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Abstract

In order to apply model-based neurofeedback methods for the regulation of brain rhythms, an ap-
propriate biomagnetic inverse routine has been developed. This technique has been implemented
in a realtime system which processes magnetoencephalography (MEG) signals for the feedback.
Linear and nonlinear delayed feedback protocols have been investigated in an MEG experiment
with visual stimulation. The superposition of neural activity from different brain areas in the
feedback signal is unavoidable in MEG. The influence of this MEG characteristic on nonlinear
delayed feedback has been studied in a model of interacting neural ensembles.
A benchmark of common distributed source models for the reconstruction of the current density
distribution in the brain from MEG data has been performed. For this, the reconstruction of single
and multiple current dipoles has been simulated varying their position and orientation across the
source space. The presence of detector noise has been taken into account. With respect to real-
time applications a weighted Minimum Norm method called GaussMN, which has been tested
here against other state-of-the-art algorithms for the first time, showed the best accuracy. A useful
regularization routine has been developed.
A spatial filter system has been produced to reduce the cross-contamination from different brain
regions in the reconstructed current densities. In numerical simulations it exhibited a significantly
better performance than alternative techniques.
A nonlinear delayed feedback method recently proposed for the regulation of brain rhythms is in-
vestigated in interacting ensembles of coupled limit cycle oscillators. With respect to the desyn-
chronization and decoupling of two interacting populations, an adequate mixing of their mean
fields for the calculation of the stimulation signal leads to an enhanced effect. This is explained
by studying the induced phase shift between the synchronized mean fields. A modeling approach
for an analytical understanding is given.
The realtime current density reconstruction is verified in phantom experiments. An MEG ex-
periment applying visual delayed neurofeedback in a healthy subject has been performed. The
nonlinear delayed feedback method shows a strong suppression of a brain rhythm in this proof of
principle. Using more localized brain activity for the feedback signal enhances the effect.
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Zusammenfassung

Um modellbasierte Rückkoppelungsmethoden zur Regelung von Hirnrhythmen anzuwenden,
wurde eine geeignete biomagnetische Inversmethode entwickelt. Diese Routine wurde in einem
Echtzeit-System implementiert, welches die rückgekoppelten Signale auf der Grundlage von
Magnetenzephalographie (MEG) Daten berechnet. Lineare und nichtlineare zeitverzögerte
Rückkoppelungsprotokolle sind in einem MEG Experiment mit visueller Stimulation untersucht
worden. Die Überlagerung von neuronaler Aktivität aus unterschiedlichen Gehirnregionen in dem
rückgekoppelten Signal ist bei Verwendung der Magnetenzephalographie unvermeidbar. Der Ein-
fluss dieser MEG Charakteristik auf nichtlineare zeitverzögerte Rückkoppelung wurde in einem
Modell interagierender neuronaler Populationen studiert.
Ein Vergleichstest bekannter Verteilte-Quellen-Modelle zur Rekonstruktion der zerebralen
Stromdichteverteilung aus MEG Signalen wurde durchgeführt. Hierfür wurde unter Variierung
ihrer Position und Orientierung die Rekonstruktion von Stromdipolen simuliert. Der Einfluss von
Detektorrauschen wurde in den Simulationen berücksichtigt. Bezüglich Echtzeit-Anwendungen
zeigte eine gewichtete Minimum-Norm Methode namens GaussMN, die in dieser Arbeit zum
ersten Mal mit anderen üblichen Algorithmen verglichen wurde, die höchste Genauigkeit. Eine
geeignete Regularisierungsprozedur wurde erstellt.
Ein räumlicher Filter zur Reduzierung der Überlagerung von Signalen aus unterschiedlichen
Hirnregionen in den rekonstruierten Stromdichten wurde entwickelt. In numerischen Simula-
tionen zeigte diese Methode eine signifikant bessere Güte als alternative Verfahren.
Ein nichtlineares zeitverzögertes Rückkoppelungsprotokoll, das kürzlich zur Regelung von Hirn-
rhythmen vorgeschlagen wurde, ist in interagierenden Ensembles gekoppelter Oszillatoren theo-
retisch studiert worden. Bezüglich der Desynchronisation und Entkoppelung zweier interagieren-
der Populationen, führt eine adäquate Überlagerung ihrer Felder zur Berechnung des Stimulation-
ssignals zu einem verstärkten Effekt. Dieser kann mit Hilfe der relativen Phasenlage der synchro-
nisierten Felder erklärt werden. Ein Modellierungsansatz auf dem Weg zu einem analytischen
Verständnis ist gegeben.
Die Rekonstruktion der Stromdichteverteilung in Echtzeit wurde mit Hilfe von Messungen an
einem Phantom validiert. Ein MEG Experiment unter Verwendung von visuellen zeitverzögerten
Rückkoppelungsverfahren wurde an einem gesunden Probanden durchgeführt. Die nichtlineare
zeitverzögerte Rückkoppelungsmethode zeigte eine starke Suppression eines Hirnrhythmus. Die
Verwendung räumlich lokalisierter Hirnaktivität für das rückgekoppelte Signal steigert diesen
Effekt.
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Chapter 1

Introduction

Several neurological diseases have in common an abnormal synchronized activity of nerve cells
in the brain [TRW+98, Tas03, ADTG+04]. In order to study brain processes, different techniques
are used [OJLSH95]. Functional imaging techniques like Positron Emission Tomography (PET),
which delivers information about the distribution of radioactively labeled organic molecules, and
functional Magnetic Resonance Tomography (fMRT) detecting blood oxygenation level depen-
dent changes exhibit spatial resolutions as high as 1 mm. The temporal resolution however is
limited to approximately 1 s [BML01].
Complementary non-invasive methods which provide direct information of neural activity are
given by electroencephalography (EEG) measuring electrical potential differences and magne-
toencephalography (MEG) detecting the magnetic field around the head. The temporal resolution
for EEG as well as for MEG is in the millisecond regime. However, the accuracy in localizing
the current sources in the brain, which generate the measured signals, is restricted. In MEG the
estimated current source distribution is less sensitive to spatial conductivity gradients in the brain
tissue [HHR+93], which are very difficult to determine. Therefore, concerning the accuracy of
the reconstruction MEG is favored versus EEG.
Due to its excellent temporal resolution, MEG is useful for the investigation of synchroniza-
tion processes in the brain [TFD+03]. An online tomography of the current density distribution,
which provides spatial information about brain activity as accurate as possible, would be of great
practical use for experiments in neuroscience and clinical applications. Such a three-dimensional
tomography should display the reconstructed current density distribution with respect to the entire
source space with a latency of the order of a second after measuring the magnetic fluxes, which
is called online in this work. The reconstruction should moreover be updated several times per
second. Several reconstruction methods are proposed (see [BML01] for a review), but a quanti-
fied comparison of techniques applied to MEG which takes into account realistic detector noise
is lacking.
Feedback of brain activity is used for the training of brain computer interfaces (BCI) (see
e.g. [LSH+05]). The principal application of a BCI is as a form of neural prosthesis for
people suffering from severe paralyzing conditions. Biofeedback (or neurofeedback) protocols
are also applied in behavioral medicine (see e.g. [LHR96, Lub97, Swi96, Tho02]). The pa-
tient may acquire an enhanced awareness of the brain processes which underly the disease
and learn how to shape them in a desired direction. For these techniques the subject has to
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be able and to be willing to control specific brain functions. For the therapy of pathologi-
cal brain rhythms, novel demand controlled as well as feedback methods have been proposed
[Tas01b, Tas01c, Tas01a, Tas02, Tas03, RP04b, PHT05b, THP06]. In contrast to common neu-
rofeedback techniques, these methods are based on physical models of the involved neural en-
sembles. Therefore these protocols work in an automatized manner in the sense that they do
not require the active participation of the subject. Especially the recently introduced nonlinear
delayed feedback protocol [PHT05b, PHT05a, PHT06a, THP06] shows a very robust behavior
concerning the suppression of rhythms in models of coupled neural oscillators.
To apply such feedback of activity from selective brain regions, several ingredients are necessary.
Approaches from different branches of physics are required. First, a reconstruction method is
necessary which delivers information about the current density distribution in realtime. In this
work a reconstruction is considered as being calculated in realtime, if there is a fixed latency as
short as possible between measuring the magnetic fluxes and delivering the reconstructed current
densities. Moreover the large sampling rate of the MEG and the EEG in the range of kHz should
be conserved such that, current density information is available with a sufficiently large temporal
resolution. Such a realtime system should also exploit the superior spatial resolution of MEG
compared to EEG. For this challenge the biomagnetic inverse problem has to be studied with
special regard to the realtime demand. Moreover, the cross-contamination from different brain
regions in the reconstructed cerebral currents has to be taken into account. With respect to this
problem the physical modeling of the feedback in neural ensembles has to be extended. Finally,
the neurofeedback protocols of interest have to be verified experimentally.
This manuscript is organized as follows. In chapter 2 an introduction into MEG and especially
into the biomagnetic inverse problem is given. Afterwards a benchmark of reconstruction meth-
ods regarding to realtime applications is presented. In chapter 4 a new spatial filter approach is
introduced. It is compared to present techniques that try to produce more localized reconstructed
current densities with respect to predefined brain regions. In chapter 5 delayed feedback methods
are studied in models of coupled oscillators. A modified nonlinear delayed feedback protocol
is proposed which exhibits an enhanced desynchronization and decoupling of interacting neural
ensembles. This protocol uses constructively the mixing of signals from different brain regions
in the reconstructed current densities. The effect is explained and a modeling approach for an
analytical understanding is presented. Chapter 6 shows a first application of the implemented
realtime MEG system. A healthy subject is visually stimulated with the aid of a linear and a non-
linear delayed neurofeedback protocol, which realizes a regulation of his brain rhythm. Finally,
concluding remarks summarize this work and give an outlook.



Chapter 2

Magnetoencephalography

2.1 Basics

Measuring the magnetic field in a non-invasive manner, i.e. outside the body without energy in-
put, is called magnetoencephalography (MEG) and magnetocardiography (MCG), respectively,
in medical imaging. In MEG the aim is to detect signals which originate from currents flowing in-
side the brain, whereas information about dynamical processes in the heart is of interest in MCG.
The signals to be measured are tiny compared to environmental disturbances. In MEG the or-
der of magnitude of magnetic flux densities which are generated by cerebral currents is 100 fT.
In contrast the earth magnetic field is of the order of 50 μT. In normal buildings the magnetic
field due to cable currents exhibit flux densities of circa 100 μT [D0̈0]. Thus in order to detect
biomagnetic signals, a lot of care has to be taken that noise can be reduced effectively and that
the sensors provide an excellent sensitivity. In practice SQUIDs (Superconducting Quantum In-
terference Devices) are applied for detection. Usually these SQUIDs are helium-cooled with a
working temperature of circa 4 K. If the magnetic flux is coupled into the SQUID via a single coil,
the detector is called magnetometer. In contrast gradiometers measure spatial differences of the
magnetic field instead of the magnetic field itself. A first-order gradiometer e.g. consists of two
stacked coils, which are linked in a way so that the difference of each measured magnetic flux is
coupled into the SQUID. The idea is to reduce spatially homogeneous parts of the magnetic field,
for example given by the earth field, during detection. In general gradiometers provide a noise
reduction but they exhibit a lowered sensitivity with respect to distant biomagnetic generators.
As a further instrument to suppress noise disturbances, MEG measurements are performed in
magnetically shielded rooms. For the shielding, materials with large conductivity values are usu-
ally used to produce strong eddy currents. Even high-temperature superconductors are applied
as a whole-body shielding [MIY92]. An active form of shielding is implemented by coils out-
side the cabin which produce an opposite field with respect to the noise. For this, the magnetic
field of the noise generators is measured by reference coils situated nearby the biomagnetic field
generators. A typical value for the white noise of an MEG system in a shielded room is 300 fT
[Fie00]. Typical fields evoked by brain activity have a strength of roughly 200 fT. In experiments
the signal-to-noise of averaged signals can be improved by an adequate number of trials, i.e. a
number of measurements with the same protocol.
The MEG system BTi MAGNES 2500 WH (please see figure 2.1) installed at the Research Centre
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Jülich exhibits 148 magnetometers in its helmet. The coils are arranged in a uniformly distributed
way with a mean inter-channel distance of 2.9 cm. The shielding of the measurement cabin in

Figure 2.1: Preparation of an MEG experiment in the Research Centre Jülich.The helmet which holds
the magnetometers is put on the volunteer’s head (right picture). During this measurement the subject is
supposed to fulfill arranged tasks with the aid of a small keyboard.

Jülich consists of multiple aluminum layers and layers of ferromagnetic material with high per-
meability.
Which neuronal processes are responsible for the measured magnetic field being evoked by brain
activity? Mainly neurons inside the cortex contribute to these signals. The cortex denotes the
2 − 4 mm thick superficial layer of the brain which is active in many situations like speech pro-
cessing or sensory stimulation.
In figure 2.2 a sketch of a nerve cell from the cortex is shown. Neurons of this kind are called
pyramidal cells due to their characteristically shaped cell body. For a single cell a signal, which
is coupled into the neuron by synapses, can be defined as time-dependent voltages between the
inner and outer of the cell membrane (membrane potentials). These signals are received at the
dendrites, which refer to the expanded cell branches. The branches extending from the tip of the
cell body are called apical dendrites, the side dendrites are called basal. The dendrites exhibit a
mean thickness of 1 μm and are branched much more complex than shown in the sketch.
The signals detected by the neuron propagate along the dendrites to the cell body where they can
induce action potentials. These output signals of the cell spread out along the axon where they
can serve as input signals for other neurons.
Membrane potentials which differ from their resting values due to signal transmission evoke elec-
trical currents flowing inside the cell, through the cell membrane and moreover in the conducting
medium surrounding the neurons. A detectable signal for MEG is produced, if a sufficient number
of such currents with a similar orientation (originating from many dendrites and nerve cells, re-
spectively) superimpose. More sophisticated considerations show that in the cortex mainly over-
laying currents inside the apical dendrites are responsible for MEG signals [EWRKM83]. These
dendrites are arranged perpendicular to the cortex surface. Currents of about 106 active dendrites
have to superimpose in order to produce a detectable signal of a few fT in MEG [EWRKM83].
This corresponds to a cortex section of the order of 100 mm2 which has to be active entirely.
[HHR+93] gives a more detailed description about the theoretical and instrumental background
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Figure 2.2: Sketch of a pyramidal cell (from: [KSJ00])

in MEG.

2.2 Forward problem

In studies on biomagnetism the forward problem stands for the challenge to give a quantitative
description of the evoked magnetic field outside the head, if the underlying current density distri-
bution and the electrical conductivity profile in the brain is given. This challenge has to be solved
before the inverse problem can be tackled.
In solving the forward problem the current density j(�r) at each position �r is usually split into two
contributions [D0̈0]:

j(�r) = jp(�r) + σ(�r)�E(�r) (2.1)

In this equationσ(�r) denotes the electrical conductivity profile in the brain and j p(�r) is the primary
current density distribution which macroscopically (cellular details are not taken into account) de-
scribes the currents inside the neurons. The term σ(�r) �E(�r) stands for the return currents in the
conducting medium surrounding the cells. The dynamics of these currents follow Ohm’s law.
Thus, from a physiological point of view the interest in the cerebral current density distribution
is reduced to the primary current density distribution, because its quantification gives spatial and
temporal information about neural activity. As a further assumption the conductivity profile of the
brain is modeled as spherically symmetric, i.e. σ(�r) = σ(|�r|). Here the origin of the underlying
coordinate system is set to the center of the sphere.
In tomographic views with the aid of other medical imaging techniques, e.g. the functional mag-
netic resonance tomography (fMRT), there is often focal activity in several distinct areas of the
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brain. On a way to an analytical solution, this justifies the simplification that the primary current
density distribution can be described as a discretized superposition of focal sources:

�jp(�r) =
n∑

i=1

�qiδ(�r − �ri) (2.2)

The so called current dipoles �qi (SI-unit: Am) represent the strengths and directions of the point-
like sources at positions �ri [HHR+93]. If it is furthermore assumed that the magnetic permeability
inside the brain is equal to the value of free space μ0, the Sarvas-equation follows which describes
the magnetic field outside the volume conductor in quasi-static approximation of the Maxwell
equations [Sar87, Fie00]:

�B(�r) =
μ0

4π

n∑
i=1

Fi�qi × �ri − (�qi × �ri · �r)∇Fi

F2
i

(2.3)

whereby
Fi = ai(rai + r2 − �ri · �r) (2.4)

and
∇Fi = (r−1a2

i + a−1�a · �r + 2a + 2r)�r − (a + 2r + a−1�a · �r)�ri (2.5)

with �a = �r − �ri, a = |�a| and r = |�r|. This equation enables the calculation of the magnetic field
without explicit knowledge about the conductivity profile σ(r). Please note that according to
equation 2.3 a radial current dipole, i.e. a dipole �qi being parallel to its associated vector �ri, does
not produce a magnetic field outside the volume conductor. Thus, in this model it represents an
example for a silent source which cannot be detected with an MEG sensor outlined above.

2.3 Lead fields

By usage of the Sarvas-equation 2.3 the linear mapping between the predicted magnetic flux mi

in each sensor i and the underlying primary current density distribution j p(�r) can be determined
[HHR+93]. This delivers vector fields �Φi(�r) (lead fields) which describe the sensitivity of each
sensor including its geometry for every source location �r. With knowledge about the lead fields,
the expected detector signals can be determined by integration over the source space S :

mi =

∫
S

�φi(�r) · �jp(�r)d3r (2.6)

Modeling �jp(�r) as a superposition of n current dipoles (equation 2.2) the magnetic fluxes are
obtained by mi =

∑n
k=1
�Φi(�rk)·�qk. If the source space is furthermore discretized into a source space

grid with Ns volume elements, the average primary current density �jp
k in voxel Vk is intertwined

with the current dipole in this voxel by:

�qk = �j
p
kΔVk (2.7)
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With this the interrelation between the magnetic fluxes through the sensors and the primary cur-
rent density distribution can be described in a matrix notation as:

�m = Φ�jp (2.8)

The vector �m (dimension: number of detectors Nd) is built by the fluxes mi in the sensors. Each
current density �jp

k for voxel k gives three components of the vector �jp (dimension: 3 · Ns). Vector
�jp is ordered in blocks for each voxel so that all three spatial components of the current density in
a specific voxel appear directly one after the other, i.e. �jp = (..., jp,x

k , j
p,y
k , j

p,z
k , ...)

T (T: transposed).
The lead field matrix Φ (dimension: Nd × (3 · Ns)) consists of the discretized lead fields of the
detectors times the size of the volume elements. It is defined by the chosen forward model.
In the following the index p in �jp is dropped and current density distribution is used synony-
mously for primary current density distribution, because this is the distribution of interest which
determines the magnetic fluxes.

2.4 Biomagnetic inverse problem

In reconstructing the current density distribution from the measured magnetic field, fundamental
difficulties and approaches for their solution are discussed in the next sections.

2.4.1 Ill-posed problem

The aim of MEG reconstruction methods is to obtain the underlying current density distribution
inside the brain from the measured signals:

�m = Φ�j + �n (2.9)

In this equation the vector �n stands for the noisy contributions that each detector picks up in prac-
tice. The inverse problem means the search for the inverse matrix Φ. Already 1853 Helmholtz
however has been able to prove that it is impossible to reconstruct the current density distribution
inside a 3-dimensional volume conductor from a given field even with an infinite number of de-
tectors outside the conductor [Hel53]. Moreover the number of grid points (center of each volume
element) Ns inside the source space is usually much larger than the number of applied detectors
Nd so that the inverse matrix Φ−1 is not defined irrespectively of the choice of the forward model.
Thus the MEG inverse problem belongs to the class of ill-posed problems [FB05].
What makes things even more difficult is the fact that a singular value decomposition (SVD) of
Φ gives very small singular values, which can result in drastic errors in estimating �j especially in
the presence of detector noise [FB05]. Here a singular value has to be considered as very small, if
after normalization by the largest singular value it is of the same order of magnitude as the applied
floating point number accuracy [PTVF92]. The physical reason for the tiny singular singular val-
ues is given by the large spatial overlap of the lead fields which results in an approximately linear
relationship of rows in matrix Φ [HI94].
The concrete shape of current source configurations which are difficult to reconstruct depends on
the chosen forward model. An example for a source which cannot be detected at all with the
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applied model of a spherically symmetric volume conductor is a radial current dipole. Any num-
ber of such silent sources could be added to a current density distribution �j without changing the
resulting magnetic field �m. Each of these current density distributions would be equivalent with
respect to their evoked MEG signals, if no further assumptions were made.
Accordingly, different a priori assumptions have led to a number of different approaches to find
algorithms which uniquely describe the estimated current source distribution. Beamformer meth-
ods like linearly constrained minimum variance spatial filtering (LCMV [vVvDYS97]) and multi-
ple signal classification [MLL92], which originated from radar and sonar signal processing, filter
activity at each grid position in the source space with the aid of the covariance of the data. This
reconstruction approach assumes that the underlying current densities between different voxels
are uncorrelated . In the Bayesian approach a priori information, e.g. from fMRT, is incorporated
in the reconstruction algorithm favoring specific current source distributions [BML01]. Para-
metric modeling like the spatiotemporal multiple source analysis technique [SvC86] handles the
non-uniqueness of the inverse problem by allowing only a fixed number of active current sources
in order to make the inverse problem overdetermined.
Because of the fact that this number cannot be determined a priori [MML+04], methods that
do not need this assumption have received growing attention [IBC90, HI94, TYY+99, PM99a,
dPMA00a, PM02, MML+04, WFK04, SLRH05]. In these distributed source models the number
of simultaneously active sources is only bound by the number of points in the source space grid.
Due to the underdetermined nature of the biomagnetic inverse problem, algorithms following this
approach produce solutions with relatively low resolution. From the point of view of real-time
applications studied however, distributed source models have the additional advantage of provid-
ing a linear mapping between the measured signals and the estimated current density distributions
under certain circumstances described in chapter 3. This allows a very fast calculation of the cere-
bral currents making it possible to implement a neurofeedback system. In contrast beamformer
algorithms e.g. require information about the covariance of the signals which hinders to estimate
the current density distributions in real-time; Multiple-dipole models require a time-consuming
iterative algorithm in order to find a current dipole configuration which best describes the signals.
The regularization process which all distributed source models have in common will be described
in the next section.

2.4.2 Tikhonov regularization

An obvious measure for the quality of a current density reconstruction �j is the euklidic distance

D(�j) = |�m −Φ�j| (2.10)

between the given signal �m and a simulated signal which is determined by the forward solution
of the reconstructed current density distribution �j. As already explained, this measure on its own
is not sufficient to describe �j uniquely because any current density distribution �jk being situated
in the kernel of matrix Φ could be added to �j without changing the value of D. An additional
criterion for the goodness of the solution is therefore introduced by

Ω(�j) = |L�j| (2.11)
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with a so far arbitrarily chosen weighting matrix L (dimension: Nd×(3·Ns)). It will be specified in
the next chapter. An appropriate matrix L together with an adequate setting of the regularization
parameter α results in a unique description of the estimated current density distribution �j which
has to minimize the weighted sum of D and Ω:

�j = argmin{α|L�j|2 + |�m − Φ�j|2} (2.12)

This minimization ansatz, in finding a unique solution by a tradeoff between criteria 2.10 and
2.12, is the widely used Tikhonov regularization [FB05, PM02, PMML94, TBAVVS04, GA99].
The degree of the tradeoff is tuned via the regularization parameter α. For the minimum it follows:

∂
∂ ji

(α�jT LT L�j + (�m −Φ�j)T (�m −Φ�j)) = 0

⇒ ∂
∂ ji

(α�jT LT L�j + �mT �m − �jTΦT �m − �mTΦ�j + �jTΦTΦ�j) = 0

⇒ ∂
∂ ji

(α
∑3·Ns

k=1 jk(
∑3·Ns

l=1 (LT L)kl jl) − ∂
∂ ji

∑3·Ns
k=1 jk(ΦT �m)k

− ∂
∂ ji

∑Nd
k=1 mk(

∑3·Ns
l=1 Φkl jl) + ∂

∂ ji
(
∑3·Ns

k=1 jk(
∑3·Ns

l=1 (ΦTΦ)kl jl) = 0

⇒ α
∑3·Ns

k,l=1(δik(LT L)kl jl + δil(LT L)kl jk) − (ΦT �m)i −∑Nd

k=1 mkΦki

+
∑3·Ns

k,l=1(δik(ΦTΦ)kl jl + δil(ΦTΦ)kl jk) = 0

⇒ 2α
∑3·Ns

k=1 (LT L)ik jk − 2(ΦT �m)i + 2
∑3·Ns

k=1 (ΦTΦ)ik jk = 0

⇒ 2(αLT L + ΦTΦ)�j = 2ΦT �m

Thus, the current density distribution is determined by

�j = (αLT L + ΦTΦ)−1ΦT �m (2.13)

or equivalently (see appendix A):

�j = (LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1�m (2.14)

Usually formula 2.14 is more useful: The number of components in matrix (Φ(LT L)−1ΦT +α1)−1

in equation 2.14 is significantly smaller than those in the inverse matrix in equation 2.13 (Nd ×Nd

compared to (3 · Ns) × (3 · Ns)). Moreover the inverse matrix (LT L)−1 can be calculated easily, if,
for example, L is a diagonal matrix with diagonal elements unequal to 0.
In the solution for �j with the aid of the Tikhonov regularization the role of α becomes evident: For
α = 0 the approach would reduce to the minimization of D (see equation 2.10) without getting
rid of the difficulties of the ill-posed problem. A regularization parameter α > 0 however in-
creases the range of the matrix which has to be inverted. This is shown explicitly in the following
description of the SVD, which can be used for the calculation of inverse matrices.

