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Abstract

Several detailed single-particle models for thermal conversion of biomass have been es-

tablished in recent years. With the Representative Particle Model (RPM) it is possible

to integrate such a single-particle model into a packed-bed reactor model. In this work

the concept of representative particles is further developed and evaluated.

The basic idea is that instead of modeling each individual particle in a packed-bed

reactor, which would be computationally very expensive, only a limited number of

particles are described in detail. These particular particles are considered as being

representative for a �nite volume element of the reactor. A detailed derivation of the

governing di�erential balance equations is presented. Special emphasis is put on the

boundary conditions of the single-particle model which have to be modi�ed if they

are to be integrated into a reactor model. The phenomenon of inter-particle heat

transfer is modeled in a consistent manner for the �rst time. It is shown that the RPM

hereby o�ers a way to improve the simulation of transient heat transfer in �uid-solid

heterogeneous media by considering the history term.

Forthermore, the concept of the RPM is evaluated. Simulation results considering

heating-up, drying and pyrolysis in a packed bed reactor are compared to experimental

results. These evaluations demonstrate that the RPM is a promising method for multi-

scale modeling.





Chapter

1
Introduction

The packed-bed reactor (PBR) is one of the "work horses" in the chemical industry,

where it is mostly used for heterogeneous catalytic reactions. But there are also several

PBR applications in other technical �elds, such as: water cleansing by sand �lters [1],

combustion of waste [2], and gasi�cation or pyrolysis of biomass [3].

Modeling the processes in a PBR is of major importance in order to optimize the reactor

performance with respect to yield, safety, and long-term stability. For many decades

reaction engineers have improved the modeling as well as the numerical schemes to

solve these models. The evolution of PBR modeling has been documented in various

review papers [4�6].

The variety of PBR models is probably almost as large as the number of applications.

This is because there are numerous physical and chemical processes involved. It seems

impossible to account for all of them in one comprehensive model. Actually, in most

cases it is not necessary to describe the processes in the reactor in such detail. One

task of the chemical engineer is always to decide which phenomena can be neglected

and how to appropriately model the phenomena that should be included in the model.

In most cases it is totally su�cient to use a quasi-continuous and homogeneous model,

where the two-(or more)-phase packed bed is treated as if it was just one �uid phase.

Transient behaviour, however, is generally better described by a heterogeneous model,

where distinguished phases are considered. For some applications, however, the quasi-

continuous treatment of the phases is not appropriate. For instance, the processes in

relatively large wood particles during pyrolysis, gasi�cation, and combustion are rather

complex. Discrete modeling of individual particles is, thus, advantageous, which raises

the question:

How to integrate an intra-particle model into a PBR model?

This study will give one possible answer to this question which is the concept of rep-

resentative particles. Instead of modeling each individual particle in a PBR, only a
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limited number of particles are described in detail. These particular particles are con-

sidered as being representative for a �nite volume element of the PBR. This basic idea

is referred to as Representative Particle Model (RPM).

The major objectives of this work are to further develop the RPM approach and to

demonstrate its usefulness in PBR modeling. This will be accomplished in consecutive

steps. In Chapter 2 the RPM is characterized as opposed to other heterogeneous PBR

models. In the subsequent Chapter 3 the basic model equations of the RPM will be

derived. Inter-particle heat and mass transfer will be addressed and a new method will

be introduced to describe this phenomenon within the RPM framework in a consistent

manner. This method o�ers the opportunity to examine a prominent heat transfer

problem: in Chapter 4 a somewhat extensive excursus will be presented dealing with

transient heat transfer in packed beds with stagnant �ow. The latter phenomenon is

of special interest because it can still not be described satisfyingly accurate with quasi-

continuous models despite of a lot of research activities. The higher complexity of the

RPM as opposed to quasi-continuous models may be the key to a better understanding

and description of that process. In the course of Chapter 4 it will be investigated

if RPM can possibly solve that problem. An evaluation of the RPM is presented in

Chapter 5. Results of the numerical simulation of heating-up of porous slate particles,

drying, and pyrolysis of wood particles are presented, compared to experimental data,

and discussed. In Chapter 6 a summary of the study and concluding remarks will be

given. Finally, an outlook will be presented in Chapter 7.



Chapter

2
Heterogeneous models for packed bed

reactors - a survey

As has been pointed out by Adler [4] in his review article, homogeneous quasi-continuous

models are most commonly used. For steady states these models yield fairly good re-

sults since the temperature di�erence between the two (or more) phases is usually

negligible (a few K). When it comes to transient processes, however, the temperature

di�erence between �uid and solid can become signi�cant (up to several 100 K [7�9]).

In these and other cases summarized by Tsotsas [10] heterogeneous modeling is recom-

mended in order to account for the di�erences between the phases.

In heterogeneous models the solid phase (i.e.: the particles) can be treated in basically

three di�erent ways: quasi-continuous, discrete or representative. The characteristics,

advantages, and disadvantages of these three approaches will be outlined in the next

sections. Special emphasis is put on how inter-particle heat transfer and shrinking

bed height can be captured by these methods. For the sake of brevity a non-reactive,

one-component �ow will be considered. The respective energy balance for the �uid -

which is treated quasi-continuously - is in all cases given by:

εf %f cp,f
∂Tf

∂t
= −w%fcp,f

∂Tf

∂z
+

∂

∂z

(
Λz

∂Tf

∂z

)
+ α s (Ts − Tf ) . (2.1)

The terms on the right-hand side of Eq.(2.1) originate from heat convection, heat

dispersion, and heat transfer between the phases, respectively.

2.1 Quasi-continuous models

Quasi-continuous heterogeneous models treat both phases as if they were distributed

continuously over the whole spacial domain. At each point in space both phases ex-

ist with distinguished properties. A typical one-dimensional energy balance equation

would be:
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(1− εf ) %s cp,s
∂Ts

∂t
=

∂

∂z

(
λe�,s

∂Ts

∂z

)
− α s (Ts − Tf ) . (2.2)

The description of the interphase heat transfer is consistent with Eq.(2.1). The inter-

particle heat transfer is modeled by a Fourier-type term. The e�ective heat conductivity

λe�,s, however, is a problematic quantity. Usually semi-empirical relations for the heat

conductivity of packed beds with stagnant �ow [11�13] are applied here due to the

lack of better relations. This is actually not consistent since these relations have been

derived based on a homogeneous model, i.e. they include heat transfer through the

(stagnant) �uid as well.

The quasi-continuous model is de�nitely the most widely used type of heterogeneous

PBR models. However, it is very di�cult to model shrinking bed height with these

type of models.

2.2 Discrete particle models

Discrete particle models (DPM) are sometimes also referred to as "discrete-element

models". In this approach an intra-particle model for each particle in the �xed bed is

solved simultaneously with the �uid-phase balances. The size and the position of each

particle has to be determined at every timestep. For the remainder of this study it will

be postulated that the single-particle model is based on a one-dimensional spherical

grid (radial coordinate r).

The DPMs are advantageous especially for processes where the size of the particles and

hence the bed height changes with time. The heat transfer between neighbour particles

can also be described right away by an appropriate boundary condition. In case of a

non-reacting non-porous particle this boundary condition can, for instance, be written

as:

− S λ′′s

(
∂Ts

∂r

)′′

= S α
(
Ts − Tf ) +

Nj∑
j

Q̇sj , (2.3)

where the last term on the right-hand side of Eq. (2.3) represents the heat transfer to

or from the j neighbour particles.

The DPM can be considered as most complex and most accurate amongst the het-

erogeneous models. But the computational e�ort is enormous which is the major

disadvantage. So far only very few applications have been modeled with DPM [14,15].
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2.3 Representative particle models (RPM)

In this approach of heterogeneous modeling a representative intra-particle model is

solved for each �nite volume element of the reactor. Representative means: all particles

within the �nite volume element are assumed to obey the same characteristics as the

one for which the intra-particle model is solved. A schematic of this concept - which is

sometimes also referred to as "1D+1D model" - is depicted in Fig. 2.1.

Figure 2.1: Schematic of the RPM concept

For the remainder of this study it will be postulated that a one-dimensional grid of

�nite volumes along the reactor axis (coordinate z) is used to describe a cylindrical

PBR.

A typical boundary condition for the representative intra-particle model is basically

the same as for the DPM (Eq. (2.3)). The only di�erence is that the inter-particle heat

transfer can not be described as straight forward as for the DPM. Some additional

modeling is required which will be outlined in Section 3.2.

The major advantages of the RPMs compared to DPMs are the signi�cantly smaller

computational e�ort and the easy integration into existing computer codes for simula-

tion of PBRs. Hence, the RPM has been applied more often than the DPM but it is

by far not as widely used as the quasi-homogeneous model.

In previous works inter-particle heat transfer was either neglected [16�18] or described

by means of e�ective heat conductivities [19, 20], which is inconsistent since the RPM

is a non-continuous model. In Chapter 3 a consistent formulation of inter-particle heat

transfer within the RPM framework will be presented.
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Modeling shrinking bed height is not possible with RPM right away. Some suggestions

on how this could be achieved will be given in the outlook (Chapter 7).

2.4 Summary

The characteristics of the three categories of heterogeneous PBR models are visually

summarized in Fig. 2.2.

Figure 2.2: Scheme of the characteristics of heterogeneous PBR models

Clearly, it can in general not be stated which model is the best. It depends on the

application and on the level of accuracy that has to be accomplished. For processes

with �xed bed height and small particles (< 1 mm), such as heterogeneous catalysis,

the quasi-continuous approach will most likely remain the predominant model of choice.

However, processes where the particle size changes during operation (e.g.: combustion,

gasi�cation, and pyrolysis of biomass or waste) are probably better represented by

RPM and DPM. It may be allowed to generalize that the larger the particles, the more

appealing the RPM and DPM, respectively, and the less recommendable the quasi-

continuous approach.

However, a recently emerging �eld of reaction engineering may lead to a very prominent

role of RPM in the future: multi-scale modeling. This is a multi-disciplinary attempt

to converge the models of di�erent time and length-scales in order to describe the

processes in chemical reactors from very �rst principles. The basic idea of multi-scale

modeling is illustrated in Fig. 2.3.
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Figure 2.3: Scales in chemical reaction engineering that have to be covered by multi-scale modeling

The combination of electronic and mesoscopic regime has already been achieved by

several techniques [21] (e.g. kinetic Monte-Carlo simulations [kMC]). The next step of

coupling these methods to the macroscopic regime (i.e. to CFD simulations) will be

developed in the near future. One promising method could be the RPM. If the multi-

scale modeling approach is successful, then it will no longer be necessary to determine

global kinetic parameters by experiments. These �tting-parameters do not only have a

questionable physical or chemical meaning (if at all), they are also only valid for a rather

limited intervall of conditions under which they have been experimentally evaluated.

This shortcoming along with the substantial experimental e�ort can be overcome by use

of multi-scale modeling. This method has, thus, the potential to revolutionize chemical

engineering. RPM can be one part of this "revolution".





Chapter

3
RPM: The fundamental equations

The basic idea behind the concept of representative particles has already been intro-

duced in Section 2.3. In this section the fundamental equations which represent this

basic idea will be introduced.

It is, unfortunately, very common in the chemical reaction engineering and related

scienti�c communities that the balance equations are commented rather brie�y. In

many cases not all underlying simplifying assumptions are mentioned (if any). In most

cases the derivations of the balances are completely skipped for the sake of brevity,

since instructive derivations are always somewhat lengthy.

The objective of this study is to establish and develop the Representative Particle Model

as a method to model processes in �xed bed reactors. To do that, it is inevitable to

motivate and derive the balance equations from a very fundamental and general starting

point. This way, it can be motivated why certain simplifying assumptions are useful to

make. The basic ideas behind the RPM concept can be illustrated more instructively.

A good simulation of a �xed bed reactor depends on di�erent factors. How well are the

properties of the species approximated? Do the mixing rules apply? How good are the

correlations for the transport coe�cients? Are the reaction kinetics close to reality?

Are the numerical techniques appropriate to solve the system of equations? All these

issues (and more) are important. But no matter how good these issues are addressed,

if the balance equations are false, then the simulation will be poor. Therefore, the

balances can be regarded as the basis of every model and every simulation. This basis

has to be sound and comprehensible.

Deriving this basis for the RPM is the objective of this chapter.

In Section 3.1 the di�erential balance equations for the interstitial �uid will be derived.

The intra-particle model can be of (almost) any type. The only restrictions are: tran-

sient balances, spherical geometry, gradients occur only in radial direction. The vast
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majority of the available intra-particle models obey these characteristics (for a survey

of available intra-particle models the reader is referred to [22]). Any one of these sub-

models can in principle be integrated into a RPM. However, two modi�cations have

to be made, which are related to the phenomena of heat and mass transfer between

neighbour particles (also referred to as inter-particle heat and mass transfer). This

problem will be addressed in section 3.2.

3.1 The balance equations for the interstitial fluid

At �rst, the domain of the balances will be de�ned. After that, the di�erent modes of

transport in a �xed bed will be characterized. Finally, the species mass balances, the

momentum balance, and the energy balance will be derived consecutively for the RPM

framework.

3.1.1 The differential control volume

At the very beginning a di�erential control volume Vf has to be de�ned for which the

balances are to be evaluated.

Let us consider a cylindrical �xed bed consisting of solid porous particles. In the

interstitial region between the particles there shall be only one �uid phase. All processes

within the particles (i.e.: at and beneath the external particle surface) are described by

the intra-particle model which is assumed to be one-dimensional and spherical. What

remains to be described is the interstitial �uid phase outside the external surface of

the porous particles. This means that the �uid phase(s) in the pores of the particles

are not part of the control volume since they are considered to be part of the particle's

domain.

In order to reduce the complexity of the following derivations it will be postulated

that there are neither radial nor azimuthal �uxes (of mass, momentum, and energy,

respectively) in the interstitial regions at any time. This is a very strong postulation

but it is a quite good approximation in many �xed bed applications. Of course, taking

all three spatial dimensions into account would lead to a model which is by far more

general. But the addition of the two other dimensions does not have any bene�t as

far as the understanding of the RPM concept is concerned. Actually, it would be

detrimental for that purpose. The gain in ease of comprehension is payed for by loss

of generality of the model.

Based on these considerations it is useful to de�ne the di�erential control volume as

follows: If the cylindrical �xed bed reactor was cut at two positions (z and z + ∆z)
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perpendicular to the reactor axis (as depicted in Fig. 3.1), then the volume V of this

plate would be AR ·∆z, with AR being the inner cross section of the reactor. However,

only the interstitial �uid phase in this plate is what will be referred to as di�erential

control volume Vf in the following. Vf has, therefore, the shape of a porous cylindric

plate of thickness ∆z.

Figure 3.1: Cylindric reactor volume element V with length ∆z

The boundary ∂Vf of the control volume can be devided into four parts: inlet boundary

Af (z) = εfAR (with εf being the volume fraction of the interstitial �uid in the �xed

bed) , outlet boundary Af (z +∆z) = Af (z), the interface between interstitial �uid and

reactor wall AW , and the interfaces between particles and interstitial �uid Asf .

For this di�erential control volume the balances for species mass, total mass, momen-

tum, and energy will be derived in the remainder of the chapter.
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3.1.2 Transport phenomena in the fluid phase of fixed beds

Mass transfer in �xed beds occurs in three di�erent ways: convection, dispersion, and

di�usion.

(a) Convection

Actually, every component i of a gaseous mixture has its own velocity wi. Unfortu-

nately, it is practically impossible to measure these di�erent velocities in a mixture.

What can be measured, however, is the mean velocity (i.e.: the velocity of the center

of mass). The latter is de�ned as follows:

w ≡
∑Ni

i=1 %f,i wi∑Ni

i=1 %f,i

=

Ni∑
i=1

Yf,i wi . (3.1)

The convective mass �ux ṁf is given by:

ṁf =

Ni∑
i=1

%f,i w = %f w = %f

Ni∑
i=1

Yf,i wi =

Ni∑
i=1

%f,i wi . (3.2)

Obviously, for the total mass �ux it does not matter if the mean velocity w is used for

every component or if the component velocity wi is used, the sum over all components

leads to the same quantity.

The convective �ux of inner energy u̇w,f (enthalpy ḣw,f ) is nothing but the �ux of inner

energy (enthalpy) that is associated with the mean velocity. Therefore:

u̇w,f =

Ni∑
i=1

%f,i uf,i w , (3.3)

and

ḣw,f =

Ni∑
i=1

%f,i hf,i w . (3.4)

It is worth noting that

Ni∑
i=1

%f,i uf,i wi 6=
Ni∑
i=1

%f,i uf,i w , (3.5)

and
Ni∑
i=1

%f,i hf,i wi 6=
Ni∑
i=1

%f,i hf,i w . (3.6)

This inequality can also be expressed as: the convective �ux of inner energy (enthalpy)

is in general not equal to the total �ux of inner energy (enthalpy). It will be outlined

later what the di�erence is between the two.
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(b) Dispersion

This phenomenon can be brie�y illustrated by a thought experiment: Let us assume

two particles in a �uid plug �ow in axial direction (no di�usion). If they start at the

same axial position z both particles will cover the same distance in a certain time

intervall ∆t. Their paths of motion will be parallel. Now assume that these particles

enter a �xed bed at the same time. Their paths will not be parallel any more. In other

words: the two �uid particles will move in lateral direction with respect to one another.

This lateral movement is the cause for what is referred to as lateral dispersion. This

phenomenon is illustrated in Fig. 3.2.

Figure 3.2: Illustration of lateral dispersion

Additionaly, after a certain time intervall ∆t both particles will most probably not be at

the same axial position. That is: they will have moved in axial direction relative to each

other. This relative movement in axial direction is referred to as axial dispersion. Both

lateral and axial dispersion lead to a decrease in concentration gradients as illustrated

in Fig. 3.3 for the axial direction.

Figure 3.3: Illustration of axial dispersion
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This is a clear similarity between dispersion and di�usion. Therefore, the axial dis-

persion �ux jf,i is usually described by a Fick's law (which is also true for lateral

dispersion):

jf,i = −%f Dz

(
∂Yf,i

∂z

)
. (3.7)

Here, Dz is the axial dispersion coe�cient.

