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Zusammenfassung

Die vorliegende Arbeit handelt von raumzeitlicher Musterbildung der Ladungs-
trägerdichteverteilung in der resonanten Tunneldiode mit Doppelbarriere (DBRT
für engl. double barrier resonant tunneling diode). Untersucht wird die zeitliche
Entwicklung der an der Diode abfallenden Spannung und die der räumlichen
Verteilung der Ladungsträgerdichte anhand von Modellgleichungen, die die Dy-
namik dieser beiden Gröÿen beschreiben. Dabei handelt es sich um ein Paar
partieller Di�erentialgleichungen vom Reaktions-Di�usions-Typ, die einerseits
mit analytischen Methoden untersucht werden und andererseits numerisch in-
tegriert werden, um die Dynamik von Spannung und Ladungsträgerdichte zu
simulieren.
Während die raumzeitliche Dynamik im deterministischen Modell der DBRT
zum groÿen Teil schon bekannt ist, soll in dieser Arbeit der Ein�uss von Rau-
schen auf ebendiese Dynamik untersucht werden. Dazu werden die Parameter
der Modellgleichungen so gewählt, daÿ das deterministische System in einem
stabilen Fixpunkt ruht, der einer räumlich inhomogenen Verteilung der La-
dungsträgerdichte entspricht, einem Strom�lament. Zusätzlich wird der Bifurka-
tionsparameter so eingestellt, daÿ sich das deterministische System in der Nähe,
unterhalb der Hopf-Bifurkation dieses Fixpunktes be�ndet. Um entsprechende
Rauschterme erweitert, werden die Modellgleichungen numerisch integriert und
die resultierende Dynamik in Abhängigkeit der Rauschintensität studiert. Kleine
Rauschintensität führt dabei zu zeitlich kohärenten Oszillationen um den räum-
lich inhomogenen Fixpunkt. Mit zunehmender Rauschintensität werden diese
Oszillationen unregelmäÿiger in der Zeit, gleichzeitig jedoch wird die räumliche
Ladungsträgerdichteverteilung homogener. Während wachsende Rauschinten-
sität also zeitliche Kohärenz in der Dynamik zerstört, verbessert sie auf der
anderen Seite die räumliche Kohärenz der Ladungsträgerdichte.
Darauf aufbauend wird der Frage nachgegangen, ob und inwieweit sich die zu-
vor untersuchten, rauschinduzierten, raumzeitlichen Muster und deren Kohärenz
mittels zeitverzögerter Rückkopplung beein�ussen lassen. Wie sich herausstellt,
lässt sich die zeitliche Regularität der rauschinduzierten Oszillationen durch
geeignete Wahl der Verzögerungszeit verbessern oder auch verschlechtern. Die
Abhängigkeit des E�ekts der Rückkopplung von der Verzögerungszeit lässt sich
mittels linearer Stabilitätsanalyse des räumlich ausgedehnten Systems analy-
tisch erklären. Auch die Auswirkung des zeitverzögerten Kontrollterms auf die
deterministische Dynamik in der DBRT wird dabei systematisch untersucht.
Diese kann sich sich je nach Wahl der Kontrollstärke und wiederum der Verzö-
gerungszeit signi�kant ändern.
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Abstract

This work is about spatiotemporal pattern formation in the double barrier res-
onant tunneling diode (DBRT). We investigate the temporal evolution of the
voltage drop across the DBRT and the lateral current density distribution within
the quantum well by means of model equations describing the dynamics of these
two quantities. These model equations are a set of partial di�erential equations
of reaction-di�usion type which we investigate analytically and also integrate
numerically to simulate the dynamics of the voltage and the current density in
the DBRT.
Starting from the spatiotemporal dynamics in the deterministic model of the
DBRT which is well studied to some extent, we investigate the dynamics under
the in�uence of additional noise. For this purpose we �x the parameters of the
model in a regime where the deterministic system rests in a stable �xed point
which represents a spatially inhomogeneous density pattern of the current den-
sity, a current �lament. Furthermore, in this situation the deterministic system
is close to but below the Hopf bifurcation point of this stable steady state. We
integrate the model equations, extended by appropriate noise terms, numerically
and investigate the dependence of the resulting spatiotemporal dynamics upon
the noise intensity. We show that the addition of white noise of small intensity
can lead to noise induced spatially inhomogeneous oscillations which can be
quite coherent in time. As the noise intensity grows the temporal correlation of
these oscillations decreases whereas at the same time the spatial distribution of
the current density becomes more homogeneous. Thus, while on the one hand
additional noise destroys the temporal coherence of the dynamics, it enhances
the spatial coherence of the current density pattern on the other hand.
Further on, we investigate whether time delayed feedback can be used to in�u-
ence the noise-induced spatiotemporal patterns and their temporal coherence.
It turns out that the temporal regularity of the noise-induced oscillations can
either be increased or decreased by the time delayed feedback loop depending on
the particular choice of the feedback delay time. We can explain the e�ects of
the delayed feedback and their dependence on the delay time by means of linear
stability analysis of the spatially extended system. Additionally, in this context
we study the impact of the delay term upon the deterministic dynamics in the
DBRT. The latter can change signi�cantly depending on the control strength.





vii

Acknowledgements

Working on a Ph.D. thesis usually is a communicative long term process. Al-
though in the end you have to do the actual writing on your own you would not
have that much to write without all the help, suggestions, ideas, hints, advice
and the general support received over the years from many other people.
Trying to give a complete list of all the people who helped me in either way,
scienti�c or not, to bring this work to a successful ending is a bold venture which
must fail. Nevertheless, I want to express my gratitude to a couple of people
without whom this work would never have come to an end or maybe would have
never even started.
First of all I want to thank Prof. Dr. Eckehard Schöll for giving me the opportu-
nity of doing my Ph.D. thesis in his group, for guiding me along my �rst steps
through the vast �eld of scienti�c research, and for supporting me all over the
years. It was a real pleasure for me having him as my Ph.D. supervisor.
All the members of the working group of Prof. Schöll have provided the very
pleasant atmosphere o�ering scienti�c motivation and help as well as the neces-
sary moments of relaxation involving cookies, co�ee, and two or three beers over
the years. With respect to this, special thanks go to Ioanna Hizanidis, Gerold
Kieÿlich, and of course to Roland Kunert with whom I shared all the good as
well as the bad times from our very beginning at this university many years ago.
I am extremely grateful to Dr. Alexander Balanov without whom this work
would not have reached its �nal state.
Beyond the scienti�c context I want to thank Jessica Mirjam Angstenberger for
being responsible for the best and happiest times over the years of this work.
Last but not least there is my family, especially my parents Ruth and Lutz
Stegemann who always believed in me and in everything I ever started, some-
times even more than I did. Many thanks are due to them for countless reasons
unnecessary to state here.





ix

Contents

Introduction 1
1 The model of the double barrier resonant tunneling diode 5

1.1 The structure of the device . . . . . . . . . . . . . . . . . . . . . 6
1.2 Modeling of the spatiotemporal dynamics . . . . . . . . . . . . . 6

1.2.1 Current through the device . . . . . . . . . . . . . . . . . 8
1.2.2 External circuit . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.3 Dimensionless dynamic variables and system parameters . 13
1.2.4 Numerical quantities and physical scales . . . . . . . . . . 14

1.3 Dimensionless basic equations . . . . . . . . . . . . . . . . . . . . 15

2 Deterministic dynamics of the double barrier resonant tunnel-
ing diode 17
2.1 Z-shaped current-voltage characteristic . . . . . . . . . . . . . . . 17
2.2 Steady states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.1 Spatially homogeneous steady states . . . . . . . . . . . . 19
2.2.2 Spatially inhomogeneous steady states . . . . . . . . . . . 20
2.2.3 Linear stability analysis . . . . . . . . . . . . . . . . . . . 22

2.3 Dynamics with one spatial degree of freedom . . . . . . . . . . . 28
2.4 Dynamics with two spatial degrees of freedom . . . . . . . . . . . 37
2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3 Noise induced pattern formation 47
3.1 Noise in the DBRT model . . . . . . . . . . . . . . . . . . . . . . 48
3.2 Physical values of the noise intensities . . . . . . . . . . . . . . . 49

3.2.1 Timescale transformation in the noise term . . . . . . . . 49
3.2.2 Blanter and Büttiker's approach . . . . . . . . . . . . . . 50
3.2.3 Estimate of the shot noise intensity . . . . . . . . . . . . . 50



x Contents

3.2.4 Noise amplitude in the voltage across the device . . . . . 52
3.3 The deterministic setting . . . . . . . . . . . . . . . . . . . . . . 53
3.4 Quantifying spatial and temporal coherence . . . . . . . . . . . . 54
3.5 Spatiotemporal patterns . . . . . . . . . . . . . . . . . . . . . . . 54
3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Time delayed feedback control 65
4.1 The general feedback scheme . . . . . . . . . . . . . . . . . . . . 66
4.2 Time delayed feedback in the DBRT model . . . . . . . . . . . . 69
4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5 Delayed feedback control of stochastic dynamics 73
5.1 Time delayed feedback in the stochastic system . . . . . . . . . . 73
5.2 In�uence of the feedback upon the correlation time . . . . . . . . 74
5.3 Control of time scales . . . . . . . . . . . . . . . . . . . . . . . . 77
5.4 Analysis of the general form of the characteristic equation . . . . 80

5.4.1 Derivation of the characteristic equation . . . . . . . . . . 80
5.4.2 Properties of the characteristic equation . . . . . . . . . . 84
5.4.3 Analytical estimation of the Fourier power spectral density 87

5.5 Delay-induced oscillatory patterns . . . . . . . . . . . . . . . . . 88
5.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

Summary 97
What has been done . . . . . . . . . . . . . . . . . . . . . . . . . 97
Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
General conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 100
What remains to be done . . . . . . . . . . . . . . . . . . . . . . 100

A Numerical integration of the model equations 103
A.1 Discretization of space . . . . . . . . . . . . . . . . . . . . . . . . 103
A.2 Discretization of time . . . . . . . . . . . . . . . . . . . . . . . . 105
A.3 Integration with time delayed feedback . . . . . . . . . . . . . . . 106
A.4 Parameters of the numerical integration . . . . . . . . . . . . . . 106

Figures 107
Bibliography 111



1

Introduction

The double barrier resonant tunneling diode (DBRT) is a semiconductor device
which has been the focus of broad interest since Kazarinov and Suris [Kaz71,
Kaz72], as well as Tsu and Esaki [Esa70, Tsu73] described the e�ect of resonant
tunneling, and especially since Chang, Esaki, and Tsu observed this e�ect in
double barrier structures [Cha74].
The nonlinear e�ect of resonant tunneling entails the occurrence of negative
di�erential conductance (NDC) in the DBRT that, together with charge ac-
cumulation in the quantum well between the two energy barriers, gives rise
to an intrinsic bistability and hence a Z-shaped current-voltage characteris-
tic [Gol87, Zas88]. In other words, in a certain voltage range it depends upon
the initial condition whether the DBRT switches into a state of high or low
current density (on and o� states) [Mar94, Wac95b]. Since resonant tunneling
is a very fast e�ect the most promising application of the DBRT is the one as
a high speed switching device [Dia89, Mar93], either electronically or optically
switched [Moi95]. The operating frequency of such a device ranges up to several
THz [Had96, Ore00]. Furthermore, the intrinsic bistability provides the basis
for self-organized formation of lateral current density patterns [Wac95b, Gla97,
Mel98, Fei98, Mei00a]. Consequently a large variety of di�erent spatiotemporal
dynamics has been observed in the DBRT, e. g., limit cycle oscillations with
period doubling scenarios [Hel88] and also chaotic behavior [Zho91, Fro94] have
been reported. In addition, numerical simulations predicted complex spatiotem-
poral dynamics like moving current density fronts [Rod03, Rod05] and chaotic
spiking and breathing patterns [Sch02].
Apart from the general interest the lateral distribution of charge carrier den-
sity in the DBRT (e. g., in an actual application one would like to avoid local
overheating and resulting destruction of the device) the DBRT can be used as a
model system for lateral pattern formation [Cro93] in a �nite spatially extended
system. In contrast to a purely generic model it has the advantage of being
experimentally accessible. All the phenomena described above makes the study
of the DBRT very attractive from the viewpoint of nonlinear dynamics. There-
fore, for the systematic study of the e�ects of noise and time delayed feedback
the DBRT model seems to provide the perfect playground.
Particularly with regard to its application as a high speed electronic oscillator it
seems to be promising to achieve control over the oscillations within the chaotic
operating regime of the DBRT. This is where the method of time delayed feed-
back control comes into play. Ott, Grebogi, and Yorke [Ott90] initiated intensive
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studies in the �eld of chaos control. And it was Pyragas [Pyr92] who proposed
the quite simple and nevertheless very e�ective idea to compare the current state
of arbitrary dynamical systems with its state some time ago in order to stabilize
the system in a desired periodic motion. Socolar et al. [Soc94] have extended the
original scheme and meanwhile the mechanisms of time delayed feedback for the
purpose of stabilizing unstable periodic orbits are very well understood [Ble96,
Jus97, Pyr02, Jus03a, Bal05]. The triumphal procession of the delayed feedback
scheme becomes manifest in numerous successful applications throughout all
�elds of nonlinear science [Sch99]. For example, it has been used in lasers [Bie94,
Sim96], in connection with cardiac arrhythmia [Hal97] and neurological dis-
eases [Pop05], in electro-chemical systems [Par99, Lüt01], for control of turbu-
lence in surface chemical reactions [Bet03], in the dynamic Hall e�ect [Sch93] and
even in mechanical context with a pendulum [Chr97], or to control the motion
of helicopter rotor blades [Kro00]. Of course there are applications for control
of chaos in semiconductors like fast resonators [Suk97], in the dynamic Hall
e�ect [Sch93], real space transfer in modulation-doped heterostructures [Rez93,
Coo95, Sch94], the heterostructure hot electron diode [Fra99, Bab02, Bec02], or
semiconductor superlattices [Sch03], and last but not least time delayed feed-
back has been used to control the chaotic motion in the DBRT [Unk03]. Some
of these matters are reviewed in [Sch04].
Now, in the real world there is noise everywhere, i. e. any process is inevitably
in�uenced by random �uctuations. Although the study of random processes
became a well explored �eld since Einstein's work on Brownian motion in 1905
[Ein05], it was common belief for a long time that noise can only play a destruc-
tive role, smearing out any desired physical behavior. But recently noise has
been found being able to evoke nontrivial and constructive e�ects in nonlinear
systems. Stochastic resonance [Gam98, Ani99] as well as coherence resonance
[Gan93, Pik97] occur in many nonlinear systems. The resulting enhancement
of signal-to-noise ratio is exploited in biological systems like for detection of the
prey by a predator [Dou93] or in the human visual system [Sim97]. And also in
semiconductor devices possible constructive e�ects of noise has been recognized.
It has been shown, for example, that noise increases the coherence of radiation
of semiconductor lasers [Gia00, She03, Ush05].
Noise in semiconductor devices is unavoidable, one has to deal either with intrin-
sic shot noise, concerning the transport mechanism of the charge carriers [Bla00],
or with external noise from the electric circuit in which the device is operated.
Since the deterministic dynamics of the DBRT is well studied, as well as the
origins of noise in semiconductor devices, in this work we want to take the next
step and investigate the e�ects of noise upon the spatiotemporal dynamics. Once
these e�ects are understood it is possible to decide whether they have positive
or negative in�uence upon an intended application. Either to enhance or to sup-
press these noise induced e�ects it is then desirable to achieve some control over
them. It has been proposed recently [Jan04] to try this with the same methods
as in the case of deterministic chaotic oscillations, namely, to apply the method
of time delayed feedback mentioned above. In simple generic models of Van
der Pol or FitzHugh-Nagumo type [Bal04, Sch05a, Pom05, Pom06a] and even
in more complex, excitable systems [Hau06, Bal06] this approach turned out to
be quite successful.
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All these considerations give rise to the path along which this work will go. The
preparatory work consists of understanding the model and a detailed investiga-
tion of the deterministic dynamics to settle the background for the exploration
of the e�ects of additional noise in the DBRT. The model consists of a set of
coupled partial di�erential equations which can be investigated analytically to
some extent. Nevertheless, the main tool of this work is the numerical simu-
lation of the dynamics according to the model equations and the subsequent
analysis of the resulting time series.
Once we understand the deterministic behavior of the system we will introduce
additional noise sources into the deterministic model which yields a set of partial
stochastic di�erential equations of Langevin type. Here, it is important to
clarify that this work is aimed at the consequences of external noise for the
systems dynamics, namely random �uctuations in the voltage applied across
the device. This is an comparably easily accessible parameter in a real circuit
whereas internal noise cannot be tuned in a simple way. Detailed studies of
internal noise parameters are therefore beyond the scope of this work. Thus,
the strength of the external �uctuations will be the parameter in the focus of
interest during this part of the research.
In the next step the model will be further extended by a time delayed feedback
loop which brings the parameters of the feedback strength and the delay time
into play.
In this work we will show that random �uctuations are able to generate spa-
tiotemporal dynamics in the DBRT, which is operated under conditions close to
a Hopf bifurcation of a stable current �lament. Whereas small noise intensity
produces oscillations which are quite coherent in time, increasing noise intensity
leads to homogenization of the current �ow while simultaneously the temporal
regularity of the oscillations becomes less regular.
When it comes to control of the noise induced e�ects we will see how one can
in�uence them by the use of the time delayed feedback mechanism. We will be
able to either increase or decrease the temporal regularity of the noise induced
dynamics, simply by choosing an appropriate time delay parameter. And apart
from that it will be also possible to control the time scales, i. e. the main frequen-
cies of the current oscillations in the DBRT which are activated by the random
�uctuations and the spatial inhomogeneity. All of these e�ects of the delayed
feedback will be explained in terms of a comparably simple characteristic equa-
tion derived from linear stability analysis of the spatially inhomogeneous �xed
point (the current �lament).
In the following the reader will �nd the work divided into �ve chapters. Chap-
ter 1 starts with a detailed presentation of the reaction-di�usion model for the
charge transport in the DBRT, which will be summarized brie�y at the end of
the chapter. Chapter 2 is devoted to the purely deterministic properties of the
model, stability of �xed points and di�erent possible dynamical scenarios will be
discussed using numerical simulation of the set of partial di�erential equations
the model provides. That way we clarify the background in front of which we
will then add noise to the DBRT model in Chapter 3. Here we use numerical
simulations of the stochastic di�erential equations to present the e�ect of the
noise and quantify temporal and spatial coherence in dependence of the strength
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of the �uctuations. The rather short Chapter 4 provides an introduction of the
method of time delayed feedback control and we show examples of its ability
to stabilize unstable periodic orbits in the chaotic regime of the DBRT model.
Chapter 5 combines the two previous ones. We study the e�ect of the time de-
layed feedback upon the noise induced oscillations seen before. Again numerical
simulations will be used and the e�ect of the control loop will be explained in
an analytical investigation of a generalized characteristic equation. Addition-
ally one has to keep an eye on the in�uence of the control loop even upon the
deterministic behavior of the system. The main results of this work will be
summarized in the last Chapter.
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Chapter 1

The model of the double

barrier resonant tunneling

diode

The purpose of this work is to investigate spatiotemporal pattern formation
of the charge carrier density in the double barrier resonant tunneling diode
(DBRT) resulting either from deterministic properties of the device or from the
in�uence of random �uctuations.
The investigation of current �lamentation in semiconductors is interesting on
the one hand for device applications since localized high currents can lead to
overheating and subsequent destruction of the device [Sha92]. On the other
hand it is interesting from the viewpoint of nonlinear dynamics in general and
pattern formation in particular. This is due to the fact that pattern formation
in bistable semiconductors has much in common with other spatially distributed
active media, e. g., in biological and chemical systems [Kur88, Mik94, Eng96].
Although modern experimental techniques provide ways and means to observe
current �lamentation in electronic devices [May87, Wie95, Ebe96, Pog02, Den04]
the measurement of the local current density distribution is technically still a
very complicated task. Thus, the mathematical modeling still remains one of
the basic methods of studying pattern formation involving the charge carrier
dynamics in semiconductor nanostructures.
In the following we will therefore use a model for the DBRT suggested in [Joo91,
Wac95b] and developed over the years in [Mei00a, Che00, Sch01, Sch02]. From
the viewpoint of nonlinear dynamics this is a reaction-di�usion model of activator-
inhibitor type describing the localized charge carrier density within (activator)
and the voltage drop across the device (inhibitor).
The reader who is merely looking from the viewpoint of nonlinear dynamics
and therefore does not want to bother with the physical derivation of the model
equations may go directly to Sec. 1.3 on page 15 where the model is mathemat-
ically thoroughly de�ned.
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1.1 The structure of the device

The DBRT is a semiconductor heterostructure which is built up from alternating
layers of di�erent semiconductor materials, e. g. GaAs and AlGaAs. In our case
a GaAs layer, acting as a quantum well, is sandwiched between two energy
barriers of AlGaAs. The outermost layers consist again of GaAs and are used
as the emitter and collector contacts of the device (cf. Fig. 1.1). At least the
emitter region needs to be highly n-doped to provide electrons under forward
bias conditions.