2.4.3 Singular value decomposition

The following theorem from linear algebra helps to calculate the inverse of a matrix with dimen-
sion M × N ([PTVF92] [FB05]): Each matrix A whose number of rows M is larger or equal than
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its number of columns N can be written as the product of a matrix U (dimension: M × N) with
orthonormal columns, a diagonal matrix W (dimension: N × N) and a matrix with orthonormal
rows V (dimension: N × N):

A = UWV with UUT = 1 and VVT = 1 (2.15)

This decomposition is unique except for a permutation of the column vectors in matrix U (and
an corresponding permutation of the diagonal elements wi in matrix W and the row vectors in
matrix V , respectively) as well as for a linear combination of column vectors in matrix U (and
corresponding linear combinations of row vectors in V) whose associated diagonal elements in
W are equal. In section 2.4.2 (equation 2.14) the matrix P = C + α1 = Φ(LT L)−1ΦT + α1, which
has to be inverted, is square. In this case it holds V = UT in the SVD of C = UQV [FB05] and
furthermore:

P−1 = (C + α1)−1

⇒ = (UQUT + α1)−1

⇒ = (U(Q + α1)UT )−1

⇒ = U(Q + α1)−1UT

⇒ P−1
i j =

Nd∑
k=1

Uik((Q + α1)−1UT )k j

⇒ =

Nd∑
k=1

Uik

∑
l

(Q + α1)−1
kl UT

l j

⇒ =

Nd∑
k=1

UikUT
k j

qk + α

⇒ =

Nd∑
k=1

UikU jk

qk + α

It is qk ≥ 0 for all k. If the regularization parameter α is chosen larger than 0, the matrix P−1 is
also well-defined in case of qk = 0 for some k. Alternatively to regularization with the aid of the
parameter α, the influence of diagonal elements qi which are 0 or close to 0 (and therefore falsified
due to rounding errors after numerical calculation) can be removed by a restricted summation in
the determination of P−1

i j . For this in

P−1
i j =

Ns∑
k=1

UikU jk

qk + α
(2.16)

the parameter α is set to 0 and the maximal summation index is set to a value k̃ ≤ Nm

[PTVF92][FB05][HI94]. Here the diagonal elements qk are supposed to be ordered descendently.
The truncating parameter k̃ is the regularizing variable in this alternative regularization process.
Thus the components of P−1 are now given by:

P−1
i j =

k̃∑
k=1

UikU jk

qk
(2.17)
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2.4.4 Cross-validation

A method which tries to find an optimal value for α in equation 2.14 with respect to a specific
data vector �m in an automatized way is given by the cross-validation algorithm [PM99a]. The
components mi of �m are given by the outputs of each detector i. The cross-validation error is
defined as

CVE(α) =
1
Nd

Nd∑
i=1

(mi − (Φ�j[i])i)
2 (2.18)

where (Φ�j[i])i is component i of vector Φ�j[i] and

�j[i] = (LTL)−1ΦT
[i](Φ[i](L

TL)−1ΦT
[i] + α1)−1�m[i] (2.19)

with a dimension of 3 × Ns. Matrix Φ[i] (dimension: (Nd − 1) × (3 × Ng)) is obtained from matrix
Φ by removing its ith row and vector �m[i] (dimension: Nd − 1) is �m without component i.
In other words, the cross-validation error defined in equation 2.18 measures the mean squared
difference between the actual output of the ith detector and the predicted output of detector i by
a reconstructing including the signals of all other detectors. The resulting value of α after cross-
validation is given by taking the derivative of CVE(α) with respect to α and setting it to zero.
With cross-validation there is no linear mapping between the signals and the estimated current
density distribution because the parameter α used in equation 2.14 depends on the data vector �m
and is different for each time slice. Therefore, this automatized regularization technique is not
suitable for the real-time MEG system presented in chapter 6, if the cross-validation is performed
for each �m independently.

After presenting different regularization strategies, the constraint on the solutions given by the
weighting matrix L will be further explained. It will be shown that this constraint can also be
interpreted as an assumption on the current density distributions to be estimated. This insight
helps to motivate choices for L discussed in the next chapter.

2.4.5 Assumptions in distributed source models

The estimated current density distributions depend crucially on the choice of the weighting matrix
L. In a statistical description of the Tikhonov regularization the role of matrix L becomes more
evident.
Here the inverse problem

�m = Φ�j + �n (2.20)

to reconstruct the original current density distribution from the measured magnetic fluxes �m takes
place in the presence of detector noise �n. This noise is assumed to be Gaussian distributed with
mean 0 and a covariance matrix Γ. Thus the probability density function of the noise vector �n is
determined by (please see also appendix B)

p(�n) = Ne−
1
2 (�nTΓ−1�n) (2.21)
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with an appropriate normalization factor N . Let us further assume that Γ = σ21 and that the a
priori probability density function for the original current density distribution is given by

p(�j) =Me−
1
2 (�jT Z−1�j) (2.22)

with a further normalization factor M. The covariance of this probability density function is
described by matrix Z. Any a priori knowledge about the underlying current density distribution
besides the signals �m can be incorporated in this matrix.
It can be shown [FB05] that with these assumptions the minimization condition for �j according
to the Tikhonov regularization is equivalent to the maximization of the a posteriori probability
density function p(�j|�m). This function describes the probability of �j for a given data vector �m.
The equivalence holds, if the covariance matrix Z in equation 2.22 and the weighting matrix L in
equation 2.12 are connected by [FB05]

LT L = Z−1 (2.23)

Summarizing what the Tikhonov regularization does from a statistical point of view is providing
that current density distribution which is most probable for the given data vector �m and for the
predefined a priori probability density function of �j in equation 2.22. Here the noise picked up
by the detectors is supposed to be Gaussian distributed. The a priori probability density function
for �j is related to the weighting matrix L in the Tikhonov regularization by formula 2.23.
In the following chapter, specific distributed source models are investigated with respect to their
reconstruction accuracy.



Chapter 3

Comparative study of inverse methods

When searching for a method that should provide information about the current density distribu-
tion in the human brain in realtime, decisive criteria are the required computation time and the
goodness of the delivered reconstruction. Several distributed source models are candidates for the
desired realtime algorithm due to their relatively small computational costs as will be explained.
Furthermore quantitative knowledge about the accuracy of these methods is of considerable in-
terest in order to evaluate the significance of the localization of reconstructed current generators
from experimental data.
In this chapter a study of distributed source models will be presented based on numerical ex-
periments. The discussed simulations rely are based on a setup taken from a real MEG ex-
periment which has been performed at the Research Centre Jülich. The method presented
first will be the Minimum Norm (MN) algorithm introduced by Hämälainen et al. in 1994.
Extending the MN, several weighted Minimum Norm methods have been developed like the
lead field normalized Minimum Norm (lfMN [FWKW99]) approach also tested here and the
Gaussian weighted Minimum Norm algorithm studied for the first time in this work. Further-
more the recently established standardized Low Resolution Brain Electromagnetic Tomography
[PMML94, PM99a, FWKW99, dPMA00a, PM02, WFK04] will be included in the benchmark.
This technique has already been investigated in electroencephalography (EEG) with the aid of
numerical simulations [PM02, WFK04] but not in an MEG framework.
The inverse methods named so far are suited for realtime applications and produce a linear map-
ping between the magnetic fluxes and their associated reconstructed current density distributions,
if an appropriate regularization is performed. In contrast the multi-step Magnetic Field Tomogra-
phy (MFT) cannot be implemented in the realtime MEG system presented in chapter 6 due to its
large computational costs. In many off-line MEG surveys however the MFT has been applied (e.g.
[IBC90, TIV01, MLC+03, TFD+03, BAD+05]). Therefore a comparison with linear methods is
interesting and important. In this work the MFT is compared for the first time to the algorithms
mentioned above. The crucial influence of the concrete regularization on the estimated current
density distributions will also be investigated. For this the strategies presented in the preceding
chapter to handle this unsolved problem [BML01] will be evaluated.
In sections 3.1.1 to 3.1.3 the investigated algorithms will be presented. Afterwards the config-
urations of the numerical experiments are described. The chapter ends with the results of the
simulations and a discussion about the quantified goodnesses of the reconstruction methods and
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the tested regularization techniques.

3.1 Tested distributed source models

3.1.1 Weighted Minimum Norm methods

In the classical MN algorithm, the matrix L is set to 1 in equation 2.12. It is well-known [PM02,
FWKW99, WFK04] that for sources located deeper in source space, the applied method gives
a reconstruction which is too superficial. The reason for this is that in equation 2.12 the term
|�m − Φ�j|2 can give similar values for deeper and more superficial situated current sources. The
latter are relatively smaller concerning their amplitude. Because of this the second term |L�j|2
favors the superficial solution for L = 1.
From a statistical point of view (section 2.4.5) the reciprocals of the diagonal components Lkk of
matrix L determine the a priori probability of current density at index k, if L is a diagonal matrix.
An extension of MN (see e.g. [FWKW99]) is therefore given by defining L in a way that helps
recovering deeper sources by increasing their a priori probability. In the following descriptions
of weighted Minimum Norm methods as well as the Magnetic Field Tomography, L is defined as
a diagonal matrix and the same a priori probability is set for all three components of the current
density belonging to the same grid point i. This means that for 0 ≤ i < Ns it holds

Li×3,i×3 = Li×3+1,i×3+1 = Li×3+2,i×3+2 =: Lii (3.1)

Thus, in this case the definition of matrix L (dimension: Ns × Ns) determines all components of
matrix L which is then applied to perform the reconstruction.
In order to quantify the entries of L in a weighted Minimum Norm method, a natural approach is
given by a weighting at each grid position which corresponds to the mean lead field strength in
the associated voxel. This means defining L by [FWKW99]

Lij = δij

∑Nd
k=1 |�Φki|p

Nd
(3.2)

with Nd representing the number of applied detectors and p = 1. In equation 3.2, �Φki is a three-
dimensional vector built by those components in the lead field matrix Φ which describe the sen-
sitivity of detector k to a unit dipole source in x-, y-, or z-direction, respectively, at grid position
i (δij = 1 for i = j, otherwise δij = 0). In order to not overemphasize deep sources, values of L−1

ij
which are larger than a regularizing threshold value according to equation (3.2) have been set to
the threshold value. The specific value of the threshold had been optimized with respect to the
mean localization error over dipoles at each grid position in x-,y-, and z-direction in preliminary
noiseless simulations as well as choosing p equal to 1 in equation (3.2). For normalization the
components L−1

ij had been divided by their maximum. The reconstruction method with a matrix
L defined that way will be called lead field Normalized Minimum Norm (lfMN) in the following
(see also figure 3.1).
As an alternative a priori probability function, in this work a Gaussian profile (see figure 3.1)

will be tested, motivated by its successful application in MFT ([TIMG99]). In this case the matrix
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Figure 3.1: Color coded values for L−1
ii in dependence of grid position i for the lfMN (top) and the GaussMN

reconstruction method (bottom). The source space grid, which is underlying the interpolated weighting profile shown
in this figure, has been constructed from a spherical segment fitted to the back of the head. The joint intersection
point of the presented slices is [−3.9 cm, 0 cm, 1.5 cm]. Values range from 0 to 1 where purple indicates the smallest
and red the largest values (linear scaling).

L and L, respectively, are defined by:

Lij = δij exp

(
1
2

(
y2

i + z2
i

λ2
y,z

+
x2

i

λ2
x

))
(3.3)

Here λy,z and λx are fitted decay parameters whereas xi, yi, and zi are the coordinates of the
position of point i in the grid. The associated reconstruction method will be denoted as GaussMN
in this work.

3.1.2 sLORETA

In the absence of noise the solution of the Tikhonov regularization (see equations 2.9 through
2.13) can be written as:

�j = (αLTL + ΦTΦ)−1ΦTΦ�jOrig (3.4)

This describes explicitly the mapping between the original current density distribution �jOrig and
the reconstructed current density �j. The square matrix

R = (αLTL + ΦTΦ)−1ΦTΦ (3.5)

is called the resolution matrix [dPMHA+97] (dimension: (3 · Ns) × (3 · Ns)). The key idea in
sLORETA is to modify the solution of the Tikhonov regularization by applying

�jsLOR,k = R
− 1

2
k
�jk (3.6)
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which estimates the current density distribution in form of a statistical map [PM02]. The index
k in the current density distributions denotes again that �jsLOR,k describes the sLORETA solution
of the current density at grid position k. Analogous, �jk is given by those components of �j which
describe the current density at point k according to equation 3.4. Thus �jsLOR,k and �jk themselves
just hold 3 components for each k. Analogous Rk refers to that 3× 3-section in the resolution ma-
trix which links the original current density distribution at position k to the reconstructed current
density distribution at position k.
The weighting matrix L was set to the unity matrix (uniform depth weighting) in the introduction
of sLORETA, which produces a localization error of 0 with an appropriate regularization in the
absence of detector noise [GOP05]. In a more general framework however it can be set to other
values [PM02] analogous to the weighted Minimum Norm methods. In this work the Laplacian
Matrix L = Δ is chosen motivated by the Low Resolution Electromagnetic Tomography (LORETA
[PMML94]), because it gave better results than L = 1 (not shown here) in the presence of detector
noise. This specific sLORETA version will be called sLORETA-Laplacian in the following. As
can be deduced from equation 2.12, the choice of the Laplacian matrix for L produces a constraint
on �j which prefers solutions with small values concerning its spatial gradients (see appendix C).

3.1.3 MFT

In contrast to the other reconstruction routines described so far, MFT is a multi-step and non-
linear method (please see also [IBC90]), in order to refine the estimated current density distribu-
tion in each calculation step. In the following its algorithm will be described whereby all matrices,
vectors, and scalars, which refer to the n-th step, are indexed with n.
In the solution for its n-th iteration (n ≥ 1)

�jn = ((Ln)TLn)−1ΦT(P̃n)
−1

m̃n (3.7)

the associated weighting matrix Ln (section 3.1.1) is defined by

Ln
kl = |�jn−1

k |−
1
2L0

kl (3.8)

in order to produce more focal solutions [IBC90]. This definition delivers also

Ln
i×3,i×3 = Ln

i×3+1,i×3+1 = Ln
i×3+2,i×3+2 = Ln

ii (3.9)

for each grid position i. The 3-dimensional vector �jn−1
k describes the estimated current density

after step n − 1 at grid position k. The starting condition of the iteration procedure is given by

L0
ij = δij exp

(
1
2

(
y2

i + z2
i

λ2
y,z

+
x2

i

λ2
x

))
(3.10)

and
|�j0

k| = 1 (3.11)

for all k. Moreover according to [IBC90], m̃ and P̃ are set to

m̃n = Φ((Ln)TLn)−1ΦT�m (3.12)
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and, respectively,
P̃n = (Φ((Ln)TLn)−1ΦT + αn1)Φ((Ln)TLn)−1ΦT (3.13)

with a regularization parameter αn which is defined by

αn =
tr(Φ((Ln)TLn)−1ΦT)

Nd
ζ (3.14)

Here ζ stands for a fitting parameter.
In [IBC90] no criterion is given about the choice of the number of iteration steps. In practice,
MFT is usually used with two iterations, i.e. n = 2 (see e.g. [TIMG99, TFD+03, DI00]), which
has been followed in this study.

3.2 Setup of the simulations

3.2.1 Configuration of the source space and the sensors

The simulations discussed in this work are based on a setup taken from an MEG experiment with
visual stimulation. A setup has been chosen which is similar to common studies involving MFT
[TIMG99, TFD+03, TIV01, Dam00, MLC+03]. This implies that only those Nd = 90 detectors
are used which are located in the back of the helmet. Furthermore the source space containing the

Figure 3.2: Exemplary reconstruction of a current dipole situated in the area V1 of the visual cortex: The ori-
entation and the modulus (a.u.) of the reconstructed current density distribution are shown with the cursor at the
maximum, along with the positions of the 90 applied detectors (indicated by the small orange circles around the
head). GaussMN is used here for the reconstruction. Activity is shown only at positions where the modulus of
the current density is equal to or larger than 60 % of the maximum activity in the reconstructed current density
distribution.

current density distribution was modeled as a segment of a sphere fitted to the back of the brain.
The source space is embedded in a regular display grid with 17x17x9 grid points.
The positive x-axis of the underlying coordinate system extends from the center of the head to
the nose, the positive z-axis leads to the top of the head being perpendicular to the line between
the left and right ears (defining the direction of the y-axis), and the positive y-axis points to the
left side of the head. In the applied setup the minimum distance of grid points has been 7.8 mm in
the x-direction and 8.7 mm in the y-direction as well as in the z-direction, whereby Ns = 1281 of
the total amount of 2601 display grid points are located inside the spheric segment. Considering
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the fact that a cortex section of approximately 100 mm2 has to be active entirely to generate a
detectable MEG signal, the chosen grid density is not considerably undersized.

3.2.2 Simulated detector signals

In order to investigate the accuracy of the reconstruction of the methods, current dipoles have
been situated on the source space grid points (figure 3.2). Different dipole orientations have been
investigated but the radial component has been removed before calculating the forward solutions
for each configuration, because these components represent silent sources in the forward model
used here. Moreover, the strength of the dipoles has always been set to 1 (a.u.) after removing
the radial component.
In order to simulate detector noise, the standard deviation of the distribution of the detector out-
puts σsign has been determined for each dipole configuration after calculation of the forward solu-
tion. For a given value of the signal-to-noise-ratio (SNR), the standard deviation of the Gaussian
distributed noise σnoise is calculated, which has mean zero, according to

S NR =
σsign

σnoise
(3.15)

From the resulting Gaussian distribution randomly chosen values are added to the forward solu-
tion. For single dipole reconstructions noise levels with S NR = 1 and S NR = 2 are tested which
correspond to experimental conditions [Dam00]. An alternative way to define the signal-to-noise-
ratio is by taking the maximum signal among all detectors in the above formula for SNR instead
of σsign [IBC90]. For the same detector signals and the same values of σnoise the two definitions
lead to significantly different values. Tests have shown that under these conditions the signal-to-
noise-ratio defined in the alternative manner is approximately three times larger compared to the
SNR via definition 3.15 applied in this work.
In noise simulations 300 noise realizations are used to calculate the mean and standard error of
the mean for the measures which will be described in the following.

3.2.3 Measures to quantify the reconstruction performance

For single dipole reconstructions the displacement (or localization error) is defined as the dis-
tance between the original dipole position and the position of maximum activity, i.e. the position
of the reconstructed current density vector with the largest modulus.
To measure the accuracy of estimating the orientation of current dipoles the angle difference be-
tween the original one and the current density vector at the position of maximum activity in the
reconstructed distribution is calculated.
Moreover, it has been investigated how blurred the reconstructed current densities have been. For
this, the number of voxels has been counted whose associated activity has been larger than a
threshold activity. For single dipole simulations 60 percent of the maximum activity in the recon-
structed current density distribution has been chosen as the threshold. This corresponding volume
will be called volume of activity. To account for very deformed current density reconstructions,
the spreading is defined as the maximal distance of the voxels in the volume of activity to the
position of the original dipole.
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3.2.4 Defining subregions in the source space

The quality of the reconstruction of current dipoles is strongly dependent on their relative po-
sitions to the sensors because of the spatial distribution of their sensitivity profiles [PMML94,
FWKW99, dPMA00b]. Thus, for single dipole reconstructions tomographic figures of the mea-
sures in the source space will be shown. Additionally, averaged values are given with respect to
the total source space and subregions defined in the following way: first (see also equation 3.2)

lmax = max
i

⎛⎜⎜⎜⎜⎜⎝
∑Nd

k=1 |�Φki|
Nd

⎞⎟⎟⎟⎟⎟⎠ (3.16)

represents the maximal lead field strength in the source space grid averaged over all detectors.
Current dipoles are then defined as deep, if their associated grid position i shows a lead field
strength Lii (equation 3.2) which is smaller or equal than 1

3 lmax. A midrange region is defined
by positions i with 1

3 lmax < Lii ≤ 2
3 lmax. Finally, the remaining positions in the source space are

associated to superficial dipoles according to this division (see also figure 3.3).

Figure 3.3: In order to give averaged measures characterizing similar current dipole positions with respect to lead
field strength, the source space is divided into three regions: deep (blue), midrange (yellow) and superficial region
(red). The joint intersection point of the presented slices is [−3.9 cm, 0 cm, 1.5 cm].

To give an impression about the anatomical division by the subregions, cytoarchitectonic
probability maps (see [ZSPGA02]) show that in this head-sensor configuration the area V5 of the
visual cortex area is situated in the boundary regime of the superficial and the midrange region,
whereas V1 is distributed across all three regions (17 percent deep, 61 percent midrange, and 22
percent in the superficial region with a 50 percent probability setting of the brain map).

3.2.5 Two-dipole configurations

In order to perform a quantitative analysis with the defined measures also for two-dipole config-
urations, first threshold activities in the reconstructed current density distribution are looked for
which produce two separated regions of activity. If such a threshold (in simulations with detector
noise in at least 60 percent of the noise realizations) cannot be found, this specific configuration
is considered as not resolved. Otherwise the coherent region of activity which holds the absolute
maximum activity in the reconstructed current density reconstruction is attached to the original
dipole which is nearest to the absolute maximum. In this way the defined measures can still be
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applied to both original dipoles and their corresponding regions of activities. Because the values
of the volume of activity as well as the spreading are very sensitive to the used threshold, their
analysis is omitted in two-dipole configurations. In addition to the localization error and angle
difference the relative strength of the reconstructed dipoles, i.e. the ratio of the local maximum
activities in the two separated regions, is investigated.
Furthermore, the following measures are defined, which do not rely on a threshold activity at all
but take into account all reconstruct current density. First, for each original dipole k = 1, 2 at grid
position �rk in a specific configuration

d′k =

⎛⎜⎜⎜⎜⎜⎝
∑Nk

i=1 |�ji||�rk − �ri|2∑Nk
i |�ji|

⎞⎟⎟⎟⎟⎟⎠
1
2

(3.17)

is calculated with �ji representing the current density in voxel i and �ri giving the position of the
center of voxel i. The sums in equation (3.17) run over all voxels in the source space which are
closer to dipole k than to the other dipole. The region described by these voxels will be indexed
by segment k for the rest of this section. In order to get values between 0 and 1, d ′k is normalized
by the largest distance between the original dipole and voxels in segment k

rmax
k = max

Nk

{|�rk − �ri|} (3.18)

obtaining

dk =
d′k

rmax
k

(3.19)

This measure will be called activity deviation in the following. Its analog in classical mechanics
is the moment of inertia. Extending this approach by quantifying the whole current reconstruction
with only one measure that averages the activity deviations dk across all segments, the measure

d′ =

⎛⎜⎜⎜⎜⎜⎝
∑Ng

i=1 |�ji|mink{|�rk − �ri|2}∑Ng

i |�ji|

⎞⎟⎟⎟⎟⎟⎠
1
2

(3.20)

is calculated and normalized via

d =
d′

maxk{rmax
k }

(3.21)

defining the averaged activity deviation. A signal-to-noise ratio of 2 is chosen for all discussed
two-dipole simulations.
In the following, two different sets of configurations are described, which will be called config-
urations I and configurations II in this work. Each consists of several two-dipole setups which
differ concerning the positions and relative orientations of the dipoles. The resulting reconstruc-
tions of these configurations by GaussMN, MFT, and sLORETA-Laplacian will be interpreted in
section 3.3.3.
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Configurations I For the first set of two-dipole configurations intermediate x- and z-coordinates
have been chosen, which are fixed for all original dipole positions (x = −7 cm and z = 1.5 cm).
The y-coordinate is varied in a way that both original dipoles approach each other between the
setups starting from positions in the midrange subregion with a distance of 8.7 cm and ending in
the deep region with the smallest possible distance in the used grid (0.9 cm). Configurations with
parallel and antiparallel orientations of the dipoles have been tested. This refers to the orientations
of the dipoles before removing the radial component due to the applied forward model. For
parallel setups both dipoles point to the positive z-axis, for antiparallel ones the dipole in the right
hemisphere is rotated by 180 degrees (see figure 3.11). In figure 3.4 all parallel configurations I
are sketched.

Figure 3.4: Parallel configurations I: white arrows indicate the orientations of the dipoles. Positions of the two
dipoles belonging to the same configuration are identified by spots with the same color. The fifth dipole (counting
from right to left in the left slice), which is identified by two colored spots in the left slice, is used in two different
configurations with the upper spot showing the position. The source space is filled with blue color.

Configurations II In the second set the z-component of all dipole positions is again fixed (z =
1.5 cm). Moreover the superficial position of dipole no. 2 in the right hemisphere is the same
for all configurations (x = −9.3 cm and y = 4.4 cm) whereas current dipole no. 1 is wandering
from the left hemisphere towards the other dipole between configurations staying superficial all
the time.

Parallel, antiparallel, and also orthogonal relative orientations of the dipoles, which are shown
in figure 3.5, are tested. In the parallel and antiparallel configurations, both dipoles are arranged
in a line parallel to the y-axis in contrast to configurations I (see figure 3.13 for examples).

3.3 Results

In this section the focus is first on single dipole simulations discriminating the investigated re-
construction methods. For this, the fixed value of the regularization parameter α is used which
showed the lowest displacement error for each method. Afterwards other regularization strategies
(described in sections 2.4.3 and 2.4.4) are compared to the fixed-α approach. Using the best regu-
larization setting according to the performed simulations, MFT, sLORETA-Laplacian and the best
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Figure 3.5: Orthogonal configurations II: Dipole no. 2 indicated by a black spot does not change its position
between the configurations whereas the other dipole is approaching. Each colored spot at dipole no. 1 describes a
different configuration.

Minimum Norm method from the single-dipole tests are further investigated in multiple-dipole
configurations.

