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Abstract 
 

The application of the current polygon standard ranges for power transmission with shaft-hub 

connections is mainly impeded by the shortcomings of nominal size-specific profile shapes. 

Within the scope of a collaborative research project optimised profile shapes were developed 

which are intended to build up future standard ranges providing geometrical similarity with 

improved transmission behaviour. The experimental part of the research project, which is 

reported in this dissertation, focussed on the influences of the shape design on the fretting 

fatigue behaviour because of its decisive role for the load carrying capacity of polygon con-

nections. The studies revealed that the profile shape is responsible for a specific stress gra-

dient at the initial crack location and therefore determines the fatigue strength of the connec-

tion. High cycle fatigue tests on polygon connections with optimised profile shapes showed 

improved load carrying capacities in comparison to the currently standardised profile shapes. 

Besides the development of optimised profile shapes different dimensioning methods were 

examined to derive a reliable prediction method for the fatigue strength of polygon connec-

tions. A comparison between the experimentally obtained fatigue strengths of P4C-

connections and spline connections showed the difficult interpretation of the widely-used 

fatigue stress concentration factor because the specific reference diameter used to compute 

the nominal stress for the fatigue stress concentration factor does not correlate to the fatigue 

strength. Analyses of the application of unified scatter bands to describe the general fatigue 

strength of polygon connections showed that the use of these bands is limited to only few 

parameter variations even at the same profile type and therefore not suitable for a wider us-

age. Alternatively two local stress methods were examined which considered the local stress 

and strain state directly at the designated crack location. The methods were assessed using 

FEA and the experimentally obtained fretting fatigue strength of selected P3G polygon test 

blocks. The first approach was a strain based life prediction method which is based on a 

classic analytical linkage of crack initiation and crack propagation. The life estimations apply-

ing this method showed only limited success because of its large dependency on the chosen 

material parameters. However the application of the second method, a short-crack growth 

approach, showed a very precise agreement with the experiments. The approach uses the 

KITAGAWA-TAKAHASHI diagram to assess the propagation behaviour of a short crack. The 

comparison between a material-specific threshold stress and a load-specific equivalent 

stress allows the prediction of whether a short crack arrests or propagates to failure. This 

short-crack growth approach seems promising as a future dimensioning method for the fret-

ting fatigue strength of polygon connections. 
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Zusammenfassung 
 

Die Anwendung der gegenwärtig genormten Polygonprofilreihen zur Leistungsübertragung 

bei Welle-Nabe-Verbindungen wird im wesentlichen durch die nenngrößenabhängigen Profil-

formen behindert. Im Rahmen eines Forschungsprojektes wurden geeignete Profilformen 

entwickelt, um zukünftige Normreihen mit geometrisch ähnlichen Profilformen und verbesser-

ten Übertragungseigenschaften aufzubauen. Diese Arbeit berichtet über den experimentellen 

Teil des Forschungsprojekts. Die Experimente untersuchten in erster Linie den Einfluss der 

Profilform auf das Reibermüdungsverhalten, da Reibermüdung die entscheidende Rolle für 

die Tragfähigkeit von Polygonverbindungen spielt. Die Ergebnisse zeigen, dass die Profil-

form eine spezifische Spannungsverteilung am Ort der Rissentstehung hervorruft und damit 

die Ermüdungsfestigkeit der Verbindung bestimmt. Dauerversuche an Polygonverbindungen 

mit optimierten Profilformen ergaben im Vergleich zu den gegenwärtig genormten Profilfor-

men verbesserte Tragfähigkeiten. Neben der Entwicklung optimierter Profilgeometrien wur-

den in dieser Arbeit verschiedene Auslegungsmethoden untersucht, um einen verlässlichen 

Ansatz zur Dauerfestigkeitsvorhersage für Polygonverbindungen abzuleiten. Ein Vergleich 

zwischen den experimentell ermittelten Tragfähigkeiten von P4C- und Keilwellenverbindun-

gen zeigt die schwierige Interpretation der häufig benutzten Kerbwirkungszahl, da die spezi-

fischen Bezugsdurchmesser zur Berechnung der Kerbwirkungszahl keinen Zusammenhang 

zur Reibermüdungsfestigkeit aufweisen. Untersuchungen zur Anwendung normierter Wöhler-

linien zur Beschreibung der allgemeinen Reibermüdungsfestigkeit von Polygonverbindungen 

zeigen, dass diese nur für wenige Verbindungsparameter sinnvoll eingesetzt werden können. 

Alternativ wurden zwei Methoden aus dem Bereich der lokalen Spannungsansätze unter-

sucht. Diese berücksichtigen den Spannungs- und Dehnungszustand direkt am Ort der ver-

muteten Rissentstehung. Die Methoden wurden anhand von FE-Analysen und ausgewählten 

Versuchen an P3G-Verbindungen beurteilt. Die erste Methode war ein dehnungsbasierter 

Lebensdauervorhersageansatz, der auf einer klassischen analytischen Verknüpfung von 

Rissentstehung und Rissausbreitung basiert. Die Lebensdauerschätzungen mit diesem An-

satz zeigen jedoch nur eingeschränkten Erfolg, da die Ergebnisse sehr stark von den jeweils 

gewählten Werkstoffparametern abhängen. Die zweite Methode, ein Kurzrisswachstumsan-

satz, zeigt hingegen eine sehr präzise Übereinstimmung mit den experimentellen Ergebnis-

sen. Der Ansatz verwendet das KITAGAWA-TAKAHASHI-Diagramm, um das Ausbreitungsver-

halten kurzer Risse zu beurteilen. Ein Vergleich zwischen einer werkstoffspezifischen 

Schwellenwertspannung und einer lastäquivalenten Spannung erlaubt die Vorhersage, ob 

ein kurzer Riss stehen bleibt oder bis zum Bruch fortschreitet. Dieser Kurzrisswachstumsan-

satz ist geeignet, um als zukünftige Methode zur Dauerfestigkeitsvorhersage von Polygon-

verbindungen zu dienen. 
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1 Aims of the Research 

The increasing power densities in modern drive trains place growing demands on shaft-hub 

connections. The polygon-connection, providing a combination of form and frictional trans-

mission, is expected to be in position to augment or even replace the conventional press fit. 

Especially in cases of limited joining lengths or in applications where plastic joining is not 

acceptable, the polygon-connection gains importance as an alternative. 

 

So far the use of this profile has been impeded by poor standards, limited manufacturing 

technologies and a lack of design rules. Moreover not even the simple dimensioning of poly-

gon-shaft-hub connections for static loads is currently defined by a mandatory code of prac-

tice. 

 

Despite the great uncertainties in design and production, much is known about damage be-

haviour and fatigue strength of polygon-connections. As a result of intensive and pioneering 

analytical and experimental research work, the important and previously neglected damage 

mechanism of fretting fatigue is very well documented for polygon-connections. Unfortu-

nately, experimental tests revealed the decisive role of fretting leading to a very poor high 

cycle fatigue (HCF) strength for this profile, although several suggestions for the improve-

ment of the load capacity were proposed. 

 

One of the main reasons for the limited application of the polygon-connection is its nominal 

size-specific profile geometry which makes dimensioning complex. To remove this significant 

drawback, a research project was initiated to develop shape optimised polygon profiles. This 

research project was funded by the German Research Foundation DFG1. The studies were 

conducted by a cooperation of the German technical universities Chemnitz and Berlin. Within 

                                                
1 DFG project no. Bl 530/1-2 
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this project of polygon shape optimisation the chair Engineering Design of the Technical Uni-

versity Chemnitz (Prof. Dr.-Ing. Erhard Leidich) was responsible for the numerical analyses 

and the chair Engineering Design and Methodology of the Technical University Berlin (Prof. 

Dr.-Ing. Lucienne Blessing) conducted the experimental studies. For details see also 

[53,54,90,91,175,178]. 

 

The results of the studies led to optimised and geometrically similar profile shapes which are 

presented in part in this work. Furthermore, subsequent numerical studies of ZIAEI [176,177] 

offered a new and innovative approach for the determination of the stress and strain state of 

polygon-connections. Nevertheless, there was still not a reliable method for a general com-

putation of the fatigue strength of polygon connections. 

 

To solve this issue this dissertation proposes a new approach based on the assessment of 

alternative methods of life prediction. The aim is to establish an innovative evaluation proce-

dure and to develop a reliable method for the dimensioning of polygon-connections under 

time-variable loads. This involved studying the current state of development, demonstrating 

the deficiencies of the current dimensioning procedures and proposing a new direction in life 

prediction. 

 

This dissertation is structured as follows: Chapter 2 gives a detailed report on the state-of-

the-art of polygon-shaft-hub connections, including geometry, application and the present 

standardisation. The shortcomings of the current standards are also described and sugges-

tions made for improvements. Because fretting fatigue is the main damage mechanism of 

polygon-connections, special attention is paid to the huge advances in the research on fret-

ting corrosion in general. The extensive literature survey gives a summary especially of Eng-

lish-speaking publications and is the basis for the proposed prediction method. In parts the 

research directions differ substantially, but there is a clear trend in favour of local stress 

methods like strain-based methods and fracture mechanics. Unfortunately in the majority of 

studies on fatigue testing of machine elements these approaches are not taken into account 

as the concept of nominal stresses is preferred. However the reliable dimensioning of fret-

ting-endangered machine elements like shaft-hub connections, dovetails, riveted sheet met-

als or flange connections is an essential task of engineering. The chapter concludes with a 

summary of the specific analytical, numerical and experimental work on polygon-

connections. 

 

Chapter 3 introduces the approach of the aforementioned DFG research project on the 

shape-optimisation of the current polygon standard ranges. This project was the starting 

point for this dissertation and some of the experimental results are used to verify, in Chapter 

10, the results of the proposed life prediction methods. Chapter 4 describes the design of the 

experiments and provides all information about the test parameters. In addition to the test 
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program of the DFG-project some test blocks on standardised polygon profiles and spline 

connections have been added to provide test data necessary for subsequent comparisons. 

Chapter 5 explains the experimental setup which has been applied to conduct the experi-

mental high cycle fatigue tests. Chapter 6 introduces the analytical methods used to process 

the fatigue data from the experiments namely an advanced stair-case method and the 

method of unified scatter bands. Furthermore the chapter informs about the later on used 

Finite Element model and the boundary and load conditions applied. Chapters 7 and 8 show 

the experimental results, distinguishing between two sections: the comparative tests on non-

standardised profile shapes in Chapter 7 and the load capacity tests on optimised profiles, 

standardised profiles and spline connections in Chapter 8. 

 

Chapter 9 evaluates the experimental results applying a nominal stress method which is the 

classical fatigue strength approach and demonstrates the limits and possible misinterpreta-

tions caused by this approach. The need for alternative fatigue strength prediction tech-

niques becomes obvious. To close the gap, Chapter 10 shows the application of two fatigue 

strength prediction methods for polygon-shaft-hub connections. Though the success of the 

first strain-based method is questionable, the second method, using an assessment of short-

crack growth revealed an excellent agreement with experimental results. 

 

Finally the conclusion in Chapter 11 summarises the research and reviews the future poten-

tial of the proposed fatigue strength prediction technique. The Appendix provides all test data 

and details of formulas used in this study. 
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2 State of the Art 

2.1 Geometry of Polygon-Connections 

Polygon curves are noncircular profiles. Therefore these geometries are especially suitable 

for shaft-hub connections based on the principle of form fitting, such as keyway connections. 

In contrast to drive type fastenings, polygon curves are direct connectors like spline shafts. 

Both connections do not need interconnecting elements (e.g. a key) for torque transmission. 

 

The industrial application of noncircular profiles mainly depends on the accuracy of the 

manufactured profiles. One of the first machine tools for producing irregular curves was the 

so called K-profile-machine, a kinematically controlled grinding machine which was able to 

manufacture a triangle-like profile. Adapted from this K-profile [103], R. MUSYL from the 

Technical University of Graz, Austria, developed the polygon curves [104]. In comparison to 

the K-profile the polygon curve uses a simplified, stiffer and much more robust grinding ma-

chine with optimised grinding kinematics for its manufacture. 

 

Mathematically the polygon profile is a special case of an epitrochoidal curve (Figure 2-1). If 

a circle with radius r2 rolls around a base circle with radius r1 without slipping, a point P at a 

distance e from the centre of the rolling circle generates an epitrochoidal curve. 

 

The variation of the radii r1, r2 and of the parameter e leads to an infinite number of epitro-

choidal curves providing a range of characteristics. For technical reasons only the curves 

with whole-numbered ratios of r1 to r2, causing a closed epitrochoid and determining the pe-

riodicity of the curve are interesting. For shaft-hub connections, two sets of parameters be-

came important. If the parameters are chosen so that the epitrochoid does not have concave 

branches, the curve is called K-profile. If the sum of the radii r1 and r2 (rm = r1 + r2) tends to-
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wards infinity, a curve arises which lies in infinity too. A curve which is parallel to that curve, 

but has a finite rm is called a polygon curve. 

 

x

y

r1

r2

e

P

 

Figure 2-1 Common epitrochoidal curve 

 

Any polygon curve such as in Figure 2-2 is mathematically described by two parametric func-

tions either in Cartesian x(ν),y(ν)-coordinates (Equation 2-1) or in polar r(ν),ϕ(ν)-coordinates 

(Equation 2-2) [41]. 
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Figure 2-2 Mathematical description of a polygon curve, after [99] 
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where dm (dm = 2×rm) is the mean diameter of the profile, e the eccentricity and n the perio-

dicity (number of “edges”). The parameter ν (0 ≤ ν ≤ 2π) is the generating variable of the con-

tour and coincident with the angle of the normal of each point of the outline. By varying the 

parameters e and n for a given dm an infinite number of polygon profiles can be created. Fig-

ure 2-3 shows a selection of possible profiles when n is varied. The labelling of the profiles is 

a combination of “P” for polygon and a digit indicating the periodicity of the curve. 

 

P1 P4P2 P7P3
 

Figure 2-3 Selection of polygon profiles, after [58] 

In some cases of specific shape-defining parameters the generation of a polygon profile us-

ing Equations 2-1 or 2-2 might lead to profile ties which do not have a technical value. Figure 

2-4 shows two examples of polygon curves with profile ties and their corresponding shape-

defining parameter values. Those profile ties can be avoided by establishing an eccentricity 

limit elim according to Equation 2-3 [41]. 

)1(2 2lim
−⋅

=
n

d
e m         (2-3) 

 

y

x x

y

dm = 31mm
e = 5 mm
n = 3
elim =1.9375 mm

dm = 31mm
e = 4 mm
n = 4
elim =1.0333 mm

 

Figure 2-4 Exemplarily polygon curves with profile ties [99,171] 

Figure 2-5 shows details of the geometric conditions of a polygon curve which is used as a 

shaft-hub connection. The angle between the normal and the position vector r(ϕ) is called the 
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contact angle β. Its value varies with the point considered but has a maximum βmax. Assum-

ing an idealised approach, the torque Mt is transmitted in the single point P with the maxi-

mum contact angle βmax by two orthogonal force components: the normal force FN and the 

friction force FR with their lever arms hN and hR. 

 

P

x

r(ϕ
)

y

ν

FN

ϕ

β

0

Normal

FR

hN

hR

Mt

 

Figure 2-5 Geometric conditions of the polygon curve in shaft-hub-contact [99] 

The size of the force components depend on the actual value of the maximum contact angle 

βmax and thus on the specific geometry of the chosen polygon curve. The contact angle itself 

can be calculated as follows (Equation 2-4 [41]). 

)cos(

)sin(
)(tan

2
ν

ν
νβ

⋅⋅−

⋅⋅⋅
=

ne

nen

md
        (2-4) 

The contact angle β determines the relation between normal force and friction force trans-

mission. In the case of a press fit in which the torque is transmitted by friction only, the con-

tact angle remains constant at β = 0° around the circumference while in the case of a splined 

shaft the contact angle is close to 90° indicating nearly complete torque transmission by 

normal forces. 

 

 

2.2 Present Standardisation of Polygon-Connections 

2.2.1 Standardised Polygon Profiles  

Despite the huge diversity of possible polygon curves, only two are defined in German stan-

dards and are used in practice. Figure 2-6 shows the P3G-profile (DIN 32711 [148]) which is 

a harmonic three lobe profile and the four lobe P4C-profile (DIN 32712 [149]) which is called 

a disharmonic profile because of discontinuities in its circumference. 
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Figure 2-6 Standardised polygon profiles according to German standards [148,149] 

While the P3G-profile totally complies with a polygon curve, the P4C-profile consists of four 

polygon branches and four segments of a circle. The reason for that is a value for the eccen-

tricity e which is much higher than the appropriate eccentricity limit value elim. The results are 

profile ties which are cut off by a superposed grinding diameter d1. Figure 2-7 shows the in-

herent generation of the standardised P4C-profile. 

 

P4C-profile

y

x

d 1

Grinding diameterP4-profile contour

d
1

d
2

Profile ties

 

Figure 2-7 Generation of the standardised P4C-profile 
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The diameter d1 of the superposed circle has no geometric relationship to the epitrochoidal 

curve of the polygon but it identifies the nominal diameter of the profile. As a result of the cut-

off, the P4C-profile incorporates eight discontinuities which are at the same time the points 

with the largest contact angle βmax. The profile parameter dm is not identical with d1 but is cal-

culated with the inscribed diameter d2 by dm = d2 + 2 e. In the case of the harmonic P3G-type 

the profile curve is evaluated with dm = d1 where d1 indicates the nominal diameter. Further-

more the P3G-profile is an orbiform curve with the dimension d1 in every angular position. 

 

The specific shape of a polygon profile is characterised by the ratio e/d1 called the related 

eccentricity ε valid for both profiles and additionally for the P4C-profile by the diameter ratio 

d2/d1. Figure 2-8 shows the influence of the two ratios. In the case of the P3G-profile the 

curve becomes more pointed with rising related eccentricity e/d1. The effects in the case of 

the P4C-profile are more complex because of the arbitrary choice of the nominal diameter d1. 

An increase of e/d1 or d2/d1 causes rising cross-sections and the profiles become more and 

more convex. 

 

d2/d1

e/d1= const.

P4C

d2/d1= const.

e/d1

P4C

e/d1

P3G
 

Figure 2-8 Influences of the shape-defining geometry ratios e/d1 and d2/d1 on the spe-
cific polygon profile shape [177] 

If the amounts of these two ratios are equal for two different profiles of a unique type they are 

geometrically similar. Geometric similarity is an important property for the prediction of the 

mechanical behaviour of machine elements. Unfortunately the polygon profiles of the present 

standard ranges do not have a geometric similarity. Table 2-1 shows the main profile pa-

rameters of the current German polygon standards. The two profile shapes P3G and P4C 

are standardised in 23 nominal diameters from d1 = 14 to 100 mm. The right column of each 

table points out the shape-defining ratios which differ in every nominal size from each other. 
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Table 2-1 Main profile parameters of the German polygon standards [148,149] 

P3G 
DIN 32711 

 P4C 
DIN 32712 

d1 
in mm 

e 
in mm 

e/d1  d1 
in mm 

d2 
in mm 

e 
in mm 

e/d1 d2/d1 

14 0.44 3.14%  14 11 1.6 11.43% 78.57% 
16 0.50 3.13%  16 13 2.0 12.50% 81.25% 
18 0.56 3.11%  18 15 2.0 11.11% 83.33% 
20 0.63 3.15%  20 17 3.0 15.00% 85.00% 
22 0.70 3.18%  22 18 3.0 13.64% 81.82% 
25 0.80 3.20%  25 21 5.0 20.00% 84.00% 
28 0.90 3.21%  28 24 5.0 17.86% 85.71% 
30 1.00 3.33%  30 25 5.0 16.67% 83.33% 
32 1.12 3.50%  32 27 5.0 15.63% 84.38% 
35 1.25 3.57%  35 30 5.0 14.29% 85.71% 
40 1.40 3.50%  40 35 6.0 15.00% 87.50% 
45 1.60 3.56%  45 40 6.0 13.33% 88.89% 
50 1.80 3.60%  50 43 6.0 12.00% 86.00% 
55 2.00 3.64%  55 48 6.0 10.91% 87.27% 
60 2.25 3.75%  60 53 6.0 10.00% 88.33% 
65 2.45 3.77%  65 58 6.0 9.23% 89.23% 
70 2.80 4.00%  70 60 6.0 8.57% 85.71% 
75 3.15 4.20%  75 65 6.0 8.00% 86.67% 
80 3.35 4.19%  80 70 8.0 10.00% 87.50% 
85 3.55 4.18%  85 75 8.0 9.41% 88.24% 
90 4.00 4.44%  90 80 8.0 8.89% 88.89% 
95 4.25 4.47%  95 85 8.0 8.42% 89.47% 
100 4.50 4.50%  100 90 8.0 8.00% 90.00% 

 

Figure 2-9 illustrates geometric similarity. The first row shows three P3G-profiles of the cur-

rent standard range. With rising nominal size the profiles become more and more pointed. 

The size range with geometrical similarity in the second row shows a series in which the pro-

files retain their specific shape. 

 

This inconsistency is due to the original manufacturing method using mechanical grinding 

machines. To optimise tool storage only few of the necessary pulleys and disks are stored. 

Furthermore the dimensions of the polygon profiles are harmonised with the bearing stan-

dards to guarantee an easy application of this shaft-hub connection. As a result, the specific 

geometry depends on the nominal size of the profile and it can be expected that the torque 

transmission behaviour will vary. The effects and disadvantages of this inconsistency will be 

discussed in detail in Chapter 3. 

 



2  State of the Art 

 12

 

Current standardised
 polygon profiles showing

 geometric dissimilarity

Polygon profiles with
geometric similarity

Increasing nominal size
 

Figure 2-9 Illustration of geometric similarity 

An evaluation of the current standards shows that depending on the nominal diameter, the 

maximum contact angle βmax varies between 10.6° und 15.2° for the P3G-profile and be-

tween 21.7° and 33.6° for the P4C-profile, which is consequently higher than the P3G-type 

and considerably higher than the angle of friction of dry steel-steel contact (µ = 0.3) of about 

16.7°. This results in small force components and allows axial displacement of the connec-

tion under a torsional load which is an outstanding attribute of the P4C-profile. To admit an 

axial displacement the current standards provide a clearance fit. In cases where no axial 

movement is necessary, a transition fit is proposed. Inline with customer needs, the P3G-

connection is mainly manufactured with a press fit and the P4C-connection is fitted almost 

exclusively with clearance. 

 

To realise the appropriate fitting conditions, the current standards specify separate toler-

ances for the nominal diameter d1, the eccentricity e and additionally in case of the P4C-type 

the inscribed circle d2. This technique is likewise based on the original manufacturing method 

by mechanically controlled grinding machines. The named parameters were adjusted inde-

pendently at the machine. Therefore the individual tolerances made sense although they 

infringe upon the principle that a dimension tolerance should not limit a profile tolerance. Us-

ing numerically controlled machines (e.g. grinding machines) a separated parameter toler-

ancing seems unreasonable and should be changed to a profile tolerancing. 
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2.2.2 Deficiencies of the Current Standards 

The current polygon standards are showing several serious deficiencies, which have hin-

dered the understanding and the propagation of the polygon connection. The main deficien-

cies can be summarized as follows:  

• The standards do not provide a precise mathematical description of the polygon 

curve. 

• The profile geometries are not geometrically similar. 

• The tolerances do not comply with current manufacturing techniques and must be 

changed to profile tolerances. 

• The standards do not provide simple dimensioning formulas for the determination of 

the load capacity. 

The current standards increase the confusion about polygon profiles by giving over-simplified 

profile formulas to support drawing the profiles. However this approximation does not fit the 

real contour and is therefore unsuitable for manufacturing purposes. Further details can be 

found in [171]. 

 

Further deficiencies are discussed by FRANK in [41,42], where he summarises the issues 

from a manufacturing point of view and gives some suggestions for the revision of the pre-

sent standards. In his opinion the first step should be an “upgrade” of the current standards, 

to include the mathematical profile description, the profile toleration, dimensioning guidelines 

and an English terminology. The second step should be a completely new standard with a 

new identifier containing geometrically similar profiles, conical profiles and different profile 

ranges for heavy duty and light applications. To improve the distribution of the profile an in-

ternational ISO standard should be developed. These suggestions are currently discussed in 

the German standards committee dealing with shaft-hub connections. 
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2.3  The Fretting Fatigue Damage Mechanism 

2.3.1 Introduction 

As shown in detail later (Section 2.4.3), the main damage mechanism of a polygon connec-

tion is – as for all positive fit connections – the damage mechanism of fretting fatigue (e.g. 

[1,126,131]). Due to this decisive role it is necessary to review the fundamentals of fretting 

fatigue. Therefore this section (2.3) gives an overview of the characteristics of the physical 

phenomenon as well as past and present research results in fretting fatigue. The review ac-

counts for all analytical and experimental results in this field and especially for those which 

are developed on alternative shaft-hub connections. The following section (2.4) summarizes 

the research work which was done specifically on polygon connections. 

 

2.3.2 Characteristics of Fretting Fatigue 

Fretting fatigue is a manifestation of the phenomenon of fretting corrosion which is character-

istic of metallic contacts in which the contact surfaces are loaded with a normal force P and 

an oscillating tangential force Q causing an oscillating relative slip δ. As a consequence of 

the relative motion between the contact surfaces with simultaneous surface pressure p, sur-

face damage might evolve. An additional superposed tangential stress σt can be capable of 

initiating crack generation and propagation, and finally might lead to fatigue fracture. Figure 

2-10 illustrates the basic configuration of a fretting contact and an exemplary transition to a 

P4C-polygon connection subjected to dynamic torsion. 

 

Mt(t)

t

p

δ 

P

Q

σt σt 

δ 

p

σt 

Hub

Shaft

Basic fretting contact
configuration

P4C shaft-hub
connection

 

Figure 2-10 Basic configuration of a fretting contact and exemplary transition to a fret-
ting-endangered P4C-polygon connection. 
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Figure 2-10 shows the typical appearance of a fretting-endangered shaft-hub connection. In 

the basic fretting contact configuration, the parameters normal load P, tangential load Q and 

tangential stress σt are independent and externally applied. But in case of the P4C-polygon 

connection all three parameters depend on the time-variable torque Mt and on the design of 

the connection. The relative slip δ is a result of the different stiffness between shaft and hub. 

 

In contrast to classic plain fatigue problems, fretting corrosion - even under uniaxial loading 

conditions - is a serious damage mechanism of great technical importance in many industrial 

and civil applications. Despite considerable research, this phenomenon is still not fully con-

trolled by reliable dimensioning guidelines. 

 

Fretting corrosion shows all four different states of wear damage: surface degradation, abra-

sion, adhesion and tribochemical reactions [20]. The typical appearance of red wear particles 

historically caused the link to the classic corrosion phenomenon but there is no real correla-

tion. Nevertheless this term became accepted for the whole field of fretting damage and in-

corporates the two manifestions of fretting wear und fretting fatigue, although these terms 

describe different states of damage. Usually they are distinguished by the degree of surface 

degradation. While fretting wear is related to a pure wear problem, e.g. a considerable loss of 

material and fairly high slip amplitudes, fretting fatigue specifies a serious reduction of the 

fatigue strength, which is usually obtained by plain fatigue experiments. The failure of fretting 

wear is in most cases a functional breakdown corresponding to a geometrically induced mal-

function. The failure in fretting fatigue is identified by a fracture such as that in plain fatigue, 

but the rupture might occur later than the usual limits of 106 or 107 cycles. Therefore the fret-

ting fatigue problem is characterised by cracking and a dramatic decrease in service life. 

