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Zusammenfassung

In dieser Arbeit werden die Phononen von Kohlenstoff-Nanotubes und Graphit untersucht.

Kohlenstoff-Nanotubes sind quasi-eindimensionale Kristalle und bestehen aus einer oder meh-

reren Graphit-Ebenen, die zu einem Zylinder aufgerollt sind. Deshalb können in erster

Näherung viele Eigenschaften der Nanotubes von Graphit hergeleitet werden, indem das Nano-

tube als ein schmales Rechteck aus Graphit mit periodischen Randbedingungen betrachtet wird.

Die hier verwendeten experimentellen Methoden sind Raman-Spektroskopie und für

Graphit inelastische Röntgenstreuung. Das Ramanspektrum von Kohlenstoff-Nanotubes wurde

bisher nicht im Detail verstanden, insbesondere kann es nicht in herkömmlicher Weise mit der

Streuung von Γ -Punkt Phononen widerspruchsfrei erklärt werden. Abgesehen von der soge-

nannten Atmungsmode, einer niederenergetischen, radialen Schwingung des gesamten Tubes,

sind die Ramanpeaks keine einfachen Lorentz-förmigen Moden, sondern komplexe, relativ

breite Peaks. Andererseits gibt es nur zwei Phononen, die in diesem hochenergetischen Bereich

des Spektrums aus Symmetrie-Gründen erlaubt sind. Eine weitere ungewöhnliche Eigenschaft

ist die starke Abhängigkeit des Ramanspektrums von der Energie des anregenden Lasers. Dies

betrifft nicht nur die Intensität des Spektrums, wie in gewöhnlicher resonanter Ramanstreuung,

sondern auch die Frequenz der Ramanmoden und ihre Linienform. Ebenso sind bei gleicher

Anregungsenergie die Spektren in Stokes- und Anti-Stokes-Streuung unterschiedlich.

Diese Eigenschaften des Ramanspektrums werden in dieser Arbeit mit Hilfe von Defekt-

induzierter, doppelresonanter Ramanstreuung erklärt. Dabei führt die elastische Streuung

an einem Defekt dazu, dass nicht nur Phononen vom Γ -Punkt zum Spektrum erster Ord-

nung beitragen können, sondern Phononen aus der gesamten Brillouin-Zone. Für diejenigen

Phononen, die zu einer Doppelresonanz führen, ist die Streuwahrscheinlichkeit am stärksten

und ergibt daher einen Peak im Spektrum. Wenn die Anregungsenergie geändert wird, ändert

sich auch die Bedingung für die Doppelresonanz, entsprechend der elektronischen Bandstruk-

tur und der Phononendispersion. Dadurch werden andere Phononen bevorzugt, und die Ra-

manpeaks verschieben sich. Im Prinzip ist es damit möglich, die Phononendispersion oder

einen Teil davon durch Variation der Laserwellenlänge zu messen. Das Doppelresonanz-

Modell erklärt auch alle weiteren Eigenschaften des Ramanspektrums ohne zusätzliche An-
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nahmen: Selbst im Falle von nur einem Phononenzweig werden Mehrfach-Peaks vorherge-

sagt, die gleichzeitig durch mehrere, leicht unterschiedliche Doppelresonanz-Bedingungen her-

vorgerufen werden.

Neben der elektronischen Bandstruktur ist die Phononendispersion selbst bestimmend für

die Doppelresonanz. Überraschenderweise gab es bisher selbst für Graphit keine vollständigen

experimentellen Daten in der Literatur, unter anderem, weil nur etwa 100 µm große Einkristalle

von Graphit existieren. Entsprechend widersprüchlich sind die theoretischen Vorhersagen. Wir

waren in der Lage, diese Widersprüche zu lösen, indem wir die optischen Phononen mit in-

elastischer Röntgenstreuung in der gesamten Brillouin-Zone gemessen haben.

Wir kombinieren nun die Kenntnisse über die Symmetrie-Eigenschaften (Auswahlregeln),

die elektronische Bandstruktur und die Phononendispersionen, um die Ramanspektren mit dem

Doppelresonanz-Modell explizit zu berechnen. Dabei finden wir eine sehr gute Übereinstim-

mung mit dem Experiment. In früheren Interpretationen der Ramanspektren wurde die starke

Abhängigkeit von der Laserenergie mit der selektiven Anregung von unterschiedlichen Nan-

otubes erklärt, da zu dieser Zeit die meisten Experimente an Proben mit vielen verschiede-

nen, zu Bündeln zusammengeschlossenen Tubes durchgeführt wurden. In dieser Interpretation

würden die Spektren eines einzelnen Nanotubes nicht von der Anregungsenergie abhängen.

Hier zeigen wir jedoch durch systematische Messungen an einem einzelnen Tube, dass das Ra-

manspektrum dieses Tubes ebenfalls variiert. Die besonderen Eigenschaften des Ramanspek-

trums, vor allem die Abhängigkeit von der Laserenergie, sind also ein Effekt eines einzelnen

Nanotubes, wie von der Doppelresonanz vorhergesagt.



List of publications

Carbon Nanotubes: Basic Concepts and Physical Properties

S. Reich and C. Thomsen and J. Maultzsch,

Wiley-VCH, Berlin (2004).

Phonon dispersion in graphite

J. Maultzsch, S. Reich, C. Thomsen, H. Requardt, and P. Ordejón,

Phys. Rev. Lett. 92, 075501 (2004).

High-energy phonon branches of an individual metallic carbon nanotube

J. Maultzsch, S. Reich, U. Schlecht, and C. Thomsen,

Phys. Rev. Lett. 91, 087402 (2003).

The radial breathing mode frequency in double-walled carbon nanotubes: an analytical

approximation
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1 Introduction

Carbon appears in several crystalline modifications, as a result of its flexible electron configu-

ration. The carbon atom has six electrons; the 2s orbital and two or three of the 2p orbitals can

form an sp2 or sp3 hybrid, respectively. The sp3 configuration gives rise to the tetrahedrally

bonded structure of diamond. The sp2 orbitals lead to strong in-plane bonds of the hexagonal

structure of graphite and the remaining p-like orbital to weak bonds between the planes. Be-

sides diamond and graphite, other modifications of crystalline carbon have been found, among

them the so-called buckyballs [1] and, first reported in 1991 by Iijima [2], carbon nanotubes.

Soon after their discovery in multiwall form, carbon nanotubes consisting of one single layer

were found [3,4]. The most famous one of the buckyballs is probably C60, a spherical molecule

formed by pentagons and hexagons, out of which single C60 crystals have been produced [5].

Carbon nanotubes are quasi-one dimensional crystals with the shape of hollow cylinders

made of one or more graphite sheets; they are typically µm in length and 1 nm in diameter.

Along the cylinder axis, they can therefore be regarded as infinitely long (approximately 104

atoms along 1 µm), whereas along the circumference there are only very few atoms (≈ 20).

This gives rise to discrete wave vectors in the circumferential direction and quasi-continuous

wave vectors along the tube axis. Although carbon nanotubes consist of merely carbon atoms,

their physical properties can vary significantly, depending sensitively on the microscopic struc-

ture of the tube. Most prominent is their metallic or semiconducting character: roughly speak-

ing 2/3 of the possible nanotube structures are semiconducting and 1/3 are metallic. Carbon

nanotubes exhibit remarkable physical properties. They were reported to carry electric cur-

rents up to 109 A/cm2 [6, 7]. Furthermore, nanotube ropes are of extraordinary mechanical

strength with an elastic modulus on the order of 1 TPa, and a shear modulus of approximately

1 GPa [8,9]. Therefore, they are extremely stiff along their axis but easy to bend perpendicular

to the axis. The shear modulus in the ropes can be enlarged by introducing bonds between the

tubes by electron beam irratiation [10].

The many possible applications of carbon nanotubes both on the nanometer scale and in

the macroscopic range attract great attention. Some of them have been realized on an industry

scale already, whereas others still require sophisticated preparation. The latter include single-
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nanotube electronic devices such as field-effect transistors [11] or even logic circuits [12]. In

so-called actuators, an electrolytically doped nanotube paper is bent by an applied bias [13,14].

Furthermore, carbon nanotubes were suggested to be used as torsional springs [15,16] or as sin-

gle vibrating strings for ultrasmall force sensing. A major difficulty for these applications is the

variety of nanotube structures that are produced simultaneously; in particular, a growth method

which determines whether the tubes will be metallic or semiconducting is still not available.

Instead, the production methods yield tube ensembles where presumably all nanotube struc-

tures are equally distributed, and the tubes are typically found in bundles. Other applications

like nanotube field emitters or reinforcing materials by adding carbon nanotubes, do not require

specific isolated tubes and are thus easier to realize.

Beyond the variety of applications, carbon nanotubes are interesting from a fundamental-

physics point of view. Their one-dimensional character has been manifested in many exper-

iments like scanning-tunneling spectroscopy, where the singularities in the density of states

typical for one dimension have been measured [17–19]. They appear an ideal system for the

study of Luttinger liquid behavior [20, 21]. Ballistic transport at room temperature up to sev-

eral µm was reported [22]. Alternatively, defects or electrical contacts can act as boundaries,

and zero-dimensional effects such as Coulomb blockade are observed [23, 24]. In contrast to

many quasi-one-dimensional systems in semiconductor physics, where carriers are artificially

restricted to a one-dimensional phase space by sophisticated fabrication like cleaved-edge over-

growth [25, 26] or experiments in the quantum-Hall regime [27], carbon nanotubes are natural

quasi-one-dimensional systems with ideal periodic boundary conditions along the circumfer-

ence. Furthermore, they have a highly symmetric microscopic structure which can be regarded

a realization of the so-called line groups that were introduced to describe the symmetry prop-

erties of mono-periodic crystals [28–30].

Since carbon nanotubes were first reported in 1991, research in this field has made tremen-

dous progress during the last years regarding both applications and fundamental properties [31].

This includes improved control over growth conditions (for a review see [32, 33]), the ability

to deposite nanotubes onto specific sites of a substrate, to debundle the tubes and measure

them individually [34], and, very recently, to prevent tubes from rebundling by enclosing them

into a surfactant [35]. The latter allowed key experiments in the optical characterization, the

observation of photoluminescence from the band gap of semiconducting tubes [36–39], and

investigations of the carrier dynamics by time-resolved optical spectroscopy [40, 41]. Further-

more, given a stable solution of isolated nanotubes, metallic tubes could be separated from

semiconducting ones by electrophoresis [42].

The third fundamental characteristics of a crystal, besides the transport and optical prop-

erties mentioned above, are the vibrational and elastic properties. For example, the long-
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wavelength acoustic phonons give the elastic moduli. Moreover, the phonon spectrum de-

termines the thermal properties and influences the non-radiative relaxation of excited carriers

and electronic transport. Raman scattering is a powerful tool study the vibrational properties

of a crystal and provides deep insight into the fundamental physical processes that take place.

The Raman process includes absorption and emission of light as well as inelastic scattering of

electrons by phonons (or other quasi-particles like magnons and plasmons). Thus information

on both electronic and vibrational properties and on electron-phonon interaction is obtained.

If the details of the Raman process are well understood, the experiments can also be used for

characterizing the sample.

Although one would expect a large number of phonon modes in the Raman spectrum of car-

bon nanotubes due to the confinement, there are in fact only three major bands in the first-order

spectrum. This is a consequence of the high symmetry of the nanotube, leading to selection

rules that prohibit most of the phonon modes in the Raman process. Because of the small mass

of the carbon atoms combined with strong carbon-carbon bonds, the phonon frequencies are

much larger than what is typically observed in semiconductors like GaAs or Si. The strongest

Raman modes are the radial breathing mode (a breathing-like vibration of the entire tube)

around 200 cm−1, and in the high-energy range the disorder-induced D mode (1350 cm−1) and

the high-energy modes (1600 cm−1). The Raman spectrum of carbon nanotubes has a num-

ber of peculiar properties. The first-order modes – except for the radial breathing mode – are

not composed by single Lorentzian peaks but have a rather complex line shape. In particular,

the high-energy mode consists of a multiple-peak structure that cannot simply be explained by

the two allowed first-order Raman modes. It changes dramatically with laser energy, which

was previously attributed to the selective excitation of metallic and semiconducting nanotubes.

Even more surprising is the shift of the high-energy mode frequencies with excitation energy.

In spite of a large number of Raman studies in carbon nanotubes, the origin of the spectra

was not fully understood. In particular, it was not clear whether the characteristics of the na-

notube spectra, like the excitation-energy dependence, were results of averaging the properties

of many tubes measured simultaneously in tube ensembles or whether these effects would be

observed in single nanotubes as well. The proposal of defect-induced, double-resonant Raman

scattering as the origin of the entire first-order spectrum in carbon nanotubes at the beginning

of this thesis has led to controverse discussions [43–45]. This concept attributes the strong

laser-energy dependence of the Raman modes to single-tube effects rather than to a selective

excitation of different tubes. Besides the electronic band structure, the most important ingre-

dient to the double-resonant Raman process is the phonon dispersion. Surprisingly, it had not

even in graphite been determined experimentally, and theories were contradictory. Here we
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want to solve these questions and develop a consistent description of the Raman scattering

mechanism in carbon nanotubes.

To understand the Raman processes in carbon nanotubes, a profound knowledge of their

symmetry properties is needed. First, the selection rules for electron-photon and electron-

phonon interactions can be derived, which give rise to a systematic understanding of allowed

and forbidden processes, independent of a specific model or approximation. Second, the

symmetry-based treatment provides a simple and elegant way to describe quasi-particle states

in the nanotube and their interaction. We devote Chap. 2 to the symmetry properties of carbon

nanotubes [46], after a brief explanation of their geometrical structure and the construction of

the Brillouin zone. We discuss the line-group formalism and two different sets of quantum

numbers developed by Damnjanović et al. [47], which both are used in this work depend-

ing on the particular problem. Since resonant Raman scattering depends on the details of

the electronic band structure, we will briefly review the electronic properties of carbon nan-

otubes in Chap. 3 as far as we will need them in the discussion of the scattering processes.

We investigate in Chap. 4 the phonons themselves, going back to graphite as the reference

material to carbon nanotubes. We measured for the first time the entire optical phonon disper-

sion in all high-symmetry directions in the graphite plane. These measurements had become

possible by the recently developed experimental technique of inelastic X-ray scattering. Our

experimental results solve long-standing discrepancies between different theoretical models.

We performed force-constants calculations of the nanotube phonon dispersion. Furthermore,

we briefly discuss ab-initio calculations of the phonon frequencies in double-walled carbon

nanotubes. Finally, we can combine the understanding obtained on symmetry, electronic and

vibrational properties of carbon nanotubes to work out the details of the Raman scattering pro-

cesses in Chap. 5. In particular, we will address the question of single and double-resonant

scattering and, closely related, the distinction between single-tube and tube-ensemble effects.

The double-resonance picture of the disorder-induced D mode is further developed, using the

experimental results of the graphite phonon dispersion to calculate the Raman spectra. For

the high-energy modes, the key experiments to distinguish between double and single-resonant

scattering are Raman measurements on the same individual tube at varying laser wavelengths.

The results give clear evidence for the double-resonant nature of the Raman modes, and we

show that by changing the excitation energy part of the phonon dispersion of a metallic tube

can be mapped. Finally, the absolute Raman cross section of the radial breathing mode is

measured and compared with ab-initio calculations.



2 Symmetry

Carbon nanotubes are hollow cylinders of graphite sheets. They can be viewed as single

molecules, regarding their small size (∼ nm in diameter and ∼ µm length), or as quasi-one di-

mensional crystals with translational periodicity along the tube axis. There are infinitely many

ways to roll a sheet into a cylinder, resulting in different diameters and microscopic structures

of the tubes. These are defined by the chiral index that gives the angle of the hexagon helix

around the tube axis. Some properties of carbon nanotubes like their elasticity [48] can be

explained within a macroscopic model of an homogeneous cylinder, whereas others depend

crucially on the microscopic structure of the tubes. The latter include, for instance, the elec-

tronic band structure, in particular, their metallic or semiconducting nature (Chap. 3). The

fairly complex microscopic structure with tens to hundreds of atoms in the crystal unit cell

can be described in a very general way with the help of the nanotube symmetry. This greatly

simplifies understanding and calculating physical properties like optical absorption, phonon

eigenvectors, and electron–phonon coupling.

In this chapter we first describe the geometric structure of carbon nanotubes and the con-

struction of their Brillouin zone in relation to that of graphite (Sect. 2.1). The symmetry prop-

erties of single-walled tubes are presented in Sect. 2.2. We explain how to obtain the entire

tube of a given chirality from one single carbon atom by applying the symmetry operations.

Furthermore, we give an introduction to the theory of line groups of carbon nanotubes [46],

and explain the quantum numbers, irreducible representations, and their notation.

2.1 Structure of carbon nanotubes

A tube made of a single graphite layer rolled up into a hollow cylinder is called a single-walled

nanotube (SWNT); a tube comprising several, concentrically arranged cylinders is referred to

as a multiwall tube (MWNT). Single-walled nanotubes, as typically investigated in the work

presented here, are produced by laser ablation, high-pressure CO conversion (HiPCO), or the

arc-discharge technique, and have a Gaussian distribution of diameters d with mean diameters

d0 ≈ 1.0− 1.5nm [32, 33, 49, 50]. The chiral angles [Eq. (2.1)] are evenly distributed [51].
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Single-walled tubes form hexagonal-packed bundles during the growth process. The wall-

to-wall distance between two tubes is in the same range as the interlayer distance in graphite

(≈3.41 Å). Multiwall nanotubes have similar lengths to single-walled tubes, but much larger di-

ameters. Their inner and outer diameters are around 5 and 100 nm, respectively, corresponding

to ≈ 30 coaxial tubes. Confinement effects are expected to be less dominant than in single-

walled tubes, because of the larger circumference. Many properties of multiwall tubes are

similar to those of graphite.

Because the microscopic structure of carbon nanotubes is derived from that of graphene1 ,

the tubes are usually labeled in terms of the graphene lattice vectors. Figure 2.1 shows the

graphene honeycomb lattice. The unit cell is spanned by the two vectors aaa111 and aaa222 and con-

tains two carbon atoms at the positions 1
3
(aaa111 + aaa222) and 2

3
(aaa111 + aaa222), where the basis vectors of

length |aaa111| = |aaa222| = a0 = 2.461Å form an angle of 60◦. In carbon nanotubes, the graphene

sheet is rolled up in such a way that a graphene lattice vector ccc = n1aaa111 + n2aaa222 becomes the

circumference of the tube. This circumferential vector ccc, which is usually denoted by the pair

of integers (n1,n2), is called the chiral vector and uniquely defines a particular tube. We will

see below that the electronic band structure or the spatial symmetry group of nanotubes vary

dramatically with the chiral vector, even for tubes with similar diameter and direction of the

chiral vector. For example, the (10,10) tube contains 40 atoms in the unit cell and is metallic;

the close-by (10,9) tube with 1084 atoms in the unit cell is a semiconducting tube.

In Fig. 2.1, the chiral vector ccc = 8aaa111 + 4aaa222 of an (8,4) tube is shown. The circles indicate

the four points on the chiral vector that are lattice vectors of graphene; the first and the last

circle coincide if the sheet is rolled up. The number of lattice points on the chiral vector is

given by the greatest common divisor n of (n1,n2), since ccc = n(n1/n ·aaa111 +n2/n ·aaa222) = n ·ccc′ is
a multiple of another graphene lattice vector ccc′.

The direction of the chiral vector is measured by the chiral angle θ , which is defined as the

angle between aaa111 and ccc. The chiral angle θ can be calculated from

cosθ =
aaa111 · ccc
|aaa111| · |ccc|

=
n1 + n2/2√

n2
1 + n1 n2 + n2

2

. (2.1)

For each tube with θ between 0◦ and 30◦ an equivalent tube with θ between 30◦ and 60◦

exists, but the helix of graphene lattice points around the tube changes from right-handed to

left-handed. Because of the six-fold rotational symmetry of graphene, to any other chiral vector

an equivalent one exists with θ ≥ 60◦. We will hence restrict ourselves to the case n1 ≥ n2 ≥ 0

(or 0◦ ≤ θ ≤ 30◦). Tubes of the type (n,0) (θ = 0◦) are called zig-zag tubes, because they

exhibit a zig-zag pattern along the circumference, see Fig. 2.1. (n,n) tubes are called armchair

1Graphene is a single, two-dimensional layer of graphite.
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Figure 2.1: Graphene honeycomb lat-

tice with the lattice vectors aaa111 and aaa222.

The chiral vector ccc = 8aaa111 + 4aaa222 of the

(8,4) tube is shown with the 4 graphene-

lattice points indicated by circles; the

first and the last coincide if the sheet is

rolled up. Perpendicular to ccc is the tube

axis z, the minimum translational period

is given by the vector aaa = −4aaa111 + 5aaa222.

The vectors ccc and aaa form a rectangle,

which is the unit cell of the tube, if it is

rolled along ccc into a cylinder. The zig-

zag and armchair patterns along the chi-

ral vector of zig-zag and armchair tubes,

respectively, are highlighted.

,

a2

a1

circumference
(8,4)

( 4,5)-

armchair

zig-zag

(0,4)

(8,0)

q

tubes; their chiral angle is θ = 30◦. Both, zig-zag and armchair tubes are achiral tubes, in

contrast to the general chiral tubes.

The geometry of the graphene lattice and the chiral vector of the tube determine its struc-

tural parameters like diameter, unit cell, and its number of carbon atoms, as well as size and

shape of the Brillouin zone. The diameter of the tube is simply given by the length of the chiral

vector:

d =
|ccc|
π

=
a0

π

√
n2

1 + n1 n2 + n2
2 =

a0

π

√
N , (2.2)

with N = n2
1 + n1 n2 + n2

2. The smallest graphene lattice vector aaa perpendicular to ccc defines the

translational period a along the tube axis. For example, for the (8,4) tube in Fig. 2.1 the smallest

lattice vector along the tube axis is aaa = −4aaa111 + 5aaa222. In general, the translational period a is

determined from the chiral indices (n1,n2) by

aaa = −2n2 + n1

nR
aaa111 +

2n1 + n2

nR
aaa222, (2.3)

and

a = |aaa|=

√
3(n2

1 + n1 n2 + n2
2)

nR
a0 , (2.4)

where R = 3 if (n1− n2)/3n is integer and R = 1 otherwise. Thus, the nanotube unit cell is

formed by a cylindrical surface with height a and diameter d. For achiral tubes, Eqs. (2.2) and

(2.4) can be simplified to

aZ =
√

3 ·a0 |cccZ|= na0 (zig-zag) (2.5)

aA = a0 |cccA|=
√

3 ·na0 (armchair).
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Figure 2.2: Structure of the

(17,0), the (10,10) and the

(12,8) tube. The unit cells of

the tubes are highlighted; the

translational period a is indi-

cated.

a
a

a

(17,0) (10,10) (12,8)

Figure 2.3: Brillouin zone of graphene with

the high-symmetry points Γ , K, and M. The

reciprocal lattice vectors kkk1, kkk2 in Cartesian

coordinates are kkk1 = (0,1)4π/
√

3a0 and kkk2 =
(0.5
√

3,−0.5)4π/
√

3a0.

G
M

M

K ex

ey

k1

k2

2 /ap 0

03

2

a

p

03

4

a

p

03

2

a

p

For chiral tubes, aaa and ccc have to be calculated from Eqs. (2.2) and (2.4). Tubes with the same

chiral angle θ , i.e., with the same ratio n1/n2, possess the same lattice vector aaa. In Fig. 2.2 the

structures of (17,0), (10,10), and (12,8) tubes are shown, where the unit cell is highlighted and

the translational period a is indicated. Note that a varies strongly with the chirality of the tube;

chiral tubes often have very long unit cells.

The number of carbon atoms in the unit cell, nc, can be calculated from the area St = a · c
of the cylinder surface and the area Sg of the hexagonal graphene unit cell. The ratio of these

two gives the number q of graphene hexagons in the nanotube unit cell

q = St/Sg =
2(n2

1 + n1 n2 + n2
2)

nR
. (2.6)

Since the graphene unit cell contains two carbon atoms, there are

nc = 2q =
4(n2

1 + n1 n2 + n2
2)

nR
(2.7)

carbon atoms in the unit cell of the nanotube. In achiral tubes, q = 2n. The structural parameters

given above are summarized in Table 2.1.

After having determined the unit cell of carbon nanotubes, we now construct their Brillouin

zone. For comparison, we show in Fig. 2.3 the hexagonal Brillouin zone of graphene with the
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Table 2.1: Structural parameters of armchair (A), zig-zag (Z) and chiral (C) nanotubes. The symbols are explained

in the text.

Tube N q = nc/2

A (n,n) 3n2 2n

Z (n,0) n2 2n

C (n1,n2) n2
1 + n1 n2 + n2

2 2N/(nR)

Diameter d Translational period a Chiral angle θ

A
√

3na0/π a0 30◦

Z na0/π
√

3a0 0◦

C
√

N a0/π
√

3N a0/(nR) arccos (n1 + n2/2)/
√

N

high-symmetry points Γ , K, and M and the distances between these points. In the direction of

the tube axis, which we define as the z-axis, the reciprocal lattice vector kz corresponds to the

translational period a; its length is

kz = 2π/a . (2.8)

As the tube is regarded as infinitely long, the wave vector kz is continuous; the first Brillouin

zone in the z-direction is the interval (−π/a, π/a]. The bracket types ( ) and [ ] indicate open

and closed intervals, respectively. Along the circumference ccc of the tube, any wave vector k⊥
is quantized according to the boundary condition

m ·λ = |ccc|= π ·d ⇔ k⊥,m =
2π

λ
=

2π

|ccc| ·m =
2

d
·m , (2.9)

where m is an integer taking the values −q/2 + 1, . . . ,0,1, . . . ,q/2. A wave with wave vector

k⊥,m = 2
d
·m has 2m nodes around the circumference. The maximum |k⊥,m| (minimum wave-

length) follows from the number of atoms (2q) in the unit cell: a projection of the carbon atoms

on the circumference of the tube leads to equidistant pairs of carbon atoms; then at least 4

atoms are neccessary for defining a wavelength, i.e., |m| ≤ q/2. The first Brillouin zone then

consists of q lines parallel to the z-axis separated by k⊥ = 2/d and k ∈ (−π/a, π/a].

The quantized wave vector kkk⊥ and the reciprocal lattice vector kkkz are found from the con-

ditions

kkk⊥ · ccc =2π kkk⊥ ·aaa =0 (2.10)

kkkz · ccc =0 kkkz ·aaa =2π .
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Figure 2.4: Brillouin zone of a (7,7) armchair and a (13,0) zig-zag tube (thick lines). The background is a contour

plot of the electronic band structure of graphene (white indicates the maximum energy). The graphene Brillouin

zone in the right panel is rotated by 30◦. The Brillouin zone consists of 2n (i.e., 14 and 26, respectively) lines

parallel to kz, where kz is the reciprocal lattice vector along the tube axis. Each line is indexed by m ∈ [−n,n],
where m = 0 corresponds to the line through the graphene Γ point (k = 0). Note that the Brillouin-zone boundary

π/a is given by π/a0 for armchair and π/
√

3a0 for zig-zag tubes. It can be seen from the symmetry of the graphite

hexagonal Brillouin zone that lines with index m and −m are equivalent. The same holds for k and −k with the

same index m.

This yields

kkk⊥ =
2n1 + n2

qnR
kkk1 +

2n2 + n1

qnR
kkk2 (2.11)

kkkz = − n2

q
kkk1 +

n1

q
kkk2 . (2.12)

In Fig. 2.4 the Brillouin zones of a (7,7) armchair and a (13,0) zig-zag tube are shown for

m ∈ [−n,n] in relation to the graphene Brillouin zone. The line through the graphene Γ point

has the index m = 0. The position of the lines with m = 0 and m = n is the same for all zig-zag

and all armchair tubes, respectively, independent of their diameter. With increasing diameter

the number of lines increases while their distance decreases. For chiral tubes, see Fig. 2.8.

To a first approximation, the properties of carbon nanotubes are related to those of graphite

by taking from graphene the lines that correspond to the nanotube Brillouin zone, according to

Eqs. (2.11) and (2.12). For example, the electronic band structure of a particular nanotube is

found by cutting the two-dimensional band structure of graphene (see background of Fig. 2.4)

into q lines of length 2π/a and distance 2/d parallel to the direction of the tube axis. This

approach is called zone folding and is commonly used in nanotube research. Since the zone-
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Figure 2.5: Scanning tunneling microscopy images of an isolated semiconducting (a) and metallic (b) single-

walled carbon nanotube on a gold substrate. The solid arrows are in the direction of the tube axis; the dashed line

indicates the zig-zag direction. Based on the diameter and chiral angle determined from the STM image, the tube

in (a) was assigned to a (14,−3) tube and in (b) to a (12,3) tube. The semiconducting and metallic behavior of the

tubes, respectively, was confirmed by tunneling spectroscopy at specific sites. From Ref. [17].

folding procedure, however, neglects any effects of the cylinder geometry and curvature of the

tube walls, results obtained by zone folding have to be used with great care.

