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Abstract

Passively mode-locked lasers produce regular optical pulse trains at high repetition rates
and find many applications in science and technology. This thesis numerically investigates
two specific devices: a monolithically integrated three-section tapered semiconductor
quantum-dot laser and a V-shaped external cavity semiconductor laser. Both lasers are
motivated and complemented by experiments. Special attention is given to the spatio-
temporal intra-cavity electric field and active-medium gain dynamics. The results are
used to predict optimal laser configurations and operating conditions.

For both lasers, device-specific numerical models, which explicitly include the spa-
tially-inhomogeneous electric field and active medium evolution, are derived from first
principles. In order to characterize the temporal pulse train stability, a review of the
established long-term timing jitter estimation methods and their applications to simu-
lated time series is presented. Additionally, a new computationally efficient pulse-period
fluctuations based method is introduced. All methods are benchmarked with respect to
their computational demands. The results are used to deduce usage recommendations
for the various methods.

The three-section tapered quantum-dot laser produces competitive pulse perfor-
mances in all measures. Both the pump current dependent sequence of observed emission
states, as well as the evolution of the performance figures, can be reproduced by the nu-
merical model. The results are explained in terms of the device geometry and the active
medium dynamics. The analysis further unravels a pulse-shaping mechanism that is con-
trary to the published literature: Pulses broaden in the absorber and shorten in the gain
sections. The numerical model is further used to map and understand the dynamics in
the operation parameter space, and to explore and identify an optimal device design with
respect to the taper angle and the saturable absorber position.

The V-shaped external cavity laser stands out by exhibiting pulse-cluster mode-
locking states at larger pump currents. The experimentally observed pump-current de-
pendent sequence of emission states can be reproduced and understood in terms of the
gain and net-gain dynamics. The twofold interaction with the gain chip in the forward
and backward direction is identified as the governing feature. The emission dynamics
are consequently demonstrated to critically depend on the gain-chip position. Favorable
emission states distribute the pulse interactions with the gain chip equidistantly. Their
stability is limited by positive net-gain windows, which are characteristic for the given
cavity configuration. Based on the net gain, analytic stability boundaries for the funda-
mental mode-locking state are derived and optimal cavity configurations are predicted.

Apart from the modeling and simulation techniques, this thesis presents evaluation
and visualization methods, which enable the analysis of mode-locking and pulse-shaping
mechanisms. Their application may facilitate the investigation and exploration of future
generations of high-performance passively mode-locked lasers.
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Deutsche Zusammenfassung

Passiv modengekoppelte Laser erzeugen periodisch optische Pulse mit hoher Wieder-
holungsrate und finden viele Anwendungen in Wissenschaft und Technik. Diese Dis-
sertation untersucht numerisch zwei spezifische Laser: einen monolithisch integrierten
Halbleiter-Quantenpunktlaser mit drei Sektionen und einen V-förmigen Halbleiterlaser
mit externem Resonator. Die Simulationen werden durch Experimente motiviert und
ergänzt. Ein besonderer Schwerpunkt der Arbeit liegt auf der raum-zeitlichen Dynamik
des elektrischen Felds und des aktiven Mediums. Die Ergebnisse der Modellierung wer-
den anschließend verwendet, um optimale Laserkonfigurationen und Betriebsbedingungen
vorherzusagen.

Zunächst werden für beide Laser spezifische numerische Modelle aus fundamen-
talen Gleichungen hergeleitet, die explizit das räumlich inhomogene elektrische Feld
und Verstärkermedium einbeziehen. Beide Modelle werden durch die Reproduktion
experimenteller Ergebnisse validiert. Um die zeitliche Pulszugstabilität zu charakter-
isieren, wird ein Überblick über die etablierten Methoden zur Bestimmung des Long-
Term Timing-Jitters und die Anwendung auf simulierte Zeitreihen gegeben. Darüber
hinaus wird in dieser Arbeit ein neues recheneffizientes Verfahren zur Bestimmung der
Pulsregularität eingeführt, welches auf einer Auswertung den Pulsperiodenfluktuationen
basiert. Alle existierenden und neuen Methoden werden bezüglich ihres Rechenbedarfs
einem Benchmarking unterzogen, sodass aus den Ergebnissen Anwendungsempfehlungen
für die verschiedenen Methoden abgeleitet werden können.

Der Drei-Sektions-Quantenpunktlaser erzeugt optische Pulse mit herausragenden
Eigenschaften, d.h. mit honen Pulsleistungen und wenig Fluktuationen. Sowohl die
pumpstromabhängige Abfolge der beobachteten Emissionszustände als auch die Entwick-
lung der Leistungskennzahlen können durch das entwickelte numerische Modell abgebildet
werden. Darüber hinaus lassen sich die Ergebnisse mit der Resonatorgeometrie und der
Dynamik des Verstärkungsmediums erklären. Die weitere Analyse deckt einen Pulsfor-
mungsmechanismus auf, welcher der veröffentlichten Literatur widerspricht: Pulse ver-
breitern sich im Absorberabschnitt und verkürzen sich in den Verstärkungsabschnitten.
Die Charakterisierung der Dynamik im Betriebsparameterraum erlaubt es ein optimales
Laserdesign bezüglich des Konizitätswinkels und der Absorberposition zu identifizieren.

Der V-förmige Laser mit externem Resonator zeichnet sich durch eine komplexe
Emissionsdynamik bei größeren Pumpströmen aus, welche z.B. Pulse-Cluster-Modenkop-
plungszustände liefert. Die experimentell beobachtete pumpstromabhängige Abfolge von
Emissionszuständen kann in der Arbeit reproduziert und im Hinblick auf die Verstärkungs-
und Nettoverstärkungsdynamik verstanden werden. Als maßgebliches Merkmal wird die
zweifache Wechselwirkung mit dem Verstärkerchip in Vorwärts- und Rückwärtsrichtung
identifiziert. Es wird weiter gezeigt, dass die Emissionsdynamik kritisch von der Position
des Verstärkungschips im Laserresonator abhängt. Vom Laser favorisierte Emission-
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szustände verteilen die Wechselwirkungen der Pulse mit dem Verstärkungschip äquidis-
tant. Ihre Stabilität wird durch positive Nettoverstärkungsfenster begrenzt, die für
die gegebene Resonatorkonfiguration charakteristisch sind. Basierend auf der Nettover-
stärkung werden analytische Stabilitätsgrenzen für den fundamentalen Modenkopplungs-
zustand abgeleitet und optimale Resonatorkonfigurationen vorhergesagt.

Neben den Modellierungs- und Simulationstechniken werden in dieser Arbeit Auswer-
tungs-und Visualisierungsmethoden vorgestellt, welche die Analyse der Modenkopplungs-
und Pulsformungsmechanismen ermöglichen. Ihre Anwendung ist nicht auf die vorgestell-
ten Bauelemente begrenzt, sondern kann die Untersuchung und Erforschung zukünftiger
Generationen von verschiedensten passiv modengekoppelten Hochleistungslasern erle-
ichtern.
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1 Introduction

1.1 Dynamical Systems and Computational Physics
The introduction of calculus by Newton and Leibniz in the mid-1600s has greatly trans-
formed science by providing the means to quantitatively describe the time evolution of
dynamical systems. Complemented by experimental observations, the newly advanced
mathematical toolbox of the scientific method has lead to an ongoing explosion of knowl-
edge and technologies. To highlight the historical significance, the newly developed tools
of calculus, Newton’s second law of motion, and the inverse-square law of gravitation
represent the first unified quantitative theory for a wide range of physical phenomena
[FEY11]. This achievement is often expressed by the famous example that an apple,
which falls from a tree, is governed by the same physical laws as the motion of celestial
bodies1.

In particular, Newton’s second law of motion is formulated as a differential equation,
whose solution represents a time-dependent trajectory in the system’s state space. This
structural property reappears in the quantitative theories of natural phenomena, which
have been developed in the subsequent centuries, such as Maxwell’s equations, Gibb’s
fundamental relation of thermodynamics, and the Schrödinger equation. As pointed out
by Feynman [FEY17], it appears that all of natures fundamental laws are written in the
language of differential equations.

The subset of the physical phenomena, which can be described by linear differen-
tial equations, is well understood since extensive methods to obtain analytic solutions
have been developed in the past centuries. Critically, linear systems can be divided
into subcomponents, solved separately, and be put back together, which is known as
the superposition principle. This has lead, among others, to Fourier analysis, Laplace
transforms and other integral transforms. In that sense, linear systems are the sum of
their parts [STR14a].

The analytic treatment of physical phenomena that require descriptions by nonlinear
differential equations, on the other hand, is often very limited or even impossible. The
extension of Newton’s treatment of the two-body problem to a three-body problem, e.g.,
first appeared very difficult and later turned out to be impossible. Progress could only be
achieved in the late 1800s by the work of Poincaré, who focused on qualitative rather than
quantitative properties of the solutions. On that account, Poincaré developed a geometric
approach to determine the asymptotic stability of equilibria and periodic orbits in the
dynamical system’s state space. This approach eventually evolved into the theory of
nonlinear dynamics and stability analysis [KUZ98a], which nowadays exhibits a scope
far greater than physics [STR14a]. However, the downside of this theory is that it only

1Exemplary for an improved theory, Newton could demonstrate that Kepler’s laws of planetary motion
could be easily derived within the new framework.
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1 Introduction

yields the asymptotic behavior of a given dynamical system and no transient dynamics,
i.e., no complete trajectories.

Many of mankind’s great problems are insufficiently understood, because either the
determination of the asymptotic equilibria and their stability is prevented by the in-
volved nonlinearities or the transient dynamics themselves are the object of interest.
Exemplifying the former, controlled nuclear fusion for electricity generation has been
on the roadmap for almost eight decades, yet still seems unattainable, as nonlinearities
hinder the effective control and containment of the generated plasma [FRE08, LOR09a,
MAR10d, PED16]. Illustrating the latter, accurate weather forecasts require quantita-
tively exact trajectories, which propagate the atmospheric state that has been constructed
from the data streams of weather stations [LOR63, ROU13a, AHR21]. The asymptotic
system state is of no relevance in that case. Both problems are difficult to tackle, because
they are both nonlinear and exhibit many degrees of freedom, i.e., they involve an infinite
continuum of spatial variables. Typically, the resulting dynamics are thus complex both
in space and time. From a theory and modeling perspective, the complexity in such
cases is generated by the self-consistent coupling of the system’s individual constituents.
Produced by such mechanisms, complex and nonlinear spatio-temporal dynamics can be
found in diverse fields ranging from general relativity to turbulent fluids, nonlinear waves,
neural networks, atrial fibrillation, and lasers [STR14a].

Significant progress regarding such problems has been made in the past decades due
to the invention of high-speed computers [PAN99, THI07, PRE07, STR14a]. Numerical
methods both provide the means to calculate individual trajectories by the direct inte-
gration of the differential equations and the search for and analysis of equilibria by path
continuation techniques [DOE09, SIE14a, UEC14]. Given sufficient computing power,
previously intractable problems can be numerically studied, in order to gain evidence
and intuition to formulate new hypotheses. The advancements of semiconductor tech-
nologies, as described by Moore’s law, thus have fueled computational physics by moving
more and more problems into the realm of reasonable simulation costs. However, nu-
merical methods often produce large amounts of data, which do not directly reveal the
desired answers, but encode them in the simulated features of the considered system’s
state space. It is therefore often the case that the processing, visualization, and anal-
ysis of the simulation data is as challenging as the simulation itself. On that account,
appropriate visualization techniques in particular are highly advantageous, in order to
find and recognize patterns in the simulation data, which allow to make deductions and
generalizations and to form new hypotheses.

This thesis studies the spatio-temporal dynamics of passively mode-locked semicon-
ductor lasers by numerical methods. The complexity in those devices is generated by the
self-consistent coupling of the intra-cavity electric field to the electrons of the optically
active gain medium [HAK86, CHO99, HAU04]. While both subsystems can be accu-
rately described by linear partial differential equations, namely Maxwell’s equations and
the Schrödinger equation, their mutual interaction creates the characteristic semiconduc-
tor nonlinearity [HAU04]. In order to not only evaluate the out-coupled optical pulse
trains, but also study the underlying mechanisms, techniques to visualize and interpret
the spatio-temporal pulse and gain dynamics are developed. The results are utilized to
identify and predict optimal laser configurations and operating conditions.

2



1.2 Semiconductor Lasers

1.2 Semiconductor Lasers
Only one year after lasing2 was first demonstrated in 19603 with a solid-state ruby gain
medium [MAI60, MAI61], the concept of a semiconductor laser was published by Basov
et al. [BAS61]. They suggested to achieve the amplification of light by stimulated
emission via the recombination of charge-carriers, which are injected across a semicon-
ductor p-n junction. This idea was promptly picked up and one year later in 1962
working semiconductor lasers were independently demonstrated by multiple laboratories
[HAL62, HOL62, NAT62, QUI62].

These early milestones lead to a rapid development, which resulted in lasers be-
ing nowadays ubiquitous in science and technology [CHO99, HEC10, BIM12]. Semi-
conductor lasers in particular are among the building blocs of today’s digital technol-
ogy [COL12], e.g., as light sources of the global optical-fiber data-telecommunication
network [KNO00, KEE03, BIM06, KUN07a, RAF11]. Even on other laser platforms,
e.g., solid-state based active media, semiconductor lasers are often used as efficient op-
tical pump sources [RUL05]. Alongside lasers, semiconductor-based optical amplifiers
[ADA85a, OMA88, SCH88j], electro-optic modulators [KAM66, ISL87, ZUC88], and
photodiodes [ROS02a] have been developed as further components of optoelectronic4

technologies. The ever increasing demand for data transmission and computation capa-
bilities requires and drives constant advancements of semiconductor laser technologies
towards improved operation speeds and efficiencies, and reduced footprints [BIM14].
Hence, the current 21st century has repeatedly been termed as the century of photonics
[LIF03, PAU06, THY14] in analogy to the 20th century of electronics.

Fundamental Light-Matter Interactions in Semiconductors

The working principles of semiconductor lasers and other semiconductor-based optoelec-
tronic devices rely on the interaction of light and matter. Being able to manipulate one
of those subsystems hence allows to manipulate the other one as well. The interaction is
provided by optically active quantum-state transitions, which are provided by the elec-
tronic band structure in semiconductors materials [CHO99, HAU04, FOX07, COL12a].

In thermodynamic equilibrium, i.e., without external driving, the electron-state oc-
cupation numbers are distributed according to the Fermi-Dirac distribution [CHO99,
HAU04]. Characteristic for semiconductors, the band structure exhibits an energy gap,
which contains the chemical potential (Fermi energy). As a result, the respective lower
band is almost fully occupied and is referred to as the valance band, while the upper
band is almost empty and is referred to as the conduction band. The considered optical
transitions then occur across the band gab between the conduction and the valance band.

The fundamental interaction processes between photons and the electronic semicon-
ductor band structure are sketched in Fig. 1.1. The panels from left to right represent
the (stimulated) absorption, stimulated emission and spontaneous emission of a photon
via an intra-band electronic transition. Full and empty circles indicate occupied and
unoccupied electronic states. In the case of (stimulated) absorption (a), a photon pro-

2The word laser is an acronym for “light amplification by stimulated emission of radiation“. The back-
formed verb to lase has been adapted to describe the emission of coherent light from a laser.

3The first demonstration of a laser was preceded by a number of important discoveries and predictions
[PER99, EIN17, SCH58]. See Ref. [HEC10] for a detailed history.

4Optoelectronics describes the interface between electronic and photonic technologies.
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1 Introduction

Figure 1.1: Sketch of the fundamental light-matter interactions in direct band gap semiconduc-
tors. The panels from left to right illustrate the (stimulated) absorption, stimulated
emission and spontaneous emission of a photon via an intra-band electronic transi-
tion. Full and empty circles indicate occupied and unoccupied electronic states in
the valance band (bottom) and the conduction band (top). Based on [LIN15b].

motes an electron from the valance band to a vacant conduction-band state. Stimulated
emission (b) describes the reverse process, where a photon triggers the transition of a
conduction-band electron to an unoccupied valance-band state under the emission of a
photon, which is identical to the initial photon. Lastly, the relaxation of a conduction-
band electron to an empty valance-band state under the emission of a photon can also
occur spontaneously as indicated in (c). In all cases, the energy ℏω of the participating
photons must match the energy of the electronic transition ϵc − ϵv for the process to
occur.

The respective transition rates can be either directly calculated via a quantized
theory [LOU00, FOX07] or described via their Einstein coefficients Bc↔v

stim,abs [LOU00,
COL12a]. In the latter case, the rates can be written as

Γc→v
stim = Bc→v

stim ρc(1 − ρv)nph(ϵcv) (1.1)

for the stimulated emission process and

Γv→c
abs = Bv→c

st ρv(1 − ρc)nph(ϵcv) (1.2)

for the stimulated absorption process. ρv and ρc denote the occupation numbers of
the considered valance and conduction band states and nph(ϵcv) the photon number
corresponding to the transition energy ϵcv. Hence, both rates are proportional to the
occupancy and vacancy of the initial and final electron state and the photon number
with the matching energy. Either calculations with a quantized theory or thermodynamic
equilibrium principles yield that the Einstein coefficients for stimulated absorption and
emission are identical if the respective initial and final states are equally degenerate
[LOU00, FOX07].

To achieve a net amplification of light, the stimulated emission process must dom-
inate the stimulated absorption process. This requires the electron distribution to be
driven far out of equilibrium, such that the electron occupation numbers are larger in
the conduction band than in the valance band, which is commonly referred to as a pop-
ulation inversion [HAK86]. The generation of such an inversion can be achieved either
by an optical or an electrical pump process. The latter in particular has been crucial for

4



1.2 Semiconductor Lasers

Figure 1.2: Sketch of the electron band structure across a semiconductor p-n junction. µ indi-
cates the chemical potential. (a) Without an applied bias and (b) with an applied
forward bias, such that the energy levels are shifted and electrons and holes can
recombine at the p-n junction. Based on [CHO99].

the success of semiconductor lasers since it enables the straightforward integration with
electronics [CHO99, HEC10, COL12a].

Semiconductor Heterostructures

The working principles of an electrically pumped semiconductor p-n junction are il-
lustrated in Fig. 1.2, which sketches the electron band structure across a p-n junction
without (a) and with (b) an applied forward bias. The upper edge of the valance band
and the lower edge of the conduction band are indicated by solid blue lines and occu-
pied states by gray shaded areas. The chemical potential µ is denoted by black dashed
lines. The p- and n-doping is achieved by acceptor and donor impurities, which pro-
vide valance-band vacancies (holes) in the former and conduction-band occupancies in
the latter case [CHO99]. Compared to intrinsic semiconductors, doped semiconductors
conduct electricity well.

In the case of no applied bias (a), the chemical potential µ is constant across the
device and thus no net flow of charge-carriers within the device occurs. Moreover, charge-
carriers recombine in the interface region of the p-n junction, such that a depletion region
with no free charge-carriers is created. Hence, no optically active electron transitions
occur between the bands.

Applying a forward bias alters the electron energies as sketched in (b) and drives
the distribution out of thermal equilibrium [CHO99]. However, fast carrier-carrier and
carrier-phonon interactions establish quasi-Fermi distributions in both the valance and
the conduction bands, which are described by their respective chemical potentials µh and
µe as indicated in (b). A net flow of electrons and holes towards the interface region
results and allows for their recombination across the band gap under the emission of
photons. This process can be kept up by continuously injecting further electrons and
holes into the p-n junction via electrodes, which are contacted to the p- and n-doped
sides.

If such an electrically pumped semiconductor p-n junction is placed in between
two mirrors, which form a resonator, a laser is constructed. However, the first lasers,
which implemented such simple designs, could only be operated with short current
pulses and at cryogenic temperatures, and exhibited large lasing threshold currents
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Figure 1.3: Density of states for different dimensional confinements as a function of the energy.
Lower dimensional structure exhibit a higher density of states at the lower energies.

[HEC10, BIM12, COL12]. The first important step towards room temperature semi-
conductor lasers with continuous-wave (cw) emission was made by Kroemer in 1963 with
the proposition of semiconductor heterostructures [KRO63]. Due to the lack of mature
fabrication technology, initial progress was slow and it took five years until this idea
could be demonstrated [ALF68, RUP67]5. Replacing the simple p-n junction with mul-
tiple layers of different semiconductor compositions allowed for a better confinement of
charge-carriers and photons and thus improved the lasing performance [CHO99, COL12].

The next significant step towards improved semiconductor lasers was achieved by the
introduction of quantum wells [DIN74, DIN76], which are thin active regions that provide
charge-carrier quantum confinement in one spatial dimension [CHO99]. Even though
their thinness reduces the overlap between the lasing modes and the active medium, the
overall optical gain could be increased via a larger density of states at lower energies,
which results from the effective two-dimensional confinement structure [COL12]. The
disadvantage of the reduced overlap can be furthermore mitigated by stacking multiple
layers of quantum wells [DUP79].

The difference to semiconductor bulk active regions is highlighted in Fig. 1.3, where
the two leftmost panels (a) and (b) plot the density of states for three- and two-dimen-
sional electron confinement structures. While the bulk structure (a) exhibits a character-
istic square-root increase of the density of states, the quantum-well structure (b) shows
a step-like increase that provides a non-zero density of states at the lowest energy. Since
the occupation numbers follow quasi-Fermi distributions [CHO99], the increased density
of states at the lower energies produces a larger optical gain at small pump currents and
thus greatly improves the efficiency of the laser.

The principle of charge-carrier quantum confinement can be continued to two and
three spatial dimensions as shown in Fig. 1.3 (c) and (d). The corresponding one and
zero-dimensional structures are commonly referred to as quantum wires [LEL07] and
quantum dots [BIM99]. Both structures further concentrate the density of states to lower
energies and thereby achieve strong optical gain at even smaller pump currents [ARA82,
ASA86, BIM08a, CHO13a]. Semiconductor quantum-dot based lasers in particular have
been shown to offer advantages such as high differential gain, ultra-fast gain recovery,
broad gain spectra, and low-temperature sensitivity [CHO05, BIM06, LUE11a, CHO13a,
NOR21].

5The development of practical room-temperature semiconductor lasers earned Kroemer and Alferov the
Nobel Prize in 2000 [HEC10]
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1.3 Optical Pulse Trains and Frequency Combs

Figure 1.4: Sketch of a frequency comb (a) and the corresponding regular pulse train (b). Both
are related by a Fourier transform, which implies an inverse relationship between
the characteristic measures. The comb spacing νc corresponds to the inverse pulse
period 1/T and the comb width ∆ν to the inverse pulse width 1/∆pw.

1.3 Optical Pulse Trains and Frequency Combs
Optical frequency combs are optical spectra, which are characterized by equidistantly-
spaced well-defined lines [RUL05, DID10]. If the individual lines are locked, i.e., have
a fixed phase relationship, these combs find a multitude of applications in optical data
communication [RAF07, BIM06, SCH10g, ZEB21], metrology [UDE02, KEL06, DID10,
KLE14, COD16, LIN17e], medicine [LOE96, JUH99, NAG09], optical clocking [DEL91,
MUL02a], and super-continuum generation [MAY15a, KLE16a, WAL16, WAL19].

Locked frequency combs are related by a Fourier transform to regular optical pulse
trains in the time domain. Hence, their properties and generation mechanism can be
equally analyzed and discussed in both the frequency and the time domain. Figure 1.4
shows sketches of a frequency comb (a) and the corresponding pulse train (b). By the
Fourier transform, the comb spacing νc is related to the inverse period 1/T of the pulse
train and the width of the comb (FWHM of the red envelope) is related to the inverse
pulse width 1/∆pw. Therefore, the generation of ultra-short and regular optical pulses
in the time domain produces a broad and stable comb in the frequency domain.

Various frequency-comb generation techniques have been developed in the past
decades, which include electro-optic modulation of cw-lasers [NAK10b, RUE19, ZHA19f],
gain and Q-switching of cw-lasers [SHA04a, DID10, ANA11a, ZHO11], four-wave mixing
[UDE02, YE03, SCH12c, LIN18], and mode-locking of lasers [LAM64, HAR64, IPP72,
IPP94, KEL96, AVR00, HAU00, RUL05, DID10, RAF11, HIL20]. The last technique
in particular has been proven to be deployable in a wide range of cases and is therefore
further discussed in this work.

Mode-Locking

The frequencies of the light emitted by a laser are both determined by the amplifying
medium and the resonator. The latter imposes boundary conditions on the electric field,
which only allow for the propagation of certain distinct and discrete modes. In the case
of a Fabry-Perót cavity, e.g., the length of the resonator must be an integer-multiple of
the respective modes’ wavelengths. The bandwidth of the active medium, i.e., the gain
bandwidth, then determines which resonator modes can be amplified. In stable cw-lasers,
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Figure 1.5: Phase synchronization of the longitudinal cavity modes. The top row presents the
gain (red envelope) and the relative phases (black dots) of the cavity modes. The
bottom row plots the time dependence of the respective power, i.e., the squared
modulus of their superposition. Three cases for the relative-phase relationships are
considered: (a) random, (b) linear (constant), and (c) nonlinear (quadratic).

one mode, referred to as the maximum gain mode, wins the competition for the optical
gain and suppresses the emission from all other modes [HAK86]. In multi-mode lasers,
on the other hand, mechanisms such as spatial-hole burning [HAK86, BAR17] counteract
the dominance of a maximum gain mode and thereby lead to the simultaneous emission
from multiple modes. The individual modes are then coupled via the common gain
medium but may nonetheless exhibit asynchronous dynamics. Hence, the emitted light,
i.e., the superposition of all modes, generally does not exhibit any regular structure.

The emission characteristics are, however, drastically changed if a fixed relationship
among all the relative phases ϕn of the participating modes can be established. In that
case, the modes are locked and experience synchronized phase dynamics. Determined
by the inverse mode-spacing 1/νC, all modes then periodically reestablish the same in-
terference pattern. Accordingly, the periodicity of the interference pattern manifests in
the emitted light intensity. If the phase relationship of the modes is furthermore de-
scribed by the same constant relative-phase difference for all neighboring modes6, all
modes periodically exhibit the same instantaneous phase and interfere constructively.

To illustrate the generation of short optical pulses, the implications of three different
relative-phase relationships are demonstrated in Fig. 1.5. The top row shows the gain
(red envelope) and the relative phases (black dots) of the cavity modes. The modes are
represented by plane waves with the amplitudes An, which are proportional to the gain,
the optical mode frequencies ωn, which linearly increase with n, and the relative phases
ϕn. The respective time dependent powers are then computed according to

P (t) = |E(t)|2 =
⃓⃓⃓⃓
⃓∑︂

n

Anei(ωnt+ϕn)
⃓⃓⃓⃓
⃓
2

(1.3)

and shown in the bottom row of Fig. 1.5. The left column considers randomly-distributed
relative phases ϕn (a1), which produce a low-power time series (a2) without distinct

6This condition translates to relative-phase relationship that is linear in the optical frequency and
propagation constant.
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features. Note, however, that although random, the phase differences are constant in
time and thus the power time series is periodic with the inverse mode spacing ∆ν. The
middle column presents a linear relative-phase relationship with equal relative phases
ϕn. The resulting time dependent power (b2) exhibits the desirable short and high peak
power pulses. Lastly, the third column presents a quadratic relative-phase relationship
(c1). In that case, the relative phases ϕn never perfectly line up and thus produce pulses
(c2), which are well defined but not as narrow and strong as in (b). Such pulses are
commonly referred to as chirped [HAU00, RUL05] and can be compressed retroactively
by compensating the deviations from a linear phase relationship by additional optics.

Note that all presented examples technically present mode-locked frequency combs,
since the relative phases ϕn of the individual modes remain constant in time. The term
mode-locking, however, typically rather refers to the cases (b) and (c), where the relative-
phase relationship promotes the generation of short optical pulses. Hence, mode-locking
is often directly associated with the generation of ultra-short optical pulses.

Mode-Locking Techniques

Up to this point, the discussion of mode-locking has been entirely descriptive and did
neither suggest nor explain any mechanism to achieve the synchronization of the individ-
ual resonator modes. In order to accomplish the locking of the modes, various techniques
can be applied and can be distinguished into the categories of active and passive mode-
locking.

Active mode-locking is achieved by externally modulating either the electric field
or the amplifying medium [HAU75, HAK86, RUL05] with a frequency that matches the
mode spacing νc. This procedure produces sidebands, which excite and lock the neigh-
boring cavity modes and thereby creates mode-locked pulse trains. Active mode-locking
thus critically requires additional external components that facilitate the modulation of
the field.

Passive mode-locking, on the other hand, employs no external components but places
additional optical components within the laser cavity [HAU75a, HAU75b, IPP94, HAU00,
AVR00], which allow for a self-modulation of the electric field7. Mostly, saturable ab-
sorbers are used for this purpose since they exhibit the following properties8: Low inten-
sity light does not saturate the absorber and can thus be continuously absorbed. High
intensity pulses, on the other hand, are able quickly saturate the absorption and pass
without further losses afterwards. Consequently, such configurations favor short pulses,
where the light intensity is strongly localized compared to homogeneous cw-light. Since
the modulation of the electric field is not limited by external electronics, passively mode-
locked laser are able to generate much shorter pulses with widths down to only a few
femtoseconds [IPP94, HAU00, RUL05].

The pulse-shaping mechanism in passively mode-locked lasers as proposed and dis-
cussed by in Refs. [NEW74, HAU75a, HAU75b, DER92, IPP94, KAE95, KEL96, HAU00,
THO09, RAF11, JAU17a] can be best understood in the time domain and is sketched

7The self-modulation of the field that eventually leads to the synchronization of the laser modes can
also be seen in the broader context of self-organization and pattern formation in dynamic systems
[HAK87, STR14a].

8Passive mode-locking can also be achieved via other optical nonlinearities. In the case of Kerr-lens
mode-locking for example, the Kerr effect in the gain medium refocuses the electric field based on the
incident intensity and thus facilitates mode-locking [BRA92, RUL05].

9



1 Introduction

Figure 1.6: Sketch of a proposed pulse-shaping mechanism in passively mode-locked lasers. (a)
Initial pulse profile (blue line), (b) pulse profile after the interaction with the sat-
urable absorber (orange line), and (c) pulse profile after the interaction with the
saturable gain (green line). Dotted horizontal lines indicate the positions of the
pulse maxima. The saturation of the gain and absorber causes an asymmetric am-
plification/absorption and thereby reshapes the pulse profile. Upon being subject
to non-resonant and out-coupling losses, the process periodically repeats.

in Fig. 1.6. The left panel (a) presents an initial pulse shape. Upon arriving in the sat-
urable absorber (b), the optical pulse excites transitons until the absorber approximately
saturates and the remaining pulse can pass. This process reshapes and repositions the
pulse as the absorption is strongest at the leading edge and weakest at the trailing edge
of the pulse. In the subsequent interaction with the saturable gain (c), a similar but
inverted process occurs. The amplification is strongest at the leading edge and weakest
at the trailing edge as the gain saturates along the pulse propagation. Incorporating the
non-resonant propagation and out-coupling losses, this procedure repeats and the final
pulse shape (green line in (c)) represents the initial pulse shape of the succeeding cycle.
If the absorber has a lower saturation energy than the gain, this process repeats until an
equilibrium is reached and a stable train of mode-locked pulses can be observed. In the
referenced literature, the interaction with the absorber is typically associated with a pulse
shortening and the interaction with the gain with a pulse broadening. In the equilibrium
of stable mode-locking, the interplay of both stabilizes the pulse shape. Especially in
extended lasers cavities, the saturation nonlinearities, which are introduced by the gain
and absorber, must furthermore counteract the effect of dispersion, to guarantee stable
mode-locking [IPP94, HAU00, RUL05].

In summary, mode-locking has been described in terms of the lasing modes’ synchro-
nization properties. While the lasing modes are best described in frequency space, the
mechanism that invokes the locking of the modes is best described in the time domain.
In that context, one must be careful with the usage of the term modes, since the concept
of resonator modes, as introduced in the beginning of this section, is not well-defined
in the presence of strong optical nonlinearities. The affect of the latter is a modified
group-velocity dispersion, which generally results in a deviation of the observed pulse pe-
riod from the cold-cavity round-trip time [HAU00, RUL05, VLA11, JAU17a]. Hence, the
observed frequency comb spacing does not match the spacing of the (empty) resonator
modes. The comb structure of the optical spectrum, which is produced by regular pulse
trains, could indeed be solely interpreted as a property of the Fourier transform. It is
nonetheless reasonable to speak of mode-locking, since the observed mode spacing is close
to the empty-resonator mode spacing, which is a distinguishing feature when compared
to, e.g., Q-switched lasers.
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1.4 Thesis Outline
This thesis numerically investigates the emission dynamics of passively mode-locked semi-
conductor lasers with a special focus on the spatial laser cavity configuration and the
pulse-train stability.

Chapter 2 introduces the fundamentals of semi-classical laser theory by deriving the
spatially-inhomogeneous Maswell-Bloch equations in Sec. 2.2 and Sec. 2.3. These equa-
tions are further adapted to suit the simulation of mode-locked lasers. On that account,
two efficient numerical integration schemes are introduced in Sec. 2.4 and Sec. 2.5.

Chapter 3 introduces the long-term timing jitter as a measure to quantify the tempo-
ral pulse train stability. Multiple estimation techniques and their application to numer-
ically simulated time series are demonstrated and discussed in Sec. 3.2 to Sec. 3.5. The
various methods are benchmarked with respect to their computational cost in Sec. 3.6,
to obtain condition dependent usage recommendations.

Chapter 4 investigates the mode-locking dynamics of a monolithically integrated
three-section tapered semiconductor quantum-dot laser. The introduction of the device
in Sec. 4.1 is followed by the detailed derivation of the numerical model in Sec. 4.2. The
study of the emission dynamics starts off with an in-depth look into the basic emission
states in Sec. 4.3 and then presents the comparison between experimental and simulated
results. Building onto that, the emission dynamics, pulse performance, and timing jitter
are characterized in the operation parameter space in Sec. 4.5 and Sec. 4.6, respectively.
Lastly, further device design optimization with respect to the taper angle and the sat-
urable absorber position are explored in Sec. 4.7 and Sec. 4.8, respectively, and optimal
configurations are suggested.

Chapter 5 studies the emission dynamics of a V-shaped external cavity mode-locked
semiconductor laser. Following the introduction of the device and the accompanying ex-
periment in Sec. 5.1, a minimalist delay-differential equation model is derived in Sec. 5.2.
The emission characteristics for symmetric V-shaped cavity configuration are investigated
in Sec. 5.3 and discussed and interpreted in terms of the gain and net-gain dynamics. The
impact of geometrically asymmetric laser cavity configurations is explored in Sec. 5.4. The
obtained results further allow for a discussion of the experimental results in Sec. 5.4.2.

Lastly, Chap. 6 presents a summary of this thesis and gives an outlook on possible
directions for future work.
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2 Semi-Classical Laser Theory

Following the discussion of elementary aspects of light-matter interaction and lasers in the
introduction in Sec. 1.2, this chapter builds the common theory foundation for the mode-
locked laser models, which are presented in detail in the respective chapters. Along a brief
introduction to laser modeling hierarchies in Sec. 2.1, the traveling-wave description of the
electric field along the optical axis is derived in Sec. 2.2 and the spatially inhomogeneous
Maxwell-Bloch equations are derived in Sec. 2.3. In the next step, two schemes for the
self-consistent integration of the derived equations are presented in Sec. 2.4 and Sec. 2.5.

2.1 Introduction
The classical treatment of light and its interaction with matter, i.e., Maxwell’s equations
and classical mechanics, works well for a variety of macroscopic cases. Up to this day,
the design and optimization of a multitude of electric technologies, such as antennas,
waveguides and electric circuits, are performed with great success within this classical
framework. On the other hand, a number of phenomena, such as black-body radiation
and the photo-effect, can not be described by such means. Those very two examples
specifically have sparked the development of quantum mechanics and eventually lead to
a full quantum theory of light and its interaction with matter.

In between those two cases, a semi-classical framework is often utilized for the de-
scription of lasers and optical amplifiers in which the electric field is predominantly
created by stimulated emission. Semi-classical in this context refers to a quantum-
mechanical treatment of the active medium and a classical treatment of the electric
field.

The classical field approximation is mostly sufficient for macroscopic devices with
large photon numbers [CHO99]. In a fully quantized system, the stimulated emission pro-
duces a coherent state [SCU97, LOU00], also known as the Glauber state, that is subject
to a Poissonian photon number distribution. This distribution abides to the law of large
numbers and thus the relative fluctuations become negligible at large photon numbers.
For that reason, the expectation value of the coherent state sufficiently describes the
electric field, which can therefore be replaced by a classical field. On a microscopic level,
the light-matter interaction is mediated by microscopic electric dipole moments that are
induced by the electric field. These microscopic dipole moments result from excitations
of the solid-state semiconductor crystal, which can only be appropriately described by
quantum mechanics [CHO99, HAU04]. Their sum results in a macroscopic polarization
of the medium, which then enters the dielectric displacement field.

The complexity of the semi-classical light-matter interaction is generated by the self-
consistent coupling of the equations of motion for the electric field to those for the active
medium. The procedure is sketched in Fig. 2.1: The classical electric field E(r, t) induces
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Figure 2.1: Self-consistent semi-classical coherent light-matter interaction. A classical electric
field E(r, t) induces microscopic dipoles dα in a quantum mechanically described
active medium. Statistical summation leads to a macroscopic medium polarization
P(r, t), which in turn drives the classical electric field via Maxwell’s equations.
Based on [CHO99].

microscopic dipoles dα in the active medium. Statistical summation of those dipoles
leads to a macroscopic medium polarization P(r, t), which in turn drives the classical
electric field E ′(r, t) via Maxwell’s equations. Self-consistency is achieved by imposing
the condition E(r, t) = E ′(r, t). The resulting equations are known as the Maxwell-Bloch
equations [HAK86, TAR98a, CHO99, HAU04].

Since the semi-classical approximation does not include quantum fluctuations of the
electric field by definition, spontaneous emission processes can not be properly accounted
for. If fluctuations are of interest, they can be introduced phenomenologically via stochas-
tic Langevin forces [AGR93, ERN10b, COL12a]. Hence, the semi-classical partial and
ordinary differential equations are transformed into stochastic partial and ordinary equa-
tions. This approach is chosen in this thesis for the simulation of the timing jitter of
mode-locked lasers, where spontaneous emission noise causes fluctuations of the pulse
timing positions [HAU93a].

14
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2.2 Traveling-Wave Equation for the Electric Field
The derivation of the equations of motion for the electric field dynamics sets out with
Maxwell’s macroscopic equations in matter. The governing equations for the dielectric
displacement field D, the magnetic field B, the electric field E , and the magnetizing field
H are given by

∇ · D = ρfree (2.1)
∇ · B = 0 (2.2)

∇ × E = − ∂

∂t
B (2.3)

∇ × H = jfree + ∂

∂t
D, (2.4)

where ρfree and jfree denote free charges and free charge currents. In these equations, the
electric field E is related to the dielectric displacement D via

D = ϵbE + P , (2.5)

where ϵb is the background permittivity of the host medium, which is related to the linear
response of the medium and P is the induced polarization (dipoles per unit volume). The
magnetic field B is related to the magnetizing field H via

B = µH, (2.6)

where µ is the permeability of the host medium. Since µ in semiconductor materials is
typically approximated by µ ≈ µ0 [CHO99], the background permittivity ϵb is given by
ϵb = n2

bϵ0 where nb is the background refractive index and ϵ0 is the vacuum permittivity.
To further proceed, the curl of Eq. (2.3) is combined with the partial time derivative

of Eq. (2.4) to yield the relation

∇ · (∇ · E) − ∇2E = −µ0
∂

∂t
jfree − µ0ϵb

∂2

∂t2 E − µ0
∂2

∂t2 P . (2.7)

With neither free charges ρfree nor free currents jfree, the approximation ∇ · E ≈ 0, and
the relation µ0ϵb = n2

b/c2
0, this expression simplifies to the inhomogeneous wave equation

∇2E − n2
b

c2
∂2

∂t2 E = µ0
∂2

∂t2 P , (2.8)

where the induced polarization P drives the evolution of the electric field E . The po-
larization P is exclusively composed of the optical transitions of the active medium,
whereas the background refractive index nb accounts for the linear polarization of the
host medium.

In the next step, a coordinate system is chosen in which the optical axis of the
laser cavity defines the z-axis along which the electric field is further decomposed into
forward (+) and backward (−) traveling plane waves and the envelope functions Ψ±

E .
The according ansatz thus reads

E(r, t) = e
1
2
[︂
Ψ+

E (r, t)eikz + Ψ−
E (r, t)e−ikz

]︂
e−iωt + c.c., (2.9)
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where e denotes the unit vector in the direction of the field polarization, k the propagation
constant and c.c. abbreviates complex conjugated. The same ansatz

P(r, t) = e
1
2
[︂
Ψ+

P(r, t)eikz + Ψ−
P(r, t)e−ikz

]︂
e−iωt + c.c. (2.10)

is made for the polarization. Inserting both the expressions for the electric field Eq. (2.9)
and the polarization Eq. (2.10) into the wave equation (2.8) and separating the forward
(+) components yields the equation[︂

(∇2Ψ+
E )eikz + 2ik(∂zΨ+

E )eikz − k2Ψ+
E eikz

]︂
e−iωt + c.c.

−n2
b

c2

[︂
∂2

t Ψ+
E eikz + 2iω∂tΨ+

E eikz − ω2Ψ+
E eikz

]︂
e−iωt + c.c.

= µ0
[︂
∂2

t Ψ+
Peikz + 2iω∂tΨ+

Peikz − ω2Ψ+
Peikz

]︂
e−iωt + c.c.. (2.11)

Using the dispersion relation k2 = ω2n2
b/c2 = ω2/v2

g, this equation simplifies to[︄
(∇2Ψ+

E )eikz + 2ik(∂zΨ+
E )eikz − 1

n2
g

(︂
∂2

t Ψ+
E eikz + 2iω∂tΨ+

E eikz
)︂]︄

e−iωt + c.c.

= µ0
[︂
∂2

t Ψ+
Peikz + 2iω∂tΨ+

Peikz − ω2Ψ+
Peikz

]︂
e−iωt + c.c.. (2.12)

To proceed, this equation is multiplied by e−ikz+iωt and the slowly varying envelope
approximation (SVEA) [HAK85, TAR98a] is applied. The latter exploits that the am-
plitude envelope functions ΨE,P change both on a much slower time scale and a much
shorter length scale than the optical oscillations of the electric field, i.e.,

|∂tΨ+
E,P(r, t)| ≪ ω|Ψ+

E,P(r, t)| and |∂zΨ+
E,P(r, t)| ≪ k|Ψ+

E,P(r, t)|. (2.13)

Hereinafter, terms that oscillate with e−2ikz+2iωt, which result from the complex conju-
gated part of the equation and higher derivatives, can therefore be dropped. Hence, only
the first-order derivatives of Ψ+

E remain and the traveling-wave equation for the slowly
varying envelope functions Ψ+

E,P of the forward-traveling components

2ik∂zΨ+
E (r, t) + 1

v2
g

2iω∂tΨ+
E (r, t) = µ0ω2Ψ+

P(r, t) (2.14)

is obtained. Performing the same calculations for the backward (−) components Ψ−
E,P

simply flips the sign in front of the partial derivative ∂z. Thus the final form of the
traveling-wave equation is given by[︄

±∂z + 1
vg

∂t

]︄
Ψ±

E (r, t) = iω

2ϵbvg
Ψ±

P(r, t). (2.15)

Given the validity of the assumptions, the corresponding solutions Ψ±
E,P fully specify the

electric field E and the polarization P according to Eq. (2.9) and Eq. (2.10).
It is often convenient to further separate the transverse spatial dependence of the

envelope functions from their longitudinal and time dependence. Thus, the electric field
envelope functions are written as

Ψ±
E (r, t) = m±

E (r)E±(z, t), (2.16)
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where mE(r) is the time invariant mode profile and E±(z, t) can be interpreted as the in-
stantaneous field strength along the optical axis z. With the help of the electric field mode
profile mE(r), the envelope functions corresponding to the polarization are expressed as

Ψ±
P(r, t) = m±

E (r)m±
P(r)P ±(z, t), (2.17)

where mP denotes the time-invariant spatial polarization profile and P ±(z, t) the instan-
taneous polarization strength along the optical axis z. The polarization profile mP is
defined by the active region geometry and acts like an indicator function that evaluates
to one in optically active regions and to zero otherwise.

To utilize the newly introduced spatial profiles, Eq. (2.15) is multiplied by Ψ±∗

E . The
resulting equation is complemented by its complex conjugate and integrated over its
transverse directions r⊥:∫︂

dr⊥ Ψ±∗

E

[︄
±∂z + 1

vg
∂t

]︄
Ψ±

E + c.c. =
∫︂

dr⊥
ω

2ϵbvg

[︂
iΨ±∗

E Ψ±
P + c.c.

]︂
. (2.18)

Inserting the mode profile definitions Eq. (2.16) and Eq. (2.17) into this equation and
assuming that changes of the electric field profile are negligible compared to changes of
the instantaneous electric field strength, i.e., (∂zmE)E± ≪ mE(∂zE±), yields[︄

±∂z + 1
vg

∂t

]︄
|E±|2

∫︂
dr⊥ m±

E (r)2 = ω

2ϵbvg

[︂
iE±∗

P ± + c.c.
]︂ ∫︂

dr⊥ m±
E (r)2m±

P(r),

(2.19)

where |E±(z, t)|2 is proportional to the intensity (photon density) of the forward/back-
ward-traveling field. With the introduction of the transverse confinement factor [HUA96,
COL12a, LIN15b]

Γ±
⊥(z) =

∫︁
dr⊥ m±

E (r)2m±
P(r)∫︁

dr⊥ m±
E (r)2 (2.20)

this equation can be written as[︄
±∂z + 1

vg
∂t

]︄
|E±|2 = ωΓ±

⊥(z)
2ϵbvg

[︂
iE±∗

P ± + c.c.
]︂

, (2.21)

which represents a traveling-wave equation for the intensity |E±(z, t)|2. By reversing the
construction of this equation, the traveling-wave equation for the instantaneous electric
field envelope function E± is found:[︄

±∂z + 1
vg

∂t

]︄
E±(z, t) = iωΓ±

⊥(z)
2ϵbvg

P ±(z, t). (2.22)

Note that the complete transverse spatial dependence of the electric field mode has
been moved to the transverse confinement factor Γ±

⊥(z). The detour in its definition via
the field intensity instead of the field amplitude is required to match the conventional
definition via the field intensity. The confinement factor can be understood as the spatial
overlap of the electric field mode with the active medium geometry. This notion is also
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2 Semi-Classical Laser Theory

often introduced phenomenologically to the equations of motion for the electric field
[AGR93, SCH88j, ERN10b, OHT13, ROS11c].

The instantaneous electric field strength E±(z, t) has been constructed such that
the integral of |E+(z, t)|2 + |E−(z, t)|2 along the longitudinal direction z corresponds
to the integral of |E |2 over the mode volume. Thus, E± can be used without further
conversions to calculate the energy density of the electric field within the laser cavity.
On that account, the instantaneous electric field strength E± will be simply referred to
as the electric field. With a similar argument, the instantaneous polarization strength
P ± will be simply referred to as the polarization.

Discussion of the Traveling-Wave Equation Approximations

The derivation of the traveling-wave equation (2.22) requires two critical approximations,
which shall be briefly discussed with respect to their applicability to a mode-locked
semiconductor laser. For the sake of this discussion, a mode-locked laser that emits
500 fs pulses at a mean photon energy of ℏω ≈ 1.0 eV is considered.

Firstly, the slowly varying envelope approximation assumes that optical oscillations
are much faster than the envelope functions. The chosen photon energy corresponds to
an optical frequency of ν ≈ 240 THz and yields the optical cycle length 1/ν ≈ 4.2 fs as
well as the wavelength λ ≈ 340 nm within a semiconductor medium with the refractive
index n ≈ 3.7. A 500 fs pulse, on the other hand, roughly extends over ≈ 40 µm within
the laser cavity. Hence, such a pulse contains approximately 120 optical cycles, which
puts the slowly varying envelope approximation on firm ground.

Secondly, the separation of the electric field components Ψ±
E into a time invariant

mode profile m±
E and the instantaneous electric field strength E± is strictly valid only

for stable single-mode emission [CHO99, COL12a, LIN15b]. A complete multi-mode
description can be achieved by a linear superposition of cavity modes with corresponding
mode profiles. In the traveling-wave equation framework, however, the dynamical mode
structure of the electric field is contained within the envelope functions E±(z, t). Thus,
a reasonable decomposition into a mode profile and an electric field strength has to
restrict the optically excited modes to narrow region around the mean optical frequency.
Regarding the considered laser, 500 fs pulses correspond to spectral width of δν ≈ 2 THz,
which is more than two orders of magnitude less than the mean optical frequency ν ≈
240 THz. Therefore, acceptable results can be expected from this approximation as well.

18
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2.3 Maxwell-Bloch Equations
The previous section showed that the evolution of the electric field is driven by the po-
larization (dipole density) of the optically active transitions of the charge-carrier system.
The polarization itself, however, is induced by the incident electric field. Their mutual
interaction thus determines the global dynamics of the laser. Hence, this section derives
the dynamical equations for the active medium charge-carrier system, which arise due to
the coupling to the classical electric field. The relevant constituents of the semiconductor
medium for that matter are the electrons in the conduction and the valance band, which
are treated quantum mechanically in the second quantization framework. This is done
in the free-carrier approximation, which assumes that carrier-carrier and carrier-phonon
interactions primarily cause the carrier distribution to relax towards quasi-equilibrium
distributions [CHO99]. Hence, carriers behave like an ideal Fermi-gas that only interacts
with the electric field. The corresponding free carrier Hamiltonian in the electron-hole
picture [CHO99, SCU97] reads

H = Hkin + Hc−f

=
∑︂

α

(︂
ϵc,αc†

αcα + ϵv,αv†
−αv−α

)︂
+
∑︂
αα′

[︂
ℏΩαα′(E)c†

αv†
−α′ + h.c.

]︂
, (2.23)

where c and v denote the fermionic electron and hole annihilation operators that satisfy
the usual commutation relations. The first sum belongs to the kinetic Hamiltonian Hkin
and contains the single-particle energies ϵc and ϵv. The index α describes a suitable set of
quantum numbers, e.g., momentum and spin, and runs over all electron and hole states.
The index −α implies an inverted momentum and spin compared to α. The second sum
belongs to the carrier-field interaction Hamiltonian Hc−f and describes the electron-hole
coupling via the interaction matrix element ℏΩαα′(E) [SCU97].

The modeling of the mode-locked lasers requires the full spatio-temporal description
of the charge-carrier system, since strongly localized pulses propagate within the laser
cavity. The local interaction with the optical pulses produces strong saturation effects
in the carrier distribution functions. Hence, the interaction has to be described by the
spatially inhomogeneous Maxwell-Bloch equations [KNO92, CHO95, HES95, GEH03].

Localized Charge-Carrier Wave Functions

The derivation of the spatially inhomogeneous Maxwell-Bloch equations is first presented
for active media with charge-carrier wave functions, which are spatially localized. In
this case, the optical transitions are inherently localized and thereby trivially induce
the spatial dependence. Among nanostructured semiconductor devices, complete spatial
localization occurs in quantum dots, which exhibit an atom-like behavior. For such
systems, the interaction matrix element reads [SCU97, LIN15b]

ℏΩαα′(E) = ⟨α|c − e0r · E(r, t)| − α′⟩v = −e0

∫︂
d3r Ψc∗

α (r) r · E(r, t)Ψv
−α′(r), (2.24)

where Ψc
α(r) and Ψv

−α′(r) are the electron and hole wave functions in position space. If
the electric field is approximately constant along the spatial extend of the wave functions,
i.e., the optical wavelength is much larger than the spatial overlap of Ψc

α(r) and Ψv
−α′(r),

the electric field can be pulled out of the integral and the matrix element reads

ℏΩαα′(E) ≈ ⟨α|c − e0r| − α′⟩v · E(rαα′ , t) = µαα′ · E(rαα′ , t) (2.25)
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2 Semi-Classical Laser Theory

where µαα′ is called the dipole interaction transition moment. The electric field has to
be evaluated at the center of mass rαα′ of the states α and −α′. Using this definition and
assuming that only electron and hole states with identical momentum and spin produce
a non-zero dipole moment, the field-carrier interaction Hamiltonian can be written as

Hc−f =
∑︂

α

[︂
µαc†

αv†
−α + h.c.

]︂
· E(rα, t) =

∫︂
d3rP̂(r) · E(r, t) (2.26)

with the shorthand α = αα′|α=α′ . The operator of the macroscopic active medium
polarization [CHO99] then reads

P̂(r) =
∑︂

α

[︂
µαc†

αv†
−α + µ∗

αcαv−α

]︂
δ(r − rα), (2.27)

where the delta function ensures the proper spatial dependence. The interaction Hamil-
tonian thus represents the electric field and active medium polarization interaction. The
link between the classical electric field description and the quantum mechanical descrip-
tion of the charge-carrier system is generated by the expectation value ⟨.⟩ of the polar-
ization operator

⟨P̂(r)⟩ = P(r, t), (2.28)

where P(r, t) represents the polarization that drives the classical wave equation (2.8).
To practically evaluate the polarization, the electron and hole creation and annihi-

lation operators are used to define the following system variables

ρe
α = ⟨c†

αcα⟩ (2.29)

ρh
α = ⟨v†

−αv−α⟩ (2.30)
p̃α = ⟨v−αcα⟩ (2.31)

via the quantum mechanical expectation value. ρe
α and ρh

α denote the occupation numbers
of electrons and holes in the respective states α and −α and p̃α denotes the intra-band
microscopic polarization amplitude between those two states.

The time evolution of those system variables is computed by first applying the
Heisenberg equation of motion to the respective enclosed operators to produce the fol-
lowing ordinary differential equations

d
dt

c†
αcα = i

ℏ

(︂
µαc†

αv†
−α + µ∗

αcαv−α

)︂
E(rα, t) (2.32)

d
dt

v†
−αv−α = i

ℏ

(︂
µαc†

αv†
−α + µ∗

αcαv−α

)︂
E(rα, t) (2.33)

d
dt

v−αcα = − i

ℏ
(ϵc,α + ϵv,α) v−αcα − i

ℏ
µα

(︂
c†

αcα + v†
−αv−α − 1

)︂
E(rα, t). (2.34)

Further defining the transition frequencies ωα = (ϵc,α + ϵv,α)/ℏ, applying expectation
values and writing these equations in terms of the previously defined system variables
yields the equations

d
dt

ρe,h
α (rα, t) = i

ℏ
(µαp̃∗

α − µ∗
αp̃α) E(rα, t) (2.35)

d
dt

p̃α(rα, t) = −iωαp̃α − i

ℏ
µα

(︂
ρe

α + ρh
α − 1

)︂
E(rα, t), (2.36)
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where the electron (e) and hole (h) dynamics are summarized in one equation, since they
are both subject to the same interaction with the polarization and electric field. The
spatial coordinate r in these equations is strictly speaking a function of the index α and
has to be evaluated accordingly. The macroscopic polarization can then be computed as

P(r, t) =
⟨︄

2
∑︂

α

µ∗
αp̃α(rα, t)δ(r − rα)

⟩︄
r

, (2.37)

where ⟨.⟩r denotes spatial average over a small region around r, i.e., a convolution with
suitable localized function. The included delta function then only selects microscopic
polarization amplitudes p̃α that contribute to the spatial coordinate r. The obtained
equations (2.35), (2.36) and (2.37) can be utilized to self-consistently solve the full wave
equation (2.8).

The goal of this subsection, however, is to provide the source term for the traveling-
wave equation (2.22) of the scalar instantaneous electric field strength E±(z, t). Hence,
similar to the electric field, the microscopic polarization amplitudes p̃α(rα, t) are decom-
posed into forward and backward-traveling fields according to

p̃α(rα, t) =
(︂
p+

α (rα, t)eikzm+
E (rα) + p−

α (rα, t)e−ikzm−
E (rα)

)︂
e−iωt, (2.38)

which defines the new variables p+
α (rα, t) and p−

α (rα, t) that represent slowly varying en-
velope functions. Inserting the decompositions of the microscopic polarization amplitude
and the electric field into Eq. (2.36) leads to the equation(︃ d

dt
p+

α (rα, t)
)︃

eikz +
(︃ d

dt
p−

α (rα, t)
)︃

e−ikz

= − i(ωα − ω)
[︂
p+

α eikz + p−
α e−ikz

]︂
− iµα

2ℏ
(︂
ρe

α − ρh
α − 1

)︂ [︃1
2
(︂
E+eikz + E−e−ikz

)︂
e−iωt + c.c.

]︃
, (2.39)

where the mode profiles mE have canceled and µα denotes the projection of the transition
dipole moment onto the polarization direction of the electric field. To further proceed,
the rotating-wave approximation [HAK86, CHO99] is applied, which assumes that fast
rotating terms ∝ e2iωt and ∝ e∓2ikz average out on the timescales of p±

α and can therefore
be neglected. This leads to a decoupling of the forward (+) and backward (−) direction
and produces the two separate (±) equations

d
dt

p±
α (rα, t) = −i∆ωαp±

α (rα, t) − iµα

2ℏ
(︂
ρe

α(rα, t) + ρh
α(rα, t) − 1

)︂
E±(zα, t), (2.40)

where ∆ωα = ωα − ω denotes the detuning of the optical transition ∆ωα from the
chosen mode frequency ω. Similarly, the decompositions of the microscopic polarization
amplitude and the electric field are inserted into the equation for the occupation numbers
Eq. (2.35) and the rotating-wave approximation is applied to yield the equation

d
dt

ρe,h
α (rα, t) = µα

ℏ
Im
(︂
E+(zα, t)p+∗

α (rα, t)|m+
E (rα)|2 + E−(zα, t)p−∗

α (rα, t)|m−
E (rα)|2

)︂
,

(2.41)

which, unlike the polarization equation, still contains the mode profiles m+
E and m−

E .
In the next step, the equations for the polarization amplitudes (2.40) and occupation
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2 Semi-Classical Laser Theory

numbers (2.41) are averaged along the transverse directions r⊥ and along a small section
of the longitudinal direction z. It is furthermore assumed that both the electric field and
the microscopic polarization amplitude are approximately constant along the transverse
directions within the active region, such that the mode profiles can be chosen |m±

E (r)|2 =
1 for positions r within the active region. The resulting equations then read

d
dt

ρe,h
β (z, t) = µβ

ℏ
Im
(︂
E+(z, t)p+∗

β (z, t) + E−(z, t)p−∗

β (z, t)
)︂

(2.42)

d
dt

p±
β (z, t) = −i∆ωβp±

β (z, t) − iµβ

2ℏ
(︂
ρe

β(z, t) + ρh
β(z, t) − 1

)︂
E±(z, t), (2.43)

where the index β denotes a set of suitable quantum numbers that describe the localized
states at the longitudinal coordinate z. β thus still carries the transverse spatial depen-
dencies of the localized optically active transitions. Note that the spatial dependencies r
and z only appear parametrically in these equations. The macroscopic polarization that
drives the traveling-wave equation (2.22) can then be written as

P ±(z, t) = 2
Aact

⊥ dz

∑︂
β

µ∗
βp±

β (z, t), (2.44)

where Aact
⊥ dz represents the normalization volume, which contains the transverse cross-

section of the active region Aact
⊥ and an infinitesimal section dz along the longitudinal

direction z. For practical numerical implementations, dz transitions into the finite dis-
cretization length ∆z and thus produces a finite normalization volume. The index β then
runs over all optically active localized states within that volume.

On a final note, the presented treatment of the active medium has omitted carrier-
carrier and carrier-phonon interactions. Their addition to the free-carrier Hamiltonian
Eq. (2.23) leads in two kinds of modifications in the resulting equations: Firstly, first-
order many-body effects produce changes in the transition energies and polarization am-
plitudes, which are known as the band-gap renormalization and Coulomb enhancement
[CHO99, SCH01d, HAU04, CHO05]. Secondly, the interactions lead to a scattering of the
involved charge-carriers, i.e., a redistribution among the considered states. Those pro-
cesses moreover lead to loss of coherence, i.e., a dephasing, of the microscopic polarization
amplitudes [KOC00, SCH04e, LOR06, KOP11] with the combined characteristic time T2.
The latter effects can be included by phenomenologically adding the term Rscat

β to the
occupation number equation and the term −T −1

2,β p± to polarization amplitude equations.
With an additional term Rsp

β that represents losses due to spontaneous emission, the final
equations read

d
dt

ρe,h
β (z, t) = µβ

ℏ
Im
(︂
E+p+∗

β + E−p−∗

β

)︂
+ Rscat

β + Rsp
β (2.45)

d
dt

p±
β (z, t) = −i∆ωβp±

β − iµβ

2ℏ
(︂
ρe

β + ρh
β − 1

)︂
E± − T −1

2,β p±
β . (2.46)

Coupled to the traveling-wave equation (2.22), those equations comprise a complete spa-
tially inhomogeneous semi-classical description of a semiconductor laser with localized
charge-carrier wave functions. The specifics of the considered laser must then be encoded
via the device geometry and internal charge-carrier dynamics. In numerical implemen-
tations, each discretization point z is subject to a local set of matter equations.
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Delocalized Charge-Carrier Wave Functions

If the charge-carrier wave functions are delocalized within the active medium, the deriva-
tion of the Maxwell-Bloch equations becomes more involved, but nevertheless produces
equations, which are qualitatively identical to the equations obtained for localized wave
functions [KNO92, CHO95, HES95, SCH95l, HES96a, KNO98, GEH03].

Note that the delocalization may apply to all spatial dimensions (bulk active media),
to two spatial dimensions (quantum-well active media), or to only one spatial dimension
(quantum-wire active media). The localized dimensions in the two latter cases still
naturally induce a spatial dependence. Hence, quantum-well based surface emitting
devices may be described by Eq. (2.45) and (2.46), since the electric field propagation
direction matches the localization dimension of the active medium.

The following subsection presents the derivation of the spatially inhomogeneous
Maxwell-Bloch equations for fully delocalized charge-carrier wave functions. The pro-
cedure follows [HES96a], but neglects many body effects and adapts the equations to the
one-dimensional and scalar traveling-wave equation (2.22). The starting point is given
by the off-diagonal density matrix elements

ρe
k,k′ = ⟨c†

kck′⟩ (2.47)

ρh
k,k′ = ⟨v†

kvk′⟩ (2.48)
p̃k,k′ = ⟨v−kck′⟩, (2.49)

where k represents the charge-carrier wave vector. If the active medium provides lo-
calization within at least one spatial dimension, k is restricted to the respective delo-
calized subspace and must be complemented by additional suitable quantum numbers
that describe the states in the localized dimension. Spatially dependent distribution and
microscopic polarization amplitude functions, i.e., Wigner representations, are obtained
via the Wigner transform [HES96a, KNO98]

ρe,h(k, r) =
∑︂

q

e−iqrρe,h
k− 1

2 q,k+ 1
2 q

(2.50)

p̃(k, r) =
∑︂

q

e−iqrp̃k− 1
2 q,k+ 1

2 q, (2.51)

which corresponds to a Fourier transform with respect relative center of momentum. In
order to formulate the semi-classical light-matter interaction, the electric field is expanded
into spatial Fourier modes

E(r, t) =
∑︂

q

e−iqrEq(t), (2.52)

where Eq(t) denotes the time dependent complex Fourier coefficients. The light-matter
interaction Hamiltonian can then be written as

Hc−f =
∑︂
k,q

[︃
µk · Eq(t) c†

k+ 1
2 q

v†
−k+ 1

2 q
+ h.c.

]︃
, (2.53)

where µk denotes the interband transition dipole moment1. Using the Wigner repre-
sentation of the microscopic polarization amplitude Eq. (2.51) allows to calculate the

1In order to compute the transition dipole moments in the dipole approximation, the delocalization
charge-carrier wave functions must be expanded into Bloch modes [HAU04].

23



2 Semi-Classical Laser Theory

expectation value of the interaction Hamiltonian and to identify the spatially dependent
macroscopic polarization

P(r, t) = 1
V

∑︂
k

[µkp̃(k, r, t) + c.c.] , (2.54)

which enters the wave equation (2.8). V denotes the normalization volume of the crystal.
The temporal evolution of the Wigner representation of the distribution functions and the
microscopic polarization amplitudes is obtained via the Heisenberg equation of motion
and yields to lowest order [HES96a] the already known optical Bloch equations

d
dt

ρe,h(k, r, t) = i

ℏ
[µkp̃∗(k, r, t) − µ∗

kp̃(k, r, t)] E(r, t) (2.55)

d
dt

p̃(k, r, t) = −iωkp̃(k, r, t) − i

ℏ
µk

(︂
ρe(k, r, t) + ρh(k, r, t) − 1

)︂
E(r, t), (2.56)

where ωk denotes the transition frequency. Higher-order expansion terms produce carrier
transport terms, e.g., carrier diffusion in the first-order expansion [HES96a]. In order to
couple the dynamics to the traveling-wave equation, the microscopic polarization am-
plitude is written in terms of slowly varying forward and backward-traveling envelope
functions

p̃(k, r, t) =
(︂
p+(k, r, t)eikzm+

E (r) + p−(k, r, t)e−ikzm−
E (r)

)︂
e−iωt, (2.57)

where m±
E denotes the mode profiles of the forward and backward-traveling electric field.

Inserting this equation into the dynamical equations (2.55) and (2.56), applying the
rotating-wave approximation [HAK85, CHO99], and integrating out the transverse di-
rection yields the equations

d
dt

ρe,h(k, z, t) = µk

ℏ
Im
(︂
E+(z, t)p+∗(k, z, t) + E−(z, t)p−∗(k, z, t)

)︂
(2.58)

d
dt

p±(k, z, t) = −i∆ωkp±(k, z, t) − iµk

2ℏ
(︂
ρe(k, z, t) + ρh(k, z, t) − 1

)︂
E±(z, t). (2.59)

Those equations are furthermore to be complemented by respective charger-carrier scat-
tering and relaxation and polarization dephasing terms. Note that similar to the fully
localized charge-carrier wave function case, the spatial dependence only appears para-
metrically in those equations due to the aforementioned lowest-order expansion of the
dynamical equations. The macroscopic polarization that drives the traveling-wave equa-
tion (2.22) can then be written as:

P ±(z, t) = 2
V

∑︂
k

µ∗
kp±(k, z, t). (2.60)

In conclusion, the spatially inhomogeneous Maxwell-Bloch equations for localized
and those for delocalization charge-carrier wave functions are completely isomorphic at
the presented modeling depth. The practical differences between the two are embodied by
the respective band structure of the active media, which are encoded in the corresponding
quantum numbers β and k.
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2.4 Integration Scheme for the Traveling-Wave Equation

The traveling-wave equation (2.22) is a first-order partial differential equation (PDE) in
the variables of the longitudinal position z and the time t. This represents a substantial
reduction in complexity compared to the full wave equation Eq. (2.8), which is a second-
order PDE in all three spatial dimensions and time. However, the self-consistent coupling
to the charge-carrier system of the active medium generally produces a polarization, i.e., a
source term that nonlinearly depends on both the electric field and the carrier occupation
numbers. This nonlinearity typically defies the analytic treatment of a laser described
by a traveling-wave equation model.

