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Zusammenfassung

Die theoretische Beschreibung der Kommunikation in zeitveränderlichen Umgebungen ist von zentraler

Bedeutung für die weitere Steigerung der Effizienz und der Datenrate zukünftigerÜbertragungstechniken.

Besonders in mobilen Szenarien ist die häufig verwendete Annahme quasi–statischer Kanälen nicht mehr

akzeptabel und eine genaue Beschreibung der zeitveränderlichen Effekte notwendig. Aber schon das

Beispiel von konventionellem Orthogonal Frequency Division Multiplexing mit zyklischem Präfix (cp–

OFDM) in zeitkonstanten Umgebungen hat gezeigt, daß eine Diagonalisierung von Kanaloperatoren eine

der entscheidenen Voraussetzungen für die Ermöglichungeiner informationstheoretischen Beschreibung

der Kommunikation und letztendlich auch für deren praktische Umsetzbarkeit in Technologien ist. Eine

Erweiterung dieser Vorgehensweise auf zeitveränderliche Kanäle führt aber auf prinzipielle Schwierig-

keiten, die mit der Nichtvertauschbarkeit von Zeit– und Frequenzverschiebungen zusammenhängen. Das

bedeutet, daß in der Regel ein Ensemble zeitvarianter Kanaloperatoren nicht mehr gemeinsam diago-

nalisiert werden kann. Bisherige Konzepte, die in dem idealisierten Fall von zeitkonstanten Kanälen

und cp–OFDM noch Anwendung finden, müssen somit erweitert werden. Das gemeinsame Verhalten

von Zeit–Frequenz Verschiebungen wird mathematisch durchdie Weyl–Heisenberg Gruppe beschrieben

und die letztendliche Realisierung basiert auf der sogenannten Schrödinger–Darstellung. Das Werkzeug

zur Beschreibung zeitveränderlicher Kanäle sind wiederum Pseudodifferentielle Operatoren, welche sich

elegant durch die Verwendung des Weyl–Kalküls beschreiben lassen. Diese Methodik eröffnet automa-

tisch Analogien zur Beschreibung quantenmechanischer Systeme und deren Betrachtung im Phasenraum,

welche sich als relevant herausstellten und aus diesem Grund in der Arbeit verwendet wurden.

Basierend auf dem Weyl–Kalkül und der Theorie der Weyl–Heisenberg Gruppe und motiviert durch

die Ideen von cp–OFDM wird in dieser Arbeit ein verallgemeinertesÜbertragungsverfahren für zeit-

veränderliche Kanäle formuliert und analysiert. Es wirdvorgeführt, wie und mit welchem Fehler eine ap-

proximative Diagonalisierung ganzer Ensemble solcher Kanäle erreicht werden kann. Desweiteren wer-

den die zentralen Maße herausgearbeitet, welche die letztendliche, mittlere Performanz derÜbertragung

charakterisieren. Einen entscheidenen Einfluß haben hierbei die verwendeten Sende– und Empfangs–
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ii Zusammenfassung

Pulsformen, sowie die angenommenen Gitter–Strukturen in der Zeit–Frequenz Ebene. Es stellte sich

heraus, daß die gefundenen Performanzmaße nicht nur für die bisher beschriebene Signalübertragung

sondern auch für diëUbermittlung klassischer Information über eine zentraleKlasse von Quanten-

kanälen von Bedeutung sind. Wie bereits erwähnt, wurden diese Zusammenhänge erwartet und des-

wegen vollständig in die Struktur der Arbeit integriert. Eine einfache Form der Datenübertragung in

solchen Quantenkanälen wurde herausgearbeitet, analysiert und in Bezug zur klassischen Kommunikati-

on gesetzt. Es konnte gezeigt werden, daß nun eine gemeinsame Behandlung beider Problemstellungen

möglich ist und weiterführende Beschreibungen erlaubt.Dazu wurde das Konzept von Weyl–Heisenberg

Abbildungen entwickelt, welche die klassische Kommunikation über eine statistische Gesamtheit von

zeitveränderlichen Kanälen sowie den Quanten–Kanal beschreiben. Bisher bekannte Skalierungsregeln

konnten auf diese Abbildungen erweitert werden. Es wurden Abschätzungstechniken für die Performanz

gefunden und auf beide Fälle angewendet. Letztendlich konnten Algorithmen entwickelt werden, welche

eine Optimierung von Pulsformen und reinen Quantenzuständen gleichermaßen zulassen.



Abstract

The theoretical description of the communication in time–varying environments is of central relevance

for further increase of the efficiency and the data rate of future transmission techniques.In particular,

the quasi–statistical assumption widely used for mobile wireless communication channels is not anymore

acceptable and a detailed description of the effects due to the time–varying nature is required. But already

the example of ”cyclic prefix based” Orthogonal Frequency Division Multiplexing (cp–OFDM) in time–

invariant channels has shown that a diagonalization of the channel operators is an essential prerequisite

to allowing an information–theoretical treatment of communication and reveals finally as the reason for

the practical implementation as technology. However, an extension of this principle to time–varying

channels has fundamental limits caused by the non–commutativity of time and frequency shifts. Due

to this property it is in general not possible to diagonalizeensembles of time–varying channel operators

jointly. Conventional approaches which can be used for the idealized scenario of time–invariant channels

and cp–OFDM does not apply anymore and therefore have to be extended. The joint behavior of time–

frequency shifts is described on the theoretical level by the Weyl–Heisenberg group. Its realization as

operators acting on a certain Hilbert space is known as the Schrödinger representation. The mathematical

tool for the description of time–varying channels in turn are pseudo–differential operators which can be

elegantly formulated with means of the so called Weyl calculus. This approach opens up analogies to the

description of quantum mechanical systems and their phase space formulations. This link turned out to

be an important relation and has therefore been integrated in this work.

Based on the Weyl calculus and the theory of the Weyl–Heisenberg group and motivated by the ideas

of cp–OFDM a generalized transmission scheme for time–varying channels has been proposed and an-

alyzed. It has been shown how an approximate diagonalization for whole ensembles of time–varying

channels can be achieved and which remaining approximationerror has to be expected. Furthermore, the

relevant measures are derived which characterize the mean performance of such transmission techniques.

The pulse shapes used at the transmitter and at the receiver and the lattice structures in the time–frequency

plane will play an important role in this framework. It turnsout that these measures describe the per-
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formance of the transmission of classical information through a particular important class of quantum

channels as well. As already mentioned these relations havebeen expected and therefore completely

integrated in this work. A simple transmission scenario hasbeen proposed and related to its classical

counterpart. It could be shown that now a joint description of both problems is possible and that this

approach leads to further results and interpretations. Forthis purpose the concept of Weyl–Heisenberg

maps has been developed which describes the classical communication over a statistical ensembles of

time–varying channels and a quantum channel. Scalings rules known so far in this area could be extended

on these maps. Bounding techniques have been setup and applied to both problems. Finally algorithms

have been developed which allow optimizing pulse shapes andpure quantum states.
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Chapter 1

Introduction

1.1 Motivation

Decompositions of signals, functions or states with additional structural properties are of general im-

portance in mathematics, physics and engineering. Representing a function as a linear combination of

some building sets of functions can significantly simplify several problem constellations and is therefore

a standard tool in many scientific areas. For example, in signal processing it is convenient to work with

the Fourier transformF in the context of linear time–invariant systems. In this sense it is common to

transform a time signals(t) into its ”frequency” representation ˆs(ω) = (F s)(ω) and to describe time–

domain filtering as a simple multiplication. In quantum physics it is common to describe the probability

wave functionψ(x) of a free particle by the so–called ”momentum” representation ψ̂(k) = (F ψ)(k), i.e.

|ψ̂(k)|2/‖ψ̂‖22 is then the probability density function of momentum of the particle.

Linear time–invariant systems, i.e. convolution operators, are related to abelian operations. They

are build in a linear way from a class of simple commuting operators. In the case of convolutions this

corresponds to time shifts. Hence, in this view it is simplerto work with a joint diagonalization. Fol-

lowing, the description of such operations are reduced to its spectral representation. However, this is not

sufficient to describe most of the problems occurring in physics and engineering. One may ask, what

would be the next enhancement of the previous considerations. For example, considering two families

of abelian operators intertwined by some unitarity, then both of them can be separately described by its

natural representation. How to describe combinations of these families ? Obviously, linear frequency–

invariant systems are described in so–called ”time–domain” s(t) and in physics one works with ideally

localized particles in the ”position” representationψ(x). Using combinations of both descriptions, which

are intertwined by Fourier transform, one ends up with what is called the Weyl–Heisenberg type descrip-

1



2 Chapter 1. Introduction

tion.

Finally, the characterization of the signals(t) by its joint time–frequency content, i.e. by two–

dimensional functionsAs(t, ω) in the time–frequency plane is forced. In quantum physics in turn it

is the notion of phase space, thus to use functionsAψ(x, k) such that|Aψ(x, k)|2/‖Aψ‖22 is related to the

probability to find the particle around positionx and momentumk. Indeed, it was the original motiva-

tion of H. Weyl (Wey28) to relate phase space description of classical mechanics to its quantum counter

part by the (symplectic) Fourier transformFs, i.e. taking the Fourier transform of classical phase space

distributions and going back via the so–called Weyl transform or non–commutative Fourier transformF

yielding, in general, a so–called pseudo–differential operator with the phase space distribution as symbol.

This is known as the principle of Weyl correspondence or Weylquantization. This approach extends to

an unitary correspondence if considering Hilbert–Schmidtoperators (Poo66).

In the same lines, this framework yields the spreading representation of time–varying operators which

model general doubly–dispersive mobile communication channels. Furthermore, for this particular im-

portant and rich class the statistical assumption of wide–sense stationary uncorrelated scattering (WS-

SUS) (Bel63) can be used to model random channel operators. Most of the description in this work

will be restricted to a particular class of such channel operators, namely the Hilbert–Schmidt operators,

where the (unitary) Weyl correspondence can be used withouthandling with distributions. However,

this excludes many well–known channels which occur as limits of doubly–dispersive channels, like the

identity–channel, the ”pure” additive white Gaussian noise (AWGN) channel and also ”pure” time–

invariant channels. This limits can be included with a distributional characterization of the spreading and

it is to expect that the framework can be extended beyond the Hilbert–Schmidt class. Excluding such

limits in turn opens up the possibility to demonstrate in a classical fashion the basic principles relevant

for engineering.

A main focus of this work is to show further how group theory, operator formalisms and adoption

of physicist’s phase space descriptions can be used to setupand describe appropriate communication

models for those channels. However, the developed methods are not only restricted to classical commu-

nication problems. Quantum communication has received much attention in the recent years. Beside its

mathematical beauty this is also due to several analogies tonowadays classical communication problems.

Such analogies were also found in this case and are demonstrated in the frame of the thesis.

Another theory, namely Weyl–Heisenberg frame theory, enters this work, enabling multiplexing

schemes in classical and quantum case as well. Typically, multiple (”parallel”) signals are separated by

the concepts of bases, in particular orthogonal bases. However, orthogonality between different wave-
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forms is a crucial requirement as it will be shown. Nevertheless it is possible relax the constraint, yielding

non–orthogonal expansions of the overall signal.

1.2 Outline of the Thesis

The thesis is subdivided in six chapters. Chapter2 and Chapter3 introduce the mathematical fundamen-

tals needed for the following chapters. Of course, only selected parts of the rich theoretical framework

can be presented. However, for the reader it might be interesting how approaches from mathematics,

physics and engineering can be combined to establish descriptions related to communication theory.

The first part of Chapter2 begins with the explanation of phase space displacement operators and

their implicit group structure. This structure is introduced explicitely using group theory, giving the

Schrödinger representation of the Weyl–Heisenberg group, i.e. the so–called Weyl operators. In the

second part, time–frequency analysis and representation of time–varying operators are reviewed in this

generalized approach. This section includes also topics such as Weyl correspondence and quantization

with focus on the Hilbert Schmidt class. Chapter3 combines then the theory of Weyl–Heisenberg frames.

In Chapter4 the theory as given so far is used to describe a time–frequency signaling scheme in the

context of classical information transmission in doubly–dispersive environments. The proposedgeneral-

ized multicarriertransmission is presented in a theoretical fashion relyingon tools developed in previous

chapters. It will be shown, that in a certain sense such a signaling corresponds to an approximate diag-

onalization of the corresponding channel operators (Jun07). Using the concepts of Bessel sequences a

general lower bound for the ”signal–to–interference–and–noise ratio” (SINR) was found. This opens up

the opportunity for abstract descriptions of effects of several important distortion. Results on relevant

distortions, published in (JW05b; JW04b), are discussed and lead straightforward to the topic of optimal

waveform design. Further, a general introduction into thisframework and waveform design is published

in (JW05c). For optimal waveform design the main problem is extracted, but its detailed description is

deferred to Chapter6.

Classical time–frequency signaling and waveform design has received much attraction due to several

connections to recent results in quantum information processing. To fully exploit this connection, Chap-

ter 5 gives a brief introduction into this new field. At the end again the classical waveform optimization

problem is rediscovered as challenging task of optimal quantum state design for particularly important

class of quantum channels.

Chapter6 addresses jointly the main problems established at the end of the chapters4 and5. Lower
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and upper bounds, approximations and numerical methods arepresented which are published in (JW05c;

JW05a; Jun05; Jun06; JW04a).

1.3 Applications

Generalized Multicarrier Schemes and Waveform Design

The theory of Weyl–Heisenberg groups and frame theory will be used to setup a framework for the

mathematical description of the Weyl–Heisenberg (or Gabor) signaling through WSSUS channels. This

description includes its most prominent candidate, namelycyclic prefix based orthogonal frequency di-

vision (cp–OFDM), but also embeds pulse shaped biorthogonal frequency division multiplexing, non–

orthogonal approaches and also advanced schemes, like lattice OFDM (LOFDM) (SB03). Also a close

relation to pulse shaped offset–QAM (OQAM) (Cha66b) systems is included. The results are partially

published in (JWW04; JW05c) and included in (Jun04). Results on relevant distortions like time–

frequency offsets and phase noise are derived (JW05b; JW04b). Furthermore, the results on the approxi-

mate diagonalization of time–varying channels which are important for information–theoretic treatment

of communication in those scenarios is in (Jun07).

Optimal Pure States for Classical Communication in QuantumChannels

The concept of classical communication through quantum channels is a bridge between classical com-

munication concepts and quantum channels. The idea of mapping classical information messages to a

string of density operators, pass them to an iid quantum channel and measure the output is obviously im-

portant for optical communication. The main task here is to design an optimal input alphabet of quantum

states and jointly optimal measurements. Also in this field,it is important to have ultimative bounds on

how much distinguishable the outputs of a quantum channel then are.

1.4 Notations

The main task of this section is to introduce some common notations used through this work. It is mainly

for completeness and given therefore in a short manner. Moredetails can be found in standard text books,

i.e. (LL97; RS72; RS75; Rud73; Rud87).
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Function Spaces

At the beginning the notion of function spaces, norms and in particular theLp spaces have to be intro-

duced:

Definition 1.1 (p–norms,Lp spaces). Let 1 ≤ p < ∞ and (V, µ) be a measure space. For functions

f : V→ C the common notion ofp–norms is

‖ f ‖p,µ def
=

(∫

| f (x)|pdµ(x)

)1/p

Furthermore forp = ∞ is ‖ f ‖∞,µ
def
= µ− ess supx∈V| f (x)|. If ‖ f ‖p,µ is finite f is said to be inLp(V, µ). If

µ is the Lebesgue–measure onV, ‖ f ‖p def
= ‖ f ‖p,µ andLp(V)

def
= Lp(V, µ).

As usual and to be exactLp(V, µ) is understood in terms of equivalence classes of functionswhich

differ only on sets ofµ–measure zero. Closedness with respect to convergence of Cauchy–sequences

in V is an useful additional property if handling with function spaces. It makes vector (linear) spaces

complete in some kind, i.e. leading to the following definition:

Definition 1.2 (Banach and Hilbert spaces). A vector spaceV complete in norm‖·‖ is called aBanach

space. A vector spaceV with inner product〈·, ·〉 which is complete with respect to the induced norm

‖x‖2 =
√
〈x, x〉 is calledHilbert space. In particular the spacesL2(Rn) with

〈 f , g〉 def
=

∫

f (x)g(x)dx (1.1)

are Hilbert spaces.

Important is furthermore the concept ofdense subsets. Spaces having countable dense subsets, like

Lp(Rn) for 1 ≤ p < ∞, are calledseparable. For the Hilbert spaceL2(Rn) the following important dense

set will be considered later on:

Definition 1.3 (Schwartz–Class). The class of infinite differentiable rapidly decreasing functions,

S(Rn)
def
= { f | f ∈ C∞(Rn), sup

x∈Rn
|( ∂
∂x

)αxβ f )(x)| < ∞} (1.2)

whereα, β ∈ Zn
+
∗ will be called theSchwartz class.

∗The multi–index conventionxα =
∏n

k=1 xαk
k for α ∈ Zn

+ is used.
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For p ≥ 1 the Schwartz class is a dense subset ofLp(Rn) †. Intimately connected toS(Rn) and

frequently used in the thesis are the words ”to be Gaussian”.So here is the definition:

Definition 1.4 (Gaussian’s). Functionsf ∈ S(Rn) are said to be ”Gaussian” if forA ∈ Cn×n andB ∈ Cn

f (x) = e−〈x,Ax〉+〈B,x〉+C (1.3)

andA∗ + A > 0 (positive definite). Two Gaussiansf andg are calledmatchedif they agree inA.

As already pointed out in the introduction the Fourier transform is a standard tool.

Definition 1.5 (Fourier Transform). The linear mappingF : f → f̂ = F f , defined forf ∈ L1(Rn) as

(F f )(ω)
def
=

∫

Rn
f (x)e−i2π〈x,ω〉dx (1.4)

is called the Fourier transformation.F fromS(Rn) toS(Rn) is a bijection, where the inverse is

(F −1 f̂ )(ω)
def
=

∫

Rn
f̂ (ω)ei2π〈ω,x〉dx (1.5)

It is isometric for‖·‖2 onS(Rn) and due density extends to an unitary mapping onL2(Rn). F 2 implements

a reflection (F 2 f )(x) = f (−x). The Fourier transform of a Gaussian is itself Gaussian (see for example

(LL97)).

There are some other variants of Fourier transforms which are important in this thesis. The symplec-

tic Fourier transform will be introduced in (2.33) and the operator–extension (non–commutative Fourier

transform) will be given in (2.37).

Linear Operators

Chapters4, 5 and6 handle frequently withL(V1,V2), i.e. with linear operatorsA mapping elements

from its domainD(A) ⊆ V1 to some (mainly the same) spaceV2. As usual forV1 = V2 the identity

operator will be denoted with1 ∈ L(V1) =: L(V1,V1). The following further definitions are needed:

Definition 1.6 (Bounded, Adjoint and Self–Adjoint Operators). A ∈ L(V1,V2) is bounded if it has finite

operator norm‖A‖ := supf,0‖A f‖V2/‖ f ‖V1 < ∞. For boundedA exists by Riesz representation theorem

a unique (bounded)adjoint A∗ ∈ L(V2,V1) with 〈A∗u, v〉V1 = 〈u,Av〉V2 for all u ∈ V2 and v ∈ V1.

A ∈ L(V) is called symmetric (hermitian) if〈x,Ay〉V = 〈Ax, y〉V for all x, y ∈ D(A). Bounded symmetric

†The smooth and compactly supported functionsC∞0 (Rn) ⊂ S(Rn) are already dense inLp(Rn), thusS(Rn).
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operators areself–adjoint(A = A∗). In general, a symmetric operatorA is self–adjoint ifA is well defined

on denseD(A) andD(A∗) = D(A).

Definition 1.7 (Positive Semidefinite Operators and Orthogonal Projectors). A self–adjoint operatorA

which fulfills 〈x,Ax〉 ≥ 0 is calledpositive semidefinite‡ or shortly A ≥ 0. A self–adjoint operator

ΠU : V → V for U ⊂ V being a closed subspace of a Hilbert spaceV which is also idempotent

(Π2
U = ΠU) is called anorthogonal projectorontoU. Further for anyu ∈ V

Πu
def
= ‖u‖−2

2 〈u, ·〉u (1.6)

is the projector on the one–dimensional subspace spanned byu.

Additional to the operator norm given in Definition1.6 the Schatten norms are needed. To this

end, introducing shortlycompact operatorsas the closure (with respect to operator norm) of finite–rank

operators (finite–dimensional range) (RS72). They share most of the properties which one has in the

finite dimensional case. Further the spectrumσ(|A|) \ {0} of |A| def
=
√

A∗A consists of isolated eigenvalues

with finite multiplicity§. Let Tr (·) denote the trace functional.

Definition 1.8 (Schatten Classes). The functional‖·‖p : L(V) → R given as‖A‖p
def
= Tr (|A|p)1/p is a

norm (for 1≤ p ≤ ∞), called thepth Schatten norm. The setTp(V)
def
= {A ∈ L(V), ‖A‖p < ∞} is called

the pth Schatten classwhereT∞(V) is set to be the compact operators.

ThenTp(V) for 1 ≤ p < ∞ are Banach spaces andT1(V) ⊂ Tp(V) ⊂ T∞(V) (see for example

(RS75) or (Hol82)). The setT1(V) is calledtrace class. TheHilbert–Schmidt operatorsT2(V) are again

a Hilbert space with inner product

〈A, B〉T2(V)
def
= Tr A∗B (1.7)

The trace class operators are a dense subset ofT2(V). Furthermore, there holds an inequality similar to

the one of Hölder (RS75). If AB∈ T1(V) it holds:

|Tr AB| ≤ ‖AB‖1 ≤ ‖A‖p‖B‖q (1.8)

for 1/q+1/p = 1 andp ≥ 1. A particular important convex subsetS(V) ⊂ T1(V) of trace class operators

is

S(V)
def
= {z| z ∈ T1(V), z≥ 0, Tr z= 1} (1.9)

‡Also the term ”positive” operator will be used forA ≥ 0. Contrary,A > 0 is a ”strict positive” operator.
§Riesz–Schauder Theorem, see for example (RS72)
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having extremal boundary

Z(V)
def
= {z| z ∈ S(V), Tr z2 = 1} (1.10)

which is the set of all orthogonal rank-one projectors.



Chapter 2

Weyl–Heisenberg Group and

Time–Frequency Analysis

2.1 The Weyl–Heisenberg Group

This section introduces the Weyl–Heisenberg group and its representations. There are several ways

to do this. Usually one starts directly with group theory (Sch86) or with aspects of quantum physics

(Hol82; Fol89). Another possibility is to consider abstract phase space and bilinear forms. In this chapter

a mixture of the mentioned approaches was chosen matching a more engineering point of view. The

approach of the time–frequency shift operators or, more generally speaking, ofdisplacement operators

will be used. In§2.1.2a more abstract formulation and the relation to group theoryis presented. The

relation between algebra and group is briefly reviewed for a simple matrix representation in§2.1.3.

Finally, this method of exponentiation is then applied in§2.1.4for the Schrödinger representation with

returning back to the displacement operators.

2.1.1 Displacement Operators

Definition 2.1. For functionsf : Rn→ C thedisplacement operatorSµ is defined as:

(Sµ f )(x)
def
= ei2π〈µ2,x〉 f (x− µ1) (2.1)

whereµ = (µ1, µ2) ∈ R2n andµ1, µ2 ∈ Rn. For n = 1 it is convenient to call them alsotime–frequency

shift operatorsshifting functions in time byµ1 and its Fourier transform byµ2
∗.

∗i =
√
−1 denotes the imaginary unit.

9
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This definition will be used in the whole thesis to formalize calculations where those shifts are in-

volved. It is to note that these operators contain the identity S0
def
= S(0,0) = 1 (the symbol ”0” in a vector

context is always understood as an all–zero vector 0= (0, . . . , 0)). To formally avoid distinguishing

betweenµ1 andµ2 it is helpful to introduce the bilinear formsη, ξ, ζ : R2n→ R defined as

η(µ, ν)
def
= 〈µ1, ν2〉 − 〈µ2, ν1〉

ξ(µ, ν)
def
= 〈µ1, ν2〉 + 〈µ2, ν1〉

ζ(µ, ν)
def
=

1
2

(η(µ, ν) + ξ(µ, ν)) = 〈µ1, ν2〉

(2.2)

which allows more closed formulation. The formη is called thesymplectic form. The operatorsSµ fulfill

theWeyl commutation relations:

SµSν = e−i2π(〈µ1,ν2〉−〈µ2,ν1〉)SνSµ = e−i2πη(µ,ν)SνSµ

Hence, the operatorsSµ andSν commute forη(µ, ν) ∈ Z. The adjoint ofSµ is obtained according to (1.1)

via

〈 f , Sµg〉 =
∫

f (x)(Sµg)(x)dx =
∫

f (x)g(x− µ1)ei2π〈µ2,x〉dx=
∫

e−i2π〈µ2,x〉 f (x)g(x− µ1)dx

=

∫

(e−i2π〈µ2,x+µ1〉 f (x+ µ1))g(x)dx= ei2π〈µ1,µ2〉〈S−µ f , g〉 = ei2πζ(µ,µ)〈S−µ f , g〉
(2.3)

Thus, it holdsS∗µ = e−i2πζ(µ,µ)S−µ. From (S∗µSµ f )(t) = e−i2πζ(µ,µ)(S−µSµ f )(t) = f (t) if follows for all f that

Sµ is unitary onL2(Rn). In general, these operators are norm–preserving on allLp(R) for 1 ≤ p ≤ ∞,

i.e. ‖Sµ f ‖p = ‖ f ‖p.

Summarizing

S∗µ = S−1
µ = e−i2πζ(µ,µ)S−µ (2.4a)

SµSν = e−i2πη(µ,ν)SνSµ = e−i2πζ(µ,ν)Sµ+ν (2.4b)

S∗µSν = e+i2πη(µ,ν)SνS
∗
µ = e+i2πζ(µ,ν−µ)Sν−µ (2.4c)

SµSνSξ = e−i2π(ζ(µ,ν)+ζ(µ,ξ)+ζ(ν,ξ))Sµ+ν+ξ (2.4d)

F SµF −1 = ei2πξ(µ,µ)Sri1µ (2.4e)

wherer ∈ M(2n,R) exchangesµ1 with µ2 andik ∈ M(2n,R) mapsµk → −µk for k = 1, 2. For example,

for n = 1 the 2× 2 matrix ri1 corresponds to a 90◦–rotation in the time–frequency plane. From (2.4b)
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and (2.4d) it follows that compositions of displacement operators are itself displacement operatorsup to

the important phase factors. Due to these properties it is in generally helpful to employgroup theory.

This will be done in the next section.

There is an ambiguity which displacement should be performed first where (2.1) corresponds to the

separationSµ = S(0,µ2)S(µ1,0). However, it is well–known that a generalized view can be achieved by

considering so–calledα-generalized displacements

Sµ(α) := S(0,µ2( 1
2+α))S(µ1,0)S(0,µ2( 1

2−α)) = e−i2π(1/2−α)ζ(µ,µ)Sµ (2.5)

and then setSµ = Sµ(1/2). It is convenient to callα also polarization. In principle, it is also possible to

rewrite all equations in this chapter in thisα–generalized form.

2.1.2 The Abstract Weyl–Heisenberg Group

As already discussed group theory is an advisable tool in general when considering the operatorsSµ. The

following definitions are used:

Definition 2.2. A group Gis a (non–empty) set with (binary) operation· : G×G→ G satisfying: ”·” is

associative (a· (b·c) = (a·b) ·c for all a, b, c ∈ G ), G has an identity element (e ∈ G with a·e= e·a = a

for all a ∈ G), each element has an inverse inG (a−1 ∈ G with a−1a = aa−1 = e for all a ∈ G) and ”·” is

closed (a, b ∈ G⇒ a · b ∈ G).

Instead considering the group in an abstract manner it is also convenient to work with group rep-

resentationsρ on the Hilbert spaceV, i.e. ρ : G → GL(V) with ρ(a · b) = ρ(a)ρ(b) whereGL(V) is

the general linear group (invertible linear mappings fromV → V) with composition as group operation.

Thus,ρ is a group homomorphism. In general, unitary representations are important:

Definition 2.3. An unitary representationρ of a groupG on a complex Hilbert spaceV is a mapping

(group homomorphism)ρ : G → GL(V) such thatρ(a) is an unitary operator onV for all a ∈ G. ρ is

called asirreducible if ρ has no non–trivial (other than{0} andV) invariant subspaces.

For example,τ → S(τ,0) andν → S(0,ν) are unitary representations onL2(Rn) of the groupRn with

addition as group operation. The extension toR2n in the sense of (2.4b) is not closed because of the

remaining phase factor. Closeness is achieved by introducing the torus (T) as the 2n+ 1 parameter, i.e.

ei2πφSµ · ei2πψSν = ei2π(φ+ψ−ζ(µ,ν))Sµ+ν (2.6)
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and the group rule is identified as:

Definition 2.4 (Weyl–Heisenberg Group). The (reduced†) polarizedWeyl–Heisenberg group(WH group)

is the setHpol
n = R

2n × T with the group operation:

(µ, φ) · (ν, ψ) = (µ + ν, φ + ψ − ζ(µ, ν)) (2.7)

The inverse element and the identity are given as (µ, φ)−1 = (−µ,−φ + ζ(µ, µ)) and 0
def
= (02n, 0).

The WH group is a Lie group, because group multiplication andinversion are analytic maps, which

enables a local Lie algebra characterization via Lie bracket [·, ·]. A Lie bracket establishes a product

structure on a vector space, which is bilinear in both inputsand fulfills [h, h] = 0 and [h, [ f , g]] +

[ f , [g, h]] + [g, [h, f ]] = 0.

Definition 2.5 (Weyl–Heisenberg Algebra). The Lie algebrahn, which is the vector spaceR2n+1 together

with product (Lie bracket) [·, ·] : hn × hn→ hn, given as

[
(µ, φ), (ν, ψ)

] def
= (0, η(µ, ν)) (2.8)

is called theWeyl–Heisenberg algebra(WH algebra).

That this property is really the local description of Definition 2.4can be shown with abstract exponen-

tiation but it will more instructive in a special representation and therefore postponed to section§2.1.3.

Furthermore, due to the bilinearity of the Lie bracket it is obviously sufficient to describe the algebra

by the action of [·, ·] on basis vectors. Considering the canonical basisdi = (ei , 0, 0), xi = (0, ei , 0) and

e = (0, 0, 1), where{ei}ni=1 is the standard basis inRn, the so–calledHeisenberg Commutation Relations

is given:
[

di , x j

]

= eδi j [xi , e] = [di , e] = 0 (2.9)

In mathematical physics this relation is sometimes also calledCanonical Commutation Relations(CCR)

andhn is also named CCR algebra. Summarizing, to obtain from a Lie algebra a representation of the

WH group equation2.9has to be fulfilled.

