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Abstract

In der vorliegenden Arbeit untersuchen wir spontane raum-zeitliche Strukturbildungsprozesse
in erregbaren Systemen, die äußeren Fluktuationen mit endlicher Korrelationszeit und Korre-
lationslänge unterworfen sind.

Zunächst beschränken wir uns auf einzelne, räumlich nicht untereinander gekoppelte er-
regbare Elemente. Wir untersuchen zwei verschiedene Modelle erregbaren Verhaltens: Das
FitzHugh-Nagumo Modell der biologischen Erregungsleitung für das Aktionspotenzial in
einem Neuron und das Oregonator Modell für die lichtempfindliche Belousov-Zhabotinsky
Reaktion. In beiden Modellen werden die externen Fluktuationen über die Höhe der Anre-
gungsschwelle an die nichtlineare Dynamik angekoppelt. Wir zeigen, dass neben der Inten-
sität des Rauschens auch die Korrelationszeit die Kohärenz der Systemantwort beeinflussen
kann und bestimmen die optimale Korrelationszeit, bei der die Fluktuationen maximal kohä-
rentes Verhalten im System induzieren. Diese Kohärenzresonanz bezüglich der Korrelation-
szeit des Rauschens haben wir sowohl für den Ornstein-Uhlenbeck Prozess im FitzHugh-Na-
gumo Modell als auch für ein dichotomes Rauschen im Oregonator Modell nachgewiesen. Im
letzteren Fall war die optimale Korrelationszeit in der Größenordnung der Anregungszeit.

Zur experimentellen Überprüfung dieser Ergebnisse haben wir einen Messplatz zur pho-
tometrischen Verfolgung der Musterbildung in einem lichtempfindlichen Belousov-Zhabotin-
sky Medium unter den Bedingungen räumlich und zeitlich fluktuierender Lichtintensität ent-
wickelt. Unsere experimentellen Ergebnisse stimmen gut mit den numerischen Simulationen
des Oregonator-Modells überein.

Danach betrachten wir ein erregbares Medium mit diffusiver Kopplung zwischen den
einzelnen Elementen und untersuchen den Einfluss farbigen Rauschens auf die Ausbildung
raum-zeitlicher Muster. Dabei werden sowohl zeitliche als auch räumliche Korrelationen
berücksichtigt. Wir zeigen, dass eine optimale Einstellung der Korrelationslänge die Kohärenz
der stochastisch induzierten Muster verbessert.

Eine weitere Erhöhung der Kohärenz lässt sich durch rückkopplungsgestützte Kontrolle
erreichen. Im Fall zeitverzögerter Rückkopplung können wir die räumliche und zeitliche
Kohärenz sowie die charakteristischen räumlichen und zeitlichen Skalen der Muster über die
Verzögerungszeit steuern.

Zum Schluss richten wir unsere Aufmerksamkeit auf periodische Wellenzüge, die sich
in erregbaren Medien mit fluktuierender Anregungsschwelle ausbreiten. Im Rahmen einer
störungstheoretischen Betrachtung berechnen wir für den Fall kleiner Rauschintensität die
Abhängigkeit der Ausbreitungsgeschwindigkeit von der Stärke, der Korrelationszeit und der
Korrelationslänge der Fluktuationen. In diesem Zusammenhang diskutieren wir u.a. fluktua-
tionsinduzierte Formen der anormalen Dispersion von Pulsfolgen, die bisher nur in determin-
istischen Systemen beobachtet wurden.

.
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1
Introduction

The behaviour of a system under the action of two different agents is usually not ex-
plainable in terms of the effects induced by the two agents separately. This is the
case in a great variety of systems, in all the systems which are non-linear. If kept in
non-equilibrium conditions, these systems can develop self-sustained patterns from a
homogeneous state. In contrast to closed conservative systems, non-linear systems out
of equilibrium are often referred to as dissipative or open. Indeed they interact with an
environment which steadily feeds them energy or matter. One of the first experimen-
tal observations of pattern formation in a dissipative medium was in the autocatalytic
Belousov-Zhabotinsky reaction, which, if maintained under non-equilibrium condi-
tions, displays self-sustained oscillations. Another example is found in hydrodynam-
ics. A thin liquid layer is constrained between two plates of different temperature,
which ensure a thermal non-equilibrium. If the temperature gradient in the liquid
reaches a critical value, spatially periodic structures develop. Each structure is a con-
vection cell in which the liquid rotates constantly. In this sense non-linearities are thus
a source of order. Under non-equilibrium conditions a system gets organised in stable
spatio-temporal patterns [1].

The phenomenon of pattern formation is of great interest for a multitude of scien-
tific fields like semiconductor physics [2], non-linear optics [3], chemistry [4] and bi-
ology [5]. Particularly fascinating are patterns emerging in biological systems, which
prove that non-linearities and non-equilibrium are not only an idealisation introduced
by theoreticians, but are also mechanisms exploited by living organisms. Elegant self-
organised patterns dress giraffes, butterflies and zebras. With his seminal work “The
chemical basis of morphogenesis” A. M. Turing [6] proposed a mathematical formu-
lation of morphogenesis, and could explain how a uniform sheet of embryonic skin
breaks symmetry and causes the development of zebra stripes. Patterns are also used
to transmit information. The slime mould Dictyostelium discoideum under scarce
food supply fights starvation aggregating in a mound, from which a fruiting body
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evolves. Up to 105 cells signal each other the direction where to move by releasing the
chemoattractant cAMP (cyclic adenosine mono-phosphate). Rotating spiral patterns
of cAMP develop in the early stages of the aggregation, through which the amoebas
detect the position of the forming body. Patterns keep us alive. Periodical pulses of
electrochemical activity in the cardiac tissue set the pace for heart beating. Pulses and
spiral waves mentioned in these examples are characteristic patterns emerging in a
particular class of pattern forming non-linear systems: excitable systems.

Neurons, the building elements of our brain, reveal as well to be excitable in their
non-linear response to electrical stimuli [7]. This alone makes the study of excitable
systems one of outstanding relevance. In our brain there are about 1011 neurons com-
municating with each other in a highly complicated fashion. In this case a microscopic
description is impossible at the current state of the science and a sort of “mesoscopic”
description is thus necessary. The details of some of the microscopic degrees of free-
dom are neglected, or taken into account only under simplifying arguments. In the
latter case usually fluctuations are introduced to model the “lost details” in the coarse-
grained description. This is indeed a common approach in neurodynamics. A single
neuron interacts with a network of active neurons, bombarding it with signals in form
of pulses of action potentials: The standard models describe a neuron as stimulated
by noise.

Noise is not only an expression of the “ignorance” of the modeller, it also describes
the natural stochastic character of real events [8, 9]: In biology is widely accepted that
the species evolution is the result of random mutation events. Another interesting
example is the stochastic release of calcium ions in a cell. Such ions are important
second messengers in living cells and variations of their concentrations control cel-
lular signalling, muscle contraction and neuronal plasticity, to name only a few [10].
Recently it has been proposed that the release of Ca2+ ions from the endoplasmatic
reticulum of a cell is a stochastic phenomenon [11]. Moreover, the release process is
non-linear since a high concentration of Ca2+ favours the opening of ion channels,
which release more ions. With a stochastic hybrid model for the opening and clos-
ing of the ion channels, propagation of Ca2+ waves in the cytosol can be accurately
reproduced [12].

The stochastic release of Ca2+ ions leads us to the field of noise-induced phenomena
in non-linear systems [13], which is the main interest of the present work. The above
examples reveal that such studies are relevant not only for the progress of modelling
tools in fields like neuroscience, but also because they help to deepen the understand-
ing of real phenomena.

The theoretical tools available for the treatment of such phenomena are mainly re-
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stricted to the ideal case of a fluctuating environment without correlations. In fact the
majority of solvable problems assume white noise for the fluctuations. This approxi-
mation is justified if the typical correlations of the fluctuations are much smaller than
all the characteristic time scales of the deterministic system. This assumption turns
out to be often inadequate, like in the case of a neuron processing information. Since
white noise does not contain any preferred frequency, if really stimulated by pure
white noise, neurons would not elaborate any kind of information. Furthermore the
current state of research does not allow a satisfactory description of stochastic pheno-
mena with spatial degrees of freedom [14], as in the case of travelling patterns in the
Ca2+ dynamics. An analogous example is the spreading of epidemic diseases through
populations. The course of infectious diseases can be oversimplified in a three-state
cycle: health, illness, immunity and back to health, similarly to an excitation loop in a
non-linear excitable element. Thus, in a continuum approximation, pulses of infection
travel within a country with randomly distributed inhabitants.

In this scenario of open problems are embedded our research interests. We focus on
excitable elements and spatially extended excitable media interacting with a fluctuat-
ing environment with non-negligible correlations in space and time. Correlated noisy
stimuli, arriving at a neuron for example, model more accurately the exchange of in-
formation among neurons. Moreover particular medications like channels-blockers
can affect the functioning of different ion channels in the cell. Changes can be induced
in the typical time scales of the stochastic ions release, thus in the temporal correlations
associated with such process. In the study of epidemic spreading the non-uniform
distributions of people are modelled by spatially correlated fluctuations in the inhab-
itants density. These examples show the relevance of investigations which properly
take into account both temporally and spatially correlated external fluctuations.

In this work we investigate how the correlations in excitable systems driven by
external noise affect the coherence of the system response. The coupling to the fluc-
tuating environment are introduced via fluctuations of a bifurcation parameter that
controls the local dynamics of the system. In Chapter 2 we focus on a system with-
out spatial degrees of freedom. Like a neuron, an excitable zero dimensional element
responds to noise emitting stochastic spike-trains. We show that by an appropriate
choice of the correlation time of the noise, we can enhance the coherence of these
emitted spikes. In Chapter 3 we confirm our results experimentally, using the light-
sensitive Belousov-Zhabotinsky reaction as experimental system for this purpose. In
Chapter 4 we generalise the problem introducing spatial degrees of freedom. In an ex-
citable medium external fluctuations induce spatio-temporal patterns. We show that
the correlation length of the noise controls the coherence of these patterns.
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In some situations emerging patterns can also be undesirable: Pathologically syn-
chronised neurons are seen in patients with epilepsy or Parkinson disease, and spread-
ing depression waves in the cortex are associated with migraine. It is thus highly
convenient for stochastic systems the development of control devices. Under the as-
sumption of not adjustable parameters of the external noise, we propose in Chapter 5
a delayed feedback scheme to control the spatial and temporal coherence of noise-
induced spatio-temporal patterns.

Finally, in Chapter 6 we turn our attention to propagating pulses in both spatially
and temporally correlated fluctuating excitable media. We investigate how the veloc-
ity of such travelling patterns is affected by correlations in the external fluctuations.
We show that all noise characteristics, i.e the intensity, correlation time and length,
have an impact on the pulse propagation velocity.
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Coherence resonance in excitable

elements driven by coloured noise

An excitable element is characterised by its response to a perturbation: A small distur-
bance causes merely an equally small response, a perturbation above a certain thresh-
old on the contrary, excites a quiescent element that performs a large excursion in the
phase space before reaching again the rest state. Thus, such an element responses
non-linearly to perturbations.

We consider systems where the parameter that controls the excitation threshold
fluctuates, so that random excitations take place due to noise. This Chapter is devoted
to the study of the regularity of these random noise-induced events.

After an introduction to excitable systems and their behaviour under white noise
driving, for a review see [15], we present new results on the role played by the cor-
relation time in the control of excitations coherence. The robustness of our findings
is checked considering different general models for excitable systems (the FitzHugh-
Nagumo and the two-component Oregonator model), and different exponentially cor-
related noise signals.

2.1 Excitable elements driven by noise

The essential ingredients for an excitable element are a rest state, where the element
resides if it is unperturbed, an excited state (or firing state), which is visited if an super-
threshold perturbation is applied, and a refractory state, insensitive to further super-
threshold perturbations, where the system passes through before reaching the rest
state after having been excited. This sequence forms an excitation loop, see sketches in
Figure 2.1. In this Section we first introduce a simple non-linear model, and then with
it we describe general features of autonomous excitable elements with and without
noise driving.
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External perturbation Response of the system

d)

c)

b)

a)

Figure 2.1: Features of excitability. Panel a): A sub-threshold perturbation generates a small

system response. Panel b): A super-threshold perturbation initiates an excitation loop. Panel

c): The system can not be excited by a super-threshold perturbation applied during the refrac-

tory state. Panel d): Two successive super-threshold perturbations generate excitations only if

both are applied to the system in the rest state.

2.1.1 A minimal model

A simple autonomous system that displays the essential features summarised in Figu-
re 2.1 has two variables, a fast one with a non-linear cubic rate function, the activator,
and a slow one, the inhibitor, with a simple negative feedback rule. The first minimal
excitable model of this kind was introduced by R. A. FitzHugh and J. Nagumo to
model the electrical discharge of a nerve membrane [5]. If we denote the fast activator
concentration u and the slow inhibitor concentration v, the model reads:

du

dt
= F(u, v) =

1

ε

(
u−

u3

3
− v

)
(2.1)

dv

dt
= M(u, v) = γu− v+ b.
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The parameter ε tunes the time scale separation between the two variables (small
values of ε imply widely separated time scales), and the parameters γ and b control
the kinetic regime of the system, that can be bistable, excitable or oscillatory. The
fixed points of the system are given by the intersections of the u- and v-nullclines
(F(u, v) = 0 andM(u, v) = 0). By a proper choice of the v-nullcline’s slope, through γ,
Equations 2.1 have a single fixed point, see sketch b) in Figure 2.2. At fixed γ, its sta-
bility is controlled by the parameter b. This fixed point undergoes a Hopf bifurcation
if b is decreased: It becomes unstable and a stable limit cycle appears, see sketch c) in
Figure 2.2.

v = u− u3/3

v = γ1u− b1 v = γ2u− b1

v = γ2u− b2

v

u

a) b) c)

Figure 2.2: Different kinetic regimes for the FitzHugh-Nagumo model. Black curves repre-

sent the u-nullcline, the grey ones the v-nullcline. Stable fixed points are marked with full

red circles, unstable ones with empty circles. Sketch a): Bistability in the case of two stable

fixed points and an unstable one. Sketch b): Excitability in the case of a single stable fixed

point. Sketch c): Oscillatory regime in the case of an unstable fixed point, stable periodic orbit

depicted with a dashed line.

The system is excitable in the case of a single stable fixed point (u0, v0), which
is the rest state of the system. Decreasing the parameter b towards the bifurcation
value bHB the system is sensitive to always smaller perturbations. In other words the
ratio of the excitation amplitude to the perturbation amplitude increases for increasing
excitability.

The sensitiveness of the system to external perturbations depends also on the time
scale parameter ε. In Figure 2.3 we show typical trajectories for sub- and super-
threshold perturbations (respectively red and azure curves) for two different values
of the parameter ε. In the left panel (high time scale separation) a small perturbation
(δu, δv) to the stable point (u0, v0) triggers an excitation loop. It consists in a quick
increase of the activator until the right branch of the u-nullcline is reached, followed
by a slow inhibitor production: the excited state. After this, the activator u decreases
quickly to the left branch of the u-nullcline, and again moves slowly along it towards
the fixed point (u0, v0): The system is in the refractory state. On the right panel we
show a case with low time scale separation between the two system variables. The
same perturbation (δu, δv) now fails to excite the system. The excitation loop in this
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Figure 2.3: Trajectories of the FitzHugh-Nagumo model for sub- and super-threshold per-

turbations (red and azure curves respectively). Each point plotted at constant time intervals

ti = ti−1 + ∆t with ∆t = 0.005. Kinetic parameters b = 1.4 and γ = 2. Left: high time scale

separation for ε = 0.01. Right: low time scale separation for ε = 0.1.

case does not follow the u-nullcline. As a consequence, the excited and refractory
states are not clearly defined anymore and the system responds only to strong pertur-
bations.

2.1.2 Noise-induced excitations

If the excitation threshold of the element is fluctuating, its behaviour changes drasti-
cally. Due to fluctuations the stable fixed point can be destabilised and the system is
by chance brought out of the rest state. This situation is modelled by the following
Equations:

du

dt
=

1

ε

(
u−

u3

3
− v

)
(2.2)

dv

dt
= γu− v+ b0 + ξ(t).

Here ξ(t) is an arbitrary zero mean stochastic process that describes fluctuations in the
excitability parameter b → bξ(t) = b0+ξ(t) around a mean value b0. In Figure 2.4 we
show different realisations for the FitzHugh-Nagumo Equations 2.2, that permit us to
describe its essential properties.

• Small fluctuations result in sub-threshold perturbations, consequently the sy-
stem explores only a small portion of the phase space near the rest state (u0, v0)b0

.
This is shown both in panel A.1) and C.1) of Figure 2.4. In panel A.1) the system
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Low noise intensity High noise intensityExcitability case A

A.1) A.2)

-1

0
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u
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0
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v

uExcitability case B

B.1) B.2)
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uExcitability case C

C.1) C.2)

-1

0

1

2

-2 -1 0 1 2
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u

-1
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u

Figure 2.4: Stochastic trajectories for the FitzHugh-Nagumo model at low noise intensity

σ2 = 0.05 (left column), and high noise intensity σ2 = 0.45 (right column). Panels A): ε = 0.01,

b0 = 2. Panels B): ε = 0.01, b0 = 1.4. Panels C): ε = 0.1, b0 = 1.4. The parameter γ is kept

fixed equal to 2.
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simply relaxes to the instantaneous fixed points (u0, v0)bξ(t). In panel C.1), due
to a high excitability, small stable limit cycles are induced by noise (1). If the
intensity of the fluctuations is increased the system can occasionally escape the
vicinity of the fixed point and performs excitation loops, compare panel A.1)
with A.2) or C.1) with C.2).

• For fixed noise intensity, a process, which at low excitability fails to bring the
Equations 2.2 out of the fixed point vicinity, suffices to induce excitation loops at
higher excitability, compare panels A.1), B.1) and C.1).

• The number of states visited by the system during excitations increases with the
noise strength, panels B.1) and B.2) for example. Moreover fluctuations of high
intensity significantly affect the trajectory of the excitation loops, see panel C.2).

2.2 Coherence resonance under white noise

That noise can help rather than hinder the performance of a non-linear system is well-
known nowadays, not only in the physical community [16]. In a non-linear system,
fluctuations of suitable intensity can enhance the regularity of the system response to
a periodic input. This is a popular phenomenon, stochastic resonance [17], which was
originally proposed to account for the periodic occurrence of the ice ages on the Earth
[18]. Proposed in the early eighties, stochastic resonance has been offering clues and
ideas for a huge variety of works that range from cutaneous stimuli perception [19] to
food detection mechanism in the cray fish [20, 21].

With this phenomenon in mind, let us consider the case of a system with an in-
ternally noise-generated output signal. The question has been addressed whether a
noise of particular intensity exists that induces coherent behaviour in the system. First
encountered in oscillatory systems as “stochastic resonance without periodic forc-
ing” [22], and later as “internal stochastic resonance” [23], it is with the work of A.
Pikovsky and J. Kurths on the FitzHugh-Nagumo model [24] that this phenomenon
got its present name coherence resonance (CR) and that it was associated with excitable
systems. In this work the authors showed that the regularity at which an excitable ele-
ment fires under white noise driving, has a non-monotonous resonant dependence on
the noise intensity, and that there exists an optimal noise intensity at which a sequence
of noise-induced excitations is most regular. This phenomenon has been studied since
more than one decade and has been observed in a huge variety of systems of quite
different nature as, for example, anti-CR in excitable systems with feedback [25], CR

(1) This is because the value b0 is near the Hopf bifurcation value bHB.
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in coupled chaotic oscillators [26], internal CR in variable size patches of a cell mem-
brane [27, 28], system size CR in globally coupled FitzHugh-Nagumo elements [29],
array-enhanced CR in a model for Ca2+ release [30], CR at the onset of a saddle-node
bifurcation of limit cycles [31] and of period-doubling bifurcations [32], and spatial
CR in a spatially extended system near a pattern-forming instability [33] (for a com-
prehensive review see [15]).
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Figure 2.5: Noise-induced excitations in the stochastic FitzHugh-Nagumo model (compare

Equations 2.6 on page 15) under white noise driving. Parameters for all plots: b0 = 1.05,

ε = 0.01. Left top: σ2 = 0.001. Left centre: σ2 = 0.009. Left bottom: σ2 = 0.064. In the right

panels are shown enlargements of the trajectories plotted on the left side. Time scales tp, te
and ta are discussed in the next two pages.

To characterise the level of coherence of noise-induced excitations we analyse the
time evolution of the activator concentration u in the FitzHugh-Nagumo model, see
Figure 2.5. In this representation the excitation loops shown previously in Figure 2.4
become spikes spaced out by intervals during which the system performs noisy re-
laxation oscillations around its stable state. The phenomenon of coherence resonance
manifests itself in the three realisations of u(t) for different noise intensities given in
Figure 2.5. For very low noise intensity (upper panel) an excitation is a rare event
which happens at random times. In the panel at the bottom, for high noise inten-
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sity, the systems fires more easily but still rather randomly. In the panel in the centre
instead, at an optimal noise intensity, the system fires almost periodically.

