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Abstract

This work focuses on the theoretical investigation of optical properties of low-dimensional nano-
structures, specifically single-walled carbon nanotubes (CNTs) and self-assembled InAs/GaAs
quantum dots (QDs). The density-matrix formalism, an established technique for a quantum-
mechanical description of many-particle systems, is applied to explain recent experimental re-
sults and to give insight into the underlying physics.

CNTs are ideal model systems to study the physics of one-dimensional structures. Due to their
unique electronic and optical properties, they also attract great technological interest. However,
the problems of the characterization of specific CNTs and their low luminescence efficiency are
still substantial challenges in current research. A microscopic calculation of the absorption co-
efficient and the Rayleigh scattering cross section is performed by a novel approach combining
the density-matrix formalism with the tight-binding wave functions. The derived excitonic Bloch
equations allow the study of CNTs of arbitrary chiral index. In agreement with experiment, the
calculated spectra of metallic nanotubes show a double-peaked structure resulting from the trig-
onal warping effect. The intensity ratios of the four lowest-lying transitions in both absorption
and Rayleigh spectra can be explained by the different behavior of the optical matrix elements
along the high-symmetry lines K-Γ and K-M . Also in agreement with experiment, the Rayleigh
line shape is predicted to be asymmetric, with an enhanced cross section for lower photon ener-
gies arising from non-resonant contributions of the optical susceptibility.

Furthermore, the Coulomb interaction is shown to be maximal when the momentum transfer is
low. For intersubband processes with a perpendicular momentum transfer, the coupling strength
is reduced to less than 5%. Due to their reduced dimensionality, CNTs have a strong Coulomb
interaction that considerably changes their optical spectra. While the electron-electron interaction
renormalizes the band gap, the electron-hole coupling leads in both semiconducting and metallic
CNTs to the formation of excitons with binding energies of up to 1 eV. The chirality and diam-
eter dependence of the excitonic binding energy and the transition frequency are presented in
Kataura plots. Furthermore, the influence of the surrounding environment on the optical proper-
ties of CNTs is investigated.

Extending the confinement to all three spatial dimensions, semiconductor Bloch equation are
derived to describe the dynamics in QD semiconductor lasers and amplifiers. A detailed micro-
scopic analysis of the nonlinear turn-on dynamics of electrically pumped InAs/GaAs QD lasers
is performed, showing the generation of relaxation oscillations on a nanosecond time scale in
both the photon and charge carrier density. The complex interplay between strongly nonlinear
Coulomb scattering rates and radiative processes gives rise to these oscillations, which are gen-
erated after a characteristic delay time of approximately 1 ns. In agreement with experiments, the
theory predicts a strong damping of relaxation oscillations indicating the crucial importance of
the Coulomb interaction between the bound QD and continuous wetting-layer states for a fast
dynamical response of the laser.

Moreover, the ultrafast gain dynamics in QD semiconductor optical amplifiers has been inves-
tigated. It is found to be affected by the strength of the Coulomb scattering rates as well as by
temperature, dephasing time, and pump power. Furthermore, the so called coherent artifact is
shown to be a result of interference effects between the pump and the probe pulse rather than
a consequence of two-photon absorption processes as often claimed in literature. The obtained
results contribute to a better understanding of the limiting mechanisms for the ultrafast gain
recovery in QD amplifiers.
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Chapter 1

Introduction

Seeking means: to have a goal; but finding means: to be free, to be receptive, to have no goal.

Hermann Hesse

1.1 Motivation

Recent advances in the area of growth techniques have created numerous possibilities to design
structures on a nanometer scale with unique optical, electronic, and transport characteristics.1 A
better understanding of these properties is a precondition for future device applications based
on nanostructures.

This work focuses on the theoretical investigation of optical properties of low-dimensional nano-
structures, i.e. systems of intermediate size lying between the macroscopic molecular and micro-
scopic atomic length scale. Exemplary for these structures, single-walled carbon nanotubes (SW-
CNTs) and self-assembled InAs/GaAs quantum dots (QDs) are investigated. The density-matrix
formalism,2, 3 an established technique for the quantum-mechanical treatment of the dynamics of
many-particle systems, is applied to explain recent experimental results and to give insight into
the underlying physics.

A main characteristic of low-dimensional structures is their density of states (DOS), see Fig.1.1.
For a bulk semiconductor, the DOS is proportional to ∝

√
E; for low-dimensional structures, it is

reduced to a step function in two-dimensional quantum wells, to Van Hove singularities ∝ 1√
E

in one-dimensional quantum wires (and SWCNTs), and to δ-functions in zero-dimensional QDs.

Quantum dotQuantum  well
1D 0D

Energy

D
en

si
ty

 o
f 

st
at

es Bulk semiconductor
3D 2D

Quantum wire

Figure 1.1: Density of states for three-, two-, one-, and zero-dimensional structures. For comparison, the three-
dimensional density of states ∝

√
E is shown in the background.



16 INTRODUCTION

This leads to well-defined characteristic optical spectra making them excellent candidates for
various opto-electronic applications.

Carbon nanotubes

Figure 1.2: A carbon nanotube
(taken from Reich et al.).4

Single-walled carbon nanotubes are tiny hollow cylinders con-
structed by rolling up graphene (a single layer of graphite) into
a cylinder, see Fig. 1.2. They are prototypical one-dimensional
structures, since their diameter is in the range of one nanome-
ter, whereas their length can reach several micrometers. Depend-
ing on the rolling angle, a variety of nanotubes with different
chiralities can be created. The characterization of specific SW-
CNTs is still a substantial challenge in current research. The well-
pronounced optical transitions can be exploited for structural
assignment. Optical spectroscopy methods, such as absorption,
photoluminescence, Raman, and Rayleigh scattering are among
the most important characterization techniques for SWCNTs.5–9

For a long time, the optical excitations in SWCNTs were believed
to be completely understood within the one-particle picture. Recent experiments on two-photon
absorption have revealed the excitonic character of optical excitations in nanotubes.10, 11 A num-
ber of theoretical investigations on excitonic properties have been performed by incorporating
the Coulomb interaction within the Bethe-Salpeter equation combined with the GW method.12–17

This approach reaches good agreement with experimental data. However, due to its numerical
complexity, it is limited to several specific nanotubes with small radii and small unit cells. In
this work, microscopic calculations of the absorption coefficient α(ω) and the Rayleigh scattering
cross section σ(ω) are performed by a novel approach combining the density-matrix formalism
with zone-folded tight-binding wave functions. The derived Bloch equations allow the study of
arbitrary SWCNTs.

Quantum dots

Figure 1.3: A pyramidal quantum
dot (taken from Marquez et al.).18

When a material is grown on a substrate to which it is not lattice-
matched, the resulting strain produces pyramid-shaped quantum
dots in the interface between the materials,19 see Fig. 1.3. They
form spontaneously on a surrounding wetting-layer (WL). They
are considered to be zero-dimensional, since their size in all three
spatial dimensions is comparable to the de Broglie wavelength of
the charge carriers at room temperature.

Currently, there is an increasing interest in developing infrared
QD lasers for high-speed data transmission. These lasers show a
high potential for fast dynamical response, which is characterized
by the frequency and the damping rate of the occurring relaxation
oscillations (ROs).20 The latter are oscillations of the photon den-
sity around its steady state evolving during turn-on processes of a gain switched laser. QD lasers
have been found to show a strong damping of ROs compared to quantum well lasers.21, 22 The
underlying dynamic mechanisms are still being discussed in literature.23, 24

Furthermore, QDs are considered excellent candidates for applications as optical amplifiers in
ultrafast ethernet networks. The acceleration of the gain recovery requires efficient scattering
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channels to refill the QD ground state. Recent experiments show that there is a limiting delay
time, below which the QDs cannot be completely refilled any more.25 These limiting mechanisms
for the ultrafast gain recovery are still not understood and present a substantial challenge in
current research.

In this work, both the generation of strongly damped relaxation oscillations in QD lasers as well
as the ultrafast gain recovery in QD optical amplifiers are addressed by a microscopic approach
containing the semiconductor Bloch equations for the polarisation and population dynamics. The
incorporated microscopically calculated Coulomb scattering rates describe the Auger transitions
between localized QD and continuous WL states.

1.2 Structure of the work

In chapter 2, a brief overview of the applied theoretical methods is given. Chapters 3 and 4 con-
tain the investigations on single-walled carbon nanotubes and the InAs/GaAs quantum dots,
respectively. Both chapters start with an introductory section, followed by the description of the
symmetry, the wave functions, and the matrix elements of the investigated structure. Chapter 3
then continues with the optical properties of carbon nanotubes within the free-particle picture
and concludes with the investigation of excitonic effects. In chapter 4, the turn-on dynamics of
electrically pumped QD lasers and the gain dynamics of QD based optical amplifier are sub-
sequently investigated. Finally, chapter 5 contains a brief summary of the achieved results and
gives an outlook for future research. The appendix shows detailed derivations of equations used
in this work, giving the interested reader the opportunity to follow the calculations.
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Chapter 2

Theoretical Framework

Life has no meaning a priori. Before you live, life itself is nothing. It is up to you to give it a meaning. Its
value is nothing else than this meaning that you choose.

Jean-Paul Sartre

In this chapter, the basic theoretical methods applied in this work are presented. All investiga-
tions are based on the formalism of the density matrix theory. It is a powerful method allowing
the microscopic calculation of expectation values of any observable. As a first step, the Hamil-
ton operator of the system is determined. Then, applying the Heisenberg equation, the dynamics
of the density matrix elements is obtained, resulting in the semiconductor Bloch equations. Fi-
nally, interesting observables, such as the absorption coefficient and the Rayleigh scattering cross
section are calculated.

2.1 Density matrix theory

This work focuses on the theoretical description of low-dimensional nanostructures with carrier
confinement in one, two or all three spatial directions below the size of carrier’s de Broglie wave-
length. As a result, these structures exhibit a variety of phenomena, which cannot be understood
within the classical physics. In the past, two different quantum-mechanical approaches for the
theoretical description of the dynamics of many-particle systems were developed: the Green’s
function theory and the density matrix theory.1 Both approaches are quantum kinetic theories
starting from a generalization of the classical concept of a distribution function. In this work, the
density matrix formalism is applied. It can be used to calculate expectation values of any observ-
able. It allows a straight-forward inclusion of many-body interactions, such as electron-electron
or electron-phonon coupling, as well as the description of nonlinear effects.1

The exact description of a quantum confined solid state structure requires the complete knowl-
edge of the state, which can be obtained by performing a measurement of the complete set of
commuting observables. With the exception of some model systems, this requirement cannot be
fulfilled in practice, since, in general, the state vector of the system is not known, but rather the
classical probabilities for various possible state vectors. Such statistical mixtures of states are de-
scribed by the density operator ρ

ρ =
∑

i

pi|Ψi〉〈Ψi| with
∑

i

pi = 1 , (2.1)

which is a sum of projectors onto the possible state vectors |Ψi〉, each weighted by a classical
probability pi with 0 ≤ pi ≤ 1. A system determined by a single state vector is called a pure
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state, while a mixed state is described by a density operator consisting of an incoherent sum of
pure-case contributions.26, 27 This statistical uncertainty is only due to the insufficient knowledge
of the system and can theoretically be removed by exactly determining the state vector of the
system. In contrast, the quantum mechanical uncertainty is inherent and cannot be reduced.
The state vector |Ψ(t)〉 of a system is given in the Schrödinger picture by |Ψ(t)〉 =

∑
i ci(t)|ui〉,

where the vectors |un〉 form an orthonormal basis of the state space. The evolution of the state
vector is described by the Schrödinger equation

i~
d

dt
|Ψ(t)〉 = H|Ψ(t)〉 (2.2)

with the Hamilton operator H . The expectation value of an observable A is defined as 〈A〉(t) =
〈Ψ(t)|A|Ψ(t)〉 =

∑
i,j c∗i (t)cj(t)〈ui|A|uj〉. It is determined by the coefficients ci(t). In a pure state,

a system can be described both by a density operator as well as by a state vector. The density
operator has the advantage that the existence of an arbitrary global phase factor eiχ is eliminated
(|Ψ(t)〉 and eiχ|Ψ(t)〉 describe the same physical state). Furthermore, the expectation value is
linear in ρ(t), whereas it is quadratic with respect to |Ψ(t)〉. The density operator is represented
in the |un〉 basis by a matrix called the density matrix with the elements ρij(t) = 〈ui|ρ(t)|uj〉 =∑

k〈ui|φk(t)〉〈φk(t)|uj〉 = c∗i (t)cj(t) (for the pure state with pk = 1). The expectation value of the
observable can now be expressed as the trace over the density operator

〈A〉(t) = Tr[ρ(t)A] , (2.3)

since 〈A〉(t) = 〈Ψ(t)|A|Ψ(t)〉 =
∑

i,j〈ui|ρ(t)|uj〉〈ui|A|uj〉 =
∑

i〈ui|ρ(t)A|ui〉. The density operator
is hermitian, i.e. ρ+(t) = ρ(t), and in the case of a pure state it fulfils the relations ρ2(t) = ρ(t) and
Tr[ρ2(t)] = 1. The time evolution of the density operator is given by the Von Neumann equation

i~
d

dt
ρ(t) = [H, ρ(t)] . (2.4)

This equation directly follows from the Schrödinger equation: d
dtρ(t) = |Ψ̇(t)〉〈Ψ(t)|+|Ψ(t)〉〈Ψ̇(t)| =

1
i~H|Ψ(t)〉〈Ψ(t)| − 1

i~ |Ψ(t)〉〈Ψ(t)|H = 1
i~ [H, ρ(t)].

For many structures, a two-band system already gives good

k
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〉
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〉
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(t) = 〈a+

vk
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vk
〉

Figure 2.1: Illustration of the density
matrix elements.

insight into the optical properties. Here, the state vector is
given by |Ψ(t)〉 = c1(t)|u1〉 + c2(t)|u2〉 and the density op-
erator can be written as a 2 × 2 matrix

ρ =
(

c∗1(t)c1(t) c∗1(t)c2(t)
c∗2(t)c1(t) c∗2(t)c2(t)

)
=

(
ρ11(t) ρ12(t)
ρ21(t) ρ22(t)

)
.

The positive real number ρii(t) = |ci(t)|2 expresses the proba-
bility to find the system in the state |ui〉. It describes the pop-
ulation dynamics of the states i. The non-diagonal elements
ρ12(t) = ρ∗21(t) = c∗1(t)c2(t) express the interference effects be-
tween the states |u1〉 and |u2〉 which can only appear when
|Ψ〉 is a coherent linear superposition of these states. They correspond to the probability ampli-
tude for an optical transition, and are often called coherence or microscopic polarization, see Fig.
2.1.

In the case of a mixture of states, the probabilities pk for finding the system in the state |Ψk(t)〉
need to be considered. Taking into account that the state is undetermined before the measure-
ment, the real positive number ρii(t) =

∑
k pk|c(k)

i (t)|2 describes the average probability of find-
ing the system in the state |ui〉. The complex quantity ρ12(t) =

∑
k pkc∗1,k(t)c2,k(t) expresses the

average of interference effects taken over all possible states of the statistical mixture.
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2.1.1 Second quantization

For reasons of clarity, the notation of the density matrix elements is simplified labelling the
population probability with ρλ

k(t) = 〈a+
λ,kaλ,k〉 and the microscopic polarisation with pk(t) =

〈a+
λ,kaλ′,k〉 with the band indices λ, λ′ and the index k denoting all quantum numbers of the sys-

tem. These quantities allow the calculation of expectation values of any observable, such as the
macroscopic polarisation P (t) or the macroscopic current density j(t) which are necessary to de-
termine the absorption coefficient α(ω) and the scattering cross section σ(ω). The description
of many-particle systems requires much effort due to the necessary symmetrisation. The simpli-
fication of the second quantization formalism is based on the introduction of creation a+

l and
annihilation al operators with the compound index l = (λ, k). Then, the symmetry conditions
are expressed in fundamental commutation relations between these operators

[al , a+
l′ ]∓ =al a+

l′ ∓ a+
l′ al = δl,l′ , (2.5)

[al , al′ ]∓ =[a+
l , a+

l′ ]∓ = 0 . (2.6)

The fermion’s operators anti-commute ([ ... ]+), while the boson’s operators commute ([ ... ]−).
All many-particle (anti-)symmetric states can now be traced back to a vacuum state | 0 〉. For
example, an N-particle state can be expressed by creation operators as follows28

|φl1 · · · φlN 〉± =
1√
N !

a+
l1

a+
l2

· · · a+
lN

| 0 〉 .

To complete the formalism the observables expressed by operators need to be transformed into
the second quantization notation, as well. All physically relevant N-particle observables AN can
be described by a sum of one-particle Ai

1 and two-particle operators A
(i,j)
2 yielding28

AN =
N∑

i=1

Ai
1 +

1
2

i 6=j∑
i,j

A
(i,j)
2 =

∑
l,l′

〈φl|A1|φl′〉 a+
l al′ +

1
2

∑
li,l′i

〈φl1 φl2 |A
(1,2)
2 |φl′1

φl′2
〉 a+

l1
a+

l2
al′2

al′1
.

The symmetry is completely contained in the creation and annihilation operators. The compli-
cated process of (anti-)symmetrisation is redundant in second quantisation, since it is induced in
the fundamental commutation relations.

2.2 Hamilton operator

The Hamilton operator introduced in Eq. (2.2) determines the dynamics of a physical system,
in particular the dynamics of the density matrix elements ρλ

k(t) and pk(t). Considering a gas of
charge carriers in a crystal under an applied electromagnetic field, the carriers interact with each
other as well as with the phonon modes of the crystal leading to different contributions in the
Hamilton operator

H = Hc + Hc-c + H0,ph + Hc-ph . (2.7)

The first term Hc describes the non-interacting carrier system in the presence of the external
electromagnetic field. In this work, a semiclassical approach is applied, i.e. the charge carriers
are treated quantum-mechanically, while the field is considered to be classical. The light-matter
interaction is described by (minimal coupling Hamiltonian)

Hc =
1

2m0
[p − eA(r, t)]2 + eψ(r, t) + V (r) (2.8)
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with the canonical momentum p, the scalar and vector potentials ψ(r, t) and A(r, t) of the electro-
magnetic field, the electrostatic potential V (r), the carrier’s mass m0 and charge e (for electrons
e = −e0). In contrast to the vector and scalar potential, the electric and magnetic fields are gauge-
independent and satisfy the relations

E(r, t) = −Ȧ(r, t) −∇ψ(r, t) , (2.9)

B(r, t) = ∇× A(r, t) . (2.10)

Within the radiation gauge, i.e. ∇ · A(r, t) = 0 and ψ(r, t) = 0, and the dipole approximation
with k · r ¿ 1, the carrier Hamiltonian Hc can be reduced to

H(p·A)
c = H0,c + H

(p·A)
c-f =

[
p2

2m0
+ V (r)

]
+

[
− e

m0
p · A(r0, t) +

e2

2m0
A2(r0, t)

]
. (2.11)

The dipole approximation assumes a space independence of the vector potential, i.e. A(r +
r0, t) = A(t) exp[ik · (r + r0)] ' A(t) exp[ik · r0]. It consists of the unperturbed free-carrier
part H0-c and the carrier-field interaction part Hc-f. The contribution with the quadratic vector
potential is usually small and can be neglected.29 The Hamilton operator from Eq. (2.11) is often
called the p · A Hamiltonian. Another form of the carrier Hamiltonian can be derived starting
from the Schrödinger equation and using the local gauge invariance. A solution Ψ(r, t) of the
Schrödinger equation, can be determined except for an arbitrary phase exp[−iχ(r, t)]. Using the
gauge transformation

Ψ(r, t) = exp
[ ie

~
r · A(r0, t)

]
Φ(r, t) (2.12)

with χ = − e
~r · A(r0, t) yields the electric-dipole interaction Hamilton operator, which is also

known as the r · E Hamiltonian

H(r·E)
c = H0,c + H

(r·E)
c-f =

[
p2

2m0
+ V (r)

]
+

[
−er · E(r0, t)

]
. (2.13)

The two different forms of the carrier-field contributions need to be used with care, since they
can lead to different results in certain situations (non-linear effects, non-resonant regions). This
aspect will be discussed in more detail in the next section.

Applying the formalism of the second quantization with the carrier creation and annihilation
operators a+

l and al , the free carrier part H0,c can be expressed as H0,c =
∑

l εla
+
l al . The p · A

carrier-field operator transforms to

H
(p·A)
c-f = i

e0~
m0

∑
l,l′

Ml,l′ · A(t)a+
l al′ (2.14)

with the optical matrix elements Ml,l′ =
∫

drΦ∗
l (r)∇Φl′(r) . Here, the relation p = ~

i ∇ has been
used. Within the r · E approach the carrier-field coupling is described by

H
(r·E)
c-f =

∑
l,l′

dl,l′ · E(t)a+
l al′ (2.15)

with the dipole matrix elements dl,l′ = e0
V

∫
drΦ∗

l (r)rΦl′(r) .

The second contribution of the Hamilton operator from Eq. (2.7) is given by the carrier-carrier
interaction

Hc-c =
1
2

∑
l1,l2,l3,l4

V l1,l2
l3,l4

a+
l1

a+
l2

al4
al3

(2.16)
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with the Coulomb matrix elements V l1,l2
l3,l4

=
∫

dr
∫

dr′ Φ∗
l1

(r)Φ∗
l2

(r ′)VCoul(r − r′)Φl3(r
′)Φl4(r) .

where VCoul(r − r′) is the screened Coulomb potential.

Finally, the last two parts of Eq. (2.7) describe the coupling between charge carriers and phonons.
The free-phonon Hamiltonian H0,ph describes a system of non-interacting phonons. In analogy
to the free-carrier part, it is given by H0,ph =

∑
i ~ωi

(
b+
i bi + 1

2

)
with the phonon creation and

annihilation operators b+
i and bi . The compound index i contains the phonon mode γ and the

phonon wave vector q. The interaction of carriers with the phonon modes of the crystal is given
by30

Hc-ph =
∑
l,l′

∑
i

[
gi

l,l′a+
l bi al′ + gi∗

l,l′a+
l′ b

+
i al

]
. (2.17)

The carrier-phonon matrix elements gi
l,l′ =

∫
drΦ∗

l (r)δViΦl′(r) are determined via the phonon-
induced disturbed deformation potential δVi. The first contribution from Eq. (2.17) describes the
processes of phonon absorption, while the second term describes the processes of the phonon
emission.

2.2.1 Length vs. velocity gauge

In the last section, it was shown that the carrier-field interaction can be treated within the p · A
or within the r · E approach. The corresponding Hamilton operators are given in Eq. (2.11) and
Eq. (2.13), respectively. They are also called minimal coupling and direct coupling Hamiltoni-
ans, which are related via the gauge transformation from Eq. (2.12). In literature, the expressions
length and velocity gauge are common. Since quantum mechanics is gauge invariant, i.e. a physi-
cal quantity can be described in any gauge with the same result, the two approaches are expected
to lead to same results. Unfortunately, this turns out not to be the case in certain situations.31–34

In numerical solutions of the time-dependent Schrödinger equation, gauge invariance has been
confirmed. However, when describing realistic systems, often approximations, such as dipole,
rotating wave or two-level approximation, have to be applied. When physical quantities are cal-
culated using approximations, different results might be obtained in length and velocity gauge.

To show the difference between these two approaches, the ratio between the corresponding ma-
trix elements is estimated.35 Assuming an linearly polarized electric field with E(0, t) = E0 cos ωt

interacting with an atom at the position r = 0. The corresponding vector potential can be deter-
mined via Eq. (2.9) yielding A(0, t) = − 1

ω E0 sinωt. The matrix elements calculated between an
initial eigenstate |s〉 and final eigenstate |f〉 of the unperturbed Hamiltonian H0 = p2

2m +V (r), i.e.
H0|s〉 = ~ωs|s〉 and H0|f〉 = ~ωf |f〉 are given by

MrE = 〈s| − er · E0|f〉, MpA = 〈s| e

mω
p · E0|f〉 . (2.18)

Using the fundamental commutation relation [ri, pj ] = i~δij , it follows p = mv = − i m
~ [r, H0].

Exploiting the fact that |s〉, |f〉 are the eigenstates of H0, the matrix element can be expressed in
the velocity gauge as

MpA = − e

~ω
〈s| − H0r + H0r|f〉 · E0 = −i

ωf − ωs

ω
〈s|r|f〉 · E0 . (2.19)

Now, the ratio between the two matrix elements can be calculated easily yielding∣∣∣∣MpA

MrE

∣∣∣∣ =
ωgap

ω
. (2.20)
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The matrix elements differ by the ratio of the transition frequency ωgap = ωf − ωs and the field
frequency ω. This leads to differences in measurable quantities, such as transition rates. As a re-
sult, the transformation between the length and velocity gauge has to be performed with care,
in particular when non-resonant effects are investigated. It is crucial to perform the gauge trans-
formation of both wave functions and potentials to obtain gauge-invariant results.33, 35 In the
example above, only the potentials have been transformed. This incomplete transformation often
leads to correct results, since for A(ts) = A(tf ) = 0 the gauge transformation corresponds to the
identity operator.

2.3 Band structure

The description of the dynamics of a physical system requires the calculation of a set of eigen-
functions Φn(r) and the corresponding eigenenergies En of the non-interacting-carrier Hamilto-
nian. The label n denotes a set of discrete or continuous quantum numbers which determine the
physical state. In this one-particle basis, the carrier-field, carrier-carrier and carrier-phonon ma-
trix elements introduced in the previous section can be calculated. In the absence of static fields
the wave functions Φn(r) correspond to the Bloch states of the crystal with the compound index
n = (λ, k) containing the wave vector k and the band index λ.

Different approaches have been developed to calculate the electronic band structure. In the nearly
free electron model, the crystal potential is assumed to be small. As a result the band structure
is harmonic and the wave functions are plane waves. In contrast, the tight-binding model starts
from the opposite assumption, i.e. the electrons are assumed to be tightly bound to their nuclei.

In this work, the effective mass approximation as well as the tight-binding approach will be used.

2.3.1 Effective-mass approach

The effective-mass method is convenient for the discussion of optical spectra since it allows the
determination of the band structure over the entire Brillouin zone. The eigenfunction of the non-
interacting Hamiltonian comply with the Bloch theorem and can be separated into a phase factor
and a function uλ(k, r) fulfilling the periodicity of the lattice

Φλ(k, r) = exp(ik · r)uλ(k, r) . (2.21)

These orthogonal wave functions are often called Bloch functions. It is sufficient to calculate the
periodic functions uk,λ(r) to solve the one-particle Schrödinger equation[

− ~2

2m
∆ + ~

k · p
m

+
~2k2

2m
+ U(r)

]
uλ(k, r) = Eλ(k)uλ(k, r) (2.22)

with the periodic potential U(r). Here, the wave functions Φλ(k, r) from Eq. (2.21) have been
inserted into the Schrödinger equation [Eq. (2.2)] and the nabla operator coming from the relation
p = ~

i ∇ has been applied, paying attention to the product rule. The eigenvalue equation [Eq.
(2.22)] for the energies Eλ(k) can be solved in an easier way than the Schrödinger equation from
Eq. (2.2), since now the periodicity of the functions uλ(k, r) can be exploited. Within the effective-
mass method, the electronic bandstructure is calculated considering the terms with k ·p and k2 as
perturbations. Assuming the energies Eλ(k0) and the functions uλ(k0, r) are known, the method
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can be used to calculate the band structure near any point k0 by expanding Eq. (2.22). Starting
from a small number of experimentally determined energy gaps and optical matrix elements,
the electronic band structure over the entire Brillouin zone can be determined. Assuming that
the band structure has a minimum at Eλ(k0) the energy (and the corresponding eigenfunctions
uλ(k0)) can be expanded into a Taylor-series36

Eλ(k) = Eλ(k0) +
(

∂Eλ(k)
∂k

)
k0

(k − k0) +
(

1
2

∂2Eλ(k)
∂k2

)
k0

(k − k0)2 . (2.23)

The linear term in k vanishes because of the assumed minima at k0 yielding (for k0 = 0)

Eλ(k) = Eλ(k0) +
~2k2

2m∗
λ

(2.24)

with the effective mass of the band λ

1
m∗

λ

=
1
~2

(
∂2Eλ(k)

∂k2

)
. (2.25)

As a result, the mass of an electron in a solid differs from the mass of a free electron. This differ-
ence arises from the coupling of electronic states from different bands, and it is expressed by the
k · p term in Eq. (2.22). The higher the curvature of the band, the smaller is the corresponding
effective mass.

This approach will be used in Sec. 4.3 to calculate the bands structure in the two-dimensional
WL.

2.3.2 Tight-binding approach

The tight-binding (TB) method is based on the assumption that electrons are tightly bound to
their nuclei. The idea of this approach is to start from isolated atoms. Their eigenfunctions and
eigenvalues are assumed to be known. Then the modifications are investigated, when the atoms
are brought together. When they are close enough, their wave functions overlap and lead to
chemical bonds and to the formation of crystals. Due to this interaction, the electronic energies
broaden and build continuous bands,37 see Fig. 2.2.

The electronic wave functions Φλ(k, r) can be approximated as a linear combination of the atomic
wave functions ψλ(k, r)

Φλ(k, r) =
1√
N0

N0∑
Rj

eik·Rj ψλ(r − Rj) (2.26)

where N0 is the number of unit cells in the crystal and Rj are lattice vectors. The wave functions
Φλ(k, r) are the eigenfunctions of the unperturbed Hamiltonian H0, and they fulfil the Bloch

a) levels in a single atoms b) bandstrucutre in a solid

Figure 2.2: Illustration of formation of bands in solid starting from isolated atoms.
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theorem Φλ(k, r + R) = eik·RΦλ(k, r). The eigenfunctions of the complete Hamiltonian H =
H0 +Hint including the interacting part Hint can be expressed as a linear combination of Φλ(k, r)

Ψ(k, r) =
∑

λ

Cλ(k)Φλ(k, r) . (2.27)

The eigenvalue problem HΨλ(k, r) = Eλ(k)Ψλ(k, r) has a solution only if the secular equation
is fulfilled

det[Ĥ − Eλ(k)Ŝ] = 0 (2.28)

with the interacting matrix elements Ĥλ,λ′ = 〈Φλ|H|Φλ′〉 and the overlap between the Bloch
functions Ŝλ,λ′ = 〈Φλ|Φλ′〉.

Restricting the problem to graphene, a one-atom layer of graphite, that contains the atoms A

and B in the unit cell, a system of two linear equations is obtained. The equivalence of the two
atoms further simplifies the equations due to the relations ĤAA = ĤBB , ĤAB = Ĥ∗

BA and ŜAA =
ŜBB , ŜAB = Ŝ∗

BA. Then, the eigenvalue problem can be easily solved using the quadratic formula
yielding

Ev,c =
1
2

2ĤAAŜAA − 2Re
[
ĤABŜ∗

AB

]
|ŜAA|2 − |ŜAB |2

+cλ

√√√√(
−2ĤAAŜAA + 2Re(ĤABŜ∗

AB)
|ŜAA|2 − |ŜAB|2

)2

− Ĥ2
AA + |ĤAB |2 .

The two eigenvalues Ev with cλ = +1 and Ec with cλ = −1 describe the valence and the con-
duction band in the band structure of graphene. This energy dispersion relation can be further
simplified by assuming that only the first nearest-neighbors interact with each other

ĤAB = 〈ΦA|H|ΦB)〉 ≈ 1
N

∑
RA

∑
Ri=1,2,3

eik·(RA−Ri)〈φ(r − RA)|H|φ(r − Ri)〉 = γ0e(k)

with the carbon-carbon interaction energy γ0 ≡ 〈φ(r−RA)|H|φ(r−RB)〉 and e(k) =
∑3

i=1 exp(ik·
bi).

