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Zusammenfassung

Diese Arbeit beschäftigt sich mit den kombinatorischen Eigenschaften or-

thogonaler Flächen. Jede solche Fläche definiert eine partielle Ordnung, die

CP-Ordnung. Unter bestimmten Voraussetzungen, zum Beispiel wenn die

CP-Ordnung simplizial ist, kann man sie als Flächenverband eines konvexen

Polytops interpretieren.

Der simpliziale Fall, der im Theorem von Scarf, [31], behandelt wird, ist

allerdings sehr speziell. Für allgemeine orthogonale Flächen gibt es bisher

nur in Dimension 3 eine befriedigende Charakterisierung der polytopalen CP-

Ordnungen, die auf Millers Untersuchung monomialer Ideale beruht, [26].

In dieser Arbeit wird unter anderem der Versuch unternommen, die bish-

erigen Ergebnisse auf allgemeine orthogonale Flächen höherer Dimensionen

zu übertragen. Dies beinhaltet zunächst die Definition des kombinatorischen

Typs einer orthogonalen Fläche. Aus diesem Typ können bereits viele der

interessanten Eigenschaften der CP-Ordnung abgelesen werden.

Um die nicht-polytopalen Flächen auszuschließen, diskutieren wir ver-

schiedene Einschränkungen wie zum Beispiel Nicht-Degeneriertheit und Star-

rheit. Diese direkten Verallgemeinerungen aus Dimension 3 reichen allerdings

nicht aus, um zu gewährleisten, dass die CP-Ordnung ein Flächenverband ist,

wie wir an verschiedenen Beispielen dokumentieren.

Damit bleibt zwischen den generischen und übrigen orthogonalen Fächen

eine große Lücke. Für eine spezielle Klasse von“ordentlichen”Flächen zeigen

wir, dass eine rekursive Coatom-Ordnung existiert (Theorem 7.33). Daraus

folgt, dass die CP-Ordnung eine CW-Ordnung ist und damit als Flächenord-

nung eines regulären CW-Komplexes aufgefasst werden kann.

Für die allgemeinere Klasse der nicht-degenerierten Flächen präsentieren

wir einige Ergebnisse zur Struktur der CP-Ordnung und der characteristis-

chen Punkte. Unter anderem zeigen wir, dass die CP-Ordnung im starren

Fall ein perfektes Morse-Matching besitzt.

Neben der Charakterisierung der polytopalen CP-Ordnungen ist eine weit-

ere Fragestellung, die durch Scarfs Theorem aufgeworfen wird, die folgende:

Welche (simplizialen) Polytope kommen auf orthogonalen Flächen vor?
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Bereits in Dimension 4 gibt es Beispiele nicht-realisierbarer Polytope.

Diesem Problem werden wir uns von zwei Seiten annähern.

Einerseits werden wir ein notwendiges Realisierbarkeitskriterium angeben

(Proposition 6.15), welches es uns ermöglicht, viele kleinere Beispiele nicht-

realisierbarer Polytope schnell zu identifizieren.

Auf der anderen Seite konstruieren wir Realisierungen für einige Klassen

von Polytopen, zum Beispiel für alle d-Polytope mit d+2 Knoten. Wir stellen

auch einige Polytop-Operationen vor, die sich direkt auf orthogonale Flächen

übertragen lassen. Dazu gehören zum Beispiel Pyramiden und Prismen. Es

ergibt sich daraus, dass der d-Würfel für jedes d realisierbar ist. Leider lässt

sich Dualität nicht direkt auf Realisierungen übertragen, und so zeigen wir

gesondert, dass das d-dimensionale Kreuzpolytop für jedes d realisierbar ist.
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Chapter 1

Introduction

Orthogonal surfaces have a simple definition, but a rich and beautiful com-

binatorial structure. They are connected to various fields in mathematics,

including graphs, Schnyder woods, convex polytopes, dimension theory of

partial orders, integer programming, and monomial ideals. What is more,

it is even possible to provide pictures illustrating many of the interesting

features - at least of low dimensional surfaces. These are some good reasons

why it is worthwhile to deal with orthogonal surfaces.

In this thesis, I discuss the combinatorial properties of orthogonal sur-

faces. For example, every surface defines a partial order of characteristic

points. If we think of an orthogonal surface as a staircase, then the charac-

teristic points are the corners of this staircase. This cp-order plays a leading

part throughout my investigations.

In certain cases, the cp-order can be interpreted as the face lattice of a

polytope. Scarf [31, 32] studied orthogonal surfaces in the context of test

sets for integer programs. He showed that the cp-order can be extended to

the face lattice of a simplicial polytope whenever it is the incidence order of

a simplicial complex.

Before we go on, we will clarify what we are actually talking about.

The dominance order on Rd is defined by (u1, . . . , ud) ≤ (v1, . . . , vd) if and

only if ui ≤ vi for all i = 1, 2, . . . , d. Let V ⊂ Rd be a finite antichain, i.e. a

set of incomparable elements. The orthogonal surface SV generated by V is

the boundary of the filter of V , i.e. the set of points p ∈ Rd such that:

◦ There is a v ∈ V with v ≤ p, this means that p is contained in the filter.

◦ For all v ∈ V with v ≤ p, there is a coordinate i ∈ {1, 2, . . . , d} where

pi = vi.

This means that p is contained in the boundary of the filter.

The cp-order of an orthogonal surface is a finite suborder of the dominance

order. In particular, this implies that the cp-order of a d-dimensional orthog-
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2 Introduction

onal surface has order dimension at most d.

The elements of V are the minima of the cp-order. If we interprete the cp-

order as an incidence order, then every orthogonal surface defines a graph on

the vertex set V , where {u, v} is an edge if and only if there is a characteristic

point p ∈ SV which covers only u and v.

In dimension 3, the graphs arising in this way are planar graphs. The

orthogonal surfaces also induce the additional structure of a Schnyder wood

or Schnyder labelling on them. Miller [26] used 3-dimensional orthogonal

surfaces to obtain minimal resolutions for monomial ideals in three variables.

He proved that for every planar graph with a Schnyder wood, there is a

corresponding 3-dimensional orthogonal surface carrying this graph.

The starting point of this work was the trivial observation that the def-

inition from the 3-dimensional case can easily be generalized to arbitrary

dimension. This gave rise to the question whether the rest of the theory - for

example the Schnyder structures - could be taken along. Of course, consid-

ering the rich theory of planar graphs and Schnyder woods, this is actually

not a single question but a quite extensive list of interesting problems.

This thesis documents my attempts to solve some of them.

1.1 Preview

In Chapter 2, we give a brief introduction to the basic concepts which occur

in the theory of orthogonal surfaces. The main topics are planar graphs with

Schnyder woods, convex polytopes and their face lattices and more general

partial orders. We are in particular interested in the order dimension of

incidence orders.

In Chapter 3, the basic definitions and properties of orthogonal surfaces

are illustrated with examples from dimension 3. These examples show how

many concepts from low dimension are intuitively clear. When we are looking

at the picture of a 3-dimensional staircase, we automatically identify the

corners and the different steps of the staircase and we can also guess when two

local minima are neighbors. We can easily recognize degenerate substructures

which prevent us from embedding a proper graph. It is also very clear how a

non-degenerate orthogonal surface of dimension 3 induces a Schnyder wood

on its graph.

If we want to deal with surfaces of higher dimension, we need to find

a way to extract the combinatorial information about a surface not from a
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picture, but directly from its generating antichain. A first attempt to do so

is the definition of the two-join graph. It contains an edge {u, v} if and only

if there is no w ∈ V \ {u, v} with w ≤ u ∨ v, where u ∨ v denotes the join or

component-wise maximum of the vertices u and v.

Unfortunately, the graph we would intuitively draw on an arbitrary or-

thogonal surface of dimension 3 is not necessarily the two-join graph. This

shows that in general, it is not straightforward to translate the direct obser-

vations from dimension 3 into combinatorial descriptions which are valid for

all dimensions and all classes of orthogonal surfaces.

In Chapter 4, we state the general definition of a flat and of a characteris-

tic point. The flats form a decomposition of a surface into lower dimensional

manageable pieces, which is very helpful for many investigations.

We close our discussion about “the graph” of an orthogonal surface with

the definition of the orthogonal graph. This graph is the natural general-

ization of the Schnyder-colored graph from dimension 3 in the sense that

there is an edge-coloring with d colors with similar properties as the Schny-

der wood. We show that the orthogonal graph of a d-dimensional surface SV
is d-connected if SV satisfies certain technical prerequisites.

Chapter 5 deals with the connection between d-dimensional orthogonal

surfaces and rhombic tilings of (d− 1)-space. We talk about the geometry of

these tilings and then use our observations to classify all types of points that

can occur in a rhombic tiling of 3-space. Since every such tiling belongs to

a 4-dimensional orthogonal surface, this yields a classification of all types of

characteristic points in dimension 4.

We show that the class of characteristic points contains the class of syzygy-

points, these points are important in the theory of monomial ideals. The

classification of 4-dimensional points yields the example of a characteristic

point which is no syzygy.

In the following two chapters, we come back to the more global combina-

torial properties.

An important special case, the generic orthogonal surfaces, are the topic

of Chapter 6. An orthogonal surface is generic if the points of the generating

antichain are not allowed to share coordinates. In this special case, the cor-

respondence between the combinatorial and geometric features of the surface

is straightforward. In particular, flats and characteristic points have simple

combinatorial definitions and the cp-order is simplicial, that is, all intervals

are Boolean lattices. Scarf’s Theorem states that the cp-order of a generic
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surface can always be extended to the face lattice of a simplicial polytope.

The reverse implication is not true, since there are simplicial d-polytopes

with d ≥ 4 which do not occur on orthogonal surfaces. This leads us to the

realization problem. For a given polytope, we would like to know if it can

be realized, that is, if there is an orthogonal surface with the corresponding

cp-order. We provide a necessary realization criterion which is based on

counting certain incidences and enables us to prove the non-realizability of

some examples very efficiently.

Chapter 7 deals with the properties of non-generic orthogonal surfaces.

In analogy to dimension 3, we have to identify certain “bad substructures”

which prevent us from embedding a proper graph. We give a combinatorial

definition of a forbidden pattern and divide the class of orthogonal surfaces

into degenerate and non-degenerates ones.

On a non-degenerate surface, an interval between two characteristic points

is contained in some flat. Furthermore, the Hasse-diagram of the cp-order

admits a perfect matching, called orthogonal matching.

A further restriction on the class of non-degenerate surfaces is the rigidity

condition. The cp-order of a rigid orthogonal surface is a graded order, which

is the least you can expect if you think of the face lattice of a polytope.

Examples in dimension four illustrate that the cp-orders of rigid surfaces are

still far from being polytopal.

We show that the orthogonal matching on a rigid orthogonal surface is a

Morse-matching, that means that it satisfies a certain acyclicity-condition.

Since the gap between rigid and generic cp-orders is still very wide, we

consider an even more restrictive class of orthogonal surfaces. We request

that all flats are well-behaved, namely parallel. With this prerequisite, we

show that the cp-order admits a recursive coatom ordering. It follows that

the cp-order is a CW-poset, which is the face inclusion order of a regular

CW-complex.

In Chapter 8, we come back to the realization problem. For certain classes

of polytopes and polytope constructions, we show how to realize them on

orthogonal surfaces.

Stacking a vertex onto a simplex facet, or cutting off a vertex of degree

d are operations which preserve realizability. These local operations on a

polytope can be directly translated into local operations on the corresponding

orthogonal surface.

Furthermore, we provide constructions which show that the pyramid or
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prism over a realizable polytope is again realizable. It follows that the d-cube

is realizable for every d.

Based on the classification of all d-polytopes with d+2 vertices ([22]), we

show that these polytopes are all realizable.

Finally, we present a construction for a realizer for the d-dimensional

crosspolytope.

1.2 Notation and general remarks

Our geometrical investiations take place in Rd with the canonical scalar prod-

uct, 〈x, y〉 = x1y1 + · · · + xdyd and the L2-norm |x| =
√
〈x, x〉.

With 1, we denote the 1-vector, i.e. 1 = (1, 1, . . . , 1) ∈ Rd. With

ei = (0, . . . , 0, 1, 0, . . . , 0) we denote the unit vector with the 1 at position i.

When enumerating a set of points in Rd, we will use high indices, for

example, {v1, . . . , vn} = V ⊂ Rd to distinguish this notation from an enu-

meration of the coordinates of a single point, where we use low indices, for

example v = (v1, . . . , vd) ∈ Rd.

We use the standard notation [n] = {1, . . . , n}. The set of all k-element

subsets of a set S is
(
S
k

)
= {T ⊆ S : |T | = k}. The cardinality of the set of

all k-subsets of an n-element set is denoted with
(
n
k

)
= |

(
[n]
k

)
| = n!

k!(n−k)!
.

We will often associate the coordinates in Rd with d colors. The colors or

labels are named 1, . . . , d and we assume a cyclic structure such that i + 1

and i− 1 is defined for all i = 1, . . . , d.

For example, assume that two points p, q ∈ Rd are related in some way,

which we do not state more precisely here.

If pi = qi for some i ∈ [d] and pj 6= qj for all j ∈ [d] \ {i}, i.e. p and q

share exactly one coordinate i, then we label or color their relation with this

coordinate i.

It is also possible that pi 6= qi, but pj = qj for all j ∈ [d] \ {i}, i.e. p and

q share all coordinates but i. In this case, we might also color their relation

with color i.





Chapter 2

Setting the Stage

In this first section, we introduce the most important concepts and objects

that are related to orthogonal surfaces. These include partially ordered sets

and dimension theory, graphs, and the combinatorics of convex polytopes.

Each of these subjects represents a vast field of research for itself. We restrict

ourselves to the shortest possible outline of only the most important terms.

More detailed introductions can be found in the references. Partial orders

and dimension theory are addressed in Trotter’s book [37].

There are numerous books which deal with graph theory. The introduc-

tions by Diestel [13] and West [38] provide a good overview.

As for polytopes, the books by Grünbaum [22] and Ziegler [40] are classical

and cover all the material we will need.

2.1 Posets and Order dimension

Definition 2.1. A partially ordered set, or poset, is a pair (P,≤), where P partially ordered

setis a set and ≤ is a binary relation satisfying the following conditions:

◦ a ≤ a for all a ∈ P (Reflexivity)

◦ a ≤ b and b ≤ a =⇒ a = b (Antisymmetry)

◦ a ≤ b and b ≤ c =⇒ a ≤ c (Transitivity)

If a ≤ b we say that a is less than or equal to b. Equivalently, b is greater or

equal to a, this is also denoted by b ≥ a. If a ≤ b and a 6= b, we denote this

by a < b or b > a and say that a is strictly smaller than b, respectively, b is

strictly greater than a.

If a ≤ b or b ≤ a, we say that a and b are comparable. Otherwise, we say

that a and b are incomparable, or parallel. If a ≤ b and if there is no element

c ∈ P in between, i.e. if a ≤ c ≤ b implies that c = a or c = b, we say that

b covers a. Due to transitivity, the relation ≤ is completely defined by the

7



8 Setting the Stage

Figure 2.1: A Hasse-diagram and a diagram with additional edges for transitive relations

cover relation on P .

This fact is used for the visualization of a poset via its Hasse-diagram.Hasse-diagram

In such a diagram, the elements of the ground sets are represented by points

in the plane. If a ≤ b, then the b-point has a larger y-coordinate than the

a-point. If b covers a, then the corresponding points are connected by a

line-segment.

Two elements are comparable if and only if the corresponding points are

connected by a y-monotone path in the Hasse-diagram.

Two posets (P,≤) and (P ′,≤′) are isomorphic if there is a bijectionisomorphic

ψ : P → P ′ satisfying a ≤ b⇐⇒ ψ(a) ≤′ ψ(b) for all a, b ∈ P .

A subposet of a poset (P,≤) is a set P ′ ⊂ P together with the order ≤subposet

induced on P ′. By a slight abuse of terminology, we also say that (P,≤)

contains (P ′,≤′) as a subposet if (P ′,≤′) is isomorphic to a subposet of

(P,≤).

For every poset (P,≤), the reverse order (P,≤) is obtained by reversingreverse order

all comparable pairs, i.e. a ≤ b in P ⇔ a ≥ b in P .

If a ≤ b, then the interval [a, b] of (P,≤) is the subposet induced on theinterval

set {c ∈ P : a ≤ c ≤ b}.

If a ∈ P , we define the down-set of a as D(a) = {b ∈ P : b ≤ a}. The up-down-set

set of a is defined analoguously, namely U(a) = {b ∈ P : b ≥ a}. Down-setsup-set

and up-sets are also called lower and upper intervals respectively.

Definition 2.2. The intersection of posets (P,≤I) = (P,≤1)∩· · ·∩(P,≤k) isintersection of

posets the ground set P together with the intersection ≤I of all relations ≤1, . . . ,≤k,

i.e.

a ≤I b⇔ a ≤i b for all i = 1, . . . , k

Definition 2.3. The product of posets (P1,≤1) and (P2,≤2) is the poset onproduct of posets

the ground set P1 × P2 where

(a, b) ≤ (a′, b′) ⇔ a ≤1 a
′ and b ≤2 b

′
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An antichain is a poset where no two different elements are comparable. The antichain

width of P is the maximal number of elements of an antichain contained in P . width

A total order, also called a linear order or a chain, is a poset (P,≤) such chain

that any two elements a, b ∈ P are comparable. The height or length of a length

poset P is the maximal number of elements of a chain contained in P .

A poset (P,≤) is graded if all maximal chains in P have the same length. graded

In this case, we can define a rank-function on the elements on P where r(a)

is the number of elements below a in a maximal chain. This number is well-

defined if a has the same position in all maximal chains it is contained in,

and this follows from the assumption that all maximal chains have the same

length.

Definition 2.4. A linear extension of (P,≤P ) is a total order (P,≤L) such linear extension

that a ≤P b⇒ a ≤L b

An element a ∈ P is a minimal element if there is no b strictly smaller than minimal element

a, in other words, if b ≤ a implies a = b. Maximal elements are defined

analogously, i.e. b is maximal if a ≥ b implies a = b.

The following observation gives an equivalent definition of a linear exten-

sion:

Observation 2.5. Let L be a total order on P , then L is a linear extension

of (P,≤P ) if and only if for every a ∈ P , a is a minimal element in the order

≤P induced on the set {b ∈ P : b ≥L a}.

This characterization indicates how to construct linear extensions for a (fi-

nite) poset P :

We choose an arbitrary minimal element a ∈ P to be the minimal element

in LP . Then we recursively construct a linear extension for P \{a} and place

it above a.

Observation 2.5 shows that in fact every linear extension of P can be

constructed like this. This algorithm shows that if P is not a chain, then it

has several linear extensions - at some point in the algorithm, we will have

at least two minima to choose from. This is made more precise with the

following Lemma:

Lemma 2.6. For any two parallel elements a, b ∈ P , there is a linear exten-

sion L of P such that a <L b.
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Proof. Let LD(a) be a linear extension of the induced order on D(a), LD(a) be

a linear extension of the induced order on P \D(a). Then the concatenation

of LD(a) and LD(a) is a linear extension of P with the desired property.

The following definition characterizes a special subset of incomparable pairs:

Definition 2.7. A critical pair (a, b) is a pair of parallel elements a, b ∈ Pcritical pair

such that x < a implies x < b and y > b implies y > a for all x, y ∈ P . In

other words, (D(a) \ {a}) ⊂ D(b) and (U(b) \ {b}) ⊂ U(a).

Lemma 2.8. Let L1, . . . , Lk, where Li = (P,≤i), be a family of linear ex-

tensions of (P,≤). Then the following statements are equivalent:

◦ P is the intersection of all Li for i = 1, . . . , k.

◦ For any pair of parallel elements a, b ∈ P , there are linear orders

Li, Lj ∈ R such that a <i b and b <j a.

◦ All critical pairs are reversed, i.e. for every critical pair (a, b), there is

some Li such that b <i a.

Proof. (i)⇔(ii): By definition, P is the intersection of all Li if and only if

a ≤ b in P ⇔ a ≤i b for all i = 1, . . . , k.

(ii)⇔(iii): The direction“⇒” is obvious, since all critical pairs are parallel

pairs. It remains to show:

If {a, b} is a parallel pair, then we find a critical pair (ac, bc) such that

reversing (ac, bc) in Li implies that b ≤i a.

Let a, b be parallel, and assume there is an element a′ ∈ (D(a)\{a})\D(b).

Then D(a′) ⊂ D(a) and a′ is parallel to b. We can repeat this step until we

find ac parallel to b with D(ac) \ {ac} ⊂ D(b).

Now we find bc in the same way by going upwards. Let Li be the linear

extension reversing (ac, bc), then we have b <i b
c <i a

c <i a.

Definition 2.9. A family of linear extensions satisfying the conditions of

Lemma 2.8 is called a realizer of P .realizer

From Lemma 2.6 it follows that every poset has a realizer. A trivial instance

is the set of all linear extensions.

Definition 2.10. The dimension of a poset P , denoted by dim(P ) is thedimension of a

poset minimal size of a realizer for P .
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Figure 2.2: A poset of dimension 2 and a corresponding embedding in R2

The following lemma shows that the dimension is monotone under taking

subposets:

Lemma 2.11. If P ′ is an subposet of P , then dim(P ′) ≤ dim(P )

Proof. If L1, . . . , Lk is a realizer for (P,≤), then the restriction of L1, . . . , Lk
to P ′ provides a realizer for (P ′,≤).

Now we introduce a specific poset on the ground set Rd:

Definition 2.12. The dominance order (Rd,≤) is defined by dominance order

(x1, x2, . . . , xd) ≤ (y1, y2, . . . , yd) ⇐⇒ xi ≤ yi for all i = 1, . . . , d

The dominance order provides a geometric characterization of the dimension

of an arbitrary poset (P,≤P ). This interpretation is due to Ore, [29]:

Lemma 2.13. (P,≤P ) has dimension at most d if and only if there is an

embedding of (P,≤P ) into the dominance order on Rd, that is, a mapping

ψ : P → Rd such that a ≤P b⇔ ψ(a) ≤ ψ(b).

Proof. If L1, . . . , Ld is a realizer for P , then the embedding of P in the

dominance order is given by ψ(a)i = k if and only if a is at position k

in Li, or |DLi
(a)| = k, i.e. the order Li is exactly the order of the points in

coordinate i.

Given an embedding of P into the dominance order on Rd, we can directly

reverse this construction if there are no two points that share any coordinate.

In this case, the coordinate orders are d linear extensions with intersection P .

Otherwise, we have to find a good linear extension for all the elements

sharing the ith coordinate. This can be done in the following way: If X ⊂ P

is a subset where all points share coordinate i, consider the intersection of

all orders except Li on X. Any linear extension of this intersection provides

a good ordering for X in Li.



12 Setting the Stage

Since the dominance order plays a central role in the theory of orthogonal

surfaces, we will introduce some additional notation for the different relations

of two elements x, y ∈ Rd:

We say that x strictly dominates y if xi > yi for all i ∈ [d]. We denotestrictly dominates

this with x⊲y (alternatively y⊳x). If xi = yi and xj > yj for all j ∈ [d]\{i},

we say that x almost strictly dominates y and denote is with x⊲i y or y⊳i x.

We now introduce an important class of posets, namely the lattices. These

are posets allowing the operations of meet and join on any pair of elements,

or more precisely:

Definition 2.14. A lattice is a poset (P ∪ {000,111},≤) such thatlattice

◦ 000 is the unique minimal element, i.e. 000 ≤ a for all a ∈ P , and 111 is the

unique maximal element, i.e. a ≤ 111 for all a ∈ P .

◦ For every pair of elements a, b ∈ P , there is a unique c ∈ P such that

c ≥ a, b and c′ ≥ a, b ⇒ c′ ≥ c for all c′ ∈ P . This means that c is the

smallest element above both a and b. It is called the join of a and bjoin

and denoted c = a ∨ b.

◦ For every pair of elements a, b ∈ P , there is a unique d ∈ P such that

d ≤ a, b and d′ ≤ a, b⇒ d′ ≤ d for all d′ ∈ P . This means that d is the

greatest element below both a and b. It is called the meet of a and bmeet

and denoted d = a ∧ b.

This definition implies that for every finite subset P ′ ⊂ P , there is a unique

smallest upper bound and a greatest lower bound. We denote them by
∨

(P ′)

and
∧

(P ′) respectively.

In a graded lattice of length l, the elements of rank 1 are called atoms,atoms

and the elements of rank l − 1 are called coatoms.coatoms

Definition 2.15. The Boolean lattice Bn is the set of all subsets of [n] orderedBoolean lattice

by inclusion.

It is easy to see that Bn is indeed a lattice: The meet of two sets in Bn is

their intersection, the join is their union. The global minimum is the empty

set, the global maximum is [n].

In general posets, joins and meets do not always exist. However, in the

dominance order, joins and meets are naturally defined as the coordinatewise

maxima and minima of finite sets of points. As a consequence, if x, y ∈ Rd
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and x ≤ y, then the closed interval [x, y] is a lattice with global minimum

000 = x and global maximum 111 = y.

Such an interval [x, y] ⊂ Rd is a combinatorial cube. The dimension of

this cube is exactly the number of coordinates where y is strictly greater

than x.

2.2 Graphs

Definition 2.16. An undirected, simple graph G = (V,E) consists of a set graph

of vertices V and a set of edges E ⊆
(
V
2

)
. vertices

edges

All graphs appearing in this thesis are finite, that means that V is a finite

set.

In a directed graph G = (V,E), every edge has an orientation. This can directed graph

be expressed by considering every edge as an ordered pair, i.e. E ⊆ V × V .

A non-simple graph might have multiple edges, that means that E is a simple

multiset, or contain loops, i.e. edges of the form {v, v} for some v ∈ V .

If two vertices u, v ∈ V form an edge e = {u, v} ∈ E, we say that u and

v are adjacent, or neighbors. If u ∈ e, we say that u and e are incident. adjacent

incidentThe degree of a vertex u is the number of edges incident to it. It is denoted

degreeby δ(u).

A graph is called k-regular it every vertex has degree k. k-regular

Two graphs G = (V,E) and G′ = (V ′, E ′) are isomorphic if there is a isomorphic

bijection ψ : V → V ′ satisfying {u, v} ∈ E ⇔ {ψ(u), ψ(v)} ∈ E ′. This means

that G and G′ have the same structure, and one is obtained from the other

by renaming the vertices.

A subgraph of a graph G = (V,E) is a graph on a vertex set G′ ⊂ G and subgraph

with edges E ′ ⊆ G′ × G′ ∩ E. In other words, G′ is obtained from G by

deleting vertices and edges.

A graph G′ = (V ′, E ′) is an induced subgraph of G = (V,E) if V ′ ⊆ V and induced subgraph

E ′ = V ′ × V ′ ∩ E. In this case, G′ is obtained from G by deleting vertices

and all their incident edges, but keeping all other edges.

A subgraph is spanning if it contains all vertices.

If H is isomorphic to a subgraph of G, then we also say that G contains

H as a subgraph.

A path of length n is a graph with a vertex set V = {v1, . . . , vn} and edge path

set {{vi, vi+1} : i = 1, . . . , n − 1}. A cycle Cn on the vertex set {v1, . . . , vn} cycle
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has edge set {{vi, vi+1} : i = 1, . . . , n− 1} ∪ {{vn, v1}}.

A subdivision of a graph G is obtained by a sequence of subdivisions ofsubdivision

edges of G, i.e. an edge {u, v} is replaced by a path with edges {u,w} and

{w, v}, where w is a new vertex.

The complete graph Kn is the graph on n vertices with all possible edges,complete graph

i.e. E =
(
V
2

)
, so that |E| = n(n−1)

2
. The empty graph is the graph withoutempty graph

edges, i.e. E = ∅.

A graph G = (V,E) is connected if any two vertices x, y are connectedconnected

by a path x = v0, . . . , vk = y, where {vi, vi+1} ∈ E for all i = 0, . . . , k − 1.

Otherwise, G is disconnected. Paths, cycles and complete graphs are classes

of connected graphs, whereas for example the empty graph is disconnected

if |V | ≥ 2.

Being connected by a path is an equivalence relation on the vertex set V .

The induced subgraphs on the equivalence classes are the connected com-

ponents of G. Equivalently, these components are the maximal connectedconnected

components subgraphs of G.

Proposition 2.17. The following statements are equivalent for a graph G =

(V,E) with |V | = n:

◦ G is connected and contains no cycles.

◦ G is connected and |E| = n− 1

◦ G is contains no cycles and |E| = n− 1.

◦ G is minimally connected, i.e. deleting any edge disconnects G.

◦ G is maximally cycle-free, i.e. adding any edge creates a cycle-subgraph.

A graph satisfying these properties is called a tree. The proof of Propositiontree

2.17 can be found in any of the standard graph theory books, for example [38].

A forest is a cycle-free graph, i.e. a graph such that all connected com-forest

ponents are trees. Naturally, every subgraph of a forest is a forest.

An independent set in a graph G is a set of vertices I ⊂ V such that Gindependent set

contains no edge with both endpoints in I, i.e. the subgraph induced on I is

the empty graph.

An r-partite graph is a graph such that V has a partition into r indepen-r-partite graph

dent sets. A 2-partite graph is also called bipartite. Forests are examples of

bipartite graphs.

The complete bipartite graph on a vertex set V = V1 ∪ V2 contains all
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Figure 2.3: A non-plane embedding of a planar (but not outerplanar) graph G and two

combinatorially different plane embeddings of G

edges {u, v} where u ∈ V1 and v ∈ V2. If |V1| = k and |V2| = l, then we

denote this graph with Kk,l.

A drawing of a graphG is given by a set of points in the plane representing drawing

the vertices V (G), and arcs connecting pairs of points representing the edges

E(G).

Definition 2.18. A planar graph is a graph G that allows a drawing without planar graph

crossing edges, i.e. the edges can be represented by interiorly disjoint arcs.

A drawing of G without crossings is called a plane embedding of G. A planar plane embedding

graph G together with a specific plane embedding is a plane graph or a planar

map. planar map

Every subgraph of a planar graph is planar, since deleting edges in a draw-

ing cannot lead to new crossings. The Theorem of Kuratowski is the classical

characterization of planar graphs in terms of their forbidden subgraphs.

Theorem 2.19 (Kuratowski). A graph G is planar if and only if G does not

contain a subdivision of K5 or K3,3 as a subgraph.

In particular, the complete graph K5 and the complete bipartite graph K3,3

are non-planar, i.e. they do not allow any plane embedding.

The faces of a plane graph G are the connected components of R2\G. We faces

say that an edge or a vertex is incident to a face f if it lies on the boundary

of f .

Definition 2.20. A graph G is outerplanar if G admits a plane embedding outerplanar

such that all vertices are incident to the outer face.

An outerplanar graph has at most 2n − 3 edges. The outer face containing

all vertices is formed by a cycle of n edges. Inside this cycle, there can be at

most n− 3 non-crossing edges.
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If we talk about embeddings of graphs, we are mostly interested in the

combinatorics, i.e. in the incidence relations between vertices, edges and

faces. Two planar maps are combinatorially equivalent if their incidence

structures are the same. This implies that the two underlying graphs are

isomorphic.

In general, a planar graph can have several plane embeddings that are

structurally different, that means that there are different vertex-face and

edge-face-incidences. The following relation, however, is independent from

the combinatorics of the embedding:

Theorem 2.21 (Euler’s Formula). In any plane embedding of a simple con-

nected planar graph with n vertices, m edges and f faces, we have

n−m+ f = 2

There are numerous proofs for this classical theorem. A collection of nineteen

different ones can be found at [15].

Proposition 2.22. The following statements are equivalent for a graph G =

(V,E) with |V | = n:

◦ G is a maximal planar graph, that means that no edge can be added

without destroying planarity.

◦ G is a planar graph with 3n− 6 edges.

◦ G has a plane embedding such that every face (including the un-

bounded face) is a triangle, that means that every face is incident

to exactly three vertices and three edges.

Such a maximal planar graph is called a triangulation for obvious reasons.triangulation

Definition 2.23. A graph G = (V,E) is k-connected if the removal of anyk-connected

k − 1 vertices and all incident edges does not disconnect G.

Equivalently, all induced subgraphs on at least n−k+1 vertices are connected.

A necessary condition for k-connectedness is that every vertex has degree

at least k - otherwise deleting all its neighbors would isolate the vertex and

thus disconnect the graph.

A famous theorem characterizes k-connected graphs in terms of vertex-

disjoint paths between pairs of vertices:
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Figure 2.4: A graph and its incidence order

Theorem 2.24 (Menger). A graph G = (V,E) is k-connected if and only if

for every pair of vertices x, y ∈ V , there are at least k paths between x and

y that intersect only in x and y.

We now introduce some concepts for graphs that establish a connection be-

tween graphs and posets.

Definition 2.25. The incidence order I(G) of a graph G = (V,E) is the incidence order

poset (V ∪ E,⊂), i.e. the elements are vertices and edges, and a vertex v is

covered by an edge e if and only if v and e are incident.

We can also discuss the dimension of a graph without considering its inci-

dendence order, as the following definitions show:

Definition 2.26. A realizer of a graph G = (V,E) is a set of linear orders realizer of a graph

R = {L1 = (V,≤1), . . . , Lk = (V,≤k)} on V such that for every edge e =

{x, y} and every vertex v /∈ e, there is a linear order Li ∈ R such that

x, y ≤i v.

Definition 2.27. The dimension of a graph G, denoted by dim(G), is the dimension of a

graphminimal size of a realizer of G.

Lemma 2.28. If G′ is a subgraph of G, then dim(G′) ≤ dim(G).