The typical oscillation period for the system is given by the mean inter-spike time
interval (ISI) 〈tp〉 between two successive noise-induced excitations over many realisa-
tions, see enlargements in Figure 2.5. To it we associate as error the standard deviation.
If the system fires regularly, say for simplicity periodically, then the error associated
to tp is zero and consequently the ratio of the standard deviation srd(tp) to its mean
value 〈tp〉, i.e. the normalised fluctuations

Rp =

√
〈(tp − 〈tp〉)2〉

〈tp〉
, (2.3)

is equal to zero. On the other hand, if the firing is incoherent and takes place at random
times, then the error associated to tp is of the same order of the mean ISI, so that Rp '
1. Thus Rp is a measure of the coherence of the system response and the minimum
of Rp(σ2) characterises the optimal noise intensity. We plot this dependence for the
FitzHugh-Nagumo model in Figure 2.6.
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Figure 2.6: Normalised fluctuations of the inter-spike interval versus the noise intensity for

the FitzHugh-Nagumo model. Black curve reproduces the result shown in [24]. Parameters

b0 = 1.05, ε = 0.01 in Equations 2.6. The fixed point is a stable focus. Same results with

b0 = 1.2 shown by the red curve, where the fixed point is a stable node.

The phenomenon of CR is due to the presence of two different characteristic time
scales in the system which are affected by noise in different manner. One is the time
during which the system just fluctuates around the stationary state, which is needed
to activate an excitation. We call this the activation time ta. The second time scale,
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the excursion time te, is the typical duration of an excitation loop, compare Figure 2.5.
Noise of low intensity does not affect te, compare panels B.1 and B.2 of Figure 2.4.
Consequently, assuming std(te) small and ta >> te (excitations are rare events), we
can write that Rp ' srd(ta)/〈ta〉. In this regime, the spikes are completely random
events, so that srd(ta)/〈ta〉 = 1, and, as noise increases, the coherence of ta increases
too, see Figure 2.6. Only at moderate noise intensities the excursion time te starts to
get affected by noise. In this regime the excitation loops, that at low noise intensities
possess well defined trajectories, loose regularity with increasing noise intensity, com-
pare panels at the bottom of Figure 2.5. This phenomenon is also shown in panels B.1
and B.2 of Figure 2.4 on page 9. There the trajectories of the noise-induced excitations
spread out in the phase space for increasing noise intensity. The transition between
this two regimes takes place where the quantity Rp displays its minimum. Then the
coherence of the system is highest.

absorbing
boundary

re-injection

U(v) Figure 2.7: The motion of the noise

driven excitable element at high time scale

separation reduced to its slow motion

along the u-nullcline. The fast straight

motion in the u direction is described with

re-injections at the absorbing boundary to

the initial condition.

At large time scale separation between the two variables u and v, the system per-
forms a quick straight motion in the u direction, followed by a slow motion along the
u-nullcline. Consequently, the authors of [24] simplify the noise-induced activity of
such system as random walks in the v direction from the fixed point v0 to an absorb-
ing boundary, where the system is re-injected to the fixed point. This behaviour is
described by the one-dimensional Langevin equation

dv

dt
= −

dU

dv
+ ξ(t), (2.4)

where U(v) is a non-linear potential with a single minimum, see the sketch in Figu-
re 2.2. With these simplifications the inter-spike times tp are nothing but first-passage
times [34, 35] for the process in Equation 2.4. In [24] the first two moments of this
process are calculated analytically for a piecewise linear potential. Furthermore it is
shown that the ratio Rp of the two quantities behaves in good agreement with the
numerical results and exhibits a single minimum at an optimal noise intensity.
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A theoretical approach to CR for high time scale separation have been proposed
also by B. Lindner and L. Schimansky-Geier [36, 37]. They found analytically an ex-
pression for the mean inter-spike time and its standard deviation. Their analytical
results reproduce quantitatively numerical data obtained with the FitzHugh-Nagumo
model.

2.3 Coloured noise in excitable systems

What has been reported so far are features and effects that excitable systems display
when driven by white external fluctuations. The assumption of white noise guaran-
tees the Markovian character of the system, implicating that the present state of the
system does not depend on its past states. The advantages of considering Markovian
systems are that their temporal evolution can be described by a diffusion process, for
which a large arsenal of theoretical tools is available [13, 34].

The idealisation of delta-correlated white noise is sometimes in the real world
hardly realised. Indeed the correlation of a real noise source is never going to be
strictly equal to zero. Let us consider the case of a system whose faster time scale is
comparable with the typical time scale of the external noise acting on it. This situation
is then reproduced considering a noise source with finite correlations.

Generally in the modelling of a real system it is desirable to take into account a
low quantity of variables to describe it, and often a coarsening is done over a hidden
set of variables. So realistically, noise in the simplified low dimensional system ex-
hibits finite correlations. The price for such simplification is the loss of the Markovian
properties of the original higher dimensional system [13, 38].

In a non-Markovian system, although the present state of the system is known,
nothing can be said about its future states without the knowledge of its history, present
and past are thus correlated with each other via the memory of the environment. The
non-Markovian behaviour of a system however does not exclude that the environment
may be Markovian: Correlations among present and past states can be nevertheless
taken into account if we choose the fluctuating environment among the class of Mar-
kovian noise processes. This has the advantage of extremely restricting the class of
possible processes. In fact the Doomb’s theorem ensures that a correlated Gaussian-
Markov process is necessary an Ornstein-Uhlenbeck process [8]. This process is cha-
racterised by an exponential correlation function

〈η(t)η(s)〉 = σ2exp

(
−

|t− s|

τ

)
, (2.5)

where the parameter σ2 is the intensity of the process given by its second moment
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〈η2(t)〉 and τ is the characteristic correlation time. Details and comments about this
process are reported in Appendix A.

Stochastic systems with coloured noise sources have been attracting much atten-
tion recently. An example in material science is crackling noise emitted by materials
with hysteresis when they get magnetised [39]. This effect can be explained by models
which take into account correlated forces acting on the magnetic domain walls [40, 41].
Another interesting example is offered by granular media. The velocity distribution of a
granular particle is non-Gaussian. This is due to inelastic collisions between particles,
which finally result in correlated random forces acting on the particles [42]. Further-
more, recently in neuroscience models for cortical neurons with correlated synaptic
noise sources have been discussed in great detail [43, 44, 45]. These studies are of par-
ticular relevance for cortical neurons. Interestingly it has been shown that LIF (leaky
integrate and fire) models with coloured synaptic noise can successfully reproduce
statistical properties of spiking cortical neurons taken in the prefrontal cortex of mon-
keys [46].

Non-linear excitable system have been poorly analysed in the case of coloured
noise, but the examples given above clearly indicate how relevant can be the role
played by correlations in real phenomena. We start to fill the lack of understand-
ing about correlation-induced effects in excitable system looking at the phenomenon
of CR, considered so far as white noise phenomenon, in the case of exponentially cor-
related noise.

2.4 Coherence resonance with respect to the correlation time

2.4.1 The FitzHugh-Nagumo model driven by an Ornstein-Uhlenbeck pro-
cess

We consider a stochastic FitzHugh-Nagumo model of the following form:

du

dt
=

1

ε

(
u−

u3

3
− v

)
(2.6)

dv

dt
= u+ b0 + η(t).

This model is slightly different from the more general one expressed in Equations 2.1
on page 6, but in its properties analogous to it. Also in this case, in absence of noise, the
parameter b0 controls the kinetics of system, that here can be excitable or oscillatory,
but not bistable. We choose b0 > bHB, and analyse the coherence of noise-induced
activity in the excitable regime.
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To model non-white fluctuations in the excitability parameter around the deter-
ministic value b0, we consider the noise source η(t) to be generated according to the
Ornstein-Uhlenbeck process

dη(t)

dt
= −

η(t)

τ
+
ξ(t)

τ
, (2.7)

where ξ(t) is a zero mean, δ-correlated Gaussian process with 〈ξ(t)ξ(t ′)〉 = 2Dδ(t −

t ′). The parameter τ denotes the correlation time of the stochastic process η(t), see
Appendix A for details. For the numerical integration of Equation 2.7 we adopt an
integral algorithm proposed by R. F. Fox [47]. The variable η is normally distributed
and with correlation function given by

〈η(t)η(t ′)〉 = σ2exp
(

−
|t− t ′|

τ

)
, (2.8)

where σ2 = D
τ is the variance of the process. Thus, for this choice of the noise signal,

beside the noise intensity σ2, now a new control parameter is available, i.e. the correlation
time of the fluctuations.
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Figure 2.8: Normalised fluctuations Rp obtained from numerical simulations of Equations 2.6.

Black line: τ = 0.01, grey line: τ = 0.25, red line: τ = 2. Each point of the plotted curves is

obtained averaging over 2.5 ·103 inter-spike intervals. The kinetic parameters b0 = 1.05 and

ε = 0.01 are adopted for all Figures in this Section.

We show in Figure 2.8 the normalised fluctuations of tp as a function of the vari-
ance of the coloured signal η. For all the considered values of the correlation time the
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system reaches the highest coherence at an optimal noise intensity of the process η,
analogously to what is shown in §2.2 for white-noise driving.

Let us now explore the effects induced by changes in the colour of the fluctuations
keeping the variance σ2 = D

τ constant. In this scaling the percentage of realisations
of bη(t) = b0 · [η(t) + 1] that fall below the threshold bHB for the oscillatory regime,
remains constant under variation of τ. Note that under this scaling the total power
of the process is conserved varying the correlation time, but the frequency spectrum
becomes flat and vanishes as τ → 0. On the other hand, keeping D constant, if τ → 0,
the total power, and therefore the variance σ2, grows to infinity. This situation of
course never occurs in the reality. We remark that to consider the white noise limit for
the Ornstein-Uhlenbeck process in Equation 2.7, another scaling withD kept constant
should be considered. For a detailed comparison of these two scalings we refer to [48].
For a comprehensive overview on the effects of coloured noise in different models see
[13] at Chapter 8.
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Figure 2.9: Coherence resonance in the FitzHugh-Nagumo model with respect to the correla-

tion time of the Ornstein-Uhlenbeck driving. Black line is for σ2 = 0.04, grey line for σ2 = 0.01,

red line for σ2 = 0.0025. Each point is an average over 2.5·103 inter-spike intervals.

In Figure 2.9 we present the dependence Rp(τ) for different noise intensities σ2.
We find that the coherence of the noise-induced excitations is strongly affected by the
correlation time τ, and, moreover, that at an optimal value τopt of the correlation time,
the system reaches maximal coherence. It is important to stress that the optimal values
of the correlation time τopt are not only smaller than the mean inter-spike time 〈tp〉,
but even smaller than the typical values of te. For σ2 = 0.04 and τ = 0.1 in Figu-
re 2.9 we find 〈tp〉 ' 4. We note also that at highly coherent regimes ta ' 0, thus
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Figure 2.10: Phase portraits for FitzHugh-Nagumo model, Equations 2.6, for σ2 = 0.01. Left

panel: τ = 0.01, right panel: τ = 2. Black and grey line are the u- and v-nullcline, respectively.

te ' tp. Furthermore the position of the minima in Figure 2.9 varies only slightly as
the variance of the noise driving is changed. This suggests that the behaviour of Rp
with τ is also due to a resonance with some internal deterministic time scale of the
system.

To understand the mechanism responsible for this phenomenon, we analyse in
Figure 2.10 the phase portraits of Equations 2.6 for correlation times much smaller
and much larger than the optimal value τopt. Interestingly, since in our scaling the
noise intensity σ2 is the same for different correlation times, in these two limit cases
the phase portraits are almost the same, compare Figure 2.10 with panels B) in Fi-
gure 2.4 on page 9. Along the noise-induced excitation loops the system does not
visit increasing sets of states for increasing correlation times, as encountered for CR
with white noise upon changes of the noise intensity. This suggests that here the two
characteristic time scales ta and te are not differently affected by τ as found in §2.2,
thus the effect depicted in Figure 2.9 is new and different from CR under white-noise driving.

Light is shed on this phenomenon analysing the time evolution of the variable u,
see in Figure 2.11. We recognise that for small values of the correlation time, τ < τopt
(top panel), noise-induced excitations are very rare events, and the resulting sequence
of excitations is highly incoherent. When τ increases, the regularity of the noise-
induced spike sequence grows and the excitations happen almost periodically (centre
panel). Here τ = τopt and Rp(τ) reaches its minimum. For higher values of the cor-
relation time, τ >> τopt (bottom panel), we find excitations clusters followed by time
intervals without any activity. For those large τ-values, fluctuations can occasionally
drive the system for a long time interval close or below the bifurcation value bHB.
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Figure 2.11: Noise-induced ex-

citations in the FitzHugh-Nagu-

mo model (Equations 2.6) at con-

stant noise intensity σ2 = 0.01,

for different correlation times.

Upper panel: τ = 0.01. Middle

panel: τ = 0.1. Lower panel:

τ = 2. Kinetic parameters as in

Figure 2.8.

Consequently, during these clusters the system is effectively oscillatory and fires reg-
ularly. The clusters are spaced out by intervals of same duration in which the system
is held at low excitability, b >> bHB, thus no activity can be triggered. The regularity
of such sequence of spike clusters, alternated by intervals of no activity, is low: In this
regime Rp increases with τ. Note that the duration of the bursts of excitations shown
in the lower panel of Figure 2.11 is much longer than the correlation time τ of the noise
driving.

2.4.2 The Oregonator model driven by a random telegraph signal

We want to verify that the results obtained for the FitzHugh-Nagumo model follow
from general features of excitable systems driven by coloured noise, and we look
at a different excitable system, the two-component Oregonator model for the light-
sensitive Belousov-Zhabotinsky (BZ) reaction [49]

du

dt
=

1

ε

[
u− u2 − (fv+ φ)

u− q

u+ q

]
(2.9)

dv

dt
= u− v.

The variables u and v stand for the dimensionless concentration of bromous acid and
the oxidised form of the light-sensitive catalyst Ru(bpy)2+3 , respectively. Here ε con-
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trols the time scale separation between the two variables, q is a scaling parameter, f is a
stoichiometry parameter [50], and φ represents the photochemically induced bromide
flow which is assumed to be proportional to the applied light intensity, for details on
the BZ reaction see Chapter 3. From the recipe concentrations we obtain ε = 0.0766

and q = 0.002, f is chosen equal to 1.4.
When ε, f, and q are kept fixed, φ controls the kinetics in the same way as b does

in the FitzHugh-Nagumo model: For small φ the kinetics is oscillatory and for φ >

φHB = 4.43 ·10−3, it becomes excitable via a super-critical Hopf bifurcation, for more
details on the stability analysis of Equations 2.9 see Appendix B.

Here also we are interested in how fluctuations with non-vanishing correlation
time in the excitability parameter affect the coherence of the system response. Thus
we assume the parameter φ, proportional to the light-intensity, to be an exponentially
correlated stochastic variable expressed as

φ → φη(t) = φ0 ·[η(t) + 1]. (2.10)

We choose φ0 in the excitable regime and analyse how Rp(τ) behaves in the Orego-
nator model (Equations 2.9) as the correlation time of the Ornstein-Uhlenbeck process
η varies, see Equation 2.7 in the previous Section. The results that we get for various
noise intensities agree with those found previously for the FitzHugh-Nagumo model,
see Figure 2.12. Once again the optimal correlation time τopt is much shorter than the
typical time scales ta and te.
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Figure 2.12: Rp(τ) for the Oregonator model 2.9 driven by an Ornstein-Uhlenbeck process.

Kinetics parameters here and in the following Figures: ε = 0.0766 and q = 0.002, f = 1.4.

Excitability parameter φ0 = 7.5·10−3. Noise variance σ2 = 0.025 kept constant.



2.4 Coherence resonance with respect to the correlation time 21

In the attempt to get a deeper understanding of the behaviour of the system in the
presence coloured noise, we consider in what follows a simpler exponentially corre-
lated stochastic process: a random telegraph signal η(t) = η±(t) [13, 38]. This process
is dichotomous and assumes only the values ±∆. It can be described by a phase ac-
cording to

η±(t) = sign [cos(γ±(t))]·∆, (2.11)

where the phase increases at each random time ti by an angle π. Thus the process has
zero mean and variance ∆2. Introducing the Heaviside step function θ we can write
the phase as

γ±(t) = π
∑
i

θ(t− ti), ti = ti−1 + e. (2.12)

We assume the random variable e to be exponentially distributed, with distribution

p(e) =
1

τ
exp

(
−
e

τ

)
. (2.13)

With this assumption the process expressed in Equation 2.11 has the correlation func-
tion

〈η±(t)η±(s)〉 = ∆2 · exp
(

−
|t− s|

τ

)
, (2.14)

where τ is the correlation time of the process η± [13, 38].
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Figure 2.13: Detail of the v-nullcline, grey straight line, and the u-nullcline, F(u,φ) =

1
f

[
(u−u2)(u+q)

u−q − φ
]
, for the Oregonator model, Equations 2.9. For the latter, the black dashed

line corresponds to mean excitability φ0, the orange curve for φ− (oscillatory regime), and the

azure curve for φ+ (excitable regime). The insert shows the whole nullclines in logarithmic

scale.
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Figure 2.14: Normalised fluctuations of the inter-spike time versus the correlation time of the

noise for the Oregonator model, Equations 2.9 with φ0 = 0.0075. Grey curve ∆ = 0.1, green

∆ = 0.8, orange ∆ = 0.6, azure ∆ = 0.4, red ∆ = 0.3. Each point is an average over 5 ·103

inter-spike intervals.

We choose the parameters φ0 and ∆ such that φ0 corresponds to the excitable and
φ− = φ0(1−∆) to the oscillatory regime, respectively. Then forφ(t) = φ+ = φ0(1+∆)

the system is excitable, so, analogously to the FitzHugh-Nagumo model, from any
initial condition it reaches the stationary state and remains there forever, see nullclines
in Figure 2.13. We analyse how the coherence of the system under random switching
between the two kinetic regimes depends on the correlation time of the switching
process.

The results for Rp(τ) obtained for different values of ∆, see Figure 2.14, demon-
strate that under a random telegraph signal the coherence of noise-induced excitation is en-
hanced by an optimal choice of the correlation time, as analogously found for the FitzHugh-
Nagumo and the Oregonator model with Ornstein-Uhlenbeck noise, compare Figu-
re 2.9 and Figure 2.12. Here, the optimal correlation time τopt decreases as the noise
amplitude ∆ increases. Further simulations not shown here, confirm that this pheno-
menon holds for a wide range of the bifurcation parameter φ0, covering almost the
whole excitable regime. We emphasise that for not well separated time scales, noise-
induced excitations are possible even if bothφ− andφ+ belong to the excitable regime,
compare red curve in Figure 2.14.

The effect of the random telegraph signal on the Oregonator model can be viewed
as perturbations of random duration δT and amplitude δφ = −2∆ ·φ0 applied to the
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Figure 2.15: Panel a): The system is at the stable fixed point (u0, v0)φ+ , marked by the red

dot. Panel b): Under a perturbation of amplitude δφ = −2∆φ0 the system relaxes towards the

stable limit cycle, azure trajectory. After a time δT the system reaches the state (u, v)δT , blue

cross. Panel c): The system is unperturbed and out of equilibrium, grey cross. It returns to the

stable fixed point (u0, v0)φ+ after an excitation loop, red trajectory.

system at the excitability φ+. To clarify this, we first focus on the effect of one single
perturbation, see sketches in Figure 2.15. Initially, we prepare the system in its fixed
point (u0, v0)φ+ and apply a perturbation δφ = −2∆·φ0. This results in a shift of the
u-nullcline and, consequently, a shift of the fixed point towards the unstable branch
of the u-nullcline. The perturbed system is in the oscillatory regime. Thus the state
(u0, v0)φ+ becomes unstable and the system leaves it to enter the stable periodic orbit,
see sketch b) in Figure 2.15. When the perturbation is switched off, the system is in a
state (u, v)δT beyond the excitability threshold. Therefore, the rest state is recovered
performing an excitation loop, depicted in sketch c).

This simplified picture holds only for large correlation times. If the duration δT
is too short (small correlation times), the perturbed state (u, v)δT is not beyond the
excitation threshold. Therefore no excitation take place but merely a relaxation motion
back to the stable state (u0, v0)φ+ .

We plot in Figure 2.16 on the following page the duration δT of the shortest pertur-
bation of amplitude δφ = −2∆ ·φ0 able to induce an excitation loop. As expected δT
decreases for increasing ∆. If we compare this time with the optimal correlation time
of the telegraph signal at which the system reaches the highest coherence we find that
the two quantities δT and τopt are of the same order of magnitude.

Let us now imagine the more realistic situation of a system prepared in a cloud of
states around the fixed point (u0, v0)φ+ and let us calculate the mean duration 〈δT〉 of
the shortest “excitation-inducing” perturbation. In this case we find a good agreement
with the optimal correlation time τopt, i.e. τopt ' 〈δT〉.

We call the duration δT excitation time, which is the time needed by a perturbation
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Figure 2.16: Red curves: minima of the Rp(τ) curves shown in Figure 2.14, τopt, as a function

of the noise amplitude ∆. Azure curve, left panel: Duration δT of the shortest perturbation

acting to the state (u0, v0)φ+ , able to induce an excitation. Azure curve, right panel: Mean

duration 〈δT〉 of the shortest perturbation acting on a cloud of states around (u0, v0)φ+ .

of amplitude δφ to trigger an excitation loop. The highest coherence of the system under
dichotomous exponentially correlated fluctuations is reached when the correlation time, and so
the typical duration of the two states φ±, is of the same order as the excitation time.

