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Zusammenfassung

Die vorliegende Arbeit behandelt den Ein�uss von Gauÿ'schem weiÿen Rauschen
und zeitverzögerter Rückkopplungskontrolle auf den nichtlinearen Transport in
einem Halbleiterübergitter. Die Systemparameter sind auf zwei verschiedene dy-
namische Bereiche beschränkt, wobei der Übergang von stationären zu laufenden
Fronten der Elektronendichte entweder durch eine Hopf-Bifurkation oder eine glo-
bale Sattel-Knoten-Bifurkation auf einem Grenzzyklus statt�ndet.
Wir zeigen, dass Rauschen Schwingungen der Stromdichte induziert, die mit Fron-
tenbewegungen in der Umgebung um den Fixpunkt unterhalb der Hopf-Bifurkation
einhergehen. Während die deterministischen Zeitskalen nur gering vom Rauschen
beein�uÿt werden, nimmt die Regularität dieser Oszillationen mit steigender Rau-
schintensität ab. Dicht unterhalb der globalen Bifurkation wird die Dynamik des
Systems hingegen stark durch das Rauschen beein�uÿt. Es �ndet eine globale Än-
derung statt, die bewirkt, dass Ladungsträgerfronten durch das gesamte Bauteil
laufen. In diesem Bereich ist das System anregbar. Wir bestätigen das Auftre-
ten von Kohärenzresonanz, d. h. bei optimaler Wahl der Rauschintensität wird die
Regularität maximal. Die charakteristischen Zeitskalen des Systems zeigen eine
starke Abhängigkeit vom Rauschen, was die zugrunde liegende deterministische
Konstellation widerspiegelt.
Des Weiteren wenden wir eine zeitverzögerte Rückkopplungskontrolle an, die bisher
hauptsächlich für die Kontrolle von rein zeitlichen, rauschinduzierten Oszillatio-
nen genutzt wurde. Wir zeigen, dass Kontrolle die Regularität von raumzeitlichen
Mustern nicht nur verstärken oder abschwächen kann, sondern mit variierender
Verzögerungszeit auch die Manipulation der Zeitskalen in beiden untersuchten Pa-
rameterbereichen ermöglicht. Durch die Wirkung der Kontrolle im rein determi-
nistischen Modell ergeben sich Bifurkationen, die allein von der Zeitverzögerung
induziert werden.
Schlieÿlich verwenden wir ein generisches Modell für eine Sattel-Knoten-Bifurkation,
um dessen qualitatives Verhalten unter dem Ein�uss von Rauschen und zeitver-
zögerter Rückkopplung mit dem des Übergittermodells zu vergleichen. Wir be-
stätigen das Auftreten der grundlegenden kontrollinduzierten Dynamik in beiden



Systemen. Weitere Untersuchungen des kontrollierten generischen Modells o�en-
baren die Multistabilität zwischen unterschiedlichen periodischen Orbits und dem
Fixpunkt. Entsprechend Shilnikovs Theorie treten homokline Bifurkationen, Peri-
odenverdopplung und Sattel-Knotten-Bifurkation von Grenzzyklen auf.



Abstract

The e�ect of random �uctuations and time-delayed feedback control on nonlinear
transport in a semiconductor superlattice is studied. The system's parameters are
�xed in the two di�erent dynamical regimes where the transition from stationary to
moving electron charge density fronts takes place either through a Hopf bifurcation
or a global bifurcation, namely a saddle-node bifurcation on a limit cycle.
It is shown that noise can induce current density oscillations which are associ-
ated with localized front motion around the stable �xed point below the Hopf
bifurcation. The regularity of the noise-induced motion decreases with increasing
noise level, while the deterministic time scales of the system are robust against
the noise. In the vicinity of the global bifurcation noise has a dramatic e�ect
inducing a global change in the dynamics of the system forcing stationary fronts
to move through the entire device. In this regime, the system is excitable and we
are therefore able to demonstrate the e�ect of coherence resonance in our model,
i. e. there is an optimal level of noise at which the regularity of front motion is
enhanced. The characteristic time scales of the system show a strong dependence
on the noise level re�ecting the underlying deterministic con�guration.
Furthermore, we apply a time-delayed feedback control scheme that was previously
used to control purely temporal oscillations induced by noise. We show that control
can not only enhance or deteriorate the regularity of stochastic spatio-temporal
patterns but also allows for the manipulation of the system's time scales with
varying time delay, in both dynamical regimes. Moreover, the e�ect of control on
the pure deterministic model uncovers delay-induced bifurcation scenarios which
result in the birth of oscillations that are mediated by the addition of noise.
Finally, we employ a prototype (generic) model for a saddle-node bifurcation on
a limit cycle and compare the qualitative behaviour under noise and delay to the
superlattice model. We manage to verify the basic delay-induced dynamics in both
systems. By further investigation of the controlled generic model we are able to
reveal delay-induced multistability of periodic orbits and the �xed point. Homo-
clinic bifurcations, period-doubling and saddle-node bifurcations of limit cycles are
found in accordance with Shilnikov's theorems.
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1 Introduction

Semiconductor nanostructures represent prominent examples of nonlinear dynamic
systems which exhibit a variety of complex spatio-temporal patterns [Sch87, Sch01].
A superlattice is such a nanostructure which consists of alternating layers of two
semiconductor materials with di�erent band gaps. This leads to (periodic) spatial
modulations of the conduction and valence band of the material, and thus forms
an energy band scheme consisting of a periodic sequence of potential barriers and
quantum wells.
Those structures can be taylored by modern epitaxial growth technologies with
high precision on a nanometer scale. If the potential barriers are su�ciently thick,
the electrons are localized in the individual quantum wells. In such a situation
the superlattice can be treated as a series of weakly coupled quantum wells, and
sequential resonant tunneling of electrons between di�erent wells leads to strongly
nonlinear charge transport phenomena, if a dc voltage is applied across the su-
perlattice [Wac02, Bon02, Bon05, Sch03c]. For instance, negative di�erential con-
ductance can appear [Esa70]. Thus, semiconductor superlattices can be used as
generators of current oscillations, whose frequency depends on the parameters of
the superlattice structure and the applied voltage, and thus, can be varied in a
wide range from some hundred kHz [Cad94, Kas95, Hof96, Wan00] to hundreds of
GHz [Sch99h], which makes this system very promising for practical applications.
On the other hand, the inherent nonlinearity gives rise to complex spatio-temporal
dynamics of the charge density and the �eld distribution within the device, includ-
ing the formation of travelling charge accumulation and depletion fronts and �eld
domains associated with current oscillations. The interaction between multiple
moving fronts may lead to sophisticated self-organized patterns, which are typical
of a large variety of spatially extended systems [Kap95a, Ama03, Sco04]. Even
chaotic scenarios have been found experimentally [Zha96, Luo98b] and described
theoretically in periodically driven [Bul95] as well as in undriven superlattices
[Ama02a].
Another source of irregularity, apart from deterministic chaotic motion, is noise.
In reality any physical system is inevitably in�uenced by random �uctuations. In



2

semiconductor nanostructures, in particular, microscopic noise sources a�ect the
charge transport [Bla00, Son03, Zha00, Kie03b, Kie07b]. The noise arises naturally,
due to the probabilistic nature of the tunneling current, thermal �uctuations, etc.
In the past it was believed that noise plays a destructive role deteriorating a sys-
tem's performance. However, theoretical and experimental research has recently
shown that noise can have surprisingly constructive e�ects in many physical sys-
tems. Already since the early 1980's, the counterintuitive fact that noise can help
rather than hinder the performance of a nonlinear system is known. The phenom-
ena of stochastic [Ben81, Nic81] and coherence [Hu93a, Pik97] resonance have well
been established and veri�ed in numerous models both theoretically and experi-
mentally [Gam98, Ani99, Lin04]. In particular, an optimal noise level may give
rise to ordered behavior and even produce new dynamical states.
Moreover, for a large class of extended systems of reaction-di�usion type it has
been shown that noise can induce quite coherent dynamical space-time patterns
[Gar99, Sag07]. It was shown, for instance, that random �uctuations are able to
induce coherent patterns in extended media, to maintain existing patterns [Alo01],
and even to support wave propagation [Kad98]. Noise-induced patterns were also
found in another semiconductor nanostructure, namely a double barrier resonant
tunneling diode described by a reaction-di�usion model for the current density
distribution [Ste05]. In spite of considerable progress on a fundamental level,
useful applications of noise-induced phenomena in technologically relevant devices
like semiconductor devices, are still scarce.
An essential issue that arises in such systems is how one can deliberately in�uence
and control the regularity of the noise-induced dynamics. Recently it was shown for
two general classes of simple nonlinear systems with temporal degrees of freedom
only, that the coherence properties and the time scales of noise-induced oscillations
can be changed by applying a time-delayed feedback [Jan03, Bal04, Sch04b] in
the form which was introduced earlier by Pyragas [Pyr92] for chaos control of
deterministic dynamics. The Pyragas scheme is an alternative to the famous OGY
method developed earlier by Ott, Grebogi and Yorke [Ott90]. The idea is to
achieve stabilization of unstable periodic orbits (UPOs) by adding, to a chaotic
system, a control force in the form of the di�erence between a system variable
and its delayed counterpart. In [Jan03, Bal04, Sch04b, Pom05a, Pom07] noisy
temporal motion was considered within the example of a Van-der-Pol oscillator,
i. e. a system close to but below a Hopf bifurcation, and in a FitzHugh-Nagumo
model [Jan03, Bal04, Hau06, Pra07], i. e. an excitable system.
Apart from the deliberate application of a control force to a system in order to
be able to manipulate its behaviour, delay may also enter naturally in a system's
dynamics. Typical examples of such systems are lasers where the delay enters
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through the coupling to external cavities (optical feedback) [Sch06a, Tro06] and
neurons, where the signal propagation yields a delay time [Car88, Man91].
Moreover, the interest in time-delayed feedback lies also on the mathematical
aspect. Delay di�erential equations require the use of tools other than those
used to handle ordinary di�erential equations. The delay renders the system
in�nite-dimensional and the interplay with nonlinearity uncovers complex dy-
namic behaviour. In this spirit, elegant analytical theories have been developed
[Jus97, Ama05, Fie07]. Another issue is that time-delayed feedback may not only
be used for controlling a system but also for creating new dynamics. Delay-induced
multistability was already predicted in the �rst paper by Pyragas [Pyr92]. Never-
theless, the investigation of delay-induced bifurcations and multistability is still a
growing �eld [Xu04, Bal05, Ste05a].
In this work we consider the e�ect of random �uctuations on a semiconductor
superlattice. Note that the modelling of noise is based on a classical approach,
with Gaussian white noise sources added to the system yielding, thus, Langevin-
type equations. We show that noise is able to induce oscillations and front motion
when the system is prepared in two di�erent dynamical regimes, namely in the
vicinity of a Hopf bifurcation and near a global bifurcation where the system is
excitable.
The next task is to apply a time-delayed feedback force and study to what extent
control can a�ect the noise-induced dynamics in both dynamical regimes. For
deeper understanding of the observed behaviour in the excitable regime, we reduce
the system's dynamics in order to obtain some universal qualitative characteristics.
We do that by introducing a generic model undergoing the same global bifurcation
and study it both with and without control.
This thesis is organized as follows: The sequential tunneling approach for the su-
perlattice model is brie�y introduced in Chapter 2. In Chapter 3 we look at the
deterministic dynamics of the system and, in particular, study the two bifurca-
tion scenarios that govern the transition from stationary to moving fronts. We
provide both a dynamical description and a physical interpretation for the ob-
served dynamics and its dependence on the bifurcation parameters. In Chapter 4,
the in�uence of stochastic �uctuations in the two dynamical regimes presented in
Chapter 3 is considered. Properties such as temporal coherence and time scales
are quanti�ed in dependence on the noise level. The e�ect of a time-delayed feed-
back force on the noisy dynamics is investigated in Chapter 5. In addition, the
role of control on the purely deterministic system is examined. In Chapter 6 we
employ the generic simple model exhibiting the same global bifurcation found in
the superlattice model. We present its basic dynamical features and motivate the
connection to the corresponding dynamics of the superlattice. The time-delayed
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version of the generic model is studied in Chapter 7 and direct comparison to the
superlattice is made. Finally, in Chapter 8 we give a brief summary and an outlook
for possible further research.



2 The superlattice model

First suggested by Esaki and Tsu in 1970 [Esa70], the semiconductor superlattice is
a nanostructure which typically consists of alternating layers of two semiconductor
materials with di�erent band gaps, such as AlAs and GaAs or AlxGa1−xAs and
GaAs. This leads to periodic spatial modulations of the conduction and valence
band of the material, and thus forms an energy band scheme consisting of a periodic
sequence of potential barriers and quantum wells (see Fig. 2.1). GaAs, having a
lower conduction band edge, will act as the quantum well, whereas AlAs acts as
the quantum barrier, since its conduction band edge lies higher. Those structures
can be taylored by modern epitaxial growth technologies with high precision on a
nanometer scale [Gra95d]. The analogy to the atomic lattice, albeit with a much
larger period, yielded the name �superlattice�.
The superlattice is a periodic structure and therefore the energy spectrum may
be calculated analogously to the Kronig-Penney model [Kro31] resulting in the
appearance of energy bands (instead of discrete levels characteristic for atoms
and molecules) and energy gaps. The corresponding eigenfunctions are the Bloch
functions characterized by the band index ν and the Bloch vector k, which is
restricted to the Brillouin zone −π/d ≤ k ≤ π/d, where d is the superlattice
period. This range is much smaller than the Brillouin zone for the atomic lattice
with lattice constant aL, since d À aL, and therefore the new bands are called
minibands. The external voltage drop U applied perpendicularly to the quantum
well layers gives rise to vertical electron current in the z-direction.

2.1 The sequential tunneling model
In this thesis we are interested in the superlattice from the viewpoint of a nonlinear
dynamical system. In the following, however, we will take a brief look into the
microscopic model.
Assuming ideal interfaces, the semiconductor superlattice is translational invariant
in the x- and y- direction perpendicular to the growth direction. In each quantum
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Figure 2.1: Schematic band structure of the conduction band Ec(z) and the va-
lence band Ev(z) in an AlAs/GaAs superlattice with barrier width
b, well width w, and period d = b + w. EB

c/v and EW
c/v are the max-

imum/minimum energies of the conduction band and valence band
for the barrier (B) and well (W) material, respectively. EB

g and EW
g

are the respective energy gaps between valence and conduction band.
∆Ec = EB

c − EW
c is the di�erence in the conduction band energy of

the well and the barrier material. ∆a and ∆b denote the widths of the
�rst and the second minibands, which are located at the energies Ea

and Eb, respectively. (After Figure 2.1 in [Ama03c]).

well m we have a basis set of wave functions. The solutions of the wave equation
for the x-y plane are given by plane waves eikr (k and r being the vectors within
the x-y plane). In the z-direction we have a periodicity of period d leading to
energy states Eν

k characterized by the miniband index ν and the vector k. The
energies as well as the Bloch functions φν

k(z) can be calculated analogously to
the Kronig-Penney model. From the Bloch functions φν

k(z) the Wannier functions
Ψν(z − md) [Wan37] are de�ned, where ν is the miniband index and m is the
number of the well at which the Wannier function is localized. One-dimensional
Wannier functions serve to describe localized electrons.
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Here we consider a superlattice with thick barriers (i. e. narrow minibands). Thus
we obtain a series of weakly coupled quantum wells with localized eigenstates.
When a voltage is applied to the device, tunneling processes through the barriers
are possible and the electron transport results from sequential tunneling from one
well to the next. Other approaches for superlattice transport include miniband
conduction and Wannier-Stark hopping. For a thorough review see [Wac02]. The
electric �eld Fm caused by the applied voltage creates a shift of the miniband
levels Eν

m + eFmd = Eν
m+1. For aligned miniband levels (Eν

m = Eµ
m+1) in two

neighbouring wells, resonant tunneling is possible. The tunneling current Jm→m+1

is then calculated by a Fermi's Golden Rule-like expression [Wac98]:

Jm→m+1(Fm, nm, nm+1) =
∑

ν

e

~
∣∣H1,ν

m,m+1

∣∣2

× Γ1 + Γν

(Eν − E1 − eFmd)2 +
(

Γ1+Γν

2

)2 (2.1)

×
{
nm − ρ0kBT ln

[(
e

nm+1
ρ0kBT − 1

)
e
− eFmd

kBT + 1
]}

,

where e < 0 is the charge of the electron, nm is the two-dimensional electron
density in well m, Fm is the electric �eld between the wells m and m + 1 , Eν

is the energy level of the miniband ν, T is the temperature, ρ0 = m∗/~2π is the
two-dimensional electron density of states, and m∗ is the e�ective electron mass.
The matrix elements H1,ν

m,m+1 between the Wannier state 1 in well m and ν in
well m + 1 are calculated numerically for a given superlattice from the Wannier
functions [Wac98]. Γν is the scattering-induced broadening of the energy level ν.
We restrict ourselves to the lowest two levels ν = a, b.
For the homogeneous case, i. e. nm = nm+1, shown in Fig. 2.2, the tunneling cur-
rent density as a function of the electric �eld, J(F ), exhibits a strongly nonlinear
dependence. If there is no electric �eld, naturally no current can �ow through the
device. With increasing �eld the current density rises achieving a �rst local max-
imum which corresponds to electron tunneling between equal energy levels. This
local peak is a result of the competition between two opposing e�ects: The smaller
the �eld, the better the alignment between the subbands in the two quantum wells
is. On the other hand, the driving force is stronger for higher �eld. For further
increase of the �eld, there is no alignment of the subbands and electron trans-
port becomes very ine�cient. The current, thus, decreases and the current-�eld
characteristic exhibits a drop. At higher �eld (the superlattice potential is tilted),
however, we can have the situation that the ground level in one well is aligned with
the second level in the neighbouring well and the relation eFd = ∆E is satis�ed,
∆E being the intersubband spacing. Resonant tunneling then produces a large
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Figure 2.2: Homogeneous current-�eld characteristic of the superlattice calculated
from Eq. (2.1). Parameters as in Table 2.1. NDC marks the region of
negative di�erential conductivity.

current and transport is accomplished. O�-resonance settings lead to negative
di�erential conductivity (NDC).
The J(F ) characteristic (Fig. 2.2) describes the local transport properties of the
superlattice. It is N -shaped and there is a region of NDC in which an increase in
the electric �eld leads to a decrease of the electric current. This strongly nonlinear
behaviour may lead to instabilities.

