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2Laboratoire des signaux et systèmes, CNRS, 3 rue Joliot Curie, 91192 Gif-sur-Yvette,
France

Abstract. We study networks with coupled phase and amplitude dy-
namics. In particular, we investigate a ring of Stuart-Landau oscilla-
tors. For symmetry-conserving coupling we observe cluster synchro-
nization. We show that the dimension of the dynamical system can be
substantially reduced by projecting the system onto the subspace cor-
responding to the unstable eigenvalues of the linear part of the network
dynamics.

1 Introduction

Originally being a branch of the graph theory, the study of networks triggered a
burst of interest of the scientists from di↵erent disciplines after 1736. In this year
the Swiss mathematician Leonhard Euler presented the solution to the Königsberg
bridge problem. Nowadays, network systems are often encountered in both scientific
and everyday life. They can represent objects on both Euclidian space, e.g., highways,
subway systems, electric power grids, or they can refer to an abstract space, e.g.,
network of friendships, collaborations etc. We can also consider ourselves as entities
of global social networks of di↵erent kinds. Although the nature of each system and
the interconnections among its units di↵er drastically from one discipline to another,
they are characterized by common features from the mathematical viewpoint.

Networks can be considered as sets of nodes, exhibiting some linear or nonlinear
dynamic behavior. These nodes are connected via links, which represent interactions
among them. The interplay of the individual dynamics and the network topology
determines the large-scale collective behavior. Thereby, the individual nodes may re-
organize relative to the emerging collective behaviour. This can be considered as a
hierarchical process with the macroscopic level and the microscopic level, correspond-
ing to the large-scale network behavior and the dynamics from the viewpoint of the
constituting individual systems, respectively [1]. One of the first studies devoted to
the synchronization behavior of coupled nonlinear oscillators goes back to 1934 [2].
The network behavior at the microscopic level is well-studied in dynamic control
theory through the concept of synchronization [3–11].
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In the present study we analyse the emergent behavior for a ring of Stuart-Landau
oscillators, which is a generic model for nonlinear oscillators near a Hopf bifurcation.
We have chosen the nonlocal ring topology since it is widely studied in the context
of synchronization patterns, and serves as a paradigm for nonlocal topologies, going
beyond the simple case of local coupling. Moreover, many results can be obtained ana-
lytically for the chosen topology. We show that the dimension of the dynamical system
can be substantially reduced, which facilitates numerical simulations, by projecting
the system onto the subspace corresponding to the unstable eigenvalues of the linear
part of the network dynamics. First, similar to [1,12,13] we decompose the dynamic
variables into a mean-field part corresponding to motion on the synchronization man-
ifold zs and a synchronization error e. The linear part of the network dynamics, after
transforming to Jordan normal form, can be split into a low-dimensional synchroniza-
tion manifold which is associated with the unstable directions of the fixed point in
the origin from which the synchronized limit cycle oscillations have bifurcated, and
hence with those eigenvalues which have positive real parts, and a transverse subspace
of the synchronization error, which is associated with eigenvalues with negative real
parts, leading to an asymptotically damped synchronization error.

This paper is organized as follows. First, we present the Stuart-Landau model.
Then, we define the matrix which determines the stability of the linear part of the
system and study its properties. Further, we decompose the system in two parts: syn-
chronization error and emergent dynamics. We introduce new coordinates and derive
the subsystem of reduced order for arbitrary coupling and for the special case of local
coupling. Finally, we demonstrate numerical results for various system sizes, which
verify that the lower-order system well preserves the properties of the original system.
Here we deal with cluster states or standing-wave states, which asymptotically col-
lapse towards complete synchrony. Additionally, we discuss the mechanisms providing
this transition towards synchrony.

2 Model

In this article we study a nonlocally coupled ring of identical Stuart-Landau oscillators
which represent the normal form of a nonlinear oscillator near a supercritical Hopf
bifurcation. We consider a ring network of N Stuart-Landau oscillators [14–24], j 2
{1, ..., N}, which are coupled with the strength � > 0 to their P nearest neighbors in
each direction (r = P/N defines the dimensionless coupling range):

żj = f(zj) +
�

2P

j+PX

k=j�P

(zk � zj), (1)

where all indices are modulo N ,

f(zj) = (�+ i! � |zj |2)zj , (2)

and zj = xj + i yj=rjei�j 2 C , with xj , yj , rj ,�j 2 R, and �,! > 0.
Without coupling (i.e., � = 0) the system undergoes a Hopf bifurcation at �=0,

so that for � > 0 a single Stuart-Landau oscillator performs self-sustained oscillations
with frequency ! and follows the limit cycle trajectories with the radius rj =

p
�.