†The addition in the last component is taken to be mod 1. Otherwise this would yield the (fully) polarized Heisenberg group
with non-compact center.
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2.1.3 Matrix Representation of the Weyl–Heisenberg Group

The WH group can be represented as a group of upper triangularmatrices by (the group homomorphism)

H : Hpol
n →M(2n+ 1,R).

(µ, φ)→ H(µ, φ) =





1 µ1 φ

0 1n µT
2

0 0 1





where the group action is matrix multiplication. It is straightforward to check that (2.7) is fulfilled.

Considering the matricesh(µ, φ) := H(µ, φ) − 1 where 1 is understood as 1= 12n+1. They establish a

matrix representation ofhn with matrix commutator as Lie bracket. This can be seen by observing that

with h(µ, φ)2 = h(0, ζ(µ, µ)) andh(µ, φ)k = 0 for k > 2 it follows:

exph(µ, φ) =
∞∑

k=0

h(µ, φ)k

k!
= 1+ h(µ, φ) +

1
2

h(0, ζ(µ, µ)) = H(µ, φ +
1
2
ζ(µ, µ)) (2.10)

Thus, exp :h(hn)→ H(Hn) maps the WH algebra representation to the unpolarized WH group represen-

tation. The series expansion is finite‡. To return to the polarized Heisenberg group it remains finally to

transform

H(µ, φ) = H(0,−1
2
ζ(µ, µ)) · exph(µ, φ). (2.11)

Thus, the isomorphismHn ↔ Hpol
n simply is: (µ, φ) ↔ (µ, φ + 1

2ζ(µ, µ)). Furthermore, the inverse of

(µ, φ) in Hn is (µ, φ)−1 = (−µ,−φ). Considering again the canonical basisXi = h(xi),Di = h(di ) and

E = h(e) it follows

h(µ, φ) = φE + 〈µ1,D〉 + 〈µ2,X〉 (2.12)

with D = (D1, . . . ,Dn) andX = (X1, . . . ,Xn)§. The Heisenberg commutation relations read in matrix

representation now as:
[

Di ,X j

]

= Eδi j [Xi ,E] = [Di ,E] = 0 (2.13)

2.1.4 The Schr̈odinger Representation

In this section the relation between the displacement operatorsSµ and its exponential representations will

be demonstrated. This is achieved by introducing a further representationρ, the so calledSchrödinger

‡the elementsh(µ, φ) are nilpotent endomorphisms
§If not otherwise defined〈·, ·〉 is understood as abbreviation for〈c,D〉 = ∑n

k=1 ckDk. See for example (2.12) and (2.14)
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representation. In this picture the operatorsXn and Dn with

(Xn f )(x)
def
= xn f (x) (Dn f )(x)

def
=

1
2πi

(
∂

∂xn
f )(x)

will be (equivalent toxn anddn) setup the ”basis” representation for the Heisenberg Lie algebra. Further-

more, let define thatX
def
= (X1, . . . , Xn) andD

def
= (D1, . . . , Dn). Considered as operators on the Schwartz

classS(Rn) of infinite differentiable rapidly decreasing functions (see Definition1.3) these operators are

hermitian (with respect to (1.1) on page5). A more detailed discussion will be given later in lemma6.7

on page90. The skew-hermitian operators 2πiXn (generating translates of the Fourier transform), 2πi Dn

(generates translates) and 2πiE = 2πi (E is the identity operator) correspond tox, d ande, respectively.

They follow the Heisenberg commutation rules:

[2πi Dk, 2πiXl ] = 2πiδkl −→ [ Dk, Xl] =
1

2πi
δkl (2.14)

Hence, linear combinations of them fulfill the same Lie bracket (the commutator of linear operators) and

consequentlydρ is similar toh again a Lie algebra isomorphism for the Heisenberg algebra,given as

(µ, s)→ dρ(µ, s) = 2πi(s+ 〈µ1, D〉 + 〈µ2, X〉)

= i2πs+ π(〈µ1 − iµ2, a〉 − 〈µ1 + iµ2, a
∗〉)

(2.15)

wherea
def
= X + i D = (a1, . . . , an) anda∗

def
= X − i D = (a∗1, . . . , a∗n). The operatorsa anda∗ are called in

physicsannihilationandcreationoperators. Notice that from (2.14) it follows that [a, a∗] = 2i[ D, X] =

1
π . The well–known action of eachak anda∗k on Hermite functionshn is given by

akhn =

√

n
π

hn−1 a∗khn =

√

n+ 1
π

hn+1 (2.16)

whereh0(x) = 2
1
4 e−πx2

is the Gaussian andakh0 = 0. Without difficulties,µ = (µ1, µ2) ∈ R2n can also be

considered asµ1+ iµ2 ∈ Cn. With this convention (2.15) readsdρ(µ, s) = i2πs+π(〈µ, a〉− 〈µ, a∗〉). Anal-

ogous to (2.10), the Schrödinger representation ofHn is obtained formally via exponentiationρ(µ, s) =

exp(dρ(µ, s)), i.e.

ρ(µ, s) = exp(2πi(s+ 〈µ1, D〉 + 〈µ2, X〉))

= exp(i2πs) · exp(π(〈µ, a〉 − 〈µ, a∗〉))
(2.17)
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These irreducible representations are unique up unitary transformations, as stated by theStone–von Neu-

manntheorem (vN31). The following properties can be found

ρ(µ, s)∗ = ρ(µ, s)−1 = ρ(−µ,−s) (2.18a)

ρ(µ, s)ρ(ν, t) = e−iπη(µ,ν)ρ(ν, t)ρ(µ, s) = eiπη(µ,ν)ρ(µ + ν, s+ t) (2.18b)

So it remains to illustrate the action of the formally (by exponentiation) introduced operatorsρ(µ, s) on

functions f ∈ S(Rn), which will establish the link to the displacement operators Sµ given before.

Theorem 2.6. The displacement operatorsSµ(α) have onS(Rn) the exponential representation

Sµ(α) = ei2παζ(µ,µ)ρ(i1µ, 0)

= ei2παζ(µ,µ) exp(i2π(〈µ2, X〉 − 〈µ1, D〉))

= ei2παζ(µ,µ) exp(π(〈µ̄, a∗〉 − 〈µ, a〉))

(2.19)

where i1 is the reflection of first componentsµ1 of µ as already defined within (2.4e).

The proof is given according to the lines in (Fol89).

Proof: Let g(·, t) def
= ρ(tµ, ts) f . Due toρ(0, 0) = 1 it follows thatg(·, 0) = f (·). Then the equation:

∂g
∂t
= dρ(µ, s)g = 2πi(s+ 〈µ1, D〉 + 〈µ2, X〉)g (2.20)

is a partial differential equation forg with initial condition g(·, 0) = f (·). Observing that forh(t)
def
=

g(y− µ1t, t) the total derivative ofh is related to the directional derivative ofg along (−µ1, 1), i.e.

dh
dt
= 〈∇, (−µ1, 1)〉g = −i2π〈µ1, D〉g+ ∂g

∂t
(2.20)
= i2π(s+ 〈µ2, X〉)h = i2π(s+ 〈µ2, y− µ1t〉)h

(2.21)

where∇ = (∂/∂x1, . . . , ∂/∂xn, ∂/∂t) andX = x = y−µ1t. This ordinary differential equation forh(t) with

h(0) = g(y, 0) = f (y) can be directly integrated, which is

h(t) = exp
(

i2π(st+ 〈µ2, y〉t) − iπt2〈µ2, µ1〉
)

f (y) = g(y− µ1t, t) (2.22)
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For t = 1 ands= 0 it follows:

g(x, 1) = (ρ(µ, 0) f )(x) = exp(i2π〈µ2, x〉 + iπ〈µ2, µ1〉) f (x+ µ1)

= eiπ〈µ2,µ1〉(Si1µ f )(x) = eiπζ(µ,µ)(Si1µ f )(x)
(2.23)

Similarly, (2.23) and (2.5) gives the equivalent relationSµ(α) = ei2παζ(µ,µ)ρ(i1µ, 0) due to (i1)2 = 1.

q.e.d.

Note, that usingα–generalized shifts from (2.5), it follows Sµ(0) = ρ(i1µ, 0). Hence there are two

differences betweenρ(·, 0) andS(·). Firstly – the so calledpolarization in the Weyl–Heisenberg group

(α = 0 andα = 1/2) (see as also (2.11)), which produce the factoreiπζ(µ,µ). Secondly –Sµ uses the

η–coupling ofµ with T = (X, D) whereρ(µ, 0) usesξ–coupling, which is reflected by the mappingi1,

i.e.

Sµ(0) = expi2πη(µ,T) ρ(µ, 0) = expi2πξ(µ,T) (2.24)

2.1.5 Discrete Weyl–Heisenberg Groups

In the following section the finite-dimensional counterparts of Sµ are briefly introduced. They will be

needed later on for the implementation of optimization algorithms. Hence,CnL as the underlying Hilbert

space has to be considered. For simplicity only the casen = 1 will be shown. The extension to multi–

dimensional finite phase spaces is straightforward. Linearoperators are now represented byL × L com-

plex matrices (byM(L,C)) and the discrete analogon to the continuous case is a setupwith L possible

configurationsn ∈ ZL. Thus, all of them are represented by some ONB{en}n∈ZL for the Hilbert spaceCL.

Further let⊕ be addition inZL, thus addition moduloL. ThenSµ can be defined by its action onto basis

vectors via

Sµen = ωn(µ2)en⊕µ1 (2.25)

whereωn : ZL → T, defined asωn(x) = ei2π〈n,x〉/L. Obviously, it holdsωn · ωm = ωn⊕m. Let Z̃L =

{ωn |n ∈ ZL}. Then both, (ZL,⊕) and (̃ZL, ·) are abelian groups, i.e. the discrete versions of time and

frequency shifts. (̃ZL, ·) is called thedual groupof (ZL,⊕). The setZL × Z̃L, clearly isomorphic toZ2
L,

is then called as finite phase space. The group itself is also often called generalized Pauli group. The

matrix representations ofSµ in the chosen basis is then〈em, Sµen〉 = δm,n⊕µ1e
i2πµ2n/L.

The operators{Sµ}µ∈Z2
L

establish an ONB forM(L,C) with respect to the (normalized) Hilbert–
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Schmidt inner product〈x, y〉 = 1/L · Tr x∗y. Together withS0 = 1 andSµSν = e−i2πη(µ,ν)/LSµ+ν these basis

constructions are also callednice error bases(KR02) which are fundamental in quantum error correcting

codes and also classical coding and sequence design (HCM+05).

2.2 Time Frequency Analysis

2.2.1 Wigner and Ambiguity Functions

In the previous sections the internal group structure of thedisplacement operatorsSµ has been investi-

gated. These operators are considered in an abstract manner. However, in practical applications one is

typically confronted with observable quantities only, forexample like observing the frequency content

of a given signal using a certain filter or measuring the expected position from a given quantum wave

function. This is achieved by considering sesquilinear (hermitian) form representations. However, a lot

of different definitions exists in literature which are mainly caused by various forms of polarizations of

Weyl–operators (governed by the factorα in Sµ(α)). The following section is dedicated to the funda-

mentals of time–frequency analysis and phase space description. It relates the cross ambiguity function

Agγ used in this work to other representations like for example the Wigner distribution and Woodward’s

definition of cross ambiguity function. In doing this,F −1 has to be used partially. To make deriva-

tions simple most calculations are therefore not extended beyondS(Rn). In the first lemma all relevant

representations are characterized:

Lemma 2.7. Let R(γ, g) : R2n → C be the following sesquilinear tensor construction from functionsγ

and g

R(γ, g)
def
= UR(γ ⊗ g) (2.26)

with some unitary operator UR. Then it follows

〈R(γ1, g1),R(γ2, g2)〉 = 〈γ1 ⊗ g1, γ2 ⊗ g2〉 = 〈γ1, γ2〉〈g1, g2〉 (2.27a)

‖R(γ, g)‖22 = ‖γ‖22‖g‖22 (2.27b)

〈gi , γ j〉 = δi j ⇔ 〈R(γi , γm),R(g j , gn)〉 = δi j δmn (2.27c)

{γi}i∈J, {g j} j∈J are ONB’s forL2(Rn)⇒ {R(γi , g j)}i, j∈J is ONB forL2(R2n) (2.27d)

g(µ2) , 0⇒ γ =
1

ḡ(µ2)
(U−1

R R(γ, g))(·, µ2) (2.27e)
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Proof: Equation (2.27a) follows from the unitarity ofUR, thus

〈UR(γ1 ⊗ g1),UR(γ2 ⊗ g2)〉 = 〈γ1 ⊗ g1, γ2 ⊗ g2〉 = 〈γ1, γ2〉〈g1, g2〉

which is sometimes called Moyal’s identity. From this follows straightforward (2.27b) and (2.27c). Thus,

biorthogonality of{gi}i∈J and{γi}i∈J translated to biorthogonality of{R(γi , γm)}i,m∈J and{R(g j , gn)} j,n∈J.

For the proof of (2.27d) see for example (RS72, Ch. II.4). The inversion formula (2.27e) can be directly

obtained from (2.26). q.e.d.

The relevant representations for this work are obtained using the measure–preserving mappingτα ∈

M(2n,R) implementingR2n ∋ (x, y) → (x + (1/2 − α)y, x − (1/2 + α)y). Let identify τα and i1, i2, r as

introduced within (2.4e) also with its corresponding unitary operators. For example rF is understood as

(rF )(x, y) = (F ◦ r)(x, y) = F(y, x). Further, it follows thatik = F 2
k whereFk is the Fourier transform

in the first (k = 1) respective second (k = 2) half of the components. Then the probably most important

candidates of (2.26) are the Wigner–like functions of the form

W(α)(γ, g)(µ)
def
= (F2ταγ ⊗ g)(µ) =

∫

γ(µ1 + (
1
2
− α)x)g(µ1 − (

1
2
+ α)x)e−i2π〈µ2,x〉dx (2.28)

According to (Koz96; Koz92) the functionsW(α)(γ, g) will be calledα–generalized Wigner distributions

whereW(0)(γ, g) is known ascross Wigner distributionandW(0)(g, g) the originally quadratic Wigner

distribution proposed by E. Wigner (Wig32). Another example is Woodward’sradar ambiguity function¶

(Woo64), given with the sameα–generalization as

A(α)(γ, g)(µ)
def
= (rF1ταγ ⊗ g)(µ) =

∫

γ(x+ (
1
2
− α)µ1)g(x− (

1
2
+ α)µ1)e−i2π〈µ2,x〉dx (2.29)

Note thatA(α)(γ, g) = i1i2A(α)(g, γ). Forα = 0 Wigner and ambiguity function are related by

W(0)(γ, g)(µ) = 2nA(0)(γ, g−)(2µ) (2.30)

whereg−(x) = g(−x). But further there is the following interesting relation:

Lemma 2.8. The function W(α)(γ, g) andA(α)(γ, g) are connected by symplectic Fourier transformFs
def
=

F −1
1 rF1, i.e.

W(α)(γ, g) = FsA(α)(γ, g) (2.31)

¶Mainly historically motivated is the difference between the classicalradar ambiguity functionA(α)(γ,g) and the later
definedcrossambiguity functionAgγ.
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Proof: With r2 = 1 the first part of (2.29) can be written asταγ ⊗ g = F −1
1 rA(α)(γ, g). Putting this

together with (2.28) gives

W(α)(γ, g) = F2ταγ ⊗ g = F2F −1
1 rA(α)(γ, g) = F −1

1 rF1A(α)(γ, g) = FsA(α)(γ, g) (2.32)

where also the ruleF2 = rF1r was used. q.e.d.

Explicitely written, thesymplectic Fourier transformFs of a functionF : R2n→ C reads

(FsF)(ν) = (F −1
1 rF1F)(ν) =

∫

e−i2πη(µ,ν)F(µ)dµ (2.33)

The inner product representation ofρ(µ, 0) is given by the Fourier–Wigner transform (Fol89), which is

in the proposedα–generalization given asi2rF1ταγ⊗ g
α=0
= 〈g, ρ(·, 0)γ〉. For this work, the inner product

representation ofSµ(α) is more important, which is:

Definition 2.9 (Cross Ambiguity Function). The inner product representationA(α)
gγ of the displacement

operatorsSµ(α), i.e.

A(α)
gγ (µ)

def
= 〈g, Sµ(α)γ〉 =

∫

g(x+ (
1
2
− α)µ1)γ(x− (

1
2
+ α)µ1)ei2π〈µ2,x〉dx (2.34)

will be called theα–generalized cross ambiguity function ofg andγ. In particular for the caseα = 1/2

the functionAgγ(µ) = A(1/2)
gγ (µ) = 〈g, Sµγ〉 will be calledcross ambiguity function. If Agγ fulfills

Agγ(µ) = A[1]
gγ (µ1)A[2]

gγ (µ2) = (A[1]
gγ ⊗ A[2]

gγ )(µ) (2.35)

for two functionsA[·]
gγ : Rn→ C, it is calledseparable.

Note again that both definition of ambiguity functions (2.29) and (2.34) are closely related by

A(α)
gγ = i1i2rF1ταγ ⊗ g = i1i2A(α)(γ, g) = A(α)(g, γ) (2.36)

It is straightforward to show that the cross ambiguity function of Gaussians is separable. Also cyclic

prefix based OFDM signaling is partially separable as shown in §4.2.1.
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2.2.2 Spreading Representation of Hilbert–Schmidt Operators

In the previous section it was shown that inner product representation ofSµ yields local phase space

description of functions. The same can be repeated for Hilbert–Schmidt operators, too. For simplicity

the analysis will be restricted to this class of operators avoiding the concept of distributions. With a

distributional approach it is possible in include several important limits like the identity. However, the

focus should be here only on the basic principles to describe”pure”‖ doubly–dispersive channels later on.

The corresponding underlying Hilbert space will beL2(Rn), such thatTp := Tp(L2(Rn)). For any trace

class operatorH ∈ T1 ⊆ T2 there holds due to properties of the trace|Tr (XH)| ≤ ‖H‖1‖X‖. Hence for

X = Sµ(α) given by (2.5) one can define a mappingF(α) : T1 → L2(R2n) in analogy to ordinary Fourier

transform (DG80; GH78) via

(F(α)
H)(µ)

def
= Tr (S∗µ(α)H) = 〈Sµ(α),H〉T2 (2.37)

Note that (F(α)H)(0) = Tr H and |(F(α)H)(µ)| ≤ ‖H‖1. The functionF(α)H ∈ L2(R2n) is some-

times called the ”non–commutative” Fourier transform∗∗ (Hol82), characteristic function, inverse Weyl

transform (Wey32) or α–generalizedspreading functionofH (Koz96; Koz92).

Theorem 2.10(Spreading Representation). LetH ∈ T2. Then it holds

H =

∫

(F(α)
H)(µ)Sµ(α)dµ =

∫

〈Sµ(α),H〉T2Sµ(α)dµ (2.38)

where the integral is meant in the weak sense.

The extension toT2 is due to continuity ofF(α) and density ofT1 in T2. A complete proof of

this theorem can be found for example in (Hol82) for the caseα = 1/2. Theα–extension is similar.

Furthermore, the following important shift–property

(F(α) Sµ(β)HS∗µ(β))(ν) = e−i2πη(µ,ν)(F(α)
H)(ν) (2.39)

can be verified easily using (2.5) and (2.4b). ForH ,X ∈ T2 the following Parceval-like identity

Tr (X∗H) = 〈X,H〉T2 = 〈F(α)X,F(α)
H〉 (2.40)

‖Without considering limits like single-dispersive channels.
∗∗However, note that there exists other notions of ”non–commutative” Fourier transforms in literature.
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holds and is sometimes also calledWeyl Calculus. As a consequence, the Hilbert–Schmidt norm ofH is

theL2–norm of its spreading function, i.e.‖H‖2 = ‖F(α)H‖2. In particular it follows that any rank–one

operator, given byX = 〈γ, ·〉g whereg, γ ∈ L2(Rn), has a spreading function:

F(α)X = Tr S∗µ(α)X = 〈γ, S∗µ(α)g〉 = A(α)
gγ

(2.36)
= A(α)(g, γ) (2.41)

such that for example eq. (2.40) reads

Tr (X∗H) = 〈g,Hγ〉 = 〈A(α)
gγ ,F

(α)
H〉 (2.36)

= 〈A(α)(g, γ),F(α)
H〉 (2.42)

The spreading function of the composition ofX,Y ∈ T2 is given by the so called (non-abelian)twisted

convolutionof the spreading functions ofX andY. Hence, let bex = F(α)X andy = F(α)Y. Then it

follows

F(α)(XY)(ρ) = 〈Sρ(α),XY〉T2 =

∫

x(µ)〈Sµ(α)∗Sρ(α),Y〉T2dµ

(2.5),(2.4c)
=

∫

x(µ)e−i2π((α+1
2)ζ(µ,ρ)+(α−1

2)ζ(ρ,µ)−2αζ(µ,µ))〈Sρ−µ(α),Y〉T2dµ

=

∫

x(µ)y(ρ − µ)e−i2π((α+1
2)ζ(µ,ρ)+(α−1

2)ζ(ρ,µ)−2αζ(µ,µ))dµ
def
= (x ♮ φy)(ρ)

(2.43)

The operation♮ φ will be called a convolution with ”twist”φ, given as

φ = 2π((α +
1
2

)ζ(µ, ρ) + (α − 1
2

)ζ(ρ, µ) − 2αζ(µ, µ))

= 2π((α +
1
2

)ζ(µ − ρ, ρ) + (α − 1
2

)ζ(ρ, µ − ρ))
(2.44)

In particular forα = 0 this is known as twisted convolutionφ = −iπη(µ, ρ) which, indeed, is again related

to the symplectic structure. The conventional convolutionis embedded as♮ 0. Furthermore, expanding

exp(iφ) in µ as a Taylor series, it reveals that twisted convolutions areweighted sums of♮ 0–convolutions

(Fol89), where each term can be related to moments ofx andy.

2.2.3 Weyl Correspondence and Quantization

Recalling that any Hilbert–Schmidt operatorX can be represented by the non–commutative Fourier trans-

form F(α)X, i.e. a functionF(α)X : R2n→ C. With the symplectic Fourier transform ofF(α)X, as defined

in (2.33), the relation:

L(α)
X = FsF(α)X (2.45)
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establishes a correspondence between the ordinary function L(α)
X on phase space and an operatorX which

is forL2(R2n) ↔ T2 an unitary isomorphism (Poo66). In physics this two-step procedure is calledWeyl

quantization(Wey32), i.e. a mapping from a classical phase space distribution to its Hilbert Schmidt

operator being the quantum mechanical counterpart. The function L(α)
X is calledgeneralized Weyl symbol

of X (Koz92). The original Weyl symbol isL(0)
X . The casesα = 1/2 andα = −1/2 are also known as

Kohn–Nirenberg symbol (or Zadeh’s time–varying transfer function) and Bello’s frequency–dependent

modulation function (Bel63). Using Parceval identity forFs Equation (2.40) extends now to

〈X,Y〉T2 = 〈F(α)X,F(α)Y〉 = 〈L(α)
X , L(α)

Y 〉 (2.46)

for X,Y ∈ T2 and consequentially for‖X‖2 = ‖F(α)X‖2 = ‖L(α)
X ‖2. For X = 〈γ, ·〉g it follows again from

Lemma2.8

L(α)
X = FsF(α)X

(2.41)
= FsA(α)(g, γ)

(2.31)
= W(α)(g, γ) (2.47)

Hence, cross Wigner functions are the Weyl symbols of rank-one operators. Of particular interest in

this field is to know to what extent certain operations between operators can be described in terms of

their Weyl symbols and how strong the Weyl symbol itself is related to eigenvalue distributions. Most of

these results are connected to the so called multiplicativesymbol calculus. Conventional convolution of

spreading functions would yield exactlyL(α)
XY = L(α)

X L(α)
Y . However for ♮ φ–convolution (given in (2.43))

this is not the case. Using Hausdorff–Young inequality with sharp constantscq by Beckner (Bec75) and

Babenko it follows for 2≤ p ≤ ∞ :

‖L(α)
XY− L(α)

X L(α)
Y ‖p = ‖Fs(x ♮ φy) − (Fsx)(Fsy)‖p = ‖Fs(x ♮ φy− x ∗ y)‖p

≤ c2n
q ‖x ♮ φy− x ∗ y‖q

(2.43)
≤ 2c2n

q ‖F‖q
(2.48)

where x and y are the spreading functions ofX and Y and F(ρ) =
∫

|x(µ)y(µ − ρ) sin(φ/2)|dµ. The

constants are given bycq = q1/(2q) p−1/2p with c1 = c∞ = 1. This will be again important for Lemma4.5

in Chapter4 on page55.



Chapter 3

Weyl–Heisenberg Frames and Bases

3.1 Frames and Riesz Bases

In the following a separable Hilbert spaceV overK is considered with an inner product〈·, ·〉V and the

induced norm‖ f ‖2
V

def
= 〈 f , f 〉V. In generalK will be C or R andV will be L2(R) or Cn. Further let

l2(J) the space of square summable sequence indexed byJ with values inK having the finite norm

‖c‖l2(J) =
∑

j∈J |c j |2 < ∞.

3.1.1 Bessel Sequences and Frames

Definition 3.1. Let M = { fn}n∈J ⊂ V be a countable sequence (a family) of vectors inV, J be an index

set andR ∋ AM, BM ≥ 0 be such that

AM‖ f ‖2V ≤
∑

j∈J
|〈 f j , f 〉V|2 ≤ BM‖ f ‖2V (3.1)

holds for all f ∈ V. If BM < ∞ the sequenceM is called aBessel sequence. The minimal possible

constantBM is called theBessel boundof M. If AM > 0 the sequence calledHermite sequence. If

0 < AM ≤ BM < ∞ M is called aframeand the optimal constants are called the frame bounds.

In this work in generalAM and BM are assumed to be the tightest possible ones. The concept of

frames was originally introduced by Duffin and Schaeffer in the study of non–harmonic Fourier series

(DS52). The notion of frames can be generalized to non-countable measure spaces (Kai94) but in this

work it is sufficient to considerl2(J) only.

23
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This definition gives rise to associate toM the following positive operatorSM : V→ V defined as

SM
def
=

∑

j∈J
〈 f j , ·〉V f j =

∑

j∈J
‖ f j‖2VΠ j (3.2)

whereΠ j : V→ V are the orthogonal (rank–one) projections ontof j (see Definition1.7). Equation (3.1)

can be written then as

AM1 ≤ SM ≤ BM1 (3.3)

which means thatSM − AM1 andBM1− SM are positive operators. IfM establishes a frame (0< AM ≤

BM < ∞) the positive operatorSM is called theframe operatorof M. It is convenient to separateSM

into an synthesis and analysis operation∗ , i.e.

Definition 3.2. The synthesis operator TM andanalysis operator T∗M which are related toM are defined

as

TM : l2(J) ∋ c→
∑

i∈J
c j f j ∈ V

T∗M : V ∋ f → {〈 f j , f 〉} j∈J ∈ l2(J)

(3.4)

wherec = {c j} j∈J is a sequence with values inK.

With M being a Bessel sequence,T∗M andTM are bounded operators with‖T∗M‖ = ‖TM‖ =
√

BM and

the convergence ofTMc→ f is unconditionally. Using the definition ofTM andT∗M the operatorSM is

then

SM = TMT∗M (3.5)

Hence for Bessel sequencesSM is a bounded operator and ifAM > 0 it has a bounded inverseS−1
M .

3.1.2 The Inverse ofSM and Dual Frames

For M being a frameSM andS−1
M are bounded operators which is needed for reliable signal composition

and decompositions, i.e. it will hold similarly

1
BM

1 ≤ S−1
M = (TMT∗M)−1 ≤ 1

AM
1 (3.6)

∗Sometimes in literature also these operators are called frame operators
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In this case one can definẽM = S−1
M M = { f̃ j} j∈J which fulfills:

1 = S−1
M SM = S−1

M

∑

j∈J
〈 f j , ·〉 f j =

∑

j∈J
〈SMS−1

M f j , ·〉S−1
M f j =

∑

j∈J
〈S−1

M f j , ·〉S−1
M f j SM

=
∑

j∈ j

〈 f̃ j , ·〉 f̃ jSM = SM̃SM

(3.7)

HenceM and M̃ provide a resolution of the unity. But there could exists many otherdual framesthat

can do so. The choicẽM – calledcanonical dual frame– minimizes for a givenx ∈ V theℓ2–norm of

the expansion coefficientsT∗
M̃

x = {〈 f̃i , x〉}i∈J (Kai94). Due to‖1 − 2SM
AM+BM

‖ < 1, S−1
M has a convergent

v. Neumann series (Dau92). where the convergence rate seriously depends on the tightness ofM, i.e.

on the ratioAM/BM. For frames with more structure other inversion algorithmsare preferable as will be

shown for Weyl–Heisenberg (Gabor) frames. Given the canonical dualM̃ of M other dualsM̃1 can be

found (CE04) with help of another Bessel sequence{h j} j∈J via f̃ 1
k = f̃k + hk −

∑

j∈J〈 f̃k, f j〉h j , because

∑

k∈J
〈 f̃ 1

k , ·〉 fk =
∑

k∈J
〈 f̃k, ·〉 fk +

∑

k∈J
〈hk, ·〉 fk −

∑

j∈J
〈h j , ·〉

∑

k∈J
〈 f̃k, f j〉 fk

︸         ︷︷         ︸

f j

=
∑

k∈J
〈 f̃k, ·〉 fk (3.8)

3.1.3 Tight Frames

An important case arises if 0< AM = BM. In this case the frameM is calledtight and it is straightforward

that SM = BM1 andSM̃ = S−1
M =

1
BM

1. Note that the dual of a tight frame is up to its normalization

the frame itself, i.e.BM f̃ j = f j. Such a frame is sometimes also called a Parseval frame, because the

following Parseval type equation

BM‖ f ‖2V =
∑

j∈J
|〈 f j , f 〉V|2 = ‖T∗ f ‖2l2(J) (3.9)

holds for all f ∈ V. Furthermore a tight frame establishes a weighted projection valued decomposition

of the unity, i.e.

1 =
1

BM
SM

(3.2)
=

∑

j∈J

‖ f j‖2V
BM
Π j (3.10)

Given a frameM it is of considerable importance to know how to obtain a tightframe. Similarly as for

dual frames the associated (canonical) tight frameM◦ can found as follows.