2.2 The superlattice parameters

The superlattice studied here has been treated in earlier theoretical works including
[Sch02r, Kil03, Ama03c]. The parameters of the model are listed in Table 2.1. The
use of these parameters is motivated by real experiments on lattices of the same
number of wells [Zeu96a] or smaller samples [Kas95, Rog02a].



Chapter 2. The superlattice model 9

Parameter Notation and Units Value
Number of wells N 100
2D doping density N2D

D [109cm−2] 100
3D doping density N3D

D [1015cm−3] 77
Barrier width b[nm] 5.0
Well width w[nm] 8.0
Superlattice period d[nm] 13
Temperature T [K] 20
Scattering width Γa = Γb[meV ] 8.0
Matrix element for transition a→ a Ha,a

m→m+1[meV ] −0.688

Matrix element for transition b→ b Hb,b
m→m+1[meV ] 1.263

Matrix element for transition a→ b Ha,b
m→m+1[meV ] −eFm × 0.0127m

Energy of miniband a Ea[meV ] 41.5
Energy of miniband b Eb[meV ] 160
E�ective electron mass in GaAs m∗

GaAs[me] 0.067
E�ective electron mass in AlAs m∗

AlAs[me] 0.15
Relative permittivity of GaAS εr 13.18

Table 2.1: Parameters of superlattice similar to experimental lattice in [Zeu96a],
but with a di�erent doping density.

Symbol Description
U Voltage across the superlattice
nm Electron density in well m
Jm→m+1 Current density �owing from well m to m+ 1
J Global current density
Fm Electric �eld across barrier m
F0 Electric �eld at emitter
σ Conductivity at emitter

Table 2.2: List of symbols used througout this work.

2.3 The model equations
As dynamical variable we consider the electron densities in each well nm, the
evolution of which is given by the continuity equation:

e
dnm

dt
= Jm−1→m − Jm→m+1 for m = 1, . . . , N, (2.2)
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with [n] = cm−2 and [J ] = A/cm2. We thus obtain N coupled ordinary di�erential
equations (ODEs) with right hand sides containing complicated nonlinear depen-
dencies on the electron densities nm and the �elds Fm, according to Eq. (2.1).
The electron densities and the electric �elds are coupled by the following discrete
Poisson equation:

εrε0(Fm − Fm−1) = e(nm −ND) for m = 1, . . . , N, (2.3)

where εr and ε0 are the relative and absolute permittivities, e < 0 is the electron
charge, ND is the donor density, and F0 and FN are the �elds at the emitter and
collector barrier, respectively. Equation (2.3) is derived by considering Gauss's law
in the integral formulation, with the integration volume being a well, modelled by
an in�nite layer with �nite width w. The applied voltage between emitter and
collector gives rise to a global constraint

U = −
N∑

m=0

Fmd, (2.4)

where d is the superlattice period. The �elds across the barriers must, therefore,
be distributed such, that the above sum remains constant. In the chapters to come
we will see how the voltage U plays a decisive role in the observed dynamics.

Boundary conditions

Real contacts consist of a number of layers di�ering in composition and doping.
A microscopic contact modeling would, however, be a complicated task. For our
purpose it is su�cient to use simple Ohmic boundary conditions:

J0→1 = σF0 (2.5)
JN→N+1 = σFN

nN

ND

, (2.6)

where σ is the Ohmic contact conductivity, and the factor nN/ND is introduced
in order to avoid negative electron densities at the collector. Other boundary con-
ditions (Dirichlet and Neumann) have been used in earlier works [Pre94, Wac95c,
Sch96a, Sch96b, Pat98]. An exponential boundary current density of the form
J0→1 = a exp(bF0) was considered in [Ama03a]. There it was found that for suit-
able parameters a and b the dynamical behaviour of the superlattice is equivalent
to that under Ohmic boundary currents.
Together with the voltage U , the boundary current J0→1 (and therefore the con-
tact conductivity σ) will prove to strongly in�uence the system's dynamics. From
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the experimental aspect the voltage is easily accessible and tunable as it is ap-
plied externally. The conductivity can be adjusted by changing the thickness of
the contact, the doping level or the temperature [Bon00, Rog01]. The contact
conductivity may also be adjusted optically by illumination [Luo99].
The total current through the device is given by the sum over all local current
densities:

J =
1

N + 1

N∑
m=0

Jm→m+1. (2.7)

From Eq. (2.3) one can express the �eld across each barrier in the following way:

F1 =
e

ε
(n1 −ND) + F0

F2 =
e

ε
(n2 −ND) +

e

ε
(n1 −ND) + F0

...

Fm =
e

ε

m∑

k=1

(nk −ND) + F0,

with ε = ε0εr, obtaining, thus, a recursive formula for the �elds as a function of
the electron densities. The global constraint Eq. (2.4) requires the sum of all �elds
to equal −U/d. Applying this to the above recursive formula for Fm we gain an
expression for F0:

F0 =
1

N + 1

(
−U
d
− e

ε

N∑

k=1

(N − k + 1)(nk −ND)

)
. (2.8)

Thus, the �elds Fm with m = 0, . . . , N , can be eliminated from the dynamic
equations Eq. (2.2). The numerical integration of the system ofN ODEs (Eq. (2.2))
requires an initial electron density distribution (n1, n2, . . . , nN) (as default taken
to be equal to the doping density ND, i. e. a homogeneous superlattice). The
right hand sides of the continuity equations (Eq. (2.2)) depend on the electron
densities and the �elds, which in turn are also functions of the electron densities.
The �eld across each barrier, Fm, contains the term F0, which is determined by
the electron densities and the voltage according to Eq. (2.8) derived above. The
last two ingredients in order to fully obtain the right hand sides of our system's
equations are the boundary currents, which require the knowledge of the contact
conductivity σ. We then are able to simulate the system.
For an extension of the model to two spatial dimensions including lateral di�usion
see [Ama05a].
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3 Deterministic dynamics

In the regime of negative di�erential conductivity (NDC), an increase of the electric
�eld strength leads to a decrease of the current. That means that electrons can
enter the superlattice in the low-�eld region faster than they can leave it through
the high �eld region. This results in spontaneous accumulation of charge in the
superlattice. The branch of NDC is unstable and therefore the system, when
slightly perturbed (due to impurities), will jump to either lower or upper branch
of positive di�erential conductivity (PDC). The lower and upper branch of the
PDC regime associates the NDC current density with a low- and high-�eld value,
respectively (Fig. 2.2). This is the mechanism of �eld domain formation.
Low-�eld domains form when transport from the ground level of one well to the
ground level in the adjacent well takes place. Transport between the ground level
of one quantum well to the upper level in the next well is associated with high-�eld
domains. From the Poisson equation (2.3) it is clear how the di�erence in the �eld
between two wells is connected to charge accumulation or depletion. This charge
accumulation / depletion forms the boundary between low-/ high- and high-/low-
�eld, which is nothing but a front.
Fronts may either be stationary, oscillating or even chaotic, depending on the
applied voltage U and the contact conductivity σ [Ama03, Ama04, Ama02a]. In
[Ama03, Ama04] a reduced model for the superlattice was developed to explain
the front dynamics. Here we will brie�y review the cases of stationary and moving
fronts and focus more on the transition between those two dynamical scenarios.

3.1 Stationary fronts
For certain combinations of the contact conductivity and the applied voltage, sta-
tionary fronts are observed. They correspond to a constant stationary current
�owing through the device. The position of the front (the front extends over two
or three wells) in the device is determined by σ and U .
Assume that for a given choice of parameters an accumulation front essentially is
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localized at well m separating a region of high- and low-�eld, above and below well
m, respectively. With increase of the voltage this front will move to wellm+1. Due
to the global constraint, the high-�eld domain expands and moves one well further
�dragging� the front with it. Plotting the global current density over the voltage,
we obtain a typical current-voltage sawtooth characteristic [Pre94, Kas94, Ama01]
in which the number of branches is approximately equal to the number of wells in
the superlattice. Up- and down-sweep of the voltage produce a di�erent sawtooth
characteristic resulting, thus, in hysteresis. In addition, the multi-branched I-V
curve is responsible for multistability. Finally, one should note that the occurrence
of stationary �eld domains is a result of the discreteness of the superlattice.

3.2 Moving fronts
For other choice of boundary conditions oscillatory behavior may be obtained,
where front motion and associated current oscillations occur. The fronts are gen-
erated at the emitter and move through the device until they reach the collector.
A single front is a monopole, a pair of one accumulation and one depletion front
form a dipole, whereas two accumulation / depletion fronts and one depletion / ac-
cumulation front form a tripole. In Fig. 3.1 one can see the electron charge density
in space and time (top panel), the corresponding electric �eld evolution (middle
panel) and the global current density time series (bottom panel), for certain pa-
rameter values. At the beginning, there is a dipole of one accumulation and one
depletion front moving with equal velocities (top panel). The region between the
depletion front and the accumulation front corresponds to a high-�eld domain,
shaded by red colour in the middle panel. In the bottom panel, the current (ne-
glecting the high-frequency small-amplitude oscillations due to well-to-well hop-
ping) is constant during the lifetime of the dipole. When the depletion front reaches
the collector and vanishes, there is only one accumulation front in the device (a
monopole). The monopole slows down while the global current increases. When
a certain maximum threshold is achieved, the accumulation front disappears and
at the same time a new dipole is generated at the emitter. The same scenario is
then repeated over and over.
The velocities of accumulation and depletion fronts may, in general, di�er. Their
dependence on the total current density has been studied in depth and explains the
relevance between the spatio-temporal charge density propagation and the global
current density oscillations in time [Ama02, Ama02a, Ama04]. The mechanism
of the generation of a dipole at the emitter has also been investigated in detail
[Ama02a]. The role of the critical current density value Jc will be discussed next.



Chapter 3. Deterministic dynamics 15

w
el

l 

1

100

50 60 70 80 90 100
t [ns]

1

2

3

J 
[A

/m
m

2
]

w
el

l 

1

100

Figure 3.1: Top: Spatio-temporal pattern in superlattice for parameters σ =
1.3(Ωm)−1 and U = 1V . Red and blue denote charge accumulation
and depletion fronts, respectively. White corresponds to a homoge-
neous con�guration. The emitter is located before well 1 and the col-
lector after well 100. Middle: Evolution of the electric �eld with red
areas marking the high-�eld domains and white the low-�eld domains.
Bottom: Associated current density time series of the global current
density J(t) given by Eq. (2.7). Parameters as in Table 2.1.

3.3 The role of the boundary
Assume that the contact conductivity σ is chosen such that the contact charac-
teristic J0→1 = σF0 intersects the homogeneous characteristic between �rst and
second well, J1→2(F1, ND, ND), at a point (Fc, Jc) in the NDC region (Fig. 3.2). If
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J < Jc, the �eld at the emitter is larger than that at the �rst barrier, F1 > F0.
This results in electron depletion, n1 < ND according to the Poisson equation
(2.3). If we could suddenly change the current to a value larger than Jc, the �eld
F1 would increase according to Eq. (2.3). This would result in charge accumulation
followed by the depletion front already there. Together they would form a dipole.
With proper selection of the two parameters, σ and U , complex front motion may
be obtained [Ama04].
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Figure 3.2: Intersection of two Ohmic contact characteristics (J0→1 = σF0) with
the homogeneous current-�eld characteristic (magenta line). Cyan line
corresponds to σ = 0.266(Ωm)−1 and black line to σ = 2.0821(Ωm)−1.
(Jc, Fc) marks the intersection point with the homogeneous character-
istic. Parameters as in Table 2.1.

3.4 Stationary to moving fronts: Bifurcation
scenarios

The transition from stationary to oscillatory behaviour in the context of nonlinear
dynamics happens through a bifurcation, when a certain parameter achieves a
critical value. In the following we will study the two main bifurcation mechanisms
which govern the switching from stationary to moving fronts in the superlattice.
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3.4.1 The (σ, U) plane
The two control parameters which determine whether the front dynamics are sta-
tionary or moving, are the contact conductivity σ and the externally applied volt-
age U . In Fig. 3.3 a bifurcation diagram in the (σ, U) plane is shown. The regime
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]
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Figure 3.3: Bifurcation diagram in the (σ, U) plane produced by the numerical
package AUTO [Doe02]. Black hatched line and cyan line denote
the parameter regime in which a saddle-node bifurcation on a limit
cycle and a supercritical Hopf bifurcation (illustrated in correspond-
ing schematic �gures) takes place, respectively. Boxes mark the two
regimes, one in the vicinity of the SNIPER and one in the vicinity of the
Hopf bifurcation, which are studied throughout this work. Parameters
as in Table 2.1.

of oscillations is in the closed area and is bounded below by a supercritical Hopf
bifurcation (solid cyan line), and above by a fold bifurcation (saddle-node bifurca-
tion on a limit cycle, or saddle-node in�nite period bifurcation, SNIPER) (black
hatched line). In the same �gure both bifurcations are illustrated schematically:
A stable focus loses its stability and a limit cycle is born in a supercritical Hopf
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bifurcation (lower plot). A saddle-point and a node lying on a closed curve of hete-
roclinic orbits collide and a stable limit cycle is generated in a SNIPER bifurcation
(upper plot). The Hopf bifurcation and the SNIPER are, therefore, the two basic
bifurcations that govern the transition from stationary to moving fronts. In the
following we will go through the dynamics characterizing these two bifurcations
and give a physical interpretation for our speci�c model.

3.4.2 Hopf bifurcation
We now �x the parameters of the system in the area marked by the lower box in
Fig. 3.3, i. e. near the Hopf bifurcation [Hiz05]. Below the line and for parameters
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Figure 3.4: Spatio-temporal electron density plots near the Hopf bifurcation. (a)
Stationary front below the bifurcation at σ = 0.266(Ωm)−1, weak front
motion above the bifurcation at σ = 0.2673 and σ = 0.268(Ωm)−1 in
(b) and (c), respectively. Voltage U = 1V and other parameters as in
Table 2.1.

(σ, U) = (0.266(Ωm)−1, 1V ) the only stationary solution is a �xed point that
corresponds to a stationary depletion front localized over a small range of wells
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near the emitter (Fig. 3.4 (a)). This small value of σ pins a high-�eld domain
at the emitter region and suppresses the generation of accumulation fronts at the
emitter. Note that for the considered superlattice a free depletion front under �xed
current conditions would always have a positive velocity [Ama02a]. The observed
stationarity of the depletion front is therefore a consequence of the global coupling
Eq. (2.4) and the suppression of new fronts at the emitter.
For values of σ close but above the Hopf bifurcation the depletion front exhibits
some weak motion around its former �xed position (Figs. 3.4 (b) and 3.4(c)).
There is no front travelling through the device but instead a slight �wiggling� of
the electron density depletion around well 18. The corresponding current density
time series, shown in the left panels of Fig. 3.5, display the typical increase in the
amplitude expected above a Hopf bifurcation.
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Figure 3.5: Time series of the total current density (left) and corresponding phase
portraits in the (n18, n19) plane (right), above the Hopf bifurcation. (a)
σ = 0.267, (b) σ = 0.2673 and (c) σ = 0.268(Ωm)−1. U = 1V in all
plots. Parameters as in Table 2.1.
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The frequency of the oscillations is �nite at the birth of the limit cycle and remains
constant at 0.4 GHz. The phase portraits in a cross section of the 100-dimensional
phase space are also to be seen in the right panels of the same �gure. The limit
cycle increases in radius according to the characteristic square-root scaling law.
In Fig. 3.6 the amplitude of the total current density oscillations (Jmax − Jmin)
shows this square-root dependence over the contact conductivity σ both in linear
and double logarithmic scale.
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Figure 3.6: Left: Amplitude of the limit cycle oscillations in dependence on the
contact conductivity σ above the Hopf bifurcation. Right: Corre-
sponding square-root scaling law:. Open circles correspond to data
from numerical simulation and red thick line corresponds to a linear
�t with slope 0.501. Critical value σcrit = 0.26694(Ωm)−1 and voltage
U = 1V . Parameters as in Table 2.1.