In conclusion, we find that for exponentially correlated noise driving the response
of an excitable element is highest at an optimal correlation time τopt. Moreover, in
the case of a dichotomous exponentially correlated noise signal, we can connect the
optimal correlation time with an internal deterministic time scale of the system.



3
Experimental evidence of coherence

resonance under coloured noise

A paradigmatic experimental system to investigate general features of non-linear ac-
tive media is the Belousov-Zhabotinsky (BZ) reaction [4]. Since the works of L. Kuhn-
ert [51, 52], a modification of the classical BZ reaction with a light-sensitive ruthenium
complex has been attracting much attention. Indeed, many research groups discov-
ered the advantages of using a light signal for the control of pattern formation and
wave dynamics [53, 54, 55, 56]. In our group this experimental system has been suc-
cessfully employed for studies on control of spiral waves [57, 58, 59, 60].

We employ the light-sensitive BZ reaction to verify the phenomenon of coherence
resonance with respect to the correlation time reported in the previous Chapter. In
what follows, after introductory remarks on the BZ reaction, we describe the set-up,
the experiment, and the measurements protocol developed for this purpose. With all
this as basis, we can show, in agreement with the numerical data, that there exists an
optimal correlation time of the external fluctuations at which highly coherent wave
nucleation is induced [61].

3.1 The stochastic light-sensitive Belousov-Zhabotinsky me-
dium

The Russian chemist B. P. Belousov had been attempting to model the Krebs cycle,
when, purely by accident, he observed that a solution of citric acid, acidified bromate,
and a ceric salt oscillated periodically for hours between yellow and clear. As in 1951
he submitted a paper to a scientific journal asserting to have discovered an oscillating
chemical reaction, it was roundly rejected with a critical note from the editor that it
was clearly impossible because violates the second principle of thermodynamics [62].

Nowadays the existence of chemical oscillations in open non-linear systems is well
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accepted, and, since the works of B. P. Belousov and A. M. Zhabotinsky [63], a huge
variety of oscillatory and excitable patterns have been observed in the BZ reaction. Its
slow time scales and its low maintenance costs make this system the favourite can-
didate to validate experimentally phenomena found theoretically. For example, the
existence of resonant attractors for feedback-controlled spiral waves [64, 58], defect-
mediated turbulence [65, 66], inwardly rotating spirals [67], as well as, resonant phase
patterns [68] and anomalous dispersion relation [69] have been all experimentally con-
firmed in the BZ reaction. The huge variety of phenomena that have been successfully
studied with the BZ reaction made of it a prototype active medium.

What with “Belousov-Zhabotinsky reaction” is referred to, is actually a class of
chemical reactions in which an organic substrate is oxidised by bromate ions in pres-
ence of transition metal ions. The organic reactant is usually mallonic acid, which,
after being brominated, can be oxidised by the transition metal ion. As a high con-
centration of oxidised reagents is reached, a reduction chain is triggered, which brings
the system back to the initial state. The changes of colour that puzzled B. P. Belousov,
are due to the changes of concentrations of oxidised form of metal ion [50, 62]. This,

Figure 3.1: Three photographs of patterns

emerging in the BZ reaction in Petri-dishes

placed on a light-table. In the three cases dif-

ferent concentration of catalysts are fixed in

the silica-gel and different BZ solutions are em-

ployed. Consequently different kinetic regime

are realised. Bright waves indicate regions

with high concentrations of the oxidised form

of the catalyst. Details on the reaction reported

in §3.2.
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in fact, possesses different light absorption characteristics in the stable and in the oxi-
dised form. If the catalyst is fixed in a thin gel matrix, where the reactants can diffuse
in, two-dimensional patterns can be analysed. In this way, for suitably chosen concen-
trations, the propagation of excitation waves, or oscillating patterns, can be directly
observed by tracking the transmitted light thought the gel, some patterns are shown
in Figure 3.1.

Beside the initially commonly employed catalysts ferroin and cerium, the ruthe-
nium complex Ru(bpy)2+3

(1) has been proposed by L. Kuhnert as catalyst for the BZ
reaction [51]. In this case the reaction becomes sensitive to light. By illumination, the
molecule Ru(bpy)2+3 gets photochemically excited, ?Ru(bpy)2+3 , and becomes a strong
reducting agent. This process results in an additional source of inhibitor bromide.
Hence, projecting light on the gel it is possible to control the rate of bromide produc-
tion and consequently the kinetics of the reaction. In darkness the reaction is oscilla-
tory and sustains phase waves. Increasing the illumination the reaction becomes ex-
citable and supports the propagation of travelling waves, like spiral waves and target-
patterns. Further increasing the light intensity the medium fails to support any kind
of wave activity and no stable patterns propagate. Therefore, the light intensity pro-
jected on the reaction is the bifurcation parameter that controls the excitability of the
system, see the sketch in Figure 3.2.

light intensity
oscillatory

regime
excitable
regime

non-excitable regime

Figure 3.2: Typical patterns sustained in the light-sensitive BZ reaction under illumination of

increasing intensity.

With this experimental system the effects of fluctuating excitability can be ele-
gantly investigated. Indeed, by means of a computer and a video projector, it is pos-
sible to illuminate the reaction with any kind spatio-temporally fluctuating patterns.
Such light patterns model a fluctuating environment interacting with the system. This

(1) Abbreviated form for ruthenium-2, 2 ′-bipyridyl.
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set-up has been getting increasing consideration in the research community of stocha-
stic processes.

One of the experiments that drew much attention to the light-sensitive BZ reaction
as a stochastic experimental system is the one performed by S. Kàdàr, J. Wang and K.
Showalter [55]. The authors studied the propagation of wave segments in the non-
excitable regime under the effect of noise. In this regime, in absence of noise, a wave
segment is unstable. As shown in the top-right panel of Figure 3.2, while propagating,
the wave shrinks and eventually extinguishes. As the medium is illuminated with
a fluctuating light pattern, it succeeds to support travelling waves, even though the
illumination mean value is in the non-excitable regime. Moreover the authors showed
that there exists an optimal intensity of the external fluctuations at which the distance
travelled by a wave segment is longest.

Further studies on noise-induced effects with the light-sensitive BZ reaction have
been performed also by I. Sendiña-Nadal and coworkers. They analysed the effects
of quenched disorder on the propagation of auto-waves [70, 71], and studied the ef-
fects of spatio-temporal fluctuations on a spiral wave. Analysing the motion of the
spiral tip, they showed that it performs a diffusive motion, whose properties depend
non-trivially on the noise correlation parameters [72]. We mention moreover their ex-
perimental proof of noise induced transitions in the local dynamics of the BZ reaction.
They could report evidences of stabilisation of unstable target-patterns through noise
[56].

The versatility of the light-sensitive BZ medium is shown also by recent experi-
ments where patterns emerging in a stochastic network have been studied [73]. The
non-local connections in the medium have been introduced via a spatio-temporally
modulated light signal.

The relevance and the applicability of such studies are not limited to the particular
experimental system. They help to shed light on general phenomena induced by noise
in excitable media.

3.2 Experimental set-up

The set-up adopted for our experiments has as central element an open gel-reactor,
which allows to maintain constant non-equilibrium conditions during the measure-
ments, see Figure 3.3. With it, and by means of computer-based spectrophotometry
[74], we analyse wave activity in the BZ medium with sufficiently high spatial and
temporal resolution.

The reactor consists of two separated chambers. In one of them the BZ reactants
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are put in contact with the light-sensitive catalyst, i.e. the ruthenium complex. It is
immobilised in a silicahydrogel matrix, spread on a glass dish fixed in the chamber.
Instead of the ruthenium complex Ru(bpy)2+3 proposed by L. Kuhnert [51, 52], we
employ the slightly different complex Ru(dmbpy)2+3

(2), which turns out to provide a
higher colour contrast and to better sticks in the gel matrix. Details and remarks on the
preparation of gel and the catalyst are reported in [59]. The gel is 0.32 mm thick and
18 × 15 mm2 in size. We verified that at the used gel thickness no three-dimensional
effects are present [75]. Hence, once the BZ reagents penetrate and diffuse in the gel
matrix, the obtained reaction-diffusion system can be considered as two-dimensional.
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OPEN
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gel with
the catalyst

light control
unit

image acquisition
unit

Figure 3.3: Top: Sketch of the experi-

mental setup. Left: Photograph of the

reactor and, behind it, the polariser,

the blue filter and the video projector.

The BZ reagents are filled in the chamber in a solution prepared with: [BrO3]= 2M,
[H2SO4]= 4M, [CH2(COOH)2]= 1, 5M, and [Br−]= 2M, (for the preparation details see
[59]). The products that emerge during the reaction changes its underlying kinetics.
To avoid this alteration, we continuously supply the fresh reagents in the chamber at a
pumping rate of 100 ml/h. In this way we ensure steady non-equilibrium conditions

(2) Abbreviated form for ruthenium-4, 4 ′-dimethyl-2, 2 ′-bipyridyl.
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for the system. In addition, a magnetic stirrer keeps homogeneous concentrations of
reagents in the whole chamber.

The back of the glass dish is in contact with the second chamber of the reactor. This
serves as heat bath for the system. In it we let circulate water, whose temperature is
controlled by a thermostat (TH2O = 25.0 ± 0.5◦C). Moreover in this way we contrast
the heating induced by the projected light.

The control of the reaction thought light is realised employing a video projector,
which illuminates it with a computer generated pattern (light control unit in Figu-
re 3.3). The projector is a Toshiba TLP X20, equipped with a special auxiliary objective
that allows to project sharp patterns at short distances. The whole projection area is
a small rectangle set at size 4×3 cm2, and focused at a distance d = 21, 5 cm. At this
distance we place the reactor, and precisely the glass dish with the gel, compare sketch
in Figure 3.3. The gel is cut smaller than the zone illuminated by the projector in order
to minimise the effects of possible light gradients(3).

The light pattern (8-bit grey level) from the video projector reaches the gel after
passing through a blue bandpass filter to reduce heating effects, BF1 in the set-up
sketch in Figure 3.3 (peak in the transmitted light spectrum at wavelength λtBF1 =

460 nm). This does not reduce the performances of the set-up since only blue light
affects the reaction (peak in light absorption spectrum for the ruthenium complex
Ru(dmbpy)2+3 at λaRus

=459nm). After the blue filter we place a polariser (angle set
at 10◦), which permits a fine tuning of the light intensity, the video projector emits in
fact partially polarised light. For each grey-level (0−255), we measure with a luxmeter
the intensity of the light at the distance d from the projector (distance at which the gel
is placed, compare Figure 3.3), measurements reported in Figure 3.4. We use in the
whole Chapter grey-level (GL) as measuring unit for the light intensity illuminating
the reaction.

The light transmitted through the reactor is again filtered with a bandpass blue
filter (BF2 with λtBF2 = 437 nm) to enhance the contrast of the transmitted image (peaks
of absorption for the oxidised complex Ru(dmbpy)3+3 at λa1

Ruo
= 444 nm and λa2

Ruo
=

641 nm). Using a charge-coupled device (CCD) camera, the transmitted light patterns
are recorded every second and digitalised for later processing by the image acquisition
unit. The depth of sharpness of the camera objective is set very narrow in order to
capture only a sharp image of the gel. From the grabber we get 8-bit grey level bitmap
pictures of 512×512 pixels, that encode the activity measured at a point of the medium,
see Figure 3.5.

(3) Projector factories deliver as homogeneity parameter for the light-pattern the “centre-to-corner uni-
formity ratio”, which is estimated around 85%.
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Figure 3.4: Measurement of the light in-

tensity Id arriving at the gel after pass-

ing through the blue filter (BF1) and the

polariser (compare Figure 3.3) versus the

grey level of a homogeneous computer-

generated pattern. The Hopf bifurcation for

the BZ recipe in use occurs at a light inten-

sity IHB ' 80 GL.

3.3 Noise-induced nucleations

Experimental evidences of the phenomenon of coherence resonance (CR) with respect
to the noise intensity, has been already reported in different systems under white noise
driving. Some relevant examples are CR in a semiconductor laser subject to optical
feedback [76], in an electrochemical cell [77] or in a BZ oscillator stimulated by a noisy
electrical field [78].

Here we develop an experiment to study the local coherence properties of the BZ
medium under temporally correlated noise. To neglect the effect induced by the pres-
ence of diffusive coupling, we concentrate ourselves on the coherence of nucleation
events induced by temporally correlated fluctuations in a small area of the medium (a
square of size l '1.5mm). This is achieved inhibiting spontaneous activity in the rest
of the medium with high homogeneous illumination, see snapshots shown in Figu-
re 3.5. In this non-fluctuating background (IB=255GL), the light intensity is chosen at
a level that also guaranties no nucleations of waves from the borders of the gel. Gen-
erally in fact, hetereogeneities show up at the edges of the gel as it is prepared. From
them, undesired wave activity is easily initiated.

A fluctuating light spot serves as nucleations source: Through light we locally per-
turb the medium, and occasionally, fluctuations manage to initiate an excitation. Due
to diffusion, this excitation can propagate into the rest of the non-fluctuating highly il-
luminated background (still in the excitable regime) in form of a circular trigger wave,
i.e. a target-pattern. The fluctuations are chosen so that the medium is excitable at
the mean illumination. Hence, we observe in the BZ medium nucleation of target-patterns
induced by external noise.

The size l of the fluctuating spot has to exceed a critical value, related with the dif-
fusion lengths of the reagents, below which nucleations do not occur. Nevertheless,
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Figure 3.5: Left: Three snapshots of a typical experiment taken at equal time intervals of 15

s. Wave activity is recognisable through high concentrations of the oxidised catalyst (bright

waves). Right: Noise-induced spike obtained recording over the time the gel brightness at the

detector point (labelled with a cross, see left panels).

its size is chosen small enough to guarantee that from each excitation only one target-
pattern is nucleated. Thus, as a target-pattern travels thought a detector point in the
non-fluctuating background (see Figure 3.5), it signals a noise-induced excitation oc-
curred some time δt before at the fluctuating spot. Therefore, tracking the target-patterns
propagating in the medium, we reconstruct the local coherence properties of the BZ medium.

Propagating in the homogeneously illuminated background, the target-patterns
are recognisable as changes of brightness in the gel. Indeed, the temporal evolution of
the gel brightness at the detector point shows a spike as a wave passes through it, see
left panel of Figure 3.5. Thus, recording the activity at this point over long time, we
obtain a statistically relevant sample of inter-spike intervals, and, from their analysis,
a measure of the temporal coherence of the medium at the fluctuating spot.
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3.4 The measurements protocol

Having in mind the results for CR with respect to the correlation time presented in
Chapter 2, we have to guarantee constant excitability conditions during the measure-
ments to reproduce them consistently. This is usually ensured employing an accu-
rately experimented protocol for the preparation of the gel and of the BZ reactants
[59], and feeding constantly the reactor with fresh BZ solution (constant non equilib-
rium conditions).

For the BZ recipe chosen for our experiments (fast kinetics and high sensitivity to
light), further control procedures are needed for an exhaustive control of the excitabi-
lity. In fact, during the testing phases of the experiment, strong ageing for the catalyst
fixed in the gel has been ascertained after long exposition to light. The most undesired
effect is that the excitation level of the reaction drifts, which means consequently a
drift of the Hopf bifurcation towards lower illumination values. Thus, as time goes
by, the fluctuating area, initially maintained in the excitable regime, becomes oscilla-
tory and the detected activity is not anymore induced by noise, but by the oscillatory
kinetics of the system.

I0

I0 ± ∆I

Figure 3.6: Light pattern in use during the ex-

periments. The grey box at the top, illuminated

at constant intensity I0 = 100 GL, serves as “age-

ing alarm”. The box at the bottom fluctuates ac-

cording to a random telegraph signal, introduced

in Subsection 2.4.2 on page 19, I0−∆I= 20 GL and

I0+∆I=180 GL.

To monitor the excitability drift during the measurements, we project on top of
the fluctuating spot a second one, illuminated at constant value I0, equal to the mean
value of the stochastic light process, see Figure 3.6. In this way we control that the
medium is kept at the excitable regime during all the measurements. With this con-
trol we established that within one hour the excitability of the medium does not drift
significantly. After one hour of measurements the gel is replaced with a new one. If
oscillations show up at the control box, the whole data collected with the present gel
are not taken into account.

To confirm CR with respect to the correlation time we need a statistically relevant
sample of inter-spike times. Thus we repeat measurements using always fresh new
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Figure 3.7: Left : Light pattern used to mea-

sure the oscillation periods at grey level 20 and

60 before and after each experiment. Bottom:

Table of the oscillation periods measured be-

fore and after each experiment.

Oscillation before the after the
periods experiment experiment

I1=20 GL T = 40± 3 s T = 36± 4 s
I2=60 GL T = 50± 4 s T = 47± 4 s

gels until a satisfactory statistics is reached. Doing this, we have to check that all
the gels employed are, within a given confidence error, identical. We establish this
controlling for each gel, before each experiment, the oscillation periods of the system
at two different reference light intensities (I1 = 20 GL and I2 = 60 GL). In Figure 3.7
we show the light pattern used for the control of the oscillation periods. The used
spatially extended pattern allows to measure the oscillation periods in different zones
of the gel. Each measurement lasts exactly one hour and after this we control again
the oscillation periods at the two reference light intensities. Within this time interval
all periods drift to values almost 5 seconds shorter.

3.5 Coherence resonance with respect to the correlation time
in the Belousov-Zhabotinsky medium

We illuminate the fluctuating box according to a random telegraph signal, I(t) = I0 ±
∆I, as done in the previous Chapter for the simulations with the Oregonator model,
see Subsection 2.4.2. Each illumination state has a random duration, taken from an
exponential distribution, and therefore I(t) has an exponentially decaying correlation
function.

Under constant illumination I0 no wave nucleation occurs, but the medium can
support excitation waves. At light intensity I0 − ∆I the medium is oscillatory and
phase waves are induced, which become trigger waves as they propagate towards the
surrounding medium maintained at high light intensity. The system is excitable at
light intensity I0 + ∆I and supports travelling patters. In case of dichotomous fluctu-
ating light, nucleations occur randomly. In this way we get a series of noise-induced
nucleations at random time intervals, see data reported in Figure 3.8.
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We analyse the coherence of the spiking measured at a fixed point of the medium
in the region of low excitability in the vicinity of the fluctuating spot, compare Figu-
re 3.5. We repeat this analysis varying the correlation time of the stochastic light signal
I(t). Already at a rough glance on the noise-induced spikes reported in Figure 3.8 it is
possible to recognise that the coherence is dependent on τ. The spikes plotted in the
middle panel show a better regularity than the other two above and below it.
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Figure 3.8: Noise induced spikes for

different correlation time of the fluc-

tuating light. Sequences are obtained

tracking the activity at a fixed point

of the medium and decoded in grey

levels (point chosen in the constant

background). From top to bottom:

τ = 5 s, τ = 15 s, τ = 40 s.

To go further and get a quantitative estimation of this phenomenon we perform
experiments for correlation times τ in the range between 2 and 60 seconds. For each
value of τ we carry out measurements as long as a statistics of at least 75 nucleations
is reached (only for τ = 2 s was impossible to reach it). As already done in Chapter 2,
also here we consider the time tp between two successive nucleations, and calculate
its mean and the standard deviation.

Figure 3.9 shows the mean period 〈tp〉 between two successive nucleations. At
low correlation times, corresponding to quick switching among the two states of the
fluctuating pattern, nucleations are rarely generated, and many measurements with
different gels are requested. We note here that just below the Hopf bifurcation the
typical oscillation period at a grey level 60 is 47 ± 4 s, see table in Figure 3.7. This is
the slowest deterministic time scale of the system, much smaller than all the typical
mean inter-spike intervals, compare Figure 3.9. In Figure 3.10 the coherence of the
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Figure 3.9: Experimental mean inter-spike period as a function of the correlation time. Con-

tinuous line is obtained with a spline fitting algorithm, just for illustrative purpose.

nucleation events is quantified through the normalised fluctuations of tp,

Rp =

√
〈(tp − 〈tp〉)2〉

〈tp〉
. (3.1)

Rp presents a minimum at τ ' 20 s, fingerprint of highest coherence. Hence our ex-
perimental data give a clear evidence of the existence in the light-sensitive BZ reaction of an
optimal correlation time for the fluctuating light driving at which the highest coherence is in-
duced [61]. We note moreover that the optimal value for the correlation time is much
smaller than any oscillation period measured in the reaction, as analogously found for
the Oregonator model in Subsection 2.4.2. We can thus conclude that these results are
in good agreement with numerical results reported in the previous Chapter.

Summarising, we show in an addressable real excitable medium a new pheno-
menon induced by the temporal correlations of a fluctuating environment interact-
ing with it. We analysed the dependence of the local coherence of the light-sensitive
Belousov-Zhabotinsky reaction on the correlation time of a random telegraph signal
that illuminates it. We show that adjusting adequately the correlation time of the noise
signal we can bring the system in a highly coherent regime.
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Figure 3.10: Coherence resonance with respect to the correlation time in the light-sensitive

BZ reaction. The normalised fluctuations of the inter-spike times tp are reported versus the

correlation time of the random telegraph signal.
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4
Coherence resonance in excitable

media driven by coloured noise

Excitability is a very important mechanism of signal transmission in nature. The non-
linear response to weak perturbations, together with diffusive coupling, allows the
propagation of self-sustained waves in an extended system, in the form of pulses in
one dimension, and spiral waves in two dimensions [79, 80, 81]. These patterns, al-
ready observed in the light-sensitive Belousov-Zhabotinsky (BZ) reaction (see Chap-
ter 3), are present also in biological systems. It has been discussed indeed that cell sig-
nalling is encoded through propagating patterns in neurons and in the cardiac tissue
[10]. A spectacular experimental evidence is given by spiral waves and target-patterns
of Ca+2 emerging in the oocyte of the Xenopus laevis [82].