The vectors bi connect the atom located at r0 with its three

BA
B

B

r2

r3

r0

r1

Figure 2.3: Illustration of the nearest-
neighbor approximation.

nearest-neighbors at ri (i = 1, 2, 3), see Fig. 2.3. Analogous cal-
culations yield ŜAB = s0 e(k) with the overlap integral s0 ≡
〈φ(r−RA)|φ(r−RB)〉. Finally, assuming the atomic wave func-
tions φ(r) to be normalized yields ŜAA = 1 and ĤAA = ε0 with
a constant parameter ε0. Inserting these matrix element into Eq.
(2.3.2) leads to the energy dispersion relation for graphene

Ev,c =
ε0 + cλγ0|e(k)|
1 − cλs0|e(k)|

. (2.29)

The three parameters ε0, γ0, and s0 are determined by fitting
to experimental data or to first-principle results. Adjusting them for an accurate description of
the band structure around the optically important K point (graphene is metallic at this point,
i.e. Ec = Ev) leads to ε0 = 0 eV,−3 eV ≤ γ0 ≤ −2.5 eV and s0 < 0.1. The overlap parameter
s0 accounts for the asymmetry of conduction and valence bands, but since its influence on the
absorption spectra in the optically relevant region E < 4 eV is vanishingly small, it is neglected
in this work. A better agreement between the first-principle and the tight-binding calculations
of the electronic band structure of graphene over the entire Brillouin zone can be achieved by
extending the number of considered neighbors. However, being particularly interested in linear
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optics which takes place around the K point, the presented nearest-neighbor tight-binding model
is a good approximation.

The corresponding eigenfunctions to the eigenvalues of Eq. (2.29) are given by Eq. (2.27) with
the coefficient functions Cλ(k). The latter can be determined starting from the secular equation
[Eq.(2.28)] yielding

Cv,c
A (k) = Cv,c

B (k)
Ev,cSAB − HAB

HAA − Ev,cSAA
= cλ

e(k)
|e(k)|

Cv,c
B (k) . (2.30)

Exploiting the normalization of the wave function |Ψ(k, r)|2 = 1 yields the relation for Cv,c
B (k)

Cv,c
B (k) =

1√
2

√
1

1 − cλs0e(k)
. (2.31)

Here, the eigenvalue problem has been solved for graphene. In Sec. 3.3, the presented solutions
in Eqs. (2.29)-(2.31) will be taken as the starting point for a description of the band structure of
carbon nanotubes.

2.4 Bloch equations

The calculation of the absorption coefficient α(ω) and the Rayleigh scattering cross section σ(ω),
furthermore the description of non-linear pump-probe experiments are in the focus of this work.
These quantities can be expressed using the single-particle density matrix elements, i.e. the mi-
croscopic polarization pk(t) = 〈a+

v,kac,k〉 and the population probabilities in the conduction
ρc

k(t) = 〈a+
c,kac,k〉 and the valence band ρv

k(t) = 〈a+
v,kav,k〉. In this section, the temporal evolution

of these quantities is derived. The starting point is the Hamilton operator for a many-particle
system within the formalism of the second quantization

H = H0,c + Hc-f + Hc-c+H0,ph + Hc-ph

=
∑

l

εla
+
l al +

∑
l,l′

dl,l′ · E(t)a+
l al′ +

1
2

∑
l1,l2,l3,l4

V l1,l2
l3,l4

a+
l1

a+
l2

al4
al3

+
∑

i

~ωi

(
b+
i bi +

1
2

)
+

∑
l,l′

∑
j

(
gi

l,l′a+
l bi al′ + gi∗

l,l′a+
l′ b

+
i al

)
.

(2.32)

The single contributions of the Hamiltonian have been discussed in Sec. 2.2. The time evolution
of an observable Ô can be obtained from the Heisenberg equation of motion

i~
d

dt
Ô(t) = [Ô(t),H]− +

∂

∂t
Ô(t) . (2.33)

If Ô(t) has no explicit time dependence, the second contribution vanishes. In contrast to the
Schrödinger equation, the observables are considered to contain the entire time dependence
(Heisenberg picture). The equation of motion for the corresponding expectation value is called
the Ehrenfest-theorem

i~
d

dt
〈Ô(t)〉 = 〈[Ô(t),H]−〉 . (2.34)

It is independent of the quantum-mechanical picture and can be easily derived using Eq. (2.3)
d
dt 〈Ô〉 = d

dtTr[ρÔ(t)] = Tr[ d
dt (ρ)Ô(t)] + Tr[ρ d

dt Ô(t)] = Tr[ 1
i~ρ[Ô(t),H]−]. Note that the density
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operator ρ has no time dependence within the Heisenberg picture. Applying the Hamilton oper-
ator from Eq. (2.32), exploiting Eq. (2.34), and the commutation relations from Eqs. (2.5)-(2.6), the
equations of motion for the microscopic polarisation pk(t) and the population probabilities ρj

k(t)
(j = c, v) can be derived

ṗk(t) =−iωkpk(t) − iΩ(t)[ρc
k(t) − ρv

k(t)] (2.35)

− i

~
∑
k′

[Vren(k, k′)pk(t) + Vexc(k, k′)pk′(t) + Vdep(k,k′)pk′(t)] − 1
T2

pk(t)

+
i

~
∑
q,γ,λ

[
gcλ,γ ∗

k,q,k+qSvλ,γ
k,q,k+q − gλv,γ ∗

k+q,q,kSλc,γ
k+q,q,k + gλc,γ

k+q,q,kSλv,γ ∗
k+q,q,k − gvλ,γ

k,q,k+qScλ,γ ∗
k,q,k+q

]
,

ρ̇j
k(t) = 2Im [Ω∗(t)pk(t)]+

2
~
Im

[
pk(t)

∑
k′

V j(k, k′)pk′(t)

]
− 1

T1,j
ρj

k(t) + Sin
j (2.36)

+
i

~
∑
q,γ,λ

[
gjλ,γ ∗

k,q,k+qSjλ,γ
k,q,k+q − gλj,γ ∗

k+q,q,kSλj,γ
k+q,q,k + gλj,γ

k+q,q,kSλj,γ ∗
k+q,q,k − gjλ,γ

k,q,k+qSjλ,γ ∗
k,q,k+q

]
.

These three differential equations are called semiconductor Bloch equations.2 Their derivation is
straight-forward, but lengthy. It is presented in detail in App. A. The color illustrates, which part
of the Hamilton operator leads to which contribution in the Bloch equations. The free-particle
contributions are colored blue. The first term in Eq. (2.35) describes the free dynamics of the
carriers due to the free-carrier part of the Hamiltonian H0,c. It leads to an oscillation of the micro-
scopic polarization with the frequency ωk = ωck−ωvk corresponding to the band gap. The second
part describes the carrier-field coupling which depends on the difference in population probabil-
ities for the two involved states. Its strength is given by the Rabi frequency Ω(t) = 1

~dvc · E(t)
within the r · E picture (Eq. (2.13)) or Ω(t) = −i e0

m0
Mvc · A(t) if the p · A carrier-field Hamil-

tonian from Eq. (2.11) is used. Free-particle contributions will be further discussed in Sec. 3.5,
where absorption and Rayleigh spectra of carbon nanotubes are investigated. In the following,
the Hartree-Fock and higher correlations contributions are discussed separately.

Hartree-Fock contributions

The many-particle interactions are colored red (carrier-carrier) and green (carrier-phonon). They
account for the fact that the set of equations obtained from the Heisenberg equation is not closed.
The carrier-carrier and the carrier-phonon interaction couple the dynamics of single-particle el-
ements of the density matrix to higher-order correlation terms. The dynamics of two-operator
quantities couples to four-operator terms d

dt 〈a
+
1 a2〉 ∝ 〈a+

Aa+
BaCaD〉 which describe correlations

between carriers. Applying the Heisenberg equation to obtain an equation of motion for the four-
operator quantities again leads to a set of equations that is not closed, since the many-particle
interactions couple them to six-operator terms d

dt 〈a
+
1 a+

2 a3 a4〉 ∝ 〈a+
Aa+

Ba+
CaDaEaF 〉, six-operator

terms couple to eight-operator terms and so on. The infinite hierarchy has to be truncated at some
level. This hierarchy problem is common in many-particle physics. In this work, the correlation
expansion38 is used to obtain the presented Bloch equations. The idea of this approximation is
that higher-order terms involving an increasing number of carriers become less important.1, 39

The four-operator term is factorized into products of two-operator terms with:

〈a+
1 a+

2 a3 a4〉 = 〈a+
1 a4〉〈a

+
2 a3〉 − 〈a+

1 a3〉〈a
+
2 a4〉 + 〈a+

1 a+
2 a3 a4〉c , (2.37)

where 〈 ... 〉c denotes the correlation term. This factorisation leads to a closed set of equations
of motion for the single-particle elements of the density matrix. If the correlation term is ne-
glected, the truncation is called Hartree-Fock factorisation or mean-field approximation. Then,
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the carrier-carrier interaction leads to: i) Vren(k, k′) - renormalization of the single-particle en-
ergy, ii) Vexc(k, k′) - formation of excitons and iii) Vdep(k, k′) - depolarization part describing
processes with no momentum transfer. These effects are discussed in more detail in Sec. 3.6.

Correlation contributions (second order)

For some investigations in this work, the correlation of carriers plays an important role. There-
fore, the Bloch equations (Eqs. (2.35)-(2.37)) have been derived beyond the Hartree-Fock approx-
imation going up to the second order in the carrier-carrier and carrier-phonon interaction. The
evaluation of the correlation terms, i.e. the consideration of two-particle correlations (also known
as the second Born approximation), describes the scattering contributions leading to the coher-
ence decay time T2 and the population scattering time T1. Applying the Markov approximation,
which neglects all memory effects (see next section), yields the Boltzmann equation for the occu-
pation probability of an arbitrary state α

d

dt
ρα = Sin

α (1 − ρα) − Sout
α ρα = − 1

T1,α
ρα + Sin

α . (2.38)

The Coulomb in- and out-scattering rates Sin
α and Sout

α describe the Coulomb induced capture
and escape of charge carriers into the state α. In Fig. 2.4a, the process of the Coulomb interac-
tion is sketched in a Feynman diagram. The Coulomb scattering rates will turn out to play a
crucial role for understanding of the turn-on dynamics of QD lasers and of the gain dynamics of
QD amplifiers, discussed in chapter 4. A detailed derivation of the Boltzmann equation and the
Coulomb scattering rates is given in App. A.

Finally, the Bloch equations also contain the coupling of carriers to the phonon modes of the crys-
tal. The carrier-phonon interaction has been calculated beyond the Markov approximation since
the formation of phonon sidebands is in the focus of interest. This leads to phonon-assisted quan-
tities Sλ1λ2,γ

k1,q,k2
= 〈a+

λ1k1
bγqaλ2k2

〉 and Sλ1λ2,γ ∗
k1,q,k2

= 〈a+
λ2k2

b+
γqaλ1k1

〉 which describe the transition of
an carrier accompanied by phonon emission or absorption, see Fig. 2.4b-c. Their time evolution
is calculated using the Heisenberg equation

Ṡvc,γ
k1,q,k2

=−i
(
ωck2 − ωvk1 + ωγq

)
Svc,γ

k1,q,k2
(2.39)

+
∑
k′

[(
V ck2,vk′

vk1,ck′+q − V ck2,vk′

ck′+q,vk1

)
Svc,γ

k′,q,k′+q +
(
V ck2,vk′

ck2,vk′ − V ck2,vk′

vk′,vk2

)
Svc,γ

k1,q,k2

]
+(nγq + 1)gcc,γ ∗

k1,q,k2

(
pk1 − pk2

)
.

For reasons of clarity, the equation of motion is given only for the important case of λ1 = v and
λ2 = c is shown. Different contributions arising from different parts of the Hamilton operator
in Eq. (2.32) are again marked with different colors. The first term coming from the free-carrier
part already reveals the expected position of the phonon sidebands corresponding to the phonon

ak′

q

)b)a)
akak

a+

k′+q
a+

k+q
ak

bqb+
q

a+

k−q

a+

k+q

Figure 2.4: Feynman diagrams illustrating the many-particle interactions: a) Coulomb interaction, b) phonon absorp-
tion, and c) phonon emission.
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energy ~ωγq . The last contributions stem from the carrier-phonon Hamiltonian. It shows that
the phonon assisted quantity Svc,γ

k1,q,k2
is driven by the difference of the microscopic polariza-

tion for the two wave vectors k1 and k2. Finally, the second term describes the exciton-phonon
coupling. In analogy to the excitonic contribution in the Bloch equation for pk, there is one part
(∝ Svc,γ

k′,q,k′+q) that leads to a renormalization of the energy and one part (∝ Svc,γ
k′,q,k′+q) that is

responsible for a transfer of the oscillator strength to the phonon sidebands. Further discussion
of the exciton-phonon coupling can be found in Sec. 3.7.

2.4.1 Approximations

Except for some simple model system, the semiconductor Bloch equations [Eqs. (2.35)-(2.36)] can-
not be solved analytically. Numerical solutions are obtained within the Runge-Kutta algorithm
which is an established numerical method for solving initial value problems of ordinary differen-
tial equations. To keep the numerical complexity low, some approximations need to be applied.
Depending on the focus of the investigation, the following approximations can be exploited.

Rotating Wave Approximation (RWA)

Both the microscopic polarisation pk(t) and the Rabi frequency Ω(t) can be expressed as a product
of a fast oscillating part and a slowly varying envelope function Ω(t) = (eiωlt +eiωlt)eiφΩ0(t) and
pk(t) = e−iωktp̂k(t) with the frequency of light ωl, the band gap frequency ωk, and an arbitrary
phase φ. Inserting these expressions into the Bloch equation (2.35) and neglecting carrier-carrier
contributions for reasons of simplicity (since they do not change the argument) yields

˙̂pk(t) = −i(ωk − ω)p̂k(t) − i
(
ei(ω+ωl) + ei(ω−ωl)

)
eiφΩ0(t)

(
ρc

k(t) − ρv
k(t)

)
.

For interactions near resonance, the exponential function with the relatively small argument (ωl−
ω) contributes considerably more than the one with (ωl + ω). The latter oscillates fast, and as a
result, its contribution vanishes when integrated over a time interval which is long compared to
the time of a single oscillation,36, 37 see Fig. 2.5.

Within the rotating wave approximation (RWA), the rapidly

t

t

T

exp[i(ωk + ω)t]

exp[i(ωk − ω)t]

Figure 2.5: Comparison of fast and
slowly oscillating contributions.

oscillating term ei(ωl+ωk) is neglected and a modified Rabi fre-
quency is introduced Ω̃(t) = ei(−ωl+ωk)eiφΩ0(t). The semicon-
ductor Bloch equation reads now

˙̂pk(t) = −i(ωk − ω)p̂k(t) − iΩ̃(t)[ρc
k(t) − ρv

k(t)] .

This simplified equation is numerically less demanding, since
the time resolution does not have to be very fine when the
Runge-Kutta loop is evaluated. However, the RWA has this
advantage only as long as ωk−ω is a small quantity. Therefore,
this approximation will be used for the description of quan-
tum dots in chapter 4. The dynamics of carbon nanotubes will
be investigated beyond the RWA, since the relevant energies
can be in the range 0 eV ≤ ~(ωk − ω) ≤ 10 eV .
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Markov Approximation

Due to the hierarchy problem discussed in the previous section, equations of motions for the four-
particle correlation quantities σc

1234 = 〈a+
1 a+

2 a3 a4〉 need to be solved. The Markov approximation
offers a fast way to give a formal time local solution of these quantities in terms of single particle
functions. Using the Heisenberg equation leads to an equation of motion for σc

1234(t) (see App.
A)

d

dt
σc

1234(t) =
i

~
(ε1 + ε2 − ε3 − ε4)σc

1234(t) +
i

~
Q(t) − γσc

1234(t) .

The solution of this linear differential equation is given by

σc
1234(t) =

i

~

t∫
−∞

dt′e( i
~ ∆ε+γ)(t−t′)Q(t′) =

i

~

∞∫
0

dse( i
~ ∆ε+γ)·sQ(t − s)

≈ i

~
Q(t)

∞∫
0

dse( i
~ ∆ε+γ)·s = −iQ(t)πδ(∆ε) .

with ∆ε = (ε1 + ε2 − ε3 − ε4) and s = t − t′. The last relation is obtained using the represen-
tation of the δ-distribution (also called Heitler-Zeta function) lim

γ→0

i
ω+iγ = πδ(ω) + iPV ( 1

ω ). The

Cauchy integral principal value PV is neglected, since its contribution is assumed to be taken
into account with the renormalization of the single-particle energies. The core of the Markov ap-
proximation is the negligence of the memory kernel of the integral, i.e. Q(t − s) ≈ Q(t). As a
result of quantum mechanical smearing of wave functions, carriers retain some memory of the
past collisions with other carriers in the system. This memory is greatly influenced by damping
processes. The stronger the damping, the less important are the memory effects. By applying the
Markov approximation all memory effects are neglected. This corresponds to taking only pro-
cesses into account which fulfil the energy conservation. This is a good approximation for large
many-particle systems where screening effects are crucial, furthermore for systems with short
scattering time scales. The Markov approximation considerably reduces the numerical complex-
ity. However, it cannot be applied for investigations where memory effects play a crucial role. In
Sec. 3.7, the exciton-phonon interaction in carbon nanotubes is studied. Here, the experimentally
observed formation of phonon sidebands can only be explained beyond the Markov approxima-
tion.

Random Phase Approximation (RPA)

The presented Bloch equations consist of equations of motion for the microscopic polarisation
pk(t) = 〈a+

v,kac,k〉 and the occupation probabilities ρi
k(t) = 〈a+

i,kai,k〉 with i = c, v. Within the
random-phase approximation, these in k diagonal quantities are considered to be dominant for
the description of the investigated system. The non-diagonal quantities 〈a+

v,kac,k′〉 and 〈a+
i,kai,k′〉

are assumed to vanish. Generally, these quantities are complex numbers containing phase factors.
Assuming that these phase factors are not correlated, these quantities cancel each other under the
sum ∑

k′

〈a+
λ,kaλ′,k′〉 ≈ 〈a+

λ,kaλ′,k〉 . (2.40)

Only the diagonal contribution survives. This approximation is of great importance since it con-
siderably reduces the number of relevant quantities.

The assumption of a homogeneous space, leads to the same result. This can be shown using the
Wigner function40 fk(r, t) =

∑
k′ eik′·r〈a+

i,ka,k+k′〉. Summed over k it gives the entire occupation
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density of a system at the position r and at the time t. Using the assumption that the space is
homogeneous, i.e. fk(r, t) = fk(r′, t) yields directly Eq. (2.40).

Linear optics

Most investigations in this work focus on the case of linear optics. Here, the driving field is
considered to be small. As a result, the occupation in valence and conduction band is assumed
to remain in thermodynamic equilibrium, i.e. the change in occupations is vanishingly small
justifying the approximation of a full valence band (ρv = 1), and an empty conduction band (ρc =
0). Therefore, in the limiting case of linear optics, the dynamics of a system is fully determined
by the microscopic polarisation.

2.5 Absorption coefficient

Under the influence of an electromagnetic field, a system is disturbed from its equilibrium state.
The starting point for a study on how a material responds to such a perturbation are the Maxwell
equations

div E(r, t) =
ρ0(r, t)

ε0
, div B(r, t) = 0 , (2.41)

rot E(r, t) = −Ḃ(r, t) , rot B(r, t) = µrµ0j(r, t) +
1

c2
m

Ė(r, t)

with the charge carrier density ρ0, the current density j = σE (σ is the electrical conductivity)
furthermore with ε0 (ε) as the permittivity and µ0 (µr) as the permeability in the free space (in
material). The speed of light in a medium is given by cm = 1√

µrµ0εε0
= c

n with the refractive index
n =

√
µrε and the speed of light in vacuum c = 1√

µ0ε0
. In the presence of an electric field, a mate-

rial responds by forming a microscopic dipole. While the positive nuclei move in the direction of
the field, the electrons are displaced in the opposite direction resulting in a polarization P (r, t)
of the material. A magnetic field can lead to a magnetization M(r, t) of certain materials. The re-
lation between the field, the polarisation and the magnetisation are called material equations41, 42

D(r, t) = ε0E(r, t) + P (r, t) , H(r, t) =
1
µ0

(
B(r, t) − M(r, t)

)
. (2.42)

In linear, isotrope, and homogeneous materials, the electric displacement D(r, t) can be written
in the frequency room as D(ω) = ε(ω)ε0E(ω). As a result, the polarisation and the electrical field
are parallel

P (ω) = ε0(ε(ω) − 1)E(ω) = εoχ(ω)E(ω) (2.43)

with the optical susceptibility describing the linear response of the system to a perturbation (often
called response function)

χ(ω) = ε(ω) − 1 . (2.44)

The propagation of electromagnetic waves through a medium with ρ0 = 0 and j = 0 is described
by the homogeneous wave equation

¤E(r, t) = 0 (2.45)

with the d’Alembert operator ¤ ≡ ∇2− 1
c2

m

∂2

∂t2 . Generalizing the wave equation for homogeneous,
uncharged electrical conductors, i.e. ρ0(r, t) = 0 and j(r, t) 6= 0, leads to the telegraph equation

¤E(r, t) = µrµ0σ
∂

∂t
E(r, t) . (2.46)
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It can be easily derived from Maxwell equations. On one hand, for considered materials with
ρ0(r, t) = 0, the divergence of the electrical field vanishes resulting in the relation rot rotE(r, t) =
grad(divE(r, t)) − 4E(r, t) = − 4 E(r, t). On the other hand the relation rot rot E(r, t) =
−rot Ḃ(r, t) = −µrµ0σĖ(r, t) + 1

c2
m

Ë(r, t) is obtained from Maxwell equations. Combining the
two relations yields Eq. (2.46).

For electromagnetic waves propagating in z-direction, a solution of the telegraph equation is
given by E(z, t) = E0ei(kz−ωt). Inserting this ansatz into Eq. (2.46) yields

k2 =
ω2

c2
(ε + i

σ

ε0ω
)µr ⇒ k′ + ik′′ =

ω2

c2
(ε′ + iε′′) (2.47)

with the real partsk′, ε′ and the imaginary parts k′′, ε′′ of the wave vector k(ω) and the dielectric
function ε(ω), respectively. Consequently, in a medium, the waves propagate with a complex
wave vector k(ω). Its real and imaginary part can be separated using the relations42 ε′(ω) =
c2

ω2 [k′(ω)2 − k′′(ω)2] and ε′′(ω) = 2 c2

ω2 k′(ω)k(ω)′′

k′′(ω) =
ω

2n(ω)c
ε′′(ω) , (2.48)

k′(ω) =
ω

c

√
1
2

(
ε′(ω) +

√
(ε′(ω))2 + (ε′′(ω))2

)
. (2.49)

Then, the solution of the telegraph equation has the form of a damped plane wave

E(z, t) = E0eik(ω)ze−iωt = E0e−k′′(ω)zei
(
k′(ω)z−ωt

)
. (2.50)

The Beer-Lambert law for the intensity I(z) of an electromagnetic wave follows directly

I(ω) = |E(z)|2 = e−2k′′(ω)z = e−α(ω)z (2.51)

with the absorption coefficient α(ω) = 2k′′(ω). It determines the distance of the light through the
material. The real part of the wave vector gives the refractive index n(ω) with n(ω) = c

ω k′(ω). It
determines the change of the speed of light in a medium cm(ω) = c

n(ω) . For most structures the
real part of the dielectric function ε(ω) is larger than the imaginary part resulting in the widely
used approximation n(ω) ≈

√
ε(ω). Often, the refractive index has only a weak dependence on

frequency. Therefore, the absorption coefficient can be simplified to

α(ω) ∝ ωImε(ω) = ωImχ(ω) (2.52)

with the dielectric function ε(ω) = χ(ω) + 1 introduced in Eq. (2.44).

2.6 Optical susceptibility

The determination of the absorption coefficient α(ω) requires the calculation of the optical sus-
ceptibility χ(ω). The latter can be calculated either with the Fourier transform of the macroscopic
polarisation P (ω) or the current density j(ω). Equations (2.43) and (2.44) are valid for each com-
ponent of the electrical field and the polarisation. As a result, the optical susceptibility can be
written as43

χ(ω) =
P (ω)

ε0E(ω)
. (2.53)
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The classical macroscopic polarisation P (r, t) = e
∑

i rδ(r − r′) is defined as dipole density. In
second quantization it can be written as a sum over the microscopic polarisation pk(t) = 〈a+

vkack〉
and the dipole matrix element dvc(k) [Eq. (2.15)]

P (t) =
∑

k

dvc(k)pk(t) + c.c. . (2.54)

The dynamics of the microscopic polarisation can be calculated with the Bloch equations [Eqs.
(2.35)-(2.37)]. The optical matrix element dvc(k) is often adjusted to experimental data.

Within the p ·A approach, the optical susceptibility can be expressed as a function of the current
density j(ω) and the vector potential A(ω)

χ(ω) =
j(ω)

ε0ω2A(ω)
. (2.55)

This equation can be easily transformed into Eq. (2.53) by using the relations j = ∂P
∂t and E =

−Ȧ − ∇φ (the scalar potential φ vanishes within the Coulomb gauge) stemming from Maxwell
equations. The macroscopic current density j(t) is defined as

j(t) =
e0

2m0

∑
λ,λ′k,k′

(
〈λk|p − eA(t)|λ′k′〉〈a+

λ,kaλ′,k′〉 + c.c.
)

.

After applying the dipole approximation (photon momentum is negligible in comparison to a
typical electron momentum) and considering only a two-band system, i.e. λ, λ′ ∈ {v, c}, the equa-
tion reads

j(t) =
e0

2m0V

∑
k

[
〈ck|p|vk〉〈a+

c,kav,k〉+〈vk|p|ck〉〈a+
v,kac,k〉−e0A(t)(〈a+

c,kac,k〉+〈a+
v,kav,k〉) + c.c

]
=

1
V

2e0

m0

~
i

∑
k

Re
[
Mvc(k)pk(t)

]
− e2

0

m0
A(t) ntot

(2.56)

with the optical matrix element Mvc(k) = 〈c, k|∇|v, k〉, the microscopic polarization pk and the
total electronic density ntot = 1

V

∑
λ

∑
k〈a

+
λ,kaλ,k〉. Here, the symmetry-imposed selection rule for

the optical matrix elements
∑

k〈λk|∇|λk〉 = 0 has been exploited. The second term in Eq.(2.56) is
known to be largely suppressed when Coulomb interaction is included.43, 44 Hence, inserting the
first contribution from Eq. (2.56) into Eq. (2.55), the optical susceptibility χ(ω) can be expressed
as

χ(ω) ∝ −i
∑

k

Re [Mvc(k)pk(ω)]
ε0ω2A(ω)

. (2.57)

Depending on whether the dipole matrix element dvc(k) or the optical matrix element Mvc(k)
can be derived more easily, Eq. (2.53) or Eq. (2.57) can be used to calculate the susceptibility χ(ω)
and the absorption coefficient α(ω).

2.7 Rayleigh scattering

Rayleigh scattering is defined as scattering of light by particles which are much smaller than
the wavelength of light. The Rayleigh scattering spectroscopy provides information about the
investigated structure through resonant enhancement of the elastically scattered light when the
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photon energy matches that of an electronic transition. Treating Rayleigh scattering from nano-
tubes as electromagnetic scattering from a long cylinder with a diameter small compared to the
wavelength of light, the scattering cross section per unit length reads as9, 45

σ(ω) =
π2

4c3
r4ω3|χ(ω)|2 , (2.58)

where ω is the angular frequency of the light, r the radius of the nanotube, and c the speed of
light. Starting from Maxwell equations [Eq. (2.41)], the expression for σ(ω) can be derived by
solving the wave equation in cylindrical coordinates, and exploiting the limit of small nanotube
radii.

A sketch of the derivation of Eq. (2.58) is pre-

Φ
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lane sattering plane

Figure 2.6: Illustration of the Rayleigh scattering from
a carbon nanotube.

sented here. For more details, see App. D. The
scattering cross section is given by the ratio of
the rate Ws = rL

∫ 2π

0
(Ss)r dφ at which energy

passes through the scattering surface A and the
incident irradiance Ii.45 The rate Ws is determined
by the radial component of the Poynting vector
of the scattered field Ss = 1

2Re[Es × H∗
s ]. The

electric and magnetic field satisfy the vector wave
equation from Eq. (2.45). Note that their com-
ponents do not separately fulfil the scalar wave
equation ¤ψ = 0. By introducing M = ∇× (cψ)
and N = ∇×M

k with a scalar function ψ and a
constant vector c the problem can be simplified,
since these functions satisfy both the vector and
scalar wave equation. Once they are calculated,
the electric and magnetic field can be expanded
in M and N with E =

∑∞
n=−∞[AnMn+BnNn].

The scalar function ψ is called a generating function for the vector harmonics M and N . Its choice
depends on the investigated system, its symmetries and boundary conditions. For Rayleigh scat-
tering from a cylinder, the scalar function should satisfy the wave equation in cylindrical polar
coordinates (ρ, φ, z)

1
ρ

∂

∂ρ

(
ρ
∂ψ

∂ρ

)
+

1
ρ2

∂2ψ

∂φ2
+

∂2ψ

∂z2
+ k2ψ = 0 . (2.59)

An ansatz for the solution is
ψ(ρ, φ, z) = Zn(r)einφeihz (2.60)

with Zn(r) as Bessel functions of first and second kind of integral order n and with r =
√

k2 − h2.
The quantum number h satisfies the boundary conditions between the cylinder and the surround-
ing medium. For an infinite cylinder of radius r being illuminated by a plane homogeneous wave
Ei = E0e

ikei·r with the propagation direction ei and the polarization parallel to the axis of the
cylinder, the expansion of the incident electromagnetic field is given by

Ei =
∞∑

n=−∞
EnNn , Hi =

−ik

ωµ0

∞∑
n=−∞

EnMn (2.61)

with En = E0(−i)n

k sin ζ and ζ as the angle between the incident wave and the cylinder axis, see Fig.
2.6. The boundary constant reads h = −k cos ζ. In a similar way, the scattering fields Es and Hs
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can be expanded in the vector harmonics M and N . Now, the scattering cross section can be
written as

σ =
Ws

Is
=

4rL

k · r

[
|b0|2 + 2

∞∑
n=1

(
|an|2 + |bn|2

)]
(2.62)

with the coefficients an, bn which are complicated expressions determined by Bessel and Henkel
functions of different kinds,45 see App. D. However, in the limit of small particles, i.e. for cylin-
ders with a diameter much smaller than the wavelength of light (k · r ¿ 1), this equation simpli-
fies to the scattering cross section σ(ω) from Eq. (2.58).

Both Rayleigh scattering cross section σ(ω) and the absorption coefficient α are determined by
the linear optical susceptibility χ(ω). Unlike absorption, however, Rayleigh scattering has a con-
tribution from the real part of χ(ω) and, hence, includes effects from off-resonant optical transi-
tions. This leads to important differences in the characteristics of Rayleigh and absorption spectra.
These features are discussed in detail in Sec. 3.5.2.



Chapter 3
Single-Walled Carbon Nanotubes

It is not difficult to earn money. It is difficult to earn it doing something worthy of dedicating one’s life to.

Carlos Ruiz Zafón

In this chapter, the theoretical methods presented in the previous chapter are applied to describe
optical properties of quasi-one-dimensional single-walled carbon nanotubes. Especially the prob-
lem of the characterization of tubes of an arbitrary chiral angle is addressed. The chapter starts
with an introduction into the symmetry of carbon nanotubes. After calculating the band structure
and the optical, Coulomb and electron-phonon matrix elements, absorption and Rayleigh scat-
tering spectra are determined. First, the free-particle properties are investigated. Then, the model
is extended to excitonic effects, which are shown to considerably change the optical properties of
carbon nanotubes.

3.1 Introduction

Figure 3.1: Rolling up of graphene to a nanotube along the
chiral vector c (taken from Reich et al.).46 The chiral indices
n, m correspond to n1, n2.

Carbon nanotubes (CNTs) are tiny hollow
cylinders constructed by rolling up a single
or multiple layers of graphite into a cylinder,
see Fig. 3.1. In the case of graphene (one sheet
of graphite), they are called single-walled car-
bon nanotubes (SWCNTs). They have diame-
ters in the range of one nanometer, while their
length can reach several micrometers. As a re-
sult, CNTs are prototypical one-dimensional
systems, i.e. the carriers can move freely only
along the axis of the cylinder (denoted as the
z-axis throughout this work).

Since their discovery in 1991 by Iijima47, 48 they have attracted both scientific and technological
interest. SWCNTs are ideal model systems to study fundamental physics of one dimensional
structures. Their reduced dimensionality leads to unique optical, electronic, and mechanic prop-
erties, making them excellent candidates for various opto-electronic applications. They have an
extreme toughness-to-weight ratio due to their chemical sp2 bonds, which are stronger than the
sp3 bonds of diamond. Arising from the quantum-confinement, CNTs can be either semicon-
ducting or metallic. Furthermore, they are effective thermal conductors showing ballistic electron
transport. Their optical properties are characterized by well-defined spectra. The latter are in the
focus of this chapter.
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Figure 3.2: Three dimensional plot of the luminescence intensity (coded by different colors) of individual SWCNTs in
solution as a function of the emission and excitation energy (taken from Bachilo et al.).5 Bright points correspond to
high intensity indicating a specific nanotube. The structural assignment is labeled by chiral indices (n1, n2).

