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Abstract

Magnetic resonance imaging (MRI) is a medical imaging technique which is widely used in
clinical practice. It is non-invasive and provides a good tissue contrast. However, usually only
qualitative images are obtained. In quantitative MRI (qMRI) biological tissue properties are
measured which enhances the reliability of diagnostics. Standard methods in qMRI require
long acquisition times and usually just measure a single parameter. Magnetic Resonance
Fingerprinting (MRF) is a recent approach to qMRI that allows for the simultaneous estimation
of the tissue-related parameters within short acquisition time. The main idea of MRF is to
conduct a series of measurements that are highly undersampled in the Fourier domain and
perform a template matching between approximately reconstructed magnetization courses and
modeled magnetization courses stored in a pre-computed dictionary.

The goal of this thesis is to apply Bayesian statistics to further enhance the data analysis of
MRF. Advantages of a Bayesian approach include the possibility to incorporate available prior
knowledge and to obtain a posterior distribution for the sought parameters. The posterior can
be used to assign uncertainties and to make probability statements. This can be particularly
useful when assessing diagnostics or therapy monitoring. The first contribution of this thesis
is a Bayesian uncertainty quantification for the dictionary-based MRF estimates. The data
analysis of the original MRF approach is shown to be equivalent to a maximum likelihood
estimation for a particular statistical model, and a Bayesian inference is developed based
on this model. Analytical expressions for the posterior are derived and numerical techniques
utilizing the pre-computed dictionary lead to a fast probability characterization.

The second contribution of this thesis is the development of a Bayesian inference for MRF
data based on direct modeling in the Fourier domain. The advantage is that significantly better
estimates can be achieved when aliasing errors are the dominant uncertainty source of the
dictionary-based MRF data analysis. However, the challenge is that a large-scale regression
problem is faced. A general class of large-scale regression problems together with several classes
of (improper) prior distributions is considered and theoretical properties of the posterior such
as the existence of moments are explored. These results apply to MRF but can also be used
for many other large-scale regression problems. Spatial smoothness of the parameters can
be modeled through Gaussian Markov Random Field or so-called partition priors, and the
potential advantage of such prior information is explored for MRF.

The results of thesis demonstrate that the Bayesian inference developed for the original,
dictionary-based MRF approach yields both a reliable uncertainty quantification and the
possibility to make probability statements about the sought parameters for the first time.
Furthermore, when aliasing errors are the dominating source of uncertainty for the dictionary-
based MRF approach, the developed large-scale Bayesian inference can substantially improve
the estimation. Additionally, the inclusion of valuable prior information can improve estimation
quality for MRF substantially. The enhancement of data analysis for MRF developed in this
thesis is expected to support MRF and its potential future application in clinical practice.





Zusammenfassung

Die Magnetresonanztomographie ist ein nichtinvasives, medizinisches Bildgebungsverfahren,
das einen guten Gewebekontrast liefert und umfangreich in der klinischen Praxis eingesetzt
wird. Damit werden jedoch üblicherweise nur qualitative Bilder erzeugt. In der quantitativen
Magnetresonanztomographie werden fundamentale biologische Gewebeeigenschaften quantitativ
gemessen, womit die Verlässlichkeit der Diagnostik verbessert wird. Standardmethoden haben
lange Aufnahmezeiten und messen gewöhnlich nur einen Parameter. Magnetic Resonance
Fingerprinting (MRF) ist eine neuartige Methode der quantitativen Magnetresonanztomo-
graphie, mit der es möglich ist in kurzer Zeit mehrere Parameter gleichzeitig zu messen. Der
Hauptgedanke von MRF ist die Aufnahme einer Reihe von Messungen, die hochunterabgetastet
im Fourier-Raum sind, um dann approximativ rekonstruierte Magnetisierungsverläufe und
modellierte Magnetisierungsverläufe, die in einer Bibliothek gespeichert sind, zu vergleichen.

Ziel dieser Dissertation ist eine Weiterentwicklung der Datenanalyse von MRF mit
Hilfe Bayesscher Statistik. Die Vorteile der Bayesschen Inferenz beinhalten die Möglichkeit
verfügbares Vorwissen einzubinden sowie eine a-posteriori Wahrscheinlichkeitsverteilung der
gesuchten Parameter zu gewinnen. Letztere kann genutzt werden, um Unsicherheiten zu
bestimmen und Wahrscheinlichkeitsaussagen zu treffen. Das kann besonders hilfreich sein in
der Diagnostik und in der Behandlungsüberwachung. Der erste Beitrag dieser Dissertation
ist eine Bayessche Unsicherheitsbestimmung der bibliotheksbasierten MRF-Schätzer. Es wird
gezeigt, dass die Datenanalyse der originalen MRF-Methode äquivalent ist zu einer Maximum-
Likelihood-Schätzung für ein bestimmtes statistisches Modell; eine Bayessche Inferenz basierend
auf diesem Modell wird entwickelt. Analytische Ausdrücke für die a-posteriori Verteilung werden
hergeleitet und numerische Techniken, die auf der vorab berechneten Bibliothek basieren,
ermöglichen eine schnelle Wahrscheinlichkeitscharakterisierung.

Der zweite Beitrag dieser Dissertation ist die Entwicklung einer Bayesschen Inferenz für
direkt im Fourier-Raum modellierte Daten. Der Vorteil ist, dass wesentlich bessere Schätzer
erreicht werden können, wenn Aliasing-Fehler die dominante Unsicherheitsquelle sind. Die
Herausforderung dieser Methode ist das resultierende hochdimensionale Regressionsproblem.
Eine allgemeine Klasse hochdimensionaler Regressionsprobleme zusammen mit verschiedenen
a-priori Wahrscheinlichkeitsverteilungen wird betrachtet und theoretische Eigenschaften der
a-posteriori Verteilung werden untersucht. Die Resultate können auf MRF angewendet werden,
aber auch für andere hochdimensionale Probleme genutzt werden. Räumliche Glattheit der
Parameter kann durch Gaussian Markov Random Field oder sogenannte Partitionsprioren
modelliert werden. Für MRF wird der potentielle Nutzen dieses Vorwissens diskutiert.

Die Resultate dieser Dissertation verdeutlichen, dass die Bayessche Inferenz für die
originale MRF-Methode erstmalig sowohl eine verlässliche Unsicherheitsbestimmung als auch
die Möglichkeit von Wahrscheinlichkeitsaussagen über die gesuchten Parameter liefert. Des
Weiteren kann die hochdimensionale Bayessche Inferenz die Schätzer wesentlich verbessern,
wenn Aliasing-Fehler die dominante Unsicherheitsquelle sind. Das Einbinden von Vorwissen
kann die Schätzer zusätzlich wesentlich verbessern. Die hier dargestellte Weiterentwicklung



der MRF-Datenanalyse soll MRF und sein mögliches Einsetzen in der klinischen Praxis
unterstützen.
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1
Introduction

1.1 Motivation

Medical imaging is a widely used tool in clinical practice. Images of the inner body can help
to give fast and accurate diagnoses of diseases. Additionally, images can also be utilized
for monitoring therapy. The oldest medical imaging technique is X-ray radiography; other
techniques include ultrasound, X-ray computed tomography, endoscopy and magnetic resonance
imaging (MRI). Each modality has its advantages and disadvantages and the right procedure
has to be chosen dependent on the medical problem.

After its introduction in 1973 (Lauterbur (1973)), MRI has become commonly used in
clinical practice due to its unique benefits which include a superior soft tissue contrast, good
spatial resolution and insights into physiological processes. Additionally, MRI has no need
to apply ionizing radiation in contrast to, e.g., X-ray computed tomography and is therefore
non-invasive. MRI is applied for diagnosing many pathologies such as neurological disorders,
heart diseases or cancer (Frisoni et al. (2010); Cawley et al. (2009); Menezes et al. (2014)).
Usually, MRI produces images which are only qualitative in their contrast. This contrast
is achieved by manipulating nuclear magnetization in the human body and exploiting the
sensitivity of MRI to various physical and physiological related tissue properties. Nonetheless,
a quantitative determination of these properties from the qualitative images is hardly possible.

An advantage of truly quantitative MRI measuring fundamental biological tissue properties
is the possibility to compare parameter values from different subjects obtained at possibly
different sites as well as to compare results from one subject over time. Since qualitative
MR images also depend on the scanner hardware applying the same scanning sequence might
produce different results at different scanners. Another advantage of quantitative MRI is
the possibility to become more independent from visual inspection by physicians and/or
to reduce their workload. Although highly trained physicians with a broad expertise in
varying contrast and signal levels are thoroughly capable to extract information of qualitative
images, quantitative information could be superior for the reliability of diagnostics or therapy
monitoring. It would be helpful to give them assistance by using supplementary automatic
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1. Introduction

diagnostic tools. Databases collecting normal and abnormal tissue properties, possibly together
with machine learning techniques (Cuocolo et al. (2019); Salvatore et al. (2015); Leiner et al.
(2019)), could then assist physicians in diagnosing. The ability to quantify the tissue-related
parameters makes it also possible to avoid the acquisition of multiple, differently weighted MR
images of the same position since weighted images with any contrast could be generated from
the quantitative parameters retrospectively.

Standard quantitative measurements of the diagnostically important relaxation times T1

and T2 suffer from long acquisition times which make them clinically unfeasible. Many efforts
have been made to shorten the measurement time, leading to a variety of techniques, such
as DESPOT1/DESPOT2 (Deoni et al. (2005)) and applying echo planar imaging (Clare and
Jezzard (2001)). Nonetheless, these methods commonly require two separate scans for T1 and
T2 estimation and are often highly sensitive to system imperfections, e.g. in the experimental
conditions (Ma et al. (2013)).

Magnetic Resonance Fingerprinting (MRF) (Ma et al. (2013)) is a novel technique in
quantitative MRI that attempts to overcome the above mentioned limitations of qualitative
measurements. It allows for the simultaneous estimation of tissue-related parameters within
short scanning time. The main idea is the acquisition of highly undersampled Fourier data
leading to noisy, temporal magnetization images. The individual magnetization courses of
each voxel will then be compared to a pre-computed dictionary which is storing a huge range
of possible signal evolution. Due to the intrinsic high undersampling, the acquisition of MRF
data is fast assuring its clinical feasibility. MRF has already been applied to patients with
prostate cancer, brain tumors, epilepsy and stroke diseases (Yu et al. (2017); Badve et al.
(2017); Liao et al. (2018); Lemasson et al. (2016)). The set of quantifiable parameters is
dependent on the MRF sequence which should be designed in a way that it is sensitive to the
sought parameters. Beside the quantification of the relaxation times T1 and T2, it has also
been possible to estimate, e.g., the static magnetic field B0, the radiofrequency field B1 and
blood flow velocities (Körzdörfer et al. (2019); Buonincontri and Sawiak (2016); Flassbeck
et al. (2019)).

MRF provides a quantitative estimation of tissue-related parameters. Nonetheless,
uncertainties that reliably characterize the accuracy of the estimates are essential to assess the
significance of observed differences in single results which is particularly relevant in applications
such as therapy monitoring. Additionally, probability statements could help in cases where
differences between multiple scans of a single subject have been observed in order to analyze if
the differences are significant and therefore indicate pathological changes of the underlying
tissue. The interpretability of quantitative MRI and in particular MRF results would drastically
improve if a reliable uncertainty quantification was available.

From a statistical point of view the analysis of MRF data represents a large-scale, nonlinear
regression task. As there are more and more large-scale data sets available, solving such
problems gains much interest in the statistical community. Applications range from the
analysis of genome-wide association studies (Smith and Fahrmeir (2007)), logistic regression of
text categorization (Genkin et al. (2007))) or Bayesian model averaging for functional magnetic
resonance imaging (Smith and Fahrmeir (2007); Lee et al. (2014)). Bayesian statistics is a
field in statistics in which the probability is interpreted to express one’s degree of belief. In

2



1.2 Objective and Aims

contrast to frequentist statistics, Bayesian statistics can account for prior knowledge about
the quantity of interest which can be based on, e.g., previous data or expert knowledge. As
there is often some sort of knowledge available for, e.g., physical parameters, the possibility of
its incorporation presents an advantage over frequentist statistics. In Bayesian statistics, all
unknowns will be modeled as random variables. Probability statements can hence be made
conditional on the observed data in terms of a posterior distribution which leads to a natural
uncertainty characterization of the results. The ability to calculate probability statements
about the estimates improves the interpretability of the outcome. Bayesian methods have
already been carried out for MRI, e.g. for denoising images (Awate and Whitaker (2007))
and image segmentation (Xia et al. (2016); Marroquín et al. (2002)). Bayesian inference for
large-scale problems can be challenging as the calculation of the result poses a difficult task.
Standard procedures such as Markov chain Monte Carlo are prohibitive due to the small step
sizes required when the dimensionality scales up (Beskos et al. (2009)).

In this thesis, a Bayesian data analysis for MRF will be developed. Usually, MRF
only provides estimates for the tissue-related parameters. A Bayesian framework for the
original, dictionary-based MRF approach shall be established which yields such an uncertainty
quantification for the first time and is additionally capable of including prior knowledge about
the sought parameters. This statistical model will rely on the same assumption as the original,
dictionary-based MRF approach, namely that the aliasing artifacts in the approximately
reconstructed magnetization courses due to the usage of an imperfect Fourier transformation
should follow a Gaussian distribution. Furthermore, a second Bayesian statistical model shall
be developed in which the data will be modeled in the Fourier domain directly which will
avoid the aliasing artifacts. It will lead to a large-scale, nonlinear regression task which will be
challenging to solve. The influence of different prior distributions, e.g. a Gaussian Markov
Random Field prior which can account for spatial dependencies between the parameters, shall
be investigated. Finally, the original, dictionary-based MRF approach shall be compared to
the Bayesian Fourier space modeling approach with respect to the accuracy of the estimates
dependent on the level of noise, the MRF sampling scheme and computational complexity as
well as in terms of their sensitivity to errors in the physical model.

1.2 Objective and Aims

The goal of this work is to apply Bayesian statistics to further enhance the data analysis of
Magnetic Resonance Fingerprinting.

The main objectives of this thesis can be summarized as follows:

• Objective 1: Bayesian uncertainty quantification of the dictionary-based
MRF estimates. The dictionary-based MRF approach usually restricts itself to the
calculation of estimates for the tissue-related parameters. We aim to develop a novel and
full probability characterization for these estimates. For the first time it will thus be
possible to assign uncertainties to the dictionary-based MRF estimates. Instruments from
Bayesian statistics shall be utilized leading to probability distributions of the relaxation
times in every voxel. These uncertainties shall be validated and applied to phantom and
in vivo data.
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• Objective 2: Bayesian inference for a large-scale k-space MRF model with
different prior distributions for the tissue-related parameters. The dictionary-
based MRF approach introduces aliasing errors in the approximately reconstructed
magnetization courses due to the usage of an imperfect inverse Fourier transformation.
Previous work already applied a maximum likelihood estimation to a statistical model in
k-space but no Bayesian framework was utilized so far. We aim to develop a general
Bayesian inference for large-scale regression problems. MRF with a statistical model for
the data in the Fourier domain is an example of such a problem and avoids the usage of
an imperfect inverse Fourier transformation. We also aim to investigate the influence of
different prior distributions for the propriety of the resulting posterior distributions as
well as for the accuracy of the estimates of the tissue-related parameters.

• Objective 3: Comparison of the dictionary matching and the Bayesian k-
space modeling approach. The dictionary-based MRF approach is easy to implement
and can be calculated fast. The maximum a posteriori estimation of the Bayesian
k-space modeling approach on the contrary leads to a high-dimensional and non-convex
optimization task which is time consuming and can be challenging to solve. We aim
to compare these two approaches in terms of the accuracy of the estimates dependent
on the level of noise, the MRF sampling scheme and computational complexity as well
as in terms of their sensitivity to errors in the physical model. We also aim to give
guidance on whether it is worth to compute the maximum a posteriori estimate of the
Bayesian k-space modeling approach or whether it is sufficient to only calculate the
dictionary-based MRF estimate.

1.3 Thesis Structure and Overview

Chapter 2 (Magnetic Resonance Imaging and Magnetic Resonance Fingerprinting)
provides an introduction to the basic principles of MRI and the concept of MRF. The
fundamental physics of MR imaging are briefly recalled to understand the MR measurement
process and lay out the parameters of interest. This is followed by a detailed explanation of
the framework of dictionary-based MRF. In the end a review of the current state-of-the-art in
MRF is presented.

Chapter 3 (Bayesian Statistics) describes the principles of Bayesian statistics as far as it
is needed for the thesis. After a small motivation, the key elements of Bayesian statistics are
presented. Advantages over frequentist statistics as well as their connection are discussed and
important definitions are made. A special prior distribution is introduced which will be used
in a later chapter. The calculation of Bayesian results usually requires numerical techniques
some of which are reviewed in this chapter. In addition, the challenges for the task of MRF
due to its high-dimensionality are discussed and appropriate methods are introduced.

Chapter 4 (Bayesian Uncertainty Quantification for Dictionary-Based MRF)
presents a Bayesian uncertainty quantification which is a novelty as it reliably characterizes
the uncertainties for the original, dictionary-based MRF approach for the first time. Initially,
a statistical analysis of the original, dictionary-based MRF approach is conducted leading to

4



1.4 List of Publications

a statistical model for the approximately reconstructed magnetizations. Together with prior
distributions for the dictionary-based MRF estimates, this leads to a joint posterior distribution
of the relaxation times. Analytical expressions for the joint posterior can be derived and
numerical quadrature techniques yield probability distributions for the two relaxation times in
every voxel. The calculation of these distributions is based on the pre-computed dictionary; it
is hence easy to employ and can be carried out fast. Applicability to simulated, phantom and
in vivo data is shown.

Chapter 5 (Large-Scale Bayesian Modeling) introduces a general statistical model for a
class of nonlinear, large-scale regression problems and several prior distributions. The propriety
of the resulting posterior distributions is explored as well as the existence of moments. MRF
is an example of such a problem if a statistical model is considered in which the data are
directly modeled in the Fourier domain. Results of the estimation of the maximum a posteriori
estimates of the different posterior distributions are shown for simulated data.

Chapter 6 (Comparison of Dictionary Matching and Bayesian Modeling) compares
the dictionary-based MRF and Bayesian modeling approach with respect to the accuracy of
the estimates dependent on the level of noise, the MRF sampling scheme, the computational
complexity and lastly in terms of their sensitivity to errors in the physical model.
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2
Magnetic Resonance Imaging and

Magnetic Resonance Fingerprinting

This chapter gives an overview of Magnetic Resonance Imaging (MRI) and Magnetic Resonance
Fingerprinting (MRF). In the first part of this chapter basic principles of MRI are presented.
For a more detailed review the reader is referred to Brown et al. (2014); Vlaardingerbroek and
Boer (2013); Nishimura (1996); Weishaupt et al. (2008) and Abragam (1983).

In the second part of this chapter, MRF as a fast, quantitative imaging modality is
described. MRF was published in 2013 by Dan Ma and others (Ma et al. (2013)) and received
growing interest in the MR community. On the one hand, it is based on a pulse sequence which
is sensitive to the parameters of interest (e.g. T1 and T2). On the other hand, the Fourier
domain will be undersampled leading to a very fast acquisition. A state-of-the-art in MRF is
presented subsequently. Finally, reference values for the considered data sets throughout this
thesis are shown.

2.1 Basic Principles of Magnetic Resonance Imaging

Magnetic Resonance Imaging is a powerful, non-invasive medical imaging technique. It is
widely used in clinical practice to provide anatomical and functional information from the
human body which can then be used to diagnose and monitor medical conditions. Diagnostic
applications of MRI include heart and liver diseases, cancer, arthritis and many more.

The nucleus is the source of the MR signal. Atoms with an odd number of protons and/or
odd numbers of neutrons possess a property called spin. In a visual interpretation that means
that the proton spins around its axis. The atom 1H has one proton and due to its high
abundance in the human body, clinical imaging is mostly based on hydrogen. The spin has
two important characteristics, the angular momentum J and the magnetic moment µ. Both
are proportional, i.e. µ = γJ and γ denotes the gyromagnetic ratio. The angular momentum
can be interpreted as a spinning top trying to maintain its orientation along the rotational
axis. The spin also behaves like a small magnet which is called the magnetic moment. For
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2. Magnetic Resonance Imaging and Magnetic Resonance Fingerprinting

MRI, it is now important what is happening when the magnetic moments are brought into
a strong, external magnetic field B0. The magnetic moments will then orientate spin-up or
spin-down to the field with a certain angle. They precess with the angular frequency which is
proportional to the strength of the magnetic field, the so-called Larmor frequency ω0:

ωo = γB0 ,

where γ denotes the gyromagnetic ratio and B0 the strength of the magnetic field. The quantity
γ is dependent on the nucleus and is, e.g., equal to 42.58 MHz/T for hydrogen.

The magnetic field B0 shall be, without loss of generality, directed in the z-direction.
The magnetic moments of the spins can either be oriented parallel (spin-up) or anti-parallel
(spin-down) to B0. These two states differ by an energy difference:

∆E = γℏB0 ,

for ℏ = h/(2π) and h denotes the Planck constant. If as many spins are anti-parallel as
are parallel the net magnetization Mz would be 0. Due to the Boltzman distribution, the
spin-up state is commonly more populated than the spin-down state in equilibrium (at room
temperature). This leads to an equilibrium magnetization M0 > 0 which is oriented along B0.
An electromagnetic wave can be used to induce transitions between spin-up and spin-down
states (excitation). After this wave, the system transitions back into the equilibrium state
(relaxation). In order to excite the spin system, the frequency of the electromagnetic wave has
to be the Larmor frequency. This is the reason for the name magnetic resonance.

After the excitation with the radiofrequency pulse the magnetization returns to its
equilibrium. The transverse magnetization Mxy decays and the longitudinal magnetization
Mz will restore to its initial magnetization M0. The time until (1-1/e) (around 63%) of the
longitudinal magnetization is recovered is called the T1 (longitudinal, spin-lattice) relaxation.
Here, e denotes Euler’s number. The following differential equation describes the relationship,
cf. Figure 2.1:

dMz

dt = −Mz −M0
T1

.

The solution is given by

Mz = M0 + (Mz(0) −M0) exp
(︃−t
T1

)︃
.

The T2 relaxation time on the other hand describes the loss of coherence due to spin-spin
interactions. After the excitation through a radiofrequency pulse the spins are in the same
phase, i.e. the spins precess synchronously in the xy-plane. The time until Mxy is reduced to
1/e (around 37%) of the initial transverse magnetization is called the T2 (transverse, spin-spin)
relaxation. The differential equation below describes the relationship of T2 and Mxy, cf.
Figure 2.1:

dMxy

dt = −Mxy

T2
.

The solution is given by
Mxy = Mxy(0) exp

(︃−t
T2

)︃
.
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2.1 Basic Principles of Magnetic Resonance Imaging

Figure 2.1: Left: The relaxation time T1 corresponds to the time when (1-1/e) of the longitudinal
magnetization Mz is restored. Right: The relaxation time T2 indicates the time when the transverse
magnetization Mxy is decreased to 1/e of its initial value.

Table 2.1: Approximate values of T1 and T2 for different tissue types at 1.5 Tesla taken from
Brown et al. (2014).

Tissue T1 in ms T2 in ms

Gray matter 950 100
White matter 600 80
Muscle 900 50
Cerebrospinal Fluid 4500 2200
Fat 250 60

In Table 2.1 approximate T1 and T2 values are shown for different tissue types at 1.5 Tesla
(Brown et al. (2014)). Note that T2 is always smaller than T1.

After introducing the relaxation times, it is now possible to derive the dynamic of the
whole magnetization. The Bloch equations characterize the temporal development of the
magnetization M(t) in the presence of magnetic fields B(t). They are given as the following
coupled differential equation (Nishimura (1996)):

dM
dt = M × γB − Mxl +Mym

T2
− (Mz −M0)n

T1
, (2.1)

where M0 is the equilibrium sample magnetization due to the static magnetic field B0 and
l,m, n are the unit-vectors in the x, y, z-directions, respectively. In MR imaging, B consists
of three different types of magnetic fields: the static magnetic field B0, the radiofrequency
fields B1(t) and the gradient fields G(t). B1(t) is used for excitation and G(t) consists of three
gradients for each direction used for the spatial localization. Both are time-varying other than
the static, external field B0.

The transverse magnetization is now modeled as a complex number by M := Mx + iMy

with initial condition M0 = M0
x + iM0

y .
Without loss of generality, we will restrict the following formulas to 2D (via a slice-selection

of a plane centered at z = z0 with thickness ∆z). When a sample is measured, in addition
to the time t also the position r = (x, y) has to be taken into account. The signal at time t
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induced in the receiver coils is the sum over the entire magnetization in a certain volume:

sr(t) = k

∫︂
x

∫︂
y
M(r, t)dxdy , k > 0 . (2.2)

In (2.2) the equation for the measured signal at time t is stated. For an inhomogeneous
sample the signal of each volume element (voxel) is of interest. A spatial encoding is therefore
necessary. The main idea is that the Larmor frequency is a spatial function of the magnetic
field strength. Three magnetic field gradients for each direction are required in order to make
the homogeneous main field B0 change linearly. As explained before, only spins which Larmor
frequencies matching the B1 field will be excited. The rest will not be affected. Starting with
the slice-selection, a gradient in the z-direction will be applied (together with the radiofrequency
pulse). Hence, every slice in the magnetic field experiences a different magnetic field strength
and only those spins having the same frequency as the radiofrequency pulse will be excited. In
order to encode the x and y position a phase and a frequency encoding gradient are needed.
The phase encoding gradient is applied along an axis, e.g. the y-axis. It is switched on after
the excitation of the spins. The spins precess in the xy-plane. The y-gradient changes the
Larmor frequency along the axis during a time Ty, resulting in a phase shift of the spins after
a certain time. Turning the gradient off, the spins will return to their precession but having a
phase shift relative to each other as a function of y. Each line within the slice can now be
identified by its unique phase. The frequency encoding gradient is applied in the x-direction.
The gradient changes the Larmor frequency and the spins precess slower on the one side and
faster on the other. Each column of the slice is therefore identified with a specific frequency.
Altogether, every voxel now has a unique phase and frequency. The signal is measured during
the frequency encoding. In order to get all the x and y positions, this process of applying phase
and frequency encoding has to be repeated Ny times. In the case of a Cartesian sampling (cf.
Figure 2.3) a phase and a frequency encoding gradient are applied one after another and thus
one line in the x-direction is measured. This is repeated Ny times for different values of the
y-gradient resulting in Ny different k-space lines.

In a setting with a time-varying gradient, equation (2.2) now becomes

sr(t) =
∫︂
x

∫︂
y
m(x, y) exp (−iω0t) exp

(︃
−iγ

∫︂ t

0
G(τ)rdτ

)︃
dxdy .

Here, m(x, y) corresponds to the integral of M0(x, y, z) over the selected slice with respect to
z. This equation is strongly connected to the Fourier transformation. By ignoring the term
exp(−iω0t), the measured signal can be computed according to

s(t) ∝
∫︂
x

∫︂
y
m(x, y) exp (−i2π[kx(t)x+ ky(t)y]) dxdy (2.3)

= F(m(kx(t), ky(t))) , (2.4)

for kx(t) = γ
2π
∫︁ t

0 Gx(τ)dτ and ky(t) = γ
2π
∫︁ t

0 Gy(τ)dτ (cf. Nishimura (1996)). For every time
point t the signal s(kx(t), ky(t)) is a 2D-Fourier transformation of the magnetization m(x, y)
in spatial frequency space. The Fourier domain is called k-space. In Figure 2.2 an example of
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Figure 2.2: Examplary image of Fourier data and its corresponding magnetization image. Note
that the logarithm of the Fourier data is plotted.

a magnetization image and the corresponding Fourier data is presented. The formula in 3D
can be derived similarly leading to a 3D-Fourier representation.

In general, an inverse Fourier transformation can be used to reconstruct the image from
the acquired k-space data. For a Cartesian sampling the inverse fast Fourier transform (Cooley
et al. (1969)) can be used. If the Nyquist criterion is fulfilled the image can be reconstructed
artifact-free (except for Gibbs artifacts that occur because of the finite number of samples).
In order to achieve faster imaging, it is possible to undersample the k-space, i.e. to sample
with a density lower than the Nyquist rate. In Figure 2.3 the Cartesian red lines correspond
to a Cartesian undersampling scheme. An undersampling in the k-space will lead to aliasing
artifacts in the image domain. Mathematically, aliasing can be analyzed by the point spread
function (PSF) (Sarty (2003)) which is a general concept describing imaging systems. The
PSF captures aliasing by any signal which is not a delta peak in the center. In addition,
a breadening of the central peak can also describe artifacts. The same number of acquired
k-space data can lead to very different aliasing artifacts and the appearance of aliasing is
dependent on how the samples are taken. There are different sampling schemes in the Fourier
domain. Figure 2.3 shows a Cartesian, a radial and a spiral sampling scheme.

