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1. Introduction: Control of Distributed
Parameter Systems

1.1. Motivation

The control of complex physical systems, frequently modeled on the basis of instationary
partial differential equations (PDEs), is a very active and challenging research area with
large impacts on and potential for real life applications, e.g. in aeronautics [41, 80, 127].

Guided by the research problems in the Collaborative Research Center Control of
Complex Turbulent Shear Flows (SFB 557) at the Technische Universität Berlin, this
thesis focusses on the control of flow systems, which are described e.g. by the Stokes or
Navier-Stokes equations. Some test configurations which are under investigation in the
SFB 557 are shown in Figure 1.1:

- Flow over a backward facing step: The goal is to control the length of a recirculation
zone behind the step, for instance by means of insufflation and suction at the
edge of the step and on the basis of feedback information, which is obtained by
measurements of the pressure distribution on the bottom wall [6, 23, 145, 146].

- Flow around an airfoil with aft flap (high lift configuration): The goal is to enhance
the lift of the airfoil, for instance by means of piezo-actuators on the upper surface
and using the information of pressure sensors on the aft flap [26, 48, 257].

- Flow around a generic car model (Ahmed body): The goal is to reduce the drag of
the Ahmed body, for instance by means of insufflation and suction at the trailing
edge and on the basis of pressure measurements on the back side [31, 51, 147, 165].

These configurations can all be considered in the general framework of control theory,
cf. Fig. 1.1 (a): We aim to influence a dynamical system with internal state variables
z(t) by means of inputs u(t), and we only have limited information about the systems
by means of measurements or outputs y(t). Here and in the following t denotes the time
in a considered time interval [0, T ].

Since for PDE control problems the states are distributed in space, i.e. z(t) = z(t;x)
with x varying in some domain Ω, we speak of distributed parameter systems. Note that
in this thesis we consider predominantly inputs and outputs which may also vary in
space, i.e. u(t) = u(t; θ) and y(t) = y(t; ξ) with space variables θ and ξ from respective
domains Θ and Ξ, like Θ ⊂ Ω or Ξ ⊂ ∂Ω. Formulating the distributed parameter system
as an abstract dynamical system in an infinite-dimensional function space with inputs
acting on and outputs extracted from the states by means of appropriately defined input
and output operators, we also speak of infinite-dimensional (control) systems.

1



1. Introduction: Control of Distributed Parameter Systems

input output y(t;   )θ ξ

z(t;x)

feedback

(with states          )

control unit

systemu(t;   )

(a) Schematic open loop/closed loop control system.

sensoractuator
xr

(b) Backward facing step.

FLIFT

actuator sensor

(c) High lift configuration.

FDRAG

actuator sensor

(d) Ahmed body.

Figure 1.1.: Select flow control configurations investigated in the DFG-Collaborative Re-
search Center 557.
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1.2. Overview of the research area

Given some control objective, the unifying problems to solve are now:

(i) System design: Find efficient inputs and outputs with respect to the control objec-
tive. Which quantities should be actuated and measured, what are good positions
for actuators and sensors ?

(ii) Control design: Based on a given system design, find efficient (open loop or closed
loop) control laws in order to achieve the control objective.

The solution of these problems is particulary challenging in the case of air flow systems.
For turbulent flows at high Reynolds numbers, the spatial structure of the states can
become extremely complex. This is illustrated by the fact that a Direct Numerical
Simulation (DNS) of the 3D backward facing step at Reynolds number Re = 30 000
requires about Re9/4 ≥ 1010 nodes to resolve the smallest eddies [122]. Much higher
Reynolds numbers occur e.g. during a cruise flight. A controller may have to deal with
very small time scales. Considering for instance the Ahmed body, inherent shear layer
instabilities occur with frequencies of about 20− 40 Hz, such that measurements should
be taken at least every 1/400 second [147, 165]. The possibility of online measurements
of flow quantities in nonacademic environments is very restricted, such that usually only
very incomplete system information is available, and a high degree of uncertainty has
to be taken into account by the controller. For instance, the exact determination of the
drag or lift would require the knowledge of the pressure and the wall shear stress (and
hence of velocity gradients) on the whole surface, but only pressure measurements in
some points are realizable.

In order to cope with these difficulties mathematically, a deeper understanding of
the theoretical foundations of flow control, the development of new methods and their
transfer to applications is necessary. Here, e.g. the extraction of control-relevant sys-
tem structures in order to reduce the system’s complexity in combination with robust
feedback control in order to compensate inevitable model inaccuracies seems to be an
especially promissing approach.

In view of the high degree of difficulty, a purely mathematical-numerical solution of the
system and control design problem for real-world applications in the sense of analytically
guaranteed convergence rates and the wide renunciation of heuristic methods is not
realistic in the near future, but much effort is made world-wide to close this gap.

1.2. Overview of the research area

The research field control of fluids - or more generally - control of distributed param-
eter systems lies in the intersection of many engineering disciplines, natural sciences
and not least mathematics. Within mathematics, again various fields deal with related
problems, such as the theory of PDEs, numerical analysis, control theory, optimization,
etc. It is thus not possible to give an exhaustive overview of the research area here.
Instead, we briefly mention some mathematical research directions related to the control
of distributed systems.

3



1. Introduction: Control of Distributed Parameter Systems

Mathematical modeling of real-world control systems. The mathematical de-
scription of a real world control system on the basis of PDEs is usually the first step in
mathematical control design [37, 38, 70, 93, 95, 206, 279]. The model’s usefulness may
be very sensitive with respect to the choice of model parameters, boundary conditions
or the mathematical description of actuators and sensors. In many key technologies
like aeronautics, chemical process engineering, nano-technology and circuit design, a
strong increase of model complexity can be observed due to the investigation of multi-
physics phenomena, like multiphase flows [49, 107, 183, 191], structure-fluid interaction
[65, 78, 226], acoustics in fluids [164], or the consideration of e.g. stochastic and logical
components [39, 196].

Inevitably, modeling errors are made which are very difficult to measure and which
may have to be taken into account in the optimization process. This is a strong argument
for closed loop controls, since open loop controls are not able to react to deviations of
the system from the model-predicted behavior. In particular, robust feedback control
is a mathematical design concept which takes model uncertainties directly into account
and aims at a limitation of their effects [55, 100, 124, 261].

Note that the correct formulation of a distributed parameter system as an infinite-
dimensional control system, which frequently is more suited for system-theoretic investi-
gations, can be very involved, e.g. in the presence of boundary controls and observations
[81, 173, 250, 283, 284, 285, 286].

System-theoretic properties of infinite-dimensional systems. Once a mathemat-
ical model is established, one can ask for the system-theoretic properties of the model
like controllability, stabilizability and observability, which are strongly related to the
system design problem. For instance, the investigation of controllability can be very
helpful in order to evaluate the actuation concept. Formulating e.g. the problem of
steering a system with states z(t) = z(t, u) by means of a control u in time T > 0 into
a desired state zd as the problem of minimizing ||z(T, u) − zd|| in some norm over all
admissible controls u, controllability means that this norm can actually be reduced to
zero. Note that this property is stronger than an assertion from optimal control theory
that a minimizing control exists.

In contrast to finite-dimensional control theory [35, 182, 265], where convenient al-
gebraic characterizations of these properties exist, their investigation becomes much
more involved for distributed parameter systems respectively infinite-dimensional sys-
tems [37, 38, 50, 68, 70, 95, 118, 119, 198, 199], and often requires very sophisticated
analytical tools [295]. We give a short overview of existing results at the beginning
of Chapter 2, where we establish a controllability result for a special case of the 3D
Navier-Stokes equations.

Control design for infinite-dimensional models. Considering numerical methods
to calculate open or closed loop controls, there are basically two approaches:

(i) First discretize, then optimize: Model −→ Discretization −→ Control,
(ii) First optimize, then discretize: Model −→ Control −→ Discretization.

The discretization step in approach (i) mostly consists in a spatial discretization of the

4



1.2. Overview of the research area

control system, resulting in a time-continuous finite-dimensional system, cf. Fig. 1.2.
In view of digital signal processing, the system may also be discretized in time, yielding
a time-discrete finite-dimensional system. Approach (i) has the advantage of making
the well-established methods of classical (finite-dimensional) control theory applicable
[35, 182, 211, 261, 265]. In particular, the perception of a dynamical system is preserved,
which is well suited for the concept of closed loop controls. However, the structure of the
control problem and system-theoretic properties may get lost or distorted at an early
stage of the control design process, see e.g. [135] and [167, 168, 296] for related problems
due to time and space-discretizations, respectively.

Employing approach (ii), the control problem is frequently formulated as an opti-
mization problem in appropriate function spaces. Seeking for open loop controls, the
optimal control can be characterized as the solution of a so-called optimality system
(OS), which basically consists of two coupled PDEs completed by optimality conditions
[103, 157, 277]. Seeking for closed loop controls, state feedback laws are characterized as
solutions of Riccati equations or more generally Hamilton-Jacobi-Bellman (HJB) equa-
tions in function spaces [197, 198, 199, 222]. Designing a numerical method for the
solution of the OS or HJB, discretizations can directly address the optimization prob-
lem. We note that in most practical applications, approach (ii) is only employed to
calculate open loop controls, since the numerical solution of the full HJB systems is
often prohibitively expensive.

The question, if optimal controls calculated for semi-discretized control systems con-
verge towards the optimal control of the original infinite-dimensional systems if the
discretization parameters tend to zero has been a focus of research. For instance, the
convergence of the solutions of the corresponding Riccati equations has been investi-
gated in [15, 16, 129, 179, 198, 199], the convergence of open loop optimal controls for
flow-relevant problems has been investigated in [77, 130, 131, 275, 276]. Strongly related
is the question, if system-theoretic properties of the infinite-dimensional control system
like controllability are recovered by their semi-discretizations in the limit case, see e.g.
[202, 208, 209, 212] for related results. In particular, it is shown in [167, 168, 296] that
for controllable hyperbolic systems the controllability of the semi-discretizations may
get lost in the limit and thus the convergence of the approximated controls may fail
though standard space-discretization techniques like finite differences or finite elements
are applied.

Practical realization of control design & reduction of complexity. In many ap-
plications the practical realization of the control methods discussed in the last paragraphs
becomes impracticable in view of the high complexity of the resulting discrete problems
and the corresponding large calculation time and storage requirements. Therefore, there
is a need for:

(i) Performant numerical linear algebra tools. Performant solvers for large-scale linear
equations based on e.g. multigrid techniques [133, 288], parallel computing [160,
249, 273] or Krylov subspace iterations [247, 248] can help to handle increasingly
large discrete problems. The development of specialized tools for control-relevant
problems like the solution of large-scale Lyapunov or Riccati equations [33, 233]

5



1. Introduction: Control of Distributed Parameter Systems

Figure 1.2.: Overview: Approaches to the control of infinite-dimensional systems (OS:
optimality system, HJB eq.: Hamilton-Jacobi-Bellman equation).

and the development of structure-preserving and structure-exploiting methods are
further important issues.

(ii) Control-oriented discretizations. Adaptive discretization methods may help to ob-
tain high and problem-specific model accuracies with reasonable numbers of de-
grees of freedom, which are particularly adapted to optimization or control prob-
lems. In this context goal-oriented error estimation on the basis of dual-weighted
residuals [2, 14, 24, 27, 28, 149, 175, 176, 221] is a very promising approach, for
more details see the beginning of Chapter 4, where a numerical realization for
parabolic problems is discussed. The discretization concept for input-output maps
suggested in Chapter 3 is another contribution into this direction.

(iii) In many control applications, the simulation of the control system is an im-
portant intermediate step, and thus the development and application of high-
performant problem-specific simulation codes (incorporating the modern numer-
ical linear algebra tools and discretization methods discussed in (i) and (ii)) is
one way to deal with the high complexity of the underlying physical system, see

6



1.2. Overview of the research area

e.g. [12, 59, 92, 99, 151, 267]. Here also the efficient numerical treatment of
differential-algebraic equations becomes increasingly important, see [45, 188, 189]
and also the discussion of the numerical treatment of the Stokes equations on p. 64
and p. 125 of this thesis. Note that many commercial and academic simulation
codes are initially designed for simulation problems such that their adaption to
control applications (implementation of actuation and sensor concepts, feedback
laws, adjoint equations, etc.) can be a very laborious task. Therefore, we suggest
a CFD/control design interface in Chapter 5.

(iv) Reduction of the comlexity of models. There is a big interest in low-dimensional
models of the original complex system which are yet accurate enough to serve as
basis for closed loop control design. Here, low-dimensional models usually signify
finite-dimensional state space models with comparatively small state dimension. In
a wider sense, we are interested in models (of possibly different type like frequency
or time domain input-output maps) which describe the control-relevant properties
of the system with few parameters, or in an even wider sense, which provide a fast
accessible description of these properties. In this generalized context, we may also
speak of low-complexity models.

Such models can be obtained either directly by low-dimensional modeling, or -
starting with the original detailed system description - by model order reduction
(MOR). We distinguish the following approaches, which may however be combined.

- Empirical approaches: On the basis of measurements (like step responses
or other i/o-sequences) so-called low-dimensional black-box models can be
identified [211], see e.g. [145] for an efficient application of these techniques
to the control of the backward facing step.

- Physical approaches: On the basis of physical understanding of the flow pro-
cess, control-relevant flow structures and mechanisms can be identified and
modelled. As examples we mention low-dimensional Galerkin models with
flow-specific physical modes [113, 201], or low-dimensional vortex models
[231].

- Mathematical approaches: As mathematical approach we mean here methods
which start with a detailed mathematical description of the control system
(in our case PDE models), and which apply mathematical approximation
schemes in order to extract a low-dimensional model. Ideally, they apply to a
wide class of systems, function reliably and come with analytical error bounds,
guarantee the preservation of system-inherent properties and are efficient with
respect to factors like the computational costs and the size and accuracy of
the resulting model.

We will discuss mathematical MOR in more detail in Chapter 3, where we suggest
a method to obtain low-complexity models of the input-output behavior on the
basis of discretizations of the input-output map.

7
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(v) Reduction of the comlexity of control methods. Pursuing the approach ’First op-
timize, then discretize’, a big obstacle is that the optimality system itself is very
difficult to solve numerically, in particular in the case of instationary problems.
For instance the PDE solutions may have to be stored on the whole time-space do-
main. Therefore, one tries to apply suboptimal optimization methods, which lead
to less complex optimality systems [154, 155, 156]. For instance, in instantaneous
control, receding horizon control or model predictive control, the optimization is
not carried out over the whole time-interval, but consecutively over smaller subin-
tervals [52, 153, 170]. Other suboptimal methods employ reduced order systems
discussed under (iii) during the optimization process [1, 74, 158].

1.3. Chapter outline

We briefly outline the content of the following chapters.

Controllability of Couette flows (Ch. 2). This chapter adresses the system-
theoretic foundations of flow control by establishing a controllability result for Couette
flows, which are special flows between two rotating cylinders. Using the concept of
quasi-static deformation [62, 64], we prove that it is possible to steer the system from
one Couette-flow to any other one by slowly changing the rotation velocity of the outer
cylinder. The proof is based on the fact that the symmetric geometry of the config-
uration allows to reduce the parabolic 3D control problem to a parabolic 1D control
problem. In this way, we not only obtain an explicit open loop control law, but also a
global controllability result for a (very special) case of the 3D Navier-Stokes system.

Systematic discretization of i/o-maps of linear ∞-dim. systems (Ch. 3). As
core of this thesis, this chapter addresses the development of a new method for the re-
duction of complexity of infinite-dimensional control systems. In many applications the
input/output (i/o) map of a system is the essential feature for the design of controls.
Therefore, we investigate its direct discretization in space and time, resulting in a com-
pletely algebraic representation of the i/o-map by means of a matrix. We present the
general discretization framework, corresponding error estimates and a method to reduce
the size of the resulting matrix on the basis of singular value decompositions. Consid-
ering the heat equation and the Stokes equations in numerical examples, we investigate
convergence rates and the applicability of the approximated i/o-maps in optimization
problems.

Goal-oriented error estimation for the approximation of system dynamics
(Ch. 4). This chapter addresses the development of methods for the efficient space
and time discretization of linear parabolic equations and is strongly connected to the
i/o-discretization approach. Since this approach requires the accurate and efficient ap-
proximation of observations of system dynamics, a goal-oriented adaptive finite element
method on the basis of Dual-Weighted Residual (DWR) error estimation is considered.
We present the theoretical concept for the separate estimation of observation errors in-
duced by the discretization of the state in space and in time. Based on this estimation,

8
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we suggest a heuristic algorithm for the adaptive choice of time and space discretizations.
This procedure has been realized numerically for linear heat equations, and we present
examples of resulting time grids and spatial meshes.

Input/Output Interfaces for the Coupling CFD/Control Design (Ch. 5).
While the system-theoretic investigations and the development of new methods in the
prior chapters deal with rather accademic control problems, this chapter addresses the
efficient testing and design of control concepts for flow configurations of more practical
relevance. Featflow, a performant Computational-Fluid-Dynamics code, is equipped
with an interface, which allows to exchange control (=input) data and measurement
(=output) data with Matlab, such that flow controls can be designed and tested in a
comfortable manner. Considering as example the flow over a backward facing step, we
investigate the potentials and limitations of this coupling.

We consider this interface as a pragmatic alternative to the i/o discretization approach
in order to make the i/o-map of flow control systems available. In this way we are able
to treat complex flow configurations, for which the i/o-discretization framework is not
yet mature enough. In the case of the Featflow-Matlab Coupling, we used a detailed
high-dimensional description of the system on the basis of the discretized Navier-Stokes
equations with turbulence model for the numerical generation of i/o-sequences, which
then have been used for the identification of low-dimensional black-box models of the
control system.

Some future research directions are proposed at the end of each chapter. Finally, we
summarize the presented results in Chapter 6. An appendix contains additional material,
like details on the numerical solution of Stokes equations.

1.4. Notation

We denote the set of natural numbers by N and set N0 = {0} ∪ N. R is the set of real
numbers. R

α×α stands for the set of real α× α matrices.

Throughout this thesis, Ω ⊂ R
d means a general domain, that is any open nonempty

connected subset of the d-dimensional Euclidean space R
d with d ∈ N. We denote the

boundary of Ω by ∂Ω and the closure by Ω̄. The variables x = (x1, . . . , xd) are called
space variables. Frequently, we also consider domains Θ ⊂ R

d1 and Ξ ⊂ R
d2 with space

variables θ = (θ1, . . . , θd1) and ξ = (ξ1, . . . , ξd2), respectively. T is always given with
0 < T < ∞ and limits the considered time interval [0, T ]; t ∈ [0, T ] is called the time
variable.

For k ∈ N ∪ {∞}, we say that a domain Ω is a Ck-domain if for each point x ∈ ∂Ω
there is a ball B with center x such that ∂Ω ∩ B can be represented in the form
xi = ϕ(x1, . . . , xi−1, xi+1, . . . , xd) for some i and some k-times continuously differen-
tiable function ϕ, [232, p. 207].

A d-tuple of nonnegative integers α = (α1, α2, . . . , αd) is called a multi-index and we
define |α| = α1 + · · · + αd and xα = xα1

1 xα2
2 . . . xαd

d for x = (x1, x2, . . . , xd). Denoting

9
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∂j = ∂/∂xj and ∂ = (∂1, ∂2, . . . , ∂d) we have

∂α = ∂α1
1 ∂α2

2 · · · ∂αd

d =
∂α1

∂xα1
1

∂α2

∂xα2
2

. . .
∂αd

∂xαd

d

.

In addition, we introduce the gradient operator ∇ = (∂1, . . . , ∂d)
T and the Laplace

operator △ = ∂2
1 + ∂2

2 + · · · + ∂2
d . The first and second time derivatives are denoted by

∂t and ∂2
tt, respectively. For k ∈ N0 and v, w ∈ Ck(Ω) we define the following scalar

product and corresponding norm,

(v, w)Hk(Ω) :=

∫

Ω

∑

|α|≤k

∂αv∂αw dx, ||v||Hk(Ω) = (v, v)
1/2

Hk(Ω)
.

Denoting by C̃k(Ω) the subset of Ck(Ω) consisting of those functions v for which
||v||Hk(Ω) <∞, we define Hk(Ω) and Hk

0 (Ω) to be the completions in the norm || · ||Hk(Ω)

of C̃k(Ω) and Ck0 (Ω), respectively. In particular, we obtain for k = 0 the usual Lebesgue
space of square-integrable functions L2(Ω) = H0(Ω), and for k > 0 the corresponding
Sobolev spaces of k-times weakly differentiable functions.

We interpret functions v, which vary in space and time, optionally as classical functions
v : [0, T ] × Ω → R with values v(t;x) ∈ R, or as abstract functions v : [0, T ] → X
with values v(t) in a function space X such as X = Hα(Ω). By C([0, T ];X) (resp.
Cβ([0, T ];X)) we denote the space of functions v : [0, T ] → X which are continuous
(resp. β-times continuously differentiable). Hβ(0, T ;Hα(Ω)), with α, β ∈ N0, denotes
the space of equivalence classes of functions v : [0, T ] → Hα(Ω) with t 7→ ||v(t)||Hα(Ω)

being β-times weakly differentiable, for details see e.g. [83]. We introduce Hilbert spaces
of higher regularity in space and time

Hα,β((0, T ) × Ω) := Hβ(0, T ;L2(Ω)) ∩ L2(0, T ;Hα(Ω)), (1.1a)

||v||Hβ,α((0,T )×Ω) := ||v||Hβ(0,T ;L2(Ω)) + ||v||L2(0,T ;Hα(Ω)), (1.1b)

see e.g. [206]. Frequently, such abstract function spaces will be denoted by calligraphic
capital letters like U and Y , whereas the underlying function space like L2(Ω) will be
written in standard capital letters like U and Y .

Operators acting between such abstract function spaces as U and Y are denoted
for instance as G, P or I, with a slight abuse of a typeset which is often reserved
for sets, like N or R. For two normed spaces X and Y , L (X,Y ) denotes the set of
bounded linear operators X → Y , and we abbreviate L (X) := L (X,X). For β ∈ N,
Lβ(0, T ; L (X,Y )) denotes the space of operator-valued functions K : [0, T ] → L (X,Y )
with t 7→ ||K(t)||L (X,Y ) = supx6=0 ||K(t)x||Y /||x||X lying in Lβ(0, T ).

Vectors, often representing a discretization of a function v, are written in corresponding
small bold letters v, whereas matrices, often representing a discrete version of an operator
like G or G, are written in bold capital letters G. A⊗ B denotes the Kronecker tensor
product of two matrices A and B.
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2. Controllability of Couette flows

2.1. Motivation

In this chapter we address the system-theoretic foundations of fluid mechanics by con-
sidering a specific controllability problem.

Generally speaking, the controllability problem may be formulated in the following
way. We consider a control system with states z from a state space Z on a finite time
interval [0, T ] with given initial state z0. We are allowed to act on the trajectories z(t) of
the system by means of a suitable choice of the control u(t) from a control space U (e.g.
the boundary conditions), and by z(t) = z(t; z0, u) we denote the state trajectory of the
system corresponding to a control u and initial state z0. We say that a state zT ∈ Z
is reachable from z0 in time T > 0, if there exists a control u ∈ L2(0, T ;U) such that
z(T ) = z(T ; z0, u) = zT , and we denote the set of such reachable states by

R(T ; z0) = {z̄ ∈ Z : there exists u ∈ L2(0, T ;U) : z(T ; z0, u) = z̄}.

We say that a system is

• (exactly) controllable in T > 0, if R(T ; z0) = Z for all z0 ∈ Z,

• approximately controllable in T > 0, if R(T ; z0) ⊂ Z is dense for all z0 ∈ Z,

• null controllable in T > 0, if 0 ∈ R(T ; z0) for all z0 ∈ Z.

The characterization of the reachability sets is a classical problem in Control The-
ory and there is a large literature on the topic, see for instance [182, 265] for finite-
dimensional systems and [106, 118, 119, 204, 246] for infinite-dimensional systems. For
finite-dimensional linear time-invariant systems, the above controllability definitions co-
incide, and an easy algebraic characterization of controllability exists. The situation is
much more complex in the infinite-dimensional setting, and general results are harder
to obtain. We present a brief overview of classical and recent results related to the
controllability of infinite-dimensional systems.

Considering linear hyperbolic systems where e.g. waves propagate with finite speed,
it is not surprising that if one acts on a region Ωc ⊂ Ω or boundary part Γc ⊂ ∂Ω, some
time will be needed in order for the state to be modified at time T on all of Ω, and also
that some kind of geometric condition on Ωc will be needed (because of trapped rays).
First results for the 1D case have been obtained by Russel [245]. Considering general
linear wave equations with boundary controls, it has been proved by Bardos, Lebeau and
Rauch [18, 19] that exact controllability in time T > 0 holds if and only if a geometric
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2. Controllability of Couette flows

control condition (GCC) is satisfied and T > T0, where T0 depends on the geometry and
the propagation velocity.

Due to the dissipativity and irreversibility of parabolic systems, only approximate con-
trollability can be expected for the heat equation. Approximate controllability in any
time T > 0 has been shown for 1D linear heat equation in [246] by means of Fourier tech-
niques. Considering linear heat equations on multi-dimensional domains Ω, where the
control acts on an arbitrarily small subdomain Ωc ⊂ Ω, it has been shown by Imanuvilov
and Fursikov [104] and by Lebeau and Robbiano [200] that null controllability holds in
any time T > 0 under some regularity conditions. Due to linearity, null controllabil-
ity implies approximate controllability in any time T > 0. For further results refer to
[64, 166, 96, 245, 246, 295].

Next we discuss the controllability issue for some equations of fluid mechanics. It is
well-known that in the case of the 3D Navier-Stokes equations (NSE), even the problem
of existence and uniqueness of solutions is not yet answered in a satisfying manner. For
the 2D instationary NSE, the existence, uniqueness and regularity of solutions could
be proved [271]. For the 3D stationary Navier-Stokes equations, uniqueness has only
been proved if the viscosity is sufficiently high with respect to the norm of the data
[271]. For the evolution 3D Navier-Stokes equations, the existence of weak solutions has
been proved, as well as the uniqueness under the condition that the data and considered
time intervals are sufficiently small with respect to the Reynolds number. The proof of
regularity of the weak solutions is an open problem, and would also imply the uniqueness.

x

r

Θ2(t)
Θ1

Figure 2.1.: Configuration for the
control of Couette
flows.

Considering the controllability question for fluid
mechanics, there is a conjecture by J.-L. Lions
[205] that the 3D NSE with distributed control
acting on a subdomain Ωc are approximately con-
trollable in any time T > 0. We mention some
partial results related to this conjecture. In 1996,
Coron proved an exact controllability result for
the 2D Euler equations [61], Coron and Fursikov
showed the conjecture for 2D NSE [63], and Lions
and Zuazua established an approximate control-
lability result for the 3D Stokes equations [207].
In the same year, Fursikov and Imanuvilov have
shown a local exact controllability result for sta-
tionary solutions of the 3D NSE, i.e. the initial
states have to be sufficiently near to the target
state [105]. Finally, in recent time, many new
controllability results have been published, see e.g.
[17, 97, 102, 259, 260].

In this chapter we address a very particular con-
trollability problem for the instationary 3D NSE,
which is much easier to handle than the general
problems discussed above. We consider a specific
geometry and show (exact) controllability for the subset of Couette flows. The prob-
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lem is nevertheless challenging, since we act on the system only via a scalar boundary
control.

Couette flows are special stationary flows of a fluid filling the domain between two
infinite rotating coaxial cylinders, and correspond to stationary solutions of the incom-
pressible Navier-Stokes equations with no-slip boundary conditions. They have been
intensely studied, experimentally and mathematically, for instance with respect to sta-
bility issues, but also with respect to bifurcation and symmetry breaking, see [54, 271]
and the references therein.

Our purpose is to control Couette flows, by acting on the rotation of the outer cylinder,
i.e. we consider a control which is also easy to realize in practice.

Using uniqueness arguments, we prove that the problem of controlling Couette flows
reduces to the problem of controlling a one-dimensional parabolic system with boundary
control, such that we can use the well-established results for this system class discussed
earlier in this Section. This reduction is crucial in our analysis, and explains why a
scalar control is sufficient for establishing controllability of Couette flows.
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2.2. Statement of the problem

Consider a viscous incompressible fluid filling the domain Ω between two concentric
rotating infinite cylinders, cf. Fig. 2.1 and [54]. The flow is described by the Navier-
Stokes equations

∂tv = ν△v − (v,∇)v − 1

ρ
∇p, (2.1a)

0 = ∇ · v, (2.1b)

where v ∈ R
3 is the velocity vector of fluid particles, ρ is the (constant) density, p is the

pressure, ν is the viscosity. Note that the gravity is incorporated in the pressure term.
In cylindrical coordinates, the horizontal cross section of Ω is defined by R1 < r < R2,
and if one writes v(t) = v(t; r, θ, x) and v = (vr, vθ, vx) in these coordinates, then the
no-slip boundary conditions are

vr(t;Rj, ·, ·) = vx(t;Rj , ·, ·) = 0, vθ(t;Rj, ·, ·) = RjΘj(t), j = 1, 2, (2.1c)

where Θ1 (resp. Θ2) is the angular velocity of the inner (resp. outer) cylinder, and t
denotes the time in some time interval [0, T ]. Throughout this chapter, it is assumed that
Θ1(t) is constant to Θ1 > 0 and that Θ2(t) can be freely chosen in R for every t ∈ [0, T ].
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2. Controllability of Couette flows

Under the assumption Θ1 > 0, it is possible to achieve a nondimensionalization. We
introduce the dimensionless control

ω(t) =
Θ2(t)

Θ1
,

and the dimensionless parameters

η =
R1

R2
, Re =

R1Θ1(R2 −R1)

ν
,

where Re is called the Reynolds number. Then, the system (2.1) writes as

∂tv = △v −Re (v,∇)v −∇p, in Ω, (2.2a)

0 = ∇ · v, in Ω, (2.2b)

vr = vx = 0, vθ = 1, at r = r1, (2.2c)

vr = vx = 0, vθ = ω/η, at r = r2, (2.2d)

where r1 = η/(1 − η) and r2 = 1/(1 − η). The flow domain Ω and its boundary
∂Ω = ∂Ω1 ∪ ∂Ω2 are given in the new dimensionless cylindrical coordinates by

Ω = {(r, θ, x) ∈ R≥0 × T
1 × R : r1 < r < r2},

∂Ωi = {(r, θ, x) ∈ R≥0 × T
1 × R : r = ri}, i = 1, 2,

where T
1 denotes the torus R/2πZ.

Denoting the partial derivatives with respect to t, r, θ and x by ∂t, ∂r, ∂θ and ∂x,
respectively, (2.2a) and (2.2b) read in cylindrical coordinates

∂tvr = △vr −
2

r2
∂θvθ −

vr
r2

− ∂rp−Re

[

vr∂rvr +
vθ
r
∂θvr + vx∂xvr −

v2
θ

r

]

,

∂tvθ = △vθ −
2

r2
∂θvr −

vθ
r2

− 1

r
∂θp−Re

[

vr∂rvθ +
vθ
r
∂θvθ + vx∂xvθ −

vrvθ
r

]

,

∂tvx = △vx − ∂xp−Re
[

vr∂rvx +
vθ
r
∂θvx + vx∂xvx

]

,

0 =
1

r
vr + ∂rvr +

1

r
∂θvθ +

1

r
∂xvx,

with △ = 1
r∂r(r∂r) + 1

r2
∂2
θ + ∂2

x.

Definition 2.1. For every α ∈ R, we define the Couette flow (v̄α, p̄α) : Ω → R
3 × R by

v̄α(r, ·, ·) = (0, v̄αθ (r), 0)T , p̄α(r, ·, ·) = Re

∫ r

r1

(v̄αθ (s))2

s
ds,

with

v̄αθ (r) = A(α)r +B(α)
1

r
,

and

A(α) =
α− η2

η(1 + η)
, B(α) =

η(1 − α)

(1 − η)(1 − η2)
.
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Remark 2.1. It is easy to verify that, for every fixed α ∈ R, the Couette flow (v̄α, p̄α)
is a steady-state solution of (2.2) for the constant control ω(t) ≡ α. Moreover, one can
show that, for Re sufficiently small with respect to α, (v̄α, p̄α) is the unique steady-state
solution, whereas, for Re sufficiently large, there are steady-state solutions which are
axi-symmetric and periodic in x and which differ from (v̄α, p̄α) such as Taylor vortex
flow, wavy vortex flow, etc., see e.g. [54] or [271, p. 232] and Fig. 2.3. ♦

We will prove that it is possible to steer the system (2.2) from any Couette flow
(v̄α, p̄α) to any other one by rotating the outer cylinder. Since the proof is based on a
stability property of the flow, the control has to be applied over a sufficiently large time
interval.

2.3. Controllability results

2.3.1. Periodic function spaces

Since the domain Ω is unbounded, we assume that the velocity v and the pressure p are
periodic in x with some period h > 0, see e.g. [54] or [271, Ch.II.4]. Then, Ω is identified
to

Ωh = {(r, θ, x) ∈ Ω : −h/2 ≤ x ≤ h/2}.

Let L2(Ωh) be the usual Lebesgue space of square-integrable functions, endowed with
the scalar product

(φ, ψ)L2(Ωh) =

∫ r2

r1

∫ 2π

0

∫ h/2

−h/2
r φ(r, θ, x)ψ(r, θ, x)dx dθ dr.

We define L2
h(Ω) as the closure of the set of continuous, h-periodic in x, functions on Ω

with respect to the norm induced by the scalar product

(φ, ψ)L2
h
(Ω) = (φ|Ωh

, ψ|Ωh
)L2(Ωh).

Furthermore, we introduce

Hh(Ω) = {v ∈ L2
h(Ω)3 : ∇ · v = 0, n · v|∂Ω = 0},

endowed with the scalar product of L2
h(Ω)3, and we refer to [271] for the precise meaning

of the divergence and the trace with respect to the outer normal vector n.

2.3.2. Perturbation with respect to a path of Couette flows.

Let (v̄a, p̄a) and (v̄b, p̄b) be two (possibly equal) Couette flows, with a, b ∈ R. For
τ ∈ [0, 1], we define the path of Couette flows

ω̄(τ) = a+ τ(b− a), v̄(τ) = v̄ω̄(τ), p̄(τ) = p̄ω̄(τ).
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2. Controllability of Couette flows

For ε > 0, we introduce perturbation coordinates along the path,

z(t) = v(t) − v̄(εt), q(t) = p(t) − p̄(εt), γ(t) = ω(t) − ω̄(εt), (2.4)

for t ∈ [0, 1/ε]. The reason for introducing a small parameter ε > 0 will become clear
later. Note that v̄ does not solve the NSE (2.2). Instead, we have

△v̄(εt) −Re(v̄(εt),∇)v̄(εt) −∇p̄(εt) = 0,

for every t ∈ [0, 1/ε]. Hence, in the new coordinates, the system (2.2) writes as

∂tz(t) = △z(t)
−Re[(z(t),∇)v̄(εt) + (v̄(εt),∇)z(t)] (2.5a)

−Re(z(t),∇)z(t)−∇q − ε∂τ v̄(εt) in [0, 1/ε] × Ω,

0 = ∇ · z(t) in [0, 1/ε] × Ω, (2.5b)

z(t) = 0 on [0, 1/ε] × ∂Ω1, (2.5c)

z(t) = (0, γ(t)/η, 0)T on [0, 1/ε] × ∂Ω2, (2.5d)

(z(0), q(0)) = (z0, q0) = (v0 − v̄a, p0 − p̄a). (2.5e)

Note that
∂τ v̄(εt) = (b− a)g(r),

where g(r) = (0, gθ(r), 0)T , and

gθ(r) =
r

η(1 + η)
− η

(1 − η)(1 − η2)r
.

