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Abstract

Passively mode-locked semiconductor vertical external cavity surface emitting lasers (VEC-
SELs) have been subject to intense research in the last decades due the comparably cheap
and flexible semiconductor manufacturing process. This led to a great enhancement of the
performance figures of the pulsed laser output, namely the pulse width and pulse amplitude.
Hence, semiconductor based mode-locked VECSELs have become competitive to their well
established solid state based counter-parts for applications such as spectroscopy, material
processing and eye surgery.
The main constituents of such a laser are a semiconductor gain chip, a semiconductor sat-
urable absorber mirror and a highly reflective outcoupling facet. To enable an efficient beam
guiding within the resonator and convenient optical pumping, the disk lasers are often con-
figured in a V-shaped cavity geometry. Recent experiments on these devices have shown that
despite the good performance figures interesting physics in terms of various pulsed states can
appear.
In this work, firstly a delay differential equation model is derived in order to enable a detailed
theoretical investigation of the V-shaped VECSEL device in a broad parameter regime with
a strong focus on the effect of the cavity geometry.
In the following, a bifurcation analysis is performed to unravel the emergence of pulse cluster
states in a regime of intermediate cavity lengths (0.625 ns round-trip time). The cluster states
appear due to the characteristic gain depletion scenario in the V-shaped cavity. Specifically,
the gain is passed twice by each pulse per round-trip. The pulse clusters are characterized
as temporally non-equidistant clusters of pulses, which are periodic with a period approxi-
mately equalling the cold cavity round-trip time. Pulse clusters with an increasing number
of pulses are born in cusps of saddle-node bifurcations along the fundamental solution branch
at characteristic round-trip times. Their upper stability boundary can be shifted to higher
pump powers, if the relative length of the cavity arms is adjusted.
The pulse clusters are further investigated in the long cavity regime (round-trip time longer
than 2 ns). In this regime, the pulses can become temporally localized as they do not in-
teract via the exponential tails of the gain relaxation, due to the complete gain recovery
between pulse passes. Interestingly, the pulses within one cluster remain globally bound by
the gain depletions but become locally independent, which is shown via a Floquet analysis.
As the pulses maintain a random phase relationship, the cluster states can be referred to as
incoherent photonic molecules.
By deriving a non-local Haus master equation model for the V-shaped VECSEL, the influ-
ence of second-order dispersion on the pulse clusters is investigated. On that account, a new
dynamical boundary condition enabling the correct treatment of the long-term carrier mem-
ory is introduced. The investigation unravels that the interplay of amplitude-phase coupling
and dispersion can be beneficial in terms of the performance figures and regions of stability.
Additionally, the effect of third-order dispersion is examined utilizing a delay algebraic equa-
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tion model for the V-shaped VECSEL. On that account, a correspondence of all parameters
to the DDE models is found. Comparing the results obtained using both models, it is possi-
ble to illustrate the emergence of third-order dispersion instabilities that can especially arise,
if the gain chip has a high quality top-side distributed Bragg reflector.
Finally, the delay differential equation model is extended by a more complex modelling of the
gain. Namely, the usage of submonolayer quantum dots as the active medium is discussed.
The detailed numerical analysis of different parameters illustrates that the amplitude phase
coupling can have stronger destabilizing influence, as determined in experiments on similar
devices.
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Deutsche Zusammenfassung

Passiv modengekoppelte oberflächenemittierende Halbleiterlaser mit vertikalem externem
Resonator (Vertical External Cavity Surface Emitting Laser, VECSEL) wurden in den letzten
Jahrzehnten intensiv erforscht, was besonders auf den vergleichsweise kostengünstigen und
flexiblen Halbleiterherstellungsprozess zurückzuführen ist. Dies führte zu einer erheblichen
Verbesserung der Leistungsdaten des gepulsten Laseremission, insbesondere der Pulsbreite
und der Pulsamplitude. Daher sind halbleiterbasierte modengekoppelte VECSEL für An-
wendungen wie Spektroskopie, Materialbearbeitung und Augenchirurgie zu ihren etablierten
festkörperbasierten Pendants konkurrenzfähig geworden .
Die Hauptbestandteile eines solchen Lasers sind ein Halbleiter-Verstärkerchip, ein sättig-
barer Halbleiter-Absorberspiegel und eine hochreflektierende Auskopplungsfacette. Um eine
effiziente Strahlführung innerhalb des Resonators und ein optisches Pumpen zu ermöglichen,
werden die Scheibenlaser häufig in einer V-förmigen Kavitätsgeometrie konfiguriert. Jüng-
ste Experimente mit diesen Lasern haben gezeigt, dass neben den guten Leistungsdaten
interessante physikalische Effekte in Form von verschiedenen gepulsten Zuständen auftreten
können.
In dieser Arbeit wird zunächst ein Verzögerungsdifferentialgleichungsmodell abgeleitet, um
eine detaillierte theoretische Untersuchung eines V-förmigen VECSELs in einem breiten Pa-
rameterbereich zu ermöglichen, wobei der Schwerpunkt auf dem Effekt der Kavitätsgeometrie
liegt.
Im Folgenden wird eine Bifurkationsanalyse durchgeführt, um das Auftreten von Puls-
Cluster-Zuständen in einem Bereich mittlerer Kavitätslängen (0,625 ns Umlaufzeit) zu ent-
schlüsseln. Die Cluster-Zustände treten aufgrund des charakteristischen Puls-Verstärkungs-
szenarios in der V-förmigen Kavitätsgeometrie auf: Der Verstärkerchip wird von jedem Puls
zweimal pro Umlauf passiert. Die Pulscluster werden als zeitlich nicht äquidistante, peri-
odisch auftretende Cluster von Pulsen charakterisiert, deren Periode ungefähr der Kavität-
sumlaufzeit entspricht. Cluster mit zunehmender Anzahl von Pulsen entstehen in Cusps von
Sattelknoten-Bifurkationen entlang des fundamentalen Lösungszweigs bei charakteristischen
Umlaufzeiten. Ihre obere Stabilitätsgrenze kann mittels einer Anpassung der relativen Länge
der Kavitätsarme zu höheren Pumpleistungen verschoben werden.
Die Pulscluster werden des Weiteren im Regime einer langen Kavität (Umlaufzeit länger
als 2 ns) untersucht. In diesem Bereich sind die Pulse zeitlich lokalisiert, da sie nicht über
den exponentiellen Verlauf der Ladungsträgerrelaxation im Verstärkerchip wechselwirken,
weil sich der Verstärkerchip zwischen den Pulsdurchgängen vollständig erholt. Interessanter-
weise bleiben die Pulse innerhalb eines Clusters global durch die Ladungsträgerabräumungen
gebunden, werden aber lokal unabhängig, was durch eine Floquet-Analyse gezeigt wird. Da
die Pulse eine zufällige Phasenbeziehung beibehalten, können die Clusterzustände als inko-
härente photonische Moleküle bezeichnet werden.
Mit Hilfe eines neu hergeleiteten nichtlokalen Haus-Master-Gleichungsmodells für V-förmige
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VECSEL wird der Einfluss der Dispersion zweiter Ordnung auf die Pulscluster untersucht.
Dafür wird eine neue dynamische Randbedingung eingeführt, die eine korrekte Behandlung
der Langzeit Ladungsträgerdynamik ermöglicht. Die Untersuchung zeigt, dass das Zusam-
menspiel von Amplituden-Phasen-Kopplung und Dispersion sich vorteilhaft auf die Leis-
tungswerte und Stabilitätsbereiche auswirken kann.
Zusätzlich wird der Effekt der Dispersion dritter Ordnung mit Hilfe eines algebraischen
Verzögerungsgleichungsmodells für den V-förmigen VECSEL untersucht. Dabei wird eine
Übereinstimmung aller Parameter mit dem DDE-Modell gefunden. Der Vergleich der mit
beiden Modellen erzielten Ergebnisse zeigt das Auftreten von Dispersionsinstabilitäten drit-
ter Ordnung, die insbesondere dann auftreten können, wenn der Verstärkerchip einen hochre-
flektiven Bragg-Reflektor auf der Oberseite hat.
Schließlich wird das Verzögerungsdifferentialgleichungsmodell um eine komplexere Model-
lierung der Verstärkung erweitert. Insbesondere wird die Verwendung von submonolayer
Quantenpunkten als aktives Medium diskutiert. Die detaillierte numerische Analyse ver-
schiedener Parameter zeigt, dass die Amplituden-Phasen-Kopplung einen stärkeren destabil-
isierenden Einfluss haben kann, wie in Experimenten an submonolayer basierten VECSELs
festgestellt wurde.
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1 Introduction

The foundation of today’s laser devices was laid long before the first experimental demon-
stration. Published in 1899, the French physicists C. Fabry and A. Pérot came up with the
idea of an "interference apparatus" to enhance interference phenomena by repeatedly reflect-
ing light between a pair of mirrors [PER99]. In the history of laser devices and in modern
applications, this interferometer is a prominent choice to enclose the gain medium and form
the laser resonator/cavity, because it is easy to implement or even naturally results in the
fabrication of semiconductor laser diodes. About 20 years after this invention, a second
landmark was set by A. Einstein, who postulated the stimulated emission of radiation when
investigating the quantum nature of light [EIN16, EIN17]. It took another two decades until
in 1940 W. Fabrikant had the idea of applying the effect of stimulated emission to amplify
radiation [HEC10]. Delayed by the second world war and the complexity of finding the
right gain media to be used inside a resonator to achieve the necessary population inversion,
which was not well understood, it still took several decades for the first laser to be realised
[BER15, HEC10].
At the start of the 1950s, the idea of amplifying microwaves, leading to the so-called maser
(microwave amplification by stimulated emission of radiation) device, was independently
brought up in the US by C. Townes as well as in Russia by A. M. Prochorow together with
N. G. Bassow [HEC10]. All three physicists later received the Nobel Prize in 1964 for their
groundbreaking work [NOB98]. Another related Nobel Prize was awarded two years later to
A. Kastler for his works on optical pumping at the start of the 1950s [NOB98, COH66], which
was a fundamental building block for achieving the amplification of light and microwaves.
The premier demonstrations of maser devices were published some years later by J. P. Gor-
don and C. Townes, who achieved the required population inversion in the gain medium
by using a gas filled with excited molecules [GOR54, GOR55, BER15]. In the meantime,
solid-state active media were proposed as gain media, marking an important step in the
development of solid-state lasers [BLO56]. After the successful application in the microwave
regime, C. Townes together with A. L. Schawlow introduced the idea of an optical maser
[SCH58], for which slowly the acronym laser (light amplification by stimulated emission of
radiation) pushed through inside the research community. Ultimately, the first laser, based
on ruby as the active medium, was constructed by T. Maiman, whose initial submission
of the results to Phys. Rev. Lett. got rejected in 1960 [HEC10], but was published later
in the year with details following in subsequent publications [MAI60, MAI61]. The initial
report was the onset of the development of various devices in the following years [SCH61].
Importantly, P. Sorokin and M. Stevenson established lasers based on a four level system
as the gain medium, relying on doped calcium fluoride crystals [SOR60, SOR61, HEC10].
These early-stage devices all were operated with a pulsed intensity output, which is necessary
for many applications, but for others a constant intensity is vital. Thus, the presentation
of a gas laser (Helium-Neon mixture), concurrently being the first device operating in the
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1 Introduction

continuous-wave regime, i.e. with constant intensity [JAV61], was a further major break-
through.
Having probably the greatest impact for modern photonic technology, the demonstration of
lasing from a semiconductor p-n junction (Gallium Arsenide) was achieved only two years
after the ruby laser [HAL62, NAT62, HEC10]. This was the foundation for the invention of
a cavity setup that is still the basis of many modern laser setups, namely the vertical cavity
surface emitting laser (VCSEL), emitting vertically to the semiconductor plane [MEL65].
Although the first laser devices already delivered a pulsed output, the quest for optimis-
ing the performance figures of the pulsed output is still ongoing 60 years later. For ex-
ample, this includes the optimisations of the pulse duration, repetition rates, production
costs, wavelength tuning or timing-jitter (timing stability) of the output. These improve-
ments are aimed at by many diverse innovations regarding the gain material, cavity setup
or dispersion control [SPE91, FAI94, STI95, LED98, INN03, KEL03, LI09, HEC10]. Hence,
applications such as frequency comb generation for spectroscopy [SCH12c, YE03], different
forms of material processing and deposition [BOO04, GRE13d, YAP15, KER16] or optical
communications [AVR00, YAR97, LI09] were accomplished. A well-established method for
generating a pulsed laser output is the phase-locking of the individual longitudinal lasing
modes, which is termed "mode-locking" [WEI09].
One of the most influential researchers on this topic was H. Haus, who introduced the "Haus
master equation" for mode-locking. In his famous article "Mode-locking of lasers" [HAU00],
he reviewed that the initial theoretical and experimental works on the topic of active mode-
locking were established by various groups in 1964 [DID64, HAR64, YAR65, HAU00]. These
observations all tackled the active form of mode-locking relying on "internal loss modula-
tion" [HAU00], which can be introduced by an intra-activity electro-optic modulator for
example [WEI09]. As its name suggests, the passive mode-locking technique achieves the
locking effect by passively modulating the radiation inside the cavity. Examples of passive
modulations are saturable absorbers or the exploitation of the optical Kerr effect [WEI09],
i.e. Kerr-lens mode-locking. Early-stage realisations of passive mode-locking were obtained
with ruby lasers utilising saturable filters/dye, only one year after the active counterpart
[MCC65, HER65, MOC65]. However, it took more than a decade until this knowledge was
successfully transferred to semiconductor lasers making it possible to generate pulses in the
(sub-)picosecond range applying active [HO78, IPP80, HOL80] and passive mode-locking
[ZIE81].
For the optimisation of the pulse duration an external cavity configuration with the gain
placed inside an external resonator has been found to be very beneficial [SPE91, KEL03], as
for example additional dispersion compensation can easily be included into the laser setup
[STI95]. Although it was already possible to generate pulses in the 10 fs regime relying on
solid state gain media [SPE91, STI95], the introduction of saturable absorbers based on
semiconductors was a real breakthrough since it reduced the complexity of laser devices
[KEL92, KEL03]. One very prominent realisation is the semiconductor saturable absorber
mirror (SESAM) [KEL92, KEL96], which consists of a top side active absorbing section,
which can be reversed biased to control the absorption, and a back-side distributed Bragg
reflector to ensure a high reflectivity.
Although SESAMs were first applied to the best performing solid state lasers [KEL92], their
invention led to the development of passively mode-locked vertical external cavity surface
emitting lasers (VECSELs) purely based on semiconductors [HOO00, KEL06, GAA16]. In
these setups, also referred to as disk lasers, the gain consists of a highly reflective bottom-
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side DBR, an active section, which can be based on different forms of nanometric semi-
conductor hetero-structures, e.g. quantum wells, and a top side anti-reflection coating
[KEL06, TIL15, WAL16, GAA16].
This work aims at theoretically investigating the dynamics of passively mode-locked VEC-
SELs, whose single components are arranged in a V-shaped cavity setup as experimentally
presented in Reference [WAL16]. However, the modelling techniques can be easily adapted
to describe other VECSEL arrangements. Two landmarks in the theoretical investigation
of passive mode-locking were set by G. New and H. Haus in 1974 and 1975 respectively.
When investigating how a pulse width below the relaxation time of the absorber can be
established, New delivered the explanation of a short open net gain (accumulated gain
and losses) window in the vicinity of the pulse. The window opens when the absorber
is sufficiently bleached. Consequently, the gain overcomes the losses so that a pulse can
be amplified until the gain is sufficiently depleted and the losses dominate again, i.e. the
net gain window closes again. In the meantime Haus provided the first closed form analy-
sis for active mode-locking as well as passive mode-locking with a fast and slow saturable
absorber [NEW74, HAU75, HAU75a, HAU75b]. Not only because of their intuitiveness,
these concepts are still of much value today. In particular the Haus master equation ap-
proach [HAU00] allows an analysis of the dynamics at low computational costs. However,
with the increase of computational capacity, more complex models have been developed
to explain the behaviour of devices for which Haus and New’s approximations fail. These
comprise for example travelling-wave approaches to capture details of the device geometry
and spectral field [FLE68, AGR89, MUL06, JAV10, RAD11a, ROS11c, MEI19], fully mi-
croscopic models suitable to investigate the generation of pulses in the femtosecond regime
[HAD99, KIL17, KIL18, MCL20], models based delay-algebraic equations to describe res-
onance effects in the semiconductor micro-cavities [MUL05a, SCH19b], delay differential
equation systems to effectively reproduce the dynamics while circumventing the approxi-
mations of small gain and loss [VLA04, VLA09, VIK06, JAU16] or extended master equa-
tion approaches based on partial differential equations to investigate coherent effects or
dispersion [DIN09, PER20, CAM16, HAU20a]. The advantages and disadvantages of the
latter three approaches (delay algebraic model, delay differential model, extended Haus
master equation) are elaborated in this work by applying them to a V-shaped passively
mode-locked VECSEL. This is done in the context of getting a better understanding of
these devices in different operation regimes, e.g. long and short cavity limit, and therefore
deliver a theoretical framework to enhance the performance of such devices for applica-
tions such as frequency comb generation for spectroscopy or super-continuum generation
[KLE14, WAL16, COD16, LIN17e, WAL19], optical frequency metrology [UDE02] or two
photon microscopy [AVI11a, VOI17].
This work is structured as follows: In chapter 2, a brief introduction to the basic physi-
cal background is given, which comprises semiconductor lasers, passive mode-locking and
bifurcations. Following in chapter 3, a delay differential equation model for a passively
mode-locked V-shaped semiconductor VECSEL based on quantum well active media is de-
rived. The model represents the starting point of a large part of the results presented in
this manuscript. In chapter 4, the emergence of specific pulse patterns, resulting from the
influence of the cavity geometry, is discussed in detail considering all relevant parameters of
the systems. Furthermore, the impact of the cavity configuration on the laser output in the
intermediate- and long-cavity regime is elaborated. Additionally, a nonlocal Haus master
equation for the V-shaped laser system is derived. In chapter 5, dispersion effects are dis-
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1 Introduction

cussed requiring the introduction of two further mathematical models. Namely, these are an
extension of the Haus master equation to adequately reproduce the dynamics in the regime
of strong gain modulations and a delay algebraic system, which enables the investigation of
third-order dispersion. Chapter 6 deals with the impact of the gain structure. The influence
of using submonolayer quantum dots as the gain medium in comparison to quantum wells
is explored. On that account, the delay differential equation model is extended by a more
complex description of the charge carrier dynamics in the gain, enabling the investigation
of the coupling between different energy states of the semiconductor material, i.e. the ac-
tive submonolayer quantum dot states and the 3D semiconductor bulk. A summary and
conclusion is given in chapter 7.
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2 Theory

To theoretically explore the parameter dependence of the laser emission state and its key
performance figures, the most commonly applied framework is the description of the device
as a (nonlinear) dynamical system. A dynamical system is defined as the mathematical
formulation of a time-dependent deterministic process, which can be used to predict the
temporal evolution of the characteristic system variables [KUZ98a]. This type of modelling
stretches across many different disciplines such as biology, economics, chemistry and physics
[GUC83, STR94a, KUZ98a]. Lasers are typically described by means of differential equa-
tion systems. These can be derived by finding adequate equations for the evolution of the
electric field and the charge carriers in the gain medium while also including their interac-
tion. For semiconductor lasers, this is often based on a semi-classical approach, in which
Maxwell’s wave equations are coupled to a Schroedinger equation describing the charge car-
rier dynamics [OHT08, ERN10b]. The latter strongly depends on the characteristics of the
gain configuration, which can be effectively varied due to the well-established semiconductor
growth techniques.
From an experimental perspective, a practical technique to establish a pulsed output from
a semiconductor laser is the application of mode-locking. It includes an active or passive
loss modulation of the lasing modes and therefore leads to a formation of a pulsed state, if
applied correctly. Consequently, a multi-mode approach as well as the correct inclusion of
the loss modulation into the dynamical system, is necessary to describe mode-locked lasers.
One key approach to investigate dynamical systems and to classify their temporal behaviour
at different parameters is a linear stability analysis [GUC83, STR94a, KUZ98a]. This tech-
nique is based on determining the response of the system in a close vicinity of a fixed-point
or periodic solution, so that it can be approximated to be linear. The stability information
opens up the possibility to unravel changes in phase space that occur when altering the
laser parameters. The characteristic parameter points at which these qualitative changes
of the state occur are mathematically referred to as bifurcations. Close to these critical
parameter points, dynamical systems can be described by generic normal forms and it is
therefore possible to easily compare systems across different disciplines. Most famous is
the occurrence of deterministic chaos mediated by different bifurcations among a variety of
systems [AHL02, AHL06, BLA04a, CLA09, HUE91a, COU87]. Furthermore, this enables
the prediction of the lasing state of a system by investigating the dependence of the critical
bifurcation points on the parameters of interest.
In order to provide an overview of the basic theoretical concepts applied in this work, this
chapter firstly introduces semiconductor lasers and the characteristics of different gain de-
signs in section 2.1. Secondly, the concept of mode-locking is shortly discussed with a special
focus on passive mode-locking, as the basis of the lasers discussed in this work (section 2.2).
Lastly, the fundamentals of bifurcation theory as well as the most important bifurcations
that are part of this work are outlined in a descriptive manner in section 2.3.
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2.1 Semiconductor Lasers

Characteristic for semiconductors is the structure of their electronic states. They are de-
fined as bands, which have a continuous shape, relating the allowed electronic energy and
momentum of a charge carrier in the ionic lattice [CHO99]. The highest energy band that
is completely filled at zero temperature is known as the valence band, while the next higher
band is referred to as the conduction band. In between bands an energy interval exists in
which no electronic states are allowed. It is known as the bandgap. Equal to the character-
istics of the bands, it results from the lattice structure and is therefore characteristic for the
semiconductor material. If the valence band maximum and the conduction band minimum
lie at the same electron momentum, the bandgap is defined to be direct [HAK86, CHO99].
A direct bandgap greatly enhances the probability of radiative transitions, which are defined
by the relaxation of an electron in the conduction band to an unoccupied valence band state
(hole) via the emission of a photon. In case of indirect bandgaps, the radiative transitions
further require electron-phonon interactions, which makes them less probable. Therefore,
a direct bandgap is a required property of a semiconductor laser gain material. The occu-
pation of the electronic states across the different bands is determined by a Fermi-function
[CHO99].
The physical bases of every semiconductor laser device are the fundamental types of quan-
tum mechanical light-matter interactions. Namely, these are the absorption, spontaneous
emission and stimulated emission of a photon. Their basic concept is visualised in the con-
text of the semiconductor band structure in Fig. 2.1. Sketched is the energy of valence and
conduction band and their dependence on the electron momentum with electron and hole
states along the bands indicated by red circles.
The absorption process is defined as the excitation of an electron from the valence to the con-
duction band mediated by a photon that has an energy larger than the bandgap hω > Egap.
This process is exploited when optically pumping semiconductor lasers. In these pumping
schemes, valence band electrons are excited by the usage of a second laser device that emits
photons with an energy far above the bandgap. The excited electrons then relax back to the
bandgap edge via electron and phonon scattering processes.
The reversion of (spontaneous) absorption is represented by the occurrence of spontaneous
emission. In this process a photon is emitted, if an electron from the conduction band re-
combines with a hole state in the valence band. The emitted photon exhibits a random
polarisation and direction.
As postulated by Einstein, stimulated emission is defined as the process in which a photon
triggers the radiative relaxation of an excited electron. As a part of the relaxation, a second
photon is emitted that has the same polarisation, energy and phase as the incoming photon.
The requirement to the incoming photon however is that its energy matches the bandgap
energy.
Lasing is defined as the continuous exploitation of stimulated emission to amplify light.
This requires maintaining a situation in which stimulated emission exceeds the absorption
processes and other losses. On that account, a population inversion in the semiconductor
material is necessary, i.e. the number of states occupied in the conduction band has to exceed
the number of occupied states in the valence band. This is connected to the fact that the
probability of the optical transitions (stimulated absorption and emission) are proportional
to the population of the initial and final state of the electron that is excited or recombines.
A population inversion can be achieved by means of electrically or optically pumping the
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(a) (b) (c)

Figure 2.1.: Fundamental types of light-matter interaction. The blue curves denote the valence
and conduction band of a semiconductor, the filled red (hollow) circles denote electrons (holes).
(a) Absorption of an incoming photon (yellow) that leads to the excitation of an electron from the
valence to the conduction band. (b) Spontaneous emission of a photon, mediated by the radiative
recombination of an electron-hole pair. (c) Stimulated emission of a photon; an incoming photon
triggers the radiative recombination of an electron-hole pair that leads to the emission of a photon
equalling the incoming photon in polarisation, energy and direction. Figure based on Fig. 1.2 in
[LIN15b].

semiconductor gain medium. The onset of light amplification by stimulated emission of ra-
diation (lasing) is defined as the point at which the generation of coherent photons exceeds
the optical losses. A very effective way to reduce the optical losses is to position the gain
medium inside a resonator. The simplest form of a resonator consists of two highly reflective
mirrors at the two ends of the semiconductor medium, known as a Fabry–Pérot cavity.
The first realisations of lasing from a semiconductor were reported in 1962 [HAL62, NAT62,
HOL62, HEC10]. The semiconductor gain medium in these laser setups was based on a p-n
homojunction. In these structures, the p-type section is doped with additional atoms from
a lower element group, resulting in an excessive number of holes, while the n-type section
is doped with atoms from a higher group so that excessive electrons are present. In the
area around the connection point, the excess charge carriers recombine and consequently no
free carriers remain. The system can be driven from equilibrium by applying an external
voltage, which leads to a continuous radiative recombination in the interface region [EIC10].
However, lasing with this type of gain structures was only possible at cryogenic temperatures
and in pulsed operation mode [CHO99, HEC10], leading to a very low efficiency not suitable
for any type of applications. One of the most important developments on the way towards
today’s highly efficient semiconductor laser devices at micrometer sizes, was the successful
introduction of semiconductor hetero-structure growth [ALF69, ALF96, CHO99]. Exploiting
the characteristics of different bandgap materials lead to a much higher carrier and optical
confinement and therefore greatly enhanced the efficiency [CHO99].
Another great progress was marked by the establishing of quantum well heterostructures
growth [DIN74, DIN76]. Quantum well heterostructures are defined as semiconductor lay-
ers, whose spatial extension is reduced to the order of roughly one De Broglie wavelength in
one dimension. The spatial localisation of the charge carriers in one dimension drastically
changes the dependence of the density of electronic states on the energy compared to the
typical square root dependence in a semiconductor 3D-bulk structure as presented in Fig. 2.2
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[CHO99]. The advantages of the quantum confinement are not only the increased efficiency,
due to the higher modal gain, but also a tailorability of the transition energies as well as the
time scales of the carrier dynamics [GOE83, HAD04, ALF96, OHT08, COL12]. The first
quantum well laser was realised in 1975 [ZIE75], but it took several more years to achieve
lasing with good performance figures [ALF96]. Nowadays, they are commercially available
and included into many applications, of which the most important one is probably optical
fibre communication [COL12]. Multi-layered quantum wells are also part of quantum cas-
cade lasers, which are based on intersubband transitions [GMA01, YAO12]. These offer the
possibility to conveniently achieve lasing from semiconductors in the mid-infrared regime.
As technology advanced, the further reduction of the spatial dimensions was made possi-
ble, paving the way for lasers based on quantum wires [YAC96, HAR05, LEL07, MAY13] or
quantum dot heterostructures [BIM97, BIM99, BIM08a]. As the quantum confinement in all
three spatial dimensions leads to a discrete density of states (see Fig. 2.2(c)), quantum dots
are also referred to as artificial atoms [CHO13a]. Due to their high efficiency, quantum dot
lasers are interesting candidates for nano-laser technology [CHO14b, DEK20]. However, in
the field of disk lasers quantum dot gain media still cannot compete with the well-established
quantum well lasers [GER08a, SCH09h, NEC19, GAA16, GUI17].
Semiconductor lasers are often modelled by means of rate equations describing the tempo-
ral evolution of the number of laser photons S(t) and the number of charge carriers carriers
N(t) (electrons and holes) [LIN15, ERN10b]. In its simplest form such a rate equation model
reads [LIN15, ERN10b]

dS(t)
dt

= 2g [N(t)−N0]S(t)− 1
Tph

S(t), (2.1)

dN(t)
dt

= J − 1
TC
N(t)− 2g [N(t)−N0]S(t), (2.2)

where N0 is the charge carrier number needed to achieve a population inversion (trans-
parency), Tph is the photon life-time mediated by outcoupling losses and TC represents the
excited charge carrier life-times [ERN10b]. The optical or electrical pumping of the active
section is accounted for by the term J . The influence of the nonlinear term, representing the
stimulated emission, is given by the linear gain coefficient g.
Although the system is defined only by a few parameters, it is sufficient to model a wide
range of dynamical phenomena, especially if it is extended to model the influence of opti-
cal feedback or an external optical injection induced by a second laser [LAN80b, YAN10,
ROT07, ERN95a, ALS96, HEN83, HEN80].
In this work, a delay differential equation approach is followed (see chapter 3) to adequately
describe the characteristics of a passively mode-locked vertical external-cavity surface-emitting
laser, arranged in a V-shaped cavity geometry. Its active sections are embodied by multilay-
ered semiconductor quantum wells.

2.2 Mode-locking of Lasers
Definition

Mode-locking is a technique to generate ultra-short laser pulses. It is mostly established
among solid-state and semiconductor laser devices [IPP94, HAU00, KEL06]. The Fourier
transform of the pulsed laser output as indicated in Fig. 2.3 [IPP94], helps understanding
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(a) (b) (c) (d)

Figure 2.2.: Sketched density of states for different semiconductor structures with differing spatial
localisation of the charge carriers. The spatial localisation occurs due to the reduction of the structure
in one or several dimensions to a spatial extension of the order of roughly one De Broglie wavelength,
as indicated by the sketches in the upper part of the subpanels. Figure based on Fig. 1.3 in [LIN15b].

the terming of the technique. One directly notices that opposed to CW emission, many
different longitudinal modes (blue lines Fig. 2.3(b)) are amplified in the emission process
[HAU00]. The fundamental mode-locking state is defined as a pulsed laser emission in which
the temporal distance between the pulses roughly equals the cold-cavity round-trip time T
as shown in Fig. 2.3(a). The splitting of the modes in the power spectrum of the pulses is ap-
proximately given by the inverse round-trip time ∆f = 1/T , characteristic of a Fabry–Pérot
resonator [IPP94]. Slight deviations from this splitting occur, due to nonlinear light-matter
interactions. The amplification of each mode is characterised by the laser’s gain spectrum.
It is mainly determined by the properties of the gain material and the configuration of the
active gain section. The latter includes the geometrical design and arrangement of local-
isation centres (e.g. quantum wells) as well as additional structures such as distributed
Bragg reflectors to increase the reflectivity. The often-used Lorentzian approximation of the
gain spectrum is indicated by the red line in Fig. 2.3(b) and its bandwidth is denoted as
γ [HAU00, VLA04]. In an ideal case without dispersion and further nonlinear effects, the
inverse spectral bandwidth would directly translate to the pulse width PW ≈ 1/γ.
For a better understanding of the mode-locking mechanism in the time domain, a single
longitudinal mode can be referred to as a plane wave with the relative phase φn, amplitude
An and frequency ωn. The temporal evolution of the mode can then be written as1

Ane
i(ωnt+φn). (2.3)

As indicated in the pulse spectrum before, the axial modes are approximately separated by
∆ω = 2π

T , where T is the round-trip time of the laser [HAU00]. Precisely, standing waves are
only supported in the laser resonator, if they fullfill the boundary condition nλ

2 = L, where
L is the cavity length and n is the refractive index. An example of the temporal evolution
of two longitudinal cavity modes with relative phase φn is shown in Fig. 2.4(a). Utilising
the approximation for the frequency spacing, one can rewrite the frequency of the modes in
terms of the mode spacing and the central optical frequency ω, which gives ωn = ω0 + 2πn

T .
1Please note that the interpretation of the longitudinal modes as independently oscillating plane waves in a
cavity is not always meaningful. However, it is a common way to support the explanation of mode-locking.
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(a) (b)

Figure 2.3.: Time-series of a pulsed laser output and corresponding power spectrum in the frequency
domain. (a) Time series of the electric field amplitude in the fundamental mode-locking state. Char-
acteristically, the pulses are separated by approximately the cold-cavity round-trip time T . The pulse
width is approximately given by the inverse bandwidth of the power spectrum, which is shown in (b).
The blue lines denote the different longitudinal (axial) cavity modes. The red curve depicts the gain
spectrum of the laser, approximated by an Lorentzian lineshape. The cavity modes are separated by
approximately the inverse round-trip time ∆f ≈ 1/T and the full width at half maximum (FWHM)
of the spectrum is given by γ. Figure based on [MEI21a].

The superposition of an arbitrary number of longitudinal modes can therefore be expressed
as

E(t) =
N∑
n

Ane
i( 2nπ

T
t+φn), (2.4)

where the optical component exp(iω0t) was factored out and E(t) is the slowly varying
complex electric field envelope. From the superposition, one can deduce that for a pulsed
output the modes are required to be coherent, i.e. maintain a fixed relationship of the relative
phases φn in time [IPP94, HAU00]. However, as indicated in Fig. 2.4(b)-(c), this is not the
only requirement. If the relative phases are randomly distributed, their superposition does
not yield the formation of pulses as presented in Fig. 2.4(c). In contrast, the ideal case of
perfectly synchronised modes, i.e. φn = 0, leads to a formation of a train of narrow pulses.
Yet, other adequate distributions of φn (e.g. quadratic) also lead to the formation of pulses,
which are understood to be chirped [FON83].

Techniques

In experiments, mode-locking can be achieved by introducing a modulation of the optical
losses [IPP94, HAU00]. This can be applied actively or passively.
As its name suggests, active mode-locking is based on the active modulation of the losses,
often realised by introducing an electro-optic modulator (EOM) inside the laser cavity. The
formation of the pulses occurs, if the EOM device modulates the central mode at the fre-
quency of the inverse round-trip time [HAU00]. In turn, the modulation leads to the forma-
tions of side-bands in the optical spectrum, which injection lock with adjacent modes. This
process continues to further neighbouring modes [NEW74, IPP94, HAU00].
In contrast, Passive mode-locking relies on a loss modulation induced by a passive com-
ponent, such as a saturable absorber. The first theories to explain passive mode-locking
were introduced by Haus and New [NEW74, HAU75a, HAU75b]. News’s work unravelled
a famous stability criterion, which still provides a widely used framework to understand

10



2.2 Mode-locking of Lasers

(a) (b) (c)

Figure 2.4.: (a) Two single oscillating plane waves with differing frequency and relative phase φn.
(c) Superposition of 500 modes with a constant frequency splitting ωn = nω0 and with φn = 0 across
all modes. (c) Same superposition as in (b), but with randomly distributed relative phases φn.

mode-locking instabilities [NEW74, MAR14c, OTT13, JAU17a]. He pointed out that the
duration of the pulse does not only depend on the fast recovery of the absorber but also on
its saturation relative to the gain. For a semiconductor mode-locked laser, this can be best
understood from investigating the time-series of the electric field as well as the gain and loss
as indicated in Fig. 2.5(a)-(b). Subtracting gain and losses leads to a quantity introduced as
the net-gain. If this quantity is above 0, the pulse experiences an amplification, otherwise
the light output is suppressed. As indicated in the time-series of the net gain in Fig. 2.5(c),
the pulses always coincide with an open net gain window (net-gain > 0). If one investigates
the dynamics in the vicinity of the pulse (Fig. 2.5(a)-(c)), the mechanism of the opening net-
gain window becomes evident. As the pulse saturates the absorber, the gain becomes greater
than the losses and the pulse can be amplified as long as this situation is maintained (the
net-gain window is open), indicated by the green shaded area in Fig. 2.5(d)-(e). However, as
the gain is fully depleted or the absorber recovers quickly, the open net-gain window closes
again, suppressing the further amplification of light. Hence, the introduction of a saturable
absorber leads to the formation of a regular pulse train that is robust against perturbations
due to the negative net-gain in between pulses.
Passively mode-locked lasers have been realised based on different gain materials as well as
cavity configurations. In the early-stages of mode-locking, dye gain media were a widely
spread choice in the realisation of external cavity lasers [NEW74, SHA74, HER78, FON83,
PEN92]. However, with regard to the very low timing jitter and extremely low pulse lengths
in the femtosecond regime, external cavity lasers based on solid-state materials became the
most successful devices and are commercially available for different applications today, with
Ti:Sapphire lasers being the most prominent gain material [SHE02, SCH03i, FOR03, KIM07].
Next to external cavity setups, passively mode-locked solid-state fibre lasers have been suc-
cessfully established for different wave-lengths and with narrow line-widths suitable for spe-
cific spectroscopy applications [ORS04, KUE17, ZOU20]. With the ongoing improvement
and better understanding of epitaxial growth, semiconductor materials have become an at-
tractive choice as gain media in external cavity devices as well as monolithic devices. The
latter have been shown to exhibit excellent performance figures at different cavity layouts
[ROS11f, WEB15, MEI19] and can be based on various localisation centres (heterostruc-
tures) in the active section, e.g. quantum dots [RAF07, MEE14, NOR19], quantum wells
[KAI07b, MUL05a, WEB18a] or quantum dashes [VUJ15, ZEB21]. Due to their excep-
tional scalability, which ultimately aims at on-chip integration, monolithic mode-locked
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Figure 2.5.: (a) Intensity time-series in the regime of the pulsed fundamental mode-locking state.
(b) Dynamics of the charge carriers in the gain (black) and the saturable absorber (red). (c) Net-gain
dynamics calculated from subtracting the gain and the total losses at every point in time. (d)-(e)
Show the same dynamics as in (a)-(c) but zoomed to the vicinity of a single pulse. Figure based on
[JAU17a].

lasers are ideal candidates for data transmission, e.g. in optical communication systems
[KAI07b, SCH10g, ZEB21, ROS11g], data centres [VUJ15] or for the realisation of on-chip
artificial neurons [MES16]. The invention of the semiconductor saturable absorber mir-
ror [KEL96], lead to a lot of progress in the research of mode-locked disk lasers based
on semiconductor chips [HOO00, KEL06, GAA16]. Similar to their solid-state counter-
parts, these devices can be used to generate ultra-short pulses and very broad frequency
combs [WAL16, WAL19, GAA16]. Specifically, passively mode-locked vertical-external cav-
ity surface-emitting lasers are the subject of this work and the setup is elaborated in detail in
section 3.2. Other mentionable applications that require broad frequency combs or ultra short
pulses are distance measurements [JAN18a], measurements of the optical frequency via anal-
ysis of beat signals [REI99b], frequency synthesizers [CUN01], super-continuum generation
[MAY15a, WAL16, WIL13b], eye surgery [JUH99, NAG09], meteorology [UDE02, DID10] or
dual comb spectroscopy [LIN17e].
It has to be mentioned that hybrid mode-locking techniques (combination of active and
passive techniques) also exist and have been successfully realised in various experiments
[THO03, FIO10, KUN07a, AHM08]. One primary advantage includes the reduction of
noise and its influence on the temporal fluctuations of the repetition rate (Timing Jitter)
[FIO10, HAB14, JAU17a]. Furthermore, for many applications it is desirable to synchronise
the pulse repetition rate with an external electrical signal that can be realised by a small
modulation of the absorber section [KUN07a]. However, hybrid mode-locking techniques are
seldomly applied in semiconductor disk lasers and therefore not discussed in this work.
As already visible from the dynamics in Fig. 2.5, the dynamical models for passively mode-
locked lasers have to include the dynamics of the saturable absorber. A helpful tool to
learn more about the influence of the additional time scales in the dynamical system and
the interplay between gain and absorber is given by a bifurcation analysis. In simple terms,
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this technique offers a mathematical approach to investigate critical parameter points of the
system at which the dynamics change their characteristics.

2.3 Bifurcations
In a generic framework, a dynamical system can be described by a system of ordinary dif-
ferential equations with respect to time2

d

dt
x(t) = f(x), (2.5)

here the vector x(t) = (x1(t), ..., xn(t)) contains the time-dependent variables of the system.
With regard to a laser, x(t) at least contains a variable related to the electric field and the
gain charge carrier dynamics, as priorly discussed. However, the system can be of higher
dimension, if the occupation numbers of different quantum dot subgroups are modelled
separately or the dynamics of the microscopic polarisation states are included for example
[LIN15b, MCL20, KIL17]. The functions f = (f1, ..., fn) are characterised by the investigated
problem and mediate the evolution of the system variables with respect to time. Typically,
this evolution is analysed by representing the variables in the vector space (x1, .., xn) at
each point in time during the time interval of interest. In a graphical representation, the
resulting line of (x1(t0), ..., xn(t0))→ (x1(tend), ..., xn(tend)) is referred to as a trajectory and
the vector space is referred to as the phase space. The course of a trajectory in phase space
depends on the initial conditions of the system x0 as well as the attractors and repellers
of the system. As their name suggests, attractors (repellers) can be simply understood as
characteristic points in phase space, which attract (repel) a trajectory. The simplest type of
these points are fixed-point solutions x∗(t), which are characterised by the condition

d

dt
x∗(t) = f(x∗(t)) = 0. (2.6)

Thus, if a system (trajectory) is in a fixed-point, the dynamics remain unchanged forever,
if no external perturbation is applied. How a system reacts to a perturbation, while being
in a fixed-point solution, determines if the solution is classified as stable or unstable, i.e. is
attracting or repelling. In a stable fixed-point, small perturbations are damped out and the
system remains in the fixed-point [STR01a]. In contrast, already the smallest possible pertur-
bation drives the system away from an unstable fixed-point. However, unstable fixed-points
are still of significance as their repelling character can have a large influence on the behaviour
of the system, especially if noise is present. A very prominent example are low frequency fluc-
tuations in laser systems subject to feedback, which can be understood as excursions of the
trajectories around unstable external cavity modes (fixed-points) [MOR88, HEI98c, VIK00].
Furthermore, unstable solutions can turn stable, if the parameters of the system are altered.
For example, in an optical feedback scheme the stabilisation of pulsed solutions when in-
creasing the optical feedback strength can be observed [TYK16, KEL17b, HAU21].
The parameter points at which the character of an attractor (or repeller) changes or addi-
tional solutions are born (or vanish) are mathematically referred to as bifurcation points.
They can be subdivided into the classes of global or local bifurcations. To investigate the

2The author highlights that the introduction given in this chapter is based on the books [STR01, KUZ98a].
The former is recommended for a general introduction to dynamical systems and the latter for a rigorous
mathematical description of dynamical systems and bifurcation theory.
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former, it is not sufficient to only examine the phase space in a close vicinity of a fixed-point
solution to unravel the change in dynamics. Rather, a global investigation of neighboring
bifurcation points is required as several local bifurcations can be part of a global bifurcation
scenario. These are, however, not part of this work and an introduction can be found in
Reference [KUZ98a]. As their name suggests, local bifurcations can be discovered by deter-
mining the reaction of the system to perturbations in a close vicinity of a fixed-point. The
commonly applied method to asses the local stability is based on a linearisation of the system
around the fixed-point. Following the linearisation, one can recover a dynamical equation
for the temporal evolution of the deviation δx(t) from the fixed-point x∗, i.e. its reaction to
a perturbation

d

dt
δx(t) = J|x∗ δx(t). (2.7)

The entries of the Jacobian matrix J|x∗, evaluated at the investigated fixed-point, read
Ji,j = dfi

dxj

∣∣∣
x∗
. The stability can finally be determined by calculating the eigenvalues λ of the

Jacobian. If all eigenvalues have a negative real part Re(λ) < 0, perturbations are damped
out and therefore the fixed-point is stable. However, if one eigenvalue has a positive real part
Re(λ) > 0, the solution δx(t) diverges, which means that the derivation from the fixed-point
growth in time. Therefore, the fixed-point3 is unstable.

Bifurcations of Fixed-Points

Performing a linear stability analysis at continuously varied parameter values can be applied
to unravel bifurcations. The bifurcation points can be identified as the parameter points at
which the sign of one or several eigenvalues change. In this work, three types of bifurcations
of fixed-points are encountered, for which the behaviour of the eigenvalues and their appear-
ance in 1D-bifurcation diagrams is presented in Fig. 2.6.
Firstly, a saddle-node bifurcation4 can be understood as the transition from an unstable to
a stable solution, which appears as a fold of the solution branch. The bifurcation point is
characterised by a single eigenvalue crossing the imaginary axis in Fig. 2.6(a1) and is marked
by the dashed line in Fig. 2.6(a2−3). The stable and unstable part of the branch is plotted
in a 1D-bifurcation diagram in Fig. 2.6(a2−3), where the x-axis denotes the bifurcation pa-
rameter and the y-axis the value of one system variable in the fixed-point (this could be e.g.
the intensity in laser systems). Thick lines denote a stable fixed-point and thin lines an un-
stable fixed-point. The supercritical form of the bifurcation is shown in Fig. 2.6(a2) and the
subcritical form is presented in Fig. 2.6(a3). The square root dependence of the fixed-point
is characteristic for the saddle-node bifurcation and can always be recovered close to such a

3For the delayed systems investigated in this work the technique works analogously. The dynamical system
can be defined as

d

dt
x(t) = f(x(t),x(t− τ)), (2.8)

and the delay then leads to another contribution in the linearisation

d

dt
δx(t) = J|x∗ δx(t) + B|x∗ δx(t− τ), (2.9)

where Ji,j = dfi
dxj

and Bi,j = dfi
dxj(t−τ) [JAU17a].

4Per se, the saddle-node bifurcation is strictly no bifurcation, as two fixed-points appear "from nothing" and
do not bifurcate from another solution. However, in the literature it is anyhow referred to as a bifurcation.
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Figure 2.6.: Characteristics of different bifurcations of fixed-points: (a) Saddle-Node bifurcation,
(b) Pitchfork bifurcation and (c) Andronov-Hopf bifurcation. (a1)-(c1) Behaviour of the critical
eigenvalue at the bifurcation point in the complex plane. (a2)-(c2) 1D-bifurcation diagram showing
the characteristic dependence of the fixed-point value on the bifurcation parameter close to the
bifurcation points (dashed vertical line) for supercritical bifurcations. Thick (thin) lines denote stable
(unstable) dynamics. (a3)-(c3) 1D-bifurcation diagram for the subcritical case of all bifurcations.

bifurcation point independent of the specifics of the system. Alternative to the understand-
ing of the stable and unstable solution belonging to a single branch, one can interpret the
bifurcation point as a collision of the stable and unstable fixed-point solutions, which causes
both solutions to vanish.
At a supercritical pitchfork bifurcation, one fixed-point becomes unstable and two addi-
tional stable fixed-points are born with a symmetrical evolution of their fixed-point values
(see Fig. 2.6(b2)). Hence, one eigenvalue of the central fixed-point crosses the imaginary
axis at the bifurcation point as depicted in Fig. 2.6(b1). A 1D-bifurcation diagram of the
subcritical case is shown in Fig. 2.6(b2).
An Andronov-Hopf bifurcation marks the birth of a periodic orbit (limit cycle solution).
This type of solutions is different from a fixed-point solution as they describe an "isolated
closed trajectory" [STR01a] instead of a single point in phase space. If a dynamical system
falls onto a limit cycle attractor, its temporal dynamics is given by a periodic oscillation
with period τp > 0 in phase space so that A∗(t) = A∗(t + τp) for all t [LUZ02]. Below the
bifurcation point, only a fixed-point solution exists (left of the dashed line in Fig. 2.6(c2)).
The limit cycle is born as a pair of complex conjugate eigenvalues (with non-zero imaginary
part) of the fixed-point solution crosses the y-axis in the complex plane (see Fig. 2.6(c1)) at
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the bifurcation point. The oscillation frequency is approximately determined by the imag-
inary part of these eigenvalues. To present a 1D-bifurcation diagram, only the maxima
and minima of the oscillation in one variable are plotted in Fig. 2.6(c2−3)) with the ellipses
indicating the oscillation. In consequence, the upper and lower branch correspond to the
same solution, in contrast to the pitchfork bifurcation giving birth to two additional solu-
tions. Andronov-Hopf bifurcations play a central role in the onset of pulsed mode-locking
oscillations [VLA04, VLA05, JAU17a, HAU19] or oscillations induced by laser feedback
[MOR92, HEL90b, RIT93a, PIE01].

Bifurcations of Limit Cycles

As discussed for fixed-point solutions, the stability of limit cycles and their appearance
can also change when the system parameters are altered. These parameter points are de-
fined as limit cycle bifurcations. To obtain the stability of limit cycles, a similar lineari-
sation technique as for fixed-points can be applied to find a differential variational equa-
tion (linearised system giving the behaviour of the perturbations)[LUZ02]. The frame-
work used to determine a set of eigenvalues of a characteristic integration operator ma-
trix (monodromy operator M), that describe the stability, is known as Floquet theory. A
detailed introduction and techniques of numerical calculation are presented in References
[LUZ02, ENG02, KLA08, JAU17a].
An intuitive understanding of the monodromy operatorM as the time integration operator
of the variational equation, can be deduced from a simple numerical calculation approach.
UsuallyM is a square matrix of size τp/δt, where δt is the temporal resolution used in the
numerical approximation and τp is the period of the limit cycle solution5. A column vector
of the operator can be calculated by selecting one point in the period of the limit cycle
and then solitary perturb each point along the meshed limit cycle. For each perturbation
a propagation of the perturbed solution along one period is then applied. Determining the
difference between the initial (unperturbed limit cycle) and final values of the selected point
for each perturbation then gives a column of the operator (vector of τ/∆t; see appendix B
of [MAR15d]). This has to be repeated for all points along the limit cycle, leading to a total
of τ/∆t column vectors for the monodromy matrix. The eigenvalues can then be calculated
by diagonalising the resulting matrix.
The eigenvalues of the monodromy operator are known as Floquet multipliers µ and the
corresponding eigenvectors represent the Floquet modes. If the system is perturbed in one
of the eigendirections (Floquet modes) and the absolute value of the corresponding Floquet
multiplier is below unity (|µ| < 1), the perturbation is damped out and the system is stable
in the corresponding direction. Thus, if all |µ| < 1, the limit cycle solution is stable. How-
ever, always one trivial Floquet multiplier at |µ| = 1 exists for autonomous systems, which
represents a neutral mode, i.e. an invariance against a perturbation in the corresponding
eigendirection. In this case, it belongs to the translation of the time origin [LUZ02, ENG02]
or in other words a longitudinal perturbation along the limit cycle.
Three different types of limit cycle bifurcations are encountered in this work, namely saddle-
node bifurcations, period-doubling bifurcations and torus bifurcations. Characteristic for a

5It has to be mentioned that in delayed systems, the boundary integration domain of the monodromy
operator is either defined by the maximum delay time or by the period of the solution, depending on which
one is shorter. Due to the infinite dimension of the phase space, the operator has infinite dimensions but
can be approximated very well with a fine temporal resolution [MAR15d].
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Figure 2.7.: Characteristics of different limit cycle bifurcations: (a) Saddle-Node, (b) Period Dou-
bling and (c) Torus bifurcation. (a1)-(c1) Behaviour of the critical Floquet multiplier µ at the bifur-
cation point in the imaginary plane. The circle denotes the unit circle. If all multipliers are inside the
circle, the dynamics is stable. (a2)-(c2) 1D-bifurcation diagram showing the characteristic dependence
of the maxima of the limit cycle oscillations on the bifurcation parameter close to the bifurcation
points (dashed vertical line). Thick (thin) lines denote stable (unstable) dynamics. FP denotes a
fixed-point, LC a limit cycle, PD-LC a period doubled limit cycle and QP quasi-periodic dynamics.
(a3)-(c3) Phase space portrait at/before the bifurcation point, showing a stable limit cycle.(a4)-(c4)
Phase space portrait beyond the bifurcation point, showing: (a4) a stable and unstable limit cycle;
(b4) A period double solution; (c4) Quasi periodic oscillating torus.
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saddle-node bifurcation of limit cycles6, a single Floquet multiplier leaves the unit circle as
depicted in Fig. 2.7(a1). The 1D-bifurcation diagram in Fig. 2.7(b1) looks identical to the
fixed-point situation, with the difference being that the y-axis corresponds to the maximum
amplitudes of the oscillation in one variable and not the fixed-point value. Again, thick lines
denote stable dynamics. In phase space, the bifurcation can be understood as a birth of two
limit cycles, which is presented in Fig. 2.7(a3−4).
As its name suggests, the period doubling bifurcation leads to the emergence of a limit cycle
solution oscillating at a doubled period compared to the initial limit cycle. It is characterised
by a single Floquet multiplier of a limit cycle solution leaving the unit circle as illustrated
in Fig. 2.7(b1). A plot of the dynamics in phase space is presented in Fig. 2.7(b3−4). Before
the bifurcation point, a single limit cycle exists, which then turns unstable. Beyond the
bifurcation point, the attractor appears as a once flipped version of the initial limit cycle,
which is why the bifurcation is also referred to as flip bifurcation. For its occurrence the
system has to be at least three dimensional.
Lastly, the torus bifurcation has to be mentioned as it leads to most of the quasi-periodic dy-
namics discussed in this work. It is also referred to as secondary Andronov-Hopf bifurcation,
as an additional oscillation frequency is born. Similar to the Andronov-Hopf bifurcation
of fixed-point solutions, a pair of complex conjugate eigenvalues leaves the unit circle (see
Fig. 2.7(c1)). Due to the second oscillation frequency, which can lead to quasi-periodic dy-
namics, many more oscillation maxima can be found as demonstrated in the bifurcation
diagram in Fig. 2.7(c2), where the bifurcation point is indicated by the dashed black line.
In phase space, the dynamics transition from a regular periodic orbit to an oscillation that
has the appearance of a torus. The transition is sketched in Fig. 2.7(c2). The two oscillation
frequencies are displayed as black arrows. The ratio of the two frequencies determines, if the
torus trajectory reconnects to itself. If ω1

ω2
∈ Q the trajectory closes, which leads to another

periodic solution, else it is quasi-periodic. Prominent examples of torus bifurcations are the
onset of the Q-switching instability [VLA04, JAU17a, HAU20a].

6It has to be highlighted again that the saddle-node bifurcation of limit cycles strictly is no local bifurcation.
On the one hand, it is a global bifurcation as it corresponds to the global transition of corresponding
manifolds [STR94a]. On the other hand it can be characterised via a Floquet analysis (local theory).
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3 Delay Differential Equation System

3.1 Introduction

Two of the most influential schemes to model lasers based on delay differential equations
(DDE) are the Ikeda equation [IKE79, ERN17] and the Rozanov-Lang-Kobayashi equations
[ROS75a, LAN80b], which both aim at describing the dynamics of lasers subject to optical
feedback. In these DDE systems, the delay naturally occurs due to the out-coupled field
being fed back into the laser cavity after the delay time τ . The delay time corresponds to
the time of flight of the light to a feedback mirror and back towards the laser device.
The work on this type of model system greatly enhanced the understanding of many differ-
ent effects such as the laser operation in a regime of deterministic chaos [CHO84, ALB11,
ALN09, OHT99], phase locking effects generating periodic or quasi-periodic intensity dynam-
ics [MOR92, HEL90b, RIT93a, PIE01, ERZ06], high frequency intensity oscillations in the
regime of short feedback times [TAG94], oscillations of the laser frequency [FIS04, ERZ06],
or stochastic low frequency oscillations [HOH95, HEI98c].
The investigation of these laser related problems as well as the research on related top-
ics, e.g. feedback control [PYR92, AHL04, ATA03, BAB02, BON12] or oscillator networks
[NIE91, CRO97a, GOL99], lead to a deep understanding of the dynamics in DDE sys-
tems. This made the development of a DDE system to analyse a passively mode-locked
semiconductor laser additionally appealing. It was introduced by A.G. Vladimirov and
D.V. Turaev in 2004 [VLA04, VLA04a]. However, the most important reasons for its
development were the limitations of existing theoretical models with regard to an inves-
tigation of different dynamical regimes. The master partial differential equation systems
developed by H. Haus [HAU75a, HAU75b, HAU00], were successfully applied to explain
a variety of effects and specially pulse shaping as. e.g., given in References [HAU93a,
IPP94, HAU95, NAM97, WUN00, AVR00, JIA01]. Nevertheless, these relied on the as-
sumptions of small gain and losses, which do not always hold in passively mode-locked
semiconductor lasers. Alternatives are represented by extended travelling-wave models
[BIS95a, SCH96n, BIS97a, MUL06] or fully microscopic models based on the many body
semiconductor Bloch equations [HAD99, KIL17, MCL20]. The former were firstly estab-
lished for the analysis of monolithic semiconductor lasers [SCH88j, AGR89, AGR91, TRO94]
and describe the evolution of the slowly varying electric field envelopes along the cavity. Yet,
both approaches have the downside of very high computational demands, especially for the
large external cavity lasers of interest in this work.
The derivation of the DDE model starts from the travelling-wave equations, which are cou-
pled to rate equations representing the charge carrier dynamics in a semiconductor laser with
quantum-well gain and absorber medium [MAR83]. The carrier dynamics are modelled in
terms of integrated carrier densities in gain and absorber, neglecting diffusion and approx-
imating the distribution along the transverse dimension to be constant [AGR89, VLA04].
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The most important assumption for the development of the DDE system is that the field is
considered to propagate unidirectionally in a ring cavity consisting of a gain, absorber and
passive section as well as a spectral filter. Incorporating the wavelength dependence of the
gain via a Lorentzian spectral filter at the output, together with the unidirectional propaga-
tion, leads to the final DDE for the electric field. Despite the unidirectional propagation, this
DDE system was successfully applied to theoretically recover experimental findings related
to feedback effects [OTT12a, OTT14b, JAU16, JAU17], large external cavity mode-locked
lasers [MAR14c, CAM16] or extension to further gain media [VIK06, VLA10, VIK14]. In
the limit of small gain and absorption, the DDE model can be recast into a Haus master
equation partial differential equation [KOL06, SCH18e, SCH18f, HAU20a].
Nevertheless, the assumption of unidirectional propagation leads to problems when modelling
external cavity lasers with a V-shaped external cavity geometry, as the gain is passed twice
per round-trip by each pulse. Hence, it is important to include the backwards propagating
field as proposed in Reference [VLA09]. Based on this approach, a DDE system is derived
in this chapter, to unravel the dynamics of a passively mode-locked vertical external cavity
surface-emitting laser with a V-shaped cavity geometry. First, the experimental realisation
of such devices is described in more detail in section 3.2. Then a detailed derivation of the
DDE model starting from Maxwell’s equations in matter is elaborated in section 3.3 and fi-
nally a discussion of the model with regard to other modelling techniques and the parameter
values used is outlined (section 3.4).

3.2 V-shaped VECSEL Setup
The type of laser investigated in this work is a passively mode-locked vertical external cavity
surface-emitting laser for which the components are arranged in a way so that the cavity
geometry is formed as a V. A sketch of the V-shaped cavity geometry, as experimentally
realised in References [HOO00, WIL13b, KLO11a, WAL16, GRO20, MEY20], is shown in
Fig. 3.1. There are three central components to this type of laser device: A semiconductor
gain-chip, a semiconductor saturable-absorber mirror and an outcoupling facet.
The semiconductor gain-chip consists of a back-side distributed Bragg reflector (DBR) and
an active section composed of several quantum-well layers (QWs). The topside of the chip is
characterised by a confining overgrowth layer as well as an additional antireflection coating
and a protective fused silica layer [WAL16]. Due to their advantages such as a low lattice
mismatch, sufficient thermal conductivity and the well-established epitaxial growth tech-
niques [KEL06, GAA16] leading to high quality DBR mirrors, III-V semiconductors are a
very popular choice of the gain material in state of the art devices [KEL06, GAA16, LAU18].
The composition of the semiconductors in the active section can be adjusted for different
needs (e.g. emission wavelength), but the usage of InGaAs quantum well layers (≈ 5 − 20
layers [TIL15]) was among the most successful applications with regard to pulse duration
and pulse intensity [WAL16, GAA16]. To achieve the population inversion, the gain can
be optically pumped by an additional commercial laser diode with an operating wavelength
usually far above the bandgap of the semiconductor bulk material [WAL16, GAA16, GUI17].
Alternatively, electrical pumping can be applied, if the active region is enclosed into addi-
tional contacts and is grown in a p-i-n configuration with an optional current spreading layer
[JIA93a, MUL05a, CHI20].
The second important component of the VECSEL is a semiconductor saturable absorber
mirror (SESAM). Its composition is similar to the gain-chip, with the major difference being
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Gain

Absorber

Output coupler

Electric field

Figure 3.1: Setup of a passively mode-locked
vertical external cavity surface-emitting laser
with a V-shaped cavity geometry, as experi-
mentally realised in [WAL16]. The three cen-
tral components are an output coupler (light
blue) with high reflectivity and two semicon-
ductor chips with back-side DBR, representing
the gain and absorber. The active region of the
gain is shown in black, whereas the absorber is
indicated in red. The times of flight needed for
the electric field (green) to pass the length of
the cavity arms are given by τ1, τ2.

firstly that a lower number of quantum-wells is used (e.g. only one in the realisations in Ref-
erence [WIL13b, WAL16]) so that the saturation energy is lower than in the gain. Secondly,
the semiconductor chip is grown at a lower temperature, with additional barriers enclosing
the quantum-well region (e.g. AlAs [WAL16, FIN20]) to ensure a fast carrier recovery to the
ground state, which is necessary for narrow pulse mode-locking [TIL15]. Other possibilities
to achieve a faster recovery are selective doping and inherent material defects [TIL15]. Po-
tentially, the carrier relaxation can be actively controlled by applying a reverse bias, if the
chip is designed in a way that contacts can be attached [LAG05, LIU10b].
The usage of active components different to quantum wells can be beneficial with regard to
the performance figures (e.g. pulse amplitude, pulse width, wavelength tunability). Con-
sequently, the gain and absorber active sections of mode-locked semiconductor VECSELs
were realised using quantum dots [HOF08a, HOF11a, NEC19, FIN20], submonolayer quan-
tum dots [ALF18] or semiconductor membranes [KAH16, BEK17a] as the active sections.
Furthermore, it is to say that the topside of the gain and absorber-chip can be overgrown
with a distributed Bragg reflector, which is useful for the generation of localised structures
as presented in the experimental demonstrations outlined in References [MAR14c, CAM16].
The concept of localised states is discussed further in section 4.3.1, whereas the effects re-
sulting from the additional micro-cavity are outlined in section 5.4.1.
The third essential element for the VECSEL is an outcoupling facet with a suitable reflectiv-
ity/transmissivity. In most experimental realisations, only about 1% of the light is coupled
out per round-trip, enabling a high amplification and appropriate saturation of the absorber
[KEL06, WIL13b, WAL16, KLO11a, GRO20].
Applications of passively mode-locked VECSEL devices include frequency comb generation
for spectroscopy or super-continuum generation [KLE14, WAL16, COD16, LIN17e, WAL19],
optical frequency metrology [UDE02] or two photon microscopy [AVI11a, VOI17]. Compared
to solid-state lasers, semiconductors are appealing due to their comparatively cheap produc-
tion costs as well as the potential to access priorly not available wavelength ranges, which
are especially appealing for spectroscopy applications [LIN17e]. Further fields of applica-
tions requiring ultra short laser pulses are the field of eye surgery [JUH99, NAG09] or laser
material processing [KER16].

3.3 Delay Differential Equation Model - Derivation
The derivation of the delay differential equation (DDE) model for a passively mode-locked
laser with a V-shaped cavity geometry based on quantum-well active sections follows the

21



3 Delay Differential Equation System

ideas outlined in Reference [VLA09] and is similar to the derivation of the unidirectional
DDE model of mode-locking, which was first published in References [VLA04, VLA04a] and
is further presented in detail in References [OTT14, JAU17a].
Since the electric field is described classically in the description of laser devices due to the high
light intensity, one can start the derivation from Maxwell’s equations in matter. Assuming
no free charge densities and no free current, these can easily be transformed to the following
wave equation, describing the evolution of the electric field E(r, t) in the semiconductor
medium

∇2E(r, t)− n2

c2
0

∂2

∂t2
E(r, t) = µ0

∂2

∂t2
P (r, t), (3.1)

where P is the macroscopic polarisation, c0 is the speed of light, n refers to the (piece-wise
constant) refractive index and µ0 is the permeability of free space. This wave-equation can
be simplified by utilising different approximations that hold well for the investigation of
a semiconductor laser device. In the following, the coordinate system is defined in a way
that the z-axis corresponds to the optical axis of the laser and the transverse components are
neglected, due to the flat transverse emission profile of mode-locked VECSELs [WAL16]. Fur-
thermore, the electric field is assumed to consist of forward- (+) and backward-propagating
(-) plane waves related to the optical frequency/wavelength and of the slowly varying enve-
lope functions ψ+

E (r, t) and ψ−E (r, t). This slowly varying envelope approximation holds well
for a laser, due to the narrow line-width. Hence, the decomposed expression for the electric
field reads

E(r, t) = 1
2e
[
ψ+
E (r, t)eikz + ψ−E (r, t)e−ikz

]
e−iωt + c.c. (3.2)

Here, the linear dispersion relation k ≡ ω
v relates the optical frequency of the laser ω, the

group velocity v and the wavenumber k. Furthermore, e is the unit vector in the direction
of the field polarisation.
The same decomposition is applied for the polarisation with envelope functions ψ±P (r, t).
Inserting these expression into eq. (3.1) and utilising that the envelopes vary much slower
than the other oscillations (in time and space) [HAK85, TAR98a] leads to[

± ∂z + 1
v
∂t

]
ψ±E (r, t) = iωµ0v

2 ψ±P (r, t). (3.3)

This equation can be simplified to only depend on the longitudinal direction z and time,
which necessitates a further decomposition of the envelope functions. First eq. (3.3) is
multiplied by ψ±∗E (r, t) and then the complex conjugate of the equation is added. As a next
step, one integrates over the transverse dimension. The envelope function of the electric
field can be decomposed into the instantaneous electric field strength E±s (z, t) and the mode
profile m±E (r, t) according to

ψ±E (r, t) = m±E (r, t)E±s (z, t). (3.4)

A similar Ansatz is applied for the polarisation and both decompositions are inserted into
the transversely integrated equations. One can simplify the integrals over the transverse
dimension by assuming that the mode profiles of electric field and polarisation vary much
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Figure 3.2: Sketch of the relationship between
maximum optical gain and carrier density in a
quantum-well material. Exemplary operation
points with corresponding linear fit of the gain
curve (dashed lines) are indicated in black and
red for the gain and absorber respectively. Fig-
ure adapted from [JAU17a].

slower than the electric field strength in z. The integrals over the mode-profiles are then sum-
marised by the confinement factor Γ(z) [COL12a, LIN15b]1 and one is left with a travelling-
wave equation for the intensity |E(z, t)|2. Transforming this equation from the intensity
to a complex field equation2 then leads to the following travelling-wave equation relating
the instantaneous electric field strength E(z, t) and the instantaneous polarisation strength
P(z, t) [

± ∂z + 1
v
∂t

]
E±(z, t) = iωµ0vΓ(z)

2 P±(z, t). (3.5)

To arrive at a model suitable to model semiconductor laser dynamics, the light matter inter-
action has to be described correctly, which is embodied in the right hand side of eq. (3.1) by
the derivative of the polarisation. In order to explore this interaction for different types of
quantum-well gain structures, calculations based on modelling the band-structures on differ-
ent levels of complexity have been conducted in the past[ASA84, YAM85, ARA86, AHN90].
This included reproducing the relationship between the optical gain and charge-carrier den-
sity, which is heavily influenced by the band-structure. For a fully microscopic description,
the energy states can be described to behave like a superposition of many coupled two-level
systems [HES96a, CHO99, KIL16, MCL20]. Anyhow, this leads to very high computational
demands and makes it almost impossible to determine time-series of the dynamics longer
than several 100 ns [MCL20].
This made analytic approaches for the gain and susceptibility, incorporating microscopic
calculation results, feasible [BOW95, BAL95a, MAK96a, BAL98a]. Additionally, these were
applied for the description of mode-locked devices [MUL05a, MUL06].
One of the simplest approximations of the relationship of gain and charge-carrier density
is a logarithmic dependence [WIL88a, MAK96a, COL12a]. It matches very well with more
complex theories [ASA84, YAM85, ARA86, AHN90] and is indicated by the blue line in
Fig. 3.2. However, a more commonly used approximation is the one of a linear relationship
between these two quantities [AGR89, BAN01, BIS95a, VLA04, VLA09], shown by the lin-
ear fits (dashed lines) to the logarithmic dependence in Fig. 3.2. For bulk-semiconductors,
this phenomenological estimate can be rigorously derived from microscopic approaches un-
der certain conditions [CHO99]. Nevertheless, this approximation is mostly valid for Class-B
semiconductor lasers in which the polarisation changes on a much faster time scale than the
charge carrier relaxation. Therefore the polarisation can be adiabatically eliminated, leading
to the linear gain approximation. Combining the approximations for the electric field and
the linear fit of the gain with respect to the carrier density, leads to the so-called travelling-
wave equations [FLE68, AGR91, TRO94, BAN01, OTT14] These describe the evolution of

1This part of the derivation was done by Stefan Meinecke and is published in Reference [MEI21a].
2Here the intensity equation results first, due to the initial multiplication with ψ±∗E (r, t).
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the complex electric field envelope in the semiconductor active sections. The charge-carrier
density in the different sections is modelled in terms of rate equations [SCH88j, TAR98a],
also considering a faster relaxation of the polarisation compared to charge carrier excitation
and neglecting lateral diffusion [SCH88j, TAR98a]. Furthermore, the carrier gratings result-
ing from the interference of forward and backward propagating field are assumed to have a
negligible influence due to the short active section in the semiconductor chips. The equation
system expressing dynamics of the electric field strength E±s of the forward and backward
propagating field and the carrier densities ns(z, t) reads

[
± ∂z + 1

v
∂t

]
E±s (z, t) =

{
− βs

2 + 1− iαs
2 gsΓs

[
ns(z, t)− ntrs

]}
E±s (z, t), (3.6)

∂tns(z, t) =js(z, t)− γsns(z, t)

− vgsΓs
[
ns(z, t)− ntrs

]
×
[
|E+
s (z, t)|2 + |E−s (z, t)|2

]
. (3.7)

Here, ntrs is the effective carrier density at transparency resulting from the linear fit of
the gain curve (see Fig. 3.2), Γs denotes the transverse optical confinement factor, js(z, t)
refers to the pump parameter, βs corresponds to the linear losses, γs describes the carrier
relaxation rate via non-radiative scattering processes and v represents the group velocity,
which is estimated to be constant along all sections. It is assumed that the parameters are
piece-wise constant in each section of the laser. The different type of sections are two passive
sections p, a gain section g and an absorber section q. They are indicated by the index
s ∈ {p, g, q}. As mentioned above, the interplay between charge carriers in the quantum-well
and the electric field is modelled by the linear term

1− iαs
2 gsΓs

[
n(z, t)− ntr(z)

]
, (3.8)

where gs is the differential gain, resulting from the linear fit of the gain curve with respect to
the carrier density as indicated in Fig. 3.2. The two linear fits represent two typical operation
points in terms of charge-carrier density for the absorber and the gain. On the one hand,
the absorber is reversed biased or designed in a way that the carriers relax very fast, hence
exhibits a negative gain i.e. absorption. On the other hand, the gain is pumped electrically
or optically which leads to a high charge-carrier density and positive gain.
An additional imaginary contribution to the field-carrier interaction is included via iαs. This
factor was firstly applied by C. H. Henry [HEN82] to correctly reproduce the linewidth en-
hancement induced by semiconductor gain media, which he quantified to be close to 1 +α2.
It is a phenomenological description of the relationship of charge carriers and the refrac-
tive index. The linewidth enhancement is defined as α = ∂Nχr

∂Nχi
, with the index denoting

the real r and imaginary part i of the electric susceptibility, and the carrier density N
[HEN82, HAR83, HAD99]. As can be deduced from its imaginary contribution, the factor
models an additional change in the phase of the electric field resulting from the carrier in-
duced alteration of the refractive index during the gain depletion, i.e. the carrier dependent
response of the medium.
In order to solve the first-order partial differential equation (3.6), a coordinate transforma-
tion (z, t) 7→ (ζ, t∗) to the co-moving frame is applied, i.e. an appropriate characteristic
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curve to transform the equation into an ordinary differential equation is found. The applied
coordinate transformation reads

z(ζ) = ζ, (3.9)

t(ζ) = t∗ ± z

v
= t∗ ± ζ

v
. (3.10)

with the derivatives transforming according to
∂

∂t
= ∂ζ

∂t

∂

∂ζ
+ ∂t∗

∂t

∂

∂t∗
= ∂

∂t∗
, (3.11)

∂

∂z
= ∂ζ

∂z

∂

∂ζ
+ ∂t∗

∂z

∂

∂t∗
= ∂

∂ζ
∓ 1
v

∂

∂t∗
. (3.12)

This leads to the ODEs
d

dζ
E±s (z(ζ), t(ζ)) = ±

[
− βs

2 + 1− iαs
2 Ns(z(ζ), t(ζ))

]
E±s (z(ζ), t(ζ)), (3.13)

where the charge-carrier density ns(z(ζ), t(ζ)) in the quantum-well active medium is rescaled
according to Ns(z(ζ), t∗(ζ)) = gsΓs[ns(z(ζ), t∗(ζ)) − ntrs ]. It is now possible to integrate eq.
(3.13) for the forward (backward) propagating field from zs to zs+1 (zs+1 to zs) along the
characteristic. Applying a separation of variables to solve the integrals leads to

E+
s

(
zs+1, t

∗ + zs+1
v

)
= E+

s

(
zs, t

∗ + zs
v

)
× exp

(
−βs2 ∆zs + 1− iαs

2

∫ zs+1

zs
dζNs

(
ζ, t∗ + ζ

v

))
, (3.14)

E−s
(
zs, t

∗ − zs
v

)
= E−s

(
zs+1, t

∗ − zs+1
v

)
× exp

(
−βs2 ∆zs + 1− iαs

2

∫ zs+1

zs
dζNs

(
ζ, t∗ − ζ

v

))
. (3.15)

The time is then shifted according to t′ = t∗+ zs+1
v in eq. (3.14) and according to t′ = t∗− zs

v
in eq. (3.15). In order to find an equalling expression for integrals over the carrier densities
in the two equations, it is assumed that the time of flight ∆t = ∆z

v between the two ends
of the sections is short and therefore both integrals are expressed by means of the carrier
intensity after half the section is passed3. This leads to the following equations modelling
the alteration of the electric field induced by the propagation through the active medium

E+
s (zs+1, t

′) = E+
s (zs, t′ −∆ts)e−

βs∆zs
2 + 1−iαs

2 Ns(t′), (3.16)

E−s (zs, t′) = E−s (zs+1, t
′ −∆ts)e−

βs∆zs
2 + 1−iαs

2 Ns(t′), (3.17)

with the integrated carrier densities Ns defined according to

Ns(t′) =
∫ zs+1

zs
dζN

(
ζ, t′ − ∆ts

2

)
. (3.18)

3For the forward and backward propagating field the integrals are transformed according to∫ zs++1

zs

dζN
(
ζ, t∗ + ζ

v

)
=
∫ zs+1

zs

dζN
(
ζ, t′ + ζ − zs+1

v

)
≈
∫ zs+1

zs

dζN

(
ζ, t′ − ∆ts

2

)
,∫ zs+1

zs

dζN
(
ζ, t∗ − ζ

v

)
=
∫ zs+1

zs

dζN
(
ζ, t′ + zs − ζ

v

)
≈
∫ zs+1

zs

dζN

(
ζ, t′ − ∆ts

2

)
.
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3 Delay Differential Equation System

Figure 3.3: Sketch of the linearised cavity
used for finding the boundary conditions (3.19)-
(3.27). The output coupler is positioned at
z = z0 and the gain (g) and absorber (q) stretch
out from zg,q to zg+1,q+1 over a spatial width
of ∆zg,q.