Until recently, the optical excitations in SWCNTs were believed to be completely understood
within the one-particle picture. Here, the optical excitations are determined by band-to-band
transitions. The corresponding absorption spectra are characterized by Van Hove singularities
reflecting the typical density of states of one-dimensional structures (∝ 1√

E
). However, in 2005,

experiments on two-photon absorption revealed the excitonic character of optical excitations in
nanotubes.10, 11 The excitonic binding energy is in the range of 0.2 − 0.4 eV, which is much larger
than in conventional structures without confinement (few meV). Its value also exceeds by far the
thermal energy at room temperature (≈ 25 meV). Hence, excitonic effects are visible at 300K.
They considerably change the optical spectra of SWCNTs by reshaping the characteristic Van
Hove singularities to red-shifted Lorentzians.

A number of theoretical investigations on excitonic properties have been performed by incor-
porating the Coulomb interaction within the Bethe-Salpeter equation combined with the GW
method (based on Green’s functions).12–17 This approach reaches good agreement with experi-
mental data. However, due to its numerical complexity it is limited to several specific nanotubes
with small radii and small unit cells. The carbon nanotube Bloch equation (CNBE) approach, pre-
sented in this work, is based on the many-body density matrix theory,2, 3 see chapter 2. The combi-
nation with tight-binding wave functions allows the study of arbitrary nanotubes. The inclusion
of further many-particle interactions, such as exciton-phonon coupling, and the consideration of
nonlinear effects is straight-forward.

The characterization of specific SWCNTs is a substantial challenge in current research. While
successful techniques for the separation of metallic and semiconducting nanotubes have been
developed,49 it is still not possible to control the growth of single CNTs. Their well-pronounced
optical transitions can be exploited for structural assignment. Optical spectroscopy methods,
such as absorption, photoluminescence, and Raman scattering, are among the most important
characterization techniques for SWCNTs.5–9 Rayleigh scattering was successful added to these
established methods. It provides information about the nanotube structure through resonant en-
hancement of the elastically scattered light. An advantage of Rayleigh scattering lies in its ability
to uncover the optical properties of individual nanotubes.9 By combining the data of different
methods, a good structural assignment of SWCNTs can be achieved. In this work, optical absorp-
tion and Rayleigh scattering from SWCNTs are investigated theoretically.
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3.2 Structure and symmetry

The microscopic structure of carbon nanotubes is uniquely determined by their diameter d and
their chiral angle φ. The information on both parameters is contained in the chiral vector c =
n1a1 + n2a2 with the graphene basis vectors a1 and a2, see Fig. 3.1. As a result, a nanotube is
entirely characterized by the chiral indices (n1, n2). Its diameter is given by the length of the
chiral vector c (Fig. 3.1)

d =
|c|
π

=
a0

π

√
N (3.1)

with N = n2
1+n1n2+n2

2 and the graphene lattice constant |a1| = |a2| = a0 = 0.246 nm. The chiral
angle φ specifies in which direction the graphene sheet is wrapped into a cylinder. It is defined
as the angle between a1 and c and can be expressed as

φ = arccos
a1 · c
|a1||c|

= arccos
[
n1 + n2

2√
N

]
. (3.2)

Due to the hexagonal symmetry of graphene, the chiral angle can take the values 0◦ ≤ φ ≤ 30◦.
Two different types of nanotubes of high symmetry can be created: zigzag tubes (n, 0) with φ = 0◦

and armchair tubes (n, n) with φ = 30◦. Their names refer to the edge of their unit cell, which
resembles zigzag or armchair chains, see Fig. 3.3. Both armchair and zigzag tubes have mirror
planes, see Sec. 3.4.1, and are therefore considered as achiral. In contrast, tubes of all other chiral
angles are called chiral nanotubes.

The unit cell of graphene is spanned by the lattice vectors a1 and a2. It contains two non-
equivalent atoms, denoted by A and B. The unit cell of a nanotube corresponds to the trans-
lational period a along the tube axis. It is determined by the smallest graphene lattice vector a

perpendicular to the chiral vector c

a = −2n2 + n1

nR
a1 +

2n1 + n2

nR
a2 with |a| =

a0

π

√
N . (3.3)

Here, n is the greatest common divisor of n1 and n2, and R is an integer with R = 3 if (n1 −
n2) is a multiple of 3n and R = 1 otherwise. The number of graphene hexagons in a nanotube
unit cell is given by q = 2N

nR . This relation follows from the ratio of the area of a CNT unit cell

|a||c| =
√

3a2
0N

nR and the area of a graphene unit cell |a1 × a2| =
√

3a0
2 . The high-symmetric achiral

nanotubes posses small unit cells, containing 2q = 4n carbon atoms (the number 2 accounts for
the two atoms A and B). In contrast, the unit cell of chiral nanotubes can be very long and contain
hundreds of atoms, see Fig. 3.3.

a) b)

Figure 3.3: a) The classification of nanotubes in armchair tubes (n, n) with φ = 30◦, zigzag tubes (n, 0) with φ = 0◦

and chiral tubes (n1, n2) with n2 6= 0 , n1 6= n2, and 0◦ < φ < 30◦ is illustrated (taken from Hönlein et al.).50 b)
The structure of different types of nanotubes with the corresponding unit cells (taken from Reich et al.).46
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Figure 3.4: The construction of the (3, 3) armchair nanotube by applying the line group symmetries is illustrated. The
nearest neighbors of the reference atom at r000 are colored red.

The symmetry of carbon nanotubes can be described by line groups.51 In analogy to crystal space
groups, this approach describes the symmetry of systems which are periodic in one direction.
Every nanotube belongs to a different line group (except for armchair and zigzag tubes with
the same n). The corresponding symmetry operations allow a construction of an entire nanotube
starting from one single atom at the position r000 = (ρ0, φ0, z0)

rtsu = (Crt
q Cs

nUu| tna

q
)r000 =

(
ρ0, (−1)uφ0 + 2π(

r

q
t +

1
n

s), (−1)uz0 +
na

q
t

)
. (3.4)

This equation contains the following symmetry operations:51

• the U-operation maps atoms of type A to atoms of type B (u = 0, 1),

• the pure rotation around the tube axis Cs
n (s = 0, 1, ..., n − 1) generates all other hexagons

with the atom A on the circumference,

• the screw axis rotation (Crt
q | tna

q ) (combination of rotations and translations with
t = 1 − q

2n , ..., q
2n ) maps these atoms to all other remaining atoms of the unit cell,

• and the translation by the unit cell length a.

The parameter r in Eq. (3.4) characterizes the screw axis operations. It is defined by51

r =
q

n
Fr

[
n

qR

(
3 − 2

n1 − n2

n1

)
+

n

n1

(
n1 − n2

n

)φ(n1/n)−1
]

(3.5)

with Fr[x] as the fractional part of x. Furthermore, φ(n) is the Euler function giving the num-
ber of positive integers less than n, that are coprime to n, i.e. they have no common factor other
than 1 (e.g. φ(5) = 4). To illustrate the power of Eq. (3.4), a simple highly symmetric (3, 3) arm-
chair nanotube is constructed starting from one single atom at the position r000. The unit cell of
armchair tubes corresponds to the unit cell of graphene, i.e. a = a0. The (3, 3) tube consists of
2q = 4n = 12 atoms. The screw axis parameter r equals 1. The positions of all 12 atoms rtsu

can be determined by applying the appropriate line group symmetry labeled by the indices t, s, u
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(Fig. 3.4):

0 : r000 =
(

d

2
, φ0, z0

)
, 1 : r011 =

(
d

2
,−φ0 +

2π

3
,−z0

)
,

2 : r100 =
(

d

2
, φ0 +

2π

6
, z0 +

a0

2

)
, 3 : r111 =

(
d

2
,−φ0 + π,−z0 +

a0

2

)
,

4 : r010 =
(

d

2
, φ0 +

2π

3
, z0

)
, 5 : r021 =

(
d

2
,−φ0 +

4π

3
,−z0

)
,

6 : r110 =
(

d

2
, φ0 + π, z0 +

a0

2

)
, 7 : r121 =

(
d

2
,−φ0 +

5π

3
,−z0 +

a0

2

)
,

8 : r020 =
(

d

2
, φ0 +

4π

3
, z0

)
, 9 : r001 =

(
d

2
,−φ0,−z0

)
,

10 : r120 =
(

d

2
, φ0 +

5π

3
, z0 +

a0

2

)
, 11 : r101 =

(
d

2
,−φ0 +

2π

6
,−z0 +

a0

2

)
.

The nearest neighbors of the reference atom r000 (which will be needed in the next sections)
are colored red. Since the unit cell of an armchair nanotube is small, the third neighbor already
belongs to the next unit cell. Its coordinates are given by r−111 = (d

2 ,−φ0 + π
3 ,−z0 − a0

2 ).

This procedure of constructing an entire nanotube will be applied for the calculation of the optical
and Coulomb matrix elements in Sec. 3.4.1 and Sec. 3.4.2.

3.3 Wave functions

3.3.1 Zone-folding approach

The starting point for the calculation of the band struc-
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Figure 3.5: Illustration of the zone-folding
approximation. The circles at kz = 0 denote
the Γ points in a nanotube.

ture of carbon nanotubes are the tight-binding wave func-
tions of graphene discussed in Sec. 2.3.2

Ψ(k, r) =
∑

j=A,B

Cj(k)
1√
N0

N0∑
Rj

eik·Rj φj(r − Rj) (3.6)

with the coefficient functions Cj(k) defined in Eqs. (2.30)-
(2.31), the lattice vectors Rj , and the atomic wave func-
tions φj(r − Rj).

Assuming that the tube is infinitely long, the component
of the reciprocal vector along the nanotube axis kz is con-
tinuous. Along the circumference c, periodic boundary
conditions are imposed on the wave function Ψ(k, r +
c) = Ψ(k, r). Applying the Bloch theorem Ψ(k, r + c) =
eik·cΨ(k, r), the boundary condition reads

k · c = k⊥ · c = m2π ⇒ |k⊥| = m
2π

|c|
= m

2
d

(3.7)
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with the integer m ∈
(
− q

2 , + q
2

]
labelling the nanotube subbands arising from the boundary con-

dition. As a result, the Brillouin zone (BZ) of graphene is divided into q allowed lines, each cor-
responding to a subband. The number of lines is determined by the length of the BZ. The lines
are parallel to the nanotube axis and equally separated by 2

d , see Fig. 3.5. Their orientation is
determined by the chiral angle φ, defined in Eq. (3.2). The basic assumption of the zone-folding
approach is that curvature effects do not play an important role for optical and electronic prop-
erties of CNTs. Then, the band structure of a nanotube can be approximated by the graphene
energies along the allowed lines, as shown in Fig. 3.5. In numerous investigations, this approach
has been shown to be a good approximation for tubes with a diameter around 1 nm and larger,
since for these tubes the curvature effects are negligible.46, 52 For smaller CNTs, this approach is
not applicable.

3.3.2 Trigonal warping effect

The graphene high-symmetry point K = 1
3 (k1 − k2) (Fig. 3.5) plays a crucial role for the optical

properties, since at this point the conduction and valence bands cross, i.e. graphene is a semi-
metal, see Fig. 3.6a. If this point is allowed for nanotubes, the corresponding tube is metallic,
otherwise it is semiconducting. The condition whether a tube is metallic or not, can be derived
directly from the boundary condition [Eq. (3.7)] applied at the K point

K · c = m2π =
1
3
(k1 − k2) · (n1a1 + n2a2) =

2π

3
(n1 − n2) ⇒ m =

n1 − n2

3
. (3.8)

As a result, a nanotube is metallic only if the difference between the chiral indices n1 and n2 is a
multiple of three, i.e. one third of all CNTs is metallic. A consequence of Eq. (3.8) is that armchair
nanotubes with n1 = n2 are always metallic. If the condition from Eq. (3.8) is not fulfilled, the tube
is semiconducting. Then, it exhibits a band gap that varies with its diameter. The semiconducting
tubes are further divided into two families. Depending whether the allowed line next to the K

point is located on the KM - or on the KΓ -side, the corresponding tube belongs to the +1 or −1
family, see Fig. 3.6c-d. The dispersion on the KΓ side is stronger than on the KM side, as can
be seen in Fig. 3.6a. As a result, the −1 tubes have larger band gaps. Altogether, there are three
nanotube families:

-8

-4

 0

 4

 8

E
ne

rg
y 

(e
V

)

K

M
+
11

M
−

11

K

E22 E11

K

E11 E22

Γ K M

graphene +1 tubes -1 tubesmetalli tubesb) ) d)a)

Figure 3.6: a) Band structure of graphene along the high-symmetry line ΓKM . b)-d) Simplified energy contour of
graphene around the K point. The deviation from a circle is exaggerated to illustrate trigonal warping. The vertical
lines correspond to the lowest subbands of b) metallic zigzag nanotubes with ν = 0 and semiconducting zigzag tubes
with c) ν = +1 and d) ν = −1. Dashed lines indicate the three KM directions.
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Figure 3.7: a) Kataura plot showing the transition energy as a function of the nanotube diameter. Semiconducting
tubes are denoted by filled circles, while metallic tubes are marked by open circles. b) The typical V -shaped branches of
the Kataura plot are sketched revealing the different family behavior (taken from Thomsen et al.).4

• metallic tubes if (n1 − n2) mod 3 = 0,

• +1 semiconducting tubes if (n1 − n2) mod 3 = 1, and

• −1 semiconducting tubes if (n1 − n2) mod 3 = 2.

The different behavior of the three families can be seen in the Kataura plot in Fig. 3.7, where
the transition energy is plotted as a function of the diameter. It shows a general 1/d dependence
of the transition energy. However, the tubes also exhibit a specific V -shaped distribution, which
is typical for different families. For the energetically lowest transition E11, +1 tubes are located
below, while −1 tubes can be found above the main 1/d line. For the second transition E22, this
behavior is inverse.

b)a)

Figure 3.8: a) Energy contour plot of graphene (taken from
Saito et al.).53 b) The blow-up illustrates the triangular
shape of the energy contours around the K point (taken
from Reich et al.).54

Metallic nanotubes surprisingly show a simi-
lar behavior. All metallic tubes belong to one
family, since the distance between the two al-
lowed lines closest to the K point is the same,
see Fig. 3.6b. Therefore, one would not expect
a V -shaped Kataura plot. In optical spectra,
there should be only one degenerate transi-
tion. However, the experiments clearly show
two peaks M+

11 and M−
11 (for metallic tubes,

the transitions are labeled by M+
ii and M−

ii in-
dicating that the two transitions + and − cor-
respond to one Eii in analogy to semiconduct-
ing tubes). Their splitting strongly depends
on the chiral angle. It is maximal for zigzag
tubes and vanishes for the armchair constellation, see Fig. 3.32. This behavior arises from the so-
called trigonal warping effect. It describes the deviation of the equi-energy contours from circles
in the Brillouin zone of graphene around the K point, as shown in Fig. 3.8. The positions of Van
Hove singularities in the spectra correspond to the kz values at which the allowed lines touch the
energy contour. Here, the band structure has an extremum. Due to the trigonal shape, the lines
can touch different energy contours to the left and to the right of the K point, even though they



44 SINGLE-WALLED CARBON NANOTUBES

have the same distance to the K point. The energy splitting depends on the orientation of the tri-
angle. For armchair nanotubes, the allowed lines run perpendicularly to the base of the triangle
(the triangle in Fig. 3.6b is rotated by 90◦), i.e. the energy to the left and right of the K point is
the same. Therefore, trigonal warping has no effect on armchair tubes. Consequently, they can
be found in the center of the V -shaped branches in the Kataura plot. In contrast, in zigzag tubes,
the allowed lines left and right from the K point can touch the tip and the base of the triangle,
as shown in Fig. 3.6b. Here, the energy splitting is maximal. This explains why zigzag tubes are
located at the ends of the V -shaped branches.

Trigonal warping also effects semiconducting nanotubes. It does not lead to a splitting of peaks,
since they are not degenerate. However, it accounts for an energy shift which is different for the
two semiconducting families. This arises from the fact that their lowest transitions are located on
opposite sides of the K-point, see Fig. 3.6c-d. The trigonal warping effect will turn out to be of
crucial importance for many investigations presented in this work.

3.3.3 Nanotube band structure

An analytic expression for the band structure of graphene can be derived by restricting the inter-
action between the carbon atoms to nearest neighbors (see Sec. 2.3.2)

Ev,c =
ε0 + cλγ0|e(k)|
1 − cλs0|e(k)|

(3.9)

with e(k) =
∑3

i=1 exp(ik · bi) and cλ = +1 for the valence band v and cλ = −1 for the con-
duction band c. The evaluation of this expression requires the knowledge of the positions of the
interacting atoms, in particular of the vectors bi connecting the reference atom to its first three
neighbors.

In Fig. 3.9, the structure of graphene and of carbon nanotubes is illustrated. It shows the unit cell
of graphene with the basis vectors a1 and a2 and the corresponding hexagonal Brillouin zone
including the high-symmetry points Γ ,K and M and the reciprocal lattice vectors k1 and k2.
Furthermore, the three nearest neighbors of the atom 0 are highlighted.

Starting from the atom positions in graphene, the symmetry of nanotubes can be exploited to
obtain the corresponding coordinates of an atom in a nanotube, as shown in Eq. (3.4). Here, the
atom A at r0 = 1

3 (a1 + a2) is chosen to be the reference atom. The positions of its first nearest
neighbors can be read off from Fig. 3.9

r1 =
1
3
(2a1 − a2), r2 =

1
3
(−a1 + 2a2) , and r3 =

1
3
(2a1 + 2a2) .

The corresponding connecting vectors bi are given by

b1 = r1− r0 =
1
3
(a1−2a2), b2 = r2− r0 =

1
3
(−2a1 +a2) , and b3 = r3− r0 =

1
3
(a1 +a2) . (3.10)

Now, all ingredients are available to evaluate the band structure of graphene from Eq. (3.9). In-
serting the next neighbor positions from Eq. (3.10) and expressing the wave vector k in i) the
coordinates of the reciprocal lattice vectors k1, k2, and ii) the Cartesian coordinates kx, ky (for
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Figure 3.9: Structure of graphene and carbon nanotubes: (blue) hexagonal Brillouin zone of graphene, (red) direct
lattice, and (green) vectors connecting the nearest three carbon neighbors. The K and the K ′ point are given by
K = 1

3
(k1 − k2), K ′ = 1

3
(2k1 + k2).

coordinate transformation, see Fig. 3.9) yields

|e(k)| =
[

3 + 2 cos (k · (a1 − a2)) + 2 cos (k · a2) + 2 cos (k · a1)
] 1

2

(3.11)

=
[

3 + 2 cos (2π(k1 − k2)) + 2 cos (2πk2) + 2 cos (2πk1)
] 1

2

(3.12)

=
[

3 + 2 cos(a0ky) + 4 cos(
√

3a0

2
kx) cos(

a0

2
ky)

] 1
2

. (3.13)

The band structure of graphene is shown in a three-dimensional plot in Fig. 3.10. The crossing of
the valence and conduction bands at the six corners of the hexagon (K and K ′ points) illustrates
the metallic character of graphene. It is often called a semi-metal or zero-bandgap semiconduc-
tor. Around these points, the energy dispersion is approximately linear. As a result, the electrons
show a relativistic behavior. The band structure depends on three parameters46 γ0 = −2.84 eV,
s0 = 0.07, and ε0 = 0 eV. Their values are found by fitting to experimental data or ab-initio calcu-
lations. Figure 3.11 shows the importance of the overlap parameter s0. Its contribution leads to an
asymmetry of the valence and conduction band. However, in the optically relevant area around
the K point, the band structure is not influenced by s0, as can be seen in Fig. 3.11. Exploiting this
result, the band structure of graphene can be further simplified by approximating s0 to be zero

Ev,c = ±γ0|e(k)| . (3.14)
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Figure 3.10: Band structure of graphene showing the crossing of the conduction and the valence bands at the six
corners of the hexagon corresponding to the K and K ′ points.

To obtain the band structure of CNTs, the zone-folding ap-
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Figure 3.11: Illustration of the impor-
tance of the overlap parameter s0.

proximation is applied. It is assumed that the wave functions
of graphene remain unaltered when rolling up the tube. Then,
the two-dimensional graphene wave vector k is decoupled
in a continuous component kz along the nanotube axis and
a perpendicular component k⊥, which is quantized accord-
ing to the boundary condition k⊥ = 2

dme⊥. Within the zone-
folding approach, the band structure of nanotubes can be ap-
proximated by the graphene energies along the allowed lines
denoted by the subband index m, as illustrated in Fig. 3.12.
Throughout this work, the reciprocal lattice is spanned by
the orthogonal vectors kz along and k⊥ perpendicular to the
nanotube axis, since their interpretation is advantageous for following investigations. Exploiting
the general relations k⊥ · c = 2π, k⊥ · a = 0 and kz · c = 0, kz · a = 2π yields

k⊥ =
2n1 + n2

2N
k1 +

2n2 + n1

2N
k2 and kz = −n2

q
k1 +

n1

q
k2 . (3.15)

Now, the band structure of CNTs can be derived by inserting Eq. (3.15) into Eq. (3.14)

Ev,c(kz,m) = ±γ0

[
3 + 2 cos

(
2πm

2n1 + n2

2N
− 2π

n2

q
kz

)
(3.16)

+ 2 cos
(

2πm
2n2 + n1

2N
+ 2π

n1

q
kz

)
+ 2 cos

(
2πm

n1 − n2

2N
− 2π

n1 + n2

q
kz

) ] 1
2

with kz =
(
−1

2 , 1
2

]
corresponding to the first Brillouin zone. Figure 3.13 shows the band structure

of the (6, 0) zigzag, the (6, 6) armchair, and the (6, 1) chiral nanotube. For zigzag and armchair
tubes, the subbands with the index m and −m are degenerate. This follows directly from Eq.
(3.16). Furthermore, all subbands show extrema at the K point, which is located at kz = 0 for
zigzag tubes (and all tubes with R = 1) and at kz = 2

3
π
a for armchair tubes (and all tubes with



3.3 WAVE FUNCTIONS 47

-10  -5   0   5  10
-10

-5

 0

 5

 10

 0

 5

 10

 km (nm-1) 

kz (nm-1) 

Energy [eV]

 0
 1
 2
 3
 4
 5
 6
 7
 8
 9

Figure 3.12: Band structure of the (6, 0) armchair nanotube is obtained by applying the zone-folding approach to the
energies of graphene, see also Fig. 3.5. The allowed k values in nanotubes build lines in the graphene band structure.
They are i) equally separated by 2

d
, ii) parallel to the nanotube axis, and iii) oriented according to the chiral angle.

Their length is given by 2π
a

with a denoting the length of the nanotube unit cell. For the shown zigzag (6, 0) tube with
a =

√
3a0, the lines are shorter than the BZ of graphene which is given by 2π

a0
.

R = 3), see Fig. 3.9. These extrema correspond to Van Hove singularities in the absorption and
Rayleigh spectra. In Sec. 3.5.1, it will be shown that the subbands showing minima will lead to
singularities with a long asymmetric tail towards higher energies, while the subbands showing
maxima will account for singularities with an enhanced absorption at lower energies, see Fig.
3.28. This is easy to understand, since an optical transition is maximal at the gap energy. If the
involved bands have maxima, transitions can take place before the photon reaches the band gap
energy resulting in a tail towards lower energies. If the involved bands have minima, the lowest
possible energy is the gap energy. Only transitions at higher energies can take place resulting in
the asymmetry towards higher energies.

In most considerations, the energetically lowest transitions are of great interest. These correspond
to the minima of the subband with the smallest distance to the K point. For zigzag tubes, the
position of the K point can be found in Fig. 3.5: K = (kz, m) = (0,± q

3 ). The closest line to the
K point leads to the first Van Hove singularity, usually denoted as E11. For the metallic zigzag
(6, 0) tube, the conduction and valence band with m = q

3 = 4 cross at the K point. As a result, the
energetically lowest transition E11 stems from the minimum of the next subband m = 5 (m = 3
possesses a maximum). For the semiconducting (6, 1) nanotube, the transition E11 stems form
the subband m = 29 and E22 from m = 28, since q

3 = 28 2
3 . Nanotubes with the parameter R = 3

show a different behavior. The Fermi level in these tubes is more difficult to determine. Group-
theoretical considerations yield K = (kz,m) = ( 2π

3a , nr mod q). In the case of the best known
tubes of this type, the armchair nanotubes, this gives K = ( 2π

3a , n), as can be seen in Figs. 3.5 and
3.9. These relations will be of great use in the following investigations, since often only the first
transitions will be of interest.

The nanotube band structure calculated within the nearest-neighbor tight-binding method and
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Figure 3.13: The band structure of the (6, 0) zigzag, (6, 6) armchair, and (6, 1) chiral nanotube. The numbers in the
band structure of the (6, 0) tube index the subbands (corresponding to the band index m).

the zone-folding approximation shows good agreement with first-principle results and exper-
imental data around the K point. To achieve good results over the entire Brillouin zone, the
number of considered neighbors needs to be extended.55

3.3.4 Linear and helical quantum numbers

According to the Noether theorem, any symmetry corresponds to a conservation law for a related
physical quantity, e.g. conservation of momentum results from the homogeneity of space. Since
nanotubes are described by line groups containing a screw axis, two different sets of quantum
numbers are possible (corresponding to two ways of decomposing the group): linear (k,m) and
helical (k̃, m̃) quantum numbers.46, 56 The linear k corresponds to the pure translational subgroup
of the line group. Here, the linear momentum along the tube axis is a conserved quantity. How-
ever, the quasi-angular momentum m contains both pure rotations and screw axis operations.
As a result, it is not fully conserved and Umklapp rules need to be taken into account, when the
Brillouin zone or the Γ point is crossed. In contrast, the helical angular momentum m̃ is a con-
served quantity, since it corresponds to pure rotations of the nanotube. Consequently, Umklapp
processes do not appear.

The transformation between the linear (kz,m) and helical indices (k̃z, m̃) is given by

(k̃z, m̃) = (kz + m
r

n

2π

a
+ K̃

q

n

2π

a
,m + M̃n) , (3.17)

(kz,m) = (k̃z − m̃
r

n

2π

a
+ K

q

n

2π

a
, m̃ − Kp + Mq) (3.18)
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Figure 3.14: Band structure of the (8, 4) nanotube calculated with a) linear quantum numbers (kz, m) and b) helical
quantum numbers (k̃z, m̃). The linear band corresponding to the energetically lowest transition E11 is also shown in
the helical picture (colored red).

with p = qFr
[

nR
2n1+n2

(
2n2+n2

nR

)φ((2n1+n2)/(nR)−1) − n2nR
q(2n1+n2)

]
and K,M, K̃, and M̃ as integers

used to assure that the momenta are from the intervals

k̃z ∈
(
− q

n

π

a
,
q

n

π

a

]
, m̃ ∈

(
−n

2
,
n

2

]
, and kz ∈

(
−π

a
,
π

a

]
, m ∈

(
−q

2
,
q

2

]
. (3.19)

Figure 3.14 illustrates the differences in the nanotube band structure obtained within the linear
and helical set of quantum numbers. The latter ones have the advantage of being more clear,
since the number of bands is considerably reduced. In this work, linear quantum numbers are
used for investigation of free-particle properties. Here, neglecting the momentum of the photon
(dipole approximation), the wave vector k does not exceed the first Brillouin zone. In the case
of excitonic properties, however, this can happen, since the Coulomb interaction involves wave
vectors k′ = k + q (with a momentum transfer q). Here, the linear angular momentum m is not
conserved any more, and Umklapp rules become necessary. To avoid this tedious procedure, a
transformation to helical quantum numbers k̃, m̃ is performed according to Eq. (3.18).

3.4 Matrix elements

3.4.1 Optical matrix element

Derivation

The optical matrix element M(k) and the joint density of states determine the optical strength of
a transition as a function of the wave vector k. Furthermore, it contains all symmetry-imposed
selection rules. The interband optical matrix element for transitions from a state in the valence
band Ψv(k) to a state in the conduction band Ψ c(k, r) is given by

M̂vc
opt(k) = −~e0

im
A(kph) · 〈Ψv(k, r)|∇k|Ψ c(k, r)〉 , (3.20)
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when using the p ·A carrier-field interaction Hamiltonian, see Eq. (2.14). The vector potential can
be separated from the expectation value within the dipole approximation, i.e. when the photon
wave vector kph is negligible compared to the electronic wave vector k. In the following, the
expression optical matrix element will refer to

M(k) = 〈Ψv(k, r)|∇k|Ψ c(k, r)〉 . (3.21)

In this work, the focus lies on light polarized parallel to the nanotube axis. Hence, only the z-
component of the optical matrix element Mz(k) is of interest. This accounts for the depolarization
effect that strongly suppresses light polarized perpendicular to the nanotube axis.57

To calculate Mz(k), the tight-binding approach is combined with the zone-folding approxima-
tion. Inserting the wave functions Ψ c(k, r) and Ψv(k, r) from Eq. (3.6) into Eq. (3.21) and using
the nearest-neighbor approximation gives

Mz(k) =
1

N0

∑
A,B

N0∑
Rj

3∑
Rj′

eik·(Rj′−Rj)Cv ∗
j′ (k)Cc

j (k)〈φ(r − Rj)|∇k|φ(r − Rj′)〉

=
√

3Mc

a0|e(k)|
Re

[
e∗(k)

3∑
i=1

eik·bibi,z

]
.

(3.22)

Mc denotes the constant optical matrix element for the two nearest-neighbor atoms58 Mc = 〈φ(r+
Ri)| ∂

∂z |φ(r)〉. With the overlap parameter s0 = 0, the coefficients C±
j (k) read [Eq. (2.31)]

Cv,c
A (k) = ±Cv,c

B (k)
e(k)
|e(k)|

(3.23)

with Cv,c
B (k) =

1√
2

and +(−) standing for the valence (conduction) band. The vectors bi con-

nect the atom located at r0 with its three nearest neighbors at ri (i = 1, 2, 3). To evaluate Eq.
(3.22), an expression for bi for arbitrary (n1, n2) nanotubes is required. According to Eq. (3.4),
the atomic positions in a tube are obtained in cylindrical coordinates.46, 51, 59 Then, the distance
between neighboring atoms can be calculated. The reference atom has the position r0 = r000 =

(ρ0, φ0, z0) =
(

d
2 , 2π n1+n2

2N , a0
n1−n2

2
√

3N

)
corresponding to r0 = 1

3 (a1 + a2), see Fig. 3.9. Then, the
connecting vectors bi are given by

bi = ri − r0 =
(

0, −2φ0 + 2π(
r

q
ti +

1
n

si), −2z0 +
na

q
ti

)
(3.24)

with the operation indices ui = 1 and51, 59

t1 = −n2

n
, t2=

n1

n
, t3 = t1 + t2 ,

s1 =
2n1 + (1 + rR)n2

qR
, s2=

2n2 + (1 − rR)n1

qR
, s3 = s1 + s2 .

These indices follow from the geometry shown in Fig. 3.9. For the special case of an armchair
tube, they are derived and illustrated in Sec. 3.2. Inserting Eq. (3.24) into Eq. (3.22) yields

Mz(k) =
Mc

2
√

N0|e(k)|
[
(n1 − n2) cos[k · (a1 − a2)]

− (2n1 + n2) cos(k · a1) + (n1 + 2n2) cos(k · a2)
]
.

(3.25)
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This expression for the optical matrix element resembles the dispersion relation from Eq. (3.11).
As mentioned above, the allowed wave vectors k of a nanotube are quantized due to the periodic
boundary conditions around the tube. They are expressed by a quantized wave vector mk⊥,
where m labels the bands, and k⊥ is given in Eq. (3.15). Using k, the optical matrix element can
be expressed as a function of the chiral index (n1, n2), the band index m, and the wave vector
along the axis kz

Mz(m, kz) =
Mc

2
√

N0|e(k)|

[
(n1 − n2) cos Ψ3 − (2n1 + n2) cos Ψ1 + (n1 + 2n2) cos Ψ2

]
(3.26)

with

Ψ1 = πm
2n1 + n2

N
−2π

n2

q
kz , Ψ2 = πm

n1 + 2n2

N
+2π

n1

q
kz , Ψ3 = πm

n1 − n2

N
−2π

n1 + n2

q
kz ,

and

|e(k)| =

√
3 + 2 cos(Ψ1) + 2 cos(Ψ2) + 2 cos(Ψ3) .