The presence of fluctuations has been pointed out in all the above mentioned phys-
iological systems [11, 7]. Thus it is natural to investigate the role of noise in the for-
mation of patterns in non-linear media [14]. This Chapter is devoted to the study of
spatio-temporal patterns emerging from the interplay of a spatially extended excitable
system with a fluctuating environment. We investigate in what extent correlations in
time and space can induce coherent structures in the medium. We first give a de-
scription of the spatio-temporal patterns induced in a one-dimensional Oregonator
medium under fluctuating excitability. Then, we study numerically their coherence
focusing on the effects induced by the correlation length of the fluctuations.

4.1 The one-dimensional Oregonator model with fluctuating
light intensity

For the study of noise-induced patterns in a spatially extended system we consider the
three-component modified Oregonator model for the light-sensitive BZ reaction with
diffusive coupling. It has been shown that particular phenomena in excitable media
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can be only reproduced by models with two inhibitors. For example, to stabilise trav-
elling spots a global coupling [83] or a third component [84] is needed. Furthermore,
the emergence of large-scale coherent patterns, like spiral waves, from small-scale dis-
ordered initial conditions, has been observed only in three-component models [85].
Thus, three-component models are expected to better reproduce the multitude of pat-
terns present in real excitable media.

4.1.1 The deterministic model

The model that we take into account has been firstly proposed by H. J. Krug and
coworkers in 1990 [49], to properly account for the photochemically-induced produc-
tion of inhibitor bromide in the BZ reaction catalysed with the ruthenium complex
Ru(bpy)2+3 [52, 51]. Thus, starting from the Oregonator model proposed in 1974 [86]
on the basis of the Field-Köros-Noyes mechanism [87] for the BZ reaction, the follow-
ing modified model has been derived:

∂u

∂t
=

1

ε

[
u− u2 −w·(u− q)

]
+Du

∂2u

∂x2

∂v

∂t
= u− v (4.1)

∂w

∂t
=

1

ε ′
[fv−w·(u+ q) + φ] +Dw

∂2w

∂x2
.

Here the parameter φ represents the light intensity, and the photochemically-induced
production of bromide is assumed to be linearly dependent on it, i.e. d[Br−]/dt∝ φ
[52]. The variables u and v, as already introduced for the two-component Oregonator
model (see Equations 2.9 on page 19), describe respectively the the local concentra-
tions of bromous acid HBrO2 and of the oxidised form of the catalyst Ru(bpy)3+3 . This
model can be reduced to the two-component one by adiabatic elimination of the fast
variable w (in the limit ε ′ << ε) [50]. ε, ε ′ and q are scaling parameters, and f is a
stoichiometric constant [50]. Du and Dw denote the diffusion coefficients of bromous
acid and bromide, respectively. Since in our experiments with the BZ reaction the
catalyst is fixed in a gel matrix, we neglect diffusion of the variable v. The modified
Oregonator model in its three-component version describes accurately noise-induced
phenomena in the light-sensitive BZ reaction [55, 56].

In the excitable regime, as we consider here, the medium supports the undamped
propagation of travelling excitation pulses. We integrate numerically Equations 4.1 in
a one dimensional spatial domain of size L with periodic boundary conditions. Star-
ting from appropriately chosen initial conditions, a stable pulse-train of wavelength L
develops, which propagates in the medium at constant velocity c, see Figure 4.1. At
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Figure 4.1: Concentration profiles for the variable u (red curve), v (azure curve), andw (green

curve) in the absence of noise, obtained by numerical integration of Equation 4.1 for a system

size L = 45 and excitabilityφ = 0.01. The pulse travels from left to right with velocity c = 4.00.

Here and in the whole Chapter we adopt for diffusion coefficients Du = 1 and Dw = 1.12, the

model parameters are q = 0.002, f = 1.4, ε = 8.547·10−2, and ε ′ = 9.442·10−4. We use periodic

boundary conditions.

the chosen excitability there exists a single stable pulse-train of wavelength L. More-
over the dispersion relation c(L), which puts in relation the velocity and the wave-
length of a pulse-train, is monotonous. This is the regime of normal dispersion. Here
two pulses annihilate in head-on collision. Further details on pulses in the Oregonator
model are given in Appendix B.

4.1.2 The stochastic model

We are interested in the effects that fluctuating excitability induces in the emergence
of patterns in the spatially extended system. This issue has been already tackled in
previous works, most of them concentrating on the non-excitable regime, where no
structures can propagate under purely deterministic conditions. In such a situation,
an optimal amount of noise has been seen to support patterns as spiral waves [88, 89],
coherent structures [90], travelling pulses [55], and pulsating spots [91]. In the ex-
citable regime, noise-induced spiral dynamics [92], spatio-temporal stochastic reso-
nance [88], and noise-enhanced phase synchronisation [93] has been reported. More-
over also globally coupled excitable systems [94, 95], as well as excitable media with
small-world connections [96, 97, 98] have been attracting recently much interest. Here
we focus our attention on how both spatial and temporal correlations influence the
process of pattern formation.

For the numerical implementation of our studies we take inspiration from the ex-
periments with the light-sensitive BZ reaction. It can be assumed that the reaction is
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illuminated with a spatially and temporally fluctuating light pattern. This is model-
led assuming that the excitability of the medium fluctuates in time and space, thus the
parameter φ in Equations 4.1 becomes a spatio-temporal stochastic variable:

φ → φη(x, t) = φ0[η(x, t) + 1]. (4.2)

Here η(x, t) is a spatio-temporally correlated noise process and φ0 is set to belong to
the excitable regime. We consider a realistic situation in which fluctuations are non-
white, nor temporally, neither spatially.
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Figure 4.2: A realisation of the stochastic process η(x, t) with λ = 5.

We stay close to what is feasible in experiments with the light-sensitive BZ medium.
Here, due to the precision limitation in the experimental set-up, the applied light fluc-
tuations are essentially the same within a certain small portion of the medium. We
thus divide the medium into N cells of equal size λ = L

N , and in each cell i, with
i = 1, 2, · · ·N, we generate independent stochastic processes η̃i(t) [55, 90, 56], a reali-
sation is shown in Figure 4.2. In this way the correlation function 〈η(x, t)η(x ′, t ′)〉 is
factorised in time and space, and the spatial correlation function obtained is triangu-
lar. We choose for η(x, t) an exponentially decaying correlation function in time, thus
in each cell we consider an Ornstein-Uhlenbeck (OU) process. We have

dη(x, t)

dt

∣∣∣
x∈[(i−1)λ,iλ)

≡ dη̃i(t)

dt
= −

η̃i(t)

τ
+
ξi(t)

τ
, (4.3)

where ξi(t) is a Gaussian white process with 〈ξi(t)ξi(t ′)〉 = 2Dδ(t − t ′). The correla-
tion function of η̃i(t) is

〈η̃i(t)η̃j(t ′)〉 = δijσ
2e−

|t−t ′|
τ . (4.4)

Here δij denotes the Kronecker delta (0 if i 6= j, 1 if i = j). The process η(x, t) has in
this way zero mean, correlation time τ, and intensity σ2 = 〈η2〉, which is the same for
all cells. There is no spatial correlation between fluctuations in different cells, so λ is a
measure of the spatial correlation length.

Because φ is proportional to the applied illumination, only non-negative values of
the process φη(x, t) are physically meaningful. Taking into account this experimen-
tal restriction, we discard negative values of this process and, in order to preserve
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symmetry in the noise distribution, also values larger than 2 ·φ0, see Figure 4.3. Nu-
merically this is done as follows: We integrate Equation 4.3 and at each time step we
check if for all i the values of η̃i(t) fall within the interval [−1; 1]. If for some i this
condition is not satisfied, we continue integration of Equation 4.3 for the given i until
a suitable value of η̃i(t) is generated. When all η̃i(t) are as required, we feed them into
Equation 4.1. The stochastic process obtained in this way is no longer an unbounded
OU process. However, we checked that the truncation of the process η̃i(t) does not
affect the dependence of its correlation function on τ, which is preserved exponential.

Figure 4.3: Probability distribution

of the stochastic light field φη. The

grey tails of the Gaussian distribution

correspond to the rejected φη realisa-

tions.
0 φ0 2·φ0

P
(φ
η
)

φη

σφη =φ0

In the study of the effects of correlation time and correlation length on the process
of pattern formation, we keep the variance σ2 of the fluctuations constant. In this way
the percentage of rejected realisations of φη(x, t) (i.e. its confidence interval CI), as
well as the percentage of realisations that fall below φHB (bifurcation point for the
local dynamics), remains constant varying τ. We fix σ = 0.5 (thus σφη =φ0) as upper
threshold for the noise standard deviation. For this value the CI is equal to 0.9544997.
It means that the rejected realisations are less than 5% so that variance and correlation
time of η do not change significantly (less than 10%) as compared to the unbounded
OU process. If however lower values of σ are taken into account, the process η is
unaffected by the truncation, but noise-induced excitations occur very rarely.

4.2 Spatio-temporal patterns emerging from excitability fluc-
tuations

We prepare the medium in its quiescent state, each element is set to the fixed point
of the local dynamics, and we look at its temporal evolution under spatio-temporally
correlated noise, see Figure 4.4. From test simulations we find that no-flux boundary
conditions induce initiation of activity from the edges of the medium, therefore we
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Figure 4.4: Left: Space-time plots for the variable u (top), v (centre), and w (bottom). System

size L = 22.5, excitability φ0 = 0.01. Noise parameters: σ2 = 0.25, τ = 2 and λ = 2.25. Right:

Temporal evolution of the concentrations at the points x1 = 18.9 (solid line) and x2 = 14.4

(dashed line) of the medium where the nucleations emerge.

choose in our study periodic boundary conditions (pbc) in order prevent such system-
atic events.

From the left panels of Figure 4.4 it can be seen how suddenly the medium gets
locally excited at the positions x1 and x2. From these points, in presence of diffusion,
the excitation spreads and a pair of counter-propagating pulses nucleate. Because of
pbc they eventually meet and annihilate (we are in the regime of normal dispersion).
This gives rise to a spatio-temporal pattern, the “V”-shaped blue stripe in the u con-
centration, which persists in the medium for a time Te. The medium returns to the
steady state (yellow, white and orange zones in the u, v a w concentrations, respec-
tively) when for each element the refractory period tr has elapsed after the excitation.
During this time the production of the inhibitors is arrested. As soon as a region of
the medium is again in the quiescence state, an element can get excited again and
trigger a new nucleation of pulse-pairs. The larger part of medium has recovered the
steady state, the larger is the probability of a new nucleation to occur. Thus the time
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Ta needed to initiate a new nucleation depends also on the shape of the pattern just
extinguished.

The introduced time scales Ta and Te are the counterparts of the activation time
ta and the excursion time te introduced in Chapter 2 for a single excitable element.
There we show that ta is strongly affected by the noise intensity [24], as well as by
the correlation time of the fluctuations [61], numerical and experimental results are
reported in Chapters 2 and 3 respectively. Also here, for the spatially extended sy-
stem, we expect that the correlation time of the fluctuations affects the activation time
Ta, and consequently the coherence of the noise-induced patterns. The duration of
a spatio-temporal pattern Te, in contrast to what found for the excursion time te, is
strongly affected by the noise parameters, being dependent on the shape of the pat-
tern. Moreover, a local perturbation of the homogeneous steady state can give rise to
a pulse-pair only if a critical nucleus is excited. Thus, we expect the correlation length
of the stochastic field φη(x, t) to be an important control parameter too.

From what discussed here we conclude that noise-induced spatio-temporal pat-
terns emerge from the interplay between stochastic events, like nucleation, and phe-
nomena dominated by the deterministic dynamics, like propagation and annihilation
of pulses.

4.3 Coherence resonance with respect to the correlation length

In this Section we study the coherence of spatio-temporal patterns emerging under
temporally and spatially correlated noise. More precisely, we analyse if coherence
resonance can also be observed in an extended medium with respect to the correlation
length of the fluctuations in the excitability parameter. To characterise the coherence
in the spatially extended system we introduce the quantity

uL(t) =
1

L

∫L
0
u(s, t)ds, (4.5)

which represents the spatial average of the activator field u(x, t). Two space-time plots
of u(x, t) under different noise signals, and the corresponding behaviour of uL(t), are
shown in Figure 4.5.

The activator spatial average uL(t) exhibits pronounced spikes, analogously to
what found for the activator u(t) of a single excitable element, compare for example
with Figure 2.5 in Chapter 2. Here each spike persists within a certain time interval
Te, which is strongly dependent on the noise parameters. From the plots in Figure 4.5
we see that the number of the emerging pulse-pairs affects the spatial regularity of the
pattern, black stripes in the panels A.2) and B.2). If a high number of pulse-pairs is
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Figure 4.5: Space averaged activator concentration uL, panels A.1) and B.1), and corre-

sponding realisations of the activator concentration u(x, t), panels A.2) and B.2). Excitability

φ0 = 0.01 and wavelength L = 45. Noise parameters in panels A.1) and A.2): σ2 = 0.25,

τ = 0.75 and λ = 1.125; in panels B.1) and B.2): σ2 = 0.25, τ = 2 and λ = 2.25.

generated, being nucleating sites near to each other, pulses meat and annihilate soon.
Consequently the excitation waves in the medium extinguish soon and the time Te is
short. Thus, the narrower are the peaks in the realisation of uL(t), the more spatially
coherent are the excitation patterns. Moreover, the more temporally coherent are the
patterns, the more periodically the quantity uL spikes.

We notice here also that, although the variable uL has no spatial dependence, from
its analysis we get information about temporal coherence of the noise-induced pat-
terns, as well as about the spatial coherence. Here, beside the noise intensity σ2 and
the correlation time τ, the correlation length λ is a new control parameter. Figure 4.5
shows indeed that for different combinations of the noise correlations τ and λ the
emerging patterns display drastically different characteristics.

In order to quantify the temporal coherence of patterns arising at different correla-
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tion lengths, we introduce the quantity

RT =

√
〈(Tp − 〈Tp〉)2〉

〈Tp〉
, (4.6)

which represents the normalised fluctuations of the inter-spike time Tp of the variable
uL(t). We keep the values σ2 and φ0 constant and we look at the dependency RT (λ).
Figure 4.6 shows the influence of the correlation length on the coherence of the noise-
induced patterns. In the spatially extended system, for all the considered values of the
correlation time τ, we find coherence resonance with respect to the correlation length
of the noise driving, in other words there exists an optimal value λopt of the correlation
length at which best coherence is reached. From Figure 4.6 also follows that λopt depends
on τ: increasing the correlation time from τ = 0.3 to τ = 20, λopt shifts roughly from 3

to 5, remaining, however, always of the same order of magnitude as the width of the
pulse front, compare Figure 4.1 on page 41. For the chosen values of the deterministic
parameters and the analysed values of the correlation time τ, the quantity RT (τ, λ)
reaches its absolute minimum, corresponding to maximal coherence, at τopt = 2 and
λopt = 3.75. Test simulations not shown here reveal that the single excitable element
under Ornstein-Uhlenbeck fluctuations reaches its highest coherence at τopt ' 1.
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Figure 4.6: Coherence resonance in the Oregonator model (Equations 4.1) with respect to the

correlation length for different values of the correlation time τ: grey curve τ = 0.3, red curve

τ = 2, azure curve τ = 5, orange curve τ = 20. Excitability parameter φ0 = 0.01, system size

L = 45, noise intensity σ2 = 0.25.

To gain information about the spatial coherence of the medium, we analyse the
mean excitation duration 〈Te〉 varying the correlation length, see Figure 4.7. This
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quantity decreases for increasing values of λ until the optimal correlation length λopt
is reached. All the plotted curves in Figure 4.7 display a local minimum. Further in-
creasing λ, i.e. λ > λopt, the time 〈Te〉 increases. For correlation lengths far beyond
the optimal value λopt, i.e. λ ' L, despite an increase of the coherence measure RT ,
the duration of the pattern decreases again. In this limit we are recovering the zero-
dimensional case: Under a global fluctuating forcing the medium behaves like a single
element and Te → te. Thus, in this case, the global minimum of 〈Te〉 does not reflect
high spatial coherence of the medium, but just the reduction of the degrees of freedom
of the system. On the contrary, we find that at the local minimum of 〈Te〉 the number
of induced nucleations is maximal and that at this value the spatial coherence is high-
est. Thus, temporal and spatial coherence are reached for the same correlation length λopt.
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Figure 4.7: Dependence of the mean excitation duration on the correlation length for different

values of the correlation time τ. As in Figure 4.6, grey curve τ = 0.3, curve τ = 2, curve τ = 5,

τ = 20. Excitability parameter φ0 = 0.01, system size L = 45, noise intensity σ2 = 0.25.

Three representative space-time plots illustrating this behaviour are shown in Fi-
gure 4.8. During the simulations all parameters, except of the correlation length λ,
are kept fixed. When λ is small pulse-pairs are nucleated quite seldom. Once a pulse-
pair has been created, with high probability the two counter-propagating pulses travel
undisturbed through the medium, with velocity c, before they annihilate (pbc), see
panel a). In this situation the pattern duration is highest, 〈Te〉 ' L

2·c = 5.625, compare
with Figure 4.7. As λ increases the coherence increases as well, patterns emerge regu-
larly and multiple nucleations occur, see panel b). In this regime 〈Te〉 decreases with
λ until the optimal value λopt is reached. Due to the increase of simultaneous emer-
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Figure 4.8: Space-time plots of the u-variable in the Oregonator model for three different

values of the correlation length: panel a) λ = 1.125, panel b) λ = 3.75, panel c) λ = 15. In all

three panels φ0 = 0.01, τ = 1 and σ2 = 0.25.

gence of nucleating sites, the excitation duration Te decreases. Beyond λopt the mean
duration 〈Te〉 increases again. When the correlation length λ becomes much larger
than the width of the pulse front, the nucleating sites are not point-source anymore,
but spatially extended regions, compare panel c) in Figure 4.8. Here large areas of the
medium become synchronously triggered into the excited state. These areas behave
as single elements, this causes the rapid decrease of the activity duration. At their
boundaries pulses develop, which propagate through the medium before annihilat-
ing as shown in panel c) of Figure 4.8. As already mentioned for λ = L we recover
the zero-dimensional system with Te = te. This suggests that in the spatially extended
system, the response to temporally and spatially correlated fluctuations is more regular than
in the single excitable element. The three regimes depicted in Figure 4.8 are qualitatively
reproduced also experimentally with the light-sensitive BZ reaction, see Figure 4.9.

Comparing media of different size, we clearly see in Figure 4.10 that larger me-
dia sustain more coherent patterns as smaller ones do. Keeping the local dynamics
parameters fixed, all the curves shown in this Figure display a minimum at the same
value of the correlation length λ. This hints that the optimal correlation length de-
pends on some characteristics of the local dynamics. Moreover all the curves reach at
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Figure 4.9: Space-time plots obtained in the light-sensitive BZ reaction. The experimental

set-up employed has been introduced in §3.2 of Chapter 3. Instead of a fluctuating spot (see

Figure 3.6 on page 33), here we project on the reaction an arrow of aligned fluctuating spots.

Each spot fluctuates according an independent random telegraph process (introduced in Sub-

section 2.4.2 on page 19). The measurements are carried out analogously to the ones reported

in Chapter 3. Here, differently, we record in the time the activity along a line-detector par-

allel to the fluctuating arrow, thus we obtain a time-space plot. In the three measurements

shown in Figure 4.9, the projected light-patterns differ from each other only in the size of the

fluctuating spots. Thus the spatio-temporal activity is induced by fluctuations of different

correlation length. The experimentally obtained patterns reproduce qualitatively the space-

time plots obtained numerically for the Oregonator model and shown in Figure 4.8. Panel a)

λ = l ' 0.8mm, panel b) λ ' 1.5mm, panel c) λ ' 3.0.
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Figure 4.10: Coherence resonance with respect to the correlation length in media of different

size: orange curve L = 45, red curve L = 22.5, azure curve L = 15. Excitability parameter

φ0 = 0.0075, noise intensity σ2 = 0.25, correlation time τ = 1.2.

λ = L the same value of the normalised fluctuations of the inter-spike time tp found
in simulations with the Equations 4.1 without diffusion.

With the studies presented in this Section we are able to conclude that the correla-
tions of an external noise driving an excitable medium are important parameters that
control the coherence of the emerging spatio-temporal patterns. Moreover the inter-
play between diffusional coupling and spatio-temporal external fluctuations induces
higher coherence as in a single element. These studies are of relevance because take
into account a general feature of real fluctuating systems, which is the presence of
finite correlations in time and space.
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5
Feedback-mediated control of

noise-induced patterns

In the Chapters presented so far we show how the response of an excitable system to
a fluctuating environment is sensitive to all noise parameters, such as noise intensity
[24, 55], correlation time [61] and, in presence of spatial degrees of freedom, correlation
length. Thus, by an appropriate choice of these parameters it is possible to control
characteristics of the noise-induced patterns like the time scale and the coherence.