On that account, the analysis often resorts to the direct integration of the governing
equations with a given initial system state. For the past three decades, finite-difference
methods have been successfully applied to simulate the dynamics of mode-locked semi-
conductor lasers [HEL90a, SCH91b, AVR00, BAN06, AVR09, JAV10, ROS11c, ROS11d,
RAD11a, SIM12a, DON17, BAR17].

However, the finite-difference methods often turn out to be too computationally ex-
pensive to perform statistical analyses of stochastic traveling-wave models and to perform
large parameter studies in the case of mode-locked lasers. To account for short pulses
and thus broad gain spectra, a sufficiently small time discretization is required, which
implies a corresponding small spatial discretization to fulfill the Courant-Friedrichs-Lewy
stability criterion. The resulting degrees of freedom from the spatial discretization then
produce large computational demands [JAV12].

Nevertheless, the computational costs can be drastically reduced by transforming the
partial differential traveling-wave equation into sets of delay-coupled algebraic equations
with a much coarser spatial discretization [JAV12]. The procedure to derive the respective
equations is presented and discussed in the following: With the method of characteristics,
the traveling-wave equation

[︄
∂z ± 1

vg
∂t

]︄
E±(z, t) = ±S±(z, t) (2.61)

can be transformed into the ordinary differential equation

d
dζ

E±(z(ζ), t(ζ)) = ±S±(z(ζ), t(ζ)) (2.62)

along its characteristic curve (z(ζ), t(ζ)), which is parameterized by the variable ζ. The
field source term S± summarizes resonant effects mediated by the polarization P ± and
non-resonant waveguide losses. Note that the ±, which accounts for the directionality
and was previously placed in front of the spatial derivative ∂z, has been moved to the
time derivative ∂t and the field source term. Formally evaluating the total derivative
with respect to ζ yields

d
dζ

E±(z(ζ), t(ζ)) = ∂zE± d
dζ

z(ζ) + ∂tE
± d

dζ
t(ζ) = ±S±(z(ζ), t(ζ)), (2.63)
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which recovers the partial differential equation in the variables z and t. By comparison
to the traveling-wave equation (2.61), the total derivatives of z(ζ) and t(ζ) with respect
to ζ, and consequently the characteristic curve (z(ζ), t(ζ)) itself, are found to be

d
dζ

z(ζ) = 1 → z(ζ) = z′ + ζ = ζ (2.64)

d
dζ

t(ζ) = ± 1
vg

→ t(ζ) = t′ ± ζ

vg
. (2.65)

z′ and t′ are the constants of integration, which can be fixed by an initial state in the
labframe. Choosing z′ = 0 results in a rescaled time t′ = t ∓ z

vg
, which corresponds to

a co-moving frame in which the time t′ is constant for an observer that moves along the
electric field with the group velocity vg.

In the next step, the ordinary differential equation (2.62) is integrated along ζ ac-
cording to the fundamental theorem of calculus. With the explicit knowledge of the
characteristic curve (z(ζ), t(ζ)), the result can be evaluated afterwards in the labframe
z and t. Note that the integration along ζ corresponds to an integration over z and t
at the same time, but with integration limits only in terms of z. The integration is first
performed in the forward (+) direction along a small section ∆z:

∫︂ z

z−∆z
dζ

d
dζ

E+(z(ζ), t(ζ)) =
∫︂ z

z−∆z
dζS+(z(ζ), t(ζ)) (2.66)

⇔
∫︂ z

z−∆z
dζ

d
dζ

E+
(︄

ζ, t′ + ζ

vg

)︄
=
∫︂ z

z−∆z
dζS+

(︄
ζ, t′ + ζ

vg

)︄
(2.67)

⇔
[︄
E+

(︄
z + ζ, t′ + z

vg
+ ζ

vg

)︄]︄0

−∆z

=
∫︂ 0

−∆z
dζS+

(︄
z + ζ, t′ + z

vg
+ ζ

vg

)︄
. (2.68)

The last equality has shifted the position z from the integral limits to the integrands.
With the introduction of the propagation time τ = ∆z/vg, the forward-moving electric
field E±(z, t) at the position z can be expressed as

⇔ E+(z, t) =E+(z − ∆z, t − τ) +
∫︂ 0

−∆z
dζS+

(︄
z + ζ, t + ζ

vg

)︄
(2.69)

≈E+(z − ∆z, t − τ) + ∆z

2
[︂
S+(z, t) + S+(z − ∆z, t − τ)

]︂
, (2.70)

where the integral over the source term has been approximated with the trapezoidal rule.
This approximation works well as long as the source term does not vary significantly over
the integration range. Convergence can be easily achieved by reducing the integration
interval ∆z, since the error of the trapezoidal approximation scales with ∆z3∂2

ζ S±.
The integration of the backward (−) direction along an interval ∆z is set up similarly

to the forward (+) direction, but with the integration domain from z + ∆z backward to
z, since the goal is to find an expression for E−(z, t):

∫︂ z

z+∆z
dζ

d
dζ

E−(z(ζ), t(ζ)) = −
∫︂ z

z+∆z
dζS−(z(ζ), t(ζ)). (2.71)
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2.4 Integration Scheme for the Traveling-Wave Equation

Figure 2.2: Sketch of the spatial discretization scheme. The device is divided into N sections
with length ∆zk. Sk denotes the spatially average source term in the kth section.
τ±

k denotes the propagation times that couple neighboring sections.

Note the flipped sign of the source term due to the backward direction. Repeating the
same steps as for the forward direction produces the same result, but with a flipped sign
in front of the integration interval ∆z:

E−(z, t) =E−(z + ∆z, t − τ) +
∫︂ ∆z

0
dζS−

(︄
z + ζ, t − ζ

vg

)︄
(2.72)

≈E−(z + ∆z, t − τ) + ∆z

2
[︁
S−(z, t) + S−(z + ∆z, t − τ)

]︁
. (2.73)

Finally, both the forward (+) and the backward (−) direction can be expressed in the
formula

E±(z, t) ≈ E±(z ∓ ∆z, t − τ) + ∆z

2
[︁
S±(z, t) + S±(z ∓ ∆z, t − τ)

]︁
, (2.74)

which represents the foundation for a general spatial discretization scheme of the laser
cavity.

To implement the integration of the traveling-wave equation for a given laser cavity,
the longitudinal direction z is discretized into N sections with the length ∆zk and the
index k = 1, 2, . . . , N . The electric field and the source term are discretized likewise and
the resulting variables E±

k and S±
k represent the mean field and mean source term within

the sections ∆zk, which are considered to be localized in the middle of the respective sec-
tions zk. Figure 2.2 presents a sketch of the spatial discretization scheme. The resulting
system of delay-algebraic propagation equation for the electric field then reads

E±
k (t) ≈ E±

k∓1(t − τ±
k ) + δ±

k

2
[︂
S±

k (t) + S±
k∓1(t − τ±

k )
]︂

, (2.75)

where the shorthands

δ±
k = ∆zk + ∆zk∓1

2 (2.76)

τ±
k = ∆zk + ∆zk∓1

2vg
(2.77)

describe the spatial separations δ±
k and propagation times τ±

k between neighboring field
discretization points zk. Note that the sign ∓ accounts for the directionality of the
propagation. The boundary conditions, which arise at the facets of the laser cavity,
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apply to the section k = 1 for E+
1 and to the section k = N for E−

N and must by
implemented separately according to

E+
1 (t) ≈

√
rLE−

1 (t − ∆z1/vg) + ∆z1
2
[︂
S+

1 (t) + √
rLS−

1 (t − ∆z1/vg)
]︂

(2.78)

E−
N (t) ≈

√
rRE+

N (t − ∆zN /vg) + ∆zN

2
[︂
S−

N (t) + √
rRS+

N (t − ∆zN /vg)
]︂

, (2.79)

where rL and rR denote the intensity reflectivity coefficients of the respective left and
right cavity facets.

The complete laser model then adds equations that describe the evolution of the
charge-carrier system of each section. The individual sections are delay coupled to their
neighbors via the electric field with the respective propagation times τ . The resulting
complete system of equations solves the traveling-wave equation equivalently to a fi-
nite difference method. However, the delay-algebraic formulation has effectively folded
space into propagation time [JAV12], which allows for independent spatial and temporal
discretizations that are not subject to the Courant-Friedrichs-Lewy stability condition.
This flexibility can enable much coarser spatial discretizations and can thereby massively
reduce the computational costs. Hence, this approach has been successfully used to sim-
ulate optoelectronic devices from optical amplifiers [KOL13, LIN18] to (mode-locked)
multi-mode lasers [JAV12, PER13, PER18, MEI19, LIN19b].
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2.5 Integration Scheme with an Eliminated Polarization

2.5 Integration Scheme with an Eliminated Polarization
If the exact spectral evolution of the electric field along the propagation is not required, a
simplified modeling approach can be used. This sections follows the ideas of Vladimirov
et al. [VLA09] and derives a system of self-consistent equations for the electric field and
charge-carrier dynamics under the assumption that the source term of the traveling-wave
equation (2.61) linearly depends on the electric field itself.

Adiabatic Elimination of the Polarization

In the full Maxwell-Bloch framework, the spectral features of the active medium are de-
termined by the dynamics of the induced polarization. The typically very fast dephasing,
i.e., short T2 time, of the polarization as well as the potentially strong detuning of transi-
tions at the edge of the gain spectrum make the numerical simulation of the polarization
dynamics computationally expensive. To circumvent this issue, the fact that the polar-
ization dynamics are fast, can be utilized to adiabatically eliminate their dynamics. This
approximation works well for semiconductors at room temperature, where typical dephas-
ing times are shorter than 100 fs [KOC00, BOR01c, BOR02, VU06], while the carrier and
field dynamics rather occur on picosecond timescales [NIE04, MAJ10, WIL12b, LIN15b].
The microscopic polarization amplitudes can then be assumed to be determined by the
quasi-static relation

d
dt

p±
β (z, t) = 0. (2.80)

Inserting the respective dynamical equation (2.46) yields the algebraic equation

p±
β (z, t) = − iµβ

2ℏ
(︂
ρe

β + ρh
β − 1

)︂
E±T2,β

1 − iT2,β∆ωβ

1 + [∆ωβT2,β ]2
(2.81)

for the microscopic polarization amplitude. Note that this equation represents a complex
Lorentzian with respect to ∆ωβ , which has a FWHM of 1/T2,β and corresponds to the
line shape of the individual transition. With the definition of the complex gain coefficient

˜︁gβ = T2,β |µβ |2

2ℏ2
1 − iT2,βωβ

1 + [∆ωβT2,β ]2
(2.82)

the corresponding dynamical equations for the charge-carrier occupation numbers read

d
dt

ρe,h
β (z, t) = −Re(˜︁gβ)

(︂
ρe

β + ρh
β − 1

)︂
|E±(z, t)|2. (2.83)

The macroscopic polarization is obtained by summing over all microscopic polarization
amplitudes according to Eq. (2.44). Inserting Eq. (2.81) yields

P ±(z, t) = − i

ℏAact
⊥ dz

E±(z, t)
∑︂

β

|µβ |2
(︂
ρe

β + ρh
β − 1

)︂
T2,β

1 − i∆ωβ

1 + [∆ωβT2,β ]2

= − i2ℏ
Aact

⊥ dz
E±(z, t)

∑︂
β

˜︁gβ

(︂
ρe

β + ρh
β − 1

)︂
, (2.84)
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where the second line incorporates the complex gain coefficients ˜︁gβ . Note that the electric
field has been factored out of the sum. This motivates the definition of the macroscopic
gain function

g±({ρe
β}, {ρh

β}) = 4ℏωΓ±
⊥

ϵbvgAact
⊥ dz

∑︂
β

˜︁gβ

(︂
ρe

β + ρh
β − 1

)︂
, (2.85)

which dynamically only depends on the set of all optically active occupation numbers
{ρe

β} and {ρh
β}. Using this definition, the traveling-wave equation that governs the electric

field evolution can be written as[︄
±∂z + 1

vg
∂t

]︄
E±(z, t) =

g±({ρe
β}, {ρh

β})
2 E±(z, t), (2.86)

where the factor of 2 accounts for amplitude gain convention.
The drawback of the adiabatically eliminated polarization amplitudes, however, is

that they respond to every electric field as if it were monochromatic and centered at
the frequency ω. Thus, the gain spectrum has become infinitely broad and the active
medium interacts with electric field components of all frequencies. Nonetheless, this
approach works reasonably well for single-mode lasers [CHO99, LIN15b], such as DBR
and micro/nano cavity lasers. For multi-mode and thus also mode-locked lasers, on the
other hand, the sole use of the just derived equation is not sufficient, since the multi-
mode character of the electric field itself is the object under investigation. Hence, the
equations must be modified subsequently to account for the gain bandwidth of the laser
and restrict the spectral evolution of the electric field. This has been done successfully
for mode-locked lasers, by introducing a spectral filtering element to the laser cavity with
a lumped element approach [VLA05, VIK06, VLA09, ROS11d, OTT12a].

Macroscopic Charge-Carrier Equations

In many cases it is not necessary to keep track of the individual occupation numbers ρe,h
β ,

since fast carrier-carrier and carrier-phonon interaction processes drive the charge-carrier
distribution towards quasi-Fermi equilibria within the bands [CHO99, KOC00, HAU04,
COL12a]. In that case, the distribution functions are fully determined by the charge-
carrier density and temperature. Hence, the gain function Eq. (2.85) only depends on
the charge-carrier density and temperature. However, a straightforward analytical cal-
culation of the gain function is often unfeasible due to the intricacies of the semiconduc-
tor band structures [COL12a], especially if many-body interactions are to be included
[CHO99]. Thus, a multitude of approaches has been developed [TAR98a] to obtain ef-
fective semiconductor gain functions. At the simplest level, a linearization of the gain
around the lasing threshold or any other operation point is carried out. This procedure
leads to a differential gain coefficient and an amplitude-phase coupling coefficient (α-
factor). To account for spectral and spatial hole burning, gain compression term can be
introduced [COL12a]. If the laser is to be operated over a larger range of charge-carrier
densities, the gain function may include a logarithmic instead of a linear dependence on
the density to model a gain roll-over at larger densities [COL12a].

For the purpose of the following derivations, the gain function, however, does not
need to be specified. For simplicity, it is required that it only depends on a single charge-
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2.5 Integration Scheme with an Eliminated Polarization

Figure 2.3: Sketch of the discretization scheme. The device is divided into N sections with
N +1 facets at the positions zk. Gk denotes the integrated gain for each section and
red arrows indicate the forward and backward-traveling electric field at the N + 1
section facets. τk denotes the propagation time through each respective section k.

carrier variable2 ρ. For example, ρ may represent the charge-carrier density in a quantum
well or the occupation number of a quantum-dot state. The traveling-wave equation for
the forward and backward-moving slowly varying electric field amplitude can then be
written as [︄

±∂z + 1
vg

∂t

]︄
E±(z, t) =

[︃
−αint

2 + g (ρ(z, t))
2

]︃
E±(z, t), (2.87)

where g(ρ) is the complex valued gain function. αint furthermore describes linear non-
resonant losses. The corresponding equation for the charge-carrier dynamics is given
by

d
dt

ρ(z, t) = −ρ(z, t)
τρ

+ R − vgRe {g (ρ(z, t))}
[︂
|E+(z, t)|2 + |E−(z, t)|2

]︂
, (2.88)

where τρ denotes the charge-carrier lifetime, R summarizes all charge-carrier scattering
processes, which change the charge-carrier variable3, and vg denotes the group velocity.
The electric field is given in units of ρ, which is achieved by rescaling it with the factor

4ℏωΓ±
⊥

ϵbAact
⊥ dz

(2.89)

that appears as a prefactor in Eq. (2.85). All parameters may have a spatial dependence,
which is not explicitly written in the equations above.

Electric Field Equations

Similar to the integration scheme presented in Sec. 2.2, the traveling-wave equation (2.87)
is integrated over finite distances. Thus, before starting out with the discussion of the
electric field dynamics, the spatial discretization scheme is introduced. A sketch that
shows all relevant quantities is presented in Fig. 2.3. The electric field is evaluated at
N + 1 longitudinal positions zk, which divide the device into N sections with length
∆zk. Gk denotes the integrated gain within the sections and red arrows indicate the

2The derivation with a full set of occupation numbers would follow analogously.
3For example, the influx of charge-carriers due to a pump process.
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forward and backward-traveling electric field at the N + 1 section facets. τk denotes the
propagation time through each respective section k, which relates to the section lengths
via τk = ∆zk/vg, where vg is the group velocity.

To perform the integration of the traveling-wave equation (2.87), the method of
characteristics is used to transform the partial differential equation into an ordinary
differential equation

d
dζ

E±(z(ζ), t±(ζ)) = ±
[︄
−αint

2 + g (ρ(z(ζ), t±(ζ)))
2

]︄
E±(z(ζ), t±(ζ)) (2.90)

along the characteristic curve (z(ζ), t±(ζ)). The curve is parameterized by ζ and explicitly
given by

z(ζ) = z′ + ζ = ζ (2.91)

t±(ζ) = t′ ± ζ

vg
. (2.92)

The integration of the transformed traveling-wave equation (2.90) along a finite section
[zk, zk+1] of the device can be easily done via the fundamental theorem of calculus.
Starting with the forward (+) direction, the integration yields∫︂ zk+1

zk

dζ

d
dζ E+(z(ζ), t+(ζ))
E+(z(ζ), t+(ζ)) =

∫︂ zk+1

zk

dζ

[︄
−αint

2 + g
(︁
ρ(z(ζ), t+(ζ))

)︁
2

]︄
(2.93)

ln
(︄

E+(ζ, t′ + ζ

vg
)
)︄ ⃓⃓⃓⃓
⃓
zk+1

zk

= − αint
2 ∆zk + 1

2

∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t′ + ζ

vg

)︄)︄
(2.94)

⇒ E+(zk+1, t′ + zk+1
vg

) =E+(zk, t′ + zk

vg
)

× exp
(︄

−αint
2 ∆zk + 1

2

∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t′ + ζ

vg

)︄)︄)︄
,

(2.95)

which corresponds to an algebraic propagation equation for the electric field that includes
the yet to be determined integral over the gain function g. By defining t′ via t =
t′ + zk+1/vg and using zk+1 = zk + ∆zk, the last equation can be written as

E+(zk+1, t) =E+(zk, t − τk)

× exp
(︄

−αint
2 ∆zk + 1

2

∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t′ + ζ

vg

)︄)︄)︄
, (2.96)

where τk = ∆zk/vg describes the propagation time from zk to zk+1. Repeating the same
steps for the integration of the backward (−) direction along the section [zk+1, zk] yields

E−(zk, t) =E−(zk+1, t − τk)

× exp
(︄

−αint
2 ∆zk + 1

2

∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t′ − ζ

vg

)︄)︄)︄
. (2.97)

Note that the traveling-wave equation (2.90) has been integrated over the same section of
the device, but for the forward direction from zk to zk+1 and for the backward direction
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2.5 Integration Scheme with an Eliminated Polarization

the other way around from zk+1 to zk. Furthermore, both Eq. (2.96) and Eq. (2.97)
contain integrals over the gain function g on the right hand side, which differ in the time
argument of the charge-carrier number. To proceed, the integrals are approximated by∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t′ + ζ

vg

)︄)︄
=
∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t + ζ − zk+1

vg

)︄)︄

≈
∫︂ zk+1

zk

dζg

(︃
ρ

(︃
ζ, t − τk

2

)︃)︃
(2.98)

for the forward (+) direction and∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t′ − ζ

vg

)︄)︄
=
∫︂ zk+1

zk

dζg

(︄
ρ

(︄
ζ, t − ζ + zk

vg

)︄)︄

≈
∫︂ zk+1

zk

dζg

(︃
ρ

(︃
ζ, t − τk

2

)︃)︃
(2.99)

for the backward (−) direction. Hence, both integrals are given by integrating over the
gain for a constant time t − τk/2, which corresponds to the time where fields that start
at the opposing section facets arrive in the center of the section. This motivates the
definition of the integrated gain

Gk(t) =
∫︂ zk+1

zk

dζg

(︃
ρ

(︃
ζ, t − ∆tk

2

)︃)︃
(2.100)

within the section [zk, zk+1]. Using this definition, Eq. (2.96) and Eq. (2.97) can be written
as

E+(zk+1, t) =E+(zk, t − τk) exp
(︃

−αint
2 ∆zk + 1

2Gk(t)
)︃

(2.101)

E−(zk, t) =E+(zk+1, t − τk) exp
(︃

−αint
2 ∆zk + 1

2Gk(t)
)︃

, (2.102)

which serve as the algebraic propagation equations that determine the electric field am-
plitudes of the forward and backward-traveling electric field at the positions zk and zk+1.

Charge-Carrier Dynamics

To obtain a closed set of equations, suitable dynamical equations for the integrated gain
Gk, which appears in the electric field propagation equations, and the associated charge-
carrier numbers must be found. By definition, the carrier number ρ determines the gain
g and the respective dynamical equations is given by Eq. (2.88). For a sufficiently fine
discretization zk, the carrier number ρ varies only negligibly within one section [zk, zk1 ].
The integrated gain can then be approximated by

Gk(t) =
∫︂ zk+1

zk

dζ g

(︃
ρ

(︃
ζ, t − ∆tk

2

)︃)︃
≈ ∆zkg (⟨ρ⟩k(t)) , (2.103)

where ⟨ρ⟩k is the spatially averaged carrier number within the section [zk, zkk+1 ], which
is defined by

⟨ρ⟩k(t) = 1
∆zk

∫︂ zk+1

zk

dz ρ

(︃
z, t − τk

2

)︃
. (2.104)
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To derive equations of motion for the spatially averaged carrier number, the time in
Eq. (2.88) is shifted by −τk/2 and the equation is spatially integrated over the section
[zk, zk+1], which yields

∫︂ zk+1

zk

dz

∆zk

(︃ d
dt

ρ

(︃
z, t − τk

2

)︃)︃
=
∫︂ zk+1

zk

dz

∆zk

(︄
−

ρ
(︁
z, t − τk

2
)︁

τρ
+ R

− vgRe
{︃

g

(︃
ρ(z, t − τk

2 )
)︃}︃

×
[︄⃓⃓⃓⃓

E+
(︃

z, t − τk

2

)︃⃓⃓⃓⃓2
+
⃓⃓⃓⃓
E−

(︃
z, t − τk

2

)︃⃓⃓⃓⃓2]︄)︄
, (2.105)

where the factor 1/∆zk ensures the proper normalization. Applying the definition of the
spatially averaged carrier number Eq. (2.104) and recognizing the independent spatial
and temporal evolution of the carrier numbers leads to

d
dt

⟨ρ⟩k(t) = − ⟨ρ⟩k(t)
τρ

+ R

− vg
∆zk

∫︂ zk+1

zk

dz Re
{︃

g

(︃
ρ(z, t − τk

2 )
)︃}︃ ⃓⃓⃓⃓

E+
(︃

z, t − τk

2

)︃⃓⃓⃓⃓2
− vg

∆zk

∫︂ zk+1

zk

dz Re
{︃

g

(︃
ρ(z, t − τk

2 )
)︃}︃ ⃓⃓⃓⃓

E−
(︃

z, t − τk

2

)︃⃓⃓⃓⃓2
. (2.106)

To solve the remaining integrals on the right hand side, the traveling-wave equation (2.87)
is multiplied by the complex conjugate E±∗ of the electric field amplitude to produce

±(∂zE±)E±∗ + 1
vg

(∂tE
±)E±∗ =

[︃
−αint

2 + g (ρ(z, t))
2

]︃
E±E±∗

. (2.107)

Taking the real part of that equation yields

±∂z|E±|2 + 1
vg

∂t|E±|2 = [−αint + Re {g (ρ(z, t))}] |E±|2, (2.108)

which represents a traveling-wave equation for the intensity |E±|2. Using the method of
characteristics again, this partial differential equation is transformed into the ordinary
differential equation

d
dζ

|E±(z(ζ), t±(ζ))|2 = ±
[︁
−αint + Re

{︁
g(z(ζ), t±(ζ))

}︁]︁
|E±(z(ζ), t±(ζ))|2, (2.109)
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where (z(ζ), t±(ζ)) is the previously used characteristic curve. Starting with the forward
(+) direction, the first integral in Eq. (2.106), which involves the forward (+) traveling
field E+, is evaluated according to:∫︂ zk+1

zk

dz Re
{︃

g

(︃
ρ

(︃
z, t − τk

2

)︃)︃}︃ ⃓⃓⃓⃓
E+

(︃
z, t − τk

2

)︃⃓⃓⃓⃓2
≈
∫︂ zk+1

zk

dζ Re
{︂

g
(︂
ρ(z(ζ), t+(ζ))

)︂}︂ ⃓⃓⃓
E+(z(ζ), t+(ζ))

⃓⃓⃓2
=
∫︂ zk+1

zk

dζ

[︃ d
dζ

|E+(z(ζ), t+(ζ))|2 + αint|E+(z(ζ), t+(ζ))|2
]︃

≈
⃓⃓⃓⃓
⃓E+

(︄
zk+1, t′ + zk+1

vg

)︄⃓⃓⃓⃓
⃓
2

−
⃓⃓⃓⃓
⃓E+

(︄
zk, t′ + zk

vg

)︄⃓⃓⃓⃓
⃓
2

+ αint∆zk

2

⎡⎣⃓⃓⃓⃓⃓E+
(︄

zk, t′ + zk

vg

)︄⃓⃓⃓⃓
⃓
2

+
⃓⃓⃓⃓
⃓E+

(︄
zk+1, t′ + zk+1

vg

)︄⃓⃓⃓⃓
⃓
2
⎤⎦

=|E+(zk+1, t))|2 − |E+(zk, t − τk))|2

+ αint∆zk

2
[︂
|E+(zk, t − τk))|2 + |E+(zk+1, t))|2

]︂
. (2.110)

The first approximation, i.e., from the first to the second line, changes the integration
to the characteristic curve and adjusts the time argument accordingly. The integrand
can then be replaced via Eq. (2.109) and the integral can be carried out. The first term
is subject to the fundamental theorem of calculus and the second term is approximated
using the trapezoidal rule. Using the previously derived electric field propagation equa-
tion (2.101), the last line can be written as

|E+(zk, t − τk))|2
{︃

e−αint∆zk+Re{Gk(t)} − 1 + αint
2 ∆zk

(︂
e−αint∆zk+Re{Gk(t)} + 1

)︂}︃
.

(2.111)
Assuming small non-resonant losses within the considered section, i.e., αint∆zk ≪ 1,
allows to expand the exponentials to first order. Reorganizing the resulting terms then
produces the final approximation for the forward (+) integral:∫︂ zk+1

zk

dz Re
{︃

g

(︃
ρ(z, t − τk
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. (2.112)

Repeating the same steps for the backward (−) direction yields the similar expression∫︂ zk+1

zk

dz Re
{︃

g

(︃
ρ(z, t − τk
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. (2.113)

Using those results, the dynamical equation of the spatially averaged carrier number ⟨ρ⟩k

can be written as
d
dt

⟨ρ⟩k(t) = − ⟨ρ⟩k(t)
τρ

+ R − vg
∆zk

e− αint
2 ∆zk

(︂
eRe{Gk(t)} − 1

)︂
×
[︃⃓⃓⃓

E+(zk, t − τk))
⃓⃓⃓2

+
⃓⃓
E−(zk+1, t − τk))

⃓⃓2]︃
. (2.114)
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2 Semi-Classical Laser Theory

The spatially averaged charge-carrier number dynamics are thus governed by the inte-
grated gain and the time-delayed forward and backward-moving electric fields.

Summary

In conclusion, Eq. (2.114) combined with the algebraic propagation equations for the
electric field Eq. (2.101) and Eq. (2.102), and the approximation for the integrated gain
Eq. (2.103) self-consistently describe the electric field and the active medium dynamics
within a considered small section of the laser device. Note that the presented treatment
of the traveling-wave equation has lead to an exponential dependence of the light-matter
interaction on the integrated gain. This already accounts for propagation effects within
the individual sections unlike the general linear approximation that was presented in
Sec. 2.2. Thus, one could expect an even greater tolerance towards a coarse spatial dis-
cretization with errors only appearing if the assumption of spatial charge-carrier number
homogeneity breaks down. The downside of this modeling approach, however, is the in-
finitely broad gain bandwidth due to the adiabatically eliminated polarization dynamics.
Hence, the equations must be further modified to achieve a realistic description of the
gain bandwidth and thus produce a suitable model for multi-mode laser dynamics. One
suitable approach is presented in Chap. 5 in order to derive a model for a mode-locked
V-shaped laser.
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3 Timing Jitter in Mode-Locked Lasers

The timing jitter of a mode-locked laser quantifies the temporal pulse train stability in
the presence of continuous external forcing. In this case, temporal stability refers to the
pulse train’s ability to remain close to an ideal reference pulse train. This chapter re-
views the established timing jitter estimation methods and introduces a new pulse-period
fluctuation autocorrelation based method1. A special focus is placed on the application
to numerically simulated time series. On that account, the practical implementation of
the various methods is discussed in detail. In this context, the method’s different com-
putational demands are studied with respect to their produced timing jitter estimate
fidelities. The results lead to recommendations regarding the most suitable estimation
method based on the properties of the mode-locked pulse train.

This chapter is structured as follows: After introducing the basic concepts in Sec. 3.1,
first the established time domain, frequency-domain and hybrid timing jitter estimation
methods are presented and demonstrated in Sec. 3.2, 3.3 and 3.4, respectively. After-
wards, the pulse-period fluctuation autocorrelation method is introduced in Sec. 3.5 and
finally all methods are benchmarked with respect to their required sampling data to
produce reasonable timing jitter estimates in Sec. 3.6. The individual methods in this
chapter are demonstrated and exemplified using simulated time series from the three-
section tapered quantum-dot laser, which is presented and characterized in detail in
Chap. 4.

3.1 Introduction
The effect of timing jitter is illustrated by an exaggerated sketch in Fig. 3.1, where an
ideal pulse train (blue) and a noisy pulse train (red) are shown. The noisy pulse train is
subject to fluctuating pulse periods Tn, which lead to timing deviations ∆tn (highlighted
by purple shaded regions) of the pulse positions tn from the ideal jitter free pulse positions
nTC. TC denotes the mean period, i.e., the inter-pulse-interval and is also referred to as
the clock time. The continuous external forcing may include deterministic processes,
such as shifting temperatures and mechanical vibrations, and stochastic processes, such
as spontaneous emission noise and charger-carrier noise.

The analysis of a mode-locked laser’s timing jitter is crucial, since an excellent tem-
poral stability, i.e., a small timing jitter, is required for many applications [JIA02b,
KUN07a, LEL07]: In photonic sampling applications the timing jitter limits the sampling
rate [VAL07, BAJ21], in optical data transmission applications the timing jitter limits
the achievable bit rate [JIA05a, BIM06, KUN07a, SCH10g, LIU19] and in spectroscopy
applications[UDE02, KEL03, LUE11b] the timing jitter limits the spectral resolution.

1Parts of the chapter have been published in [MEI21].
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3 Timing Jitter in Mode-Locked Lasers

Figure 3.1: Timing Jitter sketch. Blue pulses represent an ideal noise free pulse train with a
constant pulse period TC. Red pulses represent a real pulse train, where the pulse
periods Tn fluctuate. Purple shaded regions highlight the deviations ∆tn of the
pulse positions tn from the ideal pulse train nTC.

Hence, the timing jitter determines among other laser performance characteristics the
usefulness of a given device.

The nature of the timing deviations can be furthermore separated into two funda-
mentally different cases: For actively mode-locked lasers, the pulses are bound to the
external modulation signal, which invokes the mode-locking in the first place. The mod-
ulation acts as a restoring force, which drives the pulses back to their ideal position.
The external modulation, moreover, represents a reference clock, against which timing
deviations can be measured. Passively mode-locked lasers, on the other hand, lack the
external modulation and are not subject to a restoring force and thus two sample pulse
trains can drift arbitrarily out of synchronization.2. Timing deviations must than be
measured against an ideal, perturbation free pulse train, which can be constructed from
the mean pulse repetition period.

In both cases, however, the experimental measurement is not as straightforward as
one might wish, since the exact pulse positions generally can not be determined due to
bandwidth limitations of the available laboratory electronics. On that account, multiple
spectral methods have been developed, which estimate the timing jitter based on the
power spectral density captured by a photo diode. Such spectra generally do not contain
the complete pulse train information, since they are truncated by the measurement setups
cut-off frequency3. Hence, essential to each method is a model of the noisy pulse train,
such that the timing jitter can be related to the features of the (truncated) measured
power spectral density. A wealth of literature has been published over the past decades
on this subject regarding active mode-locking [LIN86, ELI96] and passive mode-locking
[HAU93a, ELI97, JIA01, KEF08].

Simulated noisy pulse trains, on the other hand, provide full access to the temporal
dynamics and thus permit to determine the timing jitter via both time-domain and
frequency-domain methods. Hence, simulations of the timing jitter in mode-locked lasers
can be used to compare time and spectral domain methods against each other and thereby
probe the validity of underlying assumptions of the spectral methods. However, any

2In more mathematical terms, a passively mode-locked laser is an autonomous system, which is subject
to a time shift symmetry. Any periodic solution therefore exhibits a neutral mode, which corresponds
to the time shift symmetry. Perturbations in the direction of the time shift mode, will therefore
remain in the system and continuous perturbations, such as spontaneous emission noise, accumulate
over time

3The truncated high frequencies correspond to a sampling time, which is not sufficient to resolve the
individual pulses and thus prevents a time-domain estimation of the timing jitter.
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Figure 3.2: Pulse period fluctuations. (a) Example sequence of fluctuating pulse periods (black
dots) and (b) histogram of the pulse periods obtained from 108 pulses. The mean,
denoted by the red lines, corresponds to the clock time TC and the standard devi-
ation, highlighted by the red shaded region, to the pulse-to-pulse timing jitter σpp.
Laser parameters: P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

conclusion derived from such a comparison only translates well into the physical reality
if both the deterministic dynamics of the mode-locked lasers as well as the continuous
external driving are reasonably well treated in the simulations.

Dictated by the considered three section quantum-dot laser, this section focuses on
the analysis of the latter case, i.e., passive mode-locking. Nevertheless, many of the
definitions and measurement techniques introduced in this section apply to both passive
and active mode-locking. Moreover, the analysis is restricted to spontaneous emission
noise as the timing fluctuations inducing external driving force. This, however, implies
no major restriction, since it has been shown that spontaneous emission noise dominates
all other contributions to the timing jitter in passively mode-locked semiconductor lasers
[HAU93a, ELI97].

A first characterization of the timing fluctuations of the considered laser is presented
in Fig. 3.2, where (a) shows a sample sequence of fluctuating pulse periods Tn and (b)
shows a corresponding histogram of the observed pulse periods. The mean pulse period
⟨T ⟩ = TC = 75.173 ps is indicated by red lines and is associated with the clock-time TC,
which is later used to construct an ideal noise free pulse train. The standard deviation
⟨(T − TC)2⟩ = σpp = 16.7 fs is highlighted by red shaded regions and defines the pulse-
to-pulse timing jitter σpp. A detailed distinction between different time-domain timing
jitter measures is presented in the next subsection.

The distribution function of the pulse periods Tn, which is presented in (b), exhibits
a pronounced asymmetry due to a fat tail towards longer pulse periods. This results
in the mean TC being shifted towards larger pulse periods with respect to the mode of
the distribution. Examining the sample pulse sequence in (a), almost all pulse periods
larger than TC +σpp appear as clusters within well localized spikes. This indicates strong
correlations of the fluctuations due to intrinsic mode-locking dynamics. Nonetheless, the
distribution quickly falls off, meaning that the fluctuations are well confined and can be
thought of as small but correlated perturbations on top of the deterministic pulse train,
which is governed by the mode-locking mechanics.

This simple presentation of the fluctuating pulse periods, however, does not reveal
any insights into the long-term timing stability of the mode-locked laser. As mentioned
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3 Timing Jitter in Mode-Locked Lasers

above, passively mode-locked laser are not subject to a restoring force that pushes the
pulses back towards an ideal jitter free position. Thus, the individual fluctuations can
accumulate and induce drifts of the pulse positions. This determines the long-term
stability of a pulse train and is not captured by the pulse-to-pulse jitter σpp.

On sufficiently large time scales, however, the pulse positions of passively mode-
locked lasers perform a random walk with respect to an ideal jitter free pulse train
[HAU93a, ELI97]. Therefore, the respective diffusion coefficient D∆t represents an un-
ambiguous measure to characterize the long-term timing stability. This work in particular
uses the long-term timing jitter σlt as the central timing jitter measure, which relates
to the diffusion coefficient via σlt =

√
2D∆t. The following sections present the estab-

lished long-term timing jitter estimation methods and their respective application to the
three-section mode-locked laser in order to illustrate their peculiarities.
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3.2 Time Domain Long-Term Timing Jitter Definition
If the pulse positions can be accurately determined, as it is the case in numerical simu-
lations, the long-term timing jitter σlt can be directly calculated using an ensemble of m
pulse trains with pulse positions {tn}m

4. The timing deviations relative to an ideal pulse
train are then calculated according to

{∆tn = tn − nTC}m , (3.1)

where TC is the clock time, which is defined by the sample mean

TC = ⟨Tn = tn+1 − tn⟩m,n (3.2)

of the pulse periods. Characteristic for a random walk, the ensemble variance Varm (∆tn)
then grows linearly with the pulse number n for sufficiently large n, i.e., as soon as all
correlations of the dynamical system have decayed. This motivates the definition of a
pulse separation dependent timing jitter [LEE02c, MUL06, OTT14]

σ∆t(n) =

√︄
Varm(∆tn)

n
. (3.3)

The long-term timing jitter is then formally obtained as the limit

σlt = lim
n→∞

σ∆t(n). (3.4)

For practical applications, the long-term timing jitter has to be evaluated at sufficiently
large n. This method is referred to as the direct time-domain method. Note that the
standard deviation of the pulse periods, which is known as the pulse-to-pulse timing
jitter (sometimes also called cycle or period jitter [LEE02c]), is given by σpp = σ∆t(1).
The long-term timing jitter σlt is furthermore related to the diffusion constant D∆t of
the random walk of the timing fluctuations for large n by

σlt =
√︁

2D∆t. (3.5)

The above introduced quantities are illustrated in Fig. 3.3 with the three-section
tapered quantum-dot laser operated at P = 0.81 A, U = 6 V and D = 10−6 cm ps−1[η]−1

(s. Fig. 4.5, Fig. 4.17, and Fig. 4.24). The presented results have been generated from
1000 time series, i.e., different stochastic realizations), which contain 133000 pulses each.

Figure 3.3 (a) plots five example realizations of pulse position deviation sequences
∆tn over an interval of 10000 pulses and (b) shows the corresponding ensemble variance
from the full data set. The variance increases indeed linearly with the pulse separation
over the presented range, which supports the assumption of an underlying random walk.

Lastly, the pulse separation dependent timing jitter σ∆t(n) is plotted in Fig. 3.3 (c).
Although σ∆t(n) essentially carries the same information as the ensemble variance, the
subtleties introduced by finite correlations, which are not identifiable in (b), are high-
lighted by the division with the pulse separation n and the logarithmic scale. The timing
jitter σ∆t(n) starts of at its pulse-to-pulse value σpp = 16.7 fs, rises to ≈ 32 fs at n = 8

4The pulse positions are determined as the center of mass of their intensity distribution. This measure
is more robust against pulse-shape fluctuations than the pulse maximum [MUL06].
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3 Timing Jitter in Mode-Locked Lasers

Figure 3.3: Pulse timing deviation measures. (a) Five example realizations of pulse timing de-
viation sequences ∆tn, (b) ensemble variance Varm (∆tn) and (c) pulse separation
dependent timing jitter σ∆t(n). (b) and (c) have been obtained from 1000 real-
izations with 133000 pulses each. Laser parameters: P = 0.81 A, U = 6 V, and
D = 10−6 cm ps−1[η]−1.

and then relaxes to its long-term value σlt = 20.5 fs. The shape of this curve results
from finite correlations of the dynamic system, which are mostly induced by the recovery
dynamics of the gain material. An ideal random walk, on the other hand, would produce
a flat horizontal line.

To utilize this direct time-domain method, one must ensure that all correlations have
sufficiently decayed at the pulse separation n for which the long-term timing jitter σ∆t(n)
is to be evaluated. The example at hand Fig. 3.3 (c) shows that the timing jitter only
becomes constant for n ⪆ 1000, which implies correlations of up to ≈ 75 ns. Examining
the system equations (s. Sec. 4.2 in Chap. 4), the slowest time scale is the gain-section
carrier reservoir lifetime with a value of 1 ns. Hence, the comparably long correlation
is likely due to weakly damped Floquet modes5 of the mode-locked solution. Thus, the
required minimal pulse separation n must be carefully determined and can not be naively
extracted from the system parameters.

5Within the framework of the Floquet theory, i.e., the linear stability analysis of periodic orbits, a peri-
odic orbit can be expanded into Floquet modes. The corresponding eigenvalues (Floquet multipliers)
determine the stability and if applicable the damping of each mode.
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3.3 Frequency Domain Timing Jitter Estimation Methods
In cases where the extraction of the pulse positions is either impossible or impractical,
the long-term timing jitter can be determined from the power spectral density S|E|2 of
the out-coupled electric field intensity. This condition almost always applies to experi-
mental measurements. Even the fastest photo diodes and sampling oscilloscopes can not
sufficiently resolve the short optical pulses generated by passively mode-locked lasers.
This limitation will likely persist in the future as the bandwidth of electronics is funda-
mentally limited by the inertia of the electrons themselves. Hence, the power spectral
density, which is electronically obtained from the current generated by a photo diode,
must suffice for the timing jitter estimation.

In this situation, simulated stochastic pulse trains provide a crucial verification tool,
since both the exact pulse positions and the power spectral densities are accessible, which
allows for a direct comparison of timing jitter estimates from time and frequency-domain
based methods.

The basic building block of a spectral timing jitter estimation method must be the
connection between the statistics of the noisy pulse train and its power spectral density.
According to the Wiener-Khinchin theorem [GAR02, OTT14], the variance Var(X) of a
real wide-sense stationary stochastic process X with zero mean can be computed from
the power spectral density SX via

Var(X) = ΨX(∆ = 0) =
∫︂ ∞

−∞
SX(ν)dν =

∫︂ ∞

0
2SX(ν)dν, (3.6)

where ΨX(∆ = 0) is the autocorrelation function at zero lag ∆. The last equality accounts
for the symmetry of the power spectral density of a real process [GAR02]. Hence, if the
power spectral density of the timing deviations S∆t is known, i.e., it has been extracted
from the measured photo current, the timing jitter can be computed via the equation
above.

However, every measured (simulated) power spectral density is truncated at small
frequencies due to the finite measurement (integration) time. Thus, any spectral timing
jitter estimation method must either make assumptions about the spectral line shape
at small frequencies or suffice with the information obtained from a limited frequency
bandwidth.

Furthermore, extracting to the timing noise power spectral density from a real mode-
locked laser turns out to be not as straightforward. Even if one limits the analysis to
the case, where spontaneous emission noise dominates all other stochastic processes,
both pulse timing and pulse amplitude fluctuations appear and contribute to the power
spectral density of the recorded photo current. Both manifest as noise side-bands of the
fundamental repetition rate and its harmonics in the power spectral density. Moreover,
both kinds of fluctuations are generally not independent due to the nonlinear light-matter
coupling.

3.3.1 The von der Linde Method

The separation of both parts was pioneered by von der Linde [LIN86] by assuming a noise
free ideal pulse train with added and independent timing and amplitude fluctuations.

43



3 Timing Jitter in Mode-Locked Lasers

The underlying noise free perfect pulse train6 leads to delta peaks at the repetition
rate and its harmonics. The timing and amplitude noise represent stationary stochastic
processes, in this case, and manifest as sidebands of the harmonics. Von der Linde showed
that the sideband contributions induced by the timing jitter grow with the square of
the harmonic number h, while the amplitude jitter contributions do not depend on the
harmonic number, i.e., remain constant. Thus, the two contributions can be distinguished
by comparing different harmonics, which allows for the extraction of the timing jitter
components. For practical purposes, the timing jitter can simply be evaluated at a
sufficiently large harmonic, where the amplitude jitter contributions can be neglected
compared to the timing jitter contribution.

Combining the preceding identity Eq. (3.6) and the scaling properties of the timing
jitter induced side bands, the von der Linde method [LIN86, KOL86] then measures the
integrated root-mean-square (rms) timing fluctuations σrms within the offset-frequency
band [νlow, νhigh] at the h-th harmonic:

σrms(νlow, νhigh, h) = TC
2πh

√︄∫︂ νhigh

νlow
2Sϕ(νoff , h) dνoff . (3.7)

SΦ(ν, h) is the single-sided timing phase-noise power spectral density [DEM00, DEM06],
which is computed according to

SΦ(νoff , h) =
2S|E|2(hν0 + νoff)∫︁
hν0±ν0/2 S|E|2(ν) dν

=
2S|E|2(hν0 + νoff)

P (h) , (3.8)

where ν0 denotes the fundamental repetition frequency, νoff the offset frequency from the
respective h-th harmonic and P (h) the integrated power of the h-th harmonic. Hence, the
timing phase noise spectral power density of a given harmonic h represents the measured
power spectral density normalized to the integrated power of the respective harmonic.

The relation of the timing phase noise power spectral density SΦ to the timing
deviation power spectral density S∆t follows from the definition of the timing phase
deviations

ϕn = 2π

TC
∆tn ⇒ S∆t =

(︃
TC
2π

)︃2
Sϕ, (3.9)

which leads to the factor 2π/TC in Eq. (3.7). The factor two in the numerator in Eq. (3.8)
is commonly not found in the literature, but is crucial for the correct estimation of
the long-term jitter7, since it reflects the noise contributions in the negative frequency
components of S|E|2 .8

The power in the h-th harmonic P (h) is often approximated by

P (h) =
∫︂ hν0+ν0/2

hν0−ν0/2
S|E|2(ν)dν ≈ S|E|2(hν0)RBW (3.10)

6This construction of the pulse train implicitly assumes an actively more-locked laser with a fixed clock
time dictated by an external modulation. The added independent timing noise to each ideal pulse
position is neither correlated nor accumulative.

7Without the factor two, the integrated rms timing jitter σrms is nonetheless a suitable measure of the
timing fluctuations. The factor two only becomes relevant when σrms is converted into the long-term
jitter and compared to other long-term jitter estimation methods.

8The power spectral density S|E|2 is symmetric with respect to the origin, i.e., S|E|2 (−ν) = S|E|2 (ν),
since |E|2 itself is real. Thus, the power of the noise components at the absolute frequency |ν| is
equally shared between the frequencies ν and −ν.
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where RBW is the resolution bandwidth of the power spectral density. This approximation
is valid as long as the spectral power contained within the resolution bandwidth is much
larger than the power contained in the remainder of the sidebands. This requirement
is fulfilled as long as the FWHM of the line shape is much smaller than the resolution
bandwidth RBW .

By the construction of the pulse train, the von der Linde method is implicitly in-
tended to be used with actively mode-locked lasers. Subsequent works [HAU93a, ELI97,
JIA01] pointed out that the naive application of the von der Linde method to passively
mode-locked lasers can lead to a severe underestimation of the timing jitter.

The absence of the external modulation, i.e., a restoring force that drives the pulses
towards their ideal position and the finite measurement (integration) time, lead to a
repetition-rate line shape in the timing phase noise spectral density, which can be approx-
imated by a Lorentzian [HAU93a, ELI97]. The characteristic FWHM of the Lorentzian
line shape then produces a corner frequency, which indicates the transition from the finite
repetition rate peak to the 1/ν2 decay predicted by the von der Linde theory. Hence,
choosing an offset frequency band [νlow, νhigh], which integrates frequencies smaller than
the corner frequencies results in an underestimation of the timing jitter. Moreover, the
FWHM of the Lorentzian line shape grows with the square of the harmonic number h
[ELI97]. This requires to not only specify the integration offset frequency band, but also
the respective harmonic h in order to compare different measurements. Hence, the von
der Linde method can be used for passive mode-locking [HAU93a, PAS04a, MAN14a,
OTT14b], but only when carefully applied.

To avoid the ambiguities induced by the somewhat arbitrary frequency band and the
corner frequency in passively mode-locked lasers, it is desirable to translate the integrated
rms timing jitter σrms into the long-term timing jitter σlt. The long-term timing jitter,
as explained in the introducing paragraphs of this chapter, represents a more intuitive
measure of the long-term diffusive behavior of the timing deviations ∆tn.

A conversion formula between the two measures was derived by Otto [OTT14,
OTT14b], by assuming a pure random walk of the timing deviations ∆tn, i.e., uncor-
related pulse-period fluctuations Tk that accumulate over time. The long-term timing
jitter is than computed from the integrated rms jitter according to

σlt(νlow, νhigh, h) = σrms(νlow, νhigh, h)π
[︄

1
TC

(︄
1

νlow
− 1

νhigh

)︄]︄−0.5

. (3.11)

In practice, the assumption of uncorrelated timing fluctuations requires the integration
domain of the von der Linde method to be beyond the corner frequency, i.e., to only cover
the part of the spectrum, which falls of as 1/ν2. Note that assuming an uncorrelated
random walk does not lead to the pulse-to-pulse, but to the long-term timing jitter, which
includes the correlations that exist in a real passively mode-locked laser.

The combination of the von der Linde method and the Otto conversion formula then
represents a completely independent approach to estimate the long-term timing jitter σlt
and will be referred to as the von der Linde/Otto method. In the case of simulated
time series, the validity of this method can be easily checked by comparing the obtained
estimate to the result produced by the direct time-domain method. This immediately
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reveals both an improper normalization9 of the timing phase noise power spectral density
SΦ and a badly chosen offset frequency band [νlow, νhigh] or harmonic number h for that
matter.

3.3.2 The Kéfélian Method
Mode-locked lasers with high repetition rates only permit to electronically record the first
few harmonics due to the bandwidth limitations of the measurement electronics. This
restriction often applies to monolithically integrated lasers [BIM06, SCH10g, BRE10,
LIN11f, DRZ13a, AUT19]. To overcome this constraint, Kéfélian et al. developed a
method [KEF08], which estimates the long-term timing jitter σlt based on the funda-
mental repetition-rate linewidth.

In high repetition-rate passively mode-locked laser, the timing jitter is dominated by
spontaneous emission noise [HAU93a], which manifest as a Lorentzian shaped repetition-
rate linewidth broadening [HAU93a, ELI97]. The linewidth parameter ∆ν extracted
from a Lorentzian fit then uniquely describes the single-sided timing phase noise power
spectral density [YAM83a]

SΦ(νoff) = ∆ν

πν2
off

, (3.12)

which follows the familiar 1/ν2 decay. Utilizing the stochastic Parseval theorem [JIA01],
this simple analytic timing phase noise spectral power density yields an explicit equation
for the long-term timing jitter [KEF08]

σlt = TC

√︄
∆νTC

2π
. (3.13)

Note that this quantity is sometimes (including the original publication) referred to as the
pulse-to-pulse jitter [KEF08, LIN11f, DRZ13a]. However, in this work the pulse-to-pulse
timing jitter describes the standard deviation of the pulse-period fluctuations.

The quadratic scaling of the repetition rate linewidth with the harmonic number
[HAU93, ELI97], i.e.,

∆νh = h2∆ν (3.14)

allows for a straightforward extension of the this method to higher harmonics. The
corresponding equation then reads

σlt(h) = TC

√︄
∆νhTC
2πh2 , (3.15)

where the factor 1/h2 compensates the increasing linewidth ∆νh of the h-th harmonic.
The quadratically increasing repetition rate linewidth ∆νh corresponds to the quadrat-
ically increasing timing jitter contribution to the timing phase noise spectral density in
the von der Linde theory. Hence, the use of higher harmonics can be similarly used to
distinguish between the amplitude and timing jitter contributions.

9Approximating the power P (h) contained within a harmonic becomes worse at higher harmonics, since
the characteristic linewidth grows quadratically. The constant factor of two in Eq. (3.8) becomes espe-
cially relevant if the long-term timing jitter is to be estimated and compared against other methods.
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Figure 3.4: Timing phase noise spectra and extracted long-term timing jitter. (a) Timing phase
noise spectra for the harmonic numbers h ∈ {1, 2, 5, 10, 20, 50}. (b) Single-sided
timing phase noise spectra normalized to the squared harmonic numbers. (c) Long-
term timing jitter extracted via the von der Linde/Otto and Kéfélian method as a
function of the harmonic number. (d) Extracted Lorentzian linewidth parameter
∆νh and spectral resolution scaled by the squared harmonic number h. Power
spectra are calculated from 1000 realizations, each 10 µs long, corresponding to
a 100 kHz spectral resolution. rms timing jitter integration range from 5 MHz to
6 GHz. Laser parameters: P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

For the characterization of passively mode-locked lasers, the Kéfélian method has
the distinct advantage of directly producing an unambiguous figure of merit, namely the
long-term timing jitter, which is well suited for the description of the long-term diffusive
drift of the pulse position deviations. It, furthermore, does not require the specification of
a somewhat arbitrary frequency bandwidth like the von der Linde/Otto method. On that
account, the Kéfélian method is also much easier to implement, since only an adequate
curve-fitting procedure has to be applied to the repetition-rate line shape in order to
extract the linewidth parameter.

3.3.3 Numerical Application to the Three-Section Laser
Both the von der Linde/Otto and the Kéfélian method are illustrated in Fig. 3.4. The
three-section tapered quantum-dot laser (s. Chap. 4) is operated at the same parameters
as in Fig. 3.3, i.e., at P = 0.81 A, U = 6 V and D = 10−6 cm ps−1[η]−1 (s. Fig. 4.5,
Fig. 4.17, and Fig. 4.24). The presented results have been generated from 1000 time
series (stochastic realizations), each 10 µs long, utilizing Bartlett’s method [PRE07] to
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3 Timing Jitter in Mode-Locked Lasers

average the power spectral densities. The integration time of 10 µs corresponds to a
100 kHz resolution of the phase noise spectra.

To provide a first glance at the timing phase noise spectral densities, Fig. 3.4 (a)
plots the repetition-rate line shapes for the harmonic numbers h ∈ {1, 2, 5, 10, 20, 50} as
a function of the offset frequency νoff . The respective carrier frequencies are centered at
νoff = 0 GHz. The different harmonics can be identified by their color as specified in the
legend. h = 1 is also referred to as the fundamental repetition-rate. The maximum of
each line shape is determined by the normalization, i.e., the integrated power within the
respective harmonic. For an increasing harmonic number h, i.e., from blue to brown, the
power in the noise side bands grows. Thus, the fundamental repetition-rate line shape
exhibits the largest peak among all harmonics.

However, the qualitative and quantitative features of the timing-jitter induced side-
bands are better presented in double logarithmic plot, which is shown in Fig. 3.4 (b). In
this subfigure, the phase noise spectra have been scaled by the factor 1/h2, to counter
their respective increase as predicted by von der Linde [LIN86]. The plotted phase noise
spectra confirm this scaling, since all of them approximately show the same 1/ν2 falloff,
i.e., produce the same timing phase noise spectral density, within the offset frequency
range from ≈ 10 MHz to ≈ 100 MHz.

At higher frequencies, all phase noise spectra exhibit a side peak at νoff ≈ 0.5 GHz,
which is associated with the relaxation oscillations of the quantum-dot active medium
[LUE09, LUE11b, OTT14, LIN14]. Due to this origin, the respective side peaks do
not scale with the harmonic number as the timing jitter induced sidebands. To a first-
order approximation, the peaks of lower harmonics are therefore observed at higher spec-
tral power densities. At higher harmonics, however, nonlinear frequency mixing effects
[LIN86, ZAJ17, LIN18] result in asymmetries among the left- and right-sided side bands.
In the case at hand, the respective right-sided sidebands of the 20th and 50th harmonic,
as displayed in Fig. 3.4 (a), exhibit relaxation oscillations peaks much larger than their
left-sided counterpart. This results in their pronounced appearance in the double loga-
rithmic plot Fig. 3.4 (b) compared to the 10th harmonic.

At smaller frequencies νoff , the corner frequency, as induced by the Lorentzian line
shape, manifests depending on the considered harmonic h. For the larger considered
harmonics, the corner frequency can be read of Fig. 3.4 (b): For h = 50 the corner
frequency is observed at ≈ 6 MHz, for h = 20 at ≈ 1 MHz and for h = 10 at ≈ 250 kHz.
The evolution of the corner frequency as a function of the harmonic number thus follows
the quadratic increase of the Lorentzian linewidth parameter as predicted by [HAU93a,
ELI97]. For smaller harmonics (h ⪅ 10), the corner frequency is obscured by the 100 kHz
spectral resolution.

In the subsequent step, the long-term timing jitter σlt is extracted from all harmonics
between the 1st and 50th, using both the von der Linde/Otto and the Kéfélian method.
In the case of the von der Linde/Otto method, the frequency integration range is chosen
to be from 5 MHz to 6 GHz. The offset frequency band considered for the Lorentzian fit
in the Kéfélian method spans from νoff = −100 MHz to νoff = 100 MHz to maximize the
data, but also to avoid fitting the relaxation oscillation peak centered around 500 MHz.
The results are shown in Fig. 3.4 (c), where the timing jitter produced by the von der
Linde/Otto method is plotted in blue and the timing jitter produced by the Kéfélian
method is plotted in orange. If of interest, the integrated rms jitter σrms can be calculated
via Eq. (3.11).
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Using the long-term timing jitter σlt = 20.5 fs, which computed via the direct time-
domain method, as a benchmark, both the von der Linde/Otto and the Kéfélian method
overestimate the long-term jitter for harmonics h ≲ 10. The von der Linde/Otto method
starts off with σlt(h = 1) ≈ 60 fs, then approximately converges within the first ten
harmonics to σlt = 20 fs, but starts drifting towards smaller timing jitter values for
harmonic h ≳ 35. The Kéfélian method, on the other hand, starts of at σlt(h = 1) ≈ 46 fs
and then converges to σlt = 20.5 fs within the first ten harmonics, but contrary to the
von der Linde/Otto method remains stable at this value for higher harmonics.

The observed drop-off of the long-term timing jitter values, which are produced by
the von der Linde/Otto method, at higher harmonics is caused by an inappropriate choice
of integrated offset frequencies. For increasing harmonics, the lower integration boundary
νlow = 5 MHz shifts into the vicinity of the corner frequencies, which causes a deviation
from the 1/ν2 spectral decay and thereby causes the underestimation of the long-term
timing jitter as observed in Fig. 3.4 (c). This issue could be circumvented by adjusting
the lower integration boundary νlow accordingly. However, this measure was not taken,
to highlight the potential issues that arise when using the von der Linde/Otto method.

The overestimation of the timing jitter at low harmonics is a common feature of both
spectral methods. Naively, the overestimation could be attributed to strong amplitude
jitter contributions to the noise induced sidebands, which become attenuated be the
relative scaling with the harmonic number [LIN86]. It, however, turns out that the
dominant source of the overestimation is an insufficient spectral resolution and spectral
leakage introduced by the DFT in the calculation of the power spectra [PRE07]. While
the latter is analyzed in detail in the following paragraphs and in Fig. 3.5, the former, i.e.,
the lacking resolution, is shown in Fig. 3.4 (d): The relationship between the extracted
Lorentzian linewidth parameter ∆νh and the relative spectral resolution is illustrated in
dependence on the harmonic number h by plotting both quantities scaled by the inverse
squared harmonic number. The scaled resolution (black dashed line) is then simply
given by 100 kHz/h2. The scaled linewidth (blue solid line) starts of at ≈ 30 kHz and
then converges within the first ten harmonic to ∆νh/h2 ≈ 6.07 kHz. Both lines cross
at h ≈ 3, which implies that for h ≦ 3 the peak of the respective harmonic, i.e., the
spectral components contained within the linewidth, is covered by no more than one
data point. This greatly magnifies the spectral leakage issue of the DFT and handicaps
the Lorentzian fit. As the harmonic number h increases, this issue is mitigated by an
increasing linewidth parameter, which leads to a convergence of ∆νh/h2 for regions, where
∆νh ≫ 100 kHz holds. These results can be used as a rule of thumb requirement for the
application of both the von der Linde/Otto and the Kéfélian method for simulated time
series.

The convergence of the long-term timing jitter estimate, which is produced by the
two considered spectral methods with respect to the spectral resolution, is further inves-
tigated by simulating time series of lengths between 1 µs and 100 µs10. The corresponding
spectral resolutions are than given by the inverse integration times, i.e., from 1 MHz to
10 kHz. The results are displayed in Fig. 3.5, where (a) and (b) plot the single-sided tim-
ing phase noise power spectral densities SΦ, which are computed from various simulation
times, and are evaluated at the fundamental and the 20th harmonics, respectively.

10The respective power spectra are computed from 50 realizations for integration times from 1 µs to 20 µs
and from 20 realizations for integration times from 50 µs to 100 µs.
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3 Timing Jitter in Mode-Locked Lasers

Figure 3.5: Spectral timing jitter estimation methods in dependence on the integration time.
Single-sided phase noise spectra at the 1st (a) and 20th (b) harmonic, respectively.
Long-term timing jitter obtained from the Kéfélian (c) and the von der Linde/Otto
(d) method, respectively, evaluated at the 1st, 2nd, 5th, 10th and 20th harmonic
as a function of the integration time. The black dotted lines indicate the long-
term jitter σlt ≈ 20.5 fs as obtained from the direct time-domain method. Spectra
computed from 50 realizations for integration times from 1 µs to 20 µs and from 20
realizations for integration times from 50 µs to 100 µs. rms timing jitter integration
range from 5 MHz to 6 GHz. Laser parameters: P = 0.81 A, U = 6 V, and D =
10−6 cm ps−1[η]−1.

In the case of the fundamental harmonics, the two shortest considered integration
times 1 µs and 2 µs produce phase noise spectra (blue and orange lines), which visibly
exhibit much larger spectral power densities than the spectra produced by the longer
integration times. Moreover, the overestimation at short integration times extends to
frequencies much larger than the respective spectral resolution and thereby conserves the
characteristic 1/ν2 falloff of the timing jitter induced noise bands.

The 20th harmonics, on the other hand, exhibit no visible differences in the timing
phase noise spectra, which are produced by the different integration times. This contrast
to the fundamental harmonic is attributed to the 400-fold increase of the linewidth of the
20th harmonic, which amounts to ∆ν20 ≈ 2.5 MHz according to the data presented in
Fig. 3.4 (d). Thus, the linewidth exceeds the spectral resolution for all integration times.

The quantitative consequences of the different integration times in terms of the
resulting long-term timing jitter σlt are presented in Fig. 3.5 (c) and (d) for the Kéfélian
and von der Linde/Otto method, respectively. Both subfigures plot the estimated timing
jitter as functions of the integration time for the 1st, 2nd, 5th, 10th and 20th harmonic.
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The black dotted lines indicate the long-term jitter σlt ≈ 20.5 fs, which has been obtained
from the direct time-domain method. Similar to the results presented in Fig. 3.4, the rms
integration range is chosen to span from 5 MHz to 6 GHz and the offset frequency band
considered for the Lorentzian fit to span from νoff = −100 MHz to νoff = 100 MHz.

Both spectral methods produce quantitative and qualitative similar results, since
all considered harmonics benefit from an increased integration time. The quantitative
dependence of the chosen harmonic on the integration time decreases for an increasing
harmonic number. Examining the fundamental harmonic (blue lines), the extracted
long-term jitter reduces from ≈ 160 fs to ≈ 40 fs, i.e., the overestimation factor reduces
from eight to two. However, no convergence within the considered simulation times to
the benchmark value σlt ≈ 20.5 fs is achieved. The smallest considered harmonic that
accomplishes convergence to this benchmark value is the 10th harmonic (red lines) at
the longest integration time of tint = 100 µs. Finally, the 20th harmonic (purple lines)
provides reasonable approximations of the long-term timing jitter for integration times
tint ≳ 10 µs. Based on this, the use of the 20th harmonic and an integration time of
tint = 10 µs can be recommended for evaluation of the long-term timing jitter in the
presented case.

Concluding based on the presented results, both the von der Linde/Otto and the
Kéfélian method are suitable for the characterization of the long-term timing jitter of
simulated passively mode-locked lasers. For an accurate estimation of the timing jit-
ter, a sufficient spectral resolution, i.e., simulation time, is required. While sufficient
spectral resolution is generally not an issue in experimental characterizations, it may
lead to excessively high demands in both time and memory requirements for numerical
characterizations. This issue can be somewhat mitigated by evaluating higher harmonics
and exploiting the quadratic scaling of the repetition-rate linewidth with the harmonic
number. It is, however, important to note that even though numerically simulated power
spectral densities are in principle not limited at large frequencies, high harmonics with
a sufficient signal-to-noise ratios are generally only available for short optical pulses, i.e.,
broad frequency combs.

Compared to the direct time-domain method, both presented spectral methods do
not require pulse detection and pulse position extraction routines, which makes them
easier to implement in that respect. Both spectral methods, however, require a careful
choice of the integration time and the considered frequency bands to produce accurate
timing jitter estimates. The presented results further show that the validity of a timing
jitter estimate can be easily checked and maintained by ensuring an appropriate ratio
between the repetition-rate linewidth parameter and the spectral resolution.
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3.4 Hybrid Long-Term Timing Jitter Estimation Methods
The timing phase noise power spectral density SΦ can also be computed from sets of
timing deviations {∆tn} [PAS04, MUL06, OTT14] via

S∆t
Φ (ν) =

(︃ 2π

TC

)︃2
S∆t(ν), (3.16)

which follows from the definition of the timing phase Eq. (3.9). S∆t represents the power
spectral density of the timing deviations {∆tn}. Note that the inherently discrete nature
of the timing deviations {∆tn} limits the maximal frequency of S∆t(ν) to the Nyquist
frequency 1/(2TC) = ν0/2, where TC is the mean period (clock time) and ν0 the repetition
rate of the mode-locked laser. The frequency ν is then measured in discrete steps of
1/(2NTC) = ν0/(2N), where N is the length of the sequences {∆tn}.

