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Zusammenfassung
Diese Dissertation befasst sich mit methodischen Ansätzen für die titulierte Identifika-
tion und Modellierung kohärenter Dynamiken in turbulenten Drallstrahlen. Die Iden-
tifikation betrifft dabei die Entwicklung einer neuen Methode zur modalen Zerlegung
von Messdaten. Diese erlaubt eine präzise Isolierung einzelner strömungsdynamischer
Phänomene von komplexen Strömungen mit interagierenden und überlagerten Dynami-
ken. Die Modellierung bezieht sich auf die Anwendung stochastischer Methoden zur
Beschreibung der Interaktion von deterministischen und stochastischen Dynamiken in
turbulenten Strömungen. Diese ist wesentlich, um die experimentell beobachteten Phä-
nomene beschreiben zu können. Nicht explizit tituliert, aber ein weiterer wesentlicher
Punkt der Arbeit ist die Darstellung der Wirbelstrukturen, die durch die kohärenten Dy-
namiken entstehen.

Die Arbeit befasst sich ausschließlich mit der Analyse von Messdaten, wobei die
Analyse von Zeitreihen die primäre Quelle für die Interpretation der Daten ist. Die
modale Zerlegung der Daten liefert dabei die Grundlage für eine reduzierte Repräsenta-
tion der Phänomene in komplexen räumlich-zeitlichen Strömungen. Die Untersuchun-
gen und Methoden fokussieren sich nicht auf eine bestimmte Strömung, der Schwer-
punkt der Untersuchungen liegt aber bei der Analyse von Drallströmungen. Dabei wird
insbesondere die dominante helikale Mode, welche auf Grund einer globalen Instabilität
im Drallstrahl entsteht, untersucht.

Der Anspruch der Arbeit ist die Entwicklung und Beschreibung von robusten Meth-
oden zur Analyse von Messdaten und einer darauf basierenden Identifikation von rele-
vanten strömungsdynamischen Phänomenen. Die weiterführende Modellierung der Dy-
namiken erlaubt dabei eine Interpretation der zu Grunde liegenden hydrodynamischen
Instabilitäten. Dadurch kann aus einfachen Messungen ein genaues Bild der dominanten
Dynamiken und der physikalischen Parameter einer Strömung gewonnen werden.

Die Anwendung der Methoden an verschiedenen Konfigurationen des Drallstrahls
zeigt deutlich wie aus stationären Messungen die primären und sekundären Dynamiken
dieser Strömung identifiziert werden können. Die Modellierung der dominanten he-
likalen Mode durch ein stochastisches dynamisches System erlaubt weiterhin eine präzise
Bestimmung der Wachstumsrate der zu Grunde liegenden Instabilität. Die Beschrei-
bung der Wachstumsrate in Abhängigkeit verschiedener Kontrollparameter erlaubt eine
genaue Charakterisierung der Bifurkation, welche mit der Instabilität verknüpft ist.

Die Arbeit liefert damit wichtige neue Erkenntnisse zum Auftreten der helikalen
Mode in turbulenten Drallstrahlen. Darüber hinaus zeigen die neu entwickelten und
angepassten Methoden einen vielversprechenden Ansatz zur Analyse anderer Strömung-
en. Die Erkenntnisse, die sich allein für den Drallstrahl ergeben haben, zeigen ein großes
Potential zur exakteren Beschreibung bekannter und Entdeckung neuer Phänomene.
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Abstract
This dissertation deals with methodological approaches for the titled identification and
modelling of coherent dynamics in turbulent swirling jets. The identification concerns
the development of a new method for the modal decomposition of measurement data.
This allows precise isolation of single fluid dynamic phenomena from complex flows
with interacting and superimposed dynamics. The modelling refers to the application of
stochastic methods to describe the interaction of deterministic and stochastic dynamics
in turbulent flows. This is essential to describe the experimentally observed phenomena.
Not explicitly titled, but another essential point of the work is the visualisation of the
vortex structures created by the coherent dynamics.

The work deals exclusively with the analysis of measurement data, whereby the anal-
ysis of time series is the primary source for the interpretation of the data. The modal
decomposition of the data provides the basis for a reduced representation of the phe-
nomena in complex spatio-temporal flow data. The investigations and methods do not
target a specific flow, but the focus of the investigation is on the analysis of swirling flows.
In particular, the dominant helical mode, which arises due to a global instability in the
swirl jet, is investigated.

The aim of the thesis is the development and description of robust methods for the
analysis of measurement data and the identification of relevant flow dynamic phenom-
ena. Further modelling of the dynamics allows an interpretation of the underlying hydro-
dynamic instabilities. Thus, a precise picture of the dominant dynamics and the physical
parameters of a flow can be obtained from relatively simple measurements.

The application of the methods to different configurations of the swirling jet clearly
shows how the primary and secondary dynamics of this flow can be identified from sta-
tionary measurements. The modelling of the dominant helical mode by a stochastic dy-
namical system also allows a precise determination of the growth rate of the underlying
instability. The description of the growth rate as a function of various control parameters
allows a precise characterisation of the bifurcation associated with the instability.

The work thus provides important new insights into the occurrence of the helical
mode in turbulent swirling jets. Furthermore, the newly developed and adapted methods
show a promising approach for the analysis of other flows. The results obtained for the
swirling jet alone show great potential for a more precise description of known and the
discovery of new phenomena.
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Chapter 1

Introduction and Motivation

The perception of coherent structures in fluid motion has always been driven by the ob-
servation of phenomena in nature. This goes back to the earliest records in drawings by
Leonardo da Vinci, where visual perception by the naked eye was the only viable option
Kemp, 2019. Due to the intuitive notion of coherent structures, an exact mathematical
definition has always been problematic because it does not correspond to the personal
experiences of all researchers and therefore collides with some aspects of individual re-
alities. The narrative by George (1988) from a panel discussion with John Lumley at
the 1982 APS DFD Meeting describes the situation aptly: "Lumley who, drawing from a
U.S. Supreme Court decision on pornography, pointed out that like pornography, coher-
ent structures are hard to define but you know one when you see it." More profoundly
Lumley (1970) stated that: "...coherence represents the extent of correlation between the
Fourier components of two signals, ignoring difference in phase...". These two citations
coarsely encompass the conception of coherent structures in this work.

The understanding of coherent structures in turbulent flows is fundamental for re-
search and engineering (Holmes et al., 2012). The presence of ordered and periodic
structures in a turbulent flow has a big impact on mixing, reaction and fluid structure
interactions. Other than the stochastic, undirected motions that are generally associated
with turbulence, the organised, periodic motions of coherent structures accumulate and
direct the kinetic energy of the flow. This can cause the flow and a coupled mechani-
cal or acoustic system to resonate or show other undesirable dynamic phenomena. The
collapse of the Tacoma narrows bridge (July 1, 1940) dramatically demonstrated a reso-
nance catastrophe due to fluid dynamic oscillations. However, such oscillatory motion
enables the formulation of deterministic models that describe and predict the onset and
dynamics of coherent structures in the flow.

The occurrence of oscillatory motions due to hydrodynamic instabilities is well un-
derstood for laminar flows (Landau & Lifshitz, 1987; Oertel & Delfs, 1996). There, the
oscillations develop from a steady base flow, which allows an accurate description of the
dynamics from an infinitesimal perturbation of the flow. In a turbulent flow, there is no
steady flow on which an instability develops. It constitutes a continuous spectrum of
stochastic perturbations, where hydrodynamic instabilities grow on top. Nevertheless,
the dominant coherent structures in laminar and turbulent flows often exhibit very simi-
lar spatial structures. This is clearly seen for the Kármán vortex street, which is similarly
observed in laboratory and atmospheric scales, as presented in figure 1.1. The similarity
of the spatial structures leads to the assumption that the underlying fluid dynamics are
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similar as well. Actually, many of the analytical approaches developed for laminar flows
can be used in a similar way for turbulent flows, if an appropriate closure for neglected
stochastic fluctuations is considered. The modelling of hydrodynamic instabilities and
the proper account of the effect of turbulent fluctuations is one central aspect of this the-
sis. More specifically, the dynamics observed in measurement data are used to calibrate
empirical dynamical systems. Ultimately, the parameters of the dynamical system reflect
the physical properties of the underlying flow state.

a) b)

FIGURE 1.1: The Kármán vortex street across multiple scales: a) Behind a cylider at Re = 140 by
Sadatoshi Tenada (Van Dyke, An Album of Fluid Motion). b) Behind the Juan Fernandez Islands

at Re ≈ 109 (Bob Cahalan, NASA GSFC).

A secondary topic, directly related to modelling, is the identification of coherent struc-
tures from data. There is a seamless transition between structures at different scales and
frequencies in a turbulent flow. The accurate identification of coherent structures and a
meaningful separation of interacting dynamics is decisive to enable the interpretation of
the dynamics in time. One of the most promising approaches for this task is the proper
orthogonal decomposition (POD), which was developed from the transfer of statistical
methods to the field of fluid dynamics by Lumley (Lumley, 1967; Lumley, 1970). Since
then, many variants of the POD were developed independently, all of which aim to im-
prove the results for particular applications and flow configurations. This independent
development of methods, however, lacks some general framework and nomenclature to
understand the relations between the methods. The situation was further complicated
by another extension of the POD that was developed within this work. The more formal
classification of the method into existing approaches, which is given at the beginning of
the thesis, should reduce this confusion.

A large part of this thesis is about methods for the identification and modelling of
coherent structures. Thereby, the focus is not so much the fluid dynamics innovation or
mathematical reasoning. It is rather the accumulated experience in data processing that
is condensed into an engineering best practice approach to flow data analysis. The meth-
ods are developed in the context of measurement data analysis of highly turbulent flows.
Therefore, they are robust against measurement uncertainties and strong turbulent per-
turbations. There might be other approaches that perform better in other experimental or
numerical settings. However, personal experience suggests that the presented methods
are an advisable way to avoid pitfalls and misinterpretations when analysing coherent
structures in turbulent flows.
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The three main topics that are addressed in this work are (i) the identification of co-
herent structures, (ii) the interpretation of their temporal dynamics, and (iii) the presen-
tation of spatial structures. For this purpose, the spatio-temporal dynamics of the flow
is basically considered in a modal decomposition (Taira et al., 2017). The observations of
the flow are split into a sum of spatial modes and temporal coefficients. In this context, a
coherent structure is typically associated with one mode (pair), which enables the investi-
gation of the temporal dynamics by the inspection of the time evolution of a single mode
coefficient. The further interpretation of flow physics is based exclusively on the tempo-
ral development of a few mode-coefficients. The step back to the spatial manifestation
of the coherent structure is disrupted by the interpretation of the flow as a superposition
of different modes. The effect of a mode on the flow field is often only apparent from its
interaction with the remaining modes. Therefore, a reconstruction of the flow is neces-
sary to interpret the spatial structures. These are further clarified by the computation of
Lagrangian coherent structures in the reconstructed flow (Haller, 2015).

The methods are demonstrated in this thesis for various experimental flow configu-
rations. Most of them consist of swirling jets from swirl-stabilised combustors or generic
experimental configurations. Swirling jets exhibit a global hydrodynamic instability that
is controlled mainly by the swirl intensity (Liang & Maxworthy, 2005). The bifurcation is
largely independent of the Reynolds number, which allows one to investigate it at high
Reynolds numbers resulting in highly turbulent flows. This results in the presence of sec-
ondary dynamics and stochastic perturbations of the flow that will be studied in detail.
The extensive study of the global mode in this work enables fundamental new insights
into the related dynamics of the swirling jet. The recurring examination of one specific
flow with different methods further illustrates the overarching methodological approach
of the work.

The general motivation for the consecutive methods in this thesis is the establishment
of a relation between the known coherent dynamics from laminar flows and the coherent
dynamics observed in turbulent flows. This aims to invert the apparent relation between
the coherent structures of laminar and turbulent flows, visible from the images shown
in figure 1.1. The flow visualisations in figure 1.2 shows the initial and terminal stage of
the process that is established in this work. The smoke visualisation (figure 1.2 a) gives
the fully turbulent flow that exhibits a large scale coherent structure but also turbulent
perturbations at various scales. The finite-time Lyapunov exponent image (figure 1.2 b)
represents the isolated coherent structure that is obtained from measurements of the tur-
bulent flow. Without going into further detail here, a similarity of the coherent structures
is evident. The two steps involved in this graphical representation of the process are
the identification of coherent structures and the representation of spatial structures. The
third aspect of the thesis is the investigation of temporal dynamics to retain information
about the flow physics.

The time-domain analysis of measured dynamics is the essential approach for the
interpretation of flow physics in the present thesis. This involves the simple inspection
of the temporal development of mode coefficients, spectral measures of mode coherence,
and the development of models that replicate the dynamics. For the modelling of the
coherent dynamics in turbulent flows, the perturbation of the dynamics by the turbulent
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a) b)

FIGURE 1.2: Global mode in a swirling jet at Re = 20 000 : a) smoke visualisa-
tion b) finite time Lyapunov exponent.

fluctuations must be considered. This is the central aspect that is discussed in the work
in connection with the development of stochastic models.

The present thesis is a cumulative work that spans five publications with diverse
experimental investigations and method developments. Beyond the general introduction
given here, there is no further introduction to the topics. Further introductions are given
in the individual publications according to the areas covered.

In chapter 2, a more general classification of the spectral proper orthogonal decom-
position (SPOD) is given, which is an extension of the POD that is developed within the
thesis and further described in section 3.1. The publications that are part of the thesis are
presented in chapter 3, where a short profile of each publication is given upfront to facil-
itate the classification within the thesis. General topics of the thesis and further findings
are discussed in chapter 4. They are separated into topics regarding the SPOD (section
4.1), the stochastic perturbations (section 4.2), and the fluid dynamics of the swirling jet
(section 4.3).
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Chapter 2

Modal decomposition fundamentals

This chapter gives a general classification of the spectral proper orthogonal decomposi-
tion (SPOD) presented by Sieber et al. (2016c) (see section 3.1). Due to the cumulative for-
mat of this thesis, the methods are not collectively presented in the first part of this work.
Therefore, the reader who is not familiar with modal decompositions should rather con-
sider reading the introductory paper by Taira et al. (2017) or the more profound review
of Rowley & Dawson (2017) first. A comprehensive introduction to the filed of modal
decompositions and the formulation of reduced order models is further provided by the
textbook of Holmes et al. (2012).

The reader who is already familiar with modal decompositions or who just returned
after the lecture of the proposed literature is further suggested to read the article pre-
sented in section 3.1 before continuing with the current chapter. This chapter refers in
some points to that article, and its previous lecture is recommended for better under-
standing. Due to the fixed form of the cumulative thesis the correct order could not be
retained in this document. The following derivations give further details and specific
aspects that were not clear at the time the paper was published. In a slightly different
form, the following derivations can also be found in an unpublished preprint (Sieber et
al., 2017) that was rejected for publication due to irreconcilable disagreements during the
review.

In the original introduction of the SPOD (see section 3.1), the method was proposed
as an extension of the classical snapshot POD, where the SPOD overcomes some limita-
tions of the POD. The SPOD was motivated by data analysis and was proven to be a very
useful tool to process experimental data. From a numerical point of view, the SPOD is a
snapshot POD with an additional filter operation applied to the correlation matrix. The
correlation matrix might be thought of as a condensed representation of all the dynam-
ics of the investigated flow – a dynamic fingerprint. The diagonalisation of this matrix
provides a basis for the snapshot POD (Sirovich, 1987), which comprises the optimum
building blocks of the matrix. However, the correlation matrix does not only contain co-
herent flow dynamics but also stochastic fluctuations and measurement noise. Within
the SPOD approach, the matrix is filtered to attenuate the random part while leaving
the coherent dynamics unaffected, therewith, to separate the coherent fluctuations from
stochastic ones. It was observed that the stochastic contributions in the matrix appear
as random variations, whereas the coherent structures appear as diagonal streaks in the
matrix. The filter takes advantage of these properties, but it is only inspired by empir-
ical considerations and does not withstand a rigorous analytical derivation. It is rather
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shown from experimental and numerical data that the SPOD provides better assignment
of specific fluid dynamic phenomena to individual modes (Sieber et al., 2016a; Ribeiro &
Wolf, 2017) in situations where snapshot POD tends to mix several dynamics into single
modes. Moreover, SPOD compensates for partially recorded phenomena, shows superior
noise rejection, and provides smooth dynamics that facilitate mode interpretation (Stöhr
et al., 2017).

Another prominent POD variant is the frequency-domain POD (Glauser et al., 1987;
Citriniti & George, 2000; Gudmundsson & Colonius, 2011), which was recently also re-
ferred to as spectral POD (Taira et al., 2017; Towne et al., 2018; Schmidt et al., 2018). This
approach goes back to the more general form of POD introduced by Lumley (Lumley,
1967; Lumley, 1970). The key aspect of this frequency-domain approach is that a sta-
tionary time series is considered, for which the cross-correlation tensor takes a special
form that guarantees the existence of its Fourier transform. A detailed discussion of this
topic is given by Towne et al. (2018) including a review on the approximation of this
spectral cross-correlation tensor from actual data using Welch’s method. This approach
comprises a division of a long time series into short segments, where each segment is
Fourier transformed in time and POD is applied to the Fourier coefficients at a specific
frequency. The approach provides a very clean separation of coherent structures in the
broadband spectrum of turbulent jets (Gudmundsson & Colonius, 2011).

In this section, the SPOD will be put in a more general context to reveal its relation to
other currently developed POD-based approaches. The POD concept of Lumley (Lum-
ley, 1967; George, 1988) is revisited, which considers the coupled space and time correla-
tion instead of their separation. This will draw the connections between SPOD and the
frequency-domain POD outlined in the previous paragraph. It will be shown that both
approaches rely on the same assumptions and that they are the time- and frequency-
domain representation of the same decomposition. Therefore, the two approaches will
be named time-domain SPOD (tdSPOD), when referring to the matrix filter operation
and frequency-domain SPOD (fdSPOD), when referring to the segmentation and Fourier
transform in time.

2.1 Derivation of SPOD from Lumley’s initial POD formulation

The general concept of POD evolved from the collection of stochastic methods for veloc-
ity data by Lumley (1970). This classical POD approach was overshadowed by extensive
publications on a simplified POD version proposed by Sirovich (1987) and thoroughly
described in the book of Holmes et al. (2012). According to the retrospective of George
(2017), POD gained little acceptance in the beginning, despite its obvious capabilities in
describing coherent structures of turbulent flows (George, 1988). One major obstacle has
always been the collection of sufficient data to obtain converged statistics.
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2.1.1 The classical POD

Starting with the decomposition proposed by Lumley (1967), we seek the space time
correlation function

RL(x, x′, t, t′) = 〈uk(x, t)u∗k(x′, t′)〉, (2.1)

where 〈〉 refers to the ensemble average over repeated observations ()k of a stationary
flow u (∗ indicates the adjoint). It is obvious that a statistically relevant number of re-
peated observations from spatially and temporally resolved data implies a very large
amount of data (George, 2017). From the correlation function RL, the POD modes Φ are
obtained by solving the Lumley integral equation

∫∫
RL(x, x′, t, t′)Φk(x

′, t′)dx′dt′ = λkΦk(x, t), (2.2)

which reduces to the commonly known discretised formulation of eigenvalue decompo-
sition. The obtained POD modes yield the flow decomposition

uj(x, t) =
∑

k

αjkΦk(x, t), (2.3)

where the mode coefficients αjk account for the specific mode amplitude of a certain real-
isation of the flow in the ensemble. The POD mode shapes Φk(x, t) depend on space and
time, which enables the capture of all possible space-time properties of coherent struc-
tures. In the following, mode shapes and mode coefficients will be abbreviated as modes
and coefficients, respectively. Note that throughout this article integration is always as-
sumed across the entire observed domain and recorded period. More details about the
treatment of domain boundaries can be found in appendix A.2.

The actual computation of the classical POD is rarely feasible due to the large amount
of required data. In the investigation of Gordeyev & Thomas (2013) it was used to opti-
mally describe the transition from natural to forced flow states. The temporal POD, as it
was named there, was shown to provide a good basis for simple low order models that
describe the flow transition.

2.1.2 The common POD

To reduce the necessary amount of data, the time instance at which a snapshot of the flow
is recorded can be treated as an observation of the statistical ensemble. Therefore, the
temporal dependency of the modes is neglected and, in contrast to (2.1), only the spatial
correlation function is considered (Holmes et al., 2012, p. 68)

R(x, x′) = 〈u(x, tk)u
∗(x′, tk)〉. (2.4)
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A specific property of this approach is the separation of temporal and spatial dependen-
cies of the flow into spatial modes and temporal coefficients

u(x, t) =
∑

k

ak(t)Φk(x). (2.5)

This approach is commonly referred to as POD (Berkooz et al., 1993; Holmes et al., 2012;
Taira et al., 2017), which is somehow diffuse as it is just a variant of the originally pro-
posed POD (Lumley, 1967). George (2017), therefore, termed it snapshot POD as it consid-
ers only isolated snapshots and ignores any temporal correlation between them. How-
ever, this term usually refers to the computational shortcut via the snapshot correlation
(see equation (2.6)) that was proposed by Sirovich (1987). To avoid further naming con-
fusion, this approach is still called POD.

The separation of space and time might contradict the entangled space-time correla-
tions of turbulent flows; however, it provides a mathematical ansatz that tremendously
simplifies the governing equations employing a Galerkin projection (Noack et al., 2003).
An extensive description of possible reduced-order modelling and detailed properties of
the POD is collected in Holmes et al. (2012). Moreover, the numerical implementation of
POD allows for the exchange of spatial correlation with a snapshot correlation that leads
to a much faster computation for typical flow data (Sirovich, 1987).

As shown by Aubry (1991), the exchange between spatial and temporal correlation
is not only possible in the discrete but also in the continuous case, given that the data
in spatial and temporal domain belong to the space of square-integrable functions. Ac-
cordingly, the solution of integral equation

∫
C(t, t′)a(t′)dt′ = λa(t) with the snapshot

correlation function

C(t, t′) =

∫
u(x, t)u∗(x, t′)dx (2.6)

provides the coefficients a(t) that likewise provide the modes Φ(x) by expanding the tem-
poral evolution of the data by the coefficients (see also (2.14)). The perfect symmetry be-
tween the temporal and spatial expansion inspired Aubry (1991) to name this approach
bi-orthogonal decomposition. The computation of the POD from temporally uncorre-
lated snapshots through correlation (2.6), as proposed by Sirovich (1987), is commonly
referred to as snapshot POD.

2.1.3 The spectral POD (SPOD)

The following section gives an alternative formulation to the POD that accounts for the
temporal evolution of the flow without the need for vast amounts of data. The approach
adopts the segmentation of time series that is used in Welch’s method to estimate the
power spectral density from limited data. The approach is commonly used for spectral
averaging and was also applied to POD analysis (e.g. Citriniti & George (2000) and Taira
et al. (2017)). However, in contrast to these applications, no Fourier transform of the
segments is employed here. To include this methodology in the present derivation, we
use a temporal weighting (window) function that is multiplied with the time series to
isolate a segment.
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The derivation is started from the previous formulation (2.1) but we seek to compute
the temporal correlation as well as ensembles from a long time series. Therefore, we in-
troduce a short time scale τ within which the flow is correlated and a window function
w(τ) that accounts for the observation horizon T . The window function is taken to be
a Gaussian function w(τ) = exp(−(τ/T )2). The time series is segmented into windows
centred at discrete time steps tk constituting the observed ensembles. Consecutive seg-
ments may also overlap to an arbitrary extend. By inserting the two time scales into (2.1),
the space-time-correlation function reads

R̂(x, x′, τ, τ ′) = 〈u(x, tk + τ)w(τ)u∗(x′, tk + τ ′)w∗(τ ′)〉 (2.7)

=

∫
u(x, t+ τ)w(τ)u∗(x′, t+ τ ′)w∗(τ ′)dt, (2.8)

where in the second expression the ensemble average is replaced by a time average. The
change from a discrete ensemble to continuous integration corresponds to the maximal
overlap of consecutive time segments. Note that the increase of the overlap and conse-
quent addition of correlated ensembles does not change the resulting POD modes. The
assumption of uncorrelated ensembles (snapshots), as noted in various related publica-
tions, is only due to the minimisation of computational costs (Sirovich, 1987).

The step from an ensemble average to continuous time integration requires that the
flow is stationary and that the investigated time series is long enough to allow the flow to
pass every possible state. This restriction is actually not mandatory since the following
derivations can also be realised for an ensemble average. However, the nomenclature
and derivations become much more compact due to this step.

The correlation function R̂ also depends on the weighting function and the observa-
tion horizon T . Compared to the other variables, this is a rather weak dependency given
that the observation horizon T is large enough (see appendix A.4). The observation hori-
zon and weighting function can be considered similar to the window size and weighting
used in Welch’s method for spectral estimation.

Equivalent to (2.2), the POD modes are derived from the integral equation
∫∫

R̂(x, x′, τ, τ ′)Φ̂k(x
′, τ ′)dx′dτ ′ = λkΦ̂k(x, τ). (2.9)

The resulting modes Φ̂(x, τ) are not only functions of space but also represent the tempo-
ral evolution across a time window given by w(τ).

The short time coordinate τ together with the spatial coordinate may also be consid-
ered as a space-time coordinate ξ = [x, τ ], which is similar to delay embedding, or the
initial dot formulation of Lumley (1967) (using a ’·’ as a placeholder for arbitrary coor-
dinates). This reduces the expressions above to a normal POD in ξ and t. Therefore, we
can follow the argumentation of Aubry (1991) to compute the POD coefficients from the
temporal correlation, instead of the modes from the x-τ -correlation. Similarly, the argu-
mentation of Sirovich (1987) would apply for the ensemble-averaged case (2.7) to enable
the decomposition via the snapshot correlation matrix.
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The temporal correlation function for the SPOD formulation reads

Ŝ(t, t′) =

∫∫
u(x, t+ τ)w(τ)u∗(x, t′ + τ)w∗(τ)dxdτ (2.10)

=

∫
w2(τ)C(t+ τ, t′ + τ)dτ. (2.11)

The simplification from (2.10) to (2.11) is due to the proposed Gaussian weighting and use
of (2.6). Writing the equation for discrete time instances t = k∆t, t′ = l∆t and τ = j∆t

using appropriate quadrature, the correlation matrix reads

Ŝk,l =

Nf∑

j=−Nf

gjCk+j,l+j . (2.12)

This expression is the filtered version of the snapshot correlation matrix that was pro-
posed in Sieber et al. (2016c). This analogy implies that the coefficients gj = w2(j∆t) are
the previously introduced SPOD filter coefficients that specify a discrete filter of extend
1 + 2Nf . Hence, the SPOD concept outlined here is a generalisation of the approach in
Sieber et al. (2016c).

After this detour to the discrete variables (more can be found in Sieber et al. (2016c))
we proceed with the continuous formulation of the snapshot correlation matrix given in
(2.11). The corresponding SPOD coefficients are determined by solving

∫
Ŝ(t, t′)âk(t

′)dt′ = λkâk(t). (2.13)

The coefficients âk(t) form an orthogonal basis in time domain and are scaled to match∫
âk(t)âl(t)dt = λkδkl. The SPOD modes that also extend in the τ direction are deter-

mined from the convolution

Φ̂k(x, τ) =
1

λk

∫
âk(t)u(x, t+ τ)w(τ)dt (2.14)

and are likewise orthonormal with
∫∫

Φ̂k(x, τ)Φ̂∗l (x, τ)dxdτ = δkl. Finally, for the decom-
position of the original flow data only the mode centred at τ = 0 is required, reading

u(x, t) =

N∑

k=1

âk(t)Φ̂k(x, τ = 0). (2.15)

These partial modes are not necessarily orthogonal (Sieber et al., 2016c). The complete
mode, that extends in τ forms an orthogonal basis according to inner product introduced
in equation (2.8). Accordingly, they form an orthogonal spatio-temporal mode basis that
has a compact support in time as defined by the temporal window function w(τ).

The reduction of the temporal mode to the τ = 0 part may seem arbitrary. However,
if we consider the coefficients âk(t) to form an orthogonal basis of the time domain over
which the flow is considered, the construction of the spatial mode (2.14) evaluated at
τ = 0 is a projection of the original data on the temporal basis âk(t) (because w(0) = 1).
The spatial mode Φ̂k(x, τ = 0) constitutes the coefficients of this temporal basis that
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enable the re-composition (2.15).
Similar to (2.14), the SPOD coefficients are derived from the modes by the convolution

âk(t) =

∫∫
Φ̂k(x, τ)u∗(x, t+ τ)w∗(τ)dxdτ, (2.16)

which is in contrast to the snapshot POD coefficients, where ak(t) =
∫

Φk(x)u∗(x, t)dx.
The comparison of the two expressions shows the essential differences between POD
and SPOD. While the coefficients of the POD only reflect the temporal correlation that is
present in the data at a certain time, the SPOD involves a temporal convolution across
the short time τ and, therefore, maintains the temporal continuity.

2.2 Time- vs. frequency-domain SPOD

In the previous section, a decomposition was described that combines aspects of the clas-
sical POD and the snapshot POD and was shown to be equivalent to the time-domain
SPOD formulation proposed in Sieber et al. (2016c). In this section, the relation to the
frequency-domain SPOD is shown, which has been applied in several previous stud-
ies (Glauser et al., 1987; Citriniti & George, 2000; Gudmundsson & Colonius, 2011).
Frequency-domain SPOD is likewise related to the classical POD where the spatio-tempo-
ral correlation is considered. It builds on the fact that, for statistically stationary flows,
the correlation (2.1) does no longer depend on actual time, but only on time differences
(Lumley, 1967; George, 1988). This allows to perform the correlation in the frequency
domain, and thus, for each frequency separately.

The computation of the frequency-domain correlation (cross spectral density) from
finite data is usually realised using Welch’s method (Welch, 1967). As will be shown,
this methodology of frequency-domain SPOD is largely the same as for the time-domain
SPOD. It likewise involves the segmentation and weighting of a long time series with the
additional step of a Fourier transformation in time τ . The comparison is not intended
to show similarities between the ideal frequency-domain SPOD and time-domain SPOD,
but the analogy between the applied methods that use segmentation and weighting in
the time domain.

The frequency-domain SPOD was originally proposed as a variation of the classical
POD that incorporates knowledge about homogeneous coordinate directions, which re-
duces those directions to harmonic functions (Lumley, 1967; George, 1988). For a homo-
geneous temporal coordinate, the correlation function is supposed to be calculated from
different realisations of the flow which were Fourier transformed in time

R̃(x, x′, ω) = 〈ũk(x, ω)ũ∗k(x
′, ω)〉, (2.17)

where a specific frequency ω is considered. According to the recent survey of Towne et
al. (2018), the computation of R̃ is adequately approximated using Welch’s method. This
means taking segments of a long time series as statistical ensembles for the correlation
that are weighted and Fourier transformed in time. In the present nomenclature, these
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segments are expressed as

ũk(x, ω) =

∫
u(x, tk + τ)w(τ)e−iωτdτ, (2.18)

where i indicates the imaginary unit. Insertion of (2.18) in (2.17) and replacing the en-
semble average with a continuous time integration, analogously to the derivation of (2.8),
results in

R̃(x, x′, ω) =

∫ ∫
u(x, t+ τ)w(τ)e−iωτdτ

∫
u∗(x′, t+ τ ′)w∗(τ ′)eiωτ

′
dτ ′dt (2.19)

=

∫∫
R̂(x, x′, τ, τ ′)eiω(τ

′−τ)dτdτ ′, (2.20)

where the integrals are rearranged from (2.19) to (2.20) such that the correlation function
(2.8) is isolated. Accordingly, the frequency-domain correlation function is either given
by the correlation of the Fourier transformed velocity signal (2.19) or by the Fourier trans-
form of the time-domain correlation function (2.20).

Again, the step from ensemble average to continuous time integration is not manda-
tory. The relations above and the following derivations can also be shown for an ensemble-
averaged correlation.

From the correlation function, the frequency-depended modes Φk(x, ω) are simply
obtained from the integral equation

∫
R̃(x, x′, ω)Φ̃k(x

′, ω)dx′ = λk(ω)Φ̃k(x, ω). (2.21)

The derivations in appendix A.5.1 further show that the modes that result from the
frequency-domain SPOD are identical to the Fourier transform of the time-domain modes,
which reads as

Φ̃k(x, ω) =

∫
Φ̂k(x, τ)e−iωτdτ . (2.22)

This relation is valid as long as the investigated data are statistically stationary, which
gives a correlation function that only depends on time differences, giving R̂(x, x′, τ, τ ′) =

R̂(x, x′, τ ′− τ) (George, 1988). The shown relation between the modes from time-domain
SPOD and frequency-domain SPOD is based on several assumptions and is only demon-
strated analytically and not for discrete finite length data. Nonetheless, the analysis of
experimental data with both SPOD versions given in appendix A.1 shows that relation
(2.22) holds, at least, for the dominant coherent structures.

Analogously to the conversion from spatial (2.8) to snapshot correlation (2.10) for the
time-domain SPOD, the frequency-domain SPOD can also be deduced from the coeffi-
cients instead of the modes. By changing the integration of (2.19) from time to space and
seeking the cross-correlation between t and t′, the frequency-domain snapshot correla-
tion function is obtained as

S̃(t, t′, ω) =

∫ ∫
u(x, t+ τ)w(τ)eiωτdτ

∫
u∗(x, t′ + τ ′)w∗(τ ′)e−iωτ

′
dτ ′dx. (2.23)
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The snapshot correlation function, analogously to (2.13), allows to compute the coeffi-
cients of the SPOD decomposition and provides a shortcut to compute the modes for
data sets in which the number of grid points is much larger than the number of snap-
shots. This conversion was equivalently shown by Towne et al. (2018) for the case of
ensemble-averaged correlations (2.17). Equation (2.23) can be rearranged to

S̃(t, t′, ω) =

∫∫
C(t+ τ, t′ + τ ′)w(τ)w∗(τ ′)eiω(τ−τ

′)dτdτ ′, (2.24)

where the integrals are rearranged and the snapshot correlation function C is isolated as
previously in (2.11). This shows that, similarly to the spatial correlation function (2.19)
and (2.20), the snapshot correlation function in the frequency domain can either be ob-
tained by the correlation of the Fourier transformed velocity (2.23) or the Fourier trans-
form of the POD snapshot correlation function (2.24). However, the Fourier decomposi-
tion of the POD snapshot correlation function C is not trivial since it involves a transform
in the direction (τ−τ ′) and the subsequent average of the Fourier coefficients in the (τ+τ ′)
direction. The averaging of correlation function C in the (τ + τ ′) direction is also pursued
for the time-domain SPOD (2.11) and can therefore be factored out (see appendix A.5.2)
to simplify (2.24) to

S̃(t, t′, ω) =

∫
Ŝ(t+ τ/2, t′ − τ/2)w(τ)e−iωτdτ. (2.25)

The inversion of this transformation is given by

Ŝ(t, t′) =

∫
S̃(t, t′, ω)dω, (2.26)

which allows for the interchange between the time- and frequency-domain SPOD for the
snapshot correlation.

2.3 Overview of different SPOD approaches

In this section, an analytical framework is presented that links several concurrent POD
approaches. Figure 2.1 shows a graphical representation of these different POD variants.
Each column refers to a different POD approach, while the rows list the corresponding
correlation functions, modes, and coefficients.

As can be seen in the upper rows of figure 2.1, the fundamental difference between
snapshot POD and SPOD is the treatment of the space-time correlation. For the snap-
shot POD, spatial structure and temporal evolution are separated in a product approach,
which may lead to unphysical modes. The SPOD, instead, considers the spatio-temporal
evolution of the modes across a short period. The differences between snapshot POD
and SPOD can be understood as such that snapshot POD reveals statistically similar
states among all recorded instances, whereas SPOD reveals similar space-time trajecto-
ries within the recorded data set. The snapshot correlation functions that are sketched in
the mid-row of figure 2.1 do not exhibit these differences in such a clear way. Neverthe-
less, their representation highlights the close relation between the different approaches
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POD
SPOD

time domain frequency domain

spatial or
spatiotemporal

cross-correlation

snapshot or
ensemble 

cross-correlation

recomposition

modes

coefficients

(11)

(22)

(25)

(20)

(26)
(6)

(4) (8) (19)

(5) (9) (2)(22)

(15)(5)

(13)

(23)(10)

(16)

FIGURE 2.1: Classification of different POD approaches by the dependencies of the functions on
the governing variables. The numbers in brackets (x) indicate the corresponding equations in the

current chapter (2.x). The horizontal arrows indicate possible conversions of the functions.

and outlines numerical shortcuts to compute the SPOD through a simple manipulation
of the snapshot correlation functions.

Despite their similarities, there are conceptual differences between the time– and
frequency–domain SPOD, which are of relevance for specific applications. The re-compo-
sition of the flow from the modes and coefficients, given in the bottom row of figure 2.1,
shows that the time-domain SPOD allows for a re-composition that is very similar to
the snapshot POD, while the frequency-domain SPOD requires an additional integration
along all frequencies. Therefore, time-domain SPOD is more suitable for reduced-order
modelling, however, we have to keep in mind that the reduced modes (τ = 0) do not nec-
essarily form an orthogonal basis. The frequency-domain SPOD separates the flow into
pure harmonic contributions that have trivial dynamics but give additional constraints
that are beneficial to characterise broadband dynamics.

Interestingly, in the relevant literature, the frequency-domain SPOD appears to be
mainly applied to flows with convective instabilities (amplifier type flow, e.g. free jets,
boundary layers), whereas the snapshot POD and time-domain SPOD seem to be favour-
ably applied to flows with global instabilities (oscillator type flow, e.g. cylinder wake,
cavity flow). This distinctive selection of methods relates to the prior expectations about
the properties of the modal decomposition. The options are either the spectral purity
provided by the frequency-domain SPOD or the modal sparsity () provided by the time-
domain SPOD and snapshot POD. For amplifier type flows, a dispersed spectrum of
modes is expected and therefore the spectral purity is preferred. Instead, an oscillator
flow is expected to have sparse dynamics, which are desired to be captured by the de-
composition with as few modes as possible. The better understanding of the two SPOD
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variants gives the freedom to fade between the strict classifications and therefore may
help to reveal new flow structures.

2.4 Relation of time-delay embedding and SPOD

Time-delay embedding is a method to enrich the information that can be extracted from
limited observations of a system. It builds on Takens (1981) embedding theorem, which
states that the state of a continuous chaotic attractor can be reconstructed from a single-
measurement time-series. Accordingly, a single measurement is enriched with time-
delayed measurements to form a larger basis. Delay embedding has shown to improve
flow control (Brunton & Noack, 2015), stochastic estimation (Lasagna et al., 2013) and
reduced-order modelling (Brunton et al., 2017). In the context of meteorological data
analysis, POD is known as empirical orthogonal function (EOF) and the use of delay
embedding is referred to as extended EOF (Chen & Harr, 1993).

In the following, the close relation between the delay embedding and the short time-
scale τ introduced in section 2.1 is shown. For this purpose, the continuous framework
of the previous sections is left and the observation of P spatial points taken at N discrete
time instances is considered. A single flow snapshot is represented by the vector u(ti) =

[u(x1, ti), u(x2, ti), · · · , u(xP , ti)]
T .

The relation between delay embedding and the SPOD is first presented graphically
to get an idea of the matrix dimensions and the transformation between the different
approaches. Therefore, the snapshot matrix is given by

X0 = [u(t1) u(t2) · · · u(tn−1) u(tn)] (2.27)

and graphically represented as

.

Accordingly, the snapshot correlation matrix is represented by a simple matrix product
C = XT

0 X0 with the following graphical representation:

Furthermore, time-delayed and time-advanced instances of the snapshot matrix are
introduced as

X2 = [ 0 0 u(t1) u(t2) · · · u(tn−3) u(tn−2) ], (2.28)

X1 = [ 0 u(t1) u(t2) · · · u(tn−2) u(tn−1) ], (2.29)

X−1 = [ u(t2) u(t3) · · · u(tn−1) u(tn) 0 ], (2.30)

X−2 = [ u(t3) u(t4) · · · u(tn−1) u(tn) 0 0 ], (2.31)
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where zero padding is used to fill in missing data. Zero padding is chosen as continua-
tion at the boundaries to give a proper illustration, but the derivation is not necessarily
limited to this. Furthermore, the introduction of time-advanced instances in addition to
the time-delayed instances is only due to the symmetry of the SPOD. They constitute
only a shift of the reference time frame and are not strictly required for the derivation. In
the graphical illustration, these time-delayed and time-advanced instances correspond to
a column shift in the snapshot matrix:

.

All time-shifted instances of the snapshot matrix are collected in a large delay-embedded
state matrix reading

X =




X2

X1

X0

X−1
X−2



. (2.32)

The snapshot correlation matrix computed from this state matrix is assumed to be equiv-
alent to the filtered correlation matrix, requiring that XTX = S. Graphically, this reads

,

which can also be represented as the addition of correlations of all time-delayed instances

.

This it is obvious that the time shift in the snapshot matrix causes only a diagonal shift
of the original correlation matrix C. As a result, the time-shifted correlation matrix S is a
sum of diagonally shifted instances of matrix C:
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.

The sum of these shifted matrices can also be represented by a 2D convolution with an
identity matrix that has the size of the time delay

,

where the convolution is nothing but the filter along the diagonals introduced with the
SPOD.

The formal expression of this derivation reads more concisely as

S = XTX =

2∑

k=−2
XT
kXk, (2.33)

where the elements of the matrix S are given by

Si,j =

2∑

k=−2
u(ti+k)

Tu(tj+k) =

2∑

k=−2
gkCi+k,j+k, (2.34)

with the basic snapshot correlation

Ck,l =
P∑

p=1

u(xp, tk)u(xp, tl) (2.35)

and g = [1 1 1 1 1]. This is the same as the representation of the filtered correlation
matrix given in equation (2.12), which corresponds to an SPOD with a box filter of size 2
if the normalisation of the filter is omitted.

The derivation can also be provided in agreement with the notation introduced in the
Hankel alternative view of Koopman (HAVOK) by Brunton et al. (2017). Therefore, M
time-delay instances of the snapshot matrix are collected in a block-Hankel matrix H ,
reading

H =




u(t1) u(t2) · · · u(tN−M )

u(t2) u(t3) · · · u(tN−M+1)
...

...
. . .

...
u(tM ) u(tM+1) · · · u(tN )



. (2.36)

The snapshot correlation of this matrix is again supposed to be equivalent to the filtered
SPOD matrix S = HTH , which can likewise be described by the element-wise summa-
tion

Sk,l =
M∑

j=1

P∑

p=1

u(xp, tk+j)u(xp, tl+j). (2.37)
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Again, the right hand side of (2.37) can be simplified by replacing the inner sum with the
basic snapshot correlation (2.35), which gives

Sk,l =
M∑

j=1

Ck+j,l+j . (2.38)

This reveals that the time-delay embedding is equivalent to a partial summation of the di-
agonals of Ck,l. Comparing this result to (2.12) shows that POD in combination with time
delay embedding is equivalent to SPOD with a box filter (gj = 1 and Nf = (M − 1)/2).