Studies of BERTHIER ET. AL. [8,9] have shown that the phenomena of fretting wear and fretting 

fatigue are just two states of the complex fretting problem. 

 

A systematic methodology for the fretting problem is given by FOUVRY ET AL. [40]. Depending 

on the magnitude of the relative slip amplitude and the tangential force, the fretting contact is 

subjected either to a partial slip regime (characterised by small slip amplitudes; sticking and 

sliding conditions) or a gross slip regime (higher slip amplitudes and full sliding). The partial 

slip regime is associated with cracking behaviour (fretting fatigue) whereas the gross slip 

regime is identified by fretting wear. Due to a change of the coefficient of friction during the 

load history, a combination or transition of both regimes, the mixed fretting regime, could be 

possible. 

 

Regarding life prediction as the most pressing design problem in dimensioning of machine 

elements, the main interest is on fretting fatigue. Based on the above mentioned fretting 

methodology DUBOURG ET AL. [26] give a state-of-the-art overview of the fretting fatigue prob-
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lem especially in view of the mechanisms of crack initiation and propagation, introducing 

critical plane and fracture mechanics methods. 

 

2.3.3 Research Trends in Studying Fretting Fatigue 

The pioneering report about fretting corrosion as a damage mechanism was made by EDEN 

ET AL in 1911 [27] and the first research studies were carried out by TOMLINSON [161] and 

WUNDERLICH [172]. BARTEL [5] published a very detailed report about failures and break-

downs in machine applications. Researchers throughout the world began to investigate fret-

ting corrosion. 

 

The first studies were conducted by model experiments like pin-disk or pad and dog-bone 

configurations. Some of the fundamental experiments were carried out by WATERHOUSE 

[169], FUNK [43], JULIUS [76] and KREITNER [83] who identified the main parameters which 

influence fretting fatigue: relative slip amplitude, friction force (tangential force) and normal 

force (loading pressure). Several studies, e.g. [29,120,125], confirmed the results of these 

investigations. Additionally, many researchers performed studies on different materials and 

material combinations, e.g. [71,106,159]. Titanium and aluminium alloys were of special in-

terest because of their extensive use in aerospace applications. 

 

The model experiments were accompanied by theoretical work, e.g. analysing the stress 

state (NOWELL [121]) or applying fracture mechanics, e.g. NIX and LINDLEY [119]. This led to 

VINGSBO and SODERBERG [166] publishing their concept of fretting maps: Analysing the ex-

perimental results of various researchers they found a fundamental relation between the slip 

amplitude and the fatigue life of components. Their division of the stick-, stick-slip- and gross 

slip regions with the characteristic reduction in fatigue life in the stick-slip-region with slip 

amplitudes of about 20 µm became a basis for many subsequent investigations. 

 

Parallel to these model experiments, studies were carried out on machine elements, espe-

cially on press fits. Doing extensive experimental work NISHIOKA [114-118] and HATTORI [63] 

investigated the damage evolution, influence parameters and fatigue strength of press fits. 

LEIDICH [88] went on to propose dimensioning formulas for press fits by limiting the admissi-

ble slip amplitudes. Little work was done in the field of positive fit connections. ALLSOPP ET 

AL. [1], CONTAG [19] and HÄBERER [57] studied several connections experimentally, but be-

cause of the complex boundary conditions of machine elements their research approaches 

tended to be more practical. The failure mechanisms of fretting fatigue had been observed 

but the quantification was handled as in plain fatigue by estimating fatigue stress-

concentration factors. 
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In 1990 WATERHOUSE presented a summary of the research work on fretting fatigue [170], 

but despite the great efforts the general vagueness in determination of fretting fatigue prob-

lems and especially in life prediction was still obvious. DOBROMIRSKI [25] addressed the 

whole field of boundary conditions and parameters in the fretting process by listing fifty pos-

sible factors of influence and HILLS and NOWELL called for standardised conditions in fretting 

experiments [66]. 

 

Driven by the huge advance in the application of numerical methods (particularly Finite-

Element-Analysis, FEA) a fundamental change from nominal stress methods to local stress 

methods arises. The subsequent studies focussed on crack analysis as a tool for life predic-

tion. The fundamental idea is the subdivision of the fretting fatigue failure process into a 

crack initiation and a crack propagation phase. The first specific studies on the initiation 

phase had been done quite early by ENDO and GOTO [30] who observed the initiation and the 

propagation phases of carbon steel contacts in model experiments. Although they investi-

gated the surface influence on crack propagation, which was later described in detail by 

SATO [139], and moreover a condition under which cracks propagate, their work was not 

taken up by subsequent researchers. DOBROMIRSKI and SMITH [24] studied the crack initia-

tion point in steel junctions and suggested that metallurgic aspects were responsible for fret-

ting fatigue cracks. An essential breakthrough was made by RUIZ ET AL. [136,137] who inves-

tigated the fretting of dovetail joints. They identified the location of the crack by introducing 

the empirical Fretting-Fatigue-Damage-Parameter (FFDP) which is the product of the inter-

face-shear stress τ, the tangential stress σt and the relative slip δ in the direction of the tan-

gential stress (FFDP = τ σt δ). This parameter is a further development of the Fretting-

Damage-Parameter (FDP = τ δ ) which identifies the location of the most heavily damaged 

area and which was also investigated by RUIZ and independently by FUNK [43] who investi-

gated fretting corrosion using model experiments. Appending the tangential stress σt, the 

maximum value of the FFDP along the contact path corresponds to the crack initiation point. 

The approach of RUIZ has been confirmed very successfully by NOWELL and HILLS [122] and 

other researchers. 

 

The main merits of the FFDP lie in the localisation of the crack position in curved contact 

geometries and the idea of applying damage criteria in fretting fatigue problems. The draw-

back of the parameter is that it just describes the crack site and not how long it takes to initi-

ate the crack. Based on the work of RUIZ, KUNO ET AL. analysed the stress field of a 

HERTZIAN contact [84] and used it as a starting point for applying fracture mechanics to de-

termine the propagation of the initiated crack. FELLOWS ET al. [32] then tried to investigate the 

transition from initiation to propagation using the shear stress amplitude. 

 

An advance in linking initiation and propagation was made by SZOLWINSKI and FARRIS 

[156,157]. Considering damage criteria which had so far been used in plain fatigue, e.g. 
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[22,31,142], they used a critical plane method (see Section 10.3.1) to identify the crack initia-

tion point. Subsequently they determined the number of load cycles for initiation using a 

strain-life-relation (see Section 10.4.1) and then, assuming an arbitrary crack length, they 

calculated the number of propagation cycles using the theory of stable crack growth. By add-

ing the two cycle numbers this method gives an estimate of fretting fatigue life. This ap-

proach gave a new direction to the fretting fatigue investigations. NEU ET AL. [112] studied the 

potential of the critical plane methods by analysing the precision in predicting crack position 

and crack angles of different damage criteria. FOUVRY proposed a systematic approach ap-

plying multiaxial fatigue criteria [39] to calculate the crack nucleation risk. Especially the US 

Air Force research group around MALL, LYKINS, NAMJOSHI ET AL., e.g. [95,96,110], studied 

the whole range of available parameters like SMITH-WATSON-TOPPER (SWT [142]), FATEMI-

SOCIE (FS [31]), FINDLEY (FP [33]) and some other self-defined parameters. Due to the aero-

nautical background they used test specimens which were made of titanium alloys. These 

analyses were possible only by extensive use of the Finite-Element-Method with very high 

mesh densities (element lengths down to 6 µm) and therefore the application of special 

evaluation programs. 

 

In spite of the extensive work done CIAVARELLA [17] published a critical assessment of dam-

age criteria methods. The drawbacks of these methods have also been pointed out by HILLS 

and MUGADU [68]. The solution of stable crack growth depends on the estimation of the initial 

crack size and the effects of crack closure have to be taken into account. The results tended 

to be very conservative and a good correlation is given only in cases with HERTZIAN contact. 

Averaging approaches [154] to adjust the results to the experimental findings seemed to be 

empirical. The success of a certain damage criteria depends on the loading conditions and 

on the material of the test specimen. Sometimes the implementation of a specific criterion 

suffers from the need of special material constants which are not commonly known. Further-

more the huge effort to conduct such extensive FEA is not practical for general usage. 

 

In their summarising paper HILLS and MUGADU [68] proposed alternative methods and re-

search directions to obtain the fretting fatigue life. Firstly they suggested a systematic char-

acterisation of different contact problems to be able to apply known solutions [67] and sec-

ondly they emphasised the consideration of stress gradient effects in fretting contacts 

[123,124]. The stress gradient approach compares the stress distribution of the fretting con-

tact with the stress concentration of conventional notches [16] and was motivated by a com-

parison of GIANNAKOPOLOUS ET AL. [45] who described the equivalence between contact and 

fracture mechanics. This consideration acts as a transition from the analysis of fretting fa-

tigue problems to conventional fatigue problems, which are still widely studied by many re-

search groups. This transition opened the possibility to apply a large number of theories and 

studies from the field of structural integrity to fretting problems. 
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Consequently the main research directions in studying fretting fatigue are focussing on the 

incorporation of the short crack growth, which already has become a central issue in conven-

tional fatigue research (e.g. [12,102,138]). The most promising approaches seem to be ad-

vanced strain-life predictions [111] with a non-arbitrary determination of the initial crack 

length and the application of fracture mechanics based on a combination of stress gradient 

and short crack approaches. The latter approach tries to evaluate the propagation or non-

propagation conditions of a crack and to calculate threshold values of the stress intensity 

factor which is the determinant for the propagation behaviour of cracks [65,81,164]. 

 

Although there are recent reports on damage events at machine components [15] the appli-

cation of the theoretical studies to real machine elements is still rare. The main problems are 

in most cases the complex geometry and multiaxial loading conditions. 

 

The majority of the studies on machine elements (e.g. GERBER [44], CASPAR [14]) try to pre-

vent failure by proposing design guidelines to limit the slip amplitudes. SMETANA [89,141] 

proposed an admissible bending moment and GLÖGGLER [46] introduced shape-variations to 

prevent fretting corrosion for press fits. However neither of the studies were able to predict 

the component life. HATTORI ET AL. [64] studied the effects of stress-release slits on the fret-

ting fatigue strength and HIRAKAWA [70] used fracture mechanics for the dimensioning of axle 

assemblies with press fits. In a large experimental and numerical study on keyway shaft-hub 

connections OLDENDORF [126] characterised the fretting fatigue strength reduction by using 

conventional fatigue stress-concentration factors. A good example of the complexity of di-

mensioning of real machine elements is the development of the FE-model of a spline cou-

pling by LEEN ET AL. [86,87], which is intended to become the basis for a fretting fatigue 

analysis in the field of aero engines. A totally different approach was investigated by PAYSAN 

[128] who simulated the abrasive wear of a press fit subjected to dynamic torsion and evalu-

ated the fatigue strength accounting for the emergent flaw. The results of the wear simulation 

showed very good agreement with test results of Hattori et al. [63]. The innovative idea of 

this approach is the consideration of the changing load carrying capacity of the press fit due 

to material removal in the gap. Therefore the method is not - in a stricter sense - a life predic-

tion or dimensioning method but a simulation over the service life of the component. The 

dimensioning is proposed to be done at the weakest point of the simulated wear curve. 

HARTMANN [61] continued the studies on this method by investigating the influences of exter-

nal load, size of the connection and interference fit. He showed that in case of well-selected 

design parameters of the connection a critical stress level can be avoided within service life. 
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2.4 Studies on Polygon-Connections 

2.4.1 Analytical Studies 

Because of the noncircular profile shape, the dimensioning of polygon-connections by means 

of analytic approaches is difficult and not yet standardised by a mandatory guideline. The 

first calculation procedures were developed by MANURHIN [108], MUSYL [105] and LEROY AND 

VISEUR [92] who tried to evaluate admissible stresses in the connection to prevent fracture 

and unacceptable deformations. These procedures attempt to simplify the geometry of the 

polygon connection by analogous mechanical models. The common aim of all authors is the 

dimensioning of the hub, which in their opinion is the weakest part of the connection; this is 

due to the hub expansion of hubs with small outer hub diameter when they are subjected to 

torsion. While MANURHIN and MUSYL used circle segments as a profile approximation, LEROY 

AND VISEUR accounted for the special polygon geometry. The calculation is based on the 

evaluation of an array of curves and results in most cases in a very conservative dimension-

ing. The study of MECHNIK [99] comprises a detailed description and an assessment of the 

procedures. 

 

Most polygon applications are currently calculated with the procedure of MUSYL, because this 

method is usually delivered by the manufacturer of the polygon-specific grinding machine 

[107]. Furthermore the present standards [148,149] give some information on the calculation 

of the geometrical moments of inertia and an approximation of the surface pressure. Taking 

into account that the definition of the section moduli is not fully clarified, it is possible to com-

pute the nominal stress state by means of these formulas. In most cases this procedure 

seems to be sufficient for the dimensioning of static or quasi-static loads [132]. In cases of 

dynamic loads, review papers by HAGEN [58] and QUINTUS [129] derived a fatigue stress 

concentration factor of Kf=1.0, which should be used as a reference value for the calculation 

of the endurance limit of polygon-connections. 

 

Key progress in the analytical evaluation of polygon profiles was made by ZIAEI [176], who 

calculated the stress state of a polygon shaft subjected to torsion. He used a complex formu-

lation of the torsion problem and applied the method of conformal mapping to determine the 

stress values at every point of the profile. Simultaneous numerical evaluations and mea-

surements with strain gauges showed very good agreement with the analytical results. 

Moreover, the analytical formulation of the stress state enables the computation of the stress 

concentration factor Kt and the stress gradient to obtain a fatigue stress concentration factor 

Kf for the polygon shaft. However the interaction of the hub contact is not yet taken into ac-

count. 
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2.4.2 Numerical Studies 

The numerical studies on polygon-shaft-hub connections began with the examination by 

BRASCHEL ET AL. [13] who evaluated deformations and equivalent stresses of a six lobed pro-

file. Due to the two-dimensional analysis, the results omit information on the high stress con-

centration at the edge of contact. 

 

MECHNIK [99] conducted three-dimensional studies mainly on P3G-connections with stan-

dardised and shape-varied profiles with frictional and frictionless characteristics. The evalua-

tion was performed with a special hub shoulder geometry and focussed on the identification 

of the point of highest stress, which was at the boundary of the hub. To reduce the stress 

exposure of the profile he suggested an increased profile eccentricity if the P3G profile shape 

is subjected to torsion. 

 

The aim of the analysis of CZYZEWSKI and ODMAN [21] was to study the distribution of the 

surface pressure in a fitted P3G-connection subjected to torsion. Even though their FE model 

was only two-dimensional and did not incorporate friction, they found an increase of the con-

tact zone with rising torque and a decrease of the contact zone with increasing clearance 

between shaft and hub. 

 

MAYR [98] conducted a two-dimensional analysis of P3G-connections with the Boundary 

Element Method (BEM) and studied the stress state depending on profile eccentricity and the 

wall thickness of the hub. He used the results not just to point out the characteristics, but to 

enhance the calculation procedure of MUSYL by providing an improved curve array. However 

the improved curve array was not transferred to the calculation procedure of MUSYL and his 

findings have not been propagated. 

 

The more comprehensive numerical study of GÖTTLICHER [48] accounted for the stress state 

of the hub as well as the shaft and furthermore analysed not only torsional but also bending 

load. Owing to the close collaboration and coordination with the experimental investigations 

of REINHOLZ [131], GÖTTLICHER’S study identified the shaft as the most endangered part due 

to the fretting corrosion exposure. Through a comparison with fractured test specimen of the 

study of REINHOLZ, he validated the RUIZ-CHEN-criterion FFDP to identify the initial crack lo-

cation. 

 

ZIAEI continued the numerical studies on polygon-shaft-hub connections by analysing the 

stress state of P4C-connections subjected to torsion and bending [174]. The study was fo-

cussed on the influence of several parameters such as variations of the outer diameter and 

the joining length of the hub, the coefficient of friction and the profile size. He emphasised 

that in the case of a pure torsional load the stress state in the contact region is significantly 

affected by the local contact conditions. Based on the results of the parallel experimental 
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study of WINTERFELD [171], he showed the successful application of the FFDP-value for 

P4C-connections. 

 

The comparative study of KAHN-JETTER ET AL. [77] identified an advantageous stress state of 

a P3G-connection in contrast to an involute spline connection, due to the lack of stress con-

centrations, as they appear in splines. Although the study used two-dimensional models, the 

direct comparison using the same FE-program shows the decreased stress exposure of the 

polygon. Interestingly the authors pointed at the lack of standards in the United States as the 

disadvantage of the polygon. 

 

Within the scope of the polygon optimisation project of the Technical Universities Chemnitz 

and Berlin ZIAEI [175,178] analysed different shape geometries of P3G- and P4C-type poly-

gon-connections. Based on several optimisation criteria (see Chapter 3) and in conjunction 

with the experimental work of the author of this dissertation, ZIAEI suggested optimised pro-

file shapes which account for the stress state as well as for dynamic properties like relative 

slip and FFDP-value. ZIAEI [177] proposed a new formulation for the nominal stress state of 

P3G-connections, which accounts for contact effects and leads to a more realistic stress 

computation. To identify the initial crack location in polygon-connections subjected to com-

bined loading of rotating bending and superposed static torsion, he suggested an enhance-

ment of the RUIZ-CHEN-criterion FFDP [136]. In these cases, the relative slip δ is not neces-

sarily in the direction of the tangential stress σt but depends on the relation between torque 

and bending. Therefore he recommended the substitution of the tangential stress σt by the 

principal stress σ1. This improvement was also found suitable for press fits subjected to dy-

namic torsion and therefore demonstrated the universal applicability of this approach. 

 

2.4.3 Experimental Studies 

The first experimental studies on polygon-shaft-hub connections were conducted by ALLSOPP 

ET AL. [1], who investigated the torsional high cycle fatigue strength (>107 cycles) of a P3G-

connection. Based on the results, SEEFLUTH [140] calculated a fatigue stress concentration 

factor of KfP3G = 3.03. Although the results were influenced by a disadvantageous clamping of 

the test specimen, the test series gave an important insight, because the failure was found to 

be initiated in the contact zone accompanied by substantial wear. 

 

Studies on P4C polygon shafts and spline shafts without a hub at the universities of Stuttgart, 

Germany, and Graz, Austria exhibited a 35% higher fatigue strength of the polygon (VÖLLER 

[167]). This result could be explained by the smooth profile of the polygon in contrast to the 

multiple notches of the spline. 
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Essential contributions to the understanding of polygon profiles were made by interferometry 

and photoelastic studies of stresses: JUCKENACK [75] found the significant axial warping of 

the P3G-profile subjected to torsion which was considerably higher than the deformation of 

involute spline profiles. This effect is responsible for an axial slip movement of a polygon 

connection even in cases of pure torsion. HOVE [72] expanded the torsional tests of JUCKE-

NACK by superposing a bending load, and detected a different transmission behaviour due to 

the loading conditions. In contrast to involute spline profiles, the polygon profile shows re-

markably higher slip amplitudes, which is important in fretting exposures. MECHNIK [99] con-

ducted photoelastic studies to verify his numerical evaluations and achieved a good agree-

ment with the results of the FEA. 

 

A very large experimental study was conducted by REINHOLZ [131] parallel to the numerical 

study by GÖTTLICHER [48]. The test program consisted of test series on P3G-shafts and on 

P3G-connections with standardised as well as with non-standardised profiles made of high 

alloy steel 42CrMoS4V. In analogy to the publication of VÖLLER he investigated the fatigue 

strength of polygon shafts and derived fatigue stress concentration factors of KfBen=2.0 for 

rotating bending and KfTor=1.3 for torsion. The latter shows a good agreement with the ana-

lytical calculations of ZIAEI [176], which results in a fatigue stress concentration factor of 

KfTor
Zia=1.17. The fundamental contribution of the study of REINHOLZ was doubtless the identi-

fication of fretting fatigue as the main failure mechanism. Together with the numerical results 

of GÖTTLICHER he demonstrated the successful application of the RUIZ-CHEN-criterion FFDP 

to locate the crack initiation point, which cannot by determined by conventional stress 

equivalences like the VAN MISES-stress. To describe the dramatic fatigue strength reduction 

REINHOLZ used fatigue stress concentration factors and derived - depending on the test pa-

rameters - KfTor=3.1 to 3.6 for pure torsion and KfBen=4.8 to 6.0 for rotating bending super-

posed by static torsion. 

 

GÖDECKE [47] conducted experimental and numerical investigations on special harmonic 

conical polygon profiles which could be manufactured by turning. He used the FFDP-criterion 

to optimise the profile shape and showed likewise the good agreement between crack initia-

tion point and maximum FFDP-value. 

 

Like REINHOLZ on P3G-connections, WINTERFELD [171] examined the P4C-connections with 

a special emphasis on different test parameters such as material type, fitting conditions, lu-

brication, coating, etc. His experimental work was accompanied by the numerical evaluations 

of ZIAEI [174], whose results showed also for the disharmonic P4C-profile a good agreement 

of the experimentally obtained crack initiation point and the FFDP-value. Based on the re-

sults WINTERFELD proposed guidelines for the design of polygon-shaft-hub connections. 

 



2  State of the Art 

 24

As a result of the extensive experimental and numerical studies on polygon-shaft-hub con-

nections, it was possible to obtain the principle failure mechanism, the main factors of influ-

ence, reference values in terms of fatigue stress concentration factors Kf and, by means of 

the RUIZ-CHEN-criterion, the initial location of the crack. Unfortunately, none of the ap-

proaches was successful in predicting the fretting fatigue strength of polygon-shaft-hub con-

nections. 
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3 Shape Optimisation 

3.1 Problem Description 

As described in Chapter 2 the currently standardised polygon profiles do not provide a geo-

metric similarity. Each nominal size has its own specific shape according to the individual 

values of e/d1 and d2/d1 respectively. Figure 3-1 summarises the inconsistent gradation of 

these values. 

 

 

Figure 3-1 Inconsistency of the shape-defining parameters in the current German 
polygon standards [148,149] 

Because the individual polygon geometry determines the position of the profile point with the 

maximum contact angle βmax (see Figure 2-5), the transmission of forces is specific to the 

shape. For the P3G and for the P4C type, Figure 3-2 shows in a full-scale illustration two 

shape variations and the resulting force component magnitudes FN and FR to demonstrate 
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the dependency of the force magnitude on the specific profile shape. The transmitted torque 

Mt and the coefficient of friction are equal in all four cases. According to the varying lever 

arms hN and hR the force components decrease with rising maximum contact angle βmax and 

eccentricity e respectively. 

 

Considering this effect it is obvious that the transmission behaviour of polygon profiles de-

pends on the specific geometric shape. This property might be characterised as a double 

size factor. The load capacity of the profile depends not only on the absolute size, as in case 

of plain fatigue, but also on the profile shape. A general description of the transmission be-

haviour becomes very difficult and the formulation of dimensioning guidelines seems to be 

impossible even in the case of ideal profile curves disregarding manufacturing influences. 

The size-dependency is one of the most important deficiencies of the present standardisa-

tion. It inhibits the common application of the polygon-shaft-hub connection and prevents a 

wider distribution. However, the profile shape-dependency of the transmission behaviour can 

be applied to design shape-optimised polygon curves to maximise the load capacity of this 

shaft-hub connection using a special set of profile-defining parameters. 
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Figure 3-2 Full-scale comparison of the force components of torsion-loaded polygon 
profiles depending on the specific profile shape; after [131] 

3.2 Approach of the Shape Optimisation Research Project 

3.2.1 Aim 

To establish a reliable guideline for the dimensioning of polygon shaft-hub connections, it is 

necessary to delete the size-dependency of the current standard ranges. The aim is there-

fore to develop a geometrically similar standard range for the P3G profile type and another 

for the P4C type to realise uniform transmission behaviour and thus consistent dimensioning 

guidelines. These future standard ranges each provide only one optimal profile shape in dif-

ferent nominal sizes. The development of the optimised profile geometries was the main ob-

jective of the DFG research project. The project was executed by research groups at the 
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German universities Chemnitz, responsible for the numerical analyses, and Berlin, dealing 

with the experimental studies described here. Further details in can be found 

[53,54,90,91,175,178]. 

3.2.2 Operating Sequence 

The development of the optimum profile geometry is based on a comparison of the transmis-

sion behaviour of different competing profile shapes. Therefore the shape optimisation pro-

cess is divided into several steps. Figure 3-3 shows the operating sequence. The starting 

point of the optimisation were the current standard ranges of P3G and P4C with dissimilar 

profile shapes (see Table 2.1). In the first step each of the 2×23 standard sizes was geomet-

rically transformed to the nominal size of d1 = 25 mm, retaining its original nominal size-

specific contour. The next three steps were executed in parallel: To support subsequent FE-

Analyses, experimental tests on geometrically transformed P3G connections were used to 

determine a suitable coefficient of friction. Using two and three-dimensional FE-Analyses a 

subset of profile shapes covering a representative bandwidth of the shape-defining parame-

ters related eccentricity e/d1 and diameter ratio d2/d1 were evaluated to identify the most ad-

vantageous profile shape according to predefined optimisation criteria. These optimisation 

criteria are necessary to quantify the fretting fatigue and strength properties of a polygon 

connection with a given profile shape. These are: 
 

Description of the static stress state • Maximum normal stress in the shaft 1) 
• Maximum equivalent stress in the hub 1) 
• Stress gradient in the contact area 1) 

Description of the fretting behaviour • FFDP-Value 1) 
• Remaining relative slip after reversed torsion 1) 
• Fretting fatigue strength 2) 
• Relative slip after fully reversed torsion 2) 

Manufacturing properties • Radius of curvature 1) 

 
1) numerically obtained  2) experimentally obtained 

 

Because the fretting fatigue strength cannot be fully determined by analytical investigations, 

experiments were necessary to obtain a comparison between different profile shapes. To 

elaborate the shape influence on the fretting behaviour, fatigue tests were conducted with the 

most geometrically different profile shapes of the current standard ranges. Because it was 

expected that the fatigue behaviour depends on the load type, these tests were performed 

under the two different load cases dynamic torsion and rotating bending. These tests are 

later on denoted as the “comparative tests”. By evaluating the optimisation criteria, the most 

advantageous profile shape for the P3G type and P4C type respectively was geometrically 

varied. These non-standardised contours were once again numerically analysed to deter-

mine the “real” optimum geometry. These examinations led to the definition of the optimised 

profile shapes. 
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Figure 3-3 Operating sequence of the shape-optimisation process after [90] 
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The last step comprised statistically reliable fatigue tests to assess the fretting fatigue 

strength of these new profile shapes. These tests are later on denoted as the “load capacity 

tests”. 

