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Introdution
In this thesis we study some lassial problems from disrete geometry ofonvex sets via topologial methods. More preisely, we start with a lassialproblem from onvex geometry and ask the following question:Does the problem admit a topologial generalization?Here topologial generalization means for example: What happens if we re-plae a�ne map with ontinuous map? What happens if we replae onvexsets with ontratible sets? In doing so, we obtain on the one hand solutionsof problems from onvex geometry whih haven't been solved using lassialmethods. On the other hand, we get more general statements often involvingnie proofs.

Figure 1: Topologial generalizations.
The results of this thesis deal with new generalizations of Radon's and ofHelly's theorem: Tverberg-type theorems and Frational Helly theorems.A rough outline of this thesis is as follows. In Chapter 1, we summa-rize the tools from disrete geometry and topology. In addition, we give ashort introdution to the equivariant method in ombinatoris and disretegeometry inluding a summary of Tverberg-type theorems. Chapters 2 and3 ontain the Tverberg-type theorems. In Chapter 4, we disuss the outomeof a omputer projet that led to many examples, and that stimulated the re-sults of Chapters 2 and 3. Finally, Chapter 5 is independent of the Chapters2, 3, and 4. It is entirely devoted to the Frational Helly property.For the remaining part of this introdution, we give an overview on themain results of this thesis hoping that this equips the reader with the uriosityto read on. 1



2 Introdution
Tverberg-type resultsIn the 1960's, young Helge Tverberg generalized Radon's theorem, a basiresult in onvex geometry, during a old winter night while staying in a smallhotel in England:Any set of (d + 1)(q − 1) + 1 points in R

d an be partitioned into
q disjoint subsets suh that their onvex hulls have a non-emptyintersetion.This result was published in [66℄, and it is nowadays known as Tverberg'stheorem. The problem had been suggested to him by B. J. Birh, nowadaysknown for his onjeture together with Swinnerton-Dyer, who had solved itin [17℄ for dimension d = 2 in 1959.Tverberg's theorem implies the existene of one Tverberg partition. It isvery natural in mathematis to ask: If there is one, are there more than one?How many? In the ase of Tverberg partitions, this question has �rst beenasked by Sierksma in 1979. He onjetured that every set of (d+1)(q−1)+1points in R

d has many Tverberg partitions, in fat at least ((q − 1)!)d many.This onjeture is still unresolved in nearly all ases, exept for the two trivialases q = 2, or d = 1.In 1981, Bárány, Shlosman, and Szüs [11℄ generalized Tverberg's theoremfor primes q to the topologial Tverberg theorem for primes q. The plae, theweather onditions, or stellar onstellations of this event are not known tome.1 This result has been extended to prime powers q by many people, the�rst by Özaydin in an unpublished preprint [52℄ in 1986. All known proofsof the topologial Tverberg theorem use the equivariant method, a beautifulappliation of equivariant topology, in the form of the Borsuk-Ulam theorem,to disrete geometry. The origins of this method are attributed to Lovászwho applied it in 1979 to settle an old problem of graph theory, Kneser'sonjeture. Sine then it has been applied to obtain a number of impor-tant results in ombinatoris, disrete geometry, and theoretial omputersiene. See Matou²ek's textbook [46℄ �Using the Borsuk-Ulam theorem� fora aptivating introdution and survey.Vu¢i¢ and �ivaljevi¢ [72℄ showed in 1993 the �rst non-trivial lower boundfor the number of Tverberg partitions for primes q. Their proof is a nieappliation of the equivariant method.Aording to Matou²ek [46℄, �the validity of the topologial Tverberg the-orem for arbitrary q is one of the most hallenging problems in topologialombinatoris�. Reently, Shöneborn and Ziegler [62℄ have shown that this1Promise, this is the only joke of this introdution.
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problem is equivalent to the winding number onjeture. The ase d = 2 ofthe winding number onjeture is a problem on drawings of omplete graphson 3q − 2 verties in the plane.

In Chapter 2 we obtain Tverberg-type theorems for prime powers q usingthe equivariant method. First we show a new lower bound for the numberof Tverberg partitions extending the result of Vu¢i¢ and �ivaljevi¢ [72℄. Thelower bound holds in the general setting of the topologial Tverberg theorem.Motivated by the reent of work Shöneborn and Ziegler [62℄, we gener-alize the topologial Tverberg theorem to the topologial Tverberg theoremwith onstraints. For this, we determine a list of onstraint graphs C in the
1-skeleton of σ(d+1)(q−1) suh that every ontinuous map f : σ(d+1)(q−1) → R

dadmits a Tverberg partition not using any edge of C. The list of onstraintgraphs reads as follows:
• Complete graphs Kl for l ≤ q+1

2
,

• omplete bipartite graphs K1,l for l < q − 1,
• paths Pl on l verties for q > 3,
• yles Cl on l verties for q > 4,
• disjoint unions of graphs from above.In the ase C = Kl, our result implies that all l verties end up in l dis-joint partition sets. This result is optimal for omplete bipartite graphs K1,lfor l < q − 1, as Shöneborn and Ziegler [62℄ observed that K1,q−1 is not aonstraint graph. In addition, the lass of onstraint graphs is losed un-der taking subgraphs. It is thus a monotone graph property. In the proofof the topologial Tverberg theorem with onstraints, we show new onne-tivity results for hessboard-type omplexes using the nerve theorem. Thetopologial Tverberg theorem with onstraints is used in Chapter 3 to obtaina lower bound for the number of Tverberg points. All results arry over towinding partitions introdued by Shöneborn and Ziegler [62℄.Moreover, we study the problem of fairly splitting a generi neklae for

q thieves. We extend the result of Vu¢i¢ and �ivaljevi¢ [72℄, a lower boundon the number of fair splittings of a generi neklae for primes q.Parts of the results of Chapter 2 have already been aepted by the Euro-pean Journal of Combinatoris for publiation [35℄ in 2005: The lower boundfor the number of Tverberg partitions, and the lower bound on the numberof fair splittings of a generi neklae.
In Chapter 3 we show the �rst non-trivial lower bound for the number ofTverberg partitions that holds for arbitrary q. In a �rst step, we study Birh
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partitions into k subsets to a �xed point in R

d. We then obtain two propertiesfor the number of Birh partitions: Evenness, and a lower bound. The proofof the lower bound uses indution on k: The indution base follows from theevenness, and for the indution step we do not make use of onvexity. Birhpartitions and Tverberg partitions are losely related: Tverberg partitionsare Birh partitions to the Tverberg point. Hene the results for the numberof Birh partitions imply evenness, and a lower bound for the number ofTverberg partitions. These result are partly motivated by a omputer projetwhih will be disussed in Chapter 4.Using the topologial Tverberg theorem with onstraints from Chapter 2,we show a lower bound for the number of Tverberg points in the setting ofthe topologial Tverberg theorem for prime powers q. The lower bounds forthe number of Tverberg points di�er for Tverberg points, and for topologialTverberg points.Combining the new lower bounds for the number of Tverberg partitionsand for the Tverberg points from this hapter, we improve this lower boundone more for the number of Tverberg partitions for prime powers q. Thissettles Sierksma's onjeture for a wide lass of sets of points in R
2 for q = 3.In a next step, we extend the de�nition of Birh partitions to topologialBirh partitions, and to winding Birh partitions. We show that the resultfor Birh partitions do not arry over to topologial resp. winding partitions.In the ase d = 2, the problem for winding partitions redues to a problemon drawing omplete graphs on 3k verties in the plane. The result is truefor retilinear drawings, but it does in general not hold for arbitrary draw-ings. A ounter-example, a pieewise linear drawing of K6, was found by ouromputer projet from Chapter 4. Starting with this example, we onstrutounter-examples for arbitrary dimension d. This negative result is interest-ing on its own: It shows for the �rst time that there might be a di�erenebetween the number of Tverberg partitions, and the number of topologialTverberg partitions.Finally, we disuss two onjetures eah of whih imply the winding num-ber onjeture in dimension d = 2. Based on results by Roudne� [56℄, we set-tle both onjetures for pseudoon�gurations of points in the plane. This dis-ussion also leads us to a geodesial Tverberg theorem on the 2-dimensionalsphere for arbitrary q.

In Chapter 4 we report on the setup, and on the outome of our omputerprojet in disrete geometry. We implemented several algorithms in Java forvarious settings:
• Determining the number of Birh resp. Tverberg partitions for a given set
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of points in R

d, with d = 2, 3.
• Determining the number of Birh resp. Tverberg partitions for planar mapsthat are projetions of geodesial maps on the two-dimensional sphere.
• Determining the number of winding resp. Tverberg partitions for a speiallass of pieewise linear planar maps.In a �rst step, all programs generate point sets resp. maps uniformly atrandom, then they determine the orresponding number using a brute foreapproah.The programs assisted us in looking at many examples. Part of the datahas motivated the results of Chapter 3. It also led to a list of open problems.For example, the programs suggest that the results for the number of Birhresp. Tverberg partitions shown in Chapter 3 arry over to geodesial mapson the sphere.

Frational Helly propertyIn 1979, Kathalski and Liu extended Helly's theorem for families of onvexsets in R
d, another basi theorem in onvex geometry, as follows. For every

α ∈ (0, 1] there is a β = β(α) > 0 suh that the following impliation holds:If the intersetion of a fration α of all (d+1)-subsets of F is non-empty, then the intersetion of a fration β of F is non-empty.Reently, several Frational Helly theorems in di�erent settings have beenshown. Alon et al. [2℄ showed a topologial Frational Helly theorem forfamilies of good overs based on a Frational Helly theorem for d∗-Lerayfamilies. Matou²ek [50℄ obtained one for families of semialgebrai sets ofbounded desription omplexity. This result is a orollary of a FrationalHelly theorem for families of bounded VC-dimension, a well-studied oneptfrom omputational geometry. Bárány and Matou²ek [8℄ showed a versionfor families of onvex lattie sets in Z
d using a Ramsey-type argument.Alon et al. [2℄ showed in a quite general and abstrat setting that theFrational Helly Theorem implies a (p, q)-theorem, another far-reahing gen-eralization of Helly's theorem.During my stay in Prague, Matou²ek introdued me to these reent devel-opments. At that time, he proposed to me the projet of further extendingthe Frational Helly theorem of Alon et al. [2℄. I learned that this is alsoa long term projet of Kalai and Meshulam, outlined in the tehnial re-port [41℄.
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Chapter 5 starts with a short introdution on spetral sequenes. Then wereprove the key result of the Frational Helly theorem for d∗-Leray families,the upper bound theorem for d-Leray omplexes of Kalai using algebraishifting, and the lassi�ation of f -vetors of Cohen-Maaulay omplexesdue to Stanley. On the one hand, this is motivated by the fat that theoriginal proof of Kalai is based on results published in a series of severalpapers [37℄, [38℄, [39℄, and [40℄. On the other hand, we appreiated verymuh the interplay of results from various �elds of mathematis.Our main result of this hapter is a topologial Frational Helly theoremfor kG-ayli families extending the result of Alon et al. [2℄. The proof isbased on a spetral sequene argument, suggested to me by Carsten Shultz.On our way, we obtain a nie and short proof of a homologial version ofthe nerve theorem due to Björner [19℄. The Frational Helly theorem for kG-ayli families then implies a (p, q)-theorem for kG-ayli families. Theseresults are ontained in my preprint �On a topologial Frational Helly the-orem� [34℄.Finally, we study the relation of the Frational Helly property and homo-logial VC-dimension, as outlined by Kalai [41℄. We obtain partial answerstowards an upper bound theorem for families of bounded homologial VC-dimension.
Nearly all setions of Chapters 2, 3, and 5 end with open problems andonjetures pointing in further diretions of researh. In addition, a list ofopen problems that arose from our omputer projet an be found in the lastsetion of Chapter 4.
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Chapter 1
Foundations

In this hapter, we give some bakground both in onvex geometry and inalgebrai topology. This serves to �x our notation, and to prepare the toolsfor this thesis. Setion 1.1 is on onvex geometry, Setion 1.2 summarizesde�nitions and fats from (algebrai) topology that we need in this thesis,and how it is applied to obtain ombinatorial results. In Setion 1.3, we givea survey on how Radon's theorem has been generalized in many ways witha fous on Tverberg-type theorems.
1.1 Disrete geometry of onvex setsWe will go bak to the origins of disrete geometry, and start with three las-sial theorems on onvex sets whih were disovered during the �rst quarterof the twentieth entury. A more detailed treatment an be found in thetextbook [49℄ by Ji°í Matou²ek. Jürgen Ekho�'s survey artile [29℄ in theHandbook of Convex Geometry is a good starting point.Theorem 1.1 (Radon's theorem). Let X be a set of d+2 points in R

d. Thenthere are two disjoint subsets of X whose onvex hulls have a ommon point.Theorem 1.2 (Carathéodory's theorem). Let X be a set of points in R
d,and let p be a point in the onvex hull of X. Then there is a subset Y of Xonsisting of at most d + 1 points suh that p is in the onvex hull of Y .Theorem 1.3 (Helly's theorem). Let F be a family of onvex sets in R
d,and suppose that F is �nite or eah member of F is ompat. If every d + 1or fewer members of F have a ommon point, then there is a point ommonto all members of F .All three of them have been generalized in many ways and will reappearagain and again in this thesis in di�erent guises. Radon's theorem is an easyonsequene of the fat that any system of d + 2 homogeneous linear equa-tions in d + 1 unknowns has a non-trivial solution; see e. g. [49℄. Radon'stheorem obviously also holds for (d + 2)-element multi-sets. Carathéodory'sand Helly's theorem an be proved with the help of Radon's theorem.9



10 Foundations
Our fous in this thesis is on Radon's and on Helly's theorem. As Chap-ters 2 and 3 are devoted to Tverberg-type theorems whih are generalizationsof Radon's theorem, so that we inlude a proper introdutory Setion 1.3.Basi de�nitions. Before proeeding with Carathéodory's theorem, let'sreview some standard notations and de�nitions. If X is a set, then |X|denotes the number of elements resp. the ardinality of X. For non-negativeintegers k, we write (

X
k

) for the set of all k-element subsets of X. For n ∈ N,
[n] denotes the n-element set {1, 2, . . . , n}. If F is a family of sets, then ⋃

Fdenotes the union and ⋂
F the intersetion of all members of F . For a set

X, we denote its power set by 2X . For x ∈ R
d, ‖x‖ denotes the Eulideannorm of x. The unit d-sphere Sd is the set of all points in R

d+1 of norm 1.The unit d-ball Bd is the set of all points in R
d of norm ≤ 1.Let X be a subset of the d-dimensional spae R

d. Then the a�ne hull
aff(X) of X is the intersetion of all a�ne subspaes of R

d ontaining X.For x1, x2, . . . , xn ∈ R
d, an expression of the form

t1x1 + t2x2 + · · · + tnxn, where t1, t2, . . . , tn ∈ R and n∑

i=1

ti = 1,

is an a�ne ombination of the points x1, x2, . . . , xn. It is easily heked thatthe a�ne hull of a set X equals the set of all a�ne ombinations of points in
X. Points x1, x2, . . . , xn ∈ R

d are a�nely dependent if one of the points anbe written as an a�ne ombination of the others. This is the same as theexistene of real numbers t1, t2, . . . , tn, at least one of them non-zero, suhthat
t1x1 + t2x2 + · · · + tnxn = 0, and t1 + t2 + · · · + tn = 0.If a set X ⊂ R

d ontains for every two points x, y ∈ X the segment xy, then
X is onvex. Any intersetion of onvex sets is again onvex. So we ande�ne the onvex hull conv(X) of X as the intersetion of all onvex sets in
R

d ontaining X. It is easily heked that
conv(X) = {t1x1 + t2x2 + · · · + tnxk | all xi ∈ X, all ti ≥ 0, and n∑

i=1

ti = 1}

holds for sets X in R
d. Every point in the onvex hull of X an thereforebe expressed as a onvex ombination of a �nite number of points in X.Carathéodory's theorem now implies that it an be expressed as a onvexombination of at most d + 1 points. The onvex hull of d + 1 a�nelyindependent points in some R

n is a d-simplex.The expression simplex is also used in other ontexts, e. g. in algebrai



1.1 Disrete geometry of onvex sets 11

Figure 1.1: Example of a onvex and a non-onvex set.
topology. In this setion, we use the expression a point p is ontained in asimplex S. In this ase S is a set of points, and we mean p ∈ conv(S) evenif the points of S might not be a�nely independent.A non-empty set X ⊂ R

d is a one if it ontains with any �nite set of vetorsalso all their linear ombinations with non-negative oe�ients. In partiular,every one ontains the origin. For a non-empty set X ⊂ R
d, we de�ne itsonial hull cone(X) as the intersetion of all ones ontaining X. Clearly,

cone(X) is a one. Geometrially, cone(X) is the union of all rays startingat the origin and passing through a point of conv(X), see also Figure 1.2 foran example of a one in R
2.

Figure 1.2: A set of points, its onvex hull, and its onial hull.
Carathéodory's theorem is one of the fundamental results of disrete ge-ometry. It is often onvenient to assume that the point p ∈ R

d in the state-ment equals the origin. The following generalization is due to Bárány [4℄.Theorem 1.4 (Colorful Carathéodory theorem). Consider d+1 �nite pointsets X1, X2, . . . , Xd+1 in R
d suh that the onvex hull of eah Xi ontains theorigin. Then there is a (d+1)-point set S ⊂ X1∪ . . .∪Xd+1 with |Xi∩S| = 1for eah i, suh that the origin is in its onvex hull.
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If we imagine that the points in Xi are of olor i, then the theoremguarantees the existene of a multi-olored d-simplex ontaining the origin.Here multi-olored means that every olor is used. It is also ommon to allmulti-olored simplies rainbow simplies.In the plane it asserts the following: Given a red, a blue, and a greentriangle as in Figure 1.3, eah of them ontaining the (blak) origin thenthere is a triangle using all three olors ontaining the origin. The multi-olored triangle is drawn with broken lines.

Figure 1.3: The olorful Carathéodory theorem in the plane.
Theorem 1.4 has found numerous appliations, see e. g. [9℄. We mentionit here for two reasons. First, it is used in our favorite proof of the Tverbergtheorem in Setion 1.3. Seondly, reent progress on the number of rainbowsimplies is due to Deza et al. [26℄, Bárány and Matou²ek [7℄, and Stephanand Thomas [65℄.Remark 1.5. Both Carathéodory's theorem and the olorful Carathéodorytheorem an be seen as existene results: They guarantee the existene of atleast one (rainbow) simplex ontaining the origin.Another natural question is:Problem 1.6. What is the number of simplies having this property? Whatabout lower bounds for this number?A �rst step to answer this question is to state preisely what one wantsto ount. For this, we de�ne the following notion of general position.De�nition 1.7 (General position with respet to the origin). The sets Xias in the olorful Carathéodory theorem are in general position with respetto the origin 0 if Xi ∩ Xj = ∅ for i 6= j, and if no k + 1 points of X1 ∪

X2 ∪ . . . ∪ Xd+1 are on a ommon k-dimensional linear subspae of R
d, forall k = 0, 1, . . . , d − 1.
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In this situation 0 ∈ conv(Xi) implies that |Xi| ≥ d+1. In the following,we often write (rainbow) simplex instead of (rainbow) d-simplex ontainingthe origin, as we are not interested in any others. The number of rainbowsimplies has been studied in [4℄, [26℄, [7℄, and [65℄. We summarize theseresults in the following.
The �rst lower bound for the number of rainbow simplies goes bak tothe original artile [4℄ of Bárány. Using the following stronger version ofTheorem 1.4 one gets a lower bound of d + 1 for the the number of rainbowsimplies for points in general position with respet to the origin.Theorem 1.8 (Stronger version of Theorem 1.4). Consider d �nite point sets

X1, X2, . . . , Xd in R
d suh that the onvex hull of eah Xi ontains the origin

0, and let x ∈ R
d be arbitrary. Then there is a d-point set S ⊂ X1 ∪ . . .∪Xdwith |Xi ∩ S| = 1 for eah i, suh that 0 ∈ conv(S ∪ {x}).Both [26℄ and [7℄ make use of the following basi lemma for proving theirresults on the number of rainbow simplies. We reuse it in Chapter 3 whilelooking at Tverberg partitions.Lemma 1.9. If X = {p1, p2, . . . , pd+1} ⊂ R

d is a set of points in gen-eral position with respet to the origin 0, then 0 ∈ conv(X) if and onlyif −pd+1 ∈ cone(X \ {pd+1}).Deza et al. [26℄ prove the following parity result for the number of rainbowsimplies using what they all �a variational approah�.Theorem 1.10 (Parity of the number of rainbow simplies). Consider d+1�nite point sets X1, X2, . . . , Xd+1 in R
d suh that the onvex hull of eah Xiontains the origin 0. Assume that |Xi| is even for every i, and that the set

⋃d+1
i=1 Xi is in general position with respet to the origin. Then the number ofrainbow simplies ontaining the origin is even.Theorem 1.10 holds for example if the sets are of ardinality d + 1 inodd dimension. The proof is based on the analysis of the following question:What happens if one moves one of the olored points at a time? There isalso a monohromati version Theorem 1.12 of this result, whih we furnishwith a proof.In the same artile, Deza et al. prove a lower bound of 2d for the numberof rainbow simplies, and onjeture that the optimal lower bound equals

d2 + 1. Their onjeture is based on an expliit onstrution of sets Xi. Theurrently best lower bound is due to [7℄ and [65℄.
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Theorem 1.11 (Lower bound for the number of rainbow simplies). Con-sider d + 1 �nite point sets X1, X2, . . . , Xd+1 in R

d in general position withrespet to the origin suh that the onvex hull of eah Xi ontains the origin.Then there are at least max{3d, ⌊ (d+2)2

4
⌋} rainbow simplies ontaining theorigin for d ≥ 3.The above onjeture has been on�rmed for d = 2 in [26℄. The linearbound of 3d is due to [7℄; and together with the above parity result it impliesthe onjeture for d = 3. Both [7℄ and [65℄ inlude a quadrati lower bound,the urrently best quadrati lower bound, from [65℄, is exeeded by the linearbound for 3 ≤ d ≤ 7.Using the same tehnique as for Theorem 1.10, Deza et al. [26℄ also showa parity result in the monohromati ase.Theorem 1.12 (Parity in the monohromati ase). Let X be a set of npoints in R

d suh that n−d is even, and that the set X is in general positionwith respet to the origin. Then the number of d-simplies ontaining theorigin is even.Proof. The general position implies that no k + 1 points in X lie on a k-dimensional linear subspae. The set of the normed points in X is again ingeneral position in respet to the origin. Hene we an assume without lossof generality that all points are of norm 1, and therefore lie on the (d − 1)-dimensional sphere Sd−1. Remember, we write d-simplex instead of d-simplexontaining the origin, as we are not interested in any others. Let's start withthe on�guration that all points are lustered around the north pole of Sd−1.In that ase 0 6∈ conv(X), so that the number of d-simplies is learly even.We now move one point after the other to its position while the others remain�xed. Hene only one point moves at a time. Let's all this moving point
p, and let z(p) be the number of d-simplies. Instead of following p, we lookat its antipodal point −p, as we know from Lemma 1.9 that for a d-elementsubset S of X \ {p} one has

0 ∈ conv(S ∪ {p}) i� − p ∈ cone(S).Moving −p does not a�et the number of d-simplies not involving p.Every d-element subset of X \ {p} de�nes a one, and they altogether de�nea deomposition of the sphere Sd−1 into ells. One an attribute to everyell the number of ones ontaining it. See Figure 1.4, where an exampleof a set X \ {p} of 5 points on S1 is de�ned through 5 rays starting at theorigin. Moreover, the attribution of numbers to every ell is shown in thisexample. Moving −p inside a ell doesn't hange z(p). The boundary of a
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Figure 1.4: The ell deomposition de�ned by X \ {p}.
ell is de�ned through hyperplanes passing through (d−1)-element subsets of
X \{p} and the origin. At some point we are fored to move −p transversallyfrom one side of a boundary hyperplane de�ned by suh a (d − 1)-elementsubset T to the other side. The number z(p) hanges in the following way:Our point −p leaves a ertain number m of ones involving T . On the otherside, −p enters some ones also involving T . In fat, there are n− d− 2−mones left whih involve T , and −p enters all of them. The number z(p)thus hanges by n − 2 − 2m, whih is even. In Figure 1.4, the number of
d-simplies involving p is everywhere odd, but its parity doesn't hange, andthe total number of d-simplies is even for every hoie of p.We start with z(p) even, and every hange is again even. In our proof weuse that our deomposition is nie: We an move −p to every position on thesphere while rossing hyperplanes in a transversal way. This is a well-knownfat from topology, see also the original paper [26℄.

The olorful Carathéodory theorem also admits a one version due toBárány [4℄. The one version of Carathéodory's theorem was already men-tioned by Danzer, Grünbaum, and Klee [24℄.
Let's end this setion with some omments on Helly's theorem 1.3. Ma-tou²ek [49℄ notes that Helly's theorem inspired a whole industry of Helly-typetheorems. For an extensive treatment see e. g. Ekho� [29℄,Chapter 5 is on topologial generalizations of Helly-type theorems. Toget an idea of the spirit of these generalizations, remember that the �rsttopologial version of Helly's theorem was established by Helly himself. Aspae X is ayli if it is non-empty, and if its redued singular homologyvanishes in all dimensions.
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Theorem 1.13 (Topologial Helly theorem). Let F be a �nite family of opensets in R

d suh that the intersetion of every k members of F is a ayli for
k ≤ d, and is non-empty for k = d + 1. Then ⋂

F is ayli.
1.2 On topologial methods in ombinatorisThis setion omes with a rash ourse on topologial methods in ombina-toris. We also give some general topologial bakground. In Chapters 2 and5 we use topology as a tool to prove ombinatorial results. Our �rst ontatwith topologial methods will be in the introdutory Setion 1.3. In ourrash ourse, we follow very muh Matou²ek's textbook Using the Borsuk-Ulam Theorem [46℄, where an extensive treatment on topologial methods inombinatoris an be found. Anders Björner's survey artile [18℄, and Rade�ivaljevi¢'s survey artiles [75℄, [73℄, and [74℄ also give a lot of bakgroundand motivation for topologial methods. Spanier's book [63℄ is a good refer-ene for (algebrai) topology. We start with some de�nitions, then we give ashort introdution into topologial methods à la Matou²ek [46℄ mixed withsome ideas from �ivaljevi¢ [75℄.

Geometri simpliial omplexes. In Setion 1.1, we have introduedthe notion of a d-simplex σ as the onvex hull of d + 1 a�nely independentpoints in some R
n. The number d is the dimension of σ, and the a�nelyindependent points are the verties of σ. The onvex hull of an arbitrarysubset of the set of verties is a fae of the simplex σ.A geometri simpliial omplex is a non-empty �nite family ∆ of simplies insome R

n suh that:1. Eah fae of any simplex of ∆ is also a simplex in ∆.2. The intersetion of any two simplies σ1, σ2 of ∆ is a fae of both σ1and σ2.

Figure 1.5: Examples of forbidden intersetions.
The dimension dim(∆) of a simpliial omplex ∆ is the maximal dimensionourring in ∆. The vertex set V (∆) is the union of all vertex sets of all
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simplies in ∆. The union of all simplies of a simpliial omplex ∆ is thepolyhedron of ∆, and it is denoted as ‖∆‖. The polyhedron of ∆ is a subsetof R

n whih inherits the subspae topology, so that all topologial standardterms like interior, losure, ontinuity, . . . are well-de�ned.All simpliial omplexes in this thesis will be �nite. This is from a topologist'spoint of view quite restritive, but it is su�ient for us. Moreover, we wouldlike to keep our objets as simple as possible.Examples 1.14 (Simpliial omplexes). 1. The family of all faes of a
d-simplex is a d-dimensional simpliial omplex.2. Any �nite set of p points in some R

n is a 0-dimensional simpliialomplex whih we will denote by [p].For a simpliial omplex ∆, any subset that is again a simpliial omplex(that is, losed under taking faes) is a subomplex of ∆. An importantexample of a subomplex is the k-skeleton ∆≤k. It onsists of all simpliesof ∆ of dimension at most k. A speial ase of a subomplex is the induedsubomplex ∆[W ] on the vertex set W , where W is a subset of the vertexset of ∆, and ∆[W ] is obtained by taking all simplies whose verties arein W . See Figure 1.6 for an example of a 2-dimensional simpliial omplexon 5 verties, its 1-skeleton (whih is not an indued subomplex), and anindued subomplex on 4 verties. For a fae F of ∆, the link lk(F,∆) is thesubomplexes of all faes G in ∆ suh that F ∪G ∈ ∆, but F ∩G = ∅. Thisde�nition implies lk(∅,∆) = ∆. In our example of Figure 1.6, the link of theright-most vertex onsists of the two neighboring verties.

Figure 1.6: A simpliial omplex, its 1-skeleton, and an indued subomplex.
Abstrat simpliial omplexes. We will see that an abstrat simpli-ial omplex is a ombinatorial objet whih desribes the same mathemati-al objet as a geometri simpliial omplex. So we an speak of a simpliialomplex, and we an fous both on its ombinatorial and its geometri na-ture as onvenient.An abstrat simpliial omplex is a pair (V,K), where V is a �nite set and

K ⊂ 2V is a family of sets satisfying: F ∈ K and G ⊂ F implies G ∈ K.The sets in K are abstrat simplies, and its dimension dim(K) is de�ned as
max{|F |−1 ; F ∈ K}. Usually, we may assume V =

⋃
K. Therefore, we often
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write K instead of (V,K). Let fi(K) denote the number of i-dimensional faesfor an (abstrat) simpliial omplex. Let σp be the standard p-dimensionalsimplex with vertex set [p + 1].A geometri simpliial omplex ∆ determines an abstrat simpliial omplex
(V,K): The set V is the vertex set V (∆), and the sets in K are just the vertexsets of the simplies in ∆. If (V,K) is an abstrat simpliial omplex, andif a geometri simpliial omplex ∆ determines (V,K) in the just desribedway, then we all ∆ a geometri realization of (V,K).Given an abstrat simpliial omplex (V,K), one an easily obtain a geometrirealization as a subomplex of the geometri n-simplex in R

n for n = |V |−1.In the next paragraph, the polyhedron of the geometri realization will turnout to be unique up to homeomorphism.
Simpliial mappings. Let K and L be two abstrat simpliial om-plexes. A simpliial mapping of K into L is a mapping f : V (K) → V (L) thatmaps simplies to simplies, or preisely: for every F ∈ K one has f(F ) ∈ L.A bijetive simpliial mapping whose inverse mapping is also simpliial isalled an isomorphism of abstrat simpliial omplexes. The existene ofsuh that isomorphism between abstrat simpliial omplexes K and L willbe denoted by K ∼= L.For geometri simpliial omplexes ∆1 and ∆2, let K1 and K2 be their as-soiated abstrat simpliial omplex, and let f : V (K1) → V (K2) be asimpliial mapping. The geometri realization of f is the ontinuous map

‖f‖ : ‖∆1‖ → ‖∆2‖ whih is obtained by extending f a�nely from the ver-tex set to the simplies. It an be heked that this well-de�ned, and that
‖f‖ is a homeomorphism if f is an isomorphism. Therefore, the polyhedronof an abstrat simpliial omplex is a well-de�ned topologial spae up tohomeomorphism. Another way of viewing the geometri realization of f is:Remark 1.15. Verties are mapped to verties. The image of a geometrisimplex of ∆1 equals the onvex hull of the images of its verties.

Connetivity. Let k ≥ −1. A topologial spae X is k-onneted if forevery l = −1, 0, 1, . . . , k, eah ontinuous map f : Sl → X an be extendedto a ontinuous map f̄ : Bl → X. Here S−1 is interpreted as the emptyset and B0 as a single point, so (−1)-onneted means non-empty. We write
conn(X) for the maximal k suh that X is k-onneted.

Joins of topologial spaes. The join X ∗ Y of spaes X and Y is astandard onstrution in topology. One way of looking at it is to identify it
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Figure 1.7: Examples of spaes X with conn(X) = −1, 0, and +∞.
with the set of formal onvex ombinations tx ⊕ (1 − t)y, where t ∈ [0, 1], x ∈
X, y ∈ Y . We use the symbol ⊕ to underline that the sum is formal anddoes not ommute for X = Y . With this identi�ation the n-fold join X∗nbeomes the set of all formal onvex ombinations t1x1 ⊕ t2x2 ⊕ · · · ⊕ tnxn,where t1, t2, . . . , tn are non-negative reals summing to 1 and x1, x2, . . . , xn ∈
X. For ompat subsets A ⊂ R

n and B ⊂ R
m of Eulidean spaes the join anbe represented geometrially in the following way: Embed A ⊂ R

n ⊂ R
n+m+1in the standard way, and embed B ⊂ R

m ⊂ R
n+m+1 suh that the �rst noordinates are equal to 0 and the last one is equal to 1. The subspae

C ⊂ R
n+m+1 de�ned as the union of all segments joining a point of A with apoint of B is homeomorphi to A ∗ B. This geometri representation of thejoin also works if A and B are skew a�ne subspaes of some R

n. There isan inequality for the onnetivity of the join X ∗ Y for topologial spaes Xand Y whih we will use very often:
conn(X ∗ Y ) ≥ conn(X) + conn(Y ) + 2; (1.1)see also [46, Setion 4.4℄.Let f : X1 → Y1 and g : X2 → Y2 be ontinuous maps, then the join f ∗ gof maps is again a ontinuous map from X1 ∗ X2 into Y1 ∗ Y2 given through:

tx1 ⊕ (1 − t)x2 7→ tf(x1) ⊕ (1 − t)g(x2).The join of simpliial omplexes is again a simpliial omplex. We de�neit here for abstrat omplexes, but the above geometri interpretation analso be adapted to geometri simpliial omplexes. For abstrat simpliialomplexes K and L the join is de�ned as the set of simplies {F ⊎ G |F ∈
K, G ∈ L}, where F ⊎ G = (F × {1}) ∪ (G × {2}) is the disjoint unionof F and G. The join is of dimension dim(K) + dim(L) + 1. Using thegeometri interpretation, one an show for �nite simpliial omplexes that
‖K ∗ L‖ ∼= ‖K‖ ∗ ‖L‖.Example 1.16 (Join of points). The n-simplex � seen as a simpliial omplex� an be obtained by starting with a point � in other words a 0-simplex �and taking joins iteratively: σn ∼= (σ0)∗(n+1).
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Deleted joins. Let n ≥ k ≥ 2. The n-fold k-wise deleted join of atopologial spae X is
X∗n

∆(k) := X∗n \ { 1
n
x1 ⊕

1
n
x2 ⊕ · · · ⊕ 1

n
xn | k of the xi ∈ X are equal}.In the ase k = n, we remove the diagonal elements from n-fold artesianprodut X∗n, and we write X∗n

∆ for X∗n
∆(n). For k1 < k2 we have X∗n

∆(k1)
⊂

X∗n
∆(k2). On the left the side of Figure 1.8, we have the twofold pairwisedeleted join of a unit interval I: a simplex with a hole drilled at its enter.For a simpliial omplex K we de�ne its n-fold k-wise deleted join as thefollowing set of simplies:

K
∗n
∆(k) := {F1 ⊎ F2 ⊎ · · · ⊎ Fn ∈ K

∗n | (F1, F2, . . . , Fn) k-wise disjoint},where an n-tuple (F1, F2, . . . , Fn) is alled k-wise disjoint if no k amongthem have a non-empty intersetion. For simpliial omplexes K, we have
‖K∗n

∆(k)‖ ⊂ ‖K‖∗n∆(k). On the right side of Figure 1.8, we have the twofoldpairwise deleted join of a 1-simplex σ1. Most of the time we are interestedin the speial ases k = 2, or k = n.
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Figure 1.8: The twofold pairwise deleted joins I∗2
∆(2) and (σ1)∗2∆(2).

Join and deleted join are ommutative in the following way.Lemma 1.17. For n ≥ 2, let K and L be simpliial omplexes. Then
(K ∗ L)∗n∆(2)

∼= K
∗n
∆(2) ∗ L

∗n
∆(2).The p-fold pairwise deleted join of the n-simplex σn shows up in manyappliations of topologial methods.Corollary 1.18. For n ≥ 0, and p ≥ 2, one has

(σn)∗p∆(2)
∼= ([p])∗(n+1).In partiular, the simpliial omplex (σn)∗p∆(2) is n-dimensional, and (n − 1)-onneted.
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Proof.

(σn)∗p∆(2)

(1.16)
∼= ((σ0)∗(n+1))∗p∆(2)

(1.17)
∼= ((σ0)∗p∆(2))

∗(n+1) ∼= ([p])∗(n+1).The �rst step is due to Example 1.16, and the last step follows from the de�-nition of the deleted join: The p-fold pairwise deleted join of the 0-simplex σ0onsists of p opies of this point, and no other faes. The omplex ([p])∗(n+1)is learly n-dimensional, and the (n − 1)-onnetivity follows from inequal-ity (1.1).The hessboard omplexes form another lass of examples that arises inmany interesting situations.Example 1.19 (Chessboard omplexes). The hessboard omplex ∆m,n isde�ned as the simpliial omplex ([n])∗m∆(2). Its vertex set is the set [n] ×

[m], and its simplies an be interpreted as plaements of rooks on an n ×
m hessboard suh that no rook threatens any other; see also Figure 1.9.The roles of m and n are hene symmetri. ∆m,n is an (n − 1)-dimensionalsimpliial omplex with (

m
n

)
n! maximal faes for m ≥ n. See also Figure1.9, every maximal fae orresponds to a plaement of 3 rooks on a 3 × 5hessboard.Using the nerve theorem 1.39 and indution, Björner, Lovász, Vre¢ia,and �ivaljevi¢ proved in [22℄ the following onnetivity result.Theorem 1.20. The hessboard omplex ∆m,n is (ν − 2)-onneted, for

ν := min {m,n, ⌊1
3
(m + n + 1)⌋}.

Figure 1.9: A maximal fae of the hessboard omplex ∆3,5.
G-ations and G-spaes. Let (G, ·) be a �nite group with |G| > 1.A topologial spae X equipped with a (left) G-ation via a group homo-morphism Φ : (G, ·) → (Homeo(X), ◦) is a G-spae (X, Φ); we write g x
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for Φ(g)(x). Here Homeo(X) is the group of homeomorphisms on X, theprodut of two homeomorphisms h1 and h2 is their omposition h2 ◦ h1. Aontinuous map f between G-spaes (X,Φ) and (Y,Ψ) that ommutes withthe G-ations of X and Y is alled a G-map, or a equivariant map. If thereis no G-map from a G-spae X into a G-spae Y , we write (X,Φ)

G
9 (Y,Ψ),and in the other ase (X,Φ)

G
→ (Y,Ψ). In the following, we will write a

G-spae X when it is lear whih ation Φ is �xed on X.
Zn denotes the yli group, represented as {0, 1, . . . , n − 1} with additionmodulo n. The symmetri group of all permutations of [n] is denoted by Sn.The subgroup of Sn that is generated by the permutation of [n] that shiftsylily every element by one to the left is isomorphi to Zn.A simpliial omplex K is a simpliial G-omplex if (‖K‖,Φ) is a G-spae,and if eah homeomorphism Φ(g) is a simpliial mapping.Examples 1.21 (G-spaes). 1. The unit sphere Sd and R

d equipped withthe �antipodal� map x 7→ −x are examples of Z2-spaes (Sd,−) resp.
(Rd,−).2. Let (X,Φ) be a G-spae, and H a non-trivial subgroup of G. Then Xtogether with the indued H-ation Φ|H is a H-spae.3. Let X be G-spae, and Y ⊂ X be invariant under the G-ation, then
Y with the indued G-ation is a G-spae.4. For any spae X, the symmetri group Sn (and all its subgroups) atson the n-fold join X∗n by permuting the n oordinates. A permutation
π ∈ Sn ats on the element t1x1 ⊕ · · · ⊕ tnxn ∈ X∗n through:

π(t1x1 ⊕ · · · ⊕ tnxn) = (tπ−1(1)xπ−1(1) ⊕ · · · ⊕ tπ−1(n)xπ−1(n))For the yli subgroup Zn, this leads to a yli shifting of the noordinates. This also leads to an Sn-ation on n-fold k-wise deletedjoins, as the deleted subspaes are Sn-invariant.5. Let (X,Φ) and (Y,Ψ) be G-spaes. Then (X ∗Y,Φ∗Ψ) with the ation
(Φ ∗ Ψ)(g) = Φ(g) ∗ Ψ(g) is again a G-spae.6. The symmetri group Sn (and all its subgroups) at as in Example 4on the n-fold Cartesian produt Xn by permuting the n oordinates.7. Let G be a group, then G as a disrete spae together with the leftmultipliation is a G-spae. Using onstrution of Example 5, thejoin G∗(n+1) beomes a n-dimensional, (n − 1)-onneted simpliial G-omplex.
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8. Suppose (X,Φ) is a Zn-spae. Then the Zn-ation is uniquely deter-mined via the homeomorphism Φ(1), as Φ(i) = Φ(1)i.Remark 1.22. We will see that applying topology to ombinatoris oftenredues to the problem to prove X

G
9 Y for some well-hosen G-spaes X,

Y . The ation of a subgroup H of G as in Example 1.21.2 an be very usefulfor our purposes:
X

H
9 Y implies X

G
9 Y.It is often su�ient to verify this for H = Zp due to the following well-known fat from algebra : Every non-trivial �nite group ontains a subgroupisomorphi to Zp for some prime p.Remark 1.23. The spae G∗(n+1) of Example 1.21.7 shows up in many ap-pliations. It an be shown that it is homotopy equivalent to a wedge of

(|G| − 1)n−1 many n-spheres. The spae G∗2 is the omplete bipartite graph
K|G|,|G|; see Figure 1.10 for any group of order 6.

Figure 1.10: The spae G∗2 for any group of order 6.
Remark 1.24 (Composition of G-maps). The omposition g ◦ f : X → Z of
G-maps f : X → Y and g : Y → Z is again a G-map.A number of important results in ombinatoris, disrete geometry, andtheoretial omputer siene have been proved by appliation of algebraitopology. A big portion of these results was obtained by using, impliitly orexpliitly, the Borsuk-Ulam theorem. The Borsuk-Ulam theorem is part ofthe standard urriulum for every algebrai topology ourse. It has manyproofs, equivalent versions, extensions, generalizations, and appliations; seeMatou²ek's textbook Using the Borsuk-Ulam theorem [46℄ for many details.One of the many equivalent versions an now be written as:Theorem 1.25 (Borsuk-Ulam theorem). (Sd,−)

Z2
9 (Sd−1,−).

Fixed point free and free G-spaes. For x ∈ X, the set
Ox = {g x | g ∈ G} is the orbit of x. A G-spae (X,Φ) where every Oxhas at least two elements is �xed point free, i. e. no point of X is �xed byall group elements. A G-spae (X,Φ) is free if none of the homeomorphisms
Φ(g), g 6= e, has a �xed-point.
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Observation 1.26. 1. In a free G-spae the orbit of any point x is a

|G|-element set. Free G-spaes are thus �xed point free.2. Let p be a prime number. A Zp-spae (X,Φ) is free i� Φ(1) has no �xedpoint. In partiular, the notion of free and of �xed point free G-spaesoinide for G = Z2.Examples 1.27 (G-spaes revisited). 1. The antipodal Z2-ation on the
d-sphere Sd is free. The ation is not free on R

d.2. The restrition of a (�xed point) free G-ation to a subgroup H leadsto a (�xed point) free H-ation.3. The restrition of a (�xed point) free G-ation to an invariant subspae
Y is a (�xed point) free G-ation.4. The Sn-ation on joins is not �xed point free. The Sn-ations on n-fold
n-wise deleted joins are not free for n ≥ 3. The yli Zn-ation on
n-fold n-wise deleted joins is free i� n is prime. We will see in Chapter2 that the yli Zn-ation on n-fold n-wise deleted joins is �xed pointfree for any n.5. The Sn-ations on n-fold produts are not free.6. The join of (�xed point) free ations is (�xed point) free again.7. G ats freely on itself, so that G∗n+1 beomes a free G-spae.In the next paragraph, we de�ne one of the most important tools intopologial ombinatoris: the G-index for G-spaes. The G-index is of nointerest in the ase of non-free ations. Nevertheless, similar results an beobtained for �xed point free ations.

The G-index. The G-index is a (N ∪ {∞})-valued invariant whih en-ables us sometimes to show that there is no G-map between G-spaes X and
Y . Again [46℄ omes with a detailed introdution to this topologial toolwhih is based on an extension of the Borsuk-Ulam theorem known as Dold'stheorem. In this thesis, we introdue it both for the sake of ompleteness,and for its simpliity.De�nition 1.28 (G-index). For a G-spae (X,Φ), its G-index is:

indG(X) = min{n |X
G
→ G∗(n+1)},where G∗(n+1) is the n-dimensional, (n − 1)-onneted, and free simpliial

G-omplex from Example 1.21.7.
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In the ase G = Z2, this is the n-dimensional sphere (Sn,−). For us, itis su�ient to keep the following properties in mind.Proposition 1.29 (Properties of the G-index). Let G be a non-trivial �nitegroup.1) indG(X) > indG(Y ) implies X

G
9 Y .2) If X is a non-free G-spae, then indG(X) = ∞.3) indG(G∗(n+1)) = n.4) indG(X ∗ Y ) ≤ indG(X) + indG(Y ) + 1.5) If X is (n − 1)-onneted, then indG(X) ≥ n.6) If K is a free simpliial G-omplex of dimension n, then indG(K) ≤ n.Proof. For detailed proofs see e. g. [46, Setion 6.2℄. To prove Property2 remember that for a non-free G-spae X some g 6= e has a �xed point

x0 = gx0 . The orbit Ox0 is therefore not a opy of G, i. e. |Ox0 | < |G|. Onthe other hand, every orbit of the free G-spae G∗(n+1) ontains |G| manydistint elements. Moreover, any G-map maps every orbit onto an orbitsurjetively, and this an not happen for Ox0 .Remark 1.30. Property 1 of the G-index enables us to show X
G
9 Y forfree G-spae Y .Remark 1.31. Determining the G-index is in general not easy. For ourappliations, the lower bound implied by the onnetivity due to Property 5is often su�ient.For this thesis, it is su�ient to know the index for two types of G-spaesgiven in the next proposition.Proposition 1.32. Let p ≥ 2 be an integer.1) indZp

((σn)∗p∆(2)) = n.2) If p is prime, then indZp
((Rd)∗p∆ ) = (d + 1)(p − 1) − 1.See [46, Setion 6.3℄ for a proof.

The non-free, �xed point free ase. Now our fous is on the �xedpoint free ase where one still has similar tools to show the non-existene of



26 Foundations
G-maps. The following result due to Volovikov [69℄ is su�ient for our pur-poses in Chapter 2. It has �rst appeared as Corollary 3.4 in an unpublishedpreprint of Özaydin [52℄. The proof of Proposition 1.33 uses deeper resultsfrom bundle ohomology.A ohomology n-sphere over Zp is a CW-omplex having the same ohomol-ogy groups with Zp-oe�ients as the n-dimensional sphere Sn.Proposition 1.33 (Volovikov's Lemma). Set G = (Zp)

r, and let X and Ybe �xed point free G-spaes suh that Y is a �nite-dimensional ohomology
n-sphere over Zp and H̃ i(X, Zp) = 0 for all i ≤ n. Then there is no G-mapfrom X to Y .An alternative approah in the non-free ase is the ideal-valued ohomo-logial index introdued by Fadell and Husseini in [31℄; see also [74℄ for details.

Applying topology to disrete geometry. As noted by many authors,many proofs in topologial ombinatoris share a ommon sheme alled on-�guration spae/test map paradigm whih we outline in the following inspiredby �ivaljevi¢ [75℄. This abstrat sheme onsists of two major steps:Step 1: The problem is rephrased in topologial terms.Step 2: Solving the rephrased problem using (standard)tehniques from topology.To illustrate this sheme, we prove on our way a generalization of Radon'stheorem alled the Topologial Radon theorem.Theorem 1.34 (Topologial Radon theorem). For every ontinuous map
f : ‖σd+1‖ → R

d there exist two disjoint faes F1, F2 of the (d + 1)-simplex
σd+1 suh that f(‖F1‖) ∩ f(‖F2‖) 6= ∅.Proof. Step 1 for the topologial Radon theorem: We go bak toRadon's theorem, and we realize that it an be rephrased equivalently asin the topologial Radon theorem restrited to a�ne instead of ontinuousmaps.Having this in mind, we wonder whether the statement is true using the moregeneral setting of ontinuous maps. This involves looking at examples � asalways in mathematis. See Figure for an example of dimension d = 2.

After this, we look for a natural on�guration spae X. This on�gura-tion spae models all possible on�gurations of our problem. For Radon's
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Figure 1.11: A�ne versus ontinuous problem.
theorem, the twofold pairwise deleted join of the (d + 1)-simplex omes up:It models all possibilities to partition d + 2 verties into two subsets. Faesof (σd+1)∗2∆(2) are of the form F1 ∪ F2 for some disjoint faes F1, F2 of σd+1� the (d + 1)-simplex with vertex set [d + 2]. A point in (σd+1)∗2∆(2) an bewritten as tx⊕ (1− t)y with t ∈ [0, 1], x ∈ ‖F1‖, y ∈ ‖F2‖, and F1 ∩ F2 = ∅,if F1, F2 6= ∅. The remaining points an be written as 1x ⊕ 0 resp. 0 ⊕ 1y.Subsequently, we searh for a test map T : X → V whih tells us whether apoint from our on�guration spae is a solution of our problem, or not:

T (x) ∈ Z i� x is a solution,for a given test subspae Z of our test spae V . Looking at (σd+1)∗2∆(2) leadsto the test map
f∗2 : (σd+1)∗2∆(2)

︸ ︷︷ ︸

=:X

→ (Rd)∗2
︸ ︷︷ ︸

=:V

, tx ⊕ (1 − t)y 7→ tf(x) ⊕ (1 − t)f(y).

Suppose there are two points x1 resp. x2 in disjoint faes F1 resp. F2 whihare mapped under f to the same point z in R
d. Then our test map f∗2 mapsthe point 1

2
x1 ⊕

1
2
x2 to the diagonal ∆ = {1

2
z ⊕ 1

2
z | z ∈ R

d} of (Rd)∗2. If f∗2meets this diagonal this then leads onversely to a solution of our problem.The diagonal ∆ of (Rd)∗2 is therefore our test subspae Z.Additionally, our problem omes with an inherent symmetry showing up inan ation of its symmetry group G on the on�guration spae, and on thetest spae, and turning our test map into a G-map. In Radon's theorem, welook for unordered partitions into two subsets. The symmetry group is thus
S2 = Z2, and it an easily be heked that f∗2 is a Z2-map.Finally, assume that there is no solution to our problem. Hene the test map
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does not meet the test subspae, and one obtains G-maps

T : X
G
→ V \ Z, and f∗2 : (σd+1)∗2∆(2)

Z2→ (Rd)∗2 \ ∆ = (Rd)∗2∆ .

Step 2 for the topologial Radon theorem: X
G
9 V \ Z.To prove the existene of a solution, it remains to show that suh a G-mapannot exist. For this, we an use what we have summarized above: a G-indexargument, Volovikov's Lemma, et. Let's put the results from Proposition1.32 together to obtain the topologial Radon theorem:

indZ2((σ
d+1)∗2∆(2)) = d + 1 > d = indZ2((R

d)∗2∆ ).

Remark 1.35. 1. Step 2 looks simple, but if an G-index argument doesnot work � e. g. in ase of a non-free ation on V \Z � the results (andtheir proofs) needed from equivariant topology may be quite involved.We see in Setion 1.3 that this part an also break down.2. If a G-map as in Step 2 exists, this does not imply that our statementis false. This would mean for our example: If there was a G-map
h : (σd+1)∗2∆(2)

Z2→ (Rd)∗2∆(2), then it need not be of the form g = f∗2 forsome map f as above. During the rephrasing proess of Step 1, someinformation gets lost.
The nerve theorem. Another very useful tool in topologial ombina-toris is the nerve theorem, e. g. it an be used to determine the onnetivityof a given topologial spae, or simpliial omplex.De�nition 1.36 (Nerve omplex). The nerve N(F) of a family of sets Fis the abstrat simpliial omplex with vertex set F whose simplies are all

σ ⊂ F suh that ⋂

F∈σ F 6= ∅.Example 1.37 (Nerve omplex). Take a family of 6 onvex blak sets as inFigure 1.12. Its nerve omplex (in blue) has 6 blue verties, one for eahset from our family. Two verties form a blue edge if they interset. Thereare no faes of dimension greater than one as no three or more sets interset.Version I of the nerve theorem below states that the union of the onvex blaksets (seen as a subspae of R
2), and the polyhedron of its nerve omplex arehomotopy equivalent: Both onsist of two omponents, the right one is trivial,and the left one is homotopy equivalent to a one-dimensional sphere.
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Figure 1.12: Example of a nerve omplex.
The nerve omplex often helps to simplify a given topologial spae. Itwas �rst obtained by Leray [45℄, and it has many versions; see Björner [18℄for a survey on nerve theorems. In its most popular form, it says:Theorem 1.38 (Nerve theorem, version I). Let F be a family of open setsin some topologial spae X suh that ⋂

G is empty or ontratible for allnon-empty subfamilies G ⊂ F . Then the topologial spae ⋃
F and the nerveomplex ‖N(F)‖ are homotopy equivalent: ⋃

F ≃ ‖N(F)‖.A non-empty topologial spae X is ontratible if the identity i : X → Xis homotopi to a onstant map c : X → X. See Figure 1.13 for examples of(non)-ontratible spaes.

Figure 1.13: Two non-ontratible spaes, and a ontratible spae.
In Chapter 5, we get a short proof of the homologial version of thefollowing nerve theorem of Björner [19℄.Theorem 1.39 (Nerve theorem, version II). For k ≥ 0 let F be a family ofopen sets in some topologial spae X suh that ⋂

G is empty or (k−|G|+1)-onneted for all non-empty subfamilies G ⊂ F . Then the topologial spae
‖

⋃
F‖ is k-onneted i� the nerve omplex ‖N(F)‖ is k-onneted.Both nerve theorems also hold if one replaes families of open sets withfamilies of subomplexes of a �nite simpliial omplexes, even CW-omplexes.
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1.3 From Radon's theorem tothe olored Tverberg theoremThis setion omes with a disussion on one of the major generalizations ofRadon's theorem: Tverberg-type theorems. As before, a lot of bakgroundan be found in Matou²ek [46℄, [49℄, and �ivaljevi¢ [75℄.

Radon's theorem for dimension 2 laims that four points in general posi-tion in the plane either are in onvex position, or one point is in the onvexhull of the others. Any point in the intersetion of the onvex hulls of two

Figure 1.14: Four points in the plane.
disjoint subsets of the initial d+2 points is a Radon point. The Radon pointis unique for sets in general position.A natural question that arises while studying Radon's theorem is thefollowing:Problem 1.40. What is the minimal number T (d, q) suh that any set
X of T (d, q) points in R

d admits a partition into q ≥ 2 disjoint subsets
F1, F2, . . . , Fq whose onvex hulls have a ommon point?Radon's theorem states that T (d, 2) = d + 2. The existene of T (d, q)is not hard to prove. One obtains a strit lower bound of (d + 1)(q − 1)for T (d, q) by analyzing the following on�guration. For arbitrary q and d,
(d + 1)(q − 1) points are arranged in R

d in the following way: Cluster q − 1points around every vertex of a d-simplex in R
d, see Figure 1.17 for d = 2and q = 4. The points of eah luster an end up in most q − 1 di�erentsets. Hene there is no way to partition this point on�guration into q setsas desired.This lower bound for T (d, q) was already known to Birh [17℄ who settledthis problem for d = 2. In 1966, Helge Tverberg [66℄ showed that T (d, q)equals (d + 1)(q − 1) + 1.Theorem 1.41 (Tverberg theorem). Let X be a set of (d + 1)(q − 1) + 1points in R

d. Then there are q pairwise disjoint subsets X1, X2, . . . , Xq of Xwhose onvex hulls have a ommon point.
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Figure 1.15: A point on�gurations of 3(q − 1) points in the plane.
Any point in ⋂q

i=1 conv(Xi) is a Tverberg point of X, and the partition
X1, X2, . . . , Xq is a Tverberg partition of X into q subsets. We will writeTverberg q-partition for short. Most of the time, we will study Tverberg q-partitions of (d + 1)(q − 1) + 1 points in R

d so that we even drop the letter
q and speak of Tverberg partitions.Remark 1.42. For X in general position, the Tverberg point is unique forany given Tverberg partition. The set of Tverberg points is then a �nite setof points.Tverberg's �rst proof has been regarded as di�ult. Fifteen years later,Tverberg published a simpler proof [67℄. Sarkaria [59℄ invented another, verynie and simple proof. This proof has been streamlined by Onn [10℄, andby Matou²ek [49℄. This proof is my urrent favorite. It is based on theolorful Carathéodory theorem, and the following equivalent oni version ofTheorem 1.41 is shown. Other people laim that the urrently most beautifulproof is due to Tverberg and Vréia [68℄.Theorem 1.43 (Coni Tverberg theorem). Let X be a set of (d+1)(q−1)+1points in R

d+1 suh that 0 6∈ conv(X). Then there are q pairwise disjointsubsets X1, X2, . . . , Xq of X suh that ⋂q
i=1 cone(Xi) 6= {0}.Both versions 1.41 and 1.43 also hold for multi-sets instead of sets. The-orem 1.43 is a speial ase of Roudne�'s oni Tverberg theorem from [57℄.Proof. Put N = (d + 1)(q − 1). Before proving Theorem 1.43, let's see thatthe original Tverberg Theorem 1.41 and its oni version are equivalent. Forthis, assume �rst the oni version, and let X be a set of N + 1 points in

R
d. Embed R

d into R
d+1 as the hyperplane h = {(x, 1) |x ∈ R

d}. The set
X beomes a subset of R

d+1, and its onvex hull is in h, so that X satis�esthe hypothesis of the oni version. By Theorem 1.43, there is a partition
X1, X2, . . . , Xq suh that ⋂q

i=1 cone(Xi) has point p 6= 0 in ommon. The ray
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through p starting at 0 is thus in every cone(Xi). This ray intersets h insome point p′. The point p′ and the partition X1, X2, . . . , Xq are what wewere looking for.Assume now that the Tverberg theorem is true, and let X be a set of N +
1 points in R

d+1 suh that 0 6∈ conv(X). Then there is a hyperplane h′separating conv(X) from the origin. Let X ′ be the (multi)-set of pointsobtained by interseting the rays trough every point in X with h′. Then X ′is a (N + 1)-element subset of some R
d. It an easily be heked that everyTverberg partition of X ′ leads to a oni Tverberg partition of X. In fat,the set of Tverberg partitions of X and the set of oni Tverberg partitionsof X ′ are thus in one-to-one orrespondene.To prove Theorem 1.43, de�ne linear maps φi : R

d+1 → R
N for i ∈ [q] via

φi(x) = (0, . . . , 0, x, 0, . . . , 0) ∈ (Rd+1)q−1, for i < q, 0 ∈ R
d+1 and x ∈ R

d+1,where x is in ith position. Moreover, set φq(x) = (−x,−x, . . . ,−x) for
x ∈ R

d+1. These linear maps satisfy: For any q vetors v1, v2, . . . , vq ∈ R
d+1

q
∑

i=1

φi(vi) = 0 i� v1 = v2 = · · · = vq. (1.2)
In the next step, we make use of these maps to get olored sets
X̃1, X̃2, . . . , X̃N+1 in R

N as in the olored Carathéodory theorem 1.4. Let
X be the initial set of N + 1 points in R

d+1. We onsider the set X̃ =
φ1(X)∪φ2(X)∪ · · · ∪φq(X) in R

N , and we olor the points in X̃ with olors
1, 2, . . . , N + 1: For every xi ∈ X all q images φ1(xi), φ2(xi), . . . φq(xi) getolor i, and all this olored set X̃i. Using (1.2) we get 0 ∈ conv(X̃i) forevery i = 1, 2, . . . , q as wanted.The olored Carathéodory theorem leads to a rainbow simplex ontainingthe origin. In other words, there is an (N + 1)-element set S of the form
{φi1(x1), φi2(x2), . . . , φiN+1

(xN+1)}, and non-negative real numbers α1, α2,
. . ., αN+1 summing up to 1 suh that

N+1∑

j=1

αjφij (xj) = 0.

See also Figure 1.16 for an example in d = 1 and q = 2. Setting Ij = {k ∈
[N + 1] | ik = j}, for j ∈ [q], partitions the index set [N + 1] � and at thetime the original point set X � into q subsets. It remains to prove that thispartition X1, X2, . . . , Xq de�nes a oni Tverberg partition of X.For l ∈ [q], onsider ul =

∑

k∈Il
αkxk. This de�nes a point in cone(Xl), and
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Figure 1.16: The initial set X ⊂ R
d+1, and the olored sets in R

(d+1)(q−1).
we an rearrange our sum

0 =
N+1∑

j=1

αjφij (xj) =

q
∑

l=1

∑

k∈Il

αkφl(xk)
(∗)
=

q
∑

l=1

φl(
∑

k∈Il

αkxk) =

q
∑

l=1

φl(ul),

where we use the linearity of φl in step (∗). By (1.2), we obtain that
u1 = u2 = · · · = uqwhih is then a point ommon to all cone(Xl). The assumption ul = 0 implies

0 ∈ conv(X).Having established the existene of one Tverberg partition, it is naturalto ask for the number of Tverberg partitions:Problem 1.44. Given (d + 1)(q − 1) + 1 points in R
d, how many unorderedways are there to partition them into q subsets?What is the minimal number of Tverberg partitions over all on�gurationsof (d + 1)(q − 1) + 1 points in R

d?In 1979, Gerard Sierksma ame up with the following onjeture on theminimal number of Tverberg partitions.Conjeture 1.45 (Sierksma's onjeture). Let q ≥ 2, d ≥ 1, and put N =
(d+1)(q−1). For every N +1 points in R

d the number of unordered Tverbergpartitions is at least ((q − 1)!)d.This onjeture obviously holds for q = 2, and the ase d = 1 holds in amore general setting via the intermediate value theorem for ontinuous maps.For d > 1, and for q > 2 the onjeture is still open. In the literature, this
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onjeture is also known as the Duth heese problem. Sierksma has o�ereda Duth heese1 for a solution of this problem. Sarkaria's preprint [58℄ omeswith an attempt, but his argument has serious gaps.

Figure 1.17: A planar on�guration with 24 Tverberg 4-partitions.
The onjetured lower bound is attained by the following onstrutionfrom Figure 1.15: Start with the on�guration that led to T (d, q) > (d +

1)(q − 1), and add a point in its enter.Remark 1.46. One hek that the point in the enter of the simplex fromFigure 1.17 is the only Tverberg point of this point on�guration. All Tver-berg partitions onsist of this point, and of q− 1 many d-simplies whih areobtained by hoosing one point from eah luster. Now fous on one luster,every point of this luster will end up in one d-simplex. For the �rst point,one has q − 1 possibilities to hoose from every of the remaining d lusters,for the seond, there are q−2 possibilities to do so. Finally, you end up with
((q − 1)!)d many ways to partition. In Chapter 4, we present many moreexamples attaining this onjetured lower bound.Remark 1.47. It is one of the main objetives of this thesis to provenew lower bounds for the number of Tverberg partitions.In Chapters 2 and 3, we disuss in detail old and new results for thenumber of Tverberg partitions. Up to now, all known proofs make use oftopologial methods. Before starting with the setup for a topologial versionof Tverberg's theorem, let's go bak to the proof of 1.43 one more.Observation 1.48. 1. The proof of Theorem 1.43 does not immediatelyimply a lower bound for the number of Tverberg partitions using thelower bounds on the number of rainbow simplies from Setion 1.1.1For my wife, it is obvious that this problem is still unsolved: �Who wants Duthheese? Why not Tomme de Savoie, or Camembert?� � She is Frenh.
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2. Starting with a point on�guration of N +1 points in R

d+1 with n oniTverberg partitions leads to a olored point on�guration of q(N + 1)points in R
N with q!n rainbow simplies.Proof. (of Observation 1.48) The orrespondene in the proof of 1.43 be-tween rainbow simplies ontaining the origin and oni Tverberg partitionsis not one-to-one. Every oni Tverberg partition orresponds to q! rainbowsimplies. The olored sets X̃i ontain q < N + 1 points in R

N , so thatthey are not in general position. Only the stronger version 1.8 of the olorfulCarathéodory an be applied in this ase, and gives the lower bound |X̃i| = qfor the number of rainbow simplies.Let's apply the topologial method from Setion 1.2 whih has led to thetopologial Radon theorem to Tverberg's theorem. As for Radon's theorem,there is an equivalent version of the Tverberg's Theorem 1.41 using a�nemaps instead of onvexity.Theorem 1.49 (A�ne Tverberg theorem). Let q ≥ 2, d ≥ 1, and put
N = (d + 1)(q − 1). For every a�ne map f : ‖σN‖ → R

d there are qpairwise disjoint faes F1, F2, . . . , Fq of the standard N-simplex σN whoseimages under f interset: ⋂q
i=1 f(‖Fi‖) 6= ∅.Again, any point in ⋂q

i=1 f(‖Fi‖) is a Tverberg point of f , and the setof disjoint faes F1, F2, . . . , Fq form a Tverberg partition of f into q pairwisedisjoint faes. We will write Tverberg partition for short. For readabilityreasons, we stop distinguishing between the polyhedron ‖σN‖, and the un-derlying simpliial omplex σN .Theorem 1.50 (Topologial Tverberg theorem). Let q ≥ 2 be a prime power,
d ≥ 1. For every ontinuous map

f : σ(d+1)(q−1) → R
d

there is a Tverberg partition in the standard (d+1)(q−1)-simplex σ(d+1)(q−1).For q prime the result is due to Bárány, Shlosman, and Szüs [11℄. Theprime power ase was �rst proved by Özaydin in an unpublished preprint [52℄in 1987. Di�erent proofs an be found in Volovikov [69℄, and Sarkaria [60℄,see also de Longueville [25℄. The ase d = 1 and arbitrary q is implied bythe intermediate value theorem for ontinuous maps.Problem 1.51. Aording to Matou²ek [46℄, �the validity of the topologialTverberg theorem for arbitrary q is one of the most hallenging problems intopologial ombinatoris�.
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Proof. (of Theorem 1.50) Put N = (d + 1)(q − 1), and hoose (σN)∗q∆(2)as on�guration spae. This simpliial omplex models all possibilities topartition the N + 1 verties into q faes. De�ne

f∗q : (σN)∗q∆(2) → (Rd)∗qas test map. One an hek that the diagonal ∆ = {1
q
y ⊕ · · · ⊕ 1

q
y |x ∈ R

d}of (Rd)∗q is our test subspae:
x is a solution i� f∗q(x) ∈ ∆.We look for unordered partitions into q subsets so that the symmetri group

Sq omes up as natural symmetry group of our problem. This symmetrygroup ats on the on�guration spae and the test spae by permutation, asexplained in Setion 1.2. Our test map f∗q is thus turned into a Sq-map. Thetest subspae ∆ is invariant under this Sq-ation. It is therefore su�ient toprove in a seond step that
(σN)∗q∆(2)

Sq
9 (Rd)∗q \ ∆ = (Rd)∗q∆ .Reall from Remark 1.22 that it is su�ient to show

(σN)∗q∆(2)

H
9 (Rd)∗q∆for some subgroup H of Sq. For q prime hoose H = Zq so that the H-ation ats by shifting the q oordinates ylially. Let's put the results fromProposition 1.32 on the Zq-indies of the above spaes together to prove theprime ase:

indZq
((σN )∗q∆(2)) = N > N − 1 = indZq

((Rd)∗q∆ ).The prime power ase needs a little more e�ort. For q = pr hoose H = (Zp)
ras subgroup, then one has to hek that the assumptions of Volovikov's lemmaare satis�ed. More details an be found in Setion 2.1 where we prove a lowerbound for the number of Tverberg partitions in the prime power ase.Remark 1.52. Özaydin proved in [52℄ that this topologial method breaksdown for non-prime powers q:

(σN)∗q∆(2)

Sq
→ (Rd)∗q∆ i� q is not a prime power.However, this does not imply that the topologial Tverberg theorem does nothold for arbitrary q, beause not every Sq-map g : (σN)∗q∆(2) → (Rd)∗q∆ is ofthe form g = f∗q for some ontinuous map f : σN → R

d; see also [25℄.
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In many appliations, e. g. the problem of splitting neklaes, the resultfor the prime (power) ase is su�ient. The arbitrary ase follows via anindutive argument. One might hope that this gap an be �lled in a similarway for the topologial Tverberg theorem.Reent progress is due to Shöneborn and Ziegler [62℄. They have reduedthe topologial Tverberg theorem to the following winding number onjetureon maps of the (d − 1)-skeleton of σ(d+1)(q−1). The smallest unresolved ase

d = 2 is thus turned into a problem on drawings of omplete graphs K3q−2.

Figure 1.18: A losed urved winding twie around a point.
The onept of a losed urve winding around a point as in Figure 1.18 isvery intuitive. As always in mathematis we have to formalize this onept.For this, we use what is known as the degree of a ontinuous map of sphereswhih an be found in many textbook on algebrai topology, e. g. [63℄. Weobtain on our way a general de�nition that holds not only for losed urvesin the plane.De�nition 1.53 (Winding number with respet to a point). Let

f : Sd−1 → R
d be a ontinuous map, and let p be a point in R

d \ f(Sd−1).Then f indues a homomorphism f∗ : H̃d−1(S
d−1; Z) → H̃d−1(R

d \ {p}; Z) inhomology. Both (d−1)-dimensional homology groups are isomorphi to Z sothat our homomorphism beomes f∗ : Z → Z. Every group automorphismof Z is uniquely determined by the image of one of its two generators. Wede�ne the winding number of f with respet to p to be one of the two integersnumber whih di�er only by a sign.The winding number W (f, p) is thus de�ned up to sign, but the expression�W (f, p) = 0�is independent of this. For any d-simplex σd, we have for its boundary
∂σd ∼= Sd−1; the winding number for ontinuous maps f : ∂σd → R

d andpoints p 6∈ f(∂σd) is de�ned the same way. Again it is de�ned up to sign, sothat the ondition �W (f, p) = 0� makes sense.Shöneborn [61℄ originally de�ned winding numbers using homotopygroups [f ] ∈ πd−1(S
d−1) ∼= Z whih have formal similarities to homologygroups, but whih are muh harder to ompute.
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Shöneborn and Ziegler [62℄ show that the topologial Tverberg theoremis equivalent to:Conjeture 1.54 (Winding number onjeture). Let q ≥ 2, d ≥ 1, and put

N = (d + 1)(q − 1). For every ontinuous map
f : (σN )≤d−1 → R

d

there are q disjoint faes F1, F2, . . . , Fq of the d-skeleton of the N -simplex
σN , and a point p ∈ R

d suh that for eah i, one of the following holds:
• dim(Fi) ≤ d − 1 and p ∈ f(Fi),
• dim(Fi) = d, and either p ∈ f(∂Fi), or p 6∈ f(∂Fi) and W (f |∂Fi

, p) 6= 0.A set of q pairwise disjoint faes and a point as in the winding numberonjeture is a winding partition resp. winding point.Remark 1.55. In the smallest unresolved ase d = 2, a ontinuous map
f : (σ3(q−1))≤1 → R

2 is nothing else but a drawing of the omplete graphon 3(q − 1) + 1 = 3q − 2 verties. If our map is a �nie� graph drawing thewinding number onjeture says that
• either q−1 triangles (drawings of K3 subgraphs) wind around one vertex,
• or q − 2 triangles wind around the intersetion of two edges,where the triangles, the edges, and the vertex are disjoint in K3q−2.

0

1 2

3

45

6

Figure 1.19: Drawing of K7 with 6 winding partitions for q = 3.
Example 1.56. In Figure 1.19 we have modi�ed the drawing 1.17 omingfrom Sierksma's on�guration in the edges (0, 1) and (2, 3). Before the mod-i�ation, we had ((q − 1)!)d = 4 winding partitions onsisting of the windingpoint 6 and two winding triangles for eah winding partition:
{(0, 2, 4), (1, 3, 5)}, {(0, 2, 5), (1, 3, 4)}, {(0, 3, 4), (1, 2, 5)}, {(0, 3, 5), (1, 2, 4)}
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The modi�ed edges do not our in them, so that these 4 partitions sur-vive the modi�ation. Moreover, two new winding partitions ome up: Thetriangle (2, 3, 4) winds around the intersetion of (0, 1) and (5, 6), the sameapplies to the triangle (2, 3, 5), and edges (0, 1) and (4, 6).One diretion of the equivalene is based on the following generalizationof the well-known intermediate value theorem for ontinuous maps.Theorem 1.57 (Generalized intermediate value theorem). Let f : Bd → R

dbe a ontinuous map, and y ∈ R
d \f(Sd−1) suh that W (f |Sd−1 , y) 6= 0. Thenthere is a point x ∈ Bd that is mapped to y under f .The ase d = 1 implies the elementary intermediate value theorem forontinuous maps. Furthermore, for a ontinuous map f : σN → R

d, everywinding partition of the restrition f |(σN )≤d−1 is a Tverberg partition of f .Hene the winding number onjeture for d and q implies the topologialTverberg theorem for d and q.Proof. (of Theorem 1.57) Suppose y 6∈ f(Bd), then f and f |Sd−1 are ho-motopi to a onstant map in R
d \ {p}. Every onstant map has degreeresp. winding number zero.The other diretion of the equivalene is based on the following idea:Extend f : (σN )≤d−1 → R

d to a ontinuous map F : σN → R
dsuh that every Tverberg partition of F is a winding partition of f .Unfortunately, this idea needs some adjustment: Their proof only works for

d ≥ 3. Hene the topologial Tverberg theorem for d ≥ 3 and q implies thewinding number onjeture for d ≥ 3 and q. It is not known whether thisimpliation also holds for d = 2. The ase d = 2 of the winding numberonjeture follows then from the following proposition.Proposition 1.58. If the winding number onjeture holds for q and d ≥ 2,then it also holds for q and d − 1.The proof is based on a modi�ation of de Longueville's [25℄ proof of thesame behavior for the topologial Tverberg theorem. The underlying ideagoes bak to Sarkaria.Another important step in their proof of the equivalene is to redue thetopologial Tverberg theorem to the d-skeleton.Conjeture 1.59 (d-skeleton onjeture). Let q ≥ 2, d ≥ 1, and put
N = (d + 1)(q − 1). For every ontinuous map

f : (σN )≤d → R
dthere is a Tverberg partition in the d-skeleton of the N -simplex σN .
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Let's ome up with a suitable de�nition of general position for Tverberg'stheorem.De�nition 1.60 (General position for a�ne maps). Let K be a simpliialomplex. A map f : K → R

d is a�ne if the image of every fae is anoniallydetermined by the images of its verties. Suh an a�ne map f is in generalposition if for every set of disjoint faes {F1, F2, . . . , Fk} of K the inequality
codim(

k⋂

i=1

f(Fi)) ≥
k∑

i=1

codim(f(Fi))

holds, where codim(X) = d−dim(X) if X ⊂ R
d. We use the onvention that

dim(∅) = −∞ and thus codim(∅) = ∞. Thus in the ase ⋂k
i=1 f(Fi) = ∅ thegeneral position ondition holds independently from the right hand side.

Figure 1.20: Images of maps that are not in general position in R
2 and R

3.
General position fores all Tverberg partition to be of the following form.Observation 1.61. Let f : σN → R

d be an a�ne map in general position.Then a Tverberg partition onsists of:
• Type I: One vertex v, and (q − 1) many d-simplies ontaining v.
• Type II: k interseting faes of dimension less than d, and (q−k) d-simpliesontaining the intersetion point for some 1 < k ≤ min{d, q}.For d = 2, type II is equal to: Two edges interseting, and q − 2 many
2-simplies ontaining this intersetion point. For arbitrary d, type II hastwo extremal ases: Either an edge intersets a (d − 1)-fae and (q − 2)many d-simplies ontain the intersetion point, or d many (d− 1)-simpliesinterset and (q−d) many d-faes ontain this intersetion point. By lookingat the odimension, it is easy to see that there are Pd − 1 many possibilitiesfor type II. Here Pd is the number of number partition of the integer ddisregarding the order of the summands, e. g. P1 = 1, P2 = 2, P3 = 3, and
P4 = 5.
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Shöneborn and Ziegler [62℄ extend general position to pieewise a�nemaps suh that Tverberg partitions are again as in Observation 1.61 in the

d-skeleton.Remark 1.62 (General position for ontinuous maps). General position alsoextends naturally to ontinuous maps K → R
d suh that Tverberg partitionsare as in Observation 1.61. For onsidering Tverberg partitions, it is su�ientto onsider pieewise a�ne maps in general position due to Lemma 1.63.The proof of the equivalene of the topologial Tverberg theorem and the

d-skeleton onjeture is based on the above analysis of pieewise linear mapswhih are in general position, and on the following lemma. It states that onean perturb a ontinuous map a little suh that no new Tverberg partitionsarise. The property that a given partition is not a Tverberg partition, isthus robust in this sense. The non-trivial part of the equivalene betweenthe d-skeleton onjeture and the topologial Tverberg theorem follows fromthe fat that ontinuous maps an be approximated by (general position)pieewise linear maps.Lemma 1.63. For every ontinuous map f : (σ(d+1)(q−1))≤d → R
d there isan ǫf > 0 suh that the following holds:If f̃ : (σ(d+1)(q−1))≤d → R

d is a ontinuous map with
‖f − f̃‖∞ < ǫf , then every Tverberg partition for f̃ is also Tver-berg partition for f .Shöneborn and Ziegler also show that the number of winding partitionsand the number of Tverberg partitions are losely related; see Chapter 2 fora more detailed disussion of these results.

Figure 1.21: A Tverberg partition with seven Tverberg points.
Remark 1.64. In its topologial version, the Tverberg point is not unique fora given Tverberg partition, even for general position maps. In Figure 1.21the intersetion of q − 2 many 2-simplies is shaded in grey. Two disjointedges an interset �nitely many times in the grey area.
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Tverberg's onjeture. Tverberg proposed in 1989 a general onjeturewhih implies many lassial theorems as speial ases: Tverberg's theorem,Rado's theorem, the Ham sandwih theorem, non-embeddability results; see[70℄ for referenes. In its topologial version due to Tverberg and Vre¢ia, itsays the following.Conjeture 1.65 (Tverberg's onjeture). Let 0 ≤ k ≤ d − 1 and let

fi : σNi

i → R
d be ontinuous maps for Ni = (qi − 1)(d − k + 1), and for

i = 0, 1, 2, . . . , k. Then there is an a�ne k-dimensional subspae whih in-tersets the images of qi pairwise disjoint faes of the simplex σNi for eah
i = 0, 1, 2, . . . , k.See Vre¢ia [70℄ for the most reent disussion of its status.

The olored Tverberg theorem. In the remaining part of this setion,we disuss the olored version of Tverberg's theorem whih was introduesin order to obtain upper bounds for the k-set problem; see [46℄, and [49℄ fora disussion of this problem from omputational geometry.The olored version of Tverberg's theorem asks the following:Problem 1.66 (Colored Tverberg problem). Let q ≥ 2 and d ≥ 1 be inte-gers. Is there a minimal integer CT (d, q) suh that for any d + 1 disjoint
CT (d, q)-element sets C1, C2, . . . , Cd+1 in R

d, there are q pairwise disjointsets F1, F2, . . . , Fq suh that:
• |Fi ∩ Cj| = 1 for all i and j,
•

⋂q
i=1 conv(Fi) 6= ∅.

Figure 1.22: Three olored sets with a rainbow Tverberg partition.
If we imagine that the points in Ci are of olor i, then we look for aTverberg partition F1, F2, . . . , Fq of ⋃d+1

j=1 Cj suh that every Fi is a rainbowsimplex using every olor one.Theorem 1.67 (Colored Tverberg Theorem). Let q ≥ 2 and d ≥ 1 be inte-gers. Then the following holds for CT (d, q):
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1. CT (d, q) = q, for d = 1, 2, or q = 2, (Bárány et al. [6℄).2. CT (d, q) ≤ 2q−1, for prime powers q (Vre¢ia and �ivaljevi¢ [71℄, and�ivaljevi¢ [74℄).3. CT (d, q) ≤ 4q − 3, for arbitrary q (Vre¢ia and �ivaljevi¢ [71℄).Bárány, Füredi, and Lovász [5℄ �rst showed the existene in the ase

d = 2 and q = 2, and onjetured that CT (d, q) = q. This onjeture hasbeen veri�ed in the ase d = 1, 2, and for q = 2 by Bárány, Larman, andLovász [6℄. The bound in the general ase an be derived from the primease using �Bertrand's postulate� whih says for any q > 1 there is a prime
p with q ≤ p < 2q. Using the prime power ase this an be improved to
CT (d, q) ≤ 2q′ − 1, where q′ is the smallest prime power greater than q.The proof of the prime (power) ase is based on the equivariant methodused for the topologial Tverberg theorem. Vre¢ia and �ivaljevi¢ [71℄, [74℄obtained the following topologial version.Theorem 1.68 (Topologial olored Tverberg theorem). Let d ≥ 1, and q bea prime power. Let C1, C2, . . . , Cd+1 be d+1 disjoint (2q−1)-element sets in
R

d, and let K be the abstrat simpliial omplex with vertex set
C1 ∪ C2 ∪ . . . ∪ Cd+1, whose simplies are all subsets using at most one pointfrom eah Ci. Then for any ontinuous map f : K → R

d, there are qpairwise disjoint faes F1, F2, . . . , Fq of K suh that their images interset
⋂q

i=1 f(Fi) 6= ∅.Proof. The simpliial omplex K equals [2q − 1]∗(d+1), and its q-fold pairwisedeleted join (K)∗q∆(2) models all possibilities to partition our points in thedesired way. As for the topologial Tverberg theorem, the problem an beredued to the equivariant problem:
f∗q : (K)∗q∆(2)

Sq
9 (Rd)∗q∆ .Using Lemma 1.17, we obtain

(K)∗q∆(2) = ([2q − 1]∗(d+1))∗q∆(2)
∼= ([2q − 1]∗q∆(2))

∗(d+1).Here the spae [2q − 1]∗q∆(2) is the hessboard omplex ∆2q−1,q from Setion1.2. Combining our knowledge on the onnetivity of the hessboard omplexfrom Theorem 1.20, and inequality (1.1) for the onnetivity of the join leadsto
conn((K)∗q∆(2)) ≥ (d + 1)(q − 2) + 2d = (d + 1)(q − 1) + d − 1.
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In the prime ase, this implies a lower bound of the Zq-index of (K)∗q∆(2) asdesired:
indZq

((K)∗q∆(2)) > (d+1)(q−1)+d−1 > (d+1)(q−1)−1
(1.32)
= indZq

((Rd)∗q∆ ).The prime power ase needs a little more e�ort, but is proved in a similarway using e. g. Volovikov's Lemma 1.33.Remark 1.69. In the proof of Theorem 1.68, the Zq-index of (K)∗q∆(2) turnedout to be greater than neessary. This gap has been used by �ivaljevi¢ [75℄ toobtain another version of the olored Tverberg theorem. In its simplest ase,this version implies the well-known fat that the omplete bipartite graph
K3,3 is not planar, already known to Euler.



Chapter 2
Tverberg-type theorems and theequivariant method

This hapter is devoted to the appliation of the equivariant method in topo-logial ombinatoris. In Setions 2.2 and 2.4, we extend the lower boundsof Vu¢i¢ and �ivaljevi¢ [72℄ for primes q to the prime power ase:
• for the number of Tverberg partition of ontinuous maps,
• for the number of splittings of a generi neklae.The lower bound for the number of Tverberg partitions also implies a lowerbound for the number of winding partitions.
Shöneborn and Ziegler initiated in [62℄ the onept of onstraint graphsfor the topologial Tverberg theorem based on the question: Whih graphs

G in the 1-skeleton of σ(d+1)(q−1) an be an be forbidden suh that anyontinuous map f : σ(d+1)(q−1) → R
d still admits a Tverberg partition thatdoes not use any edge of G? In Setion 2.3, we extend their result aboutmathings G to a wider lass of graphs:

• Complete graphs Kl for l ≤ q+1
2
,

• omplete bipartite graphs K1,l for l < q − 1,
• paths Pl on l verties for q > 3,
• yles Cl on l verties for q > 4,
• disjoint unions of graphs from above,for prime powers q. This topologial Tverberg theorem with onstraints is ageneralization of the topologial Tverberg, and it on�rms that K1,q−1 is aminimal graph that is not a onstraint graph. It enables us to fore points tobe in di�erent bloks of the Tverberg partition, and it serves us in Chapter3 to obtain a lower bound for the number of Tverberg points. The proof isbased on onnetivity results of hessboard-type omplexes. We start thishapter with a short introdution to the equivariant tools in Setion 2.1.45
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2.1 Preliminaries and toolsLet's start with a summary of equivariant tools needed for this hapter. Thisis based on Volovikov's Lemma 1.33 from Setion 1.2 whih is the key resultfor proving the topologial (olored) Tverberg theorem in the prime powerase q = pr where p is a prime. Instead of looking at the symmetri group

Sq, we use an elementary abelian p-group as in Volovikov's Lemma.
A group ation of (Zp)r on q-fold joins and produts. Let q = prbe a prime power. The additive group (Zp)

r an be seen as a subgroup ofthe symmetri group Sq in the following way. Remember Sq is the group ofpermutations of the q-element set [q]. The group (Zp)
r is of order q. Orderingthe q elements of (Zp)

r lexiographially leads to a bijetion [q] → (Zp)
r. Thegraph of this bijetion looks in the ase p = 3 and r = 2 as follows:

{(1, (0, 0)), (2, (0, 1)), (3, (0, 2)), (4, (1, 0)), . . . , (9, (2, 2))}.Every element g ∈ (Zp)r de�nes a permutation of the q elements of (Zp)
r bytranslation: h 7→ g+h for h ∈ (Zp)r. For example, the element (1, 1) ∈ (Z3)

2de�nes a permutation
(1, 1) : (Z3)

2 → (Z3)
2, (i, j) 7→ (i + 1, j + 1).Using the above bijetion, the graph of the permutation of (1, 1) equals

{(1, 5), (2, 6), (3, 4), (4, 8), (5, 9), (6, 7), (7, 2), (8, 3), (9, 1)}.The neutral element (0, 0, . . . , 0) of (Zp)
r orresponds to the neutral elementof Sq, and one an hek that we obtain a monomorphism G →֒ Sg.Having interpreted (Zp)

r as a subgroup of Sq, we an speak of a (Zp)
r-ation on q-fold joins and produts. The symmetri group ats on a q-fold join

X∗q (or a q-fold produt Xq) by permuting its q oordinates as introdued inExample 1.21.6. The (Zp)
r-ation on X∗q is the restrition of the Sq-ationas in Example 1.21.2. The above element (1, 1) ∈ (Z3)

2 ats on X∗9:
t1x1 ⊕· · ·⊕ t9x9 7→ t9x9 ⊕ t7x7 ⊕ t8x8 ⊕ t3x3 ⊕ t1x1 ⊕ t2x2 ⊕ t6x6 ⊕ t4x4 ⊕ t5x5.Proving the topologial Tverberg theorem in the prime powerase. To apply Volovikov's Lemma 1.33 to the setting of the topologialTverberg theorem, we have to prove two properties for the (Zp)

r-spae (Rd)∗q∆ :
• The restrition of the Sq-ation on (Rd)∗q∆ to (Zp)

r is �xed point free.
• (Rd)∗q∆ is a ohomologial ((d + 1)(q − 1) − 1)-sphere.See the following two lemmas whih verify eah one of the properties.
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Lemma 2.1. Let X∗q

∆ be the q-fold q-wise deleted join of some spae Xequipped with the (Zp)
r-ation de�ned as above. Then X∗q

∆ is a �xed pointfree (Zp)
r-spae.Note that the (Zp)

r-ation on X∗q
∆ is not free, e. g. the element (1, 1) ∈

(Zp)
r has the element
t1x1 ⊕ t2x2 ⊕ t3x3 ⊕ t3x3 ⊕ t1x1 ⊕ t2x2 ⊕ t2x2 ⊕ t3x3 ⊕ t1x1 ∈ X∗q

∆as �xed point.Proof. Let x = t1x1 ⊕ t2x2 ⊕ · · · ⊕ tqxq ∈ X∗q
∆ , then by de�nition there areindies i and j suh that ti 6= tj or xi 6= xj. Using our identi�ation of (Zp)

rand [q], the indies i and j orrespond to elements a resp. b of (Zp)
r. Setting

g = b − a, we get x 6= g x hene |Ox| > 1.The following lemma is standard in topologial ombinatoris, see e. g.[46, Setion 6℄.Lemma 2.2. Let q ≥ 2 and d ≥ 1 be integers. Then (Rd)∗q∆ ≃ S(d+1)(q−1)−1.Proof. Using the geometri version of the join, we get an embedding
(Rd)∗q∆ ⊂ R

q(d+1)−1. More preisely, we an identify it with the subset
{(t1x1, t2x2, t2, . . . , tqxq, tq) |xi ∈ R

d, ti ≥ 0,
∑q

1 ti = 1}. The diagonal of
(Rd)∗q is embedded as A = {(x, x, 1

q
, . . . , x, 1

q
) |x ∈ R

d}, a d-dimensionala�ne subspae of R
q(d+1)−1. Its orthogonal omplement A⊥ has dimension

(d + 1)(q − 1). The restrition of the orthogonal projetion pA⊥ onto theomplement maps (Rd)∗q∆ on R
(d+1)(q−1) \ {pt.}. This map is a homotopyequivalene.Remark 2.3. Lemma 2.1 and Lemma 2.2 allow us to replae the index argu-ment from the proof of the prime ase of the topologial Tverberg theorem inSetion 1.3 with Volovikov's Lemma. The proof of the topologial Tverbergtheorem in the prime power ase is thus omplete.

Deleted produts. In some appliations, it is more onvenient to workwith the deleted produt (Rd)q
∆ instead of the deleted join. Both Lemma2.1 and Lemma 2.2 from above also hold for deleted produts. The proofsare similar so that we omit them; see also [46, Setion 6℄ for details forLemma 2.5.Lemma 2.4. Let Xq

∆ be the q-fold q-wise deleted produt of some spae Xequipped with the (Zp)
r-ation de�ned as above. Then Xq

∆ is a �xed pointfree (Zp)
r-spae.Lemma 2.5. Let q ≥ 2 and d be integers. Then we have (Rd)q

∆ ≃ Sd(q−1)−1.
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2.2 On the number of Tverberg partitionsin the prime power aseThis is the �rst setion of this thesis on the number of Tverberg partitions.Hene we start with some bakground. We obtain a new lower bound onthe number of Tverberg partitions for prime powers q using the equivariantmethod. This result will be published in [35℄.Tverberg's Theorem 1.41 establishes the existene of at least one Tverbergpartition into q subsets for arbitrary sets of (d + 1)(q − 1) + 1 points in R

d.Another natural question 1.44 is to ask for a lower bound:How many Tverberg partitions into q subsets are there for anyset of (d + 1)(q − 1) + 1 points in R
d? More generally, how manyTverberg partitions into q subsets are there for any ontinuousmap f : σ(d+1)(q−1) → R

d?Sierksma's Conjeture 1.45 states that there are at least ((q − 1)!)d for anyset of (d + 1)(q − 1) + 1 points in R
d. We have seen in Setion 1.3 that thease d = 1 and arbitrary q an be proved in its topologial version 1.50 usingthe intermediate value theorem. For q = 2 and arbitrary d, the onjetureredues to the topologial Radon theorem 1.34. The onjeture is unresolvedin all other ases.

On the number of winding partitions. Reently, Shöneborn andZiegler [62℄ have redued the Topologial Tverberg Theorem 1.50 to theWinding Number Conjeture 1.54. They show that the number of Tver-berg partitions, and the number of winding partitions orrespond to eahother in the following way.Proposition 2.6. For eah q ≥ 2 and d ≥ 3, the following three numbersare equal:
• The minimal number of Tverberg partitions for ontinuousmaps f : σ(d+1)(q−1) → R

d.
• The minimal number of Tverberg partitions in the d-skeleton forontinuous maps f : (σ(d+1)(q−1))≤d → R

d.
• The minimal number of winding partitions for ontinuousmaps f : (σ(d+1)(q−1))≤d−1 → R

d.Moreover, the �rst two numbers are equal for d = 2.The proof is based on the Approximation Lemma 1.63. Hene the minimalnumbers are ahieved for general position maps. Their proof of the redutionshows that all three numbers oinide for d ≥ 3. The ase d = 2 needs extra
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onsiderations: Tverberg partitions and winding partitions are not in one-to-one orrespondene. Every winding partition is a Tverberg partition, butthe onverse does not hold for d = 2.Moreover, Shöneborn and Ziegler show the equivalene of Sierksma'sConjeture 1.45 for ontinuous maps, and the orresponding lower bounds.Theorem 2.7. For eah q ≥ 2, the following three statements are equivalent:
• Sierksma's Conjeture 1.45 for ontinuous maps.
• For every ontinuous map f : (σ(d+1)(q−1))≤d → R

d there are at least
((q − 1)!)d Tverberg partitions.
• For every ontinuous map f : (σ(d+1)(q−1))≤d−1 → R

d there are at least
((q − 1)!)d winding partitions.

For d 6= 1, the proof is similar to that of Proposition 2.6. For the ase
d = 2, Shöneborn and Ziegler impliitly prove the following lemma.Lemma 2.8. Let l(q) be a lower bound for the number of Tverberg partitionsfor ontinuous maps f : σ4(q−1) → R

3. Then l(q)
(q−1)!

is a lower bound for thenumber of winding partitions for ontinuous maps f : K3q−2 → R
2.This implies that l(q)

(q−1)!
is a lower bound for the number of Tverberg par-titions for ontinuous maps f : σ3(q−1) → R

2.
Lower bound. Up to now, the only non-trivial lower bound for thenumber of Tverberg partition was established by Vu¢i¢ and �ivaljevi¢ [72℄when q is prime using a Borsuk-Ulam type argument. Hene the lower boundalso holds in the general setting of ontinuous maps. The following resultextends their result to the prime power ase.Theorem 2.9. Let q = pr be a prime power and d ≥ 1. For any on-tinuous map f : ‖σN‖ → R

d, where N = (d + 1)(q − 1), the number ofunordered q-tuples {F1, F2, . . . , Fq} of disjoint faes of the N-simplex with
⋂q

i=1 f(‖Fi‖) 6= ∅ is at least
1

(q − 1)!
·

(
q

r + 1

)⌈N
2
⌉

.The lower bound translates diretly to a lower bound for the number ofwinding partitions for d ≥ 3. In the ase d = 2, we get an extra fator 1
(q−1)!due to Lemma 2.8.In the prime ase, the following proof redues to the Vu¢i¢-�ivaljevi¢proof, in the version of Matou²ek [46, Setion 6.6℄.



50 Tverberg-type theorems and the equivariant method
Proof. (of Theorem 2.9) Let K be the simpliial omplex (σN )∗q∆(2). Thevertex set of K is [N + 1] × [q]. A maximal simplex of K is of the form
F1 ⊎ F2 ⊎ · · · ⊎ Fq, where the Fi are pairwise disjoint subsets of the vertexset [N + 1] of σN and ⋃q

1 Fi = [N + 1]. In other words, there is a one-to-oneorrespondene between the maximal simplies K and the ordered partitions
(F1, F2, . . . , Fq) of the vertex set [N+1]. Another way of looking at K: The setof all maximal simplies an be identi�ed with the omplete (N + 1)-partitehypergraph on the vertex set [N + 1]× [q]. For example, a maximal simplexin the ase d = 2 and q = 4 enoding a Tverberg partition for N + 1 = 10points in R

2 is shown in Figure 2.1. A Tverberg partition is represented bya hyperedge onsisting of 10 verties.
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Figure 2.1: Maximal simplex of (σN)∗q∆(2) enoding a Tverberg partition.
The indued G-ation permutes the q olumns of verties. We all amaximal fae good if it enodes a Tverberg partition of the map f . Let

f∗q : ‖K‖ → (Rd)∗q be the q-fold join of f restrited to ‖K‖, then it is a G-map. A maximal simplex S of K is good if its image f∗q(‖S‖) intersets thediagonal of (Rd)∗q. Proving a lower bound for the number of good simpliesin K gives then a lower bound for the number of Tverberg partitions of f . Ifthere are at least M good simplies we have at least M/q! unordered Tverbergpartitions.In the next paragraph, we de�ne a family L of subomplexes L ⊂ K havingthe properties: (i) L is losed under the G-ation, and (ii) onn(L) ≥ N − 1.Then L is again a �xed point free G-spae by (i) and Lemma 2.1. The reduedohomology groups of L vanish in dimensions 0 to N−1 due to (ii). Now with
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Lemma 2.2 we get as a diret orollary of Volovikov's Lemma that L ontainsone good maximal simplex S; in fat, the entire orbit of S is good and weget q good simplies in L. Suppose Q is the number of L ∈ L ontaining anygiven maximal simplex of K, then we obtain the lower bound

M ≥ q · |L|/Q. (2.1)We de�ne the family L and distinguish two ases: (i) N even, that is, por d is odd, and (ii) N odd, that is, p = 2 and even d. First we divide the
N + 1 rows into pairs suh that we get N

2
pairs and one remaining row inthe �rst ase, and N+1

2
pairs in the seond. Now we fous on the two rows ofone pair; the simplies of K living on these two rows form bipartite graphs

Kq,q. Suppose that we have hosen a onneted G-invariant subgraph Ci of
Kq,q, i ∈ [N

2
] resp. i ∈ [N+1

2
], for every pair. The maximal simplies of L toa given hoie of row pairing and of the Ci, i ∈ [N

2
] resp. i ∈ [N+1

2
], are themaximal simplies of K that ontain an edge of eah Ci. L is G-invariant byonstrution. Topologially, we get in the �rst ase

L = C1 ∗ C2 ∗ · · · ∗ CN/2 ∗ [q],and in the seond
L = C1 ∗ C2 ∗ · · · ∗ C(N+1)/2.Here [q] is the disrete spae on q elements; in both ases inequality (1.1) onthe onnetivity of the join implies that:onn(L) ≥ N − 1.In the next paragraph, we will onstrut distint G-invariant onnetedsubgraphs C of the graph G ∗ G formed by two rows. Our aim is to get asmsny as possible subgraphs C so that |L|/Q � and at the same time ourlower bound � gets as large as possible. The G-invariane implies that oursubgraphs are regular, the onnetivity implies that every vertex has at leastdegree r +1 (r is the smallest number of generators of the group G). We willonstrut

q(q − p0)(q − p1)(q − p2) · · · (q − pr−1)/(r + 1)!distint G-invariant, onneted subgraphs C having the smallest possiblenumber of edges, that is q(r + 1).To obtain a G-invariant subgraph hoose edges and take their orbits,see Figure 2.2 for orbits in the ase q = 32. The verties are elements of
(Zp)

r having order p as group elements. To make sure that we ount anorbit without multipliities hoose its representative edge as the edge that isinident to the upper left vertex O := (0, 0, . . . , 0).
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Figure 2.2: G-orbits of the edges ((0, 0), (0, 1)) and ((0, 0), (0, 2)).
To prove the onnetivity of the graph C we show that the omponent

KO of the vertex O is the whole graph C. Choosing r + 1 representativeedges onseutively suh that in eah step a new omponent is onneted tothe omponent KO leads to a onneted subgraph.More preisely, we will show indutively that after 1 ≤ k ≤ r + 1 steps:(i) there are 2pk−1 verties in eah omponent, pk−1 in eah shore, and (ii) intotal there are pr−(k−1) omponents. For k = 1, the orbit of an edge onsistsof pr vertex-disjoint edges, see Figure 2.2. For k = 2, the graph of two orbitsis equal to the disjoint union of pr−1 yles of length 2p, see Figure 2.2.Assume that for 1 ≤ k ≤ r edges the statement is true. Let the (k + 1)-stedge be an edge, onneting KO with one of the other remaining pr−(k−1) − 1omponents. There are q − pk−1 many representative edges to do so. Thegraph of the (k + 1)-st orbit and any of the k �rst orbits is again a union ofyles of length 2p, hene eah p omponents of the graph of the �rst k orbitsget onneted. Therefore the number of omponents dereases by a fator p,and the number of verties inreases by the fator p in eah shore.As the order in the r + 1 steps of our onstrution does not play anyrole, this proess leads to the desired number of graphs C. Every given edgedetermines an orbit, hene there are
(q − p0)(q − p1)(q − p2) · · · (q − pr−1)/r!onneted, G-invariant graphs C ontaining this edge.Finally, let π be the number of possibilities to do the row pairing inase (i) or (ii) (π anels out in the end). Then in ase (i) we get:
|L| = π ·

(
q ·

∏r−1
i=0 (q − pi)/(r + 1)!

)N/2
,

Q = π ·
(∏r−1

i=0 (q − pi)/r!
)N/2

,and in ase (ii):
|L| = π ·

(
q ·

∏r−1
i=0 (q − pi)/(r + 1)!

)(N+1)/2
,

Q = π ·
(∏r−1

i=0 (q − pi)/r!
)(N+1)/2

.Plugging these numbers into inequality (2.1) ompletes the proof.
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Remark 2.10. In the proof, we really ount unordered Tverberg partitions.The seven Tverberg points from the example in Figure 1.21 are ounted asone Tverberg partition as they all orrespond to one good simplex.Remark 2.11. The lower bound in the prime power ase due to Theorem2.9 equals for large d and q roughly the square root of the bound onjeturedby Sierksma; see Table 2.1 where both bounds are ompared for small dand q. The olumn with q = 6 � the smallest integer that is not a primepower � ontains the lower bound in the a�ne ase. In general, is not knownwhether the lower bounds for a�ne maps and for ontinuous maps di�er.All our attempts to onstrut an example failed, see also Observation 2.12.For a ounter-example to Sierksma's Conjeture 1.45, d ≥ 2 and q ≥ 3 isneeded. This turns ounting all Tverberg partitions of a given map into aproblem whih an hardly be done by hand. In Chapter 4, we report abouta omputer projet ounting Tverberg partitions for d = 2, and d = 3. Seealso the Example 2.13 below for a ontinuous map f satisfying Sierksma'sonjeture. In Setion 3.2, we obtain new lower bounds for the number ofTverberg partitions whih hold for a�ne maps and arbitrary q. In Setion3.3, we show that this result resp. its proof an not be arried over to theontinuous ase.

d\q 2 3 4 5 62 1 1 2 4 1 36 11 576 1 144003 1 1 3 8 1 216 64 13824 1 17280004 1 1 4 16 2 1296 398 331776 1 2.07 · 1085 1 1 6 32 3 7776 2484 7962624 1 2.48 · 1010Table 2.1: Proved versus onjetured lower bounds.
Observation 2.12. A natural andidate for a ounter-example to the on-tinuous version of Sierksma's onjeture an be found in Example 2.13 below.However: Whenever Tverberg partitions vanish, new ones ome up instantly.Up to now, we haven't been able to formalize this behavior. This is not with-out reason: The same idea ould be turned into a proof of the topologialTverberg theorem for arbitrary q.Example 2.13. Start with the on�guration of points attaining Sierksma'sonjetured lower bound from Figure 1.17 on page 34. The (d+1)(q− 1)+1points in R

d determine an a�ne map f : σ(d+1)(q−1)+1 → R
d uniquely. Wehave seen in Remark 1.46 that all Tverberg partitions onsist of the point 0in the enter and (q − 1) many d-faes. There are ((q − 1)!)d ways to obtain
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suh Tverberg partitions. Now alter f in one (d− 1)-fae F as in Figure 2.3.There we ut out of F an small dis of radius ǫ > 0, and replae it by a
ǫ-tube around the point 0. Then all q − 1 d-faes using F do not ontain thepoint 0 any more. Hene (q − 1)((q − 2)!)d Tverberg partitions vanish. Atthe same time, the modi�ed fae F intersets all (q−1) edges starting at anyvertex from the unused luster, and ending at the point 0. Every intersetionpoint is ontained in all ((q− 2)!)d ways to partition the remaining points asbefore. Altogether (q − 1)((q − 2)!)d new Tverberg partitions ome up.

0

Figure 2.3: A ontinuous example with 24 Tverberg 4-partitions.
Let's end this setion with two open problems whih are related to thequestion whether it is possible to extend the equivariant method to arbitrary

q for the Topologial Tverberg Theorem 1.50.Problem 2.14. Prove lower bounds for the number of Tverberg partitionunder the assumption that there exists at least one. How often does f∗qmeet the diagonal ∆ of (Rd)∗q?Problem 2.15. Prove the A�ne Tverberg Theorem 1.49 using the equiva-riant method for arbitrary q. For this, identify new properties of f∗q.
2.3 Tverberg partitions with onstraintsShöneborn and Ziegler [62℄ showed that for p prime every ontinuous draw-ing of K3p−2 has a winding partition objet to the following type of on-straints: Certain pairs of points end up in di�erent partition sets. In otherwords, there is a winding partition that does not �use� the edge onnetingthis pair of points. Formally, this reads as follows.De�nition 2.16. Let G be a subgraph of the 1-skeleton of σ(d+1)(q−1), and

f : σ(d+1)(q−1) → R
d be a ontinuous map. Let E(G) the set of edges of G.
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A Tverberg partition resp. winding partition F1, F2, . . . Fq ⊂ σ(d+1)(q−1) of fis a Tverberg resp. winding partition of f not using any edge of G if

|Fi ∩ e| ≤ 1 for all i ∈ [q] and all edges e ∈ E(G).Theorem 2.17. Let p ≥ 3 be a prime and M a maximal mathing in K3p−2.Then K3p−2 has a winding partition F1, F2, . . . , Fp not using any edge from
M .The proof of Theorem 2.17 uses subomplexes onstruted in the proofof Theorem 2.9. The proof an easily be arried over to arbitrary dimension
d ≥ 1, and to prime powers p. All results in this setion also hold forwinding partitions. For the sake of simpliity, we state and prove our resultsfor Tverberg partitions.Theorem 2.18. Let q = pr > 2 be a prime power, and M a mathing in thegraph of σ(d+1)(q−1). Then every ontinuous map f : ‖σ(d+1)(q−1)‖ → R

d hasa Tverberg partition F1, F2, . . . , Fq not using any edge from M .Theorems 2.17 and 2.18 are important steps for better understandingwinding resp. Tverberg partitions: One an fore pairs of points to be indi�erent bloks of a Tverberg partition. Choose disjoint pairs of verties of
σ(d+1)(q−1), then this hoie orresponds to a mathing M in the 1-skeleton of
σ(d+1)(q−1). For any map f , the endpoints of any edge in M end up in di�erentpartition sets. See also Figure 2.4 for an example of an a�ne on�guration,there the pairs of points are shown as broken edges. Theorem 2.18 impliesthat there is a Tverberg partition suh that for eah pair, both points end upin di�erent partition sets. In our example, the partition {2}, {3, 4, 7}, {4, 5, 6}is suh a Tverberg partition.

1 3
4

5

2

6

7

Figure 2.4: An example of a planar set for q = 3 with forbidden pairs
(2, 4), (3, 5), (6, 7).

In this setion, we extend Theorem 2.18 to a wider lass of graphs. Thisis based on the following approah.
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Problem 2.19. Identify onstraint graphs C in σ(d+1)(q−1) suh that everyontinuous map f : ‖σ(d+1)(q−1)‖ → R

d has a Tverberg partition of disjointfaes F1, F2, . . . , Fq ⊂ σ(d+1)(q−1) not using any edge from C.Theorem 2.18 implies that any mathing in σ(d+1)(q−1) is a onstraintgraph for prime powers q. Shöneborn and Ziegler also ome up with Example2.21 showing that the bipartite graph K1,q−1 is not a onstraint graph.Observation 2.20. The family of onstraint graphs is losed under deletingedges. It is thus a monotone graph property.Example 2.21. Shöneborn and Ziegler [62℄ ome up with the alternatingdrawing of K3q−2 shown in Figure 2.5 for q = 4. If one deletes the �rst q − 1edges inident to the right-most vertex, then one an hek that there is nowinding partition resp. Tverberg partition. In Figure 2.5, the deleted edgesare drawn in broken lines. Numbering the verties from right to left withthe natural numbers in [3q − 2], the edges of the form (1, 3q − 2 − 2i), for
0 ≤ i ≤ q − 2, are deleted.

Figure 2.5: K10 minus three edges with no winding partition.
The following theorem generalizes the topologial Tverberg theorem andTheorem 2.18. Moreover, it implies that K1,q−1 is a minimal example: Allsubgraphs of K1,q−1 are onstraint graphs.Theorem 2.22. Let q > 2 be prime power then the following subgraphs of

σ(d+1)(q−1) are onstraint graphs:i) Complete graphs Kl on l verties for l ≤ q+1
2
,ii) omplete bipartite graphs K1,l for l < q − 1,iii) paths Pl on l verties for q > 3,iv) yles Cl on l verties for q > 4,v) and arbitrary disjoint unions of graphs from (i)�(iv).
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Theorem 2.22 serves in Setion 3.2 to estimate the number of Tverbergpoints in the prime power ase. Theorem 2.22 also holds for winding parti-tions.Remark 2.23. • Figure 2.6 shows an example of a on�guration of 13points in the plane together with a onstraint graph. Theorem 2.22implies that there is a Tverberg partition into 5 bloks that does notuse any of the broken edges. In Figure 2.6, there is for example theTverberg partition {6, 10}, {9, 11}, {0, 2, 8}, {1, 5, 12}, {3, 4, 7} thatdoes not use any of the broken edges. Figure 1.14 on Radon partitionsshows that K2 is not a onstraint graph for q = 2.
• The onstraint graph Kl guarantees that all l points end up in l pair-wise disjoint partition sets. The onstraint graph K1,l fores that thesingular point in one shore of K1,l ends up in a di�erent partition setthan all l points of the other shore.
• The ondition q > 3 for paths is neessary as K1,2 = P3 is not aonstraint graph for q = 3. The ondition q > 4 for yles is neessaryas K3 = C3 is not a onstraint graph for q = 4. The fat that K3is not a onstraint graph for q = 4 follows from examples whih wereobtained using the algorithm given in Chapter 4.

Proof. Set N := (d + 1)(q − 1), and let q > 2 be of the form pr for someprime number p. As in the proof of the lower bound, we onstrut a goodsubomplex L of K := (σN)∗q∆(2) suh that:i) L is invariant under the (Zp)
r-ation, andii) conn(L) > N − 1.Here good means that L does not ontain any Tverberg partitions using anedge of our onstraint graph. Conditions i) and ii) together imply the exis-tene of at least one Tverberg partition in L as noted in the proof of Theo-rem 2.9.A maximal simplex of K enodes a Tverberg partition as shown in Figure2.1, and it an be represented as a hyperedge using one point from eah rowof K. Our proof is based in its simplest ase � for K2 � on the followingobservation:If two points i and j end up in the same blok, then the maxi-mal fae representing the partition uses one of the vertial edgesbetween the orresponding rows i and j in K.
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Figure 2.6: A planar on�guration together with a onstraint graph for q = 5.
To prove the K2 ase, we have to ome up with a subomplex L that doesnot ontain maximal simplies using vertial edges between rows i and j.Let L be the join of the hessboard omplex ∆2,q on rows i and j, and theremaining rows. Figure 2.7 shows this onstrution of L for q = 3 and d = 2.The hessboard omplex ∆2,q does not ontain any vertial edges. Moreover,
L is (Zp)

r-invariant as only the orbit of the vertial edges is missing. For theonnetivity of L see the next paragraph.i) Constrution of L for omplete graphs Kl. Let L be the join of thehessboard omplex ∆l,q on the orresponding l rows, and the remainingrows:
L = ∆l,q ∗ ([q])∗(N+1−l).By onstrution L does not ontain any vertial edges between any two of the

l orresponding rows, so that L is good. The subomplex L is losed under
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the (Zp)

r-ation. Using Theorem 1.20 on the onnetivity of the hessboardomplex, and inequality (1.1) on the onnetivity of the join, we obtain:
conn(L) ≥ conn(∆l,q) + conn(([q])∗(N+1−l)) + 2

≥ conn(∆l,q) + N − l + 1

≥ N − 1.In the last step, we use that ∆l,q is (l − 2)-onneted for q ≥ 2l − 1.

*

*

*

*

*

i

j

Figure 2.7: The onstrution of L for K2.
ii) Constrution of L for omplete bipartite graphs K1,l. We �rst onstrutan (Zp)

r-invariant subomplex Cl,q on the orresponding l+1 rows. For this,let i be the row that orresponds to the vertex of degree l, and j1, j2, . . . jl bethe orresponding rows to the l verties of degree 1. Let Cl,q be the maximalindued subomplex of K on the rows i, j1, j2, . . . , jl that does not ontainany vertial edges starting at a vertex of row i. Then Cl,q is the union of qmany omplexes L1, L2, . . . , Lq, whih are all the form cone([q − 1]∗l). Herethe apex of Lm is the mth vertex of row i for every m = 1, 2, . . . , q. In Figure2.8 the omplex L3 is shown for q = 4, and l = 2.Let L be the join of the omplex Cl,q and the remaining rows of K:
L = Cl,q ∗ ([q])∗(N−l).Now L is good and (Zp)

r-invariant by onstrution. Let's assume
conn(Cl,q) ≥ l − 1 (2.2)for 1 < l < q − 1. The onnetivity of L is then shown as above:

conn(L) ≥ conn(Cl,q) + conn(([q])∗(N−l)) + 2

≥ conn(∆l,q) + N − l

≥ N − 1.
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i

3

Figure 2.8: The omplex L3 for q = 4 and l = 2.
We prove assumption (2.2) in Lemma 2.24 below.iii) Constrution of L for paths Pl on l + 1 verties. We onstrut reur-sively a suitable good subomplex L on l + 1 rows suh that conn(L) ≥ l− 1.The ase l = 1 is overed in the proof of i) so that we an hoose L to bethe omplex D2,q := ∆2,q. For l > 1, hoose L to be the omplex Dl,q whihis obtained from Dl−1,q in the following way: Order the orresponding rows
i1, i2, . . . , il+1 in the order they our on the path. Take Dl−1,q on the �rst lrows. A maximal fae F of Dl−1,q uses a point in the last row il in olumn
j, for some j ∈ [q]. We want Dl,q to be good, so that we an not hooseany vertial edges between row il and il+1. Let Dl,q be de�ned through itsmaximal faes: All faes of the form F ⊎ {k} for k 6= j. Let be the subom-plex Dk

l,q of all faes Dl,q ending with k. Then Dl,q =
⋃q

k=1 Dk
l,q. In Figure2.9 the reursive de�nition of the omplex D2

l,5 is shown. The omplex is
PSfrag replaements

2

Dl−1,4

Figure 2.9: Reursive de�nition of D2
l,4.

(Zp)
r-invariant, and the onnetivity of Dl,q

conn(Dl,q) ≥ l − 1is shown in Lemma 2.25 below using the deomposition ⋃q
k=1 Dk

l,q.iv) Constrution of L for yles Cl on l verties. Choose L to be the om-plex El,q obtained from Dl−1,q on l rows by removing all maximal simpliesthat use a vertial edge between �rst and last row. The following result onthe onnetivity of El,q is shown in Lemma 2.26 below:
conn(El,q) ≥ l − 2.
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v) Constrution of L for disjoint unions of onstraint graphs. For everygraph omponent onstrut a omplex on the orresponding rows as above.Let L be the join of these subomplexes, and of the remaining rows. Then Lis a good (Zp)

r-invariant subomplex by the similar arguments as above. Theonnetivity of L follows analogously from inequality (1.1) on the onnetivityof the join.The following three lemmas provide the onnetivity results needed inthe proof of Theorem 2.22. Their proofs are similar: Indutive on l, andthe nerve theorem 1.39 is applied to the deompositions of the orrespondingomplexes that were introdued in the proof of Theorem 2.22.Lemma 2.24. Let q > 2, d ≥ 1, and set N = (d + 1)(q − 1). Let Cl,q be theabove de�ned subomplex of (σN )∗q∆(2) for 1 ≤ l < q − 1. Then
conn(Cl,q) ≥ l − 1.Proof. In our proof, we use the deomposition of Cl,q into subomplexes

L1, L2, . . . , Lq from above.The nerve N of the family L1, L2, . . . , Lq is a simpliial omplex on thevertex set [q]. The intersetion of t many Lm1, Lm2, . . . , Lmt
is [q − t]∗l for

t > 1 so that the nerve N is the boundary of the (q − 1)-simplex. Hene Nis (q − 3)-onneted.Let's look at the onnetivity of the non-empty intersetions ⋂t
j=1 Lmj

.For t = 1, every Lm is ontratible as it is a one. For 1 < t < q−1, the spae
[q − t]∗l is (l − 2)-onneted, and for t = q − 1 the intersetion is non-empty,hene its onnetivity is −1. All non-empty intersetions ⋂t

j=1 Lmj
are thus

(l − t)-onneted. The (l − 1)-onnetivity of Cl,q immediately follows fromthe nerve theorem 1.39 using q > 2, and l < q − 1.Lemma 2.25. Let q > 3, d ≥ 1, and set N = (d + 1)(q − 1). Let Dl,q be theabove de�ned subomplex of (σN )∗q∆(2). Then
conn(Dl,q) ≥ l − 1.Proof. In our proof, we use the deomposition of Dl,q into subomplexes

D1
l,q, D

2
l,q, . . . , D

q
l,q from above. We prove the following onnetivity result byan indution on l ≥ 1:

conn(
⋃

j∈S

Dj
l,q) ≥ l − 1, for any ∅ 6= S ⊂ [q]. (2.3)

Let l = 1, then D1,q =
⋃

j∈[q] D
j
1,q is the hessboard omplex ∆2,q whih isonneted for q > 2. For l ≥ 2, look at the intersetion of t > 1 many
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omplexes Di

l,q. Let T ⊂ [q] be the orresponding index set of size 1 < t < q,and T̄ its omplement in [q]. Then their intersetions are
⋂

j∈T

Dj
l,q =

⋃

j∈T̄

Dj
l−1,q , and (2.4)

⋂

j∈[q]

Dj
l,q =

⋃

j∈[q]

Dj
l−2,q. (2.5)

The nerve N of the family D1
l,q, D

2
l,q, . . . , D

q
l,q is a simpliial omplex on thevertex set [q]. The nerve is the (q − 1)-simplex, whih is ontratible.For l = 2, let's apply the nerve theorem 1.39. For this, we have to hekthat the non-empty intersetion of any t ≥ 1 omplexes is (2− t)-onneted.Every Dj

2,q is 1-onneted as it is a one. The intersetion of 1 < t < qmany omplexes is 0-onneted by equality (2.4). The intersetion of q manyomplexes is [q] whih is −1-onneted. Note that for q = 3 and t = 2 theintersetion D1
l,q ∩ D2

l,q is disonneted.Let now l > 2, we apply again the nerve theorem to obtain inequality (2.3).It remains to hek that the non-empty intersetion of any t ≥ 1 omplexesis (l − t)-onneted. The omplex Dj
l,q is (l − 1)-onneted as it is a one forevery j ∈ [q]. The intersetion of any 1 < t < q omplexes is (l−2)-onnetedby equality (2.4) and by assumption. The intersetion of q many omplexesis (l − 3)-onneted by equality (2.5) and by assumption.Lemma 2.26. Let q > 4, d ≥ 1, and set N = (d + 1)(q − 1). Let El,q be theabove de�ned subomplex of (σN)∗q∆(2). Then

conn(El,q) ≥ l − 2.Proof. The proof is similar to the proof of Lemma 2.25. The ase for l = 3has already been settled in the proof of ase i) of Theorem 2.22. Observethat the indutive argument in the proof of Lemma 2.25 also works for El,q,whih was obtained from Dl−1,q by removing some maximal faes.Remark 2.27. Figure 2.10 shows the list of onstraint graphs for q = 5aording to Theorem 2.22. Other onstraint graphs an be obtained viadisjoint unions, or deleting edges. For q = 2, there are no onstraint graphs.For q = 3, a single edge K2 is the only onneted onstraint graph.Let's end this setion with a list of problems on possible extensions ofour results. The �rst problem aims in the diretion of �nding similar goodsubomplexes. The seond problem asks whether it is possible to show theTverberg theorem with onstraints for a�ne maps, independent of the fatthat q is a prime power. Moreover, we assume that this method an beadapted to the setting of the Colorful Tverberg Theorem 1.68.
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Pl K3 K1,3 C4Figure 2.10: List of onstraint graphs for q = 5.
Problem 2.28. Determine the lass CGq,d of onstraint graphs. Find graphsthat are not onstraint graphs. Whih of the onstraint graphs are maximal?Problem 2.29. Identify onstraint graphs for arbitrary q ≥ 2, espeially fora�ne maps.Problem 2.30. Find good subomplexes in the on�guration spae
(∆2q−1,q)

∗d+1 of the olored Tverberg theorem to obtain a lower bound forthe number of olored Tverberg partitions, and a olored Tverberg theoremwith onstraints.Here a good subomplex (∆2q−1,q)
∗d+1 is again (Zp)

r-invariant, and atleast ((d + 1)(q − 1) − 1)-onneted. Construting good subomplexes inthis setting requires more are than for the topologial Tverberg theorem.One possibility to onstrut good subomplexes is to identify d + 1 many
(Zp)

r-invariant subomplexes Li in the hessboard omplex ∆2q−1,q suh that
d+1∑

i=1

conn(Li) ≥ (d + 1)(q − 3) + 1.

The join of the Li's is then a good subomplex in (∆2q−1,q)
∗d+1. Looking at theproof for the onnetivity of the hessboard omplex, and studying ∆2q−1,qfor small q via the mathematial software system polymake [33℄, suggeststhat one obtains subomplexes Li by removing a non-trivial number of orbitsof maximal faes. A step in this diretion is formulated in the followingproblem.Problem 2.31. For q > 2 let K be the subomplex of ∆2q−1,q whih isobtained as follows: Choose q − 1 disjoint pairs of rows in ∆2q−1,q. For everypair of rows hoose the orbit of an edge onneting them, and remove allmaximal faes of ∆2q−1,q that meet this orbit. Show that

conn(K) = conn(∆2q−1,q).
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2.4 On the number of neklae splittingsIt is known that the methods introdued for the topologial Tverberg theoreman also be applied to the splitting problem for neklaes for many thieves, see[46, Setion 6.4℄. We will extend the lower bound for the number of neklaesplittings from [72℄ to the prime power ase; this result will be publishedin [35℄.A neklae is modeled in the following way: Given d ontinuous proba-bility measures on [0, 1] and q ≥ 2 thieves. A fair splitting of the neklaeonsists of a partition of [0, 1] into a number n of subintervals I1, I2, . . . , Inand a partition of [n] into q subsets T1, T2, . . . , Tq suh that every thief getsan equal amount of all d materials:
∑

j∈Tk

µi(Ij) =
1

q
, for all 1 ≤ i ≤ d and 1 ≤ k ≤ q.

Noga Alon proved in 1987 that in general d(q − 1) is the smallest numberof uts for q thieves. A neklae is alled generi if there is no fair splittingwith less than d(q − 1) uts. The splitting problem for neklaes is di�erentfrom the Tverberg theorem: If a neklae is splittable for q1 and for q2 thievesthan it an also be splitted for q1q2 many thieves. Proving the prime asesolves the problem in its generality.The following result extends the lower bound of [72℄ for the number offair splittings to the prime power ase.Theorem 2.32. Let q = pr be a prime power. For generi neklaes madeout of d ontinuously distributed materials the number of fair splittings with
d(q − 1) uts for q thieves is at least:

q ·

(
q

r + 1

)⌈ d(q−1)
2

⌉

.

In the proof, we will again fae deleted joins, but also the deleted produt
(Rd)q

∆ that is the q-fold Cartesian produt of R
d without its diagonal.Proof. Put N = d(q − 1). We use the one-to-one orrespondene betweenthe set of splittings of a generi neklae for q thieves and the simpliialomplex K = (σN+1)∗q∆(2), see also the proof of Theorem 6.4.1 of [46℄. Forthis, let I1, I2, . . . , IN+1 be a partition of the interval [0, 1] into N +1 intervalsnumbered from left to right. Let T1, T2, . . . , Tq be a partition of [N + 1]. Weenode suh a splitting by a point of ‖K‖. Remember, a point z of ‖K‖ is ofthe form t1x1 ⊕ · · · ⊕ tqxk. Starting with splitting, we set tk to be the totallength of intervals assigned to the kth thief, or short tk =

∑

j∈Tk
length(Ij).
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Next, we de�ne xk. If tk = 0, then xk does not ontribute in the join. For
tk > 0, we de�ne xk oordinate-wise

(xk)j =

{
1
tk
length(Ij) for j ∈ Tk,

0 for j 6∈ Tk.We thus obtain a point z of ‖K‖ for every splitting. Conversely, a splittingis determined through a given point z.The map f : ‖K‖ → (Rd)q, z 7→ f(z)i,k :=
∑

j∈Tk
µi(Ij) expressing thegains of the thieves, is a G-map. If there is no fair splitting, f would miss thediagonal of (Rd)q. Now let L be a family of subomplexes L of K satisfying:(i) L is losed under the G-ation, and (ii) onn(L) ≥ d(q−1)−1. Again withVolovikov's Lemma every L ontains at least one fair splitting, but as abovethe whole orbit of size q is good. In onlusion, the whole onstrution for Land the ounting as in the proof of Theorem 2.9 an be arried over.





Chapter 3
On Birh points and Tverberg partitions

We have seen in Chapter 2 that up to now all lower bounds for the number ofTverberg partitions were based on the equivariant method. In this hapter,we go bak to the roots of Tverberg's theorem. Birh proved in 1959 Tver-berg's theorem in dimension d = 2. Starting with this original approah, weobtain in Setion 3.1 properties of the number B0(X) of Birh partitions forarbitrary dimension d. Birh partitions and Tverberg partitions are loselyrelated so that we obtain the �rst non-trivial lower bound for the numberof Tverberg partitions whih hold for arbitrary q in Setion 3.2. Combiningthe new lower bound and the topologial Tverberg Theorem 2.22 with on-straints from Chapter 2, we improve this lower bound for prime powers q.This settles Sierkma's onjeture for a wide lass of planar sets for q = 3.In Setion 3.3, we show that the properties of B0(X) do not arry overto ontinuous maps. As for Tverberg partitions, it is natural to onsiderwinding Birh partitions. In the plane, this redues to a problem on drawingsof omplete graphs K3k. The properties of B0(X) do not hold for windingBirh partitions. A omputer projet ame up with many ounter-examples:pieewise linear drawings of K6. This led to ounter-examples for arbitrarydimension. This is in some sense a breakthrough for Tverberg's problem:Not many Tverberg-type properties of a�ne maps are known that do notarry over to the ontinuous ase.In Setion 3.4, we disuss two onjetures that both imply the topologialTverberg theorem for arbitrary q. Using the approah of Roudne� [56℄, wesettle both of them in the ase of pseudoon�gurations of points in the plane.Moreover, we obtain a geodesial Tverberg theorem on the 2-sphere.
3.1 On Birh pointsThe two-dimensional ase of Tverberg's theorem was established in 1959. Itsproof was based on the following theorem by Birh [17℄.Theorem 3.1. Given 3N points in R

2, we an divide them into N triadssuh that their onvex hulls ontain a ommon point.67
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The proof of 3.1 is based on a lemma on partitioning a general measurewhih is due to Rihard Rado [55℄. This key result is nowadays known asthe enter point theorem. See Matou²ek's textbook [49℄, or Tverberg andVre¢ia [68℄ for more details.Theorem 3.2 (Center point theorem). Let X be a �nite point of sets in

R
d. Then there is a enter point x ∈ R

d suh that every losed half-spaeontaining x ontains at least |X|
d+1

points of X.Center points are also alled Rado points in the literature. The relationof mass partition results, Tverberg's theorem, and non-embeddability resultswas �rst established by Vre¢ia and �ivaljevi¢ in 1990. This led to Tverberg'sConjeture 1.65; see [70℄ for a reent disussion. Tverberg and Vre¢ia [68℄ame up with the following de�nition.De�nition 3.3 (Birh points). Let X be a set of k(d + 1) points in R
d. Apoint p ∈ R

d is a Birh point of X if there is a partition of X into k subsets ofsize d+ 1, eah ontaining p in its onvex hull. The partition of X is a Birhpartition for p. For �xed p ∈ R
d, let Bp(X) be the number of unorderedBirh partitions for p.See Figure 3.1 for an example of a Birh partition for the origin 0 ∈ R

ddenoted by +. There is a another way to obtain a Birh partition for theorigin in this example.

+

Figure 3.1: A Birh partition for 6 points in the plane.
From now on, we �x the point p to be the origin, and we write Birhpartition instead of Birh partition for the origin for short. Tverberg andVre¢ia [68℄ showed that the set of Birh points equals the set of enterpoints for d = 2.The main result of this setion is the following theorem on the number ofBirh partitions.
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Theorem 3.4. Let d, k ≥ 2 be integers, and X be a set of k(d + 1) pointsin R

d in general position with respet to the origin 0. Then the followingproperties hold for B0(X):i) B0(X) is even.ii) B0(X) > 0 =⇒ B0(X) ≥ k!Theorem 3.4 is the key step for obtaining new lower bounds for the num-ber of Tverberg partitions in Setion 3.2. Theorem 3.4 also holds for d = 1.The results are motivated by a omputer experiment with random pointswhih will be disussed in Chapter 4. The lower bound ii) is tight. Birhpartitions and Tverberg partitions are losely related.We prove Theorem 3.4 in two steps:a) Property i).b) Property i) implies Property ii).The following lemma is a onsequene of Lemma 1.9. It is essential forproving Step a).Lemma 3.5. Let X be a set of d + 2 points in R
d that is in general positionwith respet to the origin. Then the number of d-simplies with verties in Xthat ontain the origin is even. In fat, this number is either 0, or 2.See Figure 3.2 for a on�guration of four points in dimension d = 2 suhthat two triangles ontain the origin +.Proof. Suppose there is a d-simplex S spanned by d + 1 points in X thatontains the origin. Choosing any d-element subset T of S leads to a cone(T ).As S ontains the origin, all thus obtained ones partition R

d. The antipodeof the remaining point p ∈ X\S is in exatly one of these ones, say cone(T ′).Lemma 1.9 implies that 0 ∈ conv({p} ∪ T ′).
+

Figure 3.2: Four points that form two triangles ontaining the origin.
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Proof. (of Theorem 3.4, Step a)) We prove i) for arbitrary d ≥ 2 by indutionon k ≥ 2. The base ase k = 2 is the key part.

k = 2: The set of normed points in X is in general position with respetto the origin, as noted in the proof of 1.12. Hene we an assume X ⊂ Sd−1.If all 2d + 2 are lustered around the north pole of Sd−1 then B0(X) = 0,as 0 6∈ conv(X). We move one point p of X at a time while all other pointsremain �xed. Instead of following p, we look at its antipode −p as for any
d-element subset S of X \ {p} one has due to Lemma 1.9:

0 ∈ conv(S ∪ {p}) i� − p ∈ cone(S).Every d-element subset of X \{p} de�nes a one, and they altogether de�ne adeomposition of the sphere Sd−1 into ells. The boundary of a ell is de�nedthrough hyperplanes spanned by (d− 1)-element subsets of X \ {p} and theorigin. At some point we are fored to move −p transversally from one sideof a boundary hyperplane de�ned by a (d− 1)-element subset T to the otherside. When −p rosses suh a hyperplane then B0(X) might hange. Weshow in the ase distintion below that for every hange the parity of B0(X)does not hange. The number B0(X) is thus even as we an move every pointof X to its position while �xing all other points. As in the proof of Theorem1.12, the ell deomposition during this proess is nie: We an move −p toevery position on the sphere while rossing hyperplanes in a transversal way.If −p rosses the hyperplane through T transversally, the property of a
d-simplex S spanned by d + 1 points from X ontaining the origin, hangesin the following way. Set T̃ = T ∪ {p}. For all simplies that do not ontain
T̃ as a fae nothing hanges. If S is of the form T̃ ∪ {x} for some x ∈ X \ T̃ ,then this property swithes:

0 ∈ conv(S) before the rossing i� 0 6∈ conv(S) afterwards.A Birh partition onsists of a d-simplex S and its omplement S̄ in X, whihis again a d-simplex suh that both ontain the origin. The hange of B0(X)oming from the rossing of −p an thus only be a�eted by partitions thatontain T̃ as a fae of S, or of S̄.Case 1: The omplements of all simplies using T̃ do not ontain theorigin. B0(X) does not hange as the set of all Birh partition remains thesame.Case 2: Assume that T̃ is not part of a d-simplex S suh that {S, S̄} isa Birh partition, and that after the rossing of −p a Birh partition omesup. We show that Birh partitions ome up in pairs.See also the left side of Figure 3.3: There the point p is labeled with 2, �veother points on S1 are given through �ve rays starting at the origin. All six
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3Figure 3.3: Initial on�gurations of six points for Cases 2 and 4.

points are labeled with the natural numbers 1, 2, 3, 4, 5, 6 ounter-lokwise.In this initial on�guration, we have two Birh partitions: {{1, 3, 5}, {2, 4, 6}},and {{1, 4, 5}, {2, 3, 6}}. The edge {2, 5} is not part of a Birh partition.If −2 rosses the ray through 5, then two new Birh partitions ome up:
{{1, 4, 6}, {2, 3, 5}}, and {{1, 3, 6}, {2, 4, 5}}.In general, the two new Birh partitions are of the form T̃∪{x1} resp. T̃∪{x2},with x1, x2 ∈ X \ T̃ , plus their omplements. Suppose there is a new oneof the form S = T̃ ∪ {x1} together with its omplement S̄. Due to Lemma3.5 there is exatly two d-simplies in S̄ ∪ {x1} suh that both ontain theorigin. One of them is S̄, let S∗ be the other. By assumption 0 6∈ S̄∗ beforethe rossing of −p. In fat, S̄∗ = T̃ ∪ {x2} for some x2. The set {S̄∗, S∗} isthus our seond Birh partition as 0 ∈ conv(S̄∗) afterwards.Suppose there are three Birh partitions of the form S1 = T̃ ∪ {x1}, S2 =
T̃ ∪ {x2}, and S3 = T̃ ∪ {x3}, with x1, x2, x3 ∈ X \ T̃ , together with theiromplements. This an not happen: One has 0 ∈ S̄i for i = 1, 2, 3, and
|
⋃3

i=1 S̄i| = d + 2. This ontradits Lemma 3.5.Case 3: This is the inverse ase of Case 2. Assume that there are exatlytwo Birh partitions of the form T̃ ∪ {x1} resp. T̃ ∪ {x2}, with x1, x2 ∈
X \ T̃ , plus their omplements before the rossing. Both of them vanish afterrossing of −p. New Birh partitions do not ome up as for this we neededanother T̃ ∪ {x3} suh that its omplement ontains the origin. This annotexist due to Lemma 3.5.Case 4: Assume there is exatly one Birh partition for the form S =
T̃ ∪ {x}, with x ∈ X \ T̃ , together with its omplement before the rossing.This Birh partition vanishes, and a new one omes up.See also the right side of Figure 3.3: The initial on�guration onsists ofthe same six points labeled with the natural numbers 1, 2, 3, 4, 5, 6 ounter-lokwise as in Case 2. Let the point labeled with 3 be the moving point p.
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The edge {3, 6} is part of one Birh partition. If −3 rosses the ray through
6, then {{1, 4, 5}, {2, 3, 6}} vanishes and {{1, 2, 5}, {3, 4, 6}} omes up.In general, one has 0 6∈ S after the rossing of −p so that {S, S̄} vanishes.As in Case 2, there are exatly two d-simplies in S̄ ∪ {x} suh that eahontains the origin. One of them is S̄, let S∗ be the other. By assumption
0 6∈ S̄∗ before the rossing of −p. In fat, S̄∗ = T̃ ∪{x′} for some x′. The set
{S̄∗, S∗} is thus the new Birh partition as 0 ∈ conv(S̄∗) afterwards.Let now k ≥ 3, and p be a point in X. Let F1, F2, . . . , Fl be all d-simpliesusing p that an be ompleted to a Birh partition of the origin into k subsets.For every Fi, omitting Fi leads to a Birh partition into k − 1 subsets. Byindution hypothesis, there are an even number of Birh partitions into k−1subsets for the restrition of every Fi.Remark 3.6. With some e�ort, the proof of the base ase k = 2 of i) inStep a) an be extended to a proof for arbitrary k ≥ 2.Proof. (Theorem 3.4, Step b)) Assume Property i). We prove Property ii)by indution on k ≥ 2. The ase k = 2 is due to i): B0(X) is even, suh that

B0(X) > 0 =⇒ B0(X) ≥ 2 = k!Let k ≥ 3 and B0(X) > 0. Then there is a Birh partition F1, F2, . . . , Fk. Ifwe take any k − 1 of the Fi, they form again a Birh partition. By indutionhypothesis, the union of k − 1 many Fi has at least (k− 1)! Birh partitions.In partiular, there are (k − 1)! many Birh partitions of X into k subsetsthat start with F1. Let p be an element of F1.For every pair F1, Fi, for i ∈ {2, 3, . . . k}, one has again B0(F1 ∪ Fi) > 0suh that there is a seond Birh partition F̃ i
1, F̃i of F1 ∪Fi. Assume withoutloss of generality p ∈ F̃ i

1. The k sets F1, F̃
2
1 , F̃ 3

1 , . . . , F̃ k
1 are pairwise distintby onstrution. Every one of them ontributes (k−1)! many Birh partitionsof X by indution hypothesis.Remark 3.7. In the proof of the indution of Step b), we didn't make useof onvexity. The key is the base ase k = 2:

B0(X) > 0 =⇒ B0(X) ≥ 2.The ase d = 2 of Property i) of B0(X) from Theorem 3.4 also admits asimpler proof.Proof. (of Property i) for d = 2) Let X be a set of 3k points in the plane ingeneral position with respet to the origin. Reall Lemma 1.9:
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Three points p1, p2, p3 ∈ X ontain the origin i�−p1 ∈ cone(p2, p3).Choose a line through the origin. This line hits at most one point from

X, and it divides the plane into two half-spaes. Choose one of the twohalf-spaes. Then sweep a line through the origin over the hosen half-spaeounter-lokwise. The ray hits all points exatly one, and the sweepingleads to a linear order on the points in X. This determines a word wX oflength 3k on the alphabet {+,−} in the following way: Write for every pointof X the letter + when the line hits a point in the hosen half-spae, andthe − in the other ase. Choosing in Figure 3.1 the horizontal line and theupper half-spae, this proess outputs the word + −− + −+.The Birh partitions of X are enoded in wX . Every possibility of parti-tioning wX into k substrings of the form + − + or − + − orresponds to aBirh partition. The partition in Figure 3.1 thus orresponds to the partition
wX [1, 3, 6], wX [2, 4, 5] of wX . A neessary ondition for wX to enode a Birhpartition is therefore: There are at least k many +, and at least k many −.If X has a Birh partition there are two extremal ases. Either wX onsistsof 2k many + (resp. −) and k many − (resp. +), or wX onsists of as many
+ as −, plus one extra letter for odd k.Suppose wX has a onseutive subsequene of the letter + (or −) oflength l > 1. If X has a Birh partition, the l letters + of the onseutivesubsequene end up in l pairwise di�erent partition sets. To eah of l letters
+ there is a substring of the −+ or +−. Every one of the l! possibilitiesto map the l letters + to the l substrings −+ or +−, leads to a new Birhpartition. If wX ontains a onseutive subsequene of the letter + of length
l1 > 1, and a onseutive subsequene of the letter − of length l2 > 1 onehas analogously

B0(X) > 0 =⇒ B0(X) ≥ l1! · l2!To prove i), it is thus su�ient to prove that any word of length 3k on thealphabet {+,−} ontains the letter + (resp. −) twie in a row. This is trueexept for the alternating word of length 3k, whih learly enodes a Birhpartition. We prove that the alternating word of length 3k for enodes aneven number of Birh partition by indution on k ≥ 2.Assume without loss of generality that the alternating word wX startswith the letter +. For k = 2, the word + − + − +− enodes two Birhpartitions: wX [1, 2, 3], wX [4, 5, 6] and wX [1, 4, 5], wX [2, 3, 6]. For k ≥ 3 theword wX is of the form +−+wX̃ where wX̃ is the alternating word of length
3(k−1) starting with−. The word wX has an even number of Birh partitionswith a partition set wX [1, 2, 3] by the indution hypothesis. The �rst letter +of wX has to be in partition set +−+ of the form wX [1, i, i+1] as otherwisethe remaining word of length 3(k−1) would not enode a Birh partition any
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more. The remaining word after deleting wX [1, i, i+1] is again an alternatingword of length 3(k − 1). This remaining word enodes an even number ofBirh partitions by indution hypothesis.Remark 3.8. 1. In general there are less point on�gurations than {+,−}-words, e. g. both words onsisting of one of the letters orrespond tothe same on�guration. More preisely, turning the line through theorigin ounter-lokwise until hitting a point of X hanges wX : The�rst letter is shifted to the end with a di�erent sign.2. A similar approah was used by Pah and Szegedy in [53℄ for studyingthe number of simplies ontaining the origin.3. The {+,−}-words an be seen as an oriented matroid. For d > 2, itmight be interesting to use onepts known from matroid theory.Moreover, we onjeture an upper bound for the number B0(X).Problem 3.9. Let X be a set of k(d + 1) points in general position in R

d.Show that:
B0(X) ≤ (k!)d.Remark 3.10. Sierkma's on�guration from Figure 1.17 attains the upperbound of Problem 3.9. Hene it would be maximal for the number of Birhpartitions. At the same time, Sierksma onjetured it to be minimal for thenumber of Tverberg partitions.Let's end this setion with two problems. Both are promising startingpoints for future researh.Problem 3.11. Relate the properties on the number Bp(X) of Birh par-titions to polytope theory. Birh partitions show up while studying Galediagrams; see Ziegler's textbook [76℄ for an introdution to Gale diagrams.In fat, a set X of k(d + 1) points in R

d with B0(X) > 0 orresponds to aGale diagram of a k-neighborly (k−1)(d+1)-dimensional simpliial polytopeon k(d + 1) verties.Problem 3.12. We have seen in Chapter 1 that Radon's, Helly's, and Ca-rathéodory's theorem are losely related. Do the results on the number ofBirh partitions imply new Helly-type, or Carathéodory-type results?
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3.2 New lower bounds forthe number of Tverberg partitionsSetion 2.2 started with a disussion on the number of Tverberg partitions.In Theorem 2.9, we obtained a lower bound. The proof of Theorem 2.9 isbased on the equivariant method. The lower bound thus holds in the moregeneral framework of ontinuous maps, but only for q being a prime power.In this setion, we prove the �rst lower bound for the number of Tverbergpartitions whih holds for arbitrary q. Reall Remark 1.62 on general positionfor Tverberg's theorem: There are Tverberg partitions of type I and of type II.We improve this new lower bound for prime powers q. Using Theorem2.22, we obtain a non-trivial lower bound for the number of Tverberg parti-tions in the ase of point sets that do not have a Tverberg partition of type I.Combining this, we on�rm Sierksma's onjeture 1.45 for q = 3 in the aseof planar point sets that do not have a Tverberg partition of type I.Theorem 3.13. Let X be a set of (d+1)(q−1)+1 points in general positionin R

d, d ≥ 2. Then the following properties hold for the number T (X) ofTverberg partitions:i) T (X) is even for q > d + 1.ii) T (X) ≥ (q − d)!The proof of Theorem 3.13 is based on the fat that Birh partitions omeup in the study of Tverberg partitions. Then Properties i) and ii) of B0(X)on the number of Birh partitions immediately imply Properties i) and ii)for T (X).Remark 3.14. For d = 2, the lower bound ii) for T (X) improves the boundof Theorem 2.9.Using Theorem 2.22 on Tverberg partitions with onstraints in the primepower ase we an improve this new lower bound.Theorem 3.15. Let d ≥ 2, and q > 2 a prime power. Then there is aninteger onstant cd,q ≥ 2 suh that every set X of (d + 1)(q− 1) + 1 points ingeneral position in R
d has at least

min{(q − 1)!, cd,q(q − d)!}many Tverberg partitions. Moreover, the onstant cd,q is monotonely inreas-ing in q. For d = 2, the onstant c2,q is bounded from above by (q−1)2(q−2)!,and c2,3 = 4.
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Theorem 3.15 on�rms Sierksma's onjeture 1.45 for point sets in theplane that do not have a Tverberg partition of type I for q = 3.Proof. (of Theorem 3.13) The Tverberg Theorem 1.41 implies the existeneof a Tverberg partition together with a Tverberg point p. The set X is ingeneral position suh that the partition is either of type I, or of type II asnoted in Observation 1.61.For type I, q−1 disjoint d-simplies ontain a point p of X. The q−1 disjoint

d-simplies make up a Birh partition for p. Theorem 3.4 implies that thereare at least (q − 1)! many Birh partitions of p. Hene there are at least
(q − 1)! many Tverberg partitions.For type II, the Tverberg point p is the intersetion of the onvex hull of k ≤ dmany sets of ardinality at most d. The remaining points are partitioned into
q − k many d-simplies ontaining p. For q > d + 1, this makes up a Birhpartition for p into q − k ≥ 2 sets. Again by Theorem 3.4 there are at least
(q − k)! Tverberg partitions.Properties i) and ii) follow from the orresponding results on the number ofBirh partitions from Theorem 3.4. For q > d + 1, both types of Tverbergpartitions orrespond bijetively to Birh partitions so that the number ofTverberg partitions is even. As we an not predit the type of the Tverbergpartition, the lower bound is equal to (q − d)!.Remark 3.16. Our proof shows a bit more than a lower bound of (q − d)!.If we knew what type of Tverberg partition shows up then we would obtain
(q − k)! for some k ∈ {1, 2, . . . , d}. If there is a Tverberg partition of type Ithen the lower bound equals (q − 1)!.Theorem 3.15 is based on the following observation.Observation 3.17. Eah Tverberg point ontributes at least (q − k)! Tver-berg partitions where k ∈ {1, 2, . . . , d} depends on the type of the Tverbergpoint.Observation 3.17 gives rise to the following question:Is there a non-trivial lower bound for the number ofTverberg points?In general, the answer is no. Sierksma's on�guration 1.17 has exatly oneTverberg point whih is of type I. This leads to the term (q − 1)! in thelower bound of Theorem 3.15. But under the assumption that there are noTverberg points of type I, we obtain a non-trivial lower bound for the numberof Tverberg points.
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Theorem 3.18. Let d ≥ 2, and q > 2 a prime power. Then there is aninteger onstant cd,q ≥ 2 suh that every set X of (d + 1)(q− 1) + 1 points inin general position in R

d that does not admit a Tverberg point of type I, hasat least cd,q many Tverberg points.Moreover, the onstant cd,q ≥ 2 is weakly growing with q. For d = 2, theonstant c2,q is bounded from above by (q − 1)(q − 1)!, and c2,3 = 4.Proof. The proof is based on Theorem 2.22 on Tverberg partitions with on-straints. Let X be a set of (d+1)(q−1)+1 points in R
d, and p1 is a Tverbergpoint whih is not of type I. The Tverberg point p1 is the intersetion pointof ⋂k

i=1 conv(F 1
i ), where k ∈ {2, 3, . . . , d}. Choose an edge e1 in some Fi,and apply Theorem 2.22 with onstraint graph G1 = {e1}. Then there is aTverberg partition that does not use the edge e1 so that there has to be se-ond Tverberg point p2. Now add another edge e2 from the orresponding F 2

ito the onstraint graph G1, and apply again Theorem 2.22 with onstraintgraph G2 = {e1, e2}. Hene there is another Tverberg point p3 and so on.This proedure depends on the hoies of the edges, and whether Gi is stilla onstraint graph.Figure 3.4 shows an example for d = 2 and q = 3: A set of seven points in
R

2. There are exatly four Tverberg points � highlighted by small irles �in this example. A onstraint graph � drawn in broken lines � an removeonly three among them.

0
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45

6

Figure 3.4: A set of 7 points in the plane together with a onstraint graph.
Constraint graphs for q are also onstraint graphs for q + 1 so that our on-stant cd,q is weakly inreasing in q. The onstant cd,q also depends on d asthe simplex σ(d+1)(q−1) grows in d.For d = 2, the onstant c2,q is bounded from above sine there are sets withno Tverberg point of type I that attain the bound ((q−1)!)2, see for example
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Chapter 4. The lower bound for B0(X) from Theorem 3.4 implies the upperbound for c2,q. A lengthy ase distintion shows c2,3 > 3.Up to now, we have not been able to determine the exat value of cd,q for
d > 2, or q > 3 as there are just too many on�gurations to look at. Thisleads to the following problem.Remark 3.19. While preparing the �nal version of this thesis, we have notedthat one an show Sierksma's onjeture entirely for q = 3 and d = 2 usingthe method given in the proof of Theorem 3.18. The method might even workfor the topologial version of Sierksma's onjeture for q = 3 and d = 2.Problem 3.20. Find on�gurations suh that hoosing a onstraint graphdoes not remove all Tverberg points. Determine from this (bounds for) theonstant cd,q.Remark 3.21. The proof of Theorem 3.18 translates to the setting of Tver-berg points for ontinuous maps f : σ(d+1)(q−1) → R

d. However, the onstant
cd,q turns out to be smaller in this more general setting. For d = 2, pairs ofedges an interset more than one, and there is in general more than onepair of interseting edges among four points.Remark 3.22. In the on�guration from Figure 1.17 whih led to Sierksma'sonjeture, the point in the enter is the only Tverberg point. All ((q − 1)!)dTverberg partitions are of type I. Our new lower bound implies a lower boundof (q−1)! for this on�guration. Hene another ingredient is needed to proveSierksma's onjeture.

3.3 On winding Birh partitionsWe have seen new lower bounds for the number of Tverberg partitions inSetion 3.2. These results were based on a lower bound for the number ofBirh partitions. In this setion, we disuss the following questions whihome up naturally in topologial ombinatoris.Question 3.23. Can the lower bounds for the number of Tverberg partitionsresp. their proofs be arried over to the topologial Tverberg theorem? To thethe number of winding partitions? Is there a topologial version of Theorem3.4 on Birh partitions? Is there a winding version of Theorem 3.4 on Birhpartitions?Our answer to all of these questions is NO. However, these negative resultsare important on their own. There are not many properties known that are
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valid for a�ne Tverberg partitions, and that are false in the setting of thetopologial Tverberg theorem. The negative results for ounting windingnumber partitions an be seen from a graph-theoreti point of view: Thelower bound for (winding) Birh partitions holds for retilinear drawings, butthe result does not hold for arbitrary graph drawings. Finally, our disussiongives rise to the following extension of Sierksma's onjeture.Conjeture 3.24. Sierksma's Conjeture 1.45 on the number of Tverbergpartitions holds not only for a�ne maps f : σ(q−1)(d+1) → R

d, but also forontinuous maps f .Similar to Tverberg's theorem, Theorem 3.4 an be rephrased equivalentlyin terms of a�ne maps instead of onvexity. An a�ne map f : K → R
d isin general position if the set of verties is mapped to an f0(K)-element set ingeneral position with respet to the origin in R

d. Now Theorem 3.4 an bestated equivalently as follows.Theorem 3.25. Let d, k ≥ 2 be integers, and f : (σ(d+1)k−1)≤d → R
d ana�ne map in general position. Then the following holds for the number B0(f)of partitions of (σ(d+1)k−1)≤d into k disjoint d-faes F1, F2, . . . , Fk suh that

0 ∈
⋂k

i=1 f(Fi):i) B0(f) is even.ii) B0(f) > 0 =⇒ B0(f) ≥ k!Proof. There is a one-to-one orrespondene between (d+1)k-element sets asin Theorem 3.4 and a�ne maps as above. Every Birh partition orrespondsto one partition of the d-skeleton of σ(d+1)k−1 as in Theorem 3.25.It is a natural question in topologial ombinatoris:What happens if we replae a�ne with ontinuous maps?Both Properties do in general not hold for B0(f) in the ontinuous ase. ForProperties i) and ii), this an be seen from the following example.Example 3.26. We onstrut a ontinuous map (σ(d+1)k−1)≤d → R
d for

k = 2 whih has one Birh partition. Hene Properties i) and ii) do not holdfor B0(f). Start with an a�ne map f : (σ2d+1)≤d → R
d by hoosing 2d + 2points in R

d suh that there is no Birh partition, but at least one d-fae Fthat ontains the origin. This an be done as shown in Figure 3.5 for d = 2,the boundary of F is drawn in broken lines. Now f an be altered in theomplementary fae F̄ of F � the boundary of F̄ is drawn in dotted lines �suh that the interior of F̄ hits the origin. All other faes remain unhanged,and {F, F̄} is the only Birh partition. �
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+

Figure 3.5: A ontinuous map with one Birh partition.
Tverberg partitions and Birh partitions are losely related. Property ii)of B0(f) is the key result for new lower bounds in the a�ne ase. We haveseen in Setions 1.3 and 2.2 that Tverberg partitions and winding partitionsorrespond to eah other. Hene it is again natural to study winding Birhpartitions.De�nition 3.27 (Winding Birh partition). Let f : (σ(d+1)k−1)≤d−1 → R

dbe a ontinuous map. A winding Birh partition is a partition of (σ(d+1)k−1)≤dinto k disjoint d-faes F1, F2, . . . , Fk suh that the winding number
W (f |∂Fi

, 0) is di�erent from zero for eah i. Let WB0(f) be the numberof all winding Birh partitions.

+

Figure 3.6: A winding Birh partition in a drawing of K6.
For d = 2, see Figure 3.6 for an example of a winding Birh partitionfor k = 2. Only the edges of the winding Birh partition are drawn. Inthis ase, we study drawings of K6 in the plane. A winding Birh partition

F1, F2, . . . , Fk orresponds to a C3-fator in a drawing of the omplete graph
K3k whih omes with the extra ondition that eah yle Fi winds aroundthe origin.Remark 3.28. Every winding Birh partition of a ontinuous map
f : (σ(d+1)k−1)≤d → R

d is a Birh partition due to the generalized inter-mediate value theorem 1.57:
W (f |∂Fi

, 0) 6= 0 =⇒ 0 ∈ f(Fi).
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The following lemma is a topologial generalization of Lemma 3.5.Lemma 3.29. Let f : (∂σd+1)≤d−1 → R

d be a ontinuous map from theboundary of the (d + 1)-simplex σd+1 suh that 0 6∈ f((∂σd+1)≤d−1). Let
WF0(f) be the number of d-faes F of ∂σd+1 suh that W (f |∂F , 0) 6= 0.Then the following impliation holds:

WF0(f) > 0 =⇒ WF0(f) ≥ 2.For d = 2, Lemma 3.29 implies: If in a drawing of the omplete graph K4in R
2 \ {0} a C3-subgraph winds around the origin, then there is a seond

C3-subgraph winding around the origin.Proof. We an orient the d-faes of ∂σd+1 suh that any two d-faes induedi�erent orientations on their ommon (d−1)-fae. Summing up the bound-ary of all d-faes of ∂σd+1 gives zero as every (d − 1)-fae appears exatlytwie. This sum of (d − 1)-faes is thus a trivial element in the simpliialhain omplex of (∂σd+1)≤d−1. The map f : (∂σd+1)≤d−1 → R
d \ {0} induesa map in homology f∗ : Hd−1((∂σd+1)≤d−1) → Hd−1(R

d \ {0}). The abovesum of (d − 1)-faes is mapped to zero as it is trivial. By assumption, f∗maps one of the summands non-trivially, so that there has to be another onewhih is mapped non-trivially.The results from Theorem 3.4 also hold for winding Birh partitions inthe ase of a�ne maps. However, all properties do not hold in the ase ofontinuous maps.Theorem 3.30. Let k ≥ 2 be an integer, and f : (σ(d+1)k−1)≤d−1 → R
d ana�ne map in general position. Then the following properties hold for thenumber WB0(f)i) WB0(f) is even.ii) WB0(f) > 0 =⇒ WB0(f) ≥ k!Both properties of WB0(f) do in general not hold for ontinuous maps f .The ase d = 2 immediately implies the following statement on drawingsof omplete graphs K3k.Corollary 3.31. Let f be a retilinear drawing of the omplete graph K3k on

3k verties in the plane, k ≥ 2. Then the following properties hold: i) Thenumber of winding C3-fators is even. ii) If there is one winding C3-fator,then there are k! many of them. iii) Statements i)-ii) do in general not holdfor arbitrary graph drawings.
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Proof. (of Theorem 3.30) For a�ne maps, the numbers WB0(f) and B0(f)oinide so that properties i) and ii) immediately follow from Theorem 3.25.Now Examples 3.32 and 3.33 below show that these properties do not holdfor WB0(f) in the ontinuous ase.

+

Figure 3.7: An example with WB0(f) odd, for d = 2 and k = 2.
Example 3.32. We onstrut an example of a ontinuous map f with an oddnumber WB0(f) of winding Birh partitions for k = 2. See also Figure 3.7for the onstrution; all missing edges are straight. Let the dimension d beeven. Choose a set X of 2(d+1)−1 = 2d+1 points in general position in R

dsuh that 0 6∈ conv(X). Mapping the verties of (σ2d)≤d−1 to X determinesan a�ne map h : (σ2d)≤d−1 → R
d uniquely. No d-simplex in X winds aroundthe origin as 0 6∈ conv(X). Note that there is one free vertex v of (σ(2d+1)≤d−1left. Alter h in one (d − 1)-fae F as follows: Cut out of F a small dis ofradius ǫ ≥ 0, and replae it by a tube that winds around the origin. See alsoFigure 3.8 for the ase d = 2, there F is a the solid segment, and the tubularmodi�ation is drawn in a broken line that winds around the origin +. Callthis altered map h̃.

+

Figure 3.8: Modify h in one (d − 1)-fae to obtain h̃.
For our modi�ed map h̃, there are exatly d + 1 many d-faes G1,G2, . . .,

Gd+1 in X that wind around the origin: All d-faes of the form F ∪ {w} for
w 6∈ V (F ). We extend h̃ to a ontinuous map f : (σ2d+1)≤d−1 → R

d suh
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that all new (d− 1)-faes using v wind around the origin. For this add everynew (d− 1)-fae suh that it winds around the origin as shown in Figure 3.9.In fat, it is su�ient that only the new (d−1)-faes that do not ontain anyvertex from V (F ) wind around the origin. The number of Birh partitionsis by onstrution d + 1, whih is odd.

