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Abstract

We analyze a graph process (or network creation game) where the vertices as players can establish
mutual relations between each other at a fixed price. Each vertex receives income from every other
vertex, exponentially decreasing with their distance. To establish an edge, both players have to make a
consent.

We show that the process has a positive probability to cycle. We reduce the creation rule with payoff
functions to graph theoretic criteria. Moreover, these criteria can be evaluated locally. This allows us to
thoroughly reveal the structure of all stable states. In addition, the question for the price of anarchy can be
reduced to counting the maximum number of edges of a stable graph. This together with a probabilistic
argument allows to determine the price of anarchy precisely.
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1 Introduction

A fundamental Graph Process. Graph processes and network creation games help to understand the
structure of real-world networks. Though these tools often fall short of a detailed modeling, their analysis
elates by linking a simple and intuitive, creative principle to typical features of huge real-world networks.
In this way, e.g., the preferential attachment model (see Barabási and Albert [6] for details) explains the
scale-free structure formed by the pages of the WWW and their links.

Several such models have been proposed particularly in an economic context. We consider one which
seems fundamental among these. The network created is a simple, undirected graph G(V,E). It is created
step by step. In each step a pair of vertices {u, v} is chosen with no respect to whether their common edge
already exists or not. For the edge to exist at the end of the step both vertices u and v have to benefit
from it. In case at least one of them disapproves, the edge will not be present at the end of the step. A
vertex benefits from an edge e, if the current graph with e gives that vertex a higher payoff than the current
graph without e. The costs are local, namely every vertex pays a factor c times its degree, but the vertex
enjoys income globally, namely from every other vertex exponentially declining with the distance to the
other vertex. Whether to be at distance 2 or 3 is a much greater difference than whether to be at distance 100
or 101. These intuitions are not limited to economics. Think of the network as a means to send information
from any vertex to any other vertex along paths. Unfortunately, at every edge used a (1− δ)-portion of the
information sent into the edge is lost. (Equivalently, each edge can have a probability of temporary failure
of (1 − δ).) Hence, every vertex v will send its deliveries to w via a shortest path and only a portion of
δdist(v,w) of the total amount sent from v to w and vice versa will reach its destination.

The creation rule can be understood as a game, where the vertices as players create the edges myopicly,
selfishly, and uncooperatively, though each edge requires both its end-vertices to agree. Obviously, it de-
pends on the order of steps which networks are created. One is interested in certain equilibria or stable
states, i.e., situations which every player would leave unchanged, if it was her turn now. The notion of
stability suitable to this model is called pairwise stability (cf. Jackson [11]), i.e., a graph is stable, if it will
stay unchanged, no matter which pair of vertices is chosen for the next step. Alternatively, one can define
a probability distribution according to which the next pair of players is chosen. Then the game becomes
a random graph process, i.e., a sequence of random variables (Gi)i∈N, each one representing a network.
Again the same stable states and the possibility for the process to cycle are of primary interest. For the
graph process, we accept every distribution that assigns a positive probability to every pair of vertices.

Besides the stable graphs, one is interested in graphs maximizing the sum of the payoff, i.e., the total
throughput of information minus the total edge costs. These graphs are called efficient graphs or system
optima. The smallest ratio between the total payoff of a stable graph and that of a system optimum is called
the price of anarchy of the graph process and is of high interest in network creation games since its first
mentioning by Koutsoupias and Papadimitriou [13]. The classical notion of Nash-equilibrium (cf. [15]) is
not adequate for bilateral games. Note that pairwise stability is a stricter notion of equilibrium as a player is
not allowed to overhaul his whole strategy without the other players reacting to his steps (cf. also [7]).

Related Results. The huge number of network creation games proposed in the literature shows the great
interest for these explanatory tools. See Jackson [11] for a survey article. During the previous decade, also
the interest in the analysis especially of the price of anarchy and Nash equilibria of those network creation
games increased. The first to treat the price of anarchy were Koutsoupias and Papadimitriou in their seminal
paper [13]. A relevant but simple network creation game is the unilateral game with linear payoff function
as proposed by Fabrikant et al. [9]. Their model is the same as ours except for two features: For them an
edge is used mutually, but only one of its end-vertices pays for it. Second, the income from other vertices
decreases linearly with their distance. Recently, Albers et al. [1] give the best known upper bound on the
price of anarchy for this model. Moreover, they disprove a structural conjecture for stable states made by
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Fabrikant et al. [9] when they show that graphs with cycles can be stable.
Corbo and Parkes [7] analyzed a bilateral consent-driven variant of the model by Fabrikant et al. and

determined lower and upper bounds of the price of anarchy. Further, they compared these values with the
unilateral model. As already stated by Corbo and Parkes, Nash equilibria cannot be determined for bilat-
eral games. They therefore introduced the alleviated notion of pairwise Nash which is equivalent pairwise
stability.