In addition to this correspondence, the SPOD has further unique characteristics. Such
as that the SPOD, in contrast to time-delay embedding, includes a weighting of the delay
with respect to the amount of delay relative to the centre coordinate. Moreover, delay
embedding requires the construction of a very large Hankel matrix, while for SPOD the
construction of this matrix is implicitly assumed but never really set up. Instead, the
effect of the time-delay embedding is replicated by the filter applied to the correlation
matrix. This saves computation time in case the number of snapshots is smaller than the
number of spatial points multiplied by the embedding dimension (N < PM ).
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Chapter 3
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The publications that are part of this thesis are presented in chronological order as:
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2016.103

3.2 M. Sieber, C. O. Paschereit, & K. Oberleithner (2016b). “Advanced Identification of
Coherent Structures in Swirl-Stabilized Combustors”. Journal of Engineering for Gas
Turbines and Power 139.2, p. 021503. DOI: 10.1115/1.4034261

3.3 M. Stöhr, K. Oberleithner, M. Sieber, Z. Yin, & W. Meier (2017). “Experimental Study
Of Transient Mechanisms Of Bi-Stable Flame Shape Transitions In A Swirl Com-
bustor”. Journal of Engineering for Gas Turbines and Power, V04BT04A063. DOI: 10.
1115/1.4037724

3.4 M. Sieber, C. O. Paschereit, & K. Oberleithner (2021a). “Stochastic modelling of a
noise-driven global instability in a turbulent swirling jet”. Journal of Fluid Mechanics
916, A7. DOI: 10.1017/jfm.2021.133

3.5 M. Sieber, C. O. Paschereit, & K. Oberleithner (2021b). “Impact of density stratifi-
cation on the global mode in a swirling jet: Stochastic modelling and Lagrangian
coherent structures”. International Journal of Heat and Fluid Flow 90, p. 108820. DOI:
https://doi.org/10.1016/j.ijheatfluidflow.2021.108820

The contribution of each publication to the dissertation is summarised at the beginning
of every section under the following keywords:

Methods that are introduced in individual publications. The common methodologi-
cal subjects are the development of the SPOD, the implementation of a stochastic
model, and the visualisation of flow dynamics and flow structures.

Results, which are obtained from the application of the methods to measurement data.
The investigated data are generally experimental data from different setups which
are not all captured within the dissertation. The source of the data, the related
experiments, and the general observations are summarised here.

Physics of fluid dynamic phenomena drawn from the results. The common fluid dy-
namic subject that is discussed in the superordinate work is the global mode in
swirling jets. The contribution to the global picture of the swirling flow and the
related instability is given here.
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3.1 Spectral proper orthogonal decomposition

This article is published in an edited form in the Journal of Fluid Mechanics under the fol-
lowing reference: M. Sieber, C. O. Paschereit, & K. Oberleithner (2016d). “Spectral proper
orthogonal decomposition”. Journal of Fluid Mechanics 792, pp. 798–828. DOI: 10.1017/
jfm.2016.103. The following is the accepted manuscript of the article. Reprinted with
permission. This version is free to view and download for private research and study
only. Not for re-distribution, re-sale or use in derivative works. ©Cambridge University
Press.

The SPOD is presented in this work as a new method for the decomposition of ve-
locity data from turbulent flows. The publication misses part of classification concerning
similar POD variants. This is supplemented in the dissertation in chapter 2. The rela-
tions were not entirely clear at the time the paper was published but they developed in
exchange with the scientific community.

Methods: The SPOD is derived from practical aspects of data processing. It is presented
as an adjustable filter added to the classical snapshot POD. This allows a contin-
uous fade from POD to Fourier decomposition. The pairing of linked modes that
describe a common coherent structure is further introduced using a cross-spectral
correlation based on the DMD.

Results: High-speed PIV data from different investigations at the chair of fluid dynam-
ics are analysed to show the capabilities of the SPOD. The SPOD is opposed to
POD and Fourier decomposition to high lite benefits of the new approach. The
SPOD spectrum is introduced as a compact representation of the entire dynamics
contained in a dataset.

Physics: Identification of a coherent structure through the separation of time scales be-
tween the fast oscillation and the slow variation in amplification rate and frequency.
This is achieved by the short-time linearization trough using the SPOD filter.

https://doi.org/10.1017/jfm.2016.103
https://doi.org/10.1017/jfm.2016.103
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The identification of coherent structures from experimental or numerical data is an
essential task when conducting research in fluid dynamics. This typically involves the
construction of an empirical mode base that appropriately captures the dominant flow
structures. The most prominent candidates are the energy-ranked proper orthogonal
decomposition (POD) and the frequency ranked Fourier decomposition and dynamic
mode decomposition (DMD). However, these methods are not suited when the relevant
coherent structures occur at low energies or at multiple frequencies, which is often the
case. To overcome the deficit of these “rigid” approaches, we propose a new method
termed Spectral Proper Orthogonal Decomposition (SPOD). It is based on classical
POD and it can be applied to spatially and temporally resolved data. The new method
involves an additional temporal constraint that enables a clear separation of phenomena
that occur at multiple frequencies and energies. SPOD allows for a continuous shifting
from the energetically optimal POD to the spectrally pure Fourier decomposition by
changing a single parameter. In this article, SPOD is motivated from phenomenological
considerations of the POD autocorrelation matrix and justified from dynamical system
theory. The new method is further applied to three sets of PIV measurements of flows
from very different engineering problems. We consider the flow of a swirl-stabilized
combustor, the wake of an airfoil with a Gurney flap, and the flow field of the sweeping
jet behind a fluidic oscillator. For these examples, the commonly used methods fail to
assign the relevant coherent structures to single modes. The SPOD, however, achieves
a proper separation of spatially and temporally coherent structures, which are either
hidden in stochastic turbulent fluctuations or spread over a wide frequency range. The
SPOD requires only one additional parameter, which can be estimated from the basic
time scales of the flow. In spite of all these benefits, the algorithmic complexity and
computational cost of the SPOD are only marginally greater than those of the snapshot
POD.

1. Introduction and motivation

1.1. Contemporary methods for data reduction

Today’s high fidelity computational fluid dynamics (CFD) and high-end experimental
data acquisition systems tend to produce vast amounts of data that are getting harder
to interpret and overview. Methods to analyze such data are numerous and are always
developing to stay in line with acquisition and computation systems. The most challeng-
ing data stem from turbulent flows that feature a huge range of temporal and spatial
scales. A key challenge in turbulent flow data mining is the distinction of deterministic
coherent motion from purely stochastic motion. Numerous methods exist that exploit
the periodicity or energetic dominance of these coherent structures. These methods

† Email address for correspondence: moritz.sieber@fd.tu-berlin.de
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range from classic Fourier decomposition to dynamic mode decomposition (DMD) and
proper orthogonal decomposition (POD). The most prominent among them are shortly
introduced in the following.
POD has been widely used since its introduction by Lumley (1970) and Sirovich (1987).

It was applied in nearly every fluid dynamic field. Beyond fluid dynamics, this method is
also known as singular value decomposition, principal component analysis or Karhunen-
Loève expansion (Berkooz et al. 1993). The basic idea behind this method is to construct
an optimal basis that represents most of the data variance with as few basis functions
as possible. In context of POD the variance is turbulent kinetic energy. Therefore, the
POD searches for the most energetic modes whereby coherent structures with high energy
content are likely to be represented by POD basis functions (Holmes et al. 2012).
Another classical approach is the linear stochastic estimation introduced by Adrian &

Moin (1988), where the readings of different sensors are related via a linear mapping. This
is closely related to the extended POD (Boree 2003), also described in a unified framework
(observable inferred decomposition) by Schlegel et al. (2012). In recent extensions of linear
stochastic estimation, the use of time delays between the different sensors and also the
use of one sensor at multiple time instances is pursued to separate periodic coherent
structures from turbulent fluctuations (Durgesh & Naughton 2010; Lasagna et al. 2013).
This approach was also used to improve the determination of harmonic POD modes
from few pressure sensors (Hosseini et al. 2015). These utilisations of data from various
time instances are also related to the temporal constraint used for the POD extension
proposed in this article.
Targeting the temporal periodicity of the coherent structures, spectral methods like

discrete Fourier transform (DFT) and the recently introduced DMD (Rowley et al.
2009; Schmid 2010) come into play. These methods commonly span the mode space
according to fixed frequencies, which enables the identification of coherent structures
within small spectral bandwidths. In contrast to the DFT, the DMD also distinguishes
modes with respect to their linear amplification. The recently introduced extended DMD
(Williams et al. 2015) tries to overcome the limitations encountered by the (linear) DMD
approach when trying to decompose data from nonlinear systems. The idea is to use
nonlinear functions that create observables of the data, which are exactly described by
a linear system. This approach translocates the problem towards the identification of
these nonlinear functions, which can be solved using the “kernel trick” that is common
in machine learning. This paper presents an alternative approach, which extends POD
to account for temporal dynamics in addition to energetic optimality.

1.2. Why yet another method?

After this short and incomplete review of data processing methods, one may ask if
there is need for another method. The answer is probably no, so we take the most used
method (POD) and bring it up to date for present research issues. The approach pursued
here includes a simple yet effective extension to the classical POD, which leads to a
more general method comprising POD and also the DFT. This approach unifies existing
methods, but also offers possibilities beyond these. From the authors’ experience, the
currently available methods often fail when applied to challenging flow data. These stem
from flows with weak coherent structures where the recorded data have low signal to
noise ratios, from flows with intermittent dynamics, or from flows featuring multi-modal
interactions leading to frequency modulations, to name a few. In such cases, much effort
is required to optimize the data processing until satisfactory results are obtained. The
usual escape route is to focus on a certain spatial region or to apply suitable filters
to pick out a certain wavelength or frequency range. This involves trial and error or
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requires prior knowledge of the investigated flow. There is also the danger of cutting
off a substantial portion of the data, leading to false interpretations. These procedures
can be collected under the heading “identifying symmetries” as done by Holmes et al.
(2012). The drawback of this approach is that the investigated flow must feature some
symmetries and they must be known a priori. A recent application shows the huge variety
of spatial and temporal filtering together with POD to separate different phenomena into
different modes (Bourgeois et al. 2013), exemplifying the complexity of this approach.
The usage of spectral methods for highly turbulent flows is even more challenging than

POD. The variable frequency of single coherent structures and intermittent occurrence of
different structures with the same frequency hinders a proper decomposition. In terms of
the DFT, averaging of spectra from multiple measurements or sensors is essential to get
reliable results. Analogously, for the DMD, averaging over several events is an option to
reject noise (Tu et al. 2014). Nonetheless, the results obtained with DFT and DMD suffer
from limiting the temporal dynamics to single frequencies. Turbulent flows hardly ever
feature discrete frequencies and it is not always valuable to restrict a single mode (flow
phenomenon) to a single frequency. Coherent structures that feature significant phase
jitter or frequency modulation are represented by many modes at similar frequencies. In
contrast, the POD puts no temporal constraint on the modes. This can result in modes
that represent flow phenomena occurring at largely different temporal scales. Thus, it is
often hard to interpret these modes and draw meaningful conclusions from the temporal
dynamics.
From our point of view, there is a big gap between the energetically optimal decompo-

sition of POD and the spectrally clean decomposition of DFT or DMD. This gap will be
bridged with the spectral proper orthogonal decomposition (SPOD) introduced in this
article. This new method not only places itself somewhere in between these two extrema,
but it allows for a continuous shifting from one to the other. The main idea is to apply a
filter operation to the POD correlation matrix, which will force the POD towards clear
temporal dynamic. Depending on the filter strength we continuously sweep from classic
POD to DFT.
The remainder of this article is organized as follows: The proposed method is described

in detail in §2. The reader is guided from snapshot POD via an in-depth interpretation
of the correlation matrix towards the general description of the SPOD. In addition, a
method is explained to identify coupled mode pairs describing a single coherent structure,
which becomes handy when working with SPOD. In §3, the new method is demonstrated
on three different experimental data sets. The results are compared against POD and
DFT to point out the benefits of SPOD. In §4 the capabilities of SPOD are summarized,
based on the findings from the application to experimental data.

2. Description and interpretation of the proposed method

2.1. Classical snapshot POD

To introduce the method and the nomenclature, the snapshot POD approach is
described first. We start off with a decomposition of a data set into spatial modes and
temporal coefficients:

u(x, t) = u(x) + u′(x, t) = u(x) +

N∑

i=1

ai(t)Φi(x). (2.1)

Note that only the fluctuating part u′(x, t) is decomposed. It is split into a sum of spatial
modes Φi and mode coefficients ai. A set ofM spatial points recorded simultaneously over
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N time steps is considered. To calculate the POD, the correlation matrix of this data set
is needed. For data obtained from particle image velocimetry (PIV) or CFD, the number
of spatial points is usually larger than the number of snapshots. The correlation matrix
is then calculated between individual snapshots (temporal correlation). The alternative
approach (spatial correlation) that applies for M ≪ N , is detailed in appendix A. The
correlation between two snapshots is calculated from an appropriate inner product 〈, 〉,
usually defined as the L2 inner product

〈u(x), v(x)〉 =
∫

V

u(x)v(x)dV , (2.2)

where V specifies the spatial region or volume over which the correlation is integrated.
The elements of the correlation matrix R are given by

Ri,j =
1

N
〈u′(x, ti), u

′(x, tj)〉 . (2.3)

Matrix R is of size N ×N .
The temporal coefficients ai = [ai(t1), ..., ai(tN )]

T
and mode energies λi are obtained

from the eigenvectors and eigenvalues of the correlation matrix.

Rai = λiai ; λ1 > λ2 > · · · > λN > 0 (2.4)

The subscript i refers to single eigenvalues, which are sorted in descending order. Since
the ai are the eigenvectors of the real symmetric positive-definite matrix R, they are
orthogonal. Moreover, they are scaled with the energy of the single modes such that

1

N
(ai,aj) = λiδij , (2.5)

where (, ) denotes the scalar product. The spatial modes are obtained from the projection
of the snapshots onto the temporal coefficients

Φi(x) =
1

Nλi

N∑

j=1

ai(tj)u
′(x, tj). (2.6)

These modes are orthonormal by construction

〈Φi, Φj〉 = δij . (2.7)

The formulation so far is perfectly in line with classical snapshot POD, which can also
be computed by a singular value decomposition. However, since the SPOD requires a
manipulation of the correlation matrix we retain the classical form.

2.2. Properties of the correlation matrix

The SPOD described in this article is essentially a filter applied to the correlation ma-
trix R. To offer a better understanding of this approach, the structure of the correlation
matrix R is inspected first.
Figure 1(a) shows the structure of the correlation matrix for the data set of a forced

turbulent jet. The data were acquired with PIV inside a 2D-plane aligned with the jet
axis. The considered flow shows strong vortex shedding at the forcing frequency (the
acquisition frequency is 25 times the forcing frequency). The presence of these periodic
patterns in the flow, and their convection within the observed flow field, lead to a diagonal,
wave-like structure of the matrix. This is closely related to the periodicity of the auto-
correlation coefficient. In fact, if the individual elements of the correlation matrix R are
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Figure 1. (a) Pseudo-color plot of the correlation matrix elements Ri,j and (b) the correspond-

ing correlation coefficient R̂. The displayed data are picked from PIV measurements of a forced
turbulent jet.

summed up along the diagonals, we get the spatially averaged auto-correlation coefficient

R̂(τ) =

∫ T

τ
〈u′(x, t), u′(x, t− τ)〉dt

∫ T

0
〈u′(x, t), u′(x, t)〉dt

, (2.8)

where the upper bound T is the length of the measured sequence. It is depicted in
figure 1(b), showing the same periodicity as the correlation matrix. The auto-correlation
coefficient itself represents the spectral content of different timescales and wavelengths
and it is directly related to the power spectral density of the underlying data. However, it
contains no information of the phase of individual frequencies, due to the reference of the
signal to itself. This is why the elements along the diagonals of R look so similar, as they
represent only relative changes with respect to the time step on the main diagonal. Thus,
increased similarity along the diagonals of R is equivalent to an increased similarity of
the dynamics of the underlying signal. This property will be discussed more deeply in
section 2.4. The obvious consequence from these findings is: If we want to obtain smooth
dynamics from the POD, we have to enforce the diagonal similarity of the correlation
matrix. This is where we step into spectral POD.

2.3. General description of the SPOD

The yet so simple, but radical approach is a filter operating on the correlation matrix
R. To augment the diagonal similarity of R a simple low-pass filter is applied along the
diagonals. This results in a filtered correlation matrix S with the elements given as

Si,j =

Nf∑

k=−Nf

gkRi+k,j+k. (2.9)

The filter above is just a symmetric finite impulse response filter with a filter coefficients
vector g of length 2Nf + 1. The most simple approach would be a box filter, where
all coefficients have the same value gk = 1

2Nf+1 . In the examples discussed later, we

use a Gaussian filter, which features a smooth response in time and frequency domain.
Moreover, we choose a standard deviation as such that the filter gives the same cut-off
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frequency as a box filter with half the length. In fact, any kind of digital finite impulse
response filter can be used here.
The further procedure of the SPOD is the same as for the classical POD. From

the filtered correlation Matrix S the temporal coefficients bi and mode energies µi are
obtained from the eigen decomposition

Sbi = µibi ; µ1 > µ2 > · · · > µN > 0. (2.10)

The temporal coefficients are also scaled with the mode energy and they are still
orthogonal

1

N
(bi, bj) = µiδij . (2.11)

The spatial modes are finally obtained from the projection of the snapshots onto the
temporal coefficients

Ψi(x) =
1

Nµi

N∑

j=1

bi(tj)u
′(x, tj), (2.12)

where these modes are no longer orthogonal. This property of the spatial modes is detailed
in appendix B. The total energy of the data set is still represented by the decomposition
(
∑

λi =
∑

µi), but the energy per mode is less for the first modes. Hence, increasingly
plain temporal dynamics are obtained at the expense of spatial orthogonality and a
dispersed SPOD spectrum. Nevertheless, the decomposition (as in (2.1))

u(x, t) = u(x) +
N∑

i=1

bi(t)Ψi(x), (2.13)

is still exact if all N SPOD modes are used for the re-composition.
If the filter size is extended over the entire time-series, the filtered correlation matrix

converges to a symmetric Toeplitz matrix. This matrix has the form

Si,j = R̂ (∆t|i− j|) , (2.14)

with the diagonals given by the average correlation coefficient (2.8). This special matrix
is also known as the covariance matrix and its eigenvalues are tracing out the power
spectral density of the underlying time series (Wise 1955). This equality is a part of Szegös
theorem and it is valid for the limiting case where the number of samples approaches
infinity. To discuss this feature for finite series, the treatment of the start and end of the
time series must be clarified. At the boundaries of R, the filter operation is not properly
defined, since the symmetric filter lacks elements before and after the finite series. These
elements can either be replaced by zeros or the time-series is assumed to be periodic. For
the zero padded boundary, Ri,j = 0 in (2.9) for any i or j that is outside of the domain
[1, N ]. In the case of periodic boundary conditions, indexing outside of the valid domain
is mapped back into the domain by addition or subtraction of N (e.g., Ri,j = Ri−N,j

if i > N). For periodic conditions conditions and a box filter of the same size as the
number of snapshots, a symmetric circulant matrix is obtained, where the eigenvalues
and eigenvectors are given by the Fourier transform of the first row (Gray 2005). Hence,
the DFT and the SPOD produce the same decomposition for this limiting case. For
the Gaussian filter this limit is only exactly reached with a infinitely large filter size,
but practically, the decomposition remains nearly constant for values Nf > N . In the
following example of application, the DFT is calculated with Nf = N and a box filter.

The general SPOD approach and its placement with respect to the existing methods
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POD DFT

SPOD
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Nf = 0 Nf = 25 Nf = 100 Nf = 200

Sb = µb

Figure 2. Schematic describing the main properties of the SPOD for increasing filter strength
(from left to right). The top row shows pseudo-color plots of the filtered correlation matrix
matrix (S). The phase portraits of the corresponding first two modes (b1 and b2) that describe
the dominant oscillations are shown below. The axes of the plots shown here are the same as for
the plots in figure 1 and 16, respectively. The graphs are based on the data already presented
in section 2.2 and the SPOD is calculated from 200 snapshots.

is graphically summarized in figure 2. The images in the first row show the filtered
correlation matrix at different filter widths Nf . The images below depict the phase
portraits of the leading two modes (compare figure 16). It is apparent that the increased
diagonal similarity of the correlation matrix, which goes in hand with the increased filter
width, successively limits the temporal variations of the mode amplitude and frequency
until a stable limit cycle is reached. In summary, the SPOD allows for continuous fading
from the energetically optimal POD to a purely spectral DFT. What happens in between
these two limits is very promising, as will be shown later in this article.

2.4. Spectral properties of the SPOD filter operation

Now provided with the continuous transition between POD and DFT, we may deter-
mine how the SPOD filter affects the resulting mode dynamics. In other words, we would
like to know how the filter frequency response transfers into mode space. This enables
the choice of an adequate filter size Nf , which is the crucial property of the introduced
filter operation.
We consider the forced turbulent jet data already consulted in the previous section.

In this flow the periodic shedding is strong and regular and it is represented by the
same SPOD mode regardless of the filter setting. Furthermore, the flow is turbulent,
showing sufficient jitter and broadband noise in the mode dynamics to demonstrate the
effect of the SPOD filter. Figure 3 shows the spectrum of the most dominant SPOD
mode coefficient b1 computed for different filter sizes Nf . According to these graphs, the
SPOD operation applies a band-pass filter to the modal dynamics with the band centered
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Figure 3. Magnitude of the frequency spectrum for the first SPOD mode for different filter
widths Nf . The analyzed flow is the forced turbulent jet presented in figures 1 and 2.
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Figure 4. Magnitude of the SPOD filter frequency response for different filter widths Nf .

around the dominant frequency. The width of the band and the spectral attenuation is
directly related to the filter width.
The spectral response of the filter coefficients g that define the spectral constraint of the

SPOD (2.9) are drawn in figure 4. As described in the previous section, these coefficients
are chosen to represent a Gaussian filter with a typical low-pass characteristic, where the
cutoff-frequency is related to the filter width as fc ∝ 1/Nf .
To evaluate the frequency response of the entire SPOD method, we compute the

spectral attenuation of the SPOD with respect to POD and compare this to the frequency
response of the filter coefficients. The spectral attenuation is calculated from the ratio of
spectral magnitudes of the first SPOD (Nf = 25) and POD (Nf = 0) coefficients b1. The
results are shown in figure 5, where the graph of the filter frequency response must be
shifted to compensate the difference between low- and band-pass filtering. Accordingly,
both curves show nearly the same attenuation as well as the same characteristic stop-
band ripples. In this adapted representation the spectral attenuation of the SPOD can
be directly estimated from the filter coefficients. However, the SPOD shows a band-pass
characteristic while the filter coefficients describe a low-pass filter. The frequency arround
which the band is centered is selected intrinsically by the SPOD.
The band-pass behavior of the SPOD is a direct consequence of the smoothing of the

diagonal elements of the correlation matrix. As elaborated in appendix C for linear system
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Figure 5. The spectral attenuation of the SPOD obtained from the ratio of the spectral
magnitudes |F(bNf=0)|/|F(bNf=25)| and the response of the filter coefficients |F(g)| (2.9). For
the filter response the frequency axis is offset to match the modes center frequency.

dynamics, variations of the diagonal elements relate directly to variations of the frequency
and amplification of the modes. Hence, the SPOD filter operation constrains the temporal
variation of the mode frequency and amplification rate, but sets no limitations on the
temporal mean frequency and amplitude. Thus, the SPOD filter averages out frequency
variations which reduces the spectral bandwidth of the modes. With the selected low-pass
filter coefficients, the smoothing intensity can be adjusted, which controls the bandwidth
of the filter. However, the selection of a center frequency for this band-pass filter is data
driven, which means the filter “snaps” to a dominant (coherent) fluctuation contained in
the data.
Based on these conclusions, an adequate filter size Nf may be selected prior to the

SPOD. Ideally, it should be a time span for which the dynamics of the coherent structures
of interest exhibit constant dynamics. In practice, we found that suitable selections for
this time span are the characteristic timescales of the flow. These are either one period
of a dominant oscillation or the time that a structure needs to be convected a typical
length-scale of the flow.
Based on the coefficient spectra shown in figure 3, it may seem that SPOD is just a

method that is comparable to a subsequent band-pass filtering of POD modes, but the
situation is substantially different. A posterior filtering of POD modes cut out parts of the
temporal dynamics that are ignored in further investigations. In the case of the SPOD,
the filter is applied prior to the decomposition. Hence, the filter shifts the dynamic content
removed from one mode to the other modes. Therefore, the entire dynamic content is
still represented in the decomposition, but it is redistributed among the modes (2.13).
Moreover, the SPOD may “find” modes that where hidden in noise or mixed with other
modes, which is not possible with a subsequent filter.

2.5. Identification of coupled modes

One crucial point in POD and SPOD is the identification of linked modes. Assuming
the presence of periodic coherent structures, their dynamics are described by a pair of
modes, analogue to the sine and cosine in the Fourier space or the real and imaginary
part of DMD modes. They constitute the real and imaginary part of an analytical signal

b̃(t) = bi(t) + ibj(t) = A(t)eiφ(t), (2.15)
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where A is the amplitude and φ, the phase of the signal (i =
√
−1). The coupling of

such a mode pair is not given by the SPOD and it has to be identified a posteriori.
Coupled modes typically show a similar amount of energy and pair in the POD spectrum
(Oberleithner et al. 2011, 2014). For more complex dynamics with multiple energetic
modes, the pairs are not easily identified and visual inspection of Lissayous figures
and spatial modes is required. This manual procedure is cumbersome and by no means
objective.
To provide an alternative, we propose an unbiased approach that gives a quantitative

measure of the dynamic coupling of individual modes. The idea is to evaluate the mode
coefficients cross spectra at π/2 phase lag, in order to measure the spectral proximity.
Mode pairs that describe a single structure must have the same spectral content, but are
shifted by a quarter period. In the following, this spectral measure is also called harmonic
correlation. Fourier decomposition and DMD where both considered to evaluate this
harmonic correlation, but the DMD turned out to be more reliable for this task. The
general procedure is schematically outlined in figure 6. From the depicted operations, the
DMD and the mode coupling are discussed in this section.
For the DMD of the SPOD coefficients, their temporal evolution is assumed to be

governed by a linear operator T

b(t+ ∆t) = Tb(t). (2.16)

To approximate this operator, the SPOD coefficients are arranged in two matrices X =
[b(0) b(∆t) ... b((N − 2)∆t)] and Y = [b(∆t) b(2∆t) ... b((N − 1)∆t)] (following the
notation of Tu et al. (2014)). Hereafter, the operator is given by

T = YX−1, (2.17)

where X−1 is the Moore-Penrose pseudoinverse of X . Alternatively, this can be solved
as a least squares problem, minimizing ‖TX − Y‖. To reject measurement noise in the
identification procedure, only the “physical part” of the SPOD modes is considered for
the calculation of the operator T . That means, only the modes with acceptable signal to
noise ratio should be considered. Therefore, the number of retained modes is calculated
from the energy resolved by the SPOD, truncated after Nc modes, with

E(Nc) =

∑Nc

k=1 µk∑N
k=1 µk

. (2.18)

In the examples shown later the modes are truncated around E(Nc) = 0.95. This value
depends on the signal to noise ratio of the considered measurement, which can be
estimated from the POD spectrum (Raiola et al. 2015). Note that the number of retained
modes increases for wider SPOD filters and corresponding flatter SPOD spectra (µj).
The DMD modes are obtained by the eigen-decomposition of matrix T as

Tci = νici. (2.19)

The eigenvalues νi comprise the frequencies ωi and amplification-rates σi of the operator
T and are given by the logarithm of the eigenvalue ln(νi)/∆t = σi+iωi. The eigenvectors
ci hold the relative spectral content of the single SPOD coefficients with respect to these
frequencies. More precisely, the element ci,j of vector ci is the spectral content of the
single mode coefficient bj with respect to νi. The actual modal representation is given by

bj(t) =

Nc∑

i=1

ci,je
(σi+iωi)t. (2.20)
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Figure 6. Schematic illustrating the main steps towards the identification of coupled modes
(red and blue lines indicate real and imaginary parts of an analytic signal). The data displayed
here were derived from measurements of a forced turbulent jet (see also figure 1).

It must be noted that this decomposition is only exact if Nc = N , whereas in the current
approach Nc < N . Nevertheless, the decomposition gives a common spectral basis, which
allows the ranking of spectral similarity of the temporal coefficients b(t). The developed
proximity measure is given by

Ci,j = Im

{
Nc∑

k=1

ck,ic
∗
k,j sgn (Im (νk))

}
, (2.21)

where ∗ indicates the complex conjugate and the coefficients are normalized to (ci, ci) =
1. The sign function (sgn) in this expression accounts for the conjugate pairs that appear
in the DMD spectrum (mirrored at the real axis).
For two modes to be coupled, they must have a similar spectral content, which is

either shifted a quarter period forward or backward. This implies a positive or negative
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imaginary part of the harmonic correlation (2.21), respectively, and coupled modes appear
as peaks in the matrix C. Hence, the row and column indices of the maximum of C identify
the first coupled SPOD modes. The corresponding row and column in C are then set
to zero and the next lower maximum is identified. This procedure is repeated until all
modes are paired. It has to be noted that this approach also creates weakly correlated
and possibly unphysical mode pairs.
Together with the identification of coupled modes, the procedure gives an average fre-

quency of the coherent structure represented by the mode pair. Therefore, the eigenvalues
νk of the matrix T are sorted in descending order with respect to their content for the
identified mode pair c̃k = c2k,i + c2k,j . The frequency is given as the weighted sum of the
eigenvalues

f =

∑n
i=1 Im {ln(νi)} c̃i
2π∆t

∑n
i=1 c̃i

. (2.22)

The weighting accounts for the relative energy content of a mode pair with respect to
the single frequencies. In fact, only the most relevant eigenvalue (n = 1) can be picked
to determine the frequency, but for practical application it is recommended to use more
than one eigenvalue as noise may corrupt them. For the examples discussed in the next
chapter, we used an average over three eigenvalues (n = 3) to get accurate results.
The coupled SPOD modes are considered as one complex mode (see equation (2.15)

and figure 6) similar to the Fourier mode. The relative energy content of the identified
modes is computed as

K =
µi + µj∑Nc

k=1 µk

, (2.23)

where i and j again refer to the indices of the coupled SPOD modes.

3. Applications to experimental data

In this chapter the SPOD is applied to three different data sets. All three examples
originate from very different engineering problems, demonstrating the capability and
broad applicability of SPOD. We consider the flow of a swirl-stabilized combustor, the
wake of an airfoil with Gurney flap, and the flow field of a sweeping jet generated
with a fluidic oscillator. All three flows were recorded with the same PIV measurement
system. It consists of a Photron Fastcam SA 1.1 high-speed camera (1Mpixel at 2.7kHz
double frame) and a Quantronix Darwin Duo laser (30mJ at 1kHz). The PIV data
were processed with PIVview (PIVTEC GmbH) using standard digital PIV processing
(Willert & Gharib 1991) enhanced by iterative multigrid interrogation (Soria 1996) with
image deformation (Huang et al. 1993),(Raffel et al. 2007, pp. 146-158). Analyzing the
present data sets with existing POD, DFT or DMD approaches caused some difficulties.
As will be demonstrated, the SPOD is able to handle these shortcomings. The DMD and
the DFT equally suffer from the restriction of the modes to narrow frequency bands,
therefore we limit the following presentation to DFT. This choice is particularly handy
as the DFT is a limiting case of the SPOD. We also performed DMD of the data
presented here, where we found all DMD eigenvalues to lie in close proximity of the unit
circle (distance < 10−6). This indicates that the DMD is nearly equivalent to the DFT.
Rowley et al. (2009) stated that a DMD is identical to a DFT for periodic time-series,
but from our observations it appears as if they are also almost identical for statistically
stationary time-series. This supposition is based on the fact that none of the analyzed
series is entirely periodic, but all are statistically stationary.
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ROI

D

Figure 7. Experimental setup of the swirl stabilized combustor. Air enters from the left, passes
a swirl generator and exits into the combustion chamber. Flow field measurements with PIV are
conducted in the meridional plane as indicated by dashed square (ROI).
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Figure 8. Swirl-stabilized combustor flow: Time-averaged flow field depicted by (a) contours
of velocity magnitude and streamlines, and (b) spatially-averaged power spectral density.

3.1. Swirling jet undergoing vortex breakdown

At first, we consider the flow field of a swirl-stabilized combustor. Swirling jets are
widely used in the gas turbine industry due to their capability of obstacle-free flame
anchoring and enhanced mixing. The experimental setup to study these flows is sketched
in figure 7. Swirl is generated by injecting fluid tangentially into a mixing tube that
terminates in the combustion chamber. The cylindrical-shaped chamber is made of quartz
glass to allow optical access for PIV. Flow measurements are conducted in the meridional
section as indicated in the schematic. The case investigated here is non-reacting at a
Reynolds number of 58 000 based on the nozzle diameter D and the bulk velocity at
the nozzle exit. Additional details about the experimental setup can be found in Reichel
et al. (2015).
The mean flow field and the spatially-averaged power spectral density (PSD) is depicted

in figure 8, with the Strouhal number based on the same length and velocity scale as the
Reynolds number (St = fD/ubulk). The flow exhibits a strong recirculation zone in the
center, surrounded by an annular, strongly diverging jet. The cross-sectional jump at the
combustion entrance creates an additional external recirculation zone between the jet
and the confining walls. The spectral content of the flow is spread over all time scales
and it decreases with increasing Strouhal number. The spectrum gives no indication of
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any dominant coherent structure even though these flows typically feature helical global
modes (Oberleithner et al. 2011).
Figure 9 (a), (b), and (c) illustrate the results from the SPOD for the filter lengthsNf =

0, 10, and 2000, respectively. Note that the limiting cases Nf = 0 and Nf = 2000 produce
results equivalent to those obtained with classical POD and DFT respectively, while
the case in between represents the SPOD. Hence, this particular presentation concisely
demonstrates the difference between POD, SPOD and DFT.
Each of the three cases in figure 9 show the so-called SPOD spectrum, where every

mode pair is represented by a single dot. The size and color of the dots indicate the
harmonic correlation of a mode pair Ci,j , according to equation (2.21). The frequency of
a mode pair is determined according to (2.22) and the energy from the two eigenvalues
relative to the total energy from (2.23). On the right side of every case in figure 9, three
spatial modes Ψi(x) and the corresponding temporal coefficients bi(t) are posed above
each other. The spatial modes are visualized by the crosswise velocity component (in
y-direction) together with streamlines of the time-averaged flow. They are numbered
likewise in the SPOD spectrum and between the small mode plots. The plots are given
without axis labels to allow a compact representation of the data, the section is the
same as for the mean flow shown in figure 8(b). The time coefficients are represented by
their power spectral density, where the time series is split into five (50% overlapping)
sections, which are Fourier transformed and averaged. The horizontal dotted lines in the
PSD plots indicate a spacing of three orders of magnitude (103) and the y-axis is scaled
logarithmically. The spectral averaging was also applied for the power spectra shown in
figure 8(b) and in the subsequent PSD plots.
The POD (figure 9(a)) yields a broad spectrum of modes, where modes at lower

Strouhal numbers have more energy. There are several modes with high harmonic
correlation (diameter and color of the points), and high energy contents K. The spatial
shape of the low-frequency mode (label 1) shows clear spatial symmetry and a limited
spectral bandwidth (St ≈ 0.1). This mode is frequently observed in swirl-stabilized
combustors and it is associated with a global hydrodynamic instability (Terhaar et al.
2015). From the four additional outstanding modes between St = 0.3 and St = 0.8, we
choose two for further investigation. Their spatial structures cannot be precisely assigned
to a symmetric or anti-symmetric mode and they indicate mixtures of several spatial
wavelengths. Accordingly, the mode spectra are broad and show only a slight hump at
the frequencies indicated by the SPOD spectrum. The other modes around St = 0.5,
which are not shown here, show similar spatial and spectral content.
Overall, the POD indicates the presence of a single mode at low frequency, together

with other coherent structures that are not properly resolved. The most energetic mode
(not inspected here) corresponds to a low frequency, large wavelength fluctuation, as
indicated by the SPOD. Such slow changes of the mean flow are usually named shift
modes (Luchtenburg et al. 2009; Hosseini et al. 2015). In this particular case the shift
mode stems from weak movements of the vortex breakdown bubble.
Consider now the SPOD in figure 9(b), with a filter length Nf = 10; From the SPOD

spectra we identify three peaks at St = 0.09, 0.5 and 0.8. The first mode is the same as
the one already identified by the POD, but its spectral content at higher frequencies is
reduced. It describes a single-helical structure in the wake of the recirculation zone. The
second identified mode exhibits a broad spectral peak at St = 0.5. Its spatial structure
and Strouhal number match the global mode identified by Oberleithner et al. (2011). It
is a single-helical mode linked to the precessing motion of the recirculation zone. The
spatial structure of mode three suggests a double-helical shape. It is not a harmonic of
the second mode, as their frequencies are not related.
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Figure 9. Swirling jet: Results from SPOD for different filter lengths (a) Nf = 0 (POD), (b)
Nf = 10 (SPOD), and (c) Nf = 2000 (DFT). For every filter length the SPOD spectrum is
displayed as scatter plot (left), where a single dot indicates one mode pair (size and color Ci,j

in (2.21)). For three selected pairs the spatial modes (upper row) and PSD of the temporal
coefficient (lower row) are depicted. They are indicated by numbers in the SPOD spectrum, as
well as between the small mode plots.
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When the filter size is extended to its maximum, we get the the DFT (figure 9(c))
and the SPOD spectrum converges to the spatially-averaged PSD (figure 8(b)). The
temporal coefficients converge to sines and cosines and all mode pairs show full harmonic
correlation (uniform dot size in the SPOD spectrum). Since the selection based on
harmonic correlation is impossible, we resort to the frequencies already known from
the SPOD at Nf = 10. The spatial structures resemble the ones from figure 9(b), but
they are corrupted by noise. Moreover, the spatial symmetries are no longer as clear as
for the Nf = 10 case. Note that the corresponding spectral peaks are broadened due to
the averaging procedure, which is applied here only for consistency.
From this first example, we can point out some striking features of the SPOD. The

SPOD is able to separate coherent fluctuation from stochastic turbulent fluctuations even
though they both have the same energy contents (see the SPOD spectrum in figure 9(c)).
The classical POD yields partially mixed structures that cannot be assigned to distinct
flow phenomena, whereas the SPOD properly separates these structures and identifies
them from harmonic correlations. The DFT instead shows the same structures at the
identified frequencies, but they are corrupted with noise and the method itself would
give no clue about the frequencies of interest.
The structures identified with the SPOD may also be found with the POD if the

decomposition is applied to a subsection of the measured domain. Moreover, the ex-
ploitation of spatial symmetries prior to the POD decomposition usually provides good
results for this type of flows (Terhaar 2015). Nevertheless, these alternative approaches
would require prior knowledge of the shape or spatial extent of the structures, whereas
the SPOD requires none of these.
All modes identified by the SPOD show clear spatial symmetries and distinct spectral

peaks. The frequency and shape of the first mode coincide well with previous experimental
observations in swirl-stabilized combustors (Terhaar et al. 2015). The second mode is very
similar to the one observed in unconfined swirling jets (Oberleithner et al. 2011). However,
the presence of these different modes in a single flow configuration raises the question
about their physical relevance. To deal with this issue, we conducted a linear stability
analysis of the underlying mean flow, following the procedure outlined by Oberleithner
et al. (2015). This analysis similarly delivered three unstable modes whose frequencies
and azimuthal and axial wavenumbers match the SPOD modes surprisingly well. To limit
the scope of this paper the analysis is not further detailed here. One important parameter
of the SPOD is the filter size Nf , which is twice the period of the second mode. The
experiences gained throughout the first application show that a filter size of one to two
periods of the mode of interest gives the best results.

3.2. Airfoil with Gurney flap

The second flow configuration considered here is the flow behind a pitched airfoil
equipped with a Gurney flap. The experimental setup is shown in figure 10. It illustrates
the working principle of the Gurney flap deployed at the pressure side of the airfoil. The
flap creates additional lift (and drag), which can be used to locally control varying loads
on large wind turbine airfoils (Bach et al. 2015a, 2014). The flow features around the
Gurney flap are characterized by a single vortex that develops upstream of the flap and
periodic shedding in its wake. The vortex upstream of the flap continuously grows up
to a critical size, then it is shed into the wake, and it starts growing again. Here, a FX
63-137 airfoil at 5◦ angle of attack is investigated at a Reynolds number of 180 000 based
on chord length. The reference length for the Strouhal number is the flap height, which is
3.6% of the chord. The measured region comprises only the wake of the airfoil capturing
the dominant vortex shedding. More details about the experimental setup can be found
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Figure 10. Schematic of the airfoil equipped with a Gurney flap at the trailing edge. Streamlines
indicate the surrounding flow and the vortex upstream of the flap. The measured section (ROI)
is a streamwise cut in the wake of the airfoil, capturing the periodic shedding behind the flap.
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Figure 11. Wake of the airfoil with Gurney flap: Time-averaged flow field depicted by (a)
contours of velocity magnitude and streamlines, and (b) spatially-averaged power spectral
density. The origin of the coordinate system is located at the trailing edge.

in a preceding publication of these data (Bach et al. 2015b). The Strouhal number in the
following results is calculated with the flap height h and the free stream velocity.
The mean flow shown in figure 11(a) reveals a velocity deficit in the wake of the Gurney

flap, which generates the vortex shedding. The PSD (figure 11(b)) indicates strong
oscillations at St = 0.105 with a weak higher harmonic. In a previous investigation it was
found that the vortex, which is shed from upstream of the flap causes an alteration of the
periodic vortex shedding behind the flap (Troolin et al. 2006). Hot-wire measurements in
the wake of the Gurney flap supported this assumption. The combination of a strong
periodic flow pattern and the intermittent short-time events provides a formidable
benchmark for the SPOD.
The presentation of the decomposition with the different methods is organized in the

same way as for the previous example. The classic POD decomposition is shown in figure
12(a). The vortex shedding is represented by the most energetic POD mode with the
highest harmonic correlation. The remaining modes show weak harmonic correlations
and no distinct peak in the SPOD spectrum. The modes labeled 2 and 3 exhibit a
broad spectral content with a spatial extent limited to the vicinity of the flap. There
are additional modes with similarly compact spatial extent located further downstream.
These compact modes describe the intermittent alteration of the vortex shedding during
the passage of the single vortex that was generated upstream of the Gurney flap. An
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Figure 12. Airfoil with Gurney flap: Results from SPOD for different filter lengths (a) Nf = 0
(POD), (b) Nf = 15 (SPOD), and (c) Nf = 2000 (DFT). For every filter length the SPOD
spectrum is displayed as scatter plot (left), where a single dot indicates one mode pair (size
and color Ci,j in (2.21)). For three selected pairs the spatial modes (upper row) and PSD of
the temporal coefficient (lower row) are depicted. They are indicated by numbers in the SPOD
spectrum, as well as between the small mode plots.
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inspection of their time coefficients (not shown) reveals that these modes are only active
one after another during one shedding period. Depending on the phase lag between the
natural oscillation and the shedding of the upstream vortex, the developing wake vortex
is either strengthened or weakened. The convection of this altered vortex is described
by a spatial series of modes. The modes 2 and 3 represent only the upstream part of
this convection, while the additional modes located further downstream (not shown)
describe the subsequent motion. This behavior is indicated by a complex interaction of
these modes and the periodic shedding modes, which is hard to identify in the POD
expansion.
The SPOD yields a much clearer set of modes (figure 12(b)). In addition to the shedding

mode, the SPOD also uncovers three other modes, which are offset from the rest. The two
modes that appear at similar frequencies capture the alteration of the vortex shedding
during the passage of the single vortex. Their mode shape is similar to the shedding mode,
but with larger spatial wavelengths and lower frequencies (see mode 2 in figure 12(b)).
The interaction of the upstream vortex with the vortex shedding increases the vortex
size and thus the wavelength in the wake. Assuming a constant convection speed in the
flow, this mode consequently has a lower frequency. In case of the SPOD the alteration
of the vortex shedding is captured by a single mode (pair) and is thus much easier to
interpret. The third mode represents the second harmonic of the vortex shedding with
a clear spectral peak and clean spatial mode with twice the wavelength of the shedding
mode. This higher harmonic is completely missed in the POD. The SPOD filter size Nf

is equivalent to three shedding periods, which is approximately equal to the traveling
time through the measurement domain.
The DFT shown in figure 12(c) reproduces the spectrum shown in figure 11(b). The

natural mode and its higher harmonic can be identified from the spectral peaks. The
corresponding mode shapes are similar to the SPOD, although the higher harmonic is
corrupted with noise, resulting in a fragmented spatial mode. The DFT at the frequency
of the second SPOD mode gives no indication of the structure identified before and
the vortex-vortex interaction is completely missed. This is attributed to the fact that
this phenomenon is highly intermittent with varying frequencies and amplitudes, which
cannot be represented by a single-frequency mode. The same dilemma applies for the
DMD.
For this example, the SPOD has shown its ability to separate dynamics with similar

spatial structures and frequencies but very different energies. The spectral proximity
and spatial similarity of the involved dynamics impede the application of POD. The
modulation of the natural vortex shedding is represented by a natural mode with several
intermittent modes. The DFT, however, with its single frequency modes does not capture
the modulation of the shedding at all. The frequency constraint imposed by the SPOD
is sharp enough to split the natural shedding from the modulation and soft enough to
allow for frequency and amplitude variations. Hence the SPOD again gives easy access
to dynamic features of the flow, which cannot be found with other common methods
of similar algorithmic complexity. There may be feature tracking approaches capable of
identifying the dynamics in this case, but they usually require more computational effort
and might not be as versatile as the SPOD.