+

Figure 3.9: Add a (d − 1)-fae that winds around the origin.
For odd dimension d, alter h in two (d−1)-faes inident to a given vertex

w as shown in Figure 3.8. The number of d-faes for h̃ that wind around theorigin equals d + 1 + d = 2d + 1, whih is odd. Extend h̃ as above for evendimension. This �nal extension to v leads to 2d + 1 many Birh partitions.
�Example 3.33. Our omputer projet exposed in Chapter 4 led to manyexamples of pieewise linear maps that have exatly one winding Birh par-tition for k = 2; one of them led to the example shown in Figure 3.10. Therethe only winding Birh partition is {1, 2, 3} and {4, 5, 6} with winding num-bers ±1 resp. ±2.For arbitrary dimension d ≥ 2, we rely on the following observation: Any ex-ample for dimension d an be extended to an example in dimension d+1. Thisonstrution is an adapted version of Shöneborn and Ziegler's onstrutionthat led to Proposition 1.58 on winding number partitions.Start with a map f : (σ2d−1)≤d → R

d having exatly one winding Birhpartition: The boundary of one (d + 1)-faes F , and that of its omplement
F̄ wind around the origin. Embed R

d into R
d+1 by identifying it with theset R

d × {0} = {(x, 0) ∈ R
d+1 |x ∈ R

d} ⊂ R
d+1. Choose two points p1, p2in R

d × R
+, and three points q1, q2, q3 in R

d × R
−. Now extend f to a map

f̃ : (σ2d+1)≤d+1 → R
d+1 as follows: (i) Map the two new verties 2d + 1 and

2d + 2 of (σ2d+1)≤d+1 to p1 resp. q1. (ii) Perform a baryentri subdivisionfor the (d + 1)-fae F resp. F̄ , and map its enter to q2 resp. p2, and thenextend f anonially to F resp. F̄ . (iii) For all remaining (d + 1)-faes Gof the original omplex (σ2d−1)≤d+1 perform a baryentri subdivision, map
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Figure 3.10: K6 with exatly one winding Birh partition.
their enters to q3, and then extend f anonially to G. (iv) Extend f to all
(d + 1)-faes that ontain one of the two new verties a�nely.It remains to hek that f̃ has exatly one winding Birh partition. Byonstrution step (ii), F ∪{2d+1} together with its omplement F̄ ∪{2d+2}is a winding Birh partition, and F ∪ {2d + 2} together with its omplement
F̄ ∪{2d+1} is not. Any partition of the form G∪{2d+1} together with itsomplement Ḡ∪{2d+2} is not a winding Birh partition for all (d+1)-faes
G of the original omplex (σ2d−1)≤d+1, as G together with Ḡ is not a windingBirh partition of f . Any partition suh that the verties 2d+1 and 2d+2 arein the same partition set is not a winding Birh partition, as its omplementdoes not wind around the origin by onstrution step (iii): The omplementlies essentially in R

d × R
−. �

Observation 3.34. Example 3.33 is a break-through onerning the num-bers of Tverberg resp. winding partitions. It shows for the �rst time thatthere might be a di�erene between a�ne and ontinuous maps. A givenTverberg point ontributes in general less to these numbers in the ontinu-ous ase than in the a�ne ase. However, all attempts to ome up with aounter-example to Sierksma's onjeture in the ontinuous ase failed, start-ing with one of the minimal examples mentioned in Example 3.33. This leadsto the extended Sierksma's Conjeture 3.24.
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The omputer program that led to Example 3.33 of a pieewise linearmap f : K3k → R

2 for k = 2 with only one winding Birh partition, did not�nd any examples for k > 2 that ontradit Property ii) of WB0(f). Up tonow, we have also not been able to onstrut suh an example by hand.All examples that violate Property ii) of WB0(f) ontain a simplex thatwinds around the origin an even number of times. This suggests the followingproblem.Problem 3.35. Find an example of a ontinuous map
f : (σ(d+1)k−1)≤d−1 → R

d suh that all simplies wind around the originan odd number of times.Alternatively, show that Property ii) holds for ontinuous maps
f : (σ(d+1)k−1)≤d−1 → R

d and winding Birh partitions F1, F2, . . ., Fk suhthat every Fi winds an odd number of times around the origin:
W (f |∂Fi

, 0) 6≡ 0 mod 2 for eah i ∈ [k].The example below shows that the upper bound for B0(X) onjeturedin Problem 3.9 does not hold for WB0(f) of ontinuous maps.Example 3.36. We onstrut an example suh that all potential partitionsare winding Birh partitions. There are (k(d+1))!
((d+1)!)kk!

> (k!)d many ways toobtain unordered partitions of k(d+1) points in k subsets of size d+1. Startwith k(d+1) points in R
d \{0}, and add every (d−1)-fae suh that it windsaround the origin as shown in Figure 3.9. Now every d-fae winds aroundthe origin. �

3.4 Towards the topologial Tverberg theoremIn this setion, we ollet evidene that the Topologial Tverberg Theorem1.50 holds for arbitrary q in dimension d = 2. Instead of looking at thetopologial Tverberg theorem, we study a stronger statement: the WindingNumber Conjeture 1.54. The two-dimensional version of the winding num-ber onjeture is a problem on drawings of omplete graphs on 3q−2 vertiesin the plane. It has been on�rmed for prime powers q so that it is valid fordrawings of K4, K7, K10, K13, K19, K22, . . . What about K16? It would berather surprising if this problem relied on the fat that q is a prime power.Let's disuss the following two approahes. A positive answer to eah ofthem would imply the winding number onjeture for d = 2.Conjeture 3.37 (Perturbing an edge). Let f : K3q−2 → R
2 be a drawing ofthe omplete graph on 3q−2 verties, and let e be an edge of K3q−2. Assume



86 On Birh points and Tverberg partitions
that f has a winding partition. Then any perturbation of f whih modi�es
f in e has a winding partition.For prime powers q, Conjeture 3.37 is on�rmed via the winding numberonjeture. We on�rm it below for arbitrary q in the ase of pseudoline draw-ings of K3q−2. Tverberg-type theorems for pseudoon�gurations of points inthe plane go bak to Roudne� [56℄. Moreover, we obtain a geodesial Tver-berg theorem as a orollary.The following onjeture redues for prime powers q to a speial ase ofTheorem 2.17. An edge e an be seen as the simplest ase of a mathing in
K3q−2.Conjeture 3.38 (Deleting an edge). Let f : K3q−2 → R

2 be a drawingof the omplete graph on 3q − 2 verties, and let e be an edge of K3q−2.Assume that f has a winding partition. Then there is a winding partitionafter deleting the edge e from the drawing f . In other words: The restrition
f |K3q−2\{e} has a winding partition.The omputer projet disussed in Chapter 4 suggests that Conjeture3.38 should be true for arbitrary q. Let's now prove that both onjeturesimply the winding number onjeture.
Proof. We have to show that any drawing f : K3q−2 → R

2 has a windingpartition. The set of verties of K3q−2 is mapped to R
2 via f . Their imagesdetermine an a�ne drawing of K3q−2 uniquely. There is a winding partitionfor this a�ne drawing as the winding number onjeture holds in the ase ofa�ne drawings for arbitrary q. Both onjetures allow us to modify one edge

K3q−2 after the other while �xing all other edges. Hene any drawing f hasa winding partition as in every modi�ation step the existene of a windingpartition is guaranteed.Observation 3.39. A given winding partition involves 3q − 3 resp. 3q − 4edges of K3q−2 for type I resp. type II. At the same time, K3q−2 has (
3q−2

2

)many edges. For Conjetures 3.37 and 3.38, this means that �most� edgesan be perturbed resp. deleted.Let's introdue pseudoon�gurations of points in the plane. We look atthem from a geometri point of view. They generalize a�ne point on�gura-tions in a natural way. In fat, they are in one-to-one orrespondene withayli oriented matroids of rank 3. See the textbook of Björner et al. [21℄,or Roudne� [56℄ for more details on their relation to oriented matroids.
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De�nition 3.40 (Arrangements of pseudolines). A pseudoline is the imageof a line under a self-homeomorphism of the real projetive plane RP 2. A�nite olletion A of pseudolines is an arrangement if every two pseudolinesof A have exatly one point in ommon in whih they ross.Any arrangement of n ≥ 2 pseudolines deomposes the projetive planeinto a two-dimensional ell omplex de�ning faes, edges, and verties. Twoarrangements are isomorphi if the ell omplexes are isomorphi.In every arrangement A we distinguish a pseudoline L∞ alled the pseudolineat in�nity. With this onvention, we an represent A in the �a�ne plane�
RP 2 \ {L∞}. Let L ∈ A \ {L∞} be a pseudoline, and x, y ∈ L \ L∞ betwo distint points. The spae L \ {x, y} ontains two omponents, and the�bounded� one is the open interval ]x, y[. Adding the endpoints leads to thesegment [x, y]. An arrangement A is simple if no point of RP 2 belongs tomore than two pseudolines.De�nition 3.41 (Pseudoon�guration of points). Let A be an arrangementof pseudolines, and V ⊂ RP 2 \ L∞ be an n-point set with n ≥ 3. A(V ) is apseudoon�guration of n points in the plane if the following properties hold:a) Eah pseudoline L 6= L∞ of A ontains at least two points of V .b) Eah pair of points of V belongs to a pseudoline of A.) The points of V are not all on the same pseudoline of A.We denote the pseudoline that ontains a pair {x, y} of points in V by
xy. The points of V are in general position with respet to the pseudoon-�guration A(V ) if the following two onditions hold:d) Eah pseudoline L 6= L∞ of A ontains exatly two points of V .e) If three pseudolines L1, L2, L3 of A(V ) ross at some vertex x, then x ∈ V .This version of general position is very natural: Condition d) guarantees thatno three points lie on a ommon pseudoline. Condition e) guarantees thatno three lines meet outside of V . Let's now extend our usual onept ofonvexity.De�nition 3.42 (Convexity for pseudoon�gurations). Given a pseudoon-�guration A(V ), and a subset W ⊂ V . A point x ∈ RP 2 is in the onvexhull 〈W 〉 of W if any path of x to L∞ meets some segment [y, z] for y, z ∈ W .The following result due to Roudne� [56℄ extends Ringel's theorem forsimple arrangements of pseudolines.
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Figure 3.11: Swithing of a triangle.
Theorem 3.43 (Roudne�). Any two pseudoon�gurations of n points in theplane an be transformed into eah other by a �nite sequene of elementarytransformations: The swithing of a triangle, and the rossing of a pseudolineby a point.See e. g. [21℄ also for a proof. See Figures 3.11 resp. 3.12 for an illustrationof the two elementary transformations. In all our drawings of pseudoon�g-urations modi�ation our only in the drawn parts, and outside this loalneighborhood they remain unhanged.

Figure 3.12: Crossing of a pseudoline by a point.
The Winding Number Conjeture 1.54 holds for pseudoon�gurations of

3q − 2 points in the plane for arbitrary q. Tverberg's theorem in this settinghas been proved by Roudne� [56℄.Theorem 3.44 (Winding number theorem for pseudoon�gurations). For
q ≥ 2, any pseudoon�guration A(V ) of 3q − 2 points in the plane has awinding partition into q subsets.Theorem 3.44 immediately implies a geodesial version of the Tverbergtheorem. For this, let N be the north pole of the standard 2-sphere S2.Choosing n + 1 points in general position on the two-dimensional sphere
S2 \ {N} uniquely determines a geodesial map f : (σn)≤2 → S2 \ {N} asfollows: Map the n + 1 verties of the simplex σn to the n + 1 points, mapany edge (v1, v2) to its geodesi � the shortest path between x and y on S2.Finally extend this map anonially for every 2-fae to the omponent notontaining N .
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Theorem 3.45 (Geodesial Tverberg theorem). For q ≥ 2, any geodesialmap f : (σ3(q−1))≤2 → S2 \{N} de�ned as above has a Tverberg partition F1,
F2, . . ., Fq in the 2-skeleton of σ3(q−1) suh that

q
⋂

i=1

f(Fi) 6= ∅.

Theorem 3.45 extends the Coni Tverberg Theorem 1.43. Geodesialmaps f : (σ3(q−1))≤2 → S2 \ {N} an be represented as maps to the plane
R

2 via stereographi projetion, see Figure 4.2 of Setion 4.1 for an examplewith q = 3.Proof. (of Theorem 3.44) We an assume without loss of generality that thepoints of V are in general position. If they are not in general position, thenwe an slightly perturb them. Lemma 1.63 guarantees that the propertyof not having a winding partition is robust under small perturbations. Forpoints in general position there are only two types of winding partitions F1,
F2, . . ., Fq due to Observation 1.61:Type I: |F1| = 1, |Fi| = 3 for i > 1,Type II: |F1| = 2, |F2| = 2, and |Fi| = 3 for i > 2.The winding point p is unique for both types. The existene of a windingpartition for an a�ne point on�guration follows from the Tverberg theorem1.41. With Theorem 3.43 in mind, it remains to hek that if A(V ) has awinding partition, and A(V ′) is derived from A(V ) by an elementary trans-formation T , then A(V ′) also has a winding partition. This is proved in thease distintion below. For any elementary transformation whih does notinvolve an edge of the Fi's, the winding partition of A(V ) is again a windingpartition of A(V ′).Case 1: Let T be the swithing of a triangle. The winding point p of
A(V ) is one of the verties of the triangle, and the opposite edge is part of
F3. The winding partition of A(V ) is thus of type II, and after the swithingit is not a winding partition of A(V ′) any more.Let's �x some notation: F1 = {a, b}, F2 = {c, d}, and F3 = {e, f, g}, seealso Figure 3.13. We an assume that there is no other edge in a smallneighborhood of the swithed triangle suh that the winding number for all
Fi, with i > 3, is non-zero with respet to any point of the triangle. In
A(V ′), the points c and g lie on di�erent sides of the pseudoline ef suh thatthe segment [c, g] meets ef in some vertex x. The segment [e, f ] meets [a, b]resp. [c, d] in some vertex p resp. q. By the de�nition of swithing, we have
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Figure 3.13: Winding partition and the swithing of a triangle.
x 6∈ [p, q]. If x is right of p then our new winding partition for A(V ′) is

F ′
1 = {a, b}, F ′

2 = {e, f}, F ′
3 = {c, d, g}, and F ′

i = Fi for i > 3,and if x is left of q then our new winding partition is
F ′

1 = {c, d}, F ′
2 = {e, f}, F ′

3 = {a, b, g}, and F ′
i = Fi for i > 3,.Case 2: Let T be the rossing of a pseudoline ab by a point c, see alsoFigure 3.14. If c is the winding point of A(V ), then the winding partition
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Figure 3.14: Winding partition and the rossing of a pseudoline by a point.
is of type I with F1 = {c}, and F2 = {a, b, d}. By de�nition of the rossingof a pseudoline there is no other edge with endpoint di�erent from c in thisloal neighborhood. Let c′ be the point c after the transformation, then thesegments [a, b] and [c′, d] meet in some vertex. Hene the winding partitionof A(V ′) is

F ′
1 = {a, b}, F ′

2 = {c′, d}, and F ′
i = Fi for i > 2,whih is of type II. The inverse ase whih starts with a winding partition oftype II follows from the same argument, but inversed.
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Remark 3.46. We have not been able to generalize the proof of Theorem3.44 to ontinuous drawings of K3q−2. Figure 3.15 shows an example ofZiegler of a drawing of K4 whih does not ome from a pseudoon�guration.A winding point is indiated by a irle. If one of the edges rosses the point
v as shown in Figure 3.15, then this winding partition vanishes ompletely.

PSfrag replaements v v
Figure 3.15: Crossing of an edge for whih a winding partition vanishes.





Chapter 4
Computational data

Considering examples is essential in mathematis. In the ase of Tverbergpartitions, it is not obvious how to ount them by hand. We are mainlyinterested in the number of Tverberg partitions. The smallest unresolved aseof Sierksma's Conjeture 1.45 is for d = 2 and q = 3 so that one has to studyon�gurations of seven points in the plane and their Tverberg partitions. Westarted a omputer projet whih �rst generates random point sets, and thenounts the Tverberg partitions using a brute fore approah.The results of Chapter 3 ame up while staring at the omputationalresults. This setion ontains a disussion of the outome of this projet.
4.1 The algorithmIn the following, we present our approah for ounting Tverberg partitions,winding partitions, and Birh partitions in four di�erent settings:1. Sets of 3q − 2 points in the plane.2. Sets of 3q − 2 points on the 2-sphere.3. Sets of 3q − 2 points in the plane with pieewise linear edges.4. Sets of 4q − 3 points in R

3.Setting (1): Random planar sets. We study Tverberg partitions ofrandom point sets in [−1, 1]2. See Figure 4.1 for an example of random planarset for q = 3. For sets X of 3q − 2 points in general position in the plane,Tverberg partitions look as follows:1. One point p of X, and q − 1 triangles ontaining p.2. Two edges interseting in p̃, and q − 2 triangles ontaining p̃.Here all verties, edges, and triangles are pairwise disjoint. In other words,a Tverberg partition is either a Birh partition of X \ {p} with Birh point
p ∈ X, or a Birh partition of X \ {p1, p2, p3, p4} with Birh point p̃, where93
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Figure 4.1: A random set of 7 points in the plane.
p̃ is the intersetion of two edges (p1, p2) and (p3, p4). Our algorithm forounting all Tverberg partitions is then:Generate a set X of 3q − 2 points in [−1, 1]2 uniformly at randomnumber_of_tp=0for p ∈ X donumber_of_tp += Count_Birh_partitions(X \ {p}, p)end forfor p̃ = (p1, p2) ∩ (p3, p4) donumber_of_tp += Count_Birh_partitions(X \ {p1, p2, p3, p4}, p̃)end forThe subroutine Count_Birh_partitions(Y , p) ounts the number ofBirh partitions of a k-element set Y with Birh point p; here k is a multipleof 3. Implementing Count_Birh_partitions(Y , p) e�iently is the es-sential step. In our urrent version, it determines in a �rst step all trianglesin Y that do not ontain p. Then it ounts reursively all partitions of Yinto triangles that do not involve any triangle from the �rst step.Setting (2): Geodesial maps on S2. We study the number of Tver-berg partitions for ontinuous maps de�ned through random points on the
2-sphere S2. For this generate a set X of 3q − 2 points on S2 uniformly atrandom. For sets X that do not ontain the north pole N ∈ S2, and noantipodal pair, de�ne a map f : (σ3(q−1))≤2 → S2 \ {N} up to the 2-skeletonof the simplex σ3(q−1). Map the verties of σ3(q−1) to X, any edge (v1, v2)to the geodesi onneting f(v1) and f(v2). For eah 2-fae F extend f asfollows: The boundary of F is mapped under f to a geodesi triangle; thistriangle partitions S2 into two 2-balls. Extend f anonially to the 2-ballnot ontaining the north pole N ; see also Figure 4.2 for a projeted examplewith q = 3. Composing f with the stereographi projetion S2 \ {N} → R

2
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leads to a ontinuous map f̃ : (σ3(q−1))≤2 → R

2 suh that f and f̃ have thesame Tverberg partitions. The above extension to 2-faes orresponds in theprojetion to a anonial extension to the bounded omponent whih is de-termined by the projeted geodesi triangle. For general position maps theTverberg partitions are as in Setting (1). Hene the algorithm is the sameas above.

-1 1 2

-2

-1

1

Figure 4.2: A spherial map of K7 projeted to R
2.

Setting (3): Pieewise linear planar maps. We study the number ofwinding partitions for a speial lass of randomly generated pieewise lineardrawings of K3q−2. The verties are mapped to random points in [−1, 1]2.The edges (v1, v2) are determined as follows: The segment [v1, v2] is partof exatly two squares in the plane; hoose one of them at random, andtake the three other sides of the square onneting v1 and v2 as edge. Seealso Figure 4.3 for an example with q = 3. The maps in this setting di�erfrom the previous ones: A pair of edges an interset more than one. TwoTverberg points an lead to the same Tverberg partition as mentioned inObservation 1.64. The algorithm is the same as for Settings (1) and (2) withminor modi�ations as we fae again general position maps.Remark 4.1. • The maps in the Settings (2) and (3) an in general notbe straightened to a�ne maps. Even so, we see below that all examplesare onsistent with Sierksma's onjeture.
• The pieewise linear drawings of K3q−2 in Setting (3) an be extendedto ontinuous maps f : (σ3q−3)≤2 → R

2 whih have the same num-ber of Tverberg partitions. To see this, start with the a�ne map
g : (σ3q−3)≤2 → R

2 that is determined by the images of the verties.There is a homotopy starting with g that ends with a map f as de-sired: It extends the graph drawing, and f maps every triangle to the
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Figure 4.3: A pieewise linear drawing of K7.
set of points having a non-zero winding number of its boundary; seealso Figure 4.4 for how to do the extension step for eah triangle.

• In our algorithm, we determine the intersetion points of all pairs ofdisjoint edges. The number of all these equals the rossing number forthe underlying drawing of the omplete graph K3q−2 in Settings (1)and (2).

Figure 4.4: How to extend our pieewise linear drawings.
Setting (4): Random sets in R

3. We study Tverberg partitions ofrandom point sets in [−1, 1]3. For sets X of 4q − 3 points in general positionin R
3, a Tverberg partition is of one of the followings forms:
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1. A point p of X, and (q − 1) tetrahedra ontaining p.2. An edge and a triangle interseting in p′, and (q − 2) tetrahedra on-taining p′.3. Three triangles interseting in p′′, and (q−3) tetrahedra ontaining p′′.Here all verties, edges, triangles and tetrahedra are pairwise disjoint. Ourbrute fore algorithm an easily be adapted: We determine for all three asesthe number of Birh partitions of all points p, p′, and p′′.Implementation and running time. It was not our aim to �nd thefastest algorithm for �nding one Tverberg point, but to implement an algo-rithm that �nds all Tverberg partitions. See for instane Agarwal, Sharir,and Welzl [1℄ for the most reent results on polynomial-time algorithms for�nding a (olored) Tverberg point in dimensions 2 and 3.Initially, we investigated the non-a�ne ase of Tverberg's theorem viaSettings (2) and (3). This was motivated by the following question:Does Sierksma's onjeture hold for non-a�ne maps?In our brute fore approah, two tasks determine the running time of ouralgorithm: Finding all intersetions, and ounting all Birh partitions of agiven point. The algorithm, implemented in Java, terminates in less than oneday using a Intel Pentium 4 with 2.8 GHz for Settings (1)-(3) up to q = 8,and for Setting (4) up to q = 5. A speial fous was on the ase q = 6 beingthe smallest non-prime power. In this ase the running time varies from oneseond up to several minutes for Settings (1)-(3).Visualization. It is essential to have a visual representation of ourmathematial objets. For Settings (1) and (3), we use xfig, a drawing toolwhih is available for most Unix platforms. A Java program onverts thedata of our random sets into x�g-format. The spherial maps are visualizedafter a stereographi projetion using Mathematia, a ommerial omputeralgebra system.

4.2 Computational results on thenumber of Tverberg partitionsIn this setion, we report and omment the outome of our algorithm forounting Tverberg partitions introdued in Setion 4.1. This disussionadresses the following points in all four settings from Setion 4.1:
• How many examples ontribute to our sample?
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• How many examples attain the lower bound of Sierksma's Conjeture1.45? Of what type are they? How do they look like?
• What about the number of Birh partitions?(1) Results for random planar sets. Table 4.1 below summarizesthe results obtained while studying random planar sets of size 3q − 2 for

3 ≤ q ≤ 6. Again we write #TP for the number of Tverberg partitions. Thesample size equals 20000 for every q. The seond olumn shows the number ofminimal examples, that is random sets attaining the onjetured lower bound
((q−1)!)2. In olumn the last two olumns the minimum, resp. maximum, forthe number of Tverberg partitions in our sample is given. The last olumnreports whether the number of Tverberg partitions is even in all examples ornot. q # min. examples Min for #TP Max for #TP #TP even?3 13806 4 7 No.4 2901 36 62 Yes.5 436 576 998 Yes.6 57 14400 26632 Yes.Table 4.1: The number of Tverberg partitions for random planar sets.

Let's fous on minimal examples for q = 6. The �ve smallest numbersshowing up are 14400, 14448, 14460, 14472, 14496. Among the 57 examplesattaining the onjetured lower bound 14400 = ((q − 1)!)2, there are threedi�erent types: a) 13 examples have exatly one Tverberg point and all 14400Tverberg partitions of type I, one point and 5 triangles ontaining this point,like in Sierksma's Example 1.17.b) There are 10 examples having only Tverberg partitions of type II so thatthe Tverberg points are intersetion points of two segments. One of theseexamples is not only minimal for the number of Tverberg partitions, but it isalso extremal in the following way: It has 25 = (q−1)2 Tverberg points whihis minimal as every Tverberg point ontributes to exatly 576 = ((q − 2)!)2Tverberg partitions, whih onjetured to be maximal in Conjeture 3.9.Figure 4.5 shows a minimal example of type b) for q = 3 whih is also ex-tremal in the just desribed sense. There are 4 = (q − 1)2 Tverberg pointsof type II, and every Tverberg point ontributes to 1 = ((q − 2)!)2 Tver-berg partition. The Tverberg points are the intersetion points of segments
[0, 2] ∩ [4, 6], [0, 3] ∩ [4, 6], [0, 2] ∩ [5, 6], and [0, 3] ∩ [5, 6]; in Figure 4.5 theyare highlighted by small irles.
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Figure 4.5: A minimal example of type b).
) The remaining 34 examples have both Tverberg partitions of type I andof type II.Birh partitions arise while ounting Tverberg partitions. The results onthe number of Birh partitions obtained in Setion 3.1 show up: Evenness,lower bound, and onjetured upper bound. Both lower and upper boundare attained in many examples.(2) Results for random spherial maps. Table 4.2 gives an overviewof the results on the number of Tverberg partitions for spherial maps deter-mined by 3q−2 points on the 2-sphere S2. The sample size varies with q. Theminimal examples of olumn two attain the lower bound ((q − 1)!)2 onje-tured for a�ne maps as in Setting (1). The outome for spherial maps didq Sample size # min. examples Max for #TP #TP even?3 5000 2326 22 No.4 5000 431 216 Yes.5 20067 265 3090 Yes.6 52077 101 118044 Yes.Table 4.2: The number of Tverberg partitions for random spherial maps.
not di�er essentially from what we observed for random planar sets. Thereare examples attaining the onjetured lower bound, but the ratio for those issmaller than for random planar sets. Moreover, there are spherial exampleswith a muh larger number of Tverberg partitions. All other observationsfor random planar sets arry over: The minimal examples are of type a), b),and ). Remarkably, the numbers predited by the results on the number ofBirh partition from Setion 3.4 also show up for spherial maps.
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3) Results for random pieewise linear maps. Table 4.3 shows theoutome for random pieewise linear maps in the plane. The sample size is

18000 for every 3 ≤ q ≤ 5. This time we omit the ase q = 6 in our reportas it did not show any speial behavior. This setting produed examplesq # min. examples Min for #TP Max for #TP #TP even?3 41 4 78 No.4 0 90 1250 No.5 0 4046 42577 No.Table 4.3: The number of winding partitions for pieewise linear maps.
that are far from being minimal for q ≥ 4. However, this shows that thereare di�erenes onerning the number of winding resp. Tverberg partitionsbetween a�ne and ontinuous maps. The parity result from Theorem 3.13for T (f) does not hold for pieewise linear maps as in many examples thisnumber is not even.Example 3.33 of a ontinuous drawing f : K6 → R

2 with exatly one windingBirh partition is an outome of this setting. Due to Remark 4.1, this anbe extended to a ontinuous map f : (σ5)≤2 → R
2 with exatly one Birhpartition. As already mentioned in Setion 3.3, we did not �nd any examplesfor k > 2 that ontradit Property ii) of WB0(f).Crossing numbers versus the number of Tverberg partitions.While ounting Tverberg partitions for Settings (1), (2), and (3), we alsoobtained rossing numbers for random drawings of omplete graphs K3q−2.There are di�erent possibilities of de�ning rossing numbers for graphs, seefor instane Pah and Tóth's survey artile [54℄. In our settings, the reti-linear rossing number, the spherial rossing number, and the independentodd rossing number arise naturally. We did not �nd any evidene for arelation between having a small number of Tverberg partitions, and havinga partiularly small (or large) rossing number.4) Results for random sets in R

3. We onlude with Table 4.4 whihhighlights the important numbers from our experiment on the number ofTverberg partitions of (4q − 3)-element sets of random points in R
3. Oursample size is again 20000 for every 3 ≤ q ≤ 5. The seond olumn showsthe number of examples attaining the onjetured lower bound ((q − 1)!)3.Our sample set does not ontain any minimal examples for q ≥ 5. Our small-est examples for q = 5 has 15198 > 13824 = (4!)3 many Tverberg partitions.Surprisingly, all numbers are even for q = 4. This is based on the fat thatthe number of Tverberg partitions involving three interseting triangles plusone 3-simplex turned out to be even in all examples. The results on the



4.3 Ideas and open problems 101
q # min. examples Min for #TP Max for #TP #TP even?3 4799 8 17 No.4 6 216 462 Yes.5 0 15198 36050 Yes.Table 4.4: The number of Tverberg partitions for random sets in R

3.
number of Birh partitions obtained in Setion 3.1 appear again.The six minimal examples for q = 4 are of three di�erent types whih areall di�erent from Sierksma's Example 1.17. A Tverberg partitions onsists ofa point plus three tetrahedra ontaining this point (type I), the intersetionpoint of a segment and a triangle plus two tetrahedra (type II), or the in-tersetion point of three triangles plus one tetrahedron (type II'). Sierkma'sexample has only Tverberg partitions of type I. One of the six examples hasTverberg partitions of all three types, two of them have only Tverberg parti-tions of type II and II', and the remaining three have only Tverberg partitionsof type I and II.

4.3 Ideas and open problemsThis setion omes with a list of problems suggested by our omputer projet.On the number of Tverberg points. Obtaining bounds on the numberof Tverberg points is an important task. We saw in Setion 3.2 that everyTverberg point ontributes (q − 1)! Birh partitions to the total number ofTverberg partitions if the Tverberg point is of type I. All random examplesfrom Settings (1) and (4) satis�ed the following upper bound on the numberof Tverberg points of type I.Problem 4.2. Let X be a set of (d+1)(q− 1)+1 points in general positionin R
d. Show that the number of Tverberg points of type I is at most d + 1.Figure 4.6 shows an example whih exeeds this upper bound in the on-tinuous ase: The points 3, 4, 5, 6 are Tverberg points of type I.Birh partitions and geodesial maps. The properties for the num-ber B0(X) of Birh partitions from Theorem 3.4 seem to arry over to thespherial maps of Setting (2).Problem 4.3. Show Theorem 3.4 in the ase of geodesial maps. Does thisarry over to pseudoon�gurations of points in the plane?Parity in dimension 3. Theorem 3.13 implies that the number ofTverberg partitions is even for q > d + 1. All examples of random sets in R

3
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Figure 4.6: A ontinuous example with four Tverberg points of type I.
of Setting (4) already have an even number of Tverberg partitions for q = 4.This was due to the fat that the number of Tverberg partitions whih involvethree interseting triangles plus one 3-simplex turned out to be even.Problem 4.4. Let X be a set of 4q − 3 points in general position in R

3.Show that the number of Tverberg partitions whih involve three intersetingtriangles plus one 3-simplex is even.On the olorful topologial Tverberg problem. The olored Tver-berg Theorem 1.68 states that CT (2, q) = q. In other words: Let C1, C2, C3be olored sets of points in R
2 suh that there are q points in every olorlass Ci. Then there is a rainbow Tverberg partition F1, F2, . . ., Fq. In itstopologial version, Theorem 1.68, one needs olor lasses of at least 2q − 1points. Are there examples of non-a�ne maps on�rming this gap?
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Problem 4.5. Find examples of ontinuous maps with olor lasses of size
q that do not have a rainbow Tverberg partition. A starting point would bethe above program for ounting Tverberg partitions of pieewise linear maps.