3.3.1 Single dipole reconstructions

Single dipole reconstructions have been performed for the described methods with different noise
levels. Here the grid position of the original dipole has been varied over the entire source space
between simulations of each method for a specific noise level and with a fixed regularization pa-
rameter. Also, for each position three different dipole orientations (dipole pointing in x-,y-, and
z-direction, respectively) have been tested. Each set of calculated measures for a specific noise
level and setting of regularization has been averaged over the entire source space and the prede-
fined subregions, respectively, in order to summarize results. The resulting averaged measures of
single dipole reconstructions for the MN, lfMN and GaussMN methods are shown in table 3.1
along with the setting of the applied regularization parameter α. The specific value α in table 3.1
was chosen for each combination of noise level and reconstruction method by scanning for the
lowest mean of the localization error averaged over the entire source space.
The MN method localizes nicely superficial current dipoles with a relatively focal reconstructed
current density distribution but fails in the detection of deeper sources as expected (see e.g.
[FWKW99]). Furthermore, the results presented in table 3.1 show that the lfMN method pro-
duces a good tradeoff between displacements of deeper and superficial dipoles in the noise-free
case, but its performance drops drastically when noise is added to the signals. The averaged local-
ization error in the superficial region (4.5 cm for SNR=1) is similar to the averaged localization
error for MN in the deep region. Apparently the very low weighting values in the superficial
region compared to deeper positions for lfMN (see figure 3.1) induce this effect.
The GaussMN shows the lowest overall localization error as well as angle difference among the
Minimum Norm methods for all noise levels. The volume of activity is significantly larger com-
pared to MN and lfMN but the relatively small displacement of the original dipole makes the
spreading measures to be similar to those in MN and lfMN as it quantifies the maximum distance
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of the original dipole to activity above the threshold.
The averaged measures of the sLORETA-Laplacian and MFT reconstructions are presented in
table 3.2.

Without noise sLORETA-Laplacian shows the best localization error (0.6 cm averaged over
the entire source space) among all investigated methods. The increase of the displacement by
adding noise however is more pronounced than in the results of the other methods. Taking into
account the minimum distance of grid points (0.78 cm), the localization errors of sLORETA-
Laplacian and GaussMN are similar in the presence of noise which is true also for the angle
difference. However, the reconstructed current density distributions of sLORETA-Laplacian are
very blurred compared to all other methods because of the influence of the Laplacian operator
what has also been observed in [WFK04].
The localization errors and the angle differences of the MFT method are only slightly smaller
compared to GaussMN whereas the solutions tend to be much more focal. Due to its iteration
procedure the MFT is much more computationally demanding than the other tested methods.
Because of these tremendous computational costs the scanning for the best setting of the reg-
ularization parameter ζ in MFT (see equation 3.14) was only performed for a small subset of
randomly chosen dipole positions. For this, the reconstruction accuracy for 3 different pairs of
x- and y-components of the original dipole position for each of the 9 possible values of the z-
component in the source space, i.e. 27 single-dipole configurations, has been tested for different
values of ζ.
In figure 3.6 tomographic views of the distribution of the localization error in the source space is
presented referring to GaussMN, sLORETA-Laplacian, and MFT. At each position of the origi-
nal dipole the displacement in its reconstructed current density distribution is color coded. The
signal-to-noise ratio was equal to 2 for each individual dipole location and direction and the un-
derlying setting of the regularization parameter α can be gathered from tables 3.1 and 3.2. The
tomographies for GaussMN and MFT are rather similar. The chosen decay values of the Gaus-
sian profile, which had been fitted in a test according to the reconstruction of a small subset of
single dipoles uniformly distributed in the source space [Dam00], deliver a tradeoff between the
displacement of deeper and more superficial sources. The plot is not symmetric with respect to
a reflection of right and left hemisphere due to a slightly asymmetric head-sensor configuration.
At the bottom of the source space the displacement error is significantly larger than at the top
because of a bad coverage of detectors in that area (see figure 3.2). The MFT displays a slightly
smaller localization error than the GaussMN method in most grid positions.
The distribution of the localization error of the sLORETA-Laplacian in figure 3.6 shows a rela-
tively homogeneous profile. One reason for this could be the independence of a fitting parameter
for its constraint matrix L in equation 2.12. sLORETA-Laplacian is capable to deliver lower val-
ues for the displacement for most of the dipoles in the deep subregion as well as at the bottom of
the source space compared to MFT and GaussMN.
The angle difference averaged in the superficial subregion (table 3.1 and table 3.2) shows a sig-
nificant disadvantage of LORETA-Laplacian favoring MFT and GaussMN. Very deep sources
produces an angle difference which is much larger than in other areas of the source space for all
of these three methods. The averaged values of the volume of activity show the tremendous blur-
ring effect of sLORETA-Laplacian especially in the deep subregion and the superiority of MFT
with respect to this measure in all subregions (see also figure 3.7).
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GaussMN

MFT

sLORETA-Laplacian

Figure 3.6: Tomographic view of the dependence of the displacement error (color coded in cm) on the position
of the dipole in the source space with a signal-to-noise-ratio of 2. The applied reconstruction methods have been
GaussMN (top), MFT (middle), and sLORETA-Laplacian (below). The measures for the three tested dipole direc-
tions (x-,y-, and z-direction) are averaged for each position. The joint intersection point of the presented slices is
[−3.9 cm, 0 cm, 1.5 cm]. Values range from 0 to 4 cm where purple indicates the smallest and red the largest values
(linear scaling).

3.3.2 Influence of regularization

The results presented so far have been produced with a setting of the regularization parameter α
which resulted in the lowest overall localization error. In figure 3.8 the influence of the chosen
value of α on the measures is presented exemplary for the GaussMN method. The crucial de-
pendence of α on the mean of the localization error and the angle difference with respect to the
entire source space is shown for a signal-to-noise ratio equal to 2. The shape of both graphs is
very similar and the value for α at the measured absolute minimum is the same. Especially an
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GaussMN

MFT

sLORETA-Laplacian

Figure 3.7: Tomographic view of the dependence of the volume of activity (color coded in ml) on the position
of the dipole in the source space with a signal-to-noise-ratio of 2; top: applied reconstruction method is GaussMN,
middle: MFT, bottom: sLORETA-Laplacian. Values range from 0 (purple) to 450 cm 3 (red).

underestimation of α of more than one order of magnitude provokes significantly worse values
for the displacement and the angle difference.
In figure 3.9 the influence of truncating the singular value decomposition of the inverse matrix

via k̃ (see equation 2.17) instead of regularizing with the aid of α is presented. Here for each
setting of k̃ and each dipole position, identified by a one-dimensional index, the localization error
and the angle difference are color-coded, with S NR = 2. This again demonstrates how important
an adequate setting of the regularization parameter is for the accuracy of reconstruction. The
influence of the value of k̃ is qualitatively the same for the localization error and the angle differ-
ence. In table 3.3 the results of the measures are shown for the best truncating values determined
again by inspecting the overall mean of displacements. For S NR = 1 the regularization via α
(see table 3.1) produces significantly smaller localization errors, angle differences, and spreading
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Figure 3.8: Dependence of the localization error (top) and the angle difference on the regularization parameter α
for GaussMN (S NR = 2). For each setting of α the measures have been averaged over the results of single dipole
reconstructions in the entire source space with three different dipole orientations for each position.

values in all regions than regularization via truncating. For S NR = 2 truncating shows more focal
solutions but regularization with the aid of α reconstructs better the original positions and angles
of the dipoles.
Because Pascual-Marqui, the originator of sLORETA, proposes to use cross-validation to regu-

larize his reconstruction method [PM02, PM99a], this regularization technique is tested in sim-
ulations with the implemented sLORETA-Laplacian. In table 3.3 the results are shown for the
investigated measures and the average setting of α for S NR = 2 and S NR = 1. If these values
are compared with those associated to sLORETA-Laplacian by regularizing with a fixed α (see
table 3.2), the displacement and angle differences are similar. However, the measures detecting
the expansion of the reconstructed current density distributions discriminate the regularization
techniques significantly to the disadvantage of the cross-validation algorithm: averaged over the
entire source space with a signal-to-noise ratio of 2 for example, the volume of activity is here
more than 2.5 times larger.

3.3.3 Two-dipole reconstructions

In the following, results of two-dipole simulations are shown with respect to the GaussMN, MFT,
and sLORETA-Laplacian methods with a signal-to-noise ratio of 2. The applied regularization
corresponds to the optimized setting of the regularization parameter α and ζ, respectively, for this
strength of noise which can be extracted from table 3.1 and table 3.2, respectively.
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Figure 3.9: Displacement error in cm (top) and angle difference in degree (bottom) versus the truncating value of
the singular values for each dipole position. The reconstruction method shown here is the GaussMN with a SNR of 2.
The dipole index identifies each dipole position one-dimensionally. From left to right in the figure, the corresponding
dipole position is wandering from the bottom frontal area of the source space to the occipital pole of the head. The
measures for the three tested dipole directions (x-,y-, and z-direction) are averaged for each position.
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GaussMN

MFT

sLORETA-Laplacian

Figure 3.10: Exemplary reconstructions for configurations I with SNR=2: top panel: GaussMN (parallel original
dipoles, distance between original dipoles: 8.7 cm), middle: MFT (parallel, 8.7 cm), bottom: sLORETA-Laplacian
(parallel, 8.7 cm). The joint intersection point of the shown slices corresponds to the position of maximum activity
(white cursor) for all three pictures. The white arrows represent the direction and orientation of the original current
dipoles. Their positions are indicated by the black spots at the center of each arrow. The arrows are projected onto
the displayed MRT slice in all cases. Values range from 0 (purple) to the maximum of the modulus of the current
density in each reconstruction (red).

Configurations I In any of the parallel configurations I, the sLORETA-Laplacian method is not
able to resolve the two original dipoles. The reconstructions are very blurred with the largest val-
ues for the current density in the middle of both original dipoles (figure 3.10) and relatively lower
activity at the positions of the original dipoles, so that the estimated current density distribution
does not nearly reflect the real positions of the dipoles. The GaussMN method can only resolve
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the parallel dipoles in the configuration with the largest distance tested (8.7 cm, see figure 3.10).
Among the parallel configurations MFT resolves the dipoles just for the tested distances larger
or equal to 7.0 cm (figure 3.10). It gives more focal solutions than the other methods, which is
true for all investigated reconstructions, and delivers relatively small localization errors (see table
3.4 for the resulting measures of configurations I). The estimated current density distributions for
GaussMN as well as for MFT exhibit a ghost source in the occipital area (please see figure 3.10)
in the parallel configurations I. However, its local maximum of the modulus of the current density
is distinctly smaller than those for the other two regions of activity nearby the original dipoles,
which still gives resolved current dipoles according to the definition described in section 3.2.5.
Concerning all antiparallel configurations GaussMN, MFT, and sLORETA-Laplacian can pro-

duce two clearly separated regions of activity (see figure 3.11 for examples). A problem all meth-
ods have in common is the large localization error of antiparallel dipoles which are relatively
close together, see e.g. the reconstruction of dipoles with a distance of 5.3 cm in figure 3.11 by
MFT. The displacement of the dipoles increases strongly with a decrease of the relative distance
(table 3.4). The MFT delivers the lowest values for the localization error but the performance of
the GaussMN method is only slightly worse with respect to this measure. The GaussMN method
gives the best estimate of the angles of the original dipoles in most cases ahead of MFT and
sLORETA. The ratio of the strengths of the original dipole shown in table 3.4 is defined by the
ratio of the modulus of the current density at the local maximum of activity associated to dipole
no. 1 and the modulus of the current density at the local maximum of activity associated to dipole
no. 2. Here, sLORETA-Laplacian reproduces the original ratio of 1 best, whereas GaussMN and
MFT underestimate the strength of dipole no. 1. In figure 3.12 the activity deviations for both
dipoles and the averaged activity deviation are plotted for the antiparallel configurations I. The
values of all these measures increase with decreasing distance of the dipoles which had also been
observed with respect to the localization errors. The activity deviations discriminate the recon-
struction methods in the same order for all tested distances: MFT gives the lowest and hence best
values followed by GaussMN and sLORETA-Laplacian. This is true also for the parallel config-
urations I giving qualitatively similar results (not shown here). For the antiparallel configurations
the difference between sLORETA-Laplacian and the other methods decreases for larger distances
between the dipoles.

Configurations II All parallel as well as antiparallel configurations II cannot be reconstructed
adequately by any of the tested methods (see figure 3.13 for exemplary reconstructions). The
parallel configurations result in estimates of the current density distribution which show only one
more or less blurry region of activity even for original sources which are located far away from
each other (see figure 3.13 for distance 8.8 cm). This region of activity embraces the positions of
both original dipoles. The reconstructions of antiparallel configurations show distinct regions of
activity around the positions of the original sources but produce ghost sources (figure 3.13).
Among the orthogonal configurations II the sources can be resolved in case of distances smaller

or equal to 7.0 cm with GaussMN and sLORETA-Laplacian (see figure 3.14 for examples). In
addition, the MFT method is able to resolve the dipoles in the setup where the original dipoles
are 0.8 cm closer to each other. Once again the solutions by MFT are distinctly less blurred (see
figure 3.14). All methods can localize dipole no. 2, which is situated in a fixed superficial position
in the right hemisphere in all cases, better than the left dipole whose associated local maximum
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Figure 3.11: Exemplary reconstructions for configurations I with different distances between the original dipoles
and SNR=2: top panel: GaussMN (antiparallel original dipoles, distance between original dipoles: 7.0 cm), middle:
MFT (antiparallel, 5.3 cm), bottom: sLORETA-Laplacian (antiparallel, 6.2 cm). The white arrows represent the
projected original current dipoles whereby their positions are indicated by the spots at the center of each arrow. The
color of these spots is white, if the dipole is situated inside the displayed slice, otherwise they are black. Values range
from 0 (purple) to the maximum of the modulus of the current density in each reconstruction (red).

of activity is biased downwards. Also, the ratio of strengths shows that dipole no.1 is underesti-
mated. The position of dipole no. 2 is apparently favored with respect to detection which has also
been observed in the single dipole reconstructions in MFT and GaussMN (see figure 3.6). The
MFT is superior in most reconstructions considering localization error as well as angle difference
(table 3.5).
The activity deviations (not shown here) significantly separate the reconstruction methods giv-
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Figure 3.12: Activity deviations for the antiparallel dipoles in configuration I as well as the averaged activity
deviation together with the tiny error bars (red: sLORETA-Laplacian, blue: GaussMN, green: MFT). The measures
are plotted in dependence of the distance of between the two dipoles.

ing lowest values for MFT and largest values for sLORETA-Laplacian for all orientations and
distances between the dipoles considered in this study. This order had also been observed in
the results of the activity deviations of configuration I. Moreover in the performed tests these
measures do not depend sensitively on the distances between dipoles.

3.4 Discussion

A detailed study concerning the reconstruction accuracy in MEG of several weighted Minimum
Norm methods, the sLORETA with a smoothing constraint, and the MFT algorithm has been
performed. In order to give quantified results the displacement of the current dipoles in the recon-
structed current density distributions, the error in the estimate of the orientation of the original
sources, the spreading of solutions, and the relative strength of reconstructed sources in multiple-
dipole configurations have been investigated. This makes it possible to discriminate the recon-
struction methods. The simulations have shown the importance of including realistic levels of
detector noise [Dam00] in evaluating the inverse routines.
With respect to single-dipole configurations, which are intrinsically a very difficult challenge for
the tested distributed source models, among the weighted Minimum Norm methods the GaussMN
gives overall by far the best values for the localization accuracy as well as the angle estimates, if
noise is added to the simulated magnetic signals. Minimum Norm has the well-known ability to
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Figure 3.13: Exemplary reconstructions for configurations II with SNR=2: top panel: GaussMN (antiparallel
original dipoles, distance between original dipoles: 8.8 cm), middle: MFT (parallel, 8.8 cm), bottom: sLORETA-
Laplacian (parallel, 8.8 cm). Values range from 0 (purple) to the maximum of the modulus of the current density in
each reconstruction (red).

reconstruct superficial sources relatively well (displacement here between 1.1 cm and 1.3 cm for
the tested noise levels) but for deeper current dipoles the reconstruction quality of the unweighted
Minimum Norm is not acceptable. The obvious extension of Minimum Norm via weighting by the
sensitivity profiles of the detectors gives good results in the noise-free case but the performance
drops drastically in the presence of noise compared to the other investigated inverse techniques.
Referring to the presented results the empirical weighting function given by a Gaussian profile is
superior.
In the light of the applied measures the tested form of sLORETA gives worse reconstruction
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Figure 3.14: Exemplary reconstructions for configurations II with SNR=2: top panel: GaussMN (orthogonal
original dipoles, distance between original dipoles: 7.0 cm), middle: MFT (orthogonal, 7.0 cm), bottom: sLORETA-
Laplacian (orthogonal, 7.0 cm). Values range from 0 (purple) to the maximum of the modulus of the current density
in each reconstruction (red).

results than MFT and the GaussianMN, if detector noise is taken into account. Especially the
outcome of the current density estimates of the parallel two-dipole configurations I cause con-
cern. In spite of the implemented standardization in sLORETA the ratio of the strengths of the
current dipoles is not correctly reconstructed in all cases which has also been observed in EEG
simulations like those shown in [WFK04]. The smoothness constraint in sLORETA proposed
in [PMML94] and further criticized in [dPMA00a] results in very blurred current density recon-
structions.
In simulation studies without detector noise and for weak noise levels the performance of
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sLORETA with uniform weighting was convincing [PM02, WFK04, SSN05]. In contrast, the
results obtained here for sLORETA with Laplacian weighting in the presence of realistic detector
noise are not encouraging. A Laplacian weighting has been chosen because for the tested noise
levels it resulted in a smaller localization error in single dipole simulations than sLORETA with a
uniform weighting. Accordingly, it remains to be shown whether sLORETA with an appropriate
weighting may perform well also in the presence of strong detector noise compared to weighted
Minimum Norm solutions as well as MFT.
Considering all tested configurations the GaussMN, whose definition is very similar to a one-step
iterated MFT, shows a slightly worse performance compared to the implemented MFT. Due to its
small computation time GaussMN can be exploited for real time applications in contrast to MFT.
Because of its iteration MFT gives more focal solutions. In the investigated multiple-dipole con-
figurations the critical distance of the two dipoles, where both cannot be resolved any more in the
inverse solution, has been one grid point distance less (approx. 0.8 cm) in MFT than in the other
tested methods.
The results of two different sets of two-dipole configurations have been presented. In configu-
rations I both dipoles are situated symmetrically with respect to the detector helmet (except for
the sixth configuration in this set; see figure 3.4) so that they evoke magnetic fluxes of similar
strengths in corresponding detectors in the case of equal orientations of the dipoles. Configura-
tions II (figure 3.5) simulate a scenario with both sources being located in the cortex. In each set
of configurations the distance between the dipoles and their orientations have been varied. The
exact values of the measures in these two-dipole configurations depend very much on the relative
orientation as well as on the positions of the current dipoles in the source space.
In all investigated distributed source models the resolution is rather poor. A substantial number
of tested configurations could not be reconstructed in a satisfiable way by any method. Parallel
as well as antiparallel configurations can evoke ghost sources. Parallel ones with both dipoles
being aligned tend to produce unseparated current sources even for large distances between the
original dipoles (≤ 5 cm). For applications this means that interpretation of results given by the
reconstruction methods in this study has to be done with great care. Especially aligned current
dipoles which are relatively orientated in an antiparallel way produce distinct artificial regions of
activity in the reconstructed current density distribution. It is important to note that this effect
does not vanish, if the original current dipoles are situated far away from each other. Thus for
these configurations conclusions about the exact number of simultaneously active sources without
further information are not advisable.
For single sources and a signal-to-noise ratio equal to 2 the localization error for GaussMN and
MFT averaged in the superficial region is 1.5 cm and 1.0 cm, respectively, and averaged in the
midrange region it is 1.5 cm and 1.3 cm, respectively. This may be acceptable depending on the
applied experiment.
Concerning regularization, which critically influences the quality of reconstruction in all inverse
techniques, different approaches have been compared in this work. The truncating-SVD proce-
dure gives worse reconstruction than taking a fitted value of α in the Tikhonov regularization
which is fixed here for all single dipole positions and therefore for all given data vectors. The
cross-validation procedure, which in general is applicable only for off-line reconstructions (see
section 2.4.4), tries to optimize αwith the aid of the magnetic signals. Nevertheless the performed
tests show that by this, the reconstruction quality decreases compared to the fixed-α approach.
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It is worth to invest more efforts in finding an optimal and also automatized regularization for
off-line as well as on-line applications. Other available procedures like the Bayesian approach
[TBAVVS04] and the generalized cross-validation [GHW79] should stand a test versus a fitted
value of α like that performed in this work.
The GaussMN inverse method in combination with a fixed setting of α provides a constant linear
mapping between the measured magnetic fluxes and the estimated current density distribution.
This makes it possible to reconstruct the cerebral currents in the realtime MEG system presented
in chapter 6. For regularization in practice, knowledge about the present signal-to-noise ratio is
important. However between the realistic noise levels tested in this study, the optimal value of α
changes only by one order of magnitude. Figure 3.8 shows that especially an underestimation of
α by this amount does not influence the reconstruction accuracy severely.
In the following chapter the GaussMN will be the starting point of distributed source models
which exhibit an additional constraint. These methods can be considered as a spatial filter which
focuses on a specific region of interest inside the source space.
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Minimum Norm (MN)

stand. error <0.05 <1.1 <2 <0.05
no noise

overall 2.2 12.3 29 4.5 1.0E-14
deep 4.3 20.5 63 6.5

midrange 2.2 11.9 25 4.5
superficial 0.9 7.1 13 3.1

SNR=2
overall 2.5 16.6 52 6.0 1.0E-13
deep 4.5 26.7 100 7.7

midrange 2.5 16.6 48 6.1
superficial 1.1 9.1 26 4.5

SNR=1
overall 2.8 23.2 51 6.9 1.0E-13
deep 5.0 39.9 85 8.1

midrange 2.8 22.4 49 7.2
superficial 1.3 12.3 28 5.4

lead field normalized Minimum Norm (lfMN)

stand. error <0.05 <1.1 <1 <0.05
no noise

overall 1.9 20.0 38 4.9 1.0E-16
deep 1.7 27.9 30 4.5

midrange 2.3 21.0 42 4.9
superficial 1.2 11.9 37 5.2

SNR=2
overall 3.3 25.2 41 5.8 1.0E-15
deep 1.8 30.6 29 4.8

midrange 3.4 24.9 42 5.8
superficial 4.3 21.9 48 6.6

SNR=1
overall 3.5 34.9 46 6.8 1.0E-15
deep 2.0 38.3 33 5.5

midrange 3.6 32.8 46 6.7  
superficial 4.5 37.0 55 8.0

Gaussian weighted Minimum Norm (GaussMN)

stand. error <0.05 <0.9 <2 <0.05
no noise

overall 1.0 8.8 70 4.4 1.0E-15
deep 1.6 17.5 116 5.4

midrange 1.1 8.1 70 4.4
superficial 0.3 3.8 37 3.4

SNR=2
overall 1.5 12.5 113 5.7 1.0E-14
deep 1.7 20.9 166 6.4

midrange 1.5 12.2 110 5.9
superficial 1.5 6.6 77 4.9

SNR=1
overall 1.8 17.5 120 6.5 1.0E-14
deep 2.1 29.9 173 7.0

midrange 1.7 16.7 118 6.7
superficial 1.6 10.1 82 5.5

displacement/
cm

angle
difference/°

volume of 
activity/cm3

spreading/
cm

displacement/
cm

angle
difference/°

volume of 
activity/cm3

spreading/
cm

displacement/
cm

angle
difference/°

volume of 
activity/cm3

spreading/
cm

Table 3.1: Measures of the single dipole reconstructions for the MN, lfMN and GaussMN methods for different
noise levels. The measures have been averaged with respect to the entire source space and the subregions, respectively
(left column). An upper bound of the standard deviations of the means is given in the first line for each described
method. Also shown is the setting of the regularization parameter α for each noise level and reconstruction algorithm.
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sLORETA-Laplacian

stand. error <0.05 <0.8 <3 <0.2
no noise

overall 0.6 8.5 28 3.3 0
deep 0.9 15.9 68 4.7

midrange 0.7 7.1 23 3.1
superficial 0.1 6.1 9 2.6

SNR=2
overall 1.5 15.2 190 7.1 1.0E-15
deep 2.4 25.5 269 7.6

midrange 1.5 12.4 187 7.0
superficial 0.8 13.7 135 6.8

SNR=1
overall 2.0 20.4 338 9.4 1.0E-14
deep 3.0 31.4 459 9.2

midrange 1.9 17.4 331 9.6
superficial 1.3 19.0 263 9.1

MFT

stand. error <0.05 <0.9 <1 <0.05
no noise

overall 1.0 8.4 33 3.2 1.0
deep 1.4 15.7 51 4.0

midrange 1.0 7.8 32 3.3
superficial 0.6 4.1 21 2.6

SNR=2
overall 1.3 11.7 35 3.7 1.7
deep 1.6 20.3 53 4.6

midrange 1.3 11.1 35 3.8
superficial 1.0 6.8 24 3.0

SNR=1
overall 1.7 17.4 47 4.6 3.4
deep 2.1 29.6 64 5.4

midrange 1.7 16.5 46 4.7
superficial 1.5 10.4 36 3.8

displacement/
cm

angle
difference/°

volume of 
activity/cm3

spreading/
cm

displacement/
cm

angle
difference/°

volume of 
activity/cm3

spreading/
cm

Table 3.2: Measures of the single dipole reconstructions for the sLORETA-Laplacian and MFT methods for dif-
ferent noise levels. The measures have been averaged with respect to the entire source space and the subregions,
respectively (left column). An upper bound of the standard deviations of the means is given in the first line for each
described method. Also shown is the setting of the regularization parameter.
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GaussMN: truncating singular values

stand. error <0.06 <1.3 <2 <0.05
no noise

overall 1.2 11.1 82 5.4 15
deep 1.7 19.3 119 5.8

midrange 1.2 10.3 82 5.4
superficial 0.9 6.7 53 5.0

SNR=2
overall 1.6 18.0 88 6.4 15
deep 2.3 30.3 127 6.9

midrange 1.6 17.2 88 6.4
superficial 1.1 10.6 58 5.8

SNR=1
overall 2.3 27.3 126 7.7 10
deep 2.7 41.2 162 7.4

midrange 2.2 26.8 128 7.9
superficial 1.9 17.7 95 7.3

sLORETA-Laplacian: cross-validation

stand. error <0.05 <0.8 <2.5 <0.01
SNR=2

overall 1.6 13.9 493.0 11.0 1.5E-13
deep 2.4 23.5 573.1 9.6

midrange 1.7 10.8 497.9 11.3
superficial 1.1 13.5 421.4 10.9

SNR=1
overall 2.0 19.5 503.2 11.1 2.3E-13
deep 2.9 30.5 574.2 9.5

midrange 2.3 16.5 506.5 11.3
superficial 1.4 17.7 442.4 11.6

displacement/
cm

angle 
difference/°

volume of 
activity/cm3

spreading/
cm

truncating
value

displacement/
cm

angle 
difference/°

volume of 
activity/cm3

spreading/
cm mean

Table 3.3: Measures of the single dipole reconstructions for different regularization procedures. The measures
have been averaged with respect to the entire source space and the subregions, respectively (left column). An upper
bound of the standard deviations of the means is given in the first line for each tested method. Also shown is the
applied setting of the truncating parameter k̃, which produced the lowest overall localization error for each specific
noise level (right column), as well as the mean setting of α in using cross-validation.
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configurations I

 dipole 1 dipole 1 dipole 2 dipole 2

gaussMN
parallel

8.7 0.7 (0.4) 9.3 (1.1) 0.3 (0.4) 5.8 (0.4) 0.82 (0.06)
<=7.0 {not resolved}

antiparallel
8.7 1.2 (0.07) 8.3 (1.0) 1.0 (0.05) 7.1 (0.7) 0.88 (0.02)
7.0 0.8 (0.04) 9.3 (0.4) 0.5 (0.03) 7.3 (0.3) 0.88 (0.01)
5.3 0.8 (0.03) 9.2 (0.4) 1.0 (0.02) 7.4 (0.3) 0.92 (0.01)
3.5 1.3 (0.02) 9.0 (0.3) 1.4 (0.02) 8.3 (0.3) 0.91 (0.01)
1.8 2.0 (0.02) 8.8 (0.3) 2.1 (0.02) 8.6 (0.3) 0.93 (0.02)
0.9 2.9 (0.02) 8.0 (0.3) 2.6 (0.02) 7.5 (0.3) 0.87 (0.04)