3.3. Fluidic oscillator

In this example, SPOD is applied to the flow field of the sweeping jet generated from
a fluidic oscillator. This device is essentially a nozzle with feedback channels, which
cause a self-sustained oscillation of the jet. Figure 13 shows the approximate geometry of
this device and indicates the meandering shape of the sweeping jet. The shape and
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Figure 13. Schematic of the experimental setup with the fluidic oscillator. Air enters from
the left, passes the oscillator and exits into the unconfined ambient air. The angle of the jet
leaving the oscillator sweeps periodically up and down. The measured region (ROI) captures
the meridional plane of the jet’s near field. The oscillator has a square nozzle, hence the thickness
of the jet normal to the plane is also D.
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Figure 14. Fluidic oscillator: Time-averaged flow field depicted by (a) contours of velocity
magnitude and streamlines, and (b) spatially-averaged power spectral density.

motion of the jet resemble a traveling wave. These devices are used for active flow
control applications, where the sweeping motion of the jet allows a much wider actuator
spacing resulting in less energy consumption (Woszidlo et al. 2014). The data presented
here stem from an experimental setup investigating the spreading and entrainment of
sweeping jets (Woszidlo et al. 2015; Ostermann et al. 2015b). The data are recorded at a
Reynolds number of 37 000 based on the nozzle diameter D and the mean velocity in the
nozzle. These scales are also used for later calculation of the Strouhal number. The mean
velocity in figure 14(a) show that the PIV domain is moved off the jet center towards the
lower half of the jet. Data points closer than x/D = 2 were distorted due to laser light
reflections. The spectral content averaged over the PIV domain (figure 14(b)) shows a
narrow dominant peak and at least five higher harmonics. The narrow peaks indicate a
stable operation at the fundamental frequency, while the additional peaks suggest more
complex dynamics. The key challenge of this data set is to accurately reconstruct the
sweeping jet dynamics from a truncated measurement domain.
Figure 15 shows the results from the SPOD for filter lengths Nf = 0, 30, and 2000.

As in the foregoing examples, these filter setting span the range between both limiting
cases (from the POD to the DFT). The spectrum attained with the POD (figure 15(a))
reveals distinct modes at the fundamental frequency of the oscillator (labeled as 1) and
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Figure 15. Fluidic oscillator: Results from SPOD for different filter lengths (a) Nf = 0 (POD),
(b) Nf = 30 (SPOD), and (c) Nf = 2000 (DFT). For every filter length the SPOD spectrum
is displayed as scatter plot (left), where a single dot indicates one mode pair (size and color
Ci,j in (2.21)). For three selected pairs the spatial modes (upper row) and PSD of the temporal
coefficient (lower row) are depicted. They are indicated by numbers in the SPOD spectrum, as
well as between the small mode plots. The centerline of is indicated by a dash dotted line.
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at higher harmonics. The mode at the third harmonic frequency (labeled as 2) shows
a surprisingly high harmonic correlation. The PSD of the mode coefficients reveal that
each mode is not limited to a single frequency. The additional peaks in the PSD are
partly attributed to the fact that only part of the jet is measured. During one oscillation
period, the jet leaves and enters the measurement domain, creating sharp transitions in
the time domain and thus a series of higher harmonics in the frequency domain. Due
to the purely statistical POD approach, these higher harmonics appear in every mode
coefficient, which contradicts the idea of a proper modal decomposition. The mode that
seems to represent the fifth harmonic in the SPOD spectrum (labeled as 3) shows no
distinct peak at all in the PSD of the coefficient. Thus, the POD of this data set does
not provide a proper separation of the fundamental and higher harmonic contributions.
If the SPOD is applied instead, the fundamental and harmonic modes line up perfectly

(figure 15(b)). Now, the harmonics are separated clearly up to the seventh harmonic. The
spectral content and spatial shape are further examined for the fundamental, the third
and seventh harmonic. The PSDs of the mode coefficients reveal narrow spectral bands.
The corresponding mode shapes show an appropriate spatial symmetry, although the
PIV domain is cropped shortly above the symmetry line. It is worth mentioning that the
broad peak in the PSD of the seventh harmonic indicates considerable frequency jitter,
while the mode shape remains remarkably smooth and symmetric.
The results obtained with the DFT are presented in figure 15(c). The peaks in the

SPOD spectrum clearly indicate the fundamental and the first five higher harmonics.
Their spatial shapes agree well with the SPOD modes, which is not surprising as these
modes have narrow spectral bands. Note however that each peak is split into several
DFT modes, which indicates slight frequency variation. This becomes crucial for the
higher harmonics, where the frequency jitter is significant and the mode energy is low.
For the seventh harmonic, the DFT fails to reproduce the structure seen in the SPOD
(figure 15(b)). The frequency variations detected by the SPOD are simply to high and
the mono-frequent energy content too low. This emphasizes the superior noise rejection
of the SPOD.
In this example, the SPOD is superior to the POD and the DFT. The energy-ranked

POD modes primarily suffer from the incompleteness of the data set. This is of immense
importance as the relevant domain size is rarely known prior to a set of experiments, or
POD analysis. The frequency-sharp DFT is insensitive to the domain size, but it fails to
reconstruct weak modes with substantial noise and frequency jitter. The soft frequency
constraint of the SPOD filter operation combines the advantages of both methods and
generates a clear mode space. The SPOD generates modes with distinct frequencies and
mode shapes for modes even weaker than the overall noise level.
For the fluidic oscillator, the DFT modes are nearly as accurate as those derived

with the SPOD. The advantages of the SPOD are more obvious for less mono-frequent
flow dynamics (see the previous examples). However, an additional advantage of the
SPOD against the DFT is that it provides a reliable estimate of the oscillatory phase by
accounting for the frequency jitter. Similar approaches, which also produce satisfactory
results for the current case are described by Ostermann et al. (2015a), but again, the
scope of SPOD is beyond this particular application. Figure 16(a,b) shows the phase
portraits (Lissajous figures) of the temporal coefficients of the two most energetic POD
(ai) and SPOD (bi) modes, respectively. The trajectory of the POD coefficients does
not follow a clear circle that would indicate the limit-cycle. It rather follows a third of
a circle and then collapses at one point. The coefficient of the SPOD modes follows a
clear circle and the instantaneous phase and instantaneous frequency can consistently be
deduced. A comparison of the first mode coefficient from both methods is shown in figure
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Figure 16. Phase portraits of first temporal coefficients from (a) POD, (b) SPOD, and (c) of
both methods against each other.

16(c). It reveals that half of the period is cut out for the POD (a1). This corresponds to
the sweeping jet leaving the measurement domain, where the energy-based POD “sees”
no jet. The SPOD properly recovers the temporal dynamics over the entire oscillation
period. Furthermore, note that the SPOD produces coefficients with smooth temporal
dynamics, while the POD coefficients show rather erratic movements. This is particularly
important for reduced order modeling (Luchtenburg et al. 2009), phase averaging, and
extended POD (Boree 2003). Practically, most of the further processing is eased if there
is less noise.

4. Conclusions

4.1. Properties and capabilities of the proposed method

The SPOD is introduced as an extension of the POD for time-resolved data. This novel
method involves a filter operation on the snapshot correlation matrix. The procedure is
closely related to the classic snapshot POD with a negligible increase of algorithmic
complexity and numerical costs. The SPOD filter allows for a continuous fading from
the energetic optimality of POD to the spectral purity of DFT. It is conceptualized in a
general form, with the POD and the DFT as the limiting cases. The concept of SPOD
was developed trough our experience with experimental data processing, and not from
a constraint optimization problem. It arose from the desperate need for a method that
applies to a wide range of turbulent flows at minimum user input. The SPOD is motivated
based on theoretical considerations, where it is interpreted as a short time linearization
of the flow dynamics.
The key feature of the SPOD is the smoothing along all diagonals of the correlation

matrix. This filter operation is shown to constrain the amplitudes and frequencies of the
SPOD modes. By setting the filter width, one gains control over the spectral bandwidth
of the single modes. When the filter is set to the maximum length, the modes are assumed
to be strictly periodic and the SPOD converges to the DFT.
The application of SPOD to the flow field of a swirl-stabilized combustor, an airfoil

with Gurney flap and a fluidic oscillator revealed different advantageous features of the
SPOD in comparison to POD or DFT. For every single case there exist other suitable
methods, which may perform equally well as the SPOD, but none of them is as versatile
as the proposed method.

3.1. Spectral proper orthogonal decomposition 43



24 M. Sieber et al

The main advantages can be summarized as follows:

Separation of structures: The soft spectral constraint of the SPOD allows for a
much better separation of individual fluid dynamic phenomena into single modes,
whereas POD or DFT mix or spread them among several modes.

Noise rejection: SPOD is insensitive to noise and even recovers dynamics that are
weaker than the overall noise level.

Missing data compensation: SPOD can eliminate the degradation of temporal dy-
namics of partially recorded phenomena, resulting from an improper choice of the
measured region.

Plain dynamics: The mode coefficients are smooth in time and they feature adjustable
variations of frequency and amplitude (set by the filter size).

The characteristics of the SPOD modes ease further processing such as the identifica-
tion of linked modes, comparisons against other simultaneously acquired measurements
(phase averaging or extended POD) and the identification of reduced order models. The
SPOD may also provide a better basis for modal representation of snapshots as input for
a DMD, as pursued in section 2.5.

4.2. Concluding remarks

The SPOD has proven to be a reliable method to extract distinct phenomena from
turbulent flows. It was not derived from purely mathematical considerations, but rather
evolved from practical data processing. Nonetheless, the method has well defined upper
and lower bounds and generates modes that can be easily interpreted. As shown in the
considered examples, SPOD is a simple way to extract coherent structures from turbulent
flows, where the POD or the DFT failed to provide valuable results. The SPOD constrains
the spectral content, but retains the modal sparsity of the POD.
There are certainly plenty of other cases where this new method will ease the iden-

tification of hidden coherent structures. Its true benefit lies in the fact that only one
assumption is made about the investigated flow dynamics, which is the filter timescale.
This can also be understood as an inertia imposed on the mode dynamics, limiting the
rate of change of the frequency and amplitude. The choice of this timescale can be assessed
from the flow’s dominant frequency or convective timescale, as shown in this article. The
authors hope that the SPOD will give access to new fluid dynamical phenomena and
enriches the available methods.
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Appendix A. The spatial correlation version of SPOD

The original POD can either be calculated from a spatial or temporal correlation,
which allows a computationally efficient calculation by restricting the size of the problem
to the number of the snapshots or the number of grid points. Similarly, the SPOD has a
spatial correlation counterpart, which is computationally more efficient if the number of
snapshots is much larger than the number of grid points. This approach is slightly more
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complex and less intuitive than the snapshot version. Nevertheless, it is very valuable
if long time series of few sensors are supposed to be decomposed into proper modes
to perform an extended POD or to derive the phase of an oscillatory mode from the
measurements. Assume a simultaneous multi point pressure measurement that shall be
decomposed with SPOD. This series is decomposed as

P (xi, t) = p(xi) +

N∑

s=1

bs(t)Ψs(xi), (A 1)

where the number of measured positions M is much smaller than the number of samples
N . The number of samples may easily reach a million or more, which complicates the
solution in terms of memory requirements for the composition of the temporal correlation
matrix and in terms of computational time for the solution of the eigenvalue problem.
Therefore the temporal correlation described in section 2.3 is not feasible in this case.
Instead, the spatial correlation should be employed, as outlined in this section. The multi
time shift correlation tensor for the spatial SPOD reads

Si,j,k,l =

√
gkgl

MN∆t

∫
p(xi, t− k∆t)p(xj , t− l∆t)dt (A 2)

i, j = 1...M ; k, l = −Nf ...Nf ,

where p = P − p is the fluctuating part of the pressure and gk are the filter coeffi-
cients. For numerical implementation this is reshaped to a matrix such that Si,j,k,l =

S̃(i+k∗M),(j+l∗M), but for the theoretical description the tensor notation is retained. The
correlation tensor is decomposed in eigenvalues and eigenvectors, such that

Nf∑

l=−Nf

M∑

j=1

Si,j,k,lΨ̃s(xj , τl) = µsΨ̃s(xi, τk) ; µ1 > µ2 > · · · > µN > 0., (A 3)

where τk = k∆t. The eigenvector Ψ̃s constitutes a discrete convolution filter, which is
applied to the time series to obtain the mode coefficients

bs(t) =

Nf∑

k=−Nf

M∑

i=1

√
gk
M

Ψ̃s(xi, τk) p(xi, t− τk). (A 4)

The spatial mode is the central part (τk = 0) of the convolution filter Ψs(xi) = Ψ̃s(xi, 0).

The entire eigenvectors Ψ̃s can be understood as a data driven filter bank, which allows
for decomposition of time series into modal contributions. It might be applied to a single
sensor, where each mode represents a certain spectral band of the signal. The principal
approach is comparable to the empirical mode decomposition (Huang et al. 1998), but
the SPOD can also handle multiple sensors. In case of multiple sensors, it gives excellent
result when the phase of a dominant oscillation has to be reconstructed from pressure
measurements. The approach outlined in this section is similar to the multi time delay
POD phase estimation pursued by Hosseini et al. (2015).

In contrast to the snapshot version, the computational cost of the spatial version of
SPOD scales with the filter size. It is only more efficient than the snapshot approach if
M(2Nf + 1) < N .
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Appendix B. Properties of the SPOD modes

In section 2.3 it was shortly mentioned that the spatial SPOD modes are no longer
orthogonal, which is only part of the truth. If the spatial mode Ψ̃ (A 3) together with all
of the temporally shifted instances is considered, they are orthonormal

1

M

Nf∑

l=−Nf

M∑

k=1

Ψ̃i(xk, τl) Ψ̃j(xk, τl) = δi,j . (B 1)

The snapshot based calculation introduced in section 2.3, however, is restricted to the
zero time delay (τ = 0) part of the spatial mode. Furthermore, the decomposition of
the data into modal contributions is only feasible for time independent spatial modes.
This limitation to one part of the the spatial mode Ψs(xi) = Ψ̃s(xi, τ = 0) introduces
some imperfections. The selected modes for the decomposition are neither normal nor
orthogonal

1

M

M∑

k=1

Ψi(xk) Ψ j(xk) 6= δi,j . (B 2)

The loss of normality is a fact, whereas the norm of the spatial modes gives further
insights to the data set. The norm

ζi =

√√√√ 1

M

M∑

k=1

Ψ2
i (xk) (B 3)

indicates how well a single mode is represented by the investigated data set.
With the application of the filter (2.9), an idealized correlation matrix is constructed

that delivers modes, which are more or less captured by the initial data set. This fact
is reflected by the deviation of the mode norm ζi from one. Consider for example the
measurement of the sweeping jet. There, the fundamental mode is only partially captured
as shown in figure 16. With the SPOD, the missing data are completed and a SPOD
mode pair with equal energy levels µi is obtained. However, for the construction of
the spatial modes the coefficients are projected onto the original data (2.12). There,
the imperfect representation of one of the two modes re-enters the processing. For the
sweeping jet’s leading mode pair the norm ζi of one mode is clearly below the other, but
they approximately add up to one. Therefore, the eigenvalues µi describe the idealized
energy content of the single modes and the norm of the spatial mode ζi corrects the
deficits in comparison to the actual data set. The limiting SPOD cases (POD and DFT)
do not show this deficits. The POD modes are already normalized ζi = 1 and for the
DFT, the modes pair perfectly, while the norm of these pairs (i, j) exactly add up to one
(ζi + ζj = 1).

Appendix C. SPOD of linear dynamics

In this article a relation between the diagonal similarity of the correlation matrix and
the dynamics of the underlying system is presumed but never discussed in detail. This
section provides a better comprehension of the stated dynamics, which cause the diagonal
similarity of the correlation matrix. Therefore, the term “similar dynamics” is replaced
by “linear dynamics”, whereby the temporal evolution of the investigated flow is locally
governed by a linear, time invariant model. The term locally refers to a short and finite
temporal extension, and it is closely related to the filter size Nf . The temporal evolution
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of this system is given by

∂u(t)

∂t
= Lu(t), (C 1)

where the matrix L is the system matrix describing the entire dynamics and the spatial
points of the velocity field are organized as rows in u(t) = [u(x1, t), ..., u(xM , t)]

T
. This

approach may also be understood as the continuous time DMD. The linearized dynamics
allow for the calculation of the velocity field at any time step from a reference snapshot
u0 = u(t = 0) by the matrix exponential

u(t) = eLtu0. (C 2)

To allow further simplifications, we require the matrix L to be normal. This allows for
the decomposition L = UDU∗, where U is a unitary matrix (eigenvectors of L), D is
a diagonal matrix (eigenvalues of L) and ∗ means the conjugate transpose of a matrix
(adjoined). Hereafter, equation (C 2) becomes

u(t) = eUDU
∗tu0 = UeDtU∗u0. (C 3)

The diagonal elements of the matrix D contain the complex eigenvalues dk of the system.
Each of these eigenvalues contain the amplification rate σ and the frequency ω of the
related mode dk = σk + iωk. The diagonal matrix can be decomposed in amplification
rate Σ and frequency Ω, thus D = Σ+ iΩ.
With the formulation in (C 3), the inner product, which forms the elements of the

correlation matrix, is simplified to

〈u(x, t1), u(x, t2)〉 =
〈
UeDt1U∗u0,UeDt2U∗u0

〉

=
〈
U∗u0, e

Σ(t1+t2)+iΩ(t2−t1)U∗u0

〉
. (C 4)

An inspection of the exponent in (C 4) reveals that the inner product only depends on
the sum and difference of time steps. According to this equation, the velocity fields are
projected onto the subspace spanned by the linear operator U∗u0 and changes of the
inner product are only governed by the eigenvalues of the system.
Within the context of the correlation matrix, we use the abbreviated nomenclature

for the snapshots ui = u(i∆t) and for the projected velocity ũ = U∗u0. The correlation
matrix constructed around the neighborhood of snapshots u0, yields

Ssub =




〈u−1,u−1〉 〈u0,u−1〉 〈u1,u−1〉
〈u−1,u0〉 〈u0,u0〉 〈u1,u0〉
〈u−1,u1〉 〈u0,u1〉 〈u1,u1〉




=




〈
ũ, e−2Σ∆tũ

〉 〈
ũ, e−Σ∆t−iΩ∆tũ

〉 〈
ũ, e−2iΩ∆tũ

〉
〈
ũ, e−Σ∆t+iΩ∆tũ

〉
〈ũ, ũ〉

〈
ũ, eΣ∆t−iΩ∆tũ

〉
〈
ũ, e2iΩ∆tũ

〉 〈
ũ, eΣ∆t+iΩ∆tũ

〉 〈
ũ, e2Σ∆tũ

〉


 . (C 5)

The actual properties of this complex expression are highlighted by showing just the
factors for Σ and iΩ in the exponents, given as

Σ :




−2 −1 0
−1 0 1
0 1 2


∆t ; iΩ :




0 −1 −2
1 0 −1
2 1 0


∆t. (C 6)

It is perfectly visible that the changes of the correlation matrix along the diagonals are
caused by amplification of modes, while changes along the anti-diagonals are caused by
the modes’ frequency. Therefore, the changes of the correlation matrix along the diagonal
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are related to the modes amplitude and the crosswise changes are caused by the modes
phase. The amplification rate can be assumed to be much smaller than the frequency,
which allows a change in phase from a change in amplitude to be distinguished. Therefore,
the correlation matrix generated by a linear system exhibits similar diagonals. Hence, a
flow governed by linear dynamics shows the observed diagonal similarity in the correlation
matrix.

If the amplification rate σ = 0 and the frequency ω = constant, a periodic oscillation
with fixed amplitude is obtained. This constitutes the limiting DFT case, where the
correlation matrix is perfectly constant along the diagonals. Thus, constant coefficients
of the underlying system result in a perfectly diagonal matrix. In order to represent
the variations in frequency and amplitude observed in the SPOD modes, the system
parameters σ and ω may change in time. These changes, however, will break the diagonal
similarity of the correlation matrix. Therefore, the non-linearity and non-normality of the
Navier-Stokes equations contribute to parameter variations of the linear system. The flow
is assumed to behave like a linear normal system within the time scale of the filter and all
non-linear and non-normal dynamics are represented by variations in σ and ω. This kind
of approach is also pursued in the generalized mean field model of Luchtenburg et al.
(2009), where the mode interaction via the mean flow is represented by an interaction
of linear oscillators through nonlinear coupling of model parameters. Hence, the SPOD
filter might be understood as a smoothing (linearization) of the dynamics (σ ω) of the
underlying system.

In this system dynamic framework, a relation between SPOD and DMD can be drawn.
For the DMD the entire analyzed sequence is considered from the perspective of a
linearized system. In the sense that a low-pass filter may also be described as a moving
average, the SPOD may be understood as a moving DMD. The filter with Nf is the
corresponding linearization horizon. Therefore, the eigenvalues of a short-term DMD
may relate to the instantaneous dynamics (σ ω) of the SPOD modes.
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3.2 Advanced Identification of Coherent Structures in
Swirl-Stabilized Combustors

This article is published in an edited form in the Journal of Engineering for Gas Turbines
and Power under the following reference: M. Sieber, C. O. Paschereit, & K. Oberleithner
(2016b). “Advanced Identification of Coherent Structures in Swirl-Stabilized Combus-
tors”. Journal of Engineering for Gas Turbines and Power 139.2, p. 021503. DOI: 10.1115/
1.4034261. The following is the accepted manuscript of the article which is reprinted
with permission of the American Society of Mechanical Engineers (ASME). This version
is free to view and download for private research and study only. Not for re-distribution,
re-sale or use in derivative works. ©2016 by ASME.

The publication shows an application example of the SPOD to reveal capabilities for
the analysis of experimental data from combustion experiments.

Methods: The extended SPOD is presented in analogy to the extended POD that allows
expanding additional measurements with the same expansion coefficients as the
velocity data.

Results: High-speed PIV data from a swirl stabilised combustor with external forcing
of an acoustic mode are analysed. The data originate from another project at the
chair of fluid dynamics, which investigated the modelling of flame transfer func-
tions. The SPOD allows an accurate separation of forced and natural flow dynamics
without any external inputs. The interaction of natural and forced dynamics and
their influence on the heat release of the flame is shown.

Physics: The natural helical mode and the forced axis-symmetric mode show a destruc-
tive interference. Thus, increasing external forcing suppresses the global mode. A
secondary helical mode in the wake of the vortex breakdown is unaffected by the
forcing.
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ABSTRACT
We present an application of a newly introduced method to

analyze the time-resolved experimental data from the flow field
of a swirl-stabilized combustor. This method is based on classic
proper orthogonal decomposition (POD) extended by a tempo-
ral constraint. The filter operation embedded in this method al-
lows for continuous fading from the classic POD to the Fourier
mode decomposition. This new method – called spectral proper
orthogonal decomposition (SPOD) – allows for a clearer sepa-
ration of the dominant mechanisms due to a clean spectral sep-
aration of phenomena. In this paper, the fundamentals of SPOD
are shortly introduced. The actual focus is put on the application
to a combustor flow. We analyze high-speed PIV measurements
from flow fields in a combustor at different operation conditions.
In these measurements, we consider externally actuated, as well
as natural dynamics and reveal how the natural and actuated
modes interact with each other. As shown in the paper, SPOD
provides detailed insight into coherent structures in swirl flames.
Two distinct PVC structures are found that are very differently af-
fected by acoustic actuation. The coherent structures are related
to heat release fluctuations, which are derived from simultane-
ously acquired OH* chemiluminescence measurements. Besides
the actuated modes, a low frequency mode was found that signif-
icantly contribute to the global heat release fluctuations.

∗Address all correspondence to this author: moritz.sieber@tu-berlin.de

NOMENCLATURE
a Temporal SPOD mode coefficients
c Correlation coefficient
g SPOD filter coefficients
I OH* chemiluminescence intensity
λ SPOD mode energy
M Number of spatial points
N Number of snapshots
N f Size of the SPOD filter
Ω Spatial SPOD mode (chemiluminescence)
Φ Spatial SPOD mode (velocity)
q Global heat release
R Correlation matrix
S Filtered correlation matrix
St Strouhal number
t Time
v Cartesian velocity vector [u,v,w]T

x Cartesian coordinate vector [x,y,z]T

INTRODUCTION
It’s getting increasingly harder to identify the relevant infor-

mation from the vast amount of data that is produced from recent
measurement systems or computational fluid dynamics. Beside
the mean quantities, the available time-resolved data put the fo-
cus towards dynamic phenomena in the flows. The dynamics of
interest are usually related to large-scale periodic structures, also
called coherent structures [1]. These are of major importance in
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gas turbine combustors, since they interact with the flame and
modulate the heat release of the combustor [2, 3].

In data of combustor flows and turbulent flows in general,
the identification of coherent structures is aggravated by the oc-
currence of multiple different structure. Several dynamic struc-
tures may occur simultaneously, interact with each other and dis-
/appear intermittently. In order to extract these structures from
the data, modal decompositions are commonly used. There are
two different approaches that can be employed to build such a
modal basis for flow data. One of them is the POD [1], which
provides a basis of modes that is optimal in terms of energy rep-
resentation. The other approach includes the dynamic mode de-
composition (DMD) [4, 5] or classical Fourier mode decompo-
sition, where each mode is assigned to a single frequency. Both
approaches are problematic when highly turbulent flows are in-
vestigated. The POD puts a strict focus on the maximization
of the represented energy of a mode without any specification
on the dynamic of these modes. This may result in the merg-
ing of multiple (e.g. less energetic) dynamical structures in a
single POD mode. Moreover, the POD modes strongly depend
on the snapshot ensemble and may differ between subsequent
measurements, which hinder the comparison of decompositions
from different measurements. The restriction to constant fre-
quencies of single modes (DMD, Fourier) can eliminate this am-
biguity, but at the cost of a much larger set of modes. Even slight
frequency variations of a single flow structure are reflected by
several modes at neighboring frequencies. In consequence, the
modes represent less energy, resulting in lower signal to noise
ratios of each single mode, which produces much noisier spatial
modes.

An escape from this dilemma is provided by the spectral
proper orthogonal decomposition (SPOD) [6], which unifies both
approaches and allows for a continuous transition from the POD
to the Fourier mode decomposition. Employing a soft spec-
tral constraint, the SPOD permits frequency variations of single
modes, while it still separates modes according to their spectral
contents. The SPOD acts somewhat like a band-pass filter to the
POD modes, but the bands are selected intrinsically by the flow
dynamics.

In this paper, the SPOD is applied to Particle Image Ve-
locimetry (PIV) data of a swirl-stabilized combustor. Natural
flow dynamics as well as flows actuated at a constant frequency
and several amplitudes are considered. Furthermore, a strategy is
presented, which allows the inclusion of data that are measured
simultaneously with the velocity. Here, data from OH* chemilu-
minescence is used to demonstrate the procedure. The combined
analysis of coherent velocity fluctuations and heat release rate
fluctuations reveal the connection between the flame describing
function and coherent structures.

This paper starts with the explanation of the experimen-
tal setup, followed by a description of the applied mathemat-
ical methods and the results obtained from the application of

FIGURE 1. Sketch of the atmospheric combustion test-rig and mea-
surement instrumentation

these methods. The final conclusions highlight the main findings
gained from the application of SPOD to this highly turbulent re-
acting flow.

EXPERIMENTAL SETUP
Experimental Facility

The experimental data presented in this paper are obtained
from an atmospheric combustion test-rig. A sketch of this setup
together with the experimental apparatus is presented in fig. 1. A
swirl-stabilized combustor is investigated at perfectly premixed
conditions. Swirl is generated by injecting fluid tangentially into
a mixing tube that terminates in the combustion chamber. For the
considered experiments, the supplied air mass-flow is 100 kg/h,
which results in a Reynolds number of around Re= 60 000. The
supplied air is not preheated. The combustor is operated with
methane (natural gas) at an equivalence ratio of 0.7.

The test-rig allows for the actuation of streamwise acoustic
waves using loudspeakers mounted upstream of the burner. In
the present investigation, a forcing with constant frequency at
different amplitudes is presented. The different amplitudes cor-
respond to a modulation of the total flow by 10, 40 and 70%
of the mean flow at the inlet (|u′|/u). The actuation frequency is
268Hz, which corresponds approximately to the maximum flame
response at this operation conditions, according to measurements
with the multi-microphone method [7].

Data Acquisition
Inside the combustion chamber, the velocities and OH*-

chemiluminescence were recorded simultaneously with two syn-
chronized high-speed cameras. Optical access to the combustion
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chamber was enabled through a 200 mm diameter quartz glass
pipe confining the flame.

Flow measurements were conducted by means of PIV in
the meridional section as indicated in the schematic. The PIV
system consists of a Photron Fastcam SA 1.1 high-speed cam-
era (1Mpixel at 2.7kHz double frame) and a Quantronix Darwin
Duo laser (30mJ at 1kHz). For each configuration, a set of 2000
images was recorded at a rate of 2000Hz. The PIV data were
processed with PIVview (PIVTEC GmbH) using standard digi-
tal PIV processing [8] enhanced by iterative multigrid interroga-
tion [9] with image deformation [10].

The chemiluminescence of the OH* radicals was simulta-
neously recorded with a second Photron Fastcam SA 1.1. This
was equipped with an image intensifier and an optical filter that
restricts the observed wavelengths to 295-340nm.

DATA ANALYSIS METHODOLOGY
Spectral Proper Orthogonal Decomposition

The recently introduced SPOD is used to analyze the veloc-
ity and identify the coherent structures that occur in the consid-
ered flow. A detailed derivation and discussion of the SPOD can
be found in [6]. Here, only the practical implementation is de-
scribed. The SPOD is an offspring of the classical POD. Holmes
et al. [1] provide full details on POD and recent publications
from our group discuss the method in the context of swirling
jets [11,12]. The application and computation of SPOD is gener-
ally comparable to classical POD, although there are some mod-
ifications in order to control the spectral properties of the decom-
position.

The starting point of the SPOD is a decomposition of the
velocity vector v into a mean v and a fluctuating part v′ that is
represented as a series, reading

v(x, t) = v(x)+
N

∑
i=1

ai(t)Φi(x), (1)

where x denotes the coordinate vector and t the time. The de-
composition consists of ai temporal coefficients and Φi spatial
modes.

A set of M spatial points recorded simultaneously over N
time steps is considered. To calculate the SPOD, the correlation
matrix of this data set is needed, which is calculated between
individual snapshots (temporal correlation). This is calculated
from an appropriate inner product 〈,〉, defined as

〈u(x),v(x)〉=
∫

V

u(x)vT (x)dV , (2)

where V specifies the spatial region or volume over which the
correlation is integrated. The elements of the correlation matrix

R are given by

Ri, j =
1
N

〈
v′(x, ti),v′(x, t j)

〉
. (3)

Matrix R is of size N×N.
In contrast to the classical POD algorithm, a filter is inserted

at this point, which modifies the correlation matrix R. To aug-
ment the diagonal similarity of R, a simple low-pass filter is ap-
plied along the diagonals. This results in a filtered correlation
matrix S, with the elements given as

Si, j =
N f

∑
k=−N f

gkRi+k, j+k. (4)

The filter above is just a symmetric finite impulse response filter
with a filter coefficients vector g of length 2N f + 1. The most
simple approach would be a box filter, where all coefficients have
the same value gk = 1

2N f+1 . In this article, we use a Gaussian
filter, which features a smooth response in time and frequency
domain. Moreover, we choose a standard deviation as such that
the filter gives the same cut-off frequency as a box filter with half
the length.

The temporal coefficients ai = [ai(t1), ...,ai(tN)]
T and mode

energies λi are obtained from the eigenvectors and eigenvalues
of the filtered correlation matrix.

Sai = λiai ; λ1 ≥ λ2 ≥ ·· · ≥ λN ≥ 0 (5)

The subscript i refers to single eigenvalues, which are sorted in
descending order. The eigenvectors ai of S are orthogonal and
they are scaled with the energy of the single modes such that

1
N
(ai,a j) = λiδi j, (6)

where (,) denotes the scalar product and δi j the Kronecker delta.
The spatial modes are obtained from the projection of the snap-
shots onto the temporal coefficients

Φi(x) =
1

Nλi

N

∑
j=1

ai(t j)v′(x, t j). (7)

This spatial mode base is orthogonal if N f = 0, which resembles
the classic POD. The filter size N f controls the spectral band-
width of the individual modes, which allows a continuous transi-
tion from the classical POD to the Fourier decomposition. Thus,
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the lower (N f = 0) and upper (N f = N) bound of the filter width
correspond to the POD and Fourier decomposition, respectively.
The best results are obtained when the filter width matches a
characteristic time-scale of the flow. This can either be the pe-
riod of a dominant oscillation or the characteristic length-scale
divided by the characteristic velocity-scale.

The SPOD provides natural sorting of the spatial modes in
terms of their turbulent kinetic energy λi. Another ranking is in-
troduced by Sieber et al. [6] that is based on the cross spectra of
mode pairs. This approach is based on the fact that a periodic
coherent structure appears as a pair of modes in the decomposi-
tion. These pairs are identified by their level spectral coherence,
which also delivers a ranking of periodic coherent structures.

Extended SPOD of OH* Chemiluminescence Data
Additional quantities that are recorded simultaneously with

the velocities can also be represented in the modal basis of the
SPOD. A simple way to accomplish this is the consideration
of these quantities together with the velocity in an extended
state vector of the flow. However, this approach requires a con-
sistent implementation of these quantities into the inner prod-
uct [13]. For the present case, a common measure for veloc-
ities measured within a planar field and line-integrated OH*-
chemiluminescence must be found. Since this would only allow
for a flawed measure, we pursue another approach.

The extended POD introduced by Boree [14] enables to rep-
resent any kind of simultaneous measurement in the same basis
as the POD. This approach can be similarly applied to the SPOD
as will be shown here. The intensity of the OH* chemilumines-
cence I is decomposed into a mean part I and a fluctuating part
I′ that is represented as a series, reading

I(x, t) = I(x)+ I′(x, t) = I(x)+
N

∑
i=1

ai(t)Ωi(x). (8)

Here, the same expansion coefficients ai are used that are derived
from the decomposition of the velocity field. Consequently, the
OH* modes Ωi are also obtained by the projection of the OH*
snapshots onto the coefficients, with

Ωi(x) =
1

Nλi

N

∑
j=1

ai(t j)I′(x, t j). (9)

The spatial points x do not require to be the same as those for
which the velocity was measured. Moreover, the extended SPOD
can also be applied to any other kind of simultaneous measure-
ment.

Correlation of Global Heat Release and Coherent
Structures

The relation between the heat release and the coherent struc-
tures is quantified by a correlation measure. The global heat re-
lease q is obtained from the spatially integrated OH* chemilumi-
nescence, with

q(t) =
∫

A
I(x, t)dA, (10)

where A specifies the spatial integration area, which is taken to be
the entire measured domain. The heat release is also represented
by a mean and fluctuation part

q(t) = q+q′(t). (11)

The fluctuating part is correlated with the SPOD expansion co-
efficients to measure the contribution of the individual modes to
the heat release fluctuations. It is given by

ci =
1

N
√

λi

N

∑
j=1

ai(t j)q′(t j). (12)

In fact, this is just the extended SPOD of a single point signal.

RESULTS
The Mean Flow

The time-averaged flow is considered for the natural case
without any actuation. The velocity field is depicted in fig. 2. It
shows a typical conical vortex breakdown shape that corresponds
to a V-flame [15, 16]. The crosswise extend of the measured do-
main reaches almost up to the combustor side walls, and the at-
tachment (and deflection) of the jet at the wall is visible. The
velocity field shows a large recirculation zone inside the coni-
cal jet. At the upstream end, this is delimited by a stagnation
point on the jet axis. Two additional recirculation zones develop
between the jet and the outer confinement.

In fig. 3, the mean OH* intensity is depicted. An inverse
Abel transformation is used to deduce the intensity in a plane
from the line integrated intensities. Therefore, a rotational sym-
metry of the field is assumed. The OH* distribution shows that
this configuration features a V-shaped flame, which is anchored
in the inner shear-layer shortly downstream of the combustor in-
let.

The Coherent Structures of the Natural Flow
The classical POD and the SPOD of the natural flow are con-

trasted in this section. This demonstrates best the increased per-
formance of the SPOD. Both decompositions are calculated us-
ing the algorithm explained above, but with different filter widths
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FIGURE 3. Natural mean OH*-chemiluminescence field (de-Abeled)
with superimposed streamlines

N f . In the SPOD scheme, the classic POD refers to a vanishing
filter N f = 0. For the SPOD shown here we choose a filter width
of N f = 24, which is equivalent to the period of the dominant
oscillation with the lowest frequency (St=0.1). It is calculated
from the ratio of acquisition frequency fa to mode frequency fm
as N f = fa/ fm. The decomposition is calculated only from the
crosswise velocity (y-direction) since this has proven to give the
best indication of coherent structures in this flow. The addition
of the streamwise velocity puts the focus more towards large-
scale variations of the base flow, which will be misleading in this
context.

In conjunction with the crosswise velocity, the shape of sym-
metric and anti-symmetric structures in the rotational symmetric
flow shall be clarified. The structures that are discussed in this
article are the Precessing Vortex Core (PVC) [15] and the ac-

FIGURE 4. Relation between the sign of the crosswise velocities and
the mode symmetries

tuated mode. The PVC is a helical mode, which appears as an
anti-symmetric structure in the measured section. The actuated
mode is rotationally symmetric and therefore also symmetric in
the measured plane. However, the sign of the crosswise velocity
shows an opposed symmetry as depicted in fig. 4.

The POD and SPOD of the natural flow are given in fig. 5
and fig. 6 respectively. For both decompositions, the first seven
most energetic modes are drawn in descending order. They are
represented by the power spectral density (PSD) of the mode
coefficient ai (left) and the contour plot of the spatial mode Φi
(right). The spatial modes are displayed together with the stream-
lines of the mean flow to allow for a better orientation.

The first pair of POD modes (fig. 5) show a similar structure
that resembles the type I PVC identified in ref. [15] or the global
mode reported in ref. [11]. The wavelength of this structure and
the corresponding Strouhal number are very similar to those ob-
served in other swirling flows. However, the mode coefficients
spectrum shown here is considerably broader indicating low os-
cillation amplitudes, which is due to the specific design of this
swirler [16]. The mode is located close to the combustor inlet
and describes a periodic displacement of the conical jet, which
is related to the precessing motion of the vortex core (PVC).
Considering the remaining modes, we see what we call a “mode
clutter”. The spatial modes reveal multiple wavelengths with no
clear symmetries and the spectra reveal no distinct peaks. In the
spectra of the modes 5 to 7, there is a peak at St ≈ 0.1, which
might indicate another dominant structure. However, it is not
properly assigned to a single mode pair.

The SPOD decomposition gives a more ordered and clearer
set of modes (fig. 6). Obviously, the applied filter restricts the
spectral bandwidth of the individual modes, which results in
well-defined spectral peaks of the mode coefficients. The PVC-I
mode already found in the POD, is represented by mode 1 and 2,
with a similar shape as for the POD, but with a well-defined peak
in the spectrum. The 3rd and 4th SPOD modes also describe a
single structure, which resembles the type II PCV identified in
ref. [15]. The spectral peak at St=0.1 as well as its spatial lo-
cation inside the recirculation zone matches with the previous
observations. However, the spatial structure of the PVC-II does

5
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FIGURE 2. Natural mean velocity field (magnitude and streamlines)
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FIGURE 5. POD (N f = 0) modes of the natural flow.

not show such a proper anti-symmetry as the PVC-I. This is at-
tributed to the very low frequencies, and hence, insufficient sta-
tistical convergence. In this context, it is also visible that the
spatial development of this mode is limited by the confinement
of the combustion chamber.

The SPOD modes 6 and 7 are also coupled, but their spec-

P
S

D

St

y
/
D

x/D

P
S

D

y
/D

P
S

D

y
/D

P
S

D

y
/D

P
S

D

y
/
D

P
S

D

y
/
D

P
S

D

y
/D

0 0.5 1 1 2 3 4 5

10
−5

10
−3

10
−1

−2

0

2

10
−5

10
−3

10
−1

−2

0

2

10
−5

10
−3

10
−1

−2

0

2

10
−5

10
−3

10
−1

−2

0

2

10
−5

10
−3

10
−1

−2

0

2

10
−5

10
−3

10
−1

−2

0

2

10
−5

10
−3

10
−1

−2

0

2

FIGURE 6. SPOD (N f = 24) modes of the natural flow.

tra have two peaks close to the two other modes and their spatial
wavelength lies in between the other two PVC modes. The 5th
mode, however, has no counterpart. It shows low frequency tem-
poral dynamics and the spatial mode tends towards a symmetric
structure. It might be a so-called shift mode [12, 17] that de-
scribes slow changes of the mean velocity field.

6
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This comparison of POD and SPOD shows that the addi-
tional spectral constraint of SPOD creates an interpretable set of
modes, where individual phenomena are clearly assigned to sin-
gle modes or mode pairs.

Impact of Actuation on the Coherent Structures
The coherent structures are now identified from the mea-

surements at increasing forcing amplitudes. The SPOD of the
individual measurements are presented in fig. 7 using a compact
presentation-scheme introduced in ref. [6]. A single configura-
tion is represented by the so-called SPOD spectrum (see the scat-
ter plot on the left), where each dot represents a pair of modes
that is linked to the spectral coherence of each mode. The level
of spectral coherence is indicated by the diameter and color of
the dots. On the right-hand side, next to the SPOD spectrum,
the spatial and temporal properties of selected modes are plotted.
The selection is based on the SPOD spectrum and the modes are
labeled by numbers (#1-4) in the SPOD spectrum as well as be-
tween the mode plots. The upper row displays the spatial struc-
ture of the modes (Φi) and the lower row the frequency spectrum
(PSD) of the corresponding mode coefficients (ai).