Instead of tuning the the noise parameters, we consider here the possibility to en-
hance the coherence of the system response through an external device. We borrow
a tool developed originally to stabilise unstable periodic orbits, time delayed feedback,
which already gave good results not only as a chaos control tool [99], but also in the
control of pathologically synchronised neurons [100, 101] and stochastic excitable ele-
ments [102, 103].

We develop a non-linear delayed feedback scheme for an addressable pattern-
forming stochastic medium. Our analysis show that delayed feedback enables the
fine tuning of the coherence and the time scales of noise-induced spatio-temporal pat-
terns. We report in this Chapter numerical results with the three-component Orego-
nator model.

5.1 Time delayed feedback as a control tool

The issue of controlling systems is challenging engineers and applied mathematicians
since more then half a century. Usually control of dynamical systems means an adjust-
ment of their essential dynamical properties like stability, coherence and time scales,
in a desired manner imposing small perturbations. Control mechanisms are active
also in human physiology. An outstanding example is the feedback mechanism that
regulates the pupil reflex to light [10]. The vast majority of methods for the control of
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complex motion developed so far are suitable for deterministic dynamics [104]. Some
examples in non-linear dynamics are the control of pattern formation in catalytic CO
oxidation on Pt(110) [105], or the feedback-mediated control of spiral waves in ex-
citable media [60, 106, 107].

A prolific branch of the control theory deals with the control of chaos [99, 108].
For chaotic systems it has been shown that the existence of unstable periodic orbits
can be exploited to control chaos. E. Ott and coworkers showed that chaos can be
suppressed with a delay coordinate embedding, through which an unstable periodic
orbit is stabilised [109]. Another technique is to stabilise an existing unstable periodic
orbit with a time delayed feedback signal [110]. With a stability analysis [111] it has
been shown indeed that, given the system

ẋ(t) = f(x(t)), (5.1)

the unstable periodic solution ϑ of period µ (ϑ(t) = ϑ(t+µ)) can be stabilised applying
a force F(t) given by the difference between the present state of the system and a state
one period µ ago,

F(t) = K [s(t) − s(t− µ)] . (5.2)

Here the variable s is some signal that measures the state x of the system, s(t) =

S(x(t)). The control force F(t) is able to bring the system on the unstable periodic or-
bit and to maintain the system there. Moreover, once the system reaches the target
orbit, the force vanishes. Thus this method, known as “time delay autosyncronisa-
tion” (TDAS), is non-invasive. Since its introduction as stabilisation tool for periodic
orbits, time delayed feedback has been shown to succeed in controlling a huge vari-
ety of chaotic and turbulent systems [112, 113, 114, 115, 116]. Furthermore it has been
exploited to stabilise fixed points [117], it has been proposed as a device to suppress
synchronisation in globally coupled oscillators [101] or to suppress cardiac alternans
in a realistic model of atrio-ventricular conduction [118].

In the stochastic community as well, the issue of controlling stochastic motion has
been attracting increasing interest. If in fact the external fluctuations are not accessible
parameters, but intrinsic, not adjustable characteristics of the system, then an external
control device which permits to tune some properties of the system response is highly
desirable. An example is the attempt to control stochastic resonance [119, 120, 121].
Also in this case time delayed feedback turns out to be an efficacious tool to control
the time scales and the coherence of stochastic bistable [122], oscillatory [123, 102,
103, 124], and excitable elements [102, 103]. Although the progresses in the control of
simple time-dependent stochastic systems, control of spatio-temporal patterns induced
by external fluctuations has been investigated only recently [125].
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We investigate here in how far time delayed feedback can be used to control noise
induced spatio-temporal patterns, analysing an addressable excitable medium which
interacts with a fluctuating environment. We show that a feedback of the form F(t) =

S(v(t − µ) − v(t)), where v(t) is the measurable quantity in the system and S is a
scalar function, can be effectively used for the manipulation of essential properties of
noise-induced spatio-temporal patterns.

5.2 The Oregonator medium under delayed feedback control

A possible way to introduce a delayed feedback force in an experiment with the light-
sensitive Belousov-Zhabotinsky (BZ) reaction is through a light signal. Bearing in
mind the experimental set-up presented in Chapter 3, we can monitor the activity of
the reaction at a point of the system tracking the brightness at that point. We calculate
the illumination difference at some detector point (xd, yd) at the time intervals t and
t−µ, and project a light signal I = S(Id(t−µ) − Id(t)), proportional to this difference,
homogeneously on the reaction. Since illumination is the control signal, we can only
consider non-negative feedback forces.

To reproduce numerically such an experiment with the light-sensitive BZ reac-
tion we consider the three-component Oregonator model. The feedback force is ap-
plied in the excitability parameter φ, which is indeed proportional to the light inten-
sity illuminating the reaction. Hence the excitability parameter φ becomes equal to
φη(x, t)+ F(t). As done in Chapter 4, we consider a one dimensional system of spatial
domain Lwith periodic boundary condition. Thus the model reads:

∂u

∂t
=

1

ε

[
u− u2 −w·(u− q)

]
+Du

∂2u

∂x2

∂v

∂t
= u− v (5.3)

∂w

∂t
=

1

ε ′
[fv−w·(u+ q) + φη(x, t) + F(t)] +Dw

∂2w

∂x2
.

The variable φη(x, t) is a stochastic field temporally and spatially correlated, defined
as in Chapter 4 in the Equations 4.3 and 4.4.

Being the concentration of the oxidised catalyst fixed in the gel the measurable
quantity in the experiment, we take into account its concentration v in the model to
build the control force F(t). It is defined as follows,

F(t) = K·s(t)H(s), (5.4)

where the system signals s is given by

s(t) = v(x0, t− µ) − v(x0, t). (5.5)
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Here H(s) is Heaviside function (0 for s < 0, 1 for s ≥ 0), thus the feedback force is
equal to K·s(t) only if s(t) ≥ 0, otherwise it is set to zero. The parameter K denotes the
feedback strength, µ is time delay and the detection point is arbitrarily set at x0 = L/2.

This form of the feedback force satisfies the experimentally motivated restriction of
a non-negative control force. Thus, being always non-negative, the feedback force can
only lower the system excitability, this means that the control force can only suppress
the activity in the system: delayed feedback is non-linear here. In Figure 5.1 we give an
example of the non-linear feedback force at different delay times. We use an arbitrary
analytical function van(t) to approximate a typical profile of the inhibitor v(x0, t) at the
detector position. From the plotted forces it is clear that the feedback force amplitude
is maximal for µ > te, where te is the typical duration of an excitation. Moreover, in
this case, the force profile is identical to the inhibitor profile.
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Figure 5.1: Grey curve: inhibitor profile approximated by an asymmetric Gaussian function

v(x0, t) = van(t) = [tanh((t−c1)·c2)+1]·exp(−((t−c1)/c3)2). Magenta solid curve: Feedback

force given by Equation 5.4 calculated using the given approximation of the inhibitor profile

at delay time µ1 = 1; azure: F(t) for µ2 = 4; orange: F(t) for µ2 = 14. Dashed curves depict

the negative rejected values of the feedback signal.

From the numerical integration of Equations 5.3, patterns emerges under the effect
of the delayed feedback control. In Figure 5.2 we show space-time plots of the activa-
toru, and the associated spatial averageuL (introduced in Chapter 4, see Equation 4.5),
in absence of control signal, panels A), and we compare them with the patterns emerg-
ing under the effect of control, panels C) and D). We keep here, and throughout the
whole Chapter, the value of the feedback strength constant, K = 0.2, and we look at
the patterns under control with different delay times µ.

Already from the space-time plots it is clear that the delayed feedback strongly
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Figure 5.2: Space-time plots and corresponding averaged inhibitor concentration uL (grey

curves) for the Oregonator model (Equations 5.3) at mean excitability φ0 = 0.008 and size

L = 45. Panels A): No delayed feedback force. In panels B) and C) delayed feedback force

globally applied to the medium, see orange line in panels B.1) and C.1). Panels B): Control

force of strength K = 0.2 and delay time µ = 5. Panels C): Control force of strength K = 0.2

and delay time µ = 11. Noise parameters: σ2 = 0.25, τ = 0.4 and λ = 1.875. Here and in

the whole Chapter we adopt for the diffusion coefficients Du = 1 and Dw = 1.12, the model

parameters are q = 0.002, f = 1.4, ε = 8.547·10−2, and ε ′ = 9.442·10−4.
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affects the system. For a delay time µ = 5, panels B), the patterns emerge more regu-
larly as without control, here the delayed-feedback positively influences the medium.
Tuning the delay time to µ = 11, panels C), the spatio-temporal patterns are even
less coherent, both temporally and spatially, then in absence of feedback. Thus here
the signal F(t) suppresses the coherence of the medium. These two regimes are also
recognisable in the temporal evolution of the activator spatial average uL. Under a
delayed feedback with delay time µ = 5, panel B.1), the variable uL spikes almost pe-
riodically, while a delay time µ = 11 induces irregularities in the inter-spike time Tp as
well as in the spike duration Te, panel C.1). Therefore here the spiking is temporally
and spatially incoherent.

5.3 Coherence control via delayed feedback

In order to gain a deeper insight into the effect of feedback control on the noise-
induced spatio-temporal patterns, we keep the feedback strength fixed and study how
the variation of the time delay µ affects the quantities RT , 〈Tp〉 and 〈Te〉. These quanti-
ties characterise the temporal coherence, the main time scale, and the spatial coherence
of the medium, respectively (see also introductory discussions about these quantities
in §4.3 of Chapter 4).

With feedback the numerical integration of Equations 5.3 becomes very time-con-
suming. To speed up the simulations we consider the medium at high excitability,
i.e. low values of the parameter φ0. In this way the typical inter-spike intervals Tp
are short, patterns emerge easily, and a satisfactory large sampling is reached with
simulations of affordable duration. To ensure normal dispersion we consider also a
smaller system size L, this choice further speeds up the numerical simulations.

We report in Figure 5.3 the quantities RT , 〈Tp〉, and 〈Te〉. All of them display a
damped oscillating character. Upon variation of the delay time high or low coherence,
and, slow or fast time scales, are induced in the medium. Interestingly here the feedback
force enhances the coherence of the patterns, for the reported values of µ the quantities RT
and 〈Te〉 are less than the values for the uncontrolled medium (at µ = 0).

Both highest temporal and spatial coherence (minima of RT and of 〈Te〉 respec-
tively) are reached at µopt ' 5, 16, and 26. Also the mean inter-spike time 〈Tp〉 is
strongly affected by the delay time µ. In fact, although the feedback force is non-linear
and can only suppress activity, a tuning of the time delay permits to shorten the time
scale of the emerging patterns, compare azure curve in Figure 5.3. Differently, the
minima of 〈Tp〉 are located at delay times µ ' 2, 12, 22, and 32. With this we conclude
that the minima and maxima of the plotted quantities do not match with each other,
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Figure 5.3: Temporal coherence measure RT (top, red curve), mean inter-spike interval 〈Tp〉
(centre, azure curve) and mean excitation duration 〈Te〉 (bottom, orange curve) under delayed

feedback of strength K = 0.2 versus the the delay time µ. Mean excitability set to φ0 = 0.005,

the system size is L = 19.2. Noise parameters: σ2 = 0.25, τ = 0.2, and λ = 0.6.

and that the found oscillations repeat with a period Tµ ' 10. Moreover the period
shift between RT and 〈Tp〉, and between 〈Tp〉 and 〈Te〉, is δTµ ' 4.

The periodic character of the analysed quantities is not due to a resonance with the
period of a feedback-induced periodic solution. We checked accurately with numeri-
cal simulations that the delayed feedback signal does not induce any new bifurcation
in the medium.

We note that the behaviour of the medium under non-linear feedback is different
from what already found for a single excitable FitzHugh-Nagumo element [102, 103].
There the highest coherence of the system is reached at a time delay larger then the
mean inter-spike time 〈tK=0

p 〉 in absence of control. Here the first minimum of RT is at
µ ' 5 and 〈TK=0

p 〉 ' 11.5.

Now, we expand our analysis to a different coherence regime of the uncontrolled
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dynamics. We choose in what follows noise parameters that ensure a high coher-
ence for the uncontrolled medium, leaving mean excitability φ0 and system size L
unchanged, and we calculate the quantities RT , 〈Tp〉 and 〈Te〉 as a function of the delay
time µ, results reported in Figure 5.4.
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Figure 5.4: Temporal coherence measure RT (top, red curve), mean inter-spike interval 〈Tp〉
(centre, azure curve) and mean excitation duration 〈Te〉 (bottom, orange curve) under delayed

feedback of strength K = 0.2 and varying delay time µ. Noise parameters: σ2 = 0.25, τ = 0.5,

and λ = 1.2.

In this regime delayed feedback increases the temporal coherence of the noise-
induced patterns only for µ / 5, where RT displays a global minimum, analogously
to what reported to Figure 5.3. Differently, the further minima of this quantity take
place at µopt ' 12, 20, and 30, compare with Figure 5.3. The mean inter-spike time
〈Tp〉 displays its minimal values at µopt ' 9, 18 and 27. Moreover, for this set of
noise parameters, this quantity displays almost linear segments, which are associated
with the entrainment of time scales by delayed feedback as recently discussed for
systems without spatial degrees of freedom [102, 103]. Here 〈Tp〉 > 〈TK=0

p 〉 for all
plotted values of µ. With this we conclude that the effect of delayed feedback control
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on the coherence and time scales of the spatio-temporal patterns changes completely if
different coherence regimes for the uncontrolled dynamics are considered. However,
we stress here that, in the analysed cases, the lowest minimum of RT (highest temporal
coherence) occurs at the same value of µ close to the refractory period tr.

The same study has been carried out using Neumann boundary conditions, under
which the wave is absorbed at the boundaries. We obtain the same dependences for
〈Tp〉, RT and 〈Te〉 as those found with pbc.

µ1

µ2
x

x

t

t

F(t)

F(t)

µ1 + te

te

tr

Figure 5.5: Schematic view of noise-induced patterns in the activator concentration for dif-

ferent delay time µ. Top: µ = µ1 < Tp. Bottom: µ = µ2 > Tp. Black areas indicate the excited

states, white areas the refractory states, and the grey patterned areas the states fluctuating

around the rest state. With hatching we denote the areas where the non-negative feedback is

applied, corresponding force profiles are sketched on top of these.

Figure 5.5 sketches the patterns shown in Figure 5.2, panels B.2) and C.2). For sim-
plicity we show single nucleations of counter-propagating pulses. From the steady
state (grey patterned areas) an excitation starts (black stripes), followed by a refrac-
tory state (white areas) which lasts time tr for each element of the medium. During
this time no nucleation is possible. Only when this time has elapsed, each element
recovers the steady state and can get excited again. As already described in Chapter
4, the probability to nucleate a new pair of counter-propagating pulses depends on
the number of elements of the medium that, at this time, are again in the steady state.
Hence it can be said that the system has memory of the extinguishing pattern. As
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the delayed-feedback control is switched on, a light signal is applied globally µ time
units after the element at x0 gets excited (hatched areas in Figure 5.5). Such a control
force inhibits activity in the medium resulting in an effective increase of the refractory
period of the medium and so of Tp. Furthermore, since the global force drives all the
elements at the rest state at the same time, the memory of the extinguishing pattern is
lost, compare Figure 5.5, top sketch.

The optimal delay time is the one for which the force F(t) is able to bring all the el-
ements of the medium simultaneously to the steady state. In this way, as the feedback
force vanishes, all the elements of the medium can get excited with equal probability,
giving rise to highly spatially coherent patterns with slow time scales, compare the
position minima of RT with 〈TK=0

p 〉 in Figures 5.3 and Figure 5.3. From our calcula-
tions we find that the first minimum of RT takes place at µ ≈ 5, which is comparable
with the typical refractory time for the elements of the medium, tr ≈ 5.

As µ gets closer to the mean period 〈TK=0
p 〉without control, the feedback is applied

when the medium can already nucleate. Moreover the force can suppress the activity
also before the pulses meet and annihilate, see sketch in the bottom of Figure 5.5. This
turns out to be the situation with low temporal and spatial coherence, compare the
position of RT first maximum with 〈TK=0

p 〉 in both Figures 5.3 and 5.4.
A more detailed description of the effect of delayed feedback on the noise-induced

spatio-temporal patterns can be given in the case of high coherence for the uncon-
trolled dynamics, see Figure 5.4. In the regime of high spatial and temporal coherence,
in fact, it is justified to assume that, after a pattern extinguishes, a new nucleation oc-
curs with high probability immediately after the whole medium has passed the refrac-
tory period. This simplification is equivalent to the assumption of a negligibly small
activation time. We restrict us to the case of small time delay, precisely we consider
µ ≤ te. As already mentioned above, the control force inhibits activity in the medium
resulting in an effective increase of the refractory period of the medium and so of Tp.
The control force delays the time at which a new nucleation is possible. From this it
follows directly that 〈Tp〉 depends linearly on µwhen µ ≤ te (see Figure 5.4). We have
that Tp ≈ te + µ, see top sketch in Figure 5.5.

When µ ≥ 〈TK=0
p 〉 the situation described above is repeated: the coherence de-

creases while 〈Tp〉 increases. Moreover, for each successive linear segment in the de-
pendence of the mean inter-spike interval 〈Tp〉 on µ, it can be expected that the follow-
ing relation holds

n〈Tp〉 ≈ nte + µ− (n− 1)te =⇒ 〈Tp〉 ≈
µ+ te

n
, (5.6)

where n is integer. We estimate te ≈ 6.2 and check in Figure 5.6 the above approxi-
mation for 〈Tp〉. It turns out that the expression 5.6 gives a quite accurate estimation
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of 〈Tp〉. The above arguments are valid only for highly coherent uncontrolled dynam-
ics. We neglect in fact any effects due to the presence of an activation time for the
nucleating process.
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Figure 5.6: Mean inter-spike interval 〈Tp〉 (azure curve) accurately estimated by the relation

5.6 (blue curve).

In conclusion, by modelling a real experimental situation with a photosensitive
BZ medium, we showed that a non-linear time delayed feedback is able to effectively
manipulate the coherence of noise induced spatio-temporal patterns. By choosing
the appropriate time delay, one can deliberately increase or decrease both spatial and
temporal coherence and adjust the time scales of the controlled dynamics.
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6
Effects of noise on the propagation

of travelling waves

Non-linear excitable media support fronts and pulses which propagate at constant
velocity. The relevance of studies on this topic can be easily understood just men-
tioning that ignition fronts and epidemic spreading waves are non-linear patterns too.
Even though much has been done theoretically for fronts propagating in uncorrelated
fluctuating media [126, 127, 128, 129, 130, 131], not much has been predicted in the
case of fronts and solitary pulses under the effect of correlated external fluctuations
[132, 133]. We concentrate ourself on the still unexplored phenomena related to peri-
odic pulse-trains under spatio-temporally correlated fluctuations. More precisely we
are interested on how noise intensity and, temporal and spatial correlations affect the
propagation velocity of such periodic travelling patterns.

First we investigate this issue by means of an analytical approach already em-
ployed for the study of fronts [130, 132] and pulses [56, 133]. This approach is based
on a power expansion of the multiplicative noise term. Therefore we consider the
two-component Oregonator model where fluctuations enter multiplicatively. Then
we analyse in more detail the effects induced by the correlation length on pulse-train
solutions of the three-component Oregonator model by means of direct numerical sim-
ulations.

We show new effects induced by the presence of noise correlations on the propa-
gation velocity of periodic pulse-trains. Noise-induced bistability in the dispersion
relation of pulse-trains has been found, a phenomenon already pointed out for deter-
ministic systems in the vicinity of a Hopf bifurcation [134].
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6.1 Perturbation techniques for Langevin equations

6.1.1 Zero-dimensional systems

In what follows we introduce the basic tools needed in this Chapter for the treatment
of excitable stochastic systems with multiplicative noise. We do this first analysing
for simplicity a zero-dimensional stochastic process defined by a non-linear stochastic
differential equation of first order in time

dψ(t)

dt
= F(ψ) +G(ψ)η(t), (6.1)

where F and G are arbitrary non-linear functions of ψ, and η is a given non-white
noise source with zero mean and 〈η2〉= σ2. Here the noise appears in a multiplicative
manner. This implies that the fluctuating term G(ψ)η(t) has a non-zero mean value.

The goal of this Subsection is to derive from the stochastic differential Equation 6.1
a deterministic one which contain the systematic effects of fluctuations and that, in
this sense, is statistically equivalent to the original stochastic system. This is achieved
in two steps: First with a non-standard small-noise expansion we get a correction to the
reaction term F(ψ); after that, the new reaction term is explicitly calculated for given
noise sources.

A standard small noise expansion consists in writing the solution ψ(t) of Equa-
tion 6.1 as a power expansion around its deterministic solution in powers of the noise
strength σ. This technique is reliable for linear systems, but turns out to be unem-
ployable in non-linear ones, see [34] in §6.2. Here instead we consider an expansion
around the deterministic solution of the following stochastic differential equation [14]

dψ(t)

dt
= H(ψ) + ξ(ψ, t), (6.2)

where

H(ψ) = F(ψ) + 〈G(ψ)η(t)〉 and ξ(ψ, t) = G(ψ)η(t) − 〈G(ψ)η(t)〉. (6.3)

In this rearrangement the same term 〈G(ψ)η(t)〉 is added and subtracted to Equa-
tion 6.1, so we end up with a new reaction term H, containing the mean contribution
from the noise, and a new noise source ξ(ψ, t) with zero mean. The Equation

dψ(t)

dt
= H(ψ) (6.4)

is statistically equivalent to the stochastic Equation 6.1, and its solution ψH gives the
average of ψ (solution of Equation 6.1) over the noise realisation. Assuming a small
noise intensity, the solution ψ(t) can be expressed as a power expansion, hence

ψ(t) = ψH(t) + σψ1(t) + σ2ψ2 + · · · . (6.5)
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Here we assumed that σξ(ψ,t) ≈ σ. This expansion is referred to as non standard [14].
We note that Equation 6.5 is reliable only if deviations of the realisations ψ from the
average solution ψH are small and proportional to σ.