In this case the unique fixed point (xj = yj = 0) is unstable and the periodic orbit
zj(t) = rjei!t is rotationally (S1) invariant.

If the coupling strength � is strong, then the oscillators globally in-phase syn-
chronize [29], for weaker coupling collective behavior in the form of various synchro-
nization patterns, for instance cluster synchronization [7], may emerge. Note that the
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coupling term in Eq. (1) conserves the S1 symmetry, i.e., it does not break the rota-
tional symmetry (zj ! zjei ) of the system. Otherwise, for example if only the real
parts Re(zk) � Re(zj) were coupled, this would lead to the emergence of nontrivial
inhomogeneous steady states zj 6= 0, e.g., oscillation death [25–27].

In this paper our objective is to analyze the dynamics of such a Stuart-Landau net-
work in the case when the coupling is not strong enough to ensure complete in-phase
(isochronous) synchronization. In this case we observe more general synchronization
patterns where the ring network of length L supports a standing wave with wave
vector k = 2⇡/L, i.e., the elements oscillate with di↵erent amplitudes. We develop a
method to reduce the dimension of the dynamical system by projecting it onto the
subspace corresponding to the unstable eigenvalues of the linear part of the network
dynamics.

3 Method

With the N -dimensional complex column vector z = col(z1, ...zN ) we can rewrite the
network of Stuart-Landau oscillators Eq. (1) in the vector form as

ż = �Z(2)z+ (�+ i!)z� �

2P
Lz, (3)

where Z(2) = diag
�
|z1|2, |z2|2, . . . , |zN |2

�
is an N ⇥N diagonal matrix and the Lapla-

cian matrix L contains all the terms due to coupling between the oscillators

L =

2

666666664

2P �1 · · · 0 · · · �1 · · ·
�1 2P �1 · · · 0 · · · �1

. . .
. . . . . .

. . . .
. . . . .

. . . . .
. . . .

�1 · · · 0 · · · �1 · · · 2P

3

777777775

, (4)

The Laplacian matrix is defined as L = D � A, where A and D are the adjacency
and the degree matrix, respectively. In the case of ring networks with P neighbours
in each direction, the degree matrix has a simple diagonal form D = 2P IN with the
N ⇥N unity matrix IN, while A is a circulant matrix.

Next, we combine all linear terms that appear in Eq. (3) and define a matrix
L̃ = �L+ �+i!

� 2P IN, hence Eq. (3) takes the form

ż = �Z(2)z+
�

2P
L̃z. (5)

Synchronization properties of the network are closely connected with the properties
of the matrix L̃, in particular, the synchronous solution of the network Eq. (5) is
stable if N � 1 eigenvalues of this matrix are negative [28,29]. First we summarize
the properties of the matrix L̃ that we will use in the sequel.

3.1 Properties of the matrix L̃

(i) Matrix L̃ is similar to the adjacency matrix A:

L̃ = A+ (�2P +
�+ i!

�
2P )IN. (6)
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and therefore one can write the eigenvalues of L̃ as

⇤̃j = ⇤j � 2P +
�+ i!

�
2P. (7)

where ⇤j are the eigenvalues of A. Moreover, the matrices L̃ and A have the same
eigenvectors vj (j = 1, . . . , N).

Eigenvectors of the circulant adjacency matrix A are vj =
1p
N

�
1,!j , . . . ,!

N�1
j

�
,

where !j = e2⇡i
j
N .

(ii) The eigenvalues of the matrix L̃ can be found analytically using the similarity of
L̃ to the circulant adjacency matrix A, see Eq. (6), which has the eigenvalues [30]

⇤j =
sin(j⇡ 2P+1

N )

sin(j⇡ 1
N )

� 1, j 2 {1, . . . , N} . (8)

Solving the eigenvalue problem of the circulant adjacency matrix A, one can infer
how to choose the parameters P and � in order to obtain 2l + 1 solutions ⇤̃j with
positive real parts, where l 2 N, using Eq. (7):

⇤j + 2P (
�

�
� 1) > 0. (9)

For convenience we relabel the indices of our eigenvalues in a symmetric fashion,
assuming even N for technical simplicity: j =

�
�N

2 , . . . ,
N
2 � 1

 
. Eq. (9) can be used

to show that for a given number 2l+1 of solutions with positive real parts there exist
appropriate values of the parameters P and �.