The model we consider uses a more elaborate payoff function and the bilateral approach for sharing the
costs of the edge. It was proposed by Jackson and Wolinsky [12] and interpreted as a graph process by
Watts [16]. We state their results in Section 2. Though in comparison to those of [9] and [1] as well as [7]
their results may appear limited to peculiar cases and immediate from the definition, the model of [12] and
[16] is more convincing for two reasons: They give a consistent interpretation of mutual relations. And the
income decreases exponentially with the distance.

Another model using bilateral cost sharing is given by Melendez-Jiminez [14]. Models using cost shar-
ing principles are for example Bala and Goyal [5]. Anshelevich et al. [4] and [3] establish a near optimal
solution for selfish players and determine the price of anarchy in a model with fair costs.

Our Contribution. It would be desirable to achieve the same level of mathematical insight for the process
of Jackson, Wolinsky [12] and Watts [16] as provided for the process of Fabrikant et al. [9] by Albers et
al. [1], namely some structural knowledge of the stable states and bounds on the price of anarchy. We
achieve even more. Our process depends on two parameters, c and δ. First, we show that this process
behaves equally whenever c is in (δ − δ2, δ − δ3). For these cases we show that the process has positive
probability to cycle.

Further, we provide for thorough structural insight to stable states. On the one hand, this is of interest
in its own. On the other hand, it allows for our main theorem: We give an explicit formula in c, δ, and the
number of vertices for the exact price of anarchy for all c ∈ (δ − δ2, δ − δ3). We argue by reducing the
creation rule and payoff functions to local, graph theoretic criteria. In particular, the price of anarchy can be
reduced to the number of edges in a maximum stable graph.

For c > δ− δ3 we indicate how and to which extend our methods can be carried over. Further, we show
how an analogon to our main result is linked to extremal graph theory.

2 Preliminaries

For a graph G as usual V (G) and E(G) stand for its vertex and its edge set. For a pair of vertices e = {u, v},
we use G + e and G − e, no matter whether e ∈ E(G) or not, to denote the graph G with or without the
edge e. The neighborhood of a vertex v will be symbolized by N(v), its degree by d(v) (= |N(v)|) and the
distance between two vertices u and v by dist(u, v), i.e., the minimum number of edges of a path connecting
u and v. If there does not exist a path, we say dist(u, v) = ∞.

Formally we define a graph process (or a game) to be a triple of the cost coefficient, the income basis
and the number of vertices, (c, δ, n) ∈ R× (0, 1)× N.

For every vertex v the income is a function of E(G) given by
∑

u∈V \{v} δdist(u,v). The costs of a vertex
v are c · d(v), and its payoff is its income minus its costs. The total (or social) payoff is the sum of all
vertices’ payoff:

∑
v∈V

(∑
u∈V \{v} δdist(u,v) − c · d(v)

)
. A graph maximizing the total payoff is called

system optimum.
A situation is a graph G together with a pair {u, v} of its vertices. Every situation defines a polynomial

in δ for each of the pair’s vertices u and v, expressing the change in income (not yet in payoff) for that vertex
between G − e and G + e, with e = {u, v}. In these terms the creation rule reads as follows: When the
(possible) edge e = {u, v} is evaluated given the graph G, the decision will be positive, i.e., G + e will be
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the resulting graph, if both polynomials are bigger than c, and negative if at least one is smaller, i.e., G− e
results. We do not consider cases where a polynomial can equal c, i.e., a vertex is indifferent about an edge.
It would be possible to extend the model and results to these cases, but it would also be tedious.

Observe that if an edge is inserted by the process, this can only increase the total payoff. The deletion
of an edge can be locally advantageous but decrease the total payoff.