From Equations 6.4 and 6.5 we obtain

H(ψ(t)) = H(ψH(t)+σψ1(t)+σ2ψ2(t)+ · · · ) = H(ψH)+σ
dH(ψ)

dψ

∣∣∣
ψH

·ψ1+ · · · . (6.6)

Thus successive order of the expansion reads

dψ1(t)

dt
= σ

dH(ψ)

dψ

∣∣∣
ψH

·ψ1(t) + ξ(ψH, t). (6.7)

To get an explicit expression of the reaction term H, the average 〈G(ψ)η(t)〉 over
the possible realisations of ψ remains to be calculated. This is done via a probability
density for the class of functionsψ, which are solutions of the Equation 6.1. In fact our
probability density is a functional: it assigns a number to any function ψ. We can then
apply the general formula by P. Hänggi [135] for a correlation of the form

〈η(t)F [η]〉 =

∞∑
i=1

1

i!

∫ t
0
dt1...

∫ t
0
dtiki+1(t, t1, ...ti)

〈 δiF [η]

δη(t1)....δη(ti)

〉
, (6.8)

where F is a general functional of the process η(t) and ki+1(t, t1...ti) is the i + 1−th
cumulant of the process η. Being G dependent on η via ψ, we can apply Equation 6.8
for the calculation of the term 〈G(ψ)η(t)〉. If η is a Gaussian process with zero mean,
all its cumulants vanish except the second one, equal to its second moment, and the
previous formula reduces to

〈G(ψ)η(t)〉 =

∫ t
0
dt ′〈η(t)η(t ′)〉dG(ψ)

dψ

〈 δψ(t)

δη(t ′)

〉
. (6.9)

The result expressed in this Equation is known in the literature as Novikov’s theorem
[136]. Plugging Equation 6.9 in Equation 6.4, we get the reaction term H(ψ) which
accounts for small-noise effects.

If η is a Gaussian white noise with zero mean and correlation 〈η(t)η(t ′)〉= 2σ2δ(t−

t ′), the previous formula simplifies to

〈G(ψ)η(t)〉 = σ2
dG(ψ)

dψ

〈δψ
δη

〉
= σ2

dG(ψ)

dψ
G(ψ). (6.10)

For the last equality in this Equation we exploit that

ψ(t) = ψ(0) +

∫ t
0
ds[F(ψ(s)) +G(ψ(s)η(s))], (6.11)
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which follows from Equation 6.1. Differentiating Equation 6.11 with respect to η(t ′)
we get

δψ(t)

δη(t ′)
=

∫ t
t ′
ds
dF(ψ)

dψ

δψ(s)

δη(t ′)
+

∫ t
t ′
ds
dG(ψ)

dψ

δψ(s)

δη(t ′)
η(s) +

∫ t
t ′
dsG(ψ(s))

δη(s)

δη(t ′)
, (6.12)

where t ′ ≤ t. For functional differentiation δη(s)
δη(t ′) = δ(s − t ′) holds, so for t ′ = t we

have
δψ(t)

δη(t)
= G(ψ(t)). (6.13)

6.1.2 Spatially extended systems

Here we calculate the relation expressed in Equation 6.9 for the more general case of
spatially extended systems driven by spatio-temporal correlated noise. We genera-
lise Equation 6.1 assuming diffusive coupling in the system, hence we deal with the
reaction-diffusion equation

∂ψ(x, t)

∂t
= F(ψ) +G(ψ)η(x, t) +D

∂2ψ(x, t)

∂x2
. (6.14)

For bistable reactions, typical deterministic solutions of one-component reaction-
diffusion equations are fronts propagating at a fixed velocity. The effect of addi-
tive and multiplicative noise on front solutions has been thoroughly investigated by
L. Schimansky-Geier, A. S. Mikhailov and W. Ebeling. They found that noise induces
wandering of the front position. If an additive noise source is present in the system
(G(ψ) = 1) this wandering motion is of diffusive type with zero mean displacement
[126, 127] , and only multiplicative noise induces, beside diffusive spreading, a mean
displacement of the fronts [129]. All the results mentioned here were carried out with
general projection methods and linearising arguments.

From the above cited works no predictions are possible about the effects of noise
on the front velocity. This issue has been tackled firstly by J. Armero and coworkers
[130]. The authors analyse the equation

∂ψ(x, t)

∂t
= F(ψ) + 〈G(ψ)η(x, t)〉+D

∂2ψ(x, t)

∂x2
(6.15)

for the Schlögl model(1) and they show that the systematic correction 〈G(ψ)η(x, t)〉
to the reaction term F, calculated using the Novikov theorem (Equation 6.10), yields

(1) F(ψ)=−ψ(ψ + a)(ψ − 1), G(ψ)=ψ(ψ − 1) and with the assumptions that η(x, t)η(x ′, t ′)=δ(t −

t ′)δ(x− x ′).
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a cubic contribution to the original deterministic cubic reaction, which is responsible
for an enhancement of the front velocity. Thus in this case, the new reaction term
H = F + 〈G · η〉 maintains the form of the deterministic reaction F but with rescaled
parameters pi(σ) → p0i + σpσi .

M. A. Santos and J. M. Sancho extended these results for the case of fluctuations
with non-vanishing correlation function [132]. Their work focuses on the effect of the
correlation time on the front velocity. They showed that for increasing correlation
times, at fixed noise intensities, the propagation velocity of a front decreases towards
its deterministic value. We report in what follows technical details of this work. We
exploit this theoretical scheme in §6.2 for the study of pulse propagation under spatio-
temporally correlated fluctuations.

In the presence spatial degrees of freedom the Novikov relation 6.9 has the follow-
ing form:

〈G(ψ(x, t))η(x, t)〉 =

∫
R
dx ′

∫ t
0
dt ′〈η(x, t)η(x ′, t ′)〉dG(ψ)

dψ

〈 δψ(x, t)

δη(x, t ′)

〉
, (6.16)

where the response function δψ(x,t)
δη(x ′,t ′) and the correlation 〈η(x, t)η(x ′, t ′)〉 are unknown.

To calculate it we assume that the correlation function factorises in

〈η(x, t)η(x ′, t ′)〉 = C(|x− x ′|, |t− t ′|) = Cx(|x− x ′|)Ct(|t− t ′|), (6.17)

that Cx is a triangular function(2), and that the correlation function vanishes rapidly
for increasing values of |t− t ′|. We can then write for the correlation function∫∞
0
dsC(0, s) = Cx(0)

(3) ∼
σ2

λ
and

∫∞
0
dsC(0, s)s ∼

τσ2

λ
, where λ =

∫∞
0
ds

∫
R
rC(r, s)dr.

(6.18)
In addition we assume that the response function δψ(x,t)

δη(x ′,t ′) can be expanded in power
of t− t ′. Thus it can be approximated by

δψ(x, t)

δη(x ′, t ′)
' δψ(x, t)

δη(x ′, t)
+
∂

∂t ′
δψ(x, t)

δη(x ′, t ′)

∣∣∣∣
t ′=t

(t ′ − t). (6.19)

For the zero-th order term we use

δψ(x, t)

δη(x ′, t)
= G(ψ(x, t))δ(x− x ′), (6.20)

as in Equation 6.13 for the zero-dimensional case in §6.1.1. The second term of the ex-
pansion is calculated directly by differentiating the following expression with respect

(2) As already seen in Chapters 4 and 5 such a correlation function form is obtained if fluctuations are
identical within the interval |x− x ′| < λ and spatially uncorrelated for |x− x ′| > λ.
(3) Ct is normalised to 1.
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to t ′,

δψ(x, t)

δη(x ′, t ′)
=

∫ t
t ′
ds

[
∂Lψ,∂x

∂ψ
(x, s) +

dG(ψ)

dψ
η(x, s)

]
δψ(x, s)

δη(x ′, t ′)
+G(ψ(x, t))δ(x− x ′).

(6.21)
Here Lψ,∂x is the operator F(·) + D ∂2

∂x2 . After straightforward but tedious algebraic
calculations we end up with the following result for Equation 6.16

〈G(ψ(x, t))η(x, t)〉 =
σ2

λ
G(ψ)

dG

dψ
+
τσ2

λ

dG

dψ

[
F
dG

dψ
−G

dF

dψ
+D

d2G

dψ2

(
∂ψ

∂x

)2]
+

D
σ2τ

λ3
G(ψ)

dG

dψ
. (6.22)

With this formula it is possible to get a statistically equivalent reaction term for Equa-
tion 6.15 that accounts for the effects due to small noise intensity, small correlation
time and correlation length. Interestingly, in the limit of τ → 0, the Equation 6.10
found for the case of white noise in a zero-dimensional system is recovered.

6.2 Small noise effects on travelling waves

6.2.1 Travelling pulse solutions

We turn now our attention to coherent travelling patterns propagating in excitable
media. As already seen in Chapter 4 spatially extended systems with excitable kinetic
and diffusive coupling sustain travelling pulses, which propagate in the medium with
constant velocity. We study these structures in the two-component Oregonator model

∂u

∂t
=

1

ε

[
u− u2 − (fv+ φ)·u− q

u+ q

]
+Du

∂2u

∂x2
(6.23)

∂v

∂t
= u− v.

This system admits for φ > φTP a homogeneous stable steady solution and travelling
pulse solutions. In general, both solitary pulses and periodic pulse-trains are possi-
ble solutions and in either cases the excitability parameter controls their propagation
velocity. In our model the propagation velocity of both solution types decreases for
increasing values of φ until they extinct, via a saddle-node bifurcation, as a certain
value φEXT (4) is reached, see Figure 6.1.

For L → +∞ the periodic pulse-train solution tends towards the solitary pulse so-
lution. This limit case can be recognised in the dispersion relation c(L), see Figure 6.2,

(4) In general φEXT is different for solitary pulses and for pulse-trains.
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Figure 6.1: Left: Propagation velocity c of a periodic pulse-train solution of Equations 6.23

versus the excitability parameter φ, wavelength L = 50. The solid line indicates the stable

solutions branch, the dashed line the unstable one. The black dot marks the saddle-node

bifurcation, coloured crosses mark solutions shown on the right panel with the same colours.

Right: Inhibitor profiles at φ = 0.00435 (azure curve), φ = 0.0055 (red curve), φ = 0.03 (black

curve).

which shows how for L → +∞ the velocity of a pulse train reaches the limit value
c∞(5), i.e. the propagation velocity of the solitary pulse solution. From Figure 6.2 it is
clear that c∞ is approached in different manners depending on the excitability param-
eter φ. In the right panel of Figure 6.2 we show, among others, a monotonous disper-
sion relation (black line) with a horizontal asymptote at c = c∞ for a given value φ.
Decreasing φ the dispersion relation displays small damped oscillations while reach-
ing c∞ (grey line)[137]. Further decreasing the excitability parameter we find even-
tually a bistable dispersion relation (orange line). This means that in some range of the
wavelength L two stable pulse-train solutions coexist in the medium, which propagate
at different velocities [134], compare right panel of Figure 6.2. Analogously damped
oscillations appear between two leading pulses of a pulse-train solution as the exci-
tability of the system increases, see azure curve in right panel of Figure 6.1. When
these oscillations become significant, they affect the interactions among neighbouring
pulses, and oscillations appear in the dispersion relation too.

6.2.2 Effects of spatio-temporal fluctuations on periodic pulse-trains

After having clarified which kind of travelling patterns we are dealing with, we study
how noise influences their propagation properties restricting ourselves to periodic

(5) This value is, of course, a function of the excitability parameter φ.
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Figure 6.2: Dispersion relations for the Equations 6.23. On the left side: Black lineφ = 0.0065,
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relations showing the emergence of bistability regions for decreasing φ0 values. Black line
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pulse-trains. We assume once more that the excitability of the system fluctuates, i.e.
φ → φη(x, t) = φ0[η(x, t) + 1], and that the process η is coloured in time and space,
for details see §4.2 of Chapter 4. Under this assumption we get that fluctuations en-
ter multiplicatively in the system. In this case we can employ the theoretical results
reported in §6.1.2 and calculate the systematic contribution of the fluctuations to the
kinetics for the Oregonator model (Equations 6.23). Keeping the notation adopted so
far, we end up with the following effective stochastic Oregonator model

∂u

∂t
= F(u) + 〈G(u)η(x, t)〉+Du

∂2u

∂x2
(6.24)

∂v

∂t
= u− v,

where

F(u) =
1

ε

[
u− u2 − (fv+ φ0)·

u− q

u+ q

]
and G(u) =

φ0

ε

u− q

u+ q
. (6.25)

Using the expression for the correlation 〈G·η〉 given in Equation 6.22 we obtain

〈G(u)η(x, t)〉 =
σ2

λ
·
φ20
ε2
· 2q

(u+ q)3

[
(u− q) + τ

(
2Du

λ2
(u− q) −

4Duq

(u+ q)2
·
(
∂u

∂x

)2
+(6.26)

q

(u+ q)

[
2qu(u− 1)(u+ q) + u2 − 2u3 + q2(1− 2u)

])]
.
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The Equations 6.24, 6.25 and 6.26 represent our equivalent deterministic model which
now bears explicit dependencies on the noise intensity σ2, on the correlation time τ
and on the correlation length λ.

To study the effects induced by noise in the new effective dynamics we borrow a
numerical tool originally introduced for computational bifurcation analysis: We em-
ploy the continuation software AUTO2000 [138], which has been shown to be a pow-
erful tool particularly suited for bifurcation analysis in high dimensional systems.

Starting from a known solution of the system for particular parameters values, this
software is able to find solutions connected to it and to track them in the parameter
space. If no explicit analytical solution is known, like in our case, where no analytical
expression for pulses is known, it is possible to continue a numerical solution got from
simulations. . By now we concentrate ourselves on periodic pulse-train solutions of
the Equations 6.24-6.26. Their velocity, now function of the noise parameters σ2, τ
and λ, is the matter of our study. As initial conditions for the continuation analysis
we employ a numerical pulse solution of the Equations 6.23 with periodic boundary
condition, which is indeed also solution of the Equations 6.24 with parameter σ2 = 0.
We keep here and further on in this Chapter ε= 0.08525, f = 1.4 and q = 0.002.
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Figure 6.3: Speed increment for

pulse-train solutions with differ-

ent wavelength at φ0 = 0.0065.

Black line for L = 20, orange line

for L = 22, grey line for L = 25

and azure line L = 40.

We firstly calculate the branch of solutions of the Equations 6.24 in the c−σ2 param-
eter space for τ = 0.001 and λ = 0.075. These starting values of τ and λ are the typical
values of the integration time and space steps, i.e. ∆t and ∆x, that we adopt for the di-
rect simulations. We plot in Figure 6.3 the increment of velocity ∆c = cfluct− cdet as a
function of the noise intensity. Interestingly this dependence changes qualitatively for
solutions of different wavelength. For small values of L there exists a range of noise
intensities at which fluctuations induce pulse speed enhancement, thus ∆c ≥ 0 for
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σ2 ≤ X. Differently, for larger wavelength L, the interval of positive increments gets
narrower and the boundary value X shifts to zero. In these cases fluctuations do not
induce any velocity enhancement and ∆c(σ2) is a monotonous decreasing function,
azure curve in Figure 6.3 on the preceding page. We find that this dependency re-
mains qualitatively and quantitatively unchanged for increasing wavelengths L, this
suggests that this is the limit curve ∆c(σ2) for solitary pulse solutions. This results
nicely show that the effects of fluctuations change strongly for pulse-trains of different wave-
length. Here noise has a double effect, it can lower or increase the pulse propagation
speed. Such behaviour was not found in previous studies where the systematic con-
tribution of noise was taken into account to study travelling patterns [130, 132, 133].

Figure 6.4: Speed increment for

pulse-trains with different wave-

length at φ0 = 0.005. Black line

for L = 20, grey line for L = 25,

pink line for L = 30 and azure

line L = 40.
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We enhance the excitability of the system, lowering φ0, and analyse again the de-
pendence ∆c(σ2), see Figure 6.4. It is already understood that a system is differently
sensitive to noise depending on its excitability and this is the case also in the Oreg-
onator model, compare black, grey and azure curves in Figure 6.3 and 6.4. It is in
fact recognisable that the curves ∆c(σ2) behave, at fixed L, differently for different φ0.
Moreover we find a new noise-induced transition: For solutions with particular wave-
length a range of the parameter σ2 emerges with multiple solutions, see in Figure 6.4
the curves for L = 25, L = 30 and L = 40. Thus, the same noise intensity can increase or
decrease the propagation velocity of pulse-trains of same wavelength.

To get a deeper understanding of this new noise-induced transition we analyse
in more detail the branches of solutions shown in Figure 6.4, unfolding them in the
c-L plane for different noise intensities, see Figure 6.5. Here we find that by increa-
sing the noise intensity the dispersion relation undergoes a transition from oscillatory



6.2 Small noise effects on travelling waves 75

4.6

4.8

5

5.2

20 30 40 50 60 70 80

c

L

Figure 6.5: Emergence of bistability in the dispersion relation for increasing noise intensity,

grey line for the noiseless case with φ0 = 0.005. At the same excitability, azure line for σ2 =

0.005, red line σ2 = 0.01, green line σ2 = 0.02, value at which multiple solutions are visible.

to bistable behaviour. This suggests that in a fluctuating medium pulse-trains of same
wavelength coexist, which travel at different velocity. Analogously, dynamical bistability
has been pointed out for fronts propagating in fluctuating media [131]. In the ab-
sence of noise, this kind of transition has been shown for increasing excitability [134],
compare Figure 6.2 on page 72. This suggests that a variation of the parameter σ2

induces a change of the effective excitability of the system. This conjecture corrobo-
rates previous results for excitable media, where, within the same theory considered
here, noise-induced excitability transitions for the local dynamics have been found
[56, 133]. Furthermore we point out here again that fluctuations affect differently so-
lutions of different wavelength. This new result is clearly visible in Figure 6.5, where,
depending on the considered wavelength, noise enhances or decreases the propaga-
tion velocity of periodic pulse-trains.

We focus now on the effects induced by the presence of a correlation time in the
noise driving. In Figure 6.6 we plot the velocity increments ∆c as a function of τ for
different of pulse-trains (different wavelength and different noise intensities). In this
case the correction to the reaction term F(u) in Equation 6.24 on page 72 causes differ-
ent effects as compared to what found for other systems where such corrections have
been also taken into account [56, 133]. The presence of temporal correlated noise can
again enhance or decrease the propagation velocity of a pulse of small wavelength,
left panel of Figure 6.6. Differently, at higher values of L, an increase of τ can only
result in a decrease of c, right panel. Furthermore we do not find new induced solu-
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Figure 6.6: Noise-induced velocity increments for φ0 = 0.0065 as a function of the correlation

time τ. In the left panel solutions with wavelength L = 20, in the right panel solutions with

wavelength L = 40. σ2 = 0.005 black lines, σ2 = 0.025 grey lines, σ2 = 0.15 azure lines.

tions by an appropriate choice of τ as found in our analysis of ∆c(σ2). On the contrary
we find that temporal correlation can suppress wave activity. In fact in some cases,
see grey and azure curves in the left panel of Figure 6.6, no solutions are found in
the scanned range of τ. This behaviour resembles a saddle-node bifurcation, already
encountered analysing the c(φ0) dependence in Figure 6.1 on page 71. This phenome-
non suggests that an increase of the correlation time τ results in an effective lowering
of the excitability of the system.

In Figure 6.7 we analyse the effect of coloured noise on pulses solutions which dis-
play normal dispersion (monotonous increasing function of L) under non-fluctuating
excitability. Introducing fluctuations, anomalous dispersion relation is induced, grey
and azure curves, but no bistability is found. The damped oscillations in the disper-
sion relation are amplified if the noise intensity increases, compare grey and azure
curves in Figure 6.7. Increasing the correlation time τ the velocity of the pulse-train is
drastically lowered, see red and green curves.

Summarising, we analyse an equivalent deterministic reaction-diffusion system
obtained in the framework of a perturbation theory. By means of a continuation soft-
ware for numerical bifurcation analysis, we find different noise-induced effects, the
most significant is the emergence under noise of a bistable dispersion relation for pe-
riodic pulse-trains.
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Figure 6.7: Dispersion relations for φ0 = 0.0065 at different noise parameters: grey line for

σ2 = 0.025, azure line for σ2 = 0.05, red line for σ2 = 0.05 and τ = 0.005, green line for

σ2 = 0.05 and τ = 0.02. The dispersion relation at φ0 = 0.0065 for the system without noise

driving is shown in Figure 6.2 on page 72.

6.2.3 Limits of the small noise expansion

The employed expansion of the correlation 〈G(u)η(x, t)〉 is valid under the assump-
tion of small noise intensity and small correlations. The meaning of small has to be
established on the basis of the effects that fluctuations induce on the pulse profiles.
The key point of the employed perturbation theory is in fact that the solutions of the
effective deterministic system do not deviate significantly from the single stochastic
realisations. M. A. Santos and J. M. Sancho pointed out that spatial correlations can
induce distortions in the solutions profile [132]. They analysed front solutions and
they found that at certain correlation lengths a pre-front is induced, making their the-
oretical scheme unemployable. This turns out to be the case also for pulses in the
Oregonator model. Another effect that emerges under spatio-temporally correlated
fluctuations is the possible emergence of new nucleated pulse pairs, events of course
not accounted in the present theory.