In order to justify that there is always an odd number of solutions to the inequality
(9), let us introduce a constant C = 2P (1� �

� ) and rewrite (9)

⇤j > C ,
sin(j⇡ 2P+1

N )

sin(j⇡ 1
N )

> C̃, j 2
⇢
�N

2
, . . . ,

N

2
� 1

�
(10)

where C̃ = C + 1 is a constant.
Let us analyse this inequality in general. For this purpose we consider some func-

tion ⇢(x) = sin kx
sin x , where k is an integer, and |x| < ⇡. This function is singular at

x = 0, but the limit for x ! 0 exists: sin(kx)
sin(x) ! k. The function ⇢(x) assumes its max-

imum at x = 0, and it is a symmetric function. A solution to the inequality ⇢(x) > C̃
exists only if the constant C̃ < k. In this case x⇤ = 0 will always be a solution.
Moreover, if x⇤ 6= 0 is a solution, then �x⇤ also satisfies the inequality ⇢(x) > C̃ due
to the symmetry of ⇢(x).

In our case k = 2P + 1 and x = j⇡
N . Referring to the explanation above we can

conclude that if any solution exists for the inequality (10), then j = 0 is always a
solution. Moreover, if j⇤ 6= 0 is a solution, then �j⇤ is also a solution. Thus, the total
number of solutions is an odd number.

We define the matrix of the 2l+ 1 eigenvalues with positive real parts ⇤̃+, where
for convenience we label the indices in a symmetric fashion: j = {�l, . . . , l}:

⇤̃+ =

2

6666664

⇤̃�l 0 0 · · · 0
0 ⇤̃�l+1 0 · · · 0

. .
. . . . .

. . .
. . . .

0 0 0 · · · ⇤̃l

3

7777775
, (11)
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where Re(⇤̃�l), . . . ,Re(⇤̃l) > 0. Analogously we define the matrix ⇤̃� of all eigenval-

ues with negative real parts of the matrix L̃, and the overall matrix ⇤̃ = diag
⇣
⇤̃+, ⇤̃�

⌘
.

Let V = col[v1, . . . ,vN] be the N ⇥N unitary matrix whose columns are composed
of the eigenvectors corresponding to the eigenvalues in matrix ⇤̃. Using the fact that
matrix L̃ is symmetric we can represent it as follows

L̃ = V⇤̃V⇤. (12)

where V⇤ is the adjoint matrix.

3.2 Decomposition of the system into two parts

Similar to [12,13], here we present a decomposition of the system into a part which
corresponds to the reduced system, and a part with asymptotically vanishing dynam-
ics. The first part describes the synchronous solution and the second describes the
dynamics of the synchronization errors.

We assume that the matrix L̃ has m = 2l+ 1 eigenvalues with positive real parts
and use the decomposition of the extended Laplacian matrix L̃ given by Eq. (12),
i.e., we introduce the coordinate transformation ⇠ = V⇤z.

In these new coordinates the network dynamics can be written as

⇠̇ = V⇤ż = �V⇤Z(2)z+
�

2P
V⇤L̃z = �V⇤Z(2)V⇠ +

�

2P
⇤̃⇠ (13)

where we have used Eq. (12) and z = V⇠. Note that the nonlinear part of Eq. (13)
still contains the term Z(2) and therefore depends on z.

Fig. 1. Schematic illustration of the
projection of the phase space trajecto-
ries onto the submanifold of emergent
synchronous dynamics and the trans-
verse subspace of synchronization error,
which is schematically represented by its
time series (horizontally: time, vertically:
synchronization error). c�[2017] IEEE.
Reprinted, with permission, from E. Pan-
teley and A. Loria [1].

Similar to the decomposition of the ma-
trix ⇤̃ we can decompose the matrix V into
two parts as V = [V+,V�] where the N⇥m
and N ⇥ (N � m) matrices V+ and V�,
respectively, are constructed from eigenvec-
tors corresponding to positive and negative
eigenvalues, respectively. Similarly the N -
dimensional vector ⇠ can be split into an
m-dimensional vector ⇠+ = V⇤

+z and an
(N � m)-dimensional vector ⇠� = V⇤

�z.
Thus the network dynamics is split into two
subsystems

⇠̇+ = �V⇤
+Z

(2)V⇠ +
�

2P
⇤̃+⇠+ (14)

⇠̇� = �V⇤
�Z

(2)V⇠ +
�

2P
⇤̃�⇠�. (15)

It should be stressed that the dynamical
properties of these two subsystems are es-
sentially di↵erent since the matrix ⇤̃+ is a
diagonal positive matrix, while ⇤̃� is nega-
tive. The eigenvalues with positive real parts
of the linear part L̃ of Eq. (5) are precisely
the unstable eigenvalues following from the
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linear stability analysis of the fixed point in the origin, hence the corresponding
eigenvectors indicate the unstable directions of this fixed point, from which the syn-
chronized limit cycle oscillations have bifurcated. They span the submanifold of the
full phase space CN in which the limit cycle oscillations are located.