MFT
parallel

8.7 0.4 (0.04) 5.9 (0.3) 0.3 (0.03) 6.0 (0.3) 0.80 (0.02)
7.0 0.8 (0.07) 12.1 (1.1) 1.0 (0.06) 10.2 (0.6) 0.86 (0.04)

<=5.3 {not resolved}
antiparallel

8.7 1.1 (0.07) 8.9 (1.0) 0.7 (0.05) 8.5 (0.9) 0.83 (0.01)
7.0 0.7 (0.03) 8.6 (0.4) 0.6 (0.03) 8.2 (0.4) 0.89 (0.01)
5.3 1.0 (0.03) 8.8 (0.4) 1.2 (0.03) 9.0 (0.4) 0.94 (0.01)
3.5 1.4 (0.02) 9.2 (0.4) 1.6 (0.03) 8.7 (0.4) 0.93 (0.01)
1.8 2.1 (0.02) 9.0 (0.4) 2.3 (0.02) 8.4 (0.3) 0.93 (0.02)
0.9 2.9 (0.02) 10.2 (0.4) 2.6 (0.03) 8.2 (0.3) 0.81 (0.02)

sLORETA-Laplacian
parallel

<=8.7 {not resolved}
antiparallel

8.7 1.5 (0.3) 14.3 (2.3) 1.3 (0.4) 12.9 (1.8) 0.94 (0.03)
7.0 1.8 (0.1) 14.2 (1.2) 1.7 (0.1) 13.1 (0.8) 1.00 (0.02)
5.3 2.5 (0.06) 11.5 (0.5) 2.3 (0.05) 11.0 (0.5) 1.04 (0.02)
3.5 3.0 (0.03) 10.9 (0.5) 3.0 (0.03) 10.3 (0.5) 1.00 (0.02)
1.8 3.6 (0.02) 10.9 (0.4) 3.6 (0.02) 10.2 (0.4) 1.00 (0.02)
0.9 4.1 (0.02) 11.2 (0.5) 3.7 (0.03) 8.7 (0.4) 0.90 (0.03)

dipole
distance/cm

displacement/
cm

angle 
difference/°

displacement/
cm

angle
difference/°

ratio of 
strengths

Table 3.4: Measures of the reconstructions of configurations I. In closed brackets the standard errors of the means
are presented. The ratio of the strength of the reconstructed dipoles is given by the fraction of the modulus of the
reconstructed current density of dipole no. 1 and the modulus of the reconstructed current density of dipole no. 2.
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configurations II

dipole 1 dipole 1 dipole 2 dipole 2

gaussMN
parallel

<=8.8 {not resolved}
antiparallel

<=8.8 {not resolved}
orthogonal

8.8 2.2 (0.2) 16.2 (0.4) 1.5 (0.3) 10.1 (0.3) 0.87 (0.01)
7.9 2.2 (0.2) 22.6 (0.4) 1.4 (0.02) 9.6 (0.3) 0.75 (0.01)
7.0 2.1 (0.03) 23.0 (0.4) 1.5 (0.03) 14.1 (0.4) 0.87 (0.01)

<=6.2 {not resolved}

MFT
parallel

<=8.8 {not resolved}
antiparallel

<=8.8 {not resolved}
orthogonal

8.8 1.4 (0.5) 6.5 (0.4) 1.1 (0.5) 7.8 (0.4) 0.80 (0.03)
7.9 1.5 (0.06) 12.3 (1.1) 1.0 (0.03) 7.0 (0.3) 0.62 (0.02)
7.0 1.6 (0.04) 13.2 (0.4) 1.1 (0.03) 9.8 (0.6) 0.71 (0.01)
6.2 1.7 (0.04) 18.3 (0.5) 1.0 (0.02) 11.0 (0.4) 0.65 (0.01)

<=5.3 {not resolved}

sLORETA-Laplacian
parallel

<=8.8 {not resolved}
antiparallel

<=8.8 {not resolved}
orthogonal

8.8 0.5 (0.09) 17.3 (1.2) 1.3 (0.1) 34.3 (1.7) 0.87 (0.07)
7.9 2.3 (0.1) 28.3 (1.2) 0.8 (0.09) 28.9 (1.4) 0.76 (0.03)
7.0 1.7 (0.1) 25.7 (1.0) 0.8 (0.09) 31.8 (1.1) 0.89 (0.03)

<=6.2 {not resolved}

dipole
distance/cm

displacement/
cm

angle
difference/°

displacement/
cm

angle 
difference/°

ratio of 
strengths

Table 3.5: Measures of the reconstructions of configurations II. In closed brackets the standard errors of the means
are presented. The ratio of the strength of the reconstructed dipoles is given by the fraction of the modulus of the
reconstructed current density of dipole no. 1 and the modulus of the reconstructed current density of dipole no. 2.



Chapter 4

Specialized distributed source models

Using the distributed source models in the preceding chapter, the ill-posed MEG problem results
in more or less spreaded reconstructed current density distributions. Considering the tested focal
source configurations, anatomical conclusions about active brain regions in experiments with the
aid of these methods are problematic. Another problem arises, if the experimenter is interested in
the time course of current densities in a specific area, e.g. in order to apply a feedback protocol:
activities in other source space regions affect the reconstructed current density in the region of in-
terest (ROI) in a significant way. The current densities in the brain are calculated from the MEG
signals. The nature of the way the MEG data is recorded guarantees that each signal has a certain
amount of cross-contamination from other locations [DN02]. This results in a bias concerning
the estimates of dynamical measures like synchronization indices or coherence measures between
different brain areas [TRW+98, DN02].
In order to reduce these mixing effects specialized distributed source models have been designed.
These reconstruction methods use an additional constraint besides the definition of the depth
weighting matrix L (equation 2.12). In this chapter the Spatially Optimal Fast Initial Analysis
Of Biomagnetic Signals (SOFIA) according to [BGLI99] and the so called Weighted Resolution
Optimization Method (WROP [dPMHA+97]) will be presented. They are implemented with an
additional condition to reduce the contamination between a region of interest and the remaining
source space. The aim is to increase the ratio of reconstructed activity in that area of the brain,
which actually exhibits active sources, and reconstructed activity in other parts of the brain. The
latter can be regarded as some projection from the real sources due to cross-contamination be-
tween regions resulting from the inverse problem, which is a projection from the real sources due
to the cross contamination between regions. Hence the resolution between brain areas would be
increased regarding to the reconstructed current density distribution. Truly active regions would
show larger reconstructed activity than without the additional constraint. Due to the ill-posed
problem this improvement is at the costs of the resolution between active sources inside the re-
gion of interest and the resolution between sources within the remaining source space.
The specialized distributed source models are designed to be useable for realtime applications,
too. They also deliver a linear mapping between the measured MEG signals and the estimated
current density distribution, which could be implemented in the realtime system presented in
chapter 6.
SOFIA and WROP will be compared to the best linear method from the study shown the pre-
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ceding chapter, the GaussMN inverse algorithm. The WROP technique will be improved in this
work to recover deeper current sources and to reduce the contamination effects in the reconstruc-
tion process.

4.1 SOFIA

SOFIA builds on the weighted Minimum Norm methods. In the original work of SOFIA
[BGLI99] a uniform depth weighting had been tested. In this work the successful Gaussian
profile from the GaussMN routine and the MFT, respectively, is chosen as the depth weighting
function for the version of SOFIA under investigation. The user of SOFIA is moreover supposed
to predefine a ROI whose associated activity is of special interest in the performed experiment.
For the explanation of SOFIA it makes sense to use a different notation for the solution of the
underlying Minimum Norm method than in the matrix equation 2.14, which is repeated here:

�j = (LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1�m (4.1)

In the following α will be set to 0 as in the original formulation of SOFIA [BGLI99]. The
regularization process will be discussed at the end of this section. The estimated current density
distribution in equation 4.1 can be written as

�̂j(�r) =
Nd∑
k=1

w(�r)ak�φk(�r) (4.2)

whereby �̂j(�r) provides the reconstructed current density vector at source space grid point �r, �φk(�r)
is the lead field of the k-th detector at grid point �r and w(�r) is given by

w(�r) = exp

(
−y2 + z2

λ2
y,z

− x2

λ2
x

)
(4.3)

defining the weighting profile. With this definition, it holds w(�r) = (LT L)−1
ii , if �r is the position of

the grid point belonging to the i-th voxel and L is defined like in the GaussMN method (section
3.1.1). The coefficients ak are obtained by inverting

mi =

Nd∑
j=1

Pi ja j with Pi j =

∫
S

�φi(�r) · �φ j(�r)w(�r)d3r (4.4)

Matrix P stands for the term Φ(LT L)−1ΦT in the former notation according to equation 4.1. It
gives the products of the lead field vectors between sensors integrated over the source space S .
The key idea in SOFIA is to obtain virtual lead fields �χi(�r) with specific characteristics via a linear
transformation of the physical lead fields �φi(�r) [BGLI99]

�χi(�r) =
Nd∑
k=1

cik�φk(�r) (4.5)
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The coefficients cik will be derived in this section. The new lead fields have the condition to be
orthonormal in the sense of ∫

S
�χi(�r) · �χk(�r)w(�r)d3r = δik (4.6)

Furthermore they have to be ordered descendently according to their degree of localization inside
the region of interest. The degree of localization is defined by [BGLI99]

li =
Ωext

∫
S int
|�χi(�r)|2w(�r)d3r

Ωint

∫
S ext
|�χi(�r)|2w(�r)d3r

(4.7)

Ωint is the volume of the ROI and Ωext the volume of the source space without the ROI. Moreover
S int is the region of interest and S ext the remaining source space. Thus li gives the ratio of the
mean sensitivities of the i-th virtual detector inside the ROI and outside the ROI.
Following the concept of virtual lead fields, the quantities

μi =

Nd∑
k=1

cikmk (4.8)

can be considered as virtual signals because the measured signals mi =
∫

S
�φi(�r) · �j(�r)d3r together

with equations 4.5 and 4.8 deliver

μi =

∫
S
�χi(�r) · �j(�r)d3r (4.9)

Hence the equations for the measured signals mi =
∫

S
�φi(�r) · �j(�r)d3r and equations 4.9 have the

same form, if the lead fields are replaced by the virtual lead fields. According to SOFIA the
estimated current density distribution should now be described by an expansion of the virtual
lead fields

�̂j(�r) =
Nd∑
k=1

w(�r)bk�χk(�r) (4.10)

instead of the physical lead fields in equation 4.2. Because the virtual lead fields are orthonormal
in the sense of equation 4.6, from equation 4.9 and equation 4.10 it follows that μk = bk, if
�̂j(�r) = �j(�r) [BGLI99].
The ansatz for the estimation of the current density distribution inside the ROI is now given by
[BGLI99]

�̂j(�r) ≈
Nf∑
k=1

w(�r)μk�χk(�r) (4.11)

which is the linear estimation of the current density distribution by the N f strongest localized
virtual lead fields. On the one hand, the parameter N f (Nf ≤ Nd) should be set to such a low value
that it prevents projections of activity from outside the ROI by virtual lead fields with low degree
of localization. On the other hand, a sufficient number of virtual detectors has to be used in order
to provide an adequate reconstruction inside the region of interest [BGLI99].

In estimating �̂j(�r) according to formula 4.11, the coefficients cik have to be determined to obtain
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μk and �χk according to equations 4.8 and 4.5. Their description will be deduced in the following.
First, a singular value decomposition of matrix P gives

P = UT QU (4.12)

with a diagonal matrix Q and an orthogonal matrix U as described in section 2.4.3. The diagonal
elements of Q are denoted by qi. In the next step, a further set of virtual lead fields is defined by

�θi(�r) =
1√
qi

Nd∑
k=1

Uik�φk(�r) (4.13)

These functions are also orthonormal with respect to the entire source space, because it holds

∫
S

�θi(�r) · �θn(�r)w(�r)d3r =

∑Nd

k,l=1 UikPklUT
ln√

qiqn
= δin (4.14)

Furthermore, the following matrices Pext and Pint are defined

Pext
ik =

∫
S ext

�θi(�r) · �θk(�r)w(�r)d3r (4.15)

Pint
ik =

∫
S int

�θi(�r) · �θk(�r)w(�r)d3r (4.16)

Please note that Pext + Pint = 1. These matrices are real and symmetric and can thus be diagonal-
ized in a joint basis. Another SVD delivers

Pext = VT QextV and Pint = VT QintV (4.17)

where V is an orthogonal matrix. Qext and Qint denote diagonal matrices with singular values
0 ≤ qext

i ≤ 1 arranged in order of increasing magnitude and 0 ≤ qint
i ≤ 1 arranged in order of

decreasing magnitude. It holds qext
i + qint

i = 1 for all i. If the virtual lead fields �χi(�r) are now given
by

�χi(�r) =
Nd∑
j=1

Vi j�θ j(�r) (4.18)

it holds ∫
S ext

�χi(�r) · �χ j(�r)w(�r)d3r =
Nd∑

kl=1

VikP
ext
kl VT

l j = qext
i δi j (4.19)

∫
S int

�χi(�r) · �χ j(�r)w(�r)d3r =
Nd∑

kl=1

VikP
int
kl VT

l j = qint
i δi j (4.20)

This helps to show that the virtual lead fields constructed in this way are orthonormal with respect
to the entire source space, because∫

S
�χi(�r) · �χ j(�r)w(�r)d3r = (qext

i + qint
i )δi j = δi j (4.21)
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The degree of localization (formula 4.7) can now be calculated easily, because

Ωext

Ωint

∫
S int
|�χi(�r)|2w(�r)d3r∫

S ext
|�χi(�r)|2w(�r)d3r

=
Ωext

Ωint

qint
i

qext
i

=
Ωext

Ωint

qint
i

1 − qint
i

(4.22)

The virtual lead fields �χi(�r) are ordered descendently with respect to the degree of localization
as desired. The wanted coefficients ci j are now given by using the functions �θi(�r) according to
definition 4.13 in equation 4.18 (cf. equation 4.5):

ci j =

Nd∑
k=1

VikUk j√
qk

(4.23)

The current density distributions reconstructed by SOFIA can now be determined by using these
coefficients to build the virtual lead fields according to equation 4.5 and the virtual signals accord-

ing to equation 4.8 and finally �̂j(�r) in formula 4.11. The setting of N f has to be tested. It gives
a tradeoff between two characteristics of the reconstructed current density distribution inside the
ROI: the accuracy of the resolution of sources inside the ROI and the reduction of contamination
between signals originating from the region of interest and sources localized inside the remaining
source space [BGLI99]. The virtual lead fields �χi(�r) build an optimal hierarchy with respect to
the degree of localization in the following sense: no linear combination of the physical lead fields
�φi(�r) is stronger localized in the region of interest, referring to the criterion in equation 4.7, than
�χ1(�r). Moreover �χ2(�r) is the optimal choice concerning the degree of localization among linear
combinations of the physical lead fields which are orthogonal to �χ1(�r) and so forth [BGLI99].
Furthermore it can be shown that SOFIA is equivalent to GaussMN, if N f is set to its maximal
possible value Nd in equation 4.11. Hence it delivers an approximated reconstructed current den-
sity distribution compared to GaussMN, which is the same as for GaussMN for the extreme case
Nf = Nd. According to SOFIA, the aim of the approximation is to focus on the region of interest
[BGLI99].
The singular values qk, whose reciprocals are needed in equation 4.23, are the result of an SVD
of matrix P. This matrix has to be regularized because of the ill-posed problem. In [BGLI99]
no useful recipe is proposed for its regularization. Taking into account the discretization of the
source space, this matrix however is the same as the one which had to be inverted in GaussMN
(see equation 4.4 and following comments). In the light of the tests of GaussMN presented in the
preceding chapter, matrix P for SOFIA is therefore regularized via an appropriate setting of the
regularization parameter α as described in section 2.4.3. The applied setting of α, which depends
on the signal-to-noise ratio, can be gathered from the results for GaussMN in table 3.1. Explicitly,
after regularization with a fixed α formula 4.23 for the coefficients ci j is changed to

ci j =

Nd∑
k=1

VikUk j√
qk + α

(4.24)

This adequate regularization developed in this work is absolutely necessary to apply SOFIA in
practice. Before SOFIA is tested concerning its ability to reduce the mixing of different brain
areas, the WROP technique is presented. This alternative approach is more general than SOFIA
[dPMHA+97]. Its concept improved in this work is introduced next.
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4.2 WROP

WROP [BG68, dPMHA+97, dPMA99] also belongs to the class of linear distributed source mod-

els. In matrix notation the estimated current density distribution �̂j can be written as

�̂j = G�m (4.25)

with a linear mapping which will be specified in the following. Matrix G, which maps the mea-
sured magnetic fluxes to the reconstructed current density reconstructions, has the dimension
(3 · Ns) × Nd (Ns: number of source space grid points, Nd: number of detectors). Component r
(r = 1, 2, 3) of the current density at grid point i is obtained by

ĵri =
Nd∑
k=1

Gr
ikmk (4.26)

Here Gr
ik describes that entry in matrix G (see also equation 2.9) which connects the signal of

detector k with the r-th component of the estimated current density at voxel i. Here detector noise
is not taken into account. The mapping between the original current density distribution �j and the

estimated current density distribution �̂j is now explicitly given by

ĵri =
Ns,3∑
k,s=1

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
ilΦ

s
lk

⎞⎟⎟⎟⎟⎟⎠ js
k (4.27)

In the preceding equation Φs
lk is that entry in matrix Φ which describes the lead field of detector

l at grid point k referring to direction s. The term in braces defines the resolution matrix R
(dimension: (3 · Ns) × (3 · Ns)) delivering

ĵri =
Ns,3∑
k,s=1

Rrs
ik js

k (4.28)

The rows of the resolution matrix are also called resolution kernels [dPMHA+97]. They determine
the reconstructed current density ĵri for a specific voxel i and a specific direction r. The columns
are called point spread functions [PM99b]. In the ideal case of a perfect linear reconstruction
method, which the ill-posed biomagnetic inverse problem disallows, its associated resolution
matrix would be equal to 1. The entry

Rrs
ik =

Nd∑
l=1

Gr
ilΦ

s
lk (4.29)

of the resolution matrix describes the influence of component s of the original current density at
grid position k in the source space on the reconstructed component r of the current density at grid
position i. Thus, in the optimal case, i.e. without mixing effects during reconstruction, this entry
would be 1 for i = k together with r = s and 0 otherwise.
In WROP the starting point for the derivation of matrix G is a cost function which measures the
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distance between the actual resolution matrix and the perfect resolution matrix. This cost function
is defined by [dPMHA+97]

s(R) =
Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

(
Rrs

ik − δrs
ik

)2 with (4.30)

δrs
ik =

{
1 : if (r = s ∧ i = j)
0 : otherwise

(4.31)

The wanted matrix G providing the inverse mapping is derived by minimization of this cost func-
tion as shown later. In the WROP approach the weighting coefficients Wrs

i j play an important

role: by their specific choice, certain terms
(
Rrs

i j − δrs
i j

)2
in the cost function are penalized stronger

than others which influences the derived reconstruction mapping. Please note that this additional
weighting introduced by WROP is independent of the depth weighting discussed in the preced-
ing chapter. By manipulation of the cost function via its weighting coefficients, WROP puts an
additional constraint on the solution.
Menendez et al. for example proposed to define Wrs

i j = 1 + |�ri − �r j|2 + (1 − δrs)γ with �ri and �r j,
respectively, denoting the positions of grid point i and j, respectively [dPMHA+97]. Their idea
is the following. Every component ĵri is a weighted average of the actual current density distri-
bution �j. The weighting factors for this average are given by that row of the resolution matrix
which is responsible for the reconstruction of the r-th component of the current density in voxel
i. By penalizing more remote voxels stronger in their cost function, Menendez et al. intended
to produce resolution kernels which have a distinct peak around �ri and are less spreaded over
the source space. This would reduce the contamination of current densities from remote voxels.
According to Menendez et al. the fitting parameter γ should take care of penalizing the mixing
between current density components which belong to different directions [dPMHA+97].
In this section the general case for arbitrary positive Wrs

i j will be covered. In the next section
WROP is proposed for reducing the mixing of signals which belong to different brain regions.
This will induce special settings of Wrs

i j .
Because WROP handles the ill-posed biomagnetic inverse problem, an appropriate regularization
has also to be an essential part of this method. For this, another term is added to the cost function
[dPMHA+97]

sα(R) =
Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

(
Rrs

ik − δrs
ik

)2
+ α

Ns,Nd ,3∑
i,l,r=1

(
Gr

il

)2 (4.32)

Here α again is a regularizing parameter tuning the tradeoff between the minimization of both
terms. The cost function sα(R) is brought into form sα(G) which directly yields the wanted inverse
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mapping G at its minimum:

sα(G) =
Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
ilΦ

s
lk − δrs

ik

⎞⎟⎟⎟⎟⎟⎠
2

+ α

Ns,Nd ,3∑
i,l,r=1

(
Gr

il

)2

=

Ns,Ns,3,3∑
i,k,r,s=1

⎛⎜⎜⎜⎜⎜⎜⎜⎝Wrs
ik

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
ilΦ

s
lk

⎞⎟⎟⎟⎟⎟⎠
2

− 2Wrs
ik

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
ilΦ

s
lk

⎞⎟⎟⎟⎟⎟⎠ δrs
ik + δ

rs
ik Wrs

ik

⎞⎟⎟⎟⎟⎟⎟⎟⎠ + α
NsNd ,3∑
i,l,r=1

(
Gr

il

)2

=

Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
ilΦ

s
lk

⎞⎟⎟⎟⎟⎟⎠
2

− 2
Ns,3∑
i,r=1

Wrr
ii

Nd∑
l=1

Gr
ilΦ

r
li +

Ns,3∑
i,r=1

Wrr
ii + α

Ns,Nd ,3∑
i,l,r=1

(
Gr

il

)2

The first term in this equation can be written as:

Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
ilΦ

s
lk

⎞⎟⎟⎟⎟⎟⎠
2

=

Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

Nd∑
l=1

Gr
ilΦ

s
lk

Nd∑
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Gr
il′Φ

s
l′k

=

Ns,Nd ,3∑
i,l,r=1

Gr
il

Ns,Nd ,3∑
k,l′,s=1

Wrs
ikΦ

s
lkΦ

s
l′kG

r
il′

=

Ns,Nd ,3∑
i,l,r=1

Gr
il

Nd∑
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S ir
ll′G

r
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S ir
ll′ =

Nd ,3∑
k,s=1

Wrs
ikΦ

s
lkΦ

s
l′k (4.33)

For sα this delivers

sα(G) =
Ns,Nd ,3∑
i,l,r=1

Gr
il

Nd∑
l′=1

S ir
ll′G

r
il′ − 2

Ns,3∑
i,r=1

Wrr
ii

Nd∑
l=1

Gr
ilΦ

r
li +

Ns,3∑
i,r=1

Wrr
ii + α

Ns,Nd ,3∑
i,l,r=1

(
Gr

il

)2

=

Ns,3∑
i,r=1

⎛⎜⎜⎜⎜⎜⎝ Nd∑
l=1

Gr
il

Nd∑
l′=1

S ir
ll′G

r
il′ − 2Wrr
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Nd∑
l=1

Gr
ilΦ

r
li +Wrr

ii

⎞⎟⎟⎟⎟⎟⎠ + α Ns,Nd ,3∑
i,l,r=1

(
Gr

il

)2

The desired coefficients Gr
il are now be obtained by setting ∂sα

∂Gr
il
= 0. After a few simple transfor-

mations this leads to
Nd∑

l′=1

(
S ir

ll′ + δll′α
)
Gr

il′ = Wrr
ii Φ

r
li (4.34)

which is in matrix notation (
S ir + α1

)
Gr

i· = Wrr
ii Φ

r
·i (4.35)(

Gr
i·
)T

is a row vector of matrix G, and Φr
·i is a column vector of the lead field matrix Φ. Finally is