This way, timing phase noise power spectral densities can be computed with models
that only produce discrete pulse positions [DRZ13a, SCH18f] and no complete time traces
of the electric field intensity. Consequently, the von der Linde method can be applied to
such cases in order to evaluate the integrated rms timing jitter σrms via

σrms(νlow, νhigh) = TC
2π

√︄∫︂ νhigh

νlow
2S∆t

ϕ (ν)dν =
√︄∫︂ νhigh

νlow
2S∆t(ν)dν. (3.17)

By construction, the considered power spectral densities S∆t
Φ and S∆t do not contain any

other contributions except those from the timing deviations {∆tn}. Hence, the spectra
S∆t

Φ and S∆t do not follow the Lorentzian line shape, but the 1/ν2 divergence at small
frequencies, which is characteristic for a random walk. Thus, the lower integration bound
νlow for the rms jitter σrms is not restricted by a corner frequency as in the conventional
von der Linde method.

To obtain the long-term timing jitter σlt, Eq. (3.11) can be used exactly in the same
way as in the von der Linde/Otto method. Due to the reliance on the time-domain pulse
positions, this approach is referred to as the hybrid von der Linde/Otto method within
this work.

The Kéfélian method can also be adapted to work with the power spectrum S∆t
Φ ,

which is generated from the timing deviations {∆tn}. To extract the linewidth parameter
∆ν the spectrum must not be fitted with a Lorentzian, but directly with the 1/ν2 decay

Sfit
Φ (ν) = ∆ν

πν2 . (3.18)

Identical to the Kéfélian method, the long-term timing jitter σlt can then be computed
according to Eq. (3.15). This approach is referred to as the hybrid Kéfélian method within
this work.

Figure 3.6 illustrates the timing phase noise power spectral density S∆t
Φ , which is

obtained from the timing deviations {∆tn} (blue solid line) and compares it to the
timing phase noise spectra, which are computed from the 1st (orange dashed line) and
20th harmonic (green dashed line) of the power spectral density S|E|2 of the electric
field. The three-section tapered quantum-dot laser (s. Chap. 4) is operated at the same
parameters as in Fig. 3.3, i.e., at P = 0.81 A, U = 6 V and D = 10−6 cm ps−1[η]−1 (s.
Fig. 4.5, Fig. 4.17, and Fig. 4.24). The presented results have been generated from 1000

52



3.4 Hybrid Long-Term Timing Jitter Estimation Methods

Figure 3.6: Single-sided timing phase noise power spectral density obtained from the timing
deviations {∆tn} (blue solid line). Phase noise spectra obtained from the 1st (orange
dashed line) and 20th (green dashed line) harmonic of power spectrum S|E|2 are
shown for comparison. All spectra are computed from 1000 realizations, each 10 µs
long. The rms timing jitter integration domain ranges from 5 MHz to 6 GHz. Laser
parameters: P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

(realizations) each 10 µs long. This integration time corresponds to ≈ 133000 pulses in
each sequence {∆tn} and a spectral resolution of 100 kHz.

The power spectrum computed from the timing deviations S∆t
Φ produces the same

power densities as the power spectrum SΦ(h = 20) obtained from the 20th harmonic of
S|E|2 within the regime, where both exhibit the 1/ν2 decay. However, contrary to SΦ(h =
20), S∆t

Φ does not exhibit a corner frequency that limits the timing jitter evaluation at
small frequencies. At larger frequencies around ν ≈ 0.5 GHz, S∆t

Φ produces the previously
observed signatures of relaxation oscillations, which manifest in timing deviations due
to correlations between amplitude and timing fluctuations. The power spectral density
SΦ(h = 1) obtained from the 1st harmonic of S|E|2 is plotted for reference and suffers
from insufficient resolution and spectral leakage, as discussed in the previous section, but
does not display a corner frequency within the considered frequency range.

Applying both the hybrid von der Linde/Otto and the hybrid Kéfélian method to
the timing phase noise power spectral density S∆t

Φ yields a long-term timing jitter of
σlt ≈ 20.5 fs, which agrees with the results, which have been obtained with the direct time-
domain method and the von der Linde/Otto and Kéfélian method applied to SΦ(h = 20).
Hence, the two hybrid approaches represent another set of valid long-term timing jitter
estimation methods.

Compared to the two spectral methods, the hybrid methods do not suffer from
potentially insufficient spectral resolution and can therefore be used with lasers that
exhibit arbitrarily small timing jitter, i.e., arbitrarily small repetition rate linewidths.
This advantage, however, comes at the cost of the additional time series processing,
which is required to extract the pulse positions {∆tn}.
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Figure 3.7: Pulse-period correlations. The columns in each subfigure show the color-coded con-
ditional probability densities of observing the pulse period Tk (indicated by the
y-axis) after having observed a pulse period Tk−s (indicated by the x-axis) s pulses
before. Subfigures (a) to (d) show increasing pulse separation s ∈ {1, 3, 7, 100}.
The histograms have been computed from 1.33 × 108 pulses. Laser parameters:
P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

3.5 The Pulse-Period Fluctuation Autocorrelation Method
The previous subsection 3.2 presented a pulse separation depended timing jitter σ∆t(n),
which converged to the long-term timing jitter σlt for sufficiently large n. Variations
of σ∆t(n) were attributed to correlations between pulses, which are introduced by the
charge-carrier system of the mode-locked laser. This section quantitatively constructs
the pulse separation depended timing jitter σ∆t(n) and consequently also the long-term
timing jitter σlt from exactly those correlations.

This construction is largely motivated by finding a method that requires fewer com-
putational resources for the estimation of the long-term timing jitter than the direct
time-domain method for cases, where the generation of the pulse sequences {∆tn} is the
computationally limiting factor. Requiring fewer resources translates to requiring fewer
simulated pulses in this case.

However, before developing a quantitative theory, selected consequences of the pulse-
period correlations are illustrated in Fig. 3.7, where (a) to (d) show conditional probability
densities. For all subfigures, each column plots the color-coded probability densities of ob-
serving the pulse period Tk (indicated by the y-axis) after having observed a pulse period
Tk−s (indicated by the x-axis) s pulses before. Subfigures (a) to (d) present increas-
ing pulse separations s ∈ {1, 3, 7, 100}. The three-section tapered quantum-dot laser (s.
Chap. 4) is operated at the same parameters as in Fig. 3.3, i.e., at P = 0.81 A, U = 6 V,
and D = 10−6 cm ps−1[η]−1 (s. Fig. 4.5, Fig. 4.17, and Fig. 4.24). The histograms have
been generated from 1.33 × 108 pulses.

The pulse-to-pulse relations (s = 1) are presented in Fig. 3.7 (a) and exhibit a very
strong correlation, i.e., the maximum of the probability densities follows the diagonal
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Tk = Tk−1. Thus, observing a short (long) pulse period Tk is most likely after having
just observed a short (long) pulse period Tk−1. Increasing the pulse separation to s = 3
in Fig. 3.7 (b) already drastically changes the respective probability densities. Observ-
ing a short period Tk is most likely after having observed a short period Tk−3 three
pulses before. Observing a long period Tk, however, is most likely after having observed
the mean period Tk−3 three pulses before. Further increasing the pulse separation to
s = 7 (Fig. 3.7 (c)), which roughly corresponds to the maximum of the pulse separation
dependent timing jitter σ∆t(n) in Fig. 3.3 (c), again drastically changes the respective
probability densities. Observing a short period Tk is now most likely after having ob-
served a long period Tk−7 seven pulses before. Observing a long period Tk, on the other
hand, is now equally likely after having observed either a short period Tk−7 or the mean
period Tk−7 seven pulses before. Lastly, for the long pulse separation s = 100 presented in
Fig. 3.7 (d), the probability densities of observing a pulse period Tk become independent
of the pulse period Tk−100 observed 100 pulses before. Hence, every column in Fig. 3.7 (d)
is identical to the one-dimensional histogram presented in Fig. 3.2.

In a complete picture, the probability of observing a pulse period Tk depends on
all previous pulses s and their respective periods Tk−s. Hence, this probability can be
written as a conditional probability

P (Tk) = P (Tk|Tk−1, Tk−2, . . . , Tk−n, . . .), (3.19)

where the Tk−n denote the previous pulse periods. Finite correlation times imply that
only a finite number of pulse periods Tk−n has to be considered. In the case of delta
correlated pulse periods, i.e., a uncorrelated random walk, no previous periods have to
be considered. The conditional probability densities shown in Fig. 3.7 are obtained by
integrating Eq. (3.19) over all Tk−n except for Tk−s. In a Bayesian picture, knowledge of
previous pulse periods Tk−n improves the accuracy of the prediction for the next pulse
period. If one starts with no observations, the probability density approximated from the
relative frequencies of the pulse-periods, as shown in Fig. 3.2 (b), has to be used as the
best guess for the next pulse. Each additional observation can then be used to update
the probability density for the next pulse period.

While the conditional probability density Eq. (3.19) provides a somewhat intuitive
formalization of the pulse-period correlations, it is cumbersome to obtain and to work
with. Hence, the quantitative framework derived in the following omits its utilization.
To construct the timing jitter from the pulse-period fluctuations, the long-term timing
jitter definition is recalled

σ∆t(n) =

√︄
Varm(∆tn)

n
, (3.20)

where Varm denotes the ensemble variance of m sequences of pulse timing deviations
{∆tn}. The timing deviations {∆tn} can be described by a cumulative stochastic process

∆tn =
n∑︂

k=1
δTk, (3.21)

where the increments δTk are the pulse-period fluctuations, which are defined by

{δTk = Tk − TC = tk+1 − tk − TC} . (3.22)
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While the timing deviations {∆tn} form a weak-sense stationary process, the fluctuations
{δTk} are bounded by the laser dynamics and thus form a stationary process11 that has
zero mean by definition. This also implies a zero mean for {∆tn}. Hence, the variance
of the timing deviation reads

Var(∆tn) =
⟨︂
∆t2

n

⟩︂
=
⟨︄

n∑︂
k,l=1

δTkδTl

⟩︄
, (3.23)

where δTkδTl can be identified as the correlation function of the pulse-period fluctuations.
Since δTk is described by a stationary process with constant variance ⟨δT 2⟩ = ⟨δT 2

k ⟩, the
correlation function only depends on the distance |k − l| between two pulses and the
variance can be written as

Var(∆tn) =
n∑︂

k,l=1
⟨δTkδTl⟩ = ⟨δT 2⟩

n∑︂
k,l=1

ΨδT (|k − l|) , (3.24)

where ΨδT is the normalized autocorrelation function of the pulse-period fluctuations.
Rewriting the sum in terms of the distance between pulses d = |k − l|, the timing jitter
σ∆t can be expressed as

σ2
∆t(n) = ⟨δT 2⟩

[︄
1 + 2

n−1∑︂
d=1

n − d

n
ΨδT (d)

]︄
, (3.25)

where the normalization ΨδT (0) = 1 yields the first term in the square brackets. Note
that delta correlated timing fluctuations, i.e., ΨδT (m) = δm,0, lead to a pulse separation
independent timing jitter. This case corresponds to a true random walk with ⟨δT 2⟩ =
σ2

pp = σ2
lt. While the authors of [ELI97] use a very similar framework to analytically

analyze the consequences of a simple exponentially decaying autocorrelation function,
the approach presented in the following intends to utilize the autocorrelation function,
which is computed from sets of simulated {δTk}.

Computing σ∆t(n) according to Eq. (3.25) up to a pulse separation of n requires a
good estimate of the autocorrelation function up to n, which can be as computationally
demanding as directly computing the long-term timing jitter. Nonetheless, a significant
improvement of the computational cost can be achieved by fitting the autocorrelation
function with a suitable model function using only small n. This procedure is referred to
as the pulse-period fluctuation autocorrelation method.

The basic dynamic response of semiconductor lasers to perturbations are relaxation
oscillations between the field intensity and the carrier populations of the active medium.
While propagating within the resonator, the pulse interacts with spatially varying car-
rier populations due to different biasing and bleaching conditions. Hence, the proposed
model function is chosen to be a linear combination of j exponentially damped harmonic
oscillations

Ψj
δT (n) =

j∑︂
k=1

ak exp(−Γkn) cos(ωkn + ϕk) (3.26)

11The ensemble expectation value ⟨δT 2
k ⟩m is stationary, i.e., does not depend on k. This condition

is fulfilled as long as the mode-locking state is stable. The opposite would imply the breakup of
the mode-locking state and thereby also render the mean pulse period TC ill-defined. The timing
deviations {∆tn} form a weak-sense stationary process, since the accumulate the fluctuations {δTk}.
The respective variance therefore depends on the number of accumulated increments δTk and thus on
the time.
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Figure 3.8: Pulse-period fluctuation autocorrelation method. (a) Auto-correlation function of
the pulse-period fluctuations calculated from {δTk} (solid gray line) and fitted model
functions Ψj

δT for j = 1, 2, 3 (blue, orange, and green dashed lines). (b) Timing jitter
as a function of the pulse separation calculated from {∆tn} and the fitted model
functions. Laser parameters: P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

with the free parameters ak, Γk, ωk and ϕk, which represent the amplitude, damping,
frequency and phase offset of the jth term. A successful fit then has to optimize 4j free
parameters to reproduce the autocorrelation function ΨδT .

The pulse-period fluctuation autocorrelation method is illustrated in Fig. 3.8, where
(a) shows the computed autocorrelation function ΨδT (solid gray line) and fitted model
functions for j = 1, 2, 3 (blue, orange, and green dashed lines). The three-section tapered
quantum-dot laser (s. Chap. 4) is operated at the same parameters as in Fig. 3.3, i.e., at
P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1 (s. Fig. 4.5, Fig. 4.17, and Fig. 4.24).
The model functions Ψ1,2,3

δT were fitted using autocorrelation shifts n ∈ [0, 100].
A fast drop of the autocorrelation function (not completely shown) with a dip below

zero is observed, which is reproduced well by all model functions. The following relaxation
to zero is characterized by further modulations, which are only captured well by the model
function with j = 3. The resulting pulse separation dependent timing jitter is shown in
Fig. 3.8 (b). Starting with a pulse-to-pulse jitter of σpp ≈ 16.7 fs, the directly computed
timing jitter (solid gray line) first rises to ≈ 32 fs and then relaxes to its long-term value
σlt ≈ 20.5 fs. While the qualitative behavior is captured by all model functions, the
maximum is only correctly described by j = 2, 3 and the long-term value only by j = 3.
Based on this, it can be concluded that the proposed model function Eq. (3.26) works
well for the considered case if j is chosen properly.

The ratio of the long-term timing jitter and the pulse-to-pulse timing jitter σlt/σpp
can be interpreted as the contributions of finite time correlations to the long-term timing
jitter. The correlations are quantitatively described by autocorrelation function values
ΨδT (n) for n > 0 and contribute to the ratio via the second term in the square brackets
in Eq. (3.25). In a different picture, the long-term timing jitter can by thought of as
the pulse-to-pulse timing jitter multiplied with the correlation contribution ratio. In the
presented case, the correlation contribution ratio amounts to σlt/σpp ≈ 1.23.
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3 Timing Jitter in Mode-Locked Lasers

Equation (3.25) can be furthermore used to approximate the required pulse separa-
tion n for which the timing jitter σ∆t(n) converges to the long-term timing jitter. In the
respective second term

2
n−1∑︂
d=1

n − d

n
ΨδT (d), (3.27)

not only the autocorrelation function ΨδT must have decayed to zero, but also the factor
(n − d)/n must be approximately constant for all non-zero autocorrelation shifts d. The
latter is true to first-order for n ≳ 10d0, where d0 denotes the largest autocorrelation
shift with a non-zero autocorrelation function ΨδT . Revisiting Fig. 3.8 (a) and (b), this
approximation checks out, since the autocorrelation has approximately decayed to zero
at d ≈ 80 and the long-term timing jitter has converged at n ≈ 100012.

The factor (n − d)/n, moreover, is critical for the complete construction of pulse
separation dependent timing jitter σ∆t(n) from the pulse-period autocorrelation function.
From Eq. (3.25) it is evident that for a selected n, positive correlations ΨδT (d) increase the
ratio σlt/σpp, while negative correlations decrease it. The factor (n − d)/n represents the
weight of the autocorrelation function ΨδT (d), which changes with the considered pulse
separation. As a result, the timing jitter σ∆t(n) increases until it reaches its maximum at
n = 7, even though the autocorrelation function ΨδT (d) becomes negative for d > 3, since
the relative weights for the positive autocorrelation values (d ≦ 3) increase and thereby
dominate the negatively correlated components ΨδT (d), which only exhibit relatively
small weights yet. With a similar argument, the convergence to the long-term timing
jitter for pulse separations 80 < n < 1000 is only generated by changes of the factor
(n − d)/n, since the autocorrelation function has already decayed to zero.

3.5.1 Guidelines to Calculate the Long-Term Timing Jitter
One disadvantage of the proposed pulse-period fluctuation autocorrelation method is the
rather involved implementation and evaluation. Hence, the following itemization presents
a recipe, which guides with practical recommendations through the individual steps that
are to be carried out, in order to calculate the long-term timing jitter σlt.

• Simulate m realizations of timing fluctuations {δTk} with the length n or one
realization with the length n × m. The parameter n corresponds to the maximum
autocorrelation shift and should be long enough to capture all relevant features of
the autocorrelation function.

• Calculate the pulse-to-pulse timing jitter σpp and the autocorrelation function ΨδT .
The parameter m has to be chosen such that the autocorrelation function has
sufficiently converged up to the pulse separation n. The convergence of σpp is most
likely fast compared to ΨδT and thus represents no practical limitation.

• Optimize the free parameters of the model function Ψj
δT , given by Eq. (3.26), to best

replicate the calculated autocorrelation function ΨδT . Both reasonable parameter
bounds and initial parameter guesses may be required to achieve a converging fit.

12With this knowledge, an educated guess can also be performed based on the laser parameters if one
assumes that all correlations have sufficiently decayed within five lifetimes of the slowest quantity
(e−5 ≈ 0.007 < 1%). For the considered laser, the gain section carrier reservoir with a lifetime on 1 ns
represents the slowest quantity. This corresponds to correlation time of ≈ 5 ns ≈ 66TC and yields an
approximate minimum pulse separation n = 660, which is of the correct order of magnitude.
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3.5 The Pulse-Period Fluctuation Autocorrelation Method

– Increase the order j until the fit works well: The goodness of the fit can either
be evaluated ’by eye’ or automatized via the Pearson correlation coefficient
rj = r(ΨδT , Ψj

δT ) between the calculated and the fitted autocorrelation func-
tions. In the latter case, a correlation coefficient rth

j ≤ 1 − 10−4 (based on
n ∈ [0, 100] for the fit) has been proven empirically to be a suitable threshold
for increasing the order j (s. Sec. 4.6.1 for an example).

– All investigated cases within this work either required j = 2 or j = 3. Us-
ing j = 4 never lead to a better timing jitter estimation but rather to fit
convergence and over-fitting issues.

– An insufficiently converged autocorrelation function ΨδT produces relatively
large Pearson correlation coefficients independent of the order j.

– The parameter n has to be chosen sufficiently large, such that the fit has
converged with respect to increasing n.

• Calculate the long-term timing jitter σlt using the fitted model function Ψj
δT ac-

cording to Eq. (3.25).

The premise of choosing multiple parameters correctly in order to achieve a sufficient
convergence and thus a reliable long-term timing jitter estimations demands a delicate
application of the pulse-period fluctuation autocorrelation method. Hence, a spot check
of the timing jitter estimates generated by the means of the pulse-period fluctuation
autocorrelation method against, e.g., the direct time-domain method is recommended to
ensure their validity.
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3 Timing Jitter in Mode-Locked Lasers

3.6 Computational Timing Jitter Estimation Efficiency

In the process of understanding, optimizing, and designing passively mode-locked lasers,
models and simulations are vital tools [VLA05, BAN06, RAD11a, JAV11, ROS11e,
OTT14a, JAU16, BAR18, MEI19, HAU19]. However, the direct estimation of the timing
jitter from either simulated spectra or sequences of pulse positions [LEE02c, MUL06,
OTT14a] often poses the problem of excessively large computational costs, as large num-
bers of simulated pulses are required. In the case of weak noise sources, analytical
approaches have been developed for the Haus master equation [HAU93a, JIA01] and
semi-analytical approaches for delay-differential equation descriptions [PIM14b, JAU15].

Many cases, however, e.g., the three-section tapered quantum-dot laser, which is
considered Chap. 4, do not permit the use of either of those techniques. Since the
simulation of noisy time series generally dominates the overall computational cost, the
goal is to obtain a good timing jitter estimate from a sample set, which is as small as
possible. For this reason, this section compares the standard errors of the previously
introduced long-term timing jitter estimation methods with respect to the sample-set
size.

As the long-term timing jitter is a statistic measure of the stochastic properties of
the pulse positions, its standard error depends on the considered sample-set size, i.e., the
number of pulses in the computed time series realizations. This is equally true for the
spectral and autocorrelation based methods, where increased sample-set sizes generate
better estimates of the power spectral density and autocorrelation function. Hence, the
sample-set size depended standard error of five methods is analyzed: The direct time-
domain method based on {∆tn} with n = 10000, the hybrid von der Linde/Otto method
performed on the spectrum S∆t, the Kéfélian method performed on the 20th harmonic
of S|E|2 , the pulse-period fluctuation autocorrelation method, and finally the von der
Linde/Otto method applied to 20th harmonic the spectrum S|E|2 .

The three-section tapered quantum-dot laser (s. Chap. 4) is operated at the same
parameters as in Fig. 3.3, i.e., at P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1 (s.
Fig. 4.5, Fig. 4.17, and Fig. 4.24). The full sample set contains 1000 time series of 10 µs
simulated time, which corresponds to ≈ 133000 pulses each. The standard error analysis
is then performed by using a subsampling method with subset sizes between one and 100.
The sample-set size, which is used for a given timing jitter estimate, is measured by the
total number of pulses in the respective subset. The standard error is determined based
on the fluctuating timing jitter estimates originating from the different subsets.

The power spectra S|E|2 are directly calculated from the full time series using a
FFT algorithm. For subsets containing multiple time series, Bartlett’s method [PRE07]
is used to average the individual power spectra. The time series are further processed
by extracting the pulse positions tn, which are then subdivided into sets of 10000 for
the further calculation of the timing deviations {∆tn}. The power spectra S∆t are cal-
culated from the sets {∆tn} with a FFT algorithm and if applicable Bartlett’s method
for averaging. Finally, the autocorrelation functions ΨδT are computed from the pulse-
period fluctuations {δTk = tk+1 − tk − Tc} via the Wiener–Khinchin theorem, also using
Bartlett’s method if applicable.

In all cases, an increased sample-set size improves the fidelity of the estimated quan-
tity, i.e., the timing deviation variance Var(∆tn), the power spectral densities S|E|2 and
S∆t, and the autocorrelation function ΨδT .
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Figure 3.9: Performance of the long-term timing jitter estimation methods. (a) Long-term tim-
ing jitter and respective standard errors as a function of the underlying number of
pulses. The curves are computed from the direct time-domain method (blue), the
hybrid von der Linde/Otto method applied to S∆t (orange), the Kéfélian method
(green), the pulse-period fluctuation autocorrelation method (red), and the von der
Linde/Otto method applied to S|E|2 (purple). (b) Relative standard errors. Laser
parameters: P = 0.81 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

The results are presented in Fig. 3.9, where (a) shows the computed long-term jitter
as a function of the sample-set size, with error bars indicating the respective standard
errors. Since the direct time-domain method (blue) makes no assumptions about the
underlying system, no systematic deviations are expected and the resulting error range
(highlighted in light blue) is used as a benchmark for the validity of the other methods.
The hybrid von der Linde/Otto, Kéfélian and pulse-period fluctuation autocorrelation
method all lie within that range and thus exhibit no evidence of a systematic error. The
von der Linde/Otto method applied to the 20th harmonic (purple), on the other hand,
converges to a systematic overestimation the long-term timing jitter, which is attributed
to spectral leakage, i.e., an insufficient spectral resolution as discussed in Sec. 3.3.3.

The respective relative standard errors of all five methods are plotted additionally in
Fig. 3.9 (b). A 1/

√
samplesize dependence, i.e., the law of large numbers, is observed for

all curves, but with vastly different absolute values. While the Kéfélian and the pulse-
period fluctuation autocorrelation methods produce very similar relative standard errors,
the hybrid von der Linde/Otto method performs worse by a factor of ≈ 5, and the direct
time-domain method performs worse by a factor of ≈ 10. In terms of computational cost
(sample-set size), this translates into a factor of ≈ 25 for the hybrid von der Linde/Otto
method and a factor of ≈ 100 for the direct time-domain method. While proven inaccu-
rate by a systematic error, the von der Linde/Otto method applied to the 20th harmonic
of S|E|2 produces standard errors as low as the autocorrelation and Kéfélian method.

The difference between the methods can be explained by their underlying assump-
tions about the stochastic properties and their usage of the calculated time series: The
direct method assumes a random walk on large time scales and only uses the last pulse
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position of each realization13. The von der Linde/Otto method assumes a 1/ν2 decay
of the phase noise spectrum, which corresponds to a random walk, but integrates over
a large frequency band and thus utilizes a larger number of data points. The Kéfélian
methods assumes a specific line shape of the harmonics, namely a Lorentzian, and eval-
uates the linewidth parameter from a large number of spectral data points, which are
calculated not only from the pulse positions, but from the full time-traces. Finally, the
autocorrelation based method assumes an exponentially decaying oscillating pulse pe-
riod autocorrelation function, where a model function has to be only fitted to small n for
which the estimated ΨδT (n) is of much higher fidelity.

Based on those results, the use of either the Kéfélian or the pulse-period fluctuation
autocorrelation method is advantageous and therefore highly recommended in order to
achieve computationally efficient timing jitter estimates. However, both methods have
their specific advantages but also caveats, which can lead to systematic errors in the
timing jitter estimate: The Kéfélian method requires a sufficient spectral resolution, i.e.,
simulated time, of S|E|2 to successfully extract the linewidth parameter ∆ν as discussed
in Sec. 3.3.3. This problem can be somewhat mitigated by analyzing higher harmonics,
but nonetheless prohibits an efficient analysis of lasers with low timing jitter14. The
autocorrelation method requires a good model function to reproduce all features of the
autocorrelation function, whose existence can not by guaranteed. However, it is not
limited by low timing jitter values and can furthermore also be applied to models that
only generate pulse positions and no complete time traces [DRZ13a, SCH18f]. In cases
where both fail, the hybrid von der Linde/Otto or hybrid Kéfélian method should be
used. Finally, the direct time-domain method can only be recommended for the purpose
of validating the other methods.

13The direct time-domain estimate of the long-term timing jitter could in principle be improved by
using multiple data points and fitting the final relaxation to its equilibrium long-term value with
the exponential decay σ∆t(n) = A exp(−γnn) + σlt. In practice, however, the utilized curve-fitting
routines (SciPy 1.10) produced uncertainties in the fit parameters, especially in the constant offset
σlt, which outweighed the potentially gained advantages. Note that this issue does not arise in the
pulse-period fluctuation autocorrelation method, since the autocorrelation functions are guaranteed
to decay to zero.

14Low timing jitter values produce small repetition-rate linewidths, which are computationally costly to
properly resolve.
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Figure 3.10: Decision flowchart. Depending on the properties of the simulated mode-locked laser
and the obtained stochastic time series realizations, the most suitable long-term
timing jitter estimation method is recommended.

3.7 Chapter Conclusions

This chapter has presented a review of the established long-term timing jitter estimation
methods in the context of their application to numerically simulated time series. Time-
domain, frequency-domain, and hybrid methods have been considered. Special attention
has been paid to the respective estimates’ convergence with respect to the time series
length. In the case of the spectral methods, it has been found that the repetition-rate
linewidth must by sufficiently resolved in order to produce reliable timing jitter estimates.

If the long-term timing jitter is to be computed via the von der Linde/Otto method,
this chapter has further highlighted a factor of two in the timing phase noise spectral
power density normalization, which is missing in the existing literature. This factor is
required in order to reconcile the timing phase noise power spectral densities obtained
from the power spectral densities of the out-coupled intensity and the power spectral
density of the extracted pulse timing deviations.

Moreover, this chapter has proposed a new time-domain based method, which ex-
tracts the long-term timing jitter from the pulse-to-pulse timing jitter and the pulse-
period fluctuation autocorrelation function. If supplied with a suitable model function of
the said autocorrelation function, this method is able to produce long-term timing jitter
estimates with relatively few stochastic pulse train realizations.

On that account, the standard error convergence of the various timing jitter estima-
tion methods has been benchmarked with respect to the supplied stochastic time series
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sample-set size. While all methods follow the law of large numbers, the differences in
the relative standard errors for a given sample-set size is up to two orders of magnitude.
Based on that, recommendations on the choice of timing jitter estimation method have
been formulated.

Those results are summarized in the flowchart presented in Fig. 3.10: Due to the rel-
atively simple implementation, the Kéfélian method is recommended as the first choice as
long as the repetition-rate linewidth of any harmonic can be sufficiently resolved. If that
is not the case, the pulse-period fluctuation auto-correlation method performs equally
well, but the implementation is a bit more involved. Lastly, if no suitable model function
for the autocorrelation function can be found, the hybrid von der Linde/Otto method is
recommended to be employed. The direct time-domain method is not recommended in
any case unless for the validation of the results obtained from the other methods.

Lastly, the relative standard error of all methods can be estimated by a subsampling
approach: The long-term timing jitter is evaluated for different subsamples and different
subsampling sizes. The resulting relative standard errors can then be extrapolated via
the law of larger numbers to produce the required sample-set size, i.e., the number of
stochastic realization, which yields the desired relative standard error of the long-term
timing jitter estimate.
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4.1 Introduction

Monolithically integrated edge-emitting mode-locked semiconductor lasers are favorable
for future photonic integration [GUZ17, LO17, LO19], because they have the advantage
of straightforward growth and processing, while keeping a relatively small footprint.
However, compared to surface-emitting mode-locked semiconductor disk lasers [HOO00,
KEL06, GAA16, WAL16], monolithically integrated edge-emitting lasers mostly show
inferior pulse performance in terms of the pulse peak power and the pulse width.

Some of the shortcomings of edge-emitting mode-locked lasers can be mitigated
by the post emission amplification and compression of the pulses. This, however, in-
troduces additional active and passive optical elements and thereby increases the com-
plexity and cost of a given photonic setup. Therefore, it is highly desirable to opti-
mize monolithically integrated device designs, in order for them to already meet the
performance requirements of a considered application. Optimization approaches may
be separated into two categories: The first category focuses on the device geometry
and the cavity design. Previous works have demonstrated that the precise tuning of
the saturable absorber length [THO09, JAV10, XU13a, ROS11e, MEE14] and the res-
onator facet reflectivities [JAV11, SIM13, XU13a] can lead to shorter pulses and an
increased pulse train stability. The positioning of the absorber section within the laser
cavity has been furthermore shown to affect the mode-locking performance and thus
to yield improvements if properly tuned [THO05, XIN07, LI10b]. Moreover, tapered
gain sections have been demonstrated to produce an additional pulse shortening and a
substantial increase of the output power, while maintaining high-quality output beams
[MAR95, NIK11, THO06, THO09, ROS11e, ROS11f, WEB15, BAR18]. The second cat-
egory addresses the electronic properties of the active medium, where one option is to
employ semiconductor quantum dots as an active medium. Devices based on them ex-
hibit advantages such as high differential gain, ultra-fast recovery, broad gain spectra,
small chirp, and low-temperature sensitivity due to the atom-like discrete energy levels
[CHO05, BIM06, LUE11a, CHO13a, LIN17a]. These properties have been shown to gen-
erate very stable mode-locked pulse trains with sub-picosecond pulses at high repetition
rates [LEL07, RAF07, KUN07a, THO09, MEE14, NOR19, NOR21].

Relevant to passively mode-locked semiconductor lasers, strong spontaneous emis-
sion noise and the absence of an external reference clock lead to relatively pronounced
timing and amplitude fluctuations [LIN86, SOL93, PAS06, OTT12a, DRZ13a]. Both are
limiting factors for many applications [JIA02c, VAL06, BAJ21]. Techniques such as hy-
brid mode-locking [AHM08, HEC09, FIO10], optical injection [HAB10, REB11, FIO11,
HAB14, ARK16], opto-electronic self-feedback [HEL92, DRZ13a], and optical self-feed-
back [JIA02c, MER09, BRE10, FIO11, LIN11f, HAJ12, DRZ13a, OTT12a, NIK16] allow
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Figure 4.1: (a) Sketch of the three-section quantum-dot semiconductor laser. The total length of
3.0 mm corresponds to a 13.24 GHz fundamental repetition rate. G denotes the two
respective gain sections and A denotes the reverse biased absorber section. The left
facet is high-reflection coated and the right output facet is anti-reflection coated with
the reflectivities rL = 0.95 and rR = 0.03, respectively. z denotes the longitudinal
coordinate of the cavity. (b) Corresponding light microscope picture of the device,
where the white lines indicate the laser’s active region. Light microscope picture by
Stefan Breuer. Both (a) and (b) are adapted from [MEI19].

to improve the timing stability considerably, but again come at the cost of additional
electronics and optics, which need to be properly calibrated and controlled. To avoid
this, it is therefore preferable to also optimize the laser design towards an excellent pulse
train stability that renders any additional control schemes unnecessary.

This chapter focuses on a device that combines both approaches from the afore-
mentioned categories. A detailed experimental and numerical analysis of a three-section
tapered semiconductor quantum-dot laser with a saturable absorber section, which is
positioned at approximately one-third of the cavity length, is performed1. The results
represent the foundation for further numerical explorations2.

4.1.1 Investigated Device
The investigated laser contains an optically active region that consists of ten layers of
InAs quantum dots, which are grown on a GaAs substrate using molecular beam epitaxy.
The cavity length amounts to 3.0 mm, which leads to a round-trip time of T ≈ 75.5 ps
and corresponds to a mode spacing of νc ≈ 13.24 GHz. The laser has been processed into
a 0.7 mm straight section, a 0.7 mm long absorber section, and a 1.6 mm long tapered
section with a full taper angle that amounts to θ = 2◦. The absorber to gain section
length ratio thus yields ≈ 1:4.28. The straight section active region width is 14 µm. The
confinement of the optical field in the lateral direction is achieved by gain guiding. The
tapered output facet on the right is anti-reflection coated, resulting in a reflectivity of
rR = 0.03, while the facet on the left is high-reflection coated, resulting in a reflectivity
of rL = 0.95. The two forward biased gain sections are contacted in parallel and are
therefore always subject to the same current density. The absorber section is driven by
a reverse bias. A sketch of the device geometry is shown in Fig. 4.1 (a), where G and
A denote the gain and saturable absorber sections, and z the longitudinal coordinate.
Figure 4.1 (b) shows the top view picture of the laser, which has been taken with a light
microscope. The white lines indicate the optically active region.

To put the investigated device into perspective, other representative mode-locked
tapered quantum-dot lasers that have been studied and published [THO06, THO09,

1The experimental characterization, which is presented in this chapter, has been carried out by Lukas
Drzewietzki, Christoph Weber and Stefan Breuer at the Technische Universität Darmstadt.

2Parts of this chapter have been published in [MEI19, KOL20, MEI21].
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NIK11, ROS11e, ROS11f, WEB15, BAR18] exhibit absorber to gain section length ratios
that range from 1:4 to 1:7, total lengths from 2.4 mm to 3.0 mm, taper angles from 0.6◦

to 3.6◦, and five to ten quantum-dot layers. Hence, the device, which is considered
in this work, is in comparison rather long, exhibits a small absorber to gain ratio, an
intermediate taper angle, and a larger number of quantum-dot layers. The defining
feature, however, that makes this work’s laser stand out from all other devices, is the
three-section configuration with the absorber section positioned in the middle.

4.1.2 Chapter Outline
This chapter is organized as follows: Subsequent to this introduction, the derivation of the
numerical model is performed in Sec. 4.2. The presentation and discussion of the results
is then divided into multiple parts: First, the basic emission states are introduced and
thoroughly characterized by means of the numerical model in Sec. 4.3. The succeeding
section 4.4 then juxtaposes experimental and simulated results. Building onto that, an in-
depth study of the emission states and the pulse performance in the operation parameter
space is shown in Sec. 4.5. The complementary timing jitter analysis is presented in
Sec. 4.6. With the goal of further optimizing the device performance, the influence of
the taper angle and the saturable absorber position are studied in Sec. 4.7 and Sec. 4.8,
respectively. Finally, the chapter conclusions are drawn in Sec. 4.9.
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4.2 Three-Section Tapered Quantum-Dot Laser Model
The goal of numerically simulating the three-section tapered quantum-dot laser is to
not only reproduce the experimentally observed emission dynamics and perform opera-
tion parameter studies, but to also gain an in-depth understanding of the pulse-shaping
mechanism and study the implications of the device design.

Hence, a model that is capable of describing the device-specific spatio-temporal
evolution of the electric field within the quantum-dot active medium is required. However,
the simulations also need to be numerically efficient enough to calculate sufficiently long
time series for the evaluation of timing and amplitude jitter as well as to perform multi-
parameter studies.

The established delay-differential equation modeling frameworks [VLA05, VIK06,
VLA10, VLA11, ROS11d, OTT12a, JAU17] are computationally very efficient, but re-
quire limiting assumptions about the device geometry and spectral field evolution3.
Hence, the model derived in this sections follows the ideas of [BAN06, MUL06, AVR09,
JAV10, RAD11a, ROS11c, SIM13] and couples a traveling-wave equation for the prop-
agation of the electric field via effective Maxwell-Bloch equations to optically active
quantum-dot populations. The latter are modeled by microscopically motivated rate
equations, which describe the electronic degrees of freedom of the active medium.

This section presents the detailed derivation based on Chap. 2 of the proposed model,
supplies the utilized laser parameters, and discusses the numerical implementation.

Quantum-Dot Active Medium

The stochastic Stranski-Krastanov growth process produces quantum dots of varying sizes
and shapes. Resulting from that, the respective optical transition frequencies ωj , which
depend on the quantum-dot geometries, are subject to an inhomogeneous broadening
[BIM99, LUE11a, RAF11]. The probability of finding a certain quantum-dot transition
frequency follows the central limit theorem, i.e., a Gaussian distribution. Hence, the
complete gain spectrum is constructed from the characteristic Lorentzian line shapes of
the individual quantum dots, whose transition frequencies follow the inhomogeneously
broadened Gaussian distribution.

While the homogeneous linewidth of individual quantum dots typically amounts to
≈ 10 meV [BAY02, LIN16], the FWHM of inhomogeneously broadened quantum-dot gain
spectra easily exceeds more than 30 meV [NAM99, LEI08, LIN15b, LIN17a]. The broad
gain spectra make quantum dots suitable for mode-locked lasers, where short pulses are
desired [RAF07, THO09, KUN07a, MEE14]. A sketch of an inhomogeneously broadened
quantum-dot gain spectrum is shown in Fig. 4.2 (a), where a Gaussian envelope (black
dashed line) encloses the homogeneously broadened QD transitions (blue lines).

The sketch in Fig. 4.2 (a) only plots a small number of homogeneously broadened
transitions, which is representative for practical numerical implementations [ROS11c,
KOL13, LIN15b, LIN17a]: In order to reduce the degrees of freedom, the inhomoge-
neously broadened spectrum is averaged over finite transition energy ranges with their
respective mean transition energy ⟨ωj⟩. Each quantum-dot subgroup then contains nj

3Unidirectional propagation in ring geometry is assumed. Hence, saturation effects that counter-
propagating pulses experience can not be described. The spectral evolution is modeled by a lumped-
element Lorentzian filter.
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Figure 4.2: Sketch of the inhomogeneously broadened quantum-dot ensemble. (a) The stochas-
tic growth of the quantum dots produces a Gaussian envelope (black dashed line) in
the gain spectrum that encloses the homogeneously broadened quantum-dot transi-
tions (blue lines). (b) The model averages over all transitions and thus approximates
the ensemble by a single homogeneously broadened transition with a corresponding
effective lifetime.

quantum dots and can be thought of as a single optical transition that is nj-fold degen-
erate.

The model proposed in this chapter takes this procedure to its limit and averages
over all quantum dots, such that only one optical transition remains. To still account
for the proper gain bandwidth, the homogeneous linewidth of the remaining transition
is set to approximate the inhomogeneously broadened gain bandwidth. This process and
the resulting gain spectrum are sketched in Fig. 4.2 (b). Note that the resulting gain
spectrum has more pronounced tails than the original inhomogeneous broadened gain
spectrum due to the 1/ω2 fall-off of the Lorentzian at larger frequencies.

The effective homogeneous linewidth of the averaged quantum-dot ensemble, further-
more, implies a shorter effective lifetime T eff

2 of the medium polarization. Hence, the pro-
posed approximation is only valid if the system dynamics are much slower than the actual
polarization dynamics of the individual quantum dots. As long as this condition holds,
the quantum-dot polarization dynamics can be assumed to be in a quasi-equilibrium with
no dynamical effect on the overall system dynamics. If this condition breaks, one must
resort to sufficiently resolving the inhomogeneous broadening via quantum-dot subgroups
with their true characteristic lifetime.

Charger-Carrier Scattering Dynamics

The charge-carrier model includes excitonic occupation numbers of the quantum-dot
ground state ρGS, quantum dot excited state ρES, and the charge-carrier density n in the
surrounding quantum well. Those quantities are spatially resolved along the optical axis
of the laser. Figure 4.3 (b) shows a sketch of the considered levels and their interaction
via charge-carrier scattering processes as well as their coupling to the electric field. The
quantum-dot excited state is assumed to be two-fold degenerate with respect to the
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quantum-dot ground state. The dynamics at each spatial coordinate are described by a
set of coupled rate equations [LIN17a]

d
dt

n(z, t) = − n

τn
+ J − 4NQDRES

cap(n, ρES) (4.1)

d
dt

ρES(z, t) = −ρES

τES + RES
cap(n, ρES) − 1

2Rrel(ρGS, ρES) (4.2)

d
dt

ρGS(z, t) = −ρGS

τGS + Rrel(ρGS, ρES) − ∂tρ
GS|stim (4.3)

with the pump current density J , the characteristic carrier lifetimes τGS, τES, and τn and
the factor four for the spin and quantum-dot excited state degeneracy. The parameters
also carry a spatial dependence, which is not explicitly written. Furthermore, the net
carrier capture from the quantum-well layer is summarized by the term RES

cap and the net
intra-dot carrier relaxation by the term Rrel [LUE11a, NIE04, MAJ10]. Direct capture
from the quantum well into the quantum-dot ground state is assumed to be negligible
[LIN17a].

The carrier scattering processes are mediated by the carrier-carrier and the carrier-
phonon interaction [LUE11a, MAJ10, LIN15b]. Within the proposed model, those pro-
cesses are treated in a relaxation rate approximation [LIN17a]. The net intra-dot carrier-
relaxation reads

Rrel(ρGS, ρES) = R̃rel

[︄
(1 − ρGS)ρES − ρGS(1 − ρES)e− ∆εESGS

kBT

]︄
(4.4)

and includes Pauli-blocking terms and a Boltzmann-factor. The energy difference ∆εESGS

between the quantum-dot excited and ground state and the effective temperature T
account for the proper detailed balance between the in and out-scattering processes.
Relaxation towards the quasi-equilibrium is thereby ensured. The net carrier-capture
rate is given by

Rcap(n, ρES) = R̃cap
[︂
F (εQWES, µ, T ) − ρES

]︂
= R̃cap

⎡⎣(︄1 + e∆εQWES/kBT

en/D2DkBT − 1

)︄−1

− ρES

⎤⎦ ,

(4.5)

where F (ε, µ, T ) denotes the quasi-Fermi function with the chemical potential µ and the
quantum-well band edge to quantum-dot excited state energy difference ∆εQWES. The
last equality expands the quasi-Fermi function and the chemical potential, which itself is
a function of the charge-carrier density n. D2D denotes the two-dimensional density of
states D2D [LUE09, LIN15b], with the proper effective mass.

Lastly, the coupling to the electric field is described by the term ∂tρ
GS|stim, which is

derived in the following subsections. Dynamic carrier gratings and spatial hole burning,
which are induced by standing-wave patterns of the electric field [JAV10], as well as carrier
diffusion, are neglected since the strong nonlinear interaction with the optical pulses and
the fast carrier relaxation are assumed to dominate. Those effects only become relevant
for single section devices that are not subject to the strong modulation induced by a
saturable absorber [BAR17, DON17, LIN19b].
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Figure 4.3: (a) Field propagation scheme. The left (−) and right (+) traveling waves E±
k in one

section k are coupled to the respective carrier population ρm
k via the field source

term S±
k and to neighboring sections via the propagation time τ±

k . (b) Sketched
quantum-dot conduction band structure with carrier interaction processes. Only
the quantum-dot ground state couples to the in-phase gain of the electric field.

Electric Field Dynamics

The propagation of the electric field is described in the slowly-varying envelope and
rotating wave approximation, which yield first-order partial differential equations for the
forward (+) and backward (−) moving envelope functions E±(z, t). The details have
been presented in Chap. 2 and the resulting traveling-wave equation reads(︄

±∂z + 1
vg

∂t

)︄
E±(z, t) = −αint

2 E±(z, t) + iωΓ⊥
2ϵbvg

P ±(z, t), (4.6)

where P ± is the active medium macroscopic polarization, ω the optical center frequency,
Γ⊥ the geometrical transverse confinement factor, vg the group velocity, and ϵb the
background permittivity. Compared to the traveling-wave equation (2.22) in Chap. 2,
linear waveguide losses with the coefficient αint have been added phenomenologically.
Applying the integration and discretization technique presented in Chap. 2, Sec. 2.2,
i.e., integrating the traveling-wave equation along its characteristic and approximating
the right-hand side with the trapezoid rule, yields the delay-algebraic field propagation
scheme

E±
k (t) =4 − δ±

k αint

4 + δ±
k αint

E±
k∓1(t − τ±

k ) + δ±
k

2 + δ±
k αint

[︂
S±

k (t) + S±
k∓1(t − τ±

k )
]︂

, (4.7)

where the macroscopic polarization along with the corresponding parameters have been
summarized to a field source term S±

k and the linear losses have been treated separately.
Within that scheme the longitudinal dimension z has been discretized into N sections
with the length ∆zk. The electric field E±

k , the source term S±
k , and the active medium

states ρm
k are averaged over those lengths and are considered to be localized in the

middle of each section. The sections are coupled via the propagating electric fields to
their respective neighbors via the spatial separations δ±

k and propagation times τ±
k , which

are defined by

δ±
k = ∆zk + ∆zk∓1

2 and τ±
k = ∆zk + ∆zk∓1

2vg
. (4.8)

The propagating scheme and spatial discretization is furthermore sketched in Fig. 4.3 (a).
Note that, e.g., the discretization points zk and zk+1 are connected by both the prop-
agation time τ+

k+1 and τ−
k , which correspond to the forward (+) and backward (−)
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moving fields. The boundary conditions are given by the reflections at the left and right
facet with the respective intensity reflectivity coefficients rL and rR. As discussed in
Chap. 2, Sec. 2.2, this approach allows for a much coarser spatial discretization than
commonly used finite difference methods, while maintaining a high temporal accuracy
[JAV12, KOL13, LIN18, PER18, LIN19b].

Coherent Field-Matter Coupling

The macroscopic active medium polarization P ±(z, t) is calculated semi-classically and
is determined by the sum of all microscopic polarization amplitudes p±

α , where α denotes
a suitable set of quantum numbers. Reproducing Eq. (2.44) from the derivation of the
spatially inhomogeneous Maxwell-Bloch equations presented in Chap. 2, the macroscopic
polarization reads

P ±(z, t) = 2
Aact

⊥ dz

∑︂
β

µ∗
βp±

β (z, t), (4.9)

where the index β represents a set of quantum numbers, which describe all excitonic
quantum-dot states localized at the longitudinal coordinate z and µβ their respective
dipole moments. Aact

⊥ dz represents the normalization volume, which is constructed from
the transverse cross-section of the active region Aact

⊥ and an infinitesimal section dz along
z.

Averaging over all inhomogeneously broadened transition frequencies, as previously
described, and assuming that only the quantum-dot ground (GS) and first excited state
(ES) transitions contribute to the optical gain, the sum over β reduces to a simple
multiplication with the quantum-dot sheet density NQD

P ±(z, t) = 4aLNQD

hQW

(︂
νGSµ∗

GSp±
GS(z, t) + νESµ∗

ESp±
ES(z, t)

)︂
. (4.10)

Here, hQW denotes the height of the surrounding quantum-well reservoir, aL the number
of QD layers, µGS,ES the respective dipole moments, and νGS,ES the relative degeneracy
of the quantum-dot ground and excited state. The factor four contains the factor two
from Eq. (4.9) and another factor two that accounts for the spin degeneracy.

The dynamics of the microscopic polarization amplitudes are determined by the
Maxwell-Bloch equations, which have been derived within the free-carrier theory in
Chap. 2, Sec. 2.3. Adapted to the quantum-dot ground and excited state (m ∈ {GS, ES}),
these equations read

d
dt

p±
m(z, t) = −

[︄
i∆ωm + 1

T eff
2

]︄
p±

m(z, t) − i
µm
2ℏ E±(z, t) (2ρm(z, t) − 1) , (4.11)

where ∆ωm denotes the detuning from the optical center frequency and T eff
2 the effective

polarization dephasing time. (2ρm − 1) denotes the inversion produced by the exci-
tonic quantum-dot occupation probability ρm. Note that the effective dephasing time
T eff

2 reflects the full gain bandwidth of the quantum-dot GS(ES) ensemble and not the
homogeneous linewidth of an individual optical transition.

The dynamical equation for the microscopic polarization Eq. (4.11) can be formally
integrated to yield the expression

p±
m(t) = −i

µm
2ℏ

∫︂ t

∞
d τE±(τ) (2ρm(τ) − 1) exp

(︂
−
[︂
i∆ωm + T eff−1

2

]︂
(t − τ)

)︂
, (4.12)
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which corresponds to a convolution integral that describes memory effects, which decay
with T eff

2 . Under the assumption that the quantum-dot occupation numbers ρm evolve
slowly compared to the effective polarization dephasing time T eff

2 [ROS11c], they can be
pulled out of the integral. The microscopic polarization then reads

p±
m(t) = −i

µmT eff
2

2ℏ (2ρm(t) − 1)
∫︂ t

∞
d τ

1
T eff

2
E±(τ) exp

(︂
−
[︂
i∆ωm + T eff−1

2

]︂
(t − τ)

)︂
⏞ ⏟⏟ ⏞

=G±(t)

,

(4.13)

where the underbraced integral defines the new variable G±
m, which describes the fast

polarization dynamics. The time evolution of G±
m can be obtained by taking the total

derivative of the definition, i.e., the convolution integral, which produces the dynamical
equation

d
dt

G±
m = 1

T eff
2

(E± − G±
m) − i∆ωmG±

m. (4.14)

Transforming this equation to frequency space yields the Lorentzian line shape centered
at the frequency ∆ωm and with the broadening given by the inverse effective lifetime
1/T eff

2 . Alternatively, the impact of this equation can be interpreted as a first-order low
pass filter relative to the frequency ∆ωm and the characteristic time T eff

2 . Thus, the G±
m

can either be seen as an effective polarization or a filtered electric field.
Assuming that the electric field frequency ω is centered at the quantum-dot ground

state transition, the dynamical equation for G±
ES is adiabatically eliminated and yields

G±
ES = (1 + iT eff

2 ∆ωES)−1E±, (4.15)

which has a vanishing real part compared to the magnitude of the imaginary part for the
considered quantum dots. Hence, the quantum-dot excited state only contributes to the
amplitude-phase coupling of the laser. This approximation avoids the computationally
demanding integration of the fast oscillation that occur in the dynamic equations for
G±

ES due to the frequency detuning ∆ωES. The validity of such an approximation has
been shown for various quantum-dot laser models [LIN13, LIN14, ROS11c, ROS11d] via
comparisons to models that do not eliminate the excited state polarization dynamics.

Collecting all the terms and performing the sum over all quantum-dot states, the
electric field source term reads

S±(z, t) = iωΓ⊥
2ϵbvg

P ±(z, t) = gGS
2 (2ρGS − 1)G±

GS − i
δωES

2
(︂
2ρES − 1

)︂
E±, (4.16)

where the shorthands

gm = 2ωΓT eff
2 aLNQDνm|µm|2

ϵbℏvghQW and δωES = gES
T eff

2 ∆ωES
1 + (T eff

2 ∆ωES)2 (4.17)

denote the electric field linear gain coefficient gm and the amplitude-phase coupling co-
efficient δωES, which is induced by the quantum-dot excited state transitions. Note that
the effective dephasing time T eff

2 not only determines the gain bandwidth but also the
gain coefficients gm. However, the optical gain, which can be calculated from the full
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semiconductor Bloch-equations, depends upon the microscopic dephasing time of the in-
dividual quantum-dot transitions [LUE11a, MAJ10, KOL13, LIN16]. This effect is not
explicitly included in the proposed model. Hence, the gain coefficients gm that are used
for the simulations are treated as fit parameters, which are adjusted to best match the ex-
periment. In conjunction with the effective polarization lifetime T eff

2 both the magnitude
and width of the gain spectrum can be adjusted.

Lastly, the coherent coupling term in the dynamical equations for the quantum-dot
occupation probabilities, which accounts for stimulated emission and absorption, has to
be computed. Adapting the corresponding Maxwell-Bloch equation (2.45) from Chap. 2
yields

∂tρ
GS|stim = µGS

ℏ
Im
(︂
E+p+∗

GS + E−p−∗

GS

)︂
= gGSη(2ρGS − 1)Re

(︂
G+

GSE+∗ + G−
GSE−∗)︂

, (4.18)

where η = εbvghQW/(4ℏΓaLNQD) describes the photon-to-field conversion factor. Note
that η does not affect the dynamics of the laser, but rather defines the units of the electric
field and effective polarization. Thus, η can be used to suitably rescale the electric field
and effective polarization variables.

With that step completed, a set of equations has been derived that self-consistently
describe the spatially inhomogeneous evolution of the electric field and the considered
charge-carrier variables. The specifics of an investigated laser must be implemented via
the (spatially dependent) laser parameters.

Implementing Spontaneous Emission

Within the semi-classical framework, spontaneous emission of photons must be added
phenomenologically [PET88, COL12a, HAU04]. Hence, the electric field source term in
Eq. (4.16) is modified according to

S±(z, t) → S±(z, t) + S±
sp(z, t), (4.19)

where the noise amplitude S±
sp describes spontaneously emitted photons that enter the

lasing modes. In order to correctly account for the spectral properties of the spontaneous
emission, a stochastic time-domain approach that follows the ideas of [MEL08, ROS11c,
LIN15b] is chosen. In particular, the mean frequency and the spectral width of the
spontaneous emission must be properly described. Hence, the spontaneous emission is
modeled by a two-dimensional Ornstein-Uhlenbeck process

d
dt

S±
sp(z, t) = − [γsp − i∆ωGS] S±

sp +
√︂

D̃(z, t)ξ(z, t), (4.20)

which is centered at the frequency ∆ωGS and has the correlation time γ−1
sp . The noise

amplitude S±
sp is driven by the δ-correlated (in space and time) complex Gaussian white

noise ξ(t) with the noise strength D̃. For a slowly varying spontaneous emission noise
strength D̃, the correlation function reads [GAR02, LIN15b]

⟨︂
S±∗

sp (z, t)S±
sp(z′, t + τ)

⟩︂
≈ D̃(z, t)

γsp
e−(γsp+i∆ωGS)τ δ(z − z′). (4.21)
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Using the Wiener-Khinchin theorem, the spontaneous emission power spectral density
SSsp can by calculated and yields

SSsp = D̃(z, t)
π

1
(ω − ∆ωGS)2 + γ2

sp
, (4.22)

which represents a Lorentzian centered at ∆ωGS with a width (FWHM) of 2γsp. Thus,
the correlation time γ−1

sp can be identified as the effective polarization lifetime T eff
2 . Fur-

ther acknowledging that the spontaneous emission noise strength should be directly pro-
portional to the quantum-dot occupation probability, the dynamical equation for the
spontaneous emission noise reads

d
dt

S±
sp(z, t) = −

[︄
1

T eff
2

+ i∆ωGS

]︄
S±

sp +
√︂

D(z)ρGS(z, t)ξ(z, t). (4.23)

This stochastic differential equation must be solved alongside the other equations for
each section to provide the proper spontaneous emission contribution to the electric field.
Lastly, for convenience in the numerical implementations, the spontaneous emission term
can be integrated into the dynamical equation for the effective polarization

d
dt

G±
GS = 1

T eff
2

(E± − G±
GS) − i∆ωGSG±

m +
√︂

D(z)ρGS(z, t)ξ(z, t). (4.24)

The noise strength D(z) itself depends on various laser parameters as well as the β-
factor, which describes the probability that a spontaneously emitted photon ends up
in the considered lasing modes. Thus, the spontaneous emission strength is commonly
specified in terms of the β-factor, when comparing different lasers. This work, however,
treats the noise strength D itself as a fit parameter, in order to reproduce the timing
jitter of the fundamentally mode-locked emission state.

Modeling the Absorber Reverse Bias

The absorber section is subject to a reverse bias U , whose effect is twofold: Firstly,
the static transverse electric field reduces the barrier height, which leads to enhanced
thermionic carrier escape rates [MAL06d, BRE13]. Following [VIK09], this is imple-
mented by an effective quantum-dot excited state lifetime τES

abs(U), which exponentially
depends on the absorber bias U . The quantum-well carrier reservoir is assumed to only
carry vanishing charge-carrier densities and its explicit modeling is therefore neglected
within the absorber section. The corresponding equation for the effective excited state
lifetime reads

τES
abs(U) =τES

abs,0 exp
(︃

U/U
τES

abs
0

)︃
, (4.25)

where the parameters τES
abs,0 and U

τES
abs

0 are chosen based on Refs. [MAL06d, VIK09].
Secondly, the optical transitions are slightly redshifted due to the quantum confined

stark effect [MAL06d, WEG14], which is implemented via the detuning parameter ∆ωGS
in the dynamical equation Eq. (4.14) for the effective polarization P ±. The redshift is
assumed to scale linearly with the applied reverse bias [MAL06d]. The constituting
equation is then given by

∆ωabs
GS (U) = ∆ωabs

GS,0U, (4.26)
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where the parameter ∆ωabs
GS,0 is chosen similarly to [MAL06d, VIK09, THO09, WEG14].

The different operating conditions, compared to the forward biased gain sections, are
furthermore accounted for by choosing larger differential gain coefficients in the absorber
section [AVR09, THO09]. The relationship between the gain coefficients gabs

GS > ggain
GS is

motivated by the decreased carrier density in the surrounding quantum well, which leads
to reduced Coulomb scattering and thereby to an increased microscopic dephasing time
of the optical transitions [LOR06]. This, as previously explained, then produces a larger
differential gain coefficient [MAJ10, LUE11a, LIN15b].

Accounting for the Tapered Gain Section

To complete the model of the three-section laser, the effect of the tapered gain structure
has to be included. On that account, the transverse electric field is assumed to follow the
profile of the active region by adiabatically expanding and reducing in its spatial extend
[ROS11e, XU12a, BAR18]. In the proposed model, this is described by rescaling the
stimulated emission term in Eq. (4.3) with the relative change of the ridge width w(z)

∂tρ
GS(z)|taper

stim = w0
w(z)∂tρ

GS(z)|stim, (4.27)

where w0 is the width of the straight section active region. Since the transverse electric
field profile is distributed over a larger active area in the tapered region, the quantum
dots see only a reduced field strength, depending on the local waveguide width w(z). This
results in a reduced local stimulated recombination rate and therefore a higher saturation
energy of the tapered gain medium. With that modeling approach, the electric field
strength itself is not rescaled, but only the interaction with the active medium.

Similarly, the spontaneous emission, which is proportional to the number of quantum
dots within one section, increases with the ridge width w(z) according to

√︂
D(z)ρGS(z, t)ξ(z, t) →

√︄
w(z)
w0

DρGS(z, t)ξ(z, t), (4.28)

where the spatial dependence of the noise strength D(z) has been identified with the
relative ridge width w(z)/w0. Since the spontaneous emission enters the electric field
equation (or effective polarization equation), the inverse relative ridge width ratio has
to be used, when compared to the modification of the stimulated emission term, which
enters the quantum-dot occupation probability equation.

Moreover, increasing the ridge width is assumed to lead to a better overlap between
the electric field and the active medium and thereby improves the transverse confinement
factor Γ⊥(z). This effect is described by decomposing the transverse confinement factor
Γ⊥(z) according to

Γ⊥(z) = Γrel
⊥ (z)Γ0

⊥ (4.29)

and modeling the relative transverse confinement factor Γrel
⊥ (z) with the fit function

Γrel
⊥ (z) = 1 + ΓT tanh

(︃
w(z)
w0

− 1
)︃

. (4.30)

The parameter ΓT and the fit function Eq. (4.30) itself are chosen to mimic results from
beam-propagation calculations as presented in Refs. [XU12a, ROS11e, ROS11f].

76



4.2 Three-Section Tapered Quantum-Dot Laser Model

Figure 4.4: Effects of the tapered gain structure on the waveguide parameters. The blue line
plots the non-resonant waveguide losses as a function of the longitudinal position z
and the red line the relative optical confinement factor Γrel. Taper angle Θ = 2.0◦

The improved overlap, furthermore, leads to a reduction of the internal non-resonant
waveguide losses αint(z) [ROS11e, ROS11f]. This effect is modeled via the fit function

αint(z) = α0
int − αT

int tanh
(︃

w(z)
w0

− 1
)︃

. (4.31)

The parameter αT
int and the function Eq. (4.31) are chosen to match the behavior of

the aforementioned beam-propagation calculations [ROS11e, ROS11f] and to reproduce
waveguide characterization measurements [MEI19].

The impact of both the reduced waveguide losses and the improved confinement
factor is presented in Fig. 4.4 for a taper angle Θ = 2.0◦, where the blue line plots the
non-resonant waveguide losses αint as a function of the longitudinal position z and the
red line plots the relative optical confinement factor Γrel

⊥ . Both quantities quickly change
within a small region between z = 1.4 mm and z ≈ 1.7 mm. While the waveguide losses
drop from αint = 6 cm−1 to αint ≈ 1.2 cm−1, the relative confinement factor increases
from Γrel = 1 to Γrel ≈ 1.28.

Specifying the Pump Current and the Output Power

Lastly, the applied pump current P can be related to the pump current density J that
enters the quantum-well carrier density Eq. (4.1) via the relation

P = JAGaLe0ϱ−1, (4.32)

where AG is the area of the active region, aL the number of QD layers, e0 the electron
charge, and ϱ the injection efficiency. The latter is related to the internal quantum
efficiency and is fitted to match experimental data. The out-coupled power at the tapered
low-reflectivity facet to the right is calculated according to

P(t) = 2ℏωaLw0NQDη |Eout(t)|2 , (4.33)

where ℏω denotes the mean photon energy, w0 the untapered ridge width, NQD the
quantum-dot area density, and η the previously introduced photon-to-field conversion
factor. The out-coupled electric field Eout at the right facet of the tapered section is
given by

Eout(t) =
√

1 − rRE+(z = l, t). (4.34)
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Due to the chosen modeling of the tapered gain section, the electric field is scaled as if
it were confined to the untapered ridge width w0, which therefore appears in the output
power. As discussed previously, η can be used to define the units of the electric field and
thus effectively rescale it. However, any transformation η → η̃ leaves the out-coupled
power untouched, since η appears in conjunction with |Eout(t)|2 in Eq. (4.33). Hence,
if one is only interested in the out-coupled power and not the electric field strength
itself, an arbitrary η can be chosen. Therefore, the quantum-well height hQW and the
confinement factor Γ0

⊥, which appear in η, do not need to be specified in order to calculate
the out-coupled power.

Laser Parameters

To most accurately describe the lasing operation of the three-section tapered quantum-
dot laser within the proposed model framework, the laser parameters must be properly
adjusted. Some parameters, like the facet reflectivities, are directly defined by the de-
vice design specifications, while others, like the internal losses, must be determined by
separate characterization measurements. The majority of the parameters, which mostly
concern properties of the active medium dynamics, however, are fitted to reproduce the
experimentally observed emission dynamics. Parameters from other works, which have
investigated similar semiconductor quantum-dot active media, are used as initial educated
guesses as well as to define reasonable magnitudes. Especially the latter is important,
since the high-dimensional parameter space and the limited experimental data set do
not guarantee the uniqueness of a given parameter set that reproduces the experimental
results.

A list of all model parameters and their values is presented in Tab. 4.1. The last
column shortly defines their meaning and indicates the origin of the respective parameter
value in parenthesis via the keywords ’specified’, ’measured’, ’fitted’, and ’adapted’ and,
if applicable, provides the respective references.

Numerical Implementation

The integration of the ordinary differential equation is implemented via a standard
equidistant fourth-order Runge-Kutta method [PRE07]. The electric field is recorded
at identical time steps and the delay-algebraic propagation equations are evaluated via
a third-order polynomial interpolation routine, which is implemented via Neville’s algo-
rithm [PRE07]. The complex Gaussian white noise that drives the spontaneous emission
is produced with the Box-Muller method [PRE07]. The corresponding stochastic differ-
ential equations are solved by a simple Euler method.

The numerical integration has converged with a time-step ∆t = 31.25 fs and a spatial
discretization along the optical axis of the device into 60 sections. Thus, the mean
spatial discretization length amounts to ⟨∆zk⟩ = 50 µm, which corresponds to a mean
propagation time ⟨τk⟩ = 0.625 fs.