2.3.3. Functional analytic framework

We next recall how equations (2.5) for the perturbation of the path (v̄(εt), p̄(εt), ω̄(εt))
can be written as an abstract differential equation in Hh(Ω),

∂tz(t) = L(εt)z(t) +N(z(t)) − ε(b− a)g,

whenever γ(t) = 0 for all t ∈ [0, 1/ε], see [54, 271].
The space Hh(Ω) is the orthogonal complement, in L2

h(Ω)3, of the space

{∇q : q ∈ H1
h(Ω)3}, where H1

h(Ω) = {v ∈ L2
h(Ω) : ∇v ∈ L2

h(Ω)3}.

Let Pσ denote the orthogonal projection from L2
h(Ω)3 onto Hh(Ω). This projection is

called Leray-Helmholtz projection and will be used for eliminating the pressure term ∇q
in (2.5) by incorporating the condition ∇ · z = 0 and a part of the boundary conditions
in Hh(Ω), cf. also p. 35 in Chapter 3. Then, the linear operator L(τ) and the quadratic
operator N are defined by

L(τ)z = Pσ(△z −Re((z,∇)v̄(τ) + (v̄(τ),∇)z)),

N(z) = −RePσ(z,∇)z,
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2.3. Controllability results

for every τ ∈ [0, 1], and the domain of L(τ) is defined by

Dh = {z ∈ Hh(Ω) : z ∈ H2
h(Ω)3, z|∂Ω = 0},

where H2
h(Ω) is the space of functions belonging, up to their second derivative, to L2

h(Ω).
It is well known (see e.g. [54, p. 23] and the references therein) that the operator L(τ)
depends analytically on the parameter τ ∈ [0, 1], and on the parameters Re, η, γ(t), so
that, for every τ ∈ [0, 1], L(τ) is the generator of an analytic and compact semigroup
(S(τ, t))t≥0 on Hh(Ω), and that the quadratic operator N is continuous from Dh to the
space Kh defined by

Kh = {v ∈ Hh(Ω) : v ∈ H1
h(Ω)3}.

From the Sobolev embedding theorem [290], there exists c1 > 0 such that

||N(z)||Kh
≤ c1||z||2Dh

, (2.6)

for every z ∈ Dh. Moreover, there exists c2 > 0 such that

||S(τ, t)||L (Kh,Dh) ≤
c2

t3/4
, (2.7)

for every τ ∈ [0, 1] and every t > 0, see [54, 169]. Hence, for γ vanishing identically, the
integral formulation of the Cauchy problem (2.5) writes as

z(t) = S(εt, t)z0 +

∫ t

0
S(εt, t− s)N(z(s)) ds− ε(b− a)

∫ t

0
S(εt, t− s)g ds. (2.8)

2.3.4. Approximate controllability of Couette flows

Our first controllability result is the following.

Theorem 2.1. For all Couette flows (v̄α, p̄α) and (v̄β, p̄β), α, β ∈ R, there exist c > 0
and ε0 > 0, such that, for every ε ∈ (0, ε0), there exists a unique solution

v ∈ {v : v ∈ L2(0, 1/ε;H2
h(Ω)3), ∂tv ∈ L2(0, 1/ε;H1

h(Ω)3), ∇ · v = 0},
p ∈ L2(0, 1/ε;H2

h(Ω)),

of (2.2) starting from (v(0), p(0)) = (v̄α, p̄α), associated with the control

ω(t) = ω̄(εt) = α+ εt(β − α). (2.9)

Moreover, this solution is of the form

v(t; r, θ, x) = (0, vθ(t; r), 0)T , p(t; r, θ, x) = p(t; r),

and satisfies

||v(1/ε) − v̄β||H2
h
(Ω)3 + ||p(1/ε) − p̄β||H2

h
(Ω) < c ε. (2.10)
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2. Controllability of Couette flows

Proof. The existence of a solution of (2.5) is a consequence of an existence result for the
Navier-Stokes equations, established e.g. in [271, Ch.3, Thm. 3.1]. The uniqueness of
this solution is only proved under the condition, that the data is sufficiently small, see
e.g. [271, Ch.3, Thm. 3.7].

We assume for the moment that uniqueness holds. The sufficient conditions for unique-
ness will be proved a posteriori. We consider the solution (z(·), q(·)) of (2.5), starting
from (z(0), q(0)) = (0, 0). Since the system (2.5) is invariant with respect to transla-
tions along the x-axis, reflections x→ −x, and rotations about the x-axis, it follows, by
uniqueness, that the solution (z(·), q(·)) enjoys all previous symmetry properties, i.e.

z(t; r, θ, x) = (zr(t; r), zθ(t; r), zx(t; r))
T , q(t) = q(t; r).

Consequently, the system (2.5) can be written in cylindric coordinates as

∂tzr = ∂2
r zr +

1

r
∂rzr −

zr
r2

− ∂rq −Re

(

zr∂rzr − 2
v̄θ
r
zθ −

z2
θ

r

)

, (2.11a)

∂tzθ = ∂2
r zθ +

1

r
∂rzθ −

zθ
r2

−Re
(

zr∂rv̄θ − zr∂rzθ +
zrv̄θ
r

+
zrzθ
r

)

− ε(b− a)gθ, (2.11b)

∂tzx = ∂2
r zx +

1

r
∂rzx −Rezr∂rzx. (2.11c)

The zero divergence condition (2.5b) reduces to

0 =
1

r
∂r(rzr), (2.11d)

the boundary conditions are

z(t) = 0 on ∂Ω1, (2.11e)

z(t) = (0, γ(t)/η, 0)T on ∂Ω2, (2.11f)

and, in view of (v(0), p(0)) = (v̄α, p̄α), the initial condition is given by

(z(0), q(0)) = (0, 0). (2.11g)

From (2.11d) and (2.11e), one first gets zr ≡ 0, and hence, (2.11c) reduces to

∂tzx = ∂2
rzx +

1

r
∂rzx.

Since zx(0) = 0, and zx(t; r1) = zx(t; r2) = 0, this yields zx ≡ 0. Finally, the system
(2.11) reduces to the one dimensional parabolic system

∂tzθ(t; r) = ∂2
rzθ(t; r) +

1

r
∂rzθ(t; r) −

1

r2
zθ(t; r) − ε(b− a)gθ(r), (2.12a)

zθ(t; r1) = 0, zθ(t; r2) = γ(t)/η, (2.12b)

zθ(0; r) = 0. (2.12c)
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2.3. Controllability results

Note that the pressure can be reconstructed by solving

∂rq(t; r) = Re

(
z2
θ(t; r)

r
+

2

r
zθ(t; r)v̄θ(t; r)

)

. (2.13)

We next prove the exponential stability of the system (2.12), for the control γ(t) =
ω(t)− ω̄(εt) = 0 for t ∈ [0, 1/ε]. Let L2

θ(r1, r2) denote the space of measurable functions
φ : [r1, r2] → R satisfying

∫ r2

r1

rφ(r)2dr <∞.

L2
θ(r1, r2) becomes a Hilbert space by introducing the scalar product

(φ, ψ)L2
θ

=

∫ r2

r1

r φ(r)ψ(r) dr.

The Sobolev spaces H1
θ (r1, r2) and H2

θ (r1, r2) are defined similarly. Note that, for
functions z of the form z = (0, zθ(r), 0)T ∈ L2(Ωh)

3,

||z||L2
h
(Ω)3 =

√
2πh||zθ||L2

θ
(r1,r2).

The system (2.12) can be written as

∂tzθ(t) = Azθ(t) − ε(β − α)gθ, zθ(0) = 0, (2.14)

where the operator A : D(A) → L2
θ(r1, r2) is defined by

A =
1

r
∂r(r∂r) −

1

r2
, (2.15)

on the domain
D(A) = {φ ∈ H2

θ (r1, r2) : φ(r1) = φ(r2) = 0}.
It is easy to verify that A is selfadjoint and negative. Moreover, A is an operator of
Sturm-Liouville type, and thus, has a compact resolvent, see e.g. [67, p. 180]. Conse-
quently, A is the infinitesimal generator of an analytic semigroup (Sθ(t))t≥0 of negative
type. Hence, there exists λ > 0 such that,

||Sθ(t)||L (H1
θ
(r1,r2),H2

θ
(r1,r2)) ≤

e−λt√
t

for every t > 0,

see [232]. Then the continuous solution zθ of (2.12), respectively of (2.14), satisfies

||zθ(1/ε)||H2
θ
(r1,r2) ≤

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
ε(β − α)

∫ 1/ε

0
Sθ(1/ε− s)gθ(r) ds

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
H2

θ
(r1,r2)

.

≤ ε |β − α|||gθ||H1
θ
(r1,r2)

∫ 1/ε

0

e−λs√
s
ds,

≤ ε |β − α|||gθ||H1
θ
(r1,r2)(2 +

2

λ
).
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2. Controllability of Couette flows

Recalling (2.4) and using (2.13), one estimates

|∂2
r q| ≤

2

r1
|zθ||∂rzθ| +

1

r21
|z2
θ | +

2

r21
|zθ||v̄θ| +

2

r1
|∂rzθ||v̄θ| +

2

r1
|zθ||∂rv̄θ|.

Applying Young’s inequality, one obtains

||q(1/ε)||2H2
θ
(r1,r2)

≤ c3(||zθ(1/ε)||2L2
θ
(r1,r2)

+ ||zθ(1/ε)||2H1
θ
(r1,r2)

),

with some constant c3 > 0. Hence, the estimate (2.10) follows.
It remains to prove the uniqueness argument. To this aim, consider the general integral

formulation (2.8). Then, using (2.6) and (2.7), one has

||z(t)||Dh
≤ c1c2

∫ t

0

1

(t− s)3/4
||z(s)||2Dh

ds+ c2

∫ t

0

1

(t− s)3/4
ε|β − α|||g||Dh

ds

≤ c1c2

∫ t

0

1

(t− s)3/4
||z(s)||2Dh

ds+ 4εc2|β − α|t1/4||g||Dh
.

For T > 0, this inequality yields

||z||C(0,T ;Dh) ≤ 4c1c2T
1/4||z||2C(0,T ;Dh) + 4εc2|β − α|||g||Dh

T 1/4. (2.16)

If we assume that ||z||C(0,T ;Dh) ≤ δ, then the right-hand side of (2.16) is estimated by

M = 4c2T
1/4(c1δ

2 + ε|β − α|||g||Dh
).

To get the conclusion of the theorem, we have to impose that, if 0 < ε < ε0, T = 1/ε,
δ = cε3/4, then

M ≤ c ε3/4,

where ε0 > 0 and c > 0 have to be chosen.
For T = 1/ε and δ = cε3/4, one has

M = 4c2(c1c
2ε1/2 + |β − α|||g||Dh

)ε3/4

≤ 4c2(c1c
2ε

1/2
0 + |β − α|||g||Dh

)ε3/4.

If we choose
c = 2c2|β − α|||g||Dh

,

and

ε0 =
1

(2c1c2c)2
, (2.17)

then one has M ≤ c ε3/4. The uniqueness property then follows from a standard fixed
point argument in the space C(0, T ;Dh) [104, 194, 271].

Remark 2.2. Note that the use of such a quasi-static deformation has already been
used in [62] for shallow-water controllability issues, and in [64] for 1-D heat equations
stabilization issues. In the latter reference, the system is not stable along the path, and
a stabilization procedure has been performed. ♦
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2.3. Controllability results

2.3.5. Exact controllability of Couette flows

Corollary 2.1. Let (v̄α, p̄α) and (v̄β, p̄β), α, β ∈ R, be two Couette flows. There exist a
time T > 0 and a control ω ∈ L2(0, T ) such that the (unique) solution

v ∈ {v : v ∈ L2(0, T ;H2
h(Ω)3, ∂tv ∈ L2(0, T ;L2

h(Ω)3), ∇ · v = 0},
p ∈ L2(0, T ;H1

h(Ω)),

of (2.2), starting from (v(0), p(0)) = (v̄α, p̄α), satisfies

(v(T ), p(T )) = (v̄β, p̄β).

Proof. We consider the Navier-Stokes equations (2.2) in the neighborhood of (v̄β, p̄β).
Setting

z(t) = v(t) − v̄β, q(t) = p(t) − p̄β , γ(t) = ω(t) − β,

and using that (v̄β, p̄β) is a stationary solution, system (2.2) writes as

∂tz(t) = △z(t) −Re[(z(t),∇)v̄β + (v̄β,∇)z(t)]

−Re(z(t),∇)z(t)−∇q in Ω, (2.18a)

0 = ∇ · z(t) in Ω, (2.18b)

z(t) = 0 on ∂Ω1, (2.18c)

z(t) = (0, γ(t)/η, 0)T on ∂Ω2, . (2.18d)

We consider this system with initial values

(z(0), q(0)) = (v(1/ε) − v̄β, p(1/ε) − p̄β), (2.18e)

where (v(1/ε), p(1/ε)) correspond to the terminal values provided by Thm 2.1 and sat-
isfying (2.10). Consequently, we moreover have

zr(0) = zx(0) = 0.

Assume for the moment that the existence and uniqueness of the solution of (2.18) is
ensured. In this case zr and zx are identically equal to zero, and (2.18) reduces to

∂tzθ(t; r) = ∂2
r zθ(t; r) +

1

r
∂rzθ(t; r) −

1

r2
zθ(t; r), (2.19a)

zθ(t; r1) = 0, zθ(t; r2) = γ(t)/η, (2.19b)

zθ(0; r) = vθ(1/ε, r) − v̄βθ (r). (2.19c)

Then, the conclusion follows from [166, Cor. 2.1, p. 897]. Indeed, from this result, there
exists a control γ ∈ L2(0, T ′) (where T ′ is a positive real number) such that the solution
zθ of (2.19), which belongs to

{y = y(t; r) : y ∈ L2(0, T ′;H2(r1, r2)), ∂ty ∈ L2((0, T ′) × (r1, r2))},
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2. Controllability of Couette flows

satisfies zθ(T
′) = 0. Moreover, it follows from the proof of [166] that, if ε0 is small

enough, then the control γ can be chosen such that the norms of zθ and of γ remain
small.

Now we can conclude the proof. For sufficiently small initial values in (2.18e) (which
can be ensured by means of Thm. 2.1) and for a sufficiently small inhomogeneity γ(t)/η
(which can again be ensured by means of Thm. 2.1 in combination with [166, Cor. 2.1,
p. 897]), the existence and uniqueness for the complete problem (2.18) then follow from
a standard argument, see [104, 194, 271].

Remark 2.3. The time T = 1/ε > 1/ε0 of approximate controllability is large. This
requirement is necessary in the proof in order to ensure the uniqueness of the solution,
and the uniqueness property is essential to reduce the controllability problem (2.2) to
the controllability problem for a one-dimensional parabolic system. ♦

Remark 2.4. The uniqueness of weak solutions of the nonstationary Navier-Stokes
equations for arbitrarily large data and on arbitrarily large time intervals is an open
problem, see e.g. [271]. Note that if this problem has a positive answer, then one could
steer system (2.2) from any (v̄α, p̄α) exactly to any (v̄β, p̄β) in arbitrarily short time. In
fact, system (2.5) with a = b = β and initial conditions (z0, q0) = (v̄α − v̄β, p̄α − p̄β)
would reduce to (2.12) independently of the choice of control and time interval. Note,
however, that the controllability result in [166] is not constructive, since its proof is
based on a fixed point argument. ♦

2.4. Numerical simulations

In this section, we present numerical simulations performed with Matlab. Setting
α = −10, β = 50, η = 0.5 and Re = 1, we aim to steer (2.2) from (v̄α, p̄α) to (v̄β, p̄β) by
applying the control (2.9) with different choices of ε > 0. The simulations are based on a
finite difference approximation of (2.12), the resulting stiff ordinary differential equation
is solved by means of Matlab’s solver ode15s which employs numerical differentiation
formulas.

Fig. 2.2(a) shows the evolution of the velocity vθ(t, ·), of the pressure p(t, ·) and of its
respective perturbations zθ(t, ·) and q(t, ·) for ε = 1. Fig. 2.2(b) shows the corresponding
results for ε = 0.1.

In both cases, the initial states are represented by dashed-dotted lines, terminal states
at T = 1/ε by black solid lines, and intermediate states by gray solid lines. The dot-

ted lines indicate the desired terminal velocity profile v̄βθ (·) and pressure profile p̄β(·),
respectively.
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(a) Simulation results for ε = 1 and t ∈ [0, 1].
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(b) Simulation results for ε = 0.1 and t ∈ [0, 10].

Figure 2.2.: Control of Couette flows: numerical results

2.5. Future research directions

Couette flows as stationary solutions of the 3D NSE are not stable for all choices of an-
gular velocities of the inner and outer cylinders, see Fig. 2.3, where different flow regimes
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have been observed experimentally, and see [54] for some analytical considerations. It
remains to investigate, for which choices of angular velocities the established controlled
trajectories can still be stabilized. In order to address this question, corresponding re-
sults from the perturbation analysis of Couette flows have to be considered, see [54] and
the references therein. If a stabilization is possible, it is interesting to ask which kind
of control is suitable to act efficiently on the instable eigenvalues. Finally, a numerical
implementation of the stabilization procedure and its testing in a 3D instationary direct
numerical simulation (DNS) would be a good completion of this controllability topic.

Figure 2.3.: Flow regimes in dependence on angular velocities of cylinders as observed
in experiments (Source: [3]).
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3. Systematic Discretization of
Input/Output-Maps

3.1. Motivation

Methods for the design of closed loop real-time controls are currently only tractable for
systems of low or moderate complexity [35, 218]. Dealing with very complex systems
described by PDEs there is, hence, a need to generate surrogate low-complexity models
which are yet accurate enough to lead to good control results.

In this chapter we suggest a new method of generating such low-complexity models for
the class of linear time-invariant infinite-dimensional systems. Discretizing directly the
input-output map of the system in space and time, we end up with a completely algebraic
representation of the input-output behavior, which is e.g. especially advantageous for
the fast solution of optimization problems. One motivation for this approach is the
idea that systems with highly complex state dynamics may still have a relatively simple
input-output behavior.

Before we describe this method in detail, we briefly mention some classical mathemat-
ical approaches to generate low-dimensional models and refer to [5, 36, 125] for a more
detailed overview. Usually, the starting point is a spatial semi-discretization of the PDE
state space model, i.e. a very high-dimensional state space system with comparatively
small numbers of inputs and outputs. Then Model Order Reduction (MOR) methods
are applied to extract another system with the same number of inputs and outputs but
with a significantly reduced number of states, cf. Fig. 3.1. Most MOR algorithms have
in common the concept of projecting the original high-dimensional state space onto a
relevant lower-dimensional subspace, and one may distinguish the following principal
approaches to obtain this subspace:

1. Krylov subspace methods / Moment matching: These methods have been originally
developed for linear time-invariant (LTI) systems and are extensively used e.g. in
electrical circuit design, see e.g. [101, 108, 109, 123, 244]. They generate subspaces
which are designed such that a certain number of moments of the (frequency range)
transfer function of the high-dimensional model is matched by the transfer func-
tion of the resulting projected system. Consequently, the transfer function of the
reduced system well approximates the transfer function of the high dimensional
system around a specified frequency or a collection of frequency points. Many
of these algorithms are based on the Lanczos-method or on the Arnoldi-method.
They are very popular mainly due to their numerical robustness and low numerical
costs, which make them suitable for the reduction of large-scale systems. The main
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3. Systematic Discretization of Input/Output-Maps

drawbacks are, in general, lack of provable error bounds and the possible loss of
system-theoretic properties like stability or passivity, and some efforts have been
undertaken to solve these problems [9, 10, 34].

2. Balanced truncation (BT): This method primarily applies to LTI systems. BT is
based on introducing a special joint measure of controllability and observability
for every vector in the state space of the LTI system. Then, the reduced model
is obtained by removing those components of the state vector which have the
lowest importance factor in terms of this measure [125, 225]. BT methods have
provable error bounds, and guarantee that the stability of the system to reduce
will be preserved in the reduced order model. The main drawback of this methods
is their high numerical effort associated with the (O(n3)) solution of Lyapunov
equations. Several suggestions to overcome this difficulty have been made, like the
use of low-rank approximations of the Lyapunov solutions, sign function methods
in combination with Hierarchical matrices or empirical Gramians [20, 203, 233].

3. Karhunen-Loève expansion / Proper Orthogonal Decomposition (POD): These
methods apply to general nonlinear systems. The basic idea behind this method
is to extract from a number of snapshots of one or several state trajectories a
low-dimensional subspace of states which ’best’ captures the energy of the state
trajectories [7, 40]. The principal numerical tool behind POD is a singular value
decomposition. POD techniques have the advantage that they can be applied to
nonlinear large-scale systems and that the resulting subspaces have an easy phys-
ical interpretation. The drawback is that the POD reduced models may no longer
accurately describe the original control system if the (controlled) state trajecto-
ries depart too far from the trajectories used for the snapshots, such that the
choice of suitable snapshots can be quite involved. Error bounds for POD reduced
models are rarely available though some steps have been made into this direction
[158, 186, 187, 238].

4. Combinations and generalizations: For instance, the combination of BT with POD
techniques has been very fruitful, see e.g. [241, 242, 289]. BT has been generalized
to descriptor systems [220, 268]. Some efforts have been undertaken to generalize
Krylov subspace methods and BT to time-varying and nonlinear problems [195,
234]. One possibility to address nonlinear systems is to approximate them by a
number of linear models, leading to so-called trajectory-piecewise linear models
[121, 240], such that linear MOR techniques can be again applied.

We just mention that there are also non-projection methods like Hankel optimal model
reduction [117], state residualization [210], and transfer function fitting methods [57,
132, 266].

We point out that most of these MOR methods directly or indirectly aim at an ac-
curate representation of the input-output behavior of the original system. However, the
preceding PDE space discretizations (and possibly linearizations) are usually neglected
by assuming that they are ’sufficiently accurate’. Thereby, the PDE discretizations
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3.2. A framework to derive i/o models with error estimates

state−space system state−space system

Approximated

space

discretization

time−discr.

model order
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state−space system
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Infinite−dimensional
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Direct space/time discretization

G :u(t; θ) 7→ y(t; ξ)

∂tz = Az +Bu
y = Cz
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∂tz̃ = Ãz̃ + B̃u

y = C̃z̃

G̃ : u 7→ y

Ḡ : u(t) 7→ y(t) G̃ : u(t) 7→ y(t)

Figure 3.1.: Direct discretization of i/o-map vs. classical model reduction approach.

rarely take the efficient approximation of the i/o map into account. On the one hand,
the state space discretization typically aims at a reduction of the global state space error
and is thus still oriented at a state simulation problem. On the other hand, the i/o error
due to the discretization of spatially distributed inputs and outputs is rarely considered
rigorously. Aiming at a low-dimensional model of the i/o behavior in the end, starting
with a space-discretization of the original state space model can be considered as an
often necessary but conceptual detour, cf. Fig. 3.1.

Note that there are other model reduction approaches which directly address the
original infinite-dimensional system. For instance, BT methods have been formulated
directly for infinite-dimensional control systems [32], as well as POD methods [40, 66,
243]. Moreover, PDE discretization methods have been developed which are especially
suited for control problems, see Chapter 4.
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3.2. A framework to derive i/o models with error estimates

In this chapter we investigate a new and integral approach to derive low-complexity
models with error estimates for the i/o behavior. We focus directly on the i/o map of
the original infinite-dimensional system, in the following denoted by

G : U → Y , u = u(t, θ) 7→ y = y(t, ξ),

and suggest the following framework for its direct discretization for a general class of
linear time-invariant systems (introduced in Section 3.3). Here u and y are input and
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output signals from Hilbert spaces U and Y , respectively, which may vary in time t and
space θ ∈ Θ and ξ ∈ Ξ, with appropriate spatial domains Θ and Ξ. The framework
consists of two steps.

1. Approximation of signals (cf. Section 3.4). We choose finite-dimensional subspaces
Ū ⊂ U and Ȳ ⊂ Y with bases {u1, . . . , up̄} ⊂ Ū and {y1, . . . , yq̄} ⊂ Ȳ , and denote
the corresponding orthogonal projections by PŪ and PȲ , respectively. Then, the
approximation

GS = PȲGPŪ

has a matrix representation G ∈ R
q̄×p̄, for instance with elements Gij = (yi,Guj)Y

if orthonormal bases are chosen in Ū and Ȳ .

2. Approximation of system dynamics (cf. Section 3.5). Frequently, G arises from
a linear PDE state space model. Then the components Gij = (yi,Guj)Y can be
approximated by numerically simulating the state space model successively for
inputs uj , j = 1, . . . , p̄ and by testing the resulting outputs against all y1, . . . , yq̄.
The result is an approximation GDS of GS . Considering time-invariant systems
and choosing basis functions with a space-time tensor structure, like

ui(j,l)(t; θ) = φj(t)µl(θ), yj(i,k)(t; ξ) = ψi(t)νk(ξ),

this task reduces to the approximation of observations (νk, Czl(t))Y , with states
zl(t) = S(t)Bµl. Here S(t), B and C are the system’s evolution semigroup, in-
put and output operator, respectively. Hence, Czl(t) can be considered as the
system’s impulse response corresponding to an initial value µl, and zl(t) can be
approximated by numerically solving a homogeneous PDE.

We discuss some prospects of this framework.

- Error estimation (cf. Section 3.6). The total error ǫDS can be estimated by the
signal approximation error ǫS and the dynamical approximation error ǫD, i.e.

||G − GDS ||
︸ ︷︷ ︸

=:ǫDS

≤ ||G − GS ||
︸ ︷︷ ︸

=:ǫS

+ ||GS − GDS||
︸ ︷︷ ︸

=:ǫD

, (3.1)

where the norms still have to be specified. As main result of this Chapter, Thm. 3.7
shows how to choose Ū and Ȳ in the first step and the accuracy tolerances for the
numerical solutions of the underlying PDEs in the second step such that ǫDS < tol

for a given tolerance tol and ǫS and ǫD balance in the sense that ǫS < tol/2 and
ǫD < tol/2.

- Progressive reduction of the signal error. Choosing hierarchical bases in Ū and Ȳ ,
like wavelets or hierarchical finite elements, the error ǫS can be progressively re-
duced by adding further basis functions up̄+1, up̄+2, . . . and yq̄+1, yq̄+2, . . . resulting
in additional columns and rows of the matrix representation. However, one must
ensure that ǫD is sufficiently small in order to reduce ǫDS significantly.
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- Matrix reduction via multilinear SVDs (cf. Section 3.7). The matrix representa-
tion of GDS allows for low rank approximations with error estimates on the basis
of multilinear singular value decompositions [71], respecting the time-space tensor
structure of the basis functions. The corresponding singular vectors represent the
most relevant input and output signals.

- Actuators and sensors for distributed inputs and outputs. Thinking of practical
applications, input signals u(t; θ) and output signals y(t; ξ) are often generated
and measured by actuators and sensors with limited spatial and temporal reso-
lutions, such that ’realizable’ input and output signals naturally belong to finite
dimensional subspaces Ū and Ȳ, respectively. Error estimates of the form (3.1)
and the extraction of relevant input and output signals on the basis of multilinear
SVDs may thus provide useful information for efficient sensor and actuator design,
see Section 3.7. Note that classical approaches (where the control system is first
discretized in space and then model reduction is applied) rarely take the error due
to input and output space-discretizations into account.

- Control Design (cf. Section 3.7). The matrix representation G = [Gij ] may
directly be used in control design, or a state realization of the i/o model GDS can
be used as basis for many classical control design algorithms.

Relation to numerical analysis, control theory and optimal control

From the point of view of numerical analysis, the presented approach is a Galerkin
approximation of the i/o map, which is a Volterra integral operator arising from the
semigroup representation of the evolution system. The corresponding error estimates
are based on standard interpolation theory in Sobolev spaces and on error results for
the numerical solution of evolution equations.

From the point of view of control theory, the linear time-continuous infinite-dimensional
system with distributed controls and observations is first approximated by a time-discrete
multi-input-multi-output system, the corresponding Markov parameters are then ap-
proximated by numerically calculating impulse responses.

Using the approximated i/o map in optimal control applications corresponds to a
pronounced form of the concept ’first discretize, then optimize’ since the original system
is discretized in space and time. On the one hand, this entails the risk of loosing essential
structural features of the original control problem, which may lead e.g. to instabilities
or simply failing of the calculated controls. The analytical investigation of the behavior
of the approximated i/o map in control applications is an important future task. On
the other hand, the algebraic representation of the i/o-map enables the use of very
fast methods for model reduction and control design, and the error results for the full
discretization may help to take effects of digitizing inputs and outputs for processing by
discrete controllers into account.
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3. Systematic Discretization of Input/Output-Maps

3.3. I/o maps of ∞-dimensional state space systems

3.3.1. General linear time-invariant systems

We consider infinite-dimensional linear time-invariant systems of first order

∂tz(t) = Az(t) +Bu(t), t ∈ (0, T ], (3.2a)

z(0) = z0, (3.2b)

y(t) = Cz(t), t ∈ [0, T ]. (3.2c)

Here for every time t ∈ [0, T ], the state z(t) is supposed to belong to a Hilbert space Z
like Z = L2(Ω), where Ω is a domain in R

dΩ with dΩ ∈ N. A is a linear closed densely
defined operator A : Z ⊃ D(A) → Z, generating a C0-semigroup (S(t))t≥0 on Z. The
control operator B belongs to L (U,Z) and the observation operator C to L (Z, Y ),
where U = L2(Θ) and Y = L2(Ξ) with subsets Θ ⊂ R

d1 and Ξ ⊂ R
d2 , d1, d2 ∈ N.

This setting allows to consider many practical problems with distributed control and
observation. The treatment of time-varying or nonlinear problems and of boundary or
pointwise controls and observations requires a different setting and will briefly addressed
at the end of this section.

We recall how a linear bounded i/o-map G ∈ L (U ,Y) with

U = L2(0, T ;U) and Y = L2(0, T ;Y )

can be associated with (3.2), for details see e.g. [232, Ch. 4]. It is well-known that
for initial values z0 ∈ D(A) and controls u ∈ C1([0, T ];Z), a unique classical solution
z ∈ C([0, T ];Z) ∩ C1((0, T );Z) of (3.2) exists. For z0 ∈ Z and u ∈ U , the well-defined
function

z(t) = S(t)z0 +

∫ t

0
S(t− s)Bu(s) ds, t ∈ [0, T ], (3.3)

is called a mild solution of (3.2). A mild solution of (3.2) is unique, belongs to C([0, T ];Z)
and is the uniform limit of classical solutions [232]. Hence, the output signal y(t) = Cz(t)
is well-defined and belongs to Y ∩C([0, T ];Y ). In particular, the ouput signals y(u) ∈ Y
arising from input signals u ∈ U and zero initial conditions z0 ≡ 0 allow to define the
linear i/o-map G : U → Y of the system (3.2) by u 7→ y(u). It is possible to represent G

as a convolution with the kernel function K ∈ L2(−T, T ; L (U, Y )),

K(t) =

{

CS(t)B, t ≥ 0

0, t < 0
. (3.4)

Lemma 3.1. The i/o-map G of (3.2) has the representation

(Gu)(t) =

∫ T

0
K(t− s)u(s) ds, t ∈ [0, T ], (3.5)

belongs to L (U ,Y)and satisfies

||G||L (U ,Y) ≤
√
T ||K||L2(0,T ;L (U,Y )). (3.6)
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3.3. I/o maps of ∞-dimensional state space systems

Proof. Since C is bounded, the representation of y = Cz based on (3.3) can be re-
formulated as in (3.5), see e.g. [83] for the theory of Bochner integrals. For general
K ∈ L2(−T, T ; L (U, Y )), a generalized Hölder inequality yields that for fixed t ∈ [0, T ],
the function s→ K(t− s)u(s) belongs to L1(0, T ; L (U, Y )) with

||(Gu)(t)||Y ≤ ||u||U ||K(t− ·)||L2(0,T ;L (U,Y ),

and by integrating over [0, T ] we obtain (3.6).

Remark 3.1. The i/o-map G is causal in the sense that y(t) only depends on u|[0,t) for
all t ∈ [0, T ]. G is time-invariant in the sense that if y = Gu then στy = G(στu) for
all τ ∈ [0, T ], where στ is a shift operator with (στu)(t) = u(t − τ) for t ∈ [τ, T ] and
(στu)(t) = 0 for t ∈ [0, τ). ♦

Remark 3.2. Many important control systems can be treated within the framework of
abstract differential equations (3.2), like systems on the basis of linear time-invariant

- heat equations,
- Stokes equations,
- wave equations,
- transport equations,
- delay equations,
- population equations,
- Maxwell’s equations,
- Schrödinger equations,
- equations from linear thermoelasticity or linear viscoelasticity,

see e.g. the monographs [84] and [279]. ♦

3.3.2. Regularity of signals and states in space and time

Approximating G numerically in later sections, we will be interested in a higher space
and time regularity of output signals y = Gu and of state trajectories z(t) = S(t)z0.

Frequently, we will make use of the following assumption, which proves to hold in
many important applications. We recall definition (1.1),

Hα,β((0, T ) × Ω) := Hβ(0, T ;L2(Ω)) ∩ L2(0, T ;Hα(Ω)), α, β ∈ N0.

Assumption 3.1. G ∈ L (U ,Y) satisfies for some α1, β1, α2, β2 ∈ N ⊂ N0

G|Us
∈ L (Us,Ys), Us = Hα1,β1((0, T ) × Θ), Ys = Hα2,β2((0, T ) × Ξ). (A1)

Note that (A1) always holds for α1 = β1 = α2 = β2 = 0, since we then have Us = U
and Ys = Y , but we will need α1, β1, α2, β2 ∈ N ⊂ N0 in order to obtain general
approximation error results in later sections.

Theorem 3.1 (Cf. [79, Thm. 4.1.]). Consider (3.2) with z0 = 0 and u ∈ U . If A is the
infinitesimal generator of an analytic C0-semigroup (S(t))t≥0, then the mild solution z
of (3.2), associated with a control u ∈ U , satisfies

z ∈ H1(0, T ;Z) ∩ L2(0, T ;D(A)) (3.7)
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3. Systematic Discretization of Input/Output-Maps

and there exists a constant c ∈ R+ (independent of u) such that

||z||L2(0,T ;D(A)) + ||∂tz||L2(0,T ;Z) ≤ c||u||U .

Here D(A) is endowed with the graph norm.

Since Us can be continuously embedded into U for any α1, β1 ∈ N we obtain the
following corollary.

Corollary 3.1. Consider the i/o-map (3.5) and assume that (S(t))t≥0 is an analytic
C0-semigroup with generator A : Z ⊃ D(A) → Z. If the output operator C preserves
higher space regularity in the sense that for some α2 ∈ N,

C|D(A) ∈ L (D(A), Hα2(Ξ)),

then Assumption 3.1 holds for that α2, and β2 = 1, and any α1, β1 ∈ N.

Remark 3.3. The property (3.7) is known as L2-regularity, the proof goes back to [76].
In [79] it is more generally shown that, if the analytic semigroup is of negative type,
then L2-regularity holds on [0,∞). The assumption that Z is a Hilbert space is essential
for the cited result, more general results on Lp-regularity and the Banach space setting
can be found in [79, 150] and the references therein. Cor. 3.1 is a general result to prove
the validity of Assumption 3.1 for parabolic systems which focusses directly on the i/o-
map representation. We note that many L2-regularity results for specific systems can be
found in the literature, which mainly focus on the original state space representation and
are often obtained by means of the theory of weak solutions. For some non-parabolic
systems, Assumption 3.1 may still be valid due to an appropriate choice of Us, like in
the case of the hyperbolic wave equation, see Cor. 3.4. ♦

With respect to z(t) = S(t)z0, we have the following general result. The semigroup is
not required to be analytic.

Proposition 3.1 (Cf. [216, Thm. 3.1.3.] and [50]). Consider the solution z of (3.2)
with u ≡ 0.

(i) For z0 ∈ D(A), we have z ∈ C([0, T ];D(A)) ∩ C1([0, T ];Z).