The heat dispersion �ux u̇j,f (ḣj,f ) is the inner energy (enthalpy) that is associated

with the mass dispersion �ux, i.e.:

u̇j,f =

Ni∑
i=1

j
f,i

uf,i , (3.8)

ḣj,f =

Ni∑
i=1

j
f,i

hf,i . (3.9)

The total heat transfer by convection and dispersion can be obtained by adding Eq.

(3.3) and Eq. (3.8), resulting in:

u̇f = u̇w,f + u̇j,f =

Ni∑
i=1

%f,i w uf,i +

Ni∑
i=1

j
f,i

uf,i =

Ni∑
i=1

(%f,i w + j
f,i

) uf,i . (3.10)

The same holds for the enthalpy �ux:

ḣf = ḣw,f + ḣj,f =

Ni∑
i=1

%f,i w hf,i +

Ni∑
i=1

j
f,i

hf,i =

Ni∑
i=1

(%f,i w + j
f,i

) hf,i . (3.11)

These quantities must be equal to the sum of energy �uxes of all components, i.e.:

u̇f =

Ni∑
i=1

%f,i wi uf,i and ḣf =

Ni∑
i=1

%f,i wi hf,i . (3.12)

Comparing the coe�cients in Eqs. (3.10 - 3.12) shows that:

%f,i wi = %f,i w + j
f,i

. (3.13)

Taken the sum over all components of a mixture yields:

Ni∑
i=1

%f,i wi =

Ni∑
i=1

%f,i w +

Ni∑
i=1

j
f,i

. (3.14)

The de�nition of the mean velocity in Eq. (3.1) leads to:

Ni∑
i=1

j
f,i

= 0 . (3.15)
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This is consistent with Eq. (3.7). However, although the sum of the mass dispersion

�uxes over the components vanishes in any case, the sum of the heat dispersion �uxes

does not vanish in general, which can be observed from Eqs. (3.8) and (3.9).

From Eq. (3.7) it follows that in case of pure �uids and homogeneous mixtures j
f,i

= 0

holds. But this only means that dispersion has no e�ect on the mass balance. It still

occurs. Or in other words: the phenomenon of dispersion occurs also in pure �uids

and homogeneous mixtures, but it can not be observed due to the fact that molecules

of one species are not distinguishable from one another.

Equations (3.8) and (3.9) are a consequence of the fact that dispersion is related to

exactly the same phenomenon as dispersion of mass. It is very important to note that

this is only true for heterogeneous models. In homogeneous models the heat transfer

between neighbour particles as well as between particle and �uid also contribute to a

better mixing. Therefore, in homogeneous models these two phenomena have to be

included in the dispersion model. But in heterogeneous models the latter two e�ects

have to be modeled explicitely.

However, Eqs. (3.8) and (3.9) fail to predict heat dispersion in pure �uids and in per-

fectly mixed multi-component �ows, since in these cases j
f,i

= 0. Hence, an alternative

model for heat dispersion is required. Since dispersion of heat leads to a decrease

of temperature gradients it is in most cases modeled by Fourier's law using a heat

dispersion coe�cient Λz (or to be more precise: an enthalpy dispersion coe�cient).

ḣj,f =

Ni∑
i=1

j
f,i

hf,i = −Λz

(
∂Tf

∂z

)
. (3.16)

The equivalence of heat and mass dispersion (in case of heterogeneous modeling) is

represented by the fact that the Lewis number for axial (and lateral) dispersion is

unity:

Le ≡ a

D
=

Λz

%fcp,fDz

=
%fcp,fDz

%fcp,fDz

= 1 . (3.17)

(c) Diffusion

Convection and dispersion can be regarded as macroscopic and mesoscopic transport,

respectively. Di�usion is transport on microscopic level due to concentration gradi-

ents. The di�usion �ux can be determined as in Eq. (3.7), except that the transport

coe�cient is the di�usivity Di rather than the dispersion coe�cient Dz. The order of

magnitude of di�usivity in a gas mixture is 10−5 m2/s. Dispersion coe�cients can be

estimated by Dz ∼ wzds. In the experiments that will be considered in this work parti-

cle sizes are of the order of 10−2 m and velocities are in the 0.1 m/s range. This means

that Dz ≈ 10−3 m2/s. Hence, di�usion can be neglected as compared to dispersion.
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Similarly, heat dispersion is also two orders of magnitude higher than heat conduction,

which is why the latter can be neglected compared to the former.

3.1.3 Derivation of the species and total mass balances

A general mass balance of species i reads [23]:∫
Vf

∂%f,i

∂t
dV = −

∫
∂Vf

%f,i wi · n dA +

∫
Vf

ṙf,i dV . (3.18)

The terms on the right-hand side of Eq. (3.18) refer to mass transfer across the entire

boundary of the control volume and homogeneous chemical reactions occuring within

Vf , respectively. The following postulations are made:

1. All quantities are distributed homogeneously over the cross section Af (z).

2. The radial and azimuthal velocities are zero, i.e.: wi =

 0

0

wi

 .

3. ∆z → 0 .

With these postulations the mass balance of species i can be rewritten as:

∂%f,i

∂t
Vf = −

∫
∂Vf

%f,i wi · n dA + ṙf,i Vf . (3.19)

The surface integral is evaluated at the four abovementioned subdomains (inlet, outlet,

wall-�uid interface, particle-�uid interface). At the inlet all quantities are homoge-

neously distributed and the normal vector of that surface is exactly opposite to the

z-direction, which means: wi · n = −wi. Hence:

−
∫

Af (z)

%f,i wi · n dA =
(
%f,i w + jf,i

)
z

Af . (3.20)

The same applies to the outlet boundary Af (z + ∆z), with the exception that here

wi · n = wi since the normal vector of the boundary is in the same direction as the

velocity. Thus:

−
∫

Af (z+∆z)

%f,i w · n dA = −
(
%f,i w + jf,i

)
z+∆z

Af . (3.21)

At the reactor wall the normal vector of the boundary is perpendicular to the velocity.

Thus, with the postulations listed above, no mass can be transferred through this

boundary.
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The mass transfer between the particles and the �uid (may it be convective or non-

convective) can be readily described by the particle model. Every mass that crosses the

external surface S of the particle also crosses the boundary Asf of the control volume

Vf . It has to be taken into account that the sign of the integral changes since a mass

�ux that leaves a particle is negative within the particle model framework while it is

positive in the case of the interstitial �uid in the reactor. If Ns is the number of solid

particles in the control volume, then:

−
∫

Asf

%f,i wi · n dA = Ns

∫
S

%′′f,i v′′i · n dA . (3.22)

Due to the one-dimensional nature of the particle model it can be concluded that all

quantities are distributed homogeneously over the particle surface. Thus, the integral

can be transformed into a product. Furthermore, at the particle surface vi · n = vi

holds. Also Ns S = Asf (Ns can be a real number). Therefore, the surface integral can

be evaluated by:

−
∫

Asf

%f,i wi · n dA =
(
%′′f,i v

′′
i

)
Asf . (3.23)

Use of the mean intra-particle velocity v which is de�ned analogously to Eq. (3.1) gives:

−
∫

Asf

%f,i wi · n dA =
(
%′′f,i v

′′ + j′′f,i

)
Asf . (3.24)

The di�usion �ux j′′f,i normal to the particle surface can be described by means of

a mass transfer coe�cient β′′
i . The Stefan correction ζi has to be considered in this

case [24] since the convection changes the concentration gradient and, hence, also β′′
i .

Thus:

−
∫

Asf

%f,i wi · n dA =
(
%′′f,i v

′′ + ζiβ
′′
i [%′′f,i − %f,i]

)
Asf . (3.25)

According to the �lm theory the Stefan correction is given by:

ζi =
v′′/β′′

i

exp(v′′/β′′
i )− 1

. (3.26)

Based on the aforementioned assumptions and considerations the mass balance of

species i in the interstitial �uid can be written as:

∂%f,i

∂t
Vf =

(
%f,i w + jf,i

)
z

Af −
(
%f,i w + jf,i

)
z+∆z

Af +

+
(
%′′f,i v

′′ + ζiβ
′′
i [%′′f,i − %f,i]

)
Asf + ṙf,i Vf .

(3.27)

Using the �rst-order Taylor expansion yields:

∂%f,i

∂t
Vf =−

∂
(
%f,i w)

∂z
Af∆z − ∂jf,i

∂z
Af∆z +

+
(
%′′f,i v

′′ + ζiβ
′′
i [%′′f,i − %f,i]

)
Asf + ṙf,i Vf .

(3.28)
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Dividing by Vf results in:

∂%f,i

∂t
= −

∂
(
%f,i w)

∂z
− ∂jf,i

∂z
+

Asf

Vf

(
%′′f,iv + ζiβ

′′
i [%′′f,i − %f,i]

)
+ ṙf,i . (3.29)

Furthermore, Asf (the area of the solid-�uid interface in V ) can be expressed in terms

of the speci�c surface s of the particles as follows:

Asf

Vf

=
s Vs

εfV
=

s (1− εf )V

εfV
= s

(1− εf )

εf

. (3.30)

This leads - together with Eq. (3.7) - to the mass balance of species i:

∂%f,i

∂t
= −∂(%f,iw)

∂z
+

∂

∂z

(
%f Dz

∂(%f,i/%f )

∂z

)
+s

1− εf

εf

(
%′′f,i v

′′+ζiβ
′′
i [%′′f,i−%f,i]

)
+ ṙf,i .

(3.31)

For the derivation of the energy balance (see subsection 3.1.5) it is advantageous to use

the species velocity vi:

∂%f,i

∂t
= −∂(%f,iw)

∂z
− ∂jf,i

∂z
+ s

1− εf

εf

(
%′′f,i v

′′
i

)
+ ṙf,i . (3.32)

The total mass balance (continuity equation) is equivalent to the sum over all species

mass balances. The dispersion terms as well as the homogeneous reaction term vanish

by taking that sum. Hence, the continuity equation reads:

∂%f

∂t
= −∂(w%f )

∂z
+ s

1− εf

εf

(%′′f v′′) . (3.33)

Both the third term on the right-hand side of Eq. (3.32) as well as the second term

on the right-hand side of Eq. (3.33) represent the major di�erence between RPM and

quasi-continuous heterogeneous models. These terms are the connection between single-

particle model and interstitial gas in the reactor domain. Hence, they are of central

importance in the RPM approach.
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3.1.4 Derivation of the momentum balance

The general momentum balance in vector notation reads [23]:∫
Vf

∂

∂t

(
%f w

)
dV = −

∫
∂Vf

%f (w w) · n dA +

∫
∂Vf

τ · n dA +

∫
Vf

%f φ dV . (3.34)

The terms on the right-hand side of Eq.(3.34) refer to convective transport of momen-

tum across the boundaries (∂Vf ) of the control volume and momentum generation (or

consumption) by surface and volume forces, respectively. The mean velocity as de-

�ned in Eq.(3.1) is used here. The heterogeneous mass transfer between solid and �uid

phase is not an additional source of momentum because it has zero velocity (due to the

rotational symmetry of the particle model).

The following assumptions are made:

1. All intensive quantities are distributed homogeneously over the cross-sectional

area in the �uid.

2. The radial and azimuthal velocities are zero, i.e.: w =

0

0

w

 .

3. ∆z → 0 .

4. No relevant volumetric forces.

With these assumptions the momentum balance can be rewritten as:

∂(%f w)

∂t
Vf = −

∫
∂Vf

[
%f (w w)− τ

]
· n dA . (3.35)

In analogy to subsection 3.1.3, the integral over the boundary ∂Vf of the control volume

is devided into the four subdomains Af (z), Af (z + ∆z), AW , and Asf .

At the inlet boundary the velocity �eld within the �uid phase is postulated to be

homogeneous (as for every other axial position). Hence, no tangential stresses occur,

only normal stresses. That is why the stress tensor reads:

τ = −p δ . (3.36)

Hence:

Q̇Af (z) ≡ −
∫

Af (z)

[
%f (w w)− τ

]
· n dA

Q̇Af (z) = −

[
%f

0 0 0

0 0 0

0 0 w2

+

p 0 0

0 p 0

0 0 p

]
z

·

 0

0

−1

 Af .

(3.37)
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Here, only the axial momentum balance is relevant, i.e.:

Q̇Af (z) =
[
%fw

2 + p
]

z
Af . (3.38)

The same is true for the outlet boundary, except for the direction of the normal vector.

Hence, the sign changes:

Q̇Af (z+∆z) = −
[
%fw

2 + p
]

z+∆z
Af . (3.39)

At the reactor wall as well as at the particles surfaces the momentum is diminished

by friction (due to lateral velocity gradients). The latter is accounted for by a semi-

empirical relation. For now, the momentum sink due to interphase friction will be

referred to as Fsf . Based on these considerations the momentum balance in axial

direction can be written as:
∂(%f w)

∂t
Vf =

[
%fw

2 + p
]

z
Af −

[
%fw

2 + p
]

z+∆z
Af − Fsf . (3.40)

Application of the �rst-order Taylor expansion and dividing by Vf yields:

∂(%f w)

∂t
= −∂(%f w2)

∂z
− ∂p

∂z
− Fsf

Vf

. (3.41)

For the third term on the right-hand side of Eq.(3.41) Ergun's equation [25] is applied.

The latter relation is valid for homogeneous models (i.e.: it is written in terms of

super�cial velocity). Therefore it can not be applied right away. Ergun's equation

reads:
Fsf

V
= f1

V̇f

AR

+ f2

( V̇f

AR

)2

, (3.42)

with

f1 ≡ 150
(1− εf )

2

ε3
f

ηf

d2
s

and f2 ≡ 1.75
(1− εf )

ε3
f

%f

ds

. (3.43)

This is equivalent to:

εf
Fsf

Vf

= f1εfw + f2(εfw)2 . (3.44)

Now, the third term on the right-hand side of Eq.(3.41) can be replaced to give:

∂(%f w)

∂t
= −∂(%f w2)

∂z
− ∂p

∂z
− f1w − εff2w

2 . (3.45)

This is the form of the momentum balance that has to be solved.

3.1.5 Derivation of the energy balance

The energy balance of a mixture with Ni components reads [23]:

Ni∑
i=1

∫
Vf

∂

∂t

(
%f,i ef,i

)
dV = −

Ni∑
i=1

∫
∂Vf

%f,i ef,i wi · n dA +

Ni∑
i=1

∫
∂Vf

(
τ

i
· wi

)
· n dA +

−
∫

∂Vf

q̇
f,λ
· n dA +

∫
Vf

%f φ · w dV +

∫
Vf

%f ρ dV .

(3.46)
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The mass speci�c energy

e ≡ u + ekin = u +
1

2
|w|2 (3.47)

is composed of inner and kinetic energy. The terms on the right-hand side of Eq.(3.46)

refer to energy transfer associated to mass transfer across the entire boundary (∂Vf ) of

the control volume, work by forces that act on the boundary, heat conduction through

∂Vf , work by volumetric forces, and absorption of radiation by the �uid, respectively.

The following assumptions are made:

1. All intensive quantities are distributed homogeneously over the cross-sectional

area in the �uid.

2. The radial and azimuthal velocities are zero, i.e.: wi =

 0

0

wi

 .

3. ∆z → 0 .

4. No absorption of radiation by the �uid, i.e.: ρ = 0 .

5. Speci�c kinetic energy is negligible compared to speci�c inner energy, i.e.: u �
ekin .

6. The contribution of the volumetric forces can be neglected in case of �uids, i.e.:

φ = 0.

7. Heat conduction is negligible as compared to heat dispersion and convection.

8. The �uid is a mixture of ideal gases.

With these assumptions the energy balance can be rewritten as:

Ni∑
i=1

∂(%f,i uf,i)

∂t
Vf = −

∫
∂Vf

[ Ni∑
i=1

(
%f,i uf,i wi − τ

i
· wi

)
+ q̇

f,λ

]
· n dA . (3.48)

In analogy to subsection 3.1.3, the integral over the boundary ∂Vf of the control volume

is devided into the four subdomains Af (z), Af (z + ∆z), AW , and Asf .
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All intensive quantities are homogeneously distributed over the inlet boundary, which

means that Eq.(3.36) holds. Heat conduction can be neglected compared to convection.

Hence:

Q̇Af (z) ≡ −
Ni∑
i=1

∫
Af (z)

[
%f,i uf,i wi − τ

i
· wi

]
· n dA

= −
Ni∑
i=1

[
%f,i uf,i wi − τ

i
· wi

]
z
· n Af

= −
Ni∑
i=1

[
%f,i uf,i

 0

0

wi

−
−pi 0 0

0 −pi 0

0 0 −pi

 ·
 0

0

wi

]
z

·

 0

0

−1

Af

=

Ni∑
i=1

[
%f,i uf,iwi + piwi

]
z
Af

=

Ni∑
i=1

[
%f,i

(
uf,i +

pi

%f,i

)
wi

]
z
Af

=

Ni∑
i=1

[
%f,i hf,i wi

]
z
Af .

(3.49)

The same applies to the outlet boundary Af (z +∆z), with the exception that here the

normal vector of the boundary is in positive z-direction. Thus:

Q̇Af (z+∆z) = −
[ Ni∑

i=1

%f,i hf,i wi

]
z+∆z

Af . (3.50)

At the reactor wall the normal vector of the boundary surface is perpendicular to the

velocity. There is also no temperature gradient in radial direction due to the �rst of the

postulations listed above. Thus, no energy can be transferred through this boundary,

neither by convection nor by conduction. To still be able to describe a non-adiabatic

reactor wall the concept of the heat transfer coe�cient (αW ) is applied here as shown

in Eq.(3.51). It has to be noted that this is, actually, an inconsistency of the model.

But there is no other way to describe wall-to-�uid heat transfer in a model with one

dimension in space.

