ROBUST CONTROL OF DESCRIPTOR SYSTEMS

PHILIP LOSSE^† , VOLKER MEHRMANN^{∗‡} , LISA KATRIN POPPE^{∗‡} , AND TIMO REIS^∗

Abstract. The H_∞ control problem is studied for linear constant coefficient descriptor systems. Necessary and sufficient optimality conditions are derived in terms of deflating subspaces of even matrix pencils for index one systems as well as for higher index problems. It is shown that this approach leads to a more robust method in computing the optimal value γ in contrast to other methods such as the widely used Riccati based approach. The results are illustrated by a numerical example.

Key words. descriptor system, H_∞-control, algebraic Riccati equation, even matrix pencil, γ-iteration, deflating subspace

AMS subject classifications. 34A09, 93B40, 93B36, 65F15, 65L80, 93B52, 93C05.

1. Introduction. The optimal infinite-horizon output (or measurement) feedback H_∞ control problem is one of the central tasks in robust control, see, e.g., [12, 13, 24, 36, 37]. For standard state space systems, where the dynamics of the system are modeled by a linear constant coefficient ordinary differential equation, the analysis of this problem is well studied and numerical methods have been developed and integrated in control software packages such as [1,4,14,25]. These methods work well for a wide range of problems in computing close to optimal (suboptimal) controllers but the exact computation of the optimal value γ in H_∞ control is considered a challenge [7]. In order to avoid some of the numerical difficulties that arise when approaching the optimum, in [2, 3] several improvements of the previously known methods were presented. These are based on the solution of structured eigenvalue problems with structured methods.

In this paper we study the more general case that the dynamics is constrained, i.e. described by a differential-algebraic equation (DAE) or descriptor system. Descriptor systems arise in the control of constrained mechanical systems, see e.g. [10, 26, 31, 33, 34], in electrical circuit simulation, see e.g. [15,16], and in particular in heterogeneous systems, where different models are coupled [23].

Robust control for descriptor systems has been studied in [27–29] using linear matrix inequalities (LMIs) and in [35] via generalized Riccati equations and J-spectral factorization. In contrast to these approaches, we extend the analysis and the robust numerical methods that were derived via deflating subspaces in [2, 3]. We discuss descriptor systems of the form

P : Eẋ(t) = Ax(t) + B_1w(t) + B_2u(t), x(t_0) = x^0, z(t) = C_1x(t) + D_{11}w(t) + D_{12}u(t), y(t) = C_2x(t) + D_{21}w(t) + D_{22}u(t),

(1.1)

where E, A ∈ R^{n,n}, B_i ∈ R^{n,mi} , C_i ∈ R^{pi,n}, and D_{ij} ∈ R^{pi,mj} for i, j = 1, 2. (Here, by R^{k,l} we denote the set of real k × l matrices.)

∗Institut für Mathematik, TU Berlin, Straße des 17. Juni 136, D-10623 Berlin, FRG; ({mehrmann,poppe,reis}@math.tu-berlin.de).

†Fakultät für Mathematik, TU Chemnitz, Reichenhainer Straße 41, D-09126 Chemnitz, FRG; (philip.losse@mathematik.tu-chemnitz.de). Supported by Deutsche Forschungsgemeinschaft through the project BE-2174/6-1,2

‡Partially supported by Deutsche Forschungsgemeinschaft through the project ME 790/16-1 1

In this system, x(t) ∈ R^n is the state vector, u(t) ∈ R^{m2} is the control input vector, and w(t) ∈ R^{m1} is an exogenous input that may include noise, linearization errors and un-modelled dynamics. The vector y(t) ∈ R^{p2} contains measured outputs, while z(t) ∈ R^{p1} is a regulated output or an estimation error. Our approach can also be extended to rectangular systems and systems in behavior formulation, using a remodelling as it was suggested in [17, 19], see also [18], but here we only study the formulation in (1.1).

The optimal H_∞ control problem is typically formulated in frequency domain. For this we need the following notation. The space H^{p,m}_∞ consists of all C^{p,m}-valued functions that are analytic and bounded in the complex half plane C^+ = {s ∈ C : Re(s) > 0}. For F ∈ H^{p,m}_∞ the H_∞-norm is given by

‖F ‖_∞ = sup_{s∈C+} σ_{max}(F (s)),

where σ_{max}(F (s)) denotes the maximal singular value of the matrix F (s).

In robust control, ‖F ‖_∞ is used as a measure of the worst case influence of the disturbances w on the output z, where in this case F is the transfer function mapping noise or disturbance inputs to error signals [37].

The optimal H_∞ control problem is the task of designing a dynamic controller as presented in Fig. 1.1 that minimizes (or at least approximately minimizes) this measure.

PSfrag replacements

Fig. 1.1. Interconnection with controller

Put more rigorously, the optimal H_∞ control problem is the following.

Definition 1.1 (The Optimal H_∞ control problem). For the descriptor system (1.1), determine a controller (dynamic compensator) K : Ê^̇x(t) = Âx̂(t) + B̂y(t),

u(t) = Ĉx̂(t) + D̂y(t)

(1.2)

with Ê, Â ∈ R^{N,N} , B̂ ∈ R^{N,p2} , Ĉ ∈ R^{m2,N} , D̂ ∈ R^{m2,p2} , and transfer function K(s) = Ĉ(sÊ − Â)−1B̂ + D̂ such that the closed-loop system resulting from the combination of (1.1) and (1.2), that is given by

Eẋ(t) = (A + B_2D̂Z_1C_2)x(t) + (B_2Z_2Ĉ)x̂(t) + (B_1 + B_2D̂Z_1D_{21})w(t),

Ê^̇x(t) = B̂Z_1C_2x(t) + (Â + B̂Z_1D_{22}Ĉ)x̂(t) + B̂Z_1D_{21}w(t),

z(t) = (C_1 + D_{12}Z_2D̂C_2)x(t) + D_{12}Z_2Ĉx̂(t) + (D_{11} + D_{12}D̂Z_1D_{21})w(t)

(1.3) with Z_1 = (I_{p2} − D_{22}D̂)^{−1} and Z_2 = (I_{m2} − D̂D_{22})^{−1}, has the following properties.

1.) System (1.3) is internally stable, that is, the solution [ x(t) x̂(t) ] of the system with

w ≡ 0 is asymptotically stable, i.e. lim_{t→∞} [ x(t) x̂(t) ] = 0.

2.) The closed-loop transfer function T_{zw}(s) from w to z satisfies T_{zw} ∈ H^{p1,m1}_∞ and is minimized in the H_∞-norm.

In principle, there is no restriction on the dimension N of the auxiliary state x̂ in (1.2), although, smaller dimensions N are preferred for practical implementation and computation.

As in the case of the optimal H_∞ control problems for ordinary state space systems it is also necessary to study two closely related optimization problems, the modified optimal H_∞ control problem and the suboptimal H_∞ control problem.

Definition 1.2 (The modified optimal H_∞ control problem.). For the descriptor system (1.1) let Γ be the set of positive real numbers γ for which there exists an internally stabilizing dynamic controller of the form (1.2) so that the transfer function T_{zw}(s) of the closed loop system (1.3) satisfies T_{zw} ∈ H^{p1,m1}_∞ with ‖T_{zw}‖_∞ < γ. Determine γ_{mo} = inf Γ If no internally stabilizing dynamic controller exits, we set Γ = ∅ and γ_{mo} = ∞.

Note that it is possible that there is no internally stabilizing dynamic controller with the property ‖T_{zw}‖_∞ = γ_{mo}. In this case one solves the suboptimal H_∞ control problem.