In the following, this analytical expression for the optical matrix element is discussed in detail.
First, the symmetry-imposed selection rules that are fully covered by the above expression, are
considered. Then, the dependence of the matrix element on the nanotube family, the band index
m, the chiral angle φ, and the wave vector kz is discussed.

Selection rules

Figure 3.15: Illustration of rotational axes and mirror planes in
nanotubes (taken from Reich et al.).46

The symmetry of CNTs imposes se-
lection rules for optical band-to-band
transitions.46, 59 Generally, for light polar-
ized along the nanotube axis, transitions
are allowed between electronic states with
∆m = 0, since this light has no angular
momentum. Furthermore, assuming the
wave vector of photons to be small, only
vertical transitions, i.e. ∆k = 0 are al-
lowed. Achiral nanotubes have a vertical
(σv) and horizontal (σh) mirror plane, see
Fig. 3.15. Reflections in the σh plane in armchair tubes and in the σv plane in zigzag tubes leave
the carbon atom invariant.46 These additional symmetries account for further selection rules for
zigzag and armchair tubes. In the following, +/− denotes the electron parity under σh and A, B

the parity under σv reflections.46, 60 Because of its A−
0 symmetry, z-polarized light preserves the

vertical mirror parity σv , whereas the parity for the horizontal mirror plane σh is reversed.60

The symmetry-imposed selection rules are governed by the analytic expression for Mz(m, kz) in
Eq. (3.26), which is an important test for the matrix element. Mz vanishes in (n, n) armchair nano-
tubes for i) kz = 0, ii) m = 0, and iii) m = n. In armchair tubes, the conduction and the valence
bands with m = 0 and m = n have the opposite σv parity, see Fig. 3.16a. The corresponding two
transitions are forbidden, since the parity with respect to σv cannot be preserved optically. The
matrix element is zero for kz = 0 reflecting the σh selection rule. As can be seen in Fig. 3.16a
the valence and conduction bands with the same m have the same σh parity at the Γ point in
armchair nanotubes.59 The z-polarized light cannot reverse the σh parity. As a result, the matrix
element vanishes for kz = 0 for all subbands m. In zigzag tubes, the conduction and valence
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Figure 3.16: Band structure of an a) (10,10) armchair and b) (10,0) zigzag nanotube. +/− denotes the electron parity
under σh and A/B the parity under σv reflections,46, 60 see Fig. 3.15. In a) the bold (dashed) band emphasizes the
crossing bands (m = 10) and the bands with the smallest bandgap (m = 9) leading to the energetically lowest
transition E11. In b) the m = 7 bands (leading to E11) are indicated by full bold, the m = 6 bands (leading to E22)
by dashed, and the remarkable dispersionless m = 5 bands by dashed-dotted lines.

bands have the opposite parity with respect to σh. Consequently, the optical transitions between
valence and conduction bands with the same m fulfil the symmetry-imposed selection rules, as
can be seen in Fig. 3.16b. This is in excellent agreement with Eq. (3.26), where Mz remains non-
zero for (n, 0) tubes at kz = 0, in contrast to the (n, n) armchair case.

High-symmetry lines

Now, the dependence of the optical matrix element Mz(k) on the subband index m is discussed.
This corresponds to the behavior of Mz(k) along certain high-symmetry lines in graphene. Fig-
ure 3.17a shows the optical matrix element at the Γ point of zigzag nanotubes (kz = 0). This is
equivalent to the ΓKM high-symmetry line of graphene, see inset of Fig. 3.17a. The matrix ele-
ment is zero for m = 0, which corresponds to the Γ point of graphene. At this high-symmetry
point optical absorption is forbidden in graphene for the π bands, which carries over to nano-
tubes. The magnitude of Mz(m, 0) decreases when going from K to Γ , but increases from K to
M . This leads to a chirality and family dependence of the matrix element as will be discussed
below.

Figure 3.17b shows the dependence of the matrix element on m in armchair nanotubes for the kz

with a high electronic density of states (maxima and minima in the band structure, see Fig. 3.16a).
Varying m corresponds to going along the high-symmetry line MK as shown in the inset of
Fig. 3.17b. The magnitude of the matrix element is maximal at the M point, it decreases towards
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Figure 3.17: Optical matrix element Mz(k) as a function of the subband index m. a) In zigzag nanotubes Mz(m, 0)

corresponds to the high-symmetry line ΓKM , see inset. In b), the optical matrix element in armchair nanotubes is
shown for the kz vectors that give rise to the Van Hove singularities. This corresponds to the the MK line of graphene,
see the inset.

the K point, where it vanishes because of the σv selection rule. Note that the matrix elements
along the two KM segments in Fig. 3.17a-b differ, because the polarization of the absorbed light
is fixed to be parallel to the tube.

Chirality dependence

Figure 3.18 illustrates the dependence of the matrix element on the chiral angle φ for the two
semiconducting nanotube families +1 and −1. A similar dependence of Mz on φ was obtained
numerically by Grüneis et al.58 Mz is evaluated at the kz that correspond to the first two Van
Hove singularities (transitions E11, E22). The result reflects the behavior of the matrix element
shown in Fig. 3.17. For zigzag nanotubes (φ = 0◦) the magnitude of the matrix element is larger
for the k on the KM than on the ΓK line in Fig. 3.17a. Consequently, |Mz(k)| is higher for E11

than for E22 in +1 tubes, since these transitions originate from opposite sides of the graphene K

Figure 3.18: The magnitude of the optical matrix element Mz(k) as a function of the chiral angle φ for the first two Van
Hove singularities. The two semiconducting tube families ν = +1,−1 with β = 2n1 + n2 = 26, 28 are evaluated.
The tubes have a fairly constant diameter d ≈ 1.1 nm.
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point as indicated in Fig. 3.6. The difference becomes smaller with increasing chiral angle φ. It
almost vanishes for armchair tubes, where the dependence of Mz on m is weak, see Fig. 3.17b.
The energy minima for +1 and −1 tubes for a given transition Eii are located on different sides
of the graphene K point. The matrix elements, therefore, exhibit a family dependence. For −1
nanotubes, |Mz(k)| is larger at the second transition E22 than at E11 (in contrast to +1 tubes),
since the E22 Van Hove singularity originates from the KM line (Fig. 3.6). The two families differ
even for the same transition Eii. For E11 the +1 family has larger Mz than the −1 family. This
can be again explained with the absolute values of Mz in zigzag tubes, Fig. 3.17a, and the zone-
folding approximation. Interestingly, the difference in the magnitude of Mz to the right and left
of K in Fig. 3.17a is mainly due to the explicit dependence of the matrix elements on e(k). The
contributions stemming from cosine terms in Eq. (3.26) lead to a linear dependence of Mz on k

close to the K point.

Similarity to the dispersion relation

Figure 3.19 shows the matrix element for a) the (10, 0) zigzag and b) the (10,10) armchair nano-
tube as a function of kz for the two lowest bands. For the (10, 0) zigzag tube, the bands with m = 3
and 4 are also shown to illustrate the relation to the band structure in Fig. 3.16b. The matrix el-
ement M(7, kz) is negative in the (10,0) tube at the first Van Hove singularity in agreement with
Fig. 3.17a. It exhibits a minimum at the Γ point followed by a rapid increase. In contrast, M(6, kz)
(the second singularity) is positive and the maximal absolute value is smaller than for the m = 7
band, because the Van Hove singularity originates from the ΓK line of graphene. The kz depen-
dence of the matrix elements for bands with m < n

2 such as m = 3 and 4 in Fig. 3.19a differ from
bands with m > n

2 mirroring the band structure of a (n, 0) zigzag nanotube. Figure 3.16b shows
that the bands of zigzag tubes have minima at Γ for m > n

2 , but maxima m < n
2 . The two types of

bands intersect at kz = π
a . The band with m = n

2 shows no dispersion within the nearest-neighbor
tight-binding approximation. This has an interesting influence on the absorption spectra and will
be discussed in Sec. 3.5.1.

In the (10,10) armchair nanotube in Fig. 3.19b the matrix element is zero for Mz(m, 0) as explained
above. It decreases when going away from Γ with minima for Mz(9, 0.68π

a ) and M(8, 0.74π
a ). The

extrema correspond to the positions of the energy minima in the band structure in Fig. 3.16a.

Figure 3.19: Optical matrix element as a function of kz ; a) bands with m = 7, 6, 4, and 3 in the (10,0) zigzag nanotube
and b) bands with m = 9 and 8 in the (10,10) armchair nanotube.
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3.4.2 Coulomb matrix element

Derivation

The Coulomb interaction in one-dimensional structures needs to be treated with care since the
ground state is known to have an infinite energy.61 This problem can be avoided by introducing a
regularized Coulomb potential that takes into account that CNTs are not strictly one-dimensional.
In this chapter, the unscreened Coulomb interaction is parametrized by the Ohno potential, which
stems from polymer chemistry and has already been shown to be a good approximation for
CNTs.13, 14, 17

The Coulomb matrix elements are given by

V l1,l2
l3,l4

=
∫

dr

∫
dr′ Ψ∗

l1(r)Ψ∗
l2(r

′) VCoul(|r − r′|)Ψl3(r
′) Ψl4(r) (3.27)

with the compound index l containing the band index α = c, v and the wave vector k. Applying
the TB single-particle wave functions Ψα(k, r) from Eq. (3.6) yields

V α1k1,α2k2
α3k3,α4k4

=
A,B∑

i,i′,j,j′

Cα1∗
i (k1)Cα2∗

j (k2)Cα3
i′ (k3)Cα4

j′ (k4)
1

N2
0

N∑
l,l′,n,n′

e−ik1·Ri
l e−ik2·Rj

neik3·Ri′
l′ eik4·Rj′

n′ ×

×
∫ ∫

d3rd3r′φ∗(r − Ri
l)φ

∗(r′ − Rj
n)VCoul(|r − r′|)φ(r − Ri′

l′ )φ(r′ − Rj′

n′) .

with the lattice vectors Ri
l , the normalization factor N0, and with the TB coefficient functions

Cα
i (k) with the wave vector k = (kz,m). Taking into account only the strongest contribution

where the interacting particles are on the same site, i.e. (i, l) = (i′, l′) simplifies this expression to

V α1k1,α2k2
α3k3,α4k4

=
A,B∑
i,j

γij(αk)
1

N2
0

N0∑
l,n

e−i(k1−k3)·Ri
l e−i(k2−k4)·Rj

nVCoul(|Ri
l − Rj

n|) .

Here, the abbreviation γij(αk) ≡ Cα1∗
i (k1)Cα2∗

j (k2)Cα3
i′ (k3)Cα4

j′ (k4) has been introduced. Fur-
thermore, since the atoms are located at the positions Ri

l , it is |φ(r − Ri
l)|2 = δ(r − Ri

l). After in-
troducing the center-of-mass coordinate R̂ij = Ri

l+Rj
n

2 and the relative coordinate r̂ij = Ri
l −Rj

n,
the equation reads (for more details, see App. C.1)

V α1k1,α2k2
α3k3,α4k4

=
A,B∑
i,j

γij(αk)δk1−k3,k4−k2V
ij(q) . (3.28)

Here, the Fourier transform V ij(q) of the Coulomb potential has been introduced by

V ij(q) =
1

N0

∑
r̂

eiq·r̂ij

V ij(|r̂ij |) (3.29)

with the momentum transfer q = k3 −k1 = k2 −k4 = (qz,∆m). The conservation of the momen-
tum follows from the Kronecker delta δk1−k3,k4−k2 .

The unscreened Coulomb interaction V ij(|r̂ij |) is parametrized by the Ohno potential62

V ij(|r̂ij |) =
U√(

4πε0
e2 U |r̂ij |

)2
+ 1

(3.30)
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Figure 3.20: a) The real part of the Fourier transform of the Coulomb potentials V AA(qz, ∆m = 0) and
V AB(qz, ∆m = 0) for the (8,4) nanotube. V AB(q) also has a non-zero imaginary part, but it is much smaller than
the real part. The largest difference between V AA(q) and V AB(q) is far away from the qz = 0 point, as illustrated in
the inset. b) Illustration of the Ohno potential from Eq. (3.30).

with U = 11.3 eV representing the necessary energy to place two electrons on a single site.

The Fourier transform of the Coulomb potential is performed atom-wise using the line group
symmetry operations described in Sec. 3.2, i.e. the sum in Eq. (3.29) is expressed by∑

r̂

→
∑

c

∑
t

∑
s

∑
u

(3.31)

with i) u expressing the U-operation responsible for mapping atom A to atom B, ii) s denoting the
pure rotation around the tube axis Cs

n, iii) t describing the pure translations and screw axis rota-
tions (Crt

q | tna
q ), and finally iv) c expressing the number of unit cells considered in the calculation.

This atom-wise procedure distinguishes between the atoms of type A and B. As a result, there
are four different Fourier transforms V AA(q), V BB(q), V AB(q), and V BA(q). However, they are
related to each other by V AA(q) = V BB(q) and V AB(q) = V BA∗(q). For the calculation of these
quantities, it is important to calculate the scalar product q · r̂AA and q · r̂BA, see Eq. (3.29). Using
Eq. (3.4) and considering the cylinder as unrolled (i.e. neglecting curvature effects) leads to the
expressions

q · r̂AA = qzr̂
AA
z + q⊥r̂AA

⊥ = qz(t
na

q
+ cia) + m[2π(t

r

q
+

s

n
)] , (3.32)

q · r̂AB = qzr̂
BA
z + q⊥r̂BA

⊥ = qz(t
na

q
+ cia − 2z0) + m[2π(t

r

q
+

s

n
) − 2φ0] . (3.33)

Figure 3.20 illustrates the difference between V AA and V AB . They are shown as a function of the
momentum transfer qz along the nanotube axis and for transitions with ∆m = 0, i.e. no angular
momentum is transferred. The difference is vanishingly small for the maximal peak at qz = 0.
At higher wave vectors, both Fourier transforms show a small extremum, V AA a maximum and
V AB a minimum. These small oscillations stem from the Bessel-function-like behavior of the Cou-
lomb matrix elements. Integrating Eq. (3.29) continuously, i.e. not considering the geometry of the
nanotube, would lead to a modified Bessel function of the second kind V (qz) ∝ K(0, |qz|/c) with
c = 4Uπε0

e2 . The difference between V AA and V AB is completely expressed by the application of
the U symmetry on the reference atom r000 = (d/2, φ0, z0), see Eqs. (3.32)-(3.33). According to Eq.
(3.33), V AB(q) depends on z0, i.e. it has the phase factor e2iqzz0. The latter is responsible for the
fact, that V AB(q) is not periodic with the Brillouin zone, since the periodic length of the cosine
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Figure 3.21: a) The figure shows the Fourier transform of the Coulomb potential V AB(qz, ∆m) for the (8,4) tube as
a function of the momentum transfer qz along the nanotube axis (V AA(qz, ∆m) has a similar behavior). The region
marked with a dashed line in the inset is plotted as a blow-up in the main figure showing the Coulomb contribution
which arises from processes with a momentum transfer perpendicular to the nanotube axis, i.e. ∆m 6= 0. b) The band
structure of the (8,4) tube shows that the distance x = r

n
2π
a

between the band minima exactly corresponds to the
relative maxima of the Coulomb interaction in Fig. 3.21a.

does not correspond to the BZ length. It repeats periodically after 3n
n1−n2

-fold of the BZ (for the
(8,4) tube this factor corresponds exactly to a factor of 3).

Momentum transfer

Figure 3.21a shows the Fourier transform of the Coulomb potential as a function of the momen-
tum transfer qz along the nanotube axis for processes with ∆m = 0 and ∆m 6= 0. The Coulomb
interaction reaches the maximal value when the involved electrons have the same momentum,
i.e. for processes with ∆m = 0 and qz = 0. The second maximum is found for ∆m = 1 at
qz = r

n
2π
a , i.e. for transitions between two energetically neighbored subbands. For this process,

the Coulomb interaction is strongly enhanced when a momentum of qz = r
n

2π
a is carried over

along the nanotube axis. This corresponds to a transition between the subband minima, see Fig.
3.21b. However, the coupling strength decreases strongly with increasing momentum transfer
perpendicular to the nanotube axis, e.g. the Coulomb interaction for the process with ∆m = 1
(∆m = 2) is less than 5% (2%) of the absolute maxima for ∆m = 0. Consequently, intersubband
processes with a transfer of angular momentum should be suppressed. Nevertheless, it will turn
out to be of importance to take these interactions into account, since they have an influence on
the position of the excitonic peak in the absorption spectra.

Screening

One important effect of many-body interactions in an electron plasma is screening.42 Due to the
presence of other electrons and the surrounding material, the Coulomb interaction affecting a
single electron is screened. The effects arising from the electrons in the core states and the sur-
rounding medium are taken into account by introducing a dielectric background constant εbg .
The screening stemming from other valence electrons within the allowed subbands are calcu-
lated within an effective single-particle Hamiltonian approach leading to the renowned Lindhard
approximation

ε(q, ω) = 1 − V (q)P (q, ω) (3.34)
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where ε(q, ω) is the dielectric function. Then, the screened Coulomb potential W (q, ω) is given by

W (q, ω) =
V (q)

εbgε(q, ω)
. (3.35)

The quantum mechanical derivation of the Lindhard formula is shown in many textbooks of solid
state physics.36, 42 Hence, here, the focus lies on its evaluation for the case of one-dimensional
structures, such as carbon nanotubes. The polarisation P (q, ω) is a function of the electron charge
density ρ̂q = 1

V

∑
k〈a

+
k−qak 〉. Applying the Heisenberg equation, an equation of motion for the

electron charge carrier density can be derived17, 36 resulting in

P (q, ω) =
∑

k

〈a+
k−qak 〉 = 2

c,v∑
λ,λ′

∑
k

ρλ′

k−q − ρλ
k

~(ω + iγ) + ελ′
k−q − ελ

k

∣∣∣∣∫ ψ∗
k,λ(r)e−iq·rψk−q,λ′

∣∣∣∣2 . (3.36)

To reduce the numerical complexity, the static limit of the Lindhard approximation, i.e. (ω +
iγ) → 0, is taken into account. Inserting the TB wave functions, considering only the strongest
contribution with atoms at the same site (in analogy to the derivation of the Coulomb matrix
element), and assuming the conduction band to be empty, i.e. ρc

k = 0, and the valence band to be
full, i.e. ρv

k = 1 (linear optics limit), gives

P (q) =
∑

k

4
εv

k−q − εc
k

∣∣∣∣Cc ∗
A (k)Cv

A(k − q) + Cc ∗
B (k)Cv

B(k − q)
∣∣∣∣2 . (3.37)

Inserting the expressions for the coefficient functions Cλ
i (k) from Eq. (3.23) yields the dielectric

function ε(q)

ε(q) = 1 − V (q)
∑

k

2
γ0|e(k − q)| + γ0|e(q)|

[
1 − Re

(
e∗(k) e(k − q)
|e(k) e(k − q)|

)]
. (3.38)

The equations illustrate that the screening effects are of crucial importance for metallic nanotubes,
where the denominator can become very small, see Fig. 3.22. The characteristic dependence of the
screening on the wave vector q stems from the contribution 1−Re

(
e∗(k) e(k−q)
|e(k) e(k−q)|

)
, which vanishes

at q = 0. As a result, at this point ε(0) = 1 resulting in no screening of the Coulomb interaction.
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Figure 3.22: The screening of the Coulomb interaction is illustrated for the (8, 4) semiconducting and the (10, 10)

metallic nanotube. The dielectric background constant εbg is set to 1 to show the influence of the internal screening
according to Eq. (3.38).
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3.4.3 Electron-phonon matrix element

A periodic displacement of atoms around the equilibrium sited gives rise to the electron-phonon
interaction. Similar to the optical matrix element, first the electron-phonon coupling of graphene
is calculated. Then, the corresponding matrix elements for CNTs are determined by applying the
zone-folding approximation, see Sec. 3.3.1.

The electron-phonon matrix elements gk,ii′

q,ν for graphene have already been calculated and suc-
cessfully evaluated by M. Lazzeri et al.:63–66

gk,ii′

q,ν =
~

2mωqν
〈Ψi(k + q)| ∂V

∂u(q, ν)
|Ψi′(k)〉 (3.39)

with the TB wave functions Ψi(k) from Eq. (3.6) where i and k denote the electron band index
wave vector, respectively. Furthermore, Eq. (3.39) contains the phonon frequency ωq,ν , which can
be calculated by solving the secular equation including the dynamical matrix66, 67 determined by
Eq. (3.39). The corresponding phonon energies for the six possible modes of graphite are shown
in Fig. 3.23. Graphite has two atoms per unit cell. As a consequence, six phonon modes exist.
They are divided into three optical and three acoustic modes in dependence of the relative dis-
placements of atoms in the unit cell. If they oscillate in opposite (the same) directions, the corre-
sponding modes are called optical (acoustic). Moreover, in graphite, there is a difference between
in-plane modes and out-pane modes (ZA, ZO). The in-plane modes can be further separated into
transverse (TO, TA) and longitudinal (LO, LA) according to the direction of their displacements
with respect to the wave vector (propagation direction),∗ see Fig. 3.23.
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Figure 3.23: a) The experimental phonon dispersion of graphite is shown (taken from Mohr et al.).68 The three optical
(LO, TO, ZO) and acoustic (LA, TA, ZA) modes are shown, respectively. Experimental data is obtained from inelas-
tic x-ray scattering. Circles and triangles denote different data sets.68, 69 Solid lines show results from force-constant
calculations from the fifth-nearest neighbor fit. The corresponding symmetry representations are given in space group
notation. b) The corresponding theoretical simulation is illustrated. The results are obtained from calculations per-
formed by M. Lazzeri et al.64

∗In literature, phonons are labeled using different criteria,66 such as their symmetry, the direction of the atomic dis-
placements with respect to the nanotube axis, the longitudinal or transversal character of the graphene phonon branch
from which they originate, etc. Here, phonon modes are denoted as longitudinal if ε||q and transverse if ε ⊥ q where q

is the wave vector giving the direction of the phonon propagation and ε is the phonon polarization giving the direction
of the atomic displacement.
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For a DFT calculation of the electron-phonon matrix elements from Eq. (3.39), the derivative of
the deformation potential V with respect to the displacement needs to be calculated. The dis-
placement function is given by

u(q, ν) =
∑
lin̂

e−q·(Rl+τi)τlin̂ε∗in̂(q, ν) (3.40)

with the nearest-neighbor positions Rl +τi and with ν and q denoting the phonon mode and the
wave vector, respectively. The displacement function u(q, ν) is determined by the polarization
vector εin̂(q, ν) with n̂ standing the direction of displacement. To avoid the numerically demand-
ing DFT solution, the derivative of the potential with respect to the atomic distance in equilibrium
is adjusted to the results of first-principle calculations yielding

〈φl|
∂V

∂τli,n̂
|φl〉 ≈ β −→ 〈φl|

∂V

∂τli,n̂
|φl′〉 ≈ βn̂ · Cl′i′,li (3.41)

with the atomic wave functions φl and the vector Cl′i′,li denoting the distance between the atom
(l′, i′) and (l, i). Now, the electron-phonon matrix can be calculated by inserting Eq. (3.41) and
the TB wave functions into Eq. (3.39). The obtained results for the inter- and intraband electron-
phonon coupling of ΓLO, ΓTO and KLO phonons∗ are shown in Fig. 3.24. Considering the
interband electron-phonon interaction, also called π∗π coupling, the ΓTO is found to be zero,
see Fig. 3.24a. This can be traced back to the symmetry of transversal phonon modes. The ΓTO

phonon in armchair nanotubes belongs to the symmetry 0B
−
0 .46 As discussed in Sec. 3.4.1, this

means that these phonons do not preserve the parity with respect to the horizontal mirror plane
σh. Since the valence and conduction bands belonging to the same m have equal parities under
σh reflection (Fig. 3.16) the interband electron-phonon coupling vanishes for ΓTO phonons. This
behavior carries over for graphene. As a direct consequence, also the intra-band electron-phonon
matrix elements for longitudinal phonons ΓLO and KL must vanish, as nicely confirmed by the
presented calculations, see Fig. 3.24b.

Up to now, the electron-phonon coupling for graphene has been considered. Applying the zone-
folding approximation, the corresponding matrix elements for SWCNTs can be obtained. This
approach has already been discussed for electrons in Sec. 3.3.1.
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Figure 3.24: Illustration of electron-phonon matrix elements g(q, k)|2 for the ΓLO, ΓTO, and KLO phonon modes
along the high-symmetry line ΓKM in graphite calculated for a) inter-band interaction (π∗π coupling) and b) intra-
band interaction (ππ coupling).

∗A ΓLO (KLO) phonon is characterized by an electron wave vector k = 0 (k = K). Transversal and longitudinal
vectors are defined by the displacement function from Eq. (3.40).
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The same procedure can be applied for phonons under certain restrictions, e. g. Kohn anomalies
appearing in metallic nanotubes63 cannot be described within this approximation. Furthermore,
zone-folding is not applicable for the description of the radial-breathing mode (RBM). Never-
theless, the high energy optical modes (LO and TO), which are in the focus of considerations
are well described within the zone-folding approximation.4 The latter is applied by transforming
the Cartesian coordinate system (kx, ky) into the physically more intuitive kz, k⊥ system, see Fig.
3.25. The rotation angle

φyz = arccos
(

1
2
√

N(2n1 + n2)

)
(3.42)

is calculated by expressing kz and k⊥ from Eq. (3.15) as a function of k1 = 2π
a0

ex − 2π√
3a0

ey and
k2 = 4π√

3a0
ey (Fig. 3.9) and calculating the scalar product kz · ey = 2π

a cos φzy . Then, the k⊥
coordinate is quantized according to the boundary condition, as discussed in Sec. 3.3.1.

After performing the zone-folding approximations, a number of sub-

k⊥

Θzy

ky kz

kx

Figure 3.25: Rotation into the
(kz, k⊥) coordinate system.

bands in the phonon dispersion is obtained. Figure 3.26 shows the
ΓLO and ΓTO phonon energies as a function of wave vector qz

along the nanotube axis for two exemplary tubes: the (10, 0) zigzag
tube and the chiral (8, 4) tube. The phonon subband is m = 0 is
illustrated describing intrasubband electron-phonon processes. The
two phonon modes touch at the Γ point. Moreover, the energy of
the ΓLO mode is higher, reflecting the dispersion of graphite from
Fig. 3.23. However, the variation in energy as a function of qz is
very small justifying the widely used assumption of constant optical
phonon modes.

The corresponding intraband electron-phonon matrix elements for the ΓLO and ΓTO phonon
modes are shown in Fig. 3.27. In both tubes, the electron-phonon matrix elements g(qz) are much
stronger for the ΓLO phonons around the Γ point, i.e. at qz = 0. The coupling with the ΓTO

phonons even vanishes at the Γ point. In the case of zigzag tubes, this can again be explained
by symmetry allowing only interband coupling, since ΓTO phonons do not preserve the parity
with respect to the horizontal mirror plane σh.46

 0.18

 0.184

 0.188

 0.192

 0.196

 0.2

-8 -6 -4 -2  0  2  4  6  8

ph
on

on
 e

ne
rg

y 
(m

eV
)

qz (nm-1)

ΓLO
ΓTO

 0.188

 0.19

 0.192

 0.194

 0.196

 0.198

-3 -2 -1  0  1  2  3

ph
on

on
 e

ne
rg

y 
(m

eV
)

qz (nm-1)

ΓLO
ΓTO

Figure 3.26: Comparison of the ΓLO and ΓTO phonon modes as a function of qz (wave vector along the nanotubes
axis) for the a) (10, 0) zigzag tube and the (8, 4) chiral tube. The band index m is fixed to 0, since the focus lies on
intra-band phonon processes.
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Figure 3.27: Illustration of electron phonon matrix elements |gππ(q, k)|2 for the ΓLO and ΓTO phonon modes
calculated for the a) (10, 0) zigzag tube and b) the (8, 4) chiral tube.

3.5 Free-particle spectra

Nanotubes, as prototypical one-dimensional systems, show well-defined optical transitions that
can be exploited for structural assignment. Optical spectroscopies are among the most important
characterization techniques for single-walled carbon nanotubes.5–9 They allow the identification
of the microscopic structure of isolated tubes as well as for samples of many tubes. It has also
been attempted to measure the abundance of nanotube chiralities from the intensities of the op-
tical spectra.5 For this, a better understanding of the optical cross section and its dependence
on nanotube chirality is needed. In this section, the absorption and Rayleigh scattering from
carbon nanotubes are investigated theoretically. As a first approximation, the focus lies on the
free-particle properties. For semiconducting nanotubes, excitonic transitions have been shown
to dominate observed spectra10, 11 and even for metallic nanotubes bound excitons have been
predicted.12 Nevertheless, the band-to-band transition model, i.e. the excitation of an electron
from the valence into the conduction band can also give good insight into the optical properties
as a function of chirality.58, 70, 71 The underlying assumption, that the excitonic absorption follows
the oscillator strength found for uncorrelated electron-hole pairs is discussed in Sec. 3.6.9.

In this section, the absorption coefficient α(ω) and the Rayleigh scattering cross section σ(ω) are
calculated microscopically. Their dependence on the diameter, the chiral angle, and the family
index is discussed.

3.5.1 Absorption

Assuming the driving field to be weak, the change in occupation probabilities is negligibly small
justifying the linear optics approximation ρv

k = 1 and ρc
k = 0. This allows the calculation of linear

spectra, which are independent of the excitation pulse. The dynamics is only determined by the
microscopic polarisation pk.

The absorption coefficient has been derived in Sec. 2.5. Within the p · A approach, it can be ex-
pressed as a function of the macroscopic current j(ω) and the vector potential A(ω)

α ∝ Imχ(ω) = Im
j(ω)

ε0ω2A(ω)
. (3.43)
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The current density j(ω) is determined by the microscopic polarisation pk according to Eq. (2.56).
The Hamilton operator of the free-particle CNT system (for light polarized along the nanotube
axis) consists of only two parts according to Eq. (2.32)

H = H0,c + Hc-f =
∑

l

εla
+
l al + i

e0~
m0

∑
l,l′

Mvc
z Az(t)a+

l al′ (3.44)

with i) the free electron contribution H0,c containing the single-particle energy εl, which is cal-
culated within the tight-binding approach, and ii) the electron-light interaction Hc-f, which is de-
termined by the z-component of the vector potential Az(t) and the optical matrix element58, 72–75

Mvc
z . Including this Hamiltonian into the Heisenberg equation of motion leads to the free-particle

Bloch equation for the microscopic polarisation pk(t)

ṗk(t) = −i∆ωkpk(t) + gk(t) − γpk(t) (3.45)

with the subband transition frequency ∆ωk = (ωc(k) − ωv(k)), which determines the transition
energy, and the Rabi frequency gk(t) = e0

m0
Mz(k)A(t) describing the optical oscillator strength.

The phenomenological parameter γ is introduced to describe dephasing, resulting from electron-
phonon interaction. It corresponds to the inverse of the T2 time in Eq. (2.35). Its value determines
the linewidth in the calculated spectra and is set to γ = (0.0125/~) eV (corresponding to γ ≈
20 ps−1).

Equation 3.45 can be solved analytically in the Fourier space yielding72

pk(ω) = − e0

m0

Mvc(k) · A0(ωL − ω)
i(∆ωk − ω) + γ

, (3.46)

with the vector potential A(t) = A0(ω) cos(ωLt) with ωL denoting the light frequency. Inserting
this solution into the equation for the macroscopic current [Eq. (2.56)] leads to the expression

j(ω) =
1
V

2e0

m0

~
i

∑
k

Re
[
Mvc(k)pk(ω)

]
. (3.47)

Considering the case of z-polarized light yields

jz(ω) = − 1
V

2~e2
0

im2
0

∑
k

Re

[
|Mvc

z (k)|2Az
0(ωL − ω)

i(∆ωk − ω) + γ

]
.