Q̇AW
≡ −

∫
AW

[ Ni∑
i=1

(
%f,i uf,i wi − τ

i
· wi

)
+ q̇

f,λ

]
· n dA = −αW AW

(
Tf − TW

)
. (3.51)

For the heat transfer between particles and �uid the same arguments hold as outlined

in subsection 3.1.3. Thus:

−
∫

Asf

[ Ni∑
i=1

(
%f,i uf,i wi − τ

i
· wi

)
+ q̇

f,λ

]
· n dA =

[ Ni∑
i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

]
Asf . (3.52)
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Based on the aforementioned assumptions and considerations the energy balance of the

�uid in the control volume can be written as:

Ni∑
i=1

∂(%f,i uf,i)

∂t
Vf =

[ Ni∑
i=1

%f,i hf,i wi

]
z
Af −

[ Ni∑
i=1

%f,i hf,i wi

]
z+∆z

Af +

− αW AW

(
Tf − TW

)
+
[ Ni∑

i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

]
Asf .

(3.53)

Using the �rst-order Taylor expansion yields:

Ni∑
i=1

∂(%f,i uf,i)

∂t
Vf = −

Ni∑
i=1

∂

∂z

(
%f,i hf,i wi

)
Af∆z − αW AW

(
Tf − TW

)
+

+
[ Ni∑

i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

]
Asf .

(3.54)

Dividing by Vf results in:

Ni∑
i=1

∂(%f,i uf,i)

∂t
= −

Ni∑
i=1

∂

∂z

(
%f,i hf,i wi

)
− αW

AW

Vf

(
Tf − TW

)
+

+
Asf

Vf

[ Ni∑
i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

]
.

(3.55)

Furthermore:
AW

Vf

=
2πR ∆z

εfπR2 ∆z
=

2

εf R
(3.56)

With Eqs.(3.30) and (3.56) the energy balance reads:

Ni∑
i=1

∂(%f,i uf,i)

∂t
= −

Ni∑
i=1

∂

∂z

(
%f,i hf,i wi

)
− αW

2

εf R

(
Tf − TW

)
+

+ s
1− εf

εf

[ Ni∑
i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

]
.

(3.57)

To obtain a di�erential equation for the temperature some further modi�cations are

necessary. For this purpose the mass speci�c inner energy uf,i is expressed by means

of the mass speci�c enthalpy hf,i = cp,iTf + href,i as follows:

∂

∂t

(
%f,iuf,i

)
=

∂

∂t

(
%f,i(hf,i −

pi

%f,i

)
)

=
∂

∂t

(
%f,ihf,i − pi

)
= %f,i

∂hf,i

∂t
+ hf,i

∂%f,i

∂t
− ∂pi

∂t
.

(3.58)
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Together with application of the product rule to the convection term in Eq.(3.57) and

after some rearranging this yields:

Ni∑
i=1

%f,i
∂hf,i

∂t
− ∂p

∂t
=−

Ni∑
i=1

hf,i

(
∂%f,i

∂t
+

∂(%f,iwi)

∂z

)
−

Ni∑
i=1

%f,iwi
∂hf,i

∂z
+

− αW
2

εf R

(
Tf − TW

)
+ s

1− εf

εf

( Ni∑
i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

)
.

(3.59)

By use of Eq.(3.13) this equation can be modi�ed to give:

Ni∑
i=1

%f,i
∂hf,i

∂t
− ∂p

∂t
=−

Ni∑
i=1

hf,i

(
∂%f,i

∂t
+

∂(%f,iwi)

∂z

)
−

Ni∑
i=1

(
%f,iw + jf,i

)∂hf,i

∂z
+

− αW
2

εf R

(
Tf − TW

)
+ s

1− εf

εf

( Ni∑
i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

)
.

(3.60)

The species mass balance (Eq.(3.32)) - slightly rearranged - reads:

∂%f,i

∂t
+

∂(%f,iwi)

∂z
= s

1− εf

εf

(
%′′f,i v

′′
i

)
+ ṙf,i . (3.61)

Substituting the term in big parenthesis in Eq.(3.60) by the right-hand side of Eq.(3.61)

gives:

Ni∑
i=1

%f,i
∂hf,i

∂t
− ∂p

∂t
=−

Ni∑
i=1

hf,i

(
s

1− εf

εf

(
%′′f,i v

′′
i

)
+ ṙf,i

)
−

Ni∑
i=1

(
%f,iw + jf,i

)∂hf,i

∂z
+

− αW
2

εf R

(
Tf − TW

)
+ s

1− εf

εf

( Ni∑
i=1

%′′f,i h
′′
f,i v

′′
i + q̇′′s,λ

)
.

(3.62)

At this stage it is helpful to make a short excursion. The speci�c enthalpy is a variable

of state (Zustandsvariable), i.e.:

∂hf,i

∂t
=

[
∂hf,i

∂p

]
T

∂p

∂t
+

[
∂hf,i

∂T

]
p

∂T

∂t
. (3.63)

For ideal gases we have:[
∂hf,i

∂p

]
T

= 0 and

[
∂hf,i

∂T

]
p

≡ cp,i . (3.64)

Therefore:

∂hf,i

∂t
= cp,i

∂Tf

∂t
and analogously

∂hf,i

∂z
= cp,i

∂Tf

∂z
. (3.65)
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Using %f cp,f ≡
∑Ni

i=1 %f,i cp,i, inserting Eq.(3.65) in Eq.(3.62) and rearrangement yields:

%f cp,f
∂Tf

∂t
− ∂p

∂t
=− %f cp,f w

∂Tf

∂z
−

Ni∑
i=1

jf,i cp,i
∂Tf

∂z
+

− αW
2

εf R

(
Tf − TW

)
−

Ni∑
i=1

hf,i ṙf,i +

− s
1− εf

εf

[
Ni∑
i=1

%′′f,i v
′′
i (hf,i − h′′f,i)− q̇s,λ

]
rs

.

(3.66)

This is the desired di�erential equation for the temperature. Some modi�cations are

useful. First of all %fcp,f (∂Tf/∂t) � (∂p/∂t). Therefore the latter term is neglected.

The second term on the right-hand side of Eq.(3.66) is related to the heat transfer by

dispersion. How it is related will be shown in the following.

∂ḣj,f

∂z
=

Ni∑
i=1

jf,i
∂hf,i

∂z
+

Ni∑
i=1

hf,i
∂jf,i

∂z
. (3.67)

In analogy to Eq. (3.65) and with Eq. (3.16) this means:

∂

∂z

(
−Λz

∂Tf

∂z

)
=

Ni∑
i=1

jf,i cp,i
∂Tf

∂z
+

Ni∑
i=1

hf,i
∂jf,i

∂z
. (3.68)

From Eq. (3.16) it follows:

Ni∑
i=1

jf,i cp,i
∂Tf

∂z
=

∂

∂z

(
−Λz

∂Tf

∂z

)
−

Ni∑
i=1

hf,i
∂jf,i

∂z
. (3.69)

The very last term is usually neglected, which will also be done here. In fact, it seems

worth investigating, under which conditions this term may have signi�cant in�uence.

However, this is not in the scope of this study.

The forth term on the right-hand side of Eq.(3.66) represents the enthalpy change due

to homogeneous reactions. In order to use the reaction enthalpy ∆RH̃k of reaction

k some further transformations are required. If Nr homogeneous reactions do occur,

then:

Ni∑
i=1

hf,i ṙf,i =

Ni∑
i=1

h̃f,i
˜̇rf,i =

Ni∑
i=1

h̃f,i

[
Nr∑
k=1

νi,k
˜̇rk

]

=
Nr∑
k=1

(
Ni∑
i=1

νi,k h̃f,i

)
˜̇rk =

Nr∑
k=1

(
∆RH̃k

)
˜̇rk .

(3.70)
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Hence, the di�erential equation for the temperature reads:

%f cp,f
∂Tf

∂t
=− %f cp,f w

∂Tf

∂z
+

∂

∂z

(
Λz

∂Tf

∂z

)
+

− αW
2

εf R

(
Tf − TW

)
−

Nr∑
k=1

(
∆RH̃k

)
˜̇rk +

− s
1− εf

εf

[
Ni∑
i=1

%′′f,i c
′′
p,i v

′′
i (Tf − T ′′

s )− q̇′′s,λ

]
.

(3.71)

Di�usion can be neglected For the sake of brevity the following quantity is introduced:

ċ′′p,s ≡
Ni∑
i=1

%′′f,i c
′′
p,i v

′′
i . (3.72)

Heterogeneous heat transfer by conduction can be described by means of a heat transfer

coe�cient α′′. In analogy to the mass transfer also α′′ has to be corrected if not only

conduction but also convection occurs simultaneously. In case of heat transfer the

correction factor ζh can be estimated by [24]:

ζh =
ċp,s/α

′′

exp(ċp,s/α′′)− 1
. (3.73)

This leads to the �nal form of the energy balance as it is used in this study:

%f cp,f
∂Tf

∂t
=− %f cp,f w

∂Tf

∂z
+

∂

∂z

(
Λz

∂Tf

∂z

)
+

− αW
2

εf R

(
Tf − TW

)
−

Nr∑
k=1

(
∆RH̃k

)
˜̇rk +

− s
1− εf

εf

[
(ċ′′p,s + ζh α′′) (Tf − T ′′

s )
]

.

(3.74)

The major di�erence between RPM and quasi-continuous heterogeneous models is the

quantity denoted with ċ′′p,s (Eq. (3.72)). Another di�erence is the necessity to consider

the Stefan-correction (as in the species mass balance, Eq. (3.32)).
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3.2 Inter-particle heat and mass transfer

As has already been mentioned at the beginning of this chapter, the integration of an

intra-particle model into a RPM requires - in principle - modi�cations of the sub-model

in two respects: inter-particle heat and mass transfer. In the available single-particle

models these phenomena are not included since only a single particle is modeled which

is surrounded by a �uid. In a �xed bed, however, the particles do not only interact with

the interstitial �uid but also with neighbour particles. The latter interactions have to

be modeled as well, if the intra-particle model is to be integrated into a RPM.

In Subsection 3.2.1 it will be outlined how inter-particle heat transfer within RPM

framework has been modeled in previous studies. The shortcomings of these attempts

lead to the new method which will be suggested in Subsection 3.2.2.

3.2.1 Previous solutions

Modeling heat transfer between neighbour particles within the RPM framework has

been done in di�erent ways:

Wurzenberger et al. [19] as well as Bauer [20] introduced Fourier-type terms to describe

heat transfer between neighbour particles. In both cases e�ective conductivities were

used. The e�ective conductivity not only implies radiation and conduction through the

contact areas but also conduction within the solid particle (please refer to [11] or [13] for

detailed description). The latter is already accounted for by the intra-particle model.

In general, the concept of e�ective conductivities is applicable only to quasi-continuous

models and, hence, not to DPM and RPM, respectively.

Chejne et al. [26] presented a model that treats the solid phase as both continuous and

discrete, i.e.: a transient one-dimensional heat balance of the quasi-continuous solid

along the reactor axis is solved along with transient one-dimensional heat balances of

representative particles at each node. While radiation is neglected, conduction between

neighbour particles is considered in the quasi-continuous heat balance of the solid phase

only, but not in the intraparticle model. It is doubtful that this model is a realistic

representation of reality since it is questionable to deal with two temperature �elds for

one phase.

Sheikholeslami and Watkinson [16], Handley and Heggs [18] as well as Steele et al. [17]

did not consider interparticle heat transfer at all in their RPM approaches.

This short review illustrates that the inter-particle heat transfer within the represen-

tative particle approach has not been described in a consistent manner so far.

The reason for applying a Fourier-type term (as in [19] and [20]) might be a misleading

understanding of the process that has to be described: If Q̇sj is interpreted as (a)
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the heat transfer between two representative particles on neighbour gridpoints of the

grid representing the reactor, one might come up with the idea to apply the e�ective

conductivity approach. But Q̇sj can only be interpreted as (b) the heat transfer between

a representative particle and its (contacting) neighbour particle. The consequence of

these di�erent interpretations is that in case (b) only the heat transfer between the

surfaces of two contacting particles is relevant, while in case (a) also intra-particle

conduction is included. The latter would be inconsistent, since the conduction within

a particle is already described by the inter-particle model.

3.2.2 The new method

The inter-particle heat transfer appears in the outer boundary condition of the intra-

particle model, which reads:

− S λ′′s

(
∂Ts

∂r

)′′

= S α′′ (T ′′
s − Tf

)
+

Nj∑
j

Q̇sj . (3.75)

This means that all energy coming from the inside of the particle to the external surface

is either transferred to the surrounding �uid or to neighbour particles (or vice versa).

According to Slavin et al. [11] there are four distinct modes of heat transfer between the

surfaces of two contacting particles: radiation (Q̇r), gaseous conduction in an inner (Q̇i)

and an outer (Q̇o) region, and solid conduction through the contact (Q̇c). Expressing

the heat transfer between two contacting hemispheres with surface temperatures Ts

and Tj, respectively, in terms of conductances (G) yields:

Q̇sj = Q̇r + Q̇i + Q̇o + Q̇c , (3.76)

Q̇sj =
(
Gr + Gi + Go + Gc

)(
T ′′

s − T ′′
j

)
. (3.77)

For determination of the di�erent conductances the reader is referred to [11].

The representative particle at axial position k in a one-dimensional reactor is in contact

with neighour particles in upstream (u) and downstream (d) directions, i.e.:

− S λ′′s,k

(
∂Ts,k

∂r

)′′

= S α′′ (T ′′
k − Tf,k

)
+ Gu

(
T ′′

k − T ′′
u

)
+ Gd

(
T ′′

k − T ′′
d

)
. (3.78)

It is worth noting that T ′′
u (T ′′

d ) is not the surface temperature of the next representative

particle in upstream (downstream) direction, which would be T ′′
k−1 (T

′′
k+1). Instead, T ′′

u

(T ′′
d ) is the surface temperature of a representative neighbour particle in upstream

(downstream) direction which can be determined by interpolation between two axial

gridpoints (i.e. between two representative particles).
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For comparison the method as suggested by Wurzenberger et al. [19] and Bauer [20])

is shown below:

−S λ′′s,k

(
∂Ts,k

∂r

)′′

= S α′′ (T ′′
k − Tf,k

)
+

+
(π

4
d2

s

)
λe�

T ′′
k − T ′′

k−1

∆z
+
(π

4
d2

s

)
λe�

T ′′
k − T ′′

k+1

∆z
.

(3.79)

The di�erence of the two methods can be made clear if one assumes that the cylindrical

�nite volume elements have a length which is equal to the diameter of the representative

particle. In this case T ′′
k+1 = T ′′

d and T ′′
k−1 = T ′′

u , i.e. two representative particles in

neighbouring �nite cells are also representative neighbour particles because they are

in contact with each other. In this case it is necessary to determine the heat transfer

between two contacting spheres. The heat transfer within the spheres is irrelevant. But

by applying the e�ective conductivity one also considers intra-particle heat transfer.

This is already accounted for by the intra-particle model.

Thus, for the heat transfer between contacting particles the relation in Eq. (3.78) will

be applied in this study. This relation o�ers a possibility to improve the mathematical

description of transient heat transfer in heterogeneous media (such as a �xed bed with

stagnant �ow). This problem will be investigated in the next chapter.

For the analogue phenomenon of inter-particle mass transfer between neighbour parti-

cles no model has been proposed so far. This is most probably due to the negligible

impact of this phenomenon. It will, thus, neither be considered in this work.





Chapter

4
Transient heat transfer in packed beds -

relevance of the history term

4.1 Introduction

A remarkable fact is that transient heat transfer in heterogeneous media (and, thus, also

in packed beds with stagnant �ow) can not be described reliably by existing models.

All of these models, which will be described in Section 4.2, have in common that they

are based on the quasi-continuous approach. Neither the DPM nor the RPM has been

applied to investigate that phenomenon.

In several previous studies the transient heat transfer from (or to) a rigid sphere situated

in a �uid of in�nite extension has been examined [27�31]. It was shown by di�erent

derivations that a history term has to be considered in the transient energy balance

of the particle. So far no study has been conducted examining the signi�cance of the

history term in case of transient heat transfer in packed beds with stagnant �ow. If

the history term plays a role, then the RPM will be the appropriate way to model

that phenomenon because it is much more di�cult to integrate the history term into

quasi-continuous models than into a RPM.

Therefore, the objective of this section is to examine if the neglection of the history

term is the reason for the shortcomings in current models for transient heat transfer in

heterogeneous media. To do that, the history term has to be derived for particles in

packed beds, which will be done in Section 4.3. In the subsequent Section 4.4 it will be

examined if the result is consistent with previous derivations of the history term. After

that the signi�cance of the history term for heat transfer in packed beds is investigated

(Section 4.5), followed by a short discussion and conclusion.
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4.2 Models for transient heat transfer in heterogeneous media

The parabolic heat conduction equation (Eq. (4.1)) in conjunction with an e�ective

heat conductivity (λe�) is most commonly used for heat transfer in packed beds.

~̇q (~r, t) = −λe� ∇T (~r, t) . (4.1)

Several semi-empirical relations for λe� exist [11,12] and have been applied successfully

to steady-state processes. However, it was observed in various experiments [32�36]

that this model fails to describe transient heat transfer in heterogeneous media. A

prerequisite for the validity of the parabolic equation is local thermal equilibrium, i.e.

the temperatures of the �uid and solid phase are equal in every di�erential volume

element. To account for local thermal non-equilibrium in transient heat transfer, the

dual phase lag (DPL) model was proposed [37]. It was suggested that Eq. (4.1) needs

to be modi�ed as follows:

~̇q (~r, t + τq) = −λe� ∇T (~r, t + τT ) . (4.2)

τq and τT are referred to as lag times for heat �ux and temperature gradient, respec-

tively. Expanding ~̇q and ∇T in Taylor series, where the terms of higher than �rst order

are neglected, yields:

~̇q (~r, t) + τq
∂~̇q (~r, t)

∂t
= −λe�

(
∇T (~r, t) + τT

∂∇T (~r, t)

∂t

)
. (4.3)

Experimental studies [32,34] demonstrated that the heat transfer equation according to

the DPL model (Eq. (4.3)) is better suited for transient heat transfer in heterogeneous

media than Fourier's law (Eq. (4.1)). But the evaluation of the lag times is still a

matter of discussion. In a very recent study [38] it was theoretically predicted that

τT > τq. According to Eq. (4.2) this means that the heat �ux depends on a temperature

gradient of the future. This raises the question if the principle of causality is violated if

τT > τq holds. Fitting of experimental data resulted in the opposite conclusion [34,39].