Figure 1.1: Structure of the double barrier resonant tunneling diode. The
z-direction is the direction of the current. Lx and Ly the lateral dimensions of
the (not necessarily quadratic) device.

The higher band gap of the AlGaAs compared to the one of GaAs results in
a energy structure which provides two energy barriers enclosing a quantum
well along the direction of the charge transport. This is shown in Fig. 1.2
for a symmetrically built device with a bias voltage U applied across it. The
z-direction is the direction of the transport.

1.2 Modeling of the spatiotemporal dynamics

In the following we want to characterize the internal state of the device in terms
of the built-up electron concentration n(x, y, t) := ρ(x, y, t)/e in the quantum
well. ρ(x, y, t) is the charge density per unit area within the quantum well and
e < 0 is the electron charge. The continuity equation for the two-dimensional
electron gas within the quantum well reads
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eΦw
−eU

2

EF
e

E

−eU

0
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z

Jew

Ew

Γ

e∆Φw

Figure 1.2: Energy band structure of the double barrier resonant tunneling
diode. d: thickness of the double barrier structure, Jew: Emitter→well current
density, Jew: Well→collector current density, EF

e : Fermi energy of the emitter,
Φw: Ground potential of the quantum well, U : Applied bias voltage, Ew: Energy
level within the quantum well, Γ: Broadening of the energy level within the well,
e < 0: Electron charge.

∂ρ(x, y, t)
∂t

+∇⊥ ·~j⊥ = Jew − Jwc

⇔ ∂n(x, y, t)
∂t

=
1
e

(
Jew − Jwc −∇⊥ ·~j⊥

)
, (1.1)

where ∇⊥ := ~ex
∂

∂x
+ ~ey

∂

∂y
.

~j⊥ describes the current density per unit length within the two-dimensional x-y-
plane of the quantum well, perpendicular to the transport direction. Jew(x, y, t)
and Jwc(x, y, t) are the local current densities per unit area from the emitter
into the well and from the well to the collector, respectively.
Following [Che00] one can express the current density ~j⊥ in terms of an ef-
fective concentration-dependent di�usion coe�cient D̃(n) which covers Fermi-
degenerate as well as non-degenerate conditions:

~j⊥ = −eD̃(n)∇⊥n, with

D̃(n) =
e2nD0

4εε0kBT

d+
rB

1− exp
(

−n
ρ0kBT

)
 , (1.2)

where D0 = µkBT/(−e) is the non-degenerate di�usion constant with mo-
bility µ, ε and ε0 are the relative and absolute permittivities, kB is Boltz-
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mann's constant, d is the thickness of the double barrier structure (cf. Fig. 1.2),
rB := 4πεε0~2

e2m is the e�ective Bohr radius of the material, wherem is the e�ective
electron mass, and with this is ρ0 = m

π~2 the two-dimensional density of states.

1.2.1 Current through the device

In the regime of sequential tunneling one can write down the expression for
the current density Jew from the emitter contact into the well [Mah00, Wac00,
Wac02, Ama03]:

Jew =
2e

LxLy

∑
~q

∑
~k

∣∣∣H~q~k

∣∣∣2 ∫ ∞

−∞

(
1

2π~
Ae(~q,E)Aw(~k,E)

[
fF(E − EF

e )− fF(E − EF
w)
])

dE. (1.3)

Here we have introduced the following symbols:
LxLy Area of the transverse section of the device
~q State of an electron in the emitter
~k State of an electron in the well
H~q~k Transition matrix element for the transition from emitter state ~q

into the state ~k within the quantum well
Ae, Aw Spectral functions of the emitter and the well
EF
e , E

F
w Fermi energies in the emitter and in the well

fF Fermi function fF(E) =
[
1 + exp

(
E

kBT

)]−1

Figure 1.3: Quasimomenta of the electrons in the emitter and in the quantum
well. The momentum of an electron in the emitter consists of components along
the direction of transport, ~q‖, and perpendicular to the direction of transport,
~q⊥. Due to the con�nement within the quantum well, electrons therein have
only a momentum within the plane of the well, perpendicular to the transport
direction, ~k⊥.
The electron states in the emitter contact can be separated into components
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parallel and perpendicular to the direction of transport (cf. Fig. 1.3),
~q = ~q⊥ + ~q‖ = qx~ex + qy~ey︸ ︷︷ ︸

=~q⊥

+ q‖~ez︸︷︷︸
=~q‖

, (1.4)

whereas the electron states in the quantum well are two-dimensional due to the
con�nement in z-direction and therefore do only have a component perpendic-
ular to the transport direction,

~k = ~k⊥.

The electron momentum perpendicular to the transport direction will not change
during the process of tunneling due to the translational invariance in this direc-
tion. Thus we can assume

H~q~k = δ~q⊥,~k⊥
H~q‖ .

In the emitter one can neglect the broadening of states due to �nite lifetime
resulting from scattering and tunneling away through the barrier. The spectral
function of the emitter can then be written as

Ae(~q,E) = 2πδ(E − E~q),

where

E~q :=
~2

2m
|~q|2 =

~2

2m

∣∣~q‖∣∣2︸ ︷︷ ︸
=E~q‖

+
~2

2m
|~q⊥|2︸ ︷︷ ︸

=E~q⊥

(1.5)

describes the energy of an electron in the emitter (m is the e�ective electron
mass).
The spectral function in the well is assumed to be a Lorentzian with total
broadening Γ = Γew + Γwc + Γs resulting from the �nite lifetime of the electron
states in the well because of electrons escaping through the emitter-well- (Γew)
and the well-collector barrier (Γwc) and scattering among electrons within the
well (Γs) [Dat95].

Aw(~k,E) =
Γ(

E − E(Φw,~k)
)2

+ Γ2

4

,

where

E(Φw,~k) = eΦw + Ew + E~k, with E~k =
~2

2m

∣∣∣~k∣∣∣2 ,
is the absolute energy of an electron in the well depending upon the potential
Φw at the bottom of the well.
Plugging all this into Eq. (1.3) yields

Jew =
2e

LxLy

∑
~q

∣∣∣H~q‖

∣∣∣2 1
~
Aw(~q⊥, E~q)

[
fF(E~q − EF

e )− fF(E~q − EF
w)
]

︸ ︷︷ ︸
=:F (|~q⊥|2,q‖)

.
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With use of Eq. (1.4) we can write out the sum∑
~q

F (|~q⊥|2 , q‖) =
∑
q‖

∑
qx

∑
qy

F (qx2 + qy
2, q‖).

And since the emitter and the well are spatially relatively widely extended (Le:
length of the emitter in z-direction), the latter at least in x- and y-directions,
we can use the continuum limit to evaluate the sums:

Jew =
2e

LxLy

LeLxLy

(2π)3

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
F (qx2 + qy

2, q‖)dqxdqydq‖

=
eLe
4π2

∫ ∞

−∞

∫ ∞

0

F (|~q⊥|2 , q‖) d |~q⊥|
2
dq‖

=
eLe
4π2~

∫ ∞

−∞

∫ ∞

0

∣∣∣H~q‖

∣∣∣2Aw(~q⊥, E~q)

·
[
fF(E~q − EF

e )− fF(E~q − EF
w)
]
d |~q⊥|2 dq‖

=
eLe
4π2~

∫ ∞

−∞

∫ ∞

0

∣∣∣∣ H~q‖︸︷︷︸
=:H(E~q‖ )

∣∣∣∣2 Γ(
E~q⊥ + E~q‖ − (eΦw + Ew + E~q⊥)

)2

+ Γ2

4︸ ︷︷ ︸
=:Aw(E~q‖ )

·
[
fF(E~q⊥ + E~q‖ − EF

e )− fF(E~q⊥ + E~q‖ − EF
w)
]
d |~q⊥|2 dq‖

=
eLe
4π2~

∫ ∞

−∞

∫ ∞

0

∣∣∣H(E~q‖)
∣∣∣2Aw(E~q‖)

·
[
fF(E~q⊥ + E~q‖ − EF

e )− fF(E~q⊥ + E~q‖ − EF
w)
]
d |~q⊥|2 dq‖.

Using Eq. (1.5) we can change the integration variables into energies and inte-
grate the Fermi functions:

Jew =
eLem

√
2m

4π2~4

∫ ∞

−∞

∣∣∣H(E~q‖)
∣∣∣2 Aw(E~q‖)√

E~q‖

∫ ∞

0

[
fF(E~q⊥ + E~q‖ − EF

e )

−fF(E~q⊥ + E~q‖ − EF
w)
]
dE~q⊥dE~q‖

=
eLeρ0

√
2m

2π~2

∫ ∞

0

∣∣∣H(E~q‖)
∣∣∣2 Aw(E~q‖)√

E~q‖

· kBT ln

1 + exp
(

EFe −E~q‖
kBT

)
1 + exp

(
EFw−E~q‖

kBT

)
 dE~q‖ .

If we now introduce a constant emitter→well escape rate,

ΓL :=
Le
~

√
2m
E~q‖

∣∣∣H(E~q‖)
∣∣∣2 ,

assuming that
∣∣∣H(E~q‖)

∣∣∣2 /√E~q‖ ≈ const. does not vary too much with E~q‖ , we



1.2 Modeling of the spatiotemporal dynamics 11

get

Jew =
eρ0ΓLkBT

2π~

∫ ∞

0

Γ(
E~q‖ − (eΦw + Ew)

)2

+ Γ
4

· ln

1 + exp
(

EFe −E~q‖
kBT

)
1 + exp

(
EFw−E~q‖

kBT

)
 dE~q‖ .

Finally we can approximate the Fermi functions by their values at the maximum
of the spectral function, E~q‖ = eΦw + Ew, and evaluate the integral [Sch02]:

Jew =
eρ0ΓLkBT

2π~

[
π + arctan

(
2
Γ

(Ew + eΦw)
)]

· ln

1 + exp
(

EFe −eΦw−Ew
kBT

)
1 + exp

(
EFw−eΦw−Ew

kBT

)
 . (1.6)

If we assume that in the sequential tunneling regime the electron gas inside
the quantum well is in local equilibrium, i. e. the relaxation time for the elec-
trons in the well is much faster than the tunneling time, and that the electron
concentration is therefore given by fF(E − EF

w), we can calculate the electron
concentration n in the well [Che00] as

n =
∫ ∞

eΦw+Ew
ρ0fF(E − EF

w) dE

= ρ0kBT ln
(

1 + exp
(
EF
w − Ew − eΦw

kBT

))
. (1.7)

The potential φw at the bottom of the well is in�uenced by the built-up charge
in the well. For a symmetric barrier device Poisson's equation yields

Φw = −U
2

+ ∆Φw, (1.8)
where ∆Φw is induced by the built-up charge and depends on the electron
concentration:

∆Φw =
en

Cint
=

end

4ε0εr
=

nd

erBρ0
.

Cint = 4ε0εr/d is the internal capacitance of the device and rB = 4ε0εr/(e2ρ0)
the e�ective Bohr radius.
Substituting Eqs. (1.8) and (1.7) in (1.6) yields the �nal equation for the emitter→well
current:

Jew =
eρ0ΓLkBT

2π~

[
π + 2 arctan

(
2
Γ

(
Ew − e

U

2
+

nd

rBρ0

))]
·
[
ln
(

1 + exp
(

1
kBT

(
EF
e − Ew −

nd

rBρ0
+ e

U

2

)))
− n

ρ0kBT

]
(1.9)
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As long as a su�cient negative bias U is applied across the DBRT, the bottom of
the conductance band in the collector is much lower than the quasi-bound state
of an electron in the well. Therefore the well→collector current is proportional
to the charge carrier density within the well and can simply be written as

Jwc = en
ΓR
~
, (1.10)

where ΓR/~ is the escape rate from the well through the right barrier.

1.2.2 External circuit

A typical circuit to operate a device would consist of a capacitance in parallel
and a load resistance in series with the DBRT [Sch01]. Such a circuit is shown
in Fig. 1.4. Following Kirchho�'s rules we get

Itot = I + CU̇,

U0 = U +RItot,

⇒ RCU̇ = U0 − U −RI, (1.11)

where the current I through the device can be calculated from the conti-

U C

I Itot
R

D
B
R
T
,
C

in
t

U0

Figure 1.4: DBRT with external circuit. U0: external bias, U : voltage drop
across the device, R: external load resistance, C: external capacity, Cint: internal
capacitance of the device.

nuity equation, taking account of charge accumulation within the quantum
well [Sch01], which for symmetric barriers gives j̃(x, y) = (Jew + Jwc)/2. With
this the total current is

I =
∫ Ly

0

∫ Lx

0

j̃(x, y) dy dx.
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1.2.3 Dimensionless dynamic variables and system param-

eters

Since the main part of this work will be based on numerical simulations of
the DBRT's dynamics it is convenient to introduce completely dimensionless
variables.

a :=
n

ρ0kBT
and

u :=
eU

kBT

are going to be the dynamical variables of the model, describing the electron
concentration within the quantum well (a ∝ n) and the voltage drop across the
complete device (u ∝ U).
With use of the dimensionless parameters

ηe :=
EF
e

kBT
,

x0 :=
Ew
kBT

and

γ :=
Γ
kBT

Eqs. (1.9) and (1.10) yield

Jew =
eρ0kBTΓL

~

[
1
2

+
1
π

arctan
(

2
γ

(
x0 −

u

2
+

d

rB
a

))]
·
[
ln
(

1 + exp
(
ηe − x0 −

d

rB
a+

u

2

))
− a

]
Jwc =

eρ0kBTΓR
~

a.

From Eq. (1.2) we get the e�ective di�usion coe�cient

D̃(a) = D0a

(
d

rB
+

1
1− exp(−a)

)
.

Considering a symmetric device with ΓR = ΓL and using

f(a, u) :=
[
1
2

+
1
π

arctan
(

2
γ

(
x0 −

u

2
+

d

rB
a

))]
·
[
ln
(

1 + exp
(
ηe − x0 +

u

2
− d

rB
a

))
− a

]
− a

we derive from Eq. (1.1) the dynamical equation for the variable a:
∂a

∂t
= ∇ ·

(
D̃(a)∇a

)
+

ΓL
~
f(a, u). (1.12)
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Using the dimensionless current density

j :=
~j̃

eρ0ΓLkBT

and its integral

J :=
1

LxLy

∫ Ly

0

∫ Lx

0

j dxdy (1.13)

Eq. (1.11) yields the dynamical equation for the variable u:

RC
∂u

∂t
= u0 − u−Re2ρ0LxLy

ΓL
~
J. (1.14)

If we �nally scale time in units of

τa :=
~
ΓL
, i. e. t→ t

τa
,

and space in units of

χa :=
√
τaD0, i. e. x→ x

χa
,

and introduce the last two dimensionless parameters

ε :=
RC

τa
,

r :=
R

τa
e2ρ0LxLy,

we obtain from Eqs. (1.12) and (1.14) the completely dimensionless model equa-
tions:

∂a

∂t
= ∇ · (D(a)∇a) + f(a, u),

∂u

∂t
=

1
ε

(u0 − u− rJ(a, u)) ,
(1.15)

where D(a) := D̃(a)/D0.

1.2.4 Numerical quantities and physical scales

Throughout this work we assume that the device is operated at a temperature
of T = 4K. With Boltzmann's constant kB = 1.38 · 10−23 J/K, and Planck's
constant ~ = 1.05 · 10−34 Js we use the following dimensionless and physical
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quantities:

kBT = 0.32meV ⇔ T = 4K
ρ0kBT = 1010 1

cm2
⇔ ρ0 ≈ 2.8 · 1017 1

eV cm2

kBT
e

= 0.35mV
τa = 3.3 ps ⇔ ΓL = ΓR = 0.2meV
χa = 100 nm ⇔ µ = 9 · 104 cm2

Vs
x0 = 114 ⇔ Ew ≈ 40meV
ηe = 28 ⇔ EF

e ≈ 10meV
γ = 6 ⇔ Γ = 2meV
d

rB
= 2 ⇔ d = 20 nm, rB = 10 nm

Resulting scales for all dimensionless variables throughout this work:
Voltage is scaled by 0.35 mV, current density by 500 A/cm2, time by 3.3 ps and
space by 100 nm.

1.3 Dimensionless basic equations

The state of the dynamical system of the double barrier resonant tunneling diode
is described in a completely dimensionless model by two dynamical variables a
(charge carrier density inside the quantum well) and u (voltage drop across the
device), in detail:

A := [0, Lx]× [0, Ly] is the transverse section of the device,
a : A× R → R ∈ C2(A× R)

〈x, y, t〉 7→ a(x, y, t),

u : R → R ∈ C1(R)
t 7→ u(t),

where u needs to be once continuously di�erentiable and a twice on their whole
domains. The charge carrier density a in particular satis�es homogeneous Neu-
mann boundary conditions, i. e.

∂a(x, y, t)
∂x

= 0, (x ∈ {0, Lx}, y ∈ [0, Ly], t ∈ R) ,

∂a(x, y, t)
∂y

= 0, (x ∈ [0, Lx], y ∈ {0, Ly}, t ∈ R) .
(1.16)

The dynamics of the system is ruled by a set of two partial di�erential equations
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of reaction-di�usion type:
∂a

∂t
= ∇ · (D(a)∇a) + f(a, u),

∂u

∂t
=

1
ε

(u0 − u− rJ(a, u)) .
(1.17)

The nabla operator used here acts on two spatial dimensions:

∇ := ~ex
∂

∂x
+ ~ey

∂

∂y
. (1.18)

The e�ective di�usion coe�cient is de�ned by
D : R+ → R+

a 7→ D(a) := a

(
d

rB
+

1
1− exp(−a)

)
,

(1.19)

and the reaction term is described by
f : R× R → R

〈a, u〉 7→ f(a, u) with (1.20)

f(a, u) :=
[
1
2

+
1
π

arctan
(

2
γ

(
x0 −

u

2
+

d

rB
a

))]
·
[
ln
(

1 + exp
(
ηe − x0 +

u

2
− d

rB
a

))
− a

]
− a.

γ = 6, x0 = 114, d/rB = 2, ηe = 28 are constants (see Sec. 1.2.4) and ε, u0, r ∈ R
are the system's control parameters. Finally the global current density through
the device is given by the functional

J : C2(A× R)× C1(R)× R → R
〈a, u, t〉 7→ J(a, u, t) with (1.21)

J(a, u, t) :=
1

LxLy

∫ Lx

0

∫ Ly

0

j (a(x, y, t), u(t)) dy dx

involving the local current density
j : R× R → R

〈a, u〉 7→ j(a, u) :=
1
2

(f(a, u) + 2a) .
(1.22)
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Chapter 2

Deterministic dynamics of the

double barrier resonant

tunneling diode

In this chapter we want to provide an overview of the di�erent dynamical sce-
narios which can occur in the DBRT model introduced in the previous chapter.
The dynamical system of reaction-di�usion type with global coupling, as given
in Eq. (1.17) has been studied extensively [Sch01] and various dynamical sce-
narios has been found, like switching between two stable steady states [Sch02]
and the consequent occurrence of moving fronts [Mei00a, Rod03, Rod05] as well
as periodic and chaotic oscillatory behavior [Bos00, Unk02a, Unk02b]. Similar
spatiotemporal scenarios arise in a globally coupled electrochemical reaction-
di�usion system [Ple01] and in other globally coupled systems with Z- and
S-shaped current-voltage characteristics [Wac94c, Wac94a, Wac94b, Wac95b,
Bos94, Nie96, Ale98, Mei98a, Mei98b]. In contrast, locally coupled reaction-
di�usion systems behave quite di�erently [Wac95a, Mei97a, Mei97b, Mei00b,
Jus01].

2.1 Z-shaped current-voltage characteristic

If the system (1.17) is prepared in a spatially completely homogeneous initial
state a(x, y, 0) = a0 and no spatially inhomogeneous �uctuations are taken into
account the system (1.17) loses its space-dependence. Because of

∇ · (D(a)∇a) = 0

the carrier density a will then stay in a spatially homogeneous state for all
times, i. e. a(x, y, t) = a(t) and the system (1.17) can be reduced to a set of two
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ordinary di�erential equations:
∂a(t)
∂t

= f(a, u)

∂u(t)
∂t

=
1
ε

(u0 − u− rj(a, u)) ,
(2.1)

where the global current density J from Eq. (1.21) has been replaced by the
local current density j because of

J(a, u, t) =
1

LxLy

∫ Lx

0

∫ Ly

0

j (a(x, y, t), u(t)) dy dx

=
1

LxLy

∫ Lx

0

∫ Ly

0

j (a(t), u(t)) dy dx

= j(a, u, t).

The null isocline ȧ = 0 for this reduced system under the condition of spatial
homogeneity can be calculated analytically from the zeros of f(a, u). This func-
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u = 254
u = 262
u = 270

Figure 2.1: Reaction term f(a, u) from Eq. (1.20) for three di�erent values of
u and the parameters from Sec. 1.2.4, i. e. γ = 6, x0 = 114, d/rB = 2, ηe = 28.

tion f is plotted for the parameters from Sec. 1.2.4 in Fig. 2.1 for three di�erent
values of u. For f(a, u) = 0 Eq. (1.22) yields j(a, u) = a and therefore

J = a.

Thus the null isocline ȧ = 0 is equal to the current-voltage characteristic for the
DBRT without any spatial degree of freedom for a. This characteristic is plotted
in Fig. 2.2. One can see the range of negative di�erential conductivity around
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u ≈ 260. Zooming into this region (Fig. 2.3) one can see clearly the Z-shaped
form of the null isocline (current voltage characteristic) and the resulting regime
of bistability (257.5 < u < 267) in which f(a, u) has three di�erent zeros (red
curve in Fig. 2.1).

0

2

4

6

8

10

0 100 200 300 400 500

J

u

Figure 2.2: Current-voltage characteristic of the DBRT for completely homo-
geneous carrier density distributions a(x, y, t) = a(t).

2.2 Steady states

Depending on the lateral dimensions (Lx, Ly) of the DBRT device di�erent
types of �xed points can exist. Whereas for small system sizes only spatially
homogeneous steady states can exist, in larger systems it is possible to �nd
steady spatially inhomogeneous charge carrier density pro�les, so-called current
�laments [Wac95b, Ale98, Sch01].
A detailed stability analysis of the �xed points has been done in [Sch00, Rud01],
from which the main ideas and results will be given here.

2.2.1 Spatially homogeneous steady states

There are two cases in which we can describe the dynamics of the DBRT by the
quite simple reduced system (2.1): As already explained there, the system (1.17)
loses its space dependence automatically, once it is prepared in a completely
homogeneous initial state and no spatially inhomogeneous �uctuations are taken
into account anymore. Furthermore, in Sec. 2.2.3 it will be shown that spatially
inhomogeneous perturbations cannot grow if the system is initially prepared
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Figure 2.3: Z-shaped current-voltage characteristic. Magni�cation of the
current-voltage characteristic from Fig. 2.2 in the range of bistability.

in a homogeneous state and the lateral length in one or both dimensions is too
short. Thus, for small lateral system sizes it is su�cient to deal with the reduced
system (2.1) in order to calculate all the possible �xed points.
The steady states of the reduced system (2.1) can be calculated from the inter-
section points of the two null isoclines ȧ(t) = 0 and u̇(t) = 0. The former is the
current voltage characteristic we have already seen in Fig. 2.2 and the latter is
nothing but the load line whose slope and vertical position are determined by
the parameters u0 and r. Depending on these the load line can intersect with
the current-voltage characteristic in either one or three points. Both cases can
bee seen in Fig. 2.4.
Intersection points of the load line with the upper branch of the current-voltage
characteristic correspond to a high current (on) state and intersections with the
lower branch correspond to a low current (o� ) state. Both of them are stable
steady states between which the system can be switched. This provides the
essential feature of bistability in the regime 257 < u < 266.5.
Any intersection of the load line with the middle branch of the current-voltage
characteristic provides an additional but unstable �xed point of the system.

2.2.2 Spatially inhomogeneous steady states

Considering the full, space dependent system (1.17) everything said in the pre-
vious section does still hold. In addition to this it is now possible for the charge
carrier density to become inhomogeneously distributed across the lateral sec-
tion of the device. I. e., additional null isoclines ȧ(x, y, t) = 0 do exist within
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Figure 2.4: Load lines with negative slopes corresponding to a positive system
parameter r which is proportional to the load resistance in the circuit. Depend-
ing on the slope (−1/r) and position (u0) of the load line, the latter can intersect
with the current-voltage characteristic (black line) in either one or three points,
which determine the steady states (a, u) of the system.
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Figure 2.5: Null isoclines for two-dimensional inhomogeneous density pro�les
in the spatially distributed system (1.17). Lateral dimensions: Lx = Ly = 30.
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the bistable regime (257 < u < 266.5) which belong to spatially inhomogeneous
charge carrier density pro�les a(x, y, t), so called current �laments. These null
isoclines are shown in Fig. 2.5, where one can see the three di�erent branches
of the new, additional null isoclines. These branches belong to the di�erent
types of current �laments which can be observed in the device. These �laments
are called cold corner, hot corner and edge �laments, depending on the spatial
positions where the charge carrier density is concentrated (Fig. 2.6).

2.2.3 Linear stability analysis

Stability of the homogeneous �xed points against spatially homoge-
neous �uctuations
Spatially homogeneous �xed points are stationary solutions of the system (2.1).
Let us consider such a �xed point (a∗, u∗) and spatially homogeneous deviations
from the very same

δa(t) = a(t)− a∗, δu(t) = u(t)− u∗.

Introducing the shorthand notation

∂af :=
∂f(a, u)
∂a

∣∣∣∣
(a,u)=(a∗,u∗)

, ∂uf :=
∂f(a, u)
∂u

∣∣∣∣
(a,u)=(a∗,u∗)

,

∂aj :=
∂j(a, u)
∂a

∣∣∣∣
(a,u)=(a∗,u∗)

, ∂uj :=
∂j(a, u)
∂u

∣∣∣∣
(a,u)=(a∗,u∗)

,

we derive the temporal evolution of these deviations:(
δ̇a
˙δu

)
=
(

∂af ∂uf
− r

ε∂aj − 1
ε (1 + r∂uj)

)
︸ ︷︷ ︸

:=M

(
δa
δu

)
. (2.2)

From Eq. (1.22) it follows:
∂aj =

1
2
∂af + 1, ∂uj =

1
2
∂uf,

hence
M =

(
∂af ∂uf

− r
ε

(
1
2∂af + 1

)
− 1

ε

(
1 + r

2∂uf
)) .

The stability of the �xed point (a∗, u∗) is now determined by the values of the
determinant and the trace of the matrix M :

det(M) =
1
ε

(r∂uf − ∂af) , tr(M) = ∂af −
1
ε

(
1 +

r

2
∂uf

)
.

The former can be expressed in terms of the di�erential conductivity, i. e. the
slope of the current-voltage characteristic:

σd :=
dj(a, u)
du

=
∂j

∂u
+
∂j

∂a

∂a

∂u

∣∣∣∣
a=ā

=
1
2
∂uf +

(
1
2
∂af + 1

)
∂a

∂u

∣∣∣∣
a=ā

,
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Figure 2.6: Two-dimensional current �laments in a quadratic device with Lx =
Ly = 30.
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where ā is de�ned by
f(ā, u) = 0

⇒ df(a, u)
u

∣∣∣∣
a=ā

=
∂f

∂a

∂a

∂u

∣∣∣∣
a=ā

+
∂f

∂u
= 0

⇒ ∂a

∂u

∣∣∣∣
a=ā

= −
∂f
∂u
∂f
∂a

.

With this and Eq. (1.22) follows

σd = −
∂f
∂u
∂f
∂a

= −∂uf

∂af
.

Thus,

det(M) = −∂af

ε
(rσd + 1) .

Since on the middle branch of the current-voltage characteristic σd > 0 and
likewise ∂af > 0 (cf. Fig. 2.1 on page 18), a �xed point located on this branch is
always a saddle (det(M) < 0) for r > 0 and therefore unstable. The stability of
the �xed points on the upper and lower branches is determined by the parame-
ters r and ε. The typical spatiotemporal scenario is switching between the two
stable homogeneous steady states via a moving front [Mei00a, Rod03, Rod05].
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Figure 2.7: Current-voltage characteristic and load line for r = −35 and u0 =
−84.2895. The spatially homogeneous �xed point is located at u∗ = 266.47,
a∗ = 10.02.
A detailed analysis of all possible stability scenarios for the di�erent branches
can be found in [Rud01]. However, for the rest of this work we will focus on a
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situation where the DBRT device is operated in an active circuit which gives a
load line u̇ = 0 with a positive slope, i. e. the system parameter r and therefore
also the e�ective load resistance R in the circuit is chosen to be negative. Such a
circuit has been realized experimentally in [Mar94]. Furthermore, the parameter
u0 (bias voltage) is adjusted in a way, such that the intersection of the load
line and the homogeneous current-voltage characteristic is located in the upper
right corner of the bistable regime. The particular values are r = −35 and u0 =
−84.2895 giving the situation depicted in Fig. 2.7 on the preceding page where
the resulting homogeneous �xed point is located at u∗ = 266.47, a∗ = 10.02.
The reason for this particular choice of parameters lies in the rich variety of
di�erent dynamical scenarios which can be observed under such conditions.
The actual stability of this particular �xed point (a∗, u∗) with respect to ho-
mogeneous perturbations is now fully determined by the value of the parameter
ε. The dependence of the eigenvalues λ1,2 of the matrix M from Eq. (2.2) is
depicted in Fig. 2.8 on the following page. As one can see the homogeneous �xed
point (a∗, u∗) is a stable focus in the regime 1.3 < ε < 16.62. At ε = 16.2 it
undergoes a Hopf bifurcation and a stable limit cycle is born. Please note that
these particular stability properties only hold as long as there are absolutely
no spatial inhomogeneous perturbations involved and the complete dynamics is
ruled by the simple system from Eq. (2.1).

Stability of the homogeneous �xed points against spatially inhomo-
geneous �uctuations
In this section we want to consider the stability of the homogeneous �xed points
under the in�uence of spatially inhomogeneously distributed �uctuations. The
aim is to determine the minimum system size for which the homogeneous �xed
points can become unstable and stable current �laments appear.
Let us consider the situation of the voltage-controlled system u(t) = u∗. The
spatially homogeneous carrier density distribution a∗ is disturbed by an inho-
mogeneous �uctuation δa(x, y, t):

a(x, y, t) = a∗ + δa(x, y, t)
(1.17)⇒ δ̇a(x, y, t) = f (a∗ + δa(x, y, t))

+
∂

∂x

[
D (a∗ + δa(x, y, t))

∂

∂x
(a∗ + δa(x, y, t))

]
+

∂

∂y

[
D (a∗ + δa(x, y, t))

∂

∂y
(a∗ + δa(x, y, t))

]
.

Linearization of the reaction term f :

f(a∗ + δa(x, y, t), u∗) ≈ f(a∗, u∗)︸ ︷︷ ︸
=0

+
∂f(a, u)
∂a

∣∣∣∣
(a,u)=(a∗,u∗)︸ ︷︷ ︸

=∂af

δa(x, y, t)

+
∂f(a, u)
∂u

∣∣∣∣
(a,u)=(a∗,u∗)

δu(t)︸ ︷︷ ︸
=0

= ∂afδa(x, y, t).
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Figure 2.8: Eigenvalues of the linearized homogeneous system from Eq. (2.1)
at the �xed point u∗ = 266.47, a∗ = 10.02 (cf. Fig. 2.7). a) Real parts of the
two eigenvalues λ1,2 (blue and red curves) of the matrix M from Eq. (2.2) in
dependence of the system parameter ε. The inset shows a blow-up where the
real parts turn from negative to positive values, i. e. the ε-value of the Hopf
bifurcation. b) Loci of the two eigenvalues λ1,2 of the matrix M as they move
with increasing ε (starting from ε = 0) within the complex plane. The big dots
mark the exact values of λ1,2 for ε = 6.2. Other parameters as in Fig. 2.7.
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Linearization of the di�usion term ∇ · (D(a)∇a):
∂

∂x

[
D (a∗ + δa)

∂

∂x
(a∗ + δa)

]

≈ ∂

∂x

(D(a∗) +
∂D(a)
∂a

∣∣∣∣
a=a∗

δa

)∂a∗∂x︸︷︷︸
=0

+
∂δa

∂x




=

∂D(a∗)
∂x︸ ︷︷ ︸
=0

+
(
∂

∂x

∂D(a)
∂a

∣∣∣∣
a=a∗

)
︸ ︷︷ ︸

=0

δa+
∂D(a)
∂a

∣∣∣∣
a=a∗

∂δa

∂x

 ∂δa∂x
+
(
D(a∗) +

∂D(a)
∂a

∣∣∣∣
a=a∗

δa

)
∂2δa

∂x2

=
∂D(a)
∂a

∣∣∣∣
a=a∗

[(
∂δa

∂x

)2

+ δa
∂2δa

∂x2

]
︸ ︷︷ ︸

=O(δa2)

+D(a∗)
∂2δa

∂x2

≈ D(a∗)
∂2δa

∂x2
.

The same holds for
∂

∂y

[
D (a∗ + δa)

∂

∂y
(a∗ + δa)

]
≈ D(a∗)

∂2δa

∂y2

and the resulting di�erential equation

δ̇a(x, y, t) = ∂af δa(x, y, t) +D(a∗)
[
∂2δa(x, y, t)

∂x2
+
∂2δa(x, y, t)

∂y2

]
with Neumann boundary conditions from Eq. (1.16) is solved by

δa(x, y, t) = exp

{(
∂af −D(a∗)

[(
nπ

Lx

)2

+
(
mπ

Ly

)2
])

t

}

· cos
(
nπx

Lx

)
cos
(
mπy

Ly

)
with n,m ∈ N0.

Therefore homogeneous �xed points (a∗, u∗) on the upper or lower branch of the
current-voltage characteristic (Fig. 2.5) are always stable against such deviations
since ∂af < 0 (cf. Fig. 2.1 on page 18). Thus, instability against spatially
inhomogeneous �uctuations can only occur for homogeneous �xed points on the
middle branch under the condition

∂af

D(a∗)
−
(
nπ

Lx

)2

−
(
mπ

Ly

)2

> 0.

For square domains (Lx = Ly = L) it reads

L2 >
(
n2 +m2

)
π2D(a∗)

∂af
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and since n = m = 0 would be the homogeneous mode we derive a minimal
system size for which spatially inhomogeneous instabilities can appear:

L > π

√
D(a∗)
∂af

. (2.3)

Now we can calculate the minimal system size for which the homogeneous �xed
point (a∗, u∗) from Fig. 2.7 on page 24 can become unstable against inhomoge-
neous �uctuations.

D(a∗) = 30.06

follows directly from Eq. (1.19) and the partial derivative of f gives

∂af =
∂f(a, u)
∂a

∣∣∣∣
(a,u)=(a∗,u∗)

= 0.65.

With these values Eq. (2.3) yields a minimum system size of Lmin = 21.37.

2.3 Dynamics with one spatial degree of freedom
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Figure 2.9: Null isoclines of the one-dimensional system according to Eq. (2.4)
for the dynamical variables u (which is the load line, short-dashed, cyan) and
a in the case of spatially homogeneous a(x) (long-dashed, blue)) and in the
case of inhomogeneous a(x) (dash-dotted, magenta). r = −35, u0 = −84.2895,
Lx = 30.
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Figure 2.10: Enlargement of Fig. 2.9. I and H mark the locations of the
inhomogeneous and the homogeneous �xed points of the system, respectively.
Parameters as in Fig. 2.9.
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Figure 2.11: Spatial pro�les of the homogeneous and inhomogeneous �xed
points of the system (2.4). Charge carrier density distribution a(x) in the ho-
mogeneous �xed point 'H' (dashed, blue) and in the inhomogeneous �xed point
'I' (dash-dotted, magenta) from Fig. 2.10. Parameters as in Fig. 2.9.
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Figure 2.12: Transition from the unstable homogeneous �xed point to the
inhomogeneous one in the system (2.4) for ε = 6.2. At t = 0 the system is
prepared in the homogeneous �xed point u(0) = 266.47, a(x, 0) = 10.02 (cf.
Fig. 2.11) with a very small spatially inhomogeneous initial random pertur-
bation. a) Trajectory in the u-J-projection of the phase space (solid, black),
null isoclines as in Fig. 2.10. b) Temporal evolution of the spatial pro�le of
the charge carrier density distribution a(x, t). c) Time series of the dynamical
variable u(t). Parameters as in Fig. 2.9 on page 28.

To get a �rst impression of the possible dynamical scenarios in the DBRT model,
keeping at the same time the equations as simple as possible, we restrict our-
selves to the case of only one spatial degree of freedom. Let us now build the
device large enough in x-direction to enable the system of developing spatially
inhomogeneous charge carrier distributions with respect to this spatial direction,
Lx = 30 > Lmin. The second spatial direction is supposed to be relatively short
(Ly � Lx). Filamentary solutions, which are inhomogeneous within y-direction
can therefore never be stable and we can neglect the y-dependence of the charge
carrier density a. I. e. the system (1.17) takes the following form:

∂a(x, t)
∂t

=
∂

∂x

(
D(a)

∂a

∂x

)
+ f(a, u)

∂u(t)
∂t

=
1
ε

(u0 − u− rJ(a, u)) ,
(2.4)

where the mean current density is now given by

J(a, u) =
1
Lx

∫ Lx

0

j (a(x, t), u(t)) dx. (2.5)
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Figure 2.13: Eigenvalues of the spatially discretized and linearized system (2.4)
at the inhomogeneous steady state 'I' from Fig. 2.10. The largest real parts are
plotted in dependence on the system parameter ε. Other parameters as in
Fig. 2.9.

In this one-dimensional version of the model there is only one null isocline
ȧ(x, t) = 0 for spatially inhomogeneously distributed charge carrier density dis-
tribution a(x, t), since the only possible type of �lament is the one-dimensional
analog for the edge �lament in two dimensions (cf. Fig. 2.6b). The correspond-
ing null isocline can again be calculated numerically and is plotted in Fig. 2.9.
This calculation has been done by J. Unkelbach, like some of the results of this
current section already have been produced by him [Unk02a] and parts of them
have been published in [Sch02, Unk02a, Unk02b, Unk03]. They were reproduced
for this work to give a complete picture of the DBRT model and to prepare the
ground for the investigations of Chapters 3 and 5 dealing with noise induced
e�ects in this particular deterministic setting.
As already noted in the previous section, we �x the system parameters r =
−35 and u0 = −84.2895 which leads to the situation depicted in Fig. 2.10.
Here one can see the positions of the two �xed points: The intersection of the
load line u̇ = 0 with the null isocline ȧ = 0 for spatially homogeneous a(x)
gives the homogeneous �xed point marked 'H'. The second intersection of the
load line with the null isocline ȧ = 0 for spatially inhomogeneous a(x) is the
inhomogeneous �xed point 'I'. The corresponding spatial pro�les of both steady
states are plotted in Fig. 2.11 on page 29.
Since we have chosen Lx > Lmin the homogeneous �xed point can be unstable
against inhomogeneous perturbations. In Fig. 2.12 on the facing page one can
see the transition from the homogeneous �xed point to the inhomogeneous one.
At t = 0 the system is prepared in the homogeneous �xed point 'H' (cf. the
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Figure 2.14: Bifurcation diagram of the reduced system (2.1) without any
spatial degree of freedom (red) and the the full system (2.4) with one spatial
degree of freedom (black). In both systems local maxima and minima of the
dynamical variable u(t) are collected over a long time period (Tscan = 5000,
after a transient time Ttrans = 2000) in dependence of the system parameter ε.
Other parameters as in Fig. 2.9.

corresponding spatial pro�le in Fig. 2.11) and perturbed by a very small spa-
tially inhomogeneous random perturbation. Then the evolution of the system
is simulated completely deterministically for ε = 6.2. In Fig. 2.12b the tem-
poral evolution of the spatial pro�le of a(x, t) can be seen. The system stays
close to the homogeneous �xed point until approx. t = 25 and then switches
rather rapidly into the inhomogeneous state and oscillates around the stable
�xed point getting closer and closer to it. In the u-J-projection of the (in�nite
dimensional) phase space in Fig. 2.12a we can see the trajectory spiraling into
the inhomogeneous �xed point. And �nally in Fig. 2.12c the oscillating voltage
u(t) has almost asymptotically reached the �xed point at t = 200.
The stability of the inhomogeneous �xed point is determined by the parameter
ε which acts as a bifurcation parameter. Since for the numerical simulation
of the model equations (2.4) with one spatial degree of freedom we use a dis-
cretization of the x-coordinate anyway (cf. Appendix A on page 103), we can
also calculate the eigenvalues of this spatially discretized and linearized system
at the inhomogeneous �xed point and determine their real parts in dependence
of ε. The result is shown in Fig. 2.13 on the preceding page and one can see
that for ε < 6.4 this steady state is stable.
Around ε ≈ 6.4 it undergoes a Hopf bifurcation and with increasing ε a period
doubling scenario follows which leads into deterministic chaos. In Fig. 2.14
the corresponding bifurcation diagram can be seen. Local maxima and minima
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Figure 2.15: Periodic breathing, ε = 7.0 (period-one). Simulation of the
system (2.4) initially prepared in the inhomogeneous �xed point 'I' (cf. Figs. 2.10
and 2.11) with a small initial random perturbation. Deterministic time series
after a transient time Ttrans = 2000 are shown. a), b) and c) like in Fig. 2.12,
parameters as in Fig. 2.9.

of the dynamical variable u(t) have been collected over a long time period in
dependence of ε and each black dot marks such a local extremal value. One can
clearly see the Hopf bifurcation of the inhomogeneous �xed point 'I' at ε ≈ 6.4
and the period doubling starting around ε ≈ 8. For larger ε follows a sequence
of chaotic bands and periodic windows and �nally for ε > 18.8 there is only one
limit cycle left. With further increasing ε this limit cycle merges with the one
from the reduced system (2.1) without a spatial degree of freedom (red line), in
which the homogeneous steady state 'H' is stable up to a value of ε ≈ 6 where
it also undergoes a Hopf bifurcation and transforms into a limit cycle.
Examples of the di�erent kinds of spatiotemporal patterns according to di�erent
values of ε are given in Figs. 2.16 to 2.19: The �rst corresponds to ε = 8.5 and
shows a stable period-2 limit cycle around both �xed points (panel a), the
spatiotemporal pro�le a(x, t) resembles a periodic breathing pattern (panel b).
Fig. 2.17 on the following page illustrates the situation for ε = 10 in which we
�nd a chaotic attractor in the u-J-projection of the phase space centered around
the inhomogeneous steady state (panel a) and a corresponding chaotic breathing
pattern in the carrier density distribution a(x, t) (panel b).
In the periodic window of the bifurcation diagram at ε = 13.15 one �nds the
situation depicted in Fig. 2.18. The trajectory shows a period-3 limit cycle re-
volving two times around the homogeneous �xed point before doing one larger
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Figure 2.16: Periodic breathing, ε = 8.5 (period-two), like Fig. 2.15.
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Figure 2.17: Chaotic breathing, ε = 10, like Fig. 2.15.
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Figure 2.18: Periodic spiking, ε = 13.15, like Fig. 2.15.
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Figure 2.19: Chaotic spiking, ε = 16.5, like Fig. 2.15.
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Figure 2.20: Periodic oscillations between homogeneous and slightly inhomo-
geneous states, ε = 20, like Fig. 2.15.

excursion around the inhomogeneous steady state (panel a). Only this large
excursion switches the carrier density distribution into a inhomogeneous state
which leads to a spike in the space-time plot of a(x, t) (panel b). This spa-
tiotemporal pattern is therefore called periodic spiking.
This spiking behavior is also preserved in the following chaotic regimes, e. g. at
ε = 16.5: The phase space projection in Fig. 2.19 on the page before shows a
chaotic attractor consisting of loops around the homogeneous steady state and
larger excursions around the inhomogeneous one (panel a). Consequently we
�nd a chaotic spiking pattern in panel b.
Finally, as the bifurcation diagram (Fig. 2.14) indicates, at ε = 20 one �nds
a single stable period-1 limit cycle and an almost homogeneous charge carrier
density distribution (Fig. 2.20) which becomes completely homogeneous if ε
increases even more.
This has been a short survey of the large variety of spatiotemporal dynamical
scenarios at this particular con�guration of the system's parameters under the
variation of a single bifurcation parameter ε. Here we have restricted the model
equations to one spatial degree of freedom. However, in the subsequent section
it will be shown that the general types of behavior do not di�er in the full
two-dimensional model of the DBRT. Therefore the investigations contained
in Chapters 3 and 5 are based on the one-dimensional scenario we have just
described, since simulations of the full two-dimensional systems naturally take
a much larger amount of computing time.
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2.4 Dynamics with two spatial degrees of free-
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Figure 2.21: Null isoclines of the two-dimensional system from Eq. (1.17).
Enlargement of Fig. 2.5 on page 21 with load line u̇ = 0. CC marks the location
of the �lamentary cold corner �xed point and H is the same homogeneous �xed
point as in Sec. 2.3. r = −35, u0 = −84.2895, Lx = Ly = 30.

In this section, we consider the original dynamical system from Eq. (1.17) with
two spatial degrees of freedom in the charge carrier density a(x, y, t) with the
same load line parameters r = −35 and u0 = −84.2895, as in the previous
section. The spatial dimensions of the device are chosen to be Lx = Ly = 30.
We have seen in Sec. 2.2.2 that in this case one can distinguish between three
di�erent types of inhomogeneous system con�gurations, cold corner, hot cor-
ner and edge �laments (see Fig. 2.6 on page 23), all three of them resulting in
their own null isocline ȧ = 0 as depicted in Fig. 2.5. Like in Fig. 2.9 for the
one-dimensional system all these null isoclines are supposed to be connected
to the homogeneous current-voltage characteristic from which they bifurcate.
In the one-dimensional case it was already di�cult to calculate all the con�g-
urations a(x) with ȧ = 0 numerically, resulting in the full null isocline from
Fig. 2.9. In the two-dimensional case it is incomparably harder to determine
these con�gurations a(x, y) numerically. Therefore one can only �nd the ones,
which can be stable under appropriate adjustment of the parameters r, u0 and
ε. This explains the missing pieces of the inhomogeneous null isoclines ȧ = 0 in
Fig. 2.5.
The detailed setting for the following observations is shown in Fig. 2.21. Due to
the same parameters of the load line the homogeneous �xed point 'H' is located
exactly at the same position as in the preceding section. The intersection 'CC'
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Figure 2.22: Transition from the unstable homogeneous �xed point to the
cold corner �lament in the system (1.17) for ε = 6. At t = 0 the system is
prepared in the homogeneous �xed point u(0) = 266.47, a(x, y, 0) = 10.02 ('H'
in Fig. 2.21) with a very small spatially inhomogeneous initial random pertur-
bation. a) Trajectory in the u-J-projection of the phase space (solid, black),
null isoclines as in Fig. 2.21. b) Temporal evolution of the spatial pro�le of the
charge carrier density distribution integrated along the y-direction (Eq. (2.6)).
c) Time series of the dynamical variable u(t). The vertical red lines mark the
times t for which the two-dim. charge carrier density distributions are shown in
d). d) Color coded charge carrier density distribution a(x, y, t) for �ve di�erent
values of t as indicated. Parameters as in Fig. 2.21.
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of the load line with the inhomogeneous null isocline gives rise to a cold corner
current �lament (cf. Fig. 2.6a). For ε = 6 this current �lament is stable and the
corresponding transient dynamics starting from the unstable homogeneous �xed
point with a small initial perturbation can be seen in Fig. 2.22 on the facing
page. Since the complete spatiotemporal behavior a(x, y, t) cannot be plotted
here �ve snapshots of the density distribution a(x, y, t) for di�erent times are
shown in Fig. 2.22d. Additionally the integral of the carrier density along the
y-direction,

〈a(x, y, t)〉y :=
1
Ly

∫ Ly

0

a(x, y, t)dy, (2.6)

is given in Fig. 2.22b.
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Figure 2.23: Bifurcation diagram of the reduced system (2.1) without any
spatial degree of freedom (red) and the the full, two-dimensional system (1.17)
(black). In both systems local maxima and minima of the dynamical variable
u(t) are collected over a long time period (Tscan = 5000, after a transient time
Ttrans = 2000) in dependence of the system parameter ε. Other parameters as
in Fig. 2.21.

In Fig. 2.23 the bifurcation diagram for the inhomogeneous steady state 'CC' is
given. Compared with the one-dimensional case (Fig. 2.14 on page 32) one can
see that the inhomogeneous �xed point stays stable up to much higher values of
the bifurcation parameter ε. Furthermore, in contrast to the one-dimensional
case one �nds a regime of bistability in the range 14.1 < ε < 14.9 where either
the inhomogeneous �xed point and a surrounding limit cycle are stable.
Around ε = 14.1 a limit cycle bifurcation by condensation of paths occurs,
where the stable limit cycle with larger amplitude annihilates with an unstable
one with smaller amplitude. The latter separates the stable limit cycle from
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Figure 2.24: Enlargement of Fig. 2.23. Only the local maxima of u(t) are
shown.

the inner focus. This stable focus itself remains stable up to ε = 14.9 where it
undergoes a sub-critical Hopf bifurcation and becomes unstable. The resulting
bistable scenario is illustrated in Fig. 2.25 where two time series with di�erent
initial conditions are shown in the u-J-projection of the phase space (Fig. 2.25a),
the �rst one, starting in the vicinity of the unstable homogeneous �xed point,
settles quickly onto the stable limit cycle (black curve) whereas the second one,
starting in the vicinity of the stable inhomogeneous �xed point, spirals slowly
into the �xed point (pink curve).
The larger limit cycle undergoes a �rst period doubling bifurcation at ε = 14.7
and a subsequent period doubling cascade leads quickly into chaotic behavior
like in the one-dimensional case (Fig. 2.24). Also like in this case for high values
of ε > 20.2 the homogeneous period-1 limit cycle born from the homogeneous
�xed point �nally becomes globally stable.
Some spatiotemporal scenarios for di�erent values of ε above the period doubling
bifurcation of the limit cycle are given in Figs. 2.26 to 2.29. Due to the more
complex possibilities of the spatiotemporal dynamics in the two-dimensional
system it is hard to distinguish between breathing or spiking patterns anymore.
However, for ε = 15.1 in Fig. 2.27 the oscillations are clearly more regular than
for ε = 18 in Fig. 2.29 since the trajectory in the current-voltage projection of
the phase space is less spread out and forms a well-de�ned loop around both
�xed points (Fig. 2.27a) whereas in the latter case the chaotic attractor appears
much more dense and contains two types of oscillations, one around both �xed
points like before and one mainly around the homogeneous �xed point, which
is typical of spiking.
If one wants to be sure whether the irregular dynamics like for ε = 15.1 in
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Figure 2.25: Bistable regime, stable limit cycle and stable focus, ε = 14.5.
Simulation of the system from Eq. (1.17) initially prepared (i) in the vicinity
of the cold corner �lamentary steady state 'CC' (cf. Fig. 2.21) and (ii) in the
vicinity of the unstable homogeneous �xed point. Deterministic time series are
shown. a) Trajectories in the u-J-projection of the phase space. The �rst one
resembles a very dense spiral into the inhomogeneous �xed point (pink curve)
and the second one settles onto the stable limit cycle (black curve), null isoclines
as in Fig. 2.21. b) Temporal evolution of the spatial pro�le of the charge carrier
density distribution integrated along the y-direction (Eq. (2.6)), corresponding
to the black curve from a). c) Time series of the dynamical variable u(t) for both
time series colored as in a). The vertical red lines mark the times t for which the
two-dim. charge carrier density distributions are shown in d). d) Color coded
charge carrier density distribution a(x, y, t) of the limit cycle trajectory (black
curve in a)) for six di�erent values of t as indicated. Parameters as in Fig. 2.21.
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Figure 2.26: Period-3 orbit, ε = 15.0. Simulation of the system from Eq. (1.17)
initially prepared in a state on the limit cycle from Fig. 2.25 with a small initial
random perturbation. Deterministic time series after a transient time are shown.
a)-d) like in Fig. 2.22, parameters as in Fig. 2.21.
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Figure 2.27: Irregular dynamics, ε = 15.1. Like Fig. 2.26.
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Figure 2.28: Period-4 orbit, ε = 15.15. Like Fig. 2.26.
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Figure 2.29: Chaotic dynamics, ε = 18. Like Fig. 2.26.
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Fig. 2.27, embedded in between the periodic windows at ε = 15.0 (period-3,
Fig. 2.26) and ε = 15.15 (period-4), are really chaotic or quasiperiodic one
would have to investigate the Fourier power spectral densities and look for in-
commensurable frequencies or look at an appropriate Poincaré section.

2.5 Summary

In this chapter we have investigated the deterministic dynamical properties of
the DBRT model. The basic features of the dynamical system from Eq. (1.17)
are a Z-shaped current-voltage characteristic with its resulting intrinsic bista-
bility and the occurrence of spatially inhomogeneous steady states (current �l-
aments) together with spatially homogeneous ones. The stability and spatial
pro�les of the steady states are determined by the system parameters, in par-
ticular by the time scale ratio ε. The interplay of all these features creates a
huge variety of spatiotemporal dynamic scenarios like, e. g., periodic and chaotic
breathing (Figs. 2.16 and 2.17) and spiking (Figs. 2.18 and 2.19) patterns, either
with one or two spatial degrees of freedom.
Now that we understand what is going on in the deterministic model we can
start to investigate the in�uence of random �uctuations upon the spatiotemporal
dynamics.
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Chapter 3

Noise induced pattern

formation

The charge transport in semiconductors is noisy in an intrinsic way. The e�ect
of shot noise has been studied extensively during the last decade and it has
been found to be an important tool to study charge transport in mesoscopic
systems [Bla00].
However, this work is not about the microscopic quantum-mechanical analysis
of shot noise with respect to the dynamics of the charge carriers in the DBRT
described by the model we have introduced in the previous chapters. In fact,
shot noise in double barrier structures with quantum dots has been studied
recently [Kie03b, Kie03a, Kie05, Kie06]. Instead we are interested in the e�ect
of noise with respect to lateral pattern formation and the regularity of the
resulting spatiotemporal dynamics.
For a long time it was widely believed that the e�ect of noise is only destructive,
smearing-out any deterministic dynamics. But recently noise has been found to
evoke very nontrivial, constructive response in nonlinear systems. It was shown,
for instance, that random �uctuations are able to induce transitions between
qualitatively di�erent states in all kinds of dynamical systems [Hor84]. They
can induce coherent patterns in extended media [Gar93], can maintain existing
patterns [Alo01], and even support wave propagation [Kád98]. The e�ects of
coherence resonance [Gan93, Pik97] were described. And in particular, noise
in semiconductor lasers was shown to increase the coherence of the radiated
light [Gia00, She03, Ush05]. The e�ects of noise in spatially extended systems
are in the focus of research across all �eld of natural science [Gar99, Lin04]. And
the DBRT model is on the one hand a typical representative for the huge class
of reaction-di�usion systems, thus the results from this work are expected to be
transferable to other systems of this kind, on the other hand it is a model for
a common semiconductor device which is in principle experimentally accessible.
Consequently the parameter of interest in this chapter is the intensity of external
noise in the DBRT system, i. e. �uctuations in the voltage across the device, since
this � in contrast to the internal (shot) noise � can be tuned almost arbitrarily
using an additional noise generator in the operating circuit.



48 Noise induced pattern formation

First we will discuss the introduction of noise sources into the DBRT model
equations and then start to investigate the spatiotemporal dynamics and their
properties under the variation of noise intensity. The results of this chapter
have been published in [Ste05].

3.1 Noise in the DBRT model

One of the simplest approaches to introduce noise into a dynamical system is to
add a noise source to one or more of the dynamical variables. The dynamical
system of the DBRT consists of two dynamical variables, the voltage across the
device on the one hand and the charge carrier distribution within the quantum
well on the other (see Eq. (1.17)). Noise in the voltage can be implemented
rather arbitrarily in a real experiment by applying an appropriate noisy voltage
source in parallel with the device as described, e. g., in [She03]. However, it is
much more di�cult to manipulate the �uctuations of the carrier density distri-
bution in an experiment. These �uctuations of the local charge carrier density
within the quantum well could be caused by contributions, e. g., of thermal
�uctuations and shot noise [Bon02].
As already mentioned in chapter 2 the following investigations will be done in the
DBRT model restricted to one spatial degree of freedom (i. e. Ly � Lx) as given
in Eq. (2.4). This is due to the fact that on the one hand the general types of
spatiotemporal dynamics do not di�er too much in the one-dimensional version
of the model and the original two-dimensional one (cf. Sec. 2.3 and Sec. 2.4) and
on the other hand it takes signi�cantly more computer time to simulate the full
two-dimensional system. Thus, we introduce two noise terms into the system
from Eq. (2.4):

∂a(x, t)
∂t

=
∂

∂x

(
D(a)

∂a

∂x

)
+ f(a, u) +Daξ(x, t)

∂u(t)
∂t

=
1
ε

(u0 − u− rJ(a, u)) +Duη(t).
(3.1)

with the mean current density

J(a, u) =
1
Lx

∫ Lx

0

j (a(x, t), u(t)) dx.

We have added the two noise terms Daξ(x, t) and Duη(t), where Da and Du

de�ne the noise intensities in the corresponding variables and ξ and η are un-
correlated Gaussian white noise sources:

〈ξ(x, t)〉 = 〈η(t)〉 = 0 (x ∈ [0, L]),
〈ξ(x, t)ξ(x′, t′)〉 = δ(x− x′)δ(t− t′),

〈η(t)η(t′)〉 = δ(t− t′).
(3.2)

The term Duη(t) represents noise in the applied voltage, whereas Daξ(x, t)
describes �uctuations of the local charge carrier density.
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3.2 Physical values of the noise intensities

The original dimensionless model of the DBRT as described in chapter 1 has
now been extended by two noise terms in Eq. (3.1) where Da and Du de�ne
the noise intensities in the corresponding variables and ξ and η are uncorrelated
Gaussian white noise sources according to Eq. (3.2).
In the following we will investigate this system for di�erent values of the param-
eter Du, which is easily accessible in an experiment by applying a noise voltage
source in parallel with the bias u0 [She03]. In contrast we will keep Da �xed at
the somehow arbitrary value of Da = 0.001 to re�ect �uctuations of the local
current density which could be caused by shot noise.
In the following we will relate the noise intensities Du and Da to physical values
and give give an estimate of the physical noise intensity Da based on the work
on shot noise in double barrier resonant tunneling structures by Blanter and
Büttiker [Bla00].

3.2.1 Timescale transformation in the noise term

Since the DBRT model is completely dimensionless, our time variable t is dimen-
sionless too, and re�ects the physical time t̃ in units of τa = 3.3 ps (Sec. 1.2.4 on
page 14):

t̃ = τat. (3.3)
Furthermore we use dimensionless stochastic forces η and ξ with the properties
from Eq. (3.2). If we want to calculate the physical noise intensities D̃a and
D̃u, we must pay attention to the time scaling of the correlation function. Since
from Eq. (3.2) follows the dimension [η2] = 1/[t] the physical Langevin forces η̃
and ξ̃ are supposed to have the dimensions [η̃(t̃)] = [ξ̃(t̃)] = 1/

√s. Note that for
the purpose of calculating the physical stochastic force D̃aξ̃(t) we neglect the
x-dependence of a and therefore also of ξ, since the absolute value of a varies
only from values around 7 to 11 (cf. Fig. 2.11 on page 29) in the inhomogeneous
states which would do nothing to the order of magnitude of the noise amplitude.
Let us consider only η and η̃ for the time scale transformation, since for ξ and
ξ̃ everything would be the same. Both the physical as well as the dimensionless
noise sources are supposed to be uncorrelated:

〈η̃(t̃+ s̃)η̃(t̃)〉 = δ(s̃)
〈η(t+ s)η(t)〉 = δ(s).