A graph G is called stable, if G together with any e = {u, v} ∈ E(G) is a situation with positive
decision, and G together with any e = {u, v} /∈ E(G) is a situation with negative decision. The price of
anarchy is defined as the minimum ratio Total Cost of G

Total Cost of a System Optimum over all stable graphs G.
Expressed in these terms Jackson and Wolinsky [12] and Watts [16] observe that for c < δ − δ2 the

complete graph is the only stable graph and the unique system optimum, because, no matter what the graph
looks like, every further edge is beneficial. Trees have the least total cost among all connected graphs. In a
star all not directly connected pairs of vertices are at distance 2. Therefore, if the cost factor c is high enough
to draw any attention to the costs the star is optimal, namely for c ∈ (δ − δ2, δ + n−2

2 δ2). Beyond that limit
for the costs, even the star’s payoff becomes negative and the empty graph is the system optimum. Notably,
the star is a stable graph for c ∈ (δ − δ2, δ). Beyond that the empty graph is a stable state (though not the
only one).

A result which concludes from the stability and the chosen values of c and δ to structural properties of
the graph yields our first and obvious lemma.

Lemma 1. If a graph G is a stable state of a graph process with c < δ − δk+1, k ∈ N, then G has diameter
less than or equal to k.

Proof. Assume to the contrary that there are two vertices u and v at distance greater than k. The (non-
existing) edge {u, v} would at least improve the income for u from v, i.e., the increase in income is greater
than or equal to δ−δk+1. As the analogon holds for v, the edge would be inserted, which is to say, the graph
is unstable.

3 The Graph Process for c ∈ (δ − δ2, δ − δ3)

In this main section we restrict to the case c ∈ (δ− δ2, δ− δ3). The restriction has the nice property that all
graph processes in those cases are identical. We say that a set of graph processes {(c, δ, n)} is identical, if
and only if for every situation the decision is the same for all processes in the set.

Theorem 1. For fixed n the set of graph processes {(c, δ, n) | c ∈ (δ − δ2, δ − δ3)} is identical.

Proof. Let G be the graph and e = {u, v} be the edge of an arbitrary situation on n vertices. If distG−e(u, v)
in the current graph without e is greater than or equal to 3, the increase in the income is for each vertex at
least δ − δ3, because this is the minimal improvement in the income from u for v and vice versa. Further
vertices could only lead to a bigger increase, as no distance gets longer by inserting an edge. As c < δ− δ3,
the increase in income is strictly greater than that of the costs, and the payoff is positive.

Assume now distG−e(u, v) = 2 for the situation considered, and let δ and c be parameters such that the
decision is in favor of e. Then the gain for v from u (and vice versa) is only δ − δ2, which is less than the
cost of an extra edge. This requires for both u and v that further vertices are closer in G + e than in G− e.
For some x 6= v any shortest path from u to x in G+e must use the edge e, i.e., is of the form: (u, v, . . . , x).
This implies, that at least for one neighbor y of v all shortest path from u to y in G + e go via v (and are
shorter than those in G− e). We can conclude that the change in income for u from y is at least δ2 − δ3, as
distG−e(u, y) ≥ 3. Therefore, the total change in income for u is at least the sum of the changes stemming
from v and y, which is at least δ − δ2 + δ2 − δ3 = δ − δ3. An analogon holds for v. As this is the case, the
situation yields a positive decision for all c and δ that meet c < δ − δ3.
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Figure 1: Sequence of the graph process where edges are inserted and deleted (to be read from the left to
the right). The edge in question is the dashed one.

Altogether, for a given situation the decision will either be positive for all graph processes with c ∈
(δ − δ2, δ − δ3) or negative for all of them.

The argument of the theorem allows for all graph processes with c ∈ (δ−δ2, δ−δ3) to reduce a decision
to a graph theoretical set of rules. An edge e = {u, v} will be kept or inserted, if and only if at least one of
the following conditions holds in the graph without e.

1. We have distG−e(u, v) > 2.

2. The end-vertex u has a neighbor x with distG−e(v, x) = 3, and the end-vertex v has a neighbor y
with distG−e(u, y) = 3.

As all graph processes on n vertices are identical under the restriction c ∈ (δ − δ2, δ − δ3), we also
speak of the graph process.