Gain AbsorberOutput coupler

From this point, eq. (3.16)-(3.17) can be applied to formulate the boundary conditions
induced by the setup of the V-shaped external laser cavity. On that account, the reflection at
the gain-chip is approximated by a transmission through a section of width ∆zg. A sketch of
the linearised cavity is indicated in Fig. 3.3. Four sections that are passed during one cavity
round-trip can be identified. Starting from the outcoupling facet (z0), a passive section of
optical length ∆zp1 = τ1 · v is passed first, which has no effect on the electric field as it is
characterised by free space. As indicated in Fig. 3.3, the light subsequently passes the gain
(black area from ∆zg to ∆zg+1) and then a second passive section (∆zp2 = τ2 · v) with the
absorber positioned at the end of it (red area from ∆zq to ∆zq+1). The light is reflected
at the back-side DBR of the absorber (marked as ∆zq+1 in Fig. 3.3) and then passes back
through the cavity to the outcoupling facet. Coalescing these cavity boundary conditions
with eq. (3.16)-(3.17) the following set of equations can be found

E+
g (t′, zg) = E+(t′ − τ1, z0), (3.19)

E+
g (t′, zg+1) = E+

g (t′ −∆zg/v, zg)e−
βg∆zg

2 + 1−iαg
2 G̃(t′), (3.20)

E+
q (t′, zq) = E+

g (t′ − τ2, zg+1), (3.21)

E+
q (t′, zq+1) = E+

q (t′ −∆zq/v, zq)e−
βq∆zq

2 + 1−iαq
2 Q̃(t′), (3.22)

E+
q (t′, zq+1) = E−q (t′, zq+1), (3.23)

E−q (t′, zq) = E−q (t′ −∆zq/v, zq+1)e−
βq∆zq

2 + 1−iαq
2 Q̃(t′) (3.24)

E−g (t′, zg+1) = E−g (t′ − τ2, zq), (3.25)

E−g (t′, zg) = E−g (t′ −∆zg/v, zg+1)e−
βg∆zg

2 + 1−iαg
2 G̃(t′), (3.26)

E−p (t′, z0) = E−g (t′ − τ1, zg), (3.27)

where Ng(t′) = G̃(t′) and Nq(t′) = Q̃(t′) define the carrier densities in the gain and absorber
respectively. It has to be highlighted, that the reflection losses at the gain and absorber chip
are neglected due to the high quality DBRs on the bottom and the antireflection coatings at
the top [WAL16]. The time of flight through the gain and the absorber active sections ∆zg,q

v
is much smaller than other time scales of the system. The fastest time scale is represented
by the gain bandwidth γ and hence ∆zg,q

v � γ−1 justifies the approximations zg,q ≈ zg+1,q+1

and t− ∆zg,q
v ≈ t. Additionally, the linear loss terms are neglected as βg,q∆zg,q � 1. It has

to be pointed out that, if a pulse travels the spatial distance of one cavity length L inside
the laser cavity, it arrives at its initial position, which gives the following spatial boundary
condition

E±s (t′, z) = E±s (t′, z + L), (3.28)
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3.3 Delay Differential Equation Model - Derivation

with the relationship of the cavity length L and the cold-cavity round-trip time T given
by L = T

v = 2τ1 + 2τ2. Here, τ1,2 are defined as indicated in Fig. 3.3 and Fig. 3.1. The
longitudinal lasing modes can be deduced from the round-trip time via the standing wave
condition ωL = 2πn

T , with the integer n. Nonetheless, due to the nonlinear influence of the
field-carrier interaction, the mode-locking frequency slightly differs from this value, which is
further discussed in section 4.2.
To find a single expression for the alteration of the electric field during one round-trip, the
boundary conditions (3.19)-(3.27) can be iteratively inserted into each other to express the
field E−p (z0, t

′) at the outcoupling facet (z0) by the forward propagating field one round-trip
in the past E+

p (z0, t
′ − 2τ1 − 2τ2) = E+

p (z0, t
′ − T ). The iterative combination of the BCs

leads to the following expression

E−p (z0, t
′) = E+

p (z0, t
′ − 2τ1 − 2τ2)

× e
1−αg

2 [G̃(t′−τ1)+G̃(t′−2τ2−τ1)]

× e(1+iαq)Q̃(t′−τ1−τ2). (3.29)

This algebraic equation gives the amplification of a pulse during one round-trip. Yet, each
mode is amplified equally as the expression is frequency independent. A further important
aspect that has to be included into the model is the finite bandwidth of the gain or the DBR
depending on the gain-chip design. It is included by a lumped element approach, embodied
by a Lorentzian spectral filter at the outcoupling facet, which in the frequency domain can
be expressed as [VLA04, VLA05]:

f(ω) = γ

γ + iω
, (3.30)

with the filter bandwidth γ and the angular frequency ω. Due to the required continuity,
this leads to the following boundary condition for the electric field in the spectral domain:

E+
p (z0, ω) =E−p (z0, ω)f(ω)

√
κ, (3.31)

where κ represents the non-resonant losses accumulated over one round-trip, which are pre-
dominately determined via the outcoupling losses at the facet. The boundary condition
can be transferred to the time-domain required for numeric simulation purposes by utilising
the inverse Fourier transform, while making use of the convolution theorem4. The resulting
equation reads5

E+
p (z0, t

′) =
√
κ

∫ t′

−∞
dτf(t′ − τ)E−p (z0, τ) =

√
κ

∫ t′

−∞
dτγe−γ(t′−τ)E−p (z0, τ). (3.32)

4The convolution theorem for the inverse Fourier transform F−1 reads

F−1
{
Ep(ω) · f(ω)

}
= F−1

{
Ep(ω)

}
∗ F−1

{
f(ω)

}
.

Where · denotes the multiplication and ∗ denotes the convolution of the two functions.
5The inverse Fourier transformation of the Lorentzian filter is defined as follows

F−1
{
f(ω)

}
(t) = f(t) = γe−γt.

with t′ > 0 due to causality.
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3 Delay Differential Equation System

The upper limit of the integral is given by t due to causality, which implies that E(σ, z) = 0 for
σ > t. To reformulate the integral equation into a differential equation, the total derivative
with respect to ζ is applied on both sides and the Leibniz integral rule is applied6. This
yields the following differential equation

d

dt′
E+
p (z0, t

′) =
√
κγE−p (z0, τ) +

√
κ

∫ t′

−∞
dτ

∂

∂t′
γe−γ(t′−τ)E−p (z0, τ)

=
√
κγE−p (z0, t

′)− γE+
p (z0, t

′). (3.33)

Inserting the expression for the backwards propagating field (3.29) makes it possible to find
a DDE that only depends on the forward propagating field at the outcoupling facet

d

dt′
E(t′) =− γE(t′) + γ

√
κE(t′ − 2τ2 − 2τ1)

× e
1−iαg

2 (G̃(t′−τ1−2τ2)+G̃(t′−τ1))

× e(1−iαq)Q̃(t′−τ1−τ2), (3.34)

where the notation E+
p (z0, t

′) ≡ E(t′) is used for simplicity.
To complete the DDE system, equations describing the dynamics of the integrated carrier
densities have to be found. On that account, eq. (3.7) is rescaled as before and the coordinate
transformation given in eq. (3.9)-(3.10) is applied

∂tNs(z(ζ), t(ζ)) =Js(z(ζ), t(ζ))− γsNs(z(ζ), t(ζ))

− rsN(z(ζ), t(ζ))
[
|E+
s (z(ζ), t(ζ))|2 + |E−s (z(ζ), t(ζ))|2

]
, (3.35)

with the charge-carrier density rescaled according to N((z(ζ), t(ζ)) = gsΓs[ns(z(ζ), t(ζ)) −
ntrs ], the pump term Js(z(ζ), t(ζ)) = gsΓs(j(z(ζ), t(ζ)) − γsn

tr) and the differential gain
rs = gsΓsv. Integrating this equation from zs to zs+1 in ζ and inserting the definition7 for
the integrated carrier densities (3.18) gives

∂t′Ns(t′) = Js(t′)− γsNs(t′)− rs
∫ zs+1

zs
dζNs(z(ζ), t(ζ))|E+

s (z(ζ), t(ζ))|2

− rs
∫ zs+1

zs
dζNs(z(ζ), t(ζ))|E−s (z(ζ), t(ζ))|2, (3.36)

where Js(t′) is the integrated current density. In order to find a simplification for the integral
terms, the coordinate transformed travelling-wave equation (3.13) is multiplied with the
complex conjugate of the electric field (for the forward and backward direction). The real
part of the resulting equations reads

d

dζ
|E±s (z(ζ, t(ζ))|2 = ±

[
− βs +Ns(z(ζ), t(ζ))

]
|E±s (z(ζ)|2. (3.37)

6The Leibniz integral rule reads

d

dt

[∫ ρ(t)

ξ(t)
f(τ, t)dτ

]
= f(ρ(t), t) d

dt
ρ(t)− f(ξ(t), t) d

dt
ξ(t) +

∫ ρ(t)

ξ(t)

∂

∂t
f(τ, t)dτ.

7Again, the time is shifted according to t′ = t∗ + zs+1
v

and t′ = t∗ − zs
v
, which is included in the t(ζ)

expressions.
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3.3 Delay Differential Equation Model - Derivation

Integrating both sides over ζ and separating linear and nonlinear contributions then gives

∫ zs+1

zs
dζ

[
βs|E±s (z(ζ), t(ζ))|2 ± d

dζ
|E±s (z(ζ, t(ζ))|2

]
=
∫ zs+1

zs
dζNs(z(ζ), t(ζ))|E±s (z(ζ), t(ζ))|2.

(3.38)

The integral over β|E±s (z(ζ), t(ζ))|2 can be approximated by the trapezoidal rule8, since
∆z is assumed to be small. Inserting the coordinate transformations eq. (3.9)-(3.10) for
the forward and backward propagating field and shifting the time as before, leads to the
following result for the (+) direction

∫ zs+1

zs
dζ

[
βs|E+

s (z(ζ), t(ζ))|2 + d

dζ
|E+
s (z(ζ, t(ζ))|2

]
≈|E+

s (zs+1, t
′)|2 − |E+

s (zs, t′ −∆ts)|2 + βs∆zs
2

[
|E+
s (zs, t′ −∆ts)|2 + |E+

s (zs+1, t
′)|2
]

=|E+
s (zs, t′ −∆ts)|2

{
e−βs∆zs+Ns(t

′) − 1 + βs
2 ∆zs(e−βs∆zs+Ns(t

′) + 1)
}

≈|E+
s (zs, t′ −∆ts)|2e−

βs
2 ∆zs

(
eNs(t

′) − 1
)
. (3.39)

For the (-) direction the approximations lead to

∫ zs+1

zs
dζ

[
βs|E−s (z(ζ), t(ζ))|2 ± d

dζ
|E−s (z(ζ, t(ζ))|2

]
≈|E+

s (zs, t′)|2 − |E−s (zs+1, t
′ −∆ts)|2 + βs∆zs

2
[
|E+
s (zs, t′)|2 + |E+

s (zs+1, t
′ −∆ts)|2

]
=|E+

s (zs, t′ −∆ts)|2
{
e−βs∆zs+Ns(t

′) − 1 + βs
2 ∆zs(e−βs∆zs+Ns(t

′) + 1)
}

≈|E−s (zs+1, t
′ −∆ts)|2e−

βs
2 ∆zs

(
eNs(t

′) − 1
)
. (3.40)

For the last line, it is assumed that the linear losses accumulated during the pass of the narrow
sections are small βs∆z � 1. Therefore, the exponentials can be expanded. Applying the
found simplifications for the integrals to eq. (3.36) yields

∂t′Ns(t′) =Js(t′)− γsNs(t′)

− rse−
βs
2 ∆zs

(
eNs(t

′) − 1
) [
|E−s (zs+1, t

′ −∆ts))|2 + |E+
s (zs, t′ −∆ts))|2

]
. (3.41)

As the passive sections consist of free space, the carrier dynamics are only modelled for
the gain Ng(t′) = G̃(t′) and for the absorber Nq(t′) = Q̃(t′). At this point, the boundary
conditions (3.19)-(3.27) are utilised to express the forward and backward propagating field
in eq. (3.41) by the altered forward propagating field at the outcoupling facet. Furthermore,
the notation E+

p (z0, t
′) ≡ E(t′) is used for simplicity. Additionally neglecting the influence

8The trapezoidal rule reads:
∫ b
a
f(x)dx ≈ (b− a) f(a)+f(b)

2 .
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3 Delay Differential Equation System

of the losses βs, leads to the following two equations for the carrier dynamics in gain and
absorber, respectively

d

dt′
G̃(t′) =Jg(t′)− γgG̃(t′)− rg

(
eG̃(t′) − 1

)
×
[
|E(t′ − τ1)|2 + |E(t′ − τ1 − 2τ2)|2e2Q̃(t′−τ2)+G̃(t′−2τ2)

]
, (3.42)

d

dt′
Q̃(t′) =Jq(t′)− γqQ̃(t′)− rq

(
eQ̃(t′) − 1

)
×
[
|E(t′ − τ1 − τ2)|2eG̃(t′−τ2) + |E(t′ − τ1 − τ2)|2eQ̃(t′)+G̃(t′−τ2)

]
. (3.43)

To arrive at a dimensionless formulation for simulation purposes, the electric field is nor-
malised according to E =

√
TrgE =

√
TvggΓgE and the time according to t′ = t̃

T , where T is
the cold-cavity round-trip time. Additionally, all rates are rescaled applying a multiplication
by T and all times by a division by T [JAU17a]. The delay differential equation system then
reads

d

dt̃
E(t̃) =− γE(t̃) + γ

√
κE(t̃− 2τ2 − 2τ1)

× e
1−iαg

2 (G̃(t̃−τ1−2τ2)+G̃(t̃−τ1))e(1−iαq)Q̃(t̃−τ1−τ2), (3.44)
d

dt̃
G̃(t̃) =Jg − γgG̃(t̃)− (eG̃(t̃) − 1)

×
[
| E(t̃− τ1) |2 + | E(t̃− τ1 − 2τ2) |2 e2Q̃(t̃−τ2)+G̃(t̃−2τ2)

]
, (3.45)

d

dt̃
Q̃(t̃) =Jq − γqQ̃(t̃)− s(e2Q̃(t̃) − 1)eG̃(t̃−τ2) | E(t̃− τ1 − τ2) |2, (3.46)

where the ratio proportional to the differential gain coefficients and the confinement factors
is defined as s = Γqgq(Γggg)−1 = rqr

−1
g and the current densities are assumed to be constant

in time. In order to reduce the number of delayed variables in the DDE system, the time in
the carrier equations is shifted according to the transformations t̃ = t+ τ1 for eq. (3.45) and
t̃ = t+ τ1 + τ2 for eq. (3.46). Additionally, two new variables are introduced for the carrier
densities, which are defined as

G̃(t+ τ1) = G(t), Q̃(t+ τ1 + τ2) = Q(t). (3.47)

Inserting the new variables leads to the final DDE system describing the passively mode-
locked semiconductor VECSEL with a V-shaped cavity geometry and quantum-well active
sections

d

dt
E(t) =− γE(t) + γE(t− T )R(t− T ), (3.48)

d

dt
G(t) =Jg − γgG(t)−

[
eG(t) − 1

]
×
[
| E(t) |2 + | E(t− 2τ2) |2 e2Q(t−2τ2)+G(t−2τ2)

]
, (3.49)

d

dt
Q(t) =Jq − γqQ(t)− s

[
e2Q(t) − 1

]
eG(t) | E(t) |2, (3.50)

R(t− T ) =
√
κe

1−iαg
2 [G(t−2τ1)+G(t−T )]+(1−iαq)Q(t−T ), (3.51)

30



3.4 Parameters and Discussion

where the pump current and unsaturated absorption can be expressed in terms of the inte-
grated carrier densities G0 and Q0 according to Jg = G0γg and Jq = Q0γq [SCH18e]. These
integrated carrier densities are related to the equilibrium charge carrier densities at the lasing
threshold, which is discussed in section 4.2.1.

3.4 Parameters and Discussion
The parameters most easily varied in an experiment are the pump of the gain Jg, the total
round-trip time T and the relative length of the two cavity arms, which manifests itself in
the length of the delays τ1 and τ2. As the pump is simply expressed in terms of a variation
in the equilibrium level of the gain, the system is sufficient to qualitatively model electrically
or optically pumped VECSELs. However, it has to be pointed out that the pump power
(unsaturated absorption) and the integrated carrier density G (Q) are normalised so that
they are relative to the value at transparency of the gain (absorber), which is defined as
the integrated carrier density at which the reflectivity of the semiconductor chip becomes
unity (r = 1). This means that Jg = 0 (Jq = 0) corresponds to the transparency of the
gain (absorber) chip [JAU17a]. Therefore, the pump value at the lasing threshold represents
the excess pump power needed to reach the threshold starting from transparency. In this
parameter normalisation, a numerical pump current of J = 30Jth could still be realisable in
experiments, as the difference between threshold and transparency pump power often is way
smaller than their absolute physical values [WAL16, HAU19].
The influence of a potential reverse bias applied to the absorber is described by the equi-
librium carrier density Q0 in the absorber and the non-radiative carrier relaxation rate γq
(Jq = γqQ0). As an applied bias has a heavy influence on the band quasi Fermi-levels, it can
have an effect on both quantities. Nevertheless, for state of the art VECSELs the required
absorber properties are achieved by a proper adjustment of the epitaxial growth process and
therefore no reverse bias is necessary [WAL16, FIN20]. In consequence, the non-radiative
relaxation rates in the gain γg and absorber γq as well as the unsaturated absorption Q0 are
mainly influenced by the structure and composition of the respective semiconductor chips.
For the gain relaxation rate, values between γg = 0.3 ns−1 −10 ns−1 and for the absorber
relaxation rate values between γq = 0.02 ps−1-0.6 ps−1 are in accordance with experimental
results [KAR94, JON95b, MUL05a, SIE13b, WAL16, ALF18]. Due to its fast relaxation
compared to the round-trip time in VECSELs γqT � 1, the absorber usually asymptotically
relaxes to its equilibrium value Q0 in between pulse interactions, whereas for the gain this
is only true for comparably long cavities of several metres.
The bandwidth of the spectral filter γ refers to the limited bandwidth of the gain or an
additional (narrower) filtering element, such as distributed Bragg reflectors. For a top and
bottom distributed Bragg reflector surrounding the active section, the Lorentzian line shape
approximation is especially valued. However, a value of γ = 3500 ns−1 [WAL18, MEI21a]
would be more realistic to quantitatively describe the filtering. Yet, due to its strongly
narrowing effect on the laser pulses, it makes numerical calculations computationally very
demanding and path-continuation techniques at close to realistic pulse widths (100 fs - 1 ps)
almost impossible. Therefore, a value of γ = 240 ns−1 is utilised in most calculations pre-
sented in this work. The low value of γ has no drastic effect on the qualitative appearance
of the dynamical output in the investigated parameter regime, as outlined in section 4.2.
It has to be highlighted that although pulse width of 100 fs seconds can be reproduced by
enlarging the filter (gain bandwidth) far enough, one has to keep in mind that in such a
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case the slowly varying envelope approximation is not necessarily valid. Furthermore, the
assumption of a negligible active section width breaks down at very low pulse width as the
time of flight in the active sections becomes of the same time scale as the pulse width. In
consequence, the DDE model is suitable to describe qualitative dynamics of mode-locked
lasers but is subject to strong limitations when it comes to a quantitative reproduction of
the pulse width. Interestingly, the DDE model of mode-locking produces the qualitatively
same bifurcation structure in certain regions as the Yamada model, if γ = 1 [TER18].
The factor proportional to the ratio of the differential gain and absorption s, which is also
referred to as the ratio of the saturation energies [VLA04, JAU17a], has to fulfill the condi-
tion s = Eg

Eq
> 1 for mode-locking to occur. Otherwise the absorber saturates slower than the

gain. Values used in recent works on monolithic and external devices range from s = 2− 30
[VLA04, VLA05, OTT14b, JAU16, MAR14c, SCH18f, HAU19, HAU20]. Since this ratio
comprises the confinement factors, it can be altered by changing the saturation energies or
post chip fabrication via the introduction of lenses in the external cavity. Additionally, the
differing micro-cavity enhancement in gain and absorber-chip can be an influential factor.
A parameter that was subject to a lot of scientific discussions is the linewidth enhance-
ment factor α. As a reminder, the linewidth enhancement is defined as α = ∂Nχr

∂Nχi
, with

the index denoting the real r and imaginary part i of the electric susceptibility, and the
carrier density N [HEN82, HAR83, HAD99]. For quantum-well gain media, experimental
data indicated values of α = 2 − 7 [RID90, UKH04, FOR07, WAL16]. However, the phe-
nomenological approach comes to a limit for ultra short pulses (fs regime) or high excitation
powers [AGR93a, WAN07, LIN12b]. In this regimes the variation of the refractive index
(depending on the charge-carrier density) is a temporally evolving quantity during the in-
teraction of the medium and the pulse. Hence, the α-factor is not constant in time on the
very fast time scales [UKH04, AGR93a, HER16] and furthermore omits a frequency depen-
dence [UKH04, RID90]. Additionally, it was shown that for quantum dots the influence of
the α-factor can be modelled well by α = 0 [LIN14, CHO20b] and experiments on quan-
tum well based mode-locked lasers have been excellently qualitatively reproduced by using
αg = αq = 0 [PIM14, JAU16, NIK16]. This agreement can be reasoned by the fact that
effects counteracting the impact of the α-factors are not considered in the DDE model (or
also other models), such as the influence of group velocity dispersion [PIM17]. Thus, the
analysis of the most dynamical regimes in this work starts at αg,q = 0, as it drastically sim-
plifies the bifurcation analysis and provides a good first overview of the dynamical regimes.
From this starting point, the influence of the αg,q is investigated in a regime of αg,q < 2
for quantum-wells, which is oriented to the experimentally determined data in Reference
[WAL16]. Anyhow, slightly lower values compared to the experimental data are chosen in
the discussion presented in this work due to the multi-mode nature of the DDE system in
which αg,q impact all modes equally. In consequence, taking the maximum value would lead
to an overestimation, due to the frequency dependence of the α-factor in experiments.
As mentioned before, the parameters are scaled to the cold-cavity round-trip time for simu-
lation purposes. The values used a large part of this work are given in the overview shown in
Table 3.1. A round-trip time of T = 625 ps is used, which is typical for mode-locked VEC-
SELs [GAA16, WAL16]. Nonetheless, the investigation is started from a lower round-trip
time of 220 ps to get a first overview. The slight adjustments made to the parameter values
in order to investigate different dynamical regimes are discussed at the start of each section.

The introduced DDE model is subject to several advantages and disadvantages. Firstly, the
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3.4 Parameters and Discussion

Symbol Value Dimensionless Meaning
T 0.625 ns 1 Cold cavity round-trip time
τ1,2 0.15625 ns 0.25 Length of the cavity arms
γ 240 ns−1 150 Gain/filter Bandwidth
Jg 1 ns−1 0.625 Pump rate in the gain
Jq -104 ns−1 -65 Pump rate in the absorber
γg 1 ns−1 0.625 Gain non-radiative relaxation rate
γq 180 ns−1 112.5 Absorber non-radiative relaxation rate
αg 0 0 Gain line-width enhancement factor
αq 0 0 Absorber line-width enhancement factor
κ 0.99 0.99 Intensity losses at the output coupler
s 2 2 Ratio of the differential gain

Table 3.1.: Parameter values used for the numerical calculations in the high performance mode-
locking regime. Parameters chosen to adapt experimental values [WAL16][WAL18].

carrier-field interaction is simplified to a linear relationship between gain and carrier density
as well as a constant line-width enhancement factor. This can be circumvented at the highest
level by describing the carrier dynamics utilising a fully microscopic model, which is espe-
cially well suited for the investigation of ultra-short pulse generation [KIL17, KIL19, MCL20].
Alternatively, a more complex approach for the macroscopic polarisation can be included
[MUL05a, JAV10, JAV11], which is not as complex. However, due to the resulting large
systems of equations in microscopic models and the high resolution necessary to describe
effects on time scales of 10 fs magnitude, numeric calculations become computationally very
demanding and even with up to date servers the lengths of the calculated time series are
restricted to several 100 ns [MCL20]. As elaborated at the start of this section, another
option of including a more complex field-carrier interaction lies in the usage of a travelling-
wave approach, which circumvents the simplification of infinitely narrow active sections. In
this case, the field depends on space and time, which can be of use when investigating the
role of cavity geometry influences on a micrometer scale [MEI19] or complex gain effects
not requiring a fully microscopic approach [MUL06, ROS11c]. Furthermore, the influence of
differing gain structures, as quantum dots for example, can be introduced in detail into the
DDE system [VIK06, VLA10, RAG13, SIM14], which is discussed for a gain system based
on submonolayer quantum-dots in section 6.3. Another extension of the ring DDE model
is presented in Reference [PIM19] to account for inhomogeneous broadening by including
the polarisation dynamics. Yet, all these alternatives come with additional computational
demands and therefore have to be chosen with care.
It has to be underlined that the spectral filtering and internal losses in the DDE system
are introduced via the lumped element approach, which means that the losses occur at one
fixed point in the cavity and are not accumulated during propagation as in the travelling-
wave or fully microscopic models. Consequently, the electric field strength can be over- or
underestimated at some points of the cavity, which influences the field carrier interaction.
Nevertheless, this assumption greatly reduces the computational demands.
Another simplification that has to be pointed out is that the spectral filtering and the
gain level are introduced independently in the DDE model. An alternative relatively sim-
ple approach accounting for the complex interplay between filtering and nonlinearity inside
the active sections is based on delay algebraic equations (DAE) and presented in Refer-
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3 Delay Differential Equation System

ences [MUL05a, SCH19b, AVR19]. In this set of DAEs the VECSEL is modelled by two
coupled micro-cavities (gain and absorber), which is especially appealing if the semiconduc-
tor chips are single vertical-cavity surface-emitting lasers with a highly reflective top-side
DBR [MAR14c, CAM16, SCH19b]. Furthermore, the DAE approach delivers an option to
investigate third-order dispersion effects, which are often overwhelmed by second-order dif-
fusion in DDE systems [SCH19b]. A DAE system for the V-shaped passively mode-locked
VECSEL is discussed in section 5.4, with a special focus on third-order dispersion effects.
Although third-order dispersive effects arise naturally in DDE systems, it is very cumber-
some to introduce group velocity dispersion [PIM17, PIM20]. A method to investigate the
influence of dispersion effects is to transform the DDE system into Haus master partial differ-
ential equation [HAU00, KOL06, CAM16, SCH18e, SCH18f, HAU20a] as outlined in section
4.3.3. This has the advantage that the influence of the cavity geometry occurs intuitively
as a nonlocal term. Yet, Haus master equation approaches are usually used to describe
mode-locked lasers in the regime of a complete gain recovery between pulses (i.e. long-cavity
regime) [CAM16] or high-speed mode-locking [HAU00, KOL06], where the gain can be ap-
proximated to be constant during one round-trip. To apply a Haus master equation in a
regime of incomplete gain recovery between pulse passes, i.e. when the gain recovery time
is the range of the cavity round-trip time, requires the introduction of additional bound-
ary conditions. A sufficient boundary condition and an investigation of the group velocity
dispersion in the passively mode-locked VECSEL is elaborated in sections 5.2 and 5.3.
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4 Cavity Effects

4.1 Introduction
In this chapter, the influence of the cavity geometry on the laser dynamics in a passively
mode-locked VECSEL, as introduced in the previous chapter, is examined. Accordingly,
the DDE model incorporating the cavity geometry via the introduction of three delay times
(τ1, τ2, T ) is analysed via direct numerical integration applying a Runge-Kutta algorithm
of fourth order [PRE07]. These findings are complemented by a bifurcation analysis based
on numerical path-continuation utilising the software DDE-biftool [ENG02, SIE14a]. The
software package relies on the Newton method to enable the continuation of solution branches
and linear stability analysis/Floquet analysis to unravel the stability of the found solutions
[ENG02, SIE14a].
The chapter is structured as follows, in the first section 4.2 a regime of intermediate-cavity
length of L ≈ 20 cm usually utilised for high performance mode-locking is discussed (T ≈
625 ps). Firstly, the transition from the off -state to the continuous-wave lasing state and
the fundamental mode-locking solution is elaborated in comparison to the conventional DDE
system. Secondly, subsection 4.2.2 includes the discussion of the emergence of temporally
non-equidistant pulse cluster solutions, characteristic for the cavity geometry. Subsequently,
the effect of enlarging or shortening the cavity length is discussed in subsection 4.2.3 and
finally the role of the cavity geometry is analysed.
In the second main section 4.3, the long-cavity regime with a cavity length of L > 60 cm
(T > 1.8 ns) is investigated. In this regime, the single pulses become temporally localised
as they do not interact via the gain, which is explained in detail in subsection 4.3.1. The
following subsection 4.3.2 discusses the emergence of phase incoherent photonic molecules
as a consequence of the characteristic influence of the cavity geometry. In the two final
subsections a nonlocal Haus master equation model is derived (subsection 4.3.3), which is
subsequently used to discuss the effect of introducing an asymmetry in the cavity geometry
and how this influences the distance of pulses in one photonic molecule (subsection 4.3.4).

4.2 Intermediate-Cavity Regime
Before analysing the dynamics emerging in a V-shaped VECSELs at intermediate-cavity
lengths, it is first of all important to define the term "intermediate". The cavity length is clas-
sified to be "intermediate" at about 20 cm [WAL16], as it is longer than most monolithic de-
vices with cavity lengths ranging from hundred microns to a few millimeters [JON95b, GRI09,
VLA09, WEB18, AVR00], but shorter than the long-cavities required for localised states to
occur. The localisation manifests at cavity lengths of several metres [MAR14c, CAM16].
Another possibility to classify the cavity length is utilising its relation to the relaxation rate
of the gain γg. In the long-cavity regime, the gain relaxation is on a much faster time scale
than the cold-cavity round-trip time, i.e. γgT � 1. Accordingly, an intermediate length can
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be defined as a regime, where the gain relaxation and the round-trip time are of the same
time scale γgT ≈ 1. Finally, in a short cavity regime the gain almost does not relax during
one round-trip γgT � 1.
The analysis of the intermediate-cavity regime is motivated by the experimental works pre-
sented in References [WAL16, WAL18]. These reported the occurrence of non-equidistant
pulses, as a performance limiting instability. To obtain an overview of the full bifurca-
tion scenario, i.e. all stabilising dynamics, the simplest solutions, namely the off -state and
the continuous-wave (CW) lasing state are investigated first (subsection 4.2.1). From this
starting point the emergence of pulse-clusters is examined (subsection 4.2.2) and the role of
different gain/absorber parameters and cavity parameters is discussed (subsection 4.2.3).

4.2.1 Lasing Threshold and Fundamental Solution

A parameter point critical for the classification and comparison of lasers with respect to
their efficiency is the lasing threshold. It corresponds to the critical pump current value
(or optical pump power) that has to be overcome to achieve lasing with constant intensity
(continuous-wave lasing). From a bifurcation analysis perspective, it is the bifurcation point
in which the off steady state solution becomes unstable and the continuous-wave (CW)
solution emerges. The threshold value is often used to put the applied pump current into a
comparable perspective. In terms of the delay differential equation model (3.48)-(3.51), it
corresponds to the transition

(0, G0, Q0)→ (E0e
iωt, G0, Q0), (4.1)

where the left-hand side refers to the off -state and the right-hand side to the continuous-
wave state. Directly at the bifurcation point, the electric field is yet very small and therefore
the constant amplitude of the electric field in the gain and absorber equation is E0 = 0.
The equilibrium integrated charge carrier densities in the gain and absorber at threshold are
given by G0 and Q0 respectively. Furthermore, ω is the angular oscillation frequency of the
electric field with respect to the optical frequency, i.e. ω = 0 describes the maximum gain
mode. Hence, in a fixed coordinate system, the CW solution is a limit cycle solution due to
the complex oscillation of the electric field.
An analytic expression for the lasing threshold can be found by exploiting the fact that
close to the bifurcation point both solutions are approximately equal as done in References
[VLA05, JAU17a]. Inserting the off -solution into the carrier equations of the DDE model
(3.49)-(3.50) and the CW solution into the electric field equation (3.48) of the DDE model,
then leads to the following equations

iω =− γ + γ
√
κe(1−iαg)G0+(1−iαq)Q0−iωT , (4.2)

0 =Jg − γgG0, (4.3)
0 =Jq − γqQ0. (4.4)

Taking the real and imaginary part of eq. (4.2) then gives

ω =− γ
√
κeG0+Q0 sin (αgG0 + αqQ0 + ωT ), (4.5)

γ =γ
√
κeG0+Q0 cos (αgG0 + αqQ0 + ωT ). (4.6)
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4.2 Intermediate-Cavity Regime

These conditions can be simplified by dividing (4.5) by (4.6) and adding the squared equa-
tions. The two resulting equations read

ω2 + γ2 =γ2κe2G0+2Q0 , (4.7)
ω

γ
=− tan (αgG0 + αqQ0 + ωT ). (4.8)

Rearranging eq. (4.7) for G0 and inserting equations (4.3) and (4.4) for the equilibrium
integrated carrier densities then leads to an expression for the threshold current:

Jth = γg

[
1
2 ln

(
ω2

γ2 + 1
)
− 1

2 ln (κ)− Jq
γq

]
. (4.9)

The set of transcendental equations (4.8) and (4.9) can be solved to find the threshold pump
current for the different CW modes. They are defined by their frequency shift ω with respect
to the maximum gain mode1 (ω = 0). Thus, one can deduce that the α factors can cause the
emission of another mode being favoured (see eq. (4.8)), and therefore a higher threshold
current is necessary to compensate for the lower gain [VLA05, JAU17a].
It is possible to apply a coordinate transformation into a rotating coordinate system in which
the rotation of the complex electric field with oscillation frequency ω is cancelled out. Hence,
the limit cycle turns into a fixed-point/equilibrium in the new coordinate system. Conse-
quently, the CW solution can be referred to as a relative equilibrium. The transformation
to rotating coordinates is necessary for a bifurcation analysis of the mode-locked solutions,
since these occur as periodically repeating pulses in intensity with a period approximately
given by f = (nT + 1

γ )−1. Without the coordinate transformation, the mode-locking and
the optical frequency would lead to two superposed oscillations in phase space. In order to
enable the numerical path-continuation of pulsed solutions, the phase-symmetry is exploited
in the software package DDE-biftool utilised to conduct the bifurcation analysis presented
in this work [ENG02, SIE14a]. In rotating coordinates, the mode-locked solutions appear as
relative limit cycles, meaning that they only oscillate at the frequency f . Anyhow, applying
the transformation leads to more time-consuming calculations as the oscillation speed ω is
determined numerically in each path-continuation step and convergence problems can occur.
For the simple case of αg = αq = 0 without detuning, only the real part of the electric field
equation eq. (3.48) can be investigated because there is no influence on the phase remaining.
In consequence, the rotational coordinate transformation is not required here due to the fact
that all the dynamics can be investigated in terms of the electric field amplitude and the
charge carriers. This is exploited for all path-continuation results for αg = αq = 0 presented
in this work, and essentially has a similar effect as transforming the system into rotating
coordinates.
As mentioned before, the coordinate transformation converts limit cycles into relative equi-
libria, which has an effect on the found bifurcation points. Although the bifurcation points
are not shifted in parameter space, some bifurcations can appear differently. This is the case
for the Andronov-Hopf bifurcation giving birth to the CW solution along the off -state equi-
librium. In the rotating coordinates (or when using a real electric field at αg = αq = 0), the
CW state is a constant steady state solution. Therefore, it is not born in an Andronov-Hopf,

1Please note that the maximum gain mode is shifted to 0 by the choice of the rotating frame, canceling out
the optical frequency.
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but in a Pitchfork bifurcation2. As depicted in the 1D-bifurcation diagram in Fig. 4.1(a)
obtained utilising DDE-biftool, the Pitchfork bifurcation (black circle) leads to the emer-
gence of a symmetric CW solution pair with negative and positive electric field amplitude
E (orange lines). The pump current value of this bifurcation point perfectly matches the
previously determined analytical result of the threshold current. As previously outlined,
the found solutions are steady states in the amplitude picture as displayed by the temporal
dynamics of the off - and CW-state in Fig. 4.1(b1−2). The presence of a Pitchfork bifurca-
tion can be deduced from examining the eigenvalues obtained from a linear stability analysis
performed utilising DDE-biftool. The eigenvalue spectrum along the off -state is depicted in
Fig. 4.1(c), with the eigenvalue spectrum below the threshold (stable off -solution) denoted
in red and above the threshold in green (unstable off -solution). It is important to say that
only the dominant eigenvalues are shown, since the phase space of delay systems is of infi-
nite dimensions. As expected for a Pitchfork bifurcation, one eigenvalue crosses the y-axis
(black-line) and obtains a positive real-part at the bifurcation point. In its further course,
the CW solution turns unstable in an Andronov-Hopf bifurcation (AHFML), as signaled by
the black squares in Fig. 4.1(a). The found bifurcation structure for the symmetric cavity
configuration is similar to the results obtained from a path-continuation of the ring DDE
model [VLA04, JAU17a], which is not surprising because for the continuous-wave solution
the gain and absorber are continuously depleted. In the CW case, the second gain pass
only increases the gain by a factor of two compared to the ring model and the absorption is
doubled due to the assumption of the double pass of the active section. This further becomes
evident when comparing eq. (4.2) to the expression for the threshold current obtained in
[JAU17a], as eq. (4.2) contains a further factor of 1/2.
An extended continuation of the positive amplitude CW branch in pump current is indicated
in Fig. 4.2(a). The first Andronov-Hopf bifurcation point (AHFML) gives birth to the stable
fundamental mode-locking (FML) solution3, of which the electric field and carrier dynamics
for two round-trips are displayed in Fig. 4.2(b1). Characteristic for the V-shaped cavity, the
gain (black) is depleted twice by each pulse per round-trip, whereas the absorber (red) is
only depleted once, due to its position at the end of the cavity. This marks a fundamental
difference to the behaviour of the ring-cavity DDE in which only one propagation direction is
considered [VLA04, VLA05, JAU17a] and therefore only one gain depletion per pulse occurs.
The type of bifurcation is deduced from the eigenvalue spectrum of the CW solution, which
is presented in Fig. 4.2(c) for the pump power below (Jg < JML) and above (Jg > JML) the
bifurcation point. Typical for an AH bifurcation, it is clearly visible that a pair of complex
conjugate eigenvalues crosses the y-axis.
Performing a linear stability analysis along the unstable part of the CW branch, unravels
that successive super-critical AH bifurcations appear, which give birth to unstable limit cy-
cles. At these bifurcation points, an additional pair of complex conjugate eigenvalues crosses
the y-axis and obtain a positive real part, leading to a higher instability of the system. The
emerging limit cycles correspond to the harmonic mode-locking solutions (HMLn) oscillat-
ing at an integer multiple n of the fundamental mode-locking frequency. In other words, n
temporally equally spaced pulses propagate around the cavity. As an example, the dynamics
of the second-order harmonic mode-locking solution HML2 is displayed in Fig. 4.2(b2). For

2This can be deduced from the normal form of the Hopf bifurcation, which can be split into a phase and
modulus contribution. If the phase rotation is canceled out, the modulus contribution equals the normal
form of a Pitchfork bifurcation.

3Please note that the investigation presented here is performed at a round-trip time T = 220 ps, which is
slightly below the experimentally used values, to obtain a first simple overview of the bifurcation scenario.

38



4.2 Intermediate-Cavity Regime

0.8 1 1.2 1.4 1.6

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

(b1)

(b2)

0 1 2
-0.2

-0.1

0

0.1

0.2

0 1 2
-0.2

-0.1

0

0.1

0.2

-0.6 -0.4 -0.2 0
-15

-10

-5

0

5

10

15(a) (b1)

(b2)

(c)

Figure 4.1.: (a) 1D-Bifurcation diagram along the pump current Jg, with the electric-field amplitude
E along the symmetric continuous-wave solutions (CW) in orange and along the off -solution in
blue. Thick (thin) lines denote stable (unstable) dynamics. The black circle indicates a pitch-fork
bifurcation (PF) and the black squares an Andronov-Hopf bifurcation (AHFML). (b1+2) Electric field
amplitude |E|, gain G, and absorber Q dynamics at the points marked by the black crosses in (a). (c)
Dominant eigenvalues resulting from the linear stability analysis along the off solution, for Jg below
(red) and above the CW threshold (green). Parameters as in Table 3.1 and T = 220 ps.

a symmetric cavity configuration in the mode-locking regime, the Andronov-Hopf bifurca-
tions of the HMLn solutions occur ordered from low to large n along the CW branch in Jg.
However, this can change if the cavity is tuned to be asymmetric or a localised state regime
is investigated.

Investigating the FML solution, the double gain pass in the V-shaped system manifests itself
in a second gain depletion induced by each pulse (see Fig. 4.2(b1)). However, this is different
for the harmonic mode-locking solution with two pulses (HML2), which at first sight only
leads to a single gain depletion per pulse, as can be drawn from comparing the electric field
and gain dynamics in Fig. 4.2(b2). Yet, in the HML2 state the pulses are spaced by ∆ = T/2,
equalling the time difference between the two gain-depletions of a single pulse for a symmet-
ric cavity with τ1 = τ2 = T/2. Hence, the two pulses of the HML2 solution collide in the
gain and deplete it simultaneously. As this amplification of the pulses is energetically not
favourable, the HML2 solution only becomes stable with much lower pulse energies compared
to the FML solution in the symmetric cavity configuration and was not visible in experi-
ments [WAL18]. The requirements for the HML2 solution to become stable are discussed in
sections 4.2.2 and 4.2.4. The same reasoning can be applied to explain the instability of all
further even numbered harmonic mode-locking solutions in the symmetric cavity. The sta-
bilisation of multi-pulse solutions is substantially different from the Ring DDE model, where
the harmonic solutions become stable successively at higher pump powers [VLA04, JAU17a].

4.2.2 Emergence of Pulse Clusters

When increasing the pump power of a mode-locked laser, often the situation occurs that the
laser switches to an operation regime with multiple pulses in the cavity as enough gain is
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Figure 4.2.: (a) 1D-Bifurcation diagram along the pump current Jg, with the maximum electric
field amplitude of the symmetric continuous-wave solutions (CW) in orange, the fundamental mode-
locking solution in light blue (FML) and the second harmonic mode-locking solution in green (HML2).
Thick (thin) lines denote stable (unstable) dynamics. The black squares indicate Andronov-Hopf
bifurcations along the CW branch (AHFML). (b1+2) One period (τP ) of the electric field amplitude
|E|, gain G, and absorber Q dynamics at the points marked by the black crosses in (a). (c) Eigenvalues
from the linear stability analysis along the CW solution, found for Jg below (green) and above the
bifurcation point of the fundamental mode-locking branch JML (red). Parameters as in Table 3.1 and
T = 220 ps.

"available" to amplify multiple pulses [SAN90, VLA04, VLA09, MAR14c, WAL18]. With
regard to the solutions shown in the bifurcation analysis in the previous section, this means
that a multi-pulse solution (e.g. HML2) turns stable in a certain bifurcation point, char-
acteristic for the investigated system. In the case of passive mode-locking with a saturable
absorber, this is naturally connected to an adequate balance between amplification and losses
[NEW74, IPP94]. As external cavities are investigated here, with a comparably long dis-
tance between the semiconductor chips, the absorber recovers completely between two pulse
passes, due to the fact that it is usually designed so that it recovers on a much faster time
scale than the gain [WAL16, GAA16]. Combining a lower saturation energy and faster relax-
ation rate for the absorber (compared to the gain) can be beneficial in terms of the length of
the optical pulses [IPP94]. The complete recovery of the absorber (in the chosen modelling
approach) is depicted by the time traces of the absorber dynamics (red) in Fig. 4.2(b1−2).
However, the depletion/saturation of both, the gain and absorber, depend on the intensity
of the pulses in a strong nonlinear way, which makes an intuitive prediction of the stable
states and the emergence of instabilities very difficult. Furthermore, multistabilities of the
different solutions can occur. This means that e.g. a multi-pulse solution can be stable at
the same parameter-set as the FML solution [VLA04, MAR14c]. In experiments, it can be
observed as a hysteresis in the P-I curve when tuning up and down the pump power in small
steps [WAL18, MAR14c]. In this subsection, the emergence and multistability of multi-pulse
states is outlined for the V-shaped VECSEL making use of a bifurcation analysis as well as
direct numerical integration.
As discussed before, the HML2 dynamics is mostly unstable in a V-shaped cavity at a sym-
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metric cavity configuration and a low bandwidth γ. Nevertheless, the dynamics of the laser
switches to a multi-pulse solution as the pump power is increased. Namely, these multi-pulse
states can be referred to as "pulse cluster" (PCn) solutions with n unequally spaced pulses
in the cavity [HAU19]. The emergence of the PC2 solution is depicted in Fig. 4.3 with an
exemplary time-trace of the electric field and gain dynamics displayed in panel (b3). As the
investigation is started at low cavity round-trip times of T = 220 ps to get a first overview
of the bifurcation structure, the pulses still appear to be very broad. This can be influenced
by increasing the filtering γ, which is discussed later in this section.

Bifurcation Structure

At low round-trip times the stable fundamental mode-locking branch (thick blue line in
Fig. 4.3 (a)) emerges from the first Andronov-Hopf bifurcation (AHFML) along the continuous-
wave branch. The stability of the limit cycles is obtained via the frame-work of Floquet
theory in DDE-biftool [KAL08, SIE14a]. The stability determining Floquet multipliers can
be computed from the linear stability analysis of the periodic orbits and are the eigenvalues
of the monodromy matrix, which describes the system’s reaction on perturbations to the
investigated limit cycle (see section 2.3). A limit cycle solution is considered to be stable,
if the absolute value of all Floquet multipliers is |µ| ≤ 1. It has to be considered that one
Floquet multiplier is always located at µ = 1. It is referred to as the trivial multiplier and
represents the system’s invariance to a perturbation in the direction connected to a transla-
tion of the time origin [KAL08, HAU20]. Exemplary for the first stable region of the FML
branch, the limit cycle dynamics and the largest 100 Floquet multipliers are presented in
Fig. 4.3(b1)-(c1) for the operation point marked by the black cross in Fig. 4.3 (a).
At a critical pump current marked by the upper saddle-node bifurcation SN1,U (red circle)4,
the fundamental mode-locking solution turns unstable. Due to the induced loop, the branch
extends to lower pump powers again. One period of the dynamics in this part of the solu-
tion branch is exemplary visualised in Fig. 4.3 (b2), with the Floquet multipliers indicating
the transition of a single multiplier to the unstable region of |µ| > 1 in Fig. 4.3 (c2). The
visible side pulse already begins to grow shortly before the SN1,U bifurcation and contin-
ues its growth along the reversed unstable part of the branch. In the further course of the
branch, the main pulse decreases in amplitude until at the minimum SN1,L both pulses are
of approximately the same height. At this turning point, both pulses begin to grow simul-
taneously along the branch, forming the pulse cluster PC2 solution with a pulse distance of
∆PC2 = 0.25 (see Fig. 4.3 (b3)). The PC2 solution becomes stable in the torus bifurcation
T2 marked by a green circle in Fig. 4.3(a) at the transition from a thin to a thick green line.
Subsequently, the same bifurcation scenario as for the FML region can be observed. First a
small satellite pulse grows shortly before the SN2,L bifurcation, as already slightly visible in
Fig. 4.3 (b3). Thereafter, the dynamics turns unstable and the branch loops back to lower
pump currents until a second saddle-node bifurcation (SN2,U) is reached, embodying a local
minimum in pulse amplitude. Due to the low round-trip time, the pulses merge together at
the lower saddle-point and a very wide pulse emerges, turning stable at the torus bifurcation
TR. It can be understood as a result of a continuous saturation of the absorber in the regime
of high pump power and wide pulses. As the absorber is not able to recover between pulses,

4Here, the first subscript refers to the number of pulses in one round-trip and the second refers to the
position on the branch with U-upper and L-lower.
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the pulses of the cluster "merge" to form a wide pulse. In the regime of very high bandwidth,
the fat pulses occur as almost rectangular. The continuous transformation of the pulse shape
along the branch is further elaborated in the next section 4.2.3.
Experimentally, qualitatively similar results with respect to the occurrence and formation
of the different dynamical regimes at increased pump powers were obtained [WAL18]. In
these experiments, the FML state also first turned unstable at elevated pump powers with
a side-pulse appearing in the autocorrelation measurements5. Subsequently, a transition to
pulse cluster dynamics at higher pump powers was investigated, which was followed by an
unstable state characterised by a pulse cluster state (PC2) accompanied by a satellite pulse
in the autocorrelation measurements. It has to be noted that the side-pulse in the autocor-
relation measurement could be caused by an instability. More details on the reproduction of
the experimentally found dynamics can be found in chapter 5 of Reference [MEI21a].
Physically the stabilisation of the pulse cluster solution PC2 over the harmonic mode-locking
state HML2 can be reasoned by the energetically more favourable pulse amplification. As
visible in Fig. 4.3 (b3), the formation of a pulse cluster leads to four equidistant gain de-
pletions. In contrast, only two gain depletions occur in the HML2 state (see Fig. 4.2(b2))
due to the collision of the pulses in the gain. Thus, more energy is transferred to the pulses
of the PC2 state compared to the pulses of the HML2 solution. At this point, it has to be
highlighted that also odd numbered harmonic mode-locking solutions can stabilise in the
symmetric cavity due to the equidistant gain depletion in the V-shaped cavity [MEI21a].
The generation mechanism via Andronov-Hopf bifurcations along the CW branch is very
similar to that observed in the Ring DDE model [JAU17a] and is therefore not discussed in
detail for the mode-locking regime. Nevertheless, the impact of the asymmetry for HMLn
and PCn states is elaborated in detail for the localised state regime in section 4.3.4.
Taking into account the bifurcation scenario of the PC2 solution, a very similar bifurcation
structure was recovered in the investigation of liquid drops sliding down an inclined plate in
Reference [WIL17b], with a focus on the interdependency of sliding velocity and the drop
volume. In this system, additional "side-drops" close to the upper saddle-node bifurcation
appear and split into two drops, which again underlines the possibility to unravel similarities
in the behaviour of very different systems utilising bifurcation analysis.

Characteristics of the Pulse Cluster Solution

In order to illustrate the distinct features of the PC2 solution, the dynamics are further
investigated in different representations in Fig. 4.4, with the data obtained from a direct
numerical integration of the DDE system6. In panel (a) of Fig. 4.4, the dynamics of the
electric field amplitude (colour code) is shown in a pseudo space-time plot. The investiga-
tion of the pseudo space-time plot originates from the idea to separate the dynamics of the
delay system into a fast and a slow time scale [GIA96, HAU00, YAN17b]. On the one hand,
the fast time scale (x-axis) corresponds to changes that happen within one round-trip, i.e.
the emergence of one single pulse or the depletion of the absorber. On the other hand, the
slow time scale (y-axis) refers to alterations of the dynamics from round-trip to round-trip,
e.g. a drift of the pulse with respect to the cold-cavity round-trip time or a slow modulation

5In these experiments the pulse width was at about 100 fs and therefore applying autocorrelation measure-
ments is the standard technique to investigate the dynamics as real-time oscilloscopes cannot be utilised
[WAL16, WAL18].

6It has to be highlighted that for these calculations the round-trip time is increased to T = 625 ps, as used
in experiments [WAL16].
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Figure 4.3.: (a) 1D-Bifurcation diagram in pump current Jg, displaying the maximum electric field
amplitude along the fundamental mode-locking branch. The different colours refer to the different
dynamics continuously evolving along the branch with fundamental mode-locking in light blue, pulse
clusters with two pulses in green (PC2) and a fat pulse regime in teal. The grey regions refer
to unstable dynamics with satellite pulses. The amplitude along the continuous-wave solution is
indicated in orange. Thick (thin) lines denote stable (unstable) dynamics. The circles represent
different types of bifurcations, with saddle-node bifurcations at the upper (U) loop of the branch
marked by red circles and denoted SNn,U with n referring to the number of pulses at the bifurcation
point. At the lower (L) loop of the branch, the saddle-node bifurcations are marked by orange circles
(SN2,L). Green circles denote torus bifurcations Tn and the black square (AHFML) refers to the
Andronov-Hopf bifurcation giving birth to the fundamental solution branch. (b1−3) Electric field
amplitude (coloured) and gain (black) dynamics in one period (τp) of the mode-locking solutions at
different parts of the branch depicted by black crosses in (a). (c) Largest 100 Floquet multipliers
found from the linear stability analysis of the limit cycle solution at the points marked by the black
crosses in (a). The black line denotes the unit circle. Parameters as in Table 3.1 and T = 220 ps.

leading to quasi-periodic dynamics. The separation of time scales can further be exploited
to derive a Haus master partial differential equation (PDE) system starting from the DDE
system, which is outlined in section 4.3.3. In the resulting PDE, the fast time scale can be
understood as a representation of the electric field amplitude in (pseudo) space via the rela-
tion cT = L, where c is the speed of light, L the cavity length, and T is the cavity round-trip
time. The pseudo space-time plot presented here indicates that the found PC2 solution is
stable over more than 200 round-trips and that no quasi-periodic dynamics or instabilities
appear. It has to be noted that the x-axis is normalised to approximately one period τp of
the periodic PC2 solution. For the investigated solution, the period (τp = 1.002T ) is slightly
larger than the cold-cavity round-trip time. In consequence, a slight drift of the pulses to
the right would be visible without the normalisation of the slow time scale with respect to
τp. The drift occurs as a consequence of the time lag induced by the filtering in the DDE
system, which leads to the enlarging of the period [MAR14c]. Although causality arguments
require the period to be larger than the round-trip time [MAR14c], it can happen that in a
regime of large gain, absorption and cavity losses the period is slightly below the cold-cavity
round-trip time (τp < T ) [JAU17a].
Investigating the trajectories of the PC2 dynamics in the (G,|E|)-plane of the phase space,
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one can again deduce the role of the second gain depletion as demonstrated in Fig. 4.4(c).
At |E| = 0, the gain performs an excursion, while the electric field remains unchanged. This
corresponds to the second gain depletion of the pulses, which is not accompanied by a pulse
in the intensity time-series (see Fig. 4.3 (b3)), as the DDE model describes the electric field
amplitude at the outcoupling facet of the VECSEL. Furthermore, the phase space represen-
tation of the dynamics (Fig. 4.4(c)) indicates that the pulses in one pulse cluster are not
always perfectly equal, which is connected to the fact that the gain does not fully relax
between the pass of the two subsequent pulses, as already shown in Fig. 4.3(b3). This con-
tradicts to the HML2 dynamics, in which the two pulses in one round-trip are perfectly equal.

A quantity that often is used to classify the mode-locking stability, is the so-called (in-
tensity) net-gain [NEW74, HAU00, JAU17a]. It is defined by the sum of the gain and the
losses at each point in time during one round-trip. In case of the DDE model, one obtains
the following expression for the net-gain G(t) when taking into account the gain and loss
terms resembling the field carrier interaction terms in the electric field equation

G(t) = G(t− 2τ1) +G(t− T ) + 2Q(t− T ) + ln(κ). (4.10)
If the net-gain is strongly positive, small perturbations can be amplified and therefore lead to
a destabilisation of the system. In contrast, if the net-gain is negative, perturbations die out.
The temporal course of the net-gain in case of the PC2 solution is depicted in Fig. 4.4(d).
It indicates two strongly open net-gain windows at the position of the two pulses, resulting
from the saturation of the absorber. The other two net-gain windows indicate the position of
the second gain depletion. At the investigated pump power, they are slightly larger than 0.
As no noise is present, the low positive amount of net-gain at this position is not sufficient to
support a further pulse or destabilise the system. Nevertheless, these open net-gain windows
lead to a destabilisation of the PC2 solution into a quasi-periodic regime, if the pump is
further increased.

A power spectrum obtained from applying a fast Fourier transform to a time-series of the PC2
intensity dynamics is displayed in Fig. 4.4(b). Two striking features compared to a power
spectrum of the fundamental solution (continuously decreasing peaks at each frequency 1/τp)
are that firstly every fourth spectral line is close to 0. Secondly, every second line is modulated
compared to an FML spectrum where a continuous decrease of the spectral lines can be
observed. These modulations can be deduced from approximating the Fourier components
of the periodic PC2 solution.
Starting at an arbitrary periodic signal

E(t) = E(t+ τp), (4.11)

the Fourier series and the single Fourier components Ẽn are defined by
E(t) =

∑
n

Ẽne
inω0t, (4.12)

Ẽn = F(E) = 1
τp

∫ τp

0
E(t)e−iω0tdt. (4.13)

In turn, the power spectral density SE(ω) (power spectrum) can be written as a sum of all
single components

SE(ω) =
∑
n

∣∣∣Ẽn∣∣∣2 δ(ω − nω0). (4.14)

44



4.2 Intermediate-Cavity Regime

Figure 4.4.: (a) Pseudo space-time plot of the electric field amplitude of the PC2 mode-locking
dynamics, depicting 200 round-trips. The fast time scale, referring to changes during one round-trip,
is shown on the x-axis whereas the slow time scale that corresponds to changes from round-trip to
round-trip is on the y-axis. It has to be noted that the x-axis is normalised to one period τp of the
PC2 limit cycle, which is τp = 1.002T . (b) Power-spectrum of the PC2 solution without noise. (c)
PC2 dynamics in the (G, |E|) plane of the phase space. (d) Net-gain in one round-trip of the PC2
solution, calculated according to eq. (4.10). All parameters were chosen according to Table 3.1 and
T = 625 ps and Jg/Jth = 8.

One can utilise these definitions to find an expression for the power spectral density of the
PC2 solution in the simplest case of two identical pulses. The periodic solution in this case
can be expressed by the superposition of two periodic pulse trains. The temporal evolution
of the relative phase of the pulses is denoted as the function φ(t) and the temporal distance
is defined by θ(t). Finally, the resulting periodic function can be expressed as

E(t) = E(t) + E(t+ θ(t))eiφ(t). (4.15)

In a stable mode-locking state, one can assume that θ(t) and φ(t) both evolve very slowly in
time and therefore deduce the Fourier coefficients of E(t) in terms of the coefficients of the
single function

Ẽn(t) = Ẽn
[
1 + ei[nω0θ(t)+φ(t)]

]
. (4.16)

Utilising these Fourier-coefficients, one can again deduce the power spectral density

SE(ω) =
∑
n

∣∣∣Ẽn∣∣∣2 ∣∣∣1 + ei[nω0θ(t)+φ(t)]
∣∣∣2 δ(ω − nω0). (4.17)

In experiments as well as in the numeric integration, the power-spectral density results
from an average over a time τa, which is much larger than a single round-trip. Applying
this average with respect to time leads to the following simplified expression for the power-
spectral density

〈SE(ω)〉 = 2
∑
n

∣∣∣Ẽn∣∣∣2 [1 + Cn] δ(ω − nω0), (4.18)
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where the amplitudes Cn give the influence of the time shift and the phase shift according
to

Cn = 〈cos (nω0θ(t) + φ(t))〉 = 1
τa

∫ τa

0
cos (nω0θ(t) + φ(t)). (4.19)

In the case of no noise and αg = αq = 0, the pulses are perfectly coherent and therefore
φ(t) = 0. Furthermore, the temporal spacing of the pulses θ(t) = T/4 is constant, as no
noise is included. With ω = 2π

T this leads to

Cn = 〈cos
(
n

2π
)
〉 =


0, n = 1 + 2i, i ∈ N,
1, n = 4 + 4i, i ∈ N,
−1, n = 2 + 4i, i ∈ N,

(4.20)

which recovers the same modulation of the spectral lines found in the numerically obtained
power spectrum presented in Fig. 4.4(c). In contrast, the spectral lines are modulated
according to Cn = (−1)n in the HML2 case, which leads to an elimination of every second
spectral line as compared to the FML dynamics. This can be predicted intuitively from the
fact that the period of the HML2 is halved compared to the FML solution and therefore
the distance between the spectral lines is doubled. At this point, it has to be noted that
including the influence of the amplitude-phase coupling and noise strongly influences the
appearance of the spectra. The former leads to a shift of the optical spectrum with respect
to the centre of the Lorentzian filter (see page 51 of Reference [JAU17a] or subsection 4.3.2 of
this work), whereas the power spectrum is only altered very slightly. The inclusion of noise
leads to an incoherence between pulses within one pulse cluster, meaning that φ(t) becomes
an uniformly distributed statistical quantity and therefore Cn = 0, which is discussed in
more detail in section 4.3.2.
In order to illustrate the influence of further parameters, the next two subsections include a
discussion of the gain bandwidth γ and the unsaturated absorption Jq as well as the influence
of the carrier relaxation rates γg,q. Motivated by experimental values, this is presented for
a round-trip time of T = 625 ps. A detailed bifurcation analysis unravelling the role of the
round-trip time is presented in section 4.2.3.