Furthermore it has been found by experiment [32] and by theory [38] that the lag

times can be of the order of several 100 seconds. These large values indicate that the

neglection of the higher order terms of the Taylor series expansion that was used in the

derivation of Eq. (4.3) is not justi�ed, meaning that the DPL model is not adequate.

Hence, it is to be expected that at large values of the lag times τq or τT Eq. (4.3) does

not hold.

In many studies τT = 0 is adopted, resulting in the hyperbolic heat transfer equation:

~̇q (~r, t) + τq
∂~̇q (~r, t)

∂t
= −λe� ∇T (~r, t) . (4.4)

Equation (4.4) is often referred to as Cattaneo-Vernotte [40, 41] equation. It has also

been successfully applied to various transient heat transfer processes in heterogeneous
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media [33,35,36]. But the experimental data to which the Cattaneo-Vernotte equation

were applied, have been questioned seriously [42, 43]. The order of magnitude of the

lag time τq (also often referred to as relaxation time) is also a matter of controversy,

as has been pointed out by Roetzel et al. [33].

In light of these considerations it can be concluded that the parabolic equation (Eq.

(4.1)) can not be applied universally for transient heat transfer in heterogeneous media,

but the establishment of a model that reliably predicts transient heat transfer remains

a task for the scienti�c community. Both the hyperbolic (4.4) and the DPL model (Eq.

(4.3)) can not be applied reliably.

One major shortcoming of the parabolic heat transfer equation (Eq. (4.1)) is that

the commonly used relations for the e�ective thermal conductivity λe� only apply to

steady state heat transfer in heterogeneous media [24]. Most empirical and theoretical

correlations for heat transfer coe�cients are also only valid for steady state. If they

are applied to transient heat transfer, an error will be introduced. It will be shown in

this study that the history term is a means to correct this error. An analog error is

introduced by applying λe� to transient heat transfer in heterogeneous media. Thus,

it seems possible that this error can be corrected by a history term as well. If the

history term has a signi�cant impact, then the fact that the parabolic equation (Eq.

(4.1)) fails to describe transient heat transfer in heterogeneous media may be due to

the neglection of the correction/history term.

4.3 Derivation of the history term for a particle in a packed bed

So far the history term was only derived for a dilute suspension of particles. That is:

the distances between neighbour particles are so large that interaction between them

can be neglected. In a monodisperse packed bed a spherical particle is in contact with

an average of six neighbour particles [44]. The zone between two contacting spherical

particles is depicted in Fig. 4.1.
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Figure 4.1: Zone between two contacting spheres

The �uid in the interstitial region is assumed to be stagnant. It is furthermore assumed

that the temperature in the solid particles is homogeneous (but not constant in time).

This assumption is justi�ed by the fact that the heat conductivities of solids are several

orders of magnitude larger than those of gases. For metals this assumption also holds

in combination with liquids.

There are in principle three di�erent ways of heat transfer between the surfaces of two

contacting particles in a stagnant �uid: radiation (q̇r), conduction through the �uid,

and conduction through the contact area (q̇c). Slavin et al. [11] pointed out that the

conduction through the �uid can be further categorized: In a region where the gap

between the two spheres is less than two third of the molecular mean free path (Ω) it is

more likely for a molecule to collide with the surface than with another molecule. The

heat transfer within this inner region is referred to as q̇i . In an outer region, where

the gap is > (2/3) Ω, heat transfer occurs by "usual" conduction (q̇o).
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Thus, the energy balance of a particle with homogeneous temperature in a packed bed

without heat source/sink reads:

%scp,sVs
dTs

dt
= −

6∑
j=1

( ∫
Ac,j

~̇qc,j d ~A +

∫
Ai,j

~̇qi,j d ~A +

∫
Ao,j

~̇qo,j d ~A +

∫
Ar,j

~̇qr,j d ~A

)
. (4.5)

Here j is the index for one of the six neighbour particles. Ac,j , Ai,j , Ao,j , and Ar,j are

the areas of the particle surface through which q̇c,j , q̇i,j , q̇o,j , and q̇r,j are transferred,

respectively. The boundary of the inner contact region Ai,j is given by θi (see Fig. 4.1).

According to Slavin et al. [11]:

θi =
(2/3) Ω− 2h

r2
s

if
2

3
Ω > 2h ,

θi = 0 if
2

3
Ω 6 2h .

(4.6)

Here, h is the roughness of the particle surface. Angle θo, the outer boundary for Ao,j,

can only be roughly estimated to be 60◦.

In a �rst study Slavin et al. [45] concluded that the conductance across the particle-

particle contact was negligible except under conditions of low gas pressures. In a second

study [11] they also showed that at gas pressures above 0.048 bar and at temperatures

between 300 and 900 K the heat conduction in the outer �uid region q̇o dominates all

other modes of heat transfer between contacting spheres. Thus, if no heat sink/source

is present, then the energy balance of the particle reduces to:

%scp,sVs
dTs

dt
= −

6∑
j=1

∫
Ao,j

~̇qo,j d ~A =
6∑

j=1

∫
Ao,j

(
λf,j∇Tf,j

)
dA . (4.7)

That is: the energy of the particle is altered only by heat conduction through the �uid

(under the conditions stated above). In general q̇o,j is not distributed homogeneously

over Ao,j. Therefore the integrals in Eq. (4.7) can not be determined analytically. The

latter can be made possible if the geometry of the contact region depicted in Fig. 4.1

is modeled as shown in Fig. 4.2.
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Figure 4.2: Model for the zone between two contacting spheres

According to this model the heat transfer between two contacting spheres is represented

by one-dimensional heat conduction between two parallel planes. Under the assumption

that the �uid temperature between these two parallel planes is only dependent on time

and coordinate x (see Fig. 4.2) the energy balance of the particle can be simpli�ed to:

%scp,sVs
dTs

dt
=

6∑
j=1

λf,j

(∂Tf,j(0, t)

∂x

)
Ao,j . (4.8)

The gradient (∂Tf,j/∂x) can now be determined analytically which will be outlined in

the following.

If the dimensionless responses y∗k(t) of an output variable y(t) to step changes of various

input variables uk(t) are known, then Duhamel's theorem reads [46]:

y(t) =
n∑

k=1

(
uk(0) y∗k(t) +

t∫
0

y∗k(t− τ)
duk(τ)

dτ
dτ

)
. (4.9)

This superposition of several input variables uk(t) is only possible if the dimensionless

responses y∗k(t) do not depend on the values of ul 6=k(t). It will be demonstrated in the

course of this study, that this condition is valid in our case.
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The two time-dependent input quantities in our case are the temperatures of the two

parallel planes (i.e. the temperatures of two neighbour particles, Ts(t) and Tj(t), re-

spectively). The output quantity of interest here is the temperature �eld of the �uid

Tf,j(x, t) between particle s and particle j. If the initial temperature �eld is homoge-

neous, i.e. Tf,j(x, 0) = T0, then Duhamel's theorem reads:

Tf,j(x, t)− T0 =

t∫
0

T ∗
∆s(x, t− τ)

dTs(τ)

dτ
dτ +

t∫
0

T ∗
∆j(x, t− τ)

dTj(τ)

dτ
dτ . (4.10)

T ∗
∆s and T ∗

∆j are the dimensionless transient responses of the �uid temperature �eld

to step changes of the temperatures Ts and Tj, respectively. These responses will be

analytically derived in the next paragraphs. Equation (4.10) can be further simpli�ed

by taking the derivative with respect to x, since we are actually interested in the

gradient at the surface of the particle (i.e. at x = 0):

∂Tf,j(0, t)

∂x
=

t∫
0

[(
∂T ∗

∆s(0, t− τ)

∂x

)
dTs(τ)

dτ
+

(
∂T ∗

∆j(0, t− τ)

∂x

)
dTj(τ)

dτ

]
dτ . (4.11)

Equation (4.11) shows that we have to determine the time-dependent gradients of the

dimensionless �uid temperature at x = 0 for step changes of Ts and Tj, respectively.

This will be done in the following.

The analytical solution for the one-dimensional transient temperature �eld Tf,j(x, t) in

a stagnant �uid bounded by two parallel planes is given in [47]. If the temperatures

at the two boundaries are kept �xed at Tf,j(0, t > 0) = Ts and Tf,j(L, t > 0) = Tj,

respectively, then:

Tf,j(x, t) = Ts + (Tj − Ts)
x

L
+ . . .

+
2

π

∞∑
n=1

(−1)n Tj − Ts

n
sin

nπx

L
exp

[
−af,jn

2π2t

L2

]
+ . . .

+
2

L

∞∑
n=1

sin
nπx

L
exp

[
−af,jn

2π2t

L2

] L∫
0

T (y, 0) sin
nπy

L
dy .

(4.12)

For a homogeneous initial temperature �eld, i.e.: Tf,j(x, 0) = T0, the integral on the

right-hand side can be evaluated as follows:

L∫
0

T0 sin
nπy

L
dy = −LT0

nπ

[
cos

nπy

L

]L

0

= −LT0

nπ

[
(−1)n − 1

]
. (4.13)

Hence, the transient temperature �eld can be rewritten as:

Tf,j(x, t) = Ts + (Tj − Ts)
x

L
+ . . .

+
2

π

∞∑
n=1

(−1)n (Tj − T0)− (Ts − T0)

n
sin

nπx

L
exp

[
−af,jn

2π2t

L2

]
.

(4.14)
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A temperature step change at x = L is equivalent to setting Ts(t > 0) = T0. The

in�uence of a change of Ts on the �uid temperature gradient at x = 0 will be evaluated

seperately (see Eq. (4.18)). The resulting transient temperature at is therefore:

T∆j(x, t) = T0 + (Tj − T0)

(
x

L
+

2

π

∞∑
n=1

(−1)n

n
sin

nπx

L
exp

[
−af,jn

2π2t

L2

])
. (4.15)

The derivative with respect to x is:

∂T∆j(x, t)

∂x
=

Tj − T0

L

(
1 + 2

∞∑
n=1

(−1)n cos
nπx

L
exp

[
−af,jn

2π2t

L2

])
. (4.16)

For the gradient of the dimensionless temperature at x = 0 we get:

∂T ∗
∆j(0, t)

∂x
=

1

Tj − T0

∂T∆j(0, t)

∂x
=

1

L

(
1 + 2

∞∑
n=1

(−1)n exp

[
−af,jn

2π2t

L2

])
. (4.17)

Hence, the second gradient in the integral of Eq. (4.11) is known. The �rst gradient

in that equation can be determined analogously, yielding:

∂T ∗
∆s(0, t)

∂x
=

1

Ts − T0

∂T∆s(0, t)

∂x
= − 1

L

(
1 + 2

∞∑
n=1

exp

[
−af,jn

2π2t

L2

])
. (4.18)

The analytical solutions for the two gradients (Eqs. (4.17) and (4.18)) show that these

responses do not depend on either one of the two input parameters Tj and Ts. Therefore

Duhamel's theorem - as written in equations (4.10) and (4.11) - can be applied in our

case. Substituting the gradients in the integral of Eq. (4.11) with equations (4.17) and

(4.18) yields:

∂Tf,j(0, t)

∂x
=− 1

L

t∫
0

(
1 + 2

∞∑
n=1

exp

[
−af,jn

2π2(t− τ)

L2

])
dTs

dτ
dτ + . . .

+
1

L

t∫
0

(
1 + 2

∞∑
n=1

(−1)n exp

[
−af,jn

2π2(t− τ)

L2

])
dTj

dτ
dτ .

(4.19)

⇒ ∂Tf,j(0, t)

∂x
=

Tj − Ts

L

+
2

L

t∫
0

∞∑
n=1

exp

[
−af,jn

2π2(t− τ)

L2

](
(−1)ndTj

dτ
− dTs

dτ

)
dτ.

(4.20)
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This result can now be applied to the energy balance of the particle, Eq. (4.8), resulting

in:

%scp,sVs
dTs

dt
=

6∑
j=1

Ao,jλf,j
Tj − Ts

L
+ . . .

+
6∑

j=1

Ao,j
2λf,j

L

t∫
0

∞∑
n=1

exp

[
−af,jn

2π2(t− τ)

L2

](
(−1)ndTj

dτ
− dTs

dτ

)
dτ.

(4.21)

For the sake of brevity the second term on the right-hand side of Eq. (4.21) will be

referred to as fHT in the following. It is, again, to be noted that this equation only

holds for a particle in a packed bed with stagnant �uid with λs � λf and negligible

radiation.

For a physical interpretation of the history term let us at �rst focus on the �rst term

on the right-hand side of Eq. (4.21). This term describes the heat �ow through Ao,j if

the �uid temperature �elds are at steady state. The ratio λf,j/L is equal to the heat

transfer coe�cient. If this relation for steady state heat transfer between two parallel

planes is applied to transient heat transfer as well, then an error will be introduced.

This error is corrected by means of the history term. Therefore, fHT can be regarded

as a correction term.

4.4 The case of a dilute suspension

The major di�erence between the derivation presented in this study and the derivations

in previous studies [28, 30, 31] is that the latter considered in�nite geometry. In other

words: the �uid surrounding the particle was of in�nite dimension (r → ∞). The

history term as derived in those studies included the time derivative of the temperature

which the �uid would have if the particle was not present. This is an arti�cial quantity

and, thus, not measurable. In the derivation presented in Section 4.3 a �uid of �nite

dimension (length L in Fig. 4.2) was considered. No arti�cial quantities are included

in the relation for the history term, only measurable ones (see Eq. (4.21)).

The history term derived for �nite dimension should comply with the relation derived

in [28, 30, 31]. In order to investigate this, a geometry as depicted in Fig. 4.3 will

be considered in the following. A spherical particle is surrounded by a stagnant �uid,

which has the shape of a hollow sphere with inner radius rs and outer radius rh.
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Fluid

Particle

Figure 4.3: Geometry of a hollow sphere with outer radius rh and inner radius rs

If the same procedure as in section 4.3 is applied, the following form of the particle's

energy balance can be derived:

%scp,sVs
dTs

dt
=

Asλf (Th − Ts)

rs(1− rs/rh)
+ . . .

+
2Asλf

rh − rs

t∫
0

∞∑
n=1

exp

[
−afn

2π2(t− τ)

(rh − rs)2

](
(−1)n rh

rs

dTh

dτ
− dTs

dτ

)
dτ .

(4.22)

The second term on the right-hand side of Eq. (4.22) is the history term derived for

�nite geometry. In�nite geometry corresponds to rh � rs. In this case Th is equivalent

to the �uid's temperature at large distance from the particle (Tf,∞). Hence, for in�nite

geometry Eq. (4.22) can be written as:

%scp,sVs
dTs

dt
= As

λf

rs

(Tf,∞ − Ts) + . . .

+
2Asλf

rh

t∫
0

∞∑
n=1

exp

[
−af,jn

2π2(t− τ)

r2
h

](
(−1)n rh

rs

dTf,∞

dτ
− dTs

dτ

)
dτ .

(4.23)

Let us now focus on the history term in Eq. (4.23) , which will be referred to as fHT

in the following. It is:

fHT =
2Asλf

rh

[
rh

rs

t∫
0

∞∑
n=1

(−1)n exp
[
−C2n2

]dTf,∞

dτ
dτ −

t∫
0

∞∑
n=1

exp
[
−C2n2

]dTs

dτ
dτ

]
,

(4.24)
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with

C ≡
π
√

af (t− τ)

rh

. (4.25)

For rh � rs (i.e. very small C) the second sum in (4.24) can be approximated as an

integral:

∞∑
n=1

exp
[
−C2n2

]
=

∞∫
0

exp
[
−C2x2

]
dx =

√
π

2 C
=

rh

2
√

πaf (t− τ)
. (4.26)

The �rst sum in (4.24) can be transformed as follows:

∞∑
n=1

(−1)n exp
[
−C2n2

]
=

∞∑
n=1

(
exp
[
−C2(2n)2

]
− exp

[
−C2(2n− 1)2

])
. (4.27)

Again, for rh � rs these sums can be approximated as integrals, thus:

∞∑
n=1

(−1)n exp
[
−C2n2

]
=

∞∫
0

exp
[
−(2C)2x2

]
dx−

∞∫
0

exp
[
−(2C)2(x− 1

2
)2
]
dx

=

∞∫
0

exp
[
−(2C)2x2

]
dx−

∞∫
−1/2

exp
[
−(2C)2x2

]
dx

= −
0∫

−1/2

exp
[
−(2C)2x2

]
dx =

1

2
.

(4.28)

Substituting the two sums in the history term (4.24) with the relations (4.26) and

(4.28) yields:

fHT = Asλf

t∫
0

[
1

rs

dTf,∞

dτ
− 1
√

πaf

1√
t− τ

dTs

dτ

]
dτ . (4.29)

Hence, the energy balance of the particle (4.23) can be modi�ed to give:

%scp,sVs
dTs

dt
= As

2λf

ds

(Tf,∞ − Ts) +
Asλf√

πaf

t∫
0

[√
πaf

rs

dTf,∞

dτ
− 1√

t− τ

dTs

dτ

]
dτ. (4.30)

This form of the particle's energy balance should be compared to the energy balance

as derived by Coimbra and Rangel [28]. The latter is printed below:

%scp,sVs
dTs

dt
= As

2λf

ds

(T̃f − Ts) +
Asλf√

πaf

t∫
0

[
1√

t− τ

(
dT̃f

dτ
− dTs

dτ

)]
dτ + %fcp,fVs

dT̃f

dt
.

(4.31)

The terms containing the particle temperature Ts are equal in both (4.30) and (4.31).

The temperature T̃f in Eq. (4.31) is the (arti�cial) homogeneous temperature that
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the �uid would have if the particle was not present, while temperature Tf,∞ is the

(measurable) �uid temperature at rh (� rs). In other words: T̃f has a di�erent physical

meaning than Tf,∞. Therefore it is clear that the terms containing these temperatures

are di�erent in the two energy balances.

Thus, it can be concluded that the results of the two derivations are consistent.

4.5 Significance of the history term for a particle in a packed bed

In order to examine the signi�cance of the history term of a particle in a packed bed

let us consider a thought experiment with a setup as depicted in Fig. 4.4.

