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Abstract

The description of the mixing characteristics is of fundamental interest for modeling

mass transport in fixed-bed reactors. A method based on Lagrangian parcel tracking

is presented to determine the axial dispersion coefficient in the mechanical disper-

sion regime from particle-resolved computational fluid dynamics (CFD) results. The

impact of fluid dynamic entry effects and the necessary averaging length on the axial

dispersion coefficient is studied, showing that the often reported dependency on the

entry length is almost not existent, but a result of insufficient averaging, caused by to

short bed heights. The axial dispersion coefficients are determined for different parti-

cle shapes and a novel reactor wall concept. A strong correlation is found between

the relative variance of the axial velocity and the axial dispersion coefficient.
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1 | INTRODUCTION

Fixed-bed reactors are characterized by their complex bed mor-

phology that results in various fluid dynamic effects, like: tortu-

ous flow paths, stagnation zones, channeling effects, turbulent

effects, and even back-mixing. Those phenomena significantly

impact the mass transport, leading to additional dispersion of

chemical gas components. To describe this effect, a macroscopic

approach is usually used, which combines all micro- and meso-

scale phenomena into one effective transport property, the so-

called dispersion coefficient, and describes the additional disper-

sion of the chemical components with Fick's law. This leads to

the two-dimensional dispersion model that under steady-state

conditions is given as:
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Here, Dax and Drad are the axial and radial dispersion coefficients,

which are often assumed to be constant, ci is the concentration of the

component i, z, and r are the axial and radial coordinates, and uax is

the axial interstitial velocity. Since the radial dispersion coefficient is

an order of magnitude lower than the axial dispersion coefficient,1 the

second term in Equation (1) is most often neglected.

Additional axial dispersion significantly impacts the reactor per-

formance. Under the assumption that radial dispersion is negligible,

and that only small deviations from plug-flow characteristic are

observed, the necessary reactor length to achieve a certain yield

can be calculated from Equation (1), by adding the appropriate

source term. For a first-order chemical reaction, under otherwise

constant conditions, for example, same rate constants k, velocity

and space–time ψ , the relative increase in reactor length L to

achieve the same yield is directly proportional to the axial disper-

sion coefficient Dax
2:

Abbreviations: CAD, computer aided design; CFD, computational fluid dynamics; DEM,

discrete element method; IPFR, ideal plug flow reactor; RTD, residence time distribution;

RANS, Reynolds-averaged Navier–Stokes.
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whereby LIPFR is the length of an ideal plug-flow reactor (Dax = 0).

Since the 1950s, an increasing number of researchers investigated the

mixing characteristic of fixed-bed reactors by analyzing response sig-

nals from tracer experiments,3–6 however, the works of Taylor7 and

Aris,8,9 although their investigations were limited to empty tube flows,

are often considered as methodical basis, also for fixed-beds. The

numerous experimental and numerical works in that field have been

thoroughly reviewed by Delgado.1 An overview of a series of correla-

tions, derived from experimental and numerical data is given in

Figure 1, showing a scattering of about an order of magnitude. The

exact reason for this large scattering of data is still unknown, however,

Delgado proposed the following dimensionless groups to characterize

the axial dispersion:

Dax
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L
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Here, Dm is the molecular diffusivity, D the tube diameter, dp,v is the

volumetric sphere-equivalent diameter, N is the tube-to-particle diam-

eter ratio, u0 is the superficial velocity, ε is the bed voidage, μ is the

dynamic viscosity, and ρf is the density of the fluid. Pem and Sc are the

molecular Péclet number and the Schmidt number, respectively. Pem is

defined as the ratio of convective mass transport to the diffusive mass

transport, while Sc describes the ratio of the diffusive momentum

transport to the diffusive mass transport.

Taylor,7 Carbonell and Whitaker,10 and Han et al.11 investigated

the impact of tube length on the axial dispersion and found that Dax

only becomes constant after a certain axial distance. Han et al.11

found that above a critical Péclet number of Pem > 1000 a linear

dependency exists between the necessary tube length and Pem. Below

the critical Péclet number, Dax was found to be invariant from L.

It is well-known that the tube-to-particle diameter ratio

N significantly impacts the fluid dynamics in the fixed-bed. Below a

critical value of N, local wall effects become dominant, leading to

increasing fluid dynamic heterogeneities in the system.18,19 Freund

et al.20 found that, due to the heterogeneous fluid dynamics, the radial

tracer position used in experiments may significantly affect the mea-

sured residence times and dispersion coefficients. The impact of

N vanishes for extended fixed-beds with N > 12–30.5,21,22

The impact of particle shape on axial dispersion and residence

time was investigated by several authors.3,22–25 Their results show a

significant impact of particle shape on axial dispersion. The impact of

Schmidt number is discussed in great detail by Delgado.1 From analyz-

ing a huge amount of data is was found that the axial Péclet number

Peax ¼ u0dp,vð Þ= εDaxð Þ, which is the ratio of convective to dispersive

mass transport, increases when Sc is decreased. This dependency van-

ishes if Pem gets below Pem<10.

The fluid dynamics have the most significant impact on axial dis-

persion. According to Sahimi,26 five different fluid dynamic dispersion

regimes can be distinguished, as visualized in Figure 2:

1. Peax < 0.3: In the diffusion regime, the mixing is completely deter-

mined by molecular diffusion that can be considered isotropic. Due

to the presence of the particle phase and the resulting tortuosity,

the axial dispersion coefficient falls below the molecular diffusivity

to a ratio Dax/Dm between 0.15 and 0.7.26

2. 0.3 < Pem < 5: In the transition regime convective effects start to

contribute to the axial dispersion, however, it is still dominated by

molecular diffusion.

3. 5 < Pem < 300: The power-law regime is characterized by the domi-

nance of convective effects, while the molecular diffusion is still

not negligible.

4. 300 < Pem < 105: In the purely convective regime, the dispersion is a

result of mechanical dispersion, that is, stochastic fluctuations of

F IGURE 1 Comparison of existing correlations6,12–17 for ε = 0.4,
τ¼

ffiffiffi
2

p
and Sc = 0.7

F IGURE 2 Overview of different dispersion regimes in fixed-
beds. Adapted from Sahimi26
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the fluid velocity. In this dispersion regime, the axial dispersion

coefficient is proportional to Pem.

5. Pem > 105: In the turbulent regime, turbulent effects start to con-

tribute to the axial dispersion.

For industrial applications in the field of heterogeneous catalysis,

slender fixed-bed reactors (N < 10) operated with gas at high Reyn-

olds numbers (Rep ≈ 1000) are typically used,27 which means that the

inertial forces dominate over the viscous forces. As discussed above,

knowledge about the mean residence time and mixing characteristic

of the reactor is important to predict the chemical conversion accu-

rately. Experimental data on axial dispersion of gases in slender fixed-

beds is scarce, and especially for high Reynolds numbers almost

impossible to find.1 In recent years, particle-resolved computational

fluid dynamics (CFD) has become a widely used tool to predict the

flow field within fixed-beds in a fully spatially resolved manner.18,19,28

Based on the calculated flow field, virtual tracer experiments can be

conducted to determine the residence time distribution (RTD), from

which latter on, Dax can be determined.

In general, two different modeling frameworks can be used to get

the RTD, which are the Eulerian and the Lagrangian method. Freund

et al.12,20 used massless Lagrangian parcels to determine the axial dis-

persion coefficient of fixed-beds of spherical particles. Since the

Lagrangian parcel tracking method only accounts for the mechanical

dispersion, Freund et al. coupled the method with a random walk

algorithm to also consider molecular diffusion. They investigated axial

and radial dispersion over a wide range of Péclet numbers

(0.3 < Pem < 3000), however, their simulations were limited to moder-

ate Reynolds numbers (Rep = 4.13, 112.6, 227) and the variation of

Pem was achieved by varying Sc. Based on their simulations, the

authors derived the following new correlation:

Dax

Dm
¼0:69þ0:005Pemþ0:177Pemln Pemð Þ: ð4Þ

Wehinger et al.25 used the Lagrangian parcel tracking method without

random walk superposition to determine the mean residence time of

packings of spheres, cylinders and Raschig rings. Atmakidis et al.29

used the Eulerian passive scalar method to mimic virtual tracer experi-

ments for packings of spheres at low Reynolds numbers (Rep < 50).

Recently, Chandra et al.30 used the passive scalar method to investi-

gate the axial dispersion in open-cell foams.

From a numerical point of view, the parcel tracking method is

supposed to be more accurate than the passive scalar method, as it is

well known, that especially on complex unstructured meshes, numeri-

cal diffusion can become a problem in the Eulerian framework.31 The

Lagrangian parcel tracking method is numerically nondiffusive, how-

ever, incorporating molecular diffusion takes some effort and simula-

tion times are higher.

In this work, the impact of particle shape, bed voidage and Péclet

number on the axial dispersion in the convection dominated disper-

sion regimes will be investigated numerically for a reactor with N = 5,

using the Lagrangian parcel tracking method. The particle Reynolds

number is varied between 100 and 2000. The impact of the reactor

length on Dax will be discussed and a correlation between local flow

variables and Dax will be presented. This allows to get a good estimate

of Dax directly from the simulation results without the need of numeri-

cally demanding parcel tracking simulations. Recently, Eppinger

et al.32,33 proposed the use of macroscopic wall structures to enhance

the radial heat transfer and showed promising results. Since it is still

completely unclear how such macroscopic wall structures affect

mixing characteristics, a corresponding analysis is part of this work

as well.

2 | MATERIAL AND METHODS

The work flow for numerically determining axial dispersion coeffi-

cients contains three consecutive steps: First, the spatially resolved

flow field is calculated, using CFD. Based on the calculated flow field,

a virtual tracer experiment is conducted by using the Lagrangian par-

cel tracking method. From the calculated residence time distribution

(RTD), the axial dispersion coefficient is determined by parameter

fitting.

A summary of the most important material properties and bound-

ary conditions can be found in Table 1. All numerical simulations are

conducted with the commercial CFD tool Simcenter STAR-CCM+ pro-

vided by Siemens PLM Software.

2.1 | Description of investigated reactor designs

The aim of this study is to analyze the impact of particle shape and

bed voidage on the fluid dynamics and mixing characteristic. Fixed-

beds filled with spheres, cylinders, Raschig rings and 4-hole cylinders

are generated. For all particles a constant volumetric sphere-

equivalent particle diameter of dp,v = 11 mm is used. The inner tube

diameter is set to D = 55 mm. The bed height is L = 100 dp,v. For each

particle shape, two packings are generated that differ in bed voidage.

TABLE 1 Material properties and boundary conditions for the
discrete element method (DEM) and computational fluid dynamics
(CFD) simulations

DEM simulation

Normal/tangential spring

stiffness (N/m)

1e6

Static friction coefficient (�) 0.61/0.01

(loose/dense bed)

Normal/tangential restitution

coefficient (�)

0.5

CFD simulation

Fluid density (kg/m3)) 1.205

Fluid dynamic viscosity (Pa s) 1.823e�5

Inlet velocity (m/s) 0.138, 0.688, 1.376, 2.75

Pressure (bar) 1.01325
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To create packings of different bed voidage, the static friction coeffi-

cient was used as a tuning parameter.34,35

The reactor with random macroscopic wall structure was gener-

ated with a java macro. On 96 axial stages along the reactor,

15 spheres were homogeneously distributed on each stage, whereby

their center is in coincidence with the tube radius. Subsequently, each

of those spheres is translated in outward direction by a factor of rand

(0, 1) � dp,v/2. Thereafter, all spheres that belong to one stage are

rotated with a random angle around the reactor axis. The structured

tube is afterwards filled with spherical particles, whereby the same

simulation parameters and boundary conditions are applied as for the

smooth walled reactors. Snapshots of all generated packings can be

seen in Figure 3.

2.2 | Bed generation and flow simulations

The particle-resolved CFD workflow consists of four steps: packing

generation, CAD generation, meshing, and the CFD simulation itself.

The method is discussed in great detail by several authors.18,19,28 In

the scope of this work, the discrete element method (DEM) is used

for packing generation, using the linear spring contact model. A

detailed description of governing equations is given in Appendix S1

(Supporting information). While the contact detection for spherical

particles is straight-forward, the sophisticated contact-detection algo-

rithm of Feng et al.36 is used for the nonspherical particles. The beds

of Raschig rings and 4-hole cylinders are based on the generated

packing of cylindrical particles, meaning that their particle position

and orientation is identical. This means that the internal voids and

their possible influence on the particle dynamics during the filling pro-

cess have been neglected. Previous studies have shown that this is an

acceptable simplification.35

Once the beds are generated, the position and orientation of each

particle are evaluated, and a CAD description is build based on that

data, which is afterwards meshed, using the improved local “caps”
approach, developed by Eppinger et al.37 In one of our previous stud-

ies it was shown that this meshing approach gives accurate results for

a series of simple and complex particle shapes.35,38 Mesh-

independent results were found in previous publications37,39–41 as

well. To avoid unwanted inlet and outlet effects, the inlet and outlet

(A) (B) (C) (D) (E)

(F) (G) (H) (I) (J)

F IGURE 3 Overview of all generated packings. Top: loose packings of (A) spheres, (B) cylinders, (C) rings, (D) 4-hole cylinders, and (E) spheres
with macroscopic wall structure. Bottom: dense packings of (F) spheres, (G) cylinders, (H) rings, (I) 4-hole cylinders, and (J) spheres with
macroscopic wall structure
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faces are extruded a distance of 1 D and 3 D away from the bed,

respectively. Two prism layers with a target thickness of 0.025 dp,v

are used to capture the boundary layer at the particles and the

tube wall.

The incompressible mass and momentum balance equations are

solved in a segregated manner (see Appendix S2). The SIMPLE-

algorithm is used for pressure–velocity coupling and turbulence is

considered through Reynolds-averaged Navier Stokes (RANS) equa-

tions in conjunction with the Realizable k-ε-model. This turbulence

model was successfully applied in several previous studies.35,37–39,42

2.3 | Parcel tracking

Once the flow field is solved, a Lagrangian parcel tracking simulation

is conducted to determine the RTD. The parcels are treated as mass-

less points in space, which move with the continuous phase, without

influencing each other or the continuous phase. In contrast to the

work of Freund et al.,12,20 no random-walk algorithm was superposed

to account for the molecular diffusivity. Since this study is limited to

investigation ranging from Pem ≈ 100 to Pem ≈ 2000, which is

between the upper limit of the power-law regime and well within the

purely convective regime, neglecting the molecular diffusion is sup-

posed to be acceptable.

Based on results of a preliminary study, which can be found in

Appendix S3, an equidistant grid with 106 grid points is used to inject

the parcels into the fluid domain. Due to the cutting of the fluid

domain with the Cartesian grid, not all injector points are available for

injection. However, it was assured that ≈105 parcels are available for

evaluating the RTD. If not otherwise stated, the injector grid was

placed at z = 10 dp,v behind the first particle layer of the fixed-bed. It

will be shown latter on that this is a suitable injection position. The

residence time of each parcel is evaluated after a distance of 80 dp,v.

Based on the individual residence times, a histogram is build using

500 bins to gather the RTD.

From the binned data, the residence time distribution function

E tð Þ is calculated as follows:

E tð Þ¼ ni tð ÞR∞
0 ni tð Þdt

: ð5Þ

Here, ni is the number of parcels in the ith bin. From the RTD, the

mean residence time can be calculated from:

t¼
Z ∞

0
tE tð Þdt: ð6Þ

Often, RTDs are plotted in dimensionless form, using Eθ tð Þ¼ t �E tð Þ
and θ¼ t=t, or as cumulative distribution function F tð Þ¼ R∞

0 E tð Þdt.

2.4 | Calculation of Dax

According to Levenspiel,2 the numerical set-up to determine the RTD

that is used in this study corresponds to an open–open configuration,

meaning that no discontinuity regarding the axial dispersion is

expected at the position of the injector and the evaluation plane. For

an open–open configuration, assuming large deviation from plug flow

( Daxεð Þ= u0Lð Þ>0:01), E tð Þ can be described as:

E tð Þ¼ u0=εffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πDaxt

p exp � L� u0
ε t

� �2
4Daxt

 !
: ð7Þ

By fitting the evaluated RTDs with Equation (7), the axial disper-

sion coefficient is determined.

3 | RESULTS AND DISCUSSION

In focus of this work is the investigation of the impact of particle

shape, bed voidage and gas flow rate on the axial dispersion. The

impact of the reactor length on the axial dispersion was already dis-

cussed in the introduction part. If the reactor length significantly

impacts the dispersion coefficient, this might be because of two rea-

sons: either it is because the flow field is not fully developed until a

F IGURE 4 Impact of tracer injection position (left) and evaluation length on Dax
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(A) (B) (C)

(D) (E)

F IGURE 5 Impact of the smoothing length on the spread of the coefficient of dispersion for loose (top) and dense (bottom) packings of
(A) spheres, (B) cylinders, (C) rings, (D) 4-hole cylinders, and (E) spheres with wall structure
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critical distance, which would be a fluid dynamic entry effect, or axial

variations in bed voidage and velocity lead to strong axial variations in

the dispersion coefficient that need to be averaged over a certain dis-

tance to achieve reproducible results. Since this topic is of major

importance for generating reliable results, in the first part of this

study, the impacts of entry and averaging effects on the axial disper-

sion coefficient are discussed. The remaining part is dedicated to the

impact of the particle shape and reactor wall design.

3.1 | Impact of entry and averaging effects

To investigate the impact of entry and averaging effects, a fixed-bed

of spherical particles (D = 0.065 m, dp,v = 0.01 m and L ≈ 300 dp,v)

was generated and the flow field was calculated for Pem = 100 and

Pem = 1000. To investigate, if entry effects have a significant impact

on Dax, the RTD was evaluated over a distance of Δzeval = 120 dp,v,

whereby the initial injection position was varied between zinj = 0 dp,

v � 150 dp,v. The results, given in Figure 4 show, that no entry effect

can be recognized. In a second study, the injection position was kept

constant at zinj = 150 dp,v and the evaluation distance was varied

between Δzeval = 10 dp,v � 140 dp,v. The distance Δzeval strongly

impacts Dax, as it can be seen in Figure 4. Deviations of up to

30% can be observed. The minimum distance needed to get inde-

pendent results can be estimated as Δzeval = 50 dp,v for

Pem = 100, and Δzeval = 80 dp,v � 90 dp,v for Pem = 1000,

respectively. This is in agreement with investigations of Scott

et al.,43 who found that the effect of column length is negligible

if L/dp,v > 50, and with the finding of Han et al.,11 that below

Pem < 1000, no strong correlation between L and Pem exists.

Since the mechanical dispersion is a result of differences in axial

velocity across the reactor radius, the axial dispersion coefficient

should somehow correlate with the intensity of those velocity fluctua-

tions. Based on the flow fields that were calculated for the different

reactor designs shown in Figure 3, the axial profile of the relative vari-

ance, also called coefficient of dispersion (CoD), of the axial velocity

was evaluated on cross-sectional areas, using a resolution of Δz = 0.1

dp,v:

CoD zð Þ¼ σ2 uax zð Þð Þ
uax zð Þ ¼

P
f

uax,f �uaxð Þ2Af=
P
f
AfP

f
uax,fAf=

P
f
Af

: ð8Þ

Here, uax is the surface-averaged axial velocity, Af is the face area

magnitude and f is the index of the fth face of the individual faces of

the respective cross-section that cuts the fluid domain. The statistical

analysis of the original axial profiles of CoD zð Þ, as well as of their

smoothed signals are given in Figure 5, showing their median and

mean values, lower and upper quartiles, and 1.5 IQR (interquartile

range). For the smoothing of the data, the arithmetical mean values

are calculated based on all data points in the moving window that is

set. The results show a wide scattering of CoD along the axis if the sig-

nal is not smoothed. With increasing smoothing length, fluctuations in

CoD decrease and reach an almost constant value for a window size

of 50 dp,v. This finding is independent from particle shape and gas

flow rate and is in accordance with the tracer study presented for the

spherical packing.

Overall, the results indicate that fluid dynamic entry effects do

not significantly affect Dax. However, the bed length as such needs

to be long enough, so that an axially invariant dispersion coefficient

can be determined. Nevertheless, it was found that this distance

only defines the necessary averaging distance that is needed to

take the assumption of an axially invariant Dax. The minimum dis-

tance necessary was found to be Δzeval > 50 dp,v. Therefore, for the

remaining parcel-tracking simulations, a distance of Δzeval = 80 dp,v

was chosen.

3.2 | Bed morphology and fluid dynamics

One of the most important metrics to describe the bed morphology is

the bed voidage. The values for the investigated fixed-beds are given

in Figure 6 and show the big difference between loose and densified

beds. A reduction in bed voidage of 10% or even 20% can be seen for

spherical and cylindrical particles, respectively. For the reactor with

macroscopic wall structures, the bed voidage is increased by 3%,

respectively 5% in comparison to the smooth-walled reactor.

It is widely accepted, that fixed-beds are characterized by a

strong coupling between bed morphology and fluid dynamics, and

with this the mechanical axial dispersion. Figure 7 shows the radial

void fraction distributions and radial profiles of the axially and circum-

ferentially averaged axial velocity that are normalized by the local

interstitial velocity. Except for the packings of spheres in the reactor

with macroscopic wall structures, for all particle beds, a void fraction

of ε = 1 is observed at the tube wall. This is due to the fact that,

directly at the wall, only a point or line contact is possible between

F IGURE 6 Bed voidage of all investigated packings
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particles and the adjacent wall. With increasing distance from the

wall, the void fraction decreases, and, in case of spheres and cylin-

ders, reaches a first minimum at r� ¼ R� rð Þ=dp,v ≈0:5, which is

followed by a local maximum at r*≈1.0. For spheres and cylinders, the

position of the minima and maxima directly corresponds with a multi-

ple of the particle radius, indicating a significant ordering effect, and,

therefore, increasing heterogeneity. The extreme ordering effect

observed, is a results of the uneven numbered tube-to-particle diame-

ter ratio of N = 5.42,44 The effect becomes more dominant if the pack-

ings are compressed. For rings and 4-hole cylinders, due to the

presence of the inner holes, the void fraction profiles look more

homogeneous and show less oscillations. In case of the reactor with

(A) (B) (C)

(D) (E)

F IGURE 7 Radial void fraction profiles (dashed line) and radial profiles of the normalized averaged axial velocity (solid lines) for loose (top)
and dense (bottom) packings of (A) spheres, (B) cylinders, (C) rings, (D) 4-hole cylinders, and (E) spheres with wall structure

JURTZ ET AL. 8 of 14



macroscopic wall structures also a significant decrease of oscillations

is noted.

