

� (S)
) ≤ Pdim

(
RNNRd

� (S)
)
<∞.

Therefore, all we need to show is that ifF ⊂ C(�) is a function class for whichF ∩Y
is dense in Y , then Pdim(F) = ∞.
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For Y = C(�), this is easy: Let m ∈ N be arbitrary, choose distinct points
x1, . . . , xm ∈ �, and note that for each b ∈ {0, 1}m , there is gb ∈ C(�) satisfy-
ing gb(x j ) = b j for all j ∈ m. By density, for each b ∈ {0, 1}m , there is fb ∈ F
such that ‖ fb − gb‖sup < 1

2 . In particular, fb(x j ) >
1
2 if b j = 1 and fb(x j ) <

1
2

if b j = 0. Thus, if we set r1:= . . . :=rm := 1
2 , then 1[0,∞)( fb(x j ) − r j ) = b j for all

j ∈ m. Hence, S = {x1, . . . , xm} is pseudo-shattered by F , so that Pdim(F) ≥ m.
Since m ∈ N was arbitrary, Pdim(F) = ∞.

For Y = L p(�), one can modify this argument as follows: Since � has nonempty
interior, there are x0 ∈ � and r > 0 such that x0 + r [0, 1]d ⊂ �. Let m ∈ N be
arbitrary, and for j ∈ m define Mj := x0 + r

[
(
j−1
m ,

j
m )× [0, 1]d−1

]
. Furthermore,

for b ∈ {0, 1}m , let gb :=∑ j∈m with b j=1 1Mj , and note gb ∈ L p(�).
Since L p(�) ∩ F ⊂ L p(�) is dense, there is for each b ∈ {0, 1}m some fb ∈

F ∩ L p(�) such that ‖ fb − gb‖pL p ≤ rd/(21+p · m · 2m). If we set �b := {x ∈
� : | fb(x)− gb(x)| ≥ 1/2}, then 1�b ≤ 2p · | fb − gb|p, and hence

λ(�b) ≤ 2p ‖ fb − gb‖pL p ≤ rd

2 · m · 2m ,

and thus λ(
⋃

b∈{0,1}m �b) ≤ rd
2m , where λ is the Lebesgue measure. Hence,

λ(Mj \
⋃

b∈{0,1}m
�b) ≥ rd

2m
> 0,

so that we can choose for each j ∈ m some x j ∈ Mj \⋃b∈{0,1}m �b. We then have

| fb(x j )− δb j ,1| = | fb(x j )− gb(x j )| < 1/2,

and hence fb(x j ) > 1/2 if b j = 1 and fb(x j ) < 1/2 otherwise. Thus, if we set
r1:= . . . :=rm := 1

2 , then we have as above that 1[0,∞)

(
fb(x j )−r j

) = b j for all j ∈ m
and b ∈ {0, 1}m . The remainder of the proof is as for Y = C(�). �

Note that the following activation functions are computable by elementary opera-
tions: any piecewise polynomial function (in particular, the ReLU and the parametric
ReLU), the exponential linear unit, the softsign (since the absolute value can be
computed using a case distinction), the sigmoid, and the tanh. Thus, the preceding
proposition applies to each of these activation functions.

Appendix D: Proofs of the Results in Sect. 3

D.1. Proof of Theorem 3.1

The proof of Theorem 3.1 is crucially based on the following lemma:

123

Appendix A Topological Properties of the Set of Functions Generated by NNs of Fixed Size 81



Foundations of Computational Mathematics

Lemma D.1 Let μ be a finite Borel measure on [−B, B]d with uncountable support
suppμ. For x∗, v ∈ Rd with v �= 0, define

H±(x∗, v) := x∗ + H±(v)

where

H+(v) := {x ∈ Rd : 〈x, v〉 > 0} and H−(v) := {x ∈ Rd : 〈x, v〉 < 0}.

Then, there are x∗ ∈ [−B, B]d and v ∈ Sd−1 such that if f : [−B, B]d → R satisfies

f (x) = c for x ∈ H+(x∗, v) and f (x) = c′ for x ∈ H−(x∗, v) with c �= c′,
(D.1)

then there is no continuous g : [−B, B]d → R satisfying f = gμ-almost everywhere.

Proof Step 1 Let K := suppμ ⊂ [−B, B]d . In this step, we show that there is some
x∗ ∈ K and some v ∈ Sd−1 such that x∗ ∈ K ∩ H+(x∗, v) ∩ K ∩ H−(x∗, v). This
follows from a result in [68], where the following is shown: For x∗ ∈ Rd and v ∈ Sd−1,
as well as δ, η > 0, write

C(v; δ, η):={r ξ : 0 < r < δ and ξ ∈ Sd−1 with |ξ − v| < η
}
,

and

C(x∗, v; δ, η) := x∗ + C(v; δ, η).

Then, for each uncountable set E ⊂ Rd and for all but countably many x∗ ∈ E ,
there is some v ∈ Sd−1 such that E ∩C(x∗, v; δ, η) and E ∩C(x∗,−v; δ, η) are both
uncountable for all δ, η > 0.

Now, if η < 1, then any rξ ∈ C(v; δ, η) with |ξ − v| < η satisfies 〈v, ξ 〉 =
〈v, v〉 + 〈v, ξ − v〉 ≥ 1− |ξ − v| > 0, so that C(x∗, v; δ, η) ⊂ Bδ(x∗) ∩ H+(x∗, v)
and C(x∗,−v; δ, η) ⊂ Bδ(x∗) ∩ H−(x∗, v). From this it is easy to see that if x∗, v
are as provided by the result in [68] (for E = K ), then indeed x∗ ∈ K ∩ H+(x∗, v)∩
K ∩ H−(x∗, v).

We remark that strictly speaking, the proof in [68] is only provided for E ⊂ R3,
but the proof extends almost verbatim to Rd . A direct proof of the existence of x∗, v
can be found in [58].

Step 2 We show that if x∗, v are as in Step 1 and if f : [−B, B]d → R satisfies
(D.1), then there is no continuous g : [−B, B]d → R satisfying f = g μ-almost
everywhere.

Assume toward a contradiction that such a continuous function g exists. Recall (see
for instance [19, Sect. 7.4]) that the support of μ is defined as

suppμ = [−B, B]d \
⋃
{U : U ⊂ [−B, B]d open and μ(U ) = 0}.

In particular, if U ⊂ [−B, B]d is open with U ∩ suppμ �= ∅, then μ(U ) > 0.
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For each n ∈ N, set Un,+ := B1/n(x∗) ∩ [−B, B]d ∩ H+(x∗, v) and Un,− :=
B1/n(x∗) ∩ [−B, B]d ∩ H−(x∗, v), and note that Un,± are both open (as subsets of
[−B, B]d ) with K ∩Un,± �= ∅, since x∗ ∈ K ∩ H+(x∗, v) and x∗ ∈ K ∩ H−(x∗, v).
Hence, μ(Un,±) > 0. Since f = g μ-almost everywhere, there exist xn,± ∈ Un,±
with f (xn,±) = g(xn,±). This implies g(xn,+) = c and g(xn,−) = c′. But since
xn,± ∈ B1/n(x∗), we have xn,± → x∗, so that the continuity of g implies g(x∗) =
limn g(xn,+) = c and g(x∗) = limn g(xn,−) = c′, in contradiction to c �= c′. �

We now prove Theorem 3.1. Set �:=[−B, B]d and define Ñi := 1 for
i = 1, . . . , L − 2 and ÑL−1 := 2 if � is unbounded, while ÑL−1 := 1 otherwise. We
show that for � as given in the statement of the theorem there exists a sequence of func-
tions in the setRNN�

� ((d, Ñ1, . . . , ÑL−1, 1)) ⊂ RNN�
� (S) such that the sequence

converges (in L p(μ)) to a bounded, discontinuous limit f ∈ L∞(μ), meaning that f
does not have a continuous representative, even after possibly changing it on aμ-null-
set. Since RNN�

� (S) ⊂ C(�), this will show that f ∈ RNN�
� (S) \RNN�

� (S).

For the construction of the sequence, let x∗ ∈ suppμ and v ∈ Sd−1 as provided by
Lemma D.1. Extend v to an orthonormal basis (v,w1, . . . , wd−1) of Rd , and define
A := OT for O := (v,w1, . . . , wd−1) ∈ Rd×d . Note that x∗ ∈ � ⊂ BdB(0) and
hence A(�− x∗) ⊂ B2dB(0) ⊂ [−2dB, 2dB]d =: �′. Define B ′ := 2dB.

Next, using Proposition B.3, choose a neural network � ∈ NN ((d, 1, . . . , 1))
with L − 1 layers such that

(1) R�
′

� (�)(0) = 0;

(2) R�
′

� (�) is differentiable at 0 and
∂R�

′
� (�)

∂x1
(0) = 1;

(3) R�
′

� (�) is constant in all but the x1-direction; and

(4) R�
′

� (�) is increasing with respect to each variable (with the remaining variables
fixed).

Let J0:=R�′� (�). Since J0(0) = 0 and ∂ J0
∂x1

(0) = 1, we see directly from the
definition of the partial derivative that for each δ ∈ (0, B ′), there are xδ ∈ (−δ, 0) and
yδ ∈ (0, δ) such that J0(xδ, 0, . . . , 0) < J0(0) = 0 and J0(yδ, 0, . . . , 0) > J0(0) = 0.
Furthermore, Properties (3) and (4) from above show that J0(x) only depends on x1
and that t �→ J0(t, 0, . . . , 0) is increasing. In combination, these observations imply
that

J0(x) < 0 for all x ∈ �′ with x1 < 0,

and J0(x) > 0 for all x ∈ �′ with x1 > 0. (D.2)

Finally, with � = ((A1, b1), . . . , (AL−1, bL−1)
)
, define

�:=((A1A, b1 − A1Ax
∗), (A2, b2), . . . , (AL−1, bL−1)

)
,

and note that � ∈ NN ((d, 1, . . . , 1)) with L − 1 layers, and RRd

� (�)(x) =
RRd

� (�)(A(x − x∗)) for all x ∈ Rd . Combining this with the definition of A and
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with Eq. (D.2), and noting that A(x − x∗) ∈ �′ for x ∈ �, we see that J := R�� (�)
satisfies

⎧
⎪⎨

⎪⎩

J (x) < 0, for x ∈ � ∩ H−(x∗, v),
J (x) > 0, for x ∈ � ∩ H+(x∗, v),
J (x) = 0, for x ∈ � ∩ H0(x∗, v),

(D.3)

where H0(x∗, v) := Rd \ (H−(x∗, v) ∪ H+(x∗, v)).
We now distinguish the cases given in Assumption (iv)(a) and (b) of Theorem 3.1.
Case 1 � is unbounded, so that necessarily Assumption (iv)(a) of Theorem 3.1

holds, and ÑL−1 = 2. For n ∈ N let �n =
(
(An

1, b
n
1), (A

n
2, b

n
2)
) ∈ NN ((1, 2, 1)) be

given by

An
1 =

(
n
n

)
∈ R2×1, bn1 =

(
0
−1
)
∈ R2, An

2 =
(
1 −1) ∈ R1×2, bn2 = 0 ∈ R1.

Then, �n�� ∈ NN ((d, Ñ1, . . . , ÑL−1, 1)). Now, let us define

hn :=R�� (�n��), and note hn(x) = �(nJ (x))− �(nJ (x)− 1) for x ∈ �.

Then, since hn is continuous and hence bounded on the compact set �, we see that
hn ∈ L p(μ) for every n ∈ N and all p ∈ (0,∞].

We now show that (hn)n∈N converges to a discontinuous limit. To see this, first
consider x ∈ � ∩ H+(x∗, v). Since J (x) > 0 by (D.3), there exists some Nx ∈ N
such that for all n ≥ Nx , the estimate nJ (x) − 1 > r holds, where r > 0 is as in
Assumption (iii) of Theorem 3.1. Hence, by themean value theorem, there exists some
ξ xn ∈ [nJ (x)− 1, nJ (x)] such that

lim
n→∞ hn(x) = lim

n→∞ �′(ξ xn ) = λ,

since ξ xn →∞ as n →∞, n ≥ Nx . Analogously, it follows for x ∈ � ∩ H−(x∗, v)
that limn→∞ hn(x) = λ′. Hence, setting γ := �(0)− �(−1), we see for each x ∈ �
that

lim
n→∞ hn(x) =

(
λ · 1H+(x∗,v) + γ · 1H0(x∗,v) + λ′ · 1H−(x∗,v)

)
(x) =: h(x).

We now claim that there is some M > 0 such that |�(x) − �(x − 1)| ≤ M for
all x ∈ R. To see this, note because of �′(x) → λ as x → ∞ and because of
�′(x) → λ′ as x → −∞ that there are M0 > 0 and R > r with |�′(x)| ≤ M0 for
all x ∈ R with |x | ≥ R. Hence, � is M0-Lipschitz on (−∞,−R] and on [R,∞), so
that |�(x) − �(x − 1)| ≤ M0 for all x ∈ R with |x | ≥ R + 1. But by continuity and
compactness, we also have |�(x) − �(x − 1)| ≤ M1 for all |x | ≤ R + 1 and some
constant M1 > 0. Thus, we can simply choose M :=max{M0,M1}.

By what was shown in the preceding paragraph, we get |hn| ≤ M and hence also
|h| ≤ M for all n ∈ N. Hence, by the dominated convergence theorem, we see for any
p ∈ (0,∞) that limn→∞ ‖hn − h‖L p(μ) = 0. But since λ �= λ′, Lemma D.1 shows
that h doesn’t have a continuous representative, even after changing it on a μ-null-set.
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This yields the required non-continuity of a limit point as discussed at the beginning
of the proof.

Case 2
� is bounded, so that ÑL−1 = 1. Since � is monotonically increasing, there exist

c, c′ ∈ R such that

lim
x→∞ �(x) = c and lim

x→−∞ �(x) = c′.

By the monotonicity and since � is not constant (because of �′(x0) �= 0), we have
c > c′.

For each n ∈ N, we now consider the neural network �̃n =
(
( Ãn

1, b̃
n
1), ( Ã

n
2, b̃

n
2)
) ∈

NN ((1, 1, 1)) given by

Ãn
1 = n ∈ R1×1, b̃n1 = 0 ∈ R1, Ãn

2 = 1 ∈ R1×1, b̃n2 = 0 ∈ R1.

Then, �̃n�� ∈ NN ((d, Ñ1, . . . , ÑL−1, 1)). Now, let us define

h̃n :=R�� (�̃n��) and note h̃n(x) = �(nJ (x)) for all x ∈ �.

Since each of the h̃n is continuous and � is compact, we have h̃n ∈ L p(μ) for all
p ∈ (0,∞]. Equation (D.3) implies that J (x) > 0 for all x ∈ �∩ H+(x∗, v). This in
turn yields that

lim
n→∞ h̃n(x) = c for all x ∈ � ∩ H+(x∗, v). (D.4)

Similarly, the fact that J (x) < 0 for all x ∈ � ∩ H−(x∗, v) yields

lim
n→∞ h̃n(x) = c′ for all x ∈ � ∩ H−(x∗, v). (D.5)

Combining (D.4) with (D.5) yields for all x ∈ � that

lim
n→∞ h̃n(x) =

(
c · 1H+(x∗,v) + �(0) · 1H0(x∗,v) + c′ · 1H−(x∗,v)

)
(x) =: h̃(x).

By the boundedness of �, we get |̃hn(x)| ≤ C for all n ∈ N and x ∈ � and a suitable
C > 0, so that also h̃ is bounded. Together with the dominated convergence theorem,
this implies for any p ∈ (0,∞) that limn→∞

∥∥h̃n − h̃
∥∥
L p(μ)

= 0. Since c �= c′,
Lemma D.1 shows that h̃ does not have a continuous representative (with respect to
equalityμ-almost everywhere). This yields the required non-continuity of a limit point
as discussed at the beginning of the proof. �

D.2. Proof of Corollary 3.2

It is not hard to verify that all functions listed in Table 1 are continuous and increasing.
Furthermore, each activation function � listed in Table 1 is not constant and satisfies
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�|R\{0} ∈ C∞(R \ {0}). This shows that �|(−∞,−r)∪(r ,∞) is differentiable for any
r > 0, and that there is some x0 = x0(�) ∈ R such that �′(x0) �= 0.

Next, the softsign, the inverse square root unit, the sigmoid, the tanh, and the arctan
function are all bounded, and thus satisfy condition (iv)(b) of Theorem 3.1. Thus, all
that remains is to verify condition (iv)(a) of Theorem 3.1 for the remaining activation
functions:

1. For the ReLU �(x) = max{0, x}, condition (iv)(a) is satisfied with λ = 1 and
λ′ = 0 �= λ.

2. For the parametric ReLU �(x) = max{ax, x} (with a ≥ 0, a �= 1), Condi-
tion (iv)(a) is satisfied with λ = max{1, a} and λ′ = min{1, a}, where λ �= λ′
since a �= 1.

3. For the exponential linear unit �(x) = x1[0,∞)(x)+ (ex − 1)1(−∞,0)(x), Condi-
tion (iv)(a) is satisfied for λ = 1 and λ′ = limx→−∞ ex = 0 �= λ.

4. For the inverse square root linear unit �(x) = x1[0,∞)(x) + x√
1+ax21(−∞,0)(x),

the quotient rule shows that for x < 0 we have

�′(x) =
√
1+ ax2 − x · 12 (1+ ax2)−1/22ax

1+ ax2

= (1+ ax2)− ax2

(1+ ax2)3/2
= (1+ ax2)−3/2. (D.6)

Therefore, Condition (iv)(a) is satisfied for λ = 1 and λ′ = limx→−∞ �′(x) =
0 �= λ.

5. For the softplus function �(x) = ln(1+ ex ), Condition (iv)(a) is satisfied for

λ = lim
x→∞

ex

1+ ex
= 1 and λ′ = lim

x→−∞
ex

1+ ex
= 0 �= λ.

�

D.3. Proof of Theorem 3.3

D.3.1. Proof of Theorem 3.3 Under Condition (i)

Let�:=[−B, B]d . Letm ∈ N be maximal with � ∈ Cm(R); this is possible since � ∈
C1(R)\C∞(R). Note that � ∈ Cm(R)\Cm+1(R). This easily impliesRNN�

� (S) ⊂
Cm(�).

We now show for the architecture S′ := (d, Ñ1, . . . , ÑL−2, 2, 1), where Ñi := 1
for all i = 1, . . . , L− 2, that the setRNN�

� (S
′) is not closed in C(�). If we had � ∈

Cm+1([−C,C]) for all C > 0, this would imply � ∈ Cm+1(R); thus, there is C > 0
such that � /∈ Cm+1([−C,C]). Now, choose λ > C/B, so that λ[−B, B] ⊃ [−C,C].
This entails that �(λ·) ∈ Cm([−B, B]) \Cm+1([−B, B]). Next, since the continuous
derivative d

dx �(λx) = λ�′(λx) is bounded on the compact set [−B, B], we see that
�(λ·) is Lipschitz continuous on [−B, B], and we set M1:=Lip(�(λ·)). Next, by the
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uniform continuity of λ · �′(λ·) on [−(B + 1), B + 1], if we set

εn := sup
x,y∈[−(B+1),B+1]
with |x−y|≤1/n

|λ · �′(λx)− λ · �′(λy)|,

then εn → 0 as n →∞.
For n ∈ N, let �1

n =
(
(An

1, b
n
1), (A

n
2, b

n
2)
) ∈ NN ((1, 2, 1)) be given by

An
1 =

(
λ

λ

)
∈ R2×1, bn1 =

(
λ/n
0

)
∈ R2, An

2 =
(
n −n) ∈ R1×2, bn2 = 0 ∈ R1.

Note that there is some x∗ ∈ R such that �′(x∗) �= 0, since otherwise �′ ≡ 0 and
hence � ∈ C∞(R). Thus, for each n ∈ N, Proposition B.3 yields the existence of a
neural network �2

n ∈ NN ((d, 1, . . . , 1)) with L − 1 layers such that

∣
∣∣R�� (�

2
n)(x)− x1

∣
∣∣ ≤ 1

2n2
for all x ∈ �. (D.7)

We set �n :=�1
n

��2
n ∈ NN (S′) and fn :=R�� (�n). For x ∈ �, we then have

| fn(x)− λ�′(λx1)| =
∣∣∣n ·

(
�
(
λR�� (�

2
n)(x)+ λ · n−1

)

− �(λR�� (�
2
n)(x))

)
− λ�′(λx1)

∣∣∣ .

Now, by the Lipschitz continuity of �(λ·) and Eq. (D.7), we conclude that

∣∣
∣n ·

(
�
(
λR�� (�

2
n)(x)+ λ · n−1

)

−�(λR�� (�2
n)(x))

)
− n ·

(
�
(
λ
(
x1 + n−1

))
− �(λx1)

)∣∣∣

≤ M1 λ

n
.

This implies for every x ∈ � that

| fn(x)− λ�′(λx1)| ≤
∣∣∣n
(
�
(
λ
(
x1 + n−1

))
− �(λx1)

)
− λ�′(λx1)

∣∣∣+ M1 λ

n
(mean value theorem, ξ xn ∈(x1,x1+n−1)) =

∣∣λ · �′(λ · ξ xn )− λ�′(λx1)
∣∣

+ M1 λ

n

≤ εn + M1 λ

n
.

Here, the last step used that |ξ xn − x1| ≤ n−1 ≤ 1, so that x1, ξ xn ∈ [−(B+ 1), B+ 1].
Overall, we established the existence of a sequence ( fn)n∈N inRNN�

� (S
′) which

converges uniformly to the function �→ R, x �→ �λ(x):=λ �′(λx1). By our choice
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of λ, we have �λ /∈ Cm(�). Because of RNN�
� (S

′) ⊂ Cm(�), we thus see that

�λ /∈ RNN�
� (S

′), so that RNN�
� (S

′) is not closed in C(�).
Finally, note by Lemma B.1 that

fn ∈ RNN�
� (S

′) ⊂ RNN�
� (S) for all n ∈ N.

Since fn → �λ uniformly, where �λ /∈ Cm(�), and hence �λ /∈ RNN�
� (S), we thus

see that RNN�
� (S) is not closed in C(�). �

D.3.2. Proof of Theorem 3.3 Under Condition (ii)

Let �:=[−B, B]d . We first show that if we set S′ := (d, Ñ1, . . . , ÑL−2, 2, 1), where
Ñi :=1 for all i = 1, . . . , L − 2, then there exists a limit point of RNN�

� (S
′) which

is the restriction f |� of an unbounded analytic function f : R→ R.
Since � is not constant, there is some x∗ ∈ R such that �′(x∗) �= 0. For n ∈ N, let

us define �1
n :=
(
(An

1, b
n
1), (A

n
2, b

n
2)
) ∈ NN ((1, 2, 1)) by

An
1 :=

(
1

1/n

)
∈ R2×1, bn1 :=

(
0
x∗
)
∈ R2, An

2

:= (1 n
) ∈ R1×2, bn2 := − �(x∗)n ∈ R1.

With this choice, we have

RR
� (�

1
n)(x) = �(x)+ n · (�(x/n + x∗)− �(x∗)

)
for all x ∈ R.

For any x ∈ R, the mean-value theorem yields x̃ between x∗ and x∗ + x
n satisfying

�(x∗ + x
n )− �(x∗) = x

n · �′(̃x). Therefore, if B > 0 and x ∈ [−B, B], then
∣∣
∣RR

� (�
1
n)(x)−

(
�(x)+ �′(x∗)x

)∣∣
∣ ≤ B|�′(̃x)

−�′(x∗)| for some x̃ ∈ [x∗ − B/n, x∗ + B/n].

Since �′ is continuous, we conclude that

sup
x∈[−B,B]

∣∣∣RR
� (�

1
n)(x)−

(
�(x)+ �′(x∗)x

)∣∣∣ −−−→
n→∞ 0. (D.8)

Moreover, note that d
dxR

R
� (�

1
n)(x) = �′(x)+ �′(x∗ + n−1 · x) is bounded on [−(B+

1), B + 1], uniformly with respect to n ∈ N. Hence, RR
� (�

1
n) is Lipschitz continuous

on [−(B + 1), B + 1], with Lipschitz constant C ′ > 0 independent of n ∈ N.
Next, for each n ∈ N, Proposition B.3 yields a neural network �2

n ∈
NN ((d, 1, . . . , 1)) with L − 1 layers such that

∣
∣∣R�� (�

2
n)(x)− x1

∣
∣∣ ≤ 1

n
, for all x ∈ �. (D.9)
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We set �n :=�1
n

��2
n ∈ NN (S′) and note for all x ∈ � that

∣∣∣R�� (�n)(x)−
(
�(x1)+ �′(x∗)x1

)∣∣∣ =
∣∣∣RR

� (�
1
n)
(
R�� (�

2
n)(x)

)− (�(x1)+ �′(x∗)x1
)∣∣∣ .

By the Lipschitz continuity of RR
� (�

1
n) on [−(B + 1), B + 1], and using (D.9), we

conclude that

∣∣∣R�� (�n)(x)−
(
�(x1)+ �′(x∗)x1

)∣∣∣ ≤
∣∣∣RR

� (�
1
n)(x1)−

(
�(x1)+ �′(x∗)x1

)∣∣∣+ C ′

n
,

so that an application of (D.8) yields

sup
x∈�

∣∣∣R�� (�n)(x)−
(
�(x1)+ �′(x∗)x1

)∣∣∣ −−−→
n→∞ 0.

Now, to show that RNN�
� (S) ⊂ C(�) is not closed, due to the fact that there holds

R�� (�n) ∈ RNN�
� (S

′) ⊂ RNN�
� (S), it is sufficient to show that with

F : Rd → R, x �→ �(x1)+ �′(x∗)x1,

F |� is not an element of RNN�
� (S). This is accomplished, once we show that

there do not exist any N̂1, . . . , N̂L−1 ∈ N such that F |� is an element of
RNN�

� ((d, N̂1, . . . , N̂L−1, 1)).
Toward a contradiction, we assume that there exist N̂1, . . . , N̂L−1 ∈ N such that

F |� = R�� (�
3) for a network �3 ∈ NN ((d, N̂1, . . . , N̂L−1, 1)). Since F and

RRd

� (�3) are both analytic functions that coincide on � = [−B, B]d , they must

be equal on all of Rd . However, F is unbounded (since � is bounded, and since
�′(x∗) �= 0), while RRd

� (�3) is bounded as a consequence of � being bounded. This
produces the desired contradiction. �

D.3.3. Proof of Theorem 3.3 Under Condition (iii)

Let � ∈ Cmax{r ,q}(R) be approximately homogeneous of order (r , q) with r �= q. For
simplicity, let us assume that r > q; we will briefly comment on the case q > r at the
end of the proof.

Note that r ≥ 1, since r , q ∈ N0 with r > q. Let (x)+:=max{x, 0} for x ∈ R. We
start by showing that

k−r�(k·) uniformly on [−B,B]−−−−−−−−−−−−→
k→∞ (·)r+. (D.10)
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To see this, let s > 0 such that |�(x)− xr | ≤ s for all x > 0 and |�(x)− xq | ≤ s for
all x < 0. For any k ∈ N and x ∈ [−B, 0], we have

|k−r �(kx)− (x)r+| = |k−r �(kx)| ≤ k−r · (|�(kx)− (kx)q | + |(kx)q |)

≤ k−r · (s + kq Bq) ≤ c0 · k−1

for a constant c0 = c0(B, s, r , q) > 0. Moreover, for x ∈ [0, B], we have

|k−r �(kx)− (x)r+| = k−r |�(kx)− (kx)r | ≤ s · k−r .

Overall, we conclude that

sup
x∈[−B,B]

|k−r�(kx)− (x)r+| ≤ max{c0, s} · k−1,

which implies (D.10).
We observe that

(
x �→ (x)r+

)
/∈ Cr ([−B, B]). Additionally, since � ∈

Cmax{r ,q}(R) = Cr (R), we have RNN [−B,B]d
� (S) ⊂ Cr ([−B, B]d). Hence, the

proof is complete if we can construct a sequence (�n)n∈N of neural networks in
NN ((d, 1, . . . , 1)) (with L layers) such that the �-realizations R�� (�n) converge

uniformly to the function [−B, B]d → R, x �→ (x1)r+. By the preceding considera-
tions, this is clearly possible, as can be seen by the same arguments used in the proofs
of the previous results. For invoking these arguments, note that max{r , q} ≥ 1, so that
� ∈ C1(R). Also, since � is approximately homogeneous of order (r , q) with r �= q,
� cannot be constant, and hence �′(x0) �= 0 for some x0 ∈ R.

For completeness, let us briefly consider the case where q > r that was omitted
at the beginning of the proof. In this case, (−k)−q �(−k·) → (·)q+ with uniform
convergence on [−B, B]. Indeed, for x ∈ [0, B], we have |(−k)−q �(−kx)− (x)q+| =
k−q |�(−kx) − (−kx)q | ≤ k−q · s ≤ s · k−1. Similarly, for x ∈ [−B, 0], we get
|(−k)−q �(−kx)−(x)q+| ≤ k−q

(|�(−kx)−(−kx)r |+|(−kx)r |) ≤ k−q(s+Brkr ) ≤
c1 · k−1 for some constant c1 = c1(B, s, r , q) > 0. Here, we used that q − r ≥ 1,
since r , q ∈ N0 with q > r . Now, the proof proceeds as before, noting that

(
x �→

(x)q+
)
/∈ Cq([−B, B]), while � ∈ Cmax{r ,q}(R) ⊂ Cq(R). �

D.4. Proof of Corollary 3.4

D.4.1. Proof of Corollary 3.4.(1)

Powers of ReLUs: For k ∈ N, let ReLUk : R → R, x �→ max{0, x}k , and note
that this is a continuous function. On R \ {0}, ReLUk is differentiable with ReLU′k =
k·ReLUk−1. Furthermore, if k ≥ 2, then |h−1(ReLUk(h)−ReLUk(0))| ≤ |h|k−1 → 0
as h → 0. Thus, if k ≥ 2, then ReLUk is continuously differentiable with derivative
ReLU′k = k · ReLUk−1. Finally, ReLU1 is not differentiable at x = 0. Overall, this
shows ReLUk ∈ C1(R) \ C∞(R) for all k ≥ 2.
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The exponential linear unit: We have dk

dxk
(ex−1) = ex for all k ∈ N. Therefore, the

exponential linear unit � : R→ R, x �→ x1[0,∞)(x) + (ex − 1)1(−∞,0)(x) satisfies
for k ∈ N0 that

lim
x↓0 �

(k)(x) = δk,1 and lim
x↑0 �

(k)(x) =
{
limx↑0(ex − 1) = 0, if k = 0,

limx↑0 ex = 1, if k �= 0.

By standard results in real analysis (see for instance [23, Problem 2 inChapter VIII.6]),
this implies that � ∈ C1(R) \ C2(R).

The softsign function: On (−1,∞), we have d
dx

x
1+x = (1 + x)−2 and d2

dx2
x

1+x =
−2(1 + x)−3. Furthermore, if x < 0, then softsign(x) = x

1+|x | = − −x
1+(−x) =

−softsign(−x). Therefore, the softsign function is C∞ on R \ {0}, and satisfies

lim
x↓0 softsign

′(x) = lim
x↓0(1+ x)−2 = 1 = lim

x↑0(1− x)−2 = lim
x↑0 softsign

′(x).

By standard results in real analysis (see for instance [23, Problem 2 inChapter VIII.6]),
this implies that softsign ∈ C1(R). However, since

lim
x↓0 softsign

′′(x) = lim
x↓0−2(1+ x)−3 = −2 and lim

x↑0 softsign
′′(x)

= lim
x↑0 2(1− x)−3 = 2,

we have softsign /∈ C2(R).
The inverse square root linear unit: Let

� : R→ R, x �→ x1[0,∞)(x)+ x

(1+ ax2)1/2
1(−∞,0)(x)

denote the inverse square root linear unit with parameter a > 0, and note �|R\{0} ∈
C∞(R \ {0}). As we saw in Eq. (D.6), we have d

dx
x

(1+ax2)1/2 = (1 + ax2)−3/2, and
thus d2

dx2
x

(1+ax2)1/2 = −3ax · (1 + ax2)−5/2, and finally d3

dx3
x

(1+ax2)1/2 = −3a(1 +
ax2)−5/2 + 15a2x2(1+ ax2)−7/2. These calculations imply

lim
x↑0 �

′(x) = lim
x↑0(1+ ax2)−3/2 = 1 = lim

x↓0 �
′(x)

and

lim
x↑0 �

′′(x) = lim
x↑0−3ax · (1+ ax2)−5/2 = 0 = lim

x↓0 �
′′(x),
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but also

lim
x↑0 �

′′′(x) = lim
x↑0
[− 3a(1+ ax2)−5/2 + 15a2x2(1+ ax2)−7/2

]

= −3a �= 0 = lim
x↓0 �

′′′(x).

By standard results in real analysis (see for instance [23, Problem 2 inChapter VIII.6]),
this implies that � ∈ C2(R) \ C3(R). �
D.4.2. Proof of Corollary 3.4.(3)

The softplus function Clearly, softplus ∈ C∞(R) ⊂ Cmax{1,0}(R). Furthermore, the
softplus function is approximately homogeneous of order (1, 0). Indeed, for x ≥ 0,
we have

| ln(1+ ex )− x | =
∣∣∣ ln
(1+ ex

ex

)∣∣∣ = ln(1+ e−x ) ≤ ln(2),

and for x ≤ 0, we have | ln(1+ ex )− x0| ≤ 1+ ln(2). �

D.5. Proof of Proposition 3.5

The set �C is closed and bounded in the normed space
(
NN (S), ‖ · ‖NN (S)

)
. Thus,

the Heine-Borel Theorem implies the compactness of�C . By Proposition 4.1 (which
will be proved independently), the map

R�� :
(
NN (S), ‖ · ‖NN (S)

)→ (
C(�), ‖ · ‖sup

)

is continuous. As a consequence, the set R�� (�C ) is compact in C(�). Because of the
compactness of�, C(�) is continuously embedded into L p(μ) for every p ∈ (0,∞)

and any finite Borel measure μ on �. This implies that the set R�� (�C ) is compact in
L p(μ) as well. �

D.6. Proof of Proposition 3.6

With (�N )N∈N as in the statement of Proposition 3.6, we want to show that
‖�N‖total →∞ in probability. By definition, thismeans that for each fixedC > 0, and
letting �N denote the event where ‖�N‖ ≥ C , we want to show that P(�N )→ 1 as
N →∞. For brevity, let us writeRZ :=R�� (�Z ) for�Z , Z > 0 as in Proposition 3.5.

By compactness of RC , we can choose g ∈ RC satisfying

‖ fσ − g‖2L2(σ�)
= inf

h∈RC
‖ fσ − h‖2L2(σ�)

.

Define M := infh∈RNN�
� (S)

‖ fσ − h‖2
L2(σ�)

. Since by assumption the infimum

defining M is not attained, we have ‖ fσ − g‖2
L2(σ�)

> M , so that there are
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h ∈ RNN�
� (S) and δ > 0 with ‖ fσ − g‖2

L2(σ�)
≥ 2δ + ‖ fσ − h‖2

L2(σ�)
. Let

C ′ > 0 with h ∈ RC ′ . For N ∈ N and ε > 0, let us denote by �(1)
N ,ε the event where

sup f ∈RC ′ |Eσ ( f ) − EN ( f )| > ε. Since RC ′ is compact, [20]Theorem B shows for

arbitrary ε > 0 that P(�(1)
N ,ε) −−−−→N→∞ 0 for each fixed ε > 0. Similarly, denoting

by �(2)
N ,ε the event where EN (R�� (�N )) − inf f ∈RNN�

� (S)
EN ( f ) > ε, we have by

assumption (3.3) that P(�(2)
N ,ε) −−−−→N→∞ 0, for each fixed ε > 0.

We now claim that �c
N ⊂ �

(1)
N ,δ/3 ∪�(2)

N ,δ/3. Once we prove this, we get

0 ≤ P(�c
N ) ≤ P

(
�
(1)
N ,δ/3

)+ P
(
�
(2)
N ,δ/3

) −−−−→
N→∞ 0,

and hence P(�N )→ 1, as desired.
To prove�c

N ⊂ �
(1)
N ,δ/3 ∪�(2)

N ,δ/3, assume toward a contradiction that there exists a

training sample ω:=((xi , yi )
)
i∈N ∈ �c

N \
(
�
(1)
N ,δ/3 ∪�(2)

N ,δ/3

)
. Thus, ‖�N‖total < C ,

meaning fN := R�� (�N ) ∈ RC ⊂ RC ′ . Using the decomposition of the expected loss
from Eq. (3.2), we thus see

‖g − fσ‖2L2(σ�)
+ Eσ ( fσ )

(by choice of g and since fN∈RC) ≤ ‖ fN − fσ ‖2L2(σ�)
+ Eσ ( fσ ) = Eσ

(
fN
)

(since ω/∈�(1)
N ,δ/3 and fN∈RC ′) ≤ EN ( fN )+ δ

3

(since ω/∈�(2)
N ,δ/3) ≤

2

3
δ + inf

f ∈RNN�
� (S)

EN ( f ) ≤ 2

3
δ + EN (h)

(since h∈RC ′ and ω/∈�(1)
N ,δ/3) ≤ Eσ (h)+ δ = Eσ ( fσ )+ ‖h − fσ‖2L2(σ�)

+ δ.

By rearranging and recalling the choice of h and δ, we finally see

‖ fσ − h‖2L2(σ�)
+ 2δ ≤ ‖ fσ − g‖L2(σ�)

≤ ‖ fσ − h‖2L2(σ�)
+ δ,

which is the desired contradiction. �

D.7. Proof of Proposition 3.7

The main ingredient of the proof will be to show that one can replace a given sequence
of networks with C-bounded scaling weights by another sequence with C-bounded
scaling weights that also has bounded biases. Then one can apply Proposition 3.5.

Lemma D.2 Let S = (d, N1, . . . , NL) be a neural network architecture, let C > 0
and let � ⊂ Rd be measurable and bounded. Let μ be a finite Borel measure on �
with μ(�) > 0. Finally, let � : R→ R, x �→ max{0, x} denote the ReLU activation
function.
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Let (�n)n∈N be a sequence of networks inNN (S)with C-bounded scaling weights
and such that there exists some M > 0 with ‖R�� (�n)‖L1(μ) ≤ M for all n ∈ N.

Then, there is an infinite set I ⊂ N and a family of networks (�n)n∈I ⊂ NN (S)
with C-bounded scaling weights which satisfies R�� (�n) = R�� (�n) for n ∈ I and
such that ‖�n‖total ≤ C ′ for all n ∈ I and a suitable constant C ′ > 0.

Proof Set N0 := d. Since � is bounded, there is some R > 0 with ‖x‖�∞ ≤ R
for all x ∈ �. In the following, we will use without further comment the estimate
‖Ax‖�∞ ≤ k · ‖A‖max · ‖x‖�∞ which is valid for A ∈ Rn×k and x ∈ Rk .

Below, we will show by induction on m ∈ {0, . . . , L − 1} that for all m ∈
{0, . . . , L − 1}, there is an infinite subset Im ⊂ N, and a family of networks(
�
(m)
n
)
n∈Im ⊂ NN (S) of the form

�(m)
n =

(
(B(n,m)1 , c(n,m)1 ), . . . , (B(n,m)L , c(n,m)L )

)
(D.11)

with the following properties:

(A) We have R��
(
�
(m)
n
) = R�� (�n) for all n ∈ Im ;

(B) each network �(m)
n , n ∈ Im , has C-bounded scaling weights;

(C) there is a constant Cm > 0 with
∥∥c(n,m)�

∥∥
�∞ ≤ Cm for all n ∈ Im and all � ∈

{1, . . . ,m}.
Once this is shown, we set I :=IL−1 and �n :=�(L−1)

n for n ∈ I . Clearly, �n has C-
bounded scaling weights and satisfies R�� (�n) = R�� (�n), so that it remains to show

‖�n‖total ≤ C ′, for which it suffices to show ‖c(n,L−1)L ‖�∞ ≤ C ′′ for some C ′′ > 0

and all n ∈ I , since we have ‖c(n,L−1)� ‖�∞ ≤ CL−1 for all � ∈ {1, . . . , L − 1}.
Now, note for � ∈ {1, . . . , L − 1} and x ∈ RN�−1 that T (n,L−1)

� (x):=B(n,L−1)� x +
c(n,L−1)� satisfies

∥∥T (n,L−1)
� (x)

∥∥
�∞ ≤ N�−1 · C · ‖x‖�∞ + CL−1.

Since � is bounded, and since |�(x)| ≤ |x | for all x ∈ R, there is thus a constant
C ′L−1 > 0 such that if we set

β(n)(x):=(� ◦ T (n,L−1)
L−1 ◦ · · · ◦ � ◦ T (n,L−1)

1

)
(x) for x ∈ �,

then ‖β(n)(x)‖�∞ ≤ C ′L−1 for all x ∈ � and all n ∈ I .
For arbitrary i ∈ {1, . . . , NL } and x ∈ �, this implies

∣∣[R�� (�n)(x)]i
∣∣ = ∣∣[R�� (�(L−1)

n )(x)]i
∣∣ = ∣∣〈(B(n,L−1)L

)
i , β

(n)(x)
〉+ (c(n,L−1)L )i

∣∣

≥ ∣∣(c(n,L−1)L )i
∣∣− ∣∣〈(B(n,L−1)L

)
i , β

(n)(x)
〉∣∣

≥ ∣∣(c(n,L−1)L )i
∣∣− NL−1 · C · ‖β(n)(x)‖�∞

≥ ∣∣(c(n,L−1)L )i
∣∣− NL−1 · C · C ′L−1.
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Since by assumption ‖R�� (�n)‖L1(μ) ≤ M and μ(�) > 0, we see that
(
c(n,L−1)L

)
n∈I

must be a bounded sequence.
Thus, it remains to construct the networks �(m)

n for n ∈ Im (and the sets Im) for
m ∈ {0, . . . , L − 1} with the properties (A)–(C) from above.

For the start of the induction (m = 0), we can simply take I0:=N, �(0)
n :=�n , and

C0 > 0 arbitrary, since condition (C) is void in this case.
Now, assume that a family of networks (�(m)

n )n∈Im as in Eq. (D.11) with an infinite
subset Im ⊂ N and satisfying conditions (A)–(C) has been constructed for some
m ∈ {0, . . . , L − 2}. In particular, L ≥ 2.

For brevity, set T (n)
� : RN�−1 → RN� , x �→ B(n,m)� x + c(n,m)� for � ∈ {1, . . . , L},

and �L :=idRNL , and let ��:=� × · · · × � denote the N�-fold Cartesian product of �

for � ∈ {1, . . . , L − 1}. Furthermore, let us define βn :=�m ◦ T (n)
m ◦ · · · ◦ �1 ◦ T (n)

1 :
Rd → RNm . Note ‖��(x)‖�∞ ≤ ‖x‖�∞ for all x ∈ RN� . Additionally, observe for
n ∈ Im , � ∈ {1, . . . ,m} and x ∈ RN�−1 that

∥∥∥T (n)
� (x)

∥∥∥
�∞
=
∥∥∥B(n,m)� x + c(n,m)�

∥∥∥
�∞
≤ N�−1 · C · ‖x‖�∞ + Cm .

Combining these observations, and recalling that � is bounded, we easily see that
there is some R′ > 0 with ‖βn(x)‖�∞ ≤ R′ for all x ∈ � and n ∈ Im .

Next, since
(
c(n,m)m+1

)

n∈Im
is an infinite family in RNm+1 ⊂ [−∞,∞]Nm+1 , we

can find (by compactness) an infinite subset I (0)m ⊂ Im such that c(n,m)m+1 → cm+1 ∈
[−∞,∞]Nm+1 as n →∞ in the set I (0)m .

Our goal is to construct vectors d(n), e(n) ∈ RNm+1 , matrices C (n) ∈ RNm+1×Nm ,
and an infinite subset Im+1 ⊂ I (0)m such that ‖C (n)‖max ≤ C for all n ∈ Im+1, such
that

(
d(n)

)
n∈Im+1 is a bounded family, and such that we have

�m+1
(
T (n)
m+1(x)

) = �m+1
(
C (n) x + d(n)

)+ e(n) for all x ∈ RNm with ‖x‖�∞ ≤ R′,
(D.12)

for all n ∈ Im+1.
Once d(n), e(n),C (n) are constructed, we can choose�(m+1)

n as in Eq. (D.11), where
we define

B(n,m+1)� :=B(n,m)�

and

c(n,m+1)� :=c(n,m)�

for � ∈ {1, . . . , L} \ {m + 1,m + 2}, and finally

B(n,m+1)m+1 :=C (n), B(n,m+1)m+2 :=B(n,m)m+2 , c(n,m+1)m+1 :=d(n),
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and

c(n,m+1)m+2 :=c(n,m)m+2 + B(n,m+1)m+2 e(n)

for n ∈ Im+1. Indeed, these choices clearly ensure
∥∥B(n,m+1)�

∥∥
max ≤ C for all � ∈

{1, . . . , L}, as well as ∥∥c(n,m+1)�

∥∥
�∞ ≤ Cm+1 for all � ∈ {1, . . . ,m+1} and n ∈ Im+1,

for a suitable constant Cm+1 > 0.
Finally, since ‖βn(x)‖�∞ ≤ R′ for all x ∈ � and n ∈ Im , Eq. (D.12) implies

T (n)
m+2

(
�m+1

(
T (n)
m+1 (βn(x))

))

= T (n)
m+2

(
�m+1

(
C (n)βn(x)+ d(n)

)
+ e(n)

)

= B(n,m)m+2
(
�m+1

(
B(n,m+1)m+1 βn(x)+ c(n,m+1)m+1

)
+ e(n)

)
+ c(n,m)m+2

= B(n,m+1)m+2
(
�m+1

(
B(n,m+1)m+1 βn(x)+ c(n,m+1)m+1

))
+ c(n,m+1)m+2

for all x ∈ � and n ∈ Im+1. By recalling the definition of βn , and by noting that
B(n,m+1)� , c(n,m+1)� are identical to B(n,m)� , c(n,m)� for � ∈ {1, . . . , L} \ {m + 1,m + 2},
this easily yields

R��
(
�(m+1)

n

) = R��
(
�(m)

n

) = R�� (�n) for all n ∈ Im+1.

Thus, it remains to construct d(n), e(n),C (n) for n ∈ Im+1 (and the set Im+1 itself)
as described around Eq. (D.12). To this end, for n ∈ I (0)m and k ∈ {1, . . . , Nm+1},
define

d(n)k :=

⎧
⎪⎪⎨

⎪⎪⎩

R′ · NmC, if (cm+1)k = ∞,

0, if (cm+1)k = −∞,(
c(n,m)m+1

)

k
, if (cm+1)k ∈ R,

,

and

e(n)k :=

⎧
⎪⎪⎨

⎪⎪⎩

(
c(n,m)m+1

)

k
− R′ · NmC, if (cm+1)k = ∞,

0, if (cm+1)k = −∞,

0, if (cm+1)k ∈ R,

as well as

C (n)
k,−:=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
B(n,m)m+1

)

k,− , if (cm+1)k = ∞,

0 ∈ RNm , if (cm+1)k = −∞,(
B(n,m)m+1

)

k,− , if (cm+1)k ∈ R.
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To see that these choices indeed fulfill the conditions outlined around Eq. (D.12) for a
suitable choice of Im+1 ⊂ I (0)m , first note that

(
d(n)

)
n∈I (0)m

is indeed a bounded family.

Furthermore,
∣∣C (n)

k,i

∣∣ ≤ ∣∣(B(n,m)m+1 )k,i
∣∣ for all k ∈ {1, . . . , Nm+1} and i ∈ {1, . . . , Nm},

which easily implies ‖C (n)‖max ≤ ‖B(n,m)m+1 ‖max ≤ C for all n ∈ I (0)m . Thus, it remains

to verify Eq. (D.12) itself. But the estimate ‖B(n,m)m+1 ‖max ≤ C also implies

∣∣∣
(
B(n,m)m+1 x

)

k

∣∣∣ ≤ Nm C · ‖x‖�∞ ≤ Nm C · R′, (D.13)

for all k ∈ Nm+1 and all x ∈ RNm with ‖x‖�∞ ≤ R′. As a final preparation, note that
�m+1 = �×· · ·×� is a Cartesian product of ReLU functions, sincem ≤ L−2. Now,
for k ∈ {1, . . . , Nm+1} there are three cases:

Case 1: We have (cm+1)k = ∞. Thus, there is some nk ∈ N such that
(
c(n,m)m+1

)
k ≥

R′ ·NmC for all n ∈ I (0)m with n ≥ nk . In view of Eq. (D.13), this implies
(
T (n)
m+1(x)

)
k =(

B(n,m)m+1 x + c(n,m)m+1
)
k ≥ 0, and hence

[
�m+1

(
T (n)
m+1(x)

)]

k
=
(
B(n,m)m+1 x + c(n,m)m+1

)

k
=
(
�m+1

(
C (n) x + d(n)

)+ e(n)
)

k
,

where the last stepusedour choice ofd(n), e(n),C (n), and the fact that
(
C (n)x + d(n)

)
k ≥

0 by Eq. (D.13).
Case 2: We have (cm+1)k = −∞. This implies that there is some nk ∈ N with(

c(n,m)m+1
)
k ≤ −R′ · NmC for all n ∈ I (0)m with n ≥ nk . Because of Eq. (D.13), this

yields
(
T (n)
m+1(x)

)
k =

(
B(n,m)m+1 x + c(n,m)m+1

)
k ≤ 0, and hence

[
�m+1

(
T (n)
m+1(x)

)]

k
= 0 =

[
�m+1

(
C (n)x + d(n)

)+ e(n)
]

k
,

where the last step used our choice of d(n), e(n),C (n).
Case 3: We have (cm+1)k ∈ R. In this case, set nk :=1, and note by our choice of

d(n), e(n),C (n) for n ∈ I (0)m with n ≥ 1 = nk that

[
�m+1

(
C (n)x + d(n)

)+ e(n)
]

k
=
[
�m+1

(
B(n,m)m+1 x + c(n,m)m+1

)]

k
=
[
�m+1

(
T (n)
m+1(x)

)]

k
.

Overall, we have thus shown that Eq. (D.12) is satisfied for all n ∈ Im+1, where

Im+1:=
{
n ∈ I (0)m : n ≥ max {nk : k ∈ {1, . . . , Nm+1}}

}

is clearly an infinite set, since I (0)m is. �
Using Lemma D.2, we can now easily show that the setRNN�,C

� (S) is closed in

L p(μ;RNL ) and inC(�;RNL ): LetY denote either L p(μ;RNL ) for some p ∈ [1,∞]
and some finite Borel measure μ on �, or C(�;RNL ), where we assume in the
latter case that � is compact and set μ = δx0 for a fixed x0 ∈ �. Note that we can
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assume μ(�) > 0, since otherwise the claim is trivial. Let ( fn)n∈N be a sequence in
RNN�,C

� (S)which satisfies fn → f for some f ∈ Y , with convergence in Y . Thus,
fn = R�� (�n) for a suitable sequence (�n)n∈N in NN (S) with C-bounded scaling
weights.

Since ( fn)n∈N =
(
R�� (�n)

)
n∈N is convergent in Y , it is also bounded in Y . But

since� is bounded and μ is a finite measure, it is not hard to see Y ↪→ L1(μ), so that
we get ‖R�� (�n)‖L1(μ) ≤ M for all n ∈ N and a suitable constant M > 0.

Therefore, Lemma D.2 yields an infinite set I ⊂ N and networks (�n)n∈I ⊂
NN (S) with C-bounded scaling weights such that fn = R�� (�n) and ‖�n‖total ≤ C ′
for all n ∈ I and a suitable C ′ > 0.

Hence, (�n)n∈I is a bounded, infinite family in the finite dimensional vector space
NN (S). Thus, there is a further infinite set I1 ⊂ I such that �n → � ∈ NN (S) as
n →∞ in I1.

But since � is bounded, say � ⊂ [−R, R]d , the realization map

R[−R,R]d
� : NN (S)→ C([−R, R]d ;RNL ),� �→ R[−R,R]d

� (�)

is continuous (even locally Lipschitz continuous); see Proposition 4.1, which will be

proved independently. Hence, R[−R,R]d
� (�n)→ R[−R,R]d

� (�) as n →∞ in I1, with
uniform convergence. This easily implies fn = R�� (�n)→ R�� (�), with convergence

in Y as n →∞ in I1. Hence, f = R�� (�) ∈ RNNC,�
� (S). �

D.8. Proof of Theorem 3.8

For the proof of Theorem 3.8, we will use a careful analysis of the singularity hyper-
planes of functions of the form x �→ �a(〈α, x〉 + β), that is, the hyperplane on
which this function is not differentiable. To simplify this analysis, we first introduce
a convenient terminology and collect quite a few auxiliary results.

Definition D.3 For α, α̃ ∈ Sd−1 and β, β̃ ∈ R, we write (α, β) ∼ (̃α, β̃) if there is a
ε ∈ {±1} such that (α, β) = ε · (̃α, β̃).

Furthermore, for a ≥ 0 and with �a : R → R, x �→ max{x, ax} denoting the
parametric ReLU, we set

Sα,β :=
{
x ∈ Rd : 〈α, x〉 + β = 0

}
and h(a)α,β : Rd → R, x �→ �a(〈α, x〉 + β).

Moreover, we define

W+
α,β :={x ∈ Rd : 〈α, x〉 + β > 0} and W−

α,β :={x ∈ Rd : 〈α, x〉 + β < 0},

and finally

U (ε)
α,β :=

{
x ∈ Rd : |〈α, x〉 + β| ≥ ε

}
, U (ε,+)

α,β

:= U (ε)
α,β ∩W+

α,β and U (ε,−)
α,β :=U (ε)

α,β ∩W−
α,β,
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for ε > 0

Lemma D.3 Let (α, β) ∈ Sd−1×R and x0 ∈ Sα,β . Also, let (α1, β1), . . . , (αN , βN ) ∈
Sd−1 × R with (α�, β�) � (α, β) for all � ∈ N. Then, there exists z ∈ Rd satisfying

〈z, α〉 = 0 and 〈z, α j 〉 �= 0 ∀ j ∈ N with x0 ∈ Sα j ,β j .

Proof By discarding those (α j , β j ) for which x0 /∈ Sα j ,β j , we can assume that x0 ∈
Sα j ,β j for all j ∈ N .