3.1 Cycling

Since the notion of stability of a graph process is important for the determination of the price of anarchy, we
also have to give an idea whether the process always terminates in a stable graph. The following theorem
shows that there is an infinite series of pairs of vertices that never lead to a stable graph.

Theorem 2. The graph process for parameters c and δ with c ∈ (δ − δ2, δ − δ3) can cycle.

Proof. The first graph in Figure 1 (without the dashed edge) may occur, as it contains no triangles. By
the choice of c an δ, every vertex seeks to be connected to every other vertex with distance less than 3.
The vertices of the inner square are always interested in edges to the vertices of the outer square, because
the latter have exclusive vertices. The interest of the outer square’s vertex is decisive for an edge to exist.
Consider Figure 1 which depicts a possible sequence of the graph process where the edge in question is
always the dashed one. It turns out, that the edges chosen by the graph process already in the graph will be
deleted and edges not in the graph will be inserted during this step of the graph process. The dashed edge
in the first picture in Figure 1 is inserted to provide for a distance of 2 between the vertices marked with a
circle. The same happens for the edge in question in the next step of the process, depicted in the second
picture. In the third picture, the edge chosen by the graph process is already in the graph. The two marked
vertices are currently connected by two paths of length 2. As one of the vertices is an end-vertex of the edge
in question, the edge is therefore removed. The remaining pictures show how this procedures leads back to
the initital graph (last picture). Thus, the process cycles for the given values of c and δ.

3.2 The Price of Anarchy

In order to determine the price of anarchy, we need to establish criterions for stable graphs for the considered
graph process. A first result follows immediately from Lemma 1 which amounts to say that every stable
graph must have diameter exactly 2, as the complete graph obviously is not stable.

Corollary 1. The star is the only stable tree.
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Moreover, we can give a broader sufficient condition for a graph to be stable.

Theorem 3. A graph G is stable, if G has diameter 2 and contains no triangles.

Proof. For stability, on the one hand, we have to show that no edge in G will be removed. The graph G
contains no triangles. Hence the shortest path between the end-vertices u and v of a currently present edge
e in the graph without that edge, G − e, has length greater than or equal to 3. Thus, by the same argument
as in Lemma 1, the edge is beneficial for both its endpoints and therefore kept.

On the other hand, no further edge will be inserted as the diameter suitable to the parameters is al-
ready reached: Choose an edge e = {u, v} that is not present in G and for vertex u define AG :=
{x ∈ V (G)|dist(u, x) = 1}, BG := {x ∈ V (G)|dist(u, x) = 2} and AG+e, BG+e respectively. Then
A• ∪B• ∪ {u} = V for both graphs, and AG ∪ {v} = AG+e and BG+e ∪ {v} = BG, where all unions are
disjoint. Consequently, the change in income by inserting e is exactly δ−δ2 and therefore it is not beneficial
to insert e. Since this argument holds for all choices of e and u, the graph is stable.

By the above observations, we reduced the decisions of any situation to graph theoretic considerations.
In fact, we can do the same for the price of anarchy, or equivalently, the total cost of a stable graph. For
a stable graph we know the diameter to be less than or equal to 2. Consequently, we can rewrite the total
benefit of such a graph in the following simple way.

∑
u∈V

 ∑
v∈V \{u}

δdist(u,v) − d(u)c

 =
∑

{u,v}∈E

(δ − c) +
∑

{u,v}∈E,
dist(u,v)=2

δ2 = m(δ − c) +
((

n

2

)
−m

)
δ2

Here m denotes the number of edges. As δ − c − δ2 < 0 by the choice of the parameters, it directly
follows that the benefit of a stable graph is the bigger the less edges it has.

Theorem 4. Let G and G′ be stable graphs. The total payoff of G is greater than that of G′ if and only if
|E(G)| < |E(G′)|.

This together with the description of a stable graph in Theorem 3 provides for a lower bound on the
price of anarchy. Recall that the star is the unique system optimum. It is well known that the Tutte graph
Kbn

2
c,dn

2
e maximizes the number of edges in a triangle free graph. Before we can state the lower bound of

the price of anarchy as the ratio of the Tutte graph to the star, we need the stability of the Tutte graph. As
the Tutte graph also has diameter equal to 2, we get:

Corollary 2. The maximum bipartite graph Kbn
2
c,dn

2
e is stable.