(ii) For z0 ∈ Z, we have z ∈ C([0, T ];Z)∩C1([0, T ];Z−1), where Z−1 is the closure of
Z with respect to the norm ||v||Z−1 = ||(γI − A)−1v||Z for some γ in the resolvent
set ρ(A) of A.

Proof. For (i) see [232, Ch.4, Thm. 1.3.]. For (ii) one proves that A extends to an
operator A−1 : D(A−1) ⊂ Z−1 → Z−1 with D(A1) = Z, which is the generator of
a semigroup S−1 on Z−1, see [50]. Hence, result (i) applies for (3.2) with extended
operator A−1.
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3.3. I/o maps of ∞-dimensional state space systems

Being the domain of a differential operator, D(A) usually is a space of functions with
higher regularity in space than Z, like D(A) = H2(Ω) and Z = L2(Ω) in the case of the
Laplace operator with homogeneous Neumann boundary conditions. This general result
already indicates that the numerical approximation of z(t) = S(t)z0 may be problematic
in the case of nonsmooth initial values z0 ∈ Z \D(A). This problem persists for analytic
semigroups (S(t))t≥0. Though in this case S(t)z0 ∈ D(A) for any z0 ∈ Z and t > 0 (see
e.g. [232, Ch. 4, Cor. 1.5.]), for unbounded operators A we have that ||S(t)z0||Z behaves
as t−1 for t→ 0+, see [94, Thm 4.1.8.].

3.3.3. Parabolic systems

Parabolic systems with distributed control and observation form one important class of
systems with state space formulation (3.2) and i/o-maps (3.5).

We here consider only systems with second order differential operators of the following
form. Let Ω be a bounded domain in R

d with uniform C2-boundary ∂Ω. Denoting by
n(x) the exterior unit normal vector to ∂Ω at x ∈ ∂Ω, we define according to [216]

A (x, ∂) =
d∑

i,j=1

a
(2)
ij (x)∂ij +

d∑

i=1

a
(1)
i (x)∂i + a(0)(x)I, (3.8a)

B(x, ∂) =
d∑

i=1

b
(1)
i (x)∂i + b(0)(x)I, (3.8b)

and assume that the coefficients satisfy the following conditions.

(i) a
(2)
ij , a

(1)
i and a(0) are real uniformly continuous and bounded functions, the matrix

A(2)(x) = [a
(2)
ij (x)] is symmetric and satisfies the uniform ellipticity condition

vTA(2)v ≥ cec||v||2Rd, x ∈ Ω̄, v ∈ R
d

for some cec > 0.

(ii) b
(1)
i and b(0) are continuously differentiable in Ω with bounded derivatives which are

uniformly continuously extendable up to the boundary, and the vector b(1)(x) =

[b
(1)
i (x)] satisfies the uniform nontangentiality condition

inf
x∈∂Ω

|n(x)Tb(1)(x)| > 0.

On the basis of (3.8) we introduce the unbounded operators A0 and A1 on Z = L2(Ω),

D(A0) = H2(Ω) ∩H1
0 (Ω), A0z = A (·, ∂)z for z ∈ D(A0), (3.9a)

D(A1) = {z ∈ H2(Ω) : B(·, ∂)z = 0 in ∂Ω}, A1z = A (·, ∂)z for z ∈ D(A1). (3.9b)

A0 (respectively, A1) is said to be the realization of A (·, ∂) in L2(Ω) with homoge-
neous Dirichlet (respectively, oblique) boundary conditions [216]. We call systems (3.2)
with A = A0 or A = A1 parabolic systems, and the following result shows that the
assumptions for (3.2) with respect to A are satisfied.
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Theorem 3.2 (Cf. [216, Thm. 3.1.3.]). The operator A0 (respectively, A1) is the
infinitesimal generator of an analytic semigroup (S0(t))t≥0 (respectively, (S1(t))t≥0) on
Z = L2(Ω).

In view of Thm. 3.1, we obtain the following corollary.

Corollary 3.2. Consider (3.2) with A = A0 or A = A1. Then for z0 = 0 and u ∈ U =
L2(0, T ;U) the resulting state trajectory z ∈ L2(0, T ;Z) satisfies

z ∈ H2,1((0, T ) × Ω), ||z||H2,1((0,T )×Ω) ≤ c||u||U (3.10)

for some c > 0 independent of u ∈ U . If C ∈ L (Z, Y ) preserves the inherent state
regularity in the sense that

C|H2(Ω) ∈ L (H2(Ω), H2(Ξ)), (3.11)

then Assumption 3.1 is satisfied with α2 = 2, β2 = 1 and arbitrary α1, β1 ∈ N.

Similar results to (3.10) for very general non-homogeneous boundary problems can be
found in [206, Ch. 4].

We present two common examples of parabolic systems which will be the basis of some
numerical investigations in Section 3.7.

Example 3.1. As prototype for a parabolic system, we consider a heat equation in
an isotropic and homogeneous medium with thermal conductivity equal to one and a
temperature fixed to zero at the boundary. In this case, A = A0 coincides with the
Laplace operator with homogeneous Dirichlet boundary conditions,

A0 = △ : D(A0) = H2(Ω) ∩H1
0 (Ω) ⊂ Z → Z. (3.12)

♦

Example 3.2. We consider now the heat equation in Example 3.1 with an insulated
boundary. Then A = A1 coincides with the Laplace operator with homogeneous Neu-
mann boundary conditions, i.e.

A1 = △ : D(A1) = {z ∈ H2(Ω) : nT∇z = 0 on ∂Ω} ⊂ Z → Z. (3.13)

♦

3.3.4. Stokes systems

Stokes equations describe the flow of fluids at very low velocities without convection and
coincide with the linearization of the Navier-Stokes equations around the zero-state. In
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3.3. I/o maps of ∞-dimensional state space systems

their classical formulation, a Stokes control system for incompressible fluids writes for
instance as

∂tv = ν△v −∇p +Bu in (0, T ] × Ω, (3.14a)

0 = ∇ · v in (0, T ] × Ω, (3.14b)

v = 0 on (0, T ] × ∂Ω, (3.14c)

v = v0 in {0} × Ω, (3.14d)

y = Cv in (0, T ] × Ξ. (3.14e)

Here Ω is a bounded domain in R
d with d ≥ 2 filled by a fluid. The constant ν > 0 is

the viscosity of the fluid, the vector field v : [0, T ] × Ω → R
d decribes the velocity field

with initial state v0 : Ω → R
d, and p : [0, T ] × Ω → R is the pressure field. B maps

inputs u ∈ U = L2(0, T ;L2(Θ)) into the set of volume forces f : (0, T ] × Ω → R
d and C

maps velocity fields into the set of outputs Y = L2(0, T ;L2(Ξ)). (3.14a) and (3.14b) are
balance equations for momentum and mass, respectively. (3.14b) is known as continuity
equation, and (3.14c) as no-slip boundary condition modeling that the fluid sticks to the
surrounding walls.

A distributed control via volume forces as presented here can e.g. be realized by
means of heating or by means of Lorentz forces in conducting fluids. Note, however, that
boundary controls and observations are more relevant for most engineering applications
since they are easier to realize in practice.

Stokes systems represent a special type of parabolic systems, requiring a specific
functional-analytical framework, which we introduce now in correspondence to [60, 262].
We define the spaces of vector fields v : Ω → R

d, v = (v1, . . . , vd)
T ,

C∞
0 (Ω)d = {(v1, . . . , vm)T ; vj ∈ C∞

0 (Ω), j = 1, . . . , d},
Hα(Ω)d = {(v1, . . . , vm)T ; vj ∈ Hα(Ω), j = 1, . . . , d}, α ∈ N0

Hα
0 (Ω)d = {(v1, . . . , vm)T ; vj ∈ Hα

0 (Ω), j = 1, . . . , d}, α ∈ N0.

Hα(Ω)d and Hα
0 (Ω)d are Hilbert spaces with the norm

||v||Hα(Ω)d =

(
d∑

n=1

||v||2Hα(Ω)

)1/2

.

Next, we define the following subsets of divergence-free vector fields,

C∞
0,σ(Ω) = {v ∈ C∞

0 (Ω)d : ∇ · v = 0},

L2
σ(Ω) = C∞

0,σ(Ω)
||·||

L2(Ω)d ,

H1
0,σ(Ω) = C∞

0,σ(Ω)
||·||

H1(Ω)d .

We denote by Pσ the orthogonal projection in L2(Ω)d onto L2
σ(Ω). In the literature, Pσ

is known as Helmholtz projection [262, p. 82] or Leray projection [60, p. 9], and L2
σ(Ω)

is orthogonal to the space

{v ∈ L2(Ω)d : there is a function w ∈ L2(Ω) : v = ∇w}.

35



3. Systematic Discretization of Input/Output-Maps

Assuming that Ω has a uniform C2-boundary, we introduce the Stokes operator Aσ :
D(Aσ) ⊂ L2

σ(Ω) → L2
σ(Ω) as

Aσ = νPσ△, D(Aσ) = H2(Ω)d ∩H1
0,σ(Ω). (3.15)

Then −Aσ is a positive self-adjoint operator with dense domain and positive self-adjoint
compact inverse [60, 262].

Theorem 3.3 (Cf. [262, p. 204] and [114]). The Stokes operator Aσ is the infinitesimal
generator of an analytic C0-semigroup of contractions (Sσ(t))t≥0 on Z = L2

σ(Ω).

Setting Z = L2
σ(Ω) and assuming that the control operator, the observation operator,

and the initial value are consistent in the sense that B ∈ L (U,Z), C ∈ L (Z, Y ) and
z0 ∈ Z, we can formulate (3.14) as (3.2) with A = Aσ. Under these assumptions,
we formally obtain (3.2) from (3.14) by applying the Helmholtz projection to (3.14a),
resulting in a vanishing pressure gradient. Note that the continuity equation (3.14b) is
now incorporated in the definition of Z, and the no-slip boundary conditions (3.14c) in
the definition of D(Aσ).

Remark 3.4. By assuming B ∈ L (U,Z) we restrict our considerations to divergence-
free control forces. The treatment of more general forces Bu ∈ L2(Ω)d ⊃ L2

σ(Ω) requires
other analytical tools, similar to the tools needed in the presence of boundary controls,
cf. Section 3.3.6. ♦

For the next result, we introduce the Hilbert space

H2,1
σ ((0, T ) × Ω) := H1(0, T ;L2

σ(Ω)) ∩ L2(0, T ;H2(Ω)d),

with norm ||v||H2,1
σ ((0,T )×Ω) = ||v||H1(0,T ;L2

σ(Ω)) + ||v||L2(0,T ;H2(Ω)d).

As a consequence of Thm. 3.1 and Thm. 3.3 we obtain the following result.

Corollary 3.3. Consider (3.2) with A = Aσ and Z = L2
σ(Ω), and assume that Ω has a

uniform C2-boundary. Then for z0 = 0 and u ∈ L2(0, T ;U) the resulting state trajectory
z ∈ L2(0, T ;Z) satisfies

z ∈ H2,1
σ ((0, T ) × Ω), ||z||

H2,1
σ ((0,T )×Ω)

≤ c||u||U (3.16)

for some c > 0 independent of u ∈ U = L2(0, T ;U). If C ∈ L (Z, Y ) preserves the
inherent state regularity in the sense that

C|H2(Ω)d∩L2
σ(Ω) ∈ L (H2(Ω)d ∩ L2

σ(Ω), H2(Ξ)), (3.17)

where H2(Ω)d∩L2
σ(Ω) is equipped with the H2(Ω)d-norm, then Assumption 3.1 is satisfied

with α2 = 2, β2 = 1 and arbitrary α1, β1 ∈ N.

Property (3.16) is also proved in [262, Thm IV.1.6.3.] using a different technique.
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Remark 3.5. Treating the Stokes equations as an abstract dynamical system in L2
σ(Ω),

the pressure is excluded from our considerations. However, in engineering applications,
the pressure frequently plays an essential role since it is easy to measure, cf. Fig. 1.1.
Therefore, we briefly discuss how the pressure can be reconstructed (see e.g. [262,
Thm.IV.2.6.3]) and how the pressure can be interpreted as an observation of the velocity
field.

In order to consider the Stokes system in a weak formulation including the pressure
term, we introduce the following notation. Let

V := H1
0,σ(Ω), Q := {q ∈ L2(Ω)d :

∫

Ω
q(x) dx = 0}.

The space Q is isometrically isomorphic to L2(Ω)/R, reflecting that the pressure is only
determined up to a constant [271]. There exists an extension Aσ : V → V ∗ of −Aσ as
defined in (3.15). We introduce a ’weak’ divergence operator D : H1

0 (Ω)d → Q∗ via

〈Dv, q〉Q∗,Q = (q,∇ · v)L2(Ω), v ∈ H1
0 (Ω)d, q ∈ Q.

It can be shown that the dual operator D∗ : Q → H−1(Ω)d ⊂ V ∗ is continuously
invertible [82]. Now the weak formulation of the Stokes control system writes as

∂tv + ν Aσv − D∗p = Bu in V ∗,

Dv = 0 in Q∗,

i.e. we seek for a velocity v(t) ∈ V and a pressure p(t) ∈ Q (satisfying in addition
v(0) = v0 for given v0 ∈ L2

σ(Ω)), and we can now consider more general control operators
B : U → V ∗.

Since D∗ is invertible, we have

p = (D∗)−1∂tv + (D∗)−1ν Aσv − (D∗)−1Bu,

provided that ∂tv, Aσv and Bu belong to H−1. This condition is not automatically
satisfied, in view of H−1 ⊂ V ∗. However, for our setting with B ∈ L (U,L2

σ(Ω)) and
v0 = 0 this condition holds. In order to actually calculate p, one usually solves the
so-called pressure Poisson equation, in a distributional sense given by

△p = ∇ · (∂tv(t) − ν△v(t) −Bu(t)) = 0 + boundary conditions.

In order to interpret the pressure as an observation, we define the operators

C1 : D(Aσ) = H2(Ω)d ∩H1
0,σ(Ω) → Q, C1 = −ν(D∗)−1

|L2
σ(Ω)

Aσ,

C2 : L2
σ(Ω) → Q C2 = (D∗)−1

|L2
σ(Ω)

,

D : U → Q D = (D∗)−1
|L2

σ(Ω)
B,

such that
p(t) = C1v(t) + C2∂tv(t) +Du(t).
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3. Systematic Discretization of Input/Output-Maps

Note that the control acts directly on the pressure by means of a feedthrough operator
D, and that C1 is defined only on the subspace D(Aσ) of Z, as it is also the case in
the presence of pointwise and boundary observations, cf. Section 3.3.6. Introducing
an extended variable z(t) = (v(t), ∂tv(t)), it is possible to define an output operator
C = (C1, C2) which better suits the classical observation setting y(t) = Cz(t). ♦

3.3.5. Hyperbolic systems

As a prototype of a hyperbolic system, we here only briefly consider a wave equation,
describing the wave propagation in a homogeneous and isotropic body Ω in R

3 with
C1-boundary ∂Ω,

∂2
ttv = △v +B0u, in (0, T ) × Ω, (3.18a)

v = 0, on (0, T ) × ∂Ω, (3.18b)

v = v0(x), ∂tv(0;x) = v1(x) in Ω, (3.18c)

y = C0v in (0, T ) × Ξ. (3.18d)

where B0 is an appropriate control operator and C0 is an appropriate observation opera-
tor. In order to rewrite this formally as a first order (in t) system, we introduce w = ∂tv.
We set z = (v, w), Z = H1

0 (Ω) × L2(Ω), and define

A×(v, w) = (w,A0v), D(A×) = {(v, w) ∈ Z : △v ∈ L2(Ω), w ∈ H1
0 (Ω)}, (3.19)

where A0 is the Laplace operator with homogeneous Dirichlet boundary conditions in
(3.9a). Defining Bu = (0, B0u) and Cz = C0v, we can interpret (3.18) in the sense of
(3.2).

Theorem 3.4 ([279, Thm.4.6.2]). The operator A× as defined in (3.19) is the generator
of a C0-group of unitary operators on Z. In addition, D(A×) endowed with the graph
norm is continuously embedded into Z.

Though hyperbolic systems like the wave equation do not have the smoothing property
of parabolic systems, they preserve the regularity of the data and Assumption 3.1 can
be satisfied by restricting the input signals to those of higher regularity in time.

Proposition 3.2 ([206, p. 95]). Consider (3.2) with A = A×. For inputs u in Us =
H0,1((0, T ) × Θ) we have

z = (v, w) ∈ H2,2((0, T ) × Ω) ×H0,1((0, T ) × Ω)

with continuous dependence on u.

Corollary 3.4. Consider (3.2) with A = A×. If the output operator C0 preserves space
regularity in the sense that

C0|H2(Ω) ∈ L (H2(Ω), H2(Ξ),

then Assumption 3.1 is satisfied with β1 = 1, α2 = β2 = 2 and any α1 ∈ N.

In the remainder of this section, we briefly discuss systems which do not directly fit
into the discretization concept for i/o maps proposed in this chapter.
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3.3. I/o maps of ∞-dimensional state space systems

3.3.6. Boundary and pointwise control and observation

In this thesis, we only consider bounded control operators B and observation operators
C, which means, by definition, that B ∈ L (U,Z) and C ∈ L (Z, Y ). Bounded B and C
allow to describe distributed controls and observations. We briefly outline the analytical
setting for the treatment of boundary or pointwise controls and observations, for more
details we refer to e.g. [69, 283, 284].

Assume that A : Z ⊃ D(A) → Z is the generator of a C0-semigroup (S(t))t≥0 on a
Hilbert space Z. Let γ ∈ ρ(A) where ρ(A) denotes the resolvent set of A. We introduce
the Hilbert spaces and respective norms

Z1 = D(A), ||z||Z1 = ||(γI −A)z||Z ,

Z−1 = Z
||·||Z−1 , ||z||Z−1 = ||(γI −A)−1z||Z .

One can show that || · ||Z1 is equivalent to the graph norm on D(A), and that the space
Z−1 does not depend on the specific choice of γ. Moreover, Z−1 is in the Hilbert space
setting isomorphic to D(A∗)′, and the operator A : D(A) → Z extends to an operator
A−1 : D(A−1) = Z → Z−1 and the semigroup S(t) on Z extends to a semigroup S−1(t)
on Z−1, generated by A−1.

Control operators B ∈ L (U,Z−1) and observation operators C ∈ L (Z1, Y ) are called
unbounded, and allow to model many boundary and pointwise controls and observations.

Example 3.3. We consider the following heat equation with Dirichlet boundary control,

∂tz = A0z, in (0, T ] × Ω,

z = u(t), on (0, T ] × ∂Ω,

z = z0, in {0} × Ω,

where A0 = △ is the self-adjoint operator in the Hilbert space Z = L2(Ω) as defined in
(3.9a), and z0 ∈ Z. Hence, Z1 = D(A0) = H2(Ω) ∩H1

0 (Ω) and

Z−1 = D(A∗
0)

′ = D(A0)
′ = (H2(Ω) ∩H1

0 (Ω))′

with respect to the pivot space L2(Ω). Setting U = L2(∂Ω) and introducing B∗ ∈
L (Z ′

−1, U
′) = L (D(A∗

0), U) as

B∗φ = −∂nφ|∂Ω, φ ∈ D(A∗
0),

we define B ∈ L (U,Z−1) by transposition as

〈Bu, φ〉Z−1,Z1 = −
∫

L2(∂Ω)
u∂nφ|∂Ω, u ∈ U, φ ∈ Z1.

♦
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3. Systematic Discretization of Input/Output-Maps

We introduce the important concept of admissible control and observation operators.
A priori, for z0 ∈ Z, u ∈ U = L2(0, T ;U) and unbounded B, (3.2) makes sense in Z−1,
with solution

z(t) = S−1(t)z
0 +

∫ t

0
S−1(t− s)Bu(s) ds ∈ Z−1.

B ∈ L (U,Z−1) is called admissible control operator for S(t), if z(t) ∈ Z for all
t ∈ [0, T ] and all u ∈ L2(0, T ;U).
C ∈ L (Z1, Y ) is called admissible observation operator for S(t), if, for every T > 0,

there exists CT > 0 such that
∫ T

0
||CS(t)z0||2Z dt ≤ CT ||z0||2Z , for every z0 ∈ D(A).

A priori, the observation y(t) = Cz(t) makes only sense for states z with z(t) ∈ D(A)
almost everywhere. For admissible observation operators, there exists the so-called Λ-
extension or Lebesgue-extension of C,

CΛz = lim
λ→+∞

Cλ(λI −A)−1z, z ∈ Z,

see [284].
One can prove that the concepts of admissible control and observation operators are

dual, i.e. B ∈ L (U,Z−1) is an admissible control operator for S(t), if and only if
B∗ ∈ L (D(A∗), U ′) is an admissible observation operator for S(t)∗.

Example 3.4. The Dirichlet boundary control operator B in Example 3.3 is admissible.
We show that B∗ is an admissible observation operator. This is the case, if and only if,
for every T > 0 there exists CT > 0 such that for every w0 ∈ Z1, w(t) = S(t)w0 satisfies

∫ T

0
||∂nw|∂Ω(t)||2L2(∂Ω) dt ≤ CT ||w0||2L2(Ω).

This inequality does indeed hold due to the continuity of the trace operator, see e.g.
[46]. ♦

Remark 3.6. Trying to generalize the i/o-discretization concept to systems with bound-
ary control and observation, we note that, even for admissible control and observation
operators, the i/o-map can no longer be be represented as (3.5), since the kernel (3.4) is
no longer well-defined. In fact, the time-integration is essential in order to obtain states
lying in Z, such that the observation can no longer be applied directly to S−1(t−s)Bu(s).
♦

3.3.7. Time-varying linear systems

We briefly consider systems

∂tz(t) = A(t)z(t) +B(t)u(t), t ∈ (0, T ], (3.20a)

z(0) = z0, (3.20b)

y(t) = C(t)z(t), t ∈ [0, T ]. (3.20c)
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3.3. I/o maps of ∞-dimensional state space systems

Here, for every t ∈ [0, T ], let A(t) : Z ⊃ D(A(t)) → Z be a linear operator in Z, and
B(t) ∈ L (U,Z) and C(t) ∈ L (Z, Y ), where U , Y and Z are Hilbert spaces.

We call a two-parameter family of bounded operators S(t, s), 0 ≤ s ≤ t ≤ T on Z an
evolution system if the following conditions are satisfied [232]:

(i) S(s, s) = I, S(t, τ)S(τ, s) = S(t, s) for 0 ≤ s ≤ τ ≤ t ≤ T .

(ii) (t, s) → S(t, s) is strongly continuous for 0 ≤ s ≤ t ≤ T .

Under appropriate assumptions, the family {A(t)}t∈[0,T ] generates an evolution system
(S(t, s))0≤s≤t≤T on Z, and the linear i/o-map G ∈ L (U ,Y) is well-defined by (3.5) but
now with kernel function

K(t, s) = C(t)S(t, s)B(s) ∈ L2([0, T ]2;L2(U, Y )),

where S(t, s) := 0 for s > t, see e.g. [84, 172, 232].

3.3.8. Nonlinear systems

Nonlinearity is inherent to many important physical processes, in particular in fluid
flows. We mention here briefly a class of semi-linear control systems

∂tz(t) = Az(t) + F (t, z(t)) +Bu(t), t ∈ (0, T ], (3.21a)

z(0) = z0, (3.21b)

y(t) = Cz(t), t ∈ [0, T ]. (3.21c)

Here, again, A : Z ⊃ D(A) → Z is a linear closed densely defined operator generating
a C0-semigroup (S(t))t≥0 on the Hilbert space Z, B ∈ L (U,Z) is a bounded input
operator and C ∈ L (Z, Y ) is a bounded output operator with Hilbert spaces U and
Y . The nonlinearity comes in due to the map F : [0, T ] × DF → Z, where DF is an
appropriate subspace of Z like DF = D(A).

A function z ∈ C([0, T ];Z) satisfying the integral equation

z(t) = S(t)z0 +

∫ t

0
S(t− s) (F (s, z(s)) +Bu(s)) ds, t ∈ [0, T ],

is called a mild solution of (3.21).

If a mild solution exists for z0 = 0 and every u ∈ U = L2(0, T ;U), which depends
continuously on u ∈ U , then the continuous nonlinear i/o-map

G : U = L2(0, T ;U) → Y = L2(0, T ;Y ), u 7→ y

can be defined. For general results on corresponding sufficient conditions for A and F ,
we refer to the chapters on nonlinear evolution equations in [232, 258, 270, 272].
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Example 3.5. Exemplarily, we consider the instationary incompressible Navier-Stokes
equations with distributed control,

∂tv = ν△v − (v,∇)v −∇p +Bu in (0, T ] × Ω, (3.22a)

0 = ∇ · v in (0, T ] × Ω, (3.22b)

v = 0 on (0, T ] × ∂Ω, (3.22c)

v = v0 in {0} × Ω, (3.22d)

y = Cv in (0, T ] × Ξ, (3.22e)

with variables defined as for the Stokes equations (3.14). (3.22) can be formulated as
(3.21) by setting

Z = L2
σ(Ω), A = Aσ, F (t, z) = F (z) = Pσ(z,∇)z,

where Aσ = νPσ△ is the Stokes operator introduced in (3.15), Pσ is the Helmholtz
projection, and z the divergence-free velocity, see e.g. [60, p. 47]. For solvability results,
see e.g. [60, 194, 262, 271]. ♦

We briefly address the question of finding linear approximations to the nonlinear i/o-
map G. We assume that F is Fréchet differentiable with respect to z, and denote by
F ′(t, z̄)δz the derivative in (t, z̄) in the direction δz.

Consider two controls ū, û ∈ U , with respective solutions z̄, ẑ ∈ L2(0, T ;Z) of (3.21)
and initial values z̄(0) = ẑ(0) = z0. Defining δu := û − ū and δz := ẑ − z̄, we have for
t ∈ (0, T ] that

∂t δz(t) = Aδz(t) + F (t, ẑ(t)) − F (t, z̄(t)) +B δu(t), (3.23a)

= Aδz(t) + F ′(t, ẑ(t)) δz(t) +B δu(t) +O(||δz(t)||2Z), (3.23b)

δz(0) = 0 (3.23c)

δy(t) = C δz(t) (3.23d)

Hence, we approximate the semilinear system (3.23) by means of a time-varying linear
system

∂t z(t) = Ã(t)z(t) +Bu(t), (3.24a)

z(0) = 0, (3.24b)

y(t) = Cz(t), (3.24c)

with Ã(t) = A + F ′(t, z̄(t)). Assuming that the linear i/o-map G̃ = G̃ū of (3.24) is
well-defined in L (U ,Y), we can locally approximate

G(ū+ δu) ≈ G(ū) + G̃ūδu.

Such an approach may e.g. be useful, if one aims to stabilize the output trajectory
resulting from an open loop control ū by means of feedback corrections δu which can
then be calculated on the basis of the linear model G̃ū.
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3.4. Discretization of signals

3.4.1. Space-time discretization and matrix representation

In order to discretize the input signals u ∈ U and y ∈ Y in space and time, we choose
four families {Uh1}h1>0, {Yh2}h2>0, {Rτ1}τ1>0 and {Sτ2}τ2>0 of subspaces

Uh1 ⊂ U, Yh2 ⊂ Y, Rτ1 ⊂ L2(0, T ), Sτ2 ⊂ L2(0, T )

of finite dimensions p(h1) = dim(Uh1), q(h2) = dim(Yh2), r(τ1) = dim(Rτ1) and s(τ2) =
dim(Sτ2). The orthogonal projections onto these subspaces are denoted by PU,h1 ∈
L (U), PY,h2 ∈ L (Y ), PR,τ1 ∈ L (L2(0, T )), PS,τ2 ∈ L (L2(0, T )), respectively.

We then define

Uh1,τ1 = {u ∈ U : u(t; ·) ∈ Uh1 , u(·; θ) ∈ Rτ1 for almost every t ∈ [0, T ], θ ∈ Θ},
Yh2,τ2 = {y ∈ Y : y(t; ·) ∈ Yh2 , y(·; ξ) ∈ Sτ2 for almost every t ∈ [0, T ], ξ ∈ Ξ}.

We denote the orthogonal projections onto these subspaces by PU ,h1,τ1 ∈ L (U) and
PY,h2,τ2 ∈ L (Y). As first step of the approximation of G, we define

GS = GS(h1, τ1, h2, τ2) = PY,h2,τ2GPU ,h1,τ1 ∈ L (U ,Y). (3.25)

In order to obtain a matrix representation of GS , we introduce families of bases
{µ1, . . . , µp} of Uh1 , {ν1, . . . , νq} of Yh2 , {φ1, . . . , φr} of Rτ1 and {ψ1, . . . , ψs} of Sτ2
and corresponding mass matrices MU,h1 ∈ R

p×p, MY,h2 ∈ R
q×q, MR,τ1 ∈ R

r×r and
MS,τ2 ∈ R

s×s, for instance via

[MU,h1 ]ij = (µj , µi)U , i, j = 1, . . . , p.

These mass matrices induce, for instance via

(v,w)p;w = vTMU,h1w for all v,w ∈ R
p,

weighted scalar products and corresponding norms in the respective spaces, which we
indicate by a subscript w, like R

p
w with (·, ·)p;w and || · ||p;w, in contrast to the canonical

spaces like R
p with (·, ·)p and || · ||p. We represent signals u ∈ Uh1,τ1 and y ∈ Yh2,τ2 as

u(t; θ) =

p
∑

k=1

r∑

i=1

uki φi(t)µk(θ), y(t; ξ) =

q
∑

l=1

s∑

j=1

yljψj(t)νk(ξ), (3.26)

where uki are the elements of a block-structured vector u ∈ R
pr with p blocks uk ∈ R

r,
and the vector y ∈ R

qs is defined similarly.

Remark 3.7. We represent input and output signals by means of tensor-product bases
with separate basis functions for the space and for the time dependence. In the next
section, this choice will turn out to be useful in order to approximate the dynamics of
linear time-invariant systems in an efficient way. ♦
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In view of (3.26), we have

||u||U = ||u||pr;w, u ∈ Uh1,τ1 , and ||y||Y = ||y||qs;w, y ∈ Yh2,τ2 ,

where || · ||pr;w and || · ||qs;w denote the weighted norms with respect to the mass matrices

MU ,h1,τ1 = MU,h1 ⊗ MR,τ1 ∈ R
pr×pr, MY,h2,τ2 = MY,h2 ⊗ MS,τ2 ∈ R

qs×qs,

i.e. the corresponding coordinate isomorphisms

κU ,h1,τ1 : Uh1,τ1 → R
pr
w , u 7→ u, and κY,h2,τ2 : Yh2,τ2 → R

qs
w , y 7→ y

are unitary mappings. Finally, we obtain a matrix representation G of GS by setting

G = G(h1, τ1, h2, τ2) = κYPYGPUκ
−1
U ∈ R

qs×pr, (3.27)

where the dependencies on h1, τ1, h2, τ2 have been partially omitted. Considering

H = H(h1, τ1, h2, τ2) := MY,h2,τ2G ∈ R
qs×pr

as a block-structured matrix with q× p blocks Hkl ∈ R
s×r and block elements Hkl

ij ∈ R,
we obtain the element-wise representation

Hkl
ij = [MYκYPYG(µlφj)]

k
i = (νkψi,G(µlφj))Y . (3.28)

Remark 3.8. Alternatively, H can be considered as a fourth-order tensor in R
s×r×q×p

with elements Hijkl = Hkl
ij . ♦

To have a discrete analogon of the L (U ,Y)-norm, for given Uh1,τ1 and Yh2,τ2 we
introduce the weighted matrix norm

||G(h1, τ1, h2, τ2)||qs×pr;w := sup
u∈Rpr

||Gu||qs;w
||u||pr;w

= ||M1/2
Y,h2,τ2

GM
−1/2
U ,h1,τ1

||qs×pr, (3.29)

and we write (h′1, τ
′
1, h

′
2, τ

′
2) ≤ (h1, τ1, h2, τ2) if the inequality holds component-wise.

Lemma 3.2. For all (h1, τ1, h2, τ2) ∈ R
4
+, we have

||G(h1, τ1, h2, τ2)||qs×pr;w = ||GS(h1, τ1, h2, τ2)||L (U ,Y) ≤ ||G||L (U ,Y). (3.30)

If the subspaces {Uh1,τ1}h1,τ1>0 and {Yh2,τ2}h2,τ2>0 are nested in the sense that

Uh1,τ1 ⊂ Uh′1,τ ′1 , Yh2,τ2 ⊂ Yh′2,τ ′2 for (h′1, τ
′
1, h

′
2, τ

′
2) ≤ (h1, τ1, h2, τ2), (3.31)

then ||G(h1, τ1, h2, τ2)||qs×pr;w monotonically increases for decreasing (h1, τ1, h2, τ2) ∈
R

4
+, and ||G(h1, τ1, h2, τ2)||qs×pr;w is convergent for (h1, τ1, h2, τ2) ց 0.
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Proof. In order to show (3.30), we calculate

||GS ||L (U ,Y)= sup
u∈Uh1,τ1

||PY,h2,τ2Gu||Y
||u||U

≤ sup
u∈Uh1,τ1

||Gu||Y
||u||U

≤ ||G||L (U ,Y),

and observe that for u ∈ Uh1,τ1 and u = κU ,h1,τ1u ∈ R
pr, we have

||GSu||Y = ||κ−1
Y,h2,τ2

GκU ,h1,τ1PU ,h1,τ1u||Y = ||Gu||qs;w ≤ ||G||qs×pr;w||u||U ,
||Gu||qs;w ≤ ||κY,h2,τ2GSκ

−1
U ,h1,τ1

u||qs;w = ||GSu||Y ≤ ||GS ||L (U ,Y ||u||pr;w,

and hence ||G||qs×pr;w = ||Gs||L (U ,Y). Assume that (3.31) holds. Since ||PY,h2,τ2y||Y ≤
||PY,h′2,τ

′
2
y||Y for all y ∈ Y , we have

||GS(h1, τ1, h2, τ2)||qs×pr;w ≤ sup
u∈Uh′

1,τ ′1

||PY,h′2,τ
′
2
Gu||Y

||u||U
= ||GS(h′1, τ

′
1, h

′
2, τ

′
2)||q′s′×p′r′;w.

Hence, (3.30) ensures the convergence of ||GS(h1, τ1, h2, τ2)||qs×pr;w.

3.4.2. An examplary signal discretization

As an example, consider the case U = Y = L2(0, 1), and choose Uh1 and Yh2 as spaces
of continuous piecewise linear functions and Rτ1 and Sτ2 as spaces of piecewise constant
functions, all with respect to equidistant grids:

For p ∈ N, p ≥ 2 and h1(p) = 1/(p − 1), let Th1 = {Ik}1≤k≤p−1 be the equidistant
partition of (0, 1] into intervals Ik = ((k − 1)h1, kh1]. The corresponding space Uh1 of
continuous piecewise linear functions is, for instance, spanned by the nodal basis

{µ(h1)
1 , . . . , µ

(h1)
p(h1)

} ⊂ Uh1 , with µ
(h1)
l (kh1) = δl−1,k, k = 0, . . . , p,

i.e. the µ
(h1)
k are the well-known hat functions. The subspaces {Uh1} are nested if the

choice is restricted to h1 ∈ {2−n}n∈N0 and p ∈ {2n + 1}n∈N0 . Since the nodal bases of
Uh1 and Uh′1 do not have any common element for h1 6= h′1, one may prefer to choose a
hierarchical basis of finite element functions µ̂l, as in Fig. 3.2, see e.g. [291], [292]. Then,
Uh1 = span{µ̂1, . . . , µ̂p(h1)} for all h1 ∈ {2−n}n∈N0 with basis functions µ̂k independent
of h1.