Experimentally, the atomic structure of carbon nanotubes can be investigated either by

direct imaging techniques, such as transmission electron microscopy [2,52] and scanning probe

microscopy [17,19,53–58], or by electron diffraction [59–62], i.e., imaging in reciprocal space.

Scannig tunneling microscopy (STM) offers measurements with atomic resolution, see Fig. 2.5.

From both, STM and electron diffraction, the chiral angle and tube diameter can be determined,

and hence the chiral vector (n1,n2), in principle, can be found experimentally. Interpretation

of the images is, however, delicate and often requires computations of the images and cross-

checking with other experimental results.

2.2 Symmetry of single-walled carbon nanotubes

The symmetry of carbon nanotubes is described by the so-called line groups, which were in-

troduced by Damnjanović et al. [28–30, 63, 64]. Line groups are the full space groups of

one-dimensional systems including translations in addition to the point-group symmetries like

rotations or reflections. Therefore, they provide a complete set of quantum numbers. Damn-

janović et al. [46,47,65] showed that every nanotube with a particular chirality (n1,n2) belongs

to a different line group. Only armchair and zig-zag tubes with the same n belong to the same

symmetry group. Moreover, starting from a single carbon atom, the successive application of

all symmetry operations of the group constructs the whole tube. Because the relation between

the carbon atoms and the symmetry operations is one-to-one, the nanotubes can be viewed as
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a realization of the line groups. Here we present the basic concepts of line groups and their

application in carbon nanotube physics.

2.2.1 Symmetry operations

In order to find the symmetry groups of carbon nanotubes, the symmetry operations of graphene

are considered [46, 65]. Those that are preserved when the graphene sheet is rolled into a

cylinder form the nanotube symmetry group. Translations by multiples of a of the graphene

sheet parallel to aaa remain translations of the nanotube parallel to the tube axis, see Fig. 2.2.

They form a subgroup TTT containing the pure translations of the tube. Translations parallel to

the circumferential vector ccc (perpendicular to aaa) become pure rotations of the nanotube about

its axis. Given n graphene lattice points on the chiral vector ccc, the nanotube can be rotated

by multiples of 2π/n. Single-walled nanotubes thus have n pure rotations in their symmetry

group, which are denoted by Cs
n (s = 0,1, . . . ,n− 1). These again form a subgroup CCCn of the

full symmetry group.

Translations of the graphene sheet along any other direction are combinations of transla-

tions in the aaa and the ccc direction. Therefore, when the graphene sheet is rolled up, they result

in translations combined with rotations about the nanotube axis. The order of these screw axis

operations is equal to the number q of graphene lattice points in the nanotube unit cell. They

are denoted by (Cw
q |an/q)t with the parameter

w =
q

n
Fr

[
n

qR

(
3−2

n1−n2

n1

)
+

n

n1

(
n1−n2

n

)ϕ(n1/n)−1
]

. (2.13)

Fr[x] is the fractional part of the rational number x, and ϕ(n) is the Euler function [66]. On

the unwrapped sheet the screw-axis operation corresponds to the primitive graphene translation
w
q

ccc+ n
q
aaa. The nanotube line group always contains a screw axis; this can be seen from Eq. (2.6),

which yields q/n ≥ 2. In achiral tubes, q/n = 2 and w = 1, thus the screw axis operations in

these tubes consist of a rotation by π/n followed by a translation by a/2, see Fig. 2.2.

From the six-fold rotation of the hexagon about its midpoint only the two-fold rotation re-

mains a symmetry operation in carbon nanotubes. Rotations by any other angle do not preserve

the tube axis and are therefore not symmetry operations of the nanotube. This rotational axis,

which is present in both chiral and achiral tubes, is perpendicular to the tube axis and denoted

by U . In Fig. 2.6 the U -axis is shown in the (8,6), the (6,0), and the (6,6) nanotube. The U -axis

points through the midpoint of a hexagon perpendicular to the cylinder surface. Equivalent to

the U -axis is the two-fold axis U ′ through the midpoint between two carbon atoms.

Mirror planes perpendicular to the graphene sheet must either contain the tube axis (vertical

mirror plane σx) or must be perpendicular to it (horizontal mirror plane σh) in order to transform
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Figure 2.6: Mirror and glide planes and the two-fold rotational axes. Left: (8,6) nanotube with the U and U ′ axes.

As a chiral tube, it does not have mirror symmetries. Middle: (6,0) tube (zig-zag). Right: (6,6) tube (armchair).

The achiral tubes possess the horizontal rotational axes (U and U ′), the horizontal (σh) and the vertical (σx) mirror

planes (σx is in the Figure indicated as σv), the glide plane σx′ (σv′ ), and the roto-reflection plane σh′ . Taken from

Ref. [46].

the nanotube into itself. Only in achiral tubes the vertical and horizontal mirror planes, σx

and σh, are present [46], see Fig. 2.6. They contain the midpoints of the graphene hexagons.

Additionally, in achiral tubes the vertical and horizontal planes through the midpoints between

two carbon atoms form vertical glide planes (σx′ ) and horizontal roto-reflection planes (σh′)

(Fig. 2.6).

In summary, the general element of any carbon-nanotube line group is denoted as

l(t,u,s,v) = (Cw
q |

an

q
)t Cs

nUu σ v
x , (2.14)

with t = 0,±1, . . . ;

s = 0,1, . . . ,n−1;

u = 0,1;

v =





0,1 achiral

0 chiral

and w,n,q as given above. Note that σh =Uσx. The elements in Eq. (2.14) form the line groups

LLL, which are given by the product of the point groups DDDn and DDDnh for chiral and achiral tubes,

respectively, and the axial group TTT w
q :

LLLAZ = TTT 1
2nDDDnh = LLL2nn/mcm (armchair and zig-zag) (2.15)

and

LLLC = TTT w
q DDDn = LLLqp22 (chiral tubes). (2.16)
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Here 2π w/q determines the screw axis of the axial group. The international notation is in-

cluded for a reference to the Tables of Kronecker Products in Refs. [63] and [64].2

For many applications of symmetry it is not necessary to work with the full line group.

Instead, the point group is sufficient. For example, electronic and vibrational eigenfunctions at

the Γ point always transform as irreducible representations of the isogonal point group. For

optical transitions or first-order Raman scattering the point group is sufficient, because these

processes do not change the wave vector k. The point groups isogonal to the nanotube-line

groups, i.e., with the same order of the principal rotational axis, where the rotations include the

screw-axis operations, are

DDDq for chiral (2.17)

and DDD2nh for achiral tubes.

Since carbon-nanotube line groups always contain the screw axis, they are non-symmorphic

groups, and the isogonal point group is not a subgroup of the full symmetry group. We will

consider this below in more detail when we introduce the quantum numbers.

After having determined the symmetry operations that leave the whole tube invariant, we

now investigate whether they leave a single atom invariant or not. Those that do form the

site symmetry of the atom and are called stabilizers; the others form the transversal of the

group [47]. In principle, a calculation for all carbon atoms in the unit cell can be restricted to

those atoms that by application of the transversal form the entire system. As an example we

show how the atomic positions of the tube can be obtained from a single carbon atom [46].

We start with an arbitrary carbon atom and apply the U -axis operation. The atom is mapped

onto the second atom of the graphene unit cell (hexagon). The n-fold rotation about the tube

axis then generates all other hexagons with the first atom on the circumference. The screw-

axis operations (without pure translations) map these atoms onto the remaining atoms of the

unit cell. Finally, translating all the atoms of the unit cell by the translational period a forms

the whole tube. Thus if we know for example the electronic wave function of the tube at the

starting atom, we know the wave function of the entire tube.

Just a single atom is needed to construct the whole tube by application of the symmetry

operations of the tube; such a system is called a single-orbit system. The line groups of chiral

tubes comprise, besides the identity element, no further symmetry operations but those that

have been used for the construction of the tube. Therefore, the stabilizer of a carbon atom in

chiral tubes is the identity element; its site symmetry is CCC1. In achiral tubes, on the other hand,

there are additional mirror planes σh and σx. Reflections in the σh plane in armchair tubes and

in the σx plane in zig-zag tubes leave the carbon atom invariant. Thus the site symmetry of

2In these references, the meanings of the symbols n and q in are interchanged.
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Table 2.2: Symmetry properties of armchair (A), and zig-zag (Z) and chiral (C) nanotubes. The symbols are ex-

plained in the text. From the position rrr000 of the first carbon atom the whole tube can be constructed by application

of the line-group symmetry operations, see Eq. (2.19).

Tube Line group Isogonal rrr000

point group

A (n,n) TTT 2nDDDnh DDD2nh LLL2nn/mcm (r0 , 2π
3n

,0)

Z (n,0) TTT 2nDDDnh DDD2nh LLL2nn/mcm (r0 , π
n
, a0

2
√

3
)

C (n1,n2) TTT r
qDDDn DDDq LLLqp22 (r0 ,2π n1+n2

2N
, n1−n2

2
√

3N
a0)

the carbon atoms in achiral tubes is CCC1h. We will see later that the higher site symmetry of

achiral nanotubes imposes strict conditions on their phonon eigenvectors and electronic wave

functions.

Using the symmetry operations of the tube, the atomic positions rrr in the unit cell can be

easily found. The position of the first carbon atom is defined at 1
3
(aaa111 + aaa222) and the U -axis

is chosen to coincide with the x-axis. Then in cylindrical coordinates the position of the first

carbon atom in the nanotube is given by [46]

rrr000 = (r0,Φ0,z0) = (d/2 ,2π
n1 + n2

2N
,

n1−n2

2
√

3N
a0), (2.18)

where 2N = nqR = 2(n2
1 + n1n2 + n2

2). An element (Cw
q |na

q
)tCs

nU
u acting on the atom maps it

onto the new position

rrrtsu = (Cwt
q Cs

nU
u|t na

q
)rrr000

=

[
d/2 ,(−1)uΦ0 + 2π

(
wt

q
+

s

n

)
,(−1)uz0 +

tn

q
a

]
, (2.19)

where u = 0,1, s = 0,1, . . . ,n− 1, and t = 0,±1,±2, . . .. With the help of Eq. (2.19), the po-

sitions of all carbon atoms can be constructed for any nanotube. We summarize the symmetry

properties in Table 2.2.

2.2.2 Symmetry-based quantum numbers

A given symmetry of a system always implies the conservation law for a related physical quan-

tity. Well-known examples in empty space are the conservation of linear momentum caused by

the translational invariance of space or the conservation of the angular momentum (isotropy of

space). The rotational symmetry of an atomic orbital reflects the conserved angular-momentum

quantum number. The most famous example in solid-state physics is the Bloch theorem, which
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states that in the periodic potential of the crystal lattice the wave functions are given by plane

waves with an envelope function having the same periodicity as the crystal lattice.

Likewise, any quasi-particle of the nanotube or a particle that interacts with it “feels” the

nanotube symmetry. The state of the (quasi-) particle then corresponds to a particular repre-

sentation of the nanotube line group, i. e., its wave function is transformed in the same way by

the symmetry operations as the basis functions of the corresponding representation. Using this,

we can calculate selection rules for matrix elements, according to which a particular transition

is allowed or not. The probability for a transition from state |α〉 to state |β 〉 via the interaction

X is only non-zero, if |X |α〉 and 〈β | have some components of their symmetry in common.

If they do not share any irreducible component, their wave functions are orthogonal and the

matrix element 〈β |X |α〉 vanishes [67–70]. X can be, e.g., the dipole operator of an optical

transition.

In the next section we describe the irreducible representations of the carbon-nanotube line

groups in more detail. Here, we first introduce two types of quantum numbers to characterize

the quasi-particle states in carbon nanotubes and show their implications for conservation laws.

We start by describing the general state inside the Brillouin zone by the quasi-linear mo-

mentum k along the tube axis and the quasi-angular momentum m. The first corresponds to

the translational period; the latter to both the pure rotations and the screw-axis operations [47].

These states |k m〉 are shown by the lines forming the Brillouin zone, as depicted in Fig. 2.4 for

achiral tubes. For k = 0,π/a and m = 0,n the state is additionally characterized by its even or

odd parity with respect to the U -axis. Achiral tubes have additionally the parity with respect

to the vertical and horizontal mirror planes. k is a fully conserved quantum number, since it

corresponds to the translations of the tube, which by themselves form a group TTT . In contrast,

m arises from the isogonal point group DDDq, which is not a subgroup of the nanotube line group.

Therefore, m is not fully conserved and care has to be taken when calculating selection rules.

As long as the process remains within the first Brillouin zone (−π/a,π/a] for achiral tubes and

within the interval [0,π/a] for chiral tubes, m can be regarded as a conserved quantum number.

But if the Brillouin zone boundary or the Γ point is crossed, m is no longer conserved. Such a

process is often called an Umklapp process.

The change of m in Umklapp processes is illustrated in Fig. 2.7. A graphene rectangle is

shown, which is an unrolled (3,3) tube. The arrows indicate the displacement vectors of the

atoms along the tube axis. In (a), the translation of the tube along the tube axis is shown.

This mode has infinite wavelength along the tube axis and along the circumference, i.e., k = 0

and m = 0. If we want to relate the displacement in (b) to the z-translation, we find two

solutions. First, if we view the displacement as a Γ -point mode, we find 2n = 6 nodes along

the circumference. The vibrational state in (b) is then characterized by k = 0 and m = n.
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Figure 2.7: Phonon eigenvectors for an un-

wrapped (3,3) tube. The arrows indicate the

atomic displacements. In (a) the translation of

the tube along the tube axis is shown. This

vibration has infinite wavelength (k = 0) and

zero nodes along the circumference m = 0.

The vibration in (b) can be understood as a Γ -

point mode with 2n = 6 nodes along the cir-

cumference. Alternatively, we can view the

displacement as an m = 0 vibration with λ = a

(dashed line). Thus the same displacement

pattern can be understood as a mode with

k = 0 and m = n or as a mode with k = 2π/a

and m = 0.

tu
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Alternatively, we can regard the vibration in (b) as an m = 0 mode, as in (a). The wavelength

of the vibration is in this case λ = a (dashed line). Thus the state with k = 2π/a and m = 0 is

equivalent to the state with k = 0 and m = n. In this example, m jumps by n when going into

the second Brillouin zone. This holds in general for achiral tubes. In an Umklapp process m

changes into m′ according to the following rules [63]

m′ = (m±n)mod q (achiral tubes). (2.20)

In chiral tubes, the Umklapp rules are [64]

m′ = (m + p)mod q when crossing the zone boundary at π/a (2.21)

m′ =−m when crossing the Γ point,

where p is given by

p = q Fr

[
nR

q
· q · (

2n2+n1

nR
)ϕ((2n1+n2)/nR)−1−n2

2n1 + n2

]
. (2.22)

Fr[x] is again the fractional part of the rational number x and ϕ(n) the Euler function [66]. Note

that for achiral tubes p = n and Eq. (2.21) becomes Eq. (2.20).

Another illustration for these Umklapp rules was shown in Fig. 2.4. Let us follow the

nanotube Brillouin zone along the allowed wave vectors (white lines). We start with a line

given by k ∈ [0,π/a] and index m. From the symmetry of the graphene hexagonal Brillouin

zone and the contour plot it is seen that following this line in the interval [π/a,2π/a] yields

the same parts of the Brillouin zone as following the line with m′ = n−m from k = −π/a to

k = 0. This corresponds to application of Eq. (2.20).

Instead of the conventional “linear” quantum numbers k and m, the so-called “helical”

quantum numbers, k̃ and m̃, can be used [47, 71–73]. The helical quantum numbers are fully
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conserved. In contrast to m, the new quantum number m̃ corresponds to the pure rotations

of the nanotube, which form the subgroup DDDn of the nanotube-line group. Therefore, m̃ is

fully conserved and takes n integer values in the interval (−n/2,n/2]. The screw-axis opera-

tions are incorporated in k̃, which can be considered as a “helical” momentum. Because the

screw-axis operations including pure translations form the subgroup TTT w
q , k̃, too, is a conserved

quantum number in carbon nanotubes. The minimum roto-translational period is now n
q
a, and

k̃ ∈ (−π̃/a, π̃/a], where π̃ = π q/n. 3 In the Brillouin zone “B̃Z” defined by k̃,m̃ there are

as many states as in the conventional Brillouin zone. The number of lines indexed by m is

reduced by a factor q/n, while the interval (−π/a,π/a] for k is extended by the same factor for

k̃. The linear and helical quantum numbers can be transformed into each other by the following

equations [74]

|k̃,m̃〉 = |k +
wm

n

2π

a
+ K̃

2π̃

a
,m + M̃n〉 (2.23)

|k,m〉 = |k̃− wm̃

n

2π

a
+ K

2π

a
,m̃−K p+ Mq〉 . (2.24)

Here, K̃, M̃, K, and M are integers determined by the condition that the quantum numbers are

in the intervals

k ∈ (−π

a
,

π

a
] m ∈ (−q

2
,
q

2
] (2.25)

k̃ ∈ (−q

n

π

a
,
q

n

π

a
] m̃ ∈ (−n

2
,
n

2
]. (2.26)

Figure 2.8 illustrates the relation between the “k,m” and the “k̃,m̃” quantum numbers for

a (10,5) tube. The number of atoms in the unit cell is 2q = 140; the linear quantum number

m ∈ (−q/2,q/2] takes q = 70 values. Thus the conventional Brillouin zone of the (10,5) tube

consists of 70 equidistant lines, which are depicted by the short solid white lines in Fig. 2.8.

Their direction is parallel to the tube axis, their length is 2π/a, where the translational period

a = 11.3Å, and their distance is 2/d. The B̃Z indicated by the dashed white lines consists of

n = 5 lines indexed by m̃. Their length is 2q
n

π
a

= 28π
a

. At k̃ = 0 and m̃ = 0 is the Γ point of

graphene, i.e., k = 0 and m = 0. We will see in Sects. 4.3 and 5.2 that for chiral tubes the helical

quantum numbers are much more helpful than the linear quantum numbers for, e.g., displaying

the phonon dispersion and using it in further calculations.

2.2.3 Irreducible representations

In this section we introduce the irreducible representations of the carbon-nanotube symmetry

groups. We shall explain the line-group notation used in Refs. [63] and [47], which, in contrast

to the more common molecular notation of crystal point groups, includes the full space group.

3Note that all intervals are defined modulo these intervals.
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Figure 2.8: Brillouin zone of the (10,5) tube.

The backgound is a contour plot of the con-

duction band of graphene; the darkest points

are at the K point; the white points are the

Γ point of graphene. The short solid white

lines indicate the Brillouin zone of the (10,5)

tube given by the quantum numbers k and

m; it is formed by q = 70 parallel lines of

length 2π/a. The dashed white lines form the

equivalent Brillouin zone given by the quan-

tum numbers k̃ and m̃. There are n = 5 lines;

their length is 2π̃/a = 28π/a.

For a group consisting of rotations only, all irreducible representations would be one-

dimensional, since a cyclic group is an abelian group [67]. We thus have to examine the other

generating elements of the groups TTT 1
2nDDDnh and TTT w

q DDDn to determine the dimensions of the irre-

ducible representations. The other generating elements are the mirror planes for achiral tubes

and the U -axis for both chiral and achiral tubes. We start again with a general state |k m〉 with

k ∈ (0,π/a) and m ∈ (0,q/2). The U -axis maps the state |k m〉 into | − k −m〉 and hence a

two-dimensional irreducible representation exists with the basis {|k m〉, |−k −m〉}. The action

of the two-fold rotation about the U -axis onto {|k m〉, |− k −m〉} can be written as

(
|− k −m〉
|k m〉

)
=

(
0 1

1 0

)(
|k m〉
|− k −m〉

)
. (2.27)

The symmetry groups of chiral tubes contain no further generating elements, thus the irre-

ducible representations of the groups TTT w
q DDDn are either one- or two-dimensional.

In achiral tubes, in addition, the vertical and horizontal mirror planes map the state |k m〉
into |k −m〉 (vertical mirror plane) or into | − k m〉 (horizontal mirror plane). Therefore, the

irreducible representations describing a state inside the Brillouin zone are four-dimensional.

If we choose the basis as {|k m〉, |k −m〉, | − k m〉, | − k −m〉,}, the action of, e.g., σx can be

written as



|k −m〉
|k m〉
|− k −m〉
|− k m〉




=




0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0







|k m〉
|k −m〉
|− k m〉
|− k −m〉




. (2.28)

The irreducible representations of the groups TTT 1
2nDDDnh are thus one-, two- or four-dimensional.

Note that the degeneracy of k and −k in both chiral and achiral tubes is specific to the line-

group notation. In contrast, it is common not to count this degeneracy. In this case, chiral
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tubes possess only non-degenerate representations and achiral tubes one- or two-dimensional

representations.

The examples given in Eq. (2.27) and Eq. (2.28) for chiral and achiral tubes, respectively,

apply to a state |k m〉 inside the Brillouin zone. At the Brillouin zone edges, on the other hand,

states with k and −k are the same; m and −m describe the same quantum number if m = 0 or

m = q/2. Then the dimension of the irreducible representation is reduced. Additionally, states

at the Brillouin-zone edges are characterized by parity quantum numbers with respect to the

U -axis and, in achiral tubes, to the mirror planes. The Umklapp rules, Eqs. (2.20) and (2.21),

are reflected by the fact that at the Brillouin zone boundaries the bands m are degenerate with

the bands m′ = (m+ p)modq [75]. An overview of the irreducible representations, degeneracy

as well as symmetry of polar and axial vectors and their symmetric and antisymmetric products

can be found in Ref. [75].

In the following we explain the line-group notation for the irreducible representations:

wave vector→ kX
π
m

←σh/ U-axis parity
←m quantum number

↑ dimension (X = A,B,E,G) .

X is given by a letter that indicates the dimension of the representation: A and B are one-

dimensional, E two-dimensional, and G four-dimensional representations. For achiral tubes,

A and B give at the same time the parity quantum number with respect to the σx operation. A

corresponds to even and B to odd parity. In chiral tubes at k = 0, the subscript + or − denotes

even or odd parity under the U -axis operation and, in achiral tubes, under the σh operation.

For example, in achiral tubes 0B−0 is the one-dimesional irreducible representation of a Γ -point

state (k = 0) with zero nodes around the circumference (m = 0). This state has odd parity under

both the vertical (B) and the horizontal (−) reflections. In chiral tubes, kE2 denotes a two-fold

degenerate (E) state inside the Brillouin zone, i.e., k 6= 0 and k 6= π/a, with 4 nodes around

the circumference (m = 2). This state has no defined parity under rotation about the U -axis. A

summary of all irreducible representations of chiral and achiral carbon nanotubes is given in

Tables A1 and A2 of Ref. [47].

The irreducible representations at k = 0 can be related to the more common molecular

notation [76] of the corresponding isogonal point groups D2nh and Dq. In chiral tubes, 0A+
0

is the fully symmetric representation A1; 0A−0 possesses odd parity under the U -axis operation

and therefore corresponds to A2 in the molecular notation. For m = q/2, the states have odd

parity under rotation by 2π/q about the principal axis, thus the representations 0A+
q/2

and 0A−
q/2

translate into B1 and B2, respectively. The degenerate representations 0Em are the same in the

molecular notation (Em).

Achiral tubes possess a center of inversion, thus the fully symmetric representation 0A+
0 is

A1g in molecular notation; 0A−0 is A2u. The correspondence of the degenerate representations
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Table 2.3: Correspondence of the line-group notation for achiral tubes (LLLA,Z) at the Γ -point to the molecular

notation for the isogonal point group D2nh. For chiral tubes, the subscripts “g” and “m” are omitted; n is replaced

by q/2.

0A+
0 0A−0 0B+

0 0B−0 0A+
n 0A−n 0B+

n 0B−n 0E+
±m 0E−±m

A1g A2u A2g A1u n even: B1g B2u B2g B1u m even: Emg Emu

n odd: B2u B1g B1u B2g m odd: Emu Emg

0E±m to Emg or Emu depends on whether m is even or odd. For example, we consider the

representation 0E−1 . The inversion of the achiral tube is given by the symmetry operation

σhCn
2n. The character of 0E−1 for the inversion is therefore −2 cos (nm2π/q) = +2. Thus 0E−m

transforms into Emg if m is odd. We summarize the relationship between the line-group and the

molecular notation in Table 2.3. For chiral tubes, the subscripts “g” and “m” are omitted; n is

replaced by q/2.

Finally, we want to give an example of the use of the line-group symmetry to calculate se-

lection rules. We consider optical absorption in carbon nanotubes in the dipole approximation.

The momentum operator has the same symmetry as a polar vector. The z-component of a polar

vector in an achiral nanotube belongs to a non-degenerate represenation. It has even parity

with respect to the vertical mirror plane σx and odd parity under σh. Therefore, it transforms

as the irreducible representation 0A−0 . The x- and y-components are degenerate and have even

parity with respect to σh, therefore given by 0E+
±1 [30]. In the dipole approximation, an optical

transition between the states |i〉 and | f 〉 is allowed if the representations of the polar vector and

of the electronic states have a common component:

D| f 〉⊗Dpv⊗D|i〉 ⊇ 0A+
0 . (2.29)

This can be evaluated in the standard way by using the character tables in Refs. [64] and

[63]. More elegant and much faster, however, is the direct inspection of the quantum numbers.

Because of its 0A−0 symmetry, z-polarized light can change neither m (∆m = 0), nor the σx

parity (A). But since it carries a negative σh parity quantum number, it changes the σh parity

of the quasi-particle it interacts with. Similarly, x/y-polarized light changes the m quantum

number by ∆m = ±1, but leaves the σh parity unchanged. For example, the electronic bands

crossing at the Fermi level in armchair tubes (see Chap. 3) possess kEA
n and kEB

n symmetry.

Between these two bands, an optical transition with z-polarized light (∆m = 0) is forbidden,

because it cannot change the σx parity of the electronic states from A to B.
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2.3 Summary

In this chapter we showed how to construct the atomic structure and the reciprocal lattice of

carbon nanotubes from a given chiral vector (n1,n2). Single-walled carbon nanotubes have

line-group symmetry [46], i.e., they possess a translational periodicity only along the tube axis.

Within the concept of line groups, any state of a quasi-particle can be characterized by a set

of quantum numbers consisting of the linear momentum k, the angular momentum m, and, at

special points in the Brillouin zone only, parity quantum numbers. Only achiral tubes possess

additional vertical and horizontal mirror planes. When crossing the boundaries of the Brillouin

zone in a scattering process, special Umklapp rules apply, because m is not a fully conserved

quantum number. Alternatively, a different set of quantum numbers can be used, the so-called

helical quantum numbers. The notation and the application of the line-group symmetry for

calculating selection rules are explained.



3 Electronic band structure

In resonant Raman scattering one or more of the electronic transitions are real, and the Raman

signal is strongly enhanced. Thus the Raman intensity and, as we will show in Chap. 5 for

double-resonant scattering, also the Raman frequency depend sensitively on the electronic band

structure. In this chapter we summarize the basic properties of the carbon nanotube band

structure, as we will use them in Chap. 5 for the calculation of the Raman spectra.

Carbon nanotubes can be metallic or semiconducting. The simplest argument for that is

given by the zone-folding approach (Sect. 2.1), where the nanotube bands are obtained by

cutting the graphene bands according to the allowed wave vectors: In graphene, the conduc-

tion and valence bands cross the Fermi level at singular points, the K points in the Brillouin

zone [77]. Therefore, the tube is metallic, if the allowed states of the nanotube (Fig. 2.4) contain

the graphite K point, otherwise it is semiconducting [31]. For example, in all armchair tubes

the band with m = n includes the K point, thus they are always metallic. In general, the tubes

with chiral index (n1,n2) such that (n1−n2)/3 is integer, are metallic in this approximation.

Figure 3.1 shows the band structures of the (10,10) and the (17,0) tube, obtained by zone

folding of the graphene π and π∗ bands. These were calculated within the tight-binding ap-

proximation including third-nearest neighbors, where the parameters were fit to the bands from

ab-initio calculations in the visible range of transition energies [78]. The (10,10) tube is metal-

lic with the Fermi wave vector kF at 2/3 of the Brillouin zone; the (17,0) tube is semiconducting.

The bands near the Fermi level are labeled by their symmetry (for the (17,0) tube the Γ -point

symmetry) [47, 75]. As an example for a chiral tube we show the band structure of the (16,4)

tube in Fig. 3.2. The bands are given by the helical (k̃,m̃) quantum numbers. The (16,4) tube

is metallic as well in this approximation, again with the Fermi wave vector at 2/3 of the helical

Brillouin zone. In general, the Fermi wave vector or, in semiconducting tubes, the wave vector

of the lowest transition energies is at the Γ point in tubes with R = 1 and at 2/3 of the Brillouin

zone in R = 3 tubes [79].

The transition energies are to first approximation proportional to the inverse tube diam-

eter [80, 81]. This is easily understood from the zone-folding approach, assuming linear,

isotropic bands at the graphite K point. Since the distance between two lines of the nano-
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Figure 3.1: Band structure of the (10,10) armchair and of the (17,0) zig-zag tube calculated from the third-nearest

neighbor tight-binding approximation [78]. The lowest electronic states are labeled by their symmetry (irreducible

representations) according to the line-group notation explained in Sect. 2.2.3 [75]. The (10,10) tube is metallic,

because the bands with m = n = 10 cross at the Fermi level. The Fermi wave vector kF is at 2/3 of the Brillouin

zone. Optical transitions between these two bands are forbidden because of the A/B parity quantum numbers with

respect to the vertical mirror plane. The (17,0) tube is semiconducting; the band gap is determined by the bands

with m closest to 2n/3.