Finally, applying the representation of the δ-function42

lim
γ→0

γ

(∆ωk − ω)2 + γ2
= πδ(∆ωk − ω) (3.48)

the absorption coefficient α(ω) reads

α(ω) ∝ ~πe2
0

m2
0ω

∑
k

|Mvc
z (k)|2δ(∆ωk − ω) . (3.49)

The strength of the optical absorption is given by the square of the optical matrix element Mvc
z (k)

and the joint density of states (JDOS) expressed by the δ-function. To find α(ω), the analytical ex-
pression for the optical matrix element from Eq. (3.26) is inserted into Eq. (3.49) and numerically
summed over the wave vector k = (kz,m).
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In the special case of zigzag nanotubes, even an analytical expression for the absorption coeffi-
cient α(ω) can be obtained. According to Eq. (3.16), the electronic dispersion relation for a (n, 0)
zigzag nanotube is given by

Ec,v
zz = ±γ0

√
3 + 2 cos(2π

m

n
) + 4 cos(π

m

n
) cos(πkz). (3.50)

With this relation and the matrix element from Eq. (3.26), the absorption coefficient αzz(ω) for
arbitrary zigzag nanotubes is determined by

α(ω)zz ∝

q
2∑

m=− q
2+1

(
cos(π m

n ) cos(πkz(ω)) − cos(2π m
n )

)2

(~ω)2 cos(π m
n ) sin

(
πkz(ω)

) . (3.51)

The two-dimensional sum over k is separated into sums over the band index m and the wave
vector kz along the nanotube axis. The latter is evaluated as an integral over energy with dE±

zz

dkz
=

−2πγ2
0

E±
zz

cos(π m
n ) sin(πkz). Then, the nanotube wave vector corresponding to a given photon energy

kz(ω) is obtained from Eq. (3.50)

kz(ω) =
1
π

arccos
[
( 1
2~ω)2 − E2

m

c2
m

]
,

where c2
m = 4γ2

0 cos(π m
n ) and E2

m = γ2
0

[
3 + 2 cos(2π m

n )
]
. The analytical expression for the ab-

sorption coefficient is valid for γ → 0, where Eq. (3.48) is applicable. Furthermore, the expression
under the square root in Eq. (3.50) has to be positive.

The dependence of the optical matrix element on nanotube chirality and transition energy Eii is
often assumed to indicate the variation in absorption strength.58 However, the absorption coef-
ficient also contains the contributions from joint density of electronic states. Here, the different
contributions to α(ω) in Eq. (3.49) are discussed. Furthermore, the dependence of the absorption
intensities of band-to-band transitions on nanotube chirality is investigated.

Absorption spectra

Figure 3.28 shows absorption spectra of the (8, 8) metallic armchair, (13, 0) semiconducting zigzag,
(10, 5) semiconducting, and (9, 6) metallic chiral nanotube. The pronounced peaks in the spectra,
denoted as Van Hove singularities, correspond to band-to-band transitions from valence to con-
duction band with the same m, according to the selection rule for parallel polarized light. The
peaks in the spectra of the (8, 8) nanotube in Fig. 3.28 (full lines) stem from transitions between
bands with m = 7, 6, 5 and 4 when going from lower to higher energies. The selection rules in
armchair nanotubes (kz = 0, m = 0 and m = n) reduce the number of peaks compared to the
calculation with constant matrix elements (dashed lines). Transitions with m = 3, 2 and 1 do not
appear since for m < n

2 the band extrema are at the Γ -point (Fig. 3.16a), where the optical matrix
element is zero. Similarly, optical transitions between the valence and conduction band crossing
at the Fermi level are forbidden, which is known as the optical band gap of armchair tubes.

In the spectrum of the (13, 0) zigzag nanotube eight peaks (m = 9, 8, 10, 7, 11, 12, 13 and 6 with
increasing energy) can be seen. Transitions that are higher in energy are not forbidden, but very
weak due to the E−2 dependence of the absorption coefficient, see Eq. (3.51). As discussed in Sec.
3.3.3, the band structure of a zigzag nanotube exhibits minima for m > n

2 and maxima m < n
2
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Figure 3.28: Optical absorption of the (8, 8) armchair, (13, 0) zigzag, (10, 5) semiconducting, and (9, 6) metallic
chiral nanotubes. The solid lines are calculated using the optical matrix element from Eq. (3.26). The dashed lines
show the absorption given only by the JDOS. Here, the matrix element is set to Mz(k) = 1. The four nanotubes
have a similar diameter d ≈ 1 nm. The parameters needed for the evaluation of Eq. (3.49) are used in agreement with
experimental results and previous theoretical investigations γ0 = −2.7 eV, γ = 20ps−1 , and Mc = 1. 46, 58

at the nanotube Γ point, see Fig. 3.16b. As a direct consequence, the transition energy increases
strongly from En

2
to En

2 −1 resulting in weak intensities of transitions with m < n
2 .

Chiral nanotubes have no additional symmetry-imposed selection rules besides ∆m = 0. It is
controversial whether results obtained for the higher-symmetry armchair and zigzag tubes such
as the existence of an optical gap, see the (8, 8) tube in Fig. 3.28, can be extended to chiral tubes.
Figure 3.28 demonstrates that including the optical matrix elements of chiral tubes leads to sim-
ilar conclusions about the absorption spectra as for achiral tubes. In particular, the absorption
diminishes for the bands crossing at the Fermi level in metallic nanotubes (optical gap) as can
be seen for the (9,6) tube in Fig. 3.28. Also, the transitions originating from maxima rather than
minima in the electronic band structure are strongly suppressed (for comparison, see the full and
dashed lines for the (10, 5) and the (9, 6) tube in Fig. 3.28). These transitions are very high in
energy (> 6 eV) and are strictly zero in armchair tubes. The optical gap in zigzag nanotubes can
also be obtained from the analytic expression for the absorption spectra in Eq. (3.51). The bands
crossing at the Fermi level have m = 2n/3. Inserting this m into Eq. (3.51) and assuming a linear
electronic dispersion close to the Fermi level yields α(ω) ∝ kz . The absorption is weak at the Γ

point; then it slowly increases (the factor between α and kz is small). The 1/ sin-type singularities
that dominate the transitions with m 6= 2n/3 are suppressed.

Comparing the band-to-band absorption peaks for constant matrix elements in Fig. 3.28 (dashed
lines) with the full calculation according to Eq.(3.49) (solid lines), it turns out that the peaks are
more pronounced when including the optical matrix elements. This can be understood by looking
at the kz dependence of Mz in Fig. 3.19. The magnitude of Mz is maximal at kz values that cor-
respond to Van Hove singularities. This enhances the absorption probability at the band extrema
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Figure 3.29: Chirality and family dependence of the absorption intensity. a)-c) are shown for +1 nanotubes with
2n1 + n2 = 26 (d ≈ 1.02 − 1.15 nm). a) Joint density of states for E11 (full lines) and E22 (dashed); b) absorption
intensity αcM when assuming constant matrix elements Mz(k) = 1; c) absorption intensity α including the matrix
element Mz in Eq. (3.26). d) Same as c) for −1 nanotubes (2n1 + n2 = 28 and d = 1.10 − 1.22 nm).

and reduces the absorption intensity away from the minima and maxima in the electronic band
structure. For zigzag nanotubes, an analytic expression for the energy Eeq is found at which the
absorption intensity with a constant matrix element equals the full calculation using Eq. (3.26). It
reads

Eeq = −Mcγ0

√∑
m

[
cos(π

m

n
) cos(πkz) − cos(2π

m

n
)
]2

. (3.52)

For a given m the absorption is stronger for E < Eeq when including the matrix element and
weaker for E > Eeq.

Chirality and family dependence of the absorption intensity

From the dependence of the optical matrix elements on nanotube family and chiral angle, shown
in Fig. 3.18, one might expect a decrease in absorption intensity with chiral angle for the first tran-
sition E11 of +1 nanotubes, but an increase for −1 tubes. However, this turns out to be incorrect:
α(ω) always increases with the chiral angle for the first two optical transitions.

Figure 3.29a-c illustrates how the different contributions to α(ω) in Eq. (3.49) combine to the over-
all chirality dependence of the optical absorption for +1 semiconducting tubes. The joint density
of states in +1 tubes is nearly constant for the E11 transition, but decreases with chiral angle for
E22, see Fig. 3.29a. This is related to trigonal warping and whether the transitions originate from
the left or right of the K point of graphene in the zone-folding approximation, see Sec. 3.3.2. The
absorption coefficient αcM corresponding to α with a constant matrix element Mz(k) = 1 is plot-
ted in Fig. 3.29b. In this case, the absorption, is determined by the JDOS divided by the transition
frequency ω, see Eq. (3.49). The latter decreases with increasing chiral angle φ, since the diameter
decreases slightly along a Kataura branch denoted by 2n1 + n2 = const. As a result the absorp-
tion intensity related to αcM becomes larger with φ. The decreasing JDOS of the second Van Hove
singularity E22 leads to a resulting slight decrease of αcM (E22) with chiral angle.

Taking the full expression of the optical matrix element into account for the calculation of the
absorption coefficient α, the intensities shown in Fig. 3.29c are obtained. For both transitions, the
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Figure 3.30: Intensity ratios α(E11)/α(E22) of the first two peaks in the absorption spectra for −1 (full lines) and +1

nanotubes (dashed). The ratios in a) are calculated with and in b) without the matrix element, respectively.

intensity increases from the zigzag to the armchair direction, i.e. with increasing chiral angle. The
increase of α(E22) is larger than of α(E11).

Trigonal warping also leads to a family dependence of the absorption coefficient. The comparison
to Fig. 3.29d showing the absorption intensities for the −1 tubes, illustrates that the intensity of
the first transition α(E11) increases strongly whereas α(E22) remains approximately constant -
in contrast to the behavior of the +1 tubes. This can be explained by zone folding. According
to Fig. 3.6, the position of the first two transitions for the two semiconducting families originate
from opposite sides of the graphene K point.

The family dependence of the absorption coefficient and the importance of the matrix element
for understanding the absorption spectra are further illustrated in Fig. 3.30, where the ratio
α(E11)/α(E22) is shown for both semiconducting nanotube families. The intensity ratios obtained
for a constant matrix element Mz(k) = 1 (Fig. 3.30b) considerably differ from the ratios obtained
by using the k-dependence of Mz(k), see Fig. 3.30a. The reason is the chirality dependence of
the optical matrix element itself. It decreases with φ for transitions with Van Hove singularities
on the KM high-symmetry line and increases for transitions stemming from the KΓ line, see
Fig. 3.18. Since the absorption coefficient depends on the squared matrix element, the intensity of
transitions between bands originating from the KM line of graphene is reduced with increasing
chiral angle, which changes the intensity ratios for the two semiconducting nanotube families in
Fig. 3.30.

The intensity in photoluminescence excitation (PLE) experiments IPLE on single-walled carbon
nanotubes is given by67

IPLE = ααrelαem (3.53)

with the α, αrel and αem denoting the probability of the incident light to be absorbed by the sam-
ple (into E22), the probability that the photoexcited electron relaxes to the emitting state E11, and
the probability of its emission. The latter can be assumed to be a constant,67 if there are no other
efficient relaxation channels from the emitting state. The determination of the relaxation rate is
difficult. It is predominately given by electron-phonon coupling, but it also depends on defects in
the sample. As a first study, the decay rate is assumed to be approximately constant. Under this
assumption, the PLE intensity is already reflected by the absorption intensity α for the second
transition E22. As a result, the observed increase of the intensity of the E22 for both semiconduct-
ing families with increasing chiral angle (Fig. 3.29c-d) is also expected for the PLE intensity. This
trend is also observed experimentally, although the increase is much larger than the predicted
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11% for +1 and 1% for −1 tubes.5, 6 The discrepancy comes most likely from the non-constant
decay rates from the second to the first subband, a topic that is studied intensively.76–78 Further-
more, excitonic effects can also contribute to a stronger chirality dependence. This open question
will be investigated in Sec. 3.6.7. Note also that the absolute intensity for α(E22) is by 15% larger
for −1 tubes than for the +1 tubes (for φ = 0◦). This agrees quite well with the higher experi-
mental PLE intensity of −1 semiconducting tubes.6 The explanation for this trend is still a widely
open question in current research.76

Dispersionless band in zigzag tubes

A pronounced absorption band at high energies which is characteristic for (n, 0) zigzag nano-
tubes with n even is discussed in the following. Figure 3.31 compares the absorption spectra of
the (10, 0) nanotube with two chiral tubes and the (11, 0) zigzag nanotube (with n odd). The
spectra of the (10, 0) nanotube contains a characteristic peak at E = 5.4 eV that dominates in
intensity over all other transitions. It does not have the typical 1/

√
E-form. Within the tight-

binding model, (n, 0) zigzag nanotubes with n even have a band m = n
2 that is free of dispersion

(Fig. 3.16) which gives rise to this intense peak. According to Eq. (3.50), the energy of the m = 5
band of the (10, 0) nanotube is E±

zz = ±2γ0. The energy is independent of kz and leads to an
infinite density of states. None of the other nanotubes exhibit such an intense peak. Observing
this UV transition would allow to easily identify zigzag nanotubes with n even, discriminating
against all other tube chiralities. However, including more neighbors in the tight-binding model
or using ab-initio techniques to calculate the band structure leads to a small dispersion of the n/2
band in (n, 0) tubes. Also, excitonic effects are expected to change the dispersion relation. This
will result in a drastic change of these spectra, as will be shown in Sec. 3.6.

In the discussion of the nanotube optical properties, excitons and the curvature of the nanotube
wall have been neglected so far. The effect of curvature on the nanotube optical properties is two-
fold: First, curvature induces a σ-contribution in the electronic wave functions.55, 79 The σ-like
part of the wave function, however, yields little or no optical absorption intensity. This is best

Figure 3.31: Illustration of the pronounced peak at 5.4 eV for (n, 0) zigzag nanotubes with n even. Beside the (10, 0)

nanotube, another zigzag tube with n odd and two chiral nanotubes with similar diameter are shown. Only the (10, 0)

zigzag nanotube exhibits the pronounced peak at 5.4 eV, the others show a regular peak with the 1/
√

E-form at this
energy.



3.5 FREE-PARTICLE SPECTRA 69

understood for zigzag tubes, because of their high symmetry. The bonding and anti-bonding σ

states both transform even under σh. Optical absorption is, therefore, forbidden for parallel po-
larization (see Sec. 3.4.1), which reduces the overall magnitude of Mz(k) if curvature is included.
The second effect of curvature is to shift the E11 optical transition energies of +1 tubes and the
E22 transition energies of −1 tubes to smaller energies for small chiral angles5, 7, 55, 71, 79 (these are
the bands with the strongest σ − π mixing).55 Since α depends on E−2

ii [Eqs. (3.49) and (3.26)]
this shift will increase α for tubes with small chiral angles when curvature is included. The two
effects are expected to cancel each other for tubes with a diameter ≈ 1 nm and not to affect the
dependence of α on chiral angle.

3.5.2 Rayleigh scattering

In addition to the established methods of optical spectroscopy, such as absorption, photolumines-
cence and Raman spectroscopy,5–8 Rayleigh scattering has recently emerged as a characterization
technique for individual single-walled carbon nanotubes.9, 80, 81 Similarly to other optical methods
Rayleigh scattering spectroscopy provides information about the nanotube structure through res-
onant enhancement of the elastically scattered light when the photon energy matches that of an
electronic transition. An advantage of Rayleigh scattering lies in its ability to uncover the optical
properties of individual nanotubes.9 Optical absorption, in contrast, is challenging for individual
nanosystems, because the sample (e.g. single tubes, nanoparticles) changes the intensity of the
incoming light by approximately 10−5 to 10−4. Scattering techniques measure an absolute signal
instead of a fractional change. In this respect Rayleigh scattering (elastic light scattering) is similar
to Raman scattering (inelastic scattering). However, to obtain the optical properties from a Raman
experiment, many spectra with varying laser energy need to be recorded.7, 8 The most widely
used optical technique for studying single-walled carbon nanotubes is photoluminescence.5, 6

However, it is limited to semiconducting tubes with small diameters. Rayleigh scattering offers
rapid data collection, an assignment of (n1, n2) chirality, and it is applicable to both semiconduct-
ing and metallic tubes. It has been used to confirm the electronic structure of nanotubes (trigonal
warping effect in metallic tubes), to study tube-tube interactions, and to characterize individual
tubes in combination with transport and electron-diffraction experiments.9, 80, 81 This wealth of
experimental studies has not yet been complemented by theoretical work.

In this work, an expression for the Rayleigh scattering cross section per unit length is derived
using analytical results for the optical matrix elements of arbitrary (n1, n2) nanotubes and tran-
sition energies within the tight-binding approximation. The theory is applied to the features of
the Rayleigh scattering spectra for metallic and semiconducting nanotubes with diameters of ap-
proximately 2 nm, since these nanotubes have been investigated experimentally.80 The compar-
ison of tight-binding and DFT calculations has shown that the tight-binding method is suitable
for the description of such large nanotubes.55 Working within the free-particle model is assumed
to already give good insight into the intensity ratio of the double-peaked structure as a conse-
quence of the trigonal warping effect. The inclusion of excitonic effects is expected to modify the
Rayleigh line shape, but not to change the characteristic features, such as the enhanced strength
of the lower-energy component of the split metallic peaks. This assumption is investigated in Sec.
3.6.9, where excitonic Rayleigh spectra are calculated.

Treating Rayleigh scattering from SWCNTs as electromagnetic scattering from a long cylinder
with a diameter small compared to the wavelength of light, the scattering cross section per unit
length can be written as9, 45 [Eq. (2.58)]

σ(ω) ≈ π2

4c3
r4ω3|χ(ω)|2 . (3.54)



70 SINGLE-WALLED CARBON NANOTUBES

1

2

3

4

(24,0)

1

2

3

4

(22,4)

1

2

3

4
R

ay
le

ig
h 

sc
at

te
ri

ng
 c

ro
ss

 s
ec

tio
n 

σ(
ω

)  
   (

ar
b.

 u
ni

ts
)

(20,8)

1

2

3

4

5 (18,12)

0.4 0.8 1.2 1.6 2 2.4 2.8
Energy (eV)

0

2

4

6

8

10

(16,16)

M
11

M
11

M
22

M
22

Figure 3.32: Rayleigh spectra of metallic nanotubes with a diameter of approx. 2 nm corresponding to the Kataura
branch with 2n1 + n2 = 48. The chiral angle increases from top to bottom. The figure illustrates the peak splitting
caused by the trigonal warping effect that diminishes with increasing chiral angle (towards the armchair configuration)
and increasing transition energy.53, 54

In analogy to the calculations of the absorption coefficient, the Rayleigh scattering cross section
is only considered for incident light polarized along the nanotube axis, since this gives the dom-
inant scattering response.9 Information about electronic properties of the nanotube enters into
the Rayleigh scattering cross section through the frequency-dependent optical susceptibility42

χ(ω) = ε(ω) − 1, where ε(ω) denotes the dielectric function of the nanotube. It is determined
by the square of the linear optical susceptibility χ(ω). In this sense, it is similar to the optical
absorption, which is also given by χ(ω). Unlike absorption, however, Rayleigh scattering has
a contribution from the real part of χ(ω) and, hence, includes effects from off-resonant optical
transitions. This leads to important differences in the characteristics of Rayleigh and absorption
spectra, which is discussed below.

Rayleigh scattering from metallic nanotubes

Figure 3.32 shows the four lowest-lying transitions, denoted by M−
11, M+

11, M−
22, and M+

22, in metal-
lic carbon nanotubes with a diameter of approximately 2 nm. It illustrates three important fea-
tures:

• The Rayleigh scattering spectra of metallic nanotubes show a double-peaked structure that
arises from the trigonal warping, which describes the deviation of the equi-energy contours
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Figure 3.33: a) Intensity ratios of transitions M−
11 and M+

11, and of M−
22 and M+

22 as a function of the chiral angle. b)
Optical matrix element Mz(k) along the high-symmetry line ΓKM of graphene corresponding to confined states of
zigzag nanotubes. c) Brillouin zone of graphene with the high-symmetry line ΓKM . d) Simplified triangular energy
contour of graphene around the K point of the Brillouin zone. The deviation from the circle is exaggerated to illustrate
the trigonal warping. The vertical lines are the allowed wave vector lines corresponding to the lowest Van Hove
singularities of a metallic zigzag nanotube. The dashed lines indicate the three KM -directions. Note that the matrix
element Mz(m, 0) has a smaller absolute value on the ΓK- than on the KM -side. This will influence the oscillator
strength of transitions. Depending on the side on which the corresponding Van Hove singularity is located with respect
to the K point, the transition is expected to be stronger or weaker in intensity.

from circles in the Brillouin zone of graphene around the K point [Fig. 3.33c)]. The trian-
gular shape of these equi-energy contours makes it important on which side of the K point
the Van Hove singularities are located, see Sec. 3.3.2. As a result, there is peak splitting
in the spectra of metallic nanotubes, as already known from absorption measurements.46

The width of the splitting depends strongly on the chiral angle: It is maximal for zigzag
tubes and decreases with increasing chiral angle, with no splitting present for the arm-
chair configuration.53, 54 Figure 3.28 also confirms that the trigonal warping effect is larger
at higher transition energies, as can be seen in the wider separation of the third and fourth
peak.

• The relative intensities of the Rayleigh peaks have a distinctive behavior. For all nanotubes
within a given Kataura branch, the lower-lying transition in the double-peaked structure is
stronger in intensity, i.e. M−

11 is stronger than M+
11, and M−

22 is stronger than M+
22.

• The Rayleigh spectra exhibit a slight enhancement of the scattering cross section at lower
photon energies, see also Fig. 3.34.

The characteristic behavior of relative intensities in the double-peak structure of metallic tubes
in Fig. 3.28 has also been observed experimentally. The lower-energy peak of the split transition
is always greater in intensity than the upper one.81 Figure 3.33 demonstrates that this intensity
difference decreases with the increasing chiral angle, connected to the decrease of the trigonal
warping effect. At first sight, this seems to contradict the dependence of the density of states
on chiral angle that has been shown to be enhanced for higher-lying transitions.53 However, an
explanation for the peak ratio is found in the interplay of the density of states with the optical
matrix element Mz(k). The oscillator strength of optical transitions is determined by both the
density of states and the optical matrix element.72, 73 Especially for studies of the chirality depen-
dence, it is important to consider the influence of the matrix element Mz(k). As can be seen in
Fig 3.33, its absolute value is higher on the KM - than on the ΓK-side. The Van Hove singularities
located at the ΓK-side lead to transitions at a higher energy,53 see Fig. 3.33c. Since the absolute
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Figure 3.34: Asymmetry towards lower energies in the Rayleigh spectra. The cross section is plotted for the M11 tran-
sition of the (16,16) armchair nanotube. Single-band and all-band results are compared (the maxima are normalized to
the value of the M11 peak in the all-band calculation) to illustrate that the enhancement of the Rayleigh scattering cross
section at lower energies occurs only when the non-resonant response is included. The inset shows the corresponding
real part of the susceptibility χ(ω). Constructive interference of the non-resonant contribution in the low-energy wing
of the resonant response accounts for the observed asymmetry.

value of the matrix element is smaller on the ΓK branch, and since the cross section depends on
the square of the matrix element, the corresponding transition intensities are weaker, despite the
enhanced density of states.

In agreement with experimental results,9, 80, 81 the Rayleigh peaks in Fig. 3.28 have an asymmetry
towards lower energies, i.e. the scattering cross section is enhanced at lower energies. To see
this more clearly, in Fig. 3.34 the cross section σ(ω) for the first (M11) transition of the (16,16)
armchair nanotube is plotted on an expanded frequency scale. The dotted-dashed line shows
results from a single-band calculation. The characteristic asymmetry is observed only when all
subband transitions are taken into consideration (solid line).

An explanation for the enhanced Rayleigh scattering cross section at lower energies lies in the
influence of the real part of the optical susceptibility χ(ω). It has a long tail on the low energy
side of each transition, since the wing of the resonant response adds in phase with the non-
resonant background below the resonance, but interferes destructively above the resonance. The
inset in Fig 3.34 illustrates the behavior around the M11 transition of the (16,16) nanotube. The
off-resonant contributions of higher subband transitions yield a background (see inset in Fig.
3.34) that produces the observed asymmetry of Rayleigh peaks, as shown in Fig. 3.34.
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Figure 3.35: Red-shift of Rayleigh peaks.

This interference effect stemming from the non-
resonant background also leads to a slight red-
shift in the center of the Rayleigh peaks com-
pared with the center of the absorption line, the
latter being determined solely by the imaginary
part of the optical susceptibility, see Fig. 3.35.
The shift is typically about 10 meV in magni-
tude and is largely independent of the chiral an-
gle. Note that a similar importance of the overlap
between the real and imaginary part of the opti-
cal susceptibility has also been shown for Raman
spectra.4
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Figure 3.36: Rayleigh spectra of semiconducting +1 and −1 nanotubes with a diameter of approx. 2 nm corresponding
to the Kataura branch4 with 2n1 + n2 = 48. The chiral angle increases from top to bottom. The third E33 and fourth
E44 transitions are shown. Note that for −1 tubes the energetically lower transition E33 is weaker in intensity, whereas
+1 tubes show an inverse behavior. The figure also illustrates the corresponding absorption spectra (dashed line) with
the characteristic Van Hove singularities. The absorption coefficient is normalized to the value of the E33 peak in the
corresponding Rayleigh spectra.

Rayleigh scattering from semiconducting nanotubes

Figure 3.36 compares absorption and Rayleigh spectra showing the third and fourth transition
E33 and E44 in semiconducting carbon nanotubes with an approximately constant diameter
of about 2 nm. Figure 3.36 shows that for −1 semiconducting tubes, the third transition E33 is
weaker in intensity than E44. In contrast, the +1 semiconducting tubes have the opposite behav-
ior: E33 is slightly stronger in intensity. This different family behavior cannot be explained by
considering only the joint density of states (JDOS), which has been shown to be generally en-
hanced for energetically higher transitions.53, 72 As a result, the transitions E33 is expected to be
smaller in intensity than E44 independently of the tube family - in contrast to the observation for
metallic tubes in Fig. 3.32.
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Figure 3.37: Chirality dependence of intensity ratios.

An explanation can be found by taking the opti-
cal matrix element Mz(k) into account. Depend-
ing on the side, on which the Van Hove singu-
larity is located with respect to the K point, the
transition intensity is enhanced or reduced, see
Fig. 3.37. The observed different family behavior
of relative intensities arises from the fact that the
energy minima for +1 and −1 tubes for a given
transition Eii are located on opposite sides of the
graphene K point.4, 72 For +1 tubes the E33 Van
Hove singularity originates from the KM -line,
whereas E44 stems from the ΓK-line, see Fig. 3.6.
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The resulting enhancement of E33 with respect to
E44, since the matrix element Mz(k) is larger on the KM -side, see Fig. 3.33b. The difference in
intensity for +1 tubes, however, is much smaller than for −1 tubes. This can be traced back to the
geometry factor ω3r4 in Eq. (3.54) that enhances the energetically higher transition E44 leading to
a reduction of the intensity differences for +1 tubes.

3.5.3 Summary

The optical absorption coefficient α(ω) and the Rayleigh scattering cross σ(ω) have been cal-
culated for arbitrary metallic and semiconducting single-walled carbon nanotubes within the
free-particle picture. The optical oscillator strength is shown to decrease with the chiral angle.
In general, absorption is weaker for +1 than for −1 nanotube families. This chiral angle and
nanotube family dependence originates from combined effects of the joint density of electronic
states and the optical matrix element. Furthermore, the intensity ratios of the four lowest-lying
peaks in the absorption and Rayleigh spectra have been explained by the different behavior of
the optical matrix element along the two high-symmetry lines KΓ and KM . The consideration of
all allowed subband transitions has turned out to be crucial for understanding the characteristic
features of a Rayleigh spectrum. The lineshape of Rayleigh peaks exhibits stronger response at
lower energies as a consequence of the non-resonant contributions to the optical susceptibility
of higher subband transitions. The latter also leads to a slight red-shift in the Rayleigh spectra
compared to the Van Hove singularities in the absorption spectra.

The presented results are in good agreement with experimental data. As will be shown in Sec.
3.6.9, excitonic effects enhance the investigated features in the Rayleigh scattering and absorption
spectra leading to a better agreement with the experiment.82
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3.6 Excitonic effects

The calculations of the absorption coefficient and the Rayleigh scattering cross section, presented
in the last section, are extended by including the Coulomb interaction. The electron-electron and
electron-hole coupling leads to a renormalization of the free-particle energies and to a forma-
tion of excitons - bound electron-hole states. A large part of the spectral weight is transformed
from the free-particle Van Hove singularities to excitonic Lorentzians. As a result, the inclusion of
Coulomb interaction is crucial to correctly describe the optical absorption. In this section, the ex-
citonic effects are investigated as a function of the chiral angle, the diameter, and the family index
in both absorption and Rayleigh scattering spectra. Furthermore, the splitting of excitonic states
in dark and bright excitons as a consequence of the Coulomb intervalley mixing is discussed.

3.6.1 Coulomb interaction

Over the last years, different approaches were developed to model the Coulomb interaction
in carbon nanotubes. In 1996, Ando83 calculated the excitonic excitations within the screened
Hartree-Fock approximation. In 1997, Egger84 developed an effective low-energetic theory for
CNTs taking into account that Coulomb interaction can lead to a Luttinger liquid behavior in
one-dimensional structures. The studies by Petersen, Kane, and Mele85, 86 started from a varia-
tional approach, which is based on the minimization of the energy applying a test wave function
with free parameters. This approach led to a resolution of the discrepancy between experiment
and theory with respect to the transition energy ratios, also known as the ratio problem.86 Spataru
and Louie12, furthermore Chang, Ruini, and Molinari15 performed first-principle calculations to
describe excitonic properties in carbon nanotubes. They incorporated the Coulomb interaction
within the Bethe-Salpeter equation combined with the GW method. The latter is based on the
density functional theory and allows the incorporation of the renormalized free-particle energies
due to the electron-electron interaction. It is a powerful method, but numerically very demand-
ing. Hence, the calculation of excitonic properties is only possible for certain selected nanotubes
with small radii and small unit cells, i.e. mainly achiral tubes. Perebeinos, Avouris,13 and Saito17

used an intermediate level of theory by combining the Bethe-Salpeter equation with the TB ap-
proach. They found scaling laws for excitonic binding energies, their size, and oscillator strength
in dependence of diameter. Finally, Capaz16 used a symmetry-based variational method within
the effective mass and envelope function approximation using TB wave functions to investigate
the chirality dependence of excitonic properties.

In this work, microscopic calculations of the excitonic susceptibility χ(ω) are performed by a
novel approach combining the density-matrix formalism with the zone-folded tight-binding wave
functions. The derived Bloch equations allow the study of CNTs of arbitrary chiral index. A fur-
ther advantage of this approach is the straightforward inclusion of many-body interactions, such
as exciton-phonon coupling and non-linear effects.

Excitonic Bloch equation

The Hamilton operator of the excitonic CNT system consists of three parts according to Eq. (2.32)

H = H0,c + Hc-f + Hc-c =
∑

l

εla
+
l al + i

e0~
m0

∑
l,l′

Mvc
z Az(t)a+

l al′ +
1
2

∑
l1,l2,l3,l4

V l1,l2
l3,l4

a+
l1

a+
l2

al4
al3

.

(3.55)
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In this section, excitonic properties are in the focus of investigation. Therefore, the electron-
phonon interaction is neglected. However, it is taken into account in Sec. 3.7. The free elec-
tron contribution H0,c contains the single-particle energy εl calculated within the tight-binding
approach.46, 53, 55, 71 The second part of Eq. (3.55) Hc-f describes the electron-light interaction which
is determined by the z-component of the vector potential Az(t) and the optical matrix element58, 72

Mvc
z , calculated in Sec. 3.4.1. The third contribution is the Coulomb interaction Hc-c. The charac-

teristics of the Coulomb matrix elements V l1,l2
l3,l4

have already been discussed in Sec. 3.4.2. They
are derived in detail in App. C.1.