The usage of the fast Fourier transform requires that the k-space data are sampled on
a rectangular grid. It cannot be directly applied to non-Cartesian sampling (such as spiral
and radial, cf. Figure 2.3). For these trajectories it is possible to interpolate the acquired
k-space data onto a Cartesian grid and then use the inverse fast Fourier transform. Since the
interpolation is not exact, the inverse Fourier transformation will be imperfect.

In addition to the sampling scheme, an MR sequence is dependent on scanning parameters,
namely the repetition time TR, echo time TE and the flip angle α. The repetition time is
the interval between two consecutive excitations of the same slice. The echo time is the time
between the center of the radiofrequency pulse and the formation of the echo, i.e. when the net
area of the readout gradient is 0. The flip angle describes the rotation of the net magnetization
Mz by the radiofrequency pulse.

Overall, an MR sequence is an ensemble of radiofrequency pulses and gradient fields. The
effect on a single magnetization vector can be described by the Bloch equation (2.1). Note
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Figure 2.3: Different sampling schemes in k-space. From left to right: a Cartesian, a radial and a
spiral trajectory.

that an excitation pulse corresponds to a rotation of the magnetization vector by α (Scheffler
and Lehnhardt (2003)). In addition, T1 and T2 relaxation occurs. For special sequences, it
can be shown that under certain conditions the magnetization reaches a steady-state after
a number of repetition times. There are different steady-state sequences which differ in the
steady-state they reached. Dependent on its steady-state a sequence can be designed in a way
such that it is sensitive to the parameters of interest (e.g. T1). For example for a spin echo
sequence, a short TR and a short TE will lead to a T1-weighted image, whereas a long TE
and a long TR produces a T2-weighted image.

In this thesis, we will consider two different steady-state sequences, a balanced steady-state
free precession (bSSFP) and a fast imaging with steady-state precession (FISP) sequence. In
Appendix A and Appendix B their magnetization models are derived. Both have the advantage
that they are sensitive to T1 and T2. A bSSFP sequence ensures that the net gradient area
after each TR is 0. This leads to a very high signal amplitude. Nevertheless, this also makes it
very sensitive to B0 off-resonance effects which can lead to banding artifacts. FISP overcomes
this problem using an unbalanced gradient moment in each TR but at the cost of a lower
signal amplitude.

2.2 Concept of Magnetic Resonance Fingerprinting

After introducing the basic concept of MRI, we will now consider the framework of Magnetic
Resonance Fingerprinting (MRF). In MR usually only qualitative images are acquired.
Nevertheless, for diagnostic purposes the quantitative values of the tissue-related parameters
(e.g. the relaxation times T1 and T2) can also be of interest. An estimation of these parameters
may result in improved diagnostic insights (Tofts (2005)). The gold standard for quantitative
T1 mapping is an acquisition of multiple time points along the signal recovery curve after an
inversion or a saturation pulse. For T2 a Carr-Purcell-Meiboom-Gill spin echo sequence is the
gold standard where the T2 decay is measured at different echo times (Jiang et al. (2015)).
These techniques provide very accurate estimates of T1 and T2 but take too long to apply in
clinical practice. Accelerated T1 and T2 mapping sequences have been proposed for use in
patients. Nevertheless, commonly two separate scans are required for T1 and T2. In 2013 Dan
Ma and others (Ma et al. (2013)) proposed MRF, a fast quantitative MR technique which
provides T1 and T2 maps in a single fast acquisition. We will now consider the basic principle;
recent improvements and applications are subsequently presented.
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Figure 2.4: Concept of MRF: sequence of images which are obtained by applying a pseudo-
inverse to the undersampled measurements in Fourier space (left) and temporal development of
magnetization at a single voxel (blue, right). The red curve corresponds to the matched dictionary
entry, the so-called ”fingerprint”. Tissue parameters at each voxel are extracted from the fingerprint.
Figure from Metzner et al. (2021).

Let N denote the number of considered voxels in the selected slice. The proton spin density
ρ and the sought parameters θ (e.g. T1 and T2) are vectors of length N . From a physical point
of view, the proton spin density is a real number. In order to account for phase changes in the
measured data (e.g. due to susceptibility effects), it is common in MR to model ρ in terms of
a complex number. We will consider both cases in the following.

Let ml = ml(θ, ρ), l = 1, . . . , L denote the N×1 complex-valued vector of magnetizations at
the N voxels after applying the l-th excitation pulse, and let mi denote the L×1 complex-valued
vector of magnetizations at the i-th voxel after applying all L pulses, cf. Figure 2.4.

The sequence of magnetizations at the i-th voxel, mi, depends only on the unknown tissue
parameters at that voxel (and the known parameters of the applied pulse sequence such as
TR and TE), i.e. mi = mi(θi, ρi). Note that the model ml = ml(θ, ρ) depends linearly on ρ.

The measured data from the MR scanner consist of the complex-valued vectors

zl = Fl(ml) , l = 1, . . . , L , (2.5)

and the nl × 1 Fourier data zl are modeled as the Fourier transformations of the magnetization
vectors ml.

One key principle of MRF is taking a sequence with an undersampling pattern in k-space.
Only small parts of the Fourier domain are measured in every image, but such that for every
image different points are acquired. Hence, the mapping Fl has to be indexed by l. The
number of measurements nl is therefore much smaller than the number of unknowns N and
thus the magnetization ml cannot be reconstructed exactly.

For MRF, the magnetizations ml, l = 1, . . . L, are approximately reconstructed in a first
step from (2.5) through ˆ︁ml = F†

l (zl) , l = 1, . . . , L , (2.6)
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where F†
l denotes a pseudo-inverse of the Fourier transform mapping Fl in (2.5). From the

sequence of estimated magnetizations ˆ︁m1, . . . , ˆ︁mL, the estimated course of magnetization ˆ︁mi

for each voxel i is then obtained and subsequently denoted by

ˆ︁mi = (( ˆ︁m1)i, . . . , ( ˆ︁mL)i)T , (2.7)

cf. Figure 2.4. The estimates are generally not accurate as they contain aliasing errors caused
by the imperfect inversion F†

l .
In a second step a dictionary {Dk}Kk=1 with possible magnetization courses is computed

(e.g. via the Bloch equations (2.1)). Let m̃ denote the magnetization model m but without
the linear factor ρ. A set of potential {θk}Kk=1 is constructed. For each of those values the
L× 1 magnetization m̃(θk) for k = 1, . . . ,K is computed and stored in the L×K dictionary

Dk = m̃(θk) . (2.8)

The magnetization at each voxel depends on the tissue parameters of only that voxel.
Hence, in a third step a voxel-wise comparison of the reconstructed magnetizations (2.7)
with every entry of the dictionary is performed. For each voxel, θk is determined as that
parameter of the magnetization model for which the corresponding dictionary entry shows
highest correlation with the time series obtained from the measured data.

In more detail, for a real proton density ρ ∈ RN the dictionary matching solution (cf.
Davies et al. (2014)) θ̂i in voxel i is chosen to be the entry k̂i of the dictionary {Dk}Kk=1 which
maximizes

k̂i = argmaxk
Re(< m̂i, Dk >)

∥Dk∥
,

where < ·, · > denotes the complex scalar product. The proton density is calculated according
to

ρ̂i =
Re(< m̂i, Dk̂i

>)
∥Dk̂i

∥2 .

For ρ ∈ CN , it is

k̂i = argmaxk
| < m̂i, Dk > |

∥Dk∥

and

ρ̂i =
< m̂i, Dk̂i

>

∥Dk̂i
∥2 .

We will refer to this as the dictionary matching method or the dictionary-based MRF
approach. Note that the dictionary-based MRF only works if a model for the magnetization is
available. This physical model will be an approximation of the underlying physics and the
quality of the results depend on the quality of the physical model.
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A second key principle of MRF relies in the specific sequence choice. As described above,
two common choices for MRF are bSSFP and FISP sequences. Usually, an additional inversion
pulse at the beginning of these sequences is applied for MRF in order to further improve the
T1 sensitivity. Note that the magnetization model ml changes accordingly to the sequence.

2.3 Research Areas in Magnetic Resonance Fingerprinting

Many different applications and modifications of MRF haven been presented since first
introducing MRF in 2013. An overview of the developments are given e.g. by Panda et al.
(2017) and Bipin Mehta et al. (2019). In the following, we will present basic ideas and
applications without claim of completeness.

The original MRF paper (Ma et al. (2013)) uses an inversion recovery bSSFP sequence
with varying flip angles. This sequence is sensitive to T1, T2 and the off-resonance frequency δf .
After each radiofrequency pulse, a variable density spiral is used for the readout. Repetition
times and flip angles are pseudorandomly varied. Since a steady-state is not established in
this bSSFP sequence, Assländer et al. (2017) applied a pseudo steady-state free precession
sequence. According to the flip angle pattern, TE and TR are adjusted in order to restore this
spin echo-like signal behavior. The bSSFP sequence is sensitive to T1 and T2, but also to the
off-resonance frequency δf . Off-resonance effects can lead to banding artifacts. To avoid these,
a FISP sequence (with an inversion pulse and varying flip angles), which is insensitive to δf is
presented for MRF by Jiang et al. (2015). Note, that the signal-to-noise ratio is decreased
when applying this sequence. They applied a sinusoidal variation of the flip angles, random
repetition times as well as a spiral readout. Rieger et al. (2017) used a rapid echo-planar
imaging (EPI) approach. In many applications a spiral readout is performed, whereas Rieger
et al. (2017) and Koolstra et al. (2019) employed a Cartesian and Flassbeck et al. (2019) a
radial trajectory.

The resolution of the dictionary plays an important role in MRF. The larger the dictionary
the more time is needed for the matching process. McGivney et al. (2014) compressed the
dictionary using a singular value decomposition in the time domain which, in their case,
led to an acceleration of the matching step by a factor of around 4. Even these low rank
dictionaries can still be too large to store. A compression in the property domain where
low rank approximations of the dictionary are calculated online and therefore do not need
to be stored was presented by Yang et al. (2018). They used a randomized singular value
decomposition and fitted the dictionary with polynomials in its low rank space. Another
possibility is a fast group matching algorithm as proposed by Cauley et al. (2015). Dictionary
entries with similar signal evolutions are put into groups. In the matching process, the signal
evolution of each voxel is placed into one of these groups and then only in this part of the
dictionary a pattern matching is carried out.

Recently, many machine learning techniques are applied to MRF to overcome the discrete
nature of the dictionary. Cohen et al. (2018) used a TensorFlow framework which was trained
on simulated data. A two-step deep learning model which also considers the spatial association
among neighboring voxels was proposed by Fang et al. (2019). Virtue et al. (2017) took a
complex neural net where the MRF signals are mapped onto the sought parameters.
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MRF can be applied to several regions of the body. Ma et al. (2013) showed results for
quantitative brain images. The abdomen was measured by Chen et al. (2016), the heart
by Hamilton et al. (2017). A non-electrocardiogram (non-ECG) triggered cardiac MRF was
proposed by Jaubert et al. (2020). MRF was also applied to patients with prostate cancer,
brain tumors, epilepsy and stroke deseases (cf. Yu et al. (2017); Badve et al. (2017); Liao et al.
(2018); Lemasson et al. (2016)).

The concept of MRF is versatile in the way that in addition to T1, T2 and ρ also further
parameters can be estimated as long as it is possible to establish a physical model for all
of the sought parameters. Flassbeck et al. (2019) calculated blood flow velocities, Christen
et al. (2014) microvascular characteristics and Körzdörfer et al. (2019) computed the magnetic
field. Due to imperfections in the slice profile and local changes in the B1 field, errors in the
quantitative maps can occur. Buonincontri and Sawiak (2016) estimated the B1 field and Ma
et al. (2017) B1 field and the slice profile.

The concept of MRF can be expanded to a 3D acquisition, e.g. by Liao et al. (2017) and
Ma et al. (2018) using additional encoding along the 3rd dimension.

In most applications one voxel is only supposed to contain one tissue type with its associated
tissue parameters. This is a simplification since it is possible that multiple tissues can exist in
one voxel, especially in regions where one tissue type omit into another. This issue is called
the partial volume effect and was discussed for MRF by, e.g., Deshmane et al. (2019) and
Tang et al. (2018). McGivney et al. (2018) addressed a Bayesian framework incorporating
prior knowledge about the weights for the different tissues in a voxel to this problem. In their
approach multiple dictionary entries are allowed to contribute to the signal and a Bayesian
statistical model is assumed for the corresponding weights. A prior which promotes sparsity is
chosen and the maximum a posteriori estimate of the posterior distribution for the weights of
the dictionary entries is calculated.

The MRF sequence is dependent on many experimental related parameters, such as the
echo times, repetition times, flip angles and the number of acquired images. Zhao et al. (2018)
used the Cramér-Rao bound in order to design an optimal experiment. The Cramér-Rao bound
is a lower bound on the covariance of an unbiased estimator. Three different ways to judge
the encoding capability were presented by Sommer et al. (2017). One of their measures for the
encoding capability was a Monte Carlo method which could accurately predict the influence of
different flip angle patterns. To simplify the Monte Carlo approach, an easy quality factor
that states the efficiency of the MRF sequence was proposed by Kara et al. (2019). This factor
is a function of T1 and T2 and it was shown to predict their errors accurately.

The dictionary-based approach is easy to implement and leads to good results. Nonetheless,
a pseudo-inverse Fourier transformation has to be applied onto the measured k-space data.
Due to the undersampling, severe aliasing artifacts arise. A first attempt into direct k-space
modeling avoiding this was made by Davies et al. (2014). They introduced a compressed sensing
framework and proposed an iterative projected Landweber algorithm for the estimation of the
parameters. By proving the restricted isometry property convergence to the sparse solution was
shown in the noiseless case. Low-rank methods that take advantage of the MR signal structure
are proposed by, e.g., Doneva et al. (2017) and Mazor et al. (2018). The former reconstruct
the missing k-space samples by exploiting the fact that the MR images are low-rank in the
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Figure 2.5: Results of T1 and T2 reference measurements of the phantom. The mean value of
each tube is displayed.

temporal domain. A statistical maximum likelihood estimation based on variable splitting,
the alternating direction method of multipliers, and the variable projection method was
proposed by Zhao et al. (2016). The first iteration in their algorithm coincides with the usual
dictionary matching method and the results improve with every further step. Wübbeler and
Elster (2017) also applied a large-scale optimization method solving the maximum likelihood
estimation. A trust-region algorithm which uses a sparse approximation of the Hessian is used
and uncertainties associated with the estimates can be computed.

2.4 Phantom and Simulations

Throughout this thesis, phantom data as well as simulated data are used in order to verify the
proposed methods. They are introduced in the following and images of the ground truth of T1

and T2 are shown.
In Chapter 4 a phantom consisting of nine tubes will be considered. Reference values

were determined by standard quantitative MR measurements (details are given in Chapter 4).
The ranges of the T1 and T2 values cover realistic human applications and are displayed in
Figure 2.5.

Additionally, a simulated phantom with similar values for the nine tubes was created. The
T1 ad T2 values in each tube are constant and displayed in Figure 2.6. The simulated phantom
will be used in Chapter 4 and 6.

In Chapter 5 and 6 simulated brain data of a slice of the human brain was taken from
BrainWeb (2018). The values from BrainWeb (2018) were constant for each tissue type. In
order to be more realistic the T1 and T2 maps were altered by adding four randomly chosen
Gaussian peaks. Each peak has a standard deviation of 16 voxels and an absolute height equal
to 10% of the value of the corresponding tissue map at the center of the Gaussian peak. In
Figure 2.7 the resulting T1 and T2 values are shown.
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Figure 2.6: T1 and T2 values of the tubes of the simulated phantom. The displayed values are
constant throughout each tube.

Figure 2.7: T1 and T2 values of simulated brain data set.
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3
Bayesian Statistics

This chapter provides principles of Bayesian statistics which will play an important role in
this thesis. Bayesian statistics is a field of statistics in which probability is interpreted to
express one’s degree of belief. A main advantage over frequentist statistics is the possibility to
incorporate prior knowledge about the quantity of interest in terms of its prior distribution. A
second important advantage is that probability statements can be made conditional on the
data, i.e. after they have been observed. This is not possible for methods from frequentist
statistics. There are numerous text books covering different aspects of Bayesian statistics.
Basic results from this chapter are taken from Gelman et al. (2013); Bernardo and Smith
(2009) and Robert (2007).

In a first part, some motivation towards Bayesian statistics is presented closing with Bayes’
theorem. Afterwards, relevant concepts and definitions for Bayesian inference are introduced
together with a description of Gaussian Markov Random Field (GMRF) priors. The GMRF
prior will be used in Chapter 5 to a priori model spatial dependencies between MRF parameters.
The Chapter will then be finished with the main aspects of Bayesian computations. Due to the
high dimensional application MRF, a focus will be set on Bayesian computation for large-scale
problems. Numerical integration, Monte Carlo methods, Laplace approximation and Markov
Chain Monte Carlo methods will be presented in the context of Bayesian inference.

3.1 Motivation of Bayesian Statistics

In explorative statistics data are described, e.g., in terms of summary statistics such as their
mean or standard deviation. Statistical inference, on the other hand, draws conclusions from
data. For example, it infers a population mean given a (small) sample from it. Inferences drawn
from a finite sample are necessarily uncertain, and this uncertainty needs to be characterized in
the result of an inference. Bayesian statistics allows to accompany an inference with probability
statements, e.g. a probability distribution for the population mean given a random sample
from it.

In frequentist statistics conclusions are only drawn from the observed data whereas Bayesian
statistics accounts for prior knowledge about the quantity of interest in addition. Prior
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knowledge can be based on previous data, expert knowledge or other sources, and is quantified
in a (prior) probability distribution. The probability in Bayesian statistics therefore expresses
a degree of belief. All unknowns, including not observable (latent) parameters are modeled as
random variables. It is then possible to make probability statements about latent variables
conditional on the data, i.e. after the data have been observed. This feature as well as the
potential to include prior knowledge into the analysis is not possible in frequentist statistics.

A key element in Bayesian statistics is the eponymous Bayes’ theorem to update one’s
prior belief in view of the data. For two events A and B with P(B) > 0, the probability of A
under the condition that B has occurred can be expressed through the probability of B under
A:

P(A|B) = P(B|A)P(A)
P(B) . (3.1)

Here, the probability of event A under the condition that event B is true is denoted by
P(A|B). Bayes’ theorem is a consequence of probability calculus, and it is likewise valid
for frequentist statistics. The difference is that in frequentist statistics latent parameters
are treated as fixed, non-random, while they are modeled as random variables in Bayesian
statistics. (Therefore, frequentist statistics does not allow to apply Bayes theorem for latent
parameters.) Based on equation (3.1) probability statements about unobservable quantities
can be made as it is presented subsequently.

We will make the following notations throughout the thesis. Since the parameters in this
thesis are continuous, the function π will always denote a probability density function (PDF).
The function π(x) will refer to a PDF for x while π(y) to a PDF for y. The conditional PDF for
the parameter θ given the data y is denoted by π(θ|y). Probability density functions are often
simply termed distributions and all (latent) parameters are modeled as random variables that
represent our state of knowledge about their unknown true values. The marginal distribution
of θ is given as π(θ). The probability of a certain event (e.g. the event that θ is greater than
a) is defined as P(θ > a) =

∫︁
θ>a π(θ)dθ. If the parameter θ is normally distributed with mean

µ and variance σ2 we will write θ ∼ N(µ, σ2). If the parameter λ is distributed according to
the inverse gamma distribution with shape parameter α and scale parameter β we will write
λ ∼ IG(α, β). Furthermore, if no limits of an integral are indicated explicitly then these limits
extend over the whole domain of the corresponding variables.

3.2 Bayesian Inference

In Bayesian statistics probability statements can be made about the parameter θ conditional on
the observed data y in terms of the posterior distribution π(θ|y). The model which expresses
the joint probability distribution of θ and y is given by

π(θ, y) = π(θ)π(y|θ) . (3.2)
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We will refer to π(θ) as the prior distribution and π(y|θ) as the sampling distribution. With
the help of Bayes’ theorem, the posterior distribution π(θ|y) is given as

π(θ|y) = π(θ, y)
π(y) = π(θ)π(y|θ)

π(y) , (3.3)

where the so-called evidence is defined as π(y) =
∫︁
π(θ)π(y|θ)dθ. Since π(y) is not dependent

on the parameter θ the posterior is proportional to

π(θ|y) ∝ π(θ)π(y|θ) . (3.4)

In Bayesian statistics the maximum a posteriori (MAP) estimate is often calculated which is
the mode of the posterior. Since the MAP is the same when maximizing the right hand side of
(3.3) or (3.4), it is not necessary to calculate π(y). This is also true for Markov Chain Monte
Carlo methods used to draw random samples from the posterior, see below.

The two equations (3.3) or (3.4) capture the essence of Bayesian inference. The sampling
distribution π(y|θ) viewed as a function of θ is called the likelihood function and may be
denoted by l(θ; y). Bayes’ theorem then takes the form π(θ|y) ∝ π(θ)l(θ; y), i.e. the posterior
is proportional to the product of prior distribution and the likelihood function. Note that the
data have an influence on the posterior only through the likelihood but not through the prior.

Along the lines of Gelman et al. (2013) the process of Bayesian data analysis can be divided
into three steps:

1. setting up a full probability model,

2. calculating the posterior distribution and interpreting the results, and carrying out a

3. sensitivity analysis of the model.

The last item refers to a very important part: a sensitivity analysis of the full probability
model. In the first item, a statistical model for the data is chosen as well as a suitable prior.
The influence of the choice of the statistical model and, particularly, of the prior, have to be
evaluated. Techniques like a sensitivity analysis are applied in order to verify the sensitivity to
model inaccuracies (see e.g. Roos et al. (2015); Gelman et al. (1996); Oakley and O’Hagan
(2004)).

The posterior probability density contains all the information about the parameter θ. If θ
is of dimension greater than one, it may be important to calculate the marginal densities of
the posterior.

Definition 3.2.1 (Marginal posterior density). Let π(θ1, θ2|y) be the joint probability posterior
density function of θ1 and θ2. The marginal posterior density of θ1 is given as

π(θ1|y) =
∫︂
π(θ1, θ2|y)dθ2 .

A complete summary of the results would be to deliver the posterior distribution of θ.
Sometimes it is more appropriate and easier to only provide summary statistics. Summaries of
the location can be the mean, median and/or mode of the posterior, summaries of the variation
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can include standard deviation and credible intervals. In the following the main definitions of
these quantities will be stated.

Definition 3.2.2 (Posterior mean). The mean E of the posterior distribution π(θ|y) is given
as

E(θ|y) =
∫︂
θπ(θ|y)dθ .

Definition 3.2.3 (MAP estimate). The maximum a posteriori (MAP) estimate θ̂ of the
posterior distribution π(θ|y) is given as the mode of the posterior distribution:

θ̂ = arg max
θ
π(θ|y) .

The concept of the MAP estimate is related to the maximum likelihood (ML) estimate
which is defined as the mode of the likelihood function. When a uniform prior distribution
(e.g. a constant function) is used, the MAP and the ML estimate coincide. The MAP can be
computed either analytically if the mode can be expressed in closed form, or numerically using
an optimization algorithm.

Definition 3.2.4 (Posterior covariance and posterior variance). The covariance Cov of the
posterior distribution π(θ|y) is given as

Cov(θ|y) =
∫︂

(θ − E(θ|y))(θ − E(θ|y))Tπ(θ|y)dθ .

For a single parameter θ1, the covariance matrix reduces to the posterior variance Var of θ1,
namely

Var(θ1|y) =
∫︂

(θ1 − E(θ1|y))2π(θ1|y)dθ1 .

The uncertainty characterized by the posterior distribution is often summarized in terms of
a credible region. For univariate parameters, a credible region usually is a credible interval (CI)
in which the unobserved parameter values fall with a certain probability. The highest posterior
density (HPD) region (cf. Berger (2013)) is an interval or a union of disjunct intervals defined
in such a way, that all values within the region have a higher probability density than points
outside. Note that the following definition is also suitable for multivariate parameter θ.

Definition 3.2.5 (HPD). Let θ ∈ Θ. The (1−α) HPD credible set of the posterior distribution
π(θ|y) is given as a subset C of Θ of the form

C = {θ ∈ Θ : π(θ|y) ≥ k(α)} ,

where k(α) is the largest number such that∫︂
θ:π(θ|y)≥k

π(θ|y)dθ = 1 − α .

The HPD will be an interval when the posterior is unimodal and the parameter θ is
univariate, for a multimodal posterior the HPD region might be unconnected.

After setting up the model for the parameters and the data, a prior has to be chosen. The
prior expresses one’s prior belief about the parameters and should be elicited as carefully

22



3.2 Bayesian Inference

as possible. The choice of a suitable prior ranges from noninformative to informative. An
informative prior expresses explicit knowledge about the parameters. This knowledge can
arise, e.g., from prior measurements. It can also include physical knowledge of the parameters,
such as smoothing constraints or the restriction to positive values.

Another class of relevant priors are conjugate prior distributions.

Definition 3.2.6 (Conjugate prior distribution). Let F be a class of sampling distributions
and P be a class of prior distributions. A prior distribution is called a conjugated prior
distribution for the class F of sampling distributions if

π(θ|y) ∈ P for all π(·|θ) ∈ F and π(·) ∈ P .

Example 3.2.1 (Example of conjugate prior distribution). Assume a binomial distribution,
i.e.

π(y|θ) ∝ θy(1 − θ)n−y .

When a beta distributed prior is taken with

π(θ|α, β) ∝ θα−1(1 − θ)β−1

the posterior can be calculated according to

π(θ|y) = θy(1 − θ)n−yθα−1(1 − θ)β−1

= θy+α−1(1 − θ)n−y+β−1 .

Hence, the posterior is also beta distributed with parameters y + α and n− y + β.

The choice of a conjugate prior has the advantage that the posterior is given in closed form
and results can easily be calculated.

When no prior knowledge is available, the use of a noninformative prior can be reasonable.
Research of what precisely constitutes a noninformative prior is still an active field of research.
Since a detailed discussion is out of scope for this thesis, we want to mention Kass and
Wasserman (1996) which provides a comprehensive review on the automatic choice of a prior.

In contrast to informative priors noninformative priors often are impoper. A proper prior
refers to a distribution which can be normalized, whereas this is not the case for an improper
prior. When using a proper prior, the posterior will also be proper. This must not be true for
an improper prior. Hence, it is always necessary to check the propriety of the posterior when
using an improper prior.

An important theorem in asymptotic Bayesian statistics is the Bernstein-von Mises theorem.
This theorem links Bayesian and frequentist statistics by stating important facts about the
asymptotic properties of Bayesian point estimators (such as the posterior mean or the MAP)
and the posterior distribution. Details can be found in Van der Vaart (2000). A light version
of the Bernstein-von Mises theorem is given in the following.

Theorem 3.2.1 (Light version of the Bernstein-von Mises theorem). Let θ0 be the true
population parameter and y = y1, . . . , yn be a random sample from the population. Under
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certain assumptions about the sampling distribution l(θ; y) and support of the prior (e.g. the
prior should not exclude θ0), the posterior distribution π(θ|y) satisfies

π(θ|y) → N(θ0, (nI(θ0))−1) as n → ∞ , (3.5)

where I denotes the Fisher information matrix

Iij(θ0) = −Eθ

[︄ ∂2

∂θi∂θj
log(l(θ; y))

]︄
|θ=θ0


= −

∫︂
π(y|θ)

[︄
∂2

∂θi∂θj
log(l(θ; y))

]︄
|θ=θ0

dy .

In (3.5) the posterior converges in distribution to the normal distribution.

According to the Bernstein-von Mises theorem the posterior distribution becomes arbitrarily
concentrated around the true value as n tends to infinity (cf. (3.5)). Thus, Bayesian estimation
asymptotically does not depend on the choice of the prior distribution (for finite samples,
Bayesian inference typically depends heavily on the prior). "Apparently, for an increasing
number of observations one’s prior beliefs are erased (or corrected) by the observations"
(Van der Vaart (2000)). The theorem also justifies from a frequentist point of view the usage
of Bayesian credible sets such as the HPD region defined in (3.2.5) when the posterior is
dominated by the likelihood.

We will now introduce a special prior, namely the Gaussian Markov Random Field (GMRF)
prior which is used in Chapter 5. More detailed information can be found in Rue and Held
(2005). The idea is to define a prior for spatially distributed parameters. In the case of MRF,
the parameters model some physical property on a 2D image at different voxels. These voxels
are spatially connected, i.e. every voxel has neighboring voxels. A GMRF prior can account
for these spatial dependencies between different voxels.

A GMRF is basically a multivariate normal distribution where the precision matrix (the
inverse of the covariance matrix) fulfills certain properties.