Chapter 5
On the Frational Helly property

Helly's Theorem 1.3 is a lassial theorem in onvex geometry. For �nitefamilies F of onvex sets in R
d:If the intersetion of all (d + 1)-subsets of F is non-empty, thenthe intersetion of F is non-empty.In 1979, Kathalski and Liu [44℄ extended this result to the Frational Hellytheorem for onvex sets, based on the following observation:If the intersetion of a fration α of all (d+1)-subsets of F is non-empty, then the intersetion of a fration β of F is non-empty.Here the seond fration β = β(α) > 0 depends on the �rst fration α, butnot of |F|. Let us formalize this: A �nite or in�nite family F of sets hasFrational Helly number k if for eah α ∈ (0, 1] there is a β = β(α) > 0 suhthat the following impliation holds:For all F1, F2, . . . , Fn ∈ F suh that ⋂

i∈I Fi 6= ∅ for at least
⌊α

(
n
k

)
⌋ many index sets I ∈

(
[n]
k

), there exists a point whih is inat least ⌊βn⌋ of the sets Fi.The family Kd of onvex sets in R
d has Frational Helly number d+1. Thereare two main tasks onerning the Frational Helly property:

• For a family F �nd β(α) > 0 optimal, as large as possible.
• Determine new families of sets that admit a Frational Helly property.What is their Frational Helly number?In this hapter, we fous on the seond problem. Reently, new FrationalHelly theorems have been derived using di�erent approahes; see Alon etal. [2℄, Bárány and Matou²ek [8℄, and Matou²ek [47℄, [50℄. In Setion 5.3, weshow a topologial Frational Helly theorem extending the result of Alon etal. [2℄. Homologial onditions imply the Frational Helly property, and theproof is based on a spetral sequene argument. This topologial Frational105
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Helly theorem implies a topologial (p, q)-theorem. Using the same approah,we obtain in Setion 5.4 a short proof for the homology version of the NerveTheorem 1.39 due to Björner. Setion 5.1 omes with a rash ourse onspetral sequenes.Helly-type results an also be regarded as statements on intersetion pat-terns of �nite families of sets. More preisely, the intersetion pattern for a�nite family F is measured by its nerve omplex N(F). The lassi�ationof all possible f -vetors of nerve omplexes of �nite families of onvex setsin R

d, due to Ekho� and Kalai, an be seen as a generalization of Helly'stheorem. In Setion 5.2, we review one of the key results: The upper boundtheorem for d-Leray omplexes. This result stands at the basis of FrationalHelly theorem for �nite good overs in Alon et al. [2℄. Its proof uses al-gebrai shifting � a tehnique from exterior algebra invented by Kalai forthis purpose �, Alexander duality, and the haraterization of f -vetors forCohen-Maaulay omplexes disovered by Stanley in 1975. In Setion 5.5, wegive partial answers to a question of Kalai and Matou²ek towards a generalresult of the form:Let F be a family of sets in R
d so that all non-empty intersetionsof at most q members have topologial omplexity bounded in k,then the Frational Helly number of F is bounded k and d; here

q depends on k and d.We study the relation of the homologial VC-dimension introdued by Kalaiin [41℄, and the Frational Helly property. Our topologial Frational Hellytheorem from Setion 5.3 �ts well in this setting. Finally, we obtain partialresults towards an upper bound theorem for the family of simpliial om-plexes of bounded homologial VC-dimension.
5.1 Spetral sequenesThis setion summarizes some fats on what is needed in the proofs of Se-tions 5.3 and 5.4. We start with some remarks on singular homology, andlose this setion with a rash ourse on spetral sequenes.

On singular homology. A topologial spae X is onneted if it is notthe disjoint union of two non-empty open subsets. For nie topologial spaesthis de�nition oinides with onept of 0-onnetedness, de�ned in Setion1.2. If X is a onneted spae, then one has H0(X,G) = G for singularhomology with oe�ients in any group G. The redued singular homologyof a ontratible spae vanishes in all dimensions.
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For a family F = {Fi | i ∈ I} of subspaes we de�ne the group of singular
n-hains:

Sn{F} = Z
{τ :σp→

S

F | im(τ)⊂Fi for some i}For �nite families of open sets (or of subomplexes of a ell omplex) theinlusion of the singular hain groups S∗{F} →֒ S∗(
⋃
F) indues an isomor-phism in homology. In the this setion, we write H∗(X) := H∗(X, Z) forthe singular homology with integer oe�ients of a topologial spae X. Forsimpliity we use for non-empty spaes X also the redued singular homologygroups H̃n(X), thus avoiding extra onsiderations for the ase n = 0. Mostof our work also holds for arbitrary (o)homology theories and arbitrary o-e�ients.

Anomalies of singular homology. Singular homology however showsanomalies �rst notied by Barratt and Milnor [12℄. Subspaes A ⊂ R
d whihare not nie an have non-vanishing homology in in�nitely many dimensions.For an example, let A be the union of ountable many spheres of �xed di-mension r > 1 all having one point in ommon with their diameter goingto zero, then A is suh a subspae whih is not nie. For r = 1, this exam-ple is known as the Hawaiian earring, see also Figure 5.1. To exlude suhnot-nie phenomena we onsider only families F of open sets in R

d, and ofsubomplexes of CW-omplexes (ell omplexes) in R
d. In both ases, onehas Hn(

⋃
F) = 0 for all n ≥ d.

Figure 5.1: The Hawaiian earring.
Spetral sequene of a double omplex. Spetral sequenes are notstandard tools in ombinatoris, so we repeat some de�nitions from M-Cleary's textbook [51℄ on spetral sequenes for homology; see also Basu [14℄,or Chow [23℄ for a short introdution. Let C∗,∗ be a double omplex withtwo di�erentials ∂I : Cp,q → Cp−1,q, and ∂II : Cp,q → Cp,q−1 suh that

∂I∂II + ∂II∂I = 0. We assoiate to a double omplex its total omplex
Tot(C)n =

⊕

p+q=n Cp,q with di�erential d := ∂I + ∂II . The above relation
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on ∂I and ∂II implies d◦d = 0. In this hapter, we are interested in �rst quad-rant sequenes so that Cp,q = 0 for p < 0 or q < 0. Before going into moredetails, we state the following key result on the homology H∗(Tot(C), d).Theorem 5.1 (Spetral sequene of a double omplex; [51, Theorem 2.15℄).Given a double omplex (C∗,∗, ∂, ∂̃) there are two spetral sequenes (Er

∗,∗, d
r)and (Ẽr

∗,∗, d̃
r) with

E2
∗,∗

∼= H∂
∗,∗H

∂̃(C) and Ẽ2
∗,∗

∼= H ∂̃
∗,∗H

∂(C).If Cp,q = 0 for p < 0 and q < 0 then both spetral sequenes onverge to
H∗(Tot(C), d).Here H∂

∗ (C) stands for the homology of C∗,∗ with respet to the di�er-ential ∂. The di�erential ∂̃ indues a di�erential map on H∂
∗ (C) so that

H ∂̃
∗,∗H

∂(C) is well-de�ned. We now repeat in detail the onstrution of thespetral sequenes to a given double omplex.De�nition 5.2 (Spetral sequene of homologial type). A spetral sequeneis a olletion of di�erential bigraded modules, that is, for
r = 1, 2, 3, . . ., and p, q ≥ 0 we have a module Er

p,q, and furthermore dif-ferentials dr : Er
p,q → Er

p−r,q+r−1. Finally, Er+1
∗,∗

∼= H(Er
∗,∗, dr) for all r ≥ 1.Figure 5.2 shows the di�erentials dr; for r big enough dr hits the row 0. Let
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⋆ · · ·Figure 5.2: The di�erentials dr : Er
p,q → Er

p−r,q+r−1.
(C∗,∗, ∂, ∂̃) be a double omplex with ∂ : Cp,q → Cp−1,q, ∂̃ : Cp,q → Cp,q−1,and total di�erential d = ∂+ ∂̃. We de�ne two �ltrations of the total omplex
(Tot(C)n, d) as follows:

Fm(Tot(C)n) =
⊕

p≤m

Cp,n−p and F̃m(Tot(Cn)) =
⊕

q≤m

Cn−q,q.
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From now on, we outline the onstrution for the �rst �ltration. This goesover to the onstrution for the seond �ltration by reindexing the doubleomplex as its transpose CT

p,q = Cq,p, ∂T = ∂̃, ∂̃T = ∂. The �ltration isinreasing, and it respets the total di�erential d:
0 ⊂ · · · ⊂ Fm−1(Tot(C)n) ⊂ Fm(Tot(C)n) ⊂ · · · ⊂ Tot(C)nand,

d(Fm(Tot(C)n)) ⊂ Fm(Tot(C)n).Sine d respets the �ltration, the homology of (Tot(C), d) inherits a �ltration
0 ⊂ · · · ⊂ Fm−1(H(Tot(C), d)) ⊂ Fm(H(Tot(C), d)) ⊂ · · · ⊂ H(Tot(C), d),where Fm(H(Tot(C), d)) := ιm∗ (H(Fm(Tot(C)), d)) ⊂ H(Tot(C), d), and

ιm : Fm(Tot(C)) →֒ Tot(C) is the inlusion. We know from Theorem 5.1that the assoiated spetral sequene onverges to H(Tot(C), d); more pre-isely, there is a r > 0 suh that dr = 0 is trivial. This is alled the sequeneollapses at term r. Therefore we have
Er+1

p,q = E∞
p,q

∼= F p(Hp+q(Tot(C), d))/F p−1(Hp+q(Tot(C), d)).Hene, one gets Hn(C, d) ∼=
⊕

p+q=n E∞
p,q in the ase of homology with �eldoe�ients. In the ase of integer oe�ients this leads to an extensionproblem. In this paper the extension problem is trivial as only one of thegroups E∞

p,q with n = p+ q is di�erent from zero, namely either E∞
n,0, or E∞

0,n.Therefore Hn(Tot(C), d) equals either E∞
n,0 or E∞

0,n.Consider the following de�nitions for r ≥ 0

Zr
p,q = Fp(Tot(C)p+q) ∩ d−1(Fp−r(Tot(C)p+q−1))

Br
p,q = Fp(Tot(C)p+q) ∩ d(Fp+r(Tot(C)p+q+1))

Z∞
p,q = Fp(Tot(C)p+q) ∩ ker(d)

B∞
p,q = Fp(Tot(C)p+q) ∩ im(d)Then this leads to a tower of submodules

B0
p,q ⊂ B1

p,q ⊂ · · · ⊂ B∞
p,q ⊂ Z∞

p,q ⊂ · · · ⊂ Z1
p,q ⊂ Z0

p,q.For a �rst quadrant sequene we get that for r > max{p, q}

Zr
p,q = Z∞

p,q , and Br
p,q = B∞

p,qhold. This guarantees the onvergene of our spetral sequene. De�ne
Er

p,q = Zr
p,q/(Zr−1

p−1,q + Br−1
p,q ).
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It an be heked that the di�erential d|Zr

p,q
: Zr

p,q → Zr
p−r,q+r−1 indues aunique homomorphism dr suh that the following diagram ommutes:

Zr
p,q

d //

ηr
p,q

��

Zr
p−r,q+r−1

ηr
p−r,q+r−1

��

Er
p,q

dr
// Er

p−r,q+r−1where the maps ηr
p,q : Zr

p,q → Er
p,q are the anonial projetions. The sameonstrutions leads to the spetral sequene (Ẽr, d̃r), d̃r : Ẽr

p,q → Ẽr
p+r−1,q−r,for the seond �ltration.

5.2 d-Leray omplexes, algebrai shifting,and an upper bound theoremThis setion is devoted to the upper bound theorem for d-Leray omplexeswhih is the key result for the Frational Helly theorem for d∗-Leray familiesin Setion 5.3. We give in fat both proofs suggested in [2℄ as we like eah ofthem. On our way we introdue the neessary tools, e. g. algebrai shifting.This also serves us as a warm-up for Setion 5.5. Apart from the very �rstde�nition, the ontent of this setion is not needed for understanding Setions5.3, and 5.4.De�nition 5.3. A simpliial omplex K is d-Leray if Hi(L) = 0 for all i ≥ d,and for all indued subomplexes L ⊂ K.From now on, Hi(L), and H̃i(L) denote (simpliial) homology with �eldoe�ients. Nerve omplexes of �nite families of onvex sets in R
d are d-Leray. More generally, nerve omplexes of �nite families of open sets (,or ofsubomplexes of a ell omplex) in R

d suh that any non-empty intersetionof members of the family is ontratible, are d-Leray. This follows from theNerve Theorem 1.38, and the fat that indued subomplexes of the nerve ofa family F of sets are just nerve omplexes of subfamilies of F . It is ommonto introdue the d-Leray property in a di�erent equivalent form.Lemma 5.4. For any simpliial omplex K the following equivalene holds:
K is d-Leray. ⇐⇒ H̃i(lk(F,K)) = 0 for all i ≥ d, and all faes F ∈ K.Taking the link of a fae F = {S ⊂ [n] |

⋂

j∈S Cj} in the nerve of a �nitefamily F = {C1, C2, . . . , Cn} of onvex sets in R
d orresponds to looking atthe nerve of the �nite family

{Ci ∩
⋂

j∈S

Cj | i ∈ [n] \ S 6= ∅}
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of onvex sets in R

d. A proof of Lemma 5.4 has reently been published byKalai and Meshulam [42℄. The proof uses (impliitly) the result of Bayer etal. [16℄ below, and indution on |V |.Theorem 5.5. Let K be a simpliial omplex on the vertex set V . For eahsubset W ⊂ V and v ∈ V \ W there is a long exat sequene in homology
· · · → H̃i(K[W ]) → H̃i(K[W ∪ {v}]) → H̃i−1(lk(v, K[W ∪ {v}])) → · · ·For faes F ∈ K, suh that F ∩ W = ∅ and v 6∈ F , there is a long exatsequene in homology

· · · → H̃i(lk(F,K[W ∪ F ])) → H̃i(lk(F,K[W ∪ F ∪ {v}])) →

H̃i−1(lk(F ∪ {v},K[W ∪ F ∪ {v}])) → · · ·These long exat sequenes an be interpreted as Mayer-Vietoris sequenesof suitable pairs. The seond sequene follows from the �rst by using the sim-pliial omplex lk(F,K)[W ∪ F ] instead of K[W ].The upper bound theorem for families of onvex sets was onjetured byPerles and Kathalski, and it was settled independently by Kalai [38℄ and byEkho� [28℄. Later, Kalai generalized it as follows.Theorem 5.6 (Upper bound theorem for d-Leray omplexes). Let L a be
d-Leray omplex on n verties, and r ≥ 1. Then the following holds:

fd(L) >

(
n

d + 1

)

−

(
n − r

d + 1

)

⇒ fd+r(L) > 0. (5.1)
Kalai's proof uses the tehnique of algebrai shifting whih also works inthis more general setting. More reently, Kalai [40℄ disovered another proofof Theorem 5.6 whih is based on Alexander duality, and on the harater-ization of fae numbers for Cohen-Maaulay omplexes due to Stanley in1975.Let's start with the more reent proof of Theorem 5.6. One our way, wereall de�nitions and results needed in the proof.Proof 1. (of Theorem 5.6) We an assume without loss of generality thatthe d-Leray omplex L ontains the omplete (d − 1)-skeleton. For this let

L̃ be the simpliial omplex that is obtained from L by adding the omplete
(d − 1)-skeleton. Then one immediately has:

• fi(L) = fi(L̃) for i > d − 1, and
• L̃ is d-Leray, as L and L̃ oinide in dimensions greater than d − 1.
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It is thus su�ient to show Statement (5.1) for d-Leray omplexes with theomplete (d − 1)-skeleton. Statement (5.1) holds if L is the simplex on nverties. We prove Theorem 5.6 in two steps.Step 1. In a �rst step, we apply the (ombinatorial) Alexander dualityto L. Its dual omplex L

∗ is Cohen-Maaulay, and Statement (5.1) translatesinto:
fD−r(L

∗) =

(
n

D − r + 1

)

⇒ fD(L∗) ≥

(
n − r

D − r + 1

) (5.2)
for some D ≤ dim(L∗). Here a simpliial omplex K is Cohen-Maaulay ifthe following ondition holds for all faes F ∈ K:

H̃i(lk(F,K)) = 0 for all i < dim(lk(F,K)). (5.3)De�nition 5.7 (Bloker dual). Let K be a simpliial omplex with vertexset [n]. The simpliial omplex K
∗ = {S ⊂ [n] | [n] \ S 6∈ K} is the blokerdual of K.In our proof, we need some properties of the bloker dual.Proposition 5.8 (Properties of the dual). Let K be a simpliial omplex withvertex set [n]. Then K

∗ satis�es the following properties:i) (K∗)∗ = K.ii) fj(K) + fn−2−j(K
∗) =

(
n

j+1

).iii) Alexander duality: If [n] 6∈ K. Then
H̃i(K

∗) ∼= H̃n−i−3(K) for all − 1 ≤ i ≤ n − 2.iv) If [n] 6∈ K, and S ⊂ [n] with S 6∈ K
∗, then

H̃i(K
∗[S]) ∼= H̃|S|−i−3(lk(S̄, K)) for all − 1 ≤ i ≤ |S| − 2.Properties i) and ii) immediately follow from De�nition 5.7. Property iii)is a ombinatorial version of Alexander duality for simpliial omplexes, seeMeshulam and Kalai [43℄. Property iv) is a onsequene of Property iii).In this paragraph, we apply Alexander duality to show that L

∗ is Cohen-Maaulay. We show that Property (5.3) holds for all faes F ∈ L
∗. For thislet F̄ be the omplement of F in [n]. Using that L is d-Leray and Propertyiv) of the bloker dual, one obtains

H̃j(lk(F, L∗)) = 0 for all − 1 ≤ j ≤ |F̄ | − d − 3.
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The fat that L ontains the omplete (d−1)-skeleton implies for the dimen-sion of L

∗:
dim(L∗) ≤ n − d − 2.The missing part dim(lk(F, L∗)) ≤ |F̄ | − d − 4 follows from the inequality

dim(F ) + dim(lk(F, L∗)) ≤ dim(L∗) − 1,whih holds for arbitrary simpliial omplexes.Finally, Statement (5.2) is derived from Statement (5.1) using Property ii)of the bloker dual, and by setting D = n − d − 2.Step 2. We use the lassi�ation for fae numbers of Cohen-Maaulayomplexes due to Stanley, see e. g. Stanley's textbook [64, Theorem 3.3℄.Let's �rst introdue the h-vetor of a simpliial omplex, see also Ziegler'stextbook [76℄.De�nition 5.9 (h-vetor of a simpliial omplex). Let K be a simpliialomplex of dimension d − 1. The h-vetor of K is
h(K) = (h0, h1, . . . , hd) ∈ Z

d+1,given by the formula
hk =

k∑

i=0

(−1)k−i

(
d − i

d − k

)

fi−1(K),

where fi(K) is the number of i-faes of K, and f−1(K) = 1 by onvention.The h-vetor of K an also be omputed by a di�erene table, a variantof Pasal's triangle, known as Stanley's trik. For this write the numbers
fi (instead of 1 =

(
d+1
d+1

)) to the last entries of the �rst d rows of Pasal'striangle, and 1 into the �rst entry of eah row. Then we ompute as usual inPasal's triangle:upper right neighbor � upper left neighbor. (5.4)This proess outputs in row d+1 the h-vetor, an integer vetor of length d+1.In our proof, we need the following result on h-vetors of Cohen-Maaulayomplexes.Theorem 5.10. If K is a Cohen-Maaulay simplex, then the h-vetor h(K)has non-negative entries.
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By assumption of Statement (5.2), the Cohen-Maaulay omplex L

∗ hasthe omplete (D − r)-skeleton. Let's look at the �rst D + 2 rows for theomputation of the h-vetor of L
∗ via Stanley's trik:

1
1 f0

1 n − 1 f1... ... ... . . .
1 n − D − r

(
n−D−r+1

2

)
· · · fD−r... ... ... · · ·

... . . .
1 n − D

(
n−D+1

2

)
· · ·

(
n−r

D−r+1

)
· · · fDwhere fi = fi(L

∗) =
(

n
i+1

) for i ≤ D − r. The entry of the (D − r + 2)-nd olumn in the last row is equal to (
n−r

D−r+1

). This follows from the usualomputation rule (5.4), and the binomial identity:
(

n − 1

i − 1

)

+

(
n − 1

i

)

=

(
n

i

)

The ase D = dim(L∗) of Statement (5.2) holds as the next rows ontainsthe non-negative h-vetor of L
∗. The entries of the (D +3)-rd row, whih areon the left of (

n−r
D−r+1

), are thus weakly inreasing.The general ase D ≤ dim(L∗) follows similarly: If the entries on the leftof (
n−r

D−r+1

) are not weakly inreasing, then negative entries show up in the
(D + 3)-rd row. The left-most negative entry propagates until the last rowwhih ontains the non-negative h-vetor. �

The seond proof uses the tehnique of algebrai shifting. This tehniquehas �rst been applied by Kalai [37℄, [39℄ to prove Ekho�'s far-reahing h-Vermutung1. The h-Vermutung implies the Upper Bound Theorem 5.6 for
d-Leray omplexes. Sine then algebrai shifting has been applied suess-fully in other settings. Björner and Kalai [20℄ have used algebrai shifting toprove their extended Euler-Poinaré theorem.

Proof 2. (of Theorem 5.6) As in Proof 1, we start with some notationand bakground following Ekho� [27℄. Let's de�ne the h-vetor of a d-Lerayomplex.1The naming �h-Vermutung� is due to its formal similarity to MMullen's g-onjeture;see Ziegler's textbook [76℄ for the g-onjeture, and its onsequenes.
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De�nition 5.11 (h-vetor of a d-Leray omplex). Let L be a d-Leray om-plex. Then de�ne its h-vetor h(L) = (h0, h1, h2, . . .):

hk(L) =

{

fk(L) , k = 0, 1, . . . , d − 1,
∑

j≥0(−1)j
(

k+j−d
j

)
fk+j(L) , k ≥ d.This de�nition of h-vetors di�ers from De�nition 5.9 in Proof 1 as itdepends on d, and hk(L) = 0 for all k ≥ dim(L). However, both objetshave formal similarities. The f -vetor entries fk an inversely be expressedin terms of the h-vetor:

fk(L) =

{

hk(L) , k = 0, 1, . . . , d − 1,
∑

j≥0

(
k+j−d

j

)
hk+j(L) , k ≥ d.

(5.5)
For every non-negative integer k, every natural number n has a uniquerepresentation of the form:

n =

(
ak+1

k + 1

)

+

(
ak

k

)

+ · · · +

(
ai

i

)

,

suh that ak+1 > ak > · · · > ai ≥ i ≥ 1. Let's de�ne
n(k+1) =

(
ak+1

k

)

+

(
ak

k − 1

)

+ · · · +

(
ai

i − 1

)

,

and put 0(k+1) = 0. Let's state Ekho�'s h-Vermutung from [27℄.Theorem 5.12 (Ekho�'s h-Vermutung). An integer vetor (h0, h1, . . .) isthe h-vetor of a d-Leray omplex if and only if the following inequalitieshold:
hk ≥ 0 , for k ≥ 0. (5.6)

h
(k+1)
k ≤ hk−1 , for k ∈ [d − 1]. (5.7)

h
(d)
k ≤ hk−1 − hk , for k ≥ d. (5.8)In the ase of nerve omplexes of families of onvex sets in R

d, this the-orem is due to Kalai [37℄, [39℄. Simpliial omplexes that an be obtainedas nerve omplexes of families of onvex sets in R
d are alled d-representableomplexes. In its general version for d-Leray omplexes, it was proved byKalai using algebrai shifting. Before we sketh a proof of the �only if�-part, let's verify that it implies the Upper Bound Theorem 5.6 for d-Lerayomplexes.
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Inequality (5.8) and indution on k lead to

hk ≤

(
n − k + d − 1

d

), for k ≥ d. (5.9)
Hene hk = 0 for k ≥ h0 = n. Instead of Statement (5.2) we show for a
d-Leray omplex that

fd+r(L) = 0 ⇒ fd(L) ≤

(
n

d + 1

)

−

(
n − r

d + 1

)

.

Assume fd+r(L) = 0 so that hk(L) = 0 for all k ≥ d + r.
fd(L)

(5.5)
=

d+r−1∑

j=d

hj(L)
(5.9)
≤

d+r−1∑

j=d

(
n − j + d − 1

d

)

=

(
n

d + 1

)

−

(
n − r

d + 1

)

Here the last equation is obtained via the binomial identity:
(

n − j + d − 1

d

)

=

(
n − j + d

d + 1

)

−

(
n − j + d − 1

d + 1

)

.

�

Algebrai Shifting. The remaining part of this setion is devoted toalgebrai shifting, see also Kalai [40℄ for an introdution. As a highlight,we outline the proof of the �only if�-part of the h-Vermutung 5.12. Anothergood starting point is Kalai [38℄ where exterior algebrai shifting is used forthe �rst time to lassify the f -vetor of d-representable omplexes.Algebrai shifting assoiates to a given simpliial omplex K a shiftedsimpliial omplex ∆(K). The onstrution of ∆(K) is algebrai. We referto [40℄ for the expliit onstrution based on exterior (or symmetri) alge-bra. We will see below that algebrai shifting preserves various topologialproperties of K, e. g. Betti numbers, Cohen-Maaulay, d-Leray.De�nition 5.13 (Shiftedness). A family A of k-element sets of positive inte-gers is shifted if whenever S ∈ A holds and R is obtained from S by replaingan element with a smaller element, then R ∈ A. A simpliial omplex withvertex set [n] is shifted if all sets of k-faes are shifted for all k.If a shifted family A ontains {2, 4} then it also ontains {1, 4}, {2, 3},
{1, 3}, and {1, 2}. Let's summarize some properties of algebrai shifting in atheorem.
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Theorem 5.14 (Properties of algebrai shifting). Let K be a simpliial om-plex, and let ∆(K) be the algebrai shifting of K. Then the following propertieshold:i) ∆(K) is a shifted simpliial omplex.ii) f-vetor: fi(K) = fi(∆(K)) for all i.iii) Betti numbers:

βi(K) = βi(∆(K)) = |{S ∈ ∆(K) : |S| = i+1, S∪{1} 6∈ ∆(K)}| for all i.

iv) K is Cohen-Maaulay ⇒ ∆(K) is Cohen-Maaulay.v) K is d-Leray ⇒ ∆(K) is d-Leray.The proof of Theorem 5.14 is again algebrai, see Kalai [40℄ for referenes.Both Properties iv) and v) follow from the following theorem by Bayer et. al[16℄ for symmetri shifting, and by Aramova and Herzog [36℄ for exteriorshifting.Theorem 5.15. Let i, j ≥ 0, K be a simpliial omplex. Assume that
βk(lk(F,K)) = 0,for all |F | = t < j, and i ≤ k ≤ i + j − t. Then also

βk(lk(F,∆(K))) = 0,for all |F | = t < j, and i ≤ k ≤ i + j − t, and the quantity
∑

|G|=j

βi(lk(G, K))

is preserved under shifting.The proof of Theorem 5.15 is based on ring-theoreti properties of lassialfae rings. Let's prove Property v) of algebrai shifting.Proof. (of Theorem 5.14.v)) Let K be a d-Leray omplex, then Lemma 5.4implies that
βk(lk(F,K)) = 0,for all F ∈ K, and all k ≥ d. Now Theorem 5.14.v) follows from Theorem5.15 by hoosing i = d, and j su�iently large.
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The proof of the �only if�-part of Ekho�'s Conjeture is based on thefollowing two results due to Kalai from [37℄, and [40℄.Theorem 5.16. Let d ≥ 1, and K be a simpliial omplex satisfying

Hk+1
d+k (K) for all k ≥ 0,then its h-vetor h(K) satis�es the inequalities (5.6)� (5.8).Here we use De�nition 5.11 of the h-vetor. Moreover, Hr

k(K) denotes the(algebraially de�ned) r-th iterated ohomology of a simpliial omplex K.We use the following theorem to ompute the r-th iterated ohomology.Theorem 5.17. Let K be a simpliial omplex, and r, k ≥ 0. Then
Hr

k(K) = |{S ∈ ∆(K) : |S| = k + 1, S ∩ [r] = ∅, S ∪ [r] 6∈ ∆(K)}|.We refer again to Kalai [40℄ for a proof.Proof. (of the �only if�-part of Ekho�'s h-Conjeture 5.12) Let L be a d-Leray on the vertex set [n], then the algebrai shifting ∆(L) is also d-Leray.Using Theorems 5.16 and 5.17, it remains to show for all k ≥ 0 that
|{S ∈ ∆(L) : |S| = d + k + 1, S ∩ [k + 1] = ∅, S ∪ [k + 1] 6∈ ∆(L)}| = 0.Let k = 0. If there is an S ∈ ∆(L) suh that |S| = d + 1, S ∩ [1] = ∅,and S ∪ [1] 6∈ ∆(L), then S ∪ [1] 6∈ ∆(L) implies via Property 5.14.iii) that

0 6= βd(∆(L)). This ontradits that ∆(L) is d-Leray, hene H1
d(L) = 0.Let k = 1, and assume that there is an S ∈ ∆(L) suh that |S| = d + 2,

S ∩ [2] = ∅, and S ∪ [2] 6∈ ∆(L). Shiftedness of ∆(L) implies that all properfaes of S∪{2} are in ∆(L). The indued subomplex ∆(L)[S∪{2}] oinidesthus with the (d + 2)-dimensional simplex with vertex set S ∪ {2} up todimension d + 1. It is therefore su�ient to show S ∪ {2} 6∈ ∆(L) as ∆(L)is d-Leray. If S ∪ {2} ∈ ∆(L) holds, then S ∪ {1} ∈ ∆(L) via shiftedness.Hene all proper faes of S ∪ [2] are in ∆(L)[S ∪ [2]] so that ∆(L)[S ∪ [2]] isthe boundary of the (d + 3)-dimensional simplex. This ontradits the fatthat ∆(L) is d-Leray.Let k ≥ 1 be arbitrary. Assume that there is an S suh that |S| = d+k+1,
S ∩ [k +1] = ∅, and S ∪ [k +1] 6∈ ∆(L). Then the shiftedness of ∆(L) implies� as for k = 1 � the existene of a subset W ⊂ [n] suh that |W | ≥ d+3 and
∆(L)[W ] is equal to the boundary of the simplex with vertex set W � againa ontradition.
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5.3 On a topologial Frational Helly theoremThe original Frational Helly theorem for onvex sets in R

d by Kathalskiand Liu [44℄ an now be stated in the following way.Theorem 5.18 (Frational Helly theorem for onvex sets). For every d ≥ 1,the family of onvex sets in R
d has Frational Helly number d + 1.This result was generalized by Alon et al. [2℄ to good overs in R

d wherea �nite family F of sets in whose members are either all open or all losed, isa good over if ⋂
G is either empty or ontratible for all subfamilies G ⊂ F .Moreover, it was shown by Kalai [38℄ that the optimal β(α) equals 1 − (1 −

α)1/(d+1), so that the ase α = 1 implies Helly's Theorem 1.3. Their proofof the Frational Helly theorem for good overs uses the nerve theorem, andthe following proposition for d∗-Leray families. Here a family F is alled
d∗-Leray if its nerve omplex N(F) is d-Leray.Theorem 5.19 (Frational Helly theorem for d∗-Leray families). Let F be a�nite d∗-Leray family, and let F∩ the family of all intersetions of the sets of
F . Then F∩ has Frational Helly number d + 1. Moreover, one an hoose
β(α) = 1 − (1 − α)1/(d+1).As a speial ase, the Frational Helly number of F , and its Helly numberare equal to d. The Frational Helly theorem for good overs plays a key rolein proving one of the main results of Alon et al. [2℄, a (p, q)-theorem for �nitegood overs.Here we identify topologial/homologial onditions � that depend on k �for families of sets whih imply that their nerve omplex is k-Leray. HavingProposition 5.19 in mind, we extend the Frational Helly theorem for goodovers to families with higher topologial intersetion omplexity; see alsoFigure 5.4 for the relations between the results.Theorem 5.20 (Topologial Frational Helly theorem). Let F be a �nitefamily of open sets (or of subomplexes of a ell omplex) in R

d, and k ≥ dsuh that for all subfamilies G ⊂ F one of the following onditions holds:i) ⋂
G is empty, orii) the redued homology groups of ⋂

G vanish in dimension at least k−|G|,that is
H̃n(

⋂

G) = 0 for all n ≥ k − |G|.Then F∩ has Frational Helly number k + 1. Moreover, we an hoose
β(α) = 1 − (1 − α)1/(k+1).
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As in the ase of good overs this implies Frational Helly number k + 1for the family F . The ase k = d implies the Frational Helly theorem forgood overs. We all a family of sets as in Theorem 5.20 satisfying onditionsi) and ii) a kG-ayli family.The proof of Theorem 5.20 uses a spetral sequene argument. Table 5.3ompares the ondition for good overs, and dG-ayli families that implyFrational Helly number d + 1. The �rst olumn shows the onditions inthe good over ase: All non-empty intersetions are ontratible, so theirhomology vanishes in all dimensions. In the seond olumn the onditionsin the dG-ayli ase are shown: Non-empty intersetions of i < d sets anhave arbitrary homology groups in dimension less or equal than d − i − 1.good over dG-ayli

H̃n(Fi) 0 for all n ≥ 0

{
0 for all n ≥ d − 1,arbit. for n = 0, 1, . . . , d − 2.