Here, the free-particle Bloch equation for the microscopic polarisation pk(t) from Eq. (3.45) is
extended to Coulomb interaction. Using the Heisenberg equation of motion from Eq. (2.33), and
the Hamilton operator from Eq. (3.55) leads to

i~ṗk = [pk,H] = (εc k − εv k)pk +
∑
ABC

(
V ck A

BC 〈a+
v ka+

AaCaB〉 − V AB
vk D〈a+

Aa+
BaCac k〉

)
(3.56)

with A,B,C as compound indices containing the wave vector ki and the band index λi = c, v

(i = A,B,C). To obtain a closed set of equations, the two-particle density matrices are factorized
into single-particle density matrices

〈a+
1 a+

2 a3 a4〉 = 〈a+
1 a4〉〈a

+
2 a3〉 − 〈a+

1 a3〉〈a
+
2 a4〉 . (3.57)

This corresponds to the Hartree-Fock or mean-field approximation, where all correlations be-
tween the carriers are neglected, see Sec. 2.4. The excitonic effects, however, can already be de-
scribed on the Hartree-Fock level. Auger contributions are not considered here. They are essential
for the description of relaxation processes and the corresponding life times.87

Performing the sums in Eq. (3.56) within the random phase approximation (see Sec. 2.4.1) and ex-
ploiting the limit of linear optics, i.e. the valence (conduction) band is assumed to be full (empty),
leads to the excitonic carbon nanotube Bloch equation88 for the microscopic polarisation

ṗk(t) = −i∆ωkpk(t) + gk(t) − γpk(t) . (3.58)

The phenomenological damping parameter γ accounts for the dephasing. It results from ne-
glected many-particle interactions, such as electron-phonon coupling. Its value determines the
linewidth in the calculated spectra, but has no influence on the position of the peaks. The struc-
ture of the Bloch equation has not changed after including the Coulomb interaction. The latter
only leads to a renormalization of the free-particle contributions. However, these contributions
are responsible for a considerable change in the optical properties of carbon nanotubes.

b)

k’

k

k
k’

a) c) d)

k

k

k k’

Figure 3.38: Illustration of Coulomb contributions leading to a) - b) the renormalization of the the free-particle en-
ergy due to the repulsive electron-electron interaction, c) the formation of excitons due to the attractive electron-hole
interaction, and d) the depolarization contribution, characterized by zero momentum transfer, i.e. k = k′
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The microscopic polarization pk(t) is determined by the renormalized energy transition frequency

∆ωk =
(
ωc k − ωv k

)
+

1
~

∑
k′

Vren(k, k′) (3.59)

and the excitonic Rabi frequency

gk(t) =
e0

m0
M cv

z (k)Az(t) −
i

~
∑
k′

[
Vexc(k,k′)pk′ + Ṽexc(k, k′)p∗k′

]
. (3.60)

For details, see the derivation of the Bloch equations presented in App. A. The second term ∝ p∗k′

vanishes within the rotating wave approximation (RWA). However, in Sec. 2.4.1, it was shown
that the RWA is only advantageous if the energy dispersion is small or if only the area around
the band gap is of importance. Since the entire Brillouin zone are considered and the energy
dispersion in nanotubes can reach values up to several eV, the theory is evaluated beyond the
RWA and the terms ∝ p∗k are taken into account.

The Coulomb contributions leading to a k-dependent renormalization of the free-particle energy
εk are given by

Vren(k,k′) = V vk′,vk
vk,vk′ − V ck,vk′

vk′,ck . (3.61)

The involved matrix elements are illustrated in Fig. 3.38a-b with c, v denoting the conduction
and the valence band, respectively. Both intra- and interband processes contribute to the energy
renormalization, which is discussed below. The Coulomb matrix elements are given by

V k1,k2
k3,k4

=
A,B∑
i,j

γij
k1,k2,k3,k4

δk1−k3,k4−k2V
ij(q) (3.62)

with γij
k1,k2,k3,k4

as the product of TB coefficient functions (i, j label the graphene unit cell atoms
A,B, ki is a compound index containing the band index and the wave vector) and the Fourier
transform of the Coulomb potential V ij(q). For more details, see Sec. 3.4.2 and App. C.1.

The renormalization of the Rabi-frequency is determined by the following Coulomb contribu-
tions

Vexc(k, k′) = V ck,vk′

ck′,vk − V ck,vk′

vk,ck′ , (3.63)

Ṽexc(k, k′) = V ck,ck′

vk′,vk − V ck,ck′

vk,vk′ . (3.64)

The Coulomb matrix elements from Eq. (3.63) are illustrated in Fig. 3.38c-d. The first terms in Eqs.
(3.63)-(3.64) describe Coulomb processes with a momentum transfer q = k − k′. They lead to the
formation of excitons, which change the free-particle spectra considerably, as shown in Fig. 3.39.
The essential contribution stems from the process illustrated in Fig. 3.38c. In contrast to all other
contributions, the second terms in Eqs. (3.63)-(3.64) stem from the Hartree part of the Hartree-
Fock factorization. They are often called depolarization terms. In contrast to the Fock terms, they
include no momentum transfer, i.e. q = 0.

Solving the equation of motion for the microscopic polarisation pk from Eq. (3.58) allows the
calculation of the excitonic susceptibility χ(ω), see Eq. (2.57). Then, the excitonic absorption co-
efficient α(ω) and the Rayleigh scattering cross section σ(ω) can be determined for nanotubes
of arbitrary chiral indices (n1, n2). Figure 3.39 shows the absorption spectra of the (8,4) chiral
nanotube illustrating the different contributions to the microscopic polarization. The free elec-
tron spectra are characterized by Van Hove singularities (red line), as shown in the previous
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Figure 3.39: Absorption spectra of the (8,4) nanotube (for reasons of clarity only the first transition E11 is shown).
Coulomb interaction leads to i) band gap renormalization due to the electron-electron coupling (blue shift of the Van
Hove singularity) and ii) formation of excitons due to the electron-hole interaction (red-shift of the renormalized Van
Hove singularity and reshaping into a Lorentzian), see also Hirtschulz et al.88

section. Including the renormalization of the band gap due to the electron-electron interaction
according to Eq. (3.59) leads to a relatively large blue shift (green line). The reduction in inten-
sity arises from the ω−1 dependence of the absorption coefficient, see Eq. (2.57). After including
the electron-hole coupling from Eq. (3.60), the renormalized Van Hove singularity is red-shifted
and reshaped to a Lorentzian (blue line) resulting in a net blue-shift and an increased oscilla-
tor strength. The excitonic binding energy Eb of 0.7eV can be easily determined as the differ-
ence between the peak with and without electron-hole coupling. The spectral weight is almost
completely transferred to the excitonic excitation. The renormalized free band-edge can still be
seen, but it is largely suppressed. However, in metallic nanotubes it will turn out to still play
an important role, see Sec. 3.6.8. The width of the peak is determined by the phenomenological
parameter12 γ = (0.0125/~) eV in Eq. (3.58). Excitonic effects do not lead to a visible broadening
of the peak. However, it is difficult to resolve the small width, since the current calculation is
performed beyond the RWA approximation and the time grid needs to be very precise.

3.6.2 Band gap renormalization

The Coulomb contribution Vren(k,k′) from Eq. (3.59) can be grouped with the free-carrier con-
tribution ∝ (ωc k − ωv k). Both terms are driven by the microscopic polarisation pk with the same
wave vector k. Hence, Vren(k, k′) determines the k-dependent strength of the band gap renor-
malization. Inserting the involved Coulomb matrix elements from Eqs. (C.12)-(C.13) yields

Vren(k, k′) = Re

[
e∗(k′)e(k)
|e(k′)e(k′)|

V AB(q)
]

(3.65)

with q = (qz,∆m) and e(k) =
∑3

i=1 exp(ik · bi) where bi are the nearest-neighbor tight-binding
vectors, see Sec.2.3.2. The Kronecker delta from Eq. (3.62) describing the momentum conservation
requires qz = k′

z − kz and ∆m = m′ − m. Furthermore, the Fourier transform of the Coulomb
potential

V ij(q) =
1

N0

∑
r̂

eiq·r̂ij

V ij(|r̂ij |) (3.66)

has been introduced. As discussed in Sec. 3.4.2, the Coulomb potential V ij(|r̂ij |) is parametrized
by the Ohno potential,62 see Eq. (3.30). Figure 3.39 shows the band gap renormalization arising
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Figure 3.40: Illustration of the importance of the band gap renormalization for a) the highly symmetric (10, 0) zigzag
tube and the (9, 2) chiral tube. The dispersionless band with m=5 in the (10, 0) tube gains a small oscillating dispersion
after the inclusion of the electron-electron coupling, as shown in the inset. As a result, the pronounced peak with the
high intensity splits up into two peaks with a similar coupling strength. A similar effect can be seen in the absorption
spectra of the (9, 2) nanotube.

from Vren(k, k′) for the (8, 4) nanotube (green line). The free-particle Van Hove singularity (blue
line) is blue-shifted by 1.1 eV, which is about 100% of the free band gap. This is a sign for the
strong Coulomb interaction in carbon nanotubes. The energy renormalization always leads to a
blue-shift within linear optics, since the intraband matrix elements V vk′,vk

vk,vk′ are always larger than

the corresponding interband matrix elements V ck,vk′

vk′,ck , see Eq. (3.61).

Furthermore, the band gap renormalization has a drastic effect on certain nanotubes. In Sec. 3.5.1,
it was shown that (n, 0) zigzag nanotubes with n even have a pronounced peak at higher energies,
which dominates the overall intensity in the absorption spectra. This effect was explained by a
specific feature in the band structure of these nanotubes. It was shown that the subband with
m = n/2 is free of dispersion within the tight-binding approximation. This leads to a formally
infinite density of states resulting in a very pronounced peak in the absorption spectra of these
zigzag tubes. Additionally, a degeneracy with the band m = n further increases the intensity of
the peak. However, Coulomb effects essentially change this picture due to a slight change in the
dispersion of the subband m = n/2, see the renormalized band structure of the (10, 0) tube in the
inset of Fig. 3.6.2a. The gain of dispersion in the n/2 subband results in a finite density of states
and a much smaller intensity of the corresponding peak, which does not distinguish any more
from other transitions in the spectra. Moreover, this slight change in dispersion also accounts
for the lifting of the mentioned degeneracy with the band m = n, leading to a peak splitting,
shown in Fig. 3.6.2a. A similar effect can be observed in the spectra of other nanotubes, where the
energy renormalization often enlarges the distance between peaks. As a result, energetically close
transitions can be resolved in the spectra after the Coulomb interaction is included, as exemplary
shown for the (9, 2) nanotube in Fig. 3.6.2b.

3.6.3 Excitons

In the previous section it was shown that the repulsive electron-electron part of the Coulomb
interaction leads to a renormalization of the transition energy (band gap renormalization). Here,
the attractive part of the Coulomb interaction is discussed. Its inclusion leads to the formation
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of bound electron-hole states accompanied by a red-shift due to the exciton binding energy. Fur-
thermore, excitonic spectra are characterized by symmetric Lorentzians, see Fig. 3.39. This con-
siderable change of optical properties is due to the attractive Coulomb contributions Vexc(k, k′)
and Ṽexc(k, k′) from Eqs. (3.63)-(3.64). They can be grouped with the carrier-field interaction
∝ e0

m0
Mvc

z (k)Az(t) [Eq. (3.60)] contributing to the renormalization of the Rabi frequency. This
attractive Coulomb interaction causes an additional internal field, which renormalizes the exter-
nal field given by the vector potential Az(t). These contributions are driven by the microscopic
polarization pk′ with k′ = k + q, where q describes the involved momentum transfer during the
process.

Inserting the Coulomb matrix elements from Eq. (C.14) and Eq. (C.16) into Eq. (3.63) yields for
the first part of the attractive electron-hole interaction

Vexc(k, k′) =
1
2

[
V AA(q) + Re

(
e∗(k′)e(k)
|e(k′)e(k′)|

V AB(q)
)]

︸ ︷︷ ︸
excitonic part

− 1
2

[
V AA(0) − ReV AB(0)

]
︸ ︷︷ ︸

depolarization part with q=0

. (3.67)

The first term is the dominant contribution for the formation of excitons. The corresponding
Coulomb matrix elements describe the interaction between an electron in the conduction band
and a hole in the valence band, see Fig. 3.38c. They lead to the formation of bound electron-hole
states. The formation of excitons is accompanied by a considerable red-shift, which partly cancels
the blue-shift arising from the band gap renormalization. This shift corresponds to the excitonic
binding energy. In comparison to free-particle spectra, there is still a notable net-blue shift. In
the case of the chiral (8, 4) nanotube, shown in Fig. 3.39, the excitonic binding energy is 0.7 eV
and the net-blue shift is 0.4 eV. These values strongly depend on the surrounding medium. In
Fig. 3.39, the absorption spectra are calculated for the dielectric background constant εbg = 1
corresponding to air or vacuum as surrounding medium. In the next section, the dependence of
the excitonic position and binding energy on εbg is discussed in detail.

The above process involves a momentum transfer q, which can be carried out as linear momen-
tum along the nanotube axis (qz = k′

z − kz) or as angular momentum connected to intersubband
processes (∆m = m′ − m). The combined electron-hole wave vector Q = ke + kh corresponds
to the wave vector of the involved photon, which is negligibly small, i.e. Q ≈ 0. In contrast,
the second term in Eq. (3.67), often denoted as depolarization term, describes processes between
states with the same wave vector k, i.e. no momentum is transferred during the Coulomb inter-
action, see Fig. 3.38d. It contributes to the renormalization of the Rabi frequency. However, it is
less important since the two contributions V AA(0) and Re

(
V AB(0)

)
cancel each other to a large

extent.

Finally, inserting the matrix elements from Eq. (C.15) and Eq. (C.17), the last Coulomb contribu-
tion from Eq. (3.64) can be expressed as

Ṽexc(k,k′) =
1
2

[
V AA(q) − Re

(
e∗(k′)e(k)
|e(k′)e(k′)|

V AB(q)
)]

− 1
2

[
V AA(0) + ReV AB(0)

]
. (3.68)

These terms resemble the ones from Eq. (3.67). They contribute to the renormalization of the Rabi
frequency. However, in comparison to the dominant term discussed above they play a minor role.
They are driven by the complex conjugate of the microscopic polarisation p∗k. Within the rotating
frame, they oscillate with a higher frequency and would vanish within the RWA, see Sec. 2.4.1.
Unfortunately, this approximation is not applicable for investigations in carbon nanotubes, since
non-resonant contributions can play an essential role, as shown in the discussion of the Rayleigh
scattering from nanotubes.
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3.6.4 Dark excitons

Up to now, the discussion has been focused on bright excitons, i.e. optically active bound electron-
hole states. However, the existence of optically forbidden states, also called dark excitons, has
been predicted theoretically.89, 90 Due to the time reversal symmetry,59, 91 both electron and hole
states are degenerate in energy at the K and the K ′ point, see Fig. 3.43. The strong Coulomb
interaction in carbon nanotubes is expected to considerably mix these states resulting in a partial
lifting of the fourfold degeneracy. When considering the spin, the degeneracy is even sixteenfold.
However, only one of them, an odd parity singlet state, is predicted to be optically active.11, 90, 92
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Figure 3.41: Relaxations paths in a SWCNT
(taken from Seferyan et al.).93

The mixing of these degenerate electron and hole states
is often referred to as Coulomb induced intervalley mix-
ing. It is determined by the strength of the electron-hole
Coulomb interaction, which describes the coupling be-
tween different valleys. The interesting feature in SW-
CNTs is the prediction that the energetically lowest ly-
ing excitonic state is dark.89, 90, 92, 94 This would have
essential influence on the optical properties of nano-
tubes, since an optically forbidden state below the op-
tical band gap creates a non-radiative channel for the
relaxation of electrons. Measurements of the radiative
lifetime in nanotubes have revealed that there is a dis-
crepancy of three to four orders of magnitude between
the fluorescence decay time and the radiative time.95

This implies that there are strong non-radiative chan-
nels in nanotubes. The assumption, that the existence of dark excitons could lead to a relax-
ation bottleneck (Fig. 3.41) being responsible for the experimentally observed low quantum
efficiency,95–97 is still controversially discussed in literature.89, 93, 98, 99 If the theoretical predictions
of a small dark-bright splitting in the order of some meV are correct, a thermal equilibrium be-
tween the dark and bright states would arise, contradicting the idea of a relaxation bottleneck.
Another possible explanation for the low quantum efficiency might be the exciton-phonon cou-
pling between the lowest excitonic state and the ground state, which is discussed in Sec. 3.7.

Figure 3.42: Illustration of the C2 rotation (cor-
responding to a π rotation) around the U axis,
which is perpendicular to the nanotube axis
(taken from Chang et al.).94

The existence of dark excitons can be explained by the
high symmetry in carbon nanotubes. From the six-fold
rotation (60◦) of the hexagon around its midpoint only
the two-fold rotation C2 (180◦) remains a symmetry op-
eration in carbon nanotubes.46 The corresponding rota-
tional axis, often denoted as U axis, is perpendicular
to the tube axis, see Fig. 3.42. It is present in both chi-
ral and achiral nanotubes. Rotations by any other an-
gle are not symmetry operations of the nanotube, since
they would tilt the tube axis. Applying the U rotation
maps the atom A into the atom B of the graphene unit
cell, i.e. UrA = rB . Due to the U -axis symmetry, the
states, denoted by the wave vector k and the angular
momentum m, form a double degenerate band, since
U |km〉 = | − k − m〉. The corresponding two bands have minima at the K and the K ′ point, re-
spectively. The electron-hole contribution of the Coulomb interaction mixes these states leading
to a partial lifting of the degeneracy of electron and hole states.
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Depending on the symmetry of the resulting exciton states, they are optically active (bright) or
inactive (dark). Hence, in the literature this lifting is often referred to as dark-bright splitting.
Whether an excitonic state is bright, depends on its parity with respect to the C2 rotation around
the U axis. The states are called gerade,when the parity is +1, and ungerade for -1 parity. The
ungerade states are bright, whereas the gerade states are optically forbidden, since the photon with
a polarization along the nanotube axis has a -1 parity with respect to the U axis.60

For long time, the dark-bright splitting remained a theoretical prediction. In 2004, Zaric et al.100

proved experimentally the existence of dark excitons by applying large magnetic fields over 55T.
These strong fields break the symmetry with respect to the U rotation leading to a peak splitting
in the magneto-optical spectra corresponding to two bright excitons. However, they could not
measure the splitting since the field changes the intrinsic dark-bright splitting. The theoretical
determination of the splitting energy is still controversial. The predicted values differ from few
meV90, 101 up to 0.1 eV.16, 89, 94

Within the presented approach, the dark-bright splitting can be visualized by changing the op-
tical matrix element of one of the involved states. Within the free-particle picture, the transition
energy is only determined by the energy gap. The Rabi frequency containing the field and the
optical matrix element determines the oscillator strength, but has no influence on the peak posi-
tion, see Eq. (3.58). Including Coulomb interaction leads to shifts in the spectra, as discussed in
the previous section. However, these are only dependent on the Coulomb matrix elements.

0A
+

0

0A
−

0

−k′E
−2m k′E2m

Figure 3.43: Sketch of the a) electronic and b) excitonic band structure of an arbitrary chiral nanotube (n1, n2) (taken
from Barros et al.,91 but labels are adjusted to the line group formalism). The band minima are located at k0 and −k0

derived from the graphene K and K′ points. The Coulomb induced intervalley mixing is indicated with blue arrows.
The state labelled by 0A

+
0 is optically forbidden (dark exciton), while the state 0A

−
0 is optically active (bright exciton).

They are both non-degenerate and have no angular momentum. In contrast, the exciton states kE2m and −kE−2m are
degenerate and have a quasi-angular momentum of 2m and −2m, respectively (with m denoting the considered electron
band). The exciton states are labelled according to their irreducible representations in the line group formalism.59 The
letter A describes a non-degenerate state, while E stands for a two-fold degeneracy. The superscript +/− describes the
parity under the C2 rotation around the U axis (Fig. 3.42) the right subscript labels the quasi-angular momentum,
and the left subscript denotes the wave vector of the considered state. Consequently, the difference between the two
non-degenerate states lies in their behavior with respect to the U rotation which maps the atom A into the atom B of
the graphene unit cell: UrA = rB in real space or in reciprocal space U |km〉 = | − k − m〉. These two atoms are
non-equivalent leading to also non-equivalent K and K′ points in the graphene BZ.
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Consequently, the optical matrix element is a possible switch to make the dark state theoretically
visible without changing the position of the involved peaks. This argumentation is only valid
in the limit of linear optics with small excitation fields. A mathematical argument for the dark
state is that the linear combination of degenerate states |km〉 and | − k − m〉 is zero for the dark
state. A slight change of the oscillator strength for one of the bands m or −m makes the dark
state visible. Using this method, the position of the dark state can be determined. For the (5, 0)
zigzag tube a dark-bright splitting in the range of 50meV is observed. This is in good agreement
with Spataru et al.89 However, in contrast to the latter, the dark state is found to be above the
bright state. This statement deviates from the widely accepted prediction that the energetically
lowest state in nanotubes is optically forbidden. Since it is difficult to resolve the small dark-
bright splitting, up to now only one calculation on the very small (5, 0) nanotube was performed.
For tubes of this diameter, curvature effects are essential. As a result, the zone-folded TB wave
functions, used in this work, are not appropriate any more. Hence, further investigations on the
dark-bright splitting are needed.

3.6.5 Kataura plots

The excitonic excitation depends on the diameter d and the chiral angle φ of the considered nano-
tube. These dependencies are usually illustrated in the so-called Kataura plot.102 Here, the tran-
sition energy of tubes with chiral indices (n1, n2) is shown as a function of their diameter. The
Kataura plot reveals a number of essential features. The most important observation is that the
transition energies have a general 1/d dependence. Tubes fulfilling the relation n1 − n2 = const.

build a group, characterized by a similar chiral angle φ and varying diameters d. They lie on
1/d lines in the Kataura plot. In addition, nanotubes also exhibit a specific V -shaped distribu-
tion around the main 1/d lines arising from the dependence on the chiral angle, see Fig. 3.44a.
The Kataura plot is divided into characteristic branches according to 2n1 + n2 = const., which
groups tubes with a similar diameter and varying chiral angles. In the center of such a V -shaped
branch, one always finds armchair nanotubes (n, n) with a chiral angle φ = 30◦. The tubes with
the minimal φ, i.e. either zigzag tubes with φ = 0◦ or tubes with (n, 1) are found at the end of each
branch. Consequently, the chiral angle of the tubes along the Kataura branches decreases from
the center to the end. This observation reminds of the discussion of the double-peak structure in
the Rayleigh spectra in Sec. 3.5.2. The latter was explained by trigonal warping describing the
deviation of the equi-energy contours from circles in the Brillouin zone of graphene around the
K point, see Fig. 3.8. This effect is also responsible for the observed chiral dependence along the
Kataura branches. The smaller the chiral angle φ, the stronger is the trigonal warping resulting
in the observed maximal distance of tubes with a small φ from the main 1/d line. Since armchair
nanotubes are not influenced by the trigonal warping effect, they only show a diameter depen-
dence, and therefore lie in the center of the 1/d line.

The Kataura plot shows, furthermore, specific family patterns characterized by well-separated
lines corresponding to the transition Eii, see Fig. 3.44a. Nanotubes are grouped to metallic tubes
[(n1−n2) mod 3 = 0], +1 semiconducting tubes [(n1−n2) mod 3 = 1], and −1 semiconducting
tubes [(n1 − n2) mod 3 = 2]. The two semiconducting families build one Eii-line in the Kataura
plot. Whether +1 or −1 tubes are forming the upper or lower branches for a given Eii depends
on the transition denoted by i. Since −1 tubes have a larger band gap,4 they build the upper
branches of the lowest transition E11. However, this behavior alternates for the next transitions,
i.e. the −1 tubes lie on the lower branches of the E22 line, and then again on the upper branches
of E33. This characteristic family behavior can also be explained by the trigonal warping effect.
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Figure 3.44: a) Experimental Kataura plot for the first two transitions E11 and E22 for semiconducting tubes with
diameters in the range of 0.6 − 1.4 nm. The plot is obtained from the data given in Weisman et al.103 b) Experimental
determination of the Kataura plot. The structural assignment of specific (n1, n2) carbon nanotubes is performed via
spectrofluorimetric measurements.5 The plot shows the luminescence intensity (coded by different colors) of individual
SWCNTs in solution as a function of the emission and excitation energy. Bright points correspond to high intensity in-
dicating a specific nanotube. The combination with resonance Raman data allows an unambiguous mapping of emission
energies to specific chiral indices (n1, n2).

As discussed in Sec. 3.5.1 and 3.5.2, the triangular shape of the equi-energy contours makes it
important on which side of the K point the allowed k-lines are located. The energy dispersion of
graphene is stronger on the KΓ side, see Fig. 3.6. Consequently, the trigonal warping is affecting
transitions on this side stronger, i.e. −1 tubes will build the upper branches of the Kataura lines
for the transitions E11 and E33 and the lower branches for the transitions E22 and E44 (red lines).
In contrast, +1 tubes show the inverse behavior.

The microscopic calculation of the Kataura plot has turned out to be intricate. To obtain the subtle
Kataura branches (the variation in energy is in the range of some meV), it is necessary to take the
full Brillouin zone (− q

n
π
a , q

n
π
a ] into account. It is not sufficient to focus on the k-range around

one minimum in the band structure, or to restrict the investigation to single subbands. This leads
to kinks within single branches. It is crucial to treat all tubes (within one branch) equally. For
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Figure 3.45: a) The absorption spectra of the (8,4) nanotube calculated with linear or helical indices, see Sec. 3.14.
Furthermore, the calculation considering only the subband which leads to the first transition E11 (dashed lines) with
calculations including all subbands (solid lines) are compared. b) The band structure of the (8,4) nanotube. The thick
lines correspond to the subbands accounting for E11 (the linear subband is shifted). The thin lines are the other helical
subbands.
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Figure 3.46: Theoretical Kataura plots are shown. a) The energetically lowest excitonic transition energy E11 is plotted
as a function of the diameter. The considered semiconducting nanotubes have diameters in the range of 0.6 − 1.4 nm

corresponding to the experimental Kataura plot in Fig. 3.44a. To see the subtle Kataura branches, induced by the
chirality dependence, a zoom into a smaller region is shown in the inset. Blue lines show −1 tubes building the upper
branch, while red lines show +1 tubes building the lower branch. b) Comparison of Kataura plots of E11 obtained
calculating the free-particle, renormalized free-particle, and excitonic transition energies.

example, using linear subband indices m ∈ [− q
2 +1, q

2 ] with the corresponding wave vectors kz ∈
(π

a , π
a ] requires the consideration of all subbands, see Fig. 3.45. Otherwise, symmetric tubes with a

small unit cell and a correspondingly large BZ are treated in a different way than less symmetric
tubes with a short BZ. The position of excitonic peaks sensitively shift (Fig. 3.45) resulting in an
incorrect reflection of the chirality dependence.

The calculation of transition energies and excitonic binding energies for the Kataura plot is per-
formed by solving the excitonic Bloch equation for the microscopic polarisation from pk, see Eq.
(3.58). The calculation considers the full BZ including all subbands and the corresponding inter-
subband interactions. The theoretically calculated Kataura plots are shown in Fig. 3.46. The exci-
tonic transition energies are plotted over the diameter for a number of semiconducting nanotubes
with diameters in the range of 0.6 − 1.4 nm. The approach also allows the calculation of metal-
lic tubes. However, it is difficult to resolve the fine double-peaked structure in metallic tubes,
when all subbands and the corresponding intersubband interactions are taken into account. The
expected general 1/d dependence of transition energies is reproduced in the theoretically calcu-
lated Kataura plot. The latter also contains the characteristic Kataura branches, see the inset of Fig.
3.46a. However, the dependence on the chiral angle turns out to be weak. The plot contains the
characteristic Kataura branches, see the inset of Fig. 3.46a. However, they are not as pronounced
as in the experiment. In Fig. 3.46b, the corresponding Kataura plots for the free-particle and the
renormalized transitions are shown illustrating more diversified Kataura branches. Obviously,
the general pattern of the characteristic Kataura branches arises from the free-particle transition.
Including the electron-electron interaction, only leads to a blue-shift in the Kataura plot. The
branches reflecting the chirality dependence remain unchanged comparing to the free-particle
case. It is the attractive electron-hole interaction that reduces the chirality induced spread within
the Kataura branches. The simple nearest-neighbor tight-binding model, applied for these calcu-
lations, is not accurate enough to reflect the subtle chirality dependence. It is already known17

that an extended tight-binding model (ETB), also called non-orthogonal tight-binding model,71

which takes into account the curvature effects, is required to describe the pronounced V -shaped
Kataura branches.

Figure 3.47a shows the Kataura plot for the lowest three transitions E11, E22 and E33. The stronger
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Figure 3.47: Theoretical Kataura plot for a) the three energetically lowest transitions E11, E22, and E33, and b) the
corresponding excitonic binding energies (the binding energies are shown only for the first transitions accounting for
the increasing absolute error in determination of excitonic binding energy for higher transitions).

pronounced Kataura branches for higher transitions attract attention. This is in agreement with
the statement that the branches reflect the chirality dependence which, in turn, is a consequence
of trigonal warping. The latter is stronger at higher energies, since the deviation from circles in
the energy contour of graphene is enhanced with increasing distance from the K point, see Fig.
3.8. An increased chirality spread for E22 can also be observed in the experimental Kataura plot,
see Fig. 3.44a.

Finally, the dependence of the excitonic binding energy on the diameter and the chirality is shown
in Fig. 3.47b. It exhibits more pronounced Kataura branches than the corresponding Kataura plot
for the transition energy. The reason lies in the origin of the excitonic binding energy, which is
given by the difference between the renormalized transition energy and the exciton excitation
energy. Consequently, the more pronounced Kataura branches of the excitonic binding energy
can be traced back to the renormalized free-particle transition, see. Fig. 3.46b. The binding energy
predicted for E22 is larger than for E11. So far, experimentally Eb has only been determined for
E11; the magnitude for binding energies for higher transitions is still controversially discussed in
literature.104, 105

The comparison of absolute values for the transition energy with the experiment yields a blue-
shift of theoretical results of about 0.2 eV for the first transition E11. One aspect that needs to
be considered is that the experimental measurements of Eb have been performed on single-
walled carbon nanotubes isolated in aqueous surfactant suspensions,10, 11 i.e. the background
dielectric constant describing the surrounding medium is larger than 1. The influence of the
environment106, 107 induces red-shifts of up to 0.1 eV. Another correction, also leading to a red-
shift, is due to the curvature effects known from ETB calculations.71 The calculated excitonic
binding energies are in the range of 0.4 − 0.9 eV in agreement with ab-initio results.16, 17, 108 The
experimental values10, 11 are in the range between 0.3 − 0.4 eV. This discrepancy can be traced
back to environmental effects. To obtain a better insight into the optical properties of CNTs, the
these effects are discussed in detail in the next section.

3.6.6 Background screening

The surrounding environment created by solvents and adsorbed molecules has a considerable
influence on the optical properties of carbon nanotubes.13, 16, 17, 106, 107 Currently, there is no micro-
scopic description of these environmental influences. So far, a dielectric background constant εbg
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Figure 3.48: The environmental influence on a) the transition energy E11 and b) the exciton binding energy Eb,11 for
nanotube with different diameters (d = 0.8−1.6 nm) and a constant chiral angle (φ = 0◦). Note, that in a) the energy
difference ∆Eii is plotted as a function of εbg , i.e. ∆Eii = Eexc

ii − E
free
ii with the excitonic and free particle excitation

energy, respectively (corresponding to the excitonic net - blue shift).

has been introduced to model the effects of the environment. Introducing such an εbg into Eq.
(3.66) leads to an effective screening of the Coulomb potential. This has an influence on both the
transition energies Eii as well as the excitonic binding energies Eb,ii. As a result, the influence
of the environment leads to a recalibration of the Kataura plot depending on the used medium.
For historical reasons the experimentally available Kataura plots (Fig. 3.44) are based on nano-
tubes suspended in the standard aqueous dispersion of SWCNTs with the sodium dodecylsulfate
(SDS) surfactant. The dependence on the environment offers a possibility to tailor the band gap
of a nanotube by changing its surrounding medium. However, the creation of adjustable envi-
ronments is still a challenge in current research.