Figure 4.4: Setup of the thought experiment

A cluster containing N particle layers and with homogeneous initial temperature T0

is subjected to a constant heat �ux q̇. The heat transfer occurs one-dimensionally,
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i.e. perpendicular to the cluster surface. In this case only two of the six neighbours

of a particle in the bulk are relevant. The temperature of the N -th particle layer at

the bottom is held constant at T0. The properties (%, cp, λ) of both �uid and solid

are assumed to be constant. As stated above, the temperature of each particle is

homogeneous, which is equivalent to the assumtion that λs →∞.

Under these conditions and by use of dimensionless variables de�ned by:

t∗ ≡ af t

d2
s

(4.32)

and

T ∗ ≡ (T1,∞ − T )

(T1,∞ − T0)
(4.33)

the energy balance of a particle i (Eq. 4.21) having two neighbours can be transformed

into:

2

3χ(2− γ)

dT ∗
i

dt∗
= (T ∗

i−1 − T ∗
i ) + (T ∗

i+1 − T ∗
i ) + . . .

+ 2

t∗∫
0

∞∑
n=1

exp

[
−
(

nπ

γ

)2

(t∗ − τ ∗)

](
(−1)ndT

∗
i−1

dτ ∗
− dT ∗

i

dτ ∗

)
dτ ∗

+ 2

t∗∫
0

∞∑
n=1

exp

[
−
(

nπ

γ

)2

(t∗ − τ ∗)

](
(−1)ndT

∗
i+1

dτ ∗
− dT ∗

i

dτ ∗

)
dτ ∗,

(4.34)

with χ ≡ cp,f/cp,s, Vs = πd3
s/6 , γ ≡ L/ds , and thus Ao = γ(2− γ)πd2

s/4.

The dimensionless energy balance of a particle in the topmost layer reads:

2

3χ(2− γ)

dT ∗
1

dt∗
= (T ∗

2 − T ∗
1 ) +

1

N − 1
+ . . .

+ 2

t∗∫
0

∞∑
n=1

exp

[
−
(

nπ

γ

)2

(t∗ − τ ∗)

](
(−1)ndT

∗
2

dτ ∗
− dT ∗

1

dτ ∗

)
dτ ∗,

(4.35)

whereas the temperature of the particles at the bottom is held constant, i.e.:

dT ∗
N

dt∗
= 0 . (4.36)

For the derivation of the second term on the right-hand side of Eq. (4.35) the reader

is referred to Appendix A.



44 Chapter 4 Transient heat transfer in packed beds - relevance of the history term

The system of N di�erential equations (Eqs. (4.34)-(4.36)) can now be solved numeri-

cally. For this purpose the integrals are approximated by the trapez rule. The LIMEX

solver [48�50] is used to integrate the system of di�erential equations.

It is to be noted that the dimensionless transient temperature �eld in the cluster does

neither depend on q̇ nor ds. Only the impacts of three parameters are to be investigated:

γ and N are geometrical parameters of the model whereas the ratio of the volumetric

heat capacities χ is the only physical parameter and therefore of special interest.
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Figure 4.5: Dimensionless temperature of the topmost particle layer with and without consideration

of the history term (N=3 , γ = 0.2 , χ = 1.0)

In Fig. 4.5 a typical result of the numerical integration is shown. Depicted is the

time dependent dimensionless temperature of the particles in the topmost layer of the

cluster (see Fig. 4.4). As is to be expected, the history term does not a�ect the steady-

state temperature �eld. Neglection of the history term leads to an overestimation of

the transient temperature. This is due to the fact that the transient heat transfer

from particle to �uid is larger than the steady-state heat transfer. The di�erence

in the dimensionless temperature that results from neglection of the history term is

also depicted in Fig. 4.5. The impact of the three aforementioned parameters on the

dimensionless temperature �eld can be quanti�ed by the maximum of this di�erence,

which will be referred to as ϑ∗ in the following.
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Figure 4.6: Error in dimensionless temperature due to neglection of the history term for di�erent

particles (enumeration according to Fig. 4.4, N=5 , γ = 0.2 , χ = 1.0)

In Fig. 4.6 the error in dimensionless temperature due to neglection of the history

term is plotted as a function of time for several particles (or particle layers) in the

cluster. Clearly, ϑ∗ (the maximum of this error) of the topmost particle layer is larger

than for all subsurface layers. This is due to the way the dimensionless temperature is

de�ned. In the subsequent diagrams, where the impact of the three parameters will be

investigated, the maximum value of ϑ∗ for the topmost particle layer will be used as a

means to quantify the signi�cance of the history term.
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Figure 4.7: Maximum dimensionless error due to neglection of the history term in dependence of the

geometrical parameter γ (N=3 , χ = 1.0)

The geometric parameter γ represents the ratio L/ds . This quantity has to be esti-

mated by considering at which distance L the real heat transfer geometry as depicted
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in Fig. 4.1 is represented best by the parallel planes model (Fig. 4.2). There are two

boundary cases: For γ → 0 the temperature �eld between the almost touching parallel

planes will reach steady state quasi instantaneously, which is why the impact of the

history term should vanish (ϑ∗ → 0). The largest geometrically meaningful value of

γ is 1. In this case ϑ∗ should be the largest since it takes the longest time to reach

the steady-state temperature �eld. The numerical results depicted in Fig. 4.7 are in

agreement with these considerations. The graph also shows that for 0.1 < γ < 0.5 the

order of magnitude of ϑ∗ does not change. For examining the signi�cance of the history

term it is su�cient to estimate the order of magnitude of ϑ∗. Therefore γ will be set

arbitrarily to 0.2 in the following.
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Figure 4.8: Maximum dimensionless error due to neglection of the history term in dependence of the

number of particle layers (γ = 0.2 , χ = 1.0)

The dependence of ϑ∗ on the number of particle layers N is illustrated in Fig. 4.8.

For an understanding it is again useful to consider the two border cases: If N = 1

then the history term has no impact because the temperature of the particle layer

is held constant. Thus ϑ∗ = 0. For N → ∞ the denominator in the de�nition of

the dimensionless temperature (Eq. (4.33)) is in�nite. The temperature di�erence

due to neglection of the history term is �nite. Therefore, ϑ∗ → 0. In light of these

considerations it is clear why a vulcano-type behaviour as depicted in Fig. 4.8 can be

observed. The main conclusion that can be drawn is that for 1 < N < 30 the order

of magnitude of ϑ∗ is independend from N . Therefore N will be set arbitrarily to 3 in

the following.
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Figure 4.9: Maximum dimensionless error due to neglection of the history term in dependence of the

volumetric heat capacity ratio χ (N=3 , γ = 0.2)

Having demonstrated that the geometrical parameters γ and N do not change the

order of magnitude of ϑ∗ it turns out that the physical parameter χ is of fundamental

importance as far as the signi�cance of the history term is concernced. The major

result of this chapter is depicted in Fig. 4.9. For illustrative purposes heat capacity

ratios χ ≡ (%cp)f/(%cp)s for several materials are listed in Tab. 4.1

Table 4.1: Heat capacity ratios

water octane air (20 ◦C,1bar)

aluminium 1.7 0.65 0.0005

CrNi steel 1.0 0.4 0.0003

cast iron 0.95 0.37 0.0003

glass 2.5 0.96 0.0007

PVC 3.0 1.2 0.0009

concrete 2.2 0.84 0.0006

wood 3.5 1.4 0.0011

It can be concluded that the history term is signi�cant for transient heat transfer in

liquid-solid systems (χ ≈ 100). For gas-solid systems (χ ≈ 10−3) the history term can

be neglected.

If the �uid in the interstitial region between two neighbouring solid particles has a

signi�cantly lower volumetric heat capacity compared to the solid (as is the case for
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gas-solid systems), then the temperature of the solid changes much slowlier than the

temperature of the �uid. In other words: The temperature �eld in the �uid reaches

steady state quasi instantaneously. Therefore, the error that is introduced by using

steady-state relationships for the heat transfer coe�cient is very small. The history

term (which corrects this error) can, thus, be neglected, except for very high heating

rates which will be discussed in Section 4.6.

However, if the �uid has a volumetric heat capacity which is in the same order of

magnitude as the one of the solid, then the time required for the temperature �eld in

the �uid to reach steady state is signi�cantly long. Therefore, it is not justi�ed to use

steady-state relationships for the heat transfer coe�cient (or e�ective heat conductiv-

ities) unless they are corrected by the history term.

4.6 Discussion

It is to be expected that the larger the heat �ux q̇ the more signi�cant the history

term, since the change of temperature with time increases and, thus, the deviation from

steady state in the transient regime. This expectation may be regarded as contradictory

to the fact that ϑ∗ does not depend on q̇. But the dependence is "hidden" in the

de�nition of the dimensionless temperature (Eq. (4.33)), since in case of our thought

experiment:

q̇ = λe�
(T1,∞ − T0)

(N − 1) ds

. (4.37)

Let ∆T be the absolute error due to neglection of the history term. Then it follows

from Eq. (4.33) and Eq. (4.37):

∆T = ϑ∗(T1,∞ − T0) = ϑ∗ (N − 1) ds

λe�
q̇ . (4.38)

Therefore, it can be concluded that the absolute error (in K) due to neglection of the

history term is proportional to the heat �ux.

Let us now estimate this error for the experimental setup that was used by Polesek-

Karczeweska [51]. In that study a packed bed of glass spheres in air (χ ≈ 7.4 · 10−4)

with a height of 0.041 m was heated by a lamp (q̇ = 880 W/m2). Figure 4.9 shows

that in this case ϑ∗ ≈ 10−5. With λe� = 0.35 W/(m K), as determined in that study,

it follows that (T1,∞ − T0) ≈ 100 K. Therefore, neglection of the history term leads to

an error of approximately 10−3 K, which is insigni�cant. However, if the heat �ux is

three or more orders of magnitude larger, then the error becomes relevant. But heat

�uxes of these magnitudes (106 - 107 W/m2) are usually not encountered in chemical

engineering.
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Jiang et al. [34] carried out experiments with laser pulse heating of q̇ = 2.27·109 W/m2.

If this heat �ux would have been imposed on the packed bed used by Polesek, then the

error would be of the order of 103 K. This group was able to show that the larger q̇

the stronger the non-Fourier heat conduction behaviour. This experimental �nding is

in line with the argumentation outlined in this section.

4.7 Conclusion

It has been shown in previous studies that the history term in the transient energy

balance of a spherical particle surrounded by a �uid of in�nite dimension has a sig-

ni�cant e�ect on the particle's temperature. In this study it has been shown that the

history term can be interpreted as a correction term. It corrects the error of applying

steady-state heat transfer coe�cients (as well as e�ective thermal conductivites) to

transient processes. These quantities must be corrected if they are applied to transient

processes. The latter can be done by considering the history term. The RPM is a very

useful method to include the history term.

For the �rst time a derivation of the history term based on a geometry of �nite dimen-

sion has been presented resulting in a relation where no arti�cial quantities exist (as

opposed to previous studies). Only measurable quantities are contained.

The history term can be neglected in most cases of transient heat transfer in gas-solid

packed beds. It can not be neglected if the heat �ux is very large (q̇ > 106 W/m2),

as is the case in laser pulse heatings. In liquid-solid packed beds the history term is

always signi�cant.

The fact that transient heat transfer in heterogeneous media can sometimes not be

described by Fourier's law is in part, but not primarily due to the fact that the e�ective

thermal conductivity is only applicable to steady state processes.





Chapter

5
Evaluation of the RPM concept

The processes with which the RPM shall be evaluated will be heating-up of slate

particles, as well as drying and pyrolysis of wood, mainly because of two reasons.

Firstly: an intra-particle model including these processes has recently been established

and successfully evaluated by Wilmes [22] who also developed a FORTRAN code for

numerical simulations of a single porous particle. Secondly: the experimental data base

for these processes is sound. At the Research Center Karlsruhe systematic experiments

have been conducted [52�55] that cover all processes.

The intra-particle model as developed by Wilmes [22] will be introduced in Section

5.1. Special attention is put on the boundary conditions. In the subsequent Section

5.2 the reactor model is outlined. After the numerical algorithm to solve the system of

di�erential-algebraic equations is introduced brie�y in Section 5.3, the test facility is

described with which the experimental data have been observed in Section 5.4. Results

of numerical simulations are compared to experiments in Sections 5.5 to 5.7. Heating-

up, drying and pyrolysis are considered and discussed subsequently. The chapter ends

with a conclusion in Section 5.8.



52 Chapter 5 Evaluation of the RPM concept

5.1 The intra-particle model

In her PhD thesis Wilmes [22] developed and successfully evaluated a single-particle

model where heating-up, drying, pyrolysis, gasi�cation as well as homogeneous gas

phase reactions in the pores are included. For a comprehensive description of the

model (derivation of partial di�erential equations from balances as well as initial and

boundary conditions) and the numerical algorithms that have been implemented for

numerical simulation, the reader is referred to [22]. Here, only the governing partial

di�erential equations (PDEs) will be presented along with major assumptions.

The one-dimensional single-particle model is formulated in spherical coordinates. The

three phases (gaseous [subscript f ], liquid [subscript liq], and solid [subscript sol])

are treated quasi-continuously. Thermal equilibrium is postulated between the three

phases. The internal surface can be considered as much bigger than the external surface

of the porous particle.

5.1.1 Balance equations

In the following equations the prime (′) refers to quantities inside a particle in order

to distinguish between quantities inside and outside the particles (the latter are un-

primed). Quantities at the external particle surface are referred to by a double prime

(′′).

Mass balances

The mass balance of the gas phase reads:

∂(ε′f %′f )

∂t
= −∇ · (%′fv′f ) + ε′sol ṙ

′
sol|f + ε′liq ṙ′liq|f , (5.1)

where ṙ′sol|f and ṙ′liq|f represent the solid-gas and liquid-gas mass transfer, respectively,

while ε′f stands for the volume fraction occupied by the gas phase. The liquid phase

consists only of water which is assumed to be stagnant. It is not distinguished between

bound (i.e. adsorbed) and free water. The liquid mass balance is given by:

∂(ε′liq %′liq)

∂t
= −ε′liq ṙ′liq|f . (5.2)

The mass of the solid phase is changed only by heterogeneous reactions, i.e.:

∂(ε′sol %
′
sol)

∂t
= −ε′sol ṙ

′
sol|f . (5.3)
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Species mass balances

Since it is assumed that the liquid exclusively consists of water, the species mass bal-

ances are written for the i-th gas phase component only. There appear three source

(sink) terms due to homogeneous reactions, water evaporation (or condensation), and

heterogeneous reactions, respectively:

∂(ε′f%
′
fY

′
f,i)

∂t
= −∇ · (%′fY ′

f,i v
′
f + j′

f,i
) + ε′f ṙ′f |f,i + ε′sol ṙ

′
sol|f,i + ε′liq ṙ′liq|f,i . (5.4)

The mass fractions of the solid components (wood and char) are determined as outlined

in Subsection 5.1.4.

Momentum balance

Solid and liquid phase are not moving. The gas obeys laminar �ow. Instead of solving

a transient PDE for the momentum, a stationary form of the momentum balance is

solved which is known as Darcy's law:

v′f = −Kf

η′f
∇p′ , (5.5)

where Kf represents the permeability of the gas phase. The pressure p′ inside the

particle is determined by application of the equation of state for ideal gases.

Energy balance

As mentioned earlier, it is assumed that all three phases are in thermal equilibrium, i.e.:

they have the same temperature. The partial di�erential equation for that temperature

as derived from the energy balance reads:

(
ε′f %′f c′p,f + ε′liq %′liq c′p,liq + ε′sol %

′
sol c

′
p,sol

) ∂T ′
s

∂t
=

−
(

%′f c′p,f v′f + +
∑

i

c′p,f,i j
′
f,i

)
∇T ′

s +∇
(
λ′eff∇T ′

s

)
−
∑

i

h′f,i (ε
′
f ṙ′f |f,i + ε′sol ṙ

′
sol|f,i)−∆hliq|f ε′liq ṙ′liq|f .

(5.6)
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5.1.2 Boundary conditions

Since the momentum balance is an algebraic equation, no boundary condition is re-

quired in this case. For the PDEs the Neumann boundary condition applies at the

center of the particle, i.e.: (
∂y

∂r

)
r=0

= 0 . (5.7)

The interplay between representative particle and interstitial gas phase of the reactor

is described by the boundary conditions of the PDEs at the surface of the particle.

Therefore these boundary conditions are of special interest.

The mass �ux of species i delivered from the inside of the particle to the external surface

(ṁ′′
i,r−) must be equal to the mass �ux that is leaving the external particle surface

(ṁ′′
i,r+), or vice versa. This mass �ux comprises convection and di�usion. Therefore it

can be written:

ṁ′′
i,r− = ṁ′′

i,r+

⇒ (%′′f,iv
′′
f + j′′f,i)r− = (%′′f,iv

′′
f + j′′f,i)r+ .

(5.8)

The convective �uxes on both sides of Eq. (5.8) cancel each other. The di�usive �uxes

are described by Fick's law. The mass fraction gradient at the inner side (r−) is given
by the intra-particle �eld of the mass fraction. The counterpart at the outer side (r+)

can be estimated by use of the mass transfer coe�cient (which has to be corrected due

to the convective �ux). Thus, the boundary condition for the species mass balance at

the particle surface reads:

−D′′
i,eff %′′f

(
∂Y ′

f,i

∂r

)
r−

= ζiβ
′′
i [%′′f,i − %f,i] . (5.9)

An analog motivation holds for the boundary condition of the energy balance. But

there is one di�erence. Heat transfer at the outer side of the particle surface does not

only occur between a particle and external �uid surrounding it but also between its

neighbour particles. The latter phenomenon is described by means of inter-particle

conductances in upstream (Gu) and downstream (Gd) direction, respectively. Hence:

− A′′ λ′′eff

(
∂T ′

s

∂r

)
r−

= A′′ ζh α′′ [T ′′
s − Tf ] + Gu[T

′′
s − T ′′

u ] + Gd[T
′′
s − T ′′

d ] . (5.10)

The conductances as well as the surface temperatures of the neighbour particles in

upstream und downstream direction (T ′′
u and T ′′

d ) are determined as described in sub-

section 3.2.2. The latter two terms on the right-hand side of Eq.(5.10) are the second

major di�erence between this RPM and the one established by Wurzenberger et al. [19].