Proof. Every realizer of G provides a realizer for G′ if we restrict the Li to

the vertices and edges of G′.

Lemma 2.29. dim(G) ≤ dim(I(G))

Proof. A realizer for the incidence order provides a realizer for G by restrict-

ing the linear orders to the vertex set V (G).

The reverse is in general not true if there is a vertex v ∈ V of degree δ(v) ≤ 1.
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Figure 2.5: A 2-dimensional convex polytope as the convex hull of its vertices and as the

intersection of its facet hyperplanes

Lemma 2.30. If every vertex in G has degree at least two, then dim(G) =

dim(I(G)).

Proof. If every vertex has degree at least two, then all critical pairs in I(G)

are vertex-edge-pairs: If u, v ∈ V , then there is an edge e incident to u which

does not contain v.

Given a realizer of G, we obtain a realizer of I(G) if we insert every edge

into the linear order as low as possible. If w gets above u and v in Li, this

strategy guarantees that w gets above the edge {u, v} in Li as well.

2.3 Convex polytopes and their Face Lattices

The material of this section is from Grünbaum’s [22] and Ziegler’s [40] books.

Definition 2.31. A convex polytope P is the convex hull of a finite set ofconvex polytope

points.

We will denote the convex hull of a (finite) point set V by conv(V ).

Every polytope P can also be represented as the bounded intersection of

a finite set of halfspaces. Figure 2.5 shows an example of polytope with both

representations in dimension 2. Altough it is non-trivial to show that the

two concepts really describe the same objects, we will take this for granted.

A detailed proof of their equivalence is given in [40].

For our purposes, it is very useful to have both definitions at hand, and we

will switch between them whenever this helps to keep the following exposition

simple and short.
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The dimension of a polytope P is the dimension of its affine hull.

A (proper) face of a polytope P is the intersection of P with a hyperplane face

H such P is completely contained in one of the two halfspaces defined by H,

this includes also the empty face. In addition, we consider the polytope P a

(trivial) face of itself.

The faces of dimension 0 are called the vertices of P . We denote the set of vertices

vertices by V (P ). Every face f of P is the convex hull of a subset of vertices

of P , namely those contained in its defining hyperplane H. In other words,

if f = H ∩ P is a face of P , then f = conv(V (P ) ∩ H). This implies that

every face of P is again a polytope. The polytope P itself is the convex hull

of all its vertices.

The faces of dimension d− 1 are the facets. Every proper face of P is the facets

intersection of a subset of facets of P .

The faces of dimension 1 are called edges. Every edge is a line-segment,

namely the convex hull of a pair of vertices. The vertices and edges of a

polytope P form its skeleton-graph G(P ). skeleton-graph

Theorem 2.32 (Balinski). The skeleton-graph G(P ) of a d-polytope P is

d-connected.

In particular, every vertex has degree at least d.

The faces of dimension d−2 are the ridges. Every ridge is the intersection ridges

of two facets.

We are mostly interested in the combinatorial type of a polytope, rep-

resented by the faces of P ordered by inclusion. Since every face can be

identified with the corresponding vertex set, the inclusion order on the faces

corresponds to the inclusion order on these vertex sets.

Proposition 2.33. The set of all faces of a convex polytope P ordered by

inclusion is a lattice L(P ), called the face lattice of P . face lattice

Proposition 2.34. For every convex d-polytope P , the face lattice L(P ) has

the following properties:

◦ L(P ) is graded. Every maximal chain has length d+ 1.

The vertices of P are exactly the elements of rank 1, or the atoms of

L(P ). The facets are the elements of rank d, or the coatoms.

◦ L(P ) is Eulerian, this means that every interval contains the same

number of elements of even and odd rank.
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◦ In particular, L(P ) satisfies the diamond-property, this means that ev-diamond-property

ery interval of length two contains exactly four elements.

◦ L(P ) is atomic, this means that every element can be represented asatomic

the join of atoms. In the same way, every element can be represented

as the meet of coatoms, so L(P ) is also coatomic.coatomic

This is due to the fact that every face is uniquely determined by the

set of vertices it contains or by the set of facets it is contained in.

We already remarked that every face of P is a polytope. Consequently, all

lower intervals of L(P ) are again face lattices.

In a similar way, we observe that all upper intervals are face lattices.

From these two observations, we deduce that in fact all intervals of L(P ) are

again face lattices of polytopes.

The vertex figure P/v of P at a vertex v is the intersection of P with avertex figure

hyperplane H “cutting off” the vertex v, i.e. H separates v from all other

vertices of P . The k-faces of P containing v are in bijection with the (k−1)-

faces of P/v. Consequently, the vertex figure P/v is a polytope with face

lattice U(v) ⊂ L(P ).

The d-simplex ∆d is the convex hull of d+ 1 affinely independent points.d-simplex

The 0-simplex is a point, the 1-simplex a line-segment, the 2-simplex a trian-

gle, etc. Every subset of vertices of a simplex defines a face. Therefore, the

face lattice of a simplex is a Boolean lattice, more precisely L(∆d) ∼= Bd+1.

A polytope is simplicial if every proper face is a simplex. In particular,simplicial

this is true if the vertices are in general position, in this case, no hyperplane

contains more than d vertices.

The d-dimensional crosspolytope defined bycrosspolytope

C∆
d = conv{±ei : i ∈ [d]}

is a simplicial polytope.

A d-polytope is simple if the skeleton graph is d-regular. Equivalently,simple

every vertex is contained in exactly d facets. For example, this is the case

if the hyperplanes defining the halfspaces with intersection P are in general

position. In this case, no more than d of them intersect in any point.

One standard example of a simple polytope is the d-cube defined asd-cube

Cd = x ∈ Rd : −1 ≤ x ≤ 1 = conv({−1,+1}d)

The simplex is the only polytope which is both simplicial and simple.
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Figure 2.6: The 3-dimensional crosspolytope, its face lattice, and a Schlegel-diagram

2.4 Graphs, Polytopes and Duality

The Schlegel-diagram of a polytope P is a convenient way to visualize poly-

topes of dimension 3 or 4. We choose an arbitrary facet F o and a point x /∈ P

close to F o. This means x is separated from P only by one facet-hyperplane,

namely the one corresponding to F o.

For every point y ∈ P , we consider the line-segment spanned by x and

y. This segment intersects the facet F o in some point p(y). In this way, we

project the whole boundary (and thus the complete combinatorial structure)

of P onto F o.

Definition 2.35. The Schlegel-diagram of P based at the facet F o is set Schlegel-diagram

system

D(P, F o) = {p(f) : f proper face of P, f 6= F o}

The Schlegel-diagram of a 3-polytope is a 3-connected planar map, and actu-

ally, as the following classical theorem states, every 3-connected planar graph

arises that way:

Theorem 2.36 (Theorem of Steinitz). The skeleton-graphs of 3-polytopes

are exactly the 3-connected planar graphs.

From this point of view, polytopes can be interpreted as a generalization of

planar maps. In particular, the incidence order of a 3-connected planar map

can be extended to a face lattice by adding a global minimum 000 and a global

maximum 111.

The following famous theorem is the Euler-Poincaré-Formula, a general-

ization of Euler’s formula for planar maps:
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Figure 2.7: A connected planar map and its dual. Since the primal graph contains a

vertex of degree 1, the dual graph contains a loop. Two faces sharing multiple edges in

the primal graph lead to a vertex pair connected by multiple edges in the dual.

Theorem 2.37 (Euler-Poincaré). Let P be a d-polytope, fi the number of

i-faces of P . Then

−f−1 + f0 − f1 + · · · + (−1)d−1fd−1 + (−1)dfd = 0

The empty set can be interpreted as the (−1)-dimensional face of P , therefore

f−1 = 1. The term fi counts the elements of rank i + 1 in the face lattice

L(P ).

Another aspect where we can observe a generalization from graphs to poly-

topes is the duality of these objects.duality

Let G be a planar graph together with a specific embedding in the plane.

Then the dual graph G∗ is defined as follows:dual graph G∗

G∗ = (V ∗, E∗), where V ∗ consists of all faces of G, and (f, g) ∈ E∗ if and

only if the faces f and g are adjacent in the plane embedding of G. Every

edge connects two vertices and separates two faces, this defines a bijection

between the sets E and E∗. Figure 2.7 shows an example of a planar map

and its dual.

Vertices of degree k correspond to faces of degree k in the dual graph.

For example, G is 3-regular if and only if G∗ is a triangulation.

Since two faces in the planar map G can share several edges, we have to

allow G∗ to be a multigraph, this means that E is a multiset. Furthermore,multigraph

if G contains a bridge, i.e. an edge whose removal disconnects G, then there

will be loops, i.e. edges of the form {x, x}, in the dual graph.

Observation 2.38. ◦ G∗ is a connected planar graph.
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It follows that if G is not connected, then (G∗)∗ 6= G.

◦ If G is a connected planar map, then (G∗)∗ = G.

◦ If G is connected, then the incidence order of vertices, edges and faces

of G∗ is exactly the reverse of the incidence order of G.

In general, the graph G∗ depends on the particular combinatorial embed-

ding of G, this means that two non-equivalent embeddings can have non-

isomorphic duals. However, for 3-connected graphs, we have the following

theorem of Whitney:

Theorem 2.39 (Whitney). If G is a three-connected planar graph, then G

has a (combinatorially) unique plane embedding on the sphere.

This implies that after choosing some arbitrary outer face, the rest of the

embedding of a 3-connected planar graph is uniquely determined up to re-

flection. The incidence structures do not depend on a particular embedding,

but are encoded in the structure of the graph itself. This also specifies the

incidence structure of the dual, therefore, a 3-connected planar graph has a

unique dual graph.

Note that the dual G∗ of a simple 3-connected planar graph G is again

3-connected and simple. This follows from the observation that G∗ must also

have a combinatorially unique embedding on the sphere, otherwise we would

obtain a contradiction to Whitney’s theorem. If G∗ is not 3-connected or

contains multiple edges, then its embedding is not unique.

By the Theorem of Steinitz, we obtain a relation between 3-polytopes via

the duality of their skeleton graphs. This can be generalized to arbitrary

dimension.

If we reverse the face lattice L(P ) of a d-polytope, we again obtain the face

lattice of a d-polytope, the polar or dual polytope P ∗. From this definition, it dual polytope

is obvious that (P ∗)∗ = P .

The k-faces of P correspond to (d−k−1)-faces of P ∗. Vertices of degree k

are dual to facets with k vertices and edges are dual to ridges.

A d-polytope P is simplicial if and only if its dual P ∗ is simple. The

simplex is the only self-dual polytope, it is both simple and simplicial.

The standard example of a pair of dual polytopes are the d-cube and

the d-dimensional crosspolytope C∆
d = conv{±ei : i = 1, . . . , d}, shown in

Figure 2.8.
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Figure 2.8: The d-cube and the d-crosspolytope are dual. The poset on the left is the

face lattice of the cube. The poset on the right is its reverse, the face lattice of the

crosspolytope.

2.5 Order Dimension of Graphs and Polytopes

The dimension of the complete graph Kn is of particular interest, because it

is an upper bound for the dimension of any graph on n vertices. Hoşten and

Morris, [23], proved the following result:

Theorem 2.40 (Hoşten, Morris). The number dim(Kn) is the smallest in-

teger t for which there are n antichains in the subset lattice of [t− 1] that do

not contain [t− 1] or two sets whose union is [t− 1].

This result relates the dimension of the complete graph to “Dedekind’s prob-

lem”, which asks for the number of antichains in the subset lattice.

No closed form answer is known, but Spencer, [35], proved the following

asymptotic bound:

dim(Kn) ∼ log log n+ (
1

2
+ o(1)) log log logn

The incidence order of the complete graph Kn is isomorphic to Bn[1, 2], a

special instance from the class of partial orders Bn[k, l]. This is the induced

order on all elements of rank k and all elements of rank l in the Boolean

lattice Bn, [7, 24] .

Lemma 2.41. Let L(P ) be the face lattice of some polytope P . Then the

critical pairs in L(P ) are pairs of vertices and facets, i.e. atoms and cotaoms.

Proof. Let f1, f2 be faces of P such that none is contained in the other. We

have to show that there is a facet F containing f1 and a vertex v ∈ f2 such

that v /∈ F .
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Figure 2.9: Bn[1, n − 1] is the standard example of an n-dimensional poset.

L(P ) is coatomic, this means that every face is the intersection of a certain

set of facets. This implies that there is certainly a facet F containing f1 but

not f2, otherwise, f2 ⊆ f1.

On the other hand, L(P ) is atomic, every face is the join of a certain set

of vertices. So f1 * F implies V (f1) * V (F ). This completes the proof.

Proposition 2.42.

dim(Bn) = dim(Bn[1, n− 1]) = n

Proof. The Boolean lattice Bn is the face lattice of the simplex ∆n−1. By

Lemma 2.41, the critical pairs of Bn are exactly the pairs of incomparable

atoms and coatoms, this implies dim(Bn) = dim(Bn[1, n − 1]). The order

Bn[1, n− 1] is the classical example of an n-dimensional poset, [37].

Another way to see this is the following: The Boolean lattice Bn is exactly

the dominance order on all points with coordinates of value 0 or 1 in Rn.

In other words, the order dimension of L(∆d) = Bd+1, the face lattice of the

d-simplex, is d+ 1, matching the following lower bound on the dimension of

polytopes shown by Reuter, [30].

Proposition 2.43. The order dimension of the face lattice of a d-polytope

is at least d+ 1.

Proof. The proof is by induction on the dimension. Let P be a d-polytope,

L1, . . . , Lk a realizer for L(P ). Let v be the maximal vertex in Lk.

The vertex figure at v is a (d− 1)-polytope, by induction hypothesis, its

face lattice has dimension at least d. Every critical pair of L(P/v) is a vertex-

facet-pair. The vertices of P/v are in bijection to the edges of P incident to

v. The facets of P/v are in bijection to the facets of P containing v. For

every critical pair of L(P/v), we therefore find a corresponding critical pair

in L(P ) consisting of a vertex adjacent to v and a facet containing v.
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We assumed that v is the maximal vertex in Lk, so non of these critical

pairs is reversed in Lk. This implies that there must be at least d orders

except Lk, so k ≥ d+ 1.

The remainder of this section deals with the dimension of 3-polytopes and

planar graph. The most famous result in this context is Schnyder’s theo-

rem [33]:

Theorem 2.44 (Schnyder’s Theorem). A graph is planar if and only if the

dimension of its incidence order is at most three.

The fact that a graph of dimension at most three is planar was shown already

by Babai and Duffus, [2]. Schnyder proved the other direction by constructing

special realizers for planar graphs. We will review some of the tools and

techniques of this proof in Section 2.6.

Other results in the same direction as Schnyder’s Theorem have been

obtained by Felsner and Trotter, [19], [18]. In these approaches, the“shape”of

the realizer is prescribed to restrict the class of graphs which can be realized.

Let k ∈ N, then we say that a graph G has dimension [k − 1 l k] if there

is a realizer {L1, . . . , Lk} for G such that Lk−1 is the reverse of Lk. Similarly,

G has dimension [k − 1 ll k] if there is a realizer {L1, . . . , Lk} for G such

that Lk−2 is the reverse of Lk and Lk−3 is the reverse of Lk−1.

Theorem 2.45. A connected graph G is

◦ a path if and only its dimension is [1 l 2].

◦ a caterpillar, that is a tree where a single path is incident to every edge,

if and only if its dimension is at most 2.

◦ outerplanar if and only if its dimension is at most [2 l 3].

A similar characterization of graphs with dimension at most k is not known

for any k ≥ 4. However, it is possible to derive upper bounds on the number

of edges.

Let M(n, d) denote the maximal number of edges of a graph with n ver-

tices and order dimension d. Schnyder’s Theorem implies thatM(n, 3) = 3n−

6. The following asymptotic bound is proved in [1]:
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Theorem 2.46 (Agnarsson, Felsner, Trotter).

lim
n→∞

M(n, 4)

n2
=

3

8

In Chapter 8, we introduce a construction to build graphs of order dimension

4 with 3
8
n2 +O(n) edges.

An important generalization of Schnyder’s result is the following Theorem

of Brightwell and Trotter, [8], [37]:

Theorem 2.47 (Brightwell,Trotter). Let P be a 3-polytope. Then

dim(L(P )) = 4 and dim(L(P ) \ F ) = 3

for any facet F of P .

Brightwell and Trotter also proved the following result for plane multigraphs,

i.e. plane graphs with multiple edges and loops, [9]:

Theorem 2.48 (Brightwell, Trotter). The incidence order of vertices, edges

and faces of a plane multigraph has order dimension at most 4.

2.6 Schnyder-Basics

The tools Schnyder developed to prove his theorem, the angle labeling and

the tree decomposition for plane triangulations, are beautiful combinatorial

structures and have since then found many different applications. In partic-

ular, they are useful to obtain small drawings of planar graphs.

Felsner [17] generalized the Schnyder-structures from triangulations to 3-

connected planar graphs. We start by giving the original definitions, then

we discuss the generalizations. The connections to orthogonal surfaces are

examined in Chapter 3.

Let G be a plane triangulation, a1, a2, a3 the vertices on the outer face in

clockwise order.

Definition 2.49. A Schnyder labeling for a plane triangulationG is a labeling Schnyder labeling

of the angles of G such that the following two properties hold:

◦ The labels at each vertex form, in clockwise order, a non-empty interval

of 1’s, a non-empty interval of 2’s and a non-empty interval of 3’s. [Rule

of vertices]
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Figure 2.10: A triangulation with a Schnyder wood and a 3-connected planar map with

a generalized Schnyder wood

◦ The labels at each face are 1, 2, 3 in clockwise order. [Rule of faces]

Schnyder proved that every plane triangulation admits such a labeling, [33].

Furthermore, he showed that the angle labeling is equivalent to the following

coloring and orientation of the edges of the triangulation:

Definition 2.50. A Schnyder wood for G is an orientation and coloring (withSchnyder wood

colors 1, 2, 3) of the edges of G such that the following properties hold:

◦ Every inner vertex has exactly one outgoing edge in each color.

◦ The outgoing edges of colors 1, 2, 3 appear in clockwise order. All

incoming edges of color i come in between the outgoing edges of color

i− 1 and i+ 1. [Rule of vertices]

This implies that the three vertices a1, a2, a3 incident to the outer face have

outdegree 0 and that all interior edges at ai have the same color, [34].

Felsner [16] introduced the following generalization of the Schnyder label-

ing for a 3-connected plane graphs.

Let G be a 3-connected plane graph, a1, a2, a3 vertices in clockwise order

on the outer face. At each of these special vertices, we add a half-edge

pointing into the unbounded face.

Definition 2.51. A Schnyder labeling of G with respect to a1, a2, a3 is a

labeling of the angles of G satisfying the following properties:

◦ The outer angles at vertex ai are labeled i+1, i−1 in clockwise orders.
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Figure 2.11: A triangulation with a Schnyder labeling and a 3-connected planar map

with a generalized Schnyder labeling

◦ The labels at each vertex form, in clockwise order, a non-empty interval

of 1’s, 2’s and 3’s. [Rule of vertices]

◦ The labels at each interior face form, in clockwise order, a non-empty

interval of 1’s, 2’s and 3’s. At the outer face, the labels form non-empty

intervals in counterclockwise order. [Rule of Faces]

A careful analysis shows that now there are two different types of edges

with respect to the label pattern of the four incident angles [16]. In the

corresponding Schnyder wood, edges of the first type are oriented and colored

as before. An edge of the second type is bioriented and bicolored.

The corresponding Schnyder wood is a structure with the following prop-

erties:

Definition 2.52. A Schnyder wood is a coloring and orientation of the edges

of G such that

◦ Every edge is oriented in one or two opposite directions. The directions

are colored. At a bioriented edge, the two directions have different

colors.

◦ The half-edge at ai is directed outwards and colored i.

◦ Every vertex v has outdegree 1 in each color. The edges leaving v in

colors 1, 2, 3 appear in clockwise order. All incoming edges of color i

enter v in the clockwise sector between the outgoing edges of color i−1

and i+ 1. [Rule of vertices]
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v

R3(v)

R1(v)

R2(v)

Figure 2.12: The paths and regions of a vertex

◦ There is no interior face whose boundary is a directed cycle in one color.

Every 3-connected planar map can be colored and oriented in this way.

Let Ti be the set of oriented edges labeled i, T−1
i the set of edges obtained

by reversing all orientations in Ti.

Lemma 2.53. Ti ∪ T
−1
i+1 ∪ T

−1
i−1 is acyclic.

Since every vertex has outdegree 1 in each label, this implies:

Corollary 2.54. Ti is a spanning tree rooted at ai.

For any vertex v, we obtain a unique path Pi(v) from v to ai, we just have

to follow the outgoing edges in label i.

For every v, the three paths P1(v), P2(v), P3(v) are simple and do not

intersect each other (except at v). Therefore, they decompose the embedding

ofG into three regions, Figure 2.12 shows an example. LetRi(v) be the region

enclosed by Pi−1(v) and Pi+1(v) and vi denote the number of (bounded) faces

in the region Ri(v).

One of the most important building blocks in Schnyder’s theory is the

following Lemma:

Lemma 2.55. If u ∈ Ri(v), then Ri(u) ⊆ Ri(v).

For every i, this relation induces a partial order on the vertices. Any linear

extensions of these three orders provide a realizer for G, proving Schnyder’s

Theorem.
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Figure 2.13: The dual Schnyder wood

As mentioned before, the Schnyder-regions are also useful to obtain draw-

ings of planar graphs on small grids.

This is due to the observation that the coordinates vi are barycentric

coordinates, this means that v1+v2+v3 = c (in this case, c = f is the number barycentric

coordinatesof bounded faces) for every v ∈ V . Furthermore, for each edge {u, v} and

each vertex w /∈ {u, v}, there is a coordinate k ∈ {1, 2, 3} such that wk > uk
and wk > vk. Schnyder showed that such a representation yields a planar

straight line drawing of the graph on a (c × c)-grid. In the case where c

denotes the number f of bounded faces of a plane triangulation, this directly

yields a straight line embedding of G on a grid of size (2n − 5) × (2n − 5),

where n denotes the number of vertices.

Improvements on the size of the necessary grid were obtained by de Frais-

seix, Pach and Pollack, [12] and by Schnyder himself in his second paper on

the topic, [34], where he proved that a grid of size (n−2)×(n−2) is sufficient.

Various authors found further refinements, e.g. Zhang and He, [39], and

Bonichon, Felsner and Mosbah, [6].

We briefly mention that another feature of the Schnyder-structures is the

built-in duality: A Schnyder wood on a 3-connected planar map G induces

a dual Schnyder wood on the dual planar map G∗. The edge-coloring and dual Schnyder

woodorientation of the dual edges can be derived directly from the types of the

primal edges, Figure 2.13 shows an example and the rule for the edges.





Chapter 3

Introduction to Orthogonal Surfaces

In this chapter, we will introduce basic definitions from the theory of orthog-

onal surfaces with the objective to provide an intuition to the most relevant

terms and concepts.

This goal is the main reason why we dedicate special attention to the

3-dimensional case. We will also discuss the relation between 3-dimensional

orthogonal surfaces and planar graphs with Schnyder woods and 3-polytopes.

Miller [26] was the first to prove that every planar graph arises from an

orthogonal surface of dimension 3. Felsner gave a simpler proof in [16].

One motivation to examine higher dimensional orthogonal surfaces is to

find out if the concepts from the 3-dimensional case can be generalized.

Some of the concepts introduced in this chapter are at first restricted to

a special case and will be generalized later. For example, the notion of a flat

will at first be defined only for strongly generic surfaces, where the concept is

simple and looks very natural. While the generalization to arbitrary surfaces

is still intuitive (“looking at the pictures”), it requires some more notation

which will be introduced later.

For a 3-dimensional surface, we will also introduce the class of character-

istic points, or corners. These include the local minima, the local maxima

and a certain type of edge-points. While this enumeration covers all cases

in dimension three, the general definition we discuss in the next chapter will

yield more insights into the combinatorial properties of this class of points.

We start with the most important terms and the basic geometric and

combinatorial properties of orthogonal surfaces. Since we can provide good

pictures of 3-dimensional orthogonal surfaces by projection to the plane, we

will illustrate most concepts with examples in dimension three.

33
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3.1 Definitions

Let V ⊂ Rd be a finite antichain in the dominance order. The filter of V isfilter

the set

〈V 〉 = {x ∈ Rd : x ≥ v for some v ∈ V }

Definition 3.1. The topological boundary of the filter 〈V 〉 is the orthogonal

surface SV .orthogonal surface

The term orthogonal surface results from the observation that SV consists of

(d − 1)-dimensional pieces of hyperplanes, called flats, which are parallel to

the coordinate hyperplanes and thus orthogonal to each other. Topologically,

SV is not very interesting, it is homeomorphic to Rd−1.

We are interested in the combinatorial structure. This includes for exam-

ple a certain suborder of the dominance order, the cp-order, which will be

introduced later, and the relations of certain points of SV .

With respect to the combinatorics of an orthogonal surface, only the

coordinate orders on the set V are important. For this reason, we can always

assume V ⊂ Nd.

The elements of V are exactly the local minima of SV . We will also call

them the vertices of SV .

In the local neighborhood of every minimum v ∈ V , the orthogonal sur-

face SV coincides with the boundary of the positive orthogonal cone at vcone

which is defined as

C(v) = {α ∈ Rd : α ≥ v}

This cone is bounded by d facets Ci(v) = {α ∈ Rd : α ≥ v and αi = vi}.

Every facet is therefore a (d− 1)-dimensional cone. Every set of d− 1 facets

intersects in a ray v + λei.

The filter 〈V 〉 is the union of all cones C(v) for v ∈ V , and the orthogonal

surface SV consists of pieces of cone-facets.

Observation 3.2. Let p ∈ 〈V 〉. Then p ∈ SV if and only if there is no v ∈ V

such that p⊲ v.

In other words, the boundary of 〈V 〉 consists of points that share at least one

coordinate with every minimum they dominate. A point p ∈ Rd is a surface-

point if and only if p is contained in a cone-facet Ci(v) for some v ∈ V but

not in the interior of any cone C(w) for w ∈ V .

If p ∈ 〈V 〉 and there is a v ∈ V such that p ⊲ v, then v is called an

obstructor for p.obstructor
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Figure 3.1: Orthogonal surfaces of dimension two and three (projection to the plane

x + y + z = 1). The generating minima are marked black.

Lemma 3.3. The orthogonal projection of SV to the hyperplane

H = {x ∈ Rd :
d∑

i=1

xi = 1}

is a bijection.

Proof. Two points p, q ∈ Rd are projected to the same point on H if and

only if p = q + λ1 for some λ ∈ R, this implies that p⊲ q. Not both points

p and q can lie on SV , because any minimum v ≤ p is an obstructor for q.

Let p ∈ H. Then there is some q = p+ λ1 with q ⊲ v for all v ∈ V . The

line segment connecting p and q intersects SV in the preimage of p.

This result enables us to provide accurate pictures of 3-dimensional orthog-

onal surfaces by projection to the plane x+ y + z = 1, as in Figure 3.2.

If we plot the intersection of the surface with orthogonal planes at integer-

coordinates in the projection, we obtain a rhombic tiling of the plane, as in

the right picture of Figure 3.2.

We now collect some basic and mostly combinatorial properties of or-

thogonal surfaces which are simple consequences of the definitions above.

For example, Observation 3.2 implies that intervals between surface-points

are contained in SV .

Corollary 3.4. If p, q ∈ SV , p ≤ q, then [p, q] ⊂ SV .
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Figure 3.2: A 3-dimensional surface and the corresponding rhombic tiling of the plane

This in turn implies that the line segment connecting two comparable surface-

points p and q is contained in SV , because it is contained in the interval [p, q].

Observation 3.2 also yields a characterization of the local maxima of SV :

Corollary 3.5. A point M ∈ SV is a local maximum of SV if and only if for

every i ∈ [d], there is a v ∈ V such that M ⊲i v.

Definition 3.6. Let p ∈ SV , then its vertex down set isvertex down set

Dp = {v ∈ V : v ≤ p}

All vertex down sets of surface-points are non-empty.

Definition 3.7. For p ∈ SV and v ∈ Dp, we define the set of tight coordinatesset of tight

coordinates as

Tp(v) = {i ∈ {1, . . . , d}|vi = pi}

Note that Observation 3.2 implies that Tp(v) is non-empty for every p ∈ SV
and every v ∈ Dp. With

T (p) = {Tp(v) : v ∈ Dp}

we denote the family of all sets of tight coordinates associated with p.

If p ∈ SV and p =
∨

(G) where G ⊂ V , then p is a generated point and Gpgenerated point

a generating set for p. A generated point can have several different generatinggenerating set

sets.
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Figure 3.3: A suspended surface, bounded and unbounded orthogonal arcs

Observation 3.8. A point p ∈ SV is a generated point if and only if⋃
v∈Dp

Tp(v) = [d].

By definition, every minimum v ∈ V is a generated point with unique gen-

erating set Dv = {v}. Furthermore, every maximum M is a generated point

by Corollary 3.5: For every i ∈ [d], there is a v ∈ DM such that vi = Mi.

Observation 3.9. Every non-empty subset of a generating set is again a

generating set, i.e. if
∨

(G) ∈ SV and ∅ 6= G′ ⊂ G, then
∨

(G′) ∈ SV .

In other words, if we add the empty set as an artificial generating set, then

the generating sets of an orthogonal surface form a simplicial complex, see

Appendix A for a definition.

We call SV a suspended surface if V contains suspension vertices s1, . . . , sd. suspended

suspension

vertices

The ith suspension si is 0 in all coordinates except i, there it is maximal, i.e.

si = (0, . . . , 0, imax, 0, . . . , 0), where imax > vi for all v ∈ V \ {si}.

If SV is supended, then a vertex v ⊲ 0 is called an interior vertex. More

general, if p ∈ SV and p⊲ 0, then p is an interior point of SV . interior point

The suspensions basically provide a frame for SV . They ensure that the

“interesting part”- we will make this more precise immediately - of the surface

is bounded.

For any point p ∈ SV , we define the ith orthogonal arc as orthogonal arc

Ai(p) = {p+ λei : λ ≥ 0} ∩ SV
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p′

v

w

p

A1(p)

A2(p
′)

M

Figure 3.4: Starting at p, we first follow A1(p) until we reach p′ with p′ ⊲1 v. Then we

follow A2(p
′) until we reach the maximum M with M ⊲1 v and M ⊲2 w.

Since V is an antichain, any two orthogonal arcs starting at vertices and

going in the same direction are disjoint, i.e. Ai(u)∩Ai(v) = ∅ for all u, v ∈ V

and all i ∈ [d].

If there are non-suspension vertices that have coordinates of value 0,

then the following definition is helpful: An interior orthogonal arc is an

i-orthogonal arc Ai(p) where pj > 0 for all j 6= i. In particular, every or-

thogonal arc originating from an interior point is an interior arc. Figure 3.3

shows a suspended orthogonal surfaces with some bounded and unbounded

orthogonal arcs.

Lemma 3.10. If SV is suspended, then an orthogonal arc is bounded if and

only if it is interior.

Proof. Ai(p) is bounded if and only if there is a q ∈ Ai(p) and a v ∈ V with

q ⊲i v. Since v ⊲ 0 for all v ∈ V and qj = pj for all j 6= i, these exist if and

only if pj 6= 0 for all j 6= i, i.e. if and only if Ai(p) is interior.

Consider some interior point p ∈ SV . If there is no minimum v ∈ Dp such

that p⊲i v, then we can increase the i-coordinate a little without falling off

the surface. We can continue until we reach the end-point of the bounded

orthogonal arc Ai(p). At this point p′, there is a minimum v ∈ Dp′ such that

p′ ⊲i v.

This follows from Lemma 3.10 and Observation 3.2:

Corollary 3.11 (Walking Upward). Let SV be suspended, p ∈ SV an interior

point such that there is no v ∈ Dp with v⊳ip. Then there is a unique p′ ∈ SV
such that p′i > pi and p′j = pj for all j 6= i and there is a v ∈ Dp′ such that

v ⊳i p
′.
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Furthermore, if p is a generated point, then p′ is also generated.

If we start at any point and follow bounded orthogonal arcs, then we eventu-

ally reach a local maximum, i.e. a point M ∈ SV such that for every i ∈ [d],

there is a minimum v ∈ DM with v ⊳iM . Figure 3.4 shows such a case.

Corollary 3.12. Let SV be suspended, p ∈ Rd such that p⊲0. Then p ∈ SV
if and only if there is a minimum v ∈ V and a local maximum M ∈ SV such

that m ≤ p ≤M .

An important class of generated points are those which dominate exactly two

minima.

Let u, v ∈ V . If there is no w ∈ V \ {u, v} such that w ≤ u ∨ v, then

p = u ∨ v is called a two-join. Observe that this implies that p ∈ SV . two-join

We now define a two-join graph GV on the vertex set V by two-join graph

{u, v} ∈ E(GV ) ⇐⇒ u ∨ v is a two-join

Every edge e = {u, v} of GV is thus represented by a point pe = u ∨ v ∈ SV .

We denote the set of these points, i.e. the set of two-joins, by EV .

This immediately leads us to the following observations:

Observation 3.13. The points V ∪EV provide an embedding of the incidence

order I(GV ) into the dominance order on Rd. In particular, we obtain that

dim(I(GV )) ≤ d.

Corollary 3.14. The two-joins of SV form an antichain in the dominance

order.

To obtain a drawing of G on SV , we connect adjacent vertices u, v with

an elbow geodesic consisting of two line segments u − pe and v − pe, where elbow geodesic

e = {u, v} and pe = u ∨ v is the corresponding two-join.