For r ∈ N and τ1 = T/r, let Γτ1 = {Ij}1≤j≤r be the equidistant partition of (0, T ]
into intervals Ij = ((j − 1)τ1, jτ1]. The corresponding space Rτ1 of piecewise constant
functions is, for instance, spanned by the nodal basis of orthogonal functions

{φ(τ1)
1 (t), . . . , φ(τ1)

r (t)}, with φ
(τ1)
j (t) = χIj (t), j = 1, . . . , r. (3.32)

The spaces are nested by requiring that τ1 ∈ {2−nT}n∈N0 . An orthonormal hierarchical
basis for Rτ1 is obtained by choosing φj as Haar-wavelets, cf. Fig. 3.3 and [58].
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Figure 3.2.: Hierarchical basis for L2(0, 1)-subspaces of piecewise linear functions: (a) µ1

and µ2 (b) µ3 (c) µ4 and µ5 (d) µ6, . . . , µ9.
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Figure 3.3.: Haar wavelet basis for L2(0, 1)-subspaces of piecewise constant functions:
(a) φ1 (b) φ2 (c) φ3 and φ4 (d) φ5, . . . , φ8.

Denoting the orthogonal projections onto Uh1 and Rτ1 by PU,h1 and PR,τ1 , respectively,
the Poincaré-Friedrich’s inequality shows that there exist constants cU = 1/2 and cR =
1/

√
2, independent of h1, τ1 and T , such that

||u− PUh1
u||L2(0,1) ≤ cUh

2
1||∂2

ξu||L2(0,1) for u ∈ H2(0, 1), (3.33a)

||v − PRτ1
v||L2(0,T ) ≤ cRτ1||∂tv||L2(0,T ) for v ∈ H1(0, T ), (3.33b)

see e.g. [56, 293]. By Fubini’s theorem, it follows that the corresponding projection
PU ,h1,τ1 onto Uh1,τ1 = {u ∈ U , u|Ij ≡ u(j), u(j) ∈ Uh1 , j = 1, . . . , r} satisfies

||u− PU ,h1,τ1u||U ≤ (cUh
2
1 + cRτ1)||u||Us for all u ∈ Us = H2,1((0, T ) × (0, 1)). (3.34)

We define Yh2 ,Rτ2 and Yh2,τ2 accordingly and a corresponding estimate as (3.34) holds
for the projection PY,h2,τ2y of elements y ∈ Ys = Us.

Remark 3.9. Estimates similar to (3.34) also exist for domains Θ ⊂ R
d with d ≥

1 and are classical results from the interpolation theory in Sobolev spaces, see e.g.
[56]. Note that the interpolation constants then often have to be estimated numerically.
Estimates with higher approximation orders can be obtained if ansatz functions of higher
polynomial degree are used and if the input and output signals exhibit corresponding
higher regularity in space and time. ♦
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3.4. Discretization of signals

Remark 3.10. As we will see later, the eigenvalues of the mass matrices MU,h1 and
MY,h2 occur in some versions of the error estimates. Choosing, for instance, a nodal
basis in Uh1 , the eigenvalues of the corresponding mass matrix MU,h1 satisfy,

cλh1 ≤ λmin(MU,h1) ≤ λmax(MU,h1) ≤ Cλh1, (3.35)

with two positive constants cλ, Cλ independent of h1, see e.g. [280]. Choosing a hierar-
chical basis, we observe numerically that the eigenvalues of the mass matrices satisfy

c′λh1 ≤ λmin(MU,h1) ≤ λmax(MU,h1) ≤ C ′
λ, (3.36)

see Appendix A.2, where also numerical estimates for cλ, Cλ, c
′
λ and C ′

λ are calculated.
♦

3.4.3. Interpretation as discrete-time multi-input-multi-output system

GS can be considered as a generalization of a classical linear discrete-time multi-input-
multi-output (MIMO) system. Input signals u ∈ Uh1,τ1 and output signals y ∈ Yh2,τ2 can
be uniquely represented by finite sequences

{u1, . . . ,ur} ⊂ R
p, {ỹ1, . . . , ỹs} ⊂ R

q,

with coefficient vectors ui = (u1
i , . . . ,u

p
i )
T and ỹi = (ỹ1

i , . . . , ỹ
q
i )
T , where u = κU ,h1,τ1u

and ỹ = MY,h2,τ2κY,h2,τ2y. Hence, y = GSu writes as

Σ : ỹi =
∑

j∈Z

Hijuj , i ∈ Z, (3.37)

where Hij = [Hkl
ij ]kl ∈ R

q×p for 1 ≤ i ≤ s and 1 ≤ j ≤ r, and we define Hij := 0 ∈ R
q×p

for other i, j ∈ Z. (3.37) is the external representation of a general linear discrete-time
system Σ with p input channels and q output channels, see e.g. [4]. In this context,
uj (resp. ỹj) usually denotes the input value (resp. output value) at the point of time
tj = jτ with some fixed time step size τ . Σ is called causal if Hij = 0 for j > i and Σ is
called time-invariant if Hij = Hi−j . For a time-invariant system, the sequence of q × p
constant matrices hΣ = (. . . ,H−2,H−1,H0,H1,H2, . . . ) is called the impulse response
of Σ because it is the output obtained to a unit impulse uj = δ0,j. Here δi,j denotes
the Kronecker symbol, and δ0,j can be interpreted as the discrete version of the Dirac
delta distribution. For a causal time-invariant system, the matrices H0,H1, . . . are often
referred to as the Markov parameters of Σ.

The causality and time-invariance of the i/o-map G (cf. Remark 3.1) transfer to the
causality and time-invariance of Σ if the time basis functions φj and ψi are chosen in
an appropriate way. Choosing, for instance, φ1 = ψ1, . . . , φr = ψr as in (3.32) for some
r = s ∈ N and τ = τ1 = τ2 = 1/r, the matrices Hkl ∈ R

r×r are lower triangular
Toeplitz matrices (cf. Appendix A.2) and uj and ỹj can be interpreted as signal values
at time tj = jτ , cf. Remark 3.13. Note that all φj and ψi satisfying φj = σ(j−1)τφ1 and
ψi = σ(i−1)τψ1 will also ensure this property.
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3. Systematic Discretization of Input/Output-Maps

The problem of finding an internal or state space representation of Σ,

zj+1 = Azj + Bzj,

ỹj = Czj + Duj ,

with matrices A ∈ R
n×n, B ∈ R

n×p, C ∈ R
q×n and D ∈ R

q×p of minimal state space
dimension n is referred to as minimal partial realization problem, and in particular for
causal time-invariant systems of small sizes, many algorithms exist to solve it, see e.g.
[35, 75, 218].

3.4.4. Signal approximation error estimates

We first consider the signal error ǫs with respect to the L (U ,Y)-norm.

Lemma 3.3. The signal approximation error ǫs := ||G − GS ||L (U ,Y) decomposes into
ǫs = ǫs,inp + ǫs,outp with

ǫs,inp := sup
u∈kerPU,h1,τ1

||Gu||Y
||u||U

, ǫs,outp := max
u∈Uh1,τ1

||(I − PY,h2,τ2)Gu)||Y
||u||U

.

Proof. On the one hand, we estimate

ǫs ≤ ||G(I − PU ,h1,τ1)||L (U ,Y) + ||(I − PY,h2,τ2)GPU ,h1,τ1 ||L (U ,Y) (3.38)

and observe that

ǫs,inp = ||G(I − PU ,h1,τ1)||L (U ,Y), ǫs,outp = ||(I − PY,h2,τ2)GPU ,h1,τ1 ||L (U ,Y).

On the other hand, we show ǫs ≥ ǫs,inp + ǫs,outp. Consider a sequence uj = u∗ + u′j ,
where

u∗ := argmax
u∈Uh1,τ1

||(I − PY,h2,τ2)Gu)||Y
||u||U

,

and where (u′j)j ⊂ kerPU ,h1,τ1 is a supremal sequence, i.e.

lim
j→∞

||Gu′j ||Y
||u′j||U

= ǫs,inp.

Then, ||(G − GS)uj||Y/||uj||U tends to ǫs,inp + ǫs,outp, yielding a lower bound for ǫs.

The next remarks show that we can only hope for a good approximation in || · ||L (U ,Y)

if the subspaces Uh1,τ1 and Yh2,τ2 can be chosen specifically for G such that output signals
from input signals u ∈ Uh1,τ1 are well approximated in Yh2,τ2 and that neglected input
signal components in kerPU ,h1,τ1 only lead to small output signals.
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3.4. Discretization of signals

Remark 3.11. A usual requirement for families of approximating subspaces Uh1,τ1 and
Yh2,τ2 is that they become dense if h1, τ1, h2, τ2 → 0. We note that this condition implies
that ||(G−GS)u||Y → 0 for every u ∈ U , but does not guarantee the uniform convergence
||G−GS ||L (U ,Y) → 0. Considering, for instance, the identity operator G = Id ∈ L (U ,Y)
in the case U = Y , ǫs,inp equals one for every finite-dimensional Uh1,τ1 . Similar effects
can be expected for operators with feedthrough components acting between infinite-
dimensional subspaces. ♦

Remark 3.12. If G ∈ L (U ,Y) is a compact operator, then there exist orthonormal
systems {û1, û2 . . . } of U and {ŷ1, ŷ2, . . . } of Y and nonnegative numbers σ1 ≥ σ2 ≥ . . .
with σk → 0 such that

Gu =

∞∑

k=1

σk(u, ûk)U ŷk, for all u ∈ U ,

see e.g. [287]. The numbers σ2
k are the eigenvalues of G

∗
G with counted multiplicity,

the numbers σk are called singular values of G. Choosing Uh1,τ1 and Yh2,τ2 as the span
of û1, . . . , ûr and ŷ1, . . . , ŷs, respectively, with s = r and r ∈ N, we obtain an efficient
approximation GS of G with ||G − GS ||L (U ,Y) ≤ σr+1. ♦

Next we consider the case where less specific information about G is available and
we only know that Assumption 3.1 is satisfied with some α1, α2, β1, β2 ∈ N ⊂ N0, i.e.
G|Us

∈ L (Us,Ys) with spaces of higher regularity in space and time

Us = Hα1,β1((0, T ) × Θ), Ys = Hα2,β2((0, T ) × Ξ),

as defined in (1.1). Such a situation holds, for instance, for many parabolic systems in
view of Cor. 3.2.

Choosing Uh1 , Yh2 , Rτ1 and Sτ2 e.g. as spaces of piecewise polynomial functions of
appropriate degrees one can achieve estimates

||u− PU ,h1,τ1u||U ≤ (cRτ
β1
1 + cUh

α1
1 )||u||Us, u ∈ Us, (3.39a)

||y − PY,h2,τ2y||Y ≤ (cSτ
β2
2 + cY h

α2
2 )||y||Ys, y ∈ Ys, (3.39b)

with positive interpolation constants cR, cS , cU and cY , cf. (3.33) and refer e.g. to [56]
for interpolation theory in Sobolev spaces in the case of more general settings.

Theorem 3.5. Assume that G is an i/o-map such that Assumption 3.1 holds for some
α1, α2, β1, β2 ∈ N. Assume further that Uh1 , Yh2, Rτ1 and Sτ2 are chosen such that
(3.39) holds with positive interpolation constants cU , cY , cR and cS . In this case we
have

||G − GS ||L (Us,Y) ≤ c′Uh
α1
1 + c′Rτ

β1
1 + c′Y h

α2
2 + c′Sτ

β2
2 , (3.40)

with c′U = ||G||L (U ,Y)cU , c′Y = ||G||L (Us,Ys)cY , c′R = ||G||L (U ,Y)cR and c′S = ||G||L (Us,Ys)cS ,
being independent of h1, h2, τ1, τ2 and T .
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3. Systematic Discretization of Input/Output-Maps

Proof. For u ∈ Us, we have

||Gu− GSu||Y ≤ ||Gu− PY,h2,τ2Gu||Y + ||PY,h2,τ2Gu− PY,h2,τ2GPU ,h1,τ1u||Y ,
≤ (cSτ

β2
2 + cY h

α2
2 )||Gu||Ys + (cRτ

β1
1 + cUh

α1
1 )||PY ||L (Y)||G||L (U ,Y)||u||Us,

≤
{

(cSτ
β2
2 + cY h

α2
2 )||G||L (Urs,Ys) + (cRτ

β1
1 + cUh

α1
1 )||G||L (U ,Y)

}

||u||Us,

which concludes the proof.

3.5. Approximation of system dynamics

In this section, we discuss the efficient approximation of GS , respectively of its matrix
representation G = M−1

Y H. For general linear systems, H can be calculated by testing
the output corresponding to each input basis function of Uh1,τ1 against all output basis
functions of Yh2,τ2 . For time-invariant systems with distributed control and observation,
this task reduces to the approximation of the convolution kernel K ∈ L2(0, T ; L (U, Y )).

3.5.1. Kernel function approximation

Inserting (3.5) in (3.28), by a change of variables we obtain

Hkl
ij =

∫ T

0

∫ T

0
ψi(t)φj(s)(νk,K(t− s)µl)Y ds dt =

∫ T

0
Wij(t)Kkl(t) dt

with matrix-valued functions W : [0, T ] → R
s×r and K : [0, T ] → R

q×p,

Wij(t) =

∫ T−t

0
ψi(t+ s)φj(s) ds, Kkl(t) = (νk,K(t)µl)Y ,

and thus

H = MYG =

∫ T

0
K(t) ⊗ W(t) dt. (3.42)

Remark 3.13. W(t) can be exactly calculated if piecewise polynomial ansatz functions
ψi(t) and φj(t) are chosen, see e.g. Appendix A.2. For the special choice (3.32), we see
in this way that W(t) ∈ R

r×r is a lower triangular Toeplitz matrix for all t ∈ [0, T ], and

hence the matrices Hij =
∫ T
0 Wij(t)K(t) dt ∈ R

q×p satisfy Hij = Hi−j for 1 ≤ i, j ≤ r
and Hij = 0 for 1 ≤ i < j ≤ r. In view of Section 3.4.3, the Hij are thus the Markov
parameters of a discrete-time linear time-invariant causal MIMO system. ♦

For systems of the form (3.2), the matrix-valued function K is given by

Kkl(t) = (νk, CS(t)Bµl)Y = (c∗k, S(t)bl)Z ,

where c∗k = C∗νk ∈ Z and bl = Bµl for k = 1, . . . , q and l = 1, . . . , p. Hence, K can be
calculated by solving p homogeneous systems

żl(t) = Azl(t), t ∈ (0, T ], (3.43a)

zl(0) = bl, (3.43b)
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3.5. Approximation of system dynamics

since (3.43) has the mild solution zl(t) = S(t)bl ∈ C([0, T ];L2(Ω)). We obtain an
approximation H̃ of H by replacing zl(t) by numerical approximations zl,tol(t), i.e.

H̃ =

∫ T

0
K̃(t) ⊗ W(t) dt, (3.44)

with K̃kl(t) = (νk, Czl,tol(t))Y = (c∗k, zl,tol(t))Z . Here the subscript tol indicates that
the error zl− zl,tol is assumed to satisfy some tolerance criterion which will be specified
later. The corresponding approximation GDS of GS is given by

GDS = κ−1
Y G̃κUPU , with G̃ = M−1

Y H̃ (3.45)

and depends on h1, h2, τ1, τ2 and tol.

Remark 3.14. The matrix function K is approximated column-wise. The kernel may
also be calculated row-wise,

K̃kl(t) = (B∗zk,tol(t), µl)U = (zk,tol(t), bl)Z ,

where now the zk,tol are numerical solutions of the adjoint autonomous systems

żk(t) = A∗zk(t), t ∈ (0, T ], (3.46a)

zk(0) = c∗k. (3.46b)

This may be preferable if the control system has only a small number of outputs, i.e.
q ≪ p. Moreover, the output approximation can be successively improved by adding
further basis functions νq+1, νq+2, . . . in this way. ♦

Remark 3.15. The calculation of H̃ can be parallelized in an obvious way by calcu-
lating the p solutions zl,tol in parallel and we note that no state trajectories have to
be stored but only the observations. In general, the matrix H̃ is not sparse, such that
the memory requirements become significant if a high resolution of the signals in space
and time is required, and the question of a data-sparse representation arises. Recall-
ing Remark 3.13, the blocks H̃kl are lower triangular Toeplitz matrices for the special
choice of time basis funtions (3.32) and thus only q · p · r elements have to be stored.
Another approach to obtain data-sparse representations uses approximate factorizations
Ǩkl(t−s) =

∑M
m,n=1 βmnLm(t)Ln(s) for s, t ∈ [0, T ] with suitable ansatz functions Ln(t),

see e.g. [134]. ♦

3.5.2. Dynamics approximation error

The following proposition relates the system dynamics error ǫD to the errors made in
solving the PDE (3.43) for l = 1, . . . , p.

Theorem 3.6. The system dynamics error ǫD := ||GS − GDS||L (U ,Y) satisfies

ǫD ≤
√
T ||K− K̃||L2(0,T ;Rq×p

w ) ≤ p
√
T

√

λmax(MY,h2)

λmin(MU,h1)
max
1≤l≤p

||K:,l − K̃:,l||L2(0,T ;Rq). (3.47)
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3. Systematic Discretization of Input/Output-Maps

Here K:,l and K̃:,l denote the l’th column of K(t) and K̃(t), respectively, λmax(MY,h2)
is the largest eigenvalue of MY,h2 and λmin(MU,h1) the smallest eigenvalue of MU,h1 .
R
q×p
w denotes the space of real q × p-matrices equipped with the weighted matrix norm

||M||q×p;w = supu6=0 ||Mu||q;w/||u||p;w.

Proof. K is the matrix function representation of the space-projected kernel function
Km : [−T, T ] → L (U, Y ) with Km(t) = PY,h2K(t)PU,h1 , where PY,h2 and PU,h1 are the
orthogonal projections onto the subspaces Yh2 and Uh1 , respectively. Introducing the
corresponding i/o-map Gm = Gm(h1, h2),

(Gmu)(t) =

∫ T

0
Km(t− s)u(s) ds, t ∈ [0, T ]. (3.48)

we note that GS = PY,h2,τ2GmPU ,h1,τ1 . Similarly, we associate with K̃(t) the kernel func-
tion K̃ : [−T, T ] → L (U, Y ) with K̃(t) = κ−1

Y,h2
K̃(t)κU,h1PU,h1 , and with corresponding

i/o-map

(GDu)(t) =

∫ T

0
K̃(t− s)u(s) ds, t ∈ [0, T ]. (3.49)

We observe that GDS as defined in (3.45) satisfies GDS = PY,h2,τ2GDPU ,h1,τ1 by showing
according to (3.27)-(3.28) and (3.42) that the matrix representation of PY,h2,τ2GDPU ,h1,τ1

coincides with (3.44). We note that ||Km(t)||L (U,Y ) = ||K(t)||q×p;w and ||K̃(t)||L (U,Y ) =

||K̃(t)||q×p;w for all t ∈ [0, T ]. Hence, Lemma 3.1 yields

||Gm − GD||L (U ,Y) ≤
√
T ||Km − K̃||L2(0,T ;L (U,Y )) =

√
T ||K− K̃||

L2(0,T ;Rq×p
w )

.

Defining E(t) = K(t) − K̃(t), for u ∈ R
p with ||u||Rp = 1 and t ∈ [0, T ], by using the

equivalence of the 1-norm and 2-vector norms in R
p we have that

||E(t)u||Rq ≤
p
∑

l=1

|ul|||E:,l(t)||Rq ≤ √
p

(
p
∑

l=1

||E:,l(t)||2Rq

)1/2

and hence

||E||2L2(0,T ;Rq×p) ≤ p

p
∑

l=1

∫ T

0
||E:,l(t)||2Rq dt ≤ p2 max

l=1,...,p

∫ T

0
||E:,l(t)||2Rq dt,

which concludes the proof.

Remark 3.16. Calculating directly the columns of K and estimating ǫD via (3.47), the
quotient of the eigenvalues of the mass matrices MU,h1 and MY,h2 has to be compensated
by the approximation accuracy of K:,l. This may be problematic if hierarchical basis
functions are chosen, since the quotient grows unboundedly with decreasing h1 and h2,
cf. Remark 3.10 and Appendix A.2. One may circumvent this problem by calculating K
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3.5. Approximation of system dynamics

with respect to different bases. Approximating the columns of Kw(t) = M
1/2
Y K(t)M

−1/2
U

via an adapted problem (3.43), we have

ǫD ≤ p
√
T max

1≤l≤p
||Kw

:,l − K̃w
:,l||L2(0,T ;Rq). (3.50)

Note that the necessary back transformations have to be carried out with sufficient
accuracy. ♦

3.5.3. Error estimation for the homogeneous PDE

In order to approximate the system dynamics, the homogeneous PDE (3.43) has to be
solved via a fully-discrete numerical scheme for p different initial values.

Numerical schemes are often based on a weak formulation of the abstract evolution
system (3.43), which can be derived as follows. For ease of presentation, we assume that
Â = −A is a self-adjoint positive definite operator with compact inverse. Then we can
define Â1/2 : D(Â1/2) → Z as the self-adjoint operator

Âz =

∞∑

i=1

λ
1/2
i (z, ei)ei, z ∈ D(Â1/2) = {v ∈ Z :

∞∑

i=1

λi(ei, v)
2
Z <∞}

where the λi and the ei are the eigenvalues and eigenfunctions of Â, see e.g. [274, Ch.12].
We can extend the bilinear form â : D(Â)×D(Â) → R, â(v, w) = (Âv, w)Z in a natural
way to

â : D(Â1/2) ×D(Â1/2) → R, â(v, w) = (Â1/2v, Â1/2w)Z .

Defining V = D(Â1/2) and

W (0, T ) = {z ∈ L2(0, T ;V ) : ∂tz ∈ L2(0, T ;V ′)},

where V ′ denotes the dual space of V with respect to the pivot space Z, the weak
formulation of (3.43) is now the following. Find zl ∈W (0, T ) such that

〈∂tzl, v〉V ′,V + â(zl, v) = 0 for all v ∈ V and a.e. t ∈ (0, T ] (3.51)

and zl(0) = bl ∈ Z. The initial condition makes sense, since W (0, T ) is continuously
embedded in C([0, T ];Z), see e.g. [93, Thm. 5.9.3]. If â is bounded and satisfies
a Garding inequality, then a unique weak solution zl ∈ W (0, T ) of (3.51) exists, see
e.g. [83]. A classic approach to solve (3.51) is the following. First a Galerkin space
discretization is carried out by restricting (3.51) to a finite-dimensional subspace Vh3 ⊂ V
and searching for a solution zl,h3 ∈ L2(0, T ;Vh3). The resulting ODE for the time-
dependent coefficients of zl,h3 with respect to a basis in Vh3 is then calculated by means
of standard (stiff) ODE solvers with step size control [137, 218].

Remark 3.17. For the heat equation in Example 3.1, i.e. A = △ with D(A) = H2(Ω)∩
H1

0 (Ω), we have V = H1
0 (Ω) and â(v, w) = (∇v,∇w)L2(Ω), and thus a unique weak

solution of (3.51) exists. Assuming that Vh3 consists of continuous piecewise linear
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3. Systematic Discretization of Input/Output-Maps

functions with respect to a quasi-uniform triangulation of Ω with maximal mesh size h3,
there exists a positive constants c such that the solution zl of (3.51) and its Galerkin
approximation zl,h3 with values in Vh3 satisfy the a priori estimate

||zl − zl,h3 ||L∞(0,T ;L2(Ω)) ≤ C(1 + |log(T/h2
3)|) max

t∈(0,T )
h2

3||zl(t)||H2(Ω), (3.52)

see e.g. [274]. ♦

Remark 3.18. For the Stokes equations, we obtain V = D(A
1/2
σ ) = H1

0,σ(Ω), see [262,
p. 133]. Note that the explicit formulation of â(·, ·) is not possible, since no explicit
representation of the Helmholtz projection exists. Working with divergence-free ansatz
functions, the Galerkin projection rightly projects into L2

σ(Ω), but does not coincide
with the L2(Ω)d-orthogonal Helmholtz projection. This is one reason why the numerical
solution of the Stokes equations is far more challenging then the solution of the heat
equation, more details will be given in Section 3.7.1 and Appendix A.1. ♦

We will discuss the numerical solution of systems (3.51) in Section 3.7.1 and Chapter 4
in detail. Let us here just make some general remarks about the specific requirements
that the numerical schemes should satisfy.

The first requirement is reliability, i.e. the time and space discretizations have to be
chosen such that

||K:,l − K̃:,l||L2(0,T ;Rq) < tol resp. ||Kw
:,l − K̃w

:,l||L2(0,T ;Rq) < tol (3.53)

is guaranteed for a given tol > 0.

The second requirement is efficiency, i.e. the accuracy (3.53) has to be obtained in an
economic way, for instance with a minimal number of degrees of freedom to solve for.

We point out that a special difficulty in solving (3.43) numerically is the handling
of initial values bl, which belong in general only to Z (but not necessarily to D(A))
and lead to so-called non-smooth initial transients [174]. Considering the example heat
equation, this means that the space and time derivatives of the exact solution zl ∈
C1((0, T ], H2(Ω) ∩ H1

0 (Ω)) may become very large for small t, but decay quickly for
t > 0, such that we only have bounds like

||∂tz(t)||L2(Ω) = ||△z(t)||L2(Ω) ≤
c

t
||z0||L2(Ω) for all t ∈ (0, T ],

with some constant c > 0 independent of z0 and T , cf. [174, p. 148]. Hence, a priori
estimates of the form (3.52) are not very helpful when dealing with nonsmooth initial
values.

A good way to treat such nonsmooth initial transients and to meet the reliability and
efficiency requirements is to use adaptive space and time discretizations on the basis of
a posteriori error estimates [2, 28, 85]. Discontinuous Galerkin time discretizations in
combination with standard Galerkin space discretizations provide an appropriate frame-
work to derive corresponding (a priori and a posteriori) error estimates, also for the case
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3.6. Total error estimates

of adaptively refined grids which are in general no longer quasi-uniform [87, 174, 274].
We distinguish two types of error estimates.

Global state error estimates measure the error (zl − zl,tol) in some global norm. For
parabolic problems, a priori and a posteriori estimates for the error in L∞(0, T ;L2(Ω))
and L∞(0, T ;L∞(Ω)) can be found e.g. in [87]. Such results permit to guarantee (3.53)
in view of

||K:,l − K̃:,l||L2(0,T ;Rq) ≤ ||C||L (Z,Y )

(
q
∑

i=1

||νi||2Y

)1/2

||zl − zl,tol||L2(0,T ;Z). (3.54)

Goal-oriented error estimates can be used to control the error ||K:,l − K̃:,l||L2(0,T ;Rq)

directly. This option is based on the so-called dual-weighted residuals (DWR) approach
and will be discussed in Chapter 4 in detail. The choice of this option may be advanta-
geous, since (3.54) may be very conservative: the error in the observations K:,l can be
small even if some norm of the state error is large.

The previous discussion justifies the following assumption.

Assumption 3.2. Given a tolerance tol > 0, we can ensure (by using appropriate error
estimators and mesh refinements) that the solutions zl of (3.43) and the solutions zl,tol
calculated by means of an appropriate fully-discrete numerical scheme satisfy

||K:,l − K̃:,l||L2(0,T ;Rq) < tol, l = 1, . . . , p. (3.55)

3.6. Total error estimates

In this section we present estimates for the total error in the approximation of G and
of its adjoint G

∗. Using general-purpose ansatz spaces Uh1,τ1 and Yh2,τ2 for the signal
approximation, we only obtain error results in a weaker L (Us,Y)-norm respectively
L (Ys,U)-norm.

Theorem 3.7. Consider the i/o map G ∈ L (U ,Y) of the infinite-dimensional linear
time-invariant system (3.5) and assume that the following three conditions hold.

(C1) Assumption 3.1 holds with some α1, β1, α2, β2 ∈ N ⊂ N0, i.e. G|Us
∈ L (Us,Ys)

with spaces of higher regularity in space and time

Us = Hα1,β1((0, T ) × Θ), Ys = Hα2,β2((0, T ) × Ξ).

(C2) The families of subspaces {Uh1,τ1}h1,τ1 and {Yh2,τ2}h2,τ2 satisfy

||u− PU ,h1,τ1u||U ≤ (cUh
α1
1 + cRτ

β1
1 )||u||Us, u ∈ Us,

||y − PY,h2,τ2y||Y ≤ (cY h
α2
2 + cSτ

β2
2 )||y||Ys, y ∈ Ys,

with positive constants cR, cS , cU and cY .
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3. Systematic Discretization of Input/Output-Maps

(C3) The error in solving for the state dynamics can be made arbitrarily small, i.e.
Assumption 3.2 holds.

Let ǫ > 0 be given. Then one can choose subspaces Uh∗1,τ∗1 and Yh∗2,τ∗2 such that

h∗1 <

(
ǫ

8cU ||G||L (U ,Y)

)1/α1

, τ∗1 <

(
ǫ

8cR||G||L (U ,Y)

)1/β1

, (3.56a)

h∗2 <

(
ǫ

8cY ||G||L (Us,Ys)

)1/α2

, τ∗2 <

(
ǫ

8cS ||G||L (Us,Ys)

)1/β2

, (3.56b)

and one can solve the PDEs (3.43) numerically for l = 1, . . . , p(h∗1) such that

||K:,l − K̃:,l||L2(0,T ;Rq) < tol :=
ǫ

2
√
Tp(h∗1)

√

λmin(MU,h∗1
)

λmax(MY,h∗2
)
. (3.57)

In this case,
||G − GDS||L (Us,Y) < ǫ.

Moreover, the signal error ǫ′S := ||G − GS ||L (Us,Y) and the system dynamics error ǫD :=
||GS − GDS||L (U ,Y) are balanced in the sense that ǫ′S , ǫD < ǫ/2.

Proof. On the one hand, ǫ′S = ||G − GS ||L (Us,Y) < ǫ/2 is ensured by Thm. 3.5 in com-
bination with (3.56). On the other hand, Thm. 3.6 in combination with (3.57) ensures
that ǫD = ||GS − GDS||L (U ,Y) < ǫ/2, which concludes the proof.

Remark 3.19. We make the following remarks with respect to (C1)-(C3):

- (C1) holds for many systems of practical relevance, cf. Section 3.3.

- (C2) can frequently be achieved, e.g. by choosing Uh1 , Yh2 , Rτ1 and Sτ2 as spaces
of piecewise polynomial functions of appropriate degrees, cf. (3.33). For more
general settings, we refer to e.g. [56] for interpolation theory in Sobolev spaces
and to [215] for error estimates for wavelet approximations.

- (C3) can be achieved e.g. by using adaptive numerical schemes with goal-oriented
a posteriori error control, cf. Chapter 4.

♦

Remark 3.20. In lieu of (3.57), it is sufficient to ensure that

||Kw
:,l − K̃w

:,l||L2(0,T ;Rq) <
ǫ

2
√
Tp(h∗1)

, (3.58)

e.g. by using goal-oriented error estimation, cf. Remark 3.16. If using numerical schemes
with error estimation for the global state error, (3.57) can be ensured by

||zl − zl,tol||L2(0,T ;Z) <
ǫ

2
√
Tp(h∗1)

√

λmin(MU,h∗1
)

λmax(MY,h∗2
)
||C||−1

L (Z,Y )





q(h∗2)
∑

i=1

||νi||2Y





−1/2

, (3.59)

cf. (3.54). ♦
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Remark 3.21. Considering G in the L (Us,Y)-norm, the validity of the error estimates
is restricted to controls of higher regularity in space and time. Note that this does not
exclude the use of L2-controls, in fact, we can consider the spaces Uh1,τ1 as spaces of
controls which we are able to realize in technical applications.

Note further, that in many optimization problems without control and state con-
straints, the optimal control u∗ naturally belongs to Us. Let us consider for instance
parabolic problems, where L2-regularity holds (cf. Remark 3.3). Then the adjoint solu-
tion in the optimality system also has L2-regularity and, since there are no control or
state constraints, also the optimal control has this regularity [277]. ♦

For parabolic systems with U = Y = L2(0, 1) and signal discretizations as discussed in
Subsection 3.4.2, we obtain the following result, which holds in particular for respective
heat and Stokes equations.

Corollary 3.5. Consider a linear time-invariant control system (3.2) with U = Y =
L2(0, 1) and let ǫ > 0 be given. We assume that the system operator A is the generator of
an analytic semigroup, and that the output operator satisfies C|D(A) ∈ L (D(A), H2(0, 1)),
i.e. G|Us

∈ L (Us,Ys) with Us = Ys = H2,1((0, T ) × (0, 1))). We choose Uh1 and Yh2

as spaces of continuous piecewise linear functions with respect to equidistant grids on
[0, 1], and we choose Rτ1 and Sτ2 as spaces of piecewise constant functions with respect
to equidistant grids on [0, T ], with dimensions satisfying

p > 2

√

||G||L (U ,Y)

ǫ
+ 1, q > 2

√

||G||L (Us,Ys)

ǫ
+ 1, (3.60a)

r >

√
24||G||L (U ,Y)

ǫ
, s >

√
24||G||L (Us,Ys)

ǫ
. (3.60b)

If the homogeneous PDEs (3.43) are solved for l = 1, . . . , p such that (3.57) holds, then
the i/o-maps G and GDS restricted to Us satisfy

||G − GDS||L (Us,Y) < ǫ.

Proof. We use Thm. 3.7 in combination with Cor. 3.1 and with the estimate (3.34),
employing the concrete values for the interpolation constants cU , cY , cR and cS stated
there.

Remark 3.22. We briefly discuss how the signal discretization parameters h1, h2, τ1
and τ2 and the tolerance tol can be chosen efficiently on the basis of Thm. 3.7. Assume
that we are given a tolerance ǫ > 0 for the accuracy of the i/o-map approximation GDS .

1. Determine the signal approximation parameters h∗1, h
∗
2, τ

∗
1 and τ∗2 by means of

(3.56) on the basis of estimates of the norms ||G||L (U ,Y) and ||G||L (Us,Ys) of the
original i/o-map G. If no analytical estimates are available, we recall that by
means of Lemma 3.2, ||G||L (U ,Y) can be numerically approximated by ||G̃||qs×pr;w
with some sufficiently accurate G̃. However, one should be aware that this may
lead to choices of insufficiently large dimensions in view of ||G||qs×pr;w ≤ ||G||L (U ,Y).
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The question, how good numerical estimates of ||G||L (Us,Ys) can be obtained is an
open problem. Lower bounds and thus uncertain estimates can be obtained e.g.
by approximating the outputs to a number of test inputs. In addition, the Sobolev
interpolation constants cU , cY , cR and cS may have to be estimated numerically.

2. Employing goal-oriented error estimation techniques (as discussed in Chapter 4),
determine the tolerance tol for the system dynamics approximation by means of
(3.57), or by means of (3.58) in correspondence to Remark 3.16. Using (3.57), the
eigenvalue bounds for the mass matrices MU,h∗1

and MY,h∗2
have to be determined,

see Appendix A.2 for more details. Using classical global error norm controls in
combination with (3.59), the norms of the ansatz functions νi and an upper bound
for the norm of the output operator C have to be found, which can often be done
explicitely.

It remains to investigate analytically and numerically how sharp the above error esti-
mation actually is, i.e. how far an (approximate) equality in (3.56) and (3.57) ensures
ǫ′S ≈ ǫD ≈ ǫ/2, and how, possibly, sharper results can be obtained. ♦

The next result shows that (GDS)∗ ∈ L (Y ,U) automatically approximates the adjoint
G

∗ with ||G∗ − (GDS)∗||L (Ys,U) < c ǫ with a G-specific constant c, under the assumption
that G

∗
|Ys

∈ L (Ys,Us). Note that G
∗ ∈ L (Y ,U) is given by

(G∗y)(s) =

∫ T

0
K(s− t)∗y(t)dt.

Theorem 3.8. The adjoint (GDS)∗ ∈ L (Y ,U) of GDS ∈ L (U ,Y) has the matrix
representation

G̃∗ := M−1
U G̃TMY = M−1

U H̃T ∈ R
pr×qs. (3.61)

For a given ǫ > 0, assume that all conditions in Thm. 3.7 hold, ensuring that

||G − GDS||L (Us,Y) < ǫ.