Corollary 3. The price of anarchy of the graph process with n vertices is bounded from below by

µ((n2−n
2µ − 1)δ2 + δ − c)

(n− 1)((n
2 − 1)δ2 + δ − c)

(1)

where µ := dn
2 eb

n
2 c is the number of edges in Kbn

2
c,dn

2
e.

To show that Corollary 3 exactly states the price of anarchy for the graph process, we need to show
that Kbn

2
c,dn

2
e maximizes the number of edges among all stable graphs with n vertices. That would be easy

if the converse of Theorem 3 was true, i.e., all stable graphs had no triangles. This is not the case as will
be shown in the next section. There, we analyze the occurrence of triangles in detail. By the end of that
section we will show (Theorem 8) that all stable graphs that contain at least one triangle have less edges
than Kbn

2
c,dn

2
e. Therefore, we can conclude our main result:

Theorem 5. For all graph processes with n vertices and c ∈ (δ− δ2, δ− δ3), the maximum price of anarchy
equals (1) and is produced by the maximum bipartite graph Kbn

2
c,dn

2
e against the star K1,n−1.
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Figure 2: Stable graphs that contain a triangle.

3.3 Triangles

We have seen situations where a triangle is closed in the course of the graph process. There the graph process
cycles and therefore does not reach a stable state. Nonetheless, there are stable graphs containing triangles.

Theorem 6. For every number of vertices greater than or equal to 7 there are graphs G which are stable and
contain at least one triangle.

Proof. The graphs depicted in Figure 2 are stable and contain a triangle. The black vertices in the middle
graph form the left graph. The white vertices in the middle can added one by one, such that every number
of vertices strictly greater than 6 is possible.

Next, we show a structural result for stable graphs with triangles that is of interest in itself.

Theorem 7. If G is a stable state of the graph process and the vertex set {a, b, c} forms a triangle in G, then
there exists at least one v ∈ V (G) with distances dist(a, v) = dist(b, v) = dist(c, v) = 2.

In order to show the statement of Theorem 7, we first need some lemmata.

Lemma 2. Let G be stable and contain a triangle {a, b, c}. Then for every i, j ∈ {a, b, c}, i 6= j there is a
vertex in N(i) \ {a, b, c} that has no edge to neither any vertex in N(j) nor j itself.

Proof. Assume the claim of the lemma is false. Then j can reach all neighbors of i via one of its own
neighbors or directly. Moreover, it can reach i itself in two steps via the two other arcs of the triangle. That
is as good as anything i can offer to j. Hence j would drop the arc {i, j} contradicting the stability of G.

Note that the premises of the following Lemmata 3 and 4 are assumptions to be falsified to prove The-
orem 7. The proofs rest on the fact that, without a vertex at distance 2 to all of them, the triangle vertices
behave totally jealous towards their other neighbors.

Lemma 3. Let G be stable, contain a triangle {a, b, c}, and have no vertex v with dist(i, v) = 2, for
all i ∈ {a, b, c}. Then the neighborhoods of the triangle vertices form a disjoint partition of V (G)\{a, b, c}.

Proof. First, it holds that
⋃

i∈{a,b,c} N(i) = V (G) because there is no vertex at distance 2 to the triangle
and every stable graph has diameter less than 3. Assume vertex v to be in N(i)∩N(j), j, i ∈ {a, b, c}, j 6=
i, v /∈ {a, b, c}. Remove the arc {i, v}. One figures out quickly that i can still reach any vertex including v
within two steps because even in G there is no vertex at distance 2 to all of the vertices a, b, c. Therefore,
the assumption contradicts the stability of G.

Lemma 4. Let G be stable, contain a triangle {a, b, c}, and have no vertex v with dist(i, v) = 2, for
all i ∈ {a, b, c}. Then the neighborhoods of the triangle vertices are independent sets.

Proof. Assume v, w ∈ N(i) \ {a, b, c} for some i ∈ {a, b, c} with {v, w} ∈ E(G). When removing the
edge {i, v}, considerations like in the previous proof show the triangle vertex i to still reach every vertex
within 2 steps. Hence G was not stable.
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Proof of Theorem 7. Assume the claim of the theorem not to be true for G, containing a triangle and being
stable. Let x be a vertex in N(a) as guaranteed to exist by Lemma 2 that has neither a connection to b nor to
one of its neighbors, and y be a vertex in N(b) that has neither a connection to c nor to one of its neighbors.
As G is stable, its diameter is 2. Hence, x and y must have a common neighbor, as they cannot be adjacent
by definition of x. By definition of y, such a neighbor is neither c nor one of c’s neighbors. By Lemma 3 it
is neither a nor b and by Lemma 4 it is neither a neighbor of b nor of a. Thus, we have a contradiction.