The discretization into 60 sections produces 180 real valued ordinary differential
equations that describe the evolution of the charge carrier dynamics, 120 complex valued
ordinary differential equations that describe the evolution of the effective polarization,
and 120 complex valued delay-algebraic electric field propagation equations. All equations
can be evaluated in parallel. On a state-of-the-art desktop CPU (Intel Core i7-8770,
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Symbol Value Meaning (Origin)
ℏω 0.99 eV photon energy (specified)
l 3 mm device length (specified)
w0 4 µm effective active region width (specified†)
α0

int 6 cm−1 internal losses (measured)
κL 0.95 left facet reflectivity (specified)
κR 0.03 right facet reflectivity (specified)
vg 0.008 cm ps−1 group velocity (calculated)
aL 10 number of QD layers (specified)
NQD 0.2 ∗ 1011cm−2 QD area density (measured)
ϱ 0.77 internal pump efficiency (fitted)
D2Dℏ2 6.96 ∗ 10−32kg QW 2D density of states (adapted from [LIN17a])
τn 1 ns QW carrier lifetime (adapted from [LIN17a])
τES 1 ns QD ES carrier lifetime (adapted from [LIN17a])
τGS 1 ns QD GS carrier lifetime (adapted from [LIN17a])
R̃rel 5 ps−1 QD GS - ES relaxation rate (adapted from [LIN17a])
R̃cap 0.1 ps−1 QD ES capture rate (adapted from [LIN17a])
∆εESGS 64 meV GS - ES energy separation (adapted from [LIN17a])
∆εQWES 24 meV ES confinement (adapted from [LIN17a])
T 300 K effective charge-carrier temperature (specified)
νGS, νES 1,2 relative QD GS,ES state degeneracy
2ℏ/T gain

2 50 meV effective gain bandwidth (fitted, based on [LIN16])
2ℏ/T abs

2 50 meV effective gain bandwidth (fitted, based on [LIN16])
ggain

GS 30 cm−1 differential gain (fitted, based on [THO09, LIN16])
gabs

GS 60 cm−1 differential gain (fitted, based on [THO09, LIN16])
δωES

gain 17.4 cm−1 amplitude-phase coupling coefficient (computed)
δωES

abs 34.8 cm−1 amplitude-phase coupling coefficient (computed)
∆ωabs

GS,0 0.367 THzV−1 absorber redshift coefficient (adapted from [MAL06d])
τES

abs,0 20 ps absorber base ES lifetime (adapted from [VIK09])
U τES

0 2.0 V characteristic reverse bias (adapted from [VIK09])
αT

int 4.8 cm−1 taper model coefficient (fitted to measurements)
ΓT 0.28 taper model coefficient (adapted from [ROS11e])

Table 4.1: Parameters used in the three-section tapered quantum-dot laser model unless other-
wise specified. The last column shortly presents the meaning and indicates the origin
of the respective parameters in parenthesis.
†An effective active region width of w0 = 4 µm is assumed to approximate the effects
of the gain-guided structure with a width of 14 µm.
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2021, using a single core), a 75 µs time series (around 1000 round-trips) takes roughly
two minutes to compute and already produces reasonable pulse-train statistics.

Model Summary

In summary, a system of coupled delay-algebraic differential equations has been derived,
which describes the spatio-temporal evolution of the electric field and the considered
charge-carrier populations of the three-section tapered quantum-dot laser. The electric
field propagation is modeled in the traveling-wave equation framework and is numeri-
cally solved via delay-algebraic propagation equations. The active medium is described
by an excitonic multi-population model, where charge-carrier interactions are treated
by relaxation-rate approximations that drive the carriers towards a quasi-Fermi equilib-
rium. The light-matter interaction is treated semi-classically via an effective polarization
equation and allows for both spatially varying gain bandwidths and frequency detunings.

The specifics of the laser configuration, i.e., the position and size of the absorber
section and the tapered gain section, have been accounted for by spatially modified equa-
tions and laser parameters. Particularly, the effects induced by the tapered gain section,
which is a transverse property, have been captured by relatively simple modifications in
a one-dimensional longitudinal laser model.

The direct integration of these equations produces time series of all dynamical vari-
ables, which can be used for analysis and characterization. Hence, not only the emitted
electric field, but also the internal laser dynamics can be studied.

The key approximations that allow for the computational efficiency of the model
have been the averaging over the inhomogeneously broadened quantum-dot ensemble
and the use of an effective polarization equation. If effects related to both are of interest,
the implementation of equations, which describe the full polarization dynamics of the
corresponding quantum-dot subgroups, is straightforward by reversing the respective
approximations.
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4.3 Basic Emission States
The three-section tapered quantum-dot laser analysis starts off by discussing the qual-
itatively different fundamental emission states that can be observed for various driving
conditions. While the respective stability boundaries of those states are discussed in
Sec. 4.5, this section presents and characterizes representative examples of the observed
mode-locked emission states. Complementing the mode-locking states, the laser can also
be found in the off state, i.e., without coherent light emission, and in the continuous-wave
(cw) state, i.e., with constant-intensity light emission. Those states, however, are not
discussed in the following due to their simple structure.

4.3.1 Illustration of the Mode-Locked Emission States
The attainable mode-locking states are illustrated in the rows of Fig. 4.5. The columns
from left to right represent: Pseudo space-time plots, where the individual time-traces
have been sliced into sections of the cold cavity round-trip time, power spectral den-
sities of the out-coupled intensity S|Eout|2 , which are normalized to the zero frequency
component, and autocorrelation functions of the out-coupled intensity |Eout|2, which are
normalized to the zero time-shift value.

The first row ((a1)-(a3)) presents Q-switched mode-locking (QSML) at P = 0.75 A
and U = 6.0 V, which is composed of sets of broad pulses with inter-pulse spacings of
about 25 ps as shown in the space-time plot (a1). Pulse emission ceases in between
Q-switched bursts. The dominant frequency in the power spectrum (a2) appears at
ν ≈ 40 GHz, which corresponds to the third harmonic. While the fundamental and
second harmonic are still visible, they are attenuated by about two orders of magnitude.
The slow envelope, which is seen in the pseudo space-time plot, has a long period of 5 to
10 µs and leads to the low-frequency components ν of about 100 to 200 MHz in the power
spectrum (a2). The autocorrelation (a3) exhibits characteristic peaks at ∆t ≈ 25 ps,
∆t ≈ 50 ps, and ∆t ≈ 75 ps, which represent the pulse spacing. While the third peak
corresponds to the round-trip time and almost shows no attenuation, the first and second
peak are smaller than the zeroth peak by a factor of ≈ 2. This indicates some dissimilarity
between the pulses circulating within the resonator.

The second row ((b1)-(b3)) shows fundamental mode-locking (FML) at P = 0.81 A
and U = 6.0 V. Its representation in the space-time plot (b1) is a narrow line that tilts to
the right as the pulse period is slightly longer than the cold-cavity round-trip time. The
resulting power spectrum (b2) exhibits well-defined and sharp peaks at the fundamental
frequency ν ≈ 13.3 GHz and the respective harmonics, which sit on pedestals generated
by relaxation oscillations. The peaks are separated from the pedestals by about four
orders of magnitude. The signature of the relaxation oscillations can also be seen in
the low-frequency range of the spectrum, where the strongest component is located at
ν ≈ 1.0 GHz. The autocorrelation function of the FML state only contains one sharp
peak at ∆t ≈ 75.16 ps, which is generated by the pulse period.

Increasing the pump current leads to a loss of stability of the FML pulse train and
noise-induced perturbations create competing pulse trains that periodically end up taking
the gain from the previous pulse trains. This pulse-switching instability (FMLPS) of the
FML state at P = 0.95 A and U = 6.0 V is displayed in the third row ((c1)-(c3)). The
switching between pulse trains is shown in the space-time plot (c1). It occurs at the
round-trip numbers ≈ 20 and ≈ 80 and takes about 10 round-trips to complete. The
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Figure 4.5: Illustration of the observed mode-locking states. From left to right: Pseudo space-
time plots normalized to the maximum power, normalized power spectral densities,
and normalized autocorrelation functions. From top to bottom: Q-switched mode-
locking (QSML, P = 0.75 A, U = 6.0 V), fundamental mode-locking (FML, P =
0.81 A, U = 6.0 V), fundamental mode-locking with a pulse-switching instability
(FMLPS, P = 0.95 A, U = 6.0 V), third-order harmonic mode-locking (HML3, P =
1.08 A, U = 6.0 V), two non-identical pulses (MP2, P = 1.02 A, U = 8.0 V), and
third-order harmonic mode-locking with a trailing-edge plateau (HML3TEP, P =
1.5 A, U = 4.0 V).
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power spectrum (c2) shows strong peaks at the fundamental and respective harmonic
frequencies, which are, however, heavily smeared out when compared to the FML state
(b2). Moreover, the period of pulse-switching instability induced pulse-train switching
results in a characteristic slow-frequency component ν of approximately 150 MHz in the
power spectrum. When compared to the FML state, the autocorrelation function (c3)
has gained small bumps at the time lags ∆t ≈ 20 ps and ∆t ≈ 55ps, which indicate that
the competing new pulse train is generated ≈ 20 ps ’in front of’ the dying pulse train.

The fourth row ((d1)-(d3)) shows third-order harmonic mode-locking (HML3) at
P = 1.08 A and U = 6.0 V. The space-time plot (d1) resembles FML, with the exception
that three pulse trains are observed within the laser cavity. The corresponding power
spectrum (d2) therefore displays a strong peak at the third harmonic frequency at ν ≈
40 GHz. The fundamental and second harmonic are observed but attenuated by about
three to four orders of magnitude with respect to the peak of the third harmonic. The
autocorrelation function (d3) shows characteristic peaks at ∆t ≈ 25 ps, ∆t ≈ 50 ps, and
∆t ≈ 75 ps. The first and second peak are not as pronounced as the third peak, which
is likely due to a dissimilarity between the pulses and suggests an imperfect third-order
harmonic mode-locking.

The fifth row ((e1)-(e3)) presents a multi-pulse state with two non-identical and non-
equidistant pulses (MP2) at P = 1.02 A and U = 8.0 V. The space-time plot (e1) shows
the two pulses with the inter-pulse separations of ≈ 33 ps and ≈ 42 ps, respectively.
The peak power of the pulse to the left is larger by a factor of about ≈ 1.5 when
compared to the pulse on the right, since the left pulse has access to a larger gain recovery
time. The power spectrum (e2) has its strongest non-zero component at ν ≈ 26.6 GHz,
corresponding to the second harmonic. The mode-locking state, however, is periodic with
roughly the cavity round-trip time, which results in a strong fundamental component at
ν ≈ 13.3 GHz as well. The autocorrelation function (e3) resembles the non-equidistant
pulse spacing with characteristic peaks at lag times of ∆t ≈ 33 ps and ∆t ≈ 42 ps.

Lastly, the sixth row ((f1)-(f3)) depicts a third-order harmonic mode-locking state
with a strong trailing-edge plateau (HML3TEP) at P = 1.5 A and U = 4.0 V. The trailing-
edge plateau strikingly appears in the space-time plot (f1) as a broad area behind the
initial pulse that extends for about ≈ 8 ps. Otherwise identical to the HML3 state
(d2), the power spectrum (f2) is noisier, since the trailing-edge plateau is somewhat
modulated by spontaneous emission noise. The autocorrelation function (f3) provides
further evidence for the trailing-edge plateau, as the characteristic peaks at ∆t ≈ 25 ps,
∆t ≈ 50 ps, and ∆t ≈ 75 ps now sit on broad pedestals.

It can be concluded that each state can be uniquely identified by the features of its
power spectral density and intensity autocorrelation function. This insight is crucial for
the experimental investigation of this lasers, since sufficiently high-resolution time traces
are not accessible, but power spectra and autocorrelation functions can be measured by
relatively simple means and thus allow for the characterization of the emission dynamics.

4.3.2 Net-Gain Analysis
The mode-locking dynamics are further studied in terms of the net gain G, which was
introduced by New [NEW74], to assess the stability of a mode-locked state against per-
turbations. The frequency dependent net gain is defined by

G(t, ω) = ln(A(t, ω)), (4.35)
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where A(t, ω) describes the total amplification that a small perturbation, which travels
at the group velocity at an optical frequency ω, experiences within one complete round
trip in the laser cavity. Hence, positive values of G correspond to an amplification and
negative values to an attenuation of such a perturbation. Mode-locking is labeled as
stable if a window of positive net gain only exists for the desired mode-locked pulses.

However, since the net gain is a small-signal, i.e., a linear, measure, mode-locking
can still be stable despite positive net-gain windows in front of or behind the mode-locked
pulses [VLA05, VLA11]. In those cases, the group velocity dispersion causes the mode-
locked pulses to travel either faster or slower than the small perturbation, which leads to
a merging of both and thereby protects the mode-locked state.

In the case of the three-section tapered quantum-dot laser model, the net gain can
be computed by integrating the amplitude gain along one complete round-trip within the
co-moving frame

G(ω, t) =
∫︂ l

0
dz

{︄
A−(z, t + l − z

vg
, ω) + A+(z, t + l + z

vg
, ω) − αint(z)

2

}︄
+ ln (√rLrR) ,

(4.36)

where A±(z, t, ω) represents the local resonant gain, αint(z) the non-resonant wave-guide
losses, and rL and rR the facet losses. l denotes the length of the laser cavity and the
time arguments in A± result from the co-moving frame. The local gain is calculated
by adiabatically eliminating the equation of the effective polarization G± and the result
reads

A±(z, t, ω) = gGS(z)
2 [2ρGS(z, t) − 1] T eff2

2

(∆ωGS(z) − ω)2 + T eff2
2

. (4.37)

Both the time and the frequency dependence of the net gain are contained in this expres-
sion via the time dependence of ρGS(z, t) and the detuning ∆ωGS(z) of the Lorentzian
line shape that results from the elimination of G±.

Fundamental Mode-Locking

The results obtained from applying the above technique to the fundamentally mode-
locked state at P = 0.81 A, U = 6.0 V are shown in Fig. 4.6, where (a) shows the time
trace of the out-coupled power P (red line) and the respective instantaneous frequency
shift ∆ν along the pulse (blue line), (b) the frequency-dependent net gain, and (c) the
optical spectrum calculated from the out-coupled electric field.

At those operation parameters, the out-coupled pulse reaches almost Pmax = 10 W
peak power at t ≈ 1.0 ps with a time-domain pulse width of ∆pw ≈ 600 fs. The pulse
shape itself is strongly asymmetric with a steep leading edge and a comparatively flat
trailing-edge.

The position of the pulse maximum is accompanied by a local maximum of the net
gain, which is slightly blueshifted due to the reverse-bias-induced redshift of the absorber
section. Thus, the redshifted absorption spectrum results in an overall blueshift of the
positive net-gain spectrum. The net-gain window is opened by the saturation of the
absorption by the incident pulse, which is followed by the saturation of the gain. The
latter leads to a decrease of the net gain for times between t ≈ 1.0 ps and t ≈ 1.4 ps.

84



4.3 Basic Emission States

Figure 4.6: Fundamental mode-locking pulse shape and net gain at P = 0.81 A and U = 6.0 V.
(a) Time series slice portraying the pulse shape (red line) and instantaneous fre-
quency shift along the pulse (blue line, only for optical powers ≳ 100 mA). (b)
Frequency-resolved net gain calculated from the carrier distribution. Frequencies ν
are relative to the mean quantum-dot ground state emission frequency of the gain
sections. (c) Normalized optical spectrum calculated from the out-coupled field.

However, in a following phase, the gain quickly recovers due to the ultra-fast quantum-
dot excited state - ground state relaxation [LUE11b, RAD11a, HER16, LIN17a] and
thereby provides additional gain, which leads to the global maximum at t ≈ 2.7 ps. This
maximum coincides with the last part of the trailing pulse edge, where a small bump can
be observed. The previously mentioned group velocity dispersion, however, results in a
pulse period of T ≈ 75.16 ps, i.e., one that is longer than the cold-cavity round-trip time,
which stabilizes the fundamentally mode-locked pulse train against perturbations in the
trailing-edge.

Focusing on the frequency dynamics of the net-gain spectrum, the saturation of
the absorption section also leads to a decreasing blueshift of the net-gain spectrum for
times shortly after the pulse maximum (t ≲ 2.5 ps). With the fast recovery of both the
gain and the absorption, the initial blueshift is quickly reestablished. The instantaneous
frequency shift ∆ν of the portrayed pulse, which is plotted in Fig. 4.6 (a), reflects the net-
gain frequency dynamics by undergoing a redshift from ∆ν ≈ 6.0 GHz to ∆ν ≈ −4.0 GHz.
This process, however, is only partially caused by the net-gain frequency dynamics, since
the amplitude-phase coupling, which is proportional to the quantum-dot excited state
occupation, additionally reduces in strength, which also leads to a relative redshift of the
emission.

The optical spectrum of the pulse train is shown in Fig. 4.6 (c). The spectrum has a
FWHM of ≈ 1.1 THz and exhibits a slightly longer tail towards blueshifted frequencies.
The frequencies that experience a positive net gain map very well to the shape of the
optical spectrum. This property can be expected for pulses that are close to transform
limited. However, such behavior is not guaranteed, since the net gain is only a small-signal
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Figure 4.7: Third-order harmonic mode-locking pulse shape and net gain at P = 1.08 A and U =
6.0 V. (a) Time series slice portraying the pulse shape (red line) and instantaneous
frequency shift along the pulse (blue line, only for optical powers ≳ 100 mA). (b)
Frequency resolved net gain calculated from the carrier distribution. Frequencies ν
are relative to the mean quantum-dot ground state emission frequency of the gain
sections. (c) Normalized optical spectrum calculated from the out-coupled field.

measure, while the mode-locked pulses themselves induce strong nonlinear light-matter
interactions.

Third-Order Harmonic Mode-Locking

Figure 4.7 shows the results obtained for third-order harmonic mode-locking (HML3) at
P = 1.08 A and U = 6.0 V with the same representation as it has been used previously
for fundamental mode-locking (s. Fig. 4.6). The results with respect to the pulse shape,
the frequency dynamics, and the net-gain dynamics appear qualitatively very similar
to fundamental mode-locking. However, the chosen operation point yields pulses with
Pmax ≈ 8 W peak power and a ∆pw ≈ 480 fs pulse width. Compared to fundamental
mode-locking the shorter pulse width results from a steeper trailing-edge of the pulse.
Associated with that, the first local maximum of the net gain is more pronounced than
the second, where the second local maximum has been attributed to the refilling of the
quantum-dot ground state occupation from the quantum-dot excited state. The three
pulses circulating within the laser cavity keep the quantum-dot excited state more de-
pleted on average and thereby attenuate the refilling mechanism. Similar to fundamental
mode-locking, the optical spectrum in Fig. 4.7 reproduces the shape of the net-gain spec-
trum very well. Peculiarly, the optical spectrum appears narrower than the spectrum
produced by fundamental mode-locking, although the HML3 pulses are shorter than the
FML pulses. However, the overall width of FML optical spectrum (s. Fig. 4.6 (c)) is pro-
duced by the second local maximum in the net-gain spectrum, which only contributes to
the trailing-edge of the pulse. This suggests that the additional excited modes in funda-
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Figure 4.8: Pseudo space-time representation of the pulse and net-gain dynamics. The top
row shows pseudo space-time plots of the normalized optical power. The bot-
tom row shows pseudo space-time plots of the net gain evaluated at the mean
optical frequency. The columns correspond to fundamental mode-locking (FML,
P = 1.08 A, U = 6.0 V), pulse-switching unstable fundamental mode-locking
(FMLPS, P = 1.08 A, U = 6.0 V), and third-order harmonic mode-locking (HML3,
P = 1.08 A, U = 6.0 V) as denoted on the top.

mental mode-locking operation are not properly synchronized and thus do not contribute
to a pulse shortening.

Pseudo Space-Time Representation

The complete temporal pulse and net-gain dynamics of the fundamental mode-locking
(FML), pulse-switching unstable fundamental mode-locking (FMLPS), and third-order
harmonic mode-locking (HML3) states are presented in pseudo space-time representations
in Fig. 4.8. The top row ((a1)-(a3)) shows optical power pseudo space-time plots of the
respective mode-locking states indicated on top, which are identical to the pseudo space-
time plots shown in Fig. 4.5. The bottom row ((b1)-(b3)) depicts the corresponding net-
gain pseudo space-time plots, where the net gain has been evaluated at the mean optical
frequency of the respective mode-locking state. Unlike Fig. 4.6 and Fig. 4.7, the net-
gain dynamics are displayed both for a complete round-trip and over many consecutive
round-trips.

As previously described, the emission of a pulse must coincide with positive net gain
(red colors in (b1)-(b3)). Stability according to New [NEW74] corresponds to negative
net gain anywhere else. This framework can be used to understand the different emission
states. In the case of fundamental mode-locking ((a1) and (b1)), positive net gain is only
observed along the emission of pulse. The net gain outside of the pulse emission windows
is nonetheless structured and already hints to the appearance of an instability and larger
pump currents. Approximately 20 ps before the emission of a pulse (≈ 55 ps after the
emission of pulse) a negative-valued local maximum is observed, where the net gain rises
to G ≈ −0.5. Moreover, multiple local minima can be found. The structure of the
occurring time separations is determined by the geometry of the laser, e.g., the ≈ 20 ps
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correspond to the propagation time of a backward-moving pulse from the out-coupling
facet to the absorber section.

Examining the pulse-switching unstable fundamental mode-locking state ((a2) and
(b2)), which occurs at higher pump currents, the local maximum of the net gain ≈ 20 ps
before a pulse emission (≈ 55 ps after a pulse emission) has grown and periodically
gives rise to new pulse trains. Moreover, the transition process itself is characterized by
strongly positive net gain at the birth of the new pulse train. This produces a high power
pulse that strongly saturates the absorber section and thereby causes a pronounced local
maximum in the net gain at the leading edge of the new pulse train. This effect, however,
is only transient and the laser emits pulses at the fundamental repetition rate until the
local net-gain window has grown again to support the birth of another pulse train. Based
on the involved times, it can be concluded that the observed pulse-switching instability
results from the geometric cavity configuration.

Finally, third-order harmonic mode-locking ((a3) and (b3)) produces a net-gain
pseudo space-time plot that exhibits the least features. In between the emission of
pulses, the net gain drops to a local minimum, which is roughly in the middle between
two adjacent pulses. This simple structure is explained by the geometric configuration of
the laser, where the absorber section is located at roughly one-third of the laser cavity.
Third order harmonic mode-locking results in colliding pulses within the absorber section
and thus an effective and symmetrical saturation mechanism.

Summary

In summary, the quantum-dot gain material results in pulse shape and net-gain dynam-
ics that are more nuanced than those produced by quantum-well based lasers [VLA05,
VLA11, OTT14, JAU17]. The combination of the reverse bias induced redshift within
the absorber section and ultra-fast quantum-dot ES-GS relaxation process generate a
net-gain spectrum that evolves non-trivially along the pulse emission. Furthermore, the
net gain outside of the pulse emission windows exhibits a structure that is governed by
the geometric laser configuration and the counter-propagating pulses. Unlike the popu-
lar DDE-ring model [VLA05, VIK06, VLA10, ROS11e, OTT12a, JAU17, BAR18], this
feature in particular, which also leads to the presented pulse-switching instability, can
only be properly described in the framework of the traveling-wave model.

4.3.3 Spatio-Temporal Dynamics

The full spatio-temporal modeling of the mode-locked laser allows to study the pulse prop-
agation and thus the pulse shaping along the propagation. Hence, the specific mechanism
that generates the experimentally and numerically observed ultra short and high-power
pulses can be unraveled and understood in terms of the local interaction of the optical
pulse with the respective gain and absorber sections. The simulations, moreover, provide
access to the internal spatially inhomogeneous charge-carrier dynamics with their associ-
ated local gain and absorption saturation effects. This subsection develops techniques to
visualize, evaluate, and interpret the high-dimensional spatio-temporal dynamics of the
electric field and charge-carrier dynamics produced by the numerical model.
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Figure 4.9: Spatially resolved dynamics of the fundamentally mode-locked emission state. (a)
Optical power normalized to the global maximum, which occurs at the out-coupling
facet to the right. (b) Local net gain evaluated at the mean lasing frequency describ-
ing the amplification and absorption by the active medium and the non-resonant
waveguide losses. Laser parameters: P = 0.81 A and U = 6 V.

Fundamental Mode-Locking

A first glance at the possibilities provided by the full spatio-temporal modeling is pre-
sented in Fig. 4.9, where (a) shows the pulse propagation within the laser cavity via the
color-coded optical power. The laser is operated in the fundamental mode-locking state
at P = 0.81 A and U = 6 V (s. Fig. 4.5 and Fig. 4.6). The three device sections are
denoted on top of the figure. The propagation of the pulse and its reflections at the left
and right laser facets produces a zig-zagging structure of the optical power, where the
absolute value of the respective slopes corresponds to the group velocity. The dynamics
are periodic in the time t with the round-trip time TC, where one round-trip covers the
complete back and forth propagation through the laser cavity.

The local interaction of the pulses along their propagation within the active medium
affects the occupation numbers of the respective quantum dots. This effect is measured
by the local resonant amplitude net gain

g(z, t, ω) = gGS(z)
2

[︂
2ρGS(z, t) − 1

]︂ T eff2
2

(∆ωGS(z) − ω)2 + T eff2
2

− αint(z)
2 , (4.38)

which adds the non-resonant losses αint to the gain provided by the quantum-dot ground
state. The integration of the local net gain along the pulse propagation for one round-trip
yields the net gain of the mode-locked laser without the losses at the cavity facets. The
local net gain, which corresponds to the optical pulse in Fig. 4.9 (a), is evaluated at the
mean lasing frequency and plotted in Fig. 4.9 (b). Red colors indicate the amplification
and blue colors the absorption of light. The propagating optical pulse leaves a clearly
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visible trace in the local net gain due to the saturation of the resonant quantum-dot
populations, which manifest as a modified local net gain.

The saturation effect is especially prominent in the straight gain section, where
the optical pulses completely saturate the resonant gain, such that the non-resonant
waveguide losses lead to an overall absorptive (negative) net gain. The absorptive state of
the straight gain section is, however, only short lived, since the fast quantum-dot ground-
excited state carrier relaxation [LUE11b, LIN16, LIN17a] quickly refills the ground state
population and thereby restores the optical gain. The presented visualization, moreover,
shows that the pulse, which is reflected at the left facet, experiences an effectively reduced
local net gain very close to the facet, despite the strong gain saturation it has caused
on its backward-moving journey due to the fast gain recovery. This highlights the very
beneficial contribution of the fast quantum-dot excited state carrier reservoir, which
ensures a large overall gain along the propagation. On that account, the gain recovery
of the straight gain section takes considerably more time after the forward-moving pulse
has passed, since the quantum-dot excited state reservoir is not replenished yet.

The saturation in the absorber section quantum-dot population is equally strong, but
does not show up as clearly in the local net-gain representation, since the non-resonant
waveguide losses keep the absorber section far from transparent. Nonetheless, the fast
quantum-dot ground-excited state relaxation quickly disposes of any inversion that is
generated by the absorption of the optical pulse and thereby provides almost the same
absorption for the left and right-moving pulses.

The long tapered gain section, on the other hand, provides plenty of unsaturated gain
via the extending transverse active region width. Thus, gain saturation effects are much
less pronounced. Only the left-moving pulse achieves the saturation of the local net gain
right before it enters the absorber section, where the tapered gain section is the thinnest.
More importantly, however, the tapered geometry continuously provides more quantum
dots within the transverse direction along the right-moving pulse propagation. Hence, the
saturation is almost suppressed and optimal amplification of the complete pulse profile
can be ensured. This very aspect represents the main motivation to construct a tapered
gain geometry [MAR95, THO09, NIK11, RAF11].

Pulse-Shaping Mechanism

While the representation of the spatio-temporal dynamics in the stationary frame of the
laser cavity Fig. 4.9 is appropriate to illustrate the propagation of the pulse and its local
interaction with the active medium, it is not suitable to study the pulse shaping mech-
anisms. Since the pulse width and variations of the pulse shape are on sub-picosecond
timescales, they are obscured by timescales of the pulse period, which is required to show
the pulse propagation.

Hence, the co-moving frame, i.e., the characteristic curve of the traveling-wave equa-
tion (4.6), is adapted in which the relative time t′(z) is constant along the propagation of
light within the cavity. Considering the forward and backward directions, the definition
for t′(z) along one round trip reads

t′(z) =

⎧⎨⎩t−(z) = t + z
vg

for E−(z, t)
t+(z) = t − z

vg
− l

2vg
for E+(z, t)

, (4.39)
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Figure 4.10: Unfolded spatially resolved dynamics of the fundamentally mode-locked emission
state. The pulse propagation has been unfolded, such that the left side of all
subplots shows the backward-moving field (denoted by negative positions z) and
the right side shows the forward-moving field. The top row indicates the respective
device section. (a) Color-coded pulse shape along one complete round-trip in the
co-moving frame. (b) Corresponding color-coded local net-gain evolution. Pulse
maximum, leading, and trailing half-maximum (HM) are indicated with white lines
in (a) and (b). (c) Evolution of the mean peak power (red) and the mean pulse
width (blue) along the pulse propagation. Laser parameters: P = 0.81 A and
U = 6 V.

where l/2vg corresponds to the propagation time from one side of the cavity to the other.
In this new relative time, the propagation of a small perturbation along one round-
trip occurs at the same time. The nonlinear interactions of the optical pulses with the
gain medium, which also convey the pulse shaping, cause deviations of the (local) group
velocity, which become visible in the this co-moving frame.

The nuances of the complete spatio-temporal pulse evolution along one round-trip
can be shown by unfolding the laser cavity: Figure 4.10 (a) presents the propagation of
E−(z, t) from the right out-coupling facet to the high-reflectivity coated facet on the
left side of the plot and the propagation of E+(z, t) back to the out-coupling facet on
the right side of the plot. The longitudinal position within the cavity is indicated by
the horizontal axis, where negative positions z indicate the backward-moving (−) field
and positive positions z the forward-moving (+) field. The respective gain and absorber
sections are denoted on top of the plot and appear twice - once for the backward and
once for the forward direction. The pulse power is color coded in red and normalized to
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the maximum power, which is found at the out-coupling facet. As a guide for the eye,
the pulse maximum and the leading and trailing half-maximum are indicated by white
lines. The time-domain pulse width can be defined by the FWHM of the pulse, which
corresponds to the vertical distance between the top and bottom white line.

The corresponding local net gain g(z, t) along the pulse propagation is plotted in
Fig. 4.10 (b), where red colors indicate amplification and blue colors absorption. The
optical pulse can be located by the maximum and half-maximum lines. Note that the
integration along a horizontal line would yield the net gain at the central frequency
without the facet losses. Additionally, the pulse width ∆pw (FWHM, blue) and the
normalized peak power (red) are extracted and shown separately in Fig. 4.10 (c). Note
that the previous sections measured the pulse width via the FWHM of the intensity
autocorrelation function. Both measures, however, produce very similar results in the
investigated case and perfectly agree regarding the pulse width at the out-coupling facet.

Starting at the left side of the plot, i.e., the out-coupling facet of the laser at z =
−3 mm, this discussion first follows the backward-moving pulse through the tapered gain
section, where the initially very weak pulse is amplified. In the beginning, the pulse
power increases exponentially, but as the width of the tapered gain medium decreases in
this direction, the number of quantum dots per given section reduces, the gain saturates
more easily, and the net amplification reduces. The saturation, furthermore, produces an
asymmetry in the amplification of the leading and trailing-edge of the pulse, which can
be seen between z ≈ −2 mm and z ≈ −1.4 mm (the trailing half-maximum shifts closer
to the pulse maximum). Especially right before the pulse enters the absorber section,
it carries enough energy such that the pulse front alone fully bleaches the gain and the
trailing-edge of the pulse is reduced in power by the non-resonant waveguide losses. This
firstly leads to an effective reduction of the pulse width (white lines in Fig. 4.10 (a) (b)
and blue line in Fig. 4.10 (c)) and secondly to a slight shift of the pulse position to earlier
times.

Upon entering the absorber section, this mechanism reverses: The pulse carries
enough energy to completely bleach the absorber and thus the absorption at, and espe-
cially past, the pulse maximum is significantly weaker when compared to the leading edge
of the pulse. This pushes the pulses’ position to later times and causes a slight rebroad-
ening of the pulse width. Moreover, the optical power reduces linearly to about half its
value in the absorber section. Nevertheless, the pulse, which then enters the short gain
section at the left side of the device, still carries enough energy to easily bleach it. The
same mechanism as in the narrow part of the tapered gain section leads to a reduction of
the pulse width and again shifts the pulse position to later times. The pulse peak power
remains almost constant in the short gain section, since gain and waveguide losses nearly
balance each other.

Upon being reflected at the back facet of the laser, which is located in the middle of
Fig. 4.10, the pulse travels back through the straight gain section, where the fast carrier
relaxation from the quantum-dot excited state to the ground state [LU11b, HER16,
LIN17a] has restored the gain everywhere except right next to the facet. Notice that due
to the high reflectivity coating on the left facet, the power only marginally drops. There,
waveguide losses still dominate, as indicated by the small vertical blue region in the
middle of Fig. 4.10 (b). Along its return through the straight gain section, the forward-
moving pulse is further shortened by the interplay of saturable gain and waveguide losses,
while the peak power stays roughly constant. In total, the pulse width reduces within
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the complete passage through the straight gain section from ∆pw ≈ 470 fs by ≈ 100 fs to
∆pw ≈ 370 fs as can be seen Fig. 4.10 (c) (from z = −0.7 mm to z = 0.7 mm).

Entering the absorber section, the forward-moving pulse carries less energy compared
to the previous backward-moving pulse and therefore the pulse front as well as the pulse
maximum are reduced before the absorber saturates. This results in a strong increase
of the pulse width from ∆pw ≈ 370 fs to ∆pw ≈ 620 fs, which is accompanied by a
significant shift of the pulse position to later times. Finally, the forward-moving pulse
enters the tapered gain section again, where the increase of quantum dots along the
propagation prevents the saturation of the gain. Thus, an optimal amplification of the
pulse is ensured (increasing peak power) before reaching the out-coupling facet. Hence,
the optical power, which is at a global minimum upon entering the tapered gain section,
exponentially increases to emit the ≈ 10 W peak power pulses. Furthermore, the pulse
width reduces from ∆pw ≈ 620 fs to ∆pw ≈ 560 fs along the tapered gain section.

In summary, the passively mode-locked pulses broaden in the absorber section and
shorten in the gain sections, which is contrary to the common understanding of the
pulse-shaping mechanism in semiconductor mode-locked lasers [HAU75b, DER92, IPP94,
THO09, HAU00, RAF11]. Specific to the three-section quantum-dot laser, the short
straight gain section does not contribute to the out-coupled power, but rather functions as
a pulse-shortening section. The out-coupled optical power is almost exclusively generated
in the long tapered gain section towards the out-coupling facet. The pulse shaping can be
described by tracking the pulse peak power and pulse width along the pulse propagation
as shown in Fig. 4.10 (c). Both can be understood in terms of the underlying light-matter
interaction by plotting the corresponding local net gain as shown in Fig. 4.10 (b).

Third-Order Harmonic Mode-Locking

While the fundamental mode-locking state is potentially of the highest interest due to its
excellent pulse performance and temporal stability (s. Sec. 4.4), the third-order harmonic
mode-locking state is nonetheless relevant to the understanding of the emission dynamics.
The naive application of the guidelines for the construction of monolithically integrated
passively mode-locked lasers [AVR00, RAF11, MEE14] points towards a colliding pulse
effect in the absorber section that favors third-order harmonic mode-locking with short
pulses [FOR83, BIS95a, BIS97a, THO05].

On that account, the pulse-shaping analysis that was just introduced is now applied
to third-order harmonic mode-locking with the laser operated at P = 1.08 A and U = 6 V
(s. Fig. 4.5 and Fig. 4.7). The respective spatio-temporal dynamics of the optical power
and the local net gain in the stationary device frame are presented in Fig. 4.11.

The three equidistant pulses circulating within the laser cavity create a unique pat-
tern, where pulses intersect each other at the longitudinal cavity positions z = 1 mm and
z = 2 mm. The pulse emission, and thus the created spatio-temporal pattern itself, is
periodic with approximately one-third of the fundamental round-trip time. The inter-
action of the colliding pulses is mediated via the active medium. More specifically, the
forward and backward-moving pulses both couple to the same quantum-dot ground state
occupation numbers and thus their quantitative light-matter interaction depends on the
saturation induced by the respective other pulses.

Compared to the fundamental mode-locking state, gain and absorber saturation
effects are more pronounced in the straight gain section and the absorber section. The
three pulses keep the gain section more saturated on average, which translates into a less
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Figure 4.11: Spatially resolved dynamics of the third-order harmonic mode-locking emission
state. (a) Optical power normalized to the global maximum, which occurs at
the out-coupling facet to the right. (b) Local net gain describing the amplifi-
cation/absorption by the active medium and the non-resonant waveguide losses.
Laser parameters: P = 1.08 A, U = 6 V, and D = 10−6 cm ps−1[η]−1.

efficient replenishment of the quantum-dot ground state population via relaxation from
the excited state. This manifests in larger regions with negative net gain in Fig. 4.11 (b).
The absorber section, on the other hand, still experiences a fast recovery, but is subject
to colliding pulses, which reduce the absorption in the vicinity of the pulse intersection.

To study the pulse shaping of the third harmonic mode-locked emission state, the
pulse propagation and local net-gain dynamics are presented in the co-moving frame
and unfolded cavity, along with the mean pulse peak power and mean pulse width, in
Fig. 4.12 similar to Fig. 4.10. As a guide for the eye, the pulse maximum and the leading
and trailing half-maxima are indicated by white lines. Despite three pulses circulating
within the laser cavity, the differences compared to fundamental mode-locking are rather
subtle. While the pulse peak power profile along the pulse propagation is almost exactly
the same, the pulse width generally takes on smaller values and shows one unique feature:
The increase of the pulse width in the absorber section in the forward direction exhibits
a kink at z ≈ 1 mm, which is caused by the intersecting pulse that moves in the backward
direction. Peculiarly, the backward-moving pulse at z ≈ −1 mm does not experience such
a kink. This difference is attributed to a much larger pulse power of the backward-moving
pulse, which in turn causes a much larger saturation of the gain medium.

In conclusion, the pulse-shaping mechanism in third-order harmonic mode-locking
operation does not significantly differ from the fundamental mode-locking operation. The
similarity is explained by the fast quantum-dot ground and excited state coupling, which
quickly restores the largest part of the gain and absorption of the respective sections. The
fast quantum-dot ground and excited state relaxation, moreover, diminishes the colliding
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Figure 4.12: Unfolded spatially resolved dynamics of the third-order harmonic mode-locked
state. The pulse propagation has been unfolded such that the left side of all
subplots shows the backward-moving field (denoted by negative positions z) and
the right side shows the forward-moving field. The top row indicates the respective
device section. (a) Color-coded pulse shape along one complete round-trip in the
co-moving frame. (b) Corresponding color-coded local net-gain evolution. Pulse
maximum, leading, and trailing half-maximum (HM) are indicated with white lines
in (a) and (b). (c) Evolution of the mean peak power (red) and the mean pulse
width (blue) along the pulse propagation. Laser parameters: P = 1.08 A and
U = 6 V.

pulse effect in the absorber section. Hence, fundamental mode-locking is not at a big
disadvantage in that respect, but benefits from an overall stronger gain.

95



4 Three-Section Tapered Quantum-Dot Laser

Figure 4.13: Experimental setup. The three-section tapered quantum-dot laser is driven by the
gain current P (homogeneously applied to both gain sections) and the absorber
reverse bias U . The laser emission is characterized by a power meter, a non-
linear intensity autocorrelator, and an optical and electrical spectrum analyzer.
Schematic by Stefan Breuer [MEI19].

4.4 Comparison to Experimental Measurements
This section presents the experimental characterization of the three-section tapered
quantum-dot laser. The investigated operation parameter space is restricted to the ab-
sorber reverse bias U = 6.0 V, which represents the reference value used in Sec. 4.5 and
Sec. 4.6. The measured results in terms of the observed emission states, the performance
characteristics, and the pulse train stability are compared to the simulated results. The
indeterminate simulation parameters, i.e., those that are not fixed by the device geometry
or specific measurements, have been tuned such that the simulations best reproduce the
experiments. Consistency among both the experiment and the simulation is crucial to
gain confidence in the proposed numerical model. Hence, a good agreement between both
indicates an appropriate laser model with reasonable assumptions and approximations.

4.4.1 Experimental Setup and Characterization
A schematic of the experimental setup is shown in Fig. 4.13. The three-section tapered
quantum-dot laser is operated via the pump (gain) current P and the absorber reverse
bias U . The resulting laser emission is collimated and sent through an optical isola-
tor to prevent unwanted back reflections, which would affect the dynamics of the laser
[MUL06, AVR09, BRE10, OTT12a]. Parts of the optical beam are diverted via two
beam splitters: The characterization of the optical pulse width ∆pw is performed by a
nonlinear intensity autocorrelator under the assumption of sech2 shaped pulses. The av-
erage emitted optical power ⟨P⟩t is recorded by a power meter. After fiber coupling the
remaining laser emission, the radio-frequency analysis of the pulse repetition frequency
ν0 and the corresponding linewidth ∆ν is performed by a direct detection configuration
using a fast photo-detector connected to an electrical spectrum analyzer. The resulting
power spectral densities span the frequencies ν from 0 GHz to 20 GHz. Combining the
different measurements, the mean pulse peak power ⟨Pmax⟩ is estimated according to

⟨Pmax⟩ = ⟨P⟩tfpsf
ν0∆pw

, (4.40)

where fpsf is a pulse-shape factor that takes the assumed sech2 pulse shape into account
[WEB15, WEB18a].
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The pulse train stability is analyzed based on the obtained power spectral density.
The long-term timing jitter σlt, i.e., the temporal stability, is estimated from the fun-
damental harmonic with the Kéfélian method [KEF08] (s. Sec. 3.3). The amplitude
stability, i.e., the amplitude jitter σA, is quantified by the relative standard deviation of
pulse peak power fluctuations

σA =

√︂
⟨Pmax2

k ⟩ − ⟨Pmax
k ⟩2

⟨Pmax
k ⟩

. (4.41)

Experimentally the amplitude jitter is accessible via the Wiener-Khinchin theorem: In-
tegrating the low-frequency part of the power spectral density up to half the repetition
rate ν0 and normalizing the result by the power in the fundamental harmonic yields

σA =

⌜⃓⃓⎷ ∫︁ ν0/2
νlow

S|E|2 dν∫︁
±ν0/2 S|E|2 dν

. (4.42)

Similar to the pulse-period fluctuations δT , the amplitude fluctuations are inherently
bounded by the laser dynamics and thus small frequencies ν become increasingly less
important as they approach ν = 0 Hz. Thus, the lower integration boundary can be
chosen as νlow = 50 MHz [WEB16, BAR18].

Mode-locking stability in the experiment is defined as an amplitude jitter σA ≲ 3%
and a long-term timing jitter σlt ≲ 250 fs, which corresponds to 0.33% of the pulse
repetition period TC.

4.4.2 Juxtaposition of Experimental and Simulated Results
In the experiment and the simulation accordingly, the pump current P is scanned from
750 mA to 1100 mA for the constant absorber reverse bias U = 6.0 V. The obtained power
spectral densities and intensity autocorrelation traces are presented in Fig. 4.14, where
the left column shows the experimental and the right column the simulated results. The
power spectra are normalized to the zero-frequency component (ν = 0) and are shown in
the top row. The autocorrelation traces are normalized to their zero-lag value and are
shown in the bottom row. Based on those two indicators, the emission state is determined
and denoted on top of the left and right column.

Scanning the pump current in the experiment, Q-switched mode-locking (QSML) is
observed from P ≈ 750 mA to P ≈ 780 mA, fundamental mode-locking (FML) from P ≈
780 mA to P ≈ 890 mA, pulse-switching unstable fundamental mode-locking (FMLPS)
from P ≈ 890 mA to P ≈ 990 mA, and third-order harmonic mode-locking (HML3) from
P ≈ 990 mA to P ≈ 1100 mA. The same sequence of emission states is observed in the
simulated emission dynamics, however, with the transition from FML to FMLPS shifted
to P ≈ 910 mA.

Q-switched mode-locking is identified by prominent low-frequency components in
the power spectrum, which correspond to the frequency of the Q-switching modulation
as well as autocorrelation trace that does not drop to zero in between pulses. Peculiarly,
the QSML pulses are spaced by one-third of a round trip (s. Fig. 4.5), leading to only
a small peak at the fundamental frequency at ν0 ≈ 13.24 GHz but a strong peak in the
autocorrelation trace at τ ≈ 25 ps ≈ TC/3. The occurrence of this inter-pulse spacing
is explained by a colliding pulse mechanism [FOR83, BIS95a, BIS97a, THO05]. Two of
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Figure 4.14: Emission dynamics of the QD tapered laser as a function of the pump current
P . Experimentally measured results are shown on the left and simulated results
on the right. (a) and (b) color-coded normalized power spectral densities of the
emitted intensity. (c) and (d) color-coded intensity autocorrelation function. The
observed emission states Q-switched mode-locking (QSML), fundamental mode-
locking (FML), fundamental mode-locking subject to a pulse-switching instability
FMLPS, and third-order harmonic mode-locking (HML3) are denoted on top of
(a) and (b). The measurements have been performed by the AG Breuer [MEI19].
Laser parameters: U = 6 V and D = 10−6 cm ps−1[η]−1.

three evenly spaced pulses meet in the absorber section, which is roughly located at the
one-third position, and thus saturate it more efficiently.

The transition to fundamental mode-locking (FML) produces a power spectral den-
sity with a narrow and well-defined peak at ν ≈ 13.24 GHz, corresponding to the cavity
round-trip time. The low-frequency range of the spectrum does not exhibit characteristic
frequencies and is comparatively clear. The corresponding intensity autocorrelation trace
only exhibits a narrow peak at ∆t = 0.0 ps and is zero everywhere else from ∆t = −38 ps
to ∆t = 38 ps, which indicates that only pulses with the fundamental repetition rate
ν0 are emitted. The pulse-switching instability of the fundamental mode-locking state
(FMLPS) produces no visible change in the autocorrelation traces but becomes apparent
in the power spectral densities: The instability routinely creates a new pulse train while
destroying the old pulse train (s. Fig. 4.5), which manifests in distinct low-frequency
components around ≈ 1 GHz and the corresponding sidebands of fundamental repetition
rate peak at ν ≈ 13.24 GHz. Within the FMLPS regime, an increasing pump current P
results in a higher mean repetition rate of the pulse-switching instability and thus greater
separations between the main peak and the sidebands.
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Figure 4.15: Performance of the tapered quantum-dot laser. Measured and simulated pulse
peak power (red) and pulse width (blue) are shown on the left (a) and on the
right (b), respectively. The mode-locking states are denoted on top: Q-switched
mode-locking (QSML), fundamental mode-locking (FML), pulse-switching unsta-
ble fundamental mode-locking (FMLPS), and third-order harmonic mode-locking
(HML3) are observed for an increasing pump current. Stable FML is highlighted
by a green-shaded background. The measurements have been performed by the
AG Breuer [MEI19]. Laser parameters: U = 6 V and D = 10−6 cm ps−1[η]−1.

Lastly, third-order harmonic mode-locking is identified by a relatively weak frequency
component close to the fundamental repetition rate ν0 in the power spectral densities and
an autocorrelation trace that exhibits characteristic peaks at approximately one-third of
the round-trip time ∆t ≈ ±25 ps. The first dominant peak in the power spectrum is
produced at ν ≈ 40.0 GHz, which is beyond the frequency band of the detection setup,
but can be seen in the simulation (s. Fig. 4.5). Within the HML3 region, the simulated
pulse trains exhibit both cleaner power spectra (less low-frequency components) and
autocorrelation traces (faster drop to zero between pulses). Both indicate a more stable
operation compared to the experimentally observed pulse train.

Nonetheless, the agreement among the experimentally observed and the simulated
dynamics, as characterized by the power spectral density and intensity autocorrelation, is
extraordinary and therefore suggests that the modeling approach reproduces all relevant
features.

Pulse Performance

In the next step, the pulse performance of the mode locked laser is analyzed in terms of
the pulse peak power and the pulse width. The results are presented in Fig. 4.15, where
(a) shows the experimental measurements and (b) the simulations. In both cases, the
peak power is plotted in red and the pulse width in blue. The respective mode-locking
states, as conceived in Fig. 4.14, are denoted on top of (a) and (b). The region of stable
fundamental mode-locking (FML) is highlighted by a green-shaded background.

Within the Q-switched mode-locking region (QSML) weak and broad pulses with
peak powers below Pmax ≈ 2 W and pulse widths above ∆pw ≈ 1.2 ps are observed for
both the experimental and the simulated results. The pulse width, as determined via
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the FWHM of intensity auto-correlation, however, likely underestimates the time-domain
pulse width, since the autocorrelation does not drop to zero between pulses (s. Fig. 4.14).
Moreover, the intensity autocorrelation function averages over all pulse shapes, which do
severely vary with time (s. Fig. 4.5).

These issues do not occur in the fundamental mode-locking regime, where pulses as
short as ∆pw ≈ 500 fs with a peak power of about Pmax ≈ 10 W are observed. Within
that region, the pulse width increases with the pump current from ∆pw ≈ 500 fs to
∆pw ≈ 600 fs. This trend can be attributed to an enlarged trailing-edge of the pulse (s.
Fig. 4.6 and Fig. 4.10) due to a faster recovery of optically active quantum-dot ground
state occupation numbers [RAD11a]. Within the FML region, the simulation excellently
reproduces the mean peak power (averaged over the corresponding pump currents) and
the pulse width, but slightly overestimates the increase of the pulse peak power with the
pump current.

The transition to pulse-switching unstable fundamental mode-locking (FMLPS) in
the experiment is accompanied by minor jerks in the pulse peak power and a further
increase of the pulse width up to ∆pw ≈ 800 fs. The simulations reproduce the qualitative
behavior of the pulse peak power, e.g., the initial dip after the transition to FMLPS
emission, albeit at slightly larger pulse peak powers. The simulated pulse widths within
the FMLPS region, however, decrease with an increasing pump power down to a value of
∆pw ≈ 500 fs.

In the third-order harmonic mode-locking (HML3) region, peak power values drop
to Pmax ≈ 2.5 W and the pulse width increases to ∆pw ≈ 1.5 ps in the experiment. The
simulated pulses in the HML3 region carry the same energy, however, differ from the
experimental characterization as they are much shorter (∆pw ≈ 500 fs) and consequently
higher in peak power (Pmax ≈ 8.0 W). The discrepancy in the pulse peak power and
pulse width is explained by the difference in pulse train stability, which is evident in
the measured and simulated spectra plotted in Fig. 4.14 (a) and (b). The measured
power spectral densities exhibit pronounced low-frequency contributions, contrary to the
simulated spectra, which are much cleaner at those small frequencies.

Despite the differences in the HML3 regime, the overall excellent agreement of the
pulse performance figures produced by the experiment and the simulation, suggest that
the model parameters have been adequately chosen to quantitatively describe the three-
section tapered quantum-dot laser.

Pulse Train Stability

Lastly, the pulse train stability characterization in terms of the amplitude and timing jit-
ter is presented in Fig. 4.16, where, again, the left column shows the experimental results
and the right column the simulated results. The analysis is restricted to the fundamental
mode-locking (FML) and the pulse-switching unstable fundamental mode-locking FMLPS
regime. Regions of stable FML are highlighted by a green-shaded background.

Subfigures (a) and (b) in the top row present the amplitude jitter, where the black
lines correspond to the power spectral density evaluation method according to Eq. (4.42).
The simulated results shown in (b) also include the relative standard deviations of the
pulse maxima {Pmax

k } (orange line) and the pulse energies {ϵmax
k } (purple line).

At the lower stability boundary of the fundamental mode-locking regime, the ex-
periment produces a strong initial drop of the amplitude jitter to excellent values of
approximately σA ≈ 5 × 10−4. In the middle of the FML regime at the pump current

100



4.4 Comparison to Experimental Measurements

Figure 4.16: Pulse-train stability of the tapered quantum-dot laser in the FML and FMLPS
operation regime. Measured results are shown on the left and simulated results on
the right. Subfigures (a) and (b) present the amplitude jitter obtained from the
power spectrum (black), the pulse maxima {Pmax

k } (orange), and the pulse energies
{ϵk} (purple). Subfigures (c) and (d) present the long-term timing jitter obtained
via the Kéfélian method σKef (blue) and the direct time-domain method σlt (pur-
ple) and the pulse-to-pulse timing jitter (orange). The observed emission states
are denoted on top of (a) and (b): Q-switched mode-locking (QSML), fundamental
mode-locking (FML), pulse-switching unstable fundamental mode-locking FMLPS,
and third-order harmonic mode-locking (HML3). Stable FML is highlighted by a
green-shaded background. The measurements have been performed by the AG
Breuer [MEI19]. Simulated data points have been obtained from 100 realizations,
each 5 µs long. Laser parameters: U = 6 V and D = 10−6 cm ps−1[η]−1.

P ≈ 820 mA, the amplitude jitter rises again to values of σA ≈ 0.01. The transition to
pulse-switching unstable mode-locking is characterized by a somewhat erratic behavior
of the amplitude jitter at further increased values above σA ≈ 0.05.

In the simulations the amplitude jitter, as determined by the spectral method, starts
of at σA ≈ 0.05 at the lower stability boundary and monotonically decreases to σA ≈ 0.03
at the upper stability boundary of the FML state. The transition to pulse-switching
unstable fundamental mode-locking leads to an initial increase of the amplitude jitter to
σA ≈ 0.1 and a secondary increase to σA ≈ 0.1 at larger pump currents. Peculiarly, the
relative standard deviation of the pulse maxima {Pmax

k } (orange line) produces amplitude
jitter values, which are about a factor of two larger than the amplitude jitter values
obtained from the spectral method. The relative standard deviation of the pulse energies
{ϵk} (purple line), however, agrees much better with the spectral estimate. Hence, the
spectral estimation of the amplitude jitter, which is utilized in the experimental analysis,
must be rather interpreted as a measure of the pulse energies, i.e the pulse areas, than the
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pulse peak powers. In the transition to FMLPS operation both the standard deviation
of the pulse maxima and the pulse energies exhibits a larger jump than the spectral
measure. The substantial increase of the two direct estimates is attributed to transition
processes, where a new pulse train grows, while the old pulse train decays simultaneously
(s. Fig. 4.5).

Subfigures Fig. 4.16 (c) and (d) show the timing jitter, where the blue lines plot the
long-term timing jitter as estimated by the Kéfélian method σKef . The simulated results
(d) additionally include the long-term timing jitter σlt obtained from the direct time-
domain method (purple dashed line) and the pulse-to-pulse timing jitter σpp (orange
line). The direct time-domain method has only been applied to the region of stable
fundamental mode-locking.

The experimental results exhibit an initial drop of the timing jitter at the lower
FML stability boundary to values of approximately σKef ≈ 30 fs. At slightly larger pump
currents, the timing jitter increases again, but nonetheless a 90 mA range from P ≈
780 mA to P ≈ 870 mA of excellent stability with timing jitter values below σKef = 100 fs
is observed. This region coincides with the region of the shortest pulses and amplitude
jitter values σA ≲ 0.03. The transition to pulse-switching unstable mode-locking at pump
currents P ≳ 870 mA is accompanied by an increase of the timing jitter to mean values
around σKef ≈ 200 fs with one outlier at σKef ≈ 1000 fs.

The simulated long-term timing jitter evaluated with the Kéfélian method σKef repro-
duces the experimental behavior across the FML and FMLPS operation regimes. Within
the fundamental mode-locking regime the long-term timing jitter remains approximately
constant at σKef ≈ 20 fs. The identical behavior within FML regimes is also obtained via
the direct time-domain method as indicated by σlt (purple dashed line). The pulse-to-
pulse timing jitter, on the other hand, decreases from σpp ≈ 18 fs to σpp ≈ 10 fs with the
pump current P . The difference between the long-term and pulse-to-pulse timing jitter
is caused by pulse-period fluctuations (s. Sec. 3.5) and is further discussed in Sec. 4.6.3.

The pulse-switching instability for pump currents P ≳ 915 mA (FMLPS) causes
the simulated long-term timing jitter obtained via the Kéfélian method to increase and
fluctuate between σKef = 100 fs and σKef = 300 fs. The pulse-to-pulse timing jitter σpp,
however, increases by over three orders of magnitude to values above σpp = 10 ps. Similar
to the simulated amplitude jitter, the pulse-to-pulse timing jitter, i.e., the standard
deviation of the pulse periods {Tk}, is drastically inflated by the transition process,
during which two pulse trains coexist (s. Fig. 4.5).

Having presented the pulse-train stability characterization, it is important to stress
that both the amplitude and timing jitter results obtained within the pulse-switching
unstable fundamental mode-locking regime must be interpreted with care. As shown in
Fig. 4.5, the pulse-switching instability regularly creates a new pulse train, which leads
to the death of the previous pulse train. Both pulse trains share no phase coherence and
are therefore not suitable for applications that utilize field interference effects. Hence,
especially the long-term timing jitter, which describes time scales much longer than the
lifetime of the individual pulse trains, is not a suitable measure for the timing stabil-
ity. Nevertheless, the power spectral densities of the incoherent superposition of the
individual pulse trains can be processed with the spectral amplitude and timing jitter
estimation methods. By analyzing the resulting stability figures for qualitative changes,
regions of stable mode-locking operation can be identified. The procedure has been used
to identify the fundamental mode-locking regime as presented in Fig. 4.16 (a) and (b).
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4.4 Comparison to Experimental Measurements

Repetition Rate Peak Power Pulse Width Linewidth Jitter Reference Notes
7.4 GHz 2.0 W 3.3 ps - [MAR95] tapered/QW
7.4 GHz - 17.0 ps 370.0 kHz 381.2 fs [HUA01a]
5.0 GHz 1.7 W 3.2 ps - [GUB05]
24.0 GHz 0.5 W 0.78 ps - [THO06] tapered
5.0 GHz 0.5 W 3.9 ps - [ZHA06b]
14.2 GHz 2.25 W 0.36 ps 10.0 kHz 23.4 fs [THO09] tapered
10.0 GHz 0.05 W 2.0 ps 0.5 kHz 8.9 fs [CAR09]
5.0 GHz 0.1 W 10.0 ps 26.8 kHz 184.8 fs [LIN10c]
5.0 GHz - 12.1 ps 50.0 kHz 252.3 fs [BRE10]
5.25 GHz 0.1 W 10.9 ps 46.2 kHz 225.4 fs [LIN11f]
14.65 GHz 2.0 W 3.3 ps - [NIK11] tapered
5.1 GHz 0.15 W 4.0 ps 19.0 kHz 151 fs [DRZ13a]
16.0 GHz 4.2 W 1.37 ps 17.5 kHz 26.1 fs [WEB15] tapered
9.0 GHz - 1.3 ps 80.0 kHz 132.0 fs [LIU18] on silicon
14.6 GHz 3.8 W 0.94 ps 2.4 kHz 11.0 fs [BAR18] tapered
20.0 GHz - 4.0 ps 1.8 kHz 6.0 fs [LIU19] on silicon
9.4 GHz 0.028 W 1.7 ps 0.4 kHz 8.8 fs [AUT19] on silicon
2.89 GHz 18.3 W 11.1 ps - [KRA19] tapered/QW
13.24 GHz 9.9 W 0.5 ps 16.0 kHz 33.4 fs [MEI19] this work

Table 4.2: Performance comparison of monolithically integrated passively mode-locked semicon-
ductor lasers. The linewidth refers to the fundamental repetition-rate peak in the
power spectrum. The jitter refers to the long-term timing jitter computed with the
Kéfélian method. The quoted pulse performance values are directly collected from
the emitted pulses with neither any additional compression and amplification nor any
external repetition-rate linewidth reduction scheme.

Complementary simulations of the laser dynamics then allow for the exact classification
of the instability and thus for the proper interpretation of the amplitude and timing jitter
values outside the region of stable emission.

In conclusion, the proposed model is able to reproduce the experimentally observed
mode-locking emission states, the pulse performance characteristics, and the pulse train
stability figures to a more than satisfactory level. The comprehensive agreement between
experiment and simulation provides the confidence that the internal pulse generation and
shaping processes are well described. The extrapolation of the proposed laser model’s
validity to parameters outside of the just presented pump current scan is the foundation
for the numerical investigation and optimization of the laser in the subsequent sections.

Comparison to other Published Devices

In order to appreciate the pulse performance figures of the three-section tapered quantum-
dot laser, a comprehensive overview of monolithically integrated passively mode-locked
semiconductor lasers is presented in Tab. 4.2. Arranged by the publication date from top
to bottom, the repetition rate, largest pulse peak power, shortest pulse width, narrowest
repetition-rate linewidth, and lowest timing jitter are reported for representative publi-
cations. This work’s results are shown in the last row. Note that the quoted values are
not necessarily achieved at one, but rather at multiple operation points and describe the
pulse properties as emitted by the solitary laser. Hence, neither any pulse amplification
and compression nor any repetition-rate linewidth reduction scheme has been applied.
Unless otherwise noted, all device are based on GaAs Stranski-Krastanov semiconductor
quantum dots and utilize straight waveguides.
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4 Three-Section Tapered Quantum-Dot Laser

The comparison to the selected results reveals that the three-section laser’s pulse
peak power is only surpassed by the device presented by Ref. [KRA19] (Pmax ≈ 18.3 W
vs. Pmax ≈ 10 W), although at a much slower repetition rate and with much broader
pulses. Moreover, only the device presented in Ref. [THO09] achieves a shorter pulse
width than the three-section laser (∆pw ≈ 360 fs vs. ∆pw ≈ 500 fs), albeit at smaller
pulse peak powers. Both devices ([THO09] and [KRA19]) rely on tapered waveguide
structures to achieve these performance figures.

The listed repetition-rate linewidths range from 400 Hz to 370 kHz and generally
improve with the time of publication. The three-section laser’s 16.0 kHz repetition-rate
linewidth is therefore neither especially good nor especially bad. Using the Kéfélian
method, the long-term timing jitter is computed from the repetition rate and its respec-
tive linewidth. The results are presented in the jitter column with values that range from
σlt ≈ 6.0 fs to σlt ≈ 381.2 fs. Hence, the three-section laser’s timing jitter of σlt ≈ 33.3 fs
belongs to the best performances and is only surpassed by a few devices. Among them,
only the lasers presented in Refs. [THO09, WEB15] achieve similar pulse peak powers
and pulse widths. Similar to this work’s laser, those two devices also utilize ten layers of
quantum dots and a long tapered gain section.

In conclusion, the three-section tapered quantum-dot laser exhibits good to excep-
tional pulse performance figures. The unique character of the three-section laser is,
however, comprised by the simultaneous occurrence of those pulse train properties.
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4.5 Emission Dynamics in the Operation Parameter Space

A pulse train emitted from a passively mode-locked laser is generated by the interaction of
the electric field with the gain and absorber sections of the device. The pulse generation
requires suitable saturation energies and recovery rates in the respective device sections.
On the one hand, those properties depend on the characteristics of the active medium
and the cavity design, which are both determined by the device design and fixed with the
manufacturing of the device. On the other hand, the saturation energies and recovery
rates can be manipulated via the external driving conditions, namely the pump current
P and the reverse bias U , which are applied to the gain and absorber sections. Passive
mode-locking is typically achieved by properly tuning both of these parameters. Hence,
the parameter subspace (P, U), which is spanned by the pump current and the reverse
bias, is the most natural choice in order to investigate the emission dynamics.

This section further explores the emission dynamics and pulse performance of the
three-section tapered quantum-dot laser. The one-dimensional pump current scan, which
has previously been presented the in Sec. 4.4, is expanded to larger pump current ranges
and to absorber reverse biases other than the experimentally studied U = 6 V. The
dependence on the two operation parameters is presented in Sec. 4.5.1, which is followed
by an in-depth analysis of the effects induced by the reverse bias in Sec. 4.5.2. Lastly, the
stability of the observed emission states against spontaneous emission noise is presented
in Sec. 4.5.3.

4.5.1 Pump Current and Reverse Bias Dependence

The pump current P supplies the energy to the active region, which is required to achieve
an inversion in the gain sections, i.e., to achieve amplification of light. The pump current,
furthermore, effectively enhances the gain recovery at the lasing threshold by increasing
the unsaturated gain. The reverse bias U , which is applied to the absorber section,
enhances the escape rates of charge-carriers from the quantum-dot excited state to the
surrounding quantum-well reservoir and thereby controls the recovery of the saturable
absorber. It, furthermore, produces a redshift of the optically active transitions, which
leads to a detuning with respect to the gain spectrum and thus an overall asymmetric
net-gain spectrum (s. Sec. 4.3.2).

To start off, Fig. 4.17 (a) presents a map of the detected dynamics as a function of
the pump current P and the reverse bias U . To obtain each data point in Fig. 4.17 (a),
the laser is prepared in the off state, i.e., without external driving, before a respective
set (P, U) of pump current and reverse bias is applied. After a sufficiently long transient
time, the laser emission settles to an attracting solution and a finite time series is recorded
and used for further analysis. The black dotted line indicates the reference reverse bias
U = 6 V, which has been used for the comparison with the experimental results.

Among the resulting emission dynamics, the following mode-locking states are iden-
tified: Q-switched mode-locking (QSML, pink), fundamental mode-locking (FML, blue),
fundamental mode-locking with a pulse-switching instability (FMLPS, light blue), two
non-identical pulses (MP2, green), third-order harmonic mode-locking (HML3, red), and
third-order harmonic mode-locking with a strong trailing-edge plateau (HML3TEP, or-
ange). In cases of no mode-locking, white denotes the off-state, i.e., no lasing, teal denotes
continuous-wave (cw) lasing, and gray (labeled with ’else’) indicates that the classifica-
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4 Three-Section Tapered Quantum-Dot Laser

Figure 4.17: Emission states observed in the operation parameter space (P, U): off, Q-switched
mode-locking (QSML), fundamental mode-locking (FML), fundamental mode-
locking with a pulse-switching instability (FMLPS), two non-identical pulses
(MP2), third-order harmonic mode-locking (HML3), third-order harmonic mode-
locking with a strong trailing-edge plateau (HML3TEP), and cw. (a) Laser (initial
conditions) prepared in the off state. (b) Stable regions obtained from combined
simulations with the laser prepared in the off, FML, HML3, and MP2 state, re-
spectively. The black dotted lines and black crosses indicate parameters used for
further investigation. Hatches highlight the FMLPS and cw states.

tion has failed since the laser emits non-periodic complex oscillatory patterns. A detailed
illustration of all mode-locking states is presented in Fig. 4.5 and discussed in Sec. 4.3.

The results are discussed in terms of pump current scans in dependence of the
reverse bias U . Generally, the available mode-locking states become more diverse with
an increasing absorber bias U . For reverse biases up to U ≈ 2 V, only the off and
cw states are observed with their pump current boundary at P ≈ 1 A. As the laser
is started in the off state, this boundary represents the lasing threshold. For reverse
biases between U ≈ 2 V and U ≈ 3 V, third-order harmonic mode-locking emission with
strong trailing-edge plateaus appears between the off and the cw state, while the lasing
threshold starts shifting towards smaller pump currents. In the reverse bias interval
between U ≈ 3 V and U ≈ 4.5 V, third-order harmonic mode-locking emission is observed
in between the off and the HML3TEP states. For further increased reverse biases between
U ≈ 4.5 V and U ≈ 5.2 V, fundamental mode-locking appears between the off and the
HML3 state. The transition to HML3 does not exhibit a clean boundary, but is noisy
with FML and HML3 emission intertwined, which indicates a multistability between
those two states. For reverse biases above U ≈ 5.2 V, Q-switched mode-locking starts in-
between the lasing threshold and the fundamental mode-locking state. Moreover, at the
multistable transition from FML to HML3, states with two non-identical pulses appear
as well. For a further increasing reverse bias, the lasing threshold reduces to P ≈ 0.5 A
at U = 10 V, which is almost half the value compared to U = 0 V. Furthermore, with
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an increasing reverse bias U , the region of observed fundamental mode-locking shifts
to smaller pump currents, while the region of HML3 states extends to larger pump
currents before transitioning to HML3TEP states. The greatest dynamical complexity,
i.e., multitude of observed emission states, is found for reverse biases U ≳ 6.0 V.