 

The Chapters 4 – 8 describe the results of the shape optimisation process, with an emphasis 

on the experimental studies. As will be shown, the experiments provide much-needed in-

sight, but were still not sufficient for the dimensioning of polygon-shaft-hub connections. A 

solution will be proposed in Chapter 10 introducing a new approach for the life prediction of 

polygon connections. 
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4 Design of Experiments 

4.1 Test Program 

4.1.1 Overview 

The complete experimental test program is summarised in Table 4.1 and is organised in two 

parts: the first part, the so called comparative test blocks 1 – 7 and the second part, the so 

called load capacity tests blocks 8 – 11. The test blocks 1 – 9 were part of the DFG shape-

optimisation research project, while the test blocks 10 – 11 have been added later. 

 

The comparative tests supported the development of the optimum profile shape. Test block 1 

served for calibrating the FE analysis by identifying an appropriate coefficient of friction. Be-

cause the numerical results of the evaluated stress and strain state depend on the choice of 

this value, it was necessary to conduct a test block where polygon connections were sub-

jected to dynamic loads. By comparing the measured slip zone length with numerical evalua-

tions, a reasonable coefficient of friction was obtained. The test blocks 2 – 7 served to verify 

the results of the preceded numerical analyses as explained in Chapter 3. By obtaining the 

fretting fatigue strength in comparisons between different profile shapes und load cases, in-

fluences were accounted for which cannot be represented by numerical evaluations so far. 

 

The load capacity tests focussed on the fretting fatigue strength of polygon-shaft-hub con-

nections with shape optimised P3G and P4C profiles. For the purpose of comparison, P3G-

shaft-hub connections with the currently standardised profile and spline connections, all of 

nominal diameter d1 = 25 mm, were also examined. All experiments were conducted using 

high cycle fatigue tests. The experimental setup is described in Chapter 5 and the test meth-

ods are explained in Chapter 6. The manufacturing drawings of all test specimens can be 

found in Appendix A. 
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4.1.2 Comparative Tests 

To study the influence of the profile shape on the fretting fatigue strength, the geometrically 

most different polygon curves were experimentally investigated and compared. 

 

The geometry of the P3G profiles and thus the transmission behaviour depends on the re-

lated eccentricity e/d1 only. Thus the profiles with the maximum and the minimum value of 

this parameter were selected from the existing standard range (see Figure 3-1). These are 

the profiles of the standard size 18 with e/d1 = 3.11% and the standard size 100 with 

e/d1 = 4.50%. 

 

The geometry of the P4C profiles depends on the related eccentricity e/d1 as well as on the 

diameter ratio d2/d1. Numerical evaluations by ZIAEI [177] showed that the transmission be-

haviour is influenced much more by the diameter ratio than by the related eccentricity. There-

fore the P4C profiles with the minimum and maximum values for the diameter ratio were se-

lected. These are the profiles of the standard size 14 with d2/d = 78.56% and the standard 

size 100 with d2/d1 = 90.00%. 

 

These four profile geometries were transformed for comparison to the nominal size 25 which 

is indicated by the notation PXX XX→25. All geometric parameters of the selected profiles 

are summarised in Table 4-2 in which the stated polar and equatorial section moduli Wp and 

Wx are calculated using the formulas given by the present standards [148,149]. 

 

Table 4-2 Profile shapes and geometric parameters for the comparative tests 

P3G 18→→→→25 P3G 100→→→→25 P4C 14→→→→25 P4C 100→→→→25  

  
  

d1 mm 25.00 25.00 25.00 25.00 
d2 mm 26.56 27.25 19.64 22.50 
d3 mm 23.44 22.75 --- --- 
dm mm 25.00 25.00 25.36 26.50 
e mm 0.7778 1.1250 2.86 2.00 

Wp cm³ 2.62 2.42 1.52 2.28 
Wx cm³ 1.41 1.34 1.14 1.71 

Test block 1; 2 3 4; 6 5; 7 
 

The two pairs of profile shapes were examined in high cycle fatigue tests on the basis of 

nominal stresses determined by the standardised section moduli. 
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The P3G-connections were tested under torsion only, since REINHOLZ [131] had already 

conducted a test series under combined loading of rotating bending and superposed static 

torsion with polygon connections of the same nominal size d1 = 25 mm. The P4C-

connections were tested under both pure torsion and combined loading, because there were 

no previous experimental results describing the influence of the shape geometry. Test block 

1 was conducted with P3G-connections of the standard size 18 reduced to size 25 P3G 

18→25. These connections were subjected to combined loading. 

 

4.1.3 Load Capacity Tests 

The second part of the experimental program (test blocks 8 – 11) consisted of the examina-

tion of polygon-shaft-hub connections with optimised P3G and P4C profile shapes and of two 

alternative connections: standard P3G and spline shaft. The aim of these tests was to deter-

mine the fretting fatigue strength of the new polygon connections and to supply characteristic 

fatigue stress-concentration factors to support reliable dimensioning. 

 

It was necessary to investigate the fatigue strength of a P3G-connection with the currently 

standardised profile, since there were no experimental results of connections made of the 

same steel as the optimised connections. Moreover, to classify the fatigue strength of the 

newly developed polygon profiles, a complementary test block was carried out with spline 

connections according to the German standard DIN 5463 [146]. Spline connections are a 

direct alternative to the P4C-connection, because both provide the possibility of torque 

transmission and axial movement. The dimensions of the selected spline profile (see Table 

4-3) comply very well with the P4C profile as they have the same outer diameter d1 and 

nearly the same inscribed diameter d2. An equal outer diameter places the same bar stock 

diameter and the identical inner diameter provides a comparable base section. 

 

All load capacity tests were conducted under combined loading of rotating bending and su-

perposed static torsion. OLDENDORF showed in [126] that rotating bending with static torsion 

is the most important loading condition in mechanical engineering, resulting from misalign-

ments of the driveline components or additional preload forces of belt drives and gear 

stages. 

 

Table 4-3 shows the geometric parameters of the investigated optimised polygon curves and 

in addition of the standardised P3G and the spline shaft. The stated section moduli of the 

spline shaft are not standardised, therefore the definition of the reference diameter given in 

DIN 743 [144] (inscribed diameter d2) was assumed as the basis for calculation. 
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Table 4-3 Profile shapes and geometric parameters for the load capacity tests 

P4Copt P3Gopt P3Gstd Spline  

 
  

d1

d 2

 

d1 mm 25.00 25.00 25.00 25.00 
d2 mm 20.50 26.80 26.60 21.00 
d3 mm --- 23.20 23.40 --- 
dm mm 26.75 25.00 25.00 --- 
e mm 3.125 0.900 0.800 --- 

Wp cm³ 1.723 2.553 2.610 1.818 
Wx cm³ 1.292 1.386 1.406 0.909 

Test block 8 9 10 11 
 

4.2 Test Parameters 

4.2.1 Dimensions 

To achieve comparability, the geometry of all test specimen was specified according to the 

previous studies [131,171]. The only difference was the use of the nominal diameter d1 - in-

stead of dm like in [171] - as a consistent geometric reference value to specify the joining 

length ratio lj/d1 ( lj: joining length of a connection) and the diameter ratio Qa = d1/da (da: outer 

diameter of the hub). 

 

The outer hub diameter da measures 78 mm in all cases while the joining length lj differs de-

pending on the test block. In the comparative tests, lj of the P3G-connections is 18 mm and 

of the P4C-connections 17 mm, corresponding to the previous studies by REINHOLZ [131] 

and WINTERFELD [171]. The P3G-connection of the first friction calibration test block was 

manufactured with a joining length of 25 mm (lj/d1 = 1) to simplify the measurement of the slip 

induced surface wear. All connections of the load capacity tests were specified with a joining 

length of 25 mm. This corresponds to the general recommendation (e.g. [113]) of a joining 

length ratio of lj/d1 = 1 to enhance the transmission of the bending load. 

 

4.2.2 Joining Fit 

The connections were joined with functionally fitting conditions according to DIN ISO 286 

[153] as described in Chapter 2. Thus the P3G-connection featured the transition fit H7/n6, 

P4C-connections were specified with clearance fit H7/g6 and spline connections with clear-

ance fit H7/g7. Table 4-4 shows the fitting dimensions. Given that the hubs were erosion ma-
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chined, it was possible to adjust the hub profiles to achieve narrow-banded fitting conditions. 

The last column of Table 4-3 shows the realised fit of the connections. Due to the special 

calibration function of the first test block, these P3G-connections were specified with a 

slightly higher interference than the other. 

 

Table 4-4 Used fitting dimensions of the tested polygon connections [153] 

 Fitting dimensions 

 
Test block 

No. 

Reference 
diameter 

in mm 

Tolerances 
of the shaft 

in µm 

Tolerances 
of the hub 

in µm 
Realised fit 

P3G H7/n6 1 25 +28 
+15 

interference +20 µm 

P3G H7/n6 2,3,9,10 25 +28 
+15 

interference +10 µm 

P4C H7/g6 4,5,6,7,8 21 -7 
-20 

clearance –10 µm  

Spline H7/g7 11 21 -7 
-28 

+21 
    0 

Varied within tolerances 

 

The connection parts with transition fit were assembled by a shrunk-expansion fit. The hub 

was heated to 180°C (clearly under the recrystallisation temperature of about 350°C) in a 

furnace and the shaft was cooled in liquid nitrogen to –192°C. 

 

4.2.3 Material 

The test specimens were manufactured using the low-alloy carbon steel 2C45N in accor-

dance with DIN 17200 [150] (now replaced by DIN EN 10083 [152]) because previous stud-

ies [171] showed the unfavourable fatigue strength of high-strength steels under fretting load. 

The steel was normalised at 870 °C in air to achieve a close-grained microstructure. To en-

sure comparable conditions the material was taken from a uniform material batch supplying 

bar stocks of ∅40 mm for the shafts and ∅100 mm for the hubs. The composition of the ma-

terial is shown in Table 4-5, Table 4-6 shows the material strength properties. 

 

Table 4-5 Composition of the material according to the producer’s test certificate 

2C45N Alloying additions 

Bar stock ∅ % C % Si % Mn % S % P % Cr % Ni % Cu 

∅40 mm 0.44 0.29 0.62 0.027 0.010 0.13 0.27 0.14 

∅110 mm 0.45 0.28 0.60 0.035 0.011 0.19 0.10 0.12 

 



4  Design of Experiments 

 37 

Table 4-6 Averaged static strength properties according to the producer’s test certificate 

2C45N Static strength properties 

Bar stock ∅ σ0,2  
in MPa 

σUTS 

in MPa 
εB 

in % 

  ∅40 mm 412 672.5 23.4 

  ∅110 mm 405.5 653 24.0 

 

The hardness of the material was determined with of a VICKERS hardness tester according to 

DIN EN ISO 6507 [151]. For this purpose, disks were cut off the bar stock material and 

ground. The average hardness was obtained by single-point-measurements, every mm on a 

line from the centre to the outer diameter. Figure 4-1 shows the distribution of the Vickers 

hardness over the radius of the bar stocks. 

 

 

Figure 4-1 Vickers hardness of the bar stock material 

 

Figure 4-2 shows two micrograph photos in different sections of the bar stock material which 

was used for the shafts. The first section is perpendicular to the surface, and the linear tex-

ture of the rolling process is clearly visible; the second photo depicts the microstructure of the 

grains normal to the surface. Especially the normal section presents a homogeneous micro-

structure of pearlite and ferrite with small inclusions of manganese sulphite. 
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Perpendicular to the surface Normal to the surface 

  

Figure 4-2 Micrograph near surface photos of the test specimen material 

A rough evaluation of the micrographs exhibited an average grain diameter of 35 µm in per-

pendicular and 38 µm in normal direction. 

 

4.2.4 Lubrication 

All connections were tested without lubrication. Prior to joining, shaft and hub were cleaned 

and degreased with a solvent (ES Detergent) even though this degreased state does not 

correspond to most applications. Usually the joining faces of shaft-hub connections are wet-

ted with grease or oil to simplify the joining process and to prevent corrosion. Previous stud-

ies [131] also showed an increase in load capacity when using oil lubrication. The disadvan-

tage of lubrication is a bigger scatter of the results owing to an erratic oil distribution in the 

connection. Since the aim of this study was to investigate the influence of the profile shape, 

distinct conditions are necessary to evaluate the experimental results. Therefore the clearly 

defined state of degreased joining faces was selected. It was assumed that the advanta-

geous effects of oil lubrication are not significantly influenced by the profile shape. 

 

4.2.5 Cycle Limits 

The cycle limits differed with the test blocks. Usual fretting fatigue studies on shaft-hub con-

nections (like [126] or [131]) have been conducted until 2×107 load cycles corresponding to 

the higher knee-point of the S-N curve in fretting fatigue problems. However the focus of the 

comparative test part (test blocks 2-7) was the qualitative determination of the fretting fatigue 

strength in a direct comparison of two competing profile shapes. Therefore the cycle limit 

was decreased to 1×107 load cycles. The results are not suitable for a reliable dimensioning 
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but sufficient for an adequate assessment of the profile characteristics. The cycle limit of the 

calibration test block 1 varied between 0.5 to 2 million load cycles owing to the needs of the 

calibration procedure. 

 

The load capacity tests (test blocks 8-11) of the shape optimised polygon connections, the 

standard P3G-connection and the spline connection were conducted using a cycle limit of 

2×107 load cycles to ensure reliable dimensioning values. 

 

 

4.3 Manufacturing of the Test Specimen 

The outside profile segments of the polygon specimen were ground at the department of 

Production Engineering of the Technical University Graz, Austria. This manufacturing tech-

nique provides a high profile accuracy and is the usual method in industrial production. The 

inside contours of the hubs were erosion machined at the Manufacturing Department of the 

Technical University Berlin. The erosion method guarantees very high profile accuracies and 

is suitable for the P3G as well as for the discontinuous P4C profiles. Even though this tech-

nique is not usual in industrial manufacturing processes, it is ideal for the investigation of the 

profile influence. It provides distinct and exact profiles and is flexible for shape variations 

through the development process. The spline shaft profiles were manufactured by milling and 

the spline hub profiles were manufactured by broaching. Both were produced by the same 

company. 

 

 

4.4 Geometric Measurement of the Profile Segments 

The surface roughness RZ and the average peak-to-valley height Ra of the profile segments 

was tested by a HOMMEL surface measuring instrument according to DIN 4768 [145]. Table 

4-7 shows the results of the random tests: 

 

Table 4-7 Average surface roughness of the profile segment of shafts and hubs 

 RZ in µm Ra in µm 

P3G shafts 2.05 0.23 

P3G hubs 2.48 0.31 

P4C shafts 2.62 0.34 

P4C hubs 2.53 0.30 

Spline shafts 3.21 0.42 

Spline hubs 3.74 0.44 
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The results agreed with the usual values of the selected manufacturing methods (mostly 

grinding) and are comparable to previous studies (e.g. [131,171]). 

 

To ensure the profile accuracy, the shaft profiles and the hub profiles were measured with 

coordinate measuring equipment. Figure 4-3 shows as an example the measuring plots of 

outside and inside contours of an optimised P3Gopt and a P3G 18 profile curve respectively. 

The tolerance bandwidth is ±5 µm. 

 

P3Gopt outside contour P3G 18 inside contour 
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Figure 4-3 Measuring plots of polygon profiles 

The plots indicate that the deviations from the ideal profile curve are 0.01 mm at maximum. 

This profile accuracy seems sufficient to assess the individual characteristics of a specific 

profile shape. 

 

 



 41 

5 Experimental Setup 

5.1 Torsion Fatigue Testing Machine 

5.1.1 Design and Operating Mode 

The tests under torsional load were conducted with a servo-hydraulic testing machine, as 

already used in the previous studies of REINHOLZ [131] and WINTERFELD [171]. Figure 5-1 

shows the testing facility. 

 

The torque is applied by a rotary hydraulic actuator which is supplied with oil pressure of 

210 bar. A frequency synthesizer of the control unit generates a sinusoidal wave which is 

transferred to a servo valve. This valve reverses the oil flow according to the electrical input 

signal realising an oscillating pressure in the actuator. As a result, an alternating torque is 

applied to the specimen. The static and dynamic torque components and the ratio between 

them can be controlled by the amplitude and the mean value of the input signal. The applied 

torque is measured with a torque transducer within the driveline of the testing machine. Us-

ing a PID-controller the measured signal is kept constant. The frequency of the load cycle is 

adjustable by the synthesizer and during the tests was 60 – 62 Hz. 

 

The whole driveline is mounted vertically to minimise influences of gravitation. The dead 

weight of the test components is therefore carried by an axial bearing. Misalignments be-

tween specimen and rotary actuator resulting from different radial mounting positions are 

compensated for by a coupling in the driveline. The specimen is fixed by a backlash-free 

clamping element. 

 

The test run stops either on reaching the cycle limit, which is counted by a cycle meter, or if a 

crack is detected. This is monitored by an inductive position encoder which measures the 

increase in twisting due to the growing crack-induced flexibility of the specimen. Additionally, 



5  Experimental Setup 

 42

limits are set for the signals determining the load components to prevent overloading of the 

specimen. 

 

Specimen

Torque transducer

Coupling

Hydraulic actuator

Axial bearing

Frame

Clamping element

Bracket

 

Figure 5-1 Illustration of the torsion fatigue testing machine 

5.1.2 Calibration 

The torque transducer is equipped with strain gauges in a full bridge-circuit, energised by a 

5 kHz-frequency amplifier. This transducer line including transducer, amplifier and cables 

was calibrated at regular intervals using a static torque testing machine of MOHR & FEDER-

HAFF. The test loads were applied using this calibrated transducer ensuring reliable test loads 

throughout the whole test program. 
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5.2 Bending Fatigue Testing Machine 

5.2.1 Design and Operating Mode 

The tests under combined load of rotating bending with superposed static torque were con-

ducted with a resonance test stand, which was also used in previous studies by REINHOLZ 

[131] and WINTERFELD [171]. Figure 5-2 shows the testing facility.  

 

SpecimenMagnets

Coupling

Lever arm

Spring bearing

Clamping elementCoupling

Screw

Swash plate

Housing Swash Plate

Frame

Bracket

 

Figure 5-2 Illustration of the bending fatigue testing machine 

This bending fatigue testing machine uses the principle of resonance amplification and was 

developed by KLAMKA and WELTZ [79]. The specimen and two swash plates form a two-mass 
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vibrator, with the specimen acting as spring and the swash plates as masses. This vibratory 

system is excited near its natural frequency by pairs of electromagnets to achieve large vi-

bration amplitudes. 

 

The hub of the test specimen is connected via a flange connection to one swash plate and 

the shaft of the specimen is fixed by a clamping element in the other swash plate. Both 

swash plates are carried on the frame with spring bearings to allow undisturbed movement of 

the vibrating system and to compensate for misalignments. The electromagnets are mounted 

between the swash plates in a radial offset of 120°. In addition to the bending load a torsional 

load is applied by a cantilever, which can be preloaded by a screw. The torque is led in via 

an angular flexible coupling and supported by a bracket which carries the reaction load. To 

protect the driveline from transverse forces the lever arm is carried in a ball-bearing, which is 

fixed in a housing. 

 

To apply the bending load, the electromagnets are energised with a three-phase-current, 

with the frequency controlled by a frequency inverter. Because the magnets are offset, the 

magnetic field rotates around the specimen, exciting the swash plates to a vibration like a 

rotating bending. The bending moment can be assessed by the resonance amplification 

which is a function of the operating frequency, as well as by the current, which is adjustable 

via a potentiometer and kept constant by the control unit. Small weights mounted on the 

swash plates can be used to enhance the concentricity of the rotation. The induced bending 

moment is measured with strain gauges in half bridge-circuits which are installed twice on 

the thin-walled cylinder segments of the swash plates done in perpendicular planes to obtain 

the bending moment over the whole revolution. 

 

The static torque is applied by tightening the screw and measured by strain gauges installed 

at the rectangular segment of the lever arm. 

 

The advantage of the resonance testing machine is the small energy requirement, because 

the electromagnets only excite the vibration and power is only needed to compensate the 

hysteresis losses in the material and outer damping and friction. The test runs were con-

ducted with about 100 – 120 Hz depending on the type of specimen. 

 

The test run is controlled by adjustable shutdown conditions. It stops after reaching the cycle 

limit which is counted by a cycle meter, if a crack is detected or in the event of malfunctions. 

Cracks are detected by differences between the values of the two bending planes or a sig-

nificant decrease of the measured torque signal. Exceeding the bending limits and unaccept-

able deviations of the phase angles of the bending signals also lead to a shutdown of the 

testing machine. 
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5.2.2 Calibration 

The calibration of the bending load involves two steps. During a test run a special calibration 

shaft is mounted in the machine equipped with strain gauges - which have been calibrated 

statically using a lever arm and weights to simulate a bending load - and a bending load is 

applied. By comparing the signals of the measuring shaft and the transducer at the swash 

plate the bending fatigue testing machine is calibrated. 

 

The static torque is calibrated using weights which are hung on the lever arm. All strain 

gauges are energised with commercial 5 kHz-frequency amplifiers and screened cables, 

which are integrated in the calibration procedure. 

 

5.3 Sources of Error 

All experiments were conducted by an induced torque or bending moment applied by the 

testing machines. Since every measurement involves errors due to inaccuracies of the in-

strumentation, errors of meter-reading etc., information about the total error of the measured 

values is required to assess the results. 

 

The total error Fr of a measuring chain consists of the single errors ∆xi/xi of the measuring 

components and is described by the law of error propagation (Equation 5-1) according to 

GAUSS (VDI/VDE 2620 [165]). 
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The law of error propagation assumes the worst case: The relative errors of all single meas-

uring components sum up and do not compensate each other. This case is improbable for 

most practical measuring chains. Given that the occurrence of the relative error values fol-

lows a normal distribution, Equation 5-2 describes the probable total relative error Frw. 
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Based on these principles the total errors of both the torsion and the bending fatigue testing 

machine were evaluated by identifying the single measuring components and by quantifying 

the relative errors. Details of the relative errors for the components are supplied in Appendix 

B. 

 

The error sources include the calibration as well as the measuring process. Table 5-1 shows 

the total error values of the testing machines, indicating probable total relative errors of less 

than 4%. 
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Table 5-1 Total errors of the testing machines 

Testing Machine   

Torsion Fatigue  Errors in measuring the static torque 
 

Errors in measuring the dynamic torque 
 

 

Fr,sT = 4.0 % 
Frw,sT = 2.0 % 

Fr,dT = 4.3 % 
Frw,dT = 2.0 % 

Bending Fatigue Errors in measuring the dynamic bending moment 

 
Errors in measuring the static torque 

Fr,dB = 9.2 % 

Frw,dB = 3.3 % 
Fr,sT = 2.1 % 
Frw,sT = 0.8 % 

 

The indicated values are comparable to the previous studies of REINHOLZ [131] and WINTER-

FELD [171]. Because in most load cases it is not possible to determine the loading conditions 

with a higher precision than 10%, the indicated probable total relative errors are acceptable. 

Moreover the indicated errors consist of systematic error components. Doing comparative 

tests - as in this study - systematic errors become less important because of the qualitative 

character of the tests. 
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6 Analysis Methods 

6.1 Introduction 

The analysis methods applied in this work were necessary for two reasons: to determine the 

endurance limit of a polygon/spline connection based on the results of experimental tests 

and to investigate the stress and strain state of loaded polygon connections to assess the 

local stress approaches introduced in Chapter 10. 

 

Several methods exist for the experimental determination of the endurance limit with a statis-

tically reliable coverage. The method of choice depends primarily on the testing facilities, the 

number of specimens and the expected accuracy of the results. Previous studies on shafts 

and shaft-hub connections [101,131,171] used the extreme value method first developed by 

WEIBULL (stated in GUMBEL [56]). This method conducts test runs at three load levels in the 

transition region, namely below, at and beyond the expected endurance limit. Each load level 

requires seven valid tests. In total, about 25 to 30 test specimen, including preliminary tests, 

are necessary to obtain reliable results for one test parameter. Based on a WEIBULL distribu-

tion, a statistical evaluation delivers the fatigue strength values for survival probabilities be-

tween 10% and 90%. 

 

An alternative to the extreme value method is the so called staircase-method originally in-

vented by DIXON and MOOD [23] which is based on a normal distribution. Each test run is 

conducted on a load level that depends on whether the previous test specimen broke or sur-

vives a cycle limit without failure. The next test run is conducted at the load level below or 

above the current one, respectively. Thus a typical staircase pattern arises. By an evaluation 

of the number and stress bandwidth of either passed or broken specimen, the endurable 

stress amplitude can be calculated. An improvement of the version of DIXON and MOOD is the 

advanced version of HÜCK [73]. This version, described in Section 6.2, considers both 
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passes and failures in its calculation and thus requires fewer test specimen. Test blocks with 

statistically reliable coverage demand 17 valid tests while tests of lower accuracy might be 

conducted with only 5 to 10 test specimens. Because of the inevitable stair-case test 

scheme, fewer test specimens are invalid, resulting in a total requirement of about 20 test 

specimen for one test parameter in order to obtain at least 17 valid tests. FLOER [36] utilised 

this method in his studies on keyway-connections. 

 

The main advantage is a good prediction of fatigue strength values for survival probabilities 

of 50% even with only a few test specimens. This attribute was used for the comparative 

studies. The aim of these tests was the direct comparison of the fretting fatigue behaviour of 

two different profile shapes, not the determination of reliable fatigue strength values. There-

fore this method was applied to the tests in blocks 2 – 7 ensuring meaningful results with few 

test specimen. In contrast, the aim of the load capacity studies was a statistically reliable 

determination of both the endurance limit of polygon-connections with shape optimised pro-

files and of supplementary connections. Thus the staircase-method with an increased num-

ber of test specimens was used to achieve verified results in the test blocks 9 – 11. 

 

Test block 8 on shape optimised P4C-connections was conducted using a totally different 

method, namely the unified S-N curves (stress-cycle-curves). This method uses the similarity 

of different S-N curves to derive the endurance limits of unknown parameter combinations. 

Because of the large number of available results from previous studies of REINHOLZ [131] 

and WINTERFELD [171] on polygon connections it was possible to apply this method. The ad-

vance is a statistically reliable examination of one test parameter with only 7 test specimen. 

This method is discussed in detail in Section 6.3. 

 

6.2 Description of the Advanced Staircase-Method 

At the beginning of the test, equidistant load levels with spacing d = const. have to be de-

fined. Every test run is conducted on one of these load levels and is stopped by reaching a 

predetermined cycle limit or in case of failure. The test series should be started on a load 

level which is assumed to be beyond the endurance limit to gather information about the fa-

tigue behaviour in the finite life region. Depending on whether the test specimen fractures or 

reaches the cycle limit without rupture, the next test run is conducted at the load level below 

or above the current one. Thus the typical staircase pattern arises, as shown in Table 6-1 for 

a virtual example. 
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Table 6-1 Example scheme for the evaluation of fatigue tests using the staircase-method ac-
cording to HÜCK [73] 

Statistical Evaluation 

1 2 3 4 5 6 
σba 

MPa 
x rupture      o passed     # fictitious test i fi i fi i² fi 

108 x                   - - - - 

100  x                  - - - - 

92   x  x    x        x   3 4 12 36 

84    o  x  o  x    x  o  x  2 7 14 28 

76       o    x  o  o    # 1 5 5 5 

68            o = SE0      0 1 0 0 

No.: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 Σ: 17 31 69 

d = 8 MPa F A B 

Endurable stress amplitude σE50% = 82.59 MPa 

 

Column 1 of Table 6-1 marks the load levels, column 2 records the events of the test series 

and the columns 3 to 6 show the scores needed to evaluate the test runs. A complete 

evaluation specifies the mean value, in this case the endurable stress amplitude concerning 

a survival probability of 50%. 