Assume toward a contradiction that the claim of the lemma is false; that is,

α⊥ =
N⋃

j=1

{
z ∈ α⊥ : 〈z, α j 〉 = 0

}
, (D.14)

where α⊥ := {z ∈ Rd : 〈z, α〉 = 0}. Since α⊥ is a closed subset of Rd and thus a
complete metric space, and since the right-hand side of (D.14) is a countable (in fact,
finite) union of closed sets, the Baire category theorem (see [26, Theorem 5.9]) shows
that there are j ∈ N and ε > 0 such that

V :=
{
z ∈ α⊥ : 〈z, α j 〉 = 0

}
⊃ Bε(x) ∩ α⊥ for some x ∈ V .

But since V is a vector space, this easily implies V = α⊥, that is, 〈z, α j 〉 = 0 for
all z ∈ α⊥. In other words, α⊥ ⊂ α⊥j , and then α⊥ = α⊥j by a dimension argument,
since α, α j �= 0.

Hence, span α = (α⊥)⊥ = (α⊥j )⊥ = span α j . Because of |α| = |α j | = 1, we
thus see α = ε α j for some ε ∈ {±1}. Finally, since x0 ∈ Sα,β ∩ Sα j ,β j , we see
β = −〈α, x0〉 = −ε〈α j , x0〉 = εβ j , and thus (α, β) = ε(α j , β j ), in contradiction to
(α, β) � (α j , β j ). �
Lemma D.4 Let (α, β) ∈ Sd−1 × R and (α1, β1), . . . , (αN , βN ) ∈ Sd−1 × R with
(αi , βi ) � (α, β) for all i ∈ N. Furthermore, let U ⊂ Rd be open with Sα,β ∩U �= ∅.

Then, there is ε > 0 satisfying

U ∩ Sα,β ∩
N⋂

j=1
U (ε)
α j ,β j

�= ∅.

Proof By assumption, there exists x0 ∈ U ∩ Sα,β . Next, Lemma D.3 yields z ∈ Rd

such that 〈z, α〉 = 0 and 〈z, α j 〉 �= 0 for all j ∈ N with x0 ∈ Sα j ,β j . Note that this
implies 〈α, x0 + t z〉 + β = 〈α, x0〉 + β = 0 and hence x0 + t z ∈ Sα,β for all t ∈ R.

Next, let J :={ j ∈ N : x0 /∈ Sα j ,β j }, so that 〈α j , x0〉+β j �= 0 for all j ∈ J . Thus,

there are ε1, δ > 0 with |〈α j , x0 + t z〉 + β j | ≥ ε1 (that is, x0 + t z ∈ U (ε1)
α j ,β j

) for all
t ∈ R with |t | ≤ δ and all j ∈ J . Since U is open with x0 ∈ U , we can shrink δ so
that x0 + t z ∈ U for all |t | ≤ δ. Let t :=δ.
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We claim that there is some ε > 0 such that x :=x0+ t z ∈ U ∩ Sα,β ∩⋂N
j=1U

(ε)
α j ,β j

.
To see this, note for j ∈ N \ J that x0 ∈ Sα j ,β j , and hence

|〈x0 + t z, α j 〉 + β j | = |t | · |〈z, α j 〉| ≥ δ · min
�∈N\J |〈z, α�〉| =: ε2 > 0,

since 〈z, α j 〉 �= 0 for all j ∈ N \ J , by choice of z. By combining all our observations,

we see that x0 + t z ∈ U ∩ Sα,β ∩⋂N
j=1U

(ε)
α j ,β j

for ε:=min{ε1, ε2} > 0. �

Lemma D.5 If 0 ≤ a < 1 and (α, β) ∈ Sd−1 × R, then h(a)α,β is not differentiable at
any x0 ∈ Sα,β .

Proof Assume toward a contradiction that h(a)α,β is differentiable at some x0 ∈ Sα,β .

Then, the function f : R → R, t �→ h(a)α,β(x0 + tα) is differentiable at t = 0. But
since x0 ∈ Sα,β and ‖α‖�2 = 1, we have

f (t) = �a
(〈α, x0 + tα〉 + β

) = �a(t) =
{
t, if t ≥ 0,

a t, if t < 0,

for all t ∈ R. This easily shows that f is not differentiable at t = 0, since the right-
sided derivative is 1, while the left-sided derivative is a �= 1. This is the desired
contradiction. �
Lemma D.6 Let 0 ≤ a < 1, and let (α1, β1), . . . , (αN , βN ) ∈ Sd−1 × R with
(αi , βi ) � (α j , β j ) for j �= i . Furthermore, let U ⊂ Rd be open with U ∩ Sαi ,βi �= ∅
for all i ∈ N. Finally, set hi :=h(a)αi ,βi

|U for i ∈ N with h(a)αi ,βi
as in Definition D.3, and

let hN+1 : U → R, x �→ 1.
Then, the family (hi )i=1,...,N+1 is linearly independent.

Proof Assume toward a contradiction that 0 =∑N+1
i=1 γi hi for certain γ1, . . . , γN+1 ∈

R with γ� �= 0 for some � ∈ N + 1. Note that if we had γi = 0 for all i ∈ N , we
would get 0 = γN+1 hN+1 ≡ γN+1, and thus γi = 0 for all i ∈ N + 1, a contradiction.
Hence, there is some j ∈ N with γ j �= 0.

By Lemma D.4 there is some ε > 0 such that there exists

x0 ∈ U ∩ Sα j ,β j ∩
⋂

i∈N\{ j}
U (ε)
αi ,βi

.

Therefore, x0 ∈ U ∩ Sα j ,β j ∩ V for the open set V :=⋂i∈N\{ j}
(
Rd \ Sαi ,βi

)
.

Because of x0 ∈ U ∩ Sα j ,β j , Lemma D.5 shows that h(a)α j ,β j
|U is not differentiable

at x0. On the other hand, we have

h(a)α j ,β j
|U = h j = −γ−1j ·

(
γN+1 hN+1 +

∑

i∈N\{ j}
γi h

(a)
αi ,βi

|U
)
,
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where the right-hand side is differentiable at x0, since each summand is easily seen to
be differentiable on the open set V , with x0 ∈ V ∩U . �
Lemma D.7 Let (α, β) ∈ Sd−1 × R. If � ⊂ Rd is compact with � ∩ Sα,β = ∅, then

there is some ε > 0 such that � ⊂ U (ε)
α,β .

Proof The continuous function�→ (0,∞), x �→ |〈α, x〉+β|, which is well-defined
by assumption, attains a minimum ε = minx∈� |〈α, x〉 + β| > 0. �
Lemma D.8 Let 0 ≤ a < 1, let (α, β) ∈ Sd−1 × R, and let U ⊂ Rd be open with
U ∩ Sα,β �= ∅. Finally, let f : U → R be continuous, and assume that f is affine-
linear on U ∩W+

α,β and on U ∩W−
α,β .

Then, there are c, κ ∈ R and ζ ∈ Rd such that

f (x) = c · �a(〈α, x〉 + β)+ 〈ζ, x〉 + κ for all x ∈ U .

Proof By assumption, there are ξ1, ξ2 ∈ Rd and ω1, ω2 ∈ R satisfying

f (x) = 〈ξ1, x〉 + ω1 for x ∈ U ∩W+
α,β and f (x) = 〈ξ2, x〉

+ω2 for x ∈ U ∩W−
α,β .

Step 1: We claim that U ∩ Sα,β ⊂ U ∩W±
α,β . Indeed, for arbitrary x ∈ U ∩ Sα,β , we

have x + tα ∈ U for t ∈ (−ε, ε) for a suitable ε > 0, since U is open. But since
x ∈ Sα,β and ‖α‖�2 = 1, we have 〈x + tα, α〉 + β = t . Hence, x + tα ∈ U ∩ W+

α,β

for t ∈ (0, ε) and x + tα ∈ U ∩ W−
α,β for t ∈ (−ε, 0). This easily implies the claim

of this step.
Step 2: We claim that ξ1 − ξ2 ∈ span α. To see this, consider the modified function

f̃ : U → R, x �→ f (x)− (〈ξ2, x〉 + ω2),

which is continuous and satisfies f̃ ≡ 0 on U ∩ W−
α,β and f̃ (x) = 〈θ, x〉 + ω on

U ∩W+
α,β , where we defined θ :=ξ1 − ξ2 and ω:=ω1 − ω2.

Since we saw in Step 1 that U ∩ Sα,β ⊂ U ∩W±
α,β , we thus get by continuity of f̃

that

0 = f̃ (x) = 〈θ, x〉 + ω ∀ x ∈ U ∩ Sα,β .

But by assumption on U , there is some x0 ∈ U ∩ Sα,β . For arbitrary v ∈ α⊥, we then
have x0 + tv ∈ U ∩ Sα,β for all t ∈ (−ε, ε) and a suitable ε = ε(v) > 0, since U is
open. Hence, 0 = 〈θ, x0 + tv〉 + ω = t · 〈θ, v〉 for all t ∈ (−ε, ε), and thus v ∈ θ⊥.
In other words, α⊥ ⊂ θ⊥, and thus span α = (α⊥)⊥ ⊃ (θ⊥)⊥ � θ = ξ1 − ξ2, as
claimed in this step.
Step 3: In this step, we complete the proof. As seen in the previous step, there is
some c ∈ R satisfying cα = (ξ1 − ξ2)/(1− a). Now, set ζ :=(ξ2 − aξ1)/(1− a) and
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κ:= f (x0)− 〈ζ, x0〉, where x0 ∈ U ∩ Sα,β is arbitrary. Finally, define

g : Rd → R, x �→ c · �a(〈α, x〉 + β)+ 〈ζ, x〉 + κ.

Because of x0 ∈ Sα,β , we then have g(x0) = 〈ζ, x0〉+κ = f (x0). Furthermore, since
�a(x) = x for x ≥ 0, we see for all x ∈ U ∩W+

α,β that

g(x)− f (x0) = g(x)− g(x0) = c · (〈α, x〉 + β)+ 〈ζ, x − x0〉
(x0∈Sα,β , i.e., 〈α,x0〉+β=0) = c · 〈α, x − x0〉 + 〈ζ, x − x0〉

=
〈ξ1 − ξ2

1− a
+ ξ2 − a ξ1

1− a
, x − x0

〉

= 〈ξ1, x − x0〉 = f (x)− f (x0).

(D.15)

Here, the last step used that f (x) = 〈ξ1, x〉 + ω1 for x ∈ U ∩ W+
α,β , and that x0 ∈

U ∩ Sα,β ⊂ U ∩W+
α,β by Step 1, so that we get f (x0) = 〈ξ1, x0〉 + ω1 as well.

Likewise, since �a(t) = a t for t < 0, we see for x ∈ U ∩W−
α,β that

g(x)− f (x0) = g(x)− g(x0) = ac · (〈α, x〉 + β)+ 〈ζ, x − x0〉
(since x0∈Sα,β , i.e., 〈α,x0〉+β=0) = ac〈α, x − x0〉 + 〈ζ, x − x0〉

=
〈
a
ξ1 − ξ2

1− a
+ ξ2 − aξ1

1− a
, x − x0

〉

= 〈ξ2, x − x0〉 = f (x)− f (x0).

(D.16)

In combination, Eqs. (D.15) and (D.16) show f (x) = g(x) for all x ∈ U ∩ (W+
α,β ∪

W−
α,β). Since this set is dense in U by Step 1, we are done. �
With all of these preparations, we can finally prove Theorem 3.8.

Proof of Theorem 3.8 Since �1 = idR, the result is trivial for a = 1, since the set

RNN [−B,B]d
�1 ((d, N0, 1)) is just the set of all affine-linear maps [−B, B]d → R.

Furthermore, if a > 1, then

�a(x) = max{x, ax} = a �a−1(x),

and hence RNN [−B,B]d
�a ((d, N0, 1)) = RNN [−B,B]d

�a−1 ((d, N0, 1)). Therefore, we

can assume a < 1 in the sequel. For brevity, let �:=[−B, B]d . Then, each
� ∈ NN ((d, N0, 1)) is of the form � = (

(A1, b1), (A2, b2)
)
with A1 ∈ RN0×d ,

A2 ∈ R1×N0 , and b1 ∈ RN0 , b2 ∈ R1.
Let (�n)n∈N ⊂ NN ((d, N0, 1)) with

�n =
(
( Ãn

1, b̃
n
1), ( Ã

n
2, b̃

n
2)
)
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be such that fn :=R��a (�n) converges uniformly to some f ∈ C(�). Our goal is to

prove f ∈ RNN�
�a
((d, N0, 1)). The proof of this is divided into seven steps.

Step 1 (Normalizing the rows of the first layer): Our first goal is to normalize the rows
of the matrices Ãn

1; that is, we want to change the parametrization of the network such
that ‖( Ãn

1)i,−‖�2 = 1 for all i ∈ N0. To see that this is possible, consider arbitrary
A ∈ RM1×M2 �= 0 and b ∈ RM1 ; then we obtain by the positive homogeneity of �a
for all C > 0 that

�a(Ax + b) = C · �a
(
A

C
x + b

C

)
for all x ∈ RM2 .

This identity shows that for each n ∈ N, we can find a network

�̃n =
( (

An
1, b

n
1

)
,
(
An
2, b

n
2

) ) ∈ NN ((d, N0, 1)),

such that the rows of An
1 are normalized, that is, ‖(An

1)i,−‖�2 = 1 for all i ∈ N0, and
such that

R��a
(
�̃n
) = R��a (�n) = fn for all n ∈ N.

Step 2 (Extracting a partially convergent subsequence): By the Theorem of Bolzano-
Weierstraß, there is a common subsequence of (An

1)n∈N and (bn1)n∈N, denoted by
(Ank

1 )k∈N and (bnk1 )k∈N, converging to A1 ∈ RN0×d and b1 ∈ [−∞,∞]N0 , respec-
tively.

For j ∈ N0, let ak, j ∈ Rd denote the j-th row of Ank
1 , and let a j ∈ Rd denote the

j-th row of A1. Note that ‖ak, j‖�2 = ‖a j‖�2 = 1 for all j ∈ N0 and k ∈ N. Next, let

J := { j ∈ N0 : (b1) j ∈ {±∞} or
[
(b1) j ∈ R and Sa j ,(b1) j ∩�◦ = ∅

]}
,

where �◦ = (−B, B)d denotes the interior of �. Additionally, let J c:=N0 \ J , and
for j, � ∈ J c write j  � iff (a j , (b1) j ) ∼ (a�, (b1)�), with the relation ∼ introduced
in Definition D.3. Note that this makes sense, since (b1) j ∈ R if j ∈ J c. Clearly, the
relation  is an equivalence relation on J c. Let (Ji )i=1,...,r denote the equivalence
classes of the relation  . For each i ∈ r , choose α(i) ∈ Sd−1 and β(i) ∈ R such that
for each j ∈ Ji there is a (unique) σ j ∈ {±1} with (a j , (b1) j ) = σ j · (α(i), β(i)).
Step 3 (Handling the case of distinct singularity hyperplanes): Note that r ≤ |J c| ≤
N0. Before we continue with the general case, let us consider the special case where
equality occurs, that is, where r = N0. This means that J = ∅ (and hence (b1) j ∈ R
and�◦∩Sa j ,(b1) j �= ∅ for all j ∈ N0), and that each equivalence class Ji has precisely
one element; that is, (a j , (b1) j ) � (a�, (b1)�) for j, � ∈ N0 with j �= �.

Therefore, Lemma D.6 shows that the functions (h j |�◦) j=1,...,N0+1, where we

define h j :=h(a)a j ,(b1) j
|� for j ∈ N0 and hN0+1 : �→ R, x �→ 1, are linearly indepen-

dent. In particular, these functions are linearly independent when considered on all of
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�. Thus, we can define a norm ‖ · ‖∗ on RN0+1 by virtue of

‖c‖∗:=
∥
∥∥cN0+1 +

N0∑

j=1
c j h

(a)
a j ,(b1) j

∥
∥∥
L∞(�)

for c = (c j ) j=1,...,N0+1 ∈ RN0+1.

Since all norms on the finite dimensional vector space RN0+1 are equivalent, there is
some τ > 0 with ‖c‖∗ ≥ τ · ‖c‖�1 for all c ∈ RN0+1.

Now, recall that ak, j → a j and bnk1 → b1 ∈ RN0 as k →∞. Since � is bounded,

this implies for arbitrary j ∈ N0 and h
(k)
j :=h(a)ak, j ,(b

nk
1 ) j

that h(k)j → h(a)a j ,(b1) j
as k →∞,

with uniform convergence on �. Thus, there is some N1 ∈ N such that
∥∥h(k)j −

h(a)a j ,(b1) j

∥∥
L∞(�) ≤ τ/2 for all k ≥ N1 and j ∈ N0. Therefore, if k ≥ N1, we have

∥∥
∥∥cN0+1 +

N0∑

j=1
c j h

(k)
j

∥∥
∥∥
L∞(�)

≥
∥
∥∥∥cN0+1 +

N0∑

j=1
c j h

(a)
a j ,(b1) j

∥
∥∥∥
L∞(�)

−
∥
∥∥∥

N0∑

j=1
c j
(
h(a)a j ,(b1) j

− h(k)j
)
∥
∥∥∥
L∞(�)

≥ τ · ‖c‖�1 −
N0∑

j=1
|c j | ·

∥∥h(a)a j ,(b1) j
− h(k)j

∥∥
L∞(�)

≥ ( τ − τ

2

) · ‖c‖�1 =
τ

2
· ‖c‖�1 for all c = (c j ) j=1,...,N0+1 ∈ RN0+1.

Since fnk = R��a
(
�̃nk

) = bnk2 +∑N0
j=1
(
Ank
2

)
1, j h

(k)
j converges uniformly on �, we

thus see that the sequence consisting of (Ank
2 , b

nk
2 ) ∈ R1×N0×R ∼= RN0+1 is bounded.

Thus, there is a further subsequence (nk� )�∈N such that A
nk�
2 → A2 ∈ R1×N0 and

b
nk�
2 → b2 ∈ R as �→∞. But this implies as desired that

f = lim
�→∞ fnk� = lim

�→∞

[
b
nk�
2 +

N0∑

j=1

(
A
nk�
2

)
1, j h

(k�)
j

∣∣
�

]

= b2 +
N0∑

j=1
(A2)1, j h

(a)
a j ,(b1) j

|� ∈ RNN�
�a
((d, N0, 1)).

Step 4 (Showing that the j-th neuron is eventually affine-linear, for j ∈ J ): Since
Step 3 shows that the claim holds in case of r = N0, we will from now on consider
only the case where r < N0.

For j ∈ J , there are two cases: In case of (b1) j ∈ [0,∞], define

φ
(k)
j : Rd → R, x �→ (Ank

2 )1, j ·
[〈ak, j , x〉 + (bnk1 ) j

]
for all k ∈ N.
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If otherwise (b1) j ∈ [−∞, 0), define

φ
(k)
j : Rd → R, x �→ a · (Ank

2 )1, j ·
[〈ak, j , x〉 + (bnk1 ) j

]
for all k ∈ N.

Next, for arbitrary 0 < δ < B, we define�δ:=[−(B− δ), B− δ]d . Note that since
Sα(i),β(i) ∩ �◦ �= ∅ for all i ∈ r , there is some δ0 > 0 such that Sα(i),β(i) ∩ (−(B −
δ), B − δ)d �= ∅ for all i ∈ r and all 0 < δ ≤ δ0. For the remainder of this step, we
will consider a fixed δ ∈ (0, δ0], and we claim that there is some N2 = N2(δ) > 0
such that

(b1) j �= 0 and sign
(〈ak, j , x〉 + (bnk1 ) j

) = sign
(
(bnk1 ) j

) �= 0, (D.17)

for all j ∈ J , k ≥ N2 and x ∈ �δ , where sign x = 1 if x > 0, sign x = −1 if x < 0,
and sign 0 = 0. Note that once this is shown, it is not hard to see that there is some
N3 = N3(δ) ∈ N such that

(Ank
2 )1, j · �a

(〈ak, j , x〉 + (bnk1 ) j
) = φ

(k)
j (x) for all j ∈ J , k ≥ N3, and x ∈ �δ,

simply because (bnk1 ) j → (b1) j and �a(x) = x if x ≥ 0, and �a(x) = ax if x < 0.
Therefore, for the affine-linear function

g(k)r+1:=bnk2 +
∑

j∈J
φ
(k)
j : Rd → R

we have g(k)r+1(x) = bnk2 +
∑

j∈J
(Ank

2 )1, j �a
(〈ak, j , x〉 + (bnk1 ) j

)
for all k

≥ N3(δ) and x ∈ �δ. (D.18)

To prove Eq. (D.17), we distinguish two cases for each j ∈ J ; by definition of J ,
these are the only two possible cases:
Case 1: We have (b1) j ∈ {±∞}. In this case, the first part of Eq. (D.17) is trivially
satisfied. To prove the second part, note that because of (bnk1 ) j → (b1) j ∈ {−∞,∞},
there is some k j ∈ Nwith |(bnk1 ) j | ≥ 2d ·B for all k ≥ k j . Since we have ‖ak, j‖�2 = 1
and ‖x‖�2 ≤

√
dB ≤ dB for x ∈ �, this implies

|〈ak, j , x〉 + (bnk1 ) j | ≥ |(bnk1 ) j | − |〈ak j , x〉| ≥ 2d · B − ‖x‖�2 ≥ dB > 0,

for all x ∈ � = [−B, B]d and k ≥ k j . Now, since the function x �→ 〈ak, j , x〉+(bnk1 ) j
is continuous, since � is connected (in fact convex), and since 0 ∈ �, this implies
sign(〈ak, j , x〉 + (bnk1 ) j ) = sign(bnk1 ) j for all x ∈ � and k ≥ k j .
Case 2: We have (b1) j ∈ R, but Sa j ,(b1) j ∩ �◦ = ∅, and hence Sa j ,(b1) j ∩ �δ = ∅.

In view of Lemma D.7, there is thus some ε j,δ > 0 satisfying �δ ⊂ U
(ε j,δ)

a j ,(b1) j
; that is,

|〈a j , x〉 + (b1) j | ≥ ε j,δ > 0 for all x ∈ �δ . In particular, since 0 ∈ �δ , this implies
|(b1) j | ≥ ε j,δ > 0 and hence (b1) j �= 0, as claimed in the first part of Eq. (D.17).
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To prove the second part, note that because of ak, j → a j and (b
nk
1 ) j → (b1) j

as k → ∞, there is some k j = k j (ε j,δ) = k j (δ) ∈ N such that ‖ak, j − a j‖�2 ≤
ε j,δ/(4dB) and |(bnk1 ) j − (b1) j | ≤ ε j,δ/4 for all k ≥ k j . Therefore,

|〈ak, j , x〉 + (bnk1 ) j | ≥ |〈a j , x〉 + (b1) j | − |〈a j − ak, j , x〉 + (b1) j − (bnk1 ) j |
≥ ε j,δ − ‖a j − ak, j‖�2 · ‖x‖�2 − |(b1) j − (bnk1 ) j |
≥ ε j,δ − ε j,δ

4dB
· dB − ε j,δ

4
= ε j,δ

2
> 0 for all x ∈ �δ and k ≥ k j .

With the same argument as at the end of Case 1, we thus see sign(〈ak, j , x〉+(bnk1 ) j ) =
sign(bnk1 ) j for all x ∈ �δ and k ≥ k j (δ).

Together, the two cases prove that Eq. (D.17) holds for N2(δ):=max j∈J k j (δ).
Step 5 (Showing that the j-th neuron is affine-linear on U (ε,+)

α(i),β(i)
and on U (ε,−)

α(i),β(i)

for j ∈ Ji ): In the following, we write U (ε,±)
α(i),β(i)

for one of the two sets U (ε,+)
α(i),β(i)

or

U (ε,−)
α(i),β(i)

. We claim that for each ε > 0, there is some N4(ε) ∈ N such that:

If i ∈ r , j ∈ Ji , k ≥ N4(ε),

then ν(k)j :=�a
(〈ak, j , ·〉 + (bnk1 ) j

)
is affine-linear on � ∩U (ε,±)

α(i),β(i)
.

To see this, let ε > 0 be arbitrary, and recall J c =⋃r
i=1 Ji . By definition of Ji , and by

choice of α(i) and β(i), there is for each i ∈ r and j ∈ Ji some σ j ∈ {±1} satisfying
(
ak, j , (b

nk
1 ) j

) −−−→
k→∞

(
a j , (b1) j

) = σ j ·
(
α(i), β(i)

)
.

Thus, there is some k( j)(ε) ∈ N such that ‖ak, j −σ j α
(i)‖�2 ≤ ε/(4dB) and |(bnk1 ) j −

σ j β
(i)| ≤ ε/4 for all k ≥ k( j)(ε).

Define N4(ε):=max j∈J c k( j)(ε). Then, for k ≥ N4(ε), i ∈ r , j ∈ Ji , and arbitrary

x ∈ � ∩ U (ε,±)
α(i),β(i)

, we have on the one hand |σ j · (〈α(i), x〉 + β(i))| ≥ ε, and on the
other hand

∣∣(〈ak, j , x〉 + (bnk1 ) j
)− σ j ·

(〈α(i), x〉 + β(i)
)∣∣ ≤ dB · ‖ak, j

−σ j α
(i)‖�2 + |(bnk1 ) j − σ j β

(i)| ≤ ε/2,

since‖x‖�2 ≤
√
d ·B ≤ dB. In combination, this shows |〈ak, j , x〉+(bnk1 ) j | ≥ ε/2 > 0

for all x ∈ � ∩ U (ε,±)
α(i),β(i)

. But since � ∩ U (ε,±)
α(i),β(i)

is connected (in fact, convex), and

since the function x �→ 〈ak, j , x〉 + (bnk1 ) j is continuous, it must have a constant

sign on � ∩U (ε,±)
α(i),β(i)

. This easily implies that ν(k)j = �a
(〈ak, j , ·〉 + (bnk1 ) j

)
is indeed

affine-linear on � ∩U (ε,±)
α(i),β(i)

for k ≥ N4(ε).
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Step 6 (Proving the “almost convergence” of the sum of all j -th neurons for j ∈ Ji ):
For i ∈ r define

g(k)i : Rd → R, x �→
∑

j∈Ji
(Ank

2 )1, j �a
(〈ak, j , x〉 + (bnk1 ) j

) =
∑

j∈Ji
(Ank

2 )1, j ν
(k)
j (x).

In combination with Eq. (D.18), we see

fnk (x) = R��a (�̃nk )(x) =
r+1∑

�=1
g(k)� (x) ∀ x ∈ �δ and k ≥ N3(δ), (D.19)

with g(k)r+1 : Rd → R being affine-linear.
Recall from Step 4 that�◦δ0 ∩ Sα(i),β(i) �= ∅ for all i ∈ r , by choice of δ0. Therefore,

Lemma D.4 shows (because of U (σ )
α,β ⊂ (U (ε)

α,β)
◦ for ε < σ ) for each i ∈ r that

Ki :=�◦δ0 ∩ Sα(i),β(i) ∩
⋂

�∈r\{i}

(
U (εi )

α(�),β(�)

)◦ �= ∅ for a suitable εi > 0.

Let us fix some xi ∈ Ki and some ri > 0 such that Bri (xi ) ⊂ �◦δ0 ∩⋂
�∈r\{i}

(
U (εi )

α(�),β(�)

)◦; this is possible, since the set on the right-hand side contains

xi and is open. Now, since Bri (xi ) is connected, we see for each � ∈ r \ {i} that
either Bri (xi ) ⊂ U (εi ,+)

α(�),β(�)
or Bri (xi ) ⊂ U (εi ,−)

α(�),β(�)
. Therefore, as a consequence of the

preceding step, we see that there is some N (i)
5 ∈ N such that g(k)� is affine-linear on

Bri (xi ) for all � ∈ r \ {i} and all k ≥ N (i)
5 .

Thus, setting N5:=max{N3(δ0),maxi=1,...,r N (i)
5 }, we see as a consequence of

Eq. (D.19) and because of Bri (xi ) ⊂ �◦δ0 that for each i ∈ r and any k ≥ N5,

there is an affine-linear map q(k)i : Rd → R satisfying

fnk (x) =
k+1∑

�=1
g(k)� (x) = g(k)i (x)+ q(k)i (x) for all x ∈ Bri (xi ) and k ≥ N5. (D.20)

Next, note that Step 5 implies for arbitrary ε > 0 that for all k large enough (depend-
ing on ε), g(k)i is affine-linear on Bri (xi ) ∩ U (ε,±)

α(i),β(i)
. Since f (x) = limk fnk (x) =

limk g
(k)
i (x) + q(k)i (x), we thus see that f is affine-linear on Bri (xi ) ∩ U (ε,±)

α(i),β(i)
for

arbitrary ε > 0. Therefore, f is affine-linear on Bri (xi ) ∩ W±
α(i),β(i)

and continuous
on � ⊃ Bri (xi ), and we have xi ∈ Bri (xi ) ∩ Sα(i),β(i) �= ∅. Thus, Lemma D.8 shows
that there are ci ∈ R, ζi ∈ Rd , and κi ∈ R such that

f (x) = Gi (x) ∀ x ∈ Bri (xi ), with Gi : Rd → R, x
�→ ci · �a

(〈α(i), x〉 + β(i)
)+ 〈ζi , x〉 + κi . (D.21)

We now intend to make use of the following elementary fact: If (ψk)k∈N is a
sequence of mapsψk : Rd → R, if� ⊂ Rd is such that eachψk is affine-linear on�,

123

Appendix A Topological Properties of the Set of Functions Generated by NNs of Fixed Size 107



Foundations of Computational Mathematics

and ifU ⊂ � is a nonempty open subset such that ψ(x):= limk→∞ ψk(x) ∈ R exists
for all x ∈ U , then ψ can be uniquely extended to an affine-linear map ψ : Rd → R,
and we have ψk(x) → ψ(x) for all x ∈ �, even with locally uniform convergence.
Essentially, what is used here is that the vector space of affine-linear maps Rd → R
is finite-dimensional, so that the (Hausdorff) topology of pointwise convergence on
U coincides with that of locally uniform convergence on �; see [61, Theorem 1.21].

To use this observation, note that Eq.s (D.20) and (D.21) show that g(k)i + q(k)i
converges pointwise to Gi on Bri (xi ). Furthermore, since xi ∈ Sα(i),β(i) , it is not hard

to see that there is some ε0 > 0 with
(
U (ε,±)
α(i),β(i)

)◦ ∩ Bri (xi ) �= ∅ for all ε ∈ (0, ε0); for
the details, we refer to Step 1 in the proof of Lemma D.8. Finally, as a consequence of
Step 5, we see for arbitrary ε ∈ (0, ε0) that g

(k)
i + q(k)i and Gi are both affine-linear

on U (ε,±)
α(i),β(i)

, at least for k large enough (depending on ε). Thus, the observation from

above (with � = U (ε,±)
α(i),β(i)

and U = �◦ ∩ Bri (xi )) implies that g(k)i + q(k)i → Gi

pointwise on U (ε,±)
α(i),β(i)

, for arbitrary ε ∈ (0, ε0).
Because of

⋃
σ∈{±}

⋃
0<ε<ε0 U

(ε,σ )

α(i),β(i)
= Rd \ Sα(i),β(i) , this implies

g(k)i + q(k)i −−−→
k→∞ Gi pointwise on Rd \ Sα(i),β(i) for any i ∈ r . (D.22)

Step 7 (Finishing the proof): For arbitrary δ ∈ (0, δ0), let us set

�δ:=�◦δ \
r⋃

i=1
Sα(i),β(i) .

Then, Eqs. (D.19) and (D.22) imply for k ≥ N3(δ) that

g(k)r+1 −
r∑

i=1
q(k)i =

r+1∑

i=1
g(k)i −

( r∑

i=1
g(k)i + q(k)i

)

= fnk −
( r∑

i=1
g(k)i + q(k)i

) pointwise on �δ−−−−−−−−−→
k→∞ f −

r∑

i=1
Gi .

But since g(k)r+1 and all q(k)i are affine-linear, and since �δ is an open set of positive
measure, this implies that there is an affine-linear map ψ : Rd → R, x �→ 〈ζ, x〉 +
κ satisfying f −∑r

i=1 Gi = ψ on �δ , for arbitrary δ ∈ (0, δ0). Note that ψ is
independent of the choice of δ, and thus

f = ψ +
r∑

i=1
Gi on

⋃

0<δ<δ0

�δ = �◦ \
r⋃

i=1
Sα(i),β(i) .
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But the latter set is dense in � (since its complement is a null-set), and f and ψ +∑r
i=1 Gi are continuous on �. Hence,

f (x) = ψ(x)+
r∑

i=1
Gi (x) =

(
κ +

r∑

i=1
κi

)
+
〈
ζ +

r∑

i=1
ζi , x

〉

+
r∑

i=1
ci · �a

(〈α(i), x〉 + β(i)
) ∀x ∈ �.

Recalling from Steps 3 and 4 that r < N0, this implies f ∈ RNN�
�a
((d, r + 1, 1)) ⊂

RNN�
�a
((d, N0, 1)), as claimed. Here, we implicitly used that

〈α, x〉 + β = �a
(〈α, x〉 + dB ‖α‖�2

)

+β − dB ‖α‖�2 for all x ∈ �, arbitrary α ∈ Rd , β ∈ R,

since 〈α, x〉+dB ‖α‖�2 ≥ 0 for x ∈ � = [−B, B]d , so that �a(〈α, x〉+dB‖α‖�2) =
〈α, x〉 + dB‖α‖�2 . �

Appendix E: Proofs of the Results in Sect. 4

E.1. Proof of Proposition 4.1

Step 1:Wefirst show that if ( fn)n∈N and (gn)n∈N are sequences of continuous functions
fn : Rd → RN and gn : RN → RD that satisfy fn → f and gn → g with locally
uniform convergence, then also gn ◦ fn → g ◦ f locally uniformly.

To see this, let R, ε > 0 be arbitrary. On BR(0) ⊂ Rd , we then have fn → f
uniformly. In particular, C := supn∈N sup|x |≤R | fn(x)| <∞; here, we implicitly used

that f and all fn are continuous, and hence bounded on BR(0). But on BC (0) ⊂ RN ,
we have gn → g uniformly, so that there is some n1 ∈ N with |gn(y)− g(y)| < ε for
all n ≥ n1 and all y ∈ RN with |y| ≤ C . Furthermore, g is uniformly continuous on
BC (0), so that there is some δ > 0 with |g(y)− g(z)| < ε for all y, z ∈ BC (0) with
|y − z| ≤ δ. Finally, by the uniform convergence of fn → f on BR(0), we get some
n2 ∈ N with | fn(x)− f (x)| ≤ δ for all n ≥ n2 and all x ∈ Rd with |x | ≤ R.

Overall, these considerations show for n ≥ max{n1, n2} and x ∈ Rd with |x | ≤ R
that

|gn( fn(x))− g( f (x))| ≤ |gn( fn(x))− g( fn(x))| + |g( fn(x))− g( f (x))| ≤ ε + ε.

Step 2 We show that R�� is continuous. Assume that some neural network sequence

(�n)n∈N ⊂ NN ((d, N1, . . . , NL)) given by �n =
(
(A(n)1 , b(n)1 ), . . . , (A(n)L , b(n)L )

)

fulfills �n → � = (
(A1, b1), . . . , (AL , bL)

) ∈ NN ((d, N1, . . . , NL)). For � ∈
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{1, . . . , L − 1} set

α
(n)
� : RN�−1 → RN� , x �→ ��(A

(n)
� x + b(n)� ),

α� : RN�−1 → RN� , x �→ ��(A� x + b�),

where ��:=� × · · · × � denotes the N�-fold Cartesian product of �. Likewise, set

α
(n)
L : RNL−1 → RNL , x �→ A(n)L x + b(n)L and αL : RNL−1 → RNL , x

�→ AL x + bL .

By what was shown in Step 1, it is not hard to see for every � ∈ {1, . . . , L} that
α
(n)
� → α� locally uniformly as n →∞. By another (inductive) application of Step 1,

this shows

R�� (�n) = α
(n)
L ◦ · · · ◦ α(n)1 → αL ◦ · · · ◦ α1 = R�� (�)

with locally uniform convergence. Since � is compact, this implies uniform conver-
gence on �, and thus completes the proof of the first claim.
Step 3 Let ��:=� × · · · × � be the N�-fold Cartesian product of � in case
of � ∈ {1, . . . , L − 1}, and set �L :=idRNL . For arbitrary x ∈ � and � =
(
(A1, b1), . . . , (AL , bL)

) ∈ NN (S), define inductively α(0)x (�):=x ∈ Rd = RN0 ,
and

α(�+1)x (�):=��+1
(
A�+1 α(�)x (�)+ b�+1

) ∈ RN�+1 for � ∈ {0, . . . , L − 1}.

Let R > 0 be fixed, but arbitrary. We will prove by induction on � ∈ {0, . . . , L} that

‖α(�)x (�)‖�∞ ≤ C�,R and ‖α(�)x (�)− α(�)x (�)‖�∞ ≤ M�,R · ‖�−�‖total
for suitable C�,R,M�,R > 0, arbitrary x ∈ � and �,� ∈ NN (S) with
‖�‖total, ‖�‖total ≤ R.

This will imply that R�� is locally Lipschitz, since clearly R�� (�)(x) = α
(L)
x (�),

and hence

‖R�� (�)− R�� (�)‖sup = sup
x∈�

|α(L)x (�)− α(L)x (�)| ≤ ML,R · ‖�−�‖total.

The case � = 0 is trivial: On the one hand, |α(0)x (�)−α(0)x (�)| = 0 ≤ ‖�−�‖total.
On the other hand, since � is bounded, we have |α(0)x (�)| = |x | ≤ C0 for a suitable
constant C0 = C0(�).

For the induction step, let us write � = ((B1, c1), . . . , (BL , cL)
)
, and note that

‖A�+1 α(�)x (�)+ b�+1‖�∞ ≤ N�‖A�+1‖max · ‖α(�)x (�)‖�∞ + ‖b�+1‖�∞
≤ (1+ N�C�,R) · ‖�‖total=:K�+1,R .
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Clearly, the same estimate holds with A�+1, b�+1 and � replaced by B�+1, c�+1 and
�, respectively. Next, observe that with � also ��+1 is locally Lipschitz. Thus, there
is ��+1,R > 0 with

‖��+1(x)− ��+1(y)‖�∞ ≤ ��+1,R · ‖x − y‖�∞ .

for all x, y ∈ RN�+1 with ‖x‖�∞ , ‖y‖�∞ ≤ K�+1,R . On the one hand, this implies

‖α(�+1)x (�)‖�∞ ≤
∥∥��+1

(
A�+1 α(�)x (�)+ b�+1

)− ��+1(0)
∥∥
�∞ + ‖��+1(0)‖�∞

≤ ��+1,R ‖A�+1 α(�)x (�)+ b�+1‖�∞ + ‖��+1(0)‖�∞
≤ ��+1,R K�+1,R + ‖��+1(0)‖�∞=:C�+1,R .

On the other hand, we also get

‖α(�+1)x (�)− α(�+1)x (�)‖�∞
= ‖��+1(A�+1α(�)x (�)+ b�+1)− ��+1(B�+1α(�)x (�)+ c�+1)‖�∞
≤ ��+1,R · ‖(A�+1α(�)x (�)+ b�+1)− (B�+1α(�)x (�)+ c�+1)‖�∞
≤ ��+1,R ·

(
‖(A�+1 − B�+1)α(�)x (�)‖�∞ + ‖B�+1(α(�)x (�)− α(�)x (�))‖�∞

+ ‖b�+1 − c�+1‖�∞
)

≤ ��+1,R ·
(
‖�−�‖total · (N�‖α(�)x (�)‖�∞ + 1)

+N� ·‖�‖total · ‖α(�)x (�)− α(�)x (�)‖�∞
)

≤ ��+1,R · (N�C�,R + RN�M�,R + 1) · ‖�−�‖total=:M�+1,R · ‖�−�‖total.

Step 4 Let � be Lipschitz with Lipschitz constant M , where we assume without loss
of generality that M ≥ 1. With the functions �� from the preceding step, it is not hard
to see that each �� is M-Lipschitz, where we use the ‖ · ‖�∞ -norm on RN� .

Let � = ((A1, b1), . . . , (AL , bL)
) ∈ NN (S), and α� : RN�−1 → RN� , x �→

��(A� x + b�) for � ∈ {1, . . . , L − 1}. Then, α� is Lipschitz with Lip(α�) ≤ M ·
‖A�‖�∞→�∞ ≤ M · N�−1 · ‖A‖max ≤ MN�−1 · ‖�‖scaling. Thus, we finally see that
R�� (�) = αL ◦ · · · ◦ α1 is Lipschitz with Lipschitz constant ML · N0 · · · NL−1 ·
‖�‖Lscaling. This proves the final claim of the proposition when choosing the �∞-norm

on Rd and RNL . Of course, choosing another norm than the �∞-norm can be done, at
the cost of possibly enlarging the constant C in the statement of the proposition. �

E.2. Proof of Theorem 4.2

Step 1 For a > 0, define

fa : R→ R, x �→ �(x + a)− 2�(x)+ �(x − a).
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Our claim in this step is that there is some a > 0 with fa �≡ const.
Let us assume toward a contradiction that this fails; that is, fa ≡ ca for all

a > 0. Since � is Lipschitz continuous, it is at most of linear growth, so that � is
a tempered distribution. We will now make use of the Fourier transform, which we
define by f̂ (ξ) = ∫R f (x) e−2π i xξ dx for f ∈ L1(R), as in [26,31], where it is also
explained how the Fourier transform is extended to the space of tempered distribu-
tions. Elementary properties of the Fourier transform for tempered distributions (see
[31, Proposition 2.3.22]) show

ca · δ0 = f̂a = �̂ · ga with ga : R→ R, ξ �→ e2π iaξ − 2+ e−2π iaξ .

Next, setting z(ξ):=e2π iaξ �= 0, we observe that

ga(ξ) = z(ξ)− 2+ [z(ξ)]−1 = [z(ξ)]−1 · (z2(ξ)− 2z(ξ)+ 1)

= [z(ξ)]−1 · (z(ξ)− 1)2 �= 0,

as long as z(ξ) �= 1, that is, as long as ξ /∈ a−1Z.
Let ϕ ∈ C∞c (R) such that 0 /∈ suppϕ be fixed, but arbitrary. This implies suppϕ ⊂

R\a−1Z for some sufficiently small a > 0. Since ga vanishes nowhere on the compact
set suppϕ, it is not hard to see that there is some smooth, compactly supported function
h with h · ga ≡ 1 on the support of ϕ. All in all, we thus get

〈̂�, ϕ〉S ′,S = 〈̂� · ga, h · ϕ〉S ′,S = 〈 f̂a, h · ϕ〉S ′,S = ca · h(0) · ϕ(0) = 0.

Since ϕ ∈ C∞c (R)with 0 /∈ suppϕ was arbitrary, we have shown supp̂� ⊂ {0}. But by
[31, Corollary 2.4.2], this implies that � is a polynomial. Since the only globally Lip-
schitz continuous polynomials are affine-linear, � must be affine-linear, contradicting
the prerequisites of the theorem.
Step 2 In this step we construct certain continuous functions Fn : Rd → R which
satisfy Lip(Fn|�) → ∞ and Fn → 0 uniformly on Rd . We will then use these
functions in the next step to construct the desired networks �n .

We first note that each function fa from Step 1 is bounded. In fact, if � is M-
Lipschitz, then

| fa(x)| ≤ |�(x + a)− �(x)| + |�(x − a)− �(x)| ≤ 2M |a|. (E.1)

Next, recall that � is Lipschitz continuous and not affine-linear. Therefore, LemmaC.8
shows that there is some t0 ∈ R such that � is differentiable at t0 with �′(t0) �= 0.
Therefore, Proposition B.3 shows that there is a neural network� ∈ NN ((1, . . . , 1))
with L − 1 layers such that ψ :=RR

� (�) is differentiable at the origin with ψ(0) = 0
and ψ ′(0) = 1. By definition, this means that there is a function δ : R→ R such that
ψ(x) = x + x · δ(x) and δ(x)→ 0 = δ(0) as x → 0.

Next, since � has nonempty interior, there exist x0 ∈ Rd and r > 0 with x0 +
[−r , r ]d ⊂ �. Let us now choose a > 0 with fa �≡ const (the existence of such an
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a > 0 is implied by the previous step), and define

Fn : Rd → R, x �→ ψ
(
n−1 · fa(n2 · (x − x0)1)

)
.

Since fa is not constant, there are b, c ∈ Rwith b < c and fa(b) �= fa(c). Because
of δ(x)→ 0 as x → 0, we see that there is some κ > 0 and some n1 ∈ N with

| fa(b)− fa(c)| − | fa(b)| · |δ( fa(b)/n)| − | fa(c)| · |δ( fa(c)/n)| ≥ κ > 0 for all n ≥ n1.

Let us set xn :=x0+n−2 ·(b, 0, . . . , 0) ∈ Rd and yn :=x0+n−2 ·(c, 0, . . . , 0) ∈ Rd ,
and observe xn, yn ∈ � for n ∈ N large enough. We have |xn − yn| = n−2 · |b − c|.
Furthermore, using the expansionψ(x) = x+x ·δ(x), and noting fa(n2(xn−x0)1) =
fa(b) as well as fa(n2(yn − x0)1) = fa(c), we get

|Fn(xn)− Fn(yn)| = |ψ( fa(b)/n)− ψ( fa(c)/n)|
=
∣∣∣∣
fa(b)

n
− fa(c)

n
+ fa(b)

n
· δ
(

fa(b)

n

)
− fa(c)

n
· δ
(

fa(c)

n

)∣∣∣∣

≥ 1

n
· (| fa(b)− fa(c)|

− | fa(b)| · |δ( fa(b)/n)| − | fa(c)| · |δ( fa(c)/n)|
)

≥ κ/n,

as long as n ≥ n1 is so large that xn, yn ∈ �. But this implies

Lip(Fn|�) ≥ |Fn(xn)− Fn(yn)|
|xn − yn| ≥ κ/n

n−2 · |b − c| = n · κ

|b − c| −−−→n→∞ ∞.

It remains to show Fn → 0 uniformly on Rd . Thus, let ε > 0 be arbitrary. By
continuity of ψ at 0, there is some δ > 0 with |ψ(x)| ≤ ε for |x | ≤ δ. But Eq. (E.1)
shows |n−1 · fa(n−2 · (x − x0)1)| ≤ n−1 · 2M |a| ≤ δ for all x ∈ Rd and all n ≥ n0,
with n0 = n0(M, a, δ) ∈ N suitable. Hence, |Fn(x)| ≤ ε for all n ≥ n0 and x ∈ Rd .

Step 3 In this step, we construct the networks �n . For n ∈ N define

A(n)1 :=n2 ·
⎛

⎝
1 0 · · · 0
1 0 · · · 0
1 0 · · · 0

⎞

⎠ ∈ R3×d and b(n)1 :=
⎛

⎝
−n2 · (x0)1 + a
−n2 · (x0)1

−n2 · (x0)1 − a

⎞

⎠ ∈ R3,

as well as A(n)2 :=n−1 · (1,−2, 1) ∈ R1×3 and b(n)2 :=0 ∈ R1. A direct calculation
shows

RRd

� (�(0)
n )(x) = n−1 · fa(n2 · (x − x0)1),
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for all x ∈ Rd , where �(0)
n :=

(
(A(n)1 , b(n)1 ), (A(n)2 , b(n)2 )

)
. Thus, with the concate-

nation operation introduced in Definition B.2, the network �(1)
n :=� ��(0)

n satisfies
R�� (�

(1)
n ) = Fn|�. Furthermore, it is not hard to see that�(1)

n has L layers and has the
architecture (d, 3, 1, . . . , 1). From this and because of N1 ≥ 3, by Lemma B.1 there is
a network �n with architecture (d, N1, . . . , NL−1, 1) and R�� (�n) = Fn|�. By Step

2, this implies R�� (�n) = Fn|� → 0 uniformly on�, as well as Lip(R�� (�n))→∞
as n →∞.

Step 4 In this step, we establish the final property which is stated in the theorem. For
this, let us assume toward a contradiction that there is a family of networks (�n)n∈N
with architecture S andR�� (�n) = R�� (�n), someC > 0, and a subsequence (�nr )r∈N
with ‖�nr ‖scaling ≤ C for all r ∈ N. In view of the last part of Proposition 4.1, there
is a constant C ′ = C ′(�, S) > 0 with

Lip
(
R�� (�nr )

) = Lip
(
R�� (�nr )

) ≤ C ′ · ‖�nr ‖Lscaling ≤ C ′ · CL ,

in contradiction to Lip
(
R�� (�n)

)→∞. �

E.3. Proof of Corollary 4.3

Let us denote the range of the realization map by R. By definition (see [44, p. 65]),
R�� is a quotient map if and only if

∀M ⊂ R : M ⊂ R open ⇐⇒
(
R��
)−1

(M) ⊂ NN (S) open.

Clearly, by switching to complements, we can equivalently replace “open” by “closed”
everywhere.

Now, choose a sequence of neural networks (�n)n∈N as in Theorem 4.2, and set
Fn :=RRd

� (�n). Since Lip(Fn|�)→∞, we have Fn|� �≡ 0 for all n ≥ n0 with n0 ∈ N
suitable. Define M :={Fn|� : n ≥ n0} ⊂ R. Note that M ⊂ R ⊂ C(�) is not closed,

since Fn|� → 0 uniformly, but 0 ∈ R \ M . Hence, once we show that
(
R��
)−1

(M)

is closed, we will have shown that R�� is not a quotient map.

Thus, let (�n)n∈N be a sequence in
(
R��
)−1

(M) and assume�n → � as n →∞.

In particular, ‖�n‖scaling ≤ C for some C > 0 and all n ∈ N. We want to show

� ∈
(
R��
)−1

(M) as well. Since �n ∈
(
R��
)−1

(M), there is for each n ∈ N some

rn ∈ N with R�� (�n) = Frn |�. Now there are two cases:
Case 1: The family (rn)n∈N is infinite. But in view of Proposition 4.1, we have

Lip(Frn |�) = Lip(R�� (�n)) ≤ C ′ · ‖�n‖Lscaling ≤ C ′ · CL

for a suitable constantC ′ = C ′(�, S), in contradiction to the fact that Lip(Frn |�)→∞
as rn →∞. Thus, this case cannot occur.
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Case 2: The family (rn)n∈N is finite. Thus, there is some N ∈ N with rn = N for
infinitely many n ∈ N, that is, R�� (�n) = Frn |� = FN |� for infinitely many n ∈ N.
But since R�� (�n)→ R�� (�) as n → ∞ (by the continuity of the realization map),

this implies R�� (�) = FN |� ∈ M , as desired. �
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We examine the necessary and sufficient complexity of neural networks to approximate functions
from different smoothness spaces under the restriction of encodable network weights. Based on an
entropy argument, we start by proving lower bounds for the number of nonzero encodable weights
for neural network approximation in Besov spaces, Sobolev spaces and more. These results are valid
for all sufficiently smooth activation functions. Afterwards, we provide a unifying framework for the
construction of approximate partitions of unity by neural networks with fairly general activation
functions. This allows us to approximate localized Taylor polynomials by neural networks and make
use of the Bramble–Hilbert Lemma. Based on our framework, we derive almost optimal upper bounds
in higher-order Sobolev norms. This work advances the theory of approximating solutions of partial
differential equations by neural networks.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Deep learning algorithms have lately shown promising results
for dealing with classical mathematical problems, such as the so-
lution of partial differential equations (PDEs), see for instance (Beck
et al., 2018, 2019; E et al., 2017; E & Yu, 2018; Elbrächter et al.,
2018; Geist et al., 2020; Grohs et al., 2018; Han et al., 2018, 2020;
Jentzen et al., 2018; Kutyniok et al., 2019; Laakmann & Petersen,
2020; Lagaris et al., 1998; Lu et al., 2019; Schwab & Zech, 2019;
Sirignano & Spiliopoulos, 2018). In this work, we investigate the
necessary and sufficient number of non-zero, encodable2 weights
for a vanilla feedforward neural network to approximate functions
that are particularly relevant for the solution of PDEs. Notable
works in this direction for neural networks with the ReLU (rectified
linear unit) activation function are (Gühring et al., 2020; Opschoor
et al., 2020). Due to the limited regularity of the ReLU, one is
only able to derive approximation rates with respect to first-order
Sobolev norms. However, in order to appropriately approximate
solutions of PDEs of higher-order (i.e., of order ≥ 3), approximation
rates with respect to higher-order Sobolev norms are required.
As an example, consider the Dirichlet problem for the biharmonic
operator ∆2 (see e.g. Ciarlet (2002)) on some domain Ω ⊂ Rd, a

∗ Corresponding author.
E-mail addresses: guehring@math.tu-berlin.de (I. Gühring),

raslan@math.tu-berlin.de (M. Raslan).
1 Both authors contributed equally.
2 I.e., representable by a bit-string of moderate length.

typical fourth-order problem, which is given by

−∆2u = f , on Ω + boundary conditions. (1.1)

In its weak formulation, this operator equation is uniquely solvable
in some subspace V (incorporating the boundary conditions) of the
Sobolev space W 2,2(Ω). Additionally (see Ciarlet (2002, Section
6)), typical solutions u of (1.1) are even in the Sobolev space
W n,2(Ω) for some n ≥ 3. This motivates studying approximations
of Sobolev-regular functions f ∈ W n,p(Ω) by neural networks in
higher-order Sobolev norms. In this paper, we make the following
two contributions:

I. General lower bounds based on entropy arguments
Let C ⊂ D be two function spaces. We will lower bound

the necessary number for nonzero, encodable weights of neural
network approximations of functions from C with respect to the
norm in D. Our notion of a lower bound for the number of nonzero,
encodable weights can be summarized as follows:

For some γ > 0 (depending on C and D) we have: If for every
ε > 0 there exists some Mε ∈ N such that every f ∈ C can be
ε-approximated by a neural network Φε,f (i.e., ∥f − Φε,f ∥D ≤ ε)
with Mε nonzero, encodable weights, then (up to a logarithmic factor
and for some constant C) Mε ≥ Cε−γ .

In Petersen and Voigtländer (2018), the concept of the ε-ent-
ropy Hε(C,D) was used to derive lower bounds for Mε for specific
choices of C and D. In Theorem 3.5 we generalize that approach
to a wide range of function spaces. In detail, we show that every
lower bound on the ε-entropy Hε(C,D) of the unit ball of C with
respect to ∥ · ∥D can directly be transferred to a lower bound on

https://doi.org/10.1016/j.neunet.2020.11.010
0893-6080/© 2020 Elsevier Ltd. All rights reserved.
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the number of nonzero, encodable weights of an approximating
neural network. Concretely, if Hε(C,D) ≥ Cε−γ , then Mε ≥

Cε−γ /log2(1/ε). Since the activation function ϱ determines the
smoothness of Φε,f we only have the natural requirement that ϱ
is smooth enough such that Φε,f ∈ D.