Proposition 3.3. Given a frame M= { f j} j∈J with frame operator SM the set M◦ = {S−
1
2

M f j} j∈J establishes

a tight frame with frame bounds AM◦ = BM◦ = 1.
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Proof: Let SM◦ the frame operator ofM◦. Then it follows

SM◦ =
∑

j∈J
〈S−

1
2

M f j , ·〉VS
− 1

2
M f j = S

− 1
2

M





∑

j∈J
〈 f j , ·〉V f j




S
− 1

2
M = S

− 1
2

M SMS
− 1

2
M = 1

q.e.d.

A series which converges toS
− 1

2
M can be found in (DJJ91). Among all tight frames the canonical tight

frameM◦ solves:

minimize
∑

j∈J
‖ f j − f ◦j ‖22 (3.11)

whenever|J| < ∞ and it is symmetric under permutation of elements. Therefore it is also calledsymmet-

ric approximationof tight frames to a given frame (FPT02).

Remark 3.4 (Relation to Welch Inequalities). Consider ford < ∞ the spaceV = Cd andn := |J| < ∞.

Let 1d thed × d identity matrix. Obviously it is‖SM‖1 = Tr SM = Tr GM = ‖GM‖1 where‖·‖p are the

pth Schatten norms according to Definition1.8. It follows from the Hölder–type inequality of Schatten–

norms (1.8) that

‖SM‖1
(1.8)
≤ ‖1d‖p · ‖SM‖q = d1/p · ‖SM‖q (3.12)

with equality if and only ifSM = BM ·1d, thus ifM is a tight frame forV. For p = q = 2 this is equivalent

to:
‖SM‖22
‖SM‖21

=

∑

i, j∈J |〈 fi , f j〉V|2

(
∑

j∈J‖ f j‖2V)2
≥ 1

d
(3.13)

because‖SM‖1 =
∑

j∈J‖ f j‖2V and‖SM‖22 =
∑

i, j∈J |〈 fi , f j〉V|2. This inequality is also known asGeneralized

Welch Inequality(Wal03) giving a lower bound on the maximal cross correlation:

max
i, j
|〈 fi , f j〉V|2 ≥

(∑

j∈J‖ f j‖2V
)2
/d −∑

j∈J‖ f j‖4V
n2 − n

(3.14)

with equality if |〈 fi , f j〉V|2 = c (the rhs of the last equation) for alli , j. If ‖ f j‖V = 1 for all j ∈ J and

n ≥ d the previous inequalities read also as:

∑

i, j∈J
|〈 fi , f j〉V|2 ≥

n2

d
and max

i, j
|〈 fi , f j〉V|2 ≥

n− d
d(n− 1)

(3.15)

which are known asWelch bounds(Wel74). Sequences{ f j} j∈J which achieve equality in left term of

(3.15) are normalized tight frames and also called ”Welch–bound equality” (WBE) sequences in the

context of CDMA. The equality case for the right side of (3.15) is a further structural property which can
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not be fulfilled for eachd andn. For example it is necessary to haven ≤ d2 (DJS75). Because the ”angle

set” is {|〈 fi , f j〉|}i, j = {
√

c} in the case of equality in (3.15), the sets are also calledequiangular(SH03)

or MWBE sequences (Sar99). Thus, the largest set with equality in (3.15) is for n = d2 and then follows

c = 1/(d + 1). This setting is also known as SIC–POVM (see also the Remark 5.6 in Chapter5) and

more interestingly all known analytic construction have the (coherent) Weyl–Heisenberg structure given

in Section3.3 later on.

3.1.4 Riesz Bases

The concept of frames gives rise to ”stable”, redundant representations of function for a given space.

One may ask now, how many elements can be removed from a given frame such that the remaining set

still establishes a frame. It is expected that the redundancy will be removed and a so calledexact frame

remains which agrees with the notion ofRiesz bases. Furthermore – by embedding – frames can be seen

as a compression of Riesz basis in higher Hilbert spaces (HL00), i.e. tight frames are compressions of

ONB’s.

For dim(V) < ∞ the concept of bases is only related to completeness and linear independence.

However, for infinite dimensional, separableV there remains the question of convergence of representing

sums. But first of all for a given setM ⊂ V of vectors one can define:

Definition 3.5 (Gram matrix). Given TM as in Definition3.2 for M ⊂ V. Then the operatorGM :

l2(J) → l2(J) given asGM = T∗MTM is called the (possibly infinite)Gram matrixof M with elements

(GM)i j = 〈 fi , f j〉V wherei, j ∈ J.

Hence, a Bessel sequenceM implies a bounded Gram matrix,‖GM‖ = BM. To ensure further a

bounded inverse the concept of Riesz bases is needed.

Definition 3.6 (Riesz basis). If the family M = { fn}n∈J ⊂ V fulfills for c = {c j} j∈J ∈ l2(J) and 0< aM ≤

BM < ∞

aM‖c‖2l2(J) ≤ ‖
∑

j∈J
c j f j‖2V = ‖TMc‖2

V
≤ BM‖c‖2l2(J) (3.16)

M is called aRiesz basisfor its span (forspanM). The most tightestaM andBM are also referred as Riesz

bounds.

Riesz bases are unconditional bases, hence the convergenceof
∑

j∈J c j f j is independent of the order

of the summands. If span(M) is dense inV it is a Riesz basis forV. Using

‖TMc‖2l2(J) = 〈TMc,TMc〉l2(J) = 〈c,T∗MTMc〉l2(J) = 〈c,GMc〉l2(J) (3.17)
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i.e. condition (3.16) could be rewritten again in terms of the Gram matrixGM

aM1 ≤ GM ≤ BM1 (3.18)

which means thatGM − aM1 andBM1−GM are positive semi-definite matrices. Hence for a Riesz basis

the Gram matrix is a bounded operator with bounded inverse.

3.1.5 The Inverse ofGT
M and Dual Bases

Definition 3.7 (Biorthogonality). A family M̃ = { f̃i}i∈J ⊂ V which fulfills 〈 f̃i , f j〉V = δi j for all f j ∈ M

whereM = { fk}k∈J is calledbiorthogonalto M.

Hence, to each Riesz basis corresponds a biorthogonal Rieszbasis, which can be obtained as follows.

Let f̃n =
∑

m∈J Lnmfm whereL = (Lnm)n,m∈J is some invertible matrix. Then

〈 f̃n, fk〉V =
∑

m∈J
Lnm〈 fm, fk〉V =

(

LGM

)

nk

!
= δnk (3.19)

or equivalentlyLGT
M = 1. BecauseGM is bounded from below byaM > 0, L = GT

M
−1 exists and is a

bounded operator, i.e. the following definition of the (dual) biorthogonal Riesz basis

f̃n =
∑

m∈J

(

GT
M
−1

)

nm
fm (3.20)

make sense.

3.1.6 Orthogonal Bases

Similar to the role of tight frames in (3.1) orthogonal bases achieve equality (3.16).

Definition 3.8 (Orthogonal and orthonormal bases). A Riesz basisM◦ = { f ◦j } j∈J with Riesz boundsaM◦

andBM◦ is anorthogonal basisfor its span ifaM◦ = BM◦ > 0. If further ‖ f ◦j ‖2 = 1 for all j ∈ J the Riesz

basisM◦ is calledorthonormal basis(ONB) for its span and it isaM◦ = BM◦ = 1.

It is possible to combine from a given Riesz basisM = { f j} j∈J an orthogonal basisM◦, i.e. let

f ◦n =
∑

m∈J Lnm fm where againL = (Lnm)n,m∈J is some invertible matrix, with elements inK. Then

〈 f ◦n , f ◦k 〉V =
∑

m,l∈J
LnmLkl〈 fm, fl〉V =

(

LGMLT
)

nk

!
= δnk (3.21)
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Thus the condition isLGMLT = 1 or equivalently (GT)−1 = L∗L because the inverse exists and is

bounded. But the matrixL, which fulfills the latter condition, is obviously not unique. There are several

procedures giving an orthogonal basis related toM. FromGM > 0 it follows that it can be diagonalized

by unitariesGT
M = UDU∗ such thatD is element-wise positive on its diagonal. The constructionL =

(

GT
)− 1

2 def
= UD−

1
2 U∗ goes back to Löwdin (Löw50) and Schweinler and Wigner (HS70; SCS99) and

follows for the finite dimensional case straightforward also from polar decomposition. In Wavelet- and

frame literature this construction is often calledcanonical orthogonalization, i.e.

f ◦n =
∑

m∈J

(

GT
M
− 1

2

)

nm
fm (3.22)

Nowadays this method is also known assymmetric orthogonalization(FPT02) and solves the problem

minimize
∑

j∈J
‖ f j − f ◦j ‖22 (3.23)

over all possible ONB’s{ f ◦j } j∈J whenever|J| < ∞. It is calledsymmetricbecause it is unlike Gram–

Schmidt procedure symmetric under permutations of elements.

Remark 3.9. For M being an ONB for its span it is straightforward to see thatSM is orthogonal projector

with range span{M}.

3.2 Coherent families

Coherent families are commonly understood as a set of vectors (functions)M = { f j} j∈J ⊂ V obtained

via a setG
def
= {U j} j∈J of transformationsU j : V → V applied on a single vector† f ∈ V, i.e. f j = U j f .

The probably most important case is ifG is a set of unitary operators, i.e.‖ f j‖2V = ‖ f ‖2V = 〈 f , f 〉V for all

j ∈ J. It is common to fix the norm‖ f ‖V = 1 and to considernormalizedfamilies. Equation (3.2) reads

then

SM =
∑

U∈G
UΠU∗ (3.24)

whereΠ being the projector onf . Furthermore, letG represent the quotient of an irreducible group

representationG⋆ with its centerc(G⋆), i.e. G = G⋆ \ c(G⋆). The elementsξ ∈ c(G⋆) are scalars, called

multiplier ofG⋆, with ξ∗ξ = 1, i.e. elements fromT (a projective representation). This coherent structure

implies several symmetries in{U f }U∈G which can be used for the calculation of the canonical families.

†Common names forf are fiducial, generating vector or in the case of ONB’s wandering vector
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The application of projective group representations in this context can be found in (Chr93; Chr96). The

following is only a short introduction adapted to the intention of this work.

3.2.1 Coherent Frames

Frames obtained from unitary systemsG are called also uniform frames. The following theorem follows

if G is a projective (unitary) representation.

Theorem 3.10. Let M = {U f }U∈G ⊂ V be a coherent Bessel family of vectors inV. M is generated

from a fiducial vector f∈ V by unitary projective representations G= G⋆ \ c(G⋆). Then the (bounded)

operator SM commute with all V∈ G, i.e. SMV = VSM.

Proof: For all V ∈ G follows

SMV =
∑

U∈G
UΠU∗V = V

∑

U∈G
V∗UΠU∗V = V

∑

U∈G
(V∗U)Π(V∗U)∗ (3.25)

The sums make sense due to boundedness ofSM. Now there existsξ(V,U) ∈ c(G⋆) (called the co-cycle)

such thatξ(V,U)V∗U = Ũ ∈ G becauseU,V ∈ G = G⋆ \ c(G⋆). The representations are unitary and

irreducible, thereforeξ(V,U) ∈ T.

SMV = V
∑

Ũ∈G
ξ(V,U)∗ξ(V,U)ŨΠŨ∗ = V

∑

Ũ∈G
ŨΠŨ∗ = VSM (3.26)

Hence, finally this was only a permutation of the summands. q.e.d.

During writing this thesis, the results in (Han03) were observed, where this property is more generalized

in the context of von Neumann algebras. In their terminologythis can be formulated as: the operator

SM is in the commutant of the von Neumann algebra generated byG. As a consequence of Theorem

3.10 it follows from the spectral theorem that for a functionF which is continously on the spectrum

of SM, F(SM)V = VF(SM) holds. The generation of canonical dual and tight frames simplifies now

significantly by using the projective group structure.

Corollary 3.11. If M = {U f }U∈G ⊂ V is a coherent frame inV generated from fiducial vector f∈ V by

unitary projective representations of G= G⋆ \ c(G⋆). Then the canonical dual and tight frame are given

as

M̃ = {US−1
M f }U∈G M◦ = {US

− 1
2

M f }U∈G (3.27)
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Thus there are coherent frames generated by fiducial vectorsf̃ = S−1
M f and f◦ = S

− 1
2

M f .

The proof follows straightforward from Theorem3.10. It is possible now to extent (3.11) to the

infinite dimensional case: the canonical tight frame (i.e. generated byf ◦) solves (Han03)

minimize‖ f − f ◦‖22 (3.28)

among all tight frames forG. Interestingly the results in (Han03) show how all possible tight frames for a

givenG can be obtained from a single tight frame. In the context of Weyl–Heisenberg (or Gabor) frames,

considered in the next section, the property (3.28) was already derived before (JS02) using different

methods.

3.2.2 Coherent Riesz Bases

Similar follows for the construction of biorthogonal basesand orthogonal bases. Let{πl(·)}l∈J permu-

tations of the index setJ such thatπl(l) = e for all l ∈ J wheree ∈ J. In principlee can be arbitrary but

it is beneficial to set (if possible)e such thatUe = 1. To each permutationπl corresponds a permutation

matrix Pl defined by its action onto standard basis vectorsek, i.e. 〈em,Plen〉 = 〈em, eπl (n)〉 = δm,πl (n).

The productU∗l U j is again up to an element fromc(G⋆) in the setG. Thus, for eachl, j ∈ J there

existsξ(Ul ,U j) ∈ c(G⋆) such thatξ(Ul ,U j)U∗l U j = Uπl ( j). Furthermore it follows for allU ∈ G that

ξ(U,U)U∗U = ξ(U,U) = 1.

Lemma 3.12. The transpose of the Gram matrix GM of a coherent Bessel family M= {U f }U∈G ⊂ V

generated by unitary projective representation G and fiducial vector f ∈ V is invariant under conjugation

with Plξl for all l ∈ J, i.e. in sense of(Plξl)∗GT
M (Plξl) = GT

M whereξl is a diagonal matrix with elements

(ξl)mn = ξ(Ul ,Um)δmn.

Proof: Let n,m ∈ J. Then

(

P∗l G
T
MPl

)

m,n
= 〈em,P∗l G

T
MPlen〉 = 〈eπl (m),G

T
Meπl (n)〉 =

(

GT
M

)

πl (m),πl (n)
= (GM)πl (n),πl (m)

= 〈Uπl (n) f ,Uπl (m) f 〉V = ξ(Ul ,Un)∗ξ(Ul ,Um)〈U∗l Un f ,U∗l Um f 〉V

= ξ(Ul ,Um)〈Un f ,Um f 〉Vξ(Ul ,Un)∗

=
(

ξlG
T
Mξ
∗
l

)

m,n

(3.29)
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q.e.d.

Using spectral theorem follows again for each functionF continously on the spectrum ofGM that

(Plξl)
∗ F(GT

M) (Plξl) = F(GT
M) (3.30)

and in particular the following theorem:

Theorem 3.13.Under the assumptions given before and of Lemma3.12it follows

∑

m∈J
F(GT

M)n,mUm = Un

∑

m∈J
F(GT

M)e,mUm (3.31)

Proof: From Lemma3.12it follows that:

∑

m∈J
F(GT

M)n,mUm = Un

∑

m∈J
F(GT

M)n,mU∗nUm = Un

∑

m∈J
F(GT

M)n,mξ(Un,Um)∗Uπn(m)

= Un

∑

m∈J

(

F(GT
M)ξ∗n

)

n,m
Uπn(m) = Un

∑

m∈J

(

ξnF(GT
M)ξ∗n

)

n,m
ξ(Un,Un)∗Uπn(m)

= ξ(Un,Un)∗Un

∑

m∈J

(

P∗nF(GT
M)Pn

)

n,m
Uπn(m)

= Un

∑

m∈J
F(GT

M)πn(n),πn(m)Uπn(m) = Un

∑

m∈J
F(GT

M)e,mUm

(3.32)

q.e.d.

The following reveals the fact, that for coherent Riesz bases the group structure remains for the biorthog-

onal Riesz basis and and the canonical ONB.

Corollary 3.14. If M = {U f }U∈G ⊂ V is a coherent Riesz basis forspan(M) generated by unitary

projective representation G from fiducial vector f . The canonical (dual) biorthogonal Riesz basis and

ONB are given as

M̃ = {U
∑

j∈J

(

GT
M
−1

)

e, j
f j}U∈G

M◦ = {U
∑

j∈J

(

GT
M
− 1

2

)

e, j
f j}U∈G

(3.33)

Thus there are generated by fiducial vectors
∑

j∈J
(

GT
M
−1)

e, j
f j and

∑

j∈J
(

GT
M
−1)

e, j
f j .
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3.3 Weyl–Heisenberg Frames and Bases

The important class of Weyl–Heisenberg (WH) frames and bases are obtained if coherent families of the

WH group are considered. These families are often also called Gabor families, i.e. Gabor frames and

Gabor bases. As index setJ servesFd × Fd whereF is a given field. For the unitary representations of

infinite WH groupF = Z andV = L2(Rd) is used which will be standard setting. In the case of finite

WH groups isF = {0, . . . , L − 1} andV = CdL.

In the followingG = {SΛ j} j∈J will be considered, where the matrixΛ ∈ M(2d,R) is a 2d × 2d real

invertible matrix, the so calledgenerator matrixof the latticeΛJ. detΛ−1 is called thedensityof such a

lattice.

Definition 3.15 (Symplectic lattice). A lattice ΛJ is called asymplecticif its generator matrixΛ ∈

M(2d,R) is given byΛ = (detΛ)
1

2dΛs andΛs ∈ M(2d,R) is a matrix which preserves the symplectic

form η(·, ·), i.e.

η(Λx,Λy) = (detΛ)
1
dη(Λsx,Λsy) = (detΛ)

1
dη(x, y) (3.34)

The matricesΛs ∈ Sp(d) are elements of the symplectic group, i.e.|detΛs| = 1. In the case ofd = 1

it follows Sp(1)= SL(2). Thus each lattice is a symplectic lattice.

Definition 3.16(Adjoint lattice). Theadjoint latticeΛ◦J for a given latticeΛ is defined by the generator

matrixΛ◦ = detΛ−
1
dΛ.

The adjoint lattice is the dual lattice with respect to the symplectic form and its definition is caused

by the following properties of the operatorsSΛn andSΛ◦m. For allm, n ∈ J

[SΛn, SΛ◦m] = SΛnSΛ◦m− SΛ◦mSΛn
(2.4b)
= (1− e−i2πη(Λ◦m,Λn))SΛnSΛ◦m

= (1− e−i2πη(Λsm,Λsn))SΛnSΛ◦m = (1− e−i2πη(m,n))SΛnSΛ◦m = 0
(3.35)

holds, i.e.G = {SΛ j} j∈J andG◦ = {SΛ◦ j} j∈J are commuting families.

Note that detΛ◦ = (detΛ)−1 andΛ◦◦ = (detΛ◦)−1/dΛ◦ = Λ.

Definition 3.17 (Gabor family). A coherent familyM = G( f ,Λ, J)
def
= {SΛ j f } j∈J generated fromf ∈ V

whereΛ is a symplectic lattice will be calledGabor family.

In sequel the additional notationS f ,Λ = SM will be used. It is a consequence of Theorem3.10that

if M = G( f ,Λ, J) is aGabor frame(or WH frame) forV, the canonical dual and tight Gabor framesM̃
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andM◦ are generated by

f̃ = S−1
f ,Λ f f ◦ = S

− 1
2

f ,Λ f (3.36)

whereS f ,Λ is called theGabor frame operator. In particular an extremality property of̃f can be shown

again (Jan95). The vectorf̃ generating the canonical dual frameM̃ solves

minimize‖ f
‖ f ‖2

− f̃

‖ f̃ ‖2
‖2 (3.37)

among all vectors which create a dual frame toM.

Similarly according to Theorem3.13the canonical (dual) biorthogonalGabor basisandGabor ONB

for span(M) are generated by

f̃ =





∑

j∈J

(

GT
f ,Λ

)−1

e, j
SΛ j




f f ◦ =





∑

j∈J

(

GT
f ,Λ

)− 1
2

e, j
SΛ j




f (3.38)

if M is a Riesz basis forspan(M). It is the elegance of Gabor families that necessary conditions for M

being a frame or Riesz basis can be given directly with its density detΛ−1.

Theorem 3.18(Necessary conditions). Let M = G( f ,Λ, J) ⊂ V be a Gabor family inV. Then

1. M is a frame forV⇒ detΛ−1 ≥ 1

2. M is a Riesz basis forspanM⇒ detΛ−1 ≤ 1

3. M is a frame forV anddetΛ−1 = 1⇔ M is a Riesz basis forspanM= V

The corresponding proofs can be found for example in (Dau90; Grö01). Sufficient conditions forM

are in general related to decay properties off respectivelyf̂ . For example iff ∈ W(Rd) or f̂ ∈ W(Rd)

where

W(Rd) = {g |
∑

n∈Zd

ess supx∈[0,1]d |g(x+ n)| < ∞} (3.39)

is the Wiener space‡ it can be shown thatSM andGM are bounded operators, thusM are Bessel sequences

(Wal92). In this case follows also the boundedness ofSM on allLp(R2) with 1 ≤ p ≤ ∞ (Grö01). In

principle the latter condition ensures also thatSM has a bounded inverse if the density detΛ−1 is ”large

enough” or similarlyGM has a bounded inverse if the density is ”small enough” (for more details on this

argument see (Wal92) or (Grö01)).

‡The Wiener spaceW(Rd) is a dense set inL2(Rd) and forms a Banach algebra under point–wise multiplication.
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3.3.1 Ron-Shen Duality

Due to the coherent structure in Gabor families the computation of the canonical families is much simpler

as for general frames and bases. But there is another result which connects frames and Riesz bases and

further simplifies the calculations. It is based on the duality between shifts on the latticesΛ andΛ◦ which

has several manifestations. One of the most prominent is thefollowing:

Theorem 3.19(Ron-Shen (RS97)). The Gabor familyG( f ,Λ, J) is a frame forV if and only ifG( f ,Λ◦, J)

is a Riesz basis for its span. FurthermoreG( f ,Λ, J) is a tight frame if and only ifG( f ,Λ◦, J) is an

orthogonal basis for its span.

A proof of the theorem can be found in (Grö01). This duality principle applies as well to non–

tight resolutions of the unity, i.e. ”frame⇔dual–frame” resolution of the unity holds if and only if

biorthogonality of the corresponding ”Riesz⇔dual–Riesz bases” holds on the adjoint lattice (Wexler–Raz

biorthogonality principle (WR90)). The formulation of canonical families of given Gabor families are

completely reduced with Theorem3.19to calculations with the Gabor frame operator. The connections

between Gabor frames and Riesz bases on adjoint lattices wasobserved by several authors and many

results can be summarized in the following theorem due to Gr¨ochenig (Grö01).

Theorem 3.20(Frame and Riesz bounds). A Gabor familyG( f ,Λ, J) is a frame forVwith frame bounds

A and B if and only ifG( f ,Λ◦, J) is a Riesz basis for its span with Riesz bounds(detΛ)A and(detΛ)B.

Hence canonical dual frames are related to canonical (dual)biorthogonal Riesz bases and canonical

tight frames to canonical ONB bases. All of them can be obtained using eitherS f ,Λ or S f ,Λ◦ , i.e. let

Of ,Λ
def
=






S f ,Λ detΛ ≤ 1

S f ,Λ◦ detΛ > 1

(3.40)

The canonical dual families are obtained as follows.

Definition 3.21 (Dual families). Given a Gabor familyG( f ,Λ, J). The operator which maps frames to

its canonical dual frames and Riesz bases to its canonical biorthogonal Riesz bases is given asO−1
f ,Λ, i.e.

the following relation:

f̃ j = O−1
f ,Λ f j = SΛ jO

−1
f ,Λ f (3.41)

holds.

Similarly a canonical ”orthogonalization” procedure willbe given with the following definition.
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Definition 3.22(”Orthogonalization”). Given a Gabor familyG( f ,Λ, J). The orthogonalization operator

is then defined asO
− 1

2
f ,Λ mapping frames to its canonical tight frames and Riesz basesto its canonical ONB

bases, i.e. for allj ∈ J

f ◦j = O
− 1

2
f ,Λ f j = SΛ jO

− 1
2

f ,Λ f (3.42)

holds.

3.3.2 Zak Transform

Obviously it is beneficial if the calculation ofOα
f ,Λ f can be performed in the corresponding eigenbasis

of Of ,Λ where this operator is a simple multiplication. Then·α reduces to simple scalar operations on

the spectrum ofOf ,Λ. The corresponding transformation for separable latticeswith detΛ−1 ∈ N (integer

oversampling) is given in the following definition:

Definition 3.23 (Zak transformation). The transformationZα f of a function f defined as

(Zα f )(ν)
def
= α

d
2

∑

n∈Fd

f (ν1 − αn)ei2π〈αn,ν2〉 = α
d
2

∑

n∈Fd

(S−ν f )(αn) (3.43)

is calledZak transformof f . The continuous-time version is obtained forF = Z.

The following derivations are forF = Z. The finite-dimensional case is mainly straightforward. The

Zak transformation was first introduced by Gelfand (Gel50) in studying differential equations. Other

names are Weil-Brezin transformation orkq-transformation (Zak72). The role of the Zak transformation

in Gabor frame theory is that it diagonalizes the Gabor frameoperator for a particular class of lattices.

Recall that ifΛ is a symplectic lattice (Definition3.15) with detΛ = 1 it followsη(Λm,Λn) = η(m, n) ∈ N

for m, n ∈ J. Then the operators

SΛnSΛm = e−i2πη(Λn,Λm)SΛmSΛn = SΛmSΛn (3.44)

commute, i.e. they can be diagonalized simultaneously. Thediagonalization can be found by considering

the properties of the Zak transform. First, there is the so called covariant behavior ofZα

(ZαSµ f )(ν)
(3.43),(2.4b)
= ei2πζ(ν,µ)(Zα f )(ν − µ) (3.45)

which in general emphasizes the Zak transform as an important time-frequency representation. Further,

the Zak transform (ZαSµ f )(ν) isα-periodic in each component ofν2 and 1/α-quasi-periodic in each com-
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ponent ofν1. Thus forn ∈ Z2d and critical latticesΛ(α) = diag(α1d, 1/α1d) (critical because detΛ(α) = 1)

(Zα f )(ν + Λ(α)n) = ei2πζ(Λ(α)n,ν)(Zα f )(ν) (3.46)

holds. Combining both properties yields

(ZαSΛ(α)n f )(ν)
(3.45)
= ei2πζ(ν,Λ(α)n)(Zα f )(ν − Λ(α)n)

(3.46)
= ei2π(ζ(ν,Λ(α)n)−ζ(Λ(α)n,ν))(Zα f )(ν)

= ei2π η(ν,Λ(α)n)(Zα f )(ν) =: en(ν) · (Zα f )(ν)
(3.47)

Hence in the Zak domain the operatorsSΛ(α)n are pure point–wise multiplications with functionsen. With

the following definition of the inverse Zak transformationZ−1
α

f (ν1) = (Z−1
α Zα f )(ν1)

def
= α

d
2

∫

[0,1/α]d
(Zα f )(ν)dν2 (3.48)

this can be written shortly asZαSΛ(α)nZ−1
α h = en · h. Note that this will hold only forΛ(α) = diag(α, 1/α)

but it can be conjectured that the extension to non-separable symplectic latticesΛ with detΛ = 1 is

straightforward by replacingα by some appropriate matrix (see for example (vLB99; BL99)). The Zak

transformationZα is an unitary transformation fromL2(Rd) toL2([0, α]d× [0, 1/α]d). This property can

be shown first onW(Rd) and extends then by density toL2(Rd) (more details can be found in (Grö01)),

i.e. 〈 f , g〉 = 〈Zα f , Zαg〉 and Z∗α = Z−1
α . The set{en}n∈Z2d of the functionsen(ν) = ei2π η(ν,Λ(α)n) are an

ONB forL2([0, α]d × [0, 1/α]d).

The importance for Gabor theory is now the following. LetΛ be a lattice such thatLΛ = Λ(α) where

L is a 2d × 2d invertible diagonal matrix withLi,i ∈ N. With the previous definition ofΛ(α) andL it

follows LΛ(α) = Λ(α)L. Each lattice pointΛn can then be written as

Λn = L−1Λ(α)n = Λ(α)(m+ L−1k) (3.49)

with somem ∈ J§ andk ∈ K, where the quotient set isK
def
= {0, . . . , L1,1 − 1} × · · · × {0, . . . , L2d,2d − 1}

The frame operatorS f ,Λ can now be written withΠ := 〈 f , ·〉 f as:

S f ,Λ = ‖ f ‖22
∑

n∈J
SΛ jΠS∗Λ j = ‖ f ‖22

∑

m∈J

∑

k∈K
SΛ(α)(m+L−1k)ΠS∗

Λ(α)(m+L−1k)

= ‖ f ‖22
∑

m∈J

∑

k∈K
SΛ(α)m

(

SΛ(α)L−1kΠS∗
Λ(α)L−1k

)

S∗
Λ(α)m =

∑

k∈J
S fk,Λ(α)

(3.50)

§In the finite–dimensional case this will be slightly different
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thus as a sum of frame operatorsS f ,Λ(α) where fk = SΛ(α)L−1k f . Note that the remaining sum goes over

|K| = detL = detΛ summands. From (3.47) it follows for gm = SΛ(α)mg andγm = SΛ(α)mγ wherem ∈ Z2d:

Zα

∑

m∈J
〈gm, ·〉γm =

∑

m∈J
〈Zαgm, Zα·〉Zαγm =

∑

m∈J
〈emZαg, Zα·〉emZαγ

=
∑

m∈J
〈em, ·〉emZαγZαgZα = ZαγZαgZα

(3.51)

The last step holds because{em}m∈Z2d is an ONB. Thus, the frame operatorS f ,Λ(α) is the following multi-

plication operator (ZαS f ,Λ(α) Z∗α)h(ν) = |(Zα f )(ν)|2h(ν) in the Zak domain, i.e.

(

ZαS f ,ΛZ∗α
)

h(ν) =





∑

k∈K
ZαS fk,Λ(α) Z∗α




h(ν) =





∑

k∈K
|(Zα fk)(ν)|2




h(ν) (3.52)

holds also for arbitrary fiducial vectorsfk. This result is important for so called ”multi-window Gabor

expansions”. But forfk = SΛ(α)L−1k f follows furthermore with (3.45) that |(Zα fk)(ν)| = |(Zα fk)(ν −

Λ(α)L−1k)| which gives

(ZαS f ,ΛZ∗α)h(ν) =
∑

k∈K
|(Zα f )(ν − Λ(α)L−1k)|2h(ν) (3.53)

ThusS f ,Λ is diagonalized byZα for such latticesΛ. Coming back to the procedure of ”orthogonaliza-

tion” in (3.40), the powersp (typically p = −1 or p = −1/2) of S f ,Λ for detΛ ≤ 1 applied onf are given

in the Zak domain as

Sp
f ,Λ f = Z∗α




[
∑

k∈K
|(Zα f )(ν − Λ(α)L−1k)|2]p(Zα f )(ν)




(3.54)

whenever
∑

k∈K |(Zα f )(ν − Λ(α)L−1k)|2 has no zeros¶. If detΛ ≥ 1 the same has to be performed with

S f ,Λ◦ .