Figure 3.2: Electronic band

structure of the (16,4) tube given

by (k̃, m̃) quantum numbers, calcu-

lated from the third-nearest neigh-

bors tight-binding approximation.

The m̃ indices are given next to

the bands; the thin solid line indi-

cates m̃ = 0, the dotted and dashed

lines m̃ = +1 and m̃ =−1, respec-

tively, and the thick solid line m̃ =
2. The states with m̃ = 2 are iden-

tical to those with m̃ = −2, there-

fore the band is symmetric with

respect to the Γ point, as well as

the band m̃ = 0. States given by

(k̃, m̃) are degenerate with those

given by (−k̃,−m̃), see Chap. 2.

In the (16,4) tube, q/n = 56/4 =
14. Bottom: Same band structure

but restricted to the visible energy

range of light.
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Figure 3.3: Transition energies of carbon nanotubes as a function of diameter (so-called Kataura plot [82]) from

a third-nearest neighbor tight-binding calculation. Closed symbols indicate semiconducting tubes; open circles are

metallic tubes. ES
11 and ES

22 are the first and second transitions in semiconducting tubes, respectively. (a) The

transition energies follow roughly a 1/d dependence, where the systematic deviations from this behavior increase

with smaller diameter and with increasing excitation energy. (b) Enlarged part of ES
22 and EM

11 from (a). The lines

connect nanotubes with (n′1,n
′
2) = (n1−1,n2 +2); the chiral indices of the tubes at the outermost position on the

lower side of the semiconducting and of the metallic families are given. The lower branches of the ES
22 transitions

consist of the tubes with (n1−n2)mod 3 =−1, the tubes in the upper branches have (n1−n2)mod 3 = +1.

tube Brillouin zone is 2/d, the energies obtained by cutting the graphene bands for different

tubes increase linearly with the inverse diameter. Systematic deviations from the 1/d depen-

dence are seen when the three-fold symmetry of the bands around the K point is taken into

account (so-called trigonal warping, see also the contour plot of the graphene conduction band

in Fig. 2.4). These deviations are even stronger if graphene bands obtained from ab-initio cal-

culations or tight-binding results including third-nearest neighbors interaction [78] are used in

the zone-folding procedure. The third-nearest neighbor tight binding results agree throughout

the Brillouin zone much better with the ab-initio calculation in the local-density approximation

than the usual nearest-neighbors tight-binding expression [78].

We show in Fig. 3.3 the transition energies obtained from the third-nearest neighbor tight-

binding approach as a function of tube diameter. Such a plot, usually shown for the simple

nearest-neighbor approximation, is commonly referred to as a Kataura plot [82]. Filled and

open circles indicate semiconducting and metallic tubes, respectively. The energies form v-like

branches below and above the 1/d line, as can be seen clearly in (b). The lines connect tubes

with (n′1,n
′
2) = (n1− 1,n2 + 2), where the zig-zag or small-chiral angle tubes are at the outer

positions. The chiral angle increases along such a branch towards the inner position; for the

metallic tubes, the inner tubes are of armchair type. For example, the branch starting with the
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(9,0) tube consists of the (9,0), (8,2), (7,4), and (6,6) tube. Within the semiconducting ES
22 tran-

sitions, the lower-branch tubes belong to the (n1− n2)mod 3 = −1 family, whereas the tubes

in the upper branches have (n1− n2)mod 3 = +1, and vice versa for the ES
11 transitions. The

(n1−n2)mod 3 =±1 family reflects from which side of the K point the electronic bands result

in the zone-folding scheme. In the nanotubes with (n1− n2)mod 3 = −1 the first transition

(ES
11) comes from between the Γ and K point, and the second transition (ES

22) from between

the K and M point. The opposite situation occurs for the (n1− n2)mod 3 = +1 nanotubes.

Since the dispersion of the electronic bands is different in the Γ -K and the K-M directions, this

results in systematic differences in the transition energy.

So far we did not include any effects of curvature, instead we treated the nanotube as a

flat rectangle from graphene with periodic boundary conditions. Blase et al. [83] first pointed

out that mixing and rehybridization of the π and σ orbitals in the curved graphite sheet can

significantly change the electronic band structure. These effects become particularly strong for

small-diameter nanotubes. For example, the (5,0) tube is metallic in contrast to what is ex-

pected from zone folding [84]. Moreover, the rehybridization effects as seen when comparing

ab-initio calculations with zone-folding results, are larger for zig-zag (small chiral angle) tubes

than for armchair tubes [85]. The deviation from the zone-folding bands is particularly large

for those transition energies that belong to the lower branches in Fig. 3.3 (b), and small for the

upper branches. This means that the lower branches are in fact bent downwards towards the

small-chiral angle tubes. Such a strong down-bending shape was recently confirmed experi-

mentally, where the transition energies were obtained by resonance Raman profiles [86], and

by photoluminescence excitation experiments [36–38].

A geometrical effect of the curvature is the small secondary gap opening at the Fermi

level in all chiral tubes that were above predicted to be metallic ((n1− n2)mod 3 = 0) [72,

79]. This can be understood from the structure of the curved graphite sheet, where the three

bonds between a carbon atom and its neighbors differ in length. Armchair tubes have still

a zero gap, if the geometry of the curved sheet is taken into account, but the Fermi wave

vector shifts [79]. Alternatively, the opening of the gap can be understood as a consequence of

symmetry: only in armchair tubes the two electronic states at the Fermi level possess different

quantum numbers, i.e., the A/B parity with respect to the vertical reflection, see Fig. 3.1. In

chiral tubes, in contrast, the vertical mirror planes are absent; both electronic states would have

the same quantum numbers. Therefore, an anti-crossing of the bands occurs, resulting in the

small gap at the Fermi level in chiral tubes; only armchair tubes are thus truly metallic.

In summary, the electronic band structure of carbon nanotubes can be reasonably well pre-

dicted by zone folding of the third-nearest neighbor tight-binding results, as is seen from the

good agreement with the ab-initio calculations. On the other hand, the excited electronic states
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are typically underestimated by≈ 10% in local-density calculations. The transition energies on

the lower branches in the Kataura plot in Fig. 3.3 (b) depend stronger on the chiral angle than

predicted by zone folding. Excitonic effects have to be considered as well, see Refs. [87, 88].

Therefore, from a single measurement of the optical transition energy one cannot determine

the diameter or even the chirality of the tube as was sometimes attempted. Nevertheless, zone

folding combined with the third-nearest neighbor tight-binding approach provides an easy cal-

culation of the band structure for any chirality of nanotubes. In particular, the position of

the optical transitions in the Brillouin zone and the overall shape of the electronic bands are

correctly predicted [78]. Therefore, we will use the electronic band structure from this approx-

imation in Chap. 5 in the modeling of the Raman spectra.



4 Phonons in graphite and carbon

nanotubes

Phonons are the quasi-particles that describe the quantized lattice vibrations or normal modes

of a crystal. The crystal possesses 3N phonon branches where N is the number of atoms in the

unit cell. A three-dimensional crystal has three acoustic modes with zero frequency at the Γ

point, corresponding to uniform displacements of the crystal. All remaining branches, where

the atoms in the unit cell move out-of-phase, are referred to as optical phonons, since in polar

crystals they can directly couple to light [89]. Phonons are bosons and contribute the major

part to the heat capacity of a crystal. They play an important role for both transport and optical

properties, because they are main path by which excited electrons or other quasi-particles can

decay into lower energy states. In fact, in an ideal crystal at finite temperature phonons are the

only source of electrical resistance.

The knowledge of the phonon modes, of their dispersion and of the selection rules govern-

ing their interaction with other quasi-particles is therefore essential for a consistent understand-

ing of optical spectra and electrical transport characteristics. Information on the properties of

the phonons can be obtained from direct absorption of light by phonons (infrared spectroscopy,

for carbon nanotubes see Ref. [90,91]), measurements of the specific heat and the phonon den-

sity of states [92–94], Raman scattering (Chap. 5), or from transport experiments. In principle,

the phonon dispersion of a crystal can be measured by inelastic scattering of neutrons, elec-

trons, or X-ray photons. For these experiments, a minimum size of a single crystal is required,

which is not available from carbon nanotubes at present. The closest experimental approxima-

tion to the phonon dispersion of carbon nanotubes is therefore the in-plane phonon dispersion

of graphite.

Even in graphite the phonon dispersion was not known from experiments, because the

standard method of inelastic neutron scattered requires single crystals on the order of cm in

size, which do not exist. For the novel method of inelastic X-ray scattering, on the other hand,

single crystals ∼ 100 µm are sufficient. We describe the experimental technique of inelastic

X-ray scattering in Sect. 4.1 and present the experimental phonon dispersion of graphite in
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Figure 4.1: Definition of the quasi-momenta in the inelastic scatter-

ing process. kkki and kkks are the wave vectors of the incoming and scat-

tered light, respectively. QQQ = qqq±HHH, where HHH is a reciprocal lattice

vector. The angle between kkki and kkks is defined as 2ϕ for convenience.

ki i, w

ks s, w

2f Q

Sect. 4.2. In Sect. 4.3 we discuss the phonon properties of carbon nanotubes, including their

relation to graphite, their symmetry and eigenvectors, and force-constants calculations of their

dispersion.

4.1 Inelastic light scattering

The dispersion relation of quasi-particles in a crystal can experimentally be determined from

the transfer of quasi-momentum and energy in an inelastic scattering process. For example, by

inelastic scattering of neutrons the phonon dispersion of many solids has been measured, such

as Si, Ge, GaAs, and diamond [95–99].

In the following we will discuss inelastic scattering of light by phonons to study the re-

lation between their wave vector qqq and energy h̄ωph; the general principles apply to inelastic

scattering by other quasi-particles as well. In Fig. 4.1 we define the wave vectors kkki and kkks

of the incoming and scattered light, respectively, and the scattering wave vector (wave vector

transfer) QQQ = qqq±HHH, where HHH is a reciprocal lattice vector of the crystal. The conservation of

quasi-momentum and energy reads

kkki = kkks + qqq±HHH (4.1)

h̄ωi = h̄ωs± h̄ωph , (4.2)

where the plus and minus sign, respectively, indicate the creation and annihilation of a phonon.

The magnitude |QQQ|= Q of the wave vector transfer is given by

Q2 = k2
i + k2

s −2kiks cos (2ϕ) , (4.3)

where 2ϕ is the angle between kkki and kkks, see Fig. 4.1. If |kkki| ≈ |kkks|,

Q≈ 2ki sinϕ . (4.4)

This approximation applies to inelastic scattering of light by phonons: the phonon energy is

typically 1− 2 orders of magnitude smaller than the photon energy in the visible range. For

example, the longitudinal optical (LO) phonon in GaAs is at 36 meV, whereas the energy of
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Figure 4.2: The magnitude of the momentum transfer is varied by changing the scattering angle 2ϕ . To conserve

the direction of the wave vector QQQ, the sample (indicated by the hexagon) has to be rotated by ∆2ϕ/2.

visible light is around 2.5 eV. Thus incoming and scattered light have almost the same energy

and therefore momentum. When changing the scattering angle 2ϕ by ∆(2ϕ) = 2ϕ ′− 2ϕ , the

magnitude of the scattering wave vector QQQ is varied, see Fig. 4.2. The direction of QQQ is kept the

same, if the sample is simultaneously rotated by ∆(2ϕ)/2. The maximum momentum transfer

is obtained for 2ϕ = 180◦ (backscattering geometry) with Q = 2ki.

In the visible range, inelastic scattering of light by phonons is called Raman scattering [100].

The wave vector of visible light ki = 2πn/λ is on the order of 5/102 nm−1 = 0.5× 10−2 Å−1

at λ = 500 nm in a material with refractive index n = 4. In contrast, the extension π/a of the

Brillouin zone, i.e., the range of phonon wave vectors, is typically ∼ 1 Å−1. Therefore, the

maximum momentum transfer Q = 2ki is by about two orders of magnitude smaller than π/a,

and only Γ -point phonons (q≈ 0) can be probed by conventional Raman scattering.

In order to measure phonons from the entire Brillouin zone, either the photon energy (and

hence momentum) has to be increased by several orders of magnitude into the X-ray range

(∼ 10 keV), or higher-order Raman processes have to be studied. In higher-order Raman scat-

tering, two or more phonons are involved. Then the q≈ 0 rule can be fulfilled by two phonons

with large but opposite wave vector and q1 + q2 ≈ 0. Another higher-order process includes

elastic scattering by defects instead of scattering by a second phonon. Usually, however, it is

not possible to measure the phonon dispersion relation by higher-order scattering. All phonon

wave vectors contribute simultaneously to the spectra, and the second-order Raman spectra

resemble the phonon density of states [101]. An exception to this are resonant higher-order

Raman processes where particular phonon modes are enhanced, depending on the excitation

energy [102]. Such processes allow a mapping of the phonon dispersion and will be discussed

in detail in Chap. 5. Here we follow the first approach, i.e., first-order Raman scattering us-

ing X-rays for excitation, and present the measurement of the phonon dispersion relations in

graphite.
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4.1.1 Inelastic X-ray scattering: experiment

Inelastic X-ray scattering for measuring phonon dispersion relations is a comparatively young

experimental technique. The first experiments were carried out about 15 years ago [103],

for a review see Ref. [104]. Although inelastic neutron scattering has been used for mea-

suring phonon dispersion relations for several decades already and become a standard tech-

nique [95, 96, 105, 106], there are several advantages of using X-rays instead of neutrons for

excitation. Inelastic X-ray scattering can be applied to relatively small samples, for example

for investigations under high pressure in a diamond anvil cell [107] or if only small amounts of

the sample are available.

One major challenge is the high energy resolution of ∆E/E ≈ 10 meV/10 keV= 10−6 that

is required in order to detect the inelastically scattered light only ∆E ∼ 10 meV apart from the

elastically scattered signal at∼ 10 keV and moreover to measure the typically flat dispersion of

optical phonons. This high resolution can achieved by using Bragg reflection in backscattering

geometry from single crystals for the main monochromators [103].

We performed the inelastic X-ray scattering at the beamline ID28 at the European Syn-

chrotron Radiation Facility. The experimental setup is schematically drawn in Fig. 4.3. The

white beam is first pre-monochromatized and then backscattered from a second, high-resolution

monochromator. The selected photon energy was 17794 eV. The monochromators are single

crystals of Si; in the present experiment we used the (999)-reflection plane for the backscat-

tering monochromator, resulting in an energy resolution of 3.1 meV. The energy difference

between incident and scattered light was scanned by changing the temperature of the main

monochromator. The temperature controls the lattice constant of the Si crystal and hence the

wavelength selected by the Bragg condition. Here, a temperature difference of 1 K between

main monochromator and analyzer corresponded to 46 meV energy difference between in-

coming and detected light. The advantage of this method of scanning the energy is that the

monochromator is not rotated and the energy resolution is constant. In contrast to common

Raman experiments the energy of the incoming light was varied, whereas the detection energy

was kept constant. The energy axis was calibrated by setting the energy transfer to zero at the

position of the Bragg peak. The beam can be focused by horizontal and vertical mirrors to a

spot size of 30× 60 µm2 in the sample. The 7 m long spectrometer arm was equipped with a

set of five analyzers, allowing the simultaneous detection from five different qqq vectors.

By rotating the spectrometer arm, the scattering angle 2ϕ is selected. The sample is

mounted on a goniometer head with the same vertical axis of rotation as the spectrometer

arm, allowing to vary the angle ϕ between a given direction in the sample and the incoming

beam. We show the selection of angles and wave vectors in Fig. 4.4 in more detail. In (a)

an elastic scattering process, i.e., Bragg reflection, is depicted in reciprocal space, using the
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Figure 4.3: Experimental setup of the inelastic X-ray scattering at beamline ID28 at the European Synchrotron

Radiation Facility. The monochromators select an energy of the incident beam of 17794 eV. The monochromatized

beam is focused by the multilayer element (horizontal) and a cylindrical mirror (vertical) onto the sample. Rotation

of the spectrometer arm and of the sample select the scattering wave vector QQQ and the phonon wave vector qqq.

The monochromators and analyzers are formed by Si crystals; the detectors are Peltier-cooled Si diodes. From

http://www.esrf.fr.

Ewald-construction [108, 109]. The dots indicate the reciprocal lattice of the crystal. In elastic

scattering, incoming and scattered wave vectors have the same magnitude. The wave vector

transfer QQQ is exactly a reciprocal lattice vector HHH, measuring in real space the distance between

the lattice planes perpendicular to HHH.

In Fig. 4.4 (b) an inelastic scattering process is shown, assuming again ki = ks for inelastic

X-ray scattering with phonons. The sample is rotated by an angle ϑ with respect to the incident

beam. If the spectrometer arm, i.e., the direction of kkks, is rotated by 2ϑ , the direction of the

wave vector transfer QQQ is the same as in (a), but it has now a smaller magnitude Q = H− q.

Thus inelastically scattered light is observed in the direction of kkks. Its energy difference with

respect to the incoming photon energy is equal to the phonon energy at wave vector qqq. Note

that the scattering angle “2ϕ” is not always twice the angle “ϕ” of the sample. For example, to

measure qqq ⊥ HHH in Fig. 4.4 (b), the scattering angle “2ϕ” has to be enlarged. If the change 2ϑ

in scattering angle, however, is twice the change ϑ in the angle of the sample, the direction of

a chosen scattering wave vector QQQ remains constant.

The amplitude of the inelastically scattered light is proportional to

∑
n

exp(−i(kkks− kkki + qqq) · rrrn) iQQQ ·uuuexp(−i(ωi±ω(qqq)t)) , (4.5)

where the sum runs over all atoms and uuu indicates the displacement of the atoms. From this

expression the common rule is derived that only phonon modes with polarization parallel to the

scattering vector QQQ can be observed.
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Figure 4.4: (a) Ewald construction for elastic X-ray scattering. The dots indicate the reciprocal lattice. The

difference between the wave vectors of incoming and scattered light matches a reciprocal lattice vector HHH . The

lines perpendicular to HHH are in the direction of the lattice planes. (b) Inelastic scattering process with kkki = kkks,

where the wave vector transfer QQQ differs from the reciprocal lattice vector HHH by the phonon wave vector qqq. The

sample is rotated by ϑ such that the direction of QQQ is still parallel to HHH . The dashed lines indicate the direction of

the lattice planes and of kkks in (a).

4.2 Phonon dispersion of graphite

The phonon dispersion of graphite was until now not fully determined from experiments.

Inelastic neutron scattering provided the dispersion along the c-axis and only the acoustic

branches up to 400 cm−1 in the basal plane [110]. The optical branches with frequencies up to

1600 cm−1 were partly measured by electron energy loss spectroscopy (EELS), but data were

missing along the high-symmetry direction K-M and around the K point [111–113]. The main

obstacle is the lack of large, single crystals of graphite. Although in some types of graphite

samples the c-axis is very well oriented, such as in highly-ordered pyrolytic graphite (HOPG),

the crystallites are usually not ordered with respect to the in-plane axes.

Because of the lack of experimental data, there exist a variety of partly contradicting the-

oretical models of the phonon dispersion of graphite [114–118]. They differ strongly in their

slopes and absolute frequencies, resulting in different shapes of the optical branches with re-

spect to crossing of the branches and local minima or maxima. Therefore, an experimental

clarification of these discrepancies is needed.

For inelastic X-ray scattering, single crystals with a size ∼ 100 µm are sufficient. This

technique is therefore perfectly suited for the determination of the full phonon dispersion re-

lations of graphite. In this section we present our results on the optical phonon branches of

graphite in all high-symmetry directions of the in-plane Brillouin zone. The sample was a nat-

ural flake of graphite [119]. It consisted of monocrystals with 100−200 µm length in the basal

plane and a well-oriented c-axis. The experiment was performed as described in Sect. 4.1.1;

the scattering plane was the basal plane. The small focal spot allowed us to select a specific
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Figure 4.5: Measured QQQ vectors corresponding to the

five analyzers in several scans. The reciprocal lattice

vectors kkk1 and kkk2 are given by (100) and (010), respec-

tively. Note that the angle between kkk1 and kkk2 is 60◦ here,

whereas it is 120◦ if the lattice vectors in real space form

an angle of 60◦. The setting of the analyzers was chosen

such that one of them was always exactly on the Γ -K di-

rection in each of the scans. The transverse modes were

detected because QQQ is almost perpendicular to the Γ -K di-

rection. Those qqq vectors that were not exactly along any

high-symmetry direction, were projected onto the closest

high-symmetry direction for the representation of the data

in Fig. 4.9.
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microcrystal of the sample during the entire experiment. In Fig. 4.5 we show an example of

the five simultaneously measured QQQ vectors for several scans.

As for optical absorption or conventional Raman scattering, the symmetry of the crystal and

the scattering configuration determine selection rules, allowing only particular phonon modes

to be excited. The space group of graphite is D4
6h (P63/mmc in international notation) [120]; its

isogonal point group is D6h, where the c-axis is the principal rotational axis. The K and M point

of the Brillouin zone belong to the subgroups D3h and D2h, respectively. Any other point along

the high-symmetry lines is invariant under the symmetry operations of C2v, where the twofold

rotational axis is within the plane, coinciding with the qqq-vector. For a general description of

point groups and their notation, see textbooks on group theory, for example Refs. [67, 76].

The character tables of the D6h, D3h, D2h, and C2v point groups and their correlation tables are

compiled in appendix A of Ref. [31].

At the Γ point of graphite, the longitudinal optical (LO) and the in-plane transverse (TO)

phonon are degenerate and possess E2g symmetry. The degeneracy is split when going inside

the Brillouin zone, and the E2g representation transforms into A1⊕B1 in C2v. Along Γ -M, the

LO phonon is fully symmetric (A1), and the TO has B1 symmetry, as can be derived from the

phonon eigenvectors. Vice versa, the TO mode belongs to the A1 and the LO mode to the B1

representation in the Γ -K direction. The longitudinal acoustic (LA) mode transforms according

to A1 in both directions. The out-of-plane modes belong to the A2 and B2 representations. The

symmetry at the K and M point can be found from the correlation of the groups as well. At the

K point, the TO-derived branch is fully symmetric in the K-point group D3h (A′1), see Fig. 4.6;

the LO and LA phonons form the degenerate E ′ mode.

The selection rules [121,122] for inelastic X-ray scattering are determined by the symmetry

of the phonon wave vector qqq and the strict point group of the scattering wave vector QQQ, where

“strict” means that only those symmetry operations are included that transform QQQ into itself.

Symmetry operations transforming QQQ into another wave vector QQQ′ which differs by a reciprocal
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Figure 4.6: Fully symmetric (A′1) eigenvector of the TO-

derived branch at the K point of graphene.

Table 4.1: Selection rules for inelastic X-ray scattering in graphite. The scattering configurations used in the

experiment are listed; the scattering plane was within the plane of the graphene layers in the entire experiment. The

symmetry is given by the molecular notation and by the Koster notation with respect to the point groups of the qqq

vectors, D2h (M point), D3h (K point), and C2v (between Γ , K, and M).

qqq qqq∗ HHH QQQ allowed symmetry

M point (−0.5 0 0) (100) (1.5 0 0) Ag, B3u M+
1 , M−4

( 1 −0.5 0) (21̄0) (1 −0.5 0) Ag, B2u M+
1 , M−3

(−1 0.5 0) (100) (2 −0.5 0) Ag, B1g, B2u, B3u M+
1 , M+

2 , M−3 , M−4
K point (−2/3 1/3 0) (100) (5/3 −1/3 0) A′1, A′2, E ′ K1, K2, K5

(−1/3 2/3 0) (100) (4/3 −2/3 0) A′1, A′2, E ′

( 2/3 −1/3 0) (21̄0) (4/3 −2/3 0) A′1, A′2, E ′

qqq ∈ [Γ -M] (100) QQQ‖qqq A1 Σ1

qqq ∈ [Γ -M] (100) QQQnot ‖qqq A1, B1 Σ1, Σ3

qqq ∈ [Γ -K] (21̄0) QQQ‖qqq A1 T1

qqq ∈ [Γ -K] (21̄0) QQQnot ‖qqq A1, B1 T1, T3

∗Note that qqq is defined with a reversed sign in the Tables by Perez-Mato et al. [122]: QQQ = HHH−qqq.

lattice vector from QQQ, do not belong to the strict point group [122]. If the phonon eigenvector

is not uniquely determined by symmetry, the additional rule applies that only those phonons

are observed which posses a polarization component parallel to the scattering vector QQQ, see

Eq. (4.5).

The selection rules for the relevant scattering geometries, as found by Perez-Mato et al. [122,

123], are summarized in Table 4.1. If QQQ||HHH , and hence qqq||HHH, the fully symmetric modes are

always allowed. For example, the fully symmetric LO phonon along Γ -M is allowed if QQQ is

along Γ -M as well [HHH = (100)]. In contrast, the LO phonon has B1 symmetry in the Γ -K

direction and is therefore forbidden in parallel configuration [HHH = (2̄10)], see Fig. 4.7 (a). The

TO mode, although it possesses the allowed A1 symmetry, has a weak signal close to the Γ

point because its polarization is perpendicular to QQQ. At increasing wave vector, on the other
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Figure 4.7: Two different scattering configurations for phonon wave vectors along Γ -K. (a) The scattering wave

vector is parallel to qqq; only A1 modes are allowed by symmetry. (b) The reciprocal lattice vector HHH is chosen along

Γ -M, i.e., qqq and QQQ are not parallel. Thus A1 and B1 modes are allowed.
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Figure 4.8: Inelastic X-ray spectra of the LO and TO branches along Γ -K. (a) Scattering configuration as in

Fig. 4.7 (b), where the LO phonon is allowed. (b) and (c) QQQ and qqq are parallel, and only the A1-symmetry TO mode

is allowed. The TO can be detected, because it is of mixed longitudinal and transverse character at large qqq.

hand, it looses its purely transverse character and can be detected, see Fig. 4.8 (b) and (c).

Choosing HHH = (100), where QQQ is not parallel to qqq, we could detect the LO branch in the Γ -K

direction as well, see Fig. 4.7 (b) and Fig. 4.8 (a). The selection rules and the symmetry of

the phonon modes help to find a correct assignment of the experimental data to the particular

phonon branches, as we show below.

The experimental results of the graphite phonon dispersion are shown in Fig. 4.9 by filled

dots. The irreducible representations indicating the symmetry of the phonon modes are given

in the molecular notation and in the Koster notation [67, 89]. For convenience, we list the

experimental phonon frequencies in Table 4.2.

Close to the Γ point, the measured frequencies agree well with the values found from Ra-

man scattering on single crystals of graphite (1575 cm−1 [125]) and highly-oriented pyrolytic
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Figure 4.9: Phonon dispersion of graphite. Filled dots are experimental values; the experimental error is smaller

than the size of the symbols. Open dots indicate ab-initio calculations of graphene that were overall scaled by 1%

to smaller frequencies [124]. The phonon modes are labeled by their symmetry; between the K and M point the two

upper branches belong to the T1 representation. The dashed line is a cubic spline fit to the experimental TO branch.

graphite (1582 cm−1). Starting from the Γ point, the LO branch first bends upwards (so-called

overbending) in both directions, Γ -K and Γ -M. Its maximum is at q≈ 0.15k1, where the length

of the reciprocal lattice vectors is |k1|= |k2|= 4π√
3a0

, and has a frequency ≈ 30 cm−1 above the

Γ -point frequency. Then the LO branch decreases rapidly, crossing in both directions the TO

bands. At the K point, the LO (B1) and the LA (A1) form the A1⊕B1 = E ′ mode at 1194 cm−1,

as predicted by symmetry. At the M point, the LO and LA phonons are close in frequency as

well (1323 cm−1 and 1290 cm−1, respectively). They cannot cross before the M point, because

the have the same symmetry.

The spectra of the M-point phonons are shown in Fig. 4.10 (a) in different scattering con-

figurations. The largest phonon energy (172 meV≡ 1388 cm−1, dashed line) was recorded

with QQQ‖qqq‖(21̄0), i.e., with the scattering wave vector along Γ -K-M. The allowed phonon

symmetries are Ag and B2u. Because of the polarization rule, only the transverse polarization

component of a phonon propagating along Γ -M gives rise to a large signal. Therefore, the peak

at the highest frequency in Fig. 4.10 (a) is due to the TO-derived phonon mode. It has B2u sym-

metry, because the Ag representation is compatible only with the symmetry of the longitudinal

phonons, A1. The spectra shown by the thin solid lines were measured again in parallel config-

uration, but now the scattering wave vector QQQ‖qqq was along the Γ -M direction. Therefore, the

longitudinal polarization is preferred. The allowed modes are Ag and B3u. Since the LA and

LO branches cannot cross before the M point, the upper peak at 164 meV (1323 cm−1) comes

from the LO branch and has Ag symmetry. The small shoulder at 160 meV (1290 cm−1) is very
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Figure 4.10: (a) Inelastic X-ray spectra from phonons at the M point in several scattering geometries. (b) Inelastic

X-ray spectra from phonons at the K point. In all of the chosen scattering configurations both modes, A′1 and E ′ are

allowed. The signal comes mainly from the E ′ mode. The inset shows a fit to one of the spectra by two Lorentzians.