6.3 Effects of spatial correlations on periodic pulse-trains

The effects of spatial correlations on the propagation of periodic pulse-trains are the
focus of this Section. Since these effects are not properly accounted by the equivalent
deterministic system considered in the previous Section, we perform in this case direct
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numerical simulations of the Oregonator model. As already done in Chapters 4 and 5,
we consider once again this model in its three-component version, which reads

∂u

∂t
=

1

ε

[
u− u2 −w·(u− q)

]
+Du

∂2u

∂x2

∂v

∂t
= u− v (6.27)

∂w

∂t
=

1

ε ′
[fv−w·(u+ q) + φη(x, t)] +Dw

∂2w

∂x2
.

The variable φη(x, t) is a stochastic field temporally and spatially correlated, defined
as in Chapter 4 in the Equations 4.3 and 4.4. Further details on this model are reported
in Chapter 4 and in Appendix B. In Figure 6.8 we show space-time plots of pulses
propagating in the medium imposing periodic boundary conditions. In the panel a)
we see that the pulse propagates along a perfect rectilinear trajectory, as in absence
of noise driving. Here noise does not induce any visible effects in the system. In
panel b) we consider a periodic pulse solution of larger wavelength L. We recognise
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Figure 6.8: Panels a,b,c): Space-time plots for pulse-train solutions of Equations 6.27. Kinetics

parameters: q = 0.002, f = 1.4, φ0 = 0.006, ε = 8.525 ·10−2, and ε ′ = 9.442 ·10−4. Noise

parameters: σ2 = 0.25, τ = 1 and λ = 3. In the three panels the wavelength L is changed:

Panel a) L =24, panel b) L=33, panel c) L =40. Details of a nucleation of counter-propagating

pulses and a deformation of the pulse in panels d) and e) respectively.
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that fluctuations affect the pulse trajectory: Deviations of the pulse trajectory show
up, accompanied by distortions of the pulse profile, see a detail in panel e). In the
panel c) at a larger wavelength, this effect is further stressed, moreover here noise
induces occasionally nucleations of pulse pairs. Already from these qualitative pic-
tures we recognise that the system behaviour is consistent with the results obtained
in the previous Section where we show that noise affects differently solutions of dif-
ferent wavelength. Interestingly we find that the deformation in the profile of the
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Figure 6.9: Pulse-train solu-

tion with wavelength L=30 rep-

resented in the phase space. Pa-

rameters as in Figure 6.8.

pulse front is always connected with an isolated short acceleration of the pulse. If the
noise parameters are appropriately chosen then occasionally super-threshold pertur-
bations are induced in the medium. Since noise affects mainly the front of the pulse,
while the refractory zone behind it is hardly sensitive to fluctuations, these deforming
perturbations take place at the foot of the pulse front, effectively lowering the exci-
tation threshold, see also Figure 6.9. So the pulse travels across a perturbed zone of
the medium easier and consequently quicker. We mark a point at the pulse front and
we report its trajectory in a space-time plot, see coloured dotted curves in Figure 6.10.
These pulse-deforming events manifest in steep increase of the trajectories slope as the
pulse crosses a growing super-threshold perturbation. In this figure we consider the
medium in a co-moving frame, where the unperturbed deterministic pulse has zero
velocity. The black solid line is the mean trajectory of a pulse under fluctuations, the
pulse has a non-zero velocity in the co-moving frame. This shows that isolated pulse
accelerations induced by noise result in a mean velocity enhancement. Of course for
too small wavelength L the front and the refractory tail of the pulse are close to each
other and no noise effects are visible, compare panel a) of Figure 6.8.

As already encountered in Chapter 4, the emergence of super-threshold pertur-
bations in an excitable medium is strongly dependent on the temporal and spatial
correlations of the noise driving. Also here, for propagating pulse-trains under noise
driving, the presence of correlations plays an important role. We focus on the the ef-
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Figure 6.10: Space-time plots for propagating pulse-trains in the co-moving frame of coordi-

nate ζ = x − ct, velocity c = 4.44. Three different realisations shown by the coloured dotted

lines, the average trajectory, computed over 100 realisations shown by the black solid line.

System parameters: φ0 = 0.006, L = 40. Noise parameters: σ2 = 0.5, τ = 1, and λ = 3.

fects induced by variations of the correlation length. Hence we analyse systematically
the quantity ∆c, introduced in Subsection 6.2.2, as a function of the correlation length
λ, at given wavelength L, results reported in Figure 6.11. For the examined excitability
values (6) we find always stronly spatially correlated fluctuations enhance of the pulse speed.
Furthermore, we find that the correlation length λ can more efficiently enhance the
propagation velocity at high excitability, right panel in Figure 6.11.

The panel c) of Figure 6.8 shows an anomalous situation where noise simultane-
ously induces pulse deformations and nucleations, see also panel d) in the same Fig-
ure. The presence of new nucleating pulses, and their consequent annihilation with
the existing pulse-train, is certainly not desirable, and, to avoid this phenomenon, we
study under which conditions nucleations are possible. We let a pulse travel along a
path of length n·L, where L is its wavelength (n =200). We record the times ti when a
given point x0 is crossed and we calculate the average velocity of the pulse. We repeat
these calculations for increasing wavelength values until a nucleation event take place
during the path nL, this sets the threshold for the acceptable rareness of a nucleation
event. From the above described calculations we built the dispersion relation for the
medium under noise driving and we compare it with the deterministic one calculated
analogously, see Figure 6.12. In this way we determine the wavelength at which nucle-

(6) Analogous behaviours have been found also at φ0 = 0.005, 0.008 and 0.01, results not shown here.
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Figure 6.11: Velocity increment ∆c induced by λ. Left panel: low excitability φ0 = 0.006,
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Figure 6.12: Right panel: Dispersion relations for φ0 = 0.006 and σ2 = 0.025, azure line for

τ = 0.5 and λ = 0.75, red line for τ = 0.5 and λ = 1.5, orange line for τ = 1 and λ = 1.5. Left

panel: Dispersion relations for φ0 = 0.0043, τ = 1 and λ = 0.3, azure line for σ2 = 0.04, red

line for σ2 = 0.01. In both graphs the grey line indicate the dispersion relation in absence of

noise, data obtained here by direct numerical integration of Equations 6.27.

ation events become statistically relevant and at the same time we quantify the effects
of noise on the pulse propagation velocity. We find that the presence of fluctuations
with temporal and spatial correlation appropriately chosen, induces an enhancement
of the pulse-train velocity. This trend confirms what found for the two-component
Oregonator at high excitabilities and small wavelength, see Figure 6.5 on page 75.
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We note that for pulse-trains of large wavelength, the positive effect of fluctuation on
the propagation velocity is hidden by the phenomenon of noise-induced nucleation.
Interestingly here we find that also at low excitability, in contrast to what shown in
Figure 6.7 on page 77, noise enhances the pulse propagation speed.

Summarising, we focused in this Section on the effect of correlation length on the
propagation of periodic pulse-trains. We find that, through noise-induced deforma-
tions of the pulse profile, the propagation velocity of the pulse can be enhanced. More-
over, for periodic pulse-trains solutions of large wavelength, this effect is hidden by
the emergence of nucleating pulse pairs.



7
Conclusions

In the present work stochastic phenomena have been analysed in excitable systems
under the influence of both temporally and spatially correlated fluctuations. Patterns
in non-linear systems out of equilibrium have been shown to be ubiquitous in nature.
We studied the role of finite correlations in the emergence and coherence of temporal
and spatio-temporal patterns.

The studies have been carried out using different methods. Beside direct numerical
simulations, experiments with an addressable real stochastic medium have been per-
formed, as well as continuation simulations with a software for the numerical bifurca-
tion analysis, and analytical calculations in the framework of a small-noise expansion
theory.

Our findings show that new effects are induced by noise as the presence of corre-
lations is not neglected, but adequately taken into account.

First we concentrated on a single element of an excitable medium in absence of spa-
tial coupling. We analysed numerically two different excitable models: the FitzHugh-
Nagumo model for the action potential variations in a neuron, and the Oregonator
model for the light-sensitive Belousov-Zhabotinsky reaction. In both models external
fluctuations are taken into account in the excitability parameter. We showed that be-
side the noise intensity, also the correlation time controls the coherence of the system
response to noise. An excitable element is brought from a highly incoherent regime to
a coherent one by an appropriate choice of the correlation time. This effect has been
found both in the FitzHugh-Nagumo model driven by an Ornstein-Uhlenbeck pro-
cess, as well as in the Oregonator model driven by a dichotomous telegraph signal.
In the latter case we were able to connect the optimal correlation time, for which the
system behaviour is most coherent, with a characteristic time scale of the system.

We developed an experimental set-up to study the coherence of noise induced
activity in the light-sensitive Belousov-Zhabotinsky reaction. By tracking the noise
induced nucleations we were able to analyse the coherence properties of the reaction
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under fluctuating light intensity. The measurements accurately reproduced and con-
firmed the results of the simulations done with the Oregonator model.

We introduced spatial degrees of freedom in the system and we considered an
excitable medium with diffusive coupling among the constitutive elements. For this
purpose we employed the Oregonator model and we studied statio-temporal patterns
induced under conditions of fluctuating excitability. Here both spatial and temporal
correlations have been considered. We also found that the tuning of the correlation
length allows to enhance the coherence of the system behaviour. Choosing both cor-
relation time and length appropriately, highly spatially and temporally coherent pat-
terns emerge in the excitable medium.

Furthermore, we were concerned with the control of stochastic media in which
the parameters of noise are typically not adjustable. For this purpose we proposed
a non-linear delayed feedback scheme which already gave good results for the con-
trol of excitable elements. This has been done reproducing a feasible real experiment
with the Belousov-Zhabotinsky reaction as close as possible by means the Oregonator
model. We showed that upon variations of time delay, it is possible to deliberately
increase or decrease both spatial and temporal coherence and adjust the time scales of
the controlled dynamics.

Finally we turned our attention to propagating pulse-trains in excitable media. For
the Oregonator model we calculate analytically the systematic contribution of multi-
plicative correlated noise in the framework of a small-noise expansion. Within this
approach we could show that all the noise parameters, i.e. intensity, correlation time
and length, are control parameters for the pulse propagation velocity. Moreover noise-
induced anomalous dispersion has been found. This issue has been investigated thor-
oughly with a numerical tool borrowed from computational bifurcation analysis. We
also studied pulse-trains propagating in a fluctuating medium by direct numerical in-
tegration. This analysis disclosed a new mechanism not accounted in the analytical
theory: In such patterns the deformations of the pulse profile induced by strongly
correlated noise induces the enhancement of pulse speed.



A
The Ornstein-Uhlenbeck process

The story of the Ornstein-Uhlenbeck process goes back to the Scottish botanist R.
Brown [139, 140]. Analysing exotic plants collected during a discovery expedition in
Australia, he observed that the pollen of such plants suspended in a liquid performs
erratic disordered motion. At the beginning R. Brown argued that this motion is the
manifestation of the early stages of life. Soon this phenomenon had been observed
also in inorganic substances and thus the idea established that the collisions with the
molecules of the liquid are responsible for the unarrested motion of the Brownian par-
ticles.

A. Einstein in his famous paper [141] was able to properly treat this phenomenon
looking at the collective behaviour of an ensemble of Brownian particles. He intro-
duced a coarse-grained description defined at a time scale ∆t such that the different
trajectories separated by an interval ∆t can be considered as independent. Within
these assumptions A. Einstein derived the expression for the mean-squared displace-
ment of the Brownian particle. He found that the probability density of particles
driven by uncorrelated random forces satisfies a diffusion equation. Using the ter-
minology of stochastic processes one could say that A. Einstein considered the white
noise limit of the Ornstein-Uhlenbeck precess and that within this assumption he
wrote down the Fokker-Planck equation for the Wiener process.

The first one who wrote down the stochastic differential equation for the velocity
of the Brownian motion was P. Langevin (see translation of P. Langevin’s work of 1908
given in [142]). He split the motion in two parts, a slowly varying systematic part, ac-
counting for the damped motion in the liquid, and a rapidly varying fluctuating part,
which represents the forces that the particles undergoes due to the random collisions.
Twenty years after the arguments P. Langevin, L. S. Ornstein and G. E. Uhlenbeck
were able to formulate a complete dynamical theory of the Brownian motion [143].
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A.1 Langevin approach

We present here the Langevin approach to the problem of the Brownian motion. Hence
we analyse the forces that act on a single Brownian particles. We suppose the particle
having a massm equal to unity, and we assume the force due to the hits with thermal
activated molecules of the fluid to be a stochastic variable. Moreover, due to the vis-
cosity of the fluid, a friction force proportional to the velocity of the particle has to be
considered. All this yields the following equation

d~v(t)

dt
= −γ~v(t) +~F(t), (A.1)

where γ is the friction constant. The random force ~F(t) is supposed to be independent
on the velocity ~v(t) of the Brownian particle and with zero mean. Moreover, the ran-
dom force is supposed to be extremely rapidly varying compared to ~v(t). This implies
that during an interval dt variations of ~v(t) are expected to be very small, while dur-
ing the same interval ~F(t) and ~F(t + dt) are uncorrelated. We restrict to one spatial
dimenision, hence integrating with respect to the time we get:

v(t) = v(0)e−γt + e−γt

∫ t
0
eγsF(s)ds. (A.2)

We suppose the random force to be Gaussian, and a linear operator does not change
this property. Thus the velocity v(t) is Gaussian as well if the initial condition v(0) is
a random Gaussian variable not dependent on the the random force. The mean value
of the velocity reads

〈v(t)〉 = 〈v(0)〉e−γt + e−γt

∫ t
0
eγs〈F(s)〉ds = 〈v(0)〉e−γt. (A.3)

For the calculation of the correlation function of the velocity we exploit the assump-
tion done of random uncorrelated forces acting on the Brownian particles, thus the
correlation function has the form

〈F(t)F(s)〉 = 2Dδ(t− s). (A.4)

The correlation function of the velocity, considering ∆t > 0, is given by

〈v(t)v(t+ ∆t)〉 = e−γ(2t+∆t)〈v(0)2〉+

∫ t
0

∫ t+∆t
0

eγ(t+s)eγ(s ′−t−∆t)〈F(s)F(s ′)〉dsds ′

= e−γ(2t+∆t)〈v(0)2〉+
D

γ
(e2γt − 1)e−γ(2t+∆t). (A.5)

Hence the stationary correlation function, obtained for the limit t → +∞, is

〈v(t)v(t+ ∆t)〉 → C(∆t) =
D

γ
e−γ∆t. (A.6)
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The correlation time of the process is given by

τ =
1

C(0)

∫+∞
0

C(s)ds = γ−1. (A.7)

A.2 Fokker-Planck approach

A different approach to the Brownian motion focuses on the behaviour of an ensem-
ble of particles, instead of concentrating on the trajectory of a single particle. This is
actually the approach adopted by A. Einstein [141].

Given the Equation A.1 which governs the motion of a Brownian particle, we want
to know how the corresponding probability density function (pdf) evolves. The equa-
tion that describes the temporal evolution of the pdf is known as Fokker-Planck equa-
tion [144, 34, 8].

To obtain it we start from the noiseless case. Let ṽ(t) be the trajectory of the Brow-
nian particle, solution of Equation A.1 for F(t) = 0 with initial condition v(t=0)=v0.
We call P0(v, t|v0) the density function which yields the probability that the Brownian
particle moves with velocity v at time t. In this situation the pdf which satisfies

ṽ(t) =

∫
vP0(v, t|v0)dv, (A.8)

is
P0(v, t|v0) = δ(v− ṽ(t)). (A.9)

Thus the deterministic process ṽ(t) can be interpreted as a particular stochastic vari-
able with a δ-valued pdf.

By letting the initial condition v0 be a random variable with pdf ρ(v0), we easily
generalise ṽ(t) to a stochastic process v(t). Hence, averaging over all possible initial
conditions v0 we get the desired probability density function:

P0(v, t) =

∫
P0(v, t|v0)ρ(v0)dv0 = 〈δ(v− v0(t))〉v0

. (A.10)

Being a density, P0(v, t) satisfies the Liouville’s continuity equation [145], and it holds
for it

∂P0(v, t)

∂t
+
∂

∂v

[
dv

dt
P0(v, t)

]
= 0. (A.11)

We consider now the case of non-vanishing random forces. Therefore we can sub-
stitute dv/dt in Equation A.11 with the right-hand side of Equation A.1, we thus ob-
tain

∂P0(v, t)

∂t
+
∂

∂v
[(−γv+ F(t))·P0(v, t)] = 0. (A.12)
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In this case the probability density function is given by the average of P0(v, t) over all
possible realisations of the random force, therefore we write:

P(v, t) = 〈P0(v, t)〉F(t) = 〈δ(v− v0(t))〉v0,F(t). (A.13)

Averaging over the realisations of the random force F(t) the Equation A.12, we obtain
a continuity equation for the probability density function P(v, t). It reads

∂P(v, t)

∂t
= γ

∂

∂v
(vP(v, t)) −

∂

∂v

[
〈F(t)·P0(v, t)〉F(t)

]
. (A.14)

As already discussed in the previous Section, the random force is supposed to be
Gaussian and δ-correlated. For the last term we exploit the Novikov’s theorem, in-
troduced in Chapter 6 (see Equation 6.10 on page 67) [135]. In this case, applying the
chain rule for the functional calculus, it holds that

〈F(t)·P0(v, t)〉F(t) =

∫ t
0
〈F(t)F(t ′)〉

〈∂P0(v, t)
∂v

δv(t)

δF(t ′)

〉
= (A.15)

= −

∫ t
0
〈F(t)F(t ′)〉 ∂

∂v

〈
P0(v, t)

δv(t)

δF(t ′)

〉
dt ′ = −D

∂P(v, t)

∂v
, (A.16)

where 2D is the variance of the random force F(t). Therefore the probability density
function satisfies the following Fokker-Planck Equation

∂P(v, t)

∂t
= γ

∂

∂v
(vP) +D

∂2P(v, t)

∂v2
. (A.17)

We are interested in the stationary pdf for a Brownian particle. For it holds

∂

∂v

[
vPst(v) +

D

γ

∂Pst(v)

∂v

]
= 0. (A.18)

The solution of this Equation reads:

Pst(v) =
( γ

2πD

)1
2
exp

(
−
γv2

2D

)
. (A.19)

Thus the process that describes the velocity of a Brownian particle is stationary and
Gaussian. In equilibrium condition, according to the equipartition theorem in one
dimension, and the mass assumed equal to unity, the following relation holds

1

2
〈v2〉 =

1

2
kBT, (A.20)

where kB is the Boltzmann’s constant and T is liquid temperature. In this way, sub-
stituting in Equation A.20 the variance of the stationary distribution given in Equa-
tion A.19 we find the Einstein’s relation [141]

D =
kBT

γ
. (A.21)
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A.3 White noise limit

We consider now the integrated Ornstein-Uhlenbeck process x(t) =
∫t
0 v(s)ds, which

represents the position of the Brownian particle. As the integration is a linear operator,
the integral of the Gaussian process v(t) is as well a Gaussian process. Thus this pro-
cess has zero mean, and its correlation function is obtained integrating the correlation
function for the process v(t) [13]. It reads:

〈x(t)x(t ′)〉 =
2D

γ2
t+

D

γ3
[e−γt − 1+ e−γt ′

− e−γ(t ′−t)]. (A.22)

From this expression we see that in the limit γ → +∞ (τ → 0) and D/γ2 = const,
the process x(t) describes a Wiener process. In the limit of no friction, the mean-
squared displacement of a Brownian particle, with initial condition x0 = x(t = 0),
grows linearly with the time, result already obtained by A. Einstein [141]. In fact,
a Wiener process is a non-stationary Gaussian process with uncorrelated increments
and variance proportional to the time, described by a diffusion equation, see §3.8 in
[34]. This is known as the white noise limit for the Ornstein-Uhlenbeck process.