Gr
i· = Wrr

ii

(
S ir + α1

)−1
Φr
·i (4.36)
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What is the relationship between WROP and the Tikhonov regularization? For the special case
Wrs

i j = β, i.e. constant weighting of costs for components of the resolution matrix in equation
4.32, formula 4.36 together with definition 4.33 can be written as

Gr
i· = β

(
βΦΦT + α1

)−1
Φr
·i

=

(
ΦΦT +

α

β
1

)−1

Φr
·i

Transposing both sides gives

(
Gr

i·
)T
=

(
Φr
·i
)T

(
ΦΦT +

α

β
1

)−1

(4.37)

and for matrix G

G = ΦT

(
ΦΦT +

α

β
1

)−1

(4.38)

Please note that this is the Minimum Norm solution (equation 2.14 with L = 1) regularized by
α, if β is equal to 1 (otherwise α could be rescaled appropriately). Thus the WROP approach is
equivalent to the Minimum Norm method, if its weighting coefficients W rs

i j in the cost function
4.32 are identical [dPMHA+97].
But in chapter 3 it has been shown that the MN method is not capable to reconstruct current
sources which are situated deeper in the source space in a satisfying manner. Because the WROP
approach is equivalent to the Minimum Norm method in the limit of W rs

i j = β, the presumption
is obvious that this method also struggles in reconstructing deeper sources. This will be demon-
strated at the end of this chapter.
In this work the WROP approach is improved in order to recover also deeper sources. For this it
will be proved that the extended approach is equivalent to the weighted Minimum Norm solution
in the limit of constant coefficients Wrs

i j = β.
The starting point for the extension of WROP is again the connection between the estimated and
the original current density distribution

�̂j = G�m = GΦ�j (4.39)

Let us now combine this equation with an arbitrary depth weighting matrix L from the Tikhonov
regularization (equation 2.12)

L�̂j = LGΦL−1L�j (4.40)

The transformed current density distribution ˜̂j and the transformed lead field matrix Φ̃ are now

defined by ˜̂j = L�̂j and Φ̃ = ΦL−1, respectively, which gives

˜̂j = G̃Φ̃�̃j = G̃Φ�j = G̃�m (4.41)

if G̃ = LG and �̃j = L�j. The new approach is now introduced by considering matrix G̃Φ̃ as a
transformed resolution matrix R̃. The requirement for the wanted matrix G̃ (which gives matrix
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G via inverting G̃ = LG) is, that matrix R̃ is as close as possible to the unity matrix. Analogous
to equation 4.32 a cost function for R̃ is now defined by:

sα(R̃) =
Ns,Ns,3,3∑
i,k,r,s=1

Wrs
ik

(
R̃rs

ik − δrs
ik

)2
+ α

Ns,Nd ,3∑
i,l,r=1

(
G̃r

il

)2
(4.42)

Analogous to the derivation of equation 4.36, the minimization of sα(R̃) leads to

G̃r
i· = Wrr

ii

(
S̃ ir + α1

)−1
Φ̃r
·i (4.43)

with S̃ ir
ll′ =

∑Ns,3
k,s Wrs

ik Φ̃
s
lkΦ̃

s
l′k. With G̃ = LG this give the inverse mapping in equation 4.39 for the

extended WROP approach.
In the following it will be proved that this new approach is equivalent to the corresponding
weighted Minimum Norm solution in the limit of W rs

ik = β = const. First, in this special case
the matrices S̃ ir obey

S̃ ir = βΦ̃Φ̃T = βΦL−1
(
L−1

)T
ΦT (4.44)

and analogous to the common WROP approach (see derivation of equation 4.38)

G̃ = Φ̃T

(
ΦL−1

(
L−1

)T
ΦT +

α

β
1

)−1

(4.45)

With this, it follows for the transformed current density distribution in equation 4.41

˜̂j = Φ̃T

(
Φ

(
LT L

)−1
ΦT +

α

β
1

)−1

�m (4.46)

Using the definitions for ˜̂j and Φ̃ this can be written as

L�̂j =
(
L−1

)T
ΦT

(
Φ

(
LT L

)−1
ΦT +

α

β
1

)−1

�m (4.47)

This means for the reconstructed current density distribution

�̂j = L−1
(
L−1

)T
ΦT

(
Φ

(
LT L

)−1
ΦT +

α

β
1

)−1

�m

=
(
LT L

)−1
ΦT

(
Φ

(
LT L

)−1
ΦT +

α

β
1

)−1

�m

This corresponds to the description of the estimated current density distribution according to the
weighted Minimum Norm solution (equation 2.14).
This new approach, which is an extended form of WROP, which includes a depth weighting, will
be called preweighted WROP (pWROP) in the following. In the next sections SOFIA, WROP, and
pWROP will be compared in the same framework, i.e. the reduction of contamination between
signals originating from a predefined region of interest and the remaining source space.
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4.3 Tests concerning the ability of brain region localization

In the preceding sections distributed source models have been presented which exploit an addi-
tional constraint compared to the methods shown in chapter 3. SOFIA tries to focus on a region
of interest. This region of interest has to be predefined by the user. In practice this could be e.g. a
brain region, which is objectively identified via brain maps [ZSPGA02]. These are anatomically
separated areas of the brain which take different roles in complex tasks like visual signal process-
ing, for example. In order to discriminate these roles with the aid of MEG experiments, it is very
important to reduce artificial superposition of current densities from different regions induced by
the reconstruction process.
A further important class of applications, which would benefit from this, are neurofeedback stud-
ies. Neurofeedback is the topic of interest in the following chapters. In such experiments activity
from specific brain regions is fed back to the subject. For this it is highly of interest to produce
reconstructed current densities which are contaminated as little as possible.
The idea in SOFIA is to reduce the mixing of signals from outside the region of interest into
the ROI by using virtual sensors which are highly sensitive only inside the region of interest. In
WROP, on the other hand, it is derivated a linear inverse mapping between the original and re-
constructed current density distribution from the minimum of a weighted cost function. This cost
function measures the difference between the actual mapping and the identity function.
As SOFIA, WROP, and pWROP result in linear reconstruction methods, all these methods deliver
a resolution matrix:

ĵri =
Ns,3∑
k,s=1

Rrs
ik js

k (4.48)

The aim they have in common is building their resolution matrices in such a way that optimally
reduces the mixing between specific voxels. For SOFIA this choice of voxels is done by the
definition of the region of interest. Specifying WROP and pWROP by defining their associated
weighting coefficients gives a much more general concept.
Because the separation of brain regions concerning the reconstructed current density distribution
is of great practical relevance, WROP and pWROP will be specified with respect to this aim in
the next section. In a joint benchmark based on numerical simulations all methods discussed in
this section will be investigated concerning their ability to reduce the contamination between the
predefined regions.

4.3.1 Adjusting methods

The head-sensor-configuration which underlies the simulations discussed in the following is iden-
tical to that already used in chapter 3. The source space again is given by a spherical segment
fitted to the back of the head. Large parts of the cortex in this area can be activated by visual
stimulation and are therefore belong to the visual cortex [ZSPGA02]. A region of interest has
been predefined. This is a sphere inside the source space with a radius of 1.5 cm. The chosen
sphere (see also figure 4.2) embraces the left visual cortex area 5 (V5) which is known to be an
important current generator in the brain during visual signal processing [BAD+05].
For WROP as well as pWROP their weighting coefficients have been adjusted, in order to focus
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on the region of interest, in the following way:

Wrs
ik =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 : if ((voxel i and voxel k belong to the ROI) or

: (voxel i and voxel j are outside the ROI))
β : otherwise

(4.49)

Here β > 1 is a parameter which determines the strength of the condition. By this constraint, in
the cost functions 4.32 and 4.42 terms are stronger penalized for specific entries in the resolution
matrix. Such entries that are responsible for the contamination of current densities originating
from different areas, the ROI on the one hand and the remaining source space on the other hand,
are stronger punished. This should result in a decreased mixing of these current densities in the
reconstruction process. In other words, a better separation between activity inside the ROI and
inside the rest of the source space is expected.
As explained in the preceding section, in a certain sense WROP and pWROP are based on the
Minimum Norm and weighted Minimum Norm solutions. These are given by setting β = 1 in
the definition of Wrs

ik in 4.49. In general, the purpose of the additional constraint in WROP and
pWROP is to manipulate the resolution kernels (rows of the resolution matrix) in a way that re-
duces mixing effects. It can be shown that for β > 1 in equation 4.49 the diagonal of the resulting
resolution matrix is not the same referring to the corresponding (weighted) Minimum Norm solu-
tions, i.e. for β = 1. This has an undesired effect on the columns of the resolution matrix. These
determine the reconstructed current density distribution for single current dipoles, which point in
one of the three space directions. If constraint 4.49 is applied on its own for β > 1, single dipole
reconstructions would exhibit an overemphasized activity outside the region of interest. Restoring
the diagonal elements of the corresponding (weighted) Minimum Norm solutions (called Rrr

ii,β=1
in the following) by an appropriate normalization of each resolution kernel solves this problem.
For the WROP method let Gr

il,β>1 denote the intermediate coefficients after applying the definition
for Wrs

ik in 4.49 in equation 4.36 before the following normalization procedure. The intermediate
coefficients for pWROP are given by the corresponding equation 4.43 together with G̃ = LG.
Furthermore Rrr

ii,β>1 are the diagonal elements of the intermediate resolution matrix without nor-
malization, which are extracted from

Rrs
ik,β>1 =

Nd∑
l=1

Gr
il,β>1Φ

s
lk (4.50)

The matrix G, which determines the inverse mapping according to equation 4.25 and equation
4.39, respectively, is defined as:

Gr
il =

Gr
il,β>1

Rrr
ii,β>1

Rrr
ii,β=1 (4.51)

After this normalization the diagonal elements of the final resolution matrix are equal to Rrr
ii,β=1.

Its entries Rrs
ik =

∑Nd
l=1 Gr

ilΦ
s
lk for a fixed row given by indices i and r are scaled by the same factor

compared to the corresponding entries of the intermediate resolution matrix. Thus the shape of
the profile of each resolution kernel, which had been constructed by exploiting constraint 4.49, is
not affected by the normalization.
The same depth weighting defined by matrix L for SOFIA as well as pWROP has been chosen
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as for the GaussMN method (section 3.1.1). This Gaussian profile delivered a convincing per-
formance in the benchmark discussed in the preceding chapter, in order to recover also deeper
sources. Thus, by this definition of their depth weighting SOFIA and pWROP are identical to the
GaussMN method for their limit cases (N f = Nd for SOFIA and β = 1 for pWROP), if all these
methods are used with the same regularization.
Concerning an appropriate regularization the results from the preceding chapter are again useful.
Both SOFIA and pWROP are regularized by a fixed setting of their regularization parameter α in
formula 4.43 and 4.23, respectively, whose values can be gathered from GaussMN in table 3.1.
Analogous, the used setting of α for WROP in equation 4.36 is the one found in the tests of the
MN method (also table 3.1).
In the following section, first the virtual lead fields in SOFIA are investigated for the introduced
configuration. Afterwards, noise-free reconstructions of single current dipoles situated outside
and inside the region of interest are shown for WROP, pWROP, SOFIA, and also in comparison
for GaussMN. Moreover, the resulting resolution matrices of these methods are evaluated in a
quantitative manner.

4.3.2 Results
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Figure 4.1: Degree of localization li of the virtual lead fields in SOFIA (equation 4.7). Only values for the first 20
virtual lead fields are shown. The remaining ones exhibited values close to 0.

For SOFIA in figure 4.1 the degree of localization is plotted for the twenty virtual lead fields
which are localized strongest inside the ROI among all 90 virtual lead fields. Only three virtual
lead fields show values larger than 1, i.e. only three virtual sensors have a larger mean sensitivity
inside the region of interest than outside (formula 4.7). Most of them are much more sensitive
outside the ROI. These relatively low values for the degree of localization have also been ob-
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served for other choices of the ROI using different sizes and positions (not shown here). Thus,
the concept of SOFIA of using only virtual sensors which are strongly localized inside the ROI is
problematic in practice, in first place because its algorithm delivers only a few such sensors. But
the less sensors are used for the reconstruction, the lower is the achieved localization of sources
inside the ROI [BGLI99].
Exemplary reconstructions of a current dipole are presented in figure 4.2. The single source is

situated inside the region of interest whose boundary is indicated by a green circle in the images.
For all tested methods the strength, orientation, and position of the original current dipole is the
same. For comparison, results from the GaussMN method are included. Its reconstructed current
density distribution shows significant spreading of activity outside the ROI. In experiments, this
effect would make it rather difficult to uniquely identify the ROI as the only activated brain region.
Using only the 3 strongest localized virtual sensors in SOFIA, its reconstructed current density
distribution exhibits a slightly lowered blurring compared to the GaussMN solution. Taking into
account more than 5 virtual sensors for the reconstruction destroys this more focal reconstruction
as other simulations have shown. This is understandable considering their degrees of localization,
because in this case virtual sensors are used with very low sensitivity inside the region of interest
(figure 4.1). For their associated virtual lead fields this means that they are very spreaded outside
the region of interest. Because the reconstructed current distribution is a superposition of all ap-
plied virtual lead fields 4.11, it gets also more spreaded outside that region. Using fewer than 3
virtual sensors for SOFIA improves the effect of reducing the reconstructed activity outside the
ROI, but not in a drastic manner. The reconstructed current density distribution is much more
concentrated inside the ROI by using WROP or pWROP presented here for β = 10. The size of
this effect can be tuned by the constraint parameter β (equation 4.49) as will be demonstrated at
the end of the section. What can also be observed in figure 4.2 with respect to WROP is, that most
of its reconstructed activity is present in the superficial area due to the lacking depth weighting in
WROP.
Figure 4.3 shows representative results of single dipole reconstructions whereby the current

dipole is placed outside the ROI this time. Again the same current dipole is reconstructed by
SOFIA, GaussMN, WROP, and pWROP. As expected SOFIA is not able to localize the original
position of the dipole. Its reconstructed current distribution, whose profile is very similar to that
in figure 4.2 by SOFIA, is focused inside the region of interest. This is not surprising, because the
three applied virtual lead fields are mainly concentrated inside the region of interest. In contrast
to the implemented versions of WROP and pWROP, SOFIA is not designed for the purpose of
giving sensible information about current dipoles situated outside the ROI. The current density
distribution in figure 4.3 reconstructed by WROP demonstrates the need of a depth weighting:
the main activity is focused superficially being far away from the actual position of the dipole.
pWROP is the only method among the tested inverse techniques which is able to localize the
current dipole accurately outside the ROI and simultaneously avoids undesired projections of ac-
tivity inside the region of interest.

SOFIA, WROP, and pWROP produce a tradeoff between their localization accuracy and the
reduction of cross-contamination in the reconstructed current density distribution between the
predefined brain regions. In order to investigate the dependence of the setting of the constraint
parameters on the localization error, single current dipoles with different positions and orienta-
tions as in the single dipole tests in section 3.3.1 have been reconstructed. For the same location
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SOFIA

30 1.5
10 4
5 5.4
3 6.1
2 6.1
1 6.1

Nf
mean loc. 
error in cm

WROP

2 2.3
5 2.3

10 2.4
100 2.6

mean loc. 
error in cm

pWROP

2 1.1
5 1.1

10 1.3
100 2.1

mean loc. 
error in cm

Table 4.1: Mean localization error of single dipole reconstructions for SOFIA, WROP, and pWROP in the absence
of detector noise. The displacement has been averaged with respect to the entire source space.

and shape of the ROI described above the position of the single current dipole has been varied
across the entire source space between the simulations. Three different orientations of the dipole
have been tested for each grid point. The mean localization errors for different values of the num-
ber of used virtual lead fields Nf for SOFIA and different values of β for WROP and pWROP are
presented in table 4.1. The mean displacement for the limit case of SOFIA (N f = Nd = 90) and
pWROP (β = 1) amounted to 1.0 cm (GaussMN results in table 3.1). Using many virtual sensors
in SOFIA, most of which are not very sensitive inside the ROI (figure 4.1), means a significant
increase of the localization error. It rises monotonically for decreasing values of N f . The mean
localization error for WROP exhibits a very large value for β = 1 (2.2 cm: see results for MN in
table 3.1) due to the missing depth weighting. For β ≤ 10 the increase of the mean localization
error is not severe (≤ 2 mm). pWROP also shows just a slight increase of the displacement by
increasing β, but its corresponding absolute values for the mean localization error are much lower
due to the applied Gaussian weighting profile.
The purpose of the measures defined in the following is to quantify the degree of contamination
between voxels inside and outside the ROI introduced by each reconstruction method. They refer
to the amount of mixing given by the resolution kernels (rows of the resolution matrix) on one
hand and given by the point spread functions (columns of the resolution matrix) on the other hand.
The final set of measures derived in the following paragraphs will take into account the complete
resolution matrix for each reconstruction method.
For this, first

Ir
i =

3,NROI∑
s, j

|Rrs
i j |

3NROI
(4.52)

gives the average absolute value over all voxels inside the ROI of each resolution kernel respon-
sible for an arbitrary voxel i and direction r. The summation via index j runs over all grid points
inside the region of interest (NROI : number of grid points inside ROI). Analogous

Or
i =

3,NS S/ROI∑
s, j

|Rrs
i j |

3NS S/ROI
(4.53)

measures the mean sensitivity of this resolution kernel with respect to the area outside the region
of interest which is denoted by S S/ROI (NS S/ROI: number of grid points outside ROI).
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For all resolution kernels which are responsible for the reconstructed current density in voxels i
of the ROI, their mean relative sensitivity is defined by

kROI =
1

3NROI

3,NROI∑
r,i

Ir
i

Or
i

(4.54)

This measure gives the mean sensitivity inside the ROI compared to the mean sensitivity outside,
which is averaged over all resolution kernels for voxels inside the region of interest. Reconstruc-
tion methods with kernels which exhibit a strong reduction of the contamination inside the ROI
from voxels outside give large values for kROI. A strong mixing produces lower values.
For the resolution kernels which are responsible for the reconstructed current density in voxels i
outside the ROI an analogous measure is defined via

kS S/ROI =
1

3NS S/ROI

3,NS S/ROI∑
r,i

Or
i

Ir
i

(4.55)

If the kernels for voxels outside the ROI are strongly contaminated with respect to voxels inside
the region of interest, this measure shows lower values than for such kernels with reduced mixing
between these areas.
These measures enable to discriminate the reconstruction methods with respect to their degree
of contamination in their kernels between the ROI and rest of the source space. Corresponding
quantities are useful to measure the quality of the pointspread functions. What has to be changed
compared to definitions 4.52 and 4.53, is summing over the rows of the resolution matrix instead
of the columns. Please let us consider a pointspread function which determines the reconstructed
current density distribution induced by a point source in voxel i with current density larger than 0
only in its r-th component. For this, the following measures are obtained:

J r
i =

3,ROI∑
s, j

|Rsr
ji |

3NROI
(4.56)

Pr
i =

3,S S/ROI∑
s, j

|Rsr
ji |

3NS S/ROI
(4.57)

For reconstructed current density distributions of point sources inside the ROI like in figure 4.2,
which exhibit low spreading outside the region of interest, the ratio of J r

i and Pr
i is large. If the

point source is situated outside the ROI like in figure 4.3 and few activity is projected inside the
region of interest, in this case the ratio of its corresponding quantities Pr

i and J r
i is large.

These sensitivity measures for a specific column of the resolution matrix are analogous summa-
rized across all point spread functions for voxels i belonging to the ROI by applying

pROI =
1

3NROI

3,NROI∑
r,i

J r
i

Pr
i

(4.58)

and for voxels i belonging to the remaining source space by

pS S/ROI =
1

3NS S/ROI

3,NS S/ROI∑
r,i

Pr
i

J r
i

(4.59)
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In table 4.2 the resulting values for the measures kROI, kS S/ROI, pROI, and pS S/ROI are presented.

GaussMN 3.72 2.46

SOFIA
3.72 1.65

10 3.73 0.68
5 3.87 0.32
3 3.98 0.27
2 4.16 0.24
1 4.46 0.22

WROP
3.63 2.33

5 3.97 2.93
10 4.17 3.58
100 4.50 6.19

pWROP
4.03 2.84

5 4.35 3.70
10 4.52 4.61
100 4.85 8.09

kROI kSS/ROI

Nf=30

=2

=2

GaussMN 3.42 2.57

SOFIA
3.42 1.77

10 3.42 0.75
5 3.55 0.34
3 3.64 0.29
2 3.78 0.26
1 4.17 0.24

WROP
3.67 2.50

5 4.57 3.09
10 5.59 3.50
100 9.52 4.71

pWROP
3.92 2.98

5 5.10 3.56
10 6.39 4.00
100 11.49 5.18

pROI pSS/ROI

Nf=30

=2

=2

Table 4.2: Values for the degree of mixing between voxels inside and outside the ROI for different reconstruction
methods and settings of their constraint parameter. The measures refer to the resolution kernels (left table) and to the
point spread functions (right table), respectively.

For all measures larger values show a reduced contamination. SOFIA, WROP, and pWROP have
been tested with the same settings of their constraint parameters N f and β as in the investigations
of the mean localization error (table 4.1). In addition, the GaussMN method has been included in
the test.
With respect to its resolution kernels as well as its point spread functions SOFIA exhibits a de-
creased mixing of activity from outside the ROI in the region of interest. These mixing effects,
indicated by the measures kROI and pROI, are reduced monotonically with a decreasing number of
applied virtual lead fields. As expected the values for kS S/ROI and pS S/ROI confirm that the current
density distribution outside the region of interest is not reconstructed in a sensible manner by
SOFIA.
The WROP method gives better values for all measures as compared to GaussMN for β ≥ 5.
This indicates that the constraint of WROP in combination with the applied normalization of its
kernels introduced in the preceding section is able to reduce mixing effects between a region of
interest and the rest of the source space. Please note that in contrast to SOFIA this refers to both
directions, i.e. the reconstructed current density inside the ROI is less contaminated by activity
outside and vice versa.
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pWROP is able to improve this effect significantly due to its depth weighting. For example a
setting of β = 10 which induces only a small increase of the mean localization error compared
to β = 1 (3 mm) improves kROI by more than 10 %, and kS S/ROI by more than 85 % compared to
GaussMN. With respect to the point spread functions this means an increase of 87 % found for
pROI and 56 % found for pS S/ROI. These values are larger than those found for WROP as well as
all corresponding values found for SOFIA. The mixing between activity inside and outside the
ROI by the reconstruction process monotonically increases for larger values of β.
The shape of that resolution kernel is exemplarily presented in figure 4.4 which determines the
current density in y-direction reconstructed in the ROI sphere center by different methods. The
applied methods are GaussMN, SOFIA (Nf = 1), WROP (β = 100), and pWROP (β = 100). The
graphs look very irregular because of the anisotropic shape of the resolution kernels.
The resolution kernel shows the significance of the mixing effect induced by the reconstruction.
Most voxels affect the reconstructed current density at the ROI sphere center severely. Even the
position of the maximum of the curve is not at the center of the sphere where it would be for an
ideal resolution kernel. Its distance to the center of the ROI sphere is shifted by more than 1.5 cm
for the resolution kernel produced by GaussMN, so that the maximum is actually situated outside
the region of interest. Using SOFIA with only that virtual sensor, whose degree of localization
is largest (equation 4.7), even enhances the mixing effect in this example. This is shown by the
increased spreading of its resolution kernel outside the ROI in figure 4.4. This example demon-
strates in an extreme way, that SOFIA cannot be recommended for usage. WROP and pWROP
however are able to reduce the mixing for β = 100 considerably: The integral over the region of
interest (distance smaller or equal than 1.5 cm) under their curves relative to the integral outside
the ROI is significantly larger than the corresponding ratio for GaussMN. In this example this
ratio for pWROP is 1.4 larger than for GaussMN.

Among the tested distributed source models that try to reduce the mixing between predefined
brain regions with respect to the reconstructed current densities, pWROP shows the best perfor-
mance. The tradeoff between the localization accuracy and the separation of the regions is set by
the constraint parameter β. A significant decrease of the cross-contamination is given already for
β = 10 which costs only an increase of 3 mm concerning the mean displacement error for single
sources. Other tested region of interests than shown here gave similar results. pWROP is a con-
siderable improvement compared to WROP. Not only are deeper sources reconstructed in a better
way resulting in an increased localization accuracy on average. The additional depth weighting
chosen by the user also helps to reduce the contamination effects compared to WROP for the
same setting of their constraint parameter β. This refers to the resolution kernels as well as to
the point spread functions. pWROP should also be extended in tests by using the standardization
of sLORETA (equation 3.6). Moreover detector noise should be taken into account. Concerning
applications pWROP is very useful in the tested setup, if brain regions are predefined with the
aid of brain maps [ZSPGA02]. Its concept is very flexible with respect to the choice of its depth
weighting as well as its own weighting coefficients used in the cost function 4.42. Using SOFIA
to improve the reconstructed signals inside the region of interest is very questionable in the light
of the obtained results.
In the next chapter an application of realtime MEG is studied first in a theoretical manner. Feed-
back techniques to desynchronize ensembles of neural oscillators are investigated. The special-
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ized distributed source models introduced in this chapter are tested concerning their benefit in
such a scenario in section 5.2.
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GaussMN

SOFIA (Nf = 3)

WROP (β = 10)

pWROP (β = 10)

Figure 4.2: Exemplary reconstructions of a single current dipole situated inside the ROI (green circle) in the
absence of detector noise. Used reconstruction method from top to bottom: GaussMN, SOFIA with the aid of 3
virtual sensors, WROP for β = 10, and pWROP for β = 10. The joint intersection point of the presented slices
for each method is the center of the ROI sphere at [−7.0 cm,−4.4 cm, 0.6 cm]. Values range from 0 (purple) to the
maximum of the modulus of the current density in each reconstruction (red).
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GaussMN

SOFIA (Nf = 3)

WROP (β = 10)

pWROP (β = 10)

Figure 4.3: Exemplary reconstructions of a single current dipole situated outside the ROI (green circle) in the
absence of noise. Used reconstruction method from top to bottom: GaussMN, SOFIA with the aid of 3 virtual
sensors, WROP for β = 10, and pWROP for β = 10. The joint intersection point of the presented slices for each
method is the center of the ROI sphere at [−7.0 cm,−4.4 cm, 0.6 cm].
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GaussMN SOFIA (Nf = 1)
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Figure 4.4: Exemplary resolution kernel for GaussMN (top left), SOFIA with only one virtual sensor (top right),
WROP with β = 100 (bottom left), and pWROP also with β = 100 (bottom right). In all cases the shown kernel
determines the reconstructed current density in the ROI center in y-direction. Absolute values of the components of
the resolution kernel are plotted versus the distance to the ROI sphere center (radius: 1.5 cm) of the corresponding
grid points. The absolute values give the contamination of each grid point in the source space regarding to the
reconstructed current density in the sphere center. Only the components which determine the mixing of current
densities in the y-direction are presented.