If, in addition, G
∗
|Ys

∈ L (Ys,Us), then

||G∗ − (GDS)∗||L (Ys,U) < ǫ(
1

2
+ c∗) (3.62)

with c∗ = 1
4(||G∗||L (Ys,Us)/||G||L (Y,U) + ||G∗||L (Y,U)/||G||L (Ys,Us)).

Proof. We first observe that G̃∗ is the adjoint of G̃ : R
pr
w → R

qs
w , since

(G̃u,y)qs;w = uT G̃TMYy = (u,M−1
U G̃TMYy)pr;w.

For u ∈ U and y ∈ Y and omitting the dependencies on h1, h2, τ1, τ2 and tol, we have

(GDSu, y)Y = (PYκ
−1
Y G̃κUPUu, y)Y = (G̃κUPUu, κYPYy)qs;w,

= (κUPUu, G̃
∗κYPYy)qs;w = (u,PUκ

−1
U G̃∗κYPYy)U ,

= (u, (GDS)∗y)U ,
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3.7. Applications and numerical results

where we have used that PU = P
∗
U , PY = P

∗
Y , κ∗U = κ−1

U and κ∗Y = κ−1
Y . To show (3.62),

we estimate

||G∗ − (GDS)∗||L (Ys,U) ≤ ||G∗ − (GS)∗||L (Ys,U) + ||G∗
S − (GDS)∗||L (Y,U),

where (GS)∗ = PUG
∗
PY is the adjoint of GS ∈ L (U ,Y). In analogy to Thm. 3.7, one

shows that

ǫ∗S := ||G∗ − (GS)∗||L (Ys,U) ≤ c′′Rτ
β1
1 + c′′Uh

α1
1 + c′′Sτ

β2
2 + c′′Y h

α2
2 ,

with c′′U = ||G∗||L (YS ,US)cU , c′′Y = ||G∗||L (Y,U)cY , c′′R = ||G∗||L (Ys,Us)cR and c′′S = ||G∗||L (Y,U)cS .
Hence, (3.56) implies

ǫ∗S ≤ ǫ

8

(
c′′U
cU

+
c′′R
cR

+
c′′Y
cY

+
c′′S
cS

)

=
ǫ

4

( ||G∗||L (Ys,Us)

||G||L (Y,U)
+

||G∗||L (Y,U)

||G||L (Ys,Us)

)

.

In order to estimate ǫ∗D := ||G∗
S − (GDS)∗||L (Y,U), we recall the definition of Gm in (3.48)

and of GD in (3.49) and obtain

ǫ∗D ≤ ||PU ||L (U)||(Gm)∗ − (GD)∗||L (Y,U)||PY ||L (Y),

≤
√
T (

∫ T

0
||Km(t)∗ − K̃(t)∗||2

L (Y,U) dt)
1/2.

(3.63)

We observe that

Km(t) = PUκ
−1
U K(t)∗κY PY and K̃(t)∗PUκ

−1
U K̃κY PY (3.64)

with K(t)∗ = M−1
U K(t)TMY and K̃(t)∗ = M−1

U K̃(t)TMY , and that

||K(t)∗ − K̃(t)∗||
R

p×q
w

= ||K(t) − K̃(t)||
R

q×p
w

for t ∈ [0, T ]. (3.65)

Since (3.57) ensures ||K− K̃||L2(0,T ;Rq×p
w ) < ǫ/(2

√
T ), by means of (3.63) - (3.65) we have

that ǫ∗D < ǫ/2. This concludes the proof.

Remark 3.23. It remains to investigate the accuracy of the respective approximation
of the (possibly regularized) pseudo-inverses (G∗

G+βI)−1
G

∗ with β ≥ 0, which play an
important role e.g. in optimal control problems [277]. ♦

3.7. Applications and numerical results

In this section we present some numerical experiments and applications of the i/o-
discretization concept. All calculations have been realized by means of Matlab [218],
apart from the approximation of the system dynamics, where also PDE solvers on the ba-
sis of the academic FEM software library deal.ii [12] and on the basis of the commercial
FEM software Comsol Multiphysics [59] have been used.
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3. Systematic Discretization of Input/Output-Maps

3.7.1. Test problems and numerical realization

Heat equations. As test configuration, we consider two heat equations on domains
Ω ⊂ R

2 as depicted in Fig. 3.4 and with control and observation operators of the following
form. Let Ωc = (ac,1, bc,1)×(ac,2, bc,2) and Ωm = (am,1, bm,1) × (am,2, bm,2) be rectangular
subsets of Ω where the control is active and the observation takes place, respectively,
with 4 appropriate points ac, bc, am, bm ∈ Ω̄.

ΩΩ
m

x1

x2

1

1

u(t, . )

y(
t, 

. )

B

C

ξ

θ

(a) Test configuration 1

y(t, . )

C

θ

u(t, . )

Ω

x

x
1

B 1

2
ξ

5

(b) Test configuration 2

Figure 3.4.: Test configurations heat equation: (a) with homogeneous Dirichlet boundary
conditions, (b) with homogeneous Neumann boundary conditions.

Setting U = Y = L2(0, 1), we define C ∈ L (L2(Ω), Y ) and B ∈ L (U,L2(Ω)) for Test
configuration 1 by

(Bu)(x1, x2) =

{

u(θ(x1))ωc(x2) , (x1, x2) ∈ Ωc

0 , (x1, x2) /∈ Ωc

, (3.66a)

(Cz)(ξ) =

∫ bm,1

am,1

z(x1, x2(ξ))

bm,1 − am,1
dx1, (3.66b)

where ωc ∈ L2(ac,2, bc,2) is a weight function and θ : [ac,1, bc,1] → [0, 1] and x2 : [0, 1] →
[am,2, bm,2] are affine-linear transformations.

In other words, the control in (3.66a) describes a heat source located in Ωc, and for
each time t, the intensity of the heat source can be varied in x1-direction. The weight
function ωc describes how an intensity chosen for x1 is varied in a fixed manner in x2-
direction. The observation in (3.66b) describes a measurement of the distribution of the
heat within Ωm and in x2-direction, averaged in x1-direction.

For Test configuration 2, we just invert the roles of x1 and x2 in the definition of C.
Note that C preserves an inherent spatial state regularity, i.e. C|H2(Ω) ∈ L (H2(Ω), H2(0, 1)).

Test configuration 3.1. We consider a heat equation with homogeneous Dirichlet
boundary conditions on (0, T ] × Ω with T = 1 and Ω = (0, 1)2, cf. Fig. 3.4(a). We
choose Ωc = Ω, Ωm = (0.1, 0.2) × (0.1, 0.9) and ωc(x2) = sin(πx2). In this case, the
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outputs associated with inputs of the special form u(t; θ) = sin(ωTπt) sin(mπθ) with
ωT ,m ∈ N can be explicitely formulated in terms of the eigenfunctions of the Laplace
operator. ♦

Test configuration 3.2. We consider two infinitely long plates of width 5 and height 0.2
which are connected by two rectangular bars as shown in the cross section in Fig. 3.4(b).
We assume that the plates are surrounded by an insulating material and that we can
heat the bottom plate and measure the temperature distribution in the upper plate,
i.e. we consider a heat equation with homogeneous Neumann boundary conditions on
(0, T ]×Ω with T = 1 and Ω as in Fig. 3.4(b) and choose Ωc = (0.05, 4.95)× (0.05, 0.15),
Ωm = (0.05, 4.95) × (0.85, 0.95) and ωc(x2) = sin(π(x2 − 0.05)/0.1). ♦
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(a) Test config. 3.1
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(b) Test config. 3.2
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Figure 3.5.: Kernel column K:,1(t) over time and corresponding time grid for the test
configurations.

Remark 3.24. Note that the error result Thm. 3.7 does not apply to Test conf. 1 and
Test conf. 2 in a strict sense, since we consider domains which do not satisfy the C2-
boundary condition. This regularity of the boundary is, however, implicitely assumed
in Thm. 3.2 and in Thm. 3.3 in order to establish the analyticity of the underlying
semigroup and, consequently, the L2-regularity of the states, cf. Thm. 3.1. The gener-
alization of the given theory to less regular domains is hence an important future task.
♦

Remark 3.25. The controllability and observability properties of Test conf. 1 and Test
conf. 2 have not been investigated. Note that these configurations are not covered by
the general controllability results for the heat equation with distributed controls on
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an arbitrary non-empty subset from [104, 200] (cf. Section 2.1) due to the special 1D
structure of the controls. Note that we have chosen U = Y = L2(0, 1) for a better
illustration of the numerical examples, but that settings like U = L2(Ωc) and Y =
L2(Ωm) are covered by the discretization concept. ♦

For the discretization of the spaces U = L2(0, 1) and Y = L2(0, 1), we use in both cases
hierarchical linear finite elements µk(θ), resprectively νl(ξ), and for the discretization of
the spaces L2(0, T ) we use Haar wavelets φi(t), respectively ψj(t), see Section 3.4.2 for
details.

For the approximation of the system dynamics of these test configurations and for
the testing of controls calculated on the basis of corresponding i/o approximations, two
different PDE discretizations and solvers have been implemented.

1. A space-time adaptive cG(1)dG(0)-discretization of the heat equation has been
implemented on the basis of the C++ software package deal.ii, i.e. a discontinu-
ous Galerkin time discretization with constant ansatz functions and a continuous
Galerkin space discretization with piecewise linear finite elements, see Chapter 4
and [178] for details. This implementation has been used for the approximation
of the i/o-matrices of Test conf. 1 and of Test conf. 2. The implementation of a
goal-oriented error estimation steering an adaptive space and time discretization
in order to to ensure ||K:,l − K̃:,l||L2(0,T ;Rq) < tol for given tolerances tol > 0
is ongoing work, cf. Chapter 4. Quantitative results concerning the reliability
and efficiency of the error estimator are not yet satisfactory, but first qualitatively
reasonable results have already been obtained. In Figure 3.5 we see exemplarily
corresponding observed system dynamics and respective adaptively chosen time
grids.

2. A second solver for the heat equation is based on a FEM space discretization
by means of the commercial FEM software Comsol Multiphysics [59]. The
resulting ODE is solved by means of standard stiff integrators with step size control.
This implementation does not have an explicit space-time error estimation and has
been primarily used for comparative simulations and for the testing of controls.

Stokes equations. As test configuration, we consider the Stokes equation on a domain
Ω ⊂ R

2 as depicted in Fig. 3.6, now with control and observation operators of the
following form. Let Ωc and Ωm be defined as in the case of the heat equation.

Aiming to influence both velocity components, we set U = Y = L2(0, 1)2 and define
the input operator Bσ ∈ L (U,L2

σ(Ω)) and the output operator Cσ ∈ L (L2
σ(Ω), Y ) for

Test conf. 3.3 on the basis of (3.66) by

(Bσu)(x1, x2) = Pσ

[
(Bu1)(x1, x2)
(Bu2)(x1, x2)

]

, (3.67a)

(Cσz)(ξ) =

[
(Cz1)(ξ)
(Cz2)(ξ)

]

. (3.67b)
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Figure 3.6.: Test configuration 3.3 - Stokes equation on a square with homogeneous
Dirichlet boundary conditions.

In other words, the control in (3.67a) describes a volume force in Ω, and for each time t,
both space components of the force can be varied in x1 direction by means of the control
u = (u1, u2)

T . This volume force ’mainly’ acts on Ωc, but note that the actuation may
not be strictly zero outside Ωc due to the Helmholtz projection Pσ. The observation
in (3.67b) can be interpreted as follows. y1 (resp. y2) describes the distribution of
the first (resp. second) velocity component within Ωm in x2-direction, averaged in x1

direction. We note that Cσ preserves an inherent spatial state regularity, i.e. Cσ|H2(Ω)2 ∈
L (H2(Ω)2, H2(0, 1)2).

For the discretization of U = L2(0, 1)2 we introduce 2D ansatz functions ~µ1(θ), ~µ2(θ), . . .
on the basis of 1D basis functions µ1, µ2, . . . in L2(0, 1) by setting

~µ2k−1(θ) =

[
(µk)(θ)

0

]

, ~µ2k(θ) =

[
0

(µk)(θ)

]

, k = 1, 2, . . . , (3.68)

and define ~ν1(ξ), ~ν2(ξ), . . . similarly.

Test configuration 3.3. We consider a slowly moving fluid filling a square domain
Ω = (0, 1)2 bordered by rigid walls during the time interval [0, 0.5], and we assume
that we can act on the flow by means of a volume force which is assumed to be free of
potential force components as described by (3.67a) with Ωc = (0.1, 0.9) × (0.1, 0.3). We
measure the x1-averaged distribution in x2-direction of the two velocity components in
the domain Ωm = (0.4, 0.6) × (0.4, 0.9). ♦
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3. Systematic Discretization of Input/Output-Maps

Remark 3.26. Note that the error result Thm. 3.7 does not apply to Test conf. 3 in
a strict sense, since Ω does not satisfy the C2-boundary condition. Moreover, Thm. 3.7
does not cover the case of vector-valued inputs u(t) and outputs y(t). However, a
generalization of the corresponding results is straight forward [252]. ♦

Remark 3.27. The controllability and observability properties of Test conf. 3.3 have
not been investigated. General controllability results as in [209] cannot be directly
applied because of the special control structure. In numerical tests the finite-dimensional
ODE control systems resulting from FVM space-discretizations with subsequent index
reduction show controllability and observability. ♦

As for the heat equation, hierarchical linear elements have been chosen for the dis-
cretization of signals in space, and Haar wavelets for the discretization in time.

The numerical approximation of the dynamics of the Stokes system raises specific
difficulties, which are briefly indicated here and which are discussed in Appendix A.1 in
detail. Two different discretizations of the Stokes equations have been implemented.

1. A FEM space discretization by means of Comsol Multiphysics has been applied
to the Stokes equations. Since divergence-free ansatz functions have not been
available, the resulting system is, however, a differential-algebraic equation (DAE)
of differentiation index 2 such that Matlab’s standard stiff solvers could not
be applied [188]. For DAEs of moderate size an index reduction procedure has
been carried out. For larger systems, this approach is impracticable due to high
numerical costs of the reduction procedure and since the matrices of the reduced
system are no longer sparse. Hence, an implicit Euler scheme on a prescribed time
grid has been implemented to solve directly the index-2 DAE. A space-time error
control has not been implemented.

2. Alternatively, a finite volume discretization with equidistant staggered grids [138]
has been applied to the Stokes equations and implemented in Matlab. The re-
sulting index-2 DAE has a special sparsity structure which makes a cheap index
reduction for arbitrarily large systems possible, see Appendix A.1 and [281]. By
means of the index reduction, the velocity field can be calculated in minimal vari-
ables which are governed by an ODE, such that again standard time integrators
with step size control can be applied. A space-time error control has not been
implemented.

3.7.2. Tests of convergence

The following numerical convergence tests have been carried out with approximations
GDS(h1, τ1, h2, τ2, tol) of the i/o-map G corresponding to the heat equation in Test
configuration 3.1. We recall that we have chosen hierarchical linear finite elements in Uh1

and Yh2 and Haar wavelets in Rτ1 and Sτ2 . Tolerances tol refer to the estimate (3.55),
which we have tried to ensure by means of goal-oriented a posteriori error estimation,
cf. Chapter 4. However, since the implementation of the estimator is not yet complete
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and the quantitative reliability of the estimator is not yet satisfactory, (3.55) may only
hold approximately.

Convergence of single outputs. Considering Test case 3.1 with inputs

u(t; θ) = sin(ωTπt) sin(mπθ),

and exactly known outputs y = Gu, we investigate the relative error

||y − ỹ||Y/||u||Us, ỹ = GDS(h1, τ1, h2, τ2, tol)u,

for varying discretization parameters h1, τ1, h2, τ2 and tol. Choosing e.g. m = 5 and
ωT = 10, we observe a quadratic convergence in h1 = h2 (cf. Fig. 3.7(a)) and a linear
convergence in τ1 = τ2 (cf. Fig. 3.7(b)) in correspondence to Thm. 3.7. However, the
error does not converge to zero but to a positive plateau value, which is due to the
system dynamics error and which becomes smaller for lower tolerances tol. For input
signals with m > 5 and ωT > 10 the convergence order can only be observed for smaller
discretization parameters h1, h2, τ1 and τ2.
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Figure 3.7.: Relative output errors for input u(t; θ) = sin(10πt) sin(5πθ).

Convergence of the norm ||GS(h1, τ1, h2, τ2)||L (U ,Y) for nested subspaces. Suc-
cessively improving the signal approximation by adding additional basis functions, the
norm ||GS(h1, τ1, h2, τ2)||L (U ,Y) converges, cf. Lemma 3.2. We approximate ||GS ||L (U ,Y)

by ||GDS||L (U ,Y), where GDS has been calculated with tol = 4.0e− 5. In Fig. 3.8(a), the

approximations ||GDS(h1, τ1, h2, τ2)||L (U ,Y) = ||GDS( 1
p−1 ,

1
r ,

1
q−1 ,

1
s )||L (U ,Y) are plotted for

Test configuration 3.1 with increasing subspace dimensions p = q = r + 1 = s + 1. In
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Figure 3.8.: Norm ||GDS(h1(p), τ1(r), h2(q), τ2(s), tol)||L (U ,Y) for synchronously increas-
ing approximation space dimensions p, q, r, s.

Fig. 3.8(b) a corresponding result is shown for the Stokes system in Test configuration 3.3
for incrasing subspace dimensions p = q ≈ r/2 = s/2.

Check of analytical error bounds. It remains to check if the analytical bounds for
the error ||G−GDS ||L (Us,Y) established in Thm. 3.7 hold in numerical experiments. For
this purpose, fully-discrete schemes with reliable error estimates for the approximation of
the system dynamics are necessary. Since the implementation of the goal-oriented error
control for the heat equation is not yet completed (cf. Ch. 4), corresponding numerical
investigations remain an open task.

3.7.3. Matrix reduction on the basis of SVDs

In order to resolve the input and output signal spaces accurately by means of general
purpose basis functions, a large number of basis functions is needed in general. In
order to reduce the large size of the resulting i/o-matrices G̃, we apply a reduction
method known as multilinear singular value decomposition, Tucker decomposition or
higher order singular value decomposition (HOSVD) [71]. It is based on classical singular
value decompositions (SVDs) and preserves the space-time tensor structure of the input
and output signal bases.

Considering G̃ ∈ R
qs×pr as a fourth-order tensor G̃ ∈ R

s×r×q×p with G̃ijkl = G̃kl
ij , it
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3.7. Applications and numerical results

is shown in [71] that there exists a multilinear SVD

G̃ = S×1 U(ψ) ×2 U(φ) ×3 U(ν) ×4 U(µ). (3.69)

Here S ∈ R
s×r×q×p is a so-called core tensor, satisfying some orthogonality proper-

ties, U(ψ) ∈ R
s×s, U(φ) ∈ R

r×r, U(ν) ∈ R
q×q, U(µ) ∈ R

p×p are unitary matrices and
×1, . . . ,×4 denote tensor-matrix multiplications. We define a so-called matrix unfolding
G̃(ψ) ∈ R

s×rqp of the tensor G̃ by

G̃
(ψ)
im = Gijkl, m = (k − 1)ps+ (l − 1)s+ i,

i.e. we put all elements belonging to ψ1, ψ2, . . . , ψs into one respective row, and we define
the unfoldings G̃(φ) ∈ R

r×qps, G̃(ν) ∈ R
q×psr and G̃(µ) ∈ R

p×srq in a similar cyclic way.
Then, U(ψ), U(φ), U(ν) and U(µ) in (3.69) can be calculated by means of four SVDs of
the respective form

G̃(ψ) = U(ψ)Σ(ψ)(V(ψ))T ,

where Σ(ψ) is diagonal with entries σ
(ψ)
1 ≥ σ

(ψ)
2 ≥ . . . σ

(ψ)
s ≥ 0 and V(ψ) is column-

wise orthonormal. The σ
(ψ)
i are so-called n-mode singular values (or in our case ψ-

mode singular values) of the tensor G̃ and correspond to the Frobenius norms of certain
subtensors of the core tensor S.

For given p̂, q̂, r̂, ŝ ∈ N0 with p̂ ≤ p, q̂ ≤ q, r̂ ≤ r and ŝ ≤ s, and on the basis of
(3.69), we can define an approximation G̃(p̂,q̂,r̂,ŝ) ∈ R

s×r×q×p of G̃ by discarding the

smallest n-mode singular values {σ(ψ)
ŝ+1, . . . , σ

(ψ)
s }, {σ(φ)

r̂+1, . . . , σ
(ψ)
r }, {σ(ν)

q̂+1, . . . , σ
(ν)
q } and

{σ(µ)
p̂+1, . . . , σ

(µ)
p }, i.e. we set the corresponding parts of S to zero. Then we have

||G̃− G̃(p̂,q̂,r̂,ŝ)||2F ≤
s∑

i=ŝ+1

σ
(ψ)
i +

r∑

j=r̂+1

σ
(φ)
j +

q
∑

k=q̂+1

σ
(ν)
k +

p
∑

l=p̂+1

σ
(µ)
l , (3.70)

see [71]. Note that, in contrast to matrix SVDs, this approximation is not necessarily
optimal in a least square sense, and we refer to [72] for best-rank approximations.

We introduce the transformed basis functions

µ̂l(θ) =

p
∑

k=1

U
(µ)
kl µk(θ), l = 1, . . . , p, (3.71a)

ν̂l(ξ) =

q
∑

k=1

U
(ν)
kl µk(ξ), l = 1, . . . , q, (3.71b)

φ̂j(t) =
r∑

i=1

U
(φ)
ij µi(t), j = 1, . . . , r, (3.71c)

ψ̂j(t) =

s∑

i=1

U
(ψ)
ij µi(t), j = 1, . . . , s, (3.71d)
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Figure 3.9.: Multilinear SVD applied to the i/o map of the heat control system for two
connected plates, cf. Test conf. 3.2. (First row: n-mode singular values

{σ(µ)
l }, {σ(ν)

k }, {σ(φ)
j } and {σ(ψ)

i } in semilogarithmic scales. Second row:

Transformed basis functions µ̂1, ν̂1, φ̂1 and ψ̂1. Third row: Transformed
basis functions µ̂2, ν̂2, φ̂2 and ψ̂2.)

and we note that the corresponding matrix representation of GDS coincides with the

core tensor S in (3.69). Truncating now all parts of S corresponding to {σ(ψ)
ŝ+1, . . . , σ

(ψ)
s },

{σ(φ)
r̂+1, . . . , σ

(ψ)
r }, {σ(ν)

q̂+1, . . . , σ
(ν)
q } and {σ(µ)

p̂+1, . . . , σ
(µ)
p }, we obtain a low-dimensional ap-

proximation of GDS ,
Ĝ : R

p̂r̂ → R
q̂ŝ, û 7→ ŷ,

where the coefficients û and ŷ now correspond to the first p̂, q̂, r̂ respectively ŝ trans-
formend basis functions in (3.71).

Example 3.6. In Fig. 3.9 the multilinear SVD has been applied to an i/o matrix G̃ ∈
R
qs×pr for the heat control system for two connected plates (cf. Test conf. 3.2) with

p = 17, q = 65 and r = s = 64. The first row shows the respective n-mode singular

values {σ(µ)
l }, {σ(ν)

k }, {σ(φ)
j } and {σ(ψ)

i } in a semilogarithmic scale. In the second row

the transformed basis functions µ̂1, ν̂1, φ̂1 and ψ̂1 are plotted, and in the third row
the transformed basis functions µ̂2, ν̂2, φ̂2 and ψ̂2 are shown. These transformed basis
functions are most relevant for the representation of G in the sense of (3.70). Note that
the positions of the connections between the plates (cf. Fig. 3.4(b)) can be recovered as
large values of the spatial input basis functions µ̂1 and µ̂2 and of the spatial output basis
functions ν̂1 and ν̂2. The fact that φ̂1(t), φ̂2(t) ≈ 0 for small |T − t| and ψ̂1(t), ψ̂2(t) ≈ 0
for small |t| indicates that the i/o-map shows a short time-delay. This phenomenon
appears to be atypical for parabolic systems and should be further investigated. ♦
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Figure 3.10.: Multilinear SVD applied to the i/o map of a Stokes control system for a
laminar flow in a square, cf. Test conf. 3.3. (First row: n-mode singular

values {σ(µ)
l }, {σ(ν)

k }, {σ(φ)
j } and {σ(ψ)

i } in semilogarithmic scales. Row k

with k = 2, 3, 4: Transformed basis functions µ̂k, ν̂k, φ̂k and ψ̂k. For the
R

2-valued functions µ̂k and ν̂k, the first components are plotted in red, the
second components in blue.)
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(a) v.f. for u(t) ≡ µ̂1 (b) v.f. for u(t) ≡ µ̂2 (c) v.f. for u(t) ≡ µ̂3

(d) s.l. for u(t) ≡ µ̂1 (e) s.l. for u(t) ≡ µ̂2 (f) s.l. for u(t) ≡ µ̂3

Figure 3.11.: Multilinear SVD applied to the i/o map of a Stokes control system for a
laminar flow in a square, cf. Test conf. 3.3: Stationary velocity fields of
flows corresponding to inputs u(t) ≡ µ̂i, i = 1, 2, 3. (v.f.=velocity field,
s.l.=stream lines)
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Example 3.7. In Fig. 3.10 the multilinear SVD has been applied to an i/o matrix
G̃ ∈ R

qs×pr of a Stokes control system for a laminar flow in a square (cf. Test conf. 3.3)
with p = 66, q = 66 and r = s = 128. The first row shows the respective n-mode

singular values {σ(µ)
l }, {σ(ν)

k }, {σ(φ)
j } and {σ(ψ)

i } in semilogarithmic scales. In row k

with k = 2, 3, 4 the transformed basis functions µ̂k, ν̂k, φ̂k and ψ̂k are plotted. For
the R

2-valued functions µ̂k and ν̂k, the first components are plotted in red, the second
components in blue. In order to illustrate the significance of the transformed input basis
functions µ̂k, we have calculated numerically the flow fields corresponding to controls
u(t) ≡ µ̂k for k = 1, 2, 3. After a short time, the flow fields become stationary as shown in
Fig. 3.11. It is remarkable that the ν-mode singular values seem to be clustered in pairs,
and that the transformed output space basis function ν̂1 corresponds to an observation
of the v2 velocity component, only, whereas ν̂2 and ν̂3 correspond to an observation of
the v1 component, only. Moreover, we note that the time basis functions φi and ψj show
a clear similarity with sinusoidal functions, with phase shifts between φ1 and ψ1 and
between φ2 and ψ2, respectively. These phenomena should be further investigated. ♦

Remark 3.28. In the Stokes configurations it may be desirable to preserve the special
structure (3.68) of the basis function under the multilinear SVD, i.e. the transformed
spatial input and output basis functions are not nonzero in the first and second compo-
nent at the same time. This can be easily realized by considering the i/o-matrix G̃ as
a 6-th order tensor and by generalizing the concept described above to this situation.
Such a separated consideration of the actuation and measurement of different velocity
components may e.g. be useful in the actuator and sensor design. ♦

Remark 3.29. The application of a multilinear SVD can be useful in two ways. First,
it can be used in order to obtain a low-dimensional matrix-representation of the system,
which is small enough to be used for real-time feedback control design. Second, it can be
applied in order to identify relevant input and output signals, which may be instructive
for actuator and sensor design, i.e. they might help to answer where actuators and
sensors have to be placed and which resolution in time and space they should have.

Moreover, the multilinear SVD can give hints how to choose the ansatz functions
µk, νk, φi and ψj for the original calculation of the i/o-matrix and how to choose the
time interval [0, T ] more efficiently. For instance, the parabolic test cases considered in
Fig. 3.9 and in Fig. 3.10 indicate that shifted sinusoidal functions may be a good choice.
♦

3.7.4. Application in optimization problems: Open loop controls

We investigate the use of the i/o-map approximation in optimization problems.

Let J be a quadratic cost functional of the tracking type,

J : U × Y → R, J(u, y) =
1

2
||y − yD||2Y + α||u||2U . (3.72)

Here yD ∈ Y is a desired output signal that one wants the system to achieve and α > 0
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is a regularization parameter. The optimization problem consists in the minimization

minJ(u, y), subject to y = Gu, u ∈ Uad, (3.73)

where Uad ⊂ U is the subset of admissible controls.
We define the discretized cost functional

J̄h : R
pr × R

qs → R, J̄h(u,y) =
1

2
||y − yD||2qs;w + α||u||2pr;w, (3.74)

with yD = κY,h2,τ2PY,h2,τ2yD, and instead of (3.73) we solve

min J̄h(u,y), subject to y = G̃u, u ∈ Ūad, (3.75)

with Ūad = {u ∈ R
pr : u = κU ,h1,τ1PU ,h1,τ1u, u ∈ Uad}.

We note that the continuous formulation of (3.74) and (3.75) is given by

minJh(u, y), subject to y = GDSu, u ∈ PU ,h1,τ1Uad, (3.76a)

where Jh : U × Y → R is defined by

Jh(u, y) =
1

2
||PY,h2,τ2(y − yD)||2Y + α||PU ,h1,τ1u||2U . (3.76b)

Considering optimization problems without control constraints, i.e. Uad = U and Ūad =
R
pr, the solution ū of (3.75) is characterized by

(G̃TMYG̃ + αMU )ū = G̃TMYyD. (3.77)

Figure 3.12.: Application of a SVD-reduced i/o map Ĝ ∈ R
3·5×3·5 in an optimization

problem for a heat control system for two connected plates, cf. Test
conf. 3.2. (The space-time diagrams show from left to right: approximated
optimal control ū(t; θ), target output yD(t; ξ) = (Gu0)(t; ξ), optimized out-
put ȳ(t; ξ) = (Gū)(t; ξ), and their difference (yD − ȳ)(t; ξ).)

Example 3.8. As concrete example, we consider a heat control system for two connected
plates on the time interval [0, 1], cf. Test conf. 3.2. Let u0 be an input which is equal to
1 on all of [0, T ] × (0, 1). As target output we choose the output yD = Gu0 associated
with the input u0, and we then aim to solve the optimization problem (3.73) with
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appropriately chosen α and without control constraints, yielding a corresponding optimal
control u∗. Roughly speaking, we search for a control u∗ which leads to (nearly) the same
output as u0 but with less energy.

We choose α = 10−4. Instead of (3.73) we solve the approximated problem (3.77)
with an i/o map G̃ ∈ R

17·64×65·64, yielding an approximation ū ≈ u∗. The solution
takes 0.33 seconds on a standard desktop PC. The u-norm is reduced by 27.9% and
the relative deviation of ȳ = Gū from yD is 9.4%. In Fig. 3.12 the same calculations
have been carried out with Ĝ ∈ R

3·5×3·5, where Ĝ arises from a multilinear SVD-based
matrix reduction of G̃ ∈ R

17·64×65·64, where all but the 3 most relevant spatial and the
5 most relevant temporal input and output basis functions have been truncated. Using
this approximation, the norm of u is reduced by 27.4%, whereas the relative deviation
of ȳ = Gū from yD is 9.5%. The cost functional has been reduced by 44.5%, and the
calculation of ū took less than 0.0004 seconds. The outputs resulting from u0 and ū have
been calculated in simulations independent from the calculation of the i/o-matrix. ♦

Example 3.9. As second optimization example, we consider a Stokes control system for
a laminar flow in a square on the time interval [0, 0.5], cf. Test conf. 3.3 and Fig. 3.6. We
aim to find an optimal control u∗(t; ξ) ∈ U = L2(0, 0.5;L2(0, 1)2) solving the optimization
problem (3.73) with α = 10−5, without control constraints, and with target output

yD(t; ξ) =

[
1 − t/T
t/T

]

, (t; ξ) ∈ [0, 0.5] × [0, 1]. (3.78)

Note that this target output describes the following qualitative evolution of the velocity
field in the observation zone Ωm. At t = 0, a horizontal flow profile in Ωm is desired,
which then changes continuously via a diagonal profile into a vertical one at t = T .

Instead of (3.73) we solve the approximated problem (3.77) with an i/o-matrix G̃ ∈
R
pq×rs of dimensions p = q = 34 and r = s = 64, yielding an approximated optimal

control ū. This took 2.02 seconds in Matlab on a standard desktop PC. In Fig. 3.13 the
approximated optimal control ū(t, ·) is shown for t ≈ 0 and for t = T . Fig. 3.14 shows
space-time diagrams of ū and of the resulting optimized output ȳ = Gū in comparison
to the target output yD. We note that the agreement of the target output yD with the
output GDSū is not very good. Nevertheless, looking directly at the evolution of the
flow field in Fig. 3.15, we see that the desired qualitative behavior of the fluid is clearly
achieved. ♦

Remark 3.30. The consideration of constrained optimization problems, like the use of
G̃ within active set strategies [73, 136, 152, 184], still has to be investigated. For these
problems, however, we can no longer expect that the optimal control u∗ exhibits the
higher regularity u∗ ∈ Us. ♦

3.7.5. Application in optimization problems: Closed loop controls

We aim to realize the optimal control u∗ solving (3.73) as an output-feedback control,
i.e. we search for an operator F ∈ L (Y ,U) such that

u∗ = Fy∗, where y∗ = Gu∗.
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Figure 3.13.: Optimization for a Stokes control system for laminar flows in a unit square:
Approximated optimal control ū(t, ·) = [ū1(t, ·), ū2(t, ·)] near the beginning
((a) and (b)) and at the end of the considered time interval ((c) and (d)).

We may require that the controller F is, like G, a causal time-invariant map of the form

u(t) =

∫ t

0
F (t− s)y(s) ds, t ∈ [0, T ], (3.79)

with an appropriate function F : [0, T ] → L (Y, U). For controllable and observable
finite-dimensional linear systems, every optimal control can be realized by means of a
closed loop control of the form (3.79), see e.g. [265]. For infinite-dimensional systems, the
existence of optimal feedback laws (3.79) is not as clear and we refer to [37, 38, 181, 250]
for related investigations.

On the discrete level, we search for a matrix F ∈ R
pr×qs satisfying

ū = Fȳ, where ȳ = G̃ū (3.80)

and ū is the solution of (3.75). We note that for ȳ 6= 0, such a matrix F always exists.
Since F is in general not unique, we may require additional properties. We partition the
matrix F into p× q blocks Fkl = [Fklij ]ij ∈ R

r×s. Considering the case r = s with nodal
piecewise constant time basis functions φi and ψj with respect to the same equidistant
time grid as in (3.32), the requirement of causality and time-invariance for F translates
into the algebraic properties that the block matrices Fkl are lower triangular Toeplitz
matrices

Fkl =










fkl0 0 0 . . . . . .
fkl1 fkl0 0 . . . . . .
fkl2 fkl1 fkl0 . . . . . .
...

...
...

. . .
. . .

fklr−1 fklr−2 fklr−3 . . . fkl0










, k = 1, . . . , p, l = 1, . . . , q. (3.81)

For given ȳl ∈ R
r, we have Fklȳl = Ȳlfkl, where Ȳl is the lower triangular Toeplitz

matrix with first column equal to ȳl, and fkl = (fkl0 , . . . , f
kl
r−1)

T . Thus, (3.80) is equivalent
to the linear equation

ū = Ȳf , where Ȳ = Ip ⊗
[
ȳ1| . . . |ȳq

]
∈ R

pr×pqr,

and f = ((f11)T , . . . , (f1q)T |(f21)T , . . . , (f2q)T | . . . |(fp1)T , . . . , (fpq)T )T ∈ R
pqr
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Figure 3.14.: Application of an approximated i/o-map G̃ ∈ R
34·64×34·64 in an optimiza-

tion problem for a Stokes control system for a laminar flow in a square, cf.
Test conf. 3.3. The space-time diagrams show from left to right: approxi-
mated optimal control ū(t; θ), target output yD(t; ξ) as in (3.78), optimized
output ȳ(t; ξ) = (Gū)(t; ξ), and their difference (yD− ȳ)(t; ξ). The first and
second component of these R

2-valued quantities are shown in the first and
second row, respectively.)

and one solution F respectively f is given by f = Ȳ+ū, where Ȳ+ denotes the Moore-
Penrose pseudo-inverse of Ȳ.