In the case of multiple stable emission states, i.e., multiple attractors in phase space,
as indicated by the noisy parts of Fig. 4.17 (a), the final state obtained by numerical inte-
gration depends on the initial conditions and the stochastic realization of the simulated
spontaneous emission noise. Preparing the laser in the off state, as shown in Fig. 4.17 (a),
therefore first of all probes the stability of the off state and thus yields an accurate
depiction of the lasing threshold. The stability boundaries of the other emission states,
however, are only accurately described if no multistability is present at a given parameter
combination {P, U}.

This problem can be mitigated by combining the results from multiple simulations
with purpose-built specific initial conditions. For example, preparing the laser in the
FML state with U = 6 V and P = 0.81 A yields a reasonable approximation of the
stability boundaries of the FML state4. Even though this case is designed to probe the
stability of the FML state, it also yields the region of FMLPS emission, since its attractor
is likely close to the initially prepared FML state in phase-space. The same argument
applies to the HML3 and HML3TEP states.

Utilizing this ’poor man’s continuation’, simulations using the off, FML, HML3, and
MP2 state as initial conditions are combined to extract the stability boundaries of the
off, QSML, FML, FMLPS, HML3, HML3TEP, and cw states. The respective regions of
stability computed from all simulations are shown in Fig. 4.17 (b) and reveal a complex
structure of multistabilities. At low reverse biases U ≲ 2 V, both the HML3TEP and
the cw state are multistable with the off state. A bistability between the cw and the
HML3TEP states themselves also exists at larger pump currents and reverse biases. The
lower extent of the FML, FMLPS, and HML3 stable regions appears in a region around
P ≈ 0.6 A and U ≈ 2 V, where all are multistable with the off state.

The FMLPS state always appears beyond the upper pump-current stability boundary
of the FML state, except for absorber biases around U ≈ 2 V where no FML is found
yet. This suggests that both are connected by the stability limiting bifurcation of the
FML state. Hence, no bistability between the two is observed. Similarly, the HML3 state
always appears at the lower stability boundary of the HML3TEP state without bistability,
which also suggests a connecting bifurcation between those two states. The FML and
FMLPS states, however, can be multistable with the HML3 state, which indicates their
independence from each other. In relatively simple delay-differential equation models, the
fundamental and different harmonic mode-locking emission states are born in independent
Hopf bifurcations of the cw-lasing state [VLA05, VLA11, VLA10, HAU19]. Hence, it can
be reasoned that the FML and HML3 emission states, which are observed for the three-
section laser, are created similarly.

The QSML state only appears at reverse biases above U ≈ 5.3 V just beyond the
lasing threshold, where it is bistable with the FML state. This changes, however, for
absorber biases above U ≈ 8.7 V, where the QSML state transitions into the FML state
without bistability. This, and the fact that the QSML emission bursts are characterized

4This technique fails if the basin of attraction of the respective emission either moves away or shrinks too
much. This likely happens close to the stability determining bifurcation points. Hence, the stability
boundaries, i.e., bifurcation lines, are slightly underestimated.
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by three pulses circulating in the laser cavity, indicates that the QSML and FML states
are not directly connected via any bifurcation.

At pump currents around P ≈ 1.0 A the MP2 state appears for absorber biases
above U ≈ 5 V. For an increasing absorber bias, the pump current extend of the stable
regions first increases up to U ≈ 7.5 V and then decreases again. For all reverse biases the
MP2 state is bistable with the HML3 state and also with FMLPS state for lower pump
currents. There is no evidence which suggests that the MP2 emission state is directly
related to any other observed emission state.

Focusing on the fundamental mode-locking emission state, the range of pump cur-
rents for which it is observed appears at U ≈ 2.6 V, increases with the absorber bias
up to U ≈ 6.4 V, and then decreases again. The bistability with the off solution is only
found below U ≈ 6.8 V with the HML3 state below U ≈ 7.6 V and the QSML state below
U ≈ 8.7 V.

The black dotted line along the absorber bias U = 6.0 V, which represents the
experimentally investigated absorber bias, crosses a region of maximal multistability.
The black cross denotes a parameter combination U = 6.0 V and P = 0.81 A, where only
the FML state is stable. This operation point has been chosen to exemplify the timing
jitter in Chap. 3, the net-gain dynamics in Fig. 4.6, and the spatio-temporal pulse shaping
mechanism in Fig. 4.10. A very different scenario could be accessed at an absorber bias
U ≈ 10 V, where all multistabilities between the considered states disappear.

In conclusion, a diverse map of laser emission states has been presented. The char-
acteristics of the absorber section, controlled by the absorber reverse bias, govern the
mode-locking states, which can be obtained by tuning the pump current. Fundamental
mode-locking only appears at reverse biases U ≳ 2.6 V and for pump currents between
P ≈ 0.55 A and P ≈ 0.95 A. Multistabilities are generally more pronounced at small
reverse biases and completely disappear at U ≈ 10.0 V.

Comparison to Literature

Among the semiconductor quantum-dot based monolithically integrated edge-emitting
mode-locked lasers, this work’s three-section laser is unique due to its positioning of the
absorber section and simultaneous use of tapered gain section. Nonetheless, some of the
observed characteristics shall be compared to the existing literature:

While some devices require only marginal reverse biases in order to produce mode-
locked pulse trains [GRI09, THO09, MER09], a number of devices achieve mode-locking
only for reverse biases U ≳ 3 V [KUN04, KUN07a, SCH10g, NIK11, WEB15, BAR18],
similar to the investigated three-section laser. This behavior has also been produced
by various different modeling approaches [SIM13, SIM15, ROS11d, ROS11e, BAR18].
However, all cited references report either cw emission or unstable mode-locking for
smaller reverse biases, while the three-section laser also exhibits a unique region of third-
order harmonic mode-locking for intermediate reverse biases. This feature is attributed
to the positioning of the absorber section.

Subthreshold mode-locking, as observed for smaller reverse biases in this work, is
well known in external cavity mode-locked lasers [MAR14c, MAR15c, CAM16, HAU20,
SCH20d]. However, it has also been simulated for monolithically integrated quantum-dot
lasers [VLA10] and experimentally observed [THO09, AUT19a].
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Figure 4.18: Fundamental mode-locking performance characteristics in the pump current and
reverse bias parameter space (P, U): (a) Pulse peak power and (b) pulse width of
the FML state. Each data point has been generated with the laser prepared in the
FML state. The solid black lines indicate the lasing threshold. The black dotted
lines denote the parameter range scanned in Fig. 4.15 and the black dashed lines
the parameter range scanned in Fig. 4.20.

The last considered emission characteristic addresses the shape of the FML region.
For the three-section laser, the pump current range of stable FML emission first increases,
then reaches a maximum and decreases again as presented in Fig. 4.17. Moreover, the
lower stability boundary is concave a with local pump current maximum at intermediate
reverse biases. This behavior has been reported for a multitude of experiments [KUN07a,
VIK07b, THO09, VLA10, SCH10g, MEE14, WEB15]. Most reported simulated results
[VLA10, RAD11a, ROS11e, SIM15], however, do not exhibit this behavior. With only
two exceptions [ROS11d, BAR18] to that, this discrepancy points to a relevant physical
mechanism that is mostly likely missing in most modelling approaches. This issue will
be further discussed in Sec. 4.5.2.

Pulse Performance Characteristics

To further asses the mode-locking characteristics, the pulse peak power and pulse width
of the FML emission states are shown in Fig. 4.18 (a) and (b), respectively. For each data
point, the laser has been prepared in the FML state and thus includes parameter com-
binations (P, U), which are multistable with the off, QSML, and HML3 emission states.
The pulse peak power is directly computed as the mean of all recorded output-power
pulse maxima. The pulse width is computed from the intensity autocorrelation assuming
a sech2 pulse shape deconvolution. These figures of merit could also be evaluated for
the other states, but are far less representative of the mode-locking performance due to
the lacking stability or regularity of the pulse trains. The lasing threshold, as extracted
in Fig. 4.17, is indicated by black solid lines. The black dotted and dashed lines denote
parameter ranges, which are used in Fig. 4.19 and Fig. 4.20, respectively.
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Figure 4.19: Mode-locking performance in the fundamentally mode-locked state along the pump
current P at U = 6.0 V: (a) Pulse peak power (red solid line) and mean power
(green dashed line) and (b) pulse width. The plotted parameter range is indicated
by the black dotted lines in Fig. 4.18.

Both the pulse peak power and the pulse width exhibit a relatively simple behavior:
The pulse peak power increases with the pump current P and the reverse bias U and the
pulse width increases with the pump current P and decreases with the reverse bias U .
Both operation parameters, however, have their distinct impact as the pump current P
imprints a much stronger dependence on the pulse peak power than the reverse bias U .
The reverse bias, on the other hand, indirectly controls the achievable peak powers by
determining the accessible pump currents.

The maximum peak power in the FML region is found with Pmax ≈ 13.0 W at
P ≈ 0.92 A and U ≈ 6.4 V, i.e., the largest achievable pump current. The minimum
pulse peak power Pmax ≈ 3.0 W is found at P ≈ 0.6 A and U ≈ 3.0 U, i.e., at the
smallest achievable pump current. The shortest pulses in the FML region exhibit a
width of ∆pw ≈ 330 fs and are found at the largest reverse biases U and the smallest
accessible pump currents P . The minimum is observed at P ≈ 0.64 A and U ≈ 10.0 V.
The broadest pulses, on the other hand, are observed at the smallest reverse biases and
the largest available pump currents. The respective pulse width maximum is now found
at P ≈ 0.75 A and U ≈ 4.0 U with a value of ∆pw ≈ 800 fs. Hence, the best achievable
pulse peak power and pulse width are achieved at different operating points. It is further
important to note that the evolutions of both the pulse peak power and the pulse width
are neither affected by the lasing threshold, i.e., the multistability with the off state, nor
any other multistability with another lasing state.

In the next step, the changes in the pulse performance characteristics are highlighted
by one-dimensional scans along the pump current P and absorber reverse bias U . Fig-
ure 4.19 presents a scan from P = 0.7 A to P = 0.9 A at U = 6 V and Fig. 4.20 a scan
from U = 5 V to U = 9 V at P = 0.81 A. The two investigated parameter ranges are
indicated by black dotted and dashed lines in Fig. 4.18, respectively, and intersect at the
point (P = 0.81 A, U = 6 V). In both figures, (a) plots the pulse peak power (red solid
line) and the mean power (green dashed line) and (b) plots the pulse width.

Along the pump current scan presented in Fig. 4.19, the pulse peak power increases
slightly sublinearly from Pmax ≈ 6.4 W to Pmax ≈ 11.0 W, while the mean power linearly
increases from ⟨P⟩ ≈ 50 mW to ⟨P⟩ ≈ 123 mW. The sublinear increase of the peak power
is caused by a broadening of the pulse width from ∆pw ≈ 460 fs to ∆pw ≈ 630 fs, which
has been attributed to a faster intra-dot relaxation process (s. Sec. 4.4.2).

Along the absorber reverse bias U scan, which is presented in Fig. 4.20, the pulse peak
power increases linearly from Pmax ≈ 8.7 W to Pmax ≈ 11.2 W, while simultaneously the
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Figure 4.20: Mode-locking performance in the fundamentally mode-locked state along the re-
verse bias U at P = 0.81 A: (a) Pulse peak power (red solid line) and mean power
(green dashed line) and (b) pulse width. The plotted parameter range is indicated
by the black dashed lines in Fig. 4.18.

mean power decreases sublinearly from ⟨P⟩ ≈ 95 mW to ⟨P⟩ ≈ 77 mW. Their opposing
behavior is linked to a constant pump current and a redistribution of the optical power
into shorter pulses. Hence, the pulse width reduces from ∆pw ≈ 660 fs to ∆pw ≈ 400 fs
along the increasing reverse bias U .

Comparing the two different operation parameters P and U , the pulse peak power
reacts quantitatively stronger to the pump current P , while the pulse width reacts quan-
titatively stronger to the reverse bias U . It might appear that the overall performance
increases with a larger absorber reverse bias U . However, as shown in Fig. 4.17, large
reverse biases also shift the upper pump current stability boundary to smaller pump cur-
rents and thus limit the maximum pulse peak power. For that reason, the experimentally
utilized absorber reverse bias U ≈ 6.0 provides the largest peak powers as well as access
to relatively short pulses.

Pump Current Dependence of the Pulse-Shaping Mechanism

As shown in Fig. 4.10 in Sec. 4.3.3, the pulse-shaping along the pulse propagation can be
both illustrated and quantified in terms of the spatially resolved pulse width. This insight
is now used to study the pump current dependence on the pulse-shaping mechanism. The
effect of an increasing pump current on the pulse-shaping can be expected to be twofold:
Firstly, the stronger pumping increases the effective recovery rate of the gain sections.
Secondly, the increased gain produces stronger pulses, which in turn cause a stronger
saturation of the gain and absorber sections.

The investigated pump current range covers the region of stable fundamental mode-
locking emission at the absorber reverse bias U = 6 V (s. Fig. 4.17 and Fig. 4.18). The
results are presented in Fig. 4.21, where (a) plots the pulse width ∆pw as a function of
the longitudinal position z within the unfolded laser cavity and the pump current P . The
previously shown pulse width evolution Fig. 4.10 (c) corresponds to a horizontal cut at
P = 0.81 V. The pulse width in each row has been normalized to the out-coupled pulse
width. Figure 4.21 (b) shows the corresponding local pulse width changes ∂z∆pw, where
the derivative has been evaluated on the discretized grid.

For an increasing pump current, the pulse-shaping qualitatively remains the same
at most of the positions along the pulse propagation. The only exception is found for
the backward-traveling pulse in the absorber section, where the pulses first shorten and
then broaden again. At low pump currents, the pulse shortening dominates, while at
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Figure 4.21: Pulse shaping in the fundamental mode-locking state along the pump current P .
The left side of both subplots shows the backward-moving field (denoted by neg-
ative positions z) and the right side shows the forward-moving field. (a) presents
the color-coded pulse width, which has been normalized to the respective out-
coupled pulse width. (b) plots the changes ∂z∆pw of the normalized pulse width
with respect to the longitudinal coordinate z. Laser parameters: U = 6 V and
D = 10−6 cm ps−1[η]−1.

larger pump currents P ≳ 0.8 A the pulse broadening dominates the net contribution
to the pulse-shaping. The transition between shortening and broadening further moves
closer to the tapered gain section for an increasing pump current as it can be seen in
Fig. 4.21 (b).

Qualitatively, however, the increasing pump current enhances all individual contri-
butions: The normalized pulse width only varies between ∆pw ≈ 0.8 and ∆pw ≈ 1.04
at the lowest pump current P = 0.7 A and between ∆pw ≈ 0.6 and ∆pw ≈ 1.2 at the
largest pump current P = 0.9 A. Peculiarly, the global minimum is always found for the
forward direction at the interface between the short gain and the absorber section and
the global maximum is always found at the following interface between the absorber and
the tapered gain section.

The regions that respond most sensitively to the increasing pump current are the
narrow part of the tapered gain section (between z ≈ −2.0 mm and z ≈ −1.4 mm)
along the backward direction and the absorber section along the forward direction.
Regarding the former, the local minimum of the pulse width change decreases from
∂z∆pw(z) ≈ −0.1 cm−1 at the smallest pump current to ∂z∆pw(z) ≈ −0.4 cm−1 at
the largest pump current, which produces a much more pronounced pulse shortening.
Regarding the latter, the local maximum of the pulse width change increases from
∂z∆pw(z) ≈ 0.45 cm−1 to ∂z∆pw(z) ≈ 1.2 cm−1, which leads to a much stronger pulse
broadening. Both effects can be attributed to a stronger saturation of the respective
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gain and absorber section due to the larger pulse power with an increased pump current.
Furthermore, comparing the magnitude of the pulse width changes, the pulse broadening
clearly dominates, which leads to an out-coupled pulse width that increases with the
pump current as experimentally observed (s. Fig. 4.15).

4.5.2 Understanding the Absorber Reverse Bias

As presented in the previous subsection, the absorber reverse bias U has a strong impact
on the observable emission dynamics and is therefore investigated in more detail in this
section. On that account, the effect of tuning the reverse bias of the absorber section,
as introduced in the previous model derivation Sec. 4.2, is twofold: It firstly decreases
the carrier sweep-out time via enhanced thermionic escape rates and secondly causes a
transition frequency redshift due to the quantum confined Stark effect [MAL06d, VIK09,
BRE13, WEG14, JAV10]. The former effect increases the absorber recovery rate and can
increase the total absorption if the recovery time is on the order of the pulse width or
faster. The latter effect increases the effective maximal gain by shifting the absorption
peak away from the gain peak but creates an asymmetry net-gain spectrum thereby.

This subsection separates both effects by keeping either the absorber redshift ∆ωabs
GS

or the absorber QD excited state recovery rate γabs
ES constant while tuning the other. The

respective fixed parameter corresponds to an absorber reverse bias of U = 6.0 V, i.e.,
∆ωabs

GS = 2.2 ps−1 and γabs
ES = 1.0 ps−1.

Absorber Recovery Rate

Figure 4.22 presents the dynamics obtained from pump current and absorber recovery
rate scans in the same manner as the previous pump current and absorber bias analysis.
Subfigure (a) shows the emission states obtained with the laser prepared in the off state for
each parameter combination. Hence, the lasing threshold (transition from off to lasing)
is accurately represented. Regions of multistability are located where the transitions
between states are comparatively noisy. The lasing threshold itself, i.e., the transition
from the off to a lasing state, only marginally shifts to larger pump currents as the
recovery rate is increased: At the slowest considered recovery rate γabs

ES = 0.05 ps−1, the
lasing threshold is found at P ≈ 0.66 A, which then increases to P ≈ 0.73 A at the fastest
considered recovery rate γabs

ES = 7.5 ps−1.
Further examining the pump current scans (horizontal slices) for increasing absorber

recovery rates γabs
ES , the mode-locking states appear in the same order as they do for an

increasing absorber reverse bias. At absorber recovery rates below γabs
ES ≈ 0.06 ps−1, the

absorber stays permanently bleached for all pump currents beyond the lasing threshold,
which results in continuous-wave (cw, teal) emission. For larger recovery rates, the
HML3TEP state (orange) appears in between the off and cw state and increases in width
with a further increasing absorber recovery rate. At γabs

ES ≈ 0.2 ps−1, the absorber recovers
fast enough to absorb the trailing-edge of the HML3TEP state, which allows for the
HML3 (red) state to slot in between the off and HML3TEP state. For increasing absorber
recovery rates, the HML3 emission state is observed for increasingly larger pump currents
and is always followed by the HML3TEP state beyond its upper pump current stability
boundary. Hence, the complete suppression of the trailing-edge plateau always breaks
down at sufficiently strong pump currents.
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Figure 4.22: Emission states observed in the parameter space (P, γabs
ES ): off, Q-switched mode-

locking (QSML), fundamental mode-locking (FML), fundamental mode-locking
with a pulse-switching instability (FMLPS), two non-identical pulses (MP2), third-
order harmonic mode-locking (HML3), third-order harmonic mode-locking with a
strong trailing-edge plateau (HML3TEP), and cw. (a) Laser (initial conditions)
prepared in the off state. (b) Stable regions obtained from combined simulations
with the laser prepared in the off, FML, HML3, and MP2 state. The black dotted
lines correspond to U = 6.0 V.

The fundamental mode-locking emission state (FML, blue) is observed at absorber
recovery rates above γabs

ES ≈ 0.4 ps−1, where at lower pump currents it becomes favorable
for the laser to only support one circulating pulse within the laser cavity to minimize losses
in the now more quickly recovering absorber section. Additionally, the closely related
FMLPS state (light blue) appears beyond the upper pump current stability boundary
of the FML state. With an increasing absorber recovery rate, the upper pump current
boundary shifts from P ≈ 0.7 A to P ≈ 1.0 A at γabs

ES ≈ 2.0 ps−1.
In between, however, Q-switched mode-locking (QSML, pink) appears at γabs

ES ≈
0.5 ps−1, reaches its maximal pump current extend at γabs

ES ≈ 1.2 ps−1 and disappears
again at absorber recovery rates above γabs

ES ≈ 4.0 ps−1. Lastly, the two non-identical
pulses state (MP2, green) first appears at γabs

ES ≈ 1.0 ps−1 in the noisy transition region
between FML and HML3 and becomes more prominent as the absorber recovery rate is
increased.

A thorough depiction of the stability boundaries of the various mode-locking states
is presented in Fig. 4.22 (b). The stability information is extracted by combining scans for
which the laser has been prepared in the off, FML, HML3, and MP2 states, respectively,
for each data point. Similar to the (P, U) parameter space, a complex structure of
overlapping stability boundaries is also unraveled in the (P, γabs

ES ) parameter space.
Depending on the absorber recovery rate, the off state is multistable with the

HML3TEP, HML3, FMLPS, or FML state. The respective pump current range for which
the off state is multistable with a lasing state, however, reduces from ≈ 230 mA at
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γabs
ES = 0.05 ps−1 to ≈ 30 mA at γabs

ES = 7.5 ps−1. The subthreshold stability of the FML
state also implies that the QSML state is always bistable with the FML state. This
further supports that those states share no direct connection, i.e., one is not born in
a bifurcation of the respective other state. The FMLPS state, on the other hand, al-
ways appears beyond the upper FML stability boundary or by itself at lower absorber
recovery rates, where no stable FML emission exists. The pump current range, which
produces FMLPS emission, however, reduces with an increasing absorber recovery rate
from ≈ 130 mA at γabs

ES = 0.5 ps−1 to ≈ 20 mA at γabs
ES = 7.5 ps−1. This reduction is

explained by a more efficient absorption of noise-induced perturbations, which are sup-
ported by excess gain, in between pulses. Furthermore, an overlap between regions of
stable FML and HML3 is first observed at γabs

ES ≈ 0.5 ps−1 and from there on steadily
increases with the absorber recovery rate. Lastly, the MP2 state is only observed for ab-
sorber recovery rates above γabs

ES ≈ 0.8 ps−1. The respective lower pump current stability
boundary remains constant at P ≈ 1.0 A, while the upper stability boundary increases
with the absorber recovery rate up to P ≈ 1.47 A at γabs

ES = 7.5 ps−1. Note that the MP2
state is at no parameter combination the only stable solution: At lower pump currents
it is multistable with the FML, FMLPS, and HML3 state and at larger pump currents
only with the HML3 state.

In summary, a sufficiently fast absorber recovery rate (γabs
ES ≳ 0.3 ps−1) is neces-

sary to observe fundamental mode-locking at all. Moreover, a fast absorber recovery
rate increases the pump current range, at which fundamental mode-locking is observed.
Increasing the absorber recovery rate, furthermore, leads to reduced subthreshold multi-
stabilities and increases the dynamical diversity above threshold.

Absorber Redshift

The results obtained from a pump current and absorber redshift scans are presented in
Fig. 4.23, where (a) shows the emission state, which has been obtained with the laser
prepared in the off state for all data points. The absorber redshift is scanned from
∆ωabs

GS = 0.0 ps−1 to ∆ωabs
GS = 4.0 ps−1, which corresponds to a reverse bias scan from

U = 0 V to U ≈ 11 V. The absorber recovery rate is kept constant at γabs
ES = 1.0 ps−1,

which corresponds to an absorber reverse bias U = 6.0 V. This reverse bias, furthermore,
corresponds to an absorber redshift of ∆ωabs

GS ≈ 2.2 ps−1, which is indicated by horizontal
black dotted lines.

For an increasing absorber redshift, the lasing threshold decreases from Pth ≈ 1.2 A
at ∆ωabs

GS = 0.0 ps−1 down to Pth ≈ 0.5 A at ∆ωabs
GS = 10.0 ps−1. This effected is rooted

in the increased effective gain, since the spectral absorption maximum is shifted away
from the spectral amplification maximum. Furthermore, along the increasing absorber
redshift, the observable mode-locking states, especially just beyond the lasing threshold,
are subject to multiple changes. Below ∆ωabs

GS ≈ 1.0 ps−1 the HML3 stabilizes behind
the lasing threshold and transitions to the HML3TEP state at larger pump currents.
Between ∆ωabs

GS ≈ 1.0 ps−1 and ∆ωabs
GS ≈ 1.8 ps−1 the laser operates in the FML state

just beyond the threshold. At higher pump currents the FML state transitions into the
FMLPS state and becomes bistable with the HML3 as indicated by the noisy transition
region. Above ∆ωabs

GS ≈ 1.0 ps−1, the QSML state appears first after the lasing threshold
is crossed. The pump current range, in which QSML is observed, then steadily increases
with the absorber redshift. On the other side, the increasing absorber redshift leads to a
shift of the FML upper pump current stability boundary, i.e., the transition to FMLPS
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Figure 4.23: Emission states observed in the (P, ∆ωabs
GS parameter space: off, Q-switched mode-

locking (QSML), fundamental mode-locking (FML), fundamental mode-locking
with a pulse-switching instability (FMLPS), two non-identical pulses (MP2), third-
order harmonic mode-locking (HML3), and third-order harmonic mode-locking
with a strong trailing-edge plateau (HML3TEP). (a) Laser (initial conditions) pre-
pared in the off state. (b) Stable regions obtained from combined simulations with
the laser prepared in the off, FML, HML3, and MP2 state. The horizontal black
dotted lines correspond to U = 6.0 V.

emission, to lower pump currents. As a result, the FML emission pump current range
(lower to upper stability boundary) steadily decreases with the absorber redshift until
the FML state becomes completely quenched between the QSML and FMLPS states
at ∆ωabs

GS ≈ 3.3 ps−1. The FMLPS emission state, on the other hand, becomes more
prominent for absorber redshifts above ∆ωabs

GS ≈ 2.5 ps−1, since the apparent bistability
with the HML3 state reduces, which leaves a pump current range of P ≈ 100 mA in
which only FMLPS is observed.

The stability boundaries of the various emission states are portrayed in Fig. 4.23 (b),
where the stability information is extracted from simulations with the laser prepared in
the off, FML, HML, and MP2 state. Similar to the (P, U) and the (P, γabs

ES ) parameter
spaces, the absorber redshift ∆ωabs

GS has a profound impact on the observable dynamics.
At small absorber redshifts, a large region of subthreshold multistability is found. At
zero absorber redshift, the FML state stabilizes at P ≈ 0.7 A, the HML3 state at P ≈
0.9 A and the MP2 state at P ≈ 1.0 A, while the lasing threshold is only found at
P ≈ 1.2 A. This yields a pump current range of ≈ 0.5 A of subthreshold multistability
and a multistability between the off, FML, HML3, and MP2 state just below the lasing
threshold.

For an increasing absorber redshift, the lower pump current stability boundaries of
the FML, HML3, and MP2 states only marginally shift to smaller pump currents, while
the lasing threshold (black solid line) shifts much more strongly and crosses all three
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lower stability boundaries, such that no more subthreshold multistability is observed for
absorber redshifts above ∆ωabs

GS ≈ 2.6 ps−1.
An increasing absorber redshift, furthermore, causes the upper stability boundaries

of the FML and MP2 states to shift to lower pump currents up the point, where they
meet and connect with the lower stability boundary. Thus, no MP2 emission is observed
for absorber redshifts above ∆ωabs

GS ≈ 2.5 ps−1 and no FML emission for absorber red-
shifts above ∆ωabs

GS ≈ 3.7 ps−1. Unlike the FML and MP2 states, the HML3 emission
state increases its stable pump current range with an increasing absorber redshift, while
simultaneously the overlap with other emission states, i.e., multistability, is reduced.

The FMLPS and QSML emission states, on the other hand, only appear at suffi-
cient absorber redshifts. The QSML state is observed beyond the lasing threshold for
absorber redshifts above ∆ωabs

GS ≈ 1.9 ps−1 and the FMLPS is found beyond the upper
FML stability boundary for absorber redshifts above ∆ωabs

GS ≈ 1.3 ps−1. Hence, both
can be interpreted as instabilities, which are induced by the absorber redshift, i.e., the
detuning between the absorber and gain section. The FMLPS state in particular always
appears to be connected to the FML state, which lends the interpretation that it is born
in a bifurcation of the FML state. The QSML state, however, always appears at the
lasing threshold and does not seem to be directly connected to any other mode-locking
state.

In summary, small absorber redshifts produce large regions of subthreshold multista-
bilities as well as large regions of FML emission. Increasing the absorber redshift moves
the lasing threshold to smaller pump currents and thereby eliminates the subthreshold
lasing states, but also destabilizes the FML and MP2 emission states. FML emission is
only monostable at intermediate absorber redshifts and is therefore predominately found
in those regions if the laser has been prepared in the off state.

Based on those results, it can be concluded that the reverse bias induced absorber
section redshift is a crucial modeling parameter for the three-section quantum-dot laser
at hand. Note that the absorber redshift can not be described in the conventional ring ge-
ometry delay-differential equation framework, where all spectral features are summarized
by one lumped-element Lorentzian filtering element [VLA05, VIK06, VLA10, ROS11d,
OTT12a, JAU17]. Hence, the importance of this effect justifies the chosen modeling
hierarchy. Taking a look at the literature, a number of published traveling-wave based
laser models allow for the inclusions of the absorber redshift [BAN06, AVR09, RAD11a,
ROS11c, SIM13], but are not used to systematically study its effects. The only exception
is Ref. [JAV10], which reports optimal mode-locking performance for intermediate red-
shift values. Those results are in accordance with this work, where intermediate reverse
bias values produce the best mode-locking characteristics (s. Fig. 4.17).

Conclusion

Finally, the insights gained from the separate studies of the absorber recovery rate γabs
ES

and the absorber redshift ∆ωabs
GS can be combined in order to understand the mode-locking

dynamics obtained in the pump current and reverse bias (P, U) parameter space. For both
small absorber redshifts and recovery rates, pronounced subthreshold multistabilities
exist and, henceforth, are also observed at small absorber reverse biases. Regarding
the FML state, however, the absorber recovery time and redshift have opposite effects.
While an increasing recovery rate stabilizes the FML state, an increasing absorber redshift
destabilizes the FML state. Therefore, a window of stable FML emission is observed along
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an increasing absorber reverse bias, which exhibits a maximum pump current stability
range at intermediate reverse biases (U ≈ 6.0 V). The interplay between the recovery
time and the redshift thus produces the characteristic shape of the FML emission region,
which has been discussed in Sec. 4.5.1.

A similar argument also applies to the MP2 state. The HML3 state, on the other
hand, does not follow this behavior, most likely due to the geometric configuration of
the laser. The positioning of the absorber section allows for colliding pulses in HML3
operation, which gives this state an unique advantage over the other mode-locking states.

4.5.3 Spontaneous Emission Noise Induced Dynamics

The stability of the various emission states in the presence of spontaneous emission noise
is investigated in this last subsection. The spontaneous emission contribution to the
lasing mode can be explicitly included in the model if the lifetimes of the optically active
states and the β-factor are known [ROS11c, LIN16]. Measuring or calculating the β-
factor for this tapered guided laser cavity unfortunately turns out to be a non-trivial
task [XU12a]. Hence, the approach of this work is to adjust the spontaneous emission
noise parameter D, such that the observed dynamics line up with the experimental data.

The effect of the spontaneous emission noise is twofold: Firstly, sufficient noise can
prevent marginally stable states from being observed by preventing the system from
settling on the respective attractor5. Secondly, spontaneous emission noise leads to fluc-
tuations of the pulse positions and pulse amplitudes.

The former effect is known as pulse timing jitter and will be studied and discussed in
detail in the following section 4.6 of this chapter. The final chosen spontaneous emission
noise strength then aims to reproduce the observed emission states as well as the timing
jitter values of the experiment.

To study the impact of the spontaneous emission noise on the observable emission
states, scans of the pump current and spontaneous emission noise strength (P, D) pa-
rameter space are performed. For each data point, the laser has been prepared in the off
state. The reverse bias has been set to U = 6 V (indicated by the black dotted lines in
Fig. 4.17). The recorded emission states are presented in Fig. 4.24 (a) via the same color
code as in the previous subsections. The spontaneous emission noise strength is scanned
over 13 orders of magnitude from 10−17 cm ps−1[η]−1 to 10−4 cm ps−1[η]−1.

At small noise strengths the laser immediately emits in the FML state beyond the
lasing threshold and no QSML is observed. Despite very small noise strengths, a noisy
region in between homogeneous FML and HMl3 regions, where the emission states vary
between the FML, FMLPS, MP2, and HML3, is found. This indicates a subtle sensitivity
of the transient systems’ trajectory to the spontaneous emission noise if the laser has been
prepared in the off state. Thus, small perturbations shortly after the turn-on can lead to
different final states if multistabilities exist.

For spontaneous emission noise strengths D ≳ 10−14 cm ps−1[η]−1 QSML appears
just beyond the lasing threshold, i.e., in between the off and the FML state. For an
increasing noise strength the QSML pump current range increases as both the lasing
threshold shifts the lower pump currents and the transition to FML shifts to larger pump
currents. The decreased lasing threshold is due to the additional photons produced by

5A dynamical system can not settle on an attractor if a stochastic process dominates the relaxation on
the attractor and drives the system’s state beyond the basin of attraction.

118



4.5 Emission Dynamics in the Operation Parameter Space

Figure 4.24: Mode-locking characteristics in the pump current and spontaneous emission noise
strength parameter space (P, D): (a) Emission states obtained after turn-on: off,
Q-switched mode-locking (QSML), fundamental mode-locking (FML), fundamen-
tal mode-locking with a pulse-switching instability (FMLPS), two non-identical
pulses (MP2), third-order harmonic mode-locking (HML3), and third-order har-
monic mode-locking with a strong trailing-edge plateau (HML3TEP). Subfigures
(b) and (c) show relative (to the mean) pulse period and pulse amplitude fluctu-
ations, respectively, of the FML and HML3 states. The horizontal black dotted
lines correspond to the default noise strength D = 1.0−6 cm ps−1[η]−1 and the
black cross indicates parameters used for further investigation.

the spontaneous emission. This effect, however, is almost negligible at intermediate noise
strengths and only becomes pronounced for noise strengths above D ≈ 10−7 cm ps−1[η]−1.

The slight shift of the transition to the FML state to higher pump currents with an
increasing noise strength must be attributed to the transient dynamics after turn-on, since
the FML state is multistable with the QSML state at the chosen reverse bias U = 6 V.
Together with the disappearance of the QSML state at very low noise strengths, this mo-
tivates the classification of QSML in this device as a noise driven state. It is therefore fun-
damentally different from the simulated QSML states in Refs. [VLA05, OTT14, JAU17],
which are deterministic solutions of a DDE system.

While the next section presents an in-depth analysis of the timing jitter, Fig. 4.24 (b)
and (c) provide a brief overview of the noise-induced pulse-train fluctuation in the FML
and HML3 state. Figure 4.24 (b) plots the relative (to the mean) pulse period standard
deviation and Fig. 4.24 (c) the relative (to the mean) pulse amplitude (pulse peak power)
standard deviation. Both measures exhibit a qualitatively similar behavior across the
two parameters.

In the FML region the fluctuations first increase with the noise strength and then
reach a plateau for noise strengths above D ≈ 10−10 cm ps−1[η]−1. Within the initial
increase, the fluctuations scale linearly with the square root of the noise strength. Re-
viewing Eq. (4.24), the spontaneous emission noise enters the system with the square
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root of the noise strength parameter D. On that account, the fluctuations within the
initial increase represent the linear response of the system to small noise-induced pertur-
bations. Consequently, the stalling increase and plateau at larger noise strengths is then
created in a nonlinear regime. Both regimes, furthermore, differ in their pump current
dependence: At small noise strengths, the fluctuations decrease with an increasing pump
current, while at larger pump currents the fluctuations appear almost constant along an
increasing pump current.

The HML3 region, on the other hand, exhibits a behavior totally different from the
FML region. Both the period and amplitude fluctuations are constant and relatively large
across the noise strength and pump current parameters. This indicates an underlying
deterministic dynamical effect, which prevents clean mode-locking and dominates the
effects of the stochastic spontaneous emission noise. Due to the large fluctuations in the
HML3 region, the timing jitter analysis in the following section focuses exclusively on
the FML region.

Finally, the parameter choice of D = 10−6 cm ps−1[η]−1 as the default spontaneous
emission noise strength is motivated by achieving timing jitter values comparable to the
experiment and simultaneously producing similar regions of mode-locking dynamics, i.e.,
reproducing the experimentally measured sequence of QSML, FML, FMLPS, and HML3
emission states.
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4.6 Timing Jitter Analysis
Having introduced, developed, and benchmarked a diverse timing-jitter characterization
toolbox in Chap. 3, this section presents its application to the three-section quantum-dot
laser in the fundamental mode-locking regime with varying laser parameters.

4.6.1 Spontaneous Emission Noise Dependence of the Timing Jitter
The first laser parameter to be investigated is the spontaneous emission noise strength D.
This quantity is not an operation parameter that can be easily tuned in the experiment,
but rather results from lifetimes of the optical transitions (Einstein coefficient) and the
β-factor, i.e., the probability that a spontaneously emitted photon ends up in one of the
lasing modes. However, the calculation of the β-factor is a non-trivial task for complex
tapered laser geometries [ROS11f, XU12a]. Hence, rather than trying to calculate the
β-factor, the approach chosen in this work is to adjust the spontaneous emission noise
strength D such that the simulated timing jitter reproduces the experimental results,
which are presented in Sec. 4.4. Note, however, that the choice of the spontaneous emis-
sion noise strength D is also constrained by the stability of the various mode-locking
states as presented in Sec. 4.5.3.

Even though the performance analysis of the various long-term timing jitter esti-
mation methods presented in Sec. 3.6 favors the Kéfélian and pulse-period fluctuation
autocorrelation method, all long-term timing jitter estimation methods are utilized in
this section for the sake of completeness and to to provide additional characteristics.

On that account, the results obtained from the direct time-domain (blue solid line,
Sec. 3.2), the von der Linde/Otto (orange dashed line, Sec. 3.3.1), the Kéfélian (green
dashed line, Sec. 3.3.2), and the hybrid von der Linde/Otto (red dashed line, Sec. 3.4)
methods are presented in Fig. 4.25. The long-term timing jitter obtained from the direct
time-domain method produces the reference values against which the other methods must
be tested. The laser is operated at P = 0.81 A, U = 6 V (indicated by black crosses in
Fig. 4.17, Fig. 4.22, Fig. 4.23, and Fig. 4.24). Each data point has been obtained from 100
time series realizations, each 5 µs long (≈ 65150 pulses).

The discussion firstly focuses on the results, which are obtained from the direct time-
domain method: For an increasing spontaneous emission noise strength D, the long-term
timing jitter experiences two regimes: For noise strengths D ≲ 10−12 cm ps−1[η]−1, the
long-term timing jitter increases with the square root of the noise strength, corresponding
to a slope of 1/2 in the log-log plot. Since the spontaneous emission noise enters Eq. (4.24)
with a square root, this regime is characterized by a linear response of the long-term
timing jitter to the noise-induced perturbations6.

For spontaneous emission noise strengths D ≳ 10−12 cm ps−1[η]−1, on the other
hand, the long-term timing jitter levels off and increases much slower with a slope of
≈ 1/10 in the log-log plot of Fig. 4.26 (b). Thus, the long-term timing jitter only increases
from σlt ≈ 10 fs by a factor of three to σlt ≈ 30 fs, while the spontaneous emission
noise strength increases by seven orders of magnitude from D = 10−11 cm ps−1[η]−1

to D ≳ 10−4 cm ps−1[η]−1. Based on this observation, the timing jitter represents a
6A semi-analytical method [PIM14b, JAU15] for the calculation of the long-term timing jitter could, in

principle, be applied to the laser in the linear regime. The spatial discretization of the laser model at
hand, however, creates a large number of dynamical equations and would therefore severely complicate
the implementation and the computations.
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Figure 4.25: Spontaneous emission noise strength dependence of the long-term timing jit-
ter. Comparison between the different estimation methods: Direct time-domain
method from ∆tn (blue line), von der Linde/Otto method from the 20ths harmonic
of the power spectrum S|E|2 (orange dashed line), Kéfélian method obtained from
the 20ths harmonic (green dashed line), and hybrid von der Linde/Otto method
from the spectrum S∆tn

(red dashed line). Individual data points (denoted by
black dots) obtained from 100 realizations, each 5 µs long. rms timing jitter inte-
gration range from 5 MHz to 6 GHz. Laser parameters: P = 0.81 A and U = 6 V.

nonlinear response of the laser to spontaneous emission noise-induced perturbations for
noise strengths D ≳ 10−12 cm ps−1[η]−1.

Comparing the results obtained from the von der Linde/Otto, Kéfélian, and hy-
brid von der Linde/Otto method to the reference values produced by the direct time-
domain method reveals that, for the given evaluation parameters, only the hybrid von
der Linde/Otto method reproduces the proper long-term timing jitter values over the
complete spontaneous emission noise strength interval. The von der Linde/Otto and
Kéfélian methods, which rely on the power spectral density S|E|2 , vastly overestimate
the long-term timing jitter at small noise strengths D and only agree with the direct
time-domain method for noise strengths D ≳ 10−10 cm ps−1[η]−1. The failure of the two
spectral methods at low noise strengths is caused by spectral leakage, as discussed in
Sec. 3.3. At low noise strengths, and thus small timing jitter values, the spectral resolu-
tion becomes insufficient and thereby amplifies the spectral leakage issues. For the sake
of comparing the various methods, the erroneous timing jitter estimates produced by the
two spectral methods are specifically shown to highlight the importance of the reference
value produced by the direct time-domain method and the versatility of the hybrid von
der Linde/Otto method.

A closer look at the data obtained from the direct time-domain method is taken in
Fig. 4.26. Subfigure (a) shows the color-coded pulse separation dependent timing jitter
σ∆t(n), which has been normalized to the pulse-to-pulse timing jitter σpp. (b) Shows
the long-term timing jitter σlt (blue line) corresponding to the top row in (a) and the
pulse-to-pulse timing jitter σpp (orange line) corresponding to the bottom row in (a),
both without the normalization.

Besides the slope of the timing jitter increase, the linear and nonlinear regimes
can also be well distinguished by changes of the pulse separation n dependent timing
jitter σ∆t(n), presented in Fig. 4.26 (a). In the linear regime D ≲ 10−12 cm ps−1[η]−1 the
timing jitter σ∆t(n)/σpp does not depend on the spontaneous emission noise strength D.
However, once the nonlinear regime is reached, the maxima of σ∆t(n), indicated by black
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Figure 4.26: Spontaneous emission noise dependence of the timing jitter: (a) Color-coded pulse
separation dependent timing jitter σ∆t(n) normalized to the respective pulse-to-
pulse timing jitter σpp. Maxima are indicated by black squares. (b) Long-term
timing jitter σlt (blue line, corresponding to the top row in (a)) and (b) pulse-
to-pulse timing jitter σpp (orange line, corresponding to the bottom row in (a)).
Individual data points (denoted by black dots) are obtained from 100 realizations,
each 5 µs long. Laser parameters: P = 0.81 A and U = 6 V.

squares, shift to smaller n and decrease in magnitude. Both features suggest a change in
the pulse-period correlations induced by the nonlinear response.

Similarly, the change in regimes can also be identified via the ratio σlt/σpp of the
long-term and pulse-to-pulse timing jitter (top row in Fig. 4.26 (a)), which results from
the pulse-period correlations as detailed in Sec. 3.5. Within the linear regime, the ratio
remains constant at σlt/σpp ≈ 2.8. Once the nonlinear regime is entered, however, the
ratio decreases to σlt/σpp ≈ 1.2 at D = 10−4 cm ps−1[η]−1.

Lastly, the results from the pulse-period fluctuation autocorrelation method applied
to the spontaneous emission noise strength scan are presented in Fig. 4.27. The respec-
tive autocorrelation functions ΨδT (n) are color coded and plotted for the first 100 n in
(a). As anticipated, based in the pulse separation dependent timing jitter σ∆t(n) (s.
Fig. 4.26 (a)), the autocorrelation function qualitatively and quantitatively changes with
the transition from the linear to the nonlinear regime. At small spontaneous emission
noise strengths D ≲ 10−12 cm ps−1[η]−1, the autocorrelation exhibits one drop to nega-
tive values with a minimum of ΨδT (n) ≈ −0.3 at n ≈ 25, after which the autocorrelation
function relaxes to ΨδT (n) ≈ 0 for n ≳ 40. Within the linear regime, the autocorrelation
function does not depend on the noise strength D. Hence, changes in the long-term
timing jitter σlt are exclusively caused by changes of the pulse-to-pulse timing jitter σlt.

Once the nonlinear regime is entered additional features in the pulse-period fluctu-
ation autocorrelation function appear: After the drop below zero, the autocorrelation
does not relax to zero, but exhibits another rise to positive values and for intermediate
noise strengths 10−10 cm ps−1[η]−1 ≲ D ≲ 10−6 cm ps−1[η]−1 another small dip below
zero. Moreover, with an increasing spontaneous emission noise strength D, the autocor-
relation function features, e.g., the zero crossings and the local extrema, move to smaller
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Figure 4.27: (a) Pulse-period fluctuation autocorrelation function ΨδT as a function of the spon-
taneous emission noise strength D. (b) Long-term timing jitter σlt normalized by
the pulse-to-pulse timing jitter σpp calculated from {∆tn} (blue solid line) and
fitted model function for j = 2, 3 (orange and blue dashed lines, respectively). (c)
Deviation of the Pearson correlation coefficient rj from unity. Small values indi-
cate a high quality of the model function Ψj

δT and the fit parameters. The black
dashed line denotes the threshold, beyond which Ψ3

δT was used. Laser parameters:
P = 0.81 A, U = 6 V.

autocorrelation shifts n. The final relaxation to ΨδT ≈ 0, however, is shifted to larger n
due to the additional features. Thus, the long-term timing jitter σlt changes within the
nonlinear regime both due to changes of the pulse-to-pulse timing jitter σpp and due to
changes of the pulse-period correlations.

To calculate the long-term timing jitter from the respective pulse-period fluctuation
autocorrelation functions, the recipe proposed in Sec. 3.5 is applied. Figure 4.27 (b) plots
the ratios σlt/σpp obtained from the direct time-domain method (blue solid line) and
the pulse-period fluctuation autocorrelation method with the fitted model function Ψj

δT

with j = 2 (orange dashed line) and j = 3 (green dashed line). The ratio σlt/σpp
with j = 3 has only been computed for spontaneous emission noise strengths, where the
Pearson correlation coefficient r2 exceeds the proposed threshold rth

j = 1 − 10−4, while
the ratio σlt/σpp with j = 2 has been computed for all noise strengths for comparison.
Additionally, the deviation of the Pearson correlation coefficient from unity 1 − rj is
depicted in Fig. 4.27 (c) for j = 2 (orange line) and j = 3 (green line), where applicable.
The threshold rth

j is indicated by a black dashed line.
Within the linear regime, σlt/σpp obtained from the direct time-domain method re-

mains constant at ≈ 2.8, as previously described, and is perfectly reproduced by the
pulse-period fluctuation autocorrelation method with j = 2. The corresponding corre-
lation coefficient deviations are on the order of 1 − r2 ≈ 10−5. The transition to the
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Figure 4.28: (a) Autocorrelation function of the pulse-period fluctuations calculated from {δTk}
(solid black line) and fitted model functions Ψj

δT for j = 1 and j = 2 (blue
and orange dashed lines, respectively). (b) Timing jitter as a function of the
pulse separation calculated from {∆tn} and the fitted model functions. Laser
parameters: P = 0.81 A, U = 6 V, and D = 10−14 cm ps−1[η]−1.

nonlinear regime complicates the respective autocorrelation functions by features, which
can not be properly reproduced by Ψ2

δT . Hence, the correlation coefficient deviations
increase to 1 − r2 ≈ 10−3 and the resulting ratios σlt/σpp are underestimated. The tran-
sition to the nonlinear regime thus invokes the use of the higher order j = 3, which then
sufficiently reproduces all features of ΨδT such that σlt/σpp is accurately reproduced for
all D ≳ 10−12 cm ps−1[η]−1. The corresponding correlation coefficients r3 accordingly
satisfies r3 ≳ rth

j for all noise strengths D. The decrease of the ratio σlt/σpp in the
nonlinear regime can mostly be attributed to faster initial drop of the autocorrelation
function ΨδT .

Model Function Validity at low Spontaneous Emission Noise Strengths

Due to the qualitatively different spontaneous emission noise strength regimes, the pulse-
period autocorrelation method is also illustrated in detail for D = 10−14 cm ps−1[η]−1 in
Fig. 4.28. Subfigure (a) shows the computed autocorrelation function ΨδT (solid black
line) and fitted model functions for j = 1 and j = 2 (blue and orange dashed lines,
respectively). The model functions Ψ1,2

δT were fitted by using the first 100 autocorrelation
shifts n.

A drop of the autocorrelation function with a zero crossing at n ≈ 13 and a local
minimum at n ≈ 23 is observed, which is followed by a simple relaxation to zero. The
behavior is accurately reproduced by the model function for j = 2 and only approximately
for j = 1. The latter case especially fails to reproduce the simple relaxation to zero and
exhibits an additional overshoot to positive correlation values instead.

The resulting pulse separation dependent timing jitter is shown in Fig. 4.28 (b).
Starting with a pulse-to-pulse jitter of σpp ≈ 0.21 fs, the directly computed timing jitter
(solid gray line) first rises to ≈ 0.75 fs and then relaxes to its long-term value σlt ≈ 0.57 fs.
While the qualitative behavior is captured well by both model functions, the maximum
and the long-term value are only correctly described by j = 2. While the long-term
timing jitter estimate provided by model function Ψ1

δT only marginally differs from the
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Figure 4.29: Spatially resolved timing jitter evolution along one round trip in the unfolded
cavity. The left side of all subplots shows the backward-moving field (denoted by
negative positions z) and the right side shows the forward-moving field (denoted
by positive positions z). Subfigure (a) depicts the pulse-to-pulse timing jitter σpp
(red line) and correlation contribution ratio σlt/σpp (blue line). Subfigure (b)
plots the color-coded pulse separation dependent timing jitter σ∆t(n) normalized
to the pulse-to-pulse timing jitter σpp. Subfigure (c) presents the pulse-period
fluctuation autocorrelation functions. The results have been obtained from 2000
time series, each 80 ns long. Laser parameters: P = 0.81 A, U = 6 V, and D =
10−6 cm ps−1[η]−1.

value obtained from the direct time-domain method, it is important to note that this
results from multiple deviations Ψ1

δT , which cancel each other.
In conclusion, the proposed model function and the pulse-period fluctuation auto-

correlation method have proven to be valid over a large range of spontaneous emission
noise strengths.

4.6.2 Timing Jitter Along the Pulse Propagation
In the next step, the local contributions to the long-term timing jitter of the emitted
pulse train are studied. While the long-term timing jitter of the circulating pulse within
the laser cavity must be the same at every point along the propagation, the pulse-to-pulse
timing jitter σpp and the pulse-period fluctuation can vary. Hence, Fig. 4.29 comprehen-
sively presents the evolution of timing fluctuations along the unfolded cavity, where (a)
depicts the pulse-to-pulse timing jitter σpp (red line) and correlation contribution ratio
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σlt/σpp (blue line), (b) the color-coded pulse separation dependent timing jitter σ∆t(n)
normalized to the pulse-to-pulse timing jitter σpp, and (c) the pulse-period fluctuation
autocorrelation functions. The results have been obtained from 2000 time series, where
each is 80 ns long (≈ 2.13 × 106 pulses).

Starting the discussion with the pulse-to-pulse timing jitter (red line in Fig. 4.29 (a)),
an improvement is observed in the gain sections and a deterioration in the absorber
section. The pulse-to-pulse jitter values at the very ends, i.e., z = ±3 mm, correspond to
the out-coupled pulse-to-pulse timing jitter. Starting with the backward-traveling pulse
at the out-coupling facet (left side of the plot), the timing jitter reduces from σpp ≈ 16.7 fs
to σpp ≈ 13.6 fs in the gain section and then increases to σpp ≈ 17.0 fs in the absorber
section. Within the straight gain section, the timing jitter reduces again to σpp ≈ 13.7 fs
before it rises to its global maximum at σpp ≈ 21.0 fs at the end of the absorber section
and finally reduces again to its out-coupling value of σpp ≈ 16.7 fs. The correlation
contribution ratio σlt/σpp (blue line in in Fig. 4.29 (a)) must compensate the changes of
the pulse-to-pulse timing jitter to yield a position independent long-term timing jitter.
It therefore inversely mirrors the behavior of the pulse-to-pulse timing jitter.

The evolution of the pulse-to-pulse timing jitter along the propagation can be un-
derstood by acknowledging that it is related to the shifts of the pulse position due to the
interplay of the saturable gain and absorption and the non-saturable absorption, as seen
in Fig. 4.10 (a) and (b) via the respective recovery processes. If a pulse arrives slightly
too early with respect to the previous pulse within a gain section, the available gain is
slightly smaller since it has not recovered as much. Thus, the saturation effect is stronger
and the pulse is further shifted towards earlier times. This reduces the standard devia-
tion of the pulse distances, which defines the pulse-to-pulse timing jitter. Similarly, if a
pulse arrives slightly too late, the gain has recovered more and the pulse is not shifted as
much towards earlier times, which again reduces the pulse-to-pulse timing jitter. Hence,
perturbations from the ideal round-trip time (clock time) in the gain sections produce
succeeding perturbations that point in the same direction in time, and thus drive the
pulse positions further away from the ideal pulse train and act towards a higher long-
term timing jitter. This effect also manifests in the increasing correlation contribution
ratio σlt/σpp.

In the absorber section, on the other hand, the pulse-position shifting mechanism
works exactly in the other direction, since saturation effects push the pulses towards
later and not towards earlier times. Hence, the pulse-to-pulse timing jitter increases
in the absorber section, but the pulse positions are naturally pushed back towards the
ideal pulse train. Hence, the correlation contribution ratio σlt/σpp improves within the
absorber section.

The gain and absorber recovery induces a memory effect that manifests in the pulse
separation dependent timing jitter σ∆t(n), which is shown in Fig. 4.29 (b) and in the
pulse-period fluctuation autocorrelation function shown in Fig. 4.29 (c). The gain recov-
ery is ultimately coupled to the charge-carrier density in the quantum-well reservoir,
which evolves on nanosecond timescales. Hence, the propagation of the pulses through
the gain sections is accompanied by a shift of the autocorrelation features to larger au-
tocorrelation shifts ∆n as well as a shift of the maximum in the timing jitter σ∆t(n)
to larger pulse separations n. In the absorber section, on the other hand, the recovery
is determined by the quantum-dot excited state escape rates (carrier sweep-out rates).
Depending on the reverse bias, the escape rates vary from tens of picoseconds to hun-
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Figure 4.30: (a) Long-term timing jitter as a function of the pump current P and the absorber
bias U computed with the pulse-period fluctuation autocorrelation method. (b)
Long-term timing jitter normalized to the pulse-to-pulse timing jitter visualizing
finite time correlations. 2.5 × 105 pulses have been used for each data point. The
solid black lines indicate the lasing threshold and the black dotted lines the detailed
scan presented in Fig. 4.31. The timing jitter at the black crosses is discussed in
Chap. 3. Laser parameters: D = 10−6 cm ps−1[η]−1

dreds of femtoseconds [MAL06d, VIK09] and are therefore always significantly faster than
the gain sections quantum-well dynamics. Hence, the autocorrelation features move to
smaller autocorrelation shifts ∆n and the timing jitter maxima move to smaller pulse
separations n within the absorber section.

In conclusion, the timing jitter evolution along the pulse propagation is tightly bound
to the pulse-shaping mechanism. The gain and absorber saturation dynamics not only
determine the pulse shaping, but also how pulses react to spontaneous emission induced
perturbations of their positions. For the investigated pulse-shaping mechanism of the
three-section tapered quantum-dot laser, the gain sections act towards a smaller pulse-
to-pulse but a larger long-term timing jitter and the absorber section acts towards a larger
pulse-to-pulse and a smaller long-term timing jitter. The resulting long-term timing jitter
σlt then results from the interplay of all contributions.

4.6.3 Timing Jitter in the Operation Parameter Space
In this last subsection, the long-term timing jitter σlt is studied in the operation parameter
space of the mode-locked laser, i.e., the pump current P and absorber reverse bias U . The
strength of the pulse-period fluctuation autocorrelation function method is demonstrated
by computing the long-term timing jitter σlt in the strong spontaneous emission noise
regime at D = 10−6 cm ps−1[η]−1 for the fundamental mode-locking regime depicted in
Fig. 4.17 (b). The results are shown in Fig. 4.30 (a). Each data point has been computed
from 2.5 × 105 pulses, which by extrapolating the results presented in Sec. 3.6 provides
a relative error below 2%. Recognizing that the pulse-performance characteristics do
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not change by orders of magnitude within the FML regime (s. Fig. 4.18) suggests that
comparable relative timing jitter estimate errors can be expected at different operating
points.

Note that the resulting long-term timing jitter map covers a slightly smaller region
compared to the region of fundamental mode-locking as reported in Fig. 4.17 (b) and
Fig. 4.18. For strong spontaneous emission noise strengths and small pump currents,
irregular losses of coherence with the pulse train invalidate the long-term timing jitter
as a suitable measure for the timing stability7. Hence, those operation points have been
excluded from the presented scans.

The strongest long-term timing jitter values amount to σlt ≈ 26 fs and are observed
at small pump currents and reverse biases close to the stability boundary. The smallest
timing jitter values amount to σlt ≈ 16 fs and are observed at large pump currents and
reverse biases. With respect to the median, the jitter values vary by ≈ 30%, which is
only a statistically significant result in this case due to the small relative standard error
of the pulse-period fluctuation autocorrelation method8.

The dynamics leading to the observed long-term jitter are further highlighted in
Fig. 4.30 (b) by plotting the ratio σlt/σpp, which represents the contributions of the pulse-
period correlations to the long-term timing jitter. A stronger driving of the laser (P and
U) is found to lead to more pronounced correlation contributions (yellow/red colors),
but also to a decreased pulse-to-pulse jitter σpp (not shown). The latter outweighs
the correlation contributions σlt/σpp and overall leads to smaller long-term timing jitter
values σlt as shown in Fig. 4.30 (a).

At U ≈ 6 V both effects cancel each other out and lead to a long-term jitter σlt that
remains approximately constant along the pump current (s. Fig. 4.16). At small P and
U , ratios σlt/σpp below 1.0 (blue colors) are observed, i.e., a long-term timing jitter that
is smaller than the pulse-to-pulse jitter due to correlation effects. This region coincides
with the region of subthreshold stability of the fundamental mode-locking state.

On a final note, the Kéfélian method could have been equally used to produce the
long-term timing jitter estimates in the considered (P, U) parameter space with a similar
relative error to computational cost ratio. The pulse-period fluctuation autocorrelation
method, however, provides additional information in terms of the complete pulse sepa-
ration dependent timing jitter σ∆t(n).

On that account, a closer look at the experimentally investigated parameter range
is taken (s. Fig. 4.16). Hence, a detailed timing jitter analysis incorporating the direct
time-domain method is carried out for U = 6 V. The pump current is further restricted to
0.79 A ≦ P ≦ 0.91 A, which represents the regime, where the fundamental mode-locking
state stabilizes if the laser has been prepared in the off state (s. Fig. 4.17). The scanned
pump current range is indicated by the black dotted lines in Fig. 4.30.

The results are presented in Fig. 4.31, where (a) shows the long-term timing jitter
σlt (blue line), the pulse-to-pulse timing jitter σpp (orange line), and their ratio σlt/σpp

7Similar to the fundamental mode-locking state subject to a pulse-switching instability (FMLPS), the
spontaneous emission noise irregularly sparks a new competing pulse train, which does not exhibit
any field coherence with respect to the existing pulse train. The long-term timing jitter in that case
still produces a figure of merit, with respect to the pulse intensity, which, however, does not reflect
the properties of a coherent pulse train.

8The direct time-domain method exhibits a relative standard error of ≈ 15% for a sample set with
2.5 × 105 per data point. Hence, only the values close to the stability boundaries would exhibit
improvements/deteriorations that exceed the standard error.
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Figure 4.31: Pump current dependence of the timing jitter: (a) Long-term timing jitter σlt (blue
line, corresponding to the top row in (b)), pulse-to-pulse timing jitter σpp (orange
line, corresponding to the bottom row in (a)), and their ratio σlt/σpp (purple
line). (b) Color-coded pulse separation dependent timing jitter σ∆t(n) normalized
to the pulse-to-pulse timing jitter σpp. (c) Color-coded pulse-period fluctuation
autocorrelation functions ΨδT . Individual data points (denoted by black dots) are
obtained from 100 realizations, each 5 µs long. Laser parameters: U = 6 V and
D = 10−6 cm ps−1[η]−1.

(purple line). Figure 4.31 (b) shows the color-coded pulse separation dependent timing
jitter σ∆t(n) normalized to the pulse-to-pulse timing jitter σpp. Figure 4.31 (c) plots the
color-coded pulse-period fluctuation autocorrelation functions ΨδT (n) as a function of
the autocorrelation shift n.

As already observed in Fig. 4.30, the long-term timing jitter remains approximately
constant at σlt ≈ 21 fs along the pump current P . The pulse-to-pulse timing jitter, on the
other hand, decreases from σpp ≈ 17.5 fs to σpp ≈ 13.0 fs along the pump current scan.
The decrease of the pulse-to-pulse timing jitter can be attributed to the pulse power,
which increases with the pump current. Thus, the amount of spontaneously emitted
photons has relatively less weight in comparison to the coherent pulses and therefore
presents a relatively small perturbation. The stronger driving, i.e., the larger pump
current, on the other hand, modifies the pulse-period correlations such that the effect of
the reduced pulse-to-pulse jitter σpp is canceled in the long-term jitter σlt.

The changes in pulse-period correlations manifest themselves in the pulse-separation
dependent timing jitter σ∆t(n) shown in (b). The timing jitter σ∆t(n) shows the same
qualitative behavior for all pump currents P , i.e., an initial increase to a local maximum
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around n ≈ 7, followed by a simple relaxation to the respective long-term value σlt. At
smaller pump currents, however, the local maximum is less pronounced and the following
relaxation reduces the timing jitter by a significant amount. At larger pump currents,
on the other hand, the maximum appears more pronounced and the following relaxation
only marginally reduces the timing jitter, thus leading to pump current independent
long-term timing jitter values.

The ratio σlt/σpp (purple line in (a)), furthermore, quantifies the contributions of
the pulse correlations to the long-term jitter σlt. For an increasing pump current P , this
ratio increases from σlt/σpp ≈ 1.17 to σlt/σpp ≈ 1.57. The pulse-period correlations are
further illustrated in Fig. 4.30 (c) via their autocorrelation functions and enable the un-
derstanding of the changes of the ratio σlt/σpp. With an increasing pump current P , the
initial large dip to negative correlations Ψδ(n) extends further to larger n, which would
suggest a decreasing ratio σlt/σpp. Similarly, the following overshoot to positive correla-
tions around n ≈ 30 decreases in magnitude, which also leads to a reduction of σlt/σpp.
However, both effects are dominated by a slower initial drop-off of the autocorrelation
function, which in total leads to the increased ratio σlt/σpp. Thus, stronger driving of
the laser and higher energy pulses increase the positive correlations at timescales of a few
pulses and thereby increase the correlation contribution to the long-term timing jitter
for the considered laser parameters.

Conclusion and Comparison to Literature

In summary, the timing jitter of the fundamental mode-locking state of the three-section
quantum-dot laser has been characterized in the operation parameter space, along the
pulse propagation within the laser cavity and as a function of the noise strength. The
results show that the spontaneous emission noise strength, which is required to achieve
long-term timing jitter values that are comparable to the experiment, is located deep
within the nonlinear regime. Hence, the timing jitter must be evaluated numerically and
can not be computed via the established analytical [HAU93a, JIA01] or semi-analytical
methods [PIM14b, JAU15, JAU17a].

However, even though being computationally more expensive, applying the direct
time-domain timing jitter estimation method, which has been presented in Chap. 3, pro-
duces additional information that can be utilized to interpret and understand the under-
lying mechanics. On that account, the timing jitter analysis along the pulse propagation
yields that the gain sections decrease the pulse-to-pulse jitter but increase the long-term
jitter via positive correlations. The absorber section increases the pulse-to-pulse jitter
but decreases the long-term jitter via negative correlations.

These results carry over and allow to understand the obtained operation parameter
dependence of the timing jitter. For the three-section laser at hand, the long-term timing
jitter reduces for stronger pump currents and reverse biases. This behavior results from
the interplay of the pulse-to-pulse timing jitter and the pulse-period fluctuation correla-
tions. Their individual contributions non-trivially depend on the operation parameters
and thus must be explicitly calculated.

The comparison to the published literature shows that qualitatively similar results,
i.e., timing jitter values that improve with stronger driving conditions, have been obtained
for traveling-wave equation based models [MUL06, JAV11, SIM15]. Note, however, that
the cited results have only been presented for very few operation parameter sets, likely due
to the computational limitations. Experimental investigations have reported qualitatively
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similar results [BAR18] as well as timing jitter values that deteriorate with the pump
current [AUT19]. Contrary to this work, simulations based on the ring-cavity delay-
differential equation modeling approach [VLA05] have repeatedly shown timing jitter
values, which strongly increase close to the respective stability boundaries of the chosen
emission state [OTT12a, OTT14, OTT14b, PIM14b, JAU15, JAU17a].
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4.7 Tuning the Taper Angle
Having thoroughly characterized the simulated emission dynamics of the three-section
tapered quantum-dot laser and successfully reproduced the experimental results, the
remainder of this chapter addresses the geometric device optimization towards better
pulse performance. In that respect, the well-characterized and understood model, which
has been validated via the experiment, can be utilized to numerically study device designs
and save the expensive and time-consuming trial and error process of fabricating large
sets of test samples.