The influence of environment on transition energies of nanotubes are controversially discussed
in literature.106, 107, 109–112 Up to now, most experimental studies107, 109–114 have observed red-shifts
of the energetically lowest transitions E11 and E22 by approximately 20 − 90meV for tubes in a
SDS medium (εbg > 1) compared to measurements in air (εbg ≈ 1). However, also blue-shifts of
E22 by approximately 70 − 90meV have been reported.112

In this section, the environmental influence on the optical properties of CNTs is modeled by
including a dielectric background constant εbg . In contrast to the approach based on the Bethe-
Salpeter equation and the GW-method where only the excitonic contribution is screened,16 the
density matrix theory treats all Coulomb contributions equally, i.e. all Coulomb matrix elements
are screened by εbg .36, 42 In the following, the influence of the environment on both the transition
energy Eii and the excitonic binding energy Eb,ii is investigated. The dielectric background con-
stant is increased up to a value of 10 to obtain a better insight into the functional dependence
for both small and large εbg (even though a practical limit for external screening of SWCNTs
is assumed107 to be around εbg ≈ 5). The influence of the dielectric background screening on
transition energies and the corresponding excitonic binding energies is shown for tubes with: i)
varying diameters and constant chiral angles (Fig. 3.48), ii) varying chiral angles and similar di-
ameters (Fig. 3.50), and iii) for the three lowest transitions and corresponding binding energies
in the (10, 0) zigzag nanotube. In agreement with experimental results,107, 110, 113, 114 a general de-
crease of both transition and excitonic binding energies with the dielectric background constant
is observed. The change between air (εbg = 1) and SDS as the surrounding medium of nano-
tubes is of great importance. The dielectric background constant of the SDS medium is difficult
to determine, since it depends on the largely unknown surface coverage of the surfactant.106, 113
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Figure 3.49: The environmental influence on a) the transition energy shift ∆E11 and b) the exciton binding energy
Eb,11 for nanotubes with different chiral angles and similar diameters. +1 semiconducting tubes along the Kataura
branch 2n1 + n2 = 20 are shown, i.e the chiral angle decreases from the zigzag (10, 0) tube to the chiral (8, 4) tube,
while the diameter varies only weakly. Similar results are obtained for the corresponding branch belonging to the −1

family.

In Kiowski et al.,107 it is assumed to be εSDS
bg ≈ 2. The theory predicts a strong red-shift of the

transition energy when the dielectric background constant is increased from εbg = 1 to εbg = 2.
This shift is in the range of 0.1 − 0.2 eV and depends on the tube diameter, see Fig. 3.48a. The
smaller the diameter, the lower is the observed red-shift. The excitonic binding energies Eb,ii

show even a stronger dependence on the background screening. An increase of εbg from 1 to 2
leads to a reduction of Eb,ii by 0.3 − 0.5 eV. This is a sign for a strongly suppressed electron-hole
coupling. The predicted energy shifts due to the environment are higher than measured in most
experimental studies. However, since the dielectric background constant for the media, in which
nanotubes are suspended, cannot be exactly determined, a direct comparison is difficult.

Figure 3.49 illustrates is the same for nanotubes with different chiral angles. Also tubes with
different diameters follow the same functional dependence on εbg . A simple scaling law for the
transition energies in dependence on the dielectric background screening is found

Eb,ii ∝ Aε−β0
bg (3.69)

with β0 ≈ 1.3 for all considered transitions Eii, diameters d and chiral angles φ. The parameter A
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Figure 3.50: The influence of the surrounding environment is investigated for a) the three lowest transitions E11, E22,
and E33 and b) the corresponding excitonic binding energies.
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varies with Eii and d. A similar scaling law has been found within the Bethe-Salpeter approach
by Parabeinos et al.13 and Capaz et al.16 with a slightly different parameter β0 = 1.4.

The environmental effect on transition energies is more complicated, since a different behavior is
observed for εbg → 0 and εbg → ∞ yielding the scaling law

∆Eii ∝ B exp(−β1εbg) + Cε−β2
bg (3.70)

with β1 ≈ 0.2, β2 ≈ 0.8. The parameters B and C vary with the diameter d and the transition Eii,
but the functional dependence on the dielectric background constant remains the same.

A semiempirical scaling relation for the transition energy shift due to the environmental in-
fluence has been presented by Choi et al.106 This relation is derived within the solvatochromic
formalism.115 The change of electronic absorption and luminescence spectra due to the molecule-
medium interaction is called solvatochromic shift. They arise from the change in the dipole mo-
ment due to the presence of a dipolar solvent. The resulting shift in the transition energy can be
described by106

∆E
εbg

ii = cE−2
ii d−4 (3.71)

with the nanotube diameter d and the constant c, which only varies with the solvent. Conse-
quently, this approach predicts a linear scaling, when ∆E

εbg

ii E2
ii is plotted over d−4. This predic-

tion is nicely confirmed by experimental results, as shown in Fig. 3.51a for the case of the SDS
medium. The slope for the first transition E11 is 0.05(eV )3 nm4. Also for other dielectric media,
such as NMp solvent, DNA, or NaCholate a linear scaling with similar slopes in the range of
0.05 − 0.06(eV )3 nm4 is observed.106

Figure 3.51b shows the corresponding theoretical calculation. It confirms the experimentally pre-
dicted linear scaling for diameters up to 1.2 nm. Larger tubes with d > 1.2 nm corresponding to
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Figure 3.51: a) Experimental solvatochromic shifts Eair
ii − ESDS

ii determined from photoluminescence energies of SW-
CNTs in air with εbg ≈ 1 and SDS encapsulations (taken from Choi et al.).106 b) The corresponding theoretical
calculation. The SDS medium is assumed107 to have a dielectric background constant εbg = 2. The inset shows the
shifts for εbg = 3 and εbg = 5. The experimentally predicted linear scaling is reproduced for the energetically lowest
transition E11.
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d−4 < 0.5 nm−4 seem rather to scale with d−3. The resulting slope of the linear region is about
0.11(eV )3 nm4, i.e. double as large as in the experiment. Increasing the dielectric background
constant to 3 (5) further enhances the slope to 0.17 (0.22)(eV )3 nm4. The influence of the envi-
ronment again seems to be overestimated in the theory. Assuming the dielectric constant of the
modeled SDS medium to be smaller than 2 would also reduce the predicted slope and improve
the agreement with experimental results.

3.6.7 Excitonic oscillator strength

In Sec. 3.5.1, it was assumed that band-to-band transitions can give good insight into the chirality
dependence of the optical properties of carbon nanotubes. The underlying assumption was that
excitonic absorption follows the oscillator strength found for uncorrelated electron-hole pairs. In
this section, this assumption is verified.

The abundance of nanotube chiralities has already been determined experimentally from the
intensities in photoluminescence excitation (PLE) experiments.5, 6 The results predict an increase
in the PLE intensity for both semiconducting families with increasing chiral angle. Furthermore,
higher intensities are measured for tubes belonging to the −1 family. Under the assumption that
the relaxation rate between the second and the first excitonic state is constant,67 the PLE intensity
is already determined by the absorption intensity α for the second transition E22.

The calculations based on the free-particle Bloch equation [Eq. (3.45)] have already confirmed this
experimentally observed trend. The absorption intensity of the second transition E22 is shown to
increase with the chiral angle by approximately 11% for −1 tubes and by 1% for +1 tubes. The
corresponding absolute intensities are found higher for −1 tubes than for −1 tubes - in accord
with experimental results.6 However, the theoretically predicted chirality dependence is gener-
ally much weaker. After including the Coulomb interaction and evaluating the excitonic Bloch
equation [Eq. (3.58)], the investigations from Sec. 3.5.1 are repeated within the excitonic picture.
The intensity of the two energetically lowest transitions E11 and E22 for i) +1 nanotubes belong-
ing to the Kataura branch with 2n1 + n2 = 26 (corresponding to diameters of d ≈ 1.02− 1.15 nm)
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Figure 3.52: Chirality and family dependence of the absorption intensity for the first transition E11 are shown for
a) +1 nanotubes with 2n1 + n2 = 26 (d ≈ 1.02 − 1.15 nm) and b) for −1 nanotubes with 2n1 + n2 = 28 and
d ≈ 1.10 − 1.22 nm. The figure also shows a comparison of free-particle (red line) with excitonic (blue line) results.
To achieve a better comparison, the absorption intensities are normalized to the value for the zigzag tube with φ = 0◦,
respectively.
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Figure 3.53: Chirality and family dependence of the absorption intensity for the second transition E22 are shown for a)
+1 tubes and b) -1 tubes. For details, see the caption of Fig. 3.52.

and ii) −1 nanotubes along the Kataura branch with 2n1 + n2 = 28 (corresponding to diame-
ters of d ≈ 1.10 − 1.22 nm) have been investigated as a function of the chiral angle. The selected
tubes have a relatively large diameter justifying the assumption that curvature effects are of mi-
nor importance. Consequently, the applied zone-folded tight-binding wave functions are a good
approximation.

Figure 3.52 shows the results obtained for the intensity of the first transition E11. Both excitonic
and free-particle intensities (corresponding to results from Sec. 3.5.1) are plotted over the chi-
ral angle φ. The figure verifies the assumption, that the excitonic absorption basically follows
the oscillator strength found for free electrons. The trend obtained from free-particle calcula-
tions is confirmed. The excitonic effects merely enhance the chirality dependence. However, this
enhancement is considerable. The increase of the excitonic intensity from the zigzag (φ = 0◦)
towards the armchair constellation (φ = 30◦) is enhanced to 23% for −1 tubes and to 18% for
+1 tubes. A similar trend is obtained for the second transition E22, as shown in Fig. 3.53. The
increase from the zigzag towards the armchair constellation is approximately 35% for −1 tubes
and 7% for +1 tubes. This clearly stronger chirality dependence improves the comparison to ex-
perimental reports observing a considerably stronger PLE signal for tubes close to the armchair
constellation.5, 6 Note also that the absolute intensity for α(E22) is by 40% larger for −1 tubes than
for the +1 tubes (for φ = 0◦). This agrees well with the higher experimental PLE intensity of −1
tubes.6

3.6.8 Metallic nanotubes

In this section, the investigation is extended to metallic single-walled carbon nanotubes. The
calculation of excitonic effects in these tubes requires an accurate description of screening effects.
In particular, the internal k-dependent screening plays an essential role in metallic nanotubes
with a zero band gap. Due to the presence of other electrons, the Coulomb interaction affecting
one single electron is screened. This internal screening is independent of environmental effects.
It is calculated within an effective single-particle Hamiltonian approach leading to the renowned
Lindhard approximation17, 36, 42

ε(q) = 1 − 2V (q)
c,v∑
λ,λ′

∑
k

ρλ′

k−q − ρλ
k

~(ω + iγ) + ελ′
k−q − ελ

k

∣∣∣∣∫ ψ∗
k,λ(r)e−iq·rψk−q,λ′

∣∣∣∣2 (3.72)
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Figure 3.54: Absorption spectra for the first two transitions in metallic nanotubes. The absorption coefficient is calcu-
lated with an incorporated internal screening according to Eq. (3.73). The figure shows a comparison of the absorption
obtained when the electron-hole interaction is included (excitonic Lorentzians: blue lines) and when only the electron-
electron part of the Coulomb interaction is considered (renormalized Van Hove singularities: red lines). The excitonic
binding energy corresponding to the energy distance between these two peaks is found to be 90meV for the (10, 1) tube
and 75meV for the (12, 0) tube.

with the k-dependent dielectric function ε(q). As shown in Sec. 3.4.2, Eq. (3.72) can be evaluated
for CNTs by including the TB wave functions. Within the limit of linear optics with completely
populated valence bands and empty conduction bands, the internal screening can be expressed
as

ε(q) = 1 − V (q)
∑

k

2
γ0|e(k − q)| + γ0|e(q)|

[
1 − Re

(
e∗(k) e(k − q)
|e(k) e(k − q)|

)]
. (3.73)

The equation illustrates that screening effects are crucial for metallic nanotubes, where the de-
nominator can be very small, see Fig. 3.22. The internal screening has also an influence on semi-
conducting tubes, but compared to metallic tubes, the screening is assumed to be predominantly
determined by the environment (see the comparison of semiconducting and metallic tubes in Fig.
3.22).

The strong screening suppresses the formation of excitons. Up to recently, the assumption that ex-
citonic effects should be of minor importance in metallic nanotubes was widely spread. In 2004,
Spataru et al.108 performed first-principle calculations on metallic nanotubes predicting bound
exciton states even in metallic nanotubes. They calculated excitonic binding energies for the (3, 3)
armchair nanotube to be nearly 100meV, which is approximately one order of magnitude smaller
than in corresponding semiconducting nanotubes. Nevertheless, these are still strongly bound
excitons, compared, e.g. to excitonic binding energies in bulk semiconductors, which are in the
order of few meV.36 In 2007, Wang et al.116 have developed a sensitive technique to measure
directly the optical absorption of individual metallic SWCNTs. They showed that optical tran-
sitions in metallic nanotubes are dominated by excitons with binding energies of up to 50meV.
The reason why bound electron-hole states can appear even though the screening of Coulomb in-
teraction is very high, can be traced back to the specific properties of one-dimensional structures.
Here, the formation of at least one bound electron-hole state is predicted, if the Coulomb poten-
tial is repulsive on average.117 Furthermore, the effectiveness of the screening in one dimension
is drastically reduced in comparison to three-dimensional metals.116

The calculation of the optical susceptibility from Eq. (2.57) including the internal dielectric screen-
ing of the Coulomb matrix elements according to Eq. (3.73) allows the investigation of arbitrary
metallic nanotubes. The calculated absorption spectra for two exemplary metallic nanotubes are
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shown in Fig. 3.54. The spectra of both exemplary tubes, (10, 1) and (12, 0), illustrate the forma-
tion of excitons characterized by Lorentzians (blue lines), which are red-shifted comparing to the
(renormalized) free-particle Van Hove singularities (red lines). The excitonic binding energies are
found to be 90meV for the (10, 1) tube and 75meV for the (12, 0) tube. This is in good agreement
with both first-principle calculations108, 117 and the experiment116. The smaller binding energies
of 50meV have been experimentally estimated for the larger (21, 21) nanotube. As shown in Sec.
3.6.3, the excitonic binding energies scale approximately with d−1, see Fig. 3.47b. Consequently,
a smaller exciton binding energy for the (21, 21) tube is expected.

Due to the strong screening, the electron-hole coupling is weak resulting in small excitonic bind-
ing energies for metallic tubes in comparison to semiconducting nanotubes with a similar di-
ameter. As a consequence, the oscillator strength of the continuum contribution is not as low as
in semiconducting nanotubes. This can be seen in Fig. 3.54, where the excitonic Lorentzian is
followed by a smaller tail at the high-energy wing, which can be ascribed to the Van Hove singu-
larity of the (renormalized) free-particle transition. This feature might be useful for the structural
assignment of metallic nanotubes.

3.6.9 Excitonic Rayleigh scattering spectra

In Sec. 3.5.2, the microscopic calculation of the Rayleigh scattering cross section for single-walled
carbon nanotubes of arbitrary chiral angle and family index has been presented. This calculation
was based on the free-particle Bloch equation, see Eq. (3.45). In agreement with experiments,9, 80, 81

it was shown that the Rayleigh spectra of metallic nanotubes have a double-peaked structure re-
sulting from the trigonal warping effect, see Fig. 3.32. For all nanotubes within a given Kataura
branch, the lower-lying transition in the double-peaked structure was shown to be stronger in
intensity, i.e. M−

11 (M−
22) is greater in intensity than M+

11 (M+
22) - in agreement with experimen-

tal results.81 This feature was explained by the different behavior of the optical matrix element
along the two high-symmetry lines KΓ and KM , see Fig. 3.33b-d. Furthermore, in accord with
experiment,9, 80, 81 the Rayleigh peaks were shown to have an asymmetry towards lower energies,
i.e. the scattering cross section is enhanced at lower energies. This behavior was found to be the
result of non-resonant contributions.

In this section, the free-particle approach is extended by including the Coulomb interaction ac-
cording to Eq. (3.58). In analogy to the investigation of the oscillator strength, discussed in Sec.
3.6.7, the trends found for uncorrelated electrons are qualitatively confirmed within the excitonic
picture. Both the asymmetry and the characteristic behavior of the intensity ratio in the double-
peaked structure in the Rayleigh spectra of metallic nanotubes remain unchanged. Excitonic ef-
fects merely enhance these features. A comparison of results obtained within the free-particle and
the excitonic approach is shown in Fig. 3.55 for two exemplary metallic tubes. Since here the focus
lies on the peak shape and relative peak intensities, the free-particle spectra are corrected accord-
ing to the excitonic shift, discussed in Sec. 3.6.3. The figure illustrates that: i) the asymmetry to-
wards lower energies remains almost completely unchanged, when excitonic effects are included,
ii) the intensity ratio of the double-peaked structure is increased, and iii) the cross section at the
higher-energy tail of both peaks is reduced. Both the increased intensity ratio and the reduced
cross-section at higher energies can be explained by the formation of excitons characterized by
Lorentzians in the absorption spectra. The oscillator strength is almost completely transferred
into the excitonic transition. As a result, the Van Hove singularities showing a long tail towards
higher energies are strongly suppressed. This explains why the cross section at higher energies is
reduced. It is also the reason for the enhanced intensity ratio in the double-peaked structure since
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Figure 3.55: Comparison between the free-particle and excitonic Rayleigh scattering spectra from two exemplary
metallic nanotubes. The second transitions M−

22 and M+
22 are shown. Since the peak shape and the relative intensity is

in the focus of investigation, the free-particle spectra are rescaled in intensity and blue-shifted by 0.38 eV and 0.43 eV

for the (17, 14) and (22, 13) tube, respectively, according to the excitonic blue-shift. The slight oscillations in the
theoretical spectra of the (17, 14) tubes are due to numerical artifacts.

the second peak does not interfere any more with the long tail of the first Van Hove singularity.
The observation that the increase of the intensity ratio is much larger for the (17, 14) nanotube,
where the distance of the two peaks is much smaller, supports this interpretation.

As assumed in Sec. 3.5.2, including excitonic effects improves the agreement with the experiment.82

Figure 3.56 illustrates the fairly good agreement of theoretical and experimental Rayleigh scat-
tering spectra for both considered tubes with respect to the peak asymmetry, peak ratio, and the
energetical separation of the two peaks. The transition energies, however, differ considerably.
The theoretical energies are blue-shifted by approximately 0.3 − 0.4 eV compared to the exper-
imental data. This can be traced back to a large extent to the nearest-neighbor approximation,
which is known to be a good description for transitions close to the K point. For higher energies,
however, a considerable discrepancy in comparison to first-principle calculations is predicted.55

Nearest-neighbor and ab-initio transition energies are compared in Reich et al.55 yielding, e.g. for
the metallic (12, 3) tube a blue-shift of the nearest-neighbor energy M−

22 by approximately 0.3 eV.
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3.7 EXCITON-PHONON COUPLING - AN OUTLOOK 95

3.6.10 Summary

In this section, excitonic effects have been discussed in detail. The Coulomb interaction is shown
to be strongly reduced for intersubband processes with a momentum transfer perpendicular to
the nanotube axis. The contributions describing the electron-electron repulsion are shown to lead
to a considerable renormalization of the energy gap. The attractive part of the Coulomb inter-
action causes the formation of bound electron-hole pairs in both semiconducting and metallic
nanotubes. The excitonic binding energies in metallic tubes turn out to be one order of magnitude
smaller than in semiconducting tubes of similar diameter. The chirality and diameter dependence
of transition energies and excitonic binding energies is presented in Kataura plots. Furthermore,
the influence of the environment on optical properties of SWCNTs is investigated, as well as
the dependence of the oscillator strength on the chiral angle and the family index. Finally, the-
oretically calculated Rayleigh spectra are successfully compared with experimental results with
respect to the peak shape and their intensity ratio.

3.7 Exciton-phonon coupling - an outlook

Over the last years, optical phonons were shown to be of crucial importance for understand-
ing the dynamics in carbon nanotubes. The peaks of highest intensity in Raman spectra can
be ascribed to optical phonons.46 Furthermore, high field transport measurements show that
electron-phonon scattering by optical phonons at the K and the Γ point breaks down the bal-
listic behavior.118 Recently, the presence of a phonon sideband in PLE spectra has been measured
lying 200meV above the zero-phonon line,119, 120 corresponding to the energy of optical phonons.
Perebeinos et al.121, 122 have investigated theoretically the role of electron-phonon and exciton-
phonon coupling in the optical spectra of carbon nanotubes. They ascribed the strong phonon
sideband peaked around 200 meV above the zero-phonon line to exciton-phonon coupling. The
latter transfers up to 15% of oscillator strength from the zero-phonon line to the phonon side-
band. However, up to now, there have been no further studies on exciton-phonon coupling in
absorption and Rayleigh spectra in carbon nanotubes. In addition, the effect on metallic nano-
tubes is unknown. First experimental studies could not find the corresponding sideband in the
spectra of metallic tubes.123

This section gives an outlook for a planned investigation of the chirality, diameter, and family
dependence of electron-phonon and exciton-phonon coupling in single-walled carbon nanotubes
of arbitrary chiral angle. The equations necessary to describe the exciton-phonon dynamics in
SWCNTs are sketched briefly.

The starting point is the Hamilton operator for the system including the interaction with the
phonons

H = H0,c + Hc-f + Hc-c + H0,ph + Hc-ph (3.74)

with the free phonon part H0,ph and the the part describing the electron-phonon interaction Hc-ph

H0,ph =
∑

i

~ωi

(
b+
i bi +

1
2

)
, Hc-ph =

∑
l,l′

∑
j

(
gi

l,l′a+
l bi al′ + gi∗

l,l′a+
l′ b

+
i al

)
. (3.75)
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Figure 3.57: Feynman diagrams describing the processes of a) phonon emission and b) phonon absorption. a+
k and

ak are the creation and the annihilation operators for electrons with the wave vector k, respectively. In analogy, the
creation and the annihilation operators for phonons are denoted by b+

q and bq .

Using the Heisenberg equation, an equation of motion for the microscopic polarisation pk can be
derived yielding

ṗk(t) |c−ph =
i

~
∑
q,γ,λ

[
gcλ,γ ∗

k,q,k+qSvλ,γ
k,q,k+q − gλv,γ ∗

k+q,q,kSλc,γ
k+q,q,k (3.76)

+gλc,γ
k+q,q,kSλv,γ ∗

k+q,q,k − gvλ,γ
k,q,k+qScλ,γ ∗

k,q,k+q

]
.

The appearing phonon-assisted quantities

Sλ1λ2,γ
k1,q,k2

= 〈a+
λ1k1

bγqaλ2k2
〉, Sλ1λ2,γ ∗

k1,q,k2
= 〈a+

λ2k2
b+
γqaλ1k1

〉 (3.77)

describe the transition of a carrier accompanied by phonon emission or absorption, see Fig. 3.57.
Their dynamics is calculated beyond the Markov approximation since the formation of phonon
sidebands is in the focus of interest. The latter can only appear if energy conservation is not
strictly valid for all times. Using again the Heisenberg equation and the Hamiltonian from Eq.
(3.74) leads to an equation of motion for the phonon-assisted quantities

Ṡvc,γ
k1,q,k2

= −i
(
ωck2 − ωvk1 + ωγq

)
Svc,γ

k1,q,k2
+ (nγq + 1)gcc,γ ∗

k1,q,k2

(
pk1 − pk2

)
(3.78)

+
∑
k′

[(
V ck2,vk′

vk1,ck′+q − V ck2,vk′

ck′+q,vk1

)
Svc,γ

k′,q,k′+q +
(
V ck2,vk′

ck2,vk′ − V ck2,vk′

vk′,vk2

)
Svc,γ

k1,q,k2

]
.

The phonon occupation number nγq is given by the Bose-Einstein distribution within the bath
approximation.1 The first term coming from the free-carrier and the free-phonon part of the
Hamiltonian reveals the expected position of the phonon sidebands corresponding to the phonon
energy ~ωγq . The second contribution stems from the carrier-phonon Hamiltonian. It shows that
the phonon assisted quantity Svc,γ

k1,q,k2
is driven by the electron-phonon matrix element gcc,γ ∗

k1,q,k2

and the difference of the microscopic polarization for the two wave vectors k1 and k2. Finally, the
third term describes the exciton-phonon coupling containing the Coulomb matrix elements V l1,l2

l3,l4

where li is a compound index containing the band index λi = c, v and the wave vector ki. In anal-
ogy to the excitonic contribution in the Bloch equation for pk, there is one part (∝ Svc,γ

k′,q,k′+q) that
leads to a renormalization of the energy and one part (∝ Svc,γ

k′,q,k′+q) that is responsible for a
transfer of the oscillator strength to the phonon sidebands.

Now, all ingredients are available to describe the exciton-phonon dynamics in carbon nanotubes.
The numerical evaluation of the differential equations for the microscopic polarisation and the
phonon-assisted quantities will be carried out in the near future.



Chapter 4

Quantum Dots

The future influences the presence just as much as the past.

Friedrich Nietzsche

In this chapter, a theoretical description of the nonlinear turn-on dynamics of electrically pumped
InAs/GaAs QD semiconductor lasers is presented. Furthermore, the gain dynamics in QD semi-
conductor optical amplifiers is investigated. The chapter starts with an introduction into the
structure and symmetry of quasi-zero-dimensional QDs. The theoretical model is based on the
semiconductor Bloch equations including microscopically calculated Coulomb scattering rates,
which describe Auger transitions between localized QD and continuous WL states. The latter are
shown to be crucial for a better understanding of both the ultrafast gain dynamics in quantum
dot amplifiers and the turn-on dynamics in quantum dot lasers.

4.1 Introduction

Quantum dots are semiconductor heterostructures with a size of a few nanometers in all three
dimensions. They are in the focus of current research activities and attract a tremendous techno-
logical interest due to their unique optical and electronic properties.124

Figure 4.1: A pyramidal quantum dot (taken from Marquez
et al.)18 and elastic strain evolving during the Stranski-
Krastanow growth of self-assembled QDs (Max-Planck In-
stitute for Solid State Research) are illustrated.

In the last decades rapid progress in the
area of growth techniques enabled scientists
to produce semiconductor structures provid-
ing carrier confinement in all three spatial
directions.19 In the beginning, the focus was
on techniques, such as lithographic pattern-
ing and etching of quantum wells. In the 90s,
Stranski-Krastanow growth, which is driven
by self-organisation phenomena at the sur-
face of strongly strained semiconductor struc-
tures, was realised. This process enables easy
and fast fabrication of large densities (>
1010 m−2) of small QDs (< 10 nm).19 Such dots
form the basis of novel opto-electronic de-
vices for future communication systems, such as edge and surface emitting lasers and ampli-
fiers. To achieve good performance, the density of defects in a QD material and its interface to
the surrounding matrix has to be as low as possible. QD fabrication using self-organised growth
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seems to be predestined to achieve this goal, since all interfaces are formed in-situ during crys-
tal growth.19 In this chapter, semiconductor structures based on InAs/GaAs are in the focus of
investigation. In these structures, QDs are small regions consisting of InAs buried in a GaAs sub-
strate. They form spontaneously on a wetting-layer under certain conditions during molecular
beam epitaxy (MBE) as well as in metal organic chemical vapour deposition (MOCVD) growth,
when a material is grown on a substrate to which it is not lattice-matched. The resulting strain
produces pyramid-shaped (Fig. 4.1) as well as lens-, cone-, or dome-shaped QDs in the interface
between the materials.19

QDs have unique optical and electronic properties arising from their low dimensionality. Their
size in all three dimensions is comparable to the carriers’ de Broglie wavelength λb = h√

3mkBT
≈

6 nm at room temperature. The consequence of this quantum confinement is that the charge car-
riers in a QD can only have discrete energy levels - like in atoms. This is the reason why QDs
are often called artificial atoms. The energy levels can be controlled by changing the size and the
shape of QDs. Since they can only be populated by two charge carries due to the Pauli exclusion
principle, it is easier to reach an efficient inversion and, hence, ultra low threshold current densi-
ties for QD lasers are predicted.36 The reason for this advantageous characteristic is due to their
characteristic density of states (DOS), see Fig. 1.1.
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Figure 4.2: Relaxation oscillations evolving during
the turn-on dynamics of QD lasers (measured by M.
Kuntz).125

Currently, there is an increasing interest in de-
veloping infrared QD lasers for high-speed
data transmission. These lasers show a high
potential for fast dynamical response, which
is strongly characterized by the frequency and
the damping rate of relaxation oscillations
(ROs).20 The latter are oscillations of the pho-
ton density around its steady state evolving
during turn-on processes of a gain switched
laser, see Fig. 4.2. Damped ROs are known
to be advantageous for open eyes∗ and low
bit-error rates (BER) at large bit rates.126–128

QD lasers have been found to show a strong
damping of ROs compared to quantum well lasers.21, 22 The underlying dynamic mechanisms
are still being discussed in literature23, 24 One goal of this work is to contribute to a better under-
standing of the turn-on dynamics in QD lasers.

In addition to the application as semiconductor lasers, InAs/GaAs QDs are also used for the
development of semiconductor optical amplifiers (QD-SOAs). Their application in ultrafast eth-
ernet networks requires a high frequency response, which demands an ultrafast gain recovery.
Consequently, efficient scattering channels are needed to refill the QD ground state. Having a
signal pulse sequence with a delay time τ0 between the single pulses requires a gain recovery
time shorter than τ0 to enable the amplification of the following pulse. One way to accelerate the
refilling of QD states is to increase the injection current, see Fig. 4.3. The latter enhances the prob-
ability for capture of charge carriers from the continuous WL states into the bound QD states. As
a result, the gain recovery is accelerated.

∗An eye pattern diagram consists of a successive bitwise superposition of an optical signal stream. It shows the capa-
bility of a laser to send data at a certain transmission rate and a certain output power. Open eyes are an important sign
for an optimal performance of a laser.125
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Figure 4.3: Experiment: Ultrafast gain dynamics in electri-
cally pumped QD-SOAs as a function of the injection current
(measured by Gomis et al.).25

However, recent experiments show that
there is a limiting delay time τ0, below which
the QDs cannot be refilled completely. The
limiting mechanisms for the ultrafast gain
recovery in QD-SOAs are still not under-
stood and present a substantial challenge in
current research.

In this chapter, both the generation of
strongly damped relaxation oscillations in
QD lasers as well as the ultrafast gain re-
covery in QD-SOAs are addressed by a mi-
croscopic approach containing the semicon-
ductor Bloch equations for the polarisation
and population dynamics. In the case of QD
lasers, the rate equation limit is considered, since the turn-on dynamics is on a nanosecond time
scale. The incorporated microscopically calculated Coulomb scattering rates describe the Auger
transitions between localized QD and continuous WL states. The Coulomb interaction is found
to strongly influence both the turn-on dynamics of QD lasers and the gain dynamics of QD am-
plifiers.

4.2 Structure and symmetry

The investigated QD-WL structure is illustrated in Fig. 4.4. In self-organized growth quantum
dots of pyramidal shape are obtained,19 see Fig. 4.1. However, a quantum dot laser consists of
several QD layers. In these structures, the QDs are likely to loose their tip and rather resemble
lenses, as sketched in Fig. 4.4a. Then, the ground state wave function has cylindrical symmetry.19

Furthermore, the confinement in the z-direction is much stronger than within the plane. The
wave function of such a QD-WL structure can be separated in an in-plane and a z-component
within the effective mass approximation.129 The quantum dots are assumed to have a small aspect
ratio, i.e. the height is considered to be small in comparison to the in-plane size. Throughout
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Figure 4.4: a) Lens-shaped quantum dot and the surrounding wetting layer. b) Sketch of electron and hole QD and WL
states and their interaction via Coulomb scattering described by the rates Sin and Sout. The generated photons are
described by the photon density nph.
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this work, QDs with an in-plane size of 17 nm and a height of 4 nm are considered. Under this
condition, the eigenstates describing the in-plane component of the QD can be approximated by
the eigenfunctions of a two-dimensional harmonic oscillator.130 The z-component corresponds to
the eigenfunctions of a finite barrier well.

The in-plane energy of the charge carriers in WL states is calculated within the effective-mass
approximation (see Sec. 2.3.1), yielding

Eb(k) =
~2k2

2m∗
b

(4.1)

with the effective mass m∗
b . The energy of charge carriers in QDs is determined by simple k-

independent levels Eb,n with b = e, h and n = 0, 1, 2, ... . Since the charge carriers are entirely
confined in all three spatial directions, they cannot have a defined wave vector according to the
uncertainty principle of quantum mechanics. The energies of bound QD states in dependence on
the length of the QD can be found in Stier et al.131 For the investigated QDs, the energy of the
electron ground state εe = 240meV and of the hole ground state εh = 105meV are given with
respect to the energy of the corresponding WL edge, see Fig. 4.4b. These values are valid at a
temperature of 0K. The Varshni equation132 can be used to calculate the corresponding energies
at higher temperatures. However, here only the relative energies are of importance. Assuming the
same Varshni coefficients for both WL and QD states, the energy difference does not change with
the temperature. Note that the WL consists of both InAs and GaAs, while the QDs only contain
InAs. Hence, an increase in temperature might slightly change the energy separation between
the QD ground state and the WL. This difference is assumed to be small and are neglected in the
following.