Remark 3.31. It may be desirable to have controllers of the form (3.81) which satisfy
in addition

Fklii = fkl0 = 0, 1 ≤ k ≤ p, 1 ≤ l ≤ q. (3.82)

Such controllers are strictly causal in the sense that they only make use of past obser-
vations, and can be obtained e.g. by solving a linear least square problem for F of the
form

||ū− FGū||pr;w = min!, subject to: F satisfies (3.80) - (3.82).

It remains to investigate in how far such causal controllers lead to good control results
and how these feedback controls behave in numerical tests. ♦

Remark 3.32. There are other possibilities to use the approximated i/o-map for the
design of feedback controllers.

For instance, using finite-dimensional state space realizations of the i/o-map, classical
finite-dimensional design techniques like robust control can be applied, see [75, 124, 211].

Model predictive control presents another approach to closed loop control [47, 98],
basically by combining open loop control with output feedback corrections. It seems
promising to investigate the utility of approximations GDS within this framework. ♦
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3.8. Future research directions

We indicate some possible directions for future investigations. Some of the mentioned
issues are scheduled for the next period of the collaborative research center SFB 557.

Investigation of the validity region of the i/o-approximations. Convergence
tests have been carried out that show that the i/o approximation proves to be useful to
describe the input-output behavior of the system in a fast and reliable manner. First
numerical applications in optimization problems have shown that the i/o approxima-
tion also leads to useful solutions of the reverse problem of determining controls. The
numerical investigations in both directions should be extended.

In addition, the investigation of the approximated i/o-behavior in the frequency do-
main, e.g. by means of Bode plots remains an open task. Another interesting question
is to consider in how far i/o models calculated on for an interval [0, T ] are useful to
describe the system behavior for t > T , and thus how the time interval [0, T ] can be
chosen in an efficient way.

Reduction of numerical costs. The highest potential for cost reduction lies in the
numerical solution of the min{p, q} homogeneous PDEs (3.43) respectively (3.46a), where
p and q are the number of input and output basis functions in space, respectively.

A ’good’ problem-specific choice of basis functions µk and νl may significantly reduce
p or q and hence the numerical costs in order to obtain a desired accuracy in the i/o-
behavior. However, choosing physically motivated basis functions, one may no longer
have analytical error bounds.

Second, the necessary number of space and time basis functions may be kept as low as
possible by calculating the i/o-matrix successively, using hierarchical basis functions and
using for instance the convergence of the norm ||GS ||L (U ,Y) as indicator for the obtained
accuracy.

Third, the numerical solution of the homogenous PDEs itself offers much potential for
cost reduction. In Chapter 4 we discuss the use of goal-oriented adaptive discretization
techniques to reduce the number of degrees of freedom in order to satisfy the problem
specific accuracy requirements. We recall that the solution of the homogeneous PDEs can
be done in parallel. A different possibility concerns a cost-optimization of the numerical
algorithm e.g. in the following ways. Much calculation time can be saved if e.g. the
assembling of the mass and stiffness matrices and corresponding LU -factorizations do
not have to be carried out for each initial value bl = Bµl, l = 1, . . . , p again. However,
the supports of the bl differ and local refinements in the neighborhood of their supports
are reasonable, such that different spatial meshes may be useful. An intelligent updating
of meshes and the corresponding mass and stiffness matrices may therefore speed up the
calculation of the i/o-approximation considerably.

Alternative approximation of system dynamics. Instead of solving numerically
the homogeneous PDEs (3.43) (with solutions zl(t) = eAtbl) by means of a time stepping
scheme, one may try to calculate the matrix exponential eAtbl directly, where the matrix
A is a discretization of the differential operator A and bl is a discretization of the initial
value bl. Efficient approximative methods on the basis of Krylov techniques are e.g.
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considered in [159, 214, 213, 224]. If A is able for a representation as a hierarchical
matrix, then the efficient calculation of the matrix exponential via the hierarchical matrix
calculus is possible [112, 134]. In particular, it should be investigated how to exploit
that we are only interested in CeAtbl, where the matrix C represents a discretization of
the output operator, typically having only few rows.

Further applications of the i/o-discretization method. The i/o-discretization
method offers several opportunities for applications in control problems which have not
yet been tested thoroughly. For instance, the use of i/o-matrices for the fast optimiza-
tion over the prediction horizon in model predictive control algorithms seems to be a
promising application. The numerical realization of feedback laws directly based on the
algebraic representation as discussed in Section 3.7.5 is another open topic, as well as
the generation of classical LTI state space models on the basis of the i/o-map.

Furthermore, the identification of relevant input and output signals and the use of
this information in actuator and sensor design have not yet been studied.

Conceiving the i/o-discretization method, we primarily had the control of instationary
systems in mind, but it can also be applied to stationary control problems. This may
be e.g. advantageous if we deal with control systems consisting of a slow dynamical
subsystem (like fluids, modeled by instationary PDEs) coupled with a fast dynamical
subsystem (like acoustics, modeled by stationary PDEs), and one aims to describe the
fast subsystem efficiently only by means of its input-output behavior.

Generalizations to nonlinear systems and boundary control & observation.
The application of the i/o-discretization concept to problems of higher practical relevance
calls for a generalization of the concept to nonlinear systems and systems with boundary
control and observation.

The generalization from time-invariant to time-varying systems requires the analytical
and numerical treatment of kernel function K(t, s) = C(t)S(t, s)B(s) with evolution
families S(t, s) as outlined in Section 3.3.7. Apart from the generation of analytical error
bounds, a good strategy for a limitation of the numerical costs will be one important
issue, which should take into account how fast the system operators are changing.

The generalization to the nonlinear case may for instance be based on the representa-
tion of the nonlinear system by a library of suitable linear i/o-maps. The linear i/o-maps
may either be the i/o maps of linearizations of the nonlinear state space system, or arise
from a direct linearization of the nonlinear i/o-map, cf. Section 3.3.8. Similar approaches
for state space systems have been studied for instance in [240].

As outlined in Section 3.3.6, the calculation of the dynamics of systems with boundary
controls and observation cannot be reduced to the numerical calculation of a kernel
function K(t) = CS(t)B any longer as easily as in the case of distributed controls and
observations. However, the basic discretization framework outlined in Section 3.2 can
still be applied, but error estimates will be harder to establish.

System-theoretic properties and convergence of controls. We have not addressed
the system theoretic properties of the i/o-map like i/o stability or i/o-controllability
[264, 263], and how such properties are preserved under discretization. Finally, it would
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be interesting to investigate, under which conditions optimal open loop controls or op-
timal feedback controls calculated on the basis of the i/o-discretization converge to the
respective optimal control of the original system.
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(a) t=0.00125 (b) t=0.0625 (c) t=0.125

(d) t=0.1875 (e) t=0.245 (f) t=0.3125

(g) t=0.375 (h) t=0.4375 (i) t=0.5

Figure 3.15.: Optimization for a Stokes control system for laminar flows in a unit square:
Evolution of velocity fields v(t; ·) associated with the optimal control ū(t, ·),
which has been approximately calculated on the basis of an i/o map G̃ ∈
R

34·64×34·64.
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4. Goal-oriented Error Estimation for the
Approximation of System Dynamics

4.1. Motivation

In this chapter we address the development of discretization methods for time-dependent
partial differential equations which are especially suited for the calculation of the system
dynamics in Chapter 3 but also for more general optimization and control problems.

I/o map discretization setting. We recall that the concept for the discretization
of i/o-maps in Chapter 3 requires the efficient and reliable numerical solution of au-
tonomous PDEs

żl(t) = Azl(t), t ∈ (0, T ], (4.1a)

zl(0) = bl, (4.1b)

for l = 1, . . . , p and some initial values bl from a Hilbert space Z. We point out that we
are not primarily interested in the control of the global state errors ||zl − zl,tol||L2(0,T ;Z)

but only in the control of the global error in observations, i.e. we aim to approximate zl
by zl,tol such that

||Ĉzl − Ĉzl,tol||L2(0,T :Ŷ ) < tolobs, l = 1, . . . , p (4.2)

for a given tolerance tolobs > 0, where Ĉ ∈ L (Z, Ŷ ) is an observation operator mapping
into some Hilbert space Ŷ . Clearly, (4.2) can be ensured indirectly by

||zl − zl,tol||L2(0,T ;Z) < ||Ĉ||−1

L (Z,Ŷ )
tolobs,

where ||Ĉ||
L (Z,Ŷ ) denotes the operator norm of Ĉ. However, such global estimates can

be very pessimistic and may require unnecessarily fine discretizations [14].

In order to treat problem (4.2) directly within the general framework of goal-oriented
error estimation, we introduce a nonlinear functional J on L2(0, T ;Z), such that (4.2)
coincides with

J(z − zl,tol) :=

∫ T

0
||Ĉ(z(t) − zl,tol(t))||2Ŷ dt < tol, l = 1, . . . , p, (4.3)

with tol = tol
2
obs.
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Remark 4.1. In the discretization concept for i/o maps, Ĉ has the following form.
Recall that we aim to achieve ||K:,l − K̃:,l||L2(0,T ;Rq) < tolobs for l = 1, . . . , p, where

Kj,l(t) = (νj , Czl(t))Y , K̃j,l(t) = (νj , Czl,tol(t))Y , j = 1, . . . , q,

with observation operator C ∈ L (Z, Y ) and some functions νj from a Hilbert space Y ,
cf. p. 50. Hence, we define Ŷ = R

q and set

[Ĉz]j = (z, c∗j)Z , c∗j := C∗νj ∈ Z.

♦

General setting. Usually, goal-oriented error estimation is used to pursue the following
objective. Let z be the exact solution of an instationary PDE problem in some function
space V, and let zkh ∈ Vkh be its numerical approximation in some finite-dimensional
subspace Vkh ⊂ V. Note that, in this chapter, the subindex k always refers to a time-
discretization, whereas the subindex h will either denote a general discretization or more
specifically a space-discretization. Typically, Vkh can be chosen from a certain class of
subspaces corresponding to the space/time-discrete scheme used for the calculation of
zkh. Let J be a (possibly nonlinear) functional on V describing some quantity of interest.
Then, for a given tolerance tol, we want to choose Vkh (from the considered class of
subspaces) such that, ideally,

dimVkh = min! subject to: |J(z) − J(zkh)| < tol, (4.4)

ensuring reliability and efficiency of the calculated solution.

Note that, in general, it will not be possible to solve the optimization problem (4.4)
exactly. Moreover, the minimization of the degrees of freedom to solve for is just a sub-
stitute for the problem of obtaining a reliable numerical solution with minimal computa-
tional cost or within minimal time, which is much harder to formulate mathematically.

In this chapter, the class of finite-dimensional subspaces to choose Vkh from will cor-
respond to so-called cG(α)dG(β)-discretization schemes with dynamic meshes. More
precisely, we use a Galerkin time discretization scheme with discontinuous ansatz func-
tions which are piecewise polynomial of degree β with respect to a freely chosen time
grid, and for the space discretization on each time level we use a Galerkin scheme with
continuous ansatz functions which are piecewise ploynomial of degree α with respect to
a hierarchically refined mesh. In particular, we employ so-called dynamic meshes, i.e.
the spatial meshes can very from time step to time step. Hence, the considered method
belongs to the class of so-called h-adaptive discretization methods, whereas hp-adaptive
methods have the polynomial degree of the ansatz functions as additional degree of
freedom in the optimization [139, 149, 161, 162, 163, 229, 230].

As motivated above, we will here consider a slightly different problem than (4.4), by
aiming to achieve efficiently

dimVkh = min! subject to: |J(z − zkh)| < tol, (4.5)
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with nonlinear functional J . Since (4.4) and (4.5) coincide for linear functionals, we
will approximate (4.5) by similar problems with linear functionals J̄ = J̄kh satisfying
J̄kh(z − zkh) ≈ J(z − zkh).

The key for solving (4.4) at least approximately are error representation formulas of
the form

J(z) − J(zkh) ≈ η =
∑

In×K

ηIn×K ,

where the In ×K denote time-space cells corresponding to Vkh and the ηIn×K are local
error indicators which provide the basis for mesh adaption decisions. More precisely,
the ηIn×K are local residuals weighted with factors which stem from an auxilliary dual
problem. That is why this approach is usually referred to as Dual-weighted residual
(DWR) error estimation.

Literature on DWR methods. The DWR approach goes back to [8], substantial
contributions have since then been made, see e.g. [2, 14, 24, 27, 28, 149, 175, 176] and
the references therein. Note that the DWR approach has not only been successfully
applied to goal-oriented error control in the adaptive solution of PDE problems, but
also in order to adaptively control modelling errors [43, 44, 228], errors in eigenvalue
computations and stability analysis [148], errors in parameter estimation [30] and errors
in optimal control problems [25, 29, 185, 221]

We point out that most of the literature on DWR based error estimation is devoted
to the treatment of stationary nonlinear problems, see e.g. [21, 22, 143, 144, 235, 236,
237]. Motivated by the application within the i/o-discretization framework, we are
especially interested in instationary linear problems. Compared with the literature on
nonlinear stationary problems, publications on adaptive algorithms with goal-oriented
error estimation for instationary problems are rare: In the late nineties, the linear heat
equation has been treated by Hartmann [141], but with slightly different techniques as
we will use in this chapter, and hyperbolic problems have been treated by Bangerth and
Rannacher [11, 13]. A concise presentation of these results can be found in [14]. To
our knowledge, the subsequent publications directly devoted to instationary problems
are very recent and have not yet been published at the time of this writing, see Noelle
and Steiner [227] for hyperbolic problems and Schmich and Vexler [251] for numerical
investigations on nonlinear parabolic problems, however with linear cost functionals.
Note that adaptive algorithms for parabolic problems with errors measured in global
norms have been thoroughly investigated e.g. in [86, 87, 88, 89, 90].

Scope of this chapter. Our main interest is the application of the DWR approach for
the reliable approximation of system dynamics within the discretization framework for
input-output maps introduced in Chapter 3.

In Section 4.2 we present an abstract DWR error estimation result from [28] for general
nonlinear problems.

In Section 4.3 we apply this result to linear parabolic problems in order to establish
an error estimation based on separated local indicators for temporal and spatial error

83



4. Goal-oriented Error Estimation for the Approximation of System Dynamics

components. This decomposition of the error is based on the identity

J(z) − J(zkh) = (J(z) − J(zk)) + (J(zk) − J(zkh)), (4.6)

where zk is the solution of an auxiliary time-discrete problem. Based on these local
error indicators, we suggest an algorithm for the adaptive choice of the space and time
discretizations. This algorithm is heuristic in the sense that we will not address the
difficult topic of proving the properties and functionality of the adaptive strategy.

We have tried to realize the error estimation concept and the adaptive algorithm for
a linear heat equation numerically, and some details will be discussed in Section 4.4.
While the resulting discretizations are qualitatively plausible, the error estimation is not
yet technically mature with respect to quantitative results. The full development of the
error estimator is ongoing work. Future research directions are mentioned in Section 4.5.
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4.2. The abstract DWR approach

We briefly describe the abstract functional-analytic approach to goal-oriented error es-
timation on the basis of dual-weighted residuals described in [14] and introduced in
[28].

Let F(·)(·) : V × V → R be a semilinear form (i.e. linear in the second argument) on
some function space V. Let J : V → R be a (possibly nonlinear) functional describing a
quantity of interest. We aim to calculate J(z), where z ∈ V is the solution of

F(z)(v) = 0, v ∈ V. (4.7)

Choosing a finite-dimensional subspace Vh of V, we approximate z by zh ∈ Vh by solving

F(zh)(vh) = 0, vh ∈ Vh. (4.8)

Aiming to estimate J(z) − J(zh), we cite the following result.

Proposition 4.1 ([14, p. 74]). Assume that F and J are Fréchet-differentiable up to
order 3. For any solution z of (4.7) and zh of (4.8) we have the representation

J(z) − J(zh) =
1

2
ρ(zh)(z

∗ − wh) +
1

2
ρ∗(zh, z

∗
h)(z − vh) +R

(3)
h , (4.9)
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with arbitrary wh, vh ∈ Vh. Here ρ and ρ∗ denote the ’primal’ and ’dual’ residuals

ρ(zh)(·) := −F(zh)(·),
ρ∗(zh, z

∗
h)(·) := J ′(zh)(·) −F ′(zh)(·, z∗h),

and z∗ and z∗h are the solutions of the ’dual’ problems

F ′(z)(w, z∗) := J ′(z)(w), w ∈ V, (4.10a)

F ′(zh)(wh, z
∗
h) := J ′(zh)(wh), wh ∈ Vh. (4.10b)

The remainder term Rh is cubic in the ’primal’ and ’dual’ errors e := z − zh and
e∗ := z∗ − z∗h,

Rh =
1

2

∫ 1

0
{J ′′′(zh + se)(e, e, e) −F ′′′(zh + se)(e, e, e, z∗h + se∗)

−3F ′′′(zh + se)(zh + se)(e, e, e∗)}s(s− 1) ds.

The proof is based on an Euler-Lagrangian approach for a constrained optimization
problem. The arbitrary choice of elements vh, wh ∈ Vh is possible due to Galerkin
orthogonality properties of the approximation errors e and e∗, cf. (4.16) later in this
section.

4.3. Application to linear parabolic problems

4.3.1. Linear parabolic problems in weak formulation

Let [0, T ] be a finite time interval, and Ω be a bounded subset of R
d, d ∈ N. Assume that

its boundary Γ = ΓD ∪ ΓN decomposes into two disjoint sets ΓD and ΓN . We introduce
the spaces

V := H1
D(Ω) := {v ∈ H1(Ω) : v|ΓD

= 0},
W (0, T ) := {v ∈ L2(0, T ;V ), ∂tv ∈ L2(0, T ;V ′)}.

Let a : V × V → R be a coercive bilinear form. For f ∈ L2(0, T ;V ′) and z0 ∈ L2(Ω), we
seek z ∈W (0, T ) such that for almost every t ∈ [0, T ] and every v ∈ V ,

〈∂tz(t), v〉V ′,V + a(z(t), v) = 〈f(t), v〉V ′,V (4.11a)

z(0) = z0. (4.11b)

Remark 4.2. The prescription of initial values makes sense, since W (0, T ) can be
continuously embedded into C([0, T ];L2(Ω)), see e.g. [83]. If Γ is sufficiently smooth,
functions v ∈ L2(0, T ;H1) have a trace vΓ ∈ L2(0, T ;H1/2(Γ)), see e.g. [206]. It is a
classical result, that for coercive a(·, ·) a unique solution z ∈W (0, T ) exists, see e.g. [83].
♦
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Example 4.1. As example, we consider a linear heat equation with homogeneous Dirich-
let data on ΓD and possibly inhomogeneous Neumann data gN on ΓN , which writes in
its classic formulation as

∂tz(t;x) = △z(t;x) + f̂(t;x), in (0, T ] × Ω (4.12a)

z(t;x) = 0, on (0, T ] × ΓD (4.12b)

∂nz(t;x) = gN (t;x), on (0, T ] × ΓN (4.12c)

z(0;x) = z0(x), in Ω. (4.12d)

For f̂ ∈ L2(0, T ;V ′) and gN ∈ L2(ΓN ) we can rewrite (4.12) as (4.11) by defining
a(z, v) := (∇z,∇v) and 〈f, v〉V ′,V := 〈f̂ , v〉V ′,V + (gN , v)L2(ΓN ). ♦

In order to write (4.11) as (4.7), we introduce the bilinear formB : W (0, T ) ×W (0, T ) → R

and the linear functional F : W (0, T ) → R,

B(z, v) :=

∫ T

0
{〈∂tz(t), v(t)〉V ′,V + a(z(t), v(t))} dt+ (z(0), v(0))L2(Ω)

F (v) :=

∫ T

0
〈f(t), v(t)〉V ′,V dt+ (z0, v(0))L2(Ω).

Then the solution of (4.11) also satisfies (4.7) with

F : W (0, T ) ×W (0, T ) → R, F(z)(v) := B(z, v) − F (v). (4.13)

4.3.2. Time and space discretization

In order to consider the continuous problem, the time-discrete problem, and the fully-
discrete problem in a unified variational framework in terms of discontinuous Galerkin
(dG) schemes, we introduce the following definitions. For theoretical considerations on
dG schemes, see e.g. [274].

We decompose the time interval (0, T ] into half-open subintervals In = (tn−1, tn] of
length kn = tn − tn−1,

0 = t0 < · · · < tn < . . . tN = T.

For each time interval In, let V α
h,n ⊂ V = H1

D(Ω) be an appropriate finite-dimensional
subspace defined on spatial meshes T n

h = {K} which may vary from time step to time
step. More precisely, we assume that Ω is a polygonal domain in R

2, T n
h an appropriate

mesh of quadrilaterals, and V α
h,n is the space of those continuous functions which are,

restricted to a cell K, polynomials of degree α ∈ N. Denoting by Pβ(In, X) the space of
polynomials of degree β ∈ N0, defined on In and with values in a space X, we introduce
the spaces

Vβk := {v ∈ L2(0, T ;V ) : v|In ∈ P
β(In, V ), n = 1, . . . , N}

Vβ,αkh := {v ∈ L2(0, T ;V ) : v|In ∈ P
β(In, V

α
h,n), n = 1, . . . , N} ⊆ Vβk ,

V := Vβk +W (0, T ).
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We extend the semilinear form F in (4.13) to

F : V × V → R, F(z)(v) := Bk(z, v) − Fk(v), (4.14)

where Fk is the natural extension of F to V and Bk is the extension of the bilinear form
B from W (0, T ) ×W (0, T ) to V × V, defined by

Bk(z, v) :=
N∑

n=1

∫

In

{〈∂tz(t), v(t)〉V ′,V + a(z(t), v(t))} dt+
N−1∑

n=1

([z]n, v
+
n )L2(Ω) + (z+

0 , v
+
0 )L2(Ω),

Fk(v) :=

N∑

n=1

∫

In

〈f(t), v(t)〉V ′,V dt+ (z0, v+
0 )L2(Ω).

Here [v]n, v
+
n and v−n denote jumps and one-sided limits, respectively,

v+
n := lim

t↓tn
v(t), v−n := lim

t↑tn
v(t), [v]n := v+

n − v−n .

In the following, we simply write B and F instead of Bk and Fk. Now we can formulate
the continuous and discrete problems in a unified way in form of (4.7) resp. (4.8).

The continuous problem consists in finding z ∈ V such that

F(z, v) = 0, v ∈ V, (P )

the time-discrete problem consists in finding zk ∈ Vβk such that

F(zk, vk) = 0, vk ∈ Vβk (Pk)

and the fully-discrete problem consists in finding zkh ∈ Vβ,αkh such that

F(zkh, vkh) = 0, vkh ∈ Vβ,αkh . (Pkh)

For the unique solvability of (Pk) and (Pkh), see e.g. [274].

We introduce the ’primal’ time discretization error ek, the ’primal’ space discretization
error eh and the ’primal’ time-space discretization error ekh by

ek := z − zk, eh := zk − zkh, ekh := z − zkh = ek + eh. (4.15)

These errors satisfy the following Galerkin orthogonality conditions,

B(ek, vk) = 0 for vk ∈ Vβk , (4.16a)

B(eh, vkh) = 0 for vkh ∈ Vβ,αkh , (4.16b)

B(ekh, vkh) = 0 for vkh ∈ Vβ,αkh . (4.16c)
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Remark 4.3. The numerical scheme (Pk) is called discontinuous Galerkin time dis-
cretization scheme of degree β or just dG(β)-scheme. The numerical scheme (Pkh)
is often referred to as cG(α)dG(β) scheme, as the dG(β) scheme is combined with a
classical continuous Galerkin scheme with ansatz functions of degree α for the space
discretization at each time step [91]. ♦

Remark 4.4. Choosing the ansatz functions v piecewise constant in time and denoting
by vn their value in In, we obtain the following cG(α)dG(0)-scheme. Find zkh ∈ V0,α

kh

(with values zkh,n in the intervals In) such that for n = 1, . . . , N ,

kn a(zkh,n, vn) + (zkh,n − zkh,n−1, vn)L2(Ω)

=

∫

In

〈f(t), vn〉V ′,V dt for all vn ∈ V α
h,n,

(4.17)

and for n = 1, we set zkh,n−1 = z0. Choosing coinciding subspaces V α
h,1 = · · · = V α

h,N

and evaluating the time integral in (4.17) by the right-sided box rule, the cG(α)dG(0)-
scheme coincides with the backward Euler scheme applied to a classical Galerkin space-
discretization. ♦

4.3.3. Error representation formulas

We consider problem (P ) and its approximate solution via (Pkh), and we aim to measure
the resulting error with respect to linear functionals J̄ of the form

J̄(v) = (σ, v)L2(0,T ;L2(Ω)), (4.18)

where σ ∈ L2(0, T ;L2(Ω)) is some given weight function.

Example 4.2. We show how the control of the output error

J(ekh) = ||Ĉekh||2L2(0,T ;Ŷ )
, (4.19)

with Ĉ ∈ L (L2(Ω), Ŷ ), can be approximately considered within this setting. Choosing
σ in (4.18) as

σ := Ĉ∗Ĉẽkh ∈ L2(0, T ;L2(Ω)), (4.20)

where ẽkh is an approximation of the actual state error ekh, we obtain

J̄(ekh) ≈ J(ekh).

Note that in this way J̄ = J̄kh always depends on the current approximation ẽkh of the
state error ekh, causing an error bounded by

|J(ekh) − J̄kh(ekh)| = |(Ĉ(ekh − ẽkh), Ĉekh)L2(0,T ;Ŷ )|,
≤ ||Ĉ||2

L (L2(Ω),Ŷ )
||ekh − ẽkh||L2(0,T ;L2(Ω))||ekh||L2(0,T ;L2(Ω)).

Within an iterative adaptive discretization procedure, we will later control J(ekh) by
means of approximations J̄kh(ekh), which are updated in each iteration. ♦
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On the basis of Prop. 4.1, we next present representation formulas for the spatial and
the temporal error components in J̄(ekh) for a general linear J̄ .

Corollary 4.1. Assume that J̄ : V → R is linear, and let z, zk and zkh be the respective
solutions of (P ), (Pk), and (Pkh). Then the total error with respect to J̄ decomposes
into a temporal and a spatial component,

J̄(ekh) = J̄(ek) + J̄(eh), (4.21)

which are given by

J̄(ek) =
1

2
{F (z∗ − wk) + J̄(z − vk) −B(zk, z

∗ − wk) −B(z − vk, z
∗
k)}, (4.22a)

J̄(eh) =
1

2
{F (z∗k − wkh) + J̄(zk − vkh) −B(zkh, z

∗
k − wkh) −B(zk − vkh, z

∗
kh)}, (4.22b)

for arbitrary vk, wk ∈ Vβk and vkh, wkh ∈ Vβ,αkh . Here z∗ ∈ V, z∗k ∈ Vβk and z∗kh ∈ Vβ,αkh are
the solutions of the dual problems

B(w, z∗) = J̄(w), w ∈ V, (D)

B(wk, z
∗
k) = J̄(wk), wk ∈ Vβk , (Dk)

B(wkh, z
∗
kh) = J̄(wkh), wkh ∈ Vβ,αkh . (Dkh)

Proof. Due to the linearity of J̄ , (4.21) holds in view of (4.15). We apply Prop. 4.1
twice: once to (P ) as original problem with Galerkin approximation (Pk), and once to
(Pk) as original problem with Galerkin approximation (Pkh). Then, (4.9) simplifies to
(4.22a), respectively (4.22b), in view of the bilinearity of B and linearity of F , and, in
particular, the remainder terms Rh and Rk vanish.

Remark 4.5. In the linear case, primal residuals and dual residuals coincide, i.e.

ρ(zk)(z
∗ − wk) = ρ∗(zk, z

∗
k)(z − vk), (4.23a)

ρ(zkh)(z
∗
k − wkh) = ρ∗(zkh, z

∗
kh)(zk − vkh), (4.23b)

such that the error representations (4.22a) and (4.22b) can be simplified. Though the
resulting estimators are analytically equivalent, they may behave differently in numerical
calculations. The same is true for analytically equivalent representations (4.22a) and
(4.22b) which are obtained by different choices of vk, vkh, wk and wkh in (4.22). ♦

Remark 4.6. For bilinear B and linear F , error representation formulas for J̄(ek) and
J̄(eh) can be obtained directly, without making use of the general result Prop. 4.1.
Defining the dual problems (D), (Dk) and (Dkh) as in Cor. 4.1, by means of (4.16) we

obtain for arbitrary wk ∈ Vβk that

J̄(ek) = J̄(z − zk) = B(z − zk, z
∗) = B(z − zk, z

∗ − wk),

= F (z∗ − wk) −B(zk, z
∗ − wk),

which coincides with (4.22a) in view of (4.23), and a similar relation holds for J̄(eh). We
will stick to representation (4.22) since this formulation can be extended more directly
to nonlinear settings. ♦
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Remark 4.7. In order to reinterpret the dual problems (D), (Dk) and (Dkh) in a
classical sense, we consider the adjoint bilinear form B∗

k of Bk in more detail. For
sufficiently smooth v and w by a partial integration in time and a recombination of
jump terms we obtain that

B∗
k(w, v) = Bk(v, w) =

N∑

n=1

∫

In

{(−∂tw, v)L2(Ω) + a(w, v)L2(Ω)} dt

+
N∑

n=1

{
(w−

n , v
−
n )L2(Ω) − (w+

n−1, v
+
n−1)L2(Ω)

}

+
N−1∑

n=1

([v]n, w
+
n )L2(Ω) + (v+

0 , w
+
0 )L2(Ω)

=
N∑

n=1

∫

In

{(−∂tw, v)L2(Ω) + a(w, v)L2(Ω)} dt

+

N−1∑

n=1

(−[w]n, v
−
n )L2(Ω) + (w−

N , v
−
N )L2(Ω).

Let J̄ be of the form J̄(w) = (w, σ)L2(0,T ;L2(Ω)) with given weight function σ ∈ L2(0, T ;L2(Ω)).
Recalling the correspondence between the formulations (4.11) and (4.13) we see that the
dual problem (D) corresponds to a backward in time parabolic problem

〈−∂tz∗(t), w〉V ′,V + a(z∗(t), w) = (σ(t), w)L2(Ω), w ∈ V, t ∈ [0, T ), (4.24a)

z∗(T ) = 0. (4.24b)

and (Dk), (Dkh) correspond to its discretizations by discontinuous Galerkin schemes. ♦

Remark 4.8. Inhomogeneous Dirichlet boundary conditions can be handled within the
abstract error estimation framework as follows. Consider for instance (4.12) with (4.12b)
replaced by

z(t;x) = gD(t;x) on (0, T ] × ΓD,

where gD is an appropriate function in L2(0, T ;L2(ΓD)). We then define the semilinear
form F ,

F(z)(v) = Bk(z, v) − Fk(v) − (z − gD, v)L2(0,T ;L2(ΓD),

now on V = Ŵ (0, T ) = {v ∈ L2(0, T ; V̂ ) : ∂tv ∈ L2(0, T ; V̂ ′)} with V̂ = H1(Ω). Then
Prop. 4.1 can again be applied, yielding additional terms in the error representation
formula (4.22), cf. [178] for details. Note that, in this way, the Dirichlet boundary
conditions are considered in a weak respectively Lagrange multiplier sense, whereas,
in many numerical implementations, degrees of freedoms which are fixed due to the
Dirichlet conditions are directly eliminated. ♦

Local error indicators. There are numerous possibilities to derive local error indica-
tors from the error representation formulas, which can then be used to steer the adaptive
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time and space discretizations. We present here the approach of directly evaluating the
error representation formulas on local space-time cells, and discuss some alternative
approaches in Remark 4.11.

In the following, we restrict our considerations to the heat equation. We denote
by (·, ·)K the scalar product in L2(K), by (·, ·)In×K the time-space scalar product in
L2(In;L

2(K)), and (·, ·)Ω and (·, ·)In×Ω are introduced correspondingly. We assume that
J̄ is defined by means of some general weight function σ ∈ L2(0, T ;L2(Ω)) as in (4.18),
and we recall that this setting can be used for treating output errors (cf. Example 4.2).
In view of (4.22a), we obtain the following localized indicators for the time discretization
error in J̄ ,

J̄(ek) = ηk :=
N∑

n=0

ηkn, (4.25a)

with

ηk0 =
1

2
{(z0 − (zk)

+
0 , (z

∗ − wk)
+
0 )Ω − ((z − vk)

+
0 , (z

∗
k)

+
0 )Ω}, (4.25b)

and for n = 1, . . . , N

ηkn =
1

2
{(f, z∗ − wk)In×Ω + (σ, z − vk)In×Ω

− (∂tzk, z
∗ − wk)In×Ω − (∂t(z − vk), z

∗
k)In×Ω

− (∇zk,∇(z∗ − wk))In×Ω − (∇(z − vk),∇z∗k)In×Ω (4.25c)

− 1 − δ1,n
2

(([zk]n−1, (z
∗ − wk)

+
n−1)Ω − ([vk]n−1, (z

∗
k)

+
n−1)Ω)

− 1 − δN,n
2

(([zk]n, (z
∗ − wk)

+
n )Ω − ([vk]n, (z

∗
k)

+
n )Ω)}.

Here, vk and wk can be arbitrarily chosen from Vβk . We have split up temporal jump
terms in order to attribute them equally to the neighboring time intervals, and we make
use of the Kronecker symbol δi,j in order to take into account that the first and the last
interval have only contributions from the right respectively left jump term.

Analogously, in view of (4.22b), we obtain the following localized indicators for the
space discretization error in J̄ ,

J̄(eh) = ηh :=
N∑

n=0

∑

K∈T n
h

ηhn,K , (4.26a)

where we set T 0
h := T 1

h and

ηh0,K =
1

2
{(z0 − (zkh)

+
0 , (z

∗
k − wkh)

+
0 )K − ((zk − vkh)

+
0 , (z

∗
kh)

+
0 )K}, (4.26b)
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whereas for n = 1, . . . , N and K ∈ T n
h we set

ηhn,K =
1

2
{(f, z∗k − wkh)In×K + (σ, zk − vkh)In×K

− (∂tzkh, z
∗
k − wkh)In×K − (∂t(zk − vkh), z

∗
kh)In×K

− (∇zkh,∇(z∗k − wkh))In×K − (∇(zk − vkh),∇z∗kh)In×K (4.26c)

− 1 − δ1,n
2

(([zkh]n−1, (z
∗
k − wkh)

+
n−1)K + ([zk − vkh]n−1, (z

∗
kh)

+
n−1)K)

− 1 − δN,n
2

(([zkh]n, (z
∗
k − w∗

kh)
+
n )K + ([zk − vkh]n, (z

∗
kh)

+
n )K)}.

Here, vkh and wkh can be arbitrarily chosen from Vβ,αkh .

Remark 4.9. The indicators ηk0 and ηh0,K with K ∈ T 1
h have only been introduced

for a concise representation of the local error indicators. In adaptive strategies, ηk0 and
ηh0,K will always be attributed to the first time interval I1 and added to the respective

indicators ηk1 and ηh1,K . ♦

Remark 4.10. It may be numerically preferable to apply a partial integration to the
terms including gradients,

∑

K∈Th

(∇v,∇w)K =
∑

K∈Th

{−(v,△w)K +
1

2
(v, [∂nw])∂K},

and then to attribute jump terms equally to neighboring cells. Here [∂nw] denote jumps
in the normal derivatives on the cell boundaries, defined as follows. For two neighboring
cells Ki and Kj , let ∂Kij denote the common edge. Then

(v, [∂nw])∂Kij
:= (v, ∂nw|Ki

− ∂nw|Kj
)∂Kij

,

and for edges ∂Ki on the boundary ∂Ω we set (v, [∂nw])∂Ki
= (v, 2∂nw|Ki

)∂Ki
. ♦

Remark 4.11. We will approximatively evaluate the error indicators (4.25) and (4.26)
directly on the basis of a numerically calculated dual solution z∗kh of (Dkh).