In that previous study e�ective heat conductivities were used for description of inter-

particle heat transfer which is inconsistent with the RPM approach as outlined in

section 3.2.
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In many applications, however, the phenomenon of inter-particle heat transfer is neg-

ligible. It is only relevant at high temperatures, where radiation comes into play, or at

very low Reynolds numbers, i.e. stagnant gas.

In both boundary conditions (Eqs.(5.9) and (5.10)) intra-particle (%′′f,i, Y
′
f,i, T

′′
s , T ′

s) as

well as reactor quantities (%f,i, Tf ) appear. Thus, these two equations represent the

interconnection between intra-particle and reactor model.

5.1.3 Transport coefficients

The molecular transport coe�cients (di�usivity Di , heat conductivity λi , dynamic

viscosity ηi) of each gaseous component i are determined by kinetic theory of gases.

Real gas e�ects are included by considering intermolecular potentials of the Lennard-

Jones-6-12 type. The relations are outlined in [61]. The empirical mixing rules for

these quantities are also taken from [61].

5.1.4 Reaction kinetics

The pyrolysis of a �xed bed of wood particles will be the most complex process which

will be used as an evaluation of the RPM concept in this work (see Section 5.7.4).

There are numerous reactions schemes for wood pyrolysis that have been proposed

in the past. A comprehensive overview can be found in [63]. Both Wilmes [22] and

Wol�nger [63] were able to demonstrate that the model of independent parallel reactions

is appropriate. According to this model wood is directly converted into char and gaseous

compounds (CO2, CO, H2, H2O, CH4, and tar) without intermediate products. For

each gaseous component i there are several devolatilization reactions j of the form

WOOD → GAS COMPONENT i

considered. The driving forces for the reactions are written in terms of maximum

conversion Xmax,ij and current conversion Xij:

ṙij = k0,j exp
[
−EA,j

R̃T

]
(Xmax,ij −Xij)

nj , (5.11)

with

Xij ≡
mass of volatile species i generated by reaction j

initial mass of water-free particle
, (5.12)

and

ṙ(sol|f),i =
Nr∑
j=1

ṙij . (5.13)

The pre-exponential factors k0,j , activation energies EA,j , and maximum conversions

Xmax,ij for the 23 reactions have been evaluated by �tting to experimental data. The
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latter have been observed by TGA measurements at a linear heating rate of 5 K/min

by Wol�nger [63]. Wilmes [22] demonstrated that this kinetic model allows accurate

prediction of thermal conversion of a single wood particle, at least under the conditions

that Wilmes applied in the simulation. Therefore, these parameters are also used in

this work.

The mass of the unpyrolysed wood is given by:

mwood = minit
wood

(
1−

Nr∑
j=1

Ni∑
i=1

Xij

)
, (5.14)

whereas the mass of char generated by pyrolysis can be determined by:

mchar = minit
wood

(
1−

Nr∑
j=1

Ni∑
i=1

Xmax,ij

) Nr∑
j=1

Ni∑
i=1

Xij . (5.15)

Unfortunately, it is not stated in [63], at what temperature intervall the experiments

had been conducted. Thus, the range of validity of this model remains uncertain. This

issue will become relevant later on.

In principle it is possible that oxygen containing species which are generated during

pyrolysis (i.e. H2O , CO , and CO2) act as oxidizing agents in gasi�cation reactions.

To examine this possibility gasi�cation reactions were considered in preliminary test

calculations. For the kinetics the scheme recently developed by Mermoud et al. [64]

was applied. It turned out that the impact of the gasi�cation reactions is negligible.

The temperatures in the experiments (< 250 ◦C) that are subject of the simulations

in this work are way too low for gasi�cation reactions to become important. The

latter are signi�cant at temperatures larger than 800 ◦C. Due to the same reason (low

temperature) homogeneous reactions can be neglected as well.

5.1.5 Evaporation rate

The rate of evaporation ṙ′liq|f can be modeled in three di�erent ways. The �rst possi-

bility is to assume that phase equlibrium between liquid and water vapour is reached

quasi-instantaneously. The evaporation rate is, therefore, modeled as:

ṙ′liq|f = kliq|f (%eq
H2O − %′H2O) , (5.16)

with

%eq
H2O =

peq

(R̃/M̃H2O) T
. (5.17)

To allow instantaneous equilibrium, the rate constant kliq|f has to be very large. The

determination of this value is addressed in Appendix B.
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A second possible model is to treat evaporation as a heterogeneous reaction, as has

been suggested by Chan et al. [65]. They �tted experimental data to the following rate

equation:

ṙ′liq|f = Aliq|f exp

[
−

Eliq|f

RT

]
%′H2O . (5.18)

It means that the more water vapour in the gas phase, the larger the evaporation rate.

This de�nition of the driving force is not meaningful. Therefore, this rate equation will

not be taken into consideration in this work.

A third possibility is the constant evaporation temperature model. In this case it is

postulated that no water is evaporated below the evaporation temperature. Further-

more it is assumed that any temperature increase above the evaporation temperature

(Tevap ≈ 373 K at 1 bar) is consumed by evaporation. Hence:

ṙ′liq|f =
(T − Tevap) %scp,s

∆hliq|f ∆t
if T = Tevap ,

ṙ′liq|f = 0 if T < Tevap .

(5.19)

If this model for water evaporation is used, the system of di�erential-algebraic equation

becomes sti�. The LIMEX solver, which is used in this study, should be able to

overcome this problem, since it is claimed by the authors of that solver [49,50], that it

can be applied to sti� problems.

For an evaluation of the RPM the single-particle model (Eqs.(5.1-5.10)) can be applied

to heating-up, drying, pyrolysis, gasi�cation, and homogeneous oxidation, respectively.

While the �rst three sub-processes can be solved numerically quite fast, the latter two

sub-processes are extremely time consuming. The simulation of heating-up, drying,

and pyrolysis of a single particle on a single CPU (Apple G5) takes several hours. If

gasi�cation and homogeneous reactions are taken into account, then the simulation

will last a few days. Again, this is true for solving only one particle model. In a

RPM-simulation several single-particle models are to be solved.

Therefore, the three processes heating-up, drying, and pyrolysis of wood particles in a

�xed bed reactor will be examined. These processes are su�ciently complex to evaluate

the RPM approach at reasonable computational cost. In principle, also gasi�cation and

combustion can be simulated with RPM, but for that purpose the program code should

be further developed in order to perform parallel calculations on several CPUs.
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5.2 The reactor model

5.2.1 Balance equations

The di�erential balances of total mass, species mass, momentum, and energy of the

�uid as used in this study have been derived in chapter 3 and are summarized below.

The double prime (′′) refers to the value at the particle surface.

Continuity:

∂%f

∂t
= −∂(%f w)

∂z
+ s

1− εf

εf

(%′′fv
′′
f ) . (5.20)

Mass balance of species i:

∂%f,i

∂t
= −∂(%f,iw)

∂z
+

∂

∂z

(
%f Dz

∂Yf,i

∂z

)
+ s

1− εf

εf

(
%′′f,i v

′′
f + ζiβ

′′
i [%′′f,i − %f,i]

)
+ ṙf,i .

(5.21)

Momentum balance:

∂(%f wz)

∂t
= −∂(%f w2

z)

∂z
− ∂p

∂z
− f1wz − εff2w

2
z . (5.22)

Partial di�erential equation for the �uid temperature derived from the energy balance:

%f cp,f
∂Tf

∂t
=− %f cp,f w

∂Tf

∂z
+

∂

∂z

(
Λz

∂Tf

∂z

)
+

− αW
2

εf R

(
Tf − TW

)
−

Nr∑
k=1

(
∆RH̃k

)
˜̇rk +

− s
1− εf

εf

[
(ċ′′p + ζh α′′) (Tf − T ′′

s )
]

.

(5.23)

The major di�erence in the description of the gas phase in the PBR as opposed to

the RPM by Wurzenberger et al. [19] refers to the momentum balance. While it is

treated un-steadily in this study, Wurzenberger et al. solved the momentum balance

for steady-state which is another simplifying approximation.

5.2.2 Boundary conditions

Boundary conditions at reactor inlet and outlet have to be speci�ed. In Tab. 5.1 these

boundary conditions are summarized.
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Table 5.1: Boundary conditions as used in this study

quantitiy inlet outlet

partial density %f,i(t, 0) = %in
f,i(t)

∂%f,i

∂z = 0

velocity w(t, 0) = win(t) ∂w
∂z = 0

temperature Tf (t, 0) = T in
f (t) ∂Tf

∂z = 0

pressure ∂p
∂z = 0 p(t, 0) = pout(t)

5.2.3 Transport coefficients

The relations used for the transport coe�cients of mass, momentum and energy in the

packed bed are listed in Tab. 5.2.

Table 5.2: Relations for transport coe�cients as used in this study

coe�cient relation reference

axial mass dispersion coe�cient Dz = 1
2 w ds [56]

mass transfer coe�cient (particle-�uid) β′′i =
(

3.72
Re2/3 + 1.06

30+Re1/3

)
Re Sc1/3·

· (0.12+εf )(1+εf )
εf

Df,i

ds
[57]

Stefan correction for mass transfer ζi = v′′/β′′
i

exp(v′′/β′′
i )−1

[24]

coe�cient of Ergun's equation f1 = 150 (1−εf )2

ε3
f

ηf

d2
s

[25]

coe�cient of Ergun's equation f2 = 1.75 (1−εf )

ε3
f

%f

ds
[25]

axial heat dispersion coe�cient Λz = %f cp,fDz [10]

Stefan correction for heat transfer ζh = ċp,s/α′′

exp(ċp,s/α′′)−1 [24]

Not listed in the above table are the relations for the heat transfer coe�cients at the

reactor wall αW and at the particle's surface α′′. The heat transfer between wall and

�uid in a �xed bed has been reviewed recently by Wen and Ding [58]. They compared

measured Nusselt numbers with published correlations. In Fig. 5.1 (taken from [58])

this comparison is depicted.
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Figure 5.1: Comparison of the measured Nusselt number at the wall of a �xed bed reactor with

published correlations [58].

It can be seen in Fig. 5.1 that the smaller the particle Reynolds number Rep the more

scattered the experimental values of NuW . At Rep = 200, for instance, the results vary

by a factor of three. In the experiments which will be used for the RPM evaluation

Rep ≈ 50. To take the uncertainty of NuW into consideration, the two relations by

Yagi and Kunii [59] as well as by Li and Finlayson [60] will be applied. The former is

considered as an upper bound while the latter is considered as a lower bound of the

wall-to-�uid Nusselt number.

A similar scattering was reported for the particle-to-�uid Nusselt number by Schröder

[52]. These measurements were conducted in the same reactor and under very similar

conditions, in which the experiments were made, that will be used for evaluation (see

Section 5.4). The results are depicted in Fig. 5.2 (taken from [52]).
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Figure 5.2: Comparison of the measured Nusselt number at a particle in a �xed bed reactor with

published correlations [52].

It can be concluded from this �gure that for Rep ≈ 50 values between 2 and 6 have

been obtained for Nu′′ of wood particles whereas for porous slate the values ranged

from 3 to 10.

In light of these uncertainties it seems reasonable to de�ne two parameter sets. Set

"low" can be regarded as a lower bound for heat transfer, whereas set "high" is an

upper bound for heat transfer. The sets are summarized in Table 5.3.

Table 5.3: De�nition of parameter sets for heat transfer

bed material quantity set "low" set "high"

wood NuW 0.17 Re0.79
p [60] (15+0.029 Rep) [59]

wood Nu′′ 2 [52] 6 [52]

porous slate NuW 0.17 Re0.79
p [60] (15+0.029 Rep) [59]

porous slate Nu′′ 3 [52] 10 [52]

The molecular transport coe�cients (di�usivity Di , heat conductivity λi , dynamic

viscosity ηi) of each gaseous component i are determined as mentioned in Subsection

5.1.3.
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5.2.4 Thermodynamic properties

The heat capacities of the gaseous components cp,i are determined by polynomial �t-

tings to experimental data. The same is true for the heat of water evaporation.

The heat of pyrolysis can be both exothermic and endothermic, depending on the

conditions. Rath et al. [62] have investigated this topic. They reported wide variations

of the heat of pyrolysis. It turned out that it can be correlated to the �nal char

yield. Since this quantity is not known beforehand, this relation can not be applied in

numerical simulations. For now the heat of pyrolysis will be set to zero. But it will be

discussed again in Subsection 5.7.4.

5.3 Numerical algorithm

In the algorithm established by Jakobsen et al. [66, 67] the PDEs are discretized by

�nite volumes. A uniform staggered grid is used. Additionally, the concept of operator

splitting is applied. It means that the change of a quantity during time step ∆t can

be determined by the sum of particular changes due to relevant phenomena if ∆t is

su�ciently small. For example: The change of the �uid temperature during ∆t in a

certain volume element can be calculated by summing up the changes due to convec-

tion, dispersion, chemical reactions, heat transfer between particles and �uid, and heat

transfer between reactor wall and �uid, respectively. In principle, these contributions

can be evaluated simultaneously. But it is much easier to do it by operator splitting.

One integration step in time is comprised of the following steps:

1. simultaneous solution of the single-particle models,

2. solution of momentum balance with constant density,

3. integration of energy and species mass balances,

4. density update due to changes in temperature and composition by equation of

state,

5. density update due to solution of continuity equation,

6. partial density update due to changes in temperature, pressure, and composition.

This scheme has been implemented with �rst-order accuracy in time. Velocity and

pressure �elds are integrated with an explicit �rst-order Euler scheme, while all other

�elds are integrated by an implicit �rst-order Euler scheme.
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For a much more comprehensive description of the numerical solution algorithm the

reader is referred to [66] and [67].

The time step size for the reactor part of the RPM is chosen such that converged

results can be obtained. One example of a convergence test is given in Appendix C.

The same holds for the number of grid points in the particle domain (see Appendix

D). The step size for the intra-particle model is automatically adapted by the LIMEX

algorithm. The number of representative intra-particle models Npar, that are solved

simultaneously, was chosen such that Npar · ds ≈ H which is the largest reasonable

number.

5.4 The test facility

A sketch of the test reactor is depicted in Fig. 5.3. A detailed description is given

in [68]. Here, only a brief characterization is presented.

Figure 5.3: Sketch of the test facility PANTHA, (1) steel containment, (2) electric heater, (3)

reaction tube, (4) lifting rod and potentiometer, (5) cold instrumentation compartment, (6) load cell,

(7) lifting motor, (8) thermocouples, (9) tub.

The reaction tube (3) is cylindrical with radius R = 0.125 m and height H = 0.210 m.

It is placed in a steel containment (1) which is heated electrically (2) to compensate

heat transfer between reactor and ambient. The hot gas enters the reaction tube from
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the top and passes a porous plate before entering the packed bed in order to achieve

plug �ow at the entrance of the bed. At the bottom of the reaction tube is a tub that

collects unevaporated liquid. A lifting rod (4) connects the tube to a load cell (6) which

is part of the cold instrumentation compartment (5).

Twenty k-type thermocouples (8) are positioned along the axis and the diameter of

the packed bed. The thermocouples are spaced uniformly within the packed bed.

One thermocouple is placed shortly above the surface of the packed to measure the

temperature of the entering hot gas �ow. This temperature will be referred to as "gas

inlet" in the following.

While the fuel bed is heated the reaction tube rests on a metal seat. In order to record

mass losses the gas �ow is turned o� and the reaction tube is lifted by a motor (7).

The mass of the reaction tube is detected for approximately two minutes by the load

cell (6). Afterwards , the reaction tube is reinstalled in its previous position and the

gas �ow is turned on again.

5.5 Evaluation, Part 1: Heating-up

In order to evaluate the heat transfer section of the RPM the heating-up of a packed

bed of porous slate spheres by a hot air �ow is simulated and compared to experimental

data as observed by Peters, Schröder, and Bruch [69]. The properties of the packed

bed consisting of porous slate are summarized in Table 5.4.

Table 5.4: Properties of the packed bed with porous slate particles

property unit value

bed height mm 190

bed void fraction - 0.52

particle diameter mm 12.6

particle density kg/m3 1440

particle conductivity W/(m K) 0.16

particle heat capacity kJ/(kg K) 0.104429 T 0.3487729

An air mass �ow of 16 kg/h was applied in the experiments. For compensation of heat

losses to the surrounding the reactor walls were heated. Unfortunately, no data (as,

for instance, initial temperature and heating rate) were published on this particular

point. As a �rst guess it will be assumed that the reactor wall is a perfect insulator,

which means that there is no heat transfer across the wall. Set "high" is used for heat

transfer. The results are presented in Fig. 5.4 on the next page.
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Figure 5.4: Gas temperatures at three di�erent axial positions during heating-up of a packed bed of

porous slate spheres, comparison between experiment (dots) and simulation (lines), adiabatic walls.

The gas temperature predicted by the simulation is in good agreement with the ex-

periment only near the inlet (z = 0.02 m) . In the vicinity of the outlet (z = 0.18 m)

the predicted gas temperature di�ers by more than 75 K from the experiment. The

underprediction the of gas temperature increases with z, although the heat transfer

parameter set "high" was applied. The impact of the reactor wall (if there is any) also

increases with z. It can, thus, be supposed that the reactor wall was most probably

not adiabatic in the experiments.

Due to its large heat capacity, the reactor was probably pre-heated before the hot gas

�ow was turned on. In [52] also the gas temperature below the packed bed is reported,

which is initially about 125 ◦C, indicating that part of the test facility was pre-heated.

Therefore, it will be assumed in a second guess that the reactor wall has a constant

temperature throughout the entire experiment which is set equal to the steady-state

gas inlet temperature (300 ◦C). Additionally, the two sets of heat transfer parameters

as listed in Tab. 5.3 have been applied. The results are depicted in Fig. 5.5.
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Figure 5.5: Gas temperatures at three axial positions during heating-up of a packed bed of porous

slate spheres, comparison between experiment (dots) and simulation (lines), constant wall temperature.