3.4.3 Saddle-node bifurcation on a limit cycle: SNIPER
By selecting a higher contact conductivity σ [Hiz06] (in the area marked by the
upper box in Fig. 3.3) we set the system at a �xed point which corresponds to a
stationary current running through the device and, in the spatio-temporal picture,
to an accumulation front localized at well 64 (see Fig. 3.7 (a)). This accumulation
front separates a low- from a high-�eld domain marked by white and red, respec-
tively, in Fig. 3.8(a). Keeping σ �xed and increasing the voltage, we observe the
birth of an oscillation at a critical value of the voltage Ucrit = 3V . With further
increase of U the period of the limit cycle decreases, as shown in Figs. 3.7(b) and
3.7(c), for both current density time series and spatio-temporal plots. The cor-
responding moving �eld domains are shown in Fig. 3.8. The sudden birth of the
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Figure 3.7: Time series of the total current density (lower plots) and corresponding
spatio-temporal plots (upper plots), below (a) and above ((b) and (c))
the SNIPER . (a) U = 2.99, (b) U = 3.0000002 and (c) U = 3.00001V .
σ = 2.0821(Ωm)−1 in all plots. Parameters as in Table 2.1.
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Figure 3.8: Spatio-temporal plots of the electric �eld corresponding to Fig. 3.7.
(a) U = 2.99, (b) U = 3.0000002 and (c) U = 3.00001V . High-�eld
domains are shaded red. σ = 2.0821(Ωm)−1 in all plots. Parameters
as in Table 2.1.

limit cycle takes place through a saddle-node bifurcation on a limit cycle. In such
a bifurcation a saddle-point and a stable node, both lying on an invariant circle,
collide, disappear and a limit cycle is generated. At the critical point Ucrit, the
frequency of the oscillations tends to zero. This corresponds to an in�nite period
oscillation (Fig. 3.9 (a)) and therefore this bifurcation is also known as saddle-
node in�nite period bifurcation or SNIPER [Guc86]. It is one of the so-called
global bifurcations as discussed in Chapter 6.
Plotting the frequency of the oscillations above the SNIPER in dependence on the
bifurcation parameter U (Fig. 3.9 (b)), we obtain the characteristic square-root
scaling law, f ∼ (U − Ucrit)

1/2, that governs a saddle-node bifurcation on a limit
cycle.
Figure 3.10(a) shows a phase portrait in terms of electron densities in two neighbor-
ing wells, below the bifurcation, for three di�erent initial conditions. The electron
density in well 65, n65, is plotted versus n64, in a two-dimensional projection of the
100-dimensional phase space. Arrows denote the direction which the trajectory
follows and the thick dot (VI) corresponds to the stable node, i. e. a stationary
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Figure 3.9: (a) Period T and (b) frequency f = 1/T of the current density time
series above the SNIPER in dependence on the voltage. The inset of (b)
shows the characteristic square-root scaling law that governs a saddle-
node bifurcation on a limit cycle. Ucrit = 3V and σ = 2.0821(Ωm)−1.
Parameters as in Table 2.1.

accumulation front, which all trajectories approach regardless of the initial condi-
tion. The cross denotes the saddle-point which corresponds to a stationary spatial
con�guration which separates two regimes: Either no dipole is injected at the
emitter (this is associated with the short piece of the unstable manifold connect-
ing the saddle-point and the stable node), or a dipole is injected and traverses the
system, and interacts with the stationary accumulation front, thus performing a
full tripole oscillation. The latter corresponds to the trajectory shown (labeled I-
V) which performs a large excursion in phase space before approaching the stable
node (VI). It is close to the long piece of the unstable manifold connecting the
saddle-point with the stable node via a big loop. In Figs. 3.10(b), 3.10(c) and
3.10(d), the space-time plot of the electron densities and the time evolution of
the electron density n65 are plotted for all three trajectories of Fig 3.10(a). From
Fig 3.10(b) we see that initially an accumulation front is located near well 64 (I).
After a depletion front is injected at the emitter, followed immediately by the
injection of an accumulation front, both move through the system (II-IV) while
the �rst accumulation front also starts moving towards the collector (II) (driven
by the global constraint (Eq. (2.4)). Finally the accumulation front generated at
the emitter approaches well 64 (V) and rests there (VI), while at the emitter a
new depletion front starts to develop. In this context the previously discussed
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Figure 3.10: (a) Phase portrait in terms of electron densities n65 and n64, normal-
ized to the donor density ND, below the global bifurcation. Three
di�erent initial conditions (IC) have been used, corresponding to tra-
jectories of di�erent color. (b) Space-time plot (upper plot) and time
series of n65 (lower plot) for the black trajectory shown in (a). The
di�erent parts of the trajectory are labeled by Roman numerals I-VI.
Corresponding space-time plot and time series of n65 for green and
magenta trajectory depicted in (c) and (d), respectively. U = 2.99V
and σ = 2.0821(Ωm)−1. Parameters as in Table 2.1.
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saddle-point corresponds to the stationary but unstable situation, where the de-
pletion front is not yet completely detached from the emitter. This is evident also
in the space-time plot of the green trajectory of Fig 3.10(a), shown in Fig 3.10(c).
The green trajectory spends more time (than the black one) near the saddle-point,
before performing the long excursion in phase space leading to the stable node.
In the space-time plot, this is demonstrated as such: It takes longer time for the
accumulation front to start moving and for the depletion front to detach from the
emitter until they eventually form a dipole on their way to the collector. Other-
wise: If we divided the trajectory and space-time plot in parts denoted by Roman
numerals as for the case of the black trajectory, part (I) would be wider. Finally,
the magenta trajectory of Fig 3.10(a) is at once attracted by the stable node. This
is visible in the corresponding space-time plot and time series in Fig 3.10(d).
Scanning the area marked by the upper box in Fig. 3.3 both in σ and U we
obtain a more detailed bifurcation diagram shown in Fig. 3.11. The yellow area
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Figure 3.11: Bifurcation diagram in the (σ, U) plane. Yellow and green regions cor-
respond to moving and stationary domains, respectively. The black
line is the border of the yellow region and marks the bifurcation line
where a saddle-node bifurcation on a limit cycle takes place. Numbers
denote the positions of the stationary accumulation front in the de-
vice. The cross marks the parameter set used in the following chapters
where the e�ect of noise and delay below the SNIPER in the super-
lattice is studied. Parameters as in Table 2.1.

corresponds to moving domains and the green area to stationary ones. The black
line separates these two regions and marks the bifurcation line where a SNIPER
takes place. Numbers denote the positions of the stationary front and each tongue
(yellow) corresponds to a speci�c position of the stable accumulation front within
the superlattice. With increasing U the position shifts towards the emitter, well
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by well, thus increasing the size of the high-�eld domain between the accumulation
front and the collector. This is shown in Fig. 3.12 (upper plot), where the electron
density pro�les along the superlattice are depicted for �xed contact conductivity
and increasing voltage. The black line corresponds to a voltage value U = 2.83V
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Figure 3.12: Top: Electron density (minus the doping density) pro�les of station-
ary accumulation front for increasing voltage (from left to right) cor-
responding to green tongues of Fig. 3.11. Bottom: Corresponding
spatio-temporal plots of electron density (upper) and electric �eld
(lower). Voltage increases from A to F. σ = 2.0821(Ωm)−1 in all
plots. Parameters as in Table 2.1.

and to a stationary accumulation front located at well 66. Increasing the voltage,
the position of the accumulation front is shifted by 5 wells towards the emitter,
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reaching, �nally, well number 61 at U = 3.24V . In the lower panel of the same
Figure the corresponding spatio-temporal plots of the electron density and the
electric �eld are shown. In the latter, one can clearly see the increase in the size
of the high-�eld domain between the accumulation front and the collector as the
voltage increases, from A to F.
The global bifurcation can be understood by noting the important role of the
current at the emitter for the bifurcation. For high σ only stationary accumulation
fronts appear, and a typical sawtooth pattern in the current-voltage characteristic
is obtained [Pat98, Ama01]. As we decrease σ, we lower the critical current Jc,
above which depletion fronts are triggered at the emitter [Ama04].
In the regime of σ shown in Fig. 3.11 it depends upon the voltage whether a deple-
tion front will develop fully at the emitter. In the green region the current of the
stationary accumulation front is below Jc, and therefore no fronts are generated at
the emitter. In the region of the yellow tongues, however, the stationary accumu-
lation front is not stable, since it corresponds to a current larger than Jc. Instead
of a stationary current we therefore observe periodic current oscillations, where
the current only rises above Jc during the dipole injection phases, and otherwise
is less than Jc [Ama04]. This is the physical interpretation of the SNIPER.
The SNIPER was �rst observed experimentally in a semiconductor device [Pei89],
and also encountered in various semiconductor models, e. g. for Gunn domains
[Shi96], superlattices [Pat98, Hiz06], or lasers [Dub99, Wie02, Kra03a].
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4 Noise-induced dynamics

Noise is an inevitable feature in physical systems. Since the seminal work of
A. Einstein on Brownian motion [Ein05], its theoretical treatment has been very
central in the �eld of statistical physics. In the last couple of decades it has
attracted a lot of attention by researchers working in the vast �eld of nonlinear
dynamics. Nonlinearity and randomness may interact in a very interesting manner.
In electrical conductors the two fundamental sources of noise are thermal noise and
shot noise. Thermal noise, also known as Johnson-Nyquist noise [Joh28, Nyq28],
is due to the thermal motion of electrons. Authors Johnson (experiment) and
Nyquist (theory) showed that an electric resistor at equilibrium, i. e. under no
external bias, generated �uctuations of electric voltage. The second source of
noise, for nonequilibrium systems, is shot noise [Sch18] and is due to the discrete
nature of the electron charge in units of the elementary charge tunneling through
barriers.
In semiconductor nanostructures far from equilibrium it is well known that mi-
croscopic random �uctuations essentially a�ect the transport mechanisms [Bla00,
Son03, Zha00, Kie03b, Kie04, Kie05a, Kie07a, Kie07b]. They usually smear out
and deteriorate the regularity in charge transport. However, nowadays for a large
class of extended systems of reaction-di�usion type it has been shown that noise
can play a constructive role. Noise-induced ordering was �rst demonstrated in the
phenomena of stochastic [Gam98] and coherence [Hu93a, Pik97, Lin04] resonance.
Since then the applications to physical models have been numerous. In extended
systems, moreover, it has been shown that noise can induce quite coherent dy-
namical spatio-temporal patterns [Gar99, Sag07]. Recently, such noise-induced
patterns were also found in semiconductor nanostructures described by a reaction-
di�usion model for the current density distribution [Ste05, Maj07, Sch08a]. Thus,
the open question to what extent the noise-induced ordering occurs generally in
di�erent classes of nanostructures, becomes of central importance.
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4.1 Noise in the superlattice model

We extend the deterministic model to incorporate stochastic in�uences. The domi-
nant noise source, which e�ects the electron dynamics in semiconductor nanostruc-
tures, is shot noise, which is associated with the �uctuations of the times between
tunneling of electrons across a potential barrier (see e.g. [Pou03] for a theoretical
description). In the case of a weakly coupled superlattice, the random component
of the well-to-well current can be described in a �rst approximation by Poissonian
statistics [Bla00]. Those �uctuations a�ect the current densities Jm→m+1. Assum-
ing that the tunneling times are much smaller than any characteristic time scale of
the global current through the device Eq. (2.7) and taking into account that each
current density Jm→m+1 is in�uenced by many Poissonian events we can roughly
approximate those �uctuations by Gaussian white noise sources in the continuity
equations for the electron densities [Bon02a, Bon04]. Charge conservation is auto-
matically guaranteed by adding a noise term ξm to each current density Jm−1→m:

e
dnm

dt
= Jm−1→m +Dξm(t)− Jm→m+1 −Dξm+1(t), (4.1)

where ξm(t) is Gaussian white noise with

〈ξm(t)〉 = 0, (4.2)
〈ξm(t)ξm′(t′)〉 = δ(t− t′)δmm′ , (4.3)

and D is the noise intensity. Since we assume that the inter-well coupling in our
superlattice is very weak, these noise sources can be treated as independent. In
the following we will study the e�ect of noise in two di�erent dynamical regimes,
�rst below the Hopf bifurcations and then below the global SNIPER bifurcation.
We will observe the di�erences in the noise-induced dynamics.

4.2 Regime I: Below the Hopf bifurcation

We tune the parameters such that the system lies slightly below the Hopf bifurca-
tion line (Fig. 3.3) [Hiz05]. In the absence of noise (D = 0), as seen in Chapter 3,
the only stationary solution is a stable �xed point that corresponds to a station-
ary depletion front localized over a small range of wells near the emitter (Fig. 3.4
(a)). In the following the contact conductivity and the voltage will be kept �xed
at values σ = 0.266(Ωm)−1 (corresponding to the cyan contact characteristic in
Fig. 3.2) and U = 1V , respectively and the noise is switched on.
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Figure 4.1: Simulation of the superlattice model from (4.1) with (a) D = 0.1, (b)
D = 0.5 and (c) D = 2.5As1/2/m2. Initial condition chosen below the
Hopf bifurcation in the stable �xed point (σ = 0.266(Ωm)−1, U = 1V ).
Spatiotemporal pattern (upper plots) and noise-induced oscillations of
the total current density (lower plots) around the �xed point marked
with red.
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4.2.1 Noise-induced current oscillations

As the noise intensity increases (D > 0), the current density starts to oscillate in a
quite regular manner around the steady state (upper panel of Fig. 4.1 (a)). From
the corresponding charge density plot (lower panel of Fig. 4.1 (a)) we can associate
this oscillation with a periodic motion of the depletion front as a whole. This is
the expected behavior close to a Hopf bifurcation. At even larger noise intensities,
however, the nature of the observed dynamics changes dramatically (Figs. 4.1(b)
and 4.1(c)). Now the current oscillations are no longer harmonic around the
stationary value, but become sharply peaked and spiky, and the average current
is shifted towards larger values. This is re�ected in a more asymmetric motion
of the depletion front. In particular we now occasionally observe the onset of a
tripole oscillation, where in addition to the existing depletion front, a dipole of
an accumulation and a depletion front is generated close to the emitter, and the
leading (but not fully developed) accumulation front catches up and annihilates
with the already present depletion front, while the trailing depletion front remains.

