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We analyze the onset of plastic yield in the Maugis-adhesive contact of elas-
tic spheres. Written in proper dimensionless variables, the problem solution
depends on Poisson’s ratio, the Tabor parameter and a non-dimensional adhe-
sion strength. The influences of adhesion range and strength are studied in detail.
First yield can either occur inside the bodies on the axis of symmetry (for long
range adhesion) or at the contact boundary (for short range adhesion). Adhesion
significantly reduces the external load necessary to initiate plastic yield. A sim-
ple analytic solution for the critical load in the DMT-limit of adhesion is being
derived. Our results are quantitatively similar to previously published findings
based on the double Hertz model of adhesion and can for example be applied to
study an adhesive spherical microcontact in the contact of rough surfaces.
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1 INTRODUCTION

Contacts are highly stressed components of structures. By examining the state of stress inside the contacting bodies, it is
possible to determine the contact load to locally initiate plastic yield. In Hertzian contact, for example, this problem has
been solved long ago.
The influence of adhesion on plastic yield is high due to the stress concentration at the edge of adhesive contacts, which

can be thought of as an ”external crack”. Yet, the interplay of adhesion and plasticity is still poorly understood.
Mesarovic and Johnson [1] investigated the influence of plasticity on the decohesion behavior of adhesive spheres. They

assumed that one can neglect the influence of the adhesion during the elastoplastic loading, and that restitution, as in the
non-adhesive case, is an elastic process. A similar model was later proposed by Olsson and Larsson [2]. Kogut and Etsion
[3] developed a FE-model of an adhesive elastoplastic microcontact in the DMT limit [4] of adhesion. FE simulations
with a Lennard-Jones model for the adhesive potential were done by Du et al. [5] and Kadin et al. [6]. Gilabert et al. [7]
performed MD simulations for the JKR-adhesive [8] contact between an elastoplastic sphere and a rigid flat.
Due to their constitutive non-linearity, elastoplastic contact simulations are numerically costly. We will therefore focus

on the problem of first yield in adhesive contacts. In the JKR limit of adhesive interaction, the stresses at the contact
edge are singular. Hence, at an arbitrarily small load, there would be plastic deformation in a finite environment of the
contact boundary. In the opposite DMT limit of adhesion the contact pressure distribution is the same as in the non-
adhesive case with a reduced normal force; first yield thus occurs on the axis of symmetry at a lower load than in the
non-adhesive contact.
Both limiting cases are insufficient to investigate the problem; in fact, the stress concentration at the contact boundary is

finite, so a reasonable framework for solving the problemmust take into account the Tabor parameter [9] for characterizing
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the range of adhesion. In the work of Wu and Adams [10], the authors used the double Hertz model by Greenwood and
Johnson [11] for the adhesive potential to analyze first yield in the adhesive contact of elastic spheres. The double Hertz
model has some physically strange properties, but simplifies the contact mechanics of the problem as much as possible.
An alternative approach to be pursued in the present paper is to use the solution of the adhesive normal contact problem
with arbitrary range of adhesion according to Maugis [12], based on the Dugdale model [13] for the adhesive interaction.
The present paper is organized as follows: First, we will detail the theoretical foundations and associated numerical

methods regarding the Maugis-adhesive contact of elastic spheres and the onset of plastic yield. Then, comprehensive
results for the compressive normal force necessary to initiate plastic deformations, and for the exact location of first yield
will be presented. Some conclusive remarks finish the manuscript.