Definition 1.3 (The suboptimal H_∞ control problem.). For the descriptor system (1.1) and γ ∈ Γ with γ > γ_{mo}, determine an internally stabilizing dynamic controller of the form (1.2) such that the closed loop transfer function satisfies T_{zw} ∈ H^{p1,m1}_∞ with ‖T_{zw}‖_∞ < γ. We call such a controller γ-suboptimal controller or simply suboptimal controller.

The outline of the paper is as follows: In the forthcoming section we present the notation and some definitions that are used throughout the paper. Section 3 contains the main result of the paper and states conditions for the existence of an appropriate controller in terms of deflating subspaces of matrix pencils. The proof is given in three parts. First we briefly discuss the standard state space case. The results are then generalized to descriptor systems of index 1 and, thereafter, to systems with arbitrary index. In Section 4 we present the algorithmic framework for the γiteration to compute the optimal Γ and we illustrate the presented theory by means of a numerical example.

2. Preliminaries. In this section we introduce some notation and definitions. For symmetric matrices A and B, by A ≥ B and A > B we denote that A − B is positive semi-definite and positive definite, respectively. The spectral radius of a matrix A ∈ R^{n,n} is denoted by ρ(A). The set of complex numbers with positive real part is denoted by C^+ and the set of positive real numbers by R^+.

Let λE − A be a matrix pencil with E, A ∈ R^{n,n}. Then λE − A is called regular if det(λE − A) ≠ 0 for some λ ∈ C.

A pencil P (λ) = λE − A is called even if P (−λ)^T = P (λ), i.e. if E = −E^T and A = A^T .

For regular pencils, generalized eigenvalues are the pairs (α, β) ∈ C^2 \ {(0, 0)} for which det(αE − βA) = 0. If β ≠ 0, then the pair represents the finite eigenvalue λ = α/β. If β = 0, then (α, β) represent the eigenvalue infinity. In the following we use the notation with λ.

The solution and many properties of the free descriptor system (with u, w = 0) can be characterized in terms of the Weierstraß canonical form (WCF).

Theorem 2.1. [11] For a regular matrix pencil λE − A, there exist matrices W_f , V_f ∈ R^{n,nf} , W_∞, V_∞ ∈ R^{n,n∞} with the property that W = [ W_f W_∞ ] , V = [ V_f V_∞ ] are square and invertible, with

W^T EV = [ W^T_f W^T_∞ ] E [ V_f V_∞ ] = [ I_{nf} 0 0 N ] , (2.1a)

W^T AV = [ W^T_f W^T_∞ ] A [ V_f V_∞ ] = [ A_f 0 0 I_{n∞} ] , (2.1b)

A_f ∈ R^{nf ,nf} is in real Jordan canonical form and N ∈ R^{n∞,n∞} is a nilpotent matrix, also in Jordan canonical form. We call n_f , n_∞ the number of finite or infinite eigenvalues, respectively.

The index of nilpotency of the nilpotent matrix N in (2.1a) is called the index of the system and if E is nonsingular, then the pencil is said to have index zero.

Definition 2.2. A subspace L ⊂ R^n is called deflating subspace for the pencil λE − A if for a matrix X_L ∈ R^{n,k} with full column rank and im X_L = L there exists matrices Y_L ∈ R^{n,k}, R_L ∈ R^{k,k}, and U_L ∈ R^{k,k} such that

EX_L = Y_LR_L, AX_L = Y_LU_L. (2.2)

A deflating subspace L of λE − A is called stable (semi-stable) if all finite eigenvalues of λR_L − U_L are in the open (closed) left half plane.

Let J =

[_0 −In In 0 ] , where I_n is the n × n identity matrix. A subspace L ⊂ R^{2n} is called isotropic if x^T J y = 0 for all x, y ∈ L. An isotropic subspace with dim L = n is called Lagrangian.

In the notation of (2.1a)–(2.1b) with

B_{i,f} = W^T_f B_i, B_{i,∞} = W^T_∞B_i,

C_{i,f} = C_iV_f , C_{i,∞} = C_iV_∞, i = 1, 2

(2.3)

classical solutions of (1.2) take the form x(t) = V_f x_f (t) + V_∞x_∞(t), where x_f and x_∞ satisfy

ẋ_f (t) = A_f x_f (t) + B_{1,f} w(t) + B_{2,f} u(t), (2.4a) Nẋ_∞(t) = x_∞(t) + B_{1,∞}w(t) + B_{2,∞}u(t). (2.4b)

If the pencil λE − A has index ν, then this system has the explicit solution

x_f (t) = e^{Af (t−t0)}x_f (t_0) +

∫_t

t_0

e^{Af (t−τ)} (B_{1,f} w(τ) + B_{2,f} u(τ)) dτ, (2.5a)

x_∞(t) = − ν−1∑ i=0 d^i dt^i N

i (B_{1,∞}w(t) + B_{2,∞}u(t)) . (2.5b)

In contrast to standard state space systems, this shows that the initial condition x_∞(t_0) is restricted by (2.5b). Moreover, if ν > 1, then the solution will depend on derivatives of the input u and the disturbance w.

Note further that for the closed loop system (1.3) to be internally stable, the controller has to be designed so that both x_f and x_∞ are asymptotically stable.

While for the finite part this can be guaranteed if the spectrum of the matrix A_f lies in the open left half plane, for the infinite part this has to be explicitly achieved by the construction of the controller.

As in the case of standard state space systems, certain conditions will be needed to guarantee the existence of optimal H_∞ controls. First of all these are stabilizability and detectability conditions, which for descriptor systems are the following, see [5,8].

Definition 2.3. Let E, A ∈ R^{n,n}, B ∈ R^{n,m} and C ∈ R^{p,n}. Further, let T_∞, S_∞ be matrices with im T_∞ = ker E^T and im S_∞ = ker E.

i) The triple (E, A, B) is called finite dynamics stabilizable if rank[λE−A, B] = n for all λ ∈ C^+;

ii) (E, A, B) is impulse controllable if rank[E, AS_∞, B] = n; iii) (E, A, B) is strongly stabilizable if it is both finite dynamics stabilizable and impulse controllable;

iv) The triple (E, A, C) is finite dynamics detectable if rank[λE^T − A^T , C^T ] = n for all λ ∈ C^+;

v) (E, A, C) is impulse observable if rank[E^T , A^T T_∞, C^T ] = n; vi) (λE − A, C) is strongly detectable if it is both finite dynamics detectable and impulse observable.

After introducing our notation and giving some preliminary results, we derive the theoretical basis for the optimal H_∞ control problem for descriptor systems in the next section.

3. The Modified optimal H_∞ control problem. In this section we approach the problem of determining γ_{mo} for a given system (1.1). As in the case of standard state space systems, see [12, 13, 24, 37], we need several assumptions on the system matrices. In the following we set r = rank E.

Assumptions:

A1) The triple (E, A, B_2) is strongly stabilizable and the triple (E, A, C_2) is strongly detectable, see Definition 2.3.

A2) rank [ A − iωE B_2 C_1 D_{12} ] = n + m_2 for all ω ∈ R.

A3) rank [ A − iωE B_1 C_2 D_{21} ] = n + p_2 for all ω ∈ R.

A4) For matrices T_∞, S_∞ ∈ R^{n,n−r} with im S_∞ = ker E and im T_∞ = ker E^T the rank conditions

rank [ T^T_∞AS_∞ T^T_∞B_2 C_1S_∞ D_{12} ] = n + m_2 − r,

rank [ T^T_∞AS_∞ T^T_∞B_1 C_2S_∞ D_{21} ] = n + p_1 − r

hold.