This drawing is called a geodesic embedding of GV . geodesic

embedding
Lemma 3.15. The geodesic embedding of GV on the surface SV is an embed-

ding without crossings, i.e. any two elbow geodesics are interiorly disjoint.

Proof. We show: If two line-segment-pieces of elbow-geodesics u − pe and

v − pf with u 6= v intersect in a point p ∈ SV , then p = pe = pf = p{u,v}.

We clearly have pe, pf ≥ p ≥ u, v. Since pe and pf are two-joins, they do

not dominate more than two vertices each. This implies pe = pf = p = u∨ v.
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If two line-segment-pieces u−pe and u−pf intersect in their interior, this

implies that one is contained in the other. If u− pe ( u− pf , then pf > pe,

a contradiction to Corollary 3.14.

We will now introduce the classes of strongly generic respectively generic

orthogonal surfaces. The properties of generic orthogonal surfaces and the

relation between the the concept of “strong” genericity and the weaker crite-

rion of ordinary genericity will be discussed in depth in Chapter 6.

For now, it is sufficient to say that every generic surface is combinatorially

equivalent to a strongly generic one. Most of the properties we derive for

strongly generic surfaces, for example the following Lemma 3.17, are also

valid for generic ones.

We will see various examples that the geometric features of a (strongly)

generic surface have simple combinatorial definitions. In particular, the com-

binatorially defined two-joins correspond to a class of points with certain

geometric properties, namely the edge-points, which will be defined in the

next section.

Definition 3.16. An antichain V ⊂ Nd and the corresponding orthogonal

surface SV are called strongly generic if for all u, v ∈ V and all i ∈ [d], westrongly generic

have

vi 6= wi or vi = wi = 0

Lemma 3.17. If SV is strongly generic, then for any u, v ∈ V with u∨v⊲0,

we have

u ∨ v is a two-join ⇐⇒ u ∨ v ∈ SV

Proof. If u ∨ v ⊲ 0 and w ∈ V , then by strong genericity, wi ≤ (u ∨ v)i
implies wi < (u ∨ v)i. Therefore, u ∨ v is a two-join if and only if there is no

obstructor w ⊳ u ∨ v.

In the next section, we will see that this statement is not true for arbitrary

surfaces. We obtain three different classes of points, namely two-joins, edge

points and generated surface points, which coincide only in the generic case.

3.2 3-dimensional Surfaces and Geodesic Embeddings of

Planar Graphs

So far, everything we did works for orthogonal surfaces of arbitrary dimen-

sion. In this section, we will collect some observations which are only true in
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Figure 3.5: Growing an Edge

dimension at most 3.

First of all, we note that from Lemma 3.3 and Lemma 3.15 it follows that

we are dealing with planar graphs in this section, where plane embeddings

are obtained as the orthogonal projections of geodesic embeddings.

A very basic clue why 3-dimensional orthogonal surfaces are somewhat

special is the observation that every elbow geodesic contains a piece of some

orthogonal arc: Let u, v ∈ V , p = u ∨ v ∈ SV , then p shares two coordinates

with at least one of its two generators, say u. This means that p is contained

in one of u’s orthogonal arcs.

If SV is (strongly) generic, then we actually have a bijection between

interior edges of the two-join graph and interior orthogonal arcs, every in-

terior orthogonal arc is contained in an elbow-geodesic. The graph GV and

its geodesic embedding can be constructed by “growing half-edges”, as in

Figure 3.5.

For every vertex u ∈ V , and every i = 1, 2, 3, we grow a half-edge in

direction i, i.e. we follow the i-orthogonal arc until we find an edge-point

respectively two-join p ∈ SV . The elbow-geodesic is then completed by con-

necting p by another line-segment to the unique other vertex v ∈ Dp \ {u}.

Every interior orthogonal arc ends with a two-join and therefore contributes

one edge to the two-join graph. This implies that for every interior point,

there are three interior edges. In addition, every non-suspension vertex on

the boundary contributes one more edge. Therefore, we have enough edges

for an inner triangulation, i.e. every bounded face of G is a triangle.

Lemma 3.18. Let SV be a strongly generic, suspended orthogonal surface

of dimension three. Then the geodesic embedding of the two-join graph GV

is a plane inner triangulation, where the bounded faces are in bijection with

the local maxima of SV . A set F ⊂ V is the vertex set of a bounded face if

and only if
∨

(F ) ∈ SV is a local maximum.
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Figure 3.6: A suspended, generic surface SV with “half-edges” and the induced geodesic

embedding of GV

Proof. Let M ∈ SV be a local maximum. Since SV is strongly generic, M

dominates exactly three minima, i.e. DM = {v1, v2, v3}. Furthermore, each

minimum contributes exactly one coordinate to M , say vi⊳iM . This implies

that v1 ∨ v2, v1 ∨ v3 and v2 ∨ v3 are two-joins.

Each of the three minima below M is contained in the interior of a dif-

ferent facet of the negative cone C−(M) = {α ∈ Rd : α ≤ M}. Each of

the three two-joins is located on a different negative ray. The region en-

closed by connecting the minima to their adjacent edge points via straight

line segments contains M .

It remains to show that every bounded triangle spanned by vertices u, v, w

contains a local maximum.

Since u is no obstructor for the two-join v ∨ w, we have ui > vi, wi for

some i. By symmetry, each of the three vertices dominates the others in one

coordinate. Therefore, if M = u ∨ v ∨ w ∈ SV , then M is a local maximum.

Assume M /∈ SV , i.e. there is an obstructor x ∈ V with x ⊳ M . But x

does not obstruct the two-joins u ∨ v, u ∨ w and v ∨ w. W.l.o.g., we have

v1, w1 < x1 < u1, u2, w2 < x2 < v2 and u3, v3 < x3 < w3. But this implies

that x is contained in the interior of the region spanned by the three vertices

and their two joins.

The complete incidence order of the plane triangulation is embedded into

the dominance order on R3, vertices correspond to local minima, edges to

two-joins and bounded faces are local maxima.

Corollary 3.19. Let SV be a strongly generic orthogonal surface. Then the
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u v w

Figure 3.7: A non-rigid configuration: The white end-points of the three orthogonal arcs

dominate all three minima u, v, w. Therefore, they are edge-points, but no two-joins. The

right figure shows a non-unique planar geodesic embedding.

incidence order of vertices, edges and bounded faces of the geodesic embed-

ding of GV has dimension at most 3.

If SV is not generic, we still would like to embed a graph on SV such that

every orthogonal arc contributes to some edge. However, not all orthogonal

arcs contain two-joins, as Figure 3.7 shows. For this reason, we will consider

the less exclusive class of edge-points:

Definition 3.20. An edge-point is a point p ∈ SV such that there are minima edge-point

u, v ∈ Dp with

◦ p ∈ Ai(u)

◦ v is a vertex with minimal i-coordinate satisfying vi > ui and vj ≤ uj
for all j 6= i.

In other words, an edge-point is the smallest point on the orthogonal arc

Ai(u) which dominates a minimum different from u.

Although we do not yet have a precise definition, we remark that edge-

points are characteristic points, i.e. corners of SV .

Lemma 3.21. Let SV be a 3-dimensional orthogonal surface. Then every

two-join p ∈ SV is an edge-point.

Proof. If p is a two-join, then p = u ∨ v for some u, v ∈ V . We already

observed that p is contained in some orthogonal arc. If there is an w ∈ V

with ui < wi < vi = pei
, and wj ≤ uj = pej

for all j 6= i, we obtain pe > w, a

contradiction to the definition of a two-join.
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Figure 3.8: A face of degree 7

In the special case when SV is strongly generic, Lemma 3.17 implies that the

reverse is also true, i.e. every edge-point is a two-join. If SV is suspended,

then every orthogonal arc except the i-orthogonal arc of the suspension si

generates some edge-point.

In the next section, we will use this as a starting point for the definition

of a graph on a non-generic surface.

3.3 Degeneracies and Order-Embeddings

Figure 3.7 shows a configuration with three edge-points (marked white) which

are no two-joins. There is no unique way to extend the three bounded or-

thogonal arcs to three elbow geodesics. We have different choices leading to

different graphs which are not necessarily planar.

We can maintain planarity by making compatible choices of non-crossing

extensions, which is always possible. Such a completed planar map where all

orthogonal arcs are used is then again called a geodesic embedding. In the

same way as for generic surfaces, the bounded faces and local maxima are in

bijection, but now, there occur faces of larger degree, as shown in Figure 3.8.

Unfortunately, we lose the property that the incidence order of the re-

sulting graph is embedded into the dominance order on R3 represented by

the vertices, edge-points and maxima of the surface SV . This is due to the

fact that the edge-points - unlike the two-joins - do not necessarily form an

antichain in the dominance order. Figure 3.9 shows a configuration with two

comparable edge-points. This is not possible for an order embedding.
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Figure 3.9: On a non-rigid flat, there are pairs of comparable edge-points.

u
p v

w

Figure 3.10: A degenerate configuration

Another problem are surfaces that do not carry a proper planar graph at

all. This is the case when three orthogonal arcs (coming from vertices) meet

in a common surface-point. Figure 3.10 shows such a situation. The white

edge-point p dominates three minima u, v, w, sharing two coordinates with

each of them, i.e. we have p = u ∨ v = v ∨ w = w ∨ u.

If SV contains a point like this, then we will call the surface degenerate. degenerate

The following definition was first stated by Miller in [26]:

Definition 3.22. A 3-dimensional orthogonal surface SV is rigid if every rigid

edge-point p ∈ SV dominates exactly two minima, i.e. is a two-join.

Obviously, if SV is rigid, then it is also non-degenerate.

For a rigid surface SV , the geodesic embedding and the planar graph

defined by SV are once more unique, since the graph is the two-join graph,

and its incidence order is isomorphic to the dominance order on the set of

characteristic points.

We note that rigidity is less restrictive than genericity. Figure 3.11 shows a

rigid, but non-generic surface. There are still local maxima dominating more

than three minima, but every edge-point dominates exactly two minima.
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Figure 3.11: A non-generic but rigid surface with a unique planar geodesic embedding

Theorem 3.23. For every 3-connected planar graph G, there is a rigid or-

thogonal surface SV such that G = GV .

This was shown by Miller [26], more elegant proofs were found later by Fel-

sner [17] and Felsner and Zickfeld [20].

If we exclude the degenerate configuration, we can equivalently formulate

the rigidity condition as follows:

Lemma 3.24. A non-degenerate 3-dimensional orthogonal surface SV is rigid

if and only if no two edge-points are comparable.

Proof. “⇒” If every edge-point dominates only two minima, then every edge-

point is a two-join. We already know that the two-joins form an antichain

(Corollary 3.14).

“⇐” Assume that no two edge-points are comparable, but p ∈ SV is an

edge-point dominating more than two minima. Then either we find a two-

join q < p, which contradicts our assumption, or we have u ∨ v = p for all

pairs u, v ∈ Dp, then p is a degenerate point as in Figure 3.10.

We summarize: Let SV be an arbitrary 3-dimensional orthogonal surface,

u, v ∈ SV , p = u ∨ v. We have the following implications:

p is a two-join ⇒ p is an edge-point ⇒ p is a generated surface-point

The reverse of the second implication is only true if p is an interior point and

SV is generic. The reverse of the first implication is true for all p ∈ SV if and

only if SV is rigid.
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Figure 3.12: Orthogonal surfaces induce Schnyder woods.

3.4 Schnyder graphs on orthogonal surfaces

For a strongly generic surface, we have a bijection between interior orthogonal

arcs and inner edges of the two-join graphGV . This induces a natural coloring

of the edges of GV with three colors corresponding to the directions of the

orthogonal arcs. Furthermore, an orthogonal arc has a natural orientation

which induces an orientation on the edge containing it.

Theorem 3.25. Let SV be a 3-dimensional suspended non-degenerate or-

thogonal surface, GV a geodesic embedding on SV . Then the coloring and

orientation of the edges of GV induced by the coloring and orientation of the

corresponding orthogonal arcs yields a Schnyder wood of GV .

Proof. The vertex-rule follows from the structure of the cone C(v) at each

vertex v ∈ V .

All incoming edges of color i correspond to edge points which almost

strictly dominate the vertex v in coordinate i, this implies that they are

located in the interior of the cone-facet Ci(v). There are two rays incident

to this facet, namely in direction i − 1 and i + 1. These correspond to the

two outgoing edges in color i− 1 and i+ 1.

An edge is bidirected if and only if it contains pieces of two different

orthogonal arcs. This is the case if and only if its two incident vertices share

some coordinate i, then the colors of the bidirected edge are i+ 1 and i− 1.

There cannot occur cycles in one color, because an edge u− v containing

a piece of an orthogonal arc Ai(v) is monotone in i, we have ui > vi.
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Figure 3.13: The Schnyder Labels at an edge yield the sets of tight coordinates of the

two vertices with repect to the corresponding edge-point.

The corresponding Schnyder labeling of the angles of all bounded faces is

also given by the coordinates: The angle at a vertex v in a face represented

by a local maximum M ∈ SV is labeled with the unique coordinate i which

v contributes to M , i.e. vi = Mi. In other words, if we consider the negative

cone C−(M) at a maximum M ∈ SV , then the angle at some minimum

v ∈ DM is colored i if and only if v ∈ C−
i (M).

It is easy to verify the bijection via the two edge-types described in 2.6.

Theorem 3.26. Let SV be a 3-dimensional suspended non-degenerate or-

thogonal surface, then the labeling of vertex-maximum-incidences according

to the shared coordinates is a Schnyder labeling of the geodesic embedding

of GV .

Miller [26] first conjectured and Felsner [17] proved the following surprising

result:

Theorem 3.27. For every 3-connected planar map with a Schnyder wood,

there is a rigid orthogonal surface carrying it.

The Brightwell-Trotter-Theorem is an immediate consequence of this Theo-

rem.

For triangulations, it is not hard to construct a corresponding generic

orthogonal surface. Given a realizer R = {L1, L2, L3}, we assign to every

vertex v as its ith coordinate vi its position in the linear extension Li. If

the realizer R was obtained from the region-count on the Schnyder wood as
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Figure 3.14: Two configurations with different coordinate orders but with the same

Schnyder wood.

described in Section 2.6, then the resulting surface also induces this Schnyder

wood on its graph.

Note that different realizers can give rise to orthogonal surfaces carrying

the same Schnyder graph, because two minima which are not connected by

a unicolored path in color i can be “pushed past each other” in direction i.

Figure 3.14 shows an example.

For arbitrary 3-connected planar maps with a Schnyder wood, the region-

count also provides points generating an orthogonal surface which carries the

graph and the Schnyder wood, but this does not need to be rigid. Actually,

there are planar maps with Schnyder woods which cannot be embedded on

a rigid surface with barycentric coordinates, as Felsner and Zickfeld showed

in [20].

However, they also showed how a rigid surface carrying a geodesic graph

can be constructed from a surface with barycentric coordinates by “perturb-

ing flats” until the surface becomes rigid.

3.5 Duality

Let M be the set of local maxima on a suspended orthogonal surface SV . We

consider the ideal

〈M〉∗ = {α ∈ Rd : α ≤ m for some m ∈M}

and its topological boundary S∗
M . From Corollary 3.12, it follows:

Corollary 3.28. If p⊲ 0, then p ∈ SV ⇐⇒ p ∈ S∗
M .
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Figure 3.15: A suspended orthogonal surface, its dual and its suspended dual with an

additional suspension-maximum.

The two surfaces coincide in their bounded flats, only the unbounded parts

are different. In general, S∗
M is not suspended, i.e. there can be more than

three unbounded negative orthogonal rays. This can be repaired by inserting

(at most three) suspension-maxima. Figure 3.15 shows an example.

SV is rigid if and only if its dual is rigid. This follows from the fact that

both surfaces have the same bounded flats.

Definition 3.29. A point p ∈ SV is a two-meet if there are local maximatwo-meet

M 1,M 2 such that p = M 1 ∧M 2 and there is no local maximum M 3 ≥ p,

where M 3 6= M 1,M 2.

If SV is rigid, then edge-points, two-joins and two-meets are the same points.

Proposition 3.30. Let SV be a non-degenerate 3-dimensional orthogonal

surface. A point p ∈ SV is an edge-point if and only if p is either a two-join

or a two-meet (or both).

Proof. An edge-point p is not a two-join if and only if there is a two-join

p′ < p. In the same way, an edge-point p′ is not a two-meet if and only if

there is larger two-meet p > p′.

For each pair of comparable edge-points, the lower one is therefore a two-

join and the upper one a two-meet, as in Figure 3.16.

It remains to show that every two-join or two-meet is an edge-point. The

case of two-joins was treated in Lemma 3.21. Now assume that p is a two-

meet, i.e. p = M 1 ∧M 2.

We again distinguish two cases.
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Figure 3.16: Edge-points on a non-degenerate 3-dimensional surface are two-joins or

two-meets.

If M 1 and M 2 share no coordinate, then consider the minima v ∈ DM1 ∩

DM2. Each of them shares one coordinate with M 1 and one with M 2. This

implies that |DM1 ∩DM2| = 2 and that p is a two-join.

If M 1
3 = M 2

3 , then p3 = M 1
3 = M 2

3 and p shares two coordinates with

each of them, say p1 = M 1
1 and p2 = M 2

2 . Since there is no third maximum

dominating p, we can walk downwards from p in direction −3 and find a

minimum v ∈ DM1 ∩DM2 with v⊳1M
1 and v⊳2M

2. In particular, v shares

two coordinates 1, 2 with p. This shows that p is an edge-point.

Corollary 3.31. If SV is non-degenerate and suspended, then SV is rigid if

and only if every interior two-join is a two-meet and vice versa.

Let SV be a rigid surface. Then the geodesic embedding of the two-join-graph

GV is dual to the geodesic embedding of the two-meet-graph induced on S∗
M ,

except that there is no vertex for the outer face. The dual surface induces

the dual Schnyder wood on its geodesic embedding, as Figure 3.17 shows.
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Figure 3.17: An rigid orthogonal surface with its two-join Schnyder graph and its dual,

the two-meet graph, overlaid.



Chapter 4

Flats and Characteristic Points

The most important features of a d-dimensional orthogonal surface are flats,

which decompose the surface into (d−1)-dimensional manageable pieces, and

characteristic points, the points at the intersections of d different flats, which

represent the combinatorial structure of the whole surface.

In this section, we will provide precise definitions for flats and a char-

acteristic points and develop the basic connections between geometric and

combinatorial properties of the orthogonal surface.

We will show that a point p ∈ SV is contained in a certain flat if and only

if there is a witness-minimum. On the other hand, if p is not contained in

the flat, then there are also minima proving this.

Then we will investigate the cp-order, which is the set of characteristic

points equipped with the dominance order. This poset (together with some

additional information) encodes the combinatorial type of the surface.

As a generalization of the topics we discussed for the 3-dimensional case,

we will define the orthogonal graph of a surface SV and show that it is weakly

d-connected if SV is suspended.

4.1 Flats and Witnesses

A flat is a (d − 1)-dimensional connected component of the intersection of

the surface SV with some hyperplane. Here, the dimension d − 1 is also

relevant for our notion of connectedness. This means that if d > 2, we do

not consider a (d − 1)-dimensional object connected if the removal of an at

most (d− 2)-dimensional object disconnects the set.

A more precise definition of a flat requires some additional notation: For

every v ∈ V and every coordinate i, the almost strict upset is

Ui(v) = {p ∈ SV : p⊲i v}

53



54 Flats and Characteristic Points

Figure 4.1: Two flats at the same height

For two vertices v, w ∈ V , we abbreviate

Ui(v, w) = Ui(v) ∩ Ui(w)

Lemma 4.1. For any two vertices v, w ∈ V , the set Ui(v, w) is either empty

or (d− 1)-dimensional.

Proof. Assume Ui(v, w) 6= ∅ and let p ∈ Ui(v, w). Then there is an ǫ > 0

such that p′ = p − ǫ1 + ǫei ∈ Ui(v, w). This implies that the whole interval

[p, p′] is contained in the intersection, i.e. [p, p′] ⊂ Ui(v, w). Since p and p′

share only one coordinate, the dimension of the affine hull of this interval is

d− 1.

Let us recall that in the generic case, an i-flat at a vertex v was defined as

the set of points p ∈ SV dominating v and sharing the i-th coordinate with v.

This is exactly the closure of Ui(v).

In the general case, we maintain the property that the closure of Ui(v)

belongs to the same i-flat as v. This implies that whenever Ui(v, w) 6= ∅,

then v and w belong to the same i-flat.

More precisely, we define a relation ∼i on V by

v ∼i w ⇔ Ui(v, w) 6= ∅

The transitive closure ∼c
i of ∼i is an equivalence relation. The equivalence

classes are exactly those sets of minima sharing a common i-flat.

Definition 4.2. Let v ∈ V . The i-flat Fi(v) is the topological closure of thei-flat

set ⋃

w∼
c
iv

Ui(w)
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Figure 4.2: Characteristic Points (Black) and Non-Characteristic Points (White)

The defining coordinate i of an i-flat F is called the type or the color of F .

An i-flat is the closure of a set of almost strict upsets glued together at

their (d−1)-dimensional intersections. This is the same as taking the closure

first and then uniting those closed sets. The most basic property of an i-flat

is stated in the following observation:

Observation 4.3. All points on an i-flat share the ith coordinate.

As we will see later, the flats form a decomposition of the surface SV , this

means that every surface-point is contained in at least one flat and different

flats intersect only in their boundaries.

The equivalence class of minima on an i-flat F is VF = F ∩ V . Further-

more, we define the upper part of the flat F as the union of the corresponding upper part of the

flatalmost strict upsets, namely

F u =
⋃

v∈VF

Ui(v) = {p ∈ SV : p⊲i v for some v ∈ VF}

Definition 4.4. A characteristic point of an orthogonal surface SV is a point characteristic

pointp ∈ SV contained in all types of flats, i.e. for every i ∈ [d], there is an i-flat

containing p.

Observation 4.5. Every vertex v ∈ V is a characteristic point.

The set of all characteristic points of an orthogonal surface SV is denoted

with CV , we will see later that it is a subset of all generated points. Figure 4.2

shows an example of a non-generic flat in dimension three which contains

generated, but non-characteristic points (marked white) and characteristic

points (marked black).

We now present some criteria to decide whether a point p is contained in

a given i-flat F . This is for example useful if we want to determine the set

of characteristic points CV of a high-dimensional surface. By definition, we
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have p ∈ F if and only if p is contained in the topological closure of F u, i.e.

for every ǫ > 0, there is a q ∈ F u such that |p− q| < ǫ.

The next Proposition 4.8 shows the stronger fact that every flat-point

is contained in an interval between a flat-minimum v and a point from the

upper part of the flat q ∈ Ui(v).

To prove it, we use the two technical Lemmas 4.6 and 4.7. They provide

tools to deal with the ǫ-neighborhood of a point in a convenient way. The first

step is the definition of a parameter ǫ(p) for every p ∈ SV , which describes

the radius of the set of points that are closer to p than any minimum v ∈ V :

ǫ(p) = min
v∈V,j∈[d]

{|pj − vj| : |pj − vj | > 0}

The following Lemma follows directly from this definition:

Lemma 4.6. Let |p− q| < ǫ(p). Then q ⊲i v implies p ≥ v.

Proof. If v � p, then there is a coordinate j ∈ [d] \ {i} such that vj > pj.

Since q ≥ v, this implies qj ≥ vj > pj, but this is a contradiction to the

definition of ǫ(p) and the choice of q.

If p ∈ SV and v ∈ Dp, then we can decrease all coordinates j ∈ [d] \ Tp(v)

by a small amount without leaving the surface, because we do not leave the

interval [v, p].

On the other hand, if we increase all coordinates j ∈ Tp(v) by any positive

amount, we reach a point p′ ⊲ v, this implies that p′ /∈ SV . The following

lemma makes this more precise:

Lemma 4.7. Let p ∈ SV , ∅ 6= I ⊂ [d]. Then,

∀ǫ > 0 : p+
∑

i∈I

ǫei /∈ SV ⇐⇒ ∃ǫ′ > 0 : p−
∑

j /∈I

ǫ′ej ∈ SV

Proof. We have:
p+

∑
i∈I

ǫei /∈ SV for all ǫ > 0

⇐⇒ There is a minimum v ≤ p such that p+
∑
i∈I

ǫei ⊲ v for all ǫ > 0

⇐⇒ There is a minimum v ≤ p such that vj < pj for all j /∈ I

⇐⇒ There is a minimum v ≤ p and an ǫ′ > 0 such that p−
∑
j /∈I

ǫ′ei ≥ v

⇐⇒ There is an ǫ′ > 0 such that p−
∑
j /∈I

ǫ′ei ∈ SV .
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Proposition 4.8. Let p ∈ SV . Let F be some i-flat of SV . Then p ∈ F if

and only if there is a v ∈ VF and a q ∈ SV such that q ⊲i v and v ≤ p ≤ q.

Proof. “⇐”: If p⊲i v, then by definition p ∈ Ui(v) ⊂ Fi(v). Otherwise, p 6= q

and there is a q′ ∈ [p, q] ⊂ [v, q] ⊂ SV , such that q′ is arbitrarily close to p

and q′ ⊲i v. Hence p is in the closure of Ui(v) and thus, p ∈ Fi(v).

“⇒”: First note that q ⊲i v and v ≤ p ≤ q implies that vi = pi = qi.

If p is in the upper part F u of F , then there is nothing to show, because then

p⊲i v for some v ∈ VF and q = p is a good choice for q.

Now assume that p ∈ F \ F u. By definition, for every ǫ > 0, there is an

x ∈ F u such that |p− x| < ǫ.

We choose x ∈ F u such that |p−x| < ǫ(p). Furthermore, we choose v ∈ VF
such that x⊲i v, such a vertex must exist, since x ∈ F u. By Lemma 4.6, this

implies v ≤ p.

We now define

q(µ) = p+
∑

j∈Tp(v)\{i}

µej

Obviously, q(µ) ≥ p and q(µ) ⊲i v for all µ > 0. We assume q(µ) /∈ SV for

all µ > 0 and go for a contradiction.

By Lemma 4.7, we have q(µ) /∈ SV for all µ > 0 if and only if there is an

µ′ > 0 such that q′ = p−
∑

k:vk<pk

µ′ek − µ′ei ∈ SV .

If q′ ∈ SV , then there must be a w ∈ V such that w ≤ q′. For this

w, we have wi ≤ q′i < pi = vi. Furthermore, for j ∈ Tp(v) \ {i}, we have

wj ≤ q′j = pj = vj and for j /∈ Tp(v), we have wj ≤ q′j < pj.

The point x we fixed in the beginning is not obstructed by w, therefore

there is a coordinate j with xj ≤ wj .

We have x ⊲i v. We also know that wj > vj implies pj > wj. Therefore,

it follows that vj < xj ≤ wj < pj.

But this is impossible since |pj − xj| < ǫ(p) ≤ |pj − wj | by definition of

ǫ(p). It follows that all points in F u close enough to p are obstructed by w

and, hence, p /∈ F . This contradiction completes the proof.

Definition 4.9. Let p ∈ SV . An i-witness for p is a minimum v ∈ Dp proving i-witness

that p ∈ Fi(v) in the sense of Proposition 4.8, i.e. there is a q ∈ SV such

that v ≤ p ≤ q and q ⊲i v.

Observation 4.10. Every characteristic point is a generated point, the set

of witnesses is a generating set.
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w

F1(v)
p

v

u

Figure 4.3: A degenerate situation: p ≥ v and p ∈ F1(v), but v is not an 1-witness for p.

If v is an i-witness for p, then there are two trivial implications. We emphasize

that the reverse implications are in general not true, as the 3-dimensional

example in Figure 4.3 shows.

◦ If v is an i-witness for p, then p ≥ v and pi = vi.

For generic surfaces which are discussed in Chapter 6, pi = vi and p ≥ v

implies that v is an i-witness for p.

◦ If v is an i-witness for p, then p ≥ v and p ∈ Fi(v).

Since there might be another i-witness w ∈ VFi(v) for p, there are situ-

ations where p ≥ v and p ∈ Fi(v) but v is not an i-witness for p.

If SV is non-degenerate and p is a characteristic point, then the reverse

implication is true, for a thorough discussion see Chapter 7.

We now collect some more consequences of Proposition 4.8 and the defini-

tions.

Corollary 4.11. If p ∈ SV , v ∈ Dp and p⊲i v, then v is an i-witness for p.

If M ∈ SV is a local maximum, then for each i ∈ [d], there is a vi ∈ DM such

that M ⊲i v
i (Corollary 3.5). This implies:

Corollary 4.12. Local maxima are characteristic points.

Corollary 4.13. Let F be a bounded i-flat. Then p ∈ F if and only if there

is a minimum v ∈ VF and a maximum M ∈ Ui(v) such that v ≤ p ≤M .
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This implies that a bounded i-flat is the (non-disjoint) union of intervals

[m,M ], where m ∈ V is a local minimum and M ∈ SV is a local maximum,

and M ⊲i m.

In contrast to this, the unbounded flats are unions of (d− 1)-dimensional

cones, they do not contain any local maxima.

The criterion for the witness-relation can also be formulated in another way,

this follows from the proof of Proposition 4.8 (or can be proven directly using

Lemma 4.7):

Corollary 4.14. Given p ∈ SV and v ∈ Dp with pi = vi, then v is an i-

witness for p if and only if there is no minimum w ∈ V such that wi < vi = pi
and for all j 6= i either wj ≤ vj or wj < pj.

With the following proposition we establish a purely combinatorial condition

for the existence of a witness-relation which is very practical: We only need

to look at a point p ∈ SV and its corresponding sets of tight coordinates Tp(v)

for all v ∈ Dp to decide if p has some i-witness or not. This is the crucial

link between the geometric and combinatorial properties of the orthogonal

surface:

Proposition 4.15. Let p ∈ SV , v ∈ Dp, vi = pi. Then v is an i-witness for p

if and only if there is no u ∈ Dp such that Tp(u) ⊂ Tp(v) and i ∈ Tp(v)\Tp(u).

Consider Figure 4.3 for an illustration: We have

Tp(v) = {1, 2}, Tp(w) = {1} and Tp(u) = {2}

The minimum v is no 1-witness for p, since 1 /∈ Tp(u) ⊂ Tp(v). Also, v is

not a 2-witness for p, since 2 /∈ Tp(w) ⊂ Tp(v). Since p⊲1 w and p⊲2 u, the

vertex w is a 1-witness and u is a 2-witness for p. It is also easy to check

that u and w satisfy the conditions of Corollary 4.14.

Proof. ”⇒”: Let u ∈ Dp such that Tp(u) ⊂ Tp(v) and i ∈ Tp(v) \ Tp(u).

Assume that v is an i-witness for p where q ∈ SV such that q⊲i v and q ≥ p.

We show that this implies q ⊲ u, a contradiction to q ∈ SV . We have to

check qj > uj for all j ∈ {1, . . . , d}:

For all j /∈ Tp(u), we have qj ≥ pj > uj. This includes j = i. For all

j ∈ Tp(u), j 6= i, we have qj > vj = uj, because q ⊲i v and Tp(u) ⊂ Tp(v).

”⇐”: Assume v is not an i-witness for p. We show that there is a minimum

u ∈ Dp such that Tp(u) ⊂ Tp(v) and i ∈ Tp(v) \ Tp(u).
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By Corollary 4.14, there is a u ∈ V such that ui < vi = pi and for all

j 6= i: uj ≤ vj or uj < pj. This implies that there is no coordinate k such

that vk < uk = pk. Therefore, Tp(u) ⊆ Tp(v) and since i /∈ Tp(u) even

Tp(u) ⊂ Tp(v) .

Corollary 4.16. The orthogonal surface SV is the union of all flats.

Proof. If p ∈ SV , then Tp(v) 6= ∅ for all v ∈ Dp. If Tp(v) ∈ T (p) is inclusion-

minimal, then v is an i-witness for p for all i ∈ Tp(v). It follows that every

p ∈ SV has some witness and hence is contained in some flat.

Proposition 4.17. The flats of SV form a decomposition of SV .

Proof. It remains to show that an interior flat-point p of an i-flat F is not

contained in any other flat.

Since p is interior, there is a (d− 1)-dimensional interval around p which

is also contained in F . In other words, p is contained in the interior of F if

and only if there is a v ∈ VF and a q ∈ F such that v ⊳i p⊳i q.

Assume this is the case and there is a j-witness w for p, where j 6= i. By

Proposition 4.15, we have wi < pi, otherwise j /∈ Tp(v) = {i} ⊂ Tp(w), a

contradiction.

But this implies that w is an obstructor to q, which is also a contradiction.

Therefore, there can not be a j-witness and p is only contained in one kind

of flat.

From the definition of a flat, it follows directly that no two different flats

of the same color can intersect in their interior.

We now take a look at the structure of a single bounded flat F . Since all

points on F share the ith coordinate, the minima VF generate an orthogonal

surface of dimension d−1. In the same way, the local maxima on F generate

a dual orthogonal surface of dimension d− 1.

Every point on F lies between a minimum and a maximum. Therefore,

the flat F is exactly the intersection of the filter generated by the minima

and the ideal generated by the maxima, i.e.

F = 〈VF 〉 ∩ 〈MF 〉
∗

The boundary of F consists of pieces of the boundary of this filter, this is

the orthogonal surface SVF
, and the boundary of the ideal, this is the dual
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Figure 4.4: A generic and a cogeneric flat

Figure 4.5: A non-generic surface where all bounded flats are generic.

orthogonal surface S∗
MF

. These are also called the lower and upper staircase

of F .

If one of them contains only one generator, then the whole flat is contained

in the positive or negative cone of this point. We define:

Definition 4.18. A generic flat is a flat containing only one minimum such generic flat

that the upper staircase is a generic surface.