Chapter 5

Desynchronization of neural populations by
delayed feedback

So far this work focused on the search for an MEG reconstruction algorithm which makes it
possible to acquire information in realtime about the cerebral current densities as accurate as
possible. In chapter 3 state-of-the-art candidates have been studied. In the preceding chapter
the best linear method from this study, the GaussMN method, has been adjusted in building
methods which focus on a region of interest. The most promising technique among these proved
to be the pWROP approach. A very relevant application for realtime reconstruction methods
is neurofeedback. In the following, the idea is to control synchrony in ensembles of coupled
neurons. For this a stimulation signal is constructed with the aid of the measured mean field of
the ensemble.
In the field of nonlinear dynamics the impact of delay on oscillating systems led to a number
of control protocols [SW89, Pyr92, RJ00, JBS04, BJS04, BJS05, SPA+05, PAS05, HS05]. In
[BAS+02] a systematic comparison of time-delayed feedback schemes is presented for stabilizing
time periodic spatial patterns in a reaction-diffusion system with global coupling. See [Sch04] for
a review with respect to the stabilization of chaotic spatio-temporal patterns by different delayed
feedback techniques in semiconductor models. Delayed feedback control proved also to be useful
to shape the regularity of noise-induced oscillations in spatially extended systems with diffusive
coupling [SBS06].
Rosenblum et al. [RP04a, RP04b] presented linear feedback control using a stimulation signal

S (t) = KZ(t − τ) (5.1)

Here K is a parameter which determines the feedback strength, Z denotes the analytic (complex)
form of the measured mean field of the ensemble of oscillators [PRK01] and τ the time delay
of the protocol. Recently Popovych et al. [PHT05b, PHT05a, PHT06a, THP06, PHT06b] con-
structed a new delayed feedback method by combining nonlinearly the instantaneous analytic
signal Z(t) with the time delayed analytic signal Z(t − τ)

S (t) = KZ
2
(t)Z

∗
(t − τ) (5.2)

whereby the asterisk denotes complex conjugacy. Both techniques are proposed for the sup-
pression of brain rhythms based on physical models of the neural populations. This concept is
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pioneered by Tass [Tas01b, Tas01c, Tas01a, Tas02, Tas03, THP06]. As a part of this thesis both
protocols have been applied for the first time as neurofeedback in a human subject. This MEG
experiment with visual stimulation will be described in the next chapter.
In this chapter the nonlinear delayed feedback method is theoretically studied. First, the ability of
the feedback method to desynchronize coupled oscillators is presented with a new aspect which
is the influence of a phase shift on the stimulation signal. With respect to applying nonlinear
delayed feedback with the aid of MEG data, the mixing of brain signals from different brain areas
in the stimulation signal has to be taken into account. Its influence on the feedback performance
is investigated in models of coupled limit cycle oscillators. For this, the reconstruction methods
introduced in the preceding chapter are used. At the end of this chapter a modified nonlinear
delayed feedback protocol, which has been developed as a part of this work, is presented. This
method uses the mixing of mean fields from different ensembles, which is unavoidable in MEG
data, in a constructive manner. A specific degree of mixing for the calculation of the stimulation
signal enhances the desynchronization effect in two interacting ensembles of oscillators, as can
be explained.

5.1 Phase shift in nonlinear delayed feedback

Please consider the following ensemble of N globally coupled limit-cycle oscillators:

Ż j(t) = (aj + iω j − |Zj(t)|2)Zj(t) +CZ(t) + S (t) (5.3)

Here Zj = x j + iy j are the complex variables of the individual oscillators and the mean field of the
ensemble is given by

Z(t) �
1
N

N∑
j=1

Zj(t) (5.4)

Without stimulation (S = 0) and without coupling (C = 0) each oscillator rotates independently
on its limit cycle with its radius

√
aj and natural frequency ω j emerging in a Hopf bifurcation

[Str00]. In this case the variance of the mean field fluctuations is of order N−
1
2 [PRK01]. For

increasing coupling strength C all oscillators start to synchronize, i.e. they start to rotate with the
same frequency whereby all mutual phase differences decay (mod 2π) [PHT05b].
A global stimulation affecting all oscillators with the same signal and instantaneously is admin-
istered by

S (t) = KeiϑZ
2
(t)Z

∗
(t − τ) (5.5)

With respect to the nonlinear delayed feedback in equation 5.2 an additional factor eiϑ is taken
into account. The parameter ϑ describes the phase shift of the stimulation signal before acting
on each oscillator which in general is non-zero for neural ensembles [RP04b]. Moreover it is
an important and well-controllable parameter for feedback in technical applications like Laser
systems [HFE01, HFE03]. An appropriate phase shift has proved to even increase the control
performance in other time-delayed feedback schemes [BASJ02, JPA+03]. For ϑ = 0 the desyn-
chronizing effect of the nonlinear delayed feedback protocol is extensively studied [PHT05b]. In
this work analytical solutions analogous to the approach in the original work are derived but for
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an arbitrary phase shift.
In order to understand analytically the influence of the stimulation on the ensemble, the dy-
namics of the normalized mean field of the strongly synchronized and stimulated ensemble
W(t) = N−1 ∑N

j=1 |Zj(t)|−1Zj(t) � R(t)eiθ(t) is modeled by a single limit-cycle oscillator [PHT05b]
with

Ẇ(t) =
C
2

(1 − |W(t)|2)W(t) + iΩ0W(t) +
K
2

eiϑW2(t)W∗(t − τ) (5.6)

For K = 0 and C > 0 the oscillator rotates on a stable limit cycle with radius 1 and frequency
Ω0. Looking for solutions of the differential equation 5.6 the ansatz W(t) = ReiΩt with constant
amplitude R leads to

RiΩeiΩt =
C
2

(1 − R2)ReiΩt + iΩ0ReiΩt +
K
2

R3eiϑe2iΩte−iΩ(t−τ) (5.7)

Multiplication with R−1e−iΩt gives

iΩ =
C
2

(1 − R2) + iΩ0 +
K
2

R2eiϑeiΩte−iΩ(t−τ) (5.8)

Separating the preceding equation into real and imaginary part gives the following two equations

Ω −Ω0 = R2 K
2

sin(Ωτ + ϑ) (5.9)

∧ C
2

(1 − R2) = −R2 K
2

cos(Ωτ + ϑ) (5.10)

which can be written as

Ω = Ω0 +
KCsin(Ωτ + ϑ)

2C − 2Kcos(Ωτ + ϑ)
(5.11)

∧ R2 =
C

C − Kcos(Ωτ + ϑ)
(5.12)

With respect to a maximum suppression of R by stimulating the ensemble, optimal solutions of
equation 5.11 are given by

Ω = Ω0, R =

√
C

C − K
(5.13)

which is realized by Ω0τ + ϑ = 2nπ with K ≤ 0 and

Ω = Ω0, R =

√
C

C + K
(5.14)

for Ω0τ + ϑ = (2n + 1)π with K ≥ 0, respectively. For n it holds n ∈ N0 (N0: natural numbers
including zero) in both cases. For ϑ = 0 the solutions are known to be stable which can be shown
using linear stability theory [PHT05b].

In figure 5.1 function R(K) according to equation 5.14 is plotted. Also shown is the order
parameter of the ensemble

〈R(t)〉TS
=

〈∣∣∣∣∣∣∣ 1
N

N∑
j=1

|Zj(t)|−1Zj(t)

∣∣∣∣∣∣∣
〉

TS

(5.15)
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Figure 5.1: Order parameter in dependence of the feedback strength K. Blue: R according to equation 5.14 for
the optimal solutions. Red: order parameter 〈R(t)〉TS

averaged over stimulation time (TS = 2000) from numerical
simulations with an ensemble of 200 limit cycle oscillators (ai ≡ 1.0), τ = 2.5, and ϑ = 0.0. The error bars indicate
the standard deviation of the order parameters averaged. Green: mean order parameter 〈R(t)〉 TS

from numerical
solutions with the same ensemble but with different values of τ and ϑ for each tested K. In order to investigate the
predicted optimal solutions, the dependence has been ϑ = K

20 2π together with τ = 3π
Ω0
− ϑ
Ω0

for the green values. The

global coupling strength C has been set to 1.0 and the mean period to T = 5.0 (Ω 0 =
2π
T ≈ 1.3) in all three cases. For

the ensembles the frequency deviation has been σω = 0.1.

averaged over stimulation time in dependence of the feedback strength K. The stimulation time
was TS = 2000 after a transient epoch of 200 in all calculations with nonlinear delayed feedback
in this chapter. Simulations have been performed with an ensemble of N = 200 limit cycle
oscillators. The coupling strength has been set to C = 1 whereas the mean natural period of the
oscillators is equal to 5. The standard deviation of the distribution of natural frequencies has been
set to σω = 0.1 with individual radii of all oscillators ai = 1. The green crosses in figure 5.1 refer
to numerical simulations with ϑ = 0.0 and τ = 2.5 for all tested values of K. The dependence
of 〈R(t)〉TS

on K for these simulations are in good agreement with the predicted function (blue
curve). For phase oscillators the agreement is even better as shown in figure 3 in [PHT05b].
The red crosses in figure 5.1 present results for varying values of τ and ϑ. For each tested value
of K these parameters are given by ϑ = K

202π and τ = 3π
Ω0
− ϑ
Ω0

, respectively. Thus ϑ has been
varied from 0 to 2π in the tested regime of K and τ has been adjusted for each value of ϑ in a way
that the condition Ω0τ + ϑ = 3π holds with respect to the desired optimal solution. In figure 5.1
corresponding red and green crosses for the same value of K do not differ. Hence the analytical
prediction is valid that an additional phase shift of the feedback signal can be corrected by an
appropriate change of the time delay (and vice versa), in order to assure an optimal solution.
Because in the next chapter the linear and nonlinear delayed feedback protocols are tested in an
experiment, some results in [THP06] concerning their performance are shortly summarized in
this paragraph. Figure 5.2 taken from [THP06] shows the degree of synchronization for different
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Figure 5.2: Color coded order parameter in dependence of the stimulation strength K and the time delay τ for
different feedback methods (from: [THP06]). Top: nonlinear delayed feedback by Popovych et al. [PHT05b],
bottom: linear delayed feedback by Rosenblum et al. [RP04a]. The values of the averaged order parameter result
from a simulation of N = 100 globally coupled phase oscillators (C=0.25). The mean natural period of the ensemble
has been T = 5 (mean natural frequency Ω0 =

2π
T ≈ 1.3), the individual natural frequencies have been Gaussian

distributed with deviation σ = 0.1 [THP06].

values of K and τ including also non-optimal solutions. For this plot no phase shift has been
taken into account (ϑ = 0). Please note that desynchronization can always be achieved for the
nonlinear delayed feedback protocol by an adequate choice of K, even ifΩ0τ = (2n+1)π does not
hold. This characteristic favors this method drastically compared to the linear delayed feedback
(equation 5.1) whose results are also shown in figure 5.2. The linear delayed feedback exhibits
only islands of desynchronization around τ = n

2T with bounded regimes for the associated values
of K.

5.2 Distributed source models in a nonlinear delayed feedback
scenario

Since one specific aim of this work is to realize an MEG feedback for the manipulation of brain
rhythms, it is of interest to test the performance of inverse routines with respect to the desynchro-
nization of neural populations by feedback. For this, the influence of a perturbing current source
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on the desychronization of a neural ensemble will be quantified. The perturbing current source
in a specific voxel, whose position will be varied across the entire source space, is modeled by
the mean field of a strongly synchronized ensemble 1 of N1 limit cycle oscillators. Ensemble 2
situated in another fixed voxel is stimulated by nonlinear delayed feedback, in order to desyn-
chronize its N2 strongly coupled oscillators. For the modeling of the mean field Z 1(t) of the
perturbing ensemble and of the mean field Z2(t) of the population to be desynchronized, consider
two ensembles of globally coupled limited oscillators obeying

Ż j,1(t) = (aj,1 + iω j,1 − |Zj,1(t)|2)Zj,1(t) + C1Z1(t) (5.16)

Ż j,2(t) = (aj,2 + iω j,2 − |Zj,2(t)|2)Zj,2(t) +C2Z2(t) + S (t) (5.17)

There is no coupling between both ensembles. The mean fields of both ensembles are defined
analogous to equation 5.4, i.e.

Z1(t) �
1
N1

N1∑
j=1

Zj,1(t) (5.18)

and

Z2(t) �
1
N2

N2∑
j=1

Zj,2(t) (5.19)

The following scenario is investigated. The current density inside a specific voxel of interest with
index i is reconstructed, in order to stimulate population 2 situated there. It is assumed that two
components of the three-dimensional current density are 0 for all times. The third component jr

i
is proportional to mean field 2 with a proportionality factor set to 1. Let us further assume that
only one more voxel with index k inside the source space is active due to a perturbing source. One
component ( js

k) of its associated current density is equal to Z1(t). Ensemble 2 will be stimulated
by the reconstructed current density belonging to voxel i and direction r. The perturbing source
disturbs the desired desychronization of ensemble 2, because the feedback signal exhibits mixed
information of both ensembles. Because inverse routines act as spatial filters, feedback signals
that are defined by the reconstructed current density are expected to deliver a significantly better
stimulation performance than using just the detected magnetic fluxes for feedback. The results
of simulations for this will be shown in this section. The distributed source models introduced in
chapter 4 will be further contrasted in these tests regarding this highly relevant new aspect.
The reconstructed component of the current density in the voxel of interest ĵri is given by

ĵri = Rrr
ii jri + Rrs

ik js
k (5.20)

As in the preceding chapters R denotes the resolution matrix which maps the original current
density distribution �j on the reconstructed current density distribution ĵ depending on the applied
linear inverse routine. The plan is to desynchronize the source of interest jr

i by nonlinear delayed
feedback of the reconstructed current density ĵri . The difference to the stimulation signal of the
nonlinear delayed feedback protocol discussed so far in this chapter is given by the mixing of
mean fields belonging to two different ensembles. For the general case, this mixing, whose actual
degree depends on the components of the resolution matrix Rrr

ii and Rrs
ik , can be described by

Z(t) = (1 − ε)Z2(t) + εZ1(t) (5.21)
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The mixing of these fields results in mean field Z(t) which is used to build the stimulation signal
for nonlinear delayed feedback (equation 5.2). The degree of the superposition of the mean fields
is tuned by the mixing parameter ε with 0 < ε ≤ 1. For ε ≈ 1 the stimulation signal is mostly
determined by the mean field of the perturbing source. For small values of ε the stimulation signal
is mainly built by the mean field of the source to be desynchronized resulting in a suppression of
its rhythm as described in the preceding chapter.
For given values of Rrr

ii and Rrs
ik the parameter ε is determined by their ratio

1 − ε
ε
=

Rrr
ii

Rrs
i j

(5.22)

which gives the following condition for ε

ε =
Rrs

i j

Rrs
i j + Rrr

ii

(5.23)

This connects the superposition of mean fields according to equation 5.21, which is used for
building the stimulation signal, with equation 5.20, in order to quantify how the actual mixing
due to the MEG reconstruction process affects the feedback performance.
If Rrr

ii and Rrs
i j have opposite signs, ε in equation 5.22 is not within the predefined range 0 < ε ≤ 1.

For these cases, the mixing is modeled by

Z(t) = (1 − ε)Z2(t) − εZ1(t) (5.24)

For given Rrr
ii and Rrs

ik , ε is then obtained by (1 − ε)/(−ε) = Rrr
ii /R

rs
i j leading to

ε =
Rrs

i j

Rrs
i j − Rrr

ii

(5.25)

again with 0 < ε ≤ 1. Next feedback via a detector signal directly is considered, i.e without
applying a current density reconstruction. For the output of detector l holds, if only the two
current density components jr

i and js
k are unequal to zero as before

ml = Φ
r
li j

r
i + Φ

s
lk js

k (5.26)

In this equation Φr
li is the entry in the lead field matrix which denotes the sensitivity of the l-th

detector with respect to the r-th component of the current density in voxel i (analogous: Φ s
lk).

Thus, concerning the degree of mixing in sensor feedback Φr
li takes the role of Rrr

ii in voxel feed-
back and Φs

lk that of Rrs
i j . Hence the corresponding value of ε in equation 5.21 for sensor feedback

is given by ε = Φs
lk/(Φ

s
lk + Φ

r
li), if Φr

li and Φs
lk have the same signs. Otherwise, for ε it holds

ε = Φs
lk/(Φ

s
lk − Φr

li) (0 < ε ≤ 1).
N1 = N2 = 200 oscillators have been taken into account for the simulations in each case. All

individual radii a j,1 and a j,2 are set to 1. The mean natural frequencies of both ensembles are
Gaussian distributed with each mean frequency equal to 2π

5 ≈ 1.3 and with a standard deviation
σ equal to 10 % of the mean. The global coupling strengths in the populations have been set to
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Figure 5.3: Mean order parameter 〈R2(t)〉TS
together with its standard deviation in dependence on the mixing

parameter ε for the nonlinear delayed feedback protocol with S (t) = KZ
2
(t)Z

∗
(t − τ). Green curve: mean field used

for feedback given by Z(t) = (1− ε)Z 2(t)+ εZ1(t). Red curve (mostly covered by the green one): mean field used for
feedback obeys Z(t) = (1 − ε)Z 2(t) − εZ1(t)

C1 = C2 = 1 which delivers strongly synchronized ensembles in the absence of stimulation.
In figure 5.3 the order parameter of the ensemble of interest

〈R2(t)〉TS
=

〈∣∣∣∣∣∣∣ 1
N2

N2∑
j=1

∣∣∣Z−1
j,2 (t)

∣∣∣ Zj,2(t)

∣∣∣∣∣∣∣
〉

TS

(5.27)

averaged over stimulation time is plotted in dependence of the mixing parameter ε. The applied
stimulation strength was K = 200, the time delay for the stimulation signal in equation 5.2 was
set to τ = 2.5. The green curve belongs to results from simulations with a mean field used for the
stimulation signal, which obeys equation 5.21. The strong desynchronization by stimulating via
mean field Z2(t), i.e. ε = 0, is visible. For increasing ε the mixing of both mean fields leads to a
driving of ensemble 2, as ensemble 1 is strongly synchronized and not affected by the stimulation.
In figure 5.3 a red curve is hidden by the green curve which belongs to simulations with a mean
field used for the stimulation signal obeying equation 5.24. Hence both forms of the stimulation
have the same effect on the degree of synchronization of the second ensemble.

The mappings of ε onto the resulting mean order parameter 〈R2(t)〉TS
shown in figure 5.3 in

combination with equations 5.23 and 5.25 are used in order to evaluate the degree of mixing
for different resolution matrices. For this, intermediate values of 〈R2(t)〉 (ε) have been interpo-
lated linearly. The investigated inverse routines are the spatial filter systems SOFIA, WROP, and
pWROP again for different settings of their constraint parameter together with GaussMN as in
chapter 4. The applied head-sensor-configuration and the setup of the source space for the calcu-
lation of each resolution matrix can be gathered from the preceding chapters. The same region
of interest as in chapter 4, i.e. a sphere with a radius of 1.5 cm around visual cortex area V5, has
been chosen. Voxel i and the component of the current density of interest r is fixed in all results
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Figure 5.4: Averaged order parameters of the stimulated ensemble 2 for different areas of the perturbing ensemble 1
and different inverse methods used for feedback. The plotted order parameters 〈R 2(t)〉 (ε) are averaged for distances
between ensemble 1 and 2 in the source space being smaller or equal than 2.5 cm, 5.5 cm, 8.8 cm, and 11.5 cm,
respectively. They are furthermore divided by the order parameter without any perturbing source (〈R 2(t)〉 (0) =
0.062). Top left: results for the GaussMN inverse method compared to sensor feedback, top right: GaussMN and
SOFIA for different number of used virtual sensors, bottom left: GaussMN and WROP for different settings of β,
bottom right: GaussMN and pWROP.

discussed in the following, which belong to a grid point in the center of the region of interest for
a current dipole pointing the z-direction. This position is indicated by a green cross in figure 4.4.
For each tested inverse routine this choice of i and r gives the resolution matrix entry Rrr

ii used in
equations 5.23 and 5.25.
The position (voxel k) and active current density component (s-th component) of the perturbing
source, which is represented by Rrs

ik in these equations, is varied across the source space grid and
all three spatial directions. Positions for the perturbing source inside the ROI sphere have been
omitted, because the investigated spatial filter systems SOFIA, pWROP, and WROP are used to
reduce the mixing between the predefined region of interest and the remaining source space but
not inside both regions. In other words, for the chosen resolution kernel identified by i and r all
entries Rrs

ik have been taken into account, except for voxels k belonging to the region of interest.
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The specific value of the mixing parameter ε for each pair of Rrr
ii and Rrs

ik according to equation
5.23 and 5.25, gives the degree of synchronization 〈R2(t)〉 (ε) shown in figure 5.3.
In order to summarize results, for each investigated resolution matrix R these order parameters
have been averaged across subareas in the source space. For this, values for perturbing sources
exhibiting a distance smaller or equal than 2.5 cm, 5.5 cm, 8.5 cm, and 11.5 cm, respectively, to
the source of interest have been averaged. For the case of 11.5 cm all tested positions of ensemble
2 are taken into account. Moreover, the averaged order parameters presented in figure 5.3 are
divided by the degree of synchronization in ensemble 2, if the stimulation signal is constructed
purely by its own mean field (〈R2(t)〉 (0)). For the detector feedback (see equation 5.26) the sen-
sor signal was used that showed the largest sensitivity for ensemble 2, i.e. the largest value of Φ r

li
among all l whereby 1 ≤ l ≤ 90.
The drastic influence of the perturbing source on the feedback gain can be gathered from figure
5.4. For distances between both ensembles less or equal than 2.5 cm the tested methods produce
an increase of the average order parameter of ensemble 2 by a factor of 7 and more compared to
the undisturbed case (ε = 0). Note that in all cases the detector feedback is not drastically, i.e. by
orders of magnitude, less effective than feedback with the aid of the reconstruction techniques.
As expected the averaged degree of synchronization decreases monotonically with an increase of
the considered distances and the detector feedback exhibits the worst performance in all subar-
eas. The graphs derived from applying the inverse routines show a more negative gradient than
the curve of the detector feedback due to their behavior as a spatial filter. SOFIA shows no sig-
nificant difference compared to GaussMN for the tested resolution kernel except for the case of
Nf = 1 where its performance is even worse for distances smaller or equal than 8.5 cm. The
graphs for WROP and pWROP are practically identical. They are distinctly superior to GaussMN
for distances around 4 cm depending on the setting of the constraint parameter β.

5.3 Mixed nonlinear delayed feedback

In the rest of this chapter a new effect regarding the nonlinear delayed feedback technique is pre-
sented. In the last section two ensembles of limit cycle oscillators have been considered with a
strong coupling inside the populations but without a coupling between the ensembles. A mixture
of both mean fields in applying the nonlinear delayed feedback had been investigated, because
this superposition of signals is an unavoidable and significant characteristic in MEG. Using this
modified nonlinear delayed feedback protocol hinders the desynchronization of the stimulated
ensemble. In the following it will be shown that the mixing of mean fields is able to improve the
feedback gain drastically under certain conditions, if there is a coupling between both ensembles.
First, the effects of nonlinear delayed feedback in two ensembles with a back and forward cou-
pling, as introduced in [PHT06b], are shortly summarized. Starting from this point the enhanced
desynchronization and decoupling of oscillators by using the mixed mean fields for the feedback
will be demonstrated. The effect is explained qualitatively and a modeling approach on the way
to an analytical understanding is given.
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5.3.1 Desychronization and decoupling of interacting populations

Consider the following situation of two ensembles of coupled limit cycle oscillators:

Ż j,1(t) = (aj,1 + iω j,1 − |Zj,1(t)|2)Zj,1(t)

+C1Z1(t) + C21Z2(t) (5.28)

Ż j,2(t) = (aj,2 + iω j,2 − |Zj,2(t)|2)Zj,2(t)

+C2Z2(t) + C12Z1(t) + S (t) (5.29)

The only difference to the scenario described in equations 5.16 and 5.17 is that both popula-
tions are now interacting via a back and forward coupling. Again only the second ensemble is
stimulated directly. The situation is sketched in figure 5.5. Ensemble 2 is stimulated by

Figure 5.5: Sketch of the coupled ensembles with delayed feedback stimulation in ensemble 2.