It is well known for standard state space systems that Assumption A1) is essential for the existence of a controller that internally stabilizes the system. We will see that a similar result holds for the descriptor case. Assumptions A2) and A3) correspond to the typical claim that the system does not have transmission zeros on the imaginary axis. This is assumed in many works about H_∞-control of standard state space systems, since eigenvalues on the imaginary axis of the Hamiltonian matrices that are used in the computation of an optimal controller usually lead to problems in the computation of a semi-stable subspace, see [21, 30].

Further typical assumptions in the H_∞-control of standard state space systems are that D_{12}, D^T_{21} have full column rank, see [13,24,37]. The conditions in A4) reduce to these rank conditions if E is invertible.

For the construction of optimal or suboptimal controllers we will make use of the following two even matrix pencils, which generalize the pencils constructed in [2, 3]. Let λN_H + M_H (γ) =

λ 0 −E^T 0 0 0 E 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 + 0 −A^T 0 0 −C^T_1 −A 0 −B_1 −B_2 0 0 −B^T_1 −γ^2I_{m1} 0 −D^T_{11} 0 −B^T_2 0 0 −D^T_{12} −C_1 0 −D_{11} −D_{12} −I_{p1}

(3.1)

and λN_J + M_J (γ) =

λ 0 −E 0 0 0 E^T 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 + 0 −A 0 0 −B_1 −A^T 0 −C^T_1 −C^T_2 0 0 −C_1 −γ^2I_{p1} 0 −D_{11} 0 −C_2 0 0 −D_{21} −B^T_1 0 −D^T_{11} −D^T_{21} −I_{m1}

. (3.2)

Our approach is based on considering deflating subspaces of the matrix pencils (3.1) and (3.2), where the subspaces are spanned by the columns of the matrices X_H and X_J that are partitioned conformably with the pencils, i.e.

X_H (γ) =

X_{H,1}(γ) X_{H,2}(γ) X_{H,3}(γ) X_{H,4}(γ) X_{H,5}(γ)

, X_J (γ) =

X_{J,1}(γ) X_{J,2}(γ) X_{J,3}(γ) X_{J,4}(γ) X_{J,5}(γ)

, (3.3)

with

X_{H,1}(γ), X_{H,2}(γ), X_{J,1}(γ), X_{J,2}(γ) ∈ R^{n,r}, X_{H,4}(γ) ∈ R^{m2,r}, X_{J,4}(γ) ∈ R^{p2,r}, X_{H,3}(γ), X_{J,5}(γ) ∈ R^{m1,r}, X_{H,5}(γ), X_{J,3}(γ) ∈ R^{p1,r}.

We extend the results in [2, 3] to general descriptor systems and use deflating subspaces of the even pencils (3.1) and (3.2) to characterize the elements of the set Γ in Definition 1.1. For this we introduce the following conditions which will be shown to be necessary for the existence of a controller with the desired properties associated with a parameter γ ∈ Γ.

C1) The index of both pencils (3.1) and (3.2) is at most one. C2) There exists a matrix X_H (γ) as in (3.3) such that C2.a) the space im X_H (γ) is a semi-stable deflating subspace of λN_H + M_H (γ) and im

[_{EXH,1}

XH,2 ] is an r-dimensional isotropic subspace of R^{2n};

C2.b) rank EX_{H,1}(γ) = r.

C3) There exists a matrix X_J (γ) as in (3.3) such that C3.a) the space im X_J (γ) is a semi-stable deflating subspace of λN_J + M_J (γ) and im

[_{ET XJ,1}

XJ,2 ] is an r-dimensional isotropic subspace of R^{2n};

C3.b) rank E^T X_{J,1}(γ) = r.

Based on these conditions on the pencils, we introduce the following sets.

Definition 3.1. Consider system (1.1) and the associated even pencils λN_H + M_H (γ) in (3.1) and λN_J + M_J (γ) in (3.2). Define the sets

Γ_H = {γ ∈ R^+ | the index of λN_H + M_H (γ) is greater than one}, Γ_J = {γ ∈ R^+ | the index of λN_J + M_J (γ) is greater than one },

and set γ̂_H = sup Γ_H , γ̂_J = sup Γ_J and γ̂ = max{γ̂_H , γ̂_J }.

Note that in general the sets Γ_H and Γ_J may be all of R^+, but as we will show later it follows from the assumptions A1) – A4) that γ̂_H and γ̂_J and therefore also γ̂ are finite. If γ > γ̂ then, since both λN_H + M_H (γ) and λN_J + M_J (γ) have index at most one, it follows that these pencils have 2r finite eigenvalues, where r = rank E. Due to the fact that the pencils are even, and thus the eigenvalues occur in pairs λ, −λ, see [20], it follows that there exist at least r eigenvalues in the closed left half complex plane and at most r eigenvalues in the open left half plane.

The next group of sets are related to the conditions C2.a) and C2.b). Definition 3.2. Consider (1.1) and the associated even pencils λN_H + M_H (γ) in (3.1) and λN_J + M_J (γ) in (3.2). Define the sets

Γ^L_H = {γ ≥ γ̂ | the pencil λN_H + M_H (γ) satisfies C2.a) } ,

Γ^L_J = {γ ≥ γ̂ | the pencil λN_J + M_J (γ) satisfies C3.a) } ,

Γ^L = Γ^L_J ∩ Γ^L_H ,

Γ^R_H = {γ ≥ γ̂ | the pencil λN_H + M_H (γ) satisfies condition C2) } ,

Γ^R_J = {γ ≥ γ̂ | the pencil λN_J + M_J (γ) satisfies condition C3) } ,

Γ^R = Γ^R_J ∩ Γ^R_H

and set

γ̂^L_H = inf Γ^L_H , γ̂^L_J = inf Γ^L_J , γ̂^L = inf Γ^L,

γ̂^R_H = inf Γ^R_H , γ̂^R_J = inf Γ^R_J , γ̂^R = inf Γ^R.

For the numerical method to compute the optimal or suboptimal H_∞ it will turn out to be essential to figure out these extremal values. Finally we discuss the situation of finite purely imaginary eigenvalues.

Definition 3.3. Consider (1.1) and the associated even pencils λN_H + M_H (γ) in (3.1) and λN_J + M_J (γ) in (3.2). Define the sets

Γ^I_H = { γ ≥ γ̂ | | the pencil λN^H + M^H (γ) has at least one finite eigenvalue on the imaginary axis } , Γ^I_J = { γ ≥ γ̂ | | | the pencil λN^J + M^J (γ) has at least one finite eigenvalue on the imaginary axis } , Γ^I = Γ^I_J ∩ Γ^I_H .

and set

γ̂^I_H = inf Γ^I_H , γ̂^I_J = inf Γ^I_J , γ̂^I = inf Γ^I .

In the case where Γ^I_H , Γ^I_J or Γ^I are empty, we set γ̂^I_H = ∞, γ̂^I_J = ∞ or γ̂^I = ∞, respectively.

As in classical H_∞ control problem for state space systems, see [3], we also need some further rank conditions which are characterized in the following theorem that is proven in full generality in Subsection 3.3.

Theorem 3.4. Consider a system of the form (1.1) satisfying assumptions A1) – A4). Let X_H (γ) and X_J (γ) be deflating subspace matrices of the form (3.3) that satisfy conditions C2) and C3)), respectively. Then there exist parameters γ̂^k_H ≥ γ̂^L_H , γ̂^k_J ≥ γ̂^L_J and k̂_H , k̂_J ∈ N with the property that for all γ_{H,1}, γ_{H,2} > γ̂^k_H , γ_{J,1}, γ_{J,2} > γ̂^k_J the rank conditions

rank E^T X_{H,2}(γ_{H,1}) = rank E^T X_{H,2}(γ_{H,2}) = k̂_H ,

rank EX_{J,2}(γ_{J,1}) = rank EX_{J,2}(γ_{J,2}) = k̂_J

(3.4)

hold.