A cogeneric flat is a flat containing only one maximum such that the lower cogeneric flat

staircase is a cogeneric surface, i.e. no two maxima share a coordinate.

Figure 4.4 shows a generic and cogeneric flat in dimension three. Since all or-

thogonal surfaces of dimension two are generic and cogeneric, a 2-dimensional

flat on a 3-dimensional surface is generic if and only if it contains exactly one

minimum and cogeneric if and only if it contains exactly one maximum.

If SV is a generic surface, then all bounded flats of SV are generic flats.

The reverse is not true: On a degenerate surface like in Figure 4.5, character-

istic points can be comparable and share coordinates although they do not

lie on a common flat. Therefore, a surface which consists only of generic flats

is not automatically generic.

Figure 4.6 shows a generic and a cogeneric i-flat F of a 4-dimensional

orthogonal surface. The generic flat is suspended by three edge-points which
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Figure 4.6: A generic flat of a 4-dimensional surface with a unique minimum (marked

black) and a cogeneric flat with a unique maximum (marked white). The upper staircase

of the generic flat and the lower staircase of the cogeneric flat are 3-dimensional generic

respectively cogeneric surfaces.

share all but one coordinate j 6= i with the unique minimum v, i.e. they

correspond to those outgoing orthogonal edges at v which are not colored i.

The remaining exterior vertices of the upper staircase are two-joins shar-

ing two coordinates (i and some other) with v and two coordinates with the

respective second generator. The interior vertices are two-joins which almost

strictly dominate v in color i, i.e. they correspond to ingoing orthogonal

edges of color i.

While generic and cogeneric flats are the simplest possible flat-types, the

following example shows a topologically more interesting flat:

Example 4.19 (A Donut-Flat). The flat shown in Figure 4.7 is part of a

4-dimensional orthogonal surface SV generated by four suspensions and nine

interior vertices

v1 = (1, 8, 2, 2) v2 = (8, 2, 1, 2) v3 = (2, 1, 8, 2)

v4 = (3, 4, 5, 1) v5 = (3, 5, 4, 1) v6 = (4, 3, 5, 1)

v7 = (4, 5, 3, 1) v8 = (5, 3, 4, 1) v9 = (5, 4, 3, 1)

The lower staircase of this 4-flat is generated by the three minima v1, v2, v3.

The following two-joins share two coordinates with each of their generators

and “cut a hole” into the flat:
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v3

v2v9v3v4
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v1v5
v1v7

v2v8

Figure 4.7: A non-degenerate Torus-Flat

v1 ∨ v5 v1 ∨ v7 v2 ∨ v8

v2 ∨ v9 v3 ∨ v4 v3 ∨ v6

4.2 Characteristic points and the CP-order

In this section, we will look at some less geometric and more combinatorial

properties. We already mentioned that the intersections of different flats are

the interesting combinatorial features of the orthogonal surface. In particular,

we will examine the structures of those points which are contained in flats of

all colors:

Definition 4.20. The cp-order of an orthogonal surface SV is the set CV cp-order

equipped with the dominance order.

Observation 4.21. The cp-order of a d-dimensional orthogonal surface has

order dimension (at most) d.

In dimension 3, we could interpret the cp-order of a rigid suspended orthogo-

nal surface as the face-lattice of a 3-polytope minus the minimum, maximum

and some facet.

This is the central issue we have in mind when we investigate the prop-

erties of arbitrary cp-orders. How different are they from face-complexes?
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Scarf’s Theorem (Theorem 6.13) answers this question for the generic case,

where all cp-orders can be extended to face-lattices of convex polytopes. In

Chapter 6, we will discuss this in more detail.

For the general case, we will present examples in Chapter 7 that show

that there are substantial differences between cp-orders and face-lattices.

Nevertheless, we have face-complexes in mind while we talk about cp-

orders. Therefore, it is sometimes convenient to consider the extended cp-

order of a suspended surface SV . For this order, we add a global minimum 000,

a global maximum 111 and an element f o representing the outer face. This

additional element f o is covered by 111 and covers all maximal characteristic

points which are contained in the unbounded flats. We denote the extended

cp-order by C̃V = CV ∪ {000,111, f o}.

The following lemma (together with Corollary 4.13) shows that if SV is

suspended, then every characteristic point lies below some local maximum.

In the language of face-complexes, this means that every face is contained in

a face of maximal dimension. A complex with this property is called pure.pure

Lemma 4.22. If V ⊂ Nd and SV is suspended, then every characteristic

point is contained in at least one bounded flat.

Proof. There are exactly d unbounded flats, but they have coordinate value 0

and therefore empty intersection (the origin is not contained in any suspended

orthogonal surface).

The cp-order (CV ,≤) and the sets of tight coordinates capture the combina-

torial type of an orthogonal surface.combinatorial type

Definition 4.23. Two d-dimensional orthogonal surface SV , SV ′ are isomor-

phic if they have the same combinatorial type, i.e. if there is an isomorphismisomorphic

ψ : CV → CV ′ and a permutation π on the set of coordinates {1, . . . , d} such

that for all characteristic points c ∈ CV and v ∈ Dc we have:

Tψ(c)(ψ(v)) = π(Tc(v))

Some of the results from the last section are tools to determine the char-

acteristic points of a surface. Obviously, a point c ∈ SV is characteristic if

and only if there is an i-witness for every i, which is equivalent to a certain

structure in T (c) by Proposition 4.15.

If G ⊂ V is a generating set such that
∨

(G \ {v}) �
∨

(G) for all v ∈ Gp,

then G is a minimal generating set. In general, a generated point can haveminimal

generating set
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different minimal generating sets, even of different cardinalities. Examples

and a more detailed discussion of this observation will be presented in Chap-

ter 7.

We will often use the following characterization of minimal generating

sets:

Observation 4.24. Let G ⊂ V be a generating set. Then G is a minimal

generating set if and only if for every v ∈ G, there is an exclusive coordinate exclusive

coordinatewith respect to G, i.e. a coordinate i ∈ [d] such that for all w ∈ G \ {v},

wi < vi.

As a consequence, every subset of a minimal generating set is a minimal gen-

erating set, because exclusive coordinates with respect to G are also exclusive

with respect to any subset of G.

The following lemma shows: If p is generated such that its vertex down

set is a minimal generating set, then p and every generated point below p is

characteristic.

Lemma 4.25. Let p ∈ SV be a generated point such that Dp is a minimal

generating set. Then p is a characteristic point.

Proof. We consider the characterization of the minimal generating set we

obtain from Observation 4.24. The exclusive coordinates ensure that the

sets of tight coordinates form an antichain in the inclusion-order. The claim

then follows from Proposition 4.15.

If p has this property, then it follows directly that every subset of Dp gen-

erates a characteristic point, as we already observed that subsets of minimal

generating sets are again minimal generating sets. This means that the lower

interval of p in the cp-order is a Boolean lattice, i.e. the face inclusion order

of a simplex.

Recall that an edge-point is a point p = u ∨ v ∈ SV with u, v ∈ V such that

◦ p ∈ Ai(u)

◦ v is a vertex with minimal i-coordinate satisfying vi > ui and vj ≤ uj
for all j 6= i.

Lemma 4.26. Every edge-point is a characteristic point.
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Proof. We show that u is a j-witness for p for all j 6= i and v is an i-witness.

Assume u is not a j-witness for p in some coordinate j 6= i. Then, by

Proposition 4.15, there is a w ∈ Dp such that j /∈ Tp(w) ⊂ Tp(u).

Since Tp(u) = [d] \ {i}, this implies that wk ≤ uk for all k 6= i and, since

V is an antichain, we must have wi > ui. With i /∈ Tp(w), we know that

wi < vi. This is a contradiction to the i-minimality of v. Therefore, u is a

j-witness for p for all j ∈ [d].

Assume that v is not an i-witness for p. Again by Proposition 4.15, there

is a w ∈ Dp such that i /∈ Tp(w) ⊂ Tp(v). This implies that Tp(w) ⊂ Tp(u) =

[d]\{i} which leads to the same contradiction as in the first part of the proof.

Therefore, v is an i-witness for p and p is a characteristic point.

In dimension at least four, not every two-join is an edge-point in the sense of

Lemma 3.21. There can occur two-joins which share more than one and less

than d− 1 coordinates with every generator.

4.3 Schnyder Structures in High Dimensions

We will now define the orthogonal graph on the vertex set V under a certain

condition we call rigidity, namely that every edge-point is a two-join (which

is the most straightforward generalization of the rigidity notion we had for

dimension three).

Definition 4.27. Assume that SV is an orthogonal surface such that every

edge-point is a two-join.

The orthogonal graph G(V ) = (V,Eo) is defined by {u, v} ∈ Eo if andorthogonal graph

only if e = u ∨ v is a two-join, respectively a characteristic point, and e is

contained in some orthogonal arc.

Under certain conditions, namely if SV is non-degenerate and suspended

but non-rigid, we can still define an orthogonal graph such that every non-

suspension vertex has d outgoing orthogonal edges. This graph is not unique,

as illustrated in Figure 3.7, but we can choose some edge for every edge-point.

This is sufficient to obtain the results we will present in the remainder of this

section.

We color and orient every edge {u, v} of the orthogonal graph according

to the following rule:
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◦ If u∨ v ∈ Ai(u), then the edge {u, v} is assigned color i and is directed

from u to v.

Note that this implies that an edge can receive two colors and two directions,

namely if u ∨ v ∈ Ai(u) ∩ Aj(v). Lemma 4.29 will show that if an edge has

two different directions, then these are colored differently.

This coloring and orientation of the egdes and the labeling of vertex-

edge-incidences with the sets of tight coordinates is a generalization of the

Schnyder coloring and labeling we described in Section 2.6.

An i-orthogonal edge from u to v is strictly monotonic increasing in i, i.e.

vi > ui, and monotonically decreasing in all other coordinates uj ≥ vj for all

j 6= i. For a bidirected edge connecting u and v in colors i and j, it follows

that uk = vk for all k 6= i, j.

This monotonicity prevents monochromatic cycles. Since every vertex

except the ith suspension si has outdegree one in color i, we obtain the

following observation:

Observation 4.28. If SV is suspended, then the set of orthogonal edges of

color i forms a spanning tree on the orthogonal graph for every i ∈ [d].

In the following, we will show that the orthogonal graph is weakly d-connected.

This means that if we add a vertex v∞ adjacent to all d suspensions, then

the resulting graph is d-connected.

Lemma 4.29 presents some useful technical results which can be derived

from the monotonicity. Let Pi(u) be the path of orthogonal edges in color i

which connects u to si.

Lemma 4.29. Let u, v ∈ V , u 6= v.

◦ Pi(u) ∩ Pj(u) = {u} if i 6= j

◦ If Pi(u) ∩ Pj(v) 6= ∅, then Pj(u) ∩ Pi(v) = ∅

◦ If Pi(u) ∩ Pj(v) 6= ∅ and v /∈ Pi(u), then Pi(u) ∩ Pk(v) = ∅ for all k

with k 6= j and k 6= i.

Proof. (i): This follows from the monotonicity.

(ii): If u ∈ Pj(v), the claim follows from (i). If w 6= u, v and w ∈ Pi(u)∩Pj(v),

then ui < wi ≤ vi and vj < wj ≤ uj and we obtain ui < vi and vj < uj.

Therefore, there cannot simultaneously exist a w′ ∈ Pj(u) ∩ Pi(v) with

uj < w′
j ≤ vj and vi < w′

i ≤ ui, this would yield a contradiction.
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(iii): If u ∈ Pj(v), assume there is a w ∈ Pi(u) ∩ Pk(v). From (i), it follows

that w 6= u and by the assumption v /∈ Pi(u), we have w 6= v. Since u ∈ Pj(v)

and w ∈ Pi(u) and i, j 6= k, we have wk ≤ uk ≤ vk. This is a contradiction

to w ∈ Pk(v), since this would mean wk > vk.

If u /∈ Pj(v), let w1, w2 6= u, v and w1 ∈ Pi(u) ∩ Pj(v) and w2 ∈ Pi(u) ∩

Pk(v), k 6= j. Assume that w2 comes behind w1 on Pi(u), this implies

w2
k ≤ w1

k.

But by monotonicity on Pj(v) and Pk(v), we obtain the contradiction

w1
k ≤ vk < w2

k.

Theorem 4.30. The orthogonal graph of a d-dimensional suspended orthog-

onal surface is weakly d-connected.

Proof. We show that for any pair of vertices u, v ∈ V , there are at least d

u − v-paths such that no two of them share any vertex except u and v. By

Menger’s Theorem, it then follows that the graph G(V ) is d-connected.

Paths between pairs of suspensions

If there are no exterior vertices except the suspensions, then the suspen-

sions together with the additional vertex v∞ form a complete graph Kd+1

which is d-connected. If there are additional exterior vertices, they might

subdivide the edges of this outer simplex, but this does not change the fact

that any two suspensions are connected by d vertex-disjoint paths.

Let Pij denote the simple path of exterior vertices connecting the suspen-

sions si and sj.

Paths between non-suspensions and suspensions

Let v be a non-suspension vertex and si a suspension. The first path in our

collection is Pi(v). For every j 6= i, we construct another path by combining

suitable pieces of Pj(v) and Pij: Follow Pj(v) until meeting the first vertex

of Pij, then follow Pij in direction of si. Since the two paths Pj(v) and Pij
share the end-vertex sj, it is ensured that they meet somewhere, yielding a

simple path from v to si.

It remains to check that all these paths are interiorly disjoint. First

observe that Pij consists of exterior vertices whose only non-zero coordinates

are i and j. The monotonicity criterion therefore implies that Pij is interiorly

disjoint with all paths Pk(v) for k 6= i, j.

By Lemma 4.29, we also know that any two paths Pj(v), Pk(v) are inte-

riorly disjoint.
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The only case where the construction goes wrong is when Pi(v) intersects

some Pij in an interior vertex. However, this can only happen for at most

one j. In this case, we use the additional vertex v∞ to complete Pj(v) to

another v − si-path.

Paths between pairs of non-suspensions

It remains to prove that for any two non-suspension vertices u, v ∈ V ,

there are d vertex-disjoint u− v-paths.

Consider the pairs of intersecting paths where Pi(u) ∩ Pj(v) = {w}, w 6=

u, v and i 6= j.

By Lemma 4.29, these pairs yield a family of vertex-disjoint paths between

u and v. On these u, v-paths, there are only interior vertices.

Now consider the paths Pi(u) and Pj(v) which we have not used yet. If the

coordinate i is unused for both vertices, then we obtain another connection

between u and v in the i-tree which is vertex-disjoint from all previous paths.

Possibly, Pi(u) ∩ Pi(v) = {si}, so we might use some suspensions. It is

also possible that u ∈ Pi(v).

For each of the two vertices u, v, we are now left with the same number k

of unused coordinates. The paths Pi(u), Pj(v) corresponding to these coordi-

nates are all vertex-disjoint. Together with the complete (subdivided) graph

on the ≥ k unused suspensions, we can extend them to k more u− v-paths.

This completes the proof.

We summarize: The orthogonal graph of a non-degenerate surface has the

following Schnyder properties:

◦ All interior edges at the suspension vertex si are ingoing edges of color i.

◦ Every non-suspension vertex v has outdegree one in each color.

◦ All incoming edges of color i come in on the opposite side of the corre-

sponding outgoing edge (in the span of the other d− 1 outgoing arcs),

this follows from the structure of the cone C(v).

◦ There is no directed cycle in one color, this follows from the monotonic-

ity of the edges.

In dimension at least four, the two-join graph can contain edges which are

not orthogonal, so they cannot be colored and oriented by the same rules.
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In this case, it is easier to generalize the Schnyder labeling. In the generic

case (and also in the more general non-degenerate case), a minimum m and

a maximum M ≥ m share exactly one coordinate i, i.e. we have m ⊳i M .

If we interpret the maximum as a facet of some face complex, then this

coordinate labels the angle of the vertex m in this facet. Combinatorially,

we label incidences between vertices and facets, respectively between minima

and maxima, with the shared coordinates. This labeling has the following

properties:

◦ At a suspension vertex si, all incidences are labeled i.

◦ At every minimum and at every maximum, all d possible labels appear

in contiguous regions.

As in the 3-dimensional case, the geometry of the positive and negative cones

directly yields these observations.

Unfortunately, the following example shows that the regions Ri(v) which

play an important role in the Schnyder-theory for planar maps, do not have

a good generalization to dimension ≥ 4.

Example 4.31 (No Schnyder Regions). We consider a generic surface gen-

erated by four suspensions s1, s2, s3, s4 and the three interior vertices

u = (1, 2, 3, 1) v = (3, 3, 2, 2) w = (2, 1, 1, 3)

We consider the interior vertex v. To partition the embedding of G into

four regions Ri(v), i ∈ [4], we must define the boundaries of these regions in

analogy to the paths in the Schnyder graph.

The edges (v, u) and (v, w) are the outgoing orthogonal edges of v in

color 3 respectively 4. The edge (u,w) is not orthogonal, because the point

u∨w shares two coordinates with each of its generators and is therefore not

contained in any orthogonal arc.

The tetrahedron spanned by u,w, s3, s4 must belong to one of the two

regions R1(v) or R2(v). However, the situation is totally symmetric. There

is no reason why the tetrahedron should belong to one of the two regions and

not belong to the other one.

If SV is a 4-dimensional generic surface and all edges are orthogonal, then

we call SV a stacked surface. Stacked surfaces and the corresponding facestacked surface
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s4s3

Figure 4.8: The tetrahedron uws3s4 belongs either to both regions R3(v) and R4(v) or

to none.

complexes have a recursive and hierarchical structure.

In this special case, we can define the region Ri(v) recursively by de-

scending into all tetrahedra which are dominated by v in coordinate i. More

precisely, let ri(v) be the set of local maxima M ≥ v such that Mi = vi.

Then we define

Ri(v) = ri(v) ∪ {Ri(u) : u ∈ DM for some M ∈ ri(v)}

For stacked surfaces, this yields a partition of the set of maxima into d parts

for every minimum v ∈ V .

In the non-stacked Example 4.31, we would obtain uws3s4 ∈ R3(v) ∩

R4(v) 6= ∅, which violates the properties of a partition.





Chapter 5

Rhombic Tilings

In Chapter 3, we showed how a projection of an orthogonal surface SV ⊂ Rd

to the hyperplane

H = {x ∈ Rd :
d∑

i=1

xi = 1}

yields a (d − 1)-dimensional picture of SV . We will now discuss this picture

in more detail.

Throughout this chapter, we assume that all vertices of SV have integer

coordinates. Since only the coordinate orders are important for the combi-

natorial type, this is no restriction. Given an arbitrary surface SV , we can

move all vertices to integer points without changing the type of SV .

Proposition 4.17 from Chapter 4 states that SV is decomposable into

flats. If V ⊂ Nd, then every i-flat is the union of intervals [p, q], where

q = p+ 1− ei. Geometrically, such an interval is a (d− 1)-dimensional axis-

parallel unit cube. Therefore, an orthogonal surface SV with integer vertices

can be decomposed into (d− 1)-dimensional unit cubes. The k-faces of such

a cube-arrangement are exactly the intervals [p, q] of surface points with

integer coordinates, where p and q share d − k coordinates, more precisely

q = p+
∑
i∈I

ei for some I ∈
(
[d]
k

)
.

The projections of the unit cubes decompose the hyperplane H and yield

a rhombic tiling of (d− 1)-space. rhombic tiling

The combinatorics of flat-intersections of SV are the same as the combi-

natorics of certain points in the corresponding rhombic tiling. We use this

correspondence to classify the points of an orthogonal surface with respect

to the pattern of flats they are incident to.

73
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Figure 5.1: A 3-dimensional surface and the corresponding rhombic tiling of the plane

5.1 Some Basic Geometry

Let C be a (d− 1)-dimensional orthogonal cube, i.e. an interval C = [p, q] in

the dominance order, where q = p+1−ei. We can also say that C is spanned

by the vectors ej for j 6= i, that is, it can be represented in the following way:

C = p+ span({ej : j 6= i}) = p+ {
∑

j 6=i

λjej : 0 ≤ λj ≤ 1 for all j}

Every k-face of C can be described in the same way, as an interval in the

dominance order or as the span of a set of k ≤ d − 1 unit vectors. The

orthogonal projection of C to the hyperplane H is a bijection preserving all

faces. The projections of the cubes are spanned by the projections of the

unit vectors.

Definition 5.1. A rhombic i-tile T is the orthogonal projection of a (d− 1)-rhombic i-tile

dimensional unit cube C = [p, q], where q = p+ 1− ei, to the hyperplane H.

The projections of the minimum p and maximum q are called the min-vertexmin-vertex

and max-vertex of T , respectively.max-vertex

If p′ ∈ H is the min-vertex, i.e. the projection of the surface point p, then T

can be written as

T = p′ + span({vj : j 6= i}) = p′ + {
∑

j 6=i

λjv
j : 0 ≤ λj ≤ 1 for all j}

where vk denotes the orthogonal projection of the unit vector ek to the hy-

perplane H.
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Figure 5.2: Dimension d = 3, 4: The projections of the unit vectors to R2, R3. V + is

marked black, V − white.

To understand the geometry of the rhombic tiling of (d − 1)-space, we will

first collect useful observations about the vectors vk. We start by introducing

some notation. Let V + = {v1, . . . , vd} and V − = {−v1, . . . ,−vd}. For an

arbitrary vector set U ∈ Rd, the cone of U is defined as

cone(U) = {
∑

u∈U

λuu where λu ∈ R and λu ≥ 0 for all u ∈ U}

The relative interior of the cone of U can be written as

cone+(U) = {
∑

u∈U

λuu : 0 < λu for all u ∈ U}

The projections v1, . . . , vd lie equally spaced around the origin, in partic-

ular every subset of d − 1 vectors spans the same solid angle. From this

observation, we can deduce the following:

Observation 5.2. ◦ The set of all vectors v1, . . . , vd spans space, i.e.

cone(V +) = cone(V −) = Rd−1.

◦ The vector set V + \ {vi} is contained in a halfspace defined by the

hyperplane with normal vector vi, therefore no proper subset of V + or

V − spans space.

◦ If U ⊂ {±v2, . . . ,±vd}, then we have v1 ∈ cone(U) if and only if

{−v2, . . . ,−vd} ⊆ U , analogously for all other members.

The rhombic tiles form a decomposition of space, in particular, any two of

them have disjoint interiors. The following proposition characterizes this

condition for a tiling vertex. Two tiles with common vertex v have disjoint

interiors if and only if their spanning vectors at v do not contain a certain

subconfiguration of dual sets. More precisely, we have:
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Proposition 5.3. Let A,B ⊂ {±v1, . . . ,±vd}, A 6= B. Then

cone+(A) ∩ cone+(B) 6= ∅

if and only if there is a set I ⊂ [d] with 1 ≤ |I| < d such that vi ∈ A for all

i ∈ I and −vj ∈ B for all j ∈ [d] \ I - or vice versa.

In this case, we say that A and B contain a dual configuration. One exampledual configuration

of a dual configuration is v1, . . . , vk ∈ A and −vk+1, . . . ,−vd ∈ B.

To prove this result, we need some basic facts from convex geometry.

First, we introduce this standard notation for halfspaces defined by hyper-

planes: Let G be a hyperplane in Rd defined by the equation 〈a, x〉 = b for

some a, b ∈ Rd. We denote G+ = {x ∈ Rd : 〈a, x〉 ≥ b} and G− = {x ∈ Rd :

〈a, x〉 ≤ b}.

Observation 5.4. The cone of a vector set U ⊂ Rd is a proper subset of Rd

if and only if there is a hyperplane G such that U ⊂ G+.

Furthermore, we will apply the following version of the well-known Separating

Hyperplane Theorem, a proof can be found in [22]:

Theorem 5.5 (Separating Hyperplane Theorem). Let X,Y ⊂ Rd be two

convex sets with disjoint interiors. Then there exists a hyperplane G sepa-

rating X and Y , i.e. X ⊆ G+ and Y ⊆ G−.

Now we prove Proposition 5.3:

Proof. “⇐”: We show:

cone+({v1, . . . , vk}) ∩ cone+({−vk+1, . . . ,−vd}) 6= ∅

Both cones are convex sets in Rd−1. The Separating Hyperplane Theorem

states that if their interiors are disjoint, then there is a hyperplane G such

that cone({v1, . . . , vk}) ⊆ G+ and cone({−vk+1, . . . ,−vd}) ⊆ G−. The hy-

perplane G must contain the origin, because the two cones meet there.

Any hyperplane through the origin separates vi from −vi (or contains

both) for every i, this implies that −v1, . . . ,−vk ∈ G− and vk+1, . . . , vd ∈

G+. By Observation 5.4, this is a contradiction to the fact that v1, . . . , vd

(respectively their negative counterparts) span Rd−1.

“⇒”: The proof for the reverse direction is in two steps:
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(i) If cone+(A) ∩ cone+(B) 6= ∅, then there are two disjoint sets A′ ⊆ A

and B′ ⊆ B such that cone+(A′) ∩ cone+(B′) 6= ∅.

(ii) Two disjoint sets X,Y ⊂ V +∪V − which contain no dual configuration

can be separated by a hyperplane.

(i): We have A 6= B and we can assume A ∩B 6= ∅.

If there is a vector vi ∈ A ∩ cone+(B), then we set A′ = {vi} and B′ =

B \ {vi} and are done.

Hence, we can assume that no such situation occurs. This implies that

two boundary facets F of cone(A) and F ′ of cone(B) with F 6= F ′ intersect

in their interior.

If F and F ′ have disjoint spanning vector sets, we are done. Otherwise,

the claim follows by induction if we consider the reduced problem on the two

sets with fewer spanning vectors.

(ii): We extend Y to a set Y ′ ⊃ Y in the following way: If vi ∈ X \ Y , then

we insert −vi into Y ′. In this way, we maintain that X and Y ′ are disjoint.

Since X and Y contain no dual configuration, it follows that Y ′ contains

none of the sets V +, V − or {±v1, . . . ,±vi−1,±vi+1, . . . ,±vd}. Therefore,

by Observation 5.2, Y ′ does not span Rd−1. By Observation 5.4, there is

a hyperplane G such that Y ′ ⊂ G+. But this implies that X ⊂ G−, since

X ⊂ −Y ′, which completes the proof.

Now we are done with the general geometry and come back to our rhombic

tilings.

5.2 Rhombic Tiles and Intersection Points

Let p denote the min-vertex of some i-colored tile T and x an arbitrary vertex

of T . Then there is a set J ⊆ [d] \ {i} such that x = p +
∑
j∈J

vj , and we can

represent T as the span of vectors ±vj at x as follows:

T = x+ span({σjv
j : j 6= i}) = x+ {

∑

j 6=i

σjλjv
j : 0 ≤ λj ≤ 1 for all j}

where σj = −1 if j ∈ J and 1 otherwise. The tile T is a combinatorial

cube, its vertices form a Boolean lattice. The size of J can be interpreted as

the rank of x in the Boolean lattice. The min-vertex p has rank 0 and the
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max-vertex has rank d− 1. In general, the rank of the vertex x in the tile T

is the number of negative edges x− vj spanning T .

For a fixed vertex x in a rhombic tiling of (d − 1)-space, we will use the

following encoding of a tile T at x: There is exactly one index i ∈ [d] with

value 0, this determines the orientation or color of the tile. All other indices

are + or −, they determine the edges spanning T . The number of − is the

rank of x in T .

v1 v2 v3 . . . vi−1 vi vi+1 . . . vd

T : + − + . . . − 0 + . . . +

Two tiles at x are adjacent if and only if they coincide in d− 2 edges, which

span the common facet. If we fix d− 2 edges of a tile T , then there are two

possibles ways to extend this configuration to a different tile T ′ 6= T which

does not contain a dual configuration with respect to T . This implies that

for a given tile T and a facet F of T , there are only two possibilities to attach

a neighboring tile to F .

From the geometric properties we collected in the first section of this

chapter, we know that two tiles T1, T2 intersect in their interior if and only

if they contain a dual configuration, i.e. the pattern:

T1: + + . . . + . . . . . . . . . . . .

T2: . . . . . . . . . . . . − − . . . −

Example 5.6. We consider three tiles T1, T2, T3 at an intersection point x.

v1 v2 v3 v4 v5 v6 v7 v8

T1: + + − + − 0 − −

T2: + + − + + 0 − −

T3: + 0 − + + + − −

There is no pair of tiles containing a dual configuration, therefore all three

tiles fit around x.

T1 and T2 are adjacent tiles of the same type (color 6), they share the

facet spanned by v1, v2,−v3, v4,−v7,−v8. The vertex x has rank 4 in T1 and

rank 3 in T2.

The 2-colored tile T3 shares a facet (a 6-face) with the tile T2, and a 5-face

with the tile T1.
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x x

T2

v3

v2

v3

v2

−v1

T3

T1

Figure 5.3: In dimension 2, one tile where x has rank 0 occupies the same angle as two

tiles where x has rank 1. In this example T1 = (0, +, +) can be replaced by T2 = (−, 0, +)

and T3 = (−, +, 0).

The solid angle of a tile T at a vertex x is determined by the rank of x in T .

A rhombic tile in dimension two has two different classes of vertices: At the

min-and at the max-vertex, the angle is 2π
3

. At the other two vertices, which

have rank 1, the angle is π
3
.

Let αd(k) denote the fraction of the total solid angle at a vertex of rank k.

Proposition 5.7.

kαd(k − 1) = (d− k)αd(k)

Before we prove this, let us consider an example in dimension 2. Figure 5.3

shows such a 2-dimensional configuration and also gives a hint how to prove

the proposition. The intersection point x is the min-vertex of tile T1, i.e. x

has rank 0 in T1. If we remove T1, we can fill the same angle with tiles T2, T3,

where x has rank 1. This shows that α3(0) = 2α3(1).

Note that α3(0) = α3(2) = 1
3

and α3(1) = 1
6
. Therefore, we have α3(0) =

(3 − 1)αd(1).

Proof. We fix an intersection point x and show that we can replace k tiles in

which x has rank k − 1 by d− k tiles where x has rank k.

Consider k tiles T1, . . . , Tk, where Ti is spanned by the d− 1 edges x− vj

for 1 ≤ j ≤ k and j 6= i and x+ ej for k+ 1 ≤ j ≤ d. Note that x is a vertex

of rank k− 1 in every tile Ti, i ≤ k, because there are k− 1 edges in negative

direction. Furthermore, there are no dual configurations, so the interiors of

the tiles are disjoint.

Now consider a second set of d− k tiles Tk+1, . . . , Td, where Ti is spanned

by the edges x − ej for 1 ≤ j ≤ k and x + ej for k + 1 ≤ j ≤ d and j 6= i.

Note that x is a vertex of rank k in every tile Ti, i ≥ k + 1, because there
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are k edges in negative direction. Again, the interior of two different tiles of

this set is disjoint.

Note that any pair of tiles Ti, Tj with i ≤ k and j > k contains a dual

configuration, so Ti and Tj intersect in their interiors.

We will now consider the facets of the tiles to show that the two sets of

tiles span the same total angle at p, that is, the same (d − 1)-dimensional

cone with apex p.

v1 v2 . . . vk vk+1 vk+2 vk+3 . . . vd−1 vd

T1: 0 − . . . − + + + . . . + +

T2: − 0 − − + + + . . . + +
... − −

. . . − + + + . . . + +

Tk: − − . . . 0 + + + . . . + +

Tk+1: − − . . . − 0 + + . . . + +

Tk+2: − − . . . − + 0 + . . . + +
... − − . . . − + + 0 . . . + +
... − − . . . − + + +

.. . + +
... − − . . . − + + + . . . 0 +

Td: − − . . . − + + + . . . + 0

Any two tiles of the first set have a common facet of the form

− 0 − . . . − 0 − + + + . . . + +

and any two tiles of the second set have a common facet of the form

− − − . . . − + . . . 0 + . . . + 0 +

The two sets of tiles have the same set of exterior facets, each is incident to

exactly one tile of the first set and one tile of the second set:

− . . . − 0 − . . . − + . . . + 0 + . . . +

The two sets are spanned by the same edges and have the same set of exterior

facets. This proves that they span the same cone.

At the min-vertex and the max-vertex, the tile is spanned by d− 1 positive

respectively negative edges. The d positive (or negative) edges at any inter-

section point are equally spaced, therefore the d subsets of size d− 1 span d

angles of equal size. This implies αd(0) = αd(d− 1) = 1
d

for all d.
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Figure 5.4: Classification of intersection points of a rhombic tiling of R2

Corollary 5.8.

αd(k) =
1

d
(
d−1
k

)

This implies that for every tile, the fractions of all angles at rank k-vertices

add up to 1
d
, and the fractions of all angles add up to 1.

If we denote with Nk(x) the number of tiles in which the intersection

point x has rank k, then we obtain

d−1∑

k=0

Nk(x)αd(k) =
d−1∑

k=0

Nk(x)

d
(
d−1
k

) = 1

which can be simplified to

d−1∑

k=0

Nk(x)(
d−1
k

) = d

5.3 Classification of Intersection Points

Let SV be an orthogonal surface, p ∈ SV a point with integer coordinates

and p′ its projection to H. The faces of the rhombic tiling which are incident

to p′ correspond to the intervals containing p on SV . For example, the edge

p′ + vk appears in the tiling if and only if q = p+ ek ∈ SV .

By Lemma 4.7, we know that

p+ ei /∈ SV =⇒ p− ej ∈ SV for all j 6= i and

p− ei /∈ SV =⇒ p+ ej ∈ SV for all j 6= i

According to this rule, Figure 5.4 shows all types (up to rotation) of inter-

section points that occur in a rhombic tiling of the plane. In R2, the edges

at a tiling vertex completely determine the type of the point.
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Figure 5.5: Rhombic tiles combine to a hexagon (R2) or a rhombic dodecahedron (R3).