Different approaches have been investigated in the literature. For instance the Cauchy-
Schwarz inequality can be applied to the local scalar products in (4.25) and (4.26). The
resulting local norms can then again be approximatively evaluated by means of a numer-
ical dual solution z∗kh, see e.g. [11, 13, 141]. It may also be possible to eliminate the dual
solution z∗ from the error estimation by employing appropriate a priori bounds, see e.g.
[86, 87, 88, 89, 91]. However, the use of Cauchy-Schwarz estimates may lead to drastical
overestimations, in particular in the presence of strong transport phenomena [140, 142].
Nevertheless, even working with global norms in goal-oriented error estimation can be
useful as shown in [269].

Next we mention different approaches in order to realize a splitting of the total error
into spatial and temporal error components. In [251] the splitting (4.6) in combina-
tion with a direct numerical evaluation of the error indicators has been employed for
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nonlinear parabolic equations, and numerical experiments have shown that the space
(resp. time) error indicators are asymptotically independent of refinements of the time
(resp. space) grids. In [141] error indicators have been derived for linear heat equations
on the basis of local Cauchy-Schwarz estimates in combination with projections of the
solution onto appropriate subspaces of space-time-dependent polynomials. In this way
it could also be analytically shown that the resulting space and time error indicators
capture asymptotically correctly the respective convergence orders of the applied space
and time discretization schemes. In [227] this method has been carried over to hyper-
bolic equations, and again the asymptotically correct behavior of the space and time
error indicators could be shown analytically. ♦

4.3.4. Adaptive algorithm

In this subsection, we discuss how a mesh adaption algorithm can be based on the local
error indicators. Before we suggest such an algorithm for the instationary problems
under investigation, we briefly recall some basic adaption strategies for stationary prob-
lems, see [14, 28] for details. For that purpose, assume that we have an a posteriori error
estimation of the form

|J̄(z) − J̄(zh)| ≤
∑

K∈Th

|ηK |,

where ηK are local error indicators corresponding to cells K in a mesh Th, and assume
that a tolerance tol has been prescribed for |J̄(z) − J̄(zh)|.

The underlying objective of many adaptive strategies is to equilibrate the magnitude
of the local error indicators |ηK |, i.e. one tries to obtain in the end a mesh T ′

h = {K ′}
such that the corresponding error indicators ηK′ satisfy

|ηK′ | ≈ tol

M ′
, M ′ = card{K ′ ∈ T

′
h}. (4.27)

For very specific problems it can be shown that an optimal mesh T ′
h in the sense of

∑

K′∈T ′

h

|ηK′ | ≤ tol, M ′ = min! (4.28)

is characterized by (4.27), see [14, p. 50]. In general, however, analytical proofs of
properties of adaptive algorithms are very difficult to establish [14]. Computational
experiments indicate that (4.27) characterizes efficient meshes also in more complicated
situations [27]. In order to achieve (4.27), one may distinguish the following approaches.

(i) Equilibration-based strategy: Refine a cell K, whenever |ηK | ≥ tol/M , where M is
the number of cells K in the current mesh Th. In order to avoid over-refinement,
flag cells for coarsening, whenever |ηK | ≤ γctol with suitably chosen constant
γc ∈ [0, 1).

(ii) Fixed mesh fraction strategy: Order the cells according to the size of |ηK | and refine
the first γrM cells and coarsen the last γcM cells, with suitably chosen fractions
γr, γc ∈ [0, 1).

93



4. Goal-oriented Error Estimation for the Approximation of System Dynamics

(iii) Fixed error fraction strategy: Order the cells according to the size of |ηK | and
refine those first mr cells which are together responsible for the fraction γr of the
total error, and coarsen the last mc cells which are responsible for the fraction γc
of the total error, with suitably chosen γr, γc ∈ [0, 1). We discuss this strategy
in more detail when using it for the choice of spatial discretizations later in this
section.

(iv) Mesh optimization strategy: Based on theoretical assumptions on the dependence
of local error indicators ηK on the choice of local mesh sizes hK , an optimization
problem corresponding to (4.28) can be solved in order to obtain directly an optimal
choice of the local mesh sizes. However, the required theoretical assumptions do
not always hold or may be very difficult to prove, and the approximative solution
of the optimization problem may not be an easy task [14]. We discuss this strategy
in more detail when using it for the time grid choice later in this section.

In order to deal with instationary problems, we suggest Algorithm 1, which aims at
an error control based on an equilibration of the time error ηk = J̄(ek) and the space
error ηh = J̄(eh) in the sense

|J(ekh)| = |ηk + ηh| < tol, with |ηk| ≈ |ηh|. (4.29)

In the case of nonlinear J as given in (4.19), it addresses the objective (4.29) by updating
the linear approximation J̄ = J̄kh of J in each iteration.

Working later with numerically approximated error indicators

η̃k =
N∑

n=1

η̃kn, η̃h =
N∑

n=1

∑

K∈T n
h

η̃hn,K ,

we introduce a positive correction factor γeff aiming to compensate a possible lack of
efficiency of the estimator. Note that the sums over n range only from 1 to N in corre-
spondence to Remark 4.9, i.e. the indicators η̃k1 and η̃h1,K now also include the respective

indicators η̃k0 and η̃h0,K . Following similar suggestions in [221], we introduce two factors
γh, γk ∈ (0, 1] in order to decide if the spatial error is neglectable in comparison to the
time error and vice versa. We describe the details of these space and time refinements
mentioned in Algorithm 1.

Remark 4.12. Note that for general linear functionals J̄ , the errors J̄(ekh), J̄(ek)
and J̄(eh) may be positive or negative, as well as each of the corresponding local error
indicators. In particular, negative and positive error contributions can compensate each
other, such that for the estimation of the total error J̄(ekh) in lines 7, 10 and 13 of
Algorithm 1 it is more reasonable to take the sum of all local error indicators than
the sum of their absolute values. For J̄ approximating a quadratic functional J as in
Example 4.2, positive values can be expected.

Note, however, that the suggested refinement and coarsening strategy relies on the
absolute values of the local error indicators. The development of strategies taking a
possible error compensation into account may be a worthwile future task. ♦
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Algorithm 1: Adaptive time and space discretization (pseudo-code)

initialization: Choose initial Vβ,αkh (i.e. initial time grid and initial spatial grids on1

each time level);
repeat2

Calculate the ’primal’ approximate solution zkh ∈ Vβ,αkh ;3

In the case of nonlinear J : Update error functional J̄ , i.e. estimate the error ẽkh4

to obtain the right hand side σ = σkh of the dual problem;
Calculate the ’dual’ approximate solution z∗kh ∈ Vβ,αkh ;5

Calculate the local indicators η̃kn and η̃hn,K (for all n = 1, . . . , N , and K ∈ T n
h );6

if |η̃k + η̃h| ≥ γefftol and |η̃h| ≥ γh|η̃k| then7

Adapt Vβ,αkh by refining spatial grids (for details see below);8

end9

if |η̃k + η̃h| ≥ γefftol and |η̃k| ≥ γk|η̃h| then10

Adapt Vβ,αkh by refining time grid (for details see below);11

end12

until |η̃k + η̃h| < γefftol ;13

Space refinement. The refinement strategy is fraction based and considers all time
levels at once. In particular, it leads to so-called dynamic meshes, i.e. meshes which
may vary from time-step to time-step.

We sort all indicators η̃hn,K for n = 1, . . . , N andK ∈ T n
h with respect to their absolute

values, yielding (after renaming) a sequence

|η̃h1 | ≥ |η̃h2 | ≥ · · · ≥ |η̃hMN
| ≥ 0, MN =

N∑

n=1

card{K ∈ T
n

h }.

We choose two parameters 0 ≤ γc < γr < 1, like γc = 0.001 and γr = 0.9. We then flag
for refinement those mr spatial cells K in the grid T n

h of time level n which correspond
to the error indicators η̃h1 , η̃

h
2 , . . . , η̃

h
mr

satisfying

mr∑

i=1

|η̃hi | ≥ γr|η̃h|, mr = min!.

Correspondingly, we flag for coarsening those mc cells K which correspond to the error
indicators η̃hMN−mc+1, η̃

h
MN−mc+2, . . . , η̃

h
MN

satisfying

MN∑

i=MN−mc+1

|η̃hi | ≤ γc|η̃h|, mc = max!.

Remark 4.13. Optionally, before the ordering, the indicators η̃hn,K may be scaled with
respect to the time step kn,

η̂hn,K = kn
N

T
η̃hn,K ,
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see e.g. [141, 251]. ♦

Time refinement. The refinement is based on a mesh optimization strategy, however
only in a heuristic manner, since the following underlying assumption will not be proved
and may not hold.

Assumption 4.1. There exist γ ∈ N and a (grid independent) function Φ : [0, T ] → R

relating the estimated temporal error with the chosen step size distribution by means of

N∑

n=1

|ηkn| ≈
∫ T

0
κ(t)γΦ(t) dt, (4.30)

where κ : [0, T ] → R+ is a continuous step-size function with κ(t) ≈ kn for t ∈ In.

In addition, we introduce a grid complexity function fN : κ 7→ R+,

fN (κ) :=

∫ T

0
κ(t)−1 dt ≈

N∑

n=1

knk
−1
n = N.

Remark 4.14. In the numerical experiments, we will consider a cG(1)dG(0)-scheme in
detail. We recall that dG(0) time discretization schemes are known to be of convergence
order 1 [274]. Since, for linear functionals J̄ of the form (4.18) with weight function σ
independent from ekh, the temporal state error ek enters linearly into J̄ , we will assume
that Assumption 4.1 holds (at least approximately) with γ = 1. For linear functionals J̄
arising from a nonlinear functional J as in Example 4.2, where σ depends itself linearly on
an estimation of ekh, we will assume that Assumption 4.1 holds (at least approximately)
with γ = 2. ♦

We cite the following result from [14], adapted to the time grid optimization task.

Theorem 4.1 ([14, Prop. 4.6]). Under Assumption 4.1, the time grid optimization
problem

∫ T

0
κ(t)γΦ(t) dt→ min, fN (κ) ≤ Nmax

is solved by

κopt(t) =
W

Nmax
Φ(t)−1/(γ+1),

provided that

W :=

∫ T

0
Φ(t)1/(γ+1) dt <∞.

For an ’optimal grid’, the estimates

∫ T

0
κopt(t)

γΦ(t) dt ≈ tolk :=
W γ+1

Nγ
opt

, and Nopt ≈
W (γ+1)/γ

(tolk)1/γ

hold.
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4.4. Practical realization and numerical results

Next we aim to approximate numerically the optimal grid-size function κopt. Assume
that, for a given time grid {In}n=1,...,N , the corresponding local error indicators η̃kn,
n = 1, . . . , N have been calculated (as it is the case in line 11 of Algorithm 1). We
approximate Φ by a step-wise constant function Φ̃ with respect to this time grid as
follows. Denoting the respective values of Φ̃ on In by Φ̃n ∈ R, we approximate (4.30) by
means of

N∑

n=1

|ηkn| ≈
N∑

n=1

kn(k
γ
nΦ̃n).

Hence, it is reasonable to set

Φ̃n =
|η̃kn|
kγ+1
n

.

Consequently, we can approximate W by

W̃ =
N∑

n=1

|η̃kn|1/(γ+1).

Finally, we approximate κopt by

κ̃opt(t) =
W̃

Nmax
Φ̃−1/(γ+1)
n =

kn
Nmax

N∑

m=1

∣
∣
∣
∣

η̃km
η̃kn

∣
∣
∣
∣

1/(γ+1)

, t ∈ In, (4.31)

which can then be used to choose the next time grid.

Remark 4.15. Though the principal objective is to minimize the number of degrees of
freedom whilst achieving a desired accuracy, the adaptive time discretization procedure
tries to minimize the temporal error in each iteration by means of a prescribed maximal
number of time steps. We have chosen this variant in order to have a better control of
the number of time steps occuring during the computations. ♦

Remark 4.16. We will not analytically investigate the properties of Algorihm 1, but
only observe its behavior in numerical experiments. Note that, starting with a solution
on relatively coarse grids, there is thus no guarantee that the algorithm generates dis-
cretizations which are (at least approximately) optimal in the sense of (4.4), nor that the
algorithm actually will stop by finding an approximate solution meeting the accuracy
requirements. ♦

4.4. Practical realization and numerical results

In this section we discuss a practical realization of the goal-oriented error estimation
concept and of the suggested adaptive algorithm. Exemplarily, we consider cG(1)dG(0)-
discretizations of linear heat equations (4.12) on polygonal domains.
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4. Goal-oriented Error Estimation for the Approximation of System Dynamics

4.4.1. Test configurations

We will consider the following test configurations in detail. By vL we denote the first
eigenfunction of the Laplace operator with homogeneous Dirichlet boundary conditions
on a unit square,

vL(x) = sin(πx1) sin(πx2), x = (x1, x2) ∈ [0, 1]2.

(a) Temperature profile at t = 1.25. (b) Inhomogeneity at t = 1.5

Figure 4.1.: Test configuration 4.1.

Test configuration 4.1. We consider the heat equation (4.12) on the unit square with
homogeneous Dirichlet boundary conditions in the time interval [0, 2]. We choose the
inhomogeneity f such that the exact solution z is given by

z(t;x) = e−2π2tvL + max{0, t− 1} zbump(t;x), with z0(x) = vL(x),

where zbump(t;x) is defined as

zbump(t;x) =







0 , ||x−
(

0.5
0.5

)
|| ≥ 0.4

1 , ||x−
(

0.5
0.5

)
|| ≤ 0.3

exp

(

1 − 1

1−((||x−
(

0.5
0.5

)
||−0.3)/0.1)2

)

, otherwise

.

In other words, we first observe the exponential decay of a smooth initial value, and
at time t = 1 a heat source in the inner of the domain is switched on, resulting in
a rising smooth temperature profile with steep gradients as depicted in Figure 4.1(a).
Figure 4.1(b) shows the corresponding inhomogeneity f . As error functional, we choose
a nonlinear J as in (4.19) with

Ĉ : L2(Ω) → R, Ĉz =

∫

Ωm

z(x) dx, with Ωm = [0, 0.5] × [0, 0.5],
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4.4. Practical realization and numerical results

i.e. we are only interested in the (scaled) average temperature in a subdomain of
Ω. As linear approximation of J we use J̄(v) = (σ, v)L2(0,T ;L2(Ω)) with σ(t;x) =
(χΩm , ẽkh(t))L2(Ω)χΩm(x), where ẽkh is an approximation of the exact error ekh, cf. Ex-
ample 4.2. ♦

Ω

Ω

Ω c

m

(a) Domain Ω. (b) Initial value Bµ1.

Figure 4.2.: Test configuration 4.2.

Test configuration 4.2. We consider a pure initial value problem as it occurs in the
discretization concept for i/o-maps, cf. Test conf. 3.2 on p. 61, where two connected
plates are considered as a heat control system. Hence, we consider a heat equation with
homogeneous Neumann boundary conditions on a domain Ω as depicted in Fig. 4.2(a)
on the time interval [0, 1]. We choose f ≡ 0 and as initial value

z0 = Bµ1 ∈ L2(Ω)

with support in Ωc as shown in Fig. 4.2(b), and we refer to p. 61 for the exact definition
of the input operator B, the spatial input basis function µ1 and the control domain Ωc.

As error functional, we choose (4.19) as

J(ekh) :=

∫ T

0

q
∑

l=1

(c∗l , ekh(t))
2
L2(Ω) dt,

with weight functions

c∗l (x1, x2) = (C∗νl)(x1, x2) =
χ|Ωm

(x1, x2)

meas(Ωm)
νl

(
x2 − am,2
bm,2 − am,2

)

, l = 1, . . . , q

and we refer again to p. 61 for an exact definition of the measurement domain Ωm =
(am,1, bm,1)× (am,2, bm,2), the output operator C and the spatial output basis functions
νl. For the calculations, we choose q = 33 such that 6 hierarchy levels of the hierarchical
basis functions νl are considered, cf. Fig. 3.2. ♦
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4.4.2. Some details on the implementation

The cG(1)dG(0)-scheme. Problem (P ) is discretized by means of a Galerkin scheme
with ansatz functions which are discontinuous, piecewise constant in time and which
are continuous, piecewise linear in space with respect to meshes which can vary from
time step to time step. Each of the meshes consists of quadrilaterals and is generated
by means of hierarchical local refinements of one given initial mesh. The time grid
and the spatial meshes will be chosen by means of the adaptive procedure described in
Algorithm 1. The discrete dual problem (Dkh) is solved on the same time grid and with
the same spatial meshes as they are used for (Pkh). A right-sided box-rule is used for
the time-integration of those terms (4.14) containing the inhomogeneity f .

For the practical implementation we made use of deal.ii, which is a C++ finite ele-
ment software package for solving partial differential equations developed in the Numer-
ical Methods Group at the University of Heidelberg [12]. Available under Open Source
license, it offers tools for the handling of locally refined meshes and for the realization of
adaptive refinement strategies. We have extended the library by additional classes for
the handling of dynamic meshes and for data interchange with Matlab, see [178] for
details.

Remark 4.17. For the discretization of parabolic equations, the Crank-Nicolson time
stepping scheme is a popular choice since it has convergence order two. It is possible
to apply the DWR error estimation also to this scheme, since it can also be interpreted
as a discontinuous Galerkin scheme (with continuous, piecewise linear ansatz functions
and discontinuous, piecewise constant test functions). We do not consider this method
here, and refer to [141, 221, 274] for details. ♦

Higher order interpolation and nonlinear cost functionals. The approximation
of the quadratic error functional (4.19) by a linear one as in Example 4.2 requires the
estimation of the state error ekh = z − zhk. As estimate we use

ẽkh = Ikhzkh − zkh.

Here Ikhzkh is a higher-order space-time interpolation of zkh which is continuous, piece-
wise linear in time and discontinuous, piecewise biquadratic in space. We will define
Ikhzkh in more detail in the following.

First, we introduce for a function vkh ∈ V0,1
k,h a patchwise spatial higher order interpo-

lation: At each time level, on square blocks of four neighboring cells the 9 nodal values
of vkh are used to define the biquadratic interpolation Ihvkh. Note that, in general, Ihvkh
will be discontinuous at the border of the patches. We denote the corresponding space
of functions which are piecewise constant in time and piecewise biquadratic in space by
Ṽ0,2
k,h.

Next, we introduce for a function ṽkh ∈ Ṽ0,2
k,h a temporal higher order interpolation

Ikṽkh by setting

(Ikṽkh)(t) = ṽkh,n−1 +
t− tn−1

kn
(ṽkh,n+1 − ṽkh,n−1), t ∈ In,
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4.4. Practical realization and numerical results

(a) Patchwise spatial
higher order interpolation.

z
zkh

khI   z kh

tTtt

In

nn−1

(b) Temporal higher order interpolation.

Figure 4.3.: Higher Order interpolation

see also Figure 4.3(b). In this way, we obtain a function Ikṽkh which is continuous,
piecewise linear with respect to the grid corresponding to V0,1

k,h and which is discontinuous,

piecewise biquadratic with respect to the meshes corresponding to V0,1
k,h. We denote the

corresponding space by Ṽ1,2
k,h.

Finally, we obtain the space-time interpolation by setting

Ikhvkh = IkIhvkh ∈ Ṽ1,2
k,h.

Numerical calculation of error indicators. In order to calculate the local indicators
ηkn in (4.25) and ηhn,K in (4.26), we have to approximate z, zk, z

∗ and z∗k on the basis of
zkh and z∗kh. We again apply higher order interpolation and approximate

zk ≈ Ihzkh, z ≈ Ikhzkh, z∗k ≈ Ihz
∗
kh, z∗ ≈ Ikhz

∗
kh. (4.32)

The following abbreviations will be useful,

z̃ = Ikhzkh, z̃∗ = Ikhz
∗
kh,

z̃n = (Ikhzkh)(tn), z̃∗n = (Ikhz
∗
kh)(tn),

z̃k,n = (Ihzkh)(tn) ≡ (Ihzkh)|In , z̃k,n = (Ihz
∗
kh)(tn) ≡ (Ihz

∗
kh)|In ,

zkh,n = zkh(tn) ≡ (zkh)|In , zkh,n = z∗kh(tn) ≡ (z∗kh)|In .

Moreover, we have to fix arbitrary elements vk, wk ∈ V0
k and vkh, wkh ∈ V0,1

kh , e.g.

vk = zk, wk = z∗k, vkh = zkh, wkh = z∗kh. (4.33)

Applying now (4.32) and (4.33) in (4.25) and (4.26), we obtain the following approx-
imated local error indicators for the cG(1)dG(0)-scheme. The time error indicators ηkn
are numerically calculated as

η̃k0 =
1

2
{(z0 − z̃k,1, (z̃

∗
0 − z̃∗k,1))Ω − ((z0 − z̃k,1), z̃

∗
k,1)Ω},

101
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and for n = 1, . . . , N ,

η̃kn =
1

2
{(f, z̃∗ − z̃∗k,n)In×Ω + (σ̄, z̃ − z̃k,n)In×Ω

− (z̃n − z̃n−1, z̃
∗
k,n)Ω

− (∇z̃k,n,∇(z̃∗ − z̃∗k,n))In×Ω − (∇(z̃ − z̃k,n),∇z̃∗k,n)In×Ω

− 1 − δ1,n
2

(z̃k,n − z̃k,n−1, z̃
∗
n−1 − 2z̃∗k,n)Ω

− 1 − δN,n
2

(z̃k,n+1 − z̃k,n, z̃
∗
n − 2z̃∗k,n+1)Ω.

The space error indicators ηhn,K are numerically calculated as

η̃h0,K =
1

2
{(z0 − zkh,1, z̃

∗
k,1 − z∗kh,1)K − (z̃k,1 − zkh,1, z

∗
kh,1)K}, K ∈ T

1
h ,

and for n = 1, . . . , N ,

η̃hn,K =
1

2
{(f, z̃∗k,n − z∗kh,n)In×K + (σ̄, z̃k,n − zkh,n)In×K

− kn(∇zkh,n,∇(z̃∗k,n − z∗kh,n))K − kn(∇(z̃k,n − zkh,n),∇z∗kh,n)K

− 1 − δ1,n
2

((zkh,n − zkh,n−1, z̃
∗
k,n − z∗kh,n)K

+ (z̃k,n − zkh,n, z
∗
kh,n)K − (z̃k,n−1 − zkh,n−1, z

∗
kh,n)K)

− 1 − δN,n
2

((zkh,n+1 − zkh,n, z̃
∗
k,n+1 − z∗kh,n+1)K

+ (z̃k,n+1 − zkh,n+1, z
∗
kh,n+1)K − (z̃k,n − zkh,n, z

∗
kh,n+1)K)}.

On the basis of (4.34) and (4.35) we can now numerically approximate the temporal
error ηk, the spatial error ηh and its sum η = ηk + ηh as

η̃k =

N∑

n=0

η̃kn, η̃h =

N∑

n=0

∑

K∈T n
h

η̃hn,K , η̃ = η̃k + η̃h.

As indicated in Remark 4.9, the indicators η̃k0 and η̃h0,K are attributed to the first time

interval I1, refer to the corresponding triangulation T 1
h and will frequently be added to

the respective terms η̃k1 and η̃h1,K .

4.4.3. Exemplary time grids and spatial meshes.

We present exemplary time grids and dynamic meshes generated by the adaptive strategy
for Test conf. 4.1 (i.e. a heat equation on [0, 1]2 with homogeneous Dirichlet boundary
conditions) and for Test conf. 4.2 (i.e. a heat equation for two connected plates with
homogeneous Neumann boundary conditions).

102



4.4. Practical realization and numerical results

Qualitative results for Test conf. 4.1 . In Fig. 4.4 the time grid for Test conf. 4.1
produced by the adaptive algorithm after 4 iterations is shown. In the initial iteration
an equidistant grid of 10 subintervals has been used. We see that the adaptive algorithm
takes into account that we first have a pure initial value problem with exponential decay
of the solution by refining near t = 0. Then, at t = 1 the switching on of an heat source
is detected and the time step size is correspondingly reduced. Note that the oscillating
behavior of the time steps for t > 1 is due to the method that we use for choosing the
actual time steps on the basis of the approximated continuous step size function k̃opt
in (4.31) and could easily be smoothed if desired. In Fig. 4.5 the development of the

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

time

st
ep

 s
iz

e

Figure 4.4.: Adaptive Algorithm: Exemplary time grid for Test conf. 4.1.

dynamic mesh is shown. We see that the mesh is first refined in the observation zone,
and is then coarsened in correspondence to the decay of the initial value. For t ≥ 1,
the meshes are again locally refined in the annular zone where the heat source is most
active, especially in and near to the observation zone Ωm.

Qualitative results for Test conf. 4.2. In Fig. 4.6 the time grid for Test conf. 4.2
produced by the adaptive algorithm after 4 iterations is shown. As start grid an equidis-
tant grid of 10 subintervals has been used. Corresponding to a pure initial value problem
with a solution converging exponentially in time to a constant function, time step sizes
are in particular refined near t = 0. In Fig. 4.7 the development of the corresponding
dynamic mesh is shown. Near t = 0, the mesh is primarily refined in the actuation
zone Ωc in the lower plate and in the connections between the plates. With increasing
time, local refinement is mostly present in the observation zone Ωm in the upper plate,
whereas the actuation zone is more and more coarsened, in correspondence with the
decaying solution in this region.
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4. Goal-oriented Error Estimation for the Approximation of System Dynamics

(a) t = 0.03 (b) t = 0.12

(c) t = 0.91 (d) t = 1.01

(e) t = 1.51 (f) t = 1.92

Figure 4.5.: Adaptive Algorithm: Development of dynamic mesh over time for Test
conf. 4.1.

Quantitative tests. In order to evaluate the reliability of the error estimator and
the performance and efficiency of the adaptive algorithm, a number of quantitative
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Figure 4.6.: Adaptive Algorithm: Exemplary time grid for Test conf. 4.2.

examinations have still to be passed:

1. In order to measure the reliability of the estimation η̃ of the total error J(z− zkh),
the reciprocal efficiency index Ieff ,

Ieff =
|η̃|

|J(z − zkh)|
,

has to be determined for a number of test configurations with known exact solu-
tion z. With increasingly fine discretizations, Ieff should tend to 1.

2. In order to verify the separated estimation of spatial and temporal error compo-
nents, the asymptotic independence of η̃k (resp. of η̃h) under spatial refinements
(resp. under time refinements) has to be checked.

3. In order to evaluate the performance of the adaptive algorithm, the accuracy J(ekh)
in relation to the number of employed degrees of freedom during the iterations has
to be investigated. In particular, the produced space and time discretizations have
to be compared to other discretization strategies with respect to the ratio accuracy
per total degrees of freedom.

4. It has to be investigated if the adaptive algorithm succeeds in equilibrating the
temporal error component η̃k and the spatial error component η̃h.
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4. Goal-oriented Error Estimation for the Approximation of System Dynamics

(a) t = 0.07 (b) t = 0.28

(c) t = 0.48 (d) t = 0.55

(e) t = 0.69 (f) t = 0.90

Figure 4.7.: Adaptive Algorithm: Development of dynamic mesh over time for Test
conf. 4.2 (Note the rotated point of view: The lower ’heated’ plate is on
the left side, the upper ’observed’ plate is on the right side.)
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4.5. Future research directions

At the time of writing, the implemented error estimator does not yield satisfying quan-
titative results, in particular with respect to the efficiency index, such that the reliable
implementation is still ongoing work.

Numerical costs of the DWR method. First numerical experience indicates that,
for the considered linear problems, the numerical costs which can be economized due to
more efficient time grids and spatial meshes is still outbalanced by the additional costs
of solving the dual problem and of calculating the error indicators. The use of DWR-
methods for linear problems can thus only be justified by the necessity of calculating
an approximate solution within reliable bounds. As the experience with stationary
problems has shown, the relation between the numerical costs saved and the extra costs
caused by adaptive strategies is usually more preferable for nonlinear problems. Hence,
the application of DWR error estimation techniques to instationary nonlinear problems
seems to be especially worthwile. Note, that dealing with 3D problems, new severe
problems arise e.g. due to the necessity of storing primal and dual solutions, see e.g.
[14].

4.5. Future research directions

The most urgent task is the improvement of the current implementation of the error
estimation concept in order to obtain a technically mature method for the reliable cal-
culation of system dynamics, which is needed for the direct discretization of i/o-maps of
parabolic problems. Moreover, a corresponding implementation for Stokes equations is
desirable.

Considering the wide research field of goal-oriented error estimation on the basis of
DWR methods, many fundamental problems remain open, see e.g. [14, p. 164] and
the references therein. We here only mention problems with a direct relation to the
application within the i/o-map discretization context. It remains to

- establish directly a representation formula for the error |J(z − zkh)| for nonlinear
functionals J , in analogy to Prop. 4.1 for the error |J(z) − J(zkh)|,

- investigate analytically the error in the numerical approximation η̃ of the exact
error indicator η,

- establish an adaptive algorithm involving less heuristically chosen parameters, ide-
ally with proven convergence and optimality properties for the resulting numerical
solutions and discretizations,

- develop an adaptive algorithm, which exploits that a sequence of linear homoge-
neous PDEs has to be solved, i.e. equation (4.1) with differing initial values bl for
l = 1, . . . , p.
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5. Input-Output Interfaces for the Coupling
CFD/Control Design

5.1. Motivation

In this chapter we address the practical use of performant CFD codes in control appli-
cations.

Aiming to design open loop or feedback controls for flow systems, there is need for an
efficient testing of the developed control concepts, but also for the efficient generation
of reliable input-output data which can be used to identify low-dimensional models for
later control-design.

Testing and generation of i/o-sequences can be realized by means of numerical simu-
lations. Dealing with 2D or 3D instationary flow problems at higher Reynolds numbers,
the use of specialized and performant CFD codes is obligatory, and frequently only the
use of special model assumptions like in the case of large eddy simulations (LES) or
Reynolds-averaged Navier-Stokes equations (RANS) makes the flow simulation possible
at reasonable time and cost. However, most specialized CFD codes have mainly been
developed for simulation problems and thus have to be adapted to control applications.
Consequently, the implementation of control concepts requires in general deep insight in
the program and data structures of the CFD code.

We suggest to simplify this task by equiping CFD codes with an interface to control
applications. The goal is that the control designer can access the flow system and its
input-output behavior for different geometric, control and measurement configurations
in a comfortable and standardized way from a control software environment like Mat-

lab [35, 218, 217] or Scilab [35, 256], cf. Fig. 5.1. In particular, the description of
actuation and measurement concepts and input and output data have to be exchanged
without that CFD-internal data structures like the representation of the mesh and cor-
responding discrete solution vectors are involved.

We have implemented such an interface for the coupling of the CFD code Feat-

flow and Matlab, i.e. flow simulations are calculated with Featflow, and input
and output data are exchanged with Matlab, which can be used e.g. for the calcula-
tion of feedbacks or for the visualization of output data. In particular the extraction
of controlled process variables like drag or lift from ’measured’ flow data like pressure
distributions can be realized in Matlab by the control engineer in a comfortable man-
ner. In this way, actuator and sensor concepts and control laws can easily be adapted
or replaced without much implementation effort.

The vision is, that a variety of different CFD codes (i.e. DNS, LES, k−ε and k-ω tur-
bulence models from different developpers) are all equiped with the same standardized
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simulation

CFD code

control law (e. g. Matlab program)
outputs

inputs

actuator & sensor concept (data−file)
CFD−CODE

(e.g. Featflow − RANS)

alternative

geometry / mesh (data file)

alternative alternative
alternative CFD−codes meshes/geom. control laws

control design

a&s concepts

Figure 5.1.: Interface between CFD code and control design.

interface, such that the control designer could test his control concept comfortably in
different software environments before finally passing to experiments e.g. in wind tun-
nels. The comfortable access to different CFD codes is desirable, since it may depend
much on the choice of the model if control-relevant physical flow features are resolved in
the numerical simulation or not, as we will see in the discussion of the numerical results
at the end of this chapter.

The remainder of this chapter discusses the following topics. In Section 5.2 we present
the CFD-Code Featflow, or more precisely, we discuss the Reynolds-averaged Navier-
Stokes (RANS) solver pp3d-ke in the Featflow package, which uses a k-ε turbulence
model. In Section 5.3 we describe the principal structure of the suggested control inter-
face for the interchange of data between the CFD code and Matlab. The interface is
tested for a benchmark configuration in Section 5.4 in order to find out potentials and
limitations of this tool. We describe the active control of the length of the recirculation
bubble by insufflation and suction at the edge of the backward facing step. In particular,
we show how control strategies can be easily developed and implemented, only requiring
minimal insight in the operation of the CFD code Featflow.

Note that in this chapter, points in the 3D space are denoted by tuples x = (x1, x2, x3)
which are printed in bold typeset, such that e.g. x1,x2, . . . denotes a sequence of points
in the space. The variable p is again used for the pressure, and h will denote the height
of the backward facing step.
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Lars Henning and Prof. Dr. Volker Mehrmann from the Technische Universität Berlin,
and have been published in [146, 192]. The contribution of the author mainly consists in
the conception of the interface, the experimental implementation of the backward facing
step with corresponding control concepts and the conducting of the CFD/Matlab test
calculations. Note that the programming of the interface as part of Featflow and the
design of control laws on the basis of robust control methods have not been realized by
the author, and that Section 5.2 is based on a similar description by A. Sokolov in [146].

5.2. The CFD code Featflow with k-ε turbulence model

As a finite element 3D solver for the incompressible Navier-Stokes equations we use
the CFD code Featflow. The underlying numerical algorithm is based on (noncon-
forming) FEM discretizations, adaptive implicit time-stepping and (geometric) multigrid
solvers on general domains. Featflow is an open-source software package built on the
FEAT2D and FEAT3D libraries written in FORTRAN77 [92].

Dealing with three-dimensional flows at high Reynolds numbers, the numerical costs of
DNS (Direct Numerical Simulation) are extremely high. For instance, a 3D simulation of

the backward facing step with Reynolds number Re = 30 000 requires about Re
9
4 ≥ 1010

nodes to resolve the smallest eddies [122]. Therefore, a k-ε turbulence model was added
to Featflow, in order to make the calculation of such flows on meshes of moderate size
possible. The corresponding CFD code pp3d-ke was developed by D. Kuzmin building
on the laminar Featflow version [278]. The mathematical foundations of the program
can be described as follows.

We consider the following system of Reynolds-averaged Navier-Stokes (RANS) equa-
tions,

∂v

∂t
+ v · ∇v = −∇p+ ∇ · ((ν0 + νT)D(v)) , (5.1a)

∇ · v = 0. (5.1b)

Here v = v(t;x) with v = (v1, v2, v3)
T ∈ R

3 is a time-averaged velocity and p = p(t;x) ∈ R

is a time-averaged pressure, both defined on a time-space domain (0, T )×Ω with T > 0

and Ω ⊂ R
3. D(v) = 1

2

(
∇v + (∇v)T

)
is the strain tensor and νT = Cµ

k2

ε is the
turbulent viscosity. The turbulent kinetic energy k = k(t;x) and its dissipation rate
ε = ε(t;x) are modeled by the following scalar transport equations,

∂k

∂t
+ ∇ ·

(

kv − νT
σk

∇k
)

= Pk − ε, (5.2a)

∂ε

∂t
+ ∇ ·

(

εv − νT
σε

∇ε
)

=
ε

k
(C1Pk − C2ε), (5.2b)

where Pk = νT

2 |∇v + ∇vT |2. The default values of the involved empirical constants
are Cµ = 0.09, C1 = 1.44, C2 = 1.92 , σk = 1.0, σε = 1.3. Additionally, appropriate
boundary conditions for v, k and ε have to be prescribed on ∂Ω = Γin∪Γout∪Γwall∪Γsym.
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As usual, Dirichlet boundary conditions for v, k and ε are prescribed on the inflow
boundary Γin,

v = g, k = cab|v|2, ε = Cµ
k3/2

l0
, (5.3)

where cab is an empirical constant being appropriate for the step configuration [193], l0
is a mixing length and g is a given inflow velocity profile.