Using Theorem 7 and the insights of Lemmata 2-4 we get the following result.

Corollary 4. Every stable graph that contains a triangle has at least 7 vertices.

We can further observe that the number of triangles in a stable graph does not need to be small. To see
this consider the rightmost graph in Figure 2 where the clique in the middle can consist of dn−1

2 e vertices.
One figures out quickly that such a graph features the biggest clique in a stable graph of n vertices.

In order to determine the price of anarchy exactly, by Theorem 4 one has to look for the stable graph
with the maximum number of edges. Intuitively, stable graphs with triangles should have more edges than
triangle free stable graphs. But by a closer look, we see that all stable graphs with triangles have less edges
than some of those without triangles, namely the Kbn

2
c,dn

2
e.

Theorem 8. For a number n of vertices, the maximum bipartite graph Kbn
2
c,dn

2
e has the maximum number

of edges among all stable graphs on n vertices.

Proof. We need to show that Kbn
2
c,dn

2
e has more edges than any stable graph on n vertices containing at

least one triangle.
For every graph G we define a random variable based on the uniform distribution over the vertices

of G as follows: Pick a vertex uniformly at random and sum up the degrees of its neighbors. Denote
the expectation of that random variable by Φ(G) = 1

|V (G)|
∑

v∈V (G)

∑
u∈N(v) d(u). We denote by µ :=

bn
2 c · d

n
2 e the number of edges of Kbn

2
c,dn

2
e. In order to show the statement of the theorem we prove two

claims.
Claim 1. Let G be a stable graph with n vertices. Then Φ(G) ≤ Φ(Kbn

2
c,dn

2
e).

Claim 2. Let G be a graph with n vertices and µ edges. Then Φ(Kbn
2
c,dn

2
e) ≤ Φ(G).

These claims yield the statement of the theorem. Assume a stable graph G on n vertices with more edges
than the maximum bipartite graph Kbn

2
c,dn

2
e. Arbitrarily remove edges from G until the resulting graph G′

has exactly as many edges as Kbn
2
c,dn

2
e. Observe that removing an edge reduces the value of Φ by definition.

Hence, Φ(G′) < Φ(G). By the second claim Φ(Kbn
2
c,dn

2
e) ≤ Φ(G′). This implies Φ(Kbn

2
c,dn

2
e) < Φ(G),

which contradicts the first claim. Hence there is no stable graph with more than µ edges, which proves the
theorem.

It remains to prove Claims 1 and 2. In addition, we will prove an even stronger version of the first claim,
namely that every stable graph containing at least one triangle has a strictly smaller value of Φ than the
complete bipartite graph and consequently less edges.
Proof of Claim 1: For the maximum bipartite graph we have Φ(Kbn

2
c,dn

2
e) = µ. Now, consider an arbitrary,

stable graph G. For a randomly chosen vertex v ∈ V (G) let N(v) be all neighboring vertices and b :=
|N(v)|. Partition the edges incident to the vertices in N(v) into three sets: first the edges incident to v,
second those within N(v) and third the edges to other vertices. The first and the last set together contain at
most µ edges, because of the bipartiteness of the subgraph formed by these edges. Every edge in the second
set belongs to a triangle containing v. Denote the number of vertices in N(v) that belong to at least one
triangle with v by `. Then there are at most `2−`

2 edges in the second set. As Φ counts the degrees of v’s
neighbors, each edge in the second set counts twice.
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Assume a vertex u to be part of a triangle with v. Why will v be interested in the edge {u, v}? There
must be at least one vertex that v can reach within two steps only via u, or dist(u, v) ≥ 3 if the edge {u, v}
was removed. The latter is wrong, as u and v are in a triangle. Thus there exists a neighbor w 6= v of u that
is not connected to any vertex in (N(v) ∪ {v}) \ {u}. In other words, u has an exclusive attraction to v in
the sense that no other vertex in N(v) ∪ {v} is connected to w. Therefore we have to subtract (b− 1) from
the number of possible edges in the third set for each of the vertices in N(v) that participate in a triangle
with v. Altogether, we get that the sum over the degrees of neighbors of v is at most∑

u∈N(v)

d(u) ≤ µ + (`2 − `)− `(b− 1), (2)

if ` neighbors of v participate in triangles with v. As ` ≤ b and equation (2) holds for all vertices v ∈ V (G),
we get