Min-vertices are marked black, max-vertices white.

This can be translated back into information about the orthogonal sur-

face. For example, a point p on a 3-dimensional surface SV is degenerate if

and only if there is a p ∈ SV such that p± ei ∈ SV for all i = 1, 2, 3.

Observation 5.9. We have p + ei /∈ SV if and only if the projection of p is

the max-vertex of some i-tile.

Likewise, p− ei /∈ SV if and only if the projection of p is the min-vertex

of some i-tile.

We will now classify the vertices of a rhombic tiling of R3. Here, the edges

do not contain enough information to determine the type of the point, as

Example 5.10 shows.

A tile is a combinatorial 3-cube with two classes of angles: The min-

vertex and the max-vertex are incident to solid angles π = 4π
d

. The angles at

vertices of rank 1 and rank 2 are π
4

= 4π
d2

.

Such a “pseudo-cube” can be realized with the following coordinates,

where (0, 0, 0) is the min-vertex and (1, 1, 1) the max-vertex.

(0,0,0) (1,1,-1) (1,-1,1) (-1,1,1)

(2,0,0) (0,2,0) (0,0,2) (1,1,1)

The following examples show the two types of replacement as described in

the proof of Proposition 5.7 for 3-dimensional tilings. We will use these re-

placement schemes to generate all possible tiling points for our classification.

Example 5.10. The tiles T1 and T2 occupy the same angle and use the same

edges (−v1,−v2,+v3,+v4) as T3 and T4. The two pairs can be exchanged

(as in the proof of Proposition 5.7).



5.3 Classification of Intersection Points 83

p

T1

T2

T3

T4

Figure 5.6: Exchanging two pairs of tiles at a vertex in a rhombic tiling of R3

v1 v2 v3 v4

T1: 0 - + +

T2: - 0 + +

T3: - - 0 +

T4: - - + 0

Figure 5.6 shows the scheme of this exchange. The configuration the vectors

±vi form around a vertex p has the structure of a cube with the two addi-

tional diagonals on every face. These diagonals represent the possible 2-faces

incident to p in a rhombic tiling. In other words, placing tiles around an

intersection point correponds to choosing one diagonal for every face. Exam-

ple 5.10 shows how one diagonal can be exchanged for its complement. The

other type of exchange is described in Example 5.11: One large angle can be

exchanged with three small ones.

Example 5.11. The tile T1 is spanned by the edges v2, v3 and v4. We have

−v1 ∈ cone+{v2, v3, v4}, so T1 can be replaced by the three small angles of

the tiles T2, T3 and T4. Each of them shares a facet with T1 and they all meet

at the interior edge −v1.

The scheme is shown in Figure 5.7.

v1 v2 v3 v4

T1: 0 + + +

T2: - 0 + +

T3: - + 0 +

T4: - + + 0

If there are no big angles incident to a vertex p, i.e. p is no min-or max-vertex

of any tile, then there are six independent configurations as in Example 5.10.

This implies that there are 26 different possibilities to place tiles around an
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p
T3

T1

T4

T2

Figure 5.7: Exchanging one tile with a large angle against a triple of tiles with small

angles

Figure 5.8: The seven types of vertices where all possible edges are used, this means that

all incident angles are small.

intersection point using all possible edges. After eliminating the symmetric

cases, we obtain seven different types which are shown in Figure 5.8.

If one of the eight edges is not used, then the corresponding vertex x is

the min-or max-vertex of some tile T . This fixes three of the diagonals,

representing the facets of T incident to x. Again, we delete the symmetric

configurations. This leaves us with the four types in Figure 5.9.

There are only three cases with two big angles, these are shown in Fig-

ure 5.10.

If we fix three big angles, then there is only one way to complete the con-

figuration with three small angles. This vertex type is shown in Figure 5.11

on the left side.

Finally, there is only one type of vertices with four big angles. This
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Figure 5.9: The four types of vertices where exactly one edge is not used. This means

that there is exactly one big angle.

Figure 5.10: The three types of vertices with two incident big angles.

type is a min-vertex or max-vertex of every incident tile. The corresponding

surface-points are minima and maxima.

All these types can occur as the projections of surface points. However,

if the orthogonal surface satisfies certain properties, like for example a non-

degeneracy condition, then this excludes most of these points. In particular,

some of the points depicted in Figure 5.8, where all edges are used are gen-

eralizations of the degenerate point in dimension three and do not occur on

non-degenerate orthogonal surfaces of dimension four.

Characteristic points correspond to tiling points incident to tiles of every

type. The type of a characteristic point is determined by its vertex-downset

Figure 5.11: There is only one type of vertex with three big angles and one type with

four, the latter corresponds to a minimum or maximum on the orthogonal surface.
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Figure 5.12: The characteristic points among the tiling-vertices: different colored regions

indicate different types of incident tiles. The first row shows the characteristic points

occuring on a generic surface: A minimum, an orthogonal edge, a symmetric edge and a

ridge or 2-face. The maximum corresponds to the minimum with exchanged positive and

negative rays - we consider both the same type.

and the sets of tight coordinates. According to this, there are for example

only five types of characteristic points on a generic surface of dimension four:

Points of different ranks have different type, and there are two different types

of edge-points, depending on whether the two generating minima contribute

coordinates in the relation 1:3 or 2:2.

In our enumeration of tiling-points, minima and maxima correspond to

the same type, i.e. a point where all incident angles are big.

There are eleven different types of characteristic points, i.e. tiling points

which are incident to all types of tiles, all shown in Figure 5.12. Our obser-

vations show that seven of them do not occur on a generic surface.

5.4 Syzygy-Points

Orthogonal surfaces are closely related to monomial ideals, which are studied

in commutative algebra. We provide a brief description of this relation in
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Figure 5.13: The Koszul-Complexes on points of a 3-dimensional surface. Dual points

are depicted in pairs.

Appendix A, more detailed information can be found in [27].

In this context, the interesting points of an orthogonal surface are the

syzygy points. We will show here that every syzygy point is a characteristic

point, but there are characteristic points which are no syzygies.

For every point p ∈ SV , a simplicial complex ∆p on the set {1, . . . , d} is

defined by:

I ∈ ∆p ⇐⇒ p+
∑

i∈I

ǫei ∈ SV for some ǫ > 0.

This complex is known as the Koszul simplicial complex of a degree p in a

monomial ideal, as in [27], Definition 1.33.

A simplicial complex is a cone if there is some vertex i ∈ ∆ such that

I ∈ ∆ implies I ∪ {i} ∈ ∆.

Lemma 5.12. A point p ∈ SV is characteristic if and only if ∆p is not a

cone.

Proof. “⇒”: Let p be characteristic, i ∈ [d] an arbitrary coordinate. Let

v ∈ Dp be an i-witness for p such that Tp(v) is inclusion-minimal. By Propo-

sition 4.15, this implies that there is no u ∈ Dp such that Tp(u) ⊂ Tp(v).

Therefore, we have p+
∑

j∈Tp(v)−i

ǫej ∈ SV for some ǫ > 0 and Tp(v)\{i} ∈ ∆p.

For every v ∈ Dp and every ǫ > 0, we have p+
∑

j∈Tp(v)

ǫej ⊲ v, so Tp(v) /∈ ∆p.

For every i ∈ [d], there is an i-witness with an inclusion-minimal set of

tight coordinates. Therefore, for every i, we have a simplex I ∈ ∆p and

I ∪ {i} /∈ ∆p. This shows that ∆p is not a cone.
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Figure 5.14: The tiling point with a Koszul-complex which is a path

“⇐”: Suppose p is not characteristic. Then there is some i ∈ {1, . . . , d}

such that p is not contained in any i-flat. This implies that there is some

ǫ > 0 such that p+ ǫei ∈ SV .

The claim is that in this case I ∈ ∆p implies I ∪ {i} ∈ ∆p. Let I ∈ ∆p

with i /∈ I, let p′ = p +
∑

j∈I ǫ ej. This point p′ is on SV by definition of

∆p and p′ is not contained in any i-flat if ǫ is small enough. This implies

p′ + ǫ ei = p+
∑

j∈I∪{i} ǫ ej ∈ SV . Therefore I ∪ {i} ∈ ∆p.

It follows that every maximal simplex of ∆p contains i.

A point p is a syzygy-point if its simplicial Koszul-Complex ∆p has non-trivialsyzygy-point

homology. Lemma 5.12 implies that every syzygy-point is a characteristic

point, since every cone is contractible and hence has trivial homology.

For d = 3, every characteristic point is a syzygy-point. This can be

verified by considering the types of points shown in Figure 5.13.

For d ≥ 4, not all characteristic points are syzygy-points. This reflects the

fact that there are simplicial complexes which are no cones but have trivial

homology. We present the example of a characteristic point p such that ∆p

is simply a path on four vertices, hence contractible. Figure 5.14 shows the

structure of this point in the tiling.

Example: A characteristic point that is no syzygy point

The point p is generated by three minima with the following coordinates:
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u = (2, 2, 1, 1)

v = (2, 1, 2, 1)

w = (1, 2, 1, 2)

Let p = u ∨ v ∨ w = (2, 2, 2, 2). Clearly, p ∈ SV , because p shares some

coordinate with every minimum below.

We first check that p is indeed a characteristic point, using Proposition

4.8. For every i, we have to show that p is contained in an i-flat. We do

this by providing a witness-minimum m ≤ p and a point q ⊲i m such that

m ≤ p ≤ q, thereby proving p ∈ Fi(m).

Each of the q′s in the following table shares one coordinate with each of

the three minima u, v, w. This ensures that q ∈ SV .

p ∈ F1(u): q = (2, 3, 2, 2) ∈ SV , q ⊲1 u and u ≤ p ≤ q

p ∈ F2(u): q = (3, 2, 2, 2) ∈ SV , q ⊲2 u and u ≤ p ≤ q

p ∈ F3(v): q = (3, 2, 2, 2) ∈ SV , q ⊲3 v and v ≤ p ≤ q

p ∈ F4(w): q = (2, 3, 2, 2) ∈ SV , q ⊲4 w and w ≤ p ≤ q

Now we examine the simplicial complex ∆p. With di, we denote the vertex

representing direction i, i.e. di ∈ ∆p if and only if p + ǫei ∈ SV for some

ǫ > 0.

Let ǫ > 0. For all i = 1, 2, 3, 4, we have p + ǫei ∈ SV , because p shares

two coordinates with every minimum. This implies that ∆p has the vertices

d1, d2, d3, d4

p+ ǫe1 + ǫe2 ⊲ u =⇒ {d1, d2} /∈ ∆p p+ ǫe1 + ǫe3 ⊲ v =⇒ {d1, d3} /∈ ∆p

p+ ǫe1 + ǫe4 ∈ SV =⇒ {d1, d4} ∈ ∆p p+ ǫe2 + ǫe3 ∈ SV =⇒ {d2, d3} ∈ ∆p

p+ ǫe2 + ǫe4 ⊲ w =⇒ {d2, d4} /∈ ∆p p+ ǫe3 + ǫe4 ∈ SV =⇒ {d3, d4} ∈ ∆p

The complex ∆p is a simple path on the vertices d1, d2, d3, d4, so ∆p is con-

tractible and hence has trivial homology. This proves that p is not a syzygy

point.





Chapter 6

Generic Surfaces and Triangulations

6.1 Genericity

In this chapter, we discuss generic and strongly generic surfaces. We follow

the terminology introduced in [28].

Usually, genericity, or general position, means that a small perturbation of

the objects does not change the combinatorial situation. Therefore, the term

depends not only on the objects, but also on the combinatorial properties

under consideration. In Section 4.2, we defined the combinatorial type of

an orthogonal surface as a combination of its cp-order and its sets of tight

coordinates. The objects we want to perturb are the vertices of the surface.

In order to obtain a surface whose combinatorial structure is stable un-

der small perturbations of the vertices, no two generators may contribute

the same (positive) coordinate to any characteristic point. This property is

certainly satisfied if no two generators share any (positive) coordinates. If

this is the case, we call SV strongly generic. strongly generic

We explicitely exclude the suspensions and other vertices on the bound-

ary from this restriction: They might share coordinates of value 0. These

coordinates are not changed in a perturbation. In particular, the suspensions

are special fixed vertices that are not subject to perturbations anyway.

If SV is strongly generic, every positive coordinate-value appears only

once among the generators. Consequently, two characteristic points share

the ith coordinate if and only if they are located on the same i-flat. (This is

also true for the d unbouded flats, containing all points with 0-coordinates.)

However, this condition is more restrictive than we actually need in order

to obtain a surface that is stable under small perturbations. The following

is sufficient:

Definition 6.1. An orthogonal surface SV is generic if it is isomorphic to a generic

strongly generic one.

91
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If SV is generic, then all bounded flats are generic flats. The reverse is not

true, Figure 4.5 shows an example where all flats are generic, but the surface

is degenerate.

Observation 6.2. If SV is generic, then for any characteristic point c ∈ SV
and u, v ∈ Dc, we have ui = vi = ci ⇒ ui = vi = ci = 0.

Lemma 6.3. Let p ∈ SV be a generated, but non-characteristic point. Then

there is a characteristic point c = u ∨ v ≤ p, where u, v ∈ V and ui = vi for

some coordinate i ∈ [d].

Proof. There is a coordinate j ∈ [d] such that p has no j-witness. Since p is

generated, there is a vertex v ∈ Dp with j ∈ Tp(v). By Proposition 4.15, then

there must also be a u ∈ Dp such that Tp(u) ⊂ Tp(v) and j ∈ Tp(v) \ Tp(u).

Consider the point p′ = u ∨ v. If p′ is characteristic, then we are done,

since u and v share at least one coordinate i ∈ Tp(u) ⊂ Tp(v).

Else, we have obtained a generated point p′ which is strictly smaller than

p, so we can repeat the argument and the claim follows by induction.

Corollary 6.4. If SV is generic, then all generated points p⊲ 0 are charac-

teristic.

This implies that we obtain a bijection between generating sets U ⊂ V with∨
(U) ⊲ 0 and interior characteristic points. By genericity, it is obvious that

an interior point has a unique generating set, namely its vertex down set. On

the other hand, every generating set yields a unique generated (and by the

previous corollary) characteristic point.

We will now introduce an equivalent characterization of generic surfaces

which is a bit easier to handle:

Proposition 6.5. An orthogonal surface SV is generic if and only if for all

u, v ∈ V and all coordinates i ∈ [d] we have

ui = vi =⇒ ui = vi = 0 or u ∨ v /∈ SV

Proof. “⇒”: Assume ui = vi > 0 and p = u ∨ v ∈ SV . If p is a characteristic

point, we obtain a direct contradiction to genericity by Observation 6.2.

Otherwise, we apply Lemma 6.3 to obtain the same conclusion.

“⇐”: First of all, we note that the above condition together with Lemma 6.3

is strong enough to ensure that all interior generated points are characteristic.
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Therefore, the generating sets U ⊂ V with
∨

(U)⊲0 and characteristic points

c⊲ 0 are in bijection.

Now we construct a strongly generic surfaces which is isomorphic to SV . The

idea is to perturb all minima by small amounts. We have to show that this

perturbation does not change anything about the cp-order and the sets of

tight coordinates.

Let V ′ be the set of minima obtained from a small perturbation, i.e. every

interior minimum v ∈ V is replaced by v′ = v +
∑
i∈[d]

ǫ(v)ei. If we choose ǫ(v)

small enough for all v ∈ V , then this perturbation maintains all orders

on minima with different coordinates, this means vi < wi implies v′i < w′
i.

Furthermore, we choose ǫ such that SV ′ is strongly generic.

A set U ⊂ V is a generating set if and only if the corresponding perturbed

set U ′ ⊂ V ′ is a generating set.

Generating sets are in bijection with characteristic points in both cases,

this implies that the characteristic points are in bijection as well.

Furthermore, if c is a characteristic point, then for all u, v ∈ Dc, we

have u ∨ v ∈ SV and hence ui 6= vi. This implies Tc(u) = Tc′(u
′) for all

characteristic points c, c′ and u, u′ ∈ Dc, D
′
c.

6.2 Properties of Generic CP-Orders

In this section, we will collect properties of generic surfaces. We show that the

extended cp-order is a graded lattice and that it admits a recursive coatom

ordering, which is the equivalent to the shelling of a face complex. These two

results are immediate consequences of Scarf’s Theorem, which states that the

extended cp-order is the face lattice of a convex polytope; such a face lattice

is graded, and all polytopes are shellable. However, we give independent

proofs for the two properties which only use the structure of the cp-order

and no additional information about polytopes.

The important observation from Section 6.1 was that the inclusion order

on the generating sets is isomorphic to the cp-order CV . By Observation 3.9,

this is the incidence order of a simplicial complex, this implies that the or-

der CV is atomic and satisfies the diamond-property. For an element of a

simplicial complex, we define its dimension or its rank as the number of its rank

generators (or vertices) minus one.

For suspended surfaces, Lemma 4.22 implies that this simplicial complex
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is pure, i.e. every characteristic point lies below some local maximum, or

every generating set is contained in a generating set of size d. If this is the

case, then the cp-order is graded, this means that all maximal chains have

the same length.

Lemma 6.6. If SV is generic, p, q ∈ CV where p ≤ q and the rank r(p) = k,

then p and q agree in at least k + 1 coordinates.

Proof. There are k + 1 minima below p. Each of them must contribute a

coordinate to q. The same coordinates are contributed to p, since we have

Dp ⊂ Dq.

Observation 6.7. If SV is a generic surface, then we have the following

properties:

(i) A comparable maximum M and minimum m share exactly one coor-

dinate, i.e. M ⊲i m. For every maximum, there are exactly d minima

below, each contributes a different coordinate to M .

(ii) Below every maximum M , there are exactly d ridges, i.e. characteristicridges

points of rank d−2. By Lemma 6.6, each of these ridges shares exactly

d− 1 coordinates with M .

(iii) Let M be a local maximum, vi ∈ DM the unique minimum with vii =

Mi and ri ≤M the unique ridge with rii < Mi. Then ri =
∨

(DM \ vi).

(iv) For every interior ridge r ∈ SV , there are exactly two maxima above r.

If r is an exterior ridge, then there is exactly one maximum above c.

(v) If p ∈ SV is generated, then v ∈ Dp is an i-witness for p if and only

if pi = vi. From this, it also follows that every generated point is

characteristic.

From (iv), it follows that also the extended cp-order CV ∪ {f o,111,000}, where

every exterior ridge is covered by f o, satisfies the diamond-property.

Lemma 6.8. If SV is suspended and generic, then the extended cp-order

C̃V = CV ∪ {f o,000,111} is a graded lattice.

Proof. We assume that c, d ∈ C̃V are incomparable and show that there is a

unique join c ∨L d and a unique meet c ∧L d:

If c = f o and d is an interior point, then we have c∧Ld = 000 and c∨Ld = 111.

Now assume that c and d are characteristic points. Let c ∨ d denote the

componentwise maximum, c ∧ d the componentwise minimum.
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◦ If c∨d is a characteristic point, then c∨Ld = c∨d. Else, by Proposition

6.5, we either have c ∨ d /∈ SV or (c ∨ d)i = 0 for some i ∈ [d]. In the

first case, we have c ∨L d = 111, in the second case, we have c ∨L d = f o.

◦ For the meet-operation, we consider the setG = Dc∩Dd. If G = ∅, then

we have c ∧L d = 000. Else, it follows from Lemma 4.25 that g =
∨

(G)

is a characteristic point, and we have c ∧L d = g.

For any pair of characteristic points, this clearly defines a unique join and

meet. The rank of a characteristic point in this lattice is the cardinality of

its generating set minus 1. The rank of f o is d− 1.

We will now show that the extended cp-order C̃V admits a special recursive

coatom ordering:

Definition 6.9. Let (P,≤) be a graded order,m1, . . . ,mt be a linear ordering

of its coatoms. We define for every j ∈ [t] the set Qj as the set of coatoms p

of D(mj) such that p < mi for some i < j.

The order m1, . . . ,mt is a recursive coatom ordering if either the length recursive coatom

orderingof P is at most 2 or the following conditions are satisfied for all j ∈ [t]:

(i) For every i < j, x ∈ D(mi) ∩D(mj), there is a p ∈ Qj: p ≥ x.

(ii) D(mj) has a recursive coatom ordering in which the elements of Qj

come first.

Theorem 6.10. Let SV be generic, m1, . . . ,mk the lexicographic order on

the local maxima of SV . Then the linear order f o,m1, . . . ,mk is a recursive

cotaom ordering of the extended cp-order C̃V .

To prove this result, we will use two lemmas and then apply induction on

the dimension. For every vertex v, the two-joins on Fi(v) generate the upper

staircase of the flat. This is a suspended and generic orthogonal surface of

dimension d − 1 (Lemma 6.11). By induction hypothesis, the lexicographic

ordering of its maxima is a recursive coatom ordering. This fits together with

the global ordering.

To make this argument more precise, we consider the set of characteristic

points sharing the ith coordinate with v and introduce the following notation:

For v ∈ V and i ∈ [d], let

Gi(v) = {c ∈ CV : c > v and ci = vi} = (Fi(v) ∩ CV ) \ {v}
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We consider Gi(v) with the dominance order.

Let Ei(v) denote the set of minimal elements of Gi(v), i.e. Ei(v) is the

set of two-joins which share the i-coordinate with v.

Lemma 6.11. Let SV be a generic surface. For every v ∈ V , the suborder

Gi(v) ⊂ CV is the cp-order of the (d − 1)-dimensional suspended generic

orthogonal surface SEi(v).

Proof. We can delete the i-th coordinate from all points of Gi(v). Every

p ∈ Gi(v) can be represented as the join of elements of Ei(v). The elements

of Ei(v) generate the (d− 1)-dimensional surface SEi(v). Since SV is generic,

they satisfy the following property:

If ej = fj, then ej = fj = vj or e ∨ f 6= SEi(v). In the first case, the

coordinate ej = fj is the minimal j-coordinate among all points of Gi(v),

since p ∈ Gi(v) implies p ≥ v and, in particular pj ≥ vj . This shows that the

surface SEi(v) is indeed generic, by Proposition 6.5.

Lemma 6.12. Let SV generic, M ∈ SV local maximum. Let ri denote the

unique ridge, i.e. characteristic point of rank d− 2, with rii < Mi. For every

characteristic point c ≤M , we have ci < Mi if and only if c ≤ ri.

Proof. Observation 6.7 describes how ridges below M are in bijection with

(d − 1)-element subsets of DM . For every coordinate i, there is exactly one

vi ∈ DM such that vii = Mi. Then ri =
∨

(DM \ {vi}).

Every c ≤ M is generated by a subset of DM . We have ci < Mi if and

only if vi /∈ Dc. By Observation 6.7, this is equivalent to c ≤ ri.

This is sufficient to complete the proof of Theorem 6.10:

Proof. The lower intervals of the cotaoms m1, . . . ,mt are Boolean lattices.

This implies that every ordering of their coatoms is a recursive coatom or-

dering, so we do not need to prove any recursive step, it just remains to show

condition (i) of Definition 6.9.

Let Qj = D(mj) ∩ (
⋃
i<j

D(mi)) for all j.

We have to show that for every i < j, x ∈ D(mi) ∩ D(mj), there is a

p ∈ Qj such that p ≥ x.

Let i < j. If mi
1 = mj

1, then the two local maxima are contained in the

same 1-flat, i.e. they correspond to maxima of the upper staircase of this flat,

which is generic, by Lemma 6.11. The claim therefore follows by induction.
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Else mi
1 < mj

1, this also covers the case mi = f o. Then x1 < mj
1 and

x < r1(mj) by Lemma 6.12. Certainly, r1(mj) ∈ Qj, because r1 is the join

of mj with some other lexicographically smaller maximum, or, if r1
1 = 0, we

have r1 ≤ f o.

We summarize: In this section, we have shown that the cp-order of a sus-

pended, generic orthogonal surface is the face inclusion order of a pure sim-

plicial complex which admits a shelling.

6.3 Scarf’s Theorem

Scarf defined a simplicial complex on a set of points assuming that no two of

them share any coordinate, [31], [32]. He called this prerequisite, which we

defined as strong genericity, the nondegeneracy assumption. In subsequent

chapters, we will define non-degeneracy in a much weaker sense. To avoid

confusion, we will not adopt Scarf’s original terminology here, but state the

important result in the language of orthogonal surfaces:

Theorem 6.13 (Scarf’s Theorem). The cp-order of any generic orthogonal

surface in dimension d can be extended to the face-lattice of some simplicial

d-polytope.

In particular, if SV is generic and suspended and all non-suspension vertices

strictly dominate 0, then the cp-order is isomorphic to the face lattice of

some simplicial polytope with one facet removed.

We reformulate the theorem and state its proof as in [4]:

Theorem 6.13. Let SV be a generic orthogonal surface. Then there is a

polytope P such that the cp-order of SV is isomorphic to the subcomplex

of the boundary of P consisting of all faces supported by a strictly positive

inner normal vector.

Proof. We can assume that SV is suspended and that all coordinates of non-

suspension vertices are strictly positive. Otherwise we lift all vertices to

positive coordinates and add suspensions, this is always possible.

Let t ≫ 0. For every v ∈ V , we define vt = (vt1, . . . , v
t
d). For U ⊂ V ,

we denote U t = {vt : v ∈ U}. The polytope P is defined as P = conv(V t).

We first show that for every face of P with a strictly positive inner normal

vector and vertex set U t ⊂ V t, there is a generated point
∨

(U) ∈ SV .
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Figure 6.1: Scarf’s Theorem in dimension 2

Let U t be a the vertex set of a face of P , Hf its defining hyperplane with

inner normal vector w, where wi > 0 for all i ∈ [d]. It is always possible to

choose w such that w1v
t
1 + · · ·+wdv

t
d ≥ 1 for all vt ∈ V t, with equality if and

only if vt ∈ U t, i.e. Hf is defined by the equation 〈w, v〉 = 1 and all points

of P lie in H+
f .

For a vertex v of the face U t, this implies that vtjwj ≤ 1 for all v ∈ U and

j ∈ [d]. Therefore,
∨

(U) ≤ w−1/t.

At least one of the summands wjv
t
j is greater or equal 1/d. This implies

that for all v ∈ V , there is a j ∈ [d] such that vj ≥ w
−1/t
j d−1/t ≥

∨
(U)jd

−1/t.

For t → ∞, the last factor d−1/t vanishes and we obtain vj ≥ w
−1/t
j ≥∨

(U)j, this proves that
∨

(U) ∈ SV is a generated point.

It remains to show that for every generated point g ∈ SV , there is a

face of P . Since SV is suspended, every such point lies below a local max-

imum (Lemma 4.22), and it is sufficient to show that every local maximum

corresponds to a simplex-facet of P .

LetM ∈ SV be a local maximum with vertex down setDM = {v1, . . . , vd},

where vi contributes the ith coordinate to M , i.e. Mi = vii.

We show that the hyperplane spanned by Dt
M separates the origin from

all other points ut ∈ V t \Dt
M . In particular, all points ut ∈ V t \Dt

M lie on

the same side of this hyperplane, this shows that Dt
M defines a facet.

To show this, we consider the signs of determinants which indicate on

which side of the hyperplane spanned by v1, . . . , vd the point ut = (ut1, . . . , u
t
d)

is located.

For all ut ∈ V t \Dt
M , we have:
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−1 = sign(det




1 ut1 . . . utd
1 (v1

1)
t . . . (v1

d)
t

...
...

. . .
...

1 (vd1)
t . . . (vdd)

t


) 6= sign(det




1 0 . . . 0

1 (v1
1)
t . . . (v1

d)
t

...
...

. . .
...

1 (vd1)
t . . . (vdd)

t


) = 1

This can be checked with Laplace expansion along the j-th column.

Intuitively, for very large t, these matrices behave like permutation matri-

ces, this means that there is exactly one term which dominates the Leibniz-

determinant formula and thereby the sign of the determinant. In case of the

first matrix, this is the term corresponding to the identity-permutation.

For every u ∈ V \DM , there is some coordinate j ∈ [d] such that uj > Mj.

This implies that now the dominating term corresponds to a transposition σ

exchanging 1 and j.

6.4 The Realization Problem

For a given simplicial polytope, we would like to know if its face lattice is a

Scarf-complex. More general, for an arbitrary d-polytope P , we ask whether

its face lattice is the cp-order of some d-dimensional orthogonal surface. In

this case, we call P a realizable polytope. realizable

Every simplicial 3-polytope is a Scarf-complex. Given a simplicial 3-

polytope we can construct a realizer in the following way: We compute a

Schnyder labeling for the skeleton graph, a plane triangulation, and count

the faces in the regions Ri(v) for every vertex v, as in the proof of Schnyder’s

Theorem. These numbers yield coordinates for the vertices which produce

a strongly generic antichain. This antichain generates an orthogonal surface

carrying the corresponding plane triangulation.

In Chapter 4, we mentioned that a similar approach is not possible in

dimension four or higher, since we cannot define an analog of Schnyder regions

in a coherent way (Example 4.31).

For d ≥ 4, there exist d-polytopes which are not realizable and it is

difficult to decide whether a given P is realizable or not.

In this section, we will collect some realizability-obstructions, i.e. criteria

which indicate that a polytope P is not realizable. The first criterion is the

dimension of the skeleton graph.

A d-polytope P is called neighborly if every set F ∈
(
V
⌊ d

2
⌋

)
is the vertex set neighborly
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of a face of P . For every d and for every n, there is a neighborly d-polytope

with n vertices, for example the cyclic polytope Cd(n), [40].cyclic polytope

In particular, for d ≥ 4, a neighborly d-polytope has the complete graph

Kn as a skeleton. A 4-polytope is neighborly if and only if its skeleton

graph is the complete graph Kn, which has order dimension ≥ 5 as soon as

n ≥ 13 ([23]). In general, since the order dimension of Kn gets arbitrarily

large, we obtain the following:

Observation 6.14. For every d ≥ 4, there is an n such that all neighborly

d-polytopes on at least n vertices are non-realizable.

Bayer, Peeva and Sturmfels [4] observed that a realizable simplicial polytope

must have a facet with vertices F = {s1, . . . , sn} such that the triangula-

tion with outer facet F allows a generalized Schnyder labeling, this means a

labeling of min-max-incidences such that:

◦ In every facet, all n labels appear.

◦ All labels at si are i.

◦ If I and J are facets sharing a common ridge r = I ∩ J , then there is

exactly one vertex v ∈ r with different labels with respect to I and J .

A triangulation which does not allow such a labeling cannot be realizable as

a Scarf-complex.

With the sets of tight coordinates, we label not only min-max-incidences,

but all relations of minima with characteristic points. This can be used to

analyse the combinatorial properties of the Scarf-complex on a more detailed

level.

Proposition 6.15 (A Realization-Criterion). Let V ⊂ Rd be a generic sus-

pended antichain, c ∈ SV a characteristic point with Dc = {v1, . . . , vk}. For

every choice of coordinates

i1 ∈ Tc(v1), . . . , ik ∈ Tc(vk)

such that cij > 0 for all j = 1, . . . , k, there is a maximum M ∈ SV such that

Mi1 = ci1 , . . . ,Mik = cik .
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If SV is suspended and c is an inner point, i.e. ci > 0 for all i, then this implies

that there are at least |Tc(v1)| . . . |Tc(vk)| maxima above c. In particular, the

simplicial complex associated with the cp-order corresponds to a simplicial

polytope where the face with vertices {v1, . . . , vk} is contained in at least

|Tc(v1)| . . . |Tc(vk)| facets.

Proof. For interior points c, the claim follows directly from Corollary 3.11.

If c is an exterior point, we might at first have to follow an unbounded i-

orthogonal arc (i /∈ {i1, . . . , ik}) up to some unique point c′ where c′ = c ∨ u

for some u ∈ V . This vertex u contributes the i-coordinate, which is non-

minimal (we just increased it coming from c), therefore, since SV is generic,

the vertex u is unique.

We repeat this step d− k times, then we reach a local maximum.

We will know take a closer look at a special case of this proposition and its

applications. We let d = 4 and consider characteristic points generated by

pairs of minima, i.e. edges.

In dimension 4, there are two possible forms for the join of two minima

u, v. Either, u ∨ v inherits three coordinates from one of its generators and

only one coordinate from the other, so w.l.o.g. u ∨ v = (u1, v2, v3, v4). The

other case is that each generator contributes two coordinates, so w.l.o.g.

u ∨ v = (u1, u2, v3, v4).

In the first case, (u, v) is the end-point of some orthogonal arc of v, so the

edge (u, v) is an orthogonal edge, in the second case, we call (u, v) a symmetric

edge. For a symmetric edge (u1, u2, v3, v4), Proposition 6.15 states that there symmetric edge

are maxima M 1,3,M 1,4,M 2,3,M 2,4 such that M i,j inherits coordinate i from

u and coordinate j from v.

In particular, every symmetric edge must be contained in at least four

facets.

A further important observation is that every inner vertex has exactly

four outgoing orthogonal edges. This implies:

Observation 6.16. Let SV be a 4-dimensional generic orthogonal surface

such that the suspensions are the only exterior vertices. Then there are

exactly 4n− 10 inner orthogonal edges.

In other cases, we can identify inner edges as symmetric, because we know

the following:
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Observation 6.17. All edges between inner points and suspensions are or-

thogonal edges.