This section chooses the angle Θ of the long tapered gain section as the device
parameter to be investigated. The three-section laser model implements the tapered
geometry by assuming that the electric field profile adiabatically follows the transverse
expansion of the active medium and roughly maintains a Gaussian transverse mode profile
(s. Sec. 4.2). Changes in the geometric overlap between the field and the active medium
are phenomenologically modeled by a modified relative transverse confinement factor
Γ. A similar phenomenological approach is taken for the non-resonant waveguide losses
αint. To ensure that the adiabatic expansion of the electric field is a good approximation,
the maximum considered taper angle is capped at Θ = 3◦. This value falls in-between
the taper angle values, which have been reported for quantum-dot based devices, which
exemplarily cover Θ = 2◦ [NIK11, BAR18, WEB15], Θ = 3◦ [WEB15], Θ = 3.6◦ [THO06,
THO09], and Θ = 4◦ [PER18]. From a modeling perspective, Refs. [ROS11f, XU12a]
report that beam propagation modeling techniques show an excellent adiabatic expansion
of the electric field modes up to taper angles Θ ≈ 0.6◦ and slightly increased radiative
losses at the section interfaces for larger taper angles. The modeling approach in this
work, however, neglects those nuances by assuming that they only produce subtle changes
in the mode-locking dynamics.

Apart from the size of the active region, the impact of tuning the taper angle Θ on
the waveguide properties within the chosen model framework is summarized in Fig. 4.32.
The blue line plots the accumulated non-resonator waveguide field losses

κ(Θ) = exp
(︄

−
∫︂ l

0
dz αint(z, Θ)

)︄
(4.43)

along one complete round trip. The red line plots the mean transverse confinement factor
within the gain sections ⟨ΓG

rel⟩. The accumulated losses quantify the proportion of a test
field that is absorbed along one complete round trip. For an increasing taper angle, the
losses reduce from κ ≈ 0.85 to κ ≈ 0.65, where most of the improvement in the losses
is already achieved for taper angles around Θ ≈ 0.5◦. The mean transverse confinement

Figure 4.32: Impact of the taper angle Θ on
the waveguide properties. The blue line plots
the accumulated field losses κ per round trip
and the red line the mean transverse optical
confinement factor in the gain sections ⟨ΓG

rel⟩.
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Figure 4.33: Emission states observed in the pump current and taper angle (P, Θ) parameter
space: off, Q-switched mode-locking (QSML), fundamental mode-locking (FML),
fundamental mode-locking with a pulse-switching instability (FMLPS), two non-
identical pulses (MP2), third-order harmonic mode-locking (HML3), third-order
harmonic mode-locking with a strong trailing-edge plateau (HML3TEP), and cw.
(a) Laser (initial conditions) prepared in the off state. (b) Stable regions obtained
from combined simulations with the laser prepared in the off, FML, HML3, and
MP2 state, respectively. The black dotted lines and black crosses indicate the
parameters used in the previous sections. Hatches highlight the FMLPS and cw
states. Laser parameters: U = 6.0 V.

factor hand leads to an increase of the small-signal gain9, which small perturbations
experience. For an increasing taper angle, this quantity improves from ⟨ΓG

rel⟩ = 1.0 to
⟨ΓG

rel⟩ ≈ 1.15, where, again, most of the improvement is already achieved for taper angles
Θ ≳ 0.5◦. Hence, changes of the taper angle beyond θ ≳ 0.5◦ mostly impact the lasing
dynamics by further increasing the active region area and thus the gain saturation energy.

4.7.1 Emission Dynamics and Pulse Performance

To investigate the influence of the taper angle Θ on the emission dynamics, pump current
scans for taper angles between Θ = 0◦ and Θ = 3◦ are performed. The absorber reverse
bias is kept constant at U = 6 V. The observed emission states are presented in Fig. 4.33,
which is structured similar to Fig. 4.17. Subfigure (a) presents the emission states, which
have been obtained with the laser prepared in the off state for every data point. Subfigure
(b) maps the regions of stability of the respective emission states, which have been
extracted from multiple scans with the laser prepared in state specific initial conditions.
The black dotted lines and the black crosses indicate the parameters (Θ = 2.0◦), which
have been used in the previous sections.

9The differential gain coefficient gGS linearly depends on the relative confinement factor.
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The results are discussed in terms of pump current scans and can be interpreted as
if they were obtained from an ensemble of lasers with increasing taper angles. On that
account, tuning the taper angle fundamentally changes the sequence of emission states
that is observed along a given pump current scan. At taper angles close to Θ = 0.0◦,
no lasing at all is observed as the overall waveguide losses are too large to be overcome
by the gain at the considered pump currents. In a very small region around Θ ≈ 0.1◦,
cw-lasing (cyan region, squared hatches in (b)) is found with a large but quickly reducing
threshold between P ≈ 1.0 A and P ≈ 1.5 A.

For an increasing taper angle between Θ ≈ 0.1◦ and Θ ≈ 0.15◦, the threshold quickly
reduces to P ≈ 0.7 A, as the internal waveguide losses of the long tapered gain section
further decrease (s. Fig. 4.32). In this region, the laser first emits third-order harmonic
mode-locking with a trailing-edge plateau (HML3TEP, orange region) immediately above
threshold, which is followed by a transition to cw-lasing at higher pump currents. This
transition is accompanied by a considerable region of bistability with small pockets of
Q-switched mode-locking (QSML, pink regions) at the lower cw emission boundary.

For taper angles between Θ ≈ 0.15◦ and Θ ≈ 0.5◦, the lasing threshold further
reduces to its global minimum at Pth ≈ 0.475 A. Unlike at smaller taper angles, how-
ever, third-order harmonic mode-locking (HML3, red region) stabilizes beyond the las-
ing threshold. Further increasing the pump current then eventually causes a transition
in which the trailing-edge plateau third-order harmonic mode-locking emission state is
reestablished. This behavior then remains consistent for all larger taper angles Θ.

The significant drop of the lasing threshold in the taper angle regime from Θ ≈ 0.0◦

to Θ ≈ 0.5◦ is attributed to the reduced non-resonant waveguide losses and the improved
transverse confinement factor. As shown in Fig. 4.32, however, both effects approximately
saturate at taper angles around Θ ≈ 0.5◦.

For taper angles above Θ ≈ 0.5◦, the behavior of the laser drastically changes.
Firstly, the lasing threshold starts shifting to larger pump currents (P ≈ 0.93 A for
Θ = 3.0◦) for increasing taper angles, since the increased active region leads to a reduced
pump-current density. The smaller pump current density results in decreased occupa-
tion numbers of the quantum dot and thus in less optical gain. This effect was already
at play at the smaller taper angles, but was dominated by the decreasing waveguide
losses and the increasing confinement factors. Secondly, after crossing the lasing thresh-
old either Q-switched mode-locking or fundamental mode-locking (FML, blue region) is
observed instead of third-order harmonic mode-locking. The region of stable Q-switched
mode-locking is, moreover, always bistable with the region of stable fundamental mode-
locking, which itself always extends below the lasing threshold and thus creates a region
of subthreshold fundamental mode-locking.

If the laser is operated in the fundamental mode-locking state, increasing the pump
current eventually produces a transition to pulse-switching unstable fundamental mode-
locking (FMLPS, light blue and diagonal hatches in (b)). The region of FMLPS emission
is always bistable with third-order harmonic mode-locking, which remains the only stable
emission state at sufficiently large pump currents. For an increasing taper angle Θ, the
pump current range, which allows for fundamental mode-locking linearly increases from
≈ 120 mA at Θ ≈ 0.6◦ to ≈ 500 mA at Θ = 3.0◦. Moreover, starting from Θ ≈ 0.7◦, a
subset of pump currents P exists and linearly grows for increasing taper angles, where
fundamental mode-locking is the only stable emission state. The pump current range,
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Figure 4.34: Mode-locking performance characteristics in the pump current and taper angle
(P, Θ) parameter space: Color-coded pulse peak power (a) and pulse width (b) of
the fundamental mode-locking state. The white/black solid lines denote the lasing
threshold. The black dotted lines and black crosses indicate the parameters used
in the previous sections (Θ = 2.0◦). The black dashed lines indicate the parameter
scan presented in Fig. 4.35. Laser parameters: U = 6.0 V.

over which pulse-switching unstable fundamental mode-locking is observed, however, re-
mains constant at ≈ 100 mA for all taper angles.

Lastly, for taper angles Θ ≳ 1.2◦, a multi-pulse emission state with two non-identical
and non-equidistant pulses (MP2, green) appears at pump currents that are always larger
than the lower HML3 stability boundary. This state is therefore always multistable with
HML3 emission and, depending on the taper angle and pump current, also with the FML
and FMLPS state. However, if not specifically seeded, it only sporadically stabilizes as
can be seen in Fig. 4.33 (a).

In conclusion, the observed emission dynamics as a function of the taper angle can
be separated into two regimes: Firstly, for taper angles Θ ≲ 0.6◦, the laser prefers third-
order harmonic mode-locking, which benefits from the colliding pulse mechanism [FOR83,
AVR00, THO05, RAF11] in the absorber section. This regime, furthermore, experiences
a strong lasing threshold dependence on the taper angle due to the waveguide losses
reduction and the optical confinement factor increase. Secondly, for taper angles Θ ≳
0.6◦, the observable emission states are greatly diversified and fundamental mode-locking
can be found for pump currents close to the lasing threshold. This qualitative behavior is
attributed to the increased active gain region, i.e., the increased gain saturation energy
[THO09, ROS11e], which favors one powerful single pulse instead of multiple pulses
circulating within the laser cavity.
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Figure 4.35: Mode-locking performance in the fundamentally mode-locked state along Θ and P :
(a) Pulse peak power (red solid line) and mean power (green dashed line) and (b)
pulse width. The relative distance to the lasing threshold is kept constant. The
pump current is denoted on the top and the respective taper angle on the bottom.
The presented parameter range is indicated by the dashed lines in Fig. 4.34. Laser
parameter: U = 6.0 V.

Pulse Performance Characteristics

In the next step, the pulse peak power and the pulse width of the fundamental mode-
locking state are presented in Fig. 4.34 (a) and (b), respectively. The white and black solid
lines in (a) and (b), respectively, denote the lasing threshold and the black dashed lines
the parameter scan presented in Fig. 4.35. Both performance figures clearly benefit from
an increasing taper angle: The achievable pulse peak power increases and the achievable
pulse width decreases for large taper angles Θ. As reported in Sec. 4.5, the shortest pulses
for a given pump current scan are always observed at the lower pump current stability
boundary. Hence, the shortest pulses are found at the largest considered taper angle
Θ ≈ 3.0◦ with a width of ∆pw ≈ 380 fs. On the other side, the longest pulses with a
width of ∆pw ≈ 810 fs are observed at the smallest taper angle Θ ≈ 0.55◦, where FML
emission can still be observed.

Unlike the pulse width, the best pulse peak power performance for a given pump
current scan is always found at the upper stability boundary. For fundamental mode-
locking, the observed pulse peak powers vary between Pmax ≈ 3.1 W and Pmax ≈ 18.2 W,
where the former is obtained for the smallest taper angle Θ ≈ 0.55◦ and the latter for
the largest taper angle Θ ≈ 3.0◦. The underlying mechanics that lead to the large
differences in peak powers are twofold: Firstly, an increased taper angle yields a greater
gain saturation energy. Thus, the laser can maintain a strong effective amplification of
more powerful pulses. Secondly, an increased taper angle pushes the region of stable
fundamental mode-locking to larger pump currents, which supply more energy to the
amplification of powerful pulses.

The improvement of the pulse performance characteristics with an increasing taper
angle in the fundamental mode-locking region is further studied in detail: Figure 4.35
presents a one-dimensional scan across the pump current and taper angle parameter
space, which has been indicated by the diagonal black dashed lines in Fig. 4.34. The
chosen pump currents are placed in the region where fundamental mode-locking is the
only stable emission state. Moreover, the relative distances to the lasing threshold and
the upper Q-switched mode-locking stability boundary are kept constant. Increasing the
pump current P along the taper angle Θ ensures a constant pump current density that
is applied to the gain section. Hence, the unsaturated quantum-dot inversion of the gain
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section remains constant along the chosen scan. Figure 4.34 (a) presents the pulse peak
power (red line) and the mean optical power (green dashed line) and (b) the pulse width.
The pump current is denoted on the top and the respective taper angle on the bottom.

For an increasing taper angle and the accordingly increasing pump current, the
emitted mean output power increases approximately linearly from ⟨P⟩ ≈ 44 mW to ⟨P⟩ ≈
120 mW. The linear increase, however, results from the interplay of multiple nonlinearities
that involve the saturation of the gain and absorber sections, as well as the pulse shaping
itself, instead of a simple input-output relation between the pump current and the mean
output power. This becomes especially evident as the mean output power triples as the
pump current doubles. This suggests an improvement of the internal efficiency as the
taper angle is increased.

On the account of the involved saturation effects, the pulse peak power increases
super-linearly from Pmax ≈ 3.3 W to Pmax ≈ 14.9 W, which is inversely related to a
sub-linear decrease of the pulse width from ∆pw ≈ 800 fs to ∆pw ≈ 480 fs. Both can
be attributed to more efficient gain and absorber saturation due to the increased pulse
energy at larger taper angles.

In conclusion, larger taper angles allow for an improvement of both the pulse peak
power and the pulse width. Unless low operation pump currents are desired, the presented
results suggest to increase the taper angle as much as the transverse mode properties al-
low it. The analysis thereof is, however, beyond this works model. Suitable beam propa-
gation simulation techniques have been proposed and demonstrated in Refs. [ROS11f,
XU12a]. The results are consistent with the published literature [MAR95, THO06,
THO09, ROS11f], which also report improved pulse peak powers and reduced pulse widths
for increasing taper angles. However, contrary to the cited references, this work explains
the pulse width reduction by saturation effects in the gain sections instead of the absorber
section. This issue, in particular, shall be elaborated in the following subsection.

4.7.2 Pulse-Shaping Along the Taper Angle and Pump Current
To further study the impact of the taper angle on the pulse-shaping mechanism in the
fundamental mode-locking state, the spatial evolution of the pulse along the pulse prop-
agation is presented in Fig. 4.36. The scanned parameters are identical to those shown
in Fig. 4.35 and have been indicated by the black dashed lines in Fig. 4.34. The results
are visualized similar to Fig. 4.21: Subfigure (a) plots the pulse width ∆pw as a function
of the longitudinal position z within the unfolded laser cavity and subfigure (b) shows
the corresponding local pulse width changes ∆pw. Each row encodes a taper angle and
pump current set, which is indicated on the left and right, respectively. The pulse width
of each row has been normalized to the out-coupled pulse width.

For an increasing taper angle and pump current, the pulse-shaping qualitatively
remains the same at most of the positions along the pulse propagation. Similar to the
sole pump current scan presented in Fig. 4.21, only two exceptions are found: Firstly,
the backward-traveling pulse first experiences a shortening and then a broadening in
the absorber section. The transition between shortening and broadening, which can be
best seen in Fig. 4.36 (b) by the change from blue to red colors, first moves closer to the
tapered gain section until it reaches its leftmost position at Θ ≈ 1.5◦, P ≈ 0.7 A and then
moves away from the tapered gain section towards the straight gain section. Secondly, for
the smallest taper angle and pump current combinations, the forward-moving pulses are
broadened in the absorber section to a pulse width, which then remains constant along
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Figure 4.36: Pulse shaping in the fundamental mode-locking state along the taper angle Θ. The
left side of both subplots shows the backward-moving field (denoted by negative
positions z) and the right side shows the forward-moving field (denoted by positive
positions z). (a) presents the color-coded pulse width, which has been normalized
to the respective out-coupled pulse width. (b) plots the changes ∂z∆pw of the
normalized pulse width with respect to the longitudinal coordinate z. The relative
distance to the lower stability boundary of the fundamental mode-locking state is
kept constant. The plotted parameter range is indicated by the black dashed lines
in Fig. 4.34. Laser parameters: U = 6 V and D = 10−6 cm ps−1[η]−1.

the final propagation through the tapered gain section. Only at slightly larger taper
angles and pump currents, a pulse shortening sets in within the tapered gain section and
thereby results in a local maximum of the pulse width (dark red) at the interface of the
two sections.

The quantitative behavior of the pulse-shaping, however, significantly changes for
increasing taper angle and pump current sets. At the smallest combination (bottom row
in Fig. 4.36), the normalized pulse width only varies between ∆pw ≈ 0.95 and ∆pw ≈ 1.02.
At the largest parameter combination (top row), on the other hand, the normalized
pulse width varies by a much greater extend from ∆pw ≈ 0.64 to ∆pw ≈ 1.17. Note
that the global minimum and maximum are nonetheless always found at the left and
right interface of the absorber section for the forward-moving pulse (z = 0.7 mm and
z = 1.4 mm, respectively).

The increased variations of the pulse width are attributed to more pronounced gain
saturation effects by the more powerful pulses. Figure 4.36 (b) shows that increased taper
angle and pump current combinations produce much more pronounced pulse shaping
responses in almost all positions along the propagation. Especially the narrow part of
the tapered gain section along the backward-moving pulse and the absorber section along
the forward-moving pulse exhibit a strong response to increasing taper angle and pump
current combinations. A similar behavior has already been observed for the sole increase
of the pump current at a constant taper angle as shown in Fig. 4.21. However, unlike that
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Figure 4.37: Taper angle and pump current dependence of the timing jitter: (a) Long-term
timing jitter σlt (blue line, corresponding to the top row in (b)), pulse-to-pulse
timing jitter σpp (orange line, corresponding to the bottom row in (b)), and their
ratio σlt/σpp (purple line). (b) Color-coded pulse separation dependent timing
jitter σ∆t(n) normalized to the pulse-to-pulse timing jitter σpp. (c) Color-coded
pulse-period fluctuation autocorrelation functions ΨδT . Individual data points
(denoted by black dots) are obtained from 100 realizations, each 5 µs long. The
scanned parameter range is indicated by black dashed lines in Fig. 4.34. Laser
parameters: U = 6 V and D = 10−6 cm ps−1[η]−1.

case, the increasing taper angle also produces a quantitatively stronger pulse shortening
in the other gain sections, which leads to an overall reduction of the pulse width as shown
in Fig. 4.35.

In summary, changing the taper angle does not qualitatively affect the previously
described pulse-shaping mechanism (s. Sec. 4.3.3). The increased pulse power at larger
taper angles, however, boosts the pulse-shaping contributions of the individual stages,
such that much stronger modulations of the pulse along its propagation can be observed.

4.7.3 Taper Angle Dependence of the Timing Jitter

Lastly, a detailed timing jitter analysis of the fundamental mode-locking state across the
already established taper angle and pump current scan is carried out. The investigated
parameter sets are equidistantly located along the black dashed lines in Fig. 4.34. The
corresponding pulse performance is shown in Fig. 4.35 and the pulse shaping in Fig. 4.36.
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The results from the direct time-domain method are presented in Fig. 4.37, where
(a) shows the long-term timing jitter σlt (blue line), the pulse-to-pulse timing jitter σpp
(orange line), and their ratio σlt/σpp (purple line). The latter measures the contributions
of the pulse correlations to the long-term jitter σlt.

Both the long-term and the pulse-to-pulse timing jitter improve with an increasing
taper angle. While the pulse-to-pulse timing jitter is approximately reduced by a factor
of four from σpp ≈ 40 fs to σpp ≈ 10 fs, the long-term timing jitter exhibits a weaker but
still respectable reduction from σlt ≈ 28 fs to σlt ≈ 18 fs. The decrease of pulse-to-pulse
timing jitter with the increasing taper angle is explained by the increased pulse power
and thus an improved signal-to-noise ratio. Along the reduction, both quantities cross
each other: For taper angles Θ ≲ 1.7◦ the pulse-to-pulse timing jitter is larger than the
long-term timing jitter. For taper angles Θ ≳ 1.7◦ this relationship changes and the long-
term timing jitter is larger than the pulse-to-pulse timing jitter. Correspondingly, their
ratio starts of at σlt/σpp ≈ 0.8 and increases approximately linearly to σlt/σpp ≈ 1.6.

Figure 4.37 (b), furthermore, shows the color-coded pulse separation dependent tim-
ing jitter σ∆t(n), which has been normalized to the pulse-to-pulse timing jitter σpp.
Black squares indicate the global timing jitter maximum. The crossing behavior of the
pulse-to-pulse and long-term timing jitter can also be identified in this plot: At small
taper angles, the timing jitter first increases to a global maximum and then relaxes to-
wards its long-term equilibrium, which is smaller than the initial pulse-to-pulse jitter.
For larger taper angles, on the other hand, the rise to the global maximum at a few
pulse separations n is similar, but the final equilibrium value remains above the initial
pulse-to-pulse jitter. Moreover, the global maximum in the timing jitter σ∆t(n), shifts
to larger pulse-separations n with increasing taper angles and pump currents.

This characteristic behavior is a manifestation of the pulse-period correlations, which
are illustrated in Fig. 4.37 (c), where the color-coded pulse-period fluctuation autocorre-
lation function ΨδT (n) is shown. Using those autocorrelation functions, the increase of
the ratio σlt/σpp from ≈ 0.8 to ≈ 1.6 can be reconstructed. With an increasing taper
angle and pump current, the observed autocorrelation features move to larger autocor-
relation shifts n, which is attributed to the slower timescale of the gain sections, which
becomes more influential as the taper angle is increased. Especially the initial drop-off
(red region at the bottom) slows down for larger taper angles and pump currents, which
adds to the pulse-correlation contribution of the long-term timing jitter. Moreover, the
negative dip, which is associated with a reduction of the long-term timing jitter, becomes
weaker for larger taper angles due to increased saturation by the stronger pulses. Thus,
the self-healing property in the absorber section works worse if the pulses are too pow-
erful. Additionally, for taper angles Θ ≳ 1.5 a positive overshoot of the autocorrelation
function appears at autocorrelation shifts between n ≈ 30 and n ≈ 40, which further
causes an increase of the correlation contribution to the long-term timing jitter.

Nonetheless, the decrease of the pulse-to-pulse timing jitter, which is attributed
to the improved signal-to-noise ratio, dominates the increase of pulse-period correlation
contribution to the long-term timing jitter and yields an overall reduction of the long-term
timing jitter σlt with an increased taper angle Θ. In conclusion, the presented timing
jitter results suggest to increase the taper angle Θ as much as the transverse mode
properties allow it, in order to achieve optimal temporal pulse train stability properties.
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4.8 Shifting the Saturable Absorber Position
In this last section, the influence of the saturable absorber position within the three-
section cavity is studied. For this purpose, the left side of the saturable absorber section
is denoted as the absorber starting position zSA. Using the numerical model, scans
of the pump current for saturable absorber starting positions from zs

SA = 0.0 mm to
zs

SA = 0.7 mm are performed, while the length of the absorber section is kept constant
at 0.7 mm. The former configuration with zSA = 0.0 mm corresponds to a traditional
two-section design, with the saturable absorber at the highly reflecting end of the cavity,
while the latter configuration with zSA = 0.7 mm corresponds to the configuration that
has been experimentally realized and studied in the previous sections. This procedure can
be interpreted as performing pump current scans on an ensemble of lasers with different
absorber positions zSA. The absorber reverse bias and the taper angle are kept constant
at U = 6 V and Θ = 2.0◦.

4.8.1 Emission Dynamics and Pulse Performance

The observed emission states are presented in Fig. 4.38 in a similar manner as in Fig. 4.17
and Fig. 4.33: Subfigure (a) presents the emission states, which have been obtained with
the laser prepared in the off state for every data point. Subfigure (b) maps the regions of
stability of the respective emission states, which have been extracted from multiple scans
with the laser prepared in state specific initial conditions. The previously investigated
and experimentally realized configuration zSA = 0.7 mm is represented by the top rows
of (a) and (b)10.

As the results demonstrate, the saturable absorber position zSA, i.e., the geometric
cavity configuration, has a profound impact on the observable emission dynamics. For
a decreasing absorber position, the lasing threshold (transition from off to lasing in (a),
black solid line in (b)) remains unaffected. This can be expected as the net gain (s.
Sec. 4.3.2), which induces the threshold once it becomes positive, does not depend on the
cavity configuration in the absence of optical pulses, i.e., the off state.

The Q-switched mode-locking state (QSML, pink), on the other hand, shifts away
from the lasing threshold to slightly larger pump currents for a decreasing absorber posi-
tion and ceases to be observed for absorber positions zSA ≲ 0.45 mm. This dramatically
increases the pump current range for which the fundamental mode-locking state (FML,
blue) is the only stable emission state. Note that the QSML state has been demonstrated
to be spontaneous emission noise induced (s. Sec. 4.5.3). Combining the results thus
yields that the underlying instability, which is excited by spontaneous emission noise,
is connected to the cavity configuration and only exists for sufficiently large absorber
positions.

The pump current range for which fundamental mode-locking can be observed ini-
tially increases for a decreasing absorber pump current. In particular, the lower pump
current boundary monotonically shifts to lower pump currents, since the optical losses
in the absorber section are reduced due to the shorter available recovery time between
the forward and backward-traveling pulses. The upper pump current, on the other hand,
shifts to larger pump currents until a maximum of P ≈ 1.04 A at zSA ≈ 0.22 mm is
reached. From there on, the upper stability boundary reduces again to P ≈ 0.91 A and

10See Sec. 4.5 for detailed discussion.
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Figure 4.38: Emission states observed in the pump current and absorber starting position
(P, zSA) parameter space: off, Q-switched mode-locking (QSML), fundamental
mode-locking (FML), fundamental mode-locking with a pulse-switching insta-
bility (FMLPS), two non-identical pulses (MP2), third-order harmonic mode-
locking (HML3), and third-order harmonic mode-locking with a strong trailing-
edge plateau (HML3TEP). (a) Laser (initial conditions) prepared in the off state.
(b) Stable regions obtained from combined simulations with the laser prepared in
the off, FML, HML3, and MP2 state, respectively. Hatches highlight the FMLPS
state. Laser parameters: U = 6.0 V and Θ = 2.0◦.

thus produces an overall reduction of the FML emission pump current range for smaller
absorber positions. The maximum in the upper pump current stability boundary, fur-
thermore, distinguishes the emission states, which can be observed beyond the stability
boundary. For large absorber positions zSA ≳ 0.22 mm, the pulse-switching unstable fun-
damental mode-locking can be observed (FMLPS, light blue, s. Fig. 4.5 (c)). For small
absorber positions zSA ≲ 0.22 mm, complex irregular emission with a varying number
of pulses can be observed. Those emission states are not further classified (else, gray in
(a)). Similar to the QSML state, the pulse-switching unstable fundamental mode-locking
state has been identified as a positive net-gain instability (s. Fig. 4.8) that is excited by
spontaneous emission noise (s. Sec. 4.5.3). The results presented here further demon-
strate that the pulse-switching instability is induced by the laser configuration, i.e., the
absorber position zSA.

Compared to the FML state, the third-order harmonic mode-locking state (HML3,
red) shows a much greater dependence on the saturable absorber position zSA. For de-
creasing absorber positions, the lower HML3 pump current stability boundary rapidly
shifts to larger pump currents until no more HML3 emission can be observed within
the scanned pump current range at zSA ≈ 0.3 mm. However, at smaller absorber posi-
tions zSA ≲ 0.3 mm, the third-order harmonic mode-locking state with a trailing-edge
plateau (HML3TEP, orange) appears independently from the HML3 for pump currents
around P ≳ 1.2 A. Lastly, the multi-pulse emission state with two non-identical and
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Figure 4.39: Mode-locking performance characteristics in the pump current and absorber start-
ing position (P, zSA) parameter space: (a) Pulse peak power and (b) pulse width
of the fundamental mode-locking state. The black solid lines indicate the lasing
threshold and the black dashed lines indicate the parameter scan presented in
Fig. 4.40. Laser parameters: U = 6.0 V and Θ = 2.0◦.

non-equidistant pulses (MP2, green) can be observed for all absorber starting positions
zSA, but within a strongly varying range of pump currents. For absorber positions
zSA ≳ 0.5 mm, the MP2 state can only be observed for pump currents 0.95 A ≳ P ≳ 1.05.
For smaller absorber positions, on the other hand, the upper pump current stability
boundary shifts to significantly larger values, such that the MP2 state can be found up
to the largest scanned pump current P = 1.4 A.

In conclusion, a large diversity of mode-locked emission states as well as their pro-
nounced multistability, as discussed in Sec. 4.5, is predominately found for larger sat-
urable absorber positions zSA ≳ 0.5 mm. At smaller absorber positions both the number
of observable mode-locking states and their multistability is strongly reduced. As a result
the maximal pump current range of monostable fundamental mode-locking is found at
smaller absorber positions around zSA ≈ 0.2 mm.

Pulse Performance Characteristics

Following the emission state dynamics, the pulse peak power and the pulse width of the
fundamental mode-locking state are presented in Fig. 4.39 (a) and (b), respectively. The
black solid lines in (a) and (b) denote the lasing threshold and the vertical black dashed
lines the parameter scan presented in Fig. 4.40.

Along a given pump current scan, the shortest pulses are observed at the lower pump
current stability boundary of the respective emission states as previously reported. The
absorber position itself, however, also affects the pulse width, such that the shortest
pulses are not found at the minimum achievable pump current at zSA = 0.0 mm but at
zSA ≈ 0.15 mm with a width of ∆pw ≈ 420 fs. The longest pulses, on the other hand,
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Figure 4.40: Mode-locking performance in the fundamentally mode-locked state along the ab-
sorber starting position zSA: (a) Pulse peak power (red solid line) and mean power
(green dashed line) and (b) pulse width. The presented parameter range is indi-
cated by the vertical black dashed lines in Fig. 4.39. Laser parameters: U = 6.0 V
and Θ = 2.0◦.

are indeed found with a width of ∆pw ≈ 700 fs at the maximum achievable pump at
zSA ≈ 0.22 mm.

Contrary to the pulse width, the best pulse peak power is always found at the
upper stability boundary. The strongest pulses with a peak power of Pmax ≈ 15.0 W
are thus found at the maximum of the upper pump current stability boundary at zSA ≈
0.22 mm. The smallest peak power with a value of Pmax ≈ 4.2 W is, however, not
found at the minimum achievable pump current, but at the largest absorber position
zSA = 0.7 mm. This behavior is attributed to a more effective absorber recovery at larger
absorber positions due to the longer available recovery time between the forward and
backward-traveling pulses.

To further examine the influence of the absorber starting position zSA on the pulse
performance in the fundamental mode-locking regime, a one-dimensional scan with a
constant pump current P = 0.81 A is presented in Fig. 4.40. (a) Plots the pulse peak
power (red line) and the mean power (green dashed line) and (b) plots the pulse width.
The scanned parameter range is indicated by the vertical black dashed lines in Fig. 4.39.
The mean optical power monotonically decreases from ⟨P⟩ ≈ 112 mW to ⟨P⟩ ≈ 86 mW
for an increasing absorber starting position. The decreasing optical power is explained
by a more efficient absorption of the forward-moving pulse due to the longer available
recovery time between the backward and forward interaction of the pulse within the
absorber section.

The pulse peak power, on the other hand, shows two distinct regimes: For small
absorber starting positions zSA ≲ 0.1 mm, the peak power first increases to a maximum of
Pmax ≈ 12.7 W and then decreases monotonically to Pmax ≈ 9.6 W for further increasing
absorber positions. The two regimes can also be identified in the evolution of the pulse
width, as shown in (b). For absorber starting positions up to zSA ≈ 0.1 mm, the pulse
width quickly reduces from ∆pw ≈ 595 fs to ∆pw ≈ 540 fs. After that initial drop, the
pulse width then only slowly decreases by an additional ≈ 10 fs to ∆pw ≈ 530 fs at
zSA = 0.7 mm. Hence, it can be concluded that the initial increase of the pulse-peak
power is caused by the reduction of the pulse width, i.e., a redistribution of the optical
power, which overcompensates the decrease of the mean power. Both effects can be
attributed to the short propagation time through the left gain section for small absorber
starting positions, which does not allow for a sufficient recovery of the quantum-dot
ground state occupation numbers in the left facing part of the absorber section.
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Figure 4.41: Pulse shaping in the fundamental mode-locking state along the absorber starting
position zSA. The left side of both subplots shows the backward-moving field
(denoted by negative positions z) and the right side shows the forward-moving
field (denoted by positive positions z). Subfigure (a) presents the color-coded
pulse width, which has been normalized to the respective out-coupled pulse width.
Subfigure (b) plots the changes ∂z∆pw of the normalized pulse width with respect
to the longitudinal coordinate z. The absorber position is indicated by solid gray
lines. The presented parameter range is indicated by the vertical dashed black line
in Fig. 4.39. Laser parameters: U = 6.0 V and Θ = 2.0◦.

Based on those results, an optimum performance can be predicted for a saturable ab-
sorber starting position at zs

SA ≈ 0.1 mm. This configuration increases the peak power by
about 30% and avoids a significant pulse-width broadening compared to the experimental
realized device with zs

SA ≈ 0.7 mm.

4.8.2 Pulse Shaping Along the Absorber Position
To understand the influence of the saturable absorber starting position on the pulse-
shaping mechanism in the fundamental mode-locking state, the spatial evolution of the
pulse along the pulse propagation is studied. Figure 4.41 presents the pulse width ∆pw
(a) and the local pulse width changes ∂z∆pw (b) as a function of the longitudinal position
z within the unfolded laser cavity. Each row corresponds to an absorber starting position
from the scan presented in Fig. 4.40, whose parameters are indicated by vertical black
dashed lines in Fig. 4.39. The position of the absorber section is indicated by gray solid
lines and the interface to the tapered gain section by gray dashed lines. The pulse width
of each row has been normalized to the respective out-coupled pulse width.

Along the shift of the absorber starting positions zSA, the pulse shaping qualitatively
and quantitatively changes. Most evidently, the straight gain section, which encloses the
absorber section for all intermediate absorber starting positions, changes its impact on
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the backward-moving pulse (left side of the plot). The part, which is located in between
the tapered gain section and the absorber section neither shortens nor broadens the
pulse width (white region in (b)). The part in between the absorber section and the left
facet, however, always yields a pulse shortening (blue region in (b)). Hence, shifting the
absorber towards the left facet eliminates the pulse shortening ability of the straight gain
section regarding the backward-moving pulse. Moreover, the backward-moving pulse
experiences both a shortening and a broadening within the absorber section. For smaller
absorber starting positions, however, the latter dominates and a net broadening can be
observed, which further acts towards broader pulses at small absorber positions.

The forward-traveling pulse is less affected by shifts of the absorber position. Due
to the weaker pulse powers, the pulse shortening and broadening by the straight gain
section and the absorber section only exchange their order along the pulse propagation.
The net effect of the pulse-shaping mechanisms peculiarly results in the smallest and
largest normalized pulse widths to be found at z ≈ 0.7 mm in Fig. 4.41 (a). While the
smallest normalized pulse width is observed at zSA = 0.7 mm, the largest normalized
pulse width is observed at zSA = 0.0 mm.

Interestingly, the qualitatively different regions of the pulse width and the peak power
evolution, which are separated approximately by zSA ≈ 0.1 mm (s. Fig. 4.40), cannot be
easily identified in the pulse-shaping mechanism. The only feature that is unique for
the absorber starting position zSA ≲ 0.1 mm, is the initially weak pulse broadening of
the forward-moving pulse in the absorber section. This effect, however, rather points
towards shorter and not broader pulses. Hence, the steep increase of the pulse width is
likely rather related to a global effect than to the local pulse-shaping dynamics.

For that reason, the spatial pulse peak power evolution is studied in Fig. 4.42. Sub-
figure (a) plots the pulse peak power, which has been normalized to the peak power at
the out-coupling facet, as a function of the absorber starting position zSA along the pulse
propagation in the unfolded laser cavity. Subfigure (b) presents the corresponding differ-
ential gain gP that the pulse peak experiences. This quantity has been directly calculated
from the finite differences of the pulse peak power along the propagation.

The initial evolution of the backward-moving pulse through the tapered gain section
appears to be very similar for all absorber starting positions. The role of the straight
gain section, however, changes depending on its position: In the section that is located
between the tapered gain section and the absorber section, the pulse peak power decreases
(light blue triangle in (b)) due to the complete saturation of the gain by the leading edge
as well as the non-resonant waveguide losses. In the straight gain section that is located
between the absorber and the left facet, on the other hand, the pulses do not carry
enough power to saturate the gain. Hence, the pulse peak power experiences only a weak
net amplification (light red triangle in (b)). The results of those uneven amplification
and absorption processes are pulses at the left facet, which are twice as powerful for the
largest absorber positions (normalized peak power ≈ 0.27 at zSA = 0.7 mm) compared
to the smallest absorber position (normalized peak power ≈ 0.13 at zSA = 0.0 mm).

The following forward propagation, however, peculiarly equalizes the pulse peak
powers, such that for all absorber starting position zSA, the normalized peak power
upon leaving the absorber section in the forward direction amounts to ≈ 0.033. This
puts configurations with smaller absorber starting positions at a distinct advantage: The
available length to amplify the pulse before reaching the out-coupling facet is longer.
Even though, the differential pulse peak gain is relatively small in the straight gain
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Figure 4.42: Pulse peak power in the fundamental mode-locking state along the absorber start-
ing position zSA. The left side of both subplots shows the backward-moving field
(denoted by negative positions z) and the right side shows the forward-moving
field (denoted by positive positions z). Subfigure (a) presents the color-coded
pulse peak power, which has been normalized to the respective out-coupled peak
power. Subfigure (b) plots the differential pulse peak power gain gP with respect
to the longitudinal coordinate z. The absorber position is indicated by solid gray
lines. The presented parameter range is represented by the vertical black dashed
line in Fig. 4.39. Laser parameters: U = 6.0 V and Θ = 2.0◦.

section between the absorber and the tapered gain section, it is nonetheless critical to
the final exponential amplification that yields the 30% increase of the pulse peak power,
which has been observed in Fig. 4.40.

4.8.3 Absorber Starting Position Dependence of the Timing Jitter
In the next step, a detailed timing jitter analysis of the fundamental mode-locking state
across the already established absorber starting position scan is performed. The inves-
tigated parameters are represented by the vertical black dashed lines in Fig. 4.39. The
corresponding pulse performance is shown in Fig. 4.40.

The results from the direct time-domain method are presented in Fig. 4.43, where
(a) shows the long-term timing jitter σlt (blue line), the pulse-to-pulse timing jitter σpp
(orange line), and their corresponding ratio σlt/σpp (purple line). For an increasing
absorber starting position, the pulse-to-pulse timing jitter significantly increases from
σpp ≈ 6.9 fs to σpp ≈ 16.7 fs, while the long-term timing jitter only marginally increases
from σlt ≈ 18.8 fs to σlt ≈ 20.5 fs. Moreover, the small increase of the long-term timing
jitter only occurs for absorber starting positions zSA ≲ 0.2 mm and is otherwise approxi-
mately constant. Along the increasing absorber position, the ratio σlt/σpp decreases from
≈ 2.65 to ≈ 1.25.
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Figure 4.43: Absorber starting position zSA dependence of the timing jitter: (a) Long-term
timing jitter σlt (blue line, corresponding to the top row in (b)), pulse-to-pulse
timing jitter σpp (orange line, corresponding to the bottom row in (a)), and their
ratio σlt/σpp (purple line). (b) Color-coded pulse separation dependent timing
jitter σ∆t(n) normalized to the pulse-to-pulse timing jitter σpp. (c) Color-coded
pulse-period fluctuation autocorrelation functions ΨδT . Individual data points
(denoted by black dots) are obtained from 100 realizations, each 5 µs long. The
scanned parameter range is indicated by black dashed lines in Fig. 4.39. Laser
parameters: P = 0.81 A, U = 6 V and D = 10−6 cm ps−1[η]−1.

The different evolution of the pulse-to-pulse and long-term timing jitter points to-
wards changing pulse-period correlations, which further manifest in the pulse separation
dependent timing jitter σ∆t(n), which is presented in Fig. 4.43 (b). The individual tim-
ing jitter functions are normalized to their respective pulse-to-pulse timing jitter σpp and
black squares indicate their global maxima. Most notably, for zSA = 0.0 mm, the timing
jitter σ∆t(n) does not exhibit the otherwise characteristic local maximum and simply in-
creases towards its long-term equilibrium. For absorber starting positions zSA > 0.0 mm
the local maximum reappears and moves towards smaller pulse separations n for an
increasing absorber starting position.

The pulse-period correlations are further illustrated in Fig. 4.43, where (c) plots
the color-coded pulse-period fluctuation autocorrelation function ΨδT (n) as a function
of the autocorrelation shift n. For an increasing absorber starting position zSA, the
autocorrelation function features, including the initial drop-off, generally shift to smaller
autocorrelation shifts n. Moreover, the first dip below zero (blue colors) gains additional
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depth as the absorber position is increased. Both properties contribute the observed
reduction of the ratio σlt/σpp in (a).

A detailed examination of the autocorrelation features for small absorber starting
positions further reveals additional nuances. The overshoot (red colors) of the autocorre-
lation function after the first dip below zero first moves to smaller autocorrelation shifts
around n ≈ 30 at zSA ≈ 0.1 mm, but then jumps back to n ≈ 40 at zSA ≈ 0.15 mm.
The position of this jump coincides with the local maximum in the pulse peak power and
the fast change of the pulse width shown in Fig. 4.40 (b). Both effects are related to the
recovery time of the quantum-dot ground state occupations in the saturable absorber:
The propagation time through the very short gain section does not allow the absorber
to be fully recovered. The jump in the overshoot position occurs simultaneously with a
weaker dip below zero and therefore has little impact on the ratio σlt/σpp, but leads to
a vanishing local maximum in the timing jitter σ∆t(n) at zSA = 0.0 mm.

The evolution of the timing jitter with the absorber starting position is explained
by the changes of the gain and absorber recovery processes. For an increasing absorber
starting position zSA, the saturation, and thus pulse-shifting effects, increase in both the
straight gain and absorber sections, where the former increases the pulse-to-pulse timing
jitter and the latter decreases the pulse-period correlation contribution to the long-term
timing jitter via the mechanisms discussed in Sec. 4.6.2. Both effects change by a factor
of two for the considered absorber position shifts. However, the combination of those
opposing effects results only in marginal changes of the long-term timing jitter σlt.

Hence, the long-term timing jitter does neither limit nor identify an optimal device
configuration. The pulse-to-pulse timing jitter, on the other hand, clearly improves
for small absorber starting positions, but only implies little relevance for applications,
as discussed in Chap. 3. The optimization of the absorber starting position zSA can
therefore be almost exclusively based on the pulse performance figures as presented in
Fig. 4.39 and Fig. 4.40.
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4.9 Chapter Conclusions

In this chapter, the emission dynamics and the pulse performance characteristics of a
passively mode-locked tapered three-section semiconductor quantum-dot laser have been
studied. On that account, a computationally efficient numerical model has been devel-
oped, which couples the charge-carrier dynamics to the traveling-wave description of the
electric field via the Maxwell-Bloch equations. A spatio-temporally self-consistent de-
scription of the laser dynamics is thereby achieved. When compared to the experimental
laser characterization, the model has been demonstrated to excellently reproduce the
results both qualitatively and quantitatively. This validates the modeling approach and
opens up possibilities for further analyses and investigations via the numerical model.

To study the pulse-shaping mechanism of the laser, a co-moving spatio-temporal
representation of the electric field intensity and the gain dynamics has been introduced.
The investigation of the fundamental and third-order harmonic mode-locking states has
revealed that the pulse-shaping is contrary to the mechanisms reported in the published
literature [HAU75b, DER92, IPP94, HAU00, THO09, RAF11]: Pulses broaden in the
absorber section and shorten in the gain sections due to the interplay of the saturable
and the non-saturable gain and absorption.

The simulated time series have furthermore been shown to allow for the precise
identification and classification of any occurring instabilities. On that account, the ex-
perimentally observed unstable fundamental mode-locking state with pronounced timing
and amplitude jitter has been identified as a pulse-switching instability. This instabil-
ity is induced by a positive net-gain window, which is produced by the forward and
backward-traveling pulses and is characteristic for the device geometry. Those dynam-
ics highlight the need for the spatio-temporal modeling, as such instabilities can not be
described by the popular ring-geometry delay-differential equation modeling approach
[VLA05, VIK06, VLA10, ROS11d, OTT12a, JAU17a].

The numerical model has further been used to create detailed maps of the observable
emission dynamics and the pulse performance figures of the fundamental mode-locking
state. It has been shown that the pulse peak power and the pulse width can not be
optimized simultaneously. However, a reasonable compromise between the two can be
found at intermediate absorber reverse biases around U ≈ 6.0 V, which corresponds to the
experimentally utilized value. Motivated by this result, the implications of the absorber
reverse bias have further been unraveled by separately studying the induced effects: The
analysis has revealed that the observed emission states critically depend on the interplay
of the absorber redshift and absorber recovery rate, which are both governed by the
applied reverse bias. Fundamental mode-locking only appears if both are properly tuned.
Moreover, this has demonstrated the value of the numerical model, since the effect of the
absorber redshift can not be easily implemented in the aforementioned delay-differential
equation modeling approach.

The timing jitter of the fundamental mode-locking state has furthermore been stud-
ied by utilizing the tools that have been introduced and developed in Chap. 3. A compre-
hensive map of the long-term timing jitter in the operation parameter space has revealed
that the timing jitter exhibits the lowest values at the strongest driving conditions. The
large parameter scan has been enabled by the newly developed pulse-period fluctuation
autocorrelation method. In order to understand the underlying mechanism, the pulse-
period fluctuations and their correlations along the pulse propagation through the cavity
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have been analyzed. This has allowed to associate the impact of the gain sections with a
decrease of the pulse-to-pulse timing jitter and an increase of long-term timing jitter de-
teriorating correlations and the impact of the absorber section with the opposite. Tuning
the operation parameters can thus be interpreted as giving either of those two mecha-
nisms more or less influence. The resulting long-term timing jitter is then determined by
the interplay of the pulse-to-pulse timing jitter and the pulse-period correlations.

Lastly, the numerical model has been employed to predict optimal laser design pa-
rameters regarding the angle of the long tapered gain section and the position of the
saturable absorber section. The results have shown that all pulse performance char-
acteristics in the fundamental mode-locking emission state improve with an increasing
taper angle. A maximum taper angle would thus be limited by the transverse electric
field properties, which are beyond the scope of this work. The absorber section, on the
other hand, exhibits an optimal position within the laser cavity that maximizes both the
pump current range for which fundamental mode-locking can be obtained as well as the
achievable pulse peak power. It has further been demonstrated that these results can be
interpreted and understood in terms of the pulse shaping and the gain and absorption
recovery processes.

Open Questions and Outlook

The most significant shortcoming of the numerical model is likely the approximation of
the inhomogeneously broadened quantum-dot ensemble by a single transition with an ap-
propriate effective homogeneous linewidth. While this approach has enabled the efficient
simulation of the spatio-temporal laser dynamics, it does not allow for the description of
spectral hole burning effects. The extension, however, is straightforward via the introduc-
tion of quantum-dot subgroups, which are organized by their optical transition frequency
[MAJ10, ROS11c, KOL13, SIM13, LIN15b, LIN16, BAR17, LIN17a]. Such an approach
would allow to adjust the number of quantum-dot subgroups, i.e., the simulation costs,
and their respective effective homogeneous linewidth as needed. Large parameter scans
or detailed timing jitter simulations could be performed with a low number of subgroups
and detailed spatio-temporal pulse propagation studies with a large number. The former
in particular would allow to quickly find suitable parameter sets for the latter.

Nevertheless, the derived numerical model can be used to perform further laser de-
sign explorations, since it has been proven to reproduce the experimental results. A
large number of parameters lend themselves for such investigations: The reflectivities of
the laser facets [JAV11, SIM15] and the length [THO09, ROS11e, MEE14] and position
[XIN07, LI10b, XU13a] of the absorber section have been popular optimization param-
eters and allow for comparisons with literature. Similarly, the semiconductor quantum-
dot specific properties such as their density, confinement depth, and scattering rates
[MAJ10, LUE11a, LIN15b, LIN17a] represent suitable optimization parameters.

When investigating other mode-locked laser devices and active medium designs, it
would be important to study the pulse-shaping mechanisms. This would reveal, whether
the mechanism discovered in this work represents only a peculiarity of the specific laser
design or transfers to a broader class of lasers. The co-moving spatio-temporal repre-
sentation of the laser dynamics, which has been introduced in this work, would provide
the necessary means. This open question, furthermore, demonstrates the importance
of suitable visualization techniques, which are required in order to obtain insights from
complex dynamical simulation data.
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5.1 Introduction
Passively mode-locked vertical-external-cavity surface-emitting lasers (VECSELs) based
on semiconductor gain chips1 are capable of generating ultra short and high power pulses
[KUZ97, KEL06, TIL15, WAL16]. They compete with solid-state lasers, e.g., ones based
on the Ti:sapphire [MOU86, SUT99] and Nd:YAG [GEU64, SPU00] platform, and fiber
lasers [KAF89, FER09a], on the one hand, and with monolithically integrated semicon-
ductor lasers [RAF11, NOR21], e.g., as presented in Chap. 4, on the other hand. While
they do not achieve the pulse performance of the solid-state based lasers, they offer
more emission wavelength flexibility due to the diverse semiconductor band gap engi-
neering technologies and are comparatively inexpensive due to mature semiconductor
fabrication processes [TIL15, WAL16]. Nevertheless, mode-locked VECSELs outperform
edge-emitting mode-locked semiconductor lasers by achieving pulse peak powers on the
order of a few kilowatts [WIL13b] instead of watts and pulse widths as low as 100 fs
[KLO11a] instead of picoseconds (s. Tab. 4.2).

The external cavity setup inherently provides flexible and thus adaptable cavity de-
signs, since the individual components can be chosen and configured independently. This
allows for repetition rates ranging from 85 MHz [BUT13a] to 190 GHz [MAN14a, GAA16],
the simple introduction of additional optical elements, such as a birefringent crystal
[LIN16a], and the construction of elaborate multi-pass geometries [ZAU13, BUT13a,
LIN17d, AVR19]. The latter is employed to achieve higher pulse peak powers by over-
coming multi-pulse instability inducing upper state lifetime limitations [SAR14b]. This
chapters’ V-shaped geometry represents a basic and thus easy to configure multi-pass
geometry.

Due to the described properties, mode-locked VECSELs find many applications in
frequency comb generation for metrology and spectroscopy [UDE02, KEL06, KLE14,
COD16, LIN17e], super-continuum generation [MAY15a, KLE16a, WAL16, WAL19], and
two-photon microscopy [AVI11a, VOI17]. All applications benefit from ultra short and
high peak power pulses. Hence, the optimization of mode-locked VECSELs is highly
desirable and an ongoing quest in both science and the industry.

5.1.1 V-Shaped External Cavity Semiconductor Lasers
The considered V-shaped surface-emitting semiconductor laser is comprised of three op-
tical components as depicted in Fig. 5.1: an output coupler (gray), a gain chip (green),
and a saturable absorber chip (red). They are arranged such that the electric field (light
blue), which is generated in between the components, geometrically forms the letter V

1Also known as semiconductor disk lasers.
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Figure 5.1: Sketch of the V-shaped external
cavity laser. The setup contains three optical
components: A high reflectivity output cou-
pler, a semiconductor gain chip and a semi-
conductor saturable absorber chip. The two
latter are mounted on top of high reflectivity
DBRs. The active regions are indicated by
green and red colors, respectively. The length
of the cavity arms is denoted by their propa-
gation times τ1 and τ2. Based on artwork by
Jan Hausen.

and thus gives rise to the characteristic name. The passive free space in between the
optical elements results in the field propagation time τ1 between the output coupler and
the gain chip and the field propagation time τ2 between the gain chip and the absorber
chip. Collectively, all components form a laser cavity, where the light-matter interaction
is spatially strongly localized to the gain and absorber chip. The dynamics thus arise
due to the interplay of propagation times between the different elements and the recovery
times of the respective charge-carrier distributions.

Such configurations are popular with semiconductor gain materials and have there-
fore been realized experimentally many times with examples given in Refs. [HOO00,
KLO11a, WIL13b, GRO20, MEY20]. The device investigated in this chapter is based
on the one presented in [WAL18], which has been introduced and characterized in detail
in [WAL16]. The following paragraphs summarize the relevant features and additionally
discuss the general design requirements of the three individual components.

Despite its name, the output coupler is a highly reflective mirror, which only out-
couples approximately 1% of the light and thereby ensures high intra-cavity electric field
intensities and long photon lifetimes.

The gain chip provides the optical amplification via a semiconductor active medium
that is subject to an inversion generating pump mechanism. It is, furthermore, bundled
with a high reflectivity distributed Bragg reflector (DBR) on its backside. In the case of
the considered laser, the active medium contains ten surface oriented InGaAs quantum
wells, which are embedded within layers of GaAs. They can be optically pumped by
an additional diode laser, which generates electron-hole pairs far above the band gap.
Semiconductor quantum wells are an ubiquitous choice for semiconductor gain chips
due to their mature fabrication technology, which provides great flexibility and has lead
to excellent results [KEL06, TIL15, GAA16, LAU18]. Nonetheless, semiconductor gain
chips have also been realized with Stranski-Krastanov quantum dots [HOF08a, HOF11a,
NEC19, FIN20] and submonolayer quantum dots [ALF18]. If the active region is further
more grown into a p-i-n scheme and contacted, the gain chip can also be electrically
pumped [JIA93a, MUL05a, CHI20].

Lastly, the absorber chip introduces the nonlinear saturable losses, which are re-
quired for passive mode-locking, to the laser cavity. If, furthermore, bundled with a high
reflectivity distributed Bragg reflector, such chips are commonly referred to as semicon-
ductor saturable absorber mirrors (SESAMs) [KEL92, KEL96]. In order to facilitate
efficient passive mode-locking, such absorber chips have to exhibit a smaller saturation
energy than the corresponding gain chip and a fast recovery process. The former can be
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Figure 5.2: Experimentally observed passively mode-locked emission states. For an increasing
pump current, fundamental mode-locking (green), fundamental mode-locking with
a side pulse (yellow), pulse cluster mode locking with two pulses (purple), and
pulse cluster mode-locking with two pulses and side pulses (pink) are observed.
Subfigure (a) plots sampling oscilloscope time traces, (b) plots normalized intensity
autocorrelation traces, and (c) shows sketches of the time series. Adapted from
[WAL18] (Fig. 2, 3, and 7).

easily achieved by stacking less quantum-well (or quantum-dot-in-a-well) layers and the
latter by growing the absorber active region at low temperatures and introducing addi-
tional barriers [KEL96, WAL16, FIN20]. In order to further reduce the recovery time,
the absorber chip can be contacted and reverse biased [LAG05, LIU10b]. This also intro-
duces the reverse bias as an additional control parameter to the experiment. Similar to
the semiconductor gain chips, the absorber active medium can incorporate quantum wells
[KEL96, KEL06, WAL16], Stranski-Krastanov quantum dots [FIN20], and submonolayer
quantum dots [ADD21]. The considered device, however, utilizes a simple absorber chip
that contains a single quantum well, which is not subject to a reverse bias.

5.1.2 Experimentally Observed Emission States
This chapters’ investigations are motivated by the experimental characterization of the
passively mode-locked emission dynamics, which have been presented in Ref. [WAL18] in
detail. The goal, however, is not to quantitatively reproduce all measurements, but to
derive a minimal model, which qualitatively replicates the different emission states and
thus allows to understand their underlying mechanisms [HAU19]. Hence, this subsection
briefly summarizes the relevant experimental results, which characterize the observed
distinct mode-locking states. For more details including quantitative pulse performance
and pulse stability properties see Refs. [WAL16, WAL18].

On that account, Fig. 5.2 presents sampling oscilloscope time traces (a), intensity
autocorrelation traces (b), and sketched pulse pattern dynamics (c)2. For an increasing
pump current four distinct mode-locking states are observed: fundamental mode-locking
(green), fundamental mode-locking with a side pulse (yellow), pulse-cluster mode locking
with two pulses (purple, labeled with double pulse), and pulse-cluster mode-locking with
two pulses and side pulses (pink, labeled with double pulse).

The normalized sampling oscilloscope time traces (a) are not capable of resolving
the exact pulse shapes, but nonetheless reveal the temporal pulse positions. In the fun-

2All presented experiments have been performed by Dominik Waldburger in the group of Ursula Keller
at the ETH Zürich.

155



5 V-Shaped External Cavity Laser

damental mode-locking and fundamental mode-locking with a side pulse state one pulse
circulates within the laser cavity with a repetition rate close to the cold-cavity round-trip
time T . The pulse cluster and pulse cluster with a side pulse state are characterized by
two non-equidistantly spaced pulses, which are separated by approximately T/4 from
each other.

The intensity autocorrelation traces, on the other hand, do not convey the full time-
domain dynamics but provide access to the pulse shape. The fundamental and pulse-
cluster mode-locking states exhibit sech2-shaped pulses3 with a deconvoluted FWHM of
≈ 100 fs. As the name suggests, the fundamental and pulse-cluster states with a side
pulses show side pulses at both sides of the autocorrelation peak. The side pulses exhibit
attenuated maxima and are located at an autocorrelation shift, which is on the order of
the pulse width.

Lastly, Fig. 5.2 (c) sketches time series that would produce the observed sampling
oscilloscope and autocorrelation time series. The left side presents short slices of time,
which exemplify possible deconvoluted pulse profiles and the right side presents larger
time intervals, which highlight the pulse positions but obscure to pulse shapes.

The questions that are to be answered regard the mechanism that generates the dou-
ble pulse states as well as the intensity autocorrelation side pulses. Since the experimental
measurements are limited by the detection bandwidth of the electronics, a suitable nu-
merical model is required, which provides access to the complete spatio-temporal electric
field a the gain and absorber chip charge-carrier dynamics and thereby helps to unravel
the underlying mode-locking mechanics.

5.1.3 Chapter Outline
This chapter studies the emission dynamics of a V-shaped external cavity mode-locked
laser by the means of a relatively simple delay-differential equation system4. A special
focus is put on the mechanisms that lead to structured multi-pulse emission states and
their relation to asymmetrically configured laser cavities.

Following the introduction, which has presented the device as well as the experiment,
this chapter continues in Sec. 5.2 by deriving the delay-differential equation model based
on the semiconductor laser modeling fundamentals, which have been discussed in Chap. 2.
The obtained model initially does not specify the gain medium and is adapted in the next
step to the semiconductor quantum-well active media of the considered laser.

Section 5.3 presents the observed emission dynamics for a symmetric V-shaped cav-
ity configuration. The obtained dynamics are discussed in terms of the pump current
operation parameter as well as the unsaturated absorption and gain bandwidth device
parameters. The gain and absorber chip dynamics are utilized to understand both the
pulse-shaping mechanism and the occurrence of various multi-pulse emission states.

Lastly, the impact of geometrically asymmetric laser cavity configurations is inves-
tigated in Sec. 5.4. A focus is placed on the stability boundaries of the fundamental
mode-locking state for which analytic approximations are derived. Those, furthermore,
explain the different occurring instabilities and predict an optimal geometric cavity con-
figuration. The findings, furthermore, allow for a discussion of the experimental results,
which is presented in Sec. 5.4.2. Finally, the chapter conclusions are drawn in Sec. 5.5.

3Soliton mode-locking is characterized by sech2-shaped pulses, which exhibit almost no chirp and are
close to transform limited [KEL96, IPP94].

4Parts of this chapter have been published in Refs. [WAL18, HAU19, HAU20].
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5.2 V-Shaped External Cavity Laser Model

This section presents the detailed derivation of the delay-differential equation model for
the passively mode-locked V-shaped external cavity semiconductor laser. The simulation
challenge is posed by large photon lifetimes up to microsecond timescales5, which lead to
very long transient times for the laser to settle on a mode-locked solution. Hence, a model
that is as simple as possible, while still maintaining the essential geometric features of
the laser cavity, is required.

For that reason, the chosen modeling approach requires that the light-matter inter-
action is not mediated by a dynamical polarization but rather by a charge-carrier number
dependent gain function. Coming from the Maxwell-Bloch equations, such an interaction
is typically obtained by adiabatically eliminating the dynamical polarization equations
as presented in Sec. 2.5. This approach has been shown to work well, as long as the
considered electric field dynamics are significantly slower than the polarization dephas-
ing time [TAR98a, CHO99, LIN15b]. The disadvantage, however, is that the spectral
features of the gain medium are lost and must be added retroactively to account for the
laser’s gain bandwidth. The advantage of the resulting interaction nonetheless is that
it lends itself to an advanced integration scheme for the traveling-wave equation, which
was first proposed in Ref. [VLA09] for a linearized quantum-well gain function and has
been derived in detail in Sec. 2.5 for an arbitrary gain function.

Based on this, the derivation of a minimal delay-differential equation model for the
V-shaped external cavity laser is presented in the following subsections. The resulting
equations are applicable to a wide range of active media, since the gain function has not
been specified up to this point. This allows to easily implement different active media,
by simply adapting the gain function and supplying the respective equations of motion
for the charge-carrier dynamics.

For convenience, the starting point and the key results regarding the integration
scheme for electric field and active medium dynamics are reproduced from Chap. 2 in the
following: The traveling-wave equation for the forward (+) and backward (−) moving
slowly-varying electric field amplitude (s. Eq. (2.87)) is written as

[︄
±∂z + 1

vg
∂t

]︄
E±(z, t) =

[︃
−αint

2 + g (ρ(z, t))
2

]︃
E±(z, t), (5.1)

where g is a complex valued gain function that depends on the charge-carrier number
ρ(z, t). αint describes linear non-resonant losses. The corresponding equation for the
charge-carrier dynamics (s. Eq. (2.88)) is given by

d
dt

ρ(z, t) = −ρ(z, t)
τρ

+ R − vgRe {g (ρ(z, t))}
[︂
|E+(z, t)|2 + |E−(z, t)|2

]︂
, (5.2)

where τρ denotes the charge-carrier lifetime, R summarizes all charge-carrier scattering
processes and vg denotes the group velocity. All parameters may have a spatial de-
pendence, which is, however, not explicitly written in the equations above. Applying a

5The long photon lifetimes result from the large cavities and the high-reflectivity components.
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suitable spatial discretization zk and following Sec. 2.5 produces the algebraic propagation
equations

E+(zk+1, t) =E+(zk, t − τk) exp
(︃

−αint
2 ∆zk + 1

2Gk(t)
)︃

(5.3)

E−(zk, t) =E+(zk+1, t − τk) exp
(︃

−αint
2 ∆zk + 1

2Gk(t)
)︃

(5.4)

for the forward and backward-traveling electric field and the differential equation

d
dt

⟨ρ⟩k(t) = − ⟨ρ⟩k(t)
τρ

+ R − vg
∆zk

e− αint
2 ∆zk

(︂
eRe{Gk(t)} − 1

)︂
×
[︃⃓⃓⃓

E+(zk, t − τk))
⃓⃓⃓2

+
⃓⃓
E−(zk+1, t − τk))

⃓⃓2]︃ (5.5)

for the spatially averaged carrier number in the k-th section. ∆zk and τk denote the
length of the k-th section and the associated propagation time. Lastly, Gk(t) denotes the
integrated gain function, which is approximated by

Gk(t) =
∫︂ zk+1

zk

dζ g

(︃
ρ

(︃
ζ, t − ∆tk

2

)︃)︃
≈ ∆zkg (⟨ρ⟩k(t)) . (5.6)

All details regarding the derivation can be found in Sec. 2.5.

5.2.1 V-Shaped External Cavity

To construct a model for the V-shaped external cavity laser, a ’straightened’ cavity geom-
etry, which only contains four sections, is utilized: Two passive sections that correspond
to the free space cavity arms with the propagation times τ1 and τ2 and one section each
for the semiconductor gain chip and the semiconductor saturable absorber mirror. A
sketch of the ’straightened’ setup is shown in Fig. 5.3. The bottom row indicates the
relevant positions zk within the laser cavity, where OC denotes the output coupler, G
and G’ the left and right sides of the gain section and Q and Q’ the left and right side of
the absorber section. Contrary to the real geometry, the interaction with the gain chip
is modeled by a single pass through the active region with the length ℓG. GG and GQ
denote the integrated gain within the gain and absorber chip.

The use of only one numerical section for both the gain and absorber is justified by
the slowly varying envelope approximation. The gain and the absorber chip typically
only extend for a few wavelengths [WAL16] along the optical axis of the laser cavity.
Hence, as long as the traveling-wave description is valid, the electric field envelope is
approximately constant in space along the gain and absorber chip. Thus, a more detailed
spatial discretization is only reasonable if the full wave equation Eq. (2.8) is used.

Using suitable boundary conditions for the reflections at the optical elements and
the electric field propagation equations (5.3) and (5.4), a closed system of delay-coupled
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5.2 V-Shaped External Cavity Laser Model

Figure 5.3: Sketch of the straightened V-
shaped cavity. The length of the cavity arms
is encoded by the propagation times τ1 and
τ2. The relevant cavity positions zk are de-
noted on the bottom. The active region
widths of the gain and absorber sections are
drawn vastly out of proportion to highlight
the widths ℓG,Q. GG and GQ denote the inte-
grated gain within the gain and absorber chip.

algebraic equations for the electric field evolution at the relevant positions zk can be
formulated:

E+(zOC, t) = √
rOCE−(zOC, t) (5.7)

E+(zG, t) = E+(zOC, t − τ1) (5.8)

E+(zG′ , t) = √
rGE+(zG, t − ℓG/vg) e− αintℓG

2 + GG(t)
2 (5.9)

E+(zQ, t) = E+(zG′ , t − τ2) (5.10)

E+(zQ′ , t) = E+(zQ, t − ℓQ/vg) e−
αintℓQ

2 +
GQ(t)

2 (5.11)
E−(zQ′ , t) = √

rQE+(zQ′ , t) (5.12)

E−(zQ, t) = E−(zQ′ , t − ℓQ/vg) e−
αintℓQ

2 +
GQ(t)

2 (5.13)
E−(zG′ , t) = E−(zQ′ , t − τ2) (5.14)

E−(zG, t) = √
rGE−(zG′ , t − ℓG/vg) e− αintℓG

2 + GG(t)
2 (5.15)

E−(zOC, t) = E−(zG, t − τ1). (5.16)

Equation (5.7) and Eq. (5.11) represent the reflections at the left and right side of the
straightened laser cavity with the intensity reflectivity coefficients rPC and rQ. Similarly,
the reflection coefficient rG in Eq. (5.9) and Eq. (5.15) accounts for the reflection at the
gain-chip DBR that occurs in the real laser.