 

The first score (column 3) is a consecutive number i, beginning with zero, assigned for every 

load level used for so called valid tests. Valid tests are all tests beginning with the one that is 

confirmed at least one more time on the same load level, no matter if the tests involved a 

rupture or passed the cycle limit. In Table 6-1 the test runs at the load levels 100 MPa and 

108 MPa occurred only once, therefore these test runs are not valid tests. In comparison to 

the version of DIXON and MOOD, the version of HÜCK uses all test events - either passed or 

ruptured - for evaluation. Moreover an additional fictitious test (#) is conducted at the end of 

the test series at the resulting load level. This virtual test is not executed in real but is fully 

valid for the evaluation. Thus the total number of real valid tests required amounts to 16 

which is completed with the virtual test to the required number of at least 17 tests. 

 

The next step is to register in column 4 the actual number fi of valid tests for each load level. 

Subsequent calculations specify the characteristic values A, B and F. With an equidistant 

partitioning of the load levels the mean value SE50% is evaluated as follows (Equation 6-1): 

F

A
dSS EE ⋅+= 0%50        (6-1) 

The parameter SE0 amounts to the value of the lowest proved load level (in the virtual exam-

ple of Table 6-1 No. 12; SE0 = 68 MPa). By means of the standard deviation s which can be 

obtained from diagrams (see Appendix C) and at least 17 test specimens, it is possible to 

calculate endurable stress amplitudes for survival probabilities of 10% and 90%. Test series 

of less than 17 tests do not deliver reliable information about the scatter of the results and of 
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the endurable stress limits, but a good estimate of the mean value. All necessary equations 

for the evaluation according to HAIBACH [60] are supplied in Appendix C. The parameter B in 

the last column 6 could be used for advanced statistical evaluations. Further details can be 

found in HÜCK [73]. 

 

6.3 Unified Scatter Bands 

6.3.1 Description of the Method 

In the finite life region the S-N curve (see Figure 6-1) can be described using Equation 6-2: 
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 where NE denotes the knee-point cycle number, SE is the endurable stress and k is the in-

cline exponent of the S-N curve. Sa and Na form a pair of variates indicating an arbitrary point 

of the S-N curve. 
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Figure 6-1 Schematic illustration of the S-N-curve [60] 

The basic idea of unified scatter bands (HAIBACH [60]) is the assumption that the S-N curves 

of single test series have a similar shape. Only the absolute stress level might differ depend-

ing on the test parameters. This offers the possibility of converting all S-N curves to a uniform 

scale and displaying them in a common S-N scatter band. The reference value for the trans-

formation to the uniform scale is in most cases the mean stress value for a survival probabil-

ity of 50%, which can be obtained by calculation or graphical analysis of the S-N curves. This 

scaling acts like a shifting of all S-N curves into a unified scatter band for a combined analy-

sis of all valid tests even of different test parameters. 
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Among a similar fracture mechanism, the application of this method demands S-N curves 

which are obtained by constant stress ratios R (R = σu/σo) [59]. Test series where the mean 

load is held constant and the load amplitude is varied, giving different load levels, are not 

suitable since the stress ratio varies too much. Figure 6-2 shows the generation of a unified 

scatter band by scaling four virtual S-N curves of different fictitious test series. 

 

 

Figure 6-2 Exemplarily illustration of the generation of a unified scatter band (fictitious 
data) 
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The test points within a single test series are graphically averaged by an S-N curve which is 

interpreted as a survival probability PS of 50%. All four S-N curves in the upper part of the 

figure exhibit the same knee-point cycle number of NE = 8×106 and an incline exponent of the 

S-N curve in the finite life region of k ≈ 7. The scaling to generate the scatter band is refer-

enced to the averaged endurance limits of 75, 63, 55 and 115 MPa respectively. 

 

In addition, the S-N curves for survival probabilities of 10% and 90% are displayed as 

graphically encasing lines of the scatter, and the spreading of the scatter is characterised by 

TS (Equation 6-3 [60]) which is defined as 

%10

%90:1
E

E
ST

η
η

=          (6-3) 

where ηE90% denotes the unified endurable stress amplitude for 90% survival probability and 

ηE10% for 10% survival probability respectively. 

 

Just as in the analysis of conventional S-N curves, the identification of outliers is also possi-

ble with the unified scatter band. Obviously one test point of the test series 1 is an outlier, 

whereas the two test points of the test series 2 und 3 lie at the scatter lines and are excluded 

in this case. A detailed explanation and additional studies in the field of plain fatigue prob-

lems using this method are described in HAIBACH [60]. The S-N scatter band can then be 

used as a basis for further test series assuming an equal fracture mechanism. By virtue of 

the similarity of the S-N curves, it is possible to evaluate the endurance limit of a new test 

parameter from a time-saving test series in the finite life region. The disadvantage is the re-

quirement of a sufficient number of test series for the generation of the scatter band. 

 

To evaluate the endurable stress for a certain survival probability by a test series in the finite 

life region it is necessary to conduct at least seven valid test runs at a constant load level 

(e.g. stress Sa) significantly beyond the expected endurance limit in order to save testing time 

by low cycle numbers. The results of this test series have preferably to be analysed in the so 

called probability net. This presentation, shown on the left side of Figure 6-3, plots the sur-

vival probability over the cycle number, with the ordinate axis scaled in the probability mode 

and the abscissa axis log-scaled. 
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Figure 6-3 Evaluation of the endurable stress of a test series in the finite life region 
using a unified scatter band [60,126] (fictitious example). 

The probability values for the ruptures of the test series are calculated using the equation of 

ROSSOW (Equation 6-4, taken from HAIBACH [60] and recommended by KOTTE AND EULITZ 

[82]). The test runs have to be arranged in order of the cycle number reached, beginning with 

the highest. Subsequently the survival probability is calculated as follows: 

13
13

+

−
=

n

j
PS          (6-4) 

where j denotes the test run of the arranged order and n marks the total number of the test 

runs (at least 7). 

 

Figure 6-3 shows the evaluation procedure to obtain endurable stresses from a test series in 

the finite life region. The cycle number N90% for a survival probability of 90% is read off using 

a linear fit curve in the probability net. This value is needed to obtain the appropriate refer-

enced stress amplitude ηN90% of the unified scatter band. The fixed value ηE90% is also known 

from the unified scatter band. The endurable stress SE90% for the new test series is obtained 

using Equation 6-5. 
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6.3.2 Application to Polygon-Shaft-Hub Connections 

Most applications of the unified scatter band method are established in the field of plain fa-

tigue problems, and especially welded joints [60]. The first application to shaft-hub connec-

tions was made by ROMANOS [135] on press fits and later by OLDENDORF [126], who used 

this method to study keyway connections. Although the characteristic fretting fatigue fracture 



6  Analysis Methods 

 54

of shaft-hub connections is not the result of exceeding a nominal stress value, OLDENDORF 

showed that the fatigue life of keyway connections can be described by a unified scatter 

band. The main damage mechanism of both the keyway-connection and the polygon-

connection is fretting corrosion. Additionally, given that there are many test series on polygon 

connections available from the previous studies of REINHOLZ [131] and WINTERFELD [171], 

this method is applied to evaluate the fatigue strength of the shape-optimised polygon-

connections. 

 

The generation of a unified scatter band for polygon-connections involved a complete analy-

sis of all available experimental polygon data of ALLSOPP [1], VÖLLER [167], REINHOLZ [131], 

WINTERFELD [171] and tests of the author [51] and is described in detail in [52]. Although the 

analysed data base comprised 250 tests on P3G-connections and 280 tests on P4C-

connections only a few of these were suitable to be rearranged in a unified scatter band. The 

most important criterion was a constant stress ratio R within the test series. Therefore only 

the tests under combined loading of rotating bending and superposed static torsion (fully 

reversed bending) and the tests under fully reversed torsion of ALLSOPP remained. Unfortu-

nately ALLSOPP only tested six specimens per profile shape, and so these test series were 

not taken into accounted for the scatter band. With the additional prerequisites of a common 

profile shape and the appropriate material of 2C45N, only four test series on P4C-

connections by WINTERFELD with a total of 84 test specimens were selected for unification. 

These four test series have different torsional preloads, fitting conditions and coating. It was 

assumed that these test parameters do not influence the shape of the S-N curve. 

 

In addition to the unification of the P4C test series, it was possible to generate a scatter band 

of P3G-connections made of the high alloy steel 42CrMoS4V. Although this material was not 

suitable for the intended studies of the profile influence, this scatter band is used in Chapter 

9 to discuss the potential of unified scatter bands of different shape and material combina-

tions. 

 

6.3.3 Unified P4C-Scatter Band 

The selected P4C data was enhanced by six previously unpublished tests of WINTERFELD 

and 26 tests by the author. The latter tests were conducted with test specimen made of the 

original material from the same material batch as WINTERFELD and with the appropriate test 

parameters in the finite life region, because the existent data in this zone was rare. The ad-

vantage of the base data used was that the reference value for the unification SE50% was not 

obtained by a graphical analysis of the S-N curves but by evaluation applying the extreme 

value method, which was already done by the previous study of WINTERFELD [171]. Figure 6-

4 shows the unified P4C-scatter band. 
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Figure 6-4 Unified scatter band of P4C-polygon-connections for combined loading 

The diagram shows a distinct scatter band structure which is clearly visible with the help of 

the 10% and 90% survival probability lines. Only two tests were defined as outliers, resulting 

in a scatter band of 114 test specimens. This number is small in comparison to alternative 

studies (e.g. HAIBACH [60] with more than 300 test specimen), but the diagram shows that 

the fatigue life of P4C-connections can be described with the unification method at least for 

these four test parameters. The four test series are distinguished by the symbol shape, 

whereas the colour indicates whether these tests were conducted by the author [52] or were 

taken from the previous study of WINTERFELD [171]. The best agreement is shown by the test 

series with torsional preload τtm of 148 MPa and 197 MPa followed by the test series with the 

transition fit H7/n6. Only slight differences are shown by the test series with WC/C-coating. 

The overall spreading TS of the scatter band is evaluated with TS = 1:1.21 which is small in 

comparison to the scatter band of OLDENDORF on keyway connections with TS = 1:1.5. The 

scatter band exhibits a knee-point cycle number of NE = 12×106 load cycles and an incline 

exponent of k = 9. This unified scatter band for P4C-connections was subsequently used for 

the determination of the fretting fatigue strength of the P4C-connections with the shape opti-

mised profile. 

 

The value of the incline exponent k is a current issue in research. GUDEHUS AND ZENNER [55] 

propose differing incline exponents depending on the notch effect and on the size of the 

component while HAIBACH suggests a common incline exponent of k=5 for notched speci-

mens. The unified scatter band of OLDENDORF (k=4.7) for keyway connections supports this 

suggestion, but the unified S-N curve of ROMANOS for press fits (k=21) and the unified S-N 
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curve of KÜPPERS ET AL. [85] (k=6.4) for soldered connections show - like the P4C scatter 

band of the author (k=9) - that a common incline exponent can not be defined. The applica-

tion of unified scatter bands should therefore be restricted to at least similar types of connec-

tions only. 

 

 

6.4 Finite Element Analysis 

6.4.1 Field of Application 

Within the scope of the shape-optimisation project all FE analyses have been conducted by 

ZIAEI [175,177]. As the aim of this dissertation was to develop a new method for life-

prediction of polygon-shaft-hub connections, it was necessary to conduct numerical analyses 

on polygons by the author himself. These are described below. 

6.4.2 Evaluation Techniques 

The numerical analysis of polygon-connections was carried out with the Finite Element 

Method (FEM) using the commercial FE-code ANSYS® (Release 6.1). The FE-method has 

already been applied on polygon-shaft-hub connections by several researchers (c.f. section 

2.4.2), but within the scope of this study some selected experimental load cases have been 

evaluated numerically in order to apply a local stress concept for the prediction of the fretting 

fatigue strength. 

 

FEM has become a standard tool for the evaluation of stresses and deformations of complex 

geometries and the derivation and background of the linear FEM is not explained here. For 

further information see [80,133]. Contrary to the usual application of the FEM in linear analy-

ses (e.g. analysis of a bracket subjected to imposed forces), the transmission of forces and 

displacements in shaft-hub connections is characterised as a contact problem. Contact is a 

nonlinear phenomenon because the contact status of two touching bodies abruptly changes 

from “open” to “closed”. This infinite increase in stiffness and the contact causes two numeri-

cal problems. 

 

First, the stiffness of the structure is no longer a constant value which can be described by 

HOOKE’s Law, but varies depending on force and displacement. Such nonlinear behaviour 

cannot be solved by linear matrix algebra, therefore ANSYS® uses the NEWTON-RAPHSON 

method [2], which is a series of linear approximations with corrections. Second, contacting 

bodies do not interpenetrate. Thus a method must establish a relationship between the two 

surfaces to prevent them from passing through each other. This is done by the augmented 

LAGRANGIAN method, which is a combination of the penalty method and the LAGRANGIAN 

method. Figure 6-5 shows schematically the functionality of this method. 
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Figure 6-5 Functionality of the augmented LAGRANGIAN method [2] 

The first step in establishing the contact by the augmented LAGRANGIAN method is enforcing 

contact compatibility by the penalty method, which uses a linear contact spring with a charac-

teristic, user-defined contact stiffness KN. This spring becomes active when the surfaces 

begin to interpenetrate and will therefore deflect by the amount fs. The second step is the 

application of the LAGRANGIAN method, controlling whether the penetration fs is below a user-

defined tolerance KL. If not, subsequent iterations are obtained to achieve an equilibrium 

state of the contact, satisfying the given parameters. 

 

The choice of the parameters KN and KL is crucial for the efficiency of the evaluation: High 

values for KN and low for KL improve the accuracy, but increase the numerical expense until 

no convergence can be obtained. For the reported analyses, KN amounted to 0.2, which is 

20% of the stiffness of the underlying elements. This is higher than the recommendation [2] 

of KN=0.1 for bending-dominated structures and is chosen to improve accuracy. KL was set 

at 0.1, which means a penetration tolerance of 10% of the underlying elements. Considering 

the real depth of the solid elements of the first row, the penetration tolerance amounted to 48 

µm, but the value occurred was 0.12 µm at maximum. 

 

The contact analysis accounted for friction with a global coefficient of friction of µ = 0.18. This 

value was derived by studies of the author and ZIAEI [177] and is described in Chapter 7.1. 

To simplify the evaluation, no special friction law was used and no distinction was made be-

tween static and dynamic friction (µstat/µdyn=1.0), so the evaluation could be repeated on 

every FE-processor. The only machine-specific parameter was the requirement of an un-

symmetric stiffness matrix to prevent ANSYS® from using a symmetrisation algorithm, be-

cause the transmission behaviour of the connection is highly friction-dependent. 
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6.4.3 FE-Model 

The evaluations were obtained using a parameterised FE-model made of 21,816 8-node-

brick elements with 73,461 degrees of freedom, which could be adapted by means of differ-

ent profile shapes. To ensure a realistic representation of the stress and strain state, the con-

tact zone and the regions of high stress gradients (e.g. the edge of the hub) were discretised 

with a fine mesh density. Figures 6-6 a-c show a total view of the FE-model, the meshing of 

the shaft and the aligned meshing of the contact edge. The length of the shaft was modelled 

to avoid an interaction between the stress concentrations of the contact edge and the fixation 

at the end of the shaft. Though the model discretisation was used for different geometries 

with different profile eccentricities, none of the elements violated the shape limits due to un-

acceptable distortion. The material properties contained the Young’s modulus E (elastic 

modulus) and the Poisson’s ratio νP and amounted to E = 210,000 MPa and νP = 0.3. 

a 

b  c 

Figure 6-6 FE-model of a P3G-connection: a total view   b discretisation of the shaft 
c element discretisation in the contact zone 
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6.4.4 Boundary Conditions 

The setup of the boundary conditions was arranged like the loading conditions of the experi-

mental setup. All nodes at the end of the shaft are fixed in all directions. The transition fit of 

the connection was realised by a slightly bigger shaft diameter than the interior hub bore. 

The torque was applied using 24 commonly distributed “torsion” forces δFt, which were ar-

ranged at the outer diameter of the hub. The bending load was modelled by two converse 

“bending” forces δFt, positioned likewise at the outer hub diameter. These two forces pro-

vided a pure bending moment without a transverse force. To simulate a rotating bending 

load, the pair of bending forces rotated around the hub. Figure 6-7 shows the FE-model with 

boundary conditions. 

 

δFt 

... 

... 

... 
... 

δFb 

δFb 

y

x

z

 

Figure 6-7 Applied boundary conditions for combined loading at a P3G-connection 

6.4.5 Load Step History 

The evaluation of the load case rotating bending with superposed static torsion contained 

100 load steps. Figure 6-8 shows the evolution of the load steps. The first load step is to 

solve the interference fit followed by the torque in the next load step. Both forces are held 

throughout all subsequent load steps. The “dynamic” bending load is applied stepwise by a 

pair of forces acting on two opposing nodes. If the full magnitude of the load is reached, this 

load is degraded in the next load step and the pair of forces is moved to the neighbouring 

nodes. The reason for using 100 load steps, which corresponds to four complete bending 

load revolutions, was the shake down process of the connection. Figure 6-9 shows the evolu-

tion of the relative slip between shaft and hub at a representative node. 
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Figure 6-8 Complete load step history of a combined loading load case (after [48]) 

 

 

Figure 6-9 Evolution of the relative slip during the first four revolutions of a P3G-
connection subjected to combined loading 

It is obvious that the relative slip amplitude is not a constant, but depends on the revolution 

history. Admittedly, the amplitude asymptotically tends to a nearly constant value, which is 

not yet reached after four revolutions. But considering the numerical expense of further 

evaluations, the fourth revolution was determined as the reference cycle for analysis. This 

phenomenon is very important for every nonlinear cyclic analysis. Since the evaluation of the 

first revolution results in non-representative values, the computation leads to an improper 

basis for a potential analytic approach. 
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7 Results of the Comparative Studies 

7.1 Results of the Finite Element Calibration Test Block 

The determination of a suitable coefficient of friction for the Finite Element Analysis was sup-

ported by an experimental evaluation of the slip zone length ∆x in test block 1. P3G-

connections of the same shape were equally loaded under a rotating bending of 55 Nm and 

a static torque of 22 Nm. As a result of the dynamic load and the different stiffness of shaft 

and hub, there is slip between the two parts. This causes a substantial surface wear which 

can be measured by the dimensions of the wear area. Figure 7-1 shows the surface wear at 

the three lobes of a P3G-shaft and schematically the measurement of the slip length. 

 

 

   
Figure 7-1 Measuring of the slip zone length ∆x in the wear region of a P3G-shaft 

The tests were stopped after 2×106 load cycles. Afterwards the hub was carefully removed 

by sawing to prevent damage at the surfaces and the slip zone length was measured. 

 

The slip zones were approximately 5 to 7 mm long, and in isolated cases up to 10 mm. The 

comparative FE-Analysis evaluated by ZIAEI [177] showed a similar slip zone length applying 

a global coefficient of friction of µ = 0.18 for the whole contact area. This value can be as-

sessed as an averaged value, because the coefficient of friction varies depending on the 

∆x
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axial position and is presumably higher at the contact edge of the connection, which is in 

most cases the site of the crack. Furthermore, it rises with the number of load cycles and an 

increase in abrasive wear. 

 

7.2 Influence of Profile Shape for P3G-Connections 

7.2.1 Results of the High Cycle Fatigue Tests 

Supplementary to the examinations of REINHOLZ [131], test blocks 2 and 3 were conducted to 

investigate the fretting fatigue strength of P3G-connections with different profile shapes sub-

jected to a dynamic torque with a torsional mean stress τtm and a torsional stress amplitude 

τta. The test results are provided in Appendix D. Figure 7-2 shows the experimentally ob-

tained endurable stress amplitudes for a survival probability of 50%. The profile types are 

identified by the related eccentricity e/d1. Due to a common mean load of 330 Nm the nomi-

nal mean stress values τtm differ according to the section moduli. All other test parameters 

were held constant. 

 

Figure 7-2 Fatigue strength of P3G-connections with different profile shapes under 
dynamic torsion 

The test series reveal that the more rounded profile shape of the standard size 18 (e/d1 = 

3.11%) shows a higher load carrying capacity than the profile shape of the standard size 100 

(e/d1 = 4.50%) when transferred to size 25. This is probably a result of the larger cross sec-

tion and therefore a larger polar section modulus. Furthermore the machining of the P3G 18 

shape with its lower eccentricity is less expensive. 

 

Figure 7-3 shows the surface wear of the shafts of tested P3G-connections of both profile 

shapes. Owing to the higher eccentricity of the P3G 100 profile and therefore an extended 

transmission of the torque by normal forces, the region of wear is smaller and there is less 
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surface damage. The slip zone is comparably longer for the P3G 18 profile. All failed connec-

tions exhibited the typical fretting fatigue fracture. The crack is induced at a small distance 

beneath the edge of contact and its direction is in the first phase perpendicular to the main 

stress direction, which for pure torsion is perpendicular to the axis of the shaft.  

P3G 18→→→→25   

 
 

  

P3G 100→→→→25   

  
 

Figure 7-3 Surface wear of P3G-connections with different profile shapes under dy-
namic torsion 

Figure 7-4 shows the crack sites of two P3G-shafts. The crack is initiated in the wear area 

near but perpendicular to the edge of contact and grows at an angle of about 45° to both 

sides. 

 

P3G 18→→→→25 P3G 100→→→→25 

  

Figure 7-4 Crack sites of P3G-connections with different profile shapes under dy-
namic torsion 

Regarding the slip zone and the crack position, the differences between the two profiles are 

a result of the different cross sections. Due to the larger cross section of the P3G 18 profile, 
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the hub is less rigid. Therefore the edge of the hub loses stiffness, the slip zone spreads into 

the contact area, and also the crack position moves away from the edge of contact. 

 

7.2.2 Effect of Profile Accuracy 

The experimental results of the high cycle fatigue tests in section 7.2.1 show a good correla-

tion with the studies of REINHOLZ [131], who examined P3G-connections made of 

42CrMoS4V with profile eccentricities of 3.20% and 4.50%. He too found that the more con-

vex profile of e/d1 = 3.20% exhibits a higher load capacity, which was surprising because 

analytical studies show that the convex profile features higher transmission forces (cf. Figure 

3-2) and therefore increased stresses, and consequently a decreased fatigue strength. This 

effect was explained by great inaccuracies of the profile shape of the hub which had been 

manufactured by grinding. To avoid this, the hubs of the study at hand were erosion ma-

chined. 
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Figure 7-5 Comparison of the measuring plots of the studies of REINHOLZ (ground 
hub) and GROSSMANN (erosion machined hub) 
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The measuring plot of the ground hub in Figure 7-5 (left) shows the characteristic slots of the 

grinding tool in the profile, whereas the eroded hub profile has a precise shape with only 

small deviations. However the significantly improved profile shape of the more convex P3G 

18 profile still exhibits a higher load capacity. These results show that the analytical approach 

of static transmission forces in Figure 3-2 is not sufficient for the description of the dynamic 

behaviour of polygon profiles. To clarify this effect ZIAEI conducted numerical simulations of 

P3G-connections subjected to a torsional load [177]. He found that the stress gradient in the 

area of the crack initiation of the more convex P3G 18 profile was better in comparison to the 

P3G 100 profile, which is crucial for the fatigue strength of a connection. This observation 

supports the latest studies of NOWELL ET AL. [123,125] who accounted for the influence of the 

stress gradient in fretting fatigue problems. 

 

This observation gives further insight into the required profile accuracy. The studies show 

that the general geometry dominates the fatigue behaviour rather than the microstructure of 

the profile shape. Therefore the demands on the manufacturing precision can be reduced. 

 

7.3 Influence of Profile Shape for P4C-Connections 

7.3.1 Results of the High Cycle Fatigue Tests under Torsion 

The competing profile geometries of the P4C-type were the P4C 14 profile with a diameter 

ratio d2/d1 = 78.56% and the P4C 100 profile with d2/d1 = 90.00%. They were examined in 

test blocks 4 and 5, the test results are provided in detail in Appendix D. Figure 7-6 shows 

the fatigue strength values of both polygon-connections subjected to dynamic torsion. As for 

the P3G-connections the mean load value was held constant, so that the mean stress values 

differ according to the section moduli. 

 

Figure 7-6 Mean fatigue strength of P4C-connections with different profile shapes un-
der dynamic torsion 



7  Results of the Comparative Studies 

 66

Figure 7-6 shows a higher fatigue strength of the sharp edged P4C 14 profile in comparison 

to the rounded P4C 100 profile. This result agrees with the analytical transmission force ap-

proach of Figure 3-2. The geometry of the crack differs too. Figure 7-7 shows microscopic 

pictures of the crack site. 

 

P4C 14→→→→25 P4C 100→→→→25 

  

  

Figure 7-7 Comparison of the crack site of P4C-connections with different profile 
shapes under dynamic torsion 

In principle the crack site corresponds to the general cracking behaviour of fretting fatigue 

cracks with the crack initiation at the boundary of the wear region and further crack growth 

following an angle of approximately 45° due to the torsion load. Differences concerning the 

location of the crack nucleation depend on the profile shape. The radial crack initiation of the 

P4C 100 profile is located close to the edge of the circular grinding diameter, whereas the 

crack of the P4C 14 profile initiates approximately 6 mm away. The behaviour concerning the 

axial crack position is similar. The initiation of the crack at the P4C 14 profile is approximately 

1.5 mm from the edge of contact, whereas for the P4C 100 profile the crack starts 3 mm be-

neath the edge of contact. Both can be explained by the higher stiffness of the P4C 14 hub 

due to the smaller cross section of the shaft profile. 
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7.3.2 Results of the High Cycle Fatigue Tests under Combined Loading 

The competing P4C type connections P4C 14 and P4C 100 were examined under rotating 

bending with a static torque in test blocks 6 and 7. As seen for the test series under dynamic 

torsion, the section moduli of the two profile shapes differ very much, so the tests were con-

ducted with a similar torsional mean load causing a large difference between the nominal 

mean stress and the nominal mean load. To account for this characteristic the high cycle 

fatigue tests under combined loading contained an additional test series, where the nominal 

torsion stress was held constant. First the endurable bending stress amplitude σba of the P4C 

14 connection was obtained for a known torsion load. The two subsequent test blocks on the 

P4C 100 connections were conducted once with the same torsional mean load Mtm and once 

with the similar torsional mean stress τtm. Figure 7-8 shows the fatigue strength values ob-

tained. It is clear that the sharp edged profile shape P4C 14 exhibits the higher fatigue 

strength in both cases under similar torsional load and similar torsional stress. 