Definition 3.2.7 (GMRF according to Rue and Held (2005)). A random vector θ ∈ Rn is
called a GMRF with respect to a labeled graph G = (V, E) with mean µ and precision matrix
Q ≻ 0 (i.e. Q is positive definite) if and only if its density has the form

π(θ) = (2π)−n/2|Q|1/2 exp
(︃

−1
2(θ − µ)TQ(θ − µ)

)︃
and

Qij ̸= 0 ⇔ {i, j} ∈ E for all i ̸= j .

A labeled graph is a tuple G = (V, E) with V = 1, . . . , n. V denotes the set of nodes in the
graph and E the set of edges i, j, where i, j ∈ V and i ̸= j.

The existence of an edge between two nodes can therefore be derived from the precision
matrix. A non-zero entry in the precision matrix means that the corresponding two nodes are
connected. This is especially interesting in spatial applications where the quantity of interest
models some spatial parameter.
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The next theorem states a useful result for the precision matrix:

Theorem 3.2.2 (Rue and Held (2005)). Let θ ∈ Rn be normally distributed with mean µ and
precision matrix Q. Let θ−ij denote a vector with the same entries as θ but without θi and θj.
Then π(θi, θj |θ−ij) = π(θi|θ−ij)π(θj |θ−ij) (i.e. θi and θj are conditionally independent given
θ−ij) if and only if Qij = 0 for i ̸= j.

Hence, the zero entries of Q determine if θi and θj are conditionally independent given
the rest. In contrast to that, zeros in the covariance matrix of a normal distribution express
marginal independence.

Applications of a GMRF used as prior distribution range from image classification (Nishii
and Eguchi (2006)) to image segmentation (Schmidt et al. (2013)) and magnetic resonance
imaging (Schmid et al. (2006)). In many applications the precision matrix is sparse which
prepares the ground for fast computations of GMRFs. A sparse precision matrix will not lead
to a sparse covariance matrix in general. On the contrary, usually the covariance matrix will
be dense in that case. It is therefore useful to represent GMRFs with their precision matrix.
Additionally, modeling spatial smoothness can be achieved with a sparse precision matrix
but not with a sparse covariance matrix. Setting up a prior for spatial smoothness is thus
conveniently done in terms of the precision matrix, and its sparseness is helpful for subsequent
calculations.

An intrinsic GMRF (IGMRF) is a special case of a GMRF:

Definition 3.2.8 (IGMRF of first order according to Rue and Held (2005)). Let Q be an
n× n symmetric positive semidefinite matrix with rank n− 1 > 0. Then θ ∈ Rn is an IGMRF
of first order with parameters (µ,Q) if its density is given as

π(θ) = (2π)
−n+1

2 (|Q|∗)1/2 exp
(︃

−1
2(θ − µ)TQ(θ − µ)

)︃
and

∑︁
j Qij = 0.

Since Q has no full rank, the generalized determinant |Q|∗ is defined as the product of all
nonzero eigenvalues of Q. The parameters µ and Q are still denoted as mean and precision
although the above expression does no longer represent a proper distribution.

Example 3.2.2 (IGMRF of first order). Consider an image which is divided into N pixels.
In some cases, it is likely that the values of neighboring pixels are somehow connected. This
can be expressed via a IGMRF of fist order. Let the precision matrix Q be defined as

Qij =


−1, i ∼ j

ni, i = j

0, otherwise

. (3.6)

The equivalence relation ∼ indicates that two pixels i and j are neighboring pixels. The number
of neighboring pixels of pixel i is denoted by ni.

Theorem 3.2.3. The precision matrix Q in (3.6) is symmetric, positive semi-definite with a
rank of n− 1.
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Proof. The equivalence relation is symmetric, therefore also is Q.
Q is positive semi-definite, because

θTQθ =
n∑︂
r=1

θ2
rnr − θr

∑︂
s∼r

θs

=
n∑︂
r=1

∑︂
s∼r

θ2
r −

n∑︂
r=1

∑︂
s∼r

θrθs

=
n∑︂
r=1

∑︂
s∼r,s>r

θ2
r +

n∑︂
r=1

∑︂
s∼r,s>r

θ2
s − 2

n∑︂
r=1

∑︂
s∼r,s>r

θrθs

=
n∑︂
r=1

∑︂
s∼r,s>r

(θr − θs)2 ≥ 0 .

It is Q(1, . . . , 1)T = (0 . . . 0)T , therefore the rank of Q is lower than or equal to n− 1. Let θ̃
be another vector s.t. Qθ̃ = 0, then also θ̃TQθ̃ = 0, therefore

∑︁n
r=1

∑︁
s∼r,s>r(θ̃r − θ̃s)2 = 0.

That is only possible if θ̃r = θ̃s for all r, s which is again a vector proportional to (1 . . . 1)T ,
therefore the rank of Q is greater equal n− 1. Altogether, the rank equals n− 1.

It follows that

(θ)i|(θ)−i ∼ N

(︄
1
ni

∑︂
k∼i

(θ)k,
1
ni

)︄
. (3.7)

Thus, the conditional distribution corresponds to a normal distribution with expectation equal
to the mean of the effects of neighboring pixels and precision proportional to the number
of neighboring voxels. Equation (3.7) therefore clarifies why and how the IGMRF from
Example 3.2.2 can be used to model spatial dependencies (such as smoothness). The above
relationship might be useful in many applications and gives an explanation on how such an
IGMRF can be used to model the prior knowledge of smoothness between neighboring pixels.

3.3 Bayesian Computation

After setting up the model and choosing a prior distribution the posterior distribution and,
if necessary, marginal distributions have to be calculated. In some cases this is possible
analytically. In addition, quantities like the mean value should be computed. The integral
in the definition of the posterior mean (3.2.2) has as many dimensions as the parameter
itself which therefore might be complicated to evaluate especially in high dimensions as in
the case of MRF. Thus, for difficult models and especially in high dimensions appropriate
numerical methods have to be applied. In the following such methods are presented including
approximate computing techniques.

Deterministic numerical integration

Numerical integration approximates the function at finitely many positions. If infinitely many
positions were used, the integral could be exactly calculated. The standard procedure for
deterministic numerical integration are quadrature rules for fixed knots θ1, . . . , θN and weights
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w1, . . . , wN . For ease of notation a univariate θ is considered:

∫︂
f(θ)dθ ≈ 1

N

N∑︂
n=1

wnf(θn) .

The weights should fit to the volume space of the points θn. Basic methods include the
midpoint, the trapezoidal or the Simpson’s rule. In Chapter 4 the trapezoidal rule is used for
a single parameter to approximate integrals on a grid.

Example 3.3.1 (Trapezoidal rule). The trapezoidal rule approximates the region under the
graph of the function f by a trapezoid. For a univariate θ, the integral can be calculated via

∫︂ b

a
f(θ)dθ ≈ b− a

2N

N∑︂
n=1

(f(θn) + f(θn+1))

= b− a

2N (f(θ1) + 2f(θ2) + . . .+ 2f(θN ) + f(θN+1)) .

This is implemented in the Matlab® function trapz.

Davis and Rabinowitz (2007) covers basic and more advanced techniques using, e.g.,
orthogonal polynomials. Note, that in high dimensions the curse of dimensionality occurs,
whereby the number of knots N have to be intractably large in order to achieve good
approximation rates.

Monte Carlo

The Monte Carlo (MC) method (Metropolis and Ulam (1949); Müller-Gronbach et al. (2012))
is an example of a procedure for direct simulation. The basic idea can be explained through
an experiment which can be used to approximately calculate the number π.

Example 3.3.2 (Calculation of π). Draw N random numbers which are uniformly distributed
on [0, 1]2. The ratio of numbers lying in the unit circle to N is approximately given as π/4.
Hence, choosing random numbers in the unit square and determine the relative ratio of points
lying in the unit circle gives an approximation of π/4. Note that the accuracy increases the
more samples were drawn.

The classical MC experiment which approximates the integral of a function defined on
[0, 1]d uses independent, uniformly distributed random variables θn:

∫︂
[0,1]d

f(θ)dθ ≈ 1
N

N∑︂
n=1

f(θn) .

Deterministic procedures require a number of samples that grows exponentially with the
dimension d in order to secure a prescribed error bound. The result from MC methods
does not depend on the dimension d (Müller-Gronbach et al. (2012)). Nonetheless, random
sampling may not account for important features of the function f . Problem specific sampling
distributions may lead to improvements of the performance, especially in high dimensions.
Note also that MC methods yield, e.g., moments of the posterior, but neither a random sample
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for the posterior itself, nor a probability such as P(θ ∈ A). A simple variant yielding random
samples is importance sampling (Tokdar and Kass (2010)).

Markov Chain Monte Carlo

A widely used tool to generate samples from a probability distribution is called Markov
Chain Monte Carlo (MCMC). MCMC uses Markov chains with a stationary distribution
that is proportional to the desired distribution. For simplicity, only finite state spaces Z
are considered in the following. We refer to Roberts et al. (2004) in which similar results
for non-countable state spaces are presented. When using non-countable state spaces, the
definition of a transition matrix can no longer be applied and has to be replaced by an abstract
object called a transition kernel. Hence, concepts such as irreducibility and aperiodicity are
more challenging to define. However, similar results such as the Ergodic theorem 3.3.1 can be
proven.

Definition 3.3.1 (Markov chain). A time discrete stochastic process {Xt}t∈N with finite state
space Z is called finite Markov chain, if

P({Xt+1 = zt+1}|{(X0, . . . , Xt) = (z0, . . . , zt)}) = P({Xt+1 = zt+1}|{Xt = zt}) (3.8)

for all zi ∈ Z

Hence, a Markov chain is a sequence of random variables for which the distribution at time
t only depends on the values at time t− 1.

Let qz,z′(t) := P(Xt+1 = z′|Xt = z) be the transition probability. If the transition proba-
bility is independent of time t (i.e. P(Xm+1 = z′|Xm = z) = P(Xn+1 = z′|Xn = z) = qz,z′ for
P({Xn = z})P({Xm = z}) > 0), the Markov chain is said to be homogeneous. The matrix
Q = {qz,z′}z,z′∈Z ∈ RZ×Z is called transition matrix if qz,z′ ≥ 0 and

∑︁
z′∈Z qz,z′ = 1.

Definition 3.3.2 (stationary, irreducible, aperiodic). A vector of probabilities µ ∈ RZ is called
stationary distribution of the matrix Q if µ = µQ.

A transition matrix Q ∈ RZ×Z is said to be irreducible if for all z, z′ ∈ Z there exists a
number n ∈ N with (Qn)z,z′ > 0.

Q is aperiodic if for all z ∈ Z the greatest common divisor of {(Qn)z,z > 0}n>0 is equal to
one.

An example of a stationary distribution is given via the following specific random walk.

Example 3.3.3 (Random walk). Let Z = {1, . . . , k}, p ∈ (0, 1) and qz,z+1 = p for z < k,
qz,z−1 = 1 − p for z > 1, qk,1 = p, q1,k = 1 − p and otherwise qz,z′ = 0. In the case of k = 4,
the transition matrix is given as

Q =


0 p 0 1 − p

1 − p 0 p 0
0 1 − p 0 p

p 0 1 − p 0

 .

Here, the matrix Q has stationary distribution µ = (1/k, . . . , 1/k).
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An irreducible Markov chain refers to a chain in which there exists a path over n edges for
all pairs of states. If a system does not return to the same state at fixed intervals, it is called
aperiodic.

With these definitions it is now possible to state the Ergodic theorem which assures
convergence of the Markov chain to the desired distribution µ (Müller-Gronbach et al. (2012)).

Theorem 3.3.1 (Ergodic theorem). Let {Xn}n∈N be an irreducible, aperiodic and homogeneous
Markov chain with stationary distribution µ. For every function f : Z → R it is almost surely

lim
n→∞

1
n

n∑︂
k=1

f(Xk) =
∑︂
z∈Z

µzf(z) . (3.9)

In Bayesian inference, the state space Z and the posterior distribution are known (up
to a multiplicative constant). An MCMC algorithm delivers an irreducible, aperiodic and
homogeneous Markov chain with stationary distribution equal to the posterior distribution.
Hence, MCMC methods use the fact that it is often easier to construct a Markov chain with
stationary distribution equal to the posterior distribution rather than calculating the posterior
directly. In the end, MCMC delivers samples from the posterior distribution which can then
be used to calculate integrals such as the mean and the variance. However, these samples are
not independent and identically distributed.

A very popular MCMC method is the Metropolis-Hastings algorithm (Metropolis et al.
(1953)) which uses a proposal distribution. Dongarra and Sullivan (2000) listed it as one of the
"Top Ten Algorithms of the 20th Century". A sample will be drawn according to the proposal
distribution and with a certain probability this sample will be either accepted or rejected. This
ensures the convergence to the desired target density which only needs to be known up to a
multiplicative constant. In detail, a proof will include two steps. First, the algorithm uses an
irreducible, aperiodic Markov chain which is not transient. Second, the stationary distribution
of the Markov chain equals the target distribution (cf. Gelman et al. (2013)).

1: procedure Metropolis-Hastings algorithm
2: Let π(θ) be the target density up to a multiplicative constant, θ(0) be the starting value

and q(θ|θ(k)) be a proposal distribution
3: for k = 0 : kmax do
4: Sample θ∗ ∼ q(θ|θ(k))
5: Calculate the acceptance probability α(θ(k), θ∗) = min {1, π(θ∗)q(θ(k)|θ∗)

π(θ(k))q(θ∗|θ(k))}
6: Set θ(k+1) = θ∗ with probability α(θ(k), θ∗), otherwise θ(k+1) = θ(k)

7: end for
8: end procedure

Figure 3.1: Pseudo code of the Metropolis-Hastings algorithm.

Note that a suitable choice of the proposal distribution has to be made by the user which
can sometimes be challenging. Additionally, the algorithm in Figure 3.1 randomly walks
through the target space. This can lead to very inefficient sampling with very low acceptance
rates. For high-dimensional target distributions the local random walk would request an
enormous amount of samples in order to cover the whole target space making it practically
unapplicable (Beskos et al. (2009)).
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Hamiltonian Monte Carlo (HMC) suppresses this purely random walk behavior by
introducing an auxiliary variable scheme that transforms the sampling problem into a problem
of simulating Hamiltonian dynamics (Hoffman and Gelman (2014)). The gradient of the
log-posterior is used to avoid trial steps in undesirable directions. The sampler can thus
move much faster through the target distribution. It is also called Hybrid Monte Carlo and
was first introduced by Duane et al. (1987). HMC requires the gradient of the log-posterior
as well as the choice of two parameters (the step size and the number of steps for how
long the Hamiltonian system should run). A pseudo code is given in Figure 3.2. Advanced
techniques as the No-U-Turn Sampler (NUTS), which eliminates the need of choosing the
number-of-steps parameter is presented by Hoffman and Gelman (2014). HMC can be applied
to high-dimensional posterior distributions, as shown in, e.g., Betancourt and Girolami (2015);
Wei et al. (2015) and Gutmann and Hyvärinen (2012).

1: procedure Hamiltonain Monte Carlo algorithm
2: Let L be the logarithm of the target density up to a multiplicative constant, θ(0) be

the starting value, ϵ be the step size and L be the number of steps
3: for k = 0 : kmax do
4: Sample r∗ ∼ N(0, I), where I denotes the identity matrix of appropriate dimension
5: Set θ(k+1) = θ(k), θ̃ = θ(k) and r̃ = r∗

6: for i = 0 : L do
7: Set r̃ = r̃ + (ϵ/2)∇θL(θ̃)
8: Set θ̃ = θ̃ + ϵr̃
9: Set r̃ = r̃ + (ϵ/2)∇θL(θ̃)

10: end for
11: Calculate the acceptance probability α = min {1, exp (L(θ̃)−1/2r̃T r̃)

exp (L(θ(k))−1/2(r∗)T r∗)}
12: Set θ(k+1) = θ̃ and r(k+1) = −r̃ with probability α
13: end for
14: end procedure

Figure 3.2: Pseudo code of the Hamiltonian Monte Carlo algorithm.

Laplace approximation

An easy way to approximate a unimodal posterior distribution is to use a multivariate normal
distribution in the mode of the posterior. Let g(θ) denote the logarithm of the posterior
distribution π(θ|y) up to a multiplicative constant and θ̂ = arg maxθ g(θ) denote the mode of
g. A second-order Taylor series expansion around θ = θ̂ is given as

g(θ) ≈ g(θ̂) − 1
2(θ − θ̂)TQθ(θ̂)(θ − θ̂) , (3.10)

where
Qθ(θ̂) = −∂2logπ(θ|y)

∂θ∂θT |θ=θ̂
. (3.11)

The variable θ is therefore approximately multivariate normal distributed:

θ ∼ N(θ̂, Qθ(θ̂)−1) . (3.12)
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The covariance matrix can be either calculated analytically or numerically. The method of
a Laplace approximation works fine in cases where the posterior is similar to a multivariate
normal distribution, especially when a large number of observations are made (cf. the Bernstein-
von Mises theorem 3.2.1). Laplace approximation of the posterior is a simple method to gain
information about an otherwise complicated and possibly unfeasible posterior distribution. It
is commonly used in practice (Riihimäki et al. (2014); Long et al. (2013)) and more advanced
techniques such as the Integrated Nested Laplace Approximation (INLA) (Rue et al. (2009))
are based on it.

Other methods

There are further methods for Bayesian computation. One example is Variational Bayes
(VB) in which the complex posterior distribution is approximated by a so-called variational
distribution (Fox and Roberts (2012)). In most cases, the Kullback-Leibler divergence is used
as a measure between the approximation and its target.

Approximate Bayesian computation (ABC) (Sunnåker et al. (2013)) covers a range of
methods, all based on the idea to bypass the evaluation of the likelihood function and to use a
(physical) model instead. The ABC rejection algorithm starts by drawing a sample according
to the prior distribution. Then, a data set is computed and compared to the observed data. If
these two data sets are close, the sample will be accepted, otherwise it will be rejected.

The Integrated Nested Laplace Approximation (INLA) (Rue et al. (2009)) approach is
a tool for approximate Bayesian inference for latent Gaussian models. INLA uses Laplace
approximations for high dimensional integrals and can produce fast and accurate results.

The expectation-maximization (EM) (Moon (1996)) algorithm is an iterative optimization
method in order to find the MAP estimate of the posterior distribution. The algorithm
alternates between the expectation and the maximization step. First, the expectation of the
log-likelihood function using the current estimate is calculated. Then, the expectation function
will be maximized leading to the next estimate for the parameters.
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4
Bayesian Uncertainty Quantification for

Dictionary-Based MRF

The dictionary matching method introduced by Ma et al. (2013) restricts itself to the calculation
of estimates for the sought parameters. However, in order to assess the significance of differences
of single qMRI results, which can be useful for, e.g. therapy monitoring, it is essential to also
assign uncertainties that reliably characterize the accuracy of the calculated estimates (Polders
et al. (2012)). Although statistical approaches (Zhao et al. (2016); Wübbeler and Elster (2017))
that fit the data directly in the Fourier domain allow for such an uncertainty quantification,
their practical applicability is challenged due to the involved large-scale optimization task (cf.
Chapter 5).

In this chapter our contribution is a Bayesian uncertainty quantification of the dictionary-
based MRF estimates. The approach yields posterior probability distributions for the tissue-
related parameters at all voxels allowing to make probability statements about these parameters
to be made conditional on the observed data. Uncertainties associated with the estimates
obtained by the dictionary matching method can then be calculated. The proposed Bayesian
approach employs a noninformative prior (Kass and Wasserman (1996)) for the spin density
and for the variance of the data combined with informative priors for the two relaxation times
that utilizes as prior knowledge the ranges chosen for the relaxation times of the dictionary.
The results are calculated using numerical quadrature on the basis of analytical expressions
derived for the marginal posterior of the relaxation times. These calculations can effectively
be carried out by using the same pre-computed dictionary as required for the calculations of
the estimates and are hence fast.

The practicability of the approach is validated by analyzing simulated and real MRF
measurements of a phantom that consists of several tubes with defined T1 and T2 values;
applicability to an in vivo measurement is demonstrated as well.

After reviewing the dictionary matching method from a statistical perspective, the proposed
Bayesian uncertainty quantification is developed in Section 4.1. This is followed by a description
of the experiment for recording MRF data in Section 4.2. Results achieved by the proposed
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Bayesian uncertainty quantification for numerical simulations, phantom experiments and an in
vivo measurement are then presented in Section 4.3.

Most of the work presented in this chapter is published in Metzner et al. (2021).

4.1 Methods

As explained in Chapter 2, the acquired data from the MR scanner are samples in the Fourier
domain of the image space. The magnetization in the image space which can be calculated via
an inverse Fourier transformation depends on the tissue-related parameters, namely relaxation
times T1, T2 and proton spin density ρ, as well as on the MR sequence parameters (e.g. echo
time, repetition time, inversion time). Recall that in MRF a sequence of pulses with varying
sequence parameters is applied, and due to the undersampling of the data in the Fourier domain
the whole MRF measurement can be carried out fast. The dynamics of the magnetization
in the image space depends on the whole sequence of pulses and can be modeled through a
three-dimensional linear discrete time system, cf. Appendix B. Relevant parameters that are
controlled in the design of the sequence of pulses are flip angles, repetition times, inversion
time and echo times. The dependency of the dynamics of the magnetization on these controlled
parameters is not indicated in the following.

We will use the same notations as in Chapter 2. Recall that N denotes the number of voxels
in the selected slice, and θ1 = (T 1

1 , ..., T
N
1 )T , θ2 = (T 1

2 , ..., T
N
2 )T , θ3 = (ρ1, ..., ρN )T the sought

vectors of relaxation times T1, T2 and proton spin density ρ, respectively, for all N voxels. The
N×1 complex-valued vector of magnetizations is denoted by ml = ml(θ1, θ2, θ3), l = 1, . . . , L, at
the N voxels after applying the l-th excitation pulse, and mi denotes the L× 1 complex-valued
vector of magnetizations at the i-th voxel after applying all L pulses.

Contrary to the Fourier domain where the data depends on all tissue parameters in parallel,
the sequence of magnetizations in the image space at the i-th voxel, mi, depends only on the
unknown tissue parameters at that voxel (and the known parameters of the applied pulse
sequence, which we will suppress), i.e. mi = mi(T i1, T i2, ρi). Furthermore, the magnetization
ml = ml(θ1, θ2, θ3) depends linearly on θ3, which will be used in the following Bayesian
treatment.

The measured data in the Fourier domain consist of the complex-valued vectors

zl = Fl(ml) , l = 1, . . . , L , (4.1)

where Fl corresponds to a Fourier transform.

4.1.1 Dictionary Matching

The principles of the dictionary matching method according to Ma et al. (2013) have already
been described in Chapter 2. The (approximately) reconstructed magnetizations from (4.1)
are denoted by ˆ︁ml = F†

l (zl) , l = 1, . . . , L , (4.2)

where F†
l is a pseudo-inverse of the Fourier transform mapping Fl in (4.1). From the sequence

of estimated magnetizations, ˆ︁m1, . . . , ˆ︁mL, the estimated course of magnetization ˆ︁mi for each
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voxel i is denoted by ˆ︁mi = (( ˆ︁m1)i, . . . , ( ˆ︁mL)i)T . (4.3)

Estimates of the tissue parameters can then be obtained by fitting the modeled dynamics
of the magnetization of each voxel to the observed approximate dynamics (4.3) at that voxel.
In Ma et al. (2013) this fitting process is done using a pre-computed dictionary of (normalized)
courses of magnetizations on a discrete set of possible values of the sought relaxation times.
The dictionary entry which shows maximum correlation to the observed dynamics (4.2) is
chosen as best match. The spin density entering as a linear factor into the model for the
magnetization is determined subsequently in a way such that the results fits best to the data.

In the next theorem we will show that this fitting can be achieved likewise without
pre-computing a dictionary.

Theorem 4.1.1. The dictionary matching method yields estimates ((ˆ︁θ1)i, (ˆ︁θ2)i, (ˆ︁θ3)i) =
( ˆ︁T i1, ˆ︁T i2, ˆ︁ρi) at the i-th voxel which are given by minimizing

∥ ˆ︁mi −mi(T i1, T i2, ρi)∥2 (4.4)

with respect to T i1, T i2, ρi, provided that the resolution of the dictionary is made arbitrarily fine.

In other words, the dictionary matching method basically fits the modeled dynamics of the
magnetization independently at each voxel to the observed estimates (4.3) at that voxel. In
(4.4) ∥ · ∥ stands for the usual 2-norm in CL.

The following corollary is a straightforward consequence of Theorem 4.1.1.

Corollary 4.1.2. If a homoscedastic Gaussian sampling model is assumed in which the
complex-valued data are modeled as realizations of

ˆ︁mi = mi(T i1, T i2, ρi) + ϵi + iϵ̃i, ϵi, ϵ̃i ∼ N(0, σ2IL) , (4.5)

and all ϵi, ϵ̃i are assumed independent, then the dictionary matching estimate coincides with
the maximum likelihood estimate of the statistical model (4.5).

From a statistical point of view, the dictionary matching method hence yields the maximum
likelihood estimator if a homoscedastic Gaussian model is assumed for the errors.

Proof (of Corollary 4.1.2). The likelihood function of the statistical model (4.5) is given as

l(T i1, T i2, ρi, σ; ˆ︁mi) ∝ 1
σ2L exp

(︃
− 1

2σ2

(︂ ˆ︁mi −mi(T i1, T i2, ρi)
)︂H

IL
(︂ ˆ︁mi −mi(T i1, T i2, ρi)

)︂)︃
= 1
σ2L exp

(︃
− 1

2σ2 ∥ ˆ︁mi −mi(T i1, T i2, ρi)∥2
)︃
.
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The maximum likelihood estimator is calculated according to

(T̂ i1, T̂
i
2, ρ̂

i, σ̂) = argmaxT1,T2,ρ,σl(T
i
1, T

i
2, ρ

i, σ; ˆ︁mi)

= argmaxT1,T2,ρ,σ log(l(T i1, T i2, ρi, σ; ˆ︁mi))

= argmaxT1,T2,ρ,σ − log(σ2L) − 1
2σ2 ∥ ˆ︁mi −mi(T i1, T i2, ρi)∥2

= argminT1,T2,ρ,σ log(σ2L) + 1
2σ2 ∥ ˆ︁mi −mi(T i1, T i2, ρi)∥2

For fixed σ the maximum likelihood estimator for (T̂ i1, T̂
i
2, ρ̂

i) is then given as

(T̂ i1, T̂
i
2, ρ̂

i) = argminT1,T2,ρ∥ ˆ︁mi −mi(T i1, T i2, ρi)∥2

which equals the dictionary matching solution according to Theorem 4.1.1.

Proof (of Theorem 4.1.1). As explained in Chapter 2, the dictionary matching solution for T̂ i1
and T̂

i
2 in voxel i is chosen to be the entry k̂i of the dictionary {Dk}Kk=1 which maximizes

k̂i = argmaxk
| < m̂i, Dk > |

∥Dk∥
. (4.6)

The complex proton density is calculated subsequently as

ρ̂i =
< m̂i, Dk̂i

>

∥Dk̂i
∥2 . (4.7)

The reference to a specific voxel i is omitted in the following as the treatment is the same for
all voxels.
The calculation of the dictionary is based on a physical model m(T1, T2, ρ). We will
denote m̃(T1, T2) as the model without the linear factor ρ, i.e. m(T1, T2, ρ) = ρm̃(T1, T2).
Equations (4.6) and (4.7) are therefore equivalent to

(T̂ 1, T̂ 2) = argmaxT1,T2

| < m̂, m̃(T1, T2) > |
∥m̃(T1, T2)∥

ρ̂ = < m̂, m̃(T̂ 1, T̂ 2) >
∥m̃(T̂ 1, T̂ 2)∥2

,

under the assumption that the resolution of the dictionary is infinitely small.
Let m̃R and m̃I denote the real and imaginary part of m̃(T1, T2), and m̂R and m̂I real and
imaginary part of m̂ respectively. It follows

(T̂ 1, T̂ 2) = argmaxT1,T2

√︂
(m̂T

Rm̃R + m̂T
I m̃I)2 + (−m̂T

Rm̃I + m̂T
I m̃R)2√︂

m̃T
Rm̃R + m̃T

I m̃I

= argmaxT1,T2

√
h√︂

m̃T
Rm̃R + m̃T

I m̃I

= argmaxT1,T2

h

m̃T
Rm̃R + m̃T

I m̃I
, (4.8)
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for h = (m̂T
Rm̃R)2 + (m̂T

I m̃I)2 + (m̂T
Rm̃I)2 + (m̂T

I m̃R)2 + 2(m̂T
Rm̃Rm̂

T
I m̃I) − 2(m̂T

Rm̃Im̂
T
I m̃R)

and

ρ̂ = < m̂R + im̂I , m̃R + im̃I >

∥m̃R + im̃I∥2

= m̂T
Rm̃R + m̂T

I m̃I

m̃T
Rm̃R + m̃T

I m̃I
+ i

m̂T
I m̃R − m̂T

Rm̃I

m̃T
Rm̃R + m̃T

I m̃I
. (4.9)

Minimizing (4.4) with respect to µ leads to

µ̂ = argminµ∥m̂−Mµ∥2

= argminµ − 2m̂TMµ+ µTMTMµ

= (MTM)−1MT m̂

=
(︄(︄

m̃T
R m̃T

I

−m̃T
I m̃T

R

)︄(︄
m̃R −m̃I

m̃I m̃R

)︄)︄−1(︄
m̃T
R m̃T

I

−m̃T
I m̃T

R

)︄(︄
m̂R

m̂I

)︄

= 1
m̃T
Rm̃R + m̃T

I m̃I

(︄
m̂T
Rm̃R + m̂T

I m̃I

−m̂T
Rm̃I + m̂T

I m̃R

)︄
,

which corresponds to the dictionary matching solution 4.9.
Let c =

(︂
m̂T
Rm̃R + m̂T

I m̃I , −m̂T
Rm̃I + m̂T

I m̃R

)︂T
; minimizing (4.4) with respect to T1 and

T2 yields

argminT1,T2∥m̂−Mµ̂∥2 = argminT1,T2 − 2 < m̂,Mµ̂ > + < Mµ̂,Mµ̂ >

= argmaxT1,T22 < m̂,Mµ̂ > − < Mµ̂,Mµ̂ >

= argmaxT1,T22m̂TMµ̂− µ̂TMTMµ̂

= argmaxT1,T2

2
m̃T
Rm̃R + m̃T

I m̃I
cT c

− 1
(m̃T

Rm̃R + m̃T
I m̃I)2 c

T

(︄
m̃T
Rm̃R + m̃T

I m̃I 0
0 m̃T

Rm̃R + m̃T
I m̃I

)︄
c

= argmaxT1,T2

1
m̃T
Rm̃R + m̃T

I m̃I
cT c

= argmaxT1,T2

h

m̃T
Rm̃R + m̃T

I m̃I
,

which corresponds to the dictionary matching solution 4.8.
Hence, the dictionary matching method yields estimates which are given by minimizing

(4.4) provided that the resolution of the dictionary is infinitely small.