These observations yield two useful methods to identify symmetric edges and

thus prove the non-realizability of a complex:

◦ At least |E| − (4n− 10) of the inner edges are symmetric. (“Counting-

criterion”)

◦ Any edge incident to a suspension vertex is orthogonal. Therefore,

given two inner vertices v, w such that both are adjacent to all four

suspensions, we know that the edge (v, w) is symmetric. (“Suspension-

criterion”)

We will consider two different but closely related aspects of the realization

problem:

(A) Given a simplicial polytope, is there an orthogonal complex realizing

it? In other words: Is there a realization of a given polytopal sphere?

(B) Given a simplicial polytope P with a designated facet F , is there an

orthogonal surface realizing P such that F is the outer facet, i.e. the

vertices of F are the suspensions? In other words: Is there a realization

of a given polytopal ball ?

A polytope is non-realizable in the sense of (A) if and only if it is non-

realizable for every choice of a facet F in the sense of (B). There are polytopes

that are realizable in the sense of (A), but not for all possible choices of F .

One example is the C4(7) as given in [4]. Here is a list of the vertex sets of

its facets:

[1, 2, 3, 4] [1, 2, 3, 7] [1, 2, 4, 5] [1, 2, 5, 6] [1, 2, 6, 7]

[1, 3, 4, 7] [1, 4, 5, 7] [1, 5, 6, 7] [2, 3, 4, 5] [2, 3, 5, 6]

[2, 3, 6, 7] [3, 4, 5, 6] [3, 4, 6, 7] [4, 5, 6, 7]

The underlying graph is the complete graph K7. This implies that no matter

which facet we choose as the outer facet, every inner vertex must be adjacent

to all four outer vertices, i.e. the suspensions. By the suspension criterion,

this implies that all edges between inner vertices are symmetric.

If we choose an outer facet, then the remaining ball can only be realizable

if every inner edge is contained in at least four facets.
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In particular, if we choose one of the facets listed in the table below as

the outer facet, then the remaining complex is not realizable, because there

is always an inner edge that is contained in only three facets.

Facet [1, 2, 3, 4] [1, 2, 3, 7] [1, 2, 6, 7] [1, 5, 6, 7]

Inner Edge [5, 7] [4, 6] [3, 5] [2, 4]

Facet [2, 3, 4, 5] [3, 4, 5, 6] [4, 5, 6, 7]

Inner Edge [1, 6] [2, 7] [1, 3]

If we choose any of the seven other facets, the remaining complex is realizable.

We performed a complete enumeration of all orthogonal triangulations

on 7, 8 and 9 vertices. With the help of Frank Lutz, [25], we compared our

lists to his classification of simplicial polytopes. This comparision yields the

following results:

◦ All simplicial polytopes on 7 and 8 vertices are realizable as spheres.

◦ On 9 vertices, there are 1027 realizable and 116 non-realizable simplicial

polytopal spheres.

Every non-realizable polytope or sphere provides several non-realizable balls,

because we can choose any facet as the outer facet. In this way, the 116

non-realizable polytopes on 9 vertices lead to 2957 non-realizable balls on 9

vertices. For these examples, we counted the edge-facet incidences and tested

the two realization criteria. The results: Of the 2957 non-realizable balls,

◦ 2141 violate the “suspension-criterion” (816 do not).

◦ 2023 violate the “counting-criterion” (934 do not).

All together, the realization criterion applies to 2344 of the balls by one of the

two criteria. For the remaining 613 balls, counting the edge-facet incidences

is not sufficient to prove that they are non realizable.

For some of the difficult examples, new strategies to find symmetric edges

might be sufficient to enable us to use the edge-facet criterion. For others, the

edge-facet criterion derived from Proposition 6.15 is no help, because every

edge is contained in at least 4 facets. In this case, a completely different

argument is necessary .

Interestingly, all difficult examples were non-neighborly. Therefore, it

remains to find the answer to the following open question:
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Problem 6.18. Is there a neighborly (4-)polytope that is not realizable but

satisfies the edge-facet-Criterion, i.e. every inner edge is contained in many

facets?



Chapter 7

Non-generic Surfaces

In this chapter, we deal with orthogonal surfaces where the vertices are not

in general position, i.e. non-generic surfaces. We saw in Chapter 3 that this

includes for example 3-dimensional orthogonal surfaces which do not carry a

proper planar graph. We called these surfaces degenerate. One of the first

tasks of this chapter is to introduce a more general notion of degeneracy

which is valid for surfaces of arbitrary dimension.

We will then discuss the properties and the structure of characteristic

points on non-degenerate surfaces and introduce the notion of the generating

partition, as depicted in Figure 7.3.

Rigid surfaces will be defined in such a way that even more of the combi-

natorial properties of generic surfaces are restored. However, we will provide

examples which show that for higher dimension, this restriction is not suffi-

cient to ensure that the cp-order is polytopal.

For non-degenerate surfaces, we show the existence of a perfect orthogonal

matching. In the case when SV is rigid, this is even a Morse-matching.

With an additional restriction to parallel flats, we show that all intervals in

the cp-order are Boolean and the cp-order admits a recursive coatom ordering

and is therefore a CW-poset, i.e. the face inclusion order of a regular CW-

complex.

For an overview of the results of this chapter, see page 133.

7.1 Degeneracy

Figure 7.1 shows two different configurations on orthogonal surfaces of di-

mension 3. In the left picture, we have the degenerate situation where three

orthogonal arcs meet in one point. In the right picture, this degeneracy is

alleviated, there are no longer two flats of the same color which intersect in

a point.

105
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However, in both cases, there is a vertex v ∈ V such that its orthogonal

arc contains a local maximum. This leads to the following problem:

Lemma 7.1. IfM ∈ SV is a local maximum and v ∈ DM such that |TM(v)| ≥

2, then M has minimal generating sets of different sizes.

Proof. For every maximum M and every coordinate i ∈ [d], there is a mini-

mum vi ∈ DM such that M⊲iv
i, as observed in Corollary 3.5. These minima

form a minimal generating set for M of size d.

If there is a minimum u sharing more than one coordinate with M , then

we can remove the corresponding vi from this canonical minimal generating

set and replace them with u. The result is a minimal generating set with less

than d elements.

In Figure 7.1, the canonical minimal generating set of the maximum M is

the set {t, v, w}. The vertex u shares two coordinates with M , and we can

replace the vertices t and v by u to obtain a minimal generating set of size

2, namely {u,w}. In general, a minimal generating set of a maximum can

contain any number of vertices between 2 and d. Such a configuration in

higher dimension can be constructed in the same way as in dimension 3:

Let v ∈ V and let p ∈ SV such that v and p share k coordinates, where

2 ≤ k ≤ d− 1. We add minima ui = p− ǫ(1− ei) for all i where there is no

u ∈ V with p⊲i v, that is, until p is a local maximum.

In a 3-dimensional surface containing none of the two configurations of

Figure 7.1, all minimal generating sets of a characteristic point have the

same size. In this case, we can define the rank of a characteristic point as the

size of a minimal generating set minus one, and this definition matches the

‘geometric rank’ of the point: Minima have rank 0, edge-points have rank 1

and maxima have rank 2.

To restore this correspondence, we introduce the following tool, which

provides an indicator for minimal generating sets of different size.

Lemma 7.2. If there is a generated point g ∈ SV with two minimal gener-

ating sets of different size, then there are three minima u, v, w ∈ Dg and two

coordinates i and j such that if we restrict the characteristic vectors tg(.) of

Tg(.) to positions i and j, then we have the following pattern:

i j

tg(u) 1 1

tg(v) 0 1

tg(w) 1 0
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w

u v

t M
w

u
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t
M

Figure 7.1: There are two cases of degeneracies in dimension 3. In both configurations

shown here, the maximum M has the minimal generating sets {u, w} and {t, v, w}.

In other words, vi < ui = wi = gi and wj < uj = vj = gj

Note that in both configurations shown in Figure 7.1, we have the following

pattern at the maximum M :

tM (u) 1 1 0

tM (v) 0 1 0

tM (t) 1 0 0

tM (w) 0 0 1

Proof. Recall that for every minimal generating set G and every v ∈ G,

there is some coordinate i such that wi < vi for all w ∈ G\{v}, the exclusive

coordinate of v in G.

Let G,G′ be minimal generating sets for g such that |G| > |G′|. Then, by

the pigeon-hole principle, there is some u ∈ G′ covering exclusive coordinates

from at least two minima v, w ∈ G.

Definition 7.3. The antichain V and the corresponding surface SV are de-

generate if there is a characteristic point with the pattern shown in Lemma 7.2. degenerate

Otherwise, V and SV are non-degenerate. non-degenerate

If V is non-degenerate, then by Lemma 7.2, all minimal generating sets of a

characteristic point have the same cardinality. The reverse direction will be

discussed in Section 7.2.

For a non-degenerate surface, we define the rank of a characteristic point

as the size of a minimal generating set minus one. Minima therefore have

rank 0, edge-points have rank 1 and maxima have rank d− 1.

In some way, this concept of non-degeneracy is quite restrictive. We

consider the 3-dimensional case as an example: If we forbid the pattern of

Lemma 7.2, we do not only exclude surfaces with a degenerate vertex as in
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F ′

F

F ′

F

Figure 7.2: A weakly degenerate surface: The two i-flats F and F ′ do not intersect,

but they lie at the same i-coordinate. After the perturbation, all i-flats have different

i-coordinates, and the surface is no longer degenerate.

the left example in Figure 7.1, but also surfaces that might actually carry a

proper planar graph, as in the configuration on the right side.

We call a surface weakly degenerate if it is degenerate, but no two flats ofweakly degenerate

the same color intersect. From the 3-dimensional examples it seems plausible

that weak degeneracies could be removed by perturbing flats until different i-

flats have different i-values, while the cp-order remains the same, as indicated

in Figure 7.2.

However, this is not always possible, as the following example shows:

Example 7.4. We consider a weakly degenerate surface generated by four

minima t, u, v, w and suspensions.

t = (2, 2, 1, 1), u = (1, 2, 2, 1), v = (1, 1, 2, 2), w = (2, 1, 1, 2)

As we will see, different i-flats have different i-values, hence the characteristic

point c = (2, 2, 2, 2) is contained in exactly four flats. However, since pairs

of minima below c share coordinates (and lie on common flats) in a cyclic

structure, it is not possible to perturb these flats and remove the degeneracy.

To make this more precise, we show that t and w are contained in a

common 1-flat. By the definition of a flat, it is sufficient to find a point

q ∈ SV such that q ⊲1 t and q ⊲1 w. The point q = (2, 2 + ǫ, 1 + ǫ, 2 + ǫ) has

the required properties. For the other pairs, the argument is similar.

This shows that even in the weakly degenerate case, it is not always suffi-

cient to perform a sequence of small flat-perturbations to remove degenerate

situations.
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7.2 Degenerate Characteristic Points

We introduced the concept of degeneracy in order to sort out those orthogonal

surfaces which contain characteristic points with minimal generating sets of

different sizes.

In this section, we discuss if there are surfaces which are degenerate by

our definition but do not contain such bad points. Indeed there are, but we

will see that these surfaces have a very specific structure. These surfaces

always contain characteristic points with a cyclic pattern, as in Example 7.4.

Let A be a family of subsets of [d]. A subset I ⊂ [d] is a transversal for transversal

A if

I ∩ A 6= ∅ for all A ∈ A

If A 6= ∅, then a transversal for A exists if and only if ∅ /∈ A.

We call I a minimal transversal if for every i ∈ I, I \ {i} is not a minimal

transversaltransversal for A. This is the case if and only if for every i ∈ I, there is an

A ∈ A such that A ∩ I = {i}.

The following proposition is a generalization of the realization criterion

Proposition 6.15:

Proposition 7.5. Let V ⊂ Rd be a suspended antichain, p ∈ SV .

Let I be a minimal transversal for T (p) with pi > 0 for all i ∈ I. Then

there is a maximum M ∈ SV , M ≥ p such that

Mi = pi ⇐⇒ i ∈ I

Remark: If there is a minimum v ∈ Dp such that pi = vi = 0 for all i ∈

Tp(v), then p is only contained in unbounded flats and there is no maximum

above p.

In the generic case which was considered in Proposition 6.15, the sets Tp(v)

form a partition of [d], in particular, they are pairwise disjoint. Observe that

in the general case, the criterion |I ∩ Tp(v)| = 1 for all v ∈ Dp is replaced by

the demand that I is a minimal transversal for T (p).

Proof. We start at an interior point p′ ≥ p, where p′i = ǫ if pi = 0 and

p′i = pi otherwise, this implies p′i = pi for all i ∈ I. For small ǫ > 0, we have

Dp′ = Dp and hence p′ ∈ SV .

Now we apply Corollary 3.11, every coordinate i /∈ I is increased once.

We have to show that this is possible, i.e. standing at point p′′, we never

increase a coordinate i if there is a v ∈ Dp′′ such that v ⊳i p
′′.
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If v ∈ Dp, then vi = p′′i for some i ∈ I, and i is never increased. If

v ∈ Dp′′ \ Dp, then there is a coordinate j /∈ I we increased to initially

include v in the down-set, so vj = p′′j . This coordinate is never changed

afterwards.

It remains to show that we actually reach a local maximum, i.e. a point

m ∈ SV such that for every i ∈ [d], there is a v ∈ Dm such that v ⊳i m.

For coordinates j /∈ I, this follows directly from Corollary 3.11. For i ∈ I,

it follows from the assumption that I is inclusion-minimal with respect to

intersecting all sets of tight coordinates.

We will now use this result to analyze degenerate characteristic points and

to prove the following:

Proposition 7.6. Let c ∈ SV be a degenerate characteristic point. Then

either, there is a maximum M ≥ c with minimal generating sets of different

sizes, or there are four minima t, u, v, w and four coordinates i, j, k, l such that

we obtain a four-cycle. This means if we restrict the characteristic vectors

tc(.) of the sets Tc(.) to i, j, k, l, we obtain the following pattern:

i j k l

t 1 1 0 0

u 0 1 1 0

v 0 0 1 1

w 1 0 0 1

We prove the following equivalent version: If c ∈ CV ist degenerate, then

either T (c) has a minimal transversal hitting one of the sets Tc(.) twice, or

the above pattern occurs. By Proposition 7.5, a minimal transversal sharing

two elements with some Tc(v) leads to a local maximum M sharing two

coordinates with the minimum v. By Lemma 7.1, M has minimal generating

sets of different sizes.

Before proving the proposition, we take another look at Example 7.4

which shows that the four-cycle case can really occur: The degenerate point

c = (2, 2, 2, 2) has downset Dc = {t, u, v, w} with

Tc(t) = {1, 2}, Tc(u) = {2, 3}, Tc(v) = {3, 4}, Tc(w) = {4, 1}

Any increase in a single coordinate leads to a non-characteristic point, two

increases are only possible if we destroy the degenerate pattern, then they
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lead to a local maximum that shares one coordinate with every minimum

below. This shows that there is no degenerate characteristic point above c.

Any decrease removes two of the minima from the vertex down-set and

since every degenerate point dominates at least three vertices, this shows

that there is no degeneracy below c.

The proof that this is basically the only exception can be done in a purely

combinatorial way, only considering set systems T (c) and their transversals.

Given A ⊆ 2[d], we call a set A ∈ A an i-witness-set if i ∈ A and there is i-witness-set

no B ∈ A such that i /∈ B ⊂ A.

If p ∈ SV and v ∈ Dp, then a reformulation of Proposition 4.15 can be

stated as follows: The set Tp(v) is an i-witness-set with respect to T (p) if

and only if v is an i-witness for p.

The following lemma provides the tools that are necessary to construct

either a transversal containing both coordinates of a degenerate pattern or

to find a 4-cycle.

Lemma 7.7. Let A ⊆ 2[d].

(i) A ∈ A is an i-witness-set if and only if i ∈ A and there is a transversal

for A′ = {B \ A : i /∈ B ∈ A}, i.e. ∅ /∈ A′.

(ii) There is a minimal transversal I for A such that i ∈ I if and only if

there is an i-witness-set A ∈ A.

(iii) There is a minimal transversal for A containing i and j if and only if

there is an i-witness A and a j-witness B such that i /∈ B and j /∈ A

and there is no C ∈ A with C ⊂ (A ∪B) \ {i, j}.

Proof. (i): By definition, A is an i-witness-set if and only if B \ A 6= ∅ for

any B with i /∈ B.

(ii): If I is minimal, then there is an A ∈ A with A ∩ I = {i}. This

implies that there is no B ∈ A with i /∈ B ⊂ A, otherwise B ∩ I = ∅. Hence,

A is an i-witness-set.

On the other hand, part (i) shows that there is a minimal transversal I ′

for A′ = {B \A : i /∈ B ∈ A}. Then I = I ′ ∪ {i} is a minimal transversal for

A containing i.

(iii): By (i) and (ii), there is a minimal transversal I containing i and j if

and only if there is an i-witness-set A for A such that there is a transversal

and a j-witness-set B for A′ = {B \ A : i /∈ B ∈ A}.
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By definition, B is such a j-witness-set if j ∈ B and there is no C ∈ A′

with j /∈ C ⊂ B, i.e. there is no C ∈ A such that i, j /∈ C and (C \ A) ⊂

(B \ A). In other words, there is no C ∈ A with C ⊂ (A ∪B) \ {i, j}.

Now we complete the proof of Proposition 7.6:

Proof. Let c ∈ CV be a degenerate characteristic point.

Claim 1: If there are minima u, v such that Tc(u) ⊂ Tc(v), then we find a

minimal transversal T such that |T ∩ Tc(v)| ≥ 2.

Let i ∈ Tc(v) \ Tc(u). Since c is characteristic, there is an i-witness for

c, and by Lemma 7.7(ii), there is a minimal transversal T containing i. Any

transversal must also contain an element j of Tc(u) ⊂ Tc(v). Therefore,

T ∩ Tc(v) contains both i and j, which proves the claim.

For the rest of the proof, we can therefore assume that there are no proper

subset-relations in T (c), that is, no u, v ∈ Dc with Tc(u) ⊂ Tc(v).

Let k, l ∈ [d] such that there is a degenerate pattern on coordinates k and

l, i.e. there are u, v, w ∈ Dc with ck = uk = vk > wk and cl = wl = vl > ul.

If we find a minimal transversal containing k and l, then we are done.

Else, by Lemma 7.7(iii), there is a t ∈ Dc such that Tc(t) ⊂ Tc(u)∪Tc(v)\

{k, l}. We call t an obstructor for the coordinates k, l.

Claim 2 Every obstructor t forces a new, un-obstructed degenerate pattern

on u,w, or closes a 4-cycle.

By assumption, Tc(t) is no proper subset of Tc(u) or Tc(w). Therefore,

we find coordinates i 6= k and j 6= l with i ∈ (Tc(t) ∩ Tc(u)) \ Tc(w) and

j ∈ (Tc(t) ∩ Tc(w)) \ Tc(u). This results in the pattern

i j k l

t 1 1 0 0

u 0 1 1 0

v ∗ ∗ 1 1

w 1 0 0 1

If vi = vj = 0, the four-cycle is complete.

Else, v is not an obstructor for the degenerate pattern which t forms

together with u,w on coordinates i, j. So either we find a minimal transversal

containing i and j and thereby hitting Tc(t) twice, or we find a new obstructor

r with Tc(r) ⊂ Tc(u) ∪ Tc(w)) \ {i, j}.

In short, avoiding a four-cycle leads to additional un-obstructed degener-

ate patterns which in turn lead to new obstructions.
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7.3 Non-degenerate Surfaces

In this section, we examine the properties of non-degenerate orthogonal sur-

faces. A key result is Lemma 7.10, it shows how an important property of

generic surfaces can be transfered to the non-degenerate case. It also yields

a simple combinatorial definition for characteristic points, Proposition 7.8.

We will analyze the structure of a non-degenerate characteristic point.

This is determined by the generating partition of the vertex down-set, which

yields structural information about the cp-order. We will show that the lower

intervals contain a certain connected substructure.

We begin with the following combinatorial criterion to determine whether

a generated point is characteristic or not:

Proposition 7.8. Let V be non-degenerate. A generated point p ∈ SV
is characteristic if and only if there are no minima u, v ∈ Dp such that

Tp(u) ⊂ Tp(v).

Most of the work for the proof of this result has already been accomplished

with the combinatorial conditions for flat-containment and witness-relations,

in particular Proposition 4.15. Here we use the following corollary of Propo-

sition 4.15:

Corollary 7.9. If p ∈ SV is a generated, but non-characteristic point, then

there are u, v ∈ Dp such that Tp(u) ⊂ Tp(v).

Another ingredient for the proof of Proposition 7.8 is the following lemma.

It shows that if SV is non-degenerate and p ∈ SV is a characteristic point

with v ∈ Dp, then v is an i-witness for p for all i ∈ Tp(v). This implies that

if two characteristic points are related combinatorially (they are comparable,

they share coordinates), then they are also related geometrically (they are

contained in a common flat).

Lemma 7.10. Assume V is non-degenerate. Let p ∈ SV be a characteristic

point, v ∈ Dp.

Then vi = pi if and only if v is an i-witness for p.

Proof. Assume that vi = pi but v is not an i-witness for p. Then there is a

u ∈ Dp such that ui < vi = pi and Tp(u) ⊂ Tp(v) by Proposition 4.15.

Since p is characteristic, p is contained in some i-flat, hence there must be

some i-witness w for p, and Tp(u) * Tp(w) by Proposition 4.15. Therefore,
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there is a coordinate j 6= i, j ∈ Tp(u) \ Tp(w). This results in the following

pattern.

i j

tp(v) = (. . . 1 1 . . . )

tp(u) = (. . . 0 1 . . . )

tp(w) = (. . . 1 0 . . . )

This shows that V is degenerate, a contradiction.

Corollary 7.11. Let SV be non-degenerate, c, d characteristic points with

c ≤ d and ci = di. Then c and d have a common i-witness, hence, they are

contained on a common i-flat.

We summarize the proof of Proposition 7.8:

Proof. If p is characteristic and v ∈ Dp, then by Proposition 4.15 and

Lemma 7.10, there can be no minima u, v ∈ Dp such that Tp(u) ⊂ Tp(v).

Conversely let p be generated, this means that for every coordinate i ∈ [d],

there is a minimum w ∈ Dp such that i ∈ Tp(w).

If there are no u, v ∈ Dp such that Tp(u) ⊂ Tp(v), then Proposition 4.15

implies that p has i-witnesses for every i ∈ [d], hence p is contained in every

flat-type. This means that p is characteristic.

From Proposition 7.8, we can directly deduce some observations about the

structure of minimal generating sets and the down-set Dc of a characteristic

point c.

Definition 7.12. Let g ∈ SV be a generated point. Let P be a partition of

the vertex down-set Dg. Then P is a generating partition if we have for allgenerating

partition G ⊂ Dg:

G is a minimal generating set for g ⇐⇒ |G ∩ P | = 1 for all P ∈ P

Figure 7.3 shows a local maximum on a 3-dimensional surface and its gener-

ating partition.

If P is a generating partition and P ∈ P is some part, then every minima

v ∈ P can be replaced by any other minimum w ∈ P \ {v} in a minimal

generating set. This implies that any two minima from the same part must

have the same exclusive coordinates with respect to any minimal generating
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Figure 7.3: The generating partition of a local maximum M on a 3-dimensional

surface. The parts P1, P2, P3 of the partition are in bijection with the elements of

T (M) = {{1}, {2}, {3}}, i.e. v ∈ Pi ⇔ vi = Mi.

set. These coordinates are also called the exclusive coordinates of P with

respect to P .

If SV is non-degenerate, then the generating partitions gives rise to an-

other criterion to sort out non-characteristic points:

Proposition 7.13. Let V be non-degenerate. A generated point g ∈ SV is

characteristic if and only if it has a generating partition.

Proof. “⇒”: We consider the sets of tight coordinates T (c). Since c is a

characteristic point and SV is non-degenerate, this is a set family such that

no S ∈ T (c) is contained in the union of other sets T 1, . . . , T k ∈ T (c), by

Proposition 7.8.

This implies that every set S ∈ T has a exclusive coordinate i ∈ S \
⋃
T 6=S

T

with respect to T (c).

Every minimal generating set for the point c therefore has to contain a min-

imum u ∈ Dc such that Tc(u) = S. The unique generating partition is then

defined as follows: Two minima u, v ∈ Dc belong to the same part if and

only if Tc(u) = Tc(w).

“⇐”: Let g ∈ SV be a non-characteristic generated point, i ∈ [d] such

that g has no i-witness. For every v ∈ Dg with i ∈ Tg(v), there is a u ∈ Dg

such that i /∈ Tg(u) ⊂ Tg(v) (Proposition 4.15).

If Tg(u) ( Tg(v), then u and v cannot belong to the same minimal gen-

erating set, therefore they must belong to the same part of any generating

partition of g.
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t u

v

g

w

Figure 7.4: A non-characteristic point g, every minimum v ∈ Dg is contained in a

minimal generating set of g. The minimal generating sets of g are {t, v}, {u, v} and {t, w}.

There is no generating partition.

Since there is no i-witness for g, we can replace all minima contributing

coordinate i by minima not contributing this coordinate, so that we reach a

transversal consisting only of minima u ∈ Dg with ui � gi. This shows that

we cannot construct a generating partition for g.

Corollary 7.14. Let V be non-degenerate, c ∈ SV a characteristic point.

Every minimum v ∈ Dc is contained in some minimal generating set of c.

Note that Corollary 7.14 does not yield a definition of characteristic points.

There are generated, but non-characteristic points such that every minimum

below is contained in a minimal generating set, as in the configuration shown

in Figure 7.4.

In the generic case, every part of the generating partition contains exactly

one minimum. Furthermore, any choice of minima from a vertex down set

generates a characteristic point. This can be generalized, as the following

proposition shows: For any choice of k parts from a generating partition,

we can find one minimum in each part such that these k minima generate a

characteristic point.

In the 3-dimensional case as in Figure 7.3, this just means that there are

edges between any two parts.

We will call this property connectedness, since it means that every downset

contains a certain connected substructure.

Proposition 7.15. Let SV be non-degenerate, c ∈ SV a characteristic point

with rank r(c) = k. Let P(c) = {P1, . . . , Pk+1} be its generating partition.
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Figure 7.5: The structure of the downset of a local maximum in dimension four. There

are four 2-faces (here only two of them are shown, one triangle and one quadrilateral) with

corners in different parts of the generating partition.

For every choice of I = {i1, . . . , ij} ⊆ {1, . . . , k + 1}, there is selection of

minima vi1 ∈ Pi1, . . . vij ∈ Pij such that vi1 ∨ · · · ∨ vij is a characteristic

point.

Proof. Let I = {i1, . . . , ij} ⊆ {1, . . . , k+ 1} and let GI = {vi1, . . . , vij} be an

arbitrary choice of minima from the corresponding parts, i.e. |GI ∩ Pil| = 1

for il ∈ I.

If p =
∨

(GI) is not a characteristic point, then there are u, v ∈ Dp such

that Tp(u) ( Tp(v).

The crucial observation is that v ∈ GI and u, v belong to the same part

Pil ∈ P(c), since they must have the same exclusive coordinate with respect

to T (c). Therefore, replacing v by u in GI preserves the condition |GI∩Pil| =

1 for il ∈ I.

We proceed replacing until we reach a characteristic point, and the claim

follows by induction.

Figure 7.5 illustrates this statement with the example of a maximum on an

orthogonal surface of dimension 4.

Observe that the exclusive coordinates with respect to the generating

partition of a characteristic point d are also exclusive with respect to the

partition of any smaller point. Therefore, if c < d, then the generating

partition for c fits into the generating partition of d, i.e. for every P ∈ P(c),

there is a P ′ ∈ P(d) such that P ⊆ P ′.

If we recursively apply Proposition 7.15, we find characteristic points

which form a connected frame in the downset of a characteristic point.
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7.4 Rigidity

We will now try to restore more of the properties of generic orthogonal sur-

faces by imposing stronger restrictions on the cp-order.

Recall that for the 3-dimensional case, rigidity means that a characteris-

tic point of rank 1 can only dominate exactly two minima. An alternative

formulation is that a characteristic point of rank 1 (i.e. with a minimal gen-

erating set of size two) must not dominate another point of the same rank.

This second condition can be generalized for characteristic points of arbitrary

rank:

Definition 7.16. A non-degenerate orthogonal surface SV is called rigidrigid

if the characteristic points of every rank are an antichain in the cp-order

(equivalently: in the dominance order).

In other words, a non-degenerate, suspended surface SV is rigid if and only if

the cp-order of SV is graded. For face lattices of polytopes, this is a necessarygraded

condition. In particular, two faces of a polytope are comparable if and only

if one is contained in the other, and this implies that they have different

dimension.

For the 3-dimensional case, rigidity is sufficient to ensure that the domi-

nance order on characteristic points is indeed isomorphic to the face lattice

of a 3-polytope (minus one facet), see the discussion in Chapter 3.

However, in dimension 4, this is no longer true. There are examples

showing that there remain rather substantial differences between cp-orders

of rigid orthogonal surfaces and face lattices of polytopes in general:

◦ In a (face) lattice, any two elements have a unique join. There are rigid

cp-orders that violate this condition and, hence, are no lattices.

◦ Even if the cp-order is a lattice, it may have intervals of height 2 which

are no quadrilaterals. This is impossible for face lattices of polytopes

(face lattices of polytopes have the diamond-property). Actually, it

means that the cp-orders do not even satisfy the weaker condition of

CW-posets (described in Appendix A).

Example 7.17 (A Rigid Flat without the Diamond-Property). This 4-flat

is part of the surface generated by six interior minima r, s, t, u, v, w and the

four suspensions s1, s2, s3, s4. It is easy to check that these vertices form a

non-degenerate antichain:
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Figure 7.6: A rigid 4-flat which violates the Diamond-Property, see Example 7.17

r = (3, 3, 3, 3) s = (1, 4, 4, 3) t = (4, 1, 4, 3)

u = (4, 4, 1, 3) v = (2, 5, 5, 1) w = (5, 2, 5, 1)

Note that the configuration is indeed rigid, i.e. there are no pairs of compa-

rable rank 1-points or rank 2-points

There is a characteristic point c = (5, 5, 5, 3) of rank 2 (c = r ∨ v ∨ w)

with Dc = {r, s, t, u, v, w}. Consider the interval [r, c]. It contains three

characteristic points r ∨ t, r ∨ s and r ∨ u of rank 1, hence [r, c] is not a

diamond-interval.

Furthermore, CV contains intervals which are neither atomic nor coatomic.

We consider the interval [u,M ], where M denotes the maximum with the

down-set DM = {r, s, t, u, v, w, s3}. This interval is a path, as illustrated in

Figure 7.6.

Since CV does not satisfy the diamond-property, it follows that CV is not

Eulerian and CV is not a CW-poset (for a definition see Appendix A).

Example 7.18 (A Rigid Flat without the Lattice-Property). This 1-flat is

part of the surface generated by four minima t, u, v, w and the four suspen-

sions s1, s2, s3, s4.

The coordinates of the interior vertices are:

t = (3, 1, 2, 3) u = (3, 3, 1, 1) v = (1, 2, 3, 4) w = (2, 4, 4, 2)



120 Non-generic Surfaces

M3

t

M2 M4

M5

M1

u

M4

tu

t

tu

3

tv

2

4

tv

c
d

4

3

c = tuvw d = tuvs2

uw

Figure 7.7: A rigid 1-flat which violates the lattice property, see Example 7.18

Figure 7.7 depicts the flat F1(t) = F1(u) and all characteristic points on the

flat. Again, it is easy to check that the configuration is indeed rigid, i.e. there

are no two comparable points of rank 1 or of rank 2.

Consider the maximum M 4 with DM = {t, u, v, w, s2} and the interval

[t,M 4]. It contains the two edge-points t ∨ u and t ∨ v and the rank 2 -

characteristic points c, d where Dc = {t, u, v, w} and Dd = {t, u, v, s2}. The

interval [t,M 4] is shown on the right side, it violates the lattice property.

This flat also shows that in general, a lexicographic ordering of the local

maxima is not a recursive coatom ordering of CV . In lexicographic order, the

five maxima of this flat are M 1,M 2,M 3,M 4,M 5.

Note that M 2 and M 3 both dominate the edge-point t ∨ u, but there is

no characteristic point x of rank 2 with x ∈ (D(M 1)∪D(M 2))∩D(M 3) and

x ≥ t ∨ u.

This violates the properties of a recursive coatom ordering.

7.5 Orthogonal Matchings

We have seen that the cp-order of an arbitrary orthogonal surface is not very

similar to a reasonable face inclusion order. However, it has some surprisingly
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strong properties which we will investigate in this section.

A matching in a graph G is a subgraph where all vertices have degree matching

one. A perfect matching is a matching containing all vertices of G. A perfect

matching is not always possible. For example, if some vertex has many

neighbors of degree one, then only one of the edges can be contained in a

matching.

We will show that the Hasse-diagram of the cp-order of a suspended

non-degenerate orthogonal surface allows a matching containing all vertices

except one suspension.

Let i ∈ [d], then we define

Mi = {(c, d) : cj = dj for all j 6= i and ci < di} ⊂ CV × CV

Theorem 7.19. Let SV be non-degenerate and suspended. Then for every

i, the set Mi is a perfect matching on the set CV \ {si}.

The set Mi is called the ith orthogonal matching of SV . Figure 7.8 shows an orthogonal

matchingexample in dimension 3.

For the proof of this theorem, we use two lemmas. First, we prove a

stronger version of the Corollary 3.11, it shows which preconditions are nec-

essary to find a characteristic point on an i-orthogonal arc. For minima,

we already proved that every orthogonal arc contains an edge-point. With

Lemma 7.20, we generalize this for arbitrary characteristic points.

With Lemma 7.22, we then show that Mi is indeed a matching, i.e. there

are no three characteristic points on an orthogonal line. Then it only remains

to show that every characteristic point except si has a matching partner, i.e.

belongs to some edge of Mi.