Since lower bounds on the ε-entropy are well-studied for a
variety of classical function spaces,3 we give a nonexhaustive list
of concrete lower complexity bounds in Corollary 3.8 for Sobolev
and Besov spaces. Appositely to the upper bounds that we present
below, we state the following special instance of these results:
For C = W n,p(Ω) and D = W k,p(Ω) with n, k ∈ N0, n > k and
1 ≤ p ≤ ∞ we have Mε ≥ Cε−d/(n−k)/log2(1/ε).

II. Almost optimal upper bounds in Sobolev spaces for a wide class of
activation functions

We build an abstract, unifying framework which allows to
approximate localized Taylor polynomials by neural networks
with a wide class of activation functions. This proof strategy was
originally used in Yarotsky (2017) for ReLU neural networks in
Lp-norms and generalized to first-order Sobolev norms in Gühring
et al. (2020). Those works heavily rely on the ReLU activation
function which allows for the construction of an exact partition of
unity (PU). However, constructing localized bump functions that
together form a PU by neural networks with general activation
function is highly-nontrivial and can, in general, only be done
approximately. This means that the localizing bump functions
are not compactly supported anymore and their sum only ap-
proximates the one-function. We formulate conditions on the
asymptotic behavior of the activation function under which such
a construction becomes possible in higher-order Sobolev spaces.
For this, we derive three distinct categories of PUs splitting the
domain (0, 1)d into (N + 1)d patches with diameter 1/N .

• Exact PU: The (N + 1)d localizing bump functions are com-
pactly supported on the corresponding patch and the sum
of the bumps equals one.

• Exponential PU: For N → ∞, the bumps converge exponen-
tially fast in N towards an exact PU.

• Polynomial PU: For N → ∞, the bumps converge with
polynomial speed in N towards an exact PU.

In other words, with increasing refinement of the partition the ap-
proximate PUs converge towards an exact PU and are categorized
by their convergence speed.

Based on the above categorization, we consider ε-approxima-
tions of functions from the unit ball in C = W n,p((0, 1)d) where
the distance is measured in D = W k,p((0, 1)d) norms (n ∈ N≥k+1,
k ∈ N0 and 1 ≤ p ≤ ∞) and derive for each case different
approximation rates. We demonstrate this for three representative
examples.

• The rectified power unit (RePU) of order j ∈ N≥2, given by
ReLUj, allows for the construction of exact PUs. In this case,
for every k ∈ {0, . . . , j}, we need at most Cε−d/(n−k) non-zero
weights.

• The softplus function, given by ln(1 + ex), allows for the
construction of exponential PUs. In this case, for k ∈ N0,
and arbitrary µ > 0, we need at most{
Cε−d/(n−k), if k ≤ 1,
Cε−d/(n−k−µ), if k ≥ 2,

non-zero weights.

3 See for instance Edmunds and Triebel (1996), Triebel (1978).

• The inverse square root linear unit, given by 1[0,∞)x + 1(−∞,0)
x√
1+x2

, allows for the construction of polynomial PUs. In this

case, for k ∈ {0, 1}, we need at most Cε−d/(n−k) non-zero
weights.
Generally speaking, in the case of polynomial PUs, we are
only able to show approximation rates in smoothness norms
of a restricted order, depending on the asymptotic behavior of
the underlying activation function. We describe the reasons
for this issue in more detail in Section 4.3.

In all cases the depth of the constructed networks is constant
(i.e. accuracy-independent) and greater than two. Afterwards,
we additionally show that the weights of Φε,f can be encoded
by C log2(1/ε) bits which guarantees that the approximation
complexity is not hidden in weights carrying arbitrarily complex
information.

As already outlined in Gühring et al. (2020, Section 1.4), we
observe in both, lower and upper bounds, a trade-off between the
complexity of the approximating neural networks and the order
of the approximation norm: A higher order of k requires neural
networks with asymptotically more nonzero weights. Additionally,
up to a log-factor (and in some cases up to µ > 0), our upper
bounds are tight if we only allow encodable weights.

Related work
The universal approximation theorem (Cybenko, 1989; Hornik,

1991) is often regarded as the starting point of approximation the-
ory for neural networks. It shows that every continuous function
defined on a compact domain can be uniformly approximated by
shallow neural networks under some assumptions on the activa-
tion function. Extensions of this theorem (see Pinkus (1999, Section
4) and the references therein) also take derivatives into account. In
more detail, it has been established that shallow neural networks
with sufficiently regular activation function and unrestricted width
are dense in the space Cm, where m ∈ N. The existence of an
activation function such that restricted width and depth networks
are universal is shown in Maiorov and Pinkus (1999) and an
explicit activation function based on the countability of the rational
numbers with that property is constructed in Guliyev and Ismailov
(2018). For ReLU networks with restricted width and unbounded
depth universality is established in Kidger and Lyons (2019).

The necessary and sufficient complexity of (higher-order)
sigmoidal neural network approximations for (piecewise) smooth
functions has been studied in Barron (1994), Bölcskei et al. (2019)
and Mhaskar (1996).4 The results in Mhaskar (1996) for function
approximation in Lp are derived by approximating global (not
localized) polynomials with degree increasing concurrently with
the approximation accuracy. Our results include these approxima-
tion rates as a special case based on an alternative proof strategy.
The ansatz in Mhaskar (1996) can be used for C∞ activation
functions with non vanishing derivatives at some point to obtain
network approximations with constant depth and increasing width.
Vanishing derivatives of the activation function need to be com-
pensated by increasing depth in order to construct polynomials
of increasing degree. This approach is utilized in Li et al. (2020)
and Tang et al. (2019), where approximations of weighted L2-
spaces by RePU-neural networks are derived.5 The function spaces
considered therein can be efficiently described by non-localized
(Jacobi or Chebyshev) polynomials. Complexity bounds for ReLU
neural networks based on localized polynomial approximation
can be found in Ohn and Kim (2019), Petersen and Voigtländer

4 In Ohn and Kim (2019) rates for locally quadratic activation functions are
formulated. However, in the crucial (Ohn & Kim, 2019, Lemma A.3.(d)), there is,
in its present form, a gap in the author’s reasoning.
5 Which are able to represent polynomials with zero error.
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(2018), Schmidt-Hieber (2017), Suzuki (2019) and Yarotsky (2017).
The upper bounds in Yarotsky (2017, Thm. 1) are covered by our
framework as a special case. In Petersen and Voigtländer (2018),
localization is achieved by approximating characteristic functions.
Our notion of PUs is general enough to include this approach but
we focus on different function classes. Localization by means of
wavelet approximations on manifolds is utilized in Shaham et al.
(2018) and by means of general affine systems in Bölcskei et al.
(2019). The approximation error in all of these papers is measured
with respect to Lp-norms. Only the papers (Bölcskei et al., 2019;
Petersen & Voigtländer, 2018) consider the restriction of encodable
weights.

In this paper we are primarily interested in the approximation
of functions with respect to Sobolev norms. In this direction, we
mention two works, which examine the approximation capabilities
of ReLU-neural networks with respect to W 1,p norms. The pa-
per (Gühring et al., 2020) derives lower complexity bounds based
on a VC dimension argument for unrestricted neural network
weights (similar to the one presented in Yarotsky (2017)) and
upper bounds based on the emulation of localized polynomi-
als for continuous, piecewise linear activation functions. These
upper bounds are included in our results as a special case.
In Opschoor et al. (2020) approximation rates were derived by
re-approximating finite elements. None of these papers examine
neural networks with encodable weights.

We conclude this section by giving an overview of further
works that introduce different types of PUs. An approach which
is similar to ours for functions of sigmoidal type has been used
in Costarelli and Spigler (2013a, 2013b) and Costarelli et al. (2019).
There, approximate bumps are constructed from differences of
scaled and shifted sigmoidals. The key difference is that for a
fixed patch the contributions of the neighboring approximate
bump functions do not decrease with the number of patches N
going to infinity which is an important factor in our construction.
In Lin (2019), characteristic functions χp for each patch are L∞-
approximated in order to achieve localization. However, in this
work, the Heaviside function is used as an activation function in
the first layer (followed by a different activation function in the
next layer), which is not transferable to our work, since it prevents
higher-order Sobolev approximations.

Outline
After having introduced the necessary terminology for neural

networks in Section 2, we start by proving general lower complex-
ity bounds in Section 3. In Section 4, we derive almost optimal
upper approximation rates for neural networks with fairly general
activation functions. We describe the necessary ingredients for
these results in Sections 4.1 and 4.2 before outlining the main
results as well as the underlying proof strategy in Section 4.3. The
proofs of the two main results in this section, Proposition 4.8 and
Theorem 4.9, can be found in Appendices D and E, respectively.
To not interrupt the flow of reading, the notation section, basic
facts about Sobolev spaces and basic operations one can perform
with neural networks have been deferred to Appendices A–C,
respectively. An analysis of the PU-properties of many practically
used activation functions can be found in Appendix F.

2. Neural networks with encodable weights: Terminology

We start by formally introducing neural networks closely
sticking to the notions introduced in Petersen and Voigtländer
(2018). In the following, we will distinguish between a neural
network as a structured set of weights and the associated function
implemented by the network, called its realization. Towards this
goal, let us fix numbers L, d = N0,N1, . . . ,NL ∈ N.

• A family Φ =
(
(Aℓ, bℓ)

)L
ℓ=1 of matrix–vector tuples of the

form Aℓ ∈ RNℓ,Nℓ−1 and bℓ ∈ RNℓ is called neural network.
• We refer to the entries of Aℓ, bℓ as the weights of Φ and

call M(Φ) :=
∑L

ℓ=1 (∥Aℓ∥0 + ∥bℓ∥0) its number of nonzero
weights, L = L(Φ) its number of layers and we call Nℓ the
number of neurons in layer ℓ.

• We denote by d := N0 the input dimension of Φ and by NL
the output dimension.

• Moreover, we set

∥Φ∥max := max
ℓ=1,...,L

max
i=1,...,Nℓ

j=1,...,Nℓ−1

max{|(Aℓ)i,j|, |(bℓ)i|},

which is the maximum absolute value of all weights.
• For defining the realization of a network Φ =

(
(Aℓ, bℓ)

)L
ℓ=1,

we additionally fix an activation function ϱ : R → R and a
set Ω ⊂ Rd. The realization of the network Φ =

(
(Aℓ, bℓ)

)L
ℓ=1

is the function

Rϱ (Φ) : Ω → RNL , x ↦→ xL ,

where xL results from the following scheme:

x0 := x,
xℓ := ϱ(Aℓ xℓ−1 + bℓ), for ℓ = 1, . . . , L − 1,
xL := AL xL−1 + bL,

and where ϱ acts componentwise.
• We denote by NN d

ϱ the set of all ϱ-realizations of neural
networks with input dimension d and output dimension 1.6

Encodability
In the following, we study neural networks with encodable

weights. This information-theoretic viewpoint has already been
examined in Bölcskei et al. (2019) and Petersen and Voigtländer
(2018) and is motivated by the observation that on a computer
only weights of limited complexity (w.r.t. their bit-length) can be
stored. In this paper, we consider weights that can be encoded by
bit-strings with length logarithmically growing in 1/ε, where ε is
the approximation accuracy.

To make the notion of encodability more precise, we first
introduce coding schemes (see Petersen and Voigtländer (2018)):
A coding scheme (for real numbers) is a sequence B = (Bℓ)ℓ∈N of
maps Bℓ : {0, 1}ℓ → R. Now we define sets of neural networks
with weights encodable by a coding scheme. Given an arbitrary
coding scheme B = (Bℓ)ℓ∈N, and d ∈ N, ε,M > 0, we denote by

NNB
M,⌈C0 log2(1/ε)⌉,d

(2.1)

the set of all neural networks Φ with d-dimensional input, one-
dimensional output and at most M nonzero weights such that
each nonzero weight of Φ is contained in Range(B⌈C0 log2(1/ε)⌉).

3. Lower bounds for neural networks with encodable weights
and general activation functions

In this section, we derive lower bounds on the necessary
number of nonzero, encodable weights of neural network approxi-
mations. The approximated function spaces include a wide variety
of classical smoothness spaces and the accuracy is measured in
rather general norms. Our result applies to every activation func-
tion that is sufficiently smooth to be considered in these norms.
We note that the proof of our result is essentially an abstract
version of the proof of Petersen and Voigtländer (2018, Theorem

6 In the following we will denote by (ϱ-)neural networks both neural networks
and their corresponding realizations as long it is clear from the context what is
meant.
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4.2). After encouragement of one of the authors7 of Petersen and
Voigtländer (2018) and after studying the paper more closely, we
noticed that it is possible to consider the proof strategy of Petersen
and Voigtländer (2018, Theorem 4.2) in a very general setting
which we will outline below. Throughout this section (unless
stated otherwise) we fix some d ∈ N, some domain Ω ⊂ Rd

and two normed spaces C,D of (equivalence classes of) functions
defined on Ω with values in R. Additionally, we assume that
C ⊂ D.

First of all, we need the notion of the minimax code length
Lε(C,D) of C with respect to D. The minimax code length describes
the uniform description complexity of the set {f ∈ C : ∥f ∥C ≤ 1}
in terms of the number of nonzero bits necessary to encode every
f with distortion at most ε in D. It can be directly related to
approximation capabilities of arbitrary computing schemes and
is defined as follows (see also (Petersen & Voigtländer, 2018,
Definition B.2)):

Definition 3.1 (Minimax Code Length). Let ℓ ∈ N. We denote by
Eℓ :=

{
E : C → {0, 1}ℓ

}
the set of binary encoders mapping elem-

ents of C to bit strings of length ℓ, and by Dℓ
:= {D : {0, 1}ℓ → D}

the set of binary decoders mapping bit-strings of length ℓ into D.
For ε > 0, we define the minimax code length by

Lε(C,D) := min
{
ℓ ∈ N : ∃(Eℓ,Dℓ) ∈ Eℓ × Dℓ

:

sup
f∈C:∥f ∥C≤1

∥Dℓ(Eℓ(f )) − f ∥D ≤ ε

}
.

The next observation demonstrates in the context of neural
networks how the minimax code length can be employed to derive
lower bounds for approximations.

Observation 3.2. Let ε > 0 and ϱ : R → R such that NN d
ϱ ⊂

D. If A is a neural network architecture with M unspecified nonzero
weights8 (but fixed number of layers, neurons and position of nonzero
weights) such that for each f ∈ C there is a set of weights w1,

. . . , wM , where each weight can be encoded by at most b ∈ N bits
and ∥Rϱ(A(w1, . . . , wM )) − f ∥D ≤ ε, then

M ≥ Lε(C,D)/b.

Mapping f ∈ C to the bit representation of the M weights can
be viewed as an encoder, and mapping the encoded weights to
Rϱ(A(w1, . . . , wM )) acts as a decoder with bit length ℓ = Mb, which
shows the claim. This in particular holds true, if b ≤ C log2(1/ε)
which is the focus of this paper.

In the following, we exploit this strategy to show that the
same bound actually holds true, if we allow for the architecture to
depend on the function to be approximated. That means, for each
f ∈ C the number of layers, neurons and position of M nonzero
encodable weights (and the weights themselves) may change but
need to be encoded. The next lemma (shown in Petersen and
Voigtländer (2018, Lemma B.4) under the additional restriction9
that ϱ(0) = 0) shows the number of bits needed to encode this
information.

7 We want to take the opportunity to thank Philipp Petersen for the fruitful
suggestion.
8 Or any computation scheme that takes as input M parameters.
9 The lemma is proven by first noting that a network with arbitrary number

of neurons and layers, but M non-zero weights, can be replaced by a network
with the same number of non-zero weights, but number of neurons and layers
bounded by M +1. This can be done by removing neurons that do not contribute
to the next layer. This strategy (see also (Bölcskei et al., 2019, Proposition 3.6))
allows us to drop the assumption that ϱ(0) = 0 from Petersen and Voigtländer
(2018, Lemma B.4).

Lemma 3.3. Let M, K ∈ N, and let B be an encoding scheme for real
numbers and ϱ : R → R an activation function. There is a constant
C = C(d), such that there is an injective map Γ : {Rϱ(Φ) : Φ ∈

NNB
M,K ,d} → {0, 1}CM(K+⌈log2 M⌉).

To make the main statement of this section mathematically
more precise, we introduce some further notation.

Definition 3.4. Let C0 > 0 be fixed. Additionally, let f ∈ C, and
for some function ϱ : R → R assume that NN d

ϱ ⊂ D. Finally, let
ε > 0 and fix some coding scheme B. Then, for C0 > 0, we define
the quantities10

MB
ε (f )

:= MB,ϱ,C0,C,D
ε (f )

:= min
{
M ∈ N : ∃Φ ∈ NNB

M,⌈C0·log2
1
ε ⌉,d

: ∥f − Rϱ(Φ)∥D ≤ ε

}
,

and

MB
ε (C,D) := MB,ϱ,C0

ε (C,D) := sup
f∈C, ∥f ∥C≤1

MB,ϱ,C0,C,D
ε (f ).

In other words, the quantity MB
ε (f ) denotes the required num-

ber of nonzero weights of a neural network Φ to ε-approximate f
with weights that can be encoded with ⌈C0 log2(1/ε)⌉ bits using
the coding scheme B. MB

ε (C,D) gives a uniform bound of this
quantity over the unit ball in C.

Theorem 3.5 now states that if we can lower bound the
minimax code length, then we are also able to lower bound
MB
ε (C,D). Lower bounds on the minimax code length (and hence

for the quantity MB
ε (C,D)) for specific, frequently used function

spaces fulfilling the assumptions of the theorem will be given in
Corollary 3.8.

Theorem 3.5. Let ϱ : R → R such that NN d
ϱ ⊂ D. Additionally,

assume that Lε(C,D) ≥ C1ε
−γ for some γ = γ (C,D), C1 =

C1(C,D) > 0 and all ε > 0. Then, for each C0 > 0 there exists
a constant C = C(γ , C,D, C0) > 0, such that for each coding scheme
of real numbers B, and for all ε ∈ (0, 1/2) we have

MB,ϱ,C0
ε (C,D) ≥ C · ε−γ

/
log2

(
1
ε

)
.

The idea for the proof of this theorem is the same as for
Observation 3.2. Here, the encoder is E : C → {0, 1}ℓ, f ↦→

Γ (Rϱ(Φε,f )), where Φε,f is the neural network ε-approximating f ,
Γ is the network encoder from Lemma 3.3 and ℓ = CM(log2(1/ε)+
log2(M)). The decoder is given by D : {0, 1}ℓ → C, b ↦→ Γ −1(b).
The bound now follows from CM(log2(1/ε) + log2(M)) ≥ C1ε

−γ .

Remark 3.6 (Activation Functions). We only require sufficient
smoothness of the activation function for the spaces under con-
sideration. Hence, we are in a position to conclude suitable lower
bounds for all practically used activation functions.

Remark 3.7 (Bounds with Non-Encodable Weights). If one drops the
restriction of encodable weights and considers the more general
setting of arbitrary weights, a lesser number of weights is required
in general. For this setting, we mention two examples.

• The results from Gühring et al. (2020), Yarotsky (2018)
combined state:
For C = W n,∞((0, 1)d) and D = W k,∞((0, 1)d) with k = 0, 1,
it holds for the necessary number of nonzero weights Mε to
achieve an ε-approximation in W k,∞ norm that

Mε ≥ Cε−d/(2n−k).

10 We use the convention that min∅ = ∞.
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For k = 0, in Yarotsky (2018) neural networks are con-
structed that achieve this approximation rate. In comparison,
our entropy bounds show that under the assumption of
encodable weights Mε ≥ Cε−d/(n−k) (suppressing the log2(1/ε)
factor for simplicity of exposition).

• In Guliyev and Ismailov (2016) it is shown that there exists
an activation function such that a neural network with three
parameters is able to uniformly approximate each function
in C = C([0, 1]) arbitrary well. Observation 3.2 now shows
that there is no finite encoding bit length for the weights
necessary to approximate all functions in the unit ball of
C([0, 1]), since in this case Lε(C, C) = ∞ for 0 < ε < 1.11

We proceed by listing a variety of lower bounds for a selection
of specific examples for frequently used function spaces. Here, we
make use of the fact that, by Grohs et al. (2018, Remark 5.10),
the ε-entropy Hε(C,D) is bounded by the minimax code length,
i.e., Lε(C,D) ≥ Hε(C,D). One can deduce similar lower bounds
for other choices of C,D. Notable examples that are not covered
below include Hölder spaces, Triebel–Lizorkin, or Zygmund spaces
(see for instance Edmunds and Triebel (1996), Triebel (1978) and
the references therein for further examples).

Corollary 3.8. Assume that Ω fulfills some regularity conditions.12
Let ϱ : R → R be chosen such that NN d

ϱ ⊂ D (where D is a function
space on Ω specified below). Moreover, let B be an arbitrary coding
scheme. Then, the following statements hold:

(i) Besov spaces: Let s, t ∈ R with s < t as well as p1, p2, q1, q2
∈ (0,∞] such that

t − s − dmax
{(

1
p1

−
1
p2

)
, 0
}
> 0.

Moreover, let C = Bt
p1,q1 (Ω), and D = Bs

p2,q2 (Ω). Then, for
some C > 0, we have

MB
ε (C,D) ≥ Cε−

d
t−s

/
log2

(
1
ε

)
, for all ε ∈ (0, 1/2) .

(ii) Sobolev spaces: Let s, t ∈ N with t > s and let p ∈ (0,∞].
Then, for C = W t,p(Ω) and for D = W s,p(Ω) there exists
some C > 0 with

MB
ε (C,D) ≥ Cε−

d
t−s

/
log2

(
1
ε

)
, for all ε ∈ (0, 1/2) .

Proof. (i) follows immediately from Theorem 3.5 in combination
with Theorem (Edmunds & Triebel, 1996, Section 3.5).

(ii) follows from Theorem 3.5 together with Edmunds and
Evans (2004, Section 1.3), where we use the estimate on the
approximation number ak(id) (cf. page 9) combined with the
relation of ak(id) and the entropy. □

4. Upper bounds for general activation functions in Sobolev
spaces

In this section, we show that for an arbitrary accuracy ε > 0,
every function from the unit ball of the Sobolev space W n,p

Fn,d,p := {f ∈ W n,p((0, 1)d) : ∥f ∥Wn,p((0,1)d) ≤ 1}

11 Lε(C, C) = ∞ for 0 < ε < 1 follows from the fact that the unit ball in
C = C([0, 1]) is not compact. The same argument can also be used to directly
deduce from the construction of the weights in Guliyev and Ismailov (2016) that
their encoding bit length is not finite.
12 Many results estimating the ε-entropy are only formulated and proven
for C∞-domains for simplicity of exposition. However, as has been described
in Triebel (1978, Section 4.10.3) and Edmunds and Triebel (1996, Section 3.5),
these results remain valid for function spaces on more general domains including
cubes.

can be ε-approximated in weaker W k,p-Sobolev norms (with
n > k) by neural networks with fairly general activation function.
For this, we explicitly construct approximating neural networks
with constant depth (i.e., independent of ε) and give upper bounds
for the number of nonzero, encodable weights (depending on ε),
which, in light of the results of Section 3, are almost optimal. The
main idea is based on the common strategy (see e.g. Gühring
et al. (2020), Schmidt-Hieber (2017) and Yarotsky (2017)) of
approximating f by localized polynomials which in turn are
approximated by neural networks. Our work differs from these
other works in three major aspects:

(a) Depending on the smoothness j of the activation function,
our approximations include W k,p for k ≤ j (instead of
maximally W 1,p).

(b) Constructing a PU by neural networks with general activa-
tion function is tricky (contrary to ReLU networks) and can,
in general, only be done approximately (see Section 4.1 and
Fig. 1).

(c) Our polynomial approximations and approximate PUs have
depth independent of ε, which results in constant-depth
approximations of f .

We construct localizing bump functions that form an (approxi-
mate) partition of unity in Section 4.1 and efficiently approximate
polynomials by neural networks in Section 4.2. Afterwards, the
statements of the main results as well as a detailed overview of
their overall proof strategies are given in Section 4.3.

4.1. Ingredient I: (Approximate) partition of unity

In Gühring et al. (2020) and Yarotsky (2017) the ReLU activation
function is used to construct continuous, piecewise linear bump
functions with compact support that form a PU. However, this
approach heavily relies on properties of the ReLU and is only
suitable for approximations in Sobolev norms up to order one.
For general activation functions, there is, to the best of our
knowledge, no canonical way to build a PU by neural networks.
As a remedy we introduce approximate partitions of unity which
are compatible with all practically used activation functions. In
detail, for a gridsize 1/N (with N ∈ N), we divide the domain
(0, 1)d into (N + 1)d equally large patches and construct, for each
patch Ωm where m ∈ {0, . . . ,N}

d, a bump function φm ∈ W j,∞.
Deviating from usually used bump functions, φm is in general not
compactly supported on the corresponding patch and their sum
only approximates 1(0,1)d , i.e.,

∑
m φm ≈ 1(0,1)d . Additionally, we

introduce a scaling factor s ≥ 1, which regulates the closeness
of the approximate PU to an exact PU. For s → ∞, we have that
∥φs

m∥Ωc
m → 0 and

∑
m φ

s
m → 1(0,1)d . The overall approximation

rates in our main result now also depend on properties of the
approximate PU. It will later turn out that the speed of the
convergence of the approximate PU is the decisive factor in
showing efficient approximation rates. We distinguish between
exponential and polynomial speed. Besides the smoothness j and
the convergence speed there is another defining quantity τ which
we call the order of the PU. The order τ specifies at which derivative
the scaling factor starts to show. In other words, all derivatives
up to order τ absorb the effect of the scaling. In Definition 4.1 we
formally introduce the notion of an approximate PU. Additionally
to approximate PUs with exponential and polynomial convergence
properties we also include exact PUs in this definition since these
include (leaky) ReLUs and powers thereof.

Definition 4.1. Let d ∈ N, j, τ ∈ N0. We say that the collection of
families of functions (Ψ (j,τ ,N,s))N∈N,s∈R≥1 , where each Ψ (j,τ ,N,s)

:=

{φs
m : m ∈ {0, . . . ,N}

d
} consists of (N+1)d functions φs

m : Rd
→ R,
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Fig. 1. All displayed partitions of unity have 6 bumps (N = 5). The red curve shows the sum of the bump functions. A single bump function can be seen in the small
window in the upper right part of each plot. The first two rows depict an exponential PU for τ = 0 (first row) and τ = 1 (second row). A polynomial PU of order
τ = 0 can be seen in the third row. The impact of increasing the scaling factor s can be seen in the second column. In the last row two exact PUs are shown. Here,
the sum is constant 1 on (0, 1) and scaling has no impact.
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is an exponential (respectively polynomial, exact) partition of unity
of order τ and smoothness j, or short exponential (polynomial, exact)
(j, τ )-PU, if the following conditions are met:

There exists some D > 0, C = C(k, d) > 0 and S > 0 such that
for all N ∈ N, s ≥ S, k ∈ {0, . . . , j} the following properties hold:

(i) ∥φs
m∥W k,∞(Rd) ≤ CNk

· smax{0,k−τ } for every φs
m ∈ Ψ (j,τ ,N,s);

(ii) for Ωc
m =

{
x ∈ Rd

: ∥x −
m
N ∥∞ ≥

1
N

}
, we have

∥φs
m∥W k,∞(Ωc

m) ≤

⎧⎨⎩
CNksmax{0,k−τ }e−Ds, if exponential PU,
CNksmax{0,k−τ }s−D, if polynomial PU,
0, if exact PU,

for every φs
m ∈ Ψ (j,τ ,N,s).

(iii) We have1(0,1)d −

∑
m∈{0,...,N}d

φs
m


W k,∞((0,1)d)

≤

⎧⎨⎩
CNksmax{0,k−τ }e−Ds, if exponential PU,
CNksmax{0,k−τ }s−D, if polynomial PU,
0, if exact PU .

(iv) There exists a function ϱ : R → R such that for each φs
m

∈ Ψ there is a neural network Φs
m with d-dimensional input

and d-dimensional output, with two layers and C nonzero
weights, that satisfies
d∏

l=1

[Rϱ(Φs
m)]l = φs

m,

and ∥Rϱ(Φs
m)∥W k,∞((0,1)d) ≤ CNk

· smax{0,k−τ }. Furthermore,
for the weights of Φs

m it holds that ∥Φs
m∥max ≤ CsN .

In the next definition, we state sufficient conditions for an
activation function ϱ to admit (in the sense of Definition 4.1(iv))
an exponential (polynomial, exact) PU of order τ with smoothness
j for τ ∈ {0, 1} and afterwards we explicitly construct the
corresponding PUs. For τ = 0 the activation functions are
approximately piecewise constant outside of a neighborhood of
zero (e.g., sigmoidal) and for τ = 1 approximately piecewise affine-
linear outside of a neighborhood of zero (e.g., ELU). The speed they
approach their asymptotes with (see (d)) in the next definition)
defines the convergence speed of the resulting PU. Furthermore,
we require ϱ to be j-smooth.

Definition 4.2. Let j ∈ N0, τ ∈ {0, 1}. We say that a function
ϱ : R → R is exponential (polynomial, exact) (j, τ )-PU-admissible, if

(a) ϱ is
{
bounded, if τ = 0,
Lipschitz continuous, if τ = 1;

(b) There exists R > 0 such that ϱ ∈ C j(R \ [−R, R]);
(c) ϱ′

∈ W j−1,∞(R), if j ≥ 1;
(d) There exist A = A(ϱ), B = B(ϱ) ∈ R with A < B, some

C = C(ϱ, j) > 0 and some D = D(ϱ, j) > 0 such that

(d.1)
⏐⏐B − ϱ(τ )(x)

⏐⏐ ≤ Ce−Dx (Cx−D if polynomial, 0 if exact) for
all x > R;

(d.2)
⏐⏐A − ϱ(τ )(x)

⏐⏐ ≤ CeDx (C ′
|x|−D if polynomial, 0 if exact)

for all x < −R;
(d.3)

⏐⏐ϱ(k)(x)
⏐⏐ ≤ Ce−D|x| (C |x|−D if polynomial, 0 if exact) for

all x ∈ R \ [−R, R] and all k = τ + 1, . . . , j.

Remark 4.3. To give the reader a better intuition for the above
definition we mention the similarity to τ -degree sigmoidal functions

(see Mhaskar and Micchelli (1992)) defined as ϱ : R → R with

lim
x→−∞

ϱ(x)
xτ

= 0, lim
x→∞

ϱ(x)
xτ

= 1.

Roughly speaking, we require the same asymptotic behavior (with
the exception that the asymptotes do not need to be 0,1) and
additionally that the asymptotes are approached with a certain
speed.

In Table 1, we list a large variety of commonly used activation
functions and their corresponding PU properties. The proofs of
these properties can be found in Appendix F.

In the next definition, we give (depending on τ ) a recipe for the
construction of a one-dimensional approximate bump from which
multi-dimensional bumps are derived via a tensor approach. To
give the reader a better impression of the definition below and the
role of the scaling factor, we present exponential, polynomial and
exact bumps and resulting PUs for different activation functions
and scaling s in Fig. 1.

Definition 4.4. Let j ∈ N0, τ ∈ {0, 1}. Assume that ϱ : R → R is
exponential, polynomial or exact (j, τ )-PU-admissible. We define,
for a scaling factor s ≥ 1, the one-dimensional bump functions

ψ s
: R → R,

ψ s(x) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

B−A (ϱ(s(x + 3/2)) − ϱ(s(x − 3/2))) , if τ = 0,
1

s(B−A) (ϱ(s(x + 2)) − ϱ(s(x + 1))

−ϱ(s(x − 1)) + ϱ(s(x − 2))) , if τ = 1.

For N ∈ N, d ∈ N and m ∈ {0, . . . ,N}
d, we define multi-dim-

ensional bumps φs
m : Rd

→ R as a tensor product of scaled and
shifted versions of ψ s. Concretely, we set

φs
m(x) :=

d∏
l=1

ψ s
(
3N
(
xl −

ml

N

))
.

Finally, for N ∈ N, s ≥ 1, the collection of bump functions is
denoted by Ψ (j,τ ,N,s)(ϱ) := {φs

m : m ∈ {0, . . . ,N}
d
}.

In the next lemma we show that the conditions from
Definition 4.2 together with the construction in Definition 4.4
are indeed sufficient to generate an (approximate) PU.

Lemma 4.5. Let j ∈ N0, τ ∈ {0, 1} and a function ϱ : R →

R be exponential (polynomial, exact) (j, τ )-PU-admissible. Then,
the collection of families of functions (Ψ (j,τ ,N,s)(ϱ))N∈N,s∈R≥1 defined
in Definition 4.4 is an exponential (polynomial, exact) PU of order τ
and smoothness j.

Proof. The proof of this statement is the subject of Appendix D.1.
We only give the proof for exponential PUs. The statement for the
other two cases follows analogously. □

We demonstrate in Appendix F the admissibility for many
practically-used activation functions. In Table 1 we have included
the types of PUs these activation functions induce.

Remark 4.6. Definition 4.2 can be generalized to higher τ ≥ 2,
resulting in an increasing amount of terms in the definition of
a bump. Since most activation functions used in practice are of
order τ ∈ {0, 1}, we did not introduce this concept for simplicity
of exposition. An example of (τ ≥ 2)-functions are τ -order RePUs
(short for Rectified Power Unit, see, e.g., Li et al. (2020)), given
by ReLUτ . Due to its obvious connections to B-splines of order
τ + 1 (see for instance De Boor (2001, Chapter IX)), and their
ability to form an exact PU (De Boor, 2001, p. 96) as well as
their smoothness properties, it is clear that the resulting system(
Ψ (τ ,τ ,N,s)(ReLUτ )

)
N∈N,s≥1 forms an exact (τ , τ )-PU.
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Table 1
Commonly-used activation functions, the type of PU they admit and the approximation rates in W k,p in terms of the number of nonzero weights. The rates are
provided by Theorem 4.9 and, for the (leaky) ReLU case, in combination with Remark 4.10. The results for the (leaky) ReLU are consistent with those rates derived
in Gühring et al. (2020) and Yarotsky (2017). µ > 0 is arbitrary and, unless specified otherwise, k ∈ {0, . . . , j} and n ≥ k + 1.

Name Given by Smoothness
Boundedness

PU-Decay
(j, τ )

Approximation rates (k ≤ j)

(leaky) ReLU, a ∈ [0, 1) max{ax, x} C(R) ∩ W 1,∞
loc (R)

Unbounded
Exact
(1, 1)

ε−d/(n−k) log(1/ε)

Exponential linear unit (ELUa), a > 0, a ̸= 1

{
x, x ≥ 0
a(ex − 1), x < 0

C(R) ∩ W 1,∞
loc (R)

Unbounded
Exponential
(1, 1)

ε−d/(n−k)

Exponential linear unit (ELU1)

{
x, x ≥ 0
ex − 1, x < 0

C1(R) ∩ W 2,∞
loc (R)

Unbounded
Exponential
(2, 1)

ε−d/(n−k) for k ≤ 1, and ε−d/(n−2−µ) for k = 2

Softsign
x

1 + |x|
C1(R) ∩ W 2,∞(R)
Bounded

Polynomial
(2, 0)

ε−d/(n−k) for k = 0

Inverse square root linear unit, a > 0

{
x, x ≥ 0

x√
1+ax2

, x < 0 C2(R) ∩ W 3,∞
loc (R)

Unbounded
Polynomial
(3, 1)

ε−d/(n−k) for k ≤ 1

Inverse square root unit, a > 0
x

√
1 + ax2

Analytic
Bounded

Polynomial
(j, 0) ∀j ∈ N0

ε−d/(n−k) for k = 0

Sigmoid/logistic
1

1 + e−x Analytic
Bounded

Exponential
(j, 0) ∀j ∈ N0

ε−d/n for k = 0, and ε−d/(n−k−µ) for k ≥ 1

tanh
ex − e−x

ex + e−x Analytic
Bounded

Exponential
(j, 0) ∀j ∈ N0

ε−d/n for k = 0, and ε−d/(n−k−µ) for k ≥ 1

arctan arctan(x) Analytic
Bounded

Polynomial
(j, 0) ∀j ∈ N0

ε−d/(n−k) for k = 0

Softplus ln(1 + ex) Analytic
Unbounded

Exponential
(j, 1) ∀j ∈ N0

ε−d/n for k ≤ 1, and ε−d/(n−k−µ) for k ≥ 2

Swish
x

1 + e−x Analytic
Unbounded

Exponential
(j, 1) ∀j ∈ N0

ε−d/n for k ≤ 1, and ε−d/(n−k−µ) for k ≥ 2

Rectified power unit (RePU), a ∈ N≥2 max{0, x}a Ca−1(R)∩W a,∞
loc (R)

Unbounded
Exact
(a, a)

ε−d/(n−k)

4.2. Ingredient II: Approximation of polynomials

Later on, we approximate our target function by localized poly-
nomials

∑
φm · polym, where the φm are the localizing functions

from Section 4.1.13 Afterwards, we emulate these localized poly-
nomials by neural networks.14 For this, we need to approximate
polynomials in an efficient way. We start with approximating
monomials x ↦→ xr on R by two-layered neural networks with
activation functions that have a non-vanishing Taylor coefficient of
order r ∈ N. The construction is mainly based on a generalization
of a standard approach for approximating the function x ↦→ x2
by using finite differences. This has been studied in Rolnick and
Tegmark (2018) and variations thereof have been considered,
e.g., in Ohn and Kim (2019) and Schwab and Zech (2019).

Proposition 4.7. Let ϱ : R → R be a function. Assume, that
for some n ∈ N there exists x0 ∈ R such that ϱ is n + 1 times
continuously differentiable in some open neighborhood U around x0
and ϱ(r)(x0) ̸= 0 for some r ∈ {1, . . . , n}. Then, for every ε ∈ (0, 1),
and every B > 0 there exists a constant C = C(B, ϱ, r, n) > 0 as
well as a neural network Φr

ε with Rϱ(Φr
ε )|[−B,B]∈ Cn+1([−B, B]) and

the following properties:

(i)
Rϱ(Φr

ε ) − xr

Ck([−B,B]) ≤ ε for all k = 0, . . . , n;

(ii) |Rϱ(Φr
ε )|W k,∞([−B,B]) ≤ C r!

(r−k)!B
r−k for k = 0, . . . , r and

|Rϱ(Φr
ε )|W k,∞([−B,B]) ≤ ε for k = r + 1, . . . , n;

13 See Appendix D.2 for the precise statement and its proof.
14 See Lemma D.5 in Appendix D.3 for the final statement and its proof.

(iii) L
(
Φr
ε

)
= 2, as well as M

(
Φr
ε

)
≤ 3(r + 1);

(iv) ∥Φr
ε∥max ≤ Cε−r .

Proof. The proof of this result can be found in Appendix C.1. □

Proposition 4.7 comes handy for two other usages besides
monomial approximation:

• We construct neural networks which implement an approx-
imate multiplication (see Corollary C.3) via the polarization
identity

xy =
1
4

(
(x + y)2 − (x − y)2

)
for x, y ∈ R.

This can by now be considered a standard approach in neural
network approximation theory (originally used in Yarotsky
(2017)). For this, the assumptions from Proposition 4.7 need
to be fulfilled for n = 2 and r = 2, which holds true for all
activation functions listed in Table 1 except for the (leaky)
ReLU.15 We use the approximate multiplication to obtain
approximations of the multi-dimensional bumps φm from
one-dimensional bumps which are in turn by construction
neural networks. Furthermore, we can now deal with the
multiplication of and φm with polym (see Corollary C.3 in
Appendix C.1 and Lemma D.4 in Appendix D.3).

• It is often useful to pass output from a layer to a non
neighboring layer deeper in the network. Previous works
have solved this issue for the ReLU activation function by

15 For these activation functions see Remark 4.10.
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constructing an identity network (e.g., Gühring et al. (2020)
and Petersen and Voigtländer (2018)). For general activation
functions this is not possible. With help of Proposition 4.7
(for n = 1 and r = 1) an approximate identity neural network
can be constructed (see Corollary C.4). It is clear that all
activation functions listed in Table 1 fulfill the requirements.

4.3. Main results based on ingredients I & II

The proof of the main statement of this section can be roughly
divided into two steps: In Proposition 4.8, the approximating
neural networks are constructed with weights whose absolute
values are bounded polynomially in ε−1. In Theorem 4.9, the
encodability of the weights is enforced. Before we state the actual
results, we give an overview of the proof of Proposition 4.8, in
which we explain the different approximation rates that can be
obtained from different PUs. We hope that this overview will make
it easier for the reader to keep track of the different approximation
rates presented in the results of this section.

Overview of our proof strategy. Let ε > 0. The proof of
Proposition 4.8 is based on approximating a sum of Nd

= N(ε)d
localized Taylor polynomials (which are close to f ) by a neural
network ΦP,ε , such that we getf − Rϱ(ΦP,ε)


W k,∞((0,1)d)

≤

f −

∑
m

φs
mpolym


W k,∞((0,1)d)  

Step 1

+

∑
m

φs
mpolym − Rϱ(ΦP,ε)


W k,∞((0,1)d)  

Step 2

.

Step 1: We start by depicting how our PUs are used together with
localized Taylor polynomials. In the process the interplay between
the convergence speed of the PUs and the approximation rates that
can be obtained becomes clear. When approximating a function f by
localized Taylor polynomials polym, where the localization is realized
by a PU from Section 4.1, we estimate the error on a fixed patch Ωm̃
byf −

∑
m

φs
mpolym


W k,∞(Ωm̃)

≤

(1(0,1)d −

∑
m

φs
m

)
f

W k,∞(Ωm̃)

+

∑
m

φs
m(f − polym)


W k,∞(Ωm̃)

.

The first term can be handled by Definition 4.1(iii) of the PU. Here,
we only focus in detail on the second term. We have∑

m

φs
m(f − polym)


W k,∞(Ωm̃)

≤ C
∑

∥m−m̃∥∞>1

∥φs
m∥W k,∞(Ωm̃)  

(a)

+

∑
∥m−m̃∥∞≤1

∥φs
m(f − polym̃)∥W k,∞(Ωm̃)  

(b)

.

In the cases of exponential/polynomial PUs, we will make use of the
decay property of Definition 4.1(ii). In general we get∑
∥m−m̃∥∞>1

∥φs
m∥W k,∞(Ωm̃)

≲ Nd
·

⎧⎨⎩
CNksmax{0,k−τ }e−Ds, if exponential PU,
CNksmax{0,k−τ }s−D, if polynomialPU,
0, if exact PU .

The closeness of the approximate bump to an exact bump is deter-
mined by the scaling factor s which we now couple with N.

• For the exponential case we set s := Nµ for arbitrarily small
µ > 0 and can now use that the exponential term decays faster
than any polynomial in N grows. In particular, we have

NdNksmax{0,k−τ }e−Ds
= NdNkNµ(k=2)e−DNµ

≤ N−(n−k)

for N large enough.
• In the polynomial case an arbitrarily small exponent is not

sufficient to get rid of Nd, instead we must set s := N
d+k+(n−k)

D

and get

NdNksmax{0,k−τ }s−D
= NdNkN−d−k−(n−k)

= N−(n−k), for k ≤ τ .

Here, we can only compensate the term Nd for k ≤ τ , since only
the derivatives up to order τ absorb the effect of the scaling.

• Finally, in case of an exact PU, term (a) is zero.

For term (b) we only consider m = m̃. For k ≥ τ + 1, we now
pay the price for the scaling in the exponential case, since there is no
exponential decay for the derivative of φs

m̃ on the patch Ωm̃. From
Definition 4.1(i) together with the Bramble–Hilbert Lemma B.4 we
get the estimate

∥φs
m(f − polym̃)∥W k,∞(Ωm̃)

≲

⎧⎨⎩
N−(n−k−µ(k=2)), if exponential PU,
N−(n−k), for k ≤ τ , if polynomial PU,
N−(n−k), if exact PU .

Combining the computations for (a) and (b) we get the total estimate
in Step 1∑

m

f − φs
mpolym


W k,∞(Ωm̃)

≲

⎧⎨⎩
N−(n−k−µ(k=2)), if exponential PU,
N−(n−k), for k ≤ τ , if polynomialPU,
N−(n−k), if exact PU .

By choosing N := ⌈ε−1/(n−k−µ(k=2))⌉ in the exponential case and
N := ⌈ε−1/(n−k)

⌉ in the other two cases, we get that the term from
Step 1 can be bounded by ε.

Step 2: To construct the neural network we use the results from
Section 4.2 to

(i) approximate Taylor polynomials by neural networks;
(ii) approximate the multi-dimensional PU. Since only the d factors

of its tensor structure can be exactly represented by a neural
network (see Definition 4.1(iv)), their multiplication must be
approximated;

(iii) approximate the multiplication of (i) with (ii) by neural
networks Φm,̃ε with accuracy ε̃ (chosen below);

(iv) build the sum of all approximations of localized Taylor poly-
nomials by neural networks.

The network ΦP,ε thus consists of the subnetworks from step (iii).
We get the estimate∑

m

φs
mpolym − Rϱ(ΦP,ε)


W k,∞((0,1)d)
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≤

∑
m

∥φs
mpolym −Φm,̃ε∥W k,∞((0,1)d) ≲ N d̃ε.

Consequently, we need to chose ε̃ := εN−d
≈ ε−d/(n−k−µ(k=2))+1

(some terms are suppressed here for simplicity of exposition). We
can only do this, since neither the number of weights of Φm,̃ε nor its
number of layers depends on ε̃ (only the values of the weights do). In
other words, each Φm,̃ε has a constant number of weights and layers.
Combining ∼ Nd of such networks to get ΦP,ε yields a network with
about Nd

= ε−d/(n−k−µ(k=2)) weights and constant number of layers
for the exponential case (with obvious adaptations for the other two
cases).

Conclusion: For activation functions ϱ with an exponential PU,
we obtain optimal rates for Sobolev norms k ≤ τ and almost
optimal rates for k ≥ τ + 1; in the polynomial case, we get optimal
approximation rates only in W k,p-norms if k ≤ τ ; in the case of an
exact PU, we get optimal approximation rates for Sobolev norms up
to order j (smoothness of ϱ).

We now give the statement of Proposition 4.8, which can be
proven by using the ideas and concepts presented so far in this
section. The detailed proofs are executed in Appendices D.1–D.4,
mostly for the case of exponential (j, τ )-PUs. The statements for
the other two cases can be proven in an analogous way.

Proposition 4.8. We make the following assumptions:

• Let d ∈ N, j, τ ∈ N0, k ∈ {0, . . . , j}, n ∈ N≥k+1, 1 ≤ p ≤ ∞,
and µ > 0;

• let ϱ : R → R such that
(
Ψ (j,τ ,N,s)(ϱ)

)
N∈N,s≥1 is an exponential

(polynomial, exact) (j, τ )-PU;
• there exists x0 ∈ R such that ϱ is three times continuously

differentiable in a neighborhood of x0 and ϱ′′(x0) ̸= 0.

Then, there exist constants L, C, θ, ε̃ depending on d, n, p, k, µ with
the following properties:

For every ε ∈ (0, ε̃) and every f ∈ Fn,d,p, there is a neural network
Φε,f with d-dimensional input and one-dimensional output, at most
L layers and at most⎧⎨⎩
Cε−d/(n−k−µ(k=2)), if exponential PU ,
Cε−d/(n−k), for k ≤ τ , if polynomial PU ,
Cε−d/(n−k), if exact PU ,

nonzero weights bounded in absolute value by Cε−θ such that

∥Rϱ(Φε,f ) − f ∥W k,p((0,1)d) ≤ ε.

The main theorem now states that Proposition 4.8 also holds
with encodable weights, i.e. for each ε > 0, every element of the
set of weights Wε =

⋃
f Wε,f (where Wε,f denotes the weights of

Φε,f ) can be uniquely encoded by ⌈C log2(1/ε)⌉ bits. To state this
in a formal way, we use the notation introduced in Eq. (2.1).

Theorem 4.9. We make the following assumptions:

• Let d ∈ N, j, τ ∈ N0, k ∈ {0, . . . , j}, n ∈ N≥k+1, 1 ≤ p ≤ ∞,
and µ > 0;

• let ϱ : R → R such that
(
Ψ (j,τ ,N,s)(ϱ)

)
N∈N,s≥1 is an exponential

(polynomial, exact) (j, τ )-PU;
• there exists x0 ∈ R such that ϱ is three times continuously

differentiable in a neighborhood of x0 and ϱ′′(x0) ̸= 0.

Then, there exist constants L, C and ε̃, and a coding scheme B =

(Bℓ)ℓ∈N depending on d, n, p, k, µ with the following properties:
For every ε ∈ (0, ε̃) and every f ∈ Fn,d,p, there is a neu-

ral network Φε,f ∈ NNB
Mε ,⌈C log2(1/ε)⌉,d

with d-dimensional input,

one-dimensional output, at most L layers and at most

Mε =

⎧⎨⎩
Cε−d/(n−k−µ(k=2)), if exponential PU ,
Cε−d/(n−k), for k ≤ τ , if polynomial PU ,
Cε−d/(n−k), if exact PU ,

nonzero weights, such that

∥Rϱ(Φε,f ) − f ∥W k,p((0,1)d) ≤ ε.

Proof. We give a short outline of the proof here, the details can
be found in Appendix E. Let Φε,f = ((A1, b1), . . . , (AL−1, bL−1),
(AL, bL)) be the network from Proposition 4.8 (where the main
work has already been done). From the proof of the proposition
(see Eq. (D.18)) it follows that AL = Af ÃL and bL = Af b̃L where
the entries of the block diagonal matrix Af depend on f and the
entries of A1, b1, . . . , AL−1, bL−1, ÃL, b̃L are independent from f (i.e.,
they only depend on ε, n, d, p, k, µ). We denote the collection of
nonzero entries of A1, b1, . . . , AL−1, bL−1, ÃL, b̃L by Wε .

• The number of independent weights |Wε| is bounded by
C · ε−d/(n−k−µ(k=2)) since the total number of nonzero weights
is bounded by this quantity.

• We round the entries of Af , bf with a suitable precision ν to
the mesh [−ε−θ , ε−θ

] ∩ ενZ, where we also use the fact that
the weights of Φε,f are bounded in absolute value by Cε−θ .

• The nonzero entries of AL in the last layer of Φε,f are in the
set Gmult := {x1x2 : x1 ∈ Wε, x2 ∈ [−ε−θ , ε−θ

] ∩ ενZ} with
cardinality bounded by ε−s̃ (similar for bL).

Hence, the weights of the approximating neural networks can be
chosen from a set W̃ε with less than ε−s real numbers, where
s > 0 only depends on d, n, p, k, µ and not on f . Consequently,
there exists a surjective mapping Bε : {0, 1}⌈s log2(1/ε)⌉ → Wε . The
collection of these maps constitutes the coding scheme. □

Remark 4.10 (Plug & Play). Some well-known activation func-
tions, e.g., the (leaky) ReLU, do not fulfill all assumptions stated
in Proposition 4.8 and Theorem 4.9 (ϱ should be three times
continuously differentiable in a neighborhood of some x0 ∈ R
with ϱ′′(x0) ̸= 0). However, we note that our proof strategy only
requires the approximation of monomials and an approximate
multiplication. In case of the (leaky) ReLU this can be done with
O(log(1/ε)) weights and layers (see Yarotsky (2017, Proposition 2
and 3)). Generally speaking: As long as an activation allows for

• the construction of an (approximate) PU along the lines of
Definition 4.1,

• an efficient approximation of polynomials and the identity
function,

our proof strategy can be employed to yield efficient convergence
rates. As such, our framework is very general and unifies several
previous approaches (e.g. Gühring et al. (2020) and Yarotsky
(2017)) as well as extends the previously known rates to a very
general class of activation functions and rather general smoothness
norms.

Remark 4.11 (Tightness of the Bounds). From Corollary 3.8(ii) it
follows that our bounds for encodable neural network weights are
tight up to a log factor for k ≤ τ . For k ≥ τ + 1, they are (up to
a log factor) tight in the case of exact PUs and we get arbitrarily
close to the optimal bound (again up to a log factor) in case of
exponential PUs. If we allow for arbitrary weights, then this upper
bound might be drastically improved (see Remark 3.7).
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Appendix A. Notation and auxiliary results

In this subsection, we depict the (mostly standard) notation
used throughout this paper. We set N := {1, 2, . . .} and N0 :=

N ∪ {0}. For k ∈ N0 we define N≥k := {k, k + 1, . . .}. For a set A
we denote its cardinality by |A| ∈ N ∪ {∞} and by 1A its indicator
function of A. If x ∈ R, then we write ⌈x⌉ := min{k ∈ Z : k ≥ x}
where Z is the set of integers and ⌊x⌋ := max{k ∈ Z : k ≤ x}.

If d ∈ N and ∥ · ∥ is a norm on Rd, then we denote for x ∈ Rd

and r > 0 by Br,∥·∥(x) the open ball around x in Rd with radius
r , where the distance is measured in ∥ · ∥. By |x| we denote the
euclidean norm of x and by ∥x∥∞ the maximum norm. We endow
Rd with the standard topology and for A ⊂ Rd we denote by A the
closure of A.

For d1, d2 ∈ N and a matrix A ∈ Rd1,d2 the number of nonzero
entries of A is counted by ∥ · ∥0, i.e.

∥A∥0 := |{(i, j) : Ai,j ̸= 0}|.

If f : X → Y and g : Y → Z are two functions, then we write
g ◦ f : X → Z for their composition. If additionally U ⊂ X , then
f |U : U → Y denotes the restriction of f onto U . We use the usual
multiindex notation, i.e. for α ∈ Nd

0 we write |α| := α1 + · · · + αd
and α! := α1! · . . . · αd!. Moreover, if x ∈ Rd, then we have

xα :=

d∏
i=1

xαii .

Let from now on Ω ⊂ Rd be open. For a function f : Ω → R, we
denote by

Dα f :=
∂ |α|f

∂xα11 ∂x
α2
2 · · · ∂xαdd

.

its (weak or classical) derivative of order α. For n ∈ N0 ∪ {∞}, we
denote by Cn(Ω) the set of n times continuously differentiable
functions on Ω . Additionally, if Ω is compact, we set, for f ∈

Cn(Ω)

∥f ∥Cn(Ω) := max
0≤|α|≤n

sup
x∈Ω

|Dα f (x)|.