Let us introduce the synchronization error coordinates e = V�⇠� 2 CN , and
note that due to the properties of the unitary matrix V we can decompose the N -
dimensional unit matrix as IN = V�V⇤

� + V+V⇤
+, and therefore we can write e =

V�⇠� = V�V⇤
�z = (IN �V+V⇤

+)z = z�V+⇠+, where we have used the definitions
⇠� = V⇤

�z and ⇠+ = V⇤
+z. Then, using the quadratic Lyapunov function V (e) = 1

2e
⇤e

we can deduce that the synchronization error e(t) ! 0 for t ! 1 and hence ⇠�(t)
asymptotically tends to zero as well (see Appendix).

Thus the subspace ⇠+ captures the generalized synchronous solutions, while the
subspace ⇠� describes the synchronization error which asymptotically for t ! 1
vanishes, as schematically represented in Fig. 1. This means that asymptotically z(t)
is determined by ⇠+, i.e., z(t) ⇡ V+⇠+(t). Hence we can asymptotically reduce the
model Eq. (15) to the phase space spanned by ⇠+.

To derive the equations of the reduced system in the case of vanishing synchro-
nization error ⇠� = 0, we will now focus on the nonlinear part of the system Eq. (13):

V⇤
+Z

(2)V⇠ = V⇤
+Z

(2) [V+,V�]


⇠+
⇠�

�
= V⇤

+Z
(2)V+⇠+ =

lX

i=�l

V⇤
+Z

(2)vki⇠i

=
lX

i=�l

⇠iV
⇤
+Z

⇤Vkiz =
lX

i=�l

⇠iV
⇤
+Z

⇤VkiV⇠ =
lX

i=�l

⇠iV
⇤
+Z

⇤VkiV+⇠+,

(16)
where vki is the ki-th N -dimensional eigenvector from the unstable manifold and
Vki = diag(vki) is a N ⇥N diagonal matrix obtained by placing the elements of the
vector vki along the diagonal. Indices k and i depend on the coupling parameter P
and solution number i, respectively. We have also used the property Zvki = Vkiz.

We focus now on the j-th component of vector ⇠+ denoted as ⇠+j,nl:

⇠̇+j,nl = �
lX

i=�l

⇠iv
⇤
kj
Z⇤VkiV+⇠+ = �

lX

i=�l

⇠iz
⇤V⇤

kj
VkiV+⇠+

= �
lX

i=�l

⇠i⇠
⇤
+V

⇤
+V

⇤
kj
VkiV+⇠+ = �

lX

i=�l

⇠i⇠
⇤
+A

[ji]⇠+,

(17)
where A[ji] = V⇤

+V
⇤
kj
VkiV+ is an m⇥m matrix. With

VkiV+ = Vki

�
v�kl . . .v0 . . .vkl

�
=

1p
N

�
vki�kl . . .vki . . .vki+kl

�
(18)

it follows that

A[ji] = V⇤
+V

⇤
kj
VkiV+ =

1

N

0

BBBBBB@

v⇤
kj�kl

...
v⇤
kj

...
v⇤
kj+kl

1

CCCCCCA

�
vki�kl . . . vki . . . vki+kl

�
(19)
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The scalar product of two eigenvectors va and vb is defined as:

v⇤
avb =

NX

i=1

v(i,b�a) =

(
1 if b� a = 0

0 if b� a 6= 0
(20)

Hence we can write the matrix A[ji]:

A[ji] =
1

N

⇥
 (j, i, p, q)

⇤
p,q2[�l,l]

, where  (j, i, p, q) =

(
1 if ki � kj + kq � kp = 0

0 if ki � kj + kq � kp 6= 0
,

(21)
here p numbers the row, q numbers the column (both numbered from �l to l),
 (j, i, p, q) is a binary variable. It follows that

⇥
 (j, i, p, q)

⇤
p,q2[�l,l]

for fixed p, q is an

m⇥m diagonal matrix with entries 0 or 1
N .

As a result one obtains the nonlinear part of the equations for the reduced system
with an arbitrary coupling range P :

⇠̇j,nl = � 1

N

lX

i=�l

lX

p=�l

lX

q=�l

⇠i ⇠
⇤
p ⇠q  (j, i, p, q) (22)

In order to complete the derivation of the reduced system, we consider the j-th
component of the linear part of the Stuart-Landau model denoted as ⇠+j,lin (see Eq.
13)

⇠̇+j,lin =
�

2P
⇤̃+
j ⇠j (23)

In the following we skip the superscript + with respect to the variable ⇠j for simplicity.
Combining the results obtained from Eq. (22) and Eq. (23), we obtain the full

reduced system of equations:

⇠̇j = � 1

N

lX

i=�l

lX

p=�l

lX

q=�l

⇥
⇠i ⇠

⇤
p ⇠q  (j, i, p, q)

⇤
+

�

2P
⇤̃+
j ⇠j , (24)

where ⇤̃+
j is the j-th diagonal element of matrix ⇤̃+.

3.3 Special case: P = 1

In the case of local coupling (P = 1) we have kl ⌘ l. Thus the definition of  reduces
to

 (j, i, p, q) =

(
1 if q � p = j � i

0 if q � p 6= j � i
(25)

This means that unity is placed on the k-th diagonal of matrix A[ji] with k = j � i.
Then

⇠⇤+A
[ji]⇠+ =

1

N

min(l, l+i�j)X

k=max(�l,�l+i�j)

⇠⇤k ⇠k+j�i (26)

As a result one obtains the reduced system of equations for P = 1:

⇠̇j = � 1

N

lX

i=�l

min(l, l+i�j)X

k=max(�l,�l+i�j)

[⇠i ⇠
⇤
k ⇠k+j�i] +

�

2P
⇤̃+
j ⇠j (27)
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4 Numerical results

4.1 Results for N = 12

In this section we illustrate the above results by a Stuart-Landau network of N = 12
oscillators, which are locally coupled (P = 1) with the coupling strength � = 5. We
fix the bifurcation parameter � = 1 and the oscillation frequency ! = 2. This is the
smallest possible network for which we have observed standing waves. In Fig. 2 we
show the space-time plots (top panel) and snapshots for t = 0 (middle panel) and
t = T/2 (bottom panel), where T = 2⇡/! is the period of oscillation, for two di↵erent
network sizes, (a) N = 12 (left column) and (b) N = 100 (right column). In the
snapshot for N = 12 one can observe the standing-wave profile corresponding to a
wavevector k = 2⇡/L where L is the length of the ring, such that nodes

�
1, . . . , N

2

 

and
�

N
2 + 1, . . . , N

 
are in anti-phase. Additionally, nodes j and N

2 + 1� j oscillate
with the same phase and the same amplitude. These two symmetry features are a
result of the specially prepared initial conditions, xj = 1, yj = �1 for j 2

�
1, . . . , N

2

 

and xj = �1, yj = 1 for j 2
�

N
2 + 1, . . . , N

 
. Hence we expect that the number of

clusters in such a network is determined by N
4 . The comparison with a network of

N = 100 nodes (Fig.2 b) reveals that the standing-wave profile and the symmetry
properties are retained.

This particular set of parameters results in m = 2l + 1 = 3 eigenvalues with
positive real parts in accordance with Eq. (9), hence

⇤̃+ =

2

4
0.1321 + 0.8i 0 0

0 0.4 + 0.8i 0
0 0 0.1321 + 0.8i

3

5 , (28)

Since the coupling is local (P=1), we can apply Eq. (27) for the reduced system

8
>>>>><

>>>>>:

⇠̇�1 = � 1

12

h
⇠�1(|⇠�1|2 + 2 |⇠0|2 + 2 |⇠1|2) + ⇠20⇠

⇤
�1

i
+ (0.33025 + 2.0i)⇠�1

⇠̇0 = � 1

12

h
⇠0(2 |⇠�1|2 + |⇠0|2 + 2 |⇠1|2) + 2⇠⇤0⇠1⇠�1

i
+ (1.0 + 2.0i)⇠0

⇠̇1 = � 1

12

h
⇠1(2 |⇠�1|2 + 2 |⇠0|2 + |⇠1|2) + ⇠20⇠

⇤
1

i
+ (0.33025 + 2.0i)⇠1

(29)

This system of equations describes the dynamics in the (m = 3)-dimensional phase
space of the reduced system. The results are depicted in Fig. 3 for the original system
ofN = 12 (a), the reduced system ofm = 2l+1 elements (b) and the lifted trajectories
after back transformation to the N = 12-dimensional phase space, using the relation
z = V+⇠+ (c). As expected, we obtain for the original system N

4 = 3 limit cycles of
di↵erent radii around the origin, corresponding to three clusters each of which consists
of 4 nodes, two in-phase and two anti-phase. This is an unstable state, and hence,
even if we start exactly on this invariant state, due to numerical rounding errors it
disappears after some time and transforms into a completely in-phase synchronized
state, a limit cycle of radius r =

p
� = 1. The reduced system is dominated by the

variables which correspond to the eigenvalues with positive real parts ⇤̃�1 and ⇤̃1.
They are equal but their corresponding eigenvectors v1 and v�1 form a complex
conjugate pair. The variable ⇠0 tends to the stationary state ⇠0 = 0 and does not
influence the dynamics of the reduced order model. After lifting the reduced system
to the full system of dimension N = 12 by applying the back transformation we
obtain almost the same oscillatory behavior as in the original system.
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Fig. 2. Standing wave synchronization pattern of Stuart-Landau network: (a) N = 12,
� = 5, P = 1, (b) N = 100, � = 14, P = 4. The top panels show space-time plots where
y = Imz is color-coded, the middle and bottom panels show snapshots of y at t = 0 and
t = T

2 , respectively, where T = 2⇡/! = ⇡. Other parameters: � = 1, ! = 2. Initial transients
of t = 2T have been skipped.

Fig. 3. Standing wave trajectories for 10T 6 t 6 13T in the phase space (x, y) of (a) original
system of dimension N = 12; (b) reduced system of m = 3; (c) reduced system lifted to
N = 12. Other parameters: � = 5, P = 1, � = 1, ! = 2. The limit cycles are labelled by the
corresponding node indices.

After some time, due to numerical rounding errors, the system leaves the unstable
standing wave pattern and asymptotically reaches a completely in-phase synchronized
state, a limit cycle of radius r = 1 (Fig. 4(a)). In panel (b) in the reduced system
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Fig. 4. Asymptotic fully synchronized trajectories for 30T 6 t 6 33T in the phase space
(x, y) of (a) original system of N = 12; (b) reduced system of m = 3; (c) reduced system
lifted to N = 12. Other parameters: � = 5, P = 1, � = 1, ! = 2.

we observe a limit cycle and a stationary point at the origin; here the limit cycle
originates from ⇠0, and both variables ⇠1 and ⇠�1 collapse into the stationary state.
The explanation of these di↵erences for the reduced system in case of transient and
asymptotic states follows in the next subsection. By lifting the reduced system into
the full N = 12 space, the original trajectory is recovered (Fig. 4(c)).

4.2 Special cases of the reduced system

In the case of full synchronization there is only one nonzero variable in the reduced
system, which is ⇠0. Namely, if the original system is fully synchronized, then zi = z̄
8i . It follows that

⇠j = vj
⇤z =

1p
N

N�1X

i=0

!�ijzi+1 =
1p
N

z̄
N�1X

i=0

!�ij = 0, j 6= 0,

⇠0 = v0
⇤z =

1p
N

N�1X

i=0

zi+1 =
1p
N

N�1X

i=0

z̄ =
p
Nz̄.

(30)

Here ! ⌘ exp(2⇡i 1
N ). This explains why the amplitude of ⇠0 for the completely

synchronized limit cycle in the reduced system equals
p
N , since the synchronous

solution z̄ has amplitude r = 1.
In the case of a standing wave with wavevector k = 2⇡/L, from the symmetry

properties it follows that zi = �zi+N/2. Hence

⇠0 = v0
⇤z =

1p
N

NX

i=1

zi =
1p
N

N/2X

i=1

⇥
zi + zi+N/2

⇤
= 0. (31)

In Fig. 5 we show the norm of the reduced variables k⇠0k, k⇠1k and k⇠�1k vs.
time, in order to detect the lifetime of the unstable standing wave state. It reveals an
abrupt change of the reduced system dynamics at t ⇡ 70 (t ⇡ 22T ). Here the system
attains complete synchronization, and thus the lifetime of the cluster state ends. It
is also remarkable that its lifetime strongly depends on the system parameters and
initial conditions. Of course, this abrupt change also shows up in the space-time plot.
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Fig. 5. Norm of the reduced system coordinates for m = 3 vs time t: (a) coordinate ⇠0
related to ⇤̃0; (b) coordinate ⇠1 related to ⇤̃1; c) coordinate ⇠�1 related to ⇤̃�1. Other
parameters: � = 5, P = 1, � = 1, ! = 2.