This rank property will be the fundament for the formulation of a further condition on the pencils in (3.1), (3.2) and on the blocks of the deflating subspace matrices X_H (γ) ∈ R^{2n+m1+m2+p1,r}, X_J (γ) ∈ R^{2n+p1+p2+m1,r} satisfying C2) (resp. C3)).

C4) The matrix

Y(γ) = [ −γX^T_{H,2}(γ)EX_{H,1}(γ) X^T_{H,2}(γ)EX_{J,2}(γ) X^T_{J,2}(γ)E^T X_{H,2}(γ) −γX_{J,2}(γ)^T E^T X_{J,1}(γ) ] (3.5)

is symmetric, positive semi-definite and satisfies rank Y(γ) = k̂_H + k̂_J . Since X_H (γ) and X_J (γ) are unique up to a multiplication from the right with invertible matrices, Y(γ) is unique up to a block-diagonal congruence transformation. Therefore, the value rank Y(γ) is well-defined.

Note that if we consider Y(γ) in the standard case E = I_n, then it slightly differs from the matrix Y(γ) used in [3]. This is due to the fact that the pencils (3.1) and (3.2) are expressed in a slightly different form in the generalization to descriptor systems.

Condition C4) then leads to another set that has to be considered. Definition 3.5. Consider a system of the form (1.1) that satisfies assumptions A1) – A4). Then we define

Γ^ρ = { γ ≥ γ̂ | | | the matrix Y(γ) is positive semi-definite with rank Y(γ) = k̂_H + k̂_J }

and we set γ̂^ρ := inf Γ^ρ.

In this section we have introduced several assumptions and conditions as well as sets of γ-parameters that will be used in the next section to derive conditions for the optimal and suboptimal γ-parameters.

We proceed in three steps, first recalling the standard state space case in Subsection 3.1, then considering the index one case in Subsection 3.2 and finally the general case in Subsection 3.3.

3.1. The standard state space case. In the first step, we briefly review the results from [3, 9] for the standard state space, that is E = I_n. The relation between the values introduced in Definitions 3.1–3.3 is given by the following proposition.

Proposition 3.6 ( [3]). Consider a system of the form (1.1) with E = I_n. Then the following inequality holds:

0 ≤ γ̂ ≤ γ̂^L ≤ γ̂^R. (3.6)

If γ̂^I < ∞, then γ̂^I = γ̂^L > γ̂. If γ̂^ρ exists, then γ̂^ρ ≥ γ̂^R.

Furthermore it was shown in [3] that Theorem 3.4 holds if E = I_n. Therefore, C4) represents a well-defined condition and we can present the main result for the modified optimal H_∞ control problem of standard systems.

Proposition 3.7. Consider system (1.1) with E = I_n and the even pencils λN_H + M_H (γ) and λN_J + M_J (γ) as in (3.1) and (3.2), respectively. Suppose that assumptions A1) – A4) hold.

Then there exists an internally stabilizing controller such that the transfer function from w to z satisfies T_{zw} ∈ H^{p1,m1}_∞ with ‖T_{zw}‖_∞ < γ if and only if γ is such that the conditions C1) – C4) hold.

Furthermore, the set of γ satisfying the conditions C1) – C4) is non-empty. Proof. In the standard state space case, see [3, 9], the assumptions A1) – A4) reduce to

• stabilizability of the pair (A, B_2), • detectability of the pair (A, C_2),

• rank [ A − iωI_n B_2

C_1 D_{12} ] = n + m_2 for all ω ∈ R,

• rank [ A − iωI_n B_1

C_2 D_{21} ] = n + p_2 for all ω ∈ R,

• rank D_{12} = m_2, • rank D_{21} = p_1.

Under these assumptions, it is shown in [9, 37] that the set of internally stabilizing controllers is non-empty and there exists an internally stabilizing controller such that the transfer function from w to z satisfies T_{zw} ∈ H^{p1,m1}_∞ with ‖T_{zw}‖_∞ < γ if and only if γ is such that the following four conditions hold. C_{st}1) The matrices

R_H (γ) = [ D^T_{11}D_{11} −γ^2I_{p1} D^T_{11}D_{12} D^T_{12}D_{11} D^T_{12}D_{12} ] , R_J (γ) = [ D_{11}D^T_{11} −γ^2I_{m1} D_{11}D^T_{21} D_{21}D^T_{11} D_{21}D^T_{21} ]

are invertible.

C_{st}2) There exists a matrix X_H (γ) =

[_{XH,1}

XH,2 ] with X_{H,1}, X_{H,2} ∈ R^{n,n} such that

C_{st}2.a) for B_H =

[_{B1}

−CT1 D11 B2 −CT1 D12 ] , the matrix

H(γ) = [ A 0 −C^T_1 C_1 −A^T ] − B_H R^{−1}_H (γ)B^T_H J

has a semi-stable Lagrangian invariant subspace im X_H (γ). C_{st}2.b) rank X_{H,1}(γ) = n.

C_{st}3) There exists a matrix X_J (γ) =

[_{XJ,1}

XJ,2 ] with X_{J,1}, X_{J,2} ∈ R^{n,n} such that

C_{st}3.a) for C_J =

[_{D11BT1}

−D11BT1 C1 C2 ] , the matrix

J(γ) = [ A^T 0 −B_1B^T_1 −A ] − C^T_H R^{−1}_J (γ)C_H J

has a semi-stable Lagrangian invariant subspace im X_J .

C_{st}3.b) rank X_{J,1}(γ) = n.

C_{st}4) The inequality ρ(X_{H,2}X^{−1}_{H,1}X_{J,2}X^{−1}_{J,1} ) < γ^2 holds.

For E = I_n, it was shown in [3] that for every i ∈ {1, 2.a, 2.b, 3, 4}, the property C_{st}i) is equivalent to the corresponding Ci) for the pencils in (3.1) and (3.2).

3.2. The Index One Case. To extend Proposition 3.7 to the case that the index of λE − A is ν = 1, we will make use of the Weierstraß canonical form in Theorem 2.1. Transforming system (1.1) and using the notation introduced in (2.3), the explicit solution (2.5b) reduces to x_∞(t) = −B_{1,∞}w(t) − B_{2,∞}u(t). Inserting this into the transformed out equations, we obtain the standard state space system (often called the slow or finite dynamics subsystem)

ẋ_f (t) = A_f x_f (t) + B_{1,f} w(t) + B_{2,f} u(t), z(t) = C_{1,f} x_f (t) + (D_{11} − C_{1,∞}B_{1,∞})w(t) + (D_{12} − C_{1,∞}B_{2,∞})u(t), y(t) = C_{2,f} x_f (t) + (D_{21} − C_{2,∞}B_{1,∞})w(t) + (D_{22} − C_{2,∞}B_{2,∞})u(t).

(3.7)

Lemma 3.8. Consider system (1.1) and suppose that the index of λE − A is at most one. Then for i ∈ {1, 2, 3, 4}, system (1.1) satisfies Ai) if and only if the slow subsystem (3.7) satisfies Ai).

Proof. Any system of index at most one is both impulse controllable and observable, see [8, 21] and, furthermore, finite dynamics stabilizability (detectability) is equivalent to stabilizability (detectability) of the slow subsystem obtained from the Weierstraß canonical form. Then from Theorem 2.1, see also [8, 21], the equivalence of the corresponding conditions A1) is immediate.