We denote by Lp(Ω), 1 ≤ p ≤ ∞ the standard Lebesgue spaces.
In the following, we will also make use of the following well-

known fact stating that the exponential function decays faster
than any polynomial.

Proposition A.1. Let α, β, c, c ′ > 0. Then

lim
x→∞

c ′xα

ec·xβ
= 0.

This implies that for all γ > 0 there exists some constant C = C(α,
β, γ ) > 0 such that for all x > 0 there holds
c ′xα

ec·xβ
≤ Cx−γ .

Appendix B. Sobolev spaces

In this section, we introduce Sobolev spaces (see Adams
(1975)) which constitute a crucial concept within the theory of
PDEs (see e.g. Evans (1999) and Roubíček (2013)).

Definition B.1. Given some domain Ω ⊂ Rd, 1 ≤ p < ∞, and
n ∈ N, the Sobolev space W n,p(Ω) is defined as

W n,p(Ω) :=

{
f : Ω → R : ∥Dα f ∥p

Lp(Ω) < ∞,

for all α ∈ Nd
0 with |α| ≤ n

}
,

and is equipped with the norm

∥f ∥Wn,p(Ω) :=

⎛⎝ ∑
0≤|α|≤n

∥Dα f ∥p
Lp(Ω)

⎞⎠1/p

.

Additionally, we set

W n,∞(Ω) :=
{
f : Ω → R : ∥Dα f ∥L∞(Ω) < ∞,

for all α ∈ Nd
0 with |α| ≤ n

}
,

and we equip this space with the norm ∥f ∥Wn,∞(Ω) := max|α|≤n
∥Dαf ∥L∞(Ω). Moreover, for 0 ≤ k ≤ n, on W n,p(Ω) we introduce
the family of semi-norms

|f |W k,p(Ω) :=

⎛⎝∑
|α|=k

∥Dα f ∥p
Lp(Ω)

⎞⎠1/p

,

|f |W k,∞(Ω) := max
|α|=k

∥Dα f ∥L∞(Ω),

respectively. Finally, let W n,p
loc (Ω) := {f : Ω → R : f |Ω̃∈

W n,p(Ω̃) for all compact Ω̃ ⊂ Ω}.

Remark B.2. If Ω is bounded and fulfills a local Lipschitz
condition, arguments from Adams (1975) show that W 2,∞(Ω)
can be continuously embedded into C1(Ω). This can be seen as
follows: Adams (1975, Theorem 4.12) shows that W 2,p(Ω) can be
continuously embedded into C1(Ω) for p > d. Since also W 2,∞(Ω)
can be continuously embedded into W 2,p(Ω), the claim follows.

Remark B.3. For purely technical reasons we sometimes make
use of an extension operator. For this, let E : W n,p((0, 1)d) →

W n,p(Rd) be the extension operator from Stein (1979, Theo-
rem VI.3.1.5) and set f̃ := Ef . Note that for arbitrary Ω ⊂ Rd

and 0 ≤ k ≤ n it holds

|̃f |W k,p(Ω) ≤ ∥̃f ∥Wn,p(Rd) ≤ C∥f ∥Wn,p((0,1)d), (B.1)

where C = C(n, p, d) is the norm of the extension operator.

The following lemma which will be crucial for the proofs of
our results can be stated in much more generality (see Brenner
and Scott (2008, Chapter 4.1)) and relies on the use of averaged
Taylor polynomials. We only state a version tailored to our specific
needs and will not give a proof since the details of this specific
version have been worked out in Gühring et al. (2020, Section B.3
and Lemma C.4).

Lemma B.4 (Bramble–Hilbert). Let d, n ∈ N and 1 ≤ p ≤ ∞.
Furthermore, let N ∈ N and set for m ∈ {0, . . . ,N}

d

Ωm,N := B 1
N ,∥·∥∞

(m
N

)
.

Then there exists a constant C = C(n, d) > 0 such that for all f ∈

W n,p(Rd) and m ∈ {0, . . . ,N}
d there is a polynomial pm(x) =
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|α|≤n−1 cαx

α such that

∥f − pm∥W k,p(Ωm,N ) ≤ C
(

1
N

)n−k

∥f ∥Wn,p(Ωm,N ), for k = 0, 1, . . . , n

and the coefficients cα are bounded by |cα| ≤ CNd/p
∥f ∥Wn,p(Ωm,N ) for

all α with |α| ≤ n − 1.

Now we turn our attention to a version of a product rule
tailored to our needs.

Lemma B.5. Let k ∈ N, and assume that f ∈ W k,∞(Ω) and
g ∈ W k,p(Ω) with 1 ≤ p ≤ ∞. If k ≥ 3, additionally assume
that f ∈ Ck(Ω) or g ∈ Ck(Ω). Then fg ∈ W k,p(Ω) and there exists a
constant C = C(d, p, k) > 0 such that

∥fg∥W k,p(Ω) ≤ C
k∑

i=0

∥f ∥W i,∞(Ω)∥g∥W k−i,p(Ω),

and, consequently

∥fg∥W k,p(Ω) ≤ C∥f ∥W k,∞(Ω)∥g∥W k,p(Ω).

Proof. For k = 0 the statement is obvious.
For k = 1 we get from Gühring et al. (2020, Lemma B.6) that

there exists a constant C = C(d, p) > 0 such that

|fg|W1,p(Ω) ≤ C
(
∥f ∥W1,∞(Ω)∥g∥Lp(Ω) + ∥f ∥L∞(Ω)∥g∥W1,p(Ω)

)
,

from which the statement can easily be deduced.
For k = 2 it follows from Gilbarg and Trudinger (1998,

Chap. 7.3) that the usual product rule also holds for the second
order derivatives such that we have

|fg|W2,p(Ω) ≤ C
∑

i,j=1,...,d

 ∂2

∂xi∂xj
fg

Lp(Ω)

+

 ∂∂xi f ∂∂xj g

Lp(Ω)

+

 ∂∂xj f ∂∂xi g

Lp(Ω)

+

f ∂2

∂xi∂xj
g

Lp(Ω)

≤ C
(
∥f ∥W2,∞(Ω)∥g∥Lp(Ω) + ∥f ∥W1,∞(Ω)∥g∥W1,p(Ω)

+∥f ∥L∞(Ω)∥g∥W2,p(Ω)
)
.

Again the overall statement follows easily. The statement for
k ∈ N≥3 can directly be concluded from the Leibniz formula
(see Bressan (2012, Lemma 8.18)), which, for a multi-index α
with |α| ≤ k yields

Dα(fg) =

∑
|β|≤|α|

(
α

β

)
Dβ fDα−βg. □

The following corollary establishes a chain rule estimate for
W k,∞.

Corollary B.6. Let d,m ∈ N, k ∈ N≥2 and Ω1 ⊂ Rd, Ω2 ⊂ Rm

both be open, bounded, and convex. Then, there is a constant C =

C(d,m, k) > 0 with the following properties:

(i) If k = 2 and f ∈ W 2,∞(Ω1; Rm) ∩ C1(Ω1;Rm) and g ∈

W 2,∞(Ω2) ∩ C1(Ω2) such that Range(f ) ⊂ Ω2, then for the
composition g ◦ f it holds that g ◦ f ∈ W 2,∞(Ω1) ∩ C1(Ω1)
and we have

|g ◦ f |W1,∞(Ω1) ≤ C |g|W1,∞(Ω2)|f |W1,∞(Ω1;Rm),

and

|g ◦ f |W2,∞(Ω1) ≤ C
(
|g|W2,∞(Ω2)|f |

2
W1,∞(Ω1;Rm)

+|g|W1,∞(Ω2)|f |W2,∞(Ω1;Rm)

)
.

(ii) If k ≥ 3, f ∈ Ck(Ω1;Rm) and g ∈ Ck(Ω2) such that
Range(f ) ⊂ Ω2, then for the composition g ◦ f it holds that
g ◦ f ∈ Ck(Ω1) and

(a) if |f |W l,∞(Ω1;Rm) ≤ CN l for all l = 1, . . . , k, then

|g ◦ f |W k,∞(Ω1) ≤ C
k∑

l=1

|g|W l,∞(Ω2)N
k
; (B.2)

(b) if τ ∈ N0 and |f |W l,∞(Ω1;Rm) ≤ CN l+µmax{0,l−τ } for all
l = 1, . . . , k, then

|g ◦ f |W k,∞(Ω1) ≤ C
k∑

l=1

|g|W l,∞(Ω2)N
k+µ(k=2) . (B.3)

Proof. (i) can be shown by basic computations using the classical
first derivative and Gühring et al. (2020, Corollary B.5, Lemma B.6).
For (ii), we make use of the multivariate Faa Di Bruno formula
(see Constantine and Savits (1996, Theorem 2.1)) and get that

|g ◦ f |W k,∞(Ω1) ≤ C max
|ν|=k

k∑
l=1

|g|W l,∞(Ω2)

∑
|λ|=l

∑
p(ν,λ)

k∏
j=1

|f |
|rj|

W |lj |,∞(Ω1;Rm)
,

where

p(ν, λ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(r1, . . . , rk; l1, . . . , lk) :

for some 1 ≤ s ≤ k, ri = 0
and li = 0 for 1 ≤ i ≤ k − s;

|ri| > 0 for k − s + 1 ≤ i ≤ k;
and 0 ≤ lk−s+1 ≤ · · · ≤ lk are such that∑k

i=1 ri = λ,
∑k

i=1|ri|li = ν.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

Eq. (B.2) now follows from
∏k

j=1|f |
|rj|

W |lj |,∞(Ω1;Rm)

≤ C
∏k

j=1 N
|lj||rj| = CN

∑k
j=1|lj||rj| = CNk. Eq. (B.3) for τ = 0 follows

from (a) with N = N1+µ. For τ ≥ 1, we have
k∏

j=1

Nµmax{0,|lj|−τ }|rj| = Nµ
∑k

j=1 max{0,|lj|−τ }|rj|

and
k∑

j=1

max{0, |lj| − τ }|rj| =

k∑
j:|lj|≥τ

(|lj| − τ )|rj|.

If |lj| < τ for all j = 1, . . . , k, then
∑k

j:|lj|≥τ
(|lj| − τ )|rj| = 0 ≤ µ

max{0, k− τ }. If there exists some j′ with |lj′ | ≥ τ and |rj| = 0 for
all j with |lj| ≥ τ , then also

∑k
j:|lj|≥τ

(|lj|−τ )|rj| = 0 ≤ µmax{0, k−

τ }. Otherwise, there exists some j′ with |lj′ | ≥ τ and |rj′ | ≥ 1. We
then have

k∑
j:|lj|≥τ

(|lj| − τ )|rj| ≤

k∑
j:|lj|≥1

|lj||rj| − τ
∑
j:|lj|≥τ

|rj| = k − τ
∑
j:|lj|≥τ

|rj|

≤ k − τ |lj′ | |rj′ | ≤ k − τ

from which the statement in combination with (a) follows. □

Appendix C. Neural network calculus

In this section, we introduce several operations one can per-
form with neural networks, namely the concatenation and the
parallelization of neural networks. Moreover, Appendix C.1 is
devoted to approximations of polynomials. We give the proof of
Proposition 4.7 (approximation of monomials by neural networks)
and show how to derive approximations of the identity function
as well as of approximate multiplications.
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We first consider the concatenation of two neural networks as
given in Petersen and Voigtländer (2018).

Definition C.1. Let Φ1
=

(
(A1

1, b
1
1), . . . , (A

1
L1
, b1L1 )

)
and Φ2

=(
(A1

1, b
1
1), . . . , (A

1
L1
, b1L1 )

)
be two neural networks such that the

input dimension of Φ1 is equal to the output dimension of Φ2.
Then the concatenation of Φ1,Φ2 is defined as the L1+L2−1-layer
neural network

Φ1
•Φ2

:=
(
(A2

1, b
2
1), . . . , (A

2
L2−1, b

2
L2−1), (A

1
1A

2
L2 , A

1
1b

2
L2 + b11),

(A1
2, b

1
2), . . . , (A

1
L1 , b

1
L1 )
)
.

It is easy to see that Rϱ(Φ1
•Φ2) = Rϱ(Φ1) ◦ Rϱ(Φ2).

Now, we introduce the parallelization of neural networks with
the same number of layers, inspired by the construction in
Petersen and Voigtländer (2018).

Lemma C.2. Let ϱ : R → R. Additionally, let Φ1, . . .Φn be
neural networks with d-dimensional input and L ∈ N layers,
respectively. Then, there exists a neural network P(Φ1, . . . ,Φn) with
d-dimensional input and

(i) There holds Rϱ
(
P(Φ1, . . . ,Φn)

)
(x) =

(
Rϱ(Φ1)(x), . . . ,

Rϱ(Φn)(x)
)
for all x ∈ Rd;

(ii) L layers;
(iii) M

(
P(Φ1, . . . ,Φn)

)
=
∑n

i=1 M(Φ i);
(iv)

P (Φ1, . . . ,Φn
)

max = max
{Φ1


max , . . . , ∥Φ

n∥max
}
.

Proof. The neural network

P(Φ1, . . . ,Φn) :=
(
(̃A1, b̃1), . . . , (̃AL, b̃L)

)
,

with

Ã1 :=

⎛⎜⎝A1
1
...

An
1

⎞⎟⎠ , b̃1 :=

⎛⎜⎝b11
...

bn1

⎞⎟⎠ and

Ãℓ :=

⎛⎜⎜⎝
A1
ℓ

A2
ℓ

. . .

An
L

⎞⎟⎟⎠ , b̃ℓ :=

⎛⎜⎝b1ℓ
...

bnℓ

⎞⎟⎠ , for 1 < ℓ ≤ L,

fulfills all the desired properties. □

C.1. Approximate monomials and multiplication

We first give the proof of Proposition 4.7:

Proof of Proposition 4.7. Choose C0 > 1 so that [x0 −
nB
C0
, x0 +

nB
C0

] ⊂ U . Moreover, let δ ≥ C0 be arbitrary. Define the function

ϱr
δ : R → R, x ↦→

δr

ϱ(m)(x0)

r∑
j=0

(−1)j
(
r
j

)
· ϱ

(
x0 − j

x
δ

)
.

Then ϱr
δ|[−B,B]∈ Cn+1([−B, B]). Using the Taylor expansion and the

following identity from (Katsuura, 2009)
r∑

j=1

(−1)j
(
r
j

)
jk =

{
0, if 1 ≤ k < r,
(−1)r r!, if k = r,

(C.1)

it can easily be shown that ϱr
δ(x) ≈ xr for δ > 0 sufficiently large.

In detail, we have by Taylor’s Theorem (where ξj is between x0
and x0 − j x

δ
for j = 1, . . . , r) that

r∑
j=0

(−1)j
(
r
j

)
· ϱ

(
x0 − j

x
δ

)

= ϱ(x0) +

r∑
j=1

(−1)j
(
r
j

)
·

(
r∑

k=0

ϱ(k)(x0)
k!

(
−jx
δ

)k

+
ϱ(r+1)(ξj)
(r + 1)!

(
−(r + 1)x

δ

)r+1
)

= ϱ(x0) +

r∑
k=0

(
−x
δ

)k
ϱ(k)(x0)

k!

r∑
j=1

(−1)j
(
r
j

)
jk

+

r∑
j=1

(−1)j
(
r
j

)
ϱ(r+1)(ξj)
(r + 1)!

(
−(r + 1)x

δ

)r+1

  
=:rr

δ
(x)

= ϱ(x0)
r∑

j=0

(−1)j
(
r
j

)
  

=0

+

r∑
k=1

(
−x
δ

)k
ϱ(k)(x0)

k!

r∑
j=1

(−1)j
(
r
j

)
jk  

use Eq. (C.1)

+ r rδ (x)

=

( x
δ

)r
ϱ(r)(x0) + r rδ (x).

Hence, for every k = 0, . . . , n and every x ∈ [−B, B], we have⏐⏐(ϱr
δ)

(k)(x) − (xr )(k)
⏐⏐

=

⏐⏐⏐⏐ δr

ϱ(r)(x0)
(r rδ )

(k)(x)
⏐⏐⏐⏐

≤

r∑
j=1

(
r
j

) ⏐⏐⏐⏐ϱ(r+1)(ξj)
(r + 1)!

⏐⏐⏐⏐  
≤2n∥ϱ∥Cn+1(U)

·

⏐⏐⏐⏐⏐ δr

ϱ(r)(x0)

(
−(r + 1)

δ

)r+1
⏐⏐⏐⏐⏐  

≤
(n+1)n+1

δmini=0,...,n |ϱ(i)(x0)|

·
⏐⏐(xr+1)(k)

⏐⏐
  

≤n!max{B,1}n+1

≤ 2n
· (n + 1)n+1n! ·

∥ϱ∥Cn+1(U)

mini=0,...,n |ϱ(i)(x0)|
max{B, 1}n+1

·
1
δ

=:
C ′(B, n, ϱ)

δ
.

This implies, that there exists some C ≥ max{C0, C ′(B, n, ϱ)}
such that for every ε ∈ (0, 1) and the neural network Φr

ε :=

((A1, b1), (A2, b2)) with

A1 :=

(
0,−

ε

C
, . . . ,−

rε
C

)T
∈ Rr+1,1,

b1 := (x0, . . . , x0)T ∈ Rr+1,

A2 :=
C r

εrϱ(r)(x0)

((
r
0

)
, (−1)1

(
r
1

)
, . . . , (−1)r

(
r
r

))
∈ R1,r+1,

b2 := 0 ∈ R,

fulfillsRϱ(Φr
ε ) − xr


Cn([−B,B]) ≤ ε.

Moreover, L
(
Φr
ε

)
= 2 and M

(
Φr
ε

)
≤ 3(r + 1).

Additionally, for every k = 0, . . . , r and for every x ∈ [−B, B]
we have⏐⏐⏐(Rϱ(Φr

ε )
)(k) (x)⏐⏐⏐ ≤

(Rϱ(Φr
ε )
)(k)

− (xr )(k)

Cn([−B,B])

+
⏐⏐(xr )(k)⏐⏐

≤ ε +
n!

(n − k)!
|max{1, B}|r−k.

Finally, for all k = r + 1, . . . , n we have that⏐⏐⏐(Rϱ(Φr
ε )
)(k) (x)⏐⏐⏐ ≤

(Rϱ(Φr
ε )
)(k)

− (xr )(k)

Cn([−B,B])

+
⏐⏐(xr )(k)⏐⏐

≤ ε + 0 = ε.

This completes the proof. □
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Based on Proposition 4.7, we are now in a position to introduce
neural networks that approximate the map which multiplies two
real inputs.

Corollary C.3. Let ϱ ∈ W j,∞
loc (R) for some j ∈ N0 and x0 ∈ R such

that ϱ is three times continuously differentiable in a neighborhood of
some x0 ∈ R and ϱ′′(x0) ̸= 0. Let B > 0, then there exists a constant
C = C(B, ϱ) > 0 such that for every ε ∈ (0, 1/2), there is a neural
network ×̃ with two-dimensional input and one-dimensional output
that satisfies the following properties:

(i) ∥Rϱ(×̃)(x, y) − xy∥W j,∞((−B,B)2;dxdy) ≤ ε;
(ii) ∥Rϱ(×̃ε)∥W j,∞((−B,B)2) ≤ C;
(iii) L(×̃) = 2 and M(×̃) ≤ C;
(iv) ∥×̃∥max ≤ Cε−2.

Proof. Let C be the constant from Corollary B.6 and set ε̃ := ε/2C .
Proposition 4.7 yields that there exists a neural network Φ2

ε̃

with 2 layers and at most 9 nonzero weights such that for all
k ∈ {0, . . . , j} we have⏐⏐Rϱ(Φ2

ε̃ ) − x2
⏐⏐
W k,∞([−2B,2B];dx) ≤ ε̃.

As in Yarotsky (2017), we make use of the polarization identity

xy =
1
4

(
(x + y)2 − (x − y)2

)
for x, y ∈ R.

In detail, we define the neural network

×̃ε :=

((
1
4
,
−1
4

)
, 0
)

• P
(
Φ2
ε̃ ,Φ

2
ε̃

)
•

((
1 1
1 −1

)
, 0
)
,

which fulfills for all (x, y) ∈ R2 that

Rϱ(×̃ε)(x, y) =
1
4

(
Rϱ
(
Φ2
ε̃

)
(x + y) − Rϱ

(
Φ2
ε̃

)
(x − y)

)
.

Now, setting f : [−2B, 2B] → R, x ↦→ x2 as well as

u : [−B, B]2 → [−2B, 2B], (x, y) ↦→ x + y and

v : [−B, B]2 → [−2B, 2B], (x, y) ↦→ x − y,

we see that for all (x, y) ∈ [−B, B]2 there holds xy = 1/4 (f ◦ u(x, y)
−f ◦ v(x, y)) . We estimateRϱ(×̃ε)(x, y) − xy


W k,∞([−B,B]2;dxdy)

=
1
4

Rϱ (Φ2
ε̃

)
◦ u − Rϱ

(
Φ2
ε̃

)
◦ v − (f ◦ u − f ◦ v)


W k,∞([−B,B]2)

≤
1
4

Rϱ (Φ2
ε̃

)
◦ u − f ◦ u


W k,∞([−B,B]2)

+
1
4

Rϱ (Φ2
ε̃

)
◦ v − f ◦ v


W k,∞([−B,B]2) ,

and directly see for k = 0 that⏐⏐Rϱ(×̃ε)(x, y) − xy
⏐⏐
W0,∞([−B,B]2;dxdy)

≤
2
4
∥Rϱ

(
Φ2
ε̃

)
− x2∥L∞([−B,B]2;dx) ≤

1
2
ε̃ ≤ ε.

Now, we proceed with the case k ∈ {1, . . . , j}. We first note
that

|u|W0,∞([−B,B]2) = |v|W0,∞([−B,B]2) = 2B,
|u|W1,∞([−B,B]2) = |v|W1,∞([−B,B]2) = 1,
|u|W k,∞([−B,B]2) = |v|W k,∞([−B,B]2) = 0, for all k ≥ 2.

The composition rule from Corollary B.6 then yields that⏐⏐Rϱ(×̃ε)(x, y) − xy
⏐⏐
W k,∞([−B,B]2;dxdy)

≤ 2C
k∑

i=1

⏐⏐Rϱ (Φ2
ε̃

)
− x2

⏐⏐
W i,∞([−2B,2B];dx) |u|

i
W1,∞([−B,B]2)

≤ 2C ε̃ = ε.

and, thus, claim (i) is shown. Finally, we have for k ∈ {0, . . . , j}⏐⏐Rϱ(×̃ε)
⏐⏐
W k,∞([−B,B]2) ≤

⏐⏐Rϱ(×̃ε) − xy
⏐⏐
W k,∞([−B,B]2;dxdy)

+ |xy|W k,∞([−B,B]2;dxdy) ≤ C1,

for a constant C1 = C1(B) > 0, yielding (ii). Claims (iii), (iv)
immediately follow from the construction of ×̃ in combination
with Proposition 4.7 and Lemma C.5.(i). □

Another statement that can be deduced from Proposition 4.7 is
connected to the construction of neural networks which approxi-
mate the identity on Rd.

Corollary C.4. Let ϱ : R → R be such that ϱ is twice times
continuously differentiable in a neighborhood of some x0 ∈ R and
ϱ′(x0) ̸= 0 fulfill the assumptions of Proposition 4.7 for some n = 2,
for r = 1 and assume that for some k ≤ n we have that ϱ ∈ W k,∞

loc (R).
Then, for every B > 0, d ∈ N, for every L ∈ N≥2 and for every
ε ∈ (0, 1) there exists a constant C = C(B, ϱ) > 0 and a neural
network ΦL,B,d

ε with d-dimensional input, d-dimensional output and
the following properties:

(i)
Rϱ(ΦL,B,d

ε ) − x

W k,∞([−B,B]d;Rd) ≤ ε;

(ii) ∥Rϱ(ΦL,B,d
ε )∥W k,∞([−B,B]d;Rd) ≤ C max{1, B};

(iii) L
(
ΦL,B,d
ε

)
= L, as well as M

(
ΦL,B,d
ε

)
≤ 4dL − 3d;

(iv) ∥ΦL,B,d
ε ∥max ≤ CLε−1.

Proof. W.l.o.g., we assume that d = 1. The other cases follow from
a minor modification of the parallelization of neural networks with
the same number of layers. Let Φ1

ε/L be the neural network from
Proposition 4.7 for B = B+ 1. We define ΦL,B,d

ε := Φ1
ε/L • . . . •Φ1

ε/L,
where we perform L − 2 concatenations. It is easy to see that
ΦL,B,d
ε = ((A1, b1), (A2, b2), . . . , (AL, bL)), where

A1 =

(
0,−

ε

LC

)T
∈ R2,1,

b1 = (x0, x0)T ∈ R2,

Aℓ =

(
0 0

−
1

ϱ′(x0)
1

ϱ′(x0)

)
∈ R2,2, for ℓ = 2, . . . , L − 1,

bℓ = (x0, x0)T ∈ R2, for ℓ = 2, . . . , L − 1,

AL =
LC

εϱ′(x0)
(1,−1) ∈ R1,2,

bL = 0 ∈ R,

and where C > 0 is a suitable constant provided by
Proposition 4.7. By Proposition 4.7 we also have that Rϱ(Φ1

ε/L)(x) ∈

[−B − ε/L, B + ε/L] for all x ∈ [−B, B] as well asRϱ(Φ1
ε/L) − x


W k,∞([−B,B])

≤
ε

L
.

Iterating this argument shows that Rϱ(ΦL,B
ε )(x) ∈ [−B − ε, B + ε]

for all x ∈ [−B, B] and thatRϱ(ΦL,B,d
ε ) − x


W k,∞([−B,B]) ≤ ε.

The other properties follow immediately from (i) in combination
with the definition of ΦL,B,d

ε . □

Before we continue, let us have a closer look at the properties of
the concatenation of two neural networks in the following special
cases.

Lemma C.5. Let Φ be a neural network with m-dimensional output.

(i) If a ∈ R1×m, then,

M(((a, 0)) •Φ) ≤ M(Φ) and ∥(((a, 0)) •Φ)∥max
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≤ m∥Φ∥max max
i=1,...,m

ai.

(ii) Let ΦL,B,m
ε be the approximate identity network from

Corollary C.4. Then, for some constant C = C(B, ϱ) there holds

M(ΦL,B,m
ε •Φ) ≤ M(Φ) + M(ΦL,B,m

ε ), and

∥(ΦL,B,m
ε •Φ)∥max ≤ C max{∥Φ∥max, ε

−1
}.

(iii) Let ×̃ be the approximate multiplication network from
Corollary C.3. If m = 2, then, for some constant C = C(B, ϱ)
there holds

M(×̃•Φ) ≤ CM(Φ) and ∥×̃•Φ∥max ≤ C max{∥Φ∥max, ε
−2

}.

Proof. For the first part of the proof of (i), see Kutyniok et al.
(2019). The second part is clear.

From now on, let Φ = ((A1, b1), . . . , (AL(Φ), bL(Φ))).
For the proof of (ii), let ΦL,B,m

ε = ((Aid
1 , b

id
1 ), . . . , (A

id
L , b

id
L )) and

recall that
ΦL,B,m
ε • Φ = ((A1, b1), . . . , (AL(Φ)−1, bL(Φ)−1), (Aid

1 AL(Φ), Aid
1 bL(Φ)

+ bid1 ), (A
id
2 , b

id
2 ), . . . , (A

id
L , b

id
L )). Hence, in order to prove (ii), we

only need to examine (Aid
1 AL(Φ), Aid

1 bL(Φ) + bid1 ). From the construc-
tion of ΦL,B,m

ε we have that ∥Aid
1 ∥0 = m and that Aid

1 has block
diagonal structure. Additionally, all entries of Aid

1 are bounded in
absolute value by ε

L̃C
≤ 1 for some C̃ ≥ 1. From this, the claim

follows.
The proof of (iii) can be done in a similar manner as the proof

of (ii). □

Appendix D. Proof of Proposition 4.8

In this section we provide the proofs of those statements
of Section 4 as well as additional auxiliary statements which
together lead to the proof of Proposition 4.8. Appendix D.1 is
concerned with the proof of Lemma 4.5 which establishes the
conditions of the PU. Appendix D.2, which contains the proof
of Lemma D.1, shows that we are in a position to efficiently
approximate f ∈ Fn,d,p by sums of polynomials multiplied with
the functions from the PU. Appendix D.3 in turn shows that these
sums of localized polynomials can be approximated by neural
networks. Appendix D.4 concludes the proof of Proposition 4.8.

D.1. Approximate partition of unity

We start with the proof of Lemma 4.5 which establishes the
properties of the exponential (polynomial, exact) (j, τ )-PU.

Proof of Lemma 4.5. For the proof of the properties (i) and (ii),
we will always assume w.l.o.g. that m = 0 unless stated otherwise.
Moreover, we only give the proof for the case of an exponential
PU. The other cases follow in essentially the same way with some
simplifications.

ad (i): First of all, assume that d = 1. For τ = 0 and j = 0 this
follows directly from the boundedness of ϱ. For τ = 1 and j = 0,
we have that ϱ is Lipschitz continuous, and, thus,⏐⏐φs

0(x)
⏐⏐ ≤

1
s(B − A)

|ϱ(3sNx + 2s) − ϱ(3sNx + s)|

+
1

s(B − A)
|ϱ(3sNx − s) − ϱ(3sNx − 2s)|

≤ 2
Lip(ϱ) · s
s(B − A)

= 2
Lip(ϱ)
(B − A)

.

For τ ∈ {0, 1} and j ≥ 1 this follows from the case j = 0 together
with ϱ′

∈ W j−1,∞(R) and the chain rule.

Now, let d ∈ N be arbitrary. Since we will need it in the proof
of (ii), we prove the following more general statement (Statement
(i) follows by considering I = {1, . . . , d}). Moreover, we will prove
this statement only for k ≤ min{j, 2}, since the rest of the proof
can be done in exactly the same way by exploiting the tensor
structure of φs

m.
Let I ⊂ {1, . . . , d} be arbitrary. Moreover, for m ∈ {0, . . . ,N}

|I|

we define φs
m,I : R|I|

→ R, x ↦→
∏

1≤l≤|I| ψ
s
(
3N
(
xl −

ml
N

))
as well

as φs
m := φs

m,I , if I = {1, . . . , d}. Then for k ∈ {0, . . . , j} it holds that⏐⏐φs
m,I

⏐⏐
W k,∞(R|I|) ≤ C |I|

· Nk
· smax{0,k−τ }.

It is clear that by the definition of φs
m,I and what we have shown

for d = 1 that for k = 0 there holds⏐⏐φs
m,I

⏐⏐
W0,∞(R|I|) ≤ C |I|. (D.1)

Now, let i ∈ I be arbitrary. Then, by using the tensor product
structure of φs

m,I in combination with what we have shown before
for d = 1, for the case k = 1 and (D.1) for I ′ := I \ {i} we obtain
for a.e. x ∈ R|I|⏐⏐⏐⏐ ∂∂xi φs

m,I (x)
⏐⏐⏐⏐

=
⏐⏐φs

m,I ′ (x1, . . . , xi−1, xi+1, . . . , x|I|)
⏐⏐ · ⏐⏐⏐(ψ s (3N (· − mi/N))

)′ (xi)⏐⏐⏐
≤ C |I|−1

· CN = C |I|Nsmax{0,k−τ }

which implies that |φs
m,I |W1,∞(R|I|)

≤ C |I|N .

Finally, let additionally be r ∈ I be arbitrary. If i = r then
we have that (by using (D.1) in combination with what we have
shown for d = 1) that⏐⏐⏐⏐ ∂2∂x2i φs

m,I (x)
⏐⏐⏐⏐

=
⏐⏐φs

m,I ′ (x1, . . . , xi−1, xi+1, . . . , x|I|)
⏐⏐ · ⏐⏐⏐(ψ s (3N (· − mi/N))

)′′ (xi)⏐⏐⏐
≤ C |I|−1

· CN2smax{0,k−τ }
= C |I|N2smax{0,k−τ }.

Moreover, if i ̸= r , then, if we set I ′′ := I \ {i, r} we obtain with
similar arguments as before that⏐⏐⏐⏐ ∂2

∂xi∂xr
φs
m,I (x)

⏐⏐⏐⏐
=
⏐⏐φs

m,I ′′ (x1, . . . , xi−1, xi+1, . . . , xr−1, xr+1, . . . , x|I|)
⏐⏐

·

⏐⏐⏐(ψ s (3N (· − mi/N))
)′ (xi)⏐⏐⏐ · ⏐⏐⏐(ψ s (3N (· − mr/N))

)′ (xr )⏐⏐⏐
≤ C |I|−2

· CN · CNsmax{0,k−τ }
= C |I|N2smax{0,k−τ },

where we assumed w.l.o.g. that i < r . This implies |φs
m,I |W2,∞(R|I|)

≤ C |I|N2smax{0,k−τ }.
ad (ii): First of all, assume that d = 1. Let τ = 0 and let x ≤

−1/N . Then, since s > R, we have that 3Nsx+ 3/2s, 3Nsx− 3/2 ≤

−R. We then have by the triangle inequality and the assumption
on ϱ that⏐⏐φs

0(x)
⏐⏐ =

⏐⏐⏐⏐ϱ(3Nsx + 3/2s) − ϱ(3Nsx − 3/2s)
B − A

⏐⏐⏐⏐
≤

⏐⏐⏐⏐ϱ(3Nsx + 3/2s) − A
B − A

⏐⏐⏐⏐+ ⏐⏐⏐⏐ϱ(3Nsx − 3/2s) − A
B − A

⏐⏐⏐⏐
≤

C ′eD(3Nsx+3/2s)
+ C ′eD(3Nsx−3/2s)

B − A
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≤
C ′eD(−3s+3/2s)

+ C ′eD(−3s−3/2s)

B − A
≤ 2C ′

e−Ds

B − A
.

Now, let k ∈ {1, . . . , j}. Then, by the assumption on ϱ, we have⏐⏐(φs
0)

(k)(x)
⏐⏐

= (3Ns)k
⏐⏐⏐⏐ϱ(k)(3Nsx + 3/2s) − ϱ(k)(3Nsx − 3/2s)

B − A

⏐⏐⏐⏐
≤ (3Ns)k

⏐⏐⏐⏐ϱ(k)(3Nsx + 3/2s)
B − A

⏐⏐⏐⏐+ ⏐⏐⏐⏐ϱ(k)(3Nsx − 3/2s)
B − A

⏐⏐⏐⏐
≤

C ′(3Ns)k
(
eD(3Nsx+3/2s)

+ eD(3Nsx−3/2s)
)

B − A

≤
C ′(3Ns)k

(
eD(−3s+3/2s)

+ eD(−3s−3/2s)
)

B − A

≤
2C ′

B − A
(3Ns)ke−Ds.

The case x ≥ 1/N can be proven in the same way.
Now let τ = 1 and let again x ≤ −1/N . Then 3Nsx+2s, 3Nsx+

s, 3Nsx − 2s, 3Nsx − s ≤ −s < −R. By the mean value theorem
there exist ξ1 ∈ (3Nsx+ s, 3Nsx+2s) and ξ2 ∈ (3Nsx−2s, 3Nsx− s)
such that

φs
0(x) =

1
s(B − A)

(
ϱ′(ξ x1 ) − ϱ′(ξ x2 )

)
.

The remainder of the proof follows in exactly the same way as
the proof of the analogous statement for τ = 0. The statement
for x ≥ 1/N can be done in exactly the same manner. Now, let
d ∈ N and let x ∈ Ωc

m. Then there exists some l ∈ {1, . . . d} with
|xl −

ml
N | ≥ 1/N . This implies for I ′ = {1, . . . , d}\ {l} by employing

Eq. (D.1) that

|φs
m(x)| =

⏐⏐φs
m,I ′ (x1, . . . , xl−1, xl+1, . . . , xd)

⏐⏐ · ⏐⏐ψ s (3N (xl − ml/N))
⏐⏐

≤ Cd−1
· Ce−Ds.

This shows that |φs
m|W0,∞(Ωc

m) ≤ Cde−Ds. By proceeding in a similar

manner and with the same techniques as in the proof of (i), one
can show the remaining Sobolev semi-norm estimates for the
higher-order derivatives.

ad (iii): First of all, assume that d = 1. Let τ = 0. It is not hard
to see that
N∑

m=0

φs
m(x) =

1
B − A

(ϱ(3Nsx + 3/2s) − ϱ(3Ns(x − 1) − 3/2s)) .

We now have for all x ∈ (0, 1) and using the properties of ϱ
that⏐⏐⏐⏐⏐1 −

N∑
m=0

φs
m(x)

⏐⏐⏐⏐⏐ =

⏐⏐⏐⏐B − A − (ϱ(3Nsx + 3/2s) − ϱ(3Ns(x − 1) − 3/2s))
B − A

⏐⏐⏐⏐
≤

⏐⏐⏐⏐B − ϱ(3Nsx + 3/2s)
B − A

⏐⏐⏐⏐
+

⏐⏐⏐⏐A − ϱ(3Nsx − 3Ns − 3/2s)
B − A

⏐⏐⏐⏐ =: I + II.

We continue by estimating I. Since 3Nsx + 3/2s ≥ 3/2s > 3/2R,
we obtain that

I ≤
C ′e−D(3Nsx+3/2s)

B − A
≤

C ′e−3/2·Ds

B − A

On the other hand, since 3Nsx − 3Ns − 3/2s ≤ −3/2s ≤ 0 we
obtain that

II ≤
C ′eD(3Nsx−3Ns−3/2s)

B − A
≤

C ′e−3/2·Ds

B − A
.

For the multidimensional case we have,⏐⏐⏐⏐⏐⏐1 −

∑
m∈{0,...,N}d

φs
m(x)

⏐⏐⏐⏐⏐⏐
=

⏐⏐⏐⏐⏐⏐1 −

∑
m∈{0,...,N}d

d∏
l=1

ψ s
(
3N
(
xl −

ml

N

))⏐⏐⏐⏐⏐⏐
=

⏐⏐⏐⏐⏐1 −

d∏
l=1

N∑
m=0

ψ s
(
3N
(
xl −

m
N

))⏐⏐⏐⏐⏐
=

⏐⏐⏐⏐⏐⏐⏐⏐1 −

d∏
l=1

⎛⎜⎜⎝ 1
B − A

(ϱ(3Nsxl + 3/2s) − ϱ(3Ns(xl − 1) − 3/2s))  
:=πl, and π0:=1

⎞⎟⎟⎠
⏐⏐⏐⏐⏐⏐⏐⏐

≤

d∑
l=1

|π0 · . . . · πl(1 − πl+1)| ≤ C · e−3/2Ds,

which follows from the one-dimensional case. Now, let k ∈

{1, . . . , j} and we consider only the case d = 1. The multi-
dimensional case follows in exactly the same manner as the
analogous considerations in (i) and (ii). We have that⏐⏐⏐⏐⏐⏐
(

N∑
m=0

φs
m

)(k)

(x)

⏐⏐⏐⏐⏐⏐ ≤ (3Ns)k ·
1

B − A

(⏐⏐ϱ(k)(3Nsx + 3/2s)
⏐⏐

+
⏐⏐ϱ(k)(3Nsx − 3Ns − 3/2s)

⏐⏐)
Since x > 0, we have that 3Nsx + 3/2s ≥ 3/2s > R. Since x < 1,
3Nsx− 3Ns− 3/2s ≤ −3/2R < −R. Hence, by the assumptions on
ϱ we obtain that⏐⏐⏐⏐⏐⏐
(

N∑
m=0

φs
m

)(k)

(x)

⏐⏐⏐⏐⏐⏐ ≤
C ′(3Ns)k

B − A

(
e−D(3Nsx+3/2s)

+ eD(3Nsx−3Ns−3/2s))

≤
2C ′(3Ns)k

B − A
e−3/2Ds.

The multidimensional case for k ∈ {0, . . . , j} follows in a similar
manner as above from the tensor structure. Now, let τ = 1. It is
not hard to see that for all x ∈ R there holds

N∑
m=0

φs
m(x) =

1
s(B − A)

(ϱ(3Nsx + 2s) − ϱ(3Nsx + s)

−ϱ(3Nsx − 3Ns − s) + ϱ(3Nsx − 3Ns − 2s)) .

Now, let x ∈ (0, 1). We have that 3Nsx + 2s, 3Nsx + s ≥ s > R and
3Nsx − 3Ns − s, 3Nsx − 3Ns − 2s ≤ −s < −R. Hence, by the mean
value theorem, for every x ∈ R there exist ξ1 ∈ (3Nxs+s, 3Nxs+2s)
and ξ2 ∈ (3Nxs − 3Ns − 2s, 3Nxs − 3Ns − s) such that

N∑
m=0

φs
m(x) =

1
B − A

(
ϱ′(ξ1) − ϱ′(ξ2)

)
.
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Now we have that⏐⏐⏐⏐⏐1 −

N∑
m=0

φs
m(x)

⏐⏐⏐⏐⏐ ≤

⏐⏐⏐⏐B − ϱ′(ξ1)
B − A

⏐⏐⏐⏐+ ⏐⏐⏐⏐A − ϱ′(ξ2)
B − A

⏐⏐⏐⏐ .
The remainder of the statement can be proven in exactly the same
way as the analogous statement for τ = 0.
ad (iv): This immediately follows from the definition of the
functions φs

m. □

D.2. Approximation by localized polynomials

In this section, we demonstrate how to approximate a function
f ∈ Fn,d,p by localized polynomials based on the exponential
(polynomial, exact) (j, τ )-PU. We only give the proof for the case
of an exponential PU. The other cases follow in essentially the
same way with some simplifications.

Lemma D.1. We make the following assumption:

• Let d ∈ N, j, τ ∈ N0, k ∈ {0, . . . , j}, n ∈ N≥k+1 and 1 ≤

p ≤ ∞.
• Assume that (Ψ (j,τ ,N,s))N∈N,s≥1 is an exponential (polynomial,

exact) (j, τ )-PU from Definition 4.1. Let µ ∈ (0, 1). For N ∈ N,
set

s :=

⎧⎪⎨⎪⎩
Nµ, if exponential PU,

N
2d/p+d+n

D , if polynomial PU,
1, if exact PU,

Then there is a constant C = C(d, n, p, k) > 0 and Ñ = Ñ(d,
p, µ, k, τ ) ∈ N such that for every f ∈ W n,p((0, 1)d) and every
m ∈ {0, . . . ,N}

d, there exist polynomials pf ,m(x) =
∑

|α|≤n−1 cf ,m,α
xα for m ∈ {0, . . . ,N}

d with the following properties:
Set fN :=

∑
m∈{0,...,N}d φ

s
mpf ,m. Then, the operator Tk : W n,p

((0, 1)d) → W k,p((0, 1)d) with Tkf = f − fN is linear and bounded
with

∥Tkf ∥W k,p((0,1)d)

≤ C∥f ∥Wn,p((0,1)d)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( 1
N

)n−k−µ(k=2)
, if exponential PU,( 1

N

)n−k
, for k ≤ τ , if polynomial PU,( 1

N

)n−k
, if exact PU,

for all N ∈ N with N ≥ Ñ .

Before the proof of this statement, we need some preparation.
We start with the following observation.

Remark D.2. Since the polynomials utilized in Lemma D.1
are the averaged Taylor polynomials from the Bramble–Hilbert
Lemma B.4, we get that there is a constant C = C(d, n, k) > 0 such
that for any f ∈ W n,p((0, 1)d) the coefficients of the polynomials
pf ,m satisfy

|cf ,m,α| ≤ C ∥̃f ∥Wn,p(Ωm,N )Nd/p,

for all α ∈ Nd
0 with |α| ≤ n−1, and for all m ∈ {0, . . . ,N}

d, where
Ωm,N := B 1

N ,∥·∥∞

(m
N

)
and f̃ ∈ W n,p(Rd) is an extension of f .

We now state and prove an auxiliary result. The estimation
will be very rough and can for sure be improved. This is, however,
not necessary for our purpose.

Lemma D.3. Under the conditions of Lemma D.1 and with the
notation from Remark D.2 we have for all m, m̃ ∈ {0, . . . ,N}

d the
estimate

∥̃f − pf ,m∥W k,p(Ωm̃,N ) ≤ CNd/p
∥f ∥Wn,p((0,1)d),

for a constant C = C(n, d, p, k).

Proof. We start with bounding the norm of the polynomial by
using the triangle inequality. There holds

∥pf ,m∥W k,p(Ωm̃,N ) =

 ∑
|α|≤n−1

cf ,m,αxα

W k,p(Ωm̃,N ;dx)

≤

∑
|α|≤n−1

|cf ,m,α| · ∥xα∥W k,p(Ωm̃,N ;dx).

Using that Ωm̃,N ⊂ B2,∥·∥∞
we get

∥xα∥W k,p(Ωm̃,N ;dx) ≤ (n − 1)k2|α|
≤ (n − 1)k2n−1. (D.2)

If we now combine Remark D.2 with Eq. (D.2), we get∑
|α|≤n−1

|cf ,m,α|∥xα∥W k,p(Ωm̃,N ;dx)

≤ C(n − 1)k2n−1
∑

|α|≤n−1

Nd/p
∥̃f ∥Wn,p(Ωm,N ) ≤ CNd/p

∥f ∥Wn,p((0,1)d),

where we have additionally used Remark B.3 in the last step.
Finally, we can estimate, by the triangle inequality

∥̃f − pf ,m∥W k,p(Ωm̃,N ) ≤ C∥f ∥W k,p((0,1)d) + CNd/p
∥f ∥Wn,p((0,1)d)

≤ CNd/p
∥f ∥Wn,p((0,1)d),

where we again used the extension property from Eq. (B.1) for
the first step. □

Now we are in a position to prove Lemma D.1.

Proof of Lemma D.1. We use approximation properties of the
polynomials from the Bramble–Hilbert Lemma B.4 to derive local
estimates and then combine them using an exponential PU to
obtain a global estimate. In order to use this strategy also near the
boundary, we make use of an extension operator (see Remark B.3).

Step 1 (Local estimates based on Bramble–Hilbert): For each
m ∈ {0, . . . ,N}

d we set

Ωm,N := B 1
N ,∥·∥∞

(m
N

)
and denote by pm = pf ,m the polynomial from Lemma B.4 so that
we can directly state the estimate

∥̃f − pm∥W k,p(Ωm,N ) ≤ C
(

1
N

)n−k

∥̃f ∥Wn,p(Ωm,N ). (D.3)

Furthermore, similarly to Gühring et al. (2020, Lemma C.4), we
obtain the estimate

∥φs
m (̃f − pm)∥W k,p(Ωm,N )

≤ C
k∑
κ=0

∥φs
m∥Wκ,∞(Ωm,N )∥̃f − pm∥W k−κ,p(Ωm,N )

≤ C
k∑
κ=0

Nκ+µ(κ=2)

(
1
N

)n−k+κ

∥̃f ∥Wn,p(Ωm,N )

≤ C
(

1
N

)n−k−µ(k=2)

∥̃f ∥Wn,p(Ωm,N ),

where we used the product rule from Lemma B.5 for the first
step and the estimate of the derivative of φs

m from Lemma 4.5(i)
together with the Bramble–Hilbert estimate in Eq. (D.3) for the
second step.

Step 2 (Local Estimates Based on Exponential Decay): Since
our localizing bump functions φs

m do not necessarily have compact
support onΩm,N we also need to bound the influence of φs

m (̃f −pm)

123

Appendix B Approximation Rates for NNs with Encodable Weights in Smoothness Spaces 135



I. Gühring and M. Raslan Neural Networks 134 (2021) 107–130

on patches Ωm̃,N with m̃ ̸= m where we cannot use the Bramble–
Hilbert lemma. Here, we will make use of the exponential decay
of the bump functions φs

m outside a certain ball centered at m/N
(see Lemma 4.5(ii)).

This is possible for the case where Ωm̃,N is not a neighboring
patch of Ωm,N , i.e. ∥m̃−m∥∞ > 1. Then Ωm̃,N ⊂ Ωc

m and we have
(by using Lemma B.5 in the first step), that

∥φs
m (̃f − pm)∥W k,p(Ωm̃,N ) ≤ C∥φs

m∥W k,∞(Ωm̃,N )∥̃f − pm∥W k,p(Ωm̃,N )

(Lemma 4.5 (ii)) w/ Ωm̃,N ⊂ Ωc
m) ≤ CNk+µ(k=2)e−DNµ

∥̃f − pm∥W k,p(Ωm̃,N )

(Lemma D.3) ≤ C Nk+µ(k=2)Nd/p  
:=γ (N)

e−DNµ
∥f ∥Wn,p((0,1)d).

Then, by Proposition A.1, there exists N1 = N1(µ, d, p) ∈ N such
that

e−DNµ
≤ Cγ (N)−1

· (N + 1)−d−d/p
· N−(n−k−µ(k=2)),

for all N ≥ N1. Consequently, we have

∥φs
m (̃f − pm)∥W k,p(Ωm̃,N )

≤ C(N + 1)−d−d/pN−(n−k−µ(k=2))∥f ∥Wn,p((0,1)d),

for all N ≥ N1.
Step 3 (Mixed Local Estimates): IfΩm̃,N is a neighboring patch

of Ωm,N , i.e. ∥m̃ − m∥∞ = 1, then we have to split the patch in a
region Ωm̃,N ∩Ωc

m where we have exponential decay of the bump
function and a region Ωm̃,N \Ωc

m ⊂ Ωm,N where we can make use
of the Bramble–Hilbert Lemma. In detail, we have

∥φs
m (̃f − pm)∥W k,p(Ωm̃,N )

≤ ∥φs
m (̃f − pm)∥W k,p(Ωm̃,N\Ωc

m) + ∥φs
m (̃f − pm)∥W k,p(Ωm̃,N∩Ωc

m)

≤ CN−(n−k−µ(k=2))
(
∥̃f ∥Wn,p(Ωm,N ) + (N + 1)−d−d/p

∥f ∥Wn,p((0,1)d)

)
,

for all N ≥ N1. Here we used Step 1 to bound the first term of the
sum and Step 2 for the second.

Step 4 (Global Estimate): Using that f̃ is an extension of f on
(0, 1)d we can writef −

∑
m∈{0,...,N}d

φs
mpm


W k,p((0,1)d)

≤

̃f −

∑
m∈{0,...,N}d

φs
m̃f


W k,p((0,1)d)

+

 ∑
m∈{0,...,N}d

φs
m (̃f − pm)


W k,p((0,1)d)

≤

̃f (1(0,1)d −

∑
m∈{0,...,N}d

φs
m

)
W k,p((0,1)d)  

Step 4a

+

⎛⎜⎜⎜⎜⎜⎝
∑

m̃∈{0,...,N}d

 ∑
m∈{0,...,N}d

φs
m (̃f − pm)


p

W k,p(Ωm̃,N )  
Step 4b

⎞⎟⎟⎟⎟⎟⎠
1/p

,

(D.4)

where the last step follows from (0, 1)d ⊂
⋃

m̃∈{0,...,N}d Ωm̃,N .
Step 4a (Partition of Unity): For the first term in Eq. (D.4),

we get by the product rule from Lemma B.5̃f (1(0,1)d −

∑
m∈{0,...,N}d

φs
m

)
W k,p((0,1)d)

≤ C∥f ∥W k,p((0,1)d)

1(0,1)d −

∑
m∈{0,...,N}d

φs
m


W k,∞((0,1)d)

(Property (iii) from Lemma 4.5) ≤ C∥f ∥W k,p((0,1)d) · N−(n−k−µ(k=2)), (D.5)

for all N ≥ N2 = N2(µ, k, τ ). For the second inequality we used
the same trick as in Step 2 which is based on Proposition A.1.

Step 4b (Patches): Considering the second term from Eq. (D.4),
we obtain for each m̃ ∈ {0, . . . ,N}

d ∑
m∈{0,...,N}d

φs
m (̃f − pm)


W k,p(Ωm̃,N )

≤ ∥φs
m̃ (̃f − pm̃)∥W k,p(Ωm̃,N )  

(⋆)

+

∑
m∈{0,...,N}d,
∥m−m̃∥∞>1

∥φs
m (̃f − pm)∥W k,p(Ωm̃,N )

  
(⋆⋆)

+

∑
m∈{0,...,N}d,
∥m−m̃∥∞>1

∥φs
m (̃f − pm)∥W k,p(Ωm̃,N )

  
(⋆⋆⋆)

. (D.6)

The term (⋆) can be handled with Step 1, the term (⋆⋆) with Step 3
and the third one (⋆ ⋆ ⋆) with Step 2. Since (⋆⋆) and (⋆ ⋆ ⋆) require
a similar strategy we only demonstrate it for the third term. We
get from Step 2∑
m∈{0,...,N}d,
∥m−m̃∥∞>1

∥φs
m (̃f − pm)∥W k,p(Ωm̃,N )

≤ CN−(n−k−µ(k=2))(N + 1)−d−d/p
∑

m∈{0,...,N}d,
∥m−m̃∥∞>1

∥f ∥Wn,p((0,1)d)

≤ CN−(n−k−µ(k=2))(N + 1)−d/p
∥f ∥Wn,p((0,1)d).