Φ(G) ≤ µ. (3)

This proves Claim 1 as stated above. Moreover, a graph containing a triangle does not achieve equality in
Equation (3). To show this, observe that in case of equality for each vertex the number ` must be in the
set {0, b}, and if ` = b for a vertex v, then N(v) ∪ {v} is a clique. In other words, the neighborhood of
a vertex v either contains no triangle with v or forms a clique together with the vertex v. For at least one
vertex v with d(v) > 1 the latter must be true (otherwise G does not contain a triangle). A neighbor u of
such a vertex v is not interested in its edge to v because u has a direct edge to all of v’s neighbors and can
reach v itself via another neighbor of v (d(v) > 1) within two steps. To report accurately, a graph G can
fulfill at most two of the following three properties which even proves the stronger version of Claim 1.

1. G is stable.

2. G achieves equality in Equation (3).

3. G has a triangle.

Proof of Claim 2: Recall the definition of our counting function Φ(G) = 1
|V (G)|

∑
v∈V (G)

∑
u∈N(v) d(u).

Reorganizing the sums by
∑

v∈V (G)

∑
u∈N(v) d(u) =

∑
{u,v}∈E(G) d(u) + d(v) =

∑
v∈V (G) d2(v) gives:

Φ(G) =
1

|V (G)|
∑

v∈V (G)

d2(v) . (4)

For fixed numbers of vertices and edges the expression (4) is minimized by the maximum bipartite graph.
To see this consider any sequence of n natural numbers si, 1 ≤ i ≤ n with

∑
i si = 2m. We show that the

degree sequence di of Kbn
2
c,dn

2
e minimizes

∑
i s

2
i among all those sequences. Assume to the contrary that

there is a sequence s∗ distinct from d and minimizing the sum of squares. As it is distinct from d there exists
a pair s∗i and s∗j with |s∗i − s∗j | > 1. W.o.l.g. we have s∗i > s∗j + 1 and can look at s′, where s′i = s∗i − 1,
s′j = s∗j + 1 and s′k = s∗k ∀i 6= k 6= j. We get

∑
i s

′
i
2 <

∑
i s

∗
i
2 contradicting the minimality of s∗.

4 Further Choices of c and δ

The model of Jackson, Wolinsky and Watts is rather a family of different models in their own right. The
methods we used to analyze the case where c ∈ (δ − δ2, δ − δ3) to a certain extend can be carried over to
other cases.

Every situation gives rise to two polynomials in δ defined over the (0, 1) interval and mapping to the
positive reals determined by the change in income of the two vertices in question. We can also interpret the
set (0, 1) × R+ in which the graphs (here: graphs of functions) of those polynomials live as the set of all
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a = 2:
(a) δ − δ2 (b) δ − δ3 (c) δ + δ2 − 2δ3, δ ≥ 0.5 (d) δ − δ4

a = 3:
(e) δ − δ3 (f) δ + δ2 − δ3 − δ4, δ ≥ 0.61804

a = 4:
(g) δ+δ2−δ3−δ4, δ ≥ 0.61804

Figure 3: Subnetworks that need to be considered in the proof of Theorem 9. The caption determines the
benefit of the dashed edge. In the considered case, only edges having a benefit of strictly more than δ − δ4

will be inserted during the graph process. The lower bounds on δ in Figures 3(f) and 3(g) are needed if we
consider the graph process starting from an empty graph. These bounds guarantee that c < δ which makes
the insertion of edges into an empty graph possible.

graph processes for a fixed number of vertices n, because they are defined by a δ coordinate in (0, 1) and a
c coordinate in R+. In this picture a decision is positive for exactly those graph processes that are below the
polynomials of both end-vertices. This visualizes how the polynomials separate the set of all processes in
those for which they are positive and those for which they are negative.