The second peak (dotted line) at 155±5 meV, however, is very weak and not well defined.

weak; we attributed it to the LA phonon at the M point (B3u symmetry). In the spectrum given

by the gray line, the chosen phonon wave vector is not parallel to the scattering wave vector.

Since QQQ is not along any high-symmetry line, the allowed phonon symmetries are now Ag, B1g,

B2u, and B3u. The strongest peak is again from the TO (B2u) phonon, because QQQ – and hence

the preferred polarization direction – is almost perpendicular to the Γ -M direction.

A the K point, the TO-derived phonon is the highest mode as well, yet the TO branch has

a pronounced minimum and is very close in frequency to the E ′ mode from the LO and LA

branch, see Fig. 4.9. We show in Fig. 4.10 (b) the spectra of the K-point phonons. In all three

scattering configurations, the phonon symmetries A′1, A′2, and E ′ are allowed. We attributed

the peak at 148 meV (1194 cm−1) to the E ′ phonon, which is expected to give the strongest

signal [122, 123]. A fit by two Lorentzians of the spectra is shown in the inset to Fig. 4.10 (b).

The second peak at 155± 5 meV is very broad and not well defined but might be the TO (A′1)

mode. When scanning the energy up to 190 meV, no signal could be detected above the one

shown in Fig. 4.10 (b). Therefore, we performed a cubic-spline extrapolation of the measured

TO branch, indicated by the dashed line in Fig. 4.9, and found 1265±10 cm−1 for the A′1 mode

at the K point.

The shape of the TO branch with its large negative slope towards the K point and the small

frequency difference to the E ′ mode at the K point (only 70 cm−1) are in sharp contrast to the

majority of theoretical predictions. Although directly at the K point the signal from the TO

phonon was too weak and probably overlapped with the peaks from the LO/LA modes, the

TO data near the K point are below 1300 cm−1 as well. In contrast, most of the calculations
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Table 4.2: Experimental data of the in-plane optical phonon frequencies measured by inelastic X-ray scattering,

see Fig. 4.9. The terms LO, LA, and TO refer to the properties of the phonons close to the Γ point along Γ -K-M,

i.e., the data follow the phonon branches in Fig. 4.9 from right to left. The qqq vectors were projected onto the closest

high-symmetry line (see Fig. 4.5); their magnitude is given in units of reciprocal lattice vectors. The M point in the

Γ -K-M direction is at 0.5
√

3, and the K point is at 2/3 of this line; the distance Γ -M is 0.5.

LO LA TO

Γ -K 0.017 1577 0.017 1565

0.097 1602 0.087 1552

0.184 1603 0.173 1508

0.250 1576 0.250 1456

0.333 1519 0.260 1450

0.334 1504 0.357 1394

0.412 1427 0.415 1059 0.415 1352

0.494 1299 0.494 1299

0.497 1293 0.497 1141 0.497 1293

0.516 1247 0.516 1247

0.535 1247 0.535 1166

K 0.577 1194 0.577 1194

K-M 0.619 1242 0.630 1280

0.630 1174 0.630 1330

0.635 1194 0.635 1236 0.635 1276

0.651 1200 0.651 1250 0.651 1297

0.704 1222 0.700 1283 0.704 1348

0.711 1294 0.711 1351

0.740 1367

0.782 1337 0.783 1380

M 0.866 1290 0.866 1323 0.866 1323

M-Γ 0.916 1235 0.934 1435

0.966 1137 0.947 1440

1.028 1527

1.029 1504

1.069 1572 1.069 1459

1.075 1556

1.107 1578

1.109 1576

1.146 1594

1.156 1602

1.190 1605

1.231 1613 1.231 1533

1.237 1608

1.268 1602

1.316 1589

1.333 1583
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Table 4.3: Optical-phonon frequencies (in cm−1) of graphite at the high-symmetry points Γ , K, and M predicted

from theory. (The values from the GGA calculation [124] were not scaled as in Fig. 4.9.) The bottom line diplays

the frequencies found by inelastic X-ray scattering (IXS), see Fig. 4.9.

method Γ K M

force-constants [114] 1595 1365 1270 1545 1365 1200

ab-initio, LDA [115] 1700 1535 1270 1600 1470 1285

ab-initio, LDA [117] 1600 1370 1240 1440 1385 1340

molecules, ab-initio [116] 1540 1235 1215 1380 1355 1340

Raman scattering [127] 1595 1450 1275 1620 1340 1120

ab-initio, DFPT [126] 1580 1340 1220 1400 1340 1320

ab-initio, GGA, Fig. 4.9 [124] 1581 1300 1220 1425 1350 1315

experiment IXS, Fig. 4.9 [124] 1265 1194 1390 1323 1290

published so far predicted the A′1 mode well above 1300 cm−1, see Table 4.3. Calculations

from empirically determined force-constants showed even a local maximum of the TO branch

at the K point [114]. Although the first-principles calculations agree with the experimental

data regarding the existence of the minimum, the splitting between the A′1 and E ′ modes in

these calculations ranges from 120 cm−1 to 265 cm−1 [115, 117, 126] and is thus significantly

larger than the experimentally obtained splitting of 70 cm−1. Except for the K point, the best

agreement with the experimental data of Fig. 4.9 was found in the ab-initio calculation within

density-functional perturbation theory by Pavone et al. [126]. Mapelli et al. [116] calculated

the graphite dispersion from a valence force field obtained by ab-initio calculations of small

aromatic molecules. This molecular approach leads to an overall softening of the phonon

frequencies, for example, the Γ -point frequency is at 1540 cm−1. In spite of this general un-

derestimation of the frequencies, the K-point frequency of the TO branch is very close to the

measured value, and the splitting between the A′1 and the E ′ mode is only 20 cm−1 in this

calculation.

In Fig. 4.9 we show by open dots (connected by solid lines) an ab-initio calculation of

graphene, performed by S. Reich [124]. The calculation was done within density-functional

theory in the generalized gradient approximation [128] (GGA) using the SIESTA code [129].

Because of the weak interaction between the graphite layers, the high-energy phonons of

graphite have approximately the same frequencies as in graphene and are twofold degener-

ate. The agreement of the calculation with the experimental data is excellent. In particular, the

overbending in the longitudinal branches, the slopes and the frequencies at the high-symmetry

points match the experimental values very well. The calculated TO branch is around the K
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point still above the experiment, but much closer than previous ab-initio calculations [117].

The calculated splitting between the A′1 and the E ′ modes at the K point is only 80 cm−1, in

good agreement with the experimental value of ≈ 70 cm−1.

The slight overall softening of the calculated frequencies compared to previous ab-initio-

LDA calculations is due to the second-order generalized-gradient approximation, which typi-

cally gives rise to slightly larger lattice constants [130]. More important, however, is the strong

softening of the A′1 mode at the K point, which is not a result of using GGA in the calculation.

Because the forces are long-ranged in a semimetal like graphite, the phonon frequencies can

be obtained only at those wave vectors that are commensurate with the supercell used in the

calculation. Therefore, the softening of the K-point phonon is observed only if the K point

is explicitly included [124]. The large frequency drop of the A′1 mode indicates a strong cou-

pling of this phonon to the electronic system. Indeed, the fully symmetric K-point phonons

couple the electrons at the Fermi wave vectors from two inequivalent K points. This coupling

is experimentally supported by transport measurements [131,132] and double-resonant Raman

scattering of the D mode [133,134]. In Chap. 5 we will use the experimental phonon dispersion

to explicitly calculate the Raman D mode in graphite.

4.3 Phonon dispersion of carbon nanotubes

In carbon nanotubes, the phonon dispersion cannot be measured at present, because one would

need single crystals of single-walled nanotubes of the same chirality. Only Γ -point phonons are

probed by conventional Raman scattering. In the Chap. 5 we will show that by defect-induced,

double-resonant Raman scattering parts of the phonon dispersion can be measured. For com-

plete phonon dispersion relations of nanotubes we have to rely on theoretical predictions for

the moment. Although simple zone-folding from graphite yields some systematic errors for the

acoustic branches, we can relate the nanotube phonon modes to the ones in graphite to some

extent. In general, the tangential modes will be less affected than the radial modes by rolling

the graphite sheet into a cylinder.

In this section we first summarize the general properties of phonons in carbon nanotubes

that are derived from their structure and symmetry and hence do not depend on a specific model

(Sect. 4.3.1). Then we present symmetry-based force-constants calculations that were obtained

in collaboration with the group of M. Damnjanović (Belgrade University) in Sect. 4.3.2 [135].

Finally, we investigate the special case of double-walled carbon nanotubes, where the phonon

frequencies are additionally affected by the interaction between the two nanotube walls (Sect.

4.3.3).
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4.3.1 Phonon symmetries in carbon nanotubes

The nanotube unit cell contains 2q atoms, where q is the number of graphene hexagons in the

unit cell (Sect. 2.1), thus the tube possesses 3×2q phonon modes. In the zone-folding picture,

they correspond to the six phonon bands of graphene, where from each graphene band in the

two-dimensional Brillouin zone q lines with m ∈ (−q/2,q/2] are taken, see Chap. 2. In achiral

tubes, the modes with index m and −m are degenerate for the same k, thus 6× (n+ 1) phonon

branches are actually seen in a plot of the phonon dispersion. In chiral tubes, a phonon given

by |km〉 is only degenerate with |−k−m〉, see Sect. 2.2. Therefore, all 6q phonon branches are

plotted in linear quantum numbers. They can be “unfolded” into 6n bands by using the helical

quantum numbers, where n is the order of the pure rotational axis.

Damnjanović et al. [46] derived the dynamical representations in the nanotube line groups

and their decomposition into irreducible representations. Each of these irreducible represen-

tations corresponds to a specific phonon mode. In zig-zag (Z) and armchair (A) tubes the

decomposition for the Γ -point modes reads (in molecular notation)

D
dyn
Z

=2(A1g + A2u + B1g + B2u)+ A2g + A1u + B2g + B1u + 3∑
m

(Emg + Emu) (4.6)

D
dyn
A

=2(A1g + A2g + B1g + B2g)+ A2u + A1u + B2u + B1u + ∑
modd

(4Emu + 2Emg)

+ ∑
meven

(4Emg + 2Emu) for n even (4.7)

D
dyn
A

=2(A1g + A2g + B1u + B2u)+ A2u + A1u + B2g + B1g + ∑
modd

(4Emu + 2Emg)

+ ∑
meven

(4Emg + 2Emu) for n odd ,

where the sum is over the integer values m = 1, ...,(n− 1). In chiral (C) tubes, the dynamical

representation is decomposed into

D
dyn
C

=3(A1 + A2 + B1 + B2)+ 6∑
m

Em , (4.8)

where m takes integer values from (−n/2,n/2].

In contrast to three-dimensional crystals, the nanotube (like any one-dimensional crystal)

possesses four acoustic modes instead of three. These are the translations into three directions

and the rotation about the tube axis. The rotational mode, which becomes a twisting vibration

at finite wave vector, results from the translation of graphene along the chiral vector. The

symmetry of the acoustic modes is A2(u) for the z-translation, E1(u) for the xy-translation and

A2(g) for the rotational mode. The subscripts u and g apply to achiral tubes only.
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The irreducible representations which transform like a polar vector determine the infrared-

active phonons. In the nanotube line groups, the z-component of the polar vector corresponds to

the non-degenerate A2(u) representation; the x- and y- components transform like E1(u). There-

fore, the infrared-active modes (after subtracting the acoustic modes) are [136]

infrared active: A2u + 2E1u (zig-zag)

3E1u (armchair)

A2 + 5E1 (chiral tubes). (4.9)

From the symmetric part of the direct product of two polar-vector representations, [(A2u ⊕
E1u)⊗(A2u⊕E1u)], the symmetry of the Raman-active phonons is derived to be A1g + E1g + E2g

in achiral tubes and A1 + E1 + E2 in chiral tubes [30]. The Raman active modes in carbon

nanotubes are then

Raman active: 2A1g + 3E1g + 3E2g or 20A+
0 + 30E−1 + 30E+

2 (zig-zag)

2A1g + 2E1g + 4E2g or 20A+
0 + 20E−1 + 40E+

2 (armchair)

3A1 + 5E1 + 6E2 or 30A+
0 + 50E1 + 60E2 (chiral tubes). (4.10)

In a Raman process, the polarization of incoming and scattered (detected) light determine

which of the Raman active phonons are observed. For example, if both incoming and out-

going light have parallel polarization to the tube axis (A2u ≡0 A−0 ), the net change of the m

quantum number is zero. Therefore, only the fully symmetric phonons contribute to the Ra-

man signal in (z,z) geometry. The E1(g) phonon can be observed, if the m quantum number

changes by ±1 in total, i.e., one of the photons must be z-polarized (∆m = 0) and the other one

x/y-polarized (∆m = ±1). Finally, if the polarization of both incoming and outgoing light is

perpendicular to the tube axis, A1(g) and E2(g) phonons are allowed.

In Fig. 4.11 we show the phonon eigenvectors corresponding to the A1g modes in armchair

and zig-zag tubes. The radial breathing mode (RBM), where all carbon atoms move in-phase

in the radial direction is fully symmetric (A1g =0 A+
0 ) for any chirality of tubes [Fig. 4.11 (a)].

Its frequency is comparatively low (150−300 cm−1 for typical tube diameters between 0.7 and

1.5 nm), because the restoring forces, i.e., the carbon-carbon bonds, are almost perpendicular to

the displacement direction. The RBM frequency decreases with increasing tube diameter and

becomes zero in the limit of infinite diameter, which corresponds to the out-of-plane acoustic

mode of graphite.

The tangential A1(g,u) modes, in contrast, have frequencies up to 1600 cm−1. They are

shown in Fig. 4.11 (b) and (c). In armchair tubes, the circumferential optical mode is fully

symmetric, as is in zig-zag tubes the axial mode. Since the horizontal mirror planes in armchair



4.3 Phonon dispersion of carbon nanotubes 46

(a) (c)(b)

Figure 4.11: Unit cell and phonon eigenvectors of the (4,4) armchair tube. (a) Radial breathing mode (fully

symmetric and Raman active, 0A+
0 ); (b) circumferential (TO) mode (0A+

0 ); (c) axial (LO) mode (not Raman active,

0B−0 ).

tubes contain the carbon atoms, the A1g displacement is restricted to be within the plane. For the

same reason, the fully symmetric modes in zig-zag tubes must vibrate within the vertical planes.

In chiral tubes, the mirror planes do not constitute symmetry operations, and the displacement

of the A1 modes is not restricted to any direction. In particular, the longitudinal and transverse

optical modes mix in chiral tubes [137].

Similarly, the radial breathing mode is not restricted by symmetry to the purely radial

direction; it can in principle mix with the high-energy A1g modes. Although this mixing is

likely to be small because of the large differences in the force constants for radial and tangential

displacement, it has been found in several calculations as a small non-radial component of the

RBM [136, 138, 139].

The zone-folding approach – although it does not predict the correct frequencies – relates

the high-energy modes of carbon nanotubes to those of graphene. Here, we explain this idea

in some detail, because contradictory notations for the high-energy vibrations are used in the

literature based on zone folding. Some properties of the high-energy phonon dispersion in nan-

otubes can still be understood within this simple picture. The nanotube modes that correspond

directly to the Γ -point E2g mode of graphene are the modes with m = 0 and k = 0, which have

A1 symmetry (A1g and A1u in achiral tubes). Because the wave vector is confined along the cir-

cumference of the tube (Sect. 2.1), non-Γ -point phonons of graphene transform into Γ -point

modes of carbon nanotubes. These are the phonons with wave vector kz = 0 and m = 1,2, ...,n.

Within the zone-folding approach, A1 modes always have the same frequency as the Γ -point

mode in graphene. The E1(g) and E2(g) modes of the tube correspond in the zone-folding picture

to the graphene phonons at k⊥ = 2/d (m = 1, 2 nodes along the circumference) and k⊥ = 4/d

(m = 2, 4 nodes), respectively. Because the LO phonon in graphene exhibits an overbending in

all directions of the Brillouin zone, one of the E1(g) and E2(g) modes each have in nanotubes a

higher frequency at the Γ point than the fully symmetric m = 0 modes.
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Figure 4.12: Zone-folding scheme for the high-energy

modes. The graphene LO and TO branches are shown in

the direction of the quantized wave vector k⊥ of the na-

notube. For m = 1 and m = 2, the slices at k⊥ = 2/d and

k⊥ = 4/d (vertical lines) are cut along the direction kz,

which is perpendicular to the plane of the paper. The dots

indicate the derived frequencies at the Γ point of the na-

notube (kz = 0). The notation on the left is the one used

here, where LO- and TO-derived refers to the graphene

phonon branches. The graphene LO phonon propagating

along k⊥ has (by definition) a displacement parallel to k⊥,

i.e., in the circumferential direction, and, vice versa, the

TO phonon has a displacement perpendicular to k⊥, i.e.,

along the nanotube axis. For small m the LO-derived dis-

persion in nanotubes resembles the graphene LO disper-

sion.

TO(2)

TO(1)

LO(1)

LO(2)

 

TO

LO

m=2m=1 kΓ

 
In Fig. 4.12 we show schematically part of the longitudinal (LO) and transverse (TO)

phonon dispersion of graphene along the direction of the quantized wave vector k⊥ of the

nanotube. The graphene LO phonon in this direction has (near the Γ point) a displacement par-

allel to k⊥. When cutting “slices” of the graphene dispersion along kz (perpendicular to k⊥) and

with k⊥ = 2m/d, we label all bands obtained from the graphene LO branch as LO-derived and

those obtained from the TO branch as TO-derived. For m = 0, i.e., at k⊥ = 0, the LO-derived

phonon is indeed a longitudinal vibration with both the propagation direction (kz) and the dis-

placement along the tube axis.1 For small k⊥ (m = 1 or m = 2), the LO- and TO-derived bands

are still similar in shape to the LO and TO dispersion in graphene, respectively. On the other

hand, the LO- or TO-derived modes for m > 0 cannot unambiguously be named as longitudinal

or transverse. As an example, we take the nanotube modes with m = 1 and kz = 0. These are

in Fig. 4.12 the frequencies where the first vertical line cuts the LO and the TO dispersion.

The LO-derived mode has the higher frequency and the TO-derived mode the lower frequency.

Since the LO-derived phonon has an atomic displacement parallel to k⊥, it is a circumferential

mode, whereas the TO-derived one is an axial mode. A different notation is often used, where

axial modes are always named LO, as their displacement is along the propagation direction kz

(neglecting k⊥), and all circumferential modes are called TO. In this alternative notation the

LO-derived phonons with m > 0 are named TO and vice versa. For m = 0 both notations are

the same. Here we will either name the phonons by their axial or circumferential displacement

or stay with the notation first introduced as LO- and TO-derived, where LO and TO merely

refers to the resemblance of the graphene LO and TO dispersion but not to the displacement

direction.

1We neglect for the moment the deviation from the purely longitudinal or transverse character of the modes in

chiral tubes, see Ref. [137].
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The acoustic phonon modes in carbon nanotubes cannot be directly obtained from zone

folding, except for the translation along the tube axis, which corresponds to a translation of

the graphite sheet. The in-plane translation of graphene perpendicular to the direction of the

nanotube axis transforms into the rotational mode. The out-of-plane translation of graphite

becomes the radial breathing mode, which has finite frequency at the Γ point and is hence

not an acoustic mode. Vice versa, the two remaining acoustic modes in nanotubes, i.e., the

x,y- translations perpendicular to the tube axis, have non-zero frequency if the nanotube is

unwrapped into the flat graphite sheet.

4.3.2 Force-constants calculations

In this section we present calculations of the phonon dispersion in carbon nanotubes that relied

on the earlier determined force-constants of graphite, which, as we know by now, are for some

parts of the optical-phonon dispersion not correct [124]. The work on revised empirical force

constants based on the experimental data of graphite is in progress. Nevertheless, some general

or qualitative properties are still valid and will be discussed here.

In Fig. 4.13 we show the non-degenerate phonon branches of achiral nanotubes. The cal-

culations are based on the nanotube symmetry, i.e., the eigenvalue problem is reduced to the

low-dimensional interior space of a single carbon atom, from which the entire nanotube can

be constructed by applying all symmetry operations of the tube [136]. Modified force con-

stants of graphite were used [114, 135], where the change of the atom positions in the curved

graphite sheet with respect to the flat graphene plane was incorporated by explicitly including

the change in bond angle on the curved graphene wall. Additionally, the energy of the rotation

about the tube axis (fourth acoustic mode) was required to vanish. Up to fourth-nearest neigh-

bor interaction was included in order to reproduce the experimentally observed overbending

in the optical phonon bands. The phonon branches are labeled by their symmetry and by the

direction of the atomic displacement at the Γ point. In most cases, the displacement direction

changes along a given phonon branch, in correlation with an anti-crossing, as can be seen for

example between the RBM branch and the z-translational mode. The parity with respect to the

vertical mirror plane (A/B) remains the same in the entire Brillouin zone; the horizontal mirror

plane parity (subscripts +/−) is not defined for q 6= 0.

In armchair tubes, q = 2π/(3a) for m = n corresponds to the K point of graphite. The

minimum at ≈ 1250 cm−1 thus comes from the LO-derived K-point phonon in graphite; the

upper m = n branch stems from the TO-derived A′1 mode at the K point. As in previous force-

constants calculations for graphite [114], this mode shows in our calculation a maximum in-

stead of the experimentally observed minimum (Sect. 4.2). Therefore, we expect significant

changes in the high-energy m = n branches around q = 2π/(3a), if revised force constants are
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Figure 4.13: Phonon dispersion

of the (6,6) and the (12,0) tube.

Only the non-degenerate branches

(m = 0 and m = n) are shown; their

symmetry at the Γ point is given.

The letters “L”, “T”, and “R” re-

fer to longitudinal (along the tube

axis), transverse (perpendicular to

the axis) and radial displacement

at the Γ point.
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Figure 4.14: Phonon dispersion

of the non-degenerate branches

(m = 0 and m = n) of an armchair

and an zig-zag tube obtained from

zone-folding of the experimental

graphite dispersion. Full dots are

the experimental data; open dots

indicate the ab-initio calculation,

see Fig. 4.9.
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taken into account. For comparison, we show in Fig. 4.14 the non-degenerate phonon bands

obtained by zone-folding of the experimentally determined graphite dispersion. We expect the

general shape of the dispersion in nanotubes to be similar to the one Fig. 4.14, in particular the

softening of the TO-derived m = n branch at q = 2π/(3a). In zig-zag tubes, the LO-derived

m = n branch shows a much larger dispersion in the zone-folding approximation than in the

calculation of Fig. 4.13, because the LO and TO-derived modes in graphite cross between the

Γ and the M point.

In Fig. 4.15 we show the phonon dispersion of the (14,5) nanotube. It is a metallic tube

with R = 3 and 388 atoms in the unit cell. Therefore, it is convenient to display the phonon

dispersion by helical quantum numbers with only 6 (m̃ = 0) phonon branches. Again, the wave

vector at 2/3 of the helical Brillouin zone corresponds to the K point of graphite (indicated

by the dashed vertical line). Therefore we expect that the highest phonon branch, different
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Figure 4.15: Phonon dispersion of the (14,5) tube given by helical quantum numbers. In the (14,5) tube n = 1,

thus there are 6 phonon branches with m̃ = 0. They correspond to the 6×194 phonon branches in the description

of linear quantum numbers shown to the right. The dashed line at 2/3 of the helical Brillouin zone indicates the

K-point wave vector in the zone-folding picture. See Ref. [135].

from our calculation, has a minimum close to the second-highest optical branch at 2/3 of the

Brillouin zone.

4.3.3 Double-walled carbon nanotubes

In double-walled carbon nanotubes (DWNT) the effect of tube–tube interactions on the vibra-

tional modes can be studied. Still they have some properties of their constituent single-walled

tubes, such as the RBM signal and the double-peak high-energy modes in the Raman spectra

(Chap. 5). The interaction between the inner and outer tube is often investigated with respect

to the breathing-like phonon modes [140, 141]. In addition, the comparatively small diame-

ter of the inner tube in typical DWNT samples has led to a number of Raman studies which

attempted an assignment of the inner tube chirality based on the radial breathing mode fre-

quencies [142–144]. In these investigations, the interaction between the tube walls is often

modeled by adding a constant to the dependence of the RBM frequency on the inverse tube

diameter. In both theoretical and experimental studies the distance between the tube walls is

usually assumed the same as the interlayer distance in graphite, i.e., ≈ 3.4 Å.

In this section we study the vibrational properties of double-walled carbon nanotubes by ab-

initio density-functional calculations for several pairs of armchair tubes and show that double-

walled nanotubes with interwall distances different from the value in graphite may exist. In

double-walled tubes with a smaller wall distance [(4,4)@(8,8)], the phonon modes exhibit a

strong mixing; in all other investigated DWNTs each of the constituents vibrates independently.

In the (3,3)@(8,8) tube, the change in phonon frequencies due to the wall interaction is larger

for the high-energy optical phonon modes than for the RBM.
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Etot radius Etot radius radius interwall Etot gain

eV/atom Å eV/atom (inner) (outer) distance eV/atom

(3,3)−154.8697 2.102 (3,3)@(8,8)−155.1776 2.103 5.458 3.355 0.020

(4,4)−155.0691 2.769 (4,4)@(8,8)−155.1983 2.725 5.546 2.821 -0.002

(8,8)−155.2663 5.463 (3,3)@(9,9)−155.1873 2.106 6.121 4.015 0.010

(9,9)−155.2803 6.141 (4,4)@(9,9)−155.2341 2.772 6.123 3.351 0.019

Table 4.4: Total energy per carbon atom after relaxation of the atomic positions.

Figure 4.16: (4,4)@(8,8) tube: in-phase breathing mode at 232 cm−1 (left) and out-of-phase LO mode at

1582 cm−1 (right).

We performed ab-initio calculations using the SIESTA code within the local-density ap-

proximation [129]. A double-ζ , singly polarized basis set of localized atomic orbitals was

used for the valence electrons. In Table 4.4 we summarize the total energy per carbon atom

after the relaxation of the atomic positions in the investigated double-walled tubes. All four

double-walled nanotubes, with the inter-wall distance ranging from 2.8 Å [(4,4)@(8,8)] to

4.0 Å [(3,3)@(9,9)], appear stable. The energy gain per carbon atom from the sum of the two

isolated constituents to the double-walled tube is given in the last column of Table 4.4.

In the (4,4)@(8,8) and the (3,3)@(9,9) tube, the two constituents have a fourfold and three-

fold rotational axis in common, respectively, i.e., they are commensurate with respect to rota-

tions about the tube axis. In the other two double-walled tubes, the only symmetry operations

besides the translation along the tube axis are the horizontal mirror plane and the U axis [46,63].

Thus for the incommensurate double-walled tubes a very low friction between the walls is ex-

pected if the tubes are rotated against each other, whilst there is interaction between the walls in
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Figure 4.17: Longitudinal optical mode in the (3,3)@(8,8) tube (left) and RBM mode in the (3,3)@(9,9) tube

(right). In both double-walled tubes, the inner and outer tubes vibrate independently.

the commensurate ones [145]. Since the calculation of the acoustic phonon frequencies is not

accurate enough, we investigated this prediction by rotating the inner tube in the (4,4)@(8,8)

and the (3,3)@(8,8) and comparing the total energy before and after the rotation. We found

a change in total energy less than 1 meV/atom for the (3,3)@(8,8) when the (3,3) tube was

rotated. In the (4,4)@(8,8) tube the total energy increased by several meV per carbon atom

upon rotation of the (4,4) tube, in agreement with the group-theoretical prediction.

We calculated the Γ -point phonon frequencies of the DWNTs, of their isolated constituents

and, for comparison, of their constituents with the same (unrelaxed) atomic positions as in the

DWNTs. As expected, because of their small interwall distance and the commensurability,

the RBM frequencies in the (4,4)@(8,8) tube are upshifted by 25-55 cm−1 with respect to

the RBM in single-wall tubes. The longitudinal optical (LO) phonon mode is upshifted as

well by up to 100 cm−1. Moreover, the phonon displacements exhibit a strong mixing in the

(4,4)@(8,8) tube. The in-phase and out-of-phase displacements of the two tubes are clearly

seen (Fig. 4.16). Due to the symmetry reduction in the double-walled tube, the amplitude of

the RBM vibration does not necessarily remain constant along the circumference of the tube.

Instead, the in-phase RBM amplitude is modulated by π/2 along the circumference.

In the (3,3)@(8,8) tube, we found no significant change in the RBM frequencies. Sur-

prisingly, the transversal optical (TO) phonon mode of the (8,8) tube exhibits a downshift by

30 cm−1. Most of the phonon eigenvectors in this double-walled tube are independent vibra-

tions of their constituents; either the inner or the outer tube is displaced, while the amplitude

of the other tube’s displacement is zero (see Fig. 4.17). Also in the (3,3)@(9,9) tube the RBM

frequencies are not affected by a wall-wall interaction. This might partly be due to the large
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interwall distance of 4 Å. On the other hand, from the commensurability of the tubes we would

expect some interaction between the walls.