2 PROBLEM FORMULATION ANDMETHODS

2.1 Maugis-adhesive contact of elastic spheres

Maugis obtained a solution for the adhesive contact of elastic spheres with variable range of adhesion by analogy to an
external axisymmetric crack under pressure. According to the Dugdale model, the adhesive stress 𝜎0 is constant from the
radius 𝑎 of the crack to the radius 𝑐, where the distance between the surfaces is equal to the critical value

ℎ =
𝑤

𝜎0
, (1)

𝑤 being the work of adhesion. Beyond this radius no attraction forces remain.
Using results of Lowengrub and Sneddon [14] to calculate elastic displacements of the crack lips and the distribution of

stresses, and considering the Griffith criterion [15], which equates the energy release rate to the work of adhesion, Maugis
derived the set of equations
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where 𝑃 is the applied contact load, 𝑎 the radius of contact, 𝑐 the outer radius of adhesion, 𝑑 the indentation depth, 𝑅 =
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of the spheres, 𝜈 being the Poisson’s ratio and 𝐸 the Young modulus. The parameter 𝜆 determines the range of adhesion
and is therefore proportional to the one proposed by Tabor. For 𝜆 → ∞ the JKR limit is reached, while 𝜆 → 0 leads to the
DMT limit.
When specifying 𝜆 as well as the contact load �̄�, Equations (2) and (3) give the radius of contact �̄� and the ratio of radii

𝑚. Those can be inserted in Equation (4) to calculate the indentation depth 𝑑. Since there is no analytical solution for
Equations (2) and (3), the Levenberg-Marquardt algorithm [16,17] was used to minimize the expression
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with 𝑓𝑖 being the right sides of Equations (2) and (3), and thus obtain a numerical solution of the equation system. Once
the radius of contact �̄� and the ratio of radii 𝑚 are determined through the set of equations, the pressure distribution of
the Maugis-adhesive contact is given in dimensionless form with
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where the pressure is normalized in the same way as the adhesive stress
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and 𝑟 = 𝑟∕𝑎.

2.2 First yield

To determine the point of first yield, the stresses within the elastic half-space induced by the applied pressure distribu-
tion of Maugis need to be computed. These can be obtained by superposition of the stresses caused by a concentrated
normal load (originally found by Boussinesq [18] and also given, e.g., by Johnson [19]), that is, integration over the whole
pressure distribution.
Since the entire problem is axisymmetric, the same applies for the stresses in the elastic half-space andweuse cylindrical

coordinates. This also implies that the stresses 𝜎𝑟𝜙 and 𝜎𝜑𝑧 are always equal to zero. The stress in the direction 𝑟𝑟 for
instance is calculated through:
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where 𝑠2 = 𝑥2 + 𝑦2, 𝑡2 = 𝑥2 + 𝑦2 + 𝑧2 and

𝑥 = 𝑟′ − 𝑟 cos(𝜑), 𝑦 = −𝑟 sin(𝜑) and 𝑧 = 𝑧′ (10)

are the distances between the point (𝑟′, 𝑧′)within the half-space and a point (𝑟, 𝜑) of the pressure distribution. Normalized
to the yield strength of the softer material, 𝜎Y , Equation (9) can be written in dimensionless form:
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where all lengths have been normalized to the radius of contact 𝑎. The parameter

𝜓3 =
𝜋𝑤𝐾2

8𝑅𝜎3
Y

(12)

contains the ratio of the critical load in the JKR model and the load leading to yielding in the Hertzian contact, and
therefore can be thought of as a parameter scaling the adhesion strength. The integrals which need to be solved in order
to obtain the stresses—for instance, the ones in Equation (11)—do not have an analytical solution for a pressure distri-
bution from a Maugis-adhesive contact. We hence used the MATLAB function integral2 [20], which is based on an
adaptive 2D Gaussian quadrature, to calculate the integrals. It is noteworthy that a solution was only found for points
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F IGURE 1 Maugis-adhesive contact between a rigid sphere with radius 𝑅 and an elastic half-space with stiffness 𝐾