4.2.2 E�ect of noise on the coherence

To quantify the regularity of oscillations we introduce the correlation time tcor

given by the formula [Str63] :

tcor :=
1

σ2

∫ ∞

0

|ψ(s)|ds, (4.4)

where ψ(s) is the autocorrelation function of the current density signal J(t),

ψ(s) = 〈(J(t)− 〈J〉)(J(t+ s)− 〈J〉)〉, (4.5)

and ψ(0) = σ2 is its variance. In addition to the autocorrelation function, the
Fourier power spectral density (in the following referred to as power spectrum)
of the noisy oscillations may be considered as a measure for the coherence. We
express it in terms of the total current density:

SJ(ω) = lim
T→∞

1

2πT

∣∣∣∣
∫ T

0

J(t)e−iωtdt

∣∣∣∣
2

. (4.6)
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Using the Wiener-Khinchin Theorem [Gar02] which links the power spectrum with
the Fourier transform of the autocorrelation function, we obtain:

SJ(ω) =
1

2π

∫ ∞

−∞
ψ(τ)e−iωτdτ. (4.7)

A typical numerical estimate of the autocorrelation function and the power spec-
trum are shown in black in Fig. 4.2. Qualitatively, for the autocorrelation function,
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Figure 4.2: Left: Normalized to the variance, ψ(0), autocorrelation function ac-
cording to (4.5). Right: Fourier power spectral density (black) and
Lorentzian �t according to (4.9) (red). ω0 and 1/te denote the basic
frequency and spectral half-width, respectively. D = 0.5As1/2/m2 in
both plots. σ = 0.266(Ωm)−1 and U = 1V set below the Hopf bifurca-
tion. Parameters as in Table 2.1.

we see an exponentially damped oscillation which can be approximated by (this
becomes exact for linear processes)

ψ(s) = ψ(0)e−
s
te cos(ω0s). (4.8)

The Fourier transform of the autocorrelation function (Eq. (4.5)) is, by the Wiener-
Khinchin theorem [Gar02], the power spectrum of the current density. From
Eq. (4.8) we obtain approximately a Lorentzian shaped power spectrum:

S(ω) ∝ ω2

(ω2 − ω2
0)

2 + (2ω
te

)2
, (4.9)

and 1/te is now simply the half-width of the spectral peak.
In Fig. 4.2 the analytical approximation for both autocorrelation function and
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power spectrum is shown in red. The agreement is rather good and should improve
the larger the size of the statistical ensemble is. When the above analytical ansatz
for the autocorrelation function and power spectrum holds, one may show that
those two measures provide equivalent information for the coherence of the noise-
induced oscillations. By setting Eq. (4.8) into Eq. (4.4) we get:

tcor =

∫ ∞

0

e−
s
te | cos(ω0s)|ds. (4.10)

For ω0te À 1 and substituting the cos term by the �lling factor 1
π

∫ π/2

−π/2
cosφdφ =

2/π we get [Sch04b]:
tcor =

2

π

∫ ∞

0

e−
τ
te dτ ≈ 2

π
te. (4.11)

This means that larger correlation times, and therefore more coherent oscillations,
correspond to smaller values of the spectral half-widths. The two extreme cases
of this are a broad spectrum corresponding to a vanishing correlation time and a
narrow one related to a large correlation time. In Fig. 4.3 the correlation time,
calculated from Eq. (4.4), is plotted over the noise intensity and with red squares
the spectral halfwidth (te) multiplied by 2/π is shown. The two curves are in
rather good agreement.
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Figure 4.3: Correlation time versus the noise intensity D. Black circles calculated
from Eq. (4.4) and red squares calculated from the inverse spectral
halfwidths, tcor = 2te/π, according to Eq. (4.11). Values calculated
from average over 30 realizations, each calculated from a time series of
length T = 1600ns. σ = 0.266(Ωm)−1 and U = 1V . Parameters as in
Table 2.1.
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Another measure one may extract from the power spectrum is the degree of co-
herence [Hu93a, Lin04], also known as signal-to-noise-ratio (SNR), which is often
used in laser physics, or coherence factor:

β = ω0
H

∆ω
, (4.12)

with ∆ω = ω2 − ω1, S(ω1) = S(ω2) = S(ω0/a), ω1 < ω0 < ω2, where H = S(ω0) is
the height of the spectral peak at the main frequency ω0 while ∆ω is the spectral
half-width at a certain fraction 1/a of S(ω0). Typical values are a = e [Hu93a]
and a = 2, which will be used here. In Fig. 4.4 (d), β shows a non-monotonic
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Figure 4.4: (a) Spectral height, (b) basic frequency, (c) spectral width and (d)
coherence factor, in dependence on the noise intensity. Calculated from
power spectra averaged over 30 realizations, each of length T = 1600ns.
Voltage and contact conductivity set below the Hopf bifurcation, σ =
0.266(Ωm)−1 and U = 1V . Parameters as in Table 2.1.

dependence upon the noise intensity, which is expected in the case of a supercritical
Hopf bifurcation. In [Ush05] a detailed study on the qualitative di�erences, in β,
between supercritical and subcritical Hopf bifurcation is presented. In the former,
H increases monotonically and saturates at higher noise intensities. This is shown
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Figure 4.5: Fourier power spectral density of the total current density J(t) for
noise intensity (a) D = 0.1, (b) D = 0.5, (c) D = 1.0 and (d) D =
2.5As1/2/m2. Red curves correspond to Lorentzian �ts according to
(4.9). Averages over 30 time series realizations of length T = 1600ns
have been used. σ = 0.266(Ωm)−1 and U = 1V . Parameters as in
Table 2.1.

in Fig. 4.4 (a) (note that for stronger noise, where the power spectra are very
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�noisy�, the Lorentzian �t fails to reproduce the exact height and therefore we
estimate it manually). The increase in β is caused by the spectral peak height,
that is, by an increase of the oscillation amplitude. The spectral width increases
also, particularly at higher noise intensities (Fig. 4.4 (b)), weakening, thus, the
coherence. The competition between the growth of height and width results in the
resonance-like behaviour of β.

4.2.3 E�ect of noise on the time scales
Apart from the coherence, we are also interested in the e�ect of noise on the time
scales. The time scale of the noise-induced oscillations is an essential characteristic
of noise-induced oscillations. We consider power spectra for di�erent values of
noise intensities D (Fig. 4.5) and see that the position of the main spectral peak,
corresponding to the basic frequency ω0 of the oscillations, is almost unchanged.
This is also seen in Fig. 4.4 (c) where ω0 is plotted over D. At low noise the basic
period, T0 = 2π/ω0 ≈ 2.5ns is close to the period of self-oscillations above the
Hopf bifurcation slightly shifting its value when noise increases.

4.3 Regime II: Below the SNIPER
Now we tune the parameters such that the system lies slightly below the SNIPER
line (Fig. 3.3) [Hiz06]. In the absence of noise (D = 0) the only stationary solution
is a stable �xed point that corresponds to a stationary accumulation front localized
over a small range of wells near the collector (Fig. 4.6 (a)). The values for the
contact conductivity and the voltage are σ = 2.0821(Ωm)−1 and U = 2.99V ,
respectively. Noise is switched on.

4.3.1 Noise-induced front motion
As the noise intensity is increased, the behaviour of the system changes dramati-
cally (Figs. 4.6(b), 4.6(c) and 4.6(d)): the accumulation front remains stationary
only for a while, until a pair of a depletion and another accumulation front is
generated at the emitter.
As is known from the deterministic system (see previous chapter), this dipole in-
jection depends critically upon the emitter current [Ama04]. Here it is triggered
by noise at the emitter (we have in fact veri�ed that the same scenarios occur
if noise is applied locally only to the wells near the emitter). Because of the
global voltage constraint (Eq. (2.4)) the growing dipole �eld domain between the
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Figure 4.6: Noise-induced front motion. Noise intensity (a) D = 0 (no noise), (b)
0.5, (c) 0.7 and (d) 1.7 As1/2/m2. σ = 0.266(Ωm)−1 and U = 1V .
Parameters as in Table 2.1.

injected depletion and accumulation fronts requires the high �eld domain between
the stationary accumulation front and the collector to shrink, and hence the ac-
cumulation front starts moving towards the collector. For a short time there are
two accumulation fronts and one depletion front in the sample, thereby forming
a tripole, until the �rst accumulation front reaches the collector and disappears.
When the depletion front reaches the collector, the remaining accumulation front
must stop moving because of the global constraint (Eq. (2.4)), and this happens
at the position where the �rst accumulation front was initially localized. After
some time noise generates another dipole at the emitter and the same scenario is
repeated.
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4.3.2 Coherence Resonance

The fact that noise may play a constructive role rather than being an unwanted
feature in a nonlinear dynamical system has been well established in the �eld of
statistical physics. The phenomenon of stochastic resonance (SR) was the �rst ex-
pression of the above principle: Consider an overdamped particle in a periodically
modulated double-well potential subjected to �uctuations. At an optimal noise
level, synchronized hopping between the wells is achieved. In the works of Benzi et
al. [Ben81] and Nicolis [Nic81b] a bistable model for the global climate explained
the periodically recurrent ice ages, based on the mechanism of SR. Experimentally,
SR was �rst manifested in a Schmitt trigger device [Fau83], with the signal-to-noise
ratio showing a resonance peak at a �nite noise intensity. Since then, SR has been
extensively studied in a wide variety of systems ranging from ring lasers [Mcn88]
to prey detection mechanisms in the cray�sh [Dou93] and human visual perception
modelling [Sim97]. For a comprehensive review see [Gam98, Ani99].
Almost a decade after SR was �rst proposed, Gang Hu et al. [Hu93a] reported
a phenomenon which they called stochastic resonance without periodic forcing.
They showed how noise in�uences the coherent motion stimulated by the intrinsic
dynamics of a system when the external signal is absent. This phenomenon was
later on named internal [Nei97] or autonomous stochastic resonance [Lon97], �nally
receiving its present name, coherence resonance (CR), by the authors Pikovsky
and Kurths [Pik97]. In that work the authors studied the FitzHugh-Nagumo
model [Fit61, Nag62] under white noise driving and showed that the regularity
in its spiking behaviour has a nonmonotonic resonance dependence on the noise
intensity. Since then CR has been strongly associated with excitable systems
[Mik90], i. e. systems in which a su�ciently strong perturbation may �kick� them
over a threshold resulting in a large excursion in phase space. Many works have
been carried out in the �eld of CR, theoretical as well as experimental. For a
review see [Lin04].

4.3.3 Coherence Resonance in the superlattice

The superlattice below the SNIPER can very well be considered as an excitable
system and therefore the observation of CR is to be expected. From the spatio-
temporal picture (Fig. 4.6 (b)) one can see that there are two distinct time scales in
the system. One is related to the time the depletion front takes to travel through
the superlattice. The other time scale is associated with the time needed for a
new depletion front to be generated at the emitter. These two time scales are also
visible in the noise-induced current oscillations shown in Fig. 4.7.
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Figure 4.7: Noise-induced oscillations in the superlattice (compare equation (4.1)).
Noise intensity (a) D = 0.5, (b) 1.7 and (c) 5.0 As1/2/m2. In the right
side, enlarged parts (cyan) of the time series are plotted. The red thick
line shows the �ltered current density (according to Eq. (5.3)), with
cuto� frequency α = 109s−1. The interspike interval T is the sum of
the activation time ta and the excursion time te. σ = 0.266(Ωm)−1 and
U = 1V . Parameters as in Table 2.1.

The time series of the current density are in the form of a pulse train with two
characteristic times: The activation time, which is the time needed to excite the
system from this stable �xed point (time needed for a new depletion front to be
generated at the emitter) and the excursion time which is the time needed to return
from the excited state to the �xed point (time the depletion front needs to travel
through the device). Low noise is associated with large activation times and small,
almost constant, excursion times, while as the noise level increases activation times
become smaller and at su�ciently large D vanish.
A very common measure for quantifying the variability of spike timing is the so-
called normalized �uctuations of pulse durations [Pik97], also known as coe�cient
of variation [Lin04], given by the ratio of the standard deviation of the interspike
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intervals (ISI) to their mean.

RT =

√
〈∆T 2〉
〈T 〉 . (4.13)

Here 〈T 〉 is the mean and 〈∆T 2〉 = 〈T 2〉 − 〈T 〉2 is the variance of the interspike
interval T .
At lowD the spike train looks irregular, and the interval between excitations (mean
interspike-interval 〈T 〉) is relatively large and random in time. At moderate noise,
the spiking is rather regular therefore suggesting that the mean interspike-interval
does not vary substantially. Further increase of noise results in a highly irregular
spike train with very frequent spikes.
In Fig. 4.8(b) the decrease of 〈T 〉 as a function of D is shown thus demonstrating
that the mean interspike-interval is strongly controlled by the noise intensity. In
the inset of Fig. 4.8(b) the corresponding spectral peak frequency ω0 shows a linear
scaling for small D (regime bounded by two red lines). As D increases, ω0 grows
similarly to the inverse of 〈T 〉.
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Figure 4.8: (a) Normalized variance of the interspike interval RT and (b) mean
interspike interval 〈T 〉 in dependence on the noise intensity D. Calcu-
lated from time series of the �ltered total current density (according to
Eq. (5.3)) containing 1000 periods. Inset of (b) shows basic frequency
versus D, as extracted from spectra averaged over 30 realizations, each
of length T = 1600ns. σ = 0.266(Ωm)−1 and U = 1V . Parameters as
in Table 2.1.

In Fig. 4.8(a), RT shows a non-monotonic behaviour in dependence on D, exhibit-
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ing a minimum at moderate noise intensity. This resonance-like behaviour is a �rst
indicator of coherence resonance in our system. In order to provide more evidence
for coherence resonance we consider the two previously used measures, the coher-
ence factor β and the correlation time tcor, as a function of the noise intensity,
as well. The result is summarized in Fig. 4.9. In Fig. 4.9(a) the correlation time
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Figure 4.9: (a) Correlation time tcor and (b) coherence factor β in dependence on
the noise intensity D. Averages of 30 time series of length T = 1600ns
each, have been used. σ = 0.266(Ωm)−1 and U = 1V . Parameters as
in Table 2.1.

shows nonmonotonic behaviour. Similarly, the coherence factor (4.9(b)), reaches
a maximum at optimal noise. The correlation time data are smoother than those
of the coherence factor and this is due to the fact that the latter is a function
of the averages, over an ensemble, of three measures (spectral height, width and
main frequency). In Fig. 4.10 the spectra for various noise intensities are shown.
The spectral width clearly becomes narrower at an intermediate noise level and
therefore we have gained full evidence of coherence resonance in our system.
At this point it is useful to make a comparison with the other prototype model for
coherence resonance, the FitzHugh-Nagumo system. This system, in the excitable
regime, has a supercritical Hopf bifurcation and a small perturbation may lead to
a Canard explosion resulting in a large excursion in phase space. This regime is
sensitive to noise and coherence resonance is con�rmed in terms of both correlation
time tcor and normalized �uctuation of pulse durations RT [Pik97]. Moreover, in
[Lin99a] an analytical expression for RT as a function of the noise intensity was
found, as well as for the spiking frequency (or rate) in the limit of small and and
large noise. In [Pra07] analytical approximations of tcor and the mean frequency
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Figure 4.10: Fourier power spectral density of the total current density J(t) for
noise intensity (a) D = 1.0, (b) D = 5.5, (c) D = 9.6 and (d)
D = 14.8As1/2/m2. Averages over 30 time series realizations of length
T = 1600ns have been used. σ = 2.0821(Ωm)−1 and U = 2.99V . Pa-
rameters as in Table 2.1.

were found for the FitzHugh-Nagumo model. In [Lin99], for small noise, it was
shown that the spiking rate increases following an exponential dependence on the
inverse of the noise intensity (Kramers law [Kra40]). The same was shown in
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the limit of small noise for the one-dimensional normal form of the SNIPER in
[Lin03]. Overall, both models show qualitatively a similar nonmonotonic increase
of the frequency in dependence on the noise.
In both models the coherence resonance is due to the competing e�ects of the
stochastic activation time, which decreases strongly with increasing noise, and the
deterministic excursion time, whose variance increases at high noise intensities.
However, the mechanism of activation is di�erent: In the FitzHugh-Nagumo sys-
tem there is a unique �xed point (stable) and noise must excite the system from the
stable �xed point across the nonmonotonic null-isocline to trigger a large excur-
sion in phase space, whereas in the SNIPER model there are two more (unstable)
�xed points, and noise must excite the system from the stable �xed point up-
stream against the deterministic vector �eld towards the saddle-point, from where
it continues along the heteroclinic orbit back to the stable �xed point.

4.3.4 Application as noise sensor
The observed e�ects of noise in our model are very important in terms of exper-
iments, where noise can induce oscillations by forcing stationary fronts to move.
Noise triggers the injection of fronts into the system and thus determines the fre-
quency of the resulting current oscillations, whereas the front propagation velocity
is insensitive to the noise level. This opens promising applications of superlattices
as fast noise sensors which convert the noise intensity into frequency. Such sensors
could potentially be used for measuring temperature, pressure, electromagnetic
bias, or other parameters which a�ect the level of noise in a superlattice. Of
course, those parameters would also a�ect the deterministic state of the system.
However, since the sensitivity of the mean interspike interval and thus of the mean
frequency upon the noise intensity is particularly strong for small noise intensity
near the coherence resonance, this e�ect can be expected to dominate as long as
no other bifurcations are induced. Thus, further experimental study would be very
interesting.

4.4 Comparison of the results obtained in
Regimes I and II

We have studied the e�ect of noise in the superlattice in the vicinity of two di�erent
types of bifurcations: Supercritical Hopf bifurcation and SNIPER. In the �rst case,
noise induces stochastic oscillations of an almost constant frequency very close to
the Hopf frequency of the deterministic system. The coherence of these oscillations
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deteriorates the stronger the noise is in the system. In the spatio-temporal picture,
weak front motion is observed, restricted around the deterministically stationary
depletion front. On the other hand, in the case of the SNIPER, more interesting
dynamics is observed. Noise manages to trigger clear front motion, with tripoles
travelling through the entire device. In addition, the excitable nature of the sys-
tem results in the existence of two time scales which are a�ected in a di�erent
way by noise. The competition between them results in a resonance peak in the
coherence of the noise-induced oscillations, resulting, thus, in the veri�cation of
coherence resonance, which is absent in the case of the Hopf bifurcation. The
coherence factor shows resonance-like behaviour in both cases, but the mechanism
is di�erent [Ush05, Flu06, Flu07b]. In the case of the Hopf bifurcation it is due to
the competition between the growth of spectral height and width. In the case of
the SNIPER, it arises from the nonmonotonic dependence on the spectral width
upon the noise intensity, which provides evidence for coherence resonance.
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5 Control of noise-induced
dynamics

In contrast to the problem of controlling deterministic chaos, for which a number
of methods have been proposed and successfully applied [Sch99c, Sch07], control
of noise-induced and noise-mediated motion is a signi�cantly less studied concept.
In the �rst case, there is no oscillatory dynamics in the absence of noise. The
deterministic system rests in a stable steady state, e. g. a stable �xed point, and
may be pushed out from it by random �uctuations. On the other hand, in the
case of noise-mediated motion, the system already exhibits deterministic oscilla-
tions. The addition of noise may not only smear-out those oscillations but may
also induce qualitatively new structures and dynamics, like coherence resonance
[Hu93a, Pik97], studied in the previous chapter.
The ability to control the properties of noisy oscillations (both noise-induced and
noise-mediated) is very often of practical relevance. This usually implies the en-
hancement in the regularity of motion. However, in some cases, for instance in
medical or biological applications, too much regularity is unwanted since it may
lead to damaging consequences, e. g. epilepsy or Parkinson's disease [Tas02].
Previous works mainly concentrate on the control of stochastic oscillations in low-
dimensional simple models [Chr95a, Lan97, Mas02, Jan03, Bal04, Sch04b, Pom05a,
Hau06, Sch06, Pom07, Pra07, Flu07, Jan07], or self-oscillations in the presence of
noise [Gol03] while control of noise-induced dynamics in spatially extended systems
[Hiz05, Ste05a, Bal06, Hiz08, Sch08a] seems still to be an open problem. The
question we wish to answer here is how control can play a role in the improvement
of the properties of the noise-induced dynamics that the superlattice model shows,
in both regimes studied in the previous chapter.

5.1 Time-delayed feedback
In this section, we study the e�ect of a time-delayed feedback of the form
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F (t) = K(s(t)− s(t− τ)). (5.1)

Time-delayed feedback was originally proposed in the context of chaos control
[Pyr92] as an alternative to the famous OGY method developed earlier by Ott,
Grebogi and Yorke [Ott90]. The idea is to achieve stabilization of unstable periodic
orbits (UPOs) by adding, to a chaotic system, a control force in the form of the
di�erence between a system variable at time t and at a delayed time t − τ . Here
s(t) is an output signal of the system, τ is a delay time, and K is the feedback
strength. This is a non-invasive method in the sense that the control force vanishes
once the desired orbit is reached.
Apart from the control of UPOs the stabilization of unstable �xed points can also
be achieved by time-delayed feedback [Hoe05, Dah07]. This method proved to
be very powerful and has been successfully applied to various physical systems
since then [Sch99c, Sch07]. The scheme was improved by Socolar et al. [Soc94],
and other variants have been elaborated [Kit95, Bab02, Bec02, Unk03, Sch04].
Socolar's scheme is called extended time-delayed autosynchronization (ETDAS)
and has been applied not only to deterministic systems [Fra99, Sch03a, Bec02,
Unk03, Sch03a, Sch06c, Dah07] including �xed points but to stochastic systems
as well [Pom07, Sch08a].
An easy way to implement control in the superlattice model is to choose the output
signal to be the total current density, s(t) = J(t) and simply add the control force
to the external voltage U , i.e.

U = U0 −K(J(t)− J(t− τ)), (5.2)

where U0 is the time-independent external voltage bias and J , �ltered by a low-pass
�lter, is the total current density

J(t) = α

∫ t

0

J(t′)e−α(t−t′)dt′, (5.3)

with α being the cuto� frequency [Sch03a]. This control scheme is depicted in
Fig. 5.1. Since both voltage and total current density are externally accessible
global variables, such a control scheme is easy to implement experimentally. The
low-pass �lter in the current density was introduced initially for the e�ective con-
trol of chaotic motion in the superlattice [Sch03a]. Due to the well-to-well hopping
of the depletion and accumulation fronts, the current is modulated by fast small-
amplitude oscillations. These high-frequency oscillations render the control loop
unstable as J(t) is fed back to the system and therefore they need to be �ltered
out. Stochastic oscillations, like chaotic ones, exhibit the same high-frequency
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Figure 5.1: Global time-delayed feedback control scheme in the superlattice includ-
ing the low-pass �lter with cuto� frequency α and the time-delayed
feedback loop K, according to Eq. (5.2).

oscillations and thus we apply this �lter here, too.

5.2 Regime I: Below the Hopf bifurcation
We now prepare the system below the Hopf bifurcation and apply the control
force of Eq. (5.2) to the system [Hiz05]. In the absence of delay the system has
one stable �xed point. In the addition of noise, oscillations around this �xed point
are induced with increasing amplitude and irregularity as the noise intensity grows,
shown in the previous chapter. Of interest is to see how and to what extent control
is able to a�ect the properties of the stochastic dynamics and, in particular, the
coherence and characteristic time scales of the noise-induced oscillations. Apart
from the noise intensity D, two additional parameters due to control, the control
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strength K and the time delay τ , add to the various possibilities of manipulating
the systems behaviour.

5.2.1 Delay-induced Hopf instability
First we will examine the system under control alone, i. e. with the noise switched
o�. The delay τ renders the system in�nite-dimensional a�ecting the eigenvalue
spectrum of the �xed point. In the free system the �xed point possesses a �nite
number of eigenvalues. Delay generates in�nitely many eigenvalues, the real part
of which determines the stability of the �xed point. In variation of either of the two
control parameters, K and τ , it is possible that the least stable eigenvalue attains
a positive real part yielding, thus, the �xed point unstable. Delay may, therefore,
induce the birth of a stable limit cycle via a Hopf bifurcation. We numerically
track this delay-induced bifurcation in the K-τ plane and obtain the bifurcation
diagram shown in Fig. 5.2. In the cyan area the �xed point remains stable. For all
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Figure 5.2: Bifurcation diagram in the K-τ plane. Cyan area denotes the parame-
ter regime for which delay does not induce a Hopf bifurcation whereas
white area denotes the regime where delay induces oscillations. The
dashed lines a, b and c correspond respectively to sub�gures (a), (b)
and (c) of Fig. 5.3 and Fig. 5.6. U = 1V and σ = 0.266(Ωm)−1.
Parameters as in Table 2.1.
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other values of K and τ , the �xed point becomes unstable and a limit cycle is born.
A very similar bifurcation diagram was found in [Ste05a], for a reaction-di�usion
system, where an analytical expression could con�rm the numerical simulation.
The line bounding the cyan area in Fig. 5.2, marks the Hopf bifurcation line and
shows a modulation in τ . In the following section the mechanism behind this
modulation will be explained in detail.
Our initial aim was to control the oscillations induced by noise below the Hopf
bifurcation. Here, however, it is shown that control itself may impose a delay-
induced frequency. By keeping K �xed (above a minimum value) and varying τ ,
there are regions (cyan) where the oscillations are induced exclusively by noise,
and regions (white) where delay generates a limit cycle which noise simply smears
out. The oscillations induced exclusively by noise have an almost constant fre-
quency, close to the deterministic frequency, as shown in the previous chapter.
The frequency imposed by delay, however, depends on the choice of τ as will be
shown in the next section. Therefore, in terms of time scales, we can say that
delay has a dominating role upon noise. Regardless of whether one is in the cyan
or white area, the oscillation frequency will be set by the delay. On the other hand,
the coherence properties of the oscillations depend strongly on the position in the
bifurcation diagram. In the white area the motion is expected to be most regular
due to the delay-induced deterministic oscillatory dynamics, which is rather triv-
ial. It therefore makes sense to speak of controlling the coherence of noise-induced
oscillations in the cyan areas only.

5.2.2 In�uence of the control on the coherence
Now we study the regularity of the system's motion under noise and control as a
function of the parameters D and τ . Since the coherence factor, introduced in the
previous chapter, and the correlation time are equivalent measures, we will express
the regularity in terms of correlation times which are less di�cult to compute.

Varying the time delay τ

First, the control amplitude K and the noise intensity D will be kept �xed and the
dependence upon the time delay will be studied. For the reasons described above,
one should avoid being in a regime where delay induces a limit cycle because then
the explanation for high coherence is trivial. However, due to the form of the
bifurcation diagram in Fig. 5.2, variation of τ brings the system in and out of
such regions, unless K is �xed at a very small value, marked by the lowest dashed
line in Fig. 5.2. Such a value, however, is so small that the delayed feedback has
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little e�ect upon the correlation time. It is, nevertheless, of interest to scan τ at
higher values of K denoted by the upper dashed lines in the same �gure. The
noise intensity will be �xed at a rather low level, D = 1.0As1/2/m2. In Fig. 5.3
the correlation time is plotted over τ for three values of K. In Fig. 5.3 (a) K is

Figure 5.3: Correlation time tcor in dependence on the time delay τ for di�erent
values of the control strength: (a) K = 0.1, (b) K = 1.0 and (c)
K = 3.0V mm2/A. D = 1.0As1/2/m2 in all three plots. Averages
over 30 time series realizations of length T = 1600ns have been used.
The cyan shaded regions mark the τ intervals where no delay-induced
oscillations exist, according to Fig. 5.2. U = 1V and σ = 0.266(Ωm)−1.
Parameters as in Table 2.1.

not large enough to allow for a delay-induced limit cycle. The correlation time
exhibits a slight oscillatory behaviour under variation of τ , showing local maxima
at �optimal� τ and local minima at �non-optimal� τ . Optimal delays correspond
to more coherent motion, whereas non-optimal delays to less regular oscillations.
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The modulation of the correlation time in τ was observed in generic models ([Jan03,
Pom05a, Hau06]) and in another semiconductor device in [Ste05a]. The reason is
the following: As already mentioned, due to delay, the �xed point possesses an
in�nite number of eigenvalues.
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Figure 5.4: Fourier power spectral density of the total current density J(t) for
D = 0.1As1/2/m2, K = 1V mm2/A and varying time delay: (a) τ = 1.3
(b) τ = 2.5, (c) τ = 4.5, (d) τ = 7.4 and (e) τ = 10ns. Averages over 30
time series realizations of length T = 1600ns have been used. U = 1V
and σ = 0.266(Ωm)−1. Parameters as in Table 2.1.
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Under variation of τ , the real part oscillates with the time delay and with it, the
degree of stability of the �xed point as well, leading to modulation of the coherence
of the stochastic motion. The latter is re�ected on the correlation time, whose local
maxima occur for real parts closer to zero, i. e. least stable ones.
Similar behaviour is observed for higher values of K in Fig. 5.3 (b) and (c), where
the correlation time attains higher values at delay intervals outside the cyan shaded
areas where delay imposes a regular motion. Although in these cases the regular-
ity is �arti�cial�, one can still distinguish between �optimal� and �non-optimal� τ
leading to a similar modulation of tcor as in Fig. 5.3 (a). The increase and decrease
of coherence as τ varies is also demonstrated in the power spectra (Fig. 5.4), where
the spectral width becomes narrower at optimal delays and wider at non-optimal
τ , corresponding to more, and less regular motion, respectively.

Varying the noise intensity D

In the previous chapter it was shown that the correlation time has a monotonic
dependence on the noise intensity D, i. e. the stronger the noise, the less coher-
ent the oscillations become. What interests us further here, is whether control
can a�ect the correlation time upon variation of D. The selection of the control
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Figure 5.5: Correlation time tcor in dependence on the noise intensity D for K =
0 (black) and (K, τ) = (3V mm2/A, 2ns) (red). Calculated from an
average of 30 time series each of length T = 1600ns. Inset shows blow-
up at higher noise intensities where control improves the correlation
time. U = 1V and σ = 0.266(Ωm)−1. Parameters as in Table 2.1.
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parameter values will be made on the basis of the previous analysis: We should
select a time delay close to an optimal value where the correlation time showed an
increase and at the same time be sure that we are still in a regime in the (K, τ)
plane where no delay-induced Hopf bifurcation takes place. Such values are, for
instance, K = 1V mm2/A and τ = 2.7ns. Plotting, however, the correlation time
tcor over the noise intensity D for these values one hardly notices a di�erence to
the free system.

Figure 5.6: Main period T0 in dependence on the time delay τ for di�erent values
of the control strength: (a) K = 0.1, (b) K = 1.0 and (c) K =
3.0V mm2/A. D = 1.0As1/2/m2 in all three plots. The cyan shaded
regions mark the τ intervals where no delay-induced oscillations exist,
according to Fig. 5.2. U = 1V and σ = 0.266(Ωm)−1. Parameters as
in Table 2.1.

The control strength must attain a higher value and thus we �x K = 3V mm2/A
and shift τ slightly closer to the deterministic Hopf time scale in order to remain
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in the cyan area of Fig. 5.2. The result is shown in Fig. 5.5 where red corresponds
to the controlled case. It is clear that for higher noise intensities in particular,
control manages to improve the regularity of the noise-induced oscillations.

5.2.3 Control of time scales

Here the dependence of the motion's time scales on the time delay τ will be shown.
Already from the power spectra of Fig. 5.4 we saw how the position of the main
frequency, around which the power spectrum maximum is centered (and therefore
its inverse), varies with the delay. Moreover, additional harmonic peaks occur at
larger time delays τ .
We make sure that the delay τ is chosen such that it lies in the cyan area of
Fig 5.2. We extract the main frequency from the spectra and plot its inverse
over τ (Fig. 5.6). Similarly to the correlation time, the time scales, also, exhibit
an oscillatory behaviour under variation of τ which is stronger and tends to a
piecewise linear dependence as K increases (Fig. 5.6 (c)).
The same behaviour has been found for the simple models without spatial degrees
of freedom and explained analytically via a linear stability analysis [Jan03, Bal04]
or via the power spectrum [Sch04b, Pom05a]. There it was shown that the eigen-
period is proportional to the inverse of the imaginary part of the eigenvalue of
the �xed point which itself depends linearly on τ , for large τ . Therefore, we note
that while the position of the main peak of the spectrum is insensitive to the noise
level in the case without control, it is indeed possible to shift its position by the
proposed time-delayed feedback scheme

5.3 Regime II: Below the SNIPER

In this section we will study the e�ect of time-delayed feedback on the front motion
induced by noise when the system is prepared in the other dynamical regime
presented in the previous chapter, namely below the SNIPER. We will follow the
same methodology applied in the case of the Hopf bifurcation: First examine the
system under delay only and then with the noise switched on, study the in�uence
of control on the system's time scales and coherence properties.
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5.3.1 Delay-induced homoclinic bifurcation

In the absence of both delay and noise the only stable attractor in phase space is
the stable node. Regardless of the initial condition, all trajectories end there.
In particular, when selecting the initial condition on the unstable manifold of
the saddle-point, the system performs a long excursion along the invariant circle
before ending in the stable node. This deterministic path is a�ected by the delay
for given combinations of the two control parameters, K and τ . By keeping the
delay τ �xed and varying the control amplitude K we track the orbits. During
the �rst few nanoseconds the systems acts as it would in the absence of delay,
repelled by the saddle-point. Control is switched on at t = τ = 2ns when the
control force begins to act. The interval [0, 2ns] serves as initial condition of the
delay equation. This becomes evident in a �twist� in the trajectory just before the
orbit reaches the stable node. For a moment it looks as if the system is attracted
to the saddle-point instead of the node. This may be understood as follows: The
control force shortly pulls the system o� the phase space of the uncontrolled system
pushing it towards the stable manifold of the saddle-point. At a critical value
Kc = 0.0064375V mm2/A, the system is indeed �swallowed� by the saddle and
the trajectory closes in a homoclinic orbit (see Chapter 6). In the top panel of
Figs. 5.7(b) - 5.7(d) the trajectories for three values of K approaching this critical
value are shown.
Due to the high dimensionality of the system, which is blown up to in�nity due
to the delay, the above mechanism is not clearly demonstrated in a 2-dimensional
projection in phase space. One must zoom in carefully in order to see the deviation
from the deterministic path due to delay (middle panels of Fig. 5.7). For better
comparison, in Fig. 5.8, the part approaching asymptotically the stable node for
all 4 values of K is blown up.
This deviation is even better visible in the bottom panels of Fig. 5.7 where the �nal
part of the electron density time series of n65 is plotted. In (a) the deterministic
trajectory is plotted and the thick grey solid and dotted line marks the position of
the stable node and the saddle-point, respectively. It is clear that, the closer one
is to the homoclinic bifurcation (d), the closer to the saddle-point does the system
reach and the longer the trajectory is, before ending up in the stable node. This
is also evident in the global current density time series (bottom panel of Fig. 5.9).
The corresponding spatio-temporal plots in the same Figure, on the other hand,
provide a less clear picture of the same e�ect. In the following chapter we will �nd
perfect agreement with a generic model below a SNIPER with delay, where this
phenomenon is better visualized.
Beyond the critical value ofKc = 0.00644V mm2/A the homoclinic orbit breaks and
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Figure 5.7: Top: Phase portrait in the (n65, n64) plane for �xed τ = 2ns and
(a) K = 0, (b) 0.006, (c) 0.0064 and (d) 0.006437V mm2/A. Middle:
Enlargement of corresponding phase portraits shown in upper plots.
Cross marks the position of the saddle-point, full circle marks the po-
sition of the stable node and IC is the initial condition, which is the
same in all �gures. Bottom: Corresponding electron density time series
(only the part approaching asymptotically the stable node as shown in
Fig. 5.8) of n65. Thick grey line denotes the value of the stable node
and dotted grey line denotes that of the saddle-point. U = 2.99V and
σ = 2.0821(Ωm)−1. Parameters as in Table 2.1.

a limit cycle is born. In Figs. 5.10(a) - 5.10(c) the time series of the current density
for three di�erent values ofK aboveKc are shown. The period clearly decreases for
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Figure 5.9: Corresponding to Fig. 5.7, spatio-temporal plots (top) and current den-
sity time series (bottom). Thick grey line denotes the current density
value of the stable node. τ = 2 and (a) K = 0, (b) 0.006, (c) 0.0064
and (d) 0.006437V mm2/A, as in Fig. 5.7.

increasing K. Plotting it as a function of the control strength we obtain Fig. 5.10
(d). The period shows a characteristic scaling law [Kuz95], T ∼ ln[K − Kc],
shown in the inset. This law governs another type of global bifurcation, namely
the homoclinic bifurcation. Following the homoclinic bifurcation in the K-τ plane
we obtain the regime where control induces limit cycle oscillations. The result is
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Figure 5.10: (a) Time series of the delay-induced limit cycle for �xed τ = 2ns show-
ing period lengthening as the homoclinic bifurcation is approached
from above (K > Kc), for K = 0.0064379, (b) K = 0.007 and (c)
K = 0.019V mm2/A. (d) Period lengthening in K and characteris-
tic scaling law governing the homoclinic bifurcation shown in inset.
Kc = 0.0064375V mm2/A, U = 2.99V , and σ = 2.0821(Ωm)−1. Pa-
rameters as in Table 2.1.

shown in Fig. 5.11.
Crossing the bifurcation line either in K or τ , oscillations of decreasing period are
born. The scaling law of the period can also be demostrated with the time delay
as bifurcation parameter (Fig. 5.12)

5.3.2 In�uence of the control on the coherence
Now we switch on noise. Coherence is expressed through the correlation time and
the normalized �uctuation of pulse durations. We examine the dependence on the
time delay τ and the noise intensity D.

Varying the time delay

By keeping the noise intensity �xed atD = 1.0As1/2/m2 we �rst select a valueK =
0.002V mm2/A outside the delay-induced limit cycle regime. This corresponds to
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Figure 5.11: Bifurcation diagram in the K-τ plane below the SNIPER in the su-
perlattice. Yellow area denotes the parameter regime for which delay-
induced oscillation occur. In the green area there are no delay-induced
bifurcations. The black line marks the delay-induced homoclinic bi-
furcation line. U = 2.99V and σ = 2.0821(Ωm)−1. Parameters as in
Table 2.1.

the lower dashed horizontal line in Fig. 5.11. In the right plot of Fig. 5.13(a), the
correlation time is plotted versus the time delay. It exhibits a slight modulation
with a period close to the period of the noise-induced oscillations, 〈T 〉 = 14.5ns
(see Fig. 4.8) and reaches minimum values for τ = n〈T 〉, n ∈ N. Overall, however,
it remains close to the control-free value, tcor = 19.76ns (see Fig. 4.9 (a)).
At K = 0.02V mm2/A inside the delay-induced limit cycle regime (upper dashed
line in Fig. 5.11), this modulation is much stronger and has a period close to
the delay-induced period (T = 11ns, see Fig. 5.10)). In addition, one can better
distinguish between non-optimal and optimal values of τ at which the correlation
time attains maximum values. This is shown in the right plot of Fig. 5.13 (b). For
a higher noise intensity (Fig. 5.13 (c), right) the e�ect is similar but weaker.

Varying the noise intensity

Next we are interested in the dependence on the correlation time tcor and the
normalized �uctuation of pulse durations RT as a function of the noise intensity.
We keep the control strength �xed to the value corresponding to Fig. 5.13(b)
(right), from which we also select an optimal and a non-optimal value of the time
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Figure 5.12: (a) Period of the delay-induced limit cycle as a function of the time
delay τ . (b) Logarithmic scaling law which governs the period close
to the critical value τc = 0.8ns. Red circles correspond to numerical
data whereas continuous black line corresponds to a linear �t. K =
0.02V mm2/A, U = 2.99V and σ = 2.0821(Ωm)−1. Parameters as in
Table 2.1.

delay and compare the result to the free system. In the left and right panel of
Fig. 5.14, RT and tcor are plotted, respectively. The case K = 0 is shown in
(Fig. 5.13(a)) for direct comparison. For both non-optimal (Fig. 5.13(b)) and
optimal τ (Fig. 5.13(c)), there is an enhancement in the coherence. Correlation
times attain much higher values to those of the control-free system, especially at
low noise level. Similarly, RT values are lower. In addition, for non-optimal τ ≈
11ns, the e�ect of coherence resonance is suppressed (Fig. 5.13(b)). The correlation
time shows a local maximum exactly where the uncontrolled system does, but this
cannot account for coherence resonance since there are much higher values at lower
noise intensities. Nevertheless, for optimal τ ≈ 14.5ns (Fig. 5.13(c)), coherence
resonance is maintained and both tcor and RT show a maximum and minimum,
respectively, but at a lower noise intensity than in the free system. The comparison
between the three cases is better visible in Fig. 5.13(d) where the three curves are
plotted together.

5.3.3 Control of the time scales
We express the time scales through the mean interspike interval 〈T 〉 and look at
the dependence upon the time delay τ for a �xed value of the noise intensity,
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Figure 5.13: Mean interspike interval 〈T 〉 (left) and correlation time tcor (right)
in dependence on the time delay τ . (a) Control strength K =
0.002V mm2/A and noise intensity D = 1.0As1/2/m2, (b) K =
0.02V mm2/A and D = 1.0As1/2/m2 and (c) K = 0.02V mm2/A and
D = 2.5As1/2/m2. Averages over 30 time series realizations of length
T = 1600ns have been used for the calculation of tcor and averages
over 1000 periods for 〈T 〉. U = 2.99V and σ = 2.0821(Ωm)−1. Pa-
rameters as in Table 2.1.

D = 1.0As1/2/m2, and control strength K = 0.002V mm2/A, chosen outside of the
delay-induced oscillations regime (lower dashed line in Fig. 5.11). As shown in the
left plot of Fig. 5.13 (a), 〈T 〉 is slightly modulated due to the delay with a period
close to the noise-induced mean period (〈T 〉 ≈ 14.5ns).
In the left plot of Fig. 5.13 (b) a value of K inside the delay-induced oscillations
regime is used, K = 0.02V mm2/A (upper dashed line in Fig. 5.11). For τ = 0,
the mean interspike interval is equal to the noise-induced period, 〈T 〉 ≈ 14.5ns,
(see Fig 4.8). As the time delay increases, 〈T 〉 drops to the value of 11ns which
corresponds to the period induced by the delay (see Fig. 5.10). By further increase
of τ , 〈T 〉 rises a little above 12ns. Then, for τ = 11ns the mean interspike interval
decreases again and the same scenario is repeated with a modulation period very
close to the delay-induced period.
There is a resemblance to the piecewise linear dependence upon τ reported in
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Figure 5.14: Correlation time (right) and normalized �uctuation of pulse durations
(left) as a function of the noise intensity for (a) K = 0, (b) (K, τ) =
(0.02V mm2/A, 11ns) and (c) (K, τ) = (0.02V mm2/A, 14.5ns). All
three curves plotted together in (d). Averages over 30 time series
realizations of length T = 1600ns have been used for the calculation
of tcor and averages over 1000 periods for RT . U = 2.99V and σ =
2.0821(Ωm)−1. Parameters as in Table 2.1.
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Figure 5.15: Fourier power spectral density of the total current density J(t) for
D = 0.1As1/2/m2,K = 0.02V mm2/A and varying time delay: (a) τ =
3 (b), τ = 12, (c) τ = 21, (d) τ = 35 and (e) τ = 37.5ns, respectively.
Averages over 30 time series realizations of length T = 1600ns have
been used. U = 2.99V and σ = 2.0821(Ωm)−1. Parameters as in
Table 2.1.

other excitable systems below a Hopf bifurcation: The FitzHugh-Nagumo model
in [Jan03, Bal04] and the Belousov-Zhabotinsky reaction (under correlated noise
and nonlinear delayed feedback) in [Bal06] which, like our system, is also spatially
extended. The di�erence to our analysis is that in those models the case of a delay-
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induced limit cycle was either excluded or not discussed. The explanation for the
entrainment of the time scales by the delayed feedback was done on the basis of
a linear stability analysis. It was shown that the basic period is proportional to
the inverse of the imaginary part of the eigenvalue of the �xed point which itself
depends linearly on τ , for large time delays.
In our case, we have to additionally consider the time scale imposed by the delay
which seems to compete, in a way, with the noise-induced period. At higher noise
intensities, D = 2.5As1/2/m2, where the noise-induced period is almost equal to
the delay-induced period, the modulation of the mean interspike interval upon the
time delay is less strong, and the time scales oscillate around the value of 11ns
(left plot of Fig. 5.13 (c)).
Finally, the power spectra may also provide information not only on the depen-
dence on the time delay of the time scales, but also of the coherence. The result is
shown in Fig 5.15. One can see that variation of τ shifts the basic frequency and
a�ects the spectral widths, as well.



6 A generic model for excitability

It is very common to use simple models in order to understand the dynamics of
more complicated ones like the superlattice. In this chapter we present a generic
model undergoing a saddle-node bifurcation on a limit cycle. The advantages are
that such a simple model is easier to handle numerically and is better in visual-
izing the dynamical behaviour. Moreover, it o�ers the possibility for analytical
treatment under speci�c considerations [Aus07]. Bifurcations are governed by uni-
versal characteristics present in every system, however complicated, prepared in
their vicinity.

6.1 Global bifurcations
In the previous chapters, we distinguished between two dynamical regimes, one
in the vicinity of a local bifurcation, namely a supercritical Hopf bifurcation, and
one in the vicinity of a saddle-node bifurcation on a limit cycle. The latter is a
global bifurcation in the sense that it involves a large region of the phase space.
The fact that it cannot be con�ned to a small neighbourhood of �xed points or
periodic orbits, like in the case of local bifurcations, yields it harder to detect. In
the following we provide a descriptive picture for such global bifurcations [Sch01]
which play a central role in the dynamics studied in this work. For a mathematical
description one should refer to textbooks [Guc86, Kuz95].

6.1.1 Saddle-node bifurcation on a limit cycle
This bifurcation is also known as saddle-node bifurcation on an invariant circle
(SNIC), blue-sky catastrophy or saddle-node in�nite period bifurcation (SNIPER),
the latter of which is the term used throughout this work. As shown in Fig. 6.1, a
saddle-point and a stable node lying on an invariant circle (any trajectory starting
on this circle remains there) collide and give birth to a limit cycle. The period T of
the born limit cycle obeys a characteristic square-root scaling law, T ∼ 1/

√
µ− µc,
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Figure 6.1: Saddle-node bifurcation on a limit cycle (blue-sky catastrophe,
SNIPER). Open and full circles denote unstable, and stable �xed
points, respectively. A saddle-node pair on the circle (left) move closer
as the bifurcation is approached, saddle-point and node collide (mid-
dle) giving birth to a limit cycle (right).

where µ is the bifurcation parameter and µc its critical value. The amplitude, on
the other hand, is �nite at the birth of the limit cycle and remains almost constant.
In the next section we will present a generic model undergoing a SNIPER and
therefore study in more detail the dynamics associated to this bifurcation.

6.1.2 Homoclinic Bifurcation
This bifurcation is also known as saddle-loop bifurcation. Depicted in Fig. 6.2 (from
right to left), a limit cycle moves closer and closer to a saddle-point, touches it
and forms, thus, a homoclinic loop and disappears (left plot). Viewed in the other

Figure 6.2: Homoclinic bifurcation on the plane. Right: Limit cycle approaching
saddle-point, colliding in a homoclinic orbit (middle) and vanishing
(left).

direction, a limit cycle is born from a homoclinic orbit. The orbit is �homoclinic�
in the sense that it is a trajectory which joins the saddle-point to itself. (In the
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SNIPER the periodic orbit appears from a homoclinic orbit to a saddle-node).
This bifurcation is also an in�nite period bifurcation in which the period of the
born limit cycle obeys a logarithmic scaling law [Gas90, Kuz95]. The period T

Figure 6.3: Left: Homoclinic orbit to a saddle-focus. The plane corresponds to the
two-dimensional stable manifold of the saddle-focus. Right: A periodic
orbit (red) close to the primary homoclinic orbit (black).

lengthens approximately like T ∼ λu
−1ln|µ− µc|, where λu is the real part of the

least unstable eigenvalue of the saddle-point, µ is the bifurcation parameter and µc

its critical value. Like in the case of the SNIPER, the amplitude of the born limit
cycle is �nite and constant. A three-dimensional phase space gives rise to a wider
variety of homoclinic bifurcations, some of which may involve an in�nite number
of periodic orbits [Shi63, Shi65, Nei65]. The homoclinic orbit in R3 is either to a
saddle-point (like in the two-dimensional case) or to a saddle-focus. A saddle-focus
has a one-dimensional unstable manifold and a two-dimensional stable manifold.
A homoclinic orbit to a saddle-focus is shown in Fig. 6.3. In the following chapter
we will deal with a variety of complicated homoclinic orbits likely to be found
in systems with delay which is responsible for the in�nite dimensionality of such
systems.

6.2 Other bifurcations of periodic orbits
Apart from the above global bifurcations, there are other ways limit cycles can be
destroyed or created. Here we refer to two local bifurcations of limit cycles which
we will come across in Chapter 7.



70 6.2. Other bifurcations of periodic orbits

6.2.1 Saddle-node bifurcations of cycles

This bifurcation is also called fold bifurcation of cycles. By analogy with the fold
bifurcation of a saddle-point and a node, here an unstable and a stable limit cycle
coalesce and annihilate (Fig. 6.4). Each �xed point of the Poincaré section in this
�gure corresponds to a limit cycle.

Figure 6.4: Saddle-node bifurcation of limit cycles. Left: Stable (thick line) and
unstable (dotted line) periodic orbits collide (middle) and disappear
(right). The coordinate plane in the light pink shaded area shows the
Poincaré section (after [Kuz95]).

6.2.2 Period-doubling bifurcation of cycles

This bifurcation is also known as �ip bifurcation. A limit cycle loses its stability,
and another cycle, with a period twice the period of the original cycle, is born
(Fig. 6.5). Other bifurcations involving periodic orbits are the Hopf bifurcation,
Neimark-Sacker (or secondary Hopf bifurcation occurring in three-, or higher-,
dimensional systems, and in which a limit cycle bifurcates into a quasiperiodic
orbit; the resulting motion lies on a two-dimensional torus).
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Figure 6.5: Flip bifurcation (period-doubling): A limit cycle (left) loses its stability
(dotted cycle in right plot), and another cycle, with a period twice
the period of the original cycle (solid cycle in right plot), is born.
The coordinate plane in the light pink shaded area shows the Poincaré
section (after [Kuz95]).

6.3 A paradigm for the SNIPER

We consider a generic model for a saddle-node bifurcation on a limit cycle. It is a
system of two nonlinear ODEs as follows [Hu93a, Dit94, Rap94, Hiz07]:

ẋ = x(1− x2 − y2) + y(x− b) (6.1)
ẏ = y(1− x2 − y2)− x(x− b). (6.2)

Here x and y denote the system variables and b plays the role of the bifurcation
paramater. In polar coordinates x = r cosϕ, y = r sinϕ, Eqs. (6.1) and (6.2) read:

ṙ = r
(
1− r2

)
(6.3)

φ̇ = b− r cosφ (6.4)
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In Fig. 6.6 the vector �elds on the circle and the corresponding phase portraits
of the polar coordinate φ are shown. When b < 1 (Fig. 6.6 (a)) there are three
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Figure 6.6: Top: SNIPER on the circle (a) below (b = 0.5), (b) at (b = 1) and
(c) above (b = 1.5) the bifurcation. Full and open circles correspond
to stable node and saddle-point, respectively. Bottom: Corresponding
phase portraits of the polar coordinate φ.

�xed points: An unstable focus at the origin and a pair of a saddle-point and a
stable node on the unit circle with coordinates (b,+

√
1− b2) and (b,−√1− b2),

respectively. The latter collide at b = 1 (Fig. 6.6 (b)) and a limit cycle r = 1 is
born (Fig. 6.6 (c)). Above, but close to the bifurcation, the period T of this limit
cycle obeys a characteristic scaling law which can be calculated analytically: By
setting r = 1 in Eqs. 6.1 and 6.2, we obtain that the time required for φ to change
by 2π is:

T =

∫
dt =

∫ 2π

0

dφ

b− cos(φ)
. (6.5)

This integral can be evaluated by the substitution u = tanφ [Bro05]. The result
is:

T =
2π√
b2 − 1

. (6.6)
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As b→ 1+ we can do the approximation
√
b2 − 1 =

√
(b− 1)(b+ 1) ≈ √

2
√
b− 1.