The uppermost decomposition is the same as the one pre-
sented in the previous section (fig. 6). The SPOD spectrum
clearly highlights the PVC-I (#1) and -II (#2) identified above.
Moreover, mode #4 was also identified before and the additional
mode #3 lies close to PVC-I. It shows two spectral peaks right
above and below the Strouhal number of PVC-I and its spatial
shape partially resembles the one of PVC-I.

The second configuration presented in the second row of
fig. 7 corresponds to “weak” actuation, with a forcing ampli-
tude of 10% of the mean flow. The two PVC modes (#1 and #2)
stay nearly unaltered, but the SPOD spectrum indicates another
mode that appears right at the forcing frequency of St = 0.35
(#3). This mode exhibits a constant frequency and a symmetric
spatial structure, corresponding to the symmetric forcing. The
additional mode #4 may be related to mode #3 and #4 of the nat-
ural case. This mode is less energetic and shows weaker spectral
coherence as can be seen from the SPOD spectrum.

In the configuration considered next, the forcing amplitude
is increased considerably to 40% of the mean flow (see third row
of fig. 7). This strongly alters the energy distribution among the
observed modes. The forcing mode (#1) now clearly contributes
most to the fluctuations in the flow, whereas the energy of the
PVC-I mode (#4) is significantly reduced. The PVC-II mode (#2)
stays at the same energy, but its spatial structure is altered. At the
first harmonic of the forcing frequency, another mode appears
(#3), with half the spatial wavelength and the same symmetry as
the forcing mode.

For the last considered case, the forcing is increased to 70%
of the mean flow (bottom row of fig. 7). The forcing mode (#1)
together with its first (#4) and second harmonic broadly dominate

the SPOD spectrum. The only other modes the are distinct in
the SPOD spectrum is the low frequency PVC-II and another
mode (#3) that exhibits a somewhat higher frequency and spatial
wavelengths than the PVC-II.

The SPOD allows for identifying the same coherent struc-
tures for every actuation case, and reveals the impact of the actu-
ation on the entire mode spectrum. The three outstanding struc-
tures observed for the different measurements are the PVC-I, -II
and the actuation mode. As expected, the energy of the actuation
mode raises with increasing actuation amplitude. Moreover, the
low frequency PVC-II mode seems little affected by the growing
actuation. The energy only slightly reduces and the spatial struc-
ture changes a little. The PVC-I mode, however, does not take
the actuation undisturbed. It is strongly reduced in energy until
it entirely vanishes for the maximum actuation level. If the evo-
lution of the entire mode spectrum is considered, it is visible that
the actuation modes (fundamental together with the higher har-
monics) dominate the high frequency part of the spectrum. All
the modes with weaker energy are attenuated in the spectrum.
Hence, the fluctuation energy in the flow is redistributed from the
broad turbulent structures to the actuated structure and the higher
harmonics. The modes with frequencies below the actuation are
only weakly influenced by the actuation.

Spatial OH* Chemiluminescence Structures
The configuration with 10% actuation amplitude is selected

for further investigations with respect to the OH* chemilumi-
nescence. This case is considered, because it features all three
major structures identified so far, namely the PVC-I, -II and the
actuated mode. Fig. 8 shows the corresponding OH* modes as
computed from an extended SPOD.

It is worth noting that for all three modes, the wavelengths
of the extended SPOD OH* modes do not match with those of
the velocity modes. The OH* modes show line integrated in-
formation that cannot directly be compared to the planar velocity
data. A tomographic reconstruction of the OH*mode filed would
be necessary to allow a direct comparison [3]. However, all the
OH* modes show clear structures that feature the same spatial
symmetries as the velocity modes (recall fig. 4). Moreover, the
velocity and OH* modes both cover the same spatial areas. This
shows that the extended SPOD is well suited to reveal the spa-
tial heat release rate distribution corresponding to the coherent
vortex structures in the flow field.

Relation of Global Heat Release and Flow Structures
In order to quantify, which coherent structure contributes to

the global heat release rate fluctuations in the combustor, the in-
tegrated chemiluminescence q′ is correlated with the mode coef-
ficients ai, as expressed in eq. (12). For this purpose, the SPOD
is computed from the symmetric part of the velocity field as de-
scribed in [12]. The symmetric part is calculated from the sum

7
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of the original field and the field mirrored at the x-axis. The
reasoning behind this operation is that the anti-symmetric veloc-
ity fluctuations may only cause anti-symmetric heat release rate
fluctuations that do not contribute to the integral heat release.
Therefore, they are excluded from the analysis right from the be-
ginning on.

Not surprisingly, the correlation reveals that the forced axis-
symmetric mode contributes most to the global heat release rate
fluctuations (not shown). The periodic vortex shedding deforms
the flame and modulates the heat release rate. This interaction
is also evident from fig. 8. Regardless of the actuation ampli-
tude, the actuated mode is the only mode that shows significant
correlation with the heat release rate.

The consideration of the natural case delivers more interest-
ing results. We find one low frequency mode that shows signif-
icant correlation with q′. The coefficient of this mode together
with the global heat release rate fluctuations is given in fig. 9. It

becomes visible that the low frequency variations of q′ follows
the same trend as the mode coefficient ai. It is also evident that
only a part of the global heat release rate fluctuations can be ex-
plained by this mode.

The spatial structure of this correlated mode together with
the corresponding extended SPOD OH* mode is given in fig. 10.
The velocity mode is comparable to a mode found in the inves-
tigation of a generic unconfined swirling jet [12]. There, the
mode corresponds to an axial shift of the recirculation region
(upstream stagnation point), which is related to fluctuations of
the swirl intensity. Here, this shift mode also describes very low
frequency mean flow unsteadiness (0 < St < 0.01) and shows a
similar spatial structure. The corresponding OH* mode shows
an axis-symmetric shape and high amplitudes at the upstream
end of the recirculation zone, which indicates axial fluctuations
of the flame root.

Combining these findings, the analysis shows that the low
frequency variations of the velocity field affect the flame root and
thereby cause variations of the global heat release. This result in-
dicates that the low frequency part of the flame describing func-
tion is governed by changes of the mean velocity field and not
by hydrodynamic instabilities. In contrast, the actuation causes
periodic vortex shedding, which strongly depends on the hydro-
dynamic stability of the base flow, as detailed by Oberleithner et
al. [18].

CONCLUSIONS
The newly introduced SPOD is demonstrated for measure-

ment data of a swirl-stabilized combustor, where it precisely
identifies all the dominant coherent structures in the flow. Two
different PVC structures are identified in the same flow configu-
ration, which were previously only separately observed in differ-
ent configurations.

With the help of the SPOD, the coherent structures of four
different sets could be compared in a consistent manner. The
robust identification of the dominant coherent structures allows
for tracking the evolution of these structures across the measure-
ments. This allows for quantifying the effect of the actuation on
all the coherent structures that are present in the flow and not
only on the actuated structure alone. The analysis shows that the
actuated mode suppresses the PVC-I mode, whereas the PVC-II
mode stays remarkably unaffected.

Employing the extended SPOD, the OH*-
chemiluminescence measurements are related to the identified
coherent structures. It appears that all the identified structures
are relevant for spatial fluctuations of the heat release rate.
A separate consideration of the integral OH* data together
with symmetric velocity fluctuations shows that low frequency
variations of the recirculation region transfers to fluctuations of
the global heat release. The results indicate that the pathway
from velocity fluctuations to heat release fluctuations, which
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is reflected by the flame describing function, is governed by
different mechanisms, depending on the time scale of the
fluctuations. The low frequency fluctuations can be interpreted
as slow mean flow dynamics, which are presumably determined
by slowly varying inflow conditions. The high frequency
fluctuations, instead, correspond to coherent structures driven by
the hydrodynamic instability of the underlying mean flow.

Although the application of SPOD is limited to a combustor
flow in this presentation, it has high potential to ease the interpre-
tation of data in most fluid dynamic research areas. It allows for
the separation of multi-modal dynamics; it provides a very high
noise rejection capability, which is very helpful when processing
experimental data; it can reconstruct the dynamics of partially
recorded phenomena and it provides clean dynamics that can be
easily interpreted. These properties make it suited for many ap-
plications where the commonly used methods fail to provide in-
sightful results.
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3.3 Experimental Study of Transient Mechanisms of Bi-Stable
Flame Shape Transitions in a Swirl Combustor

This article is published in an edited form in the Journal of Engineering for Gas Tur-
bines and Power under the following reference: M. Stöhr, K. Oberleithner, M. Sieber,
Z. Yin, & W. Meier (2017). “Experimental Study Of Transient Mechanisms Of Bi-Stable
Flame Shape Transitions In A Swirl Combustor”. Journal of Engineering for Gas Turbines
and Power, V04BT04A063. DOI: 10.1115/1.4037724. The following is the accepted
manuscript of the article which is reprinted with permission of the American Society of
Mechanical Engineers (ASME). This version is free to view and download for private re-
search and study only. Not for re-distribution, re-sale or use in derivative works. ©2017
by ASME.

In this publication, experimental data from a transient switching between two flow
states in a combustor are analysed with SPOD and linear stability analysis to reveal the
physical mechanisms that lead to the switching.

Methods: No new methods are presented here. SPOD and linear stability analysis are
utilised in common configurations.

Results: Data from the DLR Stuttgart are analysed that show a transition between an
attached V-flame and a detached M-flame. The activity and interaction of the helical
global mode and a thermoacoustic mode are revealed by an SPOD. The stability
analysis further details the effect of density stratification on the amplification rate
of the global mode.

Physics: In the basic flow configuration, the suppression of the helical global mode due
to density stratification allows the formation of a stable V-flame. In a transient flame
detachment event, the emergence of the global mode causes mixing in the flow that
further increases the mode amplitude in a self-amplifying process. The resulting
transition of the flow to the M-flame causes the emergence of a thermoacoustic
instability that interferes with the global mode. The suppression of the global mode
by the thermoacoustic oscillations allows the flow to return to the initial, stable
state.

https://doi.org/10.1115/1.4037724
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ABSTRACT
Sudden changes of flame shape are an undesired, yet poorly

understood feature of swirl combustors used in gas turbines. The
present work studies flame shape transition mechanisms of a bi-
stable turbulent swirl flame in a gas turbine model combustor,
which alternates intermittently between an attached V-form and
a lifted M-form. Time-resolved velocity fields and 2D flame struc-
tures were measured simultaneously using high-speed stereo-PIV
and OH-PLIF at 10 kHz. The data analysis is performed using
two novel methods that are well adapted to the study of tran-
sient flame shape transitions: Firstly, the linear stability analysis
(LSA) of a time-varying mean flow and secondly the recently pro-
posed spectral proper orthogonal decomposition (SPOD). The
results show that the transitions are governed by two types of in-
stability, namely a hydrodynamic instability in the form of a pre-
cessing vortex core (PVC) and a thermoacoustic (TA) instability.
The LSA shows that the V-M transition implies the transient for-
mation of a PVC as the result of a self-amplification process. The
V-M transition, on the other hand, is induced by the appearance
of a TA instability that suppresses the PVC and thereby modi-
fies the flow field such that the flame re-attaches at the nozzle.
In summary these results provide novel insights into the complex
interactions of TA and hydrodynamic instabilities that govern the
shape of turbulent swirl-stabilized flames.

∗Address all correspondence to this author: michael.stoehr@dlr.de

INTRODUCTION

Modern gas turbines are required to run at low NOx emis-
sions and over a wide range of operating conditions. Rapid mix-
ing of the reactants downstream of the fuel injection and robust
flame stabilization mechanisms are strong requirements for the
design of new combustors. Swirl-stabilized combustion is cur-
rently the most common approach. Strong swirl is imparted on
the combustor flow to enhance turbulent mixing and to generate
an internal recirculation zone (IRZ) which acts as an obstacle-
free flame holder.

In an ideal case the turbulent swirl flame remains well an-
chored throughout a wide range of operating conditions and its
shape changes only gradually within this range. In practice, how-
ever, swirl flames often exhibit abrupt changes of flame shape at
certain operating conditions as reported, e.g., in Refs. [1–6]. This
is highly undesired since it may lead to a sudden changes of emis-
sions or thermoacoustic pulsations, or to thermal stresses of com-
bustor walls due to abrupt changes of local temperature. When a
flame is operated near the point of shape transition, it may further
exhibit a so-called bi-stable behavior where the flame alternates
intermittently between two shapes without external influence.

While a few studies of bi-stable flames have been reported
[2, 5–7], the detailed mechanisms remain largely unclear since
they take place on short time-scales and involve complex inter-
actions of turbulent flow field and chemistry. Additional knowl-
edge about the underlying mechanisms may help to design im-

1 Copyright c© 2017 by ASME
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proved combustors with an extended range of stable operation.
The present work therefore aims at a detailed experimental in-
vestigation of flame shape transitions using time-resolved multi-
parameter diagnostics and advanced methods of data analysis.

The work continues the previous study by Oberleithner et
al. [6] focusing on the formation and suppression of a helical
coherent flow structure, commonly known as the precessing vor-
tex core (PVC), in a swirl combustor. The authors performed
a linear stability analysis (LSA) of the time-averaged reacting
flow fields. They investigated two different reacting operating
conditions, one with an attached conical V-shaped flame with a
strong density stratification at the combustor inlet and one with
a detached M-shaped flame with mild density stratification at the
inlet. Their analysis showed that the strong density stratification
for the V-flame causes the suppression of the PVC instability.
This explains the occasionally observed absence of the PVC un-
der reacting conditions [8–10]. With the attempt to gain further
insights into the interplay between the PVC, the density field and
the flame, the authors investigated a bi-stable operating condi-
tion where the flame intermittently transitioned between the V-
and M-shape. They tracked the flow field and flame shape dur-
ing a V-M flame transition using high-speed PIV and OH-PLIF.
They conjectured that the PVC plays a crucial role in the flame
detachment process as it generates an unsteady stagnation point
that destabilizes the flame root. Moreover it was found that the
PVC induces additional mixing near the jet core that modifies the
local density stratification in favor for the PVC, which potentially
leads to a self-amplification process.

As an extension of the work of Oberleithner et al. [6], the
present work now applies two novel methods of data analysis that
are well adapted to the study of transient flame shape transitions:
Firstly, the steady LSA is extended to the LSA of a time-varying
mean flow. Secondly, the recently proposed spectral proper or-
thogonal decomposition (POD) is applied, which enables a better
separation of different periodic instabilities than the conventional
POD. Furthermore the present work now addresses the full bi-
stable dynamics including both the V-M and M-V transitions.

EXPERIMENTAL SETUP AND OPERATING CONDITION
Gas turbine model combustor

Measurements were performed at atmospheric pressure with
the GT-typical PRECCINSTA swirl combustor based on a de-
sign by Turbomeca, which is shown schematically in Fig. 1.
Perfectly premixed methane and air enter the cylindrical plenum
(d=78 mm) and then pass through a swirl generator with 12 ra-
dial vanes. The swirling flow then reaches the combustion cham-
ber through a burner nozzle (d=27.85 mm) with a conical bluff
body. The chamber has a square cross-section of 85×85 mm2

and a height of 114 mm. Optical access to the chamber is pro-
vided by side walls made of quartz glass held by metal posts in
the corners. The exit is composed of a conical part followed by

Premixed fuel/air

Swirl
generator

114
mm

85 mm

PIV (10 kHz)

PLIF (10 kHz)

27.85 mm

r

x

y

FIGURE 1. Schematics of gas turbine model combustor.

an exhaust duct (d=40 mm).

Operating condition
The previous work by Oberleithner et al. [6] showed that

depending on the thermal power Pth and equivalence ratio φ ,
the flame can either assume an attached V-shape, a detached M-
shape, or a bi-stable behavior alternating intermittently between
V- and M-shape. For a fixed value of Pth, V-flames appear for
larger, M-flames for smaller and bi-stable flames for intermedi-
ate values of φ . The work further showed that M-flames exhibit a
PVC whereas V-flames do not. The present study was performed
for a bi-stable flame at Pth=20 kW and φ=0.7. At this condi-
tion, the flame was alternating randomly about once per second
between a V-shape without PVC and an M-shape with PVC.

Measurement Techniques
Time-resolved simultaneous stereo-PIV and OH-PLIF mea-

surements with a repetition rate of 10 kHz were performed us-
ing the experimental setup described in a recent publication [11].
The most important specifications are provided in the following.
The stereo-PIV system employed a dual-cavity Nd:YAG laser
(Edgewave IS-6IIDE, 2.6 mJ/pulse at 532 nm) and 2 CMOS cam-
eras (LaVision HSS 8) equipped with Tokina lenses ( f =100 mm,
f /2.8) and bandpass filters (532±1 nm). OH-PLIF was excited at

2 Copyright c© 2017 by ASME
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283.2 nm by a dye laser (Sirah Credo, 80 µJ/pulse at 283.2 nm)
pumped with a Nd:YAG laser (Edgewave IS-8IIE, 4 mJ/pulse at
523 nm). The OH-PLIF emission was recorded using an inten-
sified CMOS camera (LaVision HSS 5 with HS-IRO) equipped
with a Cerco UV lens ( f =45 mm, f /1.8) and a bandpass filter
(300-325 nm). The beams of the two laser systems were ex-
panded into two coplanar vertical light sheets across the central
section of the combustion chamber. About 4% of the UV light
sheet was deflected into a cuvette filled with a fluorescent liq-
uid for sheet profile imaging using an intensified CMOS camera
(LaVision HSS 5 with HS-IRO) equipped with a Nikon lens ( f =
50 mm, set to f /4). The measurement domains of PIV and OH-
PLIF are displayed in Fig. 1. For PIV the air flow was seeded
with TiO2 particles with a diameter of about 1 µm. The sustained
recording time was 0.8 s corresponding to 8000 single measure-
ments. The PIV images were processed using a cross-correlation
algorithm (LaVision DaVis 8.2) with a final interrogation win-
dow size of 16×16 pixel corresponding to 1.3×1.3 mm2. The
single-shot inhomogeneities and energy fluctuations of the PLIF
laser sheet were corrected using the simultaneously recorded dye
cuvette sheet profiles. The PIV particle images are further used
to estimate the local gas density, which is required as an input
of the LSA, according to the so-called quantitative light sheet
(QLS) technique that derives the density from the Mie scattering
signal of the PIV particles [6].

DATA ANALYSIS METHODS
Spectral Proper Orthogonal Decomposition

In order to survey the chronology of events during the mea-
sured transients, we employ a modal decomposition of the data
reading

u(x, t) = u(x)+u′(x, t) = u(x)+
N

∑
i=1

ai(t)Ψi(x), (1)

which separates the fluctuating part of the velocity u′ into tem-
poral coefficients ai and spatial modes Ψi. The modal basis is
constructed using the recently introduced Spectral Proper Or-
thogonal Decomposition (SPOD) [12], which is an extension
of the classical Proper Orthogonal Decomposition (POD) [13].
Both methods where very successfully used to extract the dom-
inant coherent structures from PIV measurements of swirling
jets. Usually, the POD identifies the dominant coherent struc-
tures [14], but in case of multiple interacting and intermittent
modes the single flow structures are not properly assigned to sin-
gle modes. The SPOD includes an additional spectral constraint
that provides much better separation in such cases [12,15]. How-
ever, it should be noted that its application is limited to time-
resolved measurements.

Here, a short overview of the SPOD approach is given. More
detailed derivations can be found in [12]. To obtain the SPOD,
the correlation matrix of the data set needs to be calculated be-
tween individual snapshots. The correlation matrix is computed
as

Ri, j =
1
N

∫

V

u′(x, ti)u′T (x, t j)dV , (2)

where N is the number of snapshots, V specifies the measured
domain over which the correlation is integrated and ()T indicates
the transpose. In addition to the classical POD algorithm, the
correlation matrix is filtered along all diagonals with a low-pass
filter, resulting in a filtered correlation matrix S, with the ele-
ments given as

Si, j =

N f

∑
k=−N f

gkRi+k, j+k. (3)

The low-pass filter is implemented as a symmetric finite impulse
response filter with a filter coefficients vector g of length 2N f +1.
A Gaussian filter is used to obtain a smooth response in time
and frequency domain. The filter size N f is the central adjusting
parameter of the SPOD that controls the spectral constraint of
the modes. In the current investigation this is set to two periods
of the PVC oscillation (N f = 50≈ 2 fPIV/ fPVC), which is in line
with the previous applications. Generally, there are little changes
of the results for small variations of the filter size. As a rule of
thump, the filter size should be at least as long as a single period
of the lowest frequency mode but not to large to avoid splitting
of flow structures into several modes. The latter is easily visible
when the size is increased in moderate steps.

The temporal coefficients ai = [ai(t1), ...,ai(tN)]
T and mode

energies λi are obtained from the eigenvectors and eigenvalues
of the filtered correlation matrix.

Sai = λiai ; λ1 ≥ λ2 ≥ ·· · ≥ λN ≥ 0 (4)

The subscript i refers to single eigenvalues, which are sorted in
descending order. Naturally, the SPOD modes are sorted accord-
ing to their kinetic energy content λi. This may sometimes hide
less energetic modes among strong stochastic fluctuations. In the
work of Sieber et al. [12] a ranking of the modes according to the
spectral coherence of mode pairs is introduced. This is used to
select relevant modes and graphically highlight periodic modes
in the SPOD spectrum that will be shown later.

Linear hydrodynamic stability analysis
Within the framework of linear stability theory, the PVC is

interpreted as a global hydrodynamic instability [6, 14, 16–18].

3 Copyright c© 2017 by ASME
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The term global implies that the entire flow dynamics are domi-
nated by a single oscillatory mode. The most prominent example
of a global instability is the von Kármán vortex street. Global
modes are self-excited and are driven by an internal feed-back
mechanism. The place where this feed-back occurs is called the
wavemaker region. The determination of the wavemaker is par-
ticularly important as it determines the growth rate (amplitude)
and frequency of the global mode.

In this study we employ a local linear stability analysis
(LSA) to find the wavemaker and to determine the growth rate
and frequency of the PVC. The current approach is well in line
with the previous investigations of the stable M- and V-flame
configuration and the reader is referred to this article for further
details [6]. However, in contrast to the previous study, the anal-
ysis is now applied to a mean flow that evolves in time, which
requires some additional considerations regarding the involved
time scales. The reader is referred to a recent analysis of a tran-
sient isothermal swirling jet for detailed discussion of this con-
cept [19].

For the LSA, the transient mean flow data is decomposed
into four parts: the mean, the shift, the periodic (coherent) and
the turbulent part, reading

u(x, t) =

transient mean flow u†
︷ ︸︸ ︷
u(x)︸︷︷︸
mean

+ ũ(x, t)︸ ︷︷ ︸
shift

+ ũ(x, t)︸ ︷︷ ︸
periodic

+u′′(x, t)︸ ︷︷ ︸
turbulent

. (5)

The governing equations are derived by substituting the decom-
position u = u† + ũ into the Navier-Stokes and continuity equa-
tions. Linearization around the transient mean state results in the
stability equations

∂ ũ
∂ t

+(ũ ·∇)u† +(u† ·∇)ũ=− 1
ρ† ∇ p̃+

1
Re

∆ũ (6)

∇ · ũ= 0. (7)

We assume that the transient mean state u† is a quasi steady
solution of the forced Navier–Stokes equations, as pursued by
Mantic̆-Lugo et al. [20]. Therefore, the temporal changes of
the mean flow are contributed to changes of the forcing by the
Reynolds stresses. Hence, the timescale at which the mean flow
changes is directly coupled to the timescale at which the coherent
structure ũ is amplified [19].

Assuming a quasi-parallel flow, the perturbation is de-
composed into normal modes ũ = ûei(αx+mθ−ωt) and p̃ =
p̂ei(αx+mθ−ωt), where α denotes the axial wave number, m the
azimuthal wave number and ω the frequency. Eqs. (6) and (7)
together with the disturbance ansatz and appropriate boundary
conditions yield an eigenvalue problem that is discretized with

the Chebyshev pseudospectral collocation technique [21]. The
resulting dispersion relation D(ω,α,m) = 0 is solved for com-
plex α and complex ω and m = 1. We then search for a saddle-
point in the mapping from α to ω , which corresponds to the wave
with zero group velocity. The growth rate of this wave is called
absolute growth rate ω0 and it determines whether a flow profile
is convectively or absolutely unstable [22]. The distinction be-
tween convective and absolute instability at every flow slice is an
important information, because a finite region of absolute insta-
bility is necessary for the weakly non-parallel flow to sustain a
global mode [23].

Once the absolute instability is determined, the wavemaker
location is given by a frequency selection criterion [24]. For the
M-flame configuration, the wavemaker is located at the combus-
tor inlet [6] and the global mode growth rate σ is given by the
imaginary part of the absolute frequency at the this point, reading

σ = ℑ{ω0(x = 0)} .

For σ > 0 the flow is globally unstable and for σ < 0 the flow
is globally stable. The frequency of the PVC is given by the real
part of the absolute frequency and has been shown to compare
extremely well with the measurements [6].

Throughout this study, we assume that the wavemaker loca-
tion does not change during the transient. This substantially sim-
plifies the problem and we can track the PVC growth rate from
a LSA at x = 0. Moreover, we use a constant eddy viscosity to
model the turbulent-coherent interactions in contrast to previous
studies [6, 18, 25]. The calibration of a spatially and temporally
varying eddy viscosity from the transient data introduces more
uncertainty than the potential benefit. The current eddy viscosity
is calibrated against the M-flame case to achieve zero growth of
the global mode. This results in an effective Reynolds number
in Eq. (6) of Re = UD

ν+νt
= 120 with ν as the molecular viscosity

and νt as the eddy viscosity.
As mentioned above, the LSA is based on a transient mean

flow, which has to be properly estimated from the time-resolved
fields of velocity and density. For this purpose the velocity and
density fields are first smoothed temporally using a moving av-
erage filter with a span of 5 ms. Then the data is symmetrized in
y-direction, i.e., usymm(x,y, t) = (u(x,y, t)+ u(x,−y, t))/2. The
resulting fields of velocity and density that are used as input for
the LSA are shown in Fig. 7.

OVERALL CHARACTERISTICS OF THE FLOW AND
FLAME TRANSIENT

In this work the dynamics of the bi-stable flame is ana-
lyzed using one sustainted time-series of 8000 PIV and OH-PLIF
measurements, corresponding to a duration of 800 ms. The se-
ries includes one transition from V- to M-shape and one sub-
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FIGURE 2. a) OH-chemiluminescence images and simultaneous PIV
and OH-PLIF measurements during phases of V- and M-shape. b) Tem-
poral dynamics of the OH signal at the inlet.

sequent transition back to V-shape. Figure 2a shows two OH-
chemiluminescence images averaged during phases of V- and M-
shape, respectively. It is seen that the V-flame is attached at the
burner nozzle at the bottom, whereas the M-flame is lifted by
about 10 mm. Further details of the V- and M-flame can be seen
in the corresponding instantaneous PIV and OH-PLIF measure-
ments on the right. While no major vortex structures appear for
the V-flame, the flow field of the M-flame exhibits a distinct zig-
zag vortex pattern that represents the PVC [6]. This implies the
presence of the stagnation point in the inner recirculation zone
(IRZ), which stabilizes the M-flame at x ≈ 10 mm. For the V-
flame, by contrast, the flow in the IRZ goes straightly towards
the nozzle at the bottom (green arrow).

The dynamics of the flame transitions is tracked using the
OH-PLIF signal integrated over the zone near the chamber inlet
(marked with the dashed rectangle). The resulting time-series is
shown in Fig. 2b. The OH-signal is high until t ≈ 570 ms, which
indicates an attached V-flame. The subsequent decrease of the
OH-signal indicates a lift-off of the flame, and the formation of a
detached M-flame at t ≈ 600 ms. Starting at t ≈ 650 ms, the OH-

FIGURE 3. SPOD spectrum of the recorded transient. The dots rep-
resent the average frequency and energy of coupled SPOD modes and
the size (and color) of the dots represents the spectral coherence. The
most prominent modes are labeled and the corresponding mode shapes
(transversal component) are shown in the images above. The mean flow
direction is also indicated by streamlines.

signal increases again, indicating the transition back to a V-flame
that remains until the end of the series.

The SPOD was applied to the snapshots recorded between
t = 560 and 700 ms, which covers the entire detachment and reat-
tachment process of the flame. Figure 3 shows the correspond-
ing SPOD spectrum, where the modes are plotted according to
their average frequency and relative energy content. The size (or
color) of the dots represent the spectral coherence of the modes.
From the spectrum we identify a few discrete modes that clearly
stick out due to their energy content or due to their spectral co-
herence. The shapes of these modes are displayed in the frames
above the SPOD spectrum showing the fluctuating transversal
velocity component with superimposed streamlines of the mean
flow field.

The mode with the strongest temporal coherence and the
highest energy with fPVC = 460 Hz can be identified as the PVC.
The mode shape shows a clear axisymmetry of the transversal
component which corresponds to a helical instability with az-
imuthal wavenumber m = 1. The SPOD also picks up the first
higher harmonic of the PVC indicated by 2 fPVC. The highly en-
ergetic mode at zero frequency is a shift mode. It represents the
change of the mean flow field during the recorded sequence. At
fTA = 275 Hz we find a relatively weak mode with poor temporal
coherence. From the mode shape we can identify this mode as an
axisymmetric flow oscillations. As the axisymmetric mode is not
known to become self-excited in swirling jets, we conjecture that

5 Copyright c© 2017 by ASME

70 Chapter 3. Publications



Increase
of TA

Flame
lift-off

Flame re-
attaches

Decrease of PVC

1

Fig. 9

Fig. 8:

Increase
of PVC

2 3 4

Decrease
of TA

FIGURE 4. Dynamics of the V-M and M-V flame shape transition: The upper plot shows the SPOD coefficients of the PVC mode, the TA mode and
the shift mode. The lower plot shows the OH signal at the inlet and the PVC growth rate σ obtained from the LSA.

this mode is forced by a thermoacoustic (TA) instability. There
are two strong additional modes at the sum and difference of the
PVC frequency fPVC and the frequency fTA. These modes show
the same symmetry as the PVC and represent the interactions
between the PVC and the mode at fTA.

The main dynamical features identified from the SPOD
spectrum are the shift mode, the PVC, an axisymmetric mode
(TA instability) and two modes that represent the interaction be-
tween the PVC and the TA instability. As a next step we consider
the temporal evolution of the modes and relate it to the flame
shape transition process. In Fig. 4 the SPOD mode coefficients
are shown together with the integrated OH at the inlet indicating
the flame at-/detachment as described above. The PVC oscil-
lation sets in at about 570 ms and saturates at 600 ms. There-
after it continuously decays until it completely vanishes at about
680 ms. The flame detachment appears to occur somewhat after
the onset of the PVC. The flame remains detached until 650 ms
and then behaves intermittently for another 30 ms before it ulti-
mately reattaches at about 680ms, which coincides with the total
suppression of the PVC. The shift mode changes simultaneously
with the PVC amplitude but it levels off much earlier and re-
mains approximately constant until 690 ms. The TA mode starts
to grow once the mean flow shift has terminated at about 590 ms
and it continues growing until the mean flow shifts back to its
initial shape at about 695 ms. As already seen from the SPOD

spectrum, the TA mode oscillates at a lower frequency than the
PVC.

STEPS OF V-M and M-V FLAME TRANSITIONS

Based on the results from the SPOD, we postulate a se-
quence of events that describes the flame detachment and reat-
tachment process. It will serve as a working hypothesis for the
subsequent sections, where we investigate the mechanisms in
more detail.

1. Slow drifts in the inflow conditions destabilize the PVC.
2. At the border of instability, a turbulent perturbation initiates

the PVC.
3. Self-amplification sets in and the PVC evolves.
4. The PVC causes the flame to detach.
5. The PVC saturates at the limit-cycle and the flame stabilizes

as an M-flame
6. The M-flame becomes TA unstable.
7. The TA oscillations suppresses the PVC.
8. The flame oscillates and reattaches to the inlet.
9. The attached V-flame is TA-stable and the oscillations die

out.
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FIGURE 5. Temporal variation of bluff body temperature during bi-
stable flame shape transitions, reprinted from Ref. [26]

Step 1: Slow temperature and flow field changes
When the flame changes its shape from V to M or vice versa,

the heat load at different parts of the combustion chamber also
changes. A recent experimental study for the present bi-stable
flame using thermographic phosphors showed that this in turn
leads to local changes of the temperature at the bluff body and
base plate of the chamber [26]. An exemplary time-series from
this study is plotted in Fig. 5. It is seen that the bluff body heats
up by more than 50 K when the flame is attached, and cools down
when the flame is detached.

The observed drifts of temperature may in turn induce slow
drifts of the flow and density fields in the chamber. These drifts
were quantified using linear fits of the local time-series of veloc-
ities vx and vz and density ρ during the long time interval from
t = 0 ms until the onset of the flame detachment at t = 568 ms.
The resulting drift of the axial velocity field is shown in Fig. 6
for t = 0, 300 and 568 ms. It can be seen that the axial velocity
field changes indeed, with the main difference being the increase
of backflow in the IRZ (marked red). The corresponding drifts of
vz and ρ (not shown), on the other hand, were found to be much
smaller.

To infer the possible effects on the stability of the PVC, we
conduct a LSA of the drifting velocity and density fields at t = 0,
100, ..., 500 and 568 ms. The resulting PVC growth rate at these
times is plotted in Fig. 6. It is negative throughout indicating the
global stability of the flow field prior to the V-M-transition, but
it increases continuously in time and approaches the border of
instability (σ ≈ 0) as we get closer to the start of the transition at
t=570 ms. Since the main temporal changes were observed for
the backflow velocity in the IRZ, this increase of growth rate is
largely attributed to the drift of the backflow velocity. This agrees
well with the study of Terhaar et al., who found that the PVC
growth rate is largely determined by the backflow velocity [27].

-10
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0

vx

[m/s]

t=0 ms t=300 ms t=560 ms
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b

FIGURE 6. a) Variation of axial velocity field during the V-flame pe-
riod t = 0− 568 ms before the onset of transition. b) Corresponding
variation of the PVC growth rate σ .

Steps 2-3: Onset of the PVC
Once the flow is at the border of instability (PVC growth

rate σ ≈ 0), a small variation of the inflow velocities may lead
to a short-time destabilization of the PVC. In the previous inves-
tigation, a short-time appearance of the PVC was observed that
was found to be correlated with a turbulent short-time increase
of the inflow velocity and a lift-off of the flame [6]. It was con-
jectured in that study that the PVC is only sustained once it is
strong enough to activate a self-amplifying process. In order to
validate this hypothesis, we apply the LSA to the transient mean
flow and track the PVC growth rate throughout the flame detach-
ment process.

The role of the PVC in the V-M flame transition starting
at t ≈ 570 ms is studied in the following using the time series
plotted in Fig. 4 and the sequence of PIV and OH-PLIF images
shown in Fig. 8. The times of the images in Fig. 8 are marked
with dashed lines in Fig. 4. At t = 572.8 ms, the V-shaped flame
is well attached and no PVC is present as inferred from the low
value of the SPOD PVC mode coefficient in Fig. 4. At t = 578.7
ms, the flame is still attached, but now a distinct PVC-like vortex
pattern appears in the flow field, and the PVC mode coefficient
has increased significantly. It is difficult to identify the specific
event that caused the formation of the PVC since the flow is at the
border of instability and thus even minor turbulent fluctuations
of velocity or density, possibly out of the plane of measurement,
may initiate the formation.

Comparing the PVC amplitude with the PVC growth rate
shown in Fig. 4 within the time interval t=570-580 ms, we note
that the amplitude of the PVC increases synchronously with the
predicted growth rate. This is striking, as one would expect from

7 Copyright c© 2017 by ASME

72 Chapter 3. Publications



FIGURE 7. Temporally smoothed and radially symmetrized flow and
density field at the inlet versus time.

mean field theory [28, 29] that the growth rate is positive and
maximum prior to the onset of the PVC and it should decrease
with increasing PVC amplitude. The increase of the growth rate
with an increase of the PVC amplitude is strongly indicative for a
self-amplification mechanism. To further study this mechanism,
the temporal dynamics of profiles of density and velocity at the
inlet (x = 0 mm) that were used for the LSA is shown in Fig.
7. It is seen that during the phase t=570-580 ms, the axial ve-
locity decreases and the stratification of density increases in the
region around the centerline (y = 0 mm). Computations based on
a constant density field (not shown) indicate that both the mod-
ification of the density field and the velocity field contribute to
the increase of the growth rate. The results from the transient
LSA give credibility to the idea that the interaction between the
PVC and the flow/density field induces a self-amplification pro-
cess that helps to sustain the growth of the PVC. This allows the
PVC to arise at subcritical or near critical conditions. The ques-
tion whether additional mixing or flame lift-off is causing this
favorable change of the mean flow and density field cannot be
answered at this point.

Steps 4-5: Flame detachment and saturation of the
PVC limit-cycle

After the PVC has reached a high amplitude at t ≈ 580 ms,
the attached V-flame starts to detach from the nozzle, as indicated
by the decrease of OH signal plotted in Fig. 4. The image for

t=584.0 ms t=593.8 ms

t=572.8 ms t=578.7 ms
PVC

PVC PVC

2

43

1

Stagnation point

FIGURE 8. Sequence of PIV and OH-PLIF measurements showing
the formation of the PVC and the subsequent detachment of the flame.

t = 584.0 ms in Fig. 8 shows that a strong PVC is present and the
size of the IRZ has decreased significantly compared to t = 572.8
ms. There is, however, still a continous backflow in the IRZ
(green arrow) and therefore the flame is still attached. At t =
593.8 ms, the strength of the PVC has further increased and now
a stagnation point appears in the IRZ. This blocks the backflow
of hot burned gas towards the nozzle and thus stabilizes the flame
base near this point.

The flame detachment process is completed at approxi-
mately t = 600 ms and the PVC reaches its maximum ampli-
tude. The flow and flame dynamics have converged to a new
stable condition, which is characterized by an M-shaped flame
with a PVC. The saturation of the PVC occurs through a mean
flow modification induced by coherent Reynolds stresses, which
is reflected by the decrease of the global mode growth rate σ to
zero. The results from the LSA at the limit-cycle (t = 600−640
ms) are perfectly in line with our study of the stable M-flame [6]
and confirm the saturation mechanism of this type of instability
according to mean field theory [28, 29].

Steps 6-7: Onset of TA instability and suppression of
the PVC

The plots of the SPOD coefficients in Fig. 4 reveal that once
the flame has transitioned to a stable M-flame, a TA instability
arises after t = 620 ms that goes along with the decay of the
PVC oscillations. The dynamics of flow field and flame during
one cycle of the TA instability is shown in Fig. 9. At t = 657.1
ms the typical configuration of the M-flame with PVC and lifted
flame base is present. At t = 658.2 ms the formation of a sym-
metric vortex pair above the inlet is observed that is likely caused
by the pumping motion of the TA instability. The formation of
the symmetric vortices goes along with the formation of a contin-
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uous backflow in the IRZ (green arrow). This enables the flame
to propagate upstream as seen in the images at t = 658.6, 659.1
and 659.6 ms. At t = 660.1 ms the symmetric vortex pair has de-
cayed and the PVC vortex pattern is re-established, and the flame
is lifted again. The comparison of TA mode coeffificients and OH
signal in Fig. 4 during the phase t = 655−675 ms (marked with
dashed lines) shows that a similar dynamics of transient flame
re-attachement and detachement takes place repeatedly, and that
this dynamics is directly coupled to the oscillation of the TA in-
stability.

From the viewpoint of stability theory, the TA instability and
the PVC may interact in two different ways according to Terhaar
et al. [30]: They may either interact through a mean flow modifi-
cation or through a mean flow modulation. The first mechanism
implies that the perturbations induced by the TA instability are
amplified in the shear layers to large-scale coherent structures
that modify the mean flow as such that the PVC becomes lin-
early stable. This requires a strong convective shear layer insta-
bility (Kelvin-Helmholtz instability) at the frequency of the TA
instability. The LSA can model this type of interaction, as it is
based on the modified mean flow itself. Hence, the suppression
of the PVC via this mechanism would be indicated by a reduc-
tion of the growth rate σ . This is not observed in the present case
(see Fig. 4).

The mean flow modulation represents a direct nonlinear in-
teraction between the PVC and the TA instability. It can bee un-
derstood as a modulation of the PVC growth rate and frequency
at the TA instability frequency. In other words, the pressure fluc-
tuations induced by the TA instability effectively modulate the
massflow into the combustor and thereby the PVC dynamics.
Peaks in the frequency spectrum with the sum and difference
of the frequencies of the PVC and the TA instability as seen in
the SPOD spectrum (Fig. 3) is a clear indicator of this mecha-
nism [30, 31].

Due to the negligence of the nonlinear terms, the LSA can-
not account for the nonlinear interactions between the PVC and
the TA instability. However, the PVC growth rates derived from
the LSA give some indication that the suppression mechanism
does indeed not occur via a mean flow modification. As seen
in Fig. 4, the global mode growth rate σ gets larger than zero
at t = 650 ms and increases as the PVC amplitude decreases.
This appears counter-intuitive at the first glance, but it can be ex-
plained by mean field theory. When the PVC grows to a finite
amplitude (see Fig. 4; t = 570− 600 ms), it induces Reynolds
stresses that act as a forcing on the mean flow. This forcing
causes the saturation of the PVC as it modifies the mean flow
as such that the PVC growth rate reduces to zero (t = 600−650
ms). Once the PVC gets suppressed by the TA instability, the
Reynolds stress forcing and corresponding mean flow correc-
tion are suppressed as well. This is reflected by a positive PVC
growth rate (t = 670 ms). If one would, theoretically, switch off
the TA instability at this point, the PVC would immediately grow

t=657.1 ms t=658.2 ms

t=658.6 ms t=659.1 ms

t=659.6 ms t=660.1 ms

PVC

Symm.
vortices

Flame
moves
upstream

detached flame

Stagnation point

FIGURE 9. Sequence of PIV and OH-PLIF measurements showing
the transient attachment and detachment of the flame during one cycle
of the TA instability.

again at the growth rate that is given by the LSA.

Steps 8-9: The reattachment process
As described above, the increased amplitude of the TA in-

stability after t = 655 ms leads to periodic flame re-attachement
and detachement. At the same time, the PVC amplitude further
decreases and reaches a near zero value at t = 685 ms. Therefore,
the process of detachement, which is induced by the PVC, is no
longer sustained and the flame remains attached after t = 685
ms. It is further seen that after the attached V-flame has stabi-
lized, the TA instability dies out after t = 700 ms, which is most
likely attributed to the change of the convective time-delays.

SUMMARY AND CONCLUSIONS
The flame shape transition mechanisms of a turbulent

swirling bi-stable flame have been studied using time-resolved
simultaneous stereo-PIV and OH-PLIF measurements, spectral
proper orthogonal decompostion (SPOD) and linear stability
analysis (LSA). The flame alternates intermittently between an
M-shape featuring a precessing vortex core (PVC) and a V-shape
without PVC, which implies that the PVC is repeatedly formed
and suppressed. It was further observed that a thermoacoustic
(TA) instability arises and decays temporarily.

The starting point of the V-M-transition is a slow drift of ve-
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locity and density fields during the phase with V-flame that are
likely caused by slow variations of temperature within the com-
bustor. The LSA showed that these drifts lead to an increase of
the (negative) growth rate of the PVC. When the growth rate is
close to zero, a random turbulent event can trigger the forma-
tion of the PVC, which then undergoes a self-amplification and
reaches a limit-cycle. The PVC in turn leads to the formation of
an unsteady stagnation point in the IRZ that causes the lift-off of
the flame, which then assumes an M-shape.