The results show a strong correlation between the radial void

fraction and velocity profiles. High velocities are observed at positions

with a big void fraction. Especially for cylinders, rings and 4-hole cylin-

ders, a channeling effect close to the wall can be observed, that

increases if Rep is raised. This effect is minimized for the reactor with

the macroscopic wall structure.

3.3 | Impact of particle shape and reactor design
on axial dispersion

The evaluated RTDs are shown in Figure 8 as cumulative distribution

functions F θð Þ. All curves are slightly asymmetrical (F 1ð Þ>0:5Þ, which,

according to Levenspiel's classification,2 indicate large deviations from

plug flow. For Rep = 100 it can be seen that the dense and loose pack-

ing of spheres show the widest spread, however, the use of macro-

scopic wall structures seem to significantly decrease the dispersion in

that particular case. For higher gas flow rates, the packings of Raschig

rings show the biggest spread. For all investigated Reynolds numbers,

it seems like the cylinder beds are characterized by the least

dispersion.

The calculated values of Dax/Dm that were derived from the RTDs

are given in Figure 9. As reference value for the molecular diffusivity

Dm = 1.78e�5 m2/s was used, which corresponds to the diffusivity of

nitrogen in air. For each packing, a regression in the form Dax/

Dm = A � PeB is added to the plots. In the case of loose packings, beds

of spheres, cylinders and the reactor with macroscopic wall structure

show an almost same slope of the curves, whereby the packing of

(A) (B)

(C) (D)

F IGURE 8 Cumulative residence time distribution functions for (A) Rep = 100, (B) Rep = 500, (C) Rep = 1000, and (D) Rep = 2000
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cylinders show slightly less axial dispersion. The use of a macroscopic

wall structure does not seem to have a big impact on the axial disper-

sion. For particles with inner voids, like Raschig rings and 4-hole cylin-

ders, the slope increases significantly, leading, especially for rings, to

significantly higher axial dispersion at high Péclet numbers

Pem > 1000. The effect of increasing axial dispersion for Rings was

experimentally confirmed by Ebach and White45 and Strang and

Geankoplis.46 According to literature,47 an exponent of B ≈ 1 is

expected in the purely convective regime. The systematic underestima-

tion of B for all particle shapes, except of Raschig rings, might be

caused by channeling effects introduced by the low tube-to-particle

diameter ratio that hinders the lateral mixing. For Raschig rings, the

theoretical value for B is perfectly hit, for the loose and dense bed

configuration. Recent heat transfer studies have shown that Raschig

rings show a beneficial heat transport characteristic in comparison to

other particle shapes if Pem is kept constant.48 This indicates a stron-

ger lateral mixing for Raschig rings, due to the presence of the inner

voids and can explain the better coincidence between the theoretical

and determined exponent. While for most particle shapes only a slight

change in the exponent can be seen in the case of compressed beds,

the dense packing of spherical particles shows a significantly reduced

exponent. This might be because of an interesting morphological

effect that can be seen in Appendix S4. The axial void fraction profile

shows extreme oscillations for 0 < z/dp,v < 25, which indicate an axial

layer formation of particles. This effect was not observed for the

other particle configurations, and it can be expected that this large

morphological heterogeneity significantly impacts the mixing charac-

teristic, as reflected in the results. Although it can only hardly be seen

in Figure 5, the variance in CoD for the maximum smoothing length of

50 dp,v is significantly higher in comparison to the other reactor

designs. This might indicate, that due to the additional morphological

heterogeneity, the applied evaluation length is still not sufficient to

get reliable data for Dax in this specific case. The dense packing of

spheres is, therefore, excluded from further discussions. If the dense

spherical packing is excluded from the discussion, in general, the same

trend as for the loose packing configurations can be observed, with

cylindrical particles being characterized as the shape that generates

the least dispersion, followed by 4-hole cylinders. Raschig rings show

the highest axial dispersion for Pem > 500. While at very low Péclet

numbers, the reactor with macroscopic wall structures tends to

enhance mixing, at high gas flow rates this configuration shows very

low dispersion. Overall, the impact of particle shape on Dax is more

pronounced for the dense bed configuration.