Remark 3.24. Note that a continuousZα f has a zero in [0, α]d× [0, 1/α]d. This observation (AT75) has

a particular important meaning in generalized proofs of theBalian-Low theorem (BHW95). From (3.54)

one can deduce that for detΛ = |K| = 1 (K = {0}) A > 0 with A ≤ Sp
f ,Λ can not exist, i.e.G( f ,Λ, J) can

not be a frame.

¶This is simply the lower frame bound.
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The Critical Density and the Balian–Low Theorem

A lattice with the critical density detΛ−1 = 1 is called a von Neumann lattice. Already in his celebrated

book ”Mathematische Grundlagen der Quantenmechanik” (vN32) John von Neumann conjectured the

possible completeness of particular Gabor systems at this density and in 1946 D. Gabor (Gab46) pro-

posed expansion of arbitrary functions on this lattice. However, it would be desirable that this complete-

ness would come with stability. Unfortunately this is not the case as states by the following theorem:

Theorem 3.25(Balian–Low Theorem (Bal81; Low85)). If G( f ,Λ, J) is a frame forL2(R) anddetΛ = 1

then either x f< L2(R) or f ′ < L2(R).

The intention for Balian was more information–theoreticaland related to Gabor’s setting of signal

representation, where Low was motivated by quantum physics. In their original proof an ONB is assumed

instead of frames. The generalization to frames is due to Daubechies (Dau90). An good overview over

different proofs and extensions can be found in (BHW95). In particular in the view of the Heisenberg

uncertainty principle those functions that generate tightframes on the critical lattice (ONB’s) maximizing

the uncertainty (to infinity). A proof of Theorem3.25under this considerations (ONB) can be found in

(Bat88).

Example 3.26(”Orthogonalization” of Gaussians). Considering the caseG(φβ,Λ(α),Z2) whereφβ(t) =

(βπ)1/4e−βπt2. The Zak transform is then

(Zαφβ)(ν) = (βπ)1/4e−βπν
2
1θ3(πα(ν2 − iβν1), iαβ) (3.55)

where the Jacobi-Theta functionθ3(x, y) =
∑∞

n=−∞ e2ixn+iπyn2
. Now – the functionθ3(x, y) has a zero at

(1
2,

1
2) according to Remark3.24and therefore in the case of critical latticesG(φβ,Λ(α),Z2) spansL2(R)

but isnot a frame. For latticesΛ with detΛ < 1 the Gabor familyG(φβ,Λ,Z2) is a frame (Grö01).

3.3.3 Wilson Expansion

An elegant way to circumvent the problems predicted by the Balian-Low Theorem3.25, is the following.

Let xm def
= xm1 xm2, m

def
= i2m = (m1,−m2), m

def
= (2m1,m2) andWd

def
= Zd × Zd

+. Then the set{φm}m∈Wd,

defined from a Gabor familyG( f ,Λ, J) = {SΛm f }m∈J = { fm}m∈J as

φm
def
=






1√
2
( fm+ (−1)m fm) m, m

fm else,

(3.56)
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is called aWilson system(Wil87; SRWW87). Wilson et.al. proposed this construction to characterize

localized electron states (Wannier states) without resolution of positive and negative momentum (fre-

quencies). Considering the operatorSW

SW =
∑

m∈Wd

〈φm, ·〉φm =
1
2





∑

m∈J
〈 fm, ·〉 fm+

∑

m∈J
(−1)m〈 fm, ·〉 fm



 =
1
2

(

S f ,Λ + R
)

(3.57)

and let be for simplicityd = 1. With further constraints onf it can be shown thatR= 0. Consequentially,

wheneverG( f ,Λ, J) is a tight Weyl–Heisenberg frame with redundancyr, it follows SW =
r
21 and the

Wilson family is a frame. In particular forr = 2 tight Gabor frames imply Wilson ONB’s, i.e.SW = 1.

This reveals the following result:

Theorem 3.27(Daubechies, Jaffard, Journé (DJJ91)). If G( f ,Λ,Z2) is a tight Gabor frame forL2(R),

Λ = diag(α/2, 1/α) is separable of redundancydetΛ−1 = 2 and f(x) = f (−x), the Wilson system

{φm}m∈W1 defined in(3.56) is an ONB forL2(R)

A short proof that under this assumptionsR = 0 really follows can be found in (Grö01). The fol-

lowing result is a quite interesting consequence. Unfortunately, it can not be found somewhere in the

literature explicitely.

Corollary 3.28. Let G(g,Λ,Z2) andG(γ,Λ,Z2) with Λ = diag(α/2, 1/α) and g = g andγ = γ. If

the corresponding Wilson families{ψm}m∈W1 and {φm}m∈W1 as defined in(3.56) are biorthogonal to each

other (〈ψm, φn〉 = δmn) then:

Re{〈imgm, i
nγn〉} = δmn (3.58)

Hence{imgm}m∈Z2 and {imγm}m∈Z2 establishes biorthogonal bases with respect to the real inner product

Re{〈·, ·〉}.

This is an important result for the so called OQAM/OFDM transmission scheme (see§4.2.2) and

was already pointed out without proof in (FAB95).

Proof:

Re{〈imgm, i
nγn〉} = Re{in−m〈gm, γn〉} = Re{in−mei2πζ(Λm,Λ(n−m))〈g, γn−m〉}

= (−1)m1(n2−m2)Re{in−m〈g, γn−m〉}

= (−1)m1(n2−m2) 1
2

(
in−m〈g, γn−m〉 + im−n〈γn−m, g〉

)

(3.59)

where in the last linesΛ = diag(α/2, 1/α) has been used. Now – fromg = g andγ = γ it follows for
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eachk, l ∈ Z2 straightforward that〈γk, gl〉 = 〈gk, γl〉. Hence it follows

(3.59) =
1
2






√
2in−m〈φn−m, ψ0〉 = 0 n2 > m2

√
2im−n〈ψ0, φn−m〉 = 0 n2 < m2

in−m〈ψ0, γn−m〉(1+ (−1)n−m) = 0 n2 = m2, n1 −m2 odd

in−m〈ψ0, γn−m〉(1+ (−1)n−m) = 2δn1,m1 n2 = m2, n1 −m2 even

= δmn

(3.60)

q.e.d.





Chapter 4

Generalized Multicarrier Transmission

This chapter considers the important application of time–frequency analysis in the context of classical

communication and signal processing. It contains the theoretical framework for the system concepts of

Orthogonal Frequency Division Multiplexing(OFDM) and its generalizations. The key idea of OFDM

is the diagonalization via Fourier transform of time–invariant channels, which are represented by con-

volutional operators. It will be presented that extending the OFDM approach to time–variant channels

needs further concepts from time–frequency analysis. But before going further, some general remarks

on information transmission will be given.

4.1 Generalized Multicarrier Transmission

The classical approach of transmitting information is the following: An information source producing

an information message, i.e. a sequence of letters from a given alphabet, which is then encoded into a

sequence of codewords from a given codebook. Then this encoded message is modulated into a sequence

of complex numbers using a constellation alphabet. This sequence, called symbol sequence, is used to

synthesize the transmit signal. It is exactly this last stepwhere the following system model will jump

in. Let {xn}n∈I be the encoded and modulated information message of length|I| < ∞, i.e. eachxn ∈ C

is a complex data symbol. It is assumed thatE{xnxm} = δmn whereE{·} denotes expectation operator.

Synthesizing means now that each data symbolxn is modulated onto specific waveformγn : R→ C, i.e.

s(t) =
∑

n∈I
xnγn(t) (4.1)

This operation can be performed for example using a filteringprocedure, i.e. writing (4.1) usingγn(t) =

γ(t − nT), whereγ is a compactly supported function called the filter. According to (4.1) the function

43
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s(·) ”carries information” about{xn}n∈I. This function is then typically separated into quadratureand

in–phase components, modulated, amplified and transmitted. The latter (partially non–linear) operations

are not considered in this work, i.e. the overall signal model is considered in the ”baseband” only. A

general overview can be found for example in (Pro95). At the receiver the transmit operation is reversed.

A standard approach is, that the receiver will base its estimate on the transmittedxn by computing

ym = 〈gm, r〉 (4.2)

from the received ”baseband” signalr(t). Again, forgm(t) = g(t −mT) such a processing corresponds to

receiver side filtering and sampling using a filterg. The received signalr(t) is a distorted version ofs(t).

In general there are two sources of distortion in such a system. Firstly – the so called (multiplicative)

channel – a linear operation ons, represented by the linear operatorH and secondly an addition of a

white Gaussian noise (AWGN) processn, such that

ym = 〈gm,H s+ n〉 =
∑

n∈I
xn〈gm,Hγn〉 + 〈gm, n〉 =

∑

n∈I
Hm,nxn + 〈gm, n〉 (4.3)

where for abbreviation the elements of the channel matrixH areHm,n
def
= 〈gm,Hγn〉. The ”whiteness” of

n is typically defined as

E{〈gm, n〉〈n, gn〉} = σ2‖gm‖22δmn whenever 〈gm, gn〉 = ‖gm‖22δmn (4.4)

whereσ2 is called the noise power. Similarly withn being Gaussian it is meant, that under this assump-

tion it holds〈gm, n〉 ∼ CN(0, σ2). Sometimes it is also convenient to calls→H s+n the overall channel.

For example, ifH = 1 andgm = γm are pairwise orthogonal (n is AWGN) such a channel is called i.i.d.

Gaussian channel or simply AWGN channel∗.

4.1.1 Orthogonal Signaling

Sampling with an orthogonal basis yields uncorrelated noise samples as already seen from (4.4). This

is important for coded transmission in AWGN channels, wherethe detailed structure ofγn and gn is

not further important. ForH , 1 this will be different and sometimes it could also be better to use

non–orthogonal waveforms.

Definition 4.1 (Orthogonal and Biorthogonal Signaling). A signaling scheme{γ j , g j} j∈I will be called

∗Note, thatH = 1 is not Hilbert–Schmidt
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• orthogonal receiver signalingif 〈gm, gn〉 = ‖gm‖22δmn. As in (4.4) this is important to achieve

uncorrelated noise samples. If further‖g j‖2 = 1 for all j ∈ I the set{g j} j∈I has Bessel bound

Bg = 1 and the corresponding operatorSg :=
∑

m∈I〈gm, ·〉gm is a projector onto the ”detection

subspace” of the receiver (see Definition3.8).

• orthogonal transmitter signalingif 〈γm, γn〉 = ‖γm‖22δmn. Again – if all ‖γ j‖2 = 1 for all j ∈ I it

follows that{γ j} j∈I has Bessel boundBγ = 1 andSγ :=
∑

m∈I〈γm, ·〉γm is the projector onto the

”transmitting subspace”.

• bi–orthogonal signalingif 〈gm, γn〉 = 〈gm, γm〉δmn. This is also known as perfect reconstruction

condition which means that in theabsence of noise and channel(H = 1 andσ2 = 0) it follows

x̃n = xn. In general, neitherSg nor Sγ are projectors, but it is easy to see thatSgSγ andSγSg are

orthogonal projectors onto the signaling subspace.

In most channels such a ”perfect design” is destroyed by the so calleddispersivechannelH and

seems to be better to include the channel already in the design, for example to aim at〈gm,Hγn〉 ≈ δmn.

However, mobile channels are of random nature and such an approach would make{γ j , g j} j∈I then

depending on a particular channel realization. It is one of the main issues of this work (in Chapter6)

to design them only in dependence on statistical channel parameters. Such an approach would then in

general yield a non–orthogonal signaling scheme as for example already considered in (Koz98).

4.1.2 Time–Varying Channels

In general, a channelH is defined to be a linear operator with a suitable domain, i.e.a particular class

of transmit signalss(·). In this work the focus will be on the Hilbert spaceL2(R) (time–signalss(·) with

finite ”energy”) and on Hilbert–Schmidt operatorsH ∈ T2 := T2(L2(R)). This approach does not need a

distributional characterization and is well–suited for ”pure” doubly–dispersive channels. However, it also

excludes several important limits, like the single–dispersive (for example the time–invariant) channels

and even the identityH = 1. Further, channelsH ∈ T2 – as compact operators – can only have

unbounded inverses. This point does not causes problems in the approach presented in this work but

can be important in asymptotic studies for example in the field of information theory. Whenever needed,

channels beyondT2 will be handled separately.

According to Theorem2.10in §2.2.2each Hilbert–Schmidt operatorH ∈ T2 has a spreading repre-

sentation with spreading functionΣ
def
= F(1/2)H ∈ L2(R2). Hence it is assumed that the channel can be
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written as

H =

∫

Σ(µ)Sµdµ (4.5)

whereΣ : R2 → C being thechannel spreading functionof H . Following (2.42) the channel matrix

elements have the natural representation

Hm,n =

∫

Σ(µ)〈gm, Sµγn〉dµ = 〈Σ, sm,n〉 (4.6)

in terms ofΣ, wheresm,n(µ) = 〈gm, Sµγn〉 = Agmγn(µ). If H is assumed to be a random channel this

will translate into a random spreading function with some predefined distribution. An example is the

Gaussian distribution ofΣ(µ) together with the WSSUS assumptions given in (4.54).

4.1.3 Interference Analysis

Writing the received complex symbolym in the absence of AWGN yields

ym = Hmxm+

∆m
︷         ︸︸         ︷

(Hm,m− Hm) xm+

ICIm
︷       ︸︸       ︷
∑

n,m

Hm,nxn (4.7)

whereHm
def
= E{Hm,m}, i.e. the expectation value over the distribution ofH (parameterized for example

by the distribution of the spreading functionΣ(µ) of H at each pointµ). Thus the transmitted symbol

xm will be multiplied by a constant and disturbed by two zero mean random variables (RV). The first RV

∆m represents a distortion which comes from the partial knowledge onHm,m. But with proper tracking of

Hm,m the receiver can ”move” the power of∆m, given asDm
def
= E{|Hm,m|2} − |Hm|2, to the desired signal

contribution yielding an improved performance. Examples are channel tracking, the correction of the

common phase errors and Wiener phase noise tracking. For many applications tracking is mandatory to

ensure an overall system performance, where interference cancellation (IC) has less priority due to the

steeply increasing complexity† Therefore the RV ICIm remains and gives a noisy contribution of mean

powerIm. Using this argumentation two performance measures, important for uncoded communication,

are established.

Definition 4.2 (Signal–to–Interference–and–Noise Ratio). The performance of a single time–frequency

†Note that, IC in general would conflict with the Hilbert–Schmidt assumption ofH . As a compact operatorH can not have
boundedH−1 such that the question of approximation and stability behaviour of IC on finite sections arises. However, in this
work IC is not considered.
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slot mof a generalized multicarrier system is describes by

sinrm
def
=

|Hm|2
σ2 + Im + Dm

≤ E{|Hm,m|2}
σ2 + Im

def
= SINRm (4.8)

whereSINRm assumes knowledge of the diagonalHm,m of the instantaneous channel matrixH at the

receiver andsinrm matches the case where it is only possible to track the meanHm = E{Hm,m}.

Hence,SINRm represents the signal quality if the receiver performs ideal tracking of the single slots.

If no tracking is performed there remainssinrm ≤ SINRm. The following theorem essentially reflects

the principle of energy (power) conservation. LetM := {γm}m∈I be the set of transmit waveforms with

|I| ≤ ∞ andSM be the operator

SM =
∑

f∈M
〈 f , ·〉 f =

∑

i∈I
〈γi , ·〉γi (4.9)

as already defined in (3.2).

Theorem 4.3(Lower Bound onSINR andsinr). If transmitting iid complex data on slotsI with a Bessel

sequence M having Bessel bound BM the following lower bound

SINRm ≥ ((σ2 + BMβm)/E{|Hm,m|2} − 1)−1. (4.10)

holds if the receiver has exact knowledge on Hm,m. Furthermore, if the receiver has only exact knowledge

on ”mean channel”, i.e. onHm = E{Hm,m} – the lower bound

sinrm ≥ ((σ2 + BMβm)/|Hm|2 − 1)−1 (4.11)

holds, whereβm
def
= E{‖H∗gm‖22}. Equality is given if M is a tight frame.

Proof: First observe the following upper bound:

E{
∑

n∈I
|Hm,n|2} = E{

∑

n∈I
|〈gm,Hγn〉|2} = E{〈H∗gm,SMH

∗gm〉} ≤ BγE{‖H∗gm‖22}
def
= Bγβm (4.12)

Equality in (4.12) is achieved ifM establishes a tight frame. Inequality occurs first due to thepossible

incompleteness of the setM. Then the adjoint (onL2(R)) channelH∗ could mapgm into the orthogonal

complement of span{M}. Moreover, (4.12) can be regarded as ”uniformity” property (related to the

condition number) of the mappingSM.

Writing under the i.i.d. assumption of{xn}n∈I the total amount of received signal power in the slotm
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averaged over the input and channel statistic as

Ex,H {|ym|2} =
∑

n∈I
EH {|Hm,n|2} ≤ BMβm (4.13)

Based only on the ”gain”E{|Hm,m|2} and the channel boundβm, the following bound to the ICI-powerIm

Im ≤ BMβm − E{|Hm,m|2} (4.14)

holds, which then straightforward leads to the bounds onSINRm andsinrm. q.e.d.

The latter theorem is a selection of the worst case scenario where all symbol energy sent by the

transmitter is uniformly collected at the receiver. The calculation of the lower bounds is in most cases

simpler than a direct study of the interferer. The importance of Theorem4.3 relies in the fact that it is

of very general type in the sense that concepts like (bi-) orthogonality and completeness of neither the

transmit sequences nor the receiver sequences are required. So it is well suited for studying distortions

that can not be formulated within orthogonality of the subcarriers. Moreover, it provides a tool for

performance evaluations for general non-orthogonal multicarrier schemes.

The use of these bounds requires the computation of the Bessel bound BM, which is independent

of the channelH and only related to the fixed transmitter setup. For example,if M is an orthogonal

basis for its span it follows according to Remark3.9 that SM is the orthogonal projector on span{M},

i.e. BM = 1 is the minimal achievable Bessel bound for allγm being all normalized. For overcomplete

sets the minimal Bessel bound, achieved by tight frames, is given by the redundancy introduced by the

normalizedγm. Given BM, it remains to computeHm (or E{|Hm,m|2}) andβm for a given operatorH .

By observing thatBM is related to the transmitter only, this provides an explicit separation between the

system setup and distortion.

4.2 Weyl–Heisenberg Signaling

Hence in this framework a family{SΛn}n∈I of time–frequency shift operators is considered to produce

families of transmitter and receiver waveforms. The indicesn = (n1, n2) range over the doubly-countable

setI ⊂ Z2 with |I| < ∞, referring again to the data burst to be transmitted. The ”baseband” transmit

signal is then

s(t) =
∑

n∈I
xnγn(t) =

∑

n∈I
xn(SΛn γ)(t) =

∑

n∈I
xnγ(t − (Λn)1)ei2π(Λn)2t

(4.15)
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Thus, a Gabor familyG(γ,Λ,I) is used for transmitter signaling (WH transmitter), whereΛ ∈ M(2,R).

Due to this time–frequency lattice structure this is known as Gabor or Weyl-Heisenberg signaling. To

obtain an estimateym on the sent data symbolxm the receiver projectsr on gm
def
= SΛmg with m ∈ I, i.e.

ym = 〈gm, r〉 = 〈SΛmg, r〉 =
∫

e−i2π(Λm)2tg(t − (Λm)1) r(t)dt (4.16)

Thus, (4.16) implements the receiver usingG(g,Λ,I) (WH receiver). The effective channel matrix is

given by

Hm,n = 〈gm,Hγn〉 = 〈g, S∗ΛmHSΛnγ〉 = 〈Σ, sm,n〉 (4.17)

whereΣ(µ) corresponds to the spreading representation ofH as introduced in (4.5). Then it follows

sm,n(µ) = 〈gm, Sµ, γn〉 = 〈g, S∗ΛmSµSΛnγ〉
(2.4a)
= e−i2πζ(Λm,Λm)〈g, S−ΛmSµSΛnγ〉

(2.4d)
= e−i2π(ζ(Λm,Λ(m−n)−µ)+ζ(µ,Λn))〈g, SΛ(n−m)+µγ〉

= e−i2π(ζ(Λm,Λ(m−n)−µ)+ζ(µ,Λn))Agγ(Λ(n−m) + µ)

(4.18)

Abbreviating furthersm(µ) = sm,m(µ) = e−i2πη(µ,Λm)Agγ(µ), which will in particular be helpful later, the

diagonal elements of this matrix read:

Hm,m = 〈Σ, sm〉 =
∫

Σ(µ)Agγ(µ)e−i2πη(µ,Λm)dµ = (Fs(Σ · Agγ))(Λm) (4.19)

which is also the symplectic Fourier transform (2.33) of the productΣ · Agγ sampled at pointsΛm.

Finally the following normalization of the pulses will be used. The normalization ofg will have no

effect on the system performance measure (4.8). The normalization ofγ is typically determined by a

transmit power constraint and in the system model presentedso far, this can be absorbed into noise scale,

thusg andγ are assumed to be normalized to one. The time-frequency sampling density is related to the

bandwidth efficiency (in complex symbols) of the signaling, i.e.ǫ
def
= |detΛ−1|, which gives for diagonal

latticesǫ = (TF)−1. According to Theorem3.18it follows forH = 1 (AWGN channel):

Corollary 4.4. Considering a multicarrier system with a set of transmitterwaveforms M= G( f ,Λ,I) ⊂

L2(R). A necessary condition for M implementing orthogonal (likeOFDM) or biorthogonal (like

BFDM) signaling forspanM is:⇒ detΛ−1 ≤ 1.

The proof follows straightforward from Theorem3.18. Note, that this assures only (bi-)orthogonality

in AWGN channels. Furthermore, to have maximum bandwidth efficiency detΛ = 1 is desirable. How-
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ever the Balian–Low Theorem3.25predicts that either the functionsxg(x) or ωĝ(ω) are not inL2(R)

(or for γ), i.e. they will have poor time–frequency localization. Itwill turn out later, that single-pulse

channel optimality is intimately related to localization.Thus, bandwidth and channel optimality can not

be achieved simultaneously using such a signaling. The OQAMscheme explained in§4.2.2on page52

is a solution to circumvent this prediction.

4.2.1 Cyclic Prefix OFDM

The most important candidate of Weyl–Heisenberg signalingis ”Orthogonal frequency division multi-

plexing” (OFDM) and its history dates back to the mid of the sixties, where Chang published his pa-

per on synthesis of bandlimited signals for multichannel transmission (Cha66a). A major contribution

was from (WE71), who performed the modulation and demodulation using Discrete Fourier Transform

(DFT). To combat interference between successive symbols they used a guard space. In 1980 Peled and

Ruiz (PR80) then replaced the guard space by a cyclic prefix. This approach – called from now on cp–

OFDM – has been adopted for several commercial implementations. It is obtained in the framework of

Weyl–Heisenberg signaling when a latticeΛ = diag(Tu + Tcp, 1/Tu) and forγ the rectangular pulse:

γ(t) =
1

√

Tu + Tcp
χ[−Tcp,Tu](t). (4.20)

is considered. The functionχ[−Tcp,Tu] is the characteristic function of the interval [−Tcp,Tu], whereTu

denotes the length of the useful part of the signal andTcp the length of the cyclic prefix. The subcarrier

spacing isF = 1/Tu. The standard OFDM receiver estimates the complex symbol as

ym =

∫

e−i2πm2t/Tug(t −m1(Tu + Tcp)) r(t)dt = 〈SΛmg, r〉

using the rectangular pulse

g(t) =
1√
Tu
χ[0,Tu](t) (4.21)

which removes the cyclic prefix. The bandwidth efficiency of this signaling is

ǫ = detΛ−1 =
Tu

Tu + Tcp
< 1 (4.22)
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As introduced, the dependence of the pulsesg andγ is completely included in its cross ambiguity func-

tion. The cross ambiguity function for cp–OFDM can be compactly written by

[·]cp : τ→ [τ]cp =






τ τ ≤ 0

0 0< τ < Tcp

τ − Tcp τ ≥ Tcp

(4.23)

as (JW05b)

Agγ(µ) =
√
ǫ

sinπµ2(Tu − |[µ1]cp|)
πµ2Tu

eiπµ2(Tu−|[µ1]cp|)χ[−Tu,Tu]([µ1]cp). (4.24)

It follows for µ2 = 0 and [µ1]cp = 0 thatAgγ(Λn+µ) =
√
ǫδn,0 for all n ∈ Z2 representing the orthogonal-

ity relation for cp–OFDM. Note furthermore that according to (2.35) for [µ1]cp = 0 the cross ambiguity

function is separable, i.e.Agγ = A[1]
gγ ⊗ A[2]

gγ

A[1]
gγ (µ1) = 1 A[2]

gγ (µ2) =
√
ǫeiπµ2Tu

sin(πµ2Tu)
πµ2Tu

(4.25)

The Bessel bound of cp–OFDM signaling is given by the operator norm of Sγ which is equal to the

largest eigenvalue of the Gram matrixGγ, i.e.

(Gγ)m,n = δm1n1e
−i πǫ (n2−m2) sin π

ǫ (n2 −m2)
π
ǫ
(n2 −m2)

whereǫ = Tu/(Tu + Tcp). This is a Toeplitz matrix in the frequency slotsm2 andn2 generated by the

symbol

φ(ω) =
∞∑

n=−∞
eiπ(2ω− 1

ǫ )nsin π
ǫ n

π
ǫ
n
= 1+

2ǫ
π

∞∑

n=1

cosπ(2ω − 1
ǫ )n · sin π

ǫ n

n

= 1+ ǫ − ǫ[(1/ǫ − ω) mod 1+ ω] = ǫ(⌊1
ǫ
− ω⌋ + 1)

(4.26)

with restrictionω ∈ (0, 1). It is known that the spectrum of the infinite Toeplitz operatorGγ is dense in

the image ofφ. Thus, the Bessel bound is given asBγ = ‖φ‖∞. For cyclic Toeplitz matrices already for

finite dimensionN thekth eigenvalue is given asφ(k/N). As seen from (4.26) φ(ω) is a step-like function

taking on [0, 1] only the two valuesǫ(⌊1ǫ ⌋ + 1) andǫ(⌊1ǫ − 1⌋ + 1). A special case isǫ = 0.5 where the

first value is not anymore in (0, 1). In that case and also forǫ = 1 the spectrum is constantφ(ω) = 1,

hence the set{γm}m∈I forms an orthonormal basis for its span. Forǫ > 0.5, relevant for the application

in cp-OFDM,φ(ω) is a step-function with the levelsǫ and 2ǫ, thus in general we have to useBγ = 2ǫ.

Note here that normally (but not in this work) the transmit pulse is normalized for transmit power 1, thus
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Figure 4.1:Ambiguity function for cyclic prefix OFDM- The ambiguity functionAgγ(µ) describes the
behavior of the pulse shaped system with respect to single time-frequency shifts, hence naturally arises
in the offset problem. In this case it illustrates the ”cp-OFDM property” that the magnitude|Agγ(µ)| stays
constant for time offsetsµ1 with [µ1]cp = 0, where it is rapidly decreasing inµ2 yielding an increased
interference.

‖γ‖2 = 1/ǫ and then followsBγ = 2.

4.2.2 OQAM and Wilson Bases

The idea of ”Orthogonal multiplexed QAM” or ”Offset (staggered) QAM” (OQAM) is due to (Cha66b;

Sal67). DFT based implementations are proposed for the first time in (Hir81). The original motivation

for OQAM was to allow spectral overlapping pulses but still remaining orthogonality. Over the years

it was observed that there is much more freedom in pulse shaping as compared to standard, complex

modulated OFDM. Hence, OQAM seems to have the advantage, that orthogonal ”near–optimal” pulses

exist (BDH03). The mystery of why this is possible, could be explained with the connection to Wilson

bases given in (3.59), which were probably observed for the first time in (Böl03). From the theory of

Wilson expansion and in particular from Theorem3.27it is clear, that the orthogonality can be obtained

by considering tight frames built from real and symmetric pulses on a latticeΛ = (α/2, 1/α). The lattice
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has redundancy detΛ−1 = 2. Similarly, biorthogonality is related the ”frame dual-frame” connection at a

redundancy of two. From the Balian–Low Theorem3.25it follows that around the critical density tight

frames (i.e. orthogonal bases) are not possible or numerically badly conditioned. But at redundancy

of two tightness is not a strong requirement. Therefore it isin general preferable to consider general

Weyl–Heisenberg signaling including frames, as done in this work.

In (Böl03) the orthogonality conditions are rederived for discrete–time pulses separately and not

relying on previous results on Wilson expansion. This meansthat the relation

Re{〈imgm, i
nγn〉} = δmn (4.27)

which was already given in (FAB95) without proof, can not be found in the literature but follows straight-

forward from the Wilson expansion (see (3.58) from Corollary3.28). This can also be achieved by per-

forming xn = inxR
n before (4.15) wherexR

n ∈ R is now thereal-valuedinformation to transmit. Other

phase mappings are also possible, likexn = in+2n1n2 xR
n which was used in (SSL02). After the demodu-

lation in (4.16) this has to be reversed and restricted to real parts, i.e. the demappingyR
m = ℜ{i−mym} is

performed. Thus, compared to the channel mapping for full complex schemes as introduced in (4.17) the

real channel matrix elements are now:

HR
m,n = Re{in−mHm,n} = Re{in−m〈gm,Hγn〉} = Re{〈Σ, in−msm,n〉} (4.28)

and ”real–part” noise components arenR
m := Re{i−m〈gm, n〉}.

Due to its minimal time–frequency uncertainty the use of Gaussian pulses seems to be preferable but

they do not create a tight frame, i.e. no orthogonality in OQAM. Hence, the method (3.40) has to be

used to obtain the canonical tight frame (optimal in theℓ2–sense) from a Gaussian. A good way to do

this is the Zak domain as pointed out in Example3.26. Independently, another method was proposed

in the context of OQAM (FAB95) which yields the so calledIOTA pulse(IOTA = Isotropic Orthogonal

Transform Algorithm). Based on the IOTA method later the so called ”Extended Gaussian Functions”

(EGF) were derived (SR97). It is known that IOTA is an equivalent method to obtain a tight frame

(JB00). In the latter reference it was shown that this method really works for Gaussians but not in the

general case. Using the Zak-transform again the function for this case was also constructed in (SR04).