The M-V-transition is governed by completely different
mechanisms: After the flame has assumed the M-shape, a TA
instability develops. The pumping motion of the TA instability
leads to a periodic formation of symmetric ring vortices at the
nozzle exit, and to a decay of the PVC. The symmetric vortices
temporarily suppress the stagnation point in the IRZ and thus
lead to periodic short-time re-attachment and subsequent lift-off
of the flame. When the PVC has decreased sufficiently, the flame
remains attached and assumes a V-shape. When the formation of
the V-flame is completed the TA instability decays again.

The results show that the dynamics of turbulent bi-stable
swirl flames is governed by complex interactions of TA and hy-
drodynamic instabilities, and slow temperature-induced drifts of
velocity and density. The better understanding of these interac-
tions obtained in this work may support the design of improved
swirl combustors with enlarged ranges of stable operation.
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3.4 Stochastic modelling of a noise-driven global instability in a
turbulent swirling jet

This article is published in a revised form in the Journal of Fluid Mechanics under the
following reference: M. Sieber, C. O. Paschereit, & K. Oberleithner (2021a). “Stochas-
tic modelling of a noise-driven global instability in a turbulent swirling jet”. Journal of
Fluid Mechanics 916, A7. DOI: 10.1017/jfm.2021.133. The following is a pre-peer-
review version of the article. Reprinted with permission. This version is free to view and
download for private research and study only. Not for re-distribution, re-sale or use in
derivative works. ©Cambridge University Press.

The bifurcation of the helical global mode in a turbulent swirling jet is investigated
experimentally. Since the common reduced order flow models do not fit the measured
dynamics, stochastic methods are employed to describe the flow.

Methods: Existing reduced-order models for the description of hydrodynamic instabil-
ities are extended by a stochastic forcing to describe the dynamics of a turbulent
flow. Landau’s amplitude equation and the mean-field model are considered to
replicate the flow dynamics. The calibration procedure of the model from station-
ary measurements is further described in detail.

Results: The generic swirling jet setup is used for the investigation, where the bifurcation
of the global mode with increasing swirl is considered. The SPOD of high-speed
PIV data shows that the emergence of the global mode is the dominant dynam-
ics in this flow at the investigated conditions. The different stochastic models are
calibrated by long-time pressure measurements.

Physics: The dynamics of the global mode under turbulent conditions is very well cap-
tured by the proposed models. The stochastic model clarifies why the global mode
is observed at stable flow conditions and how stable and unstable flow conditions
are classified from stationary statistics. The different models further detail how the
delay in the mean-flow correction can interfere with the estimation of the flow state.
The accurate representation of the nonlinear saturation mechanism is essential for
the description of the flow physics.
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A method is developed to estimate the properties of a global hydrodynamic instability
in turbulent flows from measurement data of the limit-cycle oscillations. For this purpose,
the flow dynamics are separated in deterministic contributions representing the global
mode and a stochastic contribution representing the intrinsic turbulent forcing. Stochastic
models are developed that account for the interaction between the two and that allow
determining the dynamic properties of the flow from stationary data. The deterministic
contributions are modelled by an amplitude equation, which describes the oscillatory
dynamics of the instability, and in a second approach by a mean-field model, which addi-
tionally captures the interaction between the instability and the mean-flow corrections.
The stochastic contributions are considered as coloured noise forcing, representing the
spectral characteristics of the stochastic turbulent perturbations. The methodology is
applied to a turbulent swirling jet with a dominant global mode. PIV measurements
are conducted to ensure that the mode is the most dominant coherent structure and
further pressure measurements provide long time series for the model calibration. The
supercritical Hopf bifurcation is identified from the linear growthrate of the global mode
and the excellent agreement between measured and estimated statistics suggest that the
model captures the relevant dynamics. This work demonstrates that the sole observation
of limit-cycle oscillations is not sufficient to determine the stability of turbulent flows since
the stochastic perturbations obscure the actual bifurcation point. However, the proposed
separation of deterministic and stochastic contributions in the dynamical model allows
identifying the flow sate from stationary measurements.

1. Introduction

1.1. General research approach

Considering a turbulent flow that is dominated by a strong coherent oscillatory motion,
the dynamics observed from measurements are twofold. There are the deterministic os-
cillatory motions potentially stemming from an intrinsic global hydrodynamic instability
and the broad-band stochastic motion of the background turbulence. The differentiation
of these deterministic and stochastic dynamics is key for accurately interpreting and
modelling the dominant flow dynamics. While this separation can be achieved from a
Fourier decomposition, a POD or phase averaging of time-resolved data (Holmes et al.
2012), it does not reveal the origin of the oscillatory motion independently from the
stochastic turbulent forcing. Analogously, if oscillations in turbulent flows are modelled by
approaches formerly used to describe instabilities in laminar flows, an appropriate closure
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for the neglected turbulent fluctuations must be included. In this spirit, the dynamical
models developed here built on models that were derived to describe dominant instabili-
ties of laminar flows in the vicinity of the bifurcation point (Stuart 1958). However, these
models are extended to account for perturbation from background turbulence by adding
a stochastic forcing term with the goal of determining the global stability of turbulent
flows based only on observational data.

1.2. Linear instabilities in turbulent flows

To predict the bifurcation of laminar flows, linear stability analysis has been applied
successfully in many cases (Landau & Lifshitz 1987). The consideration of small perturba-
tions on the base flow and their effect on the eigenmode response of the linearised Navier-
Stokes equations provides the decisive exponential growth rate of the coherent structures.
Even for unstable flows, where the instability has already grown considerably, the mode
shapes and frequencies of the coherent structures can still be derived from a stability
analysis based on the mean-flow field (Barkley 2006). This mean-flow stability analysis
furthermore allows to assess the sensitivity of the coherent structures to perturbations
or forcing of the velocity field (Meliga et al. 2012b; Carini et al. 2017). In the case
of turbulent flows, the coherent fluctuations can be interpreted as linear perturbations
of the mean flow, while the remaining fluctuations act as an increased viscosity. The
accurate modelling of the turbulent viscosity is essential to predict the observed coherent
structures in highly turbulent flows (Oberleithner et al. 2014; Viola et al. 2014; Tammisola
& Juniper 2016; Rukes et al. 2016).

The mean-flow stability analysis has a general trait resulting from the fact that the
mean flow is also formed by the Reynolds stresses induced by the investigated coherent
structures. Namely, the predicted amplification rates indicate only neutral stability, no
matter how large the original linear instability was that caused the coherent structures
to grow. The investigation of Mantič-Lugo et al. (2015) demonstrates this property from
a coupled simulation using mean-field stability analysis and the steady Navier-Stokes
equation to describe the transition of the cylinder wake flow from an unstable stationary
state to saturated limit-cycle oscillations of the Kármán vortex street. There, it is shown
that the Reynolds stresses of the coherent structures change the mean flow such that the
instability becomes neutrally stable when the flow reaches the limit-cycle.

The concept of this nonlinearity describing the saturation mechanism of hydrodynamic
instabilities is referred to as mean-field theory. The idea of a weakly nonlinear saturation
was first given by Landau’s amplitude equation (Landau 1944) derived from analytical
reasoning. In the context of nonlinear stability theory, the mean-field theory explains
the observation of supercritical and subcritical Hopf bifurcations via hydrodynamic
instabilities (Stuart 1958). The work of Noack et al. (2003) further shows that also the
transient dynamics from a steady state to the limit-cycle can be covered by a simple
mean-field model including an oscillatory mode for the dynamics of the instability and a
shift-mode capturing the slow mean-flow corrections. In this work, the model structure
and naming are adopted and extended by the consideration of stochastic disturbances
induced by background turbulence.

An open aspect of describing transient dynamics by the amplitude equation and the
mean-field model is the time-delay between a change of the oscillation amplitude and
the resulting correction of the mean flow that leads to a change of the amplification
rate. Stuart (1958) assumed this to be an instant feedback which justifies the use of
only the amplitude equation without considering the shift-mode. However, experimental
investigations showed that there are flows that exhibit a delay in this feedback, which
motivates the delay-saturation model suggested by Villermaux & Hopfinger (1994). In
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the present work, this delay-saturation model cannot be used because the involved delay
operation constitutes a memory of the system that conflicts with the requirements of
the stochastic method. Alternatively, the mean-field model allows considering this delay
trough the inclusion of the shift-mode as an additional state variable. Accordingly, we
adjust the mean-field model to the dynamics observed in the flow.

1.3. Stochastic methods for system identification

The identification of the fundamental properties of a physical system from observation
data is essential for retaining physical parameters of the flow from the calibrated models.
From the many aspects of this field, we focus on the output-only calibration of grey-
box models (Ljung 2012). The term output-only refers to the utilisation of observation
data of a system. This approach is in contrast to input-output data that refers to an
active forcing of the system and recording of the corresponding response. The term
grey-box model refers to the use of empirical models that are motivated by physics
or the observed dynamics. This is in contrast to white-box models which are derived
directly from the governing equations and also in contrast to black-box models that only
reproduce dynamics and are not related to the physics of the system.

The models employed in this work for the system identification are the amplitude
equation and the mean-field model. Having two and three state variables, respectively,
these are low-order models that represent only the dominant dynamics of a turbulent
flow. The remaining dynamics are considered as stochastic turbulent fluctuations that
may enter the model as a stochastic forcing. From the experimental perspective, an
output-only calibration is performed that uses only stationary measurements of the flow.
However, the intrinsic forcing of the flow by its background turbulence is also considered
for the system identification. This requires to estimate the properties of the stochastic
forcing in line with the deterministic dynamics of the flow.

The accurate treatment of such stochastic equations requires a systematic introduction
of the model. An overview of the topic can be found in the review of Friedrich et al. (2011)
about stochastic methods for data-driven identification of physical systems. The general
concept of the approach is a strict separation of deterministic and stochastic contributions
in the model. This is obtained by requiring the model to have the form of a Langevine
equation. Therefore, the model must account for all the deterministic dynamics contained
in the data. It is not possible to oversimplify the model and lump secondary dynamics to
the stochastic forcing. The stochastic part must be uncorrelated from the deterministic
part to handle the data in this framework.

The requirement of the stochastic differential equation having the form of a Langevine
equation implies that the future evolution of the system depends only on the current state
of the system. Therefore, there should be no memory of the system or hidden variables
that interfere with the resolved state variables. Moreover, the stochastic component
of the equation must be uncorrelated such that the evolution of the system behaves
like a Markov process. All deterministic dynamics present in the observed system must
be described by the model since they cannot be lumped together with the unresolved
stochastic turbulence. However, a sufficient separation of time-scales allows treating some
of the dynamics as stochastic contributions. The assumption of a Markov process allows
describing the temporal evolution of the probability density function (PDF) by the
corresponding Fokker-Planck equation. This eliminates the stochastic variable and gives
a probabilistic description of the system that can be compared to statistical moments
obtained from measured data.

The basic principle of stochastic methods proposed by Friedrich et al. (2000) utilises
the direct computation of the drift and diffusion terms from the first and second statistical
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moments of the data. This requires to conduct a limiting process that may conflict with
the non-vanishing correlation time of the stochastic process (Lehle & Peinke 2018). An
alternative is the evaluation of finite time propagation of the PDF with the Fokker-Planck
equation and comparison with the PDF of the data (Kleinhans & Friedrich 2007) or the
direct estimation of the parameters from the adjoined Fokker-Planck equation (Boujo
& Noiray 2017). Furthermore, the stationary PDF of the data can be compared to the
stationary solution of the Fokker-Planck equation as pursued by Noiray & Schuermans
(2013), Bonciolini et al. (2017) and Lee et al. (2019).

Stochastic methods were applied to identify universal features of the turbulent cascade
(Friedrich & Peinke 1997; Reinke et al. 2018), leading to very simple models that correctly
capture the spectral properties of the cascade. Concerning the thermoacoustic system of
a combustor, Noiray & Schuermans (2013) proposed various approaches to derive the
parameters of a Van der Pol oscillator from different measures of the data. This was
further extended to handle also systems with non-white noise (Bonciolini et al. 2017).
The existence of coherence resonance in a thermoacoustic system was also shown by
Kabiraj et al. (2015), where the external stochastic forcing allowed to further classify the
associated Hopf bifurcation before the onset of the instability (Saurabh et al. 2017).

The stochastic dynamics of turbulent axisymmetric and bluff-body wakes were studied
by Rigas et al. (2015) and Brackston et al. (2016), respectively, showing that the
symmetry-breaking modes are governed by simple stochastic models. The dynamics of a
freely rotating disc in uniform flow was shown by Boujo & Cadot (2019) to be governed by
a stochastic low-order model that captures the main features. The self-excited oscillations
in the fluid acoustic system of bottle whistling were furthermore shown to be governed by
a randomly forced Van der Pol oscillator (Boujo et al. 2020). The investigations of Zhu
et al. (2019) and Lee et al. (2019) revealed that the bifurcation, leading to the global
instability of a low-density jet, can be characterised from the evaluation of stochastic
forcing in the stable regime of the flow.

Beyond these very recent investigations, there were previous approaches to model the
dynamics of turbulent flows by stochastic equations. For example, the description of the
bursts in boundary layers as noisy heteroclinic cycles by Stone & Holmes (1989) and
the control of such dynamics by Coller et al. (1994). The occurrence of noise-induced
dynamics of marginally stable modes is often also referred to as coherence resonance
referring to the work of Gang et al. (1993). Another probabilistic description of fluid
dynamics was recently proposed by Kaiser et al. (2014), who used data-driven state-
space segmentation to identify the related transition probability that allows inferring the
dynamics of the flow. In the work of Brunton et al. (2016), the residuals of the model
are interpreted as intermittent forcing of a deterministic system, this is in contrast to
the present approach, where Markov properties of the stochastic forcing are expected.

Besides the work of Zhu et al. (2019) and Lee et al. (2019), there are no applications of
stochastic methods to describe the characteristics of a global hydrodynamic instability.
In contrast to their work, the current investigation does not rely on external forcing of
the flow but utilises the background turbulence as intrinsic stochastic forcing.

1.4. Detailed research approach

In the present work, we consider the dominant coherent structure occurring in tur-
bulent jets at high swirl. Swirling jets are commonly used in combustors to provide
anchoring of the flame (Syred & Beér 1974). This is due to the unique feature of the flow
which is known as vortex breakdown. If the swirl intensity in the jet exceeds a certain
threshold, the jet breaks down and forms a recirculation region in the centre (Billant
et al. 1998). In combustion applications, this provides recirculation of hot exhausts that
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Figure 1. Bifurcation diagram for a supercritical Hopf Bifurcation as described by the Landau
equation. The solid line gives the limit-cycle of the model and the dots indicate measurements
from a turbulent flow.

stabilises the flame. The swirl intensity that governs the onset of vortex breakdown is
quantified by the swirl number, given by the ratio of azimuthal to axial momentum flux
(Chigier & Chervinsky 1967) (see also appendix A for the definition).

Beyond the onset of vortex breakdown, the swirl number remains the major control
parameter for a global hydrodynamic instability. With increasing swirl number, the flow
passes through a supercritical Hopf bifurcation that gives rise to a global mode (Gallaire
& Chomaz 2003; Liang & Maxworthy 2005; Oberleithner et al. 2011). It takes the form
of a single helical structure that precesses around the centre axis of the jet. In the
following, this specific global mode is referred to as a helical mode. In combustion-related
applications, the helical mode is also known as a precessing vortex core (Syred & Beér
1974; Terhaar et al. 2014; Vanierschot & Ogus 2019).

The supercritical Hopf bifurcation of global modes are commonly described by the
Landau equation (Landau 1944). Accordingly, the limit-cycle amplitude of the helical
mode |ALC| should be proportional to the swirl number S as

|ALC|2 ∝ S − Sc, (1.1)

with the swirl number being the control parameter that governs the instability of the
global mode. The critical swirl number Sc marks the bifurcation point, where the flow
transitions from a stable to an unstable state.

However, in turbulent flows, the helical mode dynamics are subjected to stochastic
turbulent forcing, which leads to a deviation from the Landau model in the vicinity of the
bifurcation point. This is shown in figure 1, where measurements in a turbulent swirling
flow reveal a continuous increase of the helical mode amplitude at potentially subcritical
conditions. This observation calls for stochastic methods to develop a dynamical system
that explains the diffusion of the observed dynamics. Such a model differentiates between
helical mode activity due to an intrinsic flow instability or due to turbulent forcing,
providing a clear description of the dynamical flow state that enables the identification
of the bifurcation point.

The immediate approach to handle these stochastic contributions is the investigation of
the amplitude equation with additive noise, and the estimation of equation parameters by
inspection of the stationary probability density function (PDF) of measured amplitudes.
This is also pursued in the present investigations as the first attempt. Therefore, an
analytical expression for the stationary PDF is derived from the amplitude equation and
calibrated from measured PDFs as done in the investigations of Noiray & Schuermans
(2013), Bonciolini et al. (2017) and Lee et al. (2019).

For reasons of simplicity, the noise in the stochastic equation is usually assumed to be
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white, which is not the case for turbulent perturbations. This property is addressed in
this work by the use of coloured noise created by an Ornstein–Uhlenbeck (OU) process
(Hänggi & Jung 1994). The effect of the noise properties on the accuracy of the system
identification is assessed from a numerical model study, as done by Bonciolini et al.
(2017). Similar to their study, a sufficient separation of noise and model time-scales is
found to be decisive for the reliability of the approach.

Furthermore, a mean-field model is incorporated in the dynamical system to capture
the mean-field corrections related to the saturation of the instability on the limit-
cycle. This provides a deeper insight into the interaction between deterministic and
stochastic dynamics. However, the system identification is adapted since no analytical
expression for the stationary PDF was obtained. Therefore, it is calibrated and adapted
to fit directly the estimated dynamics derived from the data. This is in contrast to the
amplitude equation, which can be solved analytically and compared to well-converged
PDFs, allowing an application to a large class of problems.

The remainder of this work is organised in the following way. In section 2 we outline
the main experimental methods and the identification of coherent structures from the
data and the dynamic content of the flow is presented from a decomposition of PIV and
pressure measurements. In section 3, the stochastic amplitude equation and the corre-
sponding system identification are described, followed by the validation of the approach
based on a numerical study and the calibration of the model from the experimental data.
Section 4 shows the stochastic mean-field model and its calibration from measurement
data. Finally, the main findings are summarised in section 5.

2. Experimental details and observations of swirling jet dynamics

2.1. Experimental setup and data acquisition

Experiments are conducted using a generic swirling jet setup, shown schematically
in figure 2 together with the measurement devices used. It consists of an adjustable
radial swirl generator that is supplied at four azimuthal positions by regulated air from
a pressure reservoir. Several grids ensure a homogeneous distribution of the supplied
air. The swirling air is guided normally to the swirler plane in a circular duct of
150 mm diameter followed by a contoured contraction reducing the diameter to D =
51 mm. The jet is emanating into a large space (4 m wide, 3 m high) that constitute
unconfined boundary conditions in radial and streamwise direction. Further details of
the experimental setup can be found in Rukes et al. (2015); Müller et al. (2020).

The jet is investigated at a fixed mass flow of 50 kg h−1 that results in a nozzle bulk
velocity of ubulk = 5.7m s−1 and a respective Reynolds number of 20.000 based on the
nozzle diameter D. The swirl intensity is adjusted by an automated stepper motor that
controls the angle of the swirler vanes. Swirl numbers in the range of 0.8 to 1.35 were
tested. The current swirl number definition is based on the linear fit of the integral
swirl number against the angle of the swirler vanes. The reason for this approach is
due to difficulties with a consistent formulation of the integral swirl number across the
investigated swirl range, which is further detailed in appendix A.

The velocity field of the swirling jet is captured by high-speed particle image velocime-
try (PIV) as indicated in figure 2. A meridional section of the jet is illuminated by the
laser and recorded by a high-speed camera. The flow is seeded by silicon-oil droplets
(DEHS:Bis(2-ethylhexyl) sebacate) of a nominal diameter smaller than 5 µm which are
added to the air between mass flow controller and swirler. For each configuration, a set
of 2000 images was recorded at a rate of 1 kHz. The images were processed with PIVview
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Figure 2. Schematic of the experimental setup and the utilised measurement systems. The
magnified picture of the flow field is an experimental dye visualisation of the jet.

(PIVTEC GmbH) using standard PIV processing (Willert & Gharib 1991) enhanced by
iterative multigrid interrogation (Soria 1996) and image deformation (Huang et al. 1993).

The high-speed PIV captured only the axial and radial velocity component, which
is sufficient for the determination of coherent structures. The time resolution of the
measurement, however, is essential for the later analysis. The computation of the swirl
number, however, requires also the mean azimuthal velocity component. It was deter-
mined from non-time-resolved stereoscopic PIV measurements conducted in a previous
investigation (Rukes et al. 2015).

Together with the PIV acquisition, pressure measurements were conducted. The probes
are located at eight positions around the circumference of the nozzle lip, which are
referred to in the following as pk k = 1 . . . 8. The piezoresistive sensors with a range of
1 kPa were amplified with an in-house bridge amplifier and recorded with a 24bit AD
converter at a rate of 2 kHz. The resonance frequency of the sensor-tubing-system was at
400 Hz, which is acceptable for the conducted investigations, where the oscillations of the
dominant mode were in the range of 50 Hz to 80 Hz. The resonance of the sensor caused
an amplification of the signal by 2 % at 50 Hz and 4 % at 80 Hz. Other than the PIV, the
pressure was recorded for 60 sec to achieve converged statistics. Pressure measurements
were conducted in an automated procedure, where the swirler angel was increased in
steps of 0.1◦ corresponding to ∆S of 4× 10−3.

2.2. Identification of coherent structures from measurement data

This section details how the helical mode is identified from the PIV and pressure data.
The first part covers the extraction of the dominant coherent structures from the PIV
data using the spectral proper orthogonal decomposition (SPOD) as described by Sieber
et al. (2016a). The method allows for a modal decomposition of the velocity snapshots,
reading

v(x, t) = v(x) + v′(x, t) = v(x) +
N∑

i=1

ai(t)Φi(x), (2.1)

where the fluctuating part of the velocity field v′ is expressed as a sum of spatial
modes Φ and time coefficients a. The used variant of the SPOD provides a time-domain
representation of the decomposition, which is essential for the present analysis of flow
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dynamics. This is in contrast to a related frequency domain representation (Towne et al.
2018), which is not applicable here.

The SPOD has promising potential for the analysis of time-domain phenomena in
turbulent flows (Noack et al. 2016). This has been shown for the identification of
dynamics in the flow of a separated airfoil (Ribeiro & Wolf 2017), the transient interaction
and switching between different dynamics in a combustor (Stöhr et al. 2017), or the
provision of proper dynamics for the autonomous modelling of flow dynamics (Lui & Wolf
2019). The principal advantage of the SPOD in these applications is that the dynamics
are separated according to their space-time coherence while the time information is
maintained, allowing the time-domain analysis of the individual dynamics.

The SPOD is based on the snapshot POD proposed by Sirovich (1987), with the
extensions that the snapshot correlation matrix

Ri,j =
1

N
〈v′(x, ti),v′(x, tj)〉 (2.2)

is filtered, which constrains the spectral bandwidth of the coefficients. The advantage of
this approach against spectral filtering of data before or after performing the POD is
that the filtering is implicitly handled by the decomposition. Hence, there is no need to
specify central frequencies of individual phenomena within the data or to apply digital
filters. Instead, only the filter width Nf must be chosen, as it sets the bandwidth of
the coefficients. The filter is implemented as a simple convolution filter of the snapshot
correlation matrix

Si,j =

Nf∑

k=−Nf
gkRi+k,j+k. (2.3)

where gk is a Gaussian filter kernel. Other than snapshot POD, the SPOD needs time-
resolved data to allow time-domain filtering of the data. Further details on the selection
of the filter size and handling of boundary conditions can be found in Sieber et al. (2016a,
2017). Beyond the application of the filter to the correlation matrix, the procedure is the
same as for the snapshot POD. In the present investigation, a filter width Nf of two
times the oscillation period is used.

For further analysis, the link of mode pairs in the decomposition is identified from a
cross-spectral correlation among all possible pairs of coefficients (harmonic correlation
as in Sieber et al. (2016a)). The appearance of coherent structures as pairs is commonly
observed in the POD of real-valued input data. It can be understood as the real and
imaginary part of a mode that is obtained from a spectral analysis. In the following,
mode pairs (e.g. SPOD mode 1 and 2) are treated as one mode and they are coupled
for the time domain analysis as the real and imaginary part of a complex coefficient
A(t) = a1(t) + ia2(t).

In the present application, the pressure measurements are used for the dynamic
modelling since they allow much longer time series resulting in better-converged statistics
than the PIV snapshots. The agreement of mode amplitudes determined from PIV and
pressure measurements is detailed in appendix B. To obtain the mode amplitude, the
pressure measurements from the eight positions around the nozzle lip are decomposed
azimuthally into Fourier modes, according to

p̂m(t) =
1

8

8∑

k=1

pk(t)e−imkπ/4, (2.4)

where m indicates the azimuthal mode number. The instantaneous amplitude of the
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Figure 3. Schematics of the flow field of a swirling jet: a) stream lines of the mean velocity
field coloured by velocity magnitude, b) slice through the symmetry axis of the mean velocity
field represented by sectional streamlines and velocity magnitude as gray contour levels, c)
instantaneous velocity field indicated by sectional streamlines and coherent structure as gray
background. Specific features of the flow fields are marked and indicated in the legends. The
breakdown bubble is indicated by the recirculating flow in the centre.

helical mode with azimuthal wavenumber m = 1 is then given as A(t) = p̂1(t), accounting
for the single-helical shape of this coherent structure. The signal was filtered around the
average oscillation frequency of the helical mode fo in the band [ 23fo,

3
2fo]. To set the

centre of the filter band, the frequency of the mode was identified from the peak in the
unfiltered spectrum and also compared to the frequency of the SPOD coefficients from
the PIV measurements. In the low swirl regime where no peak was visible, the frequency
was extrapolated from lager swirl numbers.

In addition to the oscillatory mode, the dynamics of the slow-varying contributions
to the flow are obtained from the pressure measurements. They are represented by the
shift-mode that is determined from the m = 0 pressure mode: B(t) = p̂0(t). Thereby, a
relation of the mean flow and the mean pressure is assumed which is supported by the
data shown in appendices A and B. The p̂0 signal is low pass filtered at 4fo to remove
acoustic perturbations from the upstream duct. All pressure signals are normalised by the
maximum amplitude of the helical mode, being 6 Pa, to ease the numerical procedures
and improve the readability of graphs. The normalisation is not related to the dynamic
pressure which would be around 20 Pa in the present case.

2.3. Flow field and dominant coherent structures

The mean flow field and the structure of the global mode in the swirling jet are sketched
in figure 3. Due to vortex breakdown, the flow forms an annular jet with inner and outer
shear layers. The global mode manifests in the central vortex of the jet that meanders and
wraps around the breakdown bubble in a helical shape. The roll-up of the outer shear
layer is synchronised with this motion resulting in a secondary helical vortex. These
counter winding helical vortices cause a spiralling, flapping motion of the annular jet.
With respect to the mean flow, the helical vortices are co-rotating and counter winding.
In the current section, the global mode is referred to as helical mode, in contrast to
secondary dynamics that are also observed in the data. The helical mode is considered
as the oscillatory mode in the amplitude equation.

The velocity field and pressure spectra across the investigated swirl range are collec-
tively presented in figure 4. The velocity is normalised with the bulk velocity and the
frequency is normalised with the bulk velocity and nozzle diameter to obtain Stouhal
numbers as St = foD

ubulk
.

The mean velocity fields (figure 4 top row) show typical features of a swirling jet
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Figure 4. Mean flow and spectrum of the dominant oscillatory mode at different swirl numbers.
The top row shows contours of relative velocity magnitude together with streamlines and a thick
blue line indicating zero axial velocity. The mid-row shows the relative turbulence intensity as
contours together with streamlines. The bottom plot shows the magnitude of the spectrum of
the pressure Fourier mode p̂1 with a log scaled colour-map for all investigated swirl numbers
across the relevant Strouhal number range. The dashed vertical lines indicate the respective swirl
number (S = [0.96, 1.12, 1.28]) of the mean flow plots above. The arrows and vertical dotted
lines indicate different regimes in the swirl number rage.

undergoing vortex breakdown as sketched in figure 3. From the low to the medium swirl
number case there is only little change of the velocity field. The breakdown bubble mainly
moves upstream closer to the nozzle in connection with an increased jet spreading. At
large swirl number, the breakdown bubble becomes narrower and longer, while the jet
spreading decreases.

The turbulence intensity (figure 4 mid row) constantly increases with the swirl strength.
The peak intensity is concentrated in the shear layers, while the value at the upstream
stagnation point is always the largest. With increasing swirl the shear layers become
thicker and the fluctuations become spread over a larger area.

Several different regimes are visible from the spectrum of the helical mode (figure 4
bottom). Starting from low swirl, there is a range where no oscillations are observed. At
swirl numbers of approximately 0.95 there is a slight peak in the spectrum at Strouhal
numbers around 0.5. With increasing swirl, the intensity of the peak increases as well as
the frequency. Throughout the range, the spectral peak is rather broad. At swirl number
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of 1.17, a second, narrow peak at slightly higher frequency appears which continues to
grow while the previous one fades out. After the first peak disappeared at a swirl number
of 1.22, the second peak further grows and the frequency increases slightly. At the upper
end of the range, the Strouhal number is at 0.73.

Based on the characteristics of the pressure spectra, the investigated swirl range can be
divided into four regimes as indicated in the bottom plot of figure 4. Regime I corresponds
to the swirl range where no helical mode dynamics are observable. In regime II, the
helical mode appears with a broad spectral peak and the mean flow shows a continuous
change. Regime III corresponds to a bi-stable condition. It is characterised by intermittent
switching between the states in regimes II and IV, which is visible from time-series data
not shown here. Regime IV shows a similar trend as regime II, but with a sharper spectral
peak and a longer breakdown bubble.

To provide an overview of the range of dynamics observed in the flow, SPOD is
conducted based on flow snapshots acquired at three selected swirl numbers. The cases
correspond to the mean velocity fields given in figure 4. The SPOD spectrum presented in
figure 5 shows all modes contained in the flow. The detailed picture of spatial structures
and coefficient spectra are given for some modes, which are selected such that a consistent
ordering is obtained for the different swirl numbers.

Figure 5 (top-row) shows the SPOD results for the low swirl case S = 0.96, which
corresponds to the onset of the helical mode. The first SPOD mode (#1) shows a clear
peak at St = 0.4 and the corresponding spatial structure shows typical characteristics
of the helical mode (Rukes et al. 2015). Another dominant structure (mode #4) with
low frequency (St = 0.05) is also prominent. It corresponds to an axial movement of
the breakdown bubble as also observed previously by Rukes et al. (2015). The other
inspected modes (#2 and #3) do not indicate clear structures but might be precursors
of the dynamics that become more pronounced at higher swirl numbers.

The medium swirl case S = 1.12 (figure 5, mid-row) shows the helical mode again as the
most dominant structure (mode #1). There is little change in the mode shape compared
to the low swirl case, but its relative energy increased significantly and it oscillates at
a higher frequency of St = 0.5. There exists another prominent coherent structure at
St = 0.3 (mode #2) that resembles a helical mode in the wake of the breakdown bubble,
which has already been observed in combustor flows (Sieber et al. 2016b; Terhaar et al.
2014). The location in the wake and the single helical mode structure indicates a strong
relation to the global mode that is observed in laminar swirling flows, known as spiral
vortex breakdown (Ruith et al. 2003; Gallaire et al. 2006; Qadri et al. 2013). In the
following, this structure is called the wake mode. At St = 0.8 there is another mode that
slightly sticks out from the continuous spectrum (mode #3). The spatial structure does
not exhibit clear symmetries and the coefficient spectrum shows two peaks at St = 0.8
and St = 1.0. This mode supposedly represents the helical modes second harmonic
together with an interaction between the wake mode and the helical mode. The mode
at very low frequency (mode #4) corresponds to the slow-varying changes of the flow,
which is still considerable.

For the high swirl case S = 1.28 (figure 5, bottom row), the mode dynamic is very
clear and the low-frequency modes are reduced. The helical mode (#1) at St = 0.69
has further gained in energy and now clearly exhibits higher harmonics at St = 1.38
(mode #3) and St = 2.1. The wake mode (#2) has consolidated at St = 0.36 and also
exhibits a higher harmonic at St = 0.77 (mode #4). At the frequency of St = 1.05, where
interactions between helical mode and wake mode are expected, there is an agglomeration
of less dominant modes. This indicates an interaction between both structures, which,
however, is not captured by a single mode.
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Figure 5. SPOD spectrum (left) and spatial modes with mode coefficient spectrum (right) for
S = [0.96, 1.12, 1.28] (from top to bottom). The spectrum shows mode energy against Strouhal
number, where each dot corresponds to a mode pair and the colour/size indicated the spectral
coherence. For selected modes the spatial and spectral content is detailed as indicated by the
numbers. The spatial modes are shown by the transverse velocity together with streamlines of
the mean flow. The mode coefficients are given as power spectral density.

Overall, the SPOD of the flow shows only little change of the helical mode shape
with increasing swirl number. The observed increase in energy and the shift of the
oscillation frequency is consistent with the pressure spectra (figure 4). The variations
of the mean flow decrease with increasing swirl, which is probably due to the proximity
of the breakdown bubble to the nozzle lip at high swirl, which constraints its movement.
The SPOD reveals other modes such as the wake mode and higher harmonics, but the
helical mode is most dominant for the entire swirl range. The identified interaction modes
remain weak with energies of at least one order of magnitude less than the helical mode.
Therefore, the interaction between the helical mode and subdominant modes can be
neglected in the following analysis.
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3. Modelling and system identification by the amplitude equation

The dynamics of the helical mode are modelled by a stochastic amplitude equation.
The corresponding model is derived at the beginning of the following section. This
is followed by the consideration of coloured noise forcing and the derivation of the
calibration procedure from data. Thereafter, the reliability of the model is investigated
from a numerical study and the model is calibrated from experimental data.

3.1. Model design for the stochastic amplitude equation

The form of the presented model is based on the stochastic methods described by
Friedrich et al. (2011). Accordingly, the stochastic differential equation that describes
the temporal evolution of a system has the form of a Langevine equation

Ẋ = f(X) + g(X)ξ, (3.1)

where the dot indicates the time derivative of the state X. The deterministic contributions
are collected in the drift f and stochastic contributions are covered by the diffusion g. The
stochastic forcing ξ is Gaussian white noise with vanishing correlation time 〈ξ(t)ξ(s)〉 =
δ(t− s) (δ being the Dirac delta function). The vanishing correlation, which was initially
referred to as a Markov process, is essential for the later analysis of the equation.

The amplitude equation serves here as the most simple model to describe the dynamics
of the helical mode and the leading-order nonlinearity that governs the saturation at the
limit-cycle (Stuart 1958; Landau & Lifshitz 1987). It is given as

Ȧ = (σ + iω)A− α |A|2A+ ..., (3.2)

where A is a complex variable that describes the modal coefficient of a periodic perturba-
tion of the flow field. The model parameters are the oscillation frequency ω, amplification
rate σ and the Landau constant α. Here, no change of frequency due to saturation and
no higher-order contributions are considered. Higher-order terms are neglected since we
expect a supercritical Hopf bifurcation as previously observed by Oberleithner et al.
(2011) rather than a sub-critical bifurcation that would require a higher-order model
(Meliga et al. 2012a).

For the stochastic flow model, noise is added to the amplitude equation (3.2), reading

Ȧ = (σ + iω)A− α |A|2A+ ξ, (3.3)

where the noise is complex ξ = ξr+iξi with uncorrelated real and imaginary part 〈ξrξi〉 =
0. The noise has zero mean and the variance Γ = ξξ∗ (∗ indicates the complex conjugate).
A complex-valued noise is necessary to maintain the symmetry of the equation.

The representation of the mode coefficient as amplitude and phase A = |A|eiφ allows to
separate the unperturbed amplitude equation(3.2) into two simple real valued equations
reading

˙|A| = σ|A| − α|A|3 ; φ̇ = ω. (3.4)

The amplitude and phase are regarded as slow and fast variables meaning that σ �
ω. In combination with the amplitude and phase representation, this allows stochastic
averaging over the fast variables of the stochastic equation (3.3) (Roberts & Spanos 1986)
that gives

˙|A| = σ|A| − α|A|3 +
Γ

|A| + ξA (3.5)

φ̇ = ω +
ξφ
|A| . (3.6)
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The conversion results in different contributions of the noise to the amplitude and phase
(ξA and ξφ) as indicated by the subscripts. These noise contributions are real valued,
uncorrelated 〈ξAξφ〉 = 0 and have halve the variance of the complex perturbation
〈ξA, ξA〉 = 〈ξφ, ξφ〉 = Γ/2.

The stochastic averaging of the equation refers to a short-term integration of the
stochastic contributions that is analogue to previous approaches (Noiray 2017; Lee et al.
2019), where the Van der Pol oscillator instead of the amplitude equation was considered.
The Van der Pol oscillator has an equivalent amplitude and phase representation as
(3.5)-(3.6) which makes the approaches comparable. The only difference in the present
approach is the use of complex noise that maintains the symmetry of the equation even
for large amplitudes and strong noise.

The change of variables separates the model into two equations. The amplitude
equation (3.5) is independent of the phase, describing the exponential amplification and
saturation mechanism of the oscillatory mode. In the unperturbed case (3.4), the sign
of the amplification rate σ determines whether the oscillations occur or not. However,
the additional deterministic contribution Γ

|A| in the stochastic amplitude equation (3.5)

prevents the oscillator from decaying to zero amplitude even for negative amplification
rates. In addition to the new deterministic contribution, the additive stochastic pertur-
bation remains in the amplitude equation. Considering the phase equation (3.6), the
stochastic forcing causes the phase to be dependent not only on the frequency but also
on parametric perturbations that scale inversely with the the amplitude. Therefore, the
stochastic forcing couples the phase to the amplitude equation.

To estimate the noise intensity from experimental data, the phase equation (3.6) is
rearranged to

ξφ,est = |A|
(
φ̇− ω

)
, (3.7)

which can be used to estimate the noise intensity using

Γest

2
= 〈ξφ,est, ξφ,est〉 . (3.8)

The extraction of the remaining parameters from the amplitude equation is detailed in
the subsequent section.

3.2. Stochastic perturbations with coloured noise

The application of stochastic methods requires the noise to be white (uncorrelated) to
obtain a Langevine equation. However, the noise may have a short correlation time, which
makes the stochastic forcing coloured instead of white noise. This is reasonable as long as
the time scales of the deterministic and stochastic dynamics are well separated (Hänggi
& Jung 1994). A simple type of coloured noise is obtained from an Ornstein–Uhlenbeck
(OU) process which has the autocorrelation

〈ξ(t), ξ(s)〉 =
D

τ
e−|t−s|/τ (3.9)

and is created from a basic stochastic process as

ξ̇ = −1

τ
ξ +

√
D

τ
ξw. (3.10)

In the above equations ξ denotes the noise created from the OU process with time scale
τ and intensity D. The variable ξw denotes a white noise process with a variance of
one that drives the OU process. To incorporate the coloured noise into the stochastic
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flow model, the specific correlation (3.9) is included in the stochastic averaging of the
amplitude equation (Noiray 2017; Bonciolini et al. 2017). Accordingly, it is sufficient to
replace the noise intensity in 3.5 by an effective noise intensity

Γτ =
2D

τ2ω2 + 1
=

2τ 〈ξ, ξ〉
τ2ω2 + 1

, (3.11)

which is equivalent to the power spectrum of the OU noise at the oscillator frequency ω.
Note that the factor two in the equation results from the two noise components in the
complex-valued forcing.

The time scale and intensity of the stochastic forcing were estimated from the following
empirical relation

〈ξφ(t), ξφ(s)〉 ≈ D

2τ
e|t−s|/τ cos(ω(t− s)). (3.12)

There, the phase distortion according to (3.7) is compared to the analytical correlation of
an OU process (3.9). The additional cosine term accounts for the different coordinates the
noise is represented in. The noise adds to the amplitude equation as uncorrelated real and
imaginary parts, whereas the phase distortion is considered in the rotating coordinates
of the oscillator.

The procedure outlined here, using an effective noise and the estimation of the noise
properties from the phase distortion, is only strictly valid for noise time scales that
are smaller than the oscillator time scale and for small noise amplitudes. This limit of
applicability is further investigated in section 3.4.

3.3. System identification from stationary probability density functions

The method presented here is used to estimate the parameters of the amplitude
equation by inspecting the stationary probability density function (PDF) of measured
amplitudes. An analytical expression for the stationary PDF is derived from the am-
plitude equation (3.5) through the corresponding Fokker-Plank equation. Therefore, the
amplitude equation is brought in the form of the Langevine equation (3.1), where the
corresponding drift and diffusion terms are

f(|A|) = |A|
(
σ − α|A|2

)
+

Γ

|A| (3.13)

g(|A|) =
√
Γ/2, (3.14)

respectively. The assumption of a Markov process allows to describe the temporal
evolution of the PDF of the magnitude |A| by the the Fokker-Planck equation (Friedrich
et al. 2011)

∂

∂t
P (|A|, t) = − ∂

∂|A| (f(|A|)P (|A|, t)) +
1

2

∂2

∂|A|2
(
g2(|A|)P (|A|, t)

)
, (3.15)

where P refers to the PDF. This eliminates the stochastic variable and gives a probabilis-
tic description of the system, which can be compared to statistical moments obtained
from measured data.

In order to identify the model parameters, a stationary solution of the Fokker-Planck
equation ∂

∂tP (|A|, t) = 0 has to be found. Following the derivations of Noiray (2017),
the stationary Fokker-Planck equation with vanishing PDF at infinite amplitudes and
constant diffusion g simplifies to

d

d|A|P (|A|)− 2

g2
f(|A|)P (|A|) = 0. (3.16)
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The corresponding solution is obtained by writing the drift equation in a potential form,
reading

f(|A|) = −∂V(|A|)
∂|A| with V(|A|) = −σ

2
|A|2 +

α

4
|A|4 − Γ ln |A|, (3.17)

which gives

P (|A|) = N exp

(
− 4

Γ
V(|A|)

)
. (3.18)

The scale parameter N is chosen to normalise the PDF such that
∫∞
0
P (|A|)d|A| = 1.

The expression contains a mixture of stochastic and deterministic parameters that are
identified from different measures.

The strategy for the presented analysis is the following. We use a generic model of the
PDF

Pmod(|A|) = N|A| exp
(
c1|A|2 + c2|A|4

)
(3.19)

with the parameters c1 and c2. It is fit to the experimental PDF Pexp using the Kulback-
Leibler divergence

DKL =

∫ ∞

0

Pexp(|A|) log

(
Pexp(|A|)
Pmod(|A|)

)
d|A| (3.20)

as similarity measure. The divergence DKL is minimised using common numerical proce-
dures. The effective noise intensity Γτ is obtained from the procedure described in section
3.2. Together with the fit parameters of the model PDF, this provides the physical model
parameters

σ =
c1Γτ

2
and α = −c2Γτ , (3.21)

where the estimation of the amplification rate σ is most important for the interpretation
of the flow state.

For illustrative purposes, figure 6 shows a characteristic time series of an unstable
system (σ > 0) and a stable system (σ < 0) that are both subjected to stochastic forcing.
The signal was generated by numeric integration of the forced amplitude equation (3.3).
The unstable system is initialised at A = 0 and quickly approaches the limit-cycle. Due
to the stochastic forcing, it never settles at the limit-cycle. The stationary PDF of the
amplitude has the expected value at the limit-cycle and a Gaussian-like distribution. The
distribution reflects the balance between the stabilising drift that pushes the system to
the limit-cycle and the destabilising stochastic forcing. This is the same for the stable
system, with the difference that the deterministic dynamics of the system tends to zero
amplitude but gets continuously excited by the stochastic forcing. The estimation of the
model parameters from the stationary PDF and the phase distortion allows to quantify
the balance between these forces and provides estimates of physical amplification rates.

3.4. Numerical study of the amplitude equation with coloured noise

The numerical study aims to validate the assumptions made during the derivation of
the analytical procedure in sections 3.1 to 3.3. Especially the stochastic averaging (3.5)
and the estimation of the noise properties (3.12) need to be validated for coloured noise.
Therefore, the original complex-valued equation (3.3) is numerically integrated in time
with coloured noise from an OU process (3.10). The OU process is integrated with a
second-order Runge-Kutta scheme for stochastic equations (Tocino & Ardanuy 2002).
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Figure 6. Exemplary time series of the simulated stochastic amplitude equation (3.3) for an
unstable system (upper plot) and a stable system (lower plot). The blue lines show the real part
of A and the red line gives the corresponding magnitude |A|. The bar blots on the right show
the stationary probability density function of the magnitude. The models are simulated with
white noise and the ratio ω/σ is 10 for the unstable and -10 for the stable case.

The amplitude equation is integrated with a fourth-order Runge-Kutta scheme with
fixed time steps corresponding to 100 steps per oscillation period. The coloured noise
is simulated with twice the temporal resolution to allow the Runge-Kutta scheme to be
evaluated for intermediate time steps. In the cases with white noise forcing, the amplitude
equation is simulated like the OU process. The amplitude equation is simulated for a
range of amplification rates σ = −1 . . . 1 s−1, noise time scales τ = 0 . . . 1 s and effective
noise intensities Γτ = 0.01 . . . 1. The frequency is kept constant at fo = 10 Hz as well
as the Landau constant α = 1. The parameters of the amplitude equation are identified
according to equation (3.21) and the effective noise intensity according to equation (3.11)
and (3.12).

The fit of the model to the simulation data is exemplified in figure 7 for selected
cases. The selection shows an unstable system for different noise time scales but the
same effective noise intensity. In the top row of figure 7 the autocorrelation of the phase
distortion is shown. Accordingly, the estimation of the noise parameters from the decay
of the correlation envelope works well for small and intermediate noise time scales but
deviates for the large noise time scale. The bottom row of figure 7 shows the simulated,
estimated and analytically derived amplitude PDFs. Since all presented simulations have
the same effective noise intensity and model parameters, the analytic PDF must be the
same for all cases (see equation (3.12)). For the small noise time scale (τ = 0.01) all
shown PDFs agree very well. For the moderate noise time scale (τ = 0.1) the analytic
and simulated PDFs deviate slightly. Note that the noise time scale here is of the same
order as the oscillation frequency. Therefore, the assumed separation of time scales is
no longer met, but nevertheless, the deviations stay small. The long noise time scale
(τ = 1) causes significant deviations of the expected and simulated PDFs. Furthermore,
the shape of the PDF is not correctly captured by the analytical model, indicating the
need for higher-order approximations.

The estimated amplification rates and effective noise intensities for all simulated cases
are presented in figure 8. The estimated amplification rate is displayed against the one
used in the simulation. For a perfect estimation, the graph displays a straight diagonal,
which is the case for the simulation with white noise (τ = 0). For τ = 0.01 and τ = 0.1
the relative deviations stay below 10 %, while for τ = 1 the deviations exceed this limit.
The source for the error are either an inaccurate fit of the PDF with the model equation
(3.19) or an inaccurate estimation of the noise properties from the empirical correlation
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Figure 7. Selected simulation results of the numerical study at σ = 0.5, Γτ = 0.1 and
τ = [0.01, 0.1, 1], as indicated in the up-right corner. The top row shows noise correlation from
the simulation, as well as the estimated and analytical decay (plots are normalised by the value
at zero shift t = s). The blue dots indicate the local maxima which are used to estimate the
decay. The bottom row shows the PDF of the envelope calculated from the simulation, the
estimated fit to the simulation results and the expected analytical PDF.
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Figure 8. Estimates of the model coefficients from the simulation data at Γτ = 0.1 and different
noise time scales indicated in the legend. The left plot shows the estimated against the true
amplification rate. The solid curves show results with estimated Γτ and the dashed lines with
true Γτ = 0.1. The plot on the right shows the corresponding estimation of the effective noise
intensity from data.

function (3.12). To differentiate between these two errors sources, the estimates are also
shown based on the true noise intensity. Accordingly, the errors from both sources are
of the same order of magnitude. For the cases with τ 6 0.1, the error generally only
changes the slope of the amplification curve and the bifurcation point (zero crossing)
is accurately captured. With increasing noise time scales, the absolute rate becomes
increasingly underpredicted, as seen from the decreasing slope. The estimation for τ = 1
strongly deviates for the PDF fit as well as for the noise estimation. Hence, the model is
not able to cover cases with noise time scales larger than the oscillation period τ > 1/fo.

The numerical study shows that the model and the simplifications made in the
deviations are valid as long as the noise time scale stays below the oscillatory time scale.
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Figure 9. Analysis of the amplitude statistics derived from pressure measurement. The top plot
shows the PDF of the envelope P (|A|) as contours for different swirl numbers. The second row
shows bar plots of the measurement data together with the best fit of the theoretical PDF as a
red line. These plots correspond to sections of the contour plot above, where the corresponding
positions are marked as dashed lines. The arrows and vertical dotted lines indicate different
regimes in the swirl number rage.

Surprisingly, there is no need for a large separation of time scales if small deviations are
acceptable. A perfect agreement, however, is only possible for purely white noise.

3.5. Parameter estimation of the amplitude equation from experiments

This section shows the results from the application of the procedure outlined in sections
3.1 to 3.3 to the oscillatory mode measured from the pressure Fourier modes (2.4). An
overview of the measured PDFs is given in figure 9 and the estimated model parameters
are presented in figure 10.

The amplitude PDFs presented in figure 9 show a continuous transition from narrow
to wider distributions. A qualitative change can be observed in regime III, where the bi-
stability of the mean flow occurs. The analytical model fits the observed PDF adequately
and larger deviations are only visible in the bi-stable regime. The gradual change of
the PDF and the mean amplitude does not indicate a bifurcation point from this
representation.

Figure 10 displays the estimated amplification rate (top), the estimated noise time
scale (mid) and the deviation of the PDF fit (bottom) quantified with the Kulback-
Leibler divergence. Going through the graphs from low to high swirl, the amplification
rate shows first a strong increase from largely negative values up to zero. After the
bifurcation at S = 1.1, the estimated rates stay positive but the curve flattens and stays
close to zero before there is a sudden increase in regime III. The noise time scale is always
smaller than the oscillation time scale except for regime III. Similarly, a high divergence
is observed in this regime, indicating a poor fit quality, whereas the divergence is low
for all other swirl intensities. The overall divergence level is lowest in the stable regime
and increases a little at S = 1.05. Overall, the presented model parameters give a clear
indication of the bifurcation point and also provide a quantification of the reliability of
the estimation.

The estimation results in the bi-stable regime of the flow appear not to be reliable.
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Figure 10. Estimated model parameters against the swirl number obtained from pressure
measurements. The top plot gives the amplification rate and the small insert is a vertical zoom
into the region around zero. The mid plot shows the oscillation frequency fo together with the
noise time scale τ . The lower plot shows the divergence (3.20) between the measured and the
theoretical PDF (see fig. 9). The arrows and vertical dotted lines indicate different regimes in
the swirl number rage.

This is primarily due to the stochastic switching between the two flow states that creates
low-frequency perturbations of the oscillatory mode which are outside of the model’s
valid parameter range. This is distinctly indicated by the noise time scale that becomes
larger than the oscillation time scale (figure 10, mid). The divergence consistently shows
the failure of the model in that range. However, the estimated amplification rate does
not show large outliers in that region but rather a continuous trend between the two
neighbouring regions.

The unexpected plateau of the amplification rate at swirl levels slightly above the
bifurcation point may be due to the following reasons: Either the decreasing noise
time scale causes an under-prediction of the estimation in confirmation with the model
study (section 3.4) or the one-dimensional dynamical model oversimplifies the underlying
system dynamics at this flow regime. The latter will be addressed in the following section.

4. Modelling and system identification by the mean-field model

4.1. Model design and calibration procedure

In the model described in the previous section, the dynamics of the oscillatory mode are
assumed to be independent of other state variable of the flow. However, the interaction of
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the oscillatory mode with the mean flow might take some time such that there is a delayed
saturation of the amplitude equation. This is further evaluated from an inspection of the
mean-flow changes given by the shift-mode, which is referred by the mode coefficient B.
The coupled dynamics of the oscillatory mode A and the shift-mode B is described by
the mean-field model (Noack et al. 2003; Luchtenburg et al. 2009), which is given as

Ȧ = (σ + iω)A− β(B −B0)A (4.1)

Ḃ = − 1

τB

(
B −B0 − γ|A|2

)
(4.2)

in the present nomenclature. The dynamics of the oscillatory mode A is very similar to
the amplitude equation (3.2), but the saturation α|A|2 is exchanged by the feedback from
the shift-mode β(B − B0). The change of the shift-mode B is driven by the Reynolds
stresses induced by the oscillatory mode γ|A|2. If there is no oscillatory mode, the mean
flow restores to the fixed point B0 , commonly called base flow. The rate of return to
the fixed point is given by the time constant τB . At the limit of an infinitely short time
constant, the shift-mode is slaved to the oscillatory mode as (B − B0) = γ|A|2 and the
amplitude equation (3.2) is obtained again with the Landau constant being α = βγ.

In the present investigation, the mean-field model is adapted to capture the dynamics
observed in the experimental data. This results in the following model, where the
dimension is reduced similar to the amplitude equation (3.4) by changing variables to
the phase-magnitude-representation and retaining only the magnitude, yielding

˙|A| =
(
σ − α|A|2 − β(B −B0)

)
|A|+ Γ

|A| (4.3)

Ḃ = − 1

τB

(
B −B0 − γ|A|2

)
, (4.4)

which describes the evolution of the oscillation magnitude |A| and the shift-mode B.
The amplitude equation in the adapted mean-field model (4.3) covers two saturation

mechanisms. The first is called direct saturation and is represented by the quadratic
term α|A|2, which is equivalent to the representation in the amplitude equation (3.2). The
second is called delayed saturation and it is represented by the shift-mode-term β(B−B0)
introduced in the basic mean-field model (4.1). The inclusion of both mechanisms is
necessary to capture the dynamics observed in the data, which are discussed in the
following section.

The parameters α, β and γ in equation (4.3) and (4.4) are positive, which implies
only negative feedback. In other words, an increasing amplitude shifts the mean flow
to a state that causes less amplitude growth and vice versa. The fixed points of the
system of equations lie on an inertial manifold called mean-field paraboloid, given by
γ|A|2 = B −B0 (Noack et al. 2003). This is an attracting manifold where the mean flow
state corresponds to the Reynolds stresses induced by the limit-cycle oscillations of the
system.

The current mean-field model (4.3) is further adapted by the inclusion of the drift term
from the amplitude equation (3.5) that results from the additive noise, reading Γ/|A|.
This empirical adaption considers the effect of an additive noise which is not explicitly
modelled for the mean-field model. The actual addition of a stochastic forcing would need
another independent noise term for the shift-mode and an extensive stochastic averaging
to reduce the system to the two slow variables, the magnitude of the oscillatory mode and
the shift-mode. Furthermore, there is most probably no simple analytical form for this
two-dimensional system, which would require a numerical solution of the Fokker-Planck
equation (Friedrich et al. 2011).
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To overcome these difficulties, a different approach is pursued that extracts the de-
terministic drift directly from the statistical moments of the measured data. Therefore,
the mean-field model needs to cover only the deterministic dynamics and no stochastic
forcing. The drift is identified from a conditional average of the observed state X of the
stochastic process (Friedrich et al. 2000), reading

f̃(Xk) = lim
∆t→0

1

∆t
〈X(t+∆t)−X(t)〉 |X(t)=Xk , (4.5)

where 〈〉 indicates the averaging operation. The function f̃(X) is an estimate of the drift
function that drives the process as given by the Langevine equation (3.1). In the present
case, the system state is X = [|A|, B]T and the drift function Ẋ = f(X) is equations
(4.3) and (4.4). The conditional average in equation (4.5) considers the mean drift of
all trajectories that passed through a certain point in state space Xk, where the drift
is approximated by a forward-time finite-difference. The limit in equation (4.5) is only
valid for strictly white noise, which is often not given for experimental data (Lehle &
Peinke 2018) and generally not for turbulent perturbations. Therefore, a fixed interval of
one oscillation period was chosen to estimate the drift of the slow variables. Neglecting
the limit causes an inaccurate prediction of the drift, but relative differences and trends
are still captured.

The evaluation of the conditional average in (4.5) requires the subdivision of the state
space X = [|A|, B]T in bins. For this purpose, data-based k-means clustering of the
state space is pursued. This approach has shown to be very effective for a statistical
description of fluid dynamics (Kaiser et al. 2014). The drift, determined for each cluster
centre Xk, is fit to the model (4.3) and (4.4) by tuning the parameters to minimise∑
i (f̃(Xk)− f(Xk))2. To make the estimation of the noise-induced drift more robust,

the parameter Γ in (4.3) is not estimated from the drift function. Instead, it is determined
from the phase distortion (3.8) and scaled with a constant factor to adapt it to the drift
function.

4.2. Parameter estimation of the mean-field model from experimental data

The parameters of the stochastic mean-field model (4.3)-(4.4) are determined from
the drift coefficients estimated from the pressure measurements of the flow, according to
the procedure outlined in section 4.1. The pressure data are processed as described in
section 2.2 to obtain the magnitude of the oscillatory mode |A| and the shift-mode B.
The data are scaled to equal variance to obtain clusters from k-means clustering with
100 centres. Throughout the processing, the clusters have an average of 1500 elements
and an absolute minimum of 24 elements.

The drift coefficients estimated for each cluster centre and the fitted mean-field model
are displayed in figure 11. The model shows some deviations from the measurement
data, especially at states far away from the fixed point. However, the general trend
is very accurately captured. The model shows the attraction of the flow to the fixed
point and also the mean-field paraboloid that appears as a bent region with low drift
magnitudes. The three displayed cases correspond to the stable and the two unstable
regimes, respectively. Despite their different dynamic states, the models show very similar
dynamics in state space. The main change in the drift field is due to the increase of the
limit-cycle amplitude and the corresponding movement of the fixed point in state space
to larger amplitudes |A|. A specific characteristic of the present model is visible from
the horizontal approach towards the fixed point. Especially for the intermediate case
(figure 11 mid), there is an upward trend on the left side and a downward trend on
the right side. This indicates the dependence of the oscillatory mode dynamics on the
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Figure 11. Fit of the stochastic mean-field model (4.3)-(4.4) to the estimated drift coefficients
(4.5). Black arrows indicate the estimated coefficients and red arrows show the model coefficient
at the same point. The streamlines and the contour in the background show the global picture
of the model drift direction and magnitude, respectively (drift: f(X) = Ẋ with X = [|A|, B]T

). Fields for S = [0.96, 1.12, 1.28] are depicted from left to right.

shift-mode, otherwise, there must be horizontal drift lines at the limit-cycle amplitude.
The general agreement of the observed and modelled dynamics is also a validation of the
empirical mean-field model. The model is designed such that it covers the shown dynamics
by combining elements from the stochastic amplitude equation and a basic mean-field
model. Therefore, it indicates the dynamics which are relevant for the observed flow.

Figure 12 shows the estimated amplification rate obtained from the calibration of the
mean-field model. The graph gives the linear amplification rate similar to figure 9 and
further details which mechanism in the model leads to the saturation at the limit-cycle.
The coloured areas indicate different contributions to the saturation of the amplification
rate at the limit-cycle as given in equation (4.3). Accordingly, the effective amplification
rate at the limit-cycle is given by

σLC = σ − α|ALC|2 − β(BLC −B0), (4.6)

where the subscript LC refers to a specific amplitude at the limit-cycle. The two con-
tributions that lead to the reduction of the initial linear amplification rate σ to the
amplification rate at the limit-cycle σLC are shown. The difference due to the direct
saturation α|ALC|2 and the delayed saturation β(BLC −B0) are indicated in the graph.
In contrast to the estimates from the amplitude equation (figure 10), which showed a
bifurcation at S = 1.1, the mean-field model shows a bifurcation of the flow at S = 1.05.
The graph further shows that the delayed saturation is much more relevant in regime
II. In regime IV, the main contribution comes from the direct saturation term in the
model. For the larger swirl numbers, the two saturation mechanism always add up to
neutral stability at the limit-cycle (σLC ≈ 0). Furthermore, the magnitude of the linear
amplification rate σ in regime II goes clearly above the zero line in contrast to the
previous estimation from the amplitude equation (figure 10). This is more consistent
with the continuous increase of the limit-cycle amplitude observed in figure 9.

The agreement of the observed and modelled drift coefficients, as well as the consistent
description of the flow physics, suggest a more reliable description of the bifurcation by
the mean-field model than the amplitude equation. Especially at the bifurcation point,
the secondary dynamics from the shift-mode contribute significantly to the dynamics of
the oscillatory mode, which causes the deviation of the more simple approach based on
the amplitude equation.
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Figure 12. Estimated model parameters from pressure measurements using the mean-field
model. The coloured areas indicate different contributions to the saturation of the amplification
rate in (4.6). The arrows and vertical dotted lines indicate different regimes in the swirl number
range.

4.3. Insights from the description of the flow by the mean-field model

The parameters estimated from the 2D mean-field model (4.3)-(4.4) allow an accurate
description of the dominant flow dynamics in consistency with the 1D amplitude equation
(3.5). The 2D model, however, differs in two main points: (i) The identified bifurcation
point and (ii) the growth rates for swirl numbers closely beyond the bifurcation point. The
2D model reveals that the interaction of the shift-mode and the oscillatory mode in this
regime is of large importance, which is not covered by the 1D model. Hence, neglecting
the shift-mode and describing the system solely based on the amplitude makes it a non-
Markovian process, which can not be covered by the proposed Langevine equation. The
unresolved dynamics between the shift-mode and oscillatory mode cause the additive
noise to be correlated with the dynamics, which violates the basic assumptions.

The results from the calibration of the mean-field model provide a deeper understand-
ing of the dynamics governing the swirling flow. The corresponding properties of the
flow model are summarised in figure 13 a. Two distinct flow states can be derived from
the model: (i) The base flow, which constitutes the quasi-stationary state of the flow
before the onset of the instability; and (ii) the mean flow, which is the mean velocity field
corresponding to the instability oscillating at the limit-cycle. The base flow is a state that
is rarely reached in unstable conditions due to the unavoidable external perturbations
from turbulence and instabilities. It can only be obtained artificially through active flow
control or from transient investigations of the flow. The unique feature of the current
approach is that one can make statements about the stationary base flow state, although
one considers only fluctuations around the mean flow state.

More generally, the better understanding of the interaction between hydrodynamic
instabilities and the mean flow helps to link the experimental observations and numerical
results from mean-flow stability analysis beyond the comparison of mode shapes. The
quantitative assessment of amplification rates and mean-flow corrections from mea-
surements makes the results from both approaches directly comparable. Moreover, the
distinction between deterministic and stochastic parts and their contribution to the
flow dynamics enriches the picture of hydrodynamic instabilities in turbulent flows and
helps to interpret the amplification rates obtained from mean-flow stability analysis.

3.4. Stochastic modelling of global instability in a turbulent swirling jet 101



25

|A|

BB0 BLC

ALC

a) Re(A)

Im(A)

B

b)

Figure 13. a) Reduced schematic of one of the plots from figure 11, where the mean-field
paraboloid is indicated as dashed line. The base flow is indicated by B0 and the mean flow
(limit-cycle) by BLC. b) Simulated time series of the mean-field model for S = 1.12, where the
line is coloured by the simulation time (from blue to red). The time series is starting at B = BLC

and A = 0, the unperturbed mean-flow.

The effective limit-cycle amplification rate (see figure 12) are directly comparable to the
amplification rate of a corresponding mean-flow stability analysis.

The simulation of a time series shown in figure 13 b, starting from the mean flow
with no oscillations, further illustrates the essence of the mean-field model. Before the
oscillations grow significantly, the flow rapidly shifts towards the base flow and then grows
in amplitude along the mean-field paraboloid. This behaviour is consistently observed for
simulations of the cylinder wake (Noack et al. 2003; Brunton et al. 2016), where the mean-
field paraboloid is also identified as an inertial/slow manifold. The drift in state space
(figure 13 a) clearly shows that the mean-field paraboloid constitutes an attracting, slow
manifold for the swirling jet. This knowledge of the mean-field model helps to understand
the transient and intermittent dynamics of the swirling jet.

5. Conclusions

In this work, a method was developed to estimate the properties of a global hydro-
dynamic instability from measurement data of turbulent flows. The approach makes
use of the stochastic perturbations that are present in the flow due to background
turbulence. Background turbulence pushes the flow away from stable fixed-points or
limit-cycles and, thus, forces the dynamics into other parts of the state space. From the
deterministic return to the fixed-point or limit-cycle, the dynamic properties of the flow
can be extracted.

The dynamical system is modelled by a stochastic amplitude equation describing
the oscillatory dynamics of the instability (1D model) and, in a second approach, by
a stochastic mean-field model that captures additionally the interaction between the
instability and the mean-flow corrections (2D model). The stochastic perturbations are
incorporated as additive forcing.

To capture the spectral properties of the turbulent perturbations, coloured noise was
used for the stochastic forcing in the dynamical system. The validity of the derived
amplitude equation for coloured noise was investigated by a numerical study. It is shown
that the approach is feasible as long as the noise time-scale is smaller than the oscillation
period of the instability.

The methodology was applied to experimental data of a turbulent swirling jet undergo-
ing vortex breakdown. This flow is dominated by a helical global mode commonly termed
the precessing vortex core. Thereby, the swirl number is the major control parameter

102 Chapter 3. Publications



26

that governs the supercritical Hopf bifurcation of the global mode. PIV measurements
were conducted to ensure that this mode is the most dominant coherent structure in
the flow for the investigated swirl number range. For the system identification, pressure
measurements around the nozzle lip were used providing longer time series than PIV.

The application of the 1D model showed very good capabilities to fit the observed
dynamics of the flow. The bifurcation point of the global mode was identified and the good
agreement between measured and estimated statistics showed that the model captures
the relevant dynamics. The approach also identifies regions of a potential mismatch
between the modelled and observed dynamics. The occurrence of an intermediate bi-
stable switching between two flow states was correctly identified as a regime that is not
accurately captured by the model. Moreover, the 1D model predicts a plateauing of the
growth rate of the instability shortly beyond the bifurcation point, which contradicts the
continuous increase of the limit-cycle amplitude. This discrepancy is addressed in the 2D
mean-field model. Nevertheless, the 1D approach is fairly robust with regard to increased
noise magnitude and noise time-scales.

The description of the flow from a stochastic mean-field model was introduced as an
alternative estimate of the flow properties. The calibration of the 2D model provides
a coarse estimate since no reduced analytical solution was derived. In contrast to the
analytical approach pursued for the 1D amplitude equation, the drift coefficients were
determined from statistical moments of the measurement data. Other than the develop-
ment of the equation for the amplitude PDF in the first approach, the estimate of the drift
coefficients need no prior knowledge of the flow model. The 2D model was constructed a
posterior to correspond to the observed dynamics. This will serve as a point of departure
for future developments of a stochastic mean-field model that also incorporates accurate
stochastic forcing and consequent development of 2D analytical models from stochastic
averaging.

The main difference in the description of the flow by the 2D instead of 1D model, is
a bifurcation of the flow at slightly lower swirl numbers and an increased growth rate
right after the bifurcation. These differences most probably arise from not accounting for
the interaction between the oscillatory mode and the slow mean-flow corrections by the
shift-mode. In the 1D model, these are lumped into the stochastic forcing which violates
the assumption of purely additive forcing. The consideration of the of the mean-flow
corrections by the 2D model clarifies this transient dynamic of the flow. This gives a
more detailed picture of the flow dynamics and allows an estimation of the unperturbed
base-flow state.

The work demonstrates that the observation of limit-cycle oscillations is not sufficient
to determine the flow state as the influence of the stochastic turbulent forcing is significant
and masks the actual bifurcation point. However, the proposed separation of deterministic
and stochastic contributions in the dynamical model allows identifying the flow sate solely
based on stationary measurement data. The inclusion of the shift-mode gives further
capabilities to handle flows with a pronounced mean-flow correction. The methodology is
expected to apply to a wide range of turbulent flows subjected to global flow instabilities.

Appendix A. Swirl number determination

The swirl number for the present investigations is obtained from PIV and LVD
measurements as presented in figure 14. The integral swirl number is computed as in
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Figure 14. Different swirl number definitions against the swirler vane angle of the experimental
apparatus. The integral swirl numbers are obtained from PIV and Laser Doppler Anemometer
(LDA) measurements. Approximations of the integral swirl number based on the pressure
measurements and the swirler angle are given as well.

Oberleithner et al. (2012) from the ratio of axial flux of azimuthal to axial momentum
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2

)
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The general perception is that the integral swirl number is very sensitive to the axial
position utilised for the calculations, although it should be constant along the jet axis.
This is due to difficulties of an accurate representation of the pressure-related momentum
transport in a turbulent flow. Especially the presence of stagnant or reversed flow at the
axial position of evaluation causes complications.

Since the current investigations span a large range of swirl numbers, there are cases
where the recirculation region reaches up to the nozzle and different breakdown shapes
occur. The graphs in figure 14 reflect these properties, where different measures of the
swirl number are plotted against the swirl generator vane angel. Due to the transition
between the two mean flow states, there is a jump in the representation of swirl number
against the swirler vane angle. As the integral swirl number is not unique for the
investigated range, a swirl number based on the swirl angle is calibrated to the integral
swirl number resulting in Sα = α/25◦ − 1.2. This geometry based swirl number is used
throughout the current investigation.

The black dots in figure 14 represent a swirl measure based on the time mean m = 0
pressure Fourier mode 〈p̂0〉 as Sp = 〈p̂0〉 /28Pa + 0.9. It becomes clear that that the
pressure is a good indicator for the mean flow state, which justifies the description of the
shift-mode being proportional to the mean pressure. The relation is only violated in the
bi-stable region where the model predictions fail anyway.

Appendix B. Relation between PIV and pressure measurements

In this work, the dynamics of the helical mode and the shift-mode are quantified based
on velocity and pressure data. To confirm the correlation between these two quantities,
the data from simultaneous PIV and pressure measurements of the flow are analysed
and presented in figure 15. The presented data are from a 5.5 s measurement series,
where synchronised measurements are recorded at a swirl number of S = 1.12. The plot
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Figure 15. Comparison of the helical mode coefficient obtained from simultaneous PIV and
pressure measurements as indicated by the subscripts PIV and p, respectively. (top left) The
correlation coefficient between the complex coefficient from both measurements. (top right)
Relation of the phases (argument of the complex amplitude), the colour indicates |APIV|. (bottom
left) Relation of the helical magnitudes and (bottom right) relation of the shift-modes, where
the linear trend is indicated by black lines.

compares the oscillatory mode A and the shift-mode B obtained (i) from the pressure
measurements as Fourier decomposition of the pressure signals as Ap = p̂1 and Bp = p̂0
and (ii) from the SPOD coefficients of the PIV measurements as APIV = a1 + ia2 and
BPIV = a3. The phase and magnitude of the oscillatory mode are obtained from the
polar representation of the complex coefficient, reading A = |A| exp(iφ).

The cross-correlation (figure 15 top left) indicate a good overall agreement of the helical
mode obtained from botch approaches, where the maximum correlation coefficient is 0.95.
Since both measurements are taken at different locations, there is a 5 ms shift in time
between PIV and pressure data, corresponding to a quarter oscillation period of the flow
oscillation. The maximum of the correlation is used to align both measurement series in
time.

The direct comparison of the phase (figure 15 top right) and the magnitude (figure
15 bottom left) allows a more detailed investigation of this relation. The phases show
limited jitter with a standard deviation of less than 5% of a period and a very good
agreement. Relatively larger deviations are mainly observed at times with low oscillation
magnitude.

The magnitude comparison (figure 15 bottom left) indicates larger deviations between
the two measures, especially the pressure shows stronger fluctuation around the limit-
cycle. This is because the SPOD coefficient of the PIV data represents the average
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magnitude over a large measurement domain, whereas the pressure measurement only
senses the local dynamics near the nozzle lip. Thus, any local perturbations of the helical
mode is spatially averaged in the SPOD coefficient but directly visible in the pressure
signal. Moreover, the large difference in the number of spatial measurement points causes
a larger pickup of measurement noise in the pressure estimation of the mode coefficient.

Figure 15 (bottom right) shows the corresponding comparison of the shift-mode from
both measurements. Similar to the magnitudes, the pressure estimation shows larger
fluctuations, but the average dynamics agree very well.
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3.5 Impact of density stratification on the global mode in a
swirling jet: Stochastic modelling and Lagrangian
coherent structures

This article is published in a revised form in the International Journal of Heat and Fluid
Flow under the following reference: M. Sieber, C. O. Paschereit, & K. Oberleithner (2021b).
“Impact of density stratification on the global mode in a swirling jet: Stochastic mod-
elling and Lagrangian coherent structures”. International Journal of Heat and Fluid Flow 90,
p. 108820. DOI: https://doi.org/10.1016/j.ijheatfluidflow.2021.108820.
The following is a pre-peer-review version of the article. Reprinted with permission.
This version is free to view and download for private research and study only. Not for
re-distribution, re-sale or use in derivative works. ©Elsevier.

The suppression of the global mode due to density stratification is investigated in
a generic experiment. The bifurcation of the flow is examined depending on the swirl
intensity, the density difference and the Reynolds number. Spatial structures from PIV
based flow models and experimental schlieren visualisations are considered to detail the
mixing and the influence of the Reynolds number.

Methods: The stochastic amplitude equation as presented in the previous publication is
used to characterise the bifurcation. The computation of Lagrangian coherent struc-
tures from planar PIV measurements is presented. Phase averaging and physics-
based filtering of the data is used to obtain a 3D time-resolved representation of the
flow. This allows the computation of finite-time Lyapunov exponents that represent
the spatial structure of the global mode.

Results: The generic swirling jet setup is used and density stratifications are generated
by local, electric heating. The stochastic model is calibrated from pressure measure-
ments at various operation conditions. A pronounced effect of the density stratifi-
cation of the global mode is only observed for low Reynolds numbers. The effect of
the Reynolds number is further investigated using Schlieren visualisations. Images
of finite-time Lyapunov exponents and schlieren are considered to investigate the
spatial structure of the global mode.

Physics: The suppression of the global mode due to density stratification is replicated in
a generic setup. The Reynolds dependency of the effect is explained from the emer-
gence of small-scale mixing and the resulting diffusion of the density gradients.

https://doi.org/https://doi.org/10.1016/j.ijheatfluidflow.2021.108820


Impact of density stratification on the global mode in a swirling jet:
Stochastic modelling and Lagrangian coherent structures
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Abstract

In an experimental investigation, the stochastic dynamics of the global mode in a turbulent swirling jet are considered.
From the application of the swirling jet in gas turbine combustors, it was observed that a specific density gradient in
the flow leads to a suppression of the global mode. This phenomenon was replicated in a generic swirling jet using
an electrical heating coil placed inside the breakdown bubble. In the present investigation, the dynamics of the global
mode obtained from PIV and pressure measurements are analysed using a stochastic reduced-order model to describe
the instability. The stochastic model is necessary to explain the interaction between the deterministic dynamics of the
global mode and the perturbations by the background turbulence. The calibration of the stochastic model provides
the amplification rate of the global mode that defines the transition of the flow, dependent on the swirling strength
and the density difference. The spatial structure of the global mode is further investigated from Lagrangian coherent
structures of the flow field which are computed from the 3D time-resolved velocity field reconstruction based on planar
PIV measurements. The Lagrangian visualisations and schlieren visualisations are used to explain the absence of the
density effects on the global mode at larger Reynolds numbers. The analysis gives a detailed view of the stochastic
dynamics of a hydrodynamic instability in a turbulent flow that might be valuable for other investigations.

Keywords: swirling jet, global mode, hydrodynamic instability, stochastic model, Lagrangian coherent structures,
finite time Lyapunov exponent, flow visualisation

1. Introduction

A swirling jet denotes a class of circular jets that have
a circular motion in addition to the axial motion of the
fluid. It is widely used in gas turbine combustors due to a
unique fluid dynamic feature called vortex breakdown [1].
The vortex breakdown manifests as a region of reversed
flow in the centre of the jet [2]. In a swirl-stabilised com-
bustor, the vortex breakdown stabilises the flame due to
the recirculation of hot products and provides low veloci-
ties, which facilitates aerodynamic anchoring of the flame.

The swirling jet gives also rise to a global hydrodynamic
instability that is controlled by the swirl intensity of the
flow [3, 4, 5]. In combustion-related investigations, this in-
stability is referred to as the precessing vortex core (PVC).
The PVC is known to interact with the flame due to the
mixing of reactants and stretching of the flame front [1, 6].
In reverse, the flame also influences the PVC which may
lead to suppression or emergence of the PVC at certain
operating conditions of a combustor [1, 7]. It has been
shown that the combustion-induced density stratification
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Email addresses: moritz.sieber@fd.tu-berlin.de (Moritz

Sieber), www.fd.tu-berlin.de (Cristian Oliver Paschereit),
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in the shear layers leads to a suppression of the hydrody-
namic instability [8]. Detailed experiments with a generic
swirling jet were able to reproduce the phenomenon by
mimicking the heat release of the flame by an electric
heater [9, 10]. The combined experimental and numerical
study showed that the amplitude of the PVC is strongly re-
duced, however, no complete suppression was attained ex-
perimentally. However, the appearance of the global mode
in the data appeared to be in contradiction to the global
instability of the mean flow as it was determined from a
spatio-temporal stability analysis. As will be shown in this
work, this contradiction can be resolved by considering the
stochastic forcing of the global modes by turbulence.

In the present study, the dynamics of the global mode in
the turbulent flow is modelled by a stochastic dynamical
system. The model consists of a deterministic part that de-
scribes the oscillatory motion of the global mode and the
leading nonlinearities that cause saturation at the limit-
cycle. Secondly, the model includes the perturbations by
the background turbulence as a stochastic forcing. At sta-
tionary operation conditions, the flow tends to settle at
a stable state or limit-cycle. However, the turbulent per-
turbations continuously disturb the flow about that stable
state. From the deterministic return to the stable state,
the model can be calibrated. Therefore, the deterministic
and stochastic dynamics are identified from the data and
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the model is adjusted to replicate thous. This requires only
stationary, but time-resolved measurements of the flow.

The modelling approach adopted here was previously
used to determine the deterministic characteristics of ther-
moacoustic oscillations in combustors [11, 12]. Further-
more, it was used to determine the bifurcation point of a
hydrodynamic instability in a low-density jet from ran-
domly forced measurements in the stable regime [13].
Moreover, the experimental observations of the PVC in an
isothermal swirling jet were described in detail in a very
recent investigation using the same stochastic approach
[14]. In the present study, this work is extended to clarify
the impact of heating on the global stability that causes
the formation of the PVC.

The general difference of a stochastic model to a purely
deterministic model is the possibility to capture dynamics
in the flow that arise from linearly stable modes. Due to
the stochastic forcing, stable modes of the flow get excited
and require some time to decay again, which allows them
to be observed in measurements. In the field of dynamical
systems, this phenomenon is commonly denoted as coher-
ence resonances [15].

An essential aspect for the understanding of fluid dy-
namics is not only the analysis of the temporal dynamics
but also the investigation of the spatial structures. There-
fore, schlieren images are recorded in this study making
use of the density differences in this flow. The visual rep-
resentation of a flow structure allows drawing an intuitive
connection to the interaction between the stochastic turbu-
lent fluctuations and the coherent structure. In the present
investigation, the schlieren images are further compared to
Lagrangian coherent structures computed from the mea-
sured velocity fields[16]. For this purpose, a regularisation
procedure is applied in combination with a reconstruction
scheme to obtain a smooth 3D time-dependent represen-
tation of the flow field. The determined Lagrangian coher-
ent structures allow a good comparison to the schlieren-
based flow visualisations and help to understand mixing
phenomena [17, 18, 19]. Furthermore, the relation to in-
stabilities of variable-density Kelvin-Helmholz instabilities
is discussed [20, 21].

The paper is organised as follows. In section 2, the
experimental and analytical methods are detailed. This
comprises the description of measurement techniques, the
identification of flow structure and the computation of La-
grangian coherent structures as well as the description of
the stochastic model and the related calibration from mea-
surement data. The corresponding results for the mean
flow field, different flow visualisations and calibration of
the stochastic model are given in section 3. In section 5,
the results are discussed in light of previous related studies
and swirl combustion applications.

2. Experimental and numerical methods

2.1. Experimental setup and measurement techniques

The flow of a generic swirling get was investigated ex-
perimentally. The utilised setup is depicted schematically
in figure 1. It consists of a radial swirl generator that is
connected to a settling chamber followed by a contoured
contraction. The flow emanates into the unconfined am-
bient, where the swirling jet evolves. The airflow into the
swirler was adjusted with a mass flow controller and the ra-
dial vanes in the swirler were adjusted with an automated
stepper motor. The setup was utilised in previous inves-
tigations for the dynamics of the PVC under isothermal
conditions [22, 23, 14] as well as with a heated breakdown
bubble [9, 10, 18].

The breakdown region of the flow was heated by a loose
wire coil that was directly exposed to the flow. It was
made of a spirally wound 0.5 mm Nickle-Chromium wire
(NiCr6015) and held in place by two thicker metal rods
that also provided the electrical connection. The heating
coil had a diameter of 20 mm and height of 43 mm. The
coil was mounted such that the laser can pass between
the two metal rods that hold the coil. A part of the laser
light was reflected by a mirror to illuminate the part of
the flow that was shadowed by the coil (figure 1). For the
PIV measurements, a card mask with the shape of the coil
was put between the coil and the camera to protect the
chip from strong reflections. The coil was connected to an
adjustable power supplied that was operated in constant
current mode. The maximum operation current for the
presented measurements was 4.6 A which corresponds to
165 W electrical power.

The coordinate orientation is indicated in the experi-
mental setup in figure 1. The velocities in x-, y- and z-
direction are given by vx, vy and vz, which are commonly
represented as vector v = [vx, vy, vz]

T . The origin of the
coordinate system is located in the centre of the nozzle
exit plane. The x-direction is aligned with the direction of
gravity to avoid symmetry breaking. Furthermore, cylin-
drical coordinates are used given as [x, r, θ] that correspond

to the Cartesian as r =
√
y2 + z2 and θ = ∠(y + iz).

The flow velocity was measured using stereoscopic par-
ticle image velocimetry (PIV) as sketched in figure 1. The
three velocity components were measured in the x-y-plane
right after the nozzle. Two 4 megapixel cameras with
50 mm lenses and a 150 mJ dual laser were used for the
measurement. The flow was seeded with Titanium oxide
powder that was introduced into the flow between the mass
flow controller and the swirler. For each configuration, a
set of 1000 snapshots were recorded at a rate of 6 Hz. The
images were processed with PIVview (PIVTEC GmbH)
using standard digital PIV processing [24]. Further de-
tails about the PIV measurement procedure can be found
in Rukes et al. [22, 9].

Schlieren images of the flow were recorded with a Toe-
pler Z-type setup with a knife-edge in x-direction [25].
Therefore, two identical mirrors with a focal length of
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Figure 1: Schematic of the experimental setup together with the utilised measurement equipment. The red square marks the PIV measurement
domain. The coordinate system is given next to the setup, the actual origin is in the centre of the nozzle exit plane. The photo shows the
seeded jet and the heating coil, illuminated by the laser.

2.5 m were placed with an opening angle of approximately
15 ◦. The light, emanated from a white LED (10 mm di-
ameter), was guided through the flow and recorded with
a Nikon-3200 DSLR camera placed in the setup without a
lens.

Around the circumference of the nozzle, eight pressure
sensors were mounted to sense the PVC dynamics. Dif-
ferential pressure sensors with a measurement range of
1000 Pa were used. The signals were amplified by in house
bridge amplifiers and recorded with 24 bit AD converters.
Further details are given in Lang et al. [18] and Sieber
et al. [14]. For each configuration, 180 s were recorded at
a rate of 2 kHz. The data was digitally down-sampled to
a rate of 100 Hz with an appropriate aliasing filter. At the
investigated conditions, the measured pressure differences
were of the order of 1 Pa. Therefore, the bridge amplifiers
were set to high gain and high-resolution AD converters
were used. Special care was taken to avoid electromagnetic
interference by additional shielding of cables, mounting of
ferrite cores and proper grounding of all components. The
power supply of the data acquisition and the amplifiers
were isolated from the main grid by a coil transformer.

The temperature in the breakdown region was measured
by a type-K thermocouple with 0.25 mm shaft diameter.
It was traversed trough the domain to record the mean
temperature distribution in the flow. These measurements
are further detailed in Rukes et al. [9] and Lang et al. [18].

2.2. Operation conditions

The heated swirling jet is characterised by the Reynolds
number, swirl number and the density ratio. The Reynolds
number is given as

Re =
vbulkD

ν
with vbulk =

ṁ

ρjπ(D/2)2
, (1)

where ṁ denotes the mass flow and D = 51 mm is the
nozzle diameter. The density inside the breakdown bubble
ρb relative to the jet density ρj defines the density ratio as

ρ∗ =
ρb
ρj
. (2)

Temperature measurements at an intermediate swirl num-
ber are used to calibrate a polynomial relation between the
heating current and the density in the breakdown bubble,
ρb. The reference density of the jet, ρj , is calculated from
ambient conditions.

The swirl number S is assumed to be proportional to
the swirler vane angle. This was confirmed in previous
studies [22, 9, 14], where offset and proportionality are ad-
justed from the integral swirl number at some conditions.
Compressibility effects and the influence of buoyancy are
neglected due to the small Mach and Richardson numbers
for the investigated conditions. With the definitions ac-
cording to Rukes et al. [9], the Mach numbers are below
0.01 and Richardson numbers are below 0.05.

The PIV measurement were conducted for Re = 4000
and S = 0.98 whereas ρ∗ was varied in the range between
0.32 and 1. Measurements were conducted on three consec-
utive days whereby the entire range of density ratios was
measured repeatedly. For the pressure measurements, two
sets were recorded at different Reynolds numbers. The
measurements were conducted by an automated proce-
dure, where the swirler vanes and heating current was
changed. The corresponding parameter ranges are sum-
marised in table 1. For both configurations, the swirl was
increased in 9 steps and the destiny ratio was decreased
in 21 steps. Each pressure measurement set has been ac-
quired during continuous operation of the facility for ap-
proximately 12 h. Schlieren visualisations were conducted
for various Reynolds numbers but only with mild heating

3

3.5. Impact of density stratification on the global mode in a swirling jet 113



and at a fixed swirl number.