The equivalence for the corresponding conditions A2) is obtained by using the transformation matrices to Weierstraß canonical form, since

W^T_f 0 −C_{1,∞}W^T_∞ I_{p1}

W^T_∞ 0 [ A − iωE B_2 C_1 D_{12} ] [ V_f −V_∞B_{2,∞} V_∞ 0 I_{m2} 0 ]

= A_f − iωI_{nf} B_{2,f} 0 C_{1,f} D_{12} − C_{2,∞}B_{2,∞} 0 0 0 I_{n∞} .

The proof for the equivalence of the corresponding conditions A3) is analogous.

We now consider condition A4). By definition, the columns of the matrices T_∞, S_∞ span the left and right nullspace of E. Thus there exist invertible matrices M_l, M_r ∈ R^{n∞,n∞} such that W_∞ = T_∞M_l, V_∞ = S_∞M_r. The assertion then follows from [ M^T_l 0 −C_{1,∞}M^T_l I_{p1} ] [ T^T_∞AS_∞ T^T_∞B_2 C_1S_∞ D_{12} ] [ M_r −M_rB_{2,∞} 0 I_{m2} ]

= [ I_{n∞} 0 0 D_{12} −C_{1,∞}B_{2,∞} ] , [ M^T_l 0 −C_{2,∞}M^T_l I_{p2} ] [ T^T_∞AS_∞ T^T_∞B_1 C_2S_∞ D_{21} ] [ M_r −M_rB_{1,∞} 0 I_{m1} ]

= [ I_{n∞} 0 0 D_{21} −C_{2,∞}B_{1,∞} ] .

After proving the equivalence of the conditions Ai), we now show that the Γ sets and γ parameters introduced in Definitions 3.1–3.3 and 3.5 are those of the slow subsystem. We denote by λN_{H,st} + M_{H,st}(γ) and λN_{J,st} + M_{J,st}(γ) the even pencils (3.1) and (3.2) constructed from the data of system (3.7).

Lemma 3.9. Consider the system (1.1) and assume that the index of λE −A is at most one. Let λN_H + M_H (γ) and λN_J + M_J (γ) be the even pencils constructed from the data of (1.1) and let λN_{H,st} + M_{H,st}(γ), λN_{J,st} + M_{J,st}(γ) be the corresponding pencils constructed from the data of (3.7).

Let Γ_H , Γ_J , Γ^L_H , Γ^L_J , Γ^R_H , Γ^R_J , Γ^I_H and Γ^I_J be the sets introduced in Definitions 3.1– 3.3 and 3.5 and let Y(γ) be the matrix introduced in (3.5).

Let analogously Γ_{H,st}, Γ_{J,st}, Γ^L_{H,st}, Γ^L_{J,st}, Γ^R_{H,st}, Γ^R_{J,st}, Γ^I_{H,st}, Γ^I_{J,st} and Y_{st}(γ) be correspondingly defined for the slow subsystem (3.7). Then,

Γ_{J,st} = Γ_H , Γ^L_{H,st} = Γ^L_H , Γ^R_{H,st} = Γ^R_H , Γ^I_{H,st} = Γ^I_H ,

Γ_{J,st} = Γ_J , Γ^L_{J,st} = Γ^L_J , Γ^L_{J,st} = Γ^L_J , Γ^I_{J,st} = Γ^I_H , and rank Y(γ) = rank Y_{st}(γ).

Proof. First we consider the pencil λN_H + M_H (γ) and introduce the transformation matrix

P_H =

V^T_f 0 0 0 0 0 W^T_f 0 0 0 B^T_{1,∞}V^T_∞ 0 I_{m1} 0 0 B^T_{2,∞}V^T_∞ 0 0 I_{m2} 0 0 −C_{1,∞}W^T_∞ 0 0 I_{p2} V^T_∞ 0 0 0 0 0 W^T_∞ 0 0 0

T

. (3.8)

We obtain that

λP^T_H N_H P_H − P^T_H M_H (γ)P_H = λN_{H,st} + M_{H,st}(γ) 0 0 0 I_{n∞} 0 0 0 I_{n∞}

. (3.9)

This directly implies Γ_{H,st} = Γ_H and Γ^I_{H,st} = Γ^I_H . Analogously, we can show that Γ_{J,st} = Γ_J and Γ^I_{H,st} = Γ^I_H . Furthermore, it can be concluded from (3.9) that the columns of a matrix

X_{H,st} = [ X^T_{H,st,1} X^T_{H,st,2} X^T_{H,st,3} X^T_{H,st,4} X^T_{H,st,5}

]_T

partitioned conformably to the block structure of λN_{H,st}+M_{H,st}(γ) span a semi-stable deflating subspace if and only if the columns of

X_{H,1} X_{H,2} X_{H,3} X_{H,4} X_{H,5} = V_f X_{H,st,1} + V_∞B_{1,∞}X_{H,st,3} + V_∞B_{2,∞}X_{H,st,4} + V_∞X_{H,st,6} W_f X_{H,st,2} − W_∞C^T_{1,∞}X_{H,st,5} + W_∞X_{H,st,7} X_{H,st,3} X_{H,st,4} X_{H,st,5}

(3.10) span the semi-stable deflating subspace of λN_H + M_H (γ).

Analogously, we can show that matrices spanning the semi-stable deflating subspace of λN_J + M_J (γ) and λN_{J,st} + M_{J,st}(γ) are related by

X_{J,1} X_{J,2} X_{J,3} X_{J,4} X_{J,5} = W_f X_{J,st,1} +W_∞C^T_{1,∞}X_{J,st,3} +W_∞C^T_{2,∞}X_{J,st,4} +W_∞X_{J,st,6} V_f X_{J,st,2} −V_∞B_{1,∞}X_{J,st,5} +V_∞X_{J,st,7} X_{J,st,3} X_{J,st,4} X_{J,st,5}

. (3.11)

Using the fact that EV_∞ = 0, W^T_∞E = 0 and W^T_f ET_f = I_{nf} , it follows that

rank EX_{H,1}(γ) = rank X_{H,st,1}(γ), (3.12a)

rank E^T X_{J,1}(γ) = rank X_{J,st,1}(γ), (3.12b)

rank E^T X_{H,2}(γ) = rank X_{H,st,2}(γ), (3.12c) rank EX_{J,2}(γ) = rank X_{J,st,2}(γ), (3.12d)

X_{H,2}(γ)^T EX_{H,1}(γ) = X_{H,st,2}(γ)^T X_{H,st,1}(γ), (3.12e)

X_{H,2}(γ)^T EX_{J,2}(γ) = X_{H,st,2}(γ)^T X_{J,st,2}(γ), (3.12f)

X_{J,2}(γ)^T E^T X_{J,1}(γ) = X_{J,st,2}(γ)^T X_{J,st,1}(γ). (3.12g)

The relations (3.11), (3.12e) and (3.12g) imply that Γ^L_{H,st} = Γ^L_H and Γ^L_{J,st} = Γ^L_J . Additionally, from (3.12a), (3.12b), we obtain Γ^R_{H,st} = Γ^R_H and Γ^R_{J,st} = Γ^R_J . By using (3.12e)-(3.12g) we then obtain that the matrices Y(γ) and Y_{st}(γ) coincide, in particular, we have rank Y(γ) = rank Y_{st}(γ).

An immediate consequence is that Proposition 3.6 holds for systems of index at most one. Furthermore, from (3.12c) and (3.12b) and the corresponding fact for standard systems, we can conclude that Theorem 3.4 holds for systems of index at most one.

With these preparations we can formulate the following extension of Proposition 3.7 for systems of index at most one.

Proposition 3.10. Consider system (1.1) such that the index of the pencil λE − A is at most one, and the even pencils λN_H + M_H (γ) and λN_J + M_J (γ) as in (3.1) and (3.2), respectively. Suppose that assumptions A1) – A4) hold.