We can now bound the sum from D.6 for each m̃ ∈ {0, . . . ,N}
d

by ∑
m∈{0,...,N}d

φs
m (̃f − pm)


W k,p(Ωm̃,N )

≤ CN−(n−k−µ(k=2))

·

⎛⎜⎜⎝2(N + 1)−d/p
∥f ∥Wn,p((0,1)d) +

∑
m∈{0,...,N}d,
∥m−m̃∥∞≤1

∥̃f ∥Wn,p(Ωm,N )

⎞⎟⎟⎠ . (D.7)

Consequently, we get∑
m̃∈{0,...,N}d

 ∑
m∈{0,...,N}d

φs
m (̃f − pm)


p

W k,p(Ωm̃,N )

≤ CN−(n−k−µ(k=2))p
∑

m̃∈{0,...,N}d

⎛⎜⎜⎝2(N + 1)−d/p
∥f ∥Wn,p((0,1)d)

+

∑
m∈{0,...,N}d,
∥m−m̃∥∞≤1

∥̃f ∥Wn,p(Ωm,N )

⎞⎟⎟⎠
p

≤ CN−(n−k−µ(k=2))p(3d
+ 1)p/q
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·

⎛⎝ ∑
m̃∈{0,...,N}d

2p(N + 1)−d
∥f ∥p

Wn,p((0,1)d)

+

∑
m̃∈{0,...,N}d

∑
m∈{0,...,N}d,
∥m−m̃∥∞≤1

∥̃f ∥p
Wn,p(Ωm,N )

⎞⎟⎟⎠
≤ CN−(n−k−µ(k=2))p

⎛⎝∥f ∥p
Wn,p((0,1)d)

+ 3d
∑

m̃∈{0,...,N}d

∥̃f ∥p
Wn,p(Ωm̃,N )

⎞⎠
(D.8)

where the first step follows from plugging in Eq. (D.7), the second
step follows from Hölder’s inequality (with q := 1 − 1/p) and
the last step follows from the definition of Ωm̃,N . Moreover, we
use in the second and the last step the fact that the number
of neighbors of a particular patch is bounded by 3d

− 1. To
conclude Step 4b we note that from the definition of Ωm̃,N it
follows that there exist 2d disjoint subsets Mi ⊂ {0, . . . ,N}

d such
that

⋃
i=1,...,2d Mi = {0, . . . ,N}

d and Ωm1,N ∩ Ωm2,N = ∅ for all
m1,m2 ∈ Mi with m1 ̸= m2 and all i = 1, . . . , 2d. From this we
get∑
m̃∈{0,...,N}d

∥̃f ∥p
Wn,p(Ωm̃,N ) =

∑
i=1,...,2d

∑
m̃∈Mi

∥̃f ∥p
Wn,p(Ωm̃,N )

≤ 2d
∥̃f ∥p

Wn,p(
⋃

m̃∈{0,...,N}d Ωm̃,N ) (D.9)

and, finally, together with Remark B.3∑
m̃∈{0,...,N}d

∥̃f ∥p
Wn,p(Ωm̃,N ) ≤ 2d

∥̃f ∥p
Wn,p(

⋃
m̃∈{0,...,N}d Ωm̃,N )

≤ C∥f ∥p
Wn,p((0,1)d)

. (D.10)

Step 4c (Wrap it All Up): Combining Eq. (D.8) with Eq. (D.10) from
Step 4b and inserting it into Eq. (D.4) together with the estimate
in Eq. (D.5) from Step 4a finally yields

∥f − fN∥W k,p((0,1)d) ≤ CN−(n−k−µ(k=2))∥f ∥Wn,p((0,1)d),

for all N ≥ Ñ := max{N1,N2} and a constant C = C(n, d, p, k) >
0. The linearity of Tk, k ∈ {0, . . . , j} is a consequence of the
linearity of the averaged Taylor polynomial (cf. Gühring et al.
(2020, Remark B.8)). □

D.3. Approximation of localized polynomials by neural networks

The goal of this subsection is to demonstrate how to ap-
proximate sums of localized polynomials

∑
p φppolyp by neural

networks. Corollary C.3 is the foundation for the following re-
sult which implements a neural network that approximates the
multiplication of multiple inputs:

Lemma D.4. Let d,m,K ∈ N, j ∈ N0 and N ≥ 1, µ ≥ 0, c >
0 be arbitrary, and let ϱ ∈ W j,∞

loc (R) fulfill the assumptions of
Proposition 4.7 for n = 3, r = 2. Then there are constants
C(d,m, c, k) > 0 such that the following holds:

For any ε ∈ (0, 1/2), and any neural network Φ with d-
dimensional input and m-dimensional output and with number of
layers and nonzero weights all bounded by K , such that

∥[Rϱ(Φ)]l∥W k,∞((0,1)d) ≤ cNk+µ(k=2) ,

for k ∈ {0, . . . , j}, l = 1, . . . ,m there exists a neural network Ψε,Φ
with d-dimensional input and one-dimensional output, and with

(i) number of layers and nonzero weights all bounded by CK;

(ii) ∥Rϱ(Ψε,Φ ) −
∏n

l=1[Rϱ(Φ)]l∥W k,∞((0,1)d) ≤ CNk+µ(k=2)ε;
(iii) |Rϱ(Ψε,Φ )|W k,∞((0,1)d) ≤ CNk+µ(k=2) ;
(iv) ∥Ψε,Φ∥max ≤ C max{∥Φ∥max, ε

−2
}.

Proof. We show by induction over m ∈ N that the statement
holds. To make the induction argument easier we will additionally
show that the network Ψε,Φ can be chosen such that the first
L(Φ) − 1 layers of Ψε,Φ and Φ coincide.

If m = 1, then we can choose Ψε,Φ = Φ for any ε ∈ (0, 1/2)
and the claim holds.

Now, assume that the claim holds for an arbitrary, but fixed
m ∈ N. We show that it also holds for m+1. For this, let ε ∈ (0, 1/2)
and let Φ = ((A1, b1), (A2, b2), . . . , (AL, bL)) be a neural network
with d-dimensional input and (m + 1)-dimensional output and
with number of layers, and nonzero weights all bounded by K ,
where each Al is an Nl ×Nl−1 matrix, and bl ∈ RNl for l = 1, . . . , L.

Step 1 (Invoking Induction Hypothesis): We denote by Φm
the neural network with d-dimensional input and m-dimensional
output which results from Φ by removing the last output neuron
and corresponding weights. In detail, we write

AL =

[
A(1,m)
L

a(m+1)
L

]
and bL =

⎡⎣ b(1,m)
L

b(m+1)
L

⎤⎦ ,
where A(1,m)

L is a m × NL−1 matrix and a(m+1)
L is a 1 × NL−1 vector,

and b(1,m)
L ∈ Rm and b(m+1)

L ∈ R1. Now we set

Φm :=

(
(A1, b1), (A2, b2), . . . , (AL−1, bL−1),

(
A(1,m)
L , b(1,m)

L

))
.

Using the induction hypothesis we get that there is a neural
network

Ψε,Φm = ((A′

1, b
′

1), (A
′

2, b
′

2), . . . , (A
′

L′ , b
′

L′ ))

with d-dimensional input and one-dimensional output, and at
most KC layers and nonzero weights such that

∥Rϱ(Ψε,Φm ) −

m∏
l=1

[Rϱ(Φm)]l∥W k,∞((0,1)d) ≤ CNk+µ(k=2)ε,

and |Rϱ(Ψε,Φm )|W k,∞((0,1)d) ≤ CNk+µ(k=2) . Moreover, we have that
∥Φm∥max ≤ ∥Φ∥max, so that there we can estimate ∥Ψε,Φm∥max ≤

C max{∥Φ∥max, ε
−2

}. Furthermore, we can assume that the first
L−1 layers of Ψε,Φm and Φm coincide and, thus, also the first L−1
layers of Ψε,Φm and Φ , i.e. Al = A′

l for l = 1, . . . , L − 1.
Step 2 (Combining Ψε,Φm and

[
Rϱ
(
Φ
)]

m+1): Now, we con-
struct a network Ψ̃ε,Φ where the first L − 1 layers of Ψ̃ε,Φ and
Ψε,Φm (and, thus, also of Φ) coincide (by definition), and Ψ̃ε,Φ
has two-dimensional output with

[
Rϱ
(
Ψ̃ε,Φ

)]
1 = Rϱ

(
Ψε,Φm

)
and[

Rϱ
(
Ψ̃ε,Φ

)]
2 ≈

[
Rϱ
(
Φ
)]

m+1. For this, we add the formerly removed
neuron with corresponding weights back to the Lth layer of Ψε,Φm
and approximately pass the output through to the last layer.
Let ΦL′−L+1,c,1

ε = ((Aid
1 , b

id
1 ), . . . , (A

id
L′−L+1, b

id
L′−L+1)) be the network

from Corollary C.4. We define

Ψ̃ε,Φ :=(
(A′

i, b
′

i)
L−1
i=1 ,

([
A′

L

Aid
1 a

(m+1)
L

]
,

[
b′

L

Aid
1 b

(m+1)
L + b(m+1)

1

])
,([

A′

L+1

Aid
2

]
,

[
b′

L+1

bid2

])
,

([
A′

L′

Aid
L′−L+1

]
,

[
b′

L′

bidL′−L+1

]))
.

Counting the number of nonzero weights of Ψ̃ε,Φ we get with
Lemma C.5(ii) that

M(Ψ̃ε,Φ ) ≤ M(Ψε,Φm ) + M(Φ)  
from a(m+1)

L ,b(m+1)
L

+ 4(L′
− L + 1)  

from approximative identity
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≤ CK + K + CK ≤ CK , (D.11)

where we used in the second step the induction hypothesis twice
together with the assumption on Φ . Similarly, we get the state-
ment for L(Ψ̃ε,Φ ). Furthermore, ∥Ψ̃ε,Φ∥max ≤ C max{∥Φ∥max, ε

−2
}.

Next, we want to apply the approximate multiplication network
from Corollary C.3 to the output of Ψ̃ε,Φ . For this, we need to find
a bounding box for the range of Rϱ

(
Ψ̃ε,Φ

)
. We have

∥Rϱ(Ψε,Φm )∥L∞((0,1)d) ≤ C and

∥[Rϱ(Ψ̃ε,Φ )]2∥L∞((0,1)d) ≤ c + ε ≤ c + 1,

and get for B := max{C, c + 1} that Range Rϱ(Ψ̃ε,Φ ) ⊂ [−B, B]2.
Now, we denote by ×̃ the network from Corollary C.3 with B = B
and accuracy ε and define

Ψε,Φ := ×̃ • Ψ̃ε,Φ .

Step 3 (Ψε,Φ Fulfills Induction Hypothesis for m + 1): ad (i):
Clearly, Ψε,Φ has d-dimensional input, one-dimensional output
and, combining Eq. (D.11) with (iii) of Corollary C.3 as well as
Lemma C.5.(iii), at most CK nonzero weights.
ad (ii): The first L − 1 layers of Ψε,Φ and Φ coincide and for the
approximation properties it holds thatRϱ(Ψε,Φ ) −

m+1∏
l=1

[Rϱ(Φ)]l


W k,∞((0,1)d)

=

Rϱ(×̃) ◦ Rϱ
(
Ψ̃ε,Φ

)
− [Rϱ(Φ)]m+1 ·

m∏
l=1

[Rϱ(Φ)]l


W k,∞((0,1)d)

≤

Rϱ(×̃) ◦ (Rϱ(Ψε,Φm ), [Rϱ
(
Ψ̃ε,Φ

)
]2)

− Rϱ(Ψε,Φm ) · [Rϱ
(
Ψ̃ε,Φ

)
]2


W k,∞((0,1)d)

+

Rϱ(Ψε,Φm )
(
[Rϱ
(
Ψ̃ε,Φ

)
]2 − [Rϱ(Φ)]m+1

)
W k,∞((0,1)d)

+

[Rϱ(Φ)]m+1 ·
(
Rϱ(Ψε,Φm ) −

m∏
l=1

[Rϱ(Φ)]l
)

W k,∞((0,1)d)

.

(D.12)

We continue by considering the first term of the Inequality (D.12)
and bound the k-semi-norm of this term. We apply the chain rule
from Corollary B.6 for g : R2

→ R with g(x, y) = Rϱ(×̃)(x, y)−x ·y
and f : Rd

→ R2 with f = Rϱ(Ψ̃ε,Φ ). We get⏐⏐Rϱ(×̃) ◦ (Rϱ(Ψε,Φm ), [Rϱ
(
Ψ̃ε,Φ

)
]2)

− Rϱ(Ψε,Φm ) · [Rϱ
(
Ψ̃ε,Φ

)
]2
⏐⏐
W k,∞((0,1)d)

≤ C
k∑

i=1

|Rϱ(×̃)(x, y) − x · y|W i,∞((−B,B)2;dxdy)N
k+µ(k=2)

≤ Ck · ∥Rϱ(×̃)(x, y) − x · y∥W j,∞((−B,B)2;dxdy)N
k+µ(k=2)

≤ CεNk+µ(k=2) , (D.13)

where we used the induction hypothesis together with
|[Rϱ

(
Ψ̃ε,Φ

)
]2|W k,∞((0,1)d) ≤ cNk+µ(k=2) (which follows from the

properties of the approximate identity network from Corollary C.4
together with the chain rule) in the third step and assumed that
c ≤ C . Combining the statements of the semi-norms then yields
the required bound for the norm. For the second term we have
by the product rule and the chain ruleRϱ(Ψε,Φm )

(
[Rϱ
(
Ψ̃ε,Φ

)
]2 − [Rϱ(Φ)]m+1

)
W k,∞((0,1)d)

≤

k∑
i=0

∥Rϱ(Ψε,Φm )∥W i,∞((0,1)d)

·

[Rϱ(Ψ̃ε,Φ)]2 − [Rϱ(Φ)]m+1


W k−i,∞((0,1)d)

≤

k∑
i=0

cN i+µ(i=2) · CεNk−i+µ(k−i=2) ≤ kcCNk+µ(k=2)ε. (D.14)

To estimate the last term of (D.12) we apply the product rule
from Lemma B.5 and get[Rϱ(Φ)]m+1 ·

(
Rϱ(Ψε,Φm ) −

m∏
l=1

[Rϱ(Φ)]l
)

W k,∞((0,1)d)

≤

k∑
i=0

∥[Rϱ(Φ)]m+1∥W i,∞((0,1)d)

·

Rϱ(Ψε,Φm ) −

m∏
l=1

[Rϱ(Φ)]l


W k−i,∞((0,1)d)

≤

k∑
i=0

cN i+µ(i=2) · CNk−i+µ(k−i=2)ε ≤ kcCNk+µ(k=2)ε. (D.15)

For the second step, we used again the induction hypothesis
together with

|[Rϱ(Φ)]m+1|W k,∞((0,1)d) ≤ cNk+µ(k=2) .

Combining (D.12) with (D.13), (D.14) and (D.15) yieldsRϱ(Ψε,Φ ) −

m+1∏
l=1

[Rϱ(Φ)]l


W k,∞((0,1)d)

≤ CNk+µ(k=2)ε.

ad (iii): The estimate

|Rϱ(Ψε,Φ )|W k,∞((0,1)d) ≤ CNk+µ(k=2) .

can be shown similarly as above.
ad (iv): Finally, we need to derive a bound for the absolute

values of the weights. From the definition of Ψε,Φ together
with Lemma C.5.(iii) we get

∥Ψε,Φ∥max = ∥×̃ • Ψ̃ε,Φ∥max ≤ C · max{ε−2, ∥Ψ̃ε,Φ∥max}.

From ∥Ψ̃ε,Φ∥max ≤ C max{∥Φ∥max, ε
−2

} (see Step 2) it follows that
∥Ψε,Φ∥max ≤ C max{∥Φ∥max, ε

−2
}. This concludes the proof. □

In the last part of this subsection, we are finally in a position to
construct neural networks which approximate sums of localized
polynomials.

Lemma D.5. Let j, τ ∈ N0, d,N ∈ N, k ∈ {0, . . . , j}, Additionally,
let ϱ be such that it fulfills the assumptions of Proposition 4.7 (for
n = 3, r = 2). Let n ∈ N≥k+1, 1 ≤ p ≤ ∞, and µ > 0. Assume that(
Ψ (j,τ ,N,s)

)
N∈N,s≥1 be the exponential (polynomial, exact) (j, τ )-PU

from Definition 4.1. For N ∈ N, set

s :=

⎧⎪⎨⎪⎩
Nµ, if exponential PU,

N
2d/p+d+n

D , if polynomial PU,
1, if exact PU,

Then, there is a constant C = C(n, d, p, k) > 0 with the following
properties:

Let ε ∈ (0, 1/2), f ∈ W n,p((0, 1)d) and pm(x) := pf ,m(x) =∑
|α|≤n−1 cf ,m,αx

α for m ∈ {0, . . . ,N}
d be the polynomials from

Lemma D.1. Then there is a neural networkΦP,ε = ΦP,ε(f , d, n,N, µ,
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ε) with d-dimensional input and one-dimensional output, with at
most C layers and C(N + 1)d nonzero weights, such that ∑
m∈{0,...,N}d

φs
mpm − Rϱ(ΦP,ε)


W k,p((0,1)d)

≤ C∥f ∥Wn,p((0,1)d)ε,

and ∥ΦP,ε∥max ≤ C∥f ∥Wn,p((0,1)d)ε
−2s2N2(d/p+d+k)+d/p+d.

Proof. As before, we only provide the proof only for the case of
an exponential (j, τ )-PU.

Step 1 (Approximating Localized Monomials φs
m(x)x

α): Let
|α| ≤ n − 1, m ∈ {0, . . . ,N}

d and set ε̃ := εN−(d/p+d+k+µ(k=2)).
By Corollary C.4 and inductively using the trick that |xy − uz| ≤

|x(y − z)| + |z(x − u)|, there is a neural network Φα with
d-dimensional input and |α|-dimensional output, with two layers,
at most 4(n − 1) nonzero weights bounded in absolute value by
C ε̃−1 such thatxα −

|α|∏
l=1

[Rϱ(Φα)]l(x)

W k,∞((0,1)d;dx)

≤ C ε̃ (D.16)

and

∥[Rϱ(Φα)]l∥W k,∞((0,1)d) ≤ ε̃ + 1 ≤ 2, for all l = 1, . . . , |α|.

(D.17)

Let now Φm be the neural network from Lemma 4.5(iv) (for
s = Nµ) and define the network

Φm,α := P(Φm,Φα,Φn−1−|α|,2),

where the parallelization is provided by Lemma C.2 and Φn−1−|α|,2
=
(
(0d,d, 0d), (0n−1−|α|,d, 1n−1−|α|)

)
. Consequently, Φm,α has 2 ≤

K0 layers and C + 4(n − 1) ≤ K0 nonzero weights for a suitable
constant K0 = K0(n, d) ∈ N, ∥Φm,α∥max ≤ C max{̃ε−1,N1+µ

} and
∥
∏n−1+d

l=1 [Rϱ(Φm,α)(x)]l − φs
m(x)x

α
∥W k,∞((0,1)d);dx ≤ C ε̃. Moreover,

as a consequence of Lemma 4.5(iv) together with Eq. (D.17) we
have

∥[Rϱ(Φm,α)]l∥W k,∞((0,1)d) ≤ CNk+µ(k=2) ,

for all l = 1, . . . , n − 1 + d.

To construct an approximation of the localized monomials φs
m(x)

xα , let Ψε̃,(m,α) be the neural network provided by Lemma D.4
(with Φm,α instead of Φ , m = |α| + d ∈ N, K = K0 ∈ N) for
m ∈ {0, . . . ,N}

d and α ∈ Nd
0, |α| ≤ n−1. Then Ψε̃,(m,α) has at most

C layers (independently of m, α), number of nonzero weights and
∥Ψε̃,(m,α)∥max ≤ C max{N1+µ, ε−2N2(d/p+d+k+µ(k=2))}. Moreover,

∥φs
m(x)x

α
− Rϱ

(
Ψε̃,(m,α)

)
(x)∥W k,∞((0,1)d;dx)

≤ ∥φs
m(x)x

α
−

n−1+d∏
l=1

[Rϱ(Φm,α)(x)]l∥W k,∞((0,1)d;dx)

+ ∥

n−1+d∏
l=1

[Rϱ(Φm,α)]l − Rϱ
(
Ψε̃,(m,α)

)
∥W k,∞((0,1)d)

≤ CNk+µ(k=2)̃ε ≤ CεN−d/p−d,

where we used Eq. (D.16) together with the product rule for the
last step.

Step 2 (Constructing ΦP,ε): We set

T := |{(m, α) : m ∈ {0, . . . ,N}
d, α ∈ Nd

0, |α| ≤ n − 1}|.

We note that every network Ψε̃,(m,α) has the same number of layers
and, by using Lemma C.2, we parallelize the localized polynomial
approximations

P
(
Ψε̃,(m,α) : m ∈ {0, . . . ,N}

d, α ∈ Nd
0, |α| ≤ n − 1

)

and note that the resulting network has at most C layers and CT
nonzero weights bounded in absolute value by C max{N1+µ, ε−2

N2(d/p+d+k+µ(k=2))} ≤ Cε−2N2(d/p+d+k+µ(k=2)). Next, we define the
matrix Asum ∈ R1,T by Asum := [cf ,m,α : m ∈ {0, . . . ,N}

d, α ∈

Nd
0, |α| ≤ n − 1] and the neural network Φsum := ((Asum, 0)).

Finally, we set

ΦP,ε := Φsum • P
(
Ψε̃,(m,α) : m ∈ {0, . . . ,N}

d, α ∈ Nd
0, |α| ≤ n − 1

)
.

(D.18)

From Lemma C.5(i) we get ΦP,ε is a neural network with
d-dimensional input and one-dimensional output, with at most C
layers and, by Lemma C.5, CT ≤ C(N + 1)d nonzero weights. For
the absolute values of the weights it holds that

∥ΦP,ε∥max ≤ (N + 1)dC∥f ∥Wn,p((0,1)d)N
d/pε−2N2(d/p+d+k+µ(k=2))

≤ C∥f ∥Wn,p((0,1)d)ε
−2N2(d/p+d+k+µ(k=2))+d/p+d

where we used the bound for the coefficients cf ,m,α from
Remark D.2. Moreover, we have

Rϱ(ΦP,ε) =

∑
m∈{0,...,N}d

∑
|α|≤n−1

cf ,m,αRϱ(Ψε̃,(m,α)).

Note that the network ΦP,ε only depends on pf ,m (and thus on f )
via the coefficients cf ,m,α .

Step 3 (Estimating the approximation error in ∥ · ∥W k,p ): We
get ∑
m∈{0,...,N}d

φs
m(x)pm(x) − Rϱ(ΦP,ε)(x)


W k,p((0,1)d;dx)

=

 ∑
m∈{0,...,N}d

|α|≤n−1

cf ,m,α
(
φs
m(x)x

α
− Rϱ

(
Ψε̃,(m,α)

)
(x)
) 

W k,p((0,1)d;dx)

≤

∑
m∈{0,...,N}d

|α|≤n−1

|cf ,m,α|∥φs
m(x)x

α
− Rϱ

(
Ψε̃,(m,α)

)
(x)∥W k,p((0,1)d;dx)

≤

∑
m∈{0,...,N}d

|α|≤n−1

∥̃f ∥Wn−1,p(Ωm,N )N
d/pCεN−d/p−d,

where we used again the bound for the coefficients cf ,m,α together
with ∥ · ∥W k,p((0,1)d) ≤ C∥ · ∥W k,∞((0,1)d) in the last step. Similar as
in Eq. (D.9) we finally have ∑
m∈{0,...,N}d

φs
m(x)pm(x) − Rϱ(ΦP,ε)(x)


W k,p((0,1)d;dx)

≤ CεN−d
∑

m∈{0,...,N}d

∥̃f ∥Wn,p((0,1)d)

≤ Cε∥f ∥Wn,p((0,1)d).

This concludes the proof. □

D.4. Putting everything together

Now we conclude the proof of Proposition 4.8. Again, we only
provide the proof for exponential (j, τ )-PUs. The rest follows in a
similar manner by adapting the calculations to come accordingly.

Proof of Proposition 4.8. We divide the proof into two steps:
First, we approximate the function f by a sum of localized
polynomials. Afterwards, we proceed by approximating this sum
by a neural network.
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For the first step, we set

N :=

⌈(
ε

2̃C

)−1/(n−k−µ(k=2))
⌉

and s := Nµ, (D.19)

where C̃ = C̃(n, d, p, k) > 0 is the constant from Lemma D.1.
Without loss of generality we may assume that C̃ ≥ 1. The
same lemma yields that if Ψ (j,τ )

= Ψ (j,τ )(d,N, µ) =
{
φs
m : m ∈

{0, . . . ,N}
d
}
is the PU from Lemma 4.5 and Ñ = Ñ(d, p, µ, k)

is the constant from Lemma D.1, then there exist polynomials
pm(x) =

∑
|α|≤n−1 cf ,m,αx

α for m ∈ {0, . . . ,N}
d such thatf −

∑
m∈{0,...,N}d

φs
mpm


W k,p((0,1)d)

≤ C̃
(

1
N

)n−k−µ(k=2)

≤ C̃
ε

2̃C
=
ε

2
, (D.20)

for all ε ∈ (0, ε̃), where ε̃ = ε̃(d, p, µ, k) > 0 is chosen such
that N ≥ Ñ .

For the second step, let C̃ ′
= C̃ ′(n, d, p, k) be the constant

from Lemma D.5 and ΦP,ε be the neural network provided by
Lemma D.5 with ε/(2C̃ ′) instead of ε. Then ΦP,ε has at most C̃ ′

layers and at most

C̃ ′

((
ε

2̃C ′

)−1/(n−k−µ(k=2))

+ 2

)d

≤ C̃ ′3d
(
ε

2̃C ′

)−d/(n−k−µ(k=2))

≤ Cε−d/(n−k−µ(k=2))

nonzero weights. In the first step we have used (2̃C ′)/ε ≥ 1. The
weights are bounded in absolute value by

∥ΦP,ε∥max ≤ C̃ ′ε−2N2(d/p+dk+µ(k=2))+d/p+d

≤ Cε−2−(2(d/p+d+k+µ(k=2))+d/p+d)/(n−k−µ(k=2)) = Cε−θ ,

for a suitable θ = θ(d, p, k, n, µ) > 0. Additionally, there
holds ∑
m∈{0,...,N}d

φs
mpm − Rϱ(ΦP,ε)


W k,p((0,1)d)

≤ C̃ ′
ε

2̃C ′
≤
ε

2
. (D.21)

By applying the triangle inequality as well as Eqs. (D.20) and (D.21)
we arrive at

∥f − Rϱ(ΦP,ε)∥W k,p((0,1)d)

≤

f −

∑
m∈{0,...,N}d

φs
mpm


W k,p((0,1)d)

+

 ∑
m∈{0,...,N}d

φs
mpm − Rϱ(ΦP,ε)


W k,p((0,1)d)

≤
ε

2
+
ε

2
= ε,

thereby concluding the proof. □

Appendix E. Proof of Theorem 4.9 (encodability of the weights)

We now proceed with the proof of Theorem 4.9.

Proof of Theorem 4.9. Let C = C(d, n, p, µ, k) > 0, θ =

θ(d, n, p, k, µ) > 0 and ε̃ = ε̃(d, p, µ, k) > 0 be the constants
from Proposition 4.8 and let ε ∈ (0,min{1/3, ε̃}). Moreover, for
f ∈ Fn,d,p, let

Φε,f := ((Asum, 0)) • P
(
Ψi : i = 1, . . . , T

)

be the neural network from Proposition 4.8 (defined in Eq. (D.18))
with at most L layers and M(Φε,f ) ≤ C · ε−d/(n−k−µ(k=2)) nonzero
weights bounded in absolute value by Cε−θ , such that

∥Rϱ(Φε,f ) − f ∥W k,p((0,1)d) ≤
ε

3
.

We will make use of the following additional properties of Φε,f :

(i) Only the entries of Asum depend on the function f . In other
words, the entries of Ψ1, . . . ,ΨT are independent from f .
They only depend on ε, n, d, p, k, µ.

(ii) There exists s = s(k, n, d, p) > 0 (we assume w.l.o.g. that
the same s can be used) such that

(a) ∥Rϱ(Ψi)∥W k,∞((0,1)d) ≤ ε−s for i = 1, . . . , T . This
follows from Lemma D.4(iii) in combination with
Step 1 and 2 of the proof of Lemma D.5 and choice
of N in Eq. (D.19).

(b) T ≤ ε−s. This follows from the definition of T (see
Step 2 of the proof of Lemma D.5);

(c) M(Φε,f ) ≤ ε−s.

(iii) Asum = (am)Tm=1 ∈ R1,T .
(iv) The last layer (Alast, blast) of P

(
Ψi : i = 1, . . . , T

)
has a

block diagonal structure, where each block is a vector (see
also Lemma C.2). Thus, in every column of Alast there is at
most one nonzero entry.

We replace the weights in the last layer of Φε,f by elements
from an appropriate set of weights with cardinality bounded
polynomially in ε−1 and show that the resulting network is still
close enough to f . Afterwards, we construct a coding scheme for
the entire set of weights.

Step 1 (Rounding the Weights in Asum): We now show that
with rounding precision ν := 2s+2 we have for the neural network

Φ̃
(1)
ε,f := ((̃Asum, 0)) • P

(
Ψi : i = 1, . . . , T

)
where Ãsum ∈ ([−ε−θ , ε−θ

]∩ενZ)1,T is the rounded weight matrix
Asum ∈ R1,T that

∥Rϱ(Φε,f ) − Rϱ(Φ̃
(1)
ε,f )∥W k,p((0,1)d) ≤ ε/3.

Clearly, Rϱ((Asum, 0) • P
(
Ψi : i = 1, . . . , T

))
− Rϱ

(
(̃Asum, 0) • P

(
Ψi : i = 1, . . . , T

))
W k,p((0,1)d)

≤


T∑

i=1

aiRϱ(Ψi) −

T∑
i=1

ãiRϱ(Ψi)


W k,∞((0,1)d)

≤

T∑
i=1

|ai − ãi|∥Rϱ(Ψi)∥W k,∞((0,1)d)

(rounding precision is εν ) ≤

T∑
i=1

εν∥Rϱ(Ψi)∥W k,∞((0,1)d)

((ii) and (iii) above) ≤ ενε−sε−s
≤ ε2 ≤ ε/3.

To get our final network, we replace the bias term Ãsumblast
(which is also bounded in absolute value by ε−θ ) in the last
layer of Φ̃(1)

ε,f by the nearest element in [−ε−θ , ε−θ
] ∩ ενZ and

denote the resulting network by Φ̃ε,f . It now easily follows that
∥Rϱ(Φ̃

(1)
ε,f ) − Rϱ(Φ̃ε,f )∥W k,∞((0,1)d) ≤ ε/3 which implies by the

triangle inequality that ∥f − Rϱ(Φ̃ε,f )∥W k,p((0,1)d) ≤ ε.
Step 2 (Construction of coding scheme): We will now show

that there is a constant C2 = C2(d, n, p, k, µ) > 0 and a coding
scheme B = (Bℓ)ℓ∈N such that for each ε > 0 and each f ∈ Fn,d,p
the nonzero weights of Φ̃ε,f are in Range B⌈C2 log(1/ε)⌉.
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If we denote by Wε the collection of nonzero weights of
(Ψm)Tm=1 (which are independent of f ), then we have |Wε| ≤

M(Φε,f ) ≤ ε−s. Furthermore, we have |[−ε−θ , ε−θ
] ∩ ενZ| =

2⌊ε−θ−ν
⌋ + 1 ≤ ε−s2 with s2 := θ + ν + 2.

• The matrix weights in the last layer of Φ̃ε,f are in the set
Gmult := {x1x2 : x1 ∈ Wε, x2 ∈ [−ε−θ , ε−θ

] ∩ ενZ} with
cardinality bounded by ε−(s+s2).

• The bias in the last layer is an element of [−ε−θ , ε−θ
] ∩ ενZ.

• The weights of Φ̃ε,f in the layers 1, . . . , L − 1 are in the set
Wε .

Setting C2 := 2(s + s2) it follows that there exists a surjective
mapping

B⌈C2 log2(1/ε)⌉ :

{0, 1}⌈C2 log2(1/ε)⌉ → Gmult ∪ Wε ∪
(
[−ε−θ , ε−θ

] ∩ ενZ
)
,

which shows the claim. □

Appendix F. PU-properties of the activation functions from
Table 1

In this section, we examine the PU-properties of the activation
functions listed in Table 1. The smoothness properties of all
functions in Table 1 are clear. In particular, all functions are
in C∞(R \ {0}). In order to show that the activation functions
to follow allow for exponential (polynomial) PUs, we consider
the exponential (polynomial) (j, τ ) admissibility conditions of
Definition 4.2.

Exact PUs.

(leaky) ReLU and RePUs: These functions admit exact PUs. For
the ReLU case, see for instance Yarotsky (2017) and Gühring
et al. (2020). For RePUs, this follows from the properties of
B-splines (see De Boor (2001, Chapter IX)).

Exponential PUs.

ELUa for a > 0, a ̸= 1: Here, j = 1, τ = 1, A = 0 and B = 1.
Moreover, R > 0 can be chosen arbitrarily. Then, for D = 1,
we have, for all x > R, that |1 − ϱ′(x)| = |1 − 1| = 0 and,
for all x < −R that |ϱ′(x)| = |aex| = aeDx.

ELU1: Here, j = 2, τ = 1, A = 0 and B = 1. Moreover, R > 0
can be chosen arbitrarily. Then, for D = 1, we have, for all
x > R, that |1 − ϱ′(x)| = |1 − 1| = 0 and, for all x < −R
that |ϱ′(x)| = |ex| = eDx. Moreover, we have for all |x| > R
that |ϱ′′(x)| ≤ e−|x|

= e−D|x|.

sigmoid: Here, j ∈ N0 is arbitrary, τ = 0, A = 0 and B = 1.
Moreover, R > 0 can be chosen arbitrarily. Then we have,
for all x > R, that |1 − ϱ(x)| ≤ e−x and, for all x < −R that
|ϱ(x)| ≤ ex. The other statements follow from the fact that,
for the sigmoid activation function, the kth derivative is a
finite linear combination of the powers ϱ, . . . , ϱk of ϱ (see,
e.g., Minai and Williams (1993)). Choosing D suitably then
shows the claim.

tanh: Since tanh(x) = 2 · sigmoid(2x) − 1, the proof of this
statement follows from the proof of the statement for the
sigmoid activation function for A = −1, B = 1.

softplus: Here, j ∈ N0 is arbitrary, τ = 1, A = 0 and B = 1.
Moreover, R > 0 can be chosen arbitrarily. Then, for all
x > R, there holds |1 − ϱ′(x)| = |1 − sigmoid(x)| ≤ e−x and,
for all x < −R that |ϱ′(x)| = |sigmoid(x)| ≤ ex. The proof
of (d.3) for the higher-order derivatives follows from the
properties of the higher derivatives of the sigmoid function.

swish: Here, j ∈ N0 is arbitrary, τ = 1, A = 0, and B = 1. It is not
hard to see that for all k ∈ N there holds

swish(k)(x) = x · sigmoid(k)(x) + k · sigmoid(k−1)(x).

Now, the statement follows from the analogous observa-
tions for the sigmoid function combined with the fact that
for r, u > 0 with r > u there holds

lim
x→∞

xe−rx

e−ux = 0, lim
x→−∞

xerx

eux
= 0.

Polynomial PUs.

softsign: Here, j ∈ N0 is arbitrary, τ = 0, A = −1, B = 1.
The polynomial convergence properties (d.1)–(d.3) follow
immediately from the definition of the softsign function.

inverse square root linear unit: Here, j = 3, τ = 1, A = 0 and
B = 1. The polynomial convergence properties (d.1)–(d.3)
follow immediately from the definition of the inverse square
root linear unit.

inverse square root unit: Here, j ∈ N0 is arbitrary, τ = 0,
A = −1 and B = 1. The polynomial convergence properties
(d.1)–(d.3) follow immediately from the definition of the
inverse square root unit.

arctan: Here, j ∈ N0 is arbitrary, τ = 0, A = −π/2 and B = π/2.
The polynomial convergence properties (d.1)–(d.3) follow
immediately from the fact that ϱ′(x) = 1/(1 + x2) which
in particular implies polynomial convergence behavior for
arctan itself.
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A Theoretical Analysis of Deep Neural Networks and

Parametric PDEs

Gitta Kutyniok ∗†‡ Philipp Petersen§ Mones Raslan∗ Reinhold Schneider∗

Abstract

We derive upper bounds on the complexity of ReLU neural networks approximating the solution maps
of parametric partial differential equations. In particular, without any knowledge of its concrete shape,
we use the inherent low-dimensionality of the solution manifold to obtain approximation rates which are
significantly superior to those provided by classical neural network approximation results. Concretely, we
use the existence of a small reduced basis to construct, for a large variety of parametric partial differential
equations, neural networks that yield approximations of the parametric solution maps in such a way that
the sizes of these networks essentially only depend on the size of the reduced basis.

Keywords: deep neural networks, parametric PDEs, approximation rates, reduced basis method
Mathematical Subject Classification: 35A35, 35J99, 41A25, 41A46, 68T05, 65N30

1 Introduction

In this work, we analyze the suitability of deep neural networks (DNNs) for the numerical solution of
parametric problems. Such problems connect a parameter space with a solution state space via a so-called
parametric map, [51]. One special case of such a parametric problem arises when the parametric map results
from solving a partial differential equation (PDE) and the parameters describe physical or geometrical
constraints of the PDE such as, for example, the shape of the physical domain, boundary conditions, or a
source term. Applications that lead to these problems include modeling unsteady and steady heat and mass
transfer, acoustics, fluid mechanics, or electromagnetics, [33].

Solving a parametric PDE for every point in the parameter space of interest individually, typically leads
to two types of problems. First, if the number of parameters of interest is excessive—a scenario coined
many-query application—then the associated computational complexity could be unreasonably high. Second,
if the computation time is severely limited, such as in real-time applications, then solving even a single PDE
might be too costly.

A core assumption to overcome the two issues outlined above is that the solution manifold, i.e., the
set of all admissible solutions associated with the parameter space, is inherently low-dimensional. This
assumption forms the foundation for the so-called reduced basis method (RBM). A reduced basis discretization
is then a (Galerkin) projection on a low-dimensional approximation space that is built from snapshots of the
parametrically induced manifold, [60].

Constructing the low-dimensional approximation spaces is typically computationally expensive because
it involves solving the PDEs for multiple instances of parameters. These computations take place in a
so-called offline phase—a step of pre-computation, where one assumes to have access to sufficiently powerful
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computational resources. Once a suitable low-dimensional space is found, the cost of solving the associated
PDEs for a new parameter value is significantly reduced and can be performed quickly and online, i.e., with
limited resources, [5, 56]. We will give a more thorough introduction to RBMs in Section 2. An extensive
survey of works on RBMs, which can be traced back to the seventies and eighties of the last century (see
for instance [22, 49, 50]), is beyond the scope of this paper. We refer, for example, to [33, Chapter 1.1],
[57, 16, 29] and [12, Chapter 1.9] for (historical) studies of this topic.

In this work, we show that the low-dimensionality of the solution manifold also enables an efficient
approximation of the parametric map by DNNs. In this context, the RBM will be, first and foremost, a tool
to model this low-dimensionality by acting as a blueprint for the construction of the DNNs.

1.1 Statistical Learning Problems

The motivation to study the approximability of parametric maps by DNNs stems from the following similarities
between parametric problems and statistical learning problems : Assume that we are given a domain set
X ⊂ Rn, n ∈ N and a label set Y ⊂ Rk, k ∈ N. Further assume that there exists an unknown probability
distribution ρ on X × Y .

Given a loss function L : Y × Y → R+, the goal of a statistical learning problem is to find a function
f , which we will call prediction rule, from a hypothesis class H ⊂ {h : X → Y } such that the expected loss
E(x,y)∼ρL(f(x),y) is minimized, [14]. Since the probability measure ρ is unknown, we have no direct access
to the expected loss. Instead, we assume that we are given a set of training data, i.e. pairs (xi,yi)

N
i=1, N ∈ N,

which were drawn independently with respect to ρ. Then one finds f by minimizing the so-called empirical
loss

N∑

i=1

L(f(xi),yi) (1.1)

over H. We will call optimizing the empirical loss the learning procedure.
In view of PDEs, the approach proposed above can be rephrased in the following way. We are aiming

to produce a function from a parameter set to a state space based on a few snapshots only. This function
should satisfy the involved PDEs as precisely as possible, and the evaluation of this function should be very
efficient even though the construction of it can potentially be computationally expensive.

In the above-described sense, a parametric PDE problem almost perfectly matches the definition of a
statistical learning problem. Indeed, the PDEs and the metric on the state space correspond to a (deterministic)
distribution ρ and a loss function. Moreover, the snapshots are construed as the training data, and the offline
phase mirrors the learning procedure. Finally, the parametric map is the prediction rule.

One of the most efficient learning methods nowadays is deep learning. This method describes a range
of learning procedures to solve statistical learning problems where the hypothesis class H is taken to be
a set of DNNs, [40, 24]. These methods outperform virtually all classical machine learning techniques in
sufficiently complicated tasks from speech recognition to image classification. Strikingly, training DNNs is
a computationally very demanding task that is usually performed on highly parallelized machines. Once
a DNN is fully trained, however, its application to a given input is orders of magnitudes faster than the
training process. This observation again reflects the offline-online phase distinction that is common in RBM
approaches.

Based on the overwhelming success of these techniques and the apparent similarities of learning problems
and parametric problems it appears natural to apply methods from deep learning to statistical learning
problems in the sense of (partly) replacing the parameter-dependent map by a DNN. Very successful advances
in this direction have been reported in [39, 34, 42, 68, 58, 17].

1.2 Our Contribution

In the applications [39, 34, 42, 68, 58, 17] mentioned above, the combination of DNNs and parametric
problems seems to be remarkably efficient. In this paper, we present a theoretical justification of this approach.
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We address the question to what extent the hypothesis class of DNNs is sufficiently broad to approximately
and efficiently represent the associated parametric maps. Concretely, we aim at understanding the necessary
number of parameters of DNNs required to allow a sufficiently accurate approximation. We will demonstrate
that depending on the target accuracy the required number of parameters of DNNs essentially only scales
with the intrinsic dimension of the solution manifold, in particular, according to its Kolmogorov N -widths.
We outline our results in Subsection 1.2.1. Then, we present a simplified exposition of our argument leading
to the main results in Subsection 1.2.2.

1.2.1 Approximation Theoretical Results

The main contributions of this work is given by an approximation result with DNNs based on ReLU activation
functions. Here, we aim to learn a variation of the parametric map

Y 3 y 7→ uy ∈ H,

where Y is the parameter space and H is a Hilbert space. In our case, the parameter space will be a compact
subset of Rp for some fixed, but possibly large p ∈ N, i.e., we consider the case of finitely supported parameter
vectors.

We assume that there exists a basis of a high-fidelity discretization of H which may potentially be quite
large. Let uy be the coefficient vector of uy with respect to the high-fidelity discretization. Moreover, we
assume that there exists a RB approximating uy sufficiently accurately for every y ∈ Y.

Theorem 4.3 then states that, under some technical assumptions, there exists a DNN that approximates
the discretized solution map

Y 3 y 7→ uy

up to a uniform error of ε > 0, while having a size that is polylogarithmical in ε, cubic in the size of the
reduced basis, and at most linear in the size of the high-fidelity basis.

This result highlights the common observation that, if a low-dimensional structure is present in a problem,
then DNNs are able to identify it and use it advantageously. Concretely, our results show that a DNN is
sufficiently flexible to benefit from the existence of a reduced basis in the sense that its size in the complex
task of solving a parametric PDE does not or only weakly depend on the high-fidelity discretization and
mainly on the size of the reduced basis.

The main result is based on four pillars that are described in detail in Subsection 1.2.2: First, we show
that DNNs can efficiently solve linear systems, in the sense that, if supplied with a matrix and a right-hand
side, a moderately-sized network outputs the solution of the inverse problem. Second, the reduced-basis
approach allows reformulating the parametric problem, as a relatively small and parametrized linear system.
Third, in many cases, the map that takes the parameters to the stiffness matrices with respect to the reduced
basis and right-hand side can be very efficiently represented by DNNs. Finally, the fact that neural networks
are naturally compositional allows combining the efficient representation of linear problems with the NN
implementing operator inversion.

In practice, the approximating DNNs that we show to exist need to be found using a learning algorithm.
In this work, we will not analyze the feasibility of learning these DNNs. The typical approach here is to
apply methods based on stochastic gradient descent. Empirical studies of this procedure in the context of
learning deep neural networks were carried out in [39, 34, 42, 68, 58]. In particular, we mention the recent
study in [23], which analyzes precisely the set-up described in this work and finds a strong impact of the
approximation-theoretical behavior of DNNs on their practical performance.

1.2.2 Simplified Presentation of the Argument

In this section, we present a simplified outline of the arguments leading to the approximation result described
in Subsection 1.2.1. In this simplified setup, we think of a ReLU neural network (ReLU NN) as a function

Rn → Rk, x 7→ TL%(TL−1%(. . . %(T1(x)))), (1.2)

3
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where L ∈ N, T1, . . . , TL are affine maps, and % : R→ R, %(x) := max{0, x} is the ReLU activation function
which is applied coordinate-wise in (1.2). We call L the number of layers of the NN. Since T` are affine linear
maps, we have for all x ∈ domT` that T`(x) = A`(x) + b` for a matrix A` and a vector b`. We define the
size of the NN as the number of non-zero entries of all A` and b` for ` ∈ {1, . . . , L}. This definition will later
be sharpened and extended in Definition 3.1.

1. As a first step, we recall the construction of a scalar multiplication operator by ReLU NNs due to [69].
This construction is based on two observations. First, defining g : [0, 1]→ [0, 1], g(x) := min{2x, 2− 2x},
we see that g is a hat function. Moreover, multiple compositions of g with itself produce saw-tooth
functions. We set, for s ∈ N, g1 := g and gs+1 := g ◦ gs. It was demonstrated in [69] that

x2 = lim
n→∞

fn(x) := lim
n→∞

x−
n∑

s=1

gs(x)

22s
, for all x ∈ [0, 1]. (1.3)

The second observation for establishing an approximation of a scalar multiplication by NNs is that we
can write g(x) = 2%(x) − 4%(x − 1/2) + 2%(x − 2) and therefore gs can be exactly represented by a
ReLU NN. Given that gs is bounded by 1, it is not hard to see that fn converges to the square function
exponentially fast for n→∞. Moreover, fn can be implemented exactly as a ReLU NN by previous
arguments. Finally, the parallelogram identity, xz = 1/4((x+ z)2 − (x− z)2) for x, z ∈ R, demonstrates
how an approximate realization of the square function by ReLU NNs yields an approximate realization
of scalar multiplication by ReLU NNs.

It is intuitively clear from the exponential convergence in (1.3) and proved in [69, Proposition 3] that the
size of a NN approximating the scalar multiplication on [−1, 1]2 up to an error of ε > 0 is O(log2(1/ε)).

2. As a next step, we use the approximate scalar multiplication to approximate a multiplication operator
for matrices by ReLU NNs. A matrix multiplication of two matrices of size d×d can be performed using
d3 scalar multiplications. Of course, as famously shown in [64], a more efficient matrix multiplication
can also be carried out with less than d3 multiplications. However, for simplicity, we focus here on the
most basic implementation of matrix multiplication. Hence, the approximate multiplication of two
matrices with entries bounded by 1 can be performed by NN of size O(d3 log2(1/ε)) with accuracy
ε > 0. We make this precise in Proposition 3.7. Along the same lines, we can demonstrate how to
construct a NN emulating matrix-vector multiplications.

3. Concatenating multiple matrix multiplications, we can implement matrix polynomials by ReLU NNs.
In particular, for A ∈ Rd×d such that ‖A‖2 ≤ 1− δ for some δ ∈ (0, 1), the map A 7→∑m

s=0 As can
be approximately implemented by a ReLU NN with an accuracy of ε > 0 and which has a size of
O(m log2

2(m)d3 · (log(1/ε) + log2(m)), where the additional log2 term in m inside the brackets appears
since each of the approximations of the sum needs to be performed with accuracy ε/m. It is well
known, that the Neumann series

∑m
s=0 As converges exponentially fast to (IdRd −A)−1 for m→∞.

Therefore, under suitable conditions on the matrix A, we can construct a NN Φinv
ε that approximates

the inversion operator, i.e. the map A 7→ A−1 up to accuracy ε > 0. This NN has size O(d3 logq
2(1/ε))

for a constant q > 0. This is made precise in Theorem 3.8.

4. The existence of Φinv
ε and the emulation of approximate matrix-vector multiplications yield that there

exists a NN that for a given matrix and right-hand side approximately solves the associated linear
system. Next, we make two assumptions that are satisfied in many applications as we demonstrate in
Subsection 4.2:

• The map from the parameters to the associated stiffness matrices of the Galerkin discretization of
the parametric PDE with respect to a reduced basis can be well approximated by NNs.

• The map from the parameters to the right-hand side of the parametric PDEs discretized according
to the reduced basis can be well approximated by NNs.
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From these assumptions and the existence of Φinv
ε and a ReLU NN emulating a matrix-vector mul-

tiplication, it is not hard to see that there is a NN that approximately implements the map from a
parameter to the associated discretized solution with respect to the reduced basis. If the reduced basis
has size d and the implementations of the map yielding the stiffness matrix and the right-hand side are
sufficiently efficient then, by the construction of Φinv

ε , the resulting NN has size O(d3 logq
2(1/ε)). We

call this NN Φrb
ε .

5. Finally, we build on the construction of Φrb
ε to establish the result of Section 1.2.1. First of all, let D be

the size of the high-fidelity basis. If D is sufficiently large, then every element from the reduced basis can
be approximately represented in the high-fidelity basis. Therefore, one can perform an approximation
to a change of bases by applying a linear map V ∈ RD×d to a vector with respect to the reduced basis.
The first statement of Subsection 1.2.1 now follows directly by considering the NN V ◦ Φrb

ε . Through
this procedure, the size of the NN is increased to O(d3 logq

2(1/ε)) + dD). The full argument is presented
in the proof of Theorem 4.3.

1.3 Potential Impact and Extensions

We believe that the results of this article have the potential to significantly impact the research on NNs and
parametric problems in the following ways:

• Theoretical foundation: We offer a theoretical underpinning for the empirical success of NNs for
parametric problems which was observed in, e.g., [39, 34, 42, 68, 58]. Indeed, our result, Theorem
4.3, indicates that properly trained NNs are as efficient in solving parametric PDEs as RBMs if the
complexity of NNs is measured in terms of free parameters. On a broader level, linking deep learning
techniques for parametric PDE problems with approximation theory opens the field up to a new
direction of thorough mathematical analysis.

• Understanding the role of the ambient dimension: It has been repeatedly observed that NNs seem
to offer approximation rates of high-dimensional functions that do not deteriorate exponentially with
increasing dimension, [45, 24].

In this context, it is interesting to identify the key quantity determining the achievable approximation
rates of DNNs. Possible explanation for approximation rates that are essentially independent from the
ambient dimension have been identified if the functions to be approximated have special structures
such as compositionality, [48, 55], or invariances, [45, 53]. In this article, we identify the highly
problem-specific notion of the dimension of the solution manifold as a key quantity determining the
achievable approximation rates by NNs for parametric problems. We discuss the connection between
the approximation rates that NNs achieve and the ambient dimension in detail in Section 5.

• Identifying suitable architectures: One question in applications is how to choose the right NN archi-
tectures for the associated problem. Our results show that NNs of sufficient depth and size are able
to produce very efficient approximations. Nonetheless, it needs to be mentioned that our results do
not yield a lower bound on the number of layers and thus it is not clear whether deep NNs are indeed
necessary.

This work is a step towards establishing a theory of deep learning-based solutions of parametric problems.
However, given the complexity of this field, it is clear that many more steps need to follow. We outline a
couple of natural further questions of interest below:

• General parametric problems: Below we restrict ourselves to coercive, symmetric, and linear parametric
problems with finitely many parameters. There exist many extensions to, e.g. noncoercive, nonsymmetric,
or nonlinear problems, [67, 25, 10, 38, 11, 70], or to infinite parameter spaces, see e.g. [4, 2]. It would
be interesting to see if the methods proposed in this work can be generalized to these more challenging
situations.
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• Bounding the number of snapshots: The interpretation of the parametric problem as a statistical
learning problem has the convenient side-effect that various techniques have been established to bound
the number of necessary samples N , such that the empirical loss (1.1) is very close to the expected loss.
In other words, the generalization error of the minimizer of the learning procedure is small, meaning
that the prediction rule performs well on unseen data. (Here, the error is measured in a norm induced
by the loss function and the underlying probability distribution.). Using these techniques, it is possible
to bound the number of snapshots required for the offline phase to achieve a certain fidelity in the
online phase. Estimates of the generalization error in the context of high-dimensional PDEs have been
deduced in, e.g., [19, 26, 7, 20, 59].

• Special NN architectures: This article studies the feasibility of standard feed-forward NNs. In practice,
one often uses special architectures that have proved efficient in applications. First and foremost, almost
all NNs used in applications are convolutional neural networks (CNNs), [41]. Hence a relevant question
is to what extent the results of this work also hold for such architectures. It was demonstrated in [54]
that there is a direct correspondence between the approximation rates of CNNs and that of standard
NNs. Thus we expect that the results of this work translate to CNNs.

Another successful architecture is that of residual neural networks (ResNets), [32]. These neural networks
also admit skip-connections, i.e., do not only connect neurons in adjacent layers. This architecture is
by design at least as powerful as a standard NN and hence inherits all approximation properties of
standard NNs.

• Necessary properties of neural networks: In this work, we demonstrate the attainability of certain
approximation rates by NNs. It is not clear if the presented results are optimal or if there are specific
necessary assumptions on the architectures, such as a minimal depth, a minimal number of parameters,
or a minimal number of neurons per layer. For approximation results of classical function spaces
such lower bounds on specifications of NNs have been established for example in [9, 28, 53, 69]. It is
conceivable that the techniques in these works can be transferred to the approximation tasks described
in this work.

• General matrix polynomials: As outlined in Subsection 1.2.2, our results are based on the approximate
implementation of matrix polynomials. Naturally, this construction can be used to define and construct
a ReLU NN based functional calculus. In other words, for any d ∈ N and every continuous function f
that can be well approximated by polynomials, we can construct a ReLU NN which approximates the
map A 7→ f(A) for any appropriately bounded matrix A.

A special instance of such a function of interest is given by f(A) := etA, t > 0, which is analytic and
plays an important role in the treatment of initial value problems.

• Numerical studies: In a practical learning problem, the approximation-theoretical aspect only describes
one part of the problem. Two further central factors are the data generation and the optimization
process. It is conceivable that in comparison to these issues, approximation theoretical considerations
only play a negligible role. To understand the extent to which the result of this paper is relevant for
applications, comprehensive studies of the theoretical set-up of this work should be carried out. A first
one was published recently in [23].

1.4 Related Work

In this section, we give an extensive overview of works related to this paper. In particular, for completeness, we
start by giving a review of approximation theory of NNs without an explicit connection to PDEs. Afterward,
we will see how NNs have been employed for the solution of PDEs.
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1.4.1 Review of Approximation Theory of Neural Networks

The first and most fundamental results on the approximation capabilities of NNs were universality results.
These results claim that NNs with at least one hidden layer can approximate any continuous function on a
bounded domain to arbitrary accuracy if they have sufficiently many neurons, [35, 15]. However, these results
do not quantify the required sizes of NNs to achieve these rates. One of the first results in this direction was
given in [6]. There, a bound on the sufficient size of NNs with sigmoidal activation functions approximating a
function with finite Fourier moments is presented. Further results describe approximation rates for various
smoothness classes by sigmoidal or even more general activation functions, [47, 46, 43, 44].

For the non-differentiable activation function ReLU, first rates of approximation were identified in [69]
for classes of smooth functions, in [53] for piecewise smooth functions, and in [27] for oscillatory functions.
Moreover, NNs mirror the approximation rates of various dictionaries such as wavelets, [62], general affine
systems, [9], linear finite elements, [31], and higher-order finite elements, [52].

1.4.2 Neural Networks and PDEs

A well-established line of research is that of solving high-dimensional PDEs by NNs assuming that the NN is
the solution of the underlying PDE, e.g., [63, 7, 30, 37, 59, 36, 19, 20]. In this regime, it is often possible to
bound the size of the involved NNs in a way that does not scale exponentially with the underlying dimension.
In that way, these results are quite related to our approaches. Our results do not seek to represent the
solution of a PDE as a NN, but a parametric map. Moreover, we analyze the complexity of the solution
manifold in terms of Kolmogorov N -widths. Finally, the underlying spatial dimension of the involved PDEs
in our case would usually be moderate. However, the dimension of the parameter space could be immense.

One of the first approaches analyzing NN approximation rates for solutions of parametric PDEs was
carried out in [61]. In that work, the analyticity of the solution map y 7→ uy and polynomial chaos expansions
with respect to the parametric variable are used to approximate the map y 7→ uy by ReLU NNs of moderate
size. Moreover, we mention the works [39, 34, 42, 68, 58] which apply NNs in one way or another to parametric
problems. These approaches study the topic of learning a parametric problem but do not offer a theoretical
analysis of the required sizes of the involved NNs. These results form our motivation to study the constructions
of this paper.

Finally, we mention that the setup of the recent numerical study [23] is closely related to this work.

1.5 Outline

In Section 2, we describe the type of parametric PDEs that we consider in this paper, and we recall the
theory of RBs. Section 3 introduces a NN calculus which is the basis for all constructions in this work. There
we will also construct the NN that maps a matrix to its approximate inverse in Theorem 3.8. In Section 4,
we construct NNs approximating parametric maps. First, in Theorem 4.1, we approximate the parametric
maps after a high-fidelity discretization. Afterward, in Subsection 4.2, we list two broad examples where all
assumptions which we imposed are satisfied.

We conclude this paper in Section 5 with a discussion of our results in light of the dependence of the
underlying NN complexities in terms of the governing quantities.

To not interrupt the flow of reading, we have deferred all auxiliary results and proofs to the appendices.

1.6 Notation

We denote by N = {1, 2, ...} the set of all natural numbers and define N0 := N ∪ {0}. Moreover, for a ∈ R we
set bac := max{b ∈ Z : b ≤ a} and dae := min{b ∈ Z : b ≥ a}. Let n, l ∈ N. Let IdRn be the identity and 0Rn

be the zero vector on Rn. Moreover, for A ∈ Rn×l, we denote by AT its transpose, by σ(A) the spectrum of
A, by ‖A‖2 its spectral norm and by ‖A‖0 := #{(i, j) : Ai,j 6= 0}, where #V denotes the cardinality of a set
V , the number of non-zero entries of A. Moreover, for v ∈ Rn we denote by |v| its Euclidean norm. Let
V be a vector space. Then we say that X ⊂s V, if X is a linear subspace of V. Moreover, if (V, ‖ · ‖V ) is a
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normed vector space, X is a subset of V and v ∈ V, we denote by dist(v,X) := inf{‖x− v‖V : x ∈ X} the
distance between v,X and by (V ∗, ‖ · ‖V ∗) the topological dual space of V , i.e. the set of all scalar-valued,
linear, continuous functions equipped with the operator norm. For a compact set Ω ⊂ Rn we denote by
Cr(Ω), r ∈ N0 ∪ {∞}, the spaces of r times continuously differentiable functions, by Lp(Ω,Rn), p ∈ [1,∞]
the Rn-valued Lebesgue spaces, where we set Lp(Ω) := Lp(Ω,R) and by H1(Ω) := W 1,2(Ω) the first-order
Sobolev space.

2 Parametric PDEs and Reduced Basis Methods

In this section, we introduce the type of parametric problems that we study in this paper. A parametric
problem in its most general form is based on a map P : Y → Z, where Y is the parameter space and Z is
called solution state space Z. In the case of parametric PDEs, Y describes certain parameters of a partial
differential equation, Z is a function space or a discretization thereof, and P(y) ∈ Z is found by solving a
PDE with parameter y.

We will place several assumptions on the PDEs underlying P and the parameter spaces Y in Section 2.1.
Afterward, we give an abstract overview of Galerkin methods in Section 2.2 before recapitulating some basic
facts about RBs in Section 2.3.

2.1 Parametric Partial Differential Equations

In the following, we will consider parameter-dependent equations given in the variational form

by (uy, v) = fy(v), for all y ∈ Y, v ∈ H, (2.1)

where
(i) Y is the parameter set specified in Assumption 2.1,

(ii) H is a Hilbert space,
(iii) by : H×H → R is a continuous bilinear form, which fulfills certain well-posedness conditions specified

in Assumption 2.1,
(iv) fy ∈ H∗ is the parameter-dependent right-hand side of (2.1),
(v) uy ∈ H is the solution of (2.1).

Assumption 2.1. Throughout this paper, we impose the following assumptions on Equation (2.1).

• The parameter set Y: We assume that Y is a compact subset of Rp, where p ∈ N is fixed and
potentially large.

Remark. In [12, Section 1.2], it has been demonstrated that if Y is a compact subset of some Banach
space V , then one can describe every element in Y by a sequence of real numbers in an affine way. To
be more precise, there exist (vi)

∞
i=0 ⊂ V such that for every y ∈ Y and some coefficient sequence cy

whose elements can be bounded in absolute value by 1 there holds y = v0 +
∑∞

i=1(cy)ivi, implying that Y
can be completely described by the collection of sequences cy. In this paper, we assume these sequences
cy to be finite with a fixed, but possibly large support size.

• Symmetry, uniform continuity, and coercivity of the bilinear forms: We assume that for all
y ∈ Y the bilinear forms by are symmetric, i.e.

by(u, v) = by(v, u), for all u, v ∈ H.

Moreover, we assume that the bilinear forms by are uniformly continuous in the sense that there exists
a constant Ccont > 0 with

|by(u, v)| ≤ Ccont‖u‖H‖v‖H, for all u ∈ H, v ∈ H, y ∈ Y.
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Finally, we assume that the involved bilinear forms are uniformly coercive in the sense that there exists
a constant Ccoer > 0 such that

inf
u∈H\{0}

by(u, u)

‖u‖2H
≥ Ccoer, for all u ∈ H, y ∈ Y.

Hence, by the Lax-Milgram lemma (see [57, Lemma 2.1]), Equation (2.1) is well-posed, i.e. for every
y ∈ Y and every fy ∈ H∗ there exists exactly one uy ∈ H such that (2.1) is satisfied and uy depends
continuously on fy.

• Uniform boundedness of the right-hand side: We assume that there exists a constant Crhs > 0
such that

‖fy‖H∗ ≤ Crhs, for all y ∈ Y.

• Compactness of the solution manifold: We assume that the solution manifold

S(Y) := {uy : uy is the solution of (2.1), y ∈ Y}

is compact in H.
Remark. The assumption that S(Y) is compact follows immediately if the solution map y 7→ uy is
continuous. This condition is true (see [57, Proposition 5.1, Corollary 5.1]), if for all u, v ∈ H the
maps y 7→ by(u, v) as well as y → fy(v) are Lipschitz continuous. In fact, there exists a multitude of
parametric PDEs, for which the maps y 7→ by(u, v) and y → fy(v) are even in Cr for some r ∈ N∪{∞}.
In this case, {(y, uy) : y ∈ Y} ⊂ Rp ×H is a p-dimensional manifold of class Cr (see [57, Proposition
5.2, Remark 5.4]). Moreover, we refer to [57, Remark 5.2] and the references therein for a discussion
under which circumstances it is possible to turn a discontinuous parameter dependency into a continuous
one ensuring the compactness of S(Y).

2.2 High-Fidelity Approximations

In practice, one cannot hope to solve (2.1) exactly for every y ∈ Y. Instead, if we assume for the moment
that y is fixed, a common approach towards the calculation of an approximate solution of (2.1) is given by
the Galerkin method, which we will describe shortly following [33, Appendix A] and [57, Chapter 2.4]. In this
framework, instead of solving (2.1), one solves a discrete scheme of the form

by
(
udiscy , v

)
= fy(v) for all v ∈ Udisc, (2.2)

where Udisc ⊂s H is a subspace of H with dim
(
Udisc

)
<∞ and udiscy ∈ Udisc is the solution of (2.2). For the

solution udiscy of (2.2) we have that

∥∥udiscy

∥∥
H ≤

1

Ccoer
‖fy‖H∗ .

Moreover, up to a constant, we have that udiscy is a best approximation of the solution uy of (2.1) by elements

in Udisc. To be more precise, by Cea’s Lemma, [57, Lemma 2.2],

∥∥uy − udiscy

∥∥
H ≤

Ccont

Ccoer
inf

w∈Udisc
‖uy − w‖H . (2.3)

Let us now assume that Udisc is given. Moreover, if N := dim
(
Udisc

)
, let (ϕi)

N
i=1 be a basis for Udisc. Then

the matrix

By := (by (ϕj , ϕi))
N
i,j=1
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is non-singular and positive definite. The solution udiscy of (2.2) satisfies

udiscy =
N∑

i=1

(uy)iϕi,

where

uy := (By)
−1

fy ∈ RN

and fy := (fy (ϕi))
N
i=1 ∈ RN . Typically, one starts with a high-fidelity discretization of the space H, i.e. one

chooses a finite- but potentially high-dimensional subspace for which the computed discretized solutions are
sufficiently accurate for any y ∈ Y. To be more precise, we postulate the following:

Assumption 2.2. We assume that there exists a finite dimensional space Uh ⊂s H with dimension
D < ∞ and basis (ϕi)

D
i=1. This space is called high-fidelity discretization. For y ∈ Y , denote by

Bh
y := (by(ϕj , ϕi))

D
i,j=1 ∈ RD×D the stiffness matrix of the high-fidelity discretization, by fhy := (fy(ϕi))

D
i=1 the

discretized right-hand side, and by uh
y :=

(
Bh

y

)−1
fhy ∈ RD the coefficient vector of the Galerkin solution with

respect to the high-fidelity discretization. Moreover, we denote by uhy :=
∑D

i=1

(
uh
y

)
i
ϕi the Galerkin solution.

We assume that, for every y ∈ Y, supy∈Y
∥∥uy − uhy

∥∥
H ≤ ε̂ for an arbitrarily small, but fixed ε̂ > 0. In the

following, similarly as in [16], we will not distinguish between H and Uh, unless such a distinction matters.

In practice, following this approach, one often needs to calculate uhy ≈ uy for a variety of parameters

y ∈ Y. This, in general, is a very expensive procedure due to the high-dimensionality of the space Uh. In
particular, given (ϕi)

D
i=1 , one needs to solve high-dimensional systems of linear equations to determine the

coefficient vector uh
y . A well-established remedy to overcome these difficulties is given by methods based on

the theory of reduced bases, which we will recapitulate in the upcoming subsection.
Before we proceed, let us fix some notation. We denote by G := (〈ϕi, ϕj〉H)

D
i,j=1 ∈ RD×D the symmetric,

positive definite Gram matrix of the basis vectors (ϕi)
D
i=1. Then, for any v ∈ Uh with coefficient vector v

with respect to the basis (ϕi)
D
i=1 we have (see [57, Equation 2.41])

|v|G :=
∣∣∣G1/2v

∣∣∣ = ‖v‖H. (2.4)

2.3 Theory of Reduced Bases

In this subsection and unless stated otherwise, we follow [57, Chapter 5] and the references therein. The main
motivation behind the theory of RBs lies in the fact that under Assumption 2.1 the solution manifold S(Y) is
a compact subset of H. This compactness property allows posing the question whether, for every ε̃ ≥ ε̂, it is
possible to construct a finite-dimensional subspace U rb

ε̃ of H such that d(ε̃) := dim
(
U rb
ε̃

)
� D and such that

sup
y∈Y

inf
w∈Urb

ε̃

‖uy − w‖H ≤ ε̃, (2.5)

or, equivalently, if there exist linearly independent vectors (ψi)
d(ε̃)
i=1 with the property that

∥∥∥∥∥∥

d(ε̃)∑

i=1

(cy)iψi − uy

∥∥∥∥∥∥
H

≤ ε̃, for all y ∈ Y and some coefficient vector cy ∈ Rd(ε̃).

The starting point of this theory lies in the concept of the Kolmogorov N -width which is defined as follows.

Definition 2.3 ([16]). For N ∈ N, the Kolmogorov N -width of a bounded subset X of a normed space V is
defined by

WN (X) := inf
VN⊂sV

dim(VN )≤N

sup
x∈X

dist (x, VN ) .
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This quantity describes the best possible uniform approximation error of X by an at most N -dimensional
linear subspace of V .We discuss concrete upper bounds on WN (S(Y)) in more detail in Section 5. The aim
of RBMs is to construct the spaces U rb

ε̃ in such a way that the quantity supy∈Y dist
(
uy, U

rb
ε̃

)
is close to

Wd(ε̃) (S(Y)).

The identification of the basis vectors (ψi)
d(ε̃)
i=1 of U rb

ε̃ usually happens in an offline phase in which one has
considerable computational resources available and which is usually based on the determination of high-fidelity
discretizations of samples of the parameter set Y. The most common methods are based on (weak) greedy
procedures (see for instance [57, Chapter 7] and the references therein) or proper orthogonal decompositions
(see for instance [57, Chapter 6] and the references therein). In the last step, an orthogonalization procedure

(such as a Gram-Schmidt process) is performed to obtain an orthonormal set of basis vectors (ψi)
d(ε̃)
i=1 .

Afterward, in the online phase, one assembles for a given input y the corresponding low-dimensional
stiffness matrices and vectors and determines the Galerkin solution by solving a low-dimensional system
of linear equations. To ensure an efficient implementation of the online phase, a common assumption
which we do not require in this paper is the affine decomposition of (2.1), which means that there exist
Qb, Qf ∈ N, parameter-independent bilinear forms bq : H × H → R, maps θq : Y → R for q = 1, ..., Qb,

parameter-independent fq
′ ∈ H∗ as well as maps θq

′
: Y → R for q′ = 1, ..., Qf such that

by =

Qb∑

q=1

θq(y)bq, as well as fy =

Qf∑

q′=1

θq
′
(y)fq

′
, for all y ∈ Y. (2.6)

As has been pointed out in [57, Chapter 5.7], in principal three types of reduced bases generated by RBMs
have been established in the literature - the Lagrange reduced basis, the Hermite reduced basis and the Taylor
reduced basis. While the most common type, the Lagrange RB, consists of orthonormalized versions of
high-fidelity snapshots uh

(
y1
)
≈ u

(
y1
)
, ..., uh (yn) ≈ u (yn) , Hermite RBs consist of snapshots uh

(
y1
)
≈

u
(
y1
)
, ..., uh (yn) ≈ u (yn) , as well as their first partial derivatives ∂uh

∂yi
(yj) ≈ ∂u

∂yi
(yj), i = 1, ..., p, j = 1, ..., n,

whereas Taylor RBs are built of derivatives of the form ∂kuh

∂yk
i

(y) ≈ ∂ku
∂yk

i

(y), i = 1, ..., p, k = 0, ..., n− 1 around

a given expansion point y ∈ Y. In this paper, we will later assume that there exist small RBs (ψi)
d(ε̃)
i=1

generated by arbitrary linear combinations of the high-fidelity elements (ϕi)
D
i=1. Note that all types of RBs

discussed above satisfy this assumption.
The next statement gives a (generally sharp) upper bound which relates the possibility of constructing

small snapshot RBs directly to the Kolmogorov N -width.

Theorem 2.4 ([8, Theorem 4.1.]). Let N ∈ N. For a compact subset X of a normed space V, define the
inner N -width of X by

WN (X) := inf
VN∈MN

sup
x∈X

dist (x, VN ) ,

whereMN :=
{
VN ⊂s V : VN = span (xi)

N
i=1 , x1, ..., xN ∈ X

}
. Then

WN (X) ≤ (N + 1)WN (X).

Translated into our framework, Theorem 2.4 states that for every N ∈ N, there exist solutions uh(yi) ≈
u(yi), i = 1, ..., N of (2.1) such that

sup
y∈Y

inf
w∈span(uh(yi))Ni=1

‖uy − w‖H ≤ (N + 1)WN (S(Y)).

Remark 2.5. We note that this bound is sharp for general X,V . However, it is not necessarily optimal
for special instances of S(Y). If, for instance, WN (S(Y)) decays polynomially, then WN (S(Y)) decays with

the same rate (see [8, Theorem 3.1.]). Moreover, if WN (S(Y)) ≤ Ce−cNβ

for some c, C, β > 0 then by [18,

Corollary 3.3 (iii)] we have WN (S(Y)) ≤ C̃e−c̃Nβ

for some c̃, C̃ > 0.
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Taking the discussion above as a justification, we assume from now on that for every ε̃ ≥ ε̂ there exists a

RB space U rb
ε̃ = span (ψi)

d(ε̃)
i=1 , which fulfills (2.5), where the linearly independent basis vectors (ψi)

d(ε̃)
i=1 are

linear combinations of the high-fidelity basis vectors (ϕi)
D
i=1 in the sense that there exists a transformation

matrix Vε̃ ∈ RD×d(ε̃) such that

(ψi)
d(ε̃)
i=1 =




D∑

j=1

(Vε̃)j,iϕj




d(ε̃)

i=1

and where d(ε̃)� D is chosen to be as small as possible, at least fulfilling dist
(
S(Y), U rb

ε̃

)
≤W d(ε̃)(S(Y)).

In addition, we assume that the vectors (ψi)
d(ε̃)
i=1 form an orthonormal system in H, which is equivalent to the

fact that the columns of G1/2Vε̃ are orthonormal (see [57, Remark 4.1]). This in turn implies
∥∥∥G1/2Vε̃

∥∥∥
2

= 1, for all ε̃ ≥ ε̂ (2.7)

as well as
∥∥∥∥∥∥

d(ε̃)∑

i=1

ciψi

∥∥∥∥∥∥
H

= |c| , for all c ∈ Rd(ε̃). (2.8)

For the underlying discretization matrix, one can demonstrate (see for instance [57, Section 3.4.1]) that

Brb
y,ε̃ := (by(ψj , ψi))

d(ε̃)
i,j=1 = VT

ε̃ Bh
y,ε̃Vε̃ ∈ Rd(ε̃)×d(ε̃), for all y ∈ Y.

Moreover, due to the symmetry and the coercivity of the underlying bilinear forms combined with the

orthonormality of the basis vectors (ψi)
d(ε̃)
i=1 , one can show (see for instance [57, Remark 3.5]) that

Ccoer ≤
∥∥Brb

y,ε̃

∥∥
2
≤ Ccont, as well as

1

Ccont
≤
∥∥∥
(
Brb

y,ε̃

)−1
∥∥∥
2
≤ 1

Ccoer
, for all y ∈ Y, (2.9)

implying that the condition number of the stiffness matrix with respect to the RB remains bounded
independently of y and the dimension d(ε̃). Additionally, the discretized right-hand side with respect to the
RB is given by

f rby,ε̃ := (fy(ψi))
d(ε̃)
i=1 = VT

ε̃ fhy,ε̃ ∈ Rd(ε̃)

and, by the Bessel inequality, we have that
∣∣f rby,ε̃

∣∣ ≤ ‖fy‖H∗ ≤ Crhs. Moreover, let

urb
y,ε̃ :=

(
Brb

y,ε̃

)−1
f rby,ε̃

be the coefficient vector of the Galerkin solution with respect to the RB space. Then, the Galerkin solution
urby,ε̃ can be written as

urby,ε̃ =

d(ε̃)∑

i=1

(
urb
y,ε̃

)
i
ψi =

D∑

j=1

(
Vε̃u

rb
y,ε̃

)
j
ϕj ,

i.e.
ũh
y,ε̃ := Vε̃u

rb
y,ε̃ ∈ RD

is the coefficient vector of the RB solution if expanded with respect to the high-fidelity basis (ϕi)
D
i=1 . Finally,

as in Equation 2.3, we obtain

sup
y∈Y

∥∥uy − urby,ε̃
∥∥
H ≤ sup

y∈Y

Ccont

Ccoer
inf

w∈Urb
ε̃

‖uy − w‖H ≤
Ccont

Ccoer
ε̃.
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In the following sections, we will emulate RBMs with NNs by showing that we are able to construct NNs
which approximate the maps urb

·,ε̃, ũ
h
·,ε̃ such that their complexity depends only on the size of the reduced

basis and at most linearly on D. The key ingredient will be the construction of small NNs implementing an
approximate matrix inversion based on Richardson iterations in Section 3. In Section 4, we then proceed
with building the NNs the realizations of which approximate the maps urb

·,ε̃, ũ
h
·,ε̃, respectively.

3 Neural Network Calculus

The goal of this chapter is to emulate the matrix inversion by NNs. In Section 3.1, we introduce some basic
notions connected to NNs as well as some basic operations one can perform with these. In Section 3.2, we state
a result which shows the existence of NNs the ReLU-realizations of which take a matrix A ∈ Rd×d, ‖A‖2 < 1

as their input and calculate an approximation of (IdRd −A)
−1

based on its Neumann series expansion. The
associated proofs can be found in Appendix A.

3.1 Basic Definitions and Operations

We start by introducing a formal definition of a NN. Afterward, we introduce several operations, such as
parallelization and concatenation that can be used to assemble complex NNs out of simpler ones. Unless
stated otherwise we follow the notion of [53] where most of this formal framework was introduced. First, we
introduce a terminology for NNs that allows us to differentiate between a NN as a family of weights and the
function implemented by the NN. This implemented function will be called the realization of the NN.

Definition 3.1. Let n,L ∈ N. A NN Φ with input dimension dimin (Φ) := n and L layers is a sequence of
matrix-vector tuples

Φ =
(
(A1,b1), (A2,b2), . . . , (AL,bL)

)
,

where N0 = n and N1, . . . , NL ∈ N, and where each A` is an N` ×N`−1 matrix, and b` ∈ RN` .
If Φ is a NN as above, K ⊂ Rn, and if % : R→ R is arbitrary, then we define the associated realization of

Φ with activation function % over K (in short, the %-realization of Φ over K) as the map RK
% (Φ) : K → RNL

such that
RK

% (Φ)(x) = xL,

where xL results from the following scheme:

x0 := x,

x` := %(A` x`−1 + b`), for ` = 1, . . . , L− 1,

xL := AL xL−1 + bL,

and where % acts componentwise, that is, %(v) = (%(v1), . . . , %(vm)) for any v = (v1, . . . ,vm) ∈ Rm.

We call N(Φ) := n +
∑L

j=1Nj the number of neurons of the NN Φ and L = L(Φ) the number of
layers. For ` ≤ L we call M`(Φ) := ‖A`‖0 + ‖b`‖0 the number of weights in the `-th layer and we define

M(Φ) :=
∑L

`=1M`(Φ), which we call the number of weights of Φ. Moreover, we refer to dimout (Φ) := NL as
the output dimension of Φ.

First of all, we note that it is possible to concatenate two NNs in the following way.

Definition 3.2. Let L1, L2 ∈ N and let Φ1 =
(
(A1

1,b
1
1), . . . , (A1

L1
,b1

L1
)
)
,Φ2 =

(
(A2

1,b
2
1), . . . , (A2

L2
,b2

L2
)
)
be

two NNs such that the input layer of Φ1 has the same dimension as the output layer of Φ2. Then, Φ1 Φ2

denotes the following L1 + L2 − 1 layer NN:

Φ1 Φ2 :=
(
(A2

1,b
2
1), . . . , (A2

L2−1,b
2
L2−1), (A1

1A
2
L2
,A1

1b
2
L2

+ b1
1), (A1

2,b
1
2), . . . , (A1

L1
,b1

L1
)
)
.

We call Φ1 Φ2 the concatenation of Φ1, Φ2.
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In general, there is no bound on M(Φ1 Φ2) that is linear in M(Φ1) and M(Φ2). For the remainder of the
paper, let % be given by the ReLU activation function, i.e., %(x) = max{x, 0} for x ∈ R. We will see in the
following, that we are able to introduce an alternative concatenation which helps us to control the number of
non-zero weights. Towards this goal, we give the following result which shows that we can construct NNs the
ReLU-realization of which is the identity function on Rn.

Lemma 3.3. For any L ∈ N there exists a NN ΦId
n,L with input dimension n, output dimension n and at

most 2nL non-zero, {−1, 1}-valued weights such that

RRn

%

(
ΦId

n,L

)
= IdRn .

We now introduce the sparse concatenation of two NNs.

Definition 3.4. Let Φ1,Φ2 be two NNs such that the output dimension of Φ2 and the input dimension of Φ1

equal n ∈ N. Then the sparse concatenation of Φ1 and Φ2 is defined as

Φ1 � Φ2 := Φ1 ΦId
n,1

 Φ2.

We will see later in Lemma 3.6 the properties of the sparse concatenation of NNs. We proceed with the
second operation that we can perform with NNs. This operation is called parallelization.

Definition 3.5 ([53, 21]). Let Φ1, ...,Φk be NNs which have equal input dimension such that there holds
Φi =

(
(Ai

1,b
i
1), ..., (Ai

L,b
i
L)
)
for some L ∈ N. Then, we define the parallelization of Φ1, ...,Φk by

P
(
Φ1, ...,Φk

)
:=










A1
1

A2
1

. . .

Ak
1


 ,




b1
1

b2
1
...

bk
1





 , ...,







A1
L

A2
L

. . .

Ak
L


 ,




b1
L

b2
L
...

bk
L








 .

Now, let Φ be a NN and L ∈ N such that L(Φ) ≤ L. Then, define the NN

EL(Φ) :=

{
Φ, if L(Φ) = L,

ΦId
dimout(Φ),L−L(Φ) � Φ, if L(Φ) < L.

Finally, let Φ̃1, ..., Φ̃k be NNs which have the same input dimension and let

L̃ := max
{
L
(

Φ̃1
)
, ..., L

(
Φ̃k
)}

.

Then, we define

P
(

Φ̃1, ..., Φ̃k
)

:= P
(
EL̃

(
Φ̃1
)
, ..., EL̃

(
Φ̃k
))

.

We call P
(

Φ̃1, ..., Φ̃k
)
the parallelization of Φ̃1, ..., Φ̃k.

The following lemma was established in [21, Lemma 5.4] and examines the properties of the sparse
concatenation as well as of the parallelization of NNs.

Lemma 3.6 ([21]). Let Φ1, ...,Φk be NNs.

(a) If the input dimension of Φ1, which shall be denoted by n1, equals the output dimension of Φ2, and n2
is the input dimension of Φ2, then

RRn1

%

(
Φ1
)
◦ RRn2

%

(
Φ2
)

= RRn2

%

(
Φ1 � Φ2

)

and
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(i) L
(
Φ1 � Φ2

)
≤ L

(
Φ1
)

+ L
(
Φ2
)
,

(ii) M
(
Φ1 � Φ2

)
≤M

(
Φ1
)

+M
(
Φ2
)

+M1

(
Φ1
)

+ML(Φ2)

(
Φ2
)
≤ 2M

(
Φ1
)

+ 2M
(
Φ2
)
,

(iii) M1

(
Φ1 � Φ2

)
= M1

(
Φ2
)
,

(iv) ML(Φ1�Φ2)

(
Φ1 � Φ2

)
= ML(Φ1)

(
Φ1
)
.

(b) If the input dimension of Φi, denoted by n, equals the input dimension of Φj , for all i, j, then for the
NN P

(
Φ1,Φ2, ...,Φk

)
and all x1, . . .xk ∈ Rn we have

RRn

%

(
P
(
Φ1,Φ2, ...,Φk

))
(x1, . . . ,xk) =

(
RRn

%

(
Φ1
)

(x1),RRn

%

(
Φ2
)

(x2), . . . ,RRn

%

(
Φk
)

(xk)
)

as well as

(i) L
(
P
(
Φ1,Φ

2, ...,Φk
))

= maxi=1,...,k L
(
Φi
)
,

(ii) M
(
P
(
Φ1,Φ2, ...,Φk

))
≤ 2

(∑k
i=1M

(
Φi
))

+ 4
(∑k

i=1 dimout

(
Φi
))

maxi=1,...,k L
(
Φi
)
,

(iii) M
(
P
(
Φ1,Φ2, ...,Φk

))
=
∑k

i=1M
(
Φi
)
, if L

(
Φ1
)

= L
(
Φ2
)

= . . . = L
(
Φk
)
,

(iv) M1

(
P
(
Φ1,Φ2, ...,Φk

))
=
∑k

i=1M1

(
Φi
)
,

(v) ML(P(Φ1,Φ2,...,Φk))

(
P
(
Φ1,Φ2, ...,Φk

))
≤∑k

i=1 max
{

2dimout

(
Φi
)
,ML(Φi)

(
Φi
)}
,

(vi) ML(P(Φ1,Φ2,...,Φk))

(
P
(
Φ1,Φ2, ...,Φk

))
=
∑k

i=1ML(Φi)

(
Φi
)
, if L

(
Φ1
)

= L
(
Φ2
)

= . . . = L
(
Φk
)
.

3.2 A Neural Network Based Approach Towards Matrix Inversion

The goal of this subsection is to emulate the inversion of square matrices by realizations of NNs which are
comparatively small in size. In particular, Theorem 3.8 shows that, for d ∈ N, ε ∈ (0, 1/4), and δ ∈ (0, 1), we

are able to efficiently construct NNs Φ1−δ,d
inv;ε the ReLU-realization of which approximates the map

{
A ∈ Rd×d : ‖A‖2 ≤ 1− δ

}
→ Rd×d, A 7→ (IdRd −A)

−1
=

∞∑

k=0

Ak

up to an ‖ · ‖2- error of ε.
To stay in the classical NN setting, we employ vectorized matrices in the remainder of this paper. Let

A ∈ Rd×l. We write
vec(A) := (A1,1, ...,Ad,1, ...,A1,l, ...,Ad,l)

T ∈ Rdl.

Moreover, for a vector v = (v1,1, ...,vd,1, ...,v1,d, ...,vd,l)
T ∈ Rdl we set

matr(v) := (vi,j)i=1,...,d, j=1,...,l ∈ Rd×l.

In addition, for d, n, l ∈ N and Z > 0 we set

KZ
d,n,l :=

{
(vec(A),vec(B)) : (A,B) ∈ Rd×n × Rn×l, ‖A‖2, ‖B‖2 ≤ Z

}

as well as
KZ

d :=
{
vec(A) : A ∈ Rd×d, ‖A‖2 ≤ Z

}
.

The basic ingredient for the construction of NNs emulating a matrix inversion is the following result about
NNs emulating the multiplication of two matrices.

Proposition 3.7. Let d, n, l ∈ N, ε ∈ (0, 1), Z > 0. There exists a NN ΦZ,d,n,l
mult;ε with n · (d+ l)- dimensional

input, dl-dimensional output such that, for an absolute constant Cmult > 0, the following properties are
fulfilled:
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(i) L
(

ΦZ,d,n,l
mult;ε̃

)
≤ Cmult ·

(
log2 (1/ε) + log2

(
n
√
dl
)

+ log2 (max {1, Z})
)
,

(ii) M
(

ΦZ,d,n,l
mult;ε̃

)
≤ Cmult ·

(
log2 (1/ε) + log2

(
n
√
dl
)

+ log2 (max {1, Z})
)
dnl,

(iii) M1

(
ΦZ,d,n,l

mult;ε̃

)
≤ Cmultdnl, as well as ML(ΦZ,d,n,l

mult;ε̃ )

(
ΦZ,d,n,l

mult;ε̃

)
≤ Cmultdnl,

(iv) sup(vec(A),vec(B))∈KZ
d,n,l

∥∥∥∥AB−matr

(
R

KZ
d,n,l

%

(
ΦZ,d,n,l

mult;ε

)
(vec(A),vec(B))

)∥∥∥∥
2

≤ ε,

(v) for any (vec(A),vec(B)) ∈ KZ
d,n,l we have

∥∥∥∥matr

(
R

KZ
d,n,l

%

(
ΦZ,d,n,l

mult;ε̃

)
(vec(A),vec(B))

)∥∥∥∥
2

≤ ε+ ‖A‖2‖B‖2 ≤ ε+ Z2 ≤ 1 + Z2.

Based on Proposition 3.7, we construct in Appendix A.2 NNs emulating the map A 7→ Ak for square
matrices A and k ∈ N. This construction is then used to prove the following result.

Theorem 3.8. For ε, δ ∈ (0, 1) define

m(ε, δ) :=

⌈
log2 (0.5εδ)

log2(1− δ)

⌉
.

There exists a universal constant Cinv > 0 such that for every d ∈ N, ε ∈ (0, 1/4) and every δ ∈ (0, 1) there

exists a NN Φ1−δ,d
inv;ε with d2-dimensional input, d2-dimensional output and the following properties:

(i) L
(

Φ1−δ,d
inv;ε

)
≤ Cinv log2 (m(ε, δ)) · (log2 (1/ε) + log2 (m(ε, δ)) + log2(d)),

(ii) M
(

Φ1−δ,d
inv;ε

)
≤ Cinvm(ε, δ) log2

2(m(ε, δ))d3 · (log2 (1/ε) + log2 (m(ε, δ)) + log2(d)),

(iii) supvec(A)∈K1−δ
d

∥∥∥∥(IdRd −A)
−1 −matr

(
R

K1−δ
d

%

(
Φ1−δ,d

inv;ε

)
(vec(A))

)∥∥∥∥
2

≤ ε,

(iv) for any vec(A) ∈ K1−δ
d we have

∥∥∥∥matr

(
R

K1−δ
d

%

(
Φ1−δ,d

inv;ε

)
(vec(A))

)∥∥∥∥
2

≤ ε+
∥∥∥(IdRd −A)

−1
∥∥∥
2
≤ ε+

1

1− ‖A‖2
≤ ε+

1

δ
.

Remark 3.9. In the proof of Theorem 3.8, we approximate the function mapping a matrix to its inverse via
the Neumann series and then emulate this construction by NNs. There certainly exist alternative approaches
to approximating this inversion function, such as, for example, via Chebyshev matrix polynomials (for
an introduction of Chebyshev polynomials, see for instance [65, Chapter 8.2]). In fact, approximation by
Chebyshev matrix polynomials is more efficient in terms of the degree of the polynomials required to reach a
certain approximation accuracy. However, emulation of Chebyshev matrix polynomials by NNs either requires
larger networks than that of monomials or, if they are represented in a monomial basis, coefficients that grow
exponentially with the polynomial degree. In the end, the advantage of a smaller degree in the approximation
through Chebyshev matrix polynomials does not seem to set off the drawbacks described before.
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4 Neural Networks and Solutions of PDEs Using Reduced Bases

In this section, we invoke the estimates for the approximate matrix inversion from Section 3.2 to approximate
the parameter-dependent solution of parametric PDEs by NNs. In other words, for ε̃ ≥ ε̂, we construct NNs
approximating the maps

Y → RD : y 7→ ũh
y,ε̃, and Y → Rd(ε̃) : y 7→ urb

y,ε̃.

Here, the sizes of the NNs essentially only depend on the approximation fidelity ε̃ and the size d(ε̃) of an
appropriate RB, but are independent or at most linear in the dimension of the high-fidelity discretization D.

We start in Section 4.1 by constructing, under some general assumptions on the parametric problem, a
NN emulating the maps ũh

·,ε̃ and urb
·,ε̃. In Section 4.2, we verify these assumptions on two examples.

4.1 Determining the Coefficients of the Solution

Next, we present constructions of NNs the ReLU-realizations of which approximate the maps ũh
·,ε̃ and urb

·,ε̃,
respectively. In our main result of this subsection, the approximation error of the NN approximation ũh

·,ε̃
will be measured with respect to the | · |G-norm since we can relate this norm directly to the norm on H via
Equation (2.4). In contrast, the approximation error of the NN approximating urb

·,ε̃ will be measured with
respect to the | · |-norm due to Equation 2.8.

As already indicated earlier, the main ingredient of the following arguments is an application of the NN of
Theorem 3.8 to the matrix Brb

y,ε̃. As a preparation, we show in Proposition B.1 in the appendix, that we can

rescale the matrix Brb
y,ε̃ with a constant factor α := (Ccoer + Ccont)

−1 (in particular, independent of y and
d(ε̃)) so that with Ccoerδ := αCcoer

∥∥IdRd(ε̃) − αBrb
y,ε̃

∥∥
2
≤ 1− δ < 1.

We will fix these values of α and δ for the remainder of the manuscript. Next, we state two abstract
assumptions on the approximability of the map Brb

·,ε̃ which we will later on specify when we consider concrete
examples in Subsection 4.2.

Assumption 4.1. We assume that, for any ε̃ ≥ ε̂, ε > 0, and for a corresponding RB (ψi)
d(ε̃)
i=1 , there exists a

NN ΦB
ε̃,ε with p-dimensional input and d(ε̃)2-dimensional output such that

sup
y∈Y

∥∥αBrb
y,ε̃ −matr

(
RY

%

(
ΦB

ε̃,ε

)
(y)
)∥∥

2
≤ ε.

We set BM (ε̃, ε) := M
(
ΦB

ε̃,ε

)
∈ N and BL (ε̃, ε) := L

(
ΦB

ε̃,ε

)
∈ N.

In addition to Assumption 4.1, we state the following assumption on the approximability of the map f rb·,ε̃ .

Assumption 4.2. We assume that for every ε̃ ≥ ε̂, ε > 0, and a corresponding RB (ψi)
d(ε̃)
i=1 there exists a NN

Φf
ε̃,ε with p-dimensional input and d(ε̃)-dimensional output such that

sup
y∈Y

∣∣f rby,ε̃ − RY
%

(
Φf

ε̃,ε

)
(y)
∣∣ ≤ ε.

We set FL (ε̃, ε) := L(Φf
ε̃,ε) and FM (ε̃, ε) := M

(
Φf

ε̃,ε

)
.

Now we are in a position to construct NNs the ReLU-realizations of which approximate the coefficient
maps ũh

·,ε̃,u
rb
·,ε̃.

Theorem 4.3. Let ε̃ ≥ ε̂ and ε ∈ (0, α/4 ·min{1, Ccoer}) . Moreover, define ε′ := ε/max{6, Crhs}, ε′′ :=
ε/3 · Ccoer, ε

′′′ := 3/8 · ε′αC2
coer and κ := 2 max {1, Crhs, 1/Ccoer}. Additionally, assume that Assumption 4.1

and Assumption 4.2 hold. Then there exist NNs Φu,rb
ε̃,ε and Φu,h

ε̃,ε such that the following properties hold:
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(i) supy∈Y

∣∣∣urb
y,ε̃ − RY

%

(
Φu,rb

ε̃,ε

)
(y)
∣∣∣ ≤ ε, and supy∈Y

∣∣∣ũh
y,ε̃ − RY

%

(
Φu,h

ε̃,ε

)
(y)
∣∣∣
G
≤ ε,

(ii) there exists a constant Cu
L = Cu

L(Ccoer, Ccont, Crhs) > 0 such that

L
(

Φu,rb
ε̃,ε

)
≤ L

(
Φu,h

ε̃,ε

)

≤ Cu
L max {log2(log2(1/ε)) (log2(1/ε) + log2(log2(1/ε)) + log2(d(ε̃))) +BL(ε̃, ε′′′), FL (ε̃, ε′′)} ,

(iii) there exists a constant Cu
M = Cu

M (Ccoer, Ccont, Crhs) > 0 such that

M
(

Φu,rb
ε̃,ε

)
≤ Cu

Md(ε̃)2 ·
(
d(ε̃) log2(1/ε) log2

2(log2(1/ε))
(

log2(1/ε) + log2(log2(1/ε)) + log2(d(ε̃))
)
...

...+BL(ε̃, ε′′′) + FL (ε̃, ε′′)

)
+ 2BM (ε̃, ε′′′) + FM (ε̃, ε′′) ,

(iv) M
(

Φu,h
ε̃,ε

)
≤ 2Dd(ε̃) + 2M

(
Φu,rb

ε̃,ε

)
,

(v) supy∈Y

∣∣∣RY
%

(
Φu,rb

ε̃,ε

)
(y)
∣∣∣ ≤ κ2 + ε

3 , and supy∈Y

∣∣∣RY
%

(
Φu,h

ε̃,ε

)
(y)
∣∣∣
G
≤ κ2 + ε

3 .

Remark 4.4. In the proof of Theorem 4.3 we construct a NN ΦB
inv;ε̃,ε the ReLU realization of which ε-

approximates
(
Brb

y

)−1
(see Proposition B.3). Then the NNs of Theorem 4.3 can be explicitely constructed

as

Φu,rb
ε̃,ε := Φ

κ,d(ε̃),d(ε̃),1
mult; ε3

� P
(
ΦB

inv;ε̃,ε′ ,Φ
f
ε̃,ε′′
)  
(((

IdRp

IdRp

)
,0R2p

))
and Φu,h

ε̃,ε := ((Vε̃,0RD ))� Φu,rb
ε̃,ε ,

Remark 4.5. It can be checked in the proof of Theorem 4.3, specifically (B.4) and (B.5) that the constants
Cu

L, C
u
M depend on the constants Ccoer, Ccont, Crhs in the following way (recall that Ccoer

2Ccont
≤ δ = Ccoer

Ccoer+Ccont
≤

1
2):

• Cu
L depends affine linearly on

log2
2

(
log2(δ/2)

log2(1− δ)

)
, log2

(
1

Ccoer + Ccont

)
, log2 (max {1, Crhs, 1/Ccoer}) .

• Cu
M depends affine linearly on

log2

(
1

Ccoer + Ccont

)
,

log2(δ/2)

log2(1− δ) · log3
2

(
log2(δ/2)

log2(1− δ)

)
, log2 (max {1, Crhs, 1/Ccoer}) .

Remark 4.6. Theorem 4.3 guarantees the existence of two moderately sized NNs the realizations of which
approximate the discretized solution maps:

Y → RD : y 7→ ũh
y,ε̃, and Y → Rd(ε̃) : y 7→ urb

y,ε̃. (4.1)

Also of interest is the approximation of the parametrized solution of the PDE, i.e., the map Y × Ω →
R : (y, x) 7→ uy(x), where Ω is the domain on which the PDE is defined. Note that, if either the elements of
the reduced basis or the elements of the high-fidelity basis can be very efficiently approximated by realizations
of NNs, then the representation

uy(x) ≈
d(ε̃)∑

i=1

(urb
y,ε̃)iψi(x) =

D∑

i=1

(ũh
y,ε̃)iϕi(x)

suggests that (y, x) 7→ uy(x) can be approximated with essentially the cost of approximating the respective
function in (4.1). Many basis elements that are commonly used for the high-fidelity representation can indeed
be approximated very efficiently by realizations of NNs, such as, e.g., polynomials, finite elements, or wavelets
[69, 31, 52, 62].
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4.2 Examples of Neural Network Approximation of Parametric Maps

In this subsection, we apply Theorem 4.3 to a variety of concrete examples in which the approximation of the
coefficient maps urb

·,ε̃, ũh
·,ε̃ can be approximated by comparatively small NNs. We show that the sizes of these

NNs depend only on the size of associated reduced bases by verifying Assumption 4.1 and Assumption 4.2,
respectively. We will discuss to what extent our results depend on the respective ambient dimensions D, p in
Section 5.

We will state the following examples already in their variational formulation and note that they fulfill the
requirements of Assumption 2.1. We also remark that the presented examples represent only a small portion
of problems to which our theory is applicable.

4.2.1 Example I: Diffusion Equation

We consider a special case of [57, Chapter 2.3.1] which can be interpreted as a generalized version of the
heavily used example −div(a∇u) = f, where a is a scalar field (see for instance [13, 61] and the references
therein). Let n ∈ N, Ω ⊂ Rn, be a Lipschitz domain and H := H1

0 (Ω) =
{
u ∈ H1(Ω): u|∂Ω = 0

}
. We

assume that the parameter set is given by a compact set T ⊂ L∞(Ω,Rn×n) such that for all T ∈ T and
almost all x ∈ Ω the matrix T(x) is symmetric, positive definite with matrix norm that can be bounded
from above and below independently of T and x. As we have noted in Assumption 2.1, we can assume that
there exist some (Ti)

∞
i=0 ⊂ L∞(Ω,Rn×n) such that for every T ∈ T there exist (yi(T))∞i=1 ⊂ [−1, 1] with

T = T0 +
∑∞

i=1 yi(T)Ti. We restrict ourselves to the case of finitely supported sequences (yi)
∞
i=1. To be more

precise, let p ∈ N be potentially very high but fixed, let Y := [−1, 1]p and consider for y ∈ Y and some fixed
f ∈ H∗ the parametric PDE

by(uy, v) :=

∫

Ω

T0∇uy∇v dx +

p∑

i=1

yi

∫

Ω

Ti∇uy∇v dx = f(v), for all v ∈ H.

Then, the parameter-dependency of the bilinear forms is linear, hence analytic whereas the parameter-
dependency of the right-hand side is constant, hence also analytic, implying that W (S(Y)) decays exponentially

fast. This in turn implies existence of small RBs (ψi)
d(ε̃)
i=1 where d(ε̃) depends at most polylogarithmically on

1/ε̃. In this case, Assumption 4.1 and Assumption 4.2 are trivially fulfilled: for ε̃ > 0, ε > 0 we can construct
one-layer NNs ΦB

ε̃,ε with p-dimensional input and d(ε̃)2-dimensional output as well as Φf
ε̃,ε with p-dimensional

input and d(ε̃)-dimensional output the ReLU-realizations of which exactly implement the maps y 7→ Brb
y,ε̃ and

y 7→ f rby,ε̃, respectively.
In conclusion, in this example, we have, for ε̃, ε > 0,

BL (ε̃, ε) = 1, FL (ε̃, ε) = 1, BM (ε̃, ε) ≤ pd(ε̃)2, FM (ε̃, ε) ≤ pd(ε̃).

Theorem 4.3 hence implies the existence of a NN approximating urb
·,ε̃ up to error ε with a size that is linear in

p, polylogarithmic in 1/ε, and, up to a log factor, cubic in d(ε̃). Moreover, we have shown the existence of a
NN approximating ũh

·,ε̃ with a size that is linear in p, polylogarithmic in 1/ε, linear in D and, up to a log
factor, cubic in d(ε̃).

4.2.2 Example II: Linear Elasticity Equation

Let Ω ⊂ R3 be a Lipschitz domain, ΓD,ΓN1 ,ΓN2 ,ΓN3 ⊂ ∂Ω, be disjoint such that ΓD∪ΓN1∪ΓN2∪ΓN3 = ∂Ω,
H := [H1

ΓD
(Ω)]3, where H1

ΓD
(Ω) =

{
u ∈ H1(Ω): u|ΓD

= 0
}
. In variational formulation, this problem can

be formulated as an affinely decomposed problem dependent on five parameters, i.e., p = 5. Let Y :=
[ỹ1,1, ỹ2,1]× ...× [ỹ1,5, ỹ2,5] ⊂ R5 such that [ỹ1,2, ỹ2,2] ⊂ (−1, 1/2) and for y = (y1, ..., y5) ∈ Y we consider the
problem

by(uy, v) = fy(v), for all v ∈ H,
where

19

Appendix C A Theoretical Analysis of Deep NNs and Parametric PDEs 161



• by(uy, v) := y1

1+y2

∫
Ω

trace
((
∇uy + (∇(uy)T

)
·
(
∇v + (∇v)T

)T)
dx + y1y2

1−2y2

∫
Ω

div(uy) div(v) dx,

• fy(v) := y3
∫
Γ1

n · v dx + y4
∫
Γ2

n · v dx + y5
∫
Γ3

n · v dx, and where n denotes the outward unit normal
on ∂Ω.

The parameter-dependency of the right-hand side is linear (hence analytic), whereas the parameter-
dependency of the bilinear forms is rational, hence (due to the choice of ỹ1,2, ỹ2,2) also analytic and WN (S(Y))
decays exponentially fast implying that we can choose d(ε̃) to depend polylogarithmically on ε̃. It is now easy
to see that Assumption 4.1 and Assumption 4.2 are fulfilled with NNs the size of which is comparatively
small: By [66], for every ε̃, ε > 0 we can find a NN with O(log2

2(1/ε)) layers and O(d(ε̃)2 log3
2(1/ε)) non-zero

weights the ReLU-realization of which approximates the map y 7→ Brb
y,ε̃ up to an error of ε. Moreover, there

exists a one-layer NN Φf
ε̃,ε with p-dimensional input and d(ε̃)-dimensional output the ReLU-realization of

which exactly implements the map y 7→ f rby,ε̃. In other words, in these examples, for ε̃, ε > 0,

BL(ε̃, ε) ∈ O
(
log2

2(1/ε)
)
, FL (ε̃, ε) = 1, BM (ε̃, ε) ∈ O

(
d(ε̃)2 log3

2(1/ε)
)
, FM (ε̃, ε) ≤ 5d(ε̃).

Thus, Theorem 4.3 implies the existence of NNs approximating urb
·,ε̃ up to error ε with a size that is

polylogarithmic in 1/ε, and, up to a log factor, cubic in d(ε̃). Moreover, there exist NNs approximating ũh
·,ε̃

up to error ε with a size that is linear in D, polylogarithmic in 1/ε, and, up to a log factor, cubic in d(ε̃).
For a more thorough discussion of this example (a special case of the linear elasticity equation which

describes the displacement of some elastic structure under physical stress on its boundaries), we refer to [57,
Chapter 2.1.2, Chapter 2.3.2, Chapter 8.6].

5 Discussion: Dependence of Approximation Rates on Involved
Dimensions

In this section, we will discuss our results in terms of the dependence on the involved dimensions. We
would like to stress that the resulting approximation rates (which can be derived from Theorem 4.3) differ
significantly from and are often substantially better than alternative approaches. As described in Section 2,
there are three central dimensions that describe the hardness of the problem. These are the dimension D of
the high-fidelity discretization space Uh, the dimension d(ε̃) of the reduced basis space, and the dimension p
of the parameter space Y.

Dependence on D: Examples I and II above establish approximation rates that depend at most linearly
on D, in particular, the dependence on D is not coupled to the dependence on ε. Another approach to solve
these problems would be to directly solve the linear systems from the high-fidelity discretization. Without
further assumptions on sparsity properties of the matrices, the resulting complexity would be O(D3) plus the
cost of assembling the high-fidelity stiffness matrices. Since D � d(ε̃), this is significantly worse than the
approximation rate provided by Theorem 4.3.

Dependence on d(ε̃) : If one assembles and solves the Galerkin scheme for a previously found reduced
basis, one typically needs O

(
d(ε̃)3

)
operations. By building NNs emulating this method, we achieve essentially

the same approximation rate of O
(
d(ε̃)3 log2(d(ε̃)) · C(ε)

)
where C(ε) depends polylogarithmically on the

approximation accuracy ε.
Note that, while having comparable complexity, the NN-based approach is more versatile than using a

Galerkin scheme and can be applied even when the underlying PPDE is fully unknown as long as sufficiently
many snapshots are available.
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Dependence on p: We start by comparing our result to naive NN approximation results which are simply
based on the smoothness properties of the map y 7→ ũh

·,ε̃ without using its specific structure. For example, if
these maps are analytic, then classical approximation rates with NNs (such as those provided by [69, Theorem
1], [53, Theorem 3.1] or [28, Corollary 4.2]) promise approximations up to an error of ε with NNs Φ of size
M(Φ) ≤ c(p, n)Dε−p/n for arbitrary n ∈ N and a constant c(p, n). In this case, the dependence on D is again
linear, but coupled with the potentially quickly growing term ε−p/n. Similarly, when approximating the map
y 7→ ũrb

·,ε̃, one would obtain an approximation rate of ε−p/n. In addition, our approach is more flexible than

the naive approach in the sense that Assumptions 4.1 and 4.2 could even be satisfied if the map y 7→ Brb
y,ε̃ is

non-smooth.
Now we analyze the dependence of our result to p in more detail. We recall from Theorem 4.3, that in our

approach the sizes of approximating networks to achieve an error of ε depend only polylogarithmically on 1/ε,
(up to a log factor) cubically on d(ε̃), are independent from or at worst linear in D, and depend linearly on
BM (ε̃, ε), BM (ε̃, ε), FM (ε̃, ε), FL(ε̃, ε), respectively. First of all, the dependence on p materializes through the
quantities BM (ε̃, ε), BL(ε̃, ε), FM (ε̃, ε), FL(ε̃, ε) from Assumptions 4.1 and 4.2. We have seen that in both
examples above, the associated weight quantities BM (ε̃, ε), FM (ε̃, ε) scale like pd(ε̃)2 · polylog(1/ε), whereas
the depth quantities BL(ε̃, ε), FL(ε̃, ε) scale polylogarithmically in 1/ε. Combining this observation with the
statement of Theorem 4.3, we can conclude that the governing quantity in the obtained approximation rates
is given by the dimension of the solution manifold d(ε̃), derived by bounds on the Kolmogorov N -width (and,
consequently, the inner N -width).

For problems of the type (2.6), where the involved maps θq are sufficiently smooth and the right-hand
side is parameter-independent, one can show (see for instance [1, Equation 3.17] or [51] that WN (S(Y))

(and hence also WN (S(Y))) scales like e−cNQb for some c > 0. This implies for the commonly studied case
Qb = p (such as in Example I of Section 4.2.1) that the dimension d(ε̃) of the reduced basis space scales like
O(log2(1/ε̃)p). This bound (which is based on a Taylor expansion of the solution map) has been improved
only in very special cases of Example I (see for instance [1, 3]) for small parameter dimensions p. Hence,
by Theorem 4.3, the number of non-zero weights necessary to approximate the parameter-to-solution map

ũh
y,ε̃, can be upper bounded by O

(
p log3p

2 (1/ε̃) log2(log2(1/ε̃)) log2
2(1/ε) log2

2(log2(1/ε)) +D log2(1/ε̃)p
)

and

the number of layers by O
(
p log2

2(1/ε) log2(1/ε̃)
)
. This implies that in our results there is a (mild form of a)

curse of dimensionality which can only be circumvented if the sensitivity of the Kolmogorov N -width with
regards to the parameter dimension p can be reduced further.
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A Proofs of the Results from Section 3

A.1 Proof of Proposition 3.7

In this subsection, we will prove Proposition 3.7. As a preparation, we first prove the following special
instance under which M(Φ1 Φ2) can be estimated by max

{
M(Φ1),M(Φ2)

}
.