 

 

Figure 7-8 Mean fatigue strength of P4C-connections with different profile shapes un-
der combined loading 

Figure 7-9 shows a comparison of the crack sites. As seen with the specimens subjected to 

pure torsion, the crack initiates near the edge of contact within the contact region. The first 

direction of the crack is perpendicular to the main stress direction, i.e. parallel to the axis of 

the shaft for bending. Driven by the static torsional load, the crack growth direction changes 

to an angle of approximately 45°. Owing to the stiffer hub of the P4C 14-connection the crack 

initiation is located close to the edge of contact, whereas the nucleation at the P4C 100-

connection is situated further inside the contact area. 
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P4C 14→→→→25 P4C 100→→→→25 

  

Figure 7-9 Comparison of the crack site of P4C-connections with different profile 
shapes under combined loading 

7.4 Application of the Results of the Comparative Studies 

The experimental results of the comparative studies together with the numerical evaluations 

of ZIAEI [175,178] led to the definition of the so called optimised profile shapes, whose geo-

metrical parameters are given in Table 4-3. The specific contributions of the experimental 

tests to the optimisation process were: 

o The determination of a reasonable coefficient of friction on the basis of wear area 

measurement. 

o The profile shape has a key influence on the formation of wear and crack initia-

tion. 

o The finding of ZIAEI [177] that the stress gradient at the point of crack initiation is 

one of the most significant parameters influencing the fretting fatigue strength of 

the connection was experimentally validated. 

o The impact of the manufacturing precision of the microstructure of the shape is 

less than the influence of the global profile shape. 

o An optimised P3G-profile shape should have a small profile eccentricity e, i.e. 

more rounded. 

o An optimised P4C-profile shape should feature a small diameter ratio d2/d1, i.e. 

more sharp edged 

 

Especially the geometrical recommendations should be accounted for in cases of additional 

influences or diverging effects of different load cases. A full report on the development of the 

optimised profile shape is given in [90]. 

 



 69 

8 Results of the 
Load Capacity Studies 

8.1 Fatigue Strength of Shape Optimised Polygon Connections 

8.1.1 Fatigue Strength of Shape Optimised P3G-Connections 

To provide reliable dimensioning values, P3G-connections with the developed optimised pro-

file shape were tested under combined loading with two different torsional preloads. The re-

sults of the corresponding test blocks 9a and 9b are documented in Appendix D. Figure 8-1 

shows the fatigue strength values. 

 

 

Figure 8-1 Fatigue strength of shape optimised P3G-connections with different tor-
sional preloads 
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Considering a survival probability PS of 50% the endurance limit of the test series with in-

creased torsional preload of 148 MPa is slightly smaller, whereas on the basis of a 90% sur-

vival probability the fatigue strength is slightly higher than the test series with 80 MPa tor-

sional preload. The latter result corresponds to some test series of the study of REINHOLZ 

[131], who found higher fatigue limits with rising preloads which can be explained by an ef-

fective obstruction of the relative slip. Unfortunately a final assessment is not possible, be-

cause the scatter range of 20.8%, (calculated with Equation 8-1) of the test series with 80 

MPa preload is comparatively high. 

%50

%90%10

E

EET
σ

σσ
σ

−
=        (8-1) 

A comparative measuring of the crack location revealed that in the case of the polygon with 

80 MPa torsional preload the crack initiated on average at approximately 25.8°, in compari-

son with approximately 22.3° for a torsional preload of 148 MPa. Figure 8-2 shows schemati-

cally the range ∆ϕc of the angular crack positions. The angle ϕc of the crack initiation tends to 

be smaller for a higher static preload. The influence of the bending load level was found to be 

largely negligible. The observation is based on an measuring of 30 crack initiations at differ-

ent load levels. 

 

P3Gopt 80 MPa torsional preload P3Gopt 148 MPa torsional preload 
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Figure 8-2 Angular ranges of the initial crack location at P3G-connections depending 
on the static torsional preload 

Figure 8-3 shows the effects of the static torsional preload on the surface degradation in the 

wear areas. In both cases, the crack initiates at the edge of the contact perpendicular to the 

bending load direction and moves forward at 45° into the contact region. The static preload 

governs the abrasive wear, which is higher for an increased torque. Interestingly, the forma-

tion of the crack as well as the load capacity (cf. Figure 8-1) is not significantly affected by 

the different wear defects. 
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P3Gopt 80 MPa torsional preload P3Gopt 148 MPa torsional preload 

  

Figure 8-3 Differences of the surface degradation in the wear area of the initial crack 
location depending on the static torsional preload 

Figure 8-4 a,b shows microscopic photographs taken from a crack of a shape-optimised 

P3G-polygon shaft with 148 MPa torsional preload. Figure 8-4a shows the whole crack until 

the rupture occurred and Figure 8-4b a cut-out of the crack initiation at the surface. 

 

(a)
 

                                                    (b) 

Figure 8-4 Microphotographs of the fretting fatigue crack of a P3G-connection with 
shape-optimised profile under combined loading 

The white rectangle points out the position of the cut-out. In contrast to the classic perpen-

dicular crack growth behaviour under pure bending, the crack starts to grow at the angle of 

45° and moves after 150 µm into its main direction, close but not exactly orthogonal to the 

surface. The crack length amounts to roughly 2.2 mm which was also found for shape-

optimised polygon shafts with 80 MPa torsional preload. The observation of the “kinked” 
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crack just below the surface, was reported by SZOLWINSKI AND FARRIS [157], NEU ET AL. [112] 

and others who conducted model experiments with HERTZIAN fretting contacts. Obviously this 

characteristic behaviour is valid also for machine elements under fretting load. 

8.1.2 Fatigue Strength of Shape Optimised P4C-Connections 

Applying the technique of unified scatter bands (cf. Chapter 6), P4C-connections with the 

shape-optimised profile were subjected to four different static torsional preloads (test blocks 

8a–8d, Appendix D). Figure 8-5 shows the endurable bending stress amplitudes depending 

on the torque applied. It is obvious that the load capacity increases with rising preload, which 

is certainly a result of a diminished relative slip. A similar result was already obtained in the 

study of WINTERFELD [171] and the P4C-crack behaviour also agreed completely with his 

observations. 

 

 

Figure 8-5 Fatigue strength of shape optimised P4C-connections with different tor-
sional preloads 

Figure 8-6 shows schematically the angular range ∆ϕc of the crack initiations between 28° 

and 36°. In contrast to the P3G-connection, the angular positions of the initial crack do not 

significantly differ with the torsional preload. Angles are slightly smaller at the highest tor-

sional preload of 197 MPa, but this is not statistically significant. The overall angular crack 

range itself is a bit bigger than the range of the P3G-connections, which is presumably a re-

sult of the clearance fit of the P4C-connection. 
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Figure 8-6 Angular ranges of the initial crack location at shape-optimised P4C-
connections 

8.2 Comparison to Alternative Connections 

8.2.1 Comparison to Polygon-Connections with Standardised Profiles 

To examine the effects of the shape-optimisation, the load capacity values of the newly de-

veloped profiles are compared to polygon connections with the current standard profiles (test 

block 10). The load capacity values of the P4C-standard-connections could be taken from 

the study of WINTERFELD, because his test specimen had also been manufactured with the 

low-alloy carbon steel 2C45N. The P3G-standard-connections of the same steel were exam-

ined within this study as described in Chapter 4. An analysis of the position of the crack initia-

tion is shown in Figure 8-7. 
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Figure 8-7 Angular ranges of the initial crack location at standardised P3G-
connections 

In comparison to shape-optimised polygon-connections with equal torsional preload (cf. Fig-

ure 8-1) the angular range ∆ϕc is similar, but the absolute position of the crack is slightly 
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shifted towards the flank of the profile. Figure 8-8 shows the comparison of the load capacity 

between the different profile shapes in terms of nominal stresses. The test parameters were 

held constant as far as possible. The only constriction is the joining length ratio lj/d1 of the 

P4C-connection, which in case of the test data of WINTERFELD is 0.68 (lj = 17 mm) and in 

case of the studies of the author is 1.0 (lj = 25 mm). This might result in a higher load capac-

ity in case of bending loads. 

 

 

Figure 8-8 Comparison of the fatigue strength of polygon connection with standard-
ised and shape-optimised profiles 

The mean load capacity of shape-optimised P3G-connection (e/d1=3.6%) is higher than the 

load capacity of the standard connection (e/d1=3.2%). This could be explained by the nu-

merical results of ZIAEI [177] who found a diminishing of the relative slip with rising profile 

eccentricity e. It is not possible to determine whether the load capacity of the shape-

optimised P4C-connection (e/d1=12%, d2/d1=82%) is superior to the standard connection 

(e/d1=20%, d2/d1=84%) or not, because the scatter of the experimental results for the stan-

dard profiles is too large compared with the differences of the fatigue strength. Based on the 

numerical results of ZIAEI, the decisive value of the diameter ratio d2/d1 is not much different 

and the effects of the eccentricity equalise each other. Moreover the enhanced joining length 

of the optimised P4C-profile might effect a higher fatigue strength. Thus for the P4C-polygon 

of the standard size 25 mm a clear improvement of the load capacity could not be achieved 

by using shape-optimised profiles. However looking at only one standard size, i.e. the nomi-

nal size 25, was not the aim of the optimisation procedure, but a unification of the profile 

shape for the whole standard range. Additionally the optimisation was not focussed on one 

load case, e.g. combined loading, but on dynamic torsion as well as on rotating bending. 

Therefore the relevance of the comparison is only limited. 
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8.2.2 Comparison to Spline-Connections 

With the exception of the evaluation method, the spline connections (test block 11) were ex-

amined under the same test conditions as the P4C-connection: namely combined loading 

with a similar torsional stress exposure, the same steel, degreased surfaces, the same join-

ing length and similar geometries. Due to the shortage of test data on spline connections, the 

statistical evaluation was carried out with the enhanced staircase-method of HÜCK [73], 

whereas in the case of the P4C-connections a unified scatter band was used. 

 

Mtm
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Figure 8-9 Wear areas and crack location at spline connections under combined load-
ing 

Figure 8-9 shows a sketch of the wear areas and the location of the initial crack. The surface 

degradation takes place at the loaded flanks and at the bottom of the grooves. Similar to the 

crack initiation at polygon-connections, the crack starts at the edge of the contact, a small 

distance within the contact area of the flanks. The photographs in Figure 8-10 show the sur-

face wear and the crack site. 

Wear Crack site 

  

Figure 8-10 Photographs of the wear area and the crack site of a spline shaft 

The results of the experimental tests are presented in Figure 8-11, which is divided into two 

sub-diagrams, showing the fatigue strength in terms of the nominal stress as well as in terms 

of the nominal load. The usual point of view is the assessment in terms of nominal stress, 
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and here the spline connection is clearly superior to the shape-optimised P4C-connection 

with a 26% higher endurable bending stress amplitude (referenced to PS=50%). Looking at 

the nominal load, however, the result changes and the P4C-connection dominates over the 

spline connection with approximately 13%. For engineers the load reference should in fact be 

the criterion for assessment, because shaft-hub connections are evaluated in terms of a reli-

able transmission of power, determined by torsional or bending loads and not by stresses. 

This effect is a result of the definition of the reference diameter, which is necessary for the 

determination of the nominal stresses and is discussed in Chapter 9. Within the scope of this 

examination the shape-optimised P4C-connection acts like a comparable connection and 

therefore confirms, in a broader sense, the experimental results of VÖLLER [167] even for 

shaft-hub connections. 

 

 

Figure 8-11 Comparison of the fatigue strength of P4C and spline connections 

8.3 Summary 

The load capacity tests showed that polygon connections with optimised profile shapes re-

veal comparable or better load capacities in comparison to connections with standardised 

profiles. Compared to previous studies, the principle mechanisms of wear formation and 

crack initiation are not significantly effected by the shape optimisation. Nevertheless the tests 

were used to apply a systematic measurement of the initial crack location which was impor-

tant for the validation of analytical methods for crack prediction. An experimental comparison 

of the load capacity of the P4C-connection with a spline connection showed an enhanced 

transmission behaviour of the polygon although the calculated fatigue strength is smaller. 

This gave reason for subsequent studies on the adequacy of common fatigue strength calcu-

lation methods. 
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9 Determination of Fretting Fatigue 
with Nominal Stress Methods 

9.1 Introduction 

Fretting fatigue strength values - as fatigue strength values in general - are usually quantified 

by nominal stress values. The experimentally obtained endurable stress exposure is de-

scribed by means of a stress which is calculated by the endured external load referenced to 

a predefined geometrical section of the tested component. Following this, nominal endurable 

stress is said to be corresponding to the fatigue strength of the component. This derivation is 

called a nominal stress concept. To proof whether this correlation agrees with the experimen-

tal results the widely-used stress concentration factor is examined in view of its adequacy to 

describe the fretting fatigue strength of polygon connections. 

 

Another method which gains importance [37,85] is the method of unified scatter bands as 

discussed in Section 6.3. The underlying S-N curves are usually generated with nominal 

stresses, but in principle also local stress values can be used. Here the analyses are focus-

sed on the ability of a unified scatter band to describe the fretting fatigue strength of polygon 

connections in respect to parameter variations. 

 

9.2 Fatigue Stress Concentration Factors 

The fatigue strength reduction of components subjected to fretting corrosion is usually quan-

tified with the help of the fatigue stress concentration factor Kf 
2 which is commonly defined 

as [130]: 

                                                
2 In the German standards and literature Kf is referred to as β 
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This characterisation makes it possible to evaluate the load carrying capacity of shaft-hub 

connections with standard procedures of DIN [144] and FKM [34] which were originally de-

veloped for the determination of conventional fatigue problems without contact. Figure 9-1 

shows the calculated fatigue stress concentration factors for polygon-shaft-hub connections 

with optimised profile shapes. The calculation procedure is demonstrated in Appendix E. 

 

The fatigue stress concentration factors decrease with rising static torque, with the P4C-

connection showing higher values than the P3G-connection. These results agree with the 

studies of REINHOLZ [131] and WINTERFELD [171]. By virtue of the larger cross section and 

the transition fit, which was in reality a slight press fit, the P3G-connection achieves a higher 

load capacity than the P4C-connection, which was joined with a clearance fit. The Kf-values 

range from 3.5 to 2.9 for the P3G- and from 6.6 to 3.2 for the P4C-connection. The lower Kf-

value of the P3G, in case of the increased torsional preload of 148 MPa, is a result of the 

larger mean stress and consequently a diminished endurable bending stress amplitude. 

Looking at the experimentally obtained stress amplitudes (cf. Figure 8-1), this test parameter 

configuration showed no higher endurable stresses. 

 

 

Figure 9-1 Fatigue stress concentration factors of the shape-optimised polygon-
connections; test blocks 8 (P4C) and 9 (P3G). 

The use of the fatigue stress concentration factor for shaft-hub connections has two main 

disadvantages: First, the experimentally obtained Kf-value is valid only for the test parame-

ters examined. A transfer to other cases requires a high level of experience. The second 

disadvantage is the need for a reference geometry to calculate the nominal stress. In most 

cases of shafts and axles with conventional notches it is possible to define this reference 

section, but in some cases, especially of form fitted shaft-hub connections, the definition of a 
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reference diameter is difficult. Considering the experimental comparison of P4C-connection 

and a spline-connection in Chapter 8.2.2 this problem becomes obvious. Table 9-1 shows 

different definitions of the reference diameter and the corresponding Kf-values which are cal-

culated using the experimentally obtained endurable bending moment amplitudes. 

 

Table 9-1 Comparison of fatigue stress concentration factors Kf according to different reference 
diameters 

 

conforming to … 
P4Copt-

connection 

Spline-

connection 
Fatigue Strengths 

  “standards” 

dref = 23.61 mm 

Kf = 3.96 

dref = 21 mm 

Kf = 3.26 

  

  
“static 

dimensioning” 

dref = 21 mm 

Kf = 2.84 

dref = 21 mm 

Kf = 3.26 

  

  “manufacturing” 

dref = 25 mm 

Kf = 5.40 

dref = 25 mm 

Kf = 6.25 

  

 

Kf varies depending on the choice of the reference diameter. Using the approach of the stan-

dards, the spline-connection is superior to the polygon-connection. But for splines there is no 

standardised reference diameter. DIN 743 [144] suggests the interior diameter as reference 

diameter for the section modulus. The specific standard for the dimensioning of splines 

DIN 5466 [147] defines different reference diameters depending on the aim of the calcula-

tion. Another approach is the dimensioning for static loads which is focussed on the minimum 
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diameter available. Here the interior circles of the profiles are relevant, which causes a 

change in the assessment of the connections: By diminishing the reference diameter the 

P4C-connection becomes superior to the spline-connection. A similar case is the manufac-

turing approach in which the minimum bar stock diameter is relevant. The Kf-values are sig-

nificantly higher but the P4C is still advantageous. 

 

This example shows that fatigue stress concentration factors can be highly dependent on the 

choice of the reference geometry. The result could be an inadequate dimensioning of the 

component. Therefore it is necessary to define reference diameters which correspond to the 

experimentally obtained fatigue strength. A possible way would be the dimensioning with 

endurable loads, in this case endurable bending moments. The essential drawback of this 

method is the need for a huge amount of experimental work to obtain the endurable loads for 

every profile variation together with several variations of the testing parameters. An alterna-

tive way to obtain this data could be a literature review to re-evaluate the load data from the 

stress values. However the use of a fatigue stress concentration factor is limited to applica-

tions which are identical or are at maximum near the experimental configuration. 

 

9.3 Unified Scatter Bands 

Another way to derive information about the endurance limit of an unknown parameter con-

figuration is the use of unified scatter bands. This method was already applied in this study 

using a P4C scatter band which was generated in Chapter 6.3.3. This scatter band helped to 

evaluate the endurable bending stress amplitudes for P4C-connections subjected to different 

torsional preloads (cf. Chapter 8.1.2). Although it was built up using a comparatively small 

basis of only four P4C-test series of former and supplementary studies the application lead to 

reasonable results. The reason for this limitation to only four test series was that only these 

four test series fitted into a meaningful scatter band (see Section 6.3.2). The integration of 

further test series showed a disproportional spreading of the scatter. In this section further 

comparisons between scatter bands of different profile shapes and materials were analysed 

to assess whether and under which circumstances the application of unified scatter bands for 

polygon-shaft-hub connections is possible. 

 

Figure 9-2 shows a unified scatter band of P4C-connections made of different materials. The 

test points were taken from the studies of WINTERFELD [171] and of the author [52]. The dia-

gram shows four test series of P4C-connections made of 2C45N combined with a test series 

of P4C-connections made of 42CrMoS4V. Two graphically approximating lines display the 

evolution of unified S-N curves, showing a clear distinction between the material type at least 

in the finite life region. This scatter band demonstrates that a unification of polygon data with 

equal profile shape but different material type is not suitable. 
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Figure 9-2 Unification of P4C-connections made of different materials 

 

 

Figure 9-3 Unification of P3G- and P4C-connections made of the same material 

A similar case is shown in Figure 9-3 by a common scatter band of P3G- and P4C-

connections made of the same material namely 42CrMoS4V. Here the test points are taken 

from the studies of WINTERFELD and REINHOLZ. The diagram displays five test series of P3G-



9  Determination of Fretting Fatigue with Nominal Stress Methods 

 82

connections combined with one test series of P4C connections. It is obvious that the ap-

proximated S-N curves significantly diverge, indicating that a unification of different profile 

types does not lead to a uniform description of the fatigue behaviour. 

 

Comparisons between test series with different load cases especially combined loading and 

torsional loading were not possible because, owing to the test procedures, test series with 

common values for the important stress ratio R were not available (see Section 6.3.2). 

 

The unified P4C scatter band already used (see Figure 6-4) also shows no common fatigue 

behaviour. By separating the single S-N curves of the different test series (Figure 9-4), it is 

obvious that each parameter-specific S-N curve exhibits an individual shape, indicated by the 

values for the knee-point cycle number NE und the incline exponent k of the S-N curve in the 

finite life region. None of the separated S-N curves show identical values to the unified scat-

ter band with NE = 12×106 and k = 9. Nevertheless the comparatively small scatter of 

TS = 1:1.21 allows the application of this scatter band. 

 

 

Figure 9-4 Separated S-N curves of the unified P4C-scatter band 

The analyses revealed that a common application of the method of unified scatter bands is 

limited only to small parameter variations. In most cases additional experimental test series 

would be necessary to derive reasonable fatigue strength values. 
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10 Determination of Fretting Fatigue 
with Local Stress Methods 

10.1 Introduction 

The limited applicability of nominal stress methods means there is a need for alternative pro-

cedures to predict the fretting fatigue life of at least polygon-shaft-hub connections. This was 

also the conclusion from an extensive literature survey (see Section 2.3) which revealed that 

the latest evaluation methods are prediction techniques based on local strains or fracture 

mechanics approaches. Even though these techniques were developed and verified for 

comparatively simple models, an application to the multiaxial fretting fatigue problem of poly-

gon-connections subjected to combined loading might be successful. Therefore one of the 

aims of this study was the examination of two state-of-the-art methods taken from the above 

mentioned fields, namely a strain life crack growth approach (method 1, Section 10.4) and a 

short-crack growth approach (method 2, Section 10.5). Both methods can be characterised 

as local stress methods because they consider the stress and strain distribution directly at 

the crack and not a generalized stress value like in nominal stress methods. 

 

Because both methods account for the evolution of the local stress at the crack they require 

information about the geometrical position of the crack and the stress distribution in the crack 

environment. For this reason, in the absence of exact analytical solutions, detailed stress 

analyses of some selected experimental test configurations were conducted using the Finite 

Element Method (FEM). The FE-model with all boundary conditions and solution parameters 

is described in Chapter 6.3. By direct comparison of the experimentally obtained life in the 

load capacity tests (see Chapter 8) and the life predicted by the evaluation methods, the pre-

diction accuracy and the applicability of both methods can be assessed. 
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10.2 Fundamentals of Fracture Mechanics 

10.2.1 Characteristics 

Because both of the evaluated life prediction techniques use elements of fracture mechanics, 

this section gives a short introduction into this subject. Fracture mechanics deals with the 

mechanical behaviour of parts and components which have at least one interior or superficial 

crack, rather than with accounting for the reason why and how the crack has been gener-

ated. It therefore goes beyond the conventional dimensioning procedures, which assume 

defect-free components. The aim of fracture mechanics is, if possible, the prohibition or at 

least the control of cracked parts prior to a rupture with consequential damage. Detailed in-

formation can be taken for example from the monographs of BLUMENAUER AND PUSCH [10], 

MEGUID [100] or GROSS [50]. 

 

10.2.2 Crack Models 

A crack is defined as a separation of the atomic bonding in a solid component due to the 

exposure to internal or external stress, resulting in free surfaces. To describe this discontinu-

ity with a continuum mechanical approach, various crack models have been developed. 

These neglect the real sub-microscopic operations of the microstructure, but set up a 

mathematical formulation of the stresses and deformations at the crack tip, where a possible 

crack propagation is expected. Figure 10-1 shows the basic crack model according to GRIF-

FITH [49]: 
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Figure 10-1 Crack model according to GRIFFITH [49] 
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The model contains a crack of length 2a situated in a boundless body which is exposed to a 

tensile stress σ. In case of surface cracks, the model can be adopted to a superficial crack 

with the length a in a half plane. The stress value σy directly at the crack tip is said as to be 

infinite, decreasing with rising distance. To calculate the stability of the crack, GRIFFITH intro-

duced an energy criteria, referring to an equilibrium state of the crack’s free surface energy 

and the energy of distortion. Further crack models have been developed by IRWIN and DUG-

DALE [100], who incorporated plastic regions at the crack tip to improve the quality of the 

model. Yet the crack model of GRIFFITH established the basis for the approach of Linear 

Elastic Fracture Mechanics (LEFM, see section 10.2.4), which is necessary for the prediction 

techniques demonstrated in this study. 

 

While the tensile stress σ in Figure 10-1 opens the crack, alternative mechanisms of crack 

formation are possible. Figure 10-2 shows three types of interaction between an external 

load and the crack formation, which are commonly referred to as crack modes I to III. Com-

binations of these basic modes appear in cases of superposed loadings (e.g. tension + tor-

sion) and these are called mixed mode types. 

 

Mode I Mode II Mode III

F

F

z

y x

F

F

z

y
x

F

F

z

y x

Opening mode Tearing modeSliding mode

 

Figure 10-2 Crack modes [100] 

 

10.2.3 Stages of the Cracking Process 

The development from the defect-free component to the final rupture can be divided into 

several stages [10]: 

• the crack generation, which contains the crack nucleation and the crack initiation 

phases 

� the crack nucleation covers all material-focussed processes like the ac-

cumulation of shifts at obstructions or the generation of persistent sliding 

bands on free surfaces due to alternating loading. These processes result 

in defects in the integrity of the component. 
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� the crack initiation denotes the transition from a material defect (stationary 

crack) to a extendable or moving crack due to external or internal stress 

exposures. 

• the crack propagation marks the extension of an initiated crack, which can be sta-

ble or unstable (see section 10.2.5). 

• the final rupture is the result of exceeding the component’s crack resistance. The 

crack resistance is characterised by the strain hardening in the plastic region of 

the crack and material properties like the fracture toughness Kc. 

 

10.2.4 Linear Elastic Fracture Mechanics 

Linear Elastic Fracture Mechanics (LEFM) is the main and fundamental approach to quantify 

the stress field of a cracked component. It involves assuming complete linear elastic material 

behaviour, which is obviously not fulfilled at the crack tip, where plastic deformations are 

necessary to build up the crack. But accepting that this region is small in comparison to the 

whole component, this assumption can be applied and the plastic behaviour is neglected. 

Therefore this approach is suitable to model the fracture behaviour of brittle materials, and, 

because of the significant notch effect due to the shaft-hub contact, it is appropriate for the 

low-alloy carbon steel used in this study. 