In summary, we have shown that double-walled nanotubes with interwall distances between

2.8 and 4.0 Å may exist. We found from ab-initio calculations that for some double-walled

nanotubes the high-energy optical phonon modes are even more affected by the wall-wall in-

teraction than the RBM modes. Since the effect on the RBM frequency of the inner tube is

predicted to increase strongly with the tube diameter [140, 141, 146], ab-initio calculations for

larger double-walled tubes are necessary.



5 Double-resonant Raman scattering in

carbon nanotubes

Raman scattering is a powerful tool for the investigation of the vibrational and electronic prop-

erties of a material, in particular of the phonon frequencies and their dispersion that were

discussed in the previous chapter. In carbon nanotubes the interpretation of the experimental

results is not straightforward but rather complex and controversial. The concept of double-

resonant Raman scattering is shown in this chapter to be the key to a consistent understanding

of the Raman spectra of carbon nanotubes.

A typical Raman spectrum of single-walled carbon nanotubes is shown in Fig. 5.1. The

first-order spectrum is usually divided into the low-energy and the high-energy region. The

strongest low-energy Raman mode is the fully symmetric radial breathing mode (RBM, see

Sect. 4.3.1), where all atoms move in phase in the radial direction. The RBM frequency is

approximately proportional to the inverse tube diameter and is therefore frequently used for

diameter determination [115,136,138,147]. Even an assignment of the tube chiralities was at-

tempted on the basis of the radial breathing mode, although there is considerable disagreement

on the precise relationship between diameter and RBM frequency [143, 144, 148]. In the high-

energy region, the phonons correspond to tangential displacements of the atoms. The Raman

peaks at≈ 1600 cm−1 stem from the high-energy optical, fully symmetric modes close to the Γ

point and are referred to as high-energy modes (HEM). They can be related to the graphite E2g

phonon, whose degeneracy is lifted by rolling the graphite sheet into a nanotube. To emphasize

this connection to the graphite G mode, the high-energy modes are often also called G mode.

The peak at ≈ 1350 cm−1 is the so-called D mode, which is also present in graphite [125]. The

D mode is induced by the presence of defects and stems from inside the Brillouin zone (with

a wave vector close to 2/3 of the Brillouin zone) [133, 149]. The strongest peak in the second-

order spectrum is the overtone of the D mode at ≈ 2700 cm−1; the overtone of the high-energy

modes at ≈ 3200 cm−1 is much weaker. The overtone of the D mode is called D∗ or G′ in

the literature. A number of additional Raman peaks is observed in the intermediate frequency

range, which are due to combination modes of optical and acoustic phonons [150].
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Figure 5.1: First- and second-order Raman spectrum of carbon nanotubes recorded at a laser wavelength of

488 nm (2.54 eV). (a) radial breathing modes; (b) D mode and high-energy modes; (c) second-order overtones of

the D mode and the HEM. The spectra were scaled as indicated.

The Raman spectra of carbon nanotubes depend significantly on the wavelength of the

exciting light. Besides the intensity of the signal, as in common resonant or nearly-resonant

Raman scattering, this includes also the position and shape of the peaks. A prominent example

of this unusual behavior is the D mode in carbon nanotubes as well as in graphite. Its frequency

shifts by ≈ 50 cm−1/eV because of a double-resonant scattering process, where at each excita-

tion energy a different phonon mode is selectively enhanced. In Fig. 5.2 we show the Raman

spectra of carbon nanotubes recorded at different laser wavelengths. The position of the D

mode depends strongly on the laser energy. The high-energy modes shift as well, although

much less than the D mode. On the other hand, their line shape changes significantly with ex-

citation energy. The spectra excited with 1.96 eV show a broad and slightly downshifted HEM

structure with a large signal down to ≈ 1540 cm−1. This appearance is usually attributed to

the excitation of metallic nanotubes [151–153], see also Sect. 5.4.2. Furthermore, at the same

laser energy the Raman spectra depend on the type of sample and on the diameter of the tubes.

Although the origin of the large variation in the spectra is not fully understood, Raman ex-

periments are widely used to characterize the tubes in the sample. Reliable information about

the nanotubes from Raman experiments, however, can only be obtained if the origin of this

excitation-energy dependence is known. We show here that it can be explained by defect-

induced, double-resonant Raman scattering. The observation of a different Raman spectrum

means that different phonons are involved but all stem from the same nanotube. In contrast, pre-

vious interpretations based on single-resonances [155] assumed that the same phonon modes

from different tubes cause the variation of the spectra. An unambiguous answer to this con-
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Figure 5.2: Raman spectra of bundled

carbon nanotubes (HiPCO-produced “bucky-

pearls” [50, 154]) at different excitation ener-

gies. The mean tube diameter is ≈ 1 nm. The

gray lines were measured on arc-discharge

grown nanotubes with mean tube diameter

≈ 1.4 nm. The spectra are scaled to approx-

imately the same HEM amplitude and offset

vertically. The D mode is much larger in the

sample of arc-discharge grown tubes than in

the HiPCO tubes, if compared to the HEM in-

tensity. In both samples the position of the D

mode and the HEM changes with laser energy.
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troversy is found by Raman experiments on the same individual tube, which we present in this

chapter.

An introduction to the general theory of double-resonant Raman scattering is given in

Sect. 5.1. In the two following sections we describe this concept for the D mode in carbon

nanotubes and graphite, respectively. In Sect. 5.4 we show that the double-resonance model

fully explains the origin and properties of the high-energy modes in carbon nanotubes, in con-

trast to previous interpretations. The essential experiments that support our interpretation are

Raman measurements on an individual nanotube (Sect. 5.4.1). The case of metallic tubes is

discussed in Sect. 5.4.2; the role of defects in the scattering process is studied in Sect. 5.4.3. In

Sect. 5.5 we present measurements of the absolute Raman cross section of the RBM in carbon

nanotubes and compare them with theoretical predictions. The discussion on the competing

models of single- and double-resonance scattering is summarized in the last section. Parts of

this chapter were published in Ref. [31].

5.1 Introduction: Double-resonant Raman scattering

In this section we give an introduction to defect-induced, double-resonant Raman scattering

[156]. We explain the characteristics of this effect, in particular the process which leads to a

laser-energy dependence of the Raman frequencies in higher-order scattering. In principle, the

defect allows large phonon wave vectors qqq to contribute to the spectra; the double-resonance
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mechanism then selectively enhances specific large-qqq modes. The observed frequency shift as

a function of laser energy thus corresponds to scanning part of the phonon dispersion.

The Raman cross section for first-order Raman scattering is proportional to |K2 f ,10|2, where

the Raman matrix element [156]

K2 f ,10 = ∑
a,b

〈ω2, f , i |HeR,ρ |0, f ,b〉〈0, f ,b |Hep |0,0,a〉〈0,0,a |HeR,σ |ω1,0, i〉
(El−Ee

ai− iγ )(El− h̄ωph−Ee
bi− iγ )

.

(5.1)

The states are indicated by the electronic ground state i and the intermediate electronic states a

and b, by the initial and final phonon states 0 and f , which denote the absence and the excitation

of the phonon, respectively, and by the incoming (ω1) and outgoing (ω2) photon. El denotes

the laser energy and h̄ωph the phonon energy. Ee
ai, Ee

bi are the energy differences between the

electronic intermediate states and the ground state. γ is a broadening parameter reflecting the

inverse lifetime of the electronic states.

Figure 5.3 shows a schematic view of (a) non-resonant, (b) single-resonant, and (c) double-

resonant Raman scattering.1 The solid lines indicate real electronic states; the dashed gray lines

denote virtual intermediate states. The incoming photon with energy El excites an electron-hole

pair (1), the excited electron is scattered by emitting a phonon with energy h̄ωph (2), and the

electron recombines with the hole by emitting a photon with energy E2 (3). If both interme-

diate states are virtual as in Fig. 5.3 (a), the process is called non-resonant. If the laser energy

matches the transition energy between two real electronic states [Fig. 5.3(b)], the Raman pro-

cess is single-resonant. In this case, in Eq. (5.1) the first term in the denominator vanishes

for γ = 0 and the Raman intensity diverges. To obtain double-resonant scattering, where two

of the intermediate states are real [Fig. 5.3(c)], the electronic states must provide three suit-

able energy levels with energy differences equal to El , h̄ωph, and El − h̄ωph. Experimentally,

this rather restrictive condition can be fulfilled, if the electronic band structure of the material is

tuned accordingly by applying uniaxial stress, an electric or magnetic field [157–160]. In semi-

conductor superlattices the intersubband transitions can be designed to match the required en-

ergy differences for the double-resonance condition [161]. In these examples, double-resonant

scattering is obtained for only one particular wavelength of the incoming light.

In the above description of resonant and non-resonant Raman scattering, we restricted our-

selves to first-order scattering which (for visible light) involves only Γ -point phonons. We

extend the discussion now to higher-order processes, including scattering by two phonons of

1In fact, in first-order scattering the process shown in Fig. 5.3 (c) is triply resonant, because the first two resonant

transitions determine the remaining third one. The third transition is automatically resonant if there are no additional

intermediate states.
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Figure 5.3: Non-resonant Raman scattering (a),

single-resonant (b), and multiple-resonant scatter-

ing (c). The solid lines indicate real electronic

states. The dashed lines represent virtual states,

i.e., energies which are not eigenenergies of the sys-

tem. In the non-resonant process (a), both interme-

diate electronic states are virtual. If the laser energy

matches a real electronic transition [first step in (b)],

the Raman process is single resonant. If the special

condition (c) is met, i.e., in addition to (b) another

electronic transition matches the phonon energy, a

double- or triple-resonance occurs.
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opposite wave vector or elastic scattering mediated by defects. In higher-order processes, the

phonon wave vectors are not restricted to zero, see Sect. 4.1.

In Fig. 5.4 (a) two linear electronic bands are shown, which can be taken as an approxima-

tion to the graphene bands at the K point or the bands that cross the Fermi level in metallic

tubes, see Chap. 3. Here, for any incoming laser energy a real transition is found. With in-

creasing laser energy, the resonant transition occurs at larger electron wave vector kkkiii. If the

resonantly excited electron can be scattered by phonons with arbitrary wave vector qqq, a sec-

ond resonance is found for a particular phonon. Both, energy and wave vector of this phonon

are determined by the phonon dispersion and the double-resonance condition. The two res-

onant transitions which constitute the double resonance, are in our example the excitation of

the electron by the incoming light and the inelastic scattering by the phonon. Because quasi-

momentum is conserved, the process indicated in Fig. 5.4 (a) must include the scattering by

a second phonon (“second-order” Raman scattering) or by a defect (elastic scattering, shown

here). In the case of defect-scattering, the Raman matrix element is given by [156]

K2 f ,10 = ∑
a,b,c

MeR,ρ Me−de f Mep MeR,σ

(El−Ee
ai− iγ )(El− h̄ωph−Ee

bi− iγ )(El− h̄ωph−Ee
ci− iγ )

+ ∑
a,b,c

MeR,ρ Mep Me−de f MeR,σ

(El−Ee
ai− iγ )(El−Ee

bi− iγ )(El− h̄ωph−Ee
ci− iγ )

, (5.2)

where the notation is the same as in Eq. (5.1) and the matrix elements in the numerator are

abbreviated as Mi. Me−de f is the matrix element for the interaction between the electron

and the defect. The first term in the sum describes the process, where the electron is first

inelastically scattered by a phonon and second elastically by a defect; in the second term, the

time order is reversed. For scattering by two phonons, Eq. (5.2) is modified accordingly.

The sum over all possible intermediate electronic states a,b,c in Eq. (5.2) includes all non-

resonant and single-resonant processes. The case qqq = 0 is given if the electron wave vector
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Figure 5.4: (a): Double-resonant Raman scattering at two linear electronic bands as at the K point in graphene.

Resonant (non-resonant) transitions are indicated by solid (dashed, gray) arrows. The incoming light resonantly

excites an electron-hole pair at wave vector ki. The electron is resonantly scattered by a phonon from state a to b.

From b the electron is elastically scattered by a defect back to c (with kc ≈ ki), where it recombines with the hole.

The last two transitions are non-resonant. (b): Examples of single-resonant scattering, where only the first transition

is resonant. The excited electron is non-resonantly scattered by phonons with different wave vectors, including the

case q = 0. (c): Double-resonant scattering at two different laser energies. The double-resonant phonon wave

vector and hence frequency depend on the incoming energy. In (b) and (c) the last two transitions are omitted for

simplicity, i.e., elastic scattering by the defect and recombination of the electron and hole.

kkkbbb = kkkaaa. This is illustrated in Fig. 5.4 (b), where some examples for single-resonant scattering

with different phonon wave vectors and phonon frequencies are shown, including the process

for qqq = 0. The intensity of the single-resonant processes shown in Fig. 5.4 (b) is large, because

one of the terms in the denominator of the Raman cross section vanishes. If for a particular

combination of qqq and h̄ωph the double-resonance condition is fulfilled, however, a second term

vanishes and the Raman intensity is further increased. The double-resonant phonon mode is

selectively enhanced and gives rise to a peak in the Raman spectrum. For laser energies below

the first optical transition energy, i.e., in non-resonant scattering, the Raman spectrum resulting

from higher-order scattering resembles the phonon density of states; such scattering, however,

is comparatively weak.

In Fig. 5.4 (c) we illustrate the effect on the Raman spectra when changing the incoming

photon energy. As mentioned above, the electron wave vector ki = ka at which the incoming

resonance occurs increases with laser energy. Consequently, the phonon that scatters the elec-

tron resonantly to a state kb = ka−q must have a larger wave vector. Scattering by this phonon

will be enhanced and appears in the Raman spectrum. The Raman frequency of this mode is

different from the frequency observed at smaller laser energy, depending on the phonon dis-

persion. Therefore, by changing the laser energy one can, in principle, measure the phonon

dispersion. In general, this unusual dependence of Raman frequencies on the wavelength of

the incoming light is a signature of double-resonant Raman scattering, if the process involves

phonons with non-zero wave vector.
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Figure 5.5: Double-resonant processes for Stokes (a-d) and anti-Stokes (e-h) scattering. Solid and dashed arrows

indicate resonant and non-resonant transitions, respectively. In each row, the first two pictures show an incoming

resonance; the last two pictures show an outgoing resonance. In (a) [and from hereon in every other picture] the

electron is scattered first inelastically by a phonon and then elastically by a defect. This time order is reversed in

(b) and the corresponding other sets.

In the examples above the incoming light was in resonance with the electronic states (in-

coming resonance). Alternatively, the scattered light can be in resonance (outgoing resonance).

We show in Fig. 5.5 (upper row) the four processes resulting from the two time orders in

Eq. (5.2) and incoming/outgoing resonance. Moreover, in case of different electron and hole

dispersions, the analogous processes have to be taken into account, where the hole instead of

the electron is scattered. Finally, if the bands are not symmetric with respect to the minimum,

the contributions depend on whether the optical transitions occur on the left or on the right of

the minimum. All processes shown in Fig. 5.5 (a)-(d) are automatically contained in Eq. (5.2),

if the sum is taken over all intermediate states.

The first term of Eq. (5.2) can be evaluated for the example of Fig. 5.4 and yields [133]

K2 f ,10 ∝
b

(κ2−q v2

v2−v1
)(κ2 + q v1

v2−v1
)
, (5.3)
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where v1 and v2 are the Fermi velocities in the two bands and b is a slowly varying function of q,

b = ln(κ2/κ1)(2κ2−q)/[(v2−v1)
2 h̄ωph], and κ1 = (El− ih̄γ)/(v2−v1) and κ2 = (El− h̄ωph−

ih̄γ)/(v2− v1). A double resonance occurs for those combinations of phonon wave vector q

and energy h̄ωph(q), for which one of the terms in the denominator of Eq. (5.3) vanishes [156].

Here the second term corresponds to the double-resonance process shown in Fig. 5.4 (a), where

the optical transition occurs to the right (ki > 0); the first term yields a double-resonance if

ki < 0 in our example. The denominator vanishes for the double-resonant phonon wave vectors

q1 =
El− h̄ωph(q)

v2
and q2 =

El− h̄ωph(q)

−v1
. (5.4)

In the approximation of h̄ωph ≈ 0 and symmetric electron bands, we can simplify this condition

to the so-called q = 2k rule, i.e., the double-resonant phonon wave vector is given by twice

the wave vector of the resonantly excited electron. This is correct if the defect is involved in a

resonant transition as for instance shown in Fig. 5.5 (b) and (f), and if v1 =−v2. The q = 2k rule

is a useful approximation for estimating the double-resonant phonon wave vector. It cannot,

however, substitute the full integration of the Raman cross section in Eq. (5.2) when deriving

precise phonon frequencies or calculating a Raman spectrum.

In Fig. 5.6 we plot the Raman intensity, calculated from the analytical expression in Eq. (5.3),

as a function of q for different laser energies. We chose h̄ωph(q) to depend linearly on q; the

Raman spectrum is obtained if the q axis is transformed into h̄ωph(q).2 We see in Fig. 5.6 the

clear dependence of the selected phonon wave vectors and hence the Raman frequencies on

excitation energy. The double-peak structure is due to the contributions q1 and q2 in Eq. (5.4).

Because of the linear electron and phonon dispersion, the shift with laser energy is linear as

well. The effect of the electronic bands on the laser-energy dependence is shown in Fig. 5.6

(b), where the Fermi velocities v1 and v2 were doubled. Now the same change in laser energy

results in a smaller change in the electron wave vector ki of the resonant optical transition.

Therefore, the double-resonant phonon wave vector is less affected as well. Again, as the dis-

persion relations are linear in our example, the shift of the Raman peaks with laser energy

decreases by a factor of two when the slope of the electronic bands is doubled. It is obvious

that a larger phonon dispersion results in a more pronounced laser-energy dependence of the

Raman spectra.

So far, we considered Stokes scattering, the creation of a phonon in the Raman process.

Usually, Stokes and anti-Stokes spectra differ only in intensity, depending on the lattice temper-

ature. In contrast, in double-resonant scattering also the observed phonon frequencies depend

on whether the Stokes or the anti-Stokes spectrum is recorded. Again, this is a consequence of

2This is trivial for a linear phonon dispersion. Otherwise the phonon density of states has to be taken into

account.
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Figure 5.6: Raman intensity as a function of the phonon wave vector for laser energies between 2 and 4 eV,

calculated from Eq. (5.3) for linear electronic bands. The double-peaks correspond to q1 and q2 in Eq. (5.4); here

q2 < q1. On the right, the slope of the electronic bands is doubled; the shift of the Raman peaks with laser energy

is therefore smaller by a factor of two. We used a linear phonon dispersion and a broadening γ = 0.1 eV.

different double-resonance conditions for the Stokes and anti-Stokes process at a given laser

energy, as illustrated in Fig. 5.5 (lower row). In the example shown in Fig. 5.5, the phonon

wave vector is larger in anti-Stokes than in Stokes scattering. This can be seen by compar-

ing for instance Fig. 5.5 (a) and (e). For anti-Stokes scattering, the sign of the phonon energy

in Eq. (5.2) has to be inverted. Because of time-reversal symmetry, the anti-Stokes process at

given EAS
l corresponds to the Stokes process at ES

l ≈EAS
l + h̄ωph, see for details also Ref. [162].

In second-order scattering, the elastic scattering by a defect is replaced by inelastic scatter-

ing by a second phonon. In the case of two phonons with the same frequency but opposite wave

vector, the Raman shift is about twice the single-phonon (first order) frequency and hence the

shift with laser energy is approximately doubled. Because the quasi-momentum conservation

can always be fulfilled for scattering by two phonons, the second-order spectrum can be always

double-resonant, independently of the presence of defects.

The observed intensities of the Raman peaks are not solely determined by the double reso-

nance process. Those modes for which the double resonance takes place close to a singularity

in the electronic joint density of states, are further enhanced; the same holds for single-resonant

scattering. This effect is contained in the expressions of the Raman cross section [Eqs. 5.1 and

5.2], if the sum is taken over all intermediate states. If the joint density of states is large at a

transition energy close to the incoming laser energy, the corresponding incoming resonances

occur more often in the sum than for a smaller density of states. Furthermore, the intensity de-

pends on the phonon density of states. This is taken into account when converting the phonon

wave vector q into the phonon energy h̄ωph.
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In summary, the laser-energy dependence of the observed Raman frequencies is a finger-

print of double-resonant Raman scattering with large phonon wave vectors. Further criteria

that can be experimentally observed are the difference between Stokes and anti-Stokes spec-

tra, a large intensity, and a variation of the line shape which cannot be described by a single

Lorentzian. To allow large phonon wave vectors, higher-order scattering by two (or more)

phonons or defects, relaxing the translation symmetry, is required. The double-resonance is

experimentally accessible if the phonon dispersion is large and the electronic bands have a gap

below the available laser energy or even cross the Fermi level in a single point as in semimetals.

5.1.1 Selection rules for q 6= 0 in carbon nanotubes

To apply the concept of defect-induced, double-resonant Raman scattering to carbon nan-

otubes, the selection rules have to be found for second-order scattering with q 6= 0, including

either defect scattering or a second phonon. As for first-order scattering, they can be derived

in the standard way from the character table of the line group [63, 64] or found from the con-

servation of quantum numbers.3 We will see that phonon branches of carbon nanotubes which

are derived from a Raman-active Γ -point mode are always allowed. We assume that the de-

fect cannot change the symmetry of a state it interacts with (mdefect = 0), i.e., electrons can be

scattered by the defect only within the same band. As for scattering with Γ -point modes, the

phonon provides the quantum numbers by which the electronic system is changed in a given

scattering geometry, e.g., ∆m = ±1 for x and z polarization of incoming and outgoing light,

respectively. The required quantum numbers are summarized in Table 5.1. The σx and the σh

parity quantum numbers correspond to the vertical and horizontal mirror planes, respectively,

and exist in achiral tubes only, see Chap. 2. The σh parity (given in brackets) is defined only

at q = 0. The vertical mirror plane (σx) is present at q 6= 0 as well if m = 0 or m = n. From

the conservation of the σx parity it follows that the entire LO branch (including q = 0) is al-

lowed in zig-zag tubes and forbidden in armchair tubes; vice versa, the TO branch is allowed

in armchair tubes but forbidden in zig-zag nanotubes. In two-phonon scattering, the change in

quantum numbers is provided in total by both phonons, i.e., ∆m = mph,1 + mph,2. Therefore,

in contrast to first-order scattering, also modes with |m|> 2 can contribute to the two-phonon

signal. They scatter electrons from one band into another band. The quasi-angular momentum

m of the phonon defines to which band the excited electron is scattered through mb = ma +mph,

where the subscripts a and b refer to the intermediate states in Eq. (5.2).

If the phonon wave vector is larger than π/a, the quasi-angular momentum m is not a con-

served quantum number and the Umklapp rules [Eq. (2.20) and (2.21)] apply. For achiral tubes,

3Note that also the quasi-momentum conservation rule, q1 = q2± qph, is found formally from the full space

group character table as given in Refs. [63, 64].
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Table 5.1: Phonon quantum numbers conserving the total quantum numbers in q 6= 0 Raman scattering. The

scattering geometry is given by the polarization of the incoming and scattered light, where z is the direction of the

tube axis. The parity quantum numbers given in brackets are only defined at q = 0. In chiral tubes σh and σx are not

a symmetry operation and the parity quantum numbers σx and σh are not present at all. For two-phonon scattering,

mph = mph,1 +mph,2 .

Scattering geometry Allowed phonon quantum numbers

mph σx,ph σh,ph

(z,z) 0 +1 (+1)

(x,z), (z,x), (y,z), (z,y) ±1 – (−1)

(x,x), (y,y) 0,±2 +1 (if m = 0) (+1)

(x,y), (y,x) 0,±2 −1 (if m = 0) (+1)

m = 0 changes into m = n for q ∈ (π/a,2π/a]. In chiral tubes, it is more convenient to use the

helical quantum numbers k̃,m̃; then the entire m̃ = 0 band is allowed in (z,z) configuration.

In summary, the selection rules for large-q Raman scattering in carbon nanotubes are given

by the conservation of the quasi-angular momentum m. If q > π/a, the Umklapp rules must

be additionally applied. For m = 0 and m = n phonons in achiral tubes, the allowed modes are

further restricted by parity quantum numbers. In general, for q 6= 0 the selection rules are less

restrictive than for Γ -point phonons, since some of the parity quantum numbers are defined

only at q = 0. If a phonon mode is forbidden at the Γ point but allowed for q > 0, however,

continuity prevents the mode from having a large Raman signal at small q.

5.2 The D mode in carbon nanotubes

In Fig. 5.2 we saw already that the disorder-induced D mode of carbon nanotubes shifts signif-

icantly with excitation energy. This peculiar behavior is known for long from the D mode in

graphite [163–166]. The origin of the excitation-energy dependence in graphite was resolved

by Thomsen & Reich [133] as defect-induced, double-resonant Raman scattering. Laser-

energy dependent studies in carbon nanotubes first focused on the D mode as well, because

of its obvious correspondence to the graphite D mode and because the shift with laser energy

is an order of magnitude larger than the shift of the high-energy modes and therefore easier to

detect. The shift of the HEM frequencies will be studied in detail in Sect. 5.4. Here we discuss

the origin of the D mode in carbon nanotubes and show the correspondence and the differences

to graphite.

By applying the concept of defect-induced, double-resonant Raman scattering (Sect. 5.1),

the D-mode spectra of carbon nanotubes are found theoretically. As discussed in Sect. 5.1, the

double-resonance is determined by both electron and phonon dispersions. We make use of the
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Figure 5.7: Electronic band

structure (top) and model phonon

dispersion (bottom) of an armchair

nanotube. The Fermi wave vector

kF is at 2/3 π
a

in armchair tubes.

Resonant and non-resonant tran-

sitions are indicated by solid and

dashed arrows, respectively. Note

that the optical transition between

the bands crossing the Fermi level

(m = n) is forbidden by symmetry.
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electronic band structure presented in Chap. 3 and the selection rules predicted by symmetry

(Sects. 2.2 and 5.1.1). For the phonons we will use model dispersions.

The scattering process of the D mode in armchair tubes is shown in Fig. 5.7 (top). For z-

polarized light, an electron-hole pair is excited in the band with m = n−1, near the Fermi wave

vector kF for visible light. In the zone-folding approach, the Fermi wave vector kF corresponds

to the K point of graphite. The electron is scattered across the Γ point within the same band by

a double-resonant phonon with qdr ≈ 2kF = 4
3

π
a

. It is then scattered back elastically by a defect

and recombines with the hole (Sect. 5.1). Here the phonon must have mph = 0, because the

defects lead to a relaxation of the quasi-linear momentum conservation only; it cannot change

the quasi-angular momentum quantum number m, see Table 5.1.

In the lower part of Fig. 5.7 we give an example of a model phonon dispersion as the one

used in the calculations below. The required phonon wave vector qdr ≈ 2kF is larger than the

Brillouin zone. In this case, we have to apply the Umklapp rules Eq. (2.20):

2kF =
4

3

π

a
≡ 4

3

π

a
− 2π

a
=−2

3

π

a
.

and

m′ = m + n = 0+ n = n

Thus in the conventional Brillouin zone the allowed phonon that leads to the D mode has a

wave vector qdr ≈ 2π/3a = kF and band index m = n in armchair tubes. In the extended or
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Figure 5.8: (a) D mode spectra calculated for the (11,11) tube [149]. The electronic band structure was calculated

by the first-neighbors tight-binding approximation with γ0 = 2.9 eV, and γ = 0.1 eV. The D-mode frequency clearly

depends on excitation energy. The intensity decreases with increasing laser energy. (b) D-mode frequency as

a function of excitation energy. Top: calculation for the (10,10) tube; bottom: experimental data from bundled

single-walled nanotubes with a mean diameter of 1.3 nm. The inset shows an experimental spectrum.

helical Brillouin zone, i.e., in the description by (k̃,m̃) quantum numbers, the phonon branch

with m̃ = 0 is taken (dashed line in Fig. 5.7).

Both electron and phonon states relevant for the double-resonant D mode are derived from

the K point in graphite. Therefore, the double-resonant phonon corresponds to a K-point mode

and the observed frequency is similar to the D mode in graphite. For higher incoming laser

energy, the resonant optical transitions occur at larger distance from kF. Hence qdr is smaller

if the optical transition is on the left of the conduction-band minimum in Fig. 5.7 and larger

if the optical transition is on the right. In both cases, the double-resonant phonon wave vector

moves away from kF. This results in an increase of the phonon frequency with laser energy as

the phonon band m = n possesses a minimum at kF (or m̃ = 0 at 2 kF).

The Raman spectra of the D mode, calculated according to the scattering process in Fig. 5.7,

are shown in Fig. 5.8 (a) for the (11,11) tube. The spectra show a clear dependence on laser en-

ergy. The Raman intensity decreases with increasing laser energy, because the electron density

of states is smaller for electron wave vectors away from kF. The D mode is not symmetric and

consists of two peaks, which shift at different rates. Several reasons account for this line shape.