Figure 4.4b sketches the dynamics of an electrically pumped QD laser. A two-level system for
electrons and holes in QDs is considered, assuming the carrier relaxation processes within the
QD states to be much faster than capture processes from the WL states.129 As a result, only the
energetically lowest electron and hole levels in QDs contribute crucially to the laser dynamics.
The laser is pumped by a Gaussian-shaped electrical pulse injecting charge carriers into the con-
tinuous WL states. Then, driven by the Coulomb interaction, electrons and holes can be captured
into bound QD states and relax radiatively via spontaneous or induced emission. The corre-
sponding scattering and radiative processes are described within an approach combining the
rate equations (QD laser) or the semiconductor Bloch equations (QD amplifier) with microscopi-
cally calculated Coulomb scattering rates. The latter are determined by considering the Coulomb
interaction up to the second order in the screened Coulomb potential. Since the focus lies on the
investigation of the gain regime, i.e. the WL carrier density is very high, the capture dynamics
within the QD-WL structure is assumed to be dominated by Coulomb scattering (nonlocal Auger
recombination).133, 134 Hence, electron-phonon processes are expected to be of less importance,
and thus will be neglected.

4.3 Wave functions

For a WL extended in the x-y plane, as shown in Fig. 4.4a, the wave function for the entire QD-WL
system can be separated into an in-plane and a z-component within the effective mass approxi-
mation yielding129

Ψb
i,σ(r) = ϕb

i (ρ) ξb
σ(z) ub(r) , (4.2)
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where ub(r) are Bloch functions with b = e, h denoting the charge carrier type, ϕb
i (ρ) is the in-

plane part of the wave function, and ξb
σ(z) is the z-component of the wave function with the

quantum number σ. As mentioned above, the in-plane component of the wave function for lens-
shaped QD with a small aspect ratio resembles in good approximation the eigenfunctions of the
two-dimensional harmonic oscillator27, 130 9Fig. 4.5a)

ϕb
QD(ρ) =

βb

√
A√

π
exp

(
−1

2
β2ρ2

)
(4.3)

with βb =
√

m∗
b ωb

~ , the electron (hole) effective mass m∗
b , the oscillator frequency ωb, and the

normalization area A. The values for the effective mass for electrons m∗
e = 0.043m0 and holes

m∗
h = 0.45m0 are taken as the average of the corresponding values for GaAs and InAs.135 Assum-

ing that only the ground state is of importance for scattering processes, the oscillator energy ~ωb

corresponds to the QD ground state energy εb.

The strong confinement in the direction perpendicular to the WL is described by the eigenfunc-
tions of the finite barrier well. To reduce the numerical complexity, the eigenfunctions of an in-
finite barrier well is considered within the effective well width approximation. Here, the wave
function of a finite barrier well with a physical well width L is approximated by the infinite
barrier wave function with an effective width Leff, as shown in Fig. 4.5b. The perpendicular com-
ponent of the wave function is given by

ξ(+)
n (z) =


√

2
Leff

cos
[

π

Leff
(2n + 1) z

]
for |z| ≤ Leff/2 ,

0 for |z| > Leff/2 ,

(4.4)

ξ(−)
n (z) =


√

2
Leff

sin
[

π

2Leff
n z

]
for |z| ≤ Leff/2 ,

0 for |z| > Leff/2
(4.5)

with the effective well width Leff = 8nm, see Fig. 4.5b. These eigenfunctions are independent of
the charge carrier type b. ξ

(+)
n (z) is valid for even parity, while ξ

(−)
n (z) describes the case of un-

even parity. For a small WL thickness and a small QD height, the energy spacing of the levels due
to the confinement in the z-direction is large. Hence, it is sufficient to consider only the lowest
quantum number n = 0. Furthermore, the limit of equal heights of the QDs and the WL is as-
sumed leading to the same z-confinement for both QDs and the WL. In this case, the confinement
of the investigated QD-WL system is completely given by the strain in the x-y plane.129
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Figure 4.5: a) Ground and first excited state of the two-dimensional harmonic oscillator. b) Illustration of the effective
well width approximation. At

Leff
2

, the wave functions of the finite well have decreased to one tenth of their maximal
value. Within the effective well width approximation, the eigenfunction of the infinite barrier well can be considered
by including the effective well width Leff.
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The in-plane component of the wave function of the WL states is described by orthogonalized
plane waves (OPWs)136

|ϕb
k〉 =

1
Nb(k)

(
|ϕ̃k〉 − 〈ϕb

QD|ϕ̃k〉|ϕb
QD〉

)
(4.6)

with the normalization factor Nb(k) =
√

1 − |〈ϕb
QD|ϕ̃k〉|2 and the plane waves (PWs) ϕ̃k =

1√
A

exp(ik · ρ). The overlap between the QD eigenfunction ϕb
QD and the PWs (as eigenfunctions

of the WL without QDs) is given by

〈ϕb
QD|ϕ̃k〉 =

1
A

∫
A

ϕb
QD(ρ)ϕ̃k(ρ)d2ρ =

2
√

π√
Aβb

exp
(
− k2

2β2
b

)
︸ ︷︷ ︸

≡αb(k)

.

This overlap will turn out to be of great importance especially for hole states, since they are
energetically closer to the WL states. The OPWs read in real space

ϕb
k(ρ) =

1
Nb(k)

[
exp(ik · ρ) − 2αb(k) exp

(
−1

2
β2

b ρ2

)]
. (4.7)

Exploiting the normalization condition 〈ϕb
k|ϕb

k〉 = 1 yields

Nb(k) =

√
1 − 4π

Aβ2
b

α2
b(k) . (4.8)

The OPWs are more realistic than PWs, since they take the influence of the QD confinement
potential into account by orthogonalizing the plane waves ϕ̃k to the bound QD state ϕb

QD(ρ).
The PW approach leads to considerably larger Coulomb matrix elements and scattering rates, as
will be shown in the next section.

4.4 Matrix elements

The dynamics of QD lasers and amplifiers is described by taking the light-matter and the Cou-
lomb interaction into account. The strength of the first is given by the optical matrix element and
of the second by the Coulomb matrix element.

4.4.1 Optical matrix elements

In this work, the r ·E approach is used for the investigations on QDs, since the optical matrix ele-
ment dl,l′ (also called optical dipole matrix element) is available from experimental data. Within
this approach, the carrier-field coupling is described by (for more details, see Sec. 2.4)

H
(r·E)
c-f =

∑
l,l′

dl,l′ · E(t)a+
l al′ (4.9)

with the dipole matrix element

dl,l′ =
e0

V

∫
d3rΦ∗

l (r)rΦl′(r) . (4.10)

According to experimental results,25 the interband dipole moment dvc is in the range of 0.3 −
0.6 e0nm.
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4.4.2 Coulomb matrix elements

In this subsection, only the key steps of the derivation of Coulomb matrix elements are shown. A
more detailed description is given in App. C.2.

The starting point is the carrier-carrier Hamiltonian (see also Sec. 2.4)

Hc-c =
1
2

∑
l1,l2,l3,l4

V l1,l2
l3,l4

a+
l1

a+
l2

al4
al3

(4.11)

with the unscreened Coulomb interaction matrix element

V l1,l2
l3,l4

=
∫

d3r

∫
d3r′ Φ∗

l1(r)Φ∗
l2(r

′)V (r − r ′) Φl3(r
′) Φl4(r) . (4.12)

Using the two-dimensional Fourier transform of the Coulomb potential

Vq =
e2

2ε0 q
e−q|z−z′| , (4.13)

furthermore applying the separation of the wave function [Eq. (4.2)] and the orthogonality of the
Bloch functions

∫
V

d3r ub∗i (r)ubj (r) = V δbi,bj yields

V l1,l2
l3,l4

=
1
A

∑
q

e2

2ε0 q

∫
dz

∫
dz′ξ0(z) ξ∗0(z′) e−q|z− z′| ξ∗0(z′) ξ0(z) δb1b4δb2b3×

×
∫

d2ρ ϕb1 ∗
i1

(ρ)ϕb4
i4(ρ) e−iq·ρ

∫
d2ρ ′ ϕb2 ∗

i2
(ρ ′) ϕb3

i3
(ρ ′) eiq·ρ ′

.

(4.14)

In this work, the focus lies on the capture of charge carriers from arbitrary WL states with the
wave vectors k into the electron or hole QD ground state. Due to the complete localization of
charge carriers within QDs, the wave vector k is not well defined. These processes are described
by the Coulomb matrix element V b, b′k2

bk1, b′k3
, see Fig. 4.6. The Coulomb interaction is a two-particle

process, i.e. while one charge carrier, denoted by (b,k1), is captured into a QD state b, another
carrier (electron or hole) relaxes within the WL guaranteeing the conservation of energy for the
entire process.

After inserting the corresponding wave functions (described in the previous subsection) into Eq.
(4.14), an expression for the Coulomb matrix element is found (see also App. C.2)

V b, b′k2
bk1, b′k3

=C1
1
q
F (q)

[
αb(k1 − q) − αb(k1)α

1
2
b′(q)

]
δq,k2−k3

−
∑

q

C2
1
q
F (q)

[
αb(k1 − q)αopw

b′ (q, k2, k3) + αb(k1)α
1
2
b′(q)α

opw
b′ (q, k2,k3)

] (4.15)

with

α
opw
b′ (q, k2, k3) = αb′(k3)αb′(q − k2) + αb′(k2)αb′(q + k3) − αb′(k2)αb′(k3)αb′(q) . (4.16)

Here, the abbreviation α(k) = exp(− |k|2
2β2 ) and the coefficients C1 = e2

0
√

π

βbε0A
3
2 Nb(k1)Nb′ (k2)Nb′ (k3)

and C2 = 4
A

π
β2

b
have been introduced. The first blue colored term in Eq. (4.15) stems from the

plane wave part of the WL wave function. The normalization area A vanishes in the calculation



104 QUANTUM DOTS

WL

WL

WL

WL

WL

WL

WL

WL

bo
un

d 
Q

D
 s

ta
te

s
ho

le
s

el
ec

tr
on

s

capture of electrons capture of holes

a) e−e scattering b) e−h scattering c) h−h scattering d) h−e scattering

Figure 4.6: Illustration of the considered electron and hole Auger processes between the bound QD and continuous
WL states. Both pure scattering (electron-electron and hole-hole) as well as mixed scattering (electron-hole and hole-
electron) is shown.

and does not have any influence on the scattering rates. The form factor F (q) arising from the
z-integral in Eq. (4.14) is defined as

F (q) =

 2
Lq

+
1

Lq + 4π2

Lq

− 2
L6

(1 − e−L q)

(
4π2

q (q2 + 4π2

L2 )

)2
 (4.17)

with L corresponding to the effective well width (QD and WL height), as discussed in the previ-
ous section. Furthermore, due to a high charge carrier density wb in the wetting layer, screening
effects play an important role and have to be included in the model. They are considered within
the Lindhard approximation36, 42

ε(q, ω) = 1 − Vq

∑
b,k

ρb
k−q − ρb

k

~(ω + iγ) + εb
k−q − εb

k

. (4.18)

Applying the static limit, i.e. (ω + iγ) → 0, and the long-wavelength limit, i.e. q ∝ λ−1 → 0, Eq.
(4.18) can be Taylor expanded in terms of q leading to the screened Coulomb potential W (q) (for
more details, see App. A)

W (q) ≡ Vq

εbgε(q)
=

Vq

1 + κ
q

(4.19)

with the two-dimensional inverse screening length

κ =
∑

b=e,h

mb e2
0

2πε0εbg ~2

[
1 − exp

(
− ~2π wb

kBT mb

)]
. (4.20)

Furthermore, the screening effects arising from the surrounding medium have been considered
by introducing the dielectric background constant εbg = 14.2. Its value is taken as the average of
the corresponding values for GaAs and InAs.135

4.5 Coulomb scattering rates

The description of the dynamics in InAs/GaAs QD lasers requires the inclusion of the interaction
between discrete QD states and the continuous electron and hole WL states. The corresponding
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Coulomb scattering rates are calculated microscopically as a function of the WL electron and hole
density we and wh. As shown in Sec. 2.4, the Coulomb contributions are taken into account up to
the second order Born approximation, yielding the Boltzmann equation2, 3

ρ̇b = Sin
b (1 − ρb) − Sout

b ρb , (4.21)

where ρb is the occupation probability in the electron or hole QD state (b = e, h). A detailed
microscopic derivation of Eq. (4.21) is presented in App. A. The Boltzmann equation contains
Coulomb in- and out-scattering rates Sin

b and Sout
b

S
in/out
b =

2π

~
∑

k1k3k2b′

W b, b′k2
bk1, b′k3

(2W b, b′k2 ∗
bk1, b′k3

−δb,b′W
b, b′k2 ∗
b′k3, bk1

)f in/out,b
k1k2k3b′δ(ε

b
0+εb′

k2
−εb

k1
−εb′

k3
) (4.22)

with the characteristic functions for in- and out-scattering

f in,b
k1k2k3b′ = ρb

k1
ρb′

k3
(1 − ρb′

k2
) and fout,b

k1k2k3b′ = ρb′

k2
(1 − ρb′

k3
)(1 − ρb

k1
) . (4.23)

The sum in Eq. (4.22) runs over all WL states (occupation probabilities ρb
k1

, ρb′

k3
, and ρb

k2
). The

respective single particle energies in the WL are denoted by εb
k1

, εb′

k2
, εb′

k3
and in the QD by εb

0.
The summation over spin leads to a factor 2 in front of the direct term assuming that the wetting
layer population is independent of the carrier spin. It also accounts for the Kronecker symbol in
front of the exchange term. The latter only contributes to the pure electron-electron and hole-hole
scattering processes due to the vanishing interference when electrons and holes with anti-parallel
spin collide.137

Furthermore, the relaxation rate approximation has been applied assuming that the carrier dis-
tributions are close to the quasi-equilibrium Fermi distributions, i.e. ρb

k = f b
k + δf b

k with δf b
k ¿ 1

and the Fermi-Dirac distribution

f b
k =

1

1 + exp
(

1
kbT

(
εb

k − µb(T,wb)
)) (4.24)

and the quasi-Fermi level µb(T,wb). The latter can be obtained analytically in the two-dimensional
case.42 First, the WL charge carrier density wb is calculated

wb =
1
A

∑
k,s

fb,k =
2
A

∑
k

fb,k =
1

2π2

∫
d2k fb,k =

1
π

∫ ∞

0

dk k

[
exp

( 1
kBT

(εb
k − µb)

)
+ 1

]−1

=
mb kBT

π ~2

∫ ∞

1

dx

[
x

(
x exp

[
− 1

kBT
µb

]
+ 1

)]−1

=
mb kBT

π ~2
ln

[
1 + exp

[ 1
kBT

µb

]]
with the substitution x ≡ exp

(
1

kBT εb
k

)
. Then, the quasi-Fermi level∗ can be obtained yielding

µb(T,wb) = kBT ln
[
exp

(
~2πwb

mb kB T

)
− 1

]
. (4.25)

According to the relaxation rate approximation,36 it can be assumed that the influence of δfk on
the scattering rates Sin and Sout is negligible, i.e. Sin(ρk) ≈ Sin(fk) and Sout(ρk) ≈ Sout(fk).

∗In thermodynamical equilibrium, the system is characterized by an uniform, common temperature of the charge
carriers and the lattice (thermal equilibrium) and an uniform chemical potential of the carriers (chemical equilibrium).
In an electrically pumped laser, a global temperature can still be defined, but not a common chemical potential (Fermi
level).138 However, there is a quasi-equilibrium for electrons and holes with different quasi-Fermi levels. The latter are
defined by the corresponding non-equilibrium electron or hole density.
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Figure 4.7: a) Coulomb in-scattering rates Sin
b for electrons and holes as a function of the electron and hole WL carrier

density, respectively. b) Coulomb out-scattering rates Sout
b for electrons and holes.

Inserting the Coulomb matrix elements from Eq. (4.15) into Eq. (4.22), an expression for the Cou-
lomb scattering rates is obtained. Unfortunately, the integrals cannot be solved analytically. They
are evaluated using the Simpson rule, a numerical method for solving definite integrals by ap-
proximating the function by a quadratic polynomial.139

The scattering rates Sin
b and Sout

b are dependent on the WL carrier density wb. The larger wb, the
more efficient is the scattering due to an increasing number of scattering partners. According to
Fig. 4.6, the capture of electrons into the QD ground state is accompanied by another processes
taking place either in the electron or hole WL. The electron in-scattering rate Sin

e , e.g., contains
both the electron-electron (Fig. 4.6a) as well as the electron-hole process (Fig. 4.6b). Consequently,
the scattering rate is a function of both the electron and hole WL carrier density Sin

e (we, wh).
For the capture of holes, the argumentation is analogous, see Fig. 4.6c-d. Since the numerical
evaluation of Eq. (4.22) contains six integrals, it would be very time and memory consuming to
include the full dependence on both WL carrier densities. As will be shown in Sec. 4.7.2, the dy-
namics of we(t) and wh(t) are similar. The different stationary values suggest the approximation
we(t) = gc(j)wh(t) with the ratio coefficient gc(j), which varies with the injection current density
j.140 A self-consistent calculation between the value of gc and the ratio of the stationary values
of we and wh yields gc = 2.3 for an injection current density of 1.9jth, where jth is the threshold
current density. This value is used throughout the work, unless explicitly stated otherwise. Now,
the electron and hole scattering rates can be calculated as a function of we and wh, respectively.

In Fig. 4.7, the Coulomb scattering rates for electron and hole capture processes in the investi-
gated InAs/GaAs QD-WL structure are shown as a function of the respective WL electron and
hole densities. Generally, the Coulomb scattering rates become larger for increasing WL carrier
densities wb due to the increase of available scattering partners. The Pauli exclusion principle,
however, stops the increase at high wb, resulting in maximal values for the scattering rates. The
Pauli blocking terms affect the out-scattering processes much earlier (Fig. 4.7b), since they are
proportional to (1 − ρb

l )(1 − ρb′

m), see Eq. (4.23). Due to their larger effective mass, the hole bands
have a smaller curvature and the population of hole WL states is distributed over a larger k-
range, as shown in Fig. 4.8. As a result, the Pauli exclusion principle influences the electrons
more strongly explaining the quicker decrease of Sout

e . Furthermore, since the hole states are en-
ergetically closer to the WL edge, it is surprising to find Sout

e to be larger than Sout
h . This, however,

is only the case, as long as the OPWs are used, see Fig. 4.9. Considering only the PWs, the hole
out-scattering is, as expected, stronger. The larger reduction of the hole out-scattering arises from
the stronger overlap between the QD and WL wave functions, see Eq. (4.6).
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Figure 4.8: Fermi distribution of electrons and holes in the WL states for three different WL carrier densities at room
temperature.

The in-scattering rates are proportional to the product of two occupation probabilities in the WL
states ρb

l ρ
b′

m , see Eq. (4.23). Consequently, they become dominant at higher WL carrier densities
(at which the out-scattering is already diminished by Pauli blocking). At small wb, the number
of available scattering partners is low, as shown in Fig. 4.8. The WL states need to be filled first.
Then, the in-scattering becomes more and more efficient and finally dominates over the out-
scattering. At very high wb, even the in-scattering becomes weaker, since the WL states become
filled to a high percentage leading to a considerable decrease of the probability for the scattering
processes within the WL (processes illustrated by red arrows in Fig. 4.6).

Figure 4.9 compares the Coulomb scattering rates for electrons and holes obtained within the
approach of orthogonalized plane waves to the rates resulting from simple plane waves. Tak-
ing the influence of the QD confinement potential into account, i.e. applying the OPW method,
leads to a general reduction of scattering rates. The hole rates are reduced by a factor of three,
and the electron scattering is approximately half as efficient as within the PW approach. The en-
hanced Coulomb matrix elements and scattering rates within the OPW method are due to the
non-vanishing overlap of QD and WL wave functions 〈ϕb

QD|ϕ̃〉. This overlap is higher for hole
states, since they are energetically closer to the corresponding WL states. As a result, the enhance-
ment of the scattering rates for holes is stronger, as can be seen in Fig. 4.9.
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Figure 4.9: Comparison of a) Coulomb in-scattering and b) out-scattering rates for electrons and holes calculated within
the orthogonalized plane wave (OPW) and the plane wave (PW) approach. The latter leads to enhanced rates due to the
neglected overlap between QD and WL wave functions.
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Figure 4.10: The importance of mixed charge carrier scattering processes is illustrated: a) Electron capture via electron-
electron and electron-hole scattering, see Fig. 4.6a-b. b) Hole capture via hole-hole and hole-electron scattering, see Fig.
4.6c-d. To show the influence of mixed scattering process, the rates are calculated for a higher ratio between electron
and hole WL stationary values: wh = 3.5we. This can be achieved for low injection currents, as shown in Lüdge et
al.140 Note that the electron and hole scattering rates are plotted as a function of we and wh, respectively.

The scattering rates for mixed electron-hole capture processes (Fig. 4.6b,d) are dependent on
both electron and hole WL carrier densities. As described above, for numerical reasons the rela-
tion wh = 2.3we is assumed accounting for similar dynamics of we and wh. Figure 4.10 illustrates
the importance of the mixed process for the electron and hole in-scattering rates. The electron
in-scattering Sin

e shows a maximum followed by a shoulder at higher WL carrier densities. The
latter is ascribed to the pure electron-electron scattering, while the mixed scattering leads to the
maximal value of Sin

e at we = 5.7 × 1012 cm−2, see Fig. 4.10a. Due to the assumption that the
hole WL carrier density wh is 2.3 times larger than the corresponding electron WL carrier density
we, electron-hole scattering already increases at relatively small we leading to the maximal in-
scattering. Figure 4.10b shows the hole in-scattering rate calculated with and without the mixed
hole-electron process. Here, the maximum at wh = 18× 1012 cm−2 stems from the pure hole-hole
scattering, while the shoulder arises from the mixed process. This again accounts for different
stationary values of the electron and hole WL carrier densities. Since we is smaller than wh, the
pure hole-hole process is enhanced with respect to the mixed hole-electron process. The calcu-
lated ratio between the electron and the hole WL carrier density has an important influence on
the in-scattering rates, as discussed in detail in Lüdge et al.140 For out-scattering processes, the
mixed contributions turn out to have an influence on the height of the scattering rates, but less
on their qualitative shape, since the out-scattering is only important at low WL densities and
decreases sharply right after the maximal value is reached.

4.5.1 T1 and T2 times

The T1,b time given by (Sin
b + Sout

b )−1 determines the decay of the electron and hole population
(b = e, h), respectively. The T2 time describes the decay of the coherence. Both times are calculated
microscopically using the Boltzmann equation including Auger transitions between WL and QD
states, as described in Sec. 4.5. Figure 4.11 shows both times as a function of the WL carrier
density wb. In agreement with the discussion of the scattering rates in the last section, both T1,b

times decrease with increasing wb, accounting for the stronger Coulomb scattering. The times are
the shortest (≈ 1 ps) in the range of (1−5)×1012 cm−2. Then, the scattering rates are reduced and
T1,b increase.
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Figure 4.11: a) The Coulomb scattering times T1,e and T1,h for electrons and holes and b) the dephasing time141 T2 are
plotted as a function of the WL carrier density.

The T2 time describing the coherence decay shows a similar behavior. It has been calculated by
Kim et al.141, yielding

T2 =
[
2π

~
∑

k1k2k3b′

(
|Wh0, b′k2

hk1, b′k3
|2 δ(εe + εb′

k2
− εh

k3
− εb′

k1
) − |W e0, b′k2

ek1, b′k3
|2 δ(εh + εb′

k2
− εe

k3
− εb′

k1
)
)

(
f b′

k1
fe

k3
(1 − f b′

k2
) + (1 − f b′

k1
) (1 − fe

k3
) f b′

k2

)]−1

. (4.26)

After a strong decrease at low WL carrier densities, the T2 time remains approximately con-
stant (≈ 2 ps). In conventional three-dimensional systems, the dephasing, i.e. the destruction
of the phase coherence between the valence and conduction band, arises mainly from transi-
tions between different states, i.e. from thermalization, energy relaxation, or recombination pro-
cesses. In quantum dots, however, the dephasing of optical coherence stems mainly from virtual
transitions.142 These do not lead to a change in the population dynamics. Hence, this contribution
is often called pure dephasing. Since the energy separation between QD states can be few hun-
dreds of meV, the probability for transitions between real states is suppressed, and pure dephas-
ing plays an important role.143 Dephasing times in QDs have been experimentally demonstrated
to be in the range of picoseconds to femtoseconds, which strongly depends on the temperature.144

The dephasing time can be separated into two different contributions

1
T2

=
1

T2,scat
+

1
T2,pure

. (4.27)

The first term accounts for Coulomb driven scattering processes between the QD and WL states
and is calculated microscopically,141 see Fig. 4.11b. The second term describes the contribution
stemming from pure dephasing. The latter has been discussed in Lorke et al.134 In this work, the
value for the overall dephasing time T2 = 25 fs at room temperature is adjusted to experimental
data.144 Its temperature dependence is assumed to be guided by the Coulomb part T2,scat. This
way, only the T2 time for one temperature needs to be obtained from the experiment. Then, the
corresponding values at other temperatures can be determined microscopically. Starting from the
above value for room temperature, the T2 times at 350K, 400K, 450K, and 500K, are calculated
using Eq. (4.26), yielding T2 = 20 fs, 17 fs, 15 fs, 13 fs, respectively.
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4.6 Quantum dot amplifiers

Quantum dot semiconductor optical amplifiers (QD-SOAs) are gain media in which the signal
pulse is amplified by the processes of induced emission. The main difference to QD lasers is the
lack of a resonator. QD-SOAs have great potential for applications in high-speed data commu-
nication, since they show a much faster gain recovery time than conventional or quantum well
SOAs.124 This can be ascribed to the presence of the two-dimensional WL, which acts as a charge
carrier reservoir enabling an ultrafast refilling of QD states. However, the amplification of ultra-
fast optical pulse trains with pulse repetition rates of up to 1THz (corresponding to pulse delay
times of 1 ps) is still a great challenge for current research.

4.6.1 Experiment

Figure 4.12 illustrates the experimental setup designed by Gomis et al.25 at the TU University,
Dortmund, for pump-probe studies of femtosecond pulse trains. Using two Michelson interfer-
ometers, up to four 150 fs long pulses with a delay time of 0.5 ps < τ0 < 10 ps, corresponding to
repetition rates of 100GHz < frep < 2THz, are generated. The basic idea of a pump-probe experi-
ment is that first, the sample is excited into a non-equilibrium state by a short strong pulse (pump
pulse), then the relaxation of the sample back into the equilibrium is studied using a weak time
delayed pulse, which has approximately no influence on the sample (probe pulse). Gomis et al.25

investigated the gain dynamics of QD-SOAs at room temperature by a femtosecond pump-probe
technique with heterodyne detection.25 The latter is a standard technique to measure the ampli-
tude and the phase of signals in collinear geometry in spatially extended sample. Here, pump and
probe pulses are distinguished by inducing a small frequency shift between them. Before being
injected into the amplifier, the probe pulse passes through an acousto-optical modulator, which
shifts its frequency into the microwave range. The pump pulse remains unshifted. Furthermore, a
frequency shifted reference pulse is injected into the amplifier before the pump-probe pulse. The
detection consists of an interferometer, where the probe pulse is mixed with the reference pulse.
The amplitude of the probe is measured by detecting the amplitude of the beat evolving due to
the difference in the frequency shifts of the reference and the probe pulse. Note that a stream of
frequency shifted reference pulses is needed to detect the change of the probe pulse due to the

b)a)

Figure 4.12: a) Sketch of the experimental setup (taken from Gomis et al.)25 showing a two-stage Michelson interfer-
ometer where the ultrafast femtosecond pulse trains with a delay time of τ0 = 1ps are generated. The wavelength is
selected to be in resonance with the QD ground state. b) The pulse sequence is sent through an electrically contacted
QD-SOA, and the gain is measured as a function of the electrical injection current and the repetition rate frep. The
gain offset ∆, a measure of the gain recovery, is plotted over the pulse repetition frequency. It shows that the gain
recovery becomes more and more incomplete with the increasing repetition frequency.
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influence of the pump pulse.145 When pump and probe pulse overlap, the resulting interference
pattern produces a spatial modulation of the polarization. The corresponding absorption gratings
scatter a part of the pump beam in the probe direction. This contribution has only an influence
on the polarization dynamics. It is known as coherent coupling or coherent artifact.145, 146

The gain medium in the SOA is formed by 15 InAs/GaAs QD layers with a QD density of
2 × 1010 cm−2. The gain is normalized to the value measured at the transparency current I =
7.5mA. In pump-probe experiments, the pump pulse depletes the ground state resulting in a
reduction of the gain, which is tested by the probe pulse. The gain recovers on a time scale of
few hundreds of femtoseconds up to picoseconds. The gain recovery time is determined by the
capture of charge carriers into the QD ground state from the two-dimensional WL states. It in-
creases with the injection current. However, a complete gain recovery could not be reached for
pulse repetition rates above 200GHz, i.e. for delay times τ0 ¿ 5 ps, as shown in Fig. 4.12b. The
higher the repetition frequency frep, i.e. the shorter the distance between the two pulses τ0 in
the sequence, the larger is the gain offset ∆ and the more incomplete is the gain recovery. To
achieve a better gain recovery at high frep, the refilling of QD states needs to be accelerated. The
underlying mechanisms of the gain recovery are discussed in the following section.

4.6.2 Gain dynamics

The gain dynamics in QD-SOAs can be theoretically described by the semiconductor QD Bloch
equations (derived in Sec. 2.4). Since the focus lies on obtaining a better insight into the ele-
mentary processes, which determine the gain dynamics of QD amplifier, a single pump-pulse
experiment is modeled theoretically. Within the RWA (see Sec. 2.4.1), and for the resonant case
with ~ω = ~ωqd = 0.95 eV equations of motion for the microscopic polarisation p(t), and the QD
population probability of electrons ρe(t) and holes ρe(t) (Fig. 4.13) are obtained

WL

WL

Sin
eSout

e

Sin
h Sout

h

p
ρe

ρh

Figure 4.13: Illustration of the QD-WL
structure with energy separations εe =

240meV and εh = 105meV.

ṗ(t) = −iΩ(t)[ρe(t) + ρh(t) − 1] − 1
T2

p(t) , (4.28)

ρ̇e(t) = −2Im[Ω(t)p∗(t)] − 1
T1,e

ρe(t) + Sin
e , (4.29)

ρ̇h(t) = −2Im[Ω(t)p∗(t)] − 1
T1,h

ρh(t) + Sin
h . (4.30)

The described dynamics is k-independent due to the com-
plete localization of charge carriers in QDs. Since the exper-
iments are performed within the gain regime where WL charge
carrier densities are in the range of 1012 − 1013 cm−2, it is as-
sumed that the Coulomb interaction dominates over the elec-
tron - phonon coupling, which is neglected in Eqs. (4.28)-(4.30).
However, the influence of phonon induced processes for the
decay of the coherence is taken into account, when the T2 time
is calculated, see Sec. 4.5.1. Furthermore, in this first study, excitonic effects and memory contri-
bution in the electron-electron scattering are not considered. In contrast to carbon nanotubes, the
RWA is applicable here, since only the region around the resonance is of interest. The stationary
values before the arrival of the pulse are given by ρe

0(0) = Sin
e T1,e, ρh

0 (0) = Sin
h T1,h, and p0(0) = 0.
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Then, the gain condition ρe
0(0) + ρh

0 (0) > 1 can be expressed in terms of the scattering rates

Sin
e

Sin
e + Sout

e

+
Sin

h

Sin
h + Sout

h

> 1 . (4.31)

The gain condition is independent of the T2 time, since the stationary values are reached long
after the polarisation has decayed. For the following calculations the WL carrier density is varied
under the condition that the QD-SOA is operating in the gain regime, i.e. that the gain condition
from Eq. (4.31) is fulfilled. The strength of the light-matter interaction is given by the Rabi fre-
quency Ω(t) = dvcