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Zusammenfassung – German abstract

In dieser Arbeit werden die Elektron-Phonon-Kopplung von Kohlenstoff Nanoröhren und
die optischen und Schwingungseigenschaften von Nanoröhren und Pikoröhren untersucht.
Kohlenstoff-Nanoröhren können als zu Zylindern gerollte Streifen aus einer Graphitebene
betrachtet werden. Die Richtung des Streifens in der Graphitebene und dessen Breite
bestimmen die genaue Geometrie der Nanoröhre.

Mit ab initio Methoden untersuchen wir die Kopplung von totalsymmetrischen Pho-
nonen zum Elektronensystem der Nanoröhren. Diese Kopplung wurde in der Ver-
gangenheit als unabhängig von der Geometrie der Röhre betrachtet. Die Ergebnisse
von Raman-Spektroskopie und Photolumineszenz-Messungen erschienen bisher wider-
sprüchlich, wenn man konstante Elektron-Phonon-Kopplung-Matrixelemente annahm.
Wir finden jedoch eine starke Abhängigkeit der Matrixelemente von Röhrendurchmesser,
Rollwinkel, und Familie. Die Kopplung ist stark für die hochenergetische Mode, und
schwächer für die Atmungsmode.

Unsere Untersuchungen optischer Eigenschaften von Nanoröhren kleiner Durchmesser
zeigen Abweichungen von auf Graphit basierenden Vorhersagen und ermöglichen die
Zuordnung von Absorptionsbändern zu konkreten Nanoröhren. (3,3)-Nanröhren ab-
sorbieren nicht unterhalb von 3 eV. Diese Röhren, für die eine besonders starke Elektron-
Phonon-Kopplung vorhergesagt wurde, wachsen in den Kanälen von Zeolithkristallen.
Ramanspektroskopie mit ultravioletter Anregung an solchen Kristallen zeigt qualitative
Unterschiede verglichen mit dem bekannten Spektrum von größeren Nanoröhren. Wir
erklären diese Unterschiede als Effekt der starken Kopplung, die das Spektrum dominiert.

In Verbindung mit Nanoröhren von kleinen Durchmessern studieren wir die struk-
turellen, elektronischen und Schwingungseigenschaften von Pikoröhren. Diese hochsym-
metrischen Kohlenwasserstoffe ähneln kurzen (4,4) Nanoröhren, können aber gezielt syn-
thetisiert und kristallisiert werden. Wir finden in der Struktur der Pikoröhre sowohl sp2-
als auch sp3-Winkel, ein direktes Zeichen für den starken Effekt der Wandkrümmung.
Die Kombination polarisationsabhängiger Ramanspektroskopie mit Berechnungen der
Schwingungen ermöglichen, atomare Auslenkungsmuster zu den Raman-Peaks im Spek-
trum zuzuweisen. Wir finden Schwingungen im Bereich der G-Mode von Graphit bzw.
der hochenergetischen Mode von Nanoröhren, in großerer Anzahl wegen der Quan-
tisierung entlang der Molekülhauptachse. Wir identifizieren auch eine Ensprechung zur
Atmungsmode von Nanoröhren und sp3-artige Schwingungen im Bereich der optischen
Schwingung von Diamant.



Abstract

In this work we study the electron-phonon coupling of carbon nanotubes, and the op-
tical and vibrational properties of nanotubes and picotubes. Carbon nanotubes can be
visualized as stripes cut out of a graphitic plane and rolled to a cylinder. The direction
of the stripe in the graphitic plane and its width determine the particular geometry of
the nanotube.

We calculate the coupling of totally symmetric phonons to the electronic system with
ab initio methods. The electron-phonon coupling matrix elements were in the past as-
sumed to be independent of the nanotube geometry. However, the results of Raman
spectroscopy and photoluminescence measurements appeared contradictory in the con-
stant electron-phonon coupling picture. In fact, we find a strong dependence of the
matrix elements on nanotube diameter, rolling angle, and family. The coupling is strong
for the high-energy mode, and weaker for the radial breathing mode.

Our studies of optical properties of nanotubes with small diameter show deviations
from graphite-based predictions, and allow the assignment of absorption bands to par-
ticular nanotubes. (3,3) nanotubes do not absorb light below 3 eV. These nanotubes,
with a particularly strong predicted electron-phonon coupling, grow inside the channels
of zeolite crystals. Raman spectroscopy on such crystals reveals qualitative differences
to the spectra of bigger nanotubes. We successfully explain these deviations in terms of
strong-coupling effects, which dominate the spectrum.

In connection with narrow-diameter nanotubes we study the structural, electronic,
and vibrational properties of picotubes. These highly symmetric hydrocarbons resemble
short (4,4) nanotubes, but can be synthesized and crystallized in a controlled way. We
find in the picotube structure both sp2 and sp3 angles, a direct sign of the strong
effect of the wall curvature. Combining polarization-dependent Raman spectroscopy and
calculations of the vibrations, we can assign atomic displacement patterns to the Raman
peaks in the spectrum. We find modes in the region of the G mode of graphite and the
high-energy mode of nanotubes, their number being higher due to the quantization along
the main axis of the molecule. We also identify an equivalent to the radial breathing
mode of nanotubes and sp3-like modes in the region of the optical phonon of diamond.



Resumen – Spanish abstract

En esta tesis se estudia el acoplamiento electrón-fonón de nanotubos de carbono, y las
propiedades ópticas y vibracionales de nanotubos y picotubos. Un nanotubo de carbono
se puede visualizar cortando una tira alargada de un plano de grafito y enrollándola
formando un cilindro. La dirección de la tira dentro del plano y su anchura determinan
la geometŕıa concreta del nanotubo.

Presentamos cálculos ab initio del acoplamiento al sistema electrónico de fonones
totalmente simétricos. En el pasado los elementos de matriz de acoplamiento electrón-
fonón se consideraban independientes de la geometŕıa del nanotubo. Bajo este supuesto
los resultados de espectroscoṕıa Raman y fotoluminiscencia parećıan irreconciliables.
Según nuestras predicciones los elementos de matriz dependen del diámetro, ángulo
quiral y familia del nanotubo. El acoplamiento del modo de alta enerǵıa es fuerte, el del
modo respiratorio más débil.

Las propiedades ópticas de nanotubos de pequeño diámetro se desv́ıan de las predic-
ciones basadas en la estructura electrónica del grafito, y nos permiten asignar bandas de
absorción a nanotubos concretos. El nanotubo (3,3) no absorbe luz por debajo de 3 eV.
Estos nanotubos, con acoplamiento electrón-fonón especialmente fuerte, crecen en los
canales de cristales de zeolita. El espectro Raman bajo excitación ultravioleta de dichos
cristales difiere cualitativamente del de nanotubos de mayor diámetro. Explicamos estas
diferencias como producto del fuerte acoplamiento del nanotubo (3,3), que domina el
espectro.

En conexión con los nanotubos de diametro reducido estudiamos las propiedades es-
tructurales, electrónicas y vibracionales de picotubos. Estos hidrocarburos altamente
simétricos se asemejan a segmentos cortos de nanotubos (4,4) y se pueden sintetizar y
cristalizar de manera controlada. La estructura de los picotubos contiene ángulos sp2 y
sp3, signo del importante efecto de la curvatura de la pared. Combinando espectroscoṕıa
Raman dependiente de la polarización y cálculos de las vibraciones se pueden asignar
desplazamientos atómicos a los picos del espectro Raman. Aparecen picos en la zona
del modo G del grafito y del modo de alta enerǵıa de los nanotubos. Los picotubos
muestran un mayor número de picos debido a la cuantización a lo largo del eje principal
de la molécula. Tambien encontramos un modo equivalente al modo respiratorio de los
nanotubos, y modos tipo sp3 en la región del fonón óptico del diamante.
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1. Introduction

The object of study of solid state physics has run through a constant miniaturization in
the last decades: from bulk to mesoscopic systems down to the nanometer scale. Novel
techniques for growth of nanostructures, together with imaging techniques with atomic
resolution have enabled this development. In this way, solid state physics reaches its own
frontier and meets chemistry, which studies the same nanoscopic systems in a bottom-up
approach. Carbon nanotubes are a very good example of this.

One way of visualizing a nanotube is to imagine cutting a thin, long stripe out of
a graphitic plane and rolling it to a seamless cylinder. The cylinder wall is tiled by
hexagonal rings. Depending on the direction of the hexagon rows, and on the diameter of
the stripe, different nanotube types are obtained, with different physical properties. Each
nanotube species can be described by a unit cell repeated periodically: a one-dimensional
crystal. But a nanotube is also a macromolecule. Before the discovery of nanotubes,
fullerenes1 were grown in 1985 [1]. Fullerenes are cagelike, hollow carbon molecules.
The most famous one, C60, is spherical and consists of hexagonal and pentagonal carbon
rings, arranged exactly like the pattern on a football. A nanotube can be thought of as
an extremely elongated fullerene.

Since the discovery of a synthesis method for carbon nanotubes by Iijima [2], the
scientific community is fascinated by the extreme dependence of the physical properties
of nanotubes on their geometry. With the same type of bonding, they can be metallic or
semiconducting, with band gap energies changing almost continuously [3]. At the same
time they are stronger than steel, flexible and light [4]. Some of the properties which
make nanotubes so attractive are right now at the same timex obstacles on the way to
applications. The intimate relation between geometry and physical properties requires
good control of the growth mechanism. It is still today not possible to grow samples
with just one sort of nanotube. Furthermore, a reliable assignment of the present species
was only achieved a couple of years ago, and quantitative population analysis is a hot
research topic in the moment of writing this work [5–7]. The stability and lack of defects
of nanotubes means that they are chemically inert and must be functionalized. They
are also not soluble, which hinders chemical wet methods.

One of the key techniques for the recent advances in assignment of nanotube species
is Raman spectroscopy. It enables the investigation not only of vibrational properties,
but also of optical response, symmetry properties, electron-phonon coupling, etc. The
Raman spectrum of nanotubes shows three features in three well separated frequency
ranges. The radial breathing mode (RBM), with frequency inversely proportional to the

1Named after the architect Buckminster Fuller, because of the similarity of the molecular structure to
his Domes . In 1996 R. F. Curl Jr., H. W. Kroto, and R. E. Smalley won the Nobel prize in chemistry
“for their discovery of fullerenes”.

http://www.columbia.edu/cu/gsapp/BT/EEI/HEATLOAD/0425-69.jpg
http://nobelprize.org/chemistry/laureates/1996/index.html
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nanotube diameter (200-500 cm−1), the D mode (1350 cm−1), and the high-energy mode
(HEM, 1600 cm−1). When this work started, a great advance had just been achieved in
the understanding of the Raman spectrum of nanotubes and, intimately related to these,
of graphite. The elucidation of the mechanism which gave rise to the D mode, and its
particular excitation-dependent frequency shift covered the last gap about the origin of
the Raman features of nanotubes [8, 9]. Shortly after, it became possible for the first
time to separate nanotube bundles and, thus, to obtain photoluminescence spectra [10].
In this way, access to the electronic properties of individual nanotubes in ensembles was
granted. When bundled, the mixture of semiconducting and metallic nanotubes quenches
the luminescence by intertube interactions which enable a non-radiative relaxation path.
Model-free assignment of species was achieved first by excitation photoluminescence
spectroscopy [5], then by resonant-Raman spectroscopy, which accesses a wider range of
nanotube species, including metallic ones [6, 7]. For the first time, experimental data of
a large number of individual species were available. Many new questions were open.

In this work we address some of those questions, in particular those related to the
Raman spectrum of carbon nanotubes. How are the Raman intensities related to the
nanotube species population? Why do similar samples yield different intensity patterns
in Raman and photoluminescence measurements? How does an increasingly small di-
ameter of the nanotube affect its structural, electronic and vibrational properties? The
first two questions are related to the electron-phonon coupling. We study it from a the-
oretical point of view in Chap. 4. For an experimental investigation of this issue we turn
to ultrathin nanotubes (Chap. 5). These, and picotube molecules, serve to investigate
the effect of small diameter in nanotube properties. Another interesting question is:
how could the Raman spectrum of a crystal containing only one nanotube species look
like? Such crystals are not available. Instead, we investigate the properties of picotubes,
similar to very short nanotubes of a particular species, in crystalline form.

This thesis is organized as follows: in Chap. 2 we review the structural, electronic,
optical, and vibrational properties of nanotubes. We introduce as well two conceptual
tools widely used in the literature to rationalize and generalize nanotube properties: the
zone-folding approximation and the Kataura plot. The methods used in our investiga-
tion, density-functional theory and Raman spectroscopy, are introduced in Chap. 3. The
next three chapters are devoted to the presentation and discussion of our results.

Raman intensity is related, among other factors, to the coupling of vibrational modes
with the electronic system. The radial breathing mode of nanotubes has a diameter-
dependent frequency and is therefore widely used for sample characterization. The
coupling of this mode to the electronic system was assumed constant, and direct conclu-
sions about the presence or absence of particular nanotube species were reached from the
intensity of this mode. However, if the electronic properties change so dramatically with
the geometry, can we expect equal electron-phonon coupling for different nanotubes? We
address this question with ab initio methods in Chap. 4. After explaining our calculation
scheme, the coupling of the electronic system to the RBM and the HEM is presented.
We compare our results with Raman spectroscopy and find good qualitative and quan-
titative agreement. We discuss the implications of our results for photoluminescence
processes.
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Chap. 5 is devoted to 4-Å-nanotubes. The interest on ultrathin nanotubes has two
main reasons: one is the natural restriction to few wrapping directions for small di-
ameters, in connection to the problem of assignment of species. Calculations of the
optical response of 4-Å-nanotubes enabled us to assign features in the absorption spec-
trum of samples of ultrathin nanotubes to particular geometries [11, 12]. The second
motivation is the breakdown of graphite-based approximations, successful for nanotubes
of bigger diameter. These make full calculations necessary to explain the experimental
observations. Many properties have been predicted: particularly strong electron-phonon
coupling and excitonic effects [13, 14], orbital mixing which turns nanotubes metallic
otherwise expected to be semiconducting [12, 15], a Peierls instability [16, 17], even su-
perconductivity [18]. We aim to understand the Raman spectrum of ultrathin-nanotube
samples, which is qualitatively different from the well-known spectrum of bigger nano-
tubes. With ultraviolet excitation we access one particular species. This had only been
achieved in measurements of individual nanotubes [19–23], with the corresponding ex-
perimental problems of low signal and difficult reproducibility. We find indications of the
very strong electron-phonon coupling in agreement with the predictions. In temperature-
dependent measurements we find no Peierls instability for temperatures as low as 4 K.
In Chap. 6, we present a comprehensive study of structural, electronic, and vibrational
properties of picotube molecules. We combine ab initio calculations with Raman mea-
surements of picotube crystals to obtain the symmetries and eigenvectors underlying the
main Raman modes. We summarize the main results of this work in Chap. 7.



2. Basic properties of single-walled
carbon nanotubes

From the very beginning the exceptional properties of nanotubes have attracted the
attention of scientists [3]. The first theoretical study, submitted even prior to the work
of Iijima [2], already predicted a very high conductivity of nanotubes [24]. Since then,
nanotubes have been proved to outrun classical records in a number of properties. We
summarize some of them in Tab. 2.1.

These properties make nanotubes very attractive for different applications like elec-
tronic devices, field-emission displays, batteries, as components of lighter and stronger
materials, etc. From a fundamental point of view, nanotubes are the realization of a one
dimensional system which shows many interesting phenomena. Coulomb blockade [25],
van Hove singularities [26], and strongly bound excitons [27, 28] have been observed.
Even excitons in metallic nanotubes have been predicted [13].

In this chapter we will give an introduction to the structural, electronic, and vibra-
tional properties of single-walled nanotubes needed in the remainder of the work. In
Sec. 2.1 we present the structure of nanotubes, introduce the chiral indices, summarize
expressions of the geometrical parameters, and list the symmetry properties of the tubes.
Intimately related to the geometry, are the electronic and optical properties, which we
review in Sec. 2.2. In Sec. 2.3 we present Raman spectra of nanotubes and introduce
their vibrational properties.

Table 2.1.: Some exceptional properties of nanotubes and conventional materials for
comparison. After Ref. 4.

SWNTs Comparison

Density 1.33-1.40 g/cm3 Al: 2.7 g/cm3

Tensile strength up to 63 GPaa Steel: < 2GPa

Current carrying capacity ≈ 109 A/cm2 Cu: < 106 A/cm2

Heat transmission ≈ 4000 W/mK Diamond: ≈ 3000 W/mK

Temperature stability up to 2800◦ C in vacuum Metal in microchips: < 1000◦ C

Cost $150/gb Au: $20/gc

aRef. 29
bCheap Tubes, Inc.
cApril 2006

http://www.cheaptubesinc.com/


2. Basic properties of single-walled carbon nanotubes 7

Figure 2.1.: A single-walled na-
notube can be thought of as a
rolled graphene stripe. Taken
from Ref. 30.

`

θ

(4,4)
(4,2)

c

a2

a1

(4,0)

Figure 2.2.: Unrolled circumferential vectors c for a (4,4) armchair nanotube (black
arrow), a (4,0) zigzag nanotube (blue arrow) and a chiral (4,2) nanotube (red arrow) are
shown on a graphene plane. a1 and a2 are the unit cell vectors of graphene. The chiral
angle θ and the translational periodicity vector ` of the (4,2) nanotube (green arrow)
are also shown. Dashed lines indicate the area spanned by c and ` which corresponds
to the unrolled unit cell of the (4,2) nanotube.

2.1. Geometry and symmetry

The ideal structure of a nanotube can be obtained from a single plane of graphite, also
known as graphene. We can imagine cutting a rectangular stripe out of a graphitic plane
and rolling it to form a cylinder, see Fig. 2.1. A nanotube with several concentric walls
is called a multi-walled nanotube, which was the first type of nanotube discovered [2].
Single-walled nanotubes were synthesized two years later [31, 32]. Nowadays samples of
highly pure single-, double-, or multi-walled nanotubes are available. In the remainder
of this work we will deal with single-walled carbon nanotubes.

Let us look back to Fig. 2.1. Depending on the width of the stripe we obtain nanotubes
with different diameters. The cutting direction offers different possibilities to obtain a
nanotube. In Fig. 2.2, a graphene sheet with the lattice vectors a1 and a2 is displayed.
We can imagine cutting a nanotube with circumference along the red vector c. Writing
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(8,2) (8,4) (8,8)(8,0)

Figure 2.3.: (8,0), (8,2), (8,4), and (8,8) nanotubes with 32, 56, 112, and 32 atoms in
the unit cell (indicated in black), respectively.

the vector c in the basis of the graphite lattice we obtain

c = n1a1 + n2a2 = 4a1 + 2a2. (2.1)

The pair of indices (n1,n2) completely determines the structure of an ideal, infinitely long
nanotube. They are called chiral indices.1 Another way of characterizing a nanotube is
by giving its diameter d and an angle θ defining the tilt of the vector c with respect to
a1. θ is called chiral angle. Due to the sixfold symmetry of graphite, and if we consider
only nanotubes with n1 ≥ n2, all possible geometries are found for 0◦ ≤ θ ≤ 30◦.

There are two special types of nanotubes: if the vector c is parallel to a1 (θ = 0)
we obtain the so-called zigzag nanotubes with chiral indices (n, 0) (see blue arrow in
Fig. 2.2), the (8,0) nanotube shown in Fig. 2.3 is an example; the other special case are
the (n, n) nanotubes, also called armchair [black arrow in Fig. 2.2 and (8,8) nanotube
in Fig. 2.3]. The majority of the tubes do not belong to any of these categories and
are called chiral, see for example the (8,2) and (8,4) nanotubes in Fig. 2.3. Zigzag and
armchair nanotubes are often summarized as achiral.

Single-walled carbon nanotubes are periodic structures with a unit cell repeated along
the tube axis. In Fig. 2.2 we show the translational periodicity vector ` of the (4,2)
nanotube. The area spanned by the vectors c and ` represents the unrolled unit cell of
this nanotube. The length of the ` vector, as well as the diameter and the chiral angle
can be calculated from the (n1,n2) angles [3]. We summarize the expressions in Tab. 2.2.

1Chirality, as commonly used in nanotube science, should not be confused with chirality in chemical
sense. This corresponds in nanotubes to the handedness of the hexagon-rows around the nanotube
wall.
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Table 2.2.: Structural parameters and isogonal point group of nanotubes [3]. d is the
tube diameter, n is the greatest common divisor of (n1,n2), and q is the number of carbon
hexagons (2 C atoms) per unit cell. a0 is the in-plane lattice constant of graphite.

Zigzag Armchair Chiral

(n,0) (n,n) (n1,n2)

d
√

3na0/π na0/π
√
N a0/π

θ 0◦ 30◦ arccos
[

(n1 + n2/2)/
√
N

]

|`| a0

√
3 a0

√
3N a0/(nR)

Point group D2nh D2nh Dq

n n n GCD[n1,n2]
a

N 3n2 n2 n2
1 + n1n2 + n2

2

q 2n 2n 2N/(nR)

R 3 1

{

3 if (n1 − n2)/3n ∈ �

1 otherwise

aGCD means greatest common divisor.

Single-walled carbon nanotubes are characterized by their high degree of symmetry.
The symmetry group is as well completely determined by the chiral indices (n1,n2). Here
we will shortly go through the different symmetry operations of nanotubes and their
isogonal point groups. For a review, the reader is referred to Ref. 3. An ideal, infinite
single-walled nanotube has a periodic structure which can be described by a unit cell
repeated periodically. Therefore translations along the nanotube axis by multiples of the
vector ` are symmetry operations of the system. Rotations are also symmetry operations
of the nanotube: proper rotations around the nanotube axis, which form the subgroup
Cn (n is defined in Tab. 2.2). Improper rotations are also found, with order q (defined in
Tab. 2.2). Graphene is also invariant under sixfold rotation about an axis perpendicular
to the plane. Since the nanotube axis has to be preserved, only a 180◦ rotation remains
after the rolling. This gives rise to the U rotation axis of nanotubes, which can be seen
in Fig. 2.4 [33]. The U axis exists for every nanotube. Achiral nanotubes have further
operations: mirror planes perpendicular and parallel to the nanotube axis, which can
also be seen in Fig. 2.4, and which have important consequences for the electronic and
vibrational states.

All these symmetry operations form a space group, different for each chirality. The
space groups of one-dimensional systems are called line groups and have been developed
by Damnjanović et al. [33]. For the applications discussed in this work the isogonal
point group is sufficient [34]. The isogonal point groups are summarized in Tab. 2.2.
A nanotube is a one-orbit system: the whole nanotube can be generated from a single
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Figure 2.4.: Symmetries of the single-walled nanotubes: (8,6), (6,0), and (6,6). The
horizontal rotational axes U and U ′ are symmetries of all the tubes, while the mirror
planes (σv and σh), the glide plane σ′

v , and the rotoreflectional plane σ′

h are symmetries
of the zigzag and armchair tubes only. Taken from Ref. 33.

atom applying the symmetry operations.

We have seen that the chiral indices (n1,n2) completely determine the geometry of
an ideal nanotube. In the next section we will see that small changes in these indices,
and thus in the geometry of the tube, yield major changes in the electronic and optical
properties.

2.2. Electronic structure and optical properties

In this section we review the electronic properties of single-walled carbon nanotubes.
Basic understanding is achieved within the zone-folding approximation, in which the
Brillouin zone of nanotubes is obtained imposing periodic boundary conditions on a
plane of graphite (Sec. 2.2.1). A first approximation, neglecting the curvature of the
wall, to the band structure of nanotubes is obtained in this way. For a more realistic de-
scription of the electronic and optical properties more sophisticated methods are needed.
We compare zone-folding and ab initio calculations of band structures, and introduce
excitonc effects (Secs. 2.2.2 and 2.2.3). In Sec. 2.2.4 we discuss the Kataura plot [35].

2.2.1. The Brillouin zone of nanotubes: zone folding

One of the most formidable properties of carbon nanotubes is that, with the same type
of bonding, they can be metallic or semiconducting depending on the chiral indices. This
means that slight changes in the geometry can change the nanotube properties radically.
To understand this, let us first look at the band structure of graphite, Fig. 2.5(a). The
conduction and valence bands meet only at the corners (K points) of the hexagonal
Brillouin zone. This means that graphite is a metal with vanishing density of states at
the Fermi energy, also known as semimetal.

The exceptional Fermi surface of graphite, reduced to a set of Fermi points, can explain
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Figure 2.5.: (a) π bands of graphene. Taken from Ref. 30. (b) Ab initio calculated
band structure of graphene along the Γ-K-M direction. Inset: zoom around the Fermi
energy (at 0 eV).

the metallic or semiconducting character of nanotubes. If we neglect the curvature of
the wall, rolling the nanotube is equivalent to imposing periodic boundary conditions on
the unrolled graphene stripe. This approach is called zone-folding approximation and
is widely used for the generalization of nanotube properties (see for example Chap. 4)
[36,37]. After rolling the nanotube, the wavefunctions allowed must be continuous along
the nanotube circumference. Such states fulfill the condition

mλ⊥ = πd with m integer, (2.2)

where λ⊥ is the wavelength of the wavefuction in the circumferential direction per-
pendicular to the nanotube axis. This means for the component of the wave vector
perpendicular to the nanotube axis

k⊥ = m
2π√
Na0

= m
2

d
m = −q/2 + 1, . . . , q/2. (2.3)

In the direction kz along the nanotube axis, there is no quantization condition for ideal,
infinite nanotubes. The Brillouin zone of a nanotube can be mapped onto the Brillouin
zone of graphene as a series of equally spaced parallel lines along kz. The spacing of
these lines depends on the nanotube diameter [see Eq. 2.3], the direction is set by the
chiral angle. If the K point of graphene is contained in the Brillouin-zone lines of a
particular nanotube, it is metallic. Otherwise it is semiconducting with a band-gap
energy dependent on the distance to the K point of the closest Brillouin-zone line.

In Fig. 2.6 the graphene wavefunction at the Fermi point is displayed schematically.
The radius of the spheres indicates the amplitude of the wavefunction, the colour in-
dicates the sign. Atoms without sphere are at wavefunction nodes. The black vectors
represent the circumferential vectors c of the (7,4) [Fig. 2.6(a)] and (7,2) nanotubes
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Figure 2.6.: Wave function at
the Fermi energy. (a) Vector c

for a (7,4) nanotube. The vector
joins points with the same value
and derivative of the Fermi wave-
function. Therefore this nano-
tube is metallic at this level of ap-
proximation. (b) In the (7,2) na-
notube the vector c joins points
of opposite wavefunction sign and
this state is not allowed. The na-
notube is semiconducting. Taken
from Ref. 38.

[Fig. 2.6(b)]. After rolling the nanotube, the start and end of the c vectors are the same
point. A state is allowed only if points are connected with the same value and derivative
of the wavefunction. This is the case for the (7,4) nanotube, which is therefore expected
to be metallic, but not for the (7,2) nanotube. Since the periodicity of the wavefunction
along a1 and a2 is 3a, the condition for metallicity is

n1 − n2

3
∈ �

(2.4)

as indicated graphically in the figure.
In Fig. 2.7(a) the Brillouin zone of an (n,n) armchair nanotube can be seen, mapped

onto the Brillouin zone of graphite. Since the line m = n always includes the K point
of graphene, armchair nanotubes are always metallic. This is not the case in zigzag and
chiral nanotubes. In Fig. 2.7(b) the Brillouin zone of a semiconducting zigzag nanotube
is shown. In this case, as well as for chiral nanotubes, the metallic or semiconducting
character depends on the separation of the Brillouin-zone lines.

2.2.2. Band structure

If we now cut the graphene band structure along the Brillouin-zone lines and put them
together onto the one-dimensional Brillouin zone of a nanotube we obtain the nanotube
band structure. In Fig. 2.8(a) the band structure of a (10,0) zigzag nanotube can be
seen. The left panel shows an ab initio zone-folding calculation: the band structure of
graphene was calculated ab initio, and the zone-folding method was applied to extract
the band structure of the nanotube. In the right panel the full ab initio calculated band
structure is displayed. The only difference between both calculations is the curvature of
the nanotube wall, neglected in the zone-folding calculation. The valence bands are very
well reproduced in the ZF calculation. Some conduction bands, however, are strongly
downshifted. This is related to the rehybridization of σ and π orbitals due to the wall
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ba

Figure 2.7.: Brillouin zone of a (7,7) armchair and a (13,0) zigzag nanotube. Here the
Brillouin zone of single-walled nanotubes is mapped onto the Brillouin zone of graphene.
The background is a contour plot of the π bands of graphite as calculated with first-
neighbors tight-binding. Taken from Ref. 39.

curvature [12,15,40]. This is a general effect which is most pronounced for smaller chiral
angles and smaller diameters and will be treated in detail in Chap. 5.

In Fig. 2.8(b) the ab initio calculated band structure of an (8,8) armchair nanotube
is displayed. The quantum number m, defined in Eq. 2.3, is related to the invariance of
the nanotube with respect to rotations (proper and improper). It describes the number
of nodes of the wavefunction around the circumference of the nanotube, which amounts
to 2m. Care must be taken when handling with this quantum number, especially when
taking Umklapp processes into account, since it is derived from the isogonal point group
of the nanotubes which is not a subgroup of the full group. We refer the reader to
Ref. 3 for further details. The bands with m = n cross exactly at the Fermi energy
[EF = 0 eV in Fig. 2.8(b)]. In the zone-folding approximation they cross at exactly 2/3
of the Brillouin zone as a consequence of the geometry of the graphene sheet. We will
see in Chap. 5 how the wall curvature shifts the Fermi wave vector toward the Γ point.

2.2.3. Optical properties: band-to-band transitions vs. excitons

The optics of nanotubes are dominated by excitons, as predicted by theory and recently
verified experimentally [13, 27, 28, 41–45]. An exciton is a quasiparticle resulting from
the attractive interaction of an electron and a hole. Excitons are found in 3D semicon-
ductors with binding energies of typically ≈ 10 meV [46]. In nanotubes, however, they
have binding energies of ≈ 300 meV and dominate the optical response even at room
temperature. In order to calculate the optical response of nanotubes, electron-hole in-
teraction must be taken into account. Valuable information can be already obtained in
a one-particle approach. The first approximation to the optical transitions taking place
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Figure 2.8.: (a) Band structure of a zigzag (10,0) nanotube. Left panel: zone-folding
calculation based on an ab initio calculation of the band structure of graphene. Right
panel: full ab initio calculation. (b) Band structure of the (8,8) nanotube calculated ab
initio (see Chap. 3). The quantum number m is indicated.

in a nanotube are the band-to-band transitions as indicated with arrows in Fig. 2.8(b).
The band-to-band transitions are most probable at the extrema of the bands, where
van Hove singularities are found in the density of states. In armchair nanotubes the
band extrema are found in the vicinity of the Fermi wave vector, and the k vector of
the particles involved shifts toward the Brillouin zone boundary, the X point, for higher
energies [see Fig. 2.8(b)(b)]. For zigzag nanotubes the maxima are found at the Γ point
and also at the X point for higher transition energies [Fig. 2.8(b)(a)].

The high aspect ratio of nanotubes is responsible for the high asymmetry of their
optical response. For light polarized perpendicular to the nanotube axis the induced
charge almost completely compensates the electric field inside the tube, lowering the ab-
sorption. For light polarized along the nanotube the induced charge cannot compensate
the field since the nanotube ends are at large distances. Moreover, the high symmetry of
nanotubes imposes strict selection rules on the optical absorption. Light polarized along
the nanotube cannot change the rotational properties of an electronic state, therefore
∆m = 0 is the condition for absorption. Transitions can only take place between bands
from the same Brillouin-zone line in the zone-folding picture. Therefore the first, second,
etc. transition energies are denoted E11, E22, etc. in the literature.

In Chap. 5 we will discuss in more detail the optical properties of nanotubes, in
particular small diameter ones.

2.2.4. Kataura plot

The Kataura plot [35] is a very useful tool for understanding the optical properties of
nanotubes. It is a graphical representation of the optical transition energies as function
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Figure 2.9.: Colored symbols: experimental Kataura plot obtained from resonant Ra-
man measurements. Red symbols correspond to semiconducting nanotubes, closed for
the −1 family, open for the +1 family. Blue symbols stem from metallic nanotubes.
Gray symbols: theoretical Kataura plot calculated by folding of the third-neighbors
tight-binding band structure of graphene [47]. Taken from Ref. 48.

of nanotube diameter. In first approximation the graphite bands around the K point
can be considered straight lines. Neglecting excitonic effects the nanotube excitation
energies are proportional to 1/d. This corresponds to the solid lines in Fig. 2.9.

The red symbols are experimental data for the second transition of semiconducting
nanotubes obtained from resonant Raman experiments [48]. The data follow the solid
line, but systematic deviations are also found. We can see branches forming a v-shaped
pattern. The nanotubes in the same branch are those for which β = 2n1 + n2 =
constant. The origin of the branch opening and of the difference in the energy scale for
the experimental and theoretical data includes several factors:

(i). Trigonal warping effect: as can be seen in the inset of Fig. 2.5(b) the slope of
the graphene bands close to the K point is different at both sides of the K point.
Therefore the transition energies deviate from the 1/d behavior. The energies of
transitions stemming from the left of the K point of graphene are higher than
in the ideal case, whereas those from the right shift down [49]. The grey dots in
Fig. 2.9 are calculations including this effect [47].

(ii). Curvature: In planar graphene the σ and π orbitals are perpendicular and thus
noninteracting [see Fig. 2.5(b)]. In nanotubes the σ and π bands are not perpen-
dicular anymore and interact increasingly for decreasing diameter. The effect is an
anticrossing of the bands, which pulls the conduction bands of the nanotube down
toward the Fermi level as can be seen for the (10,0) nanotube [Fig. 2.8(a)]. This
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Figure 2.10.: Γ-point high-energy mode of the (7,0) zigzag nanotube, high-energy mode,
and radial breathing mode of the (4,4) armchair nanotube. Achiral nanotubes have
mirror planes which constrain the high-energy mode eigenvectors to the direction parallel
to the nanotube axis for zigzag nanotubes, perpendicular for armchairs.

effect is more pronounced for small chiral angles [compare the relatively symmetric
bands of the (8,8) nanotube, Fig. 2.8(b)].

(iii). Electron-electron interaction: The theoretical values are calculated with a third-
neighbor tight-binding model adjusted to LDA-DFT calculations [47]. As ex-
plained in Chap. 3, density-functional theory is a one-particle ground-state theory
which fails to describe exited states quantitatively. The effect is an underestimation
of the transition enegies.

(iv). Excitonic effects: exitonic levels appear not as sidebands of the band-to-band
transitions but dominate the optical response completely [13,27,28]. With binding
energies of ≈ 300 meV they have a strong effect on the transition energies, which
partly cancel the effect of electron-electron interactions.

The nanotubes belonging to all branches below the zeroth-approximation E22 line
in the Kataura plot have a geometrical property in common, they all have ν = (n1 −
n2)mod 3 = −1. Those above the line have ν = +1. These are the so-called ±1-
families (also known as mod 1 and mod 2 families in the literature). These two families
have systematically different behaviors, and they will be further discussed in Chap. 4
[5, 6, 14, 49].

2.3. Vibrational properties and Raman spectrum

The zone-folding approximation can also be applied to the vibrational properties of
nanotubes. This yields a fairly good first approximation to most vibrational modes
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Figure 2.11.: Totally symmet-
ric high-energy modes of a (4,2)
nanotube at the Γ point. The
eigenvectors are not constrained
to be parallel or perpendicular to
the nanotube axis, contrary to
achiral nanotubes (see Fig. 2.10).
The atoms on the background
are gray, and their displacements
omitted for clarity.

except for two modes, which are directly related to the molecular or one-dimensional
character of nanotubes. One of them is the radial breathing mode (RBM), which is the
cylindrical version of the acoustical out-of-plane vibration of graphene. After rolling up
it is not acoustical anymore, it has non-zero frequency at the Γ point, which cannot
be obtained from the zone-folding approximation. This mode plays an essential role in
Raman spectroscopy as we will see below. The other mode not described by the zone-
folding approximation is the rotation about the nanotube axis: the twisting mode of
nanotubes.

Polarization-dependent Raman measurements showed that the Raman spectrum of
nanotubes is dominated by totally symmetric modes [3, 50]. At the Γ point there are
three totally symmetric vibrational modes (two in achiral nanotubes): the two high-
energy modes (HEM) and the radial-breathing mode (RBM). In Fig. 2.10 the high-
energy mode and radial breathing mode of two achiral nanotubes are shown. The high-
energy modes are related to the G band of graphite at 1580 cm−1 which stems from the
doubly degenerate, in-plane optical phonon. The high-energy mode is axial in zigzag
nanotubes, and circumferential in armchair nanotubes, since mirror planes fix them to
these directions (see Fig. 2.4) [33]. In chiral nanotubes, however, there are no mirror
planes, both high-energy modes are totally symmetric and can therefore mix [51]. The
high-energy modes of a (4,2) chiral nanotube are displayed in Fig. 2.11.

The other totally symmetric mode, the radial-breathing mode, is found in the low-
energy range. In Fig. 2.10, the RBM of a (4,4) nanotube is shown. This mode consists
of a breathing-like atomic displacement plus a very small, nonradial component. The
radial breathing mode and totally symmetric high-energy mode or modes, even though
their frequency is very different, mix for all nanotubes [52–55]. The very small non-radial
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Figure 2.12.: Raman spectrum of bundles of nanotubes with mean diameter 1 nm.
Excitation wavelength λ = 633 nm.

component has a very strong influence on the strength of the electron-phonon coupling
(Chap. 4).

In Fig. 2.12, a typical nanotube Raman spectrum can be seen. It was measured on
a sample of bundled nanotubes with a mean diameter around 1 nm. The spectrum is
dominated by a double peak at 1550 and 1590 cm−1, known as high-energy mode (also
denoted as G band in the literature). The eigenmodes underlying these peaks are the
high-energy modes. The next feature is the D mode. This mode has a similar origin as
the D mode of graphite: a double-resonant defect-induced process [8, 9, 55]. In such a
process, after resonant absorption, the charge carrier is scattered by a phonon with finite
wave vector onto a real state. An elastic process is needed to provide momentum con-
servation: scattering by a defect. The double enhancement due to the double resonance,
plus the strong electron-phonon coupling of the phonons involved explain why the mode,
otherwise forbidden, can be observed. A very characteristic feature of this mode is that
its frequency depends linearly on excitation energy [56–59]. This is consequence of the
double-resonant process and the strong coupling of this mode to the Fermi-level elec-
trons which induces a strong softening and therefore a steep dispersion [60–62]. The line
shape of the high-energy mode has been shown to be also due to double resonance [20,63].
There is however, some controversy about the details of the process involved [64, 65].

At the low-energy side of the spectrum we find a number of close-by peaks. These
correspond to the already mentioned radial breathing mode. The frequency of this mode
depends on the diameter of the nanotube as [66, 67]

ωRBM =
c1
d

+ c2. (2.5)

This dependence, is the reason for the great amount of theoretical [14, 53, 54, 68–76]
and experimental studies [6, 7, 48, 50, 66, 67, 77–79] on the radial breathing mode. From
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resonant-Raman experiments, experimental, model-independent values for c1 and c2 were
obtained: c1 = 215 ± 2 cm−1nm and c2 = 18 ± 2 cm−1.

2.4. Summary

The different single-walled nanotubes correspond to the different ways of cutting and
rolling stripes from a graphene plane. The geometry and symmetry of a nanotube is
completely determined by the two chiral indices (n1,n2). Slight changes in the geometry
yield important changes in the electronic and optical properties. A small difference in the
chiral indices can even mean that one nanotube is metallic and the other semiconducting.

We presented the zone-folding approximation which allows to understand many reg-
ularities in the properties of nanotubes. However, in this approximation the curvature
wall is neglected, which can have important consequences. These were discussed with
help of ab initio calculated band structures. A useful way to represent the optical prop-
erties of nanotubes is the Kataura plot. We compared the theoretical Kataura plot with
resonant-Raman results. The Raman spectrum of nanotubes is dominated by the high-
energy modes, corresponding to the G band of graphite. Further modes are the D mode,
with its origin in a double-resonant process, and the radial breathing mode. All three
features stem from totally symmetric vibrational modes.



3. Methods

In this work we use both theoretical and experimental tools to study nanotubes and
picotubes. We review in this chapter the theoretical basis of these methods and give
details of the calculations and measurements performed. The chapter is organized as
follows. Sec. 3.1 is devoted to the theoretical methods. We briefly introduce the density-
functional theory, its limits and give some insight to methods beyond these limits. We
then present the Siesta method, the implementation of the density-functional theory
used in this work, Sec. 3.1.2. The computational parameters used are summarized in
Sec.3.1.3. In Sec. 3.2 we introduce Raman scattering. We present the macroscopic theory
of Raman scattering in Sec. 3.2.1. In the next two sections we briefly treat the intensity
of the Raman signal and resonant Raman scattering.

3.1. Theory: ab initio calculations

Ab initio, or first-principles calculations are quantum-mechanical, free of parameters,
and independent of experiment. The development of new methods like density-functional
theory and effective algorithms, together with the increasing power of computers makes
it possible nowadays to compute properties of solids in a personal computer [80, 81].
This has improved the understanding of the processes inside matter in a drastic man-
ner. We can now perform “theoretical experiments” in which we have absolute control
of the “sample” and can even obtain information which is not available directly from
experiments. For this reason computational physics has emerged in the last decades as
a new branch of physics, somewhere between theoretical and experimental physics.

3.1.1. Density-functional theory

Density-functional theory is an alternative approach to wave-function based calculations
of an electron gas subject to an external potential.

The Hamiltonian of the electron system is

H = Te + UC +

∫

v(r)ρ(r)dr (3.1)

where Te is the kinetic energy of the electrons, UC is the Coulomb interaction between
the electrons. The eigenvectors of this Hamiltonian are the wavefunctions Ψ(r 1, . . . , rn)
with 3 × n variables. Te and UC depend only on the number of electrons, n, and are
independent of v(r). Therefore, if n and v(r) are defined, the Hamiltonian is completely
defined.
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This Hamiltonian can describe the electronic system of a solid, being the external
potential the potential due to the atomic cores. The Born-Oppenheimer approximation,
which takes the great mass difference between the atomic cores and the valence electrons
into account, allows to treat them separately [82]. In a typical solid the number of
electrons is about 1023, therefore the task of solving the Schrödinger equation from the
Hamiltonian in Eq. 3.1 is practically impossible [83].

P. Hohenberg, W. Kohn,1 and L. J. Sham [84, 85] demonstrated in 1964 a one-to-one
relation between the ground state electronic density, ρ(r), and the external potential v(r)
[84]. Since the electronic density determines both n and v(r), the one-to-one relation can
be extended to the full Hamiltonian. ρ(r) includes, therefore, implicitly all information,
which can be derived from H.

In the same article, the authors further demonstrate that the ground state energy of
the electronic system can be obtained by minimizing a functional of the density

E = minρ(r)

{∫

v(r)ρ(r)dr + F [ρ(r)]

}

. (3.2)

F [ρ(r)] includes the electronic kinetic and interaction energy. The density which mini-
mizes E is the ground-state density, and the minimal energy is the ground-state energy.
In this way, the ground-state energy of a system can, in principle, be found handling the
three-variable electronic density ρ(r) instead of wavefunctions with up to 1023 variables
for typical solids. We say in principle since the form of the functional F [ρ(r)] is unknown.
We changed the problem of solving the original many-body Schrödinger equation by the
problem of finding an expression for F [ρ(r)].

From this variational principle to actual first-principles calculations was a long way
to run. The next step was already made in the second of the mentioned articles: the
derivation of the Kohn-Sham equations, which we handle in the next section [85].

Kohn-Sham equations

In the second article by W. Kohn and L. J. Sham [85] a set of self-consistent equations was
derived from the density-functional variational principle of Eq. 3.2. These equations have
the same form as the Schrödinger equation (enabling the usage of the large know-how
in Schrödinger-equation solving) but include correlation energy in a rigorous manner.

Former approaches like the Hartree or Hartree-Fock equations also rely on one-particle
approximations with effective potentials but include only part of the electron-electron
interaction. The Hartree equations include the mean-field Coulomb interaction, the
Hartree-Fock equations further include the exchange interaction, result of the Pauli
principle. The rest of the electron-electron interaction is what we call correlation.

The Kohn-Sham equations are

(

−1

2
∇2 + veff(r) − εj

)

ϕj(r) = 0 (3.3)

1In 1998, W. Kohn received the chemistry Nobel prize “for his development of the density-functional
theory”.

http://nobelprize.org/chemistry/laureates/1998/index.html
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where

veff(r) = v(r) +

∫

ρ(r′)

|r − r′|dr
′ + vxc(r). (3.4)

The Kohn-Sham eigenvectors are related to the density through

ρ(r) =
N

∑

j=1

|ϕj(r)|2. (3.5)

The step forward in Eqs. 3.3 and 3.4 with respect to former methods is the inclusion
of the exchange-correlation potential vxc in a mathematically rigorous manner. On the
other hand, the form of vxc is not known. If a proper approximation for vxc can be
found, Eqs. 3.3 and 3.4 provide the formalism to obtain the total energy of a system in
an otherwise exact quantum-mechanical way.

Local-density approximation to the density-functional

The simplest approximation to the exchange-correlation potential is the potential corre-
sponding to an homogeneous electronic gas ehom

xc , with the electronic density as variable.
In the local-density approximation (LDA), used in all calculations of this work, the
exchange-correlation functional is written as

ELDA
xc =

∫

ehom
xc (ρ(r))ρ(r)dr (3.6)

where ehom
xc (ρ(r)) is a function, not a functional, of ρ(r).

The exchange interaction of an homogeneous gas was already obtained by Kohn and
Sham analytically [85]. The correlation interaction was first estimated by E. P. Wigner
[83,86]. ehom

xc (ρ(r)) was calculated by D. M. Ceperley and B. J. Alder [87] with accurate
Monte Carlo methods and parameterized by J. P. Perdew and A. Zunger [88] in the way
it is used in our calculations.

Limits of the density-functional theory

The intrinsic limit of density-functional calculations is given by the accuracy of the
exchange-correlation functional. However, on the way between the Kohn-Sham equa-
tions and their numerical implementation many other approximations are necessary.
Probably the most important is the basis used to represent the Kohn-Sham eigenvec-
tors. A possible choice is a basis of plane waves. In this case it is obvious that the
more plane waves the more accuracy, but also the more expensive in terms of com-
puter capacity and time are the calculations. Therefore a compromise must be found
between accuracy and cost. Other approximations are the transformation of integrals in
reciprocal and real space into sums over grids.

The most famous problem of DFT is the so-called band-gap problem. This stems,
however, not from the theory itself but from the attempt to use a ground-state theory to
describe excited states. The Kohn-Sham eigenvectors ϕ(r) are in principle just auxiliary
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functions to obtain the electronic density. If we look at Eq. 3.3 more closely we see
that the wavefunctions can be interpreted as quasiparticles under the influence of an
homogeneous effective potential veff . Thus, the Kohn-Sham eigenvectors and eigenvalues
can be interpreted as a one-particle mean-field approximation to the electronic spectrum
of the system.

Examples of such band structure calculations will be given in the next three chapters.
The Kohn-Sham band structure yields very good qualitative results for many systems,
including nanotubes (see Chap. 5 and Ref. [40], for example). The quantitative com-
parison, however, can be much worse. For example, the band gap of semiconductors is
systematically underestimated, with errors of up to 100%. In next section we give a brief
introduction to methods used to overcome the “band-gap problem”.

Beyond DFT: GW approach and Bethe-Salpeter equation

The band gap of a solid is determined by the highest electronic energy in the ground state
(the chemical potential, which is obtained from DFT) and the lowest energy possible
for an excited electron. When an electron is excited, all other electrons interact with it
in a different manner as in the ground state. The energy of the excited electron does
not correspond to the one calculated in the mean-field approach. This error can be
corrected using different approaches. One of them is time-dependent density-functional
theory (TDDFT) [89], another one is the GW approximation [90–92]. Since we will
discuss results of the GW method in Chap. 5, we present it here briefly.

In the Green function approach the effect of the particle interaction is concentrated
in the self-energy Σ. It is a complex function: the real part determines the energy of
the quasiparticles, the imaginary part their lifetime. The equations needed to obtain
the Green function are equivalent to the Kohn-Sham equations substituting vxc by the
self-energy. The quasiparticles obtained consist of electrons surrounded by an “electron
hole” due to the Coulomb repulsion. Since the electronic interaction is screened by the
surrounding effective positive charge, quasi-electrons interact with a much weaker po-
tential as the original electrons. Therefore often a perturbative approach is justified and
the quasiparticle corrections are calculated directly. To first order on the quasiparticle
interaction the self-energy can be written as

Σ = ih̄G0W (3.7)

which explains the name of the method. G0 is the Green function of a mean-field system
in the Hartree approximation and W is the screened Coulomb interaction.

The GW approximation includes the exchange interaction and part of the correlation.
It corrects the LDA-calculated band gap yielding excellent quantitative agreement in
many cases [92]. It is, however, not enough for systems with strong correlation, and
further terms in the series must be taken into account.

When dealing with optical response calculations, the interaction within the created
electron-hole pair can have an important effect. Depending on the strength of the screen-
ing, electron and hole can feel an attractive interaction, and form a new quasiparticle:
an exciton. In carbon nanotubes the optical activity is completely transferred to the
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excitonic states. Therefore it is necessary for quantitative comparisons to calculate the
excitonic levels. The electron-hole interaction is included neither in DFT nor in the GW
approximation. However, it is possible to include the electron-hole interaction as a third
step after DFT and GW calculations, by solving the Bethe-Salpeter equation [93–95].
This is a two particle Schrödinger equation. The Hamiltonian has a diagonal part based
on the GW quasiparticle energies, and the electron-hole interaction divided in an ex-
change and an screened interaction part.

For a comparison of the results of LDA, the GW approximation, and the Bethe-
Salpeter equation on the optical absorption of nanotubes, see Chap. 5.

3.1.2. SIESTA

The Siesta code2 is an implementation of the density-functional theory [96–101].
In the Siesta method, the Kohn-Sham eigenvectors are written in a basis of confined

numeric atomic orbitals, called pseudo-atomic orbitals (or PAOs). They are obtained
by solving the equations of an isolated atom confined by a spherical potential. The
same exchange-correlation functional and pseudopotential are used, which will be used
in the actual calculation [100]. The confinement is introduced to avoid unnecessary long
orbitals which would yield negligible matrix elements when interacting with atoms far
away. This is necessary to achieve linear scaling of the computational cost with respect
to the number of atoms in the unit cell, one of the great advantages of Siesta. Such
linear scaling codes are also called order-N [O(N)] methods.

The user can decide the number of orbitals used, and also if each orbital is represented
with one (single-ζ, or SZ basis) or several radial functions (multiple-ζ basis). More
angular flexibility can be achieved adding polarization orbitals to obtain SZP, DZP,
etc. An advantage of numerical atomic orbitals compared with other basis sets, for
example plane waves, is that they allow preliminary calculations of big systems with
small basis sets. Calculating with the so-called minimal basis set (SZ) can already yield
qualitative trends at low computational cost. The results serve as basis of further, more
precise calculations. In Ref. 47, Reich et al. exploited the atomic basis set to stablish a
comparison between Siesta calculations of the band structure of graphite with different
localization radii, and tight binding models with different number of neighbors. The
greatest disadvantage of PAOs is that there is not a systematic way of improving the
quality of the basis.

Most solid-state properties are determined by the valence electrons. The main effect of
the core wavefunctions is to screen the nuclear potential. The core wavefunctions them-
selves remain almost unchanged under the crystal influence, but, since all wavefunctions
must be orthogonal, the higher valence states must oscillate strongly in the core region,
with the corresponding high computational cost. A way to avoid this problem is to take
the core electrons out of the calculation including their screening of the ionic potential
included in a new, effective pseudopotential. This pseudopotentials and the pseudo-
wavefunctions of the valence electrons must equal the true ones outside the user-defined

2Acronym for “Spanish Initiative for the Electronic Simulations of Thousands of Atoms”. Information
can be found in http://www.uam.es/departamentos/ciencias/fismateriac/siesta/

http://www.uam.es/departamentos/ciencias/fismateriac/siesta/
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Figure 3.1.: Schematic view of full-calculated
atomic potential and wave function (solid lines)
and their pseudo-counterparts (dashed lines).
They coincide outside of the core radius rc.
Taken from Ref. 80.

core radius, and the pseudopotential must have the same scattering properties as the
actual ones. In this work we use norm-conserving pseudopotentials, which yield identical
charge density inside the core radius as the actual potential. Furthermore, pseudopo-
tentials must be transferable, i.e., yield good results in different chemical environments.
A compromise between hardness and transferability must be made.

To perform a calculation, a pseudopotential for every sort of atom present in the
system is necessary, furthermore the basis set must be defined and all other numerical
parameters (k-point set for reciprocal space integration, fineness of the real-space grid,
etc.), apart from the complete geometrical description of the unit cell. The numerical
parameters must be converged to the desired accuracy before the actual calculation can
be performed.

During a calculation the Hamiltonian and overlap matrices are built and stored, and
the Kohn-Sham equations are solved by a self-consistent loop. The start point is an
electron density obtained from the sum of all atomic electronic densities. Then the
Hamiltonian is built and diagonalized3 and a new density is found. This process is
repeated until the change in density is lower than a certain threshold.

In a standard calculation the total energy per unit cell is obtained, as well as the
forces on all atoms, the stress, pressure, etc. There are other calculation modalities
implemented which yield for example the band structure (Kohn-Sham eigenvalues), wave
functions (eigenvectors), or relax the geometry with a conjugate-gradients algorithm.

In App. A we explain the phonon calculation method used in this work. The calcula-
tions of electron-phonon coupling and optical properties are explained in Chaps. 4 and
5, respectively.

3The Hamiltonian diagonalization is O(N3). Siesta offers the possibility of full O(N) calculations,
which are advantageous for big systems (N > 100 atoms) and which we did not use in this work.
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3.1.3. Computational parameters used in the calculations

In this section we describe the parameters used in the calculations presented through-
out the work. All calculations were performed with the Siesta code [101] within the
local density approximation [88]. The core electrons were replaced by non-local norm-
conserving pseudopotentials [102]. A double-ζ, singly polarized basis set of localized
atomic orbitals was used for the valence electrons. The cut-off radii were determined
from an energy shift of 50 meV by localization [100]. A diffuse 3s orbital, necessary
for the description of the electronic spectrum above 3 eV, was added to the basis for
calculating optical properties of ultrathin nanotubes.

All nanotubes and picotubes were placed in supercells of 25 Å side length in order
to avoid interaction between images due to the periodic boundary conditions. For all
nanotubes real-space integrations were performed in a grid with cut-off ≈ 270 Ry. For
picotubes a cut-off of 100 Ry was used, except in phonon calculations, where a cut-off of
200 Ry was necessary.

Electron-phonon coupling matrix elements of the radial breathing mode and optical
properties of ultrathin nanotubes were calculated using 16 k points in the kz direction
for metallic nanotubes and 3 k points for semiconducting tubes. For the high-energy
mode 16 k-points were included for all nanotubes. For the chiral (8,4) nanotube only
the Γ point was used.

3.2. Experiment: Raman scattering

Raman scattering is a non-destructive technique widely used for material characteriza-
tion. It was first observed by C. V. Raman4 when studying light scattering in transparent
media, and published in 1928 [103,104]. Raman recognized very soon the universality of
this new sort of scattering, and its great importance for the study of matter structure.

When a material is illuminated, the greatest part of the light is scattered elastically. A
very small part, approximately a millionth of the scattered intensity, exchanges energy
and momentum with the lattice in form of vibrations and is scattered inelastically.
In Fig. 3.2 we show schematically two examples of such inelastic Raman scattering
processes. Solid lines indicate real states, dashed lines indicate virtual states. After a
photon with frequency ωL is absorbed, the excited quasiparticle emits [Fig. 3.2(a)] or
absorbs [Fig. 3.2(b)] a phonon with frequency ωph and emits a new photon with frequency
ωS. The difference ωL − ωS can be measured, and in this way the phonon energies are
obtained.

Infrared spectroscopy, where light is directly absorbed by phonons, was already known
in 1928. Raman spectroscopy is in some sense complementary. We will see below that
symmetry imposes strict selection rules to Raman scattering, similarly to infrared ab-
sorption. These rules are in many cases complementary for both processes, so that some
modes are seen either in the Raman spectrum, or in the infrared spectrum. In a Raman-
scattering process not only the vibrations are involved, but also the electronic system.

4C. V. Raman obtained the Nobel prize in Physics in 1930 “for his work on the scattering of light and
for the discovery of the effect named after him”

http://nobelprize.org/physics/laureates/1930/index.html
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Figure 3.2.: Schematic view of a Stokes (a) and an Anti-Stokes (b) Raman process. The
incoming photon with frequency ωL is absorbed, then the charge carrier interchanges
energy with the system by emitting (a) or absorbing (b) a phonon. A photon with
frequency ωS is emitted. Solid lines indicate real states, dashed lines virtual states.

Therefore also electronic properties can be accessed. The electronic and vibrational
systems interact in a nontrivial manner. This interaction, known as electron-phonon
coupling, is involved in Raman scattering and can therefore be experimentally studied.
This will be discussed in more detail in Chaps. 4 and 5.

3.2.1. Macroscopic theory of Raman scattering

In the macroscopic, classical Raman theory, the incident electric field

Ei = êiEi e
i(ki·r−ωit) (3.8)

induces a polarization in the solid

P = ε0χEi (3.9)

where êi is the polarization vector of the incident light, ε0 is the dielectric constant of
vacuum, and χ is the susceptibility tensor of the solid. In molecules we rather speak of
induced dipole moment and polarizability.

We can expand the susceptibility as series of the normal coordinate Qα of the phonon
α

χ = χ0 +
dχ

dQα

Qα +
dχ

dQ*
α

Q*
α

+ . . . (3.10)

Inserting Eq. 3.10 in Eq. 3.9 we obtain the induced polarization

P = P 0 + P Stokes + P Anti-Stokes + . . . (3.11)

with

P Stokes = ε0Ei

dχ

dQα

ei[(ki−q)·r−(ωi−ωph)t)Qα (3.12)
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and

P Anti-Stokes = ε0Ei

dχ

dQ*
α

ei[(ki+q)·r−(ωi+ωph)t]Q*
α. (3.13)

We obtain two new components of the polarizability. P Stokes corresponds to the process
shown in Fig. 3.2(a) where a phonon is emitted with the corresponding transfer of mo-
mentum q and energy h̄ωph. Analogously, P Anti-Stokes corresponds to Fig. 3.2(b) in which
a phonon is absorbed.

Visible light has wavelengths of about 500 nm. The order of magnitude of the unit
cell of a typical solid is 0.1 − 1 nm. Therefore the momentum of light is ≈ 100 − 1000
times smaller than the Brillouin-zone dimensions. The maximal momentum which can
be transferred by the photon is 2ki in backscattering geometry, negligible in comparison
with the size of the Brillouin-zone. Therefore we assume that the measured frequencies
stem from the Γ point. This is only approximately true: there is always a small k i,
which has to be taken into account when studying selection rules.

The constraint to the Γ point is relaxed in second-order Raman processes. These
result of including the next two terms of Eq. 3.10. We obtain combinations of two
modes, which can correspond to the same dispersion branch or not. The energy and
momentum conservation take the form

h̄ωi = h̄ωα + h̄ωβ (3.14)

and

ki ≈ 0 = qα + qβ ⇒ qα = −qβ. (3.15)

An example of a second-order Raman tensor will be discussed in Chap. 5.

3.2.2. Intensity of the Raman signal and selection rules

We define the Raman tensor as

R =
dχ

dQ
· Q̂, (3.16)

where Q̂ is a unit vector along the normal mode eigenvector. R is a third-order tensor
with components Rabα. The indices a and b run over the three coordinates of space, and
α over the normal modes. It is usual to denote the 3 × 3 matrix corresponding to each
normal mode as Raman tensor itself, referring therefore to “the Raman tensors” of the
system.

The intensity of scattered light by a Raman process can be expressed in terms of the
Raman tensor as

I ∝ (ei · R · es)
2, (3.17)

where ei and es are the polarization vectors of incident and scattered light. That means
that, if an ordered sample is available, the Raman tensor elements can be probed by
choosing the scattering geometry.

For non-resonant excitation energies (see next section) the Raman intensity is indepen-
dent of the energy of the incident light. In Anti-Stokes scattering the intensity depends
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on the temperature of the sample, since the occupation of the vibrational states follows
the Bose-Einstein statistic. In contrast, the probability of phonon creation in Stokes
scattering is independent of the temperature. Usually the Raman spectrum showed is
the Stokes part, since the intensity of the Anti-Stokes signal is much lower at room
temperature. The intensity ratio IAnti−Stokes/IStokes is often used to obtain informa-
tion about the sample temperature, or to rule out temperature effects when studying
frequency shifts as function of, for example, pressure.

In many cases some matrix elements of the Raman tensor are zero. Then, the Raman
intensity will vanish for particular experimental geometries. Normal modes with non-
zero Raman tensor components are denoted Raman-active. With the help of group
theory the Raman active modes of a system can be obtained from symmetry, which
imposes constraints on the elements of R known as selection rules. Therefore, normal
modes belonging to the same irreducible representation have Raman tensors with similar
structure, although not necessarily quantitatively equal. The general forms of the Raman
tensors are tabulated for all point groups, for example in Ref. 105.

In App. B we perform a group-theoretical calculation of the number of Raman active
normal modes of picotubes and their symmetries (see Chap. 6).

3.2.3. Single- and double-resonant Raman scattering

In Fig. 3.2 the intermediate states are virtual, but it is possible for either one or for
both of them to coincide with a real state. We then speak of resonant Raman, in which
case the intensity is enhanced by orders of magnitude. In resonant Raman scattering,
knowledge of the Raman tensor is not sufficient for the prediction of selection rules and
intensities, since they are greatly influenced by constraints imposed by the absorption
or emission of light involved in the resonant process. A microscopical treatment of all
processes involved is needed, which will be treated in Chap. 4.

Raman scattering of carbon nanotube samples, due to the small (or zero) band gap, is
resonant in the visible range. The optical response of nanotubes is dominated by sharp
resonances, which means that in a particular energy window, only some nanotubes are in
resonance, and thus dominate the spectrum. The radial breathing mode has a diameter-
dependent frequency (see Chap. 2). For this reason, a two-dimensional map can be built
and compared to the theoretical Kataura plot in order to assign the optical features to
particular chiralities (see Fig. 2.9) [6].

In graphite and nanotubes vibrational modes from the inside of the Brillouin zone
are visible in the first-order range of the spectrum. This cannot be explained by con-
ventional first-order Raman scattering, since the momentum conservation allows only
Γ-point phonons. The explanation was found in a double-resonance model, based on the
particular topography of the Brillouin zone of graphite and nanotubes [8, 9, 63]. After
resonant light absorption, the charge carrier is scattered, again resonantly by a phonon
of non-negligible momentum. Momentum conservation is provided by defect-mediated
elastic scattering. Double resonance scattering processes have also been observed in
other materials such as germanium [106–108]. For more details, we refer the reader to
Refs. 3, 58, 59, and 109.



4. Electron-phonon coupling in
nanotubes

The Born-Oppenheimer approximation (also known as adiabatic approximation) makes
it possible to handle the electronic system and the atomic lattice in a solid indepen-
dently [82]. It takes the mass difference between valence electrons and core atoms in
a solid into account. A proton is approximately two thousand times heavier than an
electron. Therefore the electrons are so much faster than the core atoms that they can
adapt to a movement of the latter almost instantaneously. This makes it possible to
separate the Schrödinger equations for the atomic and electronic systems: the positions
of the core atoms appear as parameters in the electronic equations.

For many purposes the cores can be considered as frozen in their equilibrium posi-
tions. We can explain many of the electronic properties of solids in this way: electronic
band structure, optical properties, confinement effects, etc. [82, 110, 111]. Many other
phenomena, however, involve the interaction of the electronic and the atomic system
directly. For example, the BCS theory of superconductivity involves the formation of
electronic pairs, called Cooper pairs, by an interaction mediated by vibrations of the
atomic lattice [112].

The electron-phonon interaction can be taken into account within the Born-Oppen-
heimer approximation in a perturbative way. As we said above, the lattice structure
enters the electronic Hamiltonian as a parameter. Since a vibration is a periodic change
in the atomic positions, it has, in this parametric way, an influence on the electronic
properties.

The electron-phonon interaction of carbon nanotubes has been subject to many stud-
ies. In metallic carbon nanotubes, for example, it is responsible for the saturation of
the current in high-voltage transport experiments [113, 114]. When the electrons reach
a certain threshold energy they can be scattered by high-energy longitudinal phonons
which couple strongly with electrons close to the Fermi level [115]. Indeed, this vibra-
tional mode periodically opens a gap at the Fermi energy of metallic nanotubes. The
gap-opening, which lowers the total energy of the system, induces a softening of the
phonon frequency at the Γ point, which should be reflected in the Raman spectrum [64].
In electronic transport spectroscopy measurements, the appearance of phonon assisted
tunneling is an indication of a strong electron-phonon coupling, in this case involving
the longitudinal acoustic mode [116].

Another example of the importance of electron-phonon coupling is the possibility of a
Peierls instability [117]. In any one-dimensional metallic system a lowering of the total
energy is possible by symmetry reduction. This has been predicted for very small carbon
nanotubes for which the electron-phonon coupling is strongest [16, 17, 118].
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In this chapter we first discuss the role of the electron-phonon coupling in Raman
scattering in Sect. 4.1 and its relation to exciton-phonon coupling, relevant in carbon
nanotubes. In Sect. 4.2 we present the method of calculation and the matrix elements
obtained. We then discuss the results for the radial breathing mode and high-energy
mode in Sect. 4.3.1 and 4.3.2, respectively.

4.1. Electron-phonon coupling and Raman spectroscopy

In a Raman process the interaction of the excited quasi-particles (bound excitons in
nanotubes [13, 27, 28, 41–45]) and phonons is essential. The scattering by the phonon
constitutes the inelastic step and its probability scales the intensity of the observed
Raman peaks. An example of its importance is found in the D-mode scattering of
graphite and nanotubes. This mode is due to double-resonant scattering of phonons from
the inside of the Brillouin zone which are usually forbidden by momentum conservation.
The combination of a doubly enhanced double-resonant Raman process and a very high
exciton-phonon coupling makes this mode visible and explains the shift of its frequency
with excitation energy [8, 9, 60, 62].

The coupling we just mentioned refers to the quasi-particles excited after light ab-
sorption. This coupling will be the subject of this chapter. It must be distinguished
from the coupling to the electrons close to the Fermi energy, also relevant for Raman
spectroscopy, and which gives rise to the Kohn anomalies in graphite and metallic na-
notubes [62, 64, 76]. A Kohn anomaly is a discontinuity in the slope of the phonon
dispersion [119]. It is caused by a singular electronic screening at k points determined
by the geometry of the Fermi surface. A Kohn anomaly was first observed in lead and
recently also in MgB2, a material structurally similar to graphite [120, 121]. Further-
more, the electrons at the Fermi level can absorb phonons which reduces their lifetime
and is reflected in the Raman linewidth [64].

Raman spectroscopy is often used to determine the diameter distribution of nanotube
samples through the diameter dependence of ωRBM (see Chapter 2) [77,122–125]. Since
the achievement of (n1, n2)-assignment through resonance Raman experiments, the in-
tensity of the radial breathing mode is also used to determine the relative abundance of
tubes with different chiral index present in samples [6,7,48,79,126]. There are, however,
many factors which affect the intensity of the Raman peaks, in addition to the distribu-
tion of chiral indices. In a microscopic description the probability of a Raman process
is proportional to the squared Raman matrix element [127, 128]

|K2f,10|2 =
∣

∣

∣

∑

a,b

〈f |He-r|b〉〈b|He-ph|a〉〈a|He-r|i〉
(El −Eai − iγ)(El −Ebi − h̄ωph − iγ)

∣

∣

∣

2
. (4.1)

The symbols i, f , a, and b denote the initial, final, and intermediate electronic states,
respectively. He-r is the electron-radiation Hamiltonian and He-ph the electron-phonon
coupling Hamiltonian. El is the incoming photon energy, Eai and Ebi are the energy
differences between states a and i, and b and i, respectively. ωph is the phonon frequency,
and γ a broadening parameter related with the electronic lifetime. The denominator
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of Eq. 4.1 describes resonance effects. When the laser energy El corresponds to the
energy difference between the excited and ground states, the intensity of the Raman
peak is enhanced by orders of magnitude. This resonance can take place by the photon
absorption process (El = Eai) or by the emission process (El = Ebi + h̄ωph). Eq. 4.1
gives rise to a complex resonance profile which depends on the excitation spectrum of
the nanotube and on the phonon involved. The incoming and outgoing resonances give
rise to two maxima, separated by the phonon energy. We expect therefore a broader
resonance window for high-energy modes.

As we saw in Chap. 2 the excitation spectrum of nanotubes is strongly dependent on
diameter and chiral angle. Therefore, a single Raman spectrum alone cannot be used to
determine the relative abundance of nanotubes of different chiralities: a particular peak
could be stronger than others due to resonance and not to abundance. This problem
can be partly overcome by measuring resonance profiles and comparing only the max-
imum intensities of the peaks, but still, the resonance intensities depend not only on
the abundances. Apart from the knowledge of the probability of the Raman process,
excitonic-resonance effects must also be taken into account [129, 130].

Let us take a look at the numerator of Eq. 4.1. The resonance intensity of a Raman
mode is further modulated by three matrix elements. Two of them are matrix elements
of the exciton-radiation interaction Hamiltonian He-r and the third one corresponds to
the exciton-phonon interaction Hamiltonian He-ph. These matrix elements are often
assumed to be constant in the literature, which can lead to wrong conclusions [77, 131].
It is important to know these matrix elements and their dependence on chirality before
a statement about the chirality distribution in a sample based on Raman intensities can
be done.

The D mode of nanotubes has been shown to be due to a double-resonant Raman
process involving phonons with a large momentum [9, 61]. In the case of the radial
breathing mode the main evidence for a dominating double resonance, a frequency shift
as function of excitation energy, was not observed [6, 48]. Therefore we suppose that
single-resonances are dominating. Although a double-resonant process is doubly en-
hanced, it involves one more step than a single-resonant process, which makes it less
probable to occur. Furthermore a new matrix element, that of the electron-defect in-
teraction, has to be taken into account. In the case of the high-energy mode a slight
frequency shift has been measured, even in individual nanotubes [20, 63]. However the
nature of the process giving rise to this mode and its peculiar line shape is still controver-
sial [20,21,63–65,132,133]. In any case, both the radial breathing mode and high-energy
mode stem from near the zone center which justifies our calculations for Γ-point phonons.
It will be interesting in the future to calculate the matrix elements as function of the
phonon momentum q.

In the next sections we present calculations of the electron-phonon coupling matrix
elements of Γ-point, totally symmetric phonons of single-walled nanotubes. All calcula-
tions in this chapter are performed in a one-particle picture, i.e., electron-hole interaction
is not included (see Chap. 3). We expect the excitonic states, however, to follow the
one-particle band changes. Therefore, the electron-phonon coupling matrix elements
calculated here constitute a first approximation to the exciton-phonon coupling.
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4.2. Calculation of the matrix elements

In the Born-Oppenheimer approximation we assume that the electrons can follow the
ionic motion instantaneously. Therefore we can treat the vibrational motion as a per-
turbation of the Hamiltonian with fixed ions

H = H0 +He-ph. (4.2)

As a first step we find the eigenvalues and eigenvectors of the unperturbed Hamiltonian
H0 which can be then expressed as

H0 =
∑

kn

εknakna
+

kn
. (4.3)

akn and a+

kn
are the annihilation and creation operators of the Hamiltonian eigenstates,

respectively, with quasi-angular momentum n, quasi-linear momentum k, and eigenen-
ergy εkn. Using perturbation theory the electron-phonon interaction Hamiltonian can
be written as [134]

He-ph =
∑

α

Hα
e-ph =

∑

α

∇αH0 · Qα (4.4)

where Qα is the αth normal coordinate. We are going to restrict our analysis to phonons
with zero momentum. Writing the normal coordinate as function of the phonon creation
and annihilation operators b+α and bα for q = 0

Qα =

√

h̄

2MNωα
(bα + b+α ) (4.5)

we obtain

Hα
e-ph =

√

h̄

2MNωα
∇αH0(bα + b+α ). (4.6)

A general matrix element is then

Me-ph =

√

h̄

2MNωα
〈nα = 1,k′′n′′|∇αH0 · Qα|nα = 0,k′n′〉. (4.7)

M is the mass of the unit cell, N is the number of unit cells in the solid, nα is the
phonon occupation number. In our calculation we use one unit cell, so that N = 1 and
M = namC where na is the number of atoms in the unit cell and mC is the mass of
a carbon atom. As we saw in Chapter 2 the Raman spectrum of carbon nanotubes is
dominated by totally symmetric vibrational modes. The Hα

e-ph has the same symmetry
properties as the αth phonon. The bracket in Eq. 4.7 will be zero unless the initial and
final states belong to the same symmetry representation. Furthermore, momentum must
be conserved. Since we consider phonons with zero momentum, the electron-phonon
coupling Hamiltonian can only connect electronic states with the same momentum. The
different excited states of the same nanotube are in general well separated in energy
compared with the phonon energy, and therefore we consider here only diagonal matrix
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Figure 4.1.: (a) Band structure of a (10,0) nanotube in its equilibrium geometry (black
lines) and with atoms displaced along the axial, high-energy normal mode for two am-
plitudes: 0.01 Å (dashed green lines) and 0.02 Å (solid green lines). (b) Band energies of
the first two conduction and valence bands of a (10,0) nanotube as function of atomic
displacement corresponding to the axial high-energy mode. Note that corresponding
valence and conduction bands shift in opposite directions, as expected due to their sym-
metry. Solid lines are linear fits.

elements. In the assumption that the perturbation of the system by the creation of a
phonon is small, so that the state 〈nα = 1,k′′n′′| remains eigenstate of H,

Mα,kn
e-ph =

√

h̄

2mCnaωα

∂Ekn

∂Qα

. (4.8)

The magnitude ∂Ekn/∂Qα, called deformation potential, is the change of the energy of
the electronic state |kn〉 when changing the positions of the core atoms along the normal
coordinate Qα.

We evaluated the deformation potentials ∂Ekn/∂Qα for the radial breathing mode
and high-energy mode at the band maxima of selected nanotubes. The gradient of the
electronic state energy Ekn was approximated within a frozen-phonon approach. The
frozen-phonon method is used in phonon frequency calculations when the eigenvector is
known [135]. The total energy of the system is calculated for several atomic displace-
ments along the normal coordinate. The frequency is extracted from the curvature of
the obtained curve. Here, we perform calculations of the band structure of nanotubes for
several displacements as can be seen in Fig. 4.1(a). The black lines are the band struc-
ture of a (10,0) nanotube in the relaxed configuration. The green lines were obtained
after displacing the atoms by 0.01 Å (dashed) and 0.02 Å (solid). The bands show shifts
proportional to the atomic displacement. For some bands the shift depends strongly
on the k vector. Since the absorption is likely to occur where the density of states is
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maximal, we are specially interested in the band extrema. For zigzag tubes as the one
shown in the figure, the band extrema are located at the Γ point. In Fig. 4.1(b) we show
the Γ-point energies of the two first conduction and valence bands as function of the
atomic displacement. The band shifts are linear functions of the normal coordinates for
atomic displacements of about 1% of the C-C bond. We perform linear fits (lines in the
figure) and obtain from the slopes the deformation potentials ∂Ekn/∂Qα.

When calculating the matrix elements in the one-particle approach, both electrons
and holes must be taken into account. To every electron excited into a conduction band
c and interacting with a phonon, corresponds a hole in the valence band v. Adding up
the two contributions, i.e., assuming strict electron-hole symmetry, we obtain for the
electron-phonon matrix element

Me-ph = 〈kc|He-ph|kc〉 − 〈kv|He-ph|kv〉, (4.9)

where the minus sign comes from the opposite charges of holes and electrons.

Putting Eqs. (4.7) and (4.9) together we obtain the final expression for the matrix
element corresponding to the ith optical transition with energy Eii [14, 136]

Mi =

√

h̄

2namCωα

∂(Ei
cb −Ei

vb)

∂Qα

=

√

h̄

2namCωα

∂Eii

∂Qα

. (4.10)

Eq. 4.10 is normalized to the unit cell of the nanotube. To compare with experiment
we calculate the Raman efficiency, which is proportional to the scattering volume V

dσ

dΩ
= V

dS

dΩ
. (4.11)

The absolute Raman scattering cross section per unit length and solid angle is indepen-
dent of the unit cell volume Vc,

dS

dΩ
∝ Vc|Mi|2, (4.12)

and is therefore a more adequate quantity for comparisons between theory and experi-
ment.

The calculated RBM and HEM frequencies are displayed in Table 4.1; we found
ωRBM ≈ C1/d+C2 with c1 = 232 cm−1 nm, in good agreement with the literature [68,69],
and c2 = −6 cm−1. The mixing of the high-energy mode and radial breathing mode
eigenvectors was included in the calculations (see Chapter 2). It plays an important role
in the electron-phonon coupling since it can lower the matrix elements by up to 30%.

4.3. Results and discussion

In Table 4.1 the calculated electron-phonon coupling matrix elements for the lowest four
optical transitions are summarized. The strongest matrix element, 171 meV, is found for
the second transition of the (6,0) nanotube. This stems from a transition deformation
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potential of 28 eV/Å (Eq. 4.10). We can compare this value with similar calculations
performed for MgB2, a superconducting compound (TC ≈ 40K) with a similar structure
as graphene [137,138]. Frozen-phonon calculations of the E2g mode of MgB2 yield a very
strong coupling with Fermi-level electrons, characterized by a deformation potential of
13 eV/Å. The coupling (with optically active quasi-particles) of carbon nanotubes can
be even stronger. This can explain why it is possible to measure the Raman signal of
an individual nanotube in spite of the small scattering volume [19–21,139]. We want to
stress that a large deformation potential is not a direct indication of superconductivity
of nanotubes as suggested by measurements [18,140,141]. The relevant coupling in that
case is between phonons and Fermi level electrons, and all phonon momenta have to
be taken into account. Furthermore, theoretical works suggest that a Peierls instability
could compete with the superconducting state. There are many studies concerning this
point and the possibility of superconductivity in small nanotubes is still controversial
[16, 17, 118, 142–144].

4.3.1. Radial breathing mode

Let us now concentrate on the matrix elements for the radial breathing mode (white
columns in Tab. 4.1). Observing for example the column M1 we can see that the as-
sumption of constant coupling of all nanotubes is wrong. Comparing the matrix element
of the (19,0) and (10,0) nanotubes, we see that the coupling for the (10,0) nanotube is
stronger. This is true for all four matrix elements, which indicates a diameter dependence
of these quantities. If we look at nanotubes with similar diameter and different chirality,
like the (19,0) and (11,11) nanotubes, we find that the magnitude of the matrix elements
is higher in all cases for the zigzag nanotube, indicating a chiral angle dependence. Com-
paring now M1 and M2 for the same nanotube, for example the (15,0) nanotube, we
notice a sign change. In the following we will study each of these dependences separately
and show the regularities in the electron-phonon coupling matrix elements.

Our task is greatly simplified if we use the relation of nanotubes and graphene to dis-
play the data. In Fig. 4.2(a) the deformation potentials ∂Eii/∂Q, defined in Eq. 4.10, of
selected zigzag nanotubes are plotted. Each point corresponds to an electronic transition
between bands with a different quasi-angular momentum m. The extrema of the bands
are always at the Γ point. The Γ-point states of an (n, 0) zigzag tube in the graphene
BZ are obtained by dividing the Γ-K-M line into n parts. In Fig. 4.2(b) we show the
Brillouin zone of the (19,0) nanotube mapped onto the Brillouin zone of graphene. The
circles indicate the k points of the extrema of the bands involved in the first and second
transitions. The red line corresponds to the x axis of Fig. 4.2(a). In this way we mapped
the deformation potentials of several zigzag nanotubes onto the Γ-K-M line of the Bril-
louin zone of graphite. This representation shows that the deformation potentials of
each nanotube follow a smooth line which changes sign at the K point. For the same
nanotube the intensity and sign of the deformation potentials depends on the particular
k point in the graphene Brillouin zone at which the transition takes place and which
gives rise to an indirect diameter dependence. But we also observe a direct diameter
dependence: the smooth line is different for zigzag nanotubes with different diameter.
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Table 4.1.: Upper panel: RBM and HEM (graphite-E2g-derived-modes) frequencies
(in cm−1) and electron-phonon coupling matrix elements (in meV). The index i in Mi

indicates the four first optical transitions for each nanotube. A “∗” indicates a negligible
matrix element. A – indicates a matrix element which could not be extracted from the
calculations. Lower panel: diameter, unit cell volume, chiral angle, and Eii energies (in
eV).

M1 M2 M3 M4

ωrbm ωax ωcirc rbm hem rbm hem rbm hem rbm hem

(6,6) 278 1563 1626 -15 -85 – – – – – –

(8,8) 230 1564 1619 -10 -53 -15 -84 -15 -93 – –

(11,11) 151 1571 1602 -5 * -10 -66 -12 -79 – –

(8,4) 274
1505

-13
-31

4
-22

-16
-25

–
–

1670 71 -66 83 –

(6,0) 446 1587 1490 50 -152 -62 171 – – – –

(10,0) 287 1627 1590 -28 130 17 -110 -30 148 -31 151

(14,0) 203 1636 1610 16 -20 -21 – –

(15,0) 188 1567 1579 -22 117 13 -88 -22 128 -22 134

(16,0) 179 1635 1614 -17 13 -18 – –

(17,0) 170 1635 1613 14 -89 -16 100 -17 111 9 -78

(19,0) 149 1635 1614 -15 94 12 -83 -16 104 -16 112

d (Å) Vc (Å3) θ E11 E22 E33 E44

(6,6) 8.2 130 30◦ 2.3

(8,8) 10.9 230 30◦ 1.8 3.1

(11,11) 15.0 436 30◦ 1.4 2.5 3.3

(8,4) 8.4 626 19◦ 0.8 1.7 2.6

(6,0) 4.8 77 0◦ 1.0 1.7

(10,0) 7.9 210 0◦ 0.8 2.0 2.4 3.0

(14,0) 11.0 406 0◦ 0.7 1.1 2.4

(15,0) 11.8 467 0◦ 1.5 2.0 2.6 3.2

(16,0) 12.6 534 0◦ 0.6 1.2 1.9

(17,0) 13.4 603 0◦ 0.6 1.0 2.1 2.4

(19,0) 15.0 755 0◦ 0.5 1.0 1.6 2.7
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Figure 4.2.: (a) Calculated deformation potentials for the radial breathing mode of
zigzag nanotubes mapped onto the Brillouin zone of graphene. The solid green line
corresponds to a zone-folding calculation for the (19,0) nanotube. The dashed green line
is the absolute value of the latter. (b) Detail of the Brillouin zone of graphene around
the K point with the Brillouin zone of a (19,0) nanotube (dotted lines). The red line is
the Γ-K-M direction which corresponds to the x axis of Fig. 4.2(a). The circles mark
the Γ point of the Brillouin-zone lines yielding the lowest and second lowest transition
energies.

Let us now study the direct diameter dependence separately.
Diameter dependence: In the main panel of Fig. 4.3 we show the deformation potential

|∂Eii/∂Q| for several tubes as a function of inverse tube diameter. Since we want to
look only at the diameter dependence, we group values which stem from close k points.
In the inset of the figure a detail of the Brillouin zone of graphene around the K point
is shown. The red mark indicates the region of origin of the red data points in the main
panel, etc. We find that for a particular k point, |∂Eii/∂Q| is proportional to 1/d and
tends to zero in the infinite-diameter limit. This trend can be easily understood, since
the same change in radius yields smaller bond-length changes for larger tube radii. If
we translate a change in nanotube radius ∆R into a stretching of the graphene lattice
constant a0 we obtain

∆R =
∆a0

a0
R. (4.13)

The deformation potential can be written as

∂Eii

∂Q
≈ ∆Eii

∆R
≈ ∆Eii

∆a

a0

R
. (4.14)

The infinite-diameter limit corresponds to a translation of graphene, which cannot affect
the electronic system. Since transitions stemming from the same k point have the same
energy, we can say that in first approximation, the deformation potentials at the same
energy have a 1/d dependence. In the expression for the matrix elements, Eq. 4.10 all
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Figure 4.3.: Calculated radial breathing mode deformation potentials (absolute value)
for zigzag (closed symbols) and armchair tubes (open symbols). Values stemming from
close k points are grouped. Lines are linear fits of the data corresponding to the indicated
k value (normalized to the Γ-K-M distance); they include the origin as a data point.
Inset: Detail of the Brillouin zone of graphene with k points in which the data of the
main panel are grouped.

other factors are independent of the diameter but for ωRBM (normalizing to the same
volume). Therefore

MRBM ∝ 1√
ωRBM

∂Eii

∂Q
∝ 1√

d
. (4.15)

Chirality dependence: In Fig. 4.3 we can also see that |∂Eii/∂Q| for zigzag tubes is
up to 2.5 times larger than for armchair tubes. In order to further study the chirality
dependence of the electron-phonon coupling we compare three nanotubes with different
chiral angles and similar diameter. Their deformation potentials for the first and second
transition energies are displayed in Fig. 4.4.

As we see they follow a cos(3Θ) as expected from the trigonal warping effect. In an
analytic tight-binding study a chirality dependent term of the electron-phonon coupling
matrix element was predicted to be proportional to cos(3Θ) in agreement with our
calculations [73].

In Fig. 4.5(a) we map the deformation potentials of armchair nanotubes onto the
Brillouin zone of graphite. The extrema of armchair nanotubes lie in first approximation
along the KK ′ line. The deformation potentials become lower when approaching the
K point. Due to the linear shape of the graphite bands the transitions closer to the K
point of graphene have lower energy. That means lower coupling for lower transition
energy: for the E11 transition the electron-phonon coupling of armchair nanotubes is
lower than for E22.

If we compare the deformation potentials for the (11,11) and (19,0) nanotubes, which
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Figure 4.4.: Deformation potential for the first and second transitions of three nano-
tubes with similar diameter (see Tab. 4.1) as function of chiral angle. Note that both
(10,0) and (8,4) belong to the +1 family.

have the same diameter, we see that in the armchair nanotube the coupling is weaker.
This is primarily related to the fact that the matrix elements are evaluated at different
k points of the graphene Brillouin zone.

Family dependence: Looking again at the electron-phonon coupling for zigzag nanotu-
bes in Fig. 4.2(a) we observe that all negative deformation potentials (and hence matrix
elements) correspond to k points to the right of the graphite K point and those posi-
tive stem from its left. This behavior is confirmed by a zone-folding calculation for the
(19,0) nanotube (solid line). Although the radial breathing mode is not an eigenmode
of graphite, it can be simulated by stretching the graphene sheet in the direction per-
pendicular to the nanotube-axis direction and displacing the atoms along the non-radial
component of the radial breathing mode. Zone folding is in excellent agreement with the
full calculation and shows that the change of sign of the deformation potentials takes
place exactly at the K point. The zone folding calculation shows that we are not deal-
ing with a smooth change of sign but a sudden change at the K point. The reason is,
again, the peculiar band structure of graphite. Indeed, the π and π∗ bands of graphite
change the sign when crossing the K point, but their response to the atom displacement
is continuous. This can be seen in Fig. 4.6. The bands do not show a discontinuous
behavior when crossing the K point, but they interchange their valence and conduction
character, which leads to the sign change.

To understand the sign alternation of the matrix elements of zigzag nanotubes found
in Table 4.1 we relate the positions of the corresponding transitions on the Γ-K-M
line with the transition energies. For a particular nanotube the allowed k point lying
closest to the K point of graphene yields the lowest transition energy. As we showed
in Chapter 2 an (n, 0) nanotube has n + 1 lines with their Γ points along the Γ-K-M
line of graphite. Normalized to the Γ-K-M distance, the closest line to the K point
will be that with m closest to 2n/3. This is at the right of the K point for nanotubes
with ν = (n1 − n2)mod 3 = +1 which explains the positive sign of M1 for the (10,0),
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Figure 4.5.: (a) Calculated deformation potentials for the radial breathing mode of arm-
chair nanotubes mapped onto the Brillouin zone of graphene. (b) Detail of the Brillouin
zone of graphene around the K point with the Brillouin-zone lines of a (6,6) nanotube.
The red line is the KK ′ direction, which corresponds to the x axis of Fig. 4.5(a). The
circles mark the approximate position of the extrema of the bands yielding the lowest
and second lowest transition energies.

(16,0), and (19,0) nanotubes. The ν = −1 family has its first transition at the left
of the K point, and therefore the first matrix element is negative for the (14,0) and
(17,0) nanotubes. The second transition stems in each case from the opposite side of the
K point, which gives rise to the sign alternation. For higher transitions hybridization
effects can lower the energies of the electronic bands and change their order, which is the
reason why the sign alternation is not necessarily continued for higher transitions [40].

Inspecting the data in Fig. 4.2(a) more carefully we observe that the matrix elements at
both sides of the K point do not only have a different sign but also a different magnitude
(see dashed line). When crossing the K point, the magnitude of the coupling decreases
towards the center of the Brillouin zone. Therefore we obtain a higher matrix element
M1 for the ν = +1 family than for the ν = −1 family and the opposite for M2.

Metallic nanotubes usually have two close-by transition energies due to trigonal warp-
ing [49]. The transition with lower energy originates to the right of the K-point, the
one with higher energy to its left. Therefore, the lower-energy transition is expected to
give a higher Raman intensity. Bussi et al. [71] have predicted interference effects in the
Raman profiles of metallic nanotubes as a consequence of the sign change. For small
energy differences (≤ 200 meV) they find a change in the profile shape which can change
transition energies obtained from resonant Raman experiments by a factor of 25%.

Comparison to experiment

Our theoretical predictions were confirmed in resonant Raman experiments by Telg et al.
[6]. They measured Raman profiles of the radial breathing mode of HiPCO nanotubes in
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Figure 4.6.: Electronic bands of graphene along Γ-K-M in equilibrium (solid black line)
and under a deformation of 0.1 Å corresponding to the RBM of a (19,0) tube (colored
zone, difference enhanced ×10). At the left side of the K point the red colored band is
the conduction band. At the right side it is the blue colored one. The dashed lines limit
the ±1.5 eV region corresponding approximately to visible transitions.

the range of the E22 transition for semiconducting nanotubes and E11 for metallic ones.
A comprehensive view of the measurements can be seen in Fig. 4.7. A dot indicates a
maximum of Raman intensity. The dot area is proportional to the resonance intensity.
The Raman intensity of ν = +1 semiconducting nanotubes (red dots above the grey
line) was found to be weaker than of the ν = −1 family (red dots below the red line)
as predicted in our calculations. For metallic nanotubes only the low-energy transition
could be measured. This is in agreement with our prediction of stronger coupling for the
first transition of metallic nanotubes. Within a branch, a dependence of the intensity
on chiral angle was found, which was interpreted as a combination of the phonon and
radiation coupling matrix elements which show opposite trends.

The measurements shown in Fig. 4.7 correspond to the E22 transition of semiconduct-
ing nanotubes and E11 of metallic nanotubes. Measurements of the E11 transition of
semiconducting nanotubes have been performed recently [74, 75, 145]. In this case the
intensity differences are not as large as in Fig. 4.7. If we look at Fig. 4.2(a), and realize
that E11 transitions are closer to the K point from graphite than E22, it is immediately
clear that the matrix elements differ less.

Let us compare theory and experiment more quantitatively. In Fig. 4.8(a) we show
two selected resonance profiles of radial breathing modes [6]. These resonances can be
identified as the second transition of the (14,1) nanotube with ν = +1 and the (11,0)
tube with ν = −1. We predicted a higher Raman intensity for nanotubes with ν = −1
in agreement with the experimental data. As shown in Fig. 4.3, ∂Eii/∂u is similar
for nanotubes with similar diameter, chiral angle, and ν. Approximating the matrix
element for the (14,1) tube by ∂Eii/∂u for the (16,0) nanotube we find theoretically

|M(11,0)
2 /M(14,1)

2 |2 ≈ 3. Experimentally, the ratio |W (11,0)
FI /W

(14,1)
FI |2 ≈ 4 is in excellent

agreement with our ab initio result. This agreement suggests a uniform distribution of
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Figure 4.7.: Experimental Kataura plot. Dots indicate intensity maxima. The dot area
is proportional to the resonance intensity. Taken from Ref. 48.

chiral angles in nanotube samples [146], contrary to the suggestion that the chirality
dependence of the intensity is related to different abundances [5].

In summary, we demonstrated that the electron-radial breathing mode coupling does
not only vary for different nanotubes, but depends on diameter, chirality, family, and
transition energy. The calculated electron-phonon coupling matrix elements increase
with decreasing diameter following a 1/

√
d dependence. It also decreases for increasing

chiral angle: armchair-like nanotubes couple more weakly than zigzag-like nanotubes
with similar diameter. Depending on the family and the transition energy we found an
alternating behavior. ν = −1 nanotubes have low, positive matrix elements for the E11

transition and strong, negative ones for the E22 transition. ν = +1 nanotubes follow
the opposite trend. In metallic nanotubes, the first transition behaves “+1-like” (strong,
negative matrix elements) and the second “−1-like” (weak, positive matrix elements).
Our calculations are in good agreement with tight-binding calculations which yield simi-
lar dependences [73,147]. The predicted trends have been found in Raman experiments.
These results represent a significant step forward towards the full characterization of
samples with Raman spectroscopy.

4.3.2. High-energy mode

As we saw in Chapter 2, in the high-energy region there are two totally symmetric
vibrational modes for chiral nanotubes and only one for achiral ones. They correspond to
the doubly degenerate E2g mode of graphite. In achiral nanotubes, due to the existence of
mirror symmetries parallel and perpendicular to the nanotube axis, these two eigenmodes
are necessarily purely circumferential and axial, respectively. This is not the case in
chiral nanotubes, where there are no mirror planes, and the axial and circumferential
eigenvectors mix [33, 51]. Different calculations show, however, that the eigenvectors
deviate only slightly from the circumferential and axial directions. We will therefore use
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Figure 4.8.: a) Measured resonance Raman profiles (symbols) and fits (lines) of two
different nanotubes. b) Raman spectrum with a laser energy of 1.65 eV. Taken from
Ref. 14.

the same notation (axial and circumferential) for chiral and achiral nanotubes.

Looking in Table 4.1 at the high-energy mode matrix elements for the (19,0) nanotube,
we find a similar alternation sign as for the radial breathing mode. Indeed, the matrix
elements of all zigzag nanotubes show exactly the same sign alternating pattern as the
radial breathing mode, but with opposite sign. But, how is the sign of the matrix element
defined? In fact it is arbitrary, not only for one particular vibrational mode but also for
different modes relative to each other. In Fig. 4.9 we define the sign convention used
in this work. For atoms displaced as in the figure, when the bands are displaced away
from the Fermi level, we define the matrix element as positive. We do not stress the
particular sign of the elements but the sign alternation.

In Fig. 4.10 the deformation potentials for the high-energy mode are mapped onto
the Brillouin zone of graphite in the same way we did for the radial breathing mode
(Fig. 4.2). Looking at the vertical axis and comparing it with Fig. 4.2(a) we observe
a difference of one order of magnitude. This is reflected in the matrix elements of
Table 4.1, where we see a difference of a factor ≈ 6 between both modes [see for example
M1 for the (15,0) nanotube]. For Raman intensities this means that the high-energy
mode will appear a factor ≈ 40 higher than the radial breathing mode. This can be
verified experimentally by measuring Raman profiles of the radial breathing mode and
high-energy mode on the same nanotube and comparing the full resonance intensities of
these two modes. In this way we can be sure to have the same optical matrix elements
and the same resonance condition for both modes so that we can access the amplitude
of the electron-phonon matrix elements. Unfortunately, up to now there are not many
resonant Raman experiments on the same individual nanotube [20, 22, 23].

The direct diameter dependence we observed for the radial breathing mode is not
present in the high-energy mode. The frequency of the high-energy mode is, to first
approximation, independent of nanotube diameter, and the deformation potentials of
all nanotubes can be described by a single zone-folding calculation (see solid line in
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Figure 4.9.: Sign convention used in this work for the electron-phonon matrix elements
for the radial breathing mode and high-energy mode.