From these together with Eq. (3.3) we derive
〈η(t+ s)η(t)〉 = δ(s)

= δ

(
s̃

τa

)
= τaδ(s̃)

= τa〈η̃(t̃+ s̃)η̃(t̃)〉
⇒ η(t) =

√
τaη̃(t̃).
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3.2.2 Blanter and Büttiker's approach

Starting from the rate equation for the temporal evolution of the charges which
have passed through the left and right barrier (QL,R(t)) of a double barrier
structure,

Q̇L = e (γL,in − γL,out) ,

where γL,in,out are transition rates through the left barrier into and out of the
well, on page 61 of [Bla00] Blanter and Büttiker provide a Langevin-type equa-
tion (192) for the temporal evolution of the charges QL,R passing through the
left (subscript L) and right (subscript R) barrier of the structure in the following
form:

Q̇L = f(QL, QR) + ξL(t)

Q̇R = g(QL, QR) + ξR(t).

where f , g are functions describing the sum of particle current and displacement
current (Ramo-Shockley theorem). Their Langevin sources ξL,R are zero on
average, correlated only for the same barrier and describe Poissonian shot noise
at each barrier:

〈ξα(t)〉 = 0,
〈ξα(t)ξβ(t′)〉 = e〈I〉δ(t− t′)δα,β , (α, β ∈ {L,R})

where e > 0 is the electron charge, and 〈I〉 is the stationary total current
through the device. One should note that this de�nition, according to their
words, �is intuitive rather than the result of a formal derivation�, but that the
�results we obtain in this way coincide with those found by ensemble averaging
the quantum mechanical results.�

3.2.3 Estimate of the shot noise intensity

Now we want to adapt Blanter and Büttiker's approach to our dimensionless
DBRT model.
For this purpose we observe that for homogeneous current �ow the local carrier
density n (per unit area) in the quantum well is given by n = (QL−QR)/(eF ),
where F is the area through which the current 〈I〉 �ows (cross section of the
device).
Following Blanter and Büttiker the contribution of shot noise to the temporal
evolution of n, which we denote by ṅsn is given by (here we use again the tilde
notation to identify the physical variables in contrast to the dimensionless ones):

eF
∂nsn
∂t̃

= ξ̃BB(t̃), (3.4)
with ξ̃BB(t̃) = ξ̃L(t̃)− ξ̃R(t̃) and 〈ξ̃BB(t̃)〉 = 0,

〈ξ̃BB(t̃+ s̃)ξ̃BB(t̃)〉 = 2e〈I〉δ(s̃), (3.5)
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Eqs. (3.4) and (3.5) can also be written as

eF
∂nsn
∂t̃

=
√

2e〈I〉 ξ̃(t̃), (3.6)
with 〈ξ̃(t̃+ s̃)ξ̃(t̃)〉 = δ(s̃) and unit

[√
2e〈I〉 ξ̃(t̃)

]
= A,

which is equivalent to the form we use in our model Eqs. (3.1).
Neglecting the space dependence from our dimensionless model Eq. (3.1), there
follows the Langevin equation for the shot noise contribution to the dimension-
less carrier density a, denoted by asn:

∂asn
∂t

= Daξ(t), (3.7)
with 〈ξ(t+ s)ξ(t)〉 = δ(s) and 〈ξ(t)〉 = 0.

Note that here we use the dimensionless time t = t̃/τa.
To compare our dimensionless noise intensity Da from Eq. (3.7) with Eq. (3.6)
we need to transform our equation back to real physical values.
Considering the previous discussion on the transformation of the time scale
and transforming our dimensionless carrier density a back to its physical value
n = ρ0kBTa (cf. Sec. 1.2.3) we derive from Eq. (3.7)

τa
∂asn
∂t̃

= Da
√
τa ξ̃(t̃)

⇔ τa
ρ0kBT

∂nsn
∂t̃

= Da
√
τa ξ̃(t̃)

⇔ eF
∂nsn
∂t̃

= DaeF
ρ0kBT
τa

√
τa︸ ︷︷ ︸

(3.6)
=
√

2e〈I〉

ξ̃(t̃)

⇒ Da =

√
2〈I〉τa
e

1
ρ0kBT F

. (3.8)

To quantify the value of Da we can now simply plug in the parameters from
Sec. 1.2.4 on page 14,

ρ0kBT = 1010 cm−2

τa = 3.3 ps,
and consider the current

〈I〉 = F 〈J〉500
A
cm2

,

where 〈J〉 ≈ 10 in our �xed point (cf. Fig. 2.10 on page 29).
At last we must think about a reasonable cross section F of the device. For our
simulations we use a system size of Lx = 30 and Ly = 1 which correspond to
physical lengths L̃x = 3µm and L̃y = 0.1µm. However, typical lateral dimen-
sions of a DBRT are of the order of approximately 100µm [Rod04]. Therefore,
a realistic device would have the size of, e. g.,

F = 1000µm× 100µm = 10−3 cm2.
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With this Eq. (3.8) yields
Da ≈ 0.001,

which is the value we have used in this chapter to investigate noise induced
dynamics in the DBRT.
There are two reasons why we have used a di�erent system size to estimate
the shot noise intensity than we use in our actual simulations: First of all we
want to investigate the dynamics in the DBRT in dependence on the noise in a
regime where shot noise does not play a role for the macroscopic behavior of the
system. This is surely the case in a real device of the lateral dimensions given
above. It is clear that the relative shot noise intensity grows with shrinking
system size. We have chosen to simulate a comparably small system anyway,
since on the one hand the qualitative behavior of the dynamics does not depend
on whether we choose the system length to be 30, 100 or 1000 (e. g. the homo-
geneous current-voltage characteristic doesn't change at all) and on the other
hand the computation time of the simulations grows quickly with increasing
system size because of the necessary discretization within the spatial direction.

3.2.4 Noise amplitude in the voltage across the device

The noise in the voltage across the device is external noise which is accessible in
an experiment by using a noise generator as an additional (noisy) voltage source
in the circuit. Kirchho�'s equation for the complete circuit does then read in
physical units

RC
∂U

∂t̃
= U0 − U −RI +DU η̃(t̃)︸ ︷︷ ︸

=RCU̇n

with unit [DU η̃(t̃)
]

= V.

Let us restrict ourselves to the noise component of this equation,

RC
∂Un
∂t̃

= DU η̃(t̃),

and transform it to dimensionless variables u and t by U = kBT
e u and t̃ = tτa

(considering again Sec. 3.2.1):

RC
∂un
∂t̃

=
e

kBT
DU η̃(t̃)

⇔ RC

τa︸︷︷︸
=ε

∂un
∂t

=
eDU

kBT
√
τa
η(t)

⇔ ∂un
∂t

=
eDU

εkBT
√
τa︸ ︷︷ ︸

=:Du

η(t).

The physical noise intensity DU is therefore given by

DU = Duε
kBT
e

√
τa.
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Using our values ε = 6.2 and kBT/e = 0.35mV yields
DU ≈ Du · 2mV√τa.

That is to say the mean absolute value of the �uctuations in the voltage is about
Du × 2mV around the �xed point at U ≈ 92mV.

3.3 The deterministic setting

First consider the noise-free case Du=Da = 0. The deterministic dynamics of
the system in this case has been presented in Sec. 2.3 on page 28. From there
we know the shape of all null isoclines and their intersections which de�ne the
�xed points of the system (Fig. 2.9 on page 28 and Fig. 2.10). In the following
we want to use exactly the same parameter con�guration of Lx = 30, r = −35
and u0 = −84.2895. Under these conditions the spatially inhomogeneous �xed
point ('I' in Fig. 2.10) is stable for ε < εHopf = 6.47 (cf. Fig. 2.13 on page 31
and Fig. 2.14). We �x ε = 6.2 slightly below the Hopf bifurcation. Thus, the
unperturbed system would now always spiral into the inhomogeneous steady
state as we have already seen in Fig. 2.12 on page 30.
The eigenvalues of the linearized system at the inhomogeneous �xed point,
whose real parts change from negative to positive values at ε = εHopf (Fig. 2.13),
possess imaginary parts |ωinh| = 1.073 for ε = 6.2. Thus, the intrinsic frequency
of trajectories around the focus is

finh =
|ωinh|
2π

= 0.171.

Note that in the completely homogeneous situation the system equations reduce
to the ones from Eq. (2.1) and in this case linear stability analysis tells us
that the homogeneous �xed point ('H' in Fig. 2.10) is a stable focus for the
parameters chosen and ε < 16.62 (Fig. 2.8 on page 26). In our case of ε = 6.2 the
corresponding eigenvalues have imaginary parts |ωhom| = 1.658 (see Fig. 2.8b)
which gives a frequency

fhom =
|ωhom|

2π
= 0.264

for this focus.
However, in our complete space dependent system (3.1) this �xed point is not
stable but still corresponds to a homogeneous steady state, which is attractive
within a certain manifold (the one of spatially homogeneous states) of the phase
space.
Finally, the system (3.1) has an additional stable homogeneous �xed point which
is characterized by negative voltage u and almost zero current density J . This
point corresponds to the non-conducting regime of the DBRT, which is beyond
the scope of the present study. For given initial conditions and the range of
noise intensities which we operate with, the trajectory does not come close to
the vicinity of the non-conducting �xed point for reasonably long times (of the
order of 106 time units). Thus, although the existence of this stable point can in
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principle in�uence the dynamics of the system forced by Gaussian white noise,
in fact, we can ignore it.
In summary: In Fig. 2.12 on page 30 one can see the rather rapid transition of
the deterministic system from the slightly perturbed homogeneous �xed point
'H' to the inhomogeneous �lamentary one 'I'. This illustrates that for the given
parameters the only stable solution, apart from a trivial, non-conducting �xed
point, is an inhomogeneous steady state.

3.4 Quantifying spatial and temporal coherence

We call the system spatially coherent if the space dependent variable a(x, t) is
uniformly distributed over the whole length of the device:

a(x, t) = a(t) for all x ∈ [0, L] at a particular time t.
This we refer to as a homogeneous state. To quantify the spatial homogeneity
of a particular pro�le a(x, t) of the charge carrier density we use the simple
measure of the absolute variation:

v(t) :=
∫ L

0

∣∣∣∣∂a(x, t)∂x

∣∣∣∣ dx. (3.9)

According to this de�nition a spatially homogeneous state of the system is char-
acterized by v(t) = 0, whereas higher values of v correspond to spatially in-
homogeneous states. And the larger v(t) is, the more incoherent in space (the
more inhomogeneous) the system appears.
In order to measure the ordering of the system in the time domain we use the
autocorrelation function of the dynamical variable u(t),

Ψ(s) :=
〈

[u(t)− 〈u〉] [u(t+ s)− 〈u〉]
〉

t

= lim
T→∞

1
T

∫ T

0

[u(t)− 〈u〉] [u(t+ s)− 〈u〉] dt,

(3.10)

with the expectation value 〈u〉 and the variance σ2 = Ψ(0). With these we can
calculate the correlation time as a good measure for the temporal regularity of
the dynamics [Str63]:

tcor :=
1
σ2

∫ ∞

0

|Ψ(s)| ds. (3.11)

3.5 Spatiotemporal patterns

In the following we will keep the spatially inhomogeneous random perturbations
of the variable a �xed at a small noise intensity of Da = 0.001 and investigate
the behavior of the system under variation of the noise intensity Du. Note
that this noise term does not have any space dependent in�uence upon a. Now
we initialize the system at the inhomogeneous �xed point and simulate it with
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Figure 3.1: Simulation of the DBRT model from Eq. (3.1) with Du = 0.1,
Da = 0.001. Initial condition at t = 0 is the inhomogeneous �xed point 'I'
from Figs. 2.10 and 2.11 on page 29. a) Spatiotemporal dynamics of the charge
carrier density a(x, t). b) Time series of the voltage drop across the device
u(t). c) Absolute spatial variation v(t) of the charge carrier density according
to Eq. (3.9). d) Detailed dynamics of the charge carrier density at the boundary
x = Lx. System parameters u0 = −84.2895, r = −35, ε = 6.2, Lx = 30.
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Figure 3.2: As Fig. 3.1 with Du = 0.5.

di�erent noise intensities Du. The results can be seen in Figs. 3.1 to 3.5, where
the upper panels illustrate the spatiotemporal dynamics and the lower panels
show the oscillations of the two global quantities voltage across the device u(t)
and the absolute spatial variation v(t) of a(x, t) (cf. Sec. 3.4 on page 54).
For small noise intensity (Du = 0.1) the system exhibits rather small oscillations
around the inhomogeneous �xed point and one can observe a spatiotemporal
breathing pattern (Fig. 3.1a) where the system stays in its spatially inhomoge-
neous state all the time and consequently the absolute spatial variation oscillates
between values of two and three (Fig. 3.1c).
With increasing noise intensity (Du = 0.5) the system occasionally tends to-
wards a spatially homogeneous state (Fig. 3.2a). The �uctuations of the abso-
lute spatial variation become larger in general and drop towards zero when the
system reaches spatial homogeneity (Fig. 3.2c).
A noise intensity of Du = 1.0 turns out to be an intermediate value. In this
case one can clearly see the mixture of competing spatially homogeneous and
inhomogeneous patterns (Fig. 3.3a). The system is switching back and forth
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Figure 3.3: As Fig. 3.1 with Du = 1.0.

from one state into the other coming along with large �uctuations in the absolute
spatial variation of the charge carrier density pro�le in Fig. 3.3c.
With further increase of the noise intensity (Du = 1.5) the system becomes more
and more homogeneous, switching back into spatially inhomogeneous states only
from time to time (Fig. 3.4 on the next page). And �nally, as the noise intensity
reaches high values (Du = 2.0), the system settles in a state of completely
homogeneous oscillations (Fig. 3.5 on page 59).
So far we have described the di�erent spatiotemporal patterns of the space
dependent dynamical variable a(x, t) in dependence of the noise intensity Du.
Now we want to achieve some insight into the purely temporal and spectral
properties of the noise induced oscillations in the DBRT model.
The behavior of u(t) shows that for small noise intensity (Fig. 3.1b) the oscilla-
tions of this variable look quite correlated, whereas for large noise they behave
very incoherently as one would intuitively expect (Fig. 3.5b).
To illustrate this more clearly we calculate the Fourier power spectral densities
of u(t) and of a(x, t). To calculate the latter we look at the boundaries of the
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Figure 3.4: As Fig. 3.1 with Du = 1.5.

device at x = 0 and x = Lx and compute the Fourier power spectral density
from the time series a(0, t) and a(Lx, t). For the actual calculation 200 time
series, each of length T = 2000 have been used for each of the three variables
and for each noise intensity. All these spectra can be found in Fig. 3.7 on
page 61.
There one can clearly see that for small noise intensity the spectra have very
pronounced peaks (Fig. 3.7a+b) which indicates high temporal correlation of
the oscillations. As the noise intensity increases the spectral peaks broaden, and
thus the correlation of the oscillations decreases (Fig. 3.7c-e).
As one can observe from Fig. 3.7a+b, the power spectral density of a(0, t) looks
quite di�erent from the one calculated for a(L, t). In particular, while the
spectra of a(L, t) contain only one pronounced peak, the spectra of a(0, t) include
several high-order harmonics. The explanation of this fact could be obtained
from Fig. 3.1 on page 55 by comparing the temporal evolution of a(x, t) at the
boundaries x = 0 (Fig. 3.1a) and x = Lx (Fig. 3.1d). As one can see, a(0, t) is
following the dynamics of u(t), whereas a(L, t) stays almost �xed (note the scale)
most of the time, occasionally performing spiking oscillations. Such a spiking
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Figure 3.5: As Fig. 3.1 with Du = 2.0. Note the di�erent scale in c).

oscillation gives rise to higher harmonics in the spectra. With increasing noise
intensity the di�erence between both boundaries of the device vanishes since
the distribution of a(x, t) becomes more and more homogeneous as we have
seen before. In fact, in Fig. 3.7e the two corresponding curves can hardly be
distinguished.
In addition one can see that the peaks in the spectral power densities of the
dynamic variable not only get smeared out with increasing noise but also shift
towards higher frequencies. In Fig. 3.6 on the next page the position of the main
peak of the power spectrum of u(t) is plotted versus noise intensity Du. While
for relatively small noise strength the frequency of the noise induced oscillation
stays close to the focus frequency finh it increases with growing noise towards the
frequency fhom since the system gets more and more driven into the completely
homogeneous state.
By calculating the temporal mean values of the absolute spatial variation v(t)
(Eq. (3.9)) for di�erent noise intensitiesDu we can characterize the predominant
spatial pro�le of the dynamics in dependence on the noise strength. In Fig. 3.8a
these values are plotted versus the noise intensity and one can see that the mean
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value of v monotonically tends towards zero with increasing noise. This indicates
an increase in spatial coherence as the noise intensity grows. The error bars in
this plot show the standard deviation. In fact, they re�ect an essential feature of
this transition, namely the competition between spatially inhomogeneous and
homogeneous modes for intermediate values of Du. The larger the standard
deviation of v is, the more �mixed� the dynamics appears. Fig. 3.8b o�ers
the same information showing the variance of v versus Du. For noise close to
zero only slight oscillations around the inhomogeneous �xed point with almost
�xed spatial pro�le of a(x, t) lead to a vanishingly small variance of v. With
increasing noise more and more frequently the system tends to a homogeneous
state. The variance exhibits a maximum around Du = 1.3, indicating maximum
�uctuations of the system between homogeneous and inhomogeneous modes, as
can be clearly seen, e. g., in Fig. 3.3 on page 57. Thus, this value could be
treated as a boundary between predominantly �lamentary and predominantly
homogeneous behavior. For even larger noise intensity the homogeneous mode
is getting more and more dominant and therefore the variance of v again falls
o� towards zero.
If we look on the other hand at the temporal correlations of the noise induced
oscillations in Fig. 3.8c, we �nd that the temporal coherence of the system in
contrast to the spatial ordering decreases rapidly with increasing noise intensity.

fhom

0.24

0.22

0.2

0.18
fHopf0.16

0 0.5 1 1.5 2

f m
ax

Du

Figure 3.6: Frequency shift of the noise-induced oscillations in dependence
of the noise intensity Du. fmax denotes the position of the main peak of the
Fourier power spectral density of u(t) (cf. Fig. 3.7 on the facing page)
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Figure 3.8: Spatial and temporal ordering of the noise induced dynamics in
dependence on the noise intensity Du. a) Time average of the absolute spa-
tial variation v de�ned in Eq. (3.9); error bars re�ect the standard deviation.
b) Variance of the variation v (i. e. the square of the error bars from a). c) Cor-
relation time according to Eq. (3.11).

3.6 Summary

In this chapter we have investigated the complex spatiotemporal behavior of
the double barrier resonant tunneling diode close to but still below a Hopf
bifurcation of the spatially inhomogeneous �xed point of the system under the
in�uence of Gaussian white noise.
We have shown that random �uctuations are able to induce quite coherent
oscillations of the current density in a regime where the deterministic system
exhibits a stable �xed point. This extends the phenomena of noise-induced oscil-
lations from purely time-dependent generic models, e. g. [Jan04, Bal04, Pom05],
to space-time patterns. Moreover, we have shown that the noise which is applied
globally to a space-independent variable determines the type of the spatiotem-
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poral pattern of these oscillations. While for small noise intensity the system
demonstrates oscillations which are quite correlated in time, but spatially in-
homogeneous, with increasing noise intensity the shape of the spatiotemporal
pattern changes qualitatively until the system reaches a highly homogeneous
state. With this, the increase of spatial coherence is accompanied by the de-
crease of temporal correlations of the observed oscillations. In between these
two situations for intermediate noise strength one can observe complex spa-
tiotemporal behavior resulting from the competition between homogeneous and
inhomogeneous oscillations.
Finally, we have examined the Fourier power spectral density of the dynam-
ical variables and shown that with growing noise the main frequency of the
oscillations shifts from the Hopf frequency of the deterministically stable inho-
mogeneous �xed point towards the frequency of the homogeneous �xed point.
Hence we can conclude that to some extent noise of a certain intensity can
stabilize the spatially homogeneous charge carrier density distributions in the
device.
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Chapter 4

Time delayed feedback control

In the subsequent chapter we want to apply the method of time delayed feedback
control to our DBRT model in order to in�uence the noise induced dynamics
we have presented in the previous chapter.
Therefore the present chapter is devoted to the time delayed feedback control
scheme as it has been proposed originally by Pyragas [Pyr92]. The work of
Pyragas, together with the earlier one by Ott, Grebogi and Yorke [Ott90] has
prepared the ground for intensive studies and chaos control has become an essen-
tial topic in nonlinear science [Sch99]. Pyragas' original time delayed feedback
method and the extended version by Socolar et. al [Soc94] have been used suc-
cessfully in numerous systems in physics, biology, chemistry and medicine [Bie94,
Pie96, Sim96, Hal97, Suk97, Par99, Lüt01, Ben02, Bet03, Par03, Sch06b]. In
particular it has also been applied to a number of semiconductor models in-
cluding spatially extended systems [Sch93, Rez93, Sch94, Coo95, Fra99, Bec02,
Bab02, Jus03b, Unk03, Sch03, Sch04].
Although the principles of time delayed feedback especially with respect to the
stabilization of unstable periodic orbits are understood to a large extent [Jus97,
Jus99, Jus03a, Loe04, Bal05], it is still in the focus of numerous research activ-
ities. For example, the e�ect of adding an unstable degree of freedom [Pyr01]
to overcome certain limitations [Jus99, Nak97, Nak98] of the original feedback
scheme, e�ects of additional latency times in the control loop [Höv03], introduc-
tion of general coupling matrices [Har04] or the application for stabilization of
unstable steady states [Pyr95, Cha98, Ahl04, Höv05, Yan06, Sch06a] have been
investigated recently.
If used in deterministic chaotic self-oscillatory systems to enhance the regularity
of motion the time delayed feedback method comes with the desirable feature of
non-invasiveness: By tuning the delay time to the period of an unstable period
orbit embedded in the attractor of the chaotic oscillations the time delayed
feedback loop can stabilize this formerly unstable periodic orbit and the system's
dynamics follow this orbit, hence become periodic. Once the orbit is reached
the control force vanishes and reappears only when the system leaves the orbit
because of any kind of �uctuations. In conclusion, the time delayed feedback
stabilizes periodic motion which is already inherent in the system instead of
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forcing it into some kind of induced behavior.
Although in systems where oscillatory behavior is purely induced by noise such
unstable periodic orbits do not exist, the noise induced oscillations may show
a well-de�ned timescale. Provided that the time delay is chosen close to this
basic period of the noise induced oscillations one can now suppose that the time
delayed feedback works in analogy to the case of an unstable periodic orbit,
suppresses deviations from �basic oscillations� and therefore enhances regularity
of the dynamics. This assumption has recently been positively checked for the
case of simple, generic systems close to a Hopf bifurcation or in the case of
excitability [Jan04, Bal04, Sch05a, Pom05, Sch05b] and has also been applied
to coupled oscillators [Hau06] and to spatially extended systems [Hiz06, Hiz05,
Sch05c, Bal06]. The noise induced oscillations in the DBRT, which we have
reported in the previous chapter match exactly these conditions: They appear
in the situation of a stable steady state close to a Hopf bifurcation and they
provide a well-de�ned main period depending on the intensity of noise. This
is why we have chosen to apply the time delayed feedback method also in this
case of noise induced behavior in a spatially extended system [Ste06].

4.1 The general feedback scheme

The general scheme of the time delayed feedback loop is depicted in Fig. 4.1 on
the next page. Let's assume we have a dynamical system

ẋ(t) = f (x(t), p)

with x(t) ∈ Rn and f : Rn×R → Rn, from which we can access some parameter
p ∈ R from the outside. This system provides some sort of signal

s(t) = g (x(t))

where g : Rn → R can be measured. The di�erence between this signal and the
same signal measured some delay time τ > 0 ago gives the control force

F (t) = s(t)− s(t− τ)

which is multiplied by the control amplitude K ∈ R to give the resulting feed-
back signal

h(t) = KF (t).

This feedback signal �nally gets fed back into the system via the accessible
parameter p:

ẋ(t) = f (x(t), h(t)) .

This was originally intended to stabilize unstable periodic orbits (UPOs) with a
certain period τ embedded in a chaotic attractor. It is non-invasive in the sense
that it does not alter the shape of the system's intrinsic UPOs provided that τ
and K are chosen appropriately and that the control force F vanishes once the
system has reached the desired orbit with period τ (since then s(t) = s(t− τ),
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Figure 4.1: Scheme of the time delayed feedback loop

hence F (t) = 0). The stabilization of a formerly unstable orbit is achieved
by changing the dynamic system in the neighborhood of the target orbit, i. e.,
changing its linear (Floquet) eigenmodes. In fact, applying a delayed feedback
signal to a dynamical system of �nite dimension increases the dimension to
in�nity. Nevertheless, the projection of the stabilized periodic orbit to the
original phase space of lower dimension remains unchanged. The necessary
perturbation of the system is time-continuous and can be realized quite simply
in an experiment.
Socolar et. al [Soc94] had the simple idea to extend the original scheme described
above by taking into account more than one period in the past of the system's
dynamics to compute the control force. Doing so they have introduced an
additional memory parameter R as a weight of the multiple time delays:

F (t) = s(t)− (1−R)
∞∑

k=1

Rk−1s(t− kτ). (4.1)

This type of control force takes into account the complete history of the signal
s(t) and as long as |R| < 1 the signal has less weight the older it is.



68 Time delayed feedback control

The two terms of F in Eq. (4.1) can be merged into one single sum:

F (t) = s(t)− (1−R)
∞∑

k=1

Rk−1s(t− kτ)

= s(t)−
∞∑

k=1

Rk−1s(t− kτ) +R
∞∑

k=1

Rk−1s(t− kτ)

= s(t) +
∞∑

k=1

Rks(t− kτ)−
∞∑

k=1

Rk−1s(t− kτ)

=
∞∑

k=0

Rks(t− kτ)−
∞∑

k=1

Rk−1s(t− kτ)

=
∞∑

k=0

Rks(t− kτ)−
∞∑

k=0

Rks (t− (k + 1)τ)

=
∞∑

k=0

Rk [s(t− kτ)− s (t− (k + 1)τ)] . (4.2)

Now in an application it would be inconvenient to record all the history of the
signal and even more to process a rapidly growing sum in order to calculate
the control signal. Here it comes in handy that the in�nite sum above can
be expressed by a simple recursive de�nition of F which follows directly from
Eq. (4.2):

F (t) =
∞∑

k=0

Rk [s(t− kτ)− s (t− (k + 1)τ)]

= [s(t)− s(t− τ)]− [s(t)− s(t− τ)]

+
∞∑

k=0

Rk [s(t− kτ)− s (t− (k + 1)τ)]

= s(t)− s(t− τ) +
∞∑

k=1

Rk [s(t− kτ)− s (t− (k + 1)τ)]

= s(t)− s(t− τ) +
∞∑

k=0

Rk+1 [s (t− (k + 1)τ)− s (t− (k + 2)τ)]

= s(t)− s(t− τ) +R
∞∑

k=0

Rk [s (t− kτ − τ)− s (t− (k + 1)τ − τ)]︸ ︷︷ ︸
=F (t−τ)

= s(t)− s(t− τ) +RF (t− τ). (4.3)

Thus, according to Eq. (4.3), in an application one would need to store only
the history of the system's signal s(t) and of the control force F (t) for only one
period τ back into the past to construct the control force now and in the future.
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Figure 4.2: Local control of an unstable period-1 orbit (red curve in a)) embed-
ded in the chaotic attractor. The system (4.4) has been simulated with K = 0,
ε = 9.1, r = −35, u0 = −84.2895, Lx = 30 as in Sec. 2.3. At time t = 2200 the
control is switched on with K = 0.2, R = 0, τ = 7.389, Fa(x, t) = Flocal(x, t),
Fu(t) = Fvoltage(t). a) Trajectory in the u-J-projection of the phase space
plotted in black for t < 2400 and in red for t > 2400. Null isoclines as in
Fig. 2.10 on page 29. b) Spatiotemporal dynamics of the charge carrier density
a(x, t). c) Time series of the dynamical variable u(t) (black curve), absolute val-
ues of the control force Fu(t) (red curve, logarithmic) and maximum of |Fa(x, t)|
from x ∈ [0, Lx] (cyan curve, logarithmic).

4.2 Time delayed feedback in the DBRT model

There are many ways to adapt the scheme described above to the model of the
DBRT [Unk03]. The signal which can be measured easiest from a real device
is either the voltage drop across or the global current through the device. In
terms of our model equations that would be the dynamical variable u(t) or the
global current density J .
A general way of applying time delayed feedback to the DBRT model from
Eq. (2.4) with one spatial degree of freedom, e. g., looks like this [Unk03]:

∂a(x, t)
∂t

=
∂

∂x

(
D(a)

∂a

∂x

)
+ f(a, u)−KFa(x, t),

∂u(t)
∂t

=
1
ε

(u0 − u− rJ(a, u))−KFu(t).
(4.4)

Here we have introduced the control strength K and two functions Fa and Fu
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Figure 4.3: Voltage control. Same as Fig. 4.2 withK = 0.4, R = 0.5, Fa(x, t) =
0, Fu(t) = Fvoltage(t).

which can be de�ned according to the particular feedback scheme one intends
to use.
If one would be able to measure the charge carrier density at every single point
x ∈ [0, Lx] in the quantum well, one could produce a control force Fa = Flocal
depending upon time and space,

Flocal(x, t) := a(x, t)− a(x, t− τ) +RFlocal(x, t− τ). (4.5)
Whereas one can do this easily in a numerical experiment like in our simulations
it is impossible to do in a real experimental setup. Therefore one might use a
global control force Fa = Fglobal instead,

Fglobal(t) :=
1
Lx

(∫ Lx

0

a(x, t)dx−
∫ Lx

0

a(x, t− τ)dx

)
+RFglobal(t−τ), (4.6)

where only the total charge carrier density within the quantum well needs to be
measured.
The voltage drop across the device on the other hand is easily accessible. Thus,
the corresponding control force Fu = Fvoltage, with

Fvoltage(t) := u(t)− u(t− τ) +RFvoltage(t− τ), (4.7)
is the most promising one to implement.
All combinations of Fa ∈ {0, Flocal, Fglobal} and Fu ∈ {0, Fvoltage} have been
used with this model to control unstable periodic orbits within the chaotic
regime described in Sec. 2.3. The detailed results are presented in [Unk03].
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To illustrate how the time delayed feedback works in our model we have sim-
ulated the system (4.4) in the chaotic regime with ε = 9.1, r = −35, u0 =
−84.2895, Lx = 30 exactly as in Sec. 2.3 (cf. especially Fig. 2.17 on page 34).
Initially the control loop has been disabled, i. e. K = 0. In Fig. 4.2 on page 69
we have switched on the control force with K = 0.2, R = 0, τ = 7.389,
Fa(x, t) = Flocal(x, t), and Fu(t) = Fvoltage(t) as de�ned in Eqs. (4.5) and (4.7).
Fig. 4.2c shows clearly how the voltage signal u(t) becomes periodic at t ≈ 2300
shortly after the control force has been switched on. Simultaneously the abso-
lute values of the control forces Fa and Fu decay exponentially in time until they
become almost zero. The successfully stabilized orbit can be seen in Fig. 4.2a
(red curve). As already mentioned above the feedback scheme used in this ex-
ample can hardly be implemented in a real world experiment. Therefore we
have repeated the simulation only with feedback of the dynamical variable u,
i. e. Fa(x, t) = 0, and Fu(t) = Fvoltage(t). This feedback scheme is less e�cient
(compared to the one above) with respect of the parameter space of K and R
which leads to successful stabilization of the desired orbit (see [Unk03]). Nev-
ertheless, using the extended time delay with memory parameter R > 0 it can
stabilize the originally unstable periodic orbit, too. This is shown in Fig. 4.3,
where we can see that it takes a longer time until the control becomes e�ective
and the system settles itself onto the limit cycle.

4.3 Summary

In the present work we want to apply time delayed feedback in order to in�uence
the properties of the noise induced dynamics studied in the previous chapter.
For this purpose we want to focus upon the feedback scheme which seems to be
most promising for real world implementation and therefore we restrict ourselves
to the case of pure voltage control, i. e. Fa = 0 and Fu = Fvoltage. And to keep it
as simple as possible we will only use one period of the system's history, meaning
that we keep R = 0. Thus, our deterministic controlled system we are going to
use in the following reads

∂a(x, t)
∂t

=
∂

∂x

(
D(a)

∂a

∂x

)
+ f(a, u)

∂u(t)
∂t

=
1
ε

(u0 − u− rJ(a, u))−K (u(t)− u(t− τ)) .
(4.8)
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Chapter 5

Delayed feedback control of

stochastic dynamics

In Chapter 3 we have seen that noise can e�ect the dynamics of the charge
transport through the double barrier resonant tunneling diode in di�erent ways.
Generally, noise-induced dynamics depends on the statistics of random �uc-
tuations and their intensity, which are not easily accessible in real practical
situations. In [Jan04] a method for manipulation of essential features of noise-
induced oscillations was proposed using the delayed feedback scheme which we
have introduced in Chapter 4 and which originally has been used to control chaos
in purely deterministic systems [Pyr92]. This technique was demonstrated to be
e�ective for control of noise-induced oscillations in simple systems close to either
local or global instabilities [Jan04, Bal04, Sch05a, Pom05, Pom06b] without spa-
tial degrees of freedom. In this chapter we study the e�ect of delayed feedback
on the stochastic spatio-temporal pattern formation in the DBRT model for pa-
rameter values close to, but below, the Hopf bifurcation (cf. Sec. 3.3 on page 53).
We show that using this method one can control both the time-scales and the
coherence of noise-induced current density patterns in the DBRT. Moreover, if
the feedback strength is large, it might induce a Hopf bifurcation, which leads
to the emergence of periodic patterns, whose spatial properties depend on the
feedback strength and the noise intensity.
Parts of this chapters results have been published in [Sch05c, Ste06].

5.1 Time delayed feedback in the stochastic sys-

tem

In a real experiment the voltage u across the device is the variable which can
be accessed and manipulated most easily. Therefore, like already discussed in
the previous chapter, to have a simple and adaptive method of control we use
the controlled system from Eq. (4.8) and incorporate again the noise terms from
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Eq. (3.1):
∂a(x, t)
∂t

= f(a, u) +
∂

∂x

(
D(a)

∂a

∂x

)
+Daξ(x, t)

∂u(t)
∂t

=
1
ε

(u0 − u− rJ) +Duη(t)−K [u(t)− u(t− τ)]
(5.1)

By varying the control amplitude K we can adjust the strength of the control
force and τ is the time delay of the feedback loop.

5.2 In�uence of the feedback upon the correla-

tion time

The deterministic background for the following investigations is supposed to be
the same as in Chapter 3. I. e. we have for ε = 6.2 the spatially inhomogenous
stable �xed point 'I' in the neigbourhood of the spatially homogeneous unstable
�xed point 'H' from Figs. 2.10 and 2.11 on page 29. See Sec. 3.3 for the detailed
description of the deterministic setting.
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Figure 5.1: Correlation time vs. feedback strengthK for τ = 5 and τ = 7. Each
data point is the average from 100 time series of length T = 10000. Parameters
Du = 0.1, Da = 10−4, u0 = −84.2895, r = −35, ε = 6.2.

First of all we want to see whether or not the additional feedback loop has any
e�ect upon the temporal regularity of the noise induced oscillations in the case
of small noise amplitude Du = 0.1 which we have seen in Fig. 3.1 on page 55.
A rough estimate of the �period� of the oscillations in the voltage u(t) from
Fig. 3.1b or, more accurately, from the position of the main peak from the
corresponding Fourier power spectral density in Fig. 3.7b gives a period around
a value of 6. Thus, to get a �rst impression whether or not this control force
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is able to change the temporal regularity of the noise induced oscillations we
choose two arbitrary values τ = 5 and τ = 7, simulate the controlled system
from Eq. (5.1) with increasing feedback strength K and calculate the correlation
time (cf. Sec. 3.4 on page 54) in dependence of K. From Fig. 5.1 one can see
that the qualitative result depends in a sensitive way on the choice of the delay
time. While for τ = 7 the control loop strongly increases the correlation time
with increasing K, it is on the other hand able to decrease it signi�cantly for
τ = 5.
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Figure 5.2: Correlation time vs. noise intensity Du without control (K =
0) and with control (K = 0.1) for τ = 5 and τ = 7. The inset shows a
magni�cation. Parameters as in Fig. 5.1

In Fig. 3.8 on page 62 we have seen the natural decrease of temporal regularity
of the noise induced oscillations with growing noise strength (Fig. 3.8c). The
same curve is given as the middle curve (dotted, black) in Fig. 5.2. In addition
we have calculated the correlation times for the two di�erent delay times τ
from above with a �xed control strength K = 0.1 in the same scenario with
increasing noise amplitude Du. Here, the control with K = 0.1 and τ = 7
(dashed, blue) enhances the correlation time, compared with the uncontrolled
case, over a relatively wide range of the noise intensity up to Du ≈ 0.5, whereas
τ = 5 (solid, red) decreases it within the same range.
The role of the appropriate choice of the control delay τ becomes even clearer if
we keepK �xed and calculate the correlation time in dependence of τ . The result
is plotted in Fig. 5.3a where one can clearly see the oscillatory character of the
correlation time under variation of τ , which is characterized by the presence of
�optimal"values of τ , corresponding to maximum regularity, and �worst"values
of τ which are related to minimum regularity of the noise-induced dynamics.
At the same time it is shown that the control with K = 0.1 produces no e�ect
at all upon the correlation time if the noise is too large (lower blue curve for
Du = 1.0).
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Figure 5.3: a) Correlation time for di�erent noise intensities Du = 0.1 and
Du = 1.0 in dependence of the feedback delay τ . b) Real parts of the eigenvalues
Λi of the linearized deterministic system (Da = Du = 0) calculated at the
spatially inhomogeneous �xed point for K = 0.1. The vertical dotted lines
mark values of τ at which the leading eigenvalue (i. e. the one with the largest
real part) changes. c) Eigenperiods 2π/ Im(Λi) of the deterministic system and
basic periods T0 := 1/fmax of the noise induced oscillations, where fmax denotes
the frequency of the highest peak in the Fourier power spectral density of the
noisy system with Du = 0.1, K = 0.1.
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Figure 5.4: Fourier power spectral density of the dynamical variable u(t) of the
system (5.1) under the in�uence of the control loop K = 0.1 and noise Du = 0.1.
The curves for the di�erent values of τ are shifted vertically for clarity. Each
curve resembles the average of 100 time series of length T = 10000. Other
parameters as in Fig. 5.1

.

5.3 Control of time scales

The fact that noise-induced oscillations take place in the vicinity of the spa-
tially inhomogeneous �xed point gives us a hint that some properties of these
oscillations could be related to the stability of this inhomogeneous steady state.
To gain some insight into how the control actually a�ects the systems dynamics
around the spatially inhomogeneous �xed point we linearize the system equa-
tions (5.1) for Du = Da = 0 and calculate the eigenvalues Λi at the �xed point.
First of all we calculate these eigenvalues from the spatially discretized system
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Figure 5.5: 2π/ Im(Λi), black dots: Eigenperiods of the deterministic full
system (5.1) at the inhomogeneous �xed point, same as in Fig. 5.3c, K = 0.1.
2π/ Im(Λ′i), blue diamonds: Eigenperiods of the reduced homogeneous sys-
tem (5.2) at the homogeneous �xed point, K = 0.1.
1/fmax, red circles: Basic periods of the noise induced oscillations, where fmax
denotes the frequency of the highest peak in the Fourier power spectral density
of the noisy system with Du = 1.0, K = 0.1. Other parameters as in Fig. 5.1.
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Figure 5.6: Same as Fig. 5.5 with Du = 2.0 for fmax.
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which we use for the numerical simulation (cf. Appendix A on page 103). This
discretized version is just a set of ordinary di�erential equations (Eq. (A.4)) and
the linearization and the eigenvalues can be computed easily.
In Fig. 5.3b one can see that the control with K = 0.1 does not change the
stability of the inhomogenous �xed point since the real parts of all eigenvalues
do not become positive within the given range of τ . Nevertheless with increasing
τ the real parts of the eigenvalue intersect at particular values of τ (vertical
dotted lines). At these values of τ another eigenvalue becomes the one with
the largest real part and takes �the lead�. Consequently another mode becomes
the �least stable� one. As one can see, these crossover points correspond to the
minima of the correlation time in Fig. 5.3a (black curve). The local maxima of
the correlation time on the other hand coincide with the local maxima of real
parts of the currently leading eigenvalue. This gives rise to a rather intuitive
explanation for the behavior of the correlation time: The closer to zero the
real part of an eigenvalues is, the weaker is the attracting stability of the �xed
point and the easier it is for the noise to excite exactly the oscillating mode
corresponding to this particular eigenvalue. Likewise, at the intersection points
of the real parts of the leading eigenvalue these values have the largest distance
from zero, meaning that the attracting stability of the �xed point is stronger
and it is more di�cult for the noise to excite oscillations here. And in addition
at these τ -values two di�erent eigenvalues are the �least stable� ones at the same
time. I. e. the two di�erent corresponding oscillating modes are equally excited
by the noise. Thus the control cannot reach its optimal e�ect.
As a direct consequence, the main frequency which is activated by the noise
switches exactly at these critical values of τ to the eigenfrequency of the corre-
sponding leading eigenvalue. In Fig. 5.3c the eigenperiods 2π/ Im(Λi) are plot-
ted as black dots in dependence of τ . Fig. 5.4 on page 77 depicts the Fourier
power spectral densities of the system (5.1) under the in�uence of noise and the
control loop for di�erent values of τ . If we collect the positions of the highest
peaks in these spectra (fmax) for all values of the time delay τ and calculate the
corresponding periods 1/fmax we obtain the red circles in Fig. 5.3c. One can
see that these main periods switch from one branch of eigenperiods to another
exactly at the critical values of τ where the real parts of two di�erent eigenvalues
cross over. By comparing, e. g., the curves for τ = 9.5 and τ = 10.5 in Fig. 5.4
one can nicely see how the most important frequency switches over from the left
hand peak to the right hand one.
We have already seen in Fig. 5.3a that for larger noise intensity (Du = 1.0)
the control seems to have no e�ect upon the temporal correlation of the oscilla-
tions. Furthermore, we know from Sec. 3.5 about the uncontrolled system that
for increasing noise intensity the dynamics of the system without control tends
to become more and more spatially homogeneous. This tendency to homoge-
nization can be underlined if we simulate the system with higher noise levels,
calculate the corresponding power spectra and extract the main periods 1/fmax
again. In Fig. 5.5 these main periods of the oscillations in the controlled system
with noise intensity Du = 1.0 are shown (red circles) together with the same
eigenperiods from Fig. 5.3c of the controlled deterministic system at the inho-
mogeneous �xed point (black dots). One can see that the main periods of the
noise induced oscillations do not follow the eigenperiods of the linearized system
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at the inhomogeneous �xed point any more, like they do for small noise intensity
in Fig. 5.3c. Instead they turn out to be shifted towards the branches of the
eigenperiods (blue diamonds) of the spatially homogeneous, reduced system (cf.
Eq. (2.1)) with control,

∂a(t)
∂t

= f(a, u)

∂u(t)
∂t

=
1
ε

(u0 − u− rj(a, u))−K [u(t)− u(t− τ)] ,
(5.2)

linearized at the homogeneous �xed point 'H' from Fig. 2.10 on page 29. These
�homogeneous� eigenperiods are plotted as blue diamonds in Fig. 5.5 and again
in Fig. 5.6. Both of these �gures nicely show that with growing noise strength
Du the dynamics of the system are increasingly ruled by the properties of the
homogeneous �xed point. Thus, in this case of the controlled system under
the in�uence of noise the main periods follow the eigenperiods of the spatially
homogeneous system even closer in the case of Du = 2.0 (Fig. 5.6), where the
uncontrolled system shows completely homogeneous oscillations (cf. Fig. 3.5 on
page 59).

5.4 Analysis of the general form of the charac-

teristic equation

As we have already mentioned in the previous section, the eigenvalues for the lin-
earized deterministic system at the inhomogeneous �xed point, plotted as black
dots in Figs. 5.3b+c, 5.5, 5.6, are computed numerically for the system (5.1)
in the deterministic case Du = Da = 0 by using the spatially discretized set of
ordinary di�erential equations.
To achieve a deeper understanding of the stability properties of the inhomo-
geneous �xed point under the in�uence of the control force and to obtain the
general form of the characteristic equation which determines the eigenvalues of
this linearized system, we perform the linearization of the original continuous
system (5.1) at the spatially inhomogeneous �xed point (aI(x), uI).

5.4.1 Derivation of the characteristic equation

With the short hand notation

ax :=
∂a

∂x
, axx :=

∂2a

∂x2
,

b (a, ax, axx) : =
∂

∂x

(
D(a)

∂a

∂x

)
=
∂D(a)
∂a

(
∂a

∂x

)2

+D(a)
∂2a

∂x2

= D′(a)ax
2 +D(a)axx,
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we can rewrite the controlled system (5.1) for Du = Da = 0 as
∂a(x, t)
∂t

= f(a, u) + b (a, ax, axx)

∂u(t)
∂t

=
1
ε

(u0 − u− rJ)−K [u(t)− u(t− τ)] .
(5.3)

The linearization of this system (5.3) with respect to the deviations
δa(x, t) = a(x, t)− aI(x) = eΛt ã(x),

δu(t) = u(t)− uI = eΛt ũ,

does then yield
Λã(x) = Lã(x) + fu(x)ũ, (5.4)

Λũ = − r

εLx

∫ Lx

0

jaã(x)dx+
[
−1 + rJu

ε
+K

(
e−Λτ −1

)]
ũ. (5.5)

Here we have introduced
fu :=

∂f

∂u


aI,uI

, ja :=
∂j

∂a


aI,uI

, Ju :=
1
Lx

∫ Lx

0

∂j

∂u


aI,uI

dx,

and a linear operator acting on the space of functions with homogeneous Neu-
mann boundary conditions,

Ĉ2 :=
{
a

a ∈ C2([0, Lx]) ∧ ∂a(x)
∂x

= 0 (x ∈ {0, Lx})
}
,

L : Ĉ2 → Ĉ2

a 7→ La with
(La) (x) :=

∂f

∂a

∣∣∣∣
aI,uI

a(x) +
∂b

∂a

∣∣∣∣
aI
a(x) +

∂b

∂ax

∣∣∣∣
aI

∂

∂x
a(x)

+
∂b

∂axx

∣∣∣∣
aI

∂2

∂x2
a(x) (x ∈ [0, Lx]).

The equations (5.4) and (5.5) de�ne the coupled eigenvalue problem of the
inhomogeneous �lamentary �xed point which has been analyzed generally for
the uncontrolled case K = 0 in [Ale98].
Let us take a look onto the voltage-driven system, i. e. δu(t) = 0 and therefore
ũ = 0. In this case the coupled eigenvalue problem is reduced to

λã = Lã (5.6)
with ã′(0) = 0 and ã′(Lx) = 0.

With
p(x) :=

∂b

∂axx

∣∣∣∣
aI

= D(aI(x)),

p′(x) = D′(aI(x))ax =
1
2
∂b

∂ax

∣∣∣∣
aI

q(x) :=
∂f

∂a

∣∣∣∣
aI,uI

+
∂b

∂a

∣∣∣∣
aI
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we get p ∈ C1([0, Lx]) with p(x) > 0 in [0, Lx] and q ∈ C0([0, Lx]). We can now
rewrite L as

Lã = pã′′ + 2p′ã′ + qã

⇔ pLã = p2ã′′ + 2pp′ã′ + pqã

=
(
p2ã′

)′
+ pqã.

Thus, the operator pL is self-adjoint and the eigenvalue Eq. (5.6) is equivalent
to the eigenvalue problem of Sturm-Liouville type:

pLã = λpã

with ã′(0) = 0 and ã′(Lx) = 0.

It has real solutions λ0 > λ1 > λ2 > . . . with corresponding eigenmodes ψi ∈ Ĉ2

which provide a orthonormal basis of Ĉ2. The eigenmodes ã of the full eigenvalue
problem (5.4) and (5.5) can now be expanded in terms of this basis:

ã(x) =
∑

n

(ã, ψn)ψn(x), (5.7)

where (ã, ψn) := 1
Lx

∫ L

0
ã(x)ψn(x)dx denotes the usual scalar product in Hilbert

space. Inserting this into eq. (5.4) yields

Λ
∑

n

(ã, ψn)ψn(x) =
∑

n

λn(ã, ψn)ψn(x) + fu(x)ũ.

Forming the scalar product with ψm and using orthonormality gives the expan-
sion coe�cients

(ã, ψm) =
(fu, ψm)
Λ− λm

ũ.

These coe�cients together with the expansion (5.7) can be inserted into Eq. (5.5):

Λũ =

[
−r
ε

∑
n

(fu, ψn)(ja, ψn)
Λ− λm

− 1 + rJu

ε
+K

(
e−Λτ −1

)]
ũ. (5.8)

About the eigenfunction ψn we know that it has n nodes in the interval (0, Lx),
hence especially the higher eigenmodes oscillate very fast within space. There-
fore we will now neglect the higher modes ψn because they oscillate fast whereas
aI(x) and consequently also fu(x) and ja(x) vary slowly in space (cf. Fig. 5.7),
and approximate the sum in Eq. (5.8) by the dominant �rst term corresponding
to ψ0. We obtain the characteristic equation for the eigenvalue Λ:

Λ2 +
(

1 + rJu

ε
− λ0

)
Λ + (λ0 − Λ)K

(
e−Λτ −1

)
− λ0

ε
(1 + rσd) = 0. (5.9)

Here we have introduced the static di�erential conductance at the inhomoge-
neous �xed point taking into account that Λ = 0 for variations ã along the
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Figure 5.7: Spatial pro�les of the inhomogeneous �xed point (aI(x)) and the
partial derivatives of the reaction term (fu(x)) and the local current density
(ja(x)).

steady current-voltage characteristic [Sch01, Ale98] and using the expansion
from Eq. (5.7) with the approximation of the dominant �rst mode again:

σd :=
∂J

∂u

∣∣∣∣
aI,uI

= Ju +
(
ja,

∂a

∂u

)
= Ju +

∑
n

(fu, ψn)
−λ0

ψn

≈ Ju − (ja, ψ0)
(fu, ψ0)
λ0

.

Without control, K = 0, Eq. (5.9) reduces to a characteristic polynomial of
second order, which gives the well-known conditions for stability of a �la-
ment [Ale98],

A :=
1 + rJu

ε
− λ0 > 0,

C := −λ0

ε
(1 + rσd) > 0,

(5.10)

and a Hopf bifurcation on the two-dimensional center manifold occurs if A = 0.
In the presence of the control loop, i. e. K > 0, Eq. (5.9) can be expressed as

Λ2 +AΛ + (B − Λ)K
(
e−Λτ −1

)
+ C = 0 (5.11)

with B := λ0 > 0 (since λ0 > 0 is the only positive eigenvalue and λi < 0 for
i ≥ 1 [Ale98]).
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5.4.2 Properties of the characteristic equation

The parameters A and C can be calculated directly from (5.10). For the
inhomogeneous �xed point λ0 = 1.0281 has been calculated in [Unk02a]. Ju =
−0.1615 can be obtained by using the condition for a Hopf bifurcation (A =
0) in Eq. (5.10). And σd = 0.226 can be estimated from the current-voltage
characteristic shown in Fig. 2.10 on page 29.
This yields A = 0.0447, B = 1.0281 and C = 1.1458. Note that in physical
units the unstable eigenvalue of the voltage-clamped system λ0 = B is approx-
imately equal to the inverse tunneling time 1/τa. With these values we can
solve Eq. (5.11). For K = 0.1 the real and imaginary parts of this solution in
dependence on τ are shown in Fig. 5.8 (red diamonds) together with the results
from the spatially discretized system which we have already seen in Fig. 5.3b+c
(black dots). Obviously they coincide with very good accuracy.
Let us now write Λ = p+ iq with p, q ∈ R and separate Eq. (5.11) into real and
imaginary parts:

Re : p2 − q2 +Ap

+K
[
p−B + (B − p) e−pτ cos(qτ)− q e−pτ sin(qτ)

]
= 0

Im : 2pq +Aq +K
[
q − (B − p) e−pτ sin(qτ)− q e−pτ cos(qτ)

]
= 0 (5.12)

To estimate the maxima of p = Re(Λ) in dependence on the control delay τ , in
order to �nd the �optimal� delay time, we assume p ≈ 0 (but p 6= 0!), K � 1
and use eq. (5.12):

2pq +Aq +Kq −KB sin(qτ)−Kq cos(qτ) = 0

⇔ 2p = K

(
B

q
sin(qτ) + cos(qτ)

)
−A−K

⇔ 2p = K

√(
B

q

)2

+ 1 · cos
(
qτ − arctan

(
B

q

))
−A−K

Hence, p has a maximum if

qτ − arctan
(
B

q

)
= 2πn, n ∈ Z.

Since q = Im(Λ) ≈ 1 in the vicinity of the maxima of p (cf. Fig. 5.8b) and also
B ≈ 1, we get

τ = 2πn+
π

4
.

According to this simple formula, the �rst four maxima of p = Re(Λ) appear at
τ ≈ 0.8, 7.1, 13.4 and 19.6, which is in very good agreement with Fig. 5.8a.
Next, we consider the eigenvalues at larger values of τ , i. e. τ � 1, p ≈ 0, q 6= 0,
in Eq. (5.12):

cos
(
qτ − arctan

(
B

q

))√(
B

q

)2

+ 1 =
A+K

K
. (5.13)
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Figure 5.8: Eigenvalues of the controlled system from Eq. (5.3) for K = 0.1
in dependence on the control delay τ .. The black dots mark the eigenvalues
calculated from the spatially discretized set of ODEs and are the same as in
Fig. 5.3b+c. The red diamonds are determined from the analytical characteristic
equation (5.11) with A = 0.0447, B = 1.0281 and C = 1.1458 (see text).

This, with A ≈ 0 and again B/q ≈ 1, yields

cos
(
qτ − π

4

)
=

1√
2

⇔ qτ − π

4
=
π

4
+ 2πn, n ∈ Z.

Hence we arrive at an estimate for the period T = 2π/q,

T =
4τ

1 + 4n
,

which describes the piecewise linear behavior of the eigenperiods for larger τ
with again very good agreement.



86 Delayed feedback control of stochastic dynamics

Finally we investigate the condition for a Hopf bifurcation (i. e. p = 0, q 6= 0) in
dependence on K. Eq. (5.13) together with B/q ≈ 1 yields

cos
(
qτ − π

4

)
=
A+K

K
√

2
.

If the right hand side is larger than unity no solution exists and thus no Hopf
bifurcation and no instability of the �xed point can occur:

A+K

K
√

2
> 1 ⇔ K <

A√
2− 1

≈ 0.1. (5.14)

This determines a lower bound for the maximum control strength which we are
not allowed to exceed as long as we do not want to lose the original stability
of the �xed point. This maximum is perfectly con�rmed in Fig. 5.9 where the
regime is plotted, in which the inhomogeneous �xed point remains stable under
the in�uence of the control term.
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Figure 5.9: Stability regime in the τ -K-plane of the deterministic system (5.1),
Du = Da = 0. The area below the curve marks the regime within which the
inhomogeneous �xed point is still stable under the in�uence of the control loop.
Within the upper regime the �xed point is unstable. The shaded (cyan) area
is calculated from the space discretized system of ODEs, whereas the red curve
is calculated from the analytical characteristic equation (5.11). The dotted line
corresponds to the upper bound of K given in eq. (5.14).

Here one can see the very good match between the stability regime calculated
on the one hand from the space discretized system of ODEs (shaded area) and
on the other hand from our general characteristic equation (5.11) (red curve).
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Figure 5.10: Fourier power spectral density of the dynamical variable u(t). The
black curves from the simulation of the system (5.1) are the same as in Fig. 5.4 on
page 77. The red curves are calculated from Eq. (5.16) and normalized with
respect to the highest peak of the corresponding numerical curve. The curves
for the di�erent values of τ are shifted vertically for clarity.

5.4.3 Analytical estimation of the Fourier power spectral

density

An analytical estimation of the power spectral density is available along the same
lines as in [Sch05a]. Namely, we can approximate the noise-induced oscillations
of u using the linearized dynamical equation (with e�ective noise intensity D′ �
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1) which corresponds to the characteristic equation (5.11).

∂2u(t)
∂t2

+A
∂u(t)
∂t

+BK (u(t− τ)− u(t))

−K

(
∂u(t− τ)

∂t
− ∂u(t)

∂t

)
+ Cu(t) = D′ξ(t) (5.15)

Applying a Fourier transform to Eq. (5.15) yields

−ω2û− iAωû+ (B + iω)Kû
(
eiωτ −1

)
+ Cû = D′ξ̂(ω),

where û(ω) is the Fourier image of u(t). Then we obtain the power spectral
density

Suu(ω) =
D′2

2π

[(
−ω2 + C +KB (cos(ωτ)− 1)− ωK sin(ωτ)

)2
+(KB sin(ωτ) + ωK (cos(ωτ)− 1)− ωA)2

]−1

. (5.16)

In Fig. 5.10 on the page before the curves of Suu(2πf) are plotted for the values τ
corresponding to the numerically obtained spectra from Fig. 5.4 on page 77. As
one can see, the analytical curves agree very well with the numerically estimated
power spectra.

5.5 Delay-induced oscillatory patterns

So far we have kept the control amplitude �xed and varied the control delay
τ . But as we have already seen in Fig. 5.9 on page 86 the control force can
in principle change the deterministic behavior of the system. This is shown in
Fig. 5.11. One can see that the spatially inhomogenous �xed point undergoes
a Hopf bifurcation around K = 0.5 for τ = 5. For τ = 7 another eigenvalue
becomes positive already at K ≈ 0.1. Thus for a given τ and su�ciently high
K the control loop changes the deterministic dynamics of our system: The
previously stable �xed point exhibits a Hopf bifurcation, becomes unstable, and
a stable periodic spatio-temporal pattern is induced in the system by the control
loop.
To illustrate this we use the same type of �gures we have already seen in
Sec. 2.3 on page 28 where we have varied the bifurcation parameter ε in the
uncontrolled deterministic system. Now we keep ε = 6.2 still �xed and increase
the control strength K as a bifurcation parameter above the critical value of
K = 0.1 at �xed τ = 7: For K = 0.2 slightly above this Hopf bifurcation point
the system develops into an inhomogeneous breathing oscillation around the
previously stable inhomogeneous steady state (Fig. 5.12).
With increasing K, between K ≈ 0.44 and K ≈ 0.45, the shape of this induced
periodic breathing pattern changes into a spatio-temporal spiking pattern. In
Fig. 5.13 the inhomogeneous period-1 limit cycle is still stable for K = 0.43.
For slightly larger K = 0.44 the cycles around the inhomogeneous �xed point
resemble a torus and the space-time dynamics looks like quasiperiodic breathing
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Figure 5.11: Real parts of the eigenvalues Λi of the linearized deterministic
system (5.3) in dependence of the control strengthK with a) τ = 5 and b) τ = 7.
The arrows mark Hopf bifurcations.

(Fig. 5.14) and after that a transition from breathing to spiking patterns takes
place. In the case of K = 0.46, shown in Fig. 5.15, the dynamics resembles a
stable periodic spiking between spatially homogeneous states and spatially inho-
mogeneous ones. This spiking limit cycle becomes more and more pronounced
(K = 1.0 in Fig. 5.16).
With K increasing above K ≈ 2 the trajectories become attracted very slowly
by the manifold of spatially homogeneous states. And once the system reaches a
completely homogeneous state, the homogeneous steady state ('H' in Fig. 2.10)
is stable in absence of any spatially inhomogeneous �uctuations. In Fig. 5.17
one can see two trajectories which started at the same initial condition. The
black curve corresponds to K = 2.1 and still resembles the periodic spiking
motion. The red curve on the other hand belongs to K = 2.13 and approaches
the homogeneous �xed point after just three large spiking excursions through
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Figure 5.12: Delay-induced periodic inhomogeneous breathing pattern in the
deterministic controlled system (5.1) with K = 0.2, τ = 7. a) Trajectory in the
u-J-projection of the phase space (solid, black), null isoclines as in Fig. 2.10 on
page 29. b) Temporal evolution of the spatial pro�le of the charge carrier density
distribution a(x, t). c) Time series of the dynamical variable u(t). Parameters
as in Fig. 5.1. Du = Da = 0, other parameters as in Fig. 5.1.

the phase space. The bifurcation which occurs abruptly between these two
values is still not clear∗, but there is some possibility that this might be a global
homoclinic bifurcation (blue-sky catastrophe [Sch01]), where a saddle point (in
this case the homogeneous �xed point 'H') collides with the spiking limit cycle,
since the limit cycle disappears with large amplitude.
However, for further increasing control strength K also this homogeneous �xed
point undergoes a Hopf bifurcation and the system dynamics becomes again
periodic, this time resembling spatially homogeneously oscillating patterns (cf.
Fig. 5.18). For su�ciently large control strength even chaotic behaviour can be
induced by the delay term. This is shown in Fig. 5.19 for K = 3.7 which depicts
a chaotic but spatially homogeneous pattern, resembling Shilnikov chaos.
Finally, like for Fig. 2.14 on page 32, we have collected the local maxima and
minima of the dynamical variable u(t) with �xed ε = 6.2 and varying 0 < K <
4. The corresponding bifurcation diagram in Fig. 5.20 on page 95 visualizes
all the di�erent scenarios we have discussed above. The parameter regimes
for spatiotemporal breathing, spiking and homogeneous patterns are colored in

∗Due to the very long transients, which occur in this situation, it is not easy to deter-
mine the exact value of K at which this bifurcation occurs and to investigate the oscillation
frequency in dependency on the distance from the bifurcation point.
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Figure 5.13: Delay-induced periodic inhomogeneous breathing pattern. Same
as Fig. 5.12 with K = 0.43, τ = 7.
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Figure 5.14: Torus-like breathing pattern close to the transition from breath-
ing to spiking. Same as Fig. 5.12 with K = 0.44, τ = 7.
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Figure 5.15: Delay-induced periodic spiking pattern. Same as Fig. 5.12 with
K = 0.46, τ = 7.
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Figure 5.16: Delay-induced periodic spiking pattern. Same as Fig. 5.12 with
K = 1.0, τ = 7.
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Figure 5.17: Transition from spiking to homogeneous steady state. a) Two
trajectories for K = 2.1 (black curve) and K = 2.13 (red curve) and τ =
7 in the u-J-projection of the phase space (solid, black), null isoclines as in
Fig. 2.10. b) Temporal evolution of the spatial pro�le of the charge carrier
density distribution a(x, t) corresponding to the red curve from a). c) Time
series of the dynamical variable u(t) according to the two trajectories forK = 2.1
(black) and K = 2.13 (red).

green, yellow and blue, respectively.