In general it would be quite interesting to know, what happens for general time–frequency lattices

(for example for the hexagonal lattice), i.e. this is important for the application to LOFDM (SB03). From

(KS05) it follows that the presented theory will probably hold with minor restrictions.
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4.3 Dispersive Channels

4.3.1 Approximate Eigenstructure

In the following section it will be shown, that Weyl–Heisenberg signaling corresponds in a certain sense

to the use of approximate eigenfunctions of time–varying channels. This is related to the question of

how much the Weyl–symbolL(α)
H

in polarizationα, as defined in (2.45), or a smoothed version of it and

functionsSµ(β)γ andSµ(β)g approach the eigenstructure of the channel operatorH . Sµ(β) is the dis-

placement operator in polarizationβ (see (2.5)). In the following only Hilbert–Schmidt operators will be

considered. However, this does not permits the identity channelH = 1 and single–dispersive channels

which have distributional spreading functions. Nevertheless, from practical point of view it is a rea-

sonable assumption to include always small doubly–dispersive structure, i.e. a spreading function with

non–zero support. Since eachH ∈ T2 is compact, it has a Schmidt representation‡ H =
∑∞

k=1 sk〈xk, ·〉yk

with the singular values{sk} of H and orthonormal bases{xk} and {yk}. However, the latter depends

explicitely onH and can be very unstructured. Because limk→∞ sk = 0 (H is compact) it is clear that in

such an idealized ”eigen”–signaling only a part of the ”modes” k can be used. On the other hand, a ”more

independent” choice is to use instead of{sk, xk, yk} a signaling{λ(µ), Sµ(β)g, Sµ(β)γ} and to consider then

the p–normEp of the resulting error termHSµ(β)γ − λ(µ)Sµ(β)g, which is:

Ep :=‖HSµ(β)γ − λ(µ)Sµ(β)g‖p = ‖HSµγ − λ(µ)Sµg‖p (4.29)

The latter turns out to be independent of the polarizationβ. It is clear that this quantity can not be zero for

general doubly–dispersive channels. Equivalently, in perfect ”eigen”–signaling only a limited number of

”modes” is available for communication. As a result in both cases, perfect reconstruction of successive,

arbitrary channel inputs is not possible even in the absenceof additive Gaussian noise.

Previous Results

Previous results are restricted tog = γ, λ = L(α)
H

and exclusively to the casep = 2. They are obtained

if one considers the problem from view of symbolic calculus and can be summarized in the following

lemma:

Lemma 4.5. Let γ = g with ‖γ‖2 = 1 andΩ(·) = |A(α)
γγ (·) − 1|. Consider a channel operatorH ∈ T2

given by its spreading functionΣ(α)
H
= F(α)H , i.e. with generalized Weyl symbolL(α)

H
= FsΣ

(α)
H

. Then

‡ForH given in matrix representation also known as ”Singular Value Decomposition”
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holds

E2
2 ≤ |L

(α)
H
∗
H

(µ) − |L(α)
H

(µ)|2| + ‖Σ(α)
H
∗
H
Ω‖1 + 2|L(α)

H
(µ)| · ‖Σ(α)

H
Ω ‖1 (4.30)

whereΣ(α)
H
∗
H
= F(α)H

∗
H and L(α)

H
∗
H
= FsΣ

(α)
H
∗
H

.

Proof: For each complex Hilbert space with‖x‖22 = 〈x, x〉 the following inequality

‖x− y‖22 ≤ ‖x‖22 − ‖y‖22 − 2Re{〈x, y〉 − ‖y‖22} ≤ ‖x‖22 − ‖y‖22 + 2|〈x, y〉 − ‖y‖22|

= ‖x‖22 − ‖y‖22
︸       ︷︷       ︸

(a)

+2 |〈y, x− y〉|
︸      ︷︷      ︸

(b)

(4.31)

holds. Now letx =HSµγ andy = L(α)
H

(µ)Sµγ. Using (2.39) the following upper bounds

(a)= 〈γ,
(

S∗µH
∗
HSµ − L(α)

H
∗
H
+ L(α)

H
∗
H
− |L(α)

H
|2
)

γ〉

≤ |L(α)
H
∗
H
− |L(α)

H
|2| + |〈γ,

(

S∗µH
∗
HSµ − L(α)

H
∗
H

)

γ〉|

= |L(α)
H
∗
H
− |L(α)

H
|2| + |

∫

Σ
(α)
H
∗
H

(ν)e−i2πη(ν,µ)(A(α)
γγ (ν) − 1)dν | ≤ |L(α)

H
∗
H
− |L(α)

H
|2| + ‖Σ(α)

H
∗
H
Ω‖1

(b) = |L(α)
H

(µ)| · |〈γ,
(

S∗µHSµ − L(α)
H

)

γ〉|

= |L(α)
H

(µ)| · |
∫

Σ
(α)
H

(ν)e−i2πη(ν,µ)(A(α)
γγ (ν) − 1)dν | ≤ |L(α)

H
(µ)| · ‖Σ(α)

H
Ω‖1

(4.32)

will give the proposition. q.e.d.

The bound is motivated by the work of W. Kozek (Koz96), however formulated in a more general context.

Note that the first term in (4.30) can not be controlled by pulse shaping(via Ω) and is related to the

problem of approximate multiplicative calculus of Weyl symbols. Using (2.48) for the casep = ∞ (e.q.

q = 1) gives the following upper bound:

‖L(α)
H
∗
H
− |L(α)

H
|2‖∞ ≤ 2

"

|Σ(α)
H

(µ)Σ(α)
H

(µ − ρ) sin(φ/2)|dρdµ (4.33)

whereφ is defined according to (2.44). Hence, whenever this term is small and proper pulse shaping is

used (Ω is small in the dominating region of|Σ(α)
H
| and|Σ(α)

H
∗
H
|), Sµγ are approximate eigenfunctions ofH

with approximate eigenvalueL(α)
H

(µ), where the approximation is measured in theL2–sense. It was the

idea ofunderspread operators(Koz96) to further upper bound the sin–term in (4.33) or more generally

already in (2.48) whenever|U | = |supp (ΣH )| ≪ 1. It turns then out that violation from normality,

commutativity, multiplicativity and eigenvalue characteristics ”scale” with sin(π|U |). In particular the
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following result was obtained (Koz96, Theorem 5.6):

Theorem 4.6 (W. Kozek (Koz96)). Assume thatΣ(0)
H

(µ) = χU(µ)Σ(0)
H

(µ) and χU is the characteristic

function of U= [−τ0, τ0] × [−ν0, ν0]. Then

E2
2 ≤ 2 sin(

π|U |
4

)‖Σ(0)
H
‖21 + ‖(A

(0)
γγ − 1)χU‖∞

(

‖Σ(0)
H
∗
H
‖1 + 2‖Σ(0)

H
‖21

)

(4.34)

if |U | = 4τ0ν0 ≤ 1.

Proof: The original proof can be found in (Koz96) and follows straightforward from Lemma4.5.

q.e.d.

Using‖Σ(0)
H
∗
H
‖1 ≤ ‖Σ(0)

H
‖21 (4.34) can be written as

E2
2

‖Σ(0)
H
‖21
≤ 2 sin(

π|U |
4

) + 3‖(A(0)
γγ − 1)χU‖∞ (4.35)

This result was generalized in (Mat00, Theorem 2.22) by G. Matz (see also (MH98)) to a formulation in

terms of weighted 1–moments of spreading functionsm(Ω)
H
= ‖Σ(α)

H
Ω‖1/‖Σ(α)

H
‖1 for some weight functions

Ω : R2→ R+:

Theorem 4.7(G. Matz (Mat00)). LetH be an operator with spreading functionΣ(α)
H
= F(α)H

E2
2

‖Σ(α)
H
‖21
≤ 2π

(

cαmδ10
H

mδ01
H
+ 2|α|mδ11

H

)

+m(Ω)
H
∗
H
+ 2m(Ω)

H
(4.36)

whereΩ(µ) = |1− A(α)
γγ (ν)|, andδkl(µ) = µk

1µ
l
2 and cα = |α + 1

2 | + |α − 1
2 |.

The generalization includes now different polarizationsα and is not restricted to the special choice of

U. Assuming again a spreading function with limited supportU = [−τ0, τ0] × [−ν0, ν0] (as in Theorem

4.6) one can find from for|α| ≤ 1/2 the following simplified bound:

E2
2

‖Σ(α)
H
‖21
≤ 2 sin(

π|U |
4

cα) + 2 sin(
π|U |

2
|α|) + 3‖(A(α)

γγ − 1)χU‖∞ (4.37)

which agrees forα = 0 with (4.35).

Direct Approach

A different technique is to considerEp directly (Jun07) which will be shown now. The focus will be again

on p = 2. However, the derivation will include under further assumptions all 1≤ p < ∞. Furthermore,
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instead of forcingλ = L(α)
H

the use of the ”smoothed” version:

λ = Fs(Σ
(α)
H
· B) (4.38)

with a functionB : R2→ C is more general. In particular this will then include two important cases:

C1: ” B = A(α)
gγ ”, such thatλ = L(α)

H
∗ FsA

(α)
gγ where∗ denotes convolution. This corresponds to the

well–known smoothing with the cross Wigner functionFsA
(α)
gγ as used for example also in (4.19).

C2: ” B = 1”, such thatλ = L(α)
H

. This case is related to the symbol calculus and needed for comparisons

with the previous results given so far.

For the study of random operatorsH its spreading functionsΣ(α)
H

have to be classified in some way.

This will be done by assuming that all realizations of the spreading function can be written asΣ(α)
H

(µ) =

K(µ) · W(µ) with a common functionK : R2 → R+. Thus, K models some apriori knowledge (for

example properties of the scattering function in the WSSUS assumption given later on). The function

W : R2 → C represents the random part ofΣ(α)
H

. From this considerations it is desirable to measure the

error Ep with respect to a certaina–norm‖W‖a of the random part, thus to look at the ratioEp/‖W‖a.

The following lemma separatesK andW. It will make use of the function

ρ(x, ν) := |(Sν(α)γ)(x) − B(ν)g(x)| · K(ν) (4.39)

and forp , 0 of the functionalsρp(ν) := ‖ρ(·, ν)χ{ρ(·,ν)>0}‖p which are forp ≥ 1 thepth norms in the first

argument:

Lemma 4.8. For 1 ≤ p < ∞, 1 ≤ a ≤ ∞ and1/a+ 1/b = 1 holds

Ep/‖W‖a ≤ ‖ρp‖b (4.40)

whenever W∈ La(R2) andρp ∈ Lb(R2).

Proof: Firstly – using Weyl’s commutation rule and definition ofλ in (4.38) gives:

Ep
(4.29)
= ‖

∫

dνΣ(α)
H

(ν)Sν(α)Sµγ − λ(µ)Sµg‖p
(2.4b)
= ‖Sµ

(∫

dνΣ(α)
H

(ν)e−i2πη(ν,µ)Sν(α)γ − λ(µ)g

)

‖p

(4.38)
= ‖

∫

dνΣ(α)
H

(ν)e−i2πη(ν,µ)(Sν(α)γ − B(ν)g)‖p .

(4.41)
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Note that thep–norm is with respect to the argument of the functionsg andSν(α)γ. The last step follows

becauseSµ(α) acts isometrically on allLp(R). Let f : R × R2→ C be the function defined as:

f (x, ν) := e−i2πη(ν,µ)
Σ

(α)
H

(ν)[(Sν(α)γ)(x) − B(ν)g(x)] (4.42)

Then (4.41) reads for 1≤ p < ∞ by Minkowski (triangle) inequality

Ep = ‖
∫

dν f (·, ν)‖p ≤ ‖
∫

dν| f (·, ν)|‖p ≤
∫

dν‖ f (·, ν)‖p (4.43)

With Σ(α)
H
=W · K and Hölder’s inequality follows the claim of this lemma. q.e.d.

In the next lemma it will be shown that‖ρp‖b can be related to weighted norms of ambiguity function, as

already studied in (Jun06) and considered in more detail in Chapter6. For simplicity now the assumption

is made that w.l.o.g.‖g‖2 = ‖γ‖2 = 1. Furthermore let beR : R2 → R+ the non–negative function

R := 1+ |A(α)
gγ − B|2 − |A(α)

gγ |2.

Lemma 4.9. With the assumptions of Lemma4.8and a constant̄ρ∞ depending on U, g, γ and B

‖ρp‖b ≤ ρ̄
p−2

p
∞ ‖RKp‖1/p

b/p (4.44)

holds. Equality is achieved for p= 2. The minimum over B of the rhs is achieved for C2.

Proof: Using again Hölder’s inequality for the index pair (1,∞) givesρp ≤ ρ(p−q)/p
∞ ·ρq/p

q for p ≥ 1

and eachq , 0. With the given definition ofρp the last step is also correct forp < q. In particular, for

q = 2 the latter equation reads:

ρp ≤ ρ(p−2)/p
∞ ρ

2/p
2 = ρ

(p−2)/p
∞ (RK2)1/p (4.45)

with equality for p = 2. Note that alsoρ(p−2)/p
∞ contains a termK(p−2)/p. With the focus on compactly

supportedK’s the notation as in (Jun07) will be used now. Let:

ρ̄(ν) := sup
x
|(Sν(α)γ)(x) − B(ν)g(x)| · χU(ν) (4.46)

andρ̄∞ = ‖ρ̄‖∞. Then it is obvious thatρ∞(ν) = ρ̄(ν)K(ν) ≤ ρ̄∞K(ν) such that:

(4.45) ≤ ρ̄(p−2)/p
∞ (RKp)1/p (4.47)
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Takingbth norm of the rhs of the last equation gives already (4.44). From the definition ofR it is obvious

that the minimum of the bound in (4.45) is taken atB(U) = A(α)
gγ (U) which is provided by C1. Because

equality forp = 2 in (4.45) this is also the optimizer for‖ρ2‖b for anyb. q.e.d.

Remark 4.10(Comparison to previous results). It follows that for C2,p = 2 anda = 1:

E2
2

‖Σ(α)
H
‖21
≤ 2‖(1− A(α)

gγ )χU‖∞ (4.48)

which improves the previous bounds (4.34), (4.35) and (4.37). It is independent of the polarizationα

and does not require any shape or size constraints onU. Interestingly the offset in (4.35), which does

not depend on (g, γ) and in a first attempt seems to be related to the notion of underspreadness, has been

disappeared now.

Assuming thatR∞ := ‖RχU‖∞ ≤ 1 andb ≥ p. Then it follows that:

‖ρp‖b ≤ ρ̄
p−2

p
∞

(∫

RKb
)1/b

(4.49)

with equality forb = p = 2. If the latter can not be fulfilled, hence forb < p or if R∞ > 1, then still

holds:

‖ρp‖b ≤ ρ̄
p−2

p
∞ R1/p

∞ ‖K‖b (4.50)

However, this bound can not be related to ambiguity functions. It can be verified that for C1 the condition

R∞ ≤ 1 is always fulfilled. Thus, in this case (4.49) reads:

‖ρp‖b ≤ ρ̄
p−2

p
∞

(

‖Kb‖1 − ‖(A(α)
gγ )2Kb‖1

)1/b (4.51)

One can conclude that with the assumptions given so far a maximization of‖(A(α)
gγ )2Kb‖1 (the caser = 2

in (Jun06) and in Chapter6) controls Ep/‖W‖a. But for the condition C2 the behavior seems to be

different. One arrives at the very interesting condition, thatR∞ ≤ 1 is equivalent to

1
2
≤ inf

µ∈U
Re{A(α)

gγ (µ)} (4.52)
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It can be shown that this condition can not be fulfilled on every U (Jun07). However, if (4.52) holds the

equations (4.49) and (4.52) provide then again a connection to ambiguity functions:

‖ρp‖b ≤ ρ̄
p−2

p
∞

(

2(‖Kb‖1 − ‖Re{A(α)
gγ }Kb‖1

)1/b (4.53)

which can further be related to‖A(α)
gγ Kb‖1 (the caser = 1 in (Jun06) and Chapter6).

4.3.2 WSSUS Scattering Model

Various time–varying mobile communication channels are described by random linear time–varying op-

erators. The most common statistical model is the so–calledwide–sense stationary uncorrelated scatter-

ing (WSSUS) model, originally introduced by Bello (Bel63). In this model the spreading functionΣ of

H is described as an zero–mean 2D–random process which is uncorrelated at different arguments, i.e.

EH {Σ(µ)} = 0

EH {Σ(µ)Σ(µ′)} = C(µ)δ(µ − µ′)
(4.54)

where the power distributionC : R2→ R+ is called thescattering functionof the WSSUS channel. The

exact distribution is not important for this analysis and typically assumed to be Gaussian. Furthermore,

C is calledseparableif C = C[1] ⊗ C[2] for two functionsC[1] ,C[2] : R → R+. Whenever separability is

such thatC(1) andC(2) are functions ofµ1 andµ2, C(1) is called the power–delay profile andC(2) is called

Doppler spectrum. The WSSUS assumption induces a special correlation matrixRH of the channel

matrix H

(RH)mn,kl = EH {Hm,nHk,l}
(4.17)
= EH {〈Σ, sm,n〉〈sk,l ,Σ〉} = 〈C, sm,nsk,l〉 (4.55)

For sm,n(µ) as defined in (4.18) it follows

sm,n(µ)sk,l(µ) =e−i2π(ζ(Λm,Λ(m−n))−ζ(Λk,Λ(k−l))+ζ(µ,Λ(n−l))−ζ(Λ(m−k),µ)

Agγ(Λ(n−m) + µ)Agγ(Λ(l − k) + µ)
(4.56)

giving RH a rather complicated structure. In particular, the correlation of the channel diagonal elements

(RH)mm,kk =

∫

ei2πη(µ,Λ(k−m))|Agγ(µ)|2C(µ)dµ = (Fs|Agγ|2C)(Λ(k −m)) (4.57)
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is the (inverse) symplectic Fourier transform (2.33) of |Agγ|2C sampled atΛ(k − m), i.e. it is a two–

dimensional Toeplitz operator.

To estimate the performance of Weyl–Heisenberg signaling in time-varying channels Theorem4.3

will be used. However, one has to distinguish between the instantaneous performanceSINRm on a par-

ticular time–frequency slotm for a fixed channelH given by its spreading functionΣ and a long–term

characterizationSINRm for an ensemble of channels distributed according to the WSSUS model. The

latter is then characterized by its scattering functionC. The direct application of Theorem4.3is then the

following corollary:

Corollary 4.11. If the (instantaneous) channel is known to the WH receiver and G(γ,Λ,I) is a Bessel

sequence, it follows

SINRm ≥ ((σ2 + Bγβm)/|〈Σ, sm〉|2 − 1)−1

SINRm ≥ ((σ2 + Bγ‖C‖1)/〈C, |sm|2〉 − 1)−1
(4.58)

whereβm = ‖H ∗gm‖22. Bγ is the Bessel bound ofG(γ,Λ,I) and sm(µ) = e−i2πη(µ,Λm)〈g, Sµγ〉. Equality is

given if the Gabor set establishes a tight Gabor frame. Assuming n(t) for each t andΣ(µ) for eachµ to

be circular–symmetric the last line in(4.58) will hold also for the OQAM scheme.

Proof: Consider first the deterministic case, i.e. a fixed channelH with spreading functionΣ. To

compute the lower bound on theSINRm one needs from (4.19):

|Hm,m|2 = |
∫

Σ(µ)e−i2πη(µ,Λm)〈g, Sµγ〉dµ|2 = |〈Σ, sm〉|2 (4.59)

andβm = ‖H∗gm‖22 (becauseH is not random, no expectation operator is involved anymore)for Theorem

4.3. To compute the bound on the long–term performance measureSINRm, the WSSUS model will

exploited. According to (4.54) it follows

EH {|Hm,m|2} =
∫

|〈g, Sµγ〉|2C(µ)dµ = 〈C, |sm|2〉

βm = EH {‖H∗gm‖22} = ‖C‖1
(4.60)

and Theorem4.3gives the desired result for WH Signaling. The extension of the last step to OQAM is

the following. Assuming that the spreading functionΣ of the channel is circular–symmetric for eachµ

(this is the case ifEH {Σ(µ)2} = 0), then the real and imaginary parts have the same variancesand are
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uncorrelated. Then using (4.28), the following holds:

EH {|HR
m,n|2} =

1
2

(EH {|Hm,n|2 + Re{H2
m,n}}) =

1
2

(EH {|Hm,n|2} + EH {〈Σ, sm,n〉2}) =
1
2

EH {|Hm,n|2} (4.61)

The same can be repeated with the ”real–part” noiseEn{nR
m} = En{Re{i−m〈gm, n〉}} = σ2/2. Comparing

the calculation of the Bessel bound in (4.12), it follows that the upper bound for the corresponding sum

is equal toBγ‖C‖1/2. In summary one gets for OQAM:

SINRm ≥ ((σ2 + Bγ‖C‖1)/〈C, |sm|2〉 − 1)−1 (4.62)

which agrees with the last line of (4.58). q.e.d.

A more detailed study ofSINRm in the view of pulse shaping will be given in Section4.3.5.

4.3.3 WSSUS Channel Estimation

According to Corollary4.11, for coherent transmission it is required that the receiverhas knowledge of

the channel coefficientsHm,m for those slotsm ∈ D ⊂ I which are used for data transmission. This is

typically achieved by estimating the channel using pilot symbols, i.e. the transmission of known symbols

onP ⊂ I. It is common to chooseP ∩ D = ∅. For qualitative estimations, a model on the spreading

function has to be assumed. For example, let

Σ(µ) =
∑

i

Σiσi(µ) (4.63)

make a model assumption onΣ(·) such that〈σi , σ j〉 = δi j . It follows Σi = 〈σi ,Σ〉. The vector

Σ
def
= (. . . ,Σi , . . . )T has the correlation matrix(RΣ)mn = EH {ΣmΣn} = 〈σmσn,C〉. Note that for a

given scattering functionC, the optimal decomposition in the sense ofRΣ being diagonal, means that

〈σmσn,C〉 = 〈σm, σn〉C = δmn. Thus,double orthogonalityis required, in the deterministic and stochastic

sense. It follows that

Hm,n =
∑

i

Σi

wm,n,i
︷    ︸︸    ︷

〈σi , sm,n〉 (4.64)

wheresm,n is defined in (4.18). Of particular interest here are the elements (W)m,i = wm,m,i = 〈σi , sm〉

which describe the coupling of the channel parameters to thedesired part of observations. LetH(D) =

W(D)Σ be the unknown vector of the channel coefficients to be estimated whereW(D) is the submatrix
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W with rows inD. The vector of observationsY = (. . . , yp, . . . ) itself is given by the elements

yp =
∑

q∈P
Hp,qxq +

∑

n∈I\P
Hp,nxn + np = (VΣ)p + zp (4.65)

whereZ = (. . . , zp, . . . ) contains the interference from non–pilots and noise. It isassumed thatE{zp} = 0.

The matrixVp,i =
∑

q∈Pwp,q,i xq depends on the position and values of the pilots. Now letQH be a linear

estimator (a matrix) forH(D), i.e. giving the channel estimatêH(D) = QHY for points m ∈ D of

interest based on the received pilots such that certain costfunction c(·) on the estimation error vector

Ĥ(D) − H(D) is minimized, i.e.

QH = arg min
Q

c(Ĥ(D) − H(D)) = arg min
Q

f (Q) (4.66)

for f (Q) = c((QV−W(D))Σ+QZ). If c(·) = E{‖·‖2} the optimum is known to be theminimum–variance

estimator§ (Lue69). Obviously f (·) in (4.69) is convex in this case, thus the optimality condition is

d
dt f (Q + tq)|t=0 = 0 for anyq. This condition gives

E{
(

Ĥ(D) − H(D)
)

Y∗} = 0 (4.67)

called sometimesorthogonality conditions. The estimator itself is

QLMMSE
H = E{H(D)Y∗} (E{YY∗})−1

=W(D)RΣ,YR−1
Y

(4.68)

wheneverRY is invertible. The first observation already at this stage isthatQLMMSE
H = W(D)QLMMSE

Σ
,

i.e. LMMSE estimation of the channel coefficients is equivalent to LMMSE estimation of the model

parametersΣ of the spreading function. It follows thatQLMMSE
Σ

= RΣV∗ (VRΣV∗ + RZ)−1

An unbiasedestimator is given if the additional constraintE{Ĥ(P) − H(P)} = 0 is present in (4.69).

This is equivalent toQV =W(D) becauseE{Z} = 0. The remaining problem is

QH = arg min
QV=W(D)

f (Q) = arg min
QV=W(D)

c(QZ) (4.69)

For c(·) = E{‖·‖22} it is given asQGM =
(

V∗R−1
Z V

)−1
V∗R−1

Z and also calledminimum–variance unbiased

estimator(or Gauss–Markov estimator) Both estimators where proposed as channel estimation for cp–

OFDM in (WWJ+05; SJS+06; Cha06). In particular in this two–dimensional context such estimators are

§also called(linear) minimum–mean–squared estimator(L)MMSE.
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also studied in (HKR97; SE96)

Remark 4.12 (Separability of Estimators). Typically, WSSUS channels in mobile communication are

assumed to be separable and separability of the scattering functionsC = C[1] ⊗ C[2] translates to sep-

arability of the spreading functionsΣ = Σ[1] ⊗ Σ[2] . Using separable signaling model, which means

Agγ = A[1]
gγ ⊗ A[2]

gγ (see (2.35) ) and Λ = diag(T, F), it is to expect that the complexity of two–

dimensional linear estimators is significantly reduced. Pulse separability can be found for example for

Gaussians and its canonical tight versions (under further assumptions on the symmetry ofΛ). Also for

cp–OFDM as given in (4.25) separability is given for the class of scattering environments for which holds

C(µ)[µ1]cp = 0. However, pulse separability does not directly translates into separability of the matrixV

because it will fail for the functionssp,q for p , q. But considering only the leading term ofV, which

is Vp,i ≈ wp,p,i xp separability remains up to the final estimators. The validity of this approach depends

on the size of the couplings, which can be estimated as|wp,q,i | ≤ 〈|σi |, |sp,q|〉 = 〈|σi |, |Agγ(Λ(q− p) + ·)|〉.

Nevertheless, for the leading term one obtains:

sm,n(µ) = sm(µ) = (e−i2π(·Fm2))A[1]
gγ ⊗ e−i2πζ(Λm,·)A[2]

gγ )(µ) = (s[1]
m2
⊗ s[2]

m1
)(µ) (4.70)

Thus it holds:

Wm,i = 〈σi , sm〉 = 〈σ[1]
i1
, s[1]

m2
〉〈σ[2]

i2
, s[2]

m1
〉 =W[1]

m2,i1
W[2]

m1,i2
= (W[1] ⊗W[2])m,i (4.71)

whereσ[1]
i1

are model functions for the impulse responseΣ[1] andσ[2]
i2

is the time–varying partΣ[2] .

4.3.4 Time–Frequency Offsets and Phase Noise

The Weyl–Heisenberg signaling framework given so far is a theoretical description of modern band-

efficient and high-rate multicarrier systems. The inclusion ofthe WSSUS channel model is a widely used

model for mobile communication channels. However, for example practical low–cost cp–OFDM designs

suffer from additional degradations, like time–frequency offsets (Moo94) and phase noise (RK95; PM02;

PRF02). The aim of this section is to include those effects in the description of Weyl–Heisenberg sig-

naling by a slight extension of Theorem4.3. The following results are partially published in (JW05b;

JW04b).

LetH again the WSSUS channel assumed to be known to the receiver. But further, an ”unexpected

random” linear operatorS is present which represents an additional time-variant distortion. Distor-
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tions caused by synchronization errors typically act on thereceived signal and the noise, hence such a

situation is modeled by applyingS∗ onto the set of receiver waveformsgm. It is assumed thatS is norm–

preserving, i.e.‖S∗gm‖2 = ‖gm‖2, which covers random time–frequency offsets and phase noise as well.

Hence, under the mixed assumption thatH is known andS is unknown to the receiver, the application

of Theorem4.3for the compound channelSH will yield:

1. A bound on the instantaneoussinrm, depending on the spreading functionΣ.

2. A bound on the long–term averagesinrm, depending on the scattering functionC.

3. A bound on the pure AWGN performancesinrom.

Therefore it follows from Theorem4.3:

Corollary 4.13. If the WSSUS channel realizations are known to the receiver and the distortionS is only

known in the mean, the following lower bounds are given by

sinrom ≥ ((σ2 + Bγ)/|sm(0)|2 − 1)−1

sinrm ≥ ((σ2 + Bγβm)/|〈Σ, sm〉|2 − 1)−1

sinrm ≥ ((σ2 + Bγ‖C‖1)/〈C, |sm|2〉 − 1)−1

(4.72)

if G(γ,Λ,I) is a Bessel sequence. The function sm(µ)
def
= ES{〈gm,SSµγm〉} is the effective action ofS at

time–frequency slot m and delay–Doppler contributionµ.

Proof: The effective channel matrix for a fixed WSSUS realizationΣ in the presence of a distortion

S is

Hm,n =

∫

Σ(µ)〈gm,SSµγn〉dµ (4.73)

The separation of channel and distortion in the evaluation of Hm is achieved by extending the definition

of sm already given in the text after (4.18) on page49 to:

sm(µ) :=ES{〈gm,SSµγm〉}
(2.4b)
= e−i2πη(µ,Λm)ES{〈g, S∗ΛmSSΛmSµγ〉} (4.74)

which essentially contains the distortion of theµth delay–Doppler contribution in terms of the pulses

conjugated bySΛm, i.e. ”shifted” toΛm in the time-frequency plane. The mean diagonal elements (with

respect toS) are then given as

Hm =

∫

Σ(µ)ES{〈gm,SSµγm〉} dµ = 〈Σ, sm〉 (4.75)
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For the channel average the second moment of (4.75) with respect toH is needed as already demon-

strated in Theorem4.3because the channel is known, thus

EH {|Hm|2} = EH {|〈Σ, sm〉|2} = 〈C, |sm|2〉

q.e.d.