Then
T ≈ π

√
2√

b− 1
. (6.7)

Alternatively: For b → 1+ we are very close to the bifurcation where the �xed
points collide at φ = 0 and φ = π. Therefore we can write φ=π+φ′ (or φ = 0+φ′

equivalently), where φ′ is very small, and do a Taylor expansion around φ:

φ̇′ = φ̇ = b− cos((φ′ + π)) (6.8)
= b− cos(φ′)

= b− 1 +
1

2
φ′2 + . . .

If we let θ = φ′/
√

2 and b′ = b− 1 the equation becomes:
√

2θ̇ = b′ + θ2.

Separating variables yields:

T =
√

2

∫ ∞

−∞

dφ′

b′ + φ′2
=
π
√

2√
b′

=
π
√

2√
b− 1

, (6.9)

which is in agreement with Eq. (6.7). Therefore, the frequency f = 1/T scales
according to the square-root law f ∼ (b− 1)1/2, shown in Fig. 6.8 (e).
In Fig. 6.7 the phase space of the system is shown below, at and above the bifur-
cation. Below the bifurcation (Fig. 6.7(a) a saddle-point and a stable node exist
on the circle r = 1, which forms an invariant manifold. The red trajectory starts
left of the stable manifold of the saddle-point and thus performs an excursion in
phase space along the unstable manifold of the saddle-point before ending in the
stable node. The black trajectory starts right of the unstable manifold of the
saddle-point and is directly attracted to the stable node. The turquoise line starts
in the vicinity of the focus. The motion on the circle once the limit cycle is born
is nonuniform. This is stressed in the upper-right plot in Fig. 6.6 where the fast
and slow parts of this motion are shown. The two time scales characterizing the
oscillation are also to be seen in the time series of the x-variable in Fig. 6.8 (a).
The system slows down when it passes through the point ((x, y) = (1, 0)) where
the collision took place. The �xed point disappears but what remains is a �ghost�
of the saddle-node which is responsible for this slow passage. The closer to the
SNIPER the system is, the longer it takes to pass through the �ghost�. Once it
manages to escape this �barrier�, it performs an excursion in phase space which
corresponds to the fast motion on the unit circle.
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Figure 6.7: SNIPER bifurcation which system of Eqs. 6.1 and 6.2 undergoes.
Right: Phase portrait (a) below (b = 0.8), (b) at (b = 1) and (c)
above the bifurcation (b = 1.4). Open circle at the origin denotes un-
stable focus. Open circle in (a) denotes the saddle-point whereas full
circle denotes the stable node. In (b) open circle with thick line denotes
semistable �xed point, where saddle-point and stable node collide for
b = 1. Red, black and cyan coloured trajectory correspond to initial
condition chosen near the saddle-point, stable node, and unstable fo-
cus, respectively. Left: Corresponding time-series of y and x variable.
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Figure 6.8: Left: Time series of the generic model above the SNIPER: (a) b = 1.05,
(b) b = 1.3 and (c) b = 1.6. (d) Period T as a function of b. Inset shows
the same for frequency f = 1/T . Frequency scaling law demonstrated
in (e).

6.3.1 Excitability and the in�uence of noise

As discussed above, the saddle-node point a�ects the dynamics of the system even
when it has disappeared. In a one-variable system at a saddle-node bifurcation,
ẋ = µ+x2 (known as the normal form of the saddle-node bifurcation), the saddle-
node point represents an impenetrable barrier at µ = 0. Trajectories starting
on the attracting manifold of the saddle-node slowly approach the saddle-node
but never escape beyond it. In our system the unit circle, in a way, allows to
overcome this barrier and a limit cycle is born. This can be understood considering
Eq. (6.3) and Eq. (6.4) for b ≥ 1 as r = 1 and φ̇ = −dV/dφ, respectively, where
V (φ) = −bφ+sinφ is a periodic �potential� function that describes the motion on
the unit circle.
The barrier-role of the saddle-node exactly at the bifurcation yields the system
sensitive to noise. Almost 20 years ago [Sig89] a �saddle-node bifurcation lead-
ing to relaxation oscillations� was studied considering a special case of the Adler
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equation [Adl73], which is well known in the study of phase-locked oscillators:
ψ̇ = −B sin(ψ) + ∆ω0 where ψ is the oscillator phase, ∆ω0 is the di�erence be-
tween the oscillator frequency and the frequency of the external signal (frequency
detuning between two oscillators) and B is a constant. Now the model in [Sig89],
θ̇ = 1− cos θ, has a saddle-node point at θ = 0 (θ is a phase) and provides a good
model for the dynamics of the center manifold that becomes a limit cycle above
the bifurcation in a system at a SNIPER and actually, according to Eq. (6.4), de-
scribes the dynamics of our model on r = 1 and for b = 1. The authors in [Sig89]
showed that Gaussian white noise can push the system across the barrier and in-
duce oscillations which resemble those observed in the deterministic system above
the bifurcation. The system is, thus, excitable and therefore served as a toy-model
to introduce the phenomenon of coherence resonance [Hu93a, Dit94, Rap94].
One should also add that the saddle-node bifurcation on a limit cycle is associated
with the, so-called, type I neuronal excitability [Rin89]. Neurons are excitable
in their nonlinear response to electrical stimuli. The transition from quiescent to
periodic �ring is characterized by the behaviour of the �ring frequency. Neurons
are divided into type I and type II dynamics according to this behaviour [Hod48].
Type II neurons exhibit a �nite nonzero frequency as periodic �ring begins and are
associated with Hopf bifurcations. Type I neurons are described by Morris-Lecar
[Mor81] and Hindmarsh-Rose models [Hin82] and type II neurons by FitzHugh-
Nagumo models [Fit61, Nag62]. All these models are simpli�ed variants of the
much more complicated Hodgkin-Huxley model [Hod48]. The FitzHugh-Nagumo
and Hindmarsh-Rose models, in particular, are described by a system of two ordi-
nary di�erential equations:

ẋ = f(x, y)

ẏ = g(x, y),

where x is the cell membrane potential and y is a recovery variable. The FitzHugh-
Nagumo takes the following form:

ẋ = c

(
x− x3

3
− y

)
(6.10)

ẏ =
1

c
(x− by + a) . (6.11)

It is characterized by the linearity of g whereas in the case of the Hindmarsh-Rose,
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g includes a quadratic dependence on x:

ẋ = c

(
x− x3

3
− y

)
(6.12)

ẏ =
1

c

(
x2 + dx− by + a

)
. (6.13)

In the above equations a, b, c and d are system parameters. In Fig. 6.9 the nullclines
f(x, y) = 0 (black) and g(x, y) = 0 (magenta) of both models are plotted. In the
case of the FitzHugh-Nagumo model (left plot of Fig. 6.9), for given parameters,
there exists a stable �xed point marked by the intersection of the two nullclines.
Shifting the straight nullcline (x = a) to the right, the �xed point becomes unstable
and a limit cycle is born through a Hopf bifurcation at a = 1. In the Hindmarsh-
Rose model (right plot of Fig. 6.9) the nullcline g(x, y) = 0 is a parabola and
intersects the nullcline f(x, y) = 0 at three points, a stable, an unstable and a
saddle-point. Shifting the parabola downwards (by tuning a), the saddle-point
and the stable �xed point disappear through a saddle-node bifurcation and a limit
cycle is born (SNIPER).
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Figure 6.9: Left: Nullclines of FitzHugh-Nagumo model according to Eqs. (6.10),
(6.11) with a = 1.5 and b = 0. Full circle denotes stable �xed point.
Right: Nullclines of Hindmarsh-Rose model according to Eqs. (6.12),
(6.13) with a = 0, b = 1 and d = 0.7. Full circle denotes stable
�xed point, double circle denotes saddle-point and open circle denotes
unstable �xed point.

The above analysis motivates why we should study the generic model presented
in this chapter. Since it is prototype for type I neuronal excitability it may �nd
applications in the �eld of neuroscience.
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6.3.2 Connection to the superlattice
In the superlattice, which is the focal point of this work, the SNIPER was �rst
reported in a slightly di�erent model in [Pat98]. The e�ect of noise is qualitatively
the same as that on the generic model and basically is demonstrated through
coherence resonance [Hiz06]. The next step is to study to what extent time-delayed
feedback generates similar dynamics to both complicated (superlattice) and simple
(generic) system. We have already shown how delay acts on the superlattice below
the SNIPER. In the next chapter we will be able to interpret these results by
investigating the generic model with delay.



7 Delay-induced multistability in
the generic model

In Chapter 5, time-delayed feedback was applied in order to control various fea-
tures of the noise-induced dynamics observed in the superlattice in two di�erent
dynamical regimes, below the Hopf bifurcation and below the SNIPER. Whereas
control of noise-induced oscillations below a Hopf bifurcation has been extensively
studied, ([Jan03] and further references in Chapter 5), less has been done for the
case of a global bifurcation and in particular for the saddle-node bifurcation on a
limit cycle. In both cases, the idea is to prepare the system in a stable �xed point,
turn on Gaussian white noise inducing, thus, stochastic oscillations and then try to
control features such as coherence and time scales by appropriately tuning the two
control parameters, the time delay and the control amplitude. Time-delayed feed-
back, however, is itself able to create additional dynamics which are then simply
smeared-out by noise.
Already in Chapter 5, we saw that delay may induce bifurcations in a certain
regime of the parameter space. The tracking of delay-induced bifurcations is a
reasonable thing to do before switching noise on. Below the Hopf bifurcation a
great deal of work on delay-induced dynamics has been carried out not only for
simple systems but for spatially extended systems as well [Ste05a]. In the case of
a global bifurcation, the role of delay is less known. In Chapter 5 we presented
the e�ect of delay in the superlattice below the SNIPER. In order to understand
those �ndings and the underlying mechanisms better, in the following we use the
prototype model for such a bifurcation (introduced in Chapter 6) and examine the
e�ect of time-delayed feedback [Hiz07].
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7.1 The delay equations

We extend the model of the previous chapter by incorporating time-delayed feed-
back according to the Pyragas [Pyr92] scheme. The equations are the following:

ẋ = x(1− x2 − y2) + y(x− b)−K(x− xτ ) (7.1)
ẏ = y(1− x2 − y2)− x(x− b)−K(y − yτ ). (7.2)

Here xτ and yτ are the delayed variables at time t − τ , with τ and K being the
time delay and control strength, respectively. This kind of control is called diagonal
because the control force may be written in the form of a unity matrix.

7.1.1 Linear stability analysis

We prepare the system slightly below the bifurcation (b = 0.95) and switch on
the control (K 6= 0). The �rst question that arises concerns the stability of the
three �xed points and how this changes, or not, due to delay. For this, we perform
a standard linear stability analysis and derive the characteristic equation for the
roots, Λ, which determine the stability of the �xed points. The linearized system
can be written as:

d

dt
X(t) = AX(t) + BX(t− τ), X(t) =

(
x(t)
y(t)

)
, (7.3)

with

A =

(
1− 3x∗2 − y∗2 + y∗ −K −2x∗y∗ + x− b

−2x∗y∗ − 2x∗ + b 1− x∗2 − 3y∗2−K

)
(7.4)

B =

(
K 0
0 K

)
, (7.5)

where x∗ and y∗ are the coordinates of the �xed point under consideration. With
the ansatz δx(t) = δy(t) = eΛt it holds that δx(t− τ) = δy(t− τ) = eΛte−Λτ . The
characteristic equation is then given by solving the equation:

∆(Λ) = det
(
A+ e−ΛτB − ΛI

)
= 0. (7.6)

For the unstable focus (x∗, y∗) = (0, 0), the characteristic equations is as follows :

(1−K +Ke−Λτ − Λ)2 + b2 = 0. (7.7)
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Due to the presence of the delay, Eq. (7.7) has in�nitely many solutions. However,
the stability of the �xed points is determined by a �nite number of critical roots
with largest real parts. Using the Lambert function W , which is de�ned as the
inverse function of g(z) = zez for complex z [Hal71, Cor96, Ama05], the solution
of Eq. (7.7) can be expressed as:

Λ =
1

τ
W [Kτeτ(K−1±b)]−K + 1∓ ib. (7.8)

In the case of the saddle-point (x∗, y∗) = (b,+
√

1− b2) and the stable node
(x∗, y∗) = (b,−√1− b2), the characteristic equation is as follows:

0 = Λ2
s,n − 2KΛs,ne

−Λs,nτ + 2Λs,nK ∓ Λs,n

√
1− b2 + 2Λs,n

−2K2e−Λs,nτ +K2e−2Λs,nτ +K2 ±
√

1− b2Ke−Λs,nτ

−2Ke−2Λs,nτ ∓
√

1− b2K + 2K − 2
√

1− b2

0 = (Λs,n +K)2 ∓
√

1− b2 (Λs,n +K) + 2 (Λs,n +K)∓ 2
√

1− b2

+e−Λs,nτ
[
−K

(
Λs,n +K ∓

√
1− b2

)
−K (Λs,n + 2 +K)

]
+K2e−2Λs,nτ

0 = (Λs,n +K + 2)
(
Λs,n +K ∓

√
1− b2

)

−Ke−Λs,nτ
(
Λs,n +K ∓

√
1− b2

)
−Ke−Λs,n (Λs,n +K + 2) +K2e−2Λs,nτ .

The subscripts �s� and �n� denote the saddle-point (upper sign) and the node
(lower sign), respectively. Equation (7.9) can be factorized into two equations:

Λ +K + 2−Ke−Λτ = 0 (7.9)
Λs,n +K ∓

√
1− b2 −Ke−Λs,nτ = 0, (7.10)

with solutions:

Λ1 =
1

τ
W [Kτeτ(2+K)]− 2−K (7.11)

Λ2
s,n =

1

τ
W [Kτeτ(K∓√1−b2)]−K ±

√
1− b2. (7.12)

Figure 7.1 shows the real parts of the eigenvalues Λ as a function of τ for a
�xed value of K for all three �xed points. One may see the eigenvalues of the
uncontrolled system at τ = 0, and their interaction with the delay-induced modes
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Figure 7.1: Real parts of the complex eigenvalues Λ as a function of τ , for �xedK =
1 and b = 0.95. For the (a) unstable focus, (b) the saddle-point and (c)
the stable node. The modes emerging from the uncontrolled system
and the delay-induced modes are marked red and blue, respectively.

(blue) with increasing τ . In all three cases, control is unable to change the stability
of the �xed point: In the case of the unstable focus, the mode with the largest
real part (red) tends to very small values with increasing delay, remaining however
positive. The same holds for the unstable mode of the saddle-point. Symmetric
behaviour is observed for the stable modes of both saddle-point and node: They
tend to zero as a function of τ but remain negative. The picture does not change
qualitatively even for other values of K and therefore one might conclude that
delay induces no change in the stability of the �xed points.

7.2 Global bifurcation analysis
However, the above local analysis gives no information on the global changes in
phase space that delay potentially induces. A numerical investigation shows, in
fact, that there exists bistability in a certain parameter regime in the K- τ plane:
Trajectories starting close to the saddle-point are attracted by a delay-induced
limit cycle, whereas trajectories starting elsewhere end up in the stable node.