To ease notations, we suppressed (e.g. in (4.1)) and will suppress the presence of
measurements using multiple receiver coils (as used in our experiments). This simplification
does not affect our treatment according to the following relationship. Let {Ci}nc

i=1 denote the
nc different

√
N ×

√
N coil sensitivity matrices. We define Cĩ = diag({(Ci)j}Nj=1) ∈ RN×N .

Equation (4.1) will then become

zli = Fl(C̃iml) , l = 1, . . . , L . (4.10)
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Let C̃i denote the complex conjugate matrix of C̃i. According to Roemer et al. (1990) an
optimal combination of the single coil images C̃iml which maximizes the signal-to-noise ratio
is realized through

ˆ︁ml =
(︄
nc∑︂
i=1

C̃iC̃i

)︄−1 nc∑︂
i=1

C̃iF†
l (zli) , l = 1, . . . , L . (4.11)

Equation (4.2) will therefore change to equation (4.11) and the magnetizations can be estimated
using a weighted sum of single coil reconstructions.

4.1.2 Bayesian Inference for Dictionary Matching

In the following, a Bayesian inference is carried out to quantify the uncertainty associated with
the tissue-related parameters calculated by the dictionary matching method for the first time.
The Bayesian inference is based on a statistical model (4.15) for the observed magnetizations in
(4.3) as well as on the choice of prior distributions. Some additional notations are introduced
subsequently.

Let the 2L× 1 real-valued vector ŷi denote real part and imaginary part of the observed
estimates ˆ︁mi of the course of magnetizations at voxel i, i.e.

ŷi = (Re( ˆ︁mi)T , Im( ˆ︁mi)T )T , (4.12)

and the 2 × 1 real-valued vector µi the corresponding proton spin density,

µi = (Re(ρi), Im(ρi))T . (4.13)

Furthermore, let the 2L× 2 real-valued matrix M i = M i(T i1, T i2) be defined in a way such that

mi(T i1, T i2, ρi) = M iµi . (4.14)

The matrix M therefore contains real and imaginary part of the modeled course of
magnetizations mi(T i1, T i2, ρi) at voxel i.

Theorem 4.1.3. The matrix M is given as

M i =
(︄

Re(m̃i(T i1, T i2)) − Im(m̃i(T i1, T i2))
Im(m̃i(T i1, T i2)) Re(m̃i(T i1, T i2))

)︄
,

where again m̃i denotes the magnetization mi without the linear factor ρi.

Proof. The modeled magnetization course is given as mi(T i1, T i2, ρi) = (Re(ρi) +
i Im(ρi))(Re(m̃i) + i Im(m̃i)).
It follows that the real and imaginary part of mi are Re(mi(T i1, T i2, ρi)) = Re(ρi) Re(m̃i) −
Im(ρi) Im(m̃i) and Im(mi(T i1, T i2, ρi)) = Im(ρi) Re(m̃i)+Re(ρi) Im(m̃i). M i is defined through

(Re(mi(T i1, T i2, ρi))T , Im(mi(T i1, T i2, ρi)T ))T = M i(Re(ρi), Im(ρi))T .
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It follows that

M i =
(︄

Re(m̃i(T i1, T i2)) − Im(m̃i(T i1, T i2))
Im(m̃i(T i1, T i2)) Re(m̃i(T i1, T i2))

)︄
.

The dictionary matching method as well as the subsequent statistical analysis can be
carried out independently at each voxel. We will hence omit the reference to a particular voxel
i in the following, e.g., we use M = M(T1, T2) to denote M i = M i(T i1, T i2) for voxel i.

Statistical Model

The dictionary matching method treats the errors in the observed course of magnetization
in (4.3) as noise (cf. Corollary 4.1.2). We will therefore assume a normal distribution with
zero mean and variance σ2 in which the errors are modeled as independently and identically
distributed. Note that this is the same statistical as introduced in Corollary 4.1.2.

In detail, we assume
y ∼ N

(︂
Mµ, σ2I2L

)︂
, (4.15)

where M = M(T1, T2) depends on T1 and T2 only, µ denotes real and imaginary part of the
spin density ρ, and I2L stands for the identity matrix of dimension 2L. The observed data
ŷ are hence modeled as a realization of a Gaussian distribution with mean vector Mµ and
covariance matrix σ2I2L. The statistical model (4.15) is a homoscedastic Gaussian model with
a mean vector that depends linearly on the spin density µ but nonlinearly on the relaxation
times T1 and T2. Note that the variance parameter σ2 in (4.15) is allowed to differ for different
voxels.

Bayesian Inference

As described in Chapter 3, a Bayesian inference combines the prior knowledge about the
unknowns with the information contained in the data resulting in the posterior probability
distribution which is obtained via Bayes’ theorem according to

π(T1, T2, µ, σ
2|y) ∝ π(T1, T2, µ, σ

2)l(T1, T2, µ, σ
2; y) . (4.16)

In (4.16) the prior distribution about the unknowns T1, T2, µ, σ
2 is denoted by π(T1, T2, µ, σ

2)
and l(T1, T2, µ, σ

2; y) refers to the likelihood function which is determined through the statistical
model (4.15) for the data.

As a prior distribution we choose

π(T1, T2, µ, σ
2) = π(T1, T2)π(µ)π(σ2) ∝ 1Ω(T1, T2)/σ2 , (4.17)

where Ω is defined as the same domain for T1 and T2 as used to create the dictionary,
and the indicator function 1Ω(T1, T2) equals 1 for (T1, T2) ∈ Ω and 0 otherwise. The prior
π(T1, T2) ∝ 1Ω(T1, T2) for the relaxation times thus represents the prior belief about the range
of possible values for T1 and T2. For the spin density which is acting as a location parameter
in the likelihood we assume a standard noninformative prior used in such a case, cf. Kass
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and Wasserman (1996), namely π(µ) ∝ 1. Similarly, a standard noninformative prior for
the scale parameter σ2 is chosen as π(σ2) ∝ 1/σ2. For the important choice of a suitable
prior distribution we therefore combine the available prior knowledge about the relaxation
times with standard noninformative priors for the proton spin density and for the variance σ2

in (4.15).
Marginal posterior distributions such as, e.g., π(T1|y) can be obtained by integrating out

the remaining unknowns from the joint posterior π(T1, T2, µ, σ
2|y) in (4.16).

The uncertainty of, e.g., T1 will be denoted by u(T1) and is given as the square root of the
expected quadratic loss of the dictionary-based MRF estimate T̂ 1:

u2( ˆ︁T1) =
∫︂
π(T1|y)(T1 − ˆ︁T1)2dT1 (4.18)

= V ar(π(T1|y)) +
(︂
E(T1|y) − ˆ︁T1

)︂2

It is also possible to determine a 95% credible interval I which satisfies

0.95 =
∫︂
I
π(T1|y)dT1 . (4.19)

Note that relation (4.19) does not uniquely determine an interval I, and an additional condition
needs to be posed, for example the interval of minimal length satisfying (4.19) or the choice
of a probabilistically symmetric interval (c.f. Chapter 3). Another possibility is to use the
marginal posterior to make probability statements, for example to determine the probability
that T1 exceeds a certain limit T 1 according to

P (T1 > T 1|y) =
∫︂ ∞

T 1
π(T1|y)dT1 . (4.20)

The next theorem will show that albeit the prior (4.17) is improper, i.e. cannot be
normalized, propriety of the marginal joint posterior for T1, T2 can be ensured.

Theorem 4.1.4. The marginal joint posterior for T1, T2 is given as

π(T1, T2|y) ∝ 1√︂
det(MTM)

× 1Ω(T1, T2)
(∥y −Mµ(T1, T2)∥2)L−1 (4.21)

with
µ(T1, T2) =

[︂
MTM

]︂−1
MT y (4.22)

and M = M(T1, T2). It exists and is proper if det(MTM) > δ1 > 0 and minT1,T2∥y−Mµ̂∥2 >

δ2 > 0.

Proof. In order to derive the posterior distribution, we make two prior statements:
According to the PDF of a multivariate t-distribution, we have for x ∈ Rp, µ ∈ Rp, ν > 1 and
a symmetric, positive-definite Σ ∈ Rp×p:

∫︂ 1
det(Σ)1/2

(︃
1 + 1

ν
(x− µ)TΣ−1(x− µ)

)︃−(ν+p)/2
dx ∝ 1
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and therefore ∫︂ (︃
1 + 1

ν
(x− µ)TΣ−1(x− µ)

)︃−(ν+p)/2
dx ∝ det(Σ)1/2 .

For A ∈ R2×2 and a ∈ R it is

det

(︄(︃ 1
a2A

)︃−1
)︄1/2

= det

(︃ 1
a2A

)︃−1/2
=
(︄(︃ 1

a2

)︃2
det(A)

)︄−1/2

= a2det(A)−1/2 .

We then get for µ̂ = µ(T1, T2) =
[︂
MTM

]︂−1
MT y:

π(T1, T2|y) ∝
∫︂ ∞

−∞

∫︂ ∞

0
π(T1, T2, µ, σ

2|y)dσ2dµ

∝
∫︂ ∞

−∞

∫︂ ∞

0
1Ω(T1, T2) 1

σ2L+2 exp
(︃

− 1
2σ2 ∥y −Mµ∥2

)︃
dσ2dµ

= 1Ω(T1, T2)
∫︂ ∞

−∞

∫︂ ∞

0

1
τL+1 exp

(︃
− 1

2τ ∥y −Mµ∥2
)︃

dτdµ

= 1Ω(T1, T2)
∫︂ ∞

−∞

∫︂ ∞

0

1
(u∥y −Mµ∥2)L+1 ∥y −Mµ∥2 exp

(︃
− 1

2u

)︃
dudµ

= 1Ω(T1, T2)
∫︂ ∞

−∞

∫︂ ∞

0

1
(uL+1)(∥y −Mµ∥2)−L exp

(︃
− 1

2u

)︃
dudµ

∝ 1Ω(T1, T2)
∫︂ ∞

−∞

1
(∥y −Mµ∥2)Ldµ

= 1Ω(T1, T2)
∫︂ ∞

−∞

1
(∥y −Mµ̂∥2 + (µ− µ̂)MTM(µ− µ̂))Ldµ

= 1Ω(T1, T2) 1
(∥y −Mµ̂∥2)L

∫︂ ∞

−∞

1
(1 + (µ− µ̂) MTM

∥y−Mµ̂∥2 (µ− µ̂))L
dµ (4.23)

∝ 1Ω(T1, T2) 1
(∥y −Mµ̂∥2)L ∥y −Mµ̂∥2 1

det(MTM)1/2

= 1Ω(T1, T2) 1
(∥y −Mµ̂∥2)L−1

1
det(MTM)1/2 . (4.24)

Since we assume det(MTM) > δ1 > 0 and minT1,T2∥y − Mµ̂∥2 > δ2 > 0 and because Ω is
compact, the marginal posterior in (4.24) is proper and hence the joint posterior exists.

Theorem 4.1.5. The conditional posterior for µ is given as

µ|T1, T2, y ∼ t2L−2

(︄
µ(T1, T2), ∥y −Mµ(T1, T2)∥2

2L− 2
[︂
MTM

]︂−1
)︄
, (4.25)

i.e. the conditional posterior distribution for µ given T1, T2 is a scaled and shifted 2D t-
distribution with 2L− 2 degrees of freedom.

Proof. A similar derivation as in the proof of Theorem 4.1.4, by applying a marginalization
w.r.t. σ2, yields the expression over which is integrated in (4.23). The statement of the
theorem then follows easily.
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Since the parameter L ≫ 1, the following Gaussian distribution is a good approximation
to (4.25)

µ|T1, T2, y ∼ N

(︄
µ(T1, T2), ∥y −Mµ(T1, T2)∥2

2L− 2
[︂
MTM

]︂−1
)︄
, (4.26)

where, again, M = M(T1, T2). The marginal posterior for µ is then obtained as

π(µ|y) =
∫︂
π(µ|T1, T2, y)π(T1, T2|y)dT1dT2 . (4.27)

Expressions (4.21) and (4.26) allow for a practical calculation of results using 2-d
approximate numerical quadrature, which can be efficiently carried out on the dictionary itself.
Once the marginal posterior distributions for T1, T2, µ have been determined, uncertainties such
as (4.18), or probability statements as in (4.20) can be determined by again using numerical
quadrature.

In Appendix C the MATLAB® source code is shown which utilizes the built-in MATLAB®

function trapz for numerical quadrature as described in Chapter 3. The required input
consists of the dictionary used for the dictionary matching method, together with the observed
sequence of magnetizations in (4.3) for each voxel as well as estimates for T1 and T2. Note that
it is possible to use other estimates than those obtained by the dictionary matching method.
The output of the source code are the discretized marginal posteriors for T1 and T2 and the
uncertainties for T1 and T2 calculated according to (4.18). Due to the use of the pre-computed
dictionary, calculations can be carried out fast. The computation time naturally depends
on the size of the dictionary and on the number of voxels of interest. The calculation time
of the uncertainties shown here was about 90 minutes, whereas calculating the estimates by
the dictionary matching method took about 6 minutes. The computation time scales linearly
with the size of the dictionary. The employed software together with exemplary MRF data is
provided in Metzner and Wübbeler (2021).

4.2 Experiments and Simulations

The phantom data was acquired on a 3 Tesla Verio MR Scanner (Siemens Healthineers,
Erlangen, Germany) with an 8-channel head coil. The in-plane resolution of the MRF scan was
0.78 × 0.78 mm2 with a slice thickness of 5.0 mm and a field of view (FoV) of 300 × 300 mm2.
A fast imaging with steady-state precession (FISP) sequence was used starting with an inversion
pulse. A radial readout was performed, each with 384 data points per radial line. Repetition
times (TR) were chosen to be 12.54 ms, the inversion time (TI) as 42 ms, echo times (TE)
as 7 ms. The flip angle follows the magnitude of a sinusoidal curve with a maximum of 70
degree (as already proposed in Flassbeck et al. (2019)). A total number of 1000 radial lines
were acquired and for the parameter estimation one image per radial line was reconstructed
by using the pseudo-inverse Fourier transformation (Greengard and Lee (2004)). In Figure 4.1
two reconstructed magnetization images are shown as well as the sum of all the reconstructions.

Reference values for the T1 relaxation time (cf. Chapter 2)) were determined by a Cartesian
inversion recovery spin echo sequence acquisition with 7 inversion times (TI = 25–2400
ms, TE/TR = 12/8000 ms). Reference values for the T2 relaxation time (cf. Chapter 2))
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were determined using a Cartesian spin echo sequence with multiple echo times (TE =
24-1000 ms, TR = 3000 ms). The in-plane resolution was 0.83 × 0.83 mm2 with a slice
thickness of 5.0 mm and a FoV of 159 × 144 mm2 for both acquisitions. To determine
the reference T1 and T2 values, a 2-parameter nonlinear least squares fitting algorithm was used.

The simulation closely follows the phantom measurement. All scanning parameters (TR,
TE, TI, flip angles), k-space locations for the radial points and complex coil sensitivity maps
are set to the same values as used in the phantom measurements. A total number of 1000
radial lines were simulated, and for the dictionary matching method parameter estimation
was carried out using one image per radial line. We assigned similar values for T1, T2 and the
complex proton density such that they match those obtained in the analysis of the phantom
data (cf. Chapter 2)). The magnetization during the simulated data acquisition was then
modeled by the same FISP model as before (cf. Appendix B). Subsequently, the modeled
magnetization was transformed into the Fourier domain where Gaussian noise with similar
signal-to-noise ratio as for the real scanner data was added with a standard deviation of 3.43 ×
10−6 (the maximum value of the real and the imaginary part of the simulated magnetizations
are of the order 10−3).

The in vivo data acquisition was performed on the same scanner using a 32-channel cardiac
coil (Siemens Healthineers, Erlangen, Germany). For the in vivo data, a cardiac scan was
realized in a short-axis orientation utilizing a FISP sequence with a total acquisition time of
12 s (allowing for an acquisition during a single breathhold). A radial readout was performed,
each with 320 data points per radial line. Repetition times were chosen to be 8.2 ms, the
inversion time as 21 ms, echo times as 4 ms, and the flip angle follows the magnitude of a
sinusoidal curve with a maximum of 70 degree. Here, a total number of 1500 radial lines were
acquired and for the parameter estimation one image per radial line was reconstructed using
the pseudo-inverse Fourier transformation. The resolution of the in vivo scan was 1.3 × 1.3
mm2 with a FOV of 320 × 320 mm2 and a slice thickness of 8 mm. A bandwidth time product
of 8 was chosen (SINC pulse length = 1920 ms) in order to reduce the impact of the slice
profile. ECG triggering was used to start the acquisition during diastole. After that the data
were acquired continuously without further triggering.

4.3 Results

Real and simulated MRF measurements of the phantom (see Figure 4.1) as well as a cardiac
in vivo measurement were conducted and analyzed by the proposed uncertainty quantification
for the dictionary matching method. Note that throughout this thesis the reconstructed
magnetization was not normalized. The dictionary used for the following results is based on a
FISP sequence and calculated according to Appendix B for T1 = (200, 205, . . . , 3000) ms and
T2 = (20, 22, . . . , 300) ms assuming 201 isochromats in each voxel. The phantom considered
here consists of 9 different tubes and the values for T1 and T2 within each tube can be assumed
to be constant. The ranges of the dictionary were chosen in a way such that the variation of
T1 and T2 between the tubes is covered, see Figure 4.3.
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Figure 4.1: Left and Middle: two single reconstructed magnetization images. Right: Plot of the
sum of all reconstructed magnetization images showing the phantom consisting of 9 different tubes.
Figure from Metzner et al. (2021).
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Figure 4.2: Results from phantom data. Left: residuals of real (top) and imaginary (bottom) part
of the (unnormalized) magnetization in one voxel obtained by the dictionary matching method for
the phantom data. Right: histogram of all residuals on the left. Figure from Metzner et al. (2021).

4.3.1 Phantom and In Vivo Measurements

Figure 4.2 shows the (estimated) residuals m̂i − mi for a typical voxel together with their
histogram. The residuals seem to approximately follow a Gaussian distribution which supports
the choice of the statistical model used for the Bayesian uncertainty quantification.

In Figure 4.3 a comparison of calculated uncertainties and the observed variation of
estimated values for T1 and T2 within each tube is presented. More precisely, the figure shows
mean values of the estimates obtained by the dictionary matching method for T1 and T2 within
the nine different tubes. Additionally, both the standard deviations of the estimates within
the tubes (blue errorbars) and the square root of within-tubes means of squared uncertainties
(red errorbars) are displayed for the different tubes. The calculated mean uncertainties reflect
the within-tube variability of the estimates well, yet they are slightly larger than the observed
variability of the estimates for all nine tubes.

The range of the dictionary has to be chosen with great care since it has an influence on both:
the dictionary matching solution and the Bayesian uncertainties. To analyze this impact we
evaluated the same phantom data with a larger and a smaller dictionary in T2. When taking a
larger dictionary in T2 (but not in T1) with T2 = (20, 22, . . . , 500) ms, the within-tube standard
deviations of the estimates differed from those obtained for the original dictionary by at most
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Figure 4.3: Mean values for the estimates obtained by the dictionary matching method within the
tubes t1,. . . ,t9 for T1 (left) and T2 (right), together with their standard deviation (blue errorbars)
and mean uncertainty (red errorbars). Note that the errorbars are in ascending order in terms of
the mean values for the estimates, respectively for T1 and T2. Figure from Metzner et al. (2021).
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Figure 4.4: Results for a dictionary with a smaller range: mean values for the estimates obtained
by the dictionary matching method within the tubes t1,. . . ,t9 for T1 (left) and T2 (right), together
with their standard deviation (blue errorbars) and mean uncertainty (red errorbars). Note that
the errorbars are in ascending order in terms of the mean values for the estimates, respectively for
T1 and T2. Figure from Metzner et al. (2021).

10%. The same holds for the mean uncertainties, except for tube nine in which the mean
uncertainty is 50% higher. Results for a smaller dictionary in T2 with T2 = (20, 22, . . . , 100)
ms are shown in Figure 4.4. Since some tubes have an actual value that is larger than the
maximum value for T2 in the (restricted) dictionary, the corresponding estimates equal the
maximum value of T2 in the dictionary. Note that the resulting uncertainties are significantly
larger than the standard deviations of the estimates within these tubes which indicates that
the true T2 values are beyond the upper bound.

In order to analyze the impact of the amount of data, the same quantities as in Figure 4.3
are plotted in Figure 4.5, but for data where 5 radial lines in k-space are acquired per image.
This was accomplished by a multi-shot MRF approach as presented by Flassbeck et al. (2019).
The amount of data is hence increased by a factor of 5. The same scale is used as in Figure 4.3
which shows that the mean uncertainties and the standard deviation of the estimates in each
tube are smaller now (roughly by a factor

√
5). Note that the ratios of mean uncertainties and

standard deviations of the estimates remain nearly unchanged.
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Figure 4.5: Results for 5 radial lines in k-space: mean values for the estimates obtained by the
dictionary matching method within the tubes t1,. . . ,t9 for T1 (left) and T2 (right), together with
their standard deviation (blue errorbars) and mean uncertainty (red errorbars). Note that the
errorbars are in ascending order in terms of the mean values for the estimates, respectively for T1
and T2. Figure from Metzner et al. (2021).

Results from the reference measurements and results obtained by the dictionary matching
method are compared in Figure 4.6 in terms of the uncertainties calculated for the latter. The
uncertainties calculated for the dictionary matching solution for T1 appear to describe well
their deviations to the reference measurements. The same is true for the T2 estimation but
only for the smaller values of T2, while for larger values of T2 a slight bias in the estimates
produced by the dictionary matching method can be observed. Nonetheless, the calculated
uncertainties for the larger T2 values still characterize the size of the errors well in most cases.

In Figure 4.7 estimates of the dictionary matching as well as their uncertainty map are
shown. Additionally, marginal distributions for T1 and T2 in two exemplary voxels of different
tubes are presented. The dotted red lines in the images of the marginal distributions illustrate
the bounds for T1 and T2. Especially for large values of T2 some of the distributions are
truncated at these bounds, i.e. the bounds are truly informative. The derived marginal
distributions can be used to calculate various probability statements, for example, to calculate
the probability that T1 is smaller than a certain limit. The probabilities for T1 < 1600 ms of
the two voxels in Figure 4.7 indicated by the arrows are 0.54 and almost 1, respectively.

The dictionary matching solution of the cardiac MRF in vivo data for T1 and T2 as well as
their uncertainties are shown in Figure 4.8. An interesting fact can be seen: in some areas
the uncertainty increases towards the centre of the body. This is reasonable since the coil
sensitivity is lower there.

4.3.2 Simulated Data

In Figure 4.9, similar to Figure 4.3, mean uncertainties and standard deviations within each
tube are compared for T1 and T2. The uncertainties reflect the different within-tube variabilities
of the estimates well, similarly to the phantom data above. Again, the calculated uncertainties
appear to be slightly conservative.

The uncertainty of estimates with higher T1 and T2 values is also higher. However, the
relative uncertainty (i.e. the uncertainty divided by the estimate) is roughly constant. When
simulating further MRF data for which the same simulation setup was used, changing only
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Figure 4.6: Differences between reference measurement (T1̃, T2̃) and results of dictionary
matching method (T̂ 1, T̂ 2) in the 9 tubes of the phantom. The ordering from left to
right is according to increasing T̃ 1 = (295, 339, 427, 435, 562, 587, 1088, 1432, 1834)ms and
T2̃ = (31, 32, 33, 33, 37, 115, 120, 123, 191)ms values, respectively. Errorbars show the calculated
uncertainty for the dictionary matching method. For clarity, results are shown only for a
representative subset of voxels for each of the tubes. Figure from Metzner et al. (2021).
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Figure 4.7: Top: Estimates obtained by the dictionary matching method for T1 (left) and T2
(right). Middle: uncertainties for the estimates of T1 (left) and T2 (right). Bottom: Examples of
marginal distributions of T1 and T2 from two different voxels. The red dotted lines correspond to
the bounds assumed for T1 and T2. Figure from Metzner et al. (2021).
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Figure 4.8: In vivo results. Top: Estimates obtained by the dictionary matching method for T1
(left) and T2 (right). Bottom: Uncertainties for the estimates of T1 (left) and T2 (right). Figure
from Metzner et al. (2021).

repetition times (TR was set to 11 ms) or flip angle (the maximum of the magnitude of the
sinusoidal curve was set to 60 degree), the relative uncertainties were again similar in both
cases. The mean uncertainties in all nine tubes differed by a maximum of 10% when using the
different repetition times, and by 20% when applying the different flip angle.

Figure 4.10 compares the estimates obtained by the dictionary matching method with the
known ground truth in terms of the uncertainties calculated for the former for one particular
tube. The results for this tube are representative for the other ones. Errors in the estimates
obtained by the dictionary matching method are well described by the calculated uncertainties
for both T1 and T2.

4.4 Discussion

The residuals in Figure 4.2 obtained for the real and the imaginary part of the reconstructed
magnetizations from the phantom data in a single voxel appear to approximately follow a
Gaussian distribution. This supports the choice of the statistical model for the Bayesian
uncertainty quantification. Note that the residuals shown in Figure 4.2 are typical and look
similar in other voxels and other tubes. In Figure 4.1 two single reconstructed magnetization
images are shown. Due to the severe aliasing artifacts it is not even possible to recognize the
tubes. When looking at the sum of all these individual reconstructions, the tubes are now
visible and the aliasing artifacts appear to be canceled out. This supports the assumption of
the dictionary-based MRF method that aliasing artifacts act like noise over time.
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Figure 4.9: Simulation results: Mean values for the estimates obtained by the dictionary matching
method within tubes t1,. . . ,t9 for T1 (left) and T2 (right), together with their standard deviation
(blue errorbars) and the mean uncertainty (red errorbars). Figure from Metzner et al. (2021).
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Figure 4.10: Simulation results: differences of the simulated ground truth T1̃, T2̃ and the estimates
T̂ 1, T̂ 2 obtained by the dictionary matching method for one tube. Errorbars show calculated
uncertainties. For clarity, results are shown only for a representative subset of voxels from the
selected tube. Figure from Metzner et al. (2021).
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The simulated MRF data were created by adding Gaussian noise of realistic size (the
same size as for the phantom data) in k-space. When simulating data in the same way but
without this additional measurement noise, results for the estimates of T1 and T2 essentially
remain the same. This implies that the (unavoidable) aliasing errors due to the imperfect
inverse Fourier transformation in the course of the observed magnetizations at each voxel are
dominant for the calculated uncertainties. We have shown in Theorem 4.1.1 that the dictionary
matching method is equivalent to fitting the modeled magnetizations to the observed ones. We
want to highlight that the dictionary-based MRF method as well as our proposed uncertainty
quantification are therefore based on the very same assumptions and can only be recommended
if the (aliasing) errors appear like random noise, ideally following a Gaussian distribution
(cf. Corollary 4.1.2). Whether this assumption is fulfilled is dependent on the MRF sequence
design. Hence, when the sequence has been designed properly such that the aliasing errors
can be modeled as noise, one can be confident that the assumptions of the proposed Bayesian
uncertainty quantification are met as well.