2.3. Measurement data preprocessing

The PVC is identified from the PIV measurement us-
ing snapshot proper orthogonal decomposition (POD) [26].
Accordingly, the fluctuation part of the velocity field v′ =
v − v is conceived as modal decomposition

v(x, t) = v(x) +

N∑

i=1

ai(t)Φi(x) , (3)

where a denotes the mode coefficients and Φ the mode
shape. Note that the bold symbols stand for vector quan-
tities. The coefficients are obtained from the eigenvectors
ai = [ai(t1) . . . ai(tN )]T of the snapshot correlation matrix
R as follows

Rai = λiai, with Rj,k =

∫
v(x, tj)v

T (x, tk)dx . (4)

Further detail on the application of POD to PIV data from
swirling jets can be found in Oberleithner et al. [5] and
Rukes et al. [22].

The PVC is commonly represented by the first two POD
modes which can be combined to a complex mode coeffi-
cient A = a1 + ia2. The PVC energy, in turn, results from
the average squared magnitude E = |A|2.

For the stochastic modelling of the flow, long, time-
resolved recordings of the PVC amplitude are necessary.
These were obtained from the pressure measurements of
the flow. From previous investigations, it is well estab-
lished that the PVC mode can be deduced from circum-
ferential pressure measurements [18, 23, 14, 27]. The pres-
sure signals pk recorded at eight azimuthal measurement
positions were decomposed into azimuthal Fourier modes,
reading

p̂m(t) =
1

8

8∑

k=1

pk(t)e−imkπ/4, (5)

where m stands for the azimuthal wavenumber. The PVC
was directly obtained as the first azimuthal mode A = p̂1.
The quality of the signal p̂1 was furthermore improved
by using a bandpass filter with the band [ 2

3fPVC,
3
2fPVC]

centred around the average PVC frequency fPVC, which
was identified from the peak in the unfiltered spectrum. A
second-order polynomial was fit to the region around the
peak to estimate the frequency fPVC. This was necessary
for certain operation conditions, where the signal level was
very low. The pressure data were normalised by a factor
of 0.1 Pa to have PVC amplitudes in the range 0 to 1.

2.4. 3D flow field reconstruction

This section describes the reconstruction of the 3D ve-
locity field from PIV measurements, which is a preliminary
stage for calculating the Lagrangian coherent structures.
There are two essential steps, the estimation of the mode

structure from phase averaging and the filtering of the data
to retain the symmetries in the data and reduce measure-
ment artefacts. The phase of the PVC is obtained from
the argument of the complex amplitude, φ = ∠(a1 + ia2),
where a1 and a2 are the coefficients of the two leading
POD modes. This allows assigning a phase φk to each of
the N PIV snapshot vk. Phase averaging is conducted
according to the Fourier-averaging procedure described by
[28]. Accordingly, the phase averaged flow is represented
as a Fourier series

ṽ(φ) =
M∑

n=−M
v̂neinφ, (6)

where the Fourier coefficients are given as

v̂n =
N∑

k=1

vke−inφk . (7)

The Fourier series is truncated after M modes to re-
ject measurement noise. For real valued input data, the
positive and negative Fourier coefficients are the same
v̂n = v̂−n. In contrast to common bin-based phase av-
eraging, the Fourier-averaging allows the evaluation at ar-
bitrary phases which is relevant for the following recon-
struction. Furthermore, the cut-off of the averaging in the
frequency domain (fixed number of harmonics M) is more
accurate than the selection of bin sizes and bin overlap
[28]. In the current investigation, the mean (n = 0) and
the first two harmonics are used as depicted in figure 2.
The least number of Fourier modes M that contribute to
the phase averaged flow are found by inspecting the spatial
structure of v̂n and the decay of the L2-norm ||v̂n|| with
n.

In the present case, the oscillation in time is equivalent
to a rotation about the symmetry axis of the jet. This is
due to the swirling motion of the flow that couples axial
and azimuthal phase velocity of the flow. Therefore, the
azimuthal mode number m is equivalent to the temporal
Fourier mode n. The coupling allows the reconstruction
of the phase averaged 3D velocity field from a meridional
measurement section [5]. Accordingly,

ṽ(x, r, θ, t) =
M∑

n=−M
v̂n(x, r)ein(θ−ωt), (8)

where [x, r, θ] are the cylindrical coordinates.
For the reconstruction procedure, care has to be taken

that the symmetry conditions are fulfilled at the jet axis.
This is crucial as slight deviations are to be expected due
to unavoidable misalignment of the measurement plane or
imperfections in the experimental setup (see figure 2). Es-
pecially on the centre line, the symmetries between left
and right half, and also between the π/2 phase-shifted
vy and vz component must match. The symmetries are
restored by a subsequent filtering procedure that solves
a constrained minimization problem which fits a velocity
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configuration Re S ρ∗

PIV 4000 0.98 1 to 0.32

pressure 1 4000 0.81 to 1.15 1 to 0.40

pressure 2 6000 0.94 to 1.11 1 to 0.53

schlieren 1000 to 20 000 0.98 0.9

Table 1: Operation conditions for different measurement configurations.
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Figure 2: Schematics of the flow field reconstruction exemplified by the real part of the streamwise velocity component <(vx). The harmonic
components v̂n as well as their sum ṽ are presented (Re = 4000, S = 0.98, ρ∗ = 1). The process involves phase averaging from the PIV
snapshots and a regularisation (reg.) of the different Fourier components indicated by the azimuthal wavenumber m. The azimuthal mode
number m is equivalent to the temporal harmonic n for the swirling jet.

field to the data. The numerical procedure is adopted
from a surface fitting algorithm proposed by D’Errico [29],
where a surface is fitted to elevation data with a regulariza-
tion penalty that controls the smoothness of the surface.
The same approach is implemented for velocity data here,
where additional constraints are included to satisfy the
boundary conditions of the velocity field at the symmetry
axis and the walls. Furthermore, constraints are included
to fulfil the continuity equation. The thermal expansion
in the vicinity of the coil is neglected since this region is
not covered by the PIV and the reconstruction is only a
coarse interpolation.

The velocity field reconstruction is carried out with the
following steps. The velocity on the meridional plane of
a regular polar grid X = [vx, vr, vθ] is estimated from the
measurements Y = [vx, vy, vz] on the x-y-plane. Misalign-
ments and the match of the velocity component are han-

dled by an interpolation operation I(X) = Y that is im-
plemented as a bi-linear interpolation. The interpolation
is implemented as an implicit operation, which means that
the data does not have to be available in a regular grid.
The smoothness of the solution is controlled by a regu-
larisation operator R(X) that is the sum of the second
derivatives of the individual fields. The boundary condi-
tions are adopted as Dirichlet or Neumann conditions with
the operator B(X) = Yb and the continuity equation is
represented as C(X) = 0. All operators are approximated
as first-order finite differences. The velocity field is finally
obtained by the minimisation of the combined problem

||I(X)− Y ||2 + λR||R(X)||2+ (9)

λB ||B(X)− Yb||2 + λC ||C(X)||2, (10)

where the parameters λR, λB and λC control the relative
weighting of the individual constraints. The parameters
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are balanced by visual inspection of the solution. For the
implementation of the continuity equation C(X) in the
polar coordinate system, the azimuthal mode number is
considered, reading

∂vx
∂x

+
∂vr
∂r

+
1

r
vr +

im

r
vθ = 0. (11)

The regularisation R(X) is applied separately for each ve-
locity and has the form (exemplified for vx)

∂2vx
∂x2

+
∂2vx
∂r2

= 0. (12)

The approach provides smooth and reasonable veloc-
ity fields for each of the harmonics as presented in figure
2. The velocity field is also extrapolated into the noz-
zle, where no measurements were possible. This is helpful
to allow reasonable computation of Lagrangian coherent
structures near the nozzle. Moreover, the data are restored
in the region of the heating element, where no measure-
ment data were recorded. The removal of measurement
uncertainties and the restoration of the symmetry of the
flow provides a much better foundation for the computa-
tion of Lagrangian coherent structures than taking a sim-
ple phase average. Especially the uncertainties at the jet
axis would otherwise create unphysical artefacts.

2.5. Lagrangian coherent structures

The Lagrangian coherent structures are computed from
the finite-time Lyapunov exponents (FTLE) [16]. The
FTLE is a measure for the divergence of path lines in a
fixed time interval, which can be calculate forward or back-
wards in time. Forward time FTLE highlights repelling
structures whereas backward time FTLE pronounces at-
tracting structures. In the present study, the interfaces
between the jet and the breakdown bubble are investi-
gated. These correspond to interfaces where the flow from
different regions meets, which is highlighted by backward
time FTLE.

The different steps towards the FTLE representation of
the flow are graphically summarised in figure 3. The basis
for the computation of the FTLE is a 3D time-resolved
representation of the flow field as it was determined from
the procedure described in the previous section. To com-
pute the FTLE, the flow is homogeneously seeded with
virtual particles xp. The pathlines of these particles are
computed backward in time from the velocity, reading

xp(t0 −∆t) = xp(t0)−
∫ t0−∆t

t0

ṽ(xp(t), t)dt. (13)

The integral is calculated with a 4th order Runge-Kutta
solver and the integration time is chosen to be 1.5 periods
of the PVC oscillation. The actual FTLE is calculated
from the distance of particles after the integration relative
to their initial distance. This is given by

σFTLE =
log(d0/d1)

∆t
, (14)

where d0 is the initial distance and d1 the final distance af-
ter the integration time ∆t. The divergence for one point
is computed from a group of four particles, separated by
a very small initial distance d0 in all three coordinate di-
rections. Since the divergence of pathlines is not homo-
geneous in all spatial direction, the maximal separation
of the initial quadruplet of points is determined from the
leading eigenvalue of the space spanned by the final dis-
tances between the points.

2.6. Stochastic modelling

To describe the observed dynamics of the PVC, Lan-
dau’s amplitude equation is used [30]. The stochastic per-
turbations induced by turbulence are included as additive
coloured noise. Accordingly, the dynamics are described
by the stochastic amplitude equation as

Ȧ = (σ + iω)A− α |A|2A+ ξ. (15)

The first term on the right hand side contains the fre-
quency ω = 2πfPVC and the growthrate σ of the PVC
mode. The second term reflects the nonlinear saturation
of the PVC at the limit-cycle that is governed by the Lan-
dau constant α. The third term contains the stochastic
forcing with the coloured noise ξ. It is characterised by
the autocorrelation

〈ξ(t), ξ(s)〉 =
Dξ

τ
e−|t−s|/τ . (16)

The added noise depends on the noise intensity Dξ and
the noise time scale τ .

By changing the variables to phase and magnitude, with
A = |A|eiφ, and by subsequent stochastic averaging [31],
a separation of equation 15 into magnitude and phase is
achieved, reading

˙|A| = σ|A| − α|A|3 +
Γ

|A| + ξA and φ̇ = ω0 +
ξφ
|A| , (17)

respectively. This allows the dynamics of the magnitude
|A| to be described independently from the phase.

However, due to the stochastic forcing, another deter-
ministic contribution is added to the equation that is gov-
erned by the effective noise intensity Γ. This corresponds
to the power spectral density of the noise at the oscillation
frequency which is given by

Γ =
2Dξ

τ2ω2 + 1
. (18)

From equation (17), the stationary solution for the prob-
ability density function (PDF) of the magnitude P (|A|) is
derived, which has the following form

P (|A|) = N|A| exp
(
c1|A|2 + c2|A|4

)
(19)

with the unknown parameters c1 and c2. The parameter
N is chosen such that the integral PDF is normalised as∫∞

0
P (|A|) = 1. The analytical solution (19) is fit to the
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Figure 3: Flowmap depicting the steps from PIV measurements to the finite time Lyapunov exponents (FTLE).

measured PDF to estimate the unknown model parame-
ters. The physical parameters of the amplitude equation
(15) depend on these model parameters as

σ =
c1Γ

2
and α = −c2Γ, (20)

which includes an additional dependence on the added
noise. To estimate the noise intensity from experimental
data, the phase equation (17) is rearranged to

ξest = |A|
(
φ̇− 2πf

)
, (21)

which provides an estimate of the stochastic forcing. The
comparison of the autocorrelation of the estimated forcing
〈ξest(t), ξest(s)〉 to the theoretical function (16) allows the
noise parameters Dξ and τ to be determined, which in turn
determine the effective noise intensity Γ (18).

Further details about the stochastic model and the re-
lated derivations can also be found in the investigation by
Sieber et al. [14].

3. Results

The results are divided into two groups according to the
experimental parameters. The PIV and flow visualisations
are all conducted for a fixed swirl number of S = 0.98 and
Reynolds number of Re = 4000, whereas the pressure mea-
surements span a larger range of swirl numbers. Therefore,
the mean flow field and the mode structure obtained from
POD, FTLE and schlieren images are presented first. This
is followed by the presentation of the stochastic model cal-
ibration based on pressure measurements.

3.1. Mean flow and temperature field

The basic characteristics of the flow field of a swirling jet
undergoing vortex breakdown are illustrated in the sketch
in figure 4 a. It shows the breakdown bubble that forms
the annular jet with inner and outer shear layers. The
shape of the dominant coherent structure, sketched in fig-
ure 4 b, is indicating that the vortex centre of the swirling
jet precesses and wraps around the recirculating region.
Due to this phenomenon, this coherent structure is termed
the preprocessing vortex core (PCV). The roll-up of the
vortices in the inner and outer shear layer due to Kelvin-
Helmholtz-instability is synchronised with the motion of

the vortex core. As indicated in the figure, the PVC mo-
tion causes a strong deformation of the breakdown bubble.

The shape of the mean flow field is further quantified in
figure 5 based on the PIV data. The displayed axial veloc-
ity contours allow the backflow in the recirculation bubble
to be compared to the velocity in the annular jet. In figure
5 a, it is visible that the magnitude of the backflow is ap-
proximately a third of the bulk velocity. Furthermore, the
comparison of the velocity field without a coil (figure 5 a)
and the field with unheated coil inserted in the flow (fig-
ure 5 b) allows to quantify the influence of the coil on the
mean flow. It shows that the velocity field outside of the
coil is barely altered. Mainly, the breakdown bubble has
become a little wider with the coil. However, a large part
of the recirculating flow is guided through the coil which
was the reason to place it there. Hence, the coil heats the
backflow in the bubble and creates a density jump at the
interface between the jet and the breakdown bubble.

The flow field with a heated coil is shown in figure 5 c.
It shows that the heating does not change the overall char-
acteristics of the flow. However, the considerable amount
of heating applied in this case causes a decrease in the
width of the breakdown bubble. The backflow has still a
similar magnitude as observed for the cold case. This un-
derlines the neglect of buoyancy effects due to the small
Richardson numbers [9].

The mean temperature field is exemplified in figure 6 as
a horizontal and vertical profile for the same case as shown
in 5 c. Accordingly, the applied heating causes a strong
temperature gradient in the inner shear layer. The slope
of the temperature gradient in y-direction is opposite to
the radial gradient of the axial velocity, which is decisive
for the suppression of the PVC considered here. The max-
imum temperature at x/D = 0.6 and y/D = z/D = 0
is taken as reference for the density ratio introduced in
equation (2). A more detailed discussion of the mean and
phase averaged temperature field can be found in a related
study, where the temperature field was reconstructed using
tomographic background oriented schlieren [18].

3.2. POD mode shapes and energy

The POD was applied as the first measure to quantify
the impact of the heating on the PVC. The display of the
energy in figure 7 a shows that the heating strongly re-
duces the PVC energy as determined from the POD. How-
ever, a reduction is only prevailing until a density ratio of
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Figure 4: Schematics of the flow field: a) mean velocity field indicated by streamlines and velocity magnitude as grey contour levels, b)
instantaneous velocity field indicated by streamlines and coherent structure as grey background. Specific features of the flow fields are marked
and indicated in the legends. The breakdown bubble is indicated by the recirculating flow in the centre of the jet.
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Figure 5: Mean velocity field for the baseline case a), flow with unheated coil ρ∗ = 1 b) and heated flow ρ∗ = 0.5 c) (Re = 4000, S = 0.98).
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(x/D = 0.6 z = 0) (ρ∗ = 0.8, Re = 4000, S = 0.98).
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ρ∗ = 0.65. Below that, there is only a marginal decay.
Moreover, it is only reduced at maximum to 40 % of the
energy in the cold case. With one exception, these obser-
vations are consistent with the earlier studies presented in
Rukes et al. [9]. Previously, a slight increase in energy at
low heating was observed. This was not reproduced in the
present case although many repeated PIV measurements
were undertaken in the present investigation (58 measure-
ments). The variance of the results indicates that there is
an intrinsic variance in the slow time scales in the order
of minutes (PIV measurements are averages from approx-
imately 3 min). This was also discussed in the context of
the temperate field tomography in Lang et al. [18]. There-
fore, the previously observed increase in energy at slight
heating was most probably due to a variance of the exper-
imental boundary conditions.

Figure 7 b shows the PDF of the PVC amplitude. Ac-
cordingly, the variance of individual snapshots is larger
than the relative change of the mean value due to the
changing density ratio. This explains the large variance
of individual PIV as indicated by the grey surface in fig-
ure 7 a.

The POD mode shape of the PVC is presented in fig-
ure 8, again showing cases without the coil, with unheated
coil and with the heated coil. The display of different
cases shows again that the insertion of the unheated coil
does not alter the flow significantly. The presented spatial
structures for both cases agree nearly perfectly, except for
a slight change in magnitude directly below the coil. More-
over, the heating of the flow (figure 8 c) does also not have
a visible impact on the mode shape.

The combined information from mode energy and mode
shape indicates that the heating of the breakdown bubble
roughly halves the PVC energy but does not change the
spatial structure. This is important, as a systematic study
of the influence of heating on PVC and the modelling does
not work if the heating alters the mean flow or the PVC
mode shape.

3.3. Visualisation of the spatial structures

The spatial structure of the PVC is visualised from
FTLE and schlieren images. The different approaches are
compared to validate the extensive processing of the mea-
surement data during the calculation of the FTLE. Fur-
thermore, the schlieren images, which are instantaneous
and not phase-averaged, provide insight into the small
scale turbulent mixing in the presented case.

The FTLE images for the baseline case, as well as one
with an unheated and heated coil, are presented in fig-
ure 9. The spatial structure of the FTLE is also sown in
the sketch in figure 4, which allows a direct assignment to
the vortex structures presented there. The deformed in-
terfaces of the inner and outer shear layer are well visible
from the FTLE. Furthermore, the synchronised roll-up of
both shear layers in counter-rotating pairs becomes pre-
cisely visible. Whereby the vortex in the inner shear layer
leads in streamwise position and magnitude. The general

perception from the comparison of the three visualisations
(figure 9 a-c) is that the insertion of the coil does not affect
the structure and that the heating reduces the strength
of the shear layer roll-up. This agrees well with the ob-
servations from the mode energy and mode shape in the
previous section.

In figure 10 different experimental flow visualisations are
presented. These show remarkable similarities with the
FTLE visualisations in figure 9. The roll-up intensity and
staggering of vortices at the two interfaces agree very well.
The experimental visualisations represent a snapshot of a
flow instance that is deliberately selected due to the good
agreement with the other visualisations. Note that there
is typically a phase-jitter in the experiment that disrupts
the spatial arrangement of structures, which is also visible
from the downstream dispersion of the structures. The
experimental flow visualisations are carried out at halve
the Reynolds number to reduce the present distortions as
far as possible. The FTLE images, instead, constitute ide-
alised representations of the flow structures, where phase
jitter is eliminated due to the phase averaging involved in
the data processing. The qualitative agreement with ex-
perimental flow visualisations shows that the FTLE based
on a low order reconstruction of the flow is a good ap-
proach to capture the essential features of the dominant
coherent structure.

The schlieren visualisations are further used to investi-
gate the influence of an increased Reynolds number on the
density stratification between jet and breakdown bubble.
Figure 11 shows schlieren images of the flow around the
heating coil for increasing Reynolds numbers. The selected
snapshots show qualitative changes that are visible in all
images for a specific Reynolds number. At Re = 4000
(Figure 11 a), there is a very sharp interface between
jet and breakdown bubble around the stagnation point
(see figure 4 a). With an increase to Re = 10 000 and
Re = 20 000 (Figure 11 b and c), this interface becomes
more and more dispersed due to turbulent diffusion of the
small scale structures. The flow still exhibits the same
large scale structures concerning the convective transport
of heated air, however, the density gradient at the inter-
face becomes blurred. The large scale structures are gov-
erned by the mean flow that is relatively unaffected by
the Reynolds number changes, while the small scale struc-
tures scale with the Reynolds number due to a reduction of
the viscous effects. This observation will be important for
understanding the mixing process involved in the current
experiments.

3.4. Calibration of the stochastic model from pressure
measurements

In the following, the calibration of the stochastic model
using pressure measurement data are explained and the
estimated model parameters for different operating condi-
tions are presented.

To ease the understanding of the basic approach, we
first consider a measured time series and the correspond-
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Figure 7: Energy of the PVC for decreasing density ratios a) and PDF of the oscillation magnitude b). a): The dots correspond to the mean
energy from single PIV measurement with 1000 images each. The line and the gray surface mark estimates for the mean value and the 95%
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in the legend. (Re = 4000, S = 0.98).

 

 

Φy,i/max(Φy,i)

c)

y/D

b)

y/D

a)

x
/D

y/D

−1 −0.5 0 0.5 1

−1 −0.5 0 0.5 1−1 −0.5 0 0.5 1−1 −0.5 0 0.5 1
0

0.5

1

1.5

2
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Figure 9: FTLE of the phase averaged flow for the baseline case a), flow with unheated coil ρ∗ = 1 b) and heated flow ρ∗ = 0.5 c) (Re = 4000,
S = 0.98).

10

120 Chapter 3. Publications



a) b)

Figure 10: Smoke a) and Schlieren b) visualisation of the swirling jet at Re = 2000. For the smoke visualisation, the jet is seeded with oil
particles and illuminated by a laser sheet. For the schlieren visualisation, the jet is heated slightly above the ambient temperature and the
breakdown bubble is heated additionally by the coil (S = 0.98).

a) b) c)

Figure 11: Schlieren visualisation of the heated breakdown bubble for increasing Reynolds numbers: a) Re = 4000, b) Re = 10 000, c)
Re = 20 000. Similar phases of the global mode for different Re are selected according to visual similarity. Images are taken at slightly heated
conditions ρ∗ ≈ 0.9 (S = 0.98).
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Figure 12: Timeseries of the PVC amplitude determined from the
pressure Fourier coefficient A = p̂1 (a,c,e) and probability density
of the envelope |A| (b,d,f) for increasing swirl numbers at S = 0.98
(a,b), S = 1.06 (c,d) and S = 1.15 (e,f). The black lines show
the real part of the signal <(A) and red lines and bars indicate the
magnitude |A| (Re = 4000, ρ∗ = 1).

ing stationary PDF of the oscillation magnitude. In figure
12, the PVC amplitudes determined from the pressure sig-
nal according to equation 5 are presented for different swirl
numbers. Strong modulation of the oscillation amplitude
is evident for all conditions. The envelope of the oscil-
lation further shows that the magnitude of the oscillation
increases with swirl and the variance changes substantially.
This can be even better inspected from the amplitude PDF
shown next to the time series. At the lowest swirl number
(figure 12 b), the PDF is similar to a Rayleigh distribu-
tion, while at the highest swirl number (figure 12 f) it is
similar to a Gaussian distribution. For the intermediate
swirl (figure 12 d) the PDF resembles a mixture of both
distribution types.

To calibrate the model the analytical function (19) must
be fitted to the measured PDF. This is done for different S
and ρ∗ to investigate the stability of the PVC depending
on the operation conditions. Figure 12 a) shows that this
approximation is in good agreement. The changes in the
PDF for different swirl numbers are further detailed in fig-
ure 13 b. It shows a continuous change of the PDF starting
with narrow, low amplitude distributions, which increase
in width and amplitude for increasing swirl intensity. The
change from a Rayleigh to a Gaussian distribution, which
was already observed in figure 12, is also visible. The fit to
the experimental data is further conducted for all the in-
vestigated operation conditions to obtain the growth rate
of the PVC according to equation (20) as a function of
swirl number and density ratio.

In figure 14 d, the amplification rate determined from
the model is shown for all investigated Swirl numbers and
density rations for Re = 4000. The stability margin, where
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Figure 13: Probability density of the envelope |A| at S = 0.98 to-
gether with the analytical fit (a) and fit of the probability density
for increasing swirl numbers as contour plot (b). The dashed line
indicates the position of the curve in plot a) (Re = 4000, ρ∗ = 1).

the flow changes from negative to positive amplification
rate is highlighted by a thick contour line. Furthermore,
the mean magnitude, frequency and noise intensity are
represented together with the stability margin (figure 14
a-c). In this representation, the frequency and amplifica-
tion rate are normalised by the bulk velocity and nozzle
diameter given by St = fubulk/D and σ∗ = σbulk/D. The
data for the contour graphs are filtered in the S-ρ∗-plane
by a 3× 3 Gaussian filter to facilitate the visibility of con-
tour lines and the perception of trends in the data. The
same procedure applies for the analogue representation of
the data at higher Reynolds numbers given in figure 15.

Figure 14 shows that the stability margin of the PVC
mainly depends on the swirl number. At the lower
Reynolds number (figure 14), the stability margin is in-
clined towards lower swirl numbers at isothermal condi-
tions. This confirms a dependency of the flow instability
on the density ration. There is a PVC magnitude level
that coarsely coincides with the stability margin, which
indicates that the amplitude of the instability is linked to
the instability growth rate. However, the contours show
that even at stable conditions there is still a substantial
PVC amplitude, which clearly shows the influence of the
stochastic forcing. Furthermore, no indication of a bifur-
cation is visible from the magnitude.

The PVC frequency (figure 14 b) increases with swirl
number and with decreasing density ratio. The increase at
low swirl numbers and low-density rations must be evalu-
ated carefully since the signal level in this range are very
low (|A| < 0.1). The effective noise, shown in figure 14
c, which is perturbing the PVC dynamics, scales mainly
with the swirl number. Similar to the magnitude, it shows
a continuous increase in the investigated range. The am-
plification rate (figure 14 d), however, shows a clear de-
pendency on the density ration. Besides the inclination of
the stability margin, the increase of the amplification rate
with the swirl number becomes much steeper for reduced
density ratios.

Figure 15 shows the identified model parameters for the
higher Reynolds number. Accordingly, the dependency of
the model parameters on the swirl stays very similar to the
low Reynolds case, whereas the density ratio dependency
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Figure 15: Same as fig. 14 but for Re = 6000.
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has weakened or disappeared. The amplification rate (fig-
ure 15 d) still shows a steeper increase with the swirl num-
ber for lower density ratios, however, the stability margin
does not depend on the density ratio. The frequency (fig-
ure 15 b) is also increasing slightly with decreasing density
ratio. The amplitude (figure 15 a) and the effective noise
(figure 15 c) , however, depend only on the swirl number.
It can be seen that by increasing the Reynolds number, the
critical swirl number has not changed, but the influence of
density ratio becomes very small.

4. Discussion

Different aspects the reveal from the combined consid-
eration of the presented results are discussed in the follow-
ing. This primarily concerns the influence of the Reynolds
number on the stability margin of the PVC. Second, the
relevance of FTLE images and the related low order rep-
resentation of the flow for mixing is discussed. Finally,
the impact of stochastic dynamics in a turbulent flow on
experimental observations is explained.

4.1. Influence of the Reynolds number on the PVC sup-
pression

The investigation at higher Reynolds numbers does not
reveal a significant influence of the heating on the PVC.
This is in line with previous observations by Rukes et al.
[9], where experimental observations and linear stability
analysis on the mean flow were confronted. There, it was
shown that the change of the Reynolds number does not
substantially change the amplification of the related in-
stability. However, the position of the density gradient
relative to the velocity gradient was demonstrated to be
as relevant as the (global) density ratio for the stability
of the flow. This is in agreement with the more general
investigation of density stratification on Kelvin-Helmholtz
instabilities conducted by Fontane and Joly [21]. There,
it was similarly shown that the density ratio, as well as
the collocation of density and velocity gradients, are the
governing parameters for a change of the growth rates.

The present investigation of schlieren images at increas-
ing Reynolds numbers shows that the emerging small-scale
turbulence affects the density contrast at the interfaces
between the heated breakdown bubble and the jet. The
increasing turbulent diffusion flattens the density gradi-
ent and shifts it towards the low-density side. This is not
visible from the mean temperature profiles since they are
governed by the large scale perturbations in the flow. The
difference between averaged and instantaneous tempera-
ture gradients of the investigated flow is further discussed
in the course of a related BOS tomography [18].

4.2. Spatial structures from FTLE and schlieren

The observation of the temporal PVC dynamics reveals
that there is no constant amplitude that changes according
to the operating conditions. It is a perturbed intermittent

dynamic that only reveals a change of the dynamics from a
statistical analysis of the observations. In this context, the
FTLE structures constitute prototype coherent structures
that represent only the phase averaged flow state.

The experimental smoke and schlieren visualisations
contain all sorts of temporal and spatial variations of the
structures. The agreement of some instantaneous exper-
imental observations with the FTLE visualisations indi-
cates the phase averaged shape is characteristic for the
underlying coherent structure. However, the turbulent dis-
persion and diffusion must be kept in mind when compar-
ing it to instantaneous realisations of the flow.

The comparison of the experimental visualisations and
the FTLE images shows that simplified perception of the
flow as mean flow and the dominant oscillatory motion is
sufficient to describe the large scale mixing in the flow.
The FTLE computations are based on this basic flow
model and they accurately reproduce the instantaneous
interfaces between the jet and the breakdown bubble as
well as between the jet and the ambient. The undisturbed
structure in the FTLE images gives a clear picture of the
flow dynamics and allows a better understanding of the
mixing processes.

4.3. Observation of stable modes in a turbulent flow

The description of the dynamics by the stochastic am-
plitude equation explains why the PVC is always observed
in measurement data, no matter if the related global mode
is stable or unstable. The essential feature of the stochas-
tic model is that it never settles to a stable state. Due to
the stochastic forcing, it is always perturbed but it seeks
to return to the stable states due to the deterministic dy-
namics. Therefore, the model responds with an oscillatory
dynamics to the broadband excitation, which is also known
as coherence resonance Gang et al. [15]. For experimental
investigations, this implies that the observation of a dom-
inant mode in the data does not mean that the extracted
structure belongs to an unstable mode of the flow. There
can be slightly damped modes that become excited by the
turbulent perturbations.

The operation parameters for the PIV measurements
were selected according to the observation of a low ampli-
tude PVC in the measurements. The subsequent reduc-
tions of the PVC due to the heating showed a dependence
but no clear transition from stable to unstable conditions
was attained. The broad scan of operation conditions by
pressure measurements revealed that the PIV investiga-
tions were conducted only at stable conditions.

This work suggests that the stationary PDF of the oscil-
lation magnitude from (non-time-resolved) PIV measure-
ments can be used as an indicator for the flow state. The
PDFs from stable and unstable modes differ mainly in the
range near zero. Stable modes show a Rayleigh distribu-
tion with nearly linear decay of the function towards zero,
while unstable modes have an exponential decay towards
zero. The determination of the actual amplification rate
needs the knowledge of the noise properties as well, but the
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sign of the amplification rate depends only on the shape
of the PDF.

5. Summary and Conclusions

In the present study, the effect of local heating inside the
breakdown bubble on the global mode of the swirling jet
was investigated. Motivated by the observations in swirl-
stabilised burners, the suppression of the global mode by
density stratification was examined. Concerning the com-
bustion studies, the global mode is referred to as precessing
vortex core (PVC). The application of electric heating al-
lowed to replicate the suppression of the PVC in a generic
swirling jet, as already shown in a previous study. Further
effects, such as the observation of a weak PVC at stable
conditions and the disappearance of the density depen-
dence at higher Reynolds numbers remained unclear. The
present study employs a stochastic model to describe the
experimental observations which further allows character-
ising the stability margin that marks the transition from
a stable to an unstable flow state. The investigation of vi-
sualisations from finite-time Lyapunov exponents (FTLE)
and experimental schlieren visualisations further detailed
the mixing due to the PVC and the dependency on the
Reynolds number.

The calibration of the stochastic model using pressure
measurements over a wide range of operating conditions
allowed to describe the stability margin as a function of the
swirl number, the density ratio and the Reynolds number.
The applied heating of the breakdown bubble shifts the
bifurcation point towards larger swirl numbers, showing
that the density ratio, is a second control parameter for
the PVC. This dependency vanishes at larger Reynolds
numbers, where the stability margin depends only on the
swirl number.

The strong influence of the Reynolds number on the sta-
bility of the heated flow is attributed to the occurrence of
small scale mixing that smears the sharp density interface.
The global density ratio, which is considered as a sole con-
trol parameter in the current study, is not sufficient to
characterise the influence of density stratification on the
PVC. The collocation of density and velocity gradients and
the instantaneous density gradient must be considered as
well.

The present investigations provide a detailed view of
the dynamics of a hydrodynamic instability in a turbu-
lent flow. The stability margin of the flow is identified
although the flow is strongly perturbed by turbulent fluc-
tuations at all scales. The proposed procedure needs only
measurements from the stationary flow state, no transient
or forced experiments are required. This may serve as
an example for the investigation on instabilities in other
flows. Furthermore, the extraction of FTLE images from
non-time-resolved PIV measurements outlines a way for
the computation of valuable flow visualisations from lim-
ited experimental data.
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Chapter 4

Discussion

4.1 SPOD for the analysis of flow dynamics

This section discusses the collective findings from the application of the SPOD to var-
ious flows presented in the different publications in chapter 3. Furthermore, the sup-
plementary material in the appendix shows specific features of the SPOD for generic
and experimental data. There, the equivalence of time and frequency domain SPOD is
demonstrated for experimental data of a turbulent jet (appendix A.1). The application
of boundary conditions and the capability of the SPOD to identify periodic dynamics in
noisy environments are demonstrated using generic data (appendix A.2 and A.3). Fi-
nally, the dependency of the decomposition on the extend of the SPOD filter is clarified
(appendix A.4).

4.1.1 Relation between different SPOD variants

The initial naming of the time domain SPOD proposed in publication 3.1 has led to some
confusion having overseen the similar naming of the frequency domain SPOD (Towne
et al., 2018). However, this unfortunate choice of names has focused our investigations
on this topic with the perspective that similar names may be attributed to common fea-
tures. The derivation presented in chapter 2 showed that both SPOD approaches can
be converted into each other and that they rely on similar principles, which affirms this
assumption. The two variants are distinguished by the treatment of the temporal dimen-
sion and therefore we have chosen to call it either a time-domain SPOD (tdSPOD) or a
frequency-domain SPOD (fdSPOD). As the differentiation between tdSPOD and fdSPOD
is only needed in this subsection, SPOD refers to the tdSPOD in the remainder of the
discussion. The analogy of both approaches is further approved by the decomposition
of experimental data from a turbulent jet (appendix A.1). It showed that the dominant
modes of time- and frequency-domain SPOD have comparable mode shapes. A general
difference, however, is the representation of the mode coefficient. The strict separation
of the modes according to frequencies in the fdSPOD does not allow further analysis of
temporal flow dynamics. This is the general difference to the tdSPOD which is used in
various forms for the identification of flow dynamics in the current work.

The close similarity between delay embedding and tdSPOD explains the previously
reported ability of tdSPOD to reconstruct dynamics of partially recorded phenomena
(Sieber et al., 2016c), which is the main feature of delay embedding. Moreover, it explains
why delay embedding in combination with POD (the same as tdSPOD) by Brunton et al.



128 Chapter 4. Discussion

(2017) tends to yield coefficients that can be described by linear models. This is evident
if the tdSPOD is considered as an operation that locally linearises the flow dynamics by
restricting the change of frequency and amplitude of the modes (Sieber et al., 2016c). Sim-
ilarly, the HAVOK models (Brunton et al., 2017) tend to exhibit linear dynamics and the
nonlinearities contribute as intermittent forcing. In the more recent work by Kamb et al.,
2020, the time-delay embedding is described more systematically as convolutional coor-
dinates. Where it is also shown that the time-delay snapshot POD (or SVD) constitutes a
local linearisation of the dynamics obtained by the decomposition.

The capabilities of the HAVOK approach to identify system dynamics motivated an
evaluation of the ability of tdSPOD to identify dynamics in generic noisy data. This short
study is presented in detail in appendix A.3. The application of the method requires
a more detailed specification of the treatment of signal boundaries, which is provided
in appendix A.2. Within the analysis, different boundary conditions are evaluated to
assess their characteristics. The analysis shows that tdSPOD, similar to delay embedding,
provides a more robust identification of system dynamics than the utilisation of the raw
data alone. A reduction of prediction errors by two orders of magnitude is possible for
some cases when the boundary conditions are selected appropriately.

4.1.2 Coping with nonlinear interactions and stochastic disturbances

As described in the previous section, the SPOD (abbr. for tdSPOD in the following) con-
stitutes a short-time linearisation of the dynamics contained in the analysed data. There-
fore, the application of SPOD for the identification of coherent structures constitutes spe-
cific dynamic properties of these structures. The SPOD seeks a modal decomposition,
where the coefficients separate between slow variations of amplitude and frequency and
the fast variation of the phase. From a physical point of view, this reflects the separation
of slow variations governed by the mean flow and the fast oscillations of a hydrodynamic
instability.

The SPOD decomposes according to spatial coherence and short-time temporal co-
herence (see section 2.1). The spatial coherence requires fixed spatial modes and results
in the separation of temporal dynamics and spatial mode shapes. The short-time tempo-
ral coherence is equivalent to a short-time linearisation of the dynamics. The SPOD gives
the freedom to fade between an energetically optimal POD and a spectrally pure Fourier
decomposition. The stronger the filter of the SPOD is set, the more the coefficients con-
verge to constant amplitude oscillations. This property is decisive to separate nonlinear
interactions in the flow into interpretable modal contributions.

As demonstrated in publication 3.2 and 3.3, the SPOD assigns a mode pair to each
fundamental contribution and to the modal interactions at different frequencies. This
allows a proper quantification of different contributions and allows a simple interpreta-
tion of the transient development. The separation into modal contributions with limited
spectral bandwidth is most natural for the interpretation of the temporal dynamics. In
contrast, the common POD tends to mix fundamental contributions and interactions in
single modes, which causes the interpretation of time dynamics to be cumbersome and
confusing.
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However, the linearisation introduced with the SPOD can also interfere with the non-
linear flow dynamics. If the SPOD filters too strictly, the linearisation does not match
the nonlinear dynamics in the data and the dynamics are spread across several modes.
This becomes clear by the consideration of the limiting case of a Fourier decomposition in
publication 3.1. Furthermore, the dispersion of dynamics is demonstrated from a series
of decompositions with a continuous increase of the filter size presented in appendix A.4.

The effect of the SPOD filter becomes even more pronounced when investigating
stochastic perturbations of the dynamics. The stochastic modelling procedure introduced
in publication 3.4 makes use of the phase-jitter present in the dynamics. It is used to esti-
mate the intensity of the stochastic perturbations that act on a specific mode. If the SPOD
filter attenuates the phase jitter, this can lead to an underestimation of the stochastic per-
turbations. This is similar to the effect of a bandpass filter in the data preprocessing
discussed by Bonciolini et al. (2017). Therefore, when using the SPOD coefficients for
stochastic modelling, special care must be taken to adjust the filter size.

4.1.3 Principal disadvantage of modal decompositions

The interpretation of flow data in a modal decomposition is very convenient from a math-
ematical point of view. The separation of spatial modes and temporal coefficients allows
a very reduced representation of the flow dynamics by the mode coefficients. However,
the representation of spatial structures by static modes misses a fundamental transport
phenomenon in fluid dynamics, the convection.

Generally, an arbitrary vortex structure in the flow can be composed of many funda-
mental frequencies. The superposition of those frequencies at the correct phases consti-
tutes a wave package that replicates the vortex. The convective motion can be described
by a constant group velocity of the fundamental contributions of the wave package. Nev-
ertheless, this is not the most intuitive way to describe convective motion.

A simpler approach to describe convective motion is the detachment from a fixed
Eulerian view of the dynamics and the transition to a Lagrangian view. There are ap-
proaches to describe a modal decomposition in a moving reference frame (Reiss et al.,
2018), however, this transfers the difficulty to the determination of the convection ve-
locity. There are further promising approaches from flow visualisation that distinguish
between features (vortices) and feature flow field (convection) (Günther et al., 2017). This
might also serve as an approach to define moving reference frames for a modal decom-
position.

Another approach to handle convection in a decomposition can be inspired by the
handling of the time-domain in the SPOD (see section 2.1). In analogy to the definition of
a local time-scale, the spatial coherence can also be considered only locally. This would
mean to consult a correlation function of the form

R(r, r′, τ, τ ′) =

∫∫
u(x+ r, t+ τ)w(r + cτ)u∗(x+ r′, t+ τ ′)w∗(r′ + cτ ′)dxdt, (4.1)

where the convective velocity scale c accounts for the relative scaling of local time τ and
local distance r. The integral is considered in analogy to equation (2.8), where the Gaus-
sian weighting function w determines the extent of the local scales. The solution of the
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corresponding Lumley integral equation
∫∫

R(r, r′, τ, τ ′)Φi(r
′, τ ′)dr′dτ ′ = λiΦi(r, τ) (4.2)

will give modes that only depend on relative distances and are therefore translation
invariant in space and time. They might be interpreted similarly to spatio-temporal
wavelets with the difference that their construction is data-driven, which may result in a
basis that is much more compact. This decomposition might provide fundamental build-
ing blocks of turbulent flows that remain valid beyond a specific flow configuration. In
principal, this decomposition does not constitute a reduction of the dimensionality, since
the mode coefficients still depend on space and time. However, it could provide a use-
ful alternative to the rapidly developing use of convolutional neural networks for the
abstraction of flow data in machine learning algorithms (Ye et al., 2020).

In the current work, the investigations are focused on the analysis of global modes,
where the influence of convection is not very pronounced. Due to the global instability,
the entire velocity field oscillates at the same frequency and with a fixed mode shape.
This perfectly fits the representation by a modal decomposition. However, the ideas
presented here may inspire other researchers to probe these approaches where needed.

4.2 Coherent structures in turbulent flows

This section comprises the overall findings from the application of stochastic methods for
the description of hydrodynamic instabilities in turbulent flows. They originate largely
from the publications 3.4 and 3.5, but also from general findings from the entire disserta-
tion.

4.2.1 Observation of hydrodynamic instabilities in a turbulent flow

The observation of a hydrodynamic instability evolving in a turbulent flow must be in-
terpreted taking into account the background turbulence. The turbulence does not con-
stitute a secondary dynamic that exists on top of large-scale structures, but it interacts
with larger scales. This was shown in detail in the investigations in publication 3.4 and
publication 3.5, where the proposed stochastic model captures the dynamics.

The essential feature of the employed stochastic model is that it never settles to a fixed
point or limit cycle. The model is always perturbed by the stochastic forcing but it ex-
hibits deterministic dynamics when returning to the fixed point or limit cycle. Therefore,
it responds with an oscillatory dynamic to the broadband excitation. Since the turbulent
flow was seen to behave similarly, this led to the insight that the observation of a domi-
nant mode in the measurement data does not mean that the extracted structure belongs
to an unstable mode of the flow.

The further investigation of the interaction between the instability and the slow mean-
flow corrections (section 3.4) has shown that secondary dynamics play an important role.
The deterministic and stochastic dynamics must be strictly separated for the description
of the dynamics in a turbulent flow by the proposed stochastic method. Therefore, all
remaining flow dynamics that interact with the investigated instability must be covered
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in the model. They cannot be lumped with the stochastic perturbations, as this would
violate the basic assumptions of the method.

The accurate modelling of secondary dynamics provided a better understanding of
the investigated swirling jet. However, the basic approach still identifies the underly-
ing bifurcation very accurately. There were slight changes in the bifurcation point and
the magnitude of the linear growth rate. Nevertheless, the requirement of a profound
model for the flow dynamics should not discourage from applying the proposed stochas-
tic methods. The insights gained from the most simple models are already a big im-
provement compared to the consideration of basic statistical moments (e.g., mean and
variance).