The General Offset Problem

Performance evaluation of communication systems under timing and carrier frequency offset is of fun-

damental importance. In particular cp–OFDM systems suffer from a mismatch of local oscillator fre-

quency at the receiver with respect to the carrier frequency. A general description and the refinement to

cp–OFDM will be given now. Thus, let beS = Sν caused by erroneous synchronization. BecauseS is

non-random and unitary it follows that‖S∗gm‖2 = ‖gm‖2 = 1. Evaluating (4.74) gives

sm(µ) = e−i2πη(µ,Λm)〈g, S∗ΛmSνSΛmSµγ〉 = e−i2πη(ν+µ,Λm)〈g, SνSµγ〉

= e−i2πη(ν+µ,Λm)e−iπξ(ν,µ)〈g, Sν+µγ〉

= e−i2πη(ν+µ,Λm)e−iπξ(ν,µ)Agγ(ν + µ)

(4.76)

In the absence of a channel this already gives with (4.8)

sinrom ≥ ((σ2 + Bγ)/|Agγ(ν)|2 − 1)−1 (4.77)

which is achievable if the receiver ideally corrects the common phase error, hence the phase ofsm(0) in

(4.76). Non–trivial channels need the computation of

|〈Σ, sm〉|2 = |
∫

Σ(µ)e−i2πη(ν+µ,Λm)e−iπξ(ν,µ)Agγ(ν + µ)dµ|2

〈C, |sm|2〉 =
∫

C(µ)|Agγ(ν + µ)|2dµ
(4.78)

which give the bound onsinrm and sinrm according to Corollary4.13. More details can be found in

(JW05b; JW04b).
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Frequency Offset in cp–OFDM

Considering now cp–OFDM transmission as described in§4.2.1in time–invariant channel environments

where it was designed for. Thusg, γ as in (4.20) and (4.21) and the time–frequency lattice is generated

byΛ = diag(Tu+Tcp, 1/Tu). The (distributional) spreading function is given asΣ(µ) = h(µ1)δ(µ2) where

h is called the channel impulse response¶ . The (distributional) scattering function is given similar. The

lengthTcp of cyclic prefix is designed such thatTcp ≥ τd whereτd is the maximal delay, i.e.h(τ) = 0

for all τ < [0, τd]. The receiver has ideal knowledge on the actual channel realization h. But further

the system is distorted by an constant unknown time–frequency offsetν. The signal quality can now be

directly obtained from (4.24), where it is also helpfully to introduce normalized offsets ˆν = Λ−1ν. If the

system then exhibits a time offsetν1 only and [ν1+τd]cp = 0, the time dependence in the cross ambiguity

function cancels, thus

sm((ν1, 0)) = e−i2πν1m2/TuAgγ((ν1, 0)) = e−i2πν̂1m2/ǫAgγ((ν1, 0)) =
√
ǫei[φ0−2πν̂1m2/ǫ]

and only phase rotations occur (normally corrected by channel estimation and equalization). Contrary

to this, time offsets with [ν1 + τd]cp , 0 causes interference. For frequency offsets interference occurs

immediately as seen from Fig.4.1. Going back to the case [ν1 + τd]cp = 0 the following relation holds:

〈Σ, sm〉 = e−i2πη(ν̂,m)/ǫ √ǫ sinπν̂
πν̂

eiφ0 ĥ(m2/Tu) (4.79)

Using the latter evaluations one can obtain from Corollary4.13bounds on the performance (JW05b) as

shown for example in Fig.4.2for sinrom (see (4.77)).

Bounds for the frequency offset are further important, because it is then possible to extent them to

useful interference bounds for cp–OFDM in time–varying channels, as long as the maximum delay of

the channel is still such that [µ1]cp = 0 for all µ ∈ supp (C). A common assumption is for example that

C((µ1, ·)) = χ[−BD ,BD]/(2BD) whereBD is the maximum Doppler shift. Corollary4.11on page61applies

then with

〈C, |sm|2〉 =
∫

R2
C(µ)|Agγ(µ)|2dµ =

ǫ

2BD

∫ BD

−BD

sin2 πµ2Tu

(πµ2Tu)2
dµ2

BTu≤1
≥ ǫ

sin2 πBDTu

(πBDTu)2
(4.80)

This method was used in (SJS+06) to evaluate the degradation of channel estimation and overall system

performance of WiMAX cp–OFDM system with increased mobility.

¶δ(·) is the Dirac distribution.
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Figure 4.2: The Impact of Frequency Offsets in cp–OFDM systems- The lower bound on thesinro is
shown over the normalized frequency offset and compared to the lower bound obtained in (Moo94). The
latter is a numerically fit which is only correct for ˆν2 ≤ 0.5. Contrary, the presented bound posses the
correct behaviorSINR→ 0 asν̂2→ 1.

Gaussian and Wiener Phase Noise

Phase noise is typically modeled as a point–wise multiplication with a phase noise processθ(t) = eiφ(t),

i.e. (S f )(t) = θ(t) f (t). Obviously there holdsES{‖S∗ f ‖2} = ‖ f ‖2 and (4.74) gives

sm(µ) = e−i2πη(µ,Λm)〈g, S∗ΛmθSΛmSµγ〉 (4.81)

where the first moment is defined asθ(t)
def
= Eφ(t){θ(t)}, i.e. (S∗ΛmθSΛm)(t) = θ(t − (Λm)1).

Gaussian Phase Noise:A typical model which occurs in phase synchronization loopsisφ(t) ∼ N(0,Sφ)

with E{φ(t)φ(t + τ)} = Cφ(τ) =
∫

Sφ( f )ei2π f τd f . It was already observed in (PM02) that sinrm is inde-

pendent of the phase noise spectrumSφ( f )‖, which is a direct consequence from the fact that the bounds

depend only on the first moments. Thus, withθ(t) = e−
Sφ
2 it follows sm(µ) = e−i2πη(µ,Λm)e−

Sφ
2 Agγ(µ).

‖the authors only considered an classical OFDM system based on rectangular pulses (without cyclic prefix and additional
channel)
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Corollary4.13gives (JW05b):

sinro ≥ (eSφ (σ2 + Bγ)/|〈g, γ〉|2 − 1)−1

sinrm ≥ (eSφ (σ2 + Bγβm)/|(Fs(Σ · Agγ))(Λm)|2 − 1)−1

sinr≥ (eSφ (σ2 + Bγ‖C‖1)/〈C, |Agγ|2〉 − 1)−1

Wiener Phase Noise:A widely used model in frequency synchronization isφ(t) =
∫ t
φ̇dτ with the

random instantaneous frequency1
2π φ̇(τ) giving an autocorrelationCθ(τ) = e−

Sφ̇
2 |τ| whereSφ̇ is the PDS

of the instantaneous frequencies. In the presence of Wienerphase noise communication via coherent

detection is not possible due to the infinite distortions of the phase. A common approach is to correct the

phase from period to period. Thus, letθ(t) = eiφ(t−tsync) with φ(·) being a realization of the Wiener process

φ(t) =
∫ t

0
φ̇dτ on [0,∞) and tsync denotes the time of the last phase synchronization. For simplicity it

is assumed thatΛ = diag(T, F) and tsync = lsyncT, i.e. θ(t) = e
Sφ̇
2 tsyncθ1(t). The commutation relation

S∗Λmθ1 = e
Sφ̇
2 m1T θ1 SΛm gives

sm(µ) = e−i2πη(µ,Λm)e
Sφ̇T

2 (lsync−m1)〈g, θ1Sµγ〉 (4.82)

depending now explicitely on pulse shapesg andγ∗∗. Fixing the time origin such thatlsync = 0 and

normalizing the phase noise power with respect to the subcarrier spacingρ
def
= Sφ̇/F gives (JW05b):

sinrom ≥ (eρm1/ǫ(σ2 + Bγ)/|Aĝγ(0)|2 − 1)−1

sinrm ≥ (eρm1/ǫ(σ2 + Bγβm)/|(Fs(Σ · Aĝγ))(Λm)|2 − 1)−1

sinrm ≥ (eρm1/ǫ(σ2 + Bγ‖C‖1)/〈C, |Aĝγ|2〉 − 1)−1

(4.83)

whereĝ = gθ1. From (4.83) one can see that there is an inherent exponential degradation of the signal

quality. Furthermore, the receiver now uses the mismatchedfilter ĝ = gθ1 instead ofg. To obtain closed

formulas it remains to calculate〈g, θ1Sµγ〉. For cp–OFDM this yields

〈g, θ1S(τ,0)γ〉 =
2
√
ǫ

Sφ̇Tu
(1− e−

Sφ̇
2 (Tu−|[τ]cp|))χ[−Tu,Tu]([τ]cp) =

2
√
ǫ

ρ
(1− e−

ρ
2 ) (4.84)

if the channel delay spread does not exceed the cyclic prefix.

∗∗The last step is correct in a rough sense only. The reason is that the pulse shapes could be much longer thanT. So one has
to assure that the domain ofθ1 is not/or marginally violated (this is obviously not relevant for cyclic prefix OFDM)
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4.3.5 WSSUS Pulse Shaping

In multicarrier transmission most commonly one–tap equalization per time–frequency slot is considered,

hence it is naturally to require|Hm,m|2 (the channel gain of the lattice pointm ∈ I) to be maximal and the

interference power
∑

n,m |Hm,n|2 from all other lattice points to be minimal as possible†† . This addresses

the concept ofpulse shaping, hence to find good pulses{g, γ} such that its averaged cross ambiguity

yields maximum channel gain and minimum interference power(JW05c). A comprehensive framework

for the optimization of redundant precoders and equalizerswith respect to instantaneous time-invariant

channel realizations (assumed to be known at the transmitter) is given in (SGB99a; SGB99b). However

in certain scenarios it is much more realistic to adapt the pulses only to the second order statistics, given

by the scattering functionC and not to a particular spreading realizationΣ. In section4.3.1it was shown

already, that for channels with small size of the support of the scattering function Weyl–Heisenberg

signaling corresponds to ”eigen–signaling” in an approximate sense. Thus, now instead the (long term)

SINR(g, γ,Λ)

SINR(g, γ,Λ)
def
=

EH {|Hm,m|2}
σ2 + EH {

∑

n,m |Hm,n|2}
(4.85)

according to the definition in Sec.4.3.2has to be considered, where

EH {|Hm,m|2} =
∫

|〈g, Sµγ〉|2C(µ)dµ

∑

n∈I\{m}
EH {|Hm,n|2} =

∑

n∈I\{0}

∫

|〈g, SΛn+µγ〉|2C(µ)dµ
(4.86)

Note, that in average all lattice pointsm have the sameSINR(g, γ,Λ). Further, comparing the proof of

Corollary 4.11, it follows, that this will include OQAM signaling (Section4.2.2) if the noise and the

spreading function are at each point circular–symmetric processes.

Problem 1 (Optimal Time–Frequency Signaling). The optimal time-frequency signaling{g, γ,Λ} in

terms ofSINR is given as the solution of

maximize
(g,γ,Λ)

SINR(g, γ,Λ) subject to: ‖g‖2 = ‖γ‖2 = 1

detΛ−1 = ǫ

(4.87)

for a fixed bandwidth efficiencyǫ.

The design problem in this general constellation is not yet well studied because of its complex struc-

ture. Most studies in this field are limited to separated optimizations of eitherEH {|Hm,m|2} or the in-

††This holds for the OQAM scheme as well if|Hm,m|2 is replaced by|HR
m,m|2 from (4.28)
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terference term where the lattice structureΛ is assumed to be fixed. A comparison between different

lattices is given in (SB03). Rewriting the squared magnitude of the cross ambiguity function using the

Hilbert–Schmidt product as|Agγ(µ)|2 = 〈Πg, SµΠγS∗µ〉T2 whereΠg,Πγ ∈ Z(L2(R)) are (rank-one) or-

thogonal projectors ontog andγ. For abbreviation it will be used now thatZ = Z(L2(R)) which is

subsetS = S(L2(R)) of trace–normalized positive operators as already introduced in (1.6) and (1.10).

According to Fubini’s theorem follows

1 ≥ EH {|Hm,m|2} =
∫

|Agγ(µ)|2C(µ)dµ = 〈Πg,

∫

SµΠγS∗µC(µ)dµ
︸                 ︷︷                 ︸

AC(Πγ)

〉T2

def
= 〈Πg,AC(Πγ)〉T2 (4.88)

Hence, the latter gives for eachγ an (weakly defined) operatorAC(Πγ) with kernelaC =
∫

C(µ)(Sµγ) ⊗

(Sµγ)dµ and ‖aC‖2 = 1 (Hilbert Schmidt). Such an operator is also calledlocalization operator(see

Remark6.4 on page85). A more detailed treatment of suchWeyl–Heisenberg maps(WH–maps)AC(·)

will be given in§6.1. Similarly the interference term is given as

〈Πg,
∑

λ∈ΛI\{0}
SλA(Πγ)S

∗
λ〉T2

def
= 〈Πg, (B ◦ A)(Πγ)〉T2 (4.89)

Note that,B(Πγ) = Sγ,Λ − 1 wheneverI = Z2 (see also (3.24)). AbbreviatingD(X)
def
= σ2 + (B ◦ A)(X)

the problem in (4.87) is now the maximization of theRayleigh quotient:

maximize
Πγ ,Πg∈Z,Λ

〈A(Πγ),Πg〉T2

〈D(Πγ),Πg〉T2

subject to: detΛ−1 = ǫ (4.90)

of the operatorsAC(Πγ) andD(Πγ).

Finite–dimensional formulation and numerical optimization

Using the finite–dimensional representation given in§2.1.5the translation of problem (4.90) is the fol-

lowing. The underlying Hilbert space will beCn and the finite phase space isZ2
n, whereZn = (0 . . . n−1),

henceAC : S(Cn)→ S(Cn) such that

AC(X) =
∑

µ∈Z2
n

C(µ)SµXS∗µ (4.91)
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characterizes the scattering via the discrete scattering functionC : Z2
n→ R+. The mappingB : S(Cn)→

S(Cn) is

B(X) =
∑

λ∈ΛD

SλXS∗λ (4.92)

whereΛD is discrete lattice inZ2
n. Using againD(X)

def
= σ21n + (B ◦ A)(X) and letλmax(X,Y) is the

generalized hermitian eigenvalue of the pencil (X,Y). Then (4.90) reads:

max
Πγ,Πg∈Z

〈A(Πγ),Πg〉T2(Cn)

〈D(Πγ),Πg〉T2(Cn)
= max
Πγ∈Z

λmax(A(Πγ),D(Πγ))
σ2>0
= max
Πγ∈Z

λmax(A(Πγ)D(Πγ)
−1) (4.93)

where nowS = S(Cn) andZ = Z(Cn). Using the definition of adjoints ofA(·) and D(·) given later

in (6.3) the rhs of (4.93) can be rewritten in terms ofΠg, i.e. a receiver side optimization. Now –

λmax(A(X),D(X)) is for X ≥ 0 a quasi–convex function inX if D(X)−1 exists, i.e. all level sets are convex

(see for example (BG93)). The existence of the inverse is ensured byσ2 > 0. From the quasi–convexity

and linearity ofA(·) andD(·) follows for every convex combinationX =
∑

i piXi ∈ S(Cn) with
∑

i pi = 1

andpi ≥ 0

max
X∈S

λmax(A(X),D(X)) = max
Xi∈Z

λmax(
∑

i

piA(Xi),
∑

i

piD(Xi))

≤ max
i
{max

Xi∈Z
λmax(A(Xi),D(Xi))} = max

X∈Z
λmax(A(X),D(X))

(4.94)

Thus, the optimization can be performed overS(Cn) but the set of maximizers contain at least one

X ∈ Z(Cn) (the maximum is at least achieved at some vertex). However,maximization of quasi–convex

functions over convex sets is global–type optimization (better known as quasi-concave minimization).

The dimension of the Hilbert space is expected to be large (ofthe order≈ 1024. . . 8192), i.e. standard

techniques for global optimization are mainly prohibited.For this setup instead the following simple

algorithm is proposed which at least provides a lower bound.Hence, let

y(X)
def
= arg max

Y∈Z(Cn)
SINR(X,Y) x(Y)

def
= arg max

X∈Z(Cn)
SINR(X,Y) z(X)

def
= (x ◦ y)(X) (4.95)

whereSINR(X,Y) = 〈A(X),Y〉T2(Cn)/〈D(X),Y〉T2(Cn). Hence,y(X) (or x(Y)) is an element of the gen-

eralized maximizing eigenspace of{A(X),D(X)} (or {Ã(Y), D̃(Y)}). The mappingz corresponds to one

iteration step. The iterative algorithm is given below. Convergence in the weak sense is given straight-

forward by observing that{SINR(Xn,Yn)}n is monotone increasing and bounded.
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Algorithm 1 SINR optimization
Require: δ > 0
Require: an appropriate initialized stateX0 (for example a Gaussian)

1: repeat
2: Calculate in then’th iteration :

Xn
def
= zn(X0) = z(z(n−1)(X0))

Yn
def
= y(Xn)

(4.96)

3: giving functional valuesSINR(Xn,Yn) = SINR(Xn, y(Xn)).
4: until SINR(Xn,Yn) − SINR(Xn−1,Yn−1) ≤ δ

Relaxation Approach

The full characterization ofSINRgiven in Problem1 is from the numerical point of view the right formu-

lation but allows only minor analytical insight. Furthermore, it is not possible to apply straightforward

frameworks introduced in the Chapters2 and 3. But using Theorem4.3 it is possible to derive the

following lower bound:

SINR(g, γ,Λ) ≥
〈Πg,A(Πγ)〉T2

σ2 + Bγ − 〈Πg,A(Πγ)〉T2

(4.97)

If G(γ,Λ,Z2) is a frame there is a similar upper bound given by replacingBγ with the lower frame bound

Aγ. Equality is achieved ifG(γ,Λ,I) already establishes a tight frame. Now – as relaxation of Problem

1 the maximization of the rhs of (4.97) is proposed. Whenever the optimizerγ turns out to be creating a

tight frame with respect to the latticeΛ, this optimizes also (4.90), i.e. solves Problem1.

Problem 2 (Relaxation for Optimal Time–Frequency Signaling). A lower bound to the optimal time–

frequency signaling{g, γ,Λ} as proposed in Problem1 is given by the maximization of:

maximize
g,γ,Λ

〈Πg,A(Πγ)〉T2

σ2 + Bγ − 〈Πg,A(Πγ)〉T2

(4.98)

The term〈Πg,A(Πγ)〉T2 will be called channel fidelity and Bγ is the Bessel bound related toG(γ,Λ,Z).

The lower bound in (4.98) enables now the use of two different concepts. Firstly – the problem of

maximizing the channel fidelity〈Πg,A(Πγ)〉T2 which mainly exploits the fundamentals given in Chapter

2 and isindependent ofΛ. And secondly – the minimization of the Bessel boundBγ of G(γ,Λ,Z) which

is connected to framework of frames given in Chapter3 and independent of the averaged channel A(·).

The minimization ofBγ is related to tight frames onΛ or its adjointΛ◦ and is performed by procedure

(3.40) in Zak–domain via (3.54). The detailed treatment and further discussion of this relaxation is

postponed to Chapter6. The next Chapter rediscovers the same problem in a completely different setting
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and furthermore shows the importance of giving solutions toProblem2.



Chapter 5

Quantum Communication in Phase Space

In this chapter another application of the Weyl–Heisenberggroup and displacement operators in infor-

mation transmission context is given. During establishingthe framework for pulse design it has been

observed that there are strong connections to some optimality conditions for quantum probability wave

functions describing initial pure quantum states after interaction with thermal environment, also called

bosonic quantum channel. Furthermore the framework of completely positive maps, in particular con-

structed from Weyl–operators, has been found to be an interesting research area. This work already

summarizes partially this correspondence. Thus, the first section of this chapter will give the basic facts

and postulates of algebraic quantum theory and is mainly designed such that the following section and

its relation to Chapter6 will become clear. It will will give a very rough overview of the philosophy of

quantum communication. A good overview giving the facts in detail, is for example (NC04). A direct

introduction into Gaussian quantum channels and the Weyl–Heisenberg relation can be found in (Hol82).

At the end of the chapter the problem of optimal quantum detection for those channels turns out to be

the same as the relaxation in Problem2.

5.1 Quantum Communication

Quantum theory can be understood as the non–commutative generalization of standard (abelian) proba-

bility theory. There are mainly three objects to handle with: probability distributions, random variables

and a rule how to compute expectations. It will turn out that in the non–commutative settings, this will

be states (characterized by density operators), measurements (simple random variables) and the trace (as

the linear functional with additional positivity properties).

75
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5.1.1 States and Measurements

The ”classical” formulation of quantum mechanics starts bypostulating the ”wave function” which char-

acterize the state of an isolated quantum system or more generally by considering a normalized vector

of a given (complex) Hilbert spaceV. To avoid first problematic handling of unbounded operators,

dim(V) < ∞ is assumed for the moment.

Postulate 1(Quantum state vector). A state vectorx ∈ V of an isolated quantum system is an element

of a Hilbert spaceV with ‖x‖2
V
= 〈x, x〉V = 1. However, allcx ∈ V wherec ∈ C with |c| = 1 are

equivalent, i.e. describe the same physical state. The equivalent classes are one–dimensional subspaces

of V (”rays”) and they can be identified with rank–one orthogonalprojectorsΠ ∈ Z(V) (see (1.10)).

With such identification the formalism can be generalized tomixtures, i.e. ensembles{Π j} j∈J ⊂ Z(V)

of (different) rank–one projectors occurring in certain probabilities {p j} j∈J with
∑

j∈J p j = 1. If |J| > 1

the quantum system is called to be in amixed state, otherwise it is in apure state.

Definition 5.1 (Density operators). Mixed and pure quantum states are characterized by positive, unit

trace operatorsρ : V→ V calleddensity operators, henceρ ∈ S(V) as defined in (1.9) on page7 and

ρ =
∑

j∈J
p jΠ j (5.1)

ρ is a convex combination of (extremal) elements{Π j} j∈J.

Due to
∑

j∈J p j = 1 and Tr Π j = 1 it follows Tr ρ = 1. The exact definition of a quantum state

is out of the scope in this work and in general (for dimV = ∞) one has to distinguish between states∗,

state vectors and density operators. To hold the formulations in this chapter simple, in the following only

states are considered which can be described by density operators.

Postulate 2(Unitary evolution). The stateρ(t) ∈ S(V) at timet of an isolated quantum system (which

has no interaction with the environment) between the timest1, t2 ∈ R undergoes an unitary transformation

U(t2 − t1), i.e. ρ(t1) = U(t2 − t1)ρ(t2)U(t2 − t1)∗.

By Stone’s Theorem (Sto32) such one-parameter groupU(t) of unitary operators is given asU(t) =

e−iA whereA is an hermitian operator. Hence the free time evolution is characterized byA (typically the

Hamiltonian).

∗Linear functionals over certain operator algebras. There exists states which can not be described with density operators.
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Postulate 3(Quantum measurement). The measurement on a quantum state described byρ ∈ S(V) is

given by a set of positive operators{P j} j∈J fulfilling
∑

j∈J P j = 1 (called thecompleteness relation). With

probabilityq( j) = Tr ρP j = 〈ρ,P j〉T2(V) the measurement produce the outcomej and brings the system

into the new stateρ′( j) = ( Tr P jρ)−1(P j)1/2ρ(P j)1/2.

Such a measurement{P j} j∈J is in general calledpositive operator valued measure(POVM). If further

PiP j = δi j Pi it is called a von Neumann (or projective) measure. The important difference to classical

measurement of received symbols is that the measurement itself modifies the state of the quantum system.

Postulate 4(Compound states). Consider two quantum subsystemsV1 andV2 as a joint system. A

compound stateρ of this joint systemV1 ⊗ V2 is characterized byρ ∈ S(V1 ⊗ V2).

This additional linear structure is the reason for the fundamental differences between classical proba-

bility theory and quantum theory. A state of the joint systemwhich can be written asρ = ρ1⊗ρ2 is called

product state, i.e. each subsystem is independently prepared. States which are not convex combinations

of product states are calledentangled.

5.1.2 Classical Communication in Quantum Channels

Under classical communication in quantum channels it is commonly understood that a classical message

is encoded into a sequence of quantum states. Each state, represented by its density operator is transmit-

ted separately through a quantum channel and decoded. As in the classical case a channel should affinely

map input probability distributions to output distributions. However to ensure the approach to be valid

on compound systems, the property ofcomplete positivityhas to be fulfilled, i.e.

Definition 5.2 (Quantum channel). A quantum channelA(·) is an affine mappingS(V1) → S(V2) such

thatA⊗ 1V3 mapsS(V1 ⊗ V3)→ S(V2 ⊗ V3) for anyV3.

Thus,A(·) extends to a positive mapping on compound systems, for example an auxiliary environ-

mentV3. More details on the subject of complete positivity will be given at the beginning of Chapter

6.

Definition 5.3 (Quantum source). A discrete iid quantum source produces one state per time instant from

a given alphabet{ρ j} j∈J ⊂ S(V) with a–priori probabilitiesp j. The output aftern time instants is with

probability
∏n

k=1 p jk the product state

ρ(n) = ρ j1 ⊗ · · · ⊗ ρ jn ∈ S(V⊗n) (5.2)
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corresponding to the message (j1, . . . , jn).

An arbitrary quantum channelA(n) : S(V⊗n) → S(V⊗n) operating on compound input states does

not produce in general product states. But the focus of this work relies onproduct channelsfor which

A(n)(⊗nρ jn) = ⊗nA(ρ jn), giving the right generalization of an i.i.d. quantum channel.

5.1.3 Quantum Hypothesis Testing

In the following the special case of quantum hypothesis testing will be considered where the minimum

cost is the probability of misidentifying a transmitted quantum state (Hel76).

Definition 5.4 (Quantum hypothesis testing). Let {ρ j} j∈J ⊂ S(V1) be a discrete iid quantum source with

a–priori probabilitiesp j. The outputs of a single-use channelA : S(V1) → S(V2) are then{A(ρ j)} j∈J ⊂

S(V2). A quantum detector makes a decision according to the conditional probabilities

P(k| j) = Tr PkA(ρ j) = 〈Pk,A(ρ j)〉T2(V) (5.3)

where{Pk}k∈K are its measurement operators with
∑

k∈K Pk = 1. Let ck j be the cost of choosingk if j was

transmitted, the averaged costc is then

c =
∑

k∈K

∑

j∈J
ck j p jP(k| j) (5.4)

The general task is to select for a given quantum channelA(·) a set{ρ j} j∈J and measurement{Pk}k∈J

which minimizes the averaged costc (sometimes called Bayesian strategy). The caseck j = 1 − δk j

corresponds to minimizing the averaged probability of error:

Pe = c = 1−
∑

j∈J
p jP( j| j) = 1−

∑

j∈J
p j Tr (P jA(ρ j)) (5.5)

over{ρ j} j∈J and{Pk}k∈J.

5.1.4 Coherent Quantum Designs

A further simplification is possible if the quantum channel posses some covariance properties with re-

spect to a setG of unitarities, that isA(UρU∗) = UA(ρ)U∗ for all U ∈ G andρ ∈ S(V). For some

ρ ∈ S(V) and an operatorP ≥ 0 consider the alphabet{ρ j} j∈J with ρ j = U jρU∗j and a detection (mea-

surement) scheme{P j} j∈J with P j = U jPU∗j . The operatorsU j are taken from a subset{U j} j∈J ⊆ G. If
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the operatorP could be chosen such that
∑

j∈J U jPU∗j = 1 it follows from (5.5):

Pe = 1− Tr (PA(ρ)) = 1− 〈P,A(ρ)〉T2(V) (5.6)

Such a detection scheme is also sometimes called covariant measure and has special properties in (quan-

tum) parameter estimation. According to (Zau99) such designs are calledregular coherent quantum

designswhere regular means that rankP j =const. In general, the requirement of coherence and regular-

ity is too strong to obtain smallPe. Therefore the generalization is needed which involves inconclusive

results:

Proposition 5.5. Let A : S(V) → S(V) be a quantum channel covariant with respect to a set G=

{U j} j∈I of unitary mappings overV andρ ∈ S(V). Further, letπ be a positive operator, such that there

exists a Bπ < ∞ with
∑

j∈IU jπU∗j ≤ Bπ1. Then

Pe = 1− B−1
π 〈π,A(ρ)〉T2(V) (5.7)

is the averaged probability of error.

Proof: The construction of an adequate measurement is then achieved as follows

P j = B−1
π U jπU∗j P̃ = 1− B−1

π

∑

j∈I
U jπU∗j (5.8)

These operators fulfill̃P+
∑

j∈I P j = 1, i.e. they establish a well defined POVM. If detection yieldsthe

inconclusive result (with probability〈P̃,A(ρ)〉T2(V)) the outcome is declared as an error†. The averaged

probability of error is then

Pe = 1− 〈P,A(ρ)〉T2(V) = 1− B−1
π 〈π,A(ρ)〉T2(V) (5.9)

q.e.d.

Equivalently toPe also thelikelihood ratioof correct decision (sometimes also called success rate) can

be considered which is then defined as

LR
def
=

1− Pe

Pe
=

〈π,A(ρ)〉T2(V)

Bπ − 〈π,A(ρ)〉T2(V)
(5.10)

†this can be slightly improved by uniformly distributing thecaseP̃ over the possible inputs
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Thus, the problem of coherent quantum detection can now be stated as follows:

Problem 3 (Coherent transmission in quantum channels). Let A : S(V) → S(V) be a quantum channel

covariant with respect to a set G= {U j} j∈I of unitary mappings overV. Maximizing the likelihood ratio

of success transmission (or minimizing the error probability) is the problem

maximize
π,ρ∈S(V)

〈π,A(ρ)〉T2(V)

Bπ − 〈π,A(ρ)〉T2(V)
(5.11)

whereρ, π ∈ S(V) and Bπ < ∞ as in Proposition5.5.

Remark 5.6 (Symmetrical Informationally Completeness). For d := dimV < ∞ a POVM {P j} j∈J is

called informationally completeif the probabilities{q j} j∈J with q j = 〈ρ,P j〉T2(V) uniquely determines

any stateρ ∈ S(V) of a quantum system. A necessary requirement is thatn := |J| ≥ d2. A POVM with

n = d2 is calledsymmetric informationally complete(SIC–POVM) (Zau99) if eachP j is rank–one and

〈Pi ,P j〉T2(V) = c for i , j and〈Pi ,Pi〉T2(V) = λ
2. Obviously, each rank-oneP j ≥ 0 is then of the form

P j = λ〈x j , ·〉x j for some normalized vectorx j ∈ V and 0< λ ∈ R, such that〈Pi ,P j〉T2(V) = λ
2|〈xi , x j〉|2.

From the completeness relation
∑

j∈J P j = 1 one getsλ = d/n = 1/d. From Remark3.4 it is clear

that a SIC–POVM is an equiangular tight frame (or MWBE sequence) withn = d2 andc = 1/(d + 1)

(RBKSC04). All analytical constructions known so far are Weyl–Heisenberg covariant measures (G is

the quotient from the Weyl–Heisenberg group) with a particular fiducial vector (App05).