The conduction band minimum is not exactly at kF = 2π/3a, the minimum is not symmetric,

and incoming and outgoing resonances have slightly different double-resonance conditions, see

also Fig. 5.5. The structure due to incoming and outgoing resonance is not resolved. In chiral

nanotubes, the peak structure can be even more complex due to several electronic bands con-

tributing simultaneously. In Fig. 5.8 (b) we show the frequency of the D mode as a function of

laser energy. The calculated shifts for a (10,10) tube (42 and 76 cm−1/eV) agree well with the
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experiment on SWNT bundles (47 and 63 cm−1/eV). The experimental spectrum in the inset

shows that the D mode is not a single line but indeed contains at least two peaks.

Comparing tubes of the same chiral angle with different diameter, we find that at low

excitation energy the absolute D-mode frequency is lower for smaller tubes but the rate by

which the D mode shifts is larger. This is understood from the scattering process shown in

Fig. 5.7. A smaller diameter results in a larger separation of conduction and valence bands.

At the same laser energy, the wave vector of the excited electron is closer to kF and hence

the phonon frequency is lower than in larger-diameter tubes. Since the slope of the electron

bands is smaller near kF, the same variation in laser energy results in a larger change of the

excited-electron wave vector. Therefore, the change of the double-resonant phonon wave vector

and hence the frequency shift is larger. The predicted diameter dependence of the D-mode

frequency was observed in experiments on isolated tubes and bundles [44, 167, 168].

In the above discussion we showed that both the electron and phonon wave vectors that are

involved in D-mode scattering correspond to the Fermi wave vector kF (K point in graphite).

Therefore, they are approximately the same. Simultaneously, the double-resonant phonon wave

vector qdr is about twice the electron wave vector. Only if the electron wave vector is at 2/3 of

the Brillouin zone, it is equal to the phonon wave vector qdr ≈ |2kF− 2π
a
|= 2π

3a
. This condition,

i.e., kF = 2π/3a, is only fulfilled in R = 3 tubes, see Ref. [79] and Chap. 3. A strong D-mode

scattering and a systematic excitation-energy dependence thus cannot be observed in R = 1

tubes [149]. Consequently, a weak Raman signal in the D-mode region does not necessarily

indicate fewer defects in the investigated nanotubes but can be due to the presence of R = 1

tubes. On the contrary, a strong D mode and a systematic shift with laser energy is an indication

of metallic tubes.4 This prediction is based on the assumption that only phonons with m = 0

(and, including Umklapp processes, m̃ = 0) are allowed by symmetry. If elastic scattering by

the defect could change the quasi-angular momentum m as well – which is unlikely – the D

mode would be double-resonant for any chirality [169].

As an example of a chiral R = 3 tube we calculated the D mode of the (8,2) tube. The elec-

tronic band structure given by helical quantum numbers is shown in Fig. 5.9. As for armchair

tubes, the optical transitions occur near 2/3 of the (helical) Brillouin zone, and the double-

resonant phonon wave vector qdr ≈ 4
3

π̃
a

, where π̃ = qπ/na, see Chap. 2. The resulting D-mode

spectra are shown in Fig. 5.10. The main peak shifts by 40 cm−1/eV.

Above we showed that a strong D-mode scattering with a systematic excitation-energy

dependence cannot not occur in R = 1 tubes. In second-order overtone scattering, on the

other hand, the condition mph = 0 has to be fulfilled only by the sum of both phonons, mph =

4All tubes with R = 3 are metallic; semiconducting tubes always have R = 1. Only a small fraction of metallic

tubes has R = 1, among them all metallic zig-zag tubes.
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Figure 5.9: Electronic band structure of the (8,2) tube calculated within the tight-binding approximation including

third-nearest neighbors. The visible range of optical transitions is shaded; the scattering process for the D mode is

indicated by arrows. Because the (8,2) tube has R = 3, the m̃ = 0 conduction and valence bands cross the Fermi

level at kF = 2π̃/3a [79]. π̃ = qπ/na = 14π/a, and m̃ = 0,1. Scattering by phonons with m̃ = 0 and q = 2kF leads

to the D mode.

mph,1 + mph,2 = 0, see Table 5.1. Thus the second-order D∗-mode becomes allowed in any

tube, if mph,1 = −mph,2 [170]. We will discuss this here for zig-zag nanotubes. Since zig-zag

tubes always have R = 1, i.e., the singularities in the joint density of states are at the Γ point,

D-mode scattering is not allowed for mdefect = 0. In Fig. 5.11 we show the electronic band

structure of the (17,0) tube near the Γ point. In (a) the defect-induced double-resonance in

(z,z)-polarization is displayed, leading to the first-order spectrum. Only phonons with mph = 0

are allowed. Since the double-resonant phonon wave vectors are rather close to the Γ point,

the scattering process in (a) yields Raman peaks in the range of the high-energy modes, see

Sect. 5.4. On the other hand, for Raman peaks in the D-mode range, phonons with m ≈ 2n/3

are required. In this case, the scattered electron with mb = ma + 2n/3 cannot recombine with

the hole (ma) in a z-polarized optical transition, and the D mode does not appear in the first-

Figure 5.10: D mode spectra of the

(8,2) tube. The phonon dispersion

was modeled by an analytical func-

tion; the broadening parameter was set

to γ = 0.05 eV. The main peak shifts

by 40 cm−1/eV and the smaller one by

27 cm−1/eV.
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Figure 5.11: Electronic band

structure of the (17,0) tube near

the Γ point. The numbers indicate

the band indices m. The band ex-

trema are at the Γ point; the low-

est optical transitions occur in the

bands with m ≈ 2n/3. In achi-

ral tubes, the states with m and

−m are degenerate. (a) Double-

resonant scattering with an m =
0 phonon and defect, resulting in

high-energy modes. (b) Double-

resonant scattering in second order

by two phonons with m = 12 and

m = −12, leading to the overtone

D∗ of the D mode.
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order spectrum of zig-zag tubes. In Fig. 5.11 (b) a second-order process is shown leading to the

D∗ mode. For example, if the electron-hole pair is excited in the ma = 11 band, a phonon with

mph = 12 scatters the electron to the band mb = (ma +mph)mod 2n = 11+12−34 =−11, see

Fig. 5.11 (b). A second phonon with mph =−12 scatters the electron back to near the original

band. Because of the σh parity quantum numbers of the states at the Γ point, phonons with even

parity are allowed only if |ma| and |mb| are both smaller or both larger than 2n/3, see Chaps. 2

and 3. Vice versa, if the phonon has σh =−1, one of the electronic states must have |m|> 2n/3

and the second one |m| < 2n/3. Taking into account these selection rules, we calculated the

D∗-mode spectra of the (19,0) tube in Fig. 5.12. The D∗ mode is in the expected frequency

range and shifts by ≈ 120 cm−1/eV, in reasonable agreement with experiments [171].

The double-resonance process as the origin of the D mode in graphite and carbon nanotubes

is well established and validated by experiments. Nevertheless, some interpretations attribute

the shift of the D mode in carbon nanotubes to the selective enhancement of different tubes in

Figure 5.12: D∗ Raman spectra calculated for the

(19,0) tube at different excitation energies [170].

The phonon dispersion was taken from the force-

constants calculations described in Sect. 4.3.2. The

shift with laser energy amounts to ≈ 120 cm−1/eV.
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Figure 5.13: D-mode frequency as a

function of laser energy measured on

isolated tubes on two different spots of

the sample (filled circles). The open tri-

angles are calculated values for the (8,8)

tube, where a model dispersion was used

for the phonons. The calculated D mode

is composed of two peaks; the upper one

agrees very well with the experiment.

In the experimental data, the individual

peaks were not resolved. For the spectra

see Fig. 5.25.
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resonant Raman scattering [169, 172]. The D-mode frequency changes in this picture because

at a different excitation energy the Raman signal from a different tube is observed; a D-mode

shift in a single tube is not predicted, in contrast to the model explained above. Laser-energy-

dependent Raman measurements, however, showed that the D mode of an isolated tube is not

constant but shifts as in experiments on bulk samples. In Fig. 5.13 we present the D-mode

frequencies as a function of excitation energy in an isolated tube and a thin bundle [173], for

the measurements on isolated tubes see Sect. 5.4. The D mode shifts at a rate similar to that

observed in bundles, showing that the dependence on excitation energy indeed is the property

of a single tube and not an ensemble effect.

Finally, we want to comment on the phonon dispersion. In this section we always used

a model dispersion like the one in Fig. 5.7, that was adapted to the theoretically predicted

longitudinal (LO) branch in graphite. Although in armchair tubes the m = 0 LO branch is

actually forbidden because of its σx parity quantum number being odd (Chap. 4), we used it

in the calculations because it was the only one predicted with a minimum at about 1200−
1300 cm−1. In chiral tubes, the σx parity quantum number does not exist, thus both LO and

TO branches are allowed. Meanwhile we found from inelastic X-ray scattering in graphite

(Chap. 4) that the TO branch was incorrectly predicted in most of the previous calculations. The

experiments showed that in fact the TO is at about the same frequencies as the LO was believed

to be. Therefore, the D mode in carbon nanotubes comes from the TO-derived phonon branch

instead from the LO, as well as the D mode in graphite. This is consistent with the selection

rules; for graphite we discuss the D mode, based on the new experimental data, in Sect. 5.3.

Since no revised calculations of the phonon dispersion in carbon nanotubes are available up

to now, we stayed with the model dispersions in this section. The implications of the double-

resonant model as well as the good qualitative agreement of the D-mode calculations with

Raman experiments are not affected by this correction, because just the name of the model

dispersions had to be altered.
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5.3 The D mode in graphite

We showed above for carbon nanotubes that the double-resonance model provides an excellent

understanding of all properties of the D mode. Nevertheless, the quantitative analysis so far

relied on partly arbitrary assumptions about the phonon dispersion; for example, model dis-

persions by simple analytical expressions were used in Fig. 5.8 and in Refs. [133, 149, 169].

Because the theoretically determined phonon dispersions of graphite and hence carbon nan-

otubes were contradictory in many respects, see Sect. 4.2, quantitative predictions of the D

mode were difficult to judge. For graphite, however, the experimental data of the phonon dis-

persion presented in Sect. 4.2 allow now a calculation of double-resonant D-mode scattering

without any arbitrary assumptions.

In the literature, calculations of double-resonant scattering often rely on an additional

simplification: instead of summing over all intermediate states in Eq. (5.2), i.e., over all

possible resonant and non-resonant processes, the double-resonant phonon wave vectors are

found by just requiring two real intermediate states, see in particular the graphical methods

in Refs. [118, 127, 169, 174]. Some of these apparent double-resonances, however, vanish by

destructive interference in a full integration.

In this section we analyze the interference effects from analytical expressions for D-mode

scattering. Moreover, we show that the one-dimensional integration along the high-symmetry

lines results in approximately the same double-resonant phonon wave vectors as the integration

in the two-dimensional Brillouin zone; thus the tedious integration in two dimensions is not

necessary. Finally, we use the experimentally determined phonon dispersion of Sect. 4.2 to

explicitly calculate the D-mode line shape and its excitation-energy dependence. The results

agree very well with the experiment; in addition, they confirm that the D mode comes from the

TO-derived phonon branch, consistent with the selection rules.1

5.3.1 Double-resonant scattering in one dimension

Here, we derive an analytical expression for the Raman cross section of the D mode in the

approximation of linear bands in one dimension. The scattering process for the D mode takes

place between two inequivalent K points of the graphite Brillouin zone. At the K point, the

electronic bands are approximately linear for transition energies in the visible range of light

and cross the Fermi level. Along the Γ -K-M direction the D-mode phonon wave vector is

close to twice the K-point vector. In Fig. 5.14 (a) both possibilities for scattering within the

same electronic band are shown. v1 and v2 are the Fermi velocities, k and q are the wave

vectors of the electron and the phonon, respectively.

1This section is taken from Ref. [134] which is currently under review for publication in Physical Review B.
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Figure 5.14: (a) Double-resonant

scattering processes leading to the

D mode in graphite. The elec-

tronic bands are assumed to be lin-

ear at the K point with Fermi ve-

locities v1 and v2. The D-mode

scattering takes place across the Γ
point within the same electronic

band. (b) Scattering across the Γ
point between two almost parallel

bands does not contribute to the

double-resonance signal because

of destructive interference.
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To find the double-resonant phonon wave vectors, we again evaluate Eq. (5.2). From the

scattering processes shown in Fig. 5.14 (a) we find

Eai = (|k|−K′)(v1− v2)− iγ for |k|< K′,

Eai = (−|k|+ K′)(v1− v2)− iγ for |k|> K′, (5.5)

and

Ebi = −|k|(v1 + v2)+ qv1−K′(v1− v2)− iγ for |k|< K′,

Ebi = −|k|(v1 + v2)+ qv2−K′(v2− v1)− iγ for |k|> K′. (5.6)

K′ denotes the wave vector of the K point. The lifetime broadening γ of the electronic transi-

tion energies is taken to be the same. The double-resonant processes (1) and (2) in Fig. 5.14

correspond to |k| < K′ and |k| > K′, respectively. In the first case, the phonon wave vector is

smaller than 2K′, i.e. it is from between K and M, whereas in the second case q is larger than

2K′ and stems from between K and Γ . From the intermediate state b the electron is scattered

to a state c close to state a, therefore Eci = Eai.

Assuming v1 = −v2, we introduce the following expressions analogous to the ones in

Sect. 5.1 and Ref. [133]

κ1 =
El− iγ

2v1
and κ2 =

El− h̄ωph− iγ

2v1
. (5.7)
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We insert the above expressions for the transition energies Eai and Ebi into Eq. (5.2) and obtain

K2 f ,10 =
2

(2v1)3

K′

∑
k=0

[
M

(κ1 + K′− k)(κ2 + K′− k)

×
( 1

(κ2 + K′−q/2)
+

1

(κ1 + K′−q/2)

)]

+
2

(2v1)3

∞

∑
k=K′

[
M

(κ1−K′+ k)(κ2−K′+ k)

×
( 1

(κ2−K′+ q/2)
+

1

(κ1−K′+ q/2)

)]
, (5.8)

where again the transition matrix elements in the numerator are summarized by M. The sum

can be converted into an integral over k. A straightforward evaluation of the integral yields

K2 f ,10 =
M

2v2
1h̄ωph

[ κ1 + κ2 + 2K′−q

(κ1 + K′−q/2)(κ2 + K′−q/2)
ln
(κ2 + K′

κ1 + K′
· κ1

κ2

)

− κ1 + κ2−2K′+ q

(κ1−K′+ q/2)(κ2−K′+ q/2)
ln
(κ2

κ1

)]
. (5.9)

Equation (5.9) is evaluated as a function of the phonon wave vector q; the Raman inten-

sity is at maximum for those q which fulfill the double-resonance condition. The first term

in the sum yields double-resonant q vectors smaller 2K′, i.e., between K-M [process (1) in

Fig. 5.14 (a)], whereas the second term yields q vectors between the Γ and K point [process (2)

in Fig. 5.14 (a)]. The maximum values of K2 f ,10 are dominated by the terms in the denomina-

tors of Eq. (5.9). The double-resonant phonon wave vectors are therefore

q1,2 = 2(K′+ κ1,2) for k < K′ (5.10)

q3,4 = 2(K′−κ1,2) for k > K′.

Compared to the expression for scattering between two linear bands given by Eq. (5.3) and

derived in Ref. [133], Eq. (5.9) describes double-resonant scattering across the Γ point within

the same band, see Sect. 5.3.4. Both processes, (1) and (2) in Fig. 5.14 (a), are included, as well

as both time orders of scattering by the phonon and by the defect. This leads to four slightly

different double-resonant phonon wave vectors [Eq. (5.10)]. For a calculation of scattering

across the K point the expression from Ref. [133] has to be added. In the approximation of

zero phonon energy, Eq. (5.10) for the double-resonant phonon wave vectors yields the q≈ 2ki

rule, see Sect. 5.1.

5.3.2 Interference effects

In Eq. (5.9) we explicitly excluded the Raman process, where the electron is scattered across

the Γ point between two different, almost parallel bands. In this process [see Fig. 5.14 (b)], at
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each excitation energy the double-resonance condition is fulfilled by the phonon exactly at the

K point in the case of v1 =−v2. When summing over all intermediate states these contributions,

however, cancel. In addition, in graphite the fully symmetric phonons leading to the D mode

are not allowed to couple electronic states of different symmetry.

The Raman cross section for the scattering process shown in Fig. 5.14 (b) can be evaluated

in the same way as above, assuming v1 =−v2:

K
(b)
2 f ,10 =

2M

(2v1)3
· f (q,κ1,κ2)

(κ1−κ2)[2(κ1−κ2)+ 2K′−q]

× 1

(2[κ2−κ1)+ 2K′−q](2K′−q)
, (5.11)

where f (q,κ1,κ2) is a function of q, κ1, and κ2:

f = (2κ2−2κ1 + 2K′−q) [−(2K′−q) ln(−κ1−K′)+ (2κ1−2κ2 + 2K′−q) ln(−κ2−K′)

+(κ1−κ2)(ln4−2ln(−2κ2−q))]

+(2κ1−2κ2 + 2K′−q)[−(2κ2−2κ1 + 2K′−q) ln(−κ1−K′)+ (2K′−q) ln(−κ2−K′)

+(κ1−κ2)(ln4−2ln(−2κ1−q))] . (5.12)

κ1 and κ2 are given by Eq. (5.7). At first sight, this expression seems to have singularities at

q
(b)
1 = 2K′ and q

(b)
2,3 = 2K′± 2(κ1− κ2). In particular, q

(b)
1 = 2K′ agrees with what is found

graphically from the figure. The numerator [Eq. (5.12)], however, vanishes simultaneously,

and we obtain for q→ 2K′

lim
q→2K′

K
(b)
2 f ,10 =

2M

(2v1)3
· 1

2(κ1 + K′)(κ2 + K′)
. (5.13)

Therefore, the Raman cross section is large if κ1 =−K′ or κ2 =−K′. For γ = 0 this condition

is equivalent to E1,2 =−2v1K′, i.e., a laser energy that is resonant with the optical transition at

k = 0. Together with the initial condition of q = 2K′ we conclude that such a scattering process

is not reasonable and does not contribute to a double-resonance signal. The other possibilities

result in a similar situation. From q
(b)
2,3 = 2K′± 2(κ1− κ2) = 2K′± h̄ωph/v1 it follows that

h̄ωph =±(qv1−2K′v1). This condition implies that either the phonon dispersion has the same

slope as the electronic bands – in this case the process is “double-resonant” for any q – or,

assuming a constant phonon energy, that q≈ 2K′. The latter case was already excluded above;

the first is not realistic either. Therefore, we do not obtain double-resonant contributions from

scattering across the Γ point between the two (almost) parallel electronic bands. Note that this

mechanism is analogous to the destructive interference of double-resonant scattering within the

same band, if the electron is not scattered across a minimum (or maximum) of the band. In

fact, the destructive interference occurs because the electron before and after being scattered

belongs to bands with the same slope, in particular with the same sign of the slope. These
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Figure 5.15: Raman cross section |K2 f ,10|2
as a function of the phonon wave vector for

linear bands in one dimension (lower curve)

and for linear bands in two dimensions (upper

curve). The inset shows the relation between

the vectors kkk and qqq in Eq. (5.14).
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contributions always vanish after summation over all intermediate states, for details see also

Ref. [156].

In summary, the contributions from q = 2K′ [Fig. 5.14 (b)] cancel as well as those from

q = 0. Nevertheless, when the integration of the Raman cross section is not performed explicitly

but instead the double-resonant q vectors are found graphically, q = 0 and q = 2K′ contributions

are often included by mistake [118,127,169,174]. Neglecting the interference effects thus leads

to incorrect results such as the prediction of Raman peaks that are not present in the spectra.

In particular, q = 2K′ corresponds to a K-point vector; this is included in the literature as a

contribution fulfilling |q−K|= 0 and being independent of the laser energy [118,127,169,174].

We showed, however, that it is not possible to obtain double-resonant Raman scattering with

phonons from exactly the K point.

5.3.3 Double-resonant scattering in two dimensions

Finally, we discuss the differences between the one-dimensional integration above and an in-

tegration in two dimensions. As an example we consider again linear bands which cross the

Fermi level at kkk = 0 with a Fermi velocity v1. Electrons are scattered across kkk = 0 from wave

vector kkk to kkk+++qqq, where qqq is the phonon wave vector, see inset to Fig. 5.15. In two dimensions,

the cross section Eq. (5.2) can be written as an integral over |kkk| = k and the angle θ between

the vectors kkk and qqq

K2D
2 f ,10 =

2M

(2v1)3

∫ ∞

0
dk

∫ 2π

0
dθ
[ 1

(κ1− k)(κ2− k)
×

1

κ1,2− (k +
√

k2 + q2 + 2kqcosθ )/2

]
(5.14)
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with κ1 and κ2 as defined in Eq. (5.7). |K2D
2 f ,10|2 is plotted as a function of |qqq| in Fig. 5.15 for

κ1 = 1− i0.01 and κ2 = 0.9− i0.01 (upper curve). The lower curve is the same scattering pro-

cess evaluated in one dimension. The positions of the maxima, i.e., the phonon wave vectors

that contribute most in the double resonance, are the same in both calculations. The main dif-

ference is the much broader range of double-resonant q vectors, if the integration is performed

in two dimensions.

Several authors estimated the relative weight of the contributions to the double-resonance

signal by considering a “density” of double-resonant phonon wave vectors in two dimensions.

[118, 174] Our results, however, show that the main contributions come from scattering across

the Γ or K point as in one dimension. Therefore, for finding the double-resonant phonon wave

vectors with the strongest Raman signal, the integration in one dimension is sufficient.

5.3.4 Selection rules in graphite

In the preceding section the possible double-resonant Raman processes in graphite were ana-

lyzed from a purely mathematical point of view. Here we include the symmetry of electrons and

phonons and analyze which of the phonon branches are allowed by selection rules in double-

resonant scattering.

Figure 5.16 shows the electronic π and π∗ bands in graphene along Γ -K-M; they are labeled

by their symmetry. The bands are calculated from the tight-binding approximation including

third-nearest neighbors and fit to ab-initio results [78]. Along Γ -K-M, the wave vectors be-

tween the high-symmetry points belong to the C2v subgroup of the D6h point group of graphene.

The electronic bands have either T2 or T4 symmetry (A2 and B2 in molecular notation) [67,150].

The double-resonant process (1) from Fig. 5.14 (a) is shown by solid arrows. The optical tran-

sition between T4 and T2 requires a photon with Γ−6 symmetry, i.e., in-plane polarized light.

The excited electron is then scattered within the same band by a phonon which must therefore

be fully symmetric (T1). The same selection rules hold for the second process in Fig. 5.14 (a),

because the electron-phonon scattering again takes place within the same electronic band.

We assume that the defect-scattering does not change the symmetry of the electron. Even

if it did so, the Raman cross section would be small, because the defect would then not couple

electronic states of the same symmetry. In the example shown in Fig. 5.16 the third intermediate

electronic state is in this case far away from a real electronic state with the correct symmetry.

Therefore, the third term in the denominator of the Raman cross section [Eq. (5.2)] is much

larger than for an intermediate state very close to a real state.

The double-resonant phonon wave vectors are, as shown in the previous section, near q =

2K′, which corresponds to near-K point vectors. At the K point of graphene, there are two

optical branches, one derived from the longitudinal (LO) and one from the transverse (TO) Γ -
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Figure 5.16: Electronic π and π∗ bands of graphene

along Γ -K-M [134, 150]. The symmetry of the bands is

given. The solid arrows denote the same double-resonant

process as in Fig. 5.14 (a). Only fully symmetric (T1)

phonons can contribute to the scattering within the same

non-degenerate band. The dashed arrow indicates an-

other possibility of double-resonant scattering, involving

phonons from near the Γ point with T3 symmetry.
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point phonon, see Chap. 4. Although the eigenvectors at the K point are of mixed longitudinal

and transverse character, we call them TO and LO for convenience. At the K point, the TO

is the upper branch, which is fully symmetric (K1 or A′1) in the D3h symmetry group of the

K point; the LO (lower branch) is degenerate with the longitudinal acoustic mode (K5 or E ′

symmetry). Between the high-symmetry points the TO and the LA phonons have T1 symmetry;

the LO and the in-plane TA phonons belong to the T3 representation. The out-of-plane modes

have T2 and T4 symmetry. Since the scattering process in Figs. 5.14 (a) and 5.16 requires T1

phonons, not all phonon branches contribute to the double-resonance process as would have

been expected when neglecting symmetry. Only phonons from the TO or the LA branch are

allowed in the double-resonant scattering shown in Fig. 5.14 (a). Because the LA phonons do

not have the correct symmetry at the K point nor at the Γ point, we expect from continuity that

the TO branch, which is allowed at both K and Γ , leads to the strongest double-resonant Raman

signal. In particular, the LO mode is forbidden by symmetry in the D-mode process, in contrast

to a variety of models which regarded the LO responsible for the Raman D mode [127, 133,

165, 175]. The reason for the LO being involved in those calculations is that most theoretical

predictions [114,115,117] of the LO branch provided the characteristics required to match the

experimental data of the D mode. These requirements are a frequency at about 1250 cm−1 and

a local minimum at the K point. The TO phonon was predicted at a too high frequency at the

K point, e.g., 1370 cm−1 in the ab-initio calculation of Ref. [117], see also Sect. 4.2. In force-

constants calculations even a local maximum was found for the TO branch at the K point [114],

which is incompatible with the positive frequency shift as a function of laser energy. On the

other hand, a fully symmetric breathing-like vibration of the carbon hexagons was suggested

already by Tuinstra and Koenig [125] and later predicted from a molecular approach based

on small aromatic molecules [116, 176–178]. In the following section we show that when

using the new experimentally determined phonon dispersion presented in Sect. 4.2, indeed the

calculations from the TO phonons match the experimental D-mode spectra very well.
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Figure 5.17: D-mode frequency

of graphite as a function of laser

energy. The dots denote exper-

imental data from Refs. [164–

166]. The lines are calculations

for defect-induced Raman scat-

tering based on the experimental

data for the TO (solid line) and

LO (dashed line) phonon branch

around the K point. Inset: Ra-

man intensity |K2 f ,10|2 as a func-

tion of the phonon wave vector q

at Ei = 2.0 eV. The solid line is

from a calculation of Eq. (5.9); for

the dashed line the scattering by

K-point phonons was explicitly in-

cluded. These phonons (q = 2/3)

do not contribute to the Raman

signal.
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So far we considered scattering of the electrons across the Γ point within the same band.

The electron can also be scattered across the K point, i.e., between different bands, leading

to further defect-induced modes with wave vectors closer to the Γ point. This is shown in

Fig. 5.16 by the dashed arrow. The symmetry of the phonon required for scattering between

electronic states with T2 and T4 symmetry is T3, therefore in this process the LO and TA modes

are allowed. The contribution from the defect-scattering step, however, will be rather small

because either the third intermediate state is not close to a real state of the same symmetry

(if the defect conserves symmetry) or the scattering probability is small (if the defect changes

symmetry). Therefore, defect-induced modes from close to the Γ point are predicted to be

weaker than the D mode.

5.3.5 Calculation of the D mode in graphite

We now use the analytical expression derived for the Raman cross section, Eq. (5.9) to cal-

culate the D mode of graphite. The average slope of both electron bands at the K point was

set to v1 = −5.1 eVÅ from a fit to ab-initio calculations of the electronic band structure for

transition energies below 3 eV [78]. For the phonons we used a linear fit of the experimental

TO frequencies close to the K point.

Figure 5.17 shows the D-mode frequencies calculated from the TO branch (solid lines) to-

gether with the experimental values for graphite. The D mode consists of two groups of peaks,

one from each side of the K point [process (1) and (2) in Fig. 5.14 (a)]. Within each group, a

double-peak structure results from the two different time orders in the scattering process. In

Fig. 5.17, the average of the peak positions in each group was taken. The calculated slopes are
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Figure 5.18: Raman spectrum of the D mode

at E1 = 2.54 eV. The experimental spectrum

(dots) was taken on a natural graphite flake.

The solid line shows a spectrum calculated

from the experimental data of the graphite TO

phonon [124]; the dashed lines are Lorentzian

fits to the calculated spectrum. The calcu-

lated Raman intensity is at each phonon en-

ergy multiplied by a Lorentzian with a full

width of 20 cm−1.
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56 cm−1/eV and 43 cm−1/eV, where the larger slope stems from phonon wave vectors between

K and M and the smaller one from between K and Γ . Compared to the experimental slopes

of 44 cm−1/eV (Ref. [165]), 47 cm−1/eV (Ref. [164]), and 51 cm−1/eV (Ref. [166]), we find a

very good agreement. In contrast, if we calculate the D mode from the LO data (dashed lines),

either the Raman frequencies are by 40− 50 cm−1 lower than the experimental values, or the

D mode shift is by a factor of two larger than the experimental shift.

The linear approximation used in Fig. 5.17 allows a quick estimation of the D-mode prop-

erties. The rate at which the D mode shifts is proportional to the slope of the phonon dispersion

and inversely proportional to the slope of the electron bands. Moreover, the excitation-energy

dependence is in this approximation strictly linear.