While the parameter set "high" leads to a slight overestimation of the �uid tempera-

ture, the parameter set "low" severely underpredicts the temperature. It is clear, that

lowering the "high" heat transfer parameters will lead to better agreement between

simulation and experiment. But that would be nothing but curve �tting.

Let us focus on the predictions obtained with Set "high" which are much closer to

experiment than Set "low". The results are plotted as axial �elds for three di�erent

times in Fig. 5.6.
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Figure 5.6: Axial gas temperature �elds at three di�erent times during heating-up of a packed bed

of porous slate spheres, comparison between experiment (dots) and simulation (lines), constant wall

temperature, set "high".
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It can be observed from both Fig. 5.5 and 5.6 that near the exit of the packed bed

the predicted gas temperature is initially signi�cantly larger than in the experiment.

This can be attributed - in part - to the one-dimensional nature of the reactor model.

The heat transfer between reactor wall and gas leads to an increase of the gas temper-

ature over the entire cross section without any delay. In reality, however, the lateral

heat transfer is not in�nitely fast. This means, that the gas temperature, which was

measured in the middle of the cross section of the reactor, is initially not a�ected by

the reactor wall. As soon as the heating front reaches the outlet of the packed bed,

the axial convective heat transfer dominates the wall-to-�uid heat transfer. Since axial

heat convection is covered by the reactor model - as opposed to lateral heat transfer

- the initial discrepancy between simulation and experiment decreases as soon as the

heating front has reached position z.

Another reason for this overprediction in the early stage of the experiment may be the

assumption that the wall has an initial temperature of 300 ◦C (as mentioned above).

This may be not true. It is possible that the reactor wall is preheated to an initial

temperature which is somewhat below 300 ◦C and further heated during the experiment

to its �nal value.

For times larger than 60 minutes the gas temperature is predicted too low as compared

to experiment. This seems to be inconsistent with the earlier statement saying that

the applied heat transfer relations are an upper limit. Why are the experimental

temperatures still larger than the ones predicted by the simulation? This may be due

to the reactor wall temperature, which was set to 300 ◦C in the simulation. It is possible

that the wall was heated to more than 300 ◦C throughout the experiment. In [52] it

has been reported that in one case the wall temperature exceeded the steady-state gas

inlet temperature by more than 60 K. This would result in an underprediction of the

gas temperature by the RPM as it can be observed for t > 60 min from Figs. 5.5 and

5.6.

In Fig. 5.7 the necessity of intra-particle modeling is illustrated. The temperature �eld

of the representative particle in the �rst �nite volume is depicted for di�erent times.
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Figure 5.7: Intra-particle temperature �elds at six di�erent times during heating-up of a packed bed

of porous slate spheres, the temperatures are plotted relative to the temperature at the center of the

particle

Temperature di�erences of more than 10 K are obtained between particle surface and

center. In presence of chemical reactions, which are often very temperature sensitive, it

becomes necessary to do intra-particle modeling also in a �xed-bed reactor simulation.

Again, it should be noted, that this is true only for large particles, where signi�cant

intra-particle temperature gradients are to be expected.

From the comparison of experimental data with simulation results as presented in this

subsection it can be concluded that it is possible to model transient heat transfer

within packed beds of thermally thick particles within the RPM framework with good

accuracy. The �rst stage of evaluation can, thus, be considered as successful.
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5.6 Evaluation, Part 2: Drying

Experiments on drying of beech wood particles in a packed-bed reactor have been

conducted by Peters, Schröder, and Bruch [69]. The properties of the beech wood

packed bed are summarized in Tab. 5.5.

Table 5.5: Properties of the packed bed with beech wood particles for the drying experiments

property unit value

bed height mm 190

bed void fraction - 0.43

initial moisture content wt.% 10

particle diameter mm 12.4

particle density kg/m3 750

particle conductivity W/(m K) 0.16

particle heat capacity kJ/(kg K) 1.112 + 0.00485 ( T -273.15 K )

A hot nitrogen �ow (16 kg/h) was used for the drying experiments. For the heat transfer

in the �xed bed the parameter set "high" (see Tab. 5.3) was applied. The moisture

loss of the entire packed bed was monitored as a function of time. These experimental

values are plotted in Fig. 5.8 together with simulation results using di�erent models

for the evaporation rate.
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Figure 5.8: Loss of moisture during drying of a packed bed of beech wood particles.
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If the model of constant evaporation temperature (Eq. (5.19)) is applied, then the

DAE system becomes sti�. The LIMEX solver is in principle able to still solve the

DAE system but the time step gets so small that it would take months to integrate

over the entire intervall of 200 minutes. Therefore, the calculations have been stopped

at approximately 40 minutes as indicated in Fig. 5.8.

The model of instant equilibrium (Eq. (5.16)) requires some test calculations to evaluate

the rate constant. The results of the these tests are summarized in App. B. For the

rate constant a value of kliq|f = 100/s is used in the simulations.

It can be observed from Fig. 5.8 that for t > 50 min the agreement between experiment

and simulation is quite good. In the experiments it was observed that no drying occured

for t < 25 min. In this time intervall the instant equilibrium model already predicts a

signi�cant evaporation rate. In the intermediate time intervall (25 min < t < 50 min)

the evaporation rate was larger in the experiment than in the simulation.

Thus, it can be concluded that the onset of evaporation is predicted better by the

constant evaporation temperature model than by the instant equilibrium model. In an

attempt to improve the latter, a combination of the two models is suggested: The rate

of evaporation is set to zero if T < Tevap, otherwise Eq. 5.16 applies. This leads to the

same problem as encountered in case of the constant evaporation temperature model:

sti�ness. To overcome that problem, the discontinuity is "smeared out" with a Fermi

function, i.e.:

ṙ′liq|f = kliq|f (%eq
H2O − %′H2O)

(
1− 1

1 + exp
[

T−Tevap

2

]) . (5.24)

A plot of the Fermi function in Eq. 5.24 is printed in Fig. 5.9.
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Figure 5.9: The Fermi function as used in the modi�ed instant equilibrium model.
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The impact on the simulation results by modifying the instant equilibrium model (Eq.

5.24) is illustrated in Fig. 5.10.
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Figure 5.10: Loss of moisture during drying of a packed bed of beech wood particles.

Clearly, the onset of evaporation is shifted by introducing the Fermi term. But the

rate of evaporation is too low in the modi�ed model. Hence, it can be concluded that

merging the two evaporation models outlined in Subsection 5.1.5 as suggested in Eq.

(5.24) does not lead to an improved description of the drying in a �xed bed.

To allow further qualitative reasoning, axial pro�les of the water content in the inter-

stitial gas phase and the liquid volume fraction in the center of the particles are plotted

in Fig. 5.11. The progress of the drying front through the reactor is clearly illustrated.
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Figure 5.11: Axial pro�les of the mass fraction of water in the interstitial gas phase (left) and of

the liquid volume fraction at the center of the particles (right) at di�erent times.
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Likewise, the drying of a single particle in the middle of the �xed bed can be illustrated

by plotting the same quantities as in Fig. 5.11. This is depicted in Fig. 5.12.
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Figure 5.12: Intra-particle radial pro�les of the mass fraction of water in the gas phase (left) and of

the liquid volume fraction (right) at di�erent times.

The particle is heated from the surrounding �uid. Thus, the evaporation rate is smaller

in the center than at the outer regions of the particle. Therefore the liquid volume

fraction is lower near the surface than at the center. The same is true for the water

content in the gas phase of the particle. This is due to mass transfer from particle

to interstitial �uid. Inside the particle the water vapour di�uses towards the external

surface.

As a conclusion of the quantitative and qualitative considerations in this subsection it

can be noted that the drying of a �xed bed can be described properly by the RPM

approach.
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5.7 Evaluation, Part 3: Pyrolysis

5.7.1 Introduction to pyrolysis

The need for renewable energies has caused numerous scienti�c activities in the �eld of

thermal conversion of biomass in the last decade. The potential of biomass to substitute

natural gas, oil, and coal as primary energy sources is rather limited in countries with

high population density. But in countries with lower population density and huge

natural biomass resources - as, for instance, in Scandinavia and Austria - biomass may

play a major role as primary energy source in the future. The swedish government has

announced that by 2020 the country plans to be independent from oil imports primarily

by use of bioenergy. This means that gasi�cation of biomass will become a technique of

major importance in these countries since it is much more advantageous as compared

to simply burning the biomass.

But also in Germany there are remarkable activities in bioenergy. The German Federal

Ministry for the Environment, Nature Conservation and Nuclear Safety announced

in it's latest environmental report (www.bmu.de/�les/pdfs/allgemein/application/pdf/

umweltbericht_2006.pdf) that the government seeks to increase the biomass fraction

of the primary energy consumption signi�cantly in the middle-term. Biogas (generated

by biological conversion of biomass) has become very attractive for German farmers.

More than 2700 biogas facilities have been installed in recent years (German Biogas

Association, www.biogas.org). A very ambitious bioenergy concept has been developed

at the Research Center Karlsruhe. It is called BIOLIQ (biomass to liquid). The basic

idea is to utilize the large amount of agricultural waste (mainly straw) by converting

it in small, decentral pyrolysis-units into a pyrolysis slurry (oil + char) which has a

much higher energy density. That slurry is transported to a few central plants where

it is converted to synthesis gas. The latter is then used for Fischer-Tropsch synthesis

to give a liquid fuel. A demonstration plant of the BIOLIQ process will be constructed

in China, a country of enormous potential for bioenergy.

It can, thus, be concluded that pyrolysis of biomass is most probably becoming a

more and more important process when it comes to substituting conventional primary

energy sources with biomass. And, hence, modeling this process is a prominent task

for science.

The pyrolysis of wood actually comprises three major processes which occur consecu-

tively in small particles: heating-up, drying (if wet material is used), and devolatiliza-

tion. This is also true for gasi�cation. The di�erence between pyrolysis and gasi�cation

is the atmosphere. In the former case the atmosphere is inert while in the latter case

oxygen is present (e.g. in the form of O2, CO2, H2O). In particles with diameter in the

cm range these three basic steps can occur simultaneously.
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5.7.2 Existing models for thermal conversion of biomass in packed bed

reactors

There are four outstanding groups that have been working for several years on modeling

thermal conversion of biomass in PBRs. The types of models developed by these groups

will be outlined in the following along with �elds of applications.

Thunman and Leckner (Department of Energy Conversion, Chalmers University of

Technology, Gothenburg, Sweden) established a single-particle model for Eulerian cal-

culations [70]. In a subsequent work they modeled �xed-bed combustion of biofuels

with a heterogeneous, quasi continuous model [71]. While energy and species mass

balances were treated as transient, the momentum was postulated to be constant in

time. For the source terms in the energy and species mass balances they used relations

derived from their single-particle model. This approach was also applied in another

work, where they examined the e�ect of particle size and density on fuel combustion

in PBRs [7].

Di Blasi (Dipartimento di Ingegneria Chimica, Universita degli Studi di Napoli Fred-

erico II, Naples, Italy) and co-workers have conducted several studies on fast pyrolysis

of wood [72�74]. But they also examined slow pyrolysis by experiment [75] and model-

ing [76]. The PBR model they established is heterogeneous and quasi-continuous. The

intra-particle processes are accounted for by applying modi�ed reaction rates according

to the shrinking core approximation.

A model which is very similar to the one developed by Di Blasi et al. was established by

Yang et al. (She�eld University Waste Incineration Centre, Department of Chemical

and Process Engineering, She�eld University, She�eld, United Kingdom). This group

not only investigated slow pyrolysis of waste [77], but also gasi�cation of biomass [78,79]

and combustion of biomass [80�83].

The three abovementioned modeling approaches have in common that they treat the

solid phase quasi-continuously. This is equivalent to assuming a homogeneous intra-

particle temperature �eld at every time which is only approximately true for ther-

mally thin particles. For thermally thick particles it is more appropriate to use a

non-continuous description of the solid phase as has been outlined by Thunman and

Leckner [7]. This can be done by DPM or RPM (see Chapter 2).

While Peters (former member of the Research Center Karlsruhe, Karlsruhe, Germany)

et al. modeled combustion [15,55] and pyrolysis [54] in a PBR with DPM, Wurzenberger

et al. (Institut fuer Apparatebau, Mechanische Verfahrenstechnik und Feuerungstech-

nik, Technische Universitaet Graz, Graz, Austria) were the only group - so far - that

modeled thermal conversion of biomass with a RPM [19]. But the reactor model they

established was not evaluated by comparison of experimental results with simulation
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results. In other words: until now it has never been investigated if the RPM is able to

describe heat transfer and reactive processes in a PBR appropriately. One objective of

this work is to prove this.

The RPM in this work di�ers from the previous model by Wurzenberger et al. in the

treatment of the momentum balance (see section 5.2) as well as in the formulation of

the boundary condition for the energy balance of the single-particle model (see Section

5.1.

5.7.3 Preliminary remarks on the experiments

Detailed experimental data for �xed-bed pyrolysis of beech wood particles were pre-

sented by Schröder [53]. Pyrolysis experiments were conducted at temperatures ranging

from 245 to 525 ◦C. Since the e�ects of pyrolysis (change in gas and solid composition,

change of bed mass) are the more signi�cant the larger the pyrolysis temperature, it is

advantageous to use the experimental data obtained at 525 ◦C. But that is, unfortu-

nately, not possible, because at these temperatures it was obtained that the bed height

sinks by roughly 50 %. Although it is in principle possible to model a shrinking bed

height also with RPM (some remarks on that topic are presented in Chapter 7), it is

required that the single-particle model is able to predict a shrinking particle diameter.

The particle model developed by Wilmes [22] is not able to do that (yet). Therefore,

for now the pyrolysis experiments at 245 ◦C will be considered as benchmarks for the

RPM evaluation. The bed height decreased in these experiments by less than 10 %.

As mentioned earlier, the disadvantage is that at 245 ◦C the devolatilization reactions

are very slow.
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The procedure of the experiments was quite similar to the heating-up and drying ex-

periments. For illustrative purposes the transient temperature development during a

pyrolysis experiment is shown in Fig. 5.13 (taken from [53]).

Figure 5.13: Typical temperature evolution in a �xed bed during pyrolysis.

It can clearly be observed that roughly 20 minutes before the start of the experiment

(i.e. before the hot nitrogen �ow is switched on) the reactor has been pre-heated. The

resulting temperature �eld at 83.33 min is the initial temperature �eld in the simulation.

It is obvious, that during pre-heating some water is evaporated. This means that the

initial moisture content of 7.2 wt% (dry basis) is decreased. But it can unfortunately

not be determined what moisture the wood had at 83.33 minutes. This issue will be

addressed in the next subsection.

In intervalls of approximately 15 minutes the bed temperature decreases. That is

because the bed mass was weighed at these times. To do this, the nitrogen �ow (16

kg/h) was switched o� for 2 minutes.

Other relevant parameters of the pyrolysis experiments are summarized in Tab. 5.6.
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Table 5.6: Properties of the packed bed with beech wood particles for the pyrolysis experiments.

property unit value

bed height mm 116

bed void fraction - 0.43

particle diameter mm 10.0

initial moisture wt% (dry basis) 7.2

initial particle density kg/m3 665

During pyrolysis wood is converted to gaseous components (including tar) and char.

Thus, in contrast to simulation of heat transfer and drying, there are two di�erent solid

species (namely wood and char) which have to be considered. The thermal properties

of the two solid components are taken from [63] and listed in Tab. 5.7.

Table 5.7: Thermal properties of wood and char.

property unit wood char

thermal conductivity W/(m K) 0.439
(
1 + T−273.15K

1155.6K

)
0.087

√
T/K

heat capacity J/(kg K) 1113.68 + T−273.15K
0.2059K 420 + 2.09T

K
− 0.000685

(
T
K

)2

The e�ective thermal conductivity - depending on the composition of the solid as well

as on the humidity of the particle - is calculated according to [63]. For the heat transfer

coe�cients set "high" (please refer to Tab. 5.3) is used.

5.7.4 Simulation results

Schröder [53] recorded transient temperature pro�les along the reactor axis. In a �rst

attempt the initial moisture content of 7.2 wt% (dry basis) as reported in [53] shall be

used in the simulation. The heat transfer parameter set "high" is applied in combina-

tion with a constant wall temperature of 245 ◦C. Additionally the weighing intervalls

are not considered, i.e. the nitrogen �ow is not interrupted. Thus, the heat transfer

should be better than in experiment. Additionally, the evaporation rate in Eq. (5.24) is

used. Therefore, the computed temperature �eld can be considered as an upper bound.

The results obtained are depicted in Fig. 5.14 along with experimental data.
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Figure 5.14: Temperature development during pyrolysis as predicted by numerical simulation (solid)

compared to experimental data (dotted), initial moisture of 7.2 wt.% (dry basis)

Since the actual initial moisture content can not be reproduced, the case of a totally

dry bed is considered in the next simulation. Also the nitrogen �ow interruptions are

included. All other parameters remain unchanged. Results are plotted in Fig. 5.15.
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Figure 5.15: Temperature development during pyrolysis as predicted by numerical simulation (solid)

compared to experimental data (dotted), dry wood
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The agreement between simulation and experiment is much better for the dry bed (Fig.

5.15) than for the wet bed (Fig. 5.14). Thus, it can be concluded that most probably

the wood particles had been dry at the beginning of the pyrolysis experiment. For a

further discussion the axial temperature pro�les are plotted for three di�erent times in

Fig. 5.16.
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Figure 5.16: Axial temperature pro�les during pyrolysis at three di�erent times, comparison between

numerical simulation (lines) and experimental data (dots)

Near the inlet of the �xed bed the agreement between experiment and simulation is

good. But the longer the time, the more signi�cant the disagreement for the region

z > 0.04 m. Although the heat transfer parameters used in this calculation can be

considered as an upper bound, the predicted temperature is lower than observed in

experiment. After 140 minutes the di�erence amounts to roughly 50 K.