Fig. 4.10).

Comparing the magnitudes in Figs. 4.10(a) and 4.10(b) we see again lower deformation
potentials for armchair than for zigzag nanotubes. This is important since the high-
energy mode dominates the Raman spectrum of nanotubes. This mode has a much
broader resonance profile than the radial breathing mode and is therefore easier to detect
experimentally (see Sec. 4.1). The fact that both the radial breathing mode and high-
energy mode of armchair nanotubes are expected to be lower than for other chiralities
can make their detection quite difficult.

We also find that for armchair nanotubes the transitions with lower energy (closer
to the K point) show a lower coupling, it even vanishes for the (11,11) nanotube, see
Fig. 4.10. In order to understand this let us look at the change in band structure of the
(11,11) nanotube when displacing the atoms according to the axial high-energy mode.
This can be seen in Fig. 4.11(a). Close to the band minima the equilibrium and displaced
bands cross. This node is at ≈ 2/3 of the Brillouin zone for all bands. We mapped this
node onto the Brillouin zone of graphene in Fig. 4.11(b) (blue line). The extrema of
the bands lie on the KK ′ line (red line), which approaches the node for small transition
energies. For this reason, armchair nanotubes have a stronger matrix element for the
radial breathing mode than for the high-energy mode for the same transition energy.
The first transition of the (11,11) nanotube in our calculation is at 1.4 eV, which can
serve as an estimate of the maximum energy at which the high-energy mode of armchair
nanotubes can be observed.

Chiral nanotubes have two totally symmetric high-energy modes. Looking at the
matrix elements of the (8,4) nanotubes in Tab. 4.1 we see that the axial high-energy mode
shows the same alternating pattern as the matrix elements of the +1 zigzag nanotubes.
The matrix elements of the circumferential high-energy mode behave rather like those of
armchair nanotubes. This result indicates that chiral nanotubes have an armchair-like
and a zigzag-like high-energy mode. It will be interesting to perform more calculations
in this direction in order to generalize this result.



4. Electron-phonon coupling in nanotubes 46

-30

-20

-10

0

10

20

30

40

∂E
ii / 

∂u
 (e

V
/Å

)

Γ K M

a

-15

-10

-5

0

∂E
ii / 

∂u
 (e

V
/Å

)

KK’

b

Figure 4.10.: (a) Calculated deformation potentials for the high-energy mode for zigzag
nanotubes mapped onto the Brillouin zone of graphene. The green line corresponds to
a zone-folding calculation for the (19,0) nanotube. See Fig. 4.2(b) for an explanation of
the x axis. (b) Same as (a) for armchair nanotubes. See Fig. 4.5(b) for an explanation
of the x axis.

In summary, we showed that the electron-high-energy mode coupling matrix elements
depend on chirality and family in a similar way as the radial breathing mode. We expect
stronger Raman intensities for the ν = −1 family at the E22 transitions and lower one at
the E11 transitions. In general, armchair nanotubes show a weaker coupling than zigzag
nanotubes. For metallic nanotubes with chiral angle close to the zigzag direction we
expect the resonance at the lowest transition to appear stronger than at the second one,
whereas for armchair-like metallic nanotubes the lowest transition will be suppressed.
The coupling of the high-energy mode is stronger than for the radial breathing mode.

4.3.3. Charge-carrier relaxation

The coupling of totally symmetric phonons to charge carriers is relevant for charge-carrier
relaxation. In a photoluminescence experiment in nanotubes, for example, the light
emitted by recombination of band-gap excitons is detected [5,10,148]. The excitation can
take place in the first or higher subbands. The excitons relax to the first subband, and
further to its minimum, where they recombine. A strong electron-phonon coupling makes
phonon emission an important means of non-radiative relaxation and recombination.
The high-energy mode, with squared matrix elements an order of magnitude stronger
than the radial breathing mode, dominates the carrier-relaxation processes.

The elucidation of the processes between excitation and emission is difficult for many
reasons. First, the environment plays an important role in exciton dynamics. Bundling
quenches the photoluminescence, presumably due to intratube relaxation involving metal-
lic or low-gap semiconducting nanotubes [10,149]. Interaction with a substrate can also
quench the luminescence [148]. Since the excitons are confined in a 1D structure, they
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Figure 4.11.: (a) Black lines: equilibrium band structure of an (11,11) nanotube. Red
lines: band structure after displacing the atoms by 0.01 Å following the axial high-energy
mode pattern. (b) Mapping of the high-energy-mode node onto the Brillouin zone of
graphene.

are very sensitive to the environment which can change their binding energies and dy-
namics [44, 150]. Second, the yield and the decay rate of photoluminescence are related
to both radiative and non-radiative processes which have to be accessed with different
experiments.

Time-resolved picosecond luminescence spectroscopy in individual, solved nanotubes
yielded similar decay times of ≈ 30 ps for different chiralities [149]. The study in-
cluded nanotubes excited into the first and second sub-bands. A similar decay time
for both cases means that the recombination at the band gap is the slower, limiting
process. The faster, non-radiative processes can only be accessed by pump-probe ex-
periments. These experiments can be degenerate (same energy for pump and probe
pulses) or non-degenerate (pumping and probing different states). In degenerate pump-
probe experiments of similar samples two different decay regimes were found: a faster
(τ ≈ 0.3−1.2 ps) and a slower one (τ ≈ 5−20 ps) [151]. The slower decay was only found
for resonant excitation and must therefore correspond to the band-gap recombination.
In higher excited states non-radiative processes dominate, which yield the faster decay.

A further step is measuring the signal of individual nanotubes. Htoon et al. measured
photoluminescence excitation spectra of individual nanotubes [152]. In their spectra
photoluminescence traces as well as Raman traces can be found. When these cross, the
signal is enhanced. They find at these spots a double signal: a narrow resonant Raman
signal and a broad luminescence band, enhanced by a phonon-assisted transition. The
phonon-assisted transitions are as intense as the resonant photoluminescence peaks, and
even third-order processes can be found. This indicates a very strong overall exciton-
phonon coupling in agreement with our calculations.

Hagen et al. [153] measured the photoluminescence lifetime of single-walled nanotubes
on a substrate. The dependence of the decay time on temperature of the (6,4) nanotube
could be explained with a model including strong coupling with the radial breathing
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mode. This nanotube has a chiral angle of 23◦ which is close to armchair. The photolu-
minescence was measured at ≈ 1.4 eV, which coincides with the threshold we predicted
for the high-energy mode (see Sect. 4.3.2).

In pump-probe experiments, coherent phonons can be activated and observed. Such
measurements have shown the radial breathing mode of several nanotubes [154, 155].
Measurements with higher temporal resolution also show the high-energy mode [156].
This is again an indication of strong electron-phonon coupling of these modes.

Theory and experiment agree about the key role of phonon emission in photolumi-
nescence. More specific experiments, in which the phonon population is directly probed
while pumping excited states, are needed to understand the role of each particular mode
for every step of the photoluminescence processes.

4.4. Summary

In summary, our calculations of exciton-phonon coupling in single-walled nanotubes show
that there is a strong dependence on diameter, chiral angle, and family. The matrix ele-
ments of both the high-energy mode and radial breathing mode of ±1-family nanotubes
have alternating sign for growing transition energies and alternate as well between strong
and weak magnitudes. The magnitude decreases for growing chiral angle and the sign
alternation disappears for armchair nanotubes, which are also the weakest. The radial
breathing mode matrix elements corresponding to transitions with similar energy show
an 1/

√
d dependence. For the radial breathing mode these dependences were found in

resonant Raman measurements [6, 48]. The high-energy mode matrix elements do not
depend explicitly on diameter and are a factor ≈ 6 stronger than those of the radial
breathing mode. This means one or two orders of magnitude between the Raman inten-
sities of the radial breathing mode and high-energy mode. An exception are armchair
nanotubes which show an electron-phonon coupling node for low transition energies.
The high-energy mode of individual nanotubes is more difficult to access experimentally
and therefore measurements on individual nanotubes are desirable for a comparison with
theory.

Our results have also implications for charge-carrier relaxation. The strong electron-
phonon coupling stresses the importance of phonon emission as non-radiative relaxation
and recombination path.



5. Ultrathin nanotubes

One of the great challenges in nanotube science is the control of chirality, diameter,
and geometry during sample growth or the separation by post-processing. This would
boost not only the applications, specially in electronics, but also our understanding of
the nanotube properties. Up to now this goal has not been achieved. There have been,
however, significant advances towards the controlled growth of nanotubes. For example
samples with a narrow chirality distribution have been achieved by catalytic methods
[125,126,157,158]. In this chapter we concentrate on samples where the diameter of the
nanotubes is constrained by a template technique. The templates are AlPO4-5 zeolite
single crystals, also known as AFI. The structure of an AFI crystal can be seen in
Fig. 5.1. It was possible to grow nanotubes in the channels of such a crystal [159–161].
The small diameter of the AFI channels limits the diameter of the nanotubes which has
been shown to be ≈ 4 Å.

The small diameter of these nanotubes automatically reduces the number of possible
chiralities. For ≈ 4 Å we find only three possible chiralities: (3,3), (5,0), and (4,2).
Together with the small size of these nanotubes, which makes calculations less demanding
in terms of computer time and memory, this enables direct comparison with theory.
At the same time, because of the small diameter, approximations successful for bigger
nanotubes break down making a full calculation necessary. After studying the structure
of the 4-Å nanotubes in Sec. 5.1 we investigate the effect of curvature on their electronic
band structure and find that the zone-folding approximation has to be abandoned at this
low diameter (Sec. 5.2). The optical response of the nanotube-zeolite system compares
successfully with the experimental findings which allows us to assign features in the
absorption spectrum to individual nanotubes at the end of Sec. 5.3.1

The alignment of the nanotubes in the zeolite channels makes polarization-dependent
studies possible, e.g., Raman selection rules or polarization-dependent absorption [11,
124,162]. The Raman spectrum of zeolites, subject of many studies, is still not fully un-
derstood [124,162–168]. Most likely the strong curvature of the nanotube walls is again
responsible for Raman spectra different from those of larger-diameter tubes. In Sec. 5.4
we present the Raman spectrum of nanotubes grown in zeolite for different wavelengths.
With the knowledge of the optic response we can ascribe resonances to individual nano-
tubes. Using ultraviolet excitation we addressed the (3,3) nanotube for the first time,
which has significant absorption only above 3 eV. We find surprising features unknown
up to now, which can only be explained in the light of recent calculations of the phonon

1Sections 5.1 to 5.3 are mainly taken from Ref. 12. The author of the thesis performed the calculations
and wrote the article under supervision of C. Thomsen, P. Ordejón, and S. Reich, who coauthored
the paper. D. Sánchez Portal, also coauthor, implemented the calculation of optical properties in
Siesta.
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(b)

Figure 5.1.: (a) AFI single crystal structure along the [001] direction. Taken from
Ref. 11. (b) Scanning electron microscopy image of AFI single crystals. Taken from
Ref. 124.

dispersion of this nanotube [16, 17].
The strong electron-phonon coupling found for the (3,3) nanotube brings us to the

question about a possible Peierls instability. We address this topic experimentally in
Sec. 5.4.3 with temperature-dependent ultraviolet Raman measurements.

5.1. Structural properties

Nanotubes in zeolite are grown by pyrolysis of tripropylamine (TPA) molecules (C9H21N)
[169]. Raman measurements under different growth conditions show how the TPA
molecules are carbonized at ≈ 400◦ C, and at ≈ 500◦ C nanotube-specific features ap-
pear. The measured radial breathing modes at ≈ 530 cm−1 indicate a diameter of
4 Å [164, 166, 169] in agreement with high-resolution transmission-electron microscopy
measurements [161]. We expect the geometry of these nanotubes to differ from that of
an ideal cylinder.

In this section we study the geometry of the 4-Å nanotubes by first-principles calcula-
tions. We assume a negligible interaction with the surrounding zeolite. The separation
between the channel and the nanotube walls is ≈ 3.3 Å, similar to the interplane dis-
tance of graphite (3.41 Å). Therefore, we calculate the relaxed geometry of the nanotubes
isolated in vacuum. In Tab. 5.1 the results of the relaxation are shown together with
the parameters corresponding to the ideal cylindrical geometry obtained by rolling up
the graphene plane [33]. For the ideal geometry we used the calculated lattice constant
of graphene a = 2.468 Å. The bond lengths and angles for the ideal configuration de-
pend on the chirality, due to the curvature of the nanotube wall. The lattice constant
of the nanotubes in z direction changed by less than 0.3% during the relaxation. The
calculated average radii are ≈ 3% larger for the relaxed geometry in agreement with
the trend indicated by Sánchez-Portal et al. [69]. This change in radius corresponds to
different changes of the bond lengths and angles depending on the particular geometry
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Figure 5.2.: Geometry parameters of the 4-Å-diameter nanotubes.

Table 5.1.: Geometry parameters for the ideal rolled graphene sheet and for the relaxed
configuration. r denotes the nanotube radius and ` the translational periodicity. The
bond lengths and angles are defined in Fig. 5.2.

Bond lengths (Å) Bond angles◦

r(Å) |`|(Å) a b c α β γ

(3,3)
Relaxed 2.10 2.47 1.43 1.44 – 116 119 –

Cylinder 2.04 2.47 1.42 1.40 – 116 120 –

(5,0)
Relaxed 2.04 4.27 1.41 1.45 – 120 111 –

Cylinder 1.96 4.30 1.43 1.41 – 120 110 –

(4,2)
Relaxed 2.14 11.28 1.44 1.42 1.44 114 119 119

Cylinder 2.08 11.31 1.40 1.43 1.42 113 120 118

of the tube. The bonds with the smallest angles with respect to the tube axis change
the least with respect to the ideal structure, as expected [bond a for the (3,3) and (5,0)
nanotubes, b and c for the (4,2) tube]. The bonds in the direction of the circumference
are more affected by the curvature and experience changes up to 3%. The angles change
less than 1.5% for the three nanotubes.

5.2. Electronic band structure: rehybridization

The electronic band structures were calculated using the relaxed geometries obtained
above. The results are shown in Fig. 5.3. The most remarkable feature is the metallic
character of the (5,0) nanotube, which is expected to be semiconducting in the zone
folding approximation. Blase et al. showed, for zigzag nanotubes as small as (6,0),
how the increasing curvature of the graphene sheet can enforce a rehybridization of the
π and σ orbitals of carbon atoms, which is not present in the planar structure [15].
The effect of curvature, neglected in the zone folding approach, becomes essential in the
case of the 4-Å nanotubes as can be seen in Fig. 5.4. The solid lines show ab initio
zone-folding calculated bands, in which the curvature is completely neglected, while
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Figure 5.3.: Calculated electronic band structures of the relaxed 4-Å single-walled
nanotubes. The Fermi level is at 0 eV.

the dotted lines show again the ab initio calculation for the relaxed geometry. It is
clearly seen how the curvature shifts down the π∗ derived nanotube bands, which in
the case of the (5,0) nanotube leads to the metallic character. The (4,2) nanotube is
semiconducting as expected, but with a 0.2 eV indirect gap, instead of the 2 eV direct
gap obtained from zone folding. For these small tubes the valence bands are not well
reproduced by the zone folding approach, contrary to the observation for nanotubes with
larger radii [40]. Furthermore, the valence and conduction bands of the three tubes are
strongly asymmetric with respect to the Fermi level in contrast to the nearest-neighbor
tight-binding approach in which only the π and π∗ orbitals are taken into account.

We also calculated the band structure of the 4-Å-diameter nanotubes in the ideal cylin-
drical configuration obtained from rolling a graphene sheet, as can be seen in Fig. 5.5.
The changes depend strongly on the chirality and the specific band, and can be as large
as ≈ 1 eV. Nevertheless, the differences shown in Fig. 5.5 are much smaller than the ones
coming from the curvature, especially in the region around the Fermi energy (compare
Fig. 5.4). In particular, it should be noted that the metallic character of the (5,0) nano-
tube is already obtained for the unrelaxed, cylindrical geometry and thus not an effect
of the structural relaxation.

5.3. Optical properties

5.3.1. Calculation method

We calculate the optical properties of the 4-Å diameter nanotubes from the one-particle
band structure. As commented in Chap. 3, the eigenvalues of the Kohn-Sham equations
can be interpreted as eigenenergies of electrons in a mean field caused by all other
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Figure 5.4.: Solid line represents zone folding electronic band structures of the 4-Å
single-walled nanotubes. Dotted line represents ab initio electronic band structures of
the relaxed 4-Å nanotubes. The Fermi level is at 0 eV.

electrons, and the eigenvectors as the corresponding wavefunctions. This approach is
commonly used, but its shortcomings should always be kept in mind (see Chap. 3).

The optical response of the single-walled nanotubes was obtained using first order
time-dependent perturbation theory to calculate the dipole transition matrix elements
between occupied and unoccupied single-electron eigenstates [46]. In the electric dipole
approximation, the electron-radiation Hamiltonian is proportional to the momentum
matrix element, which can be easily evaluated numerically when the wave functions
are known. The optical matrix elements were calculated including the corrections due
to the nonlocality of the pseudopotential [170]. We obtain the imaginary part of the
dielectric function ε2, which was then used to calculate the real part ε1 with help of the
Kramers-Kronig transformations.

The definition of the dielectric function of an isolated nanotube has a certain degree
of arbitrariness, since it depends on the concentration of scatterers. In our calculation
the density of scatterers is set by the size of the supercell, which does not have a phys-
ical meaning. We used the volume of the nanotube VNT to renormalize the calculated
dielectric function εcalc2 as ε2 = (Vcell/VNT)εcalc2 , where Vcell is the volume of the supercell.
Having obtained ε1 and ε2, the other optical properties can be easily calculated.

The technical details of the calculations are as given in Chap. 3 and Ref. 12. To
the double-ζ, singly polarized (DZP) basis set of localized atomic orbitals a diffuse 3s
orbital was added. The inclusion of the 3s shell is instrumental for the description of the
electronic spectrum above 3 eV. More precisely, the DZP basis, without the inclusion of
the 3s orbital, fails to reproduce the position of the dispersive band appearing 3 eV above
the Fermi level at the Γ point in the case of the band structure of graphene (see Fig. 5.6),
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Figure 5.5.: Solid line represents the calculated electronic band structures of the 4-Å
single-walled nanotubes with the ideal cylindrical structure. Dotted line represents the
same calculation with the relaxed structure. The Fermi level is at 0 eV.

placing it at higher energies. A cut-off radius of 10 a.u. was used for the 3s shell. In
order to demonstrate the accuracy of the basis set used here, we compare in Fig. 5.6 the
calculated band structure of a graphene sheet, with the results computed using a 50 Ry
plane-wave expansion and the same pseudopotential and exchange functional, obtaining
an excellent agreement up to at least 6.5 eV.

5.3.2. Dielectric function of 4-Å-diameter tubes

In Figs. 5.7 and 5.8 we show the dielectric function of the three nanotubes for the case
of light polarized parallel and perpendicular to the nanotube axis, respectively. Due to
the anisotropy of the nanotubes, their response in these two configurations is radically
different. This difference is partly due to symmetry selection rules [3]. The imaginary
part of the dielectric function is proportional to the square of the momentum matrix
element. If the light is polarized along the nanotube axis, the momentum operator
cannot change the angular quasi-momentum m of the initial electronic state, which
allows only transitions in which ∆m = 0. In the case of light polarized perpendicular
to the nanotube axis, selection rules yield ∆m = ±1. ε2 gives an idea of the optical
absorption which can be expressed as

α =
4πκE

hc
(5.1)

where E is the photon energy and

κ =

(√
ε21 + ε22 − ε1

2

)1/2

. (5.2)
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In the parallel configuration, the absorption is concentrated in the 1–3 eV region. Under
perpendicularly polarized light, the absorption range extends to 5.5 eV, and the response
is at least three times weaker.

Li et al. [11] measured polarized absorption spectra for the 4-Å single-walled nano-
tubes arrayed in the one-dimensional channels of a zeolite crystal. They observed a
homogeneous decrease in the absorption with increasing polarization angle. This is due
to the screening of the electric field perpendicular to the nanotube axis, also known as
the depolarization effect, and does not allow the comparison with our results for per-
pendicular polarization [171]. From this point on, we concentrate on the results under
parallel polarized light. In Fig. 5.9(a), the calculated optical absorption α of the three
free-standing SWNTs is shown. For a direct comparison of our results with the exper-
iment, we must include the effect of the zeolite on the optical properties. The van der
Waals interaction between nanotube and zeolite has been shown to be very weak (less
than 50 meV/atom for the tube sizes considered here), as well as the influence of the
zeolite on the electronic structure of the nanotube [172,173]. We, therefore, neglect this
interaction, and treat the zeolite-nanotube composite as a homogeneous material with
an effective dielectric constant. This approximation is justified in the long-wavelength
limit, which applies in our case. However, it implies that we are neglecting possible
depolarization effects in the nanotube due to the zeolite. We calculated an effective
dielectric function using the weighted average of the constituents,

εeff(ω) =
f [ε(3,3) + ε(5,0) + ε(4,2)]

3
+ (1 − f)εzeol, (5.3)

where f , the filling fraction of the nanotubes, is defined as

f =
πR2

a2 cos 30◦
≈ 8%, (5.4)
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Figure 5.9.: (a) Calculated optical absorption of the isolated nanotubes under light
polarized parallel to the nanotube axis. The black line corresponds to the (3,3) armchair
tube, the blue line to the zigzag (5,0) and the red line to the chiral nanotube (4,2). (b)
Black line represents the effective optical absorption of the zeolite-nanotubes composite,
assuming the same concentration of (3,3), (5,0), and (4,2) nanotubes. Green line: optical
absorption for the zeolite crystal. (c) Black line: Effective optical absorption of the
zeolite-nanotubes composite, assuming a ratio of 0.5:0.4:0.1 for the concentration of
(5,0), (3,3), and (4,2) nanotubes and a nanotube filling fraction of 2×10−4, which yields
a better quantitative agreement with the experimental data. We assumed a sample
width of 10µm [11]. Green line represents the experimental optical absorption for the
zeolite crystal. In (b) and (c), the optical absorption was corrected for the reflectivity
of the sample. However, this correction leaves the results almost unaffected. Note the
different scales in the three panels.
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Figure 5.10.: Experimental optical absorption spectrum of the nanotube-containing ze-
olite crystal for incident light polarized parallel to the nanotube axis. Taken from Ref. 11.
The arrows indicate our assignment of the absorption peaks to individual chiralities.

under the assumption that all channels are completely filled [174]. a = 1.37 nm is the
distance between the centers of two adjacent channels in the zeolite crystal and R is the
radius of the nanotubes. The concentration of the three different SWNTs was supposed
to be homogeneous. We applied Eq. (5.3) to the imaginary part of the dielectric function
neglecting the contribution of the zeolite. This is justified by the measurements of the
optical absorption of pure zeolite by Li et al. [11] and Hoffmann et al. [175]; the latter
can be seen in Fig. 5.9. An effective α was calculated from εeff, the result is shown in
Fig. 5.9(b). The three peaks in αeff correspond well to the experimental results shown in
Fig. 5.10, where the calculated absorption maxima are indicated by arrows. In Table 5.2,
the experimental and calculated energies of the absorption maxima are shown. The
agreement of the LDA results is excellent. We obtain three peaks equivalent to peaks A,
B, and C in the experiment, and are able to identify them as coming mainly from the
tubes indicated in Fig. 5.10. The assignment differs slightly from the one of Li et al. [11],
who did not calculate the absorption explicitly. The point group they used did, however,
not include the U -axis and thus gave incorrect selection rules [the point group of the
(4,2) tube is D28 (see Tab. 2.2)] [33]. Contrary to their results, we do not obtain any
appreciable absorption due to the (4,2) nanotube below 1.8 eV. The shoulder S below
the main peak at 1.2 eV does not appear in our calculations.

The maximum deviation in the position of the peaks is ≈ 14%, which is to be expected
from the inaccuracy of local-density approximation to describe the energies of excited
states, and comparable to the errors of ≈ 10−20% reported by Li et al. [11] and Reich et
al. [40]. The so-called LDA gap problem stems from the fact that the density-functional
theory is a ground-state theory. The Kohn-Sham eigenvalues describe noninteracting
quasiparticles in an effective potential due to the collective interaction in the solid. To
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Table 5.2.: Energies in eV of the experimental and calculated optical absorption maxima
of the SWNT-containing zeolite.