5.2 The Bosonic Quantum Channel

The bosonic quantum channel is one of the most central quantum channels (SYGE05). It is typically used

to describe the interaction of a bosonic quantum state (for example photons) with a thermal environment,

i.e. a quasi–classical approach for the coupling of a quantum oscillator (the photon) with a classical field

(Hol82; Hal94). The underlying Hilbert spaceV will be nowL2(Rn) and the set of density operators is

denoted withS := S(L2(Rn)). The notion of displacement operators in phase spaceR
2n (or Cn) is then

according to (2.5) and Theorem2.6:

Sµ(0) = exp(π(〈µ̄, a∗〉 − 〈µ, a〉)) (5.12)

In this polarization (α = 0) they are sometimes also called Glauber operators (Gla63). A single displace-

ment of a quantum state shifts – as a result of an external influence – the expectation values ofX and

D by real and imaginary parts ofµ without affecting the uncertainty. Considering such interactions in a
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statistical sense with distributionC : Cn → R+ and‖C‖1 = 1 yields the definition of the corresponding

quantum channel:

Definition 5.7 (Bosonic quantum channel). A quantum stateX ∈ S which has interacted with a thermal

environment is given in the following Kraus representation(Kra83)

AC(X)
def
=

∫

Sµ(α)XS∗µ(α) C(µ)dµ (5.13)

In analogy to the case of WSSUS scattering the functionC will be called in this work also scattering

function. If C is Gaussian,AC is calledGaussian bosonic quantum channel(sometimes only called

Gaussian quantum channel).

Here it is the time to note that for fixedX this can also be considered as a mapping of classical prob-

ability distribution C on phase space to quantum state (the non–commutative extension of probability

distributions), which is the idea semi–classical description of dynamics. Using (2.5) it follows straight-

forwardly that (5.13) is independent ofα and therefore onlySµ will be used in the following. Gaussian

bosonic quantum channels are the quantum analog of classical AWGN channels (Hel76). They also de-

scribe the channel due to optical noise (Hal94) and are therefore of central relevance. ObviouslyAC(·) is

covariant with respect to allSµ, hence a coherent alphabet design{SµiρS∗µi
}i∈I and coherent detection via

{Sλi PS∗λi}i∈I achieve uniform error probabilities according to Proposition 5.5.

Finally, the reformulation of Problem3 for this particular case is:

Problem 4. Let AC(·) be a bosonic quantum channel with scattering functionC as in(5.13). Maximizing

the likelihood ratio of success transmission (or minimizing the error probability) is the problem

maximize
π,ρ∈S

〈π,AC(ρ)〉T2

Bπ − 〈π,AC(ρ)〉T2

(5.14)

whereρ, π ∈ S and Bπ < ∞ as in Proposition5.5.

Comparing now (5.14) with (4.98) on page73 it is clear that Problem4 is the rank–generalization of

Problem2.





Chapter 6

Channel Fidelity

At the end of Chapter4 the relaxed WSSUS pulse shaping problem (4.98) was established which is a

balancing problem between channel optimal pulses and tightframes. Similarly Chapter5 finishes with

problem (5.14) which is the question of balancing between full measurement without inconclusive results

and channel optimal detection of single output states. Bothproblems coincide ifσ2 = 0 and if either in

(5.14) or (4.98) A(·) is exchanged with its adjoint̃A(·), as defined in the next section. In both situations

the two sides of the problem are connected and the optimum forthe two parts can in general not achieved

simultaneously. Before looking deeper on this relation in§6.2, first some fundamental properties ofAC

– in the following now calledWeyl–Heisenberg maps– will be discussed.

6.1 Weyl Heisenberg Maps

In the context of wireless communications the action of an ensemble of WSSUS channels of common

second order statistics onto transmitter wave functions was introduced in (4.88). Such an action was

described as a mappingA(·) which maps a rank–one projectorΠγ to a positive trace–normalized operator

A(Πγ). Similarly in Definition 5.7 of Chapter5 a quantum channel was introduced having the same

construction. Such mappings are calledcompletely positive maps(CP–map). Before considering the

special case of Weyl–Heisenberg maps, the general case is introduced:

Definition 6.1 (CP–map). A mapA : L(V1)→ L(V2) is called positive ifX ≥ 0→ A(X) ≥ 0. A is called

completely positive(a CP–map), ifA⊗ 1Cn×n is positive for eachn ∈ N.

The notion of CP–maps in mathematics can be found for examplein (Sti55) and (Cho75). They

appeared with connections to quantum physics for the first time in (HK64) and later on in (HK69; HK70).

Furthermore, a general reference on completely positive maps on operator algebras is (Pau03). For

83
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dim(V1) < ∞ and dim(V2) < ∞ it is easily verified that, CP–maps represent doubly–stochastic maps on

the spectrum ofX. Therefore its theory is also closely related to the theory of doubly–stochastic matrices

and Perron–Frobenius (Sch00). Each CP–map can be represented in a (non–unique) so calledKraus

representation(Kra83) given as

A(X)
def
=

∫

dµKµXK∗µ (6.1)

where the operatorsKµ : V1→ V2 are called Kraus operators. For non–countable measuresµ the integral

in (6.1) makes sense (is weakly defined) whenever forX ∈ T1(V) follows A(X) ∈ T1(V). Considering

bases for separableV1 it is of course possible to translate the integral in (6.1) into a sum, which is

typically used in Kraus representations. FurtherA(·) is trace–preserving ifTr A(X) = Tr X for each

X ∈ T1(V). Hence, by its positivityA(·) can be considered as the mapA : S(V1) → S(V2). Obviously

positivity preserving implies hermiticity preserving, i.e. A(X∗) = A(X)∗. Further it can be shown, that (in

finite dimensions)A(·) is decreasing with respect to majorization of eigenvalues, i.e. A(X) ≺ X (MO79).

If A(1) = 1 A(·) is called unital, i.e. in terms of Kraus operators:

A(1) =
∫

dµKµK∗µ = 1 (6.2)

Furthermore it follows then that for eachX with XKµ = KµX one hasA(X) = X.

Considering nowV = L2(Rn) a special case of such mapsA(·) is given in the following definition,

where again the abbreviationS = S(L2(Rn)) is used:

Definition 6.2 (WH–map). Let C be a probability density function onR2n. Then the CP–mapAC : S→

S which is defined as

AC(X)
def
=

∫

SµXS∗µC(µ)dµ
(6.3)

will be called theWeyl–Heisenberg map(WH–map) corresponding toC. AC(·) has the Kraus operators

Kµ
def
=

√

C(µ)Sµ.

Lemma 6.3 (Properties of WH–maps). Let AC,AD be two WH–maps. The following properties are

fulfilled:

1. WH–maps are unital, i.e. AC(1) = 1 (due to‖C‖1 = 1).

2. WH–maps are covariant with respect to the operatorsSµ, AC(SµΓS∗µ) = SµAC(Γ)S∗µ
3. WH-maps with composition establish a representation of the (abelian) convolution algebra, AC ◦

AD = AC∗D = AD ◦ AC

4. The adjoint of AC with respect to〈X,Y〉T2 is ÃC = AC− where C−(µ) := C(−µ).
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5. The WH–map AC is symmetric (AC = ÃC) whenever C(µ) = C(−µ).

The proof is omitted because the properties follow straightforward from (2.4). Thus, 2. implies, that

〈·,AC(·)〉T2 is invariant under common phase space displacements of bothinputs. A trivial but important

conclusion is that Weyl-Heisenberg (Gabor) signaling is a reasonable scheme, which guarantees the same

performance on all lattice points.

Remark 6.4 (Relation to localization operators). Considering an operatorLC,g defined as:

LC,g :=
∫

R2n
〈Sµg, ·〉SµgC(µ)dµ (6.4)

Such operators are called localization operators (Dau92) with ”window” function g and multiplierC. It

can be verified thatLC,g = AC(Πg). Daubechies studied these operators forg being a Gaussian already

in (Dau88). In particular she has been shown that ifC has elliptic symmetry then the eigenfunctions of

LC,g are related to Hermite functions.

6.2 Problem Statement

Comparing theSINR bound of classical Weyl–Heisenberg signaling in (4.98) on page73 and the likeli-

hood ratio of correct decision in hypothesis testing for (bosonic) quantum channels (5.14) on page81the

central problem of interest in this chapter will be:

Problem 5. Let AC(·) be the WH–map that corresponds to the scattering functionC : R2 → R+ and

Λ ∈ R2n. Find the rank–one optimizerΠγ,Πg ∈ Z, i.e.

maximize
Πγ ,Πg∈Z

〈Πg,AC(Πγ)〉T2

σ2 + Bγ − 〈Πg,AC(Πγ)〉T2

(6.5)

whereR ∋ Bγ > 0 is such that
∑

n∈I SΛnΠγS∗Λn ≤ Bγ1 holds, i.e. Bγ is the Bessel bound ofG(γ,Λ,I).

It mixes the two marginal problems: (1) maximizing the channel fidelity 〈Πg,AC(Πγ)〉T2 and (2) min-

imizing the Bessel boundBγ. A joint analytic description of both problems is far from being manageable.

Also a numerical solution of Problem5 is rather complicated. But the numerical method already given

for Problem1 (Algorithm 1 on page73) can be applied also on (6.5) as well (usingD(X)
def
= σ21n+B(X)).

However global optimality is not guaranteed. Obviously step (2) means to calculate the canonical tight

frame onΛ (or onΛ◦). However both marginal problems of Problem5 are connected which makes the

solution much more complicated. More generally, one can simplify the connection as follows: Due to
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AC(X) ∈ T1 wheneverX ∈ T1, the operatorAC(X) is compact according to Definition1.8. For (nor-

mal) compact operators the maximum eigenvalue is assumed bysomeg. Therefore – if carrying out the

maximization ofΠg in (6.5) it will remain:

maximize
Πγ∈Z

λmax(AC(Πγ))

σ2 + Bγ − λmax(AC(Πγ))
(6.6)

In the WSSUS case this means to use the best receiver pulseg for a given transmitter pulseγ. In

the quantum case (g ↔ γ, AC ↔ ÃC) this corresponds to the use of the best input state (generating

the coherent alphabet) for given measurement and the task isreduced to so calledquantum detection

problem only. Suboptimum solutions can be found for examplein (BKMH98; KH03; EMV04) and are

also known as ”square-root” measurements or LSM (least-squares measurements).

To tackle the overall problem the follows strategy is proposed: (1) maximize the channel fidelity

λmax(AC(Πγ)) and then (2) calculateγ(α) = Oα
γ,Λ
γ according to (3.40), which gives then

λmax(AC(Πγ(α)))

σ2 + Bγ(α) − λmax(AC(Πγ(α)))
α=−1/2
=

λmax(AC(Πγ◦))

σ2 + detΛ−1 − λmax(AC(Πγ◦))
(6.7)

becauseBγ(−1/2) = Bγ◦ = detΛ−1 andγ(−1/2) = γ◦ is the canonical tight frame vector ofγ with respect to

Λ (orΛ◦). The caseα = −1/2 corresponds therefore to the strategy:Calculate the best (in theℓ2–sense)

tight frame which maximizes the channel fidelity. However, the optimalα which maximizes the lhs of

(6.7) is still unknown and a problem for future research (see§7.2.1).

Thus, the central problem to be considered now can be understood in the WSSUS context as the

optimization of a single pulseγ and ignoring the interference from time–frequency shiftedversions.

In the quantum context this is the problem of finding a single optimal stateΠγ for a bosonic quantum

channelA(·) without considering discrimination between other members of an state alphabet.

Problem 6 (Maximum Channel Fidelity). For a scattering functionC : R2→ R+, the optimal fidelity of

a channel characterized by the WH–map AC(·) is given as the solution of

max
Πg,Πγ∈Z

〈Πg,AC(Πγ)〉T2 = max
Πγ∈Z

λmax(AC(Πγ))
convexity
= max

X∈S
λmax(AC(X)) (6.8)

which is a convex constraint convex maximization problem.

Again – the rhs of (6.8) follows from convexity ofλmax(·), linearity ofAC(·) and thatZ is the extremal

boundary ofS. The following result also relies on convexity. It will provide a lower (and upper) bound

which can directly be calculated:
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Theorem 6.5(Lower and Upper Bounds). LetΠg,Πγ ∈ Z the projectors onto g andγ. Further define

the operatorL def
=

∫

C(µ)Sµdµ. Then it holds

|〈g,Lγ〉|2 ≤ 〈Πg,AC(Πγ)〉T2 ≤ 1 (6.9)

Equality in the upper bound is achieved ifΠg = AC(Πγ).

Proof: The upper bound follows from inequality (1.8), i.e.

〈Πg,AC(Πγ)〉T2 ≤ ‖Πγ‖∞ · ‖A(Πγ)‖1 ≤ 1 (6.10)

The equality is achieved if and only ifA(Πγ) = ξΠg for someξ ∈ C. Due to positivity it followsξ = 1.

The lower bound (JW04a) follows from convexity and due to‖C‖1 = 1. Jensen’s inequality gives:

1 ≥ 〈Πg,AC(Πγ)〉T2 = 〈C, |Agγ |2〉 ≥ 〈C, |Agγ|〉2 ≥ |〈C,Agγ〉|2

= |〈g,
(∫

C(µ)Sµdµ
)

γ〉|2 = |〈g,Lγ〉|2
(6.11)

wheneverAgγ ∈ L1(R2,C), which is fulfilled becauseAgγ ∈ L2(R2,C), i.e. with dm = C(µ)dµ and

φ(x) = x2 follows

∞ > ‖Agγ‖C,2 = φ−1(
∫

(φ ◦ |Agγ|)dm) ≥
∫

|Agγ|dm= ‖Agγ‖C,1 (6.12)

q.e.d.

Theorem6.5connects the maximization problem to an maximal eigenvalueproblem ofL∗L respectively

LL∗. The bound becomes sharp if and only ifξAgγ(µ) ∈ R is constant on suppC for someξ ∈ T, hence

is for example well suited for underspread WSSUS channels. Furthermore, it shows, that for single–

dispersive channels the maximum can be achieved.

Remark 6.6. More generally, for each convex functionf : R2n→ R follows that

f (|〈g,Lγ〉|) ≤ 〈C, f (|Agγ |)〉 (6.13)

by generalizing the proof of Theorem6.5.
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6.3 Numerical Optimization

In the following an algorithm will be presented which finds a suboptimal solution for Problem6 in finite–

dimensional setting. For the WSSUS scattering case this problem can also be obtained by considering

the noise dominated scenario (σ2→ ∞) from finite–dimensional formulation (4.94) on page72

λmax(AC(X)D(X)−1) =
1

σ2
λmax(AC(X)(1+

1

σ2
C(X))−1)

σ2→∞−→ 1

σ2
λmax(AC(X)) (6.14)

Recalling the latter can be written as transmitter and receiver side optimizations:

max
X∈S

λmax(AC(X)) = max
Y∈S

λmax(Ã(Y)) (6.15)

Again this type of ”max−max” optimization is of global kind, hence methods depends strongly on

the structure of problem. An iterative algorithm but much less computational costly as the iterative

maximization ofSINR is given with

y(X)
def
= arg max

Y∈Z
F(X,Y) x(Y)

def
= arg max

X∈Z
F(X,Y) z(X)

def
= (x ◦ y)(X) (6.16)

whereF(X,Y)
def
= 〈AC(X),Y〉 = 〈X, Ã(Y)〉. The maximizations can be solved efficiently by eigenvalues

decompositions, i.e.y(X) and x(Y) are the maximizing eigenvectors ofAC(X) and Ã(Y). The iterative

algorithm is given below. The proof of weak convergence is again straightforward. It has been turned out

Algorithm 2 GAIN optimization
Require: δ > 0
Require: an appropriate initialized stateX0 (for example a Gaussian)

1: repeat
2: Calculate in then’th iteration :

Xn
def
= zn(X0) = z(z(n−1)(X0))

Yn
def
= y(Xn)

(6.17)

3: giving functional valuesF(Xn,Yn) = F(Xn, y(Xn)).
4: until F(Xn,Yn) − F(Xn−1,Yn−1) ≤ δ

that this algorithms are extension of the so called ”mountain climbing” algorithm proposed by Konno

(Kon76) for bilinear programming. This can be seen if considering acorresponding basis representation.

It is known that the set of hermitian matrices establish a real vector space. Let{σi} be a basis, i.e. we
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haveX =
∑

i xiσi andY =
∑

j x jσ j

max
X,Y∈Z

〈AC(X),Y〉 = max
x,y∈B1

〈x, ay〉 (6.18)

where thex = (. . . , xi , . . . )T andy = (. . . , y j , . . . )T anda is a matrix with elementsai j = Tr AC(σi)σ j.

The optimization problem looks now rather simple but the difficulties are hidden in the definition of the

setB1 = {x | ∑i xiσi ∈ S} (see Bloch manifolds (Rit05)). However, for dimension of two this can be

solved analytically (Jun05), which will be also presented later on in Section6.6 on page103. Without

going further in detail it can be stated, that ifAC(·) is self–adjoint (A ≡ Ã, i.e. for C(µ) = C(−µ))

the matrixa is symmetric. Then the bilinear programming problem is equivalent to convex quadratic

maximization (Kon76)

max
x∈B1
〈x, ax〉 (6.19)

Finally, it should be pointed out that separate interference minimization is formulated in this framework

as:

min
X,Y∈Z

〈C(X),Y〉 = min
X∈Z

λmin(C(X)) = min
Y∈Z

λmin(C̃(Y)) (6.20)

which was already studied in (SMH02) by means of convex methods. Unfortunately, also this problem

itself is not convex. It is again concave minimization over convex sets, because the convex relaxation

(Z→ S) applies here as well.

6.4 Scaling Laws

The maximization of (6.8) is still a difficult task, numerically and analytically. However, it is possible

to obtain a simple scaling rule by series expansions up to thesecond order. Operating directly on cross

ambiguity functions it follows for even and realg andγ and for small|µ|

|Agγ(µ)|2 ≈ 〈g, γ〉2[1 − 4π2(µ2
2σ

2
t + µ

2
1σ

2
f )] (6.21)

whereσ2
t = 〈t2g, γ〉/〈g, γ〉 andσ2

f = 〈 f 2ĝ, γ̂〉/〈g, γ〉. This slight extension (JW05c; SMH02) of the

often used truncation of the series expansion for the auto-ambiguity function (g = γ) gives ellipses

as contour lines of (6.21) in the time–frequency plane (C.H91). The optimization problem then turns

into a scaling problem, as shown in (JW05c). Already in (Koz96) such a matching rule was found for

C(µ) = 1
2BDτd

χ[− τd2 ,
τd
2 ](µ1)χ[−BD ,BD](µ2) (non-causal) and for centered flat elliptic shapes. Similar rules
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were also studied in (LKS04) where the derivation in (JW05c) in terms of moments needs no further

assumptions. But in general this formulation will not yet provide much insight into the problem and also

not yield straightforward the ”scaling”–optimalg andγ to deal with.

6.4.1 Series Expansion of the Lower Bound Operator

The first of following approaches relies on a more detailed study of the lower bound in Theorem6.5and

a suitable expansion up to the second order of the operatorL̃, obtained by truncating the Taylor series

for the exponential representation ofSµ given in2.6. However, that the series is really applicable is given

in the following lemma and follows the lines in (Fol89; RS75).

Lemma 6.7. Let K = −〈µ1, D〉 + 〈µ2, X〉. The convergence inL2–norm of the series

∞∑

k=0

(i2πK)k

k!
hn (6.22)

holds for Hermite functions hn.

Proof: Using againa = X + i D and a∗ = X − i D the operatorK is rewritten asK = 1
2(〈iµ, a〉 −

〈iµ, a∗〉). Forµ , 0 it follows

‖(i2πK)khn‖2 = (2π)k‖Kkhn‖2 = πk|µ|k‖(〈i µ|µ| , a〉 − 〈i µ|µ| , a∗〉)khn‖2 (6.23)

Let for 1≤ j ≤ k and 1≤ l ≤ 2k eachc(l)
j either〈i µ|µ| , a〉 or −〈i µ|µ| , a∗〉. Then each of the 2k summands in

the norm is of the formc(l)hn = c(l)
1 · c

(l)
2 · · · c

(l)
k hn. Thus, it follows that

‖(i2πK)khn‖2 = πk|µ|k‖
2k
∑

l=1

c(l)hn‖2 ≤ πk|µ|k
2k
∑

l=1

‖c(l)hn‖2 (6.24)

Let be the arrangement such thatc(1) = (−〈i µ|µ| , a∗〉)k, which according to the rules for Hermite functions

(2.16) yields the largest norm:

‖c(1)hn‖2 =
√

n+ 1
π
·
√

n+ 2
π
· · ·

√

n+ k
π
‖hn+k‖2 ≤

√

(n+ k)!

πkn!
≤

√

(n+ k)!

πk
(6.25)

Combining (6.24) and (6.25) gives

‖(i2πK)khn‖2 ≤ (2π|µ|)k · ‖c(1)hn‖2 ≤ (2|µ|)k
√

πk(n+ k)! (6.26)
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Let t := 2
√
π|µ| and it follows:

‖
N∑

k=0

(i2πK)k

k!
hn‖2 ≤

N∑

k=0

√
(n+ k)!

k!
tk =

√
n!

N∑

k=0

√

(n+ k)!
k!n!

tk√
k!
=
√

n!
N∑

k=0

√
(

n+ k
k

)

tk√
k!

≤
√

n!
N∑

k=0

√

2n+k tk√
k!
=
√

2nn!
N∑

k=0

(
√

2t)k

√
k!

(6.27)

where the step in the last line follows from the binomial formula, i.e. for eachk ≤ m there holds:

2m = (1+ 1)m =
m∑

l=0

(

m
l

)

≥
(

m
k

)

(6.28)

and then setm= n+ k. The quotient criterion gives that for eachn andt series converges asN → ∞.

q.e.d.

The Hermite functionshn are therefore called analytic vectors forK. Finite linear combinations of

Hermite functions are a dense subset inL2(R) and invariant underK. It follows from Nelson’s analytic

vector theorem (Nel59) that K is essentially self–adjoint on{ f ∈ L2(R) | ‖K f ‖2 < ∞}. This argument

gives in principle the justification of the exponentiationρ(µ, s) in (2.17) on page14 and by Theorem

2.6 the operational meaning ofSµ itself (as an exponential). One can show that the one–parameter

family of operators described by the series (the first term in(6.27) for a given parametert) is locally

(in t) generated by the same generatorK, thus give rise the same unitary operatorSµ on finite linear

combinations of Hermite functions.

Hence using the series expansion up to the second order, it gives

Sµ = eiπ〈µ2,µ1〉[1 + 2πiK − 2π2K2] + Rµ (6.29)

whereRµ will denote for the moment the remaining terms of the series.Before proceeding in this way let

µ0 be an arbitrary offset betweeng andγ in the time-frequency plane, hence let ˜γ = Sµ0γ. Then follows

from Theorem6.5

〈C, |Agγ |2〉 = 〈C̃, |Agγ̃|2〉 ≥ |〈g,Lγ̃〉|2 (6.30)
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whereC̃(µ) = C(µ + µ0). But instead ofL the operatorL which is defined as:

L
def
=

∫

C(µ + µ0)[1 + 2πiK − 2π2K2]dµ

= C00+ 2πi(C01X −C10D) − 2π2(C02X2 +C20D2 −C11{X, D})

will be considered which contains according to (6.29) only the terms up to the second order.Cmn =

∫

C(µ)(µ1 − µ01)m(µ2 − µ02)n denote the moments of the scattering function aroundµ0 and {X, D} =

XD + DX stands for the anticommutator.

Lemma 6.8(Scaling of the Lower Bound). If C02C20 ≤ 1/π2, the maximum of:

max
g,γ
|〈g, LSµ0γ〉|2 (6.31)

under the constraint‖g‖2 = ‖γ‖2 = 1 is achieved for g= d1/αh0 and γ = S−1
µ0

d1/αh0, where h0 is 0th

Hermite function (the Gaussian).

Proof: BecauseX and D are hermitian operators,L is hermitian too ifCmnim+n ∈ R for m, n =

0, 1, 2. In this case the optimization problem is an eigenvalue problem. Moreover then it follows that

g = ξLγ̃ for someξ ∈ C, because only in this case equality in|〈g, Lγ̃〉| ≤ ‖g‖2‖Lγ̃‖2 is achieved.L can be

made hermitian if choosingµ0 = (‖µ1C‖1, ‖µ2C‖1)/‖C‖1, such thatC10 = C01 = 0 and it follows

L = C00− 2π2[C02X2 +C20D2 −C11{X, D}]

Using the dilation (dα f )(t)
def
= α−1/2 f (t/α) to definegα

def
= dαg, γ̃α

def
= dαγ̃ andLα

def
= dαLd1/α. From the

rules

dαXd1/α =
1
α

X dαDd1/α = αD (6.32)

follows for eachα > 0

〈gα, Lαγ̃α〉 = 〈gα,C00− 2π2[
C02

α2
X2 +C20α

2D2 −C11{X, D}]
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and withα4 = C02/C20 the phase space symmetric version

Lα = 2π2
√

C02C20

(

κ − [X2 + D2 − λ{X, D}]
)

= 2π2
√

C02C20

(

κ − 1
2

[2a∗a +
1
π
+ iλ(a2 − a∗2)]

)

with constantsκ = C00

2π2
√

C02C20
andλ = C11√

C02C20
(note that‖C‖1 = C00 = 1). The standard approach for

removing theλ{X, D}–term is to apply a metaplectic operator that bringsLα in the so called Williamson

normal form (Wil36). But for simplicity it is assumed here thatC̃ is separable yielding with the previous

choice ofµ0 thatC11 = C10C01 = 0. It is straightforward given by (2.16) that

(X2 + D2)hn = (a∗a +
1
2π

)hn =
2n+ 1

2π
hn (6.33)

Thus, the eigenfunctions of the so called sub-Laplacian (orthe harmonic oscillator Hamiltonian) are the

Hermite functionshn. Therefore it follows that

Lαhn = (C00− π
√

C02C20(2n+ 1))hn

Or in other words,g = d1/αh0 andγ = S−1
µ0

d1/αh0 are both scaled and properly separated Gaussians (the

ground state of the harmonic oscillator). q.e.d.

This approach is only valid forC02C20≪ 1 (in the WSSUS context this is related to the notion of ”under-

spread” channels, i.e. see Theorem4.6and the discussion on page56), such that (C00− π
√

C02C20(2n+

1)) > 0 holds.

6.4.2 The Lower Bound Operator for Gaussian Scattering

There is a case, where no truncation of the series expansion is needed and the maximum (6.30) can be

found directly. Assuming that after proper scaling and phase space separatioñC is given as the symmetric

GaussiañC(µ) = α
2e−

π
2α|µ|2 where 0< α ∈ R. Operators having such spreading functions are contained

in the so calledoscillator semigroup(How88) and forα > 1 they have the representation (Fol89)

L = e−2πarcoth(α)(X2+D2) = e−arcoth(α)(2πa∗a+1)

WithL·hn = e−(2n+1)(arcothα)hn follows thath0 is again the optimum of (6.30) without any truncation. The

special caseα = 1 can be included by observing that thenC̃(µ) ∼ Ah0h0(µ). Such operators, according to
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(2.42), perform simple projections, in this case onto the span ofh0.

6.4.3 Series Expansion of the WH–Map

Now it will be shown that the same technique can be applied with minor restrictions on the WH–map

AC(·) directly, thus circumventing the lower bound.

Theorem 6.9(Scaling behavior of WH–maps). Let P∈ T1 andP̃α = dαSµ0PS∗µ2
d1/α the corresponding

α–scaled andµ0–displaced operator. For separableC the WH-map AC(·) can be locally (in the sense of

(6.29)) represented as

AC(P) = 2π2
√

C02C20 · d1/α

(

κP̃α −
(

[X, [X, P̃α]] + [ D, [ D, P̃α]]
))

dα + higher order (6.34)

with κ = C00

2π2
√

C02C20
, α4 = C02/C20 andµ0 = (‖µ1C‖1, ‖µ2C‖1)/‖C‖1.

Proof: It is obvious thatAC(P) = AC̃(P̃) with arbitraryµ0 and P̃
def
= Sµ0PS∗µ0

. Using again (6.29)

without Rµ gives forK = µ2X − µ1D:

AC(P) =
∫

(1+ 2πiK − 2π2K2)P̃(1− 2πiK − 2π2K2)C̃(µ)dµ

=

∫ (

P̃− 2π2
(

{K2, P̃} − 2KP̃K − i
π

[K, P̃]
))

C̃(µ)dµ + higher order

=

∫ (

P̃− 2π2
(

[K, [K, P̃]] − i
π

[K, P̃]
))

C̃(µ)dµ + o(2) =: A1(P) + higher order

Thus, letA1(·) be the terms up to second order ofAC(·). Choosing againµ0 = (‖µ1C‖1, ‖µ2C‖1) gives

then:

A1(P) = C00P̃− 2π2
∫

[K, [K, P̃]] C̃(µ)dµ

= C00P̃− 2π2
(

C02[X, [X, P̃]] +C20[ D, [ D, P̃]] −C11

(

[X, [ D, P̃]] + [ D, [X, P̃]]
))

Assuming again for simplicity that the scattering functionis separable aroundµ0 yielding C11 = 0 (the

general approach is a metaplectic transformation toward the Williamson normal form (Wil36)), then it

will remain:

A1(P̃) = C00P̃− 2π2
(

C02[X, [X, P̃]] +C20[ D, [ D, P̃]]
)
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According to (6.32) and forα4 = C02/C20 the application of the dilation procedure (P̃α
def
= dαP̃d1/α)

gives

A1(P̃) = d1/α

(

C00P̃α − 2π2
√

C02C20

(

[X, [X, P̃α]] + [ D, [ D, P̃α]]
))

dα

= 2π2
√

C02C20 · d1/α

(

κP̃α −
(

[X, [X, P̃α]] + [ D, [ D, P̃α]]
))

dα

whereκ = C00

2π2
√

C02C20
. The last equation forA1(·) is now the local expansion ofAC(·). q.e.d.