Then there exists an internally stabilizing controller such that the transfer function from w to z satisfies T_{zw} ∈ H^{p1,m1}_∞ with ‖T_{zw}‖_∞ < γ if and only if γ is such that the conditions C1) – C4) hold.

Furthermore, the set of γ satisfying the conditions C1) – C4) is nonempty. Proof. The closed-loop transfer function T_{zw}(s) of the system (3.7) with a controller of the form (1.2) is equal to the closed-loop transfer function of the system (1.1) with the same controller.

Since (1.1) is strongly stabilizable (strongly detectable), if and only if system (3.7) is stabilizable (detectable), a controller that internally stabilizes (3.7) also stabilizes the finite dynamics of (1.1).

Therefore, the existence of a controller with desired properties for (1.1) is equivalent to the existence of such a controller for (3.7). Since by Lemma 3.8 the validity of assumptions A1) – A4) for (3.7) is equivalent to those of (1.1) and, furthermore, also by Lemma 3.9 the corresponding conditions C1) – C4) of these two systems are equivalent, the assertion follows.

We have seen so far that the standard state space case and the index one case follow after some simple transformation. In the next subsection we now study the general case.

3.3. The General Case. In this section we formulate the results for the modified optimal H_∞-control problem for descriptor systems of arbitrary index. A key tool in the proof will be an a priori static output feedback u(t) = Ky(t) + ū(t) resulting in a system

Eẋ(t) = (A + B_2KC_2)x(t) + (B_1 + B_2KD_{21})w(t) + B_2ū(t), x(t_0) = x^0,

z(t) = (C_1 + D_{12}KC_2)x(t) + (D_{11} + D_{12}KD_{21})w(t) + D_{12}ū(t),

y(t) = C_2x(t) + D_{21}w(t). (3.13) The feedback matrix K will be constructed in a way that system (3.13) has index one. Then we are able to apply the results of the previous section. If (1.2) is a controller for (3.13) then a controller for the system (1.1) is given by

Ê ^̇x(t) = Âx̂(t) + B̂y(t),

u(t) = Ĉx̂(t) + (D̂ − K)y(t).

(3.14)

To proceed, we need the following results about the existence of a static output feedback K that leads to a system of index at most one.

Lemma 3.11. [6, 8] Consider matrices C ∈ R^{p,n}, B ∈ R^{n,m} and a regular matrix pencil λE − A. Then there exists K ∈ R^{p,m} such that the pencil λE − (A + BKC) is regular and has index at most one if and only if the triple (E, A, B) is impulse controllable and the triple (E, A, C) is impulse observable, see Definition 2.3.

To make use of this result, we show that a static output feedback does not change the assumptions A1) – A4).

Lemma 3.12. Consider system (1.1) and let K ∈ R^{m2,p2} such that the pencil λE −(A+B_2KC_2) is regular. Then for every i ∈ {1, 2, 3, 4} the system (1.1) satisfies Ai) if and only if the system (3.13) satisfies Ai).

Proof. The invariance of strong stabilizability and strong detectability under output feedback is trivial. The proof for the equivalence of the corresponding assumptions A2) follows from the identity [ A − iωE B_2 C_1 D_{12} ] [ I_n 0 KC_2 I_{m2} ] = [ A + B_2KC_2 − iωE B_2 C_1 + D_{12}KC_2 D_{12} ] , while the equivalence statement for A3) can be shown analogously. The fact that (3.13) satisfies A4) if and only if (1.1) satisfies A4) is a consequence of [ T^T_∞AS_∞ T^T_∞B_2 C_1S_∞ D_{12} ] [ I_{n−r} 0 KC_2S_∞ I_{m2} ] = [ T^T_∞(A + B_2KC_2)S_∞ T^T_∞B_2 (C_1 + D_{12}KC_2)S_∞ D_{12} ] , [ I_{n−r} T^T_∞B_2K

0 I_{p2} ] [ T^T_∞AS_∞ T^T_∞B_1 C_2S_∞ D_{21} ] = [ T^T_∞(A + B_2KC_2)S_∞ T^T_∞(B_1 + B_2KD_{21}) C_2S_∞ D_{21} ] .

In the following Lemma we show that the sets introduced in Definitions 3.1–3.3 and 3.5 are invariant under output feedback as well.

Lemma 3.13. Consider the system (1.1) and let K ∈ R^{m2,p2} be such that the pencil λE − (A + BKC) is regular. Let Γ_H , Γ_J , Γ^L_H , Γ^L_J , Γ^R_H , Γ^R_J , Γ^I_H and Γ^I_J be the sets introduced in Definitions 3.1–3.3 and 3.5 and let Y(γ) be the matrix introduced in (3.5). Furthermore, let Γ_{H,K} , Γ_{J,K} , Γ^L_{H,K} , Γ^L_{J,K} , Γ^R_{H,K} , Γ^R_{J,K} , Γ^I_{H,K} , Γ^I_{J,K} and Y_K (γ) be the corresponding quantities for the system (3.13). Then,

Γ_{J,K} = Γ_H , Γ^L_{H,K} = Γ^L_H , Γ^R_{H,K} = Γ^R_H , Γ^I_{H,K} = Γ^I_H ,

Γ_{J,K} = Γ_J Γ^L_{J,K} = Γ^L_J , Γ^L_{J,K} = Γ^L_J , Γ^I_{J,K} = Γ^I_H , and rank Y(γ) = rank Y_K (γ).

Proof. Let λN_{H,K} + M_{H,K} (γ) be the even pencil associated to the system (3.13). Then, with the transformation matrices

T_{H,K} =

I_n 0 0 0 0 0 I_n 0 0 0 0 0 I_{m1} 0 0 KC_2 0 KD_{21} I_{m2} 0 0 0 0 0 I_{p1}

, T_{J,K} =

I_n 0 0 0 0 0 I_n 0 0 0 0 0 I_{p1} 0 0 K^T B^T_2 0 K^T D^T_{12} I_{p2} 0 0 0 0 0 I_{m1} ,

we have the identities

λT^T_{H,K} N_H T_{H,K} + T^T_{H,K} M_H (γ)T_{H,K} = λN_{H,K} + M_{H,K} (γ),

λT^T_{J,K} N_J T_{J,K} + T^T_{J,K} M_J (γ)T_{J,K} = λN_{J,K} + M_{J,K} (γ).

Thus, we have that the pencils λN_H + M_H (γ) and λN_{H,K} + M_{H,K} (γ) have the same index and eigenvalues. Similarly, this holds for λN_J + M_J (γ) and λN_{J,K} + M_{J,K} (γ). Therefore we have Γ_{H,K} = Γ_H , Γ_{J,K} = Γ_J , Γ^I_{H,K} = Γ^I_H , Γ^I_{J,K} = Γ^I_J . The relations Γ^R_{H,K} , Γ^R_{J,K} , Γ^L_{H,K} , Γ^L_{J,K} follow from the facts that im [ X^T_{H,1} X^T_{H,2} X^T_{H,3} X^T_{H,4} X^T_{H,5}

]_T , im [ X^T_{J,1} X^T_{J,2} X^T_{J,3} X^T_{J,4} X^T_{J,5}

]_T

are semi-stable deflating subspaces of λN_{H,K} + M_{H,K} (γ) and λN_{J,K} + M_{J,K} (γ), respectively, if and only if im [ X^T_{H,1} X^T_{H,2} X^T_{H,3} (X_{H,4} − KC_2X_{H,1} + KD_{21}X_{H,3})^T X^T_{H,5}

]_T , im [ X^T_{J,1} X^T_{J,2} X^T_{J,3} (X_{J,4} − K^T B^T_2 X_{J,1} + K^T D^T_{12}X_{H,3})^T X^T_{H,5}

]_T (3.15)

are semi-stable deflating subspace of λN_H + M_H (γ) and λN_J + M_J (γ). From (3.15), we further obtain that Y(γ) = Y_K (γ) and thus, their ranks coincide.