S (t) = KZ
2
(t)Z

∗
(t − τ) (5.30)

First the unmixed feedback with
Z(t) = Z2(t) (5.31)

is considered. The desynchronizing and decoupling effect due to this form of nonlinear delay
feedback has been studied extensively [PHT05b, PHT06b]. It will be illustrated in this section,
since it is the starting point of the mixed nonlinear delayed feedback presented in section 5.3.2.
Figure 5.6 shows the time courses of the mean fields of both ensembles before and during stimu-
lation. The values of the global coupling strengths inside each network are C1 = 1 and C2 = 0.01
in this example. The individual radii a j,k are 1 for all j and k. Numerical simulations have
been performed with 200 limit cycle oscillators in each ensemble (N1 = N2 = 200). The natu-
ral frequencies of the oscillators are Gaussian distributed in both networks around mean values
ω1 =

2π
6 = 1.047 for population 1 and ω2 =

2π
4 = 1.571 for population 2, whereby both frequency

distributions exhibited a standard deviation of σω = 0.1. For C21 = C12 = K = 0 a strongly
synchronized ensemble 1 is induced with an averaged order parameter

〈R1(t)〉TS
=

〈∣∣∣∣∣∣∣ 1
N1

N1∑
j=1

Zj,1(t)

|Zj,1(t)|

∣∣∣∣∣∣∣
〉

TS

(5.32)
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Figure 5.6: Mean fields (real part) of ensemble 1 (left) and ensemble 2 (right panel) under the influence of stimu-

lation with S (t) = KZ
2
2(t)Z

∗
2(t − τ): all coupling terms are switched on at t = 600, at t = 800 the stimulation becomes

active (K = 400).

equal to 0.995. Ensemble 2 however is in a desynchronized state with an averaged order parameter

〈R2(t)〉TS
=

〈∣∣∣∣∣∣∣ 1
N2

N2∑
j=1

Zj,2(t)

|Zj,2(t)|

∣∣∣∣∣∣∣
〉

TS

(5.33)

equal to 0.068 which is equal to zero for N2 → ∞, since C2 is smaller than the critical coupling
strength

Ccrit =

√
8
π
σω = 0.16 (5.34)

characterizing the onset of synchronization [PR99, Kur84].
If a strong interaction between both ensembles is initiated (C21 = C12 = 1 in the following), but
the stimulation term is still zero, ensemble 1 induces synchronization in ensemble 2 in a driving
sense. Then the order parameters are 〈R1(t)〉TS

= 0.998 and 〈R2(t)〉TS
= 0.996, respectively. A

stimulation given by equations 5.30 and 5.31 with K = 400 and τ = 2.0 desynchronizes the driven
population, which is observed by 〈R2(t)〉TS

= 0.141 in this setup. The driving population is only
slightly affected (figure 5.6) with (〈R1(t)〉TS

= 0.996.
Another drastic consequence of the applied stimulation is given by the fact that the individual

natural frequencies inside population 2 are restored during stimulation [PHT05b, PHT06b]. This
can be interpreted as an effective decoupling of the oscillators in the driven ensemble. In figure
5.7 two exemplary trajectories of oscillators in population 1 and population 2, respectively, are
shown with the same parameter settings as described above. The amplitude of both oscillators
are increased by the coupling terms compared to the uncoupled state, but only the amplitude of
the oscillator in the driven ensemble is nearly restored when the stimulation is switched on. The
decoupling effect can be quantified by the average difference between the natural frequency of
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Figure 5.7: Exemplary trajectories (real part) of an oscillator in ensemble 1 (left panel) and in ensemble 2 (right

panel) under the influence of stimulation with S (t) = KZ
2
2(t)Z

∗
2(t − τ): all coupling terms are switched on at t = 600,

at t = 800 the stimulation becomes active (K = 400).

each oscillator ω j,k and its mean frequency
〈
ω j,k

〉
S tim

during the stimulation epoch

ΔωS tim
k =

√√√
1
Nk

Nk∑
j=1

(
ω j,k −

〈
ω j,k

〉
S tim

)2
(5.35)

with k = 1, 2 indicating the considered ensemble. As a reference, analogous measures are defined
for the stimulation-free case

Δω
Coup
k =

√√√
1
Nk

Nk∑
j=1

(
ω j,k −

〈
ω j,k

〉
Coup

)2

(5.36)

describing the average difference between the natural frequency of each oscillator and its mean
frequency

〈
ω j,k

〉
Coup

during coupling but before stimulating. In the chosen configuration the

values are ΔωS tim
2 = 0.017 and ΔωCoup

2 = 0.321, respectively, for the driven ensemble. This
shows the relatively strong rebuilding of the natural frequencies due to the nonlinear feedback in
ensemble 2. In contrast the propagated decoupling in the driving ensemble is much smaller. Here
ΔωS tim

1 is equal to 0.125 and ΔωCoup
1 = 0.240.

5.3.2 Mixing the mean fields for the stimulation of interacting populations

The stimulation signal in equation 5.30 is now defined by

Z(t) = (1 − ε)Z2(t) + εZ1(t) (5.37)

Again the mixing parameter ε (0 ≤ ε ≤ 1) tunes the degree of mixing of mean fields for the
stimulation. For ε = 0 the stimulation signal is only determined by the mean field of ensemble 2
as discussed in the previous section, for ε = 1 only the mean field of the first population is taken
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Figure 5.8: Order parameters with standard deviations for population 1 (〈R 1(t)〉TS
, left image) and population 2

(〈R2(t)〉TS
, right) versus mixing parameter ε.

into account for the stimulation signal. The simulations have been performed with a fixed setting
of ε, which has been varied with a step size of 0.025 between the simulations. In figure 5.8 the
order parameters averaged over stimulation time for both ensembles are plotted in dependence
of ε. For the driven population (ensemble 2) a slight increase of ε gives a further decrease of
〈R2(t)〉TS

. For the parameter settings in the previous section the absolute minimum of 〈R2(t)〉TS

is found near ε = 0.075. A further increase of ε destroys the desynchronization in the driven
ensemble, until around ε = 0.5 the order parameter decreases again. A second local minimum
of 〈R2(t)〉TS

is found at about ε = 0.675. Increasing ε further leads to a sharp rise of the order
parameter with a very irregular corresponding trajectory for mean field 2 indicated by the large
standard deviations. The impact of ε on 〈R1(t)〉TS

is even more drastic. Starting from a very
strong synchronization in ensemble 1 (〈R1(t)〉TS

≈ 1) for ε < 0.4, the driving population strongly
desynchronizes for 0.4 < ε < 0.6. For larger values of ε, 〈R1(t)〉TS

increases again. Please
note that for ε > 0.675, the time-dependent order parameters of both ensembles undergo strong
fluctuations. The graphs for ΔωS tim

1 (ε) and ΔωS tim
2 (ε) (figure 5.9) show qualitatively the same

results leading to the assumption that both measures may display the same mechanism.
For the critical value of ε = 0.675, where both order parameters 〈R1(t)〉TS

and 〈R2(t)〉TS
reach their

minimum but where a further increase of ε would destroy the desychronization, the trajectories
of the mean fields are shown in figure 5.10. After a short transient epoch, the stimulation strongly
suppresses the amplitudes of both mean fields. This is a distinctly different influence of the
feedback signal on the networks as compared to the case ε = 0 (figure 5.6) where the driver is
barely affected by the stimulation. In figure 5.11 two exemplary trajectories of oscillators are
shown for ε = 0.675. After switching on the stimulation there is a short transient epoch with an
increase of the amplitudes in ensemble 2, until the steady state is reached (see also figure 5.10).
The amplitude of oscillators in both ensembles is nearly 1 which is the radius of their undisturbed
limit cycle (a j,k = 1 for all j and k = 1, 2). This illustrates the enhanced decoupling effect by
mixed nonlinear delayed feedback in both ensembles.
The individual oscillators behave nearly like uncoupled, if the order parameter of their ensemble

reaches a minimum. For ensemble 1 this means that the sum of the internal coupling and the
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Figure 5.9: ΔωS tim
1 (left) and ΔωS tim

2 (right) versus mixing parameter ε.
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Figure 5.10: Mean fields (real part) of ensemble 1 (left) and ensemble 2 (right panel) stimulated with mixed
nonlinear delayed feedback (ε = 0.675): all coupling terms are switched on at t = 600, at t = 800 the stimulation
becomes active (K = 400).
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Figure 5.11: Exemplary trajectories (real part) of an oscillator in ensemble 1 (left panel) and in ensemble 2 (right
panel) stimulated with mixed nonlinear delayed feedback. The mixing parameter ε is set to 0.675. The timing of
switching on coupling and stimulation terms is the same as used for figure 5.10.

backward coupling to ensemble 2 (see equation 5.29) should also reach a minimum for ε = 0.675.
For the minima of 〈R2(t)〉TS

all three contributions given by the global coupling to the mean field
2, the forward coupling of ensemble 1, and the stimulation signal have to be taken into account.
In order to understand their interplay, these signals are investigated for synchronization in the
following. As all signals considered here are complex, they can be represented by a phase and an
amplitude at each point in time. For mean field 1 with Z1(t) = X1(t) + Y1(t), mean field 2 with
Z2(t) = X2(t) + Y2(t), and the stimulation signal with S (t) = XS (t) + YS (t) these are given by

A1(t)eiΨ1(t) � X1(t) + Y1(t) (5.38)

A2(t)eiΨ2(t) � X2(t) + Y2(t) (5.39)

AS (t)eiΨS (t) � XS (t) + YS (t) (5.40)

The phase differences between these signals are defined by

ϕ1,2(t) = Ψ1(t) − Ψ2(t) (5.41)

ϕS ,1(t) = ΨS (t) − Ψ1(t) (5.42)

ϕS ,2(t) = ΨS (t) − Ψ2(t) (5.43)

(5.44)
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Figure 5.12: Red: synchronization index R1,2 between the mean fields, blue: RS ,1, green: RS ,2

Finally, the synchronization indices R1,2, RS ,1, and RS ,2 and the mean phase differences ϕ1,2, ϕS ,1,
ϕS ,2 are defined by [Tas04]

R1,2e
iϕ1,2 �

1
NS

NS∑
j=1

eiϕ1,2(t j) (5.45)

RS ,1e
iϕS ,1 �

1
NS

NS∑
j=1

eiϕS ,1(t j) (5.46)

RS ,2e
iϕS ,2 �

1
NS

NS∑
j=1

eiϕS ,2(t j) (5.47)

In the last equations NS denotes the number of discrete time steps (step size: 0.1) considered
during stimulation after the transient epoch. The synchronization indices, which are real num-
bers, are close to 1, if the associated phase differences do not change much over time around their
means. The indices vanish provided the phase differences (modulo 2π) are uniformly distributed.
Note that the mean phase differences are only well-defined, if their associated synchronization
indices are larger than 0. In figure 5.12 the synchronization indices are plotted in dependence
of ε. Both mean fields are strongly synchronized for ε ≤ 0.675, which is also the case for the
stimulation signal relative to each mean field. For 0.7 ≤ ε ≤ 0.8 for the tested values of ε mean
field 1 and mean field 2 as well as the stimulation signal and mean field 2 are also synchronized
but to a lower degree than for ε ≤ 0.675. For ε ≥ 0.9 the mean fields are strongly desynchronized.
In the case of strong synchronization, the mean phase differences show the phase shift between

signals (figure 5.13). These measures explain the dependence of the desynchronization of both
mean fields on ε, as will be shown in the following. For ε = 0.075 the mean phase difference
ϕS ,1 is closest to π. This means for the oscillators in ensemble 2 that the main global influences
(equation 5.29), the feedback stimulation and the forward coupling of ensemble 1, are nearly in
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Figure 5.13: Mean phase differences. Red: ϕ1,2, blue: ϕS ,1, green: ϕS ,2

antiphase. The trajectories of Z1(t), Z2(t), and S (t) are shown in figure 5.14 for this value of ε.
The green curve displays the oscillation of mean field 2, whose amplitude is much smaller than
for the other signals. Moreover, since the global coupling strength C2 in ensemble 2 is 0.01 in
this setup, the influence of the global coupling inside ensemble 2 is negligible for ε = 0.075. The
trajectories of the stimulation signal and mean field 1 exhibit a phase shift close to π. In general
the amplitudes of S (t) and Z(t) also depend on ε and have also to be taken into account, in order
to quantify that value of ε where the sum of both signals is smallest. Here their amplitudes are
nearly the same. For the oscillators in ensemble 2 this means that the global influences by the
stimulation signal and the forward coupling (C12 = 1) cancel out for ε = 0.075. This explains the
first local minimum of 〈R2(t)〉TS

(figure 5.8) as well as of ΔωS tim
2 (figure 5.9). At this value of ε

ensemble 2 is not driven by the first population due to the antiphase nonlinear delayed feedback.
Its own global coupling is too small to induce a significant effect on its individual oscillators.
Thus, these oscillators behave like uncoupled, i.e. they rotate on their own individual limit cycle
with their individual natural frequency.

In order to understand the collapse of the driver around ε = 0.675, the behavior of the mean
phase difference between the mean fields, ϕ1,2, is important. They determine the global influ-
ences on the individual oscillators in ensemble 1 (equation 5.28). In figure 5.13 also the graph of
ϕ1,2(ε) is given (red curve). Near ε = 0.675 the mean phase difference is close to π which gives
the analogous explanation for the collapse of the driver as for the first local minimum of 〈R2(t)〉TS

discussed above. The oscillations of the mean fields for this value of the mixing parameter are
displayed in figure 5.15. The signals are in antiphase and exhibit a similar amplitude. The cou-
pling strengths for the global coupling of ensemble 1 and the backward coupling of population 2,
C1 and C21, had been set 1 in this configuration. Hence the coupling terms in the equations for the
individual oscillators in population 1 (equation 5.28) almost annihilate each other near ε = 0.675.
Oscillators in ensemble 1 are decoupled and desynchronized. Therefore ensemble 1 is not able
to drive population 2 any more. The amplitude of mean field 2 also becomes small. Please note
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Figure 5.14: Trajectories of the stimulation signal (blue) and the mean fields (red: ensemble 1, green: ensemble
2) with mixed nonlinear delayed feedback (ε = 0.075).

the different scaling in figure 5.15 compare to figure 5.14. Moreover the phase shift between the
stimulation signal (blue curve in figure 5.15) and mean field 1 is still close to π for ε = 0.675
which favors the desynchronization in ensemble 2.
To summarize the following can be concluded about the desynchronization and decoupling ef-

fects observed in both ensembles presented in figure 5.8 and figure 5.9. A slight increase of ε opti-
mizes the nonlinear delayed feedback protocol for two interacting populations [PHT06b], because
this leads to an antiphase setting of mean field 1 and the stimulation signal. A further increase
of ε until 0.675 does not destroy the synchronization between both mean fields, but destroys the
favorable phase shift between mean field 1 and the stimulation signal. For 0.5 ≤ ε ≤ 0.675 a sec-
ond, dominating effect occurs: now the mean phase difference between the mean fields is close
to π which makes oscillators in ensemble 1 decoupled. This leads to a desynchronization in this
population and furthermore in ensemble 2, which is not driven by ensemble 1 any more.

5.3.3 Modeling ensembles by macroscopic oscillators

In order to understand the global behavior of both ensembles under the influence of mixed nonlin-
ear delayed feedback, their mean fields are modeled by macroscopic oscillators. This should lead
to an explicit description for the optimal values for ε in dependence of the parameters settings in
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Figure 5.15: Trajectories of the stimulation signal (blue) and the mean fields (red: ensemble 1, green: ensemble
2) with mixed nonlinear delayed feedback (ε = 0.675).

both ensembles. Two alternative approaches are studied here. The first one

Ż1(t) = (C1 −Ccrit + iΩ0,1 − |Z1(t)|2)Z1(t)

+C21Z2(t)

Ż2(t) = (C2 −Ccrit + iΩ0,2 − |Z2(t)|2)Z2(t)

+C12Z1(t) + S (t) (5.48)

models the mean fields Z1 and Z2 at the onset of synchronization by the oscillators Z1 and Z2,
respectively, with Ccrit according to equation 5.34 [RP04b, Kur84]. Ω0,1 andΩ0,1 denote the mean
natural frequency of the individual oscillators in ensemble 1 and ensemble 2, respectively.
For the second model, it is assumed that in the driving ensemble 1 the individual oscillators do not
differ much concerning amplitude and phase, which is true for a strongly synchronized ensemble.
Mean field 1 is then described by a single representative oscillator of the first ensemble. In this
case it holds

Z1(t) =
1
N1

N1∑
j=1

Zj,1(t) ≈ Zj,1(t) (5.49)
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Figure 5.16: Mean field amplitudes with standard deviations from numerical simulations with mixed nonlinear
delay feedback. Left: for ensemble 1, right: for ensemble 2. Red: according to the macroscopic approximations
given by equations 5.48. Blue: according to the macroscopic approximations given by equations 5.51. Green: results
from 200 microscopic oscillators in each ensemble obeying equations 5.28 and 5.29.

for all j. The mean field equation of ensemble 1 (see also equation 5.28) without backward
coupling to the second ensemble becomes

Ż1 =
1
N1

N1∑
j=1

Ż j,1(t) =
1
N1

N1∑
j=1

(aj,1 + iω j,1 − |Zj,1(t)|2)Zj,1(t) + C1Z1

= (
1
N1

N1∑
j=1

aj,1 + iΩ0,1 − |Z1(t)|2)Z1(t) + C1Z1 (5.50)

The differential equations for the model of interacting populations are then given by

Ż1(t) = (C1 +A1 + iΩ0,1 − |Z1(t)|2)Z1(t)

+C21Z2(t)

Ż2(t) = (C2 −Ccrit + iΩ0,2 − |Z2(t)|2)Z2(t)

+C12Z1(t) + S (t) (5.51)

with the same mean field approximation of the driven population as in the first model. Here
A1 � 1

N1

∑N1
j=1 aj,1, which is equal to 1 for the tested parameter settings defined in the previous

section. In both modeling approaches the stimulation signal is given by equation 5.30 whereby Z
obeys

Z(t) = (1 − ε)Z2(t) + εZ1(t) (5.52)

In order to check the validity of the different approximations, the amplitudes for the interacting
macroscopic oscillators in equations 5.48 and 5.51, respectively, with mixed nonlinear delayed
feedback have been calculated in numerical simulations. In figure 5.16 the values are plotted to-
gether with the mean field amplitudes of the simulations with 200 microscopic oscillators in each
ensemble (equations 5.48). For ε ≤ 0.4 the approximations according to equations 5.51 predict
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the mean field amplitudes of the ensembles in an appropriate manner. In this range the driving
ensemble is strongly synchronized. For the collapsed driver and the desynchronized population 2
(0.6 ≤ ε ≤ 0.8) equations 5.48 can serve as a model. For larger values of ε the first model seems
to be the better approximation, but the strong fluctuations of the mean fields in this range do not
allow further conclusions. For the whole range of ε both models are not applicable.

In this section an enhanced desynchronization of interacting limit cycle oscillators by mixed non-
linear delayed feedback has been presented. Two effects for different regimes of ε are qualitatively
understood. For small values of ε the driving ensemble is nearly untouched but the driven ensem-
ble can be stronger desynchronized than for ε = 0. For 0.6 ≤ ε ≤ 0.8 the antiphase shift of the
mean fields leads to a breakdown of the driver and to a second local minimum with respect to
the synchronization in ensemble 2. In this range of ε the desynchronization of both populations
has also been observed for different settings of the delay τ, the individual radii a j,k, and the mean
natural periods of both ensembles (not shown here). Moreover, the protocol gives similar results
in ensembles of phase oscillators, as used e.g. in [THP06]. This protocol shows the benefit of
mixing the mean fields for the stimulation of interacting populations of oscillators. In applica-
tions, the mixing parameter could be used to allow a stronger desynchronization of the driven
population only. The mixing parameter can also be tuned in a way that the oscillators in both
ensembles are decoupled, even without direct stimulation of the driving population.
Some open questions require further investigations. The increase of the mean order parameters,
the fluctuation of the mean fields, and their loss of synchronization for large values of ε has to be
understood. This is critical for applications. The modeling of the interaction of both mean fields
has to be improved, in order to understand quantitatively the mechanism of mixed nonlinear de-
layed feedback.
In the next chapter the linear delayed feedback and the nonlinear delayed feedback protocol with-
out mixing is exploited in an MEG experiment. For this, the realtime MEG system implemented
at Jülich, which features the possibility to use the reconstructed current density distribution in the
brain for neurofeedback, will also be described.



Chapter 6

Realtime MEG

In this work the Gaussian weighted Minimum Norm method proved the best linear method with
respect to localization accuracy in a test of state-of-the-art distributed source models. It has been
implemented in a realtime MEG system at the Research Center Center Jülich. A first benefit of
this approach is to deliver the reconstructed current density distribution to the experimenter and
physician, respectively, online to enable calibration of stimulation parameters during the exper-
iments. A further feature is to exploit the reconstructed current density in selected voxels for
neurofeedback. This offers a wide range of new feedback experiments which are based on physi-
cal models.
The tested linear and nonlinear delayed feedback protocols are hypothesized to enable new forms
of therapies for neurological diseases [RP04b, PHT06a, THP06]. Brain lesions, for example, are
frequently accompanied by abnormal low frequency magnetic activity [BdJS+03]. A suppression
of such oscillations could result in a more functional regeneration of the brain tissue.
The aim of the presented experiment is the downregulation of a physiological brain rhythm. This
would enable to test the functional meaning of such brain rhythm [Tas02] in future experiments.
For example the brain rhythm around 40 Hz seems to be responsible for the binding of discrete
stimulus components into coherent wholes during visual object perception [EM98]. In the exper-
iment described at the end of this chapter the alpha rhythm (8 − 12 Hz) is investigated, because it
can be manipulated by relatively simple visual stimulation setups.
In the following section the workflow of the realtime system as well as its implementation is
shortly described. Its correctness will be shown with the aid of phantom experiments, i.e. via
measurements of a brain dummy with a known and controllable current density distribution.

6.1 Implementation

The aim is to calculate the current density distribution via the solution of the Tikhonov regular-
ization in equation 2.14 which is repeated here

�j = (LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1�m (6.1)
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For a fixed lead field matrix Φ, a fixed weighting matrix L and a constant setting of the regular-
ization parameter α this gives a fixed linear mapping

A = (LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1 (6.2)

between the currently acquired signals �m and the desired reconstructed current density distribu-
tion. According to the benchmark of inverse methods in this thesis the used weighting matrix L
is defined according to the Gaussian weighted Minimum Norm solution (see section 3.1.1). The
regularization parameter α has to be set by the experimenter. Before the calculation of matrix A
a preliminary configuration has to take place in the experiment, in order to define the position of
the source space and to calculate the lead field matrix. This is described in the next paragraph.
The implementation of this routine with respect to an online usage has been an essential part of
this work.
Before the MEG experiment an MRT measurement of the brain of interest is performed. With
the aid of the MRT image a sphere for the model of the electrical volume conductor is fitted to
the head (see section 2.2). The user of the realtime MEG system has to decide for one of four
spherical segments fitted to the head, which defines four alternative positions of the source space
(for a back source space see e.g. figure 3.4). The choice depends on the specific experiment.
Moreover the number of used sensors is set by the experimenter. In a next step reference coils are
fixed at the surface of the head of the subject. Their positions in the associated coordinate system
of the MRT image and the source space, respectively, is determined by matching the surface of
the head to the MRT image. Magnetic fluxes are generated in the reference coils with the aid
of small electrical currents which are detected by the MEG sensors. This gives their positions
relative to the source space. Afterwards the source space grid is generated as well as the forward
solution, i.e. the lead field matrix giving the sensitivity of each applied detector with respect to the
source space grid points. Finally, matrix A can be calculated according to equation 6.2. During
the experiments this matrix can be updated in order to correct for head movements of the subject,
which changes the position of the sensors relative to the source space. This update of matrix A
takes only a few minutes during which no further data is being acquired.
The inverse mapping A given by GaussMN is plugged into the online and realtime MEG system

whose workflow is sketched in figure 6.1. This work contributed the inverse mapping and the
specification of the feedback protocols for the experiments. For details about the hardware imple-
mentation and the user interface see [Ron06]. In order to describe the usage of the reconstructed
current densities, the workflow of the system is shortly described in the next paragraph.
Each scanned set of binary MEG signals, read from the MEG system, is fed into a Field Pro-
grammable Gate Array (FPGA). In order to achieve the same physical unit for each sensor, sig-
nals are scaled here appropriately and parsed into a suitable format for the succeeding Digital
Signal Processor (DSP). A DSP enables a parallel and very fast calculation of algebraic opera-
tions. With this device the reconstruction of the current densities by multiplying matrix A with
the magnetic fluxes can be performed in a time less than one millisecond for a limited number of
voxels (of the order of 10). This makes it possible to reconstruct the current densities with the
same high rate (≈ 1 kHz) that is used for the detection of the magnetic fluxes and with a fixed
latency. No incoming signals are lost or ignored. Therefore this process is considered as realtime.
The fixed latency between the measurement of the magnetic fluxes and the entry in the FPGA
has been determined to be around 30 ms [Ron06]. The realtime calculated signals can be used for
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Figure 6.1: Sketch of the workflow of the online and realtime MEG system

feedback which will be demonstrated in an experiment in section 6.3 of this chapter.
Furthermore, the MEG signals are sent to a Personal Computer where the current density distribu-
tion is reconstructed with respect to the entire source space approximately four times per second
which is called online in this work. This three-dimensional online tomography of the current
density distribution has been tested in phantom experiments described in the next section.

6.2 Phantom tests

The correctness of the implementation of the online MEG system and the accuracy of the Gaus-
sian Weighted Minimum Norm method has been tested experimentally with the aid of a phantom
(figure 6.2). Inside the non-metallic shell of the phantom five current dipoles at different positions
can be switched on independently. The strength of each dipole is a sine whereby the amplitude
and the frequency can be set outside the shielding room. In figure 6.3 the visualization of the
current density distribution inside the source space is shown during the online reconstruction of
one of the current dipoles. In this figure important information for the experimenter is empha-
sized with purple arrows. The time course of a selected sensor as well as of the current density in
a selected voxel can be gathered with a temporal resolution of 1 ms. Also presented is the current
position of maximum activity inside the source space.
Each single dipole has been reconstructed with the aid of the online system using 100 detectors.

The resulting localization errors are displayed in table 6.1. Each original position can be recon-
structed relatively precisely. The mean displacement is 0.9 cm, which is in the same range of the
results from the numerical simulations (chapter 3). Note that the magnetic fluxes in the sensors
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Figure 6.2: The phantom before the measurement in the MEG system. Reference coils are fixed to the head of the
phantom in order to measure the positions of the MEG sensors relative to the head.