Lemma 7.20. Let SV be suspended and non-degenerate, c ∈ SV a charac-

teristic point. Assume c 6= si and i is not the only exclusive coordinate of

any part P of the generating partition P(c).

Then there is a characteristic point c′ such that c′i > ci and c′j = cj for

all j 6= i.

Proof. We consider minima w ∈ V with the following properties:

(i) wi > ci and wj ≤ cj for all j 6= i

(ii) c ∨ w ∈ SV

(iii) w is an i-witness for c ∨ w
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First, we prove the existence of at least one such minimum.

The i-orthogonal arc of c contains some point p with pi > ci, because i is

not the only exclusive coordinate of any part, and hence there is no v ⊳i c.

If Ai(c) is an interior orthogonal arc, then there is a minimum w ∈ V

such that c ∨w ∈ SV and c ∨w⊲i w. This implies that w is an i-witness for

c ∨ w.

If Ai(c) is an exterior arc, then we proceed by induction on the dimension.

We consider the lower boundary of the unbounded flat containing c. It is a

(d − 1)-dimensional surface containing all minima v ∈ Dc. Furthermore,

every v ∈ Dc contributes some non-zero coordinate j 6= i to c (because no

zero-coordinate can be an exclusive one). This shows that we can reduce our

argument to lower-dimensional surfaces until Ai(c) is an interior orthogonal

arc, which proves the existence of at least one minimum satisfying conditions

(i)-(iii).

Now let w be a minimum satisfying the above conditions with minimal i-

coordinate. We will prove that c′ = c∨w is a characteristic point. Certainly,

c′i = wi > ci and c′j = cj ≥ wj for all j 6= i.

By construction, it is obvious that c′ has an i-witness, namely w. We

prove that for all coordinates j 6= i, the following claim is true:

Claim: If v is a j-witness for c, then v is also a j-witness for c′.

Assume that v ∈ Dc is a j-witness for c, but not for c′. By Proposi-

tion 4.15, there is a u ∈ Dc′ such that Tc′(u) ⊂ Tc′(v) and j ∈ Tc′(v) \ Tc′(u).

We choose u such that ui is minimal.

Case 1: If u ∈ Dc, this implies that Tc(u) \ Tc(v) is either empty or

contains only coordinate i. The first is a contradiction to the assumption

that v is a j-witness for c. In the second case, since V is non-degenerate, i is

a exclusive coordinate of u with respect to c. Thus we obtain a contradiction

to the prerequisite that i is not the only exclusive coordinate of u.

Case 2: Otherwise, u /∈ Dc, this implies ci < ui < wi. We chose

w with minimal i-coordinate, so u can not be an i-witness for u ∨ c. By

Proposition 4.15, this implies that there is a t such that Tu∨c(t) ⊂ Tu∨c(u)

and i ∈ Tu∨c(u) \ Tu∨c(t).

In particular, Tc′(t) = Tu∨c(t) ⊂ Tu∨c(u). With Tc′(u) = Tu∨c(u) \ {i}, it

follows that Tc′(t) ⊂ Tc′(u) ⊂ Tc′(v) and j ∈ Tc′(v)\Tc′(t). Since ti < ui, this

is a contradiction to the minimality of u’s i-coordinate.
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The following example shows that this lemma does not hold for degenerate

surfaces:

Example 7.21. Let V contain suspensions s1, s2, s3, s4 and three additional

minima

u = (2, 2, 1, 1) v = (1, 2, 2, 1) w = (1, 1, 2, 2)

The point c = u ∨ v ∨ w is a characteristic point, but for every c′ with

c′2 > c2 = 2 and c′i ≤ ci for all i 6= 2 we have Tc′(v) = {3} ⊂ Tc′(w) = {3, 4},

so there is no 4-witness for c′.

Lemma 7.22. If SV is non-degenerate, then there are no three distinct char-

acteristic points p, q, r such that q = p+λei and r = q+µei, where λ, µ > 0.

In other words, there are no three characteristic points on an orthogonal line.

Proof. Let q = p + λei. A minimal generating set for q contains at most

one more element than a minimal generating set for p, namely a minimum

contributing the ith coordinate. Let Vi(q) be the set of i-witnesses of q. Vi
represents one part of the generating partition of q with exclusive coordinate

i, and i is the only exclusive coordinate.

This implies that the elements of Vi(q) do not have any exclusive co-

ordinate with respect to r, if r = q + µei. This is a contradiction either

to the assumption that r is a characteristic point or to non-degeneracy by

Proposition 7.13.

Now we show that the orthogonal matching Mi is perfect on CV \ {si}, i.e.

every characteristic point except si has a matching partner.

The proof of Theorem 7.19 simply combines the two Lemmas 7.20 and

7.22 and the connectivity-result Proposition 7.15:

Proof. Since there can be no more than two characteristic points on an or-

thogonal line by Lemma 7.22, it only remains to show that every character-

istic point c 6= si has a matching partner, i.e. there is a characteristic point

d such that cj = dj for all j 6= i.

Let c 6= si be an arbitrary characteristic point of SV . We consider the

generating partition of c and the sets of tight coordinates associated with

the parts. On this basis, we describe how to find its matching partner d,

distinguishing two cases:
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Figure 7.8: A non-degenerate surface in dimension three with an orthogonal matching

A [going down] The coordinate i is the only exclusive coordinate of some

part P ∈ P(c). i.e. the minima in P share all remaining coordinates

of Tc(P ) with other parts, or Tc(P ) = {i}.

By the connectivity property (Proposition 7.15), we find a characteristic

point d < c such that d is generated by minima from all parts except P .

This implies that d shares all coordinates with c except the exclusive

coordinates of P - and this includes only i.

B [going up] If i is not the only exclusive coordinate with respect to any

P ∈ P(c), then the claim follows from Lemma 7.20.

The following result is a direct consequence of Theorem 7.19:

Corollary 7.23. Let SV be a non-degenerate suspended orthogonal surface.

Let ci denote the number of characteristic point of rank i. Then

c0 − c1 + · · · + (−1)d−1cd−1 = 1

This is exactly the Euler-Poincaré-Formula for polytopes.

Corollary 7.24. On the extended cp-order C̃V , M̃i = Mi ∪{(000, si), (f o,111)}

is a perfect matching.
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While the existence of d almost disjoint perfect matchings is already a re-

markable result by itself, the following proposition shows that the orthogonal

matchings on rigid surfaces satisfy an additional acyclicity property which

defines Morse-matchings.

More precisely, a matching on the Hasse-diagram of a face-complex is a

Morse-Matching if there are no directed cycles when all matching edges are Morse-Matching

directed upwards and all remaining edges are directed downwards.

For a brief introduction to Discrete Morse Theory, see [21] or Appendix A.

Theorem 7.25. Let SV be non-degenerate and rigid, Mi an orthogonal

matching on CV . Then M̃i = Mi ∪ {(000, si), (f o,111)} is a Morse-matching on

C̃V .

Proof. We have to show that M̃i is acyclic. This means that there are no

directed cycles in the Hasse-diagramm of C̃V when all matching edges are

directed upwards and all remaining edges are directed downwards.

Assume that there is a cycle. It contains elements from exactly two

neighboring ranks. This is due to the fact that only matching edges are

directed upward, but of course, there cannot be to consecutive matching edges

in any path or cycle. This implies that matching edges and non-matching

edges alternate along the cycle.

Consider a path of length 2 consisting of a matching edge {c1, d} and a

non-matching edge {d, c2} in an i-orthogonal matching. The vertices of this

path are two characteristic points c1, c2 of rank r (start and end-point) and a

characteristic point d of rank r+1 (intermediate point). We observe: c2i  c1i ,

i.e. the i-coordinate increases from c1 to c2. This reason is that {c1, d} is a

matching-edge in Mi, by definition c1 and d share all coordinates except i.

If c2i ≤ c1i , it would follow that c2 ≤ c1. This is a contradiction to rigidity,

since c1 and c2 belong to the same rank.

Any cycle would be a sequence of paths like this, as we already observed

that matching-edges and non-matchings edges would have to alternate along

a cycle. This implies that there cannot be a cycle.

The additional edges (f o,111) and (000, si) can also not lead to any cycle,

because f o is a source, i.e. all edges are outgoing, and si is a sink, i.e. all

edges are incoming.
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7.6 Parallel Flats

The Examples 7.17 and 7.18 show that the gap between generic surfaces and

non-generic surfaces is still very wide. To fill it, it might be helpful to consider

a stricter notion of rigidity. For example, we might restrict our attention to

orthogonal surfaces with “well-behaved” flats, i.e. flats that do not violate

the face-complex properties as described in Examples 7.17 and 7.18.

Certainly, this includes surfaces which only consist of generic and co-

generic flats. In this section, we consider flats where the lower and up-

per staircase have the same structure and fit together tightly, we also say

that the lower and upper staircase are parallel. We will see that this is an-

other case where the cp-order satisfies the diamond-property - actually, with

Lemma 7.29, we show that all intervals in the cp-order are Boolean.

Let F be an i-flat of an orthogonal surface SV . With L(F ), we denote

the lower staircase of F , where

L(F ) = {x ∈ F : For all v ∈ Dx ∩ VF there is a j 6= i : vj = xj}

The upper staircase is the set of points

U(F ) = {x ∈ F : There is a v ∈ Dx ∩ VF : x⊲i v}

For a characteristic point c ∈ U(F ), we have c⊲i v for all v ∈ VF ∩Dc, if we

assume that SV is non-degenerate.

The following recursive definition makes the notion of a parallel flat more

precise:

Definition 7.26. An i-flat F is called a parallel flat if F satisfies the followingparallel flat

properties:

(i) The cp-suborder induced on F ∩ CV is isomorphic to the product of

L(F ) ∩ CV with the 2-element chain. In particular, L(F ) ∩ CV and

U(F ) ∩ CV are isomorphic and the cover relation between L(F ) ∩ CV
and U(F ) ∩ CV is a perfect matching.

(ii) Two matching partners share a coordinate j 6= i if and only if they are

maximal in j on F .

(iii) The lower and upper staircase of F are non-degenerate and consist only

of generic, cogeneric (Definition 4.18) or parallel flats.



7.6 Parallel Flats 127

Figure 7.9: A parallel flat with the matching between lower-and upper staircase points

on a 3-dimensional surface.

Bd−2

Bd−2

Figure 7.10: A parallel flat of a 4-dimensional surface. The lower and upper staircase

have the same structure and fit together. An interval between a local minimum and a

local maximum is a Boolean lattice Bd−1.

Observation 7.27. Let c ∈ L(F ) be a characteristic point, d ∈ U(F ) its

matching partner. If p ∈ U(F ) is a characteristic point, then p ≥ c implies

p ≥ d.

Symmetrically, for all characteristic points q ∈ L(F ), q < d implies q ≤ c.

Observe that the rank-function, if defined on lower and upper staircase, can

be extended to a global rank-function, because two matching partners differ

in their rank by exactly one.

Observation 7.28. If SV is non-degenerate and consists only of generic,

cogeneric and parallel flats, then SV is rigid.

Figure 7.10 shows a parallel flat in dimension four. The upper and lower

staircase contain one parallel flat of dimension 2 and one cogeneric flat. All

other low-dimensional flats are generic.
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The following lemma shows that the cp-order-intervals on a parallel flat

are Boolean lattices:

Lemma 7.29. On a non-degenerate orthogonal surface SV consisting only

of generic, cogeneric or parallel flats, all intervals in the cp-order CV are

Boolean lattices.

Proof. Since SV is non-degenerate, all intervals between characteristic points

are contained in flats. The claim is obvious for intervals on generic and

cogeneric flats.

For parallel flats, the claim follows by induction on the dimension. Let F

be a parallel i-flat, x, y ∈ F with x ≤ y.

Assume both points are contained in U(F ) or both are contained in L(F ).

Both the lower and the upper staircase are orthogonal surfaces of dimension

d− 1. The claim follows directly from the induction hypothesis.

Let x ∈ L(F ) and y ∈ U(F ). Then we consider the matching partners

x′ ∈ U(F ) and y′ ∈ L(F ). By definition, we have x′ ≤ y and y′ ≥ x.

By induction hypothesis, the intervals [x, y′] ⊂ L(F ) and [x′, y] ⊂ U(F )

are Boolean. If p ∈ [x, y′], then its matching partner p′ ∈ U(F ) must be

contained in the interval [x′, y] and symmetrically if q ∈ [x′, y], then its

matching partner q′ is contained in [x, y′]. This implies that the situation

is as indicated in Figure 7.10, i.e. the two intervals combine to a Boolean

lattice.

Remark: The Boolean lattice Bn can be interpreted as the inclusion

order of the subsets of [n]. It can be split into two Bn−1 which are connected

by a perfect matching - one consists of all sets containing an element i ∈ [n],

the other consists of all sets not containing i.

Corollary 7.30. If SV is non-degenerate and consists only of generic, co-

generic or parallel flats, then the extended cp-order C̃V satisfies the diamond-

property.

Proof. This is immediate for intervals between characteristic points. For

intervals containing 000, it follows from the fact that every edge-point is a two-

join and thus dominates exactly two minima. For intervals containing 111 or

the outer facet f o, it follows from the construction of C̃V , where f o covers

exactly the outer ridges.
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We will now show that a surface where all flats are generic, cogeneric or

parallel admits a recursive coatom ordering. The following lemma contains

the main part of the technical work:

Lemma 7.31. Let SV be a suspended, non-degenerate surface consisting

only of generic, cogeneric and parallel flats. Let c, d ∈ SV be a characteristic

points of ranks r(c) respectively r(d) and assume c ≤ d and ci < di.

If r(d) − r(c) ≥ 2, then there is a characteristic point e with c < e < d

and ei < di.

Proof. Since c and d are comparable, they share some coordinate j. We

assumed that SV is non-degenerate, so this implies that they lie on the same

j-flat F . We now prove the claim by induction on the dimesion of the flat

shared by c and d. For dimension d = 2 and also d = 3, it is easily verified.

Assume F is generic. If both points are contained in the upper staircase

which is a generic surface, then the claim follows by induction.

Else, c is the unique minimum and d is contained in the upper staircase.

We required r(d) − r(c) ≥ 2, so d is not a minimum of U(F ). Since F is

generic, the edge-points on F (which are the minima of U(F )) generating d

cannot share the ith coordinate, so one of them satisfies the claim.

If F is cogeneric, the argument is symmetric. Either both points are

contained in the lower staircase, or d is the unique maximum.

It remains to consider the case where F is a parallel flat. If both points are

contained in the lower staircase or both are contained in the upper staircase,

then again, the claim follows by induction.

Assume d is contained in the upper staircase and c in the lower and

consider the matching partners c′ and d′ of c and d. Since r(d) − r(c) ≥ 2,

we have c < d′ and c′ < d. If d′i < di, we can set e = d′ and are done.

Symmetrically, if c′i < di, then we can set e = c′.

Else di = d′i = c′i. But then, this is the maximal i-coordinate on the flat,

and by definition this implies ci = c′i = di, a contradiction.

We can apply this Lemma until we find a coatom of D(d) with the required

properties:

Corollary 7.32. Let SV , c, d be defined as in Lemma 7.31.

Then there is a characteristic point e with r(e) = r(d) − 1 and c < e < d

and e′i < di.
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Theorem 7.33. Let SV be suspended, non-degenerate and all flats of SV
generic, cogeneric or parallel. We also assume that all 1-flats are generic. Let

m1, . . . ,mt be the lexicographic ordering of all maxima of SV .

Then f o,m1, . . . ,mt is a recursive cotaom ordering of the extended cp-

order C̃V .

Proof. For every j ∈ [t], let Qj be the set of cotaoms y of D(mj) such that

y ≤ mi for some i < j.

We have to show:

(i) If x ∈ D(mi) ∩D(mj), where i < j, then there is a y ∈ Qj such that

y ≥ x.

(ii) D(mj) has a recursive coatom ordering starting with Qj for every j =

1, . . . , t

(i): Let mi be lexicographically smaller than mj, and let x ∈ D(mi)∩D(mj).

If x1 < mj
1, then by Lemma 7.31, there is a coatom y of D(mj) such that

x ≤ y and y1 < mj
1, this guarantees that y ∈ Qj. This also includes the case

where x1 = 0, i.e. x ∈ D(f o).

If mi
1 = x1 = mj

1, then we consider the 1-flat F containing x,mi and

mj. This flat cannot be cogeneric, because it contains two maxima. If F is

generic, then the claim follows by induction. If F is parallel and all points

lie on the upper staircase, then we can also apply induction. Else, the two

maxima lie on the upper staircase and x on the lower staircase. In this case,

we consider the matching partner x′ of x on the upper staircase and again,

the claim follows by induction.

(ii): Let c be an arbitrary characteristic point. We have to show that

D(c) admits a recursive coatom ordering starting with some set Q(c) which

is determined by the previous step of the recursion. In general, Q(c) is not

the beginning of the lexicographic ordering of the coatoms of D(c). (This can

happen if there are three lexicographically ordered maxima a, b, c where a∧b is

lexicographically greater than b∧c, for example a = 1214, b = 1331, c = 2143,

this gives us a∧b = 1211 and b∧c = 1131, which is lexicographically smaller.)

Although we do not have complete control over the sets Q(c) in the re-

cursion, we maintain the following invariant:

(⋆) Q(c) contains all coatoms y of D(c) with y1 < c1.

This can be achieved with following order on the coatoms of D(c): We

start with the lexicographic ordering of Q(c) and then append the lexico-
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graphic ordering of the rest. In this order, the first coordinates of the coatoms

are non-decreasing. It is also easy to see that this order always maintains the

(⋆)-invariant.

Now we show the required condition (ii) for the lower interval D(c). Let

d, e be two coatoms of D(c), where d appears before e in the order specified

above, and let x ∈ D(d) ∩D(e).

If x is a characteristic point, then by Lemma 7.29, the interval [x, c] is a

Boolean lattice. Any order of the coatoms of a Boolean lattice is a recursiv

coatom ordering. Therefore, it does not matter in which order the coatoms

of D(c) appear, the required condition is always satisfied.

The only interesting case is x = 000, the global minimum of the extended

cp-order. This means that we need to show that there is some coatom of D(e)

which is covered by a previous element of the coatom order of D(c). Actually,

by the argument we presented in the previous paragraph, it is sufficient to

find any characteristic point, for example a vertex, in D(e) which lies below

some previous element of the coatom order of D(c).

If there is a vertex v ∈ D(e) with v1 < e1, then we are done, by

Lemma 7.31 we then find a coatom y of D(e) with y1 < e1, this implies

that y ∈ Q(e).

Else, all vertices v ∈ D(e) share the first coordinate. Since SV is non-

degenerate, the point e is contained in only one 1-flat, which by the assump-

tion that all 1-flats are generic contains only one vertex. This implies that

e is a vertex itself. Hence the interval [000, c] has length 2, which is the base

case of the recursion. This completes the proof.

Proposition A.7 by Björner states that a poset which satisfies the diamond-

property and admits a recursive coatom ordering is a CW-poset, i.e. the face

complex of a regular CW-complex (for a brief introduction to this topic, see

Appendix A).

This yields the following:

Corollary 7.34. If SV is satisfies the conditions of Theorem 7.33, then the

CP-order is a CW-poset.

In this very restricted case, we achieved that the cp-order is the face inclusion

order of a regular CW-complex. We also know that the corresponding CW-

complex is contractible, since we showed the existence of a perfect Morse-

matching for rigid suspended surfaces (Theorem 7.25).

However, the following conjecture remains open:



132 Non-generic Surfaces

Conjecture 7.35. Let SV be suspended, non-degenerate and let all flats be

generic, cogeneric or parallel. Then the extended cp-order C̃V is the face

lattice of a convex polytope.



7.6 Parallel Flats 133

We close this chapter with a brief summary of the properties of flats, char-

acteristic points and the cp-order.

If SV is a degenerate surface, then

◦ Local maxima and minima can share up to d− 1 coordinates.

◦ Characteristic points can have minimal generating sets of different sizes.

◦ Flats of the same color can intersect in their boundaries.

◦ Comparable characteristic points c, d with ci = di can lie on different

i-flats

If SV is a non-degenerate surface, then

◦ A comparable local minimum and a local maximum share exactly one

coordinate.

◦ All minimal generating sets of a characteristic point have the same car-

dinality (Lemma 7.2).

◦ Flats of the same color cannot intersect.

◦ If p is a characteristic point and v ∈ Dp, then vi = pi if and only if v is

an i-witness for p (Lemma 7.10).

◦ Characteristic points are those with a generating partition (Proposi-

tion 7.13).

◦ The Hasse-diagram of the cp-order allows a perfect matching (Theo-

rem 7.19).

If SV is a non-degenerate and rigid surface, then

◦ Two different characteristic points are incomparable if they have the

same rank, i.e. minimal generating sets of the same size.

◦ The cp-order is graded.

◦ The Hasse-diagram of the cp-order allows a perfect Morse-matching

(Theorem 7.25).

If SV is non-degenerate, consists only of generic, cogeneric and parallel

flats and all 1-flats are generic, then

◦ All intervals between characteristic points are Boolean (Lemma 7.29)

◦ The lexicographic ordering of the local maxima is a recursice coatom

ordering of the cp-order (Theorem 7.33).

◦ The cp-order is the face inclusion order of a regular CW-complex.
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If SV is generic, then

◦ Minimal generating sets and generating sets are the same.

◦ Every flat contains exactly one minimum.

◦ For every characteristic point and every coordinate i, there is exactly

one i-witness.

◦ The cp-order is the face lattice of a convex polytope (Scarf’s Theo-

rem 6.13)



Chapter 8

Realizable Polytopes

In this chapter, we take a different approach to the realization problem and

present some constructions for polytopes that are realizable on orthogonal

surfaces. Before we do this, we discuss some of the subleties that arise while

considering the relation between realizability and the order dimension of face

lattices.

The first construction we present in Section 8.2 achieves the asymptotic

maximum for the number of faces of a realizable 4-polytope with a given

number of vertices.

In Section 8.3, we examine some polytope-constructions which preserve

realizability. For example, if a polytope P is realizable, then we can stack a

vertex onto a simplex-facet or cut off a vertex of degree d without destroying

the realizer. We also show that the pyramid over P is a realizable (d + 1)-

polytope.

We then show that every d-polytope with d+ 2 vertices is realizable, this

result is based on the classification of these polytopes given in [22].

We conclude with a construction for realizers of crosspolytopes.

8.1 Orthogonal Surfaces and Realizers

Definition 8.1. A d-polytope P is realizable if it has a facet F such that realizable

L(P ) \ {F} is the cp-order of a d-dimensional orthogonal surface.

The following lemma is a little warming up for this chapter:

Lemma 8.2. The d-simplex is a realizable polytope.

Proof. Let v1, . . . , vd+1 be the vertices of the d-simplex. For i = 1, . . . , d, we

let vi = 2ei. The remaining vertex is assigned the coordinates vd+1 = 1.

This set of vertices certainly forms a generic antichain in the dominance

order on Rd. Every vertex except vd+1 is maximal in some coordinate, there-

135
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f o

CV \D(f o)

Figure 8.1: The cp-order of the dual surface is not a realization for the dual polytope.

The deletion of the outer facet of P corresponds to the deletion of a vertex and all incident

faces in P ∗.

fore all proper subsets of V except {v1, . . . , vd} (which forms the outer facet,

since vd+1
⊳

∨
({v1, . . . , vd})) are generating sets.

If P is realizable with outer facet F , then this implies that L(P ) \ F has an

embedding in the dominance order on Rd, equivalently, the order dimension

of L(P ) \ F is at most d.

Adding one element to a poset cannot increase the dimension by more

than one, therefore, this implies that dim(L(P )) ≤ d+1. Reuter proved that

the order dimension of the face lattice of a d-polytope is at least d+ 1, [30],

so this is tight.

On the other hand, deleting one element from a poset does not necessarily

decrease the dimension. Therefore, dim(L(P )) = d + 1 does not imply that

dim(L(P ) \ F ) = d.

Problem 8.3. Is there a d-polytope P such that dim(L(P )) = d + 1 and

dim(L(P ) \ F ) = d+ 1 for all facets F of P?

Furthermore, if dim(L(P ) \ F ) = d, this does not mean that L(P ) \ F is

the cp-order of any orthogonal surface. For arbitrary posets, it is easy to

find examples of dimension at most d which do not occur as the cp-orders

of orthogonal surfaces. For example, there are posets of arbitrary height

with order dimension two, while the cp-order of a 2-dimensional orthogonal

surface has height at most two.
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Problem 8.4. Is there a d-polytope P such that dim(L(P ) \ F ) = d and

there is no orthogonal surface SV realizing L(P ) \ F?

Generic surfaces and simplicial polytopes are a special case, a realizer for

a simplicial polytope directly translates into coordinates for an orthogonal

surface: Let P be a simplicial polytope and R = {L1, . . . , Ld} a realizer for

L(P ) \ F . We restrict the linear orders Li to the vertex set V (P ). If a

vertex v ∈ V (P ) occurs at the kth position in order Li ∈ R, then we set

vi = k. With these coordinates, we obtain a strongly generic antichain which

generates an orthogonal surface realizing P .

Another issue we have to be careful about arises from dualization. It is

obvious that dim(L(P )) = dim(L(P ∗)). However, if L(P ) \F is the cp-order

of an orthogonal surface, then the cp-order of the dual surface corresponds

to L(P ∗) minus all faces containing the vertex F ∗, as in Figure 8.1.

Problem 8.5. Is there a realizable polytope P such that P ∗ is not realizable?

In Chapter 6, we discussed some criteria which are useful to prove non-

realizability of certain simplicial polytopes. In general, it is difficult to prove

that a polytope is not realizable. Unfortunately, the problems 8.3, 8.4 and

8.5 remain open so far.

We now introduce a stricter notion of realizability which is useful for the

constructions we present in the following sections.

Definition 8.6. An orthogonal surface SV is max-suspended if every exterior max-suspended

vertex is maximal in some coordinate.

A d-polytope is max-realizable if P is realizable on a max-suspended or- max-realizable

thogonal surface, which we also call a max-realization for P .

If SV is max-suspended and we remove all non-maximal vertices, then the

remaining vertices generate one local maximum. This is the property we need

for our constructions. It enables us to“lift”a realization to a larger dimension,

this means that a max-realizable d-polytope P occurs as an interior facet of

a realizable (d+ 1)-polytope.

Let SV be a d-dimensional max-realization for P . We add a (d + 1)th

coordinate to all vertices, where vd+1 = 0 if v is an exterior vertex and

vd+1 = 1 otherwise. The augmented vertices generate a local maximum and

the former outer vertices generate a point of rank d − 2 which corresponds

to the former outer facet.
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Figure 8.2: A 2-dimensional max-realization of the quadrilateral is lifted to dimension

three. The white maximum on the 3-dimensional surface corresponds to a quadrilateral-

facet.

Figure 8.2 shows an example where a 2-dimensional realization of the

quadrilateral is lifted to produce a local maximum on a 3-dimensional surface

with the corresponding structure.

Observation 8.7. ◦ If SV is suspended, then SV is max-suspended if

and only if the suspensions are the only outer vertices.

◦ Any realization with a simplex outer facet is suspended as well as max-

suspended.

If P is simplicial and realizable, then P is max-realizable. This directly

implies that every 2-polytope is max-realizable, since every 2-polytope

is simplicial.

◦ Every 3-polytope with a simplex-facet is max-realizable.

Not every 3-polytope has a max-realization for every choice of an outer facet.

For example, if all faces except one are triangles, then the outer facet in a

max-realization must be a triangle. This is due to the observation that the

outer vertices contribute no orthogonal arcs to inner edges, therefore, there

are at most 3k inner edges if there are k inner vertices. However, if the outer

face contains four or more vertices, then an inner triangulation requires 3k+1

or more inner edges.
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Figure 8.3: A suspended but non-max-realization and a non-suspended but max-

realization for the 3-cube

8.2 Realizable 4-polytopes with many Faces

Agnarsson, Felsner and Trotter showed that a graph with n vertices of di-

mension at most four can have no more than 3
8
n2 +O(n) edges, [1].

We present a family of realizable 4-polytopes with n ≥ 12 vertices such

that the edge number of the skeleton graph reaches this asymptotical maxi-

mum.

Due to the Dehn-Sommerville relations (see [40]) on the face numbers of

polytopes, this implies that the total number of faces reaches the asymptotic

upper bound, since the values of f0 = n and f1 determine the complete

f -vector of a 4-polytope.

The orthogonal surfaces we construct are generic, therefore the corre-

sponding polytopes are simplicial.

One instance of the family is a 4-polytope on 12 vertices whose skeleton

graph is the complete graph K12. For n > 12, a realizable 4-polytope cannot

contain a Kn, since the order dimension of K13 is five, see [23].

Let V = A ∪ B ∪ C ∪ D ∪ {s1, s2, s3, s4}, where A,B,C,D differ in size

by at most one element. Let LA denote some linear order on A and LA its

reverse, likewise for B,C,D.

Proposition 8.8. A realizer for a graph with an asymptotically maximal

number of edges is given by:
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A

D

C

B

1

3 2

Figure 8.4: The scheme of a generic 4-dimensional orthogonal surface asymptotically

maximizing the number of characteristic points per vertex. This picture shows the in-

tersection of the corresponding surface with a 3-dimensional hyperplane where all points

share the 4th coordinate.

L1: s
2, s3, s4 LD LC LB LA s1

L2: s
1, s3, s4 LB LA LD LC s2

L3: s
1, s2, s4 LC LD LA LB s3

L4: s
1, s2, s3 LA LB LC LD s4

Proof. Recall that an edge (u, v) is realized if and only if for all w ∈ V \{u, v},

there is a linear order where w gets above u and v.

Each part A,B,C,D is on top once, and any pair of parts appears in all

four possible orders, for example i.e. LALB, LBLA, LA LB and LB LA. This

guarantees that we obtain a complete 4-partite graph on the sets A,B,C,D.

Furthermore, note that all interior edges are symmetric, because for any

two inner vertices u, v, there are two orders where u gets above v and two

orders where v gets above u. Since every interior vertex contributes four

orthogonal edges, this implies that all interior vertices are connected to all

four suspensions.

Finally, on the parts themselves, we obtain four paths: If LA = a1, . . . , ak,

then all edges (ai, ai+1) for i = 1, . . . , k−1 are also realized. Since the vertices
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of A always appear in the same order or reverse order, there are no other

edges within A (respectively B,C,D).

We assume that |A| = |B| = |C| = |D| and count the edges of the realized

graph:

◦ The complete 4-partite subgraph contains 3 (n−4)2

8
edges.

◦ Every inner vertex is adjacent to all four suspensions, hence there are

4(n− 4) edges from inner vertices to the suspensions.

◦ There are 6 edges forming the outer K4 on the suspensions.

◦ There are 4 paths on the sets A,B,C,D, each containing n−4
4

−1 edges,

this amounts to n− 8 additional edges.

In total, the realized graph has 3 (n−4)2

8
+4(n−4)+6+(n−8) = 3n2

8
+2n−12

edges.

The following table compares the exact face numbers achieved by this con-

struction to the face numbers of neighborly 4-polytopes:

order dimension 4 neighborly 4-polytopes

f0 n n

f1
3n2

8
+ 2n− 12

(
n
2

)
= n(n−1)

2
= n2

2
− n

2

f2
3n2

4
+ 2n− 24 n(n− 3) = n2 − 3n

f3
3n2

8
+ n− 12 n(n−3)

2
= n2

2
− 3n

2

8.3 Constructions

We have already mentioned classes of realizable simplicial polytopes, for ex-

ample 4-polytopes with at most 8 vertices and stacked polytopes. These are stacked polytopes

polytopes that can be constructed from a simplex by a series of stacking op-

erations, which means that a facet F is replaced by a vertex v and d new

facets. In other words, a small pyramid with apex v is erected above F . The

polytope obtained from this construction is called stack(P, F ).

Proposition 8.9 (Stacking). If P is a d-polytope realized on an orthogonal

surface SV , and if F is a simplex-facet of P , then stack(P, F ) is also realizable.
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Figure 8.5: A Stacking Operation

Proof. We distinguish two cases: Either the facet F is realized as a local

maximum M ∈ SV , or F is the unique outer facet represented by suspensions

s1, . . . , sd.

In the first case, which is shown in Figure 8.5, we insert a new vertex v

with coordinates vi = Mi− ǫ for some ǫ > 0. Certainly, v⊳M , so the former

facet F represented by M is destroyed. We choose ǫ small enough such that

v is incomparable with all other characteristic points of SV .

It remains to show that for every characteristic point c < M on SV , we

obtain a new characteristic point c ∨ v ∈ SV ∪v. We assumed that F was a

simplex-facet, so DM = {w1, . . . , wd} ⊂ V . It is easy to see that DM \{wi, v}

generates a local maximum M i ∈ SV ∪v for every i ∈ [d]. Every M i represents

a new simplex-facet. This concludes the proof of the first case.

Now assume that F is realized as the outer facet. Since F is a simplex-

facet, its vertices are the d suspensions s1, . . . , sd, where sij = 0 for i 6= j.

Furthermore, for all v ∈ V \ {s1, . . . , sd} and i ∈ [d], we have 0 < vi < sii.

The first step is the perturbation of one of the suspensions without chang-

ing the structure of SV . Let s1
per = (s1

1, ǫ, . . . , ǫ) for some ǫ > 0. If ǫ is small

enough, this perturbation preserves all relations between the perturbed ver-

tex and other minima. The resulting surface is almost isomorphic to the old

one: The cp-order is isomorphic and the sets of tight coordinates change only

for suspensions si 6= s1.
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Figure 8.6: A Cutting Operation

The second step is the insertion of v as the new suspension with coordi-

nates v = (s1
1 + ǫ, 0, . . . , 0).