 

Based on the crack model of GRIFFITH, IRWIN [74] developed the stress intensity factor (SIF) 

K to characterise the stress field near the crack tip with conventional equations. The stress 

intensity factor controls the crack propagation and depends on the loading conditions, the 

shape of the component and on the length and location of the crack itself. Consequently, a 

different stress intensity factor can be defined for every crack mode. For the opening mode I, 

which is the dominant mode in bending, the SIF is calculated by Equation 10-1 [100]: 

aaYaK ⋅⋅⋅= πσ)()(       (10-1) 

where σ is the external nominal tensile stress at the crack according to Figure 10-1, a is the 

crack length and Y(a) represents a correction function dependent on crack length to account 

for the geometric proximity effects of boundary surfaces. If the component is subjected to 

time-variable loads, e.g. an oscillating loading function with constant amplitude, the SIF is 

substituted by the “cyclic” SIF ∆K(a) (Equation 10-2 [50]) which is: 
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  (10-2) 

This formulation accounts for dynamic loads, which often consist of static and dynamic com-

ponents. Therefore, for a positive stress ratio R = σmin/σmax the cyclic SIF ∆K(a) considers the 

double load amplitude which contributes to the crack opening (in mode I). However, for a 



10  Determination of Fretting Fatigue with Local Stress Methods 

 87 

negative stress ratio, the cyclic SIF ∆K(a) only consists of the crack opening fraction which is 

the positive stress component of the load, as shown in Figure 10-3. 
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Figure 10-3 Definition of the cyclic stress intensity factor ∆K(a) 

A material’s liability of cracking can also be described using a particular stress intensity fac-

tor. This SIF is denoted as fracture toughness KIc and is a material property which can be 

determined experimentally in standardised tests. Given that a component is subjected to a 

constant external stress σ it is possible to define a critical crack length ac, at which the frac-

ture toughness limit is exceeded and the component breaks (Equation 10-3 for mode I). 

cIc aaYK ⋅⋅⋅= πσ)(        (10-3) 

 

10.2.5 Fatigue Crack Growth 

With static loading, a crack does not propagate as long as the product of geometric correc-

tion function Y(a), tensile load σ and crack length a forming the SIF is not exceeding the frac-

ture toughness KIc. In contrast, a dynamic loading, e.g. an oscillating stress exposure with 

constant amplitude, will propagate the crack stepwise even if the load is less than critical, 

due to the complex damage behaviour in the plastic region at the crack tip. This is called 

fatigue crack growth and has three stages: the crack generation, the stable crack growth, 

and the final rupture. Figure 10-4 displays the three stages of crack growth by plotting the 

crack growth rate da/dN (increase in crack length per cycle) against the cyclic stress intensity 

factor ∆K. 
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Figure 10-4 Schematic illustration of the fatigue crack growth rate curve [100] 

The first phase (stage I) is the crack generation stage, which is characterised by the thresh-

old cyclic stress intensity factor ∆Kth for long cracks with very low crack growth rates. Below 

this threshold value, which depends on the material and the stress ratio R, a crack might 

exist, but stays non-propagating or closes. Above the ∆Kth-value, the crack becomes propa-

gating and enters the second stage of stable crack growth (stage II). The crack growth rate 

increases moderately, but the process is robust. In a dual logarithmic diagram this phase can 

easily be described by a linear relationship between the crack growth rate da/dN and the 

cyclic SIF, the so called PARIS-ERDOGAN-Equation 10-4 [127]. The parameters C0 and m rep-

resent fitting constants which depend on material, temperature and environmental conditions, 

whereas C0 additionally depends on the selected units of the SIF and the crack growth rate. 

mKC
dN

da
∆⋅= 0        (10-4) 

The last phase is characterised by unstable crack growth (stage III). The stress intensity fac-

tor of the propagating crack achieves the value of the fracture toughness Kc of the material 

and the crack growth rate accelerates unstably until final rupture of the component. This 

phase is usually not taken into account in life predictions, because it represents only a very 

small part of the whole component life and moreover the evaluation is difficult due to its 

nonlinear behaviour. 
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10.2.6 Short Crack Growth Behaviour 

Experimental studies of the propagation behaviour of cracks by EL HADDAD ET AL. [28] and 

others (e.g. TANAKA ET AL. [158]) revealed that the growth rates of very small transcrystalline 

cracks in stage I are higher than the predicted growth rates of the approach in Figure 10-4. 

Additionally a comparison with experimental data shows that the cyclic (long-crack) threshold 

stress intensity factor ∆Kth depends on the crack length. It is therefore apparent (see also 

[10]), that the crack growth model described above is only valid for cracks above a certain 

length. Most authors define 0.1 mm as the limit, some dimensioning guidelines (e.g. [35]) set 

up the range of validity even >0.5 mm. EL HADDAD ET AL. proposed an alternative formulation 

(Equation 10-5, see also RADAJ [130]) of the cyclic threshold SIF denoted as ∆Kth*(a). This 

formulation is an enhancement of the conventional - and empirical - cyclic threshold SIF for 

long cracks ∆Kth. 

*
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Here a denotes the crack length, a* is the intrinsic crack length (a material-specific parame-

ter) and σE is the load-specific endurance limit of the material. Equation 10-5 is employed as 

a criterion to assess the crack propagation behaviour. If the path-dependent value of the 

stress intensity factor K(a) is below the threshold quantity ∆Kth*(a) a crack stops propagating. 

 

The proposal of EL HADDAD ET AL. separates the theory of crack growth modelling in two 

fields which have to be treated separately: the conventional long-crack growth and the short-

crack growth. According to the summarizing monograph of RADAJ [130] the reasons for the 

different behaviour of short cracks are presumably the changed ratio between the dimen-

sions of the plastic region at the crack tip and the crack length, the lack of crack closure ef-

fects and interactions of the crack with the microstructure of the material. These effects 

cause the different threshold values. While the cyclic threshold SIF ∆Kth for long-crack growth 

depends primarily on crack closure effects, the cyclic threshold SIF ∆Kth*(a) for short-crack 

growth is due to the blocking of sliding bands. Consequently a short crack might stop if it 

reaches a grain boundary or a phase interface in the material.  

 

Even though the threshold value of short crack propagation is crack-length dependent rather 

than a material-specific parameter, it is possible to determine whether a small crack propa-

gates or not. KITAGAWA and TAKAHASHI [78] presented a diagram (K-T diagram), showing the 

cyclic threshold stress ∆σth at which a short crack begins to propagate over the crack length 
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a. Looking at the long-crack behaviour, the cyclic threshold stress ∆σth could be calculated 

using the conventional threshold SIF ∆Kth by (Equation 10-7): 

aY

K th
th

⋅⋅

∆
=∆

π
σ        (10-7) 

The drawback of this formula is that the cyclic threshold stress tends to infinity with decreas-

ing crack length, because ∆σth is limited by the endurance limit of the material σE. This cor-

rection forms the K-T diagram, which is shown schematically in Figure 10-5, where the re-

sulting curve of the cyclic threshold stress represents a transition between two branches: a 

horizontal line, defined by the material’s endurance limit, and a diagonal line, due to the long-

crack threshold value. The intersection of the two lines is identified by the parameter a* of EL 

HADDAD ET AL. Moreover the whole curve section until the graph merges with the long-crack 

behaviour can be fitted by the alternative EL HADDAD-formulation of the threshold SIF (Equa-

tion 10-8) incorporating a fictitious crack extension with the intrinsic crack length a*. 

*)(* aaYK thth +⋅⋅∆⋅=∆ πσ      (10-8) 
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Figure 10-5 KITAGAWA-TAKAHASHI diagram (K-T diagram) [60,78,130] 

The K-T diagram can be employed as a limiting curve to decide on the propagation behav-

iour of short cracks. A crack will not propagate if the cyclic stress exposure ∆σ is below the 

limiting curve. Otherwise, if ∆σ is beyond the limiting curve the crack extends in length with 

repeated load cycles until final rupture. A special case arises if the cyclic stress at a certain 

crack length falls under the curve. If so, the crack propagation is stopped. 
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A detailed summary of the mechanics of crack propagation of long and short cracks is given 

by TANAKA [160]. 

 

10.3 Identification of the Initial Crack Location 

10.3.1 Approach for a Systematic Identification Procedure 

Because both of the selected prediction techniques refer to the stress gradient at the initial 

crack location, it is necessary to provide a reliable procedure for the identification of the crack 

site. Many studies (cf. Chapter 2.3) have shown that the application of the FFDP-criterion of 

RUIZ AND CHEN leads to a good prediction of the crack location for pure torsion. The predic-

tion is also good for combined loading when substituting the tangential stress by the first 

principle stress. However, so far there has been no systematic approach to calculating the 

initial crack location of polygon-connections, although this information is crucial for a reliable 

evaluation of the fatigue strength. This is even more important if a semi-automatic evaluation 

procedure is required to establish a new standard and to simplify the design process. Ac-

cording to ZENNER [173] the evaluation of the fatigue strength of a common multiaxial load 

case can be achieved categorically by a critical plane approach or an integral approach. Re-

ferring to the micrograph analysis of the fretting fatigue crack in Figure 8-4, it is obvious that 

the crack starts to grow not perpendicular to the global stress direction but at a specific an-

gle, moving subsequently into a nearly perpendicular direction. This observation suggests 

the application of a critical plane method. The crack starts to grow in the geometrical plane 

with the highest specific stress combination. There are several definitions of specific stress 

combinations [3] known as damage criteria, which have to be evaluated for every possible 

plane in the whole crack-endangered area. The maximum value of the evaluation identifies 

the so called critical plane which is not necessarily coincident with the main global crack 

growth direction. Figure 10-6 schematically shows the idea of the critical plane method. 
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Figure 10-6 Critical plane method 
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The characteristic stress and strain values, e.g. σn, ε, or τ, are evaluated on multiple critical 

planes in the crack-endangered area at the edge of the hub for different axial positions z and 

for various angles ±Θ. For a three-dimensional analysis the planes should also be rotated 

around the vertical axis y to account for the spatial stress state. However because of the ex-

treme numerical effort this has not been done yet. Also the extent of the evaluated plane is 

not defined; this is currently an object of several scientific studies (e.g. [109,154]). 

 

Applying a critical plane method to one of the experimental load cases like a P3G-polygon-

connection subjected to combined loading requires a considerable computational effort. 

Looking at the micrograph photo of Figure 8-4, the area of the kinked crack is only about 

50 µm x 50 µm. Either an analytic description or a Finite Element Analysis with an extremely 

fine three-dimensional numerical discretisation (element length approximately 5 µm, which is 

significantly smaller than the average grain diameter) is required to examine the stress distri-

bution of the crack. Because there is no analytic solution for contact stresses of P3G-

connections subjected to combined loading, it is necessary to perform FEA. To allow for in-

dustrial feasibility of the analysis a relatively coarse three-dimensional mesh is used (element 

length approximately 500 µm) so that a reliable computation of various planes is not possi-

ble. Therefore this study evaluates the damage criteria only on the surface plane applying 

the FFDP-criterion. Additionally the VAN-MISES equivalent stress (SEQV), the SMITH-

WATSON-TOPPER parameter (SWT) and the FATEMI-SOCIE parameter (FS) are examined. 

Only the latter two are real critical plane parameters; they are commonly used and assessed 

in conventional fatigue investigations [168]. Nevertheless all four criteria claim to some extent 

to identify the point of crack initiation, though the limitation to the surface plane might disad-

vantage the SWT and the FS parameter. On the other hand, the advantages of this proce-

dure are the ease of building the FE-model and quicker evaluation. The following Section 

briefly describes the damage criteria. 

 

10.3.2 Damage Criteria 

• Fretting-Fatigue-Damage Parameter FFDP 

The semi-empirical FFDP-criterion (Equation 10-9) was developed by RUIZ ET AL. [136,137] 

to identify the crack initiation at dovetail-joints of turbine blades. The criterion is a combina-

tion of the identifier of the worst fretting wear FDP = τ δ where τ denotes the interface shear 

stress and δ is the relative slip between the two contacting surfaces with a tensile stress σ 

accounting for the necessity of a crack driving tensile stress exposure. Within this study the 

enhanced version of ZIAEI [177] is used, where the usually applied tangential stress σt is re-

placed by the first principle stress σ1. 

1σδτ ⋅⋅=FFDP        (10-9) 
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As already stated in Chapter 2.3, the FFDP was successfully applied by many authors in 

model experiments and polygon configurations to predict the initial crack location, but LYKINS 

[95] showed that no relation can be established between the amount and the life estimation 

of the parameter. 

 

• VAN MISES equivalent stress SEQV 

In 1913 VAN MISES formulated an equivalent stress (Equation 10-10) [155], which is now a 

standard formulation to describe the stress exposure of a multiaxial stress state by one 

“equivalent” uniaxial stress. It is calculated from the principle stresses σ1, σ2, σ3. 

2
13

2
32

2
212

1 )()()( σσσσσσ −+−+−⋅=SEQV   (10-10) 

 

• SMITH-WATSON-TOPPER parameter SWT 

SMITH, WATSON and TOPPER [142] proposed the stress-strain parameter in Equation 10-11a 

which provides a relationship between the amount of this parameter and the plain fatigue life 

of a metallic test specimen. 

aSWT εσ ⋅= max        (10-11a) 

Where σmax denotes the maximum tensile stress and εa is the strain amplitude The advan-

tage of this parameter is the incorporation of a mean stress, at least implicitly with the term 

σmax. In this study no critical plane analysis was undertaken. Therefore the maximum tensile 

stress σmax is substituted by the principle stress σ1 and the strain amplitude εa is set to the 

amplitude of the principle strain ε1 (Equation 10-11b). 

aSWT εσ ⋅= 1        (10-11b) 

The SWT-parameter is used in cases of tensile cracking, which is the predominant failure 

mode in bending. 

 

• FATEMI-SOCIE parameter FS 

The FS parameter (Equation 10-12) was developed by FATEMI and SOCIE [31,143] and ac-

counts for both the maximum shear strain amplitude γa and the maximum normal tensile 

stress σn in a plane. σ0.2 denotes the yield strength and n acts as a fitting constant. According 

to NEU ET AL. [112] the quotient σ0,2/n is often close to the dynamic material parameter σf‘, 

which is the fatigue strength coefficient and is taken from BOLLER AND SEEGER [11]. 
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The FS parameter is applied in cases in which the test specimen tends to fail predominantly 

by shear cracking and is used here because of the superposed torsional load. 
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10.3.3 Application to Standardised and Shape-Optimised P3G-Connections 

The first comparative assessment of the crack initiation criteria was conducted by the analy-

sis of the crack location of a standardised P3G-connection. An examination of the ruptured 

P3G-shafts of test block 10 (nominal bending stress of 85 MPa) revealed an average crack 

orientation at 18.8°. Considering identical stress values of a static torsional preload of 148 

MPa and the rotating bending stress level, a corresponding three-dimensional FE-analysis 

delivered all necessary stress and strain values to calculate the selected damage criteria 

FFDP, SWT, FS and SEQV. 

 

 

Figure 10-7 Progression of the damage criteria at standardised P3G-connections 

Figure 10-7 plots the progression of the different damage criteria over a 120°-segment of the 

P3G-profile and shows the real crack position at 18.8°; The angular measuring reference is 

displayed in the sketch within the diagram. The FFDP still shows the best agreement with the 

real crack position followed by the SWT-parameter, while the SEQV and FS-parameter do 

not predict an appropriate value for the point of crack initiation. Table 10-1 sums up the real 

and the predicted values of the initial crack location. 

 

Table 10-1 Real and predicted angular positions of the crack initiation 

  ϕϕϕϕc 

real position (averaged)  18.80° 

predicted positions FFDP 19.83° 

 SEQV 35.00° 

 FS 45.87° 

 SWT 11.97° 

Parameters:  P3Gstd 25; H7/n6; 2C45N degreased; 
lj/d1=1; d1/da=0.32; τtm=148 MPa; σba=85 MPa 
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Given the comparably coarse meshing of the surface, the agreement of the numerical with 

the experimental result is acceptable for the FFDP. The only drawback of this parameter is 

the double maximum of the curve progression. One of the, at least local, maximum values is 

always at the edge of the contact zone between shaft and hub. This can be explained with a 

coarse mesh in an area with a high stress gradient owing to the change in contact. A similar 

progression can also be found in ZIAEI [177]. This attribute obstructs a fully-automatic identi-

fication of the crack initiation point. In the example given above (Figure 10-7), the crack is, 

apparently, coincident with the global maximum of the curve progression. Looking at the fol-

lowing load case (test block 9b) in Figure 10-8, this relation is not fulfilled. 

 

 

Figure 10-8 Progression of the damage criteria at optimised P3G-connections with 
moderate torsional preload 

The diagram in Figure 10-8 shows the progression of the four assessed damage criteria for a 

shape-optimised P3G-connection subjected to combined loading. The real (averaged) crack 

position of 22° is only identified by a local but not global maximum of the FFDP (FFDP: 

19.97°; SWT: 12.07°). The FFDP and SWT damage criteria seem to be the most promising 

parameters, while the FS and SEQV-parameters do not deliver a reasonable prediction of 

the crack location. 

 

A further example of a similar shape-optimised P3G-connection with less torsional preload 

(test block 9a) in Figure 10-9 clearly demonstrates the restrictions of the identification proce-

dure with the FFDP-criterion. It is obvious, that here the identification of the real crack initia-

tion point by applying the FFDP or SWT damage criteria fails completely. The single global 

maximum of the FFDP-curve does not coincide with the angular crack position of approxi-

mately 25°, but gives a value of 60° at the edge of contact. The SWT-parameter is more ac-

curate with its prediction of 38.82°. The reason for this identification failure is presumably a 
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limitation of the prediction model to certain ranges of (torsional) preload, namely a lower limit, 

under which no reasonable prediction is possible. 

 

 

Figure 10-9 Progression of the damage criteria at optimised P3G-connections with 
small torsional preload 

The suggestion of the preload-dependence can be confirmed by looking at a load case with a 

comparatively high torsional preload, e.g. test block XIII of the experimental the study of 

REINHOLZ [131]. A numerical evaluation of a corresponding load case results in Figure 10-10. 

 

 

Figure 10-10 Progression of the damage criteria at standardised P3G-connections with 
high torsional preload 

The diagram shows likewise two very distinct maxima of the FFDP-curve; the global maxi-

mum coincides with the proposed crack initiation. Interestingly the maximum of the SWT-

parameter marks the same crack position, emphasising its usefulness in heavy loading con-
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ditions, because the uniplanar evaluation of the SWT is easier than the calculation of the 

FFDP. Even the maximum of the FS-parameter moves into the assumed direction of the 

crack initiation, but does not achieve compliance with the FFDP and the SWT. The real an-

gular position of the crack can not be marked because REINHOLZ did not measure the posi-

tion. 

 

In conclusion, the identification of the initial crack position could not be defined by a reliable 

evaluation procedure, not to mention a fully automatic one. For polygon-connections sub-

jected to combined loading, the use of the FFDP-criterion gives the best results, but there are 

clear, as yet undefined limitations, which restrict the application of the FFDP to load cases 

with a certain minimum torsional preload. Unfortunately distinct limits of the preload are not 

determinable, because of the lack of experiments with various torque. The parameters FS 

and SEQV are not suitable for the prediction of the crack initiation point, which could be ex-

plained in the case of the FS by the domination of the bending load. The SEQV-parameter 

fails because it does not explicitly account for the strain exposure, which is inherent in fretting 

phenomena. 

 

10.4 Method 1: Strain Life Crack Growth Approach 

10.4.1 Theory 

The strain life crack growth approach (SLCG) is a prediction technique which was first ap-

plied by SZOLWINSKI AND FARRIS [156] and afterwards by other authors, each in a slightly 

differing way (e.g. [93,94,111]). The core of the method is the linkage of crack initiation and 

crack propagation by summing up the fatigue life until crack initiation evaluated by a strain-

life approach and the fatigue life during long-crack growth until final rupture using a relation 

for stable crack growth. Here the basic principles of the two combined methods are de-

scribed briefly. Additionally extensions to incorporate the effects of short-crack growth pro-

posed by the author are explained. 

 

• Strain-life approach 

The basis of the strain-life approach is the observation that the fatigue life of a component 

correlates with its strain exposure. BASQUIN [6] found the relationship 10-13 between the 

number of cycles until failure and the elastic strain amplitude, where (∆ε/2)e denotes the elas-

tic strain amplitude, E is YOUNG’s modulus, σf‘ is the fatigue strength coefficient, b is the fa-

tigue strength exponent and Nf is the number of reversals. 
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A similar relationship was found independently by MANSON [97] and COFFIN [18]. They speci-

fied the plastic strain amplitude (∆ε/2)p as a linear equation of cycles until failure in a log-log-

scale (Equation 10-14), where εf‘ denotes the fatigue ductility coefficient and c is the fatigue 

ductility exponent. 
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Both relationships can be combined by summing Equations 10-13 and 10-14, forming the 

total strain amplitude (∆ε/2)total (Equation 10-15). This equation is often referred to as “strain-

life equation”. 
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The parameters E, σf‘, εf‘, b and c are material constants and can be taken from handbooks 

(e.g. [11]) or separate material-specific fatigue tests. The drawback of formula (10-15) is that 

it does not account for effects of a mean stress or mean strain exposure of the component. 

Therefore SMITH ET AL. [142] proposed a formulation in which the total strain amplitude was 

multiplied by the maximum tensile stress σmax which the specimen experienced during a load 

cycle. This equation is often referred to as the “SWT equation” (Equation 10-16). 
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Equation 10-16 can be used to determine the number of cycles until a crack is initiated. This 

is done by an analytical or numerical evaluation of the stress and strain values during a cy-

cle, where appropriate on the critical plane, and then by nonlinear iteration of Equation 10-16 

to obtain the cycle number. The result of the crack initiation phase is a distinct crack which is 

capable of propagation. Admittedly, the length of the initial crack ai is unknown and can only 

determined by approximation with short-crack approaches. In most cases, the estimate of the 

crack length was arbitrary or taken from experimental results or was defined analogous to 

the crack initiation criteria from the fatigue experiments obtaining the material constants σf‘, 

εf‘, b and c. Because of the singular stress field at a propagating crack tip the determination 

of the stress and strain values is much more difficult, therefore a further life prediction can 

not be described by the strain-life-approach. 

 

• Long-crack growth 

Once the crack is initiated under dynamic loading conditions, the crack propagates in a sta-

ble manner. This period of long-crack growth can be determined by a linear long-crack 

growth relationship like the PARIS-ERDOGAN equation [127] (Equation 10-4). Knowing the 

material-specific constants C0 and m, the component’s fatigue life during stable crack growth 

can be calculated by integrating the equation between the initial crack length ai to the critical 
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crack length ac. While ac is computable from the material parameter Kc, the difficulty is a real-

istic assumption of ai. Usually, the above mentioned assumptions and experimental observa-

tions are taken to close the gap from crack initiation to crack propagation. However this lack 

of information about the initiated crack length ai is so far the main drawback of strain life 

crack growth approaches. Approaches from the study of short crack growth are applied 

which try to bridge the gap from initiation to propagation. 

 

• Short-crack growth 

To derive procedures for the determination of the initial crack length ai, the relationship from 

EL HADDAD ET AL. [28] can be used. NAVARRO [111] tried to establish an equilibrium state 

between the rate of crack growth due to initiation and the crack growth rate due to propaga-

tion. In order to correct the conventional long-crack growth equations, he applied the cyclic 

threshold SIF (Equation 10-8) of EL HADDAD ET AL. Unfortunately the life prediction showed 

very scattered results in cases where the test specimen were subjected to small loads, i.e. 

they did not fail. Here an alternative approach is proposed and explained in detail in the fol-

lowing section. 

 

 

10.4.2 Evaluation Technique 

The proposed approach is based on SZOLWINSKI AND FARRIS [156] and NAVARRO [111] with 

slight differences in determining the initial crack length ai and an alternative long-crack 

growth approach. The aim is likewise the evaluation of the total cycle number until failure of a 

selected, experimentally tested standardised P3G-connection subjected to combined load-

ing. The evaluation steps are as follows: 

 

• FEA 

A Finite Element analysis of the loaded P3G-connection provides all stress and strain values 

in the region of interest near the contact edge of the hub. The numerical results are used to 

identify the crack location by applying the FFDP-criterion and to acquire the distributions of 

the first principle stress σ1 and of the first principle strain ε1 at this designated crack location. 

 

• Determination of the initial crack length ai 

The length of the initial crack ai is evaluated by a comparison of the path-dependent value of 

the stress intensity factor K(a) and the threshold quantity ∆Kth*(a) according to EL HADDAD ET 

AL. (Equation 10-5). Because of the domination of the bending load, the SIF is calculated for 

the opening mode I and with the tensile stress distribution σ(a) along the crack taken from 

the FEA instead of the nominal bending stress. For a single-edge cracked tensile bar sub-

jected to uniaxial loading, which is good approximation for shafts subjected to bending, Y(a) 

can be estimated with Equation 10-17 [100]: 
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where W denotes the thickness of the specimen. 

 

A crack length a can be obtained by nonlinear iteration for the identity K(a) = ∆Kth*(a), at 

which the SIF K(a) oversteps the cyclic threshold value ∆Kth*(a). This specific crack length is 

defined as initial crack length ai. 

 

• Determination of the fatigue life until crack initiation 

The number of cycles N1 at which a potential crack reaches the initial crack length ai is ob-

tained by nonlinear iteration of the SWT equation (Equation 10-16). To describe the stress 

exposure at ai the distributions of the principle stress σ1 and the amplitude of the principle 

strain ε1 are necessary, which are taken from the FEA. 

 

• Determination of the critical crack length ac 

By means of the material-specific value of the fracture toughness KIc, the critical crack length 

ac can be calculated. When the crack reaches this length, it becomes unstable and the com-

ponent fails by final rupture. 

 

• Determination of the fatigue life until crack propagation 

The number of cycles N2 in the stage II of stable crack growth are evaluated by integrating a 

relationship of long-crack growth. Instead of using the “pure” PARIS-ERDOGAN equation 10-4 

the alternative approach of FORMAN ET AL. (Equation 10-18) for stage II is considered ([38] 

taken from [10]), which accounts for the stress ratio R and provides a more appropriate solu-

tion. 
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• Summation of the total fatigue life 

The total fatigue life NT of the P3G-connection is the sum of the number of cycles until crack 

initiation N1 and the number of cycles during stable crack growth N2 (Equation 10-19). 

21 NNNT +=         (10-19) 

The comparison between the evaluated fatigue life NT and the experimentally determined life 

will give information about the quality of the proposed strain life crack growth approach. This 

is done in the following section. 
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10.4.3 Application to a P3G-Connection 

The evaluation technique described above was applied to a P3G-connection with standard-

ised profile shape and the loading parameters were selected according to the load case of 

test block 10 with 148 MPa torsional preload and 85 MPa nominal bending stress. Figure 10-

11 shows schematically the results of the FE-analysis. 
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Figure 10-11 Schematic illustration of the FEA result data 

The point of crack initiation is located under the angle ϕc (cf. Figure 10-7) and was identified 

by use of the FFDP-value. To calculate the SWT-parameter, the stress and strain values, i.e. 

the first principle stress σ1 and the first principle strain ε1, were read out along a discrete path 

of four nodes, to a depth of about 1.5 mm. These values were evaluated for a whole load 

cycle to determine the maximum σ1 and the strain amplitude εa of ε1. By means of two empiri-

cal approximation formulas (Equations 10-20) the distributions of stress and strain amplitude 

can be provided for every point in the depth range 0 < x < 1.5 mm. Figure 10-12 shows the 

distributions depending on the depth x. 

 

The approximation formulas for stress and strain are as follows: 
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Figure 10-12 Approximated stress and strain distributions 

The nonlinear iteration for K(a) = ∆Kth*(a) gives an initiation crack length of ai = 0.130 mm, 

where the SIF K(a) was calculated by use of the principle stress distribution σ1(x=a). The 

threshold SIF ∆Kth and the material’s endurable stress amplitude for tension σE was taken 

from the FKM-guideline [35]. The thickness W of the specimens was set to the nominal di-

ameter of the profile shape, which is W = 25 mm. The determination of the cycle number N1 

due to crack initiation was evaluated by nonlinear iteration of the SWT Equation (10-16) us-

ing the stress and strain values σ1(ai) and εa(ai). The material constants E, σf‘, εf‘, b and c  

were taken from BOLLER AND SEEGER [11]. The critical crack length ac was evaluated using 

the fracture toughness KIc for the steel C45 taken from the FKM-guideline [35] to 7.889 mm. 

The PARIS law constants m and C0 for long-crack growth were likewise taken from [35]. The 

material constants are summarized in Table 10-2. 