7.2.1 Delay-induced homoclinic bifurcation
Keeping τ = 3 �xed we �nd the critical value Kc of K for which this delay-induced
limit cycle is born and observe a scaling T ∼ ln |K −Kc| in the period T of the
corresponding oscillations, typical for the case of a homoclinic bifurcation (see
Chapter 6). In Fig. 7.2 phase portraits of the system below, at and above the
bifurcation are shown. Trajectories with di�erent initial conditions are shown:
One starting from the vicinity of the unstable focus in the origin (blue) and one
from the vicinity of the saddle-point (red). Bistability is revealed in Fig. 7.2(c)
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Figure 7.2: (a) Two dimensional projection of the phase space below the homo-
clinic bifurcation (K = 0.335). (b) Homoclinic orbit (red) achieved at
Kc = 0.3401. (c) Delay-induced limit cycle (red) above the homoclinic
bifurcation (K = 0.3438). (d) Scaling of the oscillation period T above
but close to the critical point Kc (crosses: simulation data, solid line:
linear �t). Full and open circles mark stable and unstable �xed points,
respectively. Parameters: b = 0.95, τ = 3.

where two attractors (the stable node and the delay-induced limit cycle) coexist.
The �kink� in the trajectory shortly before the loop closes is due to the control: The
control force starts acting at t = 3 when the system is still moving on the slow part
of the unit circle. Therefore, its e�ect is not so noticeable. As the system moves
faster the control force attains higher values and the trajectory starts deviating
from its deterministic path at t = 13. This deviation becomes large at t = 18 where
the trajectory, shortly before settling in the stable node, appears to be �attracted�
to the saddle-point, resulting in this �kink� in the x-y projection. Also, as K
approaches the critical value, the trajectory passes closer and closer to the saddle-
point on its way to the stable node. This ends in a homoclinic orbit at K = Kc,
(Fig. 7.2(b)) from which a periodic orbit is generated (Fig. 7.2(c)). The period of
the born limit cycle scales according to T ≈ (ReΛu)

−1ln|K −Kc|, where Λu is the



84 7.2. Global bifurcation analysis

least unstable eigenvalue of the saddle-point (i. e. the one closest to the imaginary
axis). One may calculate this from Eq. (7.11) and �nd Λu

−1 = 0.1739−1 = 5.75.
This is in rather good agreement with the slope of the solid line in Fig. 7.2(d)
which equals 5.35. An analogous mechanism was also found in the case of the
superlattice (Chapter 5).
Next we use a bifurcation continuation tool, DDE-BIFTOOL [Eng02, Eng01], and
follow the homoclinic bifurcation in the K-τ plane. The produced bifurcation
curve can be seen in Fig. 7.3 (left). It consists of two main curves: One running
through points A-E and a second tongue-like curve. In the white area the system

Figure 7.3: Curve of homoclinic bifurcations (red) in the K-τ plane (left). A -
E label various points with homoclinic orbits, which are shown in the
x-y phase plane in the panel on the right. Delay-induced limit cycles
exist, in addition to the stable �xed point, in the yellow area. The blue
dashed curve separates the regions σ0 < 0 (left) and σ0 > 0 (right)

is monostable (stable �xed point) while in the yellow area a delay-induced periodic
attractor is born via a homoclinc bifurcation marked by the red curves.
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7.2.2 The role of the saddle quantity
At this point one should emphasize the role of the saddle-point: Due to the delay,
the saddle-point possesses no longer two distinct eigenvalues (one positive, i. e.
unstable, and one negative, i. e. stable) but in�nitely many. Moreover, complex
eigenvalues come into play as well. The eigenvalues, however, that determine the
behaviour of the colliding homoclinic orbit, are the leading ones, i. e. those closest
to the imaginary axis. In Fig. 7.4 one can see the eigenvalue spectrum for two

-30

-15

 0

 15

 30

-1.5 -1 -0.5  0

Im
 Λ

Re Λ

(a)

-30

-15

 0

 15

 30

-1.5 -1 -0.5  0

Im
 Λ

Re Λ

-15

-7.5

 0

 7.5

 15

-0.5 -0.3 -0.1  0.1

Im
 Λ

Re Λ

(b)

-15

-7.5

 0

 7.5

 15

-0.5 -0.3 -0.1  0.1

Im
 Λ

Re Λ

-10

-5

 0

 5

 10

-0.9 -0.6 -0.3  0  0.3

Im
 Λ

Re Λ

(c)

-10

-5

 0

 5

 10

-0.9 -0.6 -0.3  0  0.3

Im
 Λ

Re Λ

-10

-5

 0

 5

 10

-0.2 -0.1  0  0.1

Im
 Λ

Re Λ

(d)

-10

-5

 0

 5

 10

-0.2 -0.1  0  0.1

Im
 Λ

Re Λ

Figure 7.4: Spectra of the eigenvalues Λ of the saddle-point for two points on the
homoclinic bifurcation line: (a) K = 0.3401, τ=3 (B in Fig. 7.3) and
(b) K = 0.57, τ = 7.28 (E in Fig. 7.3). (c) and (d) show the leading
eigenvalues (red) of the spectra of (a) and (b) respectively. The saddle
quantity σ0 = Re(Λs) + Re(Λu) is negative in (c) whereas in (d) it is
positive. (b = 0.8)

points on the homoclinic bifurcation curve and notice that the leading eigenvalues
of the saddle-point (red) are a positive real eigenvalue, as in the original uncon-
trolled system, and a complex conjugate pair with negative real parts, generated
by the delay. This means that the saddle-point may turn into a saddle-focus for
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certain values of K and τ . In Fig. 7.5 a schematic �gure illustrates the three
types of saddle-foci. Homoclinic orbits attached to a saddle-focus corresponding

Im(λ)

Re(λ)

(a)
Im(λ)

Re(λ)

(b)

Im(λ)

Re(λ)

(c)

Figure 7.5: Saddle-foci are characterized by their leading characteristic eigenval-
ues. (a) Leading stable eigenvalues are complex conjugate, (b) leading
unstable eigenvalues are complex conjugate and (c) both stable and
unstable leading eigenvalues are complex conjugate (bi-focus).

to Fig. 7.5(a) approach the �xed point in an oscillating manner. This explains the
phase portraits in Fig. 7.3 (right) which become more and more complicated as
K increases.
From the above, it is clear that the two basic ingredients responsible for the delay-
induced dynamics in our system, are the homoclinic orbits and the saddle-foci.
The theory of homoclinic bifurcations for ordinary di�erential equations has been
well developed [Kuz95, Guc86, Wig88]. As already mentioned, global bifurcations
are strongly related to excitability and therefore one expects to encounter them in
excitable systems. Various physical systems such as modulation-doped semicon-
ductor heterostructures [Doe92], semiconductor lasers [Wie02, Kra03a], neuron
models [Feu00] and chemical systems [Bor06] have been studied in this respect,
both theoretically and experimentally. On the other hand, less work has been
carried out for systems with delay undergoing such nonlocal bifurcations [Set06].
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It is therefore appropriate to analyze a generic system like the one studied here
which, despite its simplicity, exhibits rich delay-induced dynamics with a homo-
clinic bifurcation as key component.

7.3 Delay-induced multistability
In what follows we will apply the theorems on homoclinic orbits connecting to
saddle-foci as developed by Shilnikov [Kuz95]. According to them, the so-called
saddle quantity is crucial for the homoclinic bifurcations occurring in high-dimen-
sional systems. The saddle quantity is de�ned as σ0 = Re(Λs) + Re(Λu), where
Λs and Λu are the leading stable and unstable eigenvalues, respectively. Shilnikov
proved, among other, that negative σ0 results in the birth of a unique stable
limit cycle from a homoclinic orbit. On the other hand, for σ0 > 0, a wide
variety of homoclinic bifurcations may occur, some of which involve in�nitely many
periodic orbits in the vicinity of the homoclinic orbit. The blue dashed curve in
Fig. 7.3 shows the condition σ0 = 0. Along the homoclinic bifurcation line in
Fig. 7.3 the saddle quantity changes sign, thereby allowing for both scenarios to
take place. Figure 7.4 shows the eigenvalue spectra for two di�erent points (B and
E) on the bifurcation line corresponding to negative and positive saddle quantities,
respectively.
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Figure 7.6: (a) Period T of limit cycle born in a homoclinic bifurcation at (K, τ) =
(0.17145, 7) (point A in Fig. 7.3, σ0 < 0). (b) (b) The two leading
Floquet multipliers of the periodic orbit µ1 = 1 (green) and µ2 (blue)
with T as a parameter, in the complex plane. b = 0.95.
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7.3.1 Negative saddle quantity σ0 < 0

For τ = 7, a homoclinic bifurcation takes place at K = 0.17145 (point A in
Fig. 7.3). In this case σ0 = −0.0116, and the bifurcation creates one stable limit
cycle, with Floquet multipliers within the unit circle (Fig. 7.6(b) ). The period T
of this limit cycle increases monotonically as the bifurcation point is approached
(Fig. 7.6(a)), according to Shilnikov's theory.

7.3.2 Positive saddle-quantity σ0 > 0

Moving further along τ = 7 other homoclinic bifurcation curves are crossed, e. g.
at K = 0.213 (Fig. 7.7(b), cf. point Z in Fig. 7.3). There, the saddle quantity
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Figure 7.7: (a) Period T of limit cycle born in a homoclinic bifurcation at (K, τ) =
(0.213, 7) point Z in Fig. 7.3, σ0 > 0), undergoing in�nitely many
fold (F) and period-doubling (PD) bifurcations, before ending in a
homoclinic orbit h for T → ∞ at K = 0.213. Solid blue and dashed
red lines denote stable and unstable limit cycles, respectively. (b) The
two leading Floquet multipliers of the periodic orbit µ1 = 1 (green)
and µ2 (blue) with T as a parameter, in the complex plane. b = 0.95.

is positive (σ0 = 0.0023, calculated analytically from Eq. (7.12)), and the picture
is much more complicated: An in�nite number of bifurcations take place, which
are related to saddle-node (fold) bifurcations of pairs of stable and unstable limit
cycles, and additional period-doubling (�ip) bifurcations of the stable limit cycles.
The dependence of the period T of the limit cycles upon K is a nonmonotonic
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multivalued function, whose turning points are associated with saddle-node bifur-
cations. The solid blue lines correspond to stable periodic solutions which coexist
for a �xed value of K.
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Figure 7.8: Right: Two coexisting periodic attractors corresponding to two dif-
ferent stable branches of Fig. 7.7(a). Crosses mark initial conditions:
(x, y) = (1, 0.7), (x, y) = (0.95, 0.59) and (x, y) = (−0.001,−0.001)
for red, blue and black trajectory, respectively. Left: Time series of x
variable of the corresponding limit cycles. Periods are T = 28.63 and
T = 45.56 for red and blue limit cycle, respectively. K = 0.212 and
τ = 7.

In Fig. 7.8 an example of two such coexisting orbits for K = 0.212 is shown. In
addition to the black trajectory, which asymptotically approaches the stable �xed
point, there exist two periodic orbits with di�erent period T (red and blue) which
can be reached by choosing two di�erent initial conditions. In between the fold
bifurcations of the stable limit cycles, pairs of forward and inverse period doubling
bifurcations occur. In Fig. 7.7(b) the trivial Floquet multiplier µ1 = 1 and the
leading Floquet multiplier µ2 of the periodic orbit are plotted. It can be seen
how µ2 changes as T is varied along the multivalued function in the main �gure,
showing how fold and �ip bifurcations occur, at µ1 = 1 and µ1 = −1, respectively.
One should also expect other bifurcations near the critical point due to secondary
homoclinic orbits.
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7.4 Summary and comparison to the superlattice
We have presented a mechanism for delay-induced multistability in a system near a
global bifurcation. In addition to the �xed point attractor which the uncontrolled
system already possesses, a time-delayed feedback in the form of Pyragas di�erence
control induces one or more coexisting limit cycle attractors. Depending upon the
feedback control strength K and the delay time τ , either a single stable limit cycle
is born in a homoclinic global bifurcation, or an in�nite number of (stable and
unstable) periodic orbits is induced undergoing a rich menagerie of bifurcation
scenarios including period doubling and fold bifurcations. We have shown that
the key ingredient in the observed dynamics is a homoclinic orbit connected to
a saddle-focus created by delay. A bifurcation continuation in the K-τ plane
was performed. Moreover, we were able to verify Shilnikov's theory of homoclinic
bifurcations in a certain parameter regime. The excitable nature of the system and
the in�nite-dimensional phase space, due to delay, appear to play a crucial role in
the induced homoclinicity. The results partly �nd application to the superlattice
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Figure 7.9: Correlation time in dependence on the noise intensity for increasing
time delay in the controlled generic model. b = 0.95 and K = 0.25.
Green corresponds to the free system, red corresponds to the regime
where no delay-induced oscillations occur and blue corresponds to the
regime where delay induces oscillations. (After [Aus07]).

model where, as shown in Chapter 5, a delay-induced homoclinic bifurcation is
reported in agreement to the generic model studied in this chapter. In Chapter 5,
moreover, the interaction of control with noise was also discussed. One can refer
to [Aus07] for comparison to the �ndings for the generic model, which we brie�y
summarize here. As in the case of the superlattice, the e�ect of noise inside and
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Figure 7.10: Normalized �uctuation of pulse durations in dependence on the noise
intensity for increasing time delay in the controlled generic model.
Parameters and colour coding as in Fig. 7.9. (After [Aus07]).

outside the regime of the delay-induced oscillations, was studied. It was found
that outside this regime the coherence resonance is enhanced, exhibiting however
a maximum at higher values of the noise-intensity. For parameters chosen inside
the delay-induced oscillations regime, coherence resonance is enhanced due to the
delay-induced regularity, like in the case of the superlattice (see Figs. 7.9 and
7.10). The dependence, however, of the time scales and coherence upon the time
delay τ does not exhibit an oscillatory behaviour (see Fig. 7.11). This may have
to do with the fact that the selected range of τ was too small and therefore this
point requires further investigation.

 8

 10

 12

 14

 16

 18

 20

 22

 24

 0  5  10  15  20

co
rr

el
at

io
n 

tim
e 

t c
or

delay time τ

D=0.008
D=0.015
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b = 0.95 and K = 0.25. (After [Aus07]).
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8 Conclusions and outlook

The deterministic bifurcation scenarios governing the transition from stationary
to moving electron charge density fronts and �eld domains in semiconductor su-
perlattices have been studied. The bifurcation analysis was done in terms of two
bifurcation parameters, the applied voltage which gives rise to a global constraint
and the conductivity of the emitting contact. It was found that for low conductivi-
ties a supercritical Hopf bifurcation is responsible for the transition from stationary
to oscillatory current densities, the amplitude of which scales with the character-
istic square-root scaling law. In the spatio-temporal picture these oscillations are
associated with weak front motion around the deterministic stable �xed point.
For higher conductivities the transition from stationarity to front motion was found
to be related to a global bifurcation, namely a saddle-node bifurcation on a limit
cycle (SNIPER). In this case, front motion through the whole device was observed
and the period of the associated current oscillations exhibited an inverse square-
root scaling law and tended to in�nity while the amplitude was constant and
�nite at the birth of the limit cycle. By following the saddle-node bifurcation
line in the bifurcation parameter plane we obtained a saw-tooth formed line of
alternating �tongues� corresponding to limit cycle oscillations and a stable �xed
point, respectively. In the vicinity of this bifurcation the system is excitable.
Considering the system under the in�uence of noise in both dynamical regimes,
we found that noise induces current oscillations of increasing amplitude below the
Hopf bifurcation. We quanti�ed characteristics of these oscillations such as coher-
ence and time scales. The regularity decreases with increasing noise level in terms
of various measures, namely correlation times and Fourier power spectral density
widths. The time scales, on the other hand, are hardly a�ected yielding the deter-
ministic Hopf frequency robust against noise. Below the SNIPER, noise manages
to induce front motion through the entire device. The existence of two time scales
in the noisy front motion re�ects the underlying deterministic bifurcation and is
strongly connected to excitability. The latter is responsible for coherence reso-
nance, i. e. there is an optimal noise level at which the motion is most regular.
The period of the noise-induced current oscillations depends strongly upon the
noise level, exhibiting a monotonic decrease for increasing noise.
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By applying a time-delayed feedback global scheme of the voltage to the system,
the e�ect of control in both dynamical regimes was studied. First, in the absence of
noise, delay-induced bifurcations were tracked in the control parameter space. In
the �rst regime there is a delay-induced Hopf bifurcation. In the presence of noise,
the in�uence of control upon the coherence and the time scales in dependence of
the time delay and the noise intensity was studied. It was found that the coher-
ence by variation of the noise level is enhanced due to control. Moreover, it was
shown that for a �xed control strength. the correlation time and the basic period
of the noise-induced motion is modulated by variation of the time delay. Below
the SNIPER, control induces another global bifurcation, namely a homoclinic bi-
furcation. Scanning a wide range of time delay values, we found an oscillatory
dependence of the coherence and the time scales on the delay. Furthermore, for
various combinations of the control parameters both enhancement and destruction
of the coherence resonance e�ect in dependence on the noise intensity was found.
By introducing a generic model for the SNIPER we made direct comparisons to
the noise- and delay-induced dynamics observed in the superlattice. Control in-
duced here, as well, a homoclinic bifurcation which we were able to follow in the
control parameter plane, obtaining an interesting bifurcation line. Along this line
the homoclinic orbits exhibited increasing complexity which is related to the asso-
ciated saddle-foci to whom they are connected. We were able to verify Shilnikov's
theorems on homoclinic bifurcations for high-dimensional systems. By numerical
and analytical estimation of the saddle-quantity, we were able to determine and
demonstrate the two homoclinic bifurcation scenarios.
An interesting extension of this work would be the experimental veri�cation of
the SNIPER in the superlattice, where the emerging of moving fronts could be
achieved by �xing the conductivity within an allowed range and by tuning the
external voltage as more easily accessible parameter. Once the parameters are
�xed below the SNIPER, noise can be added to the emitter in order to show the
noise-induced front motion as well. We expect to see the same e�ects as reported
theoretically in this work. Although here noise was added to each well locally, as
explained in Chapter 3, the boundary determines the observed dynamics anyway.
Moreover, a more sophisticated bifurcation analysis of the superlattice could be
carried out both with and without delay, using a bifurcation continuation numerical
tool. A linear stability analysis would also be useful to calculate eigenvalues and in
particular the saddle-quantity, which in the case of the delay-induced homoclinic
orbit plays a crucial role.
In addition, the control of the noise-induced dynamics in both superlattice and
generic model should be accurately compared, considering di�erent choices for the
values of the control parameters as well. Thus, having compared an abstract to a
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physical model, one can obtain a fuller view of the dynamics with delay and noise,
below a global bifurcation. Finally, in the spirit of [Pra07], an anaytical theory of
time-delayed feedback control of excitable systems could be developed.
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