H̃n(Fi1 ∩ Fi2) 0 for all n ≥ 0

{
0 for all n ≥ d − 2,arbit. for n = 0, 1, . . . , d − 3.... ... ...

H̃n(Fi1 ∩ Fid−1
) 0 for all n ≥ 0

{
0 for all n ≥ 1,arbit. for n = 0.

H̃n(Fi1 ∩ · · · ∩ Fit) 0 for all n ≥ 0 0 for all n ≥ 0 and t ≥ d.Figure 5.3: The homologial onditions for Frational Helly number d + 1.
The ase k > d admits even more general families of sets in R

d. The prieone has to pay for inreasing the intersetion omplexity of the Fi is a higherFrational Helly number. See Figure 5.5 for an example of the intersetionpattern of k = 3 sets of a 3G-ayli family in R
2. There the Fij an havean arbitrary number of 0- and of 1-dimensional holes. The intersetion oftwo elements Fij ∩ Fik of our family still an have an arbitrary number of0-dimensional holes.

Matou²ek [50℄ showed a Frational Helly Theorem 5.27 for families withbounded VC-dimension, see also Setion 5.5. Matou²ek's results is not a spe-ial ase of our result. Bounded VC-dimension does not guarantee any Hellyproperty, e. g. the family {[n] \ {i} | i ∈ [n]} has bounded VC-dimension,but no Helly property. Another important example of families with boundedVC-dimension is the family of all semialgebrai subsets in R
d of bounded
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desription omplexity. Let's look at a onrete example: De�ne a semialge-brai set Fi = {x ∈ R

d |x2
1 + x2

2 − i ≥ 0}, then the family {F1, F2, . . . , Fn}has Frational Helly number d + 1. However, we have H̃1(
⋂

i∈I Fi) = Z 6= 0for all index sets ∅ 6= I ⊂ [n].Bárány and Matou²ek [8℄ showed that the family of onvex lattie sets in
Z

d has Frational Helly number d + 1, using a Ramsey-type argument. Wean not hope to obtain diretly the same Frational Helly number for familiesof onvex lattie sets in Z
d using the topologial Frational Helly Theorem5.20 for kG-ayli families as its Helly number of the is known to be 2d.
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��

kG-ayli5.20
��

Semialgebrai setsbounded omplexity[49℄
��

d-Leray [2℄ %-
R

R
R

R
R

R
R

R
R

R
R

R
R

R
R

R
R

R
R

R
R

R
R

R
R

R

k-Leray[2℄
��

Bounded VC-dimension[50℄px iiiiiiiiiiiiiiiii

iiiiiiiiiiiiiiiii

Frational Helly[2℄
��

(p, q)-TheoremFigure 5.4: Diagram of the abstrat mahinery.
The (p, q)-theorem for onvex sets was onjetured by Hadwiger and De-brunner, and proved by Alon and Kleitman [3℄, see also Ekho� [30℄ for areent survey. For this let p, q, d be integers with p ≥ q ≥ d + 1 ≥ 2. Thenthere exists a number HD(p, q, d) suh that the following holds: Let F bea �nite family of onvex sets in R

d satisfying the (p, q)-ondition; that is,among any p sets of F , there are q sets with a non-empty intersetion. Then
τ(F) ≤ HD(p, q, d), where τ(F) denotes the transversal number of F , i. e. thesmallest ardinality of a set X ⊂

⋃
F suh that F ∩ X 6= ∅ for all F ∈ F .It was observed by Alon et al. [2℄ that the ruial ingredient in the proofis a Frational Helly theorem for the family F∩. Therefore Theorem 5.20immediately implies a new (p, q)-theorem using the general tools developedin Alon et al. [2℄.

Theorem 5.21 ((p, q)-theorem for kG-ayli families). The assertions ofthe (p, q)-theorem also hold for �nite kG-ayli families of open sets (or ofsubomplexes of a ell omplex) in R
d where p ≥ q ≥ k ≥ d + 1 ≥ 2.
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Theorem 5.21 implies the (p, q)-theorem for good overs of Alon et al. [2℄.

PSfrag replaements F1

F2

F3

Figure 5.5: Example of k = 3 sets of a 3G-ayli family in R
2.

The following lemma is the key argument in the proof of the topologialFrational Helly theorem for kG-ayli families.Lemma 5.22. For k ≥ 0, let F be a �nite kG-ayli family of open sets (orof subomplexes of a ell omplex) in R
d. Then

Hn(
⋃

F) ∼= Hn(N(F)) for all n ≥ k.To prove Lemma 5.22 we �rst de�ne a suitable double omplex (C∗,∗, ∂, ∂̃).Then we ompute its E2
∗,∗- and Ẽ2

∗,∗-term whih are shown in Figures 5.6 and5.7. Finally, we apply Theorem 5.1 to get the onlusion.Proof. For F = {F1, F2, . . . , Fn} de�ne a double omplex
Cp,q :=

⊕

J⊂[n], |J |=q+1

Sp(
⋂

j∈J

Fj) for p, q ≥ 0.

Let ∂ := ⊕ ∂ : Cp,q → Cp−1,q be the usual singular boundary operator. Forindex sets J ′ ⊂ J ⊂ [n] let iJ,J ′

:
⋂

j∈J Fj →
⋂

j∈J ′ Fj be the inlusion.The group Sp(
⋂

j∈J Fj) is freely generated by the set of singular p-simplies
σ : ∆p →

⋂

j∈J Fj . De�ne ∂̃ omponent-wise on the elements c =
∑

rσσ of
Sp(

⋂

j∈J Fj):
c 7→ ∂̃(σ) := (−1)p

∑

σ

q
∑

i=0

(−1)irσi
J,Ji
∗ (σ) ∈

⊕

J⊂[n],|J |=(q−1)+1

Sp(
⋂

j∈J

Fj),
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where Ji = {j0 < j1 < . . . < ĵi < · · · < jq} is the set obtained from
J by deleting the element ji, and the fator (−1)p is added to guarantee
∂∂̃ + ∂̃∂ = 0.We show that (i)

E2
p,q = H∂

p,qH
∂̃(C) =

{
Hp(

⋃
F) for q = 0,

0 otherwise,and that (ii)
Ẽ2

p,q = H ∂̃
p,qH

∂(C) =







Hq(N(F)) for p = 0, q ≥ k

0
for p = i, q = n − i, for all
1 ≤ i ≤ n and n ≥ k − 1.The E2-term is equal to zero exept for the zeroth olumn where we get the

Hn(
⋃
F) 0 0 0 · · ·

... 0 0 0 · · ·

H1(
⋃
F) 0 0 0 · · ·

H0(
⋃
F) 0 0 0 · · ·Figure 5.6: E2-term in the proof in the proof of Lemma 5.22.

homology of ⋃
F , see Figure 5.6. The Ẽ2-term ontains in the zeroth rowthe homology of N(F) for dimensions greater or equal than k, at the sametime vanish all terms above the (k − 1)-th anti-diagonal, see also Figure 5.7.Hene the Ẽr-sequene ollapses at term 2 above this anti-diagonal. UsingTheorem 5.1 we obtain

Hn(
⋃

F) ∼= Hn(Tot(C)) ∼= Hn(N(F)) for all n ≥ k.

To obtain (i) we �rst ompute H ∂̃(Cp,∗). Using the de�nition of singularhomology one gets:
Cp,q =

⊕

J⊂[n],|J |=q+1

⊕

σ:∆p→X,im(σ)⊂
T

j∈J Fj

Z



124 On the Frational Helly property
For σ : ∆p → X let Jσ be the maximal subset J ⊂ [n] with im(σ) ⊂

⋂

j∈J Fj.Then this leads to:
Cp,q =

⊕

σ:∆p→X

⊕

J⊂[n], J⊂Jσ , |J |=q+1

Z

Notie that for Jσ = ∅ a (innoent) zero is added to the diret sum. Theboundary ∂̃ has no e�et on σ so that we an look at every omponent
⊕

J⊂[n], J⊂Jσ , |J |=q+1

Z

separately. For Jσ 6= ∅ one an hek that this equals the simpliial hainomplex of a (|Jσ| − 1)-dimensional simplex. The simpliial homology of thesimplex vanishes in all dimensions exept dimension 0 where it equals Z.Using that
⊕

σ:∆p→X

⊕

J⊂[n], J⊂Jσ, |J |=1

Z = Sp(F),

we obtain:
H ∂̃

q (Cp,∗) =

{
Sp(F) for q = 0,
0 otherwise.The indued boundary ∂ an be identi�ed with the usual boundary on S∗(F).For families of open sets or of subomplexes of a ell omplex the inlusion

S∗(F) → S∗(X) indues an isomorphism H∗(F) → H∗(X) in homology.To prove (ii) we start with omputing H∂(C∗,q), we make use of the kG-ayliity of our family. By the de�nition of ∂ we know that
H∂

p (C∗,q) =
⊕

J⊂[n], |J |=q+1

Hp(
⋂

j∈J

Fj).

If ⋂

j∈J Fj = ∅ then the ontribution to this sum equals 0. In the ase
⋂

j∈J Fj 6= ∅ the summand depends on our assumption H̃n(
⋂

j∈J Fj) = 0 for
n ≥ k − |J |. E. g. for p = 0 and |J | ≥ k the summand equals Z, and ingeneral this leads to

H∂
p (C∗,q) =







⊕

J⊂[n], |J |=q+1,
T

j∈J Fj 6=∅

Z for p = 0, q ≥ k − 1

0
for p = i, q = n − i, for all
1 ≤ i ≤ n and n ≥ k − 1.It is easy to hek that the indued hain omplex (H∂

0 (C∗,∗), ∂̃) and thesimpliial hain omplex C∗(N(F)) are isomorphi in dimension ≥ k. The
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0 0 0 0 · · ·

⋆ 0 0 0 · · ·

⋆ ⋆ 0 0 · · ·

⋆ ⋆ ⋆ Hk(N(G)) · · ·Figure 5.7: The Ẽ2-term in the proof of Lemma 5.22.
hain groups are even isomorphi in dimensions ≥ k − 1, but the di�erentialdi�er in general in dimension k− 1. To see that di�erentials oinide up to asign in dimensions ≥ k remember that H0(

⋂

j∈J Fj) is freely generated by thelass of any 0-simplex, and iJ,Ji
∗ maps the lass of a 0-simplex on a lass of a

0-simplex. Hene row 0 of the E2-term ontains the homology Hn(N(G)) for
n ≥ k.After these preparations the proof of Theorem 5.20 is short. In the nextsetion we make use of the same double omplex (C∗,∗, ∂, ∂̃). Similar ompu-tations lead to a nie and short proof of the homologial version of a nervetheorem of Björner.Proof. (of Theorem 5.20) We prove that our family F is k⋆-Leray, heneTheorem 5.20 immediately follows from Theorem 5.19. For this let L ⊂ N(F)be an indued subomplex. Then L is of the form N(G) for some G ⊂ F .The family G is again kG-ayli so that Lemma 5.22 implies

Hn(
⋃

G) ∼= Hn(N(G)) for all n ≥ k.

Finally we have Hn(
⋃
G) = 0 for all n ≥ d as ⋃

G is a nie subset of R
d.Matou²ek observed in [50℄ that the Frational Helly number is in generalstable under �nite unions.Observation 5.23. If a family F has Frational Helly number k, then thefamily F(2) = {F1 ∪ F2 |F1, F2 ∈ F} has Frational Helly number k. For

m ≥ 2, let F(m) be the family of sets that are unions of m sets in F .This observation leads to the following problem.
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Problem 5.24. Let m ≥ 2, and F be a kG-ayli family. Identify subsetsof R

d that are in F(m). Is their a relation between F(m) and the family ofsemialgebrai sets of bounded desription omplexity?The example from page 121 of a �nite family of semialgebrai sets of theform Fi = {x ∈ R
d |x2

1 + x2
2 − i ≥ 0} an also be obtained as F(3) of somegood over family F . For this ut the plane into three equal piees of akeso that the uts are rays starting at the origin. Every Fi an be obtained asa union of three piees of ake where the portion i has already been bittenof. The intersetion of piees of ake is either empty, or ontratible.

5.4 On nerve theoremsThe nerve theorem has been used in Chapter 2 to obtain new onnetivityresults for hessboard-type omplexes. It is a standard tool in topologialombinatoris, and it was �rst obtained by Leray [45℄; see Björner [18℄ for asurvey on nerve theorems. Here we prove a homologial version of the NerveTheorem 1.39 due to Björner.Theorem 5.25 (Nerve theorem, homology version). For k ≥ 0 let F bea family of open sets (or a �nite family of subomplexes of a ell omplex)suh that every ⋂
G is empty or (k − |G| + 1)-onneted for all non-emptysubfamilies G ⊂ F . Then

Hn(X) ∼= Hn(N(F)) , for X =
⋃

F and all n ≤ k.Proof. As in the proof of Lemma 5.22 we have that H∗(X) ∼= H∗(Tot(C), d).For a k-onneted spae X we know from a famous theorem of Hurewiz that
H̃n(X) = 0 for all n ≤ k. Using the onditions on the onnetivity of G andanalogous arguments as in the proof of Lemma 5.22 the Ẽ2-term looks as inFigure 5.8. Hene we see that Hn(N(F)) ∼= Hn(C, d) for all n ≤ k.

5.5 Towards a homologial VC-dimensionThis setion disusses the Frational Helly property in a quite general on-text. Our starting point of this disussion is the Oberwolfah Report [41℄of Kalai where he outlines further diretions of researh. The onept ofhomologial VC-dimension, and its relation to the Frational Helly propertyare studied. The naming homologial VC-dimension suggests that this isan extension of VC-dimension � a well-known onept from omputational
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⋆

0 ⋆

0 0 ⋆

0 0 0 ⋆

0 0 0 0 ⋆

H0(N(F)) H1(N(F)) · · · Hk−1(N(F)) Hk(N(F))Figure 5.8: The Ẽ2-term in the proof of Theorem 5.25.
geometry. As far as I understand, we are heading for a Frational Helly theo-rem that lies between the Frational Helly theorem for families with boundedVC-dimension, and the Frational Helly Theorem 5.19 for d∗-Leray families.We �rst reall the de�nition of VC-dimension, and the Frational Hellytheorem for families with bounded VC-dimension. Then homologial VC-dimension is introdued, and its relation to the Frational Helly propertybased on three onjetures of Kalai [41℄ is disussed. We will see that allthree onjetures extend known results for d∗-Leray families. The relationbetween homologial VC-dimension and the topologial Frational Helly The-orem 5.20 is shown. Finally, we obtain new results for the lassi�ation ofsimpliial omplexes with bounded homologial VC-dimension.

VC-dimension. The notion of VC-dimension was introdued by Vapnikand Chervonenkis in 1971. It plays an important role in several areas ofmathematis and theoretial omputer siene, e. g. statistis and omputa-tional geometry. See also Matou²ek's textbook [48℄ for more details.De�nition 5.26 (VC-dimension). For a set X, let F be a family of subsetsof X. For a subset of Y ⊂ X, we de�ne the restrition of F to A as
F|Y = {S ∩ Y |S ∈ F}.
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We de�ne the VC-dimension of F as the supremum of the sizes of �nitesubsets A ⊂ X suh that

F|A = 2A.Subsets A ⊂ X suh that the restrition F|A is the power set 2A are shattered.The shatter funtion πF : N → N of F is de�ned as
πF(m) = max

Y ⊂X, |Y |=m
|F|Y |.If arbitrary large subsets of X an be shattered, then the VC-dimensionof F is ∞. The family of all losed halfplanes in the plane is an exampleof VC-dimension less than 4 as no set of four points in the plane an beshattered. The family of all onvex sets in R
d has VC-dimension ∞ as thevertex set of any n-gon an be shattered. If the VC-dimension of F is atmost d, then it is known that the shatter funtion is

πF = O(md).Here we use the Landau notation f = O(g) for funtions f, g : N → N, ifthere is a onstant C > 0 suh that the quotient |f(n)/g(n)| < C for all
n ∈ N. We write f = o(g) if the limit of this quotient is 0.The dual VC-dimension of F is the VC-dimension of its dual family withground set {yS |S ∈ F}. The dual shatter funtion π∗

F is the shatter funtionof the dual family. Another way to understand the dual shatter funtion isthe following: π∗
F(m) is the maximum number of non-empty ells in the Venndiagram of m sets of F . A Venn diagram is the shemati diagram used inset theory to depit families of sets and represent their relationships � alsoused in elementary shool. This approah is more intuitive, e. g. the dualshatter funtion of the family of all losed halfspaes in R

2 is the maximumnumber of regions, into whih m halfplanes partition the plane.A primary example of geometri families of sets are semialgebrai setsin R
d of bounded desription omplexity. Here sets A ⊂ R

d are semialge-brai sets if they an be de�ned by a Boolean ombination of polynomialinequalities. The desription omplexity of A is the maximum of the numberof polynomials involved, and of the maximal degree of the polynomials. Alassi result in real algebrai geometry due to Oleinik and Petrovskii, Thom,and Milnor implies that for the family F of all semialgebrai sets in R
d ofdesription omplexity at most B the dual shatter funtion is bounded

π∗
F(m) ≤ Cmd for all m ∈ N,where C > 0 is a onstant depending on B, see Basu et al. [15℄ for referenes.Matou²ek showed in [50℄ the following Frational Helly theorem for fam-ilies of bounded VC-dimension.
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Theorem 5.27. Let k be a positive integer, and let F be a family of setswhose dual shatter funtion satis�es π∗

F = o(mk). Then F has FrationalHelly number d + 1.Theorem 5.27 implies the ase of families of sets with dual VC-dimensionat most k−1, and the following orollary for the family of semialgebrai setsin R
d.Corollary 5.28. Let B be a positive integer. The family of all semialge-brai sets in R

d of desription omplexity at most B has Frational Hellynumber d + 1.Matou²ek shows Theorem 5.28 also for families of intersetions of semial-gebrai sets in R
d with an k-dimensional variety � based on results of Basuet al. [15℄. Basu et al. bound the number of ells de�ned by a family of poly-nomials on a k-dimensional variety. Using the mahinery shown in Figure5.4 Theorems 5.27 and 5.28 also imply (p, q)-theorems.

Homologial VC-dimension. Let K be a simpliial omplex, and let
β(K) =

∑

i≥0 βi(K) denote the sum of the Betti numbers of K. A familyof simpliial omplexes is strongly hereditary if it ontains with a simpliialomplexes all possible links and all indued subomplexes.De�nition 5.29 (Homologial VC-dimension). Let A > 0 be a positive on-stant. A strongly hereditary family F has homologial VC-dimension d if forevery simpliial omplex K ∈ F the following ondition holds:
β(K) < A · f0(K)d. (5.10)We write short HVC-dimension for homologial VC-dimension. The nextobservation gives an example of a hereditary family of HVC-dimension d. Upto now, we have not been able to show that nerves of families of boundedVC-dimension are of bounded HV C-dimension. The de�nition of HVC-dimension d depends on the onstant A.Observation 5.30. The family Ld of all d-Leray omplexes is a stronglyhereditary family of HVC-dimension d.Proof. The family Ld is losed under taking indued subomplexes as theindued subomplex of an indued subomplex is an indued subomplexof the original omplex. Ld is losed under taking links as for simpliialomplexes K:

lk(G, lk(F,K)) = lk(G ∪ F,K).
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Let K be a d-Leray omplex on n. The Betti numbers of K are zero indimension greater or equal than d. For n large enough, one has
β(K) ≤ β((σn−1)≤d−1) = β0((σ

n−1)≤d−1) + βd−1((σ
n−1)≤d−1) = 1 +

(
n − 1

d

)

,

for the omplete (d− 1)-skeleton of the simplex on n verties. The omplete
(d − 1)-skeleton of the simplex on n verties has the maximal number of
(d − 1)-dimensional holes among d-Leray omplexes. Moreover, we use thatthe (d − 1)-th Betti number of the omplete (d − 1)-skeleton of the simplexon n verties is (

n−1
d

), and that βi(K) ≤ fi(K) ≤
(

n
i+1

) for all i. This implies
β(K) < And for A = 1 for n large enough.This observation, and the fat that algebrai shifting maintains the prop-erty of being d-Leray, motivates the following onjeture.Conjeture 5.31. If K is a simpliial omplex from a strongly hereditaryfamily F of HVC-dimension d, then so is its algebrai shifting ∆(K) ∈ F .This onjeture extends the result from Theorem 5.14 for d-Leray om-plexes. An approah for a proof of this onjeture is via the algebrai workof Bayer et al. [16℄, and Herzog [36℄ on generi initial ideals and graded Bettinumbers. The algebrai methods to prove this onjeture seem urrently tobe out of my reah.The example below shows that algebrai shifting does not maintain theproperty of being strongly hereditary. To determine the HVC-dimension ofthe family of shifted omplexes, it is therefore neessary to add all induedsubomplexes, and all links.Observation 5.32. Let F be a strongly hereditary family, then the family
{∆(K)) |K ∈ F} of shifted omplexes is in general not strongly hereditary.Let's look at an example, also shown in Figure 5.9. There we start withthe simpliial omplex with maximal faes {1, 2} and {3, 4}. This leads toa strongly hereditary family F by adding all links, and all indued subom-plexes whih are shown on the left side of Figure 5.9. Shifting all omplexesof F leads to the family shown on the right side. However, the family ofshifted omplexes is not strongly hereditary as it does not ontain the in-dued subomplex with maximal faes {1, 2} and {1, 3}.The algebrai shifting of these simple omplexes an be obtained withoutusing the algebrai mahinery. It su�es to exploit the properties of algebraishifting summarized in Theorem 5.14.
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Figure 5.9: A family, and the family of shifted omplexes.
Conjeture 5.33. Let A > 0 be a onstant. Let F be the family of sets in R

dsuh that if S is the intersetion of m sets in F , then β(S) ≤ Amd. Then thenerve N(F) is in the family of all simpliial omplexes of HVC-dimension d.For families of good overs, the ondition on the topologial omplexityof any non-empty intersetion M is equal to
β(S) = 1.The nerves of good overs are then d-Leray omplexes. In Conjeture 5.33,we relax this ondition. We have seen in the topologial Frational HellyTheorem 5.20 for kG-ayli families that is possible to relax ondition evenmore to obtain d-Leray nerve omplexes: The Betti numbers of intersetionsof m sets an be arbitrary in dimension less or equal than k − m − 1.Reently, Basu [13℄, [14℄, and Gabrielov and Vorobjov [32℄ have shownbounds for the Betti numbers of semialgebrai sets. Basu uses a spetralsequene argument to show for the Betti numbers of a semialgebrai set

S de�ned through n polynomial inequalities of degree at most d, that isontained in a k-dimensional variety:
βi(S) ≤

(
n

k − i

)

O(d) for 1 ≤ i ≤ n.
The following example shows that one an onstrut families of subsets in

R suh that the nerve omplexes are not (n− 2)-Leray. The sets in F unionof two half intervals. However, the topologial omplexity of the non-emptyintersetions grows with n.Example 5.34. For any n ≥ 2, we onstrut an example of a family Fof n subsets F1, F2, . . ., Fn of R suh that its nerve its nerve will be theboundary of the simplex σn−1 on n verties. De�ne �rst a family of n losedintervals G1, G2, . . ., Gn: Gi = [i − 1, i] for i ∈ [n]. Now de�ne subsets
Fi = [0, n] \ Gi for all i ∈ [n]. see also Figure 5.10. Every Fi is the union
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of two half-open intervals. Choose a subset M of [n], then the intersetion
⋂

i∈M Fi is the union of all open intervals (j − 1, j) suh that j ∈ [n] \ M .Thus the intersetion is empty for M = [n], and the number of omponentsof non-empty intersetions grows with n.PSfrag replaements
F1

F2

F3

F4Figure 5.10: A family of sets in R that is not 2∗-Leray.
Let's translate the Frational Helly property from the introdution to thesetting of families of simpliial omplexes.De�nition 5.35 (Frational Helly number). Let F be a family of simpliialomplexes. The family F has Frational Helly number k if for every α ∈ (0, 1]there is a β = β(α) > suh that the following ondition holds for all K ∈ F :

fk−1(K) ≥ α

(
n

k

)

⇒ f⌊βn⌋(K) > 0, where n = f0(K). (5.11)
The Upper Bound Theorem 5.6 for d-Leray omplexes implies that thefamily of d-Leray omplexes has Frational Helly number d + 1, and that

β(α) = 1 − (1 − α)1/d+1.Observation 5.36. Let F be family with Frational Helly number k. Thenevery subfamily of F has Frational Helly number k, as the impliation alsoworks for any sublass.Conjeture 5.37. A hereditary family of simpliial omplexes of HVC-dimension d, for some onstant A > 0, has Frational Helly number d + 1.In analogy to the d-Leray ase, this onjeture gives rise to the followingquestion for families F of HVC-dimension d: Let K ∈ F be of dimension
d + r, for r ≥ 0. What is the maximal number of d-faes of the simpliialomplex K?We will below obtain partial answers to this question for the family Hd

A ofall simpliial omplexes of HVC-dimension d.
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For r ≥ 0, let Hd,r

A be the subfamily of Hd
A that ontains all simpliialomplexes of dimension less or equal than d + r. The family Hd,r

A is of HVC-dimension d, for the same onstant A. Let M(n, d, r, A) be the maximalnumber of d-faes for a simpliial omplex K on n verties in Hd,r
A :

M(n, d, r, A) = max
K∈Hd,r

A
, f0(K)=n

fd(K)

Clearly, M(n, d, r, A) ≤
(

n
d+1

). The next proposition shows a possible ap-proah to disprove Conjeture 5.37. For this, we �x d, r, and A, so that
M(n, d, r, A) is a funtion N → N.Proposition 5.38. Suppose that

nd+1 = O(M(n, d, r, A)),then Conjeture 5.37 does not hold for Hd
A.Proof. Due to Observation 5.36, it is su�ient to prove that Conjeture 5.37does not hold for the subfamily Hd,r

A . By assumption, there is a onstant
C > 0 suh that nd+1 ≤ C · M(n, d, r, A) for all n ∈ N. Let α ∈ (0, 1] suhthat α < d+1!

C
. Then there is a natural number n0 = n0(C) suh that for all

n ≥ n0

M(n, d, r, A) ≥ α

(
n

d + 1

)

.Hene there is for any n ≥ n0 a simpliial omplex K ∈ Hd,r
A on n vertiesof dimension less or equal than d + r that satis�es the assumption of (5.11).For any real β > 0 the produt βn exeeds d + r, as it tends to in�nity. Thefamily Hd,r

A has thus not Frational Helly number d + 1.Using the same arguments, whih we omit here, this leads onversely tothe following proposition.Proposition 5.39. Suppose that
M(n, d, r, A) = o(nd+1), (5.12)then Conjeture 5.37 holds for the lass Hd,r

A .In the remaining part of this setion, we show ondition (5.12) for arbi-trary d ≥ 1, and r = 0. Moreover, we obtain partial results for r ≥ 1 viaalgebrai shifting.Proposition 5.40. For d = 1, M(n, d, 0, A) ≤ n − 3 + ⌈An⌉. In general,
M(n, d, 0, A) = O(nd).
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Proof. We �rst show the general ase. Using Euler's formula, we obtain forany simpliial omplex from Hd,0

A :
(−1)dfd(K) =

d∑

i=0

(−1)iβi(K) −
d−1∑

i=0

(−1)ifi(K)

The absolute value of the �rst term on the right hand side is bounded fromabove by And. The absolute value of the seond term is bounded from aboveby ∑d−1
i=0

(
n
i

). Hene the maximal number M(n, d, 0, A) is of order at most d.For d = 1, bounding b(K) by An implies via the Euler formula a boundfor f1. A short omputation leads to the above stated result.Reall that the family Hd,r
A is strongly hereditary. This means that asimpliial omplex K is inHd,r

A , if K and all its links and indued subomplexessatisfy the homology ondition (5.10).Observation 5.41. There are 1-dimensional simpliial omplexes on n ver-ties satisfying f1 ≤ n − 3 + ⌈An⌉ that are not in H1,0
A . The family H1,0

Ais losed under taking indued subomplexes. It is not hard to onstrutexamples of simpliial omplexes, in other words graphs, whih ontain anindued subomplex violating f1 ≤ n − 3 + ⌈An⌉, e. g. graphs that ontainsmall omplete graph as indued subgraph.In the following, we onstrut examples of 2-dimensional simpliial om-plexes K suh that β(K) ≤ An and n2 = O(f1(K)), but K 6∈ H1,1
A . Thison�rms that

M(n, d, r, A) = o(nd+1).These onstrutions easily generalize to the Hd,1
A ase. The homology ondi-tion (5.10) for K implies that the di�erene of fd(K) and fd+1(K) is O(nd).Example 5.42. Let K ontain the full 1-skeleton on n verties, and add

(
n−1

2

) many 2-faes to obtain an ayli omplex. Then f1(K) =
(

n
2

), and
β(K) = 1 ≤ An, but K 6∈ H1,1

A . Suppose we add the (
n−1

2

) many 2-faesuniformly at random to K. The expeted number of 2-faes in an induedsubomplex on n
2
verties is

1

8

(
n − 1

2

)

=
1

16
n2 + · · · .

On the other hand, the full 1-skeleton on n
2
verties has

(
n
2
− 1

2

)

=
1

8
n2 + · · ·
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many 1-dimensional holes. Hene there is an indued subomplex L on n

2verties in K suh that
β(L) ≥ β1(L) =

1

16
n2 + · · · > An.

Example 5.43. Start with any graph G on n−1 verties that has c
(

n
2

)
−n+1edges, for a real onstant c > 0. Let K be the simpliial omplex that isobtained from the cone(G) by adding n many 2-faes to G, seen as a 1-dimensional simpliial omplex. By onstrution f1(K) = f2(K) = c

(
n
2

) and
β(K) ≤ An. However K 6∈ H1,1, as the indued omplex L on the �rst n − 1verties has quadratially many 1-dimensional holes.Suppose that Conjeture 5.31 holds: Algebrai shifting maintains theHVC-dimension. Then we an show the following.Proposition 5.44. M(n, d, 1, A) = O(nd).This implies together with Proposition 5.38 that Hd,1

A has FrationalHelly number d + 1. With some more e�ort, one veri�es similarly that
M(n, d, r, A) = O(nd) for r = 2. Up to now, we have not been able toformalize this proof for arbitrary r ≥ 1.Proof. As algebrai shifting maintains the HVC-dimension, it su�es to on-sider only simpliial omplexes K on n verties whih are algebraially shifted.Suppose that nd = o(fd(K)), then we will show that K 6∈ Hd,1

A . This says for
d = 1, that any K with a superlinear number of edges is not in Hd,1

A . Us-ing Property iii) of algebraially shifted omplexes from Theorem 5.14, oneobtains for any i:
β(K) ≥ βi(K) = {S ∈ K : |S| = i + 1, S ∩ {1} = ∅, S ∪ {1} 6∈ K}. (5.13)Assume that the homology ondition β(K) < And holds for K. It is su�ientto show that the indued omplex L of K on the vertex set [n] \ {1} violatesthe homology ondition.One has nd = o(fd(L)) as there is at most (

n−1
d

) many d-faes on the vertexset [n] that use the vertex 1. On the other hand, ombining the homologyondition for K with inequality (5.13) for i = d + 1 leads to
fd+1(L) ≤ And.Finally, the Euler formula implies β(L) > A(n−1)d, as there is just too many

d-dimensional holes.
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