 

Table 10-2 Material constants for low-alloy carbon steel C45 taken from the FKM-guideline [35] 

σσσσE  (Tension) ∆∆∆∆Kth  (R=0) KIc C0 m 

268.8 MPa 5.8 MPa m1/2 47.4 MPa m1/2 1.16×10-9 3.5 

 

To satisfy the FORMAN-Equation (10-18), it is necessary to account for the stress ratio R at 

the crack location. This value from the FE-analysis revealed an interesting result: Figure 10-

13 shows the progression of the stress ratio R and the principle stress amplitude at selected 

points on the profile. To simplify the illustration the phase-offsets of the stress curves are not 

displayed. 

 

Contrary to the common suggestion that the stress ratio of the worse load case rotating 

bending amounts to R = -1, the analysis offered various stress ratio values, ranging from R = 

-2.3 to 0.6, including pure bending (R = -1) and pure swelling (R = 0). At the designated 
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crack location, R is –0.177. This is important not only for the FORMAN-Equation, but for most 

parameters in fracture mechanics, because of the dependency on the stress ratio [160]. The 

fracture resistance mostly diminishes with rising stress ratio, which intensifies the risk of 

breakage at the crack location. Therefore the threshold SIF ∆Kth and the Paris law constants 

C0 and m are selected based on the stress ratio. Only data sets for stress ratio R = 0 and R = 

-1 were available, so the values for R = 0 were chosen. In the example evaluated, this ap-

proximation is conservative because values for R = 0 are usually more critical than the real 

but unknown values for R = -0.177. 

 

Mtm

Cra
ck

R=0.6

σ1

0

σ1

0

σ1

R=0.3

0

σ1

R=0

0

R=-0.2

σ1

0

R=-1

0

σ1

R=-2.3

0

σ1

R=0.5

 

Figure 10-13 Stress ratio R at selected profile points 

The cycle prediction varies depending on which data set is selected from the data collection 

of BOLLER AND SEEGER [11]. Table 10-3 shows the results of the SLCG-prediction based on 

three different data sets, selected from a total of 20 available for Ck45. The choice of the 

data sets was made according to a proper yield strength in comparison to the material used 

and furthermore special attention was paid to an analogous heat treatment. Column 1 of Ta-

ble 10-3 identifies the data set, column 2 shows the predicted cycle number and column 3 

lists the appropriate, experimentally obtained, cycle numbers of test block 10. The experi-

mental results include one passed test, three ruptures and two “defined ruptures” (denoted 

as “19.99”). These tests reached the cycle limit, but incorporated a significant crack, which is 

visible with a microscope. 
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Table 10-3 Fatigue life predictions according to different data sets of material parameters from 
BOLLER and SEEGER [11] 

1 2 3 

Fatigue Life in 106 Cycles 
 

Material Parameters 
Ck45 SLCG-Prediction Experiment*) 

Data 

set 
σσσσf‘ b εεεεf‘ c N1 N2 NT Ne 

1 2621 -0.210 46593 -1.753 3.597 4.901 

2 1243 -0.129 45.60 -1.020 223.9 225.2 

3 2581 -0.202 396.6 -1.222 6.257 

1.303 

7.561 

20.00; 6.706; 19.99**) 
19.99**); 5.053: 4.703 

*) Test data from test block 10 
**) Reached cycle limit, but crack visible with microscope 

Parameters:  P3Gstd 25; H7/n6; 2C45N degreased; lj/d1=1; d1/da=0.32; τtm=148 MPa; σba=85 MPa 

 

 

10.4.4 Discussion of the Strain Life Crack Growth Approach 

It is obvious that the SLCG-evaluation technique does not offer a very reliable prediction for 

the service life of the P3G-connection. Apart from the wide scatter and uncertain assessment 

of the experimentally obtained life, the main drawback is the choice of the data set. Depend-

ing on the parameters E, σf‘, εf‘, b and c the prediction results in a conservative, but quite 

good agreement (data set 1), a massive overestimation (data set 2) or a mean value predic-

tion (data set 3). It is therefore questionable which data set has to be applied for future di-

mensioning procedures or whether it is necessary (and reasonable) to obtain the material 

constants separately for every material batch. A similar conclusion was already predicted by 

HAIBACH [60], who recommended the application of the UML (uniform material law)-values 

proposed by BÄUMEL AND SEEGER [11]. However an evaluation using these parameters 

(E=210 000 MPa, σf‘ = 1020 MPa, εf‘ = 0.97, b = -0.087, c = -0.58) results in a life prediction 

of NT = 3.5×1011 cycles, which is obviously not confirmed by the experiments. Since the 

UML-values are judged to be fairly reliable [60], the reason for the erroneous prediction might 

be an inadequate approach of the crack initiation phase, which is the major part of the com-

ponent’s life. Therefore the determination of the initial crack length ai seems to be capable of 

improvement, but nevertheless the carefully selected data sets of Table 10-3 led to much 

more precise predictions. Even though the proposed SLCG-evaluation method uses state-of-

the-art knowledge in strain-based evaluation techniques, it does not fulfil the requirements of 

a reliable life prediction. It is therefore necessary to assess an alternative method which is 

introduced in the next Section 10.5. 
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10.5 Method 2: Short-Crack Growth Approach 

10.5.1 Theory 

The author suggests the application of a short-crack growth approach to polygon-

connections which was firstly proposed by VALLELLANO ET AL. [164] for aluminium model 

specimens. Based on the observation of high stress gradients for aluminium specimens un-

der HERZTIAN contact, VALLELLANO ET AL. analysed different methodologies for the calculation 

of the fatigue strength of notched components, which are known to exhibit high stress gradi-

ents. Assuming the existence of small cracks, they assessed the propagation behaviour with 

the KITAGAWA-TAKAHASHI diagram (K-T diagram), which is a threshold curve in terms of a 

cyclic stress ∆σth determining whether a short crack propagates or not (cf. section 10.2.6.). 

The assessment was made by comparing the threshold stress with a cyclic equivalent stress 

∆σeq, representing the stress exposure of the component. The equivalent stress was calcu-

lated by means of various fatigue strength methodologies and the value determined by frac-

ture mechanics showed the best agreement with experimental results. 

 

Figure 10-14 shows the possible interactions of the curves of threshold and equivalent stress 

in a common diagram. 
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Figure 10-14 Possible progressions of threshold and equivalent stress 

In case (1) the equivalent stress ∆σeq is always greater than the threshold stress. A nucleated 

crack will not stop propagating and finally failure occurs. In case (2) the nucleated crack will 

grow until the equivalent stress falls below the threshold curve. The crack arrests at the 

length aar. If the equivalent stress is always below the threshold stress (case (3)), a nucleated 
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crack will grow until the first barrier of the microstructure is reached (e.g. a grain boundary) 

and then it stops, so usually no failure occurs. 

 

10.5.2 Evaluation Technique 

Several evaluation steps are necessary to apply the proposed short-crack growth approach. 

 

• FEA 

A FE-analysis provides the necessary stress and strain values in the crack-endangered re-

gion near the contact edge of the hub. The numerical results are used to identify the crack 

location by applying the FFDP-criterion and to acquire the distribution of the first principle 

stress σ1 at the designated crack location. 

 

• Approximation formula for the stress distribution 

The gradient of the first principle stress σ1 is formulated by means of an approximation for-

mula to provide continuous stress values for the crack path. 

 

• Determination of the threshold stress 

In the absence of an experimentally obtained K-T diagram for the low-alloy carbon steel 

2C45N, the analytic approximation 10-21 of the threshold curve was applied which was also 

suggested by VALLELLANO ET AL. [162,163]. The approximation curve is formed from the en-

durance limit of the material σE., the intrinsic crack length according to EL HADDAD ET AL. a* 

(Equation 10-6), the half grain diameter l0 and a transition parameter f. 

( ) )2/(1

0
*

2/1* )(
ffff

Eth

laa

a

−+
⋅=∆ σσ      (10-21) 

Equation 10-21 gives a useful approximation of the K-T diagram providing the endurance 

limit σE as threshold for very small crack lengths and afterwards a transition to the diagonal 

curve described by the stress intensity factor. The parameter f governs the transition from the 

horizontal to the diagonal part of the threshold curve, but does not have influence on the 

level itself. 

 

• Determination of the equivalent stress 

To determine the equivalent stress, relations are used from fracture mechanics. As is known, 

the stress field at the tip of a crack of a certain length a under a stress gradient can be char-

acterised by the stress intensity factor K(a). An alternative description can be provided by an 

equivalent stress σeq (Equation 10-22) evaluated from the LEFM-relation (simplest form of an 

internal crack in an infinite medium; Y(a)=1). 
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According to HARTRANFT AND SIH [62] the SIF KSM(a) for a crack in a semi-infinite solid under 

an arbitrary stress distribution σ(a) using the weight function method is defined by Equation 

10-23, where the geometric correction function Y is constant. 
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The weight function h(x) in Equation 10-23 is defined as [62]: 

( ) ( )86422 5094.09942.07685.03912.02945.01)( xxxxxxh ⋅+⋅−⋅+⋅−⋅−=  (10-24) 

Rearranging Equation 10-22 with Equation 10-23 the equivalent stress σeq becomes: 
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For a known stress gradient σ(η) which is replaced by the approximation σ1(a) along the 

crack, this formula provides an equivalent stress which can be applied as stress exposure in 

the K-T diagram. 

 

• Comparison in the KITAGAWA-TAKAHASHI diagram 

After the threshold curve and the equivalent stress curve are computed, a combined presen-

tation in a common K-T diagram gives an estimate of the correlation of the predicted and the 

experimental results. A failure will occur if the curve of the equivalent stress lies above the 

threshold curve. 

 

10.5.3 Application to P3G-Connections 

The short-crack growth approach was applied to P3G-connections with various geometries 

and under several loads and various materials. It is assumed that under fretting conditions 

small cracks always nucleate. However, it was not known whether these cracks grow to fail-

ure. To assess the agreement of the approach with test results, the numerical analysis of the 

P3G-connections was carried out with the experimentally obtained loads for 10% and 90% 

survival probability. Figure 10-15 shows the derivation of the bending loads for two separate 

FE-analyses taken from the experimental results and the subsequent post-processing analy-

ses. 

 



10  Determination of Fretting Fatigue with Local Stress Methods 

 108

N
om

in
al

 s
tr

es
s

Mba10%

Mba10%

Mba90%

Mba90%

PS=10%PS=90%

Experimental result

σ1
90%

ϕc90%

σ1
10%

ϕc10%

FEA of the load cases with 90% and 10% survival propability

Identification of the point of crack initiation with damage criteria

Aquisition of the stress gradient at the crack location

Profile position

F
F

D
P

Profile position

F
F

D
P

ϕc90% ϕc10%

 

Figure 10-15 Derivation of the FE-analyses and post-processing results 

The numerical results of the FE-analyses were used to identify the location of the crack initia-

tion with the FFDP-criterion, to read out the principle stress values at nodes along the desig-

nated crack path and to establish approximation formulas. The threshold stress curve ∆σth(a) 

was determined by use of the approximation (Equation 10-21) with the relevant material-

specific parameters. Because the approach was evaluated considering connections made of 

low-alloy carbon steel 2C45N as well as connections made of the high-strength steel 

42CrMo4 the material constants were selected separately from the FKM-guideline [35]. The 

transition parameter f was adopted from VALLELLANO ET AL. [164] and the half grain diameter 
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l0 of the microstructure was estimated from the micrographs (cf. Figure 8-4). Table 10-4 

summarizes the parameters. 

 

Table 10-4 Material parameters for C45 and 42CrMo4 taken from the FKM-guideline [35] and 
analyses of the author 

Steel σσσσE  (Tension) ∆∆∆∆Kth   (R=0) l0 f 

C45 268.8 MPa 5.8 MPa m1/2 0.015 mm 2.5 

42CrMo4 419.2 MPa 5.7 MPa m1/2 0.015 mm 2.5 

 

Based on the two stress gradients which were given by the approximation formulas the 

equivalent stresses σeq(a) were computed according to Equation 10-25 separately for a sur-

vival probability of 10% and 90%. An important role is due to the amount of the geometric 

correction function Y which is Y = 1 in case of a crack in an infinite solid and Y = 1.1215 for 

an edge-crack in a semi-infinite solid [50]. The application of the current approach to various 

load cases revealed Y = 1.3 as an appropriate value valid for all P3G-connections examined 

even if they had different profile geometries. 

 

After computation of the equivalent stresses and the threshold stress all three are displayed 

in a log-scaled K-T diagram to assess the agreement between analytic prediction and ex-

perimental results. Figure 10-16 shows the K-T diagram with the threshold stress ∆σth for the 

material C45 and the equivalent stress curves σeq10%, σeq90% of a P3G-connection with stan-

dardised profile shape under combined loading with moderate torsional preload (test block 

10). 

 

The diagram reveals excellent agreement between the prediction and experimental results. 

The curve of the equivalent stress for 10% survival probability lies beyond the threshold 

curve whereas the curve for 90% survival probability lies beneath it. Although the σeq90%-

curve leaves the safe area under the threshold curve at a crack length of about 0.1 mm, a 

crack will not grow. On the other hand the σeq90%-curve never intersects the threshold curve, 

indicating that the initiated crack will not stop propagating. The distance between the equiva-

lent stress curves corresponds to the scatter of the experimental results. 
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Figure 10-16 Prediction of short-crack growth at a P3G-connection with standardised 
profile shape and moderate torsional preload 

A further analysis is given in Figure 10-17 showing the evaluation of a P3G-connection with 

moderate torsional preload and also made of 2C45N but with the shape-optimised profile 

(test block 9b). 

 

 

Figure 10-17 Prediction of short-crack growth at a P3G-connection with optimised profile 
shape and moderate torsional preload 

As in the first example, the agreement between the positions of equivalent and threshold 

stress curves is very good, although the profile geometry and the experimentally obtained 

endurable bending stress amplitudes are different. Except for the loads, all parameters are 

the same as in the first analysis (cf. Table 10-4). 
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A significant deviation appears in the third analysis of a P3G-connection with shape-

optimised profile and small torsional preload (test block 9a) which is shown in Figure 10-18. 

 

 

Figure 10-18 Prediction of short-crack growth at a P3G-connection with optimised profile 
shape and small torsional preload 

Both curves of the equivalent stress lie clearly under the threshold curve indicating that all 

test specimens will endure the bending load. However the experimental results show that in 

fact the majority of the connections failed under a bending load according to 10% survival 

probability. The reasons for this incorrect prediction are not yet clear but it might result from 

the small torsional preload. A corresponding case already occurred with the identification 

method for the point of crack initiation (cf. section 10.3.3) where none of the damage criteria 

was able to predict the correct location of the crack under small torsional load. Because the 

analytic localisation method failed, the stress values in the FE-results were evaluated at the 

experimentally observed point of crack initiation. However the assumed preload-dependence 

of the analytic identification approach can also be confirmed for the short-crack growth life 

prediction technique. 

 

Figure 10-19 shows the opposite load case: the analysis of the P3G-connection with a stan-

dardised profile shape, made of high-strength steel 42CrMo4 under high torsional preload. 

The test data was taken from REINHOLZ ([131], test block XIII). The quality of the prediction is 

likewise very good, even though the material is totally different from the low-alloy carbon 

steel 2C45N used above. To evaluate the threshold curve, only the material-specific parame-

ters σE and ∆Kth are changed according to Table 10-4. All other parameters, especially the 

geometric correction function Y, were held constant. The sensitivity of high-strength steel to 

fretting loads seems to be fully integrated in the prediction approach. 
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Figure 10-19 Prediction of short-crack growth at a P3G-connection with standardised 
profile shape and high torsional preload 

An analysis with a P3G-connection with varied profile shape (REINHOLZ, test block X) is 

shown in Figure 10-20. The variation of the profile shape seems to have no influence on the 

crack-growth prediction, since the positions of the equivalent stresses σeq10%, and σeq90% ex-

hibit a correct relation to the threshold curve ∆σth. 

 

 

Figure 10-20 Prediction of short-crack growth at a P3G-connection with varied profile 
shape and high torsional preload 

Figure 10-21 shows in analogy to the failed third analysis (test block 9a) a P3G-connection 

made of 42CrMo4 under small torsional preload (REINHOLZ, test block IX). As before the pre-

diction of short crack growth fails completely, which supports the suggestion that the evalua-

tion method depends on the amount of the torsional preload. 
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Figure 10-21 Prediction of short-crack growth at a P3G-connection with varied profile 
shape and small torsional preload 

A surprising result arose from the analysis of a P3G-connection with oil lubrication (REIN-

HOLZ, test block XI). The crack growth prediction in Figure 10-22 shows an accurate agree-

ment according to the experimental tests. The only difference to the analyses above was a 

change of the global coefficient of friction in the FEA from µ = 0.18 to µ = 0.12. 

 

 

Figure 10-22 Prediction of short-crack growth at a P3G-connection with varied profile 
shape, high torsional preload and oil lubrication 

So far the description of the transmission behaviour of shaft-hub connections with oil lubrica-

tion was thought to be much more difficult than the degreased state. The reasons were the 

enhanced slip region, locally reduced friction coefficients and transport processes of wear 

particles. However, these processes seem to be neglected by the short-crack growth ap-
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proach and the simple adaptation of the global friction suffices to produce a realistic life pre-

diction. 

 

10.5.4 Discussion of the Short-Crack Growth Approach 

The short-crack growth evaluation technique reveals excellent prediction results and this for 

different profile geometries, steels, loads and even oil lubrication. The adaptations of the 

method according to the load case are small. Only the material-specific parameters, if nec-

essary the coefficient of friction and of course the loads have to be changed. The estimated 

value for the geometric correction function Y - which might be used as an empirical calibra-

tion parameter - is constant for all the load cases evaluated. This outstanding agreement is 

the more surprising, because the numerical simulation is based on a comparatively course 

meshing, a global coefficient of friction and poor assumptions for the friction behaviour. Addi-

tionally the material-specific parameters were adopted from the literature for similar but not 

identical materials, since the necessary parameters were not available for the material used. 

 

In cases with constant amplitude loading, the results imply that the conditions of the first load 

cycle (the fourth with respect to the numerical shake down process) decides whether the 

polygon-connection fails or not. This behaviour is obvious in the case of the polygon-

connection with oil lubrication: The precise life prediction is based on a reduced but global 

coefficient of friction only disregarding wear processes during the load history. 

 

Further work has to be done to ensure the success of the prediction technique with alterna-

tive boundary conditions such as varied diameters of the hub, differing joining lengths and 

other types of steel. These analyses have not been possible so far, because experimental 

test data on polygon-connections with these test parameters is not available. 

 

The main drawback of the evaluation method is the wrong prediction in cases of small tor-

sional preloads which are independent from the material and the profile shape. The sugges-

tion is that small preloads do not fulfil the requirements of the approach of GIANNAKOPOLOUS 

ET AL. [45] to establish a sufficient contact between shaft and hub. Therefore the contact 

problem cannot be treated with fracture mechanics. A recent paper of HILLS AND DINI [69] 

deals with the requirements to guarantee adhesion in a contact configuration indicating cur-

rent research demands. However, a safe prediction is possible even in the case of a small 

torsional preload using the geometrical correction function Y as a calibration factor. Looking 

at the analyses of the two load cases with small torque (Figure 10-18 and 10-21), it is possi-

ble to derive an appropriate value for the correction function Y to fit the equivalent stresses 

σeq with the threshold stress curve ∆σth (Y≈1.9 for test block GROSSMANN 9a; Y≈4 for test 

block REINHOLZ IX). The basic idea is the application of a reference to a material property 

which is the torsional yield strength τY: For every load case the first principle stress σ1 is ac-
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quired at the initial crack location from the FE-results after the load step of twisting and di-

vided by the torsional yield strength. The correlation between this referenced torsional stress 

exposure σ1/τY and the geometrical correction function Y is shown in Figure 10-23 with a 

double log-scale. The torsional yield strengths for the materials Ck45 and 42CrMo4 are taken 

from [144]. 

 

 

Figure 10-23 Progression of a torque-dependent geometrical correction function Y 

In a double log-scale the relationship between the geometrical correction function Y and the 

referenced torsional stress exposure σ1/τY is linear which allows a safe application and easy 

usage. In combination with the short-crack growth approach this torque-dependent correction 

function provides a reliable prediction technique even for load cases with so far unknown and 

also “small” torsional preloads. The only prerequisites are the execution of a FE-analysis and 

the supply of appropriate material properties. A later generalisation of this prediction method 

should not use the geometric correction function Y itself for calibration but an additional, not 

yet defined variable. This would be a more precise way to separate the influences of geome-

try and load. The correction function Y accounts for the geometric conditions of the cracked 

component and is primarily not depending on the ratio of torsional preload to torsional yield 

strength σ1/τY. 

 

A more eminent problem of the evaluation method is the lack of a reliable identification of the 

initial crack location. Here the application of the FFDP-criterion showed very good results 

with the restriction to load cases of a certain range of torsional preload and with a supervised 

analysis of the identification plots. Because of the existence of more then one curve maxi-

mum, the identification of the initial crack location is not as easy as it should be. The use of a 

real critical plane evaluation instead of the limited analysis of the surface plane might lead to 

better crack site predictions. 
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11 Conclusion 

11.1 Summary 

Owing to their high load carrying capacity and technical features, like self-centering and easy 

disassembly, polygon shaft-hub connections are a serious alternative to classical shaft-hub-

connections. Unfortunately the application of the current (German) polygon standard ranges 

P3G and P4C is mainly impeded by the shortcomings of nominal size-specific profile shapes. 

Therefore within a research project funded by the German Research Foundation (DFG) pro-

file shapes have been developed providing geometrical similarity with optimised transmission 

behaviour. 

 

The optimisation process was based on a combination of analytical and experimental studies 

which compared selected profile shape variations according to several predefined optimisa-

tion criteria. The shape variations were generated by systematically changing the shape-

defining parameter e/d1 in case of the P3G-profile, and by modifying the geometric parame-

ters e/d1 and d2/d1 in case of the P4C-profile. The optimisation criteria comprised quantities 

to describe the static stress state, the fretting behaviour and manufacturing issues. The main 

was on the fretting behaviour because of its decisive role for the high cycle fatigue strength 

of shaft-hub connections in general and in particular for the polygon connection. 

 

While the analytical studies were executed by the Technical University Chemnitz (Chair of 

Engineering Design) this work reports about the experimental studies which were conducted 

at the Technical University Berlin (Chair of Engineering Design and Methodology) by the au-

thor. The primary interest of the experimental studies was to investigate the influences of the 

profile shape on the fretting behaviour because these influences can so far not be deter-

mined by numerical evaluations. These tests were carried out as high cycle fatigue tests with 

polygon connections made of low carbon steel with a nominal diameter of d1 = 25 mm. They 
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were subjected to the two load cases dynamic torsion and combined loading of rotating 

bending and static torsion. 

 

The tests revealed that the profile shape has a major influence on the formation of fretting 

wear and the crack initiation. The profile shape is responsible for a specific stress gradient at 

the point of crack initiation and is therefore decisive for the high cycle fatigue strength of the 

connection. Moreover the global profile shape is more important than the manufacturing pre-

cision of the profile contour which is a valid information for the manufacturing process. 

 

Comparative experiments between the geometrically most different shape variations showed 

that the future P3G-profile shape should have a small profile eccentricity e and the future 

P4C-profile shape should feature a small diameter ratio d2/d1 whereas the influence of the 

ratio e/d1 is small. Finally the specific profile parameters for the optimised profile shapes 

were determined by numerical analyses. By use of these optimised profile parameters a fu-

ture standard range can provide polygon profiles with geometrical similar profile shapes. 

 

To acquire information about the load carrying capacity of polygon-connections with these 

shape-optimised profiles this work obtained statistically reliable fretting fatigue strength val-

ues of optimised P3G- as well as of P4C-connections under the most important load case of 

combined loading. For the P3G-polygon connections, the test results were evaluated with an 

advanced stair-case method. In case of the P4C-connections a unified scatter band was de-

veloped to reduce the experimental effort, to study more test parameters with only few test 

specimen and to allow subsequent analyses on the applicability of unified scatter bands. In 

comparison to polygon-connections with standardised profiles, the tests revealed compara-

ble or better load carrying capacities for the shape-optimised profiles, although the optimised 

profile shapes were developed to fit torsion as well as bending conditions. The principle 

mechanisms of crack and wear formation were similar to previous studies. 

 

Despite the creation of optimised polygon profile shapes and huge advances in the descrip-

tion of the stress and strain state of loaded polygon connections within the optimisation re-

search project, a reliable method for the general evaluation of the fretting fatigue strength for 

polygon connections did not exist. Therefore this work examined alternative methods for the 

derivation of the fatigue strength. 

 

As an extension to the fatigue strength tests, a supplementary test block with spline connec-

tions was carried out. By a comparison of the fatigue strength of the P4C-connection and the 

competing spline connection, it was possible to obtain an objective assessment of the load 

carrying capacity. The main conclusion of this comparison is the difficult interpretation of the 

fatigue stress concentration factor: the P4C-connection exhibits a higher load carrying capac-

ity measured by nominal loads but shows less fatigue strength measured in the usually way 



11  Conclusion 

 119

of nominal stresses. This implies that the observation that the failure of the P4C-connections 

occurs later than the failure of the spline connection is better described by use of nominal 

loads. This difference is a result of the, sometimes arbitrary, chosen reference diameter to 

compute the nominal stress. Therefore the application of the widely-used fatigue stress con-

centration factor, which is based on the computation of nominal stresses, seems not to be an 

appropriate method to quantify the fretting fatigue strength of different types of connections. 

 

Another attempt to predict the fretting fatigue strength was the use of unified scatter bands 

which are likewise but not necessarily build up using nominal stress values. However, analy-

ses of different scatter bands on the basis of existing fatigue tests showed that the applica-

tion is limited to few parameter variations even at the same profile type. Therefore additional 

experimental tests would be necessary to generate an appropriate basis for a derivation. 

 

Apart from the application of nominal stress methods this work examined two fatigue strength 

prediction techniques from the field of local stress methods. Based on an extensive literature 

review two methods were selected: a strain based and a short-crack growth method. The 

focus of the applied local stress methods is the consideration of the local stress and strain 

state directly at the crack and not the evaluation of a generalised stress like in nominal stress 

methods. In addition to the classic fatigue crack growth theories, knowledge about short-

crack growth - like the integration of the intrinsic crack length by EL HADDAD ET AL. - is taken 

into account in both methods. The methods were assessed using the experimentally ob-

tained fretting fatigue strength of selected P3G polygon test blocks. 

 

To acquire information about the position of crack initiation and the stress and strain state in 

the environment of the crack, large nonlinear Finite Element contact analyses of complete 

P3G polygon models were carried out. The evaluated load cases were identical to the con-

ducted experimental tests on P3G polygon connections subjected to combined loading. 

 

The identification of the initial crack position was examined using four damage criteria: The 

enhanced Fretting-Fatigue-Damage-Parameter FFDP of ZIAEI, the VAN MISES equivalence 

stress SEQV, the SMITH-WATSON-TOPPER parameter SWT and the FATEMI-SOCIE parameter 

FS. The enhanced FFDP showed a good agreement with the experimentally observed point 

of crack initiation. In cases of comparably small torsional preloads a reliable prediction of the 

initial crack position was not possible. 