In the next step we include, again in one dimension, the correct electronic bands from

the ab-initio calculation and the experimental dispersion of the TO branch. The sum over all

intermediate states in Eq. (5.2) is performed numerically. As we showed in the last section,

the main difference between the one-dimensional and the two-dimensional integration is a

broadening of the range of double-resonant q values, where the positions of the maxima remain

the same. Therefore, the possible error when performing the integration in one dimension is

not larger than the uncertainties in a two-dimensional integration, where we would have to

interpolate the experimental data of the phonon dispersion. Moreover, the asymmetry of the

bands with respect to the K point (trigonal warping) is largest along the high-symmetry lines

Γ -K-M and is therefore fully taken into account in the present one-dimensional calculation.

In Fig. 5.18 we show a calculated Raman spectrum of the D mode for an excitation energy

El = 2.54 eV. The agreement with the experimental spectrum (dots) is excellent considering

that no adjustable parameter is involved except for an overall scaling. The D-mode peak is

not a single Lorentzian but has a complex line shape due to the double-resonance processes
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Figure 5.19: D-mode frequency

of graphite as a function of laser

energy, calculated from the exper-

imentally determined TO branch.

The upper and lower frequencies

come from phonons between K-

M and between Γ -K, respectively.

The dots denote experimental data

from Refs. [164–166].

1.0 1.5 2.0 2.5 3.0

1250

1300

1350

1400

56 cm-1/eV

 exp.
 calc. TO

61 cm-1/eV

 

D
-m

od
e 

fr
eq

ue
nc

y 
(c

m
-

1 )

Excitation energy (eV)

contributing to the signal. The individual contributions, however, are not resolved and a fit by

two Lorentzians is appropriate. Each of the two peaks roughly corresponds to phonons from

one particular side of the K point as discussed above. The good agreement in line shape was

obtained by using a phonon linewidth of 20 cm−1 in the calculation. This large linewidth is

consistent with the broadened range of double-resonant phonon wave vectors that we expect

for the integration in two dimensions.

The D-mode frequency as a function of excitation energy from the same calculation as in

Fig. 5.18 is shown in Fig. 5.19. The frequencies were again found from a fit by two Lorentzians

to the calculated spectra. The upper (lower) frequency stems from the phonon branch between

K and M (Γ and K ). The D mode shifts at a rate of 56 cm−1/eV and 61 cm−1/eV. Because of

the non-linear electronic bands and phonon dispersion, the shift is only approximately linear.

Our calculations again confirm that the D mode comes from the TO-derived phonon branch of

graphite [116, 176–178]. From the strong relation between graphite and carbon nanotubes we

expect that this holds for carbon nanotubes as well.

5.4 The high-energy modes

The Raman spectrum of the high-energy modes (see Figs. 5.1 and 5.2) is, like the radial breath-

ing mode, specific to single-walled nanotubes. It consists of several close-by peaks with two

dominant ones at approximately 1595 and 1570 cm−1. The minimum between them is at almost

the same frequency as the graphite E2g mode (1580 cm−1). Their full width at half maximum

ranges from 15 to 30 cm−1; the line shape is not a simple Lorentzian or sum of Lorentzians,

see Fig. 5.20. In fact, Fig. 5.2 shows that the line shape can vary dramatically, in partic-

ular, the peaks below 1580 cm−1 can increase in intensity and become even further broad-
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Figure 5.20: (a) High-energy modes of bundled carbon nanotubes (gray thick line). The lineshape cannot exactly

be fit by just a sum of Lorentzians (black thin line and dashed lines). In particular, the position of the minimum

between the two strongest peaks is not reproduced correctly by the fit; on the high-energy side the slopes of the

experimental spectrum and the fit do not match. (b) The G mode in graphite is a single Lorentzian; the small peak

at 1620 cm−1 comes from the overbending in the LO phonon branch and is due to double-resonant scattering. The

bottom panels show the difference between the measured spectra and the fits. The deviations for the nanotube

spectrum is clearly seen; the difference between the spectrum of graphite and the fit is almost zero.

ened. This characteristic peak structure allows, combined with the RBM, the identification of

single-walled carbon nanotubes in a sample. From polarization-dependent Raman measure-

ments it is known that the main contributions to the signal come from fully symmetric modes

(A1(g)) [179–182]; moreover, the optical absorption is strongest for z-polarized light, where z

is the direction of the tube axis [84,183]. Thus the Raman spectrum is predominantly observed

in (z,z) configuration.

In laser-energy-dependent Raman experiments, additional information on the electronic

properties of the sample can be obtained. If the laser energy is scanned across the band gap

of a semiconductor, the Raman intensity, as a function of excitation energy, reveals transition

energies, the lifetime of the electronic states, and properties of the electron–phonon interac-

tion [156,184,185]. Another example of laser-energy-dependent Raman scattering was shown

for the D mode in Sect. 5.2 where – in addition to the electronic properties – the phonon disper-

sion is probed. Although resonance profiles of the radial breathing mode and the high-energy

modes in nanotubes were investigated by several authors [152, 186, 187], the aim of changing

excitation energy was often a different one for carbon nanotubes. The common interpretation

so far assumed that the laser energy determines which of the tubes in a sample are resonantly

excited and contribute exclusively to the Raman signal [148,155,188]. Consequently, the slight
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Figure 5.21: Double-resonant

scattering process for the high-

energy mode in the band structure

of an armchair nanotube. For com-

parison, the D-mode scattering is

shown by the dashed arrow. Pro-

cesses (A) and (B) at the same

laser energy are both double res-

onant. Process (B) leads to the

largest Raman peaks because it in-

volves electrons with a large den-

sity of states. Process (A) gives

rise to the weaker peak structure

on the low-energy side of the Ra-

man high-energy mode.
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variation of the HEM frequencies (see Fig. 5.2) with excitation energy was usually attributed

to a weak diameter dependence of the optical Raman-active modes [155, 189], which is pre-

dicted by force-constants and ab-initio calculations [136, 190, 191]. In this interpretation, only

those tubes that have a singularity in the electronic joint density of states exactly at the laser

energy contribute to the Raman signal. Many diameter-dependent studies of the vibrational

properties of carbon nanotubes are based on this assumption, i.e., the laser energy is varied

instead of the tube diameter. In the literature of carbon nanotubes, the term “single resonance”

or “photo-selective scattering” is often taken to stand for the diameter selection.

We will show here that the frequency shift of the high-energy mode with varying excitation

energy is not necessarily due to diameter-selective excitation of the tubes. For example, this

picture cannot explain how the rather complex peak structure arises from just the two fully-

symmetric phonon modes that are allowed in carbon nanotubes for (z,z)-scattering, nor does

it give a reason for the amplitude ratio of the HEM peaks. In contrast, the double-resonance

picture gives a natural explanation for these peculiar properties of the HEM. In this picture, as

for the D mode, the Raman frequency does not change because a different tube is excited, but

because a different phonon of the same tube is enhanced. The scattering process is analogous

to the one explained for the D mode in Sect. 5.2, but the excited electron is now scattered by

a phonon with relatively small momentum across the conduction-band minimum (Fig. 5.21).

Unlike in graphite (Sect. 5.3.4), scattering across the conduction-band minimum in carbon

nanotubes requires the same symmetry of the phonon as the D-mode scattering across the Γ

point. Therefore, if the D mode is caused by a double-resonant process, there is no reason for

the HEM not to be of the same origin.
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Figure 5.22: (a) Experimental (upper curves) and calculated (lower curves) Raman spectra of single-walled car-

bon nanotubes. The calculations were performed for the (15,6) tube according to Eq. (5.2). The model phonon

dispersion shown in the inset and the nearest-neighbor tight-binding approximation for the electrons were used, see

Ref. [43]. (b) High-energy mode as a function of laser energy. The open circles are experimental data from bundles

of single-walled nanotubes; the open triangles are from graphite. Values calculated for double-resonant scattering

in the (15,6) tube are given by closed symbols. The frequencies of the peak at ≈ 1590 cm−1 increase with laser

energy, whereas the lower peaks decrease in frequency. The graphite frequency is constant.

The double-resonant process leading to the high-energy modes is shown in Fig. 5.21 for

an armchair tube. If the polarization of the incoming and outgoing light is parallel to the tube

axis [(z,z) scattering geometry], the phonon must conserve all quantum numbers, in particular,

mph = 0 (or m̃ph = 0 for chiral tubes), see Table 5.1. Therefore, the electron can be scattered

by a fully symmetric phonon within the same band across the minimum. With increasing

excitation energy the selected phonon wave vector increases, resulting in a frequency shift of

the observed Raman mode. As in the example of linear bands (Sect. 5.1), scattering from

the left or from the right of the minimum leads to slightly different phonon wave vectors.

Furthermore, at the same excitation energy, the resonant optical transition might be provided

by two different electronic bands. This is indicated by (A) and (B) in Fig. 5.21. Process (B)

dominates the spectrum because the density of states of the involved electrons is larger than for

process (A).

Experimentally, a systematic shift of the high-energy peaks is indeed observed. In Fig. 5.22

(a) we show the Raman spectra of bundled single-walled nanotubes recorded at different ex-

citation energies (upper curves). The dashed lines indicate the peak position at El = 2.18 eV.

The upper peak shows a systematic upshift, whereas the lower peaks shift to smaller frequen-

cies, see Fig. 5.22 (b). We calculated the Raman spectra of the (15,6) tube by double-resonant
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Figure 5.23: Stokes and anti-Stokes

HEM at the same laser energy cal-

culated for the (16,4) tube. The

phonon dispersion was calculated from

the force-constants approach described

in Ref. [135] (Sect. 4.3.2); the electronic

band structure was found from the tight-

binding approximation including third-

nearest neighbors, see Chap. 3. The fre-

quencies and the line shape are differ-

ent in Stokes and anti-Stokes scattering

due to different double-resonance condi-

tions. Only the two m̃ = 0 phonon bands

are included in the calculation.
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scattering using a model dispersion for the phonons [inset to Fig. 5.22 (a)]. The agreement of

the calculated spectra (lower curves) with the experimental ones is very good, in particular the

amplitude ratio between the main peaks, and the presence of a minimum close to the graphite

E2g frequency. Moreover, we obtain positive and negative shifts with excitation energy, as in

the experiment. The calculated peak positions are shown in Fig. 5.22 (b) by closed symbols.

As long as the dominant scattering process occurs in the same electronic band for each laser

energy, the double-resonant phonon wave vector continuously increases. Therefore, the upper

peak follows the overbending of the LO branch, and the lower peaks decrease in frequency

according to the negative slope of the TO dispersion. The upper peak has the largest amplitude

because the LO phonons contribute with a large density of states to the double-resonant Raman

cross section [Eq. (5.2)]. The presence of several peaks on the low-energy side is due to close-

by electronic bands that contribute with different intensity in the double-resonance process. If

at a particular laser energy the next higher electronic band is reached, this process, such as

(B) in Fig. 5.21, will dominate the Raman spectrum. In this case the phonon wave vectors are

again small, and the strongest Raman peaks are again close to the Γ -point frequencies. This

“jump” is seen in Fig. 5.22 (b) for laser energies above 3 eV. Note that the frequency of the

graphite E2g mode (triangles) does not vary with excitation energy as it is not a defect-induced,

double-resonant mode.

The double resonance predicts, as outlined in Sect. 5.1, different Stokes and anti-Stokes

spectra for the high-energy modes. In agreement with this prediction, differences between

Stokes- and anti-Stokes spectra were observed by several authors [192, 193]. In Fig. 5.23 we

show Stokes and anti-Stokes spectra of the (16,4) tube calculated for double-resonant Raman

scattering. Since the double-resonance conditions are slightly different in Stokes and anti-

Stokes scattering, the resulting Raman modes differ in shape and frequency. Although only the

two m̃ = 0 phonon bands are included in the calculation, consistent with the predominant A1

symmetry of the Raman modes, the calculated spectrum exhibits a complex peak structure.



5.4 The high-energy modes 85

Double resonance Single resonance

shift of the Raman peaks due to defect-

induced double resonance

shift of the Raman peaks due to diameter

& chirality selective single resonance

↓ ↓
Phonons with large wave vectors are ex-

cited

only Γ -point phonon modes are excited

↓ ↓
Raman spectra resemble the phonon dis-

persion

Raman spectra resemble a tube diameter &

chirality distribution

↓ ↓
Raman peaks shift with laser energy in an

isolated tube

Raman peaks do not shift in an isolated

tube

Table 5.2: Different implications of defect-induced, double-resonant scattering and diameter-selective single-

resonant scattering.

For Raman experiments performed on bulk samples containing unoriented bundles of single-

walled tubes with different chirality and large diameter distribution, the interpretation of the

Raman spectra is complex and sometimes leads to ambiguous conclusions. The Raman sig-

nal is averaged over many tubes with different properties that are not resolved. Since for tube

ensembles the predictions of the single-resonance and the double-resonance model are similar,

it is difficult to distinguish them experimentally. For example, both models allow a variation

of the HEM frequencies, although for different reasons. The single-resonance explained the

difference between Stokes- and anti-Stokes spectra by slightly different resonance windows

for Stokes and anti-Stokes scattering, where semiconducting tubes were selected in Stokes and

metallic tubes in anti-Stokes spectra, or vice versa [192]. To judge whether different phonons

from the same tube (double-resonance) or the same phonons from different tubes (single res-

onance) determine the Raman spectra, we need to perform Raman experiments on the same

individual tube.

5.4.1 Experiments on individual nanotubes

Experiments on individual tube became recently feasible by dispersing very small bundles or

even isolated tubes onto a substrate [34, 148, 153, 173, 194]. In these experiments, the chirality

of the investigated tube is still unknown. But now the Raman spectrum reflects the properties

of just one individual tube. If position and orientation of the tube are known, polarized Ra-

man measurements can be performed within a given scattering geometry [34], see Sect. 4.3.1.

Moreover, the same tube can be studied under different experimental conditions like varying
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Figure 5.24: (a) Atomic force microscopy (AFM) image of individual nanotubes or thin bundles on a SiO2

substrate. The four vertical electrodes are used as a marker. The white circle indicates the investigated tube. By

averaging cross sections along the tube axis a value of 2.8 nm was obtained, indicating the presence of at most 2−3

tubes. From Ref. [173]. (b) Raman spectra at El = 2.41 eV from the same type of sample, where the solid line

is measured on the bulk material (buckypearls). The dotted and dashed lines are from two different spots on the

substrate with 1−2 tubes or very thin tube bundles within the focus.

laser wavelength. Any dependence of the Raman spectra such as frequency, line shape, or in-

tensity on the excitation energy is then a property of the tube itself. To collect a Raman signal

from only one or very few nanotubes, a conventional micro-Raman setup [195] with a ×100

objective is sufficient. The distance between the tubes on the substrate must be larger than

the size of the laser spot (∼ 1− 2 µm) to ensure that only one tube is within the laser focus.

The laser power on the sample is kept below ∼ 100 µW to prevent the nanotubes from being

damaged. The position of the tube relative to some marker structures on the substrate can be

determined by scanning force microscopy.

Figure 5.24 shows to the left a typical atomic-force microscopy (AFM) image of isolated

tubes or very thin bundles on a Si/SiO2 substrate. The position of tubes close to the marker, here

a gold electrode, can be found with the optical microscope of the Raman setup. The sample

was positioned such that the polarization of the incoming and detected light is approximately

parallel to the tube axis. The Raman signal disappeared when the polarization of the incoming

light was changed or when the sample was moved by 0.5−2 µm with respect to the laser spot.

To the right of Fig. 5.24 we show the Raman spectra of isolated tubes or very thin bundles from

the same type of sample. It is remarkable that the Raman signal of a single molecule is strong

enough to be detected without further enhancement. The overall line shape is similar to that in

bundles of single-walled tubes (solid line), although one could expect that the lines were much
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Figure 5.25: (a) Raman spectra from the same individual tube at different laser energies. The vertical lines indicate

the peak positions at the lowest laser energy. The RBM signal is weak but comparable with the Si second-order

acoustic modes at 300 cm−1 (left). The D mode clearly shifts, see also Sect. 5.2; the HEM frequencies and line

shape vary as well. At lower excitation energy, the spectrum is metallic-like, whereas at larger excitation energy

the spectrum resembles a semiconducting spectrum. (b) Intensity of the HEM as a function of laser energy. The

intensity was found by taking the area of the HEM peaks. The intensity is normalized with respect to laser power,

spectrometer sensitivity and integration time.

narrower or at least of Lorentzian line shape for a single tube. Depending on the position of the

laser focus, i.e., depending on the particular tube, the Raman spectrum exhibits a “metallic”

(dashed line) or a “semiconducting” line shape (dotted line). Several authors performed exper-

iments also on samples where the position and orientation of the isolated tubes were not known

but only their average density on the substrate. The analysis of these experiments is then, as

for bulk samples, based on assumptions on the relation between RBM frequency and diameter,

and on diameter-selective scattering [45, 188].

In Fig. 5.25 (a) we show the Raman spectrum recorded at different laser energies from

the nanotube indicated in Fig. 5.24. Both line shape and frequency of the high-energy modes

clearly depend on laser energy. The spectrum at 2.05 eV exhibits a strong broadening and a high

intensity at≈ 1550 cm−1. It resembles a metallic spectrum, which, in general, is expected to be

weaker than in bundles [153]. With increasing laser energy, the peak at ≈ 1550 cm−1 becomes

weaker in intensity and shifts towards higher frequencies. The frequency of the upper peak at≈
1590 cm−1 first decreases and then increases again. The spectra recorded at excitation energies

above 2.18 eV resemble typical semiconducting spectra. This indicates that the metallic or

semiconducting appearance of the Raman spectrum is not an intrinsic property of the tube but

depends also on the excitation energy. The signal of the radial breathing mode was weak in
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general and overlapped with the second-order acoustic spectrum of Si (Fig. 5.25 (a), left). At

laser energies between 2.05 eV and 2.18 eV, weak RBM peaks at 200 cm−1 and at 249 cm−1 can

be found; the latter is slightly upshifted at 2.05 eV. At higher laser energies the RBM could not

be detected. Nevertheless, since the detected RBM peaks do not show a significant variation,

we assume that the Raman signal comes from the same tube (or at most two tubes) at each of

the five laser energies in Fig. 5.25 (a).

The marked excitation-energy dependence of the high-energy modes in an individual nano-

tube provides strong support for the double-resonance model. The single-resonance picture, in

contrast, cannot explain the results shown in Fig. 5.25, unless it is assumed that the investigated

tube in fact consisted of five tubes, where at each excitation energy one of them is resonantly

excited. This is rather unlikely, in particular in view of the almost constant RBM frequencies.

Moreover, in the diameter-selective model a larger excitation energy would select a tube with

smaller diameter. Consequently one should expect a continuous decrease of the frequencies

of the lower peak, in contrast to the experimental results in Fig. 5.25 (a). The intensity of the

high-energy modes [Fig. 5.25 (b)] decreases continuously with increasing laser energy. This

indicates that the smallest excitation energy is closest to a singularity in the electronic joint

density of states. As the laser energy increases, the double-resonance process moves away

from the conduction-band minimum (see Fig. 5.21), leading to a weaker Raman signal by

larger phonon wave vectors. Again this result is fully in accordance with the double-resonance

model, whereas the single-resonance model – assuming the resonant excitation of five different

tubes – would expect nearly constant Raman intensities. Vice versa, a continuous decrease in

intensity would imply constant Raman frequencies (excitation of the same tube) in the single-

resonance picture.

In summary, Raman measurements of the same isolated nanotube demonstrated that the

high-energy spectra depend on the laser energy for an individual tube. This provides a clear

evidence for the double-resonant nature of the high-energy modes in carbon nanotubes, solving

a major controversy on the interpretation of the spectra.

5.4.2 Metallic nanotubes

In this section we will consider in more detail the origin of the metallic and semiconducting

appearance of the high-energy modes. In the conventional interpretation, the spectrum at El =

2.05 eV in Fig. 5.25 (a) indicates the presence of a metallic tube, whereas a spectrum like the

one at El = 2.38 eV would be assigned to a semiconducting tube. The results in Fig. 5.25 (a)

show, however, a continuous transition from metallic- to semiconducting-like Raman spectra

in the same nanotube. Again, this variation of the line shape is understood by double-resonant

scattering.
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Figure 5.26: Phonon dispersion relation of

the (3,3) tube from ab-initio calculations. The

solid lines indicate the m = 0 and m = 3

branches of the LO (black) and the TO phonon

(gray). At the Γ point, the LO phonon drops

below the TO frequency, giving rise to a pro-

nounced overbending. The shape of the bands

has probably to be revised in detail, since the

phonon frequencies are actually determined

only at those points that are compatible with

the supercell used in the calculation, see also

Ref. [124]. From Machón et al. [139].
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Let us assume that the isolated tube in Fig. 5.25 (a) is metallic, as predicted from its line

shape at El = 2.05 eV. The comparatively large intensity at this energy [Fig. 5.25 (b)] suggests

that the laser energy is close to a singularity in the electronic joint density of states, i.e., the

optical transitions occur close to the conduction band minimum. Consequently, the double-

resonant phonon wave vector is small, and increases with increasing laser energy. The observed

phonon is thus close to the Γ point at El = 2.05 eV. In metallic tubes, the LO m = 0 phonon

frequency at the Γ point is significantly softened because of a strong electron-phonon coupling,

as first predicted by Dubay et al. [191] from ab-initio calculations. This softening leads to the

strong Raman signal on the low-energy side of the HEM peak in metallic tubes, as observed in

the upper spectrum in Fig. 5.25 (a).

Inside the Brillouin zone, the LO branch exhibits a pronounced overbending, see Fig. 5.26,

and then continues similarly to what is expected for semiconducting tubes. In achiral tubes,

the m = 0 LO and TO modes cross near the Γ point, whereas in chiral tubes they exhibit an

anticrossing because they have the same symmetry. With increasing laser energy and hence

increasing double-resonant phonon wave vector, the Raman peaks follow the phonon disper-

sion. They first shift towards each other, and then the splitting increases again. This is seen

in Fig. 5.27 (a), where the HEM frequencies as a function of the laser energy are plotted from

the Raman spectra in Fig. 5.25. The solid and dashed lines are a guide to the eye to illustrate

the resemblance to the phonon dispersion for a chiral and an achiral tube, respectively. As

an example, we calculated the HEM frequencies for an (8,8) tube, see Fig. 5.27 (b), using a

phonon dispersion that we modified according to the predicted drop of the LO frequency. The

qualitative agreement is very good: the splitting between the HEM peaks first decreases and

then increases again after the crossing of the LO and TO branch. The bottom axis emphasizes

the correspondence to the phonon dispersion, where the average values of the double-resonant
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Figure 5.27: (a) High-energy mode frequencies as a function of laser energy, measured on an isolated tube; (b)

calculation for the (8,8) tube. The solid and dashed lines are guides to the eye. They illustrate the resemblance of

the HEM dependence on laser energy to the phonon dispersion of a metallic tube. In (b), the bottom axis denotes the

calculated double-resonant phonon wave vector; the axis is not linear. The phonon dispersion used in the calculation

is a model dispersion adapted to a metallic tube. From Ref. [173].

phonon wave vectors are given. Note that the relation between the laser energy and the double-

resonant phonon wave vectors is not linear because of the non-linear electron and phonon

bands. We do not expect an exact quantitative agreement of the experimental and the calcu-

lated frequencies because the calculation depends on the chirality and diameter of the tube and

on the approximations for the electron and phonon dispersions.

Besides the generally lower frequencies in metallic nanotubes as discussed above, a second

mechanism gives rise to the peculiar metallic line shape. Kempa [196] and Jiang et al. [153]

proposed that a strong coupling of phonon and plasmon modes leads to the downshift and line

shape of the metallic Raman spectra. They showed that a non-zero phonon wave vector is

required for this coupling. Therefore, defects must be present in the tube, if the metallic line

shape is to be observed, in accordance with the double-resonance model. The required phonon

momentum decreases in nanotube bundles with bundle thickness, thus the metallic line shape

is weaker in isolated tubes than in bundles.

In summary, the Raman spectra of metallic tubes appear both metallic- and semiconducting-

like, depending on the laser energy compared to the energy of the van-Hove singularity. If the

Raman spectrum is metallic, however, it does indicate a metallic tube. Only in metallic tubes,

the strong broadening of the mode by a phonon-plasmon coupling and the softening of the
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LO phonon occur, giving rise to the peak on the low-energy side of the HEM. Therefore, Ra-

man scattering provides an experimentally fast and simple method for the determination of the

metallic character of a tube. For example, metallic nanotubes that had been separated by an

electric field from semiconducting tubes [42] were characterized by Raman scattering instead

of transport measurements, which would have been much more laborious.

5.4.3 Defects

The interpretation of the above results by double-resonant Raman scattering implies that de-

fects are present in the sample, relaxing the translation periodicity and hence the conservation

of quasi-momentum. These defects could be structural defects such as pentagon-heptagon

pairs, vacancies, kinks or the finite length of the tube. Furthermore, defects can be formed

by impurities such as alkali metals that intercalate into the nanotubes [197–199] or substitu-

tional boron and nitrogen atoms [200–202]. Studies of defects and their interaction with the

electronic states in a nanotube are mostly performed with respect to the transport properties of

metallic tubes, see for instance Ref. [203].

As for the D mode in graphite, the strength of the double-resonant Raman modes in carbon

nanotubes is expected to depend on the defect concentration in the sample. This will constitute

further experimental support of the double-resonance model. Frequently it is assumed that the

intensity of the D mode with respect to the HEM intensity, D/HEM, indicates the defect con-

centration. For example, the purity of nanotubes produced under different growth conditions

is often estimated from the intensity ratio D/HEM [204–207]. Raman studies, where the de-

fect concentration in carbon nanotubes was systematically varied to validate this assumption,

are rare [204, 208]. Instead, this assumption is rather based on analogous investigations of the

intensity ratio D/G in graphite samples with varying crystallite size [125]. On the other hand,

if in carbon nanotubes the HEM itself is a defect-induced mode, the intensity ratio D/HEM

should be used with great caution. We will show here that the intensity of both the D mode and

the HEM in carbon nanotubes depends on the concentration of defects in the sample.

We studied boron-doped multiwall carbon nanotubes with varying boron content [209].5

Figure 5.28 (a) shows the Raman spectra of such multiwall nanotubes at different boron con-

centrations in the growth mix. The intensity of the D mode is roughly constant in the doped

sample, whereas the absolute intensities of the HEM and the D∗ mode decrease with the defect

concentration. The intensity decrease of the D∗ mode is more rapid than that of the HEM.

In general, disorder reduces the crystal symmetry, which leads to a softening of the q ≈ 0

rule for first-order scattering or the q1± q2 ≈ 0 rule in second order and results in a broaden-

ing of the Raman peaks [210, 211]. Furthermore, the absolute Raman intensities can change

5The sample and Raman measurements were made in Clemson; the interpretation in Berlin.
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Figure 5.28: (a) Raman spectra of boron-doped multiwall carbon nanotubes with different boron concentrations

in the growth mix. The spectra are normalized with respect to laser power and integration time. (b) Relative Raman

intensities of the D mode, HEM and the second-order mode D∗ as a function of the nominal boron concentration.

Closed symbols indicate the intensity ratio D/HEM; open squares and circles indicate the intensity of the D mode

and the HEM, respectively, normalized to the D∗ mode intensity. The intensity is found by fitting each Raman mode

separately by one or two Lorentzians and taking the total peak area. The solid lines are linear fits to the data; the

dashed line is a guide to the eye. When normalized to a second-order mode, both the D mode and the HEM increase

in intensity with the defect concentration. Inset: semi-logarithmic plot of the region of low boron concentration.

because of a different absorption cross section in the disordered sample. These mechanisms

have a similar influence on first and second-order intensities. In addition, particular modes

in the first-order spectrum can be selectively enhanced by disorder. First, Γ -point phonons

that are forbidden by symmetry in the perfect crystal can become allowed and appear in the

Raman spectra. Second, because the q ≈ 0 rule does not apply any longer, particular phonon

modes from inside the Brillouin zone can contribute with a strong Raman signal in a double

resonance process, as discussed above. Thus a large defect concentration might lead to an

increased scattering cross section for the defect-induced, double-resonant Raman mode in the

first-order spectra of carbon nanotubes. The second-order signal in carbon nanotubes, on the

other hand, is caused by a double-resonant process independently of the presence of defects,

because phonons from throughout the Brillouin zone are allowed in second-order scattering.

Therefore, by normalizing the first-order intensities with respect to the second-order overtone

mode D∗ we can distinguish between first-order modes that are defect-induced and enhanced

through a double resonance and Γ -point modes that are not enhanced by defects.

In Fig. 5.28 (b) the relative intensities of the Raman peaks as a function of the nominal

boron concentration are shown. Open symbols indicate the intensity of the D mode and the

HEM, normalized with respect to the second-order overtone D∗. As expected for a disorder-

induced mode, the relative intensity of the D mode increases with increasing density of defects.
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Between 0% and 0.5% nominal boron concentration, the intensity ratio D/D∗ increases rapidly

[by a factor of 25, see inset of Fig. 5.28 (b)]; for higher concentrations the increase is weaker.

The relative intensity of the high-energy mode increases as well with increasing nominal boron

concentration, although at a somewhat lower rate than the D mode. This behavior is contrary to

what would be expected for a first-order, Raman-allowed Γ -point mode, whose intensity should

exhibit the same dependence on the defect concentration as the second-order overtone modes.