Influence of the Unsaturated Absorption

Additional to the pump power Jg, the unsaturated absorption Jq is a second parameter that
can potentially be easily controlled post-fabrication [JAU17a]. This can be achieved e.g. by
applying a reverse bias or temperature control. Nonetheless, in the investigated VECSELs
the quantities of the absorber chip are mainly determined by the composition of the active
section and consequently the details of the growth process [WAL16]. Yet, the unsaturated
absorption is a crucial parameter as it mainly characterises the equilibrium carrier density
level in the absorber and therefore the amount of absorption induced by the SESAM. Hence,
it is important to investigate its interplay with the available gain, i.e. the pump power. In
Fig. 4.5, a 2D-bifurcation diagram is presented, displaying the different dynamical regimes
in the (Jg,Jq) parameter plane7. The subpanels are obtained performing an (a) upsweep
and (b) downsweep in pump power via direct numerical integration. A ’sweep’ corresponds

7Please note that the pump power is not normalised to the threshold due to the threshold dependence on
Jq as given in (4.9).
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Figure 4.5.: 2D-bifurcation diagram in the parameter plane of pump power (normalised to the
threshold Jth) and unsaturated absorption (Jg, Jq). The different dynamical regimes are classified
according the intensity time-series and are distinguished by the colour code. FML refers to funda-
mental mode-locking and is displayed in blue, with the shading corresponding to the pulse width
normalised to the maximum found in the FML region (light shading depicts to narrow pulses). PCn
corresponds to pulse clusters with n pulses and is displayed in green, red, yellow and purple. The
different shades of light orange (Irr1−5) represent quasi-periodic irregular pulse cluster solutions in
which the pulse at the leading edge of the cluster dies out and a pulse at the trailing edge of the pulse
cluster grows. continuous-wave dynamics are indicated in dark orange and and the teal coloured re-
gions mark a regime of fat pulses with a pulse width exceeding PW > 0.2T . For illustration purposes,
pseudo space-time plots of the dynamics are depicted in Fig. 4.6. (a) Displays an upsweep in pump
current, whereas (b) displays a downsweep in pump current. All parameters are chosen according to
Table 3.1 and T = 625 ps. The dotted line marks the corresponding value of Jq used in the further
course of this section.

to continuously increasing (decreasing) the pump parameter in small increments, utilising
the stabilised dynamics of the previous calculation as the initial condition for the next pa-
rameter point. Thus, it is ensured that the operation regime of the laser only changes if a
stability boundary (bifurcation point) is passed. Sweeping in both directions is necessary to
determine the upper and lower stability boundaries of the found solutions. The operation
regimes are distinguished by analysing the intensity time-series with regard to the number
of pulses in one pulse cluster and the stability (periodicity) of the solution. The blue shaded
regions represent fundamental mode-locking and the shading indicates the pulse width (de-
termined as the full width at half maximum) normalised to the maximum pulse width in
the FML regime, with light regions indicating narrow pulses. Consequently, it is possible to
deduce that the pulses are very broad (similar to sinusoidal oscillations) close to the tran-
sition between the CW (orange) and FML state, but are narrowing as the pump power is
increased. This behaviour does not change when the unsaturated absorption is varied. A
pseudo space-time representation of the FML state is displayed in Fig. 4.6(a), where the
x-axis is (approximately) normalised to the period of the pulsed solution τp so that only a
negligible drift appears.
To further classify the dynamics in the (Jg, Jq) parameter plane displayed in Fig. 4.5, stable
pulse clusters (PCn) with n pulses in the cavity are specified by light green, red, yellow and
purple. The dynamics of these states is illustrated Fig. 4.6(c,e,g). Analysing the time-series
unravels that the distance between the pulses can always be approximated by ∆ ≈ τp/2n in
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the case of a symmetric cavity (τ1 = τ2 = T/4). From comparing the up- and downsweep
depicted in Fig. 4.5(a,b), it is possible to deduce a multistability of the different states,
which was already evident at a lower round-trip time in the continuation of the fundamental
solution branch displayed in Fig. 4.3. Nevertheless, in between the stable periodic pulse
cluster solutions quasi-periodic states appear, which are marked in different shades of or-
ange representing the number of pulses in one round-trip (Irr1−5). These states cannot be
determined applying DDE path-continuation techniques. Anyhow, transforming the DDE
system into a Haus master partial differential equation model would potentially allow for
a path-continuations, as quasi-periodic states appear as periodic states in the PDE frame-
work. Such a PDE model is derived in section 4.3.3. The quasi-periodic nature of the
irregular pulse cluster states becomes visible in the pseudo-space time plots of these states in
Fig. 4.6(b,d,f,h). Every fifty to more than hundred round-trips (depending on the state) the
leading pulse in one round-trip dies out and a second pulse (that becomes present as a small
satellite first) grows to again complete the pulse-cluster. This exchange takes place on a time
scale of approximately ten round-trips. In between two pulse exchanges, the solution is very
similar to the stable PCn state with slightly thicker pulses. The basis of this instability is
an additional widely opening net-gain window (see Fig. 4.4(d)) at the temporal position of
the second gain depletion of the leading pulse (leftmost in the space-time plots). In case of a
symmetric cavity, this position is given by adding half a round-trip to the original position.
A small pulse slowly grows at this position until it depletes all the gain of the leading pulse,
which therefore dies out. Details on these type of instabilities and a thorough investigation
of their dependence on the cavity geometry are given in Reference [MEI21a].
From the 2D-bifurcation diagrams in Fig. 4.5(a,b), it can be drawn that the laser switches
to a regime with extremely wide pulses, if the pump current exceeds the absorption above
a critical threshold. The plateaus of these wide pulses are not flat, but modulated in in-
tensity (teal coloured). As already presented in Fig. 4.3(a), these pulses stabilise along the
fundamental branch in a torus bifurcation. A pseudo space-time plot of such a broad pulse
is visualised in Fig. 4.6(i). It has to be noted that in the situation in which the pulse width
exceeds half the length of the cavity PW > T/2 the gain is continuously depleted (in the
symmetric configuration) due to the double gain pass. Anyhow, this regime occurs at pump
powers far above the threshold (Jg/Jth > 30) and is therefore very difficult (maybe impos-
sible) to access experimentally.
Generally, it has to be noted that a change of the unsaturated absorption elevates the thresh-
old (see eq. (4.9)), as it increases the losses that have to be compensated by the gain. This
is evident from the growth of the white region in Fig. 4.5 corresponding to the off -state
with increasing absolute value of Jq. Comparing the behaviour with results presenting the
bifurcation structure in the ring DDE model [VLA05, JAU17a, HAU20a], it is visible that
the general appearance stays very similar, although especially the parameters for the cavity
losses κ and the ratio of the saturation coefficients s differ strongly. Namely, these similarities
are that multi-pulse solutions with an increasing number of pulses emerge at higher unsat-
urated absorption, which are characterised by HMLn in the ring and PCn in the V-shaped
cavity. Furthermore, a broad continuous depletion of the gain occurs at a high pump power.
The depletion is characterised by a CW solution in the ring and broad pulse solution in the
V-shape model. As already discussed for the PC2 solution, the pulse cluster solutions do
not appear in additional Andronov-Hopf bifurcations as the HML2 states. This is discussed
in more detail later in this section. Furthermore, the Q-switched mode-locking instability
[RAC06, KOL06], characterised by an additional slow modulation of the gain (see section
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Figure 4.6.: Pseudo space-time representation of pulsed regimes found in a symmetric cavity config-
uration of the V-shaped VECSEL. The y-axis corresponds to the slow time scale and represents the
number of round-trips, the x-axis refers to the fast-time scale indicating changes within one round-
trip. The fast time scale is normalised to the period (τp ≈ T + γ−1) of the respective solution so that
no drift appears. All parameters are chosen according to Table 3.1 and T = 625 ps. The different
pump currents J/Jth used are (a) 4.0 (b) 5.0 (c) 9.9 (d) 11.9 (e) 15.2 (f) 19.8 (g) 21.8 (h) 25.1 (i)
32.3. Figure adapted from [HAU19].

5.2) is not evident in the investigated parameter regime, due to a low value of the satura-
tion energy ratio of s = 2 (s = 25 in [VLA05] and s = 5 in [VLA04]) and comparably low
unsaturated absorption (Q0 = −1.33 for Jq = −150).
Physically the occurrence of higher-order pulse cluster solutions with increasing unsaturated
absorption can be reasoned by the pulse narrowing effect of the absorber at larger values of
Jq. At increased Jq, the absorber is able to absorb a larger fraction of the leading edge of the
pulses. Hence, the gain is able to recover more between pulses. Due to the narrower pulse
shape, more pulses can be supported in the pulse clusters. They can exist closer together
without gain competition and letting the gain relax sufficiently long till the pass of the next
pulse. Nevertheless, the absorber needs to fully recover between pulse passes so that the
pulses are sufficiently narrowed. Otherwise the pulses of one cluster merge (intensity does
not drop to 0 in between pulses) and one obtains the wide pulse dynamics. Nonetheless,
the increased absorption makes a higher amount of gain necessary, which is why the lower
bifurcation lines shift to higher pump currents, if Jq is increased.
The upper stability boundaries shift to higher pump powers more quickly, leading to a broad-
ening of the stable PCn regions in pump power (c.f. Fig. 4.5). This can be reasoned by the
fact that the destabilisation of a PCn solution is caused by the emergence of the respec-
tive quasi-periodic instability based on the opening of an additional widely opening net-gain
window. In case the absorption is increased, a higher amount of pump power is required to
exceed the critical gain level and therefore the bifurcation boundary shifts accordingly.
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Influence of the Bandwidth

The bandwidth of the gain is introduced by the parameter γ (see section 3.4) and experi-
mentally mainly determined by the Bragg reflectors, antireflection coating of the gain-chip
and the bandwidth of the quantum well active section [CHO98a, VLA04, WAL16]. In the
DDE model, it is included independent of the pump power, which is not always a valid
approximation as in experiments the pump can strongly influence the gain spectrum, due to
the alteration of the charge-carrier density. Nevertheless, in the case of a broad resonance
as designed in experiments to circumvent unwanted effects of a limited bandwidth [WAL16]
the Lorentzian approximation included in the DDE model is sufficient (see section 3.3). A
model system including the interplay of bandwidth and pump power is discussed in section
5.4.
As γ determines the width of the gain spectrum, it has a strong influence on the pulse shape.
The result of a numerical path-continuation along γ for the PC2 solution at a pump current
of J/Jth = 8 is indicated in Fig. 4.7(a). Plotted is the maximum pulse amplitude in one
round-trip max (|E|) and the average pulse width of the pulses in the cluster with respect
to γ. As expected from the relation via the Fourier transform, an increase in the gain band-
width γ, leads to a decrease of the pulse width. The altered nonlinear pulse shaping further
leads to an increase in the pulse maximum (green line Fig. 4.7(a)). As outlined in Reference
[VLA05], the pulse width can be approximated by a dependence of ∆p ∝ γ−1 and the am-
plitude by E0 ∝

√
γ, if no additional dispersion is present and the gain bandwidth is very

large [VLA05, JAU17a]. In consequence, the pulse energy ≈ E2
0∆p remains approximately

constant when altering γ. Yet, in a highly nonlinear regime, i.e. strong gain and absorption,
the pulse width can strongly deviate from this behaviour [MEI21a]. The change of the pulse
shape along the PC2 branch with increasing γ is depicted in Fig. 4.7(b), illustrating the
narrowing of the pulses. Furthermore, it has to be noted that the change of the pulse shape
is very similar for both pulses in one cluster.
In order to investigate the influence of the gain bandwidth on the stability boundaries of
the different mode-locked states, a 2D-bifurcation diagram in the (Jg, γ) plane is calculated
performing a numerical upsweep in Jg, which is shown in Fig. 4.7(c). It indicates that the
upper bifurcation points of the PCn solutions as well as of the FML solution only shift
very slightly when increasing the gain bandwidth towards experimentally obtainable values
[WAL18, MEI21a]. The small alterations of the bifurcation lines can be ascribed to the only
slightly affected pulse energy with increasing γ. This underlines that utilising a small value of
γ = 150 = 0.25 ps−1 to drastically lower the computation time of the bifurcation analysis is
a feasible approximation to unravel the bifurcation landscape at high bandwidths. Nonethe-
less, a change that has to be accounted for is the occurrence of a HML2 solution above a
critical bandwidth, marked by a dark green area at γ > 1.25 ps−1 in Fig. 4.7(c). It can
be reasoned by the fact that the broader gain spectrum leads to a narrowing of the pulses,
while their amplitude is increased (see Fig. 4.7(a))8. A higher electric field amplitude causes
a stronger bleaching of the absorber and therefore a net-gain window can open although the
pulses deplete the gain simultaneously. Consequently, the HML2 solution stabilises.
Furthermore, the stable regimes of the PCn solutions shrink, if γ is further decreased. This
is caused by a broadening of the pulses at low gain bandwidths. If a very wide pulse is

8It has to be highlighted that the gain bandwidth is modelled via a Lorentzian filter in a lumped element
approach in the DDE framework. Therefore, increasing the gain-bandwidth in the model corresponds to
a reduced filtering as initially the gain is frequency independent.
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Figure 4.7.: (a) Path continuation of the PC2 solution (J/Jth = 8) in bandwidth γ. The y-axis
corresponds to the maximum pulse amplitude (light green line) and average pulse width (black line)
in the pulse cluster at each point in γ. (b) Evolution of the electric field amplitude along the
solution branch shown in (a). The bandwidth increases in steps of ∆γ = 0.16 ps from bottom to
top. (c) 2D-bifurcation diagram in the plane of pump power (normalised to the threshold) and
unsaturated absorption (Jg, γ), obtained performing an upsweep in Jg. The different dynamical
regimes were classified according to the intensity time-series and can be distinguished via the colour
code as defined previously (see Fig. 4.5 and Fig. 4.6 for details). The dark green area here denotes
second-order harmonic mode-locking (HML2). All parameters were chosen according to Table 3.1
and T = 625 ps. The dotted line marks the corresponding value of γ used in the further course of
this section.

amplified, the gain is depleted for a longer duration and hence the time of exponential re-
laxation till the arrival of the subsequent pulse is shortened. However, the parameter value
for γ = 0.24 ps−1 (depicted by the black line in Fig. 4.7(c)) chosen for the further course of
this work is as low as possible, while avoiding the regime of very broad pulses regime.

Influence Carrier Relaxation Rates

Two further parameters that can have a substantial influence on the dynamics are the carrier
relaxation rates in the gain γg and the absorber γq. In experimental devices, they are mainly
determined by the applied current/bias and the composition and design of the semiconduc-
tor chips. Although it can be necessary to account for the current dependence of different
scattering rates to reproduce certain phenomena [LIN16, MEI19, HAU21], the carrier relax-
ation rates in absorber and gain are included as independent quantities in many theoretical
works on passively mode-locked lasers [BIS95a, VLA04, VLA05, MUL05a, SCH19b, HAU19]
as already outlined in section 3.4. Nevertheless, when investigating the dynamics in the
parameter plane of the pump current and the gain relaxation rate (Jg, γg) one has to keep in
mind the normalisation of the pump current which includes the transparency carrier density
multiplied by the relaxation rate (see eq. (3.13)). Thus, it is feasible to use the definition
of the pump current found when deriving an expression for the threshold current in section
section 4.2.1 giving Jg = γgG0. It is often used in the derivation of a Haus master equation
[KOL06, SCH18e, SCH18f, HAU20a]. Here, G0 denotes the equilibrium integrated carrier
density at threshold. Making use of this expression it is possible to independently investigate
the influence of the pump level and the relaxation rate in the (G0, γg) parameter plane as
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Figure 4.8.: 2D-bifurcation diagrams in the parameter plane of the equilibrium carrier density and
the carrier relaxation rate of the gain (G0, γg) in (a) and in the parameter plane of the equilibrium
carrier density and the carrier relaxation rate of the absorber (G0, γq) in (b). Both bifurcation dia-
grams were obtained performing an upsweep in Jg. The different dynamical regimes were classified
according to the intensity time-series and can be distinguished via the colour code as defined pre-
viously (see Fig. 4.5 and 4.6 for details). All parameters were chosen according to Table 3.1 and
T = 625 ps. The dotted lines denote the corresponding values of γg and γq used in the further course
of this section. For both panels Q0 = Jqγ

−1
q = −0.577 is kept fixed.

depicted in the 2D-bifurcation diagram in Fig. 4.8(a). Plotted is an upsweep in the pump
parameter G0.
From the bifurcation diagram, it is possible to deduce that the relaxation rate does not im-
pact the type of dynamical regimes occurring above threshold for the investigated parameter
values, i.e. no further instabilities are induced. Anyhow, it can be seen that although the
succession of the dynamical regimes does not change, their stable pump current interval de-
creases in width and shifts to lower values of G0. Furthermore, the area of fat pulses emerges
at much lower pumping rates (with respect to the threshold). This can be reasoned by the
fact that due to the enlarged relaxation rate γg, the gain relaxes faster to its equilibrium af-
ter a depletion. Consequently, more gain is available at the subsequent pulse pass compared
to the situation of lower γg (at the same value of G0) because in the intermediate-cavity
regime (γgT ≈ 1) the gain never fully relaxes to its equilibrium in between pulse passes (see
Fig. 4.3(b1). Thus, multi-pulse solutions already stabilise at lower pump powers due to the
increased amplification. In the next section, it is outlined that increasing the round-trip
time T has a similar effect as elevating the relaxation rate because the factor γgT mainly
determines the amount of the available gain at a subsequent pulse pass (if Jg is constant).
The impact of altering the carrier relaxation rate in the absorber is shown in Fig. 4.8(b).
Plotted is an upsweep in the pump parameter G0 for different values of the absorber re-
laxation rate. It has to be pointed out that for the unsaturated absorption the relation to
the equilibrium carrier density at threshold γqQ0 = Jq is used and Q0 is kept fixed for all
scans in order to illustrate the sole effect of γq. In contrast to the gain, the absorber always
recovers to an equilibrium in between two subsequent pulse passes in the intermediate-cavity
regime at realistic relaxation rates. Yet, the absorber has a strong influence on the stability
boundaries of the stable and irregular pulse cluster regimes. If the relaxation rate is reduced
very drastically to values below γq < 50 ns−1, the absorption is decreased to an extent that
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4.2 Intermediate-Cavity Regime

the system does not support the emergence of multi-pulse solutions anymore. In this regime,
mainly the fat pulse solution emerges, due to the reduced narrowing effect of the absorber.
On the other hand, a strong increase of the absorber relaxation rate leads to a favouring
of irregular pulse clusters, due to the destabilising effect of the increased absorption. This
can be reasoned by the faster closing of the net-gain window, due to the faster relaxation of
the absorber. Additionally, it is visible that an increase in the carrier relaxation rate in the
absorber decreases the pulse width, as can be seen from the shading of the FML region.
In general, it is to conclude that an increase or decrease of the chosen relaxation rates adapted
from experimental values [WAL16, HAU19] and marked by black dotted lines in Fig. 4.8(a,b),
does not lead to an emergence of additional dynamical regimes in the performed upsweeps
in pump power. Furthermore, the general bifurcation structure is unaffected by a change of
γg,q in this range with regard to succession of the pulse cluster states.

4.2.3 Enlarging the Cavity

When setting up a VECSEL device, the cold-cavity round-trip time is a crucial parameter
as it mainly determines the period of the pulsed laser output. The period of the fundamen-
tal mode-locking solution is approximately9 given by τp ≈ T + γ−1 and the period of the
harmonic solutions with n pulses results as τp,HML = τpn

−1. Hence, the role of the cavity
round-trip time T is investigated in detail in this section, with a special focus on the alter-
ation of the bifurcation scenario leading to the emergence of pulse clusters. In the case of
a V-shaped cavity geometry, the round-trip time is related to the length of the two cavity
arms via T = 2τ1 + 2τ2. Anyhow, a symmetric arrangement is investigated first in order to
obtain a simple overview. This means that the length of the two cavity arms is adjusted
equally, i.e. the condition τ1 = τ2 is always fullfilled. The introduction of a slight asymmetry
(τ1 6= τ2) is discussed in section 4.2.4.
For the sake of unravelling the changes in the bifurcation structure induced by an alteration
of the total cavity length, the fundamental solution branch emerging from the first Andronov-
Hopf bifurcation along the CW branch (AHFML), is continued in pump power for different
round-trip times. The resulting 1D-bifurcation diagrams are depicted in Fig. 4.9(a1−3) with
thick (thin) lines denoting stable (unstable) dynamics. Plotted is the normalised maximum
pulse amplitude max(|E|) in one round-trip against the normalised pump power. The general
bifurcation scenario of the branches at different round-trip times does not differ significantly.
Nonetheless, with increasing round-trip time a more pronounced recurrent looping behaviour
can be recovered, with higher-order pulse cluster solutions (PCn) stabilising during each ad-
ditional loop, depicted by the different colours along the branches Fig. 4.9(a1−3). Each
upper loop attributes the upper stability boundary of the respective PCn solution and is
characterised by a saddle-node bifurcation denoted as SNn,U (red circles in Fig. 4.9(a1−3)).
Similarly the lower (additional) loops are embodied by saddle-node bifurcations and are
denoted SNn,L as before (orange circles). Here, the first subscript n refers to the number
of pulses in the cluster and the second to the position on the branch10. As found for the
PC2 solution at low round-trip times (see Fig. 4.3), the higher-order pulse cluster solutions
stabilise in torus bifurcations indicated by green circles and denoted as Tn in Fig. 4.9(a1−3).

9In the regime of strong gain and absorption in monolithic devices the period can be lower than the round-
trip time [JAU17a, VLA11]. Nonetheless, for the chosen parameter set the given approximation holds
well, as the DDE model can be transformed to a PDE, in which the drift is given by 1/γ. A derivation is
presented in Appendix A.2.

10"L" corresponds to the lower loop and "U" to the upper loop.
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Figure 4.9.: (a1−3) 1D-Bifurcation diagram along the pump current Jg (normalised to the threshold),
showing the maximum electric field amplitude max (|E|) (normalised to the global maximum in the
investigated regime Emax) along the fundamental mode-locking branch and detached branches. The
three panels show the branches for the displayed cold-cavity round-trip times T . The different colours
refer to the different dynamics, with fundamental mode-locking in light blue, pulse clusters (PC2)
with two pulses in green, PC3 in light red, PC4 in yellow, PC5 in purple and a fat pulse regime in
teal. The grey regions refer to unstable dynamics with satellite pulses. Thick (thin) lines denote
stable (unstable) dynamics. The saddle-node bifurcations at the upper part of the branch are marked
by red circles and denoted by SNn,U, with n referring to the number of pulses observable at the
bifurcation point. Saddle-node bifurcations at the lower part are marked in orange (SN2,L). Green
circles denote torus bifurcations Tn, with the torus bifurcation stabilising the fat pulse regime denoted
by TR. (b1−3) One period (τp) of the electric field dynamics (colour code) along the fundamental
solution branch born in the first Andronov-Hopf bifurcation along the CW branch and shown in the
respective upper panel. The bifurcation points governing the stability are indicated by the same
colours and labels. The x-axis corresponds to one period of the electric field dynamics, whereas the
y-axis corresponds to the position along the branch (starting from the bottom). All other parameters
as in Table 3.1. Figure adapted from [HAU19].
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4.2 Intermediate-Cavity Regime

The torus bifurcation giving rise to a stable mode-locked solution characterised by a very
wide pulse (teal), is depicted as TR at the rightmost position of the branch.
The different PCn dynamics along the branch are distinguished by the colour code as in
the 2D-bifurcation diagrams presented before (e.g. see Fig. 4.5) with light blue denoting
fundamental mode-locking, green referring to pulse clusters with two pulses (PC2), red cor-
responding to the PC3 solution, yellow to the PC4 solution and purple to pulse clusters
with more than 4 pulses. The grey parts of the branch indicate regions in which the solu-
tion continuously transitions from a PCn to PCn+1 solution. To visualise this continuous
transition, the dynamics of the electric field amplitude along each branch is illustrated in
Fig. 4.9(b1−3). Here, the y-axis corresponds to the continuation points along the branch
(position on branch) and the colour code represents the normalised electric field amplitude
in one period of the found solution at the respective branchpoint. The green and red lines
stand for the (de-)stabilising torus and saddle-node bifurcations as indicated in (a). From
the plots of the dynamics, it is possible to deduce that after the stabilising torus bifurcation
Tn the pulses in one cluster grow in amplitude along the branch until a critical maximum
at which they destabilise in the SNn,U bifurcation. Shortly before this point a side-pulse
emerges, which can be identified as a light yellow regime to the right of each pulse cluster,
directly above the red SN lines in Fig. 4.9(b1−3). The behaviour of all PCn solutions and the
side-pulses is very similar after the SNn,U bifurcation point and almost independent of the
number of pulses in the cluster. First the side-pulse dissociates itself from the cluster, while
the amplitude and temporal distance of the pulses in the cluster decreases until a critical
minimum. After the minimum, the side-pulse rapidly adjusts its temporal distance to the
pulse cluster and grows as an additional pulse of the continuously forming PCn+1 solution.
The temporal distance within the pulse clusters is given by ∆PCn ≈ τp/2n in the stable
regions [HAU19].
Regardless of the round-trip time, a transition to a mode-locking state characterised by a
wide-pulse (wide red area at the top of Fig. 4.9(b1−3)) can be found after the highest order
pulse cluster. As discussed before, the wide pulse dynamics results from the pulses of a
cluster being too close together, while exhibiting a broad pulse width. In consequence, they
merge at higher pump powers instead of the forming of higher-order pulse cluster. This
also can be drawn from the yellow regions indicating a non-zero electric field amplitude in
between the pulses of a cluster before the stabilisation of the fat pulse in Fig. 4.9(b1−3).
Initially, the higher-order pulse clusters emerge as unstable solutions. This is shown by the
appearance of the PC6 solution in Fig. 4.9(b3) for which no stable regime can be found
although the corresponding loop along the branch already exists (see Fig. 4.9(a3)). The
stabilisation is mediated via the simultaneous emergence of two torus bifurcations along the
respective loop, which is discussed in more detail later in this section. It has to be pointed
out that although solutions appear well separated along the branches they actually exist at
similar pump currents (see Fig. 4.9(a)). Consequently, the pulse clusters can be multistable
for different points of operation [HAU19].
It can be concluded that the continuous emergence of the pulse cluster with two pulses as
discussed in section 4.2.2 can be generalised to PCn solutions emerging with an increase of
the round-trip time. Their birth is connected to the appearance of additional loops along
the fundamental solution branch, born in the first Andronov-Hopf bifurcation along the CW
branch. These loops are embodied by a pair of saddle-node bifurcations SNn,U and SNn,L,
of which the upper bifurcation represents the upper stability boundary. The lower stability
boundary of each PCn solution is given by a torus bifurcation.

55



4 Cavity Effects

Figure 4.10.: 2D-bifurcation diagrams in the parameter plane of pump power (normalised to the
threshold) and the cavity round-trip time (Jg, T ). An upsweep in pump current is performed to
obtain the diagram in (a) whereas a downsweep is performed for (b). Subpanel (c) indicates an
upsweep with αg = 1.5 and αq = 1.0. The different dynamical regimes are classified according to the
intensity time-series and are distinguished via the colour code as defined previously (see Fig. 4.5 and
4.6 for details). The red lines in (a) represent the saddle-node bifurcation lines SNn,U marking the
upper stability boundary of the pulse cluster solutions and the FML solution (see Fig. 4.9). They are
connected to the SNn,L bifurcations at the lower loops of the branch (orange) in cusps. The green
lines in (b) denote the bifurcation lines of the torus bifurcations Tn characterising the lower stability
boundaries. The lower stability boundary of the FML solution is given by the SN1,L bifurcation
(see Fig. 4.9(a1)). The black line indicates the first Andronov-Hopf bifurcation along the CW branch
AHFML (d) Indicates a combination of all saddle-node and torus bifurcation lines displayed in (a)-(b),
with the inset showing a zoom of the area marked by the blue square. The black square marks the
cusp in which the PC2 solution detaches from the branch. The laser parameters are presented in
Table 3.1. Figure adapted from [HAU19].
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4.2 Intermediate-Cavity Regime

A further notable development induced by the increase of the round-trip time, is the detach-
ing of lower order solutions from the main fundamental solution branch, as presented for the
FML and the PC2 solution in Fig. 4.9. Already at the lowest round-trip time shown, the
PC2 instead of the FML solution emerges at the start of the fundamental solution branch as
depicted in the dynamics in Fig. 4.9(b1). From the 1D-bifurcation diagrams in Fig. 4.9(a),
one can deduce that there is no connection between the fundamental solution branch emerg-
ing from the AHFML bifurcation and the FML solution branch for all investigated round-trip
times. Instead the FML solution exists as a solitary branch. After the detaching, the lower
stability boundary of the FML solution is not characterised by the AHFML bifurcation any-
more, but the newly emerging SNn,L bifurcation. Yet, the stability intervals of the FML and
PC2 solutions do not change significantly during the detaching process. Consequently, the
fundamental solution branch (starting as the green line in Fig. 4.9(a1)), is only stable in a
very small interval in Jg after its emergence from the AHFML Andronov-Hopf bifurcation at
the bottom of the branch. This is followed by an unstable region, characterised by the PC2
solution (thin green line), while the solitary FML solution remains stable (thick blue lines in
Fig. 4.9(a1−3)). A stable pulsed PC2 regime does not exist until the T2 tours bifurcation, al-
though it directly emerges from the first Andronov-Hopf bifurcation at the round-trip times
investigated for Fig. 4.9(a1−2).
When further increasing the round-trip time to T = 537.5 ps, the PC2 solution also de-
taches from the main fundamental solution branch (Fig. 4.9(a3)). This again manifests in
the respective dynamics along the branch, demonstrated in Fig. 4.3(b3). Instead of the PC2
solution, the PC3 solution emerges directly at the start of the branch and a continuous
transition to higher-order pulse clusters follows (see Fig. 4.3(b3)). Yet, the stability of all
stable PCn solutions is not affected by the detaching and thus it is a crucial information for
discussing the origin of the branches, but would not be visible in an experiment.
A deeper insight into the bifurcation structure governing the emergence of higher-order pulse
clusters can be gained by a path-continuation of the bifurcations characterising the branch
structure in the (Jg, T ) parameter plane, namely the SNn,U, SNn,L and Tn bifurcations.
Plotted in Fig. 4.10(a) are the bifurcation lines corresponding to the upper (SNn,U red) and
the lower (SNn,L - orange) saddle-node lines. Comparing the red SNn,U lines to the under-
lying numerical upsweep of the dynamics (same colour code as before), emphasises that in
the investigated parameter regime the type of the bifurcation characterising upper stabil-
ity boundary is not influenced by altering the round-trip time, as already suggested by the
path-continuation of the single branch in Fig. 4.9(a). Interestingly, the bifurcation lines of
the upper and lower saddle-node bifurcations SNn,U and SNn,L collide in a cusp bifurcation
point11 at a critical round-trip time, which is depicted by the intersection of the red and
orange lines in Fig. 4.10(a). A zoom of the bifurcation lines in the region of a cusp (blue
square Fig. 4.10(b)) is displayed in the inset of Fig. 4.10(d). These cusp bifurcation points
characterise the emergence of the loops along the solution branch as they give birth to the
two saddle-node bifurcations enclosing each loop along the fundamental solution branch (see
Fig. 4.9(b1−3)). Thus, the SNn,U and SNn,L bifurcations are born at the same parameter
pair in the (Jg, T ) plane. Yet, they rapidly separate in pump power as the round-trip time
is increased from the cusp, which embodies the extension of the respective loop along the

11A cusp bifurcation point is a codimension two bifurcation point at which two saddle-node bifurcations
collide tangentially. In this case, the dimension of the centre manifold stays at dim(Wc) = 1 but a
normal form coefficient becomes 0. A detailed explanation of the bifurcation diagram, the behaviour of
the eigenvalues and normal form can be found in chapter 8.2 (pages 304, 305) of Reference [KUZ98a].
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branch. A second characteristic point along the saddle-node lines is a second cusp bifurca-
tion point at lower pump powers, which is exemplary marked along the SN2,L line by a black
square in Fig. 4.10(a). This point defines the detaching of the branches and is elaborated in
detail in the further course of this section.
All pulsed solutions are enclosed by the AHFML Andronov-Hopf bifurcation line, which is
plotted as a black line in Fig. 4.10(a). At very low round-trip times, this Andronov-Hopf
bifurcation is not present and hence only CW operation is possible. This is related to the
fact that compared to the total cavity round-trip the pulses get very broad in this regime, as
exemplarily depicted by the shading of the FML region12, due to the differing pulse shaping
effects at the large mode-spacing. Consequently, the gain recovery between pulse passes is
very short due to the comparably long depletion time. In contrast, the absorber still almost
fully recovers in between pulse passes due to the much higher relaxation rate. Therefore,
the energy in the cavity is too low to compensate for the losses and enable a stable pulsing
regime. It is also noticeable that the FML solution is always the first pulsed solution to sta-
bilise, although it detaches from the AHFML Andronov-Hopf point at T ≈ 250 ps. The reason
underlying this stabilisation mechanism was discussed before and lies within the unchanged
stability in the detaching process as revealed by the large stable FML region at low pump
powers (thick light blue line in Fig. 4.9(a)). Opposing to the wide pulses in the fundamental
mode-locking region at low round-trip times, the pulses in the teal region at high pump
powers ("fat") exhibit a modulation on-top of the pulses. However, both solutions have a
period close to τp ≈ T + γ−1. The modulation of the wide pulses in the fat pulse regime
is visualised in the pseudo space-time representation of the fat pulse regime in Fig. 4.6(i),
where the amplitude at the leading edge of the pulse is much higher and then followed by
an almost constant plateau.
The shifting of the upper bifurcation boundaries to lower pump powers with increasing T
is very similar to the influence of the gain relaxation time γg. This can be explained by
the fact that enlarging either of the two quantities leads to an enhanced exponential gain
relaxation (∝ G0[1−exp (−γgT/2)]) between pulses. In case of increasing the gain relaxation
rate this is caused via a steepening of the exponential relaxation, whereas the increase of the
round-trip time leads to a longer relaxation period. Thus, the maximum pulse amplitude
max (|E|) is elevated almost equally, if γg or T are increased as shown by the 1D-bifurcation
diagram in Fig. 4.11(a). The diagram is obtained by applying path-continuation to the PC2
solution with the continuation parameter once set to T (black line) and to γg (blue) and
finally comparing both lines at an equal gain relaxation parameter γgT . As a consequence
of the increased available gain, the multi-pulse solution already turns stable at lower pump
powers as illustrated in Fig. 4.10(b). This is further embodied by a shift of the corresponding
torus bifurcations (green lines Fig. 4.10(b)). Vice versa the shift of the upper bifurcation
boundaries (SNn,U) to lower pump powers is caused by the destabilising influence of the
excessive gain, as it leads to additional widely opening net-gain windows inducing the quasi-
periodic dynamics (orange shading in Fig. 4.10(a)) [IPP94].
The transition point to wide-pulses dynamics almost does not shift in Jg when alternating
T . In contrast, γg induces a strong shift of the bifurcation point (see Fig. 4.8(a)). The
reason of this behaviour may lie within the influence of γg on the pulse width (relative to the
round-trip time) that is contrary to T in the investigated region as indicated in Fig. 4.11(b).
Plotted is the (average) relative pulse width along the PC2 solution branch continued in

12The shading gives the relative pulse width normalised to a maximum of 0.35T . A light shading corresponds
to narrow pulses.
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Figure 4.11.: (a) 1D-bifurcation diagram showing the development of maximum electric field am-
plitude max (|E|) within one period of the PC2 solution, if the factor determining the amount of
the gain relaxation γgT is varied. The blue line is obtained by continuing the PC2 solution in γg
whereas for the black line the round-trip time T is the continuation parameter. (b) Average pulse
width within the PC2 solution along the same solution branches as in (a). The pulse width is defined
as the full width at half maximum (FWHM) and normalised to the period of the solution. Shown
in (c) are profiles of the electric field amplitude of the PC2 solution along both branches at the γgT
value indicated by the dashed line in (b). All parameters are chosen according to Table 3.1 and
J/Jth = 6.8335.

γg (blue) and in T (black) at a constant pump power. The absolute pulse width growth
in both cases, due to the increased gain relaxation. Nevertheless, the absolute pulse width
does not grow proportional to the cavity length T as it is elevated due to the nonlinear
increase of the gain relaxation. Therefore, the relative pulse width decreases as shown by
the black dots in Fig. 4.11(b). Finally, the longer cavity length leads to a lower relative
pulse width than an elevation of γg, although the factor determining the gain relaxation
time γgT is equal. Exemplary pulse profiles of the PC2 solution obtained by a separate
path-continuation along γg (blue) and T (black) starting from γgT = 0.625 to γgT ≈ 0.91
are displayed in Fig. 4.11(c). The profiles illustrate the enlargement of the relative pulse
width with γg. The increase in the relative pulse width furthermore leads to a suppression of
the birth of additional higher-order pulse clusters, if only γg is elevated, because the pulses
become too broad relative to the fixed round-trip time of T = 625 ps used to generate the
2D-bifurcation diagram in Fig. 4.8(a). Consequently, instead of additional pulse clusters,
the region of fat pulses shifts to lower pump powers. Opposing to that, the narrowing effect
of the increased round-trip time, caused by the higher number of amplified modes leading
to an altered nonlinear pulse shaping, enables the stabilisation of higher-order pulse clusters
(see Fig. 4.10). It has to be noted that in experiments the pulse widths are much lower than
investigated here [WAL16, WAL18]. Taking into account the highly nonlinear field carrier
interaction of ultra-short pulses can lead to a decrease of the pulse width with increasing
cavity length. A method to investigate this behaviour in detail would be the integration of
fully microscopic models [KIL17, MCL20], which however is subject to high computational
demands.

The introduction of non-zero line-width enhancement factors (α-factors) does not severely in-
fluence the qualitative appearance of the bifurcation scenario as displayed for an Jg-upsweep
in the (Jg, T ) parameter plane in Fig. 4.10(c). Here, αg = 1.5 and αq = 1.0 are cho-
sen to be close to experimental values [WAL16, WAL18]. It is evident that the irregular
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Figure 4.12: (a) Time-series of the electric
field amplitude calculated with zero line-width
enhancement (green) and with the line-width
enhancement factors set to αg = 1.5; αq = 1.0
(red). (b) Time-series of the gain correspond-
ing to the solution plotted in (a). All param-
eters are chosen according to Table 3.1 and
T = 625 ps and Jg/Jth = 10.7.
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solutions become less pronounced and the boundaries of the pulse cluster regimes appear
close together in pump power in the upsweep. This can be reasoned by the upper stability
boundary of the irregular PC solutions that is shifting to lower pump powers. Furthermore,
upper stability boundary of all pulse clusters slightly shifts to lower pump powers, which
can be deduced from comparing (e.g.) the transition from the red to yellow shaded regions
in Fig. 4.10(a) and Fig. 4.10(c) for the highest round-trip times. As the α-factors shift the
optical spectrum away from the resonance of the spectral filter (see page 51 of Reference
[JAU17a]), the pulses experience a higher filtering and hence exhibit a lower intensity. This
is exemplarily illustrated by the intensity time-series in Fig. 4.12(a) calculated at the same
pump power, but with zero (green) and non-zero line-width enhancement factors (red). The
increased filtering leads to a less efficient depletion of the gain as shown by the gain level of
the two time-series of the gain dynamics in Fig. 4.12(b). Therefore, a destabilisation of the
respective regimes occurs earlier in the upsweep along Jg, as the critical gain level at which
the respective dynamics destabilises requires a lower pump power. In other words, less pump
power is required for an additional net-gain window to open wide enough to destabilise the
solution.
At this point it is important to highlight, that the influence of the linewidth enhancement
factor (amplitude-phase coupling) in the DDE model can be overestimated when utilising
the values determined in experiments [WAL16], due to the multi-mode nature of the DDE
system in combination with the neglection of the frequency dependence of αg,q [UKH04].
A further simplification in the used model is the assumption of time-independent α-factors
[AGR93a, HER16]. In principle, the lower pulse intensity induced by the non-zero α-factor
explained above is mainly resulting from the role of the α-factors in the multi-mode DDE
model and not necessarily related to a physical effect. From measurements and micro-
scopic approaches it becomes clear, that the value of α is not independent of the gain
spectrum as it is mainly determined by the carrier densities. Nonetheless, effects counter-
acting the influence of the linewidth enhancement such as group velocity dispersion are not
included in the DDE model either [PIM17]. Therefore, a good qualitative agreement to
experimentally determined dynamics can be achieved by utilising zero or low values for αg,q
[PIM14, JAU16, NIK16, MAR14c], without directly neglecting its presence as the counter-
acting effects are neglected as well.
On the account of studying the dependence of the lower stability boundaries on the round-
trip time, a path-continuation of the torus bifurcation lines Tn (green lines) in the (Jg,
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4.2 Intermediate-Cavity Regime

T )-plane is displayed in Fig. 4.10(b) and complemented by a numerical downsweep. Again,
the bifurcation lines perfectly match the numerically found transitions. As the SNn,U and
Tn bifurcation lines similarly shift to lower pump powers, the stable region of the PCn so-
lution is only decreased slightly with increasing round-trip times (see red and green lines in
Fig. 4.10(d)). The 2D-bifurcation lines again indicate the multistability of the PCn solu-
tions as the lower stability boundary of the PCn+1 (green lines) always lies at lower pump
currents than the upper stability boundary of the PCn solution (red lines). A multistability
of the irregular and stable pulse cluster solutions becomes evident when comparing the up-
and downsweep, i.e. Fig. 4.10(a) and Fig. 4.10(b). In the downsweep, a direct transition
between the PCn states is evident whereas in the upsweep the stable PC solutions are always
separated by irregular PC pulsations (see Fig. 4.6 for plots of the solutions). In the upsweep,
these intermediate transitions occur because the attractor of the PCn solution at upper sta-
bility boundary lies closer to that of the corresponding irregular solution than to that of the
next higher-order PCn+1 state. In contrast, the attractor of PCn+1 solution is multistable
with the PCn solution and its attractor lies closer to the regular lower order pulse cluster
than to that of the lower order irregular counterpart. Thus, no transition to irregular occurs
in the downsweep and a wide region of stable pulse clusters with more than 4 pulses can be
found marked by the large violet region in Fig. 4.10(b). The only irregular solution that is
visible in the downsweep is the one related to the FML solution, due to the fact that the
FML state is not multistable to the PC2 solution.
As discussed before, the higher-order pulse cluster solutions initially emerge as unstable so-
lutions, as the cusp of saddle-node bifurcations (collision of SNn,L and SNn,U lines) giving
birth to the corresponding loop along the branch, emerges at a lower round-trip time than
the respective stabilising torus bifurcations. This can be deduced from comparing the min-
imum of the Tn line with respect to the round-trip time to the position of the respective
cusp in Fig. 4.10(d). Nonetheless, the PC2 state is an exception in this scenario as the
comparison shows that the T2 bifurcation already exists at a lower round-trip time than the
cusp. The T2 bifurcation appears from a 1:1 resonance scenario close to the cusp at which
SN1,L and SN1,U collide (Jg/Jth ≈ 30.8, T ≈ 105 ps). This cusp marks the emergence of the
first Andronov-Hopf bifurcation along the fundamental solution branch. Directly after its
appearance, the T2 torus represents the boundary between an unstable FML regime with a
side-pulse and fat-pulse emission. Yet, with increasing cavity round-trip times, further torus
points emerge along the fundamental solution branch and take the place as the stabilising
bifurcation of the wide pulse regime. Thus, the T2 bifurcation becomes the lower stability
boundary of the PC2 solution, as it is shifted along the branch during the formation of the
PC2 loop.
The generation mechanisms of the T3 and T4 torus are similar to each other, as they both
emerge from a torus-torus connection point, which occurs for the T3 bifurcation in the region
marked by a blue square in Fig. 4.10(b,d). A zoom of the bifurcation lines in this region
is presented in Fig. 4.13(a), where the torus-torus point (T-T point) is marked by green
square. The other subpanels of Fig. 4.13 indicate zooms of the upper loop of the funda-
mental solution branch, indicating the position of the bifurcations (along the PC3 region)
in the 1D-bifurcation diagram of pump power and maximum electric field amplitude (com-
pare light red region in Fig. 4.9(a1)). The respective round-trip times are marked by black
lines in (a). At round-trip times between the emergence of the saddle-node cusp and the
torus-torus point (245 ps < T < 270 ps in (a)), the loop exists with an unstable PC3 region
as depicted in Fig. 4.13(b). As the round-trip time is increased the two torus bifurcations,
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Figure 4.13.: (a) Close up of the path-continuation of the SN3,U-SN3,L (red and orange) and the T3
(green) bifurcations in the (Jg, T ) parameter plane, indicated by the blue square in Fig. 4.10(b,d).
(b)-(e) Close up of the 1D-Bifurcation diagram (see Fig. 4.9(a)) along the pump current Jg, with the
maximum electric field amplitude in one period of the PC3 solution on the y-axis. The four panels
show the branches for the cold-cavity round-trip times marked by the dashed lines in (a). PC3 mode-
locking is depicted by light red lines and the grey regions correspond to unstable PC3 dynamics with
satellite pulses. The torus bifurcations corresponding to the torus line in (a) are marked by green
circles, whereas the saddle-node bifurcation is marked by a red circle (red line in (a)). Thick lines
denote stable regions, whereas thin lines mark unstable dynamics. All other parameters as in Table
3.1.

labelled as T3 and T3,U, emanate from the torus-torus point and enclose a stable PC3 region,
c.f. Fig. 4.13(c). This mechanism is very similar to the emergence of the Andronov-Hopf
bifurcations along the CW branch, giving birth to the mode-locked solutions. These also
emerge in pairs and split (in Jg) if Jq is enlarged [VLA04, JAU17a]. Already at round-
trip times slightly above the torus-torus point, the two bifurcations split along the branch
(Fig. 4.13(d)) until the upper torus bifurcation passes the SNn,U bifurcation as shown in
Fig. 4.13(e). This is tangential passing of the green torus and the red SN line in Fig. 4.13(a).
At further increased round-trip times, the two torus bifurcations lie close to each other in
the (Jg, T ) parameter plane, but are situated on opposite sides of the solution branch as
displayed in Fig. 4.13(e).
As discussed before, a detaching of the FML regime and the different PC solutions from
the fundamental solution branch, generated in the AHFML bifurcation, can be observed with
increasing round-trip times. The underlying mechanism can be understood by investigating
the second cusp along the SNn,L lines in the (Jg, T )-plane, which has the same structure for
all investigated SN bifurcation lines (see Fig. 4.10(a,d)).
A zoom of the cusp along the SN2,L in the area marked by a black square in Fig. 4.10(a)
is illustrated in Fig. 4.14. At low round-trip times below the cusp, depicted by the yellow
region in Fig. 4.14(a), only the SN2,L bifurcation exists. At these round-trip times, it repre-
sents the lower loop along the AHFML branch, separating the PC2 and the PC3 dynamics,
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Figure 4.14.: (a) Close up of the path-continuation of the SN2,L saddle-node-bifurcation in the
(Jg, T ) parameter plane, indicated by the black square in Fig. 4.10(a). The red-shaded background
corresponds to a detached PC2 solution branch. In contrast, the branch is connected to the FML
branch in the yellow region. The cusp is marked by the black square and corresponds to the point
where the SN2,LN and SN2,i merge. The dashed black lines mark the round-trip times for which the
solution branch is shown in the other panels. (b)-(e) Close up of the 1D-Bifurcation diagram (see
Fig. 4.9(a)) along the pump current Jg, with the maximum electric field amplitude (max (|E|)) in one
round-trip on the y-axis. The different colours refer to the different dynamics, with PC2 in green and
PC3 in light red. The grey regions correspond to unstable dynamics with satellite pulses. All shown
branches belong to unstable dynamics. The orange circles refer to the saddle-node bifurcations found
in (a). All other parameters as in Table 3.1.

as displayed by the orange circle in the zoom of the 1D branch in Fig. 4.14(b). For compar-
ison, the whole branch is plotted at a similar round-trip time in Fig. 4.9(a2). In the cusp
bifurcation point marked by the black square in Fig. 4.14(a)), two additional saddle-node
bifurcations denoted as SN2,LN and SN2,i are born13 at the lower end of the branch marked
by the two additional orange circles in Fig. 4.14(c). At a round-trip time of T ≈ 419 ps, the
SN2,i and SN2,L bifurcations collide. The corresponding shape of the branch in this situation
is presented in Fig. 4.14(d). Above the collision point, the two saddle-node bifurcations dis-
appear (red area in Fig. 4.14(a)) and only the SN2,LN is left, representing the lower existence
boundary of the PC2 solution (see Fig. 4.14(e)). It has to be pointed out that a difference
between the collision point (T ≈ 419 ps) and the cusp (T ≈ 412 ps) is the number of ex-
isting solutions. Only three solutions merge at the cusp, which are located below the SN2,i
bifurcation, above the SN2,LN bifurcation and in between the two points as demonstrated in
Fig. 4.14(c)14. Opposing, four different solutions collide in the saddle-node collision point
as shown in Fig. 4.14(d). In conclusion, the combined effect of the cusp bifurcation point
and the saddle-node collision point leads to the detaching of the branch in Jg. Due to the
same appearance of the saddle-node lines corresponding to higher-order PC solutions, the

13Here, the subscript LN refers to "lower new", due to the fact that this saddle-node bifurcation adopts the
role as the lower boundary and the i refers to "intermediate" as the corresponding SN bifurcation only
exists for a very small region of round-trip times.

14This can be deduced from the normal form of the cusp, given on pages 303, 304 of Reference [KUZ98a].
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detaching process is equal for all PCn solutions.

4.2.4 Impact of Asymmetry

In order to investigate the impact of the asymmetry, the bifurcation lines characterising
the stability boundaries are continued in the (Jg, τ2)-parameter plane while fulfilling the
additional condition 2τ1 + 2τ2 = T = const. Thus, the sole influence of the cavity geometry
can be studied. In experiments, this would correspond to re-positioning the gain chip closer
to the outcoupling facet or the absorber. The upper stability boundaries given by the
saddle-node bifurcations on the upper loops (see Fig. 4.9(a)) are presented as red lines in
Fig. 4.15(a) and are labelled SN2,U. Complementary to the bifurcation lines a numerical
upsweep in pump current indicating the detected dynamics by means of the colour code is
plotted. The numerically found stability boundaries fit well to the path-continuation results,
as the bifurcation lines lie directly on the transitions between the different dynamical regimes.
It is noticeable that the fundamental mode-locking solution (FML) as well as the pulse cluster
solutions (PCn) stretch to higher pump currents, if a slight asymmetry is introduced to the
cavity geometry. Following the bifurcation analysis, this is induced by a shift of the saddle-
node bifurcations. This shift unravels a symmetry with respect to the symmetric cavity
configuration τ2 = T/4. A reason for that lies in the fast relaxation rate of the absorber so
that it fully relaxes although the gain chip is shifted closer to it. Hence, shifting the gain chip
to either of the sides has a very similar influence in the investigated regime. From a physical
perspective, the shift of the stability boundary can be reasoned by a varied gain landscape
(amplification of the pulse), which leads to the destabilising net-gain windows opening at
higher pump powers. The variation of the gain landscape is induced by the adjusted temporal
distance between the first and second gain depletion. Consequently, a time window of long
and shorter gain relaxation phase exists. It furthermore has to mentioned that the amplitude
of the pulses becomes unequal at a slight asymmetry, due to the altered gain relaxation. This
is in qualitative agreement with experiments, in which the best FML performance with regard
to pulse amplitude was achieved with a slightly asymmetric positioning of the semiconductor
chips [WAL16].
Plotted in Fig. 4.15(b) are the lower stability boundaries of the FML and PCn solutions
in the (Jg, τ1)-parameter plane, i.e. the torus bifurcation lines Tn and SN1,U for the FML
solution. In contrast to the upper stability boundaries, these bifurcation lines are not affected
by the introduction of a slight asymmetry. A detailed investigation of the cavity asymmetry
and the destabilising mechanisms at stronger variations of τ1, τ2 can be found in Reference
[MEI21a].
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Figure 4.15.: 2D-bifurcation diagrams in the parameter plane of pump power (normalised to the
threshold) and the cavity geometry (Jg, τ2). An upsweep in pump current is shown in (a) whereas
a downsweep is indicated in (b). The different dynamical regimes are classified according to the
intensity time-series and can be distinguished via the colour code as defined previously (see Fig. 4.5
and 4.6 for details). The red lines in (a) represent the saddle-node bifurcation lines (SNn,U) marking
the upper stability boundary of the pulse cluster solutions and the FML solution (see Fig. 4.9).
The green lines in (b) denote the bifurcation lines of the torus bifurcations Tn characterising the
lower stability boundaries. The lower stability boundary of the FML solution is given by the SN1,L
bifurcation (see Fig. 4.9(a1)). All parameters are chosen according to Table 3.1 and T = 625 ps.
Figure adapted from [HAU19].
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4.3 Long-cavity Regime
So far, the cold-cavity round-trip times of interest in this chapter (T < 0.7 ns) were chosen to
adapt experiments conducted for the sake of optimising the performance figures of the mode-
locked laser output, i.e. the pulse width and pulse amplitude [WAL16, WAL18]. However,
when further increasing the round-trip time and fulfilling experimental stability requirements
by introducing the correct imaging conditions between gain and absorber [CAM18], the
mode-locked solutions can become multistable to the laser off -state. Thus, regular mode-
locked pulsations can be excited below the continuous-wave threshold [MAR14c, CAM16].
In the long-cavity regime, the round-trip time is by far the slowest time scale of the system.
Therefore, the gain relaxation is comparably fast with respect to the round-trip time, i.e.
γgT � 1. Consequently, a complete recovery of the gain towards its equilibrium carrier
density takes place in between two subsequent pulse passes in this regime, so that the pulses
do not influence each other by the tails of the exponential gain relaxation [MAR14c]. Due
to their temporal independence and their multistability to the homogeneous off -state, the
mode-locked pulses can be referred to as localised structures or temporal dissipative solitons
[MAR14c]. The occurrence of these states in a mode-locked VECSEL with a V-shaped cavity
geometry is discussed in this section and is based on Reference [HAU20].
In this section first a short introduction of the term temporal dissipative soliton is given
in the context of mode-locked lasers, followed by an explanation of the bifurcation scenario
leading to the emergence of soliton states in the mode-locked VECSEL (subsection 4.3.1).
In subsection 4.3.2, the analysis is extended to the emergence of localised pulse clusters, in
which the pulses are globally bound but locally independent. Thus, the pulse clusters can
be referred to as photonic molecules [HAU20, JAV17]. A Haus master equation describing
the V-shaped VECSEL in the long-cavity regime is derived in subsection 4.3.3. Based on
this model, an analytical prediction for the distance of pulse cluster states and the lower
bifurcation boundary in the long-cavity regime is determined in subsection 4.3.4.

4.3.1 Temporally localised States

From a mathematical perspective, conservative solitons originally were defined as localised
solutions of nonlinear, exactly integrable partial differential equations [HAS89, AKH08,
GRE12b]. A widely known example of such an equation is the nonlinear Schrödinger equa-
tion [AKH08, BUL79, BOY08, KRU11, SCH19b], which can be rigorously derived from
Maxwell’s equations. Therefore, it can be utilised to describe the propagation of electro-
magnetic waves (optical pulses) in different media [BOY08]. In physical terms, the soliton
solutions describe an excitable wave-packet that remains unaltered in shape and amplitude
during its propagation, due to the mutual cancellation of nonlinear and dispersive effects
[HAS89, AKH08, GRE12b]. The first known observation of a soliton structure was a solitary
water-wave, maintaining a constant width and amplitude during its propagation in a canal
[DAV85, REM94].
In the 1990s, it was realised that similar localised structures can emerge in non-conservative
systems in which the dissipation is compensated by a constant supply of energy, additional
to the balance of nonlinearity and dispersion [AKH05, AKH08, AKH09, WU84, MOS87,
FAU90, PIC91, GRE12b]. When investigating these systems, the integrability of the un-
derlying mathematical models often falls victim to the higher complexity of the equation
systems required [HAS89]. Therefore, the strict mathematical definition of solitons cannot
always be applied to describe localised structures in dissipative systems. Nonetheless, the
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analogy of the dominant physical properties, i.e. the balance of counteracting physical effects
as basis for their solitary existence, between original solitons and solitary waves in dissipa-
tive systems remains. This led to the extension of the initial (conservative) soliton concept
towards dissipative solitons [AKH09, GRE12b]. Combining the soliton concept with that of
nonlinear systems, dissipative solitons can be understood as stable equilibria or limit cycle
solutions [WAN20f]. Hence, their properties are determined by the system parameters and
a bifurcation analysis can be applied to investigate their behaviour [GRE12b].
Examples of dissipative solitons in systems of different nature comprise plasma spots in a
gas discharge system [AST01], localised excitations in a vertically vibrated granular layer
[UMB96], self-replicating spots in a reaction-diffusion system [LEE94], hydrodynamic surface-
wave solitons [WU84] or dissipative optical solitons [VAN94]. The latter manifest in different
forms in driven photonic nonlinear systems such as ring resonators [JAN15, GUS15], micro-
cavities [YI18], external cavities fed by a vertical-cavity surface-emitting lasers [TAN08b] or
mode-locked lasers [MAR14c, GRE12b].
In photonic systems, the localisation can be observed transverse to the light propagation axis
[LUG03, ACK09, MAR15d] or in the direction of the propagation axis [BAR17a, HER14b,
MAR14c, MAR15b]. The latter is referred to as temporal localisation. A combination
of both localisation types would potentially lead to structures introduced as light bullets
[BRA04, PIM13, JAV16, GUR17]. Anyhow, the structures discussed in this work are solely
localised in the longitudinal direction.
Mode-locked laser pulses were interpreted as temporally localised structures, especially in
solid-state fibre lasers [GRE12b], as in these systems the slowly evolving gain can be ap-
proximated as a constant and New’s background stability criterion15 is satisfied [MAR14c].
Dissipative solitons in fibre laser systems are therefore often described by the complex cubic-
quintic Ginzburg-Landau equation [MAR14c, GRE12b, AKH08]. Due to the comparably
fast gain relaxation times in passively mode-locked semiconductor VECSELs discussed here,
they can be tuned to a regime in which the round-trip time is the slowest time scale of
the system [MAR14c] while strong gain depletions are present. As described in Reference
[MAR14c], mode-locked pulses can be referred to as localised states in these long-cavity de-
vices as they become individually addressable and are multistable to the laser off -state. The
authors of Reference [MAR14c] further state that the multistability is crucial for the local-
isation, as it compensates the fact that New’s stability criterion is not necessarily fullfilled
for the investigated long-cavity devices.
Since the gain relaxation takes place on a much faster time scale than the round-trip time
(γgT � 1), the temporal independence of each solitary pulse can be identified by the full
gain relaxation in between pulses [MAR14c, CAM16]. This is visualised by the black lines in
Fig. 4.16(c)-(d), denoting the gain dynamics in different pulsed solutions in the long-cavity
regime of a V-shaped VECSEL. As the gain (almost) completely relaxes between two de-
pletions, the pulses do not interact via the exponential tails of the gain relaxation16. If
two localised pulses are excited close together in the short/intermediate-cavity regime, the
interaction leads to a temporal drift of the pulses, as the system strives towards the energet-
ically most favourable pulse amplification scenario. In this case, the gain interaction can be
15The background stability criterion is fulfilled, if in between the mode-locked pulses the accumulation of

absorption and cavity losses are greater than the gain [NEW74, MAR14c].
16It has to be stated that the relaxation follows an exponential rule, and therefore the gain value only

asymptotically approaches the equilibrium value. Yet, the effect of the residual exponential tail of the gain
depletion only becomes visible on time scales much larger than the stability of the system in experiments
or numerically feasible integration times and therefore is neglected here.
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Table 4.1: Parameter values used for numerical
calculations to model the localised states in a V-
shaped passively mode-locked VECSEL [HAU20].

Symbol Value Symbol Value
T 1.8725 ns γ 240 ns−1

Jg 5 ns−1 γg 1 ns−1

Jq -32 ns−1 γq 180 ns−1

αg 0 αq 0
κ 0.99 s 20

understood as a form of repulsive force [CAM16].
In principle, it would be possible to arrive in a long-cavity regime by lowering the gain re-
laxation time γ−1

g to achieve a full gain recovery in between pulse passes at shorter cavity
lengths. Nonetheless, this would require to redesign the active section configuration and
therefore adjusting the epitaxial growth process. Furthermore, it is limited by the material
properties and is not as flexible as adjusting the cavity length.
The experimental reports on localised states in passively mode-locked semiconductor VEC-
SELs in the long-cavity regime so far relied on coupling the gain and absorber chip in a
face-to-face (linear) cavity configuration [MAR14c, MAR15b, CAM16, CAM18, SCH19b].
In opposition to the V-shaped cavity setup discussed in this work, the gain is only de-
pleted once per round-trip in these configurations. As the ring delay differential equa-
tion model for passively mode-locked lasers [VLA04] includes all relevant time scales to
describe the formation of localised states, it was widely used for their theoretical investiga-
tion [MAR14c, MAR15b, CAM16, SCH18e]. In consequence, it is reasonable to utilise the
previously introduced DDE model (see section 3.3) to investigate the V-shaped VECSEL in
the localised state regime and to analyse the role of the cavity geometry on the formation of
bound localised states.
Two critical parameters that are increased in comparison to the previously described mode-
locking regime (see Table 3.1) are the ratio of the differential gain coefficients in the gain
and absorber s and the cold-cavity round-trip time T . Enlarging the value of s leads to a
stronger modulation of the absorber in the DDE equations, as it elevates the magnitude of
the field-carrier interaction term in the absorber equation (see eq. (3.50)). From an exper-
imental perspective, an increase in s can be realised by the usage of lenses [CAM18] or the
adjustment of the chip design to alter the quasi-equilibrium carrier density (see Fig. 3.2) or
the transverse confinement factors. In comparison to the investigation of the mode-locking
regime presented in the first part of this chapter, the carrier relaxation rate in the gain γg
is slightly increased for computational convenience in accordance with experimental realis-
ability in order to reach the localised regime at lower round-trip times. Furthermore, the
unsaturated absorption Jq is slightly decreased, as the laser is operated in the subthreshold
regime, which only requires a low amount of absorption. Furthermore, a low absorption is
required in order to be able to compare the DDE model to a Haus master equation system,
which is derived in section 4.3.3. Nevertheless, both quantities (Jq and γg) do not drastically
change emergence of the different localised states and the investigated bifurcation scenario
as their effect is very similar to that discussed in the previous chapter (in the intermediate-
cavity regime). A full set of the parameter values utilised in this section is given in Table
4.1. The analysis is started at a symmetric cavity configuration, i.e. τ1 = τ2.
Examples of mode-locking dynamics in the localised regime of the V-shaped VECSEL are
depicted in Fig. 4.16. In panel (a) the fundamental mode-locking (FML) state is displayed
with the electric field dynamics coloured in light blue and the gain dynamics in black. Due

68



4.3 Long-cavity Regime

1 2 3 4 5
Time (ns)

0

0.5

1

0

0.2

0.4

1 2 3 4 5
Time (ns)

0

0.5

1

0

0.2

0.4

10 20 30
Time (ns)

0

0.5

1

0

0.2

0.4

10 20 30
Time (ns)

0

0.5

1

0

0.2

0.4

(a)

(b)

(c)

(d)

Figure 4.16.: Time-series of the electric field amplitude and the gain integrated carrier density
in the localised state regime. (a) Indicates the fundamental mode-locking solutions (blue) whereas
subpanels (b)-(d) display the PC2 (green) solution in the intermediate and long-cavity regime. The
blue arrows specify the distance between the two gain depletions of a single pulse given by min(τ1, τ2).
The chosen round-trip times were T = 1.875 ns in (a)-(b), T = 13.3 ns in (c) and T = 20 ns in (d).
The cavity geometry is set to τ1 = τ2 = T/4 in (a)-(b). In (c) τ1 = 0.165T , τ2 = 0.335T and in (d)
τ1 = 0.11T , τ2 = 0.39T were used. All other parameters as given in Table 4.1 and Jg/Jth = 0.8.
Figures adjusted from [HAU20].

to the double gain depletion of each pulse, the chosen round-trip time of T = 1.875 is not
long enough to ensure a complete gain recovery in between pulse passes (see black lines
in Fig. 4.16(a)). Thus, this regime can be referred to as an intermediate-cavity regime
(Tγg > 1). Yet, it has to be pointed out that the shown pulsed states are all multistable to
the off -solution, as the pump value is set to Jg/Jth = 0.8 and therefore the dynamics can be
clearly distinguished to the mode-locking states discussed in the first part of this chapter.
As mentioned before, the main difference of the states presented here to the localised states
in face-to-face coupled cavity discussed in References [MAR14c, MAR15b, CAM16] is that
each pulse induces a second gain depletion as it propagates backwards through the V-shaped
cavity. As indicated in Fig. 4.16(b), this leads to the stabilisation of localised pulse cluster
solutions (PC2). In the intermediate-cavity regime, the pulses in one cluster are strongly
bound due to the enclosure of each pulse between the two gain depletions of the preceding
pulse (marked by the blue arrow in Fig. 4.16(b)).
If the round-trip time is elevated far enough above the gain relaxation time, the gain relaxes
completely in between pulse passes as illustrated in Fig. 4.16(c)-(d). Here, the cold-cavity
round-trip time is set to T = 13.3 ns (c) and T = 20 ns (d). The absolute length of the shorter
cavity arm is fixed at τ1 = 2.2 ns in an asymmetric cavity configuration. Furthermore, the
blue arrows in Fig. 4.16(c)-(d) indicate the temporal distance between the two gain deple-
tions induced by the first pulse of the cluster in one round-trip, which remains constant due
to the fixed length of the cavity arm. In both cases, the second pulse in the cluster is trapped
in between the preceding and successive gain depletions. Interestingly, the second pulse can
locally drift in between the two depletions because of the flat gain landscape. Consequently,
the two pulses in the cluster are globally bound due to the two gain depletions, but are at
the same time locally independent. The transition from the strongly bound state as pictured
in Fig. 4.16(b) to the locally independent state (see Fig. 4.16(d)) is elaborated in the next
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Figure 4.17.: (a) Noise induced variation of the Pulse distance ∆PC2 within one pulse cluster as
indicated in (b). The green line corresponds to a round-trip time of T = 1.875 ns and the black line
to T = 5.625 ns. (b1−2) Excerpt of the electric field time-series utilised to compute the pulse distance
variation with the same colours as in (a). All parameters are given in Table 4.1, Jg/Jth = 0.7 and
αg = 1.5, αq = 0.5. The noise strength is set to √η = 10 (normalised to T = 0.625 ps) and added as
an additive noise contribution to the electric field equation in each integration step +

√
η/dtξ, where

ξ is a Gaussian white noise term.

section 4.3.2 by the means of Floquet theory. The locally independent pulse cluster in the
localised regime is very similar to the nested photonic molecules discussed in References
[JAV17, MAR15d, WAN19e]. In a simple picture, they can be understood as two interlaced
rings, which are locally shiftable, but not separable on a global scale (catenane molecules)
[JAV17]. Comparing the gain landscape in Fig. 4.16(c) and (d) illustrates, that the size of
the pulse clusters (photonic molecule) is solely given by the temporal distance between the
two gain depletions of the first pulse within one round-trip. This quantity is defined by the
length of the shorter cavity arm, i.e. min(τ1, τ2). Therefore, the size of the photonic molecule
is independent of the total cavity length and in a very long-cavity it would be possible to
excite several coexisting photonic molecules. In addition to that, the DDE system can be
transferred to a Haus master equation system in which the second gain depletion is embod-
ied by a nonlocality inducing the global binding of the two pulses [HAU20], which is further
examined in section 4.3.3. The absolute fluctuation δ∆PC2 of the pulse distance within one
molecule relative to the equilibrium value of ∆PC2 = T/4 is demonstrated in Fig. 4.17(a) for
two different round-trip times. It is possible to deduce that the pulse distance does not drift
far away from the equilibrium values of ∆PC2 = 0.46875 ns (green) and ∆PC2 = 1.40625 ns
(black) on the investigated time scale of several thousand round-trips. Furthermore, it is
possible to recover this behaviour for different noise realisations. To visualise the effect of
the noise, excerpts of the electric field time-series used to compute the pulse distances are
plotted in Fig. 4.17(b). Since the noise strength is scaled so that it has the same influence
for both round-trip times, the absolute fluctuation of ∆PC2 with regard to the round-trip
number is very similar. However, due to the flat gain landscape in larger cavities, the pulses
position can deviate more strongly from the equilibrium position (black line). In other words,
the interaction of the pulses via the exponential tails of the gain relaxation is reduced and
therefore they can drift more strongly until they experience the repelling influence of the
other pulse.
To achieve localisation, the mode-locked pulses have to be stable below the lasing threshold,
i.e. multistable to the off. Consequently, they cannot be established by solely ramping up the
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4.3 Long-cavity Regime

Figure 4.18.: Pseudo space-time plot of the electric field amplitude in the localised state regime.
The white pulses mark the temporal positions (round-trips 100, 700, and 1500) at which Gaussian
pulses are additionally applied to the constant base pump current. The first two excitation pulses
have an amplitude of Jg = 2.20Jth and a full width at half maximum of FWHM = 47T while for the
third an amplitude of Jg = 2.75Jth and width of FWHM = 59T are used. The round-trip time is
T = 1.875 and the cavity is slightly asymmetric with τ1 = 0.15,τ2 = 0.35. All other parameters are
given in Table 4.1 and Jg/Jth = 0.85. Figure adapted from [HAU20].

laser pump current. In experiments, there are two possibilities to generate a stable pulsed
lasing state that is multistable to the off solution. The first option is to increase the pump
current above the lasing threshold and once a pulse solution has stabilised, decrease the pump
to the stability region of the off -state, i.e. below the threshold. Due to the multistability, the
pulsed state remains stable below the threshold [MAR14c]. The second option is to apply a
perturbation to the pump current, which is characterised by increasing it drastically above
the threshold for a short period of time. Figure 4.18 indicates how the latter method can be
used to excite the localised pulse clusters. Plotted is a pseudo space-time representation of
the electric field amplitude (colour code) with the slow time scale on the x-axis and the fast
time scale on the y-axis. At the round-trips marked by the white pulses, Gaussian-shaped
pulses are applied to the otherwise constant pump Jg. The first perturbation leads to the
excitation of a single localised mode-locked pulse. Subsequently, the additional perturbations
to the pump power lead to an increase of the optical pulse number, if the amplitude and
full-width at half maximum of the perturbation are chosen adequately [CAM16, HAU20].
Here, the amplitude of the first two Gaussian perturbations is set to Jg = 2.20Jth with a full
width at half maximum of FWHM = 47T . To generate the third optical pulse, the excitation
has to be slightly increased in amplitude (Jg = 2.75Jth) and width (FWHM = 59T ). As
priorly discussed, the two gain interactions of each pulse lead to a stabilisation of the pulse
cluster solutions at the intermediate-cavity length of interest here. This contrasts the obser-
vations in face-to-face coupled VECSELs in which harmonic mode-locking solutions stabilise
[MAR14c, CAM16]. Nevertheless, pulse-cluster like solutions can be excited in linear cavities
by applying a current modulation [MAR15b].
The excitability of the localised pulses, combined with the flat gain landscape in the long-
cavity regime indicated in Fig. 4.16(d), leads to an individual addressability of the pulse
cluster solutions.
The individual addressability of the localised pulses makes them interesting candidates for
several applications since their properties can be exploited to realise arbitrary trains of op-
tical pulses [GRE12b, MAR14c, HAU20]. For example, the pulses can be utilised to store
information, if they are interpreted as optical bits and therefore the cavity could potentially
be used as an all-optical buffer as discussed for different types of dissipative solitons in Ref-
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erences [GEN08, LEO10, MAR14c, GAR15, PAN16e]. Exploiting the multi-pulse structure
of photonic molecules, they were suggested to represent a more complex form of bits and
therefore extent the binary alphabet in a way that each molecule transfers two bits of infor-
mation. This could potentially enhance optical data transfer because the Shannon limit can
be circumvented by transmitting two bits at once [ROH12a, YUS14, MIT16].
As the localised pulses are incoherent, they could be applied in future spectroscopy appli-
cations demanding dense frequency combs and a variable distribution of the comb power
[CHE10d, COI14, TLI17, HAU20]. The frequency comb resulting from an arbitrary train of
localised pulses is not spectrally modulated as the pulses do not generate a coherent beating.
The intensity of the comb teeth can then be controlled by the number of pulses in the cavity,
while the resolution decrease resulting from a coherent beating can be avoided. This po-
tential control of the frequency comb power might find applications in pump-probe sensing
of material properties [PED08]. Finally, tailoring a certain pattern of stable optical pulses
at a controllable repetition rate makes localised pulses an interesting candidate for material
processing applications [KER16].