The uncertainty u defined in (4.18) has been taken to describe the a posteriori belief about
the size of the errors. We compared the within-tube standard deviations of the estimates with
the mean uncertainties and observed that they are slightly smaller for both the real phantom
MRF data (Figure 4.3) and the simulated MRF data (Figure 4.9). If the within-tube standard
deviations can be taken as a reference for the size of the errors, then this size is slightly
overestimated by the proposed Bayesian inference. One possible source of error might be the
presence of temporal and/or spatial correlations of the residuals. Although we have shown
that the assumption of a Gaussian distribution for the errors in the sequence of magnetization
is in line with the assumption underlying the dictionary matching method, the suggested
statistical model will generally provide an approximation to the true distribution of errors only.
The choice of this simple statistical model therefore represents a limitation of the proposed
approach. Future work could address more sophisticated statistical models which, e.g., can
account for dependencies of the residuals. Nonetheless, we want to highlight that one benefit
of our simple model is that calculations can be carried out by numerical quadrature using only
the dictionary and the observed data in an efficient way. This is hardly possible when more
sophisticated statistical models, containing additional unknowns, are employed and might
therefore be impracticable. Another possible source of error in the proposed approach is the
calculation of the Bayesian uncertainties themselves. The computations of integrals such as
(4.18) are carried out on the discrete dictionary and might be prone to numerical approximation
errors. For the results shown in this chapter this error source is not relevant since the outcomes
remain essentially unchanged when doubling the resolution of the dictionary. However, the
resolution of the dictionary plays and important role in the uncertainty calculation (as well as
in the dictionary matching method itself) and can be a potential source of error. It has to be
chosen with great care and dictionaries with low resolution should be avoided.

While for the simulated data errors in the dictionary-based estimates are well characterized
by the calculated uncertainties (Figure 4.10), this does not hold for all results obtained for
the phantom MRF data (Figure 4.6). In the latter case a significant bias can be observed for
the estimates for the larger T2 values. Nonetheless, the size of single errors of the estimates
are still largely captured by the calculated uncertainties. Since the reference measurements
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can be trusted for all T2 values, the results of the dictionary matching method appear to have
some bias for large T2 values. Note that the uncertainty in the reference measurement is small
compared to the observed discrepancies to the dictionary matching method. The reason for
the bias in the dictionary matching method probably is some error in the underlying physical
model used to create the dictionary. The proposed Bayesian uncertainty quantification assumes
that the employed physical model is correct and therefore underrates calculated uncertainties
in cases when a significant model error occurs. In our case, we do not include inhomogeneities
of the B1 field to our physical model. The radiofrequency excitation is assumed to be perfect
(which would only be achieved with an infinite sinc pulse) which is a simplification and leads
to errors in T2.

The fact that the unavoidable (large) aliasing errors which are treated as Gaussian noise
are the dominant uncertainty source for the dictionary matching method makes this method -
as well as the proposed uncertainty quantification - robust. As long as other errror sources
like measurement errors, incorrect k-space positioning, or the above mentioned errors in the
dynamic model of magnetization, are small compared to the aliasing errors, both the dictionary
matching method as well as the proposed uncertainty quantification can be expected to produce
reasonable results.

As described in Appendix B we used an isochromat simulation with 201 isochromats per
voxel as physical model. The Extended Phase Graph (EPG) formalism (Weigel (2015)) is
another possibility to describe the magnetization for which no further parameters such as the
number of isochromats are needed. We compared the results of both models and observed
that the mean values of the estimates of all nine tubes have a deviation less than 1%. The
same holds for within-tube standard deviations and for mean uncertainties.

In addition to the resolution of the dictionary, the results of the estimates as well as
of the uncertainties also depend on its considered range. We examined this influence by
creating two dictionaries, one with a smaller, and one with a larger range for T2. When
taking the dictionary with the larger range of values for the T2 relaxation time, the mean
uncertainties across the tubes behave similarly compared to the standard deviations of the
estimates. When taking the dictionary with a too small range for the T2 relaxation times (i.e.
some tubes have an actual value that is larger than the employed upper bound for T2), biased
estimates result and calculated uncertainties can no longer be expected to provide a reasonable
characterization of the errors in the estimates. As expected, the range of the dictionary hence
plays an important role both for the results achieved by the dictionary matching method and
the proposed uncertainty quantification. It should therefore be chosen with great care.

In Zhao et al. (2018) the Cramér–Rao bound (CRB) was used to characterize the accuracy of
estimates obtained in an MRF experiment. It was also utilized for optimizing the experimental
design (in Zhao et al. (2018) the design parameters are chosen as repetition times and flip
angle). Similarly to that, our proposed Bayesian uncertainty quantification also depends on
the chosen protocol, and it could likewise be used for optimization of the experimental design.
Future work could address this important feature and compare resulting protocols with those
achieved by CRB minimization.
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4.4 Discussion

Figure 4.11: Probability map for the hypothesis T1 < 500 ms. Approximately true values
for T1 as obtained from the reference measurement are from left to right and top to bottom:
T̃ 1 = (1834, 562, 587, 1432, 427, 435, 1088, 339, 295)ms. Figure from Metzner et al. (2021).

It was also possible to calculate uncertainties with our method for in vivo data. The
results for the estimates of the dictionary matching method as well as their uncertainties are
reasonable and show the applicability to complicated in vivo data.

One important advantage of Bayesian inference is that not only uncertainties as defined in
(4.18) but a whole probability distribution is obtained for every voxel and every parameter.
Basically, a complete uncertainty quantification can be made utilizing these distributions. In
some cases, a single summary derived from it may be sufficient. In other cases, e.g., when the
distributions deviate significantly from a Gaussian distribution (cf. the truncated posteriors in
Figure 4.7 for example), the whole distribution should be considered. The posterior distribution
can be used to calculate probabilities about a hypothesis such as T1 < T 1 for a specific T 1.
A probability map of the hypothesis T1 < 500 ms is shown in Figure 4.11 for the phantom
data. It can be seen that T1 is almost certainly smaller than 500 ms in all voxels of the tube
on the bottom right, while the opposite is true for, e.g., the tube on the bottom left. In other
tubes a clear decision cannot be made, which is represented through probabilities for this
hypothesis which are neither close to 1 nor to 0. This sort of information might be useful in
clinical follow-up measurements when trying to monitor possible changes in the properties of
the tissue.

We decided to apply numerical quadrature techniques relying on the discrete, pre-computed
dictionary. It is also possible to use other methods for Bayesian inferences which usually
require extensive numerical calculations such as Markov Chain Monte Carlo methods (MCMC)
(Robert and Casella (2013)). Note that results achieved by MCMC methods need some form of
convergence checks. An advantage of the proposed approach is that its results are deterministic
(in contrast to MCMC) and can be calculated efficiently. As input only the data (i.e. sequence
of magnetization at every voxel) and the dictionary are required, which provides a convenient
interface as these are the same inputs already needed for the dictionary matching method.
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4.5 Summary

The dictionary matching method restricts itself to the calculation of estimates for the tissue-
related parameters. The additional computation of reliable uncertainties for these estimates
could be beneficial for allowing a meaningful assessment of single MRF results.

We developed a Bayesian uncertainty quantification for the estimates gained from the
dictionary matching solution using a noninformative prior combined with informative priors
for the relaxation times. Results are obtained through the analytical derivation of the marginal
posterior of the relaxation times and can be carried out fast due to the usage of numerical
quadrature techniques based on the pre-computed dictionary. Propriety of this posterior has
been ensured. We showed that the proposed uncertainty quantification can be viewed as being
based on the very same assumption as the dictionary matching method itself.

On the one hand, the proposed Bayesian uncertainty quantification has been tested on
MRF data of a suitably designed phantom. The values of the relaxation times can be assumed
to be constant within each tube. A consistency check was carried out by comparing the
standard deviation within each tube to their mean uncertainty. The results are also compared
to additional reference measurements. Similar outcomes are obtained for simulated data which
altogether show that the proposed approach yields a reasonable uncertainty quantification.
On the other hand, the proposed uncertainty quantification has also been applied to an in
vivo measurement.

In addition to calculating uncertainties, the Bayesian approach also offers the possibility
to derive probability statements which can increase confidence in conclusions drawn from
MRF results. We believe that the calculation of uncertainties for the dictionary-based MRF
estimates can be beneficial in applications for the assessment of the estimates.
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The dictionary matching method requires pseudo-inverse Fourier transformations applied to
measured Fourier data. Due to the undersampling in k-space, severe aliasing artifacts in
the reconstructed images arise. The dictionary matching treats these artifacts as noise (Ma
et al. (2013)). Nonetheless, modeling the data in k-space directly can avoid these artifacts
and produce more accurate estimates. However, k-space modeling results in a large-scale
problem since all parameters have to be treated in parallel. For instance, applying a maximum
likelihood estimation results in a large-scale optimization problem in which the number of
variables is in the order of 105.

In this chapter our contribution is a Bayesian inference for a large-scale k-space MRF
model with different prior distributions for the tissue-related parameters. A general class of
regression problems in which the parameters model the spatial distribution of some property
is introduced. MRF is one example but other applications might be possible. Different prior
distributions are considered and the resulting properties of the posteriors explored such as
propriety or existence of moments. The impact of a noninformative, a Gaussian Markov
Random Field and a partition prior is compared in terms of the accuracy in the estimation of
the sought parameters. Maximum a posteriori (MAP) estimates are determined for which a
trust-region algorithm using a second-order approximation is presented. In order to solve the
large-scale optimization an approximate calculation of the Hessian is provided.

We show that posterior distributions do not exist when an improper constant prior
is assumed for the tissue parameters, and improper GMRF priors have to be augmented
appropriately to reach propriety of the posterior. The accuracy of the estimates increases
significantly when incorporating substantial prior knowledge that could be gained from a
segmentation.

After introducing a general statistical model for regression tasks and three different prior
distributions in Section 5.2, properties of the resulting posteriors are explored in Section 5.3.
This is followed by a description of the calculation methods. Applicability and results are
shown for simulated MRF data in Section 5.4.

Most of the work presented in this chapter is published in Metzner et al. (2019).
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5.1 Related Work

k-space modeling of the MRF data has previously been shown to deliver improved estimates over
the conventional dictionary matching approach. Davies et al. (2014) introduced a compressed
sensing framework and proposed an iterative projected Landweber algorithm for such an
estimation. By proving the restricted isometry property convergence to the sparse solution
was shown in the noiseless case. Zhao et al. (2016) and Wübbeler and Elster (2017) proposed
a maximum likelihood estimation in conjunction with a nonlinear regression task as another
alternative. Sophisticated numerical procedures are applied for the calculation of the estimates.
Wübbeler and Elster (2017) also derived a sparse approximation to the Hessian and used it to
characterize the uncertainty associated with the obtained estimates.

From a statistical point of view the analysis of MRF data represents a large-scale nonlinear
regression task. As the availability of large-scale data sets increases, solving these problems
gain much interest. Applications range from the analysis of genome-wide association studies
(Smith and Fahrmeir (2007)), logistic regression of text categorization (Aseervatham et al.
(2011))) or Bayesian model averaging for functional magnetic resonance imaging (Smith and
Fahrmeir (2007); Lee et al. (2014)). One key focus in this context is variable selection (e.g.
Guan and Stephens (2011); Wu et al. (2014); Jiang et al. (2012). Another direction of research
considers particularly structured problems such as additive models (Meier et al. (2009)) or
sparse regression models (Huang et al. (2008)). In MRF, the number of unknowns is in the
order of 105 or larger which leads to a challenging regression task. Furthermore, the underlying
physical model is nonlinear.

Bayesian inference for large-scale problems has already been carried out in several
applications, see, e.g., Genkin et al. (2007); Smith and Fahrmeir (2007); Mumcuoglu et al.
(1996); Seeger and Nickisch (2011). Standard calculations such as Markov Chain Monte Carlo
fail due to the small step sizes required when the dimensionality scales up (Beskos et al. (2009)).
Alternatives might be using sequential Monte Carlo (Beskos et al. (2014)), Hamiltonian Monte
Carlo (Hoffman and Gelman (2014)), or Variational Bayes (Braun and McAuliffe (2010)).
However, an alternative is to apply approximate methods such as the Laplace approximation
(cf., e.g., Kass et al. (1990)) together with a MAP estimation (cf. Chapter 3). The Integrated
Nested Laplace Approximation (INLA) (Rue et al. (2009)) approach is a tool for approximate
Bayesian inference for latent Gaussian models. This class includes many statistical models and
is widely used in current research (e.g. Ugarte et al. (2014); Santermans et al. (2016); Crewe
and McCracken (2015)). Unfortunately it is not applicable to the problem of MRF since the
data are not conditionally independent of the parameters. McGivney et al. (2018) already
carried out Bayesian methods to MRF in the context of the partial volume effect.

Bayesian inference includes available prior knowledge into the analysis, allows probability
statements to be made after the data have been observed, and it lends itself naturally to a
complete uncertainty characterization of the results in terms of the posterior distribution.
Applications such as MRF where the parameters model the spatial distribution of some
property can benefit from using prior knowledge about that spatial distribution. For example,
when spatial smoothness can be assumed, Gaussian Markov random field priors (Rue and Held
(2005)) are well suited to employ such prior knowledge in a Bayesian inference. GMRF priors
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have been applied successfully in many applications such as image classification (Nishii and
Eguchi (2006)), image segmentation (Schmidt et al. (2013)), and magnetic resonance imaging
(Schmid et al. (2006)).

5.2 Model

5.2.1 Statistical Model and Assumptions

The following class of homoscedastic Gaussian sampling models is considered in which the
n× 1 data vector Y is modeled as

Y ∼ N(X(θ2)θ1, σ
2In) . (5.1)

X(θ2) is a n × p matrix depending on the p × 1 vector θ2 for n > 2p, θ1 is p × 1 vector
and In denotes the identity matrix of dimension n. In general, X(θ2) depends nonlinearily on
θ2. Note that this is a general class of regression problems and the following results can not
only be used in MRF, where the matrix X(θ2) is nondiagional, but also for other applications.
Note also that the class of linear problems is also included in (5.1).

We make the following assumptions (which hold in the case of MRF, cf. Appendix A):
First, the matrix X(θ2) is bounded from above, i.e.

∥X(θ2)∥ < c (5.2)

for c > 0 and all θ2. In (5.2) ∥·∥ represents the Frobenius norm. Second,∫︂
Θ2

dθ2 = ∞ , (5.3)

which, for example, is satisfied when the domain Θ2 of θ2 equals Rp or (R+)p.
The goal is the inference of the parameter vectors θ1 and θ2, given the observed data y.

Different types of priors are considered, see below. The likelihood function is given by

l(θ1, θ2, σ; y) ∝ 1
σn

exp
(︃

− 1
2σ2χ

2(θ1, θ2)
)︃
, (5.4)

for

χ2(θ1, θ2) := ∥y −X(θ2)θ1∥2 . (5.5)

In (5.5) ∥·∥ denotes the 2-norm. In the following it should be clear from the context if ∥·∥
stands for the 2-norm or the Frobenius norm.

5.2.2 Priors

Different priors are considered for a Bayesian inference and properties of the resulting posterior
distributions are explored. The different types of parameters are modeled as being a priori

57



5. Large-Scale Bayesian Modeling

independent, i.e. all considered priors have the form

π(θ1, θ2, σ) = π(θ1)π(θ2)π(σ) . (5.6)

When θ1 and θ2 model spatial distributions of some property, similar priors might be considered
for them. To ease notation, θ will denote either θ1 or θ2 throughout this subchapter.

The nuisance parameter σ acts like a scale parameter in the likelihood (5.4). We assume
that no specific prior knowledge is available about it, and its prior is taken as

π(σ) = 1/σ (5.7)

for σ>0 and zero otherwise. This is a common choice as a noninformative prior for the variance
parameter, cf. Kass and Wasserman (1996).

In the following three different classes of priors are considered for θ: a noninformative, a
Gaussian Markov Random Field and a partition prior.

The first prior taken for θ is

π(θ) ∝ 1 . (5.8)

This is a noninformative prior and might be used when no prior knowledge about θ is available.
As second prior a Gaussian Markov Random Field prior (Rue and Held (2005)) is considered

modeling spatial smoothness of the parameter θ (cf. Chapter 3)). In the case of MRF, θ
represents the entries of all voxels for one unknown parameter (e.g. T1). It is highly likely
that neighboring voxels have similiar parameters and this can be expressed via a GMRF prior:

π(θ|λ) ∝ λ− p−1
2 exp

(︃
− 1

2λθ
TKθ

)︃
, (5.9)

where the neighboring matrix K of size p× p is given by

Krs =


−1, r ∼ s

nr, r = s

0, otherwise

. (5.10)

The equivalence relation ∼ indicates that two voxels are neighboring voxels. The number of
neighboring voxels of voxel r is denoted by nr and λ is a hyperparameter.

The neighboring matrix K is symmetric, positive semi-definite with a rank of p−1 according
to Theorem 3.2.3.

It holds (cf. Example 3.2.2)

(θ)i|(θ)−i ∼ N

(︄
1
ni

∑︂
k∼i

(θ)k,
λ

ni

)︄
.

For that reason the prior acts like a smoothness prior. The intensity of the smoothing can be
handled via the hyperparameter λ. The smaller the λ, the more smoothing is enforced.

The last considered prior will be called a partition prior. The idea is that parameters
belonging to the same segment are likely to have similar parameters. For this approach a
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Figure 5.1: Illustration of partition prior gained from a segmentation of a slice in the human
brain. Red segment: fat, blue segment: white matter, green segment: muscle and skin, yellow
segment: gray matter, black segment: cerebrospinal fluid. Figure from Metzner et al. (2019).

segmentation of the image into q segments is assumed to be known beforehand. Note that
single segments need not be connected, i.e. that no true spatial correlation for pixels within the
same segment needs to exist. After that each parameter is assigned to a single partition. For
every partition, prior knowledge about expected mean and variance values is assumed to be
available. The motivation of this prior comes from MR images. In Figure 5.1 a segmentation
which can be achieved from a fast, previous T1-weighted image (Brown et al. (2014)) for a
slice of a human brain is shown. Values of, e.g., the T1 relaxation times can be expected to be
alike in each segment. Note that voxels of a partition do not need to be connected.

Let θi denote the parameters of θ corresponding to the ith segment of the partition.
There are in total q different θi of length qi. The hyperparameters are µ = (µ1, . . . , µq)T and
λ = (λ1, . . . , λq)T . The partition prior is given as

θi|µi, λi ∼ N(µi1qi , λiIqi) , i = 1, . . . , q, (5.11)

where 1qi = (1, . . . , 1)T ∈ Rqi . θi|µi, λi and θj |µj , λj are assumed to be independent for i ̸= j.
In the following theorem, a relationship between the partition prior and a GMRF prior is

given when taking a particular noninformative prior for the mean µ.

Theorem 5.2.1 (Metzner et al. (2019)). Let µi|ψ ∼ N(0, ψ) for the location parameter of the
partition prior (5.11). For ψ → ∞, the resulting marginal prior reaches an intrinsic GMRF
prior.

Proof. For the marginal prior, we obtain

π(θi|λi, ψ) =
∫︂
π(θi, µi|λi, ψ)dµi =

∫︂
π(θi|µi, λi)π(µi|ψ) dµi

∝
∫︂

exp
(︃

− 1
2λi

[θi − µi1qi ]T [θi − µi1qi ] − 1
2ψµ

2
i

)︃
dµi

∝ exp
(︃

− 1
2λi

(θi)T [I − ψ

λi + niψ
1qi1Tqi

]θi
)︃
,

and therefore reaches a particular GMRF prior with positive definite precision matrix

Qi = 1
λi

(︃
I − ψ

λi + qiψ
1qi1Tqi

)︃
.
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For ψ → ∞, Qi approaches

˜︁Qi = 1
qiλi

(︂
qiIqi − 1qi1Tqi

)︂
,

which is rank-deficient. The GMRF prior then becomes an intrinsic GMRF prior as in (5.9).

5.3 Properties of Posteriors and Numerical Calculations

We will now consider properties of the resulting posterior distributions. The posterior is given
via Bayes’ theorem (together with the conditional independence assumption (5.6)) as

π(θ1, θ2, σ, ω1, ω2|y) ∝ π(θ1|ω1)π(θ2|ω2)π(σ)l(θ1, θ2, σ; y) , (5.12)

where l(θ1, θ2, σ; y) denotes the likelihood function (5.4), π(σ) is the improper prior (5.7) and
π(θi|ωi) stands for one of the three priors (5.8), (5.9) or (5.11) introduced above with its
corresponding hyperparameters ωi, i = 1, 2. We will focus on the propriety of the posterior
and the existence of moments.

5.3.1 Properties of Posteriors

The selection of the noninformative prior for θ2 does not yield a proper posterior.

Theorem 5.3.1 (Metzner et al. (2019)). Consider model (5.1), together with assumptions
(5.2) and (5.3), and a prior of the form π(θ1, θ2, σ) ∝ π(θ1)1/σ. Then, the resulting posterior
(5.12) does not exist.

Proof. Since ∥X(θ2)∥ is bounded (cf. assumption (5.2)), χ2(θ1, θ2) in (5.5) is (for fixed θ1)
bounded from above. The likelihood l(θ1, θ2, σ; y) in (5.4) is then bounded from below, given
σ and θ1. It immediately follows from assumption (5.3) that∫︂

l(θ1, θ2, σ; y)π(θ1|ω1)1/σdθ2 = ∞

holds.

Using a truncated constant prior for θ2 leads to a proper posterior according to the following
Theorem.

Theorem 5.3.2 (Metzner et al. (2019)). Consider model (5.1), together with assumption
(5.2). Additionally, assume minθ1,θ2χ

2(θ1, θ2) > 0, and consider a prior of the form
π(θ1, θ2, σ) = π(θ1)π(θ2)π(σ). Assume further that the noninformative prior (5.8) is taken
for θ1, θ2, truncated w.r.t. θ1, θ2, i.e. π(θ1, θ2, σ) ∝ 1/σ for (θ1, θ2) ∈ Θ = [(θ1, θ2), (θ1, θ2)],
−∞ < θi <= θi < ∞, i = 1, 2 and σ > 0, and zero otherwise. Then, the posterior (5.12)
exists.
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Proof. ∫︂
l(θ1, θ2, σ; y)π(θ1, θ2, σ)dσdθ1dθ2 ∝

∫︂ 1
(χ2(θ1, θ2))n/2 dθ1dθ2

≤
(︃

min
θ1,θ2

χ2(θ1, θ2)
)︃−n/2

vol(Θ) < ∞ .

It is reasonable to assume prior knowledge about the parameters in the sense of
(conservative) bounds for their domain. This allows for a Bayesian inference under an otherwise
noninformative prior. However, results such as posterior moments will (strongly) depend on
these bounds since the posterior does not exist without them. Hence, the bounds are truly
informative and employed bounds therefore need to be justified. Note that when applying
approximate methods such as a Laplace approximation a dependence on these bounds might
never be noticed while the true posterior results depend strongly on them.

The choice of a GMRF prior without further augmentation does not lead to a proper
posterior according to

Theorem 5.3.3 (Metzner et al. (2019)). Consider model (5.1), together with assumption
(5.2), Θ2 = Rp, and a prior of the form π(θ1, θ2, σ) = π(θ1)π(θ2)π(σ) with π(σ) = 1/σ. When
the GMRF prior π(θ2|λ2) from (5.9) is taken for θ2, the posterior (5.12) does not exist.

Proof. The structure matrix in (5.10) is rank-deficient with K(1, . . . , 1)T = 0. Assume that a
GMRF prior is taken for θ2. Consider the integral∫︂

l(θ1, θ2, σ; y)π(θ2|λ2)π(θ1)π(σ)dθ2 , (5.13)

and apply a transformation of θ2 according to θ2 = ζ21 +Aζ−2, where ζ2 ∈ R and ζ−2 ∈ Rp−1,
and where the constant p× (p− 1) matrix A is chosen such that AT 1 = 0 and rank(A) = p− 1
hold. According to assumption (5.2), ||X(θ2)|| is bounded from above for all ζ2. This implies
that the likelihood l(θ1, θ2, σ; y) in (5.4) is bounded from below in dependence on ζ2. Since
K1 = 0, π(θ2|λ2) does not depend on ζ2. It follows that the integral (5.13) does not exist.

The above proof suggests that the reason for the impropriety is the rank-deficient matrix
K. Since K has rank p− 1, we need to compensate for this one dimension. The next theorem
shows that with the help of a proper prior on the mean of θ2, propriety can be achieved. Note,
that only one further prior for the mean of θ2 is needed.

Theorem 5.3.4 (Metzner et al. (2019)). Consider model (5.1), together with assumption (5.2)
and let Θ1 = Θ2 = Rp. Assume minθ1,θ2χ

2(θ1, θ2) > 0 and suppose that the eigenvalues of
X(θ2)TX(θ2) are bounded from below for all θ2 by a constant greater than zero. Consider a
prior of the form π(θ1, θ2, σ) = π(θ1)π(θ2)π(σ) with π(σ) = 1/σ. Assume a GMRF prior is
taken for θ1 and for θ2, and that these GMRF priors are augmented by (i) an inverse gamma
hyperprior on the λl, i.e. λl ∼ IG(αl, βl), l = 1, 2, and (ii) a proper prior for the mean of θ2.
Then, the posterior (5.12) exists if αl > 0 holds for l = 1, 2. Furthermore, for l = 1, 2 the
marginal posterior π(θl|y, α, β) has moments up to order i if in addition 2αl > i also holds.
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Proof. The posterior distribution is given by

π(θ1, θ2|y, α, . . . , β)

∝
∫︂
l(θ1, θ2, σ; y)π(σ)π

(︄
p−1∑︂

i

(θ2)i

)︄ 2∏︂
l=1

π(θl|λl)π(λl|αl, βl)dσdλl

∝ π

(︄
p−1∑︂

i

(θ2)i

)︄∫︂
l(θ1, θ2, σ; y)π(σ)dσ

×
2∏︂
l=1

∫︂
λ

−p/2+1/2−αl−1
l exp

(︃
− 1

2λl
(θTl Kθl + 2βl)

)︃
dλl

∝ 1
(χ2(θ1, θ2))n/2

2∏︂
l=1

1
(θTl Kθl + 2βl)p/2+αl−1/2π

(︄
p−1∑︂

i

(θ2)i

)︄
,

where π(p−1∑︁
i(θ2)i) denotes some proper prior on the mean of θ2.

By assumption, it is minθ1,θ2χ
2(θ1, θ2) =: χ2

min > 0 and the eigenvalues of XTX are bounded
from below, i.e. λ(X(θ2)TX(θ2)) ≥ λmin > 0 for all θ2 and all eigenvalues λ(X(θ2)TX(θ2)) of
X(θ2)TX(θ2), except for null sets.
Let θ̂1(θ2) := (XTX)−1XT y be the minimum of χ2(θ1, θ2) = ||y −Xθ1||2 with respect to θ1

for X := X(θ2).
It follows

χ2(θ1, θ2)

= ||y −Xθ1||2 = 1
2
(︂
yT y − 2yTXθ1 + θT1 X

TXθ1
)︂

= ||y −X(XTX)−1XT y||2 + (θ1 − (XTX)−1XT y)TXTX(θ1 − (XTX)−1XT y)

= ||y −Xθ̂1||2 + (θ1 − θ̂1)TXTX(θ1 − θ̂1)

≥ χ2
min +

(︂
(θ1 − θ̂1)TXTX(θ1 − θ̂1)

)︂
.