5.6 Summary

In this chapter we have investigated the e�ect of a time-delayed feedback control
loop upon the complex spatio-temporal behavior of the double barrier resonant
tunneling diode just below the Hopf bifurcation point under the in�uence of
Gaussian white noise.
It was shown that delayed feedback can be used to manipulate essential char-
acteristics of the noise-induced spatio-temporal dynamics in the DBRT model.
One can deliberately adjust the timescale of oscillatory patterns, and thus adjust
the frequency of the device by variation of the time delay. Moreover, depend-
ing on the choice of the feedback parameters one can also e�ectively control
the temporal coherence of spatio-temporal dynamics. It is possible to either
enhance or destroy it. Increase of coherence can be achieved up to a reasonably
large intensity of noise. However, the e�ciency of the control upon the temporal
coherence decreases as the level of noise grows.
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Figure 5.18: Delay-induced periodic homogeneous breathing pattern. Same
as Fig. 5.12 with K = 3.0, τ = 7.
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Figure 5.19: Delay-induced chaotic spiking. Same as Fig. 5.12 with K = 3.7,
τ = 7.
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Figure 5.20: Bifurcation diagram with respect to variation of the control
strength K. Local maxima and minima of the dynamical variable u(t) in
the deterministic system (5.1) have been collected over a long time period
(Tscan = 5000, after appropriate transient times Ttrans = 5000 in most cases,
but up to Ttrans = 50000 in the vicinity of the bifurcations) in dependence
of the system parameter K. The colors mark the regimes of spatiotemporal
breathing (green), spiking (yellow) and spatially homogeneous patterns (blue).
Parameters τ = 7, Du = Da = 0, u0 = −84.2895, r = −35, ε = 6.2.

Both dependencies, coherence and timescale vs. the time delay τ , demonstrate
an oscillatory character, which can be explained by oscillations of the real and
imaginary parts of the eigenvalues of the linearized system at the inhomogeneous
�xed point.
In some sense, the noise excites the least stable eigenmode: the less stable an
eigenmode is, the greater is the coherence of the corresponding oscillations. Con-
sequently the most coherent timescale corresponds to values of τ , for which the
real parts of the eigenvalues attain a maximum. Analogously, the dependence
of the timescale vs. τ that just reproduces the piecewise linear character of the
inverse imaginary part of the eigenvalues as τ changes. If the noise intensity
increases, the phase trajectory spends more time in the vicinity of the second
(homogeneous but unstable) �xed point. The timescales of the noise-induced
motion then become in�uenced by the local stability properties of this �xed
point.
We were able to explain the e�ects of the delayed feedback in terms of a linear
stability analysis and derived the general form of the characteristic equation
for this spatially extended system close but below the Hopf bifurcation. The
properties of this characteristic equations con�rm very nicely all the observations
from our numerical simulations.
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For larger K the time-delayed feedback changes the deterministic behaviour of
the system and induces a Hopf bifurcation of the otherwise stable inhomoge-
neous �xed point. That gives rise to deterministic periodic and chaotic oscil-
lations, whose spatial properties are determined by the values of K: the larger
the K, the more homogeneous the oscillations appear.
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Summary

What has been done

In this work we have investigated complex lateral spatiotemporal dynamics in
a spatially extended semiconductor system, namely the double barrier resonant
tunneling diode (DBRT), under the in�uence of noise and time-delayed feedback.
This system is modeled by a well-known set of partial di�erential equations of
reaction-di�usion type determining the dynamics of an activator-variable, the
charge carrier density within the quantum well depending on time and space,
and an inhibitor-variable, the voltage drop across the device depending only
on time. This is a model which does not only describe charge transport in this
particular semiconductor device but can be seen as representative for the general
class of globally coupled reaction-di�usion systems with �nite boundaries. The
main questions this work was supposed to answer were the following:

1. How does noise a�ect this system which without perturbation would sim-
ply rest in a spatially inhomogeneous steady state?

2. Can time delayed feedback be used to control the resulting noise induced
dynamics like it has already successfully been used to control deterministic
chaotic oscillations in the very same system on the one hand and also noise
induced oscillations in simple, non-space-dependent generic systems on the
other hand?

In a �rst step we have studied the deterministic dynamics and stability proper-
ties of this dynamical system for either one and two spatial degrees of freedom.
Once we achieved an overview over all the possible dynamical scenarios and
understood the e�ects of the di�erent system parameters upon the behavior
of the system we have singled out a particular setting for the subsequent in-
vestigations. In this particular situation the system provides a stable steady
state corresponding to a current �lament, i. e. a con�guration with a spatially
inhomogeneous charge carrier distribution (dash-dotted curve in Fig. 2.11 on
page 29). Further on, the system parameters are chosen in such a way that this
�lamentary steady state is indeed stable but also close to a Hopf bifurcation
(ε = 6.2 < εHopf = 6.4, see Fig. 2.13 on page 31). In addition to this, a sec-
ond �xed point, corresponding to a saddle with homogeneous spatial pro�le is
located in the vicinity of the stable �xed point (Fig. 2.10 on page 29).
In the second step we have introduced two noise sources into the model equa-
tions (Eq. (3.1) on page 48) to re�ect either small spatially inhomogeneous
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�uctuations in the charge carrier density, or arbitrarily chosen �uctuations in
the voltage across the device. The �rst are due to the stochastic nature of the
tunneling process (shot noise) and cannot be easily suppressed or in�uenced
in real devices. Therefore we kept the intensity of this noise source �xed in
all the following numerical simulations. The second noise source comes from
the attached circuit and is in principle accessible and to a large extent tun-
able. Now we have analyzed the dynamics of the system under the in�uence
of noise in dependence of the strength of the external noise source. In order to
characterize the oscillations the system exhibits under the in�uence of noise we
have calculated the Fourier spectral power density of the corresponding time
series and order parameters for either spatial homogeneity and temporal coher-
ence, namely the absolute spatial variation and the correlation time (Eqs. (3.9)
and (3.11) on page 54).
Step three consisted of the introduction of the time delayed feedback concept
and a short review of its successful application in order to control deterministic
chaotic oscillations in the DBRT with various feedback schemes. For our next
aim, which was to control the formerly observed noise induced oscillations we
have chosen the feedback scheme most suitable for real device applications, i. e.
the measurement of only the voltage across the device and delayed feedback into
the same variable (Eq. (4.8) on page 71).
In step four we have applied this control scheme to our set of stochastic di�er-
ential equations describing the dynamics in the DBRT under the in�uence of
noise (Eq. (5.1) on page 74). We have investigated the temporal coherence (cor-
relation time) and the time scales (peaks in the Fourier power spectral density)
of the noise induced oscillations in dependence of the delay time of the feed-
back. In order to explain the observed behavior we have �rst also calculated
the eigenvalues of the spatially discretized deterministic system linearized at the
inhomogeneous �xed point, and second analytically derived a general form of
the characteristic equation. At last we have checked the in�uence of the control
loop upon the deterministic properties of the original system, namely whether or
not the additional control term changes the original stability properties and/or
induces new types of deterministic behavior.

Main results

The following list summarizes the main results of this work. The �rst two items
and parts of the third item in this list have been known before [Bos00, Mei00a,
Sch01, Sch02, Unk02b, Rod03] and provided the base on which this work was
built. The rest of the list states the results which we have produced during this
work, parts of them have been published in [Ste05, Sch05c, Ste06].

1. The nonlinear reaction-di�usion model of the DBRT exhibits a Z-shaped
current-voltage characteristic and therefore provides intrinsic bistability
between di�erent high and low conducting states (Fig. 2.3 on page 20).

2. If the lateral dimensions of the device are large enough, spatially inhomo-
geneous charge carrier density pro�les can develop (Fig. 2.6 on page 23).
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3. Depending on the concrete values of the system parameters various com-
plex spatiotemporal dynamical scenarios can be observed. For example,
spatially inhomogeneous steady states (Fig. 2.12 on page 30), periodic and
chaotic breathing (Figs. 2.16 and 2.17 on page 34) or spiking (Figs. 2.18
and 2.19) has been found. It was shown that the parameter ε which sep-
arates the timescales of the two dynamical variables plays the important
role of the bifurcation parameter and essentially determines the dynamical
scenario (Fig. 2.14 on page 32 and Fig. 2.23 on page 39).

4. If the system is prepared in the particular setting of a deterministically
stable �lamentary state close to its Hopf bifurcation the addition of small
noise in the voltage variable induces small oscillations around this spatially
inhomogeneous �xed point (Fig. 3.1 on page 55).

5. With increasing noise intensity the oscillations become more and more
irregular in time but simultaneously the spatial charge carrier density
pro�le is driven more and more homogeneous (Fig. 3.5 on page 59).

6. For a particular �intermediate� value of the noise intensity the mixing
between spatially homogeneous and inhomogeneous states reaches a max-
imum (Fig. 3.8 on page 62).

7. With use of the time delayed feedback loop the temporal coherence of the
noise induced oscillations can be enhanced or reduced depending on the
choice of the delay time (Figs. 5.1 and 5.2 on page 75).

8. For small noise intensity the maxima of the correlation time in dependence
on the delay time correspond to maxima of the real parts of the eigenvalues
of the linearized system (Fig. 5.3 on page 76). That is to say, the noise
excites the �least stable� eigenmode and the frequency of the noise induced
oscillations follows exactly the corresponding eigenfrequency (Fig. 5.3 on
page 76c).

9. Although for larger noise intensity the time delayed feedback shows no
e�ect upon the correlation time of the noise induced oscillations their main
frequency follows the eigenperiods of the reduced, homogeneous system,
linearized at the homogeneous �xed point (Fig. 5.6 on page 78).

10. Linearizing the complex partial di�erential equations around the spatially
inhomogeneous steady state, we have derived a rather simple general form
of the characteristic eigenvalue equation (Eq. (5.11) on page 83). This
enabled us to explain the oscillatory behavior as well of the coherence as
of the time scale by oscillations of the real and imaginary parts of the
eigenvalues in very precise agreement to the numerical results (Fig. 5.8 on
page 85).

11. Depending on the control strength K the deterministic properties of the
system can change. In our particular case of the stable inhomogeneous
�xed point the very same can become unstable via a Hopf bifurcation
(Fig. 5.11 on page 89) and di�erent delay-induced periodic and even
chaotic spatiotemporal patterns can be observed (Figs. 5.12 to 5.20 on
page 95).
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General conclusions

In this work it was shown that the spatially extended system of the DBRT,
prepared in a stable spatially inhomogeneous �lamentary state close to a Hopf
bifurcation, exhibits quite coherent and spatially inhomogeneous oscillations
under the in�uence of weak noise in the voltage variable. But although this
noise in the voltage has only a global and no space-dependent in�uence upon
the dynamics in the DBRT increasing noise intensity naturally decreases the
temporal coherence of the noise induced motion but counter-intuitively leads to
spatial ordering of the lateral charge carrier density distribution.
The method of time delayed feedback can be used manipulate the temporal
coherence of the noise induced dynamics, either to enhance it or to reduce it.
This is because the noise excites the least stable eigenmode, i. e. the one whose
corresponding eigenvalues real part is closest to zero, the resulting oscillations
inherit its frequency (imaginary part) and the weaker its stability is, the better
is the coherence of the oscillations.
We have further shown that the eigenvalues of the complex partial di�eren-
tial equations with delay in the vicinity of the spatially inhomogeneous steady
state can be expressed by a comparably simple characteristic equation. The
oscillatory character of these eigenvalues real and imaginary parts explains the
dependence of the correlation time and the timescales on the delay time τ .
At last we have seen that one should be aware of the fact that the application
of time delayed feedback to a nonlinear system can signi�cantly change already
its deterministic properties. In case of our DBRT model we have shown that
increasing the control amplitude over a certain limit (which can be estimated
from the characteristic equation) can render the formerly stable �xed point
deterministically unstable by a delay induced Hopf bifurcation. With further
growing control strength again all kinds of complex spatiotemporal pattern for-
mation can then be seen like under appropriate parameter con�gurations for
the deterministic and uncontrolled model of the DBRT.

What remains to be done

With respect to the deterministic properties of the DBRT model a more ex-
tensive research of the dynamical scenarios with two spatial degress of freedom
would be interesting (cf. Sec. 2.4). Particularly with regard to the undamped
increase of available computing power it is possible to simulate devices with
larger lateral lengths.
As to time delayed feedback control of the deterministic system it might be in-
teresting to see whether the feedback loop can be used to stabilize the unstable
steady state in the middle between the high and low conducting homogeneous
steady states (cf. Fig. 2.4) in the case of a loadline with negative slope as pro-
posed, e. g., in [Cha98, Höv05].
Regarding the main topic of this work, namely, the application of time delayed
feedback in order to control noise induced dynamics, it remains open to in-
vestigate the e�ect of the extended delayed feedback scheme with a memory
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parameter R > 0 (cf. Sec. 4.1) as it has been studied recently in the context of
the Van der Pol oscillator [Pom06b].
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Appendix A

Numerical integration of the

model equations

All the numerical simulations of the model equations (1.17), (3.1), and (5.1)
in this work have been done using a Forward-Euler algorithm involving the
discretization of the continuous time and space variables.
The original model equations (1.17) are a couple of partial di�erential equations
for the dynamical variables a(x, y, t) and u(t),

∂a

∂t
= ∇ · (D(a)∇a) + f(a, u), (A.1)

∂u

∂t
=

1
ε

(u0 − u− rJ(a, u)) , (A.2)
with the ∇ for two dimensions given in Eq. (1.18) and the homogeneous Neu-
mann boundary conditions from Eq. (1.16).

A.1 Discretization of space

The lateral lengths of the device, Lx and Ly, are split into Nx ∈ N and Ny ∈ N
intervals of length

∆x :=
Lx

Nx
and ∆y :=

Ly

Ny

around supporting points
xi :=

(
i− 1

2

)
∆x, i ∈ {1, . . . , Nx},

yj :=
(
i− 1

2

)
∆y, j ∈ {1, . . . , Ny}.

With this spatial discretization the dynamical variable a(x, y, t), depending on
either space and time, is replaced by NxNy variables

a(i, j, t) := a(xi, yi, t)
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depending only on time.
Considering the following approximation of the spatial derivative,

∂

∂x
a(xi, yj , t) ≈

a(xi+ 1
2
, yj , t)− a(xi− 1

2
, yj , t)

∆x

=
a(i+ 1

2 , j, t)− a(i− 1
2 , j, t)

∆x
=: ax(i, j, t)

with

a

(
i+

1
2
, j, t

)
:=

a(i, j, t) + a(i+ 1, j, t)
2

, i ∈ {1, . . . , Nx}

a

(
i− 1

2
, j, t

)
:=

a(i− 1, j, t) + a(i, j, t)
2

, i ∈ {1, . . . , Nx}

(analogously for ∂/∂y) and taking account of the homogeneous Neumann bound-
ary conditions (Eq. (1.16)) by simply introducing

a(0, j, t) := a(1, j, t), j ∈ {1, . . . , Ny},
a(Nx + 1, j, t) := a(Nx, j, t), j ∈ {1, . . . , Ny},

a(i, 0, t) := a(i, 1, t), i ∈ {1, . . . , Nx},
a(i,Ny + 1, t) := a(i,Ny, t), i ∈ {1, . . . , Nx},

(A.3)

one can write down the spatial discretization of the di�usion term from Eq. (A.1):
∇ · (D(a)∇a)

≈ 1
∆x

[
D

(
a
(
i+

1
2
, j, t

))
ax

(
i+

1
2
, j, t

)
−D

(
a
(
i− 1

2
, j, t

))
ax

(
i− 1

2
, j, t

)]
+

1
∆y

[
D

(
a
(
i, j +

1
2
, t
))
ay

(
i, j +

1
2
, t

)
−D

(
a
(
i, j − 1

2
, t
))

ay

(
i, j − 1

2
, t

)]
=

1
∆x2

[
D

(
a(i, j, t) + a(i+ 1, j, t)

2

)
[a(i+ 1, j, t)− a(i, j, t)]

−D

(
a(i− 1, j, t) + a(i, j, t)

2

)
[a(i, j, t)− a(i− 1, j, t)]

]
+

1
∆y2

[
D

(
a(i, j, t) + a(i, j + 1, t)

2

)
[a(i, j + 1, t)− a(i, j, t)]

−D

(
a(i, j − 1, t) + a(i, j, t)

2

)
[a(i, j, t)− a(i, j − 1, t)]

]
=: Dxy(i, j, t), i ∈ {1, . . . , Nx}, j ∈ {1, . . . , Ny}.

It is easy to verify (using the boundary condition (A.3)) that with this dis-
cretization of the di�usion term the required conservation of charge,∫ Ly

0

∫ Lx

0

∇ · (D(a)∇a) dx dy = 0,
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is preserved:
Nx∑
i=1

Ny∑
j=1

Dxy(i, j, t) = 0.

Finally, the total charge carrier density J from Eq. (A.2) is approximated by

J(a, u, t) =
1

LxLy

∫ Lx

0

∫ Ly

0

j (a(x, y, t), u(t)) dy dx

≈ 1
LxLy

Nx∑
i=0

Ny∑
j=0

j (a(xi, yj , t), u(t))∆x∆y

=
1

NxNy

Nx∑
i=0

Ny∑
j=0

j (a(i, j, t), u(t))

=: Javg(t).

This way we have replaced the two partial di�erential equations (A.1) and (A.2)
by a set of NxNy +1 ordinary di�erential equations for the dynamical variables
a(i, j) and u:

∂a(i, j, t)
∂t

= Dxy(i, j, t) + f (a(i, j, t), u(t)) ,

∂u(t)
∂t

=
1
ε

(u0 − u(t)− rJavg(t)) .
(A.4)

A.2 Discretization of time

In order to perform the actual numerical integration of the set of ordinary
di�erential equations (A.4) we use a time interval ∆t > 0 and replace the time
t in the dynamical variables a(i, j, t) and u(t) by the discrete time step counter
n ∈ N0:

an(i, j) := a(i, j, n∆t),
un := u(n∆t),

Dn
xy(i, j) := Dxy(i, j, n∆t),

Jn
avg :=

1
NxNy

Nx∑
i=0

Ny∑
j=0

j (an(i, j), u(t)) ,

for all i ∈ {1, . . . , Nx}, j ∈ {1, . . . , Ny}.

Once a concrete initial condition a0(i, j) and u0 is provided, the numerical
integration of the di�erential equations (A.4) can be performed as

an+1(i, j) := an(i, j) +
[
Dn

xy(i, j) + f (an(i, j), un)
]
∆t,

un+1 := un +
1
ε

[
u0 − un − rJn

avg
]
∆t,

for all n ∈ N0, i ∈ {1, . . . , Nx}, j ∈ {1, . . . , Ny}.

(A.5)
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A.3 Integration with time delayed feedback

The extension of the numerical integration according to Eq. (A.5) with respect
to the time delayed feedback introduced in chapter 4 is straight forward.
Due to the convenient recursive representation of the delayed feedback force F
from Eq. (4.3) it is only necessary to keep the data of Nτ := τ/∆t integration
steps in the memory in order to compute the next iteration.
The discrete representations of the three di�erent control forces Flocal, Fglobal,
Fvoltage according to Eqs. (4.5), (4.6), and (4.7) read:

Fn
local(i, j) := an(i, j)− an−Nτ (i, j) +RFn−Nτ

local (i, j),

Fn
global :=

1
NxNy

Nx∑
i=0

Ny∑
j=0

an(i, j)− an−Nτ (i, j)

+RFn−Nτ

global ,

Fn
voltage := un − un−Nτ +RFn−Nτ

voltage,

for all n ∈ N0, i ∈ {1, . . . , Nx}, j ∈ {1, . . . , Ny}.

Choosing any feedback scheme Fa ∈ {0, Flocal, Fglobal} and Fu ∈ {0, Fvoltage} the
delayed feedback can be added to the Forward-Euler integration from Eq. (A.5):

an+1(i, j) := an(i, j) +
[
Dn

xy(i, j) + f (an(i, j), un)−KFn
a (i, j)

]
∆t,

un+1 := un +
(

1
ε

[
u0 − un − rJn

avg
]
−KFn

u

)
∆t,

for all n ∈ N0, i ∈ {1, . . . , Nx}, j ∈ {1, . . . , Ny}.

(A.6)

A.4 Parameters of the numerical integration

A discussion of the stability and consistency of the numerical integration de-
scribed above in dependence on the discretization step sizes ∆x, ∆y, and ∆t is
given in [Unk02a]. Taking into account these considerations we use the values
of

∆x = ∆y = 1 and ∆t = 0.001

throughout this work.
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