4.3.2 Phase Incoherent Photonic Molecules

As mentioned in the previous section, (localised) pulse clusters in the long-cavity regime
can be referred to as photonic molecules due to their binding features making them locally
independent but globally bound. The subject of this section is the underlying bifurcation
structure, giving rise to the pulse cluster dynamics in the long-cavity regime. From this
starting point it is possible to investigate the transition from bound pulse clusters to phase
incoherent photonic molecules by performing a Floquet analysis of the states at increasing
round-trip times.
Compared to the ’usual’ mode-locking case as presented in section 4.2, the general bifurca-
tion mechanism giving birth to the pulsed solutions does not change. As plotted in the 1D-
bifurcation diagram in Fig. 4.19, the fundamental (light blue) and harmonic mode-locking
solutions (green and red) still emerge from Andronov-Hopf bifurcations (AH) along the
continuous-wave branch. The Andronov-Hopf bifurcations along the CW branch are de-
picted by black squares and labelled as AH with the subscript referring to the emerging
solution. It has to be noted that the AHHML2 and the AHHML3 exchange their order in Jg
with respect to the situation at intermediate-cavity lengths.
Although the AH bifurcations seem to be subcritical in the zoom presented in Fig. 4.19, they
are in fact not. A saddle-node bifurcation appears very close to each AH point (not visualised
here), leading to the shown branch structure. Hence, the FML solution is born stable and
immediately gains one unstable eigenvalue in a saddle-node bifurcation. The branch remains
unstable till a second characteristic saddle-node bifurcation along the branch appears. Sim-
ilarly, the HMLn solutions are born with 2ni unstable eigenvalues, where ni indicates the
position of the AH bifurcation along the branch starting at 1. The HML solutions receive
an additional unstable eigenvalue in a saddle-node bifurcation, turning the course of the
branches to lower pump powers.
In comparison to the investigation of face-to-face coupled cavities, no detaching of the so-
lution branches from the CW solution is visible as a clear connection to the CW branch
can be found here [MAR14c, SCH18e]. However, it has to be noted that a slightly dif-
ferent set of parameters was used in the different investigations of the linear cavity system
and that qualitatively the stability analysis remained very similar to the one presented here.
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0.8 Figure 4.19: 1D-Bifurcation diagram in pump
power (Jg/Jth) displaying the evolution of the
maximum electric field amplitude max(|E|) along
the constant intensity continuous-wave solution
(orange), the laser off -state (dark blue), the
fundamental mode-locking solution (light blue)
and the harmonic mode-locking solutions of sec-
ond order HML2 (green) and third-order HML3
(red). Exemplary electric field dynamics along
the pulsed branches are indicated in Fig. 4.20(a).
Thick (thin) lines denote stable (unstable) dy-
namics. All parameters are given in Table 4.1.

Branch Structure in the localised State Regime

An extended continuation of the fundamental and harmonic solution branches in the lo-
calised state regime is illustrated in Fig. 4.20(a1). As observed in previous works on linear
cavities [MAR14c, SCH18e], the branches all stretch out below the CW threshold and then
are subject to a loop, induced by a saddle-node bifurcation (depicted by a black square SN
for the FML solution in Fig. 4.20(a1)). Examples of the electric field and gain dynamics
along the branch are indicated for a pump power of Jg/Jth = 0.85 in Fig. 4.20(a2−4). The
time is normalised to n-periods of the solution, where n refers to the number of pulses in
the HMLn solution. The fundamental and third-order harmonic mode-locking solution both
become multistable to the off -solution (horizontal dashed line at |E| = 0) in the investigated
regime as indicated by the thick lines. The FML branch gains its stability in a saddle-node
bifurcation (SN - black square), whereas the HML3 solution stabilises in a torus bifurcation
(T - black circle). In contrast, the HML2 solution does not become stable for the symmetric
cavity configuration investigated here.
The reason for the instability of the even order HML solutions can be understood by investi-
gating the gain dynamics depicted in Fig. 4.20(a2−4). For the solutions with an odd number
of pulses, twice as many equidistant gain depletions as pulses are observable in one cavity
round-trip (Fig. 4.20(a2+4)). As discussed before, this results from the double gain pass of
each pulse in the V-shaped cavity configuration. For the even numbered HML2 solution, only
as many gain depletions as pulses are visible at first sight Fig. 4.20(a3). In this situation,
the temporal distance between the pulses is as long as the time of flight between the two
gain passes of each single pulse. Therefore, the two pulses of the HML2 state pass the gain
simultaneously and is depleted by two pulses simultaneously. This situation is energetically
unfavourable with regard to the amplification and therefore the solution remains unstable.
Higher order even numbered mode-locking solutions remain unstable due to the same reason.
How the cavity geometry influences the stability due to the changed gain depletion scenario
is elaborated in section 4.3.4.
Two major differences in the bifurcation scenario of the (symmetric) V-shaped cavity VEC-
SEL and the linear cavity can be determined. Firstly, the even numbered HML solutions
only remain unstable in the symmetric cavity regime in the V-shaped cavity in contrast
to the face-to-face coupled situation [MAR14c]. Secondly, the stabilisation of higher-order
harmonic solutions is mediated by torus bifurcations and not by saddle-node bifurcations
[MAR14c].
Investigating the dominant eigenvalues at each point of the HML2 solution in detail, it is
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Figure 4.20.: (a1)-(b1) 1D-Bifurcation diagrams displaying the evolution of the maximum electric
field amplitude max(E) along the different harmonic mode-locking (HMLn) and pulse cluster (PCn)
solution branches continued in pump power (Jg/Jth). Stable (unstable) dynamics are depicted by
thick (thin) lines. Black squares label saddle-node bifurcations (SN), black circles denote torus
bifurcations (T). The colours and labelling of the branches correspond to the electric field and gain
dynamics shown in the lower sub-panels. (a2)-(a4) Dynamics of the electric field and the gain (right
y-axis) at the pump power indicated by the vertical black dashed dashed line in (a1). The time
is normalised to the period of the FML solution τp. The different panels display the fundamental
mode-locking solution (FML) and the two lowest-order harmonic mode-locking solutions HML2 and
HML3. (b2)-(b4) One period τp of the field amplitude dynamics and the gain (right y-axis) along
the pulse cluster PC2 solution branch (light green) at the points marked by the coloured diamonds
in (b1). (c2)-(c4) Gain and electric field dynamics at the pump current marked by the black line in
(c1) for the PC2 (light green) and PC3 (light red) pulse cluster solutions and the irregular PC4 pulse
cluster. All parameters are given in Table 4.1. Figure adapted from [HAU20].
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possible to find a period doubling bifurcation in the upper part of the branch at (Jg/Jth) ≈
0.71. Its position along the HML2 branch (dark green) is shown by the blue diamond in
Fig. 4.20(b1). At this point, an unstable solution with a period of τp ≈ T + γ−1 emerges.
By definition of the period doubling bifurcation, the emerging solution is equal to the HML2
solution with a doubled period at the bifurcation point, as visualised in Fig. 4.20(b2). As one
continues the newly emerged solution (light green in Fig. 4.20(b1)), the amplitudes of the
two pulses successively decreases as indicated in Fig. 4.20(b3). After reaching a minimum
in amplitude, the pulses adjust their position so that in the further course of the branch a
localised pulse cluster solution is formed, as plotted in Fig. 4.20(b4). Similar to the HML2
branch, the PC2 solution is subject to a loop, marking the minimum power at which the
solution exists. Again, the turning point is characterised by a saddle-node bifurcation (SN -
black square). Due to the more optimal gain depletion scenario, the maximum pulse ampli-
tude along the PC2 branch is higher compared to the HML2 solution.
As in the super threshold mode-locking regime, the PC2 solution is stabilised in a torus bifur-
cation displayed as a black circle in Fig. 4.20(c1). Additional to the PC2 solution, the panel
further visualises the course of the PC3 (light red) and an irregular PC4 (yellow) solution
branch in pump power and maximum electric field amplitude. Both higher-order branches
behave very similar to the multi-pulse HMLn and PCn branches described before: A loop at
a minimum in pump power can be observed at which the branch turns to higher amplitudes
via a saddle-node bifurcation. A stable regime then manifests via torus bifurcations along
the branches (black circles in Fig. 4.20(c1)).
Due to the crucial influence of the gain depletions on the stabilisation, it is worth investi-
gating the gain dynamics of the PCn solutions. For a pump power of Jg/Jth = 0.85, the
temporal evolution of the integrated carrier densities are shown in black lines together with
the coloured electric field dynamics in Fig. 4.20(c2−4). As discussed in the previous sec-
tion, all pulse cluster solutions exhibit an equidistant gain depletion, which in turn explains
their formation: The pulse distances adjust to the cavity configuration so that an optimal
(equidistant) depletion of the gain is maintained. For an odd number of pulses in the cavity,
the harmonic and the PC solutions lead to the same gain landscape. This becomes visible
when comparing the gain dynamics of the PC3 solution depicted in Fig. 4.20(c3) and of the
HML3 solution visualised in Fig. 4.20(a4). The two solutions can be transformed into each
other by permuting the position of the central pulse of the PC3 solution with the position
of its second (’ghost’) gain depletion (i.e. shifting the central pulse by 2τ2 = 0.5τp).
The permutation of the pulse position with the position of the ghost depletion leaves the
gain dynamics unaffected and consequently irregular pulse patterns can become stable, as
illustrated by the irregular PC4 solution in Fig. 4.20(c4). It has to be noted that the ab-
sorber saturation points shift in time but have no influence on the stabilisation due to the
full relaxation in between pulses.

Binding Mechanism of the Pulse Clusters

From the gain time-series of the PC2 solution, it becomes evident that at the chosen round-
trip time and gain relaxation rate (γg = 3.125 ns−1,T = 1.875 ns), no complete relaxation
between pulses is possible (see Fig. 4.20(c2)). Thus, the pulses still interact via the tails of
their exponential gain relaxation [MAR14c] and the PC2 solution can therefore be described
as locally bound. This binding can be assessed by investigating the Floquet multipliers of
the periodic solutions. An introduction of how the Floquet multipliers can be computed
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Figure 4.21.: (a) Maximum (large green circle) and second largest Floquet multiplier (µ) of the PC2
solution calculated at different cold-cavity round-trip times as given by the legend and plotted in the
complex plane. (b1−4) Gain dynamics of the PC2 solution at the different round-trip times depicted
in (a). The vertical dashed line visualises the equilibrium integrated charge-carrier density G0, which
is unaltered for all sub-panels. (c) Difference of the absolute value of the second largest Floquet
multiplier (µ) to unity (red dots) with respect to the cold-cavity round-trip. An exponential fit is
indicated by a blue line. (d1−2) Superposition of the eigenvectors (green) belonging to the largest
(ψ1) and second largest (ψ2) eigenvalue (Floquet multiplier) of the monodromy operator of the PC2
solution obtained utilising DDE-biftool. The black lines indicate the derivative of the electric field
dynamics with respect to time in one period (τp) of the PC2 solution. Both quantities are normalized
to the maximum. All parameters are given in Table 4.1 and Jg/Jth = 0.65. Figure adapted from
[HAU20].
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as the eigenvalues of the monodromy matrix can be found in section 2.3 or in References
[LUZ02, ENG02, JAU17a]. Briefly, the Floquet multipliers are the eigenvectors of the (time-
integration) mondoromy matrix. They can be understood as a measure of how the system
(oscillating in a periodic orbit) reacts to a perturbation in the direction of corresponding
eigenvector (Floquet mode). As the phase space of a DDE system has infinite dimensions,
one has to restrict the analysis to the maximum Floquet multipliers. This also occurs natu-
rally since the monodromy matrix has finite dimensions due to required time discretisation.
If the absolute all Floquet multipliers is |µ| ≤ 1, the system is stable because all perturba-
tions are damped out.
The two maximum Floquet multipliers µ of the PC2 solution for different round-trip times
are indicated in the complex plane in Fig. 4.21(a). As no multiplier with |µ| > 1 can be found,
the solution is stable. A trivial multiplier |µ| = 1 represents a neutral mode of the system
(large green dot). This means that the system is invariant to a perturbation in the corre-
sponding eigendirection. In this case, the eigendirection corresponds to a translation of the
time origin [HAU20]. As expected, the trivial multiplier is maintained when the round-trip
time is increased since it remains at the position of the large green dot in Fig. 4.21(a) for all
round-trip times. Opposing to that, the second largest multiplier is subject to a change, if T
is elevated, as it approaches µ = 1. This is depicted by the coloured dots in Fig. 4.21(a) that
represent the second largest Floquet multiplier at the round-trip times given by the legend.
The same colour code is used to plot the gain dynamics at the respective round-trip times
in Fig. 4.21(b). One notices quickly that the closer the gain relaxes to its equilibrium value
(dashed line G0), the closer does the Floquet multiplier approach unity (|µ| = 1). In fact,
the asymptotic approach is found to behave exponentially as demonstrated in Fig. 4.21(c).
Plotted by red dots is the distance of the absolute value of the second largest Floquet multi-
plier to unity (1-|µ|) with respect to the cold-cavity round-trip time. The blue line indicates
an exponential fit with the fit parameters given in the caption. The fit matches the data
points very well, underlining the exponential behaviour.
The continuous development of a second trivial Floquet multiplier demonstrates that the
PC2 solution gains a second neutral mode with increasing round-trip time. In order to de-
termine the eigendirection of the neutral modes, the eigenvectors corresponding to the two
trivial multipliers are computed. Their electric field17 components are displayed as green
lines in Fig. 4.21(d). For comparison, the time derivative of the electric field profile of the
PC2 periodic orbit is plotted in black.
As the eigenvectors both match the derivative of a single pulse of the PC2 pulse cluster, one
can conclude that the two neutral modes each correspond to a perturbation in the direc-
tion of a single pulse solution. The system becomes invariant to a perturbation in the two
eigendirections as |µ| = 1, which means that the pulses are locally independent. However,
the pulses are still globally bound as each pulse is trapped in between the two gain depletions
of the other pulse. Yet, this can not be assessed by the Floquet analysis due to its local
nature. Furthermore, it has to be pointed out that the neutral mode of the pulse cluster at
low round-trip times corresponds to the complete cluster, highlighting their existence as a
locally bound structure.
Based on recent research terming localised multi-pulse structures "soliton molecules" [GRE12b,
JAV17, KRU17b, MAR15d, WAN19e, KUR19], justifies referring to the pulse clusters in the

17It has to be noted that a linear combination of the two eigenvectors is shown here as the basis of the vector
space results from the numerical diagonalisation of the monodromy matrix and not necessarily matches
the required basis.
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long-cavity regime as soliton or photonic molecules. Anyhow, the fundamental difference to
real molecules is the required constant energy supply to maintain their existence [AKH08].

Coherence of the Pulse Cluster Solutions

A widely investigated property of soliton molecules is the phase relationship of the two (or
more) pulses. It is usually determined as the difference of the phases at the electric field
amplitude related to the pulse maximum ∆φ(t) = φ1(t) − φ2(t) [LED99a, SOT99, ZAV09,
ORT10]. Generally, the pulses can either maintain a (quasi) constant phase relationship
[LED99a, ROH13], exhibit phase flipping events [ZAV09] or evidence an independent mo-
tion of the phases, which includes a ’chaotic’ or periodic evolution of the phase difference
[SOT99, ZAV09, ORT10, WAN19e]. Most recently single solitons were found to be incoher-
ent [WAN20f].
For the localised pulse clusters in the V-shaped VECSEL, the phases of the pulses within the
PC2 pulse cluster remain constant, if no amplitude-phase coupling is present, i.e. αg = αq = 0
and no noise is present. The reason for this lies within the characteristics of the electric field
equation (3.48) in the used DDE model. If both α-factors are zero, the phase remains unal-
tered during one round-trip. Hence, the values αg = 1.5 and αq = 0.5 are introduced during
investigation of the phase-relationship [SCH18f, SCH18e]. In absence of noise, the α-factors
lead to a simultaneous drift of the phase at the maximum pulse amplitudes and hence a
constant phase difference between the pulses within one cluster.
By analysing the optical spectrum of the PC2 state, it is further possible to asses the co-
herence of the pulses within the solution in the absence of noise. The corresponding optical
spectrum is presented in the green lines in Fig. 4.22(c). As derived from a simple analysis
of the spectral components in section 4.2.2, the modulation of the spectrum with respect to
the fundamental situation is a clear indication of coherent pulses in the PC2 solution. As ex-
pected, the amplitude-phase coupling induces a shift of the optical spectrum but introduces
no incoherence [JAU17a]. A zoom of the spectrum presented in green in Fig. 4.22(d) allows
for a better visibility of the modulation of the coherent spectrum (no noise).
However, if noise is added to the system, the phase difference exhibits a random walk18

as displayed for several noise realisations19 in Fig. 4.22(a). To underline the presence of a
random walk, the ensemble variance20 is plotted in Fig. 4.22(b). Its linear evolution with
increasing round-trip number (time) clearly indicates the underlying random walk. There-
fore, it can be concluded that the pulses in the PC2 localised pulse cluster are incoherent in
the presence of noise [VIK14, KEL17a]. This is further supported by the appearance of the
optical spectrum of the PC2 solution including noise. It is plotted in black in Fig. 4.22(c).
The spectrum is subject to no modulation21 compared to the fundamental spectrum and it

18A random walk in the most simple description corresponds to a person taking successive random steps
to either the left or right with a constant probability [GAR02]. The steps are of equal length and are
temporally equally spaced. In the case of a continuous time variable, the random walk is connected to
the Wiener process [GAR02]. Characteristic for the random walk is a zero mean and a linearly increasing
variance [GAR02].

19Note that a transient time of 1000 round-trips is used, starting from the stable PC2 solution. This leads
to the different starting points of the random walks.

20The ensemble variance is computed as the variance of the phase difference across 50 noise realisation in
each round-trip.

21A slight modulation is still visible due to the limited numerical accuracy. The spectrum is computed as an
average of 50 spectra. Each spectrum is computed from a converged time-series of the PC2 solution with
a length of 20000 round-trips applying the fftw3 C++ library.
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Figure 4.22.: (a) Temporal evolution of the phase difference ∆φ between the two pulses within
the PC2 solution. The phase is determined at the maximum pulse amplitude. The colours indicate
different noise realisations. (b) Ensemble variance across different noise realisations of the phase
difference shown in (a) with respect to the round-trip time. The blue line indicates a linear fit
y = m ·x+ b with m = 0.0002 and b = 0.0543. (c) Optical spectrum of the PC2 solution with (black)
and without noise (green). (d) Zoom in of the optical spectrum to the region indicated by the blue
lines in (c). All parameters are given in Table 4.1 and Jg/Jth = 0.7. The noise strength is set to√
η = 20 (see caption of Fig. 4.17).

can therefore be assessed that it results from the combination of two incoherent pulses.
In conclusion, photonic molecules, that are globally bound but locally independent, can be
found in the long-cavity regime of passively mode-locked V-shaped VECSELs. Their local
independence can be determined via the analysis of the largest Floquet exponents, which
indicate the continuous development of a second neutral mode. Despite the global binding
mechanism induced by the secondary gain depletion, the pulses in one molecule are phase
incoherent. This can be assessed by analysing the phase difference across the two pulses and
the optical spectrum of the solution.
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4.3.3 Nonlocal Haus Master Equation Model

The Haus master partial differential equation (PDE) was first introduced for the description
of "forced mode-locking" [HAU75] and shortly after for passively mode-locked lasers with a
slow [HAU75a, KAE95] or fast [HAU75b] saturable absorber. It describes the evolution of
the pulsed electric field at the laser output by means of two time scales. The slow time scale
θ is related to the changes a pulse experiences from round-trip to round-trip, e.g. the filter
induced temporal drift with respect to the round-trip time. Secondly, the fast time scale
σ describes the changes of the electric field as well as charge carriers in gain and absorber
within one round-trip. The fast time scale can be interpreted as a representation of the
cavity in space and therefore to a spatial distribution of the pulse therein [GIA96, YAN17b].
This description of the pulse propagation with respect to the slow and fast time scale was
exploited in sections 4.2.3 and 4.3.2 when showing the pseudo space-time representations of
pulsed states as in Fig. 4.18 and Fig. 4.6.
Initially the Haus master equation was derived phenomenologically by additively combining
the influences experienced by a pulse during one cavity round-trip (e.g. dispersion, gain
or Kerr nonlinearity) and thereby finding an approximation for the evolution of the pulse
from round-trip to round-trip [HAU75a]. The approach includes the assumption of weak
gain and losses (uniform field limit), which is of importance for the derivation presented
in this section. The resulting partial differential pulse propagation equation can be under-
stood as a coordinate transformed nonlinear Schroedinger equation, which is extended by a
suitable modelling of the gain and absorption processes [HAU00, BOY08, MAR14c]. The
level of complexity at which the gain and absorber dynamics are modelled as well as the
selection of nonlinear influences (e.g. dispersion) in the electric field equation, strongly de-
pends on the investigated laser device and operation regime [HAU00, IPP94]. Additional
to the situation of fast and slow saturable absorbers, different variants of the Haus mas-
ter equation were successfully introduced to describe additive pulse mode-locking in fibre
lasers, Kerr-lens mode-locking, the role of different orders of dispersion or coherent effects
[HAU95, IPP94, HAU00, PER20, SCH20d, HAU20a]. For the description of solid-state
lasers, the gain and absorption processes can be strongly simplified due to their very slow
and fast evolution. Based on this time scales, the Haus master equation can be transformed
to the complex cubic-quintic Ginzburg-Landau equation, which is often used to investigate
dissipative solitons [MAR14c, LED99a, GRE12b, AKH08, GUS15]. However, to model the
V-shaped VECSEL discussed here, it is necessary to include the evolution of the carrier
densities in gain and absorber by means of dynamical equations as their relaxation rates
can neither be classified as much faster or slower compared to the other time scales of the
system. Furthermore, the carrier densities are subject to strong modulations. Nonetheless,
in the intermediate-cavity regime (γ−1

g ∝ T ) problems can occur following this approach,
due to the necessity to introduce proper boundary conditions to maintain the long-term
carrier memory essential for quasi-periodic dynamics. A method to address this problem is
discussed in detail in section 5.2.
The initial derivation of the Haus master equation (HME) starts with the Lorentzian ap-
proximation of the gain spectrum of the longitudinal lasing modes in a mode-locked laser
[HAU00]. It proceeds with finding an expression for the alteration (via gain, loss and mod-
ulation) of the spectral fringes during each round-trip along the cavity. The resulting trans-
fer function is then Fourier transformed leading to a master equation in the time-domain
[HAU75, HAU75a, HAU00]. Yet, to derive a HME for a passively mode-locked V-shaped
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4.3 Long-cavity Regime

VECSEL, a different approach is utilised in the following22. Namely, it is possible to derive
a HME from the delay differential equation model based on a multiple time-scale analysis
[KOL06, SCH18f, SCH18e, CAM16]. Putting aside the fact that utilising the V-shaped DDE
model as a starting point enables a derivation of the HME from first principles, it ensures
a correct treatment of the additional influences introduced by the V-shaped cavity geome-
try. It has to be noted that it would be possible to follow the functional mapping method
introduced in References [SCH18f, SCH20d], but the multiple time scale approach provides
a simpler treatment of the additional delayed terms during the derivation.

Preparation Steps

As mentioned before, the derivation starts with the DDE model (3.48)-(3.51) for the pas-
sively mode-locked laser with a V-shaped cavity geometry derived in section 3.3. To follow
the approach outlined in Reference [KOL06], some changes to the priorly introduced nor-
malisation of the parameters and variables are required before starting the actual derivation.
The time t̃ remains normalised to the round-trip time according to t = t̃

T . However, the
electric field and the parameters are not scaled to the round-trip time in the following deriva-
tion. In consequence, the electric field is normalised so that E =

√
TγgA and the ratio of

the differential gain and absorption is defined as s̃ = s
γg
γq

during the derivation. Thus, the
DDE model can be written as

ε
dA(t)
dt

=−A(t) + A(t− 1)
√
κe

1
2

[
G(t− 2τ1

T
)+G(t−1)

]
+Q(t−1), (4.21)

dG(t)
dt

=γgT
[
G0 −G(t)−

[
eG(t) − 1

]{
|A(t)|2 +

∣∣∣∣A(t− 2τ2
T

)∣∣∣∣2 e2Q
(
t− 2τ2

T

)
+G
(
t− 2τ2

T

)}]
,

(4.22)
dQ(t)
dt

=γqT
[
Q0 −Q(t)− s̃

[
e2Q(t) − 1

]
eG(t) |A (t)|2

]
. (4.23)

Where the product of round-trip time and gain bandwidth is expressed by ε = γ−1T−1,
and the α-factors are left out for convenience. As the central approximation of the HME,
an uniform field limit is required. This means that the modifications of pulse induced by
the gain, absorption, outcoupling and filtering losses are small in the investigated regime
[HAU75a]. The localised structures discussed in this section emerge in the subthreshold
regime. Therefore, this requirement is certainly fullfilled for the amplification as G0 ≈ 0.1.
Furthermore, the low unsaturated absorption Q0 ≈ 0.18 and outcoupling losses 1− κ = 0.01
as well as the broad filter γ = 240 ns meet this requirement. It has to be noted that in the high
performance mode-locking regime, the experimentally determined chip reflectivities (small
signal gain) of ≈ 103% and the small outcoupling losses hint at a situation in accordance with
this requirement [WAL16]. This is underlined by the success of the Haus master equation
for high performance mode-locked solid-state lasers [HAU00]. The applicability of the Haus
master equation in this regime of semiconductor VECSELs is further elaborated in section
5.2.

22The derivation of the HME for V-shaped cavities was published in Reference [HAU20] and is based on the
multi time-scale approach presented in Reference [KOL06].
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Multiple Time-Scale Analysis

The application of a multiple time scale approach starting from the DDE model is motivated
by the natural division of the dynamics into two time scales in the target HME. In a first
step, it is therefore necessary to define the additional time scales23. With respect to the
DDE model, which only includes the time scale t, this necessitates a split of t into a slow
θ and a fast σ time scale, as well as treating them independently [BEN99c]. The second
main constituent of a multiple time scale approach is a perturbation expansion of the system
variables. On that account, the system variables are expressed in terms of a power series in
a smallness parameter ε. Exemplarily expanding the electric field A(θ, σ) to second-order in
ε yields24

A(θ, σ) = A1(θ, σ) + εA2(θ, σ) + ε2A3(θ, σ) +O(ε3). (4.24)

The smallness parameter chosen here is ε = γ−1T−1, as it is physically related to the fastest
time scale of the system and is proportional to the pulse width [VLA05]. It is furthermore
a natural choice because it scales the derivative in the electric field equation, which can
be understood as a resonant forcing term. Consequently, if ε → 0 and the charge carrier
contributions are negligibly small, the solution of the system is just periodic in the electric
field as A(t− 1) = A(t) (see eq. (4.21)).
Based on the uniform field limit (low gain and absorption), the small variables and parame-
ters can be redefined with respect to the smallness parameter [BEN99c]

G(t) = ε2G̃(t) , Q(t) = ε2Q̃(t), (4.25)
G0 = ε2Gm , Q0 = ε2Qm, (4.26)

κ = exp−ε2k. (4.27)

The relaxation rates γg,q are not rescaled for the investigated laser system, as the gain and
absorber relax fully between pulse passes and therefore the factors γgT and γqT are not of
a small magnitude. In contrast, the factor γgT is of the order ε2 in the short cavity regime
investigated in Reference [KOL06], due to the small gain relaxation during each round-trip.
However, a long-cavity is investigated here and therefore γgT � 1.
The rescaled variables/parameters are utilised to simplify eq. (4.21)-(4.23) as the exponen-
tials can be expanded to the first-order in ε2, which yields

ε
dA(t)
dt

=−A(t) + A(t− 1)
[
1 + ε2

2

{
G̃

(
t− 2τ1

T

)
+ G̃(t− 1) + 2Q̃(t− 1)− k

}]
+O

(
ε4
)
, (4.28)

dG̃(t)
dt

=γgT
[
Gm − G̃(t)− G̃(t)

{
|A(t)|2 +

∣∣∣∣A(t− 2τ2
T

)∣∣∣∣2
}]

+O
(
ε2
)
, (4.29)

dQ̃(t)
dt

=γqT
[
Qm − Q̃(t)− 2s̃Q̃(t) |A(t)|2

]
+O

(
ε2
)
. (4.30)

23In a general multiple time scale approach it is possible to introduce more than two time scales, but here it
is convenient to only chose two, based on the target model and especially the underlying physics.

24Please note that in the conventional notation the index in the expansion starts at 0 [HAU20, KOL06].
However, here it starts at 1 to circumvent any confusion with the equilibrium carrier densities in the gain
G0 and absorber Q0.
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4.3 Long-cavity Regime

This simplified equation system now serves as the staring point of the multiple time-scale
analysis [KOL06]. Firstly, the fast σ and slow time scale θ with respect to ε are defined,
followed by the perturbation expansion as a series in ε.
Based on the physical properties of the system (and the well known form of the Haus master
equation), the fast time scale σ refers to changes within one round-trip and the slow θ time
scale to alterations from round-trip to round-trip. They can be defined as

σ = ωt, (4.31)
θ = ε2t. (4.32)

Choosing O(ε2) for the slow time scale is motivated by the time scale of amplitude (gain)
fluctuations [HAU20]. Contrary to most simple application of the multiple time-scale analy-
sis, the fast time scale depends on t [BEN99c]. The choice of the time scales is motivated by
the period of the pulsed solutions. As mentioned before, the system exhibits a one-periodic
solution in the electric field A(t) = A(t − 1), if ε → 0, and the charge carrier contributions
are negligible. Similar to the Poincaré-Linstedt method [VER96], one can therefore find the
period of the pulsed solutions (τp) of the full system by an increase of the period of the un-
forced system (τp,unf. = 1). Physically it can be understood by the fact that the time needed
for one pulse to pass through the cavity is enlarged with respect to the cold-cavity round-trip
time, due to the finite interaction time with the intracavity elements25 [CAM16, SCH18e].
In the uniform field limit, the Lorentzian filter modelling the gain bandwidth has a dominant
influence on the electric field and induces an increase of the round-trip time of ≈ 1

γ [VLA05].
The mathematical calculations of transforming the simplest form of the DDE system into
a PDE unravelling the drift, are described in Appendix A.2. Therefore, it is possible to
approximate the altered period τp by [CAM16, SCH18e]

τp ≈ T + 1
γ

= T (1 + ε), (4.33)

which just gives τp = 1 + ε, if the time is normalised to the round-trip T . By utilising the
inverse period one can obtain an expression for ω in eq. (4.31) so that the scaling of the fast
time scale includes the increased period, caused by the time lag of the filter. The factor can
then be approximated as

ω = 1
τp

= 1
1 + ε

≈ 1 + ω1ε+ ω2ε
2. (4.34)

Where the second term is expanded with respect to small ε and the introduction of the
adjustable parameters ω1 and ω2 is important to later simplify the solvability conditions
given by the multiple time-scale analysis. Expanding up to the second-order is necessary as
the drift is not strictly linear with ε. Hence, the final definition of the slow and fast time
scale utilised in the further derivation reads

σ =
(
1 + ω1ε+ ω2ε

2
)
t, (4.35)

θ = ε2t. (4.36)

25This approximation is on the basis of the uniform field limit. If the absorption, mirror losses and gain
become large, it is possible to find solutions with τp < T as outlined in Reference [JAU17a].
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On the account of adequately including the two time scales into the model, the total derivative
d
dt is transformed according to

d

dt
= ∂σ

∂t

∂

∂t
+ ∂θ

∂t

∂

∂θ
= (1 + ω1ε+ ω2ε

2)∂σ + ε2∂θ. (4.37)

Furthermore, the delayed terms have to be transferred to the new coordinates, which gives
A(t − 1) ⇒ A(θ − ε2, σ − ω). To reduce the delay to one time scale, a Taylor expansion up
to second-order in ε is utilised for the electric field, which yields

A
(
θ − ε2, σ − 1− ω1ε− ω2ε

2
)
≈A(θ, σ − 1)− εω1∂σA(θ, σ − 1)

− ε2
[
∂θ + ω2

1∂
2
σ + ω2∂σ

]
A(θ, σ − 1) +O(ε3). (4.38)

Here, the power series expansion of the electric field eq. (4.24) is left out at first, for a better
readability. The delayed terms of the integrated charge carrier densities are only Taylor
expanded up to O (1) in ε, due to the pre-factor of order O

(
ε2). The pre-factor results from

the rescaling of the gain and absorber variables in the electric field equation (4.28) based on
the uniform field limit. Furthermore, only terms of order O (1) are considered in the gain
and absorber equations (4.29)-(4.30). The expansion for the gain variable then yields

G̃
(
θ − ε2, σ − 1− ω1ε− ω2ε

2
)
≈ G̃(θ, σ − 1). (4.39)

This is analogously performed for the second delayed gain term and the delayed absorber
term.
Combining the power series expansion (4.24), the introduction of the new time scales (4.36)-
(4.35), the transformation of the derivative (4.37) and the expansion of the delayed terms
(4.38)-(4.39), one can now search for a solution of the form A(θ, σ, ε), G(θ, σ, ε) and Q(θ, σ, ε).
On that account, the system is split into problems of order O(1), O(ε) and O(ε2).
Using the notation A(θ, σ)=̂A and A(θ, σ − 1)=̂A(σ − 1) for simplicity, one arrives at the
following equations for the O(1) problem

A1 = A1 (σ − 1) , (4.40)

∂σG̃1 = γgT

[
Gm − G̃1 − G̃1

{
|A1|2 +

∣∣∣∣A1

(
σ − 2τ2

T

)∣∣∣∣2
}]

, (4.41)

∂σQ̃1 = γqT
[
Qm − Q̃1 − 2s̃Q̃1|A1|2

]
. (4.42)

Again, it has to be highlighted that the derivative with respect to the slow time scale θ in
the carrier equations is of O(ε2) and therefore is not considered here. The same is true for
all higher-orders in the expansion of the delayed electric field term in the gain eq. (4.41), so
only the zeroth order of the expansion remains (A(σ−22τ2

T )). From the solvability condition
eq. (4.40), one finds the requirement that A1 is of period 1 on the fast time scale.
As a next step, one proceeds to O(ε) for the electric field equation, which yields

A2 −A2(σ − 1) = −ω1∂σA1(σ − 1)− ∂σA1

⇒ A2 −A2(σ − 1) = −(1 + ω1)∂σA1. (4.43)

Since the derivative term would introduce a resonant forcing, i.e. divergence, it is required
to be 0. Therefore, the condition that A2 is of period 1 can be deduced, which is assured by

84
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setting ω1 = −1. Note that the higher-orders for the gain and absorber equations are not
considered as these equations are only investigated on O(1), motivated by the time scale of
their evolution.
Proceeding with O(ε2) one finds

A3 −A3(σ − 1) =− ω1∂σA1 − ∂σA2 − ∂θA1(σ − 1)

+ 1
2ω

2
1∂

2
σA1(σ0 − 1)− ω2∂σA1(σ − 1)− ω1∂σA2(σ − 1)

+ 1
2

[
G̃1

(
σ − 2τ1

T

)
+ G̃1(σ − 1) + 2Q̃1(σ − 1)− k

]
A1(σ − 1). (4.44)

This expression can be simplified by utilising that A1 and A2 are periodic in σ with a period
of 1 (as σ is normalised to T ), as well as ω1 = −1. Consequently, one finds that ω2 = 1 with
the same reasoning as before. Thus, the remaining solvability condition yields

A3 −A3(σ − 1) = −∂θA1 + 1
2∂

2
σA1

+ 1
2

[
G̃1

(
σ − 2τ1

T

)
+ G̃1(σ − 1) + 2Q̃1(σ − 1)− k

]
A1. (4.45)

To find a one-periodic solution in A3 (and circumvent a resonant forcing) requires the right
hand side of this equation to be equal to 0. Combining the carrier equations with the
solvability condition for the electric field then leads to the final PDE system

∂θA1 = 1
2∂

2
σA1 + 1

2

[
G̃1

(
σ − T − 2τ2

T

)
+ G̃1 + 2Q̃1 − k

]
A1, (4.46)

∂σG̃1 = γgT

[
Gm − G̃1 − G̃1

{
|A1|2 +

∣∣∣∣A1

(
σ − 2τ2

T

)∣∣∣∣2
}]

, (4.47)

∂σQ̃1 = γqT
[
Qm − Q̃1 − 2s̃Q̃1|A1|2

]
. (4.48)

As only the first-order of the power expansion is left, the index of the variables A1, G1, Q1
can be dropped in the following.

Final Model and Boundary Condition

A final nonlocal HME exhibiting the same variable and parameter normalisations as the DDE
system, is found by reverting the normalisations introduced at the start of the derivation.
Firstly, these include E =

√
TγgA and s̃ = s

γg
γq
. Furthermore, the old charge carrier variables

and parameters prior to the introduction to the smallness parameter according to eq. (4.25)-
(4.27) are reintroduced. Additionally, the slow time scale is rescaled with respect to the
smallness parameter according to θ/ε2 = θ (the same symbol is kept for simplicity). Finally,
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all rates are normalised to the round-trip time. The final nonlocal Haus master partial
differential equation model for the V-shaped VECSEL reads

∂θE(θ, σ) = 1
2γ2∂

2
σE(θ, σ) +

{1
2 [1− iαg]

[
G

(
θ, σ − T − 2τ2

T

)
+G(θ, σ)

]
+ [1− iαq]Q(θ, σ) + 1

2 log(κ) + iω

}
E(θ, σ), (4.49)

∂σG(θ, σ) =Jg − γgG(θ, σ)−G(θ, σ)
[
|E(θ, σ)|2 +

∣∣∣∣E (θ, σ − 2τ2
T

)∣∣∣∣2
]
, (4.50)

∂σQ(θ, σ) =Jq − γqQ(θ, σ)− 2sQ(θ, σ)|E(θ, σ)|2, (4.51)

where ω is introduced as a parameter to adjust the rotating frame. The pump power and
unsaturated absorption are expressed by means of Jg = G0γg and Jq = Q0γq to achieve a
closer resemblance with the DDE model. However, this has to be kept in mind when varying
the relaxation rates. Note that Q and Q0 are negative quantities here, as in the DDE system.
Interestingly, the time delayed terms in the DDE system transform to a nonlocal influence
in the Haus master equation system, if the delay does not equal one cavity round-trip.
This opens up the possibility to interpret the second gain depletion as a nonlocal influence
on the electric field, which can be altered via the cavity geometry. The global binding
mechanism of the photonic molecules hence also stems from the gain nonlocality, trapping a
pulse between the first and second (nonlocal) gain depletion of its predecessor, similar to the
nested molecules discussed in Reference [JAV17]. The influence of shifting the cavity arms
and therefore altering the nonlocal contribution is discussed in the next section.
The numerical integration of the system is performed by applying the Fourier split-step
algorithm introduced in the Appendix of Reference [GUR17], which is outlined in detail in
Appendix B.1. For each round-trip θ, one finds a solution for all points in σ in one round-trip,
i.e. σ ranging from 0 to 1. To correctly model the transition from round-trip to round-trip
θ → θ + 1 while maintaining the long-term charge-carrier memory, one has to connect the
last point of the integration domain (θ, σ = 1) to the first point of the subsequent round-trip
(θ+1, σ = 0). In the long-cavity regime, the gain is able to completely relax to the equilibrium
value in between two pulse passes. Therefore, the simple boundary condition G(θ+1, 0) = G0
can be utilised for the path-continuation as well as direct numerical integration, if the round-
trip time is very long. For the absorber G(θ + 1, 0) = Q0 can always be used, as it recovers
much faster than the gain.
However, the gain does not necessarily relax fully till the end of the round-trip, for the
relaxation rates and round-trip times in the intermediate-cavity regime. Consequently, a
different boundary condition maintaining the carrier memory in the gain is required. The
natural boundary condition is the asynchronous map boundary condition G(θ + 1, σ = 0) =
G(θ, σ = 1) arising from assuring the continuity of the solution. Nevertheless, utilising an
asynchronous boundary condition is not always convenient. A solution to this problem is
presented in section 5.2, where a dynamical boundary condition for the gain is derived.

Agreement of Haus Master Equation and DDE Model

To assess the agreement of the DDE and HME partial differential equation model in the
localised regime, a bifurcation analysis of the pulsed states is performed. Depicted in
Fig. 4.23(a) is a 1D-bifurcation diagram showing the maximum pulse amplitude max (|E|)
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Figure 4.23.: (a) 1D-Bifurcation diagram displaying the evolution of the maximum electric field
amplitude max(E) along the fundamental mode-locking solution (FML) continued in pump power
(Jg/Jth). The magenta coloured line is obtained utilising the Haus master partial differential equation
model (PDE) and the path-continuation software PDE-2-Path, whereas the light blue bifurcation line
is found using the DDE model of mode-locking (3.48)-(3.51) applying the software DDE-biftool. (b)
2D-bifurcation diagram in the (Jg, τ2)-plane of the saddle-node bifurcation point marked by SN in
(a) for both models. The DDE line is determined by applying DDE-biftool, whereas the PDE line is
determined by direct numerical integration. (c) Same 1D-bifurcation diagram as in (a) but for the
PC2 solution in the Haus master PDE (black) and the DDE model (green). All parameters are given
in Table 4.1. Figure adapted from [HAU20].

along the fundamental mode-locking (FML) solution branch continued in Jg. The light blue
line corresponds to the FML solution in the DDE model. It is the same as already discussed
in Fig. 4.20(a1). The magenta coloured line (FML-PDE) represents the fundamental solu-
tion branch obtained from the PDE model. To continue this solution branch, the software
package pde2path [UEC14] is utilised26. Starting from the lowest amplitudes in the lower
unstable part of the branches, their course almost matches perfectly until the minimum in
Jg. It is marked by a black square (SN) and is given by a saddle-node bifurcation at which
the fundamental solution turns stable. The type of the bifurcation point is equal for both
models and the stabilising dynamics are depicted by thick lines. In the upper part of the
branch, the solutions slightly differ in pulse amplitude, but both remain stable. The slight
deviation might be caused by the simple boundary condition G(θ, σ = 0) = G0, as the gain
does not relax completely for the round-trip time of T = 1.875 ns utilised here. Therefore,
the pulses experience a slight excess gain in the PDE model compared to the DDE model as
the gain is always set to the equilibrium level G0 at the start of the round-trip. A further
reason for the deviation may lie within the linearisation applied in the derivation of the HME
model, which becomes of more importance at increasing field amplitudes.
Plotted in Fig. 4.23(b) is a 2D-bifurcation diagram of the SN point (black square in (a)) in
the parameter plane of the pump power and cavity asymmetry (Jg, τ2). It shows how the
lower stability boundary of the FML solution shifts in pump power, if the cavity geometry
is altered while the round-trip time T is left constant27. Again, the magenta line is obtained
using the Haus master PDE model and the light blue line corresponds to the result of the
DDE model. In contrast to the DDE model, the PDE line is determined by direct numerical
26The path-continuation utilising pde2path was performed by Svetlana V. Gurevich from WWU Münster.
27How the cavity geometry is represented by the delays τ1 and τ2 can be looked up in section 3.2 and 3.3.

Experimentally, the shift can be understood as a repositioning of the gain chip inside the cavity, i.e. closer
to the outcoupling facet or absorber chip.
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Figure 4.24: (a) Time-series of the FML
electric field amplitude calculated at a sym-
metric cavity configuration of τ1 = τ2 = T/4
(green) and at cavity configuration of τ1 =
0.4T ; τ2 = 0.1T (red). (b) Time-series of the
gain corresponding to the solution plotted in
(a). Laser parameters according to Table 4.1
and Jg/Jth = 0.6.
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integration and not path-continuation. Nonetheless, the two lines indicated a very similar
behaviour. The slight roughness of the SN-PDE line can be reasoned by the accuracy of the
direct numerical integration. Furthermore, it is evident that the SN-PDE line is situated at
slightly lower pump currents, especially for a symmetric cavity (τ2 = 0.25T ). As before, this
can be reasoned by the increased gain induced by the use of the boundary condition. It has
to be noted that for the direct numerical integration the boundary condition outlined in sec
5.2 is used.
The general course of the saddle-node bifurcation line to higher pump powers with increasing
cavity asymmetry (shifting τ1, τ2 away from the symmetric position) can be reasoned by the
adjusted gain depletion scenario. If τ1 is altered while maintaining a constant round-trip
time fullfilling the boundary condition T = 2τ1 + 2τ2 = const, it effectively leads to an ad-
justment of the distance between the two gain depletions. A visualisation of the changed gain
depletion and electric field dynamics induced by an increase of τ1 (and simultaneous decrease
in τ2) is shown in Fig. 4.24. The red curve in Fig. 4.24(b) represents the gain dynamics in
the asymmetric case (τ1 = 0.4T ; τ2 = 0.1T ), whereas the green line corresponds to the sym-
metric cavity situation. It becomes evident that the distance between the first and second
gain depletion decreases with respect to the symmetric case in which all gain depletions are
spaced equidistantly. However, after the pulse has passed the gain chip twice in the asym-
metric cavity, there is a long relaxation period (increase at t ≈ 1 in Fig. 4.24(b)). It is caused
by the enlargement of the second cavity arm caused by the condition of a constant cavity
length T = 2τ1 + 2τ2. The asymmetry in the gain relaxations leads to less available gain,
because the gain relaxes most effectively shortly after the depletion due to its exponential
recovery. Therefore, a higher pump power is necessary to achieve the same amplification/
level of available gain, which manifests in a shift of the lower stability boundary, i.e. SN
bifurcation point. Additionally, the pulse amplitude slightly decreases in the asymmetric
cavity as indicated in Fig. 4.24(a). An in-depth investigation of the influence of the cavity
asymmetry on the stabilisation multi-pulse structures and the pulse distance within the PC
solutions is given in the next section.
The 1D-bifurcation lines of the PC2 solution along Jg match very well across the two models
as visualised by the black (PDE) and green line (DDE) in Fig. 4.20(a3). Again, the minimum
in Jg is represented by a saddle-node bifurcation in both models and its position in Jg lies
very close. The slight deviation of the maximum pulse amplitude in the upper part of the
branch is again related to the boundary condition and the linearisation of the exponential
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4.3 Long-cavity Regime

terms.
At this point it has to be noted, that the application of pde2path is much more cumbersome
than that of DDE-biftool. In the stability analysis (of the PC2) obtained using pde2path,
several bifurcation points of unclear origin occurred. Anyhow, they were not further inves-
tigated, due to the beta stadium of the software.

4.3.4 Impact of Asymmetry

In both models used investigate the passively mode-locked V-shaped VECSEL, the cavity
geometry is described by means of the delay times τ1 and τ1, as described in the derivation
of the DDE model (section 3.3) and the Haus master PDE model (section 4.3.3). The two
delay parameters represent the time a pulse needs to pass the respective cavity arm. As
outlined before, the delayed terms in the DDE model transform to nonlocal terms in the
Haus master PDE, if the delay does not equal the cavity round-trip time. Changing the
cavity geometry can have a substantial influence on the stability boundaries of the different
mode-locking states and hence on the stabilising laser dynamics. This is mainly induced
by the changed gain depletion scenario, because a strongly asymmetric cavity configuration
primarily leads to unequidistantly distributed gain depletions. For the high performance
mode-locking regime, the introduction of a slight asymmetry is discussed in section 4.2.4. It
has to be highlighted that the term "asymmetric" here only refers to the unequal length of
the cavity arms. In this section the initial investigation of the influence of an asymmetric
cavity configuration on the single-pulse FML state in the localised state regime is extended
to the PCn and HMLn multi-pulse solutions28.
As presented for the fundamental localised mode-locking solution in Fig. 4.23(b), the ex-
amination of the stability regions of harmonic mode-locking is performed by a bifurcation
analysis. On that account, the critical bifurcation points are continued in the parameter
plane of the cavity asymmetry and pump power (Jg/Jth, τ2/T ). As outlined previously, the
total cavity length is kept constant by oppositely varying the length of the cavity arms, i.e.
maintaining the boundary condition 2τ1 + 2τ2 = T = const. Namely, the critical bifurcation
points are the saddle-node bifurcations (SN) representing the characteristic curvature of the
solution branches as well as the minimum pump power value required for the existence of the
corresponding solution and the stabilising torus bifurcation. The SN and torus bifurcation
(T) are both exemplarily depicted in Fig. 4.20(a1).
The obtained 2D-bifurcation lines of the saddle-node and torus bifurcations in the (Jg/Jth,
τ2/T )-plane are plotted in Fig. 4.25 for the harmonic mode-locking solutions up to fourth
order (four equal and temporally equidistant pulses in the cavity). From the course of the
bifurcation lines, one can clearly identify a resonance behavior with respect to the cavity
asymmetry τ2 [HAU20]. For the saddle-node bifurcations in Fig. 4.25(a), it is embodied by
the occurrence of local maxima and minima in pump power at characteristic cavity geome-
tries (values of τ2). This effect critically depends on the number of pulses in the cavity as
the number of resonance points (pump power minima) linearly increase with the number of
pulses in the corresponding solution. The torus bifurcations almost display the same reso-
nance structure. Yet, instead of local maxima in pump power no stabilising torus bifurcation
can be found for certain cavity configurations and the curves in Fig. 4.25(b) are discontinu-
ous. These parameter points in τ1, τ2 are characterised by a collision of two pulses in the gain
chip. They occur if the temporal distance between the pulses in the harmonic mode-locking
28Most parts of this section were published in [HAU20].
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Figure 4.25.: (a) Bifurcation lines in the parameter plane of pump power and cavity asymmetry
(Jg, τ2). The cavity asymmetry is varied, while maintaining a constant round-trip time. Shown
are the saddle-node (SN) bifurcations representing the minimum pump power at which the localised
fundamental (FML) and harmonic mode-locking solutions (HMLn) exist. The SN point is marked
by a black square in Fig. 4.20(a1) exemplarily for the FML solution and embodies the characteristic
curvature of the solution branches. (b) Bifurcation lines of the torus bifurcations (T) at the lower
stability boundaries of the localised harmonic mode-locking solutions (HMLn). The torus point is
marked by a black circle in Fig. 4.20(a1) exemplarily for the HML3 solution. Laser parameters
according to Table 4.1. Figure adapted from [HAU20].

solution equals the propagation time between the two gain passes (e.g. 2τ2 = T/2 for HML2
or 2τ2 = 0.33T for HML3) [HAU20]. This scenario can be found once for the HML2 solution
as it contains two pulses that can collide. However, for the HML3 solution a further possi-
bility of a pulse collision opens up due to the additional pulse and their resulting reduced
temporal distance in the cavity (e.g. the first and second or the first and third pulse can
collide). Therefore, an additional unstable point can be found. This behaviour continues
with an increasing number of equidistant pulses.
Oppositely, the local minima in pump current of saddle-node and torus bifurcation lines
correspond to the most favourable situation in terms of the pulse amplification. Due to
the pulse-passes happening at the largest possible temporal interval, the maximum gain
saturation can be achieved at these cavity configurations for the harmonic mode-locking so-
lutions. The increased gain relaxation between pulse passes leads to a higher available gain
and consequently the solutions can exist (stably) at lower pump powers. The maximised
pulse amplification also explains why in a symmetric cavity the PC2 solution is stable, while
the HML2 is not. As indicated by the gain landscape of the respective solutions shown in
Fig. 4.20(a3) and Fig. 4.20(c2), the PC2 solution induces four gain depletion whereas the
HML2 only creates two.
In order to obtain a broader overview of the multistability of the localised states, the bifur-
cation scenario is investigated by means of direct numerical integration. In the subthreshold
regime of localised states, the off -solution cannot serve as the initial condition to start the
laser, because it is stable and therefore the laser would just remain in this state. Furthermore,
due to the large multistability unravelled by the previously presented bifurcation analysis,
the choice of the initial condition has a large influence on the stabilising dynamics. As dis-
cussed in section 4.3.2, different pulsed states can be excited by applying perturbations to
the pump current. This technique is followed to excite selected stable dynamics at character-
istic cavity configurations based on the bifurcation analysis in Fig. 4.25. Subsequently, these
stable states can be used as the initial condition of the direct numerical integration at each
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Figure 4.26.: 2D-bifurcation diagrams in the (Jg, τ2) parameter plane in the localised regime in-
dicating the stabilising dynamics. The cavity asymmetry is varied, while maintaining a constant
round-trip time, which is assured by fulfilling the boundary condition T = 2τ1 + 2τ = const. The
colour code distinguishes between fundamental mode-locking (FML), pulse cluster solutions (PCn)
and harmonic mode-locking solutions (HMLn) with n referring to the number of pulses. The white
coloured region represents the laser off -state. At each parameter pair (Jg, τ2), a stable solution is
utilised as the initial condition of the direct numerical integration (3 · 104 round-trips). The utilised
solutions are (a) HML2 and (b) HML3. The initial conditions are determined as the stable solu-
tions after 3 · 104 transient round-trips at the parameter pairs (Jg/Jth, τ1) = (0.7, 0.15) for (a) and
(Jg/Jth, τ1) = (0.7, 0.25) for (b). The shading of the red and green colour code represents the distance
between the pulses in the PC solution with the darkest region corresponding the maximum possible
distance (transition to HML solution). The other laser parameters are chosen according to Table 4.1.

parameter point of interest in the parameter plane of cavity asymmetry and pump power
(Jg, τ2). After a transient time of 3 · 104 round-trips, the converged state is evaluated with
respect to the pulse properties and pulse distance. Experimentally, this would correspond
to "seeding" the laser with a certain pulse pattern and observe its reaction, i.e. the resulting
stable emission state at varied cavity configurations.
The 2D-bifurcation diagrams obtainable by seeding the HML2 and HML3 solution as the
initial condition is depicted in Fig. 4.26. The stabilising dynamics are depicted by the colour
code with blue corresponding to the fundamental mode-locking solution, dark green indi-
cating HML2, and dark red indicating HML3. The shading of the red and green colours
illustrates the temporal pulse distance within one pulse cluster PCn. The darkest colour cor-
responds to the transition from a PCn to a HMLn state as the latter represents the largest
possible pulse distance within the cavity29. However, starting from the HML solutions leads
to a case where almost no PC solutions stabilise. This changes if PC solutions are seeded
into the cavity, which is discussed later in this section. The symmetric cavity configuration
is depicted by the black dotted line and the black circles in (a) and (b) depict the parameter
points at which the initial condition is initially stable (Jg = 0.7Jth).
The previously discussed stabilising torus bifurcations (see Fig. 4.25) of the respective HMLn
solution are plotted as magenta lines in Fig. 4.26(a,b). These match the direct numerical
integration result very well. Once more, the resonance effect with respect to the cavity
asymmetry is clearly visible as the HMLn solutions destabilise at the previously discussed
characteristic cavity configurations at which the pulses collide at the gain chip. These points
fall together with the discontinuity of the torus lines. The irregularities at the boundaries of
the FML solution can be explained by the initial condition being closer to the attractor of
29Here, only the smaller distance within the pulses is investigated.
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Figure 4.27.: Numerical 2D-bifurcation diagrams in the (Jg, τ2) parameter plane in the localised
regime indicating the stabilising dynamics when seeding PCn solutions. The cavity asymmetry is
varied, while maintaining a constant round-trip time, which is assured by fulfilling the boundary
condition T = 2τ1 + 2τ = const. The colour code is the same as in Fig. 4.26 with the difference
that here at each parameter pair (Jg, τ2) a stable (a) PC2 and (b) PC3 solution are used as the
initial conditions. They can be found as the stable solutions after 3 · 104 transient round-trips at a
symmetric cavity configuration (black dashed line) and Jg/Jth = 0.7. Laser parameters according to
Table 4.1. Figure adapted from [HAU20].

the off -solution than to the FML solution. Thus, the system stabilises in the off -state.
As the continuation of the characteristic bifurcations of the PC solutions is very cumber-
some at high round-trip times, the influence of the cavity asymmetry is investigated only by
means of direct numerical integration. On that account, the same technique of using a stable
solution as the initial condition is applied. Nevertheless, in this case different PCn solutions
are chosen as the starting point of the direct numerical integration in order to unravel their
multistability.
The resulting dynamics from seeding the PC2 and the PC3 solution into the laser as the
initial condition is plotted in Fig. 4.27. The colour code distinguishes the dynamics equally
as in Fig. 4.26. Importantly, the shading of the red and green colours illustrates the temporal
pulse distance within one pulse cluster with ascending pulse distance from bright to dark
colours. The darkest shading corresponds to the maximum pulse distance and therefore
to the transition from PC to HML dynamics. Again, the black dotted line indicates the
symmetric cavity configuration and the black circles show the origin of the stable solutions
(Jg = 0.7Jth).
Similar to the behaviour of the HMLn states, a resonance with respect to the cavity config-
urations can be found for the PCn solutions. The symmetric cavity configuration represents
the energetically most favourable situation in terms of pulse amplification due to the equidis-
tant gain depletion. Therefore, the minimum in pump current at which the solutions stabilise
coincides with this characteristic point for the PC2 and PC3 pulse cluster.
If the cavity is shifted away from the symmetric arrangement, the pulses adapt to the changed
gain depletion scenario by adjusting their temporal distance within the cluster as an addi-
tional degree of freedom. This is visible from the brightening shading in Fig. 4.27 when τ2
deviates from the central position. An example of the distance adjustment in the electric
field dynamics are plotted in Fig. 4.28(a), showing two differently spaced pulse clusters at a
symmetric (green) and asymmetric cavity configuration (red). The associated gain dynamic
is plotted in Fig. 4.28(b). The gain dynamics in the shifted cavity (red) unravels that an
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Figure 4.28: (a) Time-series of the electric
field amplitude calculated at a symmetric cav-
ity configuration τ1 = τ2 = T/4 (green) and at
cavity configuration of τ1 = 0.15T ; τ2 = 0.35T
(red). (b) Time-series of the gain correspond-
ing to the solution plotted in (a). Laser pa-
rameters according to Table 4.1 and Jg/Jth =
0.7.

adjustment of τ2 shortens the temporal distance between the four gain depletions in one
round-trip, but leads to a very long relaxation period after the complete pulse cluster has
passed the gain. Because of its exponential behaviour, the gain relaxes much less at the end
of the long period, than in the steep region shortly after the depletion. This energetically
less favourable redistribution of the relaxation leads to slightly smaller pulses (c.f. red and
green pulses in Fig. 4.28(a)) and is the reason for the shifting of the lower stability boundary
to higher pump currents.
Furthermore, it is possible to deduce that at strongly asymmetric cavity configurations only
HMLn solutions stabilise although PCn solutions are seeded into the cavity. In the strongly
asymmetric case, the two gain depletions of a single pulse lie very close together. Hence, it is
not favourable for an additional pulse to fit in between these to depletions to form a cluster,
because it would result in three very short gain relaxation periods and one very long one
(see Fig. 4.28(b)). As discussed before, long gain relaxation periods are energetically much
less favourable with respect to the pulse amplification.
Although the cavity setup itself is asymmetric with an output coupler at the one end and
the absorber on the other end, this does not make an impact in the investigated regime.
The changes in dynamics as well as the adjustment of the temporal distance occur in a
symmetric fashion around τ2 = T/4, i.e. the symmetric configuration (see dashed line in
Fig. 4.27). This can be reasoned by the time scales of the system. The absorber recovers
on several magnitudes faster than the round-trip time γqT > 300. Thus, a notable dif-
ference between the gain-chip being situated close to the outcoupling facet (τ2 → T/2) or
the absorber chip (τ2 → 0) is only to be expected, if the distance is on the time scale of
the order of the absorber relaxation. Furthermore, it has to be noted that the unsaturated
absorption Jq = −20 (Q0 = −0.177) is small in the investigated regime, which leads to
a reduced influence of the absorber. It has to be mentioned that the introduction of low
non-zero line-width enhancement factors only has a very slight influence on the bifurcation
lines in the investigated parameter regime. A 2D-bifurcation diagram for αg = 1.5,αq = 0.5
is shown in Appendix C. In this case, the adjustment of the pulse distance with changing
cavity geometry is maintained. The only striking difference in case of non-zero α-factors is
the stabilisation of the PC4 solution at higher pump currents, which is related to the PC4
attractor basin being closer to the used initial condition.
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Figure 4.29: (a) Dynamics of the electric
field amplitude in one period τp of the PC2
solution. The black arrow indicates the an-
alytically determined pulse distance ∆PC.
(b) One period of the gain dynamics of the
PC2 solution. The critical points at the
start of the fast and slow stage, that are
approximated using eqs. (4.52)-(4.60), are
marked by black circles. (c) One period
of the absorber dynamics of the PC2 solu-
tion. Red circles mark the critical points
approximated by eqs. (4.61)-(4.64). Fig-
ure adapted from [HAU20].
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Analytic Determination of the Pulse Distance

From an application point of view, the adjustment of the temporal distance within a pulse
clusters opens up the possibility to tailor distinct pulse patterns by means of altering the
cavity geometry. Due to their incoherence, these pulsed structures would exhibit an unmodu-
lated spectrum (see Fig. 4.22) and therefore could be used for spectroscopy implementations
in chemistry or biology [DEM14]. In consequence, the underlying physical mechanisms are
not only of interest from a fundamental perspective. In this subsection, a simple analytical
expression describing the nonlinear dependence of the pulse distances ∆PCn on the cavity
geometry (T , τ1, τ2) is determined. It reveals that the dominant influences on the pulse
distance can be approximated by the slow time scales of the gain relaxation rate and length
of the cavity arms30. The searched distance ∆PCn is illustrated for the PC2 solution in
Fig. 4.29(a).
As a starting point, the gain and absorber dynamics are decomposed into slow and fast
stages. The former correspond to the relaxation of the carriers, whereas the latter refer to
the interaction of the carriers with the electric field, i.e. depletion (saturation) of the gain
(absorber). The gain and absorber values at the start of the fast stage are indicated by the
filled circles at the higher absolute gain and absorber levels in the time-series presented in
Fig. 4.29(b)-(c). They are labelled as G(n)

i1,2 and Q(n)
i , where n refers to the pulse (see 4.29(a))

causing to the following depletion/saturation. The subscript i points out that the charge
carrier value is the "initial" value before a depletion. The number in the subscript of the
gain expression corresponds to the interaction being the first 1 or second 2 of pulse n in one
round-trip [HAU20]. As the absorber is only passed once by each pulse, the indexing is not
necessary.
The end of the fast stage is depicted by the circles close to 0 in the time-series of the gain
and absorber dynamics in Fig. 4.29(b)-(c). The labelling is as before (G(n)

f1,2 and Q(n)
f ) with

the only difference being that the first subscript is f , which refers to the "final" value after
the depletion/saturation.
To find algebraic expressions for the characteristic points in the gain and absorber dynamics
shown in Fig. 4.29(b)-(c), three simple initial approximations are made. Firstly, an expo-
nential recovery of the gain in between pulses passes is assumed. Secondly, the amount of
depletion is modelled to be proportional to the pulse energy P according to ∝ e−P [IPP94].
30The derivation was published in [HAU20].
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Here, the pulse energy is defined as P =
∫+ε
−ε |E|2dσ with the pulse width ε. Finally, the

pulse width is assumed to be very narrow ε→ 0.
Applying these three assumptions one can recover the following sequence of algebraic equa-
tions approximating the gain dynamics at the critical points in one round-trip

t = −ε , G
(1)
i1 , (4.52)

t = +ε , G
(1)
f1 = G

(1)
i1 e
−P1 , (4.53)

t = ∆− ε , G
(2)
i1 = G

(1)
f1 e
−γg∆ +G0[1− e−γg∆], (4.54)

t = ∆ + ε , G
(2)
f1 = G

(2)
i1 e
−P2 , (4.55)

t = 2τ2 − ε , G
(1)
i2 = G

(2)
f1 e
−γg(2τ2−∆) +G0[1− e−γg(2τ2−∆)], (4.56)

t = 2τ2 + ε , G
(2)
f1 = G

(1)
i2 e
−P1 , (4.57)

t = 2τ2 + ∆− ε , G
(2)
i2 = G

(1)
f2 e
−γg∆ +G0[1− e−γg∆], (4.58)

t = 2τ2 + ∆ + ε , G
(2)
f2 = G

(2)
i2 e
−P2 , (4.59)

t = T , G
(1)
i1 = G

(2)
f2 e
−γg(T−2τ2−∆) +G0[1− e−γg(T−2τ2−∆)], (4.60)

where ∆ refers to the distance of the pulses and the index of the pulse power P distinguishes
pulse 1 and 2. As before, γg is the gain relaxation rate.
To find a sequence of algebraic equations for the absorber, two further simplifications can
be made. As the absorber recovers on a much faster time scale than the gain, it relaxes to
the equilibrium Q0 between each pulse pass and therefore the exponential recovery does not
need to be modelled. Furthermore, the absorber chip is only passed once per round-trip,
leading to less critical points in the dynamics. Finally, the sequence of equations for the
absorber can be written as

t = −ε , Q
(1)
i = Q0, (4.61)

t = +ε , Q
(1)
f = Q0e

−2sP1 , (4.62)

t = ∆− ε , Q
(2)
i = Q0, (4.63)

t = ∆ + ε , Q
(2)
f = Q0e

−2sP2 , (4.64)
where the normalisation factor s is proportional to the ratio of the differential gain coefficients
in gain and absorber, scaling the absorber modulation in the DDE and HME model and γq
is the absorber relaxation rate.
The found system of algebraic equations can now be solved to find an expression for ∆.
On that account, the pulses within one cluster are assumed to be equal, which is a valid
approximation in the localised state regime close to the symmetric cavity. It can be assessed
by means of the autocorrelation. For the pulses to be equal, they require to experience the
same effective gain, which yields the condition

G
(1)
i1 +G

(1)
i2 = .. = G

(n)
i1 +G

(n)
i2 , (4.65)

relating the gain depletions of all pulses (here only n = 2 is required). Solving the whole
system of algebraic equations then leads to the following relation between the pulse power
P and the temporal pulse distance ∆

e2P = 2eγg∆ − eγg(2τ2−∆) − eγg(T−∆−2τ2)

2eγg(T−∆) − eγg(2τ2+∆) − eγg(T+∆−2τ2) . (4.66)
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Figure 4.30: (a) Pulse energy as a func-
tion of the pulse distance obtained from
the expression eq. (4.66). The black
dashed line marks a pulse energy of P > 0,
which is only physically relevant. (b) An-
alytically determined pulse distance ∆PC
within the PC2 solution (green) as a func-
tion of the cavity asymmetry under the
boundary condition T = 2τ1+2τ2 = const.
The orange lines determine the asymptotic
behaviour of the pulse distance for τ2 → 0
and τ2 → T/2 according to eq. (4.69) and
(4.70). Figure adapted from [HAU20].
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Analysing this expression one finds that it is negative across almost all pulse distances ∆ as
indicated in Fig. 4.30(a). The only exception is the region close to the singular point labelled
as ∆PC2. As a negative pulse energy is not possible, physical arguments restrict the solution
of eq. (4.66) to be at ∆PC2. At this point, e2P is positive valued and all values of the pulse
energy are spanned rapidly. Hence, one can solve eq. (4.66) for the pole to incorporate the
conditions imposed by physical arguments. This yields the following expression

2eγg(T−∆PC2) − eγg(2τ2+∆PC2) − eγg(T+∆PC2−2τ2) = 0. (4.67)

Rearranging with respect to ∆PC2 then leads to the function

∆PC2(γg, T, τ1, τ2) = T − 2τ2
2 − 1

2γg
log

(
1 + eγg(T−4τ2)

2

)
. (4.68)

This function relates the pulse distance within the PC2 solution to the gain relaxation and
the cavity geometry. The resulting behaviour of the pulse distance with respect to the
cavity geometry at fixed round-trip times T = 1.875 ns and γg = 5 ns is visualised by the
green line in Fig. 4.30(b). Close to the symmetric cavity configuration at τ2 = τ1 = T/4, the
pulse distance responds nonlinearly to changes in the cavity geometry with an approximately
quadratic dependence on τ2. However, in the limit of small and large τ2, i.e. the gain chip
being positioned closely to the absorber chip or outcoupling facet, the behaviour becomes
approximately linear. This can recovered by recovering the asymptotic behaviour of equation
(4.68) in the limit of large and small τ2, which reads

lim
τ2→0

∆PC2 = τ2 + log(2)
2γg

, (4.69)

lim
2τ2→T

∆PC2 = T − 2τ2
2 + log(2)

2γg
. (4.70)

These linear relationships are displayed by orange lines in Fig 4.30(b) and already match the
full expression very well for small deviations from the symmetric configuration.
The same procedure can be followed to find an analytic expression for the pulse distance
within the PC3 pulse cluster ∆PC3. The only adjustment that has to be conducted is that
the gain (absorber) has to be approximated at four (two) additional points, resulting from
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the interaction with the additional pulse in the cavity. Therefore, the following expression
for ∆PC3 can be determined

∆PC3(γg, T, τ1, τ2) = T − 2τ2
3 − 1

3γg
log

(
1 + eγg(T−4τ2)

2

)
. (4.71)

Thus, one can deduce that ∆PC2 and ∆PC3 follow the same nonlinear dependence on the
cavity asymmetry, with the only difference between the two expressions eq. (4.68) and eq.
(4.71) being a different factor in the denominators. The two analytic expressions are plotted
as black lines in Fig. 4.31(a). The coloured lines represent the pulse distance found along
the path continued PC2 (green) and PC3 solution (red) obtained utilising DDE-biftool31.
The varied parameters in the path-continuation are τ1 and τ2 with the boundary condition
2τ1 + 2τ2 = T = const. The pulse distance is determined from the electric field profile at
each continuation point. Stable regimes along the branches are depicted by thick lines. In
the stable regions, the analytic expressions (4.68) and (4.71) accurately match the path-
continuation results.
The solution branches both become unstable, if the cavity geometry is shifted too far away
from the symmetric configuration. Shortly after the destabilisation point (given by torus
bifurcations) both branches loop back and cease to exist beyond a critical value of τ2.
Specifically, the pulse distance along the unstable parts beyond the looping point of the
PC2 solution grows again until the branch reconnects with the HML2 solution at τ2 ≈ T/4.
The connection point can be found at the open ends in Fig. 4.31(a)-(b). Close to this point
at τ2 → T/4 the pulses deplete the gain almost simultaneously (∆PC2 → T/2). As outlined
before, this is energetically less favourable in terms of the pulse amplification and leads to
an unstable solution in this regime of the branch.
In contrast, the path-continuation of the PC3 solution along τ2 unravels a closed loop. It
can be clearly identified when plotting the maximum pulse amplitude along the branch in
a 1D-bifurcation diagram as shown by the red line in Fig. 4.31(b). One can deduce that
the pulse distances are equal in the stable and unstable regions of the PC3 solution as the
regimes overlap in Fig. 4.31(a). Nevertheless, the maximum pulse amplitude varies strongly
across the regimes. The same is true for pulse width given by the full width at half maximum
plotted in Fig. 4.31(c).
The path-continuation results are in accordance with the previously discussed numeric result
presented in Fig. 4.27(a)-(b) as the branches indicate the same decrease of the pulse distance
with increasing cavity asymmetry. Furthermore, the branches reflect the less energetically
favourable situation at shifted cavity configurations as the pulse width as well as the maxi-
mum amplitude decreases, which indicates a decrease in the pulse energy.
In summary, the pulse distance within the pulse clusters can be recovered by a simple ana-
lytical expression only depending on the cavity geometry (τ1, τ2, T ) and the gain relaxation
rate (γg). The expressions were validated by comparing them to a well matching path-
continuation result. Finally, the results allow for the conclusion that the pulse distance
within one cluster decreases, to adapt to the differing gain depletion scenario that is mainly
determined by the cavity asymmetry and gain recovery time.