4.2.2 Discrepancies between modal, phase averaged and instantaneous flow
structures

Although modal decompositions offer valuable opportunities to analyse flow dynamics,
the representation of the corresponding spatial structures is often unintuitive and cum-
bersome. The spatial velocity distribution of one mode does not explain a lot about the
associated coherent structure. The picture only emerges from the reconstruction of the
flow from the mean flow and the investigated mode. The reconstruction of the velocity
field and the further computation of finite-time Lyapunov exponents (FTLE) in publica-
tion 3.5 showed this very clearly.

The phase averaged flow constitutes the mean representation of the velocity that cor-
responds to a certain coherent structure. From the derivations of Sonnenberger et al.
(2000) it is clear that the phase averaged flow constitutes the sum of the mean flow, the
fundamental oscillation, and all higher harmonics. Therefore, a single (S)POD mode does
not constitute a coherent structure but only a part of it. The coherent flow field associated
with an (S)POD mode is obtained from the sum of the specific mode, the mean flow, and
the higher harmonics that are in phase with the mode. Usually, these higher harmon-
ics appear as additional modes with a fixed phase relation to the fundamental mode. In
practice, however, it is much more convenient to phase average based on the phase of the
fundamental mode.

In publication 3.5 the phase averaged flow is further used to compute FTLE fields.
This has been shown to be in remarkable agreement with experimental schlieren and
smoke visualisations. The resemblance of the instantaneous experimental observations
and FTLE visualisations indicate that the phase-averaged flow is characteristic for the
underlying coherent structure. Accordingly, the FTLE structures are prototype coherent
structures that represent the phase-averaged flow state. The undisturbed structure in the
FTLE images gives a clear picture of the coherent structure that facilitates the interpre-
tation of flow dynamics. This has been further demonstrated in a video awarded at the
APS Gallery of Fluid Motion (Sieber et al., 2016a).

4.2.3 Difference between measurement noise and turbulent perturbations

The modal decomposition of measurement data from turbulent flows usually gives a
small set of energetic large scale modes and a continuous range of smaller scales that fade
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into measurement noise at some point. For the representation of coherent structures, only
the few energetic modes are relevant. Since the smaller scales cannot be distinguished
from the measurement noise, the conclusion is close considering they are similar to mea-
surement noise. The representation of the flow as a sum of modes further confirms the
assumption that higher-order modes are only additive contributions. However, this led
to many false interpretations of low-order dynamics from modal coefficients in the cur-
rent work.

The actual difference between measurement noise and turbulent perturbations is that
the turbulent perturbations cause a response of the flow. The accurate incorporation of
turbulent perturbations into the dynamical models was the key element for the correct
interpretation of measurement data. Therefore, this short section shall remind that turbu-
lence can’t just be cut-off or filtered out like measurement noise. It constitutes an essential
part of the flow that must be modelled appropriately when it is not represented by the
considered state variables.

At the moment the flow is disturbed, the perturbation can be assumed to be just
a superposition. But the disturbance does not disappear immediately - it is dispersed
according to the prevailing fluid dynamics. Like a stone thrown into a lake, which is just
a random disturbance when it hits the surface, but the waves that spread on the water
are completely deterministic.

4.3 The dominant modes in a turbulent swirling jet

The general knowledge gained about the dynamics of the global (helical) mode is sum-
marised here. In contrast to previous studies focusing on one single configuration, the
variety of swirling jet flows analysed in the framework of this manuscript allows to draw
more general conclusions. For the sake of brevity, the term precessing vortex core (PVC)
is used in the following, which is commonly used in the gas turbine community for a
hydrodynamic global mode of helical shape. The following discussion gives a summary
of the different modes observed in swirling jets, the identified control parameters for the
PVC, and an alternative explanation for the observed bifurcation scenarios.

4.3.1 Observed modes and mode interactions in a swirling jet

Throughout the investigations, the single helical PVC was always the most dominant
oscillatory mode that appeared solely due to fluid dynamics. In combustion-related in-
vestigations (publication 3.2 and 3.3), a dominant axis symmetric mode appears due to
the thermo-acoustic (TA) oscillations, which is referred here as TA mode. Often, a second
helical mode in the wake of the breakdown bubble is observed (publication 3.1, 3.2, and
3.4), which is referred here as wake mode.

It was shown that the presence of a TA mode of low amplitude modulates the PVC
frequency. However, at large TA mode amplitudes, the PVC dynamic is suppressed. The
wake mode, instead, is not affected by the TA mode in the presented investigations. This
is most likely because the TA mode and wake modes have only little spatial overlap.
The PVC and the wake mode, however, overlap in the breakdown bubble and they show
modal interaction. In the high swirl case analysed with the SPOD in publication 3.4,
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modes at interaction frequencies occur. The relevant SPOD spectrum is replicated in
figure 4.1 to discuss further aspects in the next section.

Beyond the oscillatory modes, there appear two relevant shift-modes that are not dis-
tinguished up to this point. First, there is one shift-mode that corresponds to the stream-
wise movement of the breakdown bubble (shift-mode 1), which is referred to in the pre-
sented publications. Second, another shift-mode can be identified from the SPOD modes
corresponding to a change of the breakdown bubble width (shift-mode 2). Both modes
and their effect on the flow are discussed in more detail in the investigation of Rukes et al.
(2015).

The two shift-modes are brought up to provide a tentative physical explanation of
the existence of the two saturation mechanisms in the stochastic mean-field model (see
publication 3.4). The pressure measurements used in the investigations indicate only
shift-mode 1, which is assumed to be strongly driven by random swirl fluctuation in the
setup. On the other hand, shift-mode 2 is mainly driven by Reynolds stresses induced by
the PVC. Accordingly, the delayed saturation in the mean-field model is governed by shift-
mode 1 and the direct saturation is governed by shift-mode 2. Since the direct saturation can
be implicitly handled by the model through the cubic saturation term, the corresponding
shift-mode does not need to be explicitly represented in the model.

The comprehensive studies of the swirling jet provided a very clear picture of the
participating modes and underlying dynamics. This helped to identify the source of dy-
namic phenomena in a swirl stabilised combustors (see section 3.3). Furthermore, this can
give a guideline to interpret the dynamics in future investigations of swirling flows. The
rediscovery of modes in various studies has reinforced the evidence that the phenomena
described here are general properties of swirling jets.

4.3.2 Stochastic modelling for the entire SPOD spectrum

The development of a stochastic model has provided a simple procedure to assign a
growth rate to the dominant mode in a flow. This raises the question: Why shouldn’t
a growth rate be assigned to each SPOD mode of the flow? The stochastic modelling, as
applied to the PVC, is not suited for this task because low-energy modes are not resolved
correctly, which hinders the determination of the effective noise intensity disturbing each
mode. However, the shape of the magnitude probability density function (PDF) can be
determined to give a ranking of the instability. Therefore, the magnitude PDF of each
mode pair is fit to the analytical function (3.19) in publication 3.4 and the fit parameter c1
is used to indicate the mode stability. The SPOD coefficient magnitudes are normalised
by the mean value prior to the fit, such that the value of c1 converges to −π/4 for a
Rayleigh distribution, which indicates the limit of purely random dynamics.

The representation of the SPOD spectrum with the common display of mode coher-
ence and the new display of mode growth rate is given in figure 4.1. The principal dif-
ference to the previous representation is that it is possible to distinguish between stable
and unstable modes. The new representation with the growth rate (figure 4.1 bottom),
indicates the PVC (1) and its first two harmonics (2 and 3) as unstable modes. These are
followed by the marginally stable wake mode (4), the higher harmonic of the wake mode
(6), and a meandering mode in the far wake (5). The old representation (figure 4.1 top),
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FIGURE 4.1: (top) SPOD mode spectrum reproduced from figure 5 of publication 3.4 showing
mode energy K across the Strouhal number St, where marker size and colour represent the spec-
tral coherence of mode pairs (equation (2.21) of publication 3.1). (bottom) An adaption of the
SPOD spectrum, where marker size and colour represent the growth rate of the mode according
to the magnitude PDF. The numbering in both representations is in decreasing order according
to the marker size. Red numbers indicate unstable modes in the growth-rate representation (bot-

tom).

assigns also the PVC to be the most dominant mode (1). However, the wake mode (3) is
found to be similarly important as the second harmonic of the PVC (2), according to the
mode coherence. This is followed by the harmonic of the wake mode (4), an interaction
mode (5), and the second harmonic of the PVC (6).

Generally, the ranking of the modes by growth rate clearly distinguishes between the
primary instability and secondary dynamics. It similarly assigns the fundamental and
higher harmonics of the PVC to one category. This is plausible since they add up to one
coherent structure as disused in the previous section. The growth rate representation
looks very promising for the analysis of flows with potentially unclear dynamics and can
complement or replace the representation with the mode coherence.

The PDF of the mode pair magnitude can be linked to the phase portrait of a mode
pair (e.g., figure 2 in publication 3.1). An unstable mode exhibits a clear limit cycle that
appears as a "doughnut" shape due to the turbulent perturbations. If these doughnuts
become filled, the modes belong to more stable flow structures. Entirely random mode
pairs exhibit a 2D Gaussian distribution that converts to a Rayleigh distribution in the
magnitude representation. Therefore, the ranking of modes by growth rate from the PDF
gives a measure for the phase portrait characteristics that also relates to the hydrody-
namic stability of modes.
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4.3.3 Control parameters of the PVC bifurcation

In agreement with previous studies, the presented stochastic models showed that the
swirl number controls a supercritical Hopf bifurcation of the swirling jet that leads to the
PVC. The fundamental scientific addition is that the change of the oscillation magnitude
with the swirl number is not a good indicator to identify the stability margin. Due to the
turbulent perturbations, different characteristics are observed that are also referred to as
stochastic Hopf bifurcation in related studies (Noiray & Schuermans, 2013; Noiray, 2017).

The density ratio between the jet and the breakdown bubble was further studied as a
possible control parameter for the bifurcation. This was motivated by the findings from
swirl-stabilized combustors, where the suppression of the PVC is observed for specific
flame shapes. The current studies confirmed the relevance of the density ratio to some
extend. It was shown that the Reynolds number of the flow plays an important role
in this context, due to the introduction of small scale mixing. This mixing changes the
density profiles and position which is of similar importance for the stability properties
as the density ratio. The Reynolds dependency in the stratified investigations contrasts
with the isothermal case, where the bifurcation is largely independent from the Reynolds
number.

The following section will provide a further explanation for the role of the Reynolds
number for the density ratio as PVC control parameter. There, the influence of turbu-
lent perturbations on the stochastic Hopf bifurcation is investigated, assuming that the
perturbations scale with the Reynolds number.

4.3.4 Explanation of experimental observations by a subcritical bifurcation

There are two observations in the investigation of stratified swirling jets for which the
explanations given in the respective investigations are not entirely satisfactory. First,
there is the sudden occurrence of a PVC in the investigation of the transient flame shape
transition (section 3.3). Second, the absence of the density influence on the bifurcation at
higher Reynolds numbers in the parametric swirling jet study (section 3.5). The following
statements are intended to provide an alternative explanation, whereby the saturation
mechanism in the amplitude equation is reconsidered.

In the transient investigations (section 3.3), the sudden occurrence of the PVC initiates
the transient procedure that leads to the detachment and subsequent reattachment of the
flame. However, the base state from which the procedure starts is actually stable and all
perturbations must decay. In the investigations, it is argued that the PVC induced mixing
decreases the density difference which in turn increases the growth rate of the PVC that
might lead to a self-amplifying process. However, such a mechanism is inconsistent with
the emergence of PVC from a supercritical Hopf bifurcation. Accordingly, an increase of
the PVC amplitude is expected to decrease the growth rate due to the induced Reynolds
stresses. The positive feedback, such as the proposed increase due to mixing, would
rather call for the description of the dynamics by subcritical Hopf bifurcation.

In the parametric swirling jet study (publication 3.5), the absence of density ratio
effects at higher Reynolds numbers was only explained qualitatively by an increase in
mixing. With regard to a subcritical bifurcation, parts of the results of the investigation
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FIGURE 4.2: Probability density functions of the PVC oscillation magnitude a) at specific opera-
tion conditions as marked by the red x in the stability map b). The stability map is a reproduction

of figure 14 from publication 3.5.

should be examined more closely. A more detailed view on the change of amplitude
probability density functions (PDF) at different density ratios is given in figure 4.2. The
focus on this specific part of the data is due to the bimodality visible in the PDF. Although
the density ratio is changed in very small steps, there is no continuous transition of the
PDF. Furthermore, the PDF switches between the two preferred locations as the density
ratio gradually decrease. This characteristic is indicative for a bistable regime which also
calls for the presence of subcritical bifurcation rather than a supercritical bifurcation.

The form of the amplitude equation (3.5) in publication 3.4 was selected explicitly to
handle supercritical bifurcations. However, the addition of the next higher-order term
allows to furthermore describe subcritical bifurcations (Noiray, 2017; Lee et al., 2019;
Zhu et al., 2019). Accordingly, the slow dynamics of the magnitude of the oscillatory
amplitude read

˙|A| = σ|A| − α|A|3 − γ|A|5 +
Γ

|A| + ξA, (4.3)

with the additional quintic term γ|A|5. The linear growth rate is still represented by σ

which may take positive and negative values governing the bifurcation of the flow. The
parameter α now is allowed to take also negative values that correspond to an increase
of the growth rate for moderate amplitudes, which was discussed above in the context of
PVC induced mixing. The saturation in the limit-cycle is then governed by the constant
γ which is required to have positive values only. Otherwise, the amplitude may grow
infinitely. The remaining terms are governed by the stochastic perturbation in analogy to
the original implementation in publication 3.4.

From the amplitude equation (4.3) the potential and the corresponding probability
distribution according to equations (3.17) and (3.18) in publication 3.4 is derived. To
discuss different aspects of the equation, several prototype bifurcations are presented in
figure 4.2. There, the linear growth rate σ is assumed to be proportional to the hypo-
thetical number S ranging from −2 to 2. Three different scenarios concerning the noise
intensity are given: a laminar flow with Γ = 0, a weakly turbulent flow with Γ = 0.01,
and a strongly turbulent flow with Γ = 0.1. This shows the effects of turbulence on a
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FIGURE 4.3: Schematic representation of possible bifurcation scenarios in isothermal and strati-
fied swirling jets at different turbulence levels. The plots indicate the oscillation magnitude |A| at
different swirl numbers S. The contours represent the probability density function of the oscilla-

tion magnitude. The lines indicate fixed points and limit-cycles as annotated in the graph.

supercritical bifurcation with α = 1 and γ = 0 as well as a subcritical bifurcation with
α = −2 and γ = 3.

The representation of these prototype bifurcations in figure 4.2 show known char-
acteristics for the laminar case, where the additional term in the subcritical bifurcation
leads to a bistable regime between saddle node and Hopf point. There, the flow state can
either converge to the stable fixed point or to the stable limit-cycle. The weak turbulent
perturbations cause the emergence of oscillations in the entire subcritical regime for both
scenarios. Furthermore, the bistable region in the subcritical bifurcation shrinks since
the turbulent perturbations push the amplitude across the unstable limit-cycle at some
point. For strong turbulent perturbations, this can lead to the complete elimination of the
bistable regime. In consequence, there is no longer a pronounced difference between the
subcritical and the supercritical scenario.

Concerning the presented scenarios, the experimental observations can be explained
as follows. In the case of the transient change of the flame shape publication 3.3), a sub-
critical bifurcation with weak turbulence is considered. In that case, the flow is assumed
to be in the bistable regime between saddle node and Hopf point. The initial condition
of the flow is the stable fixed point with damped PVC oscillations. However, at some
time the stochastic perturbations are strong enough to push the amplitude across the un-
stable limit-cycle. Therefore, the PVC becomes unstable and starts to converge to stable
limit-cycle oscillations. Due to the changing flame shape, the TA mode arises, which
has a destructive interference with the PVC oscillations. This pushes the PVC amplitude
below the unstable limit-cycle and reinitialises the flow state.

For the heating induced bifurcation of the flow (section 3.5) the situation is slightly
different. In consistency with the previous explanation, a subcritical bifurcation with
weak turbulence is considered for the low Reynolds number case, where an effect of
the density ration on the bifurcation is observed. However, it is assumed that mainly
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the Hopf point moves to higher swirl numbers due to the reduced density ratio. The
saddle node is assumed to stay approximately at the swirl number, where the isothermal
supercritical bifurcation occurs. Moreover, in the bistable regime, the flow is assumed
to have a preference for the stable fixed point. This would explain the movement of the
bifurcation to lager swirl numbers as observed in the experiment.

In the investigation with a larger Reynolds number, no change of the bifurcation point
was observed with density stratification (reduced density rations). Concerning the sub-
critical bifurcation scenario, a change of the stochastic forcing leads to a reduced pref-
erence for the stable fixed point in the bistable regime. The extreme case with strong
disturbances shown in figure 4.2 illustrates that stochastic disturbances can eliminate the
probability of observing the system in the stable branch of the bistable regime. Therefore,
the increase of the stochastic perturbations due to a larger Reynolds number shifts the
transition point to smaller swirl numbers, at which the flow is no longer observable on
the stable branch. This may eliminate the change of the bifurcation point due to a reduced
density ratio. In practice, the change of the Reynolds number furthermore influences the
location of the Hopf or saddle-node point, as argued in publication 3.5. The combined
influence of the stochastic forcing and the change in parameters may be relevant for the
phenomenology observed in the experiments.

Considering the given experimental evidence, the explanations given here are rather
speculative. Nevertheless, they show an approach to be probed in future research. The
explanation of some of the experimental observations from a subcritical bifurcation pro-
vides a more consistent picture of the flow. However, the effect of stochastic disturbances
on subcritical bifurcation needs further investigation.

4.4 Concluding Remarks

The development and refinement of the methods in this thesis were driven by the curios-
ity to understand how things relate by probing their behaviour with experiments, data
analysis, and models. This led to valuable insights into the swirling jet and the dynam-
ics of the helical mode. The presented path provided a fundamental understanding of
the flow and has left behind several useful methods waiting to be tested on other fluid
dynamics problems. The key enabler provided by the different methods is summarised
here.

The separation of flow data in a modal decomposition gives the possibility to grasp
the flow dynamics from a few modes, which are obstructed in the original data. The fur-
ther assignment of individual coherent dynamics to separate modes by the SPOD allows
building simple models that capture the mode dynamics. In this context, the SPOD pro-
vides a weakly nonlinear representation of the flow dynamics that is very well suited to
approximate the dynamics by linear models supplemented with few leading nonlinear
terms. In doing so, the SPOD filter allows to adjust the extent of nonlinear effects, rep-
resented by the mode coefficients, in such a way that it fits the analysis and modelling
approach.

The representation of the fluid dynamics by a stochastic model allows a consistent
description of the observed dynamics and enables a better understanding of the physics
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of a turbulent flow. The inclusion of the stochastic forcing was an essential step to close
the gap between the experimental observations of turbulent flows and the low-order flow
models. Beyond the description of flow physics, a stochastic model will also be helpful
for predictive control and monitoring of the flow. Furthermore, the approach is not lim-
ited to the swirling jet, but can be applied to any flow that exhibits a global instability.
However, the swirling jet served well to investigate the onset of the global instability at
different turbulence levels since the bifurcation is largely independent of the Reynolds
number (at isothermal conditions).

The computation of FTLE visualisations of the flow relates the modal decomposition
to the spatial structures of experimental flow visualisations. Therefore, it provides an in-
tuitive representation of flow structures that facilitates access to the related fluid dynam-
ics. The FTLE of the phase-averaged flow gives a prototype coherent structure without
the turbulent perturbations. In doing so, it visually relates back to the laminar coherent
structures which were the starting point for modelling the dynamics.

The presented methods may inspire others to tackle their observations with new ap-
proaches. These methods can easily be transferred to other configurations, as some stud-
ies have already shown. For those who seek to take these methods further, the previous
sections in this chapter highlight some open topics that are worth being revisited.
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Appendix A

SPOD related supplements

A.1 Decomposition of experimental data from a turbulent jet

This section exemplifies the relation between time- and frequency-domain SPOD by the
decomposition of experimental data from a turbulent jet. The considered data are PIV
snapshots of the velocity vectors on a plane oriented along the symmetry axis of a round
jet. The experiments were conducted in a water tunnel with nozzle diameter (D) of 10mm
at a Reynolds number of 5000. The corresponding experimental setup can be found in a
previous publication Oberleithner et al., 2014 and will not be further detailed. The data
was acquired with a high-speed PIV system operated at 500 Hz, which corresponds to a
Strouhal number of 9.4, given as St = fu∞/D (f : frequency, u∞: jet bulk velocity). A
continuously acquired series of 3000 samples is investigated here.

To perform the frequency-domain SPOD, the time series is segmented into pieces of
120 samples that are weighted with a Gaussian window function. This corresponds to a
filter size of Nf = 60 (2.12) or an observation horizon T that is equivalent to two periods
of the most dominant frequency at St=0.3. From the entire series, 49 segments uk(x, τ)
with 50% overlap are created. These are Fourier transformed and the decomposition is
calculated from the eigenvalues of the spectral snapshot correlation (2.23) (compare also
Towne et al., 2018).

The time-domain SPOD is analogously computed from the snapshot correlation (2.10),
where the same segmentation as above is used. This approach provides only very coarsely
sampled coefficients â(tk) according to the utilised segment length and overlap. How-
ever, the temporal extension of the spatial modes can be easily obtained from this ap-
proach. Additionally, the decomposition is computed from the filtered correlation matrix
(2.11) where all 3000 samples are included (corresponds to 99% segment overlap). The
equivalence of the time-domain SPOD from 50% overlap with spatial correlation and 99%
overlap with snapshot correlation was verified by comparing the spatial modes at τ = 0
of both approaches.

The mode spectrum of time and frequency-domain SPOD is presented in figure A.1.
The frequency-domain SPOD is depicted by a line for each eigenvalue at all frequencies
λi(ω). A significant gap between the energy of the leading mode and the following modes
is indicative for a low-rank dynamic Schmidt et al., 2018. The spectrum of the time-
domain SPOD is given as a scatter plot, where each dot corresponds to one mode pair
that describes the real and imaginary part of a periodic oscillation Sieber et al., 2016c. The
modes are paired according to their spectral coherence (also called cross-spectral density
or harmonic correlation). This measure is indicated by the size and colour of the dots. It is
interesting to note that both representations indicate dominant coherent structures in the
Strouhal number range from 0.2 to 0.6. Apart from this, also the distribution of stochastic
fluctuations is comparable. These are represented by the continuous decrease of mode
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FIGURE A.1: SPOD spectrum for the frequency- (a) and time-domain (b) decomposition indicated
in percent of the total turbulent kinetic energy. The frequency-domain SPOD spectrum (a) is given
as a plot of each mode over St where the shades from black to white correspond to the mode
ordering (λ1 > λ2 > ... > λN ) Schmidt et al., 2018. In the time-domain SPOD spectrum (b), each
dot corresponds to one mode pair and the size and color of the dot indicate the spectral coherence
of the mode pair Sieber et al., 2016c. The red dots in (a) and numbers in (b) indicate the modes

that are shown in figure A.2.

energies in the frequency-domain representation (fig. A.1 a) and an even distribution of
modes with weak spectral coherence in the time-domain plot (fig. A.1 b).

The mode shapes for the different approaches are displayed in figure A.2 for three
selected frequencies. The figure shows the frequency-domain mode Φ̃(x, ω), the time-
domain mode Φ̂(x, τ = 0), and its Fourier transform

∫
Φ̂k(x, τ)e−iωτdτ , where ω matches

the frequency-domain mode. The frequency-domain mode is displayed at the frequen-
cies that correspond to dominant time-domain modes (see fig. A.1). Note that the fre-
quencies cannot be matched precisely since (for the frequency-domain SPOD) the fre-
quencies are determined by the acquisition rate and segment length.

Although the frequency-domain mode and the Fourier transform of the time-domain
modes should theoretically agree (see section A.5.1), we observe some differences in fig-
ure A.2. These deviations might be caused by the short time segment analysed, which
contrasts with the statistically stationary flow assumed for the derivations. The inves-
tigated segment should ideally cover all observed time scales, which often cannot be
achieved in experiments. Nevertheless, the dominant coherent oscillations are covered
and they show good agreement.

The comparison of the time-domain modes (fig. A.2 a-c) and the frequency-domain
modes (fig. A.2 g-i) further shows some clear differences for all frequencies. The domi-
nant wavelength agrees with the frequency-domain mode, but there are also other wave-
lengths contained and the wave train does not show a smooth evolution in the stream-
wise direction. These phenomena can be attributed to the growth of vortices in the jet and
vortex merging, which are both phenomena that are not captured by a frequency-domain
approach. For illustrative reasons, the entire space-time evolution of the most dominant
time-domain mode is given in figure A.3. The graph shows that this mode covers the
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FIGURE A.2: Spatial mode shapes for the frequency- and time-domain SPOD for three frequencies
indicated at the top of each column and in figure A.1, given as contours of the velocity in y-
direction. The top row (a-c) corresponds to the frequency-domain modes Φ̃(x, ω), the bottom row
(g-i) to the time-domain modes at zero time lag Φ̂(x, τ = 0) and the mid row (d-f) shows the

Fourier decomposition of the time-domain mode at the corresponding frequency.

spatio-temporal evolution of a periodic structure. The apparent tilting angle corresponds
to the convective speed or phase velocity of the structure.

The presentation of this example shows that the frequency- and time-domain SPOD
are directly related through a Fourier transform. However, for the analysis of wave dis-
persion, the frequency-domain approach is preferable, while for the investigation of in-
teractions between different wavelengths and/or vortex merging, the time-domain ap-
proach is more suitable. Therefore, the different decomposition strategies account for
different aspects of coherent structure dynamics.

A.2 Boundary conditions for the SPOD filter

The preceding derivations have not specified the treatment of domain boundaries for
finite data sets. They were omitted deliberately to allow a seamless description of the
derivations and different methods without introducing complicated notations. In this
section, we present four variants of possible boundary conditions and discuss their im-
pact on decomposition accuracy.

Generally, for convolutions like û(t) =
∫
w(τ)u(t+ τ)dτ , where the function w is

given and u is a finite measurement series, appropriate boundary conditions (BC) must be
defined. Since they are required in discrete numerical implementations, we present them
as discrete formulas. Therefore, a discrete series uk of length N is considered together
with a filter gl of length 2Nf + 1 and the convolution ûk =

∑
gluk+l. The use of Gaussian

filter coefficients gl = exp( 3l
Nf

) has shown to provide good results. The first two BC were
already proposed in Sieber et al. (2016c) and two new BCs are added here. For each BC
variant, the short description and the recommended applications for the convolution of
the time series uk with the filter gl are given in the following subsections. The effect of
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FIGURE A.3: Surface plot of the entire time-domain SPOD mode Φ̂(x, τ = 0) given in figure A.2
(g).

different BC on the SPOD will briefly be discussed in appendix A.3. Furthermore, the
effect of the different BC on A.4 is shown.

Periodic BC

With periodic BC a periodic continuation of the time series is assumed. For a numerical
implementation, this is best described using the modulus function (mod)

ûk =

Nf∑

l=−Nf

glumod(k+l,N). (A.1)

For periodic BC the time-domain SPOD converges to a Fourier decomposition for in-
creasing filter size. However, the approach is only advisable for statistically stationary
time series.

Zero padded BC

For zero padded BC, the signal is padded with zeros for values outside of the measured
sequence. This can be equivalently described by limiting the summation to the existing
data

ûk =

min(N−k,Nf )∑

l=max(−k,−Nf )

gluk+l, (A.2)
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FIGURE A.4: Comparison of different boundary conditions for the separation of a periodic signal
from noise. The time series show a generic noisy signal as dashed line and the filtered signal as
thick solid lines. The pictogram indicate the signal treatment and are reconsidered in figure A.7.

where min and max describe the minimum and maximum function, respectively. This
BC might be an option for transient measurements, where periodic conditions do not
apply. The mean of the data should be removed to avoid steep jumps at the boundaries,
but data with drifts may still be prone to BC artefacts.

Unbiased BC

The unbiased BC is intended to eliminate the degradation of the zero-padded BC by
weighting it with the actually summed data. It was previously proposed by Protas et
al. (2015) to avoid degradation of the autocorrelation. For this BC, the summation is
conducted only over the existing data, analogously to the zero padded BC and divided
by the sum of the corresponding filtered coefficients, reading

ûk =

∑min(N−k,Nf )

l=max(−k,−Nf )
gluk+l

∑min(N−k,Nf )

l=max(−k,−Nf )
gl

. (A.3)

The approach may work for transient series with drift, but the influence of the first and
last snapshot is stronger compared to the rest of the sequence. Therefore, the unbiased
BC may lead to divergence for larger filter sizes.
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Truncated BC

For this BC, the filtered sequence is truncated to a valid subset for which the convolution
can be applied without restrictions

ûk =

Nf∑

l=−Nf

gluk+l , Nf < k < (N −Nf ). (A.4)

This procedure does not restrict the SPOD to special kinds of time series, but it reduces
the possible information obtained from the sequence. The length of the filtered time series
reduces by twice the size of the filter. Therefore, this BC is limited to filter sizes shorter
than the analyzed series, as the length of the valid sequence reduces with increasing
Nf . For this kind of BCs, the time-domain SPOD is equivalent to delay embedding as
described in section 2.4.

A.3 Decomposition of generic noisy data

The possibility to judge the quality of the decomposition from real flow data is always
strongly limited because the true decomposition is rarely known. Therefore, we investi-
gate generic data with additive noise to show the effect of the filter size and BC on the
time-domain SPOD.

This short evaluation is also meant to highlight some aspects of the close relation
between the HAVOK approach (Brunton et al., 2017) and the time-domain SPOD. The
HAVOK approach comprises the use of time-delay embedding in connection with a POD
(SVD) based reduction of system complexity. The time coefficients of the leading POD
modes are used to develop reduced-order models of the underlying dynamic system.
One of the key findings was that this approach tends to favour linear systems and non-
linear effects appear as intermittent forcing.

To mimic the signal of a coherent structure in a turbulent flow, we generate a time
series of an amplified periodic signal and add normally distributed white noise to the
series. The same approach was adopted by Dawson et al. (2016) to evaluate the accuracy
of DMD under noisy conditions. Moreover, the dynamics are chosen to be linear, which
favours the properties of the SPOD (Sieber et al., 2016c). The task of the decomposition
in this scenario is to separate the coherent dynamics from the stochastic noise. This is
quantified by how accurately the dynamics of the linear system might be recovered after
the decomposition.

The investigated signal is an amplified periodic oscillation that is observed at different
phase angles. This can either be represented by a spatial function that is temporally
modulated (like in the modal decomposition)

u(x, t) = eσt
[

sin(ωt)
cos(ωt)

] [
sin(kx) cos(kx)

]
+ n(x, t) (A.5)

or alternatively as a travelling wave in space and time

u(x, t) = eσt cos(kx− ωt) + n(x, t). (A.6)
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FIGURE A.5: Generic data sequence representing an amplified travelling wave. a) pure signal, b)
signal with additive noise of SNR = 1 and c) time series at x = 1 for pure (red) and noisy (black)

signal.

The additional term n represents the noise which is modelled as normally distributed
random numbers and scaled to match a specific signal-to-noise ratio (SNR), given as

SNR =

∫∫
s2(x, t)dxdt∫∫
n2(x, t)dxdt

, (A.7)

where s = u−n indicates the periodic part of the signal. The dynamics can be represented
by a linear system as

[u(t+ ∆t, x1), ..., u(t+ ∆t, xN )]T = A[u(t, x1), ..., u(t, xN )]T , (A.8)

where the matrix A contains all system dynamics Taira et al., 2017. The frequency ω
and temporal growth rate σ shall be recovered from the later decomposition of the noisy
data. The actual test signal is presented in figure A.5 for a SNR = 1. The time-domain
parameters of the test signal are chosen to be ω = 6.22s−1 and σ = 0.126s−1 with a
sampling rate of 10Hz and a length of 105 samples. The odd numbers of the generic
signal are chosen to avoid matching phases at the beginning and the end of the signal as
well as common multipliers of sampling rate and frequency.

The evaluation procedure of the test signal is as follows:

1. Compute snapshot correlation and filter with a Gaussian filter of size Nf (2.12).

2. Perform eigenvalue decomposition of the correlation matrix to obtain temporal co-
efficients a.

3. Create coefficient state matrices that are truncated to the r leading modes

Y0 =



a1(t1) · · · a1(tN−1)

...
. . .

...
ar(t1) · · · ar(tN−1)


 ; Y1 =



a1(t2) · · · a1(tN )

...
. . .

...
ar(t2) · · · ar(tN )


 (A.9)
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FIGURE A.6: Scatter plot of estimated system dynamics for 1000 repeated runs with SNR = 1,
periodic boundary conditions and six different filter lengths Nf , as indicated by the legend. The

dashed lines indicate the true value for frequency ω and amplification rate σ.

4. Compute eigenvalues µi of matrix A = Y1Y0
−1 (the inverse might be a pseu-

doinverse or the matrix can be inferred from a regression like A = Y_1/Y_0’ in
Matlab)

5. The estimated frequency and amplification rate of the signal are given by

σ̂i + iω̂i =
log(µi)

t2 − t1
. (A.10)

The estimate of the dynamic parameters is essentially a dynamic mode decomposition
(DMD) as described by Dawson Dawson et al., 2016. The main difference compared to a
DMD is that the coefficients are taken from an SPOD instead of a POD.

The procedure is repeated 1000 times with different noise distributions, for six dif-
ferent filter sizes Nf , and the four different BCs proposed above. The decomposition is
always truncated to the two leading SPOD modes according to the dynamic content of
the generic signal. Therefore, the estimate of the dynamics results in a pair of complex
conjugate eigenvalues µi.

Figure A.6 shows the estimated dynamics for a fixed SNR and BC. The graph indicates
that the error of the amplification rate is generally more pronounced than the frequency
error. Moreover, the estimates become less scattered as the filter size is increased. Figure
A.6 further indicates that two different errors occur: First, there is an average offset of the
estimated values and second, there is variance due to random noise. To incorporate both
error sources in a common measure, the RMS error of the estimates fromNk = 1000 trials
with different added noise is considered. The normalised RMS frequency error reads

Eω =
1

ω

√√√√ 1

Nk

Nt∑

k=1

(ω − |={µ̂k}|)2 (A.11)

and the normalised RMS amplification error reads

Eσ =
1

σ

√√√√ 1

Nk

Nt∑

k=1

(σ −<{µ̂k})2. (A.12)
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Figure A.7 shows both error measures for all the tested parameters. In these graphs,
the case for Nf = 0 corresponds to a POD decomposition and therefore, the estimation
of the dynamics is equivalent to a DMD of the time series. There seems to be a general
lower bound of the SNR for which no reasonable estimation is possible. For the presented
data this boundary is slightly above an SNR of 0.1. All presented errors decrease with
increasing filter size for SNR close to this boundary. However, at larger SNR this trend
changes depending on the utilized BC.

For the periodic BC (figure A.7 a) the frequency error rises for large Nf . This is due
to the fixed frequency resolution that is introduced by the length of the signal and the
sampling rate. A period that matches the signal length would give zero error for large
Nf . The corresponding amplification error (figure A.7 b) converges to 1 for largeNf . This
is because the periodic BC results in a signal with zero amplification.

The zero-padded BC (figure A.7 c-d) is not affected by the frequency quantisation and
therefore does not show increasing errors at high SNR. However, there is a growth of
errors with increasing Nf at large SNR that cannot be explained so far. The amplification
error of a zero-padded signal, similar to the periodic BC, corresponds to a signal with
zero amplification.

The frequency error for the bias-free BC (figure A.7 e) is similar to the zero padded
BC, whereas the amplification error (figure A.7 f) provides smaller values at large SNR.
This is possible because the bias-free BC intent to retain the transient development of the
time series. Nevertheless, the performance does strongly depend on the first and last
samples of the signal.

The truncation BC (figure A.7 g-h) shows the best overall performance. However, the
error increases forNf = 50 and calculations are impossible forNf = 100, as increasing the
filter size reduces the possible signal length of the resulting SPOD coefficients. Therefore,
truncation BC performs good and robust for intermediate Nf , but deviates stronger for
large Nf .

The reconstruction of the dynamics from a time-domain SPOD with delay embedding
BC is principally equivalent to the HAVOK approach presented by Brunton et al. (Brun-
ton et al., 2017). The implementation with other BCs gives possible variants that might
be favourable for specific types of signals. Principally, the time-domain SPOD provides
coefficients that correspond to a local linearization of the dynamics Sieber et al., 2016c.
The linearization horizon corresponds to the filter size Nf and therefore allows to adjust
the dynamic properties of the decomposition. For the above task, the goal is the identi-
fication of linear dynamics, which favours large Nf given that the right BCs are utilized.
If there are strong nonlinearities present in the data, a large filter size might disperse the
dynamics among several modes (see appendix A.4). However, this might be intended to
model nonlinear interactions with a large but linear and therefore more simple system.
The smart idea by Brunton et al. (Brunton et al., 2017) was to reintroduce the nonlinear
effects as external forcing of the system. Although this measure does not allow for the
prediction of states beyond a nonlinear event, a deviation between the predicted and the
real state provides an indicator for an imminent nonlinear event.

A.4 Effect of filter variation on the SPOD

The influence of the selected observation horizon T on the decomposition is only shortly
regarded in appendix A.3. The observation horizon is synonymous with the filter sizeNf

that is presented in that section. However, the generic linear dynamics, which are iden-
tified in that section, do perfectly match the restrictions of the SPOD to such dynamics.
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FIGURE A.7: Frequency error (A.11) (a,c,e,g) and amplification error (A.12) (b,d,f,h)
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FIGURE A.8: Reproduction of a visualisation of the time-domain SPOD spectrum that was pre-
sented at the APS gallery of fluid motion Sieber et al., 2015. The image shows repeated spectra
like the one in figure A.1 (b) for changes of the filter size. The flow that is decomposed is the
turbulent swirling jet that was also presented in Sieber et al., 2016c. Note that the energy axis and

filter size axis (Fourier to SPOD to POD) are scaled logarithmically.

Therefore, no degradation of the decomposition for large filter sizes is observed. In con-
trast, measurement data from real flows can also contain coherent structures that feature
nonlinear phenomena. The usage of large filter sizes can pose to severe restrictions on
the SPOD, which hinders the identification of such coherent structures.

The phenomenology was visualised in a poster that is reproduced in figure A.8. It
shows several SPOD mode spectra like the one given in figure A.1 (b), with the filter
size Nf gradually changing from the length of the time series (Fourier) to zero (POD).
Therefore, every energy-frequency-plane represents one version of the decomposition of
the data set. The visualisation highlights that three coherent modes are present, which
are only isolated for intermediate filter settings. They are marked with numbers and the
corresponding spatial structure is given at the side. For the intermediate filter sizes, a
slight variation of the filter does not change the general decomposition, it only changes
the relative energy distribution among modes.

It is visible that there is an optimal range for the filter setting to identify the coher-
ent structures in the SPOD spectrum. It should be large enough to get distinct coherent
structures and small enough to avoid the dispersion of coherent structures among sev-
eral modes. The choice depends on the investigated flow, but a good rule of thump is the
selection of one or two periods of the coherent structure of interest.

A.5 Mathematical derivations

This section gives some detailed mathematical derivations of the equalities presented in
the paper.



152 Appendix A. SPOD related supplements

A.5.1 Conversion of the modes from time- to frequency-domain

We start with the time-domain integral equation (2.9)
∫∫

R̂(x, x′, τ, τ ′)Φ̂k(x
′, τ ′)dτ ′dx′ = λkΦ̂k(x, τ), (A.13)

which is multiplied with e−iωτ and integrated across τ (
∫

dτ ), giving
∫∫∫

R̂(x, x′, τ, τ ′)Φ̂k(x
′, τ ′)e−iωτdτdτ ′dx′ = λk

∫
Φ̂k(x, τ)e−iωτdτ . (A.14)

This equation is simplified assuming a statistically stationary time series, which results
in a correlation function that only depends on time differences, giving R̂(x, x′, τ, τ ′) =

R̂(x, x′, τ ′ − τ) (George, 1988). Rearranging (A.14) and inserting eiω(τ
′−τ ′) = 1 leads to

∫∫∫
R̂(x, x′, τ − τ ′)eiω(τ ′−τ)Φ̂k(x

′, τ ′)e−iωτ
′
dτdτ ′dx′ = λk

∫
Φ̂k(x, τ)e−iωτdτ , (A.15)

where the integrals can be separated using Fubini’s theorem
∫ ∫

R̂(x, x′, τ)e−iωτdτ

∫
Φ̂k(x

′, τ)e−iωτdτdx′ = λk

∫
Φ̂k(x, τ)e−iωτdτ (A.16)

and the insertion of equation (2.20) ultimately leads to
∫
R̃(x, x′, ω)

∫
Φ̂k(x

′, τ ′)e−iωτ
′
dτ ′dx′ = λk

∫
Φ̂k(x, τ)e−iωτdτ . (A.17)

The comparison of (A.17) with (2.21) leads to the conclusion that the modes that result
from the frequency-domain SPOD are identical with the Fourier transform of the time-
domain modes that reads as

Φ̃k(x, ω) =

∫
Φ̂k(x, τ)e−iωτdτ . (A.18)

A.5.2 Conversion of the SPOD snapshot correlation

The derivation starts with equation (2.23), and a Gaussian weighting function w(τ) =
exp(−(τ/T )2) is assumed:

S̃(t, t′, ω) =

∫ ∫
u(x, t+ τ)w(τ)e−iωτdτ

∫
u∗(x, t′ + τ ′)w(τ ′)eiωτ

′
dτ ′dx (A.19)

=

∫∫ ∫
u(x, t+ τ)u∗(x, t′ + τ ′)dx w(τ)w(τ ′)eiω(τ

′−τ)dτdτ ′ (A.20)

=

∫∫
C(t+ τ, t′ + τ ′)w(τ)w(τ ′)eiω(τ

′−τ)dτdτ ′ (A.21)

The change of variables with τ = α+ β and τ ′ = α− β gives

S̃(t, t′, ω) =

∫∫
C(t+ α+ β, t′ + α− β)w(α+ β)w(α− β)e−iω2β2dαdβ, (A.22)
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where the weighting can be simplified to w(α+ β)w(α− β) = w2(α)w2(β), which allows
to insert the time-domain correlation (2.11) giving

S̃(t, t′, ω) =

∫ ∫
C(t+ α+ β, t′ + α− β)w2(α)dα w2(β)e−iω2β2dβ (A.23)

=

∫
Ŝ(t+ β, t′ − β)w2(β)e−iω2β2dβ. (A.24)

Replacing τ again with τ = 2β and using w2(β) = w(2β) gives

S̃(t, t′, ω) =

∫
Ŝ(t+ τ/2, t′ − τ/2)w(τ)e−iωτdτ. (A.25)

The transformation from frequency- to time-domain of the snapshot correlation is
given by integrating all frequencies (or by the inverse Fourier transform at τ = 0)

Ŝ(t, t′) =

∫
S̃(t, t′, ω)dω (A.26)

=

∫ ∫
S̃(t+ τ/2, t′ − τ/2)w(τ)e−iωτdτdω (A.27)

=

∫
S̃(t+ τ/2, t′ − τ/2)w(τ)δ(τ)dτ (A.28)

= Ŝ(t, t′) (A.29)
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