Lemma A.1. Let Φ be a NN with m-dimensional output and d-dimensional input. If a ∈ R1×m, then, for
all ` = 1, . . . , L(Φ),

M`(((a, 0)) Φ) ≤M`(Φ).
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In particular, it holds that M((a, 0) Φ) ≤M(Φ). Moreover, if D ∈ Rd×n such that, for every k ≤ d there is
at most one lk ≤ n such that Dk,lk 6= 0, then, for all ` = 1, . . . , L(Φ),

M`(Φ ((D,0Rd))) ≤M`(Φ).

In particular, it holds that M(Φ ((D,0Rd))) ≤M(Φ).

Proof. Let Φ =
(
(A1,b1), . . . , (AL,bL)

)
, and a,D as in the statement of the lemma. Then the result follows

if

‖aAL‖0 + ‖abL‖0 ≤ ‖AL‖0 + ‖bL‖0 (A.1)

and

‖A1D‖0 ≤ ‖A1‖0.

It is clear that ‖aAL‖0 is less than the number of nonzero columns of AL which is certainly bounded by
‖AL‖0. The same argument shows that ‖abL‖0 ≤ ‖bL‖0. This yields (A.1).

We have that for two vectors p,q ∈ Rk, k ∈ N and for all µ, ν ∈ R

‖µp + νq‖0 ≤ I(µ)‖p‖0 + I(ν)‖q‖0,

where I(γ) = 0 if γ = 0 and I(γ) = 1 otherwise. Also,

‖A1D‖0 =
∥∥DTAT

1

∥∥
0

=
n∑

l=1

∥∥∥
(
DTAT

1

)
l,−

∥∥∥
0
,

where, for a matrix G, Gl,− denotes the l-th row of G. Moreover, we have that for all l ≤ n

(
DTAT

1

)
l,− =

d∑

k=1

(
DT
)
l,k

(
AT

1

)
k,− =

d∑

k=1

Dk,l

(
AT

1

)
k,− .

As a consequence, we obtain

‖A1D‖0 ≤
n∑

l=1

∥∥∥∥∥
d∑

k=1

Dk,l

(
AT

1

)
k,−

∥∥∥∥∥
0

≤
n∑

l=1

d∑

k=1

I (Dk,l)
∥∥∥
(
AT

1

)
k,−

∥∥∥
0

=
d∑

k=1

I (Dk,lk)
∥∥∥
(
AT

1

)
k,−

∥∥∥
0
≤ ‖A1‖0.

Now we are ready to prove Proposition 3.7.

Proof of Proposition 3.7. Without loss of generality, assume that Z ≥ 1. By [21, Lemma 6.2], there exists a
NN ×Z

ε with input dimension 2, output dimension 1 such that for Φε := ×Z
ε

L (Φε) ≤ 0.5 log2

(
n
√
dl

ε

)
+ log2(Z) + 6, (A.2)

M (Φε) ≤ 90 ·
(

log2

(
n
√
dl

ε

)
+ 2 log2(Z) + 6

)
, (A.3)

M1 (Φε) ≤ 16, as well as ML(Φε) (Φε) ≤ 3, (A.4)

sup
|a|,|b|≤Z

∣∣∣ab− RR2

% (Φε) (a, b)
∣∣∣ ≤ ε

n
√
dl
. (A.5)
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Since ‖A‖2, ‖B‖2 ≤ Z we know that for every i = 1, ..., d, k = 1, ..., n, j = 1, ..., l we have that
|Ai,k|, |Bk,j | ≤ Z. We define, for i ∈ {1, . . . , d}, k ∈ {1, . . . , n}, j ∈ {1, . . . , l}, the matrix Di,k,j such that, for
all A ∈ Rd×n,B ∈ Rn×l

Di,k,j(vec(A),vec(B)) = (Ai,k,Bk,j).

Moreover, let
ΦZ

i,k,j;ε := ×Z
ε
 ((Di,k,j ,0R2)) .

We have, for all i ∈ {1, . . . , d}, k ∈ {1, . . . , n}, j ∈ {1, . . . , l}, that L
(

ΦZ
i,k,j;ε

)
= L

(
×Z

ε

)
and by Lemma A.1

that ΦZ
i,k,j;ε satisfies (A.2), (A.3), (A.4) with Φε := ΦZ

i,k,j;ε. Moreover, we have by (A.5)

sup
(vec(A),vec(B))∈KZ

d,n,l

∣∣∣∣Ai,kBk,j − R
KZ

d,n,l
%

(
ΦZ

i,j,k;ε

)
(vec(A),vec(B))

∣∣∣∣ ≤
ε

n
√
dl
. (A.6)

As a next step, we set, for 1Rn ∈ Rn being a vector with each entry equal to 1,

ΦZ
i,j;ε := ((1Rn , 0))  P

(
ΦZ

i,1,j;ε, ...,Φ
Z
i,n,j;ε

)  










IdRn(d+l)

...
IdRn(d+l)


 ,0Rn2(d+l)





 ,

which by Lemma 3.6 is a NN with n · (d+ l)-dimensional input and 1-dimensional output such that (A.2)
holds with Φε := ΦZ

i,j;ε. Moreover, by Lemmas A.1 and 3.6 and by (A.3) we have that

M
(
ΦZ

i,j;ε

)
≤M

(
P
(
ΦZ

i,1,j;ε, ...,Φ
Z
i,n,j;ε

))
≤ 90n ·

(
log2

(
n
√
dl

ε

)
+ 2 log2(Z) + 6

)
. (A.7)

Additionally, by Lemmas 3.6 and A.1 and (A.4), we obtain

M1

(
ΦZ

i,j;ε

)
≤M1

(
P
(
ΦZ

i,1,j;ε, ...,Φ
Z
i,n,j;ε

))
≤ 16n.

and

ML(ΦZ
i,j;ε)

(
ΦZ

i,j;ε

)
= ML(ΦZ

i,j;ε)
(
P
(
ΦZ

i,1,j;ε, ...,Φ
Z
i,n,j;ε

))
≤ 2n. (A.8)

By construction it follows that

R
KZ

d,n,l
%

(
ΦZ

i,j;ε

)
(vec(A),vec(B)) =

n∑

k=1

R
KZ

d,n,l
%

(
ΦZ

i,k,j;ε

)
(vec(A),vec(B))

and hence we have, by (A.6),

sup
(vec(A),vec(B))∈KZ

d,n,l

∣∣∣∣∣
n∑

k=1

Ai,kBk,j − R
KZ

d,n,l
%

(
ΦZ

i,j;ε

)
(vec(A),vec(B))

∣∣∣∣∣ ≤
ε√
dl
.

As a final step, we define ΦZ,d,n,l
mult;ε̃ := P

(
ΦZ

1,1;ε, ...,Φ
Z
d,1;ε, ...,Φ

Z
1,l;ε, ...,Φ

Z
d,l;ε

)
 










IdRn(d+l)

...
IdRn(d+l)


 ,0Rdln(d+l)





.

Then, by Lemma 3.6, we have that (A.2) is satisfied for Φε := ΦZ,d,n,l
mult;ε̃ . This yields (i) of the asserted statement.

Moreover, invoking Lemma 3.6, Lemma A.1 and (A.7) yields that

M
(

ΦZ,d,n,l
mult;ε̃

)
≤ 90dln ·

(
log2

(
n
√
dl

ε

)
+ 2 log2(Z) + 6

)
,
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which yields (ii) of the result. Moreover, by Lemma 3.6 and (A.8) it follows that

M1

(
ΦZ,d,n,l

mult;ε̃

)
≤ 16dln and ML(ΦZ,d,n,l

mult;ε̃ )

(
ΦZ,d,n,l

mult;ε̃

)
≤ 2dln,

completing the proof of (iii). By construction and using the fact that for any N ∈ Rd×l there holds

‖N‖2 ≤
√
dlmax

i,j
|Ni,j |,

we obtain that

sup
(vec(A),vec(B))∈KZ

d,n,l

∥∥∥∥AB−matr

(
R

KZ
d,n,l

%

(
ΦZ,d,n,l

mult;ε̃

)
(vec(A),vec(B))

)∥∥∥∥
2

≤
√
dl sup

(vec(A),vec(B))∈KZ
d,n,l

max
i=1,...,d, j=1,...,l

∣∣∣∣∣
n∑

k=1

Ai,kBk,j − R
KZ

d,n,l
%

(
ΦZ

i,j;ε

)
(vec(A),vec(B))

∣∣∣∣∣ ≤ ε. (A.9)

Equation (A.9) establishes (iv) of the asserted result. Finally, we have for any (vec(A),vec(B)) ∈ KZ
d,n,l

that
∥∥∥∥matr

(
R

KZ
d,n,l

%

(
ΦZ,d,n,l

mult;ε̃

)
(vec(A),vec(B))

)∥∥∥∥
2

≤
∥∥∥∥matr

(
R

KZ
d,n,l

%

(
ΦZ,d,n,l

mult;ε̃

)
(vec(A),vec(B))

)
−AB

∥∥∥∥
2

+ ‖AB‖2

≤ ε+ ‖A‖2‖B‖2 ≤ ε+ Z2 ≤ 1 + Z2.

This demonstrates that (v) holds and thereby finishes the proof.

A.2 Proof of Theorem 3.8

The objective of this subsection is to prove of Theorem 3.8. Towards this goal, we construct NNs which
emulate the map A 7→ Ak for k ∈ N and square matrices A. This is done by heavily using Proposition 3.7.
First of all, as a direct consequence of Proposition 3.7 we can estimate the sizes of the emulation of the
multiplication of two squared matrices. Indeed, there exists a universal constant C1 > 0 such that for all
d ∈ N, Z > 0, ε ∈ (0, 1)

(i) L
(

ΦZ,d,d,d
mult;ε

)
≤ C1 · (log2 (1/ε) + log2 (d) + log2 (max {1, Z})),

(ii) M
(

ΦZ,d,d,d
mult;ε

)
≤ C1 · (log2 (1/ε) + log2 (d) + log2 (max {1, Z})) d3,

(iii) M1

(
ΦZ,d,d,d

mult;ε

)
≤ C1d

3, as well as ML(ΦZ,d,d,d
mult;ε )

(
ΦZ,d,d,d

mult;ε

)
≤ C1d

3,

(iv) sup(vec(A),vec(B))∈KZ
d,d,d

∥∥∥∥AB−matr

(
R

KZ
d,d,d

%

(
ΦZ,d,d,d

mult;ε

)
(vec(A),vec(B))

)∥∥∥∥
2

≤ ε,

(v) for every (vec(A),vec(B)) ∈ KZ
d,d,d we have

∥∥∥∥matr

(
R

KZ
d,d,d

%

(
ΦZ,d,d,d

mult;ε

)
(vec(A),vec(B))

)∥∥∥∥
2

≤ ε+ ‖A‖2‖B‖2 ≤ ε+ Z2 ≤ 1 + Z2.

One consequence of the ability to emulate the multiplication of matrices is that we can also emulate the
squaring of matrices. We make this precise in the following definition.
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Definition A.2. For d ∈ N, Z > 0, and ε ∈ (0, 1) we define the NN

ΦZ,d
2;ε := ΦZ,d,d,d

mult;ε
 
(((

IdRd2

IdRd2

)
,0R2d2

))
,

which has d2-dimensional input and d2-dimensional output. By Lemma 3.6 we have that there exists a
constant Csq > C1 such that for all d ∈ N, Z > 0, ε ∈ (0, 1)

(i) L
(

ΦZ,d
2;ε

)
≤ Csq · (log2(1/ε) + log2(d) + log2 (max {1, Z})) ,

(ii) M
(

ΦZ,d
2;ε

)
≤ Csqd

3 · (log2(1/ε) + log2(d) + log2 (max {1, Z})) ,

(iii) M1

(
ΦZ,d

2;ε

)
≤ Csqd

3, as well as ML(ΦZ,d
2;ε )

(
ΦZ,d

2;ε

)
≤ Csqd

3,

(iv) supvec(A)∈KZ
d

∥∥∥A2 −matr
(

R
KZ

d
%

(
ΦZ,d

2;ε

)
(vec(A))

)∥∥∥
2
≤ ε,

(v) for all vec(A) ∈ KZ
d we have

∥∥∥matr
(

R
KZ

d
%

(
ΦZ,d

2;ε

)
(vec(A))

)∥∥∥
2
≤ ε+ ‖A‖2 ≤ ε+ Z2 ≤ 1 + Z2.

Our next goal is to approximate the map A 7→ Ak for an arbitrary k ∈ N0. We start with the case that k
is a power of 2 and for the moment we only consider the set of all matrices the norm of which is bounded by
1/2.

Proposition A.3. Let d ∈ N, j ∈ N, as well as ε ∈ (0, 1/4). Then there exists a NN Φ
1/2,d
2j ;ε with d2-

dimensional input and d2-dimensional output with the following properties:

(i) L
(

Φ
1/2,d
2j ;ε

)
≤ Csqj · (log2(1/ε) + log2(d)) + 2Csq · (j − 1),

(ii) M
(

Φ
1/2,d
2j ;ε

)
≤ Csqjd

3 · (log2(1/ε) + log2(d)) + 4Csq · (j − 1)d3,

(iii) M1

(
Φ

1/2,d
2j ;ε

)
≤ Csqd

3, as well as M
L
(
Φ

1/2,d

2j ;ε

)
(

Φ
1/2,d
2j ;ε

)
≤ Csqd

3,

(iv) sup
vec(A)∈K

1/2
d

∥∥∥∥A2j −matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j ;ε

)
(vec(A))

)∥∥∥∥
2

≤ ε,

(v) for every vec(A) ∈ K1/2
d we have

∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j ;ε

)
(vec(A))

)∥∥∥∥
2

≤ ε+
∥∥∥A2j

∥∥∥
2
≤ ε+ ‖A‖2

j

2 ≤
1

4
+

(
1

2

)2j

≤ 1

2
.

Proof. We show the statement by induction over j ∈ N. For j = 1, the statement follows by choosing Φ
1/2,d
2;ε

as in Definition A.2. Assume now, as induction hypothesis, that the claim holds for an arbitrary, but fixed

j ∈ N, i.e., there exists a NN Φ
1/2,d
2j ;ε such that

∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j ;ε

)
(vec(A))

)
−A2j

∥∥∥∥
2

≤ ε,
∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j ;ε

)
(vec(A))

)∥∥∥∥
2

≤ ε+

(
1

2

)2j

(A.10)
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and Φ
1/2,d
2j ;ε satisfies (i),(ii),(iii). Now we define

Φ
1/2,d
2j+1;ε

:= Φ1,d
2; ε4
� Φ

1/2,d
2j ;ε .

By the triangle inequality, we obtain for any vec(A) ∈ K1/2
d

∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j+1;ε

)
(vec(A))

)
−A2j+1

∥∥∥∥
2

≤
∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j+1;ε

)
(vec(A))

)
−A2jmatr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j ;ε

)
(vec(A))

)∥∥∥∥
2

+
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)2∥∥∥∥
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. (A.11)

By construction of Φ
1/2,d
2j+1;ε, we know that

∥∥∥∥∥matr
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R

K
1/2
d

%

(
Φ

1/2,d
2j+1;ε

)
(vec(A))

)
−
(

matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j ;ε

)
(vec(A))

))2
∥∥∥∥∥
2

≤ ε

4
.

Therefore, using the triangle inequality and the fact that ‖ · ‖2 is a submultiplicative operator norm, we derive
that
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∥∥∥∥∥
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4
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∥∥∥∥matr
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1/2,d
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)
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≤ ε

4
+ ε ·

(
ε+

(
1

2

)2j
)
≤ 3

4
ε, (A.12)

where the penultimate estimate follows by the induction hypothesis (A.10) and ε < 1/4. Hence, since ‖ · ‖2 is
a submultiplicative operator norm, we obtain

∥∥∥∥A2jmatr
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)
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)
−
(
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≤
∥∥∥∥matr
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)
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)
−A2j

∥∥∥∥
2

∥∥∥A2j
∥∥∥
2

≤ ε

4
, (A.13)

where we used
∥∥∥A2j

∥∥∥
2
≤ 1/4 and the induction hypothesis (A.10). Applying (A.13) and (A.12) to (A.11)

yields

∥∥∥∥matr
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R

K
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d

%

(
Φ

1/2,d
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)
(vec(A))

)
−A2j+1
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2

≤ ε. (A.14)

A direct consequence of (A.14) is that

∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
2j+1;ε

)
(vec(A))

)∥∥∥∥
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∥∥∥
2
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2 . (A.15)
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The estimates (A.14) and (A.15) complete the proof of the assertions (iv) and (v) of the proposition statement.

Now we estimate the size of Φ
1/2,d
2j+1;ε. By the induction hypothesis and Lemma 3.6(a)(i), we obtain

L
(

Φ
1/2,d
2j+1;ε

)
= L

(
Φ1,d

2; ε4

)
+ L

(
Φ

1/2,d
2j ;ε

)

≤ Csq · (log2(1/ε) + log2(d) + log2(4) + j log2(1/ε) + 2 · (j − 1) + j log2(d))

= Csq · ((j + 1) log2(1/ε) + (j + 1) log2(d) + 2j) ,

which implies (i). Moreover, by the induction hypothesis and Lemma 3.6(a)(ii), we conclude that

M
(

Φ
1/2,d
2j+1;ε

)
≤M

(
Φ1,d

2; ε4

)
+M

(
Φ

1/2,d
2j ;ε

)
+M1

(
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2; ε4

)
+M

L
(
Φ

1/2,d

2j ;ε

)
(

Φ
1/2,d
2j ;ε

)

≤ Csqd
3 · (log2(1/ε) + log2(d) + log2(4) + j log2(1/ε) + j log2(d) + 4 · (j − 1)) + 2Csqd

3

= Csqd
3 · ((j + 1) log2(1/ε) + (j + 1) log2(d) + 4j) ,

implying (ii). Finally, it follows from Lemma 3.6(a)(iii) in combination with the induction hypothesis as well
Lemma 3.6(a)(iv) that

M1

(
Φ

1/2,d
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)
= M1

(
Φ

1/2,d
2j ;ε

)
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3,

as well as

M
L
(
Φ

1/2,d
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)
(

Φ
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)
= M

L

(
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2; ε
4

)
(

Φ1,d
2; ε4

)
≤ Csqd

3,

which finishes the proof.

We proceed by demonstrating, how to build a NN that emulates the map A 7→ Ak for an arbitrary
k ∈ N0. Again, for the moment we only consider the set of all matrices the norms of which are bounded by
1/2. For the case of the set of all matrices the norms of which are bounded by an arbitrary Z > 0, we refer
to Corollary A.5.

Proposition A.4. Let d ∈ N, k ∈ N0, and ε ∈ (0, 1/4). Then, there exists a NN Φ
1/2,d
k;ε with d2- dimensional

input and d2-dimensional output satisfying the following properties:

(i)

L
(

Φ
1/2,d
k;ε

)
≤ blog2 (max{k, 2})cL

(
Φ1,d

mult; ε4

)
+ L

(
Φ

1/2,d

2blog2(max{k,2})c;ε

)

≤ 2Csq blog2 (max{k, 2})c · (log2(1/ε) + log2(d) + 2) ,

(ii) M
(

Φ
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)
≤ 3

2Csqd
3 · blog2 (max{k, 2})c · (blog2 (max{k, 2})c+ 1) · (log2(1/ε) + log2(d) + 4),

(iii) M1
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)
≤ Csq · (blog2 (max{k, 2})c+ 1) d3, as well as M
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)
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3,

(iv) sup
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(v) for any vec(A) ∈ K1/2
d we have
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4
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1

4
+

(
1

2

)k

.
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Proof. We prove the result per induction over k ∈ N0. The cases k = 0 and k = 1 hold trivially by defining
the NNs

Φ
1/2,d
0;ε :=

((
0Rd2×Rd2 ,vec(IdRd)

))
, Φ

1/2,d
1;ε :=

((
IdRd2 ,0Rd2

))
.

For the induction hypothesis, we claim that the result holds true for all k′ ≤ k ∈ N. If k is a power of two,
then the result holds per Proposition A.3, thus we can assume without loss of generality, that k is not a
power of two. We define j := blog2(k)c such that, for t := k − 2j , we have that 0 < t < 2j . This implies

that Ak = A2jAt. Hence, by Proposition A.3 and by the induction hypothesis, respectively, there exist a

NN Φ
1/2,d
2j ;ε satisfying (i)-(v) of Proposition A.3 and a NN Φ

1/2,d
t;ε satisfying (i)-(v) of the statement of this

proposition. We now define the NN

Φ
1/2,d
k;ε := Φ1,d,d,d

mult; ε4
� P

(
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1/2,d
2j ;ε ,Φ

1/2,d
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)
 
(((

IdRd2

IdRd2

)
,0R2d2

))
.

By construction and Lemma 3.6(a)(iv), we first observe that

M
L
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)
(
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= M
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4

)
(
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)
≤ Csqd

3.

Moreover, we obtain by the induction hypothesis as well as Lemma 3.6(a)(iii) in combination with Lemma
3.6(b)(iv) that
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)
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(
P
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)
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)
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3.

This shows (iii). To show (iv), we perform a similar estimate as the one following (A.11). By the triangle
inequality,

∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
k;ε

)
(vec(A))

)
−Ak

∥∥∥∥
2

≤
∥∥∥∥matr

(
R

K
1/2
d

%

(
Φ

1/2,d
k;ε

)
(vec(A))

)
−A2jmatr

(
R

K
1/2
d

%

(
Φ

1/2,d
t;ε

)
(vec(A))

)∥∥∥∥
2

+

∥∥∥∥A2jmatr

(
R

K
1/2
d

%

(
Φ

1/2,d
t;ε

)
(vec(A))

)
−A2jAt

∥∥∥∥
2

. (A.16)

By the construction of Φ
1/2,d
k;ε and the Proposition 3.7, we conclude that
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Hence, using (A.16), we can estimate
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ε

4
+ I + II.

We now consider two cases: If t = 1, then we know by the construction of Φ
1/2,d
1;ε that II = 0. Thus

ε

4
+ I + II =

ε

4
+ I ≤ ε

4
+ ‖A‖2ε ≤

3ε

4
≤ ε.

If t ≥ 2, then

ε
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+ I + II ≤ ε

4
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+
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)
ε ≤ ε

4
+

3ε

4
= ε,

where we have used that
(
1
2

)t ≤ 1
4 for t ≥ 2. This shows (iv). In addition, by an application of the triangle

inequality, we have that
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This shows (v). Now we analyze the size of Φ
1/2,d
k;ε . We have by Lemma 3.6(a)(i) in combination with Lemma

3.6(b)(i) and by the induction hypothesis that
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(
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)
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)

≤ Csqj · (log2(1/ε) + log2(d) + 2) + Csqj · (log2(1/ε) + log2(d)) + 2Csq · (j − 1)

≤ 2Csqj · (log2(1/ε) + log2(d) + 2) ,

which implies (i). Finally, we address the number of non-zero weights of the resulting NN. We first observe
that, by Lemma 3.6(a)(ii),

M
(

Φ
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)
≤
(
M
(
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)
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P
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=: I′ + II′(a) + II′(b).
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Then, by the properties of the NN Φ1,d,d,d
mult; ε4

, we obtain

I′ = M
(

Φ1,d,d,d
mult; ε4

)
+M1

(
Φ1,d,d,d

mult; ε4

)
≤ Csqd

3 · (log2(1/ε) + log2(d) + 2) + Csqd
3

= Csqd
3 · (log2(1/ε) + log2(d) + 3) .

Next, we estimate

II′(a) + II′(b) = M
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P
(

Φ
1/2,d
2j ;ε ,Φ
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+M
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P
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1/2,d
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.

Without loss of generality we assume that L := L
(

Φ
1/2,d
t;ε

)
−L

(
Φ

1/2,d
2j ;ε

)
> 0. The other cases follow similarly.

We have that L ≤ 2Csqj · (log2(1/ε) + log2(d) + 2) and, by the definition of the parallelization of two NNs
with a different number of layers that
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P
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(
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(
Φ

1/2,d
2j ;ε

)
,

where we have used the definition of the parallelization for the first two equalities, Lemma 3.6(b)(iii) for the
third equality, Lemma 3.6(a)(ii) for the fourth inequality as well as the properties of ΦId

d2,L in combination

with Proposition A.3(iii) for the last inequality. Moreover, by the definition of the parallelization of two NNs
with different numbers of layers, we conclude that
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L
(
P
(
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2j ;ε
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t;ε

))
(

P
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Φ
1/2,d
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d;ε

))
≤ d2 + Csqd

3.

Combining the estimates on I′, II′(a), and II′(b), we obtain by using the induction hypothesis that

M
(
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k;ε

)
≤ Csqd
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3 +M
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)
+M
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Φ
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2j ;ε

)

≤ Csq · (j + 1)d3 · (log2(1/ε) + log2(d) + 4) + 2d2 · (L+ 2) +M
(

Φ
1/2,d
t;ε

)

≤ Csq · (j + 1)d3 · (log2(1/ε) + log2(d) + 4) + 2Csqjd
2 · (log2(1/ε) + log2(d) + 2)

+ 4d2 +M
(

Φ
1/2,d
t;ε

)

≤ 3Csq · (j + 1)d3 · (log2(1/ε) + log2(d) + 4) +M
(

Φ
1/2,d
t;ε

)

≤ 3Csqd
3 ·
(
j + 1 +

j · (j + 1)

2

)
· (log2(1/ε) + log2(d) + 4))

=
3

2
Csq · (j + 1) · (j + 2)d3 · (log2(1/ε) + log2(d) + 4) .

Proposition A.4 only provides a construction of a NN the ReLU-realization of which emulates a power of
a matrix A, under the assumption that ‖A‖2 ≤ 1/2. We remove this restriction in the following corollary by

presenting a construction of a NN ΦZ,d
k;ε the ReLU-realization of which approximates the map A 7→ Ak, on

the set of all matrices A the norms of which are bounded by an arbitrary Z > 0.
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Corollary A.5. There exists a universal constant Cpow > Csq such that for all Z > 0, d ∈ N and k ∈ N0,

there exists some NN ΦZ,d
k;ε with the following properties:

(i) L
(

ΦZ,d
k;ε

)
≤ Cpow log2 (max{k, 2}) · (log2(1/ε) + log2(d) + k log2 (max {1, Z})),

(ii) M
(

ΦZ,d
k;ε

)
≤ Cpow log2

2 (max{k, 2}) d3 · (log2(1/ε) + log2(d) + k log2 (max {1, Z})),

(iii) M1

(
ΦZ,d

k;ε

)
≤ Cpow log2 (max{k, 2}) d3, as well as ML(ΦZ,d

k;ε )

(
ΦZ

k;ε

)
≤ Cpowd

3,

(iv) supvec(A)∈KZ
d

∥∥∥Ak −matr
(

R
KZ

d
%

(
ΦZ,d

k;ε

)
(vec(A))

)∥∥∥
2
≤ ε,

(v) for any vec(A) ∈ KZ
d we have

∥∥∥matr
(

R
KZ

d
%

(
ΦZ,d

k;ε

)
(vec(A))

)∥∥∥
2
≤ ε+ ‖Ak‖2 ≤ ε+ ‖A‖k2 .

Proof. Let ((A1,b1), ..., (AL,bL)) := Φ
1/2,d
k; ε

2max{1,Zk}
according to Proposition A.4. Then the NN

ΦZ,d
k;ε :=

((
1

2Z
A1,b1

)
, (A2,b2), ..., (AL−1,bL−1),

(
2ZkAL, 2Z

kbL

))

fulfills all of the desired properties.

We have seen how to construct a NN that takes a matrix as an input and computes a power of this matrix.
With this tool at hand, we are now ready to prove Theorem 3.8.

Proof of Theorem 3.8. By the properties of the partial sums of the Neumann series, for m ∈ N and every
vec(A) ∈ K1−δ

d , we have that

∥∥∥∥∥(IdRd −A)
−1 −

m∑

k=0

Ak

∥∥∥∥∥
2

=
∥∥∥(IdRd −A)

−1
Am+1

∥∥∥
2
≤
∥∥∥(IdRd −A)

−1
∥∥∥
2
‖A‖m+1

2

≤ 1

1− (1− δ) · (1− δ)
m+1 =

(1− δ)m+1

δ
.

Hence, for

m(ε, δ) =

⌈
log1−δ(2) log2

(
εδ

2

)⌉
=

⌈
log2(ε) + log2(δ)− 1

log2(1− δ)

⌉
≥ log2(ε) + log2(δ)− 1

log2(1− δ)

we obtain
∥∥∥∥∥∥

(IdRd −A)
−1 −

m(ε,δ)∑

k=0

Ak

∥∥∥∥∥∥
2

≤ ε

2
.

Let now

((A1,b1), ..., (AL,bL))

:=
(((

IdRd2 |...|IdRd2

)
,0Rd2

))
� P

(
Φ1,d

1; ε
2(m(ε,δ)−1)

, ...,Φ1,d
m(ε,δ); ε

2(m(ε,δ)−1)

)
 










IdRd2

...
IdRd2


 ,0R2m(ε,δ)d2





 ,
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where
(
IdRd2 |...|IdRd2

)
∈ Rd2×m(ε,δ)·d2

. Then we set

Φ1−δ,d
inv;ε := ((A1,b1), ..., (AL,bL + vec (IdRd))) .

We have for any vec(A) ∈ K1−δ
d

∥∥∥∥(IdRd −A)
−1 −matr

(
R

K1−δ
d

%

(
Φ1−δ,d

inv;ε

)
(vec(A))

)∥∥∥∥
2

≤

∥∥∥∥∥∥
(IdRd −A)

−1 −
m(ε,δ)∑

k=0

Ak

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥

m(ε,δ)∑

k=0

Ak −matr

(
R

K1−δ
d

%

(
Φ1−δ,d

inv;ε

)
(vec(A))

)∥∥∥∥∥∥
2

≤ ε

2
+

m(ε,δ)∑

k=2

∥∥∥∥Ak −matr

(
R

K1−δ
d

%

(
Φ1,d

k; ε
2(m(ε,δ)−1)

)
(vec(A))

)∥∥∥∥
2

≤ ε

2
+ (m(ε, δ)− 1)

ε

2(m(ε, δ)− 1)
= ε,

where we have used that
∥∥∥∥A−matr

(
R

K1−δ
d

%

(
Φ1,d

1; ε
2(m(ε,δ)−1)

)
(vec(A))

)∥∥∥∥
2

= 0.

This completes the proof of (iii). Moreover, (iv) is a direct consequence of (iii). Now we analyze the size of
the resulting NN. First of all, we have by Lemma 3.6(b)(i) and Corollary A.5 that

L
(

Φ1−δ,d
inv;ε

)
= max

k=1,...,m(ε,δ)
L
(

Φ1,d
k; ε

2(m(ε,δ)−1)

)

≤ Cpow log2 (m(ε, δ)− 1) · (log2 (1/ε) + 1 + log2 (m(ε, δ)− 1) + log2(d))

≤ Cpow log2

(
log2 (0.5εδ)

log2(1− δ)

)
·
(

log2 (1/ε) + 1 + log2

(
log2 (0.5εδ)

log2(1− δ)

)
+ log2(d)

)
,

which implies (i). Moreover, by Lemma 3.6(b)(ii), Corollary A.5 and the monotonicity of the logarithm, we
obtain

M
(

Φ1−δ,d
inv;ε

)
≤ 3 ·




m(ε,δ)∑

k=1

M
(

Φ1,d
k; ε

2(m(ε,δ)−1)

)



+ 4Cpowm(ε, δ)d2 log2 (m(ε, δ)) · (log2 (1/ε) + 1 + log2 (m(ε, δ)) + log2(d))

≤ 3Cpow ·




m(ε,δ)∑

k=1

log2
2(max{k, 2})


 d3 · (log2(1/ε) + 1 + log2 (m(ε, δ)) + log2(d))

+ 5m(ε, δ)d2Cpow log2 (m(ε, δ)) · (log2 (1/ε) + 1 + log2 (m(ε, δ)) + log2(d)) =: I.

Since
∑m(ε,δ)

k=1 log2
2(max{k, 2}) ≤ m(ε, δ) log2

2(m(ε, δ)), we obtain for some constant Cinv > Cpow that

I ≤ Cinvm(ε, δ) log2
2(m(ε, δ))d3 · (log2(1/ε) + log2 (m(ε, δ)) + log2(d)) .

This completes the proof.
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B Proof of Theorem 4.3

We start by establishing a bound on
∥∥IdRd(ε̃) − αBrb

y,ε̃

∥∥
2
.

Proposition B.1. For any α ∈ (0, 1/Ccont) and δ := αCcoer ∈ (0, 1) there holds

∥∥IdRd(ε̃) − αBrb
y,ε̃

∥∥
2
≤ 1− δ < 1, for all y ∈ Y, ε̃ > 0.

Proof. Since Brb
y,ε̃ is symmetric, there holds that

∥∥IdRd(ε̃) − αBrb
y,ε̃

∥∥
2

= max
µ∈σ(Brb

y,ε̃)
|1− αµ| ≤ max

µ∈[Ccoer,Ccont]
|1− αµ| = 1− αCcoer = 1− δ < 1,

for all y ∈ Y, ε̃ > 0.

With an approximation to the parameter-dependent stiffness matrices with respect to a RB, due to
Assumption 4.1, we can next state a construction of a NN the ReLU-realization of which approximates the

map y 7→
(
Brb

y,ε̃

)−1
. As a first step, we observe the following remark.

Remark B.2. It is not hard to see that if
(
(A1

ε̃,ε,b
1
ε̃,ε), ..., (A

L
ε̃,ε,b

L
ε̃,ε)
)

:= ΦB
ε̃,ε is the NN of Assumption 4.1,

then for
ΦB,Id

ε̃,ε :=
(
(A1

ε̃,ε,b
1
ε̃,ε), ..., (−AL

ε̃,ε,−bL
ε̃,ε + vec (IdRd(ε̃)))

)

we have that

sup
y∈Y

∥∥∥IdRd(ε̃) − αBrb
y,ε̃ −matr

(
RY

%

(
ΦB,Id

ε̃,ε

)
(y)
)∥∥∥

2
≤ ε,

as well as M
(

ΦB,Id
ε̃,ε

)
≤ BM (ε̃, ε) + d(ε̃)2 and L

(
ΦB,Id

ε̃,ε

)
= BL (ε̃, ε).

Now we present the construction of the NN emulating y 7→
(
Brb

y,ε̃

)−1
.

Proposition B.3. Let ε̃ ≥ ε̂, ε ∈ (0, α/4 ·min{1, Ccoer}) and ε′ := 3/8 ·εαC2
coer < ε. Assume that Assumption

4.1 holds. We define

ΦB
inv;ε̃,ε := ((αIdRd(ε̃) ,0Rd(ε̃)))  Φ

1−δ/2,d(ε̃)
inv; ε

2α
� ΦB,Id

ε̃,ε′ ,

which has p-dimensional input and d(ε̃)2- dimensional output.
Then, there exists a constant CB = CB(Ccoer, Ccont) > 0 such that

(i) L
(
ΦB

inv;ε̃,ε

)
≤ CB log2(log2(1/ε))

(
log2(1/ε) + log2(log2(1/ε)) + log2(d(ε̃))

)
+BL(ε̃, ε′),

(ii) M
(
ΦB

inv;ε̃,ε

)
≤ CB log2(1/ε) log2

2(log2(1/ε))d(ε̃)3 ·
(

log2(1/ε)+log2(log2(1/ε))+log2(d(ε̃))
)

+2BM (ε̃, ε′) ,

(iii) supy∈Y

∥∥∥
(
Brb

y,ε̃

)−1 −matr
(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
)∥∥∥

2
≤ ε,

(iv) supy∈Y

∥∥∥G1/2Vε̃ ·
((

Brb
y,ε̃

)−1 −matr
(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
))∥∥∥

2
≤ ε,

(v) supy∈Y
∥∥matr

(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
)∥∥

2
≤ ε+ 1

Ccoer
,

(vi) supy∈Y
∥∥G1/2Vε̃matr

(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
)∥∥

2
≤ ε+ 1

Ccoer
.
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Proof. First of all, for all y ∈ Y the matrix matr
(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)

is invertible. This can be deduced from the
fact that

∥∥αBrb
y,ε̃ −matr

(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)∥∥

2
≤ ε′ < ε ≤ αmin{1, Ccoer}

4
≤ αCcoer

4
. (B.1)

Indeed, we estimate

min
z∈Rd(ε̃)\{0}

∣∣matr
(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)
z
∣∣

|z|

[Reverse triangle inequality] ≥ min
z∈Rd(ε̃)\{0}

∣∣αBrb
y,ε̃z
∣∣

|z| − max
z∈Rd(ε̃)\{0}

∣∣αBrb
y,ε̃z−matr

(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)
z
∣∣

|z|

[Definition of ‖.‖2] ≥


 max

z∈Rd(ε̃)\{0}

|z|∣∣∣αBrb
y,ε̃z
∣∣∣




−1

−
∥∥αBrb

y,ε̃ −matr
(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)∥∥

2

[Set z̃ := (αBrb
y,ε̃)z] ≥

(
max

z̃∈Rd(ε̃)\{0}

|(αBrb
y,ε̃)

−1z̃|
|z̃|

)−1

−
∥∥αBrb

y,ε̃ −matr
(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)∥∥

2

[Definition of ‖ · ‖2] ≥
∥∥∥
(
αBrb

y,ε̃

)−1
∥∥∥
−1

2
−
∥∥αBrb

y,ε̃ −matr
(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)∥∥

2

[By Equations (B.1) and (2.9)] ≥ αCcoer −
αCcoer

4
≥ 3

4
αCcoer.

Thus it follows that
∥∥∥
(
matr

(
RY

%

(
ΦB

ε̃,ε′
)

(y)
))−1

∥∥∥
2
≤ 4

3

1

Ccoerα
. (B.2)

Then
∥∥∥∥

1

α

(
Brb

y,ε̃

)−1 −matr
(

RY
%

(
Φ

1−δ/2,d(ε̃)
inv; ε

2α
� ΦB,Id

ε̃,ε′

)
(y)
)∥∥∥∥

2

≤
∥∥∥∥

1

α

(
Brb

y,ε̃

)−1 −
(
matr

(
RY

%

(
ΦB

ε̃,ε′
)

(y)
))−1

∥∥∥∥
2

+
∥∥∥
(
matr

(
RY

%

(
ΦB

ε̃,ε′
)

(y)
))−1 −matr

(
RY

%

(
Φ

1−δ/2,d(ε̃)
inv; ε

2α
� ΦB,Id

ε̃,ε′

)
(y)
)∥∥∥

2
=: I + II.

Due to the fact that for two invertible matrices M,N,

∥∥M−1 −N−1
∥∥
2

=
∥∥M−1(N−M)N−1

∥∥
2
≤ ‖M−N‖2‖M−1‖2‖N−1‖2,

we obtain

I ≤
∥∥αBrb

y,ε̃ −matr
(
RY

%

(
ΦB

ε̃,ε′
)

(y)
)∥∥

2

∥∥∥
(
αBrb

y,ε̃

)−1
∥∥∥
2

∥∥∥
(
matr

(
RY

%

(
ΦB

ε̃,ε′
)

(y)
))−1

∥∥∥
2

≤ 3

8
εαC2

coer

1

αCcoer

4

3

1

Ccoerα
=

ε

2α
,

where we have used Assumption 4.1, Equation (2.9) and Equation (B.2). Now we turn our attention to
estimating II. First, observe that for every y ∈ Y by the triangle inequality and Remark B.2, that

∥∥∥matr
(

RY
%

(
ΦB,Id

ε̃,ε′

)
(y)
)∥∥∥

2
≤
∥∥∥matr

(
RY

%

(
ΦB,Id

ε̃,ε′

)
(y)
)
−
(
IdRd(ε̃) − αBrb

y,ε̃

)∥∥∥
2

+
∥∥IdRd(ε̃) − αBrb

y,ε̃

∥∥
2

≤ ε′ + 1− δ ≤ 1− δ +
αCcoer

4
≤ 1− δ +

αCcont

4
≤ 1− δ +

δ

2
= 1− δ

2
.
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Moreover, have that ε/(2α) ≤ α/(8α) < 1/4. Hence, by Theorem 3.8, we obtain that II ≤ ε/2α. Putting
everything together yields

sup
y∈Y

∥∥∥∥
1

α

(
Brb

y,ε̃

)−1 −matr
(

RY
%

(
Φ

1−δ/2,d(ε̃)
inv; ε

2α
� ΦB,Id

ε̃,ε′

)
(y)
)∥∥∥∥

2

≤ I + II ≤ ε

α
.

Finally, by construction we can conclude that

sup
y∈Y

∥∥∥
(
Brb

y,ε̃

)−1 −matr
(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
)∥∥∥

2
≤ ε.

This implies (iii) of the assertion. Now, by Equation (2.7) we obtain

sup
y∈Y

∥∥∥G1/2Vε̃

(
Brb

y,ε̃

)−1 −G1/2Vε̃matr
(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
)∥∥∥

2
≤
∥∥∥G1/2Vε̃

∥∥∥
2
ε = ε,

completing the proof of (iv). Finally, for all y ∈ Y we estimate
∥∥∥G1/2Vε̃matr

(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
)∥∥∥

2

≤
∥∥∥G1/2Vε̃ ·

((
Brb

y,ε̃

)−1 −matr
(
RY

%

(
ΦB

inv;ε̃,ε

)
(y)
))∥∥∥

2
+
∥∥∥G1/2Vε̃

(
Brb

y,ε̃

)−1
∥∥∥
2

≤ ε+
1

Ccoer
.

This yields (vi). A minor modification of the calculation above yields (v). At last, we show (i) and (ii). First

of all, it is clear that L
(
ΦB

inv;ε̃,ε

)
= L

(
Φ

1−δ/2,d(ε̃)
inv; ε

2α
� ΦB,Id

ε̃,ε′

)
and M

(
ΦB

inv;ε̃,ε

)
= M

(
Φ

1−δ/2,d(ε̃)
inv; ε

2α
� ΦB,Id

ε̃,ε′

)
.

Moreover, by Lemma 3.6(a)(i) in combination with Theorem 3.8 (i) we have

L
(
ΦB

inv;ε̃,ε

)
≤ Cinv log2 (m (ε/(2α), δ/2)) · (log2 (2α/ε) + log2 (m (ε/(2α), δ/2)) + log2(d(ε̃))) +BL(ε̃, ε′)

and, by Lemma 3.6(a)(ii) in combination with Theorem 3.8(ii), we obtain

M
(
ΦB

inv;ε̃,ε

)

≤ 2Cinvm(ε/(2α), δ/2) log2
2 (m(ε/(2α), δ/2)) d(ε̃)3 · (log2 (2α/ε) + log2 (m(ε/(2α), δ/2)) + log2(d(ε̃)))

+ 2d(ε̃)2 + 2BM (ε̃, ε′).

In addition, by definition of m(ε, δ) in the statement of Theorem 3.8, for some constant C̃ > 0
there holds m (ε/(2α), δ/2) ≤ C̃ log2(1/ε). Hence, the claim follows for a suitably chosen constant CB =
CB(Ccoer, Ccont) > 0.

B.1 Proof of Theorem 4.3

We start with proving (i) by deducing the estimate for Φu,h
ε̃,ε . The estimate for Φu,rb

ε̃,ε follows in a similar, but
simpler way. For y ∈ Y, we have that

∣∣∣ũh
y,ε̃ − RY

%

(
Φu,h

ε̃,ε

)
(y)
∣∣∣
G

=
∣∣∣G1/2 ·

(
Vε̃

(
Brb

y,ε̃

)−1
f rby,ε̃ − RY

%

(
Φu,h

ε̃,ε

)
(y)
)∣∣∣

≤
∣∣∣G1/2Vε̃ ·

((
Brb

y,ε̃

)−1
f rby,ε̃ −

(
Brb

y,ε̃

)−1
RY

%

(
Φf

ε̃,ε′′
)

(y)
)∣∣∣

+
∣∣∣G1/2Vε̃ ·

((
Brb

y,ε̃

)−1
RY

%

(
Φf

ε̃,ε′′
)

(y)−matr
(
RY

%

(
ΦB

inv;ε̃,ε′
)

(y)
)

RY
%

(
Φf

ε̃,ε′′
)

(y)
)∣∣∣

+
∣∣∣G1/2 ·

(
Vε̃matr

(
RY

%

(
ΦB

inv;ε̃,ε′
)

(y)
)

RY
%

(
Φf

ε̃,ε′′
)

(y)− RY
%

(
Φu,h

ε̃,ε

)
(y)
)∣∣∣ =: I + II + III.
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We now estimate I, II, III separately. By Equation (2.7), Equation (2.9), Assumption 4.2, and the definition
of ε′′ there holds for y ∈ Y that

I ≤
∥∥∥G1/2Vε̃

∥∥∥
2

∥∥∥
(
Brb

y,ε̃

)−1
∥∥∥
2

∣∣f rby,ε̃ − RY
%

(
Φf

ε̃,ε′′
)

(y)
∣∣ ≤ 1

Ccoer

εCcoer

3
=
ε

3
.

We proceed with estimating II. It is not hard to see from Assumption 4.2 that

sup
y∈Y

∣∣RY
%

(
Φf

ε̃,ε

)
(y)
∣∣ ≤ ε+ Crhs. (B.3)

By definition, ε′ = ε/max{6, Crhs} ≤ ε. Hence, by Assumption 4.1 and (B.3) in combination with Proposition
B.3 (i), we obtain

II ≤
∥∥∥G1/2Vε̃ ·

((
Brb

y,ε̃

)−1 −matr
(
RY

%

(
ΦB

inv;ε̃,ε′
)

(y)
))∥∥∥

2

∣∣RY
%

(
Φf

ε̃,ε′′
)

(y)
∣∣ ≤ ε′ ·

(
Crhs +

ε · Ccoer

3

)

≤ ε

max{6, Crhs}
Crhs +

εCcoer

max{6, Crhs}
ε

3
≤ 2ε

6
=
ε

3
,

where we have used that Ccoerε < Ccoerα/4 < 1. Finally, we estimate III. Per construction, we have that

RY
%

(
Φu,h

ε̃,ε

)
(y) = Vε̃R

Y
%

(
Φ

κ,d(ε̃),d(ε̃),1
mult; ε3

� P
(
ΦB

inv;ε̃,ε′ ,Φ
f
ε̃,ε′′
))

(y, y).

Moreover, we have by Proposition B.3(v)

∥∥matr
(
RY

%

(
ΦB

inv;ε̃,ε′
)

(y)
)∥∥

2
≤ ε+

1

Ccoer
≤ 1 +

1

Ccoer
≤ κ

and by (B.3) that

∣∣RY
%

(
Φf

ε̃,ε′′
)

(y)
∣∣ ≤ ε′′ + Crhs ≤ εCcoer + Crhs ≤ 1 + Crhs ≤ κ.

Hence, by the choice of κ and Proposition 3.7 we conclude that III ≤ ε/3. Combining the estimates on I, II,
and III yields (i) and using (i) implies (v). Now we estimate the size of the NNs. We start with proving

(ii). First of all, we have by the definition of Φu,rb
ε̃,ε and Φu,h

ε̃,ε as well as Lemma 3.6(a)(i) in combination with
Proposition 3.7 that

L
(

Φu,rb
ε̃,ε

)
< L

(
Φu,h

ε̃,ε

)
≤ 1 + L

(
Φ

κ,d(ε̃),d(ε̃),1
mult; ε3

)
+ L

(
P
(
ΦB

inv;ε̃,ε′ ,Φ
f
ε̃,ε′′
))

≤ 1 + Cmult · (log2(3/ε) + 3/2 log2(d(ε̃)) + log2(κ)) + max
{
L
(
ΦB

inv;ε̃,ε′
)
, FL (ε̃, ε′′)

}

≤ Cu
L max {log2(log2(1/ε)) (log2(1/ε) + log2(log2(1/ε)) + log2(d(ε̃))) +BL(ε̃, ε′′′), FL (ε̃, ε′′)}

(B.4)

where we applied Proposition B.3(i) and chose a suitable constant

Cu
L = Cu

L(κ, ε′, CB) = Cu
L(Crhs, Ccoer, Ccont) > 0.

We now note that if we establish (iii), then (iv) follows immediately by Lemma 3.6(a)(ii). Thus, we
proceed with proving (iii). First of all, by Lemma 3.6(a)(ii) in combination with Proposition 3.7 we have

M
(

Φu,rb
ε̃,ε

)
≤ 2M

(
Φ

κ,d(ε̃),d(ε̃),1
mult; ε3

)
+ 2M

(
P
(
ΦB

inv;ε̃,ε′ ,Φ
f
ε̃,ε′′
))

≤ 2Cmultd(ε̃)2 · (log2(3/ε) + 3/2 log2(d(ε̃)) + log2(κ)) + 2M
(
P
(
ΦB

inv;ε̃,ε′ ,Φ
f
ε̃,ε′′
))
.
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Next, by Lemma 3.6(b)(ii) in combination with Proposition B.3 as well as Assumption 4.1 and Assumption
4.2 we have that

M
(
P
(
ΦB

inv;ε̃,ε′ ,Φ
f
ε̃,ε′′
))

≤M
(
ΦB

inv;ε̃,ε′
)

+M
(
Φf

ε̃,ε′′
)

+ 8d(ε̃)2 max {Cu
L log2(log2(1/ε′)) (log2(1/ε′) + log2(log2(1/ε′)) + log2(d(ε̃))) +BL(ε̃, ε′′′), FL (ε̃, ε′′)}

≤ CB log2(1/ε′) log2
2(log2(1/ε′))d(ε̃)3 · (log2(1/ε′) + log2(log2(1/ε′)) + log2(d(ε̃)))

+ 8d(ε̃)2 max {Cu
L log2(log2(1/ε′)) (log2(1/ε′) + log2(log2(1/ε′)) + log2(d(ε̃))) +BL(ε̃, ε′′′), FL (ε̃, ε′′)}

+ 2BM (ε̃, ε′′′) + FM (ε̃, ε′′)

≤ Cu
Md(ε̃)2 ·

(
d(ε̃) log2(1/ε) log2

2(log2(1/ε))
(

log2(1/ε) + log2(log2(1/ε)) + log2(d(ε̃))
)
...

...+BL(ε̃, ε′′′) + FL (ε̃, ε′′)

)
+ 2BM (ε̃, ε′′′) + FM (ε̃, ε′′) , (B.5)

for a suitably chosen constant Cu
M = Cu

M (ε′, CB , C
u
L) = Cu

L(Crhs, Ccoer, Ccont) > 0. This shows the claim.
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Numerical Solution of the Parametric Diffusion Equation

by Deep Neural Networks
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Abstract

We perform a comprehensive numerical study of the effect of approximation-theoretical results for
neural networks on practical learning problems in the context of numerical analysis. As the underlying
model, we study the machine-learning-based solution of parametric partial differential equations. Here,
approximation theory predicts that the performance of the model should depend only very mildly on the
dimension of the parameter space and is determined by the intrinsic dimension of the solution manifold of
the parametric partial differential equation. We use various methods to establish comparability between
test-cases by minimizing the effect of the choice of test-cases on the optimization and sampling aspects of
the learning problem. We find strong support for the hypothesis that approximation-theoretical effects
heavily influence the practical behavior of learning problems in numerical analysis.

Keywords: neural networks, parametric diffusion equation, numerical approximation, neural network
capacity

MSC (2010) classification: 35J99, 41A25, 41A30, 68T05, 65N30

1 Introduction

This work studies the problem of numerically solving a specific parametric partial differential equation
(PPDE) by training and applying neural networks (NNs). The central goal of the following exposition is to
identify those key aspects of a parametric problem that render the problem harder or simpler to solve for
methods based on NNs.

The underlying mathematical problem, the solution of PPDEs, is a standard problem in applied sciences
and engineering. In this model, certain parts of a PDE such as the boundary conditions, the source terms,
or the shape of the domain are controlled through a set of parameters, e.g., [29, 51]. In some applications
where PDEs need to be evaluated very often or in real-time, individually solving the underlying PDEs for
each choice of parameters becomes computationally infeasible. In this case, it is advisable to invoke methods
that leverage on the joint structure of all the individual problems. A typical approach is that of constructing
a reduced basis associated with the problem. With respect to this basis, the computational complexity of
solving the PPDE is then significantly reduced, e.g., [29, 51, 57, 45].

Recently, as an alternative or to augment the reduced basis method, approaches were introduced that
attempt to learn the parameter-to-solution map through methods of machine learning. We will provide a
comprehensive overview of related approaches in Section 1.4. One approach is to train a NN to fit the
discretized parameter-to-solution map, i.e., a map taking a parameter to a finite-element discretization of
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the solution of the associated PDEs. This approach has already been analyzed theoretically in [36] where it
was shown from an approximation-theoretical point of view that the hardness of representing the parameter-
to-solution map by NNs is determined by a highly problem-specific notion of complexity that depends (in
some cases) only very mildly on the dimension of the parameter space.

In this work, we study the problem of learning the discretized parameter-to-solution map in practice. We
hypothesize that the approximation-theoretical capacity of a NN architecture is one of the central factors in
determining the difficulty level of the learning problem in practice.

The motivation for this analysis is two-fold: First, we regard this as a general analysis of the feasibility
of approximation-theoretical arguments in the study of deep learning. Second, specifically for the problem
of numerical solution of PPDEs, we consider it important to identify which characteristics of a parametric
problem determine its practical hardness. This is especially relevant to identify in which areas the application
of this model is appropriate. We outline these two points of motivation in Section 1.1. The design of the
numerical experiment is presented in Section 1.2 and we give a high-level report of our findings in Section
1.3.

1.1 Motivation

As already outlined before, we describe the motivation for this paper in the following two sections.

1.1.1 Understanding of Deep Learning in General

A typical learning problem consists of an unknown data model, a hypothesis class, and an optimization
procedure to identify the best fit in the hypothesis class to the observed (sampled) data, e.g., [15, 16]. In a
deep learning problem, the hypothesis class is the set of NNs with a specific architecture.

The approximation-theoretical point of view analyzes the trade-off between the capacity of the hypothesis
class and the complexity of the data model. In this sense, this point of view describes only one aspect of the
learning problem.

In the framework of approximation theory, there are precise ways to assess the hardness of an underlying
problem. Concretely, this is done by identifying the rate by which the misfit between the hypothesis class
and the data model decreases for sequences of growing hypothesis classes. For example, one common theme
in the literature is the observation that for certain function classes, NNs do not admit a curse of dimension,
i.e., their approximation rates do not deteriorate exponentially fast with increasing input dimension, e.g.,
[6, 61, 49]. Another theme is that classes of smooth functions can be approximated more efficiently than
classes of rougher functions, e.g., [43, 67, 48, 46].