Recalling problem6 on page86one can make the following statement: LetP,Q ∈ T1. Then:

〈Q,AC(P)〉T2 = 2π2
√

C02C20 · 〈Q̃α,
(

κP̃α −
(

[X, [X, P̃α]] + [ D, [ D, P̃α]]
)

〉T2 (6.35)

with Q̃α = d1/αSµ0QS∗µ2
dα. Hence, up to now the same scaling rules like for the lower bound were

obtained but on the level of WH–maps. It remains the maximization for rank–one operators. The latter

task seems to be more difficult as compared to the case of the lower bound. The difficulties are caused

by the terms〈Q̃α, XP̃αX + DP̃αD〉T2 contained in the ”double” commutator. On the level of rank–one

operators (Q = Πg andP = Πγ are orthogonal projectors ong andγ as in (6.8) of problem6) this can be

written also as:

〈Q̃α, XP̃αX + DP̃αD〉T2 = |〈g̃α, Xγ̃α〉|2 + |〈g̃α, Dγ̃α〉|2 (6.36)

The latter vanishes if ˜gα andγ̃α are real and symmetric. In this case it follows

〈Q,AC(P)〉T2 = 2π2
√

C02C20 · 〈Q̃α,
(

κ − 2(X2 + D2)
)

P̃α〉T2

= 2π2
√

C02C20 · 〈γ̃α, g̃α〉〈g̃α,
(

κ − 2(X2 + D2)
)

γ̃α〉
(6.37)

It is immediately clear that the optimum is again related to the eigenfunctionshn (the Hermite functions)

of X2 + D2, i.e. for γ̃α = g̃α = hn follows

(6.37) = C00− 2π
√

C02C20(2n+ 1) (6.38)

which is maximized forn = 0, i.e. the Gaussian.
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6.5 Weighted Norms of Ambiguity Functions

In a slightly more general context this sections considers now ‖|Agγ|rC‖1 giving directly the weighted

r–norms of ambiguity functions in the form of

‖Agγ‖r,C =
(∫

|Agγ(x)|rC(x)dx

)1/r

= ‖|Agγ |rC‖1/r1 (6.39)

whereC : R2→ R+ is now some arbitrary weight function. Forr = 2 the results match then the problems

considered so far in this thesis. The following results are published in (Jun06). Note furthermore that

this topic is also related to Rényi entropies (Rén61) H(r) of time–frequency representations in the form

of:

H(r) =
1

1− r
log ‖AgγC

1
r ‖rr (6.40)

Measures of time–frequency information content in the formof 1
1−r log‖Fs(AgγC)‖rr where already stud-

ied in (BFJM01; AW01). In the limit r ց 1 this gives Shannon–like entropies.

The main ingredient for the analysis in this section is the following theorem due to E. Lieb (Lie90)

on (unweighted) norms of ambiguity functions.

Theorem 6.10(E. Lieb, (Lie90)). Let Agγ(x) = 〈g, Sxγ〉 be the cross ambiguity function between func-

tions g∈ La(R) andγ ∈ Lb(R) where1 = 1
a +

1
b. If 2 < p < ∞ with q = p

p−1 ≤ a ≤ p and q≤ b ≤ p,

then it holds

‖Agγ‖pp ≤ H(p, a, b)‖g‖pa‖γ‖pb (6.41)

where H(p, a, b) = cp
q

(

ca/qcb/qcp/q

)p/q
, cp = p1/(2p)q−1/(2q). Equality is achieved with g andγ being

Gaussian if and only if both a and b> p/(p− 1). In particular for a= b = 2 it follows:

‖Agγ‖pp ≤
2
p
‖g‖p2‖γ‖

p
2 (6.42)

Actually Lieb proved also the reversed inequality for 1≤ p < 2. Furthermore, for the casep = 2 it

is well known that equality holds in (6.42) for all g andγ. Then the optimal slope (related to entropy)

1
p

∫

|Agγ(x)|p ln |Agγ(x)|pdx (6.43)

at p = 2 is achieved by matched Gaussians (see Definition1.4 on page6). For simplifications it is
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assumed from now that‖g‖2 = ‖γ‖2 = 1. With the previous preparations the following theorem follows:

Theorem 6.11.LetAgγ(µ) = 〈g, Sµγ〉 be the cross ambiguity function between functions g, γ with ‖g‖2 =

‖γ‖2 = 1 and p, r ∈ R. Furthermore letC(·) ∈ Lq(R2) with q= p
p−1. Then

‖|Agγ |rC‖1 ≤
(

2
rp

) 1
p

‖C‖ p
p−1

(6.44)

holds for each p≥ max{1, 2
r }.

Proof. In the first step Hölder’s inequality gives

‖|Agγ |rC‖1 ≤ ‖|Agγ |r‖p‖C‖q (6.45)

for conjugated indicesp andq, thus with 1= 1
p +

1
q. Equality is achieved for 1< p < ∞ if and only if

there existsλ ∈ R such that

|C(x)| = λ|Agγ(x)|r(p−1) (6.46)

for almost everyx. Similar conclusions forp = 1 andp = ∞ are not considered in this work. Lieb’s

inequality in the form of (6.42) for ‖Agγ‖rp
rp gives for rhs of (6.45)

‖|Agγ |r‖p‖C‖q = ‖Agγ‖rrp‖C‖q =
(

‖Agγ‖rp
rp

) 1
p ‖C‖q ≤

(

2
rp

) 1
p

‖C‖q (6.47)

The latter holds for everyrp ≥ 2, thus the caserp = 2 is now included as already mentioned before.

Equality in (6.47) is achieved ifg andγ are matched Gaussians. Furthermore if strictlyrp > 2, equality in

(6.47) is onlyachieved ifg andγ are matched Gaussians. Replacingq = p
p−1 gives the desired result.�

Note that apart from the normalization constraint the boundin Theorem6.11does not depend any-

more ong andγ. Hence for any givenC(·) the optimal bound can be found by

min
R∋p≥max{1, 2r }





(

2
rp

) 1
p

‖C‖ p
p−1




(6.48)

In the minimizationp ≥ 1 has to be forced for Hölder’s inequality andp ≥ 2
r for Lieb’s inequality. Two

special cases are investigated now in more detail which are relevant for application.

6.5.1 Gaussian Scattering

First the overall equality case in Theorem6.11is considered.
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Corollary 6.12. Let C(µ) = αe−απ‖µ‖
2
2 withR ∋ α > 0. Then for each p≥ max{1, 2

r } holds

‖|Agγ|rC‖1 ≤
(

2α
rp

) 1
p
(

p− 1
p

) p−1
p

(6.49)

The best bound is given as

‖|Agγ |rC‖1 ≤






2α
2α+r α ≥ 2−r

2

α
r
2 (1− r/2)1−r/2 else

(6.50)

For α ≥ 2−r
2 equality is achieved at p= 2α

r + 1 if and only if g andγ are matched Gaussian, i.e. then

‖|Agγ |rC‖1 =
2α

2α + r
(6.51)

holds.

Proof. The moments ofL1–normalized two–dimensional Gaussians are given as

‖C‖s =
(

1
s

) 1
s

α
s−1

s (6.52)

According to Theorem6.11the upper bound

f (p)
def
=

(

2
rp

) 1
p

‖C‖ p
p−1
=

(

2α
rp

) 1
p
(

p− 1
p

) p−1
p

(6.53)

holds for eachp ≥ max{1, 2/r}. The optimal (minimal) bound is attained at pointpmin which can be

obtained from:

min
R∋p≥max{1, 2r }

f (p) = f (pmin) (6.54)

The first derivativef ′ of f at pointp is

f ′(p) =
f (p)

p2
ln(

r(p− 1)
2α

) (6.55)

Thus f ′(pmin) = 0 gives only one stationary pointpmin

r(pmin − 1)
2α

= 1 ⇔ pmin =
2α
r
+ 1 > 1 (6.56)

Due to f (p)/p2 > 0 and strict monotonicity of ln(·) it follows easily thatf ′(pmin + ǫ) > 0 > f ′(pmin − ǫ)



6.5. Weighted Norms of Ambiguity Functions 99

for all ǫ > 0. Hencef attains a minimum atpmin. The constraintpmin ≥ 1 is strictly fulfilled for every

allowedα andr, hence the solution is feasible (pmin ≥ 2
r ) if α ≥ 2−r

2 . Then the optimal (minimal) bound

is

f (pmin) =
2α

2α + r
(6.57)

For the infeasible case instead, i.e. for 0< α < 2−r
2 , it follows that minimal bound is attained at the

boundary pointp = 2
r . Thus f (2/r) = α

r
2 (1− r/2)1−r/2. Summarizing,

min
R∋p≥max{1, 2r }

f (p) =






2α
2α+r α ≥ 2−r

2

α
r
2 (1− r/2)1−r/2 else

(6.58)

is the best possible upper bound.

It remains to investigate the conditions for equality. Lieb’s inequality is fulfilled with equality if

strictly pmin >
2
r andg, γ are matched Gaussians. In this case it follows

Agγ(x) = e−
π
2 (ax2

1+
1
α x2

2)+〈B,x〉+C (6.59)

for someB ∈ C2, a,C ∈ C and Re{a} > 0, thusAgγ(·) is a two–dimensional Gaussian. Next, to have

equality in (6.45) p > 1 and equation (6.46), given in this case by

|Agγ(x)| = eRe{− π2 (ax2
1+

1
α x2

2)+〈B,x〉〉+C} = λαe−
απ

r(p−1) |x|2 = λ|C(x)|
1

r(p−1) (6.60)

have to be fulfilled for almost everyx. Thus, it follows that Re{B} = (0, 0), λαe−Re{C} = 1, Re{a} = 1 and

– most important – againp = 2α
r + 1. But, this is obviously also the minimum ifα ≥ 2−r

2 , hence in this

and only this case equality is achieved. �

It is remarkable that the sharp ”if and only if” conclusion for Gaussians holds now forα ≥ 2−r
2 .

Lieb’s inequality alone needsα > 2−r
2 but in conjuction with Hölder’s inequality this is relaxed. The

results are illustrated in Fig.6.1. Furthermore note that forr = 2 everypmin is feasible.

This result is important for so called bosonic Gaussian quantum channels (Hol82; Hal94), i.e. C(·)

is a two–dimensional Gaussian. In other words, the solutionof the Gaussian fidelity problem (CW04;

JW05a) is

max
g,γ
〈Πg,A(Πγ)〉 = max

Tr X=1,X>0
λmax(A(X)) =

α

α + 1
(6.61)
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with Gaussiang andγ as already found in (CW04) using a different approach. But now this states the

strong proposition that maximum fidelity is achievedonly by coherent states.
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αr/2(1−r/2)1−r/2

combined bound

alphar/2(1−r/2)1−r/2

2α/(2α+r)

Figure 6.1:Norm bounds for Gaussian weights:Both functions in (6.50) separately and the combined
version are shown forr = 1 andr = 1.9.

6.5.2 Compactly–Supported Scattering

In radar and sonar applications and also for wireless communication the following upper bound is impor-

tant. It is related to the case where scattering occurs with constant power in some region of phase space

(in this context also called time–frequency plane). For example in wireless communications typically

only the maximal dispersions in time and frequency (maximumdelay spread and maximum Doppler

spread) are assumed and/or known for some pulse shape optimization. Those situations are covered by

the following result:

Corollary 6.13. Let U ⊂ R2 a Borel set,0 < |U | < ∞ andC(x) = 1
|U |χU(x) its L1–normalized charac-
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teristic function. Then for each p≥ max{1, 2
r } it holds

‖|Agγ |rC‖1 <
(

2
rp|U |

) 1
p

(6.62)

It is not possible to achieve equality. The sharpest bound is

‖|Agγ |rC‖1 <






e−
r |U|
2e |U | ≤ 2e/r∗

(
2

r∗|U |
)r/r∗

else

(6.63)

where r∗ = max{r, 2}.

Proof. The proof is straightforward by observing that

‖C‖s = ‖
1
|U |χU‖s = |U |

1−s
s (6.64)

According to Theorem6.11it follows

f (p)
def
=

(

2
rp

) 1
p

‖C‖ p
p−1
=

(

2
rp|U |

) 1
p

= e−
1
p ln rp|U|

2 (6.65)

Equality is not possible because Theorem6.11 requires for thisC to be Gaussian for equality. The

optimal version is obtained by minimizing the functionf (p) under the constraintp ≥ max{1, 2/r}. The

first derivative f ′ of f at pointp is

f ′(p) =
f (p)

p2
(− ln(

2
rp|U | ) − 1) (6.66)

Thus f ′(pmin) = 0 gives the only pointpmin =
2e

r |U | . The functionf (p) is log-convex onp ∈ (0, 2e3/2

r |U | ]
def
= I .

That ish(p) = ln f (p) = −(ln rp|U |
2 )/p is convex onI , because

h′(p) =
1

p2
(ln

rp|U |
2
− 1) h′′(p) =

1

p3
(−2 ln

rp|U |
2
+ 3) (6.67)

shows, thath′′(p) ≥ 0 for all p ∈ I . Hencef (p) is convex onI . Obviouslypmin ∈ I , hence this point is in

the convexity interval and therefore must be the minimum off . Further, this value is also feasible if still

pmin ≥ max{1, 2/r} = r∗/r is valid wherer∗ = max{r, 2}, i.e.

|U | < 2e
r∗

(6.68)
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has to be fulfilled. Then the desired result isf (pmin) = e−
r |U|
2e . If pmin < r∗/r, i.e. is infeasible, the

minimum is attained at the boundary, i.e. atp = r∗/r. Thus

f (r∗/r) =

(

2
r∗|U |

)r/r∗

(6.69)

�

The results are shown in Fig.6.2 for r = 1, 2, 3. For the interesting caser = 2 the result further

simplifies to

‖|Agγ |2C‖1 <






e−
|U|
e |U | ≤ e

|U |−1 else

(6.70)

Example:When using the WSSUS model (Bel63) as introduced already in Section4.3.2for doubly–
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combined bound

r=1
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underspread
channels

Figure 6.2: Norm bounds for 1
|U |χU weights: Both functions in (6.63) separately and the combined

version are shown forr = 1, 2, 3.

dispersive mobile communication channels one typically assumes time–frequency scattering with shape
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U = {(x1, x2) |0 ≤ x1 ≤ τd , |x2| ≤ Bd} (6.71)

and with 2Bdτd ≪ 1 < e, whereBd denotes the maximum Doppler bandwidthBd andτd is the maximum

delay spread. Then (6.63) predicts, that the best (mean) correlation response (r = 2) in using filterg at

the receiver andγ at the transmitter is bounded above by

‖|Agγ|2C‖1 < e−
2Bdτd

e (6.72)

6.6 Full Solution for 2×2 Scattering

The following section considers a finite–dimensional example. It shows, how close the topic of finite–

dimensional pulse shaping is related to the theory of codingand precoder optimization. The following is

a summary of the results obtained in (Jun05).

For this simple toy modelC2 as the underlying Hilbert space is assumed, i.e. the caseL = 2 in

Section6.3. The corresponding finite Heisenberg group isH2 = {S(0,0), S(1,0), S(0,1), S(1,1)}, where

S(0,0) =

(
1 0

0 1

)

S(0,1) =

(
1 0

0 −1

)

S(1,0) =

(
0 1

1 0

)

S(1,1) =

(
0 1

−1 0

)

(6.73)

These matrices represent four basic channel operations which occur in a randomly weighted superposi-

tion. The matrixS(1,0) represents the only cyclic shift that exists, hence it switches the input samples.

The elementS(0,1) does the same in frequency domain. WithS(1,1) both operations occur simultaneously

andS(0,0) does not change the input at all. The following relations areimportant

S(0,0) = σ0 S(0,1) = σ3 = FS(1,0)F
∗ S(1,0) = σ1 S(1,1) = iσ2 = S(0,1)S(1,0) (6.74)

where theσi are the well known Pauli-matrices andF is the 2x2 Fourier matrix. Let abbreviate the four

values of the scattering function:

p0
def
= C(0, 0) p1

def
= C(1, 0) p2

def
= C(1, 1) p3

def
= C(0, 1) (6.75)
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such that

A(X) =
∫

SµXS∗µC(µ)dµ =
3∑

i=0

piσiXσ
∗
i (6.76)

The Pauli-matrices establish an orthogonal basis for the real vector space of hermitian 2x2 matrices with

inner product〈X,Y〉 = Tr X∗Y. Thus, every 2x2 hermitian matrixX has a decompositionX = 1
2

∑3
i=0 xiσi

with xi ∈ R. Furthermore they establish up to factors the finite Weyl–Heisenberg group itself as shown

in (6.74). This additional property will admit the direct solution of the problem. The useful properties

areσ2
i = σ0, Trσi = 2δi0, detσi = −1 for i = 1, 2, 3, Trσiσ j = 2δi j and

σiσ j =






σi j = 0

σ j i = 0

iǫi jkσk + δi jσ0 i, j , 0

(6.77)

whereǫi jk is the Levi-Civita symbol. Note that the Pauli-matrices areunitaryandhermitian.

The Channel Fidelity

Recall the formulation in (6.18)

max
X,Y∈Z

Tr A(X)Y = max
x,y∈B1(2)

〈x, ay〉 (6.78)

whereB1(2) = {x|12
∑

i xiσi ∈ Z} is a three–dimensional sub-manifold inR4 — the Bloch manifold for

L = 2. The matrix (ai j ) ∈ M(4,R) is the corresponding matrix representation ofA(·) with elements

ai j =
1
4

Tr A(σi)σ j (6.79)

The Bloch parameterization is a well known tool in quantum physics which admits forL = 2 the simple

interpretation of three–dimensional Bloch vectors. Because it is not very common in this context a brief

overview will be given. First let evaluate the conditions for a vectorx ∈ R4 to be inB1(2). The notation

~· will be adopted meaning that~x = (x1, x2, x3) for x = (x0, x1, x2, x3) ∈ R4.

Lemma 6.14. A real vector x∈ R4 is inB1(2) if and only if x0 = 1 and‖~x‖2= 1.

Thus, it is the fact that the Bloch manifoldB1(2) is a 2-sphere inR4 with origin (1, 0, 0, 0). To visualize
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why it is not easy to extent this concept to higher dimensionsa simple proof is given.

Proof. It is to proof that Tr X = Tr X2 = 1 andX ≥ 0. The trace normalization represents thel2–

normalization of the precoders and equalizers. The condition

Tr X =
1
2

Tr
∑

i

xiσi =
1
2

∑

i

xi Trσi =
1
2

x0 · 2 (6.80)

is fulfilled if x0 = 1. The second trace requirement is the rank–one constraint if X ≥ 0, i.e. the condition

Tr X2 =
1
4

∑

i, j

Tr (xiσi)(x jσ j) =
1
2
‖x‖22 (6.81)

is fulfilled if ‖x‖22 = 2. Usage of‖x‖22 = x2
0 + ‖~x‖22 = 1 + ‖~x‖22 = 2 gives the requirement:‖~x‖22 = 1.

EnsuringX ≥ 0 means

detX =
1
4

det
∑

i

xiσi =
1
4

det





x0 + x3 x1 − ix2

x1 + ix2 x0 − x3





=
1
4

(

x2
0 − ‖~x‖22

)

≥ 0 (6.82)

which is automatically fulfilled due tox0 = 1 and‖~x‖ = 1. Secondly the upper left sub–determinant is

given by
1
4

det(x0 + x3) =
1
4

(x0 + x3) ≥ 0⇒ x3 ≥ −1 (6.83)

Its non–negativity is also automatically fulfilled due to‖~x‖ = 1. �

Next the matrix representation (ai j ) for the completely positive mapA(·) in terms of the Pauli basis

is computed

Lemma 6.15. The matrix representation of the completely positive map A(·) is the diagonal matrix

(ai j ) = diag(
1
2
, (p0 + p1) − 1

2
, (p0 + p2) − 1

2
, (p0 + p3) − 1

2
)

Proof. The matrix elements ofA(·) with respect to the Pauli basis are given as

akl =
1
4

Tr A(σk)σl =
1
4

∑

n

pn Trσnσkσ
∗
nσl

def
=

1
4

∑

n

pn Trαnkl (6.84)
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Using the properties of the Pauli matrices one can compute

Trαnkl = 2






−δkl 0 , n , l , 0

+δkl else

(6.85)

which gives then

(ai j ) =
1
2

diag(1, p0 + p1 − p2 − p3, p0 − p1 + p2 − p3, p0 − p1 − p2 + p3) (6.86)

The normalizationp0 = 1− p1 − p2 − p3 then gives the desired result. �

Theorem 6.16.The solution of the problem in (6.78) is

max
x,y∈B1(2)

〈x, ay〉 = 1
2

(1+ max
k=1,2,3

{|2(p0 + pk) − 1|}) (6.87)

Proof. Using Lemma6.14and6.15gives explicitely:

1 ≥ F
def
= max

x,y∈B1(2)
〈x, ay〉 = 1

2
(x0y0 + max

‖~x‖2=‖~y‖2=1
〈~x, b~y〉)

=
1
2

(1+max{|2(p0 + p1) − 1|
︸             ︷︷             ︸

x(opt)(1)=(1,1,0,0)

, |2(p0 + p2) − 1|
︸             ︷︷             ︸

x(opt)(2)=(1,0,1,0)

, |2(p0 + p3) − 1|
︸             ︷︷             ︸

x(opt)(3)=(1,0,0,1)

}) ≥ 1
2

(6.88)

where (bi j ) is the lower right 3× 3 sub–matrix ofa. Because (bi j ) is a diagonal matrix, only the three

optimal vectorsx(opt)(n) given in (6.88) are possible. �

Thekth component of the optimal equalizer is then

y(opt)(n)k = sign{2(p0 + pn) − 1}x(opt)(n)k (6.89)

Discussion: The simple solution (6.88) is well-suited to discuss several cases which occur also inthe

general WSSUS pulse shaping problem.

(1) non-dispersive channels: If pk = 1 for somek = 0 . . . 3, this will yield F = 1 which is achieved

with any x(opt)(n). This is the so called flat fading (non-selective) channel.The maximal channel fidelity

(”F = 1”) can be achieved. No precoding is needed.

(2) single-dispersive channels: If pk = pl = 0 for somek, l = 0 . . . 3 andk , l it yields againF = 1

which is achieved withx(opt)(n) wheren , k andn , l. This gives, for example fork = 2 andl = 3,
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the frequency selective, time–invariant channel. All contributionsSµ can be diagonalized simultaneously

which is achieved for example in OFDM. The maximal channel fidelity (”F = 1”) is achieved again. In

practice there is still a fidelity loss for OFDM due to the cyclic prefix.

(3) doubly–dispersive ”underspread” channels: If in general onlypk >
1
2 for somek = 0 . . . 3 one has

only F > 1
2. But if k = 0 it follows F = p0 + pn wheren = arg maxm=1,2,3{pm}, achieved withx(opt)(n).

A closer inspection shows, that fork , 0 the solution will depend on some ordering property of the

scattering powers. The optimal precoder depends now explicity on multiple valuespm.

(4)Completely overspread channels: If pk =
1
4 for all k the channel fidelity givesF = 1

2 which is achieved

with any x(opt)(n). This is the worst case scenario.

It is quite interesting to know what happens if the scattering powerp0 is fixed, i.e. in order to considerF

as the functionF(p0, ~p) with ~p = (p1, p2, p3)

F(p0, ~p) =
1
2

(1+ max
k=1,2,3

{|2(p0 − pk) − 1|}) (6.90)

Clearly,F(p0, ~p) is jointly and separately convex inp0 and~p. Furthermore, for every permutationΠ is

F(p0, ~p) = F(p0,Π~p), soF is Schur-convex in the second argument (see for example (Bha96)), i.e. for a

fixed p0 it follows:

~p1 ≻ ~p2⇒ F(p0, ~p1) ≥ F(p0, ~p2) (6.91)

Using Schur-convexity for every fixedp0 it follows:

(5) the worst case channel: is given forpk =
1−p0

3 at all k = 1, 2, 3 yielding

min
‖~p‖1=1−p0

F(p0, ~p) = F(p0,
1− p0

3
(1, 1, 1)) =

1
2

(1+
1
3
|4p0 − 1|) = 1

2
+

2
3
|p0 −

1
4
| (6.92)

Note that in the quantum context this corresponds to thegeneral depolarizing channelor Lie algebra

channel(Rit05).

(6) the best case channel: is given for ~pk = (1− p0)~ek where~ek is a standard basis vector andk ∈ {1, 2, 3}

yielding

max
‖~p‖1=1−p0

F(p0, ~p) = F(p0, (1− p0)~ek) =
1
2

(1+max{|2p0 − 1|, 1}) = 1 (6.93)

achieved withx(opt)(k). This is again an single-dispersive channel becauseσ0 commutes withσk.

Construction of the precoders: In this part the corresponding matrix representationX(opt)(n) from the
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Bloch parameterizationsx(opt)(n) will be explicitely calculated usingX = 1
2

∑

i xiσi which gives

X(opt)(n) =
1
2

(σ0 + σn) Y(opt)(n) =
1
2

(σ0 ± σn) (6.94)

These matrices are the rank-one projectors onto the optimalprecoders in the original problem. Hence,

turning back to precoders and equalizersx(n), y(n) ∈ C2 it can be verified that (analogous forX(opt)(n))

Y(opt)(1) =
1√
2





±1

1





1√
2





±1

1





∗

Y(opt)(2) =
1√
2





±1

i





1√
2





±1

i





∗

Y(opt)(3) =
1√
2





1/2(1∓ 1)

1/2(1± 1)





1√
2





1/2(1∓ 1)

1/2(1± 1)





∗ (6.95)

In the following w.l.o.g. only the±-version will be used, henceX(opt)(n) = Y(opt)(n). The following

precoders are then solutions of the optimization problem

x(1) =
1√
2





1

1





Fx(1) =





1

0





x(2) =
1√
2





1

i





Fx(2) =
1
2





1+ i

1− i





x(3) =





0

1





Fx(3) =
1√
2





1

−1





(6.96)

The solutionx(1) is maximally localized in the frequency domain, i.e. completely spread out in the time

domain. The reverse case holds forx(3). To understand the meaning ofx(2) one has to perform a rotation

in the time-frequency plane.

The Multiplexing Scheme

Solving the channel fidelity problem, as done in the previoussection, is the first step toward optimal

signatures for a given WSSUS channel statistics. In this part multiplexing will be discussed. InC2–case

at spectral efficiency detΛ−1 = 1 this means multiplexing of a second data stream only. Recall that with

Gabor (Weyl–Heisenberg) signaling the same channel fidelity is achieved for the second data stream. It

remains firstly to select the lattice with minimum averaged interference and then secondly perform some

kind of orthogonalization (”tighten”) procedure. But theC2 case admits already the following transmitter
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side orthogonality relations

〈x(n), S(0,1)x(n)〉 = 1
2

Trσ3(σ0 + σn) = δn3

〈x(n), S(1,0)x(n)〉 = 1
2

Trσ1(σ0 + σn) = δn1

〈x(n), S(1,1)x(n)〉 = i
2

Trσ2(σ0 + σn) = iδn2

(6.97)

Hence, for each ”channel-fidelity optimal” pulse ”n” there are several schemes ”n” for multiplexing

a second data stream which admits transmitter–side orthogonality, i.e. no further orthogonalization is

required. The ”channel fidelity”–optimal precoder is alsoSINR–optimal. If for example the channel

optimal precoder isx(3), ”time-division multiplexing” viaS(0,1) is one of the optimal schemes. Forx(1)

in turn ”frequency-division multiplexing” is the right scheme.





Chapter 7

Conclusions and Future Research

7.1 Conclusions

In this thesis several studies in the area of communication theory were presented. It included the stud-

ies of displacement operators, their role in time-frequency analysis, the modulation theory as a part of

classical multicarrier transmission and the theory of pulse shaping for WSSUS channels. Further rela-

tions to quantum codebook design for Gaussian channels werederived. As main focus for this work,

time-frequency and Weyl–Heisenberg group representations and the basic concepts of frame theory are

introduced. It was shown using this fundamentals that the standard textbook OFDM (cp–OFDM) can be

generalized in a very abstract manner. The challenging taskremained to be the joint design of optimal

transmit and receiver pulses, which turned out to be a rathercomplicated, non-convex problem. The

main problem, however, established in this work was then relaxed to a slightly simpler problem. The

benefit of this relaxation was, that the structure could be investigated with methods presented in the first

chapters of this thesis. It has been demonstrated that this reduced problem is the same as that of jointly

optimizing quantum states and measurement procedures suchthat the relative success rate is maximized.

Such problem has two important marginal properties which can be related to single letter optimality and

frame theory, which both were extensively studied. However, the full understanding of their interrelation

is still a problem for future research.
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7.2 Open Problems and Future Research

7.2.1 Balancing between Optimal Channel Fidelity and TightFrames

In (6.7) on page86 the relaxed function

F(α) =
λmax(AC(Πγ(α)))

σ2 + Bγ(α) − λmax(AC(Πγ(α)))
(7.1)

was discussed which corresponds to the a lower bound on theSINR in the WSSUS context or the log–

likelihood ratio for correct quantum detection (success rate). The proposed strategy was to solve first

λmax(AC(Πγ)) yielding the optimumγ and then considerl2–nearestγ(−1/2) solution which minimizes the

Bessel boundB(−1/2). An improvement of this strategy would be minα F(α) which was not yet considered

in this work.

7.2.2 Minimum Output Entropy

A highly attractive field, is not only to consider classical Rény-entropies (Rén61) of time–frequency

distributions as (6.40), i.e. terms of the form:

H(r) =
1

1− r
log ‖AgγC

1
r ‖rr (7.2)

or 1
1−r log ‖Fs(AgγC)‖rr in (BFJM01; AW01) and its divergence measures (relative entropy) (Avi03) but

also to look further at quantum Rényi entropies:

S(p) =
1

1− p
log ‖AC(X)‖pp =

1
1− p

log Tr AC(X)p 0 < p < ∞, p , 1 (7.3)

for a WH-mapAC(·) defined by (6.3). Again for the limit p ց 1 this is known as the von Neumann

entropyS(1) = −Tr AC(X) log AC(X), which is the ”quantum version” of classical Shannon entropy. Eq.

(7.3) is then the output entropy of a (bosonic) quantum channel for a given inputX ∈ S(L2(Rn)). It is

a conjecture (GGL+04), that for Gaussian scattering (C is Gaussian) the unique optimal inputX has to

be Gaussian, i.e. to achieve theminimum output entropy. In particular this conjecture is even stronger

when the outputAC(X) of a Gaussian inputX majorizes all other inputs. The conjecture is already proven

for p ∈ Z \ {1} (GLM+04) and for p → ∞ in general with Theorem6.11and for the Gaussian case in

Corollary6.12as also published in (Jun06). The conjecture is a major step in one of the open problems in

quantum information theory (WK05, Problem 10), the additivity of the minimum output entropy.There
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is the hope that for Gaussian channels acting on infinite Hilbert spaces this can be shown in general.

7.2.3 Algorithms for Channel Fidelity Maximization

The formulation of theSINR–maximization (Problem1), its relaxation (Problem5) and also the channel

fidelity–maximization (Problem6) for finite–dimensional Hilbert–spacesCL using finite phase space

methods presented in§2.1.5are of general importance, because they are those which to beimplemented

for discrete pulse or quantum state optimization. Such optimization problems occur also frequently

in classical and quantum coding as well. The special structure available forL = 2 admits a direct

solution of the problems, which are mainly applicable in quantum context for qubits. During writing

this thesis, it was observed that this result is related to the so called Helstrom–limit of distinguishing

between two quantum states (Hel76). However some properties translates also toL = 2n, i.e. n–qubit

systems. Furthermore, if ignoring or fixing the probabilityof inconclusive results in quantum detection

(see Proposition5.5) it seems that the problem can be related to semidefinite programs used already in

quantum detection (FJ03; KH03; BKMH98; EMV04).
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