Let (t,n) be the local orthogonal basis for a wall node, where t and n are the tan-
gential and normal directions, respectively. At the outlet Γout the following ’do-nothing’
boundary conditions are prescribed,

∂v

∂n
= 0,

∂k

∂n
= 0

∂ε

∂n
= 0, n · [pI − νTD(v)] = 0. (5.4)

Convective (Robin) boundary conditions would be a physically convincing alternative
choice.

In the k − ε model the behavior of a fluid near an impervious solid wall is modeled
by wall functions. The computational wall boundary Γwall is located at a distance δ
from the real geometrical wall boundary. In our case we assume that the computational
domain is already reduced by a layer of width δ, which is a user-defined parameter. We
set the following boundary conditions on Γwall,

n · v = 0, (D(v)n · t)t = −u
2
τ

νT

v

|v| , k =
u3
τ

√
Cµ

, ε =
uτf
κδ
, (5.5)

where κ = 0.41 is the von Kármán constant and uτ is the friction velocity. Here uτ is
the solution of the logarithmic wall law equation,

|v| = uτ (
1

κ
log y+ + 5.5), (5.6)

where y+ = uτ δ
ν is the local Reynolds number.

In our numerical simulations of the backward facing step we try to avoid the influences
of the side walls and the upper wall on the recirculation zone, therefore we impose
symmetry boundary conditions on Γsym [219],

n · v = 0, D(v) · n = 0. (5.7)

The discretization in space is performed by an unstructured grid finite element method [278].
A detailed description of the numerical algorithm for the k − ε model can be found
in [193], [190].

5.3. Specification of the control interface

Dealing with flow control problems, we assume that we are able to influence the flow in
Ω by manipulating the Dirichlet boundary conditions in a subset Γctrl ⊂ Γwall, i.e.

v(t;x(c)) = u(t;x(c)) for (t;x(c)) ∈ (0, T ) × Γctrl,
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with a control or input function u(t;x). We assume further that we can observe or
measure the fluid’s velocity field and/or pressure field in subsets Ωmeas ⊂ Ω and/or
Γmeas ⊂ Γ, i.e. we know the observation or output function

y = y(t,x(m)), y = (v, p), where (t,x(m)) ∈ (0, T ) × (Ωmeas ∪ Γmeas).

A (feedback) controller u(t,x(c)) = f(t, y(s ≤ t,x(m))) can then be used for the calcula-
tion of appropriate controls u, possibly on the basis of current and former observations y,
in order to achieve some control objective. Aiming to implement such controllers com-
fortably in Matlab, but carrying out the flow calculations in a perfomant manner with
Featflow, a Featflow-Matlab control interface has been developed.

The Matlab-controller part is realized as an m-file MatlabController.m. During the
simulation the pp3d-ke code calls this Matlab function at every time step. The trans-
action phase consists of three stages: receiving the required data (geometry, velocity,
pressure) from the output domain Γmeas, execution of MatlabController.m and calcula-
tion of a control u = (u1, u2, u3), setting v = u as a Dirichlet boundary condition for
velocity in the input domain Γctrl. So MatlabController.m has, in principle, the following
interface:

ṽ(x
(c)
i ) = MatlabController(tn,x

(m,v)
j ,x

(m,p)
k , ṽ(x

(m,v)
j ), p̃(x

(m,p)
k )),

Here, tn is the current time, x
(m,v)
j , x

(m,p)
k are the coordinates of the velocity and pressure

nodes lying in Γmeas ∪Ωmeas, and ṽ(x
(m,v)
j ) and p̃(x

(m,p)
k ) are the corresponding discrete

velocity field and pressure field, respectively, all communicated by Featflow to Mat-

lab. After the control is executed on the basis of this information (and possibly of

similar data computed at previous time steps), the discrete velocity field ṽ(x
(c)
i ) with

respect to x
(c)
i ∈ R

3, the coordinates of the velocity nodes lying in Γctrl, is communicated
by Matlab to Featflow. A detailed description of the subroutines, their interfaces
and communication can be found in [192].

5.4. Test case flow over a backward facing step

5.4.1. A benchmark configuration

We illustrate the facilities and limitations of the new Featflow-Matlab control inter-
face by considering as example the flow over a backward facing step. One of the main
features of such flows is a recirculation region just downstream of the step, and we aim
to control its length by means of insufflation and suction at the edge of the step, see
Fig. 5.2.

The uncontrolled flow over the step is a classical benchmark for the validation of CFD
codes, since it is well-understood analytically and extensive experimental results are
available (see e.g. [6, 53, 110, 180, 177]). Featflow’s pp3d-ke has also been validated
for it [190].
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recirculation zone

reattachment length

shear layercontrol

Figure 5.2.: Flow over a backward facing step (source: [23]).

The control of the recirculation length is the subject of numerous experimental, nu-
merical and analytical studies, and has, e.g., been intensively investigated in the DFG-
Collaborative Research Center SFB 557[23, 111, 113, 145, 201, 231, 282]. We mention
some model-based active control concepts for the step flow from the literature, a more
extensive survey can be found in [153].

Applying the theory of optimal control to the NSE, open loop controls for the step
flow are investigated and numerically calculated in [128, 155]. In order to reduce the
numerical costs and to obtain a more robust feedback-like control, suboptimal control
strategies like instantaneous control are applied in [42, 52, 155, 154]. Based on the full
NSE, these approaches will mostly be limited in the near future to low Reynolds number
flows in two-dimensional domains.

For the real-time control of three-dimensional flows at high Reynolds numbers low-
dimensional models are required. In [1, 156, 171, 239], low dimensional Galerkin models
are derived from the full NSE by means of the method of proper orthogonal decomposi-
tion (POD) on the basis of snapshots from a DNS. In [113, 201] low-dimensional Galerkin
models are derived by combining classical POD modes and physically motivated tran-
sition modes in order to better capture the flow dynamics. In [231] the flow dynamics
are described by low-dimensional vortex models without that the NSE have to come
into play. Finally, in [23] black-box models are identified on the basis of experimental
and numerical data and used for the design of robust controllers which then worked in
real-time experiments and in LES simulations, respectively.

Whereas the approaches in [1, 42, 52, 128, 155, 156, 154, 171, 239] use general math-
ematical reduction methods and control concepts, the approaches in [23, 113, 201, 231]
use flow-specific physical insight for the modeling and for the control concept. For in-
stance, they make use of the so-called Kelvin-Helmholtz instability of the shear layer
above the recirculation zone with a characteristic frequency fshear. A systematic excita-
tion of these instabilities can lead to a shortening of the recirculation zone, and provides
the basis for efficient and well-realizable controls via periodic suction and insufflation.

It is not the purpose of this paper to propose another control strategy for the backward
facing step. We will show to what extent Featflow in connection with the k-ε-model
and the Matlab control interface can provide a comfortable and performant software
environment for testing such control concepts for three-dimensional and high Reynolds
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number flows. And we will see that it may even be used to design simple but efficient
controls.

5.4.2. Implementation in Featflow and Matlab

As a specific test case, we consider the flow over a step of dimensionless height h = 1.
The inlet section has the length 5h and the wake section the length 20h. The height as
well as the width of the domain are 3h. We choose x1, x2 and x3 as coordinates for the
downstream, the vertical and the spanwise direction, respectively, see Fig. 5.3.

x1

x2

x3
20

3

3

25
Γ

2

h=1

Γ

Γout

sym

Γwall

in

Γctrl Ω meas wallΓ

Figure 5.3.: Backward facing step: Computational domain.

We assume that we can blow out and suck in fluid in an angle of 45 degree in positive
x1-x2-direction at a slot at the edge of the step of width 0.05h in the x1 and x2 direction,
i.e.

v(t;x1, x2, x3) =
1√
2
(u(t), u(t), 0)T on (0, T ) × Γctrl,

where u(t) is a scalar control function that can be freely varied in time and

Γctrl = {(x1, x2, x3) ∈ Γ : 4.95 ≤ x1 ≤ 5, 0.95 ≤ x2 ≤ 1, 0 < x3 < 3}.

Note that the implementation of distributed vector-valued controls v(t;x1, x2, x3) =
u(t;x1, x2, x3) is also possible.

The length of the recirculation zone is defined via the reattachment position xr of the
shear layer detaching at the edge of step. For each x3, xr(t, x3) is defined by a zero wall
shear stress τw(t;x1, x3) = 0, with

τw(t;x1, x3) = η

(
∂v1
∂x2

)

|(t;x1,x2=0,x3), (5.8)

where η denotes the viscosity [23]. We will determine τw(t;x, z) by determining
v1(t;x1, x2, x3) in the domain

Ωmeas = {(x1, x2, x3) : 5 < x1 < 20, 0 < x2 < 0.125, 0 < x3 < 3}

and define a scalar reattachment length xr(t) by averaging τw(t;x1, x3) in spanwise
direction.
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The flow is governed by the dimensionless NSE (5.1). Prescribing a bulk flow profile
v∞ = (1, 0, 0)T at the inflow boundary, we apply the boundary conditions

v(t;x1, x2, x3) = v∞ on Γin (inhom. Dirichlet), (5.9a)

∂v

∂x3
(t;x1, x2, x3) = 0 on Γout (hom. Neumann), (5.9b)

∂v

∂n
(t;x1, x2, x3) = 0 on Γsym, (symmetry), (5.9c)

v(t;x1, x2, x3) = 0 on Γwall, (no slip). (5.9d)

We now discuss the numerical implementation of the mathematical model. Dealing
with nonstationary high Reynolds number flows in a three-dimensional domain, we use
the RANS-solver pp3d-ke from the Featflow package. We have to provide a coarse
mesh as basis for Featflow’s multigrid solvers and use a mesh which is locally refined
near the edge of the step and near the floor of the expected recirculation zone, see
Fig. 5.4.

Figure 5.4.: Mesh on multigrid level 3 (22848 elements).

The boundary conditions (5.9), actuator positions Γctrl and sensor positions Ωmeas

are easily specified in a Featflow data file. In each time step of the simulation,
the Matlab routine MatlabController.m receives from pp3d-ke the discrete veloc-
ity field ṽ1(tn;x

i
1, x

i
2, x

i
3) with respect to the mesh nodes xi = (xi1, x

i
2, x

i
3) lying in

Ωmeas. Corresponding to (5.8) we approximate the wall shear stress in (xi1, 0, x
i
3) by

τ̃w(tn;x
i
1, x

i
3) = ṽ1(tn, x

i
1, x

i
2, x

i
3)/x

i
2 and average for each xi1 over all corresponding xj3.

We then define xr(tn) as a reasonable zero of the polynomial fitting of τ̃w(xi1), see Fig. 5.5.
The implementation of open loop controls u(t) = f(t) or closed loop controls u(t) =

f(t, xr(s ≤ t)) for given control laws f in the Matlab function is straight forward
by prescribing the corresponding values of ṽ(tn, x

i
1, x

i
2, x

i
3) in all mesh velocity nodes

(xi1, x
i
2, x

i
3) lying on Γctrl.

5.4.3. Numerical simulation and control results

As an example, we aim to design a feedback controller providing controls u(t) such that
the resulting reattachment length xr(t) tracks a given reference length xref (t).

First the uncontrolled flow is simulated with Reh = 30 000, which leads to a steady
state solution. Here Reh is the Reynolds number with respect to the height h = 1 of
the step and the inflow velocity |v∞| ≡ 1. As initial data, corresponding steady state
solutions from calculations with lower Reynolds numbers are taken. Fig. 5.6 and Fig. 5.7
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Figure 5.5.: Approximated wall shear stress distribution τ̃w(x) of the steady state and the
fitting polynomial, with x denoting the distance to the step. The oscillations
are mainly due to the numerical approximation of τw.

show the v1 and the k distributions in the x1 − x2−cut-plane at x3 = 1.5. The typical
recirculation zone can be observed, as well as the typical second vortex in the bottom
corner of the step. The steady τ̃w(x1) distribution and the resulting reattachment length
xr/h = 6.21 are shown in Fig. 5.5.

Figure 5.6.: Downstream velocity component v1 (with isolines) of the steady state solu-
tion in x1-x2-cutplane at x3 = 1.5.

However, the typical shear layer instabilities with the characteristic frequency fshear
and thus a time-oscillation of the reattachment length cannot be observed. This is
explained by the time-averaged character of the k − ε turbulence model and by the
fact, that the near wall zone at the step (where shear layer instabilities originate) is not
calculated directly, but is modeled by logarithmic wall functions, which are derived from
the boundary layer theory. The numerical results for the backward facing step and its
comparison with others can be found in [190, 219, 223]. We only observe an excessive
turbulent kinetic energy in the shear layer zone.
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Figure 5.7.: Turbulent kinetic energy k of the steady state solution in x1-x2-cutplane at
x3 = 1.5.

Next the system’s response to a number of open loop controls is calculated with Feat-

flow’s pp3d-ke and via the Featflow-Matlab interface, which provides sufficient
information to identify black-box models of the system’s input/output behavior and to
design a robust closed-loop control for the reattachment length.

In fact, classical step experiments are performed. Thereby the actuation amplitude
u(t) is switched from zero to different levels a0 to obtain different operating points of the
system, see Fig. 5.8. A family of linear time-continuous models of 4th order is fitted to
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time t

u(
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Figure 5.8.: Step responses of the plant with damped oscillations of the control output.

the computed data by application of subspace methods [211]. The corresponding bode
responses of the identified transfer functions Gi(s) are given in Fig. 5.9.

To synthesize a robust controller C(s), a H∞-controller design scheme is chosen. In
H∞-control, stability and/or performance of the ’worst’ plant used to describe the pro-
cess can be guaranteed. The goal is to find a good trade-off between the closed-loop
sensitivity function S(s), giving the performance, the restriction of the magnitude of the
plant input signals, given by the transfer function C(s)S(s), and robustness, given by
the complementary sensitivity T (s) = 1 − S(s). Here, the sensitivity transfer function
is given by S(s) = 1/(1 + C(s)GN (s)) with GN being a nominal model showing min-
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imal distance to all identified models over a certain frequency range. The trade-off is
achieved by solving the mixed sensitivity problem, i.e. the closed-loop transfer functions
are weighted with WT (s), WCS(s) and WS(s) depending on the frequency, and then the
optimal controller C(s) is obtained by minimizing the combined cost functional

min
C

‖N(C(s))‖∞, N =





WT (s)T (s)
WCS(s)C(s)S(s)

WS(s)S(s)



 .

For more details on H∞-control the reader is referred to standard textbooks, e.g. [261,
294].
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Figure 5.9.: Bode responses of all identified models.

The synthesized H∞-controller is added in a classical control-loop as shown in Fig. 5.10.
For the implementation into the Featflow-Matlab-interface the controller transfer
function C(s) is converted into a discrete state-space form.

-r = xref
c - C(s) -u

Plant
?
d

-y = xr

6-

Figure 5.10.: Control-loop with H∞-controller C(s) (xref - reference, u - manipulated
variable, d - disturbances, y = xr - output).

The successful operation of the H∞-controller is illustrated in Fig. 5.11, where a
tracking of a reference trajectory xref (t) by the reattachment length xr(t) is performed.

119



5. Input-Output Interfaces for the Coupling CFD/Control Design

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
5

6

7

8

9

time t

x
ref

(t)

x
r
(t)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−4

−2

0

2

4

time t

u(
t)

Figure 5.11.: Tracking response of the closed-loop system. Stepwise changings of the
reference variable show oscillations of the controlled output due to the fast
controller performance. This effect does not occur after rampwise changing
of the reference variable in the time-intervall [0.4s, 0.7s].

5.4.4. Discussion of numerical results

By using the newly developed pp3d-ke module from the CFD code Featflow for the
flow calculations, the simulation of nonstationary flows at high Reynolds numbers and
in three-dimensional domains becomes feasible. The implementation of the flow and
control configuration via easily manageable Featflow data files and Matlab m-files
allows to easily test different actuator, sensor and control concepts and may even be a
tool for the development of controllers, and only minimal insight into the CFD-code is
required. In this sense, the presented Featflow-Matlab coupling can be considered
as a general purpose tool for flow control purposes.

However, the performance of this tool is also subject to some substantial restrictions.
Using the RANS approximation of the NSE with k−ε turbulence model, some physically
important flow phenomena may be no longer resolved. This is for instance often the case
for flow configurations with detaching and separating flows, since the wall-layer models
in the turbulence models are no longer valid. In our example of the backward facing
step, the Kelvin-Helmholtz shear layer instabilities cannot be observed in the numerical
results. However, these instabilities may be the basis for very efficient control concepts,
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i.e. the control of the re-attachment length by enhancing the shear layer instabilities
via a harmonic actuation with about the characteristic frequency of the instabilities, see
[23]. Furthermore, the simulated flow is basically two-dimensional and the simulated
transfer of inputs (insufflation amplitude) to outputs (reattachment length) is linear,
though experiments and LES-simulations show distinct three-dimensional structures and
a nonlinear input/output behavior. Here Large Eddy Simulations (LES) prove to be the
better choice in order to numerically observe and simulate these physical phenomena
[23].

5.5. Future research directions

The presented flow control environment based on Featflow’s k-ε model presents just
one tool to tackle nonstationary three-dimensional flow control problems. The example
of the backward facing step clearly shows that the simultaneous use of different models
and experiments for simulation, control design, test and validation purposes is recom-
mended. Therefore the development of Matlab-interfaces for DNS and LES solvers is
an important future task.

The implementation of a similar Matlab interface into the CFD-Code ELAN with
DNS, LES and k − ω solvers on parallel machines is an inherent part of the plan for
the upcoming fourth phase of the Collaborative Research Center SFB 557. There it is
planned to use the interface in the following ways:

- Simplification of cooperation of control design oriented projects and CFD-oriented
projects, in particular for the testing of control concepts established within the
SFB 557.

- Simplification of the search for efficient sensor and actuator positions for high lift
configurations in numerical studies.

- Efficient extraction of input/output data for the fast generation of black-box mod-
els by means of system identification procedures.
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6. Conclusions

We conclude with a brief summary of the results achieved in this thesis and give an
outlook on related future research developments.

In Chapter 1, we have given a short overview of the mathematical research area control
of flows or more generally control of distributed parameter systems. This area lies in the
intersection of various mathematical disciplines. Related research directions range from
fundamental analytical questions to the development of new methods and their practical
realization in control applications. The choice of problems treated in this thesis tries to
reflect this diversity.

In Chapter 2, a controllability result for a specific configuration of the instationary
3D Navier-Stokes equations has been obtained in cooperation with E. Trélat. Using the
theory of quasi-static deformation, global exact controllability on the basis of a scalar
control was shown for Couette flows, a specific subset of the space of state trajectories.
In addition, we have presented explicit control laws and shown the unique existence of
the controlled trajectories, which is not a priori known in the case of 3D Navier-Stokes
equations.

In Chapter 3, we have introduced a new concept in order to obtain approximated i/o-
models of linear infinite-dimensional systems which are suitable for control applications.
Considering the i/o behavior of the system as the key structure in order to calculate
controls, we have considered a direct discretization of the i/o-map in space and time.
Estimates for the distance between the i/o-map of the original infinite-dimensional sys-
tem and its approximation have been established in a suitable operator norm. Unlike
many classical model reduction approaches based on spatial semi-discretizations of the
infinite-dimensional system as first step, the suggested concept takes also the i/o-error
due to a discretization of spatially distributed inputs and outputs explicitely into ac-
count. The consideration of errors due to time discretizations of signals is useful in
view of the increasing application of digital control devices. Finally, the error estimates
allow a non-heuristic choice of parameters with respect to the discretization of input
signals and output signals in space and time and with respect to the approximation of
the dynamics of the system.

The resulting completely algebraic representation of the i/o-map reflects the require-
ment to have fast accessible descriptions of the i/o behavior at hand when aiming to
realize real-time controls, in particular in view of the possibility of obtaining reduced
i/o-maps by means of multilinear singular value decompositions. The identification of
relevant structures in the input and output signals by means of the multilinear SVD is
a further prospect of this concept.

First numerical tests have shown that the approximated i/o-maps prove to be useful
to describe the i/o behavior of the system in a fast and reliable manner. First numerical
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applications in optimization problems have shown that the i/o-maps also lead to useful
solutions of the reverse problem of determining controls with very short calculation
times.

In Chapter 4 we have presented space-time adaptive discretization schemes for parabolic
equations on the basis of goal-oriented error estimators. Since the i/o discretization
concept requires a reliable approximation of the observations of system dynamics, this
error estimation approach corresponds well to this concept. However, the interest in
goal-oriented and space-time adaptive discretization schemes goes far beyond this appli-
cation.

In cooperation with C. Kamm, we have started to realize such a scheme numerically
for linear heat equations, including a separated estimation of error components induced
by space and time discretizations. Though, in numerical experiments, the currently im-
plemented adaptive procedure produces reasonably locally refined time grids and spatial
meshes, the numerical realization is not yet complete, since the quantitative reliability
of the error estimator is still unsatisfactory.

In Chapter 5, we have presented the concept of a software interface between a perfor-
mant CFD software and Matlab, the latter as an example for software environments
offering good conditions for control design. This interface can be considered as an alter-
native to the i/o-discretization concept in order to make the i/o-behavior of the control
system available in a relatively fast accessible way.

This concept has been numerically realized and thoroughly tested in cooperation with
L. Henning, D. Kuzmin, V. Mehrmann, A. Sokolov and S. Turek for the CFD code
Featflow on the basis of the control of a backward facing step as benchmark configu-
ration. The tests have shown three aspects: First, the interface actually makes the easy
implementation and testing of actuator and sensor concepts and of control laws possible,
only requiring minimal insight in the CFD code. Second, the interface (as i/o-map rep-
resentation) can be used in order to design feedback controls which then prove to achieve
the desired control goal in numerical simulations. Third, the considered test case raised
the awareness that a right model choice is very crucial when designing control concepts
and that control-relevant physical phenomena have to be correctly resolved.

Much is left to do in the future, as we have indicated in the final sections of each
chapter. Let us here dare a more general outlook concerning the future development of
the problems addressed in this thesis. Controllability problems for distributed parameter
systems are in the focus of many prominent research groups world-wide such that we
probably can observe much progress in this area in the next years, and the same seems to
be true for the development of adaptive discretization schemes. The future development
of the i/o-discretization concept is less visible. Based on a new approach, the concept
still has to mature and to prove if it can bring real benefit in more complex control
applications.
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A.1. Numerical solution of the Stokes equations

In the following we briefly outline some difficulties and their handling in the numerical
solution of the Stokes problem. We recall that the Stokes equations can be written as
an abstract ODE (3.2) in the space Z = L2

σ(Ω) of divergence-free functions with system
operator

Aσ = νPσ△,

where Pσ denotes the Helmholtz projection. Since Âσ = −Aσ and Â
1/2
σ cannot be stated

explicitely as easily as in the case of the heat equation (cf. Remark 3.17), the numerical
solution normally employs the following weak formulation. Let

W (0, T ) = {v ∈ L2(0, T ;V ) : ∂tv ∈ L2(0, T ;V ′)}, with V = H1
0,σ(Ω), (A.1a)

Q = {p ∈ L2(Ω) :

∫

Ω
p dx = 0}. (A.1b)

Given v0 ∈ L2
σ(Ω) and u ∈ L2(0, T ;U), we seek a velocity v ∈ W (0, T ) and a pressure

p ∈ L2(0, T ;Q) such that for a.e. t ∈ (0, T ),

〈∂tv, ϕ〉V ′,V + ν(∇v,∇ϕ)L2(Ω) = (p,∇ · ϕ)L2(Ω) + (Bu,ϕ)L2(Ω), ϕ ∈ V (A.2a)

(∇ · v, ψ) = 0, ψ ∈ Q, (A.2b)

v(0) = v0, (A.2c)

y = Cv. (A.2d)

The specific difficulties which occur during the numerical solution of (A.2) are related
to the fact that the solution (v, p) lives in a time-varying hidden manifold, which is
not explicitely parametrized by (A.2). Applying the divergence operator to (A.2a) in a
distributional sense we obtain for each time t ∈ (0, T ] a Poisson equation for the pressure,

△p(t) = ∇ · (△v(t) +Bu(t)) = 0 + pressure boundary conditions, (A.3)

which has to be resolved by the numerical methods with sufficient accuracy and which
retroacts on the velocity accuracy by means of (A.2a). This can be problematic already
for stationary problems, and problems aggravate for time-dependent problems. Note
that the simplification of the inhomogeneity of (A.3) to zero relies on the absence of
convective terms and on the special structure of the control force (i.e. Bu is divergence-
free).
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We mention some specific numerical issues which are related to the special structure of
the Stokes equations. Restricting the spaces V and Q to finite-dimensional trial spaces
Vh ⊂ V of dimension nv and Qh ⊂ Q of dimension np, the corresponding Galerkin
approximation of (A.2) leads to a differential-algebraic system [45, 188],

M∂tv(t) = Lv(t) + DTp(t) + Bu(t), t ∈ (0, T ], (A.4a)

0 = Dv(t), (A.4b)

v(0) = v0, (A.4c)

y(t) = Cv(t) (A.4d)

with mass matrix M ∈ R
nv×nv , discrete Laplace operator L ∈ R

nv×nv , discrete diver-
gence operator D ∈ R

np×nv , discrete gradient operator −DT and discrete input operator
B ∈ R

nv×np . M is symmetric positive definit. D has full row rank due to (A.1b). This
system is known to have a differentiation index of two (respectively a strangeness index
of one, see [188, 281]), which is a measure for the degree of difficulties which have to be
expected during the numerical time integration.

The trial spaces Vh and Qh have to satisfy a so-called inf-sup-condition (or LBB-
condition) in order to guarantee solvability and reasonable convergence properties of the
semi-discretization, see [116, 126] for details. For instance, Taylor-Hood elements (i.e.
continuous piecewise quadratic elements for the velocity and continuous piecewise linear
for the pressure) are known to satisfy this condition [126], and that is why they have
been used for the FEM discretization of the test cases in the numerical examples (cf.
p. 64).

In view of the formulation of the Stokes equation as an abstract ODE in the space
L2
σ(Ω) of divergence-free L2-functions, it may be desirable to choose divergence-free

ansatz functions. However, they generally exhibit a high number of degrees of free-
dom per element and are therefore often impracticable [126]. Note furthermore, that
divergence-free elements guarantee that the calculated solution satisfies (A.2b), but not
necessarily that it lies in the hidden manifold, since the Galerkin approximation does
not coincide with the Helmholtz projection onto L2

σ(Ω).

In order to solve (A.4) numerically, a number of approaches are proposed in the
literature, e.g. penalty methods in order to obtain an ODE by means of a singular
perturbation, or implicit and semi-implicit time-stepping schemes directly applied to
(A.4), see [126, 281] and the references therein. Note that higher order time-stepping
schemes for ODEs may perform only with reduced convergence order when applied to
DAEs of differentiation index higher than one [188, 281].

One possibility to address the numerical difficulties is the application of an index
reduction procedure to (A.4) as proposed in [188, 268, 281]. By means of a Cholesky
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factorization M = UTU and a transformed velocity w = Uv, we rewrite (A.4) as

∂tw(t) = U−TLU−1w(t) + U−TDTp(t) + U−TBu(t), t ∈ (0, T ], (A.5a)

0 = DU−1w(t), (A.5b)

w(0) = Uv0, (A.5c)

y(t) = CU−1w(t). (A.5d)

Let P ∈ R
nv×(nv−np) be a matrix with columns spanning the right nullspace of the trans-

formed divergence operator DU−1 [115, 120]. Then P(PTP)−1PT can be considered as
a discrete version of the Helmholtz projection. Note that, as in the continuous situation,
P can be used to cancel out the pressure gradient in the momentum equation (A.5a).
In view of (A.5b), w can always be written as w = Pwr with a reduced velocity vector
wr ∈ R

nv−np , such that we only have to solve the ODE

PTP∂twr(t) = PTU−TLU−1Pwr(t) + PTU−TBu(t), t ∈ (0, T ], (A.6a)

wr(0) = (PTP)−1PTUv0, (A.6b)

y(t) = CU−1Pwr(t). (A.6c)

Note that the i/o-map corresponding to (A.6) is identical to the i/o-map corresponding
to (A.4) as long as B maps into the space of divergence-free functions. The original
velocity can be recovered as v = U−1Pwr, and the pressure can then be calculated by
solving a discrete Poisson equation.

Note that for large-scale systems (A.4) arising e.g. from a FEM discretization the
utility of this index reduction approach is limited, since the nullspace of a large-scale
matrix has to be calculated and since the resulting system matrix PTU−TLU−1 of (A.6)
is no longer sparse.

The situation is different if e.g. a finite volume discretization on equidistant staggered
grids, also known as Marker-and-Cell (MAC) scheme, is applied [138]. Then, M is the
identity matrix, and D has a special structure which allows an explicit sparse repre-
sentation of P, refer to [281] for details. The resulting ODE (A.6) with sparse system
matrices can then be efficiently integrated by means of higher order stiff ODE solvers.

A.2. Eigenvalues of mass matrices and structure of

i/o-matrices.

Eigenvalues of mass matrices. The error estimation result in Thm. 3.7 requires
bounds for the eigenvalues of mass matrices corresponding to the spatial bases in Uh1

and Yh2 , which we have to provide analytically or numerically.

We recall that for nodal bases in L2(0, 1) of continuous piecewise linear functions with
respect to an equidistant grid of grid size h1, the analytical estimate

cλh1 ≤ λmin(MU,h1) ≤ λmax(MU,h1) ≤ Cλh1, (A.7)
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Figure A.1.: λmax and λmin of mass matrices for nodal basis (a) and hierarchical basis
(b) and sparsity pattern of a mass matrix of a hierarchical basis (c).

holds, with two positive constants cλ, Cλ independent of h1, see e.g. [280]. In order
to estimate cλ and Cλ numerically, the eigenvalues of the corresponding mass matrices
MU,h1 have been calculated for h1 = 1/(p − 1), where p = 3, . . . , 257, with Matlab.
The resulting maximal and minimal eigenvalues are plotted in Fig. A.1, yielding the
estimates

cλ ≈ min
3≤p≤257

λmin(MU,h1(p))/h1 = 0.211325,

Cλ ≈ max
3≤p≤257

λmin(MU,h1(p))/h1 = 0.999975.

Correspondingly, for mass matrices of continuous hierarchical linear finite elements, we
have observed numerically bounds of the form

c′λh1 ≤ λmin(MU,h1) ≤ λmax(MU,h1) ≤ C ′
λ, (A.8)

with

c′λ ≈ min
3≤p≤257

λmin(MU,h1(p))/h1 = 0.041949,

C ′
λ ≈ max

3≤p≤257
λmin(MU,h1(p)) = 1.030179,

cf also Fig. A.1, where also the sparsity pattern of an example mass matrix is shown.

Block-Toeplitz structure of some i/o matrices H. Choosing for instance the same
nodal piecewise constant bases for the time discretization of signals, the resulting i/o
matrices have a block-Toeplitz structure and the matrix-valued function W(t) in (3.42)
can explicitely calculated.

Lemma A.1. Consider, for r = s ∈ N and τ = τ1 = τ2 = 1/r, the input and output
time basis functions ψi(t) = φi(t) = χ((i−1)τ,iτ ](t), i = 1, . . . , r.

Then W(t) ∈ R
r×r as defined in (3.41), is a lower triangular Toeplitz matrix for all

t ∈ [0, T ].
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Proof. We have

Wij(ρ) =

∫ T−ρ

0
χ[(i−1)τ,iτ ](ρ+ s)χ[(j−1)τ,jτ ](s) ds = |Iij(ρ)|,

where |Iij(ρ)| is the length of the interval

Iij(ρ) = [(i− 1)τ − ρ, iτ − ρ] ∩ [(j − 1)τ, jτ ],

note that always [(i − 1)τ − ρ, iτ − ρ] ⊂ [0, T − ρ]. One observes that suppWij ⊂
[(i − j − 1)τ, (i − j + 1)τ ] ∩ [0,T] and thus

suppWii ⊂ [0, τ ] and Wij ≡ 0 for j > i.

For i ≥ j and ρ ∈ [(i− j)τ, (i− j + 1)τ ] we have Iij(ρ) = [(i− j)τ, iτ − ρ], and for i > j
and ρ ∈ [(i− j − 1)τ, (i− j)τ ] we have Iij(ρ) = [(i− 1)τ − ρ, jτ ]. Thus,

j > i : Wij(ρ) ≡ 0,

j = i : Wij(ρ) =

{

τ − ρ, if ρ ∈ [0, τ ]

0, if ρ ∈ [τ, T ]
,

j < i : Wij(ρ) =







ρ− (i− j − 1)τ if ρ ∈ [(i− j − 1)τ, (i− j)τ ]

(i− j + 1)τ − ρ if ρ ∈ [(i− j)τ, (i− j + 1)τ ]

0 if ρ /∈ [(i− j − 1)τ, (i− j + 1)τ ]

.

Hence, Wi,j(ρ) = Wi−j(ρ), and for i− j ≥ 0, the weights Wi−j are linear hat functions
with Wi−j(kτ) = τ δk,i−j .
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[195] S. Lall, J. E. Marsden, and S. Glavaški. A subspace approach to balanced trun-
cation for model reduction of nonlinear control systems. Internat. J. Robust Non-
linear Control, 12:519–535, 2002.

[196] M.T. Landahl and E. Mollo-Christensen. Turbulence and random processes in fluid
mechanics. Cambridge University Press, Cambridge, 1986.

[197] I. Lasiecka and R. Triggiani. Differential and algebraic Riccati equations with appli-
cation to boundary/point control problems: continuous theory and approximation
theory. Springer, Berlin, 1991.

[198] I. Lasiecka and R. Triggiani. Control theory for partial differential equations: con-
tinuous and approximation theories. I. Cambridge University Press, Cambridge,
2000.

[199] I. Lasiecka and R. Triggiani. Control theory for partial differential equations: con-
tinuous and approximation theories. II. Cambridge University Press, Cambridge,
2000.

[200] G. Lebeau and L. Robbiano. Contrôle exact de l’équation de la chaleur. Comm.
Partial Differential Equations, 20:335–356, 1995.

[201] O. Lehmann, D.M. Luchtenburg, B.R. Noack, R. King, M. Morzynski, and G. Tad-
mor. Wake stabilization using pod galerkin models with interpolated modes. In
Proc. 44th IEEE Conference on Decision and Control and European Conference
ECC, 2005.

[202] L. León and E. Zuazua. Boundary controllability of the finite-difference space
semi-discretizations of the beam equation. ESAIM Control Optim. Calc. Var.,
8:827–862, 2002.

[203] J.-R. Li. Model Reduction of large linear systems via low rank system gramians.
Master’s thesis, Massachusetts Institute of Technology, Cambridge, MA, 2000.

[204] J.-L. Lions. Controlabilite exacte, stabilisation et perturbations de systemes dis-
tribues. Tomes 1 & 2. Masson, Paris, 1988.

144



References

[205] J.-L. Lions. Exact controllability for distributed systems. Some trends and some
problems. In Applied and industrial mathematics, pages 59–84. Kluwer Acad.
Publ., Dordrecht, 1991.

[206] J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and ap-
plications. Vol. II. Springer, New York, 1972.

[207] J.-L. Lions and E. Zuazua. A generic uniqueness result for the Stokes system and its
control theoretical consequences. In Partial differential equations and applications,
pages 221–235. Dekker, New York, 1996.

[208] J.-L. Lions and E. Zuazua. Contrôlabilité exacte des approximations de Galerkin
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