�̄�′ ≥ 10−7; below this value, the gradients of the functions to integrate are getting too large to obtain an accurate numerical
approximation.
To predict the onset of plastic yield within the elastic half-space, the von Mises yield criterion was used. The von Mises

stress is the second invariant of the deviatoric stress tensor:
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and yielding occurs if 𝜎vM ≥ 𝜎Y . Since the stress tensor and therefore the von Mises stress can be calculated in every
point of the elastic half-space, but cannot be expressed as an analytical function of the coordinates 𝑟 and 𝑧, search algo-
rithms were used to determine its maximum value within the half-space. For the search on the axis of symmetry (in one
dimension, 𝑧) the golden-section search introduced by Kiefer [21] was applied, while the maximum away from the axis of
symmetry (a search in two dimensions, 𝑟 and 𝑧) was determined using the Nelder-Mead method [22].
For the Hertzian non-adhesive problem, the onset of yield can be determined analytically and always occurs on the axis

of symmetry. Johnson [19] states that for a Poisson’s ratio of 𝜈 = 0.3 yielding starts at a depth of 𝑧 = 0.48𝑎 in the half-space,
when the mean pressure is equal to

𝑃

𝜋𝑎2
=

16

15
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An analysis of the stresses within the elastic half-space shows, however, that this is a rounded value. The more accurate
value is 1.0752 𝜎Y , which leads to a yield load of

𝑃
(Hertz)
Y

= 38.5403
𝑅2𝜎3

Y

𝐾2
. (15)

3 RESULTS

There are two locations in the elastic half-space, where yielding might start. These can be seen in Figure 2, which shows
the stress distribution within the half-space for a mid-range Tabor parameter of 𝜆 = 3. Local maxima are visible in two
points within this stress field. They resemble the global maxima of the respective limiting theories: Just like for the DMT
limit (producing a Hertzian stress field), there is a maximum on the axis of symmetry rather far away from the half-space
boundary; and similar to the JKR limit (with a singularity in stress at the edge of contact), there is a maximum close to the
half-space boundary and the edge of contact. Depending on the Tabor parameter and the applied contact force, these two
local maxima are pronounced to a greater or lesser extent. In the presented figure, for instance, at a load of �̄� = 39.98 and
an adhesion parameter of 𝜓 = 0.4836, yield is starting simultaneously on the axis of symmetry and at the edge of contact.
For better legibility of the results obtained, we now introduce the new dimensionless force

𝑃∗ = �̄�𝜓3 =
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(a) Overall view of the elastic half-space.
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(b) Detailed view of the edge of contact.

F IGURE 2 Distribution of the normalized von Mises stress 𝜎vM∕𝜎Y for a Maugis-adhesive contact with 𝜆 = 3, 𝜓 = 0.4836, �̄� = 39.98 and
𝜈 = 0.3, which represents the point where yielding occurs simultaneously on the axis of symmetry and at the edge of contact

which corresponds to a normalization to the yield load from theHertzian contact. The results are presented in dependency
on the two main parameters 𝜆 and 𝜓, i. e. the range and the strength of adhesion. The third parameter, the Poisson’s ratio
𝜈, was set to 0.3 throughout all calculations.

3.1 The DMT limit

Once the dimensionless force 𝑃∗ is introduced, the yield load for the DMT limit (𝜆 → 0) can easily be expressed as a
function of the adhesion parameter 𝜓. It differs from the Hertzian yield load by the adhesion force between two rigid
spheres after Bradley [23]:

𝑃
(DMT)
Y

= 𝑃
(Hertz)
Y

− 2𝑤𝜋𝑅, (17)

which leads to the dimensionless form

𝑃
∗(DMT)
Y

= 𝑃
∗(Hertz)
Y

− 2𝜓3. (18)

3.2 Normal force to initiate yield

For a variable range of adhesion the computed yield loads are shown in Figures 3 and 4. The solid lines are for yielding
on the axis of symmetry, while yielding near the edge of contact is represented by dashed lines. These are not present
in Figure 4, since for values below 𝜆 = 1.236 and loads greater than zero the onset of yield always occurs on the axis
of symmetry.
If considering yield on the axis of symmetry only (and neglecting plastic deformation at the edge of contact), results are

similar for all ranges of adhesion: For values of the adhesion parameter 𝜓 going towards zero, the yield force approaches
the one predicted by the Hertzian theory, that is, 𝑃∗(Hertz)