Let θ̃1 := θ1 − θ̂1 and apply the transformation according to θ̃1 = ζ11 +Aζ−1, where ζ1 ∈ R
and ζ−1 ∈ Rp−1, and where the constant p × (p − 1) matrix A is chosen such that AT 1 = 0
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and rank(A) = p− 1 holds. Using K1 = 0 leads to∫︂ 1
(χ2(θ1, θ2))n/2

1
(θT1 Kθ1 + 2β1)p/2+α1−1/2 dθ1

≤
∫︂ 1

(χ2
min + λmin||θ1 − θ̂1||2)n/2

1
(θT1 Kθ1 + 2β1)p/2+α1−1/2 dθ1

=
∫︂ 1

(χ2
min + λmin||θ1̃||2)n/2

1
(2β1 + (θ̃1 + θ̂1)TK(θ̃1 + θ̂1))p/2+α1−1/2

dθ̃1

=
∫︂ 1

(χ2
min + λmin||ζ11 +Aζ−1||2)n/2

× 1
(2β1 + (Aζ−1 + θ̂1)TK(Aζ−1 + θ̂1))p/2+α1−1/2

dζ1dζ−1

=
∫︂ 1

(χ2
min + λmin(||ζ11||2 + ||Aζ−1||2))n/2

× 1
(2β1 + (Aζ−1 + θ̂1)TK(Aζ−1 + θ̂1))p/2+α1−1/2

dζ1dζ−1

≤
∫︂ 1

(χ2
min + λmin||ζ11||2)n/2 dζ1∫︂ 1

(2β1 + (Aζ−1 + θ̂1)TK(Aζ−1 + θ̂1))p/2+α1−1/2
dζ−1

≤ c1c2 =: c

for n > 1, α1 > 0 and all θ2.
Let us now consider the integral∫︂ 1

(θT2 Kθ2 + 2βl)p/2+αl−1/2π(p−1∑︂
i

(θ2)i)dθ2 . (5.14)

By again applying the transformation θ2 = ζ21 + Aζ−2, and by using p−1∑︁
i(θ2)i = ζ2, this

integral exists if αl > 0. Hence, the posterior exists if (n > 1 and) αl > 0 for l = 1, 2.
The i− th moments of the marginal posterior π(θl|y, α, β) exist if∫︂

π(θl|y, α.β)(θl)p1 . . . (θl)pidθl < ∞ (5.15)

holds for all p1, . . . , pi ∈ {1, . . . , p}. Similar considerations as above show that (5.15) holds
when 2αl > i.

The improper GMRF prior with no further augmentation together with the improper prior
for σ lead to an improper posterior distribution due to the rank-deficiency of K. This can be
solved by adding only one further prior for the mean of θ2.

The partition prior is proper since it is a simple normal distribution. Together with the
improper prior for σ a proper posterior is achieved and the moments exist according to the
next theorem.

Theorem 5.3.5 (Metzner et al. (2019)). Consider model (5.1), together with assumption
(5.2) and let Θ1 = Θ2 = Rp. Assume minθ1,θ2χ

2(θ1, θ2) > 0 and consider a prior of the
form π(θ1, θ2, σ) = π(θ1)π(θ2)π(σ) with π(σ) = 1/σ. Assume the partition priors θil |µli, λli ∼
N(µi1qi , λiIqi) are taken for θ1 and for θ2, together with the hyperpriors λli ∼ IG(˜︁αli, ˜︁βli)
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relevant for the i-th partition of θl, l = 1, 2. Then, the posterior (5.12) exists if α̃li > 0 holds
for all l = 1, 2 and i = 1, . . . , ql. Furthermore, all moments up to order k of the marginal
posterior π(θl|y, µ, ˜︁α, β̃) exist if 2α̃li > k for all i = 1, . . . , ql.

Proof. As posterior distribution, we get

π(θ1, θ2|y, µ, α̃, β̃)

∝
∫︂
l(θ1, θ2, σ; y)

2∏︂
l=1

q∏︂
i=1

π(θli|µli, λli)π(λli|α̃li, β̃li)π(σ)dσdλ

∝ 1
(χ2(θ1, θ2))n/2

2∏︂
l=1

q∏︂
i=1

∫︂
λ

−α̃li−1−qli/2
li

× exp
(︃

− 1
2λli

(2β̃li + [θli − µli1]T [θli − µli1])
)︃

dλli

∝ 1
(χ2(θ1, θ2))n/2

1∏︁2
l=1
∏︁q
i=1

(︂
2β̃li + [θli − µli1]T [θli − µli1]

)︂α̃li+qli/2 ,

which leads for χ2
min := minθ1,θ2χ

2(θ1, θ2) > 0 to∫︂
π(θ|y, µ, α̃, β̃)dθ1dθ2

≤ 1
(χ2

min)n/2

∫︂ 1∏︁2
l=1
∏︁q
i=1

(︂
2β̃li + [θli − µli1]T [θli − µli1]

)︂α̃li+qli/2 dθ1dθ2

= 1
(χ2

min)n/2

2∏︂
l=1

q∏︂
i=1

∫︂ 1(︂
2β̃li + [θli − µli1]T [θli − µli1]

)︂α̃li+qli/2 dθli .

It follows that the posterior exists if α̃li > 0 holds for all l and i. Furthermore, moments up to
order k of the marginal posterior π(θl|y, µ, α̃, β̃) exist if 2α̃li > k holds for i = 1, . . . , q.

This is an interesting result since the GMRF and the partition prior have a close relationship
according to Theorem 5.2.1. The equivalence between these two priors holds when a normal
distribution with a variance converging to ∞ is assumed for the mean of the partition prior.
This leads to an uniformative prior which is not the case for the partition prior. For the
propriety of the posterior when using a GMRF prior one further prior has to be introduced
whereas this is not necessary for the case of the partition prior.

It is also possible to combine the GMRF and partition prior.

Theorem 5.3.6 (Metzner et al. (2019)). Consider model (5.1), together with assumption
(5.2) and let Θ1 = Θ2 = Rp. Assume minθ1,θ2χ

2(θ1, θ2) > 0 and suppose that the eigenvalues
of X(θ2)TX(θ2) are bounded from below for all θ2 by a constant greater than zero. Consider
a prior of the form π(θ1, θ2, σ) = π(θ1)π(θ2)π(σ) with π(σ) = 1/σ. Assume that for each
θl, l = 1, 2, either the GMRF prior from (5.9) is taken, or the partition prior according to
(5.11). Assume further that GMRF priors are augmented by (i) an inverse gamma hyperprior
on the λl, i.e. λl ∼ IG(αl, βl) where αl > 0 and for l ̸= 1 also by (ii) a proper prior for the
mean of θl. For the partition priors π(θli|µli, λli), the µli are assumed to be known, and for the
λli, the hyperpriors λli ∼ IG(α̃li, β̃li) are taken where α̃li > 0. Then, the posterior exists. For
l = 1, 2 the marginal posterior π(θl|y, α, β, α̃, β̃) has moments up to order i if 2αl > i when a
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GMRF prior augmented by a prior for the mean has been taken for θl. When a partition prior
has been taken for θl, then the marginal posterior π(θl|y, α, β, ˜︁α, ˜︁β) has moments up to order k
if 2˜︁αli > k for i = 1, . . . , ql.

Proof. This statement easily follows from the proofs of Theorems 5.3.4 and 5.3.5.

5.3.2 Numerical Calculations

Bayesian inference for high-dimensional problems can be very challenging. In order to calculate
moments of the posterior distributions, high-dimensional integrals have to be calculated. When
analytical expressions are not available numerical procedures have to be applied. A common
approach uses MCMC methods. In Chapter 3 the fundamental idea of MCMC is presented.
In high dimensions it is challenging to guarantee convergence of the samples. We tested the
Hamiltonian Monte Carlo algorithm using the No-U-Turn sampler (Hoffman and Gelman
(2014)) for the application of MRF. In the paper by Hoffman and Gelman (2014) good results
for a multivariate normal distribution up to dimension 250 are shown. The HMC sampler
employs the gradient of the posterior distribution which is in the case of MRF a very time
consuming task. Additionally, we carried out tests for multivariate t-distributions with a
block diagonal scale matrix of increasing dimensions (up to dimension 105). We determined
an underestimation of the variance leading us to the conclusion that HMC will not deliver
reasonable results in these dimensions.

When direct sampling from the posterior is unfeasible one can resort to approximate
calculation techniques such as Laplace approximations (Kass et al. (1990)) as described in
Chapter 3. Analytical marginalization w.r.t. hyperparameters is helpful in this context and
can be achieved for the GMRF and the partition prior using appropriate hyperpriors.

The marginal posterior is then maximized numerically to get the MAP estimate of the
parameters. In the case of MRF, this is a challenging optimization task due to the high
dimensionality. We employed a trust-region algorithm (Nocedal and Wright (2006); Fletcher
(2013)) based on a second-order approximation of the objective function as in Wübbeler and
Elster (2017). Since calculating the exact Hessian is not feasible in the case of MRF, an
approximate Hessian is used and its derivation is explained below. A pseudo-code of our
trust-region method is given in Figure 5.2. Note that the algorithm is suitable for the whole
class of regression models (5.1), not only in the MRF case. In this algorithm θk denotes
the current iterate of θ and the operator ϕ maps the parameters of θk onto a feasible region
Θ = [θ, θ] by

(ϕ[θk])i


θki , θki ≤ θki

θki , θki ≥ θki

θki , otherwise

.

Here, θki denotes one parameter in one voxel, i.e. θk = (θk1 , . . . , θkp)T . The trust-region method
establishes a second-order model around the current iterate θk. This is then minimized within
the active trust region. In the case of MRF, the Hessian is just approximated, therefore
our trust-region algorithm also calculates a gradient descent step and then either takes the
Newton or the gradient step. Next, the minimizer is evaluated with the objective function.
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In dependence on the ratio of the predicted and realized gain in the objective function, the
iterate θk and the trust region radius are replaced. To ensure numerical stability in the
calculation of the Newton step, a symmetric, positive-definite matrix Λ is added onto the
Hessian. Convergence of the iterates is ensured through the convergence of the trust-region
algorithm (Toint (1997); Deng et al. (1993)).

The values of the trust-region algorithm are chosen as follows: Λ = Idp, ∆ = [10−3, 100],
kmax = 1000, µ = 0.5, η = 0.7, γ0 = 0.5, γ1 = 0.7, γ2 = 1.2, β1 = 0.1. The feasible region
of Θ is given by large, reasonable bounds for the different parameter types: ρ ∈ [0.1, 2],
T1 ∈ [100, 10000], T2 ∈ [10, 1000] and δf ∈ [−300, 300].

1: procedure Trust-region algorithm
2: Given: θ0, Λ ≻ 0, ∆ > 0, kmax, µ ∈ (0, 1), η ∈ (µ, 1), 0 < γ0 ≤ γ1 < 1 ≤ γ2, β1 ∈ (0, 1)
3: for k = 0 : kmax do
4: Calculate χ2(θk), gk = ∇θχ

2(θk) and approximate Hessian Hk

5: Define Ak := Hk + Λ and hk(θk + s) := χ2(θk) + sT gk + 1
2s
T (Hk + Λ)s

6: Calculate trial step s:
7: Calculate t1 = arg minψ hk(ϕ[θk − ψgk]) such that

⃦⃦⃦
ϕ[θk − ψgk] − θk

⃦⃦⃦
≤ ∆ and

8: t2 = arg minψ hk(ϕ[θk − ψ(Ak)−1gk]) such that
⃦⃦⃦
ϕ[θk − ψ(Ak)−1gk] − θk

⃦⃦⃦
≤ ∆

9: if (χ2(θk) − hk(ϕ[θk − t2(Ak)−1gk])) ≥ β1(χ2(θk) − hk(ϕ[θk − t1g
k])) then

10: s = ϕ[θk − t2(Ak)−1gk] − θk

11: else
12: s = ϕ[θk − t1g

k] − θk

13: end if
14: Calculate ρk = (χ2(θk) − χ2(θk + s))/(χ2(θk) − hk(θk + s))
15: if ρk > µ then
16: θk+1 = θk + s
17: if ρk > η then
18: Select ∆ ∈ [∆, γ2∆]
19: else
20: Select ∆ ∈ [γ1∆,∆]
21: end if
22: else
23: θk+1 = θk and select ∆ ∈ [γ0∆, γ1∆]
24: end if
25: end for
26: return θkmax

27: end procedure

Figure 5.2: Implementation of the trust-region algorithm used to calculate the MAP.

The choice of the starting values is crucial for a nonconvex problem as in the MRF setting.
After the optimization has terminated, the marginal posterior can then be approximated by

θ|y, µ ∼ N(θ̂, V ) , (5.16)

where θ̂ denote the MAP estimates from the marginal posterior, V the inverse of the Hessian
of the negative log marginal posterior at θ̂ and µ the additional hyperparameters. With the
help of (5.16) approximated variances and credible regions can be calculated. Again, in high
dimensional cases it can be difficult to actually calculate V . It may be possible when X(θ)

66



5.4 Application to Magnetic Resonance Fingerprinting

has a special structure but in the case of MRF it was not feasible. Alternatively, we used an
approximate calculation of V using a sparse block-diagonal approximation of the Hessian of
χ2 derived by Wübbeler and Elster (2017).

The gradient g = (∂χ2/∂θT )T of the function χ2 (defined in (5.20)) is obtained as

g = − Re
(︄

L∑︂
l=1

JHl FH
l (yl − Flml(θ))

)︄
, (5.17)

where Jl = ∂ml/∂θ
T is a sparse, N × 4N Jacobian of the magnetization model ml (N denotes

the number of voxels per image). An approximate Hessian H = (∂2χ2/∂θ∂θT ) is then given by

H ≈ Re
(︄

L∑︂
l=1

JHl FH
l FlJl

)︄
, (5.18)

where a Gauss Newton approximation has been applied. This 4N × 4N Hessian is furthermore
approximated by a Block diagonal matrix where only the N 4 × 4 blocks on the diagonal of H
are taken.

5.4 Application to Magnetic Resonance Fingerprinting

The statistical model and the priors presented above describe a general class of regression
problems and will now be applied to simulated, realistic MRF data. A truncated noninformative
as well as two informative priors are analyzed. In the case of the informative priors, a
combination of the GMRF and the partition prior is chosen for the different types of parameters.
The MAPs of the posterior distributions are calculated and by applying a Laplace approximation
uncertainties via the Hessian can be obtained. The goal is to show the practicability of a
k-space modeling statistical approach in the case of MRF as well as to demonstrate the impact
of using informative prior knowledge.

In MRF the conditions (5.2) and (5.3) are fulfilled due to the structure and range of the
parameters (cf. Appendix A). It is also true that the number of observations exceed the
number of unknown parameters. In this simulation the number of observations is in the order
of 1 × 106 while the number of parameters is in the order of 1 × 105.

5.4.1 Physical Model

In Figure 5.3 four parameters of a simulated, realistic slice of a human brain taken from
BrainWeb (2018) are presented. The tissue-related parameters are the T1 and T2 relaxation
times as well as the proton density ρ. A fourth parameter has additionally to be taken
into account due to the choice of the acquisition sequence, namely the smooth off-resonance
frequency δf . This is a parameter depending on the MR device. A slice is modeled such that
it consists out of N different voxels. Each voxel is attached with a set of ρ, T1, T2 and δf . In
this case study N will be equal to 256 × 256 ≈ 6.5 × 104 and the total number of unknown
parameters is therefore approximately 2.6 × 105. Altogether, these four parameter maps are
taken to be the ground truth in the simulations.
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Figure 5.3: Values of tissue related parameters from BrainWeb (2018) in a slice of a human brain,
together with values for δf , used for the simulation setting. Figure from Metzner et al. (2019).
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Figure 5.4: Undersampled data in Fourier domain on a logarithmic scale. Figure from Metzner
et al. (2019).

Let the N × 1 vector ml denote the complex-valued magnetization in the N voxels after
applying the lth high frequency pulse for l = 1, . . . , L. For this study a so-called balanced
steady-state free precession (bSSFP) sequence is assumed for the scanning process. The
magnetization can be described via a three-dimensional linear discrete time system relying on
the Bloch equations (Nishimura (1996)). For more details regarding the exact calculation of
the magnetization ml we refer to Appendix A. Let yl denote the nl × 1 complex-valued vector
of measurements in k-space. This data can then be modeled according to

yl = Flml(θ), l = 1, . . . , L , (5.19)

where θ represents the 4N parameters ρ, T1, T2 and δf and Fl stands for a nonuniform fast
Fourier operator (Greengard and Lee (2004)). The Fourier operator samples nonuniformly
along a trajectory identified via the k-space data points. Here, a spiral readout is taken and
Figure 5.4 is showing an example of the absolute values of the Fourier data across the trajectory
on a logarithmic scale for a specific readout.

In the following, θi, i = 1, . . . , 4 will stand for the parameters ρ, T1, T2 and δf respectively,
and θ = (θT1 , θT2 , θT3 , θT4 )T . In the case of MRF, ρ is a linear factor of the magnetization model
and therefore plays the role of θ1 in (5.1) while the rest of the parameters enter like θ2 in (5.1).

68



5.4 Application to Magnetic Resonance Fingerprinting

Furthermore, the function χ2 in (5.5) will be replaced by

χ2(θ) =
L∑︂
l=1

{︂
∥ Re(yl − Flml(θ))∥2 + ∥ Im(yl − Flml(θ))∥2

}︂
. (5.20)

5.4.2 Simulation Setting

The MRF data were simulated using the parameters of the slice of the human brain taken
from BrainWeb (2018) (Figure 5.3). The values from BrainWeb (2018) were constant for each
tissue type. In order to be more realistic the values were changed by adding smooth Gaussian
functions. The off-resonance frequency δf was simulated as a superposition of randomly chosen
2D Gaussian peaks, i.e. δf varies spatially in a smooth way. A variable density spiral with an
undersampling factor of 8 is taken and the repetition times were chosen to be 60 ms. The flip
angle follows the magnitude of a sinusoidal curve with a maximum of 60° and a period of 50
acquisitions. A total of L = 50 scans were obtained. Using a bSSFP sequence, the physical
model can be described via a three-dimensional linear discrete time system that relies on the
Bloch equations. The complex-valued magnetization ml(θ) of these parameters can therefore
be calculated for l = 1, . . . , 50. These magnetizations were then transformed into the Fourier
domain by applying a nonuniform fast Fourier transformation (Greengard and Lee (2004)).
Gaussian noise is added onto the complex and imaginary part of the Fourier data following
the statistical model with variance 10−6. This scheme is closely related to the one used by
Wübbeler and Elster (2017).

The trust-region algorithm was used to calculate the MAP of the marginal posteriors. Ten
starting values (the same values were taken for all calculations) for the optimization were
used and calculated as follows. The true values of the tissue parameters were distorted by a
multivariate random deviate with zero mean and covariance three times the (approximate)
inverse negative Hessian of the log posterior of the noninformative prior at the ground truth.
The results of the optimizations (RMSE, coverages, interval length of coverages) for the
different starting values are robust, i.e., they only have a maximum deviation of 3%.

5.4.3 Employed Priors and Marginal Posteriors

Two priors π(θ, σ) = π(θ)π(σ) with π(σ) = 1/σ and π(θ) = π(θ1)π(θ2)π(θ3)π(θ4) were
considered.

First, a truncated noninformative prior is used. For each θi, i = 1, . . . , 4 the noninformative
prior θi ∝ 1 is taken, augmented by reasonable, large bounds for the domain Θ = [θ, θ] of the
parameters. Here, θ, θ denote the bounds of the domain. The resulting marginal posterior (σ
is integrated out) is then given as

π(θ|y) ∝ 1
(χ2(θ))n/2 1Θ(θ) . (5.21)

The number n stands for the number of all observations. Note, that one single complex-valued
data point in the Fourier domain counts as two observations.

Second, a combination of a partition and a GMRF prior is used. For the tissue-related
parameters θi, i = 1, . . . , 3 (i.e. ρ, T1 and T2) a partition prior is taken. For this prior a
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segmentation of the slice of the human brain is assumed to be available beforehand. The mean
values in each partition and for every parameter are taken as the true mean values. These
ql × 1 mean vectors are denoted by µl, l = 1, . . . , 3. The variance parameters of the individuals
partitions are modeled with inverse gamma distributions depending on the shape and scale
parameters αli and βli for i = 1, . . . , ql. That means λli|αli, βli ∼ IG(αli, βli). For the device
parameter θ4 = δf a GMRF prior is taken together with a normal distribution for the mean of
the δfi in order to ensure propriety. The parameters of the normal distributions are µ4 and σ4

while for the variance parameter of the GMRF prior an inverse gamma distribution is taken
with λ4|α4, β4 ∼ IG(α4, β4). The marginal posterior (σ and λi, i = 1, . . . , 4 are integrated out)
is given as (Metzner et al. (2019))

π(θ|y, µ, α, β, α4, β4, µ4, σ4)

∝ 1
(χ2(θ))n/2

1∏︁3
l=1
∏︁qli
i=1 (2βli + (θli − µli1)T (θli − µli1))αli+qli/2

× 1
(θT4 Kθ4 + 2β4)N/2+α4−1/2 exp

− 1
2σ2

4

(︄
1
N

∑︂
i

(θ4)i − µ4

)︄2
 1
σ4
. (5.22)

A second order neighborhood is assumed for the structure matrix K, i.e. one voxel has at least
3 and at most 8 neighbors. Two different informative priors were considered in order to observe
the influence of variance parameters of the priors. Therefore the shape parameters of all inverse
gamma distributions were either fixed to be 100 (later called informative informative-II) or
10−3 (later called informative informative-I). The scale factors were calculated in dependence
on these shape factors as follows: for the partition prior the scale factors of all partitions for one
parameter were computed in the way that that the mode of the inverse gamma distributions
(the mode depends on scale and shape factor) is equal to the maximum variance of all partitions
of that parameter. For ρ the maximum standard deviation of all segments equals 0.04, for T1

145.60 ms and for T2 9.90 ms. In a similar way it is calculated for the GMRF prior. In that
case, the scale factor is chosen such that the mode of the inverse gamma distribution is equal
to the variance of δf , which equals 0.372 Hz2.

The posterior distributions (5.21) and (5.22) are proper and their first and second moments
exist according to Theorem 5.3.2 and 5.3.6.

5.4.4 Results and Discussion

A slice of the human brain is modeled to have 256 × 256 voxels. In order to decrease the
number of unknowns, only voxels containing tissue are considered. This is reasonable since only
those voxels contribute to the measured MR signal. The information for creating a suitable
mask could be gained by calculating the sum of all individual magnetization images or by
a fast MRI pre-scan which can then also be used for the segmentation information. In this
simulation, the total number of unknowns is about 4 × 2.5 × 104.

In Figure 5.5 the MAP for the unknown parameters and their deviations from the ground
truth are shown when using the truncated noninformative prior. The same is done in
Figure 5.6 for the results of the optimization with the informative prior (with shape factor
100). Additionally the width of the 95% credible intervals are shown in a third row. They are
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Figure 5.5: Reconstructed images and reconstruction errors for the noninformative prior
augmented by large bounds. Figure from Metzner et al. (2019).

Table 5.1: Proportions over roughly 2.5 × 104 voxels of 95% credible intervals covering the true
values employed for simulating the data. Noninformative relates to the posterior obtained for the
noninformative prior augmented by large bounds, informative-I to that for the informative prior
with a shape of factor 10−3 and informative-II to that for the informative prior with a shape factor
of 100. Table from Metzner et al. (2019).

ρ T1 T2 δf

noninformative 80.69% 78.68% 81.86% 81.53%
informative-I 96.73% 91.42% 85.89% 93.91%
informative-II 97.83% 92.58% 97.94% 94.58%

calculated as 2 times 1.96 times the standard deviation of the parameter (calculated via the
approximate Hessian presented in (5.3.2)). The width of the credible intervals summarize the
posterior uncertainty about the estimation and appear to characterize the observed errors well.

The root-mean-square error (RMSE) of every of the four parameter types is displayed
in Figure 5.7 for the results of the different posterior distributions. Note that the influence
of each error on the RMSE is proportional to the size of the squared error. Larger errors
therefore have a disproportionately large impact on the RMSE.

In Table 5.1 the percentage of voxels for which the 95% credible intervals cover the true
values (the simulated ground truth) are shown.

The average width in percentage of the 95% credible intervals are summarized in Table 5.2.

Table 5.2: Average width over roughly 2.5 × 104 voxels of relative 95% credible intervals, i.e. 95%
credible intervals divided by the true value of the tissue parameters, for ρ, T1, T2 as well as average
width of 95% credible intervals for δf . Noninformative relates to the posterior obtained for the
noninformative prior augmented by large bounds, informative-I to that for the informative prior
with a shape factor of 10−3 and informative-II to that for the informative prior with a shape factor
of 100. Table from Metzner et al. (2019).

ρ T1 T2 δf in Hz

noninformative 8.29% 3.76% 11.82% 0.24
informative-I 4.18% 2.56% 6.68% 0.19
informative-II 4.85% 3.34% 7.58% 0.20
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Figure 5.6: First two rows: reconstructed images and reconstruction errors for the informative
prior with shape factor 100. Last row: width of 95% credible intervals denoted by CI95. Figure
from Metzner et al. (2019).
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Figure 5.7: Root-mean-square errors of the reconstructed images for the different choices of
priors. Noninformative relates to the posterior obtained for the noninformative prior augmented
by large bounds, informative-I to that for the informative prior with a shape factor of 10−3 and
informative-II to that for the informative prior with a shape factor of 100. Figure from Metzner
et al. (2019).
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5.5 Summary

The obtained images for the parameters ρ, T1, T2 and δf in Figure 5.5 and 5.6 are the MAP
estimates of the respective posterior distributions. The quality is reasonable and it can be
seen that incorporating prior knowledge leads to a significant reduction of the observed errors.
This is also shown in the root-mean-square errors. Additional information about different
partitions (for ρ, T1 and T2) and smoothness (for ρ) can lead to better results in terms of
deviation from the ground truth and overall root-mean-square errors. The results appear to be
quite robust regarding the choice of the shape parameter for the inverse gamma distribution.
The overall root-mean-square errors do not change significantly when using either a shape
factor of 100 or 10−3. The number of voxels where the 95% credible interval cover the true
value (cf. Table 5.1) can be seen as encouraging, especially since about 105 variables have
been inferred simultaneously in a nonlinear problem. The proportion of these voxels increases,
the average width of the 95% credible intervals decreases, when using the informative prior.

The dependence of results for the truncated noninformative prior on the selected additional
bounds on the parameters was not investigated since the nonexistence of the posterior for a
purely noninformative prior remains hidden when using a Laplace approximation.

We examined the possible reduction in acquisition time which can be achieved when
incorporating prior knowledge. It turned out that the root-mean-square errors of the results for
the truncated noninformative prior were approximately equal to the results for the informative
prior (with shape factor 100) when only the first 20% of the data were used.

We also computed results for a significantly larger noise level σ2 of the Fourier data. Not
only deteriorates the quality of the MAP estimates, but also the number of voxels for which
the credible intervals cover the true values decreases. This effect is probably caused by the
nonlinearity of the physical model for MRF and by the limitations of a Laplace approximation.
Such an approximation describes the behavior of the posterior well in a vicinity around the
MAP, but not necessarily in regions far apart.

5.5 Summary

We developed a general Bayesian framework based on a homoscedastic Gaussian sampling
model for a class of nonlinear, large-scale regression problems in which the parameters model
the spatial distribution of some property, and where the regression function satisfies certain
assumptions. MRF is one example for such a class but there could also be other possible
applications. Basic advantage of a Bayesian inference is that prior knowledge can be included
into the analysis. Furthermore, a Bayesian analysis lends itself in a natural way to an
uncertainty characterization, and probability statements can be made conditional on the data.

The assignment of a prior is a crucial part of any Bayesian inference and different choices
have been explored. We have shown that when a constant prior on the physical parameters is
assigned, together with the standard noninformative prior for the variance, then the posterior
does not exist. Another result of this paper is that Gaussian Markov random field priors,
augmented by a proper prior on the mean of the parameter, do yield a proper posterior. These
priors model spatial smoothness which can be assumed for the physical parameters. The
possibility to include further prior knowledge about the physical parameters gained from their
segmentation has been expressed in terms of a partition prior. The resulting posterior of the
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partition prior is proper and the existence of its moments has been explored. Furthermore, a
close relationship between a partition and intrinsic GMRF priors has been shown which may
provide guidance in the choice of a prior for Bayesian spatial modeling in regression problems
of the considered type.

MRF is one example of the presented class of regression models. An approximate Bayesian
inference based on a Laplace approximation at the MAP estimate has been presented for
simulated, realistic MRF data. The results demonstrate that a Bayesian inference of high
dimensional MRF data is practically feasible despite of the huge dimensionality. Furthermore,
significant benefit is gained when prior knowledge is incorporated. Although the presented
Bayesian inference is approximate only, the results are quite encouraging. The quality of the
reconstructed images is high, and for the credible intervals reasonable coverage proportions
were observed. Limitations and practical aspects of the Bayesian k-space modeling for MRF
data are discussed in Chapter 6.
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6
Comparison of Dictionary Matching

and Bayesian Modeling

The MRF Bayesian k-space modeling approach presented in Chapter 5 directly models the
undersampled data in the Fourier domain by a physical model. It therefore avoids applying a
pseudo-inverse Fourier transformation which leads to aliasing artifacts in the magnetization
space. The dictionary matching method on the other hand performs a template matching
process of the approximately reconstructed magnetization images. Although the k-space
modeling captures the data without any loss (in contrast to the dictionary matching approach),
the model in the Fourier domain is dependent on all the parameters in parallel. As a
consequence, determination of the maximum a posteriori (MAP) estimate leads to a high-
dimensional and non-convex optimization task which is time consuming and challenging to
solve. The dictionary matching method only depends on the desired parameters of one voxel
and the matching of the voxels can thus be performed independently for each voxel. This is
relatively easy and fast to compute. From a practical point of view it is important to know
whether it is worth to optimize the complicated Bayesian k-space model or if it is sufficient to
compute the dictionary matching solution. Additionally, analyzing the sensitivity to model
errors could give valuable insights about the robustness of the two approaches.