Therefore, the increasing intensity ratio HEM/D∗ indicates that the high-energy mode in carbon

nanotubes is disorder-induced as well, further supporting the double-resonance model.

The intensity ratio D/HEM is shown by the closed squares in Fig. 5.28 (b). Like the ratio

D/D∗, it increases, but at a rather small rate above 3% nominal boron concentration. An in-

creasing or decreasing intensity ratio D/HEM thus gives still a tendency for a higher or lower

density of defects in the sample. Note however, that a small D/HEM ratio can also indicate an

R = 1 tube (Sect. 5.2), irrespectively of the purity of the sample. Since the intensity of the high-

energy mode itself depends on the concentration of defects in the sample it is not appropriate as

a basis for normalization. Instead, we can use both intensity ratios, D/D∗ and HEM/D∗, to find

a correlation between the boron concentration and the Raman intensities. We approximate the

relative intensities by linear functions [Fig. 5.28 (b)] and obtain ID/D∗ = 1.3+x ·1.4(%conc.)−1

between 1% and 15% and IHEM/D∗ = 2.1 + x · 0.47(%conc.)−1 between 0% and 15% B con-

centration, where x is the nominal boron concentration. Note that at this point we do not know

the actual boron concentration but only the nominal concentration as given by the growth pa-

rameters.

If both the D mode and the high-energy mode result from a defect-induced Raman process,

the question arises, why the increase in relative intensity HEM/D∗ is much weaker (at least at

the lowest doping levels) than the increase of D/D∗ [inset to Fig. 5.28 (b)]. This can be easily

understood from the different phonon wave vectors that give rise to the D and high-energy

mode, respectively. As outlined in Sect. 5.4 the HEM phonon wave vectors are rather close to

the Γ point compared to those of the D mode. Thus even a low defect concentration leads to

a weak spatial confinement of the high-energy phonon modes. The corresponding distribution

of phonon wave vectors is large enough to allow the double-resonant, near-Γ point modes to

contribute to the scattering process. For example, let the defect concentration be 0.1%, i.e.,

there is one defect per 1000 carbon atoms. In the (10,10) tube this results in one defect per

25 unit cells or a mean distance between the defects of 25a0, where a0 is the length of the

graphene lattice vectors. The wave vector corresponding to the mean distance between the

defects is k = 2π/(25a0) = 0.08π/a0, which is already large compared with the wave vector

of visible light (on the order of 10−3π/a0). In the (20,20) tube, the same defect concentration

leads to a mean distance between the defects of 12.5a0 or a corresponding wave vector k =
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0.16π/a0 . For tubes of similar diameter but different chirality the mean distance between the

defects varies only slightly at a given defect concentration. Since the phonon wave vectors that

fulfill the double-resonance condition for the high-energy modes are all in the range of 0.1−
0.3π/a0 (independent of the tube chirality), these modes originate from a double-resonance

Raman process already at a low defect concentration. On the other hand, the phonon wave

vectors leading to the D mode are large compared to those of Γ -point modes. A low defect

concentration thus affects the D mode intensity much less than the HEM intensity. When

the number of defects increases, the mean distance between the defects eventually becomes

comparable with the wavelength of the D mode phonons. At this point, the D mode intensity

increases rapidly as it benefits strongly from the enhancement of the defect concentration. The

long-wavelength phonon modes in the HEM, on the other hand, are now less influenced by

the increasing density of defects and exhibit only a weak enhancement. In this way we can

understand the initial stronger rise of the D-mode signal as compared to that of the HEM.

Our results agree well with experiments on single-walled nanotubes, where, instead of im-

purity atoms, structural defects were introduced by γ-irradiation [208]. In these experiments

the intensity of the HEM also increased with the defect concentration (irradiation time), until

a saturation was reached. Thus the general effect of disorder on the Raman intensities in car-

bon nanotubes does not depend on the type of defects. In summary, we showed that defects

contribute to the HEM scattering in carbon nanotubes, implying that nanotubes seen in Raman

experiments probably always contain defects.

5.5 Absolute Raman cross section

So far we did not consider the matrix elements for the optical transitions and electron-phonon or

electron-defect scattering in the above calculations of the Raman spectra. Instead, we regarded

them as a constant M, since we were interested only in the relative Raman cross section and

the conditions for resonant scattering. Thereby we neglected their possible dependence on the

chirality of the tube and, in the same tube, on the particular electron and phonon states. Now

we will include the matrix elements explicitly to find a quantitative basis for the particularly

large Raman signal from carbon nanotubes.

As a first step we determine the absolute Raman cross section both experimentally and

theoretically for the radial breathing mode. The optical absorption in carbon nanotubes has

been studied in great detail in the literature [84, 183, 212]; the matrix elements for electron-

phonon coupling are much more difficult to access. Therefore, we restrict ourselves here to the

fully symmetric radial breathing mode at the Γ point, i.e., to first-order Raman scattering.
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We are looking for the matrix elements 〈0, f ,b |Hep |0,0,a〉 in Eq. (5.1). In the case of

symmetric phonon modes (as the RBM), the matrix element can be found by evaluating the

change in electronic energies due to the atomic displacement by the phonon mode [213]:

〈0, f ,b |Hep |0,0,b〉 =
√

h̄

2MNωRBM ∑
a

εRBM
a

∂Eb

∂uuua

, (5.15)

where b indicates the electron band index and wave vector, which is the same before and after

scattering because the phonon is fully symmetric and the wave vector q = 0. The sum runs over

all atoms a in the unit cell, M is the atomic mass, Eb the electronic energy and uuua the atomic

displacement. ε i
a is the polarization vector of the phonon i normalized by ∑a ε i

aε
j

a = δi j, and

N is the number of unit cells in the system (N = 1 in our calculation). The electron-phonon

coupling is strong if the change in energy of the electronic state per unit displacement is large.

The electronic energies in equilibrium position and with the atomic displacement, the RBM

eigenvector, and the RBM frequency were calculated by M. Machón, see Ref. [214].

In general, the matrix elements for the RBM decrease with increasing tube diameter. The

reason is that for the same radial displacement of the atoms, the change in bond length, and

hence the effect on the electronic energies near the Fermi level, is smaller for larger diameters.

In the limit of infinite diameter, the radial breathing mode becomes the out-of-plane translation

of graphene, which at k = 0 does not alter the electronic energies. Furthermore, at similar di-

ameter the electron-phonon coupling is stronger in zig-zag tubes than in armchair tubes [214].

Finally, when comparing different transitions in the same zig-zag tube, we find a systematic

variation in both sign and absolute value of the matrix elements. If the matrix element is pos-

itive, its absolute value is small; vice versa, the absolute values of negative matrix elements

are large. The first matrix element, M1, is positive in those zig-zag (and presumably all semi-

conducting) tubes that have (n1− n2)mod 3 = −1, e.g., in the (14,0) and the (17,0) tube. The

changes of the matrix elements in sign and absolute value reflect which side of the graphene K

point the electronic bands come from [214]. In particular, in zig-zag tubes they reflect whether

the band index m is larger or smaller than 2n/3 (see Sect. 2.1).

The above results show that the common assumption of constant electron-phonon coupling

strength is not correct. The variation of the matrix elements is particularly important if Raman

intensities from different nanotubes are compared in the analysis of experiments. For example,

the approach in Ref. [148] to assign the chirality of the investigated tubes from Raman spectra

is strongly based on the RBM intensities. This assignment relies on the assumption that the

strongest RBM signal comes from a tube with the singularity in the joint density of states

closest to the laser energy. We will show below explicitly, that the Raman intensity from

different tubes at the same resonance condition directly reflects the differences in the electron-
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phonon coupling strength. Thus the electron-phonon matrix elements have to be taken into

account when comparing Raman intensities.

Strictly speaking, the assumption of constant matrix elements is incorrect even for electron-

phonon scattering within the same electronic band of the same nanotube, because the coupling

strength depends on the electron wave vector and probably on the phonon wave vector as well.

This might affect the relative intensities of the Raman peaks in the spectra calculated above

for the D mode and the HEM (Sects. 5.2 and 5.4), but it will not alter the understanding of the

scattering processes and the qualitative agreement with experiments.

We now calculate the absolute Raman cross section for the RBM using the above deter-

mined matrix elements and compare the results with experiment. For first-order scattering, the

absolute Raman scattering cross section per unit length and unit solid angle, dS/dΩ, is given

by [156, 215, 216]:

dS

dΩ
=

ωlω
3
s nln

3
s Vc

(2π)2 c4 (h̄ωl)2
[N(ωph)+ 1]

∣∣K2 f ,10

∣∣2 (5.16)

where K2 f ,10 is given by Eq. (5.1). The indices l(s) indicate the incoming (scattered) light, ω

is the angular frequency of the photons, h̄ωph the phonon energy, and n the refractive index. Vc

denotes the unit-cell volume, c the vacuum velocity of light, and N(ωph) is the Bose-Einstein

occupation number of the phonons. We convert the summation over k in K2 f ,10 into an integral

over transition energies h̄ω :

dS

dΩ
=

ωlω
3
s nln

3
s Vc

(2π)2 c4 (h̄ωl)2
[N(ωph)+ 1]

∣∣∣
∫

ρ(h̄ω)〈 f |HeR|b〉〈b|Hep|a〉〈a|HeR|i〉h̄
(El− h̄ω− iγ)(El− h̄ωph− h̄ω− iγ)

dω
∣∣∣
2

,

(5.17)

where ρ(h̄ω) is the joint density of electronic states. Note that dS/dΩ is independent of the

scattering volume V . For comparison with experiment, the Raman efficiency

dσ

dΩ
= V

dS

dΩ
(5.18)

must be calculated. To evaluate the absolute Raman cross section Eq. (5.17), we use the

electron-phonon coupling matrix elements as given in Ref. [214], assuming that at a given

transition energy only one pair of valence and conduction bands contributes significantly to the

scattering process. The optical matrix elements, the refractive indices, and the joint density of

states were obtained from ab-initio calculations with γ = 0.1 eV.

In Fig. 5.29 we show the calculated Raman cross section for the RBM of the (10,0) and the

(8,8) tube as a function of laser energy. The first and second transitions of the (8,8) tube and the

second and fourth transitions of the (10,0) tube, respectively, are at similar transition energy.
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Figure 5.29: Absolute RBM Ra-

man intensity as a function of ex-

citation energy calculated for the

(8,8) tube (dashed line) and the

(10,0) tube (solid line). The num-

bers are the magnitude of the ma-

trix elements in eV. Inset: RBM

spectrum of the (8,8) and the

(10,0) tube at El = 3.07 eV.
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Then the difference in the Raman intensity is determined mainly by the different strength of

the electron-phonon coupling. The ratio of the matrix elements is for instance 0.031/0.015 ≈ 2

at El ≈ 3 eV; correspondingly the RBM intensity of the (10,0) tube is by a factor of ≈ 4 larger

than the intensity of the (8,8) tube, see Fig. 5.29. The inset to Fig. 5.29 shows the calculated

RBM spectra of the (8,8) and the (10,0) tube at El = 3.07 eV, where both tubes are closest to

the resonance. The difference in intensity directly comes from the different electron-phonon

coupling strength. Therefore, the larger intensity of the (10,0) tube does not indicate that in this

tube the singularity in the joint density of states is closer to the laser energy than in the (8,8)

tube, in contrast to the interpretation when constant matrix elements are assumed.

Furthermore, for the (10,0) tube Fig. 5.29 shows the variation of the electron-phonon matrix

elements with different electronic bands. For constant matrix elements in a given tube, the

maximum of the Raman cross section would follow roughly an E2
l dependence [Eq. (5.17)].

The variation of the matrix elements, however, leads to a deviation from this dependence. The

second peak in the Raman resonance profile of the (10,0) tube is significantly weaker than

expected for constant electron-phonon coupling. In an (n1−n2)mod3 =−1 tube, on the other

hand, the second and third peak would be enhanced with respect to constant matrix elements.

Therefore, one can, in principle, distinguish (n1− n2)mod3 = −1 and (n1− n2)mod3 = +1

tube families by measuring Raman resonance profiles over several resonant transitions of the

same tube or by comparing relative intensities of tubes with close-by transition energies [86].

Experimentally, we determined the absolute Raman scattering efficiency dS/dΩ of the

RBM of a particular carbon nanotube by comparing the measured peak area ARBM with the

simultaneously recorded second-order (2TA) Si peak at 300 cm−1 ASi, see Fig. 5.30. At ex-
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Figure 5.30: Experimental RBM spec-

tra of an individual tube on a Si sub-

strate, see Fig. 5.24, at two laser ener-

gies. The intensity of the RBM is ap-

proximately by a factor of 5 smaller than

the intensity of the second-order acous-

tic peak of Si. To obtain the absolute

cross section of the RBM scattering, the

intensities have to be corrected for the

different scattering volume and refrac-

tive indices.
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citation energies El = 2.05 eV and 2.13 eV, the Raman intensity of the RBM is found to be

ARBM = 0.2ASi. The absolute scattering cross section of the first order Si peak is known at

El = 1.9 eV to be 1.6810−5 m−1 sr−1 [184, 217]. For the relative scattering intensity of the

second-order 2TA to the first-order signal we obtained experimentally 0.05, resulting in an ab-

solute value dSSi,2TA/dΩ = 0.084 m−1 sr−1. In order to find dSRBM/dΩ, we have to correct

the measured peak areas for the scattering volume of Si and of the nanotube and their refractive

indices [218]. No correction is necessary here for laser power, integration time or spectrometer

sensitivity, because both the RBM and the second-order Si peak were recorded in the same

measurement. Thus we obtain

dSRBM/dΩ

dSSi,2TA/dΩ
=

ARBM

ASi
· VSi ·n2

RBM

VRBM ·n2
Si

, (5.19)

where nRBM and nSi are the refractive indices of the nanotube and Si, respectively, at the wave-

length of the scattered light; nSi = 3.9 at El = 2.0 eV [219]. For a metallic (semiconducting)

tube at the first (second) singularity in the joint density of states we find from the above ab-

initio calculations nRBM = 6.5. The diameter of the laser focus is≈ 1 µm on the sample. Using

a cylinder with the diameter of the laser focus and length 1/α , where α = 4.5× 103 cm−1

is the absorption coefficient of Si at El = 2 eV [219], we obtain for the scattering volume

VSi = 1.728 µm3. We assume that the whole tube of ≈ 1 nm diameter and 1 µm length is il-

luminated, yielding VRBM = 0.78510−6 µm3. From Eq. (5.19) follows for the absolute Raman

scattering cross section of the nanotube RBM signal

dSRBM/dΩ

dSSi,2TA/dΩ
=1.2106 ,
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and

dSRBM/dΩ =1.1 m−1 sr−1 . (5.20)

The scattering cross section of the nanotube for the RBM is thus by four orders of magnitude

larger than that of Si at El ≈ 2 eV, reflecting the fact that the Raman signal of the nanotube,

which is a single molecule, can be detected almost on the same scale as the Si second-order

spectrum.

The calculated values for the (10,0) and the (8,8) tube at 2 eV excitation energy (0.03 and

0.01 m−1 sr−1, respectively) are much smaller than found experimentally. On the other hand,

the experimental determination of the absolute Raman cross section is not trivial and contains

some simplifications such as the correction by the refractive indices ns in Eq. (5.19) or the deter-

mination of the scattering volume Vc. Furthermore, we found the absolute intensity with respect

to another experimentally determined cross section, which is another source of error [184]. To-

gether with the uncertainties in the calculation such as the choice of the broadening parameter

γ , the error might amount to an order of magnitude. In the present calculations we did not

include the contributions from defect-induced, double-resonant scattering, which can further

enhance the Raman cross section. The calculation of the matrix elements for electron-defect

scattering as well as for electron-phonon scattering for arbitrary phonon wave vectors, however,

is beyond the scope of this work.

In summary, the matrix elements for electron-phonon scattering of the RBM in carbon

nanotubes depend strongly on the diameter and chirality of the tube as well as on the particular

electronic bands. We used the ab-initio calculated matrix elements to determine the absolute

Raman cross section for the RBM in first-order scattering and found the Raman intensity to be

significantly smaller than in experiment. This discrepancy is partly due to uncertainties in both

the calculation and the experiment, but it might also be an indication for the double-resonant

nature of the RBM, explaining the much larger cross section in the experiment.
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5.6 Summary: Single- and double-resonance interpretation

We discussed above the interpretation of the Raman spectra of carbon nanotubes within the

model of defect-induced, double-resonant scattering. We proposed that the entire Raman spec-

trum is determined by double resonances, and showed that this is consistent with the exper-

imental results on both individual nanotubes and tube ensembles. Since the implications of

this model are in part contradictory to the more conventional model of diameter-selective sin-

gle resonances, which is still applied in the literature, we will summarize here the discussion

between these two concepts.

The single-resonance model is the conventional one and assumes scattering by Γ -point

phonons only. Furthermore, the singularities in the electronic density of states play a dominant

role. A tube contributes to the Raman signal only if the incoming or outgoing photon energy

closely matches a singularity. Therefore, the Raman intensity of a given tube is either large, in

the case of a resonance, or approximately zero. Consequently, in carbon-nanotube ensembles

specific tubes are selected by the choice of the laser energy (diameter-selective resonance). Line

shape or frequency of the Raman modes cannot change for a given tube by variation of the laser

wavelength. Also for the D mode, which is widely accepted to result from a double-resonant

process, the shift with excitation energy is sometimes attributed to selective enhancement of

different tubes. In general, any variations of the Raman spectra with laser energy imply that

different tubes are excited, when the single-resonance interpretation is invoked.

In the double-resonance model, phonons with large wave vectors are allowed by defect

scattering, and are selectively enhanced in a double-resonant process. This interpretation does

not explicitly exclude single resonances – in fact, they are always included in calculations of

the Raman cross section, see for instance Eq. (5.2) – but the double-resonance dominates the

Raman spectra. The role of the singularities in the electronic density of states is considered

as well, i.e., the Raman cross section increases for incoming or outgoing resonances close to

the singularities. In addition, the phonon density of states is equally important. Moreover, the

enhancement by double instead of single resonances can compensate for a lower electronic

density of states. In bulk samples with many different tubes, the laser energy will exactly

match the singularities for only a few of them. These tubes contribute with a strong signal,

as in the single-resonance picture. Nevertheless, the contributions from the remaining tubes,

neglected in the single-resonance model, can sum up to a comparable signal. This is supported

by experiments on the same individual tube for several laser energies that cannot all match the

singularities exactly.

From a theoretical point of view, defect-induced, double-resonant scattering for the high-

energy and the radial breathing modes can occur in carbon nanotubes, because it is the same

process that is allowed for the D mode. The only difference is the smaller phonon wave vec-
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tor. This makes the process even more favorable, since a wave vector on the order of δ−1

corresponds to a mean distance δ between the defects and hence a lower defect concentration

is required than for the D mode. Raman experiments on boron-doped nanotubes showed that

the intensity of the high-energy modes increased with defect (boron) concentration. Moreover,

the single-resonance model does not give a convincing explanation for the line shape of the

high-energy peaks, in particular, the amplitude ratio of the peaks. Interpretations based on

possibly different symmetries of the Raman modes, like the assignment to A1g, E1g, and E2g

modes, are contradicted by polarization-dependent Raman experiments showing that the high-

energy spectra are uniformly dominated by fully symmetric phonon modes. In contrast, the

double-resonance model offers a straightforward explanation for the complex line shape of the

high-energy modes from only A1-symmetry phonons.

The double-resonance interpretation is strongly supported by experiments. Both the D

mode and the high-energy mode in the same individual tube were found to depend on laser-

energy in frequency and shape. This result is the fingerprints of defect-induced, double-

resonant Raman scattering and cannot be understood by single-resonant scattering of only

Γ -point modes. In general, the strong enhancement of the Raman cross section by a dou-

ble resonance explains why the Raman signal of a single molecule such as an isolated nano-

tube can be detected on a scale comparable with the second-order modes of bulk silicon. The

double-resonance picture consistently explains a number of experimental results from Raman

scattering on carbon nanotubes, such as the laser-energy dependence of the modes, their sym-

metry properties, and their line shape.

In summary, our experiments and modeling revealed that the double-resonance process

is the predominant origin of the entire Raman spectrum of carbon nanotubes. The essential

difference to the single-resonance picture is that variations of the Raman spectra with excitation

energy are not always attributed to selective enhancement of different tubes but of different

phonon wave vectors in the same tube. Consequently, the double-resonance model leads to

different conclusions about the properties of the investigated tubes. Since the Raman line

shape can change in the same tube depending on laser energy, a “semiconducting” spectrum

does not necessarily indicate a semiconducting tube. Instead the spectrum can also result from

a metallic tube. A “metallic” Raman spectrum, however, is still a signature of metallic tubes,

because only metallic tubes have the softened phonon frequencies and the strong electron-

phonon coupling that give rise to the large Raman signal on the low-energy side of the HEM.

Regarding the D mode, only metallic tubes with R = 3, i.e., (n1 − n2)/3 integer, exhibit a

strong D-mode scattering. Therefore, the absence of the D mode, which is usually taken as

an indication of low defect concentration, can instead also result from a semiconducting or a

metallic R = 1 tube. Finally, if the entire Raman spectrum of carbon nanotubes is determined
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by double-resonant Raman scattering, the radial breathing mode, too, shifts with laser energy.

The shift of the radial breathing mode is probably smaller than for the high-energy modes

because of its flat dispersion close to the Γ point. Given the large uncertainties in the relation

between the RBM frequency and the tube diameter, the additional correction due to the double

resonance is, most likely, small. For a verification of all predictions from this model, further

experiments on isolated tubes are needed, where the metallic or semiconducting character of

the tube or even its chirality are known from independent measurements.



6 Conclusion

In this work we developed a coherent picture of the Raman scattering processes in carbon nan-

otubes. We showed that the entire first-order Raman spectrum of carbon nanotubes is domi-

nated by defect-induced, double-resonant scattering. In this interpretation, the observed Raman

peaks are not Γ -point modes as in conventional first-order scattering. Instead, they arise from

phonons with finite wave vector in a second-order process including elastic scattering by a de-

fect. The phonon modes that match the double-resonance condition are enhanced and give rise

to the Raman signal. As this condition depends on excitation energy, the peak positions, shape

and relative intensities of the spectrum change correspondingly. Therefore, by scanning the

excitation energy one can partly map the phonon dispersion of a carbon nanotube.

The previous model of conventional single-resonant Raman scattering attributed the vari-

ation of the spectra to selective excitation of specific tubes in a nanotube ensemble. It cannot

explain the laser-energy dependence observed in an individual tube, nor is it able to reproduce

the peculiar line shape of the high-energy mode correctly. In contrast, the double-resonance

model explains the Raman spectrum of carbon nanotubes in a consistent way.

The Raman process includes absorption and emission of light, electron-phonon scatter-

ing, and, in the case of defect-induced scattering, electron-defect interaction. In order to be

able to model the entire Raman spectrum of carbon nanotubes, we calculated the nanotube

phonon dispersion by force constants in a symmetry-based approach. From the symmetry of

the electron and phonon states we derived selection rules for each step in the Raman process.

We calculated the D mode and the high-energy mode within the double-resonance picture.

Our calculation includes only fully symmetric phonon modes, which were found both from

polarization-dependent experiments and from theory to contribute most to the signal. The ob-

served multiple-peak line shape of the modes is found to arise from slightly different double-

resonance conditions for altered time orders, for asymmetric band extrema, and for several

close-by electronic bands in chiral nanotubes. In experiments we found that the two strongest

peaks of the high-energy mode shift into opposite direction with excitation energy. This is

easily understood in the double-resonance picture as the high-energy peaks follow the phonon

dispersion with increasing laser energy from the Γ point towards larger wave vectors. The
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phonon energy decreases for the TO-derived branch and increases according to the overbend-

ing in the LO-derived branch, resulting in the observed negative and positive slopes of the

frequency shift. Furthermore, we performed Raman experiments on boron-doped nanotubes,

which supported the predicted dependence of the high-energy mode intensity on the defect

concentration. Overall, we obtain a very good agreement with the experimental results.

Since the excitation-energy dependent Raman experiments were always carried out on na-

notube ensembles of all chiral angles and with a large diameter distribution, it was difficult to

distinguish whether different tubes were excited when changing the laser energy (single reso-

nance), or whether different phonons from the same tube were observed (double resonance).

Clearly, the experiment to solve this controversy is to record the Raman spectra of the same in-

dividual nanotube at several excitation energies. We performed such measurements and found

that both the D mode and the high-energy mode change with laser energy, as predicted by the

double-resonance model. Moreover, the line shape of the high-energy mode changed contin-

uously from metallic-like to semiconducting-like, in accordance with the phonon dispersion

predicted for metallic nanotubes. Therefore, the line shape that was previously believed to

indicate the excitation of semiconducting nanotubes, can also result from metallic tubes.

In double-resonant Raman scattering, the excited phonon modes and the Raman-frequency

shift depend sensitively on the phonon dispersion itself. The existing theoretical predictions

of the phonon dispersion, however, were contradictory for graphite already, resulting in con-

tradicting theories for carbon nanotubes. Surprisingly, the optical phonon branches of graphite

had never been completely measured. This comes mainly from the lack of single crystals that

are sufficiently large for inelastic neutron scattering. We now determined the entire optical

phonon branches of graphite by the rather young experimental technique of inelastic X-ray

scattering. For the TO-derived phonon branch, we found a particularly large dispersion that

was underestimated in most of the previous calculations. At the K point, this branch is strongly

softened in frequency, indicating a large coupling to the electronic system. The TO-derived

phonons near the K point are the ones leading to the D mode in the Raman spectrum. Our re-

sult therefore solves an open question in double-resonant Raman scattering: a large number of

symmetry-allowed double-resonant peaks could in principle be expected in carbon nanotubes

instead of only the D mode and the high-energy mode. Apparently, the observation of pre-

dominantly two lines reflects a particularly strong electron-phonon coupling for these modes.

Such a strong coupling had been previously found for the LO-derived Γ point mode in metallic

nanotubes (leading to the metallic high-energy modes) and is now observed for the K-point

phonon that gives rise to the D mode. Based on the experimental results of the graphite phonon

dispersion we refined and extended the calculations of the D-mode spectra. In addition, we an-

alytically studied the interference and dimensionality effects in the Raman process. By using
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the experimental phonon dispersion we obtained an excellent quantitative agreement between

our calculation and the experiments.

The next level of insight into the Raman process in carbon nanotubes is found in the ab-

solute Raman cross section. As a first step we determined the absolute intensity of the radial

breathing mode and calculated its first-order cross section. We included the matrix elements

of the electron-phonon and electron-photon interaction explicitly. The calculated Raman cross

section is by 1−2 orders of magnitude smaller than in experiment. This result might partly be

due to large uncertainties in both the calculation and the measurement. Furthermore it might

indicate that the RBM results from double-resonant scattering as well.

The double-resonant origin of the spectra and the resulting changes with laser energy have

to be taken into account when characterizing the nanotube sample by Raman spectroscopy.

First, semiconducting-like spectra might also arise from metallic nanotubes, whereas metallic-

like spectra unambigously indicate metallic tubes. Second, the Raman intensity of the high-

energy mode depends on the defect concentration in the sample similarly to the D mode. Third,

the Raman spectrum of carbon nanotubes can be detected also if the excitation energy is not

exactly in resonance with the singularities in the joint electronic density of states.

Our experimental determination of the graphite phonon dispersion is the foundation for re-

vised phonon dispersion relations in carbon nanotubes. Further studies on the absolute Raman

cross section will provide another distinction between single- and double-resonant processes.

We were able confirm the predicted chirality dependence of the electron-phonon scattering ma-

trix elements qualitatively in recent experiments on the intensity of the radial breathing modes.
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ing method”, J. Phys. A: Math. Gen. 33, 6561 (2000).

[48] S. Reich, H. Jantoljak, and C. Thomsen, “Shear strain in carbon nanotubes under hydro-

static pressure”, Phys. Rev. B 61, R13 389 (2000).

[49] C. Journet and P. Bernier, “Production of carbon nanotubes”, Appl. Phys. A: Mater. Sci.

Process. 67, 1 (1998).

[50] M. J. Bronikowski, P. A. Willis, D. T. Colbert, K. A. Smith, and R. E. Smalley, “Gas-

phase production of carbon single-walled nanotubes from carbon monoxide via the

HiPco process: A parametric study”, J. Vac. Sci. Technol. A 19, 1800–1805 (2001).

[51] L. Henrard, A. Loiseau, C. Journet, and P. Bernier, “Study of the symmetry of single-

wall nanotubes by electron diffraction”, Eur. Phys. B 13, 661 (2000).

[52] C. Qin and L.-M. Peng, “Measurement accuracy of the diameter of a carbon nanotube

from TEM images”, Phys. Rev. B 65, 155 431 (2002).

[53] Z. Zhang and C. M. Lieber, “Nanotube structure and electronic properties probed by

scanning tunneling microscopy”, Appl. Phys. Lett. 62, 2792 (1993).

[54] M. Ge and K. Sattler, “Vapor-condensation generation and STM analysis of fullerene

tubes”, Science 260, 515 (1993).
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Rüdeger for everything and also for proofreading this thesis.

Sonja and my parents.