Y
= 4.8175. With 𝜓 getting higher, entailing a greater influence of

adhesion, the yield force gradually decreases until yielding occurs with no applied load for a certain value of the adhesion
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F IGURE 3 Normal force for the initiation of yield over the adhesion parameter 𝜓 for different ranges of adhesion 𝜆. Results are
displayed for yielding on the axis of symmetry (solid lines) and yielding near the contact edge (dashed lines) as well as curves for the DMT
limit and the proposed analytical fit
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F IGURE 4 Normal force for the initiation of yield over the adhesion parameter 𝜓 for further ranges of adhesion 𝜆 (yielding on the axis
of symmetry only). Curves for the DMT limit and the proposed analytical fit can be seen as well

parameter. We present the following curve fit expression

𝑃∗
Y(f it)

= 0.2838𝜓4 − 2.4454𝜓3 − 0.1426𝜓2 + 0.0122𝜓 + 4.8175 (19)

which is suited to describe the onset of yield on the axis of symmetry for values of 𝜆 in the range [0.1; 10].
Table 1 shows exemplary values for the parameter 𝜓 for contacts between equal materials.1 While the contacts of both

metals presented are described by values for 𝜓 that are situated well inside the range where yield occurs instantly at no

1 Elastic and mechanical properties were taken from [24] and [25], surface energies (i.e., half the work of adhesion for contacts between equal materials)
from [26] and [27].
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TABLE 1 Parameter 𝜓 for different materials and radii

Combined stiffness 𝑲 Yield strength 𝝈𝐘 Work of adhesion𝒘 Parameter 𝝍
Material (GPa) (MPa) (𝐦𝐉∕𝐦𝟐) for 𝑹 = 𝟏𝛍𝐦 for 𝑹 = 𝟏𝟎𝛍𝐦

Aluminium alloy 53 95 88 4.84 2.25
Mild steel 147 250 114 3.96 1.84
Polyethylen 0.3 20 66 0.66 0.31
PMMA 2.3 62 106 0.97 0.45

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
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F IGURE 5 Point of first yield on the axis of symmetry over the critical force to cause yielding for different ranges of adhesion 𝜆

applied load, for the contacts between polymers the values for 𝜓 lie within the range of results presented for positive
yield forces.
When taking into consideration yielding in the entire half-space, starting from 𝜓 = 0, the onset of yield still takes place

first on the axis of symmetry, but then suddenly jumps to the edge of contact (where the crossing of solid and dashed
lines represents yielding in the two locations simultaneously). After that yield loads are rapidly falling for increasing 𝜓.
Moreover, the value of the adhesion parameter for jumping from the axis of symmetry to the edge of contact is strongly
depending on the range of adhesion. This dependency was to expect, since within the pressure distribution from Equation
(7) the negative pressure at the radius of contact is equal to 𝜆 and therefore directly linked to the Tabor parameter and
thus the range of adhesion.

3.3 Point of first yield

The point where yielding occurs for the first time on the axis of symmetry (that is the 𝑧-axis) is plotted against the force
required to initiate this yielding in Figure 5. For all ranges of adhesion the limit 𝜓 → 0 and consequently a yield load
�̄�Y going towards infinity lead to the first yield occurring at the same point 𝑧 = 0.4809𝑎 as in the Hertzian theory and
thus the DMT limit. But starting from the Hertzian value 𝑃∗(Hertz)

Y
= 4.8175, as the yield load decreases, the point of first

yield moves towards the half-space boundary. The higher the Tabor parameter 𝜆, and therefore the smaller the range of
adhesion, the more the point of first yield shifts upwards on the axis of symmetry for small contact loads. Interestingly
enough, detailed analysis of the stresses within the half-space shows, that for yielding occurring at smaller values of 𝑧
(that is high Tabor parameters and small contact loads) the hydrostatic pressure in the point of first yield is significantly
lower compared to the Hertzian theory.
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As far as the onset of yield at the edge of contact is concerned, the applied search algorithm did always converge to the
point (𝑟, �̄�) = (1, 10−7). It is to note that �̄� = 10−7 was set as a limit, since for smaller values integrals within the calculation
of stresses could no longer be solved. It is plausible, therefore, that the point of first yield is located on the boundary of the
half-space at (𝑟, �̄�) = (1, 0), just like in the JKR theory.