While these results offer some interpretation of why a certain problem should be harder or simpler, it
is not clear how relevant these results are in practice. Indeed, there are at least three issues that call the
approximation-theoretical explanation for a practical learning problem into question:

• Tightness of the upper bounds: Approximation-theoretical bounds usually describe worst-case error
estimates for whole classes of functions. For individual functions or subsets of these function classes,
there is no guarantee that one could not achieve a significantly better approximation rate.

• Optimization and sampling prevent approximation theoretical effect from materializing: As explained
at the beginning of this section, the learning problem consists of multiple aspects, one of which is the
ability of the hypothesis class to describe the data. Two further aspects are how well the sampling of
the data model describes the true model and how well the optimization procedure performs in finding
the best fit to the sampled data. Since the underlying optimization problem of deep learning is in
general non-convex, it is conceivable that, while there theoretically exists a very good approximation
of a function by a NN, finding it in practice is highly unlikely. Moreover, it is certainly possible that
the sampling process does not contain sufficient information to guarantee that the optimization routine
will identify the theoretically best approximation.

2
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• Asymptotic estimates: All approximation-theoretical results mentioned until here and almost all in
the literature describe the capacity of NNs to represent functions approximately with accuracy ε for
sufficiently large architectures only in a regime where ε tends to zero and the size of the architecture is
sufficiently large. The associated approximation rates may contain arbitrarily large implicit constants,
and therefore it is entirely unclear if changes to the trade-off between the complexity of the data model
and the size of the architecture have the theoretically predicted impact for moderately-sized practical
learning problems.

We believe that, to understand the effect of approximation-theoretical capacities of NNs in practical
learning scenarios, the learning problem associated with the parameter-to-solution map in a PPDE occupies
a special role: It is, in essence, a high-dimensional approximation problem of a function that has a very
strong low-dimensional, but highly non-trivial structure. What is more is that one can, to a certain extent,
control the complexity of the problem, as we have seen in [36]. In this context, we can ask ourselves the
following questions: Do we observe a curse of dimensionality in the practical solution of the problem? If
not, how does the difficulty in practice scale with the parameter dimension? On which characteristics of the
problem does the hardness of the practical solution thereof depend?

If we study these questions numerically, then the answers can be compared with the predictions from
approximation-theoretical considerations. If the predictions coincide with the observed behavior and other
causes, such as artefacts from the optimization and sampling procedure, can be ruled out, then we can view
these experiments as a strong support for the practical relevance of approximation-theoretical arguments.

Because of this, we study the aforementioned questions in an extensive numerical experiment that will
be described in Section 1.2 below.

1.1.2 Feasibility of the Machine-Learning-Based Solution of Parametric PDEs

The method (as described in [36]) of learning the parameter-to-solution map has at least two major ad-
vantages over classical approaches to solve PPDEs: First of all, the setup is completely independent of the
underlying PPDE. This versatility of NNs could be quite desirable in an environment where many substan-
tially different PPDEs are treated. Second, because this approach is fully data-driven, we do not require any
knowledge of the underlying PDE. Indeed, as long as sufficiently many data points are supplied, for example,
from a physical experiment, the approach could be feasible under high uncertainty of the model.

The main drawback of the method is the lack of theoretical understanding thereof. Moreover, for the
theoretical results that do exist, we lack any evaluation of how pertinent the theoretical observations are for
practical behavior. Most importantly, we do not have an a priori assessment for the practical feasibility of
certain problems.

In [36], we observed that the complexity of the solution manifold, i.e., the set of all solutions of the PDE,
is a central quantity involved in upper bounding the hardness of approximating the parameter-to-solution
map with a NN. In practice, it is unclear to what extent this notion is appropriate and if the complexity of
the solution manifold influences the performance of the method at all.

In the numerical experiment described in the next chapter, we explore the performance of the learning
approach for various test-cases with different intrinsic complexities and observe the sensitivity of the method
to the different setups.

1.2 The Experiment

To analyze the approximation-theoretical effect of the architecture on the overall performance of the learning
problem in practice, we train a fully connected NN as considered in [36] on a variety of datasets stemming
from different parameter choices of the parametric diffusion equation. The design of the data sets is such
that we vary the relationship between the capacity of the architecture and the complexity of the data and
report the effect on the overall performance.

In designing such an experiment, we face three fundamental challenges hindering the comparability between
test-cases:

3
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• Effect of the optimization procedure: The effect of the architecture on the optimization procedure is
not clear, and this interplay may be a much stronger factor in the performance of the method than the
capacity of the architecture to fit the data model. Similarly, the effect of the complexity of the data
model could affect the optimization procedure and influence the performance of the learning method
stronger than any approximation-theoretical effect.

• Effect of the sampling procedure: We train our network based on a finite number of samples of the
true solution. The number and choice of samples could have a non-negligible effect on the overall
performance and most importantly affect some test-cases more than others.

• Quantification of the intrinsic complexity: While we have theoretically established that the complexity
of the solution manifold is the main factor in upper-bounding the hardness of the problem in the
approximation-theoretical framework, we cannot, in practice, quantify this complexity.

We address these issues in the following four ways:

• Keeping the architecture fixed: An approximation-theoretical result on NNs is based on three ingredi-
ents. A function class C, a worst-case accuracy ε > 0, and the size of the architecture.

Whenever one of these hyper-parameters—the function class, the accuracy, or the architecture—is
fixed, one can theoretically describe how changing a second parameter influences the last one. For
example, for fixed C, an approximation-theoretical statement yields an estimate of the necessary size
of the architecture to achieve an accuracy of ε.

Because of the potentially strong impact of the architecture on the optimization procedure, we expect
that the most sensible point of view to test numerically is that where the architecture remains fixed
while we vary the function class C and observe ε. This way, we can guarantee that the influence of the
architecture on the optimization procedure is the same between test-cases.

• Analyzing the convergence behavior a posteriori: We are not aware of any method to guarantee a priori
that the choice of the data model would not influence the convergence behavior. We do, however,
analyze the convergence after the experiment to see if there are fundamental differences between our
test-cases. This analysis reveals no significant differences between all the setups and therefore indicates
that the effect of the data model on the optimization procedure is very similar between test-cases.

• Establishing independence of sample generation: We run the experiment multiple times for various
numbers of training samples N chosen in the same way—uniformly at random—in every test-case.
Between the choices of N , we observe a linear dependence of the achieved accuracy on N . This
indicates that the influence of the number of N on the performance of the method is the same for all
test-cases.

• Design of semi-ordered test-cases: While we are not able to assess the intrinsic complexity exactly, it
is straight-forward to construct series of test-cases with increasing complexity. In this sense, we can
introduce a semi-ordering of test-cases according to their complexity and observe to what extent the
performance of the method follows this ordering.

We present the construction of the test-cases in Section 4 and discuss the measures taken to remove effects
caused by the optimization and sampling procedures in greater detail in Appendix A. All of our test-cases
consider the following parametric diffusion equation

−∇ · (ay(x) · ∇uy(x)) = f(x), on Ω = (0, 1)2, uy|∂Ω = 0,

where f ∈ L2(Ω) and ay ∈ L∞(Ω), is a diffusion coefficient depending on a parameter y ∈ Y . In our
test-cases below, we learn a discretization of the map Rp ⊃ Y 3 y 7→ uy, where p ∈ N, for various choices of
parametrizations

Rp ⊃ Y 3 y 7→ ay. (1.1)
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Concretely, we vary the following characteristics of the parametrizations and observe the effect on the overall
performance of the learning problem:

• Type of parametrization: We choose test-cases which differ with respect to the following characteristics:
First, we study parametrizations (1.1) of various degrees of smoothness. Second, we study test-cases
where the parametrization (1.1) is affine-linear and non-linear. Third, we consider cases, where ay =∑p
i=1 ãyi for ãyi ∈ L∞(Ω) and where the supports of (ãyi)

p
i=1 overlap or have various degrees of

separation.

• Dimension of parameter space: The discretization of our solution space is done on the maximal com-
putationally feasible grid (with respect to our workstation). We have chosen the dimensions p of the
parameter spaces in such a way that the resolutions of the parametrized solutions are still meaningful
with respect to the underlying discretization.

• Complexity hyper-parameters: To generate comparable test-cases with increasing complexities, we
include two types of hyper-parametes into the data-generation process. One that directly influences
the ellipticity of the problem and another that introduces a weighting of the parameter values.

We expect that these tests yield answers to the following questions: How versatile is the approach? Does
it perform well only for special types of parametrizations or is it generally applicable? Do we observe a curse
of dimensionality and how much does the performance of the learning method depend on the dimension of
the parameter space? How strongly does the performance of the learning method depend on the intrinsic
complexity of the data?

1.3 Our Findings

In the numerical experiments, which we report in Section 4.3 and evaluate in Section 4.4, we find that
the proposed method is very sensitive to the underlying type of test-case. Indeed, we observe qualitatively
different scaling behaviors of the achieved error with the dimension p of the parameter space between different
test-cases. Concretely, we observe the following asymptotic behavior of the errors in different test-cases:
O(1),O(log(p)) and O(pk) for p → ∞ and k > 0, where k depends on one of the complexity hyper-
parameters. Notably, we do not observe a scaling according to the curse of dimensionality, i.e., an error
scaling exponentially with p, in any of the test-cases. We also observe that the achieved errors obey the
semi-ordering of complexities of the test-cases. This shows that the method is very versatile and can be
applied for various settings. Moreover, the complexity of the solution manifold appears to be a sensible
predictor for the efficiency of the method.

In addition, we observe that the numerical results agree with the predictions that can be made via
approximation-theoretical considerations. By design, we can exclude effects associated with the optimization
and sampling procedures. This supports the practical relevance of approximation-theoretical results for this
particular problem and for deep learning problems in general.

1.4 Related Works

The practical application of NNs in the context of PDEs dates back to the 1990s [37]. However, in recent
years the topic again gained traction in the scientific community driven by the ever-increasing availability
of computational power. Much of this research can be condensed into three main directions: Learning the
solution of a single PDE, system identification, and goal-oriented approaches. The first of these directions
uses NNs to directly model the solution of a (in some cases user-specified) single PDE [19, 53, 66, 40, 58],
an SDE [7, 18], or even the joint solution for multiple boundary conditions [62]. These methods mostly
rely on the differential operator of the PDE to evaluate the loss, but other approaches do exist [27]. In
system identification, one tries to discover an underlying physical law from data by reverse-engineering the
PDE. This can be done by attempting to uncover a hidden parameter of a known equation [54], or modeling
physical relations [10, 52]. Conversely, goal-oriented approaches, try to infer a quantity of interest stemming
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from the solution of an underlying PDE. For example, NNs can be used as a surrogate model to directly
learn the quantity of interest and thereby circumvent the necessity of explicitly solving the equation [34].
A practical example for this is given by the ground state energy of a molecule which is derived from the
solution of the electronic Schrödinger equation. This task has been efficiently solved by graph NNs [60, 41, 22].
Furthermore, building a surrogate model can be especially useful in uncertainty quantification [63]. NNs can
also aid classical methods in solving goal-oriented tasks [13, 42]. In addition to the aforementioned research
directions, further work has been done on fusing NNs with classical numerical methods to assist, for example,
in model-order reduction, [56, 38].

Our work focuses on PPDEs and more specifically we are interested in learning the mapping from the
parameter to the coefficients of the high-fidelity solution. Related but different approaches were analyzed in
[30], and [17, 63], where the solution of the PPDE is learned in an already precomputed reduced basis or at
point evaluations in fixed spatial coordinates.

On the theoretical side, the majority of works analyzing the power of NNs for the solution of (parametric)
PDEs is concerned with an approximation-theoretical approach. Notable examples of such works include
[25, 18, 24, 8, 26, 21, 33, 7, 11, 32], in which it is shown that NNs can overcome the curse of dimensionality
in the approximative solution of some specific single PDE. In the same framework, it was shown in [11] how
estimates on the approximation error imply bounds on the generalization error. Concerning the theoretical
analysis of PPDEs, we mention [59, 36, 47, 28]. We will describe the results of the first two works in more
detail in Section 3.2. The work [28] is concerned with an efficient approximation of a map that takes a noisy
solution of a PDE as an input and returns a quantity of interest.

Additionally, we wish to mention that there exists a multitude of approaches (which are not necessarily
directly RBM-or NN-related) that study the approximation of the parameter-to-solution map of PPDEs.
These include methods based on sparse polynomials (see for instance [14, 31] and the references therein),
tensors (see for instance [5, 20] and the references therein) and compressed sensing (see for instance [55, 65]
and the references therein).

Parametric PDEs also appear in the context of stochastic PDEs or PDEs with random coefficients (see
for instance [50]) and have been theoretically examined under the perspective of uncertainty quantification.
For the sake of brevity, we only mention [14] and the references therein.

Finally, we mention that a comprehensive numerical study analyzing to what extent the approximation
theoretical findings of NNs (not in the context of PPDEs) are visible in practice has been carried out in
[2]. Similarly, in [23], a numerical algorithm that reproduces certain approximation-theoretically established
exponential convergence rates of NNs was studied. The approximation rates of [12] were also numerically
reproduced in that paper.

1.5 Outline

We start by describing the parametric diffusion equation and how we discretize it in Section 2. Then,
we provide a formal introduction to NNs and a review of the approximation-theoretical results of NNs for
parameter-to-solution maps in Section 3. In Section 4, we describe our numerical experiment. We start
by stating three hypotheses underlying the examples in Subsection 4.1, before describing the set-up of our
experiments in Subsection 4.2. After that, we present the results of the experiments in Subsection 4.3.
Finally, in Subsection 4.4, we evaluate and interpret the observations. In Appendix A we describe the
measures taken to ensure comparability between test-cases.

2 The Parametric Diffusion Equation

In this section, we will introduce the abstract setup and necessary notation that we will consider throughout
this paper. First of all, we will introduce the parameter-dependent diffusion equation in Section 2.1. After-
wards, in Section 2.2, we recapitulate some basic facts about high-fidelity discretizations and introduce the
discretized parameter-to-solution map.
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2.1 The Parametric Diffusion Equation

Throughout this paper, we will consider the parameter-dependent diffusion equation with homogeneous
Dirichlet boundary conditions

−∇ · (a(x) · ∇ua(x)) = f(x), on Ω = (0, 1)2, u|∂Ω = 0, (2.1)

where f ∈ L2(Ω) is the parameter-independent right-hand side, a ∈ A ⊂ L∞(Ω), and A constitutes some
compact set of parametrized diffusion coefficients. In the following, we will examine different varieties
of parametrized diffusion coefficient sets A. Following [14] (by restricting ourselves to the case of finite-
dimensional parameter spaces), we will always describe the elements of A by elements in Rp for some p ∈ N.
To be more precise, we will assume that

A = {ay : y ∈ Y} , (2.2)

where Y ⊂ Rp is the compact parameter space.
A common assumption on the set A, present in the first test-cases which we will describe below and

especially convenient for the theoretical analysis of the problem, is given by affine parametrizations of the
form

A =

{
ay = a0 +

p∑

i=1

yiai : y = (yi)
p
i=1 ∈ Y

}
, (2.3)

where the functions (ai)
p
i=0 ⊂ L∞(Ω) are fixed.

After reparametrization, we consider the following problem, given in its variational formulation:

by (uy, v) =

∫

Ω

f(x)v(x) dx, for all y ∈ Y, v ∈ H, (2.4)

where

by : H×H → R, (u, v) 7→
∫

Ω

ay(x)∇u(x)∇v(x) dx,

and uy ∈ H := H1
0 (Ω) is the solution.1

We will consider experiments in which the involved bilinear forms are uniformly continuous and uniformly
coercive in the sense that there exist Ccont, Ccoer > 0 with

|by(u, v)| ≤ Ccont‖u‖H‖v‖H, inf
u∈H\{0}

by(u, u)

‖u‖2H
≥ Ccoer, for all u, v ∈ H, y ∈ Y.

By the Lax-Milgram lemma (see [51, Lemma 2.1]), the problem of (2.4) is well-posed, i.e., for every y ∈ Y
there exists exactly one uy ∈ H such that (2.4) is satisfied and uy depends continuously on f .

2.2 High-Fidelity Discretizations

In practice, one cannot hope to solve (2.4) exactly for every y ∈ Y . Instead, if we assume for the moment
that y is fixed, a common approach towards the calculation of an approximate solution of (2.4) is given by
the Galerkin method, which we will describe briefly below following [29, Appendix A] and [51, Chapter 2.4].
In this framework, instead of solving (2.4), one solves a discrete scheme of the form

by
(
uh
y , v
)

=

∫

Ω

f(x)v(x) dx for all v ∈ Uh, (2.5)

1Throughout this paper, we denote by H the space H1
0 (Ω) := {u ∈ H1(Ω) : u|∂Ω = 0}, where H1(Ω) := W 1,2(Ω) is the

first-order Sobolev space and where ∂Ω denotes the boundary of Ω. On this space, we consider the norm ‖u‖H = ‖u‖H1
0 (Ω) :=

‖u‖H1(Ω) =
(∑
|a|≤1 ‖Dau‖2

L2(Ω)

)1/2
.
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where Uh ⊂ H is a subspace of H with dim
(
Uh
)
< ∞ and uh

y ∈ Uh is the solution of (2.5). Let us now

assume that Uh is given. Moreover, let D := dim
(
Uh
)
, and let (ϕi)

D
i=1 be a basis for Uh. Then the stiffness

matrix Bh
y := (by(ϕj , ϕi))

D
i,j=1 is non-singular and positive definite. The solution uh

y of (2.5) satisfies

uh
y =

D∑

i=1

(uh
y)iϕi,

where uh
y := (Bh

y)−1fh
y ∈ RD and fh

y :=
(∫

Ω
f(x)ϕi(x) dx

)D
i=1
∈ RD. By Cea’s Lemma (see [51, Lemma

2.2.]), uh
y is, up to a universal constant, a best approximation of uy in Uh.

In this framework, we can now define the central object of interest which is the map taking an element
from the parameter space Y to the discretized solution uh

y .

Definition 2.1. Let Ω = (0, 1)2, Uh ⊂ H be a finite dimensional space, A ⊂ L∞(Ω) with Y ⊂ Rp for p ∈ N
be as in (2.2). Then we define the discretized parameter-to-solution map (DPtSM) by

P : Y → RD, y 7→ P(y) := uh
y .

Remark 2.2. The DPtSM P is a potentially nonlinear map from a p-dimensional set to a D-dimensional
space. Therefore, without using the information that P has a very specific structure described through A and
the PDE (2.1), a direct approximation of P as a high-dimensional smooth function will suffer from the curse
of dimensionality [9, 44].

Before we continue, let us introduce some crucial notation. Later, we need to compute the Sobolev norms
of functions v ∈ H. This will be done via a vector representation v of v with respect to the high-fidelity basis
(ϕi)

D
i=1. We denote by G := (〈ϕi, ϕj〉H)

D
i,j=1 ∈ RD×D the symmetric, positive definite Gram matrix of the

basis functions (ϕi)
D
i=1. Then, for any v ∈ Uh with coefficient vector v with respect to the basis (ϕi)

D
i=1 we

have2 (see [51, Equation 2.41]) |v|G :=
∣∣G1/2v

∣∣ = ‖v‖H . In particular,
∥∥uh

y

∥∥
H = |uh

y |G, for all y ∈ Y.

3 Approximation of the Discretized Parameter-to-Solution Map
by Realizations of Neural Networks

In this section, we describe the approximation-theoretical motivation for the numerical study performed
in this paper. We present a formal definition of NNs below. In Question 3.5, we present the underlying
approximation-theoretical question of the considered learning problem. Thereafter, we recall the results of
[36] showing that one can upper bound the approximation rates that NNs obtain when approximating the
DPtSM through an implicit notion of complexity of the DPtSM.

3.1 Neural Networks

NNs describe functions of compositional form that result from repeatedly applying affine linear maps and
a so-called activation function. From an approximation-theoretical point of view, it is sensible to count the
number of active parameters of a NN. To associate a meaningful and mathematically precise notion of the
number of parameters to a NN, we differentiate here between neural networks which are sets of matrices and
vectors, essentially describing the parameters of the NN, and realizations of neural networks which are the
associated functions. Concretely, we make the following definition:

Definition 3.1. Let n,L ∈ N. A neural network Φ with input dimension n and L layers is a sequence of
matrix-vector tuples

Φ =
(
(A1,b1), (A2,b2), . . . , (AL,bL)

)
,

2In this paper, |x| denotes the Euclidean norm of x ∈ Rn.
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where N0 = n and N1, . . . , NL ∈ N, and where each A` is an N` ×N`−1 matrix, and b` ∈ RN` .
If Φ is a NN as above, K ⊂ Rn, and if % : R→ R is arbitrary, then we define the associated realization of

Φ with activation function % over K (in short, the %-realization of Φ over K) as the map RK
% (Φ): K → RNL

such that RK
% (Φ)(x) = xL, where xL results from the following scheme:

x0 := x,

x` := %(A` x`−1 + b`), for ` = 1, . . . , L− 1,

xL := AL xL−1 + bL,

and where % acts componentwise, that is, %(v) := (%(v1), . . . , %(vm)) for all v = (v1, . . . , vs) ∈ Rs.
We call N(Φ) := n +

∑L
j=1Nj the number of neurons of the NN Φ and L the number of layers. We

call M(Φ) :=
∑L
`=1 ‖A`‖0 + ‖b`‖0 the number of non-zero weights of Φ. Moreover, we refer to NL as the

output dimension of Φ. Finally, we refer to (N0, . . . , NL) as the architecture of Φ.

We consider the following family of activation functions:

Definition 3.2. For α ∈ [0, 1), we define by %α(x) := max{x, αx} the α-leaky rectified linear unit (α-
LReLU). The activation function %0 = max{x, 0} is called the rectified linear unit (ReLU).

Remark 3.3. For every α ∈ (0, 1) it holds that for all x ∈ R

%0(x) =
1

1− α2
(%α(x) + α%α(−x)) and %α(x) = %0(x)− α%0(−x).

Hence, for every α ∈ (0, 1), we can represent the ReLU as the sum of two rescaled α-LReLUs and vice versa.
If we define for n ∈ N

Pn(x) := (x1,−x1, x2,−x2, . . . , xn,−xn), for x = (x1, . . . , xn) ∈ Rn,
Qn,α(x) := (x1 − αx2, x3 − αx4, . . . , x2n−1 − αx2n), for x = (x1, . . . , x2n) ∈ R2n,

Tn,α(x) :=
1

1− α2
(x1 + αx2, x3 + αx4, . . . , x2n−1 + αx2n), for x = (x1, . . . , x2n) ∈ R2n,

then, for NNs

Φ1 =
(
(A1,b1), (A2,b2), . . . , (AL,bL)

)
,

Φ2 =
(
(PN1

A1,PN1
b1), (PN2

A2QN1,α,PN2
b2), . . . , (PNL−1

AL−1QNL−2,α,PNL−1
bL−1), (ALQNL−1,α,bL)

)
,

Φ3 =
(
(PN1

A1,PN1
b1), (PN2

A2TN1,α,PN2
b2), . . . , (PNL−1

AL−1TNL−2,α,PNL−1
bL−1), (ALTNL−1,α,bL)

)
,

we have that for K ⊂ Rn it holds that RK
%0(Φ1) = RK

%α(Φ3) and RK
%α(Φ1) = RK

%0(Φ2). Moreover, it is not
hard to see that M(Φ1) ≤M(Φ2),M(Φ3) and M(Φ2),M(Φ3) ≤ 4M(Φ1). Therefore, we have that for every
α1, α2 ∈ [0, 1) and every function f : Rn → RNL of a function space X such that

∥∥∥f − RK
%α1

(Φ)
∥∥∥
X
≤ ε

for a NN Φ implies that there exists another NN Φ̃ with L(Φ̃) = L(Φ) and M(Φ̃) ≤ 16M(Φ) such that
∥∥∥f − RK

%α2
(Φ)
∥∥∥
X
≤ ε.

In other words, up to a multiplicative constant the parameter α of the α-LReLU does not influence the
approximation properties of realizations of NNs.

Remark 3.4. While Remark 3.3 shows that all α-LReLUs yield, in principle, the same approximation
behavior, these activation functions still display quite different behavior during the training phase of NNs,
where a non-vanishing parameter α can help avoid the occurrence of dead neurons.
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3.2 Approximation of the Discretized Parameter-to-Solution Map by Realiza-
tions of Neural Networks

We can quantify the capability of NNs to represent the DPtSM by answering the following question:

Question 3.5. Let p,D ∈ N, α ∈ [0, 1), Ω = (0, 1)2, Uh ⊂ H be a D-dimensional space, A = {ay : y ∈
Y} ⊂ L∞(Ω) be compact with Y ⊂ Rp as in (2.2). We consider the following equivalent questions:

• For ε > 0, how large do Mε, Lε ∈ N need to be to guarantee, that there exists a NN Φ that satisfies

(1) supy∈Y |P(y)− RY%α(Φ)(y)|G ≤ ε,
(2) M(Φ), N(Φ) ≤Mε and L(Φ) ≤ Lε?

• For M,L ∈ N, how small can εL,M > 0 be chosen so that there exists a NN Φ that satisfies

(1) supy∈Y |P(y)− RY%α(Φ)(y)|G ≤ εL,M ,
(2) M(Φ), N(Φ) ≤M and L(Φ) ≤ L?

Remark 3.6. (i) Conditions (1) in both instances of Question 3.5 are trivially equivalent to

sup
y∈Y

∥∥∥∥∥
D∑

i=1

(P(y))j · ϕj −
(
RY%α(Φ)(y)

)
j
· ϕj
∥∥∥∥∥
H
≤ ε or εL,M .

(ii) The results to follow measure the necessary sizes of the NNs in terms of the numbers of non-zero
weights M(Φ). However, from a practical point of view, we are also interested in the number of
necessary neurons N(Φ). Invoking a variation of [48, Lemma G.1.] shows that similar rates to the
ones below are valid for the number of neurons N(Φ).

If the regularity of P is known, then a straight-forward bound on Mε and Lε can be found in [67]. Indeed,
if P ∈ Cs(Y;RD) with ‖P‖Cs ≤ 1, then one can choose

Mε ∈ O(Dε−p/s) and Lε ∈ O(log2(1/ε)), for ε→ 0. (3.1)

In other situations, e.g., if Lε is permitted to grow faster than log2(1/ε), one can even replace s by 2s in
(3.1), see [68, 39].

This rate of (3.1) uses the smoothness of P only and does not take into account the underlying structure
stemming from the PDE (2.1) and the choice of A. As a result, we find this rate to be significantly suboptimal.

In [36], it was showed that P can be approximated in the sense of Question 3.5 with

Mε ∈ O
(
d(ε)D +

(
d(ε)3 log2(d(ε)) + pd(ε)2

)
polylog2(1/ε)

)
(3.2)

Lε ∈ O (polylog2(1/ε)) , for ε→ 0,

where d(ε) is a certain intrinsic dimension3 of the problem, essentially reflecting the size of a reduced basis
required to sufficiently approximate S(Y). In many cases, especially those discussed in this manuscript, one
can theoretically establish the scaling behavior of d(ε) for ε→ 0. For instance, if A is as in (2.3), then (see
[4, Equation (3.17)])

d(ε) ∈ O(log2(1/ε)p), for ε→ 0.

Applied to (3.2) this yields that

Mε ∈ O (D log2(1/ε)p + p · log2(1/ε)cp) , for ε→ 0,

for some c ≥ 1. We also mention a similar approximation result, not of the discretized parametric map P but
of the parametrized solution (y,x) 7→ uay (x), where uay is as in (2.1) for a = ay. In this situation, and for

3derived from bounds on the Kolmogorov N -width of S(Y)
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specific parametrizations of A, [59, Theorem 4.8] shows that this map can be approximated by the realization
of a NN using the ReLU activation function up to an error of ε with a number of weights that essentially
scales like ε−r where r depends on the summability of the (in this case potentially infinite) sequence (ai)

∞
i=1

such that ay = a0 +
∑∞
i=1 yiai for a coefficient vector y = (yi)

∞
i=1. Here r can be very small if ‖ai‖L∞(Ω)

decays quickly for i→∞. This leads to very efficient approximations.
While the aforementioned results all examine the approximation-theoretical properties of realizations of

NNs with respect to the uniform approximation error, they trivially imply the same rates if we examine the
average errors (∫

Y

∣∣P(y)− RY%α(Φε)(y)
∣∣p
G

dµ(y)

)1/p

,

which are often used in practice. Here, 1 ≤ p < ∞ and µ is an arbitrary probability measure on Y. In this
paper, we examine the discrete counterpart of the mean relative error

∫

Y

∣∣P(y)− RY%α(Φε)(y)
∣∣
G

|P(y)|G
dµ(y),

where µ denotes the uniform probability measure on Y.
In view of the aforementioned theoretical results, it is clear that a parameter that is not the dimension of

the parameter space Y but a problem-specific notion of complexity determines the hardness of the approxi-
mation problem of Question 3.5. To what extent this theoretical observation influences the hardness of the
practical learning problem will be analyzed in the numerical experiment presented in the next section.

4 Numerical Survey of Approximability of Discretized Parameter-
to-Solution Maps

As outlined in Section 3, the theoretical hardness of the approximation problem of Question 3.5 is determined
by an intrinsic notion of complexity that potentially differs substantially from the dimension of the parameter
space.

To test how this intrinsic complexity affects the practical machine-learning based solution of (2.1), we
perform a comprehensive study where we train NNs to approximate the DPtSM P for various choices of
A. Here, we are especially interested in the performance of the learned approximation of P for varying
complexities of A. In this context, we test the hypotheses listed in the following Subsection 4.1. The
remainder of this section is structured as follows: In Subsection 4.2, we introduce the concrete setup of
parametrized diffusion coefficient sets, NN architecture, and optimization procedure and explain how the
choice of test-cases are related to our hypotheses. Afterwards, in Subsection 4.3, we report the results of
our numerical experiments. Subsection 4.4 is devoted to an evaluation and interpretation of these results in
view of the hypotheses of Subsection 4.1.

4.1 Hypotheses

[H1] The performance of learning the DPtSM does not suffer from the curse of dimensionality:

The theoretical results of [36] show that the dimension of the parameter space p is not the main factor
in determining the hardness of the underlying approximation-theoretical problem. As already outlined
in the introduction, it is by no means clear that this effect is visible in a practical learning problem.

We expect that after accounting for effects stemming from optimization and sampling to promote
comparability between test-cases in a way described in Appendix A, the performance of the learning
method will scale only mildly with the dimension of the parameter space.

[H2] The performance of learning the DPtSM is very sensitive to parametrization:
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We expect that, within the framework of Question 3.5, there are still extreme differences of intrinsic
complexities for different choices of parametrizations for the diffusion coefficient sets A ⊂ L∞(Ω) as
defined in (2.2). However, it is not clear to what extent NNs are capable of resolving the low-dimensional
sub-structures generated by various choices of A ⊂ L∞(Ω).

Since realizations of NNs are a very versatile function class, we expect the degree to which the per-
formance of a trained NN depends on the number of parameters to vary strongly over the choice of
(ai)

p
i=1.

[H3] Learning the DPtSM is efficient also for non-affinely parametrized problems:

The analysis of PPDEs often relies on affine parametrizations as in (2.3) or smooth variations thereof.

We expect the overall theme that NNs perform according to an intrinsic complexity of the problem
depending only weakly on the parameter dimension to hold in more general cases.

4.2 Setup of Experiments

To test the hypotheses [H1], [H2], and [H3] of Section 4.1, we consider the following setup.

4.2.1 Parameterized Diffusion Coefficient Sets

We perform training of NNs for different instances of the approximation problem of Question 3.5. Here, we
always assume the right-hand side to be fixed as f(x) = 20 + 10x1 − 5x2, for x = (x1, x2) ∈ Ω, and we vary
the parametrized diffusion coefficient set A.

We consider four different parametrized diffusion coefficient sets as described in the test-cases [T1]-[T4]
(for a visualization of [T3] and [T4] see Figure 1 below). [T1], [T2] and [T3-F] are affinely parametrized
whereas the remaining parametrizations are non-affine.

[T1] Trigonometric Polynomials: In this case, the set A consists of trigonometric polynomials that are
weighted according to a scaling coefficient σ. To be more precise, we consider

Atp(p, σ) :=

{
µ+

p∑

i=1

yi · iσ · (1 + ai) : y ∈ Y = [0, 1]p

}
,

for some fixed shift µ > 0 and a scaling coefficient σ ∈ R. Here ai(x) = sin
(⌊
i+2
2

⌋
πx1

)
sin
(⌈
i+2
2

⌉
πx2

)
,

for i = 1, . . . , p.

We analyze the cases p = 2, 5, 10, 15, 20 and, for each p, the scaling coefficients σ = −1, 0, 1. As a shift
we always choose µ = 1.

[T2] Chessboard Partition: Here, we assume that p = s2 for some s ∈ N and we consider4

Acb(p, µ) :=

{
µ+

p∑

i=1

yiXΩi : y ∈ Y = [0, 1]p

}
,

where (Ωi)
p
i=1 forms a s× s chessboard partition of (0, 1)2 and µ > 0 is a fixed shift.

We examine this test-case for the shifts µ = 10−1, 10−2, 10−3, and, for each µ we consider s = 2, 3, 4, 5
which yields p = 4, 9, 16, 25, respectively.

[T3] Cookies: In this test-case we differentiate between two sub-cases:

4XA denotes the indicator function of A.
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[T3-F] Cookies with Fixed Radii: In this setting, we assume that p = s2 for some s ∈ N and we
consider

Acfr(p, µ) :=

{
µ+

p∑

i=1

yiXΩi : y ∈ Y = [0, 1]p

}
,

for some fixed shift µ > 0 where the Ωi are disks with centers ((2k+ 1)/(2s), (2`−1)/(2s)), where
i = ks+ ` for uniquely determined k ∈ {0, . . . s−1} and ` ∈ {1, . . . , s}. The radius is set to r/(2s)
for some fixed r ∈ (0, 1].

We examine this test-case for fixed µ = 10−4, r = 0.8 and s = 2, 3, 4, 5, 6 which yields parameter
dimensions p = 4, 9, 16, 25, 36, respectively.

[T3-V] Cookies with Variable Radii: Here, we additionally assume that the radii of the involved
disks are not fixed anymore. To be more precise, for s ∈ N and every i = 1, . . . , s, we are
given disks Ωi,yi+s2 with center as before and radius yi+s2/(2s) for yi+s2 ∈ [0.5, 0.9], so that

Y = [0, 1]s
2 × [0.5, 0.9]s

2 ⊂ Rp with p = 2s2. We define

Acvr(p, µ) :=

{
µ+

p∑

i=1

yiXΩi,y
i+s2

: y ∈ Y = [0, 1]p × [0.5, 0.9]p

}
.

Note that, Acvr(p, µ) is not an affine parametrization.

We consider the shifts µ = 10−4 and µ = 10−1, and, for each µ, we consider the cases s = 2, 3, 4, 5
which yields the parameter dimensions p = 8, 18, 32, 50, respectively.

[T4] Clipped Polynomials: Let

Acp(p, µ) :=

{
max

{
µ,

p∑

i=1

yimi

}
: (yi)

p
i=1 ∈ Y = [−1, 1]p

}
,

where µ > 0 is the fixed clipping value and (mi)
p
i=1 is the monomial basis of the space of all two-variate

polynomials of degree ≤ k. Therefore p =
(

2+k
2

)
.

We examine this test-case for fixed shift µ = 10−1 and for k = 2, 3, 5, 8, 12 which yields parameter
dimensions p = 6, 10, 21, 45, 91, respectively.

Figure 1: Partition of Ω as in Test-case [T2] (left) for p = 9, (the red and blue areas indicate the Ωi),
test-case [T3-F] (middle) for p = 4 (the red areas indicate the Ωi) and test-case [T3-V] (right) for p = 8
(the red areas indicate the Ωi,yi+s2

).
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4.2.2 Setup of Neural Networks and Training Procedure

Our experiments are implemented using Tensorflow [1] for the learning procedure and FEniCS [3] as FEM
solver. The code used for dataset generation of all considered test-cases is made publicly available at
www.github.com/MoGeist/diffusion_PPDE. To be able to compare different test-cases and remove all
effects stemming from the optimization procedure, we train almost the same model for all parameter spaces.
The only—to a certain extent inevitable—change that we allow between test-cases is that the input dimension
of the NN changes to that of the parameter space. Concretely, we consider the following setup:

(1) The finite element space Uh resulting from a triangulation of Ω = [0, 1]2 with 101 × 101 = 10201
equidistant grid points and first-order Lagrange finite elements. This space shall serve as a discretized
version of the space H1(Ω). We denote by D = 10201 its dimension and by (ϕi)

D
i=1 the corresponding

finite element basis.

(2) The (feedforward) neural network architecture S = (p, 300, . . . , 300, 10201) with L = 11 layers, where
p is test-case-dependent and the weights and biases are initialized according to a normal distribution
with mean 0 and standard deviation 0.1.

(3) The activation function is the 0.2-LReLU of Definition 3.2.

(4) The loss function is the relative error on the finite-element discretization of H

L : RD × (RD \ {0})→ R, (x1,x2) 7→ |x1 − x2|G
|x2|G

.

(5) The training set (yi,tr)Ntrain
i=1 ⊂ Y consists of Ntrain := 20000 i.i.d. parameter samples, drawn with

respect to the uniform probability measure on Y.

(6) The test set (yi,ts)Ntest
i=1 ⊂ Y consists of Ntest := 5000 i.i.d. parameter samples, drawn with respect to

the uniform probability measure on Y.

In our experiments, we aim at finding a NN Φ with architecture S such that the mean relative training
error

1

Ntrain

Ntrain∑

i=1

L
(

RY% (Φ) (yi,tr),uh
yi,tr

)
=

1

Ntrain

Ntrain∑

i=1

∥∥∥
∑D
j=1

(
RY% (Φ) (yi,tr)

)
j
· ϕj − uh

yi,tr

∥∥∥
H∥∥∥uh

yi,tr

∥∥∥
H

is minimized. We then test the accuracy of our NN by computing the mean relative test error

1

Ntest

Ntest∑

i=1

L
(

RY% (Φ) (yi,ts),uh
yi,ts

)
=

1

Ntest

Ntest∑

i=1

∥∥∥
∑D
j=1

(
RY% (Φ) (yi,ts)

)
j
· ϕj − uh

yi,ts

∥∥∥
H∥∥∥uh

yi,ts

∥∥∥
H

.

Here, we use the mean relative error instead of the mean absolute error in order to establish comparability
of our results between different sets A, allowing us to put our results into context.

The optimization is done through batch gradient descent. To ensure further comparability between the
different setups, the hyper-parameters in the optimization procedure are kept fixed: Training is conducted
with batches of size 256 using the ADAM optimizer [35] with hyper-parameters α = 2.0 × 10−4, β1 = 0.9,
β2 = 0.999 and ε = 1.0 × 10−8. Training is stopped after reaching 40000 epochs. Having trained the NN,
for some new input y ∈ Y , the computation of the approximate discretized solution RY% (Φ)(y) is done by a
simple forward pass.
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4.2.3 Relation to Hypotheses

The test-cases [T1] - [T4] are designed to test the hypotheses [H1] - [H3] in the following way:

Enabling comparability between test-cases: We implement three measures to produce a uniform influence
of the optimization and sampling procedure in all test-cases. These are that we only change the
architecture in the minimally required way between test-cases to not alter the optimization behavior,
we analyze a posteriori the optimization behavior to see if there are qualitative differences between
test-cases, and we choose the number of training samples in such a way that neither moderate further
increasing or decreasing of the number of training samples affects the outcome of the experiments. We
describe these measures in detail in Appendix A.

Relation to Hypothesis [H1]: To test if the learning method suffers from the curse of dimensionality or if the
prediction of [36] that its complexity is determined only by some intrinsic complexity of the function
class holds, we run all test-cases [T1]-[T4] for various values of the dimension of the parameter space,
and study the resulting scaling behavior.

Relation to Hypothesis [H2]: To understand the extent to which the NN model is sufficiently versatile to
adapt to various types of solution sets, we study four commonly considered parametrized diffusion
coefficient sets which also include multiple subproblems described via the hyper-parameters σ and µ.
The parametrized sets exhibit the following different characteristics:

[T1] The parameter-dependence in this case is affine (i.e. the forward-map y 7→ by(u, v) depends
affinely on y for all u, v ∈ H) whereas the spatial regularity of the functions (ai)

p
i=1 is analytic. To

vary the difficulty of the problem at hand, we consider different instances of the scaling coefficient
σ which put different emphasis on the high-frequency components of the functions (ai)

p
i=1. In

particular, if σ > 0, a higher weight is put on the high-frequency components than on the low-
frequency ones whereas the opposite is true for σ < 0.

[T2] The parameter-dependence in this case is affine again, whereas the spatial regularity of the
(XΩi)

p
i=1 is very low. To vary the difficulty of the problem, we consider different instances of

shifts µ. The higher the shift is, the more elliptic the problem becomes.

[T3] [T3-F] again exhibits affine parameter-dependence and the same regularity properties as test-
case [T2]. However, this problem is considered to be easier than test-case [T2] since the Ωi do
not intersect each other.

For test-case [T3-V], the geometric properties of the domain partition are additionally encoded
via a parameter thereby rendering the problem to be non-affine.

[T4] In this case, the parameter-dependence is non-affine and has low regularity due to the clipping
procedure. Additionally, the spatial regularity of the functions ay is comparatively low in general.

A visualization highlighting the versatility of our test-cases can be seen when comparing the FE solu-
tions in Figure 2 (test-case [T2]) with the FE solutions in Figure 3 (test-case [T4]).

Relation to Hypothesis [H3]: The test-cases [T3-V] and [T4] are non-affinely parametrized.

4.3 Numerical Results

In this subsection, we report the results of the test-cases announced in the previous subsection.

[T1] Trigonometric Polynomials

We observe the following mean relative test errors for the sets Atp(p, σ).
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Parameter dimension p 2 5 10 15 20

Mean relative test error (σ = -1) 0.32 % 0.36 % 0.42 % 0.43 % 0.43 %

Mean relative test error (σ = 0) 0.36 % 0.43 % 0.44 % 0.51 % 0.59 %

Mean relative test error (σ = 1) 0.39 % 0.84 % 2.05 % 2.45 % 3.85 %

Table 2: Mean relative test error for test-case [T1] and different parameter dimensions p, different scaling
parameters σ and shift µ = 1.

[T2] Chessboard Partition

We observe the following mean relative test errors for the sets Acb(p, µ).

s 2 3 4 5

Parameter dimension p 4 9 16 25

Mean relative test error (µ = 10−1) 0.57 % 1.06 % 2.19 % 3.22 %

Mean relative test error (µ = 10−2) 0.66 % 1.81 % 4.13 % 6.78 %

Mean relative test error (µ = 10−3) 1.09 % 4.47 % 12.01 % 23.96 %

Table 4: Mean relative test error for test-case [T2] and parameter dimensions p = s2.

In Figure 2, we show samples from the test set for different values of µ. Here we always depict one
average performing test-case and one with poor performance. These figures offer a potential explanation of
why the scaling with p is qualitatively different for different values of µ. This seems to be because for lower
µ the effect of the individual parameters on the solution seems to be much more local than for higher µ.
This appears to lead to a higher intrinsic dimensionality of the problem.

[T3] Cookies with Fixed and Variable Radii

We start with one experiment where the radii of the cookies are fixed to 0.8/(2s):

s 2 3 4 5 6

Parameter dimension p 4 9 16 25 36

Mean relative test error 0.40 % 0.41 % 0.59 % 0.83 % 1.10 %

Table 6: Mean relative test error for test-case [T3-F] and different parameter dimensions p = s2 with shift
µ = 10−4 and radius 0.8/(2s).

Moreover, we find for the sets of cookies with variable radii Acvr(p, µ) the following mean relative test
errors:

s 2 3 4 5

Parameter dimension p 8 18 32 50

Mean relative test error (µ = 10−1) 3.30 % 5.44 % 7.81 % 9.09 %

Mean relative test error (µ = 10−4) 6.07 % 9.81 % 12.64 % 14.23 %

Table 8: Mean relative test error for test-case [T3-V] and different parameter dimensions p = 2s2.
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Figure 2: Comparison of the ground truth solution and the one predicted by the NN for an average (left)
and a poor performing (right) for p = 16 and µ = 10−1 (top) and µ = 10−3 (bottom) for test-case [T2]. The
percentage in brackets represents the relative test error for this particular sample.

[T4] Clipped Polynomials

For the set Acp(p, 10−1), we obtain the following mean relative test errors when varying p.

Polynomial Degree k 2 3 5 8 12

Parameter dimension p 6 10 21 45 91

Mean relative test error 1.71 % 2.58 % 3.86 % 6.32 % 7.58 %

Table 10: Mean relative test error for test-case [T4] with clipping value µ = 10−1 and different parameter
dimensions p.

4.4 Evaluation and Interpretation of Experiments

We make the following observations about the numerical results of Section 4.3.

[O1] Our test-cases show that the error rate achieved by NN approximations for varying parameter sizes
differs strongly and qualitatively between different test-cases. In Figures 4, 5, 6, and 7 we depict the
different scaling behaviors of the test-cases [T1], [T2], [T3], and [T4]. For [T1] and σ = −1, the
error appears to be almost independent from p for p→∞. In contrast to that, we observe for σ = 1 a
linear scaling in the loglog plot implying a polynomial dependence of the error on p.

For test-case [T2], we observe that the error scales linearly in the loglog scale of Figure 5. We conclude
that for Acb(p, µ), the error scales polynomially with p.
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Figure 3: Comparison of the ground truth solution and the one generated by the NN for an average (left)
and a poor performing case (right) for µ = 10−1 and p = 6 (top) and p = 91 (bottom) for test-case [T4].
The percentage in brackets represents the relative test error for this particular sample.

The errors of the test-cases associated with [T3] seem to scale linearly with p in the loglog scale depicted
in Figure 6. This implies that for [T3] the error scales polynomially in p with the same exponent.

The semilog plot of Figure 7 shows that for test-case [T4] with the sets Acp(p, 10−4), the growth of the
error is logarithmic in p.

In total, we observed scaling behaviors of O(1),O(log(p)) and O(pk) for k > 0 and for p→∞. Notably,
none of the test-cases exhibited an exponential dependence of the error on p.

[O2] The choice of the hyper-parameters σ and µ in the test-cases [T1], [T2], [T3] influences the scaling
behavior according to its effect on the complexity of the parameterized diffusion coefficient set.

Weighting the parameters using the scaling parameter σ should, in principle, simplify the parametric
problem for smaller values of σ. This is precisely, what we observe in Table 2 and Figure 4.

The influence of the shift µ is of a somewhat different type. Higher values of µ make the underlying
problem more elliptic. This can be seen in Figure 2: For a small value of µ, the impacts of the individual
values on the chessboard-pieces on the solution appear to be almost completely decoupled. On the
other hand, in the more elliptic case, the solution appears more smoothed out, and therefore each
parameter value also influences the solution more globally. This implies a stronger coupling of the
parameters and at least intuitively indicates a reduced intrinsic dimensionality for higher values of µ.

Accordingly, we see in Table 4 and Figure 5 that the parameter µ influences the scaling behavior of the
method with p. Indeed, the error scales as O(pk), where the exponent in the polynomial dependence
on p depends on µ.
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Figure 4: Plot of the mean relative test error for
the sets of test-case [T1] for different values σ.
The horizontal axis follows the dimension of the
parameter space p the mean relative test error
is shown on the vertical axis. Both axes use a
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Figure 5: Plot of the mean relative test error for
the sets of test-case [T2] for different values of
µ with p on the horizontal axis and the mean
relative test error on the vertical axis. Both axes
use a logarithmic scale.
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Concluding, we can see that the approximation of the DPtSM by NNs appears to be very sensitive to
these parameters, as we observe in Table 4 and Figure 5 as well as in Table 8 and Figure 6.

[O3] We observe no fundamentally worse scaling behavior for non-affinely parametrized test-cases compared
to test-cases with an affine parameterization. In test-case [T3], we do observe that the non-linearly
parametrized problem appears to be more challenging overall, while the scaling behavior is the same
as for the affinely parametrized problem. In test-case [T4], which is the test-case with the highest
number of parameters p, we observe only a very mild (in fact logarithmic) dependence of the error on
p.

From these observations we draw the following conclusions for our hypotheses:

Hypothesis [H1] In observation [O1], we saw that over a wide variety of test-cases multiple types of
scaling of the error with the dimension of the parameter space could be observed. None of them admit an
exponential scaling. In fact, the behavior of the errors seems to be determined by an intrinsic complexity of
the problems.

Hypothesis [H2] Comparing performance both between test-cases (observation [O1]) and within test-
cases (observation [O2]), leads us to conclude that there exist strong differences in the performance of
learning the DPtSM. For various test-cases, using NNs with precisely the same architecture, we observed
(see [O2]) considerably different scaling behaviors of the test-cases [T1]-[T4] which have the error scale
polynomially, logarithmically and being constant with changing parameter dimension p (described in [O1]).
According to [O2], the overall level of the errors and the type of scaling for increasing p follows the semi-
ordering of complexities of test-cases in the sense that more complex parametrized sets yield higher errors
whereas simpler sets or spaces with intuitively lower intrinsic dimensionality yield smaller errors (test-cases
[T1] and [T2]).

Therefore, we conclude that the approximation theoretical intrinsic dimension of the parametric problem
is a main factor in determining the hardness of learning the DPtSM.

Hypothesis [H3] In support of [H3], we found no fundamental difference of the performance of the NN
model for non-affinely parametrized problems (see [O3]).

In conclusion, we found support for all the hypotheses [H1]-[H3]. We consider this result a validation
of the importance of approximation-theoretical results for practical learning problems, especially in the
application of deep learning to problems of numerical analysis.

It is clear that the results presented in this work only analyze the sensitivity of the performance of the
learned DPtSM corresponding to the semi-ordering of complexities. For future work, it would be interesting
to identify alternative and more quantitative notions of complexities and test the sensitivity of the learned
method with regards to those.
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A Elimination of Obfuscating Phenomena

Below we describe the measures taken to enable comparability between test-cases.
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A.1 Fixing the Architecture

In all our experiments the network architecture was kept almost completely fixed, only varying the dimension
of the input layer. Our choice of architecture was made on the basis of preliminary experiments with
the goal of developing a network structure that performs well on all datasets and in particular displays
good optimization behavior independent of the test-case as showcased in Appendix A.3. This was done
to ensure comparability across all test-cases and parameter choices, allowing us to isolate the influence of
the parametrization and the dimension of the parameter space. We emphasize that more sophisticated
architectures and the usage of tools like weight regularization or learning rate decay in general enable better
performance on individual datasets. However, in our case, they would only obfuscate the approximation-
theoretical effect that we are seeking to identify.

A.2 Influence of the Size of the Training Set

Throughout this paper all training was conducted with a fixed number of 20000 samples. Since it is clear that
a larger training set will generally yield better results, this trend may affect different test-cases to various
degrees. To guarantee that the effect of the choice of the number of training samples is uniform across cases,
we chose the number of samples in the following way: We trained the same NN architecture as described
in Subsection 4.2.2 for different parameter constellations with training sets ranging from 10000 to 20000
samples. The results are depicted in Table 11. The table also includes the coefficient of determination R2

(see [64, p. 601]) for each individual dataset resulting from fitting a simple linear regression to the set of
sample size and test error pairs.

Test-case

Size of training set

20000 17500 15000 12500 10000 R2

[T1] (µ = 1, σ = 0, p = 20) 0.59 % 0.61 % 0.64 % 0.70 % 0.76 % 0.95

[T2] (µ = 10−1, p = 9) 1.06 % 1.29 % 1.49 % 1.81 % 2.18 % 0.98

[T2] (µ = 10−2, p = 9) 1.81 % 1.94 % 2.58 % 2.98 % 4.26 % 0.91

[T2] (µ = 10−3, p = 9) 4.47 % 5.31 % 6.23 % 7.78 % 9.24 % 0.98

[T3-F] (µ = 10−4, p = 25) 0.83 % 0.85 % 0.88 % 0.91 % 0.96 % 0.97

[T3-V] (µ = 10−1, p = 18) 5.44 % 5.60 % 5.83 % 6.16% 6.56 % 0.97

[T3-V] (µ = 10−4, p = 18) 9.81 % 9.98 % 10.18 % 10.61% 11.06 % 0.95

[T4] (µ = 10−1, p = 21) 3.86 % 4.17 % 5.06 % 5.50 % 6.46 % 0.98

Table 11: Mean relative test error as well as the corresponding R2 co-
efficient from a simple linear regression for varying sizes of the training
set and all previously considered setups.

This analysis shows that with R2 values ranging from 0.91 to 0.98 the relation between the number of
samples and the achieved accuracy is almost perfectly linear. Assuming this relation extrapolates to the
other parameter dimension p, this implies that our results in Section 4 can be considered independent of the
number of samples chosen. It should, however, be noted, that this linear dependence can only be observed
in a reasonable range of training set sizes. In particular, the experiments revealed a lower bound on the
number of samples needed to stably train our NN architecture. While in our case this bound can be observed
in the range of 1000 to 5000 samples depending on the considered test-case, other NN setups may be able
to effectively train with even lower sample counts.
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A.3 A Posteriori Analysis of Convergence Behavior

Similarly to the architecture, the hyper-parameters of the optimization method were also kept fixed across
all datasets and training runs. This measure, however, only eliminates the effect of the architecture on the
optimization method and does not address any obfuscating effect that the choice of test-cases may have. To
analyze if such an effect is present, we check the convergence on our two hardest test-cases [T2] and [T3-V]
for the largest parameter dimension p considered. The results are depicted in Figure 8 and 9, respectively.
We see that even for small shifts µ, i.e., the most difficult problem settings, the error on the training set
converges smoothly. This behavior can also be witnessed on all other test-cases.

Figure 8: Plot of the mean relative training error
for [T2] with p = 25 and different shifts µ.

Figure 9: Plot of the mean relative training error
for [T3-V] with p = 50 and different shifts µ.

Another possible pitfall of our optimization procedure would be the occurrence of overfitting. In par-
ticular, this would render our attained accuracy levels invalid as we trained for a fixed number of epochs.
However, this did not occur in any of our tests. We exemplarily showcase the convergence plot of the training
and test error for the hardest parameter choices of [T3-V] and [T4] in Figure 10 and 11 respectively. Similar
behavior can also be observed on all other datasets.

Figure 10: Plot of the mean relative training and
test error for [T3-V] with p = 50 and µ = 10−4.

Figure 11: Plot of the mean relative training and
test error for [T4] with p = 91 and µ = 10−1.
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