In this chapter our contribution is a comparison of the dictionary matching and the Bayesian
k-space modeling approach in terms of the accuracy of the estimates dependent on the level of
noise, the MRF sampling scheme and computational complexity as well as in terms of their
sensitivity to errors in the physical model.

The whole chapter is based on simulations so that we can compare the results with their
ground truth.

The first aspect deals with the impact of the level of noise in the data. A comparison of the
dictionary matching solution and the MAP estimate of the Bayesian k-space modeling approach
for the two MR sequences taken in Chapter 4 and 5 is presented. The signal-to-noise ratio
will play an important role, whether the MAP estimation of the Bayesian k-space modeling
approach leads to a significant improvement.
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The second aspect discusses the impact of the MRF sampling scheme. Three different
sampling schemes, each with approximately the same amount of data per image, will be
compared in terms of the solutions obtained by the dictionary matching and the Bayesian
k-space modeling approach.

The third aspect is concerned with the impact of errors in the physical model. An error
in the flip angle pattern is simulated and the qualities of the results from the dictionary
matching and the Bayesian k-space modeling approach are assessed. At last a comparison of
computational aspects of both approaches is presented.

6.1 Impact of Noise

The signal-to-noise ratio (SNR) plays an important role in MRI (Macovski (1996); Redpath
(1998)) as a fundamental measure of image quality. We will define the SNR as the ratio of the
signal power to the noise power of the k-space data. There are many sources that affect the
SNR. These sources can be divided into two basic classes (Nishimura (1996)): the physical and
instrumental parameters such as the B0 field or the receiver coil geometry and the imaging
sequence parameters, such as the total scan time or the spatial resolution. The quality of
the results from acquired k-space data heavily depend on the level of noise in the data. In
general, a high SNR is desired which means that the noise should be as low as possible. In the
following, we will discuss the impact of the SNR to the results from the dictionary matching
and from the Bayesian k-space modeling.

6.1.1 Data

Three different data sets will be considered. The first data set was created according to
Chapter 5. A slice of the human brain was taken from BrainWeb (2018) as the ground truth
for the parameter maps and the parameter values were changed by adding a smooth Gaussian
function in order to be more realistic. A variable density spiral with an undersampling factor
of 8 was simulated and the repetition times were chosen to be 60 ms. The flip angle follows the
magnitude of a sinusoidal curve with a maximum of 60 degree and a period of 50 acquisitions.
A total of L = 50 scans were obtained. A bSSFP sequence was used and the complex-valued
magnetization ml(θ) of these parameters can therefore be calculated for l = 1, . . . , 50 (cf.
Appendix A). Note that throughout this thesis the reconstructed magnetization was not
normalized. These magnetizations were then transformed into the Fourier domain by applying
a nonuniform fast Fourier transformation (Greengard and Lee (2004)). Gaussian noise was
added to the complex and imaginary part of the Fourier data with a standard deviation of
10−3 (the maximum value of the real and the imaginary part of the simulated Fourier data
were roughly 5). This scheme is closely related to the one used by Wübbeler and Elster (2017).
We will refer to this as the bSSFP data set.

A second data set was created in the same way, the only difference is the level of noise
added to the Fourier data. For this data set, Gaussian noise was added to the complex and
imaginary part of the Fourier data with a standard deviation of 1.97 × 10−2. The noise is
therefore higher than before, which means that the SNR is lower. We will refer to this as the
bSSFP data set with lower SNR.
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The third data set was generated according to Chapter 4. A phantom with nine tubes
was created as the ground truth for the parameter maps (cf. Chapter 2). Each tube had its
individual T1 and T2 value and the values across the tubes were constant. Repetition times
were chosen to be 12.54 ms, the inversion time as 42 ms, echo times as 7 ms, and the flip
angle follows the magnitude of a sinusoidal curve with maximum 70 degree. A total number
of 1000 radial lines were acquired and for the parameter estimation one image per radial
line was reconstructed using the nonuniform fast Fourier transformation. The four complex
coil sensitivity maps were chosen accordingly to the ones acquired from the phantom scan
in Chapter 4. A FISP sequence was used and the complex-valued magnetization ml(θ) of
these parameters could therefore be calculated for l = 1, . . . , 1000 (cf. Appendix B). These
magnetizations were then transformed into the Fourier domain by applying a nonuniform fast
Fourier transformation. Gaussian noise with signal-to-noise ratio similar to the real scanner
data from Chapter 4 was added to the complex and imaginary part of the Fourier data with a
standard deviation of 3.43 × 10−6 (the maximum value of the real and the imaginary part of
the simulated Fourier data were of the order 10−3). We will refer to this as the FISP data set.

Note that the FISP data set and the bSSFP data set with lower SNR have roughly the
same SNR whereas the bSSFP data set has a higher SNR (actually, the bSSFP data set with
lower SNR was created in such a way that the SNR matches the FISP data). Note further
that it is generally realistic for the FISP sequence to have a higher SNR (Jiang et al. (2015)).
We created the bSSFP data set with lower SNR in order to examine the influence of the SNR.

In general, there are several ways to define the SNR in the field of MR. In this chapter, the
SNR is determined as the signal-to-noise ratio in k-space. For qualitative imaging, the SNR is
typically defined in the magnetization space as the signal-to-noise ratio of the reconstructed
magnetizations of a specific tissue. If the k-space data were fully sampled on a Cartesian
grid, then the noise in the magnetization space could be directly computed from the noise
in the k-space. Since we used undersampling patterns, this is not applicable here. As an
approximation we created a setting in the following way so that similar techniques were applied
as in standard qualitative imaging. The same sequence parameters and the same ground
truth were used to calculate the magnetization courses for every voxel. These courses were
averaged over the temporal domain such that only one magnetization image is obtained as a
result. For the radial sampling used for the FISP data set, the Nyquist sampling rate is almost
fulfilled if

√
Nπ/2 = 384π/2 radial lines were acquired (Feng et al. (2014)). We therefore

simulated 604 radial lines and calculated the k-space data using the inverse nonuniform fast
Fourier transformation. Subsequently, the respective noise was added to the k-space data
100 times leading to 100 different k-space data sets. From that, 100 magnetization images
could be reconstructed using the nonuniform fast Fourier transformation. The 2D SNR map
could then be calculated as the ratio of the mean and the standard deviation of the absolute
magnetization values of each voxel. For the FISP data set an average SNR of 32 was gained
in the tube corresponding to the values T1 = 562 ms and T2 = 33 ms. In a region of white
matter an average SNR of 135 was obtained for the bSSFP data set respectively 8 for the
bSSFP data set with lower SNR.

The dictionaries used for calculating the dictionary matching solutions from the bSSFP
data sets were calculated according to the physical model given in Appendix A for T1 =
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Figure 6.1: Results for the bSSFP data set. a) Dictionary matching solution with error maps for
T1 and T2. b) MAP estimate of the Bayesian k-space modeling approach with error maps for T1
and T2.

(100, 120, . . . , 5020) ms, T2 = (50, 60, . . . , 520) ms and δf = (−100,−98, . . . , 100) Hz. The
dictionary for the FISP data set was calculated for T1 = (200, 205, . . . , 3000) ms and T2 =
(20, 22, . . . , 300) ms with the physical model given in Appendix B. For all three data sets, a
density compensation function was calculated by using the Voronoi method (Rasche et al.
(1999)).

The optimization of the Bayesian k-space modeling approach was carried out similarly as
in Chapter 5 for the noninformative prior. The MAP estimate of the posterior distribution
(cf. Chapter 5) was calculated by employing a trust-region method which makes use of an
approximate Hessian. A total number of 1000 iterations were computed and the starting values
were chosen as the solution obtained by the dictionary matching method.

6.1.2 Results

Results from the dictionary matching and the Bayesian k-space modeling approach for the
different data sets are presented subsequently. In Figure 6.1 the parameter maps together with
the error maps are shown for the bSSFP data set. The error is significantly smaller for the
MAP estimate of the Bayesian k-space modeling approach than for the dictionary matching
solution. This is also reflected by the overall root-mean-square error (RMSE). The RMSE for
the dictionary matching solution is 379.8 ms for T1 and 68.1 ms for T2, for the MAP estimate
of the Bayesian k-space modeling approach it is 119.9 ms and 12.7 ms respectively.

In Figure 6.2 results for the FISP data set are shown. The error is similar for both solutions.
The RMSE is 148.5 ms for T1 and 45.8 ms for T2 for the dictionary matching solution, whereas
it is 117.8 ms for T1 and 43.5 ms for T2 for the MAP estimate of the Bayesian k-space modeling
approach, respectively.

Exemplary and typical residuals of the corresponding k-space data for the dictionary
matching solutions as well as for the MAP estimates of the Bayesian k-space modeling
approach are shown in Figure 6.3. Let y denote the simulated data and θ denote here either
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Figure 6.2: Results for the FISP data set. a) Dictionary matching solution and corresponding
error maps for T1 and T2. b) MAP estimate of the Bayesian k-space modeling approach and
corresponding error maps for T1 and T2.

the dictionary matching solution or the MAP estimate of the Bayesian k-space modeling
approach. The magnetization can then be calculated according to the physical model ml(θ)
for l = 1, . . . , L, where L denotes the total number of images (cf. Appendix A for the bSSFP
sequences and Appendix B for the FISP sequence). The fitted data ỹ = (ỹ1, . . . , ỹL) for the
dictionary matching solution θ̃ in k-space can be calculated according to:

ỹl = Fl(ml(θ̃)) , l = 1, . . . , L . (6.1)

Note that the coil sensitivity maps for the FISP data set have to be taken additionally into
account as explained in Chapter 4. The residuals in Figure 6.3 for the bSSFP data set decrease
by roughly a factor of 10 when comparing the dictionary matching solution and the MAP
estimate of the Bayesian k-space modeling approach. For the FISP data set the residuals
have a similar range. They differ a little around the k-space center (around the 192th k-space
point) where the dictionary matching solution has a peak in contrast to the MAP estimate
of the Bayesian k-space modeling approach. A homoscedastic Gaussian sampling model is
assumed for the Bayesian k-space modeling approach. The residuals in Figure 6.3 for the MAP
estimate of the Bayesian k-space modeling approach appear to be homoscedastic and they
approximately follow a Gaussian distribution. The size of these residuals fits to the simulated
Gaussian standard deviation in k-space. This is not the case for the residuals of the dictionary
matching solution.

Results in terms of parameter and error maps for the bSSFP data set with lower SNR are
shown in Figure 6.4. The range of the errors is similar for both solutions. The RMSE is 445.5
ms for T1 and 88.3 ms for T2 for the dictionary matching solution and 571.3 ms and 86.5 ms
respectively for the MAP estimate of the Bayesian k-space modeling approach.

In Figure 6.5 exemplary and typical residuals for the bSSFP data set with lower SNR are
shown for the two solutions. The size of these residuals is similar but the residuals are smaller
around the k-space center, i.e. the first k-space points, for the MAP estimate of the Bayesian
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Figure 6.3: Example of residuals in k-space for one trajectory (of image l) in k-space. The
absolute difference of the simulated data yl and the fitted data of either the dictionary matching
solution θ̃ or the MAP estimate of the Bayesian k-space modeling approach θ̂ is plotted. a) Results
for the bSSFP data set. Left: Residuals for the dictionary matching solution θ̃ in k-space. Right:
Residuals for the MAP estimate of the Bayesian k-space modeling approach θ̂ in k-space. b) The
same as in a) but for the FISP data set.

Figure 6.4: Results for the bSSFP data set with lower SNR. a) Dictionary matching solution
with error maps for T1 and T2. b) MAP estimate of the Bayesian k-space modeling approach with
error maps for T1 and T2.
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Figure 6.5: Results as in Figure 6.3 for the bSSFP data set with lower SNR. Left: Residuals
for the dictionary matching solution θ̃ in k-space. Right: Residuals for the MAP estimate of the
Bayesian k-space modeling approach θ̂ in k-space.

k-space modeling approach. The model assumption about a Gaussian noise in k-space seems to
be fulfilled for the MAP estimate of the Bayesian k-space modeling approach. The residuals of
the dictionary matching solution also reflect the size of the standard deviation of the simulated
Gaussian noise, especially off the k-space center, in contrast to the bSSFP data set above.

6.1.3 Discussion

The results above imply that the SNR is a critical factor for practical aspects of the Bayesian
k-space modeling approach. The bSSFP data set with lower SNR and the FISP data set have
a similar SNR whereas the bSSFP data set has a higher SNR. The MAP estimate of the
Bayesian k-space modeling approach leads to a significant improvement over the dictionary
matching solution for the bSSFP data set with higher SNR. This is not the case for the FISP
data set. The results for the bSSFP data set with lower SNR are similar to the ones from
the FISP data set. This implies that the MAP estimation of the Bayesian k-space modeling
approach only improves the dictionary matching solution significantly if the aliasing errors
arising from the imperfect inverse Fourier transformation dominate the error of the dictionary
matching solution, i.e. when the SNR is high enough.

The residuals support these findings. For the bSSFP data set with higher SNR the residuals
could be improved by roughly a factor of 10 while the residuals for the other two data sets
are of similar size. Only for points around the k-space center (for a radial acquisition these
points are in the middle of the radial line and for a spiral sampling these points are at the
beginning, c.f. Figure 6.6) an improvement with the Bayesian k-space modeling approach can
be achieved. This supports the explanation that for low SNR the noise dominates the errors
in the pseudo-inverse Fourier rather than aliasing errors.

Provided that the physical model contains no errors, the assumed sampling model is correct,
and the employed prior is consistent with the ground truth, the Bayesian k-space modeling
approach is expected to be superior to the dictionary matching method. However, calculating
the MAP can be very challenging due to the high-dimensionality and the nonlinearity of the
physical model in practice. Nevertheless, we have shown that there are relevant cases in which
the MAP estimate of the Bayesian k-space modeling improves the dictionary matching solution
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Figure 6.6: Different sampling schemes. Left: Cartesian sampling, middle: spiral sampling, right:
radial sampling.

significantly. On the other hand, for the FISP data set the MAP estimate of the Bayesian
k-space modeling approach does not yield significantly better results. For this scenario, the
dictionary matching solution already gives a good estimate of the parameters. From a practical
point of view it is therefore essential to decide if expensive MAP estimation of the Bayesian
k-space modeling approach is worth to calculate or if the dictionary matching solution already
yields a reasonable result. One indicator could be to look at the residuals of the dictionary
matching solution in k-space. If the residuals look Gaussian and more importantly have
roughly the same standard deviation than the noise in k-space then it might be unnecessary to
also compute the MAP estimate of the Bayesian k-space modeling approach. If the standard
deviation of the residuals is much higher than the standard deviation of the noise in k-space
then the MAP estimate of the Bayesian k-space modeling approach might significantly improve
the dictionary matching solution.

6.2 Impact of Sampling Scheme

After discussing the influence of the SNR on the quality of the results from the dictionary
matching and the Bayesian k-space modeling approach, we will now consider the impact of
different sampling schemes. In Figure 6.6 a Cartesian, a spiral and a radial trajectory for
the k-space sampling are shown. The number of points for each trajectory is chosen along
the lines of Doneva et al. (2017). We will compare the results of the dictionary matching
and the Bayesian k-space modeling approach when using these three sampling schemes. For
comparability roughly the same number of points is used. The SNR of the different data sets is
chosen to match with the level of noise in real scanner data from the phantom (cf. Chapter 4).

6.2.1 Data

For the Cartesian read-out, eight Cartesian lines with 384 points each were simulated for every
image. Three out of eight lines were chosen as the three lines through and around the k-space
center. The other five ones were chosen randomly. Similarly, eight radial lines were simulated
in every image with 384 points each. In real measurements this can be accomplished by a
multi-shot MRF approach as presented by Flassbeck et al. (2019). The angle between two
adjoined lines equals 360/8 degree and the eight radial lines were altered by the golden angle
between two adjoined images. A variable density spiral with an undersampling factor of 52 was
simulated for the spiral readout leading to an acquisition of 3183 data points per image. For
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Cartesian and radial sampling on the other hand 3072 data points per image were simulated.
Figure 6.6 shows the first trajectory of each simulated sampling scheme.

The same FISP sequence with the same parameters was used for every one of the three
sampling schemes. A total amount of 1000 images were simulated. Repetition times were
chosen to be 12.54 ms, the inversion time as 42 ms, echo times as 7 ms, and the flip angle
follows the magnitude of a sinusoidal curve with maximum 70 degree. This is basically the
same sequence as used in Chapter 4 only with a different amount of data per image. The four
complex coil sensitivity maps were chosen accordingly to the ones acquired from the phantom
scan in Chapter 4.

A phantom with nine tubes was chosen as the ground truth for the T1 and T2 values. Each
tube had its individual T1 and T2 value and the values across the tubes were constant (cf.
Chapter 2). The magnetization was then calculated according to the physical model given in
Appendix B.

The modeled magnetization was transformed into the Fourier domain using a nonuniform
fast Fourier transformation (Greengard and Lee (2004)), and Gaussian noise with similar
signal-to-noise ratio as the real scanner data from Chapter 4 was added with a standard
deviation of 3.43 × 10−6 (the maximum value of the real and the imaginary part of the
simulated Fourier data were of the order 10−3). Note that the same noise was added for all
three sampling schemes.

The dictionaries used for calculating the dictionary matching solutions were calculated
according to the physical model given in Appendix B for T1 = (200, 205, . . . , 3000) ms and
T2 = (20, 22, . . . , 300) ms. The density compensation function was calculated by using the
Voronoi method (Rasche et al. (1999)) for the radial and spiral sampling.

The MAP estimation of the Bayesian k-space modeling approach was carried out similarly
as in Chapter 5 for the noninformative prior. A trust-region method was employed using an
approximate Hessian. A total number of 1000 iterations were computed for each optimization
and the starting values were chosen as the corresponding dictionary matching solutions.

6.2.2 Results

The results from the dictionary matching approach for T1 and T2 are shown in Figure 6.7. The
parameter maps are plotted as well as the error maps for all three sampling schemes. It is not
possible to recognize the tubes in the dictionary matching solution for the Cartesian sampling
whereas this is possible for the results of radial and spiral sampling. The highest errors occur
for the Cartesian sampling and the lowest errors for the radial sampling.

The MAP estimates of the Bayesian k-space modeling approach for T1 and T2 are shown
in Figure 6.8. Again, the parameter maps are plotted as well as the error maps for all three
sampling schemes. All MAPs and error maps appear to be quite similar.

The regions of interest are the nine tubes. Due to the simulations, the values in each tube
are constant. In Table 6.1 the RMSEs of the dictionary matching solutions of each tube for T1

and T2 are shown for the three sampling schemes. The highest errors occur for the Cartesian
sampling and the lowest errors for the radial sampling. Note that the RMSE is a measure for
the quality of the fit that is scale-dependent and sensitive to outliers.
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Figure 6.7: Dictionary matching solutions and error maps of T1 and T2 for the three different
sampling schemes (C stands for Cartesian, S for spiral and R for radial readout).

Figure 6.8: MAP estimates of the Bayesian k-space modeling approach and error maps of T1 and
T2 for the three different sampling schemes (C stands for Cartesian, S for spiral and R for radial
readout).

Table 6.1: Root-mean-square errors in ms of the dictionary matching solutions of T1 and T2 for
the three different sampling schemes in the nine tubes t1,...,t9.

t1 t2 t3 t4 t5 t6 t7 t8 t9

Cart.: RMSE for T1 in ms 989.7 130.4 41.6 815.5 113.4 55.1 590.5 100.9 78.6
Spiral: RMSE for T1 in ms 114.8 22.9 19.1 101.8 22.3 18.5 54.1 15.1 11.0
Radial: RMSE for T1 in ms 50.0 17.7 11.2 63.9 16.3 9.8 42.8 12.8 7.5
Cart.: RMSE for T2 in ms 83.3 62.6 20.7 30.8 46.7 29.2 33.9 40.0 26.5
Spiral: RMSE for T2 in ms 13.0 4.0 5.0 5.2 4.6 5.4 5.6 3.8 5.3
Radial: RMSE for T2 in ms 7.4 2.1 3.0 3.1 2.0 3.3 2.8 1.9 2.8
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Table 6.2: Root-mean-square errors in ms of the MAP estimates of the Bayesian k-space modeling
approach of T1 and T2 for the three different sampling schemes in the 9 tubes t1,...,t9.

t1 t2 t3 t4 t5 t6 t7 t8 t9

Cart.: RMSE for T1 in ms 49.8 23.8 15.2 71.3 21.9 12.6 56.9 15.7 9.3
Spiral: RMSE for T1 in ms 49.5 24.8 14.1 55.0 21.9 12.8 47.1 18.7 10.9
Radial: RMSE for T1 in ms 46.8 19.0 12.1 56.8 1.28 10.1 42.1 13.3 7.9
Cart.: RMSE for T2 in ms 8.8 1.9 4.1 3.1 2.1 4.3 2.9 1.8 3.7
Spiral: RMSE for T2 in ms 7.0 2.6 3.3 3.2 2.2 3.5 3.2 2.5 3.4
Radial: RMSE for T2 in ms 7.3 1.9 2.9 2.6 1.8 3.2 2.7 1.8 2.7

Figure 6.9: The average RMSE over the nine tubes of the dictionary matching solutions (blue
asterisks) and the MAP estimates of the Bayesian k-space modeling approach (red asterisks) for
the different sampling schemes and for T1 and T2 (C stands for Cartesian, S for spiral and R for
radial readout).

Additionally, the RMSE is shown for the MAP estimates of the Bayesian k-space modeling
approach in Table 6.2. The errors are similar for the different sampling schemes, however, the
best results are achieved with the radial sampling.

A summary of the results of Table 6.1 and Table 6.2 is displayed in Figure 6.9.
Figure 6.10 shows residual plots of the k-space data of the dictionary matching solutions

and the MAP estimates of the Bayesian k-space modeling approach for the different sampling
schemes. All plots belonging to the dictionary matching solutions show a peak for data in the
k-space center. Looking at the scale of the image, the residuals for the dictionary matching
solution of the Cartesian sampling are extremely poor whereas they are acceptable for the
radial sampling. All residuals corresponding to the MAP estimates of the Bayesian k-space
modeling approach are reasonable in terms of their amplitude as well as they seem to look
Gaussian which would satisfy the model assumptions. The standard deviation of the residuals
in k-space shown in Figure 6.10 for the Cartesian sampling is 2 × 10−3 for the dictionary
matching solution and 2.2 × 10−6 for the MAP estimate of the Bayesian k-space modeling
approach. Recall that the standard deviation of the noise in k-space was 3.43 × 10−6.

6.2.3 Discussion

Three different sampling schemes with roughly the same amount of data for each image are
used to simulate three different MRF data sets. For each of the three data sets, the dictionary
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Figure 6.10: Example of residuals in k-space for one trajectory (of image l) in k-space for the
different sampling schemes. a) Residuals of the dictionary matching solution θ̃ for Cartesian (left),
spiral (middle) and radial (right) sampling. b) Residuals of the MAP estimate of the Bayesian
k-space modeling approach θ̂ for Cartesian (left), spiral (middle) and radial (right) sampling.

matching and the MAP estimate of the Bayesian k-space modeling approach are computed.
The resulting T1 and T2 maps are shown in Figure 6.7 and 6.8.

The dictionary matching solution for the Cartesian sampling is poor. It is not even possible
to recognize the different tubes. The deviation to the ground truth is extremely large. When
using the spiral sampling, the dictionary matching solution provides reasonable results. There
is a pattern in the background of the tubes but the tubes themselves are estimated to a
sufficient degree. The best solution is achieved with the radial sampling. The tubes can be
identified and the estimated values are excellent.

When looking at the RMSE of the tubes for the different dictionary matching solutions
(Table 6.1), the same results can be detected. The error for the Cartesian sampling is very
high, whereas it is better for the spiral and the radial sampling. The results for the radial
sampling are better by a factor of 1.2 to 2.3 for T1 and 1.6 to 2.3 for T2 compared to the spiral
sampling solution. The median of the absolute values of the residuals which is a more robust
measure delivers similar results.

The MAP estimates of the Bayesian k-space modeling approach (Figure 6.8) show similar
results for all sampling schemes. The starting values of the employed optimizations were chosen
to be the corresponding dictionary matching solutions. Even in the Cartesian case, where
a very poor dictionary matching solution was computed, the optimization of the Bayesian
k-space modeling approach was able to reach to a satisfying solution. This is an excellent
result as it shows the versatility of the Bayesian k-space modeling approach. In this particular
case it was possible to identify the T1 and T2 maps with the sophisticated model in k-space
but not with the simple dictionary matching approach.

Residual plots of the dictionary matching solutions for the different sampling schemes
support the statements above. The solution of the Cartesian sampling yields the worst residual

86



6.3 Impact of Errors in the Physical Model

plot whereas the radial sampling yields the best. The residuals of the MAP estimates of
the Bayesian k-space modeling approach yield similar results for all sampling schemes. The
residuals appear to be uncorrelated and homoscedastic and they approximately follow a
Gaussian distribution.

The MAP estimates of the Bayesian k-space modeling approach for the spiral and radial
sampling provide good results, as it can also be seen from the RMSE (Table 6.2). The RMSE
in the tubes are very similar for the different sampling schemes, but again, the radial sampling
delivers predominantly the best results.

Since the computation of the MAP estimate of the Bayesian k-space modeling approach is
highly challenging it would be great to have an indicator to whether to calculate it or just use
the dictionary matching solution. Similar to the previous subchapter, it turned out that by
looking at the residuals in k-space and comparing their standard deviation with the standard
deviation of the noise in k-space important information can be gained. If the residuals look
Gaussian and more importantly have roughly the same standard deviation as the noise in
k-space, it might then be unnecessary to compute the MAP estimate of the Bayesian k-space
modeling approach. In this case it might be enough to only calculate the dictionary matching
solution.

The results might lead to an important feature of the Bayesian k-space modeling approach.
When using (MRF-) optimized sequences, the dictionary matching method will provide
satisfying results. However, for non-optimized sequences such as the Cartesian sampling
pattern above for which the dictionary matching yields poor estimates, the optimization of the
Bayesian k-space modeling approach was able to significantly improve the solution. In Rieger
et al. (2017) and Koolstra et al. (2019) Cartesian sampling patterns are employed for MRF
leading to reasonable results. Nonetheless, the possibility to use non-optimized sequences
and still compute excellent results might be a practically relevant advantage of the Bayesian
k-space modeling approach. This is especially important since Cartesian sampling patterns
are highly relevant in clinical practice.

6.3 Impact of Errors in the Physical Model

We will now compare the results from the dictionary matching and the Bayesian k-space
modeling approach in terms of their behavior to errors in the physical model. In general,
the concept of MRF only works if a physical model for the parameters is available. This
physical model is an approximation of the underlying physics and will always be imperfect. In
the following, a key error source in quantitative MRI will be evaluated, namely errors of the
flip angle (Hurley et al. (2012)). The radiofrequency pulse interacts with human tissues and
therefore the flip angle adjusted at the scanner is not equal to the actual flip angle. The errors
can also arise from slice profile imperfections and local changes in the B1 field and are already
addressed for MRF (e.g. Ma et al. (2017)). We will analyze the impact of such errors in the
flip angle. For that, data with flip angle rα for r ≤ 1 were simulated and then evaluated by
the dictionary matching and the Bayesian modeling approach assuming the flip angle equals α
(and not rα). The SNR for the different data sets is chosen to match with the level of noise in
real scanner data from the phantom (cf. Chapter 4).
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6.3.1 Data

Eleven different FISP data sets were created according to Chapter 4. For each data set, a total
number of 1000 images were simulated and for the parameter estimation one image per radial
line was reconstructed using the nonuniform fast Fourier transformation. Repetition times
were chosen to be 12.54 ms, the inversion time as 42 ms, echo times as 7 ms, and the flip
angle follows the magnitude of a sinusoidal curve with maximum 70 degree. For the simulation
rα was used as flip angle for r = (0.8, 0.82, . . . , 1). The four complex coil sensitivity maps were
chosen accordingly to the ones acquired from the phantom scan in Chapter 4.

A phantom with nine tubes was chosen as the ground truth for the T1 and T2 values. Each
tube had its individual T1 and T2 value and the values across the tubes were constant (cf.
Chapter 2). The magnetization was then calculated according to the physical model given in
Appendix B.

The modeled magnetization was transformed into the Fourier domain using a nonuniform
fast Fourier transformation, and Gaussian noise with similar signal-to-noise ratio as the real
scanner data from Chapter 4 was added with a standard deviation of 3.43×10−6 (the maximum
value of the real and the imaginary part of the simulated Fourier data were of the order 10−3).
Note, that the same noise was added for all data sets.

The dictionaries used for calculating the dictionary matching solutions were calculated
according to the physical model given in Appendix B for T1 = (200, 205, . . . , 3000) ms and
T2 = (20, 22, . . . , 300) ms. The density compensation function was calculated by using the
Voronoi method (Rasche et al. (1999)).