4 DISCUSSION

The results displayed above which have been obtained based on the Dugdale-Maugis description of adhesive contact are
quantitatively similar to those presented byWu and Adams for the double Hertz model of adhesive contact by Greenwood
and Johnson. This seems to suggest that the precise form of the adhesive potential is of lesser importance for the onset of
plastic yield in the adhesive contact of elastic spheres.
To determine the contact configuration at first yield, we only applied the shear strain-energy criterion by von Mises.

Hence, all our results are obviously only applicable for materials whose mechanisms to release inelastic stresses are cap-
tured by this yield criterion. For example, this is probably not the case for the wide class of adhesive contacts formed
by very soft (and often viscoelastic) biomaterials. Also note that it has been shown in Finite-Element simulations that,
especially for large indentation depths, there are differences in elastoplastic contacts between indentation (i.e., contact
between a rigid sphere and a deformable flat) and flattening problems (where instead the sphere is deformable). This
aspect, which has not been captured in our analysis, is detailed in the review by Ghaednia et al. [28].
We also did not consider effects of interface friction (which may be important in the case of elastically dissimilar mate-

rials) or surface roughness. The interplay of friction, roughness and adhesion is a vast topic of ongoing scientific research,
that Ciavarella et al. [29] gave a deep and comprehensive review for. Moreover, several recent works have dealt with the
interplay of friction and adhesion—especially shear-induced reduction of the contact area and adhesive forces for soft
materials—from the perspective of Linear Elastic Fracture Mechanics (LEFM), that is, the framework we are working
in using the Dugdale-Maugis model. Papangelo and Ciavarella [30] demonstrated the sensitivity of the problem to the
concrete superposition functions of different crack modes ([31], [32]). Also, it has been shown [33] that, of the two main
assumptions of the LEFM treatment of frictional adhesion—namely the singularity of shear stresses and the absence
of dissipation in the contact—only the second plays a relevant role for the physical description. Lengiewicz et al. [34]
successfully attributed the shear-induced contact area reduction in soft elastic materials to contact lifting due to finite
deformations and non-linear elasticity. However, our results could be used to analyze an adhesive microcontact in more
detail. For example, Das and Chasiotis [35] recently demonstrated that the Dugdale-Maugis model, together with LEFM,
can predict the tangential pull-off force instabilities obtained in experiments for adhesive nanoscale polymer contacts.

5 CONCLUSIONS

Based on the Dugdale-Maugis model of adhesive contact and the von Mises stress criterion, we studied the influence of
adhesion strength and adhesion range on the onset of plastic yield in the adhesive contact of elastic spheres theoretically.
We find that yield can be first initiated either on the axis of symmetry inside the softer sphere (for small values of the
Tabor parameter, i.e., long range adhesion) or at the contact boundary (for large values of the Tabor parameter). In both
cases adhesion severely reduces the external load necessary to initiate plastic yield. For yielding on the axis of symmetry
the Tabor parameter has almost no influence on the critical load and the simple analytical solution for the DMT-limit
can be used. Nevertheless, in this case, the point of first yield moves towards the surface for stronger adhesion and the
hydrostatic component of the stress state is reduced.
The results obtained are quantitatively similar to previously published findings based on the double Hertz model of

adhesion. This suggests that the precise form of the adhesive potential has only a small influence on the onset of plas-
tic yield.
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