Fig. 6. Space-time plot for 2T 6 t 6 5T for: (a) N = 16, � = 9, P = 1; (b) N = 100,
� = 14, P = 4. Other parameters: � = 1, ! = 2. Initial transients of t = 2T have been
skipped.

4.3 Results for N = 16

Next, we have applied our reduction method to a system of di↵erent size, N = 16,
and � = 9. All other parameters and the initial conditions remain the same. The
space-time plot in Fig. 6 shows two antisymmetric domains forming a standing wave
profile with N

4 = 4 limit cycles of di↵erent radii. The system is also periodic.
We perform the same reduction for the transient standing wave of N = 16. In

Fig. 7 one can see (a) the original system with 4 limit cycles formed by N = 16
elements, (b) the reduced system which consists of a limit cycle formed by ⇠1, ⇠�1

and a stationary state of ⇠0, (c) lifted system obtained from the back transformation
of the reduced system. Also here the lifted system perfectly reproduces the original
system dynamics.

We have carried out a similar analysis for the completely in-phase synchronized
asymptotic state of N = 16, and also for transient and asymptotic states of networks
with N = 20, N = 24, and N = 28 elements. Here we observe that a larger system
size leads to longer lifetimes of the transient standing-wave states.

5 Conclusion

We have considered a network of Stuart-Landau oscillators with S1 symmetry-conserving
coupling. Within a reduced system approach we showed that it is possible to re-
duce the dimension of the system, while preserving the collective dynamics. Our ap-
proach consists in projecting the network dynamics upon the synchronization man-
ifold spanned by the eigenvectors corresponding to the unstable eigenvalues of the
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Fig. 7. Standing wave trajectories for 10T 6 t 6 13T in the phase space (x, y) of: (a) original
system of N = 16; (b) reduced system of m = 3; (c) reduced system lifted to N = 16. Other
parameters: � = 9, P = 1, � = 1, ! = 2.

linear part of the dynamic equations. From the dynamics in this reduced system, we
are able to predict the dynamics lifted to the full system.

We have found generalized cluster synchronization patterns in the form of unstable
standing waves, and asymptotically stable completely in-phase synchronized states.
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Appendix: Lyapunov function for the synchronization error

In this Appendix we show that asymptotically the synchronization errors e converge
to zero.

Consider a Lyapunov function given by

V (e) =
1

2
e⇤e

where we recall that e = Pz, P ⇤ = P = IN � V+V⇤
+, while the dynamics of z is

given by (5):

z = �Z(2)z+
�

2P
L̃z = Fnl(z) + F (l)(z)

where we have split the dynamics into linear and nonlinear parts to simplify the proof,
i.e., Fnl(z) = �Z(2)z and F (l)(z) = �

2P L̃z.
Using these notations the derivative of V (e) can be presented as a sum of two

terms

V̇ (e) = gradV (e)
⇣
Fnl(z) + F (l)(z)

⌘
.
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First we consider the linear term for which, using the properties

P = V


0 0
0 IN�3

�
V⇤, V⇤

�V� = IN�3, V�V
⇤
� = IN �V+V

⇤
+

we can write

V̇ (l)(e) =
�

2P
e⇤PL̃z =

�

2P
e⇤V


0 0
0 IN�3

�
V⇤V


⇤+ 0
0 ⇤�

�
V⇤z

=
�

2P
e⇤V


0 0
0 ⇤�

�
V⇤z =

�

2P
e⇤V�⇤�V

⇤
�z =

�

2P
e⇤V�⇤�V

⇤
�e,

(A.1)

where in the last equality we have used V⇤
�e = V⇤

�z.
Recalling that all the eigenvalues of the matrix ⇤� have negative real parts, we

obtain from (A.1)

V̇ (l)(e)  ��||e||2, (A.2)

where � = �
2P �max(⇤� + ⇤⇤

�).
Next we consider the Lyapunov derivative for the nonlinear part. To start with,

we use the definition of the projection matrix P and the equality P ⇤P = P to rewrite
the Lyapunov function as

V (e) =
1

2
e⇤e =

1

2
z⇤PP ⇤z =

1

2
zPz =

1

2
z⇤(IN �V+V

⇤
+)z.

Recalling that matrix V+ is composed of the eigenvectors corresponding to the
unstable directions, i.e. V+ = [1,v1,v�1], where 1> = [1, . . . , 1], and V+V⇤

+ =
11> + v1v⇤

1 + v�1v⇤
�1.