For the packings of spherical particles, the predicted values for

Dax/Dm are compared against a series of literature correlations in

Figure 10. A good agreement with the correlation of Tsotsas and

F IGURE 9 Dax/Dm as a function of Pem for loose (top) and dense
beds (bottom)

F IGURE 10 Comparison of Dax/Dm against literature values for
packings of spherical particles

F IGURE 11 Peax as a function of Pem. The gray band highlights
the expected range for Peax ∞ð Þ

JURTZ ET AL. 10 of 14



Schlünder13 is found for Rep ≥ 500. For Rep = 100, Dax/Dm is over-

predicted, which, as discussed above, might be attributed to channel-

ing effects which are caused by the low tube-to-particle diameter

ratio.

The mixing characteristics of all configurations are summarized in

Figure 11. It is expected that Peax reaches a constant value of Peax ≈ 2

for Pem !∞. This value comes from the transition from the tank in

series to the axial dispersion model. The underlying assumption is that

each void space in the fixed-bed can be seen as a ideally mixed con-

tinuous stirred-tank reactor, whereby the tank dimension corresponds

to the average size of a void, which is expected to be equal to the par-

ticle diameter.49 In practical applications, often values below this the-

oretical value are found, but they are commonly between

1≤Peax ∞ð Þ≤2.1 The simulations results show that for Raschig rings,

Peax reaches an asymptotic limit at Pem≈500, whereby for the loose

packing a value of Peax ∞ð Þ≈1 is reached. For the dense packing of

rings, the higher axial dispersion reflects in a slightly lower axial Péclet

number. For all other configurations, an asymptotic limit is not yet

reached, however, it seems like Peax ∞ð Þ converges to the expected

value range for all considered packings.

In the discussion about the impact of entry and averaging effects,

it was, a priori, assumed, that the mechanical dispersion correlates

with CoD. In Figure 12, Dax/Dm is plotted over CoD for spherical and

for cylinder-like particle shapes. It can be seen that a power-law

approach describes the data with high accuracy. The exponents indi-

cate that an almost linear dependency exists between the axial disper-

sion coefficient and CoD. For spherical particles, the prefactor is

roughly 40% higher, in comparison to the cylinder-like particle shapes.

This means that at same CoD, the axial dispersion coefficient is about

40% higher for spheres in comparison to cylinder-like particles. The

reason for this effect could yet not be surely identified, but a possible

explanation for this could be fluid dynamic differences on the macro-

scopic scale, for example, it was found that packings with cylinder-like

particles show a strong wall-channeling effect, while this effect was

less pronounced for beds of spheres (see Figure 7).

3.4 | Mean residence time

For open–open boundary conditions, Levenspiel2,50 derived the fol-

lowing relation between mean residence time t, hydraulic residence

time thyd = L/uax, and the Bodenstein number Bo¼ u0Lð Þ=Daax (which

is the analog of the axial Péclet number, but in terms of the tank-in-

series model, and therefore uses a different effective length scale):

t
thyd

¼1þ2=Bo: ð9Þ

F IGURE 12 Dax/Dm as a function of the coefficient of dispersion of the axial velocity

F IGURE 13 Mean residence time normalized by the hydraulic
residence time as a function of Bodenstein number

F IGURE 14 Volume fractions of cells that have a velocity
magnitude below 5% of the interstitial velocity magnitude
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The increase in residence time is a result of back-mixing that can

occur at the inlet and outlet boundary conditions. Figure 13 shows

values of t=thyd ¼ f Boð Þ that were determined from the simulation

results, as well as the relationship described by Equation (9). It can be

seen that for cylinders, Raschig rings and 4-hole cylinders, t=thyd fall

below the theoretical curve. The reduced residence times are either a

result of stagnation zones that reduce the void that is accessible for

the flow, or of a reduced back-mixing. To get an estimate of the reac-

tor volume that is characterized by stagnation zones, Figure 14 shows

the reactor volume fraction with a velocity below five percent of the

interstitial velocity magnitude. It is clear, that this threshold value is

set arbitrarily, however, this method should be able to provide a quali-

tative characterization of stagnation zones within the reactor.

For beds of spherical particles, the simulation results are pretty

close to the theoretical limit, leading to the conclusion, that for spheri-

cal particles, the number of stagnant zones is relatively low. At higher

flow rates (Rep > 500), the use of macroscopic wall structures reduces

the normalized residence time. Since the stagnant volume is reduced

for the wall-structured reactor, this leads to the conclusion, that the

wall structures reduce back-mixing. For particles with inner voids, the

number of stagnation zones is much higher in comparison to spherical

particles, which explains the significant drop in normalized residence

time for those particle shapes. Since all packings of cylinder-like parti-

cles are based on the same DEM simulation, meaning that particle

positions and orientations are identical, the increase of stagnation

zones in comparison to cylindrical particles can be attributed to the

fact, that the inner voids of Raschig rings and 4-hole cylinders are not

fully accessible for the flow. For all configurations a slight decrease in

normalized residence time is observed if packings are compressed.