31Potentially this could also be recovered using the Haus master equation model with pde2path.
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Figure 4.31.: (a) Pulse distance within the PC2 (green) and PC3 (red) solutions. The solutions are
by determined continuing the respective solution branch in τ2 using DDE-biftool, while maintaining
a constant cavity round-trip time, i.e. T = 2τ1 + 2τ2 = const. Thick (thin) lines indicate stable
(unstable) dynamics. The black lines indicate the analytic results according to eq. (4.68) and (4.71).
(b) Maximum electric field amplitude in one period of the PC2 (green) and PC3 solution (red) along
the same solution branch shown in (a). (c) Average full width at half maximum (FWHM) of the
pulses within the PC2 (green) and PC3 solution (red) along the solution branch shown in (a). All
parameters are given in Table 4.1 and Jg/Jth = 0.65. Figure adapted from [HAU20].

Analytic Determination of the Branch Structure

Using the nonlocal Haus master equation model (4.49)-(4.51) as a starting point, it is pos-
sible to derive an analytic approximation for the branch structure of the PC2 solution and
therefore of the characteristic saddle-node bifurcation defining the minimum pump power at
which the PC2 solution exists (see Fig. 4.20(c1)). On that account, one combines the electric
field equation with the decomposition of the gain (4.52)-(4.60) and absorber (4.61)-(4.64) as
well as the found expression for the pulse distance eq. (4.68).
To simplify the electric field equation of the nonlocal Haus master equation model (4.49),
the phase effects are neglected due to the small influence of realistic line-width enhancement
factors on the boundaries of the PC2 regime (see Appendix C). Additionally, New’s approx-
imation is applied [NEW74], which implies neglecting the spectral filtering embodied by the
second derivative ∂2

σ. This approximation is sufficient in the subcritical strongly nonlinear
LS regime, if the outcoupling losses dominate [MAR14c, HAU20]. Hence, the electric field
equation (4.49) can be transformed to a simplified equation for the intensity |E|2, which
reads

1
2∂θ|E(θ, σ)|2 =

{1
2

[
G

(
θ, σ − T − 2τ2

T

)
+G(θ, σ)

]
+Q(θ, σ) + 1

2 log(κ)
}
|E(θ, σ)|2.

(4.72)

This equation is integrated over the fast time scale σ around the vicinity of each pulse within
the PC2 cluster, in order to find an expression for the relationship between pulse power and
pump current. The position of pulse n on the fast time scale is written as σn. The integral
In over each pulse n then gives

In =
∫ σn+ε

σn−ε

[1
2

[
G

(
θ, σ − T − 2τ2

T

)
+G(θ, σ)

]
+Q(θ, σ) + 1

2 log(κ)
]
|E|2dσ. (4.73)
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Where it is exploited that the derivative with respect to the slow time scale θ and the
integration with respect to the fast time scale σ are exchangeable according to the Leibniz
rule. Utilising the definition of the pulse power, one then obtains dP

dθ on the left hand side of
the equation (4.72), which is 0 for the PC2 steady state32. Based on New’s stability criterion
[NEW74, IPP94], equation (4.73) yields that the position of each pulse is given by the zeros
of the integral In = 0 as they represent the position of an opening net-gain window. This is
defined as the point at which gain and losses exactly cancel out, closely before the net-gain
becomes positive and the pulse is amplified.
Utilising the connection of the pump current (unsaturated absorption) and the equilibrium
integrated carrier density in the gain γgG0 = Jg (in the absorber γqQ0 = Jq), one can write
the carrier equations of the Haus master equation model as

∂σG(θ, σ) =γg [G0 −G(θ, σ)]−G(θ, σ)
[
|E(θ, σ)|2 +

∣∣∣∣E (θ, σ − 2τ2
T

)∣∣∣∣2
]
, (4.74)

∂σQ(θ, σ) =γq [Q0 −Q(θ, σ)]− 2sQ(θ, σ)|E(θ, σ)|2. (4.75)

Assuming that the gain and the absorber have relaxed to their equilibrium close at the
leading edge of a pulse implies G0 −G(θ, σ) ≈ 0 and Q0 −Q(θ, σ) =≈. In order to simplify
the gain equation with regard to the nonlocality, one can make use of the characteristics of
the investigated PC2 solution. As no pulse exists at a distance of 2τ2

T to the pulse of interest
and only the vicinity of the pulse is looked at, the nonlocal term in the gain equation becomes
zero

∣∣∣E (θ, σn − 2τ2
T

)∣∣∣2 = 0. Hence, the gain and absorber equations can be simplified to

∂σG(θ, σ) = −G(θ, σ)I(θ, σ), (4.76)
∂σQ(θ, σ) = −2sQ(θ, σ)I(θ, σ). (4.77)

To find an approximation for the nonlocal term in the integral (4.73), one can apply the
same reasoning and furthermore assume a T -periodicity of the gain in the long-cavity regime

G

(
θ, σ − T − 2τ2

T

)
≈ G

(
θ, σ − T − 2τ2

T
+ T

T

)
= G

(
θ, σ + 2τ2

T

)
. (4.78)

The transformation of the nonlocal gain term enables to the following approximation, if one
considers the carrier equation (4.76) at a time shifted by +2τ2

∂σG

(
θ, σ + 2τ2

T

)
= −G

(
θ, σ + 2τ2

T

)
I(θ, σ). (4.79)

Inserting these simplified carrier equations into eq. (4.73) and using the previously introduced
notation33 for the carrier values at the boundaries of the pulse, one can solve the integral
according to∫ σn+ε

σn−ε

[1
2

[
G

(
θ, σ + 2τ2

T

)
+G(θ, σ)

]
+Q(θ, σ) + 1

2 log(κ)
]
|E|2dσ. (4.80)

= G
(n)
i1 −G

(n)
f1 +G

(n)
i2 −G

(n)
f2 −

1
2s
[
Q

(n)
f −Q0

]
+ 1

2 log(κ)Pn.

32Here, it has to be noted that periodic solutions in the DDE system become steady state solutions in the
Haus master PDE model. Therefore, the pulse energy does not vary from round-trip to round-trip.

33First subscript refers to the carrier value before (i) and after (f) the depletion, the second subscript indicates
the first and second interaction with the respective pulse.
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Figure 4.32.: (a) 1D-bifurcation diagram indicating the pulse energy along PC2 branch with respect
to the pump power. The green line indicates the DDE-biftool result, whereas the black line corre-
sponds to the branch found according to the analytic expression (4.82). The black squares indicate
the saddle-node bifurcation at the minimum point in pump power. A 2D-bifurcation diagram of
these saddle-node bifurcation points in the (τ2, Jg)-plane is indicated in (b). The parameter point
(symmetric cavity) used in (a) is marked by the dashed line. Again, the green line indicates the DDE-
biftool result and the black line is computed by applying eq. (4.82) for different cavity configurations.
All parameters are given in Table 4.1 and κ = 0.87, γ = 480 ns.

Furthermore, the relationship between the carrier value before and after the gain depletion
(4.53) depletion and absorber saturation (4.62) can be applied, which yields

In =G
(n)
i1 +G

(n)
i2

2 (1− e−Pn) + Q0
2s (1− e−2sPn) + 1

2 log(κ)Pn. (4.81)

Inserting the equations for the gain before the first and second depletion (G(n)
i1 , G(n)

i2 ) found
from the system of algebraic equations (see eq. (4.52)-(4.60)) and the expression for ∆PC2
eq. (4.68) into eq. (4.81) and solving for the normalised gain g = G0

Gth
, results in the following

equation relating pulse power and the gain value

g(x) =− 4
[
eγgTx2 − 1

] [−Q0(1− x−s)
2s − 1

4 log(x) log(κ)
]

/

{ [√
x− 1

]
[−2Q0 − log(κ)]

×
[
2 +
√

2(
√
x− 1)2e 1

2γg(T−2τ2)√
1 + eγg(T−4τ2)

+
√

2(
√
x− 1)xe 3

2γg(T−2τ2)√
1 + eγg(T−4τ2)

+
√

2(
√
x− 1)xe 1

2γg(T+2τ2)√
1 + eγg(T−4τ2)

− 2eγgTx
3
2 + (x−

√
x)
(
eγg(T−2τ2) + eγg2τ2

) ]}
, (4.82)

where x = e2P and all other parameters are defined according to the explanation in section
3.4. The found equation represents an analytic approximation of the branch structure.
A comparison of the found analytic formula for the PC2 branch structure (4.82) to the PC2
solution branch computed using DDE-biftool is shown in Fig. 4.32(a). The general charac-
teristic of the branch is well reproduced by the analytic expression (black). Furthermore,
the folding point (SN) occurs at similar pulse energies for both results. Nevertheless, the
analytically determined solution branch appears to be strongly shifted in the pump power
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compared to the path-continuation result. The reason for that lies in the application of New’s
approximation, which reaches its limit, if the outcoupling losses 1−κ are low compared to the
losses induced by the Lorentzian filter (gain bandwidth). Hence, for the computed branches
in Fig. 4.32(a) already a reduced value of κ = 0.87 and an enlarged value of the bandwidth
γ = 300 ns are used to find a better agreement. Shifting the parameters further to a regime
in which New’s approximation is valid, would potentially lead to a better accordance. Yet,
the path-continuation using DDE-biftool becomes cumbersome if γ is increased due to the
narrower pulses.
By applying expression (4.82) for different values of τ2 and determining the minimum point
in pump power, the 2D saddle-node line can be reproduced in the parameter plane of cavity
asymmetry and pump power (Jg, τ2). The result is plotted in black Fig. 4.32(b), together
with the saddle-node line obtained using DDE-biftool (green). Again, the qualitative be-
haviour is well reproduced, but a shift in pump power is evident. The reason for the deviation
of the lines is the same as before.

4.4 Summary
In this chapter the dynamics of a passively mode-locked V-shaped VECSEL were investi-
gated in two different regimes by means of direct numerical integration and path-continuation
of the delay differential equation model derived in chapter 3. The two regimes are mainly
distinguished via the cavity length and are motivated by experiments leading to the forma-
tion of interesting pulsed structures. Firstly, an intermediate-cavity length, used for high
performance mode-locking is investigated and secondly the long-cavity regime leading to the
emergence of localised structures is examined.

In the high performance mode-locking regime, the fundamental mode-locking solution branch
is born from an Andronov-Hopf bifurcation along the CW branch at low cavity round-trip
times (T = 220 ps). Due to the double gain pass of each pulse in the V-shaped system, the
output does not transition to a harmonic mode-locking solution at increased pump powers
(in a symmetric cavity arrangement). Instead pulse cluster solutions become evident, in
which the temporal distance of the n pulses is given by ∆ = T/2n with the cold-cavity
round-trip time T . These pulse clusters form as they allow for an equidistant gain depletion
and are therefore energetically favourable with regard to the maximum amplification of the
pulses. The clusters are periodic with a frequency of approximately the inverse cold-cavity
round-trip time.
The behaviour of the stability boundaries of the pulse cluster solutions was investigated in a
large range of parameters. It was outlined that an increase of gain bandwidth γ decreases the
pulse-width, but almost does not affect the position of the bifurcation boundaries of the PCn

solutions in pump power. In contrast, an increase of the unsaturated absorption shifts the
stability boundaries of the solution to higher pump powers, as a higher amount of absorption
has to be compensated for the pulses to stabilise. Furthermore, the stable regions of the PCn

solutions stretch over a larger pump power interval at a higher unsaturated absorption.
Increasing the relaxation rate of the absorber γq leads to a decrease of the stable regions,
while a quasi-periodic pulse cluster solutions are favoured. An alteration of the gain relax-
ation rate causes a very similar behaviour compared to an increase of the round-trip time.
In both cases, the stable regions of the FML and PCn solutions shift to lower pump powers.
This can be reasoned by the fact that altering each quantity leads to an equal change of the
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amount of gain relaxation. However, an increase of the round-trip time leads to an alteration
of the nonlinear pulse shaping effects due to the increased number of longitudinal modes sup-
ported by the gain spectrum. These decrease the pulse width and hence higher-order pulse
clusters emerge as the round-trip time is increased.
By performing a path-continuation of the pulse cluster solution, it was unravelled that the
PCn solutions emerge in additional loops along the fundamental solution branch, generated
in the first Hopf bifurcation along the continuous-wave solution. The additional loops are
characterised by the occurrence of a pair of saddle-node bifurcations embodying the loops
along the fundamental bifurcation branch. The upper saddle-node bifurcation represents
the upper stability boundary of the corresponding PCn solution, whereas the lower stability
boundary is given by a torus bifurcation for each PCn state. The torus bifurcations appear
in a torus-torus collision point at a critical round-trip time slightly above the emergence of
the respective solution. It furthermore became evident that the FML and lower order PCn

solutions detach from the main solution branch in a cusp of saddle-node bifurcations as the
round-trip time is increased.
Applying path-continuation and direct numerical integration, it was possible to unravel the
influence of an asymmetric cavity configuration. In the used DDE model, this was done
by varying the delay times τ1 and τ2 corresponding to the length of the two cavity arms.
The investigations indicate that the lower bifurcation boundaries (torus bifurcations) are not
affected by the asymmetry. Anyhow, introducing a slightly asymmetric configuration can
lead to a shift of the upper stability boundary to higher pump powers.

In the second part of the chapter, the long-cavity regime was discussed. It is characterised
by the round-trip time being much larger than the gain relaxation time. Hence, the gain is
allowed to (almost) fully relax between pulse passes. In this regime, the pulsed solutions can
become multistable to the laser off -state (if the ratio of differential gain s is elevated). Due
to the combination of the stable background embodied by the off -state and the vanishing
interaction of the pulses via the exponential tails of the gain relaxation, the pulses can be
understood as localised states, i.e. dissipative solitons.
Similar to the case of linear cavity configurations discussed in previous works, the fundamen-
tal mode-locking solution and harmonic mode-locking solutions, characterised by equidistant
pulse separation, emerge from Andronov-Hopf bifurcations along the CW branch. Shortly
after their birth, the branches loop to lower pump powers in a saddle-node bifurcation to
stretch below the lasing threshold. Due to the characteristics of the cavity geometry, only
odd numbered harmonic solutions stabilise in a symmetric cavity, as these enable an equidis-
tant gain depletion. For even numbered harmonic mode-locking solutions, the pulses collide
in the gain, which is energetically not favourable in terms of the amplification. Hence, these
solutions only become stable at asymmetric cavity configurations.
Interestingly, pulse cluster solutions emerge in the localised state regime and exhibit a sim-
ilar branch structure as the HML solutions. The PC2 solution is born in a period doubling
bifurcation along the HML2 branch. Applying a Floquet analysis, it was possible to show
that at intermediate-cavity lengths, the pulses of the PC2 solutions are still bound as only
one neutral mode of the system was obtained. However, as the round-trip time is increased,
the absolute value of a second Floquet multiplier asymptotically approaches 1. Hence, two
neutral modes exist, corresponding to the two locally independent pulses of the cluster. Due
to the double gain depletion, the pulses are still globally bound. This binding mechanism is
similar to catenane molecules and therefore the pulse clusters can be referred to as photonic
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molecules.
Investigating the phase difference at the maximum of the two pulses in one cluster, one
finds that the pulses are incoherent despite the global binding mechanism. The incoherence
can further be assessed by calculating the optical spectrum of the pulses, that exhibits no
modulation, which would occur in case the pulses are coherent.
Furthermore, it was found that the cavity geometry (determined by the delays τ1, τ2) has
a strong influence on the stabilising solutions and the temporal distance of the pulses. As
the temporal distance between the gain depletions varies with the relative length of the two
cavity arms, a resonance behaviour with regard to the stabilising HMLn dynamics becomes
evident in the parameter plane of pump power and cavity asymmetry. At the cavity geome-
try at which the equidistant pulses collide at the gain chip, the solutions become unstable.
Vice versa the stability boundary of the solutions, given by a torus bifurcation, stretches to
the lowest pump power in case the gain is depleted equidistantly.
The examination of the PCn solutions at a varied cavity geometry indicates that the pulses
within a cluster alter their temporal distance as the length of the cavity arms is changed, in
order to maintain the maximum amplification. By deriving a nonlocal Haus master equation
starting from the DDE model for the V-shaped VECSEL in combination with several simple
assumptions, it was possible to recover an analytic prediction of the temporal pulse distance.
The found expressions for the PC2 and PC3 solutions only depend on the round-trip time,
the length of the cavity arms and the relaxation rate of the gain. Comparing the analytic
formula to results obtained using DDE-biftool, a perfect agreement was determined. Making
use of the analytic approximation of the pulse distance, an analytic formula for the PC2
branch structure was acquired. It exhibited a good qualitative agreement and made it pos-
sible to find an expression for the position of the saddle-node bifurcation (in the (Jg, τ1)
plane) embodying the loop of the solution branch.

In future works, it could be interesting to further validate the accordance of theory and
experiment. On that account, a detailed experimental investigation of the bifurcation sce-
narios at different cavity geometries would be of use. The basis of these experimental findings
could serve as a starting point to further adjust the used mathematical models. Especially
a quantitative modelling of pulses with a length of 100 fs would require a more microscopic
approach such as presented in [KIL17, MCL20]. Hence, one could use the experimental data
and a fully microscopic approach in order to find new models that include all relevant phys-
ical processes, but are simple enough to allow for reasonable computation times.
Two alternatives to the applied DDE and PDE models in this section are discussed in the
next two sections. Firstly, a delay differential equation model is introduced that allows to
investigate the influence of a carrier grating and the angle of incidence at the gain chip.
Secondly, the delay differential equation model is extended by not only modelling the active
states, but also including the scattering between different semiconductor states.
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5 Dispersion Effects

5.1 Introduction

In optics, chromatic-dispersion is referred to as a frequency dependent change of the phase
velocity of an electromagnetic wave. The alteration of the phase velocity is induced by
the frequency dependent response of the medium in which the wave propagates. In other
words, it is based on the frequency dependence of the refractive index caused by the in-
teraction of the electromagnetic wave with the electrically charged particles in the material
[HEC01, AGR01, PAS21]. Hence, the amount of dispersion is determined by the properties
of the (dielectric) medium in which the wave propagates [HAK86, HEC01, AGR01]. Short
optical pulses are especially influenced by dispersion, as they can be understood as a super-
position of many longitudinal lasing modes (electromagnetic waves) which requires a broad
optical gain spectrum stretching over several tens of nanometers [BOY08, HEA16, CHE18b,
WOO18, WAL16]. Both, the active material dispersion induced by a homogeneous medium
and the passive characteristics of a wave-guide (semiconductor laser cavity) can contribute
to the dispersion experienced by a light pulse. The wave guides or mirrors (distributed Bragg
reflectors) utilised are usually composed of heterogeneous materials and designed in various
geometries [AGR01, MOR10a, PAS21].
Anyhow, there are several other effects which are identified as a form of dispersion in the
research related to the propagation of light in lasers and optical fibres. Firstly, the nonlinear
wavelength dependence of the gain is specified as gain dispersion [AGR91, SIE98, BAN01].
It is connected to the frequency dependence of the refractive index via the Kramers-Kronig
relation. The gain dispersion can have a significant influence on the occurrence of self-
pulsations in DFB lasers [SIE98, BAN01] or lead to the onset of regular oscillation bursts
in lasers with saturable absorption [CAL14]. This form of dispersion is relevant to model
the amplification of ultra-short pulses due to their broad spectral properties [AGR91]. In
the DDE and the Haus partial differential equation (PDE) models discussed in this work,
it is embodied by the introduction of a Lorentzian shaped filter (see sections 3.3 and 4.3.3).
This type of modelling reaches its limits for pulses in the 100 fs regime, as in that case the
pulses are of shorter extent than the propagation time in the active sections. Therefore, the
spatial width of the latter is not negligible, which is a central simplification in the derivation
of the DDE and HME models due to the slowly varying envelope approach. If a (quan-
titative) modelling of ultra-short pulses is of interest, a complete microscopic modelling is
necessary, but cumbersome due to the very long integration times with modern computers
[KIL17, KIL19, MCL20]. Therefore, the assumption of a Lorentzian gain bandwidth can be
justified as a valid approximation to assure reasonable computation times delivering a broad
overview of the dynamics in broad parameter regimes.
In addition to that, higher-order transverse modes can propagate at a varying group-velocity
depending on the properties of the wave-guide. This effect is referred to as intermodal
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dispersion [HEC01, PAS21, AGR01] and can have a substantial influence on the output of
multi-mode lasers or optical fibres [PAS21]. Nevertheless, it is neglected in this work as the in-
vestigated lasers operate close to transverse single-mode operation [RUD08, TIL15, WAL16]
with a Gaussian beam profile and hence transverse effects are not taken into account.
Thirdly, polarisation mode dispersion becomes relevant when transmitting optical pulses in
optical communication schemes [AGR01]. Polarisation mode dispersion occurs, due to a
breaking of the mode degeneracy of the x- and y-polarised modes, i.e. the birefringence of
the waveguide. This degeneracy breaking results from the natural birefringence of the ma-
terial as well as (material and geometry related) imperfections of the waveguide and causes
varying group velocities across different polarisation directions. Nevertheless, the induced
difference in the propagation time can be relevant for laser applications such as dual comb
spectroscopy [AGR01, SHT05, LIN17e].
Outside the field of optics, chromatic-dispersion phenomena are especially studied in the re-
search of solitary waves (solitons), which form based on a balance of dispersion and nonlinear
effects [DAV85, HAS89, REM94, AKH08] as discussed in section 4.3. A very prominent and
probably first observed example is a water wave propagating in a canal while preserving its
width and amplitude [DAV85, REM94].
In the field of optical solitons, chromatic-dispersion plays a crucial role as temporal optical
solitons are often embodied as ultra-short optical (laser) pulses [AKH05, AKH08, GRE12b].
Some of the most prominent theoretical models to analyse the propagation of these pulses
are the Ginzburg-Landau equations [SOT97, ARA02, GUR19], the Lugiato-Lefever equa-
tions [LUG87, LEO13a] and the nonlinear Schrödinger equation [BUL79, BOY08, KRU11,
SCH19b]. Due to the partial differential equation nature of these models, chromatic-dispersion
of different order is embodied by a time derivative of the corresponding order in the electric
field equation. In this case, the magnitude of the dispersion contributions is determined by
the respective pre-factor of the derivative term. The sign of the pre-factor indicates whether
a regime of normal or anomalous dispersion is investigated [PIM17]. The method of including
the dispersion is motivated by the definition of dispersion in the general partial differential
pulse propagation equation (nonlinear Schrödinger equation) in dispersive media that can
be derived from Maxwell’s wave equation [BOY08]. Here, the distinction of the dispersion
into different orders stems from a power series expansion of the propagation constant k(ω)
of the electro-magnetic wave with respect to its frequency dependence [BOY08]

k(ω) ≈ k0 + ∆kNL + k1(ω − ω0) + 1
2k2(ω − ω0)2, (5.1)

where the pre-factors are given by the derivative of the propagation constant with respect
to the frequency kn =

(
dnk
dωn

)
ω=ω0

and ∆kNL is a nonlinear contribution depending on the
intensity [BOY08]. The different powers of the frequency transform into derivatives with
respect to the time when applying a Fourier transform1.
Pulse propagation models enabled the investigation of the nature of temporal solitons (op-
tical pulses) in various systems such as fibre amplifiers [AKH98, KRU11], optical fibres
[HAS89, KOD94, HAU13] or different types of mode-locked lasers [KAL08, ORT10, GRE12b,
WOO18, LIU09, PEN19a].
chromatic-dispersion becomes an important parameter when investigating the performance
of mode-locked lasers in the regime of non-solitary mode-locked pulses [MAR84, PEN92,

1A detailed derivation for a pulse propagation equation for solitons and ultra-short optical pulses in semi-
conductor media is given in reference [BOY08] in sections 7.5.2 and 13.2.
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CHE99c, ORT07, WIL09, ROS12a]. Especially with regard to the pulse width and pulse
energy, the interplay of dispersion and nonlinearity has to be considered carefully in order
to achieve the best performance [WAL16, MEY20] and to realise wavelength tunable de-
vices with an appropriate emission stability [CHE18b]. Recently, it was found that a certain
amount of second and third-order dispersion induced by the gain chip can enhance the perfor-
mance figures in passively mode-locked semiconductor VECSELs [SIE13b, HEA16, WAL16].
The first theoretical investigations of the influence of dispersion on the output pulses of pas-
sively mode-locked lasers relied on the Haus master equation approach with an additional
dispersion contribution [MAR85a, CHE99c, HAU00]. However, modelling the influence of
different orders of dispersion is still a demanding question, as fully microscopic approaches
and travelling-wave models require an excessive amount of computational resources for an
analysis of the long-term dynamics in VECSELs [SIE98, JAV10, KIL17, MCL20]. This lim-
its their applicability, although the especially microscopic models have the advantage that
the dispersion occurs from microscopic interactions and not as individually adjustable pa-
rameters. Similar to the other pulse-propagation models, the drawback of the Haus master
equation approach is the inadequate modelling of the gain dynamics when the relaxation
time of the gain is of the magnitude of the cavity round-trip time and the gain is strongly
depleted [HAU00, PER20, HAU20a]. In opposition, models based on DDEs deliver the op-
portunity to correctly model the long-term gain dynamics in this regime, while including
dispersion effects is not straightforward [PIM17, PIM20].
In this chapter, two alternative approaches to study the effect of second and third-order dis-
persion in passively mode-locked semiconductor VECSELs with a V-shaped cavity geometry
are discussed. First, a generalised form of the Haus master equation with a dynamic bound-
ary condition is derived in section 5.2. The generalisation is then combined with the nonlocal
Haus master equation for the V-shaped VECSEL to study the influence of group-velocity
dispersion in section 5.3. On the account of examining the effect of third-order dispersion,
a delayed algebraic equation (DAE) system for the V-shaped VECSEL is introduced in sec-
tion 5.4. The advantage of the DAE formulation is that in contrast to DDE models, the
third-order dispersion contribution is not overwhelmed by the diffusive influence of the gain
bandwidth [SCH19b].

5.2 Boundary Condition Problem
As mentioned before, investigating the chromatic-dispersion contributions of different order
is straightforward using pulse propagation partial differential equations such as the Haus
master equation (HME) [BUL79, BOY08, SOT97, LUG87, HAU00]. In these PDE systems,
the different orders of dispersion appear as time derivatives of the respective order [MAR85a,
HAU00, PIM17]. Hence, the Haus master equation of mode-locking [HAU00, KOL06] is
a feasible choice to investigate dispersion phenomena. This is supported by the limited
computationally feasible alternatives, as it can be challenging to correctly include dispersive
effects in time delayed systems [PIM17, PIM20, SCH19b, SCH20d, HES21], such as the DDE
model presented in section 3.3.
Nevertheless, the Haus master equation approach was originally developed for gain media
that recover slowly compared to the cold-cavity round-trip time (γ−1

g � T ) [HAU00, KOL06,
HAU20a]. This was motivated by the aim of modelling the variation of the electric field
strengths from round-trip to round-trip at low computational cost and thus was limited to
the vicinity of the pulse. It is based on splitting the mode-locking dynamics into two time
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scales, as outlined in detail for the derivation of the nonlocal Haus master equation in section
4.3.3. Namely, the slow time scale θ is an integer and refers to changes from round-trip to
round-trip, whereas the fast time scale σ describes the dynamics within one round-trip and
is normalised to the round-trip time.
In the situation of a relatively slow carrier relaxation, it is sufficient to model the gain via its
average value within the round-trip (over the fast time scale σ), as it remains quasi uniform
due to weak depletions [HAU00, KOL06, HAU20a]. Hence, the evolution of the average gain
is modelled only on the slow time scale (θ from round-trip to round-trip) and no additional
boundary condition connecting the gain value at the end of one round-trip to the start of the
next round-trip is needed. Details on the origin of the time scales can be found in section
4.3.3, where a nonlocal Haus master equation is derived via a multiple time scale approach
from the V-shaped DDE model.
As discussed in section 4.3.3, finding a boundary condition for the HME approach is relatively
simple in the long-cavity regime (γ−1

g � T ), despite the strong gain depletions. In this
regime, the gain always recovers (almost) fully to its equilibrium value G0 in between pulse
passes. The choice of the boundary condition describing the gain value G(θ + 1, 0) at the
start of the consecutive round-trip (θ + 1) is thus naturally given by the full relaxation
G(θ + 1, 0) = G0.
In the intermediate-cavity regime, the gain relaxation is evolving on the same time scale as
the cold-cavity round-trip time (γ−1

g ≈ T ). Therefore, the gain does not fully recover until
a consecutive pulse pass. In this situation, the gain depletion in the previous round-trip
has an influence on the subsequent pulse pass due to the incomplete recovery of the charge
carriers, which can be described as "carrier memory". This memory effect is of particular
importance to model semiconductor lasers, because γ−1

g is in the nanosecond range, such
as the cavity round-trip time. Furthermore, taking into account carrier memory is essential
to model the onset of quasi-periodic regimes. An example of such an quasi-periodic output
is the well known Q-switched mode-locking (QSML) instability in passively mode-locked
lasers [ERN00c, FLY04, VLA05, TER18, HAU20a]. This instability is embodied by a pulse
train that is strongly modulated over a slow time scale of several hundreds of round-trips
[HAU20a]. In addition to that, the inclusion of carrier memory is crucial to model the
harmonic transitions of passive mode-locking, characterised by the transition of the lasing
output from N to N + 1 equally spaced pulses in one round-trip. Finally, long-term gain
dynamics are essential for an adequate modelling of the transient dynamics, i.e. drifts, of
localised pulses [MAR14c] as discussed in the last section 4.3. These can repel each other
via the exponential tails of the gain relaxation, if they are excited temporally close to each
other within the cavity.
One approach to account for a strong gain depletion and incomplete carrier recovery can
be rigorously included in a coherent Haus master equation approach. It starts from the
Maxwell-Bloch equations and results in an additional integro-differential equation for the
deviation of the gain from its average on the fast time scale within one round-trip [PER20].
Yet, in this section a simpler technique is introduced as previously published in Reference
[HAU20a]. It relies on finding an appropriate boundary condition to connect the gain at the
end of one round-trip to the start of the next round-trip. It is embodied by an ordinary
differential equation for the gain at the start of the round-trip, which is on the slow time
scale and therefore leaves the computational costs almost unaffected. As mentioned before,
this technique is especially useful to model passively mode-locked semiconductor lasers in
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the intermediate-cavity regime. Examples of such devices are long-cavity monolithic devices
[FLY04], VECSELs [KEL06, WAL16, MAR14c, HAU20] or ring cavities [PER20].

5.2.1 Boundary Conditions of the Haus Master Equation Model

To firstly discuss the boundary condition problem and the importance of the long-term carrier
effects without the complicated influences of the gain nonlocality, the investigation is started
using the simpler DDE and HME models of mode-locking based on the assumption of a ring
cavity instead of the V-shaped cavity geometry[VLA04, VLA04a, VLA05, KOL06, HAU00].
In these models, the electric field and charge carriers in the active sections are described
according to the same principles as in the V-shape models. The main difference is the
influence of the cavity geometry, incorporated by the additional delay (nonlocal) terms in the
V-shape model. The ring delay differential equation model of mode-locking was introduced
in References [VLA04, VLA04a] and reads

d

dt
E(t) = −γE + γ

√
κe

1
2 [(1−iαg)G(t−T )+(1−iαq)Q(t−T )]E(t− T ), (5.2)

d

dt
G(t) = γgG0 − γgG(t)− e−Q(t)(eG(t) − 1)|E(t)|2, (5.3)

d

dt
Q(t) = γqQ0 − γqQ(t)− s(eQ(t) − 1)|E(t)|2. (5.4)

The derivation of the model, despite the assumption of a ring cavity, is very similar to the
one outlined for the V-shaped cavity geometry in section 3.3. Here, the electric field E and
the integrated carrier densities in the gain G and absorber Q are scaled exactly as before and
the parameters are the same as for the V-shape model. For a discussion of the parameters
see section 3.4. It has to be noted that γgG0 = Jg and γqQ0 = Jq are used in order to be
able to vary the relaxation rates and the equilibrium carrier densities independently. Note
that Q and Q0 are defined as negative quantities.
The derivation of the corresponding Haus master equation model (HME) can be performed by
starting from the ring DDE model (5.2)-(5.4) and following the same procedure as outlined in
section 4.3.3. A detailed derivation can be found in References [HAU00, KOL06, CAM16].
Alternatively, a functional mapping approach can be followed [SCH18f]. The ring Haus
master equation model then reads

∂θE(θ, σ) = 1
2γ2∂

2
σE(θ, σ) + 1

2

[
[1− iαg]G(θ, σ) + [1− iαq]Q(θ, σ) + 1

2 log (κ)
]
E(θ, σ),

(5.5)
∂σG(θ, σ) = γgG0 − γgG(θ, σ)−G(θ, σ)|E(θ, σ)|2, (5.6)
∂σQ(θ, σ) = γqQ0 − γqQ(θ, σ)− sQ(θ, σ)|E(θ, σ)|2. (5.7)

Equations (5.5)-(5.7) describe the electric field evolution from round-trip to round-trip ∂θE,
and the variation of the carrier densities G and Q on the fast time scale σ. The meaning
of all parameters is the same as for the V-shape DDE and PDE systems (sections 3.4 and
4.3.3). The solutions of the systems are determined by means of direct numerical integration
applying the split-step algorithm introduced in the Appendix of Reference [GUR17], which
is outlined in detail in Appendix B.1.
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Asynchronous Map Boundary Condition

The carrier memory in the gain, i.e. the variation of the gain value at the start of each
round-trip, is especially important when investigating quasi-periodic regimes. To illustrate
its role, the long-term dynamics of the quasi-periodic Q-switched mode-locking instability
is shown in Fig. 5.12. From the electric field time-series plotted in Fig. 5.1(a), one clearly
notices the quasi-periodic modulation of the pulse amplitude by a second frequency, which is
slower than the mode-locking frequency. It arises from a secondary Andronov-Hopf (torus)
bifurcation along the fundamental mode-locking solution branch [JAU17a]. The modulation
of the mode-locked pulses is related to carrier memory effects as can be seen in the long-term
gain dynamics visualised in Fig. 5.1(c). In between pulse passes, the gain does not recover to
an equal level, as the pulse grows from round-trip to round-trip driven by the energetically
favourable situation of a completely bleached absorber. Therefore, the gain is depleted more
strongly from round-trip to round-trip as the pulse is increasingly amplified. This continues
until the gain is almost completely depleted. At this point, not enough gain is available to
maintain the high pulse amplitude against the losses. Consequently, the pulse amplitude
starts to decrease while the gain is able to relax up to a critical level at which the pulse
growth starts again [HAU20a].
As discussed before, the gain value at the start of each round-trip G(θ, σ = 0) varies on the
slow time scale θ and is (quasi-)periodic on a time scale of ≈ 160 round-trips in the shown
Q-switched mode-locking (QSML) regime. A zoom of the gain dynamics in two consecutive
round-trips during the growth stage of the pulse is displayed in Fig. 5.1(b,d). The gain
value at the end of each round-trip (start of the next round-trip) is marked by red circles
in Fig. 5.1(d)). In the Haus master equation, the gain values at the domain boundaries are
given by G(θ, σ = 1) for the end of the round-trip and G(θ + 1, σ = 0) for the start of the
next round-trip as indicated in the figure.
Nonetheless, the variation of the gain at the round-trip boundary cannot be described by
means of the standard form of the Haus master equation, because either the gain is modelled
as a constant over the fast time scale, which is not sufficient for strong depletions [KOL06], or
via a complete recovery [SCH18e, CAM16]. In consequence, an adequate boundary condition
has to be found that sufficiently incorporates these long-term carrier "memory" effects.
Inspecting the gain dynamics G(θ, σ) at the transition of two consecutive round-trips (see
Fig. 5.1(d)) already delivers an intuitive boundary condition for the Haus master equation,
that can be drawn from the requirement of a continuous solution. This requirement can be
met by the condition equating the previously introduced gain values at the start G(θ+1, σ =
0) and end G(θ, σ = 1) of two consecutive round-trips [GIA96, HAU20a]

G(θ, σ = 1) = G(θ + 1, σ = 0). (5.8)

The resulting asynchronous map boundary condition (MBC) can be applied to extend the
ring HME (5.5)-(5.7) by a description of the long-term carrier effects. Using a numerical
integration step of dθ = 1 (see Appendix B.1 for the integration scheme), it is possible
to successfully reproduce the previously discussed quasi-periodic Q-switched mode-locking
(QSML) regime.

2The time-series is obtained by applying a direct numerical integration of the generalised ring HME model
that is introduced in this section (equations (5.5)-(5.7) together with (5.11)). The utilised parameter set
is chosen similar to the coupled VCSELs discussed in Reference [MAR14c, CAM16] and is given in the
caption of Fig 5.1.
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Figure 5.1.: QSML in HME with dynamic boundary condition: (a) Time-series of the electric field
amplitude |E| and (c) integrated carrier density in the gain G in the quasi-periodic QSML regime
over 90 round-trips. Black squares mark the close ups shown in panels (b) and (d), which correspond
to two cavity round-trips. The border between two round-trips is indicated by the black vertical line.
The chosen laser parameters used for the integration of the generalised HME system and normalised
to the round-trip time are (κ, γ, γg, γq, αg, αq, Q0, s, T ) = (0.99, 80, 0.02, 2, 1.5, 1.0,−0.3, 30, 1).

In order to classify the results of the extended Haus model, a 1D-bifurcation diagram in
the regime of QSML is compared to the well-established DDE model in Fig. 5.2. Plotted
with blue dots are all pulse maxima within 500 round-trips at each point in pump power
found using the DDE model. The maximum and minimum pulse amplitudes found at each
parameter value using the HME model are depicted by red lines.
The qualitative accordance of the maxima in Fig. 5.2(a) shows, that applying the map bound-
ary condition (5.8) enables to recover the Q-switched mode-locking dynamics. However, using
the HME model leads to an increased QSML region with respect to the pump value G0, as
visible from the red lines in Fig. 5.2(a). The lower stability boundary of the QSML solution
is shifted to smaller pump currents and the upper bifurcation point is shifted to higher pump
currents. The reason for that most likely lies in the insufficient resolution with respect to
dθ, which is set to dθ = 1. Yet, when refining the resolution, the boundary condition ceases
to deliver the QSML result. This is illustrated by the red lines in Fig. 5.2(b), which indicate
that the maximum and minimum pulse amplitudes in the investigated regime are almost
identical for all pump currents. Hence, no quasi-periodic QSML regime is detectable at a
refined resolution, which can be generalised to all values of dθ < 1. Furthermore, a QSML
regime is evident for dθ > 1, but it exhibits an even stronger discrepancy of the bifurcation
points and pulse maxima compared to the DDE result.
The dependence of the emerging dynamics on the resolution dθ strongly limits the applicable
numerical integration techniques when using the map boundary condition. Applying an ex-
plicit integration scheme such as the finite differences method (instead of the previously used
split-step method) would require a small resolution of dθ due to the Courant–Friedrichs–Lewy
(CFL) condition [COU28]. Specifically the CFL condition would require dθ < (γdσ)2, which
is clearly smaller than 1, as dσ < 1/γ is necessary to maintain an adequate resolution of
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Figure 5.2.: Ring-Cavity MBC: 1D-bifurcation diagrams showing the maximum pulse amplitudes
as a function of the pump power G0 in the Q-switched mode-locking regime. The temporal dynamics
in the QSML regime is exemplarily shown in Fig. 5.1. The blue dots indicate all pulse amplitudes
obtained in 500 round-trips of direct numerical integration of the Ring DDE; The red lines indicate
the absolute maximum and minimum electric field amplitudes found in 500 round-trips integrating
the HME, extended by the map boundary condition (MBC) (5.8). Resolution set to (a) dθ = 1 and
(b) dθ = 0.5 and dσ = 1

1024 for both panels. The chosen laser parameters normalised to the round-trip
time are (κ, γ, γg, γq, αg, αq, Q0, s, T ) = (0.99, 80, 0.02, 2, 1.5, 1.0,−0.3, 30, 1).

the pulses (pulse width ≈ 1/γ [VLA05]). Thus, a quasi-periodic modulation of the intensity
cannot be detected when integrating the system applying an integration based on the finite
differences method, because of the malfunctioning asymmetric boundary condition. Conse-
quently, the result of a 1D sweep using the finite differences method looks almost identical
to Fig. 5.2(b), which is obtained applying the split-step algorithm outlined in Appendix B.1.

Ordinary Differential Equation Boundary Condition

A possibility to include the long-term carrier correlations without the inconveniences of the
asynchronous BC eq. (5.8), is to transform the "map" boundary condition into a dynamical
BC. This is done by reformulating eq. (5.8) as a synchronous ordinary differential equation
(ODE).
As a first step, the gain eq. (5.6) of the Haus master equation model is integrated over the
cavity length in σ to yields

G(θ, 1)−G(θ, 0) = γgG0 −
∫ 1

0
γgG(θ, σ)−G(θ, σ)|E(θ, σ)|2dσ. (5.9)

In order to find an expression only depending on the gain at the start of the round-trip
σ = 0, the asynchronous boundary condition eq. (5.8) is inserted on the left-hand side of the
equation. This gives

G(θ + 1, 0)−G(θ, 0) = γgG0 −
∫ 1

0
γgG(θ, σ)−G(θ, σ)|E(θ, σ)|2dσ. (5.10)

The gain value at the start of each round-trip is defined as a new variable that only changes on
the slow time scale: G(θ, 0) = G(θ). To transform the boundary condition, a slow temporal
evolution of G(θ) is assumed, which is true in most quasi-periodic solutions. Hence, one can
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use the first-order approximation3 G(θ+ 1)−G(θ) ≈ dG/dθ for the left hand side of equation
(5.10). This leads to the following dynamical equation representing the boundary condition
complementing the HME system (5.5)-(5.7):

dG(θ)
dθ

= γgG0 −
∫ 1

0
γgG(θ, σ)−G(θ, σ)|E(θ, σ)|2dσ. (5.11)

A boundary condition for Q(θ, σ) can be found by applying the same steps to the absorber
equation and definingQ(θ, 0) = Q(θ). The complete system is again integrated using the split
step integration scheme outlined in Appendix B.1 using (G,Q) as inhomogeneous Dirichlet
BCs [HAU20a].
Due to the time lag induced by the Lorentzian filter as well as the nonlinear gain and absorber
effects, the physical round-trip time of a pulse is slightly elevated from the round-trip time4.
This results in a temporal drift of the pulse position when integrating the HME from one
round-trip to the next θ → θ + 1. In order to maintain a constant pulse position during
the integration, the translation operator (v0∂σ) is added to eq. (5.5). Here, v0 is defined
as the correction needed to match the actual pulse round-trip time (period of the solution)
τp = T + 1

γ +v0, and is updated every round-trip. Details on the calculation of v0 are given in
Appendix B.1. Furthermore, the drift can be taken into account when defining the boundary
conditions, which is presented in Appendix B.2. Nevertheless, extended tests applying the
second-order boundary condition with drift, lead to almost identical results compared to the
first-order boundary condition (5.11). In consequence, the boundary condition (5.11) is used
to compute all presented further results.

5.2.2 Verification of the Boundary Condition

This section aims at demonstrating the applicability of the ODE dynamic boundary (DBC)
condition in a proof of principle, by comparing the results of a numerical analysis of the
generalised Haus master equation and the DDE system. This is performed in the regimes
of Q-switched mode-locking (QSML) and the transitions between harmonic mode-locking
(HML) solutions, which are both not obtainable using the standard HME approach. Further-
more, the boundary condition is used to reproduce the dynamics of the V-shaped VECSEL
applying the generalisation to the nonlocal HME derived in section 4.3.3.

Ring Haus Master Equation

As discussed in the previous section, already the map boundary condition is sufficient to qual-
itatively reproduce the 1D-bifurcation scenario of the QSML regime (see Fig. 5.2). However,
it is not possible to refining the resolution dθ, without strongly influencing the detected
dynamics. Applying the dynamic BC (5.11) solves this problem. A 1D-bifurcation diagram
with respect to the pump power in the regime of QSML is shown in Fig. 5.3(a). Illustrated
by the colours is a comparison of the DDE system (blue) and the generalised Haus master
PDE with dynamic boundary condition (HME-DBC). For the PDE system, only the absolute
maximum and minimum pulse amplitudes found at each pump power are plotted, whereas
for the DDE system all detected maxima (in 3000 round-trips) are visualised. Although

3An alternative boundary condition including the usage of a higher-order expansion is discussed in Appendix
B.2.

4In case of strong gain and absorption, the period can be lower than the round-trip time [JAU17a, VLA11].
However, this regime is not investigated here.
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a resolution of dθ = 0.25 is used, both models exhibit an excellent agreement, with only
a slight variation of the bifurcation points. The onset and end of the Q-switching regime
are determined by torus (secondary Andronov-Hopf) bifurcations in the DDE system (green
circles in Fig. 5.3(a)), which appear as Andronov-Hopf bifurcations in the PDE system. This
is caused by the nature of the pulsed mode-locking solutions in both systems. In the PDE
system, the fundamental mode-locking state manifests as a steady state solution, because a
constant pulse shape can be found in each integration domain. In contrast, the FML solution
is characterised as a periodic orbit in the DDE system, due to the periodic oscillation of the
variables with time.
In order to determine the accordance of the models in a wider range of parameters the bi-
furcation boundaries are compared. The torus bifurcations in the DDE system (green circles
in Fig. 5.3(b)) can be continued in the (G0, Q0) parameter plane using DDE-biftool. The
result is plotted as a green line in Fig. 5.3(b). It is compared to the dynamics obtained from
a direct numerical integration of the Haus master PDE performing an upsweep in G0 and
evaluating the different mode-locking states according to their characterising features. The
obtained dynamics are depicted by the colour code (see caption of Fig. 5.3) and specifically
the QSML region is indicated in pink. Its boundaries match the bifurcation line of the DDE
system very well. As known from previous works [VLA05, JAU17a], the QSML dynamics
vanishes at low Q0 as the torus bifurcations collide and vanish below a critical point in Q0.
Aside the torus bifurcation point, the first Andronov-Hopf bifurcation along the CW branch,
that gives birth to the FML state before the onset of the Q-switched regime, matches well
between the two models. The Andronov-Hopf bifurcation line (DDE) is shown as a black
dashed line in Fig. 5.3(b).
To further evaluate the boundary condition, the attention is now turned to another critical
parameter regime. Namely, the transition between harmonic mode-locking states (HMLn) of
different order when continuously increasing (up-sweeping) the pump current. These tran-
sitions require to adequately model the variation of the gain at the start of each round-trip.
A comparison of the pulse maxima found in a 1D scan across the pump parameter using
the generalised Haus PDE (red) and the DDE system (blue) is indicated in Fig. 5.4(a). The
transitions towards the different states can be identified as changes of the determined pulse
amplitudes max(|E|). The drop of the amplitude is always reasoned by the emergence of
an additional pulse and therefore a redistribution of the available gain. Although the pulse
amplitudes slightly differ across the models, the transition points match well. The difference
in the electric field amplitude can either be caused by the linearisation performed in the
derivation of the HME or by a slight underestimation of the gain at the domain boundary.
Once more, the transition points are characterised by torus bifurcations along the solu-
tions (Andronov-Hopf bifurcations in the PDE system), which lead to very small regions of
quasi-periodic dynamics (many different maxima found at one pump value) until the system
stabilises on the next higher HMLn solution (when the pump current is increased). The
path-continuation (DDE) of the torus bifurcation points Tn in the (G0, γg) plane is plotted
in green lines Fig. 5.4(b). For comparison, the direct numerical Haus PDE result is depicted
by the underlying colour code. It becomes evident that the upper stability boundaries of the
mode-locking states are well reproduced by the generalised Haus PDE, as the DDE bifurca-
tion lines are in accordance with the direct numerical integration result. The course of the
bifurcation lines to lower pump currents at increased gain relaxation rates, stems from the
higher available gain due to the accelerated gain recovery. Hence, multi-pulse solutions can
stabilise at lower pump powers. The same mechanism is discussed for pulse-clusters in the
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Figure 5.3.: Ring-Cavity DBC: 1D-bifurcation diagram showing the maximum pulse amplitudes
(max (|E|)) as a function of the pump power G0 in the Q-switched mode-locking regime. The tempo-
ral dynamics are exemplarily shown in Fig. 5.1. The blue dots indicate all pulse intensities obtained
in 500 round-trips of direct numerical integration of the Ring DDE; The red lines indicate the ab-
solute maximum and minimum pulse intensities found using the generalised ring Haus master PDE
system with dynamical boundary condition (HME-DBC), given by eq. (5.11). (b) 2D-bifurcation
diagram depicting the different dynamic regimes in the parameter plane of pump power and un-
saturated absorption (G0, Q0) obtained performing a numerical upsweep in G0 using the generalise
HME model. The colours indicate fundamental mode-locking (FML; blue), Q-switched mode-locking
(QSML; pink), and continuous-wave operation (CW; orange). The green line marks the torus (T)
bifurcations indicated by green dots in (a). The black dashed line corresponds to the Andronov-Hopf
(H) bifurcation giving birth to FML dynamics. The bifurcation lines are obtained utilising the Ring
DDE model. The dotted red line marks the Q0 = −0.3 value used in (a). The chosen laser parameters
are the same as in Fig. 5.2. Figure adapted from [HAU20a].

V-shaped cavity in section 4.2.2. Since no second gain depletion is evident in the ring laser
model, harmonic mode-locking states appear instead of the pulse-cluster solutions.
As a further validation, the comparison of the models is performed in the (G0, Q0) param-
eter plane comprising the harmonic transitions. The corresponding 2D-bifurcation diagram
is presented in Fig. 5.4(c). Once more, the torus bifurcation lines characterising the stability
boundaries of the HMLn states are visualised by green lines (DDE) and the first Andronov-
Hopf bifurcation along the CW branch is plotted as a black dashed line. All bifurcation
lines exhibit an excellent agreement to the transitions in the colour code, that represents
the dynamics classified from the direct numerical integration of the generalised Haus master
PDE. Yet, it has to be noted that at higher values of G0 and Q0 (not shown), the integration
results of the Haus master equation become increasingly unstable. This results from the
decreasing validity of the linerisation of the exponential terms made in the derivation of the
Haus master PDE from the DDE model (see section 4.3.3).
The dynamical boundary condition (DBC) is not only of use in the short/intermediate-cavity
regime. As discussed in section 4.2.3, it is often sufficient to utilise the long-cavity boundary
condition G(θ) = G0 when investigating localised states in the long-cavity regime. Any-
how, in order to unravel the transient dynamics of multiple localised pulses in the cavity
[MAR14c, CAM16, HAU20], it is crucial to correctly model the gain at the beginning of
each round-trip. This is required to adequately model the interaction of the pulses via the
exponential tail of the gain relaxation, before the pulses settle in an equilibrium state. The
deviation in the transient dynamics caused by the usage of the long-cavity boundary condi-
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Figure 5.4.: Ring-Cavity DBC: (a) 1D-bifurcation diagram in pump power G0 showing all unique
pulse maxima (max (|E|)) obtained in 250 round-trips in the regime of fundamental (FML) and
harmonic mode-locking (HMLn). The blue dots correspond to the result determined via the DDE
model and the red dots to the generalised Haus master equation with dynamical boundary condition
(HME-DBC). (b) 2D-bifurcation diagram in the parameter plane of the pump power and the gain
relaxation rate (G0, γg) obtained by direct numerical integration of the Haus master PDE (upsweep
in G0) with dynamical boundary condition (HME-DBC). The different colours refer to the following
dynamics: Fundamental mode-locking (FML;blue), harmonic mode-locking of second-order (HML2;
green), third-order (HML3; red) and above third-order (HML>3; yellow), continuous-wave lasing
(CW; orange) and unclassified dynamics (grey). (c) 2D-bifurcation diagram in the parameter plane
of the pump power and unsaturated absorption (G0, Q0) obtained applying the same procedure and
with the same colour code as in (b). The green lines in (b)-(c) represent torus bifurcations (Tn)
determined utilising DDE-biftool for the Ring DDE model. The black line corresponds the first
Andronov-Hopf bifurcation along the CW branch. The chosen laser parameters normalised to the
round-trip time are (κ, γ, γg, γq, αg, αq, Q0, s, T ) = (0.99, 300, 1.5, 30, 0, 0,−0.3, 3, 1). Figure adapted
from [HAU20a].

tions is presented in Fig. 5.5. Plotted is a pseudo space-time representation [GIA96] of the
electric field dynamics of three pulses in the long-cavity regime. To obtain the transients
in Fig. 5.5(a), the long-cavity boundary condition G(θ) = G0 is used, whereas the result
in Fig. 5.5(b) is computed using the dynamical BC (5.11). The most prominent deviation
between the two results is the temporal drift of the leftmost pulse. In Fig. 5.5(a), the pulse
does not change its position as the gain is always fully relaxed at the start of each round-trip
due to the boundary condition. In other words, the pulse does not experience a repulsive
force to later times caused by incomplete gain recovery following the depletion of the last
pulse in the previous round-trip. Nonetheless, the dynamical boundary condition (5.11) cor-
rectly models the gain relaxation across the round-trip boundary and therefore the repulsive
interaction of the last pulse on the first is recovered. Consequently, a drift to the right is
evident. This transient behavior again underlines the importance of the correct modeling of
the carrier memory.

V-shaped Cavity

The attention is now turned towards the V-shaped cavity, outlined in the intermediate and
long-cavity regime in the previous chapter. In order to describe the differing gain landscape
induced by the double gain pass of each pulse per round-trip, the derived Haus master PDE
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Figure 5.5: Ring Cavity: Pseudo space-
time representation of the transient dy-
namics of the electric field amplitude in the
localised state regime (Ring HME model).
The x-axis corresponds to the fast time
scale σ, and the y-axis to the slow time
scale θ. (a) Long-cavity boundary condi-
tion G(θ) = G0. (b) Dynamical bound-
ary condition eq. (5.11). The laser
parameters normalised to the round-trip
time are (κ, γ, γg, γq, αg, αq, Q0, s, T ) =
(0.99, 300, 16, 400, 0, 0,−0.3, 3, 1). Figure
adapted from [HAU20a].

includes additional nonlocal terms. As examined in section 4.3.3, the nonlocal Haus master
equation provides results that are in accordance with the V-shaped DDE in the localised
state regime when applying the long-cavity boundary condition G(θ, 0) = G0. However, in-
vestigating shorter cavity lengths leads to incomplete gain relaxations in between round-trips
and therefore necessitates the use of the dynamical boundary condition eq. (5.11).
The analysis of the generalised nonlocal Haus master PDE is started by examining the tran-
sitions between pulse-cluster states of different order (PCn) as discussed in section 4.3.1.
Here, the same parameter set as in the previous investigation of the V-shaped VECSEL
is used (Table 3.1), with a slight decrease of the unsaturated absorption to Jq = −39.375
(Q0 = −0.35). This adjustment is done to achieve a better validity of the linearisation
performed in the derivation of the Haus master equation (see section 4.3.3). As presented
in Fig. 4.5, a slight change of Jq does not cause to a qualitative difference in the observed
dynamical states.
A 1D scan (numerical upsweep) across the pump power is presented in Fig. 5.6(a). Plotted
are all pulse maxima obtained at each pump power. Again, the DDE result is coloured in
blue and the Haus PDE result in red. The upper bifurcation boundaries match well. In the
DDE model, they are characterised by saddle-node bifurcations (SNn,U ) as the branch struc-
ture is still the same as discussed in section 4.2.2 (see Fig. 4.3). Yet, a slight mismatch in
the pulse amplitudes, especially in the quasi-periodic regimes (around G0 ≈ 2.5 and G0 ≈ 5)
is detected. The origin of the deviation lies within the previously elaborated linearised ex-
ponential terms in the Haus master equation (see section 4.2.3). At large values of the
integrated carrier density in the gain (produced by G0 > 1), an expected mismatch there-
fore occurs from the inaccuracy of the linearisation. Furthermore, the dynamical boundary
condition can be slightly inaccurate at high pump currents due to the strong gain depletions
and therefore lead to a slightly elevated or decreased average gain. This is especially visible
in the quasi-periodic regimes where the intensity does not drop to as far.
Once more, the bifurcation lines obtained using the DDE model are compared to the dynam-
ics determined by the generalised Haus PDE, which is shown in Fig. 5.6(b). An excellent
agreement is found for small Q0 and the pulse-cluster dynamics are well reproduced. Nev-
ertheless, an increasing separation of the DDE bifurcation lines from the transitions found
using the HME systems is visible at higher Q0 and G0. This can be again reasoned by the
validity of the linearisation.
In the results presented in Fig 5.6(b), the bifurcation lines do not match as well as in the
previously presented ring model (e.g. Fig. 5.4(c)). This can mainly be ascribed to the used
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Figure 5.6.: V-shaped Cavity DBC: (a) 1D-bifurcation diagram in pump power G0 showing all
unique pulse maxima (max (|E|)) obtained in 2000 round-trips in the regime of fundamental (FML)
and pulse-cluster mode-locking (PCn). The blue dots correspond to the result determined via the
V-shaped DDE model and the red dots to the V-shape Haus master equation PDE with dynamical
boundary condition (HME-DBC). (b) 2D-bifurcation diagram in the parameter plane of the pump
power and unsaturated absorption (G0, Q0) obtained by direct numerical integration of the Haus
master PDE (upsweep in G0) with dynamical boundary condition (HME-DBC). The different colours
refer to the following dynamics: Fundamental mode-locking (FML) the shading indicating the pulse
width (normalised to the maxium), pulse-cluster dynamics with n pulses (PCn), quasi-periodic pulse-
cluster dynamics with n pulses (Irr1−5), continuous-wave lasing (CW; orange), unclassified dynamics
(grey) and fat pulses with a width of > T/4. The black dotted line indicates the Q0 value used for the
1D scan in (a). The red lines represent the saddle-node bifurcations at the upper stability boundary
(u) of the FML (SN1,u) and PCn solutions (SNn,u) in the DDE model (see Fig. 4.9 for details). Laser
parameters as given in Table 3.1.

parameter values. The round-trip time at which the V-shaped system is investigated initially
leads to very narrow pulses. Thus, a lower value of γ is chosen to counteract the narrowing
effect and to enable the path-continuation based on DDE-biftool. In consequence, the losses
induced by the filtering are larger when using the parameter set of the V-shaped system
and therefore the stable regimes of the solutions shift to higher pump powers (c.f. x-axis of
Fig. 5.6(b) and Fig. 5.4(c)). This again favours the discrepancy caused by the linearisation.
The shift of the bifurcation lines to higher G0 results from the higher necessary gain at the
increased level of absorption. Additionally, higher-order pulse-clusters are supported with
increasing Q0, due to the pulse narrowing effect of the absorption at the leading edge of the
pulse. A more detailed physical interpretation of the 2D-bifurcation diagram in the (Q0,
G0) plane is given in section 4.2.3. The 2D-bifurcation diagram presented there is obtained
using the DDE model and qualitatively produces the same result (see Fig. 4.5).
As presented for the ring model, the accordance of the DDE and PDE models in the param-
eter plane of the pump power and gain relaxation rate (G0, γg) is assessed for the V-shaped
system. Plotted in Fig. 5.7 is the corresponding 2D-bifurcation diagram. The red lines
indicate the saddle-node bifurcations (DDE) and the colour code distinguishes the mode-
locking dynamics (Haus PDE). Although the unsaturated absorption is slightly varied, the
2D-bifurcation diagram obtained using the Haus master eq. qualitatively looks very similar
to the DDE result presented in Fig. 4.8. A physical interpretation of the influence of the
gain relaxation rate and its similarity to the variation of the cavity round-trip time is given
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Figure 5.7: V-shaped Cavity DBC: 2D-
bifurcation diagram in the parameter
plane of the pump power and gain re-
laxation rate (G0, γg) obtained by di-
rect numerical integration of the Haus
master PDE (upsweep in G0) with dy-
namic boundary condition (HME-DBC).
The colour code refers to the same dy-
namics as in Fig. 5.6. The red lines again
represent saddle-node bifurcations deter-
mined applying DDE-biftool to the V-
shaped DDE model (see Fig. 5.6 and sec-
tion 4.2.3). Laser parameters as given
in Table 3.1, and Jq = −39.375 (Q0 =
−0.35).

in sections 4.2.2-4.2.3.
Despite the slight discrepancy of the transition points and bifurcation lines in Fig. 5.7, the
qualitative trend matches well. Furthermore, the mismatch does not increase when vary-
ing γg. This supports the claim of the linearisaton being the main source of deviations in
the comparison of the DDE and PDE models.
In an alternative approach, a Haus master equation maintaining the exponentials in the
electric field equation is presented in Reference [CAM16]. It could potentially solve the
discrepancy problem at higher G0 and Q0. Anyhow, the separation of the different contribu-
tions according to the multiple time scale analysis in the derivation is not easily applicable,
if no linearisation is performed. Therefore, a rigorous derivation of a nonlocal HME for
the V-shaped system including the exponentials could be cumbersome. At this point, this
question is left open for further research.
It is possible to conclude the generalised Haus model enables the investigation of harmonic
transitions as well as quasi-periodic QSML regimes. This was demonstrated for the ring
Haus master PDE as well as for the nonlocal V-shape Haus master PDE. In both cases, the
pulse amplitudes as well as the stability boundaries of the investigated dynamics were in
accordance with the results obtained using the corresponding DDE model. The most signifi-
cant discrepancies between the DDE model and the generalised DDE model were not related
to the new dynamic boundary condition, but rather to the linearisation performed in the
derivation of the Haus model. After the proof of principle it is now possible to take advantage
of the Haus model and study the influence of a second-order dispersion contribution.

119



5 Dispersion Effects

5.3 Second order Dispersion
Following the embodiment of the second-order dispersion in pulse-propagation models [BOY08],
the group-velocity second-order dispersion (GVD) is added as an additional imaginary con-
tribution of iδ∂2

σ to the electric field equation of the Haus master equation. For the ring
cavity, the field equation then reads

∂θE =
[ 1

2γ2 − iδ
]
∂2
σE + 1

2[(1− iαg)G+ (1− iαq)Q+ 1
2 log κ]E. (5.12)

For the nonlocal HME describing the V-shaped cavity this can be performed accordingly.
To distinguish between normal and anomalous dispersion effects, the sign of the dispersion
constant δ can be altered. Here, δ > 0 corresponds to anomalous dispersion [SCH18e]. The
amount of dispersion is considered to be strong, if the value of the dispersion parameter
exceeds the filtering effect determined by the factor 1

2γ2 . Hence, δ is normalised to this value
in the following investigations to provide a better comparability. At this point it has to
be pointed out, that a transformation of an experimentally determined value of the second-
order dispersion to an adequate dispersion parameter value δ is very difficult. Firstly, other
counteracting dispersion effects (e.g. third-order dispersion) are not included into the model
and therefore the sole influence of the GVD can quickly be overestimated. Furthermore,
the influence of the amplitude-phase coupling (α-factors) in multi-mode models can only be
qualitatively reproduced as its wavelength dependence is not included. The same is true for
the group-velocity dispersion factor here, which in reality also depends on the applied pump
power (charge-carrier density). Yet, the strength of the Haus master PDE is to provide a
qualitative overview of the influence of different laser parameters and resulting properties of
the output [IPP94, HAU00]. This is aimed at here, as the general influence of the GVD on
the stabilising dynamics is investigated rather than a quantitative examination of the pulse
properties. For a quantitative reproduction of the pulse-shape in the regime of ultra-short
pulses, the best results could be obtained using a fully microscopic model as performed in
[KIL17, MCL20, MCL21]. In this case, the dispersion naturally results from the microscopic
effects rather than a fixed parameter. At a lower modelling complexity, travelling-wave
and delay algebraic equation models deliver the possibility to account for a more complex
wavelength dependence of the gain effects via different treatments of the macroscopic material
polarisation [MUL05a, JAV10a, JAV10]. The disadvantage of these approaches are their large
computational demands, making a long-term analysis of the dynamics impractical.
The investigation presented here firstly focuses on the qualitative effect of the group-velocity
dispersion on the QSML regime modelled by the ring Haus PDE system. Secondly, the pulse-
cluster transitions in the V-shaped VECSEL and their dependence on GVD are investigated.

Ring Cavity

The quasi-periodic QSML dynamics are often considered as a detrimental effect due to the
inconsistent pulse amplitudes. Thus, the behaviour of its upper stability boundary, which
describes the transition to stable fundamental mode-locking, is studied with respect to the
pump current in the following. Here, it is of interest whether a slight influence of the GVD
can be beneficial to shrink the QSML regime.
The group-velocity dispersion (GVD) as well as the line-width enhancement factors both
strongly effect the phase of the electric field. From a mathematical point of view they are
incorporated as imaginary contributions in the electric field equation (5.12). In order to un-
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5.3 Second order Dispersion

Figure 5.8.: Ring-Cavity DBC: Mean pulse energy in the parameter plane of pump power and group-
velocity dispersion (G0, δ). The group-velocity dispersion is normalised to the factor determining the
influence of the gain bandwidth/spectral filtering for a better comparability. The green line indicates
the Andronov-Hopf bifurcation (torus in the DDE) at the transition from Q-switched mode-locking
(QSML) to fundamental mode-locking (see Fig. 5.3(a)). The direct numerical integration is performed
as a downsweep in G0, starting in the FML regime. (a)-(c) indicate the influence of the line-width
enhancement factors, with the parameter values given on top of the respective panels. The other
chosen laser parameters are given in the caption of Fig. 5.2. Figure adapted from [HAU20a].

ravel the interplay of both quantities, 2D scans in the parameter plane of the group-velocity
dispersion and the pump current are performed (downsweep in G0). For each parameter
point, the mean pulse energy5 across 300 round-trips is calculated and the dynamics are
evaluated according to the characteristics of the time series. The result for three different
combinations of αg,αq is depicted in Fig. 5.8, with the mean pulse energy indicated by the
colour code. The green line corresponds to the Andronov-Hopf bifurcation6 (upper bifurca-
tion point in Fig. 5.3(a)) separating the QSML (left) and the FML (right) region, which is
given by a torus bifurcation in the DDE model.
In absence of the amplitude-phase coupling (αg = αq = 0), the Andronov-Hopf bifurcation
line shifts symmetrically around δ = 0 to higher pump powers. The reason for that lies
within the chirp that is induced to the pulse at large values of |δ|. The chirp leads to an
excess bandwidth and hence incurs stronger spectral filtering. In turn, the increased filtering
losses lead to a drop in pulse energy and consequently the pulse is amplified less efficiently.
Finally, the reduced net amplification leads to a higher pump current required for the FML
dynamics to stabilise. The pulse shape in the FML regime (G0 = 0.78) for δ = 0 and δ = ±1
is depicted in Fig. 5.9(a). The reduced pulse energy is clearly visible and furthermore an in-
creased width of the pulses, caused by the GVD, is evident. Additionally, the pulses at δ = 1
and δ = −1 are identical (red and blue line perfectly overlap in Fig. 5.9(a)), which highlights
the symmetric influence of the dispersion, if αg = αq = 0. It has to be highlighted that in
the investigated system, the GVD does not solitarily impact the pulse, but in combination

5The pulse energy is defined as the temporal integration over the pulse intensity.
6As the transition between QSML and FML in the (G0, δ) parameter space is only determined via direct
numerical integration it is potentially possible that the transition is embodied by another bifurcation at
varied δ. However, an investigation of the appearance of the bifurcation boundaries in the 1D scans did not
evidence any characteristic changes of the bifurcation structure. Furthermore, the transition line between
QSML and FML states only shows very smooth changes in 2D (Fig. 5.8), which further does not hint at a
change of the bifurcation scenario. This strongly suggests the torus bifurcation is sustained. Ultimately,
it could be assessed by continuing the bifurcation line using Pde2path [UEC14].
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5 Dispersion Effects

with the laser nonlinearities. Hence, the pulse shapes differ from the simply broadening or
compressing effect of normal or anomalous dispersion. Furthermore, one has to account for
differing influence of the absorber on pulses of different width. Broader pulses with a lower
intensity usually experience higher losses, due to the fast recovery of the absorber.
The symmetric impact of the GVD around δ = 0 can be explained by the complex conju-
gate symmetry of the electric field equation in the Haus master PDE (5.12) in absence of
other phase effects (αg = αq = 0). Nevertheless, if a non-zero amplitude-phase coupling is
considered (αg 6= 0) the symmetry is lost. This is indicated in Fig. 5.8(b) illustrating the
2D-bifurcation diagram in the (G0, δ) plane for αg = 1.5, αq = 0. The interplay of the
amplitude-phase coupling and GVD shifts the most beneficial situation with regard to the
pulse energy towards slightly negative values of δ (red area in Fig. 5.8(b)). In consequence,
a slight asymmetry with respect to δ = 0 is introduced. Examples of the pulse shapes at
a positive, negative and zero dispersion parameter are presented in Fig. 5.9(a). Due to the
influence of αg, a negative dispersion value does not decrease the pulse amplitude as much
as a positive value of δ (see Fig. 5.9(b)). However, the pulse is also strongly broadened at
δ = −1.
The asymmetry of the Andronov-Hopf bifurcation line with respect to δ = 0 is strongly
enhanced, if additionally αq 6= 0, which is depicted in Fig. 5.8(c). In this case, it becomes
evident, that at constant pump powers the pulse energy in the FML regime is higher for
dispersion values δ > 0 (yellow region in Fig. 5.8(c)). The higher pulse energies hint at lower
filtering or absorber induced losses, resulting from the altered nonlinear pulse formation,
which lets the FML solution stabilise at lower pump powers as compared to δ < 0. The
difference is also strongly visible in the pulse shapes in Fig. 5.9(c). Comparing the pulse
shape across the panels, one notices that already at δ = 0 (black lines) the amplitude is
reduced by the influence of the α-factors. In the negative as well as in the positive dispersion
regime, the pulses broaden with respect to δ = 0. The interplay of the α-factors and the
positive dispersion lead to a more enhanced broadening effect, while maintaining a high pulse
amplitude and therefore the pulse energy is strongly increased. In contrast, the additional
influence of negative dispersion leads to a decrease in pulse energy.
It can be concluded that at the investigated values of the α-factors, the group-velocity dis-
persion mainly favours the extension of the QSML regime and shifts the onset of stable FML
dynamics to higher pump currents. Anyhow, in presence of an already weak amplitude-phase
coupling anomalous dispersion (δ > 0) can be beneficial as the boundary between FML and
QSML states does not shift as strongly to higher pump powers as for normal dispersion
(δ < 0).