Restricting to c ∈ (δ− δ2, δ− δ3) we exploit the nature of δ− δ2 and δ− δ3 as threshold functions. We
call a function f : (0, 1) → R+ a threshold function if for every polynomial p that stems from a situation
we have ∃x0 ∈ (0, 1) : p(x0) < f(x0) ⇒ p(x) < f(x)∀x ∈ (0, 1) and ∃x0 ∈ (0, 1) : p(x0) > f(x0) ⇒
p(x) > f(x)∀x ∈ (0, 1). One may carry on looking for threshold functions and redo our analyze for these
cases. The next theorem gives the next threshold function.

Theorem 9. For fixed n all graph process with c ∈ (δ − δ3, δ − δ4) are identical.

Proof. We have to show, that a situation is either positive for all graph processes in the interval or for none.
Classify all situations by the distance a := dist(u, v) of the considered pair {u, v} of vertices. Figure 3

gives the decisive situations for each choice of a. Under the premise of the theorem all situations with a ≥ 4
will yield a positive decision: The income for u grows at least from the part of v and v’s direct neighbor on
a shortest path to u. Their increase in income sums to δ − δ4 + δ2 − δ3 > δ − δ4 which is greater than c.

For a = 3 the end-vertices u and v must attract each other with vertices not located on a shortest
path between u and v to have a gain greater than c > δ − δ3. Therefore they at least have an increase of
δ − δ3 + δ2 + δ3 which is sufficient for all graph processes.

It remains to consider situations where a = 2. Here at least two further vertices outside the shortest
paths are required for the situation to be positive for at least one process of the interval. These can yield
either the situation depicted in Figure 3(d) or Figure 3(c). All other situations that are decided positive for
a c ∈ (δ−δ3, δ−δ4) contain one of these as subgraphs. As the increase in income for situation in Figure 3(d)
is the smaller one. This completes the theorem.

One may suppose that all polynomials stemming from situations are threshold functions. But this is not
the case, as there are situations yielding polynomials that intersect each other in the open interval (0, 1).

Concider the two situations depicted in Figure 4. In both cases the black vertex has so many neighbors
that the opposite end-vertex of the dashed edge will endorse the insertion of the dashed edge. The polynomial
for the black vertex in the left situation minus that of the black vertex to the right gives: δ3− δ5− (δ4− δ7).
For some values of δ ∈ (0, 1) this is negative for some it is positive. In other words, some processes will
insert the edge in the left situation but not in the right situation, whereas other processes will do the contrary
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δ4 − δ7

δ3 − δ5

Figure 4: The insertion of the edge in question (dashed) strongly depends on the actual choice of c and δ.

in both situations. This implies that for predicting the process’ behavior it is no longer sufficient to specify
one parameter by bounds of the other parameter.

Nevertheless, general results, e.g., concerning the price of anarchy, might be achievable along the lines
of this work. Choose a graph process, where the star is optimal. Every stable graph will have diameter less
than k if c < δ − δk−1. What can be said about graphs that have the maximum number of edges among all
those containing no cycle smaller than k − 1, i.e., in graph theoretic terms, which have girth k − 1? They
are not necessarily stable, but none of their present edges will currently be removed.

Recall our central result, namely that Kbn
2
c,dn

2
e has more edge than stable graphs with triangles. The

Kbn
2
c,dn

2
e is an extremal graph in the sense that it maximizes the number of edges for girth 4.

We conjecture that in general the graphs with maximum number of edges for girth k − 1 are a good
approximation for those maximizing the price of anarchy. The maximum number of edges in a graph of
fixed girth is a long standing question in extremal graph theory (cf. [2, 8, 10]). Most astonishingly the
known upper bounds for this number of edges would imply that the price of anarchy becomes constant. For
simplicity account for the price of anarchy as the greatest fraction between the number of edges in a stable
and in an optimal graph. If our conjecture holds that the maximum graph of girth k − 1 approximates the
price of anarchy for graph processes with δ−δk−1 < c < δ−δk, this means that this price of anarchy would
drop from worst (O(n)) to best (O(1)) as k growth. In other words, the users form an optimal network if
the costs are very low (c < δ − δ2) and an almost optimal network if the costs are very high. The worst
outcome is then caused by costs c ∈ (δ − δ2, δ − δ3), which is the case we have analyzed.
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