The optimization of the Bayesian k-space modeling approach was carried out similarly
as in Chapter 5 for the noninformative prior. A trust-region method was employed using an
approximate Hessian. A total number of 1000 iterations were computed for each optimization
and the starting values were chosen as the corresponding dictionary matching solutions.

6.3.2 Results

Eleven different dictionary matching solutions and MAPs of the Bayesian k-space modeling
approach were computed for the factors r = (0.8, 0.82, . . . , 1).

The dictionary matching solutions and the MAP estimates of the Bayesian k-space modeling
approach for r = 0.8 are shown in Figure 6.11 together with their error maps. The errors of T1

and T2 are in a similar range for both approaches, yet the errors of the dictionary matching
method seem to be slightly smaller.

In Figure 6.12 the average root-mean-square errors of the nine tubes for T1 and T2 are
shown in dependence on r. For T1 the factor r has almost no impact on the overall RMSE of
the dictionary matching solutions. The RMSE of the MAP estimates of the Bayesian k-space
modeling approach are better than of the dictionary matching solutions in all cases except
for r = 0.8 and r = 0.82, i.e. when a relatively high error in the physical model is present.
For the MAP estimates of the Bayesian k-space modeling approach however, there is a strong
influence on r. The smaller r the worse the RMSE.

For T2, the factor r has an impact on both types of solutions. The RMSE gets better for a
larger factor, i.e. the closer the flip angle used for evaluation is to the actual simulated flip
angle the better the RMSE gets. The average RMSE for the MAP estimates of the Bayesian
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Figure 6.11: Results for data which were simulated with 0.8 times the flip angle α while the
dictionary matching and the Bayesian modeling solution were evaluated with α. a) Dictionary
matching solution with error maps for T1 and T2. b) MAP estimate of the Bayesian k-space
modeling approach with error maps for T1 and T2.

k-space modeling approach and the dictionary matching solutions are similar for the different
values of r.

6.3.3 Discussion

The impact of errors in the flip angle pattern has been analyzed by simulating several data
sets with several flip angles rα for r ≤ 1 but evaluated by the dictionary matching and the
Bayesian k-space modeling approach with flip angle α.

For T1 the average RMSE of the MAP estimates of the Bayesian k-space modeling approach
is higher for larger errors in the flip angle pattern than for smaller errors. I.e., the Bayesian
k-space modeling method is very sensitive to errors in the flip angle for T1 whereas the
dictionary matching produces similar results for all factors. The MAP estimate of the Bayesian
k-space modeling approach has a lower RMSE than the dictionary matching solution in almost
all cases.

The average RMSE for the two approaches for T2 behave similarly. The smaller the errors
in the flip angle pattern, the smaller the RMSE. I.e. both solutions are sensitive to flip angle
errors for the T2 estimation and similar results for both approaches are achieved in terms of
their average RMSE.

Altogether, this leads to the conclusion that the dictionary matching approach is less
sensitive to errors in the flip angle pattern for the T1 estimation than the Bayesian k-space
modeling approach. In that case, the Bayesian k-space modeling approach produces high errors
in contrast to the dictionary matching. However, if the correct model is used the Bayesian
k-space modeling approach leads to better results.

The observed behavior can be expected, since dictionary matching should be insensitive to
model errors that have less impact than aliasing errors, while Bayesian k-space modeling in
connection with outliers from the Gaussian model is necessarily sensitive. The flip angle is
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Figure 6.12: The average RMSE of the nine tubes of the dictionary matching solutions (blue
line) and the MAP estimates of the Bayesian k-space modeling approach (red line) for T1 and
T2 in dependence on the factor r which was used for simulating data with r times the flip angle
α. Note that the evaluation of the dictionary matching solution and the MAP estimate of the
Bayesian k-space modeling approach was carried out with α.

just one instant of model errors, similar behavior could be expected for other model errors
and should be considered in future research.

6.4 Computational Aspects

The computation of the dictionary matching solution is composed of two parts. On the one
hand a dictionary which is based on a physical model has to be calculated (cf. Chapter 2).
The computation time of the dictionary is dependent on the number of parameters and the
complexity of the physical model. Using the bSSFP model with a range in the parameters
of T1 = (100, 120, . . . , 5020) ms, T2 = (50, 60, . . . , 520) ms and δf = (−100,−98, . . . , 100)
Hz it took 6 seconds to compute the dictionary. Using the FISP model (which is in general
computationally more advanced since 201 different spins were simulated per voxel) with a
range in the parameters of T1 = (200, 205, . . . , 3000) ms and T2 = (20, 22, . . . , 300) ms it took
587 seconds to compute the dictionary. Note that in the FISP scenario coil sensitivity maps
were used which also extend the computation time. On the other hand, the magnetization
curves in the image space will be compared to each entry of the dictionary. This matching
process took 200 seconds in the bSSFP case and 227 seconds in the FISP case. Note that
using finer grids would increase dictionary calculation drastically.

The MAP estimate of the Bayesian k-space modeling approach is calculated via a trust
region algorithm (cf. Chapter 5) using 1000 iterations. It is a challenging task and several
parameters have to be set upfront (cf. Chapter 5). The choice of the starting value is crucial
and convergence aspects have to be taken into account. In the bSSFP case each iteration of the
algorithm took around 4 seconds, the whole optimization took around 4.6 × 103 seconds. For
the computational more advanced FISP case each iteration took around 300 seconds and the
total optimization took around 3.1 × 105 seconds. If the dictionary matching solution is taken
as the starting value, the computation times for that have to be additionally incorporated.
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Hence, the MAP estimation of the Bayesian k-space modeling approach is computationally
more challenging than the dictionary matching approach. It is therefore necessary to weigh up
the benefits of calculating the MAP, ideally prior to the actual computation.

6.5 Summary

We discussed several practical aspects concerning the quality of the dictionary matching and
the MAP estimate of the Bayesian k-space modeling approach throughout this chapter. In a
first part the influence of the SNR is explored. A bSSFP and a FISP data set were created. It
was demonstrated that the MAP estimate of the Bayesian k-space modeling approach improved
the dictionary matching solution only for the bSSFP data set. The SNR was higher in these
data than in the FISP data set. When simulating another bSSFP data set and only changing
the noise in a way that the SNR is similar to the FISP data set, the MAP estimate of the
Bayesian k-space modeling approach also does not improve the dictionary matching solution.
This suggests that the MAP estimate of the Bayesian k-space modeling approach enhances
the dictionary matching solution only if the SNR is high enough.

In the second part of this chapter the influence of the sampling scheme is discussed. Three
different data sets with the same parameters except for the sampling schemes were simulated.
Cartesian, spiral and radial trajectories were chosen with nearly the same amount of data
points in each image. The solutions of the dictionary matching and the MAP estimates of the
Bayesian k-space modeling approach are computed for the three data sets. The dictionary
matching solution for this particular Cartesian sampling scheme was extremely poor, whereas is
was reasonable for the spiral and radial sampling schemes. The MAP estimates of the Bayesian
k-space modeling approach were all very similar. It is interesting that the optimization of the
Bayesian k-space modeling approach converges to a satisfying solution for the poor Cartesian
dictionary matching solution. This clearly shows the potential advantage of the Bayesian
k-space modeling approach. Nonetheless, for the two other sampling schemes the optimization
does not yield a large improvement.

Subsequently, the impact of errors in the physical model is analyzed. A model describing
the underlying physics is required for the dictionary matching as well as for the Bayesian
k-space modeling approach. We simulated errors in the flip angle pattern and explored the
effect for both approaches. It turned out that the dictionary matching approach is less sensitive
to flip angle errors for the T1 estimation. The robustness of a method to model violations is
highly relevant in practice and should be more examined in the future in the context of MRF.

All in all several aspects concerning the benefit of the (computational demanding) Bayesian
k-space modeling approach compared to the (easy-to-compute) dictionary matching method
are presented in this chapter. It was shown that the SNR as well as the sampling scheme both
have an influence on this benefit.

Under the assumptions that the physical model contains no errors, the assumed sampling
model is correct, and the employed prior is consistent with the ground truth, the Bayesian
k-space modeling approach is expected to be superior to the dictionary matching method.
However, difficulties of the optimization task can lead to a worse performance. Due to the
high computational times of the Bayesian k-space modeling, the dictionary matching would be
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preferred in practice. Future research could therefore examine experimental design aspects
on creating conditions under which the dictionary matching method works as good as the
Bayesian k-space modeling approach. Some sequences, e.g., might produce a lower SNR than
others and might hence be favored if only the dictionary matching solution should be computed.
Another angle whether to also compute the MAP estimate of the Bayesian k-space modeling
approach might be to look at the residuals in k-space of the dictionary matching solution. This
turned out to give valuable insights about the quality of the result throughout this chapter. If
the residuals in k-space look Gaussian and more importantly have roughly the same standard
deviation as the noise in k-space then it might be unnecessary to also compute the MAP
estimate of the Bayesian k-space modeling approach. If the standard deviation of the residuals
is much higher than the standard deviation of the noise in k-space, then the MAP estimate
of the Bayesian k-space modeling approach might significantly be better than the dictionary
matching solution. Note that an estimation of the standard deviation of the noise in k-space
is needed for that.
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7
Conclusion and Outlook

The goal of this thesis is to apply Bayesian statistics to further enhance the data analysis
of Magnetic Resonance Fingerprinting, which is a novel technique for quantitative magnetic
resonance imaging. The widely used dictionary-based MRF approach delivers estimates for
the tissue-related parameters simultaneously and within short acquisition time. Although
this method has shown to work well in practice, it usually restricts itself to the calculation of
estimates. Uncertainties that reliably characterize the accuracy of the tissue-related parameter
estimates are essential to assess the significance of observed differences in single MRF results.
No uncertainty quantification for the dictionary-based MRF estimates has been achieved so
far. Additionally, the original MRF approach applies an imperfect Fourier transformation
which leads to aliasing artifacts in the approximately reconstructed magnetization images.
These aliasing errors could be avoided if the data is modeled in the Fourier space, the so-called
k-space, directly. These two issues, uncertainty quantification and Fourier space modeling,
were dealt with in this thesis using instruments of Bayesian statistics. In particular, three
objectives were defined in the beginning of this work that are addressed subsequently.

In Chapter 4, a Bayesian uncertainty quantification for MRF is presented. A reliable
uncertainty quantification for the dictionary-based MRF approach is novel and is developed
as the first objective of this thesis. For that, a statistical analysis of the dictionary-based
MRF approach is conducted. It turned out that the original MRF approach is equivalent to a
maximum likelihood estimation of a statistical model which assumes a Gaussian distribution
for the aliasing errors. The same statistical model is assumed for the Bayesian uncertainty
quantification together with prior distributions for the tissue-related parameters. The prior
knowledge combines a standard noninformative prior for the proton density and the variance
with an informative prior for the relaxation times. The latter utilizes as prior knowledge the
ranges chosen for the relaxation times when calculating the dictionary. A Bayesian inference
is carried out leading to an analytical expression for the joint posterior distribution of the
relaxation times. The existence of the posterior distribution could be ensured. Numerical
integration utilizing the pre-computed dictionary yields whole probability distributions for
the relaxation times in every voxel in a short time. Uncertainties and probability statements
can then be calculated accordingly. The Bayesian uncertainty quantification was validated
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on simulated data as well as on phantom and in vivo measurements. The proposed Bayesian
uncertainty quantification and the dictionary-based MRF method are based on the very
same assumption, namely that the aliasing errors can be treated as noise. This assumption
and the hence simple statistical model provide an approximation to the true distribution of
errors. More sophisticated statistical models which, e.g., can account for dependencies of the
reconstructed and modeled magnetization and which could then, in turn, have consequences for
the dictionary-based MRF estimation could be considered in the future. However, numerical
calculations become challenging for more sophisticated statistical models which would contain
additional unknowns. Furthermore, the proposed uncertainty quantification depends on the
chosen protocol such as the flip angles and the repetition times and could thus be used for
protocol optimization. Future work could address this feature and might be able to help design
optimal sequences.

In Chapter 5, a general statistical model which assumes Gaussian distributed errors for a
class of nonlinear, large-scale regression problems is considered together with three different
prior distributions for the sought parameter. These are a noninformative, a Gauss Markov
Random Field (GMRF) and lastly a so-called partition prior. In order to guarantee propriety of
the resulting posterior distributions as well as the existence of moments, additional precautions
have to be made. E.g., the GMRF prior has to be augmented by a proper prior on the mean of
the parameter. It was also possible to show a close relationship between a partition prior and
an intrinsic GMRF prior. The considered class of problems includes MRF with a data model
in the Fourier domain. Previous work already applied a maximum likelihood estimation of a
particular statistical model in k-space but no Bayesian inference was carried out so far. The
second objective of this thesis is a Bayesian inference for a large-scale k-space MRF model with
different prior distributions for the tissue-related parameters. In contrast to the dictionary-
based MRF method, the Fourier domain model is dependent on all tissue-related parameters
in parallel. The high-dimensionality of the MRF parameters made common techniques for
Bayesian computation such as Markov Chain Monte Carlo methods infeasible. We decided to
calculate the maximum a posteriori estimate leading to a high-dimensional and non-convex
optimization problem. The applicability to simulated MRF data was shown and the influence
of the choice of the prior distribution was evaluated. Using the partition prior instead of the
augmented noninformative prior for the relaxation times and the proton density improved
the estimates significantly. It was also possible to calculate credible intervals with reasonable
coverage probabilities under repeated sampling. Further research could address the choice
of other prior distributions for the parameters. Another possibility of improvement is the
calculation time. Although the Bayesian k-space modeling approach captures the MR data
without any loss, the resulting optimization problem is time consuming and computationally
challenging to solve, especially for complicated models. Accelerating the optimization is
therefore necessary before using it in clinical practice. A further line of research could be to
avoid the calculation of a maximum a posteriori estimate and to develop a Markov Chain
Monte Carlo sampling procedure to approximate the high-dimensional posterior distribution
itself. Sampling in high dimensions is an active field of research in the statistical community
and the Bayesian k-space modeling approach could benefit from its work.
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Two approaches for MRF were presented in this thesis. The original, dictionary-based
method was shown to be equivalent to a maximum likelihood estimation of a statistical model
which assumes a Gaussian distribution for the errors including the aliasing artifacts. This
approach is easy to implement and can be carried out fast. However, due to the imperfect
Fourier transformation aliasing artifacts in the magnetization courses are introduced. A direct
modeling of the MR data in the Fourier domain would avoid these artifacts. The proposed
Bayesian k-space modeling approach establishes a statistical model in the Fourier domain
which assumes Gaussian distributed errors in k-space. This approach should be superior to
the dictionary-based MRF approach under the following assumptions: the physical model
contains no errors, the assumed sampling model is correct, and the employed prior is consistent
with the ground truth. However, the high-dimensional optimization task is computationally
challenging to solve. Additionally, dependent on the complexity of the physical model, the
calculation of the maximum a posteriori estimate can be very time consuming. In our third
and last objective that is discussed in Chapter 6, we compare the dictionary-based MRF and
Bayesian k-space modeling approach in terms of the accuracy of the estimates dependent on
the level of noise, the MRF sampling scheme and computational complexity as well as in terms
of their sensitivity to errors in the physical model. Several interesting insights could be shown.
It turned out that only if the SNR is high enough and therefore the aliasing errors dominate
the error of the dictionary-based MRF estimate, the Bayesian k-space modeling approach
improves the dictionary-based MRF approach. Since some sequences produce a lower SNR
than others, they might hence be favored if only the easy-to-compute dictionary-based MRF
estimate should be computed. The analysis of the impact of the sampling scheme has shown
that the Bayesian k-space modeling approach but not the dictionary-based MRF approach
succeeded in a case where a non-optimized MRF sequence was used. This aspect shows the
versatility of the direct modeling in the Fourier domain. Future research should determine if
the same effect occurs for other non-optimized sequences. Since optimizing a sequence in a
way such that the dictionary-based MRF approach delivers good results is challenging, this
feature might be practically relevant and hence points to scenarios where the Bayesian k-space
modeling approach could be used. An important indicator whether the maximum a posteriori
estimate of the Bayesian k-space modeling approach should be computed is to look at the
residuals of the dictionary-based MRF estimate in the Fourier domain. A comparison of the
standard deviation of these residuals to the standard deviation of the Fourier noise hints at
the quality of the estimate. Throughout this chapter only simulated data were considered and
future research should verify these findings for real data.

MRF is a recent approach in quantitative MRI. The additional uncertainty quantification
developed in this thesis gives valuable insight about assessing the significance of single results
and of multiple, time-delayed results from the same subject. The fast acquisition time of an
MRF sequence allows for an application in clinical practice where an uncertainty for each
estimate could help in practical decisions about the nature of a tissue. Future applications to
patient data should show practical relevant examples where the uncertainties could improve
diagnostics. The Bayesian k-space modeling approach has the potential to improve the
dictionary-based estimates significantly and could be used for, e.g., non-optimized MRF
sequences. The possibility to include prior knowledge about spatial dependencies of the
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parameters additionally improves the estimates and makes it robust against challenges due
the high-dimensionality of the problem. Validating the Bayesian k-space modeling approach
in terms of in vivo and, in particular, patient data, should be another topic of future research.
The general framework of the large-scale Bayesian modeling also allows for an application
to other high-dimensional regression problems in which the parameters model some spatial
dependency.
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A
Physical Model of a bSSFP Sequence

In Chapter 5 a bSSFP sequence for the data recording process is used. The dynamic
magnetization of an arbitrary MRI sequence can be described by a set of three coupled
differential equations, the so-called Bloch equations (see, e.g., Nishimura (1996) and Chapter
2). Let the three-dimensional vector M i

l = (M i
x,l,M

i
y,l,M

i
z,l)T define the magnetization in the

i-th voxel after the l-th high-frequency pulse. When using a bSSFP sequence the magnetization
model can be expressed in terms of a three-dimensional linear discrete time system (Hargreaves
et al. (2001))

M i
l+1 = P il M

i
l +Qil , (A.1)

where P il is a 3 × 3 matrix and Qil a 3 × 1 vector with initial magnetization M i
0 = (0, 0,−ρi)T

in each voxel. The matrix P il and the vector Qil depend nonlinearly on the tissue-related
parameters ρi, T1i, T2i and δfi and the (known) parameters of the radiofrequency pulse FAl,
TR and TE. Choosing the echo time as TE = TR/2 in every readout step, and by defining
γ = πTR and τ = TR/2, the elements of the matrix P il are given by

(P il )1,1 = exp(−2τ/T2i)
(︂
cos2(γ δfi) − cos(FAl) sin2(γ δfi)

)︂
, (A.2)

(P il )1,2 = exp(−2τ/T2i) cos(γ δfi) sin(γ δfi )(cos(FAl) + 1) , (A.3)

(P il )1,3 = exp(−τ/T1i − τ/T2i) sin(FAl) sin(γ δfi) , (A.4)

(P il )2,1 = −(P il )1,2 (A.5)

(P il )2,2 = exp(−2τ/T2i)
(︂
cos2(γ δfi) cos(FAl) − sin2(γ δfi)

)︂
, (A.6)

(P il )2,3 = exp(−τ/T1i − τ/T2i) sin(FAl) cos(γ δfi) , (A.7)

(P il )3,1 = (P il )1,3 , (A.8)

(P il )3,2 = −(P il )2,3 , (A.9)

(P il )3,3 = exp(−2τ/T1i) cos(FAl) , (A.10)
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and the elements of vector Qil by

(Qil)1 = ρi (1 − exp(−τ/T1i)) exp(−τ/T2i) sin(γ δfi) sin(FAl) , (A.11)

(Qil)2 = ρi (1 − exp(−τ/T1i)) exp(−τ/T2i) cos(γ δfi) sin(FAl) , (A.12)

(Qil)3 = ρi (1 − exp(−τ/T1i)) exp(−τ/T1i) cos(FAl) − exp(−τ/T1i)

+1 . (A.13)

Only the complex-valued transverse magnetization

M i
l = M i

x,l + iM i
y,l (A.14)

of the i-th voxel contributes to the MRI signal (see, e.g., Nishimura (1996)). The resulting
magnetization in all voxels after the l-th pulse is then given by

ml(θ) = (M1
l , . . . ,M

N
l )T .

Looking at the single entries of the matrix P il and the vector Qil, it is obvious that
for arbitrary T1 and T2, ∥ml(θ)∥ and thus ∥χ2(θ)∥ from (5.20) are bounded from above.
Condition (5.2) is therefore fulfilled.
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B
Physical Model of a FISP Sequence

In Chapter 4 a FISP sequence is used for recording the Fourier data. The physical model
underlying the magnetization process can be described by a three dimensional linear system of
equation, for more details we refer to Hargreaves et al. (2001). Unlike the bSSFP sequence, a
dephasing gradient is applied in the middle of each repetition time TR in the FISP sequence.
The signal is therefore an average of the spins in one voxel which we will be simulated by
taking Nf different spins in one voxel. The following Matlab® code is used to explain the
implemented sequence. The flip angles will be denoted by flip, echo times by TE and the
inversion time by TI.

f unc t i on Msig = FISP_sequence (T1 , T2 ,TE, TI ,TR, f l i p , Nf )
f l i p = pi ∗ f l i p /180 ; % degree to rad ians
Nex = length (TR) ;
phi = l i n s p a c e ( −0 .5 ,0 .5 ,801)∗8∗ pi ;
Msig = ze ro s (1 , Nex ) ;
M0 = [ z e ro s (2 , Nf); − ones (1 , Nf ) ] ;
[ Ati , Bti ] = f r e e p r e c e s s (TI , T1 , T2 ) ;

M = Ati ∗M0 + Bti ;
on = ones (1 , Nf ) ;
f o r n = 1 : Nex

[ Ate , Bte ] = f r e e p r e c e s s (TE(n ) ,T1 , T2 ) ;
[ Atr , Btr ] = f r e e p r e c e s s (TR(n)−TE(n ) ,T1 , T2 ) ;
A = Ate ∗ xrot ( f l i p (n ) ) ;
B = Bte ;
M = A∗M+B∗on ;
Msig (n) = mean( squeeze (M(1 , : )+1 i ∗M( 2 , : ) ) ) ;
M = Atr∗M+Btr∗on ;
f o r k = 1 : Nf

M( : , k ) = zro t ( phi ( k ) ) ∗M( : , k ) ;
end
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end
end

func t i on [ Afp , Bfp]= f r e e p r e c e s s (T, T1 , T2)
E1 = exp(−T/T1 ) ;
E2 = exp(−T/T2 ) ;
Afp = [ E2 0 0 ;0 E2 0 ;0 0 E1 ] ;
Bfp = [ 0 0 1−E1 ] ’ ;
end

func t i on Rx=xrot ( phi )
Rx = [ 1 0 0 ; 0 cos ( phi ) s i n ( phi ) ; 0 −s i n ( phi ) cos ( phi ) ] ;
end

func t i on Rz=zro t ( phi )
Rz = [ cos ( phi ) s i n ( phi ) 0;− s i n ( phi ) cos ( phi ) 0 ; 0 0 1 ] ;
end
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C
Matlab Code for the Bayesian

Uncertainty Quantification

In Chapter 4 a Bayesian uncertainty quantification for the dictionary matching method is
presented. The following code was used to calculate uncertainties and marginal posterior
distributions.

f unc t i on [U_T1,U_T2, pi_T1_save , pi_T2_save ] = Bayesian_Uncertainty_
Quant_MRF(theta_MRF , mxy_hat , T1_dict , T2_dict , d i c t , mask )

%%% INPUT:

%%% theta_MRF . . . the s o l u t i o n o f the d i c t i o n a r y matching method o f s i z e
%%% 2 x Nx x Ny where Nx and Ny denote the number o f voxe l s in x and y
%%% d i r e c t i o n r e s p e c t i v e l y , theta_MRF ( 1 , : , : ) should be the T1 es t imate and
%%% theta_MRF ( 2 , : , : ) should be the T2 es t imate

%%% mxy_hat . . . observed sequence o f magnet iat ions o f s i z e Nex x Nx x Ny
%%% where Nex denotes the sequence l ength

%%% T1_dict . . . v ec to r o f unique T1 va lue s in the d i c t i onary , e . g .
%%% [ 2 0 0 : 5 : 3 0 0 0 ] ;

%%% T2_dict . . . v ec to r o f unique T2 va lue s in the d i c t i onary , e . g .
%%% [ 2 0 : 2 : 3 0 0 ] ;

%%% d i c t . . . d i c t i o n a r y o f s i z e Nex x length ( combvec ( T1_dict , T2_dict ) )

%%% ! ! ! Caution : the d i c t i o n a r y has to be c rea ted accord ing to
%%% d i c t = physical_mrf_model ( combvec ( T1_dict , T2_dict ) ) ; ! ! !
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%%% mask . . . a mask o f the voxe l s o f s i z e Nx x Ny, an entry 1 r e p r e s e n t s a
%%% voxe l f o r which the unce r tan i ty should be ca l cu l a t ed , e l s e the entry
%%% should be 0

%%% OUTPUT:

%%% U_T1 and U_T2 . . . Uncerta inty maps f o r T1 and T2 o f s i z e Nx x Ny

%%% pi_T1_save and pi_T2_save . . . marginal d i s t r i b u t i o n s f o r T1 and T2 o f
%%% s i z e l ength ( T1_dict ) x l ength ( f i n d (mask ) ) and
%%% length ( T2_dict ) x l ength ( f i n d (mask ) ) r e s p e c t i v e l y

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[ Nex , Nx,Ny ] = s i z e (mxy_hat ) ;
i f narg in < 6

mask = ones (Nx,Ny ) ;
end
indmask = f i n d (mask ) ;
Var_T1 = ze ro s (1 , l ength ( indmask ) ) ;
Var_T2 = ze ro s (1 , l ength ( indmask ) ) ;
pi_T1_save = ze ro s ( l ength ( T1_dict ) , l ength ( indmask ) ) ;
pi_T2_save = ze ro s ( l ength ( T2_dict ) , l ength ( indmask ) ) ;
mr = r e a l ( d i c t ) ;
mi = imag ( d i c t ) ;
detMtM = ( dot (mi , mi)+dot (mr , mr ) ) . ∗ ( dot (mi , mi)+dot (mr , mr ) ) ;
d = dot (mi , mi ) + dot (mr , mr ) ;

pa r f o r i = 1 : l ength ( indmask )
m2 = mxy_hat ( : , indmask ( i ) ) ;
yr_rep = repmat ( r e a l (m2) , 1 , s i z e (mr , 2 ) ) ;
yi_rep = repmat ( imag (m2) , 1 , s i z e (mr , 2 ) ) ;
muhat_r = ( dot (mr , yr_rep ) + dot (mi , yi_rep ) ) . / d ;
muhat_i = ( dot(−mi , yr_rep ) + dot (mr , yi_rep ) ) . / d ;

chi_r = yr_rep −(mr . ∗ muhat_r−mi . ∗ muhat_i ) ;
ch i_i = yi_rep −(mi . ∗ muhat_r+mr . ∗ muhat_i ) ;
Gridlogpi_T1T2 = (1−Nex ) . ∗ l og ( dot ( chi_r , chi_r)+dot ( chi_i , ch i_i ) ) − . . .

1/2 .∗ l og (detMtM ) ;

GridReslogpi_T1T2 = reshape ( Gridlogpi_T1T2 , l ength ( T1_dict ) , . . .
l ength ( T2_dict ) ) ;
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GridReslogpi_T1T2 = GridReslogpi_T1T2 ’ ;

pi_T1T2_small = GridReslogpi_T1T2 − max( GridReslogpi_T1T2 ( : ) ) ;
pi_T1T2 = exp ( pi_T1T2_small ) ;
pi_T1 = trapz ( T2_dict , pi_T1T2 , 1 ) ;
cT1 = trapz ( T1_dict , pi_T1 ) ;
pi_norm_T1 = pi_T1/cT1 ;
pi_T2 = trapz ( T1_dict , pi_T1T2 , 2 ) ;
cT2 = trapz ( T2_dict , pi_T2 ) ;
pi_norm_T2 = pi_T2/cT2 ;

pi_T1_save ( : , i ) = pi_norm_T1 ;
pi_T2_save ( : , i ) = pi_norm_T2 ;

Var_T1( i ) = trapz ( T1_dict , ( T1_dict − . . .
theta_MRF(1 , indmask ( i ) ) ) . ^ 2 . ∗ pi_norm_T1 ) ;

Var_T2( i ) = trapz ( T2_dict , ( T2_dict − . . .
theta_MRF(2 , indmask ( i ) ) ) . ^ 2 . ∗ pi_norm_T2 ’ ) ;

end

U_T1 = ze ro s (Nx,Ny ) ;
U_T2 = ze ro s (Nx,Ny ) ;
U_T1( indmask ) = sq r t (Var_T1 ) ;
U_T2( indmask ) = sq r t (Var_T2 ) ;

end
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