LDA GW BSE Experimenta

(3,3) 2.9 3.26b 3.17b (C) 3.1

(5,0)
1.2 1.30b 1.33b (A) 1.37

2.4 (B) 2.1

(4,2)
1.9 3.1c 2.2c (B) 2.1

3.0–(3.6) (C) 3.1

aRef. 11
bRef. 13
cRef. 177

calculate the excited states more accurately, electron-electron interaction must be taken
into account. Furthermore, excitonic effects have been demonstrated in carbon nanotu-
bes. This means that also electron-hole interaction is important for the description of
optical properties of nanotubes. We expect this effect to be stronger in thin nanotubes.

In Tab. 5.2 we show calculations with the GW method, and the Bethe-Salpeter equa-
tion. The GW method accounts for the electron-electron interaction and yields higher
transition energies. The Bethe-Salpeter equation accounts for the electron-hole interac-
tion, i.e., excitonic effects which tend to lower the transition energies [43] (see Chap. 3).
For the (5,0) nanotube the excitons are not bound since the repulsive term of the electron-
hole interaction dominates. It might be surprising to see bound excitons in a metallic
system like a (3,3) nanotube, and even with a very strong binding energy. This is mainly
due to the weak screening due to the reduced dimensionality.

Since each of the nanotubes gives rise to features in the optical spectrum at different
energies, we can use the intensity of the experimental peaks for a rough estimate of the
proportion of nanotubes with each chirality. Yet a direct fit of the experimental data
with the theoretical spectra is difficult due to uncertainties such as the background in the
experimental curves. We found that a proportion of 0.5 : 0.4 : 0.1 for the concentration of
the (5,0), (3,3), and (4,2) nanotubes optimizes the agreement between the calculations
[Fig. 5.9(c)] and the experiment. The abundance of the chiral (4,2) tubes seems to
be lower than of the achiral tubes, a result that supports recent experimental studies
indicating a lower concentration of (4,2) nanotubes than of (5,0) and (3,3) tubes [176].
The filling fraction we obtained from the experimental data, 2 × 10−4, is two orders of
magnitude smaller than expected from the volume of the zeolite channels, see Eq. 5.4.
Partly, this difference might be due to the experimental setup, e.g., the non-normal
incidence of the light in a microscope setup [11]. Nevertheless, our finding suggests that
only a part of the zeolite channels is filled with nanotubes.
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5.4. Vibrational properties: Raman scattering

In the previous sections, we have seen the important effect of the wall curvature in the
electronic properties of nanotubes. The orbital rehybridization, for example, is especially
strong for small nanotubes and can even turn semiconducting nanotubes metallic. This
effect can be also found for bigger nanotubes in a weaker manner, as has been seen in
photoluminescence and Raman experiments for HiPCO nanotubes [5–7]. The small size
of the nanotubes in the sample allowed the direct comparison of calculations of excitonic
effects with experiment. What about the vibrational properties of these tubes?

Many efforts have been done to understand the Raman spectrum of nanotubes grown
inside the zeolite channels. The radial breathing modes were found at the energies
predicted by ab initio calculations confirming the nanotube diameter of ≈ 4 Å [53, 159,
163,164,166,178]. Otherwise, the spectrum differs strongly from the well-known Raman
spectrum of bigger nanotubes.

In the following sections we present Raman measurements of zeolite nanotubes. Our
calculations of optical properties presented in Sec. 5.3.2 yield an optical gap of ≈ 3 eV
for the (3,3) nanotube. We therefore measure with excitation energy up to 3.8 eV.
We interpret the results in view of recent calculations of the phonon dispersion of this
nanotube, which yielded a very strong electron-phonon coupling [16, 17].

5.4.1. Wavelength dependent Raman spectrum

In Fig. 5.11 we show Raman spectra of nanotubes in zeolite for a wide range of excitation
energies. In the high-frequency region we can distinguish an asymmetric band. This
band can be fitted with two Lorentz peaks, similarly to the high-energy mode of bigger
nanotubes (see Chap. 2). In the middle-frequency range we do not find a band which
could be identified with the D mode, known from bigger nanotubes. A set of bands in
the range between 1200 and 1400 cm−1, already known from previous Raman studies,
are found [164, 166]. As we saw in Chap. 2, the D mode of graphite and nanotubes
has it origin in a double-resonant Raman process [3, 8, 9]. Such process relies on the
geometrical coincidence that 2kF − G ≈ kF where G is a reciprocal vector. This is not
the case for small nanotubes, since the curvature shifts the Fermi wave vector towards
the Γ point (see Fig. 5.4) [12, 180]. In bigger nanotubes the D mode has been shown
to shift with excitation energy, as a consequence of the double-resonant process giving
rise to this mode. Nanotubes grown in zeolite do not show any systematic mode shift,
in agreement with the expectations.

Looking at the dependence of the spectra on excitation energy, we can clearly distin-
guish two resonance ranges. For excitation energies between 2.18 and 2.63 eV we see
how two peaks around 1250 cm−1 appear and dissappear again. In this energy range
resonances of the (4,2) and (5,0) nanotubes are expected (see Tab. 5.2). Above 3 eV a
peak at ≈ 1400 cm−1 dominates the spectrum. This range corresponds to energies just
above the optical gap of the (3,3) nanotube.

In Fig. 5.12 we show the low-energy region of the Raman spectrum. In the visible range
[Fig. 5.12(a)] we find two peaks at 500 and 550 cm−1 which are interpreted as the radial
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Figure 5.11.: Raman measurements of nanotubes in zeolite in the high- and middle-
energy region [162, 165, 179]. The excitation energy is indicated close to each spectrum.
The spectra are normalized to the amplitude of the rightmost peak and shifted vertically
for clarity. The background was substrated in all spectra but for those between 3.41 and
3.69 eV.
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Figure 5.12.: (a) Taken from Ref. 164. (b) UV Raman measurements of nanotubes in
zeolite in the low-energy region. Same normalization as Fig. 5.11 but for the lowest two
spectra, which are amplified by a factor of three. The scale is different from Fig. 5.11.
For comparison see Fig. 5.13.

breathing mode of the (4,2) and (5,0) nanotubes. In the ultraviolet range, on the other
hand, a peak at ≈ 659 cm−1 dominates the spectra [Fig. 5.12(b)]. Our calculation of the
radial breathing mode frequency of the (3,3) nanotube yields 545 cm−1. The measured
radial breathing modes in the visible range are in good agreement with the calculated
values of 524 cm−1 for both the (5,0) and (4,2) nanotubes. The radial breathing mode
of the (3,3) nanotube is therefore not expected to shift up by 100 cm−1.

The origin of most of the peaks shown is still controversial. The great differences
between the spectra from nanotubes in zeolite and samples with nanotubes of larger di-
ameter stems from the high curvature of the nanotubes with small diameter and from the
interaction between the nanotubes and the zeolite framework. The curvature gives rise
to a softening of circumferential phonons together with an enhancement of the electron-
phonon coupling. The interaction with the framework can relax the strict selection rules
which stem from the perfect symmetry of the nanotubes.

In the following section we discuss the spectrum under ultraviolet excitation in more
detail, and provide an interpretation in view of the latest phonon-dispersion calculations
for the (3,3) nanotube.

5.4.2. UV Raman spectrum of ultrathin nanotubes

In the main panel of Fig. 5.13 the Raman spectrum of ultrathin nanotubes at an exci-
tation wavelength λ = 335.8 nm (E = 3.69 eV) can be seen. Let us focus on the first
order spectrum (below 1800 cm−1). We observe a double peak in the high-energy region
(ω = 1597 and 1624 cm−1) similar to the high-energy mode found in the spectrum of
bigger nanotubes. A structured band ranging from 1150 to 1450 cm−1 is dominated by
a peak at 1401 cm−1. Furthermore, a peak at 649 cm−1 is found. This frequency is
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Figure 5.13.: Raman spectrum of ultrathin nanotubes in zeolite measured at an exci-
tation wavelength of λ = 335.8 nm. Fitted frequencies in cm−1 are displayed close to
the peaks. Green numbers correspond to the first order spectrum, red numbers to the
second order modes, and blue ones are combination modes (the combined frequencies are
displayed in parentheses). Inset: Raman spectrum of a nanotube paper with diameters
in the range of 1.2 to 1.4 nm. The excitation wavelength is 333.6 nm.

too high for a radial breathing mode corresponding to a diameter of 4 Å and too low
for the D mode. In the inset of Fig. 5.13 the Raman spectrum of a SWNT paper at
a similar excitation wavelength is displayed for comparison. These nanotubes have di-
ameters in the range of 1.2 to 1.4 nm. The paper was prepared by filtering and drying
a nanotube suspension, which yields a thin film made of nanotubes (see Ref. 181 for
more information about the sample preparation). The spectrum is very similar to mea-
surements in the visible excitation range (see Chap. 2). The D mode, known to shift
to higher wavenumbers for higher excitation wavelengths is found at this wavelength at
≈ 1420 cm−1. The frequencies observed for the high-energy mode of ultrathin nanotubes
are considerably higher than for their bigger counterpart. In the region where the D
mode is expected we find a wide structured band dominated by a peak at 1401 cm−1.
Overall, the Raman spectrum of very small nanotubes is qualitatively different from the
well-known spectrum of bigger nanotubes.

Looking at the peaks above 1800 cm−1 we find that most of the peaks can be ascribed
to second order scattering or combination modes of only some of the first-order peaks.
The peak at 3256 cm−1, for instance, can be identified with the second order of the
1624 cm−1 peak. This mode can be found combined with the peaks at 1401, 1322, and
649 cm−1. The second order of the peaks at 1401 and 1322 cm−1 is also found at 2812 and
2643 cm−1, respectively, and the combination of both at 2728 cm−1. The second order
of the peak at 659 cm−1, is expected at 1318 cm−1 and may correspond to the peak
at 1322 cm−1. Two-phonon scattering can only take place inside the same nanotube.
Therefore we can conclude that the modes at 659, 1322, 1401, and 1624 cm−1 stem from
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Figure 5.14.: (a) Phonon dispersion of the (3,3) nanotube calculated with density-
functional perturbation theory. Only the bands with strong phonon coupling at the Γ
point (blue symbols) and at 2kF (red symbols) are shown. The electronic temperature
corresponds to 137 K. Lines are guides to the eye. The Γ-point symmetries are indicated.
Data taken from Refs. 16 and 109. (b) Full phonon dispersion of the (3,3) nanotube
calculated with a finite-differences approach. The totally symmetric modes are indicated
in orange. The blue line highlights the A1u, axial high-energy mode.

the same nanotube. Measurements of zeolite crystals filled with TPA molecules yielded
no signal.

In Fig. 5.14(a), a recent density-functional perturbation theory calculation of the
phonon dispersion of the (3,3) nanotube is displayed [16, 17]. A very strong electron-
phonon coupling is obtained for particular phonon branches. Three bands are bent
downwards at the Γ point, indicating a strong coupling (blue lines and symbols in
Fig. 5.14(a)). Their frequencies are ≈ 680 (A2g) and 1380 cm−1 (A1u). These frequen-
cies are in good agreement with our measured peaks at 659, 1385 and 1401 cm−1. Other
modes, indicated in red, show strong electron-phonon coupling at the Fermi wavevector.
In Fig. 5.14(b) we show for comparison the complete dispersion [182], calculated ab initio
with a finite-differences, or supercell approach. The calculation details are explained in
Chap. 3 and App. A. Totally symmetric modes are highlighted in orange. These are
the circumferential high-energy mode, with a Γ-point frequency of 1531 cm−1, and the
radial breathing mode, at 542 cm−1. The blue band corresponds to the axial high-energy
mode, with A1u symmetry [also in blue in Fig. 5.14(a)] and therefore not Raman active.
In Fig. 5.14(b), due to the long range of the interactions, only k vectors conmensurate
with the size of the supercell (three unit cells) are correctly calculated [60]. Since the
Fermi k vector of this nanotube is displaced away from 2/3 of the Brillouin zone, a good
description of the Kohn anomalies is not possible in this approach. Bohnen et al. use
perturbation theory to obtain the potential change as function of the atomic positions,
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for any k vector.

As we saw in Chap. 4, the intensity of the Raman signal is scaled by the exciton-
phonon coupling, approximated by electron-phonon coupling for electrons at the van-
Hove singularities. The phonon softening observed in Fig. 5.14(a), on the other hand, is
related with the coupling to electrons around the Fermi level. Similarly to our results
shown in Chap. 4, we expect the large differences in the coupling strength to extend to
the whole Brillouin zone.

The Raman spectrum of nanotubes is dominated by vibrations belonging to the A1g

symmetry representation (see Chap. 2) . The calculated, strongly softened mode at
≈ 1380 cm−1 has A1u symmetry at the Γ point. The interaction between the nanotube
and the zeolite framework, though weak, can be strong enough to disturb the inversion
symmetry, which would drop the subscripts g and u and make this mode Raman active.
The combination of the other two Γ point modes [lower blue branches in Fig. 5.14(a)] is
totally symmetric since A2g ⊗A2g = A1g.

The peak appearing at 1624 cm−1 stems from the same nanotube. The highest fre-
quency obtained by the calculations is, however, under 1600 cm−1. A possible origin of
such a mode is a second-order process involving one of the red branches in Fig. 5.14(a).
We expect phonons close to the Kohn anomaly to be specially strong due to their strong
coupling. Due to momentum conservation, first order processes are only possible with
phonons from the Γ point. In second order, however, this constraint is lifted and all
wave vectors can be seen (see Chap. 3). Furthermore, the combination of any phonon
with itself yields A1g symmetry, which is Raman active. The branch with the strongest
softening, however, is found at ≈ 1000 cm−1, therefore if our hypothesis is right the
softening may be even stronger than obtained in the calculation.

The rest of the peaks observed possibly correspond to the other two nanotubes, with
are either not fully in resonance or which have a weaker electron-phonon coupling.

Summarizing, we interpret the main features of the UV-Raman spectrum of nanotubes
in zeolite as signal from the (3,3) nanotube. From the second-order spectrum we conclude
that the peaks at 1624, 1401, 1322, and 649 cm−1 come from the same nanotube. Ab
initio calculations of the dispersion of nanotubes explain the peaks at 659 and 1401 cm−1

trough the very strong electron-phonon coupling. The peak at 1322 cm−1 is possibly the
second order of the 659 cm−1 peak. The origin of the 1624 cm−1 peak is unclear, although
it may correspond to the second order of a mode from the inside of the Brillouin zone,
also with strong electron-phonon coupling.

5.4.3. Temperature dependence

It is interesting to study the effect of temperature on the phonon softening shown in
Fig. 5.14(a). The calculations by Bohnen et al. [16] yield Γ-point frequencies approxi-
mately independent of temperature. The modes at 2kF , however, are strongly softened
for lower temperatures. Below a critical temperature TP , the lower B1u mode reaches
zero and even a negative frequency, as can be seen in Fig. 5.14(a). The frequency of a
normal mode is related to the curvature of the energy as function of the atomic displace-
ment along the corresponding normal coordinate. When a normal mode has negative
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Figure 5.15.: Raman spectrum
of nanotubes in zeolite at room
temperature (red line) and in a
liquid-Helium bath (blue line).
The excitation energy is 3.82 eV.

frequency the energy is bend downward and therefore lowers its value along the corre-
sponding normal coordinate. The structure is not in its minimum energy configuration
anymore, and a new global minimum can be found. For temperatures below TP the
equilibrium configuration corresponds to the original one deformed corresponding to the
unstable phonon. This is known as Peierls transition or instability [117] and was first
observed in organic materials [183]. As a result, the symmetry and the periodicity of
the system are changed, and a change in the shape of the Raman spectrum is expected.

It is also interesting to know the Peierls critical temperature since this instability
competes with the superconducting transition. Tang et al. [18] claim that the zeolite na-
notubes are superconducting. When a Peierls transition takes place, the system becomes
semiconducting, which excludes the possibility of superconductivity.

The Peierls transition was already addressed in the very first theoretical work on
nanotubes [24]. The possibility of a dimerization by formation of double and single bonds
was studied and found to have a critical temperature well under 1K. Recent ab initio
calculations for the (3,3) nanotube predict an instability at temperatures between 130
and 400 K involving a radial mode [16, 17]. Random-phase approximation calculations
based in a tight binding approach yield TP = 160 K for the (5,0) nanotube and 10−14 K
for the (5,5) nanotube [118]. However, inclusion of the direct Coulomb interaction in
the model suppresses the Peierls transition of the (5,0) nanotube to temperatures under
10−18 K.

We performed temperature-dependent Raman measurements. In Fig. 5.15 measure-
ments are shown for room temperature and 4.2 K. We observe a very slight upshift of
the frequencies and no softening. A phase transition, which would change the Raman
spectrum qualitatively is also absent. The frequency upshift is a general Raman behav-
ior upon cooling. Most materials contract when cooled, which means a hardening of
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the bonds. This yields an upshift of the Raman frequencies, observed in nanotubes of
bigger diameter, and also on zeolite nanotubes [184–188]. This is consistent with the
calculations of Bohnen et al. [16] which yield approximately constant Γ-point frequen-
cies. Down to the temperature of liquid helium we do not observe any change of phase
reflected in the Raman spectrum. We conclude therefore that TP must be below 4.2 K
in agreement with the predictions of Barnett et al. [118].

5.5. Summary

In summary, we studied the geometry, band structure, and the optical properties of
(3,3), (5,0), and (4,2) SWNTs. We found significant deviations from the ideal cylindrical
structure. We found the (5,0) nanotube to be metallic in contrast to the prediction of
the zone folding approximation and explained this feature as an effect of the strong
curvature of the nanotube walls. A strong anisotropy of the optical response was found,
as shown in the calculated complex dielectric function of the nanotubes. The optical
absorption under parallel polarized light was compared with measurements on zeolite-
grown nanotubes. An effective optical absorption coefficient was calculated and used to
successfully interpret the experiments of Li et al [11]. We further studied the vibrational
properties of ultrathin nanotubes by Raman measurements. Ultraviolet excitation was
used to reach the resonance of the (3,3) nanotube, to compare the spectra with our
results on optical properties of this nanotube. The ultraviolet-excited Raman spectrum
shows new features, which point to a large electron-phonon coupling as predicted by
first-principles calculations.



6. Picotubes

In 1996 a new, highly symmetric hydrocarbon was synthesized and given the name
picotube [189]. The name refers to the resemblance of the molecule to a very short
(4,4) nanotube. A picotube represents a crucial step towards chirality selective growth
of carbon nanotubes with chemical methods. The electric and optical properties of
nanotubes depend on the diameter and chirality; a precise control of their production is
desirable [3]. The methods used for nanotube synthesis rely mainly on self-organization
with a carbon plasma as starting point. Calculations of the nanotube folding energy show
a smooth dependence on the nanotube diameter in agreement with the uniform chirality
distributions measured up to now [5,6,53,190]. In contrast, organic chemistry can control
the breaking and formation of single bonds with great accuracy. Controlled switching
between well-defined geometries is possible representing a promising way towards the
goal of chirality specific growth. The synthesis of picotube molecules is a good example
of this. With the growth of crystals of picotubes, the experimental possibilities have
increased tremendously. In fact, these crystals are currently the closest available to a
monochiral nanotube crystal [5, 129, 191].

Another interesting feature of the picotubes is their size. With a diameter of 5.4 Å they
are closely related to the smallest nanotubes available [160]. As we saw in Chap. 5 the
properties of these very small nanotubes can differ strongly from those of their bigger
counterparts and are subject of intense study. Nevertheless, much of the understanding of
carbon nanotubes has been derived from the known properties of graphene (see Chap. 2).
This approach has the advantage of explaining many regularities of the properties of
nanotubes, but it breaks down when the curvature starts to play an important role.
Picotube crystals can serve as a complementary approach to the understanding of carbon
nanotubes, including the curvature of the walls. The lower symmetry restriction in the
picotube makes the effect of curvature visible in the molecular structure, where typical
sp3 angles are found (see Sec. 6.1.1).

In this chapter we present measurements and calculations of the structure, electronic
properties, and vibrations of picotube crystals. The atomic structure was obtained with
x-ray analysis. In Sec. 6.1 we present ab initio calculations of the structure of the
picotube molecule. We compare with x-ray diffraction experiments on picotube crystals.
The electronic properties of the molecule are discussed in Sec. 6.2 and compared with
calculations for carbon nanotubes. In Sec. 6.3 we move to Raman measurements of
picotube crystals. Measurements of the polarization dependence of the intensities allow
us to obtain the symmetry of most intense peaks. An assignment of the Raman modes to
atomic displacements based on ab initio calculations is presented in Sec. 6.3.3. Nanotube-
typical modes like the radial-breathing mode, the high-energy mode and the D mode
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Figure 6.1.: (a) Top view of a picotube molecule from the x-ray measured crystal. Black
(dark gray) carbon atoms are in the foreground (background) of the picture. Light gray
atoms are hydrogen. Two twofold rotation axes (C ′

2) and two reflection planes (σd) are
shown. (b) Side view of the same molecule. The main rotation axis is indicated (C2, S4).

are identified [3], together with sp3-like modes among others.1

6.1. Structural properties

Before picotubes were available in crystalline form the determination of the structure
relied only on indirect methods as infrared spectroscopy [193]. x-ray measurements con-
firm the D2d symmetry obtained by ab initio methods. The quantitative agreement with
ab initio structural relaxation is excellent, setting a solid base for further calculations.

6.1.1. Single molecules: x-ray scattering and ab initio calculations

Picotube crystals have a characteristic flat shape. The longest edge is typically a few
hundreds of micrometers long. They are transparent to the eye and easily break into
pieces when pressed with a needle. The picotube molecules are synthesized by ring-
expanding metathesis of tetradehydrodianthracene. The exact procedure can be found
in Ref. 189.

Figure 6.1 shows the structure of a picotube (C56H32) as determined by x-ray diffrac-
tion [192]. The molecule shows very small deviations from D2d (4̄2m) symmetry, in good
agreement with infrared measurements [193] and density-functional theory calculations
(see Sec. 6.1.1 and Ref. 193). The symmetry operations of the D2d group are indicated
in the figure: twofold rotation (C2) and fourfold rotatory reflection (S4) about the main
axis; twofold rotation (C ′

2) about two axes perpendicular to the primary axis; reflection
in two diagonal (σd) planes.

The picotube molecule is closely related to the (4,4) armchair nanotube [see Fig. 6.2(a)].
The unit cell of a nanotube repeats periodically along the direction of its axis. Therefore

1This chapter is taken from Ref. 192. I performed the calculations, the Raman measurements, and the
analysis in this paper.
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Figure 6.2.: (a) Structure of a (4,4) nanotube (gray atoms are in the background of the
picture). (b) Ab initio calculated structure of the picotube molecule with D2d (4̄2m)
symmetry and parameter definition for Table 6.1. We denote the wings bending inward,
i.e., toward the main rotational axis, as i, and those bending outward as o. Note the
absence of inversion symmetry due to the asymmetry of the i and o wings of the molecule.
(c) Idealized picotube geometry with D4h (4/mmm) symmetry including inversion.

it is treated as a one-dimensional solid rather than as a molecule. Cutting a section of
three unit cells of a (4,4) nanotube [including three hexagons along the nanotube axis
as indicated by the arrow in Fig. 6.2(a)] and opening the walls into four wings, yields
a molecule with D4h (4/mmm) symmetry [Fig. 6.2(c)], including fourfold rotation and
inversion. In the actual structure, two of the wings of the molecule tend to close towards
the main rotational axis (C2), and two tend to bend away from it, complementarily on
the lower side [compare Fig. 6.2(b) and (c)]. The fourfold rotation symmetry is lowered
to a rotary reflection, i.e., a fourfold rotation followed by a horizontal mirror operation
(σhC4 = S4). The resulting group is D2d. The inversion symmetry is broken, which has
important effects on the Raman selection rules (see Sec. 6.3). The symmetry lowering is
due to the repulsion between the neighboring wings.