To better understand the implications of the white noise limit we look at the fre-
quency spectrum of the Ornstein-Uhlenbeck process. Any stationary process can be
written as a superposition of oscillations with frequency ν, with random amplitude
and phase. The frequency spectrum S(ν) of a given process is just the Fourier trans-
form of its correlation function. The Wiener-Khintchine theorem in fact states that the
correlation function and the frequency spectrum of a stochastic process are connected
via the Fourier transform [34, 144]. It holds that

C(|t− t ′|) =

∫+∞
−∞ eiν|t−t ′|S(ν)dν. (A.23)

If we consider the expression of the correlation function found for the Brownian par-
ticle in Equation A.6, we get

S(ν) =
1

2π

D

γ

∫+∞
−∞ e−γ|t−t ′|e−iν|t−t ′|d(|t− t ′|) =

=
D

π

1

ν2 + γ2
. (A.24)

With this expression it is thus clear that considering γ → +∞ we get for any ν a flat
frequency spectrum with zero amplitude:

lim
γ→∞ 1

ν2 + γ2
= 0. (A.25)



90 A. The Ornstein-Uhlenbeck process

In this simplistic limit the overall noise intensity, given by

σ2 = 2

∫+∞
0

S(ν)dν =
D

γ
, (A.26)

is spread uniformly over all frequencies. Hence this would be the noiseless limit. By
considering both γ → +∞ and keeping the quantity D/γ2 fixed and equal to σ̃2, we
get the meaningful white noise limit

lim
γ→∞ 1

π

σ̃2

1+
(
ν
γ

)2 =
σ̃2

π
. (A.27)

Note that the quantity σ̃2 = D/γ2 is not the noise intensity σ2 = D/γ. In this limit the
correlation function of the process v(t) becomes

C(|t− t ′|) = 2σ̃2δ(t− t ′). (A.28)

A.4 Numerical integration of the Ornstein-Uhlenbeck process

A slightly different process as the one analysed so far, is often referred to, as well, as
Ornstein-Uhlenbeck process [146, 47, 147, 14, 148]. Indeed, also the process defined by
the Langevin Equation

dη(t)

dt
= −

η(t)

τ
+
ξ(t)

τ
, (A.29)

where ξ(t) is a white Gaussian noise with 〈ξ(t)ξ(t ′)〉 = 2Dδ(t − t ′), has an exponen-
tially decaying correlation function. Differently from what found for the Brownian
particle in Equation A.6, in this case the correlation function reads

C(|t− t ′|) =
D

τ
exp

(
−

|t− t ′|

τ

)
. (A.30)

We adopt this process in all the simulations shown in the Chapters 2, 4, and 5. The
convenience of adopting this process is that for it an efficient numerical integration
schemes has been proposed [47, 148]. Interestingly, performing the same calculations
done in the previous Section, it can be shown that in this parametrisation the white
noise limit is easily obtained letting the correlation time go to zero, i.e. τ → 0. In this
limit the noise intensity of the process increases to infinity. It holds in fact

σ2 = 2

∫+∞
0

S(ν)dν =
D

τ
−→
τ→0∞. (A.31)

As already described in Chapter 2, we are interested in the effect due to sole
changes of the correlation time τ, thus we consider the case of constant noise intensity
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σ2 = D
τ . We adopt for the numerical generation of the Ornstein-Uhlenbeck process the

integral algorithm proposed by R. F. Fox and coworkers in [47] modified to account
the above mentioned constrain. We integrate Equation A.29 and we obtain

η(t) = e−t/τη(0) +
1

τ

∫ t
0
ds e−(t−s)/τ ξ(t). (A.32)

The same can be calculated for η(t+∆t), which can be expressed in terms of η(t). Here
with ∆t is meant the time integration step. We get therefore the integration scheme

η(t+ ∆t) = e−∆t/τ η(t) +
1

τ

∫ t+∆t
t

ds e−(t+∆t−s)/τξ∆t(t) = (A.33)

= E(∆t, τ)·η(t) + h(t, ∆t, τ), (A.34)

where E(∆t, τ) is a constant, and h(t, ∆t) is a new Gaussian stochastic process of zero
mean and second moment given by

〈h2(t, ∆t, τ)〉 =
D

τ
(1− E2). (A.35)

Imposing D
τ = const. = σ2, the integrated stochastic process η(t) has the following

correlation function
C(|t− t ′|) = σ2exp

(
−

|t− t ′|

τ

)
. (A.36)

In this scaling the process η(t) given in Equation A.29 can also be parametrised in the
following way [13, 48]:

dη(t)

dt
= −

η

τ
+

√
σ2

τ
ξ̃(t). (A.37)

Here the Gaussian white noise source ξ̃(t) is characterised by the second moment
〈ξ̃(t)ξ̃(t ′)〉 = 2δ(t− t ′).

A.5 Bistable systems driven by coloured noise

We present here with simple arguments that the escape rate for a particle in a bistable
potential driven by an Ornstein-Uhlenbeck process parametrised as in Equation A.37
has a non-monotonous dependence on the correlation time of the fluctuations. These
results have been presented in an interesting work by P. Jung and coworkers [48],
which refer to the Ornstein-Uhlenbeck process in this scaling as “power-limited co-
loured noise”. The system in consideration reads

dx(t)

dt
= x− x3 + η(t) (A.38)

dη(t)

dt
= −

η

τ
+

√
σ2

τ
ξ(t),
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where the variable ξ(t) is a Gaussian white noise with 〈ξ(t)ξ(t ′)〉 = 2δ(t − t ′). In the
limit of small correlation times, the variable η is much faster than x. Thus by adiabatic
elimination of η (dη/dt = 0), we obtain the following white noise Langevin equation

dx(t)

dt
= x− x3 + η(t) +

√
σ2τξ(t). (A.39)

Following the Kramers’s theory (for a review [35]), the activation rate out of one of the
potential minima at x = ±1 is given by

r(τ, σ2) =
1√
2π
exp

(
−

1

4τσ2

)
. (A.40)

In the considered limit τ → 0, the escape rate vanishes exponentially.
In the limit τ → ∞, the variable η is much slower than x. Thus we can suppose

that during an interval ∆t the variable η is constant at value η. In this interval the
variable x performs a relaxation motion to the quasi-steady state xqss which satisfies
the equation

xqss − x3qss + η = 0. (A.41)

In this time interval the system x can be seen as relaxing to the minima of the potential

U(x) =
1

4
x4 +

1

2
x2 − ηx, (A.42)

which are given by the roots of Equation A.41. Consequently a transition of the sy-
stem, say, from the left to the right, happens when the left potential minimum disap-
pears, i.e. when η(t) reaches a critical value ηcrit. Thus we have a first-passage time
problem and we need to calculate the mean first-passage time of the variable η(t) to
reach the value ηcrit, starting from the initial value η0 = −ηcrit. The solution of this
problem is standard [35, 34] and reads

TMFP =
τ

σ2

∫+ηcrit

−ηcrit

exp

(
y2

2σ2

) ∫y
−∞ exp

(
−
x2

2σ2

)
dx. (A.43)

The activation rate is thus obtained from the inverse of the mean first-passage time
r = 1/TMFP, and it decrease proportional to τ−1 as τ → ∞.

Concluding, the activation rate decreases to zero for both the limit cases τ → 0

and τ → ∞ suggesting the existence of a peak at the cross-over of these two limit
cases. With numerical simulations this conjecture is confirmed. Hence, for a bistable
system driven by coloured noise parametrised as Equation A.37, i.e. in the power-
limited scaling, there exists an optimal correlation time at which the activation rate is
maximal.



B
The Oregonator model

B.1 Local dynamics and stability properties

B.1.1 Super-critical Hopf bifurcation

We consider here the two-component Oregonator model and analyse its stability prop-
erties for the set of parameters employed for simulations shown in Chapter 2. We
write the model again, it reads:

du

dt
= F(u, v) =

1

ε

[
u− u2 − (fv+ φ)

u− q

u+ q

]
(B.1)

dv

dt
= M(u, v) = u− v.

The stationary solution of the above system of differential equations is obtained find-
ing the intersection of the u and v nullclines

v =
1

f

[
(u+ q)(u− u2)

u− q
− φ

]
(B.2)

v = u.

The position of the fixed point (u0, v0) is thus not dependent on the parameter ε. We
calculate the branch of the stationary solution varying the parameter φ numerically,
by means of direct simulations, and by means of the continuation software AUTO2000
[138], see Figure B.1. To find the position in this diagram of the Hopf bifurcation, that
separate the excitable from the oscillatory regime, we study the stability of the found
fixed points.

We perform a linear stability analysis. We first calculate the Jacobi matrix for Equa-
tions B.1, i.e.

Ĵ =

 ∂F
∂u

∂F
∂v

∂M
∂u

∂M
∂v

 (B.3)
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Figure B.1: Branch of stationary

solutions for the two-component

Oregonator model, see Equa-

tions B.1. Model parameters: ε =

0.0766, q = 0.002, and f = 1.4.

at the fixed points (u0, v0). From the diagonalisation of the above matrix we get a
second order characteristic polynomial(

∂F

∂u

∣∣∣
(u0,v0)

−ω

)
·
(
∂M

∂v

∣∣∣
(u0,v0)

−ω

)
−

(
∂F

∂v
·∂M
∂u

)∣∣∣∣∣
(u0,v0)

= 0. (B.4)

Resolving it we get the eigenvalues of the matrix Ĵ(u0,v0), which permit to establish
whether the solutions are stable against small perturbations. The stability properties
of the solutions depend on the parameter ε.
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Figure B.2: Real part α1,2 (red curves) and imaginary part β1,2 (azure curves) of the eigenval-

ues ω1,2 of the Jacobi matrix Ĵ(u0,v0) calculated along the branch of solutions (u0, v0) shown

in Figure B.1. Model parameters as in Figure B.1.

If the eigenvalues ω1,2 are both negative real numbers, then the solution of the
Equations B.1 is a stable node. If the eigenvalues are a pair of complex conjugate
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numbers with negative real part, then the fixed point is a stable focus. We calculate
numerically the eigenvalues for the Jacobian matrix Ĵ(u0,v0), their values as a function
of the parameter φ are reported in Figure B.2. We find that the Equations B.1 under-
goes a Hopf bifurcation at φHB = 4.435·10−3. For φ < φHB the fixed point (u0, v0) is
unstable, for φHB < φ < φF the fixed point is a stable focus (φF = 6.876·10−3), and for
φ ≥ φF the fixed point is a stable node.

We unfold the branch of periodic orbits that emerge from the bifurcation point and
plot in Figure B.3 the maximal value that the inhibitor concentration assumes during
one oscillation. The periodic orbit is stable, while the fixed point becomes unstable
as φ is decreased and the bifurcation point is crossed. Thus in this case the Hopf
bifurcation is super-critical.

The increase of the oscillation amplitude is strongly dependent on the parameter
ε, which controls the time scale separation between the variable u and v. Figure B.3
shows how for high time scale separation (low values of ε) the periodic orbit ampli-
tude steeply grows as the parameter φ is decreased. This behaviour is often referred
to as Canard explosion.
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Figure B.3: Amplitude of the

oscillations measured by the

maximal value vmax assumed by

the inhibitor concentration dur-

ing a period. Red curve: ε =

0.0766. Green curve: ε = 0.15.

Grey curve: ε = 0.2. Parameters

f and q as in Figure B.1.

B.1.2 Sub-critical Hopf bifurcation

The two-component Oregonator model discussed above is obtained by an adiabatic
elimination from the three-component Oregonator model [49] for the light-sensitive
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Belousov-Zhabotinsky reaction. In absence of diffusive coupling the model reads:

∂u

∂t
= F(u,w) =

1

ε

[
u− u2 −w·(u− q)

]
∂v

∂t
= M(u, v) = u− v (B.5)

∂w

∂t
= N(u, v,w) =

1

ε ′
[fv−w·(u+ q) + φ] .

The parameter ε ′ controls the temporal scale of the variable w. When it is small
(1/ε ′ → +∞) and the third variablew is much faster than the other two, then it can be
adiabatically eliminated and Equations B.5 reduce to Equations B.1.
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Figure B.4: Real part (red curves) and imaginary part (azure curves) of the eigenvaluesω1,2,3

of the Jacobi matrix Ĵ(u0,v0,w0) calculated along the branch of solutions (u0, v0, w0) of the

Equations B.5. Model parameters: q = 0.002, f = 1.4, ε = 8.547·10−2, and ε ′ = 9.442·10−4.

Analogously to the previous Section, we analyse the stability of the stationary so-
lutions of Equations B.5 The Jacoby matrix reads now

Ĵ =


∂F
∂u

∂F
∂v

∂F
∂w

∂M
∂u

∂M
∂v

∂M
∂w

∂N
∂u

∂N
∂v

∂N
∂w

 . (B.6)

We calculate it at the stable fixed point (u0, v0, w0) and diagonalising it we get the
third order characteristic polynomial

(ω− j11)(ω+ 1)(j33 −ω) + j13 ·j32 + j13 ·j31(1−ω) = 0. (B.7)
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Here, for simplicity, we adopted the following notation:

Ĵ(u0,v0,w0) =

 j11 0 j13

1 −1 0

j31 j32 j33

 . (B.8)

The values of the real and imaginary parts of the three eigenvaluesω1,2,3 as a function
of the parameter φ are shown in Figure B.4. From the numerically obtained data
shown in Figure B.4 we conclude that the kinetics has one fixed point which is unstable
below φHB = 4.16 · 10−3. In the interval φHB < φ < φF = 9.26 · 10−3 the fixed point is
a stable focus, and for φ ≥ φF it becomes a stable node.
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HAO Figure B.5: Bifurcation diagram for

the Equations B.5. Azure curve: val-

ues of the inhibitor along the branch

of stable (solid curve) and unstable

(dotted curve) solutions. Red curve:

maximal value vmax assumed by the

inhibitor during an oscillation along

the stable (solid curve) and an unsta-

ble (dashed curve) periodic orbit.

Also here we analyse how the amplitude of the limit cycle grows as the bifurcation
parameter φ is changed, see Figure B.5. We find that for the set of parameters chosen
there exists a range of φ-values for which the system displays a stable fixed point and
a stable limit cycle. Thus if from the excitable regime ( φ >> φHB ) φ is decreased
towards the oscillatory one ( φ < φHB ), the local kinetics exhibits a hard transition
from a single stable fixed point to high-amplitude oscillations (HAO) at φHT = 4.24 ·
10−3, see solid red line in Figure B.5. Hence the Hopf-bifurcation at φHB = 4.16 · 10−3

is sub-critical.

B.2 The spatially extended Oregonator medium

B.2.1 Solutions in the co-moving frame

We analyse now in detail the properties of Equations B.1 with spatial degrees of free-
dom. We consider the single elements with local kinetics described by Equations B.1
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with diffusional coupling. This yields the following reaction-diffusion system:

∂u

∂t
=

1

ε

[
u− u2 − (fv+ φ)·u− q

u+ q

]
+Du

∂2u

∂x2
(B.9)

∂v

∂t
= u− v.

As already mentioned in the Subsection 6.2.1 this system, restricting us to one-dimensional
solutions, admits in the excitable regime, for φ > φTP, a homogeneous stable steady
(HSS) solution and travelling pulse (TP) solutions, also called trigger waves. Moreover
we discussed that both solitary travelling pulses and periodic travelling pulse-trains
are possible solutions for the reaction-diffusion system.

To clearly distinguish them we consider a new coordinate system ζ = x−ctmoving
with the same velocity c of the travelling solutions. In this co-moving frame travelling
pulses solutions of Equations 6.23 are in fact steady solutions of the following system
of ordinary differential equations (ODEs).

du

dζ
= z

Du
dz

dζ
= −cz−

1

ε

[
u− u2 − (fv+ φ)·u− q

u+ q

]
(B.10)

dv

dζ
= −

1

c
(u− v),

A HSS solution of the system of partial differential Equations (PDEs) B.9 (azure line
in the sketch on the left side of Figure B.6) is a fixed point ψ

0
= (u0, z0, v0) in the new

ODE phase space (u, z, v) (sketch on the right, azure circle).
A solitary pulse, which for ζ → ±∞ approaches the homogeneous steady state, is

in the ODE phase space a homoclinic orbit which stems from the fixed pointψ
0
, see red

curves in Figure B.6. A pulse-train is a periodic solution in ζ with ψ
L
(ζ) = ψ

L
(ζ + L)

and it is a periodic orbit in the ODE phase space (grey curves).
For L → +∞ the periodic pulse-train solution tends towards the solitary pulse so-

lution and respectively in the ODE phase space the periodic orbit solution approaches
the homoclinic solution.

In the right panel of Figure 6.2 on page 72 we show a monotonous dispersion
relation (black line) with a horizontal asymptote at c = c∞ for a given valueφ: For this
φ the fixed point ψ

0
is a saddle node. Decreasing φ the dispersion relation displays

small damped oscillations while reaching c∞ (grey line), in this case ψ
0

is a saddle
focus. Thus, it is possible to extract properties of the pulse-train solution from the
linear stability of the fixed point of the ODE Equations B.10. This is because a limit
cycle solution is in the ODE phase space near to the homoclinic orbit, connection to the
fixed point ψ

0
.
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Figure B.6: Sketches of solitary pulse solutions (red lines) and periodic pulse solutions (grey

lines) in the physical PDE space (left panel) and in the ODE phase space (right panel). The fixed

point in the ODE space is a stable node (azure circle in the right panel) and corresponds in the

physical PDE space to the homogeneous steady state (azure dashed line in the left panel).
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Figure B.7: Sketches of solitary pulse solutions (red lines) and periodic pulse solutions (grey

lines) in the physical PDE space (left panel) and in the ODE phase space (right panel). The

fixed point in the ODE space is a stable focus (azure circle in the right panel).

A homoclinic connection to a saddle focus is shown in Figure B.7 together with the
corresponding pulse profile (red curves, sketches on right and left side respectively).
Damped oscillations appear in the tail of the solitary pulse. Similarly, damped os-
cillations appear between two leading pulses of a pulse-train solution (sketch on the
right, grey curve). When these oscillations become significant so that they affect the
interactions among neighbouring pulses, oscillations appear consequently even in the
dispersion relation. Moreover the oscillations in the dispersion relation of the periodic
pulse-trains can be predicted looking at the relations among the values of the real and
imaginary parts of the eigenvalues associated to the fixed point in the ODE space.

The study of stationary solutions of Equations B.9 is done by means of the contin-
uation software AUTO2000 [138]. This software handles ordinary differential equa-
tions, thus we consider for this aim the Equations B.10 in the co-moving frame. The
data plotted in §6.2 of Chapter 6 are obtained with such continuation tool.
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B.2.2 Anomalous dispersion relations

We analyse here in more detail the properties of the dispersion relation of pulse-trains.
The dispersion relation describes the dependence of the travelling wave propaga-
tion velocity c on its wavelength L. This relation characterises the travelling waves
and, from its analysis it is possible to distinguish between phase waves and trigger
waves [149]. The first ones are merely phase-shifted oscillations and are sustained
in the medium if the underlying kinetics is oscillatory. The dispersion relation for
such propagating waves is monotonous far from the Hopf bifurcation, and, for large
wavelengths, becomes almost linear. Therefore the velocity of phase waves grows
unbounded with the wavelength of the phase wave. Moreover, the velocity of such
waves is weakly dependent of the diffusion coefficients.

As seen in the previous Subsection, in the excitable regime the system expressed
by Equations B.10 possesses a single stable fixed point. If the bifurcation parame-
ter φ is decreased the system undergoes a Hopf bifurcation: The stable fixed point
looses stability and a stable periodic orbit emerges. In this situation the bifurcation
point depends not only on the parameter φ, but also on the velocity c. In the physical
PDE phase space this means that the homogeneous steady state becomes unstable and
phase waves appear. We show in Figure B.8 the dispersion relation of a phase wave
for a value of the excitability parameter φ slightly below the Hopf bifurcation.

Trigger waves, differently, are characterised by bounded dispersion relations, which
for such waves has a horizontal asymptote at c∞, values of the velocity for a soli-
tary pulse, see also Subsection 6.2.1. Dispersion relations in which this limit values is
not reached monotonously are referred to anomalous dispersion relations [137]. Non-
monotonous dispersions relation have been shown to induce interesting phenomena
like merging and stacking of pulse trains [150], densely aggregated spiral arms are
caused by anomalous dispersion [69], and oscillating dispersion relations have been
related with the non-annihilation of pulses in head-on collisions. Moreover, in case
of bistable dispersion relations, pulse-trains of same wavelength can coexist, which
propagate at different velocities [134]. We show in Figure B.8 (centre) how a phase
wave dispersion relation changes by slightly varying the parameter φ and eventually
disappears while trigger wave dispersion relations emerge.

In the parameter region where the transition between phase and trigger waves take
place, various kind of dispersion relations emerge. In this regime the interaction of
pulses in collision is highly complex. As already pointed out in [134], pulses typically
do not annihilate in head-on collision. Isolas in the dispersion relation of trigger waves
have been recently investigated [151].
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Figure B.8: Top: Dispersion re-

lation for the phase wave solu-

tions of the system expressed in

Equations B.10 stemming from

the Hopf bifurcation at φ =

0.0043. Centre: Dispersion re-

lation for the phase wave solu-

tions stemming from the Hopf

bifurcation atφ = 0.004310 (grey

curve) and isolas of dispersion

relations for trigger waves at

φ = 0.004312 (red curves). Bot-

tom: The isolas of dispersion re-

lations for trigger waves at φ =

0.004312 evolve in an oscillat-

ing dispersion relation for trig-

ger waves atφ = 0.004320 (azure

curve). Further parameters ε =

0.08525, q = 0.002, f = 1.4, and

Du = 1 are kept fixed for all Fig-

ures.
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control of noise-induced patterns in excitable media, submitted to Physical Review
Letters, 2005.

• V. Beato, H. Engel and L. Schimansky-Geier, Pulse trains propagating in excitable
media subjected to external noise, in preparation, 2005.





Acknowledgements

I am grateful to Prof. Dr. Harald Engel for the possibility he gave me to work in his
research group. During the course of my work, he supported me and introduced
me to the field of non-linear dynamics and pattern formation. I would like to thank
Prof. Dr. Harald Engel also because he enabled, with the financial support of the SFB
555, fruitful collaborations with Dr. Irene Sendiña–Nadal, Dr. Alexander Balanov and
Dr. Natalia Janson.

I am also grateful to Prof. Dr. Lutz Schimansky-Geier for interesting discussions
on stochastic processes and to Prof. Dr. E. Schöll who gave me the possibility to work
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