Figure 6.3: Graphical user interface for the online tomography of the reconstructed current density distribution.
The screen shot has been taken during a phantom experiment. In the slice visualization of the interpolated source
space a red color indicates large activity, i.e. a large amplitude of the current density vector in the associated voxel.
Dark-gray colored voxels show relative low values of activity.
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coordinates (cm) reconstructed position (cm) localization error (cm)
x y z x y z

Dipole no. 1 -0.1 1.6 6.0 0.0 2.0 6.2 0.4
Dipole no. 2 -0.1 1.4 5.1 0.0 2.0 5.3 0.7
Dipole no. 3 -0.1 1.1 4.1 0.0 2.0 4.4 1.0
Dipole no. 4 -0.1 0.9 3.2 0.0 2.0 3.6 1.2
Dipole no. 5 0.0 0.6 2.3 0.0 1.0 3.6 1.4

average: 0.9

Table 6.1: Displacement results of a phantom experiment. Left column: actual position of the single current dipoles
in source space coordinates given by the manufacturer, middle column: positions of maximum activity during online
reconstruction of each dipole, right column: euklidic distance between the actual positions and the reconstructed
ones. The regularization parameter of the Gaussian weighted Minimum Norm method has been set to α = 10 −15.

generated with the aid of the phantom have been orders of magnitude larger than those observed
in experiments with human subjects. The dipoles in the table are ordered increasingly concern-
ing their depth inside the source space, i.e. concerning their mean distance to the sensors. As
expected from the simulations the localization accuracy decreases with increasing source depth.

6.3 Visual delayed feedback in an MEG experiment

In this section a first application of the realtime MEG system in form of a neurofeedback exper-
iment is presented. For the calculation of the feedback signals in the experiment the linear and
nonlinear delayed feedback methods [RP04a, PHT05b] presented in the preceding chapter are
applied.
The alpha rhythm is defined as the brain rhythm between 8 − 12 Hz (see e.g. [EM98]). Is is
observed in EEG and MEG measurements during wakefulness of the subjects over occipital brain
areas with large amplitudes at the visual cortex due to strongly synchronized neural populations
[dSI05]. The aim of the presented experiment is to regulate the synchronization of neurons in-
volved in the alpha rhythm with the aid of linear and nonlinear delayed feedback, respectively.
For this, the measured magnetic field around the head of the subject is processed according to
each specific protocol (see below) with the aid of the realtime MEG system. The feedback signal
is coded into a visible light signal whereby the intensity of the white light depends proportion-
ally on the value of the calculated feedback signal for each time step. Because the alpha rhythm
shows large amplitudes in the visual cortex, signals are measured in this area and fed back by
visual stimulation. The light signal is displayed to the subject by special glasses coupled to the
realtime MEG system (see figures 6.1 and 6.4). Both eyes are stimulated with the same signal.
The realtime MEG system guarantees a constant latency between the generation of the magnetic
fluxes in the sensors and the display of the feedback signals in the glasses. Before the stimula-
tion in a preliminary measurement the reconstructed current density distribution inside the visual
cortex area V1 has been investigated with the aid of the online tomography. This area is defined
by an extrapolation of the associated brain map [ZSPGA02] onto the back source space grid. A
voxel inside this region has been chosen which exhibited large power in the alpha band. In the
next step a Principal Component Analysis (PCA) of the time course of the reconstructed current
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Figure 6.4: Glasses worn by the subject during the feedback experiment. The feedback signals, coded as white
light with time-varying intensities, are fed into both glasses by fiber optic cables and shielding plastic tubes (black
cable fixed to the front of the right tube). The light is displayed to the subject with the aid of diffusing screens at the
back of the tubes.

density in this voxel of interest was performed. With the aid of this PCA the main direction
of the three-dimensional current density vector has been calculated. From the lead field matrix
the detector (in the following called sensor of interest) was identified that showed the strongest
sensitivity along the main direction of the current density in the voxel of interest. For this, the
maximum of the projection of the corresponding lead field vectors onto the main direction has
been determined. For the feedback protocols, all detector signals have been bandpass-filtered
between 8 − 13 Hz with the online system [Ron06].
In the following paragraphs the tested stimulation protocols will be introduced. The latency,
which depends on the applied bandpass-filtering, is a crucial parameter for the performance of
feedback methods [HS05]. In addition to the already described consumed time between the gen-
eration of the magnetic fluxes and the entry in the FPGA, for each applied feedback protocol a
specified amount of latency occurs (for details see [Ron06]).

Linear delayed sensor feedback The signal of the detector of interest has been taken as the
base of this protocol. The magnetic flux measured at a time τ before the actual time m f (t − τ)
(see also equation 5.1) was coded into the light intensities. For this, first a constant positive offset
was added to the measured fluxes, in order to get a positive range of values. Finally the magnetic
fluxes were scaled into the values for the light intensities for feedback by an appropriately chosen
proportionality factor, which determined the strength of the stimulation. An additional latency
for the feedback has to be taken into account which has been approximately 30 ms.

Nonlinear delayed sensor feedback Again the detector of interest is considered. Its signal
mf (t) is preprocessed according to appendix D. The variable X(t) in appendix D corresponds to
mf (t) for this protocol. The preprocessed signal (equation D.7 with X(t) ≡ m f (t)) is shifted to a
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positive range and scaled to the light intensities like in the linear sensor feedback. An additional
latency of also 30 ms occurs for this protocol.

Linear delayed voxel feedback In this case, the current density j f (t) along the main direction
in the voxel of interest is used. Otherwise the stimulation signal is built analogous to the linear
sensor feedback, i.e. the current density j f (t−τ) was coded into the light intensities by shifting it to
a positive range and scaling it to the light intensities. Note that for both voxel feedback protocols
an additional latency of about 500 ms has to be considered for technical reasons [Ron06].

Nonlinear delayed voxel feedback Current density j f (t) is processed for the feedback signal
like mf (t) in the nonlinear delayed sensor feedback. Thus X(t) in appendix D corresponds to j f (t)
for this protocol. The preprocessed signal according to equation D.7 with X(t) ≡ j f (t) is shifted
to a positive range and scaled to the light intensities.

Control stimulation For each feedback protocol it is important to check, if each specific cor-
relation between the current stimulation signal and the brain activity shortly before (< 1 s), is
actually responsible for the result of the stimulations. Hence a control protocol is necessary. For
this, the time series of light intensities displayed to the subject is stored for each feedback exper-
iment (see figure 6.9 for examples). Several minutes after the feedback protocol, the subject is
stimulated by the same time course of light intensities as before without knowing, that this time
the current brain activity is not taken into account for the stimulation. In other words, as a control
the subject is presented a replay of the flickering movie watched during the feedback experiment.
The subject has been measured and stimulated in a lying position. Their eyes have been opened
during the whole runs. A damped background lighting has been present inside the cabin. For the
tested stimulation protocols each run consisted of five stimulation sequences. Between them the
stimulation has been switched off. The length of each on- and off-period, respectively, has been
randomly chosen between 9 and 11 sec. The attention of the subject has been drawn by short
flashes (see e.g. figure 6.5) with a randomly chosen interflash-interval between 10 and 25 sec.

The results for one healthy subject (male, 31 years old), who showed a strong alpha rhythm with
open eyes, will be presented in the following. The delay in all presented feedback results was
τ = 30 ms. For each protocol four runs have been performed. In figure 6.5 the course of the power
spectral densities for the current density in the voxel of interest is given exemplarily during one
run with linear delayed sensor feedback. The current density is reconstructed by GaussMN using
the band-pass filtered (8 − 13 Hz) detector signals. Furthermore the main direction of the current
density, estimated by the PCA before the stimulation protocol, is used. The spectrograms have
been calculated via a sliding-window Fourier transform (Hanning windows with 50 % overlap)
with 4096 time points for each window which gives a length of about 4 s for the applied scanning
frequency of 1017 Hz. Sequences where the stimulation was switched on (on-sequences) are in-
dicated by black rectangles. The narrow black bars along the spectrogram indicate the attention
flashes. A suppression of the alpha rhythm by the stimulation can be observed especially at the
beginning of the run. At the bottom of this figure power spectral densities are averaged over the
on- and off-sequences, respectively. For this, the Welch method with Hanning windows was ap-
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plied [SM97] with the same setting for the window length and overlap between time windows as
mentioned before. The sharp drop-off of the power spectral densities at 20 Hz in this plot has its
reason in a minimum of the transfer function of the applied online filter at this frequency. Around
10 Hz the mean power densities show a decrease during stimulation. The peak in the alpha band
for this subject has been at about 11 Hz without stimulation. The power spectrum densities of the
associated replay experiment are given in figure 6.6. No significant difference between the results
of both protocols can be stated. For this subject both stimulation forms, the linear delayed sensor
feedback and its control, evoke a suppression of the alpha rhythm in the voxel of interest.
In contrast the nonlinear delayed sensor feedback (figures 6.7 and 6.8) exhibits a difference be-
tween the actual feedback and the control protocol. Especially the power at frequencies between
10 Hz and 11 Hz is decreased by the feedback. Moreover the position of the peak of the spectrum
is shifted to circa 12 Hz. In contrast the replay stimulation does not produce a change compared
to the off-sequences. Please note that the suppression of the alpha rhythm is enhanced by the
nonlinear delayed sensor feedback compared to the linear one (figures 6.5 and 6.7), although the
mean power of the stimulation signal for the nonlinear delayed sensor feedback is much smaller
than for the linear delayed sensor feedback (figures 6.9). Due to the nonlinearity of the underlying
feedback method the time course in the right image of this figure looks much more irregular.
The voxel feedback protocols compared to the corresponding sensor feedback produced qualita-
tively very similar results. The linear delayed voxel feedback did not show a difference compared
to its control stimulation. For the nonlinear delayed voxel feedback and its replay the power spec-
tral densities of the current density in the voxel of interest along the main direction are plotted
in figure 6.10. With the Welch method the data have been averaged again over the on- and off-
sequences, respectively, of all four performed runs of each protocol. The suppression of the alpha
rhythm due to the feedback can be gathered. In contrast this effect is much less pronounced, if
the replay is applied.
Comparing the nonlinear delayed voxel feedback and the nonlinear delayed sensor feedback con-
cerning their performance in suppressing the alpha rhythm favors the voxel feedback. To show
this, in figure 6.11 for both protocols a single representative run is taken. In the presented maps
the power spectral densities between 9 and 11 Hz during the on- and off-sequences, respectively,
are averaged for the signals of each sensor. In the right images the difference of the mean power
spectral densities between the sequences with and without stimulation are given. They are shown
in a normalized manner with respect to the amplitude of the undisturbed alpha rhythm.
Concerning the off-sequences, sensors near the top of the head show the lowest values of the
averaged power spectral densities. The MEG system in Jülich uses magnetometers as sensors for
detecting the magnetic field (section 2.1). These detectors are least sensitive to current dipoles,
which are situated directly below the sensor. (see figure 27 on page 446 in [HHR+93]). Because
of this complicated shape of the lead fields, please note that the location of the alpha rhythm
generators cannot be easily gathered from figure 6.11.
The maps show that the power in all sensors is considerably reduced by both nonlinear delayed
feedback protocols. The suppression relative to the unstimulated state (right images in figure
6.11) measured in sensors near the top of the head is lower than for the remaining detectors. The
voxel feedback exhibits an enhanced suppression compared to the sensor feedback in all detec-
tors.
In the visual experiment discussed here also delays between 10 − 100 ms other than 30 ms have
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been tested, but the results had no obvious dependence on this setting. Varying also the stimula-
tion strength, no boosting of the oscillations has been observed in contrast to the simulations with
linear delayed feedback (figure 5.2).
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Figure 6.5: Linear delayed sensor feedback. Top: spectrograms (a.u.) of the current density in the voxel of interest
for one run with logarithmic scaling. The black rectangles show the stimulation sequences whereas the narrow black
bars indicate the attention pulses. Bottom: power spectral density (PSD, logarithmic scaling) distributions along with
standard deviations (dotted lines) averaged over the sequences with and without stimulation, respectively.

Figure 6.6: Replay of the linear delayed sensor feedback. Top: spectrograms of the current density in the voxel of
interest during the run. Bottom: mean power spectral density distributions for the on- and off-sequences, respectively.
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Figure 6.7: Nonlinear delayed sensor feedback. Top: spectrograms of the current density in the voxel of interest
during one run. Bottom: mean power density distributions for the on- and off-sequences, respectively.

Figure 6.8: Replay of the nonlinear delayed sensor feedback. Top: spectrograms of the current density in the voxel
of interest during one run. Bottom: mean power density distributions for the on- and off-sequences, respectively.
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Figure 6.9: Left: time course of the intensities of the stimulation signal for a run with a linear delayed sensor
feedback protocol. Right: time course for nonlinear delayed sensor feedback. In this example the mean power of the
time series during stimulation for the linear feedback is about 2.5 times larger than for the nonlinear feedback.

In drawing conclusions from the results of the presented experiment, the small amount of data
has to be taken into account. Even in a single subject the variability is considerable, as the large
standard deviations in the plots show. To reduce them, longer runs than shown here have also been
tested, but the degree of the suppression has been significantly reduced in the course of these runs
(see top image in figure 6.5). Subjects are necessary which show a strong alpha rhythm in the
unstimulated state for this kind of experiment to observe significant effects.
Ensembles of globally coupled limit cycle oscillators and phase oscillators, respectively, which
motivated the usage of the linear and nonlinear feedback for the regulation of brain rhythms
[RP04b, PHT05b], serve as a starting point for modelling the neural system under consideration.
In fact, the human visual system, which processes stimulations of the retina into cerebral cur-
rents, is extremely complicated. It consists of networks of neural populations. Distinct neural
pathways, involving also other parts of the cortex besides the visual cortex, are responsible for
different aspects of vision, like spatial and object information. The visual cortex itself has feed-
forward connections that relay information from lower to higher visual cortical areas, but there
are also horizontal, within-area and feedback connections. Moreover the degree of attention of
the subject plays a key role in the processing of visual stimulations (see [LR00] for a review).
The nonlinear delayed feedback shows a difference in the results for the real feedback and for its
associated control protocol. The replay of the nonlinear delayed feedback slightly suppresses the
brain oscillations, but to a lower degree than the other protocols. For each of the feedback runs
there was a control run whose stimulation signal was exactly the same. Therefore, concerning
the nonlinear protocols the suppression phenomenon cannot appear just due to an arbitrary flick-
ering drawing the subject’s attention. But it strongly supports the conclusion that the nonlinear
delayed feedback protocol, i.e. this special shape of correlation between the stimulation signal
and the brain activity measured shortly before, actually is the reason for the large suppression of
the alpha rhythm in this subject. The weaker but still present effect evoked by the replay of the
nonlinear delayed feedback is not surprising. The flickering may also lead to a suppression of the
rhythm in the subject, but to a lower degree than the linear delayed feedback, if one considers the
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Figure 6.10: Left: nonlinear delayed voxel feedback. The mean power spectral densities of the current density
(main direction) in the voxel of interest are shown for the on- (red) and off-sequences (blue). Values are averaged
over the on- and off-sequences, respectively, of four runs with the same stimulation protocol. Right: Corresponding
results from the replay of the nonlinear delayed voxel feedback. The current densities are reconstructed with the
GaussMN method using the online bandpass-filtered sensor signals.

mean power in the stimulation signals (figure 6.9).
Using the reconstructed current density in the voxel of interest for the feedback enhances the
desychronization. It has been shown in the previous chapters that inverse methods can be un-
derstood as spatial filters, which try to reduce the mixing of signals coming from different brain
areas (figure 5.4 and table 4.2). In spite of the complicated spatial structure of the alpha rhythm
(see left images in figure 6.11), the improved suppression can be understood qualitatively by a
reduced influence of perturbing sources on the feedback procedure. This has been demonstrated
in section 5.2 in numerical simulations.

Compared to the linear delayed feedback, the nonlinear one seems to enable a strong suppression
of the alpha-rhythm while needing much less mean power for the stimulation. It is a minimal-
invasive method in the sense that the flickering stops, if the rhythm disappears. In order to im-
prove the performance for future experiments, more detailed information concerning the location
of generators could be of relevance. The reconstructed current density distribution enables to use
activity for the feedback coming from more specific brain areas, e.g. by the integration of brain
maps as done in this experiment. The location dependent effects of the stimulation have to be
studied. The restricted accuracy of the inverse techniques, which has been quantified in chapter 3
for a set of distributed source models, has to be kept in mind for the interpretation of results. More
subjects have to be investigated to increase the significance of the conclusions. Brain rhythms in
other frequency regimes, which may have the advantage to be more robust with respect to an
appropriate control condition, should be tested.
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Figure 6.11: Color coded power spectral densities of the MEG sensor signals projected on two-dimensional maps
(topview). In each map the bottom corresponds to the back of the sensor helmet. The maps are interpolated between
the sensor positions which are indicated by black dots. Top: results from a run with nonlinear delayed sensor
feedback. Bottom: results from a run with nonlinear delayed voxel feedback. Left pictures: the power spectral
densities between 9 and 11 Hz are averaged and color coded for each sensor for the off-sequences. Middle pictures:
corresponding maps for the on-sequences. Right pictures: the values of the middle maps are subtracted by the
corresponding values in the maps shown left. In percentage of the off-values, the difference is presented again with
the aid of a colored and interpolated map.



Chapter 7

Conclusions and outlook

In order to enable neurofeedback experiments, a study of competing distributed source models
based on numerical simulations has been performed in the first part of this work. A weighted Min-
imum Norm called GaussMN, which exploits the empirical weighting function from the Magnetic
Field Tomography, showed the best results regarding to realtime applications. If realistic detector
noise is taken into account, GaussMN exhibits a significantly better performance than the popular
sLORETA technique. These methods and the MFT, which is also common in many studies, have
been compared here for the first time. For strong detector noise, single current dipoles can be
reconstructed with an average localization error between 1.5 cm and 1.8 cm by GaussMN. The
crucial regularization of inverse techniques has been handled by using a fixed value of the corre-
sponding parameter in the Tikhonov regularization. As demonstrated here for the first time, this
approach gives a better reconstruction accuracy than other regularization techniques in use.
The applied regularization moreover delivers a linear mapping between the MEG signals and the
desired current density distribution in the human brain, which can be used in an online MEG
system. This makes a tomography of the reconstructed cerebral current densities available to the
physician within a second after generation of the MEG signals. In phantom experiments the cor-
rectness of the implementation of the reconstruction routine has been proved.
The realtime MEG system in combination with the GaussMN method has been successfully ap-
plied in a neurofeedback experiment using one subject. The realtime system uniquely guarantees
a constant latency between the generation of the magnetic fluxes in the sensors and the stimula-
tion of the volunteer. A linear delayed feedback protocol [RP04a] and a novel nonlinear delayed
feedback technique introduced in [PHT05b] have been applied for processing the measured brain
signals into a visual stimulation. For the nonlinear protocol it could be demonstrated with the
aid of a control stimulation, that the sophisticated correlation between the stimulation signal and
the realtime measured neural activity is the reason for a strong suppression of the alpha rhythm
in the brain. This result proves the relevance of the realtime MEG system. The voxel feedback,
i.e. using the reconstructed current densities in selected voxels for feedback, showed an enhanced
effect compared to sensor feedback. This stresses the importance of the reconstruction of the
current density distribution in the brain for feeding back activity from selective brain regions.
As the detailed multiple-dipole simulations have shown, the usefulness of three-dimensional to-
mographies to identify active brain regions is very questionable. Ghost sources and very blurred
estimated current density distributions have been observed even for relatively simple source con-
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figurations. The bottom line is that the accuracy of any biomagnetic inverse technique is limited
by the underdetermination of the ill-posed problem. In order to reconstruct the current densi-
ties, the lead field matrix has be inverted, whose number of rows is orders of magnitude larger
than its number of columns in general. A compromise has been proposed in this work by the
development of a spatial filter system called pWROP. In contrast to the SOFIA method, it proved
to be useful in reducing considerably the contamination between predefined brain regions with
respect to the reconstructed current density distribution. The costs of its application, which are
unavoidable regarding to the ill-posed problem, are a decreased resolution of sources inside each
region. This tradeoff can be tuned by a constraint parameter. pWROP should also be tested in
the presence of detector noise. It could be very useful with respect to the realtime MEG system:
much more localized brain signals would be fed back being less contaminated by other functional
or anatomical different areas. Its benefit for the feedback gain has also been demonstrated in this
work with the aid of numerical simulations.
The observed suppression of a brain rhythm by nonlinear delayed feedback stresses the rele-
vance of this protocol. There is need to invest more efforts in continuative experiments. The
phenomenon motivates a more physiologically appropriate modeling of the involved brain areas,
especially regarding a potential application for the therapy of neurological diseases proposed in
[PHT05b, THP06]. An extension of the nonlinear delayed feedback protocol in the framework of
two interacting ensembles of oscillators [PHT05b] has been developed. Mixing the mean fields
of populations exhibited an enhanced desynchronization and decoupling effect in simulations. By
mixing the mean fields for the stimulation signal in the simulations, not only the driven ensemble
can be stronger desynchronized. An appropriate setting of the mixing parameter also desynchro-
nizes the driving population, although it is not directly affected by the stimulation. The modeling
of the mean fields by macroscopic oscillators has to be improved for a deeper understanding.



Appendix A

Equivalent descriptions of the current
density distribution in the Tikhonov
regularization

The following identity will be shown:

(ΦTΦ + αLT L)−1ΦT = (LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1 (A.1)

First it is:

ΦT (Φ(LT L)−1ΦT + α1) = ΦTΦ(LT L)−1ΦT + αΦT

= ΦTΦ(LT L)−1ΦT + α(LT L)(LT L)−1ΦT

= (ΦTΦ + αLT L)(LT L)−1ΦT

This gives
ΦT = (ΦTΦ + αLT L)(LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1 (A.2)

and finally
(ΦTΦ + αLT L)−1ΦT = (LT L)−1ΦT (Φ(LT L)−1ΦT + α1)−1 (A.3)
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Appendix B

Covariance matrices of multi-dimensional
Gaussian distributions

In the following section it will be shown that for a multi-dimensional Gaussian distributed prob-
ability density function

p(�x) ∝ e−
1
2 (�xT A�x) (B.1)

the connection between matrix A (dimension: n×n) and the covariance matrix V of the distribution
is given by

A = V−1 (B.2)

Matrix A is supposed to be symmetric.
First let A be a diagonal matrix with diagonal elements Aii so that:

p(�x) ∝
n∏

i=1

e−
Aii x2

i
2 (B.3)

For this Gaussian distribution of independent components �xi it follows for their variances: σ2
i :=

E((xi − E(xi))2) (E: expectation value):

σ2
i =

1
Aii

(B.4)

and A = V−1, respectively. From this the more general situation of non-diagonal matrices A (but
still symmetric ones) will be considered. With the aid of a singular-value-decomposition matrix,
A can be written as

A′ = UAUT (B.5)

whereby A′ is diagonal and for matrix U it holds:

UUT = 1 (B.6)

Let y be defined as
�y = U�x (B.7)

With the transposed vector
�yT = �xT UT (B.8)
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the argument of the exponential function in equation B.1 is described by:

�xT A�x = �xT UT UAUT U�x = �yT A′�y (B.9)

From this it follows for the covariance matrix V ′ of the distribution

p(�y) ∝ e−
1
2 (�yT A′�y) (B.10)

that

V ′ = A′−1

= (UAUT )−1

= UA−1UT

Between two parameter sets �y and �x which are connected by a linear transformation U it can be
shown with respect to their associated covariance matrices V and V ′ [Bar99]:

V = UT V ′U (B.11)

From this it follows finally

V = UT UA−1UT U

= A−1

which had to be demonstrated.



Appendix C

Physical meaning of the Laplacian operator

The Laplacian gives the smoothness of a function. It measures the difference between the value
of a function Ψ at a point and the mean value of surrounding points. A little to the left of

Ψ(x − a) = Ψ(x) − a
∂Ψ

∂x
+

a2

2
∂2Ψ

∂x2
+ ... (C.1)

while a little to the right

Ψ(x + a) = Ψ(x) + a
∂Ψ

∂x
+

a2

2
∂2Ψ

∂x2
+ ... (C.2)

On taking the average

Ψ̄ =
1
2

(Ψ(x − a) + Ψ(x + a)) = Ψ(x) +
a2

2
∂2Ψ

∂x2
(C.3)

it follows

Ψ̄ −Ψ(x) =
a2

2
∂2Ψ

∂x2
(C.4)

This argument can be extended to dimensions larger than 1. Thus the deviation from the value of
Ψ at a point and its mean value in the surrounding region is proportional to ΔΨ.
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Appendix D

Implementation of the nonlinear delayed
feedback in the experiment

For the implementation of a delayed feedback in the experiment with the stimulation signal having
the shape [PHT05b]

S (t) = KZ
2
(t)Z

∗
(t − τ) (D.1)

first the analytical form Z(t) = X(t) + iY(t) of the measured signal X(t) has to be constructed
(K: stimulation strength). As the considered frequencies in the performed visual experiment are
situated near 10 Hz = 1

100 ms � T−1
α , the imaginary part Y(t) is approximated by X(t−τα), whereby

τα �= 0.25 · Tα. For S (t) this means

S (t) = K(X(t) + iX(t − τα))2(X(t − τ) − iX(t − τ − τα)) (D.2)

= K(X(t)2 + i2X(t)X(t − τα) − X(t − τα)2)(X(t − τ) − iX(t − τ − τα)) (D.3)

= K(X(t)2X(t − τ) + i2X(t)X(t − τα)X(t − τ) − X(t − τα)X(t − τ) (D.4)

−iX(t − τ − τα)X(t)2 + 2X(t)X(t − τα)X(t − τ − τα) (D.5)

+iX(t − τ − τα)X(t − τα)) (D.6)

The real part of S (t) is used for the feedback signal, for which it holds

real(S (t)) = K(X(t)2X(t − τ) − X(t − τα)X(t − τ) + 2X(t)X(t − τα)X(t − τ − τα)) (D.7)
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of noise-induced motion. Phys. Rev. Lett., 93(010601), 2004.

[JPA+03] W. Just, S. Popovich, A. Amann, N. Baba, and E. Schöll. Improvement of time-
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