We performed ab initio calculations of the structure of the picotube and found two
equivalent minima of the total energy corresponding to the D2d structure shown in
Fig. 6.2(b), separated by a maximum corresponding to a D4h symmetry [Fig. 6.2(c)].2

The energy difference of 300 meV allows a conformational motion between the two equiv-
alent minima in agreement with the calculations of Herges et al. [193]. In Table 6.1 the
structural parameters are shown for both the measured and the calculated picotube
structures, as well as for a (4,4) single-walled nanotube. The agreement between the

2Grid cut-off ≈ 100 Ry in real space.
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Table 6.1.: Structural parameters of the picotube (PT) molecules as measured by x-
ray diffraction and calculated with ab initio methods. The notation corresponds to
Fig. 6.2(b). In the last column the corresponding parameters of a calculated (4,4) nano-
tube (NT) are shown for comparison. The experimental parameters are mean values of
symmetry-equivalent bonds.

Picotube (4,4)

Expt. Calc. Calc.

Diameter (Å) 5.4 5.4 5.5

C-C bond length (Å)

1 1.36 1.37 1.43

2i 1.51 1.49 1.43

2o 1.49 1.48 1.43

3i 1.42 1.43 1.43

3o 1.41 1.42 1.43

4i 1.39 1.40 1.43

4o 1.39 1.40 1.43

C-H bond length (Å) 0.99 1.11 -

C-C-C angles (◦)

2i-2o 108 109 119

1-2i 126 126 118

1-2o 126 125 118

Wing angle (◦)
θ 51 51 -

φ 70 73 -

experimental and theoretical data for the picotube is excellent. Note that the calcula-
tion corresponds to an isolated molecule, whereas the measurements were performed in
a crystal. The good agreement suggests a low interaction between the molecules in the
crystal and a high stability of the molecule.

In the (4,4) nanotube, all carbon bonds have a similar length halfway in between a
typical single and double bond length, consistent with delocalized electronic states. In
the picotube, the bonds in the middle ring [denoted as bond 1 in Fig. 6.2(b) and in
Table 6.1] shrink toward the typical C-C double-bond length of 1.35 Å, whereas the
neighboring bonds (2i and 2o) are longer than the delocalized carbon bonds. A similar
effect is found for polycyclic aromatic hydrocarbons. These molecules are similar to
unrolled picotubes of different sizes and shapes. They have unequal C-C bond lengths in
contrast to the bonds of graphite, which are equivalent by symmetry [194]. Remarkably,
the bond angle denoted as 2i-2o in the table is 109◦, which is the sp3 hybridization
angle. All other angles are close to the sp2 value of 120◦. Similar angles are found for
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Table 6.2.: Unit cell vectors and angles of the picotube crystal measured with x-ray
diffraction.

a b c α β γ

12.470 Å 16.030 Å 20.950 Å 90◦ 98.13◦ 90◦

the metastable structure with D4h symmetry.

In contrast to graphite, where the σ and π orbitals are orthogonal, the curvature of
the picotube central ring and nanotube wall enforces an interaction of these orbitals.
This has important consequences for the electronic and optical properties of carbon
nanotubes, e.g., it may turn tubes that are expected to be semiconducting from zone
folding into metals [12, 15, 40]. In armchair nanotubes such small angles between bonds
have only been obtained in calculations of 3-Å-diameter nanotubes [195]. The observed
angle of 109◦ is a direct consequence of the rehybridization of σ and π orbitals due to
the wall curvature.

6.1.2. Picotube crystal: x-ray scattering

In Fig. 6.3(a) the structure of the picotube crystal as obtained from x-ray analysis is
shown. The unit cell is monoclinic, space group C 5

2h (P21/c), with the parameters given
in Table 6.2. This symmetry group includes inversion symmetry, a glide plane, and
a twofold screw axis. The crystal contains per formula unit one picotube (C56H32),
a carbon disulfide molecule (CS2), an acetonitrile molecule (CH3CN), and four formula
units per unit cell. The four picotubes are arranged in pairs, with an angle of 74◦ between
the main rotational axes of the molecules. Each picotube has three of its hexagonal wings
opposed to a wing of a neighboring molecule. In this way, two carbon hexagons from the
wings of two different molecules are parallel to each other at a distance of about 3.6 Å;
see, e.g., the two wings in the center of Fig. 6.3(a). The distance between the wings is
close to the graphite interlayer distance, thus lowering the energy of the system via van
der Waals interaction. Interestingly, this situation is favored by the D2d symmetry of
the molecule and may be the reason for the good agreement of the calculated structure
of a single molecule with the molecular structure in the crystal. In Fig. 6.3(b) a space
filling plot of the formula unit is shown. The acetonitrile molecule has its CH3 group
inside the picotube molecule.

6.2. Electronic properties

In this section we will show theoretical results on the electronic properties of picotube
molecules and compare them to the properties of carbon nanotubes. On the left of
Fig. 6.4(a) we show the calculated density of states (DOS) for the picotube. The highest
and lowest occupied molecular orbitals (HOMO and LUMO, respectively) are separated
by 2.3 eV. Measurements of absorption of picotubes in solution show the absorption
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Figure 6.3.: (a) Unit cell of the picotube crystal measured with x-ray diffraction.
Carbon-carbon bonds in the foreground (background) are shown in black (dark gray).
Light gray atoms are hydrogen, red nitrogen and blue sulfur. For clarity, the non-carbon
atoms of the CS2 and CH3CN molecules are represented as balls. The unit cell includes
four C56H32 (picotube) molecules, four CS2, and four CH3CN molecules. Two of the
picotubes are seen from the top and two from the side. Note the two parallel picotube
wings in the center of the unit cell. (b) Space filling plot of the formula unit including
one picotube, a CS2 molecule, and a CH3CN molecule, which has its CH3 group inside
the picotube.
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Figure 6.4.: (a) Calculated electronic density of states of the picotube. Left hand side,
black lines: full calculation. Right hand side, red: density of states derived from the
electronic band structure of the (4,4) nanotube. The arrow indicates the first optical
transition for light polarized parallel to the main rotational axis of the molecule. (b)
Calculated electronic density of states of a (4,4) carbon nanotube. The arrow indicates
the first optical transition for light polarized parallel to the nanotube axis. (c) Calculated
electronic band structure of a (4,4) carbon nanotube.

with the longest wavelength at 300 nm corresponding to an energy of ≈ 4.1 eV (Ref. 189).
This is higher than our theoretical prediction. However, it is known that the density
functional theory underestimates the band and HOMO-LUMO gaps [196]. In particular,
for molecules where the structure of the ground and excited states often differs [194,197].
The picotube has a very large HOMO-LUMO gap when compared to the band gap of
carbon nanotubes, which comes from the molecular character of the picotube.

In Figs. 6.4(b) and 6.4(c) the calculated DOS and the band structure of a (4,4) nano-
tube can be seen. This nanotube is a metal, with its bands crossing close to two-thirds
of the Brillouin zone (label K) [180]. To compare the DOS of the (4,4) nanotube to that
of the picotube molecule, we extract from the band structure of the tube the states with
kz vectors compatible with a nanotube length of three unit cells. In this approximation
we consider the two systems equal around their circumference, and we neglect the effect
of the hydrogen atoms on the electronic band structure. The latter approximation is
reasonable because the H-related states are ≈ 4 eV above and below the Fermi level.

The quantization condition along the nanotube axis is kz = nπ/3a, where n is integer
and a is the unit cell length of the nanotube. The allowed kz are the Γ and X points, the
point at two-thirds of the Brillouin zone (which corresponds to the K point of graphite
in the zone-folding scheme, and will be therefore denoted as the K point from now
on) and the point halfway between Γ and K [see vertical dashed lines in Fig. 6.4(c)].
From the eigenenergies at these k points we calculated a nanotube-derived DOS, which
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a b

c d

Figure 6.5.: Ab initio calculated
HOMO and LUMO wave func-
tions for the picotube molecule
and the (4,4) nanotube. The sur-
faces shown correspond to a prob-
ability amplitude of ±0.05. The
two colors denote the different
signs of the wave function. (a)
LUMO of the picotube molecule,
(b) LUMO of the infinite (4,4) na-
notube, (c) HOMO of the pico-
tube molecule, (d) HOMO of the
infinite (4,4) nanotube.

is shown to the right in Fig. 6.4(a) [red (gray) lines]. Comparing with the DOS from
the full calculation, we see that the energy difference between the HOMO and LUMO
of the picotube is much larger than predicted by the zone-folding approach. However,
the picotube gap is close to the so-called optical gap of the (4,4) nanotube, meaning the
energy of the first optical transition. Comparing the lowest optical transitions for light
polarized parallel to the main rotational axes of the picotube and nanotube [indicated
with arrows in Fig. 6.4(a) and 6.4(b)], we find very similar transition energies. We calcu-
lated the wave functions of the HOMO and LUMO of the picotube molecule, which can
be seen in Figs. 6.5(c) and 6.5(a) respectively. In panels (b) and (d) the corresponding
wave functions from the K-point of the (4,4) nanotube are shown. In the central ring
of the picotube, the wave functions are almost identical to those of the nanotube. Fur-
thermore, the symmetry with respect to the σd reflection planes is the same. The parity
with respect to these planes is odd for the wave functions in Figs. 6.5(a) and 6.5(b) and
even for 6.5(c) and 6.5(d). An electronic transition between HOMO and LUMO through
absorption of light polarized along the axis of the molecule (with positive parity with
respect to σd) is thus forbidden by symmetry. The first allowed optical transitions for
light polarized along the main rotational axis of the picotube and (4,4) nanotube are
indicated in Figs. 6.4(a) and 6.4(b), respectively. Note that the selection rules for light
polarized perpendicularly to the axis are different. In this configuration the absorbed
photon changes the parity of the electron.

There are also differences between the wave functions of the picotube and the nano-
tube. Comparing the HOMO of the picotube and the corresponding wave function of
the nanotube, we see that—apart from the central ring—the electronic clouds are mainly
concentrated in the wings denoted as i in Fig. 6.2. Due to the lower symmetry of D4h
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compared to D2d the wings are not equivalent by symmetry, but they separate in two
groups (i and o as defined in Fig. 6.2). This lowers the interaction between the wings
and contributes to the lowering of the symmetry from D4h to D2d.

6.3. Vibrational properties

In the following we concentrate on the vibrational properties of the picotube molecules,
starting with general properties of the vibrational spectrum. Polarization-dependent
Raman measurements allow us to obtain the symmetries of the main peaks. With the
help of ab initio calculations we are able to assign eigenvectors to the observed vibrational
modes.

6.3.1. Raman spectrum

The sample was prepared by purification by high-performance liquid chromatography
on a silica gel column with hexane/dichloromethane 2:1 and crystallized from a solution
in pentane-dichloromethane (1:1). Micro-Raman spectra were recorded in backscatter-
ing geometry using a single-grating spectrometer [198] and an excitation wavelength
of 633 nm. Our experimental setup had a resolution of 3-4 cm−1 (full width at half
maximum).

The picotube molecules (C56H32) have D2d symmetry, as we found in the x-ray inves-
tigations (see Sec. 6.1). All normal modes are expected to be Raman active from group
theory [34, 105]. If we restrict the analysis to the symmetric part of the Raman tensor
(excluding thus the 33 A2 modes), the dynamical representation can be decomposed as
33A1 ⊕ 33B1 ⊕ 33B2 ⊕ 132E. In Fig. 6.6 we show three Raman spectra of a picotube
crystal with polarization parallel to the three inequivalent crystal edges. The spectra
are dominated by a feature at about 1600 cm−1, typical for sp2 carbon compounds. In
this band, we can resolve two modes at 1601 and 1592 cm−1, plus a less intense mode
at 1569 cm−1. The analysis of polarization-dependent Raman measurements suggests
that, in fact, more than two modes give rise to this feature (see Sec. 6.3.2). In the range
between 1000 and 1400 cm−1, several modes are found. The single peak at 1131 cm−1

is the most intense one followed by a group of three modes at about 1050 cm−1. In the
low-energy region, features appear around 480 cm−1 and 280 cm−1. In Sec. 6.3.2 we
summarize the measured frequencies for the most intense peaks in the range from 200
to 1700 cm−1 (see Table 6.3).

The shape of the band at ca. 1600 cm−1 in the spectrum of the picotube crystal
is very similar to the characteristic double-peak shape in the spectrum of single-walled
nanotubes [see Fig. 6.6(b)]. In particular, the Raman spectra of isolated single-walled
carbon nanotubes often look very similar to the high-energy modes of picotubes except
for slightly different frequencies [139]. The high-energy line shape has, however, a dif-
ferent origin for each system. The nanotube high-energy mode stems from two totally
symmetric vibrational branches derived from the in-plane optical phonon of graphite
(one branch in the case of achiral nanotubes) [19, 199]. The broad line shape, also
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Figure 6.6.: (a) Micro-Raman spectra of the picotube crystal with incident and scat-
tered light parallel to the three inequivalent crystal edges. Inset: shape of the crystal
and system of reference. (b) High-energy region of the measured Raman spectrum of
a picotube crystal [z(x, x)z, same as the black-line spectrum in (a)] and a sample of
bundled nanotubes (mean diameter ≈ 1 nm), both excited at 633 nm.

found for isolated nanotubes, has its origin in a double-resonant process involving vibra-
tional modes away from the Γ point (q 6= 0) [8, 20, 63]. Such double-resonant processes
are related to the electronic and vibrational dispersions of the nanotubes and are not
expected from a molecule. In the picotube the Raman band comes from the several over-
lapping modes. The differences between the pico- and the nanotube’s Raman spectra
originate from three sources. First, we have to take into account the different aspect
ratio of picotubes and nanotubes. The large aspect ratio of nanotubes gives rise to the
antenna effect [171, 200], which suppresses all nondiagonal contributions to the Raman
tensors [3, 50]. Only totally symmetric modes are observed in the Raman spectrum
of nanotubes [19, 50, 199, 201]. This is not expected for the picotubes because of their
much lower aspect ratio. Second, for every Raman allowed branch of a (4,4) nanotube
we can derive several Raman allowed picotube vibrational modes by applying the same
zone-folding procedure to the nanotube vibrational bands as explained for the electronic
bands in Sec. 6.2. Third, the lower symmetry of the picotube, for example the absence
of inversion, allows more modes to be Raman active.

The ab initio calculations presented in Sec. 6.3.3 indicate the mode at 1596 cm−1 as
a possible analog of the D mode of carbon nanotubes. The energy of this Raman peak
is much higher than the energy of the D mode in graphite or nanotubes. Symmetry and
the calculated eigenvectors show that the 1596 cm−1 mode corresponds to the K-point
TO mode of graphite (see Sec. 6.3.3 and Fig. 6.9 for details) [194, 197].

The third feature in the Raman spectra of single-walled nanotubes is the radial-
breathing mode (RBM). The RBM is one of the Raman fingerprints of single-walled
tubes, since it is absent in the spectra of graphite or multiwalled nanotubes [58, 59].
It corresponds to an in-phase radial vibration of all atoms of the nanotube, with a
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small nonradial component [52, 53]. For carbon nanotubes, the frequency of the radial-
breathing mode depends inversely on the tube diameter [6, 7, 66, 68, 69]. We use the
experimentally determined parameters from Telg et al. [6], and obtain

ωRBM =
214

d
cm−1 nm + 19 cm−1 = 408 cm−1 (6.1)

for the (4,4) nanotube with diameter 0.55 nm. The ab initio calculated radial-breathing
mode of the (4,4) nanotube is found at 413 cm−1 in very good agreement with Eq. (6.1).
Our ab initio calculations of the picotube’s vibrational properties show, however, a
breathinglike mode at much lower frequency than expected from Eq. (6.1), closer to the
measured peaks at ≈ 270 cm−1. This lower frequency is due to the lower symmetry of
the picotube (see Sec. 6.3.3 for details).

Let us now look back at the x-ray structure of the picotube crystal shown in Fig. 6.3.
The symmetry of the picotube is D2d. Although this is lowered to C2h in the crystal,
we find two planes that are structurally almost identical (for example the one shown in
the figure, the second one is found by turning the unit cell by 90◦ about the c axis),
whereas the third perpendicular plane shows a different configuration. Figure 6.6 displays
Raman spectra taken with light polarized parallel to the three inequivalent edges of a
single picotube crystal. Clearly, two of the spectra are practically the same [x(y, y)x and
x(z, z)x], while the z(x, x)z differs from the other two. We use the Porto notation [202]
to indicate the measurement geometry: ki(eies)ks where ki(s) indicates the propagation
direction of the incident (scattered) light and ei(s) the direction of the polarization of
the incident (scattered) light. Compare, for example, the shape of the double peak at
≈ 1600 cm−1 or the group at ≈ 480 cm−1. In the following we discuss angle-resolved
polarized Raman spectra and use them to assign the symmetry of the vibrational modes.

6.3.2. Polarized Raman measurements

To assign the symmetry of the vibrational modes we performed polarization-dependent
Raman measurements. Figure 6.8(a) shows the measured Raman intensity as function
of the angle ψ between the excitation polarization and the y direction for the mode at
1601 cm−1. At first sight, the polarization dependence seems to have an A1 behavior.
The Raman intensity in parallel polarization (closed symbols) is at maximum for ψ = 0◦,
decreases towards 45◦ and has a second maximum at 90◦. In crossed polarization (open
symbols) we find a fourfold symmetry for the ψ dependence of the scattering intensity.
Both observations point to A1. It is, however, remarkable that the intensity for parallel
polarization of the incident and scattered light does not vanish for ψ = 45◦ as expected
for A1 [105]. This is observed for the xy and xz surfaces of the crystal, but not on
the yz surface, where the intensity of the peak drops below 5% of its maximum value.
These observations exclude the possibility of describing the polarization dependence of
the signal using a single Raman tensor.

To resolve the apparent contradiction between the measured Raman intensity and the
symmetry imposed Raman tensors, we take another look at the x-ray structure of the
crystal in Fig. 6.3. The unit cell includes two pairs of parallel molecules, with an angle
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Table 6.3.: Observed frequencies, assigned symmetries, fitted Raman tensors, and char-
acter of the picotube phonon eigenvectors from ab initio calculations. We show the
non-zero elements of the Raman tensor, normalized to r11 of the peak at 1601 cm−1.

ω (cm−1) Symmetry Raman tensor Eigenvector

r11 r22 r33

1601 A1 1.00 1.00 -1.55 Tangential C-C stretch

1592 A1, B2, E Tangential C-C stretch

1569 Tangential C-C stretch

1445

1313

1294 A1 0.24 0.24 -0.63 sp3-like C-C stretch

1238

1171 A1 0.10 0.10 -0.25

1158 A1 0.16 0.16 -0.35

1131 A1 0.58 0.58 -0.58 C-C stretch

1066 A1 or B1

1056 A1 or B1

1042 A1 or B1

488, 479, 473
Wing torsion

Radial-axial

286, 272, 253
Hexagon libration

Bending, breathing
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a b

c d

1592 cm−1 1294 cm−1

1131 cm−1 1056 cm−1

Figure 6.7.: Raman intensity
vs. angle ψ between the polar-
ization of the incident light and
the y axis as defined in Fig. 6.6
for four picotube modes. The
closed black circles correspond
to parallel incident and scattered
light, the open red (gray) circles
to crossed incident and scattered
light. (a) 1592 cm−1. The fit
corresponds to the sum of two
modes with A1 and E symme-
try from two perpendicular, in-
dependent molecules according to
Eq. (6.2). Measured ψ depen-
dence for the modes at (b) 1294,
(c) 1131, and (d) 1056 cm−1. The
fits correspond to the A1 symme-
try, plus a small B2 component
for the mode at 1294 cm−1.

of 74◦ between their main rotational axes. We now model the Raman intensity as the
added contributions from two rotated molecules. This is justified because the atoms
of two different picotubes in the crystal are at least separated by the typical van der
Waals distance. Thus, we expect only a weak interaction between them. To explain
the polarization dependence in Fig. 6.8(a) we assume a simplified crystal structure with
two noninteracting perpendicular molecules as building blocks [see Fig. 6.8(b)]. This
unit cell gives rise to a structure with two equivalent faces, in good agreement with our
observation (see Fig. 6.6). We identify the equivalent faces as the xy and xz surfaces of
our crystal. The third, different face, corresponds to yz. For such a crystal the Raman
signal can be calculated as

I ∝ (ei · RPT · es)
2 + (ei · R⊥

PT · es)
2, (6.2)

where RPT is the Raman tensor of a picotube molecule and R⊥

PT the same Raman tensor
rotated by 90◦. The form of the Raman tensors can be derived from group theory [105].

In Fig. 6.8(b) we show the independent contribution of each molecule of the simplified
unit cell for an A1 Raman tensor [Eq. (6.2)]. The resulting intensity in the weak-
interaction approximation is the sum of the intensities for the independent molecules.
Using Eq. (6.2) we obtain an excellent fit of the data for the mode at 1601 cm−1, as can
be seen in Fig. 6.8(a). We assign this peak to an A1 mode.

Although the angle between the main rotational axes of the molecules in Fig. 6.3(a)
slightly differs from 90◦, this does not affect our conclusions. Modes with B2 or E
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symmetry have their maxima at 45◦ for parallel polarized incident and scattered light.
The functional form resulting from modes with B1 symmetry is similar to those with A1

on the xy side. However, on the zy surface the intensity from A1 modes does not vanish,
in contrast to our measurements for the 1601 cm−1 mode. Thus, A1 is the only possible
Raman tensor explaining the polarization of the 1601 cm−1 phonon of the picotube.

In Fig. 6.7(a) an equivalent plot is shown for the mode at 1592 cm−1. It cannot be
satisfactorily described by any of the symmetries of the D2d group alone. However, it can
be fitted as the superposition of intensities corresponding to two vibrational modes of
similar frequency but different symmetries. From the functional form of the measured ψ
dependence we find that one mode belongs to the A1 or B1 representations and the other
one to B2 or E. The fit in Fig. 6.7(a) includes an A1 and an E Raman tensor. Panel
(b) shows the data for the peak at 1294 cm−1. The fit was performed with a A1 Raman
tensor, plus a very small B2 component to account for the non vanishing intensity at
ψ = 0◦ for the crossed configuration. Panels (c) and (d) of Fig. 6.7 show further data
and fits of two different modes. Panel (c) can be assigned to the A1 symmetry using the
information from the zy surface as we did for the mode at 1601 cm−1. The mode shown
in Fig. 6.7(d) is of A1 or B1 symmetry.

The modes at 1158 and 1171 cm−1 behave similarly to the 1294 cm−1 mode [Fig 6.7(b)].
The modes at 1066 and 1042 cm−1 show intensity plots similar to the one shown in
Fig. 6.7(d). In Table 6.3 the fitted elements of the Raman tensors are summarized,
normalized to r11 of the peak at 1600 cm−1.

6.3.3. Ab initio calculations

From the Raman measurements shown in the previous sections we obtained the frequen-
cies and symmetries of the vibrational modes of the picotube molecules in the crystal.
To assign the measured modes to atomic displacement patterns, we performed ab initio
calculations of the vibrational modes of the picotube molecule.3 We found 32 pure C-H
stretching modes with frequencies between 3088 and 3165 cm−1. Below these frequencies,
the first C-C mode appears at 1643 cm−1.

Around 1600 cm−1 we find three A1 modes in our calculation with frequencies 1596,
1600, and 1621 cm−1. The eigenvectors are shown in Fig. 6.9(a-c). The mode at
1621 cm−1 is clearly related to the Γ-point high-energy mode of armchair carbon na-
notubes [63]. As we discussed in Sec. 6.3.2, the measured band must contain more
than three modes with different symmetries. In the frequency region between 1596 and
1621 cm−1 we find nine further C-C stretching eigenvectors with tangential displace-
ments perpendicular to the picotube axis like those shown in Fig. 6.9 with B1 (one
mode), B2 (two modes), and E symmetries (three pairs of eigenvectors). We will call
these modes transversal. Above them we find eight eigenvectors, all of them with tan-
gential displacements mainly along the picotube axis (longitudinal). Their symmetries
are A2 (two modes), B1 (two modes), and E (two pairs of eigenvectors). We conclude
that the eigenvectors underlying the measured peaks in the high-energy region are most

3Grid cut-off ≈ 200Ry in real space.



6. Picotubes 82

Figure 6.8.: (a) Raman intensity of the peak at 1601 cm−1 vs angle ψ between the
polarization of the incident light and the crystal y axis as defined in Fig. 6.6. The black
closed circles correspond to parallel polarized incident and scattered light, the red (gray)
open circles to perpendicularly polarized incident and scattered light. Lines are fits to
our model for an A1 vibration. (b) Proposed model for the unit cell for the Raman
sample. The scattering pattern from each molecule is shown for an A1 Raman tensor, as
well as the sum, which corresponds to the expected intensity for independent scattering.
Black lines correspond to parallel polarized incident and scattered light, red (gray) lines
to perpendicularly polarized incident and scattered light.
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Calc.
Exp.