V-shaped Cavity

The attention is now turned to the influence of the GVD on the pulse-cluster states emerging
in a V-shaped VECSEL setup in the intermediate-cavity regime as discussed in section 4.2.3.
On that account, the dispersion contribution iδ∂2

σ is added to the electric field equation of
the generalised nonlocal Haus master equation (4.49).
As previously presented for the ring model, scans in pump power (upsweep) are performed
for different values of the GVD (δ). A comparison of the 1D-bifurcation scenario at GVD
values of δ = 0 and δ/ 1

2γ2 = 0.425 is plotted in Fig. 5.10(a). It reveals the unique pulse am-
plitudes (collected in 100 round-trips) found at each pump power value. The normalisation
of the GVD to the filter constant is again used for a better comparability of the dispersion
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Figure 5.9.: Ring-Cavity DBC: Pulse shape in the FML regime at different values of the group-
velocity dispersion δ. The subpanels correspond to different combinations of the α-factors: (a)
αg = 0,αq = 0, (b) αg = 1.5,αq = 0 , (c) αg = 1.5,αq = 1.0, with the parameter points shown by
black dots in Fig. 5.8. The pump parameter is set to G0 = 0.78 and the other laser parameters are
given in the caption of Fig. 5.2.

strength.
Although the general bifurcation scenario is not changed when including GVD in case of
αg = αq = 0, one observes a decrease of the maximum pulse amplitude at all pump powers.
At the start of each dynamical regime, the pulses exhibit very similar amplitudes for δ = 0
and δ = 0.425, but an increasing difference is evident at higher pump currents in Fig. 5.10(a).
This can be ascribed to the increased filtering losses induced by the excess bandwidth of the
pulses caused by the GVD. Furthermore, the inclusion of the GVD leads to a further influ-
ence on the nonlinear pulse shaping mechanisms priorly only determined by the gain and
absorber. This leads to an altered amplification and absorption of the pulse.
The occurrence of two maxima in the PC2 and PC3 regime for δ = 0.425 hints at an uneven
amplification of the pulses in the cluster. Combined with the decreased pulse amplitude
it hints at a less effective amplification at non-zero dispersion, which causes the regimes of
FML and PCn solutions stretching out to slightly higher pump currents at δ = 0.
A broader overview of the stabilising dynamics in the parameter plane of the pump power
and GVD is illustrated in the 2D-bifurcation diagram in Fig. 5.10(b). Indicated by the colour
code are the stabilising FML and (irregular) pulse-cluster dynamics. As no amplitude-phase
coupling is included (αg = αq = 0), the upper bifurcation boundaries (saddle-node bifurca-
tions) of the fixed-point7 FML (G0 ≈ 2.1) and PC2 (G0 ≈ 4.1) solutions shift symmetrically
to lower pump powers around δ = 0. This symmetry is again related to the complex conju-
gate symmetry of the electric field equation. The upper bifurcation points of the irregular
solutions (orange shaded regions) are almost unaffected by the group-velocity dispersion,
which is also true for the lasing threshold at very low pump currents (transition to white
region in Fig. 5.10(b)). To unravel the behaviour of the lower stability boundaries of the PC
solutions a numerical downsweep in pump power has to be performed. It is illustrated in
Fig D.2 of Appendix D and reveals that the lower bifurcation points are not affected by the
GVD.
The behaviour of the upper and lower stability boundaries can be better understood, by
investigating the influence of the GVD on the mean pulse width (FWHM) and the mean

7These states are periodic in the DDE but become fixed-points in the PDE formulation.
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Figure 5.10.: V-shaped Cavity DBC: (a) 1D-bifurcation diagram in pump power G0 showing all
unique pulse maxima (max (|E|)) obtained in 100 round-trips in the regime of fundamental (FML)
and pulse-cluster mode-locking (PCn). The blue dots correspond to a group-velocity dispersion of
δ/ 1

2γ2 = 0.425 and the red dots to δ/ 1
2γ2 = 0. (b) 2D-bifurcation diagram in the parameter plane of

the pump power and the group-velocity dispersion (G0, δ) obtained by direct numerical integration of
the generalised nonlocal Haus master PDE (upsweep in G0). The different colours refer to the same
dynamics as in Fig. 5.6. Laser parameters as given in Table 3.1, and Jq = −39.375 (Q0 = −0.35).

pulse area8. Both quantities are plotted for the fixed-point solutions in the (G0, δ) parameter
plane in Fig. 5.11. Close to the lower transition points of the FML and PCn states (upper
stability boundaries of the irregular solutions), one notices that the pulse energy is almost
unaffected by the GVD (Fig. 5.11(a)). Furthermore, the change of the pulse width is only
marginal close these points. Consequently, the pulse amplification and gain depletion is very
similar along the transition for all values of the GVD and therefore the bifurcation scenario
remains unchanged.
In contrast, close to the upper bifurcation boundaries of the FML and PC2 state, the mean
pulse energy is not constant across the different values of group-velocity dispersion at a con-
stant G0. Close to δ = 0 the pulse energy is much higher than at high absolute values of
δ (e.g. see shading for G0 ≈ 4 in Fig. 5.11(a)). Additionally, the pulse width is slightly
lower at δ = 0 compared to non-zero dispersion at G0 ≈ 4 (see Fig. 5.11(b)). It has to be
noted that the pulse width is calculated as the FWHM and therefore the edges of the pulses
are not taken into account in this quantity. Nonetheless, the investigation of the time-series
indicated an additional strong broadening at the edges of the pulses (see Fig. 5.9), which
elevates the electric field amplitude above 0 in between the pulses of a cluster. Hence, the
electric field in between the pulses is further amplified, stealing gain from the pulses. This is
also evident from the lower pulse amplitudes in the 1D scan in Fig. 5.10(a). Consequently,
the combination of the less effective amplification (lowered pulse amplitude/energy) and the
broadening of the pulses lets the regular solutions destabilise at lower pump powers.

As discussed for the ring model (c.f. Fig 5.8), the interplay of the dispersion and the α-
factors strongly influences the stability boundaries as visible from the bifurcation diagrams
in Fig. 5.12. Plotted in (a) and (b) are the same 1D and 2D-bifurcation diagrams as before,
but with αg = 0.25, αq = 0. In contrast to the completely symmetric influence of the disper-

8Here, the mean is calculated over all pulses in 100 round-trips.
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Figure 5.11.: V-shaped Cavity DBC: (a) Mean pulse width in the parameter plane of the pump
power and the group-velocity dispersion (G0, δ) obtained by direct numerical integration of the Haus
master PDE (upsweep in G0). (b) Mean Pulse width in the same parameter plane. Both quantities are
shown only for the fixed-point solutions (white indicates a (quasi-)periodic solution). The underlying
dynamics are plotted in Fig. 5.10 and given by the labels. Laser parameters as given in Table 3.1
and Jq = −39.375 (Q0 = −0.35).

sion at zero α-factors, a variation of the pulse amplitudes becomes evident when comparing
the 1D scans obtained at positive and negative dispersion values (see Fig. 5.12(a)). Further-
more, the shift of the bifurcation points becomes asymmetric with respect to δ = 0 as the
stability boundaries shift differently in G0, despite the same absolute value of the dispersion.
Additionally, further PCn instabilities occur for δ = −0.35 as visible from the many different
maxima present at G0 > 4 in Fig. 5.12(a).
The 2D-bifurcation diagram in Fig. 5.12(b) again reveals that, although only a small line-
width enhancement factor of αg = 0.25 is included, the upper bifurcation lines do not shift
symmetrically with respect to δ anymore. From a mathematical perspective this can once
more be reasoned by the loss of the complex conjugate symmetry of the electric field equa-
tion. The stronger shift of upper boundary of the PC2 solution in comparison to the FML
boundary can be explained by the fact that it occurs at a higher pump current and therefore
the elevated gain level G(θ, σ) increases the influence of αg in the equations. Yet, the position
of the lower transition points towards the FML and PC solutions remain almost unchanged,
which can be interpreted with respect to the previously discussed unchanged pulse energy
and pulse width. Close to the transition points, both quantities are almost unaffected by the
inclusion of the small αg (see Fig. D.1).
The asymmetric shift of the upper bifurcation boundary is caused by the differing filter-
ing and absorber losses (i.e. differing nonlinear pulse shaping) induced by the interplay of
positive or negative dispersion with αg. Again, the highest pulse energy (i.e. most effec-
tive amplification) coincides with the transition point being at the highest pump power (see
Fig. D.1(a)).
The strong influence of already a very small αg factor compared to the ring model can be as-
cribed to the double gain interaction of a pulse in the V-shaped cavity. Hence, the αg-factor
influences the pulse twice per round-trip. It has to be highlighted that the inclusion of higher
α-factors quickly leads to a vastly increasing number of instabilities. This may result from
the strong interplay of the phase effects. Furthermore, the comparably high average gain,
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Figure 5.12.: V-shaped Cavity DBC: (a) 1D-bifurcation diagram in pump power G0, showing all
unique pulse maxima as in Fig. 5.10. The blue dots correspond to a dispersion of δ/ 1

2γ2 = 0.35
and the red dots to δ/ 1

2γ2 = −0.35. (b) 2D-bifurcation diagram in the (G0, δ) parameter plane
obtained by a direct numerical integration (upsweep in G0). The different colours refer to the same
dynamics as in Fig. 5.10. Laser parameters as given in Table 3.1, and Jq = −39.375 (Q0 = −0.35)
and αg = 0.25,αq = 0.0.

induced by the large pump parameter G0, strongly enhances the influence of αg due to the
multiplication in the electric field equation (4.49). Thus, using experimentally determined
values for (αg ≈ 2.5 [WAL16]) would most likely correspond to an overestimation of the
amplitude-phase coupling in this regime. To conclude, it was elaborated that it is possible
to model the influence of second-order dispersion on the output of a V-shaped VECSEL using
a generalised nonlocal Haus master equation. The V-shaped VECSEL was investigated at
an intermediate-cavity length, producing fundamental mode-locking and pulse-cluster states.
In accordance with previous works and experiments, it was found that due to the interplay
with amplitude-phase coupling effects (modelled by constant α-factors) second-order disper-
sion can have a positive effect [SIE13b, HEA16, WAL16] on the laser output. These are
embodied by higher mean pulse energies or the possibility to drive the laser with a higher
pump current, while maintaining a stable FML or PC2 state. The downside of the presented
modelling approach, is the qualitative nature of the predictions due to the wide range of
simplifications. Furthermore, the pulse-width is much larger than in experiments, in which
100 fs pulses are produced [WAL16]. A clear analysis of the accuracy of the dispersion anal-
ysis presented here could be done with greatly enhanced computational capabilities in the
future, allowing to integrate fully microscopic models over several round-trips at realistic
cavity lengths [KIL17, MCL20].
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5.4 Third order Dispersion

5.4 Third order Dispersion
Next to second-order dispersion discussed in the last section, third-order dispersion (TOD)
can become a factor of impact when investigating pulsed laser emission. It can be a limiting
factor in the optimisation of the duration of ultra-short pulses in the femtosecond regime,
generated in mode-locked solid state (Ti-sapphire) lasers [CUR93, ZHO94, BRA93a] and fi-
bre lasers [DEN94, OLI06]. Furthermore, the interplay of TOD and GVD plays an important
role in the design of semiconductor chips for passively mode-locked VECSELs and can have
a positive influence [SIE13b, WAL16]. Externally, a possibility to compensate TOD is given
by applying an appropriate phase modulation [HEL03]. Nevertheless, it can be exploited as
a beneficial effect counteracting nonlinear phase shifts [ZHO05]. Furthermore, TOD can play
an important role when investigating the propagation of optical solitons in different (driven)
nonlinear resonators [AKH08, GRE12b, LEO13a]. In these systems, TOD can either lead
to instabilities [KOD94], can have an effect on pulse compression [CHA94], can cause the
generation or destabilisation of bound states [GRE12b, CHE16f, SAK18] or can aid the sta-
bilisation of various soliton states [TLI10, PAR14, MIL14b]. Additionally, TOD can have a
substantial effect on the occurrence of dark solitary waves [PAL99, YOU17a].
Based on the modelling of the electromagnetic wave propagation in different structures
such as mode-locked laser-, fibre- or micro-cavities, the influence of dispersion has mainly
been investigated within partial differential equation frameworks [SOT97, ARA02, AKH08,
GRE12b, LEO13a, GUR19], due to the straightforward phenomenological inclusion of the
dispersive terms. Hence, it is possible to investigate the role of third-order dispersion within
the dynamics of the V-shaped passively mode-locked VECSEL by the application of the
Haus master equation framework presented in the previous section. The only change re-
quired would be an added third-order dispersion term embodied by a third-order derivative
with respect to the fast time scale as presented in Reference [HAU93b].
However, another approach is pursued in this work, as only recently it was suggested that
third-order dispersion can be described as a "simple, robust, and unitary transformation"
in delayed systems [SCH19b]. This makes it possible to describe the effect of TOD, while
taking advantage of the previously mentioned properties of delayed systems such as reduced
memory requirements for long cavities and the possibility of a complete bifurcation analysis.
The approach applied in References [SCH19b, SCH20d, HES21] to investigate TOD effects in
external cavity mode-locked lasers, is based on the usage of a delay algebraic equation model
and was originally introduced in References [MUL05a, MAR15c]. This approach follows the
idea of describing the gain and absorber chip as two coupled mico-cavities and including the
cavity geometry by the description of the fields in the macro-cavity. An adjusted model for
the V-shaped cavity is derived from the starting point given by the models describing face-
to-face coupled micro-cavities [SCH19b, HES21] in subsection 5.4.1. It is similar to the work
presented in [AVR19]. Furthermore, to asses the contribution of the TOD, a transformation
of all parameters from the DAE to the DDE model is elaborated in subsection 5.4.2. In
subsection 5.4.3 the influence of third-order dispersion on different regimes is discussed by
comparing the two models, making use of the parameter transformations.

5.4.1 V-shaped Delay Algebraic Equation Model

As a starting point for the derivation of a delay algebraic equation system to model a passively
mode-locked V-shaped VECSEL, the DAE model for face-to-face coupled gain and absorber
chip presented in [MAR15c, SCH19b] is taken into account. As described in section 4.3.1, this
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5 Dispersion Effects

Figure 5.13.: Sketch of face-to-face coupled gain and absorber chip in an external cavity of length
τ . The thin black (red) lines indicate the active region in the gain (absorber) micro-cavity. The
reflectivities (r) at the different surfaces/DBRs are indicated in blue and transmittances (t) are
indicated in red with the arrow pointing into the direction of the transmission. The blue square
indicates a beam splitter with transmissivity tBS. The green circle refers to the light propagating
around the cavity and indicates how the output fields O(t) and o(t) of the micro-cavities are related
to the fields incident on the other micro-cavities Y (t), y(t). Figure adapted from [SCH19b].

type of linear9 cavity setup can be utilised to generate temporally localised states in the long-
cavity regime. Similar to the derivation of the DDE model, the derivation initially starts at
Maxwell’s wave equation (3.1) describing the evolution of the monochromatic electromagnetic
field in a semiconductor medium [MAR15c]. In this case, the medium is embodied by the
gain and absorber micro-cavities. A sketch of the linear external cavity setup (coupled
microcavites) is indicated in Fig. 5.13. Displayed are the different electric fields in the
different sections of the device as well as the important reflectivities and transmittances
used to establish the boundary conditions. The figure illustrates the relationship between
the intracavity fields E(t),e(t), the micro-cavity self emission fields O(t), o(t) and the fields
injected into the micro-cavities Y (t), y(t). The basic steps of the derivation include relating
the fields in the external cavity and the electric fields inside the different sections of the micro-
cavities10 by finding the correct boundary conditions in the Fourier domain and subsequently
transforming back into time domain (for details see Appendix I of [MAR15c]). In the DAE
equation system discussed in this section, the charge-carrier dynamics and the light-matter
interaction are modelled via the linear gain approximation as in the travelling-wave approach
(eq. (3.7)) discussed at the start of section 3.3. As mentioned before, the linear gain term
stems from the adiabatic elimination of the macroscopic polarisation of the semiconductor
medium [MAR15c, SCH19b]. Approaches based on describing the field carrier interaction via
dynamically calculating the macroscopic polarisation, can be found in References [MUL05a,

9Here, the term "linear cavity" is used to simply describe the case of two face-to-face coupled micro-cavities
(see Fig. 5.13).

10The intracavity field E(t) can be decomposed into the fields in the upper and lower part of the semiconductor
chips as well as in the quantum well region. For details see [MAR15c].

128



5.4 Third order Dispersion

JAV10, JAV12]. Thus, the differential equations for the final model for the face to face
coupled system read [MAR15c, SCH19b]

1
κg

∂

∂t
E(x, y, t) =

[
[1− iαg]N(x, y, t)− 1 + iω0 + (i+ dg) ∆⊥

]
E(x, y, t)

+ hgY (x, y, t), (5.13)
∂

∂t
N(x, y, t) =γg [N0 −N(x, y, t)]−N(x, y, t)|E(x, y, t)|2 +Dg∆⊥N(x, y, t), (5.14)

1
κq

∂

∂t
e(x, y, t) =

[
[1− iαq]n(x, y, t)− 1 + (i+ dq) ∆⊥

]
e(x, y, t) + hqy(x, y, t), (5.15)

∂

∂t
n(x, y, t) =γq [n0 − n(x, y, t)]− sn(x, y, t)|e(x, y, t)|2 +Dq∆⊥n(x, y, t), (5.16)

(5.17)

complemented by the delay algebraic equations

y(x, y, t) = tbsO(x, y, t− τ) = tbs
[
E(x, y, t− τ)− Y (x, y, t− τ)

]
, (5.18)

Y (x, y, t) = tbso(x, y, t− τ) = tbs
[
e(x, y, t− τ)− y(x, y, t− τ)

]
. (5.19)

The electric fields inside the gain and absorber micro-cavities are given by E(x, y, t) and
e(x, y, t) respectively. Furthermore, N(x, y, t) and n(x, y, t) describe the charge carrier den-
sities in gain and absorber. Furthermore, Y (x, y, t) is the field incident on the gain, whereas
y(x, y, t) is the field coupled into the absorber micro-cavity as displayed in Fig. 5.13. The
delay τ describes the distance between the two semiconductor chips. The fields at the out-
put of the micro-cavities O(x, y, t), o(x, y, t) are given by superposition of the reflection of
the incident field at the micro-cavity surface and the self-emission of the micro-cavity, i.e.
o(x, y, t) = e(x, y, t) − y(x, y, t) and O(x, y, t) = E(x, y, t) − Y (x, y, t). It is important to
note that initially the expressions for O(x, y, t) and o(x, y, t) include pre-factors taking to
into account the reflection and transmission losses as well as the reflection induced phase
changes. Nevertheless, it is feasible to apply a proper normalisation to the electric fields to
simplify all expressions. The normalisation of the DAE system and all parameters is given in
appendix A.1. It has to be highlighted that for the normalisation of the transmittances and
reflectivities, Stokes relation is applied. Assuming a passive section in between the cavities,
the field injected into one of the cavities is defined as the output field of the opposite cavity,
delayed by the cavity length τ and multiplied by the transmittance of the beam splitter tbs,
as given in equations (5.18)-(5.19).
The normalised photon life-times in the gain and absorber micro-cavities are given by κ−1

g,q

and the carrier life-times are denoted as γ−1
g,q , respectively. The amplitude-phase coupling

is included via the constant line-width enhancement factors αg,q, and s is the saturation
parameter describing the ratio of the saturation energies in gain and absorber (see Appendix
A.1 for details). The carrier diffusion coefficients in the gain and absorber sections, scaled
to the diffraction length, are given by Dg,q. In addition to that, the transverse field diffusion
coefficients dg,q describe the variation of cavity losses with the angle of incidence. The equi-
librium carrier densities are given by N0 and n0, which can be interpreted as the pump and
the unsaturated absorption (n0 < 0, and N0 > 0). The detuning between the cavities is given
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5 Dispersion Effects

Figure 5.14.: Sketch of a passively mode-locked VECSEL in a V-shaped cavity configuration. Here,
gain and absorber chip are sketched with top and bottom DBR, as usually used for experiments in
the localised state regime [MAR15c]. The cavity arms have a length of τ1 and τ2. The thin black
(red) lines indicate the active region in the gain (absorber) micro-cavity. The reflectivities at the
different surfaces/DBRs are defined as in Fig. 5.13, but are not show here. The outcoupling facet
with a reflectivity of η is coloured in blue. The green arrows refer to the light propagating around
the macro-cavity and illustrate how the output fields of the micro-cavities O±(t), o(t) are related to
the fields incident on the other micro-cavities Y±(t), y(t).

by ω0. The factors hg,q describe the coupling of the incident field into the micro-cavities and
depend on the reflectivity of the upper and lower DBR of the micro-cavities according to

hi = (1 + |rl,i|) (1− |ru,i|)
(1− |ru,irl,i|)

, (5.20)

where ru,i is the reflectivity of the upper Bragg mirror, and rl,i is the reflectivity of the lower
Bragg mirror, with the subscript i ∈ {g, q} referring to the gain (g) and absorber (q), as
shown in Fig. 5.13.
If the top-mirror is perfectly reflective (ru,i = 1), no light enters the micro-cavity and con-
sequently hi = 0 [SCH19b]. However, the devices investigated here consist of two highly
reflective DBRs at the top and bottom of which the lower mirror is slightly more reflective,
which is typical for VCSEL micro-cavities [LI03]. Thus, the reflectivities are approximated
by ru,i ≈ 0.99 at the top and ru,i → 1 at the bottom [SCH19b], leading to hi = 2. In
case of an empty cavity, this regime can be understood as a Gires-Tournois interferometer,
which consists of a bottom mirror with a reflectivity close to unity and a top mirror of lower
reflectivity [GIR64]. This type of interferometer is a well-established technique to induce
an adjustable amount of second and third-order dispersion [SCH19b], that depends on the
reflectivities and the detuning of the cavity and the incident light.
In order to transform the model from the case of a face-to-face coupled cavity to a V-shaped
external cavity, three major differences between the cavities have to be taken into account11.
Firstly, there are two cavity arms in the V-shaped configuration and thus a second delay
defining the cavity geometry has to be included when coupling the fields as shown in Fig. 5.14.
11The original derivation of the model was performed by Svetlana V. Gurevich and Julien Javaloyes and

submitted to the author in a private communication in April 2019.
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Secondly, the gain is injected bidirectionally as illustrated by the green arrows arriving at
the gain chip in Fig. 5.14. This can lead to carrier gratings due to interference of the incident
beams [PER10d, LAU17]. As indicated by the angle θ, normal incidence of the injected fields
at the gain is not always given, which is the third major difference.
Due to the fact that the incidence at the absorber is considered as mono-directional and nor-
mal to the chip-surface, the equations for the carrier density and the electric field describing
the absorber (5.16)-(5.15) remain unchanged. Anyhow, in the following a flat transverse
electric field profile is assumed and it is therefore possible to neglect the diffraction/diffusion
terms in the carrier and field equations for the absorber (partial derivatives with respect to
x and y). In contrast, it is necessary to retain the transverse contribution to account for
the non-normal incidence at the gain micro-cavity, which breaks the x-y symmetry of the
Gaussian mode. However, a 1D transverse problem can be assumed to treat the distortion
of the mode in which the x-axis refers to the micro-cavity surface plane. Therefore, only the
contribution ∂2

x remains in the electric field and carrier equations for the gain. The z-axis is
chosen to be normal to the micro-cavity plane (see bottom left of Fig. 5.14). Additionally,
the field diffusion dg,q can be neglected as it has a minor influence in case of the investigated
VECSELs, as it is constructed to have a stable transverse mode-profile. Consequently, the
starting point for the micro-cavity differential equations for the gain are the following two
equations

1
κg

∂

∂t
E(x, t) =

[
[1− iαg]N(x, t)− 1 + iω0 + i∂2

x

]
E(x, t) + hgY (x, t), (5.21)

∂

∂t
N(x, t) = γg [N0 −N(x, t)]−N(x, t) |E(x, t)|2 +D∂2

xN(x, t), (5.22)

where a transverse Gaussian mode φ(x, y) is factored out, so that the field only has the
remaining fast variation along the x-axis due to the angle of incidence.
When an incident electric field is reflected by the micro-cavity, the x-component of the
corresponding wave vector is conserved, whereas the z-component is inverted. Furthermore,
only the x-component of the wave vector is different for the bidirectionally incident fields,
whereas the z-component is equal (see Fig. 5.14). Accordingly, a transverse wave vector
decomposition can be applied to distinguish between the fields incident from the left (Y+,
E+) and from the right (E−,Y−). The transverse wave vector decomposition for injected and
intracavity fields reads

Y (x, t) = Y+(x, t)eiqxx + Y−(x, t)e−iqxx, (5.23)
E(x, t) = E+(x, t)eiqxx + E−(x, t)e−iqxx. (5.24)

The wave vector is defined as qx = q0 sin (θ), with the angle of incidence with respect to
the normal axis θ (see Fig. 5.14), the angular wavenumber q0 = 2πn

λ and the wavelength
λ. The interference of the two waves leads to a carrier density grating with a wavelength
that depends on the angle of incidence, as can be seen from the wave vector/wavenumber.
Originally a similar grating effect was observed when applying a density matrix formulation
to calculate the distribution of moving two level atoms in a gas, encountered by two counter-
propagating electro-magnetic waves [HAR72, PER10d, JAV10a]. The two fields induce a
spatial modulation (or temporal modulations in the "atom rest frame" [HAR72]) of the den-
sity matrix, which occurs at all harmonics of the wave vector [HAR72]. Motivated by these
observations, a similar description of the spatial modulation was pursued to describe spatial
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hole-burning resulting from the bidirectional wave propagation in semiconductor ring cavities
and Fabry-Pérot cavities [JAV09, JAV10a, PER10d, JAV10]. Yet, for semiconductor media
only the first harmonic (2qx) is considered in the modulation due to the increased damping
of the high-order terms resulting from spatial diffusion [JAV09, PER10d]. Motivated by
previous works on the formation of carrier gratings, the following decomposition is applied
for the carrier densities [JAV10, JAV10a]

N(x, t) = N1(x, t) +N+2(x, t)e2iqxx +N−2(x, t)e−2iqxx, (5.25)

where N1 is the quasi-homogeneous contribution to the charge-carrier density and N+2, N−2
are the (slowly varying) complex amplitudes of the carrier density grating, with N−2 = N∗+2
and the wave vectors as defined before [JAV10]. The factor of 2 in the exponentials compared
to the spatial modulation of the fields can be deduced from the interference pattern of two
incoming fields [LAU17]. In turn, the population grating (spatial hole burning) leads to a
coupling between the counter-propagating incoming fields via the saturation terms [JAV10].
The transverse decomposition of the variables given by eq. (5.23)-(5.25) is now inserted into
eq. (5.21)-(5.22). The resulting equations read12

1
κg

∂

∂t

[
E+e

iqxx + E−e
−iqxx

]
=eiqxx

{
[1− iαg] [N1E+ +N+2E−]− E+

+ i(∂x + iqx)2E+ + hgY+

}
+ e−iqxx

{
[1− iαg] [N1E− +N−2E+]− E−

+ i(∂x − iqx)2E− − hgY−
}

+ [1− iαg]
[
e3iqxxN+2E+ +N−2E−e

−3iqxx
]
, (5.26)

∂

∂t

[
N1 +N+2e

2iqxx +N−2e
−2iqxx

]
= γg [N0 −N1]−N1

[
|E+|2 + |E−|2

]
+D∂2

xN1 + 2Re
(
N+2E−E

∗
+
)

+ e2iqxx
{
− γgN+2 −N1E

∗
−E+

−
[
|E+|2 + |E−|2 −D (∂x + 2iqx)2

]
N+2

}
+ e−2iqxx

{
− γgN−2 −N1E−E

∗
+

−
[
|E+|2 + |E−|2 −D (∂x − 2iqx)2

]
N−2

}
+N+2E+E

∗
−e

4iqx +N−2E
∗
+E−e

−4iqx . (5.27)

From this point, it is possible to identify the coefficients of the different oscillating contri-
butions e±imqx . It is assumed that the exponential terms vary much faster than the slowly
varying amplitudes. Therefore, terms with m > 2 can be neglected, as they average out over
12The coordinates are left out for better readability, the dependencies are as before

E±(x, t), Y±(x, t), N±2(x, t), N1(x, t).
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their high number of periods in space. In order for this to be a valid approximation, the
period of the carrier grating (2qx)−1 has to be much smaller than the diameter of the laser
beam L. Using the definition of qx, this leads to the condition

λ

4πn sin (θ) � L⇒ λ

4πnL � sin (θ). (5.28)

As the beam radius in similar devices is in the region of several 100 µm [WAL16, LAU17]
and the wavelength is close to ≈ 1 µm [GAA16], this is fullfilled for an incident angle of a few
degrees. Identifying the remaining oscillations then leads to the following set of equations

1
κg

∂

∂t
E± = [1− iα] [N1E± +N±2E∓]− E± + i (∂x + iqx)2E± + hgY±, (5.29)

∂

∂t
N1 = γg [N0 −N1]−N1

[
|E+|2 + |E−|2

]
− 2Re

(
N+2E−E

∗
+
)
, (5.30)

∂

∂t
N+2 = −

[
γg + 4Dq2

x + |E+|2 + |E−|2
]
N+2 −N1E+E

∗
−, (5.31)

where it is further applied that qx∂xN±2 and ∂2
xN±2 are negligible compared to q2

xN±2
[JAV09, PER10d]. Due to the relation N+2 = N∗−2 it is only necessary to keep one equation
for the carrier grating in the final set of equations.
Although the resulting equation system is already quite simple, further simplifications are
possible for the sake of computational costs and intuitiveness. The population grating only
exists, if two fields are incident on the gain chip, and it can be therefore assumed to be a small
cross saturation term in the regime of mode-locking dynamics. Furthermore the damping
term Dgq2

x is large for semiconductor gain media [JAV09]. In consequence, an adiabatic
elimination of N2(t) can be justified and reads

N±2 = − N1E±E
∗
∓

γg + 4Dq2
x + |E+|2 + |E−|2

. (5.32)

For a further simplification the saturation parameter εc =
(
γg +Dgq2

x

)−1 can be defined
and again it is assumed that the transverse electric field profile is large, i.e. the diffraction
contributions ∂2

x are neglected. Furthermore, it becomes evident that the detuning of the
cavities ω0 = q2

x has a contribution stemming from the angle of incidence. The simplified
equations for the rightward and leftward propagating intracavity fields E±(t) and quasi-
homogeneous contribution to the charge-carrier density N1(t) in the gain micro-cavity read

1
κg

d

dt
E±(t) =

[
[1− iαg]N1(t) [1− εc |E∓(t)|]− 1 + iω0

]
E±(t) + hgY±(t), (5.33)

d

dt
N1(t) = γg [N0 −N1(t)]−N1

[
|E+(t)|2 + |E−(t)|2

]
. (5.34)

In the next step, algebraic equations that couple the micro-cavity dynamics are found. Mak-
ing use of the boundary conditions resulting from the V-shaped VECSEL setup to determine
the relationship between the injected and emitted fields, makes it possible to account for the
cavity geometry via the two delay times τ1,τ2. These refer to the time of flight needed to
pass the two cavity arms respectively, as displayed in Fig. 5.14. The different fields are indi-
cated along the green arrows representing the electric field propagation in Fig. 5.14. O±(t)
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5 Dispersion Effects

describes the field emitted to the left (−) and right (+) from the gain chip, Y±(t) are the
injected fields from the left and right, and y(t) and o(t) are the injected and emitted field at
the absorber chip. This leads to the following three delay algebraic equations relating the
injected and emitted fields

y(t) = O+(t− τ2), (5.35)
Y−(t) = o(t− τ2), (5.36)
Y+(t) = ηO−(t− 2τ1), . (5.37)

As the emitted field to the left of the gain chip (O−(t)) needs to pass the left cavity arm
twice to return to the gain chip again, a factor of 2 is included in front of the delay τ1 in eq.
(5.37). Furthermore, η describes the losses at the outcoupling facet. Defining the fields O±,o
as the superposition of the reflected incident field and the emitted part of the intracavity
field with the same normalisation as before (O±(t) = E±(t) − Y±(t) and o(t) = e(t) − y(t))
leads to the final set of coupled differential and delay algebraic equations for the V-shaped
cavity geometry

1
κg

d

dt
E±(t) =

[
[1− iαg]N(t)

[
1− εc |E∓(t)|2

]
− 1 + iω0

]
E±(t) + hgY±(t), (5.38)

d

dt
N(t) = γg [N0 −N(t)]−N(t)

[
|E+(t)|2 + |E−(t)|2

]
, (5.39)

1
κq

d

dt
e(t) =

[
[1− iαq]n(t)− 1

]
e(t) + hqy(t), (5.40)

d

dt
n(t) = γq [n0 − n(t)]− sn(t) |e(t)|2 , (5.41)

y(t) = E+(t− τ2)− Y+(t− τ2), (5.42)
Y−(t) = e(t− τ2)− y(t− τ2), (5.43)
Y+(t) = η

[
E−(t− 2τ1)− Y−(t− 2τ1)

]
, (5.44)

where the equations for the absorber are defined as for the face-to-face coupled cavity. All
parameters are defined as described for the "linear" cavity DAE system in eq. (5.13)-(5.19).
The subscript of N1 is dropped as N2 is adiabatically eliminated. In the further course of
this section, this system is numerically integrated by applying the semi-implicit algorithm
outlined in Appendix A.3. As the photon-life time in the absorber cavity is more than a
magnitude lower than in the photon life-time in the gain (κ−1

q � κ−1
g ) [SCH19b], the electric

field equation for the absorber is adiabatically eliminated in all calculations presented in this
work. A further reasoning is given in the course of the next section.

5.4.2 Model Discussion

The reason why the DAE model is more feasible to analyse third-order dispersion effects
than the DDE system, lies within the relative contributions of diffusive and dispersive ef-
fects of different order in the two systems [SCH19b, SCH20d]. As discussed in Reference
[SCH19b], a first estimate of the different contributions in the two models can be drawn
from reducing them to the simplest possible partial differential equation (PDE) model. This
corresponds to only investigating the electric field equations without losses and charge carrier
contributions, i.e. an "empty cavity" limit. From this starting point, the two systems can
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5.4 Third order Dispersion

be transformed into Haus master PDE systems, directly unravelling the magnitude of the
different dissipative and dispersive effects as they appear directly as derivatives of different
order [HAU00, BOY08].
For the DDE system, the most simplified version reads

γE(t) = γE(t− T )− dE

dt
, (5.45)

where γ is the spectral filtering given by the gain bandwidth and/or the resonator, i.e. the
distributed Bragg reflectors surrounding the active section in the micro-cavities. Following
the steps given in Appendix A.2, the DDE model can be transformed into the following
simple PDE [SCH20d]

∂

∂θ
E(θ, σ) =

[
−1
γ

∂

∂σ
+ 1

2γ2
∂2

∂σ2 −
1

3γ3
∂3

∂σ3

]
E(θ, σ), (5.46)

where θ is the slow time scale referring to changes from round-trip to round-trip and σ is the
fast time scale corresponding to alterations within one round-trip. As discussed for the Haus
master equation model derived in section 4.3.3, the magnitude of the second-order contribu-
tion13 ∂2

σ corresponds to the losses induced by the limited gain bandwidth/gain curvature
[HAU00, SCH20d, HAU20a]. Following the general definition of third-order dispersion (see
chapter 13 of Reference [BOY08]), its contribution is given by the third-order derivative
term (∂3

σ). Consequently, its magnitude can be approximated by 1/
(
3γ3) for the DDE sys-

tem [SCH20d]. Relating the magnitude of the TOD and the dissipative contribution gives
the fraction m = 2

3γ . Thus, the magnitudes are only of similar order if γ →∞ or γ → 1. At
an infinitely broad gain, the response of the system reduces to E(t) = E(t−T ), correspond-
ing to a lossless pulse propagation through the cavity, with period τp = T . Consequently,
the dissipation dominates over the third-order dispersion, if γ is set to realistic values. This
was outlined in References [SCH19b, SCH20d].
In order to obtain a simple PDE expression for the DAE model, a similar approach is fol-
lowed. In the case of two resonant micro-cavities (ω0 = 0) with neglected charge carrier
interaction (n = 0, N = 0), the DAE system reduces to

1
κg

d

dt
E±(t) = −E±(t) + hgY±(t), (5.47)

1
κq

d

dt
e(t) = −e(t) + hqy(t), (5.48)

y(t) = E+(t− τ2)− Y+(t− τ2), (5.49)
Y−(t) = e(t− τ2)− y(t− τ2), (5.50)
Y+(t) = η

[
E−(t− 2τ1)− Y−(t− 2τ1)

]
. (5.51)

In this scenario, a single micro-cavity acts as a Gires-Tournois interferometer (GTI) [GIR64],
inducing only third-order dispersion if no detuning is considered and the reflectivity of the
13The difference of the appearance of the filtering contribution in the DDE and PDE models stems from the

two time scale representation. In the initial derivation of the Haus Master equation, the second derivative
with respect to the fast time scale results from the assumption of a Lorentzian shaped gain determining
the amplification of the axial modes in frequency space. The Lorentzian is then expanded, which is based
on the assumption that the lasing frequency is close to resonance. In the following, an inverse Fourier
transform (iω → ∂σ) is applied to arrive at the final PDE [HAU00] with the fast time scale σ.
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bottom mirror is close to unity (hg,q = 2) [SCH19b]. To arrive at a PDE, that directly
indicates the magnitude of the dispersion and diffusion effects of different order, the func-
tional mapping approach presented in Reference [SCH18f, SCH19b] is applied. It is based on
relating the Fourier transform of the electric field profile Ẽ±(n, ω) in round-trip (n) to that
of the prior round-trip (n− 1). This is similar to the technique used to find the Haus master
equation of mode-locking [HAU00], which focuses on determining the changes in the spectral
mode amplitudes from round-trip to round-trip. Applying a Fourier transformation to the
electric field equations (5.47)-(5.48) and denoting the round-trip by the integer superscript
(n) leads to

−iωκ−1
g Ẽ

(n)
± (ω) = −Ẽ(n)

± (ω) + hgỸ
(n)
± (ω) , (5.52)

−iωκ−1
q ẽ(n)(ω) = −ẽ(n)(ω) + hqỹ

(n)(ω). (5.53)

Rewriting the pre-factor ωi := ωκ−1
i for simplicity and rearranging for Ẽ(n)

± (ω) and ẽ(n)(ω)
yields the following relationship between the injected- and intracavity fields in round-trip n

Ẽ
(n)
± (ω) = hg

1− iωg
Ỹ

(n)
± (ω) , (5.54)

ẽ(n)(ω) = hq
1− iωq

ỹ(n)(ω). (5.55)

To incorporate the external cavity geometry, the mapping approach is further applied to the
delayed algebraic equations, which gives

ỹ(n)(ω) = Ẽ
(n)
+ (ωτ2)− Ỹ (n)

+ (ωτ2) , (5.56)

Ỹ
(n)
− (ω) = ẽ(n)(ωτ2)− ỹ(n)(ωτ2) , (5.57)

Ỹ
(n)

+ (ω) = η
[
Ẽ

(n)
− (ω2τ1)− Ỹ (n)

− (ω2τ1)
]
. (5.58)

The subscript of ω denotes the initial delay so that Ẽ(ωτ ) = F
[
E(t − τ)

]
(ω) and n again

accounts for the round-trip number. Inserting eq. (5.54) into eq. (5.58) then gives

Ỹ
(n)

+ (ω) = η

(
hg

1− iωg
− 1

)
Ỹ

(n)
− (ω2τ1). (5.59)

Iteratively inserting the delay algebraic equations finally leads to an expression mapping
the Fourier transformed fields of the previous round-trip (n − 1) to that of the subsequent
round-trip (n)14

Ỹ
(n)

+ (ω) = η

(
hg

1− iωg
− 1

)(
hq

1− iωq
− 1

)[
Ẽ

(n−1)
+ (ω)− Ỹ (n−1)

+ (ω)
]
. (5.60)

14Here, it is used that in case of an infinitely long, periodic signal the time can be shifted by the small time
τ

F
[
E(t)

]
(ω) = F

[
Y (t)

]
(ω),

⇒ F
[
E(t− τ)

]
(ω) = F

[
Y (t− τ)

]
(ω).
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Where it is used that a delay of one cavity round-trip time T = 2τ1 + 2τ2 corresponds
to a change in n according to: F

[
E(t − T )

]
(ω) = Ẽ(n−1)(ω). As a final step eq. (5.54)

can be used again to find an expression only depending on Ỹ
(n)

+ (ω). This results in the
following functional mapping equation for the changes experienced by the injected electric
field Ỹ (n−1)

+ (ω) in the frequency domain during one cavity round-trip

Ỹ
(n)

+ (ω) = ηr(ω)Ỹ (n−1)
+ (ω) . (5.61)

Ỹ
(n)

+ (ω) = η

(1 + i ωκg
1− i ωκg

)2(1 + i ωκq
1− i ωκq

)
Ỹ

(n−1)
+ (ω) , (5.62)

where hi = 2 is used in order to model a GTI regime, and the normalisation of the pre-factor
is reintroduced. From the mapping equation, it is possible to define the reflectivity of the
coupled micro-cavity setup according to r = exp(4iΘ( ωκg )+2iΘ( ωκq )) with Θ(ω) = arctan(ω).
As the empty cavity regime is considered, it is assumed that a linear PDE with linear operator
L(ω) exists that models the changes of the Fourier transformed electric field on the slow time
scale θ

∂

∂θ
Ỹ+(ω, θ) = L(ω)Ỹ+(ω, θ). (5.63)

Integrating this PDE from round-trip n to round-trip n+ 1, assuming that L is independent
of θ (see Appendix A.2 for details), and comparing the results with the found functional
mapping equation (5.61) yields the following expression for the linear PDE operator

L(ω) = ln(ηr(ω)) ≈ ln(η) + 2iω
(

2
κ1

+ 1
κq

)
− 2

3 iω
3
(

2
κ3
g

+ 1
κ3
q

)
+O(ω5). (5.64)

The expansion is reasoned by the fact that the response of the cavity is investigated close
to resonance. Fourier transforming back to the time domain (iω → ∂σ), leads to the PDE
modelling the V-shaped external cavity system in the empty cavity regime

∂

∂θ
Y+(θ, σ) =

(
ln(η)− 2

(
2
κ1

+ 1
κq

)
∂

∂σ
− 2

3

(
2
κ3
g

+ 1
κ3
q

)
∂3

∂σ3

)
Y+(θ, σ), (5.65)

where σ corresponds to the fast time scale referring to changes within one round-trip. It
is immediately noticeable, that there is no second-order diffusive term left in the PDE15.
Therefore, the third-order dispersion effect is not overwhelmed in this system, as opposed
to the DDE system16. From the PDE, it further becomes evident that the DAE system is
conservative, if η = 1. Physically this corresponds to the situation of no light being coupled
out of the external cavity. In Reference [SCH19b], an eigenvalue analysis of the fixed-point
solution underlined the conservative nature of the DAE system in this situation. The anal-
ysis revealed that in the DAE system all eigenvalues have a zero real-part Re(λ) = 0, if
η = 1. Thus, perturbations to the system are conserved. Opposing, the distribution of the
15It has to be noted that this is only true for the empty cavity regime in perfect resonance. In a system of

not perfectly resonant micro-cavities (ω0 6= 0), a second-order diffusion (GVD) term occurs [SCH19b].
16Strictly speaking, the most simplified version of the DDE model and the corresponding PDE do not nec-

essarily refer to an empty cavity, as the filtering is still included, which approximates the influence of
the gain-bandwidth. However, empty cavity here primarily refers to the neglection of the charge-carrier
equations and the most simplified versions of the systems.
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Figure 5.15.: V-shaped DAE with empty cavity: (a1)-(b1) Intensity time-series of the electric field
Y+(t) incident on the gain micro-cavity (c.f. Fig. 5.14) in the empty cavity regime described by eq.
(5.47)-(5.51). A Gaussian pulse with FWHM = 0.023 and amplitude Y0 = 1 is utilised as the initial
condition.(a2)-(b2) Close-up of the intensity dynamics in one round-trip. (a3)-(b3) Full width half
maximum (FWHM) of the largest pulse in one round-trip and the total energy (area of all pulses in
one round-trip) confined in the cavity. The photon decay rate in the gain micro-cavity is κg = 84
for sub-panels (a) and κg = 168 for panels (b), both scaled to a round-trip time of T = 625 ps. The
absorber micro-cavity is adiabatically eliminated.

eigenvalues in the DDE system along the real and imaginary axes follows a parabolic shape
and consequently eigenvalues with Re(λ) < 0 exist, which lead to a damping of applied
perturbations. As expected, a comparison of eq. (5.65) and the PDE derived for a single
micro-cavity in an external cavity setup [SCH19b], points out that the additional influences
of the second gain pass and the second micro-cavity in the setup just occur as additive terms
in the final PDE.
In order to illustrate the effect of the third-order dispersion contribution and the conser-
vative nature of the DAE system, the response of the reduced V-shaped DAE model eq.
(5.47)-(5.51) to the injection of a Gaussian pulse is shown in Fig. 5.15. For the calculation
of the time-series, the photon life-time in the absorber is assumed to be much smaller than
in the gain κq →∞, which is in good agreement with experimental values [SCH19b].
Panels (a) and (b) of Fig. 5.15 demonstrate the response of the coupled cavity system at
two different photon life-times κ−1

g in the gain micro-cavity. The effect of the third-order
dispersion contribution is embodied by the emerging satellite pulses as pointed in Reference
[SCH19b]. These satellites result from the partial reflection of the main pulse at the micro-
cavity surface, while the transmitted part is delayed by the interaction with the micro-cavity.
As expected from the corresponding PDE eq. (5.65), the influence of the third-order dis-
persion strongly increases when κg is reduced, i.e. the photon life-time is increased. Vice
versa, the delayed outcoupling induced by the micro-cavity interaction vanishes, if the photon
life-time is infinitesimally small (far below the pulse width). This means that no satellites
would appear [SCH19b]. Furthermore, the energy confined in the cavity is calculated by
integrating the intensity over one round-trip. The result for both photon life-times is indi-
cated in sub-panels (a3) and (b3). As expected from the conservative nature of the system
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5.4 Third order Dispersion

(if η = 1), the total energy stays constant over all round-trips. Additionally, the full width
at half maximum (FWHM) of the maximum (initial) pulse is plotted in the same panels.
This quantity increases as a result of the third-order dispersion, which is a well known effect
[CUR93, ZHO94, BRA93a].
To asses the role of third-order dispersion on the emerging dynamics/instabilities in the V-
shaped VECSEL, it is feasible to compare the DAE to the DDE system. In the latter the
TOD has a minor influence on the dynamics, as it is overwhelmed by the filtering losses
[SCH19b, SCH20d]. Thus, it is crucial to find a correspondence between the different pa-
rameters included in both models. In the following, equations for parameter transformations
between the two models are found for the pump parameter, unsaturated absorption, the gain
bandwidth/curvature and the factor s, which is proportional to the ratio of the differential
gain coefficients in gain and absorber.

Pump and Unsaturated Absorption

The method applied to arrive at a relationship between the pump parameter N0 and the
unsaturated absorption n0 in the DAE system and the similar parameters G0 and Q0 in the
DDE model, is based on finding an approximation for the reflectivity rg,q of the semiconduc-
tor gain and absorber chip in both models. These quantities can then be utilised to relate
the magnitude of the gain/absorption provided by the system.
Starting with the DDE system, an equation for the reflectivity can be deduced from the
boundary conditions given by eq. (3.16)-(3.17), which describe the amplification of the elec-
tric field in the active sections. Assuming a double pass of the absorber active section due
to the reflection at the back-side DBR, the absorber effective reflectivity rq,DDE close to the
lasing threshold17 of the continuous-wave solution in the DDE system is given by

rq,DDE = exp ([1− iαq]Q0), (5.66)

where Q0 is the unsaturated absorption/equilibrium carrier density of the absorber.
In the DAE system, the reflectivity of the chips can be calculated directly from the ratio
of the input and output fields (r = O(t)

Y (t)). In order to arrive at a comparable expression,
a continuous-wave solution of the form y(t) = y exp(iωt), e(t) = e exp(iωt) and ṅ = 0 is
plugged into the absorber equations (5.40)-(5.41). This leads to the following two algebraic
equations

0 = [(1− iαq)n− 1]e+ hqy − κ−1
q iωe, (5.67)

0 = γqn0 − (γq + s|e|2)n. (5.68)

Solving eq. (5.67) for n yields

n =
e− hqy + κ−1

q iωe

[1− iαq] e
. (5.69)

17A pump power in the vicinity of the lasing threshold is assumed so that the integrated carrier densities can
be approximated by their equilibrium values Q(t) = Q0.
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Inserting this expression into (5.68) then leads to

0 = γqn0 −
(
γq + s|e|2

) [e− hqy + κ−1
q iωe

]
[1− iαq] e

, (5.70)

hqy =
[

j [1− iβ]
1 + γ−1

q s|e|2
− 1− κ−1

q iω

]
e. (5.71)

Utilising the definition of the output field o(t) = e(t)− y(t), the effective reflectivity can be
expressed as rq,DAE = o(t)

y(t) = e(t)
y(t) − 1. Combined with the previously found expression for

y(t) above, this is used to arrive at an expression for the effective reflectivity of the absorber
chip

rq,DAE =
hq + n0(1− iαq) · (1 + γ−1

q s|e|2)−1 − 1− κ−1
q iω

−n0(1− iαq) · (1 + γ−1
q s|e|2)−1 + 1 + κ−1

q iω
. (5.72)

As mentioned before, the laser system is investigated close to the CW lasing threshold for a
better comparability. Consequently, one can assume a small electric field e(t). Furthermore,
the influence of αq is negligible for small n0 and only the resonant mode (ω = 0) is considered.
Therefore, the expression for the effective reflectivity of the absorber simplifies to

rq,DAE = hq + n0 − 1
1− n0

. (5.73)

Equating this with the expression for the reflectivity eq. (5.66) found for the DDE system
(with αq = 0) leads to the relation

hq − 1 + n0
1− n0

= exp ([1− iαq]Q0),

⇒ Q0 = log
(
hq − 1 + n0

1− n0

)
≈ 2n0, (5.74)

where hq = 2 is used to find the linear approximation.
Making use of the same procedure for the gain equations (5.38)-(5.39), the following term
for the effective reflectivity of the gain rg,DAE can be acquired

rg,DAE =
hg + J(1−iαg)·(1−εc|E∓|2)

1+γ−1
g (|E+|2+|E−|2) − 1− i(κ−1

g ω − ω0)
−N0(1−iαg)·(1−εc|E∓|2)

1+γ−1
g (|E+|2+|E−|2) + 1 + i(κ−1

g ω − ω0)
. (5.75)

Assuming a strong carrier diffusion (εc → 0), a small electric field near the threshold and
setting αg = 0 then leads to a simplified expression

rg,DAE = hg +N0 − 1
1−N0

. (5.76)

Using ω = 0 can be justified by the fact that the detuning between the micro-cavities is not
of importance, as only a single cavity is investigated and furthermore the resonant CW mode
is considered. When finding an expression for the reflectivity of the gain chip in the DDE
model, it has to be noted that in the model derivation it is assumed that the active section
of the gain is only passed once and not a second time after the reflection at the back-side
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DBR as assumed for the absorber (see section 3.3). Thus, the reflectivity of the gain close
to the CW lasing threshold is given by18

rg,DDE = exp
( [1− iαq]G0

2

)
. (5.77)

Equating this with the expression for the gain reflectivity found for the DAE model leads to
the transformation equation

G0 = 2 log
(
hg − 1 +N0

1−N0

)
≈ 4N0. (5.78)

To arrive at the expanded linear relationship, hg = 2 is used. In contrast to the corre-
spondence of the unsaturated absorption parameters, a further factor of 2 in the linear
approximation has to be multiplied to the pump parameter, which results from the assump-
tion of a single pass of the active sections in the gain.
From the simplified expressions of the reflectivities (eq. (5.76) and (5.73)), one can deduce
two critical parameter values that arise due to the normalisation (see appendix A.1 for de-
tails). If hg,q = 2, the gain and absorber chip are transparent (r = 1) at N0 = 0 and n0 = 0,
which results from the fact that both quantities are defined relative to the transparency
carrier densities. Secondly, at high absolute values of the pump parameters, i.e. n0 → −1
and N0 → 1, the reflectivities enter regimes not feasible for the investigation of the coupled
external cavity laser. In the scenario of N0 → 1, the reflectivity of the gain diverges as
rg,DAE →∞. The reason for that lies in a second threshold, that corresponds to the solitary
lasing threshold of the gain micro-cavity. This threshold can be derived by plugging the
same CW Ansatz into eq. (5.38)-(5.39). Assuming no external injection (Y = 0), neglecting
αg and rearranging for N0, then leads to a threshold of N0,th = 1 for the resonant CW mode.
Nonetheless, this regime is very far above the threshold of the coupled cavities and therefore
not meaningful for reproducing experimentally observed dynamics.
In contrast, the absorber reflectivity approaches rq,DAE → 0 for n0 → −1, which is experi-
mentally very difficult to realise. At this point it has to be stressed, that the unintuitive values
of N0 = 1 and n0 = −1, result from the normalisation and that the approach of a DAE model
can be utilised to give good qualitative description of different phenomena, if the boundaries
of the parameter values are considered correctly [MUL05a, SCH19c, SCH19e, SCH20d].

Threshold Current

In contrast to the DDE-, the DAE-model incorporates the complex nonlinear interplay be-
tween pump current and gain bandwidth19. Therefore, finding an analytic expression for the
threshold current N0 = Nth, is feasible to compare the behaviour of the two models close to
the threshold. Furthermore, it can be used to connect the photon life-time in the gain κ−1

g

and the gain bandwidth γ, which both have a similar, but not equal role in the models. This
is analysed later in this section. In addition to that, an expression for the threshold current
18Accounting for a double gain depletion can be achieved by adding an additional boundary condition to the

set of algebraic equations (3.19)-(3.27), embodying the additional gain pass. Ultimately, it would lead to
a factor of two in front of all delayed gain contributions and a factor of eG(t) multiplied to the delayed
electric field in the gain equation, elevating the gain experienced by the electric field.

19It has to be noted that in the DDE model the gain curve is elevated as the pump current is increased and
therefore additional modes are amplified. However, the FWHM of the Lorentzian stays constant.
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delivers the position of the most trivial bifurcation line in the system, i.e. the Andronov-
Hopf/Pitch-Fork bifurcation leading to the emergence of the CW solution, which is worth
comparing in the two models to asses the previously found parameter transformation for the
pump parameters.
For αg,q 6= 0 and ω0 6= 0, the derivation becomes very complex and one has to rely on
numerical methods to obtain the threshold bifurcation line [HES21]. Consequently, the
amplitude-phase coupling and the cavity detuning are neglected at this point. This is suf-
ficient to find an analytical expression that allows to compare the two models in regimes
without too rich dynamics.
The threshold is defined as the parameter value of N0 at which the laser transitions from
the off to the continuous-wave state, which is defined as

(0, 0, 0, 0, 0, 0, Nth, n0)→ (E+e
iωt, E−eiωt, εeiωt,Y+e

iωt,Y−eiωt, υeiωt, Nth, n0). (5.79)

By definition, the carrier densities at the threshold equal the parameter values of the pump
parameter N0 and the unsaturated absorption n0 as they can also be understood as the
equilibrium carrier densities, i.e. N(t) = N0 = Nth and n(t) = n0. Plugging the CW Ansatz
(5.79) into the DAE model eq. (5.38)-(5.44) and splitting the electric field equations into
real and imaginary parts yields the condition ω = 0. It is reasoned by the fact that no
other phase effects are left due to αg = αq = 0. The choice of ω = 0 corresponds to the
maximum gain mode. The real parts of the electric field equations read (using N(t) = Nth
and n(t) = n0)

0 = (Nth − 1)E± + hgY±, (5.80)
0 = (n0 − 1)ε+ hqυ, (5.81)
υ = E+ − Y+, (5.82)
Y− = ε− υ, (5.83)
Y+ = η [E− − Y−] . (5.84)

Rearranging eqs.(5.80) and eq. (5.81) then leads to

Nth = 1− hg
Y+
E+

, (5.85)

E− = hg
1− Jg

Y−, (5.86)

ε = hq
1− Jq

υ. (5.87)

Plugging (5.87) and (5.82) into eq. (5.83) yields

Y− = (E+ − Y+)
(

hq
1− Jq

− 1
)
. (5.88)

Inserting this into (5.86) then leads to

E− = jg(jq − 1)(E+ − Y+), (5.89)

where jg := hg/(1 −Nth) and jq := hq/(1 − n0) are introduced for simplicity. Inserting the
expressions (5.88) and (5.89) into eq. (5.84) yields a relationship between Y+ and E+

Y+ = η
(jq − 1)(jg − 1)

1 + η(jq − 1)(jg − 1)E+. (5.90)
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5.4 Third order Dispersion

Finally, this can be substituted into (5.85), to arrive at an expression for the threshold carrier
density/pump parameter Nth independent of the field amplitudes

Nth = 1− hg

1±
[
η
(

hq
1−n0

− 1
)]− 1

2
, (5.91)

where jg and jq are resubstituted. Evaluating this expression for Nth highlights several im-
portant properties. Firstly, two solutions for the threshold exist. Anyhow, for all parameter
values only one of the solutions is purely real. Hence, the complex solution can always be
ruled out by physical arguments. The role of the two solutions is reversed at the critical pa-
rameter value n0 = −1, predicted by the analysis of the effective chip reflectivities20. At this
parameter value, the absorber reflectivity tends to rq,DAE → 0 and hence the threshold can
be found at Nth → 1. This can be reasoned by the fact that for N0 = 1, the gain reflectivity
tends towards infinity (rg,DAE → ∞) to compensate for the losses. As this situation is not
physical, it limits the analysis of the model to N0 < 1 and n0 > −1 (for hg,q = 2).
A comparison of the CW threshold curve found for the DAE (red) and DDE model (blue)21

is illustrated in Fig. 5.16 with respect to the unsaturated absorption. For a simple compa-
rability, the linear relationships between N0 and G0 as well as between n0 and Q0 are used.
For low values of the unsaturated absorption (the value for the unsaturated absorption used
in this work is indicated by a dashed line), the bifurcation lines match very well. Yet, in
the DDE model the threshold depends linearly on the unsaturated absorption, whereas in
the DAE model a nonlinear relationship is evident. This leads to severe differences at high
values of the unsaturated absorption. It is interesting to note, that the threshold equation
for the DAE model (5.91) can be recovered by substituting the logarithmic parameter trans-
formations for N0 and n0 (eq. (5.74) and eq. (5.78)) into the threshold equation of the DDE
model (4.9). For the models to have the same threshold, this correspondence then requires
the condition

η =
√
κ. (5.92)

If the logarithmic parameter transformations are used instead of the linear ones, the DDE
threshold curve perfectly matches the DAE curve. Consequently, the comparison of the
threshold lines delivers a first verification of the parameter transformations.
As mentioned at the start of this section, the threshold of the single-micro cavity without
injection (hg = 0) and neglected amplitude-phase coupling can be found at N0 = 1. The
fact that the threshold of the external cavity device is lower (see Fig. 5.16) than that of
the single-microcavity can be explained by understanding the injection terms as an optical
feedback term that also accounts for multiple reflections. From this point of view, the
single micro-cavity equations read very similar to the Lang-Kobayashi equations describing
a single-mode laser subject to optical feedback [LAN80b, SCH20d]. For these, it is well
known that increasing the feedback (which would be very strong in the scenario investigated
here) reduces the threshold current.
20It has to be noted that if hg,q < 2, this situation emerges at lower absolute values of n0, but is in accordance

with the analysis of the reflectivity. Furthermore, hg,q = 2 is used throughout this work, as the reflectivity
of the bottom DBRs is sufficiently close to unity.

21The threshold of the maximum gain mode (ω = 0) in the DDE model calculated in section 4.2.1 is

Gth = −1
2 ln (κ)−Q0.
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5 Dispersion Effects

Figure 5.16: CW lasing threshold curve as a
function of the unsaturated absorption n0/Q0
calculated for the DAE model eq. (5.91) (red)
and for the DDE model (4.9) (blue). The pa-
rameter values of the DDE model are scaled
according to the linear parameter relation-
ships given by equations (5.78) and (5.74).
The other parameters used here are hg = hq =
2 and η =

√
κ = 0.995. 0 0.2 0.4 0.6 0.8 1
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A further influential quantity that cannot be compared directly in the two models is the
gain bandwidth (or the limited bandwidth of the DBR mirrors of the cavity). In the DDE
model, the effect of the limited gain bandwidth is taken into account by approximating it by
a Lorentzian filter [VLA04, VLA05] of bandwidth γ following a lumped element approach
(see section 3.3). In contrast, the bandwidths of the gain and absorber are embodied as two
separate properties in the DAE model. These are related to the photon life-times in the
micro-cavities κ−1

g,q, but not solely dependent on them. This is discussed later in this section,
by investigating the frequency dependent effective reflectivity (amplification) of the total
external device. In experiments, the spectral width of the absorber is a lot broader than
that of the gain, because the photon life-time in the absorber is usually a magnitude lower
compared to the gain [SCH19b]. Therefore, it is focused on finding a relationship between γ
and κg, as the curvature of the absorber has a negligible influence if the lasing frequency is
close to resonance.
The approach followed in order to relate the spectral filtering in both models is similar to the
one to determine the third-order dispersion contributions at the start of this section: Both
models are transformed into a PDE, in which the magnitude of the filtering contribution
(bandwidth of the gain) is embodied by the real pre-factor of the second-order derivative
contribution (∂2

σ) and is therefore directly comparable. Nonetheless, for this comparison
the complete models (not excluding the charge carriers) have to be taken into account, to
correctly account for the influence of the pump current.
The transformation of the DDE model is discussed in section 4.2.3, where a nonlocal Haus
master PDE is found by applying a multiple time scale analysis. This leads to a filtering
contribution of 1/(2γ2), which is independent of the pump current [HAU00]. Furthermore,
the FWHM of the effective reflectivity of the gain is 2γ, resulting from the assumption of a
Lorentzian shaped gain spectrum [HAU00, VLA04].
In order to find a similar expression for the DAE system, the effective reflectivity of the
coupled external cavity system rcav is derived by combining the single chip reflectivities and
the outcoupling losses η according to

rcav,DAE(ω) = r2
g,DAE · rq,DAE · η. (5.93)

In the following, CW operation close to the lasing threshold is assumed to make use the
expressions eq. (5.75) and eq. (5.72) for the reflectivities of the semiconductor chips. Fur-
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5.4 Third order Dispersion

thermore, close to threshold it is possible to neglect the electric field contributions. This
leads to the following expression for the total external cavity reflectivity

rcav,DAE(ω) =

hg − 1 +N0(1− iαg)− i
(
κ−1
g ω − ω0

)
1−N0(1− iαg) + i

(
κ−1
g ω − ω0

)
2

·
hq − 1 + n0(1− iαq)− iκ−1

q ω

1− n0(1− iαq) + iκ−1
q ω

· η. (5.94)

The effect of the different parameters on the absolute reflectivity in frequency space is il-
lustrated in Fig. 5.17. Firstly, the pump parameter and the unsaturated absorption cause a
similar adjustment of the reflectivity as shown in sub-panels (a) and (d). If the pump power
(N0) is enlarged, the reflectivity increases and the bandwidth is narrowed (see Fig. 5.17(a)).
Adjusting the absolute value of the unsaturated absorption (n0) leads to a reversed varia-
tion of the reflectivity (higher absorption - lower amplification), but has a minor influence
on the bandwidth as visualised in Fig. 5.17(d). The photon life-time in the gain (κ−1

g )
does not impact the magnitude of the reflectivity, but strongly influences the bandwidth
(see Fig. 5.17(b)), similar to the bandwidth parameter γ in the DDE model. A low pho-
ton life-time in the absorber (κ−1

q ) leads to a very broad reflectivity curve for the absorber
compared to the gain. Hence, the total reflectivity almost remains unaffected in the regime
close to the resonance when increasing κq, as indicated by overlapping blue and black lines
in Fig. 5.17(e). Nevertheless, if the photon life-times in both micro-cavities are almost equal
(red line in Fig. 5.17(e)), the absorption and gain cancel out each other and a very broad re-
flectivity curve with |rcav,DAE(ω)|2 ≈ 1 remains. Furthermore, αg and αq each have a similar
effect on the respective single reflectivity curves of gain and absorber micro-cavity, as they
shift the central frequency. Nevertheless, αg and αq influence the total cavity reflectivity
differently, due to the broad absorber curve and the differing magnitude of the prefactors
of N0 and n0 (see eq. (5.94)) as indicated in Fig. 5.17(c). The absorber reflectivity curve
is shifted strongly already at αq = 2. Thus, the gain curve is out of resonance with the
absorber, which leads to a higher amplification at the central frequency due to the lower ab-
sorption at the gain maximum (see blue curve in Fig. 5.17(c)). In contrast, αg only induces
a comparably small shift of the gain reflectivity curve. Due to the broad absorber curve, this
almost has no effect on the magnitude of the total reflectivity indicated by the black curve
in Fig. 5.17(c).
Tuning the micro-cavity detuning ω0 only shifts the gain reflectivity curve relative to that of
the absorber (see Fig. 5.17(f)). In consequence, this leads to almost no visible changes in the
magnitude of the reflectivity, in the investigated regime of a very broad absorber reflectivity.
Therefore, a variation of ω0 only induces a shift of the relative resonance frequency of the
total effective reflectivity curve. It has to be noted that ω0 = 1 corresponds to a frequency
shift of κg in the normalised spectrum. However, a strong alteration of the curve is evident
at a very large detuning, because in that case the gain and absorber reflectivity (almost) do
overlap each other and consequently a strong absorptive dip and a strong amplifying peak
would be visible in the reflectivity curve. This scenario is usually prevented in experiments
by a sophisticated semiconductor chip design. Yet, a slight detuning can be helpful to induce
a certain amount of GVD optimising the pulse width [WAL16, SCH19b].
The expression for the effective external cavity reflectivity can now be further used to find
a correspondence between the bandwidth parameter γ and the photon life-time κ−1

g . The
photon life-time in the absorber κ−1

q is usually over a magnitude lower than in the gain chip
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Figure 5.17.: Intensity reflectivity of the external cavity in the DAE model as a function of the
frequency, normalised to the round-trip time T , calculated using eq. (5.94). The different sub-
panels illustrate the consequence of changing the indicated parameters. The other parameters (rates
normalised to the round-trip time) are hg = hq = 2, η = 0.995, ω0 = 0, N0 = 0.15, n0 = 0.2889,
κg = 150, κq = 1500, αg = αq = 0.

for the investigated devices [SCH19b]. Therefore, the approximation κq →∞ can be utilised,
to further simplify the expression for the reflectivity. This approximation is further justified
by the behaviour of the reflectivity shown in Fig. 5.17(e). The simplified effective external
cavity reflectivity then reads

rcav,DAE(ω) =
[
hg − 1 +N0(1− iαg)− iκ−1

g ω

1−N0(1− iαg) + iκ−1
g ω

]2

· hq − 1 + n0(1− iαq)
1− n0(1− iαq)

· η. (5.95)

As performed before in the empty cavity regime (see (5.96) and appendix A.2), it is now
possible to apply a functional mapping by utilising the expression found for rcav in combi-
nation with the functional mapping equation (5.61). Again, it is assumed that there is a
linear PDE with operator L(ω) describing the variations of the pulse spectrum Ỹ (ω, θ) from
round-trip to round-trip time (on the slow time scale θ). The PDE is written as

∂

∂θ
Ỹ+(ω, θ) = L(iω)Ỹ+(ω, θ). (5.96)

Using a linear operator is valid in the vicinity of the threshold, because the nonlinear contri-
butions of the charge carrier interactions are very small due to the small equilibrium carrier
densities N0 and n0. Integrating the PDE over θ from round-trip n− 1 to round-trip n and
making use of eq. (5.61), relates the operator L(ω) to the reflectivity via

L (ω) = ln (rcav(ω)). (5.97)

Assuming a lasing close to resonance [HAU00, VLA04, SCH20d] and neglecting the amplitude-
phase coupling (αg = αq = 0), one can expand the logarithm for small ω which yields

ln (rcav(ω)) ≈ 2ihgω
(N0 − 1) (N0 − 1 + hg)

+

(
2hg − h2

g − 2hgN0
)
ω2

κ2
g (N0 − 1)2 (N0 − 1 + hg)2 +O(ω3). (5.98)
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400 Figure 5.18: Gain bandwidth γ in depen-
dence on the pump power according to eq.
(5.100) with κg = 150. The x-axis minimum is
set to N = 0.025 to obtain a better visibility.