Using these expressions we can rewrite the function V (e) as

V (e) =
1

2
z⇤
�
IN � 11>� z� 1

2

�
z⇤v1v

⇤
1z+ z⇤v�1v

⇤
�1z

�

=
1

2N

N/2�1X

i,j=�N/2

(z̄i � z̄j)(zi � zj)�
1

2

�
z⇤v1v

⇤
1z+ z⇤v�1v

⇤
�1z

�
.

(A.3)

We consider now in detail the last two terms above. Since by assumption N is
even, we can introduce a vector

⇠> =


1, exp(

⇡i

N
), . . . , exp(

⇡i(N � 1)

N
)

�
2 RN/2

and in this case the eigenvectors v1 and v�1 have a very particular structure, notably

v1 =
1p
N


⇠

�⇠

�
and v�1 =

1p
N


⇠⇤T

�⇠⇤T

�
.

In the same way we can split the vector z in two parts as z1 = (z0, . . . , zN
2 �1) and

z2 = (z�N
2
, z�1, . . . , z�N

2 +1). Using this new notation we can write the expression
z⇤v1v⇤

1z in terms of ⇠ and z1, z2 as

z⇤v1v
⇤
1z =

1

N
[z⇤1, z

⇤
2]


⇠⇠⇤ �⇠⇠⇤

�⇠⇠⇤ ⇠⇠⇤

� 
z1
�z2

�
.
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Straightforward calculations show that

z⇤v1v
⇤
1z =(z1 � z2)

⇤⇠⇠⇤(z1 � z2) =

N
2 �1X

i=0

viv
⇤
i (z

⇤
i � z�i+1)

⇤(z⇤i � z�i�1)

=

N
2 �1X

i=0

viv
⇤
i ||z⇤i � z�i+1||2 =

1

2

N
2 �1X

i=0

viv
⇤
i ||z⇤i � z�i+1||2

+
1

2

�1X

i=�N
2

vivi||z⇤i � z�i�1||2.

(A.4)

Repeating the same procedure for the term z⇤v�1v⇤
�1z we obtain

z⇤v�1v
⇤
�1z =

1

2

N
2 �1X

i=0

v⇤
i vi||z⇤i � z�i+1||2 +

1

2

�1X

i=�N
2

v⇤
i vi||z⇤i � z�i�1||2.

Substituting the obtained expressions in Eq. (A.3) we find for the Lyapunov function

V (e) =
1

2N

N
2 �1X

i,j=�N
2

||zi � zj ||2 �
1

4

N
2 �1X

i=0

(v⇤
i vi + viv

⇤
i )||zi � z�i+1||2

� 1

4

�1X

i=�N
2

(v⇤
i vi + viv

⇤
i )||zi � z�i�1||2 =

1

2N

N
2 �1X

i,j=�N
2

aij ||zi � zj ||2,

where

aij =

8
<

:

1�
p
N
2 (v⇤

i vi + viv⇤
i ) if i = 0, . . . , N

2 � 1 & j = �i+ 1
i = �N

2 , . . . ,�1 & j = �i� 1
1 otherwise.

(A.5)

It is important to underline here that all coe�cients aij � 0, hence the function
V (e) represents a sum of ||zi � zj ||2 with nonnegative coe�cients, i.e.,

V (e) =
1

2N

N
2 �1X

i,j=�N
2

aij ||zi � zj ||2.

Taking the derivative of this Lyapunov function for the nonlinear part of the system
dynamics we obtain

V̇ (nl)(e) =
X

i,j

aij(zi � zj)
⇤(�||zi||2zi + ||zj ||2zj). (A.6)

Each term in this sum can be estimated by bounds in the following way

(zi � zj)
⇤(�||zi||2zi + ||zj ||2zj) = �||zi||4 � ||zj ||4 + z⇤i |zj ||2zj + z⇤j ||zi||2zi

 �||zi||4 � ||zj ||4 +
1

2
||zi||4 + ||zi||2||zj ||2 +

1

2
||zj ||4  0,
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where in the second line we used the bound

||zj ||2z⇤i zj 
1

2
||zj ||4 +

1

2
||z⇤i zj ||2  1

2
||zj ||4 +

1

2
||zi||2||zj ||2.

Finally, combining the derivatives for the linear and nonlinear parts given in Eqs. (A.1)
and (A.6), we obtain

V̇ (e) = V̇ (l)(e) + V̇ (nl)(e)  ��||e||2

and therefore the synchronization errors e asymptotically tend to zero.
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22. A. Zakharova, M. Kapeller, E. Schöll, Phys. Rev. Lett. 112, 154101 (2014)
23. A. Zakharova, S. Loos, J. Siebert, A. Gjurchinovski, J.C. Claussen, E. Schöll, in Control
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