With these auxiliary results, we are now in a position to prove Theorem 3.4.

Proof of Theorem 3.4. First we apply an priori feedback K ∈ R^{m2,p2} to (1.1) such that the resulting system (3.13) has index at most one. Then we know from (3.15) that for the corresponding matrices X_{H,1}, X_{H,2}, X_{J,1}, X_{J,2} of (1.1) and (3.13) are equal. Since Theorem 3.4 holds for systems of index one, the assertion follows.

Lemma 3.13 also implies that the assertion of Proposition 3.6 still holds for the general case, i.e., for (1.1), the inequality

0 ≤ γ̂ ≤ γ̂^L ≤ γ̂^R.

is valid. In the case where γ̂^I < ∞, we have γ̂^I = γ̂^L > γ̂ and if γ̂^ρ exists, then γ̂^ρ ≥ γ̂^R.

With the described framework, we can now formulate the main result for the modified H_∞ control problem for descriptor systems.

Theorem 3.14. Consider system (1.1) and the even pencils λN_H + M_H (γ) and λN_J + M_J (γ) as in (3.1) and (3.2), respectively. Suppose that assumptions A1) – A4) hold.

Then there exists an internally stabilizing controller such that the transfer function from w to z satisfies T_{zw} ∈ H^{p1,m1}_∞ with ‖T_{zw}‖_∞ < γ if and only if γ is such that the conditions C1) – C4) hold.

Furthermore, the set of γ satisfying the conditions C1) – C4) is nonempty. Proof. Due to Lemma 3.11, there exists a matrix K ∈ R^{m2,p2} such that the system (3.13) has index at most one. Lemma 3.12 implies that (3.13) satisfies A1) – A4) as well. Furthermore, by Lemma 3.13, the validity of the conditions C1) – C4) for the system (1.1) are equivalent to the respective conditions for system (3.13).

Proposition 3.10 then implies that conditions C1) – C4) for (3.13) are fulfilled if and only if there exists a desired controller for (3.13).

Since an application of the controller (1.2) to (3.13) results in the same closed loop system as controlling (3.13) with (3.14), the desired result follows immediately.

Theorem 3.15. Consider system (1.1) and suppose that assumptions A1) – A4) hold. Then the set Γ^ρ is non-empty and optimal γ for the modified optimal H_∞ control problem is given by

γ_{mo} = γ̂^ρ. (3.16)

Proof. Let Γ be the set of γ > 0 for which an internally stabilizing controller exists such that the transfer function from w to z satisfies ‖T_{zw}‖_∞ < γ.

We know from Theorem 3.14 that Γ is non-empty and for some γ > 0, we have γ ∈ Γ if and only if the conditions C1) – C4) are fulfilled. By the definition of Γ_H , Γ_J , Γ^R and Γ^ρ, the existence of a controller with desired properties is therefore equivalent to

γ ∈ Γ_H ∩ Γ_J , γ ∈ Γ^R, γ ∈ Γ^ρ. (3.17)

Especially, we have that Γ^ρ is non-empty. By the definition of γ̂, γ̂^R and γ̂^ρ, condition (3.17) is the same as

γ > γ̂, γ > γ̂^R, γ ∈ γ̂^ρ. (3.18)

Hence, γ ∈ Γ is equivalent to

γ > max{γ̂, γ̂^R, γ̂^ρ}. (3.19)

However, since by Lemma 3.13 we have that Proposition 3.6 still holds for arbitrary descriptor systems, the equation γ̂^ρ = max{γ̂, γ̂^R, γ̂^ρ} holds. Thus we have that γ̂_{mo} = inf Γ = γ̂^ρ.

4. Computation of γ_{mo}. In this section we give a numerical method for the computation of γ_{mo} that is similar to the procedure proposed in [3] and uses a bisection method.

Procedure 1: (Classification of γ)

Input: Data of system (1.1), value γ ≥ 0. Output: Decision whether γ < γ_{mo} or γ ≥ γ_{mo}.

1. Form the pencils λN_H + M_H (γ) and λN_J + M_J (γ).

2. Compute the deflating subspace matrices X_H and X_J associated with the eigenvalues in the closed left half plane.

3. IF the dimension of one/both of these subspaces is less than r, then γ < γ_{mo}, ELSE

IF the rank of EX_{H,1} and/or E^T X_{J,1} is less than r, then γ < γ_{mo}, ELSE

Form the matrix Ŷ.

IF Ŷ is not positive semi-definite and/or rank Ŷ < k̂_H + k̂_J , then γ < γ_{mo}, ELSE γ ≥ γ_{mo}.

To determine γ_{mo} we use the following bisection method.

Procedure 2: (Bisection method) Input: upper and lower bounds γ_{up} and γ_{lo} for γ_{mo}, tolerance Tol.

Output: Approximation to γ_{mo}. 1. IF γ_{up} − γ_{lo} < T ol, then set γ_{mo} = γ_{up},

ELSE

IF γ < γ_{mo}, then set γ_{lo} = γ, γ = (γ_{mo} + γ_{up})/2 and test whether γ < γ_{mo} or γ ≥ γ_{mo} with Procedure 1.

IF γ > γ_{mo}, then set γ_{up} = γ, γ = (γ_{mo} + γ_{up})/2 and test whether γ < γ_{mo} or γ ≥ γ_{mo} with Procedure 1.

2. GOTO Step 1.

To illustrate the functionality of our approach, consider the following example from [35] which is also discussed in [27]. The descriptor system is given by (1.1) with E = 1 0 0 0 1 0 0 0 0

, A =

−1 0 1 0 0 1 0 −1 0

, B_1 = 0 1 1 , B_2 = 1 0 1 ,

C_1 = [ 1 1 0 0 1 1 ] , C_2 = [ 1 0 1 ] , D_{12} = [ 0 1 ] , D_{21} = 1, D_{11} = D_{22} = 0.

This system is of index 2 and the associated pencils λN_H + M_H (γ) and λN_J + M_J (γ) have index 1 for γ ≠ 0. The goal is to find the minimum value γ that satisfies the conditions C1) – C4). Using the QZ-Algorithm in Matlab to calculate the eigenvalues of the pencils and the deflating subspaces associated with eigenvalues in the closed left half plane and, using the Procedure 2 to determine the optimal value for gamma, we computed γ_{opt} given by γ^ρ = 0.7397, which is smaller than the suboptimal value obtained in [27, 35].

The QZ-Algorithm does not make use of the special even structure of the matrix pencils λN_H +M_H (γ) and λN_J +M_J (γ) and thus the decision whether eigenvalues are purely imaginary is sometimes difficult. As the perturbation theory for the standard state space case indicates, see [22], it can be expected that even better results can be obtained with a structure preserving method that takes the even structure of the pencil into account. A production code for this is currently under development, see [32].

In this paper we have developed conditions for optimal and suboptimal H_∞- control for descriptor systems of arbitrary index. We have expressed criteria for the existence of an internally stabilizing controller in terms of even pencils. Furthermore we have presented the framework for the γ-iteration applied to general descriptor systems. We have illustrated the theoretical results with a numerical example.

REFERENCES

[1] G. Balas, R. Chiang, A. Packard, and M. Safonov, Robust Control Toolbox. For Use with Matlab. User’s Guide, Version 3, The MathWorks, Inc., 3 Apple Hill Drive, Natick, MA 01760, USA, 2005.