From this expression one can already deduce that the second-order contribution O(ω2) is the
one related to the spectral filtering, i.e. gain bandwidth (as this would transform to a second
derivative in time when applying a Fourier transform). Consequently, one can equate it to
the filtering coefficient 1

2γ2 found in the Haus master equation for the DDE model. With
hg = 2 this gives

1
2γ2 = 4N0

κ2
g

(
1−N2

0
)2 . (5.99)

Rearranging for γ leads to the following correspondence of the gain bandwidth between the
two models

γ = κg
(
1−N2

0

)√ 1
8N0

, (5.100)

where it is used that γ > 0 from physical arguments and N0 < 1. If lasing close to the
threshold is investigated, one can substitute the threshold value N0 = Nth and hence de-
termine κg from a given γ and Q0. The general correspondence is indicated in Fig. 5.18.
The plot indicates, that at higher pump powers the gain bandwidth (FWHM) in the DAE
model becomes narrower. Consequently, lowering the bandwidth γ accordingly in the DDE
model is required to obtain a comparable result. However, it has to be noted that despite
the narrowing FWHM at large N0, the number of modes experiencing an amplification grows
due to the increased pump power.
To further illustrate the behaviour of the gain bandwidth in the two models, the reflectivity
of the DDE model is calculated by combining the frequency independent single chip reflec-
tivities eq. (5.66) and eq. (5.77), the Lorentzian filter modelling the gain bandwidth eq.
(3.30) and the losses at the outcoupling facet. This yields the following expression for the
reflectivity of the external cavity rcav,DDE(ω)

rcav,DDE(ω) =
√
κ

γ

γ + iω
exp ([1− iαq]G0 + [1− iαq]Q0). (5.101)

The intensity reflectivities obtained from both models close to the threshold at different
values of the unsaturated absorption are presented in Fig. 5.19. For the pump power and
the unsaturated absorption, the linear parameter transformations (eq. (5.78) and eq. (5.74))
are used, which is sufficient for low values of N0 and n0. Furthermore, κg is calculated from
the pump power values (N0), while using a bandwidth of γ = 150 for the DDE model (eq.
(5.100)).
It is visible that across the central modes, both models lead to well matching results, if the
parameter transformations are applied. Due to the fact that only the linear relationships
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5 Dispersion Effects

Figure 5.19: Intensity reflectivity of the ex-
ternal cavity depending on the frequency rel-
ative to the cavity resonance frequency scaled
to a round-trip time of T = 625 ps. The reflec-
tivity of the DAE (DDE) model is shown in
red (blue). (a) and (b) indicate two different
pairs of parameter values for the pump pa-
rameter and the unsaturated absorption, de-
termined utilising the threshold equation of
the DAE model (5.91). The values used for
G0 and Q0 (DDE) are deduced by applying
the linear parameter relationships given by
eq. (5.78) and eq. (5.74). The gain band-
width in the DDE model is set to γ = 150
and κg is calculated from the relationship
(5.100). The dashed vertical lines mark the
full width half maximum of the DDE reflectiv-
ity (FWHM = 2γ) and the horizontal dashed
lines marks a value of |rcav,DDE(ω)|2 = 0.5.
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between the equilibrium carrier densities are used, the reflectivity of the DDE model is
slightly elevated for the chosen parameter set in (b). This can be further reasoned by the
slightly lower CW threshold in the model DDE for higher Q0 (see Fig. 5.16). From the dashed
vertical lines, indicating the position of the FWHM of rcav,DDE(ω), it can be deduced that
the values of G0 and Q0 do not influence the bandwidth in the DDE model. In opposition,
n0 and N0 strongly impact the bandwidth in the DAE model (see Fig. 5.17(a) and (d)),
despite the compensation introduced by adjusting κg according to eq. (5.100). Anyhow, a
good agreement between the two models is found for the central modes when altering the
pump and unsaturated absorption (see Fig. 5.16 (b)).

Ratio of the Differential Gain and Absorption

A last parameter that has to be compared is the normalisation factor s, which is proportional
to the ratio of the differential gain coefficients in gain and absorber as well as to the ratio
of the confinement factors. On that account, small carrier densities in the DDE model
are assumed so that the exponentials in the absorber equation can be expanded. This
simplification yields

d

dt
Q(t) =Q0γq − γqQ(t)− 2sQ(t) | E(t) |2 . (5.102)

In comparison, the equation in the DAE system reads

d

dt
n(t) = γq [n0 − n(t)]− sn(t) |e(t)|2 . (5.103)

From comparing the influence of the s parameters, it is possible to deduce sDAE = 2sDDE ,
which is related to the fact that a double pass of the absorber active section is assumed in
the derivation of the DDE model.
All determined transformations are summarised in Table 5.1, which also includes the param-
eter values used for the further investigation of the DAE system.
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Symbol Value Transformation
T 1 -
τ1,2 0.25 -
κg 168.5 γ = κg

(
1−N2

0
)√ 1

8N0

κq κq →∞ -
N0 0− 1 G0 = 2 log

(
hg−1+N0

1−N0

)
≈ 4N0.

n0 -0.289 Q0 = log
(
hq−1+n0

1−n0

)
≈ 2n0

γg 0.625 -
γq 112.5 -
αg 0 -
αq 0 -
η 0.995 κ = η2

s 4 sDDE = sDAE/2
hg,q 2 -

Table 5.1.: Parameter values used for numerical integration of the V-shaped DAE model (5.38)-
(5.44). All times and rates are normalised utilising a cavity round-trip time of T = 625 ps. Addition-
ally, the transformation to the corresponding DDE parameter is given.

5.4.3 Comparison of DDE and DAE Systems

Fundamental Mode-Locking Instabilities

In order to obtain a more detailed overview of the influence of the micro-cavities and the
related third-order dispersion effects on the stabilising dynamics, the DAE model is now
compared to the DDE model. At first, this is done by means of path-continuation of the
fundamental mode-locking solution. Although extensions of the DDE-biftool software for
DAE systems are in development, its standard version is utilised due to the more convenient
and well tested applicability [ENG02]. To be able to adequately include the DAE system into
the software, it is required to transform the algebraic equations into differential equations.
This can be done by adding a small differential contribution, which can be understood as a
reverse adiabatic elimination. Introducing ε� 1 as a scaling parameter, the transformation
of the algebraic equations exemplarily for the equation for Y−(t) reads

ε
d

dt
Y−(t) = e(t− τ2)− y(t− τ2)− Y−(t). (5.104)

The other two algebraic equations (5.42)-(5.44) are transformed accordingly using the same
value of ε.
As previously done in the bifurcation analysis of the DDE system (see section 4.2.3), the
investigation is started at a low round-trip time of T = 193 ps. This is reasoned by the fact
that not many multi-pulse states stabilise in this regime due to the broad pulse width relative
to the round-trip time. Hence, a lower round-trip time serves as an excellent starting point
to get a first overview of the dynamics. A 1D-bifurcation diagram of the FML solution (light
blue) and the continuous-wave solution (orange) continued using the DAE system is shown in
Fig. 5.20(a). It indicates the maximum electric field amplitude max (|E+|) in dependence on
the pump parameter N0. Stable dynamics are indicated by thick lines and unstable dynamics
by thin lines. For comparison, the 1D-bifurcation diagram of the FML and CW solution in
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Figure 5.20.: 1D-Bifurcation diagrams showing the maximum electric field amplitude in one period
of the solutions with respect to the pump parameter N0 for (a) the DAE model and (b) the DDE
model obtained using DDE-biftool. Light blue indicates the fundamental mode-locking solution along
the branch, grey corresponds irregular pulse structure and green to the PC2 solution. The continuous-
wave steady state solution is plotted in orange. Thick (thin) lines denote stable (unstable) dynamics.
The orange and red circles denote the lower (SN1,L) and upper (SN1,U) saddle-node bifurcations.
(c)-(d) One period (τp) of the electric field dynamics at the points of the solution branches indicated
by the black circles in (a)-(b). The round-trip time is set to T = 193 ps. The other laser parameters
and the linear conversion used for the pump power G0 are given in table 5.1 and ε = 0.001.

the DDE model is plotted in Fig. 5.20(b). To obtain an adequate comparability, the pump
parameter G0 from the DDE model is transformed to match the pump in the DAE model
N0 according to the linear conversion given in Table 5.1.
The fundamental periodic solution is born at the first Andronov-Hopf bifurcation along the
continuous-wave branch (black square in Fig. 5.20(a)-(b)) in both models. After the bifur-
cation point (N0 > NHOPF), the maximum electric field amplitude increases until a critical
pump power and then a saddle-node bifurcation (SN1,U) leads to a loop (fold) of the so-
lution branch (red circles). In the following, the maximum pulse amplitude decreases and
the branch stretches out to lower pump powers again. At a second saddle-node bifurca-
tion (SN1,L; orange circle), the branch loops once more and max (|E+|) begins to increase
again. Between the two saddle-node bifurcations (grey line) irregular pulse structures (many
inequidistant satellite pulses with random amplitudes) exist, which are periodic at approxi-
mately the cold-cavity round-trip time, but unstable. Therefore, they would not be expected
to be visible in experiments.
Although the 1D-bifurcation diagrams found for the two models are qualitatively similar
(c.f. 5.20(a)-(b)), the solution along the branches differ after the SN1,L point. In the DDE
model, a stabilisation of a PC2 pulse-cluster solution appears (green), which destabilises
as the branch loops again (not shown here, for details see section 4.2.3 and Fig. 4.9). In
contrast, a periodic solution characterised by two very wide pulses (pulse width ≈ 0.2T )
with a distance of ∆ ≈ 0.25 emerges for the DAE model. Nonetheless, this solution remains
unstable and the branch just continues to higher pump powers without any further loops.
A possible explanation for the differing bifurcation scenario after the first loop can be found
by investigating the pulse shape along the branches in more detail, of which a comparison is
given in Fig. 5.20(c) and (d). It indicates, that in contrast to the DDE results, satellite pulses
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Figure 5.21.: (a)-(b) 1D-Bifurcation diagrams obtained applying direct numerical upsweep in the
pump parameter N0. Plotted are the unique maxima of the electric field amplitude found in 300
round-trips at different values of N0 using (a) the DAE model and (b) the DDE model. (c)-(d)
Electric field dynamics of the DAE model at the N0 values marked by the vertical lines in (a). Panel
1 indicates the pulse shape, panel 2 corresponds to a pseudo space-time representation of the periodic
dynamics (colour code indicates the electric field amplitude |E+|) and panel 3 shows the intensity
autocorrelation up the first maximum. The autocorrelation is calculated via the Wiener-Khinchin
theorem using an intensity time-series of 1000 round-trips. The round-trip time is set to T = 193 ps.
The other laser parameters and corresponding conversions are given in table 5.1.

at the leading edge of the main pulse emerge along the stable periodic FML solution in the
DAE model. As discussed for the coupled micro-cavity system without gain and absorption
(see Fig. 5.15), the satellites appear due to the partial reflection of the pulse at the surface
of the micro-cavity. As this effect is not included into the DDE model, only a single pulse
is evident in Fig. 5.20(d). Due to the combined influence of the gain and absorption, only a
limited number of satellites is supported, in contrast to the empty micro-cavity system (see
Fig. 5.15). Based on the transformation of the DAE system to a PDE system (eq. (5.65)),
revealing the comparably strong third-order dispersion contribution, this can be interpreted
as a third-order dispersion effect.
Due to the appearance of the satellites, the complete pulse structure becomes too broad
in time with respect to the round-trip time for a PC2 solution to stabilise. Therefore, the
fat pulse solution occurs directly after the first loop of the solution branch. However, it
does not turn stable in the investigated parameter regime. The sequence of pulsed solutions
of different numbers can be interpreted similarly to the occurrence of higher-order pulse-
cluster solutions observed in the DDE system. In that case, the PCn solutions stabilise in
additional loops along the branch which emerge at characteristic elevated round-trip times.

151



5 Dispersion Effects

The higher round-trip times are required, to obtain a narrow pulse width combined with an
increased available gain so that a pulse-cluster can be formed22. For the DAE system, these
requirements are not met due to satellite pulses broadening the pulse structure and therefore
circumventing the appearance of PCn states at low round-trip times.
Despite the parameter conversion, the FML solution in the DAE system destabilises at
lower values of the pump parameter. Possible reasons for this again lie in the broader pulse
structure and the further amplification of the satellite pulses, which are a source of further
instabilities, i.e. the stabilisation of quasi-periodic states. It has to be highlighted that
pump powers N0 > 1 are not necessarily physical23 as the approximated reflectivity of the
CW solution (5.94) diverges and the reversed logarithmic conversion for the pump power
given in table 5.1 cannot be applied, as it converges to 1 for large G0

24. In consequence,
values of N0 > 1 are only used here to unravel the branch structure and G0 is transformed
according to the linear conversion equation G0 = 4N0 for all values.
On the account of exploring the impact of the third-order dispersion on the emergence of in-
stabilities, the 1D-bifurcation diagram is calculated by means of direct numerical integration.
An upsweep is performed in pump power N0, which corresponds to utilising the stabilised
dynamics at the previous parameter point as the initial condition for the next point in N0.
The unique maxima and minima of the electric field amplitude found in 300 round-trips are
then plotted for each investigated parameter point. The resulting 1D-bifurcation diagrams
for the DAE and DDE25 system are plotted in Fig. 5.21(a)-(b). Once more, the round-trip
time is set to T = 193 ps. Due to the divergence of the approximated continuous-wave re-
flectivity eq. (5.94) for N0 → 1, only the regime of N0 < 1 is investigated.
As determined from the path-continuation result, the FML solution is born from the CW
branch in both models and stays stable for N0 < 1. The region of two maxima close to
the CW branch refers to a regime of regular oscillations close to the Andronov-Hopf bifur-
cation point. When plotting all unique maxima, the satellite pulses occurring in the DAE
system become visible in the 1D-bifurcation diagram as a second small maximum at each
investigated pump power value (see Fig. 5.21(a)). The amplitude of the second maximum
grows slower with respect to the pump power, because they bleach the absorber much less
and therefore experience a lower net-gain [SCH20d]. Furthermore, the satellites experience
a higher amount of gain and absorption as they pass both active sections prior to the main
pulse. As discussed before, they do not occur in the DDE system (see Fig. 5.21(b)). It has
to be noted that the increase of the pulse maxima in the DDE model appears much stronger
in comparison to the branch determined using DDE-biftool. Nevertheless, this is just related
to the fact that the full logarithmic conversion equation is used here.
The characteristics of the FML solution at two points along the branch in the DAE system,
marked by dashed lines in Fig. 5.21(a), are presented in Fig. 5.21(c)-(d). The first panel

22A detailed discussion of the higher-order PCn states can be found in section 4.2.3.
23As visible from the bifurcation diagram in Fig. 5.20, the calculations also lead to reasonable results for

N0 > 1. This can be reasoned by the simplification of assuming a small electric field E+ ≈ 0 used in the
derivation of the reflectivity, which is not necessarily true in the investigated parameter regime far away
from the lasing threshold. Furthermore, it has to be highlighted that the reflectivity is approximated
for a CW solution and not a pulsed mode-locked solution. Thus, the reflectivity does not necessarily
diverge for the FML solution and the system still leads to reasonable results. Nevertheless, a large value
of N0 > 1 leads to unrealistically high reflectivity and therefore is not investigated here, aside from the
branch structure at low round-trip times.

24Vice versa it diverges for N0 → 1 when transforming N0 → G0.
25The transformation of the pump parameter G0 (DDE) to match N0 (DAE) is performed according to the

inverted logarithmic equation in table 5.1.
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5.4 Third order Dispersion

shows the pulse shape within one round-trip, the second panel indicates a pseudo space-time
representation of the dynamics and the third panel indicates the normalised intensity au-
tocorrelation. Comparing the pulse shapes in Fig. 5.21(c1)-(d1), one again notices that at
small values of the pump parameter, the satellite is almost not visible (c1), but its amplitude
increases with the pump power (d1). Due to the partial reflection at the upper surface of
the micro-cavity, another pulse grows at the leading edge of the satellite at sufficiently high
pulse amplitudes (see Fig. 5.21(d1)).
The pseudo space-time representation in Fig. 5.21(c2)-(d2) demonstrates (exemplarily for 12
round-trips) how the satellites remains stable from round-trip to round-trip and do not lead
to a destabilisation of the pulse train. Furthermore, it becomes evident that the temporal
drift of the pulse structure is very pronounced, i.e. the period deviates strongly from the
cold-cavity round-trip time due to the comparably large photon life-time κ−1

g chosen for the
investigation. Furthermore, the drift can be approximated from the PDE representation of
the DAE model (5.65) in absence of gain and absorption (and κq � 1). In this case, the drift
term is characterised by the first-order derivative with respect to σ, with a pre-factor of 4κ−1

g .
Therefore, the period can be approximated by τp ≈ T + 4κ−1

g . Opposing to that, the PDE
representation of the DDE model leads to a drift contribution of γ−1. Consequently, the
period can be estimated by τp ≈ T + γ−1, indicating a less pronounced drift (see Appendix
A.2 for a derivation).
As expected from the approximation of the period, the intensity autocorrelation of the FML
solution with satellite pulses exhibits clear maxima at τp ≈ T + 4κ−1

g for both investigated
pump powers (see Fig. 5.21(c3)-(d3)). The intensity autocorrelation is calculated applying
the Wiener-Khinchin using a time-series of 1000 round-trips. Due to the asymmetry of the
pulse structure, the satellite pulses only lead to a broadening of the maxima (compared to a
single pulse) and do not appear as distinguished structures in the autocorrelation trace. Fur-
thermore, the maxima in each autocorrelation trace indicate a narrowing at elevated pump
powers (see Fig. 5.21(c3)-(d3)), which has already been observed from the pulse shapes. This
is related to the gain bandwidth changing with the increasing gain and the narrowing effect
of the absorber.

Intermediate-Cavity Regime

After the initial discussion of the stable FML solution at low round-trip times, the parameter
is now adjusted to match experimental realisations of the V-shaped VECSEL (T = 625 ps)
[WAL16]. Again, the investigation of the dynamics is started with a path-continuation of the
fundamental mode-locking solution in both models. The obtained 1D-bifurcation diagrams
of the FML solution branch showing the maximum electric field amplitude in one period in
dependence on the pump parameter N0 are indicated in Fig. 5.22(a)-(b). Plotted in (a) is
the result for the DAE system and in (b) for the DDE system26. Again, the grey parts of
the branch indicate unstable, irregular periodic pulse structures.
As discussed in detail for the DDE system in section 4.2.3, the FML solution detaches from
the CW steady state and becomes a solitary branch at an elevated round-trip time. The
stable FML regime then is enclosed by two saddle-node bifurcations (SN1,U and (SN1,L),
instead of the first Andronov-Hopf bifurcation along the CW branch at the lower boundary
26The transformation of the pump parameter G0 (DDE) to match N0 (DAE) is performed according to

the inverted logarithmic equation in table 5.1 for all following results. Furthermore, it has to be noted
that only the detached FML branch is presented for comparison. For the full 1D bifurcation scenario see
Fig. 4.9.
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Figure 5.22.: 1D-Bifurcation diagrams showing the maximum electric field amplitude with respect
to the pump parameter N0 for (a) the DAE model and (b) the DDE model. Blue denotes the
fundamental mode-locking solution regime, while grey corresponds to an irregular pulse structure.
Thick (thin) lines denote stable (unstable) dynamics. The orange and red circles denote saddle-node
bifurcations. (c)-(d) Pulse shape at the points of the solution branches indicated by the black circles
in (a)-(b). The round-trip time is set to T = 625 ps. The other laser parameters and corresponding
conversions are given in table 5.1 and ε = 0.001.

(see Fig. 5.22(b)). Interestingly, the same bifurcation scenario appears for the DAE system.
As shown in Fig. 5.22(a), the FML solution branch is detached from the CW solution at
elevated round-trip times. Furthermore, the stable FML region is bound by two saddle-node
bifurcations (SN1,L and SN1,U), embodying the upper and lower loop (fold) of the branch.
Although an additional loop along the FML branch in the DAE system can be found at low
N0, it does not lead to the stabilisation of further solutions.
The position of the SN1,L point in N0 is quantitatively similar for both models, if the param-
eter conversion is applied. Yet, the destabilising bifurcation point SN1,U is found at lower
pump powers for the DAE model. This can again be reasoned by the additional satellite
pulses emerging in the DAE system. An exemplary plot of the electric field amplitude in one
period of the solution close to the upper bifurcation point is visualised in Fig. 5.22(c)-(d) for
both models. The shape of the main pulse remains very similar, while the satellite pulses
only appear in the DAE system.
Although the path-continuation results in qualitatively very similar branches across the mod-
els, the 1D-bifurcation diagrams obtained by direct numerical integration unravel the strong
destabilising influence of the third-order dispersion contributions. The numerical upsweeps
in N0 are plotted in Fig. 5.23(a)-(b), and are calculated as before.
The lower electric field maxima in the FML regime (blue dots) again indicate that the satel-
lite pulses are only present in the DAE model and that their amplitude increases with the
pump current. At a pump power of N0 ≈ 0.38, the FML solution destabilises27 and the
system transitions to a quasi-periodic pulsed state (MP1, pink dots). A characterisation of
the quasi-periodic solution at the pump values indicated by the vertical dashed lines in (a)
27When comparing the position of FML upper stability boundary obtained using DDE-biftool and the direct

numerical integration, slight deviations appear. These can be related to the alteration of the model,
required for the application of the DDE-biftool software. Furthermore, the temporal resolution used in
DDE-biftool is limited, due to the high memory and computational requirements, caused by the high
number of system variables.
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Figure 5.23.: (a)-(b) 1D-Bifurcation diagrams obtained applying direct numerical integration. Plot-
ted are the unique maxima and minima of the electric field amplitude found in 300 round-trips at
different values of the pump parameter N0 (up-sweep) using (a) the DAE model and (b) the DDE
model. (c)-(e) Electric field dynamics (DAE) at the N0 values marked by the vertical lines in (a).
Panel 1 indicates a representative pulse shape of the quasi-periodic dynamics, panel 2 corresponds to
a pseudo space-time representation of the quasi-periodic dynamics (colour code indicates the electric
field amplitude |E+|) and panel 3 shows intensity autocorrelation up to the first maximum. The
round-trip time is set to T = 625 ps. The other laser parameters and corresponding conversions are
given in table 5.1.
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is given in the panels (c)-(e). The exemplary illustrations of the pulse shapes in (c1)-(e1)
evidence that the number of satellite pulses contributing to the pulse structure grows with
increasing pump power, as found for the stable FML solution. However, at an intermediate
round-trip time the satellite pulses at the leading edge become strong enough to create an
instability similar to the case of the quasi-periodic temporally localised states discussed in
Reference [SCH20d]. As visible in the pseudo space-time plots in Fig. 5.23(c2)-(e2), the
satellite pulse in front of the main pulse continuously grows in amplitude until the gain is
depleted so strongly that the main pulse does not experience enough gain to compensate
the losses. Therefore, it decreases over several round-trips and eventually vanishes. In the
mean time, the satellite pulse becomes the new main pulse. This process repeats in a quasi-
periodic fashion. Due to the higher number of satellite pulses and a stronger amplification,
the exchange of the main pulse occurs at a higher frequency for an increased pump power
(see Fig. 5.23(e2)).
The temporal drift of the pulses appears less pronounced in the pseudo space-time plots
as well as in the traces of the intensity autocorrelation compared to the short cavity case.
This can be reasoned by the lower photon life-time relative to the round-trip time, resulting
from the enlarged cavity. Despite the quasi-periodic appearance of the solutions, the inten-
sity autocorrelation exhibits distinct maxima at ≈ T + 4κ−1. Together with the number of
unique maxima in the time trace, the autocorrelation can be utilised to identify the satellite
instabilities in an automatised way from the numeric results.
Similar instabilities, driven by third-order dispersion were reported for temporally localised
states in alike systems in References [SCH19b, SCH20d]. These instabilities are based on
the growth of a satellite, which ultimately steals all the gain form the main pulse. Further-
more, a wiggling instability was reported in Reference [HES21], which is characterised by
an oscillation of the pulse position. It is however not present in the investigated parameter
regime discussed in this work. Although the quasi-periodic states can lead to the occurrence
of side-pulses in the autocorrelation trace (see 5.23), their appearance strongly depends on
the length of the determined time-series. Therefore, it is unlikely that the experimentally
determined instabilities in the high-performance mode-locking regime reported in Reference
?? are driven by third-order dispersion effects. This is further supported by the low reflec-
tivity at the gain-chip surface, since it is antireflection coated.
In the DDE system (see Fig. 5.23(b), the FML solution destabilises as an additional net-gain
window opens at the position of the second gain pass of the pulse with increasing pump
power. This leads to the emergence of a new small pulse, depleting the gain at this position.
As the small pulse is further amplified, it collects all the gain, causing a disappearance of
the initial pulse (light orange region in Fig. 5.23(b)). A pseudo space-time plot of this type
of instabilities can be found in section 4.2.3 (see Fig. 4.6, a detailed discussion of this type
of instabilities caused by the cavity geometry is given in Reference [MEI21a]. In contrast
to the DAE system, the TOD contribution is overwhelmed by the filtering contribution in
the DDE system and therefore the system can stabilise onto periodic pulse-cluster solutions
at elevated pump powers (green and red dots in Fig. 5.23(b)). These destabilise in a cavity
related instability. As the cavity features are also included in the DAE system, it is possible
that a combination of the two instabilities (cavity geometry and third-order dispersion) could
arise.
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5.4 Third order Dispersion

Influence of the Unsaturated Absorption

In order to obtain a broader overview of the arising instabilities, the laser dynamics are
evaluated in the 2D parameter plane of the pump power and the unsaturated absorption
(N0, n0). The 2D-bifurcation diagrams are obtained by performing 1D upsweeps in pump
power for varied values of the unsaturated absorption28. For each parameter pair, the sta-
bilised dynamics are evaluated according to the characteristic features of the time-series.
The resulting 2D-bifurcation diagrams are shown in Fig. 5.24 for (a) the DAE system and
(b) the DDE system. The dashed black line corresponds to the n0 value used for the priorly
discussed 1D-bifurcation diagrams. Again, the first characterisation is performed at a low
round-trip time of T = 193 ps
For both models, the CW region denoted in orange is strongly pronounced, especially for
high absolute values of the unsaturated absorption. At the low round-trip times investigated
here, a continuous bleaching of the absorber is favoured, unless the pump power is drasti-
cally increased so that it compensates the losses and enables the emission of a broad pulse.
The black line at the lower boundary of the CW regime corresponds to the analytically
determined value of the lasing threshold eq. (5.91). It matches the numerically determined
boundary very well and hence serves as a verification of the numerical method. The analytic
threshold is in accordance with the numerical results of the DDE system (see Fig. 5.24),
validating the applied parameter conversions for the pump parameter, the unsaturated ab-
sorption and the losses η.
The teal region at the border of the CW regime corresponds to regular sinusoidal oscil-
lations with a very broad maximum and the minimum not stretching to a zero intensity.
These occur directly after the first Andronov-Hopf bifurcation along the CW branch (c.f.
Fig. 5.20), as the system slowly transitions from the CW to a pulsed state. Due to the width
of the maxima, these oscillations are classified in the "fat" pulse category (minimum pulse
width of 0.2T ). The shading of the FML region illustrates the pulse width (normalised to
a pulse width of 0.2T ), with broad pulses represented by dark blue. As discussed before,
the pulses become narrower when the pump is increased, at each value of the unsaturated
absorption. This is related to the incomplete bleaching of the absorber in the investigated
parameter regime, which leads to a narrowing effect as the leading edge of the pulse is ab-
sorbed [MEI21a].
At low values of n0, the FML solution destabilises at lower pump powers for both models.
In the DDE case (see Fig. 5.24(b)), the previously mentioned quasi-periodic cavity related
instabilities occur (see Fig. 4.6) at lower pump powers (Irr1; light orange), because the ad-
ditional net-gain window opens as the absorption is decreased. In contrast, the grey region
in the DAE results (see Fig. 5.24(a)) corresponds to very irregular dynamics, which are ei-
ther quasi-periodic or chaotic, but cannot be clearly distinguished or asserted to a satellite
instability. As discussed before (see Fig. 5.20), the upper stability boundary of the FML
solution is given by a saddle-node bifurcation. The corresponding bifurcation line in the 2D
parameter plane is indicated in red in Fig. 5.24(a) and is in accordance with the result of the
direct numerical integration. A characterisation of the dynamics in the (N0, n0) parameter
plane at an elevated round-trip time (T = 625 ps) is indicated in the 2D-bifurcation diagrams
in Fig. 5.25. Once more, the DAE results are presented in (a) and the DDE results in (b).
The round-trip time does not influence the threshold current in both systems and therefore

28The unsaturated absorption and pump parameters of the DDE model Q0 and G0 are transformed according
to the inverse logarithmic equations given in Table 5.1.
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Figure 5.24.: 2D-bifurcation diagrams in the 2D parameter plane of pump parameter and unsatu-
rated absorption (N0, n0) obtained by means of directly integrating the (a) DAE and (b) DDE model.
For the DDE model, the parameters G0 and Q0 are converted to match the DAE model according
to Table 5.1. The colour code distinguishes the dynamic regimes: fundamental mode-locking (blue);
continuous-wave lasing (orange); fat pulses (teal); unclassified dynamics (grey); The shading of the
blue region corresponds to the pulse width, normalised to a width of 0.2T . The red line corresponds
to the upper (SN1,U) saddle-node bifurcation (see Fig. 5.20). The black dashed lines corresponds
to the value of the unsaturated absorption used in the 1D-Scans in Fig. 5.20 and Fig. 5.21. The
round-trip time here is set to T = 193 ps. The other laser parameters are given in table 5.1.

the analytic expression (black line) again matches the numerical results very well. The CW
region is less pronounced in both cases (small orange region after the threshold) in compari-
son to the short cavity regime. This is reasoned by the photon life-time and gain bandwidth
γ being much lower relative to the round-trip time, which leads to narrower pulses. Hence,
the pulsed solution is energetically favourable to a continuous bleaching of the gain and ab-
sorber.
As known from the detailed investigation of the DDE system presented in section 4.2.3,
higher-order pulse-cluster solutions (PCn) emerge at elevated round-trip times. In an up-
sweep, these are separated by regions of a corresponding quasi-periodic instability resulting
from the cavity geometry (Irr1−5; light orange shading).
In contrast, the FML solution destabilises to a quasi-periodic satellite instability (light pink;
MP1) in the DAE system for a large region of unsaturated absorption values. This was
already visible in the previously indicated 1D-bifurcation diagram in Fig. 5.23(a) while the
characteristics of the solution are shown in Fig. 5.23(c)-(e). As the unsaturated absorption
is increased, the boundary between FML and MP1 shifts to higher pump powers, because
the higher absorption suppresses the destabilising influence of the satellites.
The path-continuation of the FML branch for both system unravelled that the upper and
lower stability boundaries of the FML solution are represented by a pair of saddle-node bi-
furcations SNn,L and SNn,U (see Fig. 5.22). Their bifurcation lines in the (N0, n0) plane are
indicated in orange and red in Fig. 5.25(a) and (b) and are in accordance with the numer-
ical result. Slight deviations of the bifurcation points found using the DAE system can be
reasoned by the adjustments necessary to implement the system into DDE-biftool (equation
(5.104)). In both models, the bifurcations collide at low absolute values of n0 and the FML
solution vanishes below that point. Thus, one can conclude that the bifurcation scenario of
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Figure 5.25.: 2D-bifurcation diagrams in the 2D parameter plane of pump parameter and unsatu-
rated absorption (N0, n0) obtained by means of directly integrating the (a) DAE and (b) DDE model.
For the DDE model, the parameters G0 and Q0 are converted to match the DAE model according
to Table 5.1. The colour code distinguishes the dynamic regimes: fundamental mode-locking (blue);
continuous-wave lasing (orange); fat pulses (teal); unclassified dynamics (grey); pulse-clusters with
two (light green), three (light red), four (yellow) and five (purple) pulses; irregular quasi-periodic
pulse-clusters (orange shading) and multi-pulsed states resulting from the influence of third-order
dispersion (pink shading). Dynamics corresponding to the multi-pulse state MP1 is indicated in
Fig. 5.21(c)-(e) and to MP2 in Fig. 5.26. The orange lines correspond to the lower saddle-node bi-
furcation (SN1,L) and the red line to the upper (SN1,U) saddle-node bifurcation (see Fig. 5.22). The
black dashed lines corresponds to the value of the unsaturated absorption used in the 1D-Scans in
Fig. 5.22 and Fig. 5.23. The round-trip time is set to T = 625 ps. The other laser parameters are
given in table 5.1.

the FML solution is very similar across the two models in the discussed parameter regime.
Despite the enlarged round-trip time, no regular PCn solutions become stable in the DAE
system in the investigated parameter regime29. This can be reasoned by the large influence of
the satellite pulses (i.e. third-order dispersion), broadening the pulse structure and leading
to instabilities. Nonetheless, a PC2 satellite instability (MP2) can be found at low unsatu-
rated absorption values and is indicated by the dark pink region (MP2) in Fig. 5.25(a).
The characteristics of the solution are visualised in Fig. 5.26. The temporal distance of the
two pulse structures is given by ≈ T/4 as visible from the exemplary electric field dynamics
in one round-trip, illustrated in Fig. 5.26(a). The non-equidistant temporal separation of
the pulses results from the double gain pass in the V-shaped cavity, which causes the pulses
to adjust their distance so that the gain is depleted equidistantly, i.e. in the energetically
most favourable way (for a detailed explanation see section 4.2.2).
As discussed for the FML instabilities, the satellite pulses of the PC2 structure grow in am-
plitude from round-trip to round-trip. Hence, the main (largest) pulse experience less gain
due to the stronger depleted gain and vanishes within several round-trips. As visible from
the pseudo space-time representation in Fig. 5.26(b), the growth and disappearance of the
pulses happens at the same frequency for the two pulse structures within one cluster, but
not simultaneously. Hence, the autocorrelation trace only indicates a small maximum at the
position of the second pulse structure (t ≈ T/4), although the number of pulses and the
29Stable PC2 solutions can be found at N0 > 2 and n0 = −0.29. However, this regime is not investigated

here due to the excessively high pump powers.
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Figure 5.26.: Electric field characteristics of an irregular PC2 (MP2) solution. (a) indicates the
pulse shape, (b) corresponds to a pseudo space-time representation of the quasi-periodic dynamics
(colour code indicates the electric field amplitude |E+|) and (c) shows the intensity autocorrelation.
The unsaturated absorption is set to n0 = 0.177, the pump to N0 = 0.9 and the round-trip time to
T = 625 ps. The other laser parameters and corresponding conversions are given in table 5.1.

general appearance of the two pulse structures appears similar at a first glance. However,
the small maxima in the autocorrelation trace can be utilised to clearly distinguish the MP2
from the MP1 instability in the automated evaluation of the dynamics.
If the pulse width or the influence of the third-order dispersion (number of satellites) is re-
duced, an MP3 instability can occur. This can be achieved by enlarging the round-trip time
or reducing the photon life-time κ−1

g .
In contrast to the DDE system, which transitions to a state characterised by wide pulses
(teal region in Fig. 5.25(b)) at high pump powers and low n0, the DAE system exhibits
chaotic dynamics (grey area in Fig. 5.25(a)) that are not further classified here as no correla-
tions between the states are found from the investigated properties of the time-series30. The
chaotic dynamics are related to a strong amplification of the satellite pulses at low values
of the unsaturated absorption and the additional influence of the V-shaped cavity geometry
allowing for pulses to collide in the gain.
It is possible to conclude that the FML region as well as the CW steady state follow a
very similar bifurcation scenario in both models. Yet, the strong influence of the third-order
dispersion leads to the emergence of further instabilities, circumventing the stabilisation of
regular multi-pulse states. It is to say that the chosen photon life-time is very high compared
to experimental values. Hence, a decrease of κ−1

g could potentially reduce the influence of
the third-order dispersion (c.f. pre-factor in the TOD contribution eq. (5.65)) compared to
the other contributions and enable the stabilisation of PC2 states at realistic pump powers.
Anyhow, the satellite instabilities still occur at very low κ−1

g as found for temporally localised
states in References [SCH19b, SCH20d].

30A possibility to distinguish chaotic and quasi-periodic dynamics would be the analysis of Poincare maps
(return maps). These are characterised by plotting the amplitude of pulse n in the time-series with respect
to the amplitude of pulse n+ 1. For chaotic dynamics, the resulting 2D map would then be continuously
filled, whereas in the case of quasi-periodic dynamics it would only fill in certain characteristic for the
quasi-periodic solution.
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5.5 Summary

In this chapter, the influence of dispersion on the dynamics of a passively mode-locked VEC-
SEL with a V-shaped cavity geometry was discussed.
On the account of investigating the impact of second-order dispersion (group-velocity disper-
sion), a generalisation of the Haus master equation was introduced. It enabled the application
of the Haus master equation approach in the previously inaccessible regime of strong gain
modulations, while the gain relaxation time is of the same magnitude as the round-trip time,
typical for mode-locked VECSELs. The generalisation consisted of a dynamical boundary
condition, connecting the gain value at the end of one round-trip to the value at the start
of the next round-trip. The boundary condition was formulated as an ordinary differential
equation, in order to be able to perform a path-continuation of the partial differential Haus
master equation system and to circumvent the inconveniences of an asymmetric map bound-
ary condition.
The generalised Haus master equation system was verified by comparing the results in dif-
ferent dynamical regimes to the well known ring delay differential equation model of mode-
locking, from which the Haus model can be derived. Of most importance were the quasi-
periodic QSML regime and the transition between harmonic mode-locking states, which
cannot be modelled using a standard Haus model. A good agreement was found between the
2D-bifurcation lines in different parameter planes ((G0, Q0) and (G0, γg)) in both dynamical
regimes. On that basis, a first investigation of the role of dispersion on the boundary between
QSML and fundamental mode-locking in the ring DDE was performed. It unravelled that,
if no amplitude-phase effects are present (αg = αq = 0), positive and negative dispersion
symmetrically shift the bifurcation lines to higher pump currents. This was reasoned by the
varied pulse-shaping mechanism, induced by the additional dispersion contribution, which
hinted at higher losses due to the excess bandwidth and the interaction with the absorber.
Including non-zero line-width enhancement factors lead to a strong asymmetry of the bi-
furcation lines with respect to the point of zero dispersion, due to the complex nonlinear
interplay of the phase effects. In this case, the lowest pump power at which the fundamental
solution exists and exhibits the highest pulse energy can be found at positive values of the
dispersion parameter.
Motivated by the successful application to the ring model, the generalisation (boundary con-
dition) was applied to the nonlocal Haus master equation model, derived for the V-shaped
system in the previous chapter, with the aim of investigating the impact of the GVD on the
pulse-cluster solution discussed in section 4.2. The extension was again verified by compar-
ing the accordance of the characteristic bifurcation points of the FML and PCn solutions
in models in the (G0, Q0) and (G0, γg) parameter planes. The comparison lead to a good
qualitative agreement.
At zero amplitude-phase coupling, the second-order dispersion parameter δ leads to a sym-
metric broadening and decrease of the pulse power around δ = 0 at the upper bifurcation
boundary of the FML and PC2 solution and therefore it is shifted to lower pump powers. In
contrast, the lower bifurcation boundary remains almost unaffected. Furthermore, an intro-
duction of non-zero α-factors leads to an asymmetric shift of the upper bifurcation boundary
to higher pump powers with the highest pump powers found at δ > 0. The pulse width and
pulse shape are strongly affected by the nonlinear interplay of the α-factors and the GVD.
Hence, their combination does not necessarily lead to the best result in terms of the pulse
width and pulse amplitude. Nevertheless, in accordance with experiments [WAL16], it could
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be concluded that a slight amount of dispersion can be beneficial to achieve better perfor-
mance figures and increase the pump power interval of stable operation. In further works,
it could be interesting to include the system into the path-continuation software PDE2Path
and unravel in detail how the bifurcation structure is changed by the influence of the GVD.

In the second part of this chapter, the influence of third-order dispersion was investigated.
On that account, a delay differential equation (DAE) system for the V-shaped VECSEL
was derived. It is based on treating the VECSEL setup as two coupled micro-cavities (gain
and absorber chip). In recent works, it was discussed that in a DAE system the third-order
dispersion contribution is not overwhelmed by filtering losses as in the DDE model and
therefore TOD related instabilities can be studied [SCH19b, SCH20d, HES21]. In order to
be able to sufficiently compare the results of the DAE and the DDE model of the V-shaped
VECSEL, conversions for the unsaturated absorption, pump parameter, cavity losses and
bandwidth parameter were found. A further advantage of the DAE system is the more real-
istic alteration of the gain bandwidth, if the pump power is adjusted. In the DDE system,
the gain bandwidth is determined by the fixed parameter γ.
Making use of the parameter conversions, the laser dynamics was compared applying di-
rect numerical integration techniques as well as a path-continuation of the fundamental
mode-locking branch at low and intermediate-cavity lengths (T = 193 ps and T = 625 ps).
Interestingly, the path-continuation results lead to a very similar branch structure for both
models. For low round-trip times, the direct numerical integration showed that the FML
solution stays stable in a regime of realistic pump powers. Nonetheless, the third-order dis-
persion effects in the DAE system lead to the appearance of satellite pulses at the leading
edge of the main FML pulse. At intermediate round-trip times, these pulses are amplified
strong enough to generate satellite instabilities, in which the satellite increasingly depletes
the gain at the leading edge of the pulse structure so that the main pulse disappears.
A further study of the destabilising influence of the TOD is performed by comparing the
2D-bifurcation diagrams in the parameter plane of pump power and unsaturated absorption
for both models. The numerical results are tested by finding an analytical expression for the
threshold current. At low round-trip times, the stabilising dynamics are very similar for both
models. The only difference lies in the very chaotic dynamics at low unsaturated absorption
values in the DAE model. Furthermore, in the DAE model no pulse-cluster solutions stabilise
as the round-trip time is increased. Nevertheless, a satellite instability of the PC2 solution
can be found. In further works, it could be interesting to perform a comparison at lower
(more realistic) photon life-times and lower absorption values. Due to the resulting narrow
pulse-width this yet requires very long computation time and a high memory capacity. Ad-
ditionally, the influence of the α-factors could be studied, as they can have a counter-acting
influence on the TOD driven instabilities.

The results of this chapter indicate that second and third-order dispersion can strongly
influence the bifurcation boundaries as well as the occurring instabilities. The presented
models allow for reasonable computation times, while being complex enough to include the
most important time scales. However, to further verify the influence of the dispersion effects,
it would be interesting to compare the results to the calculations performed using a fully mi-
croscopic model as suggested in References [MCL20, MCL21]. This could allow for a detailed
calculation of the different relaxation rates and especially deliver a valid approximation of
the α-factors. Furthermore, it could be interesting to include a third-order dispersion con-
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tribution into the Haus master equation, which can be phenomenologically done by adding
a third-order derivative term to the electric field equation. The resulting influence of the
TOD could then be compared to the results of the DAE model.
Furthermore, the DAE model allows to study the influence of a carrier grating, induced by
the interference at the surface of the gain chip, caused to the non-normal incidence of the
light. Additionally, a more in-depth bifurcation analysis could be performed, applying the
newly developed DAE extensions of the DDE-biftool software.
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6.1 Introduction

Next to altering the cavity geometry or controlling dispersive influences, a widely used tech-
nique to improve vertical external cavity surface-emitting laser setups is to alter the compo-
sition of the active gain chip [KEL06, GAA16, GUI17]. The most established organisation
of the gain chip consists of a back-side distributed Bragg reflector, a topside anti reflec-
tion coating and an active section characterised by multilayered quantum well structures
[GAA16, KEL06, GUI17]. Typically, a similar structure is added as a saturable absorber to
establish a mode-locked laser device [WAL16] (see section 3.2 for details).
The sought improvements aim at various characteristics of the laser device. Most impor-
tantly, the strive to enhance the maximum output power has to be mentioned, which can
already be adjusted by optimising the details of the QW arrangement, QW material com-
position as well as the positioning of barriers [GUI17]. For mode-locked devices, the most
important performance figures are an optimal interplay of pulse amplitude and pulse width
[KEL06, WAL16, GAA16], while maintaining minimum fluctuations of both quantities. En-
hancing the performance of the laser often is achieved by increasing the effective pump power,
while maintaining a stable emission state. Hence, different destabilisation mechanisms have
to be overcome when pushing the maximum possible pump power to higher levels. Especially
heat management becomes a critical factor. A possibility to resolve this issue, is presented
in References [KAH16, BEK17a, KAH19], where the gain chip is reduced to a thin semicon-
ductor membrane containing several QW layers, which greatly eases heat transfer. Further
destabilisation mechanisms that becomes important at higher pump powers are spatial and
spectral hole burning, leading to a saturation of the gain [KIL16, ALF17, MCL20]. Fur-
thermore, the technique of self mode-locking was pursued to possibly simplify the setup of
VECSEL devices [BEK17a, CHI20]. These investigations however did not lead to compara-
ble performance figures of standard mode-locked devices so far.
Alternative to the refinement of the QW layers in the gain and absorber chip, a possibility
to adjust the final laser properties at the stage of the epitaxial growth process is the further
reduction of the dimensionality of the active semiconductor sections. As already performed
in one dimension for quantum wells (2D structure), the spatial extension of the active ma-
terial is reduced the order of the de Broglie wavelength in one further dimension to achieve
a spatial localisation of the electron/hole states [LIN15b]. Specifically, a reduction to a 1D
semiconductor hetero structure can be exploited to construct nano-wire lasers, which greatly
profit from their integrability to nanophotonic devices [LI12, MAY13, MAY17, ZAP19]. More
important for mode-locked VECSEL structures is the reduction of the gain media to zero-
dimensional localisation centres for the charge-carriers (0D), namely semiconductor quantum
dots (for a more detailed introduction see section 2.1) [GRU02, LUE11a, CHO13a, JAH12,
LIN16, LIN15b].
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In monolithic laser diodes or VCSELs, quantum dots provide a large material gain, high
thermal stability and a fast gain recovery which is required for ultrafast data transmission
utilising direct modulation [SKO04, BER04a, LED07, GOM08]. In external cavity lasers aim-
ing at a high power CW output, they enable a fine tailoring of the emission wavelength via an
adjustment of their size (shifting the discrete quantum dot state energies) as well as a wide
wavelength tunability [GER08a, SCH09h, NEC19]. With regard to mode-locked VECSELs,
especially their strong inhomogeneous broadening (InAs QD system) is appealing, which can
be exploited to reduce the pulse width [HOF08a, HOF11a]. Implementing quantum dots in
the active section of the semiconductor saturable absorber mirror (SESAM) also profits from
the possibility to finely regulate the absorption wavelength [FIN20]. Additionally, the fast
carrier recovery is beneficial for the generation of ultra-short pulses [MAL06d, WIL09], which
makes QD SESAMs interesting candidates for solid-state mode-locked lasers [LUM09]. The
quantum dot area density can be altered conveniently during the growth process (up to a
certain limit determined by the growth process), which can be used to tailor the modulation
depth of the absorber. Equal to the gain structures, the inhomogeneous broadening leads to
a feasible broad absorption linewidth [FIN20].
The most established technique to obtain quantum dot structures, is the so-called Stranski-
Krastanov growth [STR37, STR38, LED96a, RAM97a]. In this technique, slightly above
one monolayer of the quantum dot material is deposited on a substrate with a differing
bandgap. At a critical thickness, quantum dots (pyramidal structures) form as a result of
the lattice mismatch [PET03a], which are then overgrown to finalize the device. Although
this technique is well-established and produces quantum dots well suited for laser applica-
tions [BIM97a, BHA99, GRI08a, GIE19, LIN15b], its downside is the low area density of the
quantum dots that strongly limits the gain per unit length [ARS12, LIN16, HER16].
On the account of combining the fast gain recovery of Stranski-Krastanov grown quantum
dots and the high gain of the well-established QW structures, a growth technique producing
submonolayer quantum dots (SMLQDs) was developed [EGO94a, KRE99, KRE01, HAU21].
These are 0D localisation centres, but with slightly differing electrical and optical properties
compared to Stranski-Krastanov grown quantum dots, due to the altered epitaxial growth
process. Stacks of SMLQDs are produced by repeatedly depositing layers of a lower-band
gap material (e.g. InAs) with a thickness below one mono-layer in between a higher band-
gap material (e.g. GaAs). Due the lattice mismatch, quantum dots with a high area density
form. These exhibit the advantageous properties of high gain and phase recovery as well as
low degradation rates [ARS12, LIN16, HER15b, HAR16a, HER16, HAU21], while allowing
for a high area density. Thus, they were successfully used as a gain medium in laser diodes
[KRE01, XU04a, LED07] as well as in VECSELs [GER08a, DUD17] and in saturable ab-
sorber mirrors [ADD21].
However, recent experiments on coupling a gain chip composed of submonolayer quantum
dots and a QW based saturable absorber have shown that instabilities can arise [ALF18].
In a simple approach, this was reasoned by the strong amplitude-phase coupling typical for
SMLQD structures [HER16, ALF18].
In this section, an alternative approach is pursued to provide a first overview of the influ-
ence of submonolayers as the active medium and unravel improvements as well as potential
instabilities. As the cavity geometry of the submonolayer VECSEL is very similar to the
device discussed in section 3.2, the derivation of a suitable theoretical model is started at
the DDE model for a V-shaped VECSEL with QWs in both active sections. Specifically,
the V-shape DDE model is extended by dividing the gain dynamics into an equation for the
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carrier dynamics in the 3D-bulk layer surrounding the active section and an equation for
the occupation probability of the active submonolyer quantum dot states. To couple the ad-
justed carrier equations to the V-shape DDE model (see section 3.3), the phenomenological
approach presented in [VIK06, VLA10] is followed. It is based on coupling the state occupa-
tion probability to the DDE system by finding an adequate gain factor that is multiplied by
the population inversion. The description of the electric field and the field carrier interaction
is adopted from the DDE system.
The chapter is structured as follows: In the first section 6.2 the V-shape DDE model is
extended to model a laser device with an SMLQD gain medium and QW based saturable
absorber as in [ALF18]. In the following section 6.3, the derived model is then used to
perform a first comparison of how the coupling between the bulk layer and the active states
can influence the dynamics. Especially the stability with regard to a strong amplitude-phase
coupling, described by the α-factors, is investigated. The chapter closes with a summary
and conclusive remarks 6.4.

6.2 Expanded Model
6.2.1 Phenomenological Derivation

In the previously discussed V-shape DDE model (3.48)-(3.51) (See section 3.3 for the full
derivation), the charge-carrier dynamics in the active sections are solely described by means
of the integrated carrier densities across the summed up quantum well stacks combined with
a linear gain function. To incorporate more of the characteristics of a submonolayer based
gain section, this model is adjusted here to be able to describe the mode-locked VECSEL
experimentally realised in Reference [ALF18]. The device consists of a standard quantum
well absorber chip and a gain chip with submonolayer quantum dots arranged in the standard
disk laser geometry.
The SMLQD carrier dynamics are described by means of the phenomenological approach
presented in References [HER16, LIN16]. In these works, the ultrafast microscopic carrier
response of SMLQD devices to optical pulses was investigated and required a division of
the SMLQDs into subgroups based on their confinement energy [HER16, LIN16]. However,
the diffusive relaxation coupling among the subgroups, also responsible for a high damping
[LIN16], acts on a time scale that is several magnitudes faster than the round-trip time of
the VECSEL. Consequently, including the distinction of the subgroups and their coupling
would lead to an immense increase of the computation time due to the long integration
times required to adequately describe the VECSEL mode-locking states. This work focuses
on the qualitative investigation of the mode-locking dynamics, therefore an average over the
SMLQD subgroups is performed. The same approach was followed to successfully reproduce
experimentally found locking effects in a SMLQD laser diode under optical feedback in
Reference [HAU21]. It has to be mentioned that the effect of spectral hole burning is lost
when averaging over all subgroups [HAU21]. However, the experimentally determined input-
output curve behaved linearly not showing gain saturation effects to pump current values
up to J ≈ 6Jth [ALF18], which is the current range under investigation in this work. In
consequence, a neglection of the gain saturation effects based on spectral hole burning can
be justified. Nevertheless it has to be pointed out that for ultra-short pulses on the order of
the scattering times spectral hole burning can become a very important effect.
As in the QW V-shape DDE model, the amplitude-phase coupling in the SMLQD device
is modelled by constant α-factors. These also approximate the influence of the inactive
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SMLQD states, which typically lead to a strong phase response [HER16, OWS20].
The submonolayer quantum dots states are not filled directly, but mainly via the scattering of
electrons from the optically pumped 3D-bulk surrounding the SMLQDs [LIN16]. Thus, the
gain dynamics are modelled by the mean occupation probability of the SMLQDs ρ(t) and the
charge-carrier densities n(t) in the bulk reservoir. To adequately reproduce the amplification
provided by the SMLQDs, the population inversion of the subgroups is multiplied by a gain
factor gg that can be approximated from the small signal response1 of the gain chip [ALF18,
LIN15b]. Following the approach presented in Reference [VIK06, VLA10] the dimensionless
integrated carrier density G(t) in the DDE model is therefore calculated from

G(t) = g0lg [2ρ(t)− 1] = gg [2ρ(t)− 1] , (6.2)

where g0 is the small signal gain in m−1 and lg is the length of the active section [VLA10].
The two quantities are summarised in the dimensionless small signal gain gg. One could
potentially calculate the gain parameter from microscopic calculations [MEI19].
Using the same equations for the occupation probability of the SMLQDs ρ(t) and the charge-
carrier densities n(t) as introduced in [HAU21] and coupling them to the V-shape DDE model
as done for the ring DDE model in [VIK06, VLA10] one obtains the following set of equations
for the V-shaped VECSEL with SMLQD gain

d

dt
E(t) = −γE(t) + γE(t− T )R(t− T ), (6.3)
d

dt
ρ(t) = −γρρ(t) +R [ρeq(t, ng(t))− ρ(t)]−

[
eG(t) − 1

]
×
[
| E(t) |2 + | E(t− 2τ2) |2 e2Q(t−2τ2)+G(t−2τ2)

]
, (6.4)

d

dt
ng(t) = Jg

hbulk
− γnng(t)− 2nSML

hbulk
R [ρeq(t, ng(t))− ρ(t)] , (6.5)

d

dt
Q(t) = Jq − γqQ(t)− s

[
e2Q(t) − 1

]
eG(t) | E(t) |2, (6.6)

R(t− T ) =
√
κe

1−iαg
2 [G(t−2τ1)+G(t−T )]+(1−iαq)Q(t−T ). (6.7)

Here, the electric field and absorber equation are exactly the same as in the QW V-shape
model (3.48)-(3.51). Importantly, γn and γρ describe the carrier relaxation rates of the 3D-
bulk and the SMLQD states respectively, which can differ strongly. Other new parameters
are the SMLQD area density nSML and the effective bulk reservoir thickness hbulk. If a
dimensionless formulation is required, ng(t) can be normalised to the thickness of the bulk
section and the areal density of the SMLQDs according to ng(t) = n∗(t)hbulk/nSML. The
other parameters are defined as before, but the pump current is defined as a pump current
density. An overview of the symbols and the used parameter values is given in Table 6.1.

1The amplification of the electric field during one round-trip T when passing the gain once can be approxi-
mated by

E(t) = rE(t− T ) = eln(r)E(t− T ) ≈ eG(t)E(t− T ) = e(2ρ(t)−1)ggE(t− T ), (6.1)

where r is the small signal reflectivity of the gain chip. A mean occupation probability of ρ ≈ 0.7 − 0.8
is assumed, which corresponds to an intermediate pumping level well above the threshold. The same
expression can be found from the electric field equation of the DDE model (3.48) in the situation of an
unlimited bandwidth γ →∞ and therefore can be understood as the amplification of the maximum gain
mode. Thus, the gain factor is approximated by gg = ln(r)/(2ρ− 1).
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Another differing parameter is the normalisation factor s that is mainly determined by the
ratio of the differential gain and absorption coefficients in the QW model. As the gain
equation is not modelled by an integrated carrier density here, the factor s has a different
definition2, but is of the same order of magnitude. The relaxation rates are chosen according
to the fit performed in [HAU21].
The coupling between the 3D-bulk and the SMLQD states is mediated by the SMLQD
quasi-equilibrium occupation probability ρeq(t, n) and the scattering rate R. The latter is
dependent on the pump current according to

R = R0

(
Jg
Jtr

)2
, (6.9)

where R0 is the scattering rate at transparency and Jtr is the transparency pump current
density (i.e. the pump current value at which the reflectivity of the chip is unity). The
quadratic influence of J on the coupling rate is motivated by the quadratic relationship be-
tween charge-carrier scattering rates (from the 3D-bulk reservoir into the 0D SMLQD states)
and the carrier density [WIL12b, LIN16, HAU21].
The SMLQD quasi-equilibrium occupation probability ρeq(t, n) is modelled by a Fermi-
function of which the quasi-equilibrium Fermi level EF, depends on the charge-carrier density
n(t). The Fermi-function reads

ρeq(t, ng) =
[
exp

(
ε̄SML − EF(t, ng)

kBTL

)
+ 1

]−1
, (6.10)

where ε̄SML is the mean SMLQD confinement energy with respect to the bulk reservoir band
edge, m∗ is the effective mass, TL is the lattice temperature. Importantly EF is determined
via the Pade approximation given in [COL95]:

EF(t, ng) =kBTL{ln[ñg(t)] + A1ñg(t) + [K1 ln[1 +K2ñg(t)]−K1K2ñg(t)]}, (6.11)

with ñg(t) = ng(t)/nC and the effective density of states nC is given by

nC = 2
(
m∗kBTL

2π~2

)3/2
. (6.12)

The coefficients to approximate the 3D Fermi integral are A1 = 1/
√

8, A2 = −4.95009 ×
10−3, K1 = 4.7 and K2 =

√
2|A2|/K1 and are taken from [COL95]. In the final sys-

tem the electron scattering between the optically pumped bulk layer to the active states
depends on the carrier density. The inclusion of this physical effect is important to de-
scribe the higher damping typical for submonolayer or Stranski Krastanov quantum dots
[LIN13, ROE15a, LIN15b, LIN16, HAU21]. Here, the carrier exchange between the 3D-bulk
and active states is mediated by the quasi-equilibrium occupation probability characteristic
for submonolayer quantum dots [LIN16, HAU21].

2The conversion factor s for the SMLQD model can be written as

s = gqΓq∆zgn(QD), (6.8)

where gq is the differential gain of the absorber, ∆zg is the thickness of the gain section, Γq is the
confinement factor in the absorber section and n(QD) is the area density of the quantum dots in the gain.
The initial normalisation leading to the definition of s in the QW model is presented in section 3.2 starting
at equations (3.42)-(3.43). A rigorous derivation of the V-shape model with an arbitrary gain function
can be found in Reference [MEI21a] chapter 5.2.
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Symbol Value Normalised Meaning
T 0.625 ns 1 Cold cavity round-trip time
τ1,2 0.15625 ns 0.25 Length of the cavity arms
γ 3200 ns−1 2000 Gain/filter Bandwidth
Jg 240 · 1011 ns−1 cm−2 150 cm−2 Gain pump current density
Jq -16 ns−1 -10 Pump rate in the absorber
γρ 24 ns−1 15 Relaxation rate active SMLQD states
γN 0.528 ns−1 0.33 Relaxation rate 3D-bulk
γq 500 ns−1 312.5 Absorber Non-radiative relaxation rate
R0 240 ns−1 150 3D-SMLQD coupling rate at transparency
αg 0 0 Gain line-width enhancement factor -gain
αq 0 0 Absorber line-width enhancement factor
κ 0.98 0.98 Intensity losses at the output coupler
s 2 2 Normalisation factor
gg 0.05 0.05 Gain factor
m∗ 0.07me 0.07me Effective mass
ε̄SML 60meV 60meV SMLQD confinement energy
TL 300K 300K Lattice Temperature
hbulk 53.0 nm 53.0 nm effective bulk reservoir thickness

Table 6.1.: Parameter values used for numerical calculations. The applied normalisation is with
respect ot the cold-cavity round-trip time so that the time is dimensionless. Parameters chosen to
adapt the experimental values in [HAU21, ALF18]. Here, me denotes the electron mass.

Discussion of the Model

The derived model offers the possibility to study the dynamics of different mode-locking
states in a mode-locked VECSEL with a SMLQD-based gain chip. It further allows an in-
vestigation of the role of the coupling between the 3D-bulk reservoir and the active SMLQD
states. However, several simplifications have to be kept in mind when interpreting the results
in the following.
Firstly, one could model the charge-carrier dynamics of the absorber similar to the gain
as already introduced for a monolithic quantum dot device in References [VIK06, VLA10].
However, the absorber relaxation rates are several magnitudes faster than in the gain, which
is why the description of the absorber remains unchanged with regard to the well-established
integrated charge-carrier description in the DDE model [VLA04, VLA05, VLA09, HAU19].
Nevertheless, describing the usage of a SMLQD absorber would make the transformation
necessary [ADD21].
As before, the influence of the gain bandwidth is modelled by a Lorentzian filter, which
limits the distinction between the luminescence features of Stranski-Krastanov (SK) quan-
tum dots, SMLQDs and QWs. Electro-luminescence and photo-luminescence spectra of
amplifying devices based on the two types of quantum dots were investigated in References
[LIN16, ALF18, HER19], which unravelled strong differences due to the different density of
states. Including the frequency dependence of the gain by taking into account the different
recombination energies across the SMLQD subgroups would allow to model spectral hole
burning, which can be a limiting factor for QW based VECSELs [ALF18]. Reintroducing
the distinguished modelling of the subgroups would either require the dynamic description
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of the polarisation or a more complex treatment of the susceptibility, if the polarisation is
adiabatically eliminated. Furthermore, it would enable the investigation of varied scattering
rates across the subgroups3. However, the Lorentzian filter approximation is still appealing
as it allows to obtain a first overview of the dynamics at pulse widths in the ps range while
maintaining reasonable computation times.
Furthermore, the averaging over the subgroups and neglection of the inactive states makes
the introduction of an α-factor necessary to approximate the phase response of the system.
When choosing parameter values for αg and αq, which are typically high in SMLQD devices,
one has to keep mind that in the DDE model all modes experience the same α-factor. There-
fore the influence of αg,q can quickly be overestimated [HER16].
As previously discussed, all transverse effects are neglected here as the laser is assumed
to operate in a flat, single Gaussian transverse mode. Taking into account the transverse
dimension together with a microscopic approach would be necessary for a detailed investi-
gation of spatial hole-burning effects [MCL20, MCL21]. Nevertheless, the further inclusion
of microscopic effects would greatly increase the complexity and computational demands.
Consequently, it would not allow for the investigation of the mode-locking dynamics in the
intermediate or long cavity regime over several thousand round-trips.
Finally, it has to be pointed out that a similar approach to the one presented here could
be pursued to find a model which takes into account the confinement and scattering of the
charge carriers in QW based devices in more detail. Important differences are that in con-
trast to the case of SMLQDs, the spatial localisation of the electron/hole states is only in one
dimension in QW structures. Therefore, one does not obtain discrete states and the band
structure is continuous. Furthermore, one would have to model the characteristic details
of the coupling between the 3D reservoir and the 2D quantum well states as suggested in
References [ROS11a, ALF17].

6.3 Influence of the 3D-Bulk to SMLQD Coupling Rate
One of the most critical differences between the model derived in this chapter (6.3)-(6.7)
and the previously discussed QW model (3.48)-(3.51) is the introduction of the scattering
between the pumped 3D-bulk and the active states, mediated by the scattering rate R0.
If the scattering rate is very large (R0 > 1600 ns−1), the filling of the active states occurs
almost instantly and hence it approximates the situation of directly pumped active states.
In this case, the SMLQD model becomes very similar to the QW model, as the bulk states
lose their influence, it is referred to as QW-like in rest of this section. In contrast, the
scattering for the SMLQD case is approximated by a value of R0 = 240 ns−1. This value
is based on the theoretical reproduction of feedback experiments based on a SMLQD laser
diode in Reference [HAU21] and is in accordance with the values determined in other works
on SMLQD devices [LIN16].
The strong influence of the coupling can firstly be understood when investigating the re-
laxation oscillations (ROs) in the turn on dynamics of a simple SMLQD laser diode using
the model outlined in [HAU21]. Relaxation oscillations are defined as oscillations in the
electric field amplitude and the carrier frequency, occurring during the relaxation of the
system towards a stable fixed-point solution after experiencing a perturbation or in the
turn on process of the laser [LIN15b]. Their damping ΓRO and frequency ωRO of the os-

3A detailed overview of how the subgroups can be included separately is given in chapter 2 of Reference
[LIN15b] for SK quantum dots.
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Figure 6.1: Relaxation oscillations of a
SMLQD-based edge emitting laser diode as
presented in [HAU21]. (a) Electric field dy-
namics (b) Dynamics of the population inver-
sion, calculated from the occupation proba-
bility of the SMLQD states ρ(t). The red line
corresponds to an instantaneous coupling be-
tween 3D-bulk and SMLQD states and the or-
ange line to a slow (SMLQD typical) coupling.
The parameters and model are the same as in
Reference [HAU21] and J = 400 ns−1.
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cillations are determined by the characteristic time-scales of the laser systems. External
injection of the laser device can lead to strong alterations of the relaxation osciallations
[KEL12a]. Furthermore, when the laser is subject to optical feedback, especially the os-
cillation frequency becomes of high relevance. If the ωRO lies close to the feedback fre-
quency, limit cycle solutions oscillating at approximately the RO frequency can become
undamped and destabilise the CW fixed-point solution, ultimately leading to a chaotic out-
put [MOR92, HEL90b, RIT93a, TYK16, KEL17b, HAU21].
The influence of the scattering rate R0 on the ROs of a SMLQD diode is indicated in Fig. 6.1,
where the orange line corresponds to R0 = 240 ns−1 and the red line to R0 = 1600 ns−1.
The calculations are performed utilising the model and parameters introduced in Reference
[HAU21]. Plotted in (a) is the dynamics of the electric field amplitude and in (b) the pop-
ulation inversion. One notices that the damping is strongly increased for lower scattering
times with respect to an almost intermediate coupling between 3D-bulk and active states.
The stronger damping is typical for quantum dot devices [LUE08, LUE11a]4. In contrast,
the frequency of the relaxation oscillation is lower for low scattering rates (fRO ≈ 0.7 ns−1)
compared to the case of a direct coupling (fRO ≈ 0.9 ns−1). The lower damping at high scat-
tering rates can be reasoned by the direct coupling between the 3D-bulk and active states,
which leads to a direct transfer of perturbations from the SMLQD states to the reservoir
[LIN15b]. In this case, one could adiabatically eliminate the reservoir dynamics and a single
equation for the carriers would suffice to describe the dynamics [LIN15b]. For lower R0, the
scattering delays the transfer of perturbations from the active states to the reservoir, which
leads to an increased damping. Hence, this simple example already indicates the strong
influence of the scattering rate on the laser dynamics and the reaction to perturbations.
A thorough investigation of the turn on dynamics of quantum dot lasers can be found in
References [LUE11a, OTT13, LIN15b]. Here, the attention is now turned to the role of the
coupling rate in the V-shaped VECSEL setup.
The dynamics in the fundamental mode-locking regime of a V-shaped VECSEL for differ-
ent scattering rates R0 is shown in Fig. 6.2. The plotted time-series are obtained by direct
numerical integration of the V-shape SMLQD model (6.3)-(6.7) for different values of R0,

4It has to be mentioned that the strong damping also relies on microscopic scattering effects and different
relaxation rates of electrons and holes not included into the relatively simple model used here. For details
on the modelling of quantum dots, see References [LUE11a, OTT13, LIN15b]. Furthermore, it has to
be distinguished between Stranski-Krastanov QDs and SMLQD [LIN16, HER16, OWS20], which however
both show a much higher damping than lasers based on bulk active sections.
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Figure 6.2: Dynamics in the regime of
fundamental mode-locking found for the
SMLQD-based V-shaped VECSEL by ap-
plying the model (6.3)-(6.7). (a) Dynamics
of the electric field amplitude (b) Gain Dy-
namics (c) Dynamics of the charge-carrier
density in the bulk (normalised to the
maximum) and (d) Dynamics of the net-
gain according to eq. (6.13). The differ-
ent coloured lines correspond to the differ-
ent scattering rates R0 given in the legend
(dark blue - fast coupling, light blue - slow
coupling). The other laser parameters are
given in Table 6.1 and Jg = 110.

depicted by the different colours. In the electric field dynamics in Fig. 6.2(a), one notices the
strong influence of the scattering rate on the pulse width as well as on the pulse amplitude.
In case of a slow scattering, the pulses are much wider than in case of a fast scattering. The
reason for this lies in the recovery of the gain (population inversion of the active states),
which is plotted in Fig. 6.2(b). If the carriers transition almost instantly from the 3D-bulk
into the active states (dark blue), the gain directly enters a state of exponential recovery
after a depletion. In contrast, the gain stays depleted for a longer period of time, if the
scattering is slow (light blue). Following a short interval of a steep recovery, the dynamics
transitions to the usual exponential relaxation. The altered course of the gain relaxation
can be reasoned by the slow scattering and the fact that only the active states are depleted
as the charge carriers in the reservoir do not interact with the electric field. Hence, the
3D reservoir is only depleted as the active states are refilled after the pass of a pulse. The
slow scattering leads to delayed onset of the 3D-bulk depletion and therefore to a delayed
onset of its exponential recovery (see Fig. 6.2(c)). The short phase of steep gain relaxation
corresponds to the onset of the recovery of the 3D-bulk (end of the depletion).
A quantity that often is used to classify the mode-locking stability, is the so-called (intensity)
net-gain [NEW74, HAU00, JAU17a]. It is defined by the summed up gain and losses at each
point in time during one round-trip. In case of the DDE model, one obtains the following
expression for the net-gain G(t) when taking into account the gain and loss terms resembling
the field carrier interaction terms in the electric field equation

G(t) = G(t− 2τ1) +G(t− T ) + 2Q(t− T ) + ln(κ). (6.13)

If the net-gain is positive, small perturbations can be amplified and therefore lead to a desta-
bilisation of the system. In contrast, if the net-gain is negative, perturbations die out. As
already visible from Fig. 6.2(d) a mode-locked pulse is accompanied by an open net-gain
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window (G > 0) [NEW74, HAU00]. It results from the saturation of the absorber, which
leads to the gain being larger than the accumulated losses5. The course of the net-gain
indicates that there is only enough gain to support one pulse in the cavity (for one net-gain
window to open), characteristic for the FML regime.
For an almost instantaneous coupling (see Fig. 6.2(d) dark blue curve), the net-gain window
only opens for a short time interval, and as it closes the net-gain value decreases substantially
as the absorber recovers from the saturation. If the coupling between 3D-bulk and active
states is slower compared to the instantaneous case (see Fig. 6.2(c,d) light blue curve), the
net-gain window remains close to 0 after the initial gain-pulse interaction. This results from
an interval of an almost constant gain after the initial depletion (see Fig. 6.2(b), light blue
curve) combined with the bleaching of the absorber. Thus, the broader net-gain window
leads to a broader pulse. However, one could understand the open net-gain window in a
reversed way, i.e. to be resulting from a broad pulse that saturates the absorber for a longer
period of time. In both cases, one can conclude that the pulse shape and form of the net-gain
window behave in the energetically most favourable way with regard to the net amplification
of the pulse, depending on the critical time-scales of gain and absorber. In case of the slow
scattering rate, it is energetically favourable for the pulse to broaden to experience more
gain, which leads to a decrease in amplitude compared to the fast scattering at the same
pump level.