The new outer facet is represented by v, s2, . . . , sd. Together with any

other proper subset of {s1
per, . . . , s

d}, the new vertex v generates a character-

istic point. In particular, there are d−1 new local maxima generated by sets

of the form {v, s1
per, s

i1 , . . . , sid−2}.

Corollary 8.10. Every stacked polytope is realizable.

The following proposition holds for surfaces of dimension at least four, it is

false in dimension three.

Proposition 8.11. Let SV be a generic surface of dimension at least four.

Then SV realizes a stacked polytope if and only if the graph of SV consists

only of orthogonal edges.

Proof. In dimension at least four, stacked polytopes are exactly those sim-

plicial polytopes with the minimal number of k-faces for k ≥ 1 on n vertices,

this is known as the Lower Bound Theorem, [3]. Since the number of orthog-

onal edges is fixed for a generic orthogonal surface on n vertices, the minimal

number of edges on a generic surface of dimension at least four is achieved if

and only if all edges are orthogonal.

A stacking operation on a facet F of a d-polytope P corresponds to a trun-

cation in in the dual polytope P ∗. This means that the vertex dual to the truncation
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facet F is cut off by a new hyperplane which separates F ∗ from all vertices

of P ∗.

stack(P, F )∗ = cut(P ∗, F ∗)

This dual operation can also be performed on an orthogonal surface:

Proposition 8.12 (Truncation). Let P be a polytope realized on a sus-

pended orthogonal surface SV . Let v ∈ V be a non-suspension vertex of

degree d. Then cut(P, v) is also realizable.

Figure 8.6 shows this operation on a 3-dimensional surface.

Proof. We replace v by d new vertices v1, . . . , vd, where vii = vi+ǫ and vij = vj
for i 6= j. We choose ǫ small enough such that for all w ∈ V \ {v} and all

i ∈ [d], wi > vi implies wi > vi + ǫ.

Every original characteristic point c ∈ SV remains the same except for v,

which is deleted. If v ∈ Dc, then after the replacement, we obtain vi ∈ Dc if

and only if i /∈ Tc(v).

This implies that the d outgoing orthogonal edges of the form {v, wi} are

transformed to orthogonal edges {vi, wi}.

It remains to show that v1, . . . , vd are the vertices of a simplex facet,

i.e. every subset of U ⊂ {v1, . . . , vd} generates a characteristic point. This

follows from Lemma 4.25.

A more general operation than stacking a vertex onto a facet glues two arbi-

trary polytopes together via a simplex-facet.

Let P,Q be d-polytopes where F and F ′ are simplex-facets of P respec-

tively Q. If P is (max-)realizable with outer facet F and Q is realizable with

inner facet F ′, then instead of inserting a single vertex into a realization of

Q like in the stacking operation, we replace the maximum representing F ′

with all interior vertices of a realization of P .

This also works if F and F ′ are not simplices but isomorphic and realized

with the same structure, i.e. sets of tight coordinates.

An important construction is the pyramid pyr(P ) over a d-polytopes P .pyramid

Geometrically, it is obtained by embedding P on a hyperplane in dimension

d+1 and then adding one vertex a which is not contained in this hyperplane.

The new faces are the pyramids over all faces of P . This means that if

F ⊂ V (P ) is the vertex set of a face of P , then F ∪ {a} spans a face of

pyr(P ). In addition, the polytope P itself is a facet of pyr(P ).
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Figure 8.7: A max-realization of the pyramid over the pentagon.

Proposition 8.13 (Pyramids). If P is a max-realizable d-polytope, then

pyr(P ) is also max-realizable.

Figure 8.7 shows an example of a pyramid-construction. The 2-dimensional

(max-)realization of the pentagon is lifted to obtain a local maximum on

a 3-dimensional surface. The apex of the pyramid is represented by the

additional suspension.

Proof. Let SV be a max-realization of P with vertices V , and let F ⊂ V be

the vertices of the outer facet.

For every v ∈ V , we define a vertex vp ∈ Rd+1 as vpi = vi for all i ∈ [d].

If v ∈ F , then vpd+1 = 0, else vpd+1 = 1. Then we add a new vertex a ∈ Rd+1,

where a = (0, . . . , 0, 2).

Claim: The vertices V p = {vp : v ∈ V } ∪ {a} provide a max-realization of

pyr(P ).

The new outer facet is the pyramid over the former outer facet with

vertex set F p ∪ {a}. Each of these vertices is maximal in some coordinate,

this follows from the assumption that each vertex of F was maximal before.

For every old characteristic point c ∈ SV , we obtain a new characteristic

point cp ∈ SV p .

Proposition 8.14 (Prisms). If P is a max-realizable d-polytope, then the
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Figure 8.8: Realizing a 3-cube: The 2-cube is realized as a facet. In the prism-

construction, the outer four vertices duplicate the structure of the inner ones.

prism over P , i.e. the product of P with an edge, is a max-realizable (d+1)-

polytope.

Figure 8.8 shows how the 3-cube can be realized as the prism over the 2-cube.

Starting with a lifted max-realization of the 2-cube (the red quadrilateral in

the figure), this structure is duplicated and every vertex is connected to its

corresponding partner.

Proof. Since P is max-realizable, we can assume that P is realized as maxi-

mum M on an orthogonal surface of dimension d+1. The idea is to duplicate

the structure of M with slightly perturbed coordinates.

If v is a minimum contributing coordinate i to M , its double is v′ =

v + 2ǫei − ǫ1.

It is easy to check that the new vertices leave the old structure unchanged,

i.e. they cannot obstruct any old characteristic points. However, the join of

the set of all new vertices is obstructed by M . Therefore, the counterpart-

facet M ′ of M has no corresponding point on the surface. M ′ is the outer

facet of the realization, i.e., the facet of the polytope which is missing in the

cp-lattice of the surface.

The d-cube is the prism over the (d− 1)-cube. From the simple observation

that the 2-cube is max-realizable, we directly obtain the following result by

induction:

Corollary 8.15. The d-cube is realizable for all d.



8.3 Constructions 147

Figure 8.9: A realizer for the product of a 2-cube and a path of length 2.

The following more general construction produces a realization of a P -sequence,

i.e., of the product of a realizable d-polytope P with a path: The realization

of the product consists of translated copies of realizations of P :

Proposition 8.16 (Sequences). If P is a max-realizable polytope, then the

product of P with a path is also max-realizable.

Figure 8.9 shows how this construction generalizes the prism-construction.

Proof. The product of P with a path can be realized with a series of prism-

operations. Again, we start with the realization of P as a maximum on an

orthogonal surface of dimension d+1. Then, we duplicate the structure of P

to obtain the prism over P as in the construction for Proposition 8.14. Now,

we construct the prism over the new vertices, this does not interfere with any

of the original faces. Figure 8.9 shows an example in dimension three.
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Figure 8.10: There are two 3-polytopes with five vertices. The bipyramid over the

triangle is simplicial, it is shown on the left side. The pyramid over the quadrilateral is

shown on the right.

8.4 Polytopes with few vertices

In this section, we examine the class of d-polytopes with d+2 vertices. These

are completely classified, as shown in Grünbaum’s book [22].

Theorem 8.17 ([22]). There exist ⌊d
2
⌋ simplicial d-polytopes with d + 2

vertices. If P is a non-simplicial d-polytope with d + 2 vertices, then it is a

pyramid over a (d− 1)-polytope with d+ 1 vertices.

We use this result to prove the following theorem:

Theorem 8.18. Every d-polytope with d+ 2 vertices is max-realizable.

Proof. With Proposition 8.19, we show that every simplicial d-polytope with

d+ 2 vertices is realizable, since there are as many Scarf-complexes on d+ 2

vertices as there are simplicial polytopes.

Proposition 8.13 shows that pyramids over max-realizable polytopes are

again max-realizable.

The claim then follows by induction from the fact that all 3-polytopes

on 5 vertices are max-realizable. There are only two of these, one is the

simplicial bipyramid over a triangle, the other is the non-simplicial pyramid

over a quadrilateral. Corresponding orthogonal surfaces of dimension three

are shown in Figure 8.10.

Proposition 8.19. There are ⌊d
2
⌋ combinatorially different d-dimensional

suspended Scarf-Complexes on d+ 2 vertices.
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Proof. We fix the outer simplex with the suspension vertices s1, . . . , sd and

vary only the relation between the two interior vertices a, b, i.e. we consider

only realizers R = {L1, . . . , Ld} of the form

L1: s2, . . . , sd a b s1

L2: s1, s3, . . . , sd a b s2

. . .

Ld: s1, . . . , sd−1 b a sd

The combinatorial type of the realized polytope is completely determined by

the parameter

k(R) = min{#{orders where a < b},#{orders where b < a}}

It is easy to see that 1 ≤ k(R) ≤ ⌊d
2
⌋. We show that k(R) 6= k(S) implies

that R and S realize polytopes with different f -vectors, so certainly these

polytopes have different combinatorial type.

More precisely, we prove the following claim:

Claim: R = {L1, . . . , Ld} realizes an (i+ 1)-neighborly polytope if and only

if k(R) ≥ i+ 1.

Recall that ∆V is (i+ 1)-neighborly if and only if
(
V
i+1

)
⊂ ∆V .

We first prove that every simplex of the form {a, sj1 , . . . , sji} is realized

if and only if b gets above a in at least i+ 1 orders.

Since all orders are symmetric with respect to s1, . . . , sd, it does not mat-

ter which we choose. We just count how many orders are needed to ensure

that b gets above every simplex of the described type.

In the first order

s2, s3, . . . , sd, a, b, s1

b gets above every simplex containing a and not containing s1.

In the lth order, b gets above every i-simplex containing a and not sl.

The (i+ 1)th order is needed to ensure that b gets above {a, s1, s2, . . . , si}.

Symmetrically, we need i + 1 orders where b < a to ensure that a gets

above every simplex of the form {b, sj1 , . . . , sji}. It follows that k(R) ≥ i+1.

It remains to show that if k(R) ≥ i + 1, then every simplex of the form

{a, b, sj1 , . . . , sji−1} is realized.

We choose i−1 suspensions sj1, . . . , sji−1 . These are maximal elements in

i− 1 of our d orders. In the remaining d− i+1 orders, the other suspensions



150 Realizable Polytopes

get above our simplex, and - since k ≥ i + 1 - both a and b dominate∨
{a, b, sj1 , . . . , sji−1} in at least one coordinate each.

This proves the claim and completes the proof of the Proposition.

The next step would be to consider d-polytopes with d + 3 vertices. These

are much harder to handle and no complete classification is known.

Problem 8.20. Is every d-polytope with d+ 3 vertices realizable?

The example we discussed in Section 6.4, the cyclic polytope C4(7), shows

that the realizability of a 4-polytope with 7 vertices can depend on the choice

of the outer facet.

8.5 Crosspolytopes

The d-dimensional crosspolytope C∆
d is a simplicial polytope, it is the dual

polytope to the d-cube. It can be described as the convex hull of the points

{±e1, . . . ,±ed}, in particular, it has 2d vertices. Another way to obtain it is

to start with a line segment (a 1-polytope) and then perform a sequence of

d− 1 bipyramid-operations.

The bipyramid over a polytope P is obtained by adding two vertices a, b.

For every proper face F of P , the bipyramid over P contains a face spanned

by F ∪ a and a face spanned by F ∪ b, that is, two pyramids over F .

While it is open whether bipyramids over realizable polytopes are in gen-

eral realizable, for the special case of the crosspolytope, we now present a

construction.

Theorem 8.21 (Crosspolytopes). The following d linear orders realize the

d-dimensional cross-polytope C∆
d (for simpler notation, we introduce the pa-

rameter l = 2d− 2):

L1: v2, v3, . . . , vd−1, a vd vd+1 . . . vl−2 vl−1 vl b v1

L2: v1, v3, . . . , vd−1, a vd+1 vd+2 . . . vl−1 vl b vd v2

L3: v1, v2, v4, . . . , vd−1, a vd+2 vd+3 . . . vl b vd vd+1 v3

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

Ld−1: v1, v2, . . . , vd−2, a vl b vd . . . vl−3 vl−2 vl−1 vd−1

Ld: v1, v2, . . . , vd−1 b vd . . . vl−3 vl−2 vl−1 vl a
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v2

v3

v4

v1

v1

v2

v3

v4
a

b

Figure 8.11: Realizing the Crosspolytope: In the 2-dimensional realization, the edge

{v1, v2} is the outer facet. In the middle, we see how a 2-dimensional realization is extended

to a 3-dimensional one. The right figure shows the Schlegel-diagram of the 4-dimensional

cross-polytope.

The suspensions of this construction are the vertices v1, . . . , vd−1 and a. Since

each of them is maximal in one of the linear orders, they can be minimal in

all others. This is indicated by the two vertical lines. The order of the sus-

pensions at the beginning of a linear order is arbitrary. For the corresponding

orthogonal surface, we set all these coordinates to 0.

Proof. We prove the statement by induction on d. Assuming that the orders

L1, . . . , Ld−1 realize the (d−1)-dimensional crosspolytope C∆
d−1 on the vertices

v1, . . . , vl, where l = 2d−2, we show that adding two apexes a and b and the

linear order Ld corresponds to the polytopal bipyramid-construction.

The induction start is the 2-dimensional case. It is easy to verify that the

following two orders realize C∆
2 , the quadrilateral:

L1: v2 v3 v4 v1

L2: v1 v4 v3 v2

For the induction step, first observe that the d non-edges of the graph realized

by this construction are

(v1, vd), (v2, vd+1), . . . , (vd−1, vl), (a, b)

These are exactly the pairs of apices from the d bipyramid operations.

For each of these pairs, there is a vertex obstructing the edge. We have

vi−1 < vi−d+1 ∨ vi for all i = d + 1, . . . , l = 2d − 2 and b < v1 ∨ vd and

vl < a ∨ b.
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Furthermore, all non-edges on {v1, . . . , vl} are preserved from the realizer

of C∆
d−1, that is, no new edges appear when we add the order Ld. This

implies that this addition does not create any new faces on the old vertices

{v1, . . . , vl}.

It remains to show that the addition of a, b and the order Ld realizes the

bipyramid construction, that means every face of C∆
d−1 is once extended by

a and once by b to form a face of C∆
d . Since the crosspolytope is simplicial,

it is sufficient to show this extension for every facet F of C∆
d−1.

Such a facet is represented by a (d− 1)-element subset F ⊂ {v1, . . . , vl}.

By induction hypothesis, F must be realized by {v1, . . . , vl} on the or-

ders L1, . . . , Ld−1, this means that for every vertex for every vertex v ∈

{v1, . . . , vl}, there is a j ∈ [d − 1] such that F ≤j v. The only exception is

the outer facet formed by the suspensions {v1, . . . , vd−1}.

With this prerequisite, we have to show for x ∈ {a, b}:

(⋆) For every vertex v ∈ {v1, . . . , vl, a, b}, there is a j ∈ [d] such that

F ∪ x ≤j v.

We first consider the exceptional outer facet F = {v1, . . . , vd−1}. Since a

represents the dth suspension, the set F ∪a is the new outer facet. For F ∪ b,

the (⋆)-property is ensured by the dth linear order.

It remains to consider extensions of facets containing interior (i.e. non-

suspension) vertices. In the remainder of this proof, we assume that

F ∩ {vd, . . . , vl} 6= ∅

The following claim shows that we can concentrate on the extension of the

facets with b, since the other case follows:

Claim: If the (⋆)-property is satisfied for F ∪ b, then it is also satisfied for

F ∪ a.

Since F contains interior vertices and b is the minimal interior vertex in Ld,

we have b �d F . If F ∪ b satisfies (⋆), then there must be a j ∈ [d − 1]

such that b ≥j F . But then, b ≥j F ∪ a. Since F is a facet of C∆
d−1, for all

v ∈ {v1, . . . , vl}, there is a k ∈ [d−1] such that F ≤k v, but then, F ∪a ≤k v.

Furthermore, F <d a, which proves the claim.

This implies that it only remains to verify the (⋆)-property for all extensions

F ∪ b.
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Choose i as the minimal index in F ∩ {vd, . . . , vl}. In Li−d+1, v
i is the

minimal interior vertex. Since (vi−d+1, vi) is a non-edge, we have vi−d+1 /∈ F .

This implies that some interior vertex vk ∈ F with k > i is maximal in Li−d+1

with respect to F . Due to the ordering of the elements {vd, . . . , vl} in Li−d+1,

it follows that k must be the maximal index in F ∩ {vd, . . . , vl}. We have

vk ≥d F ∪ b and b ≥i−d+1 F .

For all j 6= i − d + 1, we have b < F , so v ≥j F implies v ≥j F ∪ b. If

j > d− i+ 1, then b <j v
i. For j < i− d+ 1, there is an outer vertex on top

of F . (If it were an interior vertex vm, then m < i, a contradiction to our

choice of i).

Therefore, it only remains to consider the order Li−d+1 and check the

(⋆)-property for the facet F ∪ b and vertices v with F <i−d+1 v <i−d+1 b.

For these vertices, the property is ensured by the last order Ld, i.e. we have

F ∪ b <d v.

Problem 8.22. If P is realizable, is the bipyramid over P realizable in gen-

eral?

Reuter, [30], showed that the dimension of the face lattice of the bipyramid

of P is dim(L(P )) + 1. However, as we discussed in Section 8.1, realizability

is a different criterion.

If P is realizable, then this implies that dim(L(P )) = d + 1, while the

reverse implication is not necessarily true, as we observed in Section 8.1.

Therefore Problem 8.22 remains open.





Chapter 9

Conclusion and Open Questions

Two of the main questions we have dealt with in this thesis are the following:

Question 1. Given a d-polytope P , how can we decide whether P is realiz-

able on a d-dimensional orthogonal surface?

Question 2. How can we characterize those orthogonal surfaces with poly-

topal cp-orders (or, less restrictive, cp-orders which are CW-posets)?

With regard to the realization problem, we have discussed the labeling-

criterion of Bayer, Peeva, Sturmfels [4] and the obstruction-criterion based

on the dimension of the skeleton-graph, [23].

We introduced a new realization criterion (Proposition 6.15), which makes

use of the particular structure of an orthogonal surface and which can be

easily checked by counting the edge-facet incidences of a polytope.

While it is probably unrealistic to expect a complete characterization

of realizable polytopes which enables us to distinguish realizable from non-

realizable polytopes efficiently, it should be possible to refine and generalize

the available realization criteria and to augment the class of polytopes for

which we can answer Question 1.

For example, we have so far only applied Proposition 6.15 to the number

of incidences between facets and edges, while this result can actually be

applied to incidences between facets and characteristic points of any rank.

This approach might yield a class of realization criteria analogous to the one

we discussed.

For dimension d > 4, it also looks promising to not only consider the

dimension of the skeleton graph of a polytope as an obstruction to realiz-

ability, but to identify obstructions of higher dimension, for example in the

3-skeleton.

Problem 9.1. Find upper and lower bounds for the order dimension of the

k-skeleton of a realizable d-polytope for k ≥ 3.

155



156 Conclusion and Open Questions

The obstruction that the face lattice of a realizable d-polytope must not have

order dimension ≥ d+ 2 is in most cases too difficult to check.

Another approach to Question 1 was to identify some classes of realiz-

able polytopes. In Chapter 8, we presented realizer-constructions for stacked

polytopes (Proposition 8.9), pyramids (Proposition 8.13) and prisms (Propo-

sition 8.14) and showed that all d-polytopes with d+2 vertices are realizable

(Theorem 8.18).

On this track, there is definetely a lot more work to do. One example of an

open question is the bipyramid-construction. We showed that the crosspoly-

tope is realizable by providing a realizer which can be built by a sequence of

bipyramid operations (Proposition 8.21). Unfortunately, the construction of

the bipyramid depends on the special properties of this realizer. In general,

it is not clear if this approach would work.

Problem 9.2. Does the bipyramid-construction preserve the realizability of

a polytope?

Another interesting issue is the question how to deal with dual polytopes. In

Section 8.1, we observed that the realizer of a polytope P does not directly

yield a realizer for the dual polytope P ∗. It remains to find either a construc-

tion which handles this problem or an example pair of dual polytopes such

that only one of them is realizable.

Problem 9.3. Is there a pair of dual polytopes P and P ∗ such that P is

realizable, while P ∗ is not?

With respect to Question 2, I feel that there is even more room for improve-

ment than for the realization problem.

We have discussed properties like non-degeneracy and the generalization

of Miller’s concept of rigidity (Definition 3.22) for 3-dimensional surfaces to

higher dimension (Definition 7.16) and showed that these restrictions are

necessary, but not sufficient to guarantee that the cp-order is polytopal (Ex-

amples 7.18 and 7.17).

For non-degenerate surfaces, we examined the rich combinatorial struc-

ture of characteristic points and showed that characteristic points are exactly

those points with a generating partition (Proposition 7.13).

Also, we showed that the cp-orders of non-degenerate surfaces have many

interesting properties. For example, we saw that they allow a perfect match-

ing (Theorem 7.19), respectively, in the rigid case, even a perfect Morse-

matching (Theorem 7.25).
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For the even more restricted class of surfaces with parallel flats, we could

show that the lexicographic ordering of the local maxima is a recursice coatom

ordering (Theorem 7.33). I am quite sure that the premises of this theorem

are actually too strong. For example, the assumption that all 1-flats are

generic is necessary for mainly technical reasons.

It might be possible to replace these prerequisites with the exclusion of

some “forbidden substructures”, like Examples 7.18 and 7.17.

The constructions presented in Chapter 8 implicitly define some non-

generic classes of polytopal orthogonal surfaces. Apart from that, we still

cannot provide a list of restrictions which are weaker than genericity and yet

guarantee that the cp-order is polytopal.

Another aspect of this problem is certainly the difficulty of distinguishing

the face lattices of polytopes from other posets on a purely combinatorial

level. Actually, this is probably impossible. To prove that a certain poset

is polytopal, we have to provide a convex polytope with the corresponding

face lattice. At least with respect to Conjecture 7.35, I think it should be

possible to identify a class of polytopes which lives on orthogonal surfaces

with parallel flats.

As a conclusion, we remark that except for the 3-dimensional case, the ma-

jor questions of this subject like Questions 1 and 2 are probably too difficult

to be solved completely, but the various smaller problems lead to interesting

insights and results - and, of course, to many new questions.





Appendix A

Complexes, Shellings and Discrete Morse

Theory

Definition A.1. An abstract simplicial complex ∆ on the ground set [n] is simplicial complex

a family of subsets of [n] such that σ ∈ ∆ and σ′ ⊂ σ implies σ′ ∈ ∆.

The elements of simplicial complex ∆ are also called the faces of ∆.

A geometric simplicial complex is a collection of simplices such that any

two of them intersect in a common face.

Every simplicial complex ∆ has a geometric realization, a topological geometric

realizationspace which is the union of simplices corresponding to the faces of the ∆.

Proposition A.2. A poset is the face inclusion order of a simplicial complex

if and only if it has a 000 and every lower interval is a Boolean lattice.

A graph can be interpreted as a one-dimensional simplicial complex. Another

important class of examples are the boundaries of simplicial polytopes.

A polytopal complex is a more general concept than a simplicial complex. polytopal complex

The elements can be arbitrary polytopes such that all faces are included and

the intersection of any two members is a common face. An important class

of polytopal complexes are boundaries of convex polytopes.

The dimension of a polytopal complex C is the maximal dimension of a

face f ∈ C. The complex C is called pure if every face is contained in a face pure

of dimension dim(C).

An even more general concept than polytopal complexes are the CW-

complexes. These are built out of d-cells, i.e. objects that are homeomorphic d-cells

to the closed unit ball ball

Bd = {x ∈ Rd : |x| ≤ 1}

The boundary bd(Bd) is the unit (d− 1)-sphere sphere

Sd−1 = {x ∈ Rd : |x| = 1}
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A CW-complex is built out of balls by attaching them to each other, i.e.

if X is a topological space, σ a d-cell, then an attaching map is a continuousattaching map

map f : bd(σ) → X.

We identify bd(σ) and f(bd(σ)), this means that we glue the entire bound-

ary of σ onto X.

Definition A.3. A finite CW-complex is a topological space X such thatCW-complex

there exists a finite sequence

∅ ⊂ X0 ⊂ X1 ⊂ · · · ⊂ Xn = X

such that for any i ∈ [n], Xi is the result of attaching a cell to Xi−1.

Although this looks much more complicated than a simplicial complex, the

situation is not too bad. The homotopy type of a CW-complex depends only

on the dimension of the Xi and the homotopy classes of the attaching maps.

The advantage is that topological spaces can be built as CW-complexes using

much less elements than in an equivalent simplicial complex.

A polytope is homeomorphic to a ball, thus a polytopal complex is a

CW-complex.

A CW-complex is regular if the boundary of every cell is the union ofregular

other cells. The face inclusion order of a regular CW-complex satisfies the

diamond-property, i.e. every interval of height two contains exactly fourdiamond-property

elements.

A CW-complex satisfies the intersection property if the intersection ofintersection

property any two cells is either empty or another cell in the complex. A regular CW-

Complex satisfies the intersection property if and only if its face inclusion

order is a lattice.

In the same way as for polytopes, we are mostly interested in the combi-

natorial type of CW-complexes. In analogy to the face lattices of polytopes,

this information is captured in the inclusion order of the faces.

Definition A.4. A CW-poset is a poset such that every lower interval isCW-poset

spherical, i.e. the face-complex of a sphere.

Theorem A.5 (Björner [5]). A poset is a CW-poset if and only if it is the

face-inclusion order of regular CW-complex.

Denote the lower interval of x ∈ CV with D(x) = {y ∈ P : y ≤ x}. Denote

the set of coatoms in a graded order P with coatoms(P ).
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Definition A.6. Letm1, . . . ,mt be a linear ordering of the coatoms of (P,≤).

We define for every j ∈ [t] the set Qj as the set of coatoms p of D(mj) such

that p < mi for some i < j.

The order m1, . . . ,mt is a recursive coatom ordering if either the length recursive coatom

orderingof P is at most 2 or the following conditions are satisfied for all j ∈ [t]:

• For every i < j, x ∈ D(mi) ∩D(mj), there is a p ∈ Qj: p ≥ x.

• D(mj) has a recursive coatom ordering in which the elements of Qj

come first.

The recursive coatom ordering is the combinatorial equivalent to the shelling

of a face-complex. Every polytope is shellable, [40], therefore, every polytopal

face-complex admits a recursive coatom ordering.

Recursive coatom orderings yield the following criterion to identify CW-

posets:

Proposition A.7 (Björner [5]). If P satisfies the diamond-property and ad-

mits a recursice coatom-ordering, then P is a CW-poset.

We now give a short and informal introduction to the topic of Discrete Morse

Theory using material from Forman’s “User’s Guide to Discrete Morse The-

ory”, [21].

Let ∆ be a simplicial complex.

Definition A.8. A function f : K =⇒ R is a discrete Morse-function if for discrete

Morse-functionevery i-simplex σ ∈ K

• There is at most one (i + 1)-simplex σ′ such that σ ⊂ σ′ and f(σ) >

f(σ′).

• There is at most one (i− 1)-simplex σ′′ such that σ′′ ⊂ σ and f(σ) <

f(σ′′).

Only of the two can exist. Every simplicial complex allows a Morse-function,

for example f(σ) = i for all i-simplices.

Definition A.9. A simplex σ ∈ ∆ is critical if there is no i+ 1-simplex and critical

no i− 1-simplex satisfying the above condition.
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Figure A.1: A contractible simplicial complex can be deformed into a point by a sequence

of simplicial collapses. The Morse-matching is marked red.

The main theorem in discrete Morse Theory is the following:

Theorem A.10. If ∆ is a simplicial complex with a discrete Morse function,

then ∆ is homotopy equivalent to a CW-complex with exactly one cell of

dimension i for each critical i-simplex.

With respect to the trivial Morse-function mentioned above, this only

says that every simplicial complex is homotopy equivalent to itself. However,

often, the Morse-function is more complex, and the complex can be reduced.

The idea of the proof is very intuitive. The discrete Morse-function de-

scribes a possible order to construct the simplicial complex, the cells are

attached with increasing function values.

The crucial observation is that non-critical simplices are added in pairs,

where each of the pairs contains a simplex σ and a face of σ which is a

free face, that means it is not contained in any other simplex with a smaller

number.

In reverse, we can perfom a simplicial collapse, this is a special kind ofsimplicial collapse

combinatorial deformation.

Actually, we do not need to know the Morse-function for these construc-

tions. It is sufficient to know the gradient vector field of the function.

Theorem A.11. A discrete vector field V is the gradient field of a discrete

Morse-function if and only if there are no directed cycles.

This vector field can also be interpreted as a partial matching in the Hasse-
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diagram representing the inclusion order of the simplicial complex ∆, a so-

called Morse-Matching. Morse-Matching

The above theorem says that such a matching already contains the essen-

tial information about the Morse-function.

The following is an important special case:

Theorem A.12. Let V be a complete acyclic matching on the Hasse-diagram

of ∆, then ∆ can be collapsed onto a vertex, i.e. ∆ is contractible.

Discrete Morse-functions and Morse-matchings can be generalized to regular

CW-complexes. Chari, [10], proved that a perfect Morse-matching can be

directly obtained from a recursive coatom ordering.





Appendix B

Monomial Ideals, Syzygies, and Resolutions

In commutative algebra, orthogonal surfaces are used to find resolutions for

monomial ideals. The following references contain detailed information about

this connection: [11], [26], [27], [36], [14].

We consider the polynomial ring S = K[x1, . . . , xd].

Definition B.1. A subset I ⊂ S is an ideal if is satisfies ideal

(i) 0 ∈ I

(ii) f, g ∈ I =⇒ f + g ∈ I

(iii) f ∈ I, h ∈ S =⇒ hf ∈ I.

An ideal I is generated by polynomials f1, . . . , fs if

I = 〈f1, . . . , fs〉 =





∑

i∈[s]

hifi : hi ∈ S





Hilbert’s Basis Theorem says that every ideal in S is finitely generated.

Definition B.2. A monomial is a polynomial xa = xa1

1 . . . xad

d , where a ∈ Nd. monomial

A monomial ideal is an ideal generated by monomials, i.e. the set of poly- monomial ideal

nomials such that each term is divisible by one of the generating monomials.

For a monomial ideal I ⊂ S, let A ⊂ I be a minimal set of generators. It

is obvious that no element of A divides another. Therefore, the exponent

vectors of the generators form an antichain in the dominance order on Nd

and generate an orthogonal surface.

While every vector space has a set of linearly independent generators, i.e.

a basis, this is not true for modules or, in particular, for polynomial ideals.

If A ⊂ M is a set of generators for M , then it can be interpreted as a

map from F = SA to M , where the basis element of F corresponding to the
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generator m ∈ A is mapped to m ∈ M . The kernel of this map is called the

module of syzygies of M with respect to the chosen generators A.

Syzygies are linear relations with coefficients in S on the chosen genera-

tors. The syzygys themselves generate an S-module, and again, it is possible

that any set of generators of this module has relations.

Definition B.3. A free resolution for a module M is a sequence of mapsfree resolution

. . .
φ2−→ F2

φ1−→ F1 −→ F −→M −→ 0

where all modules Fi are free and each map is a surjection onto the kernel of

the following map.

The image Mi of φi is the ith syzygy module of M .syzygy module

A famous result, Hilbert’s Syzygy Theorem, states that every module over S

has a free resolution of length at most d.

If M is a finitely generated graded module, then the syzygy module M1

is unique up to isomorphism, i.e. independent from the choice of A, the

minimal set of generators. If we choose a minimal set of generators at each

step, then we obtain a minimal free resolution which is unique (again, up tominimal free

resolution isomorphism) and has length at most d+ 1.

For monomial ideals in two or three variables, i.e. S = k[x, y] or S =

k[x, y, z], a free resolution can be obtained“by picture”using the correspond-

ing orthogonal surface. The generators of the ideal correspond to the vertices

of the surface, as described above.

Example B.4. We consider a simple example of a monomial ideal

I = 〈x5, y7, x3y2, xy4〉

in S = K[x, y]. The minimal free resolution is given by :

0 −→ S

2

6

6

6

6

6

6

6

4

y2 0 0

−x2 y2 0

0 −x2y3 y3

0 0 −x

3

7

7

7

7

7

7

7

5

−−−−−−−−−−−−−−−→ S4

h

x5 xy4 x3y2 y7
i

−−−−−−−−−−−−−−−→ S

The first syzygies of this ideal correspond to the two-joins of SV , which are

xy7, x3y4 and x5y2.
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x5

y7

xy4

x3y2

Figure B.1: A monomial ideal in R[x, y] corresponds to a 2-dimensional orthogonal

surface.

In the same way, a monomial ideal in three variables gives rise to an

orthogonal surface SV of dimension three. If SV is generic, then the first

syzygies are the two-joins and the second syzygies are the local maxima.

This means that the unique minimal free resolution corresponds to the planar

triangulation generated by SV .

Miller’s result that every planar graph can be embedded on a rigid orthog-

onal surface means that in fact every planar graph occurs as the resolution

of a monomial ideal in three variables.

On the other hand, the following theorem states that every monomial

ideal, whether it corresponds to a rigid surface or not, has a planar resolution.

Theorem B.5 (Miller, Sturmfels, [27]). Every monomial ideal in three vari-

ables has a minimal free resolution by some planar map.

For a non-generic ideal, the planar resolution algorithm starts with a strongly

generic perturbation. This yields a non-minimal resolution which is then, step

by step, reduced to a minimal one by removing edges.
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