[2] P. Benner, R. Byers, V. Mehrmann, and H. Xu, A robust numerical method for optimal H_∞ control, in Proceedings of the 43rd Conference on Decision and Control, Atlantis, Paradise Island, Bahamas, 2004, pp. 424–425. Paper TuA12.5.

[3] , A robust numerical method for the γ-iteration in H_∞ control, Linear Algebra Appl., 425 (2007), pp. 548–570.

[4] P. Benner, V. Mehrmann, V. Sima, S. Van Huffel, and A. Varga, SLICOT - a subroutine library in systems and control theory, Applied and Computational Control, Signals, and Circuits, 1 (1999), pp. 505–546.

[5] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N.K. Nichols, Feedback design for regularizing descriptor systems, Linear Algebra Appl., 299 (1999), pp. 119–151.

[6] A. Bunse-Gerstner, V. Mehrmann, and N.K. Nichols, Regularization of descriptor systems by output feedback, IEEE Trans. Automat. Control, 39 (1994), pp. 1742–1748.

[7] B.M. Chen, Exact computation of optimal value in H_∞ control, in Unsolved Problems in Mathematical Systems and Control Theory, V.D. Blondel and A. Megretski, eds., Princeton University Press, 2004, pp. 271–275. Available online from http://pup.princeton.edu/

titles/7790.html.

[8] L. Dai, Singular Control Systems, vol. 118 of Lecture Notes in Control and Information Sciences, Springer-Verlag, Berlin/Heidelberg, 1989.

[9] J. Doyle, K. Glover, P.P. Khargonekar, and B.A. Francis, State-space solutions to standard H_2 and H_∞ control problems, IEEE Trans. Automat. Control, 34 (1989), pp. 831–847.

[10] E. Eich-Soellner and C. Führer, Numerical Methods in Multibody Dynamics, Teubner, Stuttgart, 1998.

[11] F.R. Gantmacher, Theory of Matrices, vol. 2, Chelsea, New York, 1959. [12] M. Green and D.J.N Limebeer, Linear Robust Control, Prentice-Hall, Englewood Cliffs, NJ, 1995.

[13] D.-W. Gu, P. Hr. Petkov, and M.M. Konstantinov, Direct formulae for the H_∞ suboptimal central controller, NICONET Report 1998–7, The Working Group on Software (WGS), 1998. Available from http://www.slicot.org.

[14] , H_∞ and H_2 optimization toolbox in SLICOT, SLICOT Working Note 1999–12, The Working Group on Software (WGS), 1999. Available from http://www.slicot.org.

[15] M. Günther and U. Feldmann, CAD-based electric-circuit modeling in industry. i. mathematical structure and index of network equations, Surveys Math. Indust., 8 (1999), pp. 97–129.

[16] , Cad-based electric-circuit modeling in industry. ii. impact of circuit configurations and parameters, Surveys Math. Indust., 8 (1999), pp. 131–157.

[17] P. Kunkel and V. Mehrmann, Analysis of over- and underdetermined nonlinear differentialalgebraic systems with application to nonlinear control problems, Math. Control, Signals, Sys., 14 (2001), pp. 233–256.

[18] , Differential-Algebraic Equations. Analysis and Numerical Solution, EMS Publishing House, Zürich, Switzerland, 2006.

[19] P. Kunkel, V. Mehrmann, and W. Rath, Analysis and numerical solution of control problems

18 P. LOSSE, V. MEHRMANN, L. POPPE, AND T. REIS

in descriptor form, Math. Control, Signals, Sys., 14 (2001), pp. 29–61.

[20] D. S. Mackey, N. Mackey, C. Mehl, and V. Mehrmann, Structured polynomial eigenvalue problems: Good vibrations from good linearizations, SIAM J. Matrix Anal. Appl., 28 (2006), pp. 1029–1051.

[21] V. Mehrmann, The Autonomous Linear Quadratic Control Problem, Theory and Numerical Solution, no. 163 in Lecture Notes in Control and Information Sciences, Springer-Verlag, Heidelberg, July 1991.

[22] V. Mehrmann and H. Xu, Perturbation of purely imaginary eigenvalues of Hamiltonian matrices under structured perturbations, Technical Report 410, DFG Research Center Matheon, Mathematics for key technologies in Berlin, TU Berlin, Str. des 17. Juni 136, D-10623 Berlin, Germany, 2007. url: http://www.matheon.de/ .

[23] M. Otter, H. Elmqvist, and S. E. Mattson, Multi-domain modeling with modelica, in CRC Handbook of Dynamic System Modeling, Paul Fishwick, ed., Chapman and Hall/CRC Press, 2006, pp. 36.1–36.27.

[24] I.R. Petersen, V.A. Ugrinovskii, and A.V.Savkin, Robust Control Design Using H_∞ Methods, Springer-Verlag, London, UK, 2000.

[25] P.Hr. Petkov, D.-W. Gu, and M.M. Konstantinov, Fortran 77 routines for H_∞ and H_2 design of continuous-time linear control systems, NICONET Report 1998–8, The Working Group on Software (WGS), 1998. Available from http://www.slicot.org.

[26] P. C. Rabier and W. C. Rheinboldt, Nonholonomic motion of rigid mechanical systems from a DAE viewpoint, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, 2000.

[27] A. Rehm and F. Allgöwer, H_∞ control of differential-algebraic-equation systems, technical report, Institut für Systemdynamik, Universität Stuttgart, 1998.

[28] , An LMI approach towards H_∞ control of descriptor systems, in IFAC International Symposium on Advanced Control of Chemical Processes (ADCHEM ZOOO), vol. 1, Pisa, June 14-16 2000, pp. 57–62.

[29] , H_∞ control of differential algebraic equation systems: the linearizing change of variables approach revisited, in Proceedings of the American Control Conference, vol. 4, Arlington, VA, June 25-27 2001, pp. 2948 – 2952.

[30] W. Schiehlen, Multibody Systems Handbook, Springer-Verlag, Heidelberg, Germany, 1990. [31] T. Schmidt and M. Hou, Rollringgetriebe. Internal Report, Sicherheitstechnische Regelungsund Meßtechnik, Bergische Universität, GH Wuppertal, Wuppertal, Germany, 1992.

[32] C. Schröder, URV decomposition based structured methods for palindromic and even eigenvalue problems, Technical Report 375, DFG Research Center Matheon, Mathematics for key technologies in Berlin, TU Berlin, Str. des 17. Juni 136, D-10623 Berlin, Germany, 2007. url: http://www.matheon.de/ .

[33] R. Schüpphaus and P. C. Müller, Control analysis and synthesis of linear mechanical descriptor systems, in Advanced multibody system dynamics, W. Schiehlen, ed., Kluwer Academic Publishers, Stuttgart, Germany, 1990, pp. 463–468.

[34] A. Steinbrecher, Numerical Solution of Quasi-Linear Dierential-Algebraic Equations and Industrial Simulation of Multibody Systems, PhD thesis, Institut für Mathematik, Technische Universität Berlin, 2005, 2005.

[35] K. Takaba, N. Morihira, and T. Katayama, H_∞-control for descriptor systems - a J-spectral factorization approach, Proc. 33rd IEEE Conf. Decision Contr., 3 (1994), pp. 2251–2256.

[36] H.L. Trentelman, A.A. Stoorvogel, and M. Hautus, Control Theory for Linear Systems, Springer-Verlag, London, UK, 2001.

[37] K. Zhou, J.C. Doyle, and K. Glover, Robust and Optimal Control, Prentice-Hall, Upper Saddle River, NJ, 1995.