6.3.1 Comparison of Fast and Slow Coupling

In order to further investigate the role of the scattering between 3D-bulk and active states
in a V-shaped VECSEL setup, a direct numerical integration of the model (6.3)-(6.7) for
varied parameter values is applied, followed by an analysis of the resulting time-series. At
first, the pump parameter is investigated, as it is the most easily tunable parameter in an
experiment.
A 1D-bifurcation diagram for scattering rates of R0 = 240 ns−1 (light blue) and R0 =
1600 ns−1 (dark blue), is shown in Fig. 6.3(a). Plotted are all unique maxima of the electric
field amplitude, detectable in 60 cavity round-trips. From an experimental point of view the
bifurcation diagram can be understood to be similar to an input-output curve. As the system
is highly multi-stable, fundamental mode-locking solutions (FML), stable at Jg/Jtr = 2.25
for R0 = 240 ns−1 and Jg/Jtr = 3.25 for R0 = 1600 ns−1 are used as the initial condition
of the integration at each parameter point. Here, Jtr is the pump current at transparency,
which can be approximated as the point at which the population inversion is reached, i.e.
ρtr = 0.56. The stable solutions are determined at different pump powers in order to start
the integrations at similar pulse amplitudes for both scattering rates.
The 1D-bifurcation diagrams depict that the maximum electric field amplitude7 relatively
increases much faster for the faster relaxation rate at lower pump currents (Jg/Jtr < 4. This

5Here, one has to note that the charge-carrier equations are shifted in time as introduced at the end of
section 3.3. In an experiment, the gain and absorber chip are well separated, but the mechanism of an
open net-gain window resulting from the saturation of the absorber can still be applied.

6For R0 = 240 ns−1, a transparency pump current of Jtr = 79.2 · 1011 ns−1 cm−2 is found and for R0 =
1600 ns−1 a transparency pump current of Jtr = 76.8 · 1011 ns−1 cm−2.

7Please note that a normalisation with respect to the maximum pulse amplitude Esat at the saturation for
R0 = 1600 ns−1 is performed here to obtain a better comparability of the increase. However, the pulse
amplitude saturates to an almost identical value for R0 = 240 ns−1. A discussion of the absolute pulse
energy is presented in the next subsection.
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Figure 6.3.: (a) 1D-bifurcation diagrams obtained by direct numerical integration showing the be-
haviour of the unique maxima of the electric field amplitude (in 60 round-trips) with respect to the
pump Jg. The amplitudes are normalised to the saturated global maximum amplitude found in the
current interval Esat for R0 = 240 ns−1, which is almost equal for both R0. The different colours refer
to different scattering rates as given by the legend. The bifurcation diagram is obtained by seeding
a stable FML solution at every point in Jg. (b) Same bifurcation diagram, but with pulse width
(FWHM) on the y-axis. (c1−2) and (d1−2) indicate a zoom of the pulses and the respective net-gain
in the saturated FML regime for different R0 at the parameter points marked by the black circles in
(a). The laser parameters are given in Table 6.1.

is connected to the gain relaxation scenario and the broader pulse shape (longer open net-gain
window) discussed before. Furthermore, it is evident that the FML solution destabilises at
lower pump currents, if the relaxation rate is increased. The destabilisation is accompanied
by a second local maximum occurring in the pulse shape, as indicated in Fig. 6.3(c1). These
local maxima begin to oscillate as the pump power is further increased, which leads to a
high number of unique maxima in the diagram obtained for R0 = 1600 ns−1 (see Fig. 6.3(a),
dark blue). In contrast, the system stabilises on a pulse-cluster with two pulses (PC2), if the
scattering rate is at R0 = 240 ns−1. However, it is important to say that the unstable FML
solution is also found for the lower scattering rate and therefore the different bifurcation
scenario results from the PC2 attractor lying closer to the FML initial condition than the
unstable FML solution.
At pump powers slightly below the destabilisation point of the FML solution, the maximum
pulse amplitude saturates in both cases. This can be connected to the interplay of pulse
width and the full saturation of the absorber. As depicted in Fig. 6.3(b) the pulse width
rises until a critical point in Jg and then decreases to a local minimum. This local minimum
in pulse width coincides with the onset of the saturation of the pulse maximum. For both R0,
the local minimum can be found at the point at which the absorber is completely saturated
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and hence it is energetically favourable for the pulse to broaden than to grow in amplitude.
The same behaviour of the pulse width exhibiting a local minimum at the point at which the
absorber is fully saturated was found in an investigation of the QW DDE model in Reference
[MEI21a] Chapter 5.3.2.
As the pulse amplitude increases slower with respect to the pump current for lower R0, the
absorber saturation point is reached at a higher point in pump power in comparison to the
almost direct scattering. This can again be reasoned by the broader pulse shape, caused by
the delayed depletion of the 3D reservoir as explained before (see Fig. 6.2(c)). The net-gain
and the pulse amplitude in the vicinity of the pulse maximum at a pump value above the
saturation (marked by black circles Fig. 6.3(a)) for both scattering rates are indicated in
Fig. 6.3(c1)-(d1). The phase of quick gain recovery while the absorber is saturated causes a
short second interval of positive net gain. The second open net-gain window leads to a second
local maximum along the pulse as visualised in the close-ups of the pulses in Fig. 6.3(c1)-
(d1). As discussed before, the effect is more pronounced if the scattering rate is lower and the
reservoir experiences a delayed depletion. The second maximum causes the destabilisation
of the FML solution, leading to a transition to the PC2 solution in case of low R0 and to
oscillating side maxima in case of high R0.
The saturation with respect to the pulse amplitude is more pronounced for the SMLQD
model than found for the QW model as described in reference [MEI21a] and in section 4.2.
This can firstly be reasoned by the different time-scales of gain and absorber used here and
secondly by the fact that the scattering into the active states is reduced as it is mediated
by the term (ρeq-ρ), which decreases as the occupation number grows (ρeq ≈ 1 due to the
strong pumping).

Unsaturated Absorption

On the account of obtaining a broader overview of the interplay of gain and absorption at
different values of R0, the dynamics are determined in the 2D parameter plane of the pump
power and the unsaturated absorption (Jg, Jq). Due to the high multi-stability, different
initial conditions of the direct numerical integration are chosen, to cleanly determine the
different stability boundaries in the (Jg, Jq)-plane. Namely, the initial conditions are the
stable fundamental mode-locking solution and the pulse-cluster solutions with two (PC2)
and three pulses in the cavity (PC3). The electric field dynamics of the pulse-cluster solu-
tions emerging for the SMLQD system qualitatively look exactly the same as for the QW
system discussed in section 3.3. For each initial condition, the direct numerical integration
is performed for a transient time of 1.5 · 104 round-trips at varied parameter points in the
(Jg, Jq) plane and the stabilised state is evaluated from the following 60 round-trips. This
leads to the 2D-bifurcation diagrams presented in Fig. 6.4. The upper row indicates the
results for R0 = 1600 ns−1 and the lower row for R0 = 240 ns−1. The sub panels in each row
correspond to the varied initial conditions (from left to right: FML, PC2 and PC3). An ex-
planation of the colour code is given in the figure caption. It has to be noted that all colours
are defined as in the other sections of this work, but the irregular regimes (orange shading)
also comprise the irregular pulse structures shown in Fig. 6.3(c1)-(d1). These solutions are
periodic at first but at higher pump powers the local maxima start to oscillate, leading to
quasi-periodic solutions. This effect occurs similarly for the FML as well as for the PCn
solutions (all pulses show a similar irregular shape)
As discussed for the 1D scan before, the upper stability boundary of the FML solution shifts
to lower pump powers if R0 is enlarged as visible from the transition between the blue and
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Figure 6.4.: 2D-bifurcation diagrams in the parameter plane of the pump power and the unsaturated
absorption for the V-shaped laser with SMLQD-based gain. The upper panels (a)-(c) refers to the
dynamics obtained using R0 = 1600 ns−1 and the lower panel (d)-(f) to R0 = 240 ns−1. The colour
code distinguishes between fundamental mode-locking (FML; blue), pulse-cluster solutions (PCn)
and irregular pulse-cluster solutions with n pulses (Modn; orange shading). The white coloured
region represents the laser off -state and the teal coloured region indicates pulses with a width of
PW > 0.2T . The shading of the FML solution refers to the pulse width normalised to a pulse width
of PW = 0.2T . At each parameter pair (Jg, Jq) a stable solution is utilised as the initial condition
of the direct numerical integration (15000 round-trips). The utilised solutions are (a)-(d) FML and
(b)-(e) PC2 and (c)-(f) PC3 and are indicated in the headline of each panel. The initial conditions are
found as the stable solutions after 3 · 104 transient round-trips at the parameter pairs: FML (Jg/Jtr,
Jq) = (2.24, −10) and (3.23, −10), PC2 (2.85, −10) and (4.04, −10), PC3 (3.47, −10) and (4.44,
−10). The laser parameters are given in Table 6.1.

light orange regions in Fig. 6.4(a)-(c). The destabilisation (emergence of irregular pulses
as shown in Fig. 6.3(c1)-(d1)) is connected to the full saturation of the absorber and the
resulting formation of an unstable pulse structure. An increase of the absolute value of the
unsaturated absorption leads to a shift of the upper stability boundary to lower pump cur-
rents. This is connected to the narrowing effect of the absorber that leads to a lower pulse
energy, but an increased pulse maximum, which is illustrated in the 1D scans in Fig. 6.5.
Plotted from left to right are the pulse width, the pulse maxima and pulse energy for differ-
ing values of Jq in the FML regime. The upper row depicts the results for R0 = 1600 ns−1

and the lower row for R0 = 240 ns−1. For both scattering rates, it is evident that the pulse
amplitude necessary to saturate the absorber is reached at lower pump powers, if the unsat-
urated absorption is increased and therefore the destabilisation point is shifted accordingly.
The shift of the upper stability boundary with varied Jq is less pronounced for the lower
scattering rate presented in (d), because the pulses initially have a much lower maximum
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(c.f. Fig. 6.5(b)-(e)). Therefore, the absorber is much further away from a full saturation
and a shift of the absorption level has a less severe influence.
In comparison to the course of the bifurcation boundaries found from the QW DDE sys-
tem (see Fig. 4.5), the behaviour of the upper bifurcation boundary is reversed8, due to
the additional irregular pulse structures resulting from the coupling between 3D-bulk and
reservoir. In case of the QW model, the dominant effect leading to the shift of the upper
bifurcation boundary is the increase of the losses, which prevents the net-gain window to
open far enough for the emergence of quasi-periodic irregular solutions. Hence, an increased
|Jq| allows the regular FML and PCn solutions to be stable at higher pump powers. It has
to be pointed out that in the investigation of the QW model in section 3.3 a much higher
absolute value of the unsaturated absorption (Jq = −65) and much lower value of the gain
bandwidth (γ = 150) is used and therefore a full saturation of the absorber does not occur.
However, in chapter 5.3 of Reference [MEI21a] it was shown that the respective adjustment
of both quantities does not change the qualitative behavior of the bifurcation lines in the
DDE QW model.
For the lower stability boundaries of the FML, PC2 and PC3 solutions one obtains the same
behavior as found for the QW system (see Fig. 4.5): The bifurcation points shift approx-
imately linearly to higher pump currents for an elevated |Jq|. This qualitative trend can
be reasoned by the higher amount of gain necessary for the pulse patterns to stabilise, if
the absorption is increased. In the picture of the net-gain, a higher amount of gain is re-
quired for an additional net-gain window to open as a stronger absorber depletion is required.
Comparing the upper and lower sub panels of Fig. 6.4, it becomes evident that the shift of
the lower bifurcation boundary is less pronounced for lower scattering rates R0 = 240 ns−1.
The reason for this may lie in the steeper increase of the pulse energy with pump power
at lower scattering rates (see Fig. 6.5(c) and (f)). It hints at lower total losses experienced
by the broader pulse, although the absorption is higher compared to the narrow pulses at
R0 = 1600 ns−1. In consequence, the lower filtering losses for broader pulses and the affected
nonlinear pulse shaping mechanism probably counteract the shift of the bifurcation line (in
Jg) with increasing unsaturated absorption compared to narrow pulses (R0 = 240 ns−1).
Another difference in the 2D-bifurcation diagrams for different R0 in Fig. 6.4, is the emer-
gence of a regime of fat pulses. As the pulses are broader for lower scattering rates, the
absorber has to deliver a stronger attenuation for the pulses in one cluster to remain well
separated. Thus, the regime of fat pulses (teal region in Fig. 4.5) emerges at higher absolute
values of the unsaturated absorption values for R0 = 240 ns−1.

Cavity Round-Trip Time

The same technique of direct numerical integration starting from different initial conditions
is used to obtain 2D-bifurcation diagrams in the parameter plane of the pump power and
the cold-cavity round-trip time (Jg, T ). The only difference is that, for both scattering rates
the same initial conditions of narrow pulses is applied, due to the strong influence of the
round-trip time on the relative pulse width. The results are shown in Fig. 6.6, with the
upper panels (a)-(c) referring to an almost instant scattering rate of R0 = 1600 ns−1 and the
lower panels (d)-(e) correspond to a scattering rate of R0 = 240 ns−1.
Although the multi-stability is more pronounced in comparison to the QW DDE model (see
Fig. 4.10), the general course of the upper stability boundaries remains the same. As the

8In the QW DDE system, the boundary shifts to higher pump currents at higher absolute Jq, see Fig. 4.5.
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Figure 6.5.: 1D-bifurcation diagrams in pump power Jg obtained by direct numerical integration
starting from the stable FML solution. Plotted from left to right are the pulse width, maximum pulse
amplitude max(|E|) and pulse energy (integration over the intensity). The quantities are evaluated
as an average value from the pulses within 60 round-trips. The different line-styles represent the
results for different Jq as given in the legend. The different colours refer to different scattering rates
as given in the subpanels. The other laser parameters are given in Table 6.1.

round-trip time is increased, especially the upper stability boundaries of all solutions shift to
lower pump powers. As discussed in detail in section 4.2.2, the higher round-trip time leads to
a longer period of gain-recovery between pulse passes. Hence, the amplification is increased,
leading to an earlier destabilisation due to the additional opening net-gain windows resulting
from the excess gain.
In comparison to high scattering rates, the destabilisation of the regular solutions is shifted
to higher pump powers for lower R0 (lower panel in Fig. 6.6), because the pulse maxima
grow slower as the pump current is increased (see Fig. 6.3). Therefore, the point at which
the absorber is fully saturated, which defines the onset of the destabilisation, is reached at
higher Jg as discussed before. Consequently, a larger stable region for the FML and the PCn
solutions can be found for the lower scattering rates in the investigated parameter regime in
the (Jg, T ) plane. Apart from this, the different scattering rates to not lead to qualitative
differences in the 2D-bifurcation diagrams.

6.3.2 Influence of the Amplitude-Phase Coupling

Utilising submonolayer quantum dot (SMLQD) based gain chips in experiments can lead
to occurrence of mode-locking instabilities as presented in Reference [ALF18]. In this ref-
erence, instabilities were determined by means of measuring the autocorrelation traces at
different pump powers as well as optical and micro-wave spectra. In the measurements of
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Figure 6.6.: 2D-bifurcation diagrams in the parameter plane of the pump power and the cold-
cavity round-trip time (Jg, T ). The upper panels (a)-(c) refers to the dynamics obtained using
R0 = 1600 ns−1 and the lower panels (d)-(f) to R0 = 240 ns−1. The colour code and the numerical
integration using stable initial conditions is the same as in Fig. 6.4. However for both R0 the stable
FML solution found for R0 = 240 ns−1 is used. The scattering rates are indicated as a headline of
each panel. The laser parameters are given in Table 6.1.

the autocorrelation, the instabilities manifested as pulse shapes with irregular asymmetric
modulations, which in combination with the micro-wave spectra hinted at quasi-periodic
dynamics. The quasi-periodic behaviour and the irregular autocorrelation traces at higher
pump powers were reasoned by the large amplitude-phase coupling, described by the factors
αg and αq in the SMLQD model, typical for this type of gain media [HER16].
To investigate the role of the amplitude-phase coupling in the derived SMLQD model, com-
pared to the case of instant coupling typically used to model QW devices, the stabilisation
of the previously discussed dynamics are determined in two different 2D parameter spaces.
Firstly, only the amplitude-phase coupling of the gain and its effect on the stability boundary
with respect to the pump Jg is explored. On that account, again a direct numerical integra-
tion from the FML, PC2 and PC3 initial conditions is applied. The resulting 2D numerical
bifurcation diagrams are presented in Fig. 6.7, with the upper panels (a)-(c) referring to an
almost instant scattering and the lower panels to scattering rates typical for SMLQDs.
When comparing the stability boundaries of all three stable solutions for different R0, it
becomes evident that at fast scattering rates the system is much more robust against the
destabilising influence of the amplitude-phase coupling in the gain. In contrast, the stable
solutions all destabilise at much lower αg ≈ 1 for R0 = 240 ns−1.
The reason for that can be found by taking a closer look at how the amplitude-phase cou-
pling is included in the electric field equation (6.3). As the influence of the amplitude-phase
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Figure 6.7.: 2D-bifurcation diagrams in the parameter plane of the pump power and amplitude-
phase coupling of the gain (Jg, αg) for the V-shaped SMLQD laser. The upper panels (a)-(c) refers
to the dynamics obtained using R0 = 1600 ns−1 and the lower panels (d)-(f) to R0 = 240 ns−1. The
colour code and the numerical integration using stable initial conditions the same as in Fig. 6.1,
with additional higher-order pulse-cluster solutions. Which solution is used as an initial condition is
indicated as a headline of each panel. The laser parameters are given in Table 6.1.

coupling is described via the product of the gain (absorption) and αg (αq), a larger gain leads
to a much stronger influence of the amplitude-phase coupling (i.e. a higher carrier density
leads to a more pronounced shift of the refractive index [HEN83]). If the contributions of
gain G(t) and absorption Q(t) are approximately equal and αg = αq, the different α-factors
can cancel out each other and the mode-locking solution (and especially CW solution) may
stay stable [VLA04, VLA05]. However, for the 2D-bifurcation diagrams presented in Fig. 6.7,
αq = 0 is chosen, because typically the condition αq < αg is fullfilled for the combination of
a SMLQD-based gain medium and a QW-based absorber [WAL16, ALF18]. Consequently,
the absorber has no influence on the phase and is sufficient to interpret the more severe
influence of αg at lower R0 by just investigating the gain dynamics. As already visible from
the exemplary time-trace in Fig. 6.2, the gain is higher in the vicinity of the pulse for a
longer period of time, if R0 is small due to the altered gain relaxation. Thus, the product
iαgG(t) in the exponential is larger compared to the case of almost instant scattering. More
importantly, the phase of a fast gain relaxation resulting from the slow scattering leads to
a strong variation of the impact of the iαgG(t) factor. Thirdly, a broader pulse leads to a
longer interaction time of charge carriers and electric field in the gain. Therefore, already a
smaller αg leads to a severe influence on the phase and to destabilising effects as visible in
Fig. 6.7. The different instabilities comprise irregular pulse shapes as well as quasi-periodic
dynamics (orange shading). The destabilising mechanism is the same across all investigated
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Figure 6.8.: 2D-bifurcation diagrams in the parameter plane of the α-factor in the gain and ab-
sorber section respectively (αg, αq). The upper panels (a)-(c) refers to the dynamics obtained using
R0 = 1600 ns−1 and the lower panels (d)-(f) to R0 = 240 ns−1. The colour code and the numerical
integration using stable initial conditions the same as in Fig. 6.1, with additional higher-order pulse-
cluster solutions. Which solution is used as an initial condition is indicated as a headline of each
panel. The laser parameters are given in Table 6.1.

solutions as discussed before. As more pulses are inside the cavity, a higher value of αg is
required to destabilise the solutions. If n pulses are present in the cavity, the amplitude
is decreased in comparison to the n − 1 pulses case at constant pump powers. Hence, the
influence of the interaction term EeiαgG is less severe, due to the lower pulse amplitude and
the lower average gain level caused by the additional depletion.
When investigating the interplay of the amplitude-phase coupling induced by both active
sections one finds a similar influence of the scattering rates as shown in Fig. 6.8. Plotted
are 2D-bifurcation diagrams in the parameter plane of the α-factor in the gain and absorber
section respectively (αg, αq). The upper panels again are obtained using R0 = 1600 ns−1

and for the lower panels R0 = 240 ns−1 is chosen. It has to be noted the pump current is left
fixed at approximately the central value of Jg between the upper and lower stability value
for the respective solution. From all panels it is possible to deduce that the inclusion of a
non-zero αq shifts the onset of the destabilisation to higher values of αg.
An explanation for this can again be found by investigating the contributions in the exponen-
tial term in the gain equation (6.3). As outlined before, the influence on the phase induced
by αg and αq roughly cancels out, if αgG(t) = αqQ(t) [VLA05]. Thus, stable mode-locking
can be maintained if both α-factors are increased simultaneously, if the gain and absorber
integrated carrier densities are of a similar magnitude and their dynamics are similar.
However αq has a much less destabilising effect on the dynamics compared to αg. This can
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be reasoned by the fact that in the investigated regime the absorber recovers completely on
a much faster time-scale than the gain. Secondly, each pulse only interacts with the absorber
once per round-trip. In contrast, the gain dynamics (especially for R0 = 240 ns−1) exhibits
a more complex behaviour and therefore αg destabilises the system more strongly.
When comparing the upper and lower panels of Fig. 6.8, it becomes evident that the system
destabilises at lower values of αg, if R0 is increased. Once more, the reason lies in the elevated
gain for lower R0, which causes a stronger influence of the factor αgG(t) in the exponential.
The probably most important difference again is the different gain relaxation for small R0
(see Fig. 6.2(b)). As the gain relaxes in two stages, the influence of αg is much different
than that of αq which relaxes exponentially. In consequence, αq does not compensate the
induced irregular phase rotation of αg as well as for large R0. Furthermore, the pulses are
much broader for low R0 and therefore experience a longer interaction with the gain, i.e. are
more strongly influenced by αg.
In conclusion, it is to say that the qualitative influence of the amplitude-phase coupling
does not change, if the scattering rate between the 3D-bulk and the active states is varied.
However, at lower scattering rates the mode-locking solutions are destabilised at already
very low values of αg due to the elevated gain and the broader pulse shape. Therefore,
the amplitude-phase coupling in the absorber does not have a strong stabilising influence,
if the scattering rate is low. However, it has to be pointed out that due to the multi-mode
characteristic of the model and the neglection of other phase effects such as dispersion, the
α-factor might be strongly overestimated. A possibility to verify the results presented here
would be to perform similar calculations using a fully microscopic model or at least use this
type of models to determine a realistic α-factor that already includes counter-acting effects
[MCL20, MCL21].

6.4 Summary
In this chapter, an extension of the delay differential equation system (DDE) used to in-
vestigate a passively mode-locked VECSEL with V-shaped cavity geometry was discussed.
Namely, the modelling of the charge-carrier dynamics in the gain was adjusted from the
original quantum well based approach so that it is suitable to describe a gain chip based
on submonolayer quantum dots (SMLQDs). This was done by combining the charge-carrier
equations used to successfully describe the dynamics of submonolayer based amplifiers in
References [LIN16, HAU21] and the DDE quantum dot model in [VIK06, VLA10]. The
charge-carrier dynamics in the gain were characterised by means of an equation modelling
the charge-carrier density in the 3D semiconductor bulk surrounding the SMLQDs and the
occupation probability of the SMLQD states as well as their charge-carrier density depen-
dent coupling. In turn, the electric field and absorber equations remained equal to the model
derived in chapter 3.
In the following, the role of the scattering rate, mediating the coupling between 3D-bulk and
SMLQD states was investigated in detail. The results demonstrated that a slow coupling
rate leads to a broadening of the pulses, as only the SMLQD states interact with the electric
field and therefore the depletion and refilling of the pumped 3D-bulk is delayed.
Performing 1D scans in the pump current for a SMLQD typical coupling and an instant
coupling, used in the DDE model to describe quantum wells, it was found that the fun-
damental mode-locking solution remains stable for a larger pump power interval at lower
scattering rates. However, the general bifurcation scenario stays the same as the FML so-
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lution destabilises as a result of the complete saturation of the absorber and a reopening of
the net-gain window in the vicinity of the pulse due to the scattering between SMLQD and
3D-bulk states.
On the basis of 2D parameter scans in different regimes, it was possible to deduce that a
pronounced multi-stability of the FML as well as pulse-cluster solutions of different order
exists regardless of the scattering rate between 3D-bulk and active states. In the parame-
ter plane of the pump power and unsaturated absorption (Jg, Jq), it was observed that the
larger stability interval with regard to the pump power, is maintained for the lower scattering
rates, regardless of the unsaturated absorption. The same behaviour was found in the (Jg,
T ) parameter plane, with the upper bifurcation lines shifting in a qualitative similar way for
both scattering rates.
When investigating the role of the amplitude-phase coupling, it was found that for the lower
scattering rates, the α-factor of the gain has a much higher destabilising influence on the
FML as well as the PC2 and PC3 solution. All three solutions destabilised at a much lower
value of αg in case of a lower scattering rate. It was reasoned by the higher value of the gain
in the vicinity of the pulse in case of lower R0, which lead to a stronger influence of αg. The
same reasoning was expedient to explain the results of the stability analysis in the αg, αq
parameter plane. For both scattering rates, αq counteracts the effect of αg and therefore the
stability boundary of the solutions shifts to higher αg. However, this effect is much more
pronounced for higher scattering rates.
At the end of the chapter it has to be noted that the introduced model is not necessarily
tailored to describe submonolayer quantum dots. With an adjustment of the parameters it
could also serve to investigate Stranski Krastanov quantum dots, due to abstract inclusion of
the active states and the 3D-bulk. In future works, the model could be extended to describe
the distinct influence of the quantum dot subgroups and their different scattering and there-
fore include the features of either devices in more detail. As submonolayer based saturable
absorber chips are currently under investigation in experiments [ADD21], an extension of
the charge-carrier equations of the absorber could be of interest to investigate the resulting
dynamics. Once more, a comparison to microscopic models could be of interest to asses the
limitations of the model in detail.
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7 Conclusion and Outlook

This thesis was dedicated to the theoretical analysis of passively mode-locked semiconduc-
tor lasers with V-shaped external cavity geometries. These disk lasers have been realised
in various experiments, on the strive of obtaining a pulsed output suitable for applications
such as frequency comb generation, optical metrology, two photon microscopy, eye surgery
or material processing. However, compared to the well-established solid-state lasers, the
semiconductor counterparts still are subject to intense research in order to improve the pulse
width and amplitude as well as to stabilise the timing jitter. On that account, a detailed
physical understanding of the various contributing physical processes leading to different in-
stabilities and influencing the characteristics of the pulsed output is of high relevance. Yet,
it is impractical to perform an investigation of the long term dynamics at a wide range of
system parameters (e.g. cavity length or pump power) utilising fully microscopic laser mod-
els, due to the limitations of modern computational hardware. Therefore, it is necessary to
perform purposeful simplifications, which have to be chosen according to the detailed device
setup and the operation regime of interest, to arrive at a physically and computationally
reasonable laser model. This work focused on introducing several mathematical models for
passively mode-locked V-shaped VECSELs on a semiconductor basis that are then used to
examine different forms of dynamical regimes and physical effects.

Motivated by the successful application of the ring delay differential equation model of
mode-locking, which enabled an investigation of various operation regimes of monolithic-
and external-cavity mode-locked devices, a delay differential equation (DDE) system for the
V-shaped VECSEL was derived in Chapter 3. It is based on first principles and importantly
includes the effect of the backwards travelling field inside the cavity.

Based on this DDE model, the experimentally observed emergence of pulse-cluster solutions
was theoretically examined. The cluster states are characterised as a periodic repetition of
temporally non-equidistant pulses packages. At first, their appearance was discussed in the
regime of high performance mode-locking, i.e. at intermediate-cavity lengths. The formation
of the pulse-cluster states was traced back to the characteristics of the V-shaped cavity: Each
pulse passes the gain twice per round-trip in the V-shaped cavity and therefore leads to two
depletions of the gain. In order to maintain the energetically favourable situation of twice
as many equidistant gain depletions as pulses in the cavity during one round-trip time T ,
the n pulses form clusters with a temporal pulse distance of ∆ = T/2n, instead of harmonic
mode-locking solutions (in a symmetric cavity arrangement).
Using direct numerical integration, the influence of different parameters on the stability
boundaries of the pulse-cluster solutions was revealed. It was shown that enlarging the
cavity length can lead to a stabilisation of higher order pulse-clusters and furthermore, the
pulse-cluster solutions are supported at lower pump powers due to the increased gain relax-
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ation time in between pulses and the decreased relative pulse width. Consequently, a very
similar bifurcation scenario was found when investigating the impact of the gain relaxation
rate. By means of path-continuation techniques, it was possible to show that the pulse-cluster
solutions are all born along the fundamental mode-locking solution branch. The mechanism
leading to their emergence at critical pump powers are cusps of saddle-node bifurcations.
Changing the cavity geometry, i.e. the relative length of the cavity arms, revealed that a
slight asymmetry can cause an extension of the stable fundamental mode-locking as well as
pulse-cluster solutions to higher pump powers.
Motivated by recent experiments on localised states in mode-locked external cavity lasers,
the V-shaped setup was investigated in the long-cavity regime. At cavity lengths at which
the gain relaxation time is much lower than the cold cavity round-trip time, so-called lo-
calised pulsed states (dissipative solitons) can be observed. Their characteristic features are
a multi-stability with the laser off state (below the lasing threshold) and a vanishing inter-
action of the pulses via the exponential tails of the gain relaxation.
In the localised state regime, it was found that the branch structure of the harmonic mode-
locking and pulse-cluster solutions appear to be very similar to previously investigated case
of linear cavity configurations. However, an analysis of the stabilising dynamics in the pa-
rameter plane of the (sub-threshold) pump power and the cavity asymmetry revealed that
the harmonic mode-locking solutions do not stabilise at certain characteristic cavity configu-
rations. At these configurations, the pulses in the equidistant harmonic mode-locking pulse
train collide in the gain due to the second pass in the V-shaped cavity, which is energetically
not favourable in terms of the maximum pulse amplification. These findings were supported
by a bifurcation analysis, unravelling a discontinuity of the stabilising torus bifurcations in
pump power at the critical cavity configurations. Vice versa a local minimum in pump power
of the bifurcation lines (lower stability boundary) stabilising the FML and HMLn solutions
could be found in the situation of the maximum distance between the gain depletions, i.e.
maximum obtainable amplification.
In the long-cavity regime PC solutions stabilise as localised structures. It further became ev-
ident, that an alteration of the cavity arms causes a variation of the temporal distance of the
pulses within one cluster so that the optimum pulse amplification is maintained. Deriving a
nonlocal Haus master equation for the V-shaped system, it was possible to find an analytic
expression for the temporal distance of the pulses. The analytic expression only depended
on the cavity asymmetry, the gain relaxation rate and the cold cavity round-trip time and
showed an excellent agreement with the numerical path-continuation results.
Interestingly, a Floquet analysis of the PC solutions unravelled that these are locally inde-
pendent in the long-cavity regime. Nevertheless, due to the characteristics of the second
gain pass in the V-shaped cavity, the pulses are still globally bound: A single pulse always
remains trapped between the two gain passes of the preceding pulse. Despite the global
binding mechanism, the phase difference of the pulses exhibits a random walk, making it
possible to define the clusters as phase incoherent photonic molecules.

Further effects of importance, when optimising the output of a mode-locked VECSEL, are
second and third-order dispersion. To examine the influence of second-order dispersion, the
Haus master equation (HME) has proven to be an useful tool, since the dispersion of different
orders simply occur as additional derivative terms of the respective order in the electric field
equation. Yet, an application of the standard HME system in a regime of incomplete gain
recovery and strong gain modulations was not possible, because long term carrier memory
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was not adequately included. Thus, a dynamical boundary condition to adequately model
the long term carrier dynamics was derived. The boundary condition was first tested using
a ring HME and comparing its results to the well known ring DDE model of mode-locking.
In a second step, the comparison of the generalised V-shape HME and the V-shape DDE
showed an excellent agreement.
In the following, it was possible to show that the group velocity dispersion exhibits a strong
interplay with the amplitude-phase coupling in the ring as well as in the V-shape models.
In the case of no amplitude-phase coupling, the stability boundaries shifted symmetrically
in pump power around the point of zero dispersion for all investigated dynamical regimes.
Anyhow, an introduction of non-zero α-factors leads to a breaking of this symmetry. In
the V-shaped system, a positive group velocity dispersion causes an extension of the upper
stability boundary of the fundamental mode-locking and the pulse-cluster solutions to higher
pump powers at non-zero α-factors compared to the influence of a negative dispersion factor.
Nonetheless, the lower stability boundaries remained almost unaffected by the dispersion. A
detailed interpretation was given by analysing the pulse energy as well as the pulse width.
The influence of third-order dispersion was studied by means of delay algebraic equation
systems, since in contrast to the DDE counterparts the filtering effect of the gain bandwidth
does not overwhelm its effect. On that account, a delay algebraic equation model for the
V-shaped VECSEL was derived. Potentially, it would allow the study of interference effects
at the gain chip, i.e. the formation of a carrier grating.
To enable a direct comparison of the DAE model to the DDE model, a detailed correspon-
dence between the parameters in the different models was determined. In the following
comparison, it was shown that the bifurcation structure of the DAE and DDE model for the
FML solution is very similar. A direct numerical integration revealed that the third-order
dispersion leads to the occurrence of satellite instabilities that prevent the emergence of sta-
ble pulse-cluster solutions in the investigated regimes.

In the last part of this work a variation of the gain chip configuration was elaborated.
In detail, the V-shaped DDE model was adjusted to describe the inclusion of submonolayer
quantum dots (SMLQD) as the active semiconductor medium in the gain. This comprised
a separate description of the occupation probability of the active SMLQD states and the
pumped 3D semiconductor bulk as well as their coupling. In the following, the role of the
newly introduced scattering between the active states and 3D-bulk was examined in detail.
It was shown that a slow coupling can increase the pulse width. Additionally, a slow scat-
tering leads to a larger current interval in which the FML and PCn solutions are stable.
Furthermore, an investigation of the amplitude-phase coupling showed, that devices with a
fast scattering could be more robust against the destabilising influence of high α-factors.

Outlook

Although it was shown that the influence of the gain bandwidth has a marginal effect on the
bifurcation boundaries in pump power, it could be of interest to investigate the dynamics at
realistic values of the bandwidth. In the DAE model, this would correspond to a decrease
of the photon life-time in the micro-cavities. Especially with regard to dispersion effects,
this could have an additional influence due to the reduced pulse width. Additionally, the
influence of the line-width enhancement factors could be studied in more detail with regard
to the emergence of further instabilities and their effect on the pulse shaping as well as the
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bifurcation scenario. In future works, a more detailed investigation of the dispersion effects
in the Haus master equation models as well as the DAEs could be conducted by applying
path-continuation techniques based on the software pde2path or DAE extension of DDE-
biftool.
Despite the fact that the different modelling schemes introduced in this work are all justified
by their successful application to reproduce certain laser dynamics, their common weakness
lies within the inclusion of certain effects as single adjustable parameters. Hence, certain
physics such as e.g. the charge carrier dependence of the amplitude-phase coupling as well as
of the dispersion and their interplay is lost due to the applied simplifications. Furthermore,
finding a good estimate for the parameter values can be cumbersome, as other counteracting
influences might be not included in the model. In future research, it would hence be inter-
esting to specify the results of this work by firstly collecting more detailed experimental data
with regard to the parameter dependencies of certain dynamical regimes to help adjust the
parameter values and further asses the predictions of the bifurcation analysis. Secondly, fully
microscopic models could serve as a starting point to translate the influence of the micro-
scopic effects into effective parameter values (e.g. for dispersion or amplitude-phase coupling)
to deliver a more precise estimate. Alternatively, the used models could be extended by a
more complex description of the charge carrier effects, similar to the approach followed in the
last chapter or the polarisation could be modelled dynamically. In combination, this could
allow for a more detailed description of instabilities in mode-locked VECSELs and therefore
could be of great use to improve future device generations.
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A Appendix: Third Order Dispersion

A.1 Normalisation of the Delay Algebraic Equations
The non normalised electric field equation describing the electric field propagation in a
single micro-cavity resulting from applying the proper boundary conditions to Maxwell’s
wave equation reads1

(
rurl

2Le
v

)
∂E(t)
∂t

=iω0ΓW
2nε0c

P (t)− (1− rurl) E(t) +
(
irurl

L̃e
q0

+ R̃
)

∆⊥E(t)

+ (−1)mt′ue
iφu
2 (1 + rl)Y (t), (A.1)

where ru and rl are the amplitude of the complex reflectivities ρu,l = ru,le
iφu,l of the upper (u)

and lower (l) distributed Bragg reflector (DBR) and t′u is the transmissivity of the injected
field as indicated in Fig. 5.13. Furthermore, Γ is the confinement factor and W the width
of the quantum wells (W � λ). The effective cavity length Le includes the variation of the
phase induced by the DBR with respect to the optical frequency. Additionally, the effective
length L̃e contains the phase variation with respect to the transverse wave-vector angle. The
factor R̃ represents the variations of the reflectivity with varying angle of incidence, n is the
refractive index, c the speed of light, ε0 the vacuum permittivity, ω0 the carrier frequency, the
velocity of the electric field is defined as v = c

n , and the wavenumber as q0 = mω0
v , finally m

is an integer resulting from the resonance condition. The variable E(t) describes the electric
field inside the micro-cavity and the variable Y (t) corresponds to the electric field injected
into the micro-cavity. Furthermore, P (t) represents the macroscopic polarisation
One can now define the round-trip time in the microcavity as

τc = 2Le
v
, (A.2)

the photon life-time κ in the micro-cavity as

κ = 1
τc

1− rurl
rlru

, (A.3)

the diffraction length l as

l =
√
L̃e
q0

rlru
1− rurl

, (A.4)

1The derivation was originally done by Julien Javaloyes and Svetlana V. Gurevich and transfered to the
author in April 2019. Parts of it have been published in [MAR15b].
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and finally the field diffusion coefficient referring to the influence of the angle of incidence
on the cavity losses

d = q0R̃
rlruL̃e

. (A.5)

Furthermore, the polarisation can be approximated by an adiabatic elimination as discussed
in section 3.3 and described in References [MAR15c]

P (t) = ε0gn(α− i)
(
n− ntr

)
E(t), (A.6)

where gn is the material gain coefficient, resulting from the linear fit of the gain curve, α the
line-width enhancement factor, and ntr is the transparency carrier density. Inserting all newly
defined parameters and complementing the electric field equation with a standard description
of the carrier densities [MAR15c] in the active section yields the following equations

1
κ

∂E(t)
∂t

=
[
agn (1− iα)

(
n− ntr

)
− 1 + (i+ d) ∆⊥

]
E(t) + h̃Y (t), (A.7)

∂n(t)
∂t

=j − γnn(t)− 2gn
(
n(t)− ntr

)
|E(t)|2 +D∆⊥n(t), (A.8)

where the transverse dimensions are normalised to the diffraction length l, j is the current
density, D is the carrier diffusion coefficient normalised to the diffraction length, γn is the
non-radiative carrier recovery and the injection strength h̃ and the factor a are defined as
follows

a = ω0ΓW
2 (1− rurl)nc

(A.9)

h̃ = (−1)mt′ue
iφu
2

1 + rl
(1− rurl)

. (A.10)

The electric field at the output of the micro-cavity is given by the superposition of the
reflected injection field and the transmitted intracavity field

O(t) = tuL−(t) + r′uY (t), (A.11)

where L−(t) is the upward propagating field in the upper part (above the QW) of the
microcavity 2. Making use of the boundary conditions of the intracavity fields, assuming a
situation close to resonance and using Stokes relations, the expression for the output field
can be transformed into

O(t) =ηE(t)− Y (t), (A.13)

η =(−1)m t1
1 + ru

. (A.14)

2In the upper (0 < z < l) and lower part (l < z < L) of the micro-cavity the field can be decomposed into
up and downward propagating fields according to:

E =
{
L+e

iQz + L−e
−iQz, if 0 < z < l

R+e
iQz +R−e

−iQz, if l < z < L
(A.12)

with the longitudinal wave vector Q(q⊥, ω) =
√

ω2
v
− q2
⊥, and the distance from the top to the QW

active section given by l and the distance between QW and bottom of the microcavity defined by L. A
detailed description of the boundary conditions is given in Reference [MUL05a] an appendix I of Reference
[MAR15c].
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where the negative sign in front of Y occurs due to the phase change following the reflection.
Utilizing the factor η to normalise the injection strength (ηh̃ = h) and the electric field
(E = ηE) then leads to the full set of DAE equations for a single microcavity

1
κ

∂E(t)
∂t

= [(1− iα)N(t)− 1 + (i+ d) ∆⊥]E(t) + hY (t), (A.15)

∂N(t)
∂t

=γn (J −N(t))− 2gn
|η|2

N(t) |E(t)|2 +D∆⊥N(t), (A.16)

O(t) =E(t)− Y (t), (A.17)

with the carrier density normalised according to N(t) = gna(n(t) − ntr) and the pump
according to J = gnaγn(j − ntr). The normalised injection strength reads:

h̃η = h = (1 + ρl) (1− ρu)
1− ρuρl

. (A.18)

As shown by the the sketch in Fig. 5.13, the coupling of two cavities can be described by
the injection of the delayed output field of the one cavity into the other cavity. This yields
the following expression for the injection fields at the two cavities

y(t) = tbsO(t− τ) = tBS
[
E(t− τ)− Y (t− τ)

]
, (A.19)

Y (t) = tbso(t− τ) = tBS
[
e(t− τ)− y(t− τ)

]
. (A.20)

The electric fields connected to the gain micro-cavity are denoted with the capital letters
Y (t), O(t), E(t) and the fields related to the absorber are given by the lower case letters
y(t), o(t), e(t). The delay τ in the output fields stems from the propagation time from the
one to the other micro-cavity and the transmittance tbs describes the outcoupling losses
caused by a beam-splitter (or potentially from an output facet/lens). The equation system
for the intracavity fields and charge carriers for the second micro-cavity read exactly the
same, with the parameters adjusted to the distinct properties of each semiconductor chip.
However, it is useful to normalise all fields to 2ggη−1

g , with the outcoupling constant of the
gain intracavity field ηg according to equation (A.13) and the differential gain gg from the
adiabatic elimination of the polarisation eq. (A.6). After the renormalisation the factor s
can be introduced

s = gq

|ηq|2
|ηq|2

gg
, (A.21)

which is referred to as the saturation parameter and can be understood as the ratio of
differential gain and absorber. For mode-locking s > 1 is required, as the gain has to become
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transparent at lower energies as the absorber [JAU17]. This then leads to the equation
system already given in chapter 5.3:

1
κg

d

dt
E(t) =

[
(1− iαg)N(t)− 1 + iω0 + (i+ dg) ∆⊥

]
E(t) + hgY (t), (A.22)

d

dt
N(t) = γg(N0 −N(t))−N(t)|E(t)|2 +Dg∆⊥N(t), (A.23)

1
κq

d

dt
e(t) =

[
(1− iαq)n(t)− 1 + (i+ dq) ∆⊥

]
e(t) + hqy(t), (A.24)

d

dt
n(t) = γq(n0 − n(t))− sn(t)|e(t)|2 +Dq∆⊥n(t), (A.25)

y(t) = tbsO(t− τ) = tBS
[
E(t− τ)− Y (t− τ)

]
, (A.26)

Y (t) = tbso(t− τ) = tBS
[
e(t− τ)− y(t− τ)

]
. (A.27)

A.2 Third Order Dispersion in the DDE system
For an empty cavity without outcoupling losses, i.e. neglected charge carrier contributions,
the delay differential equation system (3.48) reads

γE(t) = γE(t− T )− dE(t)
dt

. (A.28)

A Fourier transform can be applied to this equation to express the alteration of the electric
field from round-trip n− 1 to round-trip n in Fourier space. This yields

γẼn(ω)− iωẼn(ω) = γẼn−1(ω). (A.29)

Here Ẽn(ω) can be understood as the Fourier transformation of one periodically expanded
pulse in round-trip n. Rearranging for Ẽn(ω) leads to

Ẽn(ω) = 1
1− iγ−1ω

Ẽn−1(ω) = M(ω)Ẽn−1(ω), (A.30)

where M(ω) is an operator describing the changes in the electric field from round-trip n− 1
to round-trip n.
It can now be assumed that the evolution of the electric field can be expressed in terms of a
fast time-scale σ referring to changes within one round-trip and a slow time-scale θ related
to changes from round-trip to round-trip E(t) → E(σ, θ). Further it can be assumed that
a linear PDE exists, which describes the evolution of the field in the Fourier space of σ
according to [SCH20d]

∂θẼ(θ, ω) = L(iω)Ẽ(θ, ω). (A.31)

Here L(iω) is a linear operator. The existence of this PDE is proven by the derivation of
the Haus master equation model utilising a multiple time-scale approach in section 4.3.3.
Integrating both sides over θ from n− 1 to n using the separation of variables method and
exploiting that L(iω) is not depending on θ leads to

ln Ẽn(ω)
Ẽn−1(ω)

= L(iω). (A.32)
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As this equation has the same form as eq.(A.30) one can find an expression for the operator
L(iω) by equating the two equations, which yields

ln Ẽn(ω)
Ẽn−1(ω)

= − ln(1− iωγ−1) = L(iω). (A.33)

Applying the Taylor expansion for the natural logarithm for small ωγ−1 then gives

L(iω) ≈ i1
γ
ω + 1

2γ2 i
2ω2 + 1

3γ3 i
3ω3. (A.34)

Inserting this expression into the PDE (A.31) and applying the inverse Fourier transform
(−iω → ∂σ) [HAU00], then gives the final PDE corresponding to the simple DDE

∂θE(σ, θ) =
[
−1
γ
∂σ + 1

2γ2∂
2
σ −

1
3γ3∂

3
σ

]
E(σ, θ). (A.35)

A.3 Semi-Implicit Numerical Algorithm for the DAE System
To illustrate the semi-implicit numerical algorithm, the following simplified DAE equation
model is integrated:

1
κ

dE

dt
=− E +G · E + h · Y, (A.36)

1
γ

dG

dt
=G0 −G−G|E|2, (A.37)

Y (t) =η[E(t− τ)− Y (t− τ)]. (A.38)

As a starting point a history array, containing all variable values for the time-steps between
−τ to 0, is filled with the desired initial condition. The aim of the algorithm is to calculate
the next step in the time series corresponding to E∆t in the electric field. The central idea
of the semi-implicit algorithm is to integrate E on the time grid 0,∆t, 2∆t, ... and G over
the shifted grid 1

2∆t, 3
2∆t, ... This approximation gives good results if ∆t is small. In the

algorithm at first an approximation for E∆t is found and then for G 3
2 ∆t.

Integrating eq.(A.36) over t from 0 to ∆t yields:

1
κ

∫ ∆t

0

dE

dt
=−

∫ ∆t

0
E +

∫ ∆t

0
G · E +

∫ ∆t

0
h · Y. (A.39)

Applying the trapezoidal rule to solve the integral over the electric fields Y and E then leads
to:

1
κ

(E∆t − E0) =−∆tE∆t + E0
2 +

∫ ∆t

0
G · E + h

2 ∆t(Y0 + Y∆t). (A.40)

To find a solution for the integral over the non-linear contribution one makes use of the trick
of integrating G on a slightly shifted time. As G is integrated over another grid it is possible
to approximate∫ ∆t

0
G · E ≈

∫ ∆t

0
G∆t/2 · E ≈ G∆t/2 ·

E∆t + E0
2 ∆t+O(∆t2). (A.41)
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Substituting this into (A.40) then yields

1
κ

(E∆t − E0) =−∆tE∆t + E0
2 +G∆t/2 ·

E∆t + E0
2 ∆t+ h

2 ∆t(Y0 + Y∆t). (A.42)

This can be rearranged with respect to E∆t and therefore an expression for the next step in
the time-series of the electric field can be determined

E∆t(
1
κ

+ ∆t
2 −∆t

G∆t/2
2 ) =E0( 1

κ
− ∆t

2 + ∆t
G∆t/2

2 ) + h

2 ∆t(Y0 + Y∆t). (A.43)

To find an expression for the next step in the time-series of the charge carriers dynamics,
the same approximations are applied starting from the gain equation (A.37). Integrating
the charge carrier equation from 1

2∆t to 3
2∆t and applying the trapezoidal rule for the linear

terms leads to

1
γ

(G 3
2 ∆t −G 1

2 ∆t) =G0∆t− ∆t
2 (G 3

2 ∆t +G 1
2 ∆t)−

∫ 3
2 ∆t

1
2 ∆t

GI. (A.44)

The non-linear contribution can be approximated using the same technique as before∫ 3
2 ∆t

1
2 ∆t

GI ≈ ∆t
2 I∆t(G 3

2 ∆t +G 1
2 ∆t) +O(∆t2). (A.45)

Substituting in the approximation leads to

1
γ

(G 3
2 ∆t −G 1

2 ∆t) =G0∆t− ∆t
2 (G 3

2 ∆t +G 1
2 ∆t)−

∆t
2 I∆t(G 3

2 ∆t +G 1
2 ∆t), (A.46)

which can be rearranged to find the following expression for the next time-step in the time-
series for G

G 3
2 ∆t(

1
γ

+ ∆t
2 + ∆tI∆t

2 ) =G0∆t− (−1
γ

+ ∆t
2 + ∆tI∆t

2 )G 1
2 ∆t (A.47)
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B Appendix: Haus Master Equation

B.1 Numerical Methods to Solve the Haus Master Equation
B.1.1 Time-Splitting of the Electric Field Equation

The method used for the direct numerical integration of the Haus master equation models
in this work1, a combination of the Euler method and time splitting is applied as published
in Appendix 4 of Reference [GUR17]. Details on time-splitting methods can be found in
Reference [BOY00].
The illustration of the integration is started at the Haus master equation for the ring cavity
as given in section 5.2. It reads

∂θE(θ, σ) = 1
2γ2∂

2
σE(θ, σ) + 1

2[(1− iαq)G(θ, σ) + (1− iαq)Q(θ, σ) + 1
2 log κ]E(θ, σ), (B.1)

∂σG(θ, σ) = γgG0 − γgG(θ, σ)−G(θ, σ)|E(θ, σ)|2, (B.2)
∂σQ(θ, σ) = γqQ0 − γqQ(θ, σ)− sQ(θ, σ)|E(θ, σ)|2. (B.3)

The different contributions in the electric field equation (B.1) of the Haus master equation
(HME) PDE can be split into a linear operator L and a non-linear operator N according to

N = 1
2[(1− iαg)G+ (1− iαq)Q+ 1

2 log κ], (B.4)

L = 1
2γ2∂

2
σ. (B.5)

Hence, the equation can be rewritten in the following generic simple form

∂θE(θ, σ) = LE(θ, σ) +NE(θ, σ). (B.6)

Where it has to be noted that writing the linear operator as N is sufficient for the analysed
system, but in general it would be N (E).
An (exact) solution of the system can be found integrating the system from θn to θn + δθ
using a separation of variables and utilising that the operators do not depend on θ (the
dynamical equations for the charge carriers only the derivative with respect to σ appears)

E(θn + δθ, σ) = eLδθ+N δθE(θn, σ). (B.7)

However, it is much simpler to find the solutions of the two contributions separately. This
can be done according to

∂θE(θ, σ) = LE(θ, σ)⇒ E(θn + δθ, σ) = eLδθE(θn, σ) (B.8)
∂θE(θ, σ) = NE(θ, σ)⇒ E(θn + δθ, σ) = eN δθE(θn, σ). (B.9)

1It has to be noted that here only the ring model is used for the demonstration, but the method can be
followed analogously for the V-shaped system derived in section 4.3.3.
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Which combined give the solution:

E(θn + δθ, σ) = eLδθeN δθE(θn, σ). (B.10)

However, this solution is only an approximation as the the operators generally do not com-
mute and one would have to include an additional commutator term according to

eLδθ+N δθ = eLδθeN δθe−[Lδθ,N δθ]. (B.11)

However, as the operators scale with δθ, the commutator is of order O(δθ2). Therefore, the
time splitting gives a good first-order approximation, especially if δθ is small.
As the two operators do not commute it is questionable which operator is multiplied first to
the electric field term E(θ = n, σ). To take this into account, the influence of the non-linear
operator is split into two contributions, which are multiplied before and after the contribution
of the linear operator. Hence the integration method is adapted in the following way

E(θn + δθ, σ) = eN
δθ
2 eL∆teN

δθ
2 E(θn, σ) (B.12)

To take the difference between an implicit and an explicit Euler method into account, the
first non-linear exponential is approximated by the explicit Euler method and the second
one by the implicit Euler method (see Appendix B.1.2). This yields

E(θn + δθ, σ) = 1
1− ∆t

2 N
eLδθ(1 +N δθ

2 )E(θn, σ) (B.13)

Calculating the second-order derivative with respect to σ in time-space can be computa-
tionally very demanding. In contrast, it is a simple multiplication of −q2

σ in Fourier-space.
Hence a forward an backward Fourier transform is utilised to be able to apply the operator
in Fourier-space. The resulting integration scheme then reads

E(θn + δθ, σ) = 1
1− δθ

2 N
F−1F{eLδθ(1 +N δθ

2 )E(θn, σ)} (B.14)

which finally leads to

E(θn + δθ, σ) = 1
1− δθ

2 N
F−1{eL̃δθF [(1 +N δθ

2 )E(θn, σ)]} (B.15)

where the Fourier transformed linear operator L̃ can be written as

eL̃δθ = e
− 1

2γ2 δθq
2
σ (B.16)

Additional to the multiplication of this exponential, the factor exp(iv0qσδθ) is multiplied in
Fourier-space. Here qσ is the wave-vector calculated from qσ = 2πn

T with the number of the
integer grid point in σ given by n, the drift correction v0 and the 0 frequency component
shifted to the center of the array. As v0 suggests, this term is used to account for the fact that
the integration domain does not perfectly match the round-trip time of the pulse tτp (period
of the fundamental solution), due to the time-lag induced by the non-linear interactions and
the Lorentzian filter. Hence v0 is defined as τp = T + 1

γ + v0. It is updated every round-trip
according to

v0 = v0 + dvn (B.17)
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with the adjustment calculated from

dvn =
∑N
i

(
I

(n)
i − I(n−1)

i

) (
∂I
∂σ

)
i∑N

i

(
∂I(n)

∂σ

)2

i

(B.18)

where n is referring to the round-trip number and i is the index over the array with N grid
points in σ. How v0 can be included into the boundary conditions discussed in section 5.2 is
given in Appendix B.2.

B.1.2 Euler Methods for the Carrier Equations.

The aim of this section is to shortly introduce the integration steps used for the charge carrier
equations in the Haus master equation model. Hence, the implicit an explicit Euler methods
are presented shortly.
Considering only the non-linear part of the electric field equation as given in the previous
section characterised by the operator N , one can solve the equation by integrating over θ
from θn to θn + δθ. This gives

∂θE(θ, σ) = NE(θ, σ), (B.19)

⇒
∫ θn+δθ

θn
∂θE(θ, σ) =

∫ θn+δθ

θn
NE(θ, σ). (B.20)

Instead of performing a separation of variables, the integral on the right-hand side can be
approximated (assuming O does not depend on time) by either E(θn, σ)δθ or E(θn+δθ, σ)δθ,
which is known as the difference between the implicit and explicit Euler methods. The prior
gives

E(θn + δθ, σ) = (1 +N δθ)E(θn, σ). (B.21)

The latter gives

E(θn + δθ, σ) = E(θn, σ)
(1−N δθ) , (B.22)

which leads to the approximations given in the integration scheme B.15.
The equations for the carriers do not depend on the slow time-scale. Therefore, they can
be integrated using the intensity profile of the previous round-trip before again applying the
integration scheme for the field equation outlined in the previous section. On that account, a
semi-implicit method is used for the charge carrier equations. Staring from the gain equation

∂σG(θ, σ) = Jg − γgG(θ, σ)−G(θ, σ)|E(θ, σ)|2, (B.23)

and integrating on both sides from σn to σn + δσ one obtains

G(θ, σn + δσ)−G(θ, σn) =Jgδσ − γg
G(θ, σn + δσ) +G(θ, σn)

2 δσ

− G(θ, σn + δσ)|E(θ, σn + δσ)|2 +G(θ, σn)|E(θ, σn)|2
2 δσ.

(B.24)

197



B Appendix: Haus Master Equation

Rearranging for G(θ, σn + δσ) then gives

G(θ, σn + δσ)
[
1 + δσ

2
[
|E(θ, σn + δσ|2) + γg

]]
= Jgδσ +

[
1− δσ

2 [γg + |E(θ, σn)|2]
]
G(θ, σn).

(B.25)

and finally yields

G(θ, σn + δσ) =
Jgδσ +

{
1− δσ

2
[
γg + |E(θ, σn)|2

]}
G(θ, σn)

1 + δσ
2 [|E(θ, σn + δσ)|2 + γg]

. (B.26)

Performing the same steps for the absorber one obtains for Q(θ, σn + δσ)

Q(θ, σn + δσ) =
Jqδσ +

{
1− δσ

2
[
γq + 2s|E(θ, σn)|2

]}
Q(θ, σn)

1 + δσ
2 [2s|E(θ, σn + δσ)|2 + γq]

. (B.27)

The same steps can be performed for the non-local Haus master equation, where the non-
locality is treated as a delay and a T periodicity is assumed on that account.

B.2 Second-Order Boundary Condition and Drift
In order to account for the fact that during the direct numerical integration of the Haus
master PDE the period of the solution does not exactly match the round-trip time (the
length of the integration domain τIn = T + 1

γ does not completely equal the period), one can
introduce an additional artificial drift correction v0 into the fast time-scale2 σ. The value of
the correction is defined as v0, and the actual delayed round-trip time of a pulse then can be
defined as τp = T+ 1

γ +v0. The inclusion of the 1
γ term is reasoned by the drift induced by the

Lorentzian filter (see Appendix A.2). This additional drift correction v0 is then calculated
once per round-trip, during the direct numerical integration. Here the introduction of the
drift into the Haus master equation as well as into the boundary condition is discussed.
Furthermore, it is outlined, how the boundary condition can be extended to second-order.
Firstly the coordinate transformation y[θ, σ] = σ − v0θ is introduced. Furthermore, the
variables are transformed according to

E(θ, σ)→ Ẽ(θ, y[θ, σ]), (B.28)
G(θ, σ)→ G̃(θ, y[θ, σ]). (B.29)

The derivatives with respect to θ and σ then are transformed by using the chain rule

∂E

∂σ
= ∂y

∂σ

∂Ẽ

∂y
= ∂Ẽ

∂y
, (B.30)

∂E

∂θ
= ∂Ẽ

∂θ
+ ∂y

∂θ

∂Ẽ

∂y
= ∂Ẽ

∂θ
− v0

∂Ẽ

∂y
. (B.31)

Inserting the transformed variables, derivatives and coordinates into the Haus master equa-
tion (5.5)-(5.7), one obtains an additional derivative with respect to y in the electric field

2The idea of the following derivation was proposed by Julien Javaloyes, UIB, Palma and Svetlana V. Gure-
vich, WWU Münster.
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equation. However, in the direct numerical integration using the Fourier split-step method
outlined in B.1 this just leads to a further multiplication of the factor exp(iv0qnδθ) in Fourier-
space. Here qσ is the wave-vector calculated from qσ = 2πn

T with n being the number of integer
grid points in σ, δθ is the resolution with respect to θ and the 0 frequency component shifted
to the center of the array. The calculation of v0 and its application in the integration scheme
is outlined in B.1. The transformed systems of PDEs then reads (neglecting the α-factors):

∂θẼ(θ, y)− v0∂yẼ(θ, y) = 1
2γ2∂

2
yẼ(θ, y) + 1

2[G̃(θ, y)− Q̃(θ, y)− k]Ẽ(θ, y), (B.32)

∂yG̃(θ, y) = γgGM − γgG̃(θ, y)− G̃|Ẽ(θ, y)|2, (B.33)
∂yQ̃(θ, y) = γqQM − γqQ̃(θ, y)− s̃Q̃(θ, y)|Ẽ(θ, y)|2. (B.34)

Additionally, the transformation of the map boundary condition (5.8) leads to

G(θ, 0) = G(θ − 1, 1), (B.35)
⇒ G̃(θ, y[θ, 0]) = G̃(θ − 1, y[θ − 1, 1]), (B.36)
⇒ G̃(θ,−v0θ) = G̃(θ − 1, 1− v0(θ − 1)). (B.37)

From point, one applies the same steps as in the main text section 5.2 in order to arrive at
two ODEs with respect to θ, modelling the variation of the gain at the start of each roundtrip
G(θ). In the next step one applies a Taylor expansion of the charge-carrier variable G with
respect to small v0, which always holds as v0 is only a small correction (τp = T + 1

γ + v0).
The boundary condition can be shifted in time as the origin is irrelevant. This can be done
in two ways and therefore leads to two equations, which however lead to the same result in
the direct numerical integration. The first approach reads

G̃(θ − 1, 1) = G̃(θ, 0)− v0∂yG̃(θ, 0), (B.38)

or the second reads

G̃(θ, 0) = G̃(θ − 1, 1) + v0∂yG̃(θ − 1, 1). (B.39)

In the following approach only the first option is used, but the second can be applied analo-
gously.
The integration over one round-trip with respect to the new variable y of the transformed
gain equation (B.33) reads∫ 1

0
∂yG̃(θ, y)dy = G̃(θ, 1)− G̃(θ, 0) = D(θ), (B.40)

where D(θ) represents the integrated right hand side of the gain equation. Now the asyn-
chronous boundary condition can be used to only keep terms depending on σ = 0 (or σ = 1
for the second variant). Therefore, boundary condition (B.38) is adjusted to:

G̃(θ, 1) = G̃(θ + 1, 0)− v0∂yG̃(θ + 1, 0). (B.41)

Equation (B.41) can now be equated to the expression found for the left hand side of the
integrated gain equation (B.40). Thus, one obtains (defining G(θ) = G̃(θ, 0))

G̃(θ + 1, 0)− G̃(θ, 0) = D(θ) + v0∂yG̃(θ + 1, 0), (B.42)
⇒ G(θ + 1)− G(θ) = D(θ) + v0∂yG̃(θ + 1, 0). (B.43)
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To transform this intermediate result into an ODE, one approximates the difference on the
left hand side using the Taylor expansion. This step is justified by the slow evolution of
G(θ). The approximation to second-order reads

G(θ + 1)− G(θ) ≈ d

dθ
G(θ) + 1

2
d2

dθ2G(θ). (B.44)

Furthermore, the right hand side of the integrated gain equation is inserted for D(θ) and the
approximation v0∂yG̃(θ + 1, 0) ≈ v0∂yG̃(θ, 0) is used to find the same θ for all terms. The
latter is justified by the slow change of the gain at the start of each round-trip. This yields

d

dθ
G(θ) + 1

2
d2

dθ2G(θ) = Γ
[
G0 −

∫ 1

0
G̃(θ, y)dy

]
−
∫ 1

0
G̃(θ, y)|Ẽ(θ, y)|2dy + v0∂yG̃(θ, 0).

(B.45)

The final boundary condition is determined by inserting eq. (B.33) with y = 0 into the last
term on the right-hand side. The final second-order ODE representing the dynamical change
of the gain at the start of each round trip reads

d

dθ
G(θ) + 1

2
d2

dθ2G(θ) =Γ
[
G0 −

∫ 1

0
G̃(θ, y)dy

]
−
∫ 1

0
G̃(θ, y)|Ẽ(θ, y)|2dy

+ v0
{

Γ[G0 − G(θ)]− G(θ)|Ẽ(θ, 0)|2
}
. (B.46)

By introducing the new variable φ = d
dθG the found equation can be transformed into two

first-order differential equations, which are solvable by applying the simple Euler method.
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C Non-Zero α-factor in the Localised Regime

A 2D bifurcation diagram across the (Jg,τ1) parameter plane in the localised regime is
indicated in Fig. C.1. In (a) the PC2 solution is used as a initial condition, whereas in (b)
the PC3 solution is used. The difference to the bifurcation diagram presented in section 4.3.4
is the usage of non-zero linewidth enhancement factors, i.e. αg = 1.5 and αq = 0.5. However,
the general bifurcation structure is not strongly influenced. Furthermore, the adjustment of
the pulse distance with changing cavity geometry is maintained.
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Figure C.1.: 2D Bifurcation diagrams across the (Jg,τ2) parameter plane in the localised regime.
The cavity asymmetry was varied, while maintaining a constant round-trip time, which was assured
by fulfilling the boundary condition T = 2τ1 +2τ . The color-code distinguishes between fundamental
mode-locking (FML), pulse cluster solutions (PCn) and harmonic mode-locking solutions (HMLn)
with n referring to the number of pulses. The white colored region represents the laser off state.
At each parameter pair (Jg,τ2) a stable solution was utilised as the initial condition of the direct
numerical integration. The utilised solutions were (a) PC2 and (b) PC3. They were found as the
stable solutions after transient 104 round-trips at a symmetric cavity configuration (black dashed line)
and Jg/Jth = 0.7. The shading of the red and green color-code represents the distance between the
pulses in the PC solution, with the darkest region corresponding the the maximum possible distance
(transition to HML solution). Laser parameters according to Table 4.1 with αg = 1.5 and αq = 0.5.
Figure adapted from [HAU20].
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D Additional Figures - GVD

This section indicates two additional Figures for the discussion of the influence of the second-
order dispersion. Figure D.1 indicates a plot of the pulse energy and the pulse width
(FWHM) in the parameter plane of the pump power and the group velocity dispersion
(G0, δ) obtained by direct numerical integration of the Haus master PDE (upsweep in G0).
The used α-factors are αg = 0.25 and αq = 0. Furthermore, Fig. D.2 indicates the influ-
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Figure D.1.: Additional information for non-zero linewidth enhancement (a) Mean pulse width in
the parameter plane of the pump power and the group velocity dispersion (G0, δ) obtained by direct
numerical integration of the Haus master PDE (upsweep in G0). (b) Mean Pulse width in the same
parameter plane. Both quantities are shown only for the fixed point solutions (white indicates a
(quasi-)periodic solution). The underlying dynamics is plotted in Fig. 5.10 and given by the labels.
Laser parameters as given in Table 3.1, with Jq = −39.375 (Q0 = −0.35) and αg = 0.25, αq = 0.0

ence on the stabilizing dynamics, when using a down-sweep instead of an up-sweep (for zero
αfactors). As discussed in section 4.2.3 the irregular states do not stabilise and the lower
bifurcation boundaries are not influence by the group velocity dispersion.
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Figure D.2.: Downsweep: (a) 1D Bifurcation diagram in pump power G0 showing all unique pulse
maxima (max (|E|)) obtained in 500 round-trips in the regime of fundamental (FML) and pulse cluster
mode-locking (PCn). The blue dots correspond to a group velocity dispersion of δ/ 1

2γ2 = 0.425 and
the red dots to δ/ 1

2γ2 = 0. (b) 2D Bifurcation diagram in the parameter plane of the the pump power
and the group velocity dispersion (G0, δ) obtained by direct numerical integration of the generalised
non-local Haus master PDE (upsweep in G0). The different colors refer to the same dynamics as in
Fig. 5.6. Laser parameters as given in Table 3.1, with Jq = −39.375 (Q0 = −0.35).
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