To proceed, reflection losses at the gain and absorber chip are neglected, such that
the respective reflection coefficients are set to rG = rQ = 1. Moreover, the propagation
times through the gain and absorber chip active regions, which are both only a few
optical wavelengths long, are much shorter than all other timescales and are therefore
neglected. Combining Eq. (5.7) to (5.16) and utilizing both approximations, the electric
field E−(zOC, t) that arrives at the output coupler can be written as

E−(zOC, t) = E+(zOC, t − T )e
1
2 GG(t−τ1)eGQ(t−τ1−τ2)e

1
2 GG(t−τ1−2τ2), (5.17)

where T = 2τ1 +2τ2 is the cold-cavity round-trip time. Thus, the electric field E−(zOC, t)
is constructed from the reflected electric field E+(zOC, t − T ), which is delayed by one
cold-cavity round-trip time T and the respective interactions with the gain and absorber
chip along the propagation. In this equation, the cavity geometry is encoded by the delay
times T , τ1 and τ2. The interaction with the gain chip GG appears twice and corresponds
to the interaction with the forward and backward-moving field. The interaction with the
absorber chip, on the other hand, only appears once due to the neglected propagation
time through the absorber chip. The forward and backward interaction is, however,
accounted for by the missing factor 1/2.
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Modeling the Gain Bandwidth

The elimination of the polarization dynamics, which was required for the integration
scheme, has also lead to an infinitely broad gain spectrum. Hence, as mentioned before,
the modeling of the gain spectrum has to be done retroactively in order to self-consistently
describe the evolution of passively mode-locked pulses. For this reason, the boundary
condition Eq. (5.7) at the output coupler is reformulated in frequency space and reads

Ê+(zOC, ω) = √
rOCf̂(ω)Ê−(zOC, ω), (5.18)

where Ê±(z, ω) denotes the Fourier transform with respect to time of the electric field
amplitude and f̂(ω) represents a spectral filter that describes the combined gain band-
width of the active media. This procedure corresponds to a lumped element approach
[NEW74, AVR00, VLA05, VLA09], which localizes the spectral dynamics of the electric
field to the output coupler. Note that the positioning of the spectral filter is arbitrary as
it could be placed at any point within the laser cavity6. For mathematical simplicity, a
Lorentzian filter

f̂(ω) = γ

γ + iω
(5.19)

is used. For practical, i.e., simulation purposes, Eq. (5.18) needs to be transformed to
the time domain. This can be achieved by using the convolution theorem to yield the
integral equation

E+(zOC, t) = √
rOC

∫︂ t

−∞
dτf(t − τ)E−(zOC, τ) (5.20)

for the boundary condition at the output coupler. The time-domain transform of the
Lorentzian filter can be calculated separately and reads [VLA05]

f(t) = γe−γt for t > 0, (5.21)

where t > 0 preserves causality. The integral equation Eq. (5.20) can be transformed into
an ordinary differential equation by computing the total derivative with respect to time
and using the Leibniz rule, which produces

d
dt

E+(zOC, t) = √
rOC f(0)⏞⏟⏟⏞

=γ

E−(zOC, t) + √
rOC

∫︂ t

−∞
dτ

∂

∂t
f(t − τ)⏞ ⏟⏟ ⏞

=−γf(t−τ)

E−(zOC, τ)

⏞ ⏟⏟ ⏞
=−γE+(zOC,t)

= γ
(︂√

rOCE−(zOC, t) − E+(zOC, t)
)︂

, (5.22)

where the underbraced term in the first line has been identified with Eq. (5.20). The
resulting dynamical equation for E+(zOC, t) can be interpreted as a first-order low-pass
filter with the time constant γ−1, which is driven by the field √

rOCE−(zOC, t).
6The placement of the spectral filter does impact the emission dynamics since it acts on the local

electric field, which evolves along its propagation. In that sense, its position is not irrelevant but
rather arbitrary by the nature of the lumped element approach, which does not dictate a specific
position by any rules.
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Delay-Differential Equation System

Using the just derived differential equation boundary condition and Eq. (5.17), the time
evolution of the forward-moving electric field at the output coupler can be expressed by
the single delay-differential equation

d
dt

E+(zOC, t) = −γE+(zOC, t) + γ
√

rOCE+(zOC, t − T )

× e
1
2 GG(t−τ1)eGQ(t−τ1−τ2)e

1
2 GG(t−τ1−2τ2) (5.23)

instead of the system of coupled equations (5.7) - (5.16). Similar to Eq. (5.17), the
incident electric fields at the gain and absorber chips can also be expressed in terms of
E+(zOC, t)

E+(zG, t) =E+(zOC, t − τ1) (5.24)

E+(zQ, t) =E+(zOC, t − τ1 − τ2) e
1
2 GG(t−τ2) (5.25)

E−(zG, t) =E+(zOC, t − τ1 − 2τ2) e
1
2 GG(t−2τ2)eGQ(t−τ2), (5.26)

where the time delays encode the propagation time from the output coupler to the re-
spective positions zk. The exponentials account for the amplification and absorption,
which are accumulated along the propagation. Plugging these expressions into Eq. (5.5)
generates dynamical equations for the averaged carrier numbers in the gain and absorber
chip, which only depend on the electric field E+(zOC, t) at the output coupler. Intro-
ducing the shorthand E ≡ E+(zOC), the final system of delay-differential equations is
formulated:

d
dt

E(t) = − γE(t) + γ
√

rOCE(t − T )e
1
2 GG(t−τ1)eGQ(t−τ1−τ2)e

1
2 GG(t−τ1−2τ2) (5.27)

d
dt

⟨ρ⟩G(t) = − ⟨ρ⟩G(t)
τG

+ RG − vg
ℓG

(︂
eRe{GG(t)} − 1

)︂
×
[︂
|E(t − τ1)|2 + |E(t − τ1 − 2τ2)|2 e2Re{GQ(t−τ2)}eRe{GG(t−2τ2)}

]︂
(5.28)

d
dt

⟨ρ⟩Q(t) = − ⟨ρ⟩Q(t)
τQ

+ RQ − vg
ℓQ

(︂
eRe{GQ(t)} − 1

)︂
× |E(t − τ1 − τ2)|2 eRe{GG(t−τ2)}, (5.29)

where the integrated gain in the gain and absorber chip is calculated according to

GG(t) =ℓGgG (⟨ρ⟩G(t)) (5.30)
GQ(t) =ℓQgQ (⟨ρ⟩Q(t)) . (5.31)

To complete the model, gain functions for the gain and absorber chip must be specified.
Depending on the charge-carrier model, additional equations to model the dynamics
thereof must be introduced. In the most simple case with no additional charge carrier
dynamics, a self-consistent description of the V-shaped external cavity laser is achieved
with one complex (E) and two real-valued ⟨ρ⟩G,Q delay-differential equations.

Numerical Implementation

The system of coupled delay-differential equations is numerically integrated using a
fourth-order Runge-Kutta method [PRE07]. The time-delayed terms are implemented
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via a history array, which is interpolated with a third-order cubic Hermite spline method
if required. Empirically, the numerical integration has converged well with time step
h = (5γ)−1, where γ is the gain bandwidth, which is typically the fastest timescale in
the system.

The integration is, furthermore, simplified by shifting the gain and absorption vari-
ables in time according to

G(t + τ1) → G(t) and Q(t + τ1 + τ2) → Q(t), (5.32)

which reduces the number of time delays that have to be evaluated per time step7.
If spontaneous emission noise is, furthermore, added phenomenologically to the

electric field equation, the corresponding stochastic term is solved alongside the delay-
differential equation with a simple Euler method. To ensure proper convergence, the
combined system is spot checked and integrated with the Euler method and a much
smaller time step.

5.2.2 Quantum-Well Active Medium

This last subsection implements a semiconductor quantum-well active medium to obtain
the model used in this chapter. Semiconductor quantum wells provide charge-carrier
confinement within one spatial dimension, which effectively produces a two-dimensional
crystal lattice with a constant density of states for the in-plane localized charge-carrier
states [CHO99, HAU04]. The resulting gain function nonetheless depends non-trivially on
the charge-carrier density due to the involved quasi Fermi-Dirac statistics, which produce
an asymmetric population of the bands. To avoid the microscopic calculation of the gain
[ASA84, ARA86, CHO99, KIL16] logarithmic parameterizations have been shown to work
very well [WIL88a, MAK96a, AVR09, COL12a, AVR19]. However, linear approximations
of the gain function turn out to be sufficient in many cases and have therefore found a
widespread use in the modeling of semiconductor quantum-well opto-electronic devices
[SCH88j, AGR89, TRO94, BIS95a, TAR98a, BAN01, VLA05, ERN10b, COL12a]. Hence,
such a linear gain approximation will be used in this chapter. The gain function is then
given by

g(n(z, t)) = (1 − iα(z))g̃(z)Γ(z)
[︂
n(z, t) − ntr(z)

]︂
, (5.33)

where g̃ denotes the differential gain coefficient, Γ the optical confinement factor, ntr
the carrier density at transparency, and α the amplitude-phase coupling factor. In order
to follow conventions, the charge-carrier density is represented by the variable n(z, t)
instead of the previously used variable ρ(z, t). The semiconductor gain function may
be linearized at different charge-carrier densities to reflect different operating conditions,
e.g., as they are found in the gain and absorber chip [VLA05, VLA09, OTT12a]. Thus,
both the gain coefficient g̃ and the transparency charge-carrier density ntr depend on the
linearization point.

7See Ref. [HAU19] for more details.
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According to Eq. (5.30) and Eq. (5.31), the integrated gain for the gain and absorber
chip reads

GG(t) =(1 − iαG) ℓGg̃GΓG
[︂
⟨n(z, t)⟩G − ntr

G

]︂
⏞ ⏟⏟ ⏞

=:G(t)

(5.34)

GQ(t) =(1 − iαQ) ℓQg̃QΓQ
[︂
⟨n(z, t)⟩Q − ntr

Q

]︂
⏞ ⏟⏟ ⏞

=:Q(t)

, (5.35)

respectively. The underbraced parts of both equations define the new variables G and Q.
Their respective dynamical equations are found by multiplying Eq. (5.28) and Eq. (5.29)
by ℓG,Qg̃G,QΓG,Q and defining JG = ℓGg̃GΓG(RG−ntr

G/τG) and Q0 = ℓQg̃QΓQ(τQRQ−ntr
Q).

Allocating all terms, the resulting equations read

d
dt

G(t) = − G(t)
τG

+ JG − vgg̃GΓG
(︂
eG(t) − 1

)︂
×
[︂
|E(t − τ1)|2 + |E(t − τ1 − 2τ2)|2 e2Q(t−τ2)eG(t−2τ2)

]︂
(5.36)

d
dt

Q(t) =Q0 − Q(t)
τQ

− vgg̃QΓQ
(︂
eQ(t) − 1

)︂
|E(t − τ1 − τ2)|2 eG(t−τ2), (5.37)

where JG is identified as the pump current and Q0 describes the unsaturated absorption.
Note that this transform was enabled by the linear gain function. Any nonlinearity in
the gain function would lead to additional terms, which arise when differentiating the
gain function. To obtain a final dimensionless formulation of the full system of delay-
differential equations, time is rescaled by the cold-cavity round-trip time t ⇒ t/T and the
electric field is rescaled according to E ⇒ E/

√︁
vgg̃GΓGT . The complete set of equations

is then given by

d
dt

E(t) = − γE(t) + γ
√

rOCE(t − T )

× e
1−iαG

2 [G(t−τ1)+G(t−τ1−2τ2)]e(1−iαQ)Q(t−τ1−τ2)

+
√︂

Dspξ(t) (5.38)
d
dt

G(t) = − γGG(t) + JG −
(︂
eG(t) − 1

)︂
×
[︂
|E(t − τ1)|2 + |E(t − τ1 − 2τ2)|2 e2Q(t−τ2)eG(t−2τ2)

]︂
(5.39)

d
dt

Q(t) =γQ(Q0 − Q(t)) − s
(︂
eQ(t) − 1

)︂
|E(t − τ1 − τ2)|2 eG(t−τ2), (5.40)

where s = g̃QΓQ/(g̃GΓG) denotes the ratio of the differential gain coefficients and optical
confinement factors and γG and γQ denote the inverse lifetimes 1/τG and 1/τQ in the
gain and absorber chip. Additionally, spontaneous emission noise has been added phe-
nomenologically to the electric field equation, where

√︁
Dsp denotes the noise strength

and ξ(t) a delta-correlated complex Gaussian white noise term.

Laser Parameters

To complete the quantum-well based V-shaped external cavity laser model, the system
parameters are introduced and briefly discussed. A complete list of all parameters is
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Symbol Value Dimensionless Meaning
T 625 ps 1 cold-cavity round-trip time
τ1 156.25 ps 0.25 output coupler to gain chip propagation time
τ2 156.25 ps 0.25 gain chip to absorber chip propagation time
γ 3200 ns−1 2000 gain bandwidth
rOC 0.99 0.99 output coupler intensity reflectivity
αG 0.0 0.0 gain-chip amplitude-phase coupling
αQ 0.0 0.0 absorber-chip amplitude-phase coupling
Dsp 0.16 ns−1 0.1 spontaneous emission noise strength
JG 1.6 ns−1 1.0 gain chip pump current
γG 1.0 ns−1 0.625 gain chip recovery rate
Q0 −0.58 −0.58 unsaturated absorption
γQ 180.0 ns−1 112.5 absorber chip recovery rate
s 2 2 differential gain ratio

Table 5.1: Default parameters used in the V-shaped external cavity semiconductor quantum-
well laser model. The last column briefly indicates the meaning of each parameter.
Parameters are chosen to describe the device presented in [WAL16, WAL18].

presented in Tab. 5.1, where both their dimensionful and dimensionless values and a brief
explanation are listed. Among them, a number of parameters are varied in the subsequent
sections. The quoted values thus represent the set of default parameters.

The presented parameter values are chosen to describe the experimentally character-
ized laser, which is presented in Refs. [WAL16, WAL18]. A subset of the parameters are
unambiguously imposed by the device setup: The cavity geometry directly determines
the propagation times T, τ1 and τ2. The output-coupler reflectivity rOC is determined by
the mirror specifications. The remaining parameters, on the other hand, must be tuned
within reasonable margins to accurately reproduce the observed dynamics. On that ac-
count, the gain and absorber-chip recovery times have been determined by pump-probe
measurements by the authors of Refs. [WAL16, WAL18]. The reported values fall well
within the range that can be found in the literature [KAR94, JON95b, MUL05a, SIE13b,
WAL16, ALF17]. The ratio s is estimated based in the difference of the differential gain
coefficients and assumes a conservative factor of two due the different operating condi-
tions in the gain and absorber chips. The unsaturated absorption Q0 is tuned to facilitate
an effective pulse shaping and short pulses.

While typical amplitude-phase coupling coefficients in semiconductor quantum-well
active media are found to be between α = 2 and α = 10 [RID90, UKH04, FOR07,
WAL16], the modeling of mode-locked lasers has nonetheless been shown to be successful
with the use of a vanishing amplitude-phase coupling [PIM14, JAU16, NIK16]. More-
over, it has been demonstrated that the usage of a constant amplitude-phase coupling
coefficient breaks down at fast and high-power excitations [AGR93, WAN07, HER16].
Hence, this chapters’ investigations are performed with no amplitude-phase coupling.

Lastly, the gain bandwidth γ is adapted to obtain optical pulses as short as pos-
sible, while maintaining reasonable computational demands. Thus, the experimentally
observed 100 fs pulse width is not achieved. The obtained ∼ 1 ps pulses are, nevertheless,
much shorter than all other processes, i.e., the gain and absorber recovery, and thus the
dynamics remain qualitatively identical for further increased gain bandwidths.
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5.3 Symmetric Cavity Dynamics Characterization
This section introduces and discusses the emission states that can be obtained for the
V-shaped external cavity laser with symmetric, i.e., equally long, cavity arms. In that
context, the natural operation parameter is the pump current JG, which controls the
energy supply of the gain chip. The absorber chip properties are fixed with the fabrication
and do not require an additional reverse bias to achieve mode-locking. Similarly, the
occurring recovery times and gain spectra are also considered to be determined by the
fabrication of the gain and absorber chips8. Hence, the observed states are discussed in
terms of the pump current JG, which is also easily tunable in experiments.

Lasing Threshold

The analysis starts off with the lasing threshold, i.e., the pump current that is required
for the laser to transition from the off state to a continuous-wave (cw) lasing state. For
the considered model, this problem is still in the realm of analytics: In the linear stability
analysis framework, the threshold corresponds to the bifurcation in which the off state
looses its stability and the cw state is created or becomes stable [ERN10b]. The cw
state is defined by a constant intensity in time, which allows for an electric field with a
constant amplitude and an arbitrary rotation in the complex plane. The lasing threshold
is thus characterized by the transition

(0, G∗, Q∗) → (A∗eiωt, G∗, Q∗), (5.41)

where the left side corresponds to the off state and the right side to the cw state. G∗,
Q∗ and A∗ denote the steady state values and ω the mean rotation frequency in the
complex plane. Physically, ω relates to the optical frequency via the chosen rotating
frame (s. Sec. 2.2) and corresponds to the maximum gain mode. At the bifurcation
point, the electric field exhibits an infinitesimal amplitude A∗, which allows to plug both
states simultaneously into the dynamical equations (5.38), (5.39) and (5.40) to produce
the equations

iω = − γ + γ
√

rOCe(1−iαG)G∗+(1−iαQ)Q∗−iωT (5.42)
0 =JQ − γGG∗ (5.43)
0 =Q0 − Q∗. (5.44)

Further splitting the first equation (5.42) into its real and imaginary part yields

ω = − γ
√

rOCeG∗+Q∗ sin (αGG∗ + αQQ∗ + ωT ) (5.45)
γ =γ

√
rOCeG∗+Q∗ cos (αGG∗ + αQQ∗ + ωT ). (5.46)

These conditions can be reformulated by firstly dividing Eq. (5.45) by Eq. (5.46) and
secondly by adding the squared equations to produce:

ω2 + γ2 =γ2rOCe2G∗+2Q∗ (5.47)
ω

γ
= − tan (αGG∗ + αQQ∗ + ωT ). (5.48)

8A more involved modeling approach would have to include a dependence of the mentioned quantities
on the device (lattice) and carrier temperatures. The latter in particular would dynamically depend
on the lasers’ operation state.
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These two transcendental equations determine the maximum gain mode ω and thus the
optical frequency of the generated cw state. Plugging the steady-state gain G∗ and
absorption Q∗, obtained from Eq. (5.43) and Eq. (5.44), respectively, into the former
equation (5.47) finally yields the analytic equation for the threshold pump current:

Jth = γG

[︄
1
2 ln

(︄
ω2

γ2 + 1
)︄

− 1
2 ln (rOC) − Q0

]︄
, (5.49)

where ω is the previously determined maximum gain mode. If the amplitude-phase
coupling coefficients αG and αQ are negligible or γ ≫ ω holds, the first term in the
parenthesis can be neglected. If the out-coupling losses are small, i.e., rOC ≈ 1, the
threshold pump current density is dominated by the unsaturated absorption and is given
by

Jth ≈ −γGQ0. (5.50)

This approximation holds well for the chosen laser parameters and thus for all cases that
are investigated within this chapter.

Analysis of the Mode-Locking Dynamics

The cw emission state that is generated at the lasing threshold, however, turns out to
be only stable within a very small region close to the lasing threshold. The further
bifurcation analysis is beyond the scope of analytics and must be carried out by nu-
merical path-continuation tools like DDE-Biftool [ENG02, SIE14a]. Unfortunately, the
large gain bandwidth parameter γ renders the system numerically untraceable by such
tools. Moreover, the stochastic spontaneous emission noise has profound consequences
for the observed emission states9. Hence, the analysis of mode-locking dynamics must
be conducted by the means of direct numerical integration.

Nevertheless, the bifurcation analysis of the deterministic equations can be per-
formed for smaller gain bandwidth values and has been presented in [HAU19]. The re-
sults show that the lasing threshold corresponds to an Andronov-Hopf bifurcation, which
reduces to a pitchfork bifurcation in the proper rotating frame, which cancels the rotation
in the complex plane. In this rotating frame, the such generated cw-emission state looses
its stability in an Andronov-Hopf bifurcation, which then gives rise to the fundamental
mode-locking solution. This behavior has also been obtained for ring-shaped laser mod-
els [VLA04a, VLA05, JAU17a] that describe edge-emitting semiconductor lasers. It can
therefore be assumed that the bifurcation structure of the V-shaped laser with a broad
gain spectrum follows the same pattern.

5.3.1 Basic Mode-Locking States
The numerical characterization of the mode-locking dynamics starts with an illustration
of the basic emission states that are observed for symmetric cavity arms. On that ac-
count, Fig. 5.4 presents pseudo space-time plots of the normalized optical intensity (left

9The observed mode-locking states are mostly destabilized by noise-induced perturbations that grow
due to positive net-gain windows. In the absence of spontaneous emission noise, mode-locking states
can be observed, which can be destabilized even by infinitesimal noise strengths and are therefore
considered to be unphysical.

166



5.3 Symmetric Cavity Dynamics Characterization

column), power spectral densities of the optical intensity (middle column), and normal-
ized intensity autocorrelation traces (right column). The pseudo space-time plots are
created by slicing a time-series into sections with the length T and stacking them on
top of each other, such that the vertical axis corresponds to the round-trip number. The
optical intensity is encoded by a white to red color code. The six rows (a) to (f) represent
the following emission states, which are also denoted to the right of the autocorrelation
traces: fundamental mode-locking (FML, JG = 1.0), leading-edge unstable second order
harmonic mode-locking (HML2LEI, JG = 2.0), pulse-cluster mode-locking with two pulses
(PC2, JG = 2.2), leading-edge unstable fourth-order harmonic mode-locking (HML4LEI,
JG = 3.5), pulse-cluster mode-locking with three pulses (PC3, JG = 3.0), and third-order
harmonic mode-locking (HML3, JG = 3.2).

Fundamental mode-locking (FML) is characterized by a single stable pulse, which
circulates within the laser cavity. The nonlinear interaction with the gain and absorber
chip and the spectral filtering element slows down the effective group velocity of the
pulse and thus tilts the pulse train to the right in the space-time plot Fig. 5.4 (a1).
The corresponding power spectrum (a2) exhibits well defined characteristic peaks at the
fundamental and harmonic repetition rate frequencies. The autocorrelation trace only
shows a well defined peak close to the cold-cavity round-trip time within the plotted time
lag range, which corresponds to the mode-locking period.

Second-order leading-edge unstable harmonic mode-locking (HML2LEI) produces two
equidistant unstable pulse trains, as can be seen in Fig. 5.4 (b1). The leading-edge insta-
bility continuously produces a new pulse in front of an existing pulse, which consequently
takes away the gain from the main pulse and thus destabilizes the pulse trains. This in-
vokes a leftward movement to earlier times in the space-time plot. The reoccurring
process manifests in the power spectrum (b2) as broad and noisy repetition-rate line
shapes at all harmonic frequencies. The second-order mode-locking nature, however, can
still be identified by well defined sharp peaks that only sit on top of the line shapes with
an even harmonic number. The autocorrelation trace gains additional small pedestals at
the time lags ∆t = 0 and ∆t ≈ 1 as well as a weak double peak at ∆t ≈ 0.5.

Pulse-cluster mode-locking (PC2) with two pulses as shown in Fig. 5.4 (c1) is char-
acterized by two non-equidistant but approximately identical pulses that circulate within
the laser resonator. In the case at hand, the pulse separations are found to be ≈ 0.25
and ≈ 0.75, where the former coincides with the length of the cavity arms τ1 and τ2. The
corresponding power spectrum (c2) exhibits a strongly attenuated peak at the second
harmonic frequency, when compared to the FML spectrum. The autocorrelation trace
(c3) exhibits additional peaks at ∆t ≈ 0.25 and ∆t ≈ 0.75, which reflect the pulse sepa-
rations observed in (c1). The height of ≈ 0.5 indicates that the pulse shapes of the two
pulses within the cluster are indeed only approximately identical.

Fourth-order leading-edge unstable mode-locking (HML4LEI) is qualitatively similar
to the HML2LEI state, except for four instead of two pulse trains, which circulate within
the laser cavity. However, the space-time representation Fig. 5.4 (d1) reveals that the
leading-edge instability is much less pronounced compared to Fig. 5.4 (b1) and thus pro-
duces a much weaker leftwards temporal drift of the pulse trains. The power spectrum
(d2), again, exhibits broad line shapes at all harmonic frequencies and a well defined peak
at harmonic numbers that are multiples of four, which reflects the underlying fourth-order
harmonic mode-locking state. The autocorrelation trace (d3) exhibits intermediate peaks
at the time lags ∆t ≈ 0.25 and ∆t ≈ 0.75 as well as a small double peak at ∆t ≈ 0.5,
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Figure 5.4: Illustration of the basic mode-locking states. From left to right: Pseudo space-
time plots normalized to the maximum intensity, normalized power spectral densi-
ties, and normalized autocorrelation functions. From top to bottom: Fundamental
mode-locking (FML, JG = 1.0), leading-edge unstable second order harmonic mode-
locking (HML2LEI, JG = 2.0), pulse-cluster mode-locking with two pulses (PC2,
JG = 2.2), leading-edge unstable fourth-order harmonic mode-locking (HML4LEI,
JG = 3.5), pulse-cluster mode-locking with three pulses (PC3, JG = 3.0), and third-
order harmonic mode-locking (HML3, JG = 3.2). Laser parameters: Q0 = −0.58
and τ1 = 0.25.
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which reflect the pulse separations as they are observed in (d1). The difference in peak
strength suggests that, although unstable, neighboring pulses are more strongly corre-
lated, i.e., more similar, than next-neighbor pulses.

Next, pulse-cluster mode-locking with three pulses is constituted by three non-
equidistant but approximately identical stable pulse trains, which circulate within the
laser cavity. As can be seen in Fig. 5.4 (e1), the pulse separation within the pulse cluster
amounts to ≈ 1/6 and the pulse separation between the cluster to ≈ 4/6. The corre-
sponding power spectrum (e2) exhibits well defined repetition-rate line shapes at the odd
harmonics and strongly attenuated line shapes at the even harmonics within the plotted
spectral range. The autocorrelation trace (e3) shows characteristic peaks at the time lags
∆t ≈ 1/6, ∆t ≈ 2/6, ∆t ≈ 4/6 and ∆t ≈ 5/6. Similar to the PC2 state, the autocor-
relation peaks are also attenuated, which suggests that the pulses within the cluster are
only approximately identical.

Lastly, third-order harmonic mode-locking (HML3, JG = 3.2) is characterized by
three identical and equidistant pulses that circulate within the laser cavity as shown in
Fig. 5.4 (f1). The power spectrum (f2) exhibits strongly damped line shapes at the fun-
damental and second harmonic frequency and a characteristic high power and narrow
line shape at the third harmonic. This pattern continues for the respective higher har-
monics. The autocorrelation trace (f3) exhibits characteristic peaks at time lags that are
an integer multiple of T/3. All peaks are narrow and close to unity, which indicates that
the three pulses are identical.

In conclusion, the presented mode-locked emission states have been identified and
characterized by their respective pseudo space-time plots. Importantly, the complemen-
tary power spectra and intensity autocorrelation traces also allow to reliably identify the
various emission states via their distinct features. This facilitates a simple experimental
characterization, where the power spectra and autocorrelation traces are easily available.

Gain and Net-Gain Dynamics

In order to understand the mechanisms that lead to the observed mode-locking states,
the gain G, absorber Q, and net-gain G dynamics are studied in the following. The net
gain, as introduced by New [NEW74], is a small signal measure, which allows to assess
the stability of a mode-locked emission state against perturbations10.

In the case of the V-shaped external cavity laser model, the net gain can be computed
by integrating the intensity gain over one complete round trip within a co-moving frame,
which yields

G(t) = G(t − τ1) + G(t − τ1 − 2τ2) + 2Q(t − τ1 − τ2) + ln(rOC). (5.51)

The time delays, which appear in the arguments, result from the propagation times
through the cavity arms. Positive net-gain values correspond to an amplification and
negative values to an attenuation of a small perturbation. Mode-locking is labeled as
stable if a window of positive net gain only exists alongside the desired mode-locked
pulses.

However, since the net gain is a small-signal measure, mode-locking can still be
stable despite positive net-gain windows in front of or behind the mode-locked pulses
10A perturbation in the sense of the net gain refers to a small perturbation of an existing mode-locked

state.
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Figure 5.5: Intensity and carrier dynamics of the FML (JG = 1.0), PC2 (JG = 2.2), and PC3
(JG = 3.0) state. Subfigures (a1) to (c1), respectively, show the temporal evolution
of the intensity (blue lines), the gain (green lines) and the absorption (red lines).
The intensity, gain, and absorption have been normalized to 0.1 and the respective
zero positions (black dotted lines) have been shifted proportional to their cavity
positions. The propagation of the pulses is indicated by blue dashed lines. (a2) to
(c2) plot the respective net gain G. Laser parameters: Q0 = −0.58 and τ1 = 0.25.

[VLA05, VLA11]. In those cases the group velocity dispersion causes the mode-locked
pulses to travel either faster or slower than the small perturbation, which leads to a
merging of both and thereby protects the mode-locked state.

The analysis first focuses on the stable fundamental and pulse-cluster mode-locking
states, which have been presented in Fig. 5.4 (a), (c) and (e). Figure 5.5 presents the in-
tensity |E|2 (blue), gain G (green), and absorber Q (red) dynamics of the aforementioned
mode-locking states in the first row and the corresponding net-gain G dynamics in the
second row. The intensity |E|2, the gain G, and the absorption Q have been normalized
to 0.1. The zero baselines of the gain G and absorption Q have been shifted upwards
proportional to their cavity position relative to the output coupler and are indicated
by horizontal black lines at 0.25 and 0.5. The propagation through the laser cavity is
illustrated by blue dashed lines, such that the intersection with the black dotted lines,
represents the pulse interactions with the gain and absorber chip.

Fundamental mode-locking, which is shown in the left column in Fig. 5.5, equates
to one pulse circulating within the laser cavity. This implies one interaction with the
absorber chip and two interactions with the gain chip per round trip. The gain-chip
interactions are equidistant due to the symmetric cavity configuration. The cavity con-
figuration and the gain dynamics also manifest in the net gain (a2), which apart from
the short positive window that coincides with the pulse emission, shows a characteris-
tic negative-valued local maximum right in between the pulse emissions. The reduction
of the net gain after half a round-trip, which creates this local maximum, results from
the pulse, which saturates the gain on its backward journey towards the output cou-
pler. This, furthermore, illustrates the advantage of the V-shaped geometry: The second
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interaction prevents the net gain from growing too much and, consequently, creating a
positive net-gain window in between the fundamental pulse emissions.

Pulse-cluster mode-locking with two pulses, which is presented in the middle column
in Fig. 5.5, corresponds to two identical pulses with a separation of ≈ 0.25 that circulate
within the symmetric cavity. This leads to two interactions with the absorber chip with
the temporal separation of the pulse-cluster and four temporally-equidistant interactions
with the gain chip. Regarding the latter, the neighboring gain interaction is always caused
by the respective other pulse. The resulting net gain, as shown in (b2), exhibits two short
positive windows that correspond to the pulse emissions and two negative-valued local
maxima in between. Similar to fundamental mode-locking, the negative-valued local
maxima are created by the gain interaction with the backward-moving pulses.

Lastly, pulse-cluster mode-locking with three pulses, as presented in the right column
of Fig. 5.5, is characterized by three identical pulses with a separation of ≈ 1/6 within
their cluster. This produces three interactions with the absorber chip and six equidistant
interactions with the gain chip. Continuing the previous pattern, the corresponding net
gain (c2) exhibits three short positive windows, which coincide with the pulse emission
and three negative-valued local maxima in between the pulse clusters, which are caused
by the backward-traveling pulses.

From the presented examples, it can be concluded that the pulse cluster mode-
locking states are among the natural successors of the fundamental mode-locking state
at larger pump currents. Their critical feature is the equidistant interaction with the gain
chip, which is caused by the symmetric V-shaped cavity configuration. The advantage
of the equidistant gain interaction is that the gain recovery is rather kept at the most
efficient initial part of the exponential relaxation and the associated non-radiative losses
are minimized. Moreover, the twofold interaction of a single pulse with the gain section
prevents destabilizing positive net-gain windows, as discussed in the case of fundamental
mode-locking.

In the next step, the two unstable emission states that have been presented in Fig. 5.4,
namely leading-edge unstable second and fourth-order mode-locking, are discussed. Both
are not subject to any periodicity due to the stochastic nature of the instability. Hence,
Fig. 5.6 shows pseudo space-time plots of the normalized intensity |E|2 (top row) and the
net gain G (bottom row) over a range of 100 round trips. The net gain is color coded and
regions of positive net gain (red colors) are indicated in the intensity plots by hatched
regions and blue contour lines. The left column, represents leading-edge unstable second-
order harmonic mode-locking (HML2LEI, JG = 2.0) and the right column leading-edge
unstable fourth-order mode-locking (HML4LEI, JG = 3.5).

Both states show a similar behavior: A large positive net-gain window is permanently
open at the leading edge of all pulses, which continuously allows spontaneous emission
noise induced perturbations to grow and destabilize the pulse train. In the case of the
second-order state, both net-gain windows exhibit a temporal extend, which amounts to
almost 15% of the round-trip time. In the case of the fourth-order state each net-gain
window extends for about 6% of the round-trip time.

On top of the extended positive net-gain windows, both states suffer from another
additional destabilizing mechanism: The equidistant pulse separation leads to a colliding
pulse effect in the gain chip. Hence, two pulses always have to share the gain and are
thereby tightly coupled. Thus any instability in one pulse train will immediately transfer
to the respective other pulse train.
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Figure 5.6: Pseudo space-time plots of the pulse and net-gain dynamics: The top row shows the
normalized intensity |E|2 and the bottom the net gain G. The columns correspond
to second and fourth-order leading-edge unstable harmonic mode-locking (JG = 2.0
and JG = 3.5, respectively). Hatched regions in the top row indicate positive net
gain G > 0 and blue contour lines indicate G = 0. Laser parameters: Q0 = −0.58
and τ1 = 0.25.

Lastly, the dynamics of third and fifth-order harmonic mode-locking is presented in
Fig. 5.7. Similar to Fig. 5.5, the top row ((a1) and (b1)) plots the electric field, gain and
absorption dynamics, where each quantity has been normalized to 0.1. The gain and
absorption are shifted upwards proportional to their cavity position with respect to the
output coupler. The pulse propagation is indicated by blue dashed lines. The bottom
row ((a2) and (b2)) plots the corresponding net gain.

Both emission states produce equidistant pulses with three and five pulses circulating
within the cavity, respectively. The odd number of pulses leads to equidistant interactions
with the gain chip and thereby optimizes the gain recovery and minimizes non-radiative
losses similar to the pulse cluster states. The net-gain dynamics in both cases show short
positive windows that coincide with the pulse emission. In between pulse emissions,
negative-valued local net-gain maxima can be observed. Comparing the PC3 and HML3
states, the observed gain dynamics are identical, due to the equidistant interactions of
the pulses with the gain chip and thus the pulses are approximately identical in terms of
the peak intensity and pulse width. The same mechanism applies to the PC5 state (not
shown) and the HML5 state.

Summary

To conclude, the symmetric V-shaped cavity geometry has given rise to the pulse-cluster
mode-locking states. These emission states achieve an equidistant pulse interaction with
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Figure 5.7: Intensity and carrier dynamics of the HML3 (JG = 3.2) and HML5 (JG = 4.0) state.
Subfigures (a1) and (b1), respectively, show the temporal evolution of the intensity
(blue lines), the gain (green lines), and the absorption (red lines). The intensity,
gain, and absorption have been normalized to 0.1 and their respective zero positions
(black dotted lines) have been shifted proportional to their cavity positions. The
propagation of the pulses is indicated by blue dashed lines. (a2) to (b2) plot the
respective net gain G. Laser parameters: Q0 = −0.58 and τ1 = 0.25.

the gain chip and thereby optimize the gain recovery and minimize the non-radiative
losses. This condition is also met by odd-order harmonic mode-locking states, where
the odd-number of pulses within the cavity causes them to never collide within the
gain chip. Stable even-order harmonic mode-locking, on the other hand, is counteracted
by the collision of the pulses within the gain chip and the resulting positive net-gain
instabilities. The entirety of stable and unstable emission states can be considered to be
the characteristic feature of symmetric V-shaped external cavity lasers.

Pulse Shaping in the Fundamental Mode-Locking State

The operation state that is most valuable to applications is the fundamental state, due
to its optimal use of the pump current, which does not need to be distributed among
multiple pulses. Hence, a closer look at the pulse-shaping mechanism in the fundamental
mode-locking state is taken in the following. On that account, the spatio-temporal pulse
evolution along one complete round trip of the fundamental mode-locking state is pre-
sented in Fig. 5.8. Subfigures (a) to (d) present the pulse evolution along the propagation
throughout the four interactions with the optical elements: The gain chip in the forward
direction (a), the absorber chip (b), the gain chip in the backward direction (c), and the
output coupler with the lumped element spectral filter (d). Although the electric field
is only explicitly modeled at the output-coupler by the system of delay-differential equa-
tions, the respective electric fields at the various cavity positions can be easily calculated
via the algebraic propagation equations (5.7) to (5.16).
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Figure 5.8: Spatio-temporal pulse evolution of the fundamental mode-locking state. Subfigures
(a) to (d) show the electric field along the pulse propagation through the four optical
elements for one complete round trip. The pulse evolution is illustrated by plotting
the field before and after the respective interactions. The colors throughout all
subfigures denote the forward-moving field at the output coupler (delayed by one
round trip, blue) and at the gain chip (orange), the backward-moving field at the
absorber chip (green) and the gain chip (red), and the forward-moving field at the
current time (purple). Laser parameters: JG = 1.0, Q0 = −0.58 and τ1 = 0.25.

The interaction with the optical elements is illustrated by plotting the electric field
intensity before and after the respective optical element. The pulses are plotted in the
co-moving frame, while the respective legends indicate the time in the lab frame. The
colors throughout all subfigures denote the forward-moving field at the output coupler
(delayed by one round trip, blue) and at the gain chip (orange), the backward-moving
field at the absorber chip (green) and the gain chip (red), and the forward-moving field
at the current time (purple).

Upon being reflected at the output coupler, the electric field |E(t − T )|2 (blue line
in Fig. 5.8 (a)) passes the gain chip in the forward direction. The amplified field intensity
|E(t − τ1 − 2τ2)|2 (orange line in (a)) exhibits a steeper leading edge and a slightly
increased pulse maximum. The trailing edge of the pulse, however, experiences almost no
amplification, which indicates that the gain chip has already been completely saturated.
The pulse width increases in this stage and the pulse position shifts to earlier times.

The following interaction with the absorber chip produces an intensity pulse profile
(green line in (b)) that exhibits a reduced leading edge and hardly any other changes.
This indicates that the leading edge of the pulse is sufficient to fully bleach the absorber
chip. The pulse width reduces in this stage and the pulse position shifts very slightly to
later times.

Subsequent to the reflection at the absorber chip, the backward-traveling pulse passes
the gain chip a second time, where, again, the leading edge as well as the pulse maximum
are amplified before the gain saturates and the trailing edge passes without modifications.
The leading edge of the resulting pulse shape (red line in (c)) again steepens, the pulse
width increases, and the pulse positions shifts to earlier times.
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Lastly, the pulse arrives at the output coupler, where the spectral filter and the
non-resonant losses act on the pulse profile. The final pulse shape after one round trip
(purple line in (d)) is identical to the initial pulse shape (blue line in (a) and light blue
line in (d)). It is, however, shifted by approximately 250 fs to later times, when compared
to the cold-cavity round-trip time. The shift results both from the nonlinear interaction
with the gain and absorber chips as well as the spectral filter. Both contributions can be
distinguished by comparing the incoming (red line in (d)) and the resulting (purple line
in (d)) pulse shape. The former pulse has been shifted by approximately 300 fs to earlier
times due to the interactions with the gain chip. The spectral filtering element then
eliminates large frequencies, which have been generated in the steepening of the leading
edge, and thus smooths out the pulse shape. The resulting pulse maximum is shifted by
approximately 550 fs to later times and produces the net shift of 250 fs compared to the
cold-cavity round-trip time.

In conclusion, the pulse-shaping mechanism follows the pattern, which was described
in the introduction and can be found throughout the mode-locking literature [HAU75b,
DER92, THO09, HAU00, RAF11, OTT14, JAU17a]: Pulses shorten in the absorber
section and broaden in the gain section11.

It is, furthermore, important to note that the quantitative effect of the spectral filter
is stronger than all three interactions with the gain and absorber chips. This points
towards the quantitative limitations of the employed lumped-element filtering approach.
Hence, if exact quantitative predictions are to be made, it is advisable to modify the model
and implement a frequency dependent light-matter interaction for the gain and absorber
chip. Nonetheless, qualitative predictions of the pulse performance characteristic can be
made if the changes in the pulse width and peak intensity surpass the typical effect of
the gain bandwidth filter element. For the case at hand, this would imply peak intensity
and pulse width variations ≳ 15%.

5.3.2 Pump Current Dependence of the Emission Dynamics
To investigate the relationship between the various mode-locking emission states, their
stability along the pump current JG is probed. This ’poor mans’ numerical continua-
tion is performed by calculating multiple scans along the pump current, which utilize
the different emission states (s. Fig. 5.4) as respective initial conditions for each pump
current value. By combining the results, the respective states’ regions of stability can be
extracted.

The results are presented in Fig. 5.9, where the different emission states are distin-
guished by colors and their dynamics are illustrated by their time series local intensity
maxima |E|2max. For the determination of each data point, a time series, which extends
for 1000 cold-cavity round-trip times T , has been calculated. Stable emission, on the one
hand, corresponds to a single unique maximum, whereas unstable emission, on the other
hand, fills out a range of values. Regions of multistability correspond to the simultaneous
existence of two or more emission states for a given pump current.

11It is important to note that the opposite pulse-shaping mechanism, which is reported in Chap. 4, is
generated by the local interplay of the spectrally-resolved resonant gain and absorption, and the non-
resonant losses. Such dynamics, however, can not be produced by the utilized V-shape model, which
treats the optical losses and the spectral evolution of the electric field by a lumped element approach.
Nevertheless, the impact of the interplay with the non-resonant losses in the gain and absorber chips
can be assumed to be negligible, since those losses are typically very small [WAL16, WAL18].
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Figure 5.9: Numerical bifurcation diagram along the pump current JG. The dynamics are il-
lustrated by plotting all the local maxima of the intensity |E|2 recorded within
1000 T . The different observed emission states are plotted in different colors and
labeled within the figure. The presented data has been assembled from different
scans with custom build initial conditions to address the individual emission states.
Laser parameters: Q0 = −0.58 and τ1 = 0.25.

For an increasing pump current, lasing emission in terms of the fundamental mode-
locking state (FML, blue line) is first observed at JG ≈ 0.37, which matches the previously
derived analytic threshold. Within the pump current range of stable FML emission, the
local intensity maxima, i.e., the pulse peak power steadily increases up to a maximum of
|E|2max ≈ 2200 at JG ≈ 1.52, which also represents the upper stability boundary.

Seemingly connected, the emission then transitions to the leading-edge unstable
second-order harmonic mode-locking state (HML2LEI, dark green dots), which extends to
pump currents up to JG ≈ 2.48. For an increasing pump current, the local maxima of the
HML2LEI decrease, which indicates that the instability is amplified and thus prevents the
formation of short and high power pulses. The connection to the FML state is attributed
to a positive net-gain instability of the FML state, which generates the HML2LEI state.
The local net-gain maximum of the FML state that occurs in between the pulse emission
(s. Fig. 5.5 (b2)) grows with the pump current until it becomes positive at JG ≈ 1.52 and
thereby destabilizes the FML state, giving rise to the HML2LEI state.

Within the just discussed pump current range, the PC2 (red line), PC3 (orange
line), PC4 (light orange) PC5 (yellow), and PC6 emission state (light yellow) can also be
observed. The PC2 state exhibits its lower stability boundary at JG ≈ 1.27, where it is
bistable with the FML state and extends to the upper stability boundary at JG ≈ 2.96,
where it is bistable with the PC3 and PC4 state. At the upper boundary, the PC2 states
transitions to the HML4LEI state via the same mechanism that transforms the FML into
the HML2LEI state. The two negative-valued local net-gain maxima (s. Fig. 5.5 (b)) grow
with the pump current and become positive at the transition point. Hence, two additional
pulse trains are born and destabilize the existing ones via their mutual collision in the
gain chip.

Similarly, the PC3 emission state stabilizes at JG ≈ 1.84, where it is multistable with
the PC2 and HML2LEI state. It extends up to JG ≈ 4.7, where it is bistable with the PC4
state and transitions into the HML6LEI emission state (not shown). While the latter has
not been previously presented, it continues the previous pattern of the HMLLEI states
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with six equidistant leading-edge unstable pulse trains. The destabilizing mechanism is
identical to the one of the FML and PC2 emission states.

Along the PC3 state, the HML3 emission state (blue) can be observed with exactly
the same stability boundaries and intensity extrema. Moreover, the HML3 also transi-
tions to HML6LEI emission beyond its upper stability boundary at JG ≈ 4.7 (not shown).
The identical pulse intensity extrema further highlight that the pulse properties are dom-
inated by the gain interactions, which are identical among the HML3 and PC3 state (s.
Fig. 5.5 and Fig. 5.7).

The PC4 state (orange line), which is characterized by four approximately identical
pulses in a cluster with an internal pulse separation of ≈ 1/8, has its lower stability
boundary at JG ≈ 2.43, where it is multistable with the PC2, PC3, and HML2LEI state.
Its upper stability boundary, which is outside the plotted pump current range, promotes
the transition to a HML8LEI emission state in the same manner as the lower pulse cluster
states.

The appearance of further higher-order pulse cluster states at increasing pump cur-
rents continues in the already established pattern and produces pulse clusters with up
to 16 pulses for the given laser parameters. Figure 5.9, however, only further includes
the PC5 and PC6 emission states within the presented pump current range. Note that
the largest portrayed pump current JG = 4.0 already corresponds to ≈ 11 × Jth, which
likely exceeds the pump powers that an actual gain chip would be exposed to. Similarly,
higher odd-order harmonic mode-locking states appear alongside the odd-order pulse
cluster states for larger pump currents. The presented pump current range, furthermore,
includes the HML5 state (light blue).

The transition to the even-order leading-edge unstable harmonic mode-locking states
either occurs from a pulse-cluster or odd-order harmonic mode-locking state with half
the number of pulses. In both cases, it is facilitated by a positive net-gain window that
amplifies perturbations, which are induced by the spontaneous emission noise.

The presented results may suggest that the pulse cluster states directly bifurcate
from the harmonic mode-locking states. However, the path-continuation at a lower gain
bandwidths γ [HAU19] reveals that all pulse cluster states are generated by a continuous
deformation of the fundamental mode-locking emission state along the solution branch.
The branch folds multiple times, i.e., is subject to saddle-node bifurcations, and each
pair of left and right folds adds an additional pulse to the pulse cluster. The stability of
the pulse cluster states is either limited by the mentioned saddle-node bifurcations or by
additional torus bifurcations. The harmonic mode-locking states, on the other hand, are
born in further independent Andronov-Hopf bifurcations of the cw state.

Furthermore, for sufficiently long cold-cavity round trip times T , which is fulfilled
for the laser at hand, the fundamental mode-locking state detaches from the solution
branch that is created in the first Andronov-Hopf bifurcation of the cw state. While this
changes the bifurcation structure qualitatively, it has little impact on the observed stable
emission states [HAU19].

Pulse Characteristics in the Fundamental Mode-Locking Regime

After having discussed the emission state structure of the laser along the pump current
JG, the focus is now shifted to the pulse characteristics of the fundamental mode-locking
state. On that account, Fig. 5.10 presents the pulse performance figures along the pump
current JG. Subfigure (a) plots the pulse peak intensity (red line) and the mean intensity
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Figure 5.10: Mode-locking performance in the fundamental mode-locking state along JG. (a)
Pulse peak intensity (red solid line) and mean intensity (green dashed line) and
(b) pulse width. Laser parameters: Q0 = −0.58 and τ1 = 0.25.

(green dashed line) and subfigure (b) plots the pulse width as determined by the FWHM
of the pulse profile.

The peak intensity first increases rather slowly up to |E|2max ≈ 150 at JG ≈ 0.5,
but then experiences a much stronger increase for intermediate pump currents. At larger
pump currents, the increase of the peak intensity is subject to a rollover towards the
upper stability boundary. The mean intensity, on the other hand, steadily increases
slightly superlinearly and does not exhibit the features of the pulse peak intensity.

Unlike the peak and mean intensity, the pulse width exhibits a non-monotonous
behavior. While exceeding ∆pw = 4.0 ps close to the lasing threshold, the pulse width
quickly drops to a global minimum of ∆pw ≈ 1.37 ps at JG ≈ 0.58 and then linearly
increases again to ∆pw ≈ 4.4 ps at the upper stability boundary. The pulse width changes
along the pump current are thus partly responsible for the non-trivial evolution of the
pulse peak intensity. Shorter pulses redistribute the available mean intensity such that
larger peak intensities are achieved.

Important for potential applications, the shortest pulses and largest peak intensity
are obtained at very different operating points. The shortest pulses carry only ≈ 20% of
the maximal peak intensity and the largest peak intensities are observed for pulses that
are about three times longer than the shortest. Qualitatively, such behavior has been
observed experimentally for multiple semiconductor quantum-well based external cavity
laser [QUA09, KLO11a, WIL13b, WAL16]. Combining the optimal pulse characteristics
in one unique operation point, however, remains an unsolved problem.

Pulse-Shaping in the Fundamental Mode-Locking Regime

In order to understand the pulse width and power evolution along the pump current, the
pulse shape as well as the gain and absorber-chip dynamics are investigated in the fol-
lowing. For this reason, Fig. 5.11 (a) plots the normalized and color-coded pulse intensity
profile along the pump current JG within the fundamental mode-locking regime. Black
contour lines indicate the leading and trailing half maximum of the pulse profile with
respect to the maximum, which is centered at t = 0.0 ps. The vertical distance between
the two lines thus corresponds to the time-domain FWHM pulse width. Figure 5.11 (b),
furthermore, plots the global maxima and minima, which the gain G (green lines) and
absorption Q (red lines) reach within one round trip.

The examination of both plots reveals two qualitatively different operation regimes:
For small pump currents JG ≲ 0.55, the pulse shape is approximately symmetrical with
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Figure 5.11: Pulse shaping in the fundamental mode-locking state along the pump current JG.
(a) Illustrates the pulse shape via the color-coded normalized intensity |E|2. The
black contour lines indicate the leading and trailing half maxima and their vertical
difference corresponds to the time-domain pulse width (FWHM). (b) plots the
global minimum and maximum of the integrated gain G (green) and absorption Q
(red). Laser parameters: Q0 = −0.58 and τ1 = 0.25.

respect to the pulse maximum and neither the gain G nor the absorption Q are fully
saturated (≈ 0). Close to the lower stability boundary in particular, the gain and ab-
sorption are both only subject to small modulations, i.e., their minima and maxima are
almost identical. This suggest that the fundamental mode-locking state is indeed created
in an Andronov-Hopf bifurcation with an infinitesimal modulation amplitude, which then
grows with the pump current. Within the lower pump current regime, the pulse width
reduces and the modulation depth of both the gain and absorption expand for increasing
pump currents.

At the pump current JG ≈ 0.55, the saturation of the gain and absorption approaches
zero and slows down considerably. This coincides with the increasing slope of the pulse
peak intensity (s. Fig. 5.10 (a)) and is close to the global pulse width minimum. Both
are attributed to a more effective use of the gain, i.e., the pulse manages to make use of
almost all of the provided inversion, and thus achieves an optimal pulse amplification.
Simultaneously, the pulse also achieves the complete saturation of the absorber chip,
which favors shorter pulse profiles.

For further increasing pump currents JG, the maximum available gain (top green line
in (b)) increases and the pulse thus improves its ability to fully saturate the absorber chip.
As a consequence, the leading edge of an incoming pulse already manages to bleach the
absorber, which allows the trailing edge to pass through with almost no losses (s. Fig. 5.8).
The resulting pulse profile thus becomes increasingly asymmetric with an increasing pump
current as can be seen in Fig. 5.11 (a): While the leading-half maximum (bottom black
contour line) remains constant at t ≈ −0.7 ps, the trailing-edge half maximum (top black
contour line) steadily shifts to later times. Hence, the broadening of the pulse width as
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observed in Fig. 5.8 (b) is caused by the complete saturation of the absorber chip. The
increase, however, is entirely produced by the gain chip at the trailing edge of the pulse.

Based on those findings, it can be concluded that the pulse shaping, and thus also
the pulse performance figures, critically depend upon the saturation behavior of both the
gain and the absorber chip. Whether one or both become fully saturated can be used to
distinguish between different operation regimes.

5.3.3 Unsaturated Absorption Dependence of the Emission Dynamics
Motivated by the just presented results, the dependence of the emission dynamics on
the unsaturated absorption parameter Q0 is investigated. Since the absorption always
completely recovers after the interaction with a mode-locked pulse (s. Fig. 5.11), this
parameter determines the ’depth’ of the absorber chip, and thus also the amount of light
that is required to saturate it. Within the model derivation, the unsaturated absorption
has been defined by

Q0 = ℓQg̃QΓQ(τQRQ − ntr
Q), (5.52)

where the pump processes RQ are set to zero and ntr
Q represents the transparency charge-

carrier density that results from the considered gain function linearization. Especially
for absorber chips that are not subject to an additional reverse bias, the unsaturated
absorption is not a parameter that can be easily controlled in the experiment12, but is
rather fixed by the absorber chip design. For example, the most obvious design parameter
is the length ℓQ of the absorber chip that is determined by the number of stacked quantum
wells.

Hence, the following investigation presents two-dimensional scans in the pump cur-
rent and unsaturated absorption parameter space (JG, Q0), which are to be interpreted
as pump current scans performed on an ensemble of lasers with increasing unsaturated
absorption parameters. Figure 5.12 presents the observed emission states within that
parameter space, where (a) shows the results obtained with the laser started in the off
state for every parameter combination and (b) shows the results for a continuously in-
creased pump current (pump current up-sweep). The comparison of the two provides
insights into the multistability among the various states. The recorded emission states
are color coded and the codes are denoted on top of the plots. The horizontal black
dotted lines indicate the default unsaturated absorption Q0 = −0.58, which is used for
all other simulations.

As predicted by the analytic expression (5.49), the lasing threshold Jth increases lin-
early with the unsaturated absorption as more gain is required to overcome the saturable
losses. Similarly, the appearance of all other emission states shifts proportionally to the
lasing threshold Jth to larger pump currents. Hence, the observed emission dynamics do
not change qualitatively with the unsaturated absorption Q0.

The comparison between starting the laser every time from the off state and sweep-
ing the pump current reveals that the leading-edge unstable harmonic mode-locking
(HMLLEI) states are more likely obtained in the latter case. This is attributed to their pre-
viously discussed generation mechanism from the FML and pulse-cluster states. Hence,
if the laser operates in any of those states and is driven beyond the upper stability, the
12The device temperature does impact the carrier distribution and thereby the optical gain and the

respective threshold density, and thus could be used to control the unsaturated absorption.
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Figure 5.12: Emission states observed in the pump current and unsaturated absorption param-
eter space (JG, Q0): off, fundamental/harmonic mode-locking (FML/HML), pulse
cluster mode-locking (PC), leading-edge unstable harmonic mode-locking HMLLEI,
and rectangular pulse (rect). The labels in the top row indicate the respective color
codes. (a) Laser (initial conditions) prepared in the off state for each pixel. (b)
Pump current up-sweep. The horizontal black dotted lines indicate the default un-
saturated absorption. The diagonal black dashed lines indicate the scan presented
in Fig. 5.14. Laser parameter: τ1 = 0.25.

emission transitions to the corresponding HMLLEI state rather than directly to the next
pulse cluster state. The pronounced multistability among the various pulse cluster states
(s. Fig. 5.9) results in the noisy and speckled pattern (orange to yellow colors in(b)),
which results if the laser is started from the off state.

Note that no even-order harmonic mode-locking is observed and odd-order harmonic
mode-locking (HML3 in the presented case) is only found rarely when the laser is started
from the off state and never when the pump current is swept. This suggests that the
basin of attraction of the odd-order harmonic mode-locking states is rather small. Hence,
in order to reliably achieve odd-order harmonic mode-locking, the laser must be seeded
with a suitable pulse pattern, i.e., started with suitable initial conditions.

The absolute scale on which the pump current JG is scanned, furthermore, results
in large multiples of the threshold pump current Jth at smaller unsaturated absorption
parameters Q0. This produces further emission states that have not appeared in the pre-
viously shown one-dimensional scan presented in Fig. 5.9. As mentioned before, further
pulse cluster states with an increasing number of pulses within the cluster are generated
at larger pump currents. To preserve distinguishability among the smaller pulse clusters,
these states are not explicitly color coded in Fig. 5.12 and therefore belong to the ’else’
category. The creation of larger pulse cluster states ceases as soon as the absorption can
not fully recover in between the increasingly closer packed pulse-cluster states. The col-
lapse of the pulse clusters finally produces a rectangular shaped emission state (labeled
with rect in Fig. 5.12), whose width amounts to approximately half the round-trip time.
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Figure 5.13: Intensity and carrier dynamics of the PC10 (JG = 1.0, Q0 = −0.04) and rectan-
gular pulse emission (JG = 3.0, Q0 = −0.04) states. Subfigures (a1) and (b1),
respectively, show the temporal evolution of the intensity (blue lines), the gain
(green lines), and the absorption (red lines). The intensity, gain, and absorption
have been been normalized to 0.1 and their respective zero positions (black dotted
lines) have been shifted proportional to their cavity positions. (a2) and (b2) plot
the respective net gain G. Laser parameter: τ1 = 0.25.

Figure 5.13 illustrates the gain and emission dynamics of both the pulse cluster state
with ten pulses (PC10, left column) and the rectangular-pulse state (right column) with
a representation similar to Fig. 5.5: The top row shows the intensity |E|2 (blue), gain
G (green), and absorption Q (red) and the bottom row the net gain G (purple). The
intensity, gain, and absorption have been normalized to 0.1 and their zero baselines
(horizontal black dotted lines) of the gain and absorption have been shifted upwards
proportional to their cavity positions.

The PC10 state is characterized by a pulse cluster that contains ten approximately
identical pulses with an intra-pulse spacing of ≈ 0.05 T . The identical spacing is imprinted
on the absorber chip, where the absorption Q just manages to fully recover in between
pulses. The gain, on the other hand, is subject to 20 equidistant pulse interactions,
which are caused by the forward and backward-traveling pulses within the symmetric
cavity. Hence, the pulse-cluster state is able to optimize the charge-carrier inversion to
field conversion, by keeping the gain as close to its transparency density as possible. The
resulting net gain (a2) exhibits ten short positive net-gain windows that correspond to
the pulse emissions and ten additional characteristic negative-valued local maxima, which
are caused by the gain-chip interaction with the backward-traveling pulse. Similar to the
smaller pulse clusters, the PC10 state becomes unstable if the pump current is increased
to the point, where the latter local net-gain maxima become positive.

The rectangular pulse emissions state (right column in 5.13) can be interpreted as
a pulse cluster state, where the constituting pulses have become too close and thus have
merged to single rectangularly-shaped pulse, which spans the width of the entire former
pulse cluster. The pulse shape (blue in (b1)) is characterized by a steep leading edge,
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Figure 5.14: Mode-locking performance in the fundamental mode-locking state across the pump
current and unsaturated absorption parameter space (JG, Q0). The used parameter
combinations are denoted at the top and bottom of the plots and are further
indicated by the diagonal black dashed lines in Fig. 5.12. (a) Pulse peak intensity
(red solid line) and mean intensity (green dashed line) and (b) pulse width. Laser
parameter: τ1 = 0.25.

which produces a small overshoot of the intensity and is followed by a long plateau of
constant intensity. The trailing edge does not drop as quickly as the leading edge rises
and thus provides the gain (green in (b2), e.g., at t ≈ 0.75) with a short window to recover
before the backward-traveling pulse reaches the gain chip. The absorption follows the
pulse dynamics and is fully saturated for half a round trip and fully recovered for the
other half. The resulting net gain exhibits only a short positive window at the leading
edge of the rectangular pulse and remains constant at small values just below zero for
the remainder of the pulse. This implies that the rectangular pulse shape itself is stable
against small perturbations.

Pulse Performance Dependence on the Unsaturated Absorption

In the next step, the impact of the unsaturated absorption on the pulse performance
figures is investigated. To create a fair comparison, i.e., to maintain a similar interplay
between amplification and absorption, the pump current JG is adapted alongside the
unsaturated absorption to keep the relative distance to the lasing threshold constant.
The scanned parameter combinations (JG, Q0) are indicated by the diagonal black dashed
lines in Fig. 5.12. Along that line, Fig. 5.14 presents the pulse performance, where (a)
plots the pulse peak intensity (red line) and the mean intensity (green dashed line) and
(b) plots the pulse width as determined by the FWHM of the pulse profile.

For an increasing unsaturated absorption, i.e., more negative values of Q0, both
the pulse peak intensity and the mean intensity sublinearly increase: The former from
|E|2max ≈ 200 to |E|2max ≈ 2050 and the latter from ⟨|E|2⟩ ≈ 1.0 to ⟨|E|2⟩ ≈ 8.0. Thus,
even though the ratio JG/Q0 is kept constant, the out-coupled peak and mean power
increase, which implies that the mode-locking process itself becomes more efficient. This
manifests in the pulse width, which decreases from ∆pw ≈ 3.7 ps to ∆pw ≈ 2.25 ps along
the (JG, Q0) scan. This observation lends itself to the interpretation that shorter pulses
minimize the losses in the absorber chip and are therefore favored. Note, however, that
the decrease of the pulse width approximately saturates for Q0 ≲ −0.5, while the peak
and mean intensity still increases. This suggests that FWHM does not fully capture the
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adaptation of the pulse to the increased absorption and pump (s. Fig. 5.8 and Fig. 5.11 for
the occurring asymmetric pulse profiles). Nonetheless, the increase of the pulse peak and
mean intensity occurs considerably slower in the regime of the approximately constant
pulse width compared to the regime of the decreasing pulse width.

In conclusion, the unsaturated absorption Q0 hardly changes the observed qualitative
dynamics, except for a shift to larger pump currents. Quantitatively, however, larger
(more negative) unsaturated absorption parameters facilitate shorter pulses and larger
pulse peak powers. Hence, if the energy consumption of the mode-locked laser is not a
limiting factor, it is beneficial to increase the unsaturated absorption in order to achieve
optimal pulse performance.

5.3.4 Gain Bandwidth Dependence of the Emission Dynamics

Lastly, the impact of the gain bandwidth parameter γ on the emission dynamics is inves-
tigated. Similar to the previously discussed unsaturated absorption, the gain bandwidth
is determined by the optical components of the laser and typically cannot be controlled
directly in experimental setups13. On that account, it is recalled that the parameter γ
describes the round-trip gain spectrum in a lumped-element approach with a Lorentzian
filter. In addition to the gain spectrum of the gain-chip active medium itself, it therefore
also includes the spectral response of the absorber chip and the backside DBR mirrors. In
the case of broadband gain chips [WAL16], the latter may actually represent the limiting
element regarding the overall round-trip gain.

Nevertheless, the gain bandwidth parameter γ can be considered to be mostly de-
termined by the gain chip for the sake of this investigation. In order to increase its
bandwidth, the individual quantum wells, which are contained within the gain chip, can
be fabricated with inhomogeneously broadened band gaps. This can be achieved via var-
ious band gap engineering techniques, such as tuning the localization length, adapting
the material ratios and introducing strain [CHO99] .

In order to conduct the investigation, an ensemble of lasers with bandwidth param-
eters ranging from values of γ = 50 to γ = 10000 is considered. This corresponds to
gain bandwidths ranging from ≈ 0.105 meV to ≈ 21.1 meV. Pump current scans are
performed for each laser and the results are recorded in the two-dimensional parameter
space spanned by the pump current and the gain bandwidth (JG, γ). Figure 5.15 presents
the observed emission states within that parameter space, where (a) shows the results
obtained with the laser started in the off state for each parameter combination and (b)
shows the results for an continuously increased pump current (pump current up-sweep).
The comparison between the two highlights the multistability among the various states.
The recorded emission states are color coded and the respective codes are denoted on top
of the plots. The horizontal black dotted lines indicate the default bandwidth (γ = 2000,
top) and the bandwidth used in [HAU19] (γ = 150, bottom). The vertical black dashed
lines indicate the parameter scan used in Fig. 5.17.

As analytically predicted by Eq. (5.49), the lasing threshold Jth is not affected by the
gain bandwidth γ due to the vanishing amplitude-phase coupling factors. The emission

13The gain chip device (lattice) temperature does impact the charge-carrier quasi-equilibrium distribution
and thereby the gain bandwidth. This effect is, however, much smaller than the scanned parameter
range.
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Figure 5.15: Emission states observed in the pump current and gain bandwidth parame-
ter space (JG, γ): off, fundamental/harmonic mode-locking (FML/HML), pulse-
cluster mode-locking (PC), leading-edge unstable mode-locking FML/HMLLEI,
trailing-edge unstable pulse-cluster mode-locking PC2TEI, and fat pulse mode-
locking (fat). The labels in the top row indicate the respective color codes. (a)
Laser (initial conditions) prepared in the off state. (b) Continuous increase of the
pump current (up-sweep). The horizontal black dotted lines indicate the default
bandwidth (γ = 2000, top) and the bandwidth used in [HAU19] (γ = 150, bottom).
The vertical black dashed lines indicate the scan in Fig. 5.17. Laser parameters:
Q0 = −0.58 and τ1 = 0.25.

states that can be observed beyond the threshold, on the other hand, do critically change
with the gain bandwidth.

At the lowest gain bandwidths γ ≲ 60 the laser initially does not settle on any struc-
tured emission state (denoted with else), since noise induced perturbations continuously
induce a sequence of irregular spikes. At larger pump currents, fat pulses (teal) emerge,
which exhibit a pulse width ∆pw ≳ 0.4T . This emission state is related to the rectan-
gular pulses, which have been presented in Fig. 5.12 and Fig. 5.13, however, with much
smoother leading and trailing edges due to the smaller gain bandwidth.

At intermediate gain bandwidth parameters 60 ≲ γ ≲ 250, two additional emis-
sion states appear: fundamental mode-locking subject to a pulse-switching instability
(FMLPS, purple) at pump currents JG ≲ 2.5 and pulse-cluster mode-locking with two
pulses and a trailing-edge instability (PC2TEI, pink) at pump currents JG ≳ 2.5. For
increasing gain bandwidth parameters, the FMLPS emission state transitions to either
stable fundamental mode-locking (FML, blue) or leading-edge unstable second-order har-
monic mode-locking (HML2LEI, dark green), depending on the applied pump current.
The PC2TEI, on the other hand, transitions to stable PC2 emission (red).