One possible reason for the discrepancy is the initial temperature �eld in the bed. The

latter has been estimated from Fig. 5.13. But these temperatures were measured close

to the symmetry axis if the reactor. Since the reactor wall was pre-heated before the

start of the experiment, it can be expected that the regions close to the reactor wall had

a temperature which was somewhat larger than the ones reported in Fig. 5.13. Since the

e�ective conductivity of a �xed bed at stagnant �ow is rather low it is indeed possible

that the temperatures in the eccentric regions of the vessel di�er signi�cantly from the

temperature at the center axis of the reactor. In other words: the average temperature

over the cross-section of the reactor is certainly larger than the temperatures published

in [53].
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But this can not be the only reason, because a lower initial temperature of the particles

would lead to a higher driving force for �uid-to-particle heat transfer and, hence, the

temperature di�erence between experiment and simulation should decrease over time.

But instead, it increases.

Another reason can be anticipated from Fig. 5.13. It can be observed that for t >

160 min the measured gas temperature in the center of the �xed bed exceeds the

inlet gas temperature. Additionally, the temperature still increases slightly in that

time intervall. This means, that the reactor wall temperature is most probably larger

than the inlet gas temperature (245 ◦C). In the simulation, however, the reactor wall

temperature was set to 245 ◦C. In fact, a larger wall temperature would lead to an

increasing disagreement between simulation and experiment with time, similar to what

is shown in Fig. 5.16.

Another quantitative measure for an evaluation is the overall mass loss of the �xed bed

with time. The latter is shown in Fig. 5.17.
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Figure 5.17: Overall mass los of the bed during pyrolysis, comparison between simulation (line) and

experiment (dots) plotted on two di�erent scales

Clearly, the mass loss during pyrolysis according to the simulation is two orders of mag-

nitude lower than in experiment. In test calculations of �xed bed pyrolysis at 525 ◦C

the mass loss as predicted by the RPM simulation was quite close to the experimental

values. Although these numerical results are not reliable due to not considering shrink-

ing particle diameter, the order of magnitude of mass loss shoult not be a�ected by

that shortcoming. These results are in accordance with earlier �ndings of Wilmes [22]

and Wol�nger [63], who both applied temperatures larger than 250 ◦C. Hence, these

three studies indicate that the kinetic coe�cients of Eq. (5.11) may be not applicable

to temperatures below 250 ◦C.

Due to the very low reaction rates the extend of the reaction is very small. Hence, the

reaction enthalpy does not have a signi�cant impact.
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Since quantitative evaluation is obviously problematic in this case, qualitative consid-

erations have to be taken into account. The CO2 mass fraction in the interstitial gas

can be regarded as an indicator for the extend of pyrolysis. The char mass fraction

in the solid phase, on the other hand, is an indicator in the particle domain. Both

quantities are plotted in the subsequent diagrams.
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Figure 5.18: Axial pro�les of the mass fraction of CO2 in the interstitial gas phase (left) and of the

char mass fraction at the center of the particles (right) at three characteristic times.

It has been stated earlier, that at temperatures as low as 245 ◦C the pyrolysis reaction

rate is rather small. Therefore, it is not surprising that both CO2 content in the

interstitial gas and char content in the solid phase are very small. But also at these

low concentrations, the general trends can be observed for a qualitative evaluation.

During pyrolysis the CO2 mass fraction increases downstream until the part of the

reactor is reached, where no pyrolysis occurs. In these parts of the reactor the CO2 dif-

fuses into the particle, if no intra-particle CO2 is present. But since the concentrations

are very low, the driving force for mass transfer from �uid to particle is small, too.

Therefore, the CO2 content in the interstitial gas phase is not signi�cantly a�ected by

�uid to particle mass transfer.

The char mass fraction in the particles decreases down the reactor axis. The latter cor-

responds to the temperature �eld. The higher the temperature, the faster the pyrolysis

reactions (see Fig. 5.16).
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Likewise, the pyrolysis of a single particle at the inlet of the �xed bed can be illustrated

by plotting the same quantities as in Fig. 5.18. This is depicted in Fig. 5.19.
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Figure 5.19: Intra-particle radial pro�les of the mass fraction of CO2 in the gas phase (left) and of

the char mass fraction in the solid phase (right) at three di�erent times.

The particle is heated from the surrounding �uid. Thus, the devolatilization rate is

smaller in the center than at the outer regions of the particle. Therefore the char mass

fraction is larger near the surface than at the center. The opposite is true for the CO2

mass fraction in the gas phase of the particle. This is due to mass transfer from particle

to interstitial �uid. Inside the particle the CO2 di�uses towards the external surface.

The qualitative considerations regarding the devolatilization reactions and the resulting

mass transfer processes show that RPM performs well.

5.8 Conclusion

In this chapter the RPM concept was evaluated. Experimental results for heating-up,

drying, and pyrolysis of �xed beds were used as a benchmark. The single-particle model

established by Wilmes [22] is used for that purpose.

It could be shown that the heat transfer in packed beds can be well described by RPM.

However, the wide range of possible values for heat transfer coe�cients (particle to

�uid as well as wall to �uid) and the unknown reactor wall temperature do not allow

an accurate evaluation.

The mass loss during drying of wood particles can also be successfully modeled by RPM.

A shortcoming is that in the initial stage of drying the evaporation rate according to

the instant equilibrium model is too large. A modi�cation of the latter model by

introducing a Fermi-like term leads to improved prediction of evaporation onset. But

the evaporation rate after the onset is signi�cantly lower than observed in experiment.
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The mass loss during pyrolysis is not well predicted by the simulation. The quantitative

discrepancies between simulation and experiment can be attributed in part to invalid

kinetic parameters. However, the qualitative trends in the reactor and the particle

domain can be considered as successfully evaluated.





Chapter

6
Summary

Several detailed single-particle models for thermal conversion of biomass have been es-

tablished in recent years. With the Representative Particle Model (RPM) it is possible

to integrate such a single-particle model into a packed-bed reactor model. This is help-

ful for packed beds with large particle sizes, where signi�cant intra-particle gradients

occur. Examples for such processes are pyrolysis, gasi�cation, and combustion of solid

biomass particles.

The major objectives of this work have been the establishment, development, and

evaluation of the RPM approach in PBR modeling.

The basic idea behind this approach is that instead of modeling each individual particle

in a packed-bed reactor, which would be computationally very expensive, only a limited

number of particles are described in detail. These particular particles are considered

as being representative for a �nite volume element of the reactor.

A detailed derivation of the governing di�erential balance equations has been outlined.

Special emphasis was put on the boundary conditions of the single-particle model. The

phenomenon of inter-particle heat transfer was modeled in a consistent manner for the

�rst time. Another improvement as compared to previous works was the implementa-

tion of the transient momentum balance. Most commonly, the steady-state momentum

balance is applied to transient processes.

Furthermore, it was investigated under which conditions the RPM may help to improve

the description of transient heat transfer in heterogeneous media. To do that, the

history term for heat transfer between neighbour particles has been derived. It has been

shown that the history term can be interpreted as a correction term. It corrects the

error of applying heat transfer coe�cients (as well as e�ective thermal conductivites)

to transient processes. These quantities are valid for steady state processes only and

must be corrected if they are applied to transient processes. The latter can be done by

considering the history term, which is readily possible within the RPM framework. It
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could be concluded that the history term can be neglected in most cases of transient

heat transfer in gas-solid packed beds. It can not be neglected if the heat �ux is very

large (q̇ > 106 W/m2), as is the case in laser pulse heatings. In liquid-solid packed beds

the history term is always signi�cant.

For the �rst time the RPM concept was evaluated. Experimental results for heating-

up, drying, and pyrolysis of �xed beds were used as a benchmark. The single-particle

model established by Wilmes [22] was applied in this study. It could be shown that

the heat transfer and drying in packed beds can be well described by RPM. The mass

loss during pyrolysis is not well predicted by the simulation. The quantitative discrep-

ancies between simulation and experiment can be attributed in part to invalid kinetic

parameters. However, it can be concluded that the qualitative trends in the reactor

and the particle domain can be considered as successfully evaluated.



Chapter

7
Outlook

The most important feature that should be included in the RPM is the shrinkage of the

bed height. Once, a single-particle model is available that includes particle shrinkage, a

method has to be established, that accounts for decreasing bed height due to shrinking

particle diameter. First attempts have shown that it is not su�cient to simply increase

the void fraction εf (to unity) in a �nite volume of the reactor, because this introduces

a discontinuity which can not be handled by the poisson solver. It is suggested, that

regriding is applied to the reactor grid after each global time step. Thereby the problems

of the poisson solver are circumvented. The bed height is evaluated after each time

step. And the axial step length ∆z is adapted to the new height (or length) of the �xed

bed. The void fraction within this domain remains constant. With this modi�cation

it should be possible to improve the simulation of �xed bed pyrolysis signi�cantly,

since temperature ranges can be addressed for which the reaction kinetics introduced

in Subsection 5.1.4 are more appropriate.

The extension to a two-dimensional reactor grid would be extremely costly as far as

the computational e�ort is concerned. One simulation run of the pyrolysis outlined

in Subsection 5.7.4 takes approximately three weeks on a single CPU (apple G5). In

this case 15 single-particle models had to be solved simultaneously. A lateral grid with

only 5 gridpoints would increase this time to roughly three months. Therefore it is

necessary to examine if the single-particle model can be parametrized somehow. But

this is a very comprehensive task for a transient process.

Prominent processes that are already included in the single-particle model are gasi-

�cation and combustion. Thus, �xed-bed gasi�cation or combustion can readily be

modeled and numerically simulated once the bed shrinkage is included in the RPM.

However, these processes occur at signi�cantly higher temperatures than pyrolysis.

That means that homogeneous reactions (both in the particle as well as in the reactor

domain) can not be neglected anymore, as has been done in this study. Including these

homogeneous reactions also increases the computational e�ort signi�cantly.



88 Chapter 7 Outlook

Therefore the following road map is suggested to further develop the RPM at hand:

1. include particle shrinkage in single-particle model,

2. include bed shrinkage in the RPM,

3. simulate pyrolysis at 525 ◦C for evaluation,

4. parameterize the single-particle model and/or,

5. parallelize the RPM code to enhance computational speed,

6. simulate gasi�cation and/or combustion in �xed beds,

7. extend the RPM model to two dimensions.

A promising appllication that can be modeled with RPM already at it's current stage

is smouldering and self-ignition in piles of biomass. This work is currently under way.



Appendix

A
Dimensionless energy balance of a particle in

the topmost layer

For a particle in the topmost layer a term including the external heat �ux q̇ has to be

added to the energy balance as written in Eq. (4.21). Substituting the temperature and

the time by the dimensionless variables as de�ned in section 4.5 leads to the following

equation:

2

3β(2− γ)
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dt∗
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q̇ ds
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(A.1)

For t →∞ this balance reduces to:

0 = (T ∗
2,∞ − T ∗

1,∞) +
1

(2− γ)

q̇ ds

λf (T0 − T1,∞)
. (A.2)

For the case of constant properties of solid and �uid phase the temperature �eld in the

particle chain is linear at steady state, which is why:

T ∗
2,∞ − T ∗

1,∞

ds

=
T ∗

N,∞ − T ∗
1,∞

(N − 1) ds

= − 1

(N − 1) ds

. (A.3)

With this relation and since TN,∞ = T0 Eq. (A.2) can be rewritten as:

0 = − 1

(N − 1)
+

1

(2− γ)

q̇ ds

λf (T0 − T1,∞)
. (A.4)

Solving this equation for q̇ yields:

q̇ =

(
2− γ

N − 1

)
λf (T0 − T1,∞)

ds

. (A.5)

Substituting q̇ in Eq. (A.2) with Eq. (A.5) yields Eq. (4.35).



Appendix

B
Convergence with respect to the evaporation

rate constant

The rate constant in the instant equilibrium model (kliq|f in Eq. (5.16)) has to be chosen

such that quasi-instantaneous evaporation is possible. The rate constant is large enough

if further increase does not in�uence the simulation results. The calculated moisture

loss for di�erent values of the parameter kliq|f are depicted in Fig. B.1.
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Figure B.1: Calculated moisture loss during drying of wood particles for di�erent evaporation rate

constants.

It can be concluded that kliq|f = 100/s gives converged results.
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C
Convergence with respect to time step ∆t

The global time step ∆t has to be chosen such that further decrease does not in�uence

the simulation results. The calculated temperature developments in a �xed bed for two

di�erent ∆t are depicted in Fig. C.1.
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Figure C.1: Calculated temperature development at two axial positions in the �xed bed under pyrolysis

conditions for two di�erent global time step sizes.

Decreasing the time step size from 1 ms to 0.5 ms leads to a change in temperature

of only a few K. A further decrease leads to even less temperature change. In light

of the uncertainties related to heat transfer coe�cients and wall temperature, this

convergence is totally su�cient. Therefore a time step size of ∆t = 0.5 ms is adopted

in this case.
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D
Convergence with respect to the

intra-particle grid

The in�uence of the number of intra-particle grid points (NGP) on the simulation

results has also to be examined. The calculated temperature developments in a �xed

bed for two di�erent NGP are depicted in Fig. D.1.

90 100 110 120
Time in min

0

50

100

150

200

250

G
as

 T
em

pe
ra

tu
re

 in
 °

C

NGP = 5
NGP = 7

Figure D.1: Calculated temperature development at two axial positions in the �xed bed under pyrolysis

conditions for two di�erent numbers of intra-particle grid points

Obviously, choosing �ve or seven grid points for the particle grid does not a�ect the

calculated temperature development. Therefore NGP = 5 was chosen in this case.



Nomenclature

Latin symbols

a thermal di�usivity [m2/s]

A surface, area [m2]

A pre-exponential factor [1/s]

AR cross-sectional area of the reactor [m2]

c molar density, concentration [mol/m3]

cp mass speci�c heat capacity at constant pressure [J/(kg K)]

ċp heat capacity �ux as de�ned in Eq.(3.72) [W/(m2 s)]

cv mass speci�c heat capacity at constant volume [J/(kg K)]

C coe�cient as de�ned in Eq.(4.25) [ - ]

d diameter [m]

D di�usivity, dispersion coe�cient [m2/s]

E activation energy [J/mol]

fHT history term [W]

f1 coe�cient of the Ergun equation [kg/(m3s2)]

f2 coe�cient of the Ergun equation [kg/(m4)]

F Force [N]

g speci�c gravity [m/s2]

G conductance [W/K]

h roughness [m]

H height / length of the �xed bed [m]

∆RH̃ reaction enthalpy [J/mol]

j di�usion / dispersion �ux density [kg/(m2 s)]

J di�usion / dispersion �ux [kg/s]

k integer index [ - ]

k evaporation rate constant [1/s]
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K permeability [m2]

L distance between two parallel planes [m]

m mass [kg]

ṁ convective mass �ux density [kg/(m2 s)]

Ṁ convective mass �ux [kg/s]

M̃ molar mass [kg/mol]

n integer index [ - ]

n normal vector of a surface [ - ]

N number of particle layers [ - ]

Ni number of species [ - ]

Nk number of species [ - ]

Npar number of representative particles [ - ]

Nr number of reactions [ - ]

Ns number of particles in the control volume [ - ]

p pressure [Pa]

q̇ heat �ux density [W/m2]

Q̇ heat �ux [W]

r radial coordinate [m]

ṙ sink/source of mass per unit volume [kg/(m3 s)]

˜̇r molar sink/source per unit volume [mol/(m3 s)]

~r position vector [~m]

R inner radius of the cylindric reactor [m]

R̃ universal gas constant [J/(mol K)]

s volume speci�c external surface of the particles [1/m]

S external particle surface area [m2]

t time [s]

T temperature [K]

T̃ arti�cial temperature [K]

u generic quantity

u mass speci�c inner energy [J/kg]

u̇ �ux density of inner energy [J/(m2 s)]

v intra-particle velocity [m/s]

V volume [m3]
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∂V edge of volume / surface [m2]

w velocity in axial direction of the reactor [m/s]

x spacial coordinate [m]

X conversion [ - ]

y generic quantity

Y mass fraction [ - ]

z axial coordinate [m]

Greek symbols

α heat transfer coe�cient [W/(m2 K)]

βi mass transfer coe�cient of species i [m/s]

γ geometric parameter [ - ]

δ unit matrix [ - ]

ε volume fraction (of solid, liquid or gaseous phase) [ - ]

ζ Stefan correction [ - ]

η dynamic viscosity [Pa s]

θ angle [rad]

ϑ dimensionless temperature di�erence [ - ]

Λ thermal dispersion coe�cient [W/(m K)]

ν stoichiometric coe�cient [ - ]

% density [kg/m3]

ρ speci�c absorbed radiation [W/kg]

τ (lag) time [s]

τ stress tensor [N/m2]

φ mass speci�c volumetric force [m/s2]

χ ratio of volumetric heat capacities (�uid/solid) [ - ]

Ω mean free path [m]

Subscripts

0 initial value

e� e�ective value

c pertains to inter-particle heat transfer by contact conduction

d pertains to downstream

f pertains to �uid

f |f pertains to homogeneous reactions in the gas phase

h pertains to hollow sphere
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i pertains to the inner zone of inter-particle heat transfer

i pertains to species with index i

j pertains to neighbour particle j

j pertains to dispersion

k pertains to species with index k

liq pertains to liquid phase of a porous particle

liq|f pertains to evaporation / condensation

max maximum value

o pertains to the outer zone of inter-particle heat transfer

q pertains to heat �ux

r pertains to radiation

ref reference value

R pertains to reactor

s pertains to particle

sol pertains to solid phase of a porous particle

sol|f pertains to heterogeneous reactions

sol|sol pertains to homogeneous reactions in the solid phase

sj pertains to transfer between particle (s) and its neighbour (j)

sf pertains to the external interface of particle and �uid

T pertains to temperature gradient

u pertains to upstream

w pertains to convection

W pertains to reactor wall

z pertains to axial direction

∆s pertains to temperature step change at the particle's surface

∆j pertains to temperature step change at the surface of the j-th neighbour particle

λ pertains to heat conduction

∞ at large distance from particle

Superscripts

∗ dimensionless quantity
′ intra-particle quantity
′′ quantity at the external particle surface

eq quantity at phase equilibrium / saturation

in quantity at the reactor inlet

out quantity at the reactor outlet
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