Graphite K point

1621 cm−1

1601 cm−1

1600 cm−1

1592 cm−1

1596 cm−1

1569 cm−1

a b
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Calc.

Exp.

Figure 6.9.: Calculated A1 eigen-
vectors in the frequency range
corresponding to the measured
band at ≈ 1600 cm−1. The cal-
culated frequencies and the as-
signed experimental frequencies
are indicated. The mode shown
in panel (a) corresponds to the
totally symmetric Raman active
high-energy mode of armchair na-
notubes, derived from the optical
in-plane phonon of graphite. In
panel (c) we show a vibrational
mode related to the K-point TO
mode of graphite [shown schemat-
ically in (d)]. The TO branch of
graphite gives rise to the D mode.

likely transversal C-C stretching modes.

The eigenvector shown in Fig. 6.9(c) is related to the K point transverse optical
phonon of graphite [Fig. 6.9(d)] [197]. Rolling the graphene sheet in Fig. 6.9(d) to a
nanotube we obtain a totally symmetric eigenvector. Correspondingly we expect a totally
symmetric equivalent for the picotube. After searching all A1 picotube eigenvectors we
find the mode at 1596 cm−1 resembles most the graphite mode [see Fig. 6.9(c)]. The
corresponding phonon branch of graphite gives rise to the so-called defect-induced mode
or D mode [3,8,58]. In graphite and carbon nanotubes the D-mode frequency shifts with
laser excitation energy, which had been a Raman puzzle for more than 20 years [56]. This
behavior was finally explained by double-resonant Raman process involving phonons
close to the K point of graphite [8]. Recent measurements of the phonon dispersion of
graphite [60] yielded a frequency of 1265 cm−1 for the D-mode branch at the K point,
much lower than expected from ab initio calculations [203]. The low frequency of the
phonon branch was explained by the large electron-phonon coupling of the mode to the
Fermi electrons in graphite (Kohn anomaly) [60, 62]. The atomic displacement opens a
gap at the Fermi level, lowering the total energy of the system. This results in a softening
of the phonon frequency. In the picotubes the D-like mode is much higher in frequency
(1596 cm−1) than in graphite or carbon nanotubes (≈ 1350 cm−1 for excitations in the
visible energy range). This is in excellent agreement with the Kohn-anomaly picture,
because the picotube is a semiconductor without electronic states at the Fermi energy.

In the region around 1445 cm−1, we find several modes combining C-C stretching and
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Figure 6.10.: Selected calculated eigenvectors, calculated frequencies, and assigned
experimental frequencies. They all belong to the A1 representation. Gray carbon-carbon
bonds in (f) are in the background (displacements omitted for clarity).



6. Picotubes 85

C-C-H bending, in which mainly the atoms in the wings move. In particular, we find
two A1 modes at 1450 and 1456 cm−1 in good agreement with the measured frequencies.
The mode at 1456 cm−1 is shown in Fig. 6.10(a). The second mode shows an identical
displacement pattern but only for the o wings. We identify the measured A1 peak at
1294 cm−1 as the calculated A1 vibration at 1290 cm−1 [see Fig. 6.10(b)]. The main
effect of this displacement pattern is to stretch the bonds 2i and 2o [see Fig 6.2(b)]. As
discussed in Sec. 6.1.1 these bonds have lengths and display an angle typical for an sp3

hybridization. The stretching of these bonds gives rise to a frequency which is fairly close
to the diamond frequency of 1332 cm−1. Around the measured frequency of 1238 cm−1,
we find several sp3-like C-C stretch modes.

At lower frequencies, we found only two modes that are not of A2 symmetry and
hence Raman active: a B1 mode at 1157 cm−1 and an E mode at 1163 cm−1. The mea-
surements yield modes at 1158 and 1171 cm−1 in good agreement with the calculated
frequencies. However, the measured A1 symmetry cannot be explained by the calcula-
tions. Our calculations yield an eigenvector withA1 symmetry and energy 1136 cm−1 [see
Fig. 6.10(c)] which can be identified with the intense peak at 1131 cm−1. As we showed
in Sec. 6.3.2, the symmetry of three modes measured at 1066, 1056, and 1042 cm−1 is
either A1 or B1. Looking at the calculations, we find three modes with these symmetries:
a B1 mode at 1040 cm−1, an A1 mode at 1047 cm−1 shown in Fig. 6.10(d), and a B1

mode at 1047 cm−1. The next mode with one of these symmetries appears at 1076 cm−1.
The group of modes measured around 480 cm−1 are related to the radial-breathing

mode of carbon nanotubes. In the ab initio calculation we find several wing-torsion
modes at 494 cm−1 and above, and mixed radial-axial modes at 475 cm−1 and below. In
Fig. 6.10(e) we show the A1 radial-axial eigenvector with frequency 466 cm−1. Mixing
of the radial-breathing mode with the axial-translation branch is found in the phonon
dispersion of carbon nanotubes. For q 6= 0 these two branches have the same symmetry.
They show a level anticrossing and interchange their eigenvectors with a strong mixing
in the intermediate region. The mode calculated at 466 cm−1 is analogous to such a
mixed radial-axial eigenmode.

In the low-energy region, we find mainly radial modes. The following eigenvectors
are in very good agreement with the measured frequencies: the wing-hexagon bending at
287 cm−1, the ring-hexagon libration at 253 cm−1, and a breathing mode at 267 cm−1 [see
Fig. 6.10(f)]. As explained in Sec. 6.3, the frequency of this mode is softened with respect
to the RBM frequency of carbon nanotubes [see Eq. (6.1)]. The reason for this frequency
softening is the lower symmetry of the picotubes. In carbon nanotubes, all atoms are
equivalent by symmetry. Therefore, the magnitude of the atomic displacements must
be constant for an A1g phonon like the radial-breathing mode. In the picotube, there
are eleven non-equivalent atoms, which relaxes the symmetry constraints on the A1g

displacements. Since the breathinglike mode in Fig. 6.10(f) is not purely radial, several
C-C bonds are not stretched resulting in a lowering of the frequency.
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6.4. Summary

We presented a thorough theoretical and experimental study of the physical properties of
picotube molecules and crystals. We found the measured crystal structure to be almost
identical to the calculated structure of an isolated molecule. This, together with the
large distance between the molecules in the crystal, implies a low molecular interaction.
The atoms in the central ring of the molecule show an angle of 109◦, typical of sp3

hybridization. This confirms the curvature-related rehybridization of σ and π orbitals
in carbon nanotubes. The calculated picotube density of states shows a gap of 2.3 eV,
in contrast to the metalicity of the (4,4) nanotube. However, the symmetries of the
picotube HOMO and LUMO obtained from both systems are analogous.

We presented polarization-dependent Raman experiments on the three inequivalent
sides of picotube crystals. The spectrum is dominated by a feature at 1601 cm−1. The
shape of this mode is very similar to that of the high-energy modes of single-walled
nanotubes. In the picotube, several modes of different symmetry form this band, includ-
ing the characteristic sp2 vibration related to the optical in-plane phonon of graphite.
We assigned the symmetry of the most intense peaks, in most cases A1. Comparing
with ab initio calculations of the vibrations of an isolated picotube we identified most
of the measured modes, and in particular those corresponding to nanotube modes: the
high-energy mode, the D mode, and the radial-breathing mode.

In conclusion, we showed strong analogies between the physical properties of picotube
molecules and single-walled carbon nanotubes, but also interesting additional features.
We benefited from the knowledge about carbon nanotubes in order to understand the
similarities to picotubes, and learn about effects caused by the differences between these
two compounds.



7. Summary and outlook

In this work we studied electron-phonon coupling in carbon nanotubes, and the vibra-
tional and optical properties of carbon nanotubes and picotubes. The electron-phonon
coupling in carbon nanotubes has been long considered independent of diameter and
chiral angle. This has practical consequences when conclusions about the population
of nanotube species are reached from the Raman spectrum. We use electron-phonon
coupling as the first approximation to the exciton-phonon coupling. For our investi-
gation we used density-functional theory in its local-density approximation. This cal-
culation method has several advantages. It is completely independent of experiment,
and allows full quantum-mechanical studies. Every step of the calculation is performed
self-consistently without further assumptions. After relaxing the nanotube geometry to
the minimum-energy configuration, the normal modes of vibration are calculated. The
lack of prior assumptions, other than the harmonic approximation, allowed us to obtain
the full radial breathing mode eigenvector including the recently discovered non-radial
component. It has a strong effect in the electron-phonon coupling and can therefore not
be neglected [14, 55].

We concentrated on Γ-point totally symmetric phonons, which dominate the Raman
spectrum of carbon nanotubes and are involved in charge-carrier relaxation. These
phonons are the high-energy mode and the radial breathing mode. For totally symmetric
modes we can express the electron-phonon coupling as derivative of the band energy with
respect to the normal coordinates. This derivative is approximated by the slope of the
linearly changing band energy. We obtain strong coupling (≈ 10 − 100 meV) for the
high-energy mode and weaker coupling for the radial breathing mode. We find for both
modes a strong dependence of the electron-phonon coupling on chiral angle, family,
and optical transition. The radial breathing mode shows also diameter dependence.
This invalidates the assumption of homogenous coupling. The observed trends even
change from one optical transition to another. For the semiconducting E22 transition,
for example, we predicted a stronger coupling for nanotubes with ν = −1, confirmed by
Raman measurements [6]. For E11, however, we predict the opposite behavior. These
predictions are in good agreement with experimental results [6, 130].

In the future, it will be interesting to extend our studies to more chiral nanotubes.
For bigger nanotubes a zone-folding based mapping of the whole chirality range can be
performed. The effect of the mixing of the high-energy mode and the radial breathing
mode on the electron-phonon coupling is being studied in detail in the moment of writing
this thesis [55]. Resonance profiles of both the radial breathing mode and high-energy
mode of the same individual nanotube are desirable in order to test our predictions.

Ab initio calculations were also the chosen method to investigate the optical properties
of small-diameter nanotubes. In particular, we centered on 4-Å-nanotubes. These are
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particularly relevant since nanotube growth in the channels of AFI zeolite crystals has
been achieved [159]. The small diameter of these nanotubes makes them at the same
time attractive for ab initio calculations and interesting since the usual approximations
break down when the curvature of the nanotube wall starts to play an important role.
Our investigation of the optical properties of these nanotubes allowed us to assign par-
ticular species to the features found in measurements of the optical absorption [11, 12].
We found that the (5,0) nanotube, expected to be semiconducting in the zone-folding
approximation, is metallic, and the (3,3) nanotube has a large optical gap of ≈ 3 eV.
This takes us to the first experimental part of this work.

By means of ultraviolet-excitation Raman spectroscopy we address the (3,3) nanotube
and find signs of a very strong electron-phonon coupling [179]. This coupling changes
the Raman spectrum qualitatively since it is dominated by those modes which couple
most strongly with the electronic system. For example, a non-totally symmetric radial
mode is found at ≈ 650 cm−1, an energy range without Raman signal in bigger nano-
tubes, whereas no radial breathing mode is found. An interesting question, for which
contradictory theoretical predictions are found, is if a Peierls transition takes place, and
at which temperature. We measured the Raman spectrum at helium temperature and
found a slight upshift of the mode frequencies. This excludes a Peierls transition for
temperatures above 4.2 K.

Theoretical studies of the phonon dispersion of (5,0) and (4,2) nanotubes are desir-
able. These could help to understand the modes between 1200 and 1300 cm−1, visible in
the whole range of excitation energies, but resonant at energies corresponding to those
nanotubes. Low-temperature Raman measurements in the visible range would be useful
to check for a possible Peierls transition of these nanotubes.

A symmetry lowering is found in the structure of picotube molecules [192,193]. These
are interesting, among other reasons, due to their similarity to a very short (4,4) na-
notube. They are produced with chemical methods, which yield a well defined geome-
try [189]. This is a promising approach to chirality control in the growth of nanotubes.
The symmetry group is D2d, lower than the D4h symmetry of a short molecular nano-
tube, due to the repulsion of the hydrogen-terminated wings of the picotube. We also
find typical sp3 angles, sign of the rehybridization of the σ and π orbitals induced by
the wall curvature. In nanotubes the effect of rehybridization on the geometry is pre-
dicted to be very small, since they are constrained by their high symmetry (all atoms
are equivalent). The rehybridization is found in the electronic properties of nanotubes,
including increasing electron-phonon coupling of radial modes [118].

Experimental geometry studies were made possible by the existence of picotube crys-
tals. The agreement between the ab initio calculated and the experimental geometry
is excellent. Since the calculations were performed on isolated molecules, the agree-
ment suggests a low interaction between the molecules in the crystal. This was further
confirmed by polarization-dependent Raman measurements on all faces of a picotube
crystal. The intensity patterns found were successfully explained with a model involving
the superposition of signals of independent, perpendicular picotubes, in good agreement
with x-ray measurements of the crystal structure. The Raman spectrum showed similar-
ities to that of nanotubes, like a band equivalent to the high-energy mode of nanotubes,
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and a breathing-like mode, and differences like a very low frequency of this breathing-
like mode. The number of modes found is much higher than in nanotubes due to the
lower symmetry, and to the molecular character, which, in a confinement fashion, makes
modes visible, which cannot fulfill momentum conservation in nanotubes. We find at the
same time typical sp2 modes, like the band at ≈ 1600 cm−1 analogous to the graphite G
mode or the high-energy mode of nanotubes, and sp3 modes, like the one at 1131 cm−1,
in the range of the Γ-point optical mode of diamond.

Pressure studies will give more insight about the interaction between picotubes in a
crystal. The behavior of picotubes under different kinds of pressure can be studied by
ab initio methods, and experimentally by pressure-dependent Raman spectroscopy.



Appendix A.

Ab initio calculation of vibrational modes

Within the harmonic approximation, the vibrational eigenvectors and frequencies can
be obtained diagonalizing the dynamical matrix [46]

Dkk′(q) =
∑

m

Φ(mk, 0k′)√
MkMk′

e−iq·Rm . (A.1)

The tensor element Φ(mk, 0k′) is the force-constant obtained from the force on atom k
in the unit cell m when the atom k′ in unit cell 0 is displaced. Φ is called force-constant
matrix. Mi is the mass of atom i, Rm is the position of the mth cell and q is the
quasi-momentum of the vibration. The sum runs over all unit cells in the solid.

There are several methods to calculate the force-constant matrix Φ. We use the
method of finite differences, as implemented in the Vibra package, distributed with
Siesta. The force constant kij , the derivative of the component of the atomic force in
direction i, Fi, with respect to atomic displacement uj , is approximated as

kij =
Fi

−uj
. (A.2)

In order to minimize anharmonicity effects, six calculations per unit-cell atom are per-
formed, in each positive and negative direction. In each step the forces on all other
atoms are obtained.

The sum in Eq. A.1 runs over all unit cells in the system. We assume that the forces
are negligible outside a certain range when an atom in the 0th unit cell is displaced. We
use a supercell corresponding to this range. If we are only interested in Γ-point phonons
(or if molecular vibrations are calculated) we just need to calculate the forces in the 0th
unit cell. This is possible due to the symmetry of the force-constant matrix Φ. At the
Γ point, Eq. A.1 reduces to

Dkk′(Γ) =
∑

m

Φ(mk, 0k′)√
MkMk′

. (A.3)

We need to calculate the forces on the kth atoms of all unit cells when displacing the
k′th atom in the 0th unit cell. Due to the symmetry of Φ [82]

Φ(mk, 0k′) = Φ(0k′,mk), (A.4)
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we can write

Dkk′(Γ) =
∑

m

Φ(0k′,mk)√
MkMk′

. (A.5)

After this transformation we need to calculate the force on atom k ′ in the unit cell when
displacing the kth atoms of all other unit cells. Since Siesta uses periodic boundary
conditions, this is achieved by moving atom k in the unit cell. Therefore we only need
to displace and calculate the forces on the atoms of one unit cell.

For all nanotube phonon calculations we exploited the high symmetry of the nano-
tubes. All atoms of a carbon nanotube are equivalent by symmetry. Therefore the
displacement of an atom (and of all its images created by the periodic boundary con-
dition), and the force field generated, are also equivalent, irrespective of the particular
atom displaced. After calculating the force constants for the displacements of one atom,
we can generate the remaining force constants by applying the rotations and screw axis
operations of the nanotube group.1 This approach, already used in Ref. 51 for Γ-point
phonons was extended to the calculation of phonon dispersions. If a full calculation in-
volves 6×Na calculations (Na is the number of atoms in the unit cell), using symmetry
only 12 calculations are needed. The computational cost of each single calculation still
depends on the size of the unit cell, or the supercell for dispersion calculations, and
only the calculation time is scaled down, but with Na ranging between 20 and 120, the
advantage is obvious.

1We calculated the force constants for the displacement of two atoms in order to control the error of
the calculations.



Appendix B.

Raman selection rules: picotube

Raman selection rules describe in which geometry scattering is forbidden, and where it
is allowed. A scattering geometry is a particular combination of incoming and outgoing
light polarizations. From the symmetry of the system we can also learn if we expect the
same probability for allowed processes in different geometries or not. The actual value of
the probabilities depends on the particular atoms involved, on the interactions between
them, and on experimental details and can therefore not be obtained from symmetry
arguments.

The normal modes of a system with symmetry group G can be classified after the irre-
ducible representations of G. For each irreducible representation the Raman tensor has
the same selection rules, although the actual Raman tensor elements can have different
magnitudes for different modes of the same representation.

We will first show how to find out which irreducible representations contain Raman ac-
tive vibrational modes, with the picotube molecule as example (group D2d, see Chap. 6).

The first step is constructing the representation of a general tensor in the picotube
group. A tensor can be obtained from the outer product of two vectors. Therefore we
can build the representation of the tensor Γ(R) by squaring the vector representation
Γ(v)

Γ(R) = Γ(v) ⊗ Γ(v). (B.1)

In this case

Γ(v) = Γ(vz) ⊕ Γ(vx,y). (B.2)

Table B.1.: Character table of the D2d point group. Taken from Ref. 204.

D2d E 2S4 C2 2C ′

2 2σd

A1 1 1 1 1 1

A2 1 1 1 -1 -1 rz

B1 1 -1 1 1 -1

B2 1 -1 1 -1 1 vz

E 2 0 -2 0 0 vxy,rxy
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Table B.2.: Characters of the (reducible) vector, and tensor representations in the D2d

group.

E 2S4 C2 2C ′

2 2σd

v 3 -1 -1 -1 1

R 9 1 1 1 1

The characters of the Raman-tensor representation χ(R) are thus

χ(R) = [χ(vz) + χ(vx,y)]2 (B.3)

where all characters at the right-hand side of Eq. B.3 can be found in the character
table of the group (see Tab. B.1). Character tables for all point groups can be found in
group-theory books such as Ref. 34, or 204.

The characters of the representation of v and R are shown in Tab. B.2. Comparing
Tabs. B.1 and B.2 we see that Γ(R) is reducible, since its characters do not coincide with
any of the irreducible representations of the group. Reducing a representation means
expressing it as direct sum of irreducible representations Γi

Γ =
∑

i

aiΓi (B.4)

where

ai =
1

g

∑

c

ncχ(c)χi(c) (B.5)

is the frequency of the irreducible representation Γi in Γ, g is the group order (number of
symmetry elements), the index c runs over all classes, listed in the first row of Tab. B.1,
nc is the number of operations in the class c, χ(c) is the character of the class c in Γ,
and χi(c) is the same for Γi. We finally obtain

Γ(R) = 2A1 ⊕A2 ⊕B1 ⊕B2 ⊕ 2E. (B.6)

The form of the Raman tensors corresponding to all point groups can be found in
Ref. 105. We list here those corresponding to D2d

A1 =





a
a

b



 A2 =





c
−c



 B1 =





d
−d



 B2 =





e
e





E1
2 =





f

g



 E2
2 =



 f
g



 (B.7)

where the elements not shown are zero. Asymmetric Raman tensors like A2 yield zero
intensity except in particular resonance conditions. Therefore we can conclude that the
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Raman active vibrational modes of picotubes belong to the representations A1, B1, B2,
and E.

Up to this point all arguments were applicable to any system with D2d symmetry since
we only looked at the representation of the Raman tensor in that group. It is interesting,
however, to know how many modes of each representation we can expect. This can
be found out with the following, system specific method. To characterize a vibration
completely we need to specify the positions of the atoms and the displacement of each
one. That means that the representation of the vibrations can be factorized as the direct
product of two representations: the permutation representation, which corresponds to
the position changes of the atoms under the symmetry operations of the group, and the
vector representation, corresponding to the atomic displacements. The characters of the
vector representation are listed in Tab. B.2, but how can we obtain the characters of
the permutation representation? By definition, the characters of a representation are
the traces of the representation matrices. The matrices of the symmetry operations in
the permutation representation have n× n dimension, where n is the number of atoms
in the unit cell or molecule. To obtain the trace we need only the diagonal elements,
which are zero if the particular atom exchanges its position, and one if it remains in its
original position. So we just need to count how many atoms remain unaltered under
each operation. The result is very simple: the only operation which leaves some atoms
invariant is the identity E. Therefore the characters of the permutation representation
are:

E 2S4 C2 2C ′

2 2σd

P 88 0 0 0 0

and using again Eq. B.5 we obtain 33 A1, 33 A2, 33 B1, 33 B2, and 66 E. Note that
the degeneracy is not included in the count, so that we obtain 66 pairs of E modes.
Adding up:

4 × 33 + 66 × 2 = 264 = 88 × 3, (B.8)

i.e., three times the number of atoms in the molecule.
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Milan Damnjanović and his group for their visits to Berlin, the work together and
many conversations on DFT, of course symmetry, Raman, etc.

The Siesta team for creating Siesta. Emilio Artacho for showing me my oppor-
tunity in Berlin and Roberto Fernández Galán for giving me the kick I needed
to go for it. Z. K. Tang for the zeolite samples and R. Herges for the picotube
crystals.

My friends in the distance for being so close. Special thanks to Beatriz Espinosa
Arronte for sharing the experience (among others) of going up north for a PhD,
for lots of encouragement and (really) long chats. Also special thanks to Isabel
Fernández Torrente for introducing me to the mysteries of aluminum foil and STM,
and for the asturian delicatessen service.

Mi familia por el apoyo constante.

Johan Carlsson for his interest in electron-phonon coupling which took him to
that talk. For so many brunch discussions on nanotubes, defects, relaxations, and
phonons among other topics. For sharing the crazy scientist-way-of-life and, well,
for all the rest. Tack s̊a hemskt mycket!


	Introduction
	Basic properties of single-walled carbon nanotubes
	Geometry and symmetry
	Electronic structure and optical properties
	The Brillouin zone of nanotubes: zone folding
	Band structure
	Optical properties: band-to-band transitions vs. excitons
	Kataura plot

	Vibrational properties and Raman spectrum
	Summary

	Methods
	Theory: ab initio calculations
	Density-functional theory
	Siesta
	Computational parameters used in the calculations

	Experiment: Raman scattering
	Macroscopic theory of Raman scattering
	Intensity of the Raman signal and selection rules
	Single- and double-resonant Raman scattering


	Electron-phonon coupling in nanotubes
	Electron-phonon coupling and Raman spectroscopy
	Calculation of the matrix elements
	Results and discussion
	Radial breathing mode
	High-energy mode
	Charge-carrier relaxation

	Summary

	Ultrathin nanotubes
	Structural properties
	Electronic band structure: rehybridization
	Optical properties
	Calculation method
	Dielectric function of 4-Å-diameter tubes

	Vibrational properties: Raman scattering
	Wavelength dependent Raman spectrum
	UV Raman spectrum of ultrathin nanotubes
	Temperature dependence

	Summary

	Picotubes
	Structural properties
	Single molecules: x-ray scattering and ab initio calculations
	Picotube crystal: x-ray scattering

	Electronic properties
	Vibrational properties
	Raman spectrum
	Polarized Raman measurements
	Ab initio calculations

	Summary

	Summary and outlook
	Ab initio calculation of vibrational modes
	Raman selection rules: picotube
	Bibliography