This is because of more stagnation zones, as can be seen in Figure 14.

The increasing number of stagnant volumes is reasonable, as with

increasing packing density, the number of particle–particle contacts

also increases, which is the region where stagnation zones are often

observed.42

4 | CONCLUSION

In this work, the Lagrangian parcel tracking method was used to inves-

tigate the axial dispersion of slender fixed-beds in the purely convec-

tive regime. Based on a fixed-bed of spheres, the impact of the fluid

dynamic entrance effect and the impact of the bed height on the axial

dispersion were studied. In this work, a fluid dynamic entry effect

could not be observed, as the axial dispersion coefficient was almost

independent from the injection position of the Lagrangian parcels.

However, it was found that a minimum bed height of 50–80 dp,v is

necessary to ensure that the bed height does not influence the axial

dispersion. A statistical analysis of the impact of the smoothing length

on the relative variance of the axial velocity (CoD) confirmed these

results also for packings of cylinders, Raschig rings, 4-hole cylinders

and a novel reactor design with macroscopic wall structures that was

filled with spherical particles. It was found that the relative variance of

the axial velocity correlates with the axial dispersion coefficient. This

method seems to be a promising approach to, at least, get a good esti-

mate of Dax without the need of conducting numerically expensive

parcel tracking simulations. If the method proves to also give reliable

results for different tube-to-particle diameter ratios, particle shapes

and process conditions, it could be either used to develop optimized

catalyst shapes, using particle-resolved CFD, or the estimated axial

dispersion coefficients can be used in process simulation models,

where accuracy highly depends on the knowledge of effective trans-

port parameters.

Virtual tracer experiments conducted in this study, show, that

large deviations from plug flow are seen for all investigated packings.

For Rep = 100 the loose packing of spheres showed the highest axial

dispersion, while at higher Reynolds numbers, particles with inner

voids, especially Raschig rings, were most dispersive. For rings and

4-hole cylinders, bed densification increased the dispersion coeffi-

cient, while for the other reactor configurations no clear evidence was

found for such a behavior. From analyzing the mean residence time, it

was observed, that beds of cylinder-like particles are characterized by

more stagnant zones in comparison to packings of spheres. Also a

trend of an increasing number of stagnant volumes for densified beds

was found.

Unfortunately, published raw data about residence time distribu-

tions in slender fixed-beds is almost not existent, or not suited for val-

idation. The large scattering of correlation data indicates, that well-

defined experiments are necessary to provide validation data for

particle-resolved CFD simulations. Recent advances in the field of 3D

scanning of complex geometries and additive manufacturing51 seem

to offer the possibility to create Digital Twins in the near future. With

this, it will be possible to start highly sophisticated studies that are

needed for validation.
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NOTATION

ROMAN

t mean residence time (s)

Af face area magnitude (m2)

ci molar concentration of component i (mol/m3)

CoD relative variance of the axial velocity (m/s)

D tube diameter (m)

Dax axial dispersion coefficient (m2/s)

Dm molecular diffusivity (m2/s)

dp,v volumetric sphere-equivalent particle diameter (m)

Drad radial dispersion coefficient (m2/s)

E residence time distribution function (1/s)

Eθ dimensionless residence time distribution function (�)

F cumulative residence time distribution function (�)

k rate constant (1/s)

L bed height (m)

N tube-to-particle diameter ratio (�)
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ni number of parcels in ith bin (�)

R tube radius (m)

r radial coordinate (m)

r* dimensionless wall distance (�)

t time (s)

thyd hydraulic residence time (s)

u0 superficial velocity (m/s)

uax interstitial velocity (m/s)

z axial coordinate (m)

zinj axial injection position (m)

GREEK

Δzeval evaluated axial distance (m)

μ dynamic viscosity (Pa s)

ψ space–time (s)

ρf fluid density (kg/m3)

σ2ðÞ variance operator (�)

τ tortuosity (�)

θ dimensionless time (�)

ε bed voidage (�)

DIMENSIONLESS NUMBERS

Bo Bodenstein number Bo¼ u0L
Dax

Peax axial Péclet number Peax ¼ u0dp,v
Daxε

Pem molecular Péclet number Pem ¼ u0dp,v
Dmε

Rep particle Reynolds number Rep ¼ u0ρfdp,v
μ

Sc Schmidt number Sc¼ μ
ρfDm
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