 

The applied strain based life prediction method is based on a classic linkage of crack initia-

tion and crack propagation. The life spent in the initiation phase was evaluated by iteration of 

the SWT-equation and the life spent in the propagation phase was evaluated by stable crack 

growth using the FORMAN-Equation. The linkage between the two phases used the laws of 

short-crack growth to derive a non-arbitrary initial crack length. Unfortunately the life estima-
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tions using this method showed only limited success. Depending on the material parameters 

chosen for the SWT-equation, the results varied from conservative to massive over-

estimated life predictions. An improvement of this method might be the investigation of the 

specific material parameters of the used material which seems not suitable for a general ana-

lytical life prediction technique. 

 

The applied short-crack growth method was proposed by VALLELLANO ET AL. for aluminium 

model specimen and uses the KITAGAWA-TAKAHASHI diagram to assess the propagation be-

haviour of a short crack as to whether it stops or propagates to failure. In this work the as-

sessment was evaluated by FE-analyses of experimentally tested load cases. The compari-

son between a material-specific threshold stress and a load-specific equivalent stress allows 

the prediction of whether a short crack propagates or not. The results of the evaluations 

showed a very precise agreement with the experimentally obtained fretting fatigue strength 

which comprised various profile shapes, two steel types and even oil lubrication. In cases of 

comparably small torsional preloads the method showed wrong predictions. However, refer-

encing the torsional preload to the torsional yield strength it was possible to utilise the geo-

metric correction function as calibration factor. This lead to a correlation which can be ap-

plied to calculate precise life predictions for any torsional preload. The advantages of the 

approach are that only few, and common, material parameters are needed and the FE 

analyses can be conducted with an overall coefficient of friction, even in case of oil lubrica-

tion. Therefore the applied short-crack growth approach offers the possibility to act as a di-

mensioning method for the fretting fatigue strength of polygon connections. 

 

 

11.2 Future Prospects 

Despite the precise agreement of the applied short-crack growth life prediction technique, it 

is necessary to ensure the usage of the method by further load cases. Therefore several 

experimental tests are needed to provide more test data. The choice of the test parameters 

should primarily account for various torsional preloads, joining lengths, fitting conditions, hub 

diameters and differing steel types. An important enhancement of the test program should be 

tests on polygon connections with larger nominal diameter like 40 mm or 60 mm. This re-

quires more powerful testing machines and larger FE-models with an appropriate fine mesh. 

Nevertheless the successful verification at larger polygon connections is decisive for the ap-

plicability of the new life prediction technique. If the method is ensured at P3G-polygon con-

nections, a further step should be taken to employ the prediction technique on alternative 

form fitted shaft-hub connections like the P4C-connection or the keyway connection using 

already existent experimental data. 
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In principle a transition of the method to load cases of pure torsion is possible but the supply 

of appropriate material parameters for mixed mode cracking as it appears in torsion (usually 

a combination of modes II and III) is difficult. Here intensive studies on the theory of fracture 

mechanics are necessary. 

 

The near future work should be focussed on the applicability of the life prediction technique 

for polygon-connections. The aim is to establish a safe, reliable and mandatory dimensioning 

procedure which is incorporated in the future standards featuring the shape-optimised pro-

files. Therefore the prediction method should be improved by recent investigations like the 

integration of the stress ratio influence into the KITAGAWA-TAKAHASHI diagram (e.g. RODO-

POULOS ET AL. [134]) and advanced fracture mechanics approaches for notched components 

(e.g. ATZORI ET AL. [4]). A further issue is the FEA. Although the prediction method is easy to 

use, so far it is necessary to employ numerical analysis to provide the stress distribution at 

the point of crack initiation. To overcome this drawback a large FEA-parameter study should 

be initiated to replace the numerical analyses by empirical formulas. Alternatively these 

equations might be achieved by an extended approach of conformal mapping which is pro-

posed by ZIAEI [176]. 
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Appendix A: Manufacturing Drawings 
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Figure A-1 Collective manufacturing drawings of the P3G test specimens 
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Figure A-2 Collective manufacturing drawings of the P4C test specimens 
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Figure A-3 Collective manufacturing drawings of the spline test specimens 
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Appendix B: Sources of Error 

Torsion Fatigue Testing Machine 

The relative errors of the single components of the measuring chain. 

 

Concerning the calibration of the torque transducer line: 

• Strain gauges 
Most of the errors are compensated by the bridge circuit 

∆xSG/xSG = 0.3% 

• Frequency amplifier 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Static torque testing machine 
according to manufacturers’ instructions 

∆xTM/xTM = 0.5% 

• Measured value display 
Display accuracy: 0.005 

∆xSG/xSG = 0.3% 

 

Concerning the measuring of the torque: 

• Frequency amplifier 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Measured value display 
Display accuracy: 0.005 

∆xSG/xSG = 0.3% 

• Control 
Fluctuation of 0.02 were monitored during a test run 

∆xCo/xCo = 1.8% 

 

Concerning the conversion of the measured values 

• Rounding 
Given that the signal was calibrated with a static load, the meas-
urement of dynamic loads caused an alternating voltage signal. 
Converting the measured RMS-value into the peak value by multi-
plying by √2 to obtain the load, might lead to rounding errors. 

∆xRou/xRou = 0.3% 

 

The errors for the torsion fatigue testing machine sum up to: 

Errors in measuring the static torque 

 

Fr,sT = 4.0 % 

Frw,sT = 2.0 % 

Errors in measuring the dynamic torque Fr,dT = 4.3 % 

Frw,dT = 2.0 % 
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Bending Fatigue Testing Machine 

Following the relative errors of the single components of the measuring chain are stated. 

 

Measuring of the bending moment: 

 

Concerning the static calibration of the bending transducer line: 

• Strain gauges 
Most of the errors are compensated by the bridge circuit 

∆xSG/xSG = 0.3% 

• Frequency amplifier 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Lever arm length 
The length of the lever arm was measured with an accuracy of 
1 mm, related to the total length of 1,000 mm 

∆xLA/xLA = 0.1% 

• Weights 
For the calibration, weights of a universal testing machine were 
used. 

∆xWei/xWei = 0.5% 

• Measured value display 
Display accuracy: 0.005 

∆xSG/xSG = 0.6% 

 

Concerning the dynamic calibration of the bending transducer line: 

• Frequency amplifier of the bending transducer 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Measured value display of the bending transducer 
Display accuracy: 0.005 

∆xSG/xSG = 0.6% 

• Frequency amplifier of the testing machine transducer 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Measured value display testing machine transducer 
Display accuracy: 0.005 

∆xSG/xSG = 0.5% 

 

Concerning the measuring of the bending moment: 

• Frequency amplifier of the bending transducer 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Measured value display of the bending transducer 
Display accuracy: 0.005 

∆xSG/xSG = 0.5% 

• Control 
Fluctuation of 0.05 were monitored during a test run 

∆xCo/xCo = 2.2% 

• Concentricity 
Estimated 

∆xCon/xCon = 2.0% 
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Concerning the conversion of the measured values 

• Rounding 
Given that the signal was calibrated with a static load, the meas-
urement of dynamic loads caused an alternating voltage signal. 
Converting the measured RMS-value into the peak value by multi-
plying by √2 to obtain the load, might lead to rounding errors. 

∆xRou/xRou = 0.3% 

 

The errors for the bending moment of the bending fatigue testing machine sum up to: 

Errors in measuring the dynamic bending moment 

 

Fr,dB = 9.2 % 

Frw,dB = 3.3 % 

 

 

Measuring of the static torque: 

 

Concerning the static calibration of the torque transducer line: 

• Strain gauges 
Most of the errors are compensated by the bridge circuit 

∆xSG/xSG = 0.3% 

• Frequency amplifier 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Lever arm length 
Determination of the length of the lever arm was measured with an 
accuracy of 0.1 mm, which leads to an relative error of << 0.1 %. 

∆xLA/xLA = 0.0% 

neglected 

• Weights 
For the calibration weights of an universal testing machine were 
used. 

∆xWei/xWei = 0.5% 

• Measured value display 
Display accuracy: 0.005 

∆xSG/xSG = 0.1% 

 

Concerning the dynamic calibration of the bending transducer line: 

• Frequency amplifier 
according to manufacturers’ instructions 

∆xFA/xFA = 0.4% 

• Measured value display of the bending transducer 
Display accuracy: 0,005 

∆xSG/xSG = 0.9% 

 

The errors for the bending moment of the bending fatigue testing machine sum up to: 

Errors in measuring the static torque 

 

Fr,sT = 2.1 % 

Frw,sT = 0.8 % 
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Appendix C: Evaluation Formulas for the Staircase-Method [60] 

 

Mean value 
F

A
dSS EE ⋅+= 0%50  

Variance 
2

2 )(

F

ABF −⋅
=υ   (denoted in the following diagram as k) 

Standard deviation s taken from diagram (Figure C-1) 

 

 

Figure C-1 Diagram to obtain the standard deviation s (taken from [60]) 

 

Scatter  
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Endurable stress amplitudes: 
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Appendix D: Test Block Listings 

 

 

Test Block Listing 

Test Block 1 
P3G 18→25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 18 mm;   H7/n6 

2C45N;        degreased 
Test Log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
load 

in Nm 

Dynamic 
load 

in Nm 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-23 607 666 22.28 55.59 2.000 --  
P-27 672 694 22.82 55.59 2.000 --  
P-28 671 672 21.13 55.59 2.000 --  
P-39 670 670 22.40 55.40 2.000 --  

Cycle limit: 2×106 

P= passed test;  R= rupture 
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Test Block Listing 

Test Block 2 
P3G 18→25 

Dynamic Torque 
da: 78 mm;   lj: 18 mm;   H7/n6 

2C45N;        degreased 
Test Log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-20 622 661 126 114 10.000 P  
P-22 627 656 126 122 6.572 R  
P-24 623 663 126 114 10.000 P  
P-25 626 664 126 122 10.000 P  

Cycle limit: 1×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 
τta 

in MPa 
x rupture      o passed     # fictitious test i f i f i² f 

130     #             2 1 2 4 
122  x  o              1 2 2 2 
114 o  o               0 2 0 0 
P - 20 22 24 25 --- ---            Σ 5 4 6 
No.: 1 2 3 4 5 ---             F A B 

d = 8 MPa  
Endurable torsional stress amplitude for  PS = 50%:  τE50% = 120.4 MPa 
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Test Block Listing 

Test Block 3 
P3G 100→25 

Dynamic Torque 
da: 78 mm;   lj: 18 mm;   H7/n6 

2C45N;        degreased 
Test Log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-7 612 628 136 115 8.903 R  
P-8 613 631 136 107 10.000 P  
P-9 618 634 136 115 7.462 R  
P-10 616 629 136 107 7.384 R  
P-11 615 633 136 99 10.000 P  
P-12 617 635 136 107 10.000 P  
P-13 611 632 136 115 4.589 R  

Cycle limit: 1×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 
τta 

in MPa 
x rupture      o passed     # fictitious test i f i f i² f 

115 x  x    x           2 3 6 12 
107  o  x  o  #          1 4 4 4 
99     o             0 1 0 0 
P - 7 8 9 10 11 12 13 --- ---         Σ 8 10 16 
No.: 1 2 3 4 5 6 7 8 ---          F A B 

d = 8 MPa  
Endurable torsional stress amplitude for  PS = 50%:  τE50% = 109 MPa 
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Test Block Listing 

Test Block 4 
P4C 14→25 

 

Dynamic Torque 
da: 78 mm;   lj: 17 mm;   H7/g6 

2C45N;        degreased 
Test og 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-29 630 622 185 108 10.000 P  
P-30 631 624 185 115 6.292 R  
P-31 632 625 185 108 10.000 P  
P-32 633 626 185 115 6.181 R  
P-33 634 627 185 108 4.041 R  
P-34 635 636 185 101 6.669 R  
P-35 636 637 185 94 10.000 P  
P-36 637 638 185 101 10.000 P  
P-37 638 639 185 108 2.985 R  

Cycle limit: 1×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 

τba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

115  x  x              3 2 6 18 
108 o  o  x    x         2 4 8 16 
101      x  o  #        1 3 3 3 
94       o           0 1 0 0 
P - 29 30 31 32 33 34 35 36 37 --- ---       Σ 10 17 37 
No.: 1 2 3 4 5 6 7 8 9 10 ---        F A B 

d = 7 MPa  

Endurable torsional stress amplitude for  PS = 50%:  τE50% = 105.9 MPa 
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Test Block Listing 

Test Block 5 
P4C 100→25 

Dynamic Torque 
da: 78 mm;   lj: 17 mm;   H7/g6 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-51 640 645 123 88 9.999 R crack micro visible 
P-52 642 688 123 81 9.999 R crack micro visible 
P-53 639 642 123 74 10.000 P  
P-54 643 692 123 81 10.000 P  

Cycle limit: 1×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 
τta 

in MPa 
x rupture      o passed     # fictitious test i f i f i² f 

88 x    #             2 2 4 8 
81  x  o              1 2 2 2 
74   o               0 1 0 0 
P - 51 52 53 54 --- ---            Σ 5 6 10 
No.: 1 2 3 4 5 ---             F A B 

d = 7 MPa  
Endurable torsional stress amplitude for  PS = 50%:  τE50% = 82.4 MPa 
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Test Block Listing 

Test Block 6 
P4C 14→25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 17 mm;   H7/g6 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-41 652 677 148 66 7.256 R  
P-42 651 676 148 62 10.000 P  
P-43 653 678 148 66 9.999 R crack micro visible 
P-44 654 679 148 62 9.999 R crack micro visible 
P-45 655 680 148 58 10.000 P  
P-46 656 681 148 62 10.000 P  
P-47 650 655 148 66 9.999 R crack micro visible 
P-48 657 682 148 62 9.999 R crack micro visible 
P-49 658 683 148 58 10.000 P  

Cycle limit: 1×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

66 x  x    x           2 3 6 12 
62  o  x  o  x  #        1 5 5 5 
58     o    o         0 2 0 0 
P - 41 42 43 44 45 46 47 48 49 --- ---       Σ 10 11 17 
No.: 1 2 3 4 5 6 7 8 9 10 ---        F A B 

d = 4 MPa  

Endurable bending stress amplitude for  PS = 50%:  σE50% = 62.4 MPa 
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Test Block Listing 

Test Block 7 
P4C 100→25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 17 mm;   H7/g6 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-60 659 644 148 50 10.000 P  
P-61 660 646 148 56 10.000 P  
P-62 666 673 148 62 9.999 R crack micro visible 
P-63 667 693 148 56 9.999 R crack micro visible 
P-64 668 689 148 50 9.999 R crack micro visible 
P-66 662 650 99 56 9.999 R crack micro visible 
P-67 663 686 99 51 10.000 P  
P-68 664 685 99 56 9.999 R crack micro visible 
P-69 665 690 99 51 9.999 R crack micro visible 

Cycle limit: 1×107 

P= passed test;  R= rupture 
 

Statistical Evaluation Tests P-60 – P-64 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

62   x               3 1 3 9 
56  o  x              2 2 4 8 
50 o    x             1 2 2 2 
44      #            0 1 0 0 
P - 60 61 62 62 64 --- ---           Σ 6 9 19 
No.: 1 2 3 4 5 6 ---            F A B 

d = 6 MPa  

Endurable bending stress amplitude for  PS = 50%:  σE50% = 53 MPa 

Statistical Evaluation Tests P-66 – P-69 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

56 x  x               2 2 4 8 
51  o  x              1 2 2 2 
46     #             0 1 0 0 
P - 66 67 68 69 --- ---            Σ 5 6 10 
No.: 1 2 3 4 5 ---             F A B 

d = 5 MPa  

Endurable bending stress amplitude for  PS = 50%:  σE50% = 52 MPa 
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Test Block Listing 

Test Block 8a 
P4Copt 25 

Cycle limit: 2×107 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/g6 

2C45N;        degreased 
Static stress τtm 50 MPa 
Dynamic stress σba  55 MPa 

Test 
log No. 

Shaft 
No. 

Hub 
No. 

Load Cycles 
 

in 106 

j PS 
in % 

P-124 754 771 2.772 n=7 90.91 
P-128 757 775 2.993 6 77.27 
P-127 768 774 3.069 5 63.64 
P-126 756 773 3.126 4 50.00 
P-125 755 772 3.679 3 36.36 
P-130 758 776 3.744 2 22.73 
P-129 767 783 3.930 1 9.09 

 

 
Statistical Evaluation 

N10% = 4.019×106 
N50% = 3.306×106 
N90% = 2.713×106 

σE10% = 48.70 MPa 
σE50% = 47.60 MPa 
σE90% = 46.70 MPa 

Tσ = 4.2% 

 

Test Block Listing 

Test Block 8b 
P4Copt 25 

Cycle limit: 2×107 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/g6 

2C45N;        degreased 
Static stress τtm 100 MPa 
Dynamic stress σba  70 MPa 

Test 
log No. 

Shaft 
No. 

Hub 
No. 

Load Cycles 
 

in 106 

j PS 
in % 

P-82 733 750 1.803 n=7 90.91 
P-84 735 752 2.278 6 77.27 
P-90 750 765 2.399 5 63.64 
P-86 737 754 2.507 4 50.00 
P-89 740 757 2.606 3 36.36 
P-85 736 753 2.754 2 22.73 
P-92 752 769 3.612 1 9.09 

 

 
Statistical Evaluation 

N10% = 3.426×106
 

N50% = 2.507×106 
N90% = 1.854×106 

σE10% = 60.90 MPa 
σE50% = 58.70 MPa 
σE90% = 56.90 MPa 

Tσ = 6.8% 
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Test Block Listing 

Test Block 8c 
P4Copt 25  

Cycle limit: 2×107 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/g6 

2C45N;        degreased 
Static stress τtm  148 MPa 
Dynamic stress σba  80 MPa 

Test 
log No. 

Shaft 
No. 

Hub 
No. 

Load Cycles 
 

in 106 

j PS 
in % 

P-77 729 746 1.404 n=8 92 
P-79 731 748 1.673 7 80 
P-78 730 747 1.891 6 68 
P-105 762 779 2.309 5 56 
P-74 726 743 2.636 4 44 
P-80 749 768 3.063 3 32 
P-76 728 745 3.425 2 20 
P-75 727 744 3.677 1 8 

 

 
Statistical Evaluation 

N10% = 3.906×106 
N50% = 2.385×106 
N90% = 1.451×106 

σE10% = 70.60 MPa 
σE50% = 66.80 MPa 
σE90% = 63.31 MPa 

Tσ = 10.9% 

 

Test Block Listing 

Test Block 8d 
P4Copt 25 

Cycle limit: 2×107 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/g6 

2C45N;        degreased 
Static stress τtm  197 MPa 
Dynamic stress σba  88 MPa 

Test 
log No. 

Shaft 
No. 

Hub 
No. 

Load Cycles 
 

in 106 

j PS 
in % 

P-95 743 760 1.435 n=7 90.91 
P-99 747 764 1.664 6 77.27 
P-97 745 762 2.063 5 63.64 
P-96 744 761 2.084 4 50.00 
P-101 753 770 2.134 3 36.36 
P-98 746 763 2.512 2 22.73 
P-100 748 765 2.525 1 9.09 

 

 
Statistical Evaluation 

N10% = 2.746×106 
N50% = 2.024×106 
N90% = 1.492×106 

σE10% = 74.70 MPa 
σE50% = 72.10 MPa 
σE90% = 69.80 MPa 

Tσ = 6.8% 
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Test Block Listing 

Test Block 9a 
P3Gopt 25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/n6 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-132 698 716 80 90 10.964 R  
P-133 700 707 80 85 20.000 P  
P-134 684 711 80 90 20.000 P  
P-135 703 708 80 95 20.000 P  
P-136 686 710 80 100 11.340 R  
P-137 689 736 80 95 20.000 P  
P-138 685 713 80 100 10.507 R  
P-139 691 724 80 95 9.548 R  
P-140 690 714 80 90 20.000 P  
P-141 695 725 80 95 18.020 R  
P-142 693 709 80 90 20.000 P  
P-143 694 726 80 95 4.348 R  
P-144 702 706 80 90 5.181 R  
P-145 704 717 80 85 20.000 P  
P-146 705 715 80 90 20.000 P  
P-147 707 721 80 95 20.000 P  

Cycle limit: 2×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

100     x  x          # 3 3 9 27 
95    o  o  x  x  x    o  2 6 12 24 
90 x  o      o  o  x  o   1 6 6 6 
85  o            o    0 2 0 0 
P - 132 133 134 135 136 137 138 139 140 141 142 143 144 145 146 147 --- Σ 17 27 57 
No.: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17  F A B 

d = 5 MPa  

Endurable bending stress amplitudes: 

PS = 10% σE10% = 103.09 MPa 
PS = 50% σE50% =   92.94 MPa 
PS = 90% σE90% =   83.79 MPa 

Tσ = 20.8% 
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Test Block Listing 

Test Block 9b 
P3Gopt 25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/n6 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-107 677 788 148 90 20.000 P  
P-109 676 697 148 95 19.999 R  
P-110 674 700 148 90 20.000 P  
P-111 682 703 148 95 9.998 R  
P-112 678 702 148 90 20.000 P  
P-113 697 704 148 90 19.999 R  
P-114 687 705 148 95 12.522 R  
P-115 681 698 148 95 7.665 R  
P-116 713 729 148 85 20.000 P  
P-117 692 732 148 90 19.999 R  
P-118 701 734 148 85 20.000 P  
P-119 712 735 148 90 20.000 P  
P-120 683 731 148 95 19.999 R  
P-121 680 699 148 90 16.788 R  
P-122 679 701 148 85 20.000 P  
P-123 699 728 148 90 11.290 R  

Cycle limit: 2×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

95 x  x    x  x    x     2 5 10 20 
90  o  x  o  o  x  o  x  x  1 8 8 8 
85     o      o    o  # 0 4 0 0 
P - 109 107 111 113 116 110 114 112 115 117 118 119 120 121 122 123 --- Σ 17 18 28 
No.: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17  F A B 

d = 5 MPa  

Endurable bending stress amplitudes: 

PS = 10% σE10% = 93.33 MPa 
PS = 50% σE50% = 90.29 MPa 
PS = 90% σE90% = 87.35 MPa 

Tσ = 6.6% 
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Test Block Listing 

Test Block 10 
P3Gstd 25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/n6 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

P-151 850 853 148 90 20.000 P  
P-152 852 852 148 95 11.917 R  
P-153 851 856 148 90 6.202 R  
P-154 853 851 148 85 20.000 P  
P-155 856 850 148 90 3.643 R  
P-156 857 857 148 85 6.706 R  
P-157 858 858 148 80 20.000 P  
P-158 859 859 148 85 19.999 R crack micro visible 
P-160 862 862 148 80 20.000 P  
P-161 863 863 148 85 19.999 R crack micro visible 
P-162 865 865 148 80 4.133 R  
P-163 867 867 148 75 20.000 P  
P-164 868 868 148 80 20.000 P  
P-165 869 869 148 85 5.053 R  
P-166 871 871 148 80 20.000 P  
P-167 864 864 148 85 4.703 R  

Cycle limit: 2×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

95  x                4 1 4 16 
90 o  x  x             3 3 9 27 
85    o  x  x  x    x  x  2 6 12 24 
80       o  o  x  o  o  # 1 6 6 6 
75            o      0 1 0 0 
P - 151 152 153 154 155 156 157 158 160 161 162 163 164 165 166 167 --- Σ 17 31 73 
No.: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17  F A B 

d = 5 MPa  

Endurable bending stress amplitudes: 

PS = 10% σE10% = 98.05 MPa 
PS = 50% σE50% = 84.12 MPa 
PS = 90% σE90% = 72.17 MPa 

Tσ = 30.8% 
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Test Block Listing 

Test Block 11 
Spline 25 

Rotating Bending with Superposed Static Torque 
da: 78 mm;   lj: 25 mm;   H7/g7 

2C45N;        degreased 
Test log 

No. 
Shaft 
No. 

Hub 
No. 

Static 
stress 
in MPa 

Dynamic 
stress 
in MPa 

Load Cycles 
 

in 106 

P 
R 

Remark 

KWN-1 1 1 148 80 19.999 R crack micro visible 
KWN-3 3 3 148 92 16.570 R  
KWN-4 4 4 148 86 20.000 P  
KWN-5 5 5 148 80 20.000 P  
KWN-6 6 6 148 86 11.875 R  
KWN-7 7 7 148 74 20.000 P  
KWN-8 8 8 148 80 20.000 P  
KWN-9 9 9 148 86 5.441 R  
KWN-10 10 10 148 80 20.000 P  
KWN-11 11 11 148 86 6.675 R  
KWN-12 12 12 148 80 20.000 P  
KWN-13 13 13 148 86 20.000 P  
KWN-14 14 14 148 92 19.999 R crack micro visible 
KWN-15 15 15 148 86 20.000 P  
KWN-16 16 16 148 92 4.514 R  
KWN-17 17 17 148 86 6.454 R  

Cycle limit: 2×107 

P= passed test;  R= rupture 
 

Statistical Evaluation 
1 2 3 4 5 6 

σba 
in MPa 

x rupture      o passed     # fictitious test i f i f i² f 

92   x          x  x   3 3 9 27 
86  o  x    x  x  o  o  x  2 7 14 28 
80 o    x  o  o  o      # 1 6 6 6 
74      o            0 1 0 0 

P - 1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 --- Σ 17 29 61 
No.: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17  F A B 

d = 5 MPa  

Endurable bending stress amplitudes: 

PS = 10% σE10% = 92.08 MPa 
PS = 50% σE50% = 84.20 MPa 
PS = 90% σE90% = 76.99 MPa 

Tσ = 17.9% 

 



Appendix 

 156

Appendix E: Formulas for the Evaluation of the Fatigue Stress 

Concentration Factor Kf according to DIN 743 [144] 

 

Calculation is exemplarily expressed for test block 9b 

 

Endurance limit for alternating bending σbW  of the notch-free specimen: 

MPaMPaUTSbW 3366725.05.0 =⋅=⋅= σσ  

σUTS taken from Table 4.5 

 

Mean stress sensitivity for a notch-free specimen subjected to bending ψbσK : 

333.0
33667212

336
12)()(2 1

=
−⋅⋅

=
−⋅⋅

=
−⋅⋅

=
MPaMPa

MPa

deffK bWUTS

bW

bWrefUTS

bW
Kb σσ

σ
σσ

σ
ψ σ

 

K1(eff): dimension influence, here K1(eff) = 1 acc. to [144] 

 

Equivalent mean stress σmv: 

MPaMPa
tmbmzdmmv 3.256)148(3)00(3)( 2222 =⋅++=⋅++= τσσσ  

σzdm: mean tensile stress;  σbm: mean bending stress 

τtm: shear stress mean value of test block 9b 

 

Endurable stress amplitude σbADK of the notch-free specimen: 

MPaMPaMPamvKbbWbADK 7.2503.256333.0336 =⋅−=⋅−= σψσσ σ  

 

Fatigue stress concentration factor Kf:  87.2
35.87

7.250

%90

===
MPa

MPa
K

E

bADK
f σ

σ
 

σE90%: experimentally obtained endurable stress amplitude of test block 9b 

 