The FMLPS and PC2TEI emission states are, furthermore, illustrated in Fig. 5.16,
where the top row shows pseudo space-time plots of the normalized intensity |E|2 and
the bottom row the corresponding net-gain dynamics. Hatched regions in the top row
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Figure 5.16: Pseudo space-time plots of the pulse and net-gain dynamics: The top row shows
the normalized intensity |E|2 and the bottom row the net gain G. The left col-
umn presents fundamental mode-locking subject to a pulse-switching instability
(FMLPS, JG = 2.0, γ = 60) and the right column pulse-cluster mode-locking with
two pulses and a trailing-edge instability (PC2TEI, JG = 3.0, γ = 60). Hatched
regions in the top row indicate positive net gain G > 0 and blue contour lines
indicate G = 0. Laser parameters: Q0 = −0.58 and τ1 = 0.25.

indicate positive net gain G > 0 and blue contour lines indicate G = 0. The FMLPS
state (a1) is characterized by regularly switching pulse trains, where the new pulse train
is always born half a round trip before/after the then dying pulse train. Peculiarly, as
shown in (a2), two equidistant broad net-gain windows are open per round trip. This
highlights that the net gain is only a small-signal stability measure, since the laser is
not able to support two high-intensity pulse trains simultaneously in this case. The
PC2TEI state (b1) is characterized by a pulse cluster with two pulses, where periodically
the leading pulse train dies, while a new pulse train is generated behind the trailing
pulse train. This process shifts the PC2TEI state to later times. The corresponding net
gain (b2) exhibits four approximately equidistant, open, and relatively broad net-gain
windows per round trip. Similar to the FMLPS state, the laser, however, can not support
four high intensity pulse trains simultaneously.

For gain bandwidths γ ≳ 250, the pump current induced succession of emission
states that has been presented in Fig. 5.9 and Fig. 5.12, is reestablished (FML, HML2LEI,
PC2, and HML4LEI for a continuously increasing pump current as shown in Fig. 5.15 (b)).
Within that regime, however, the transition boundaries between the emission states shift
to lower pump currents. This effect is attributed to a decreasing pulse width, which
reduces the interaction time with the gain chip and thus increases the available recovery
time. A longer recovery time in between pulses then produces positive net-gain instabil-
ities at lower pump currents and thereby shifts the transition boundaries. Due to this
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Figure 5.17: Mode-locking performance in the fundamental mode-locking state along the in-
creasing gain bandwidth γ. (a) Pulse peak intensity (red solid line) and mean
intensity (green dashed line) and (b) pulse width. The black dashed line indicates
a fitted power law. The scanned parameter range is indicated by the vertical black
dashed lines in Fig. 5.15. Laser parameters: JG = 1.0, Q0 = −0.58 and τ1 = 0.25.

mechanism, the upper PC2 boundary experiences a stronger shift than the upper FML
boundary. The gain recovery time in the former is only half as long as in the latter (s.
Fig. 5.5), and thus benefits more from the reduced pulse width. Finally, the shift of the
transition boundaries towards lower pump currents tapers off for large gain bandwidth
parameters. The effect is attributed to a pulse width, which becomes increasingly in-
significant compared to the round-trip time for large gain bandwidth parameters, and
thereby reduces the relative interaction times of the pulses with the active media.

Pulse Performance Dependence on the Gain Bandwidth

Lastly, the influence of the gain bandwidth on the pulse performance figures in the
fundamental mode-locking state is investigated. Hence, Fig. 5.17 presents the pulse per-
formance from γ = 100 to γ = 10000 for the constant pump current JG = 1 as indicated
by the vertical black dashed lines in Fig. 5.15. Subfigure (a) plots the pulse peak intensity
(red line) and the mean intensity (green dashed line) and subfigure (b) plots the pulse
width as determined by the FWHM of the pulse profile.

For an increasing gain bandwidth γ, both the pulse peak and mean intensity in-
crease, which indicates a more efficient mode-locking processes with lower overall losses.
Within the scanned parameter range, the peak intensity increases from |E|2max ≈ 17 to
|E|2max ≈ 10000 and the mean intensity from ⟨|E|2⟩ ≈ 0.7 to ⟨|E|2⟩ ≈ 16. The pulse width
simultaneously decreases from ∆pw ≈ 26 ps at γ = 100 to ∆pw ≈ 1.0 ps at γ = 10000.
The shorter pulses do not only redistribute the available intensity to larger pulse peak
values, but are also subject to smaller losses in the absorber chip, which leads to the
increased mean intensity.

Furthermore, it has to be highlighted that the pulse width does not follow a simple
γ−1 law as described in [VLA05, OTT14, JAU17a], but rather an approximate γ−2/3 law
(black dashed line in Fig. 5.17 (b)), which is subject to slight local changes in the observed
rate of decrease. This indicates that increasing gain bandwidth does not only directly
affect the pulse properties via the filtering element, but also indirectly via the nonlinear
interaction of the pulses with the gain and absorber chip. Hence, the shorter pulses
produce a different response in the gain and absorber chip such that the pulse shaping
mechanism is modified (s. Fig. 5.8), which effectively leads to the observed deviation
from the γ−1 law.
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In summary, a large gain bandwidth is highly desirable in order to achieve optimal
pulses from the V-shaped laser, as it improves all performance characteristics simultane-
ously. The observed emission states, however, remain qualitatively identical for increasing
gain bandwidths above γ ≳ 250. Based on this, the path continuation results regarding
the fundamental and pulse-cluster mode-locking states, which have been presented in
[HAU19] for γ = 150, can be extrapolated to larger gain bandwidths. As the default gain
bandwidth, this thesis chooses γ = 200014, which produces pulses that are much shorter
than the round-trip time, but also keep the computational integration costs reasonably
low.

14Identical to [WAL18].
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5.4 Asymmetric Cavity Configurations
This section investigates the impact of asymmetric laser cavities on the mode-locked
emission dynamics. For that purpose, the overall cavity length, i.e., the cold-cavity round-
trip time T , is kept constant while the ratio between the two cavity arms is changed.
Note that asymmetry in this chapter only refers to the length of the cavity arms. In a
broader sense, the laser configuration is always asymmetric, since the output coupler is
located at one end and the absorber chip at the other end of the cavity. The asymmetry
is then specified in terms of the propagation time τ1 between the output coupler and
the gain chip. The propagation time τ2 between the gain and the absorber chip is then
determined via the condition

2τ1 + 2τ2 = T, (5.53)

where T is fixed as aforementioned. Within the dimensionless system, the propagation
times thus take values τ1, τ2 ∈ [0.0T, 0.5T ]. Hence, on the extremes, the gain chip is either
located at the output coupler or at the absorber chip. These extreme cases are not directly
experimentally realizable with a V-shaped external cavity since the optical components
take up some space by themselves. The intermediate configurations, however, can be
easily configured on an optical table by positioning the optical elements accordingly.

5.4.1 Emission States for Asymmetric Cavity Configurations
The analysis starts off by performing pump current scans for laser configurations with
an asymmetry ranging from τ1 = 0 to τ1 = 0.5. The detected emission states are then
recorded and collected in the two-dimensional parameter space spanned by the pump
current and the gain-chip position (JG, τ1). The results are presented in Fig. 5.18, where
(a) shows the emission states obtained with the laser started in the off state for each
parameter combination and (b) shows the emission states for a continuously increased
pump current (pump current up-sweep). The comparison between the two highlights the
multistability among the various states. The recorded emission states are color coded
and the respective codes are denoted on top of the plots. The horizontal black dotted
lines indicate the experimentally realized cavity configuration [WAL18] τ1 = 0.267, which
is slightly off the symmetric configuration (τ1 = 0.25).

As Fig. 5.18 reveals, the cavity configuration has a profound impact on the observable
emission states. Roughly speaking, the previously discussed pulse-cluster mode-locking
states (red to yellow colors) only appear for approximately symmetric laser cavities. Sta-
ble even-order harmonic mode-locking states (blue colors), which have not been observed
so far now appear for rather asymmetric configurations. With some minor exceptions at
the boundaries, the observed emission states exhibit a reflection symmetry with respect
to the symmetric cavity configuration τ1 = 0.25. This observed symmetry is attributed
to an exchange symmetry of τ1 and τ2 in Eq. (5.53) with the assumption that the prop-
agation effects dominate interaction with the absorber chip at one end and the output
coupler at the other end of the cavity.

Fundamental Mode-Locking

The fundamental mode-locking state can be observed for all cavity configurations. The
gain-chip position neither affects the lasing threshold (since Eq. (5.49) does not depend on
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Figure 5.18: Emission states observed in the pump current and gain-chip position parameter
space (JG, τ1): off (white), fundamental/harmonic mode-locking (FML/HML, blue
colors), pulse cluster mode-locking (PC, red to yellow colors), leading-edge unsta-
ble mode-locking (FMLLEI/HMLLEI, green colors), and pulse-switching unstable
mode-locking (FMLPS/HMLPS, purple colors). The labels in the top row indicate
the respective color codes. (a) Laser (initial conditions) prepared in the off state.
(b) Continuous increase of the pump current (up-sweep). τ1 = 0.0 corresponds to
the gain chip located at the output coupler and τ1 = 0.5 to the gain chip located
at the absorber chip. Laser parameter: Q0 = −0.58.

the propagation times) nor the lower FML boundary. The upper pump current stability
boundary, on the other hand, critically depends on the cavity configuration. With the
gain-chip located at the output coupler, i.e., τ1 = 0.0, the upper FML stability boundary
is found at JG ≈ 0.8 and pulse-switching unstable fundamental mode-locking (FMLPS,
dark purple) is observed beyond the boundary. For an increasing gain-chip position τ1, the
upper FML stability boundary shifts towards larger pump currents until it reaches a local
maximum at JG ≈ 1.54 for the configuration τ1 = 1/6 ≈ 0.167. From there on, the upper
FML stability boundary has reached an approximate plateau and only marginally reduces
to the local minimum JG ≈ 1.52 at the symmetric configuration τ1 = 0.25. Within
that plateau region, instead of the FMLPS state, leading-edge unstable fundamental
mode-locking (FMLLEI, dark green) is observed beyond the stability boundary. That
is, however, with the exception of the symmetric cavity configuration τ1 = 0.25, where,
as previously reported in Sec. 5.3, leading-edge unstable second-order harmonic mode-
locking (HML2LEI, green) is found beyond the FML stability boundary. The remaining
cavity configurations τ1 ∈ ]0.25, 0.5] follow the aforementioned reflection symmetry with
respect to τ1 = 0.25.

The two new unstable emission states, namely leading-edge and pulse-switching
unstable fundamental mode-locking (FMLLEI and FMLPS, respectively), to which the
laser transitions after crossing the upper stability boundary of the fundamental mode-
locking state, are further illustrated in the following. On that account, Fig. 5.19 shows
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Figure 5.19: Pseudo space-time plots of the pulse and net-gain dynamics: The top row shows the
normalized intensity |E|2 and the bottom the net gain G. The left column shows
leading-edge unstable fundamental mode-locking (FMLLEI, JG = 1.6, τ1 = 0.2)
and the right column shows pulse-switching unstable fundamental mode-locking
(FMLPS, JG = 1.2, τ1 = 0.1). Hatched regions in the top row indicate positive net
gain G > 0 and blue contour lines indicate G = 0. Laser parameter: Q0 = −0.58.

pseudo space-time plots of the normalized intensity |E|2 (top row) and the net gain G
(bottom row) over a range of 100 round trips. The net gain is color coded and regions of
positive net gain (red colors) are indicated in the intensity plots by blue contour lines and
hatched regions. The left column plots leading-edge unstable fundamental mode-locking
(FMLLEI, JG = 1.6, τ1 = 0.2) and the right column plots pulse-switching unstable
fundamental mode-locking (FMLPS, JG = 1.2, τ1 = 0.1).

Leading-edge unstable fundamental mode-locking is characterized by a single pulse
train that exhibits a large positive net-gain window at the leading edge of the pulse
(hatched regions in (a1)). Hence, noise induced perturbations at the leading edge are
amplified and thereby destabilize the pulse train, which produces large fluctuations of the
pulse peak intensities and of the pulse positions. The net gain as shown in Fig. 5.19 (a2),
furthermore, exhibits two additional characteristic negative valued local maxima at t ≈
0.66 and t ≈ 0.86.

Pulse-switching unstable fundamental mode-locking15, on the other hand, is charac-
terized by pulse trains which only live for a limited number of round trips before they
die and a new pulse train is born at a different position within the cavity. As indicated
in Fig. 5.19 (b1), the birth of a new pulse train is preceded by a broad positive net-gain
window. The newly born pulse then emerges at the trailing edge of the net-gain window.
15Pulse-switching unstable fundamental mode-locking has also been observed for the monolithically in-

tegrated three-section laser in Chap. 4. Both the qualitative emission dynamics and the cavity con-
figuration induced generation mechanism are identical.
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As soon as the new pulse train has reached enough power to bleach the gain and absorber
chip, it causes the positive net-gain window to shrink and only overlap with the pulse.
However, shortly after the new pulse train is established, a new broad net-gain window
at a different cavity position is reestablished as well. Hence, the switching process reg-
ularly repeats and thereby prohibits stable fundamental mode-locking emission. For the
parameters at hand, a typical pulse trains lives for ≈ 150 round trips (≈ 94 ns) and the
switching processes, where two pulse trains coexist, last for ≈ 40 round-trips (≈ 25 ns).

With the addition of the leading-edge unstable second-order harmonic mode-locking
state (HML2LEI), which is observed beyond the upper FML stability boundary for the
symmetric cavity configuration (τ1 = 0.25), it can be reasoned that three different cavity
configuration dependent destabilizing mechanisms are at work. A detailed analysis of
those mechanisms is presented in Sec. 5.4.4.

Harmonic Mode-Locking States

Rather asymmetric cavity configurations lead to the stabilization of the even-order har-
monic mode-locking states. For an increasing pump current, a cascade of increasing
higher-order harmonic mode-locking states with intermediate pulse-switching instabili-
ties is generated. Moreover, the harmonic mode-locking states at the rather asymmetric
cavity configurations continue a pattern in their upper pump current stability boundary,
which is similar to the FML state. For cavity configurations that become more symmet-
ric, i.e., τ1 → 0.25, the respective upper stability boundary initially shifts to larger pump
currents, as can be seen for the HML2 and HML3 states in Fig. 5.18. Beyond the sta-
bility boundary, pulse-switching unstable harmonic mode-locking of the same order, i.e.,
HML2PS and HML3PS, respectively, is observed. Similar to the FML state, the increase
of the upper stability boundary, however, reaches a local maximum, which is followed
by a plateau as can be seen for HML2 emission in Fig. 5.18. The turning points towards
the HML2 plateau are found at τ1 ≈ 0.083 and τ1 ≈ 0.417 instead of τ1 ≈ 0.167 and
τ1 ≈ 0.333 for the FML emission case.

The observed emission states beyond the plateau are either leading-edge unstable
second-order harmonic mode-locking (HML2LEI, green) or leading-edge unstable fourth-
order harmonic mode-locking (HML4LEI, light green). The latter resembles the FMLLEI
to HML2LEI transition as discussed for the FML emission state at a symmetric cavity
configuration (symmetry axes at τ1 = 0.125 and τ1 = 0.375 instead of τ1 = 0.25).

Third-order harmonic mode-locking, which is, unlike second and fourth-order har-
monic mode-locking, a stable emission state at rather symmetric configurations, can only
be seen in very small pockets in Fig. 5.18, due to the large multistability among the di-
verse emission states (s. Fig. 5.9). It is therefore predominantly observed at strong cavity
asymmetries.

The gain and net-gain dynamics of the harmonic mode-locking states, which can be
observed for pronounced asymmetries, are presented in Fig. 5.20. Second-order harmonic
mode-locking (HML2) is shown in the left column ((a1) and (a2), JG = 2.0, τ1 = 0.25/2 =
0.125) and third-order harmonic mode-locking (HML3) is shown in the right column ((b1)
and (b2), JG = 3.2, τ1 = 0.25/3 ≈ 0.0833). The top row ((a1) and (b1)) presents the
intensity |E|2 (blue), gain G (green), and absorber Q (red) dynamics and the bottom
row ((a2) and (b2)) the corresponding net-gain G dynamics. The intensity |E|2, the gain
G and the absorption Q have been normalized to 0.1. The zero baselines of the gain
and absorption have been shifted proportional to their cavity position with respect to
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Figure 5.20: Intensity and carrier dynamics of the HML2 (JG = 2.0, τ1 = 0.25/2 = 0.125) and
HML3 (JG = 3.2, τ1 = 0.25/3 ≈ 0.0833) states. Subfigures (a1) and (b1) show
the temporal evolution of the intensity (blue lines), the gain (green lines), and the
absorption (red lines), respectively. The intensity, gain and, absorption have been
normalized to 0.1 and the respective zero positions (black dotted lines) have been
shifted proportional to their cavity positions. The propagation of the pulses is
indicated by blue dashed lines. (a2) and (b2) plot the respective net gain G. Laser
parameter: Q0 = −0.58.

the output coupler and are indicated by horizontal black dotted lines. The propagation
through the laser cavity is indicated by blue dashed lines. The intersection with the black
dotted lines thus represents the interaction with the gain and absorber chips.

Both the second and third-order harmonic mode-locking dynamics are qualitatively
identical. The respective cavity configurations ensure that the gain chip experiences
equidistant interactions with the circulating pulse trains. The gain chip experiences four
pulse interactions per round trip in the case of the HML2 state and six pulse interactions
per round trip in the case of the HML3 state. Similar to fundamental mode-locking (s.
Fig. 5.5), the corresponding net-gain dynamics exhibit short positive windows at the pulse
emissions and characteristic negative-valued local maxima in between pulse emissions.

Note that the presented examples are chosen to be at resonant cavity configures,
which enable the equidistant gain interactions with the pulses. At slightly off-resonant
configurations, both the HML2 and HML3 emission states can be nonetheless observed
with neither shifts of the pulse positions nor non-identical pulse shapes among the coex-
isting pulse trains. This behavior is contrary to the pulse cluster states, where the peak
intensities within the cluster change for off-resonant configurations [HAU20].

As reported above, the cavity configuration does affect the destabilizing mechanism,
which determines the upper pump current boundary of the regions of harmonic mode-
locking. The single negative-valued local net-gain maximum, as shown in Fig. 5.20 (a2)
and (b2), only occurs for the resonant configuration. For HML2 emission this leads to
leading-edge unstable fourth-order harmonic mode-locking beyond the pump current sta-
bility boundary JG ≈ 3 (HML4LEI, green in Fig. 5.18). For off-resonant configurations,
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the negative-valued local net-gain maximum splits into two non-identical local maxima.
As a consequence, the leading-edge unstable second-order harmonic mode-locking appears
beyond the upper pump current stability boundary (HML2LEI, green in Fig. 5.18). Sim-
ilarly, the HML3 emission state transitions into either HML3LEI or HML6LEI depending
on the cavity configuration (not shown in Fig. 5.18).

Pulse Cluster Mode-Locking States

The pulse-cluster mode-locking states (PC, red to yellow colors) predominantly appear
for symmetric configurations τ1 ∈ [0.167, 0.333]. For an increasing cavity asymmetry,
i.e., τ1 ̸= 0.25, the pulses within a cluster become increasingly non-identical. Typically,
the leading pulse acquires additional energy and thus exhibits a larger peak intensity
than the other pulses. Similarly, the temporal pulse spacing within the cluster adapts to
optimize the gain-chip interactions with the pulses. On that account, the pulse clusters
with three and four pulses (PC3 and PC4), which can be found for asymmetric cavity
configurations up to τ1 ≈ 0.1 and τ1 ≈ 0.4, respectively, are strongly deformed.

As indicated in Fig. 5.18, the pulse-cluster states are subject to complex stability
boundaries, which shall not be discussed in their entirety16. For that reason, this sec-
tions only focuses on the PC2 emission state. As presented in Fig. 5.18, the PC2 state
shares some similarities with the FML and the HML emission states. For an increasing
cavity symmetry, the upper stability boundary of the PC2 shifts to larger pump cur-
rents until a plateau is reached. Along the increasing stability boundary, the emission
transitions to complex and irregular dynamics, which are not further classified and are
thus labeled with ’else’ (gray). For asymmetric configurations along the plateau, the
PC2 state transitions to leading-edge unstable PC2 emission (PC2LEI, brown). Only
for the symmetric configuration, the laser emits leading-edge unstable fourth-order har-
monic mode-locking (HML4LEI, light green), as presented and discussed in Sec. 5.3. In
that sense, the same pattern that has been observed for the FML and HML2 states is
reproduced.

Furthermore, the plateau is reached at JG ≈ 3.0, which matches the HML2 plateau
at asymmetric configurations and is not a coincidence. Both in the PC2 and the HML2
state, the gain is subject to four approximately equidistant pulse interactions per round
trip (s. Fig. 5.5 and Fig. 5.20). In both cases, the resulting net gain exhibits two short and
positive windows along the pulse emission and two characteristic negative-valued local
maxima. The stability is either limited by a leading-edge instability of the current state or
the transition to HML4LEI emission. Hence, the stability boundary is either determined
by the pump current that causes the leading-edge instability (HML2/PC2LEI) or by the
negative-valued local net-gain maxima to become positive (HML4LEI). Due to the similar
operation conditions, this occurs at approximately the same pump currents. It can be
expected that higher-order harmonic and pulse-cluster mode-locking states are subject
to the same mechanism.

Summary

In conclusion, the gain-chip positions τ1, i.e., the cavity asymmetry parameter, further
reveals the rich diversity of mode-locking states in passively mode-locked external cavity

16See Refs. [HAU19, HAU20] for a detailed analysis of the pulse cluster emission states and their stability.
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lasers. With respect to the symmetric cavity, further emission states appear (even-
order harmonic mode-locking) or become favorable compared to the pulse-cluster states
(odd-order harmonic mode-locking). Additionally, the destabilizing mechanisms of the
fundamental, harmonic, and pulse-cluster states diversify as well, which lead to qual-
itatively different irregular emission states (pulse-switching and leading-edge unstable
mode-locking).

In that sense, the symmetric cavity configuration that was investigated in Sec. 5.3
represents a degenerate case, where both cavity arms are of the same length. This
configuration uniquely gives rise to the HML2LEI instability of the fundamental mode-
locking state and the HML4LEI instability of the pulse-cluster state with two pulses.

The common feature that all stable emission states share is an approximately tem-
poral equidistant interaction of the gain chip with the pulses. This optimizes the gain
recovery and minimizes non-radiative losses in the gain chip. It, furthermore, prevents
positive net-gain instabilities to occur at relatively low pump currents. For asymmetric
cavity configurations, this condition is fulfilled by the harmonic mode-locking states. For
the approximately symmetric configurations, on the other hand, the pulse-cluster states
and the odd-order harmonic mode-locking states match this condition. Fundamental
mode-locking can be observed for all cavity configurations. Nevertheless, a greatly im-
proved upper pump stability boundary at rather symmetric configurations improves the
operation flexibility.

5.4.2 Discussion of the Experimental Results
The presented results now allow for a discussion of the experimental results. On that ac-
count, the experimentally observed succession of emission states (s. Sec. 5.1 and Fig. 5.2)
is reproduced for slightly but sufficiently asymmetric cavity configurations. As indicated
by the black dotted lines in Fig. 5.18, the experimentally realized configuration is found
just above the region of leading-edge unstable second-order harmonic mode-locking.

The experimentally observed side pulses in the intensity autocorrelation trace are,
furthermore, associated with the simulated leading-edge unstable emission states. On
that account, Fig. 5.21 (a1) and (a2) present simulated autocorrelation traces at JG = 2.0
and τ1 = 0.267. The difference between the two is embodied in the integration time tint.
Fig. 5.21 (a1) utilizes 100 round trips and (a2) 1000 round trips (similar to Fig. 5.4).
Instead of a simple decay, Fig. 5.21 (a1) shows a characteristic peak at the time lag
∆t ≈ 0.018, which is on the order of the pulse width. The longer integration time
(a2), on the other hand, smooths out the characteristic peak, but nonetheless exhibits
two-stage decay of the autocorrelation trace, which is reminiscent of the peak seen in
(a1).

The difference induced by the integration time tint is attributed to the irregular-
ity of the noise induced leading-edge instability. On sufficiently short time scales, the
perturbations that are generated in front of the pulses (s. Fig. 5.19) remain sufficiently
self-similar to create the characteristic peak in the autocorrelation trace. On longer time
scales, however, the irregular noise induced perturbations average out and produce the
observed slower second stage of the decay of the autocorrelation trace.

At this point, it is important to note that the simulated dynamics are able to qual-
itatively reproduce the experimentally observed side pulse in the autocorrelation trace.
However, the simulations do not fully correspond to the experimentally observed dy-
namics, since the simulated leading-edge instabilities cause broad noisy harmonics in
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Figure 5.21: Intensity autocorrelation trace of the leading-edge unstable fundamental mode-
locking state (FMLLEI, JG = 2.0 and τ1 = 0.267) for an integration time
tint = 100 T (a1) and tint = 1000 T . (b) Pseudo space-time plot of the normalized
intensity of the leading-edge unstable pulse-cluster state with two pulses (PC2LEI,
JG = 3.5 and τ1 = 0.267). Hatched regions in the top row indicate positive net
gain G > 0 and blue contour lines indicate G = 0. Laser parameter: Q0 = −0.58.

the power spectral densities (s. Fig. 5.4), which are not observed in the experiment (s.
[WAL18] for details). This suggest that reality includes a stabilizing mechanism, which
regularizes the pulses produced in the leading-edge instability and thereby produces a
periodic pulse train with a clean characteristic line shape in the power spectral den-
sity. Candidates for such a mechanism are likely found in the complex gain dynamics,
which have been subject to strong simplifications in the employed modeling approach.
For example, more quantitative models [KIL14, KIL16, MCL20] include effects such as
asymmetric gain spectra, kinetic hole burning, and carrier-distribution amplitude-phase
coupling.

Nonetheless, the appearance of the side pulse in the autocorrelation trace can be
attributed to the leading-edge instability, since the instability occurs due to the recovery
of the gain chip in the absence of the optical pulses. This process would equally occur for
more complex gain models. The stabilization of side pulses created in the leading-edge
instability would further enable them to be detectable in the autocorrelation trace for
arbitrary integration times.

Lastly, leading-edge unstable pulse-cluster mode-locking with two pulses (PC2LEI,
brown color in Fig. 5.18) is shown in a pseudo space-time representation in Fig. 5.21 (b).
As the name suggests, the emission is characterized by a pulse cluster with two pulses
(PC2, s. Fig. 5.4), where both pulse trains are subject to a leading-edge instability. This
instability is induced by the large positive net-gain window in front of the pulse, as indi-
cated by the hatched regions and blue contour lines. Additional positive net-gain windows
appear in between the pulse cluster as well, but do not lead to the creation of high power
pulses. The resulting autocorrelation traces of the PC2LEI are qualitatively identical
to those of the FMLLEI state (Fig. 5.21 (a1) and (a2)) and are therefore not presented.
Hence, following the discussion of the FMLLEI state, the simulated PC2LEI emission state
corresponds to the experimentally observed PC2 state with intensity autocorrelation side
pulses.
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Figure 5.22: Fundamental mode-locking performance in the pump current and gain-chip posi-
tion parameter space (JG, τ1). Subfigures (a) and (b) show the pulse peak intensity
and the pulse width, respectively. Subfigures (c) and (d) depict the data in (a) and
(b) normalized to the symmetric laser cavity (τ1 = 0.25) for each pump current.
Laser parameter: Q0 = −0.58.

5.4.3 Pulse Performance Dependence on the Cavity Asymmetry
In the next step, the pulse performance characteristics of the fundamental mode-locking
state are investigated in the pump current and gain-chip position parameter space (JG, τ1).
On that account, Fig. 5.22 presents the color-coded pulse peak intensity in (a) and the
color-coded pulse width (time-domain FWHM) in (b). The depicted parameter space
corresponds to the dark blue regions in Fig. 5.18. Note that the horizontal line scan at
τ1 = 0.25 represents the symmetric cavity and has already been shown in Fig. 5.10 and
discussed in Sec. 5.3.

As both Fig. 5.22 (a) and (b) reveal, the pulse performance characteristics found for
the symmetric cavity are representative for all other cavity configurations. The pulse
peak intensity monotonically increases for an increasing pump current and the pulse
width first decreases to a global minimum at 0.5 ≲ JG ≲ 0.6 and then monotonically
grows again. In that sense, the cavity configuration, i.e., the gain-chip position τ1, mostly
affects the performance by determining the upper stability boundary.
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This strongly affects the maximum achievable pulse peak intensity. For the strongly
asymmetric configurations τ1 = 0.0 and τ1 = 0.5, the peak intensity only reaches |E|2max ≈
1000 before the FML state becomes unstable. At the local maxima of the upper stability
boundary τ1 = 0.167 and τ1 = 0.333, on the other hand, peak intensities of |E|2max ≈ 2250
and |E|2max ≈ 2150, respectively, can be observed. Contrary to the peak intensity, the
cavity configuration is irrelevant with respect to the minimal achievable pulse width as
this occurs for all configurations below the upper stability boundary.

Taking a closer look, the pulse performance characteristics are not exactly symmetric
with respect to the symmetric cavity configuration τ1 = 0.25. For that reason Fig. 5.22 (c)
and (d), respectively, present the pulse peak intensity and the pulse width normalized to
the value observed for the symmetric configuration for a given pump current JG. Hence,
the color code highlights relative changes, i.e., improvements and degradations, which
are obtained by tuning the cavity geometry.

Both the peak intensity and the pulse width show a non-trivial behavior. For cavity
configurations with τ1 > 0.25, the peak intensity always reduces with respect to the sym-
metric cavity. The reduction is stronger for greater asymmetries and reaches a minimum
at JG ≈ 0.54 with a relative value of ≈ 0.6. For configurations with τ1 < 0.25, three
different regimes can be identified: For small pump currents JG ≲ 0.5, the peak inten-
sities show relative increases with values up to ≈ 1.06. For intermediate pump currents
0.5 ≲ JG ≲ 1.0, the pulse peak intensities reduce with the asymmetry and values down
to ≈ 0.7 can be observed. For larger pump currents JG ≳ 1.0, which are only observed
for rather symmetric configurations, the behavior changes again and the peak intensities
increase with the asymmetry. However, the relative improvements only reach values up
to ≈ 1.01.

The relative pulse width changes show a qualitatively similar behavior for both asym-
metry directions. For small pump currents JG ≲ 0.6 the relative pulse width increases.
This effect is more pronounced for configurations with τ1 > 0.25, where the largest rela-
tive change with a value of 1.1 can be found additionally. A small exception is observed
for configurations with τ1 < 0.25 just above the lasing threshold. At larger pump cur-
rents JG ≳ 0.6, the behavior changes and the pulse width decreases with an increasing
asymmetry. The reduction of the pulse width is more pronounced for configurations with
τ1 < 0.25 and the minimum normalized pulse width is found close to the upper pump
current stability boundary at τ1 ≈ 0.05 with a value of ≈ 0.82. This reduction, how-
ever, decreases to a value of only ≈ 0.97 at the local pump current stability boundary
maximum at τ1 ≈ 0.167.

In conclusion, it is generally beneficial for the pulse performance to configure the
laser in an asymmetric configuration with τ1 < 0.25. Only if the shortest absolute pulse
width is to be achieved with no requirements for the peak intensity (obtained at τ1 = 0.25
and JG ≈ 0.58) a symmetric configuration can be recommended. If, furthermore, a great
pump current tuning flexibility and strong peak powers are desired, a cavity configuration
with τ1 ≈ 0.167 is recommended, which corresponds to the lower local maximum of the
upper pump current stability boundary.

Lastly, it is to be mentioned that some of the results must be interpreted carefully.
As demonstrated in Sec. 5.3.1, the spectral filtering element, which models the combined
gain spectrum of all optical components in a lumped element approach, has the greatest
impact on the pulse shaping. To recall, in the investigated example (s. Fig. 5.8), the pulse
peak intensity and pulse width change by approximately ≈ 15% due to the interaction
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Figure 5.23: Intensity and carrier dynamics of the fundamental mode-locking state close to the
(a) pulse-switching instability (JG = 1.05, τ1 = 0.1), (b) leading-edge instability
(JG = 1.5, τ1 = 0.2), and (c) second-order harmonic mode-locking leading-edge
instability (JG = 1.4, τ1 = 0.25). Subfigures (a1) to (c1), respectively, show
the temporal evolution of the intensity (blue lines), the gain (green lines), and
the absorption (red lines), which have been normalized to 0.1. Their respective
zero positions (black dotted lines) have been shifted proportional to their cavity
positions. The propagation of the pulses is indicated by blue dashed lines and the
propagation of the semistable perturbations by purple dashed lines. (a2) to (c2)
plot the respective net gain G. Black circles indicate semistable (G ≈ 0) net gain
windows. Laser parameter: Q0 = −0.58.

with the filtering element. Hence, only relative changes in Fig. 5.22, which exceed the
15%, can be attributed to cavity geometry induced changes of the gain and absorption
dynamics. These considerations in particular weaken the results at large pump currents
where the asymmetry induced peak intensity and pulse width changes are relatively small.
Nonetheless, the results presented in this section exhibit a trend that is highly worthwhile
to be investigated by experiments and by quantitatively more accurate models.

5.4.4 Fundamental Mode-Locking Stability Boundary
The region of fundamental mode-locking in the pump current and gain-chip position
parameter space (JG, τ1) exhibits a distinct shape with characteristic local maxima of the
upper pump current stability boundary at τ1 = 0.167 and τ1 = 0.333. These features also
facilitate the transition from the pulse-switching to the leading-edge instability beyond
the boundary. Motivated by those observations, this last subsection investigates the
underlying mechanisms in detail and derives an analytic approximation of the upper
stability boundary as a function of the cavity configuration.

To start out, Fig. 5.23 illustrates the three potential destabilizing mechanisms, which
may occur for different cavity configurations τ1. The pulse-switching instability (JG =
1.05, τ1 = 0.1) is shown in the left column (a), the leading-edge instability (JG = 1.5,
τ1 = 0.2) in the middle column (b), and the second-order harmonic mode-locking leading-
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edge instability (JG = 1.4, τ1 = 0.25) in the right column (c). The top row ((a1) to (c1))
presents the intensity |E|2 (blue), the gain G (green), and the absorber Q (red) dynamics
and the bottom row ((a2) to (c2)) the corresponding net-gain G dynamics. The intensity
|E|2, the gain G, and the absorption Q have been normalized to 0.1. Moreover, the zero
baselines of the gain and absorption have been shifted proportional to their cavity position
with respect to the output coupler and are indicated by horizontal black dotted lines. The
propagation through the laser cavity is illustrated by blue dashed lines. The intersection
with the black dotted lines thus represents the interaction with the gain chip and the
absorber chip. Additionally, black circles in (a2) to (c2) indicate semistable (G ≈ 0) net-
gain windows for which perturbations would be neither amplified nor attenuated. The
propagation of such perturbations is, furthermore, indicated by purple dashed lines in
(a1) to (c1). Note that the perturbations are considered to be small and therefore leave
no characteristic footprint in the gain dynamics, i.e., do not affect the gain recovery.

The pulse-switching instability (FMLPS, (a)) is induced by the second local net-
gain maximum, which occurs in between the pulse emissions as indicated by the black
circle in (a2). The net-gain window is closed by the interaction of the gain and the
backward-traveling pulse. The resulting FMLPS dynamics beyond the stability bound-
ary are presented in Fig. 5.19 (b). The leading-edge instability (FMLLEI, (b)), on the
other hand, is generated, as the name indicates, by positive net gain at the leading edge
of an existing pulse train. Hence, the destabilizing perturbation (purple dashed line in
(b1)) travels right in front of the existing pulse train. The irregular FMLLEI dynam-
ics resulting from this instability are presented in Fig. 5.19 (a). Lastly, the second-order
leading-edge instability (HML2LEI, (c)) is characterized by positive net gain at the lead-
ing edge of an existing pulse as well as the first, i.e., the earlier, local net-gain maximum
in between pulse emissions. In the presented example, the first and second local net-gain
maxima in between pulse emissions have merged due to the symmetric cavity config-
uration. The HML2LEI dynamics, which result from the two simultaneously occurring
net-gain instabilities, are presented in Fig. 5.6 (a).

Analytic Net-Gain Approximation

Based on those results, the three distinct irregular emission states, which can be observed
beyond the stability boundary, can be attributed to the presented three distinct net-gain
induced instabilities. Hence, the destabilizing mechanism can be entirely explained by
the net-gain dynamics. This insight represents the foundation for the further analysis.
The net gain, as given by Eq. (5.51), is reproduced here and reads

G(t) = G(t − τ1) + G(t − τ1 − 2τ2) + 2Q(t − τ1 − τ2) + ln(rOC). (5.54)

The net gain thus dynamically depends on the gain G and the absorption Q at the
respective delay times τ1 and τ2. Inspecting the time traces of the gain and absorption
dynamics, as presented in Fig. 5.23, reveals the following features: Firstly, both the gain
and the absorption are almost completely saturated upon the interaction with the mode-
locked pulses. Secondly, the absorption recovers very quickly to its equilibrium value
Q0 in the absence of the pulses. Thirdly, the gain experiences an exponential relaxation
towards its equilibrium value in the absence of the pulses, but does not reach that value.

Those features can be combined to yield an analytic approximation for the net gain
for all times except at the trailing edge of the pulse, where the absorption is not yet
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recovered. In the first step, the dynamical absorption in Eq. (5.54) is simply replaced by
the equilibrium value Q0. In the second step, the gain recovery can be analytically solved
by integrating the dynamical equation for the gain Eq. (5.39) in the absence of optical
pulses, i.e., |E|2 ≈ 0.0. The result reads

G(t) = JG

γG
(1 − exp(−γGt)) , (5.55)

where the complete saturation G ≈ 0.0 has been used as the initial condition. The net
gain can then be written as

G = G(∆1) + G(∆2) + Q0 + ln(rOC), (5.56)

where ∆1 and ∆2 denote the times, which are available for the gain recovery. They
describe the time intervals in between the gain-chip interaction with the considered per-
turbation and the last interaction with an existing high-power pulse. ∆1 and ∆2 depend
on the emissions state and the cavity geometry, which is encoded by the gain-chip position
τ1. The previously introduced instabilities occur at the transition to positive net-gain
values at the characteristic points. Hence, Eq. (5.56) is set to zero and solved for the
critical pump current, which yields the expression

Jcrit
G = γG (−ln(rOC) − 2Q0)

2 − exp(−γG[∆1 − ∆pw]) − exp(−γG[∆2 − ∆pw]) , (5.57)

where the gain-recovery intervals ∆1 and ∆2 are yet to be determined. In a last step, the
effective recovery times have been adjusted for the finite pulse width ∆pw, during which
the electric field is not negligible and no gain recovery occurs.

Each of the three instabilities produces an independent branch of recovery intervals
(∆1, ∆2), which eventually leads to positive net-gain windows. In the example time
series presented in Fig. 5.23, the recovery intervals (∆1, ∆2) can be identified as the time
differences between the intersection of the perturbation (purple dashed lines) with the
gain chip (central black dotted line) and the preceding interaction of a high-power pulse
with the gain. Crucially, the considered noise induced perturbations are small when they
are generated, such that they can potentially be amplified twice by the same gain per
round trip without causing any saturation.

The pulse-switching instability directly feeds off this mechanism. As Fig. 5.23 (a1)
exemplifies, the backward-moving perturbation first passes the gain chip, is reflected at
the output coupler, and then passes the gain chip in the forward direction right before
the existing backward-moving pulse bleaches the gain G. Applying this rule, the gain-
recovery intervals (∆1, ∆2) that produce the pulse-switching instability (FMLPS) read

∆1 = 1 − 4τ1

∆2 = 1 − 2τ1

}︄
for τ ≤ 0.25 and

∆1 = 4τ1 − 2
∆2 = 2τ1

}︄
for τ > 0.25, (5.58)

where the distinction of cases is due to the cavity configuration symmetry around τ1 =
0.25. Note that this construction allows the perturbation to be amplified twice by the
long gain recovery, which amounts to ∆1, ∆2 ≈ 1 for configurations with τ1 ≈ 0.0 and
τ1 ≈ 0.5.

The leading-edge instability (FMLLEI), as highlighted in Fig. 5.23 (b1), is produced
by a perturbation that sits right in front of the existing pulse. Hence, the characteristic
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Figure 5.24: Upper stability boundaries of the fundamental mode-locking state in the pump
current and gain-chip position parameter space (JG, τ1). Subfigure (a) plots the
branches of gain-recovery intervals ∆1, ∆2 (solid and dashed, respectively), which
feed the net-gain approximation Eq. (5.57) and belong to the pulse-switching in-
stability (purple), the leading-edge instability (dark green), and the second-order
leading-edge instability (light green). Subfigure (b) plots the estimated stability
boundaries (color code as in (a)) on top of the numerically obtained emission states
for an effective pulse width ∆pw = 0.05. Horizontal black dotted lines indicate
τ1 = 0.167 and τ1 = 0.333. Laser parameter: Q0 = −0.58.

recovery intervals follow the propagation times that determine the pulse amplification in
Eq. (5.38) and read

∆1 = 2τ1

∆2 = 1 − 2τ1

}︄
for τ ≤ 0.25 and

∆1 = 1 − 2τ1

∆2 = 2τ1

}︄
for τ > 0.25. (5.59)

Note that ∆1 + ∆2 = 1 always holds due to the construction. Lastly, the second-order
leading-edge instability (HML2LEI) is created by a perturbation that arrives at the gain
chip in the backward direction right before the existing forward-moving pulse bleaches
the gain, as can be seen in Fig. 5.23 (c1). The resulting recovery intervals thus read

∆1 = 2τ1

∆2 = 2τ1

}︄
for τ ≤ 0.25 and

∆1 = 1 − 2τ1

∆2 = 1 − 2τ1

}︄
for τ > 0.25, (5.60)

where ∆1 and ∆2 are always identical. Note that both recovery intervals drop to zero
for the configurations τ1 = 0.0 and τ1 = 0.5, which causes Eq. (5.57) to diverge.

The resulting branches of recovery intervals (∆1, ∆2) are plotted in Fig. 5.24 (a),
where purple lines denote the pulse-switching instability (FMLPS), dark green lines the
leading-edge instability (FMLLEI), and light green lines the second-order leading-edge in-
stability (HML2LEI). Solid lines denote ∆1, which is by construction always the smaller
among the two, and dashed lines denote ∆2. The plot reveals three unique cavity con-
figurations: The recovery intervals that belong to the leading-edge and second-order
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leading-edge instability are both equal for the symmetric cavity configuration τ1 = 0.25.
The recovery intervals that belong to the leading-edge and the pulse-switching instabil-
ity are both equal at the cavity configurations τ1 ≈ 0.167 and τ1 ≈ 0.333, which are
highlighted by horizontal black dotted lines.

Using Eq. (5.57), the resulting stability boundary approximations are plotted in
Fig. 5.24 (b) on top of the numerically obtained emission states (s. Fig. 5.18) using the
same color code as in (a). Important to note, the pulse width ∆pw that enters Eq. (5.57)
is not evaluated as the FWHM, but rather as the width for which the electric field dom-
inates the dynamics of the gain (s. Eq. (5.39)). For the case at hand, this is fulfilled for
|E|2 ≳ 0.1, which yields an approximate pulse width of ∆pw = 0.0517.

As the comparison between the numerically obtained emission states and the an-
alytic stability boundary approximations demonstrates, the latter almost perfectly ap-
proximates the former. The analytic approximation, moreover, explains the exact shape
of the region of stable fundamental mode-locking as well as the respective emission states,
which can be observed beyond the stability boundary. As can be seen in Fig. 5.24 (b),
the fundamental mode-locking stability is determined by the lowest critical pump current
Jcrit

G among the three destabilizing mechanisms. For the rather asymmetric configura-
tions, i.e., τ1 ≲ 0.167 and τ1 ≳ 0.333, this happens to be the pulse-switching instability
(purple line). According to Fig. 5.24 (a), this can be attributed to the longest available
recovery intervals ∆1 and ∆2, which require a smaller pump current to achieve positive
net-gain windows.

For rather symmetric cavity configurations 0.167 ≲ τ1 ≲ 0.333, the leading-edge
instability provides the longest recovery intervals (∆1, ∆2). Consequently, the funda-
mental mode-locking state is destabilized by the leading-edge instability (dark green line
in Fig. 5.24 (b)). The local pump current stability boundary maxima at τ1 ≈ 0.167 and
τ1 ≈ 0.333 are generated by the intersection of the pulse-switching and leading-edge
instability. The leading-edge instability, moreover, exhibits a global minimum for the
symmetric cavity τ1 = 0.25, despite the constant sum ∆1 + ∆2 = 1 of the two recovery
intervals. This property is caused by a monotonic and concave downward recovery of the
gain G, which is more efficient, i.e., has a larger mean slope, for shorter recovery intervals
and thus requires a smaller critical pump current to produce positive net-gain windows.

Lastly, the second-order leading-edge instability becomes only relevant for the sym-
metric cavity configuration τ1 = 0.25, where the associated recovery intervals (∆1, ∆2)
are identical to the leading-edge instability. For all other configurations, the critical
pump current quickly grows and diverges towards τ1 = 0.0 and τ1 = 0.5. Hence, the
leading-edge unstable second-order harmonic mode-locking state HML2LEI can only be
observed right beyond the stability boundary for the symmetric configuration. Note that
for further increasing pump currents JG, a small cone of HML2LEI grows in the (JG, τ1)
parameter space.

Parameter Dependence of the Stability Boundary

In conclusion, the stability boundaries of the fundamental mode-locking state can be
understood in terms of the net-gain dynamics and can be quantitatively reproduced
17Similar to the intensity FWHM, which has been presented in Fig. 5.22 (b), the |E|2 ≳ 0.1 width at the

stability boundary also varies with the cavity configuration. Good results for the stability boundaries
can be nonetheless obtained for a single-value approximation as long as the pulses are short compared
to the round-trip time, i.e., ∆pw ≪ T holds.
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Figure 5.25: Critical pump current Jcrit
G (upper stability boundary) of the fundamental mode-

locking state in the pump current and gain-chip position parameter space (JG, τ1).
Subfigure (a) plots Jcrit

G for a linearly increasing unsaturated absorption Q0 ∈
{−0.18, . . . , −1.08}. Subfigure (b) plots Jcrit

G for a geometrically increasing gain-
chip recovery rate γG ∈ {0.185, . . . , 2.11}. Subfigure (c) plots Jcrit

G for a linearly
increasing pulse width ∆pw ∈ {0.0, . . . , 0.1}. The red curve always represents the
default parameter set.

via a simple gain-recovery approximation. The resulting equation (5.57) for the critical
pump current then only depends on the output coupler reflectivity rOC, the unsaturated
absorption Q0, the gain recovery rate γG, the effective pulse width ∆pw, and the gain-
chip position τ1 via the gain recovery intervals ∆1 and ∆2. Typical output coupler
reflectivities, however, are close to unity [TIL15, WAL16] and therefore only provide a
small contribution.

The dependencies of the fundamental mode-locking stability boundary on the re-
maining laser parameters in the pump current and gain-chip position parameter space
(JG, τ1) are presented in Fig. 5.25. The critical pump current Jcrit

G is determined via
Eq. (5.57) as the minimum among the three destabilizing mechanisms. Hence, the unsat-
urated absorption Q0, the gain-recovery rate γG, and the pulse width ∆pw parameterize
the family of curves Jcrit

G (JG, τ1). Figure 5.25 (a) to (c) each show seven such curves for
representative values of the aforementioned parameters, where the fourth (red) curve
always represents the previously used default parameter set (s. Fig. 5.24).

The unsaturated absorption Q0, which is plotted in (a), is increased (towards neg-
ative values) in equidistant steps from Q0 = −0.18 to Q0 = −1.08. As Q0 only ap-
pears linearly in the numerator of the governing equation (5.57) the respective curves
Jcrit

G (JG, τ1) are merely shifted linearly towards larger pump currents.
The gain-recovery rate, which is shown in Fig. 5.25 (b), is increased geometrically

(constant multiplication factors) from γG = 0.185 to γG = 2.11. The gain-recovery rate
enters the stability boundary approximation Eq. (5.57) linearly in the numerator and in
the arguments of the exponential functions in the denominator, which implies a nonlinear
response to changes of this parameter. As Fig. 5.25 (b) reveals, an increasing recovery
rate most dominantly shifts the critical pump current to larger values due to the factor of
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γG in the numerator, which describes the change of the gain equilibrium value with the
gain-recovery rate. As a second-order effect, a fast, i.e., large, gain-recovery rate in the
exponential functions leads to a faster and thus effectively ’more concave’ gain-recovery
process. This leads to more pronounced local maxima and a stronger curvature of the
stability boundary at fast recovery rates (pink line in (b)). At small rates, the recovery
is slow and effectively linear at the available recovery intervals ∆1, ∆2, which leads to
a leading-edge instability boundary that is almost constant along gain-chip positions
0.167 ≤ τ1 ≤ 0.333 (blue line in (b)).

Lastly, the effective pulse width ∆pw is increased linearly with equidistant steps from
∆pw = 0.0 to ∆pw = 0.1 and the results are presented in Fig. 5.25 (c). The pulse width
reduces the effective gain recovery intervals ∆1 and ∆2 and thus increases the pump
current JG that is needed to achieve positive net gain. Since the pulse width appears
in the argument of the exponential functions in Eq. (5.57), the effect is nonlinear and,
similarly to the gain-recovery rate, leads to a more pronounced curvature and stronger
local maxima at larger pulse widths (pink curve in (c)). Moreover, the effect is weaker
for smaller ratios ∆pw/∆1,2, which occur for the rather asymmetric configurations.

To conclude, the unsaturated absorption Q0, the gain-recovery rate γG, and the
effective pulse width ∆pw all three retain the characteristic shape of the region of funda-
mental mode-locking. The most dominant effect of all three parameters is their induced
shift of the upper pump current stability boundary. Only secondary, the gain-recovery
rate and the pulse width also nonlinearly affect the curvature of the boundary. Never-
theless, in all cases, the cavity configurations with τ1 ≈ 0.167 and τ1 ≈ 0.333 produce
the local maxima in the stability boundary and thus provide the greatest pump current
operating flexibility. This advantage increases for a strongly nonlinear gain recovery, e.g.,
as induced by faster recovery rates and broader pulses.

Summary and Applicability to More Complex Gain Systems

In summary, the stability of the fundamental mode-locking state can be qualitatively and
quantitatively understood in terms of the net-gain dynamics. The FML state becomes
unstable as soon as positive net-gain windows, which do not coincide with the emission of
an existing pulse, appear. Depending on the temporal position of the additional positive
net-gain window, the fundamental mode-locking state destabilizes via a pulse-switching,
a leading-edge, or a second-order leading-edge instability.

The respective stability boundaries of the three destabilizing mechanisms can be
analytically predicted by solving the gain recovery in the absence of optical pulses and
using the results to construct the net gain as a function of the available gain-recovery
intervals. The three instabilities each induce a branch of recovery times (∆1, ∆2) that
depends on the geometric cavity configuration and determines, which instability occurs
at the lowest pump current and thereby limits the FML stability. The branches of
recovery intervals (∆1, ∆2) intersect at characteristic cavity configurations. Resulting
from that, the stability boundaries intersect as well and thus create the characteristic
shape of stable FML emission. The region of stable fundamental mode-locking emission
in the pump current and cavity configuration parameter space retains its qualitative
features, i.e. its shape, for all changes of the relevant laser parameters. These results are
attributed to the concave downward gain-recovery process and the cavity configuration
that determines the available gain-recovery intervals.
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For that reason, the qualitative shape of the stable fundamental mode-locking region
should generalize to any gain-chip active medium, which exhibits a concave downward
recovery process. Hence, the largest pump current tuning-range should always be found
independently from the gain-chip active medium at the characteristic gain-chip positions
τ1 ≈ 0.167 and τ2 ≈ 0.167.

For more complex gain-chip active media, the gain dynamics can likely not be solved
analytically in the absence of optical pulses. This would prevent the simple approximation
of the stability boundaries. Nevertheless, the stability boundary condition (net gain G ≈
0) can be formulated as an ordinary-differential equation boundary problem. The numer-
ical solution of this problem should be always much more inexpensive than simulating the
complete set of equations that describe the full spatio-temporal laser dynamics. Hence,
this approach could be easily implemented to determine the stability boundaries for
gain-chips with quantum-dot active media [HOF08a, LUE11b, HOF11a, LIN14, MEI19],
submonolayer quantum-dot active media [HER16, LIN16, ALF18, HAU21], and multi-
level quantum-well active media [ALF17, WAL18].
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5.5 Chapter Conclusions
In this chapter, the emission dynamics of a passively mode-locked V-shaped external
cavity semiconductor laser have been studied. To do so, a minimalistic delay-differential
equation model has been derived from first principles to self-consistently describe the
electric field, gain, and absorption dynamics of the laser. The model has been formulated
such that the implementation of different gain media, e.g., semiconductor quantum wells
or quantum dots, is straightforward. Unlike the Haus model [HAU00, HAU20, HAU20a,
PER20], instabilities and irregular pulse train dynamics are inherently within the scope
of the model. Apart from the direct numerical integration of the equations, the model
is suitable for path-continuation techniques [HAU19, HAU20] and allows for analytical
approximations [HAU20].

Using the model, the experimentally observed sequence of emission states has been
reproduced and understood in terms of the gain and net-gain dynamics as well as the
cavity configuration. The observed emission states are characterized by equidistant in-
teractions of the optical pulses with the gain chip. This optimizes the gain recovery and
minimizes the non-radiative losses in the gain chip. The experimentally observed side
pulses have been attributed to a leading-edge instability, which is predicted to only occur
at slightly asymmetric cavity configurations.

The emission dynamics have been furthermore characterized as a function of the
cavity configuration (gain-chip position τ1). For rather symmetric cavity configurations,
the equidistant gain interaction condition suppresses even-order harmonic mode-locking
states and gives rise to the characteristic pulse-cluster mode-locking states. Rather asym-
metric configurations restore the emission dynamics, which are known from ring-cavity
models, where no pulse-cluster and only harmonic mode-locking states are observed.
The symmetric configuration, in particular, represents a degenerate case with equal cav-
ity arm lengths, which leads to a unique destabilizing mechanism of the stable emission
states. The symmetric configuration has furthermore been found to not represent the
optimal configuration in order to achieve high quality fundamental mode-locking: The
best performance and operation flexibility has been found at τ1 = 0.167, i.e., a ratio of
1:2 of the cavity arms.

These results are further supported by an analytic approximation of the fundamen-
tal mode-locking upper pump current stability boundary. The procedure distinguishes
three different positive net-gain destabilizing mechanisms, which lead to three different
instabilities and thus to three qualitatively different irregular emission states beyond the
stability boundary. The intersection of the different stability boundaries produces the
characteristic shape of the stable fundamental mode-locking region. It has furthermore
been discussed that the qualitative results of the analytic stability boundary approxima-
tion should generalize to every gain medium, which exhibits a monotonic and concave
downward recovery process. As this applies to all conventional gain media, the optimal
cavity configuration with respect to the pump current tuning range should always be
found at τ1 = 0.167 or τ1 = 0.333, i.e., cavity arm ratios of 1:2 and 2:1. Results from the
direct numerical integration have moreover suggested that the pulse cluster and harmonic
mode-locking states are subject to the same positive net-gain induced destabilizing mech-
anisms. Hence, if those states are of particular interest, similar analytic approximations
of the upper stability boundary could be constructed.
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Open Questions and Outlook

The obvious open question addresses the stabilizing mechanism that produces the ex-
perimentally observed side pulses along stable periodic fundamental and pulse-cluster
emission. Assuming that the delay-differential equation model has omitted the relevant
physical mechanism due to the utilized approximations and assumptions, a number of
extensions and modifications of the numerical model are possible: Easy to implement
within the delay-differential equation framework, an effective multi-population charge-
carrier model, as suggested in [ALF17, WAL18], could provide the characteristic scatter-
ing time scales of the charge-carriers. If a more general electric field propagation scheme
(s. Sec. 2.4) is used, analytic approximations of the quantum-well optical susceptibility
[MUL06, JAV10, JAV11] could be used to avoid the lumped-element gain filter approach
and incorporate some of the intricacies of the asymmetric and complex gain spectrum.
In the case that this does not suffice, the Maxwell-Bloch equations could be implemented
either with the full polarization dynamics (s. Chap. 2.3) or with the effective polarization
dynamics as introduced in Chap. 4. Note that only the former would be able to produce
Rabi oscillations [SCU97], which could become relevant due to the high pulse powers
within the laser resonator. Ultimately, the highest order in the modeling hierarchy could
be reached by coupling the Maxwell-Bloch equations to the full wave-equation as done
in [KIL14, KIL16, KIL17, MCL20]. Going beyond the traveling-wave approximations
would furthermore allow to simulate the experimentally observed 100 fs pulse widths.

Independent of the experimentally observed side pulses, the above enumerated ex-
tensions and improvements of the numerical model could furthermore be utilized to study
and understand the qualitative and quantitative limitations of the presented simple delay-
differential equation model. With that knowledge, the pulse performance trends that have
been observed for varied cavity configurations could be reevaluated in order to put the
quantitative predictions regarding the optimal cavity configuration on firmer ground.
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In this thesis, the dynamics of passively mode-locked semiconductor lasers have been
investigated. A special emphasis has been given to the spatio-temporal intra-cavity elec-
tric field and active medium gain dynamics. The results have been utilized to identify
and suggest optimal laser configurations and operating conditions. The investigation has
been split into two parts, which are both centered around a particular device: a mono-
lithically integrated three-section tapered quantum-dot laser and a V-shaped external
cavity semiconductor laser. Both analyses have been motivated and complemented by
experimental characterizations, which have given rise to specific questions.

To construct effective laser models from first principles, the derivations of the trav-
eling-wave equation framework for the electric field dynamics and the inhomogeneous
Maxwell-Bloch equations for the coherent coupling to the gain medium have been pre-
sented. Moreover, two numerically efficient integration schemes have been developed.
The first integration scheme can be applied for an arbitrary electric field source term and
has thus been used for the three-section laser model, where the electric field is driven by
an effective macroscopic polarization. The second integration scheme requires the electric
field source to be linear in the electric field itself and has been used for the V-shaped
laser model, where the polarization equations have been adiabatically eliminated.

In order to perform a quantitative analyses of the temporal pulse-train stability,
the long-term timing jitter has been introduced. On that account, multiple established
long-term timing jitter estimation methods have been reviewed and discussed in terms
of their applicability to simulated passively mode-locked lasers. Additionally, a new
pulse-period fluctuation autocorrelation based timing jitter estimation method has been
developed. With the goal of reducing the computational costs of obtaining high-fidelity
timing jitter estimates, the various methods have been benchmarked with respect to the
calculated pulse train sample-set sizes. Both the pulse-period fluctuation autocorrelation
method and the power spectral density based Kéfélian method have been demonstrated
to perform better than the direct application of the time-domain definition by a factor
of ≈ 100. Hence, the usage of the latter is strongly discouraged. Depending on the pulse
train properties, recommendations regarding the most suitable timing jitter estimation
method have furthermore been presented.

The first device under investigation has been a monolithically integrated tapered
three-section semiconductor quantum-dot laser. Motivated by experimental characteri-
zations, a numerical model has been developed, which couples the microscopically moti-
vated quantum-dot charge-carrier dynamics via the Maxwell-Bloch equations to the intra-
cavity electric field. The obtained model self-consistently describes the spatio-temporal
laser dynamics and has been demonstrated to both qualitatively and quantitatively re-
produce the measured emission dynamics. The excellent agreement validates the model
and facilitates the further study and exploration of the laser dynamics.
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To understand the pulse-shaping mechanism of the laser, a co-moving spatio-tem-
poral representation of the electric field intensity and the gain dynamics has been devel-
oped. This representation has been proven highly effective, as it visualizes the evolution
of pulse profile along the pulse propagation and thereby reveals the impact of the local
interaction with the active medium. Utilizing this technique has demonstrated that the
pulse-shaping in the three-section laser is contrary to the mechanisms reported in the
literature: Pulses broaden in the absorber section and shorten in the gain sections due
to the interplay between the saturable and the non-saturable gain and absorption.

The numerical model has been further employed to precisely identify and study the
occurring instabilities and relate them to the experiment via their respective out-coupled
emission characteristics. On that account, a pulse-switching instability has been found
to limit the fundamental mode-locking state at large pump currents. This instability is
induced by a positive net-gain window, which is created between the pulse emissions via
the interactions of the forward and backward-traveling pulses. The instability has been
shown to be characteristic for the devices geometry. The requirement for the spatio-
temporal modeling has been highlighted by those results.

In the next step, the numerical model has been used to create detailed maps of the
observable emission dynamics as well as maps of the pulse performance and the timing
jitter of the fundamental mode-locking state. On this account, it has been shown that
the pulse peak power, the pulse width, and the timing jitter can not be optimized si-
multaneously. However, a compromise among those figures of merit has been found at
intermediate absorber reverse biases, which corresponds to the experimentally utilized
biasing condition. The implications of the absorber reverse bias have further been un-
raveled by separately studying the induced effects. The investigation has demonstrated
that the observed emission states critically depend on the interplay of the absorber red-
shift and absorber recovery rate, which are both determined by the applied reverse bias.
Fundamental mode-locking only appears if both are properly tuned, which occurs at the
aforementioned intermediate values.

Lastly, the numerical model has been utilized to explore the impact of the taper
angle of the long gain section and the position of the saturable absorber section, and
predict optimal configurations. The simulations have revealed that all pulse performance
characteristics improve with an increasing taper angle. The absorber section, on the other
hand, exhibits an intermediate optimal position within the laser cavity that maximizes
both the pump current range for which fundamental mode-locking can be obtained as
well as the achievable pulse peak power. It has been further demonstrated that these
results can be interpreted and understood in terms of the pulse shaping and the gain and
absorption recovery processes.

The second device under investigation has been a V-shaped external cavity semi-
conductor laser. Driven by experimental investigations, a minimalistic spatio-temporal
delay-differential equation model has been derived, in order to study the effects, which are
induced by the cavity geometry. Apart from the direct numerical integration of the equa-
tions, the model allows for analytical approximations and is suitable for path-continuation
techniques. The latter, however, are rendered numerically unfeasible if the experimentally
observed ultra-short optical pulses are to be studied. Deploying the numerical model, the
experimentally observed sequence of emission states has been reproduced and understood
in terms of the gain and the net-gain dynamics. Characteristic for the V-shaped laser,
pulse-cluster mode-locking states, which contain multiple approximately identical pulses,
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appear at larger pump currents. Similar to the three-section laser, the emission dynamics
critically depend on the cavity configuration and the resulting active medium interac-
tions of the forward and backward-traveling pulses. The symmetric cavity configuration
in particular gives rise to the pulse-cluster states and suppresses even-order harmonic
mode-locking states. The experimentally observed side pulses have been attributed to a
leading-edge instability, which is predicted to only occur at slightly asymmetric cavity
configurations. The observed stable emission states have been characterized by equidis-
tant interactions of the forward and backward-traveling pulses with the gain chip. This
condition optimizes the gain recovery and minimizes the non-radiative losses.

Furthermore, the emission dynamics have been characterized as a function of the
cavity configuration in terms of the gain-chip position. The simulations have revealed
that rather asymmetric cavity configurations reestablish the even-order harmonic mode-
locking states and suppress the pulse-cluster states. The governing mechanisms have
been attributed to positive net-gain instabilities, which are characteristic for a given
cavity configuration. On that account, the upper pump current stability boundary of the
fundamental mode-locking state can be entirely understood in terms of three qualitatively
different positive net-gain instabilities. Quantitatively, the critical pump current can be
accurately constructed by approximating the net gain, which a perturbation experiences
along its propagation. The three instabilities respond differently to changes of the cavity
configuration and thereby generate a characteristic region of stable fundamental mode-
locking. Based on those results, optimal fundamental mode-locking performance has been
predicted for a cavity arm ratio of 1:2. These findings thus demonstrate the value of a
net-gain analysis, which incorporates the spatio-temporal specifics of the laser dynamics.

Outlook

The fundamental equations of motion, i.e., the traveling-wave equation and the Maxwell-
Bloch equations, which can be used to describe multi-mode laser dynamics, have been
known for a number of decades [FLE68, SCH88j]. Detailed numerical investigations of
passively mode-locked lasers, however, have been limited by the accessible computing
powers. This has given rise to a number of minimalistic models [NEW74, HAU75a,
HAU75b, HAU00, VLA05], which employ strong approximations, but nonetheless capture
many of the qualitative mechanisms and features of passive mode-locking. These models,
however, often fail to reproduce and explain the details of experimental characterizations,
and thus only carry limited quantitative predictive power.

Only recently, advances of semiconductor technologies have sufficiently reduced the
computational costs, such that the spatio-temporal modeling of passively mode-locked
lasers has become feasible [BAN06, MUL06, AVR09, JAV10, RAD11a, ROS11c, KIL16].
Nevertheless, the simulation of such devices is still in the maturing process as this thesis
demonstrates. Even with the availability of a small-scale cluster (≈ 100 nodes), the
numerical models must be carefully custom build for the specific device at hand, in order
to achieve reasonable computation times, which allow to perform parameter studies and
pulse-train stability analyses.

Although the computational costs can be expected to further decrease in the future,
it is nonetheless highly desirable to further advance the simulation tools for multi-mode
semiconductor lasers in the meantime. As this thesis demonstrates, the demands and
expectations towards simulations may greatly vary. On the one hand, quantitatively
exact simulations of mode-locking characteristics, pulse-shaping mechanisms, and pa-
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rameter dependencies may be desired. On the other hand, qualitative descriptions and
explanations of the dynamics may be sufficient.

To comprehensively include all cases, it would therefore be of great value to develop
multi-mode laser simulation tools, which provide the flexibility to adapt the modeling
depth to what is most appropriate for a given task. This would imply a modeling hi-
erarchy, with a detailed microscopic description of the electric field and active medium
on the one end, and an effective minimalist description on the other end. The ability to
shift between the different levels within that hierarchy would directly reveal the validity
of the approximations and assumptions, which are required to move to simpler levels, as
well as their quantitative consequences on the pulse performance figures. This flexibility
could then be used, e.g., to perform large parameter studies with a simple model and
spot check the results using a more advanced model. Specific laser configurations and
operating points could furthermore be investigated in detail with more advanced models,
in order to improve the predictive power of the obtained results.

Irregardless of the modeling depth, the pulse-shaping mechanism can be studied by
the means of the co-moving spatio-temporal representation, which has been introduced
in this thesis. Similarly, a net-gain stability analysis can be performed at all modeling
hierarchy levels. Equipped with those tools, the pulse generation can be visualized and
understood in terms of the laser configuration and the active medium dynamics. Utilizing
computer simulations thus may guide the development of new generations of efficient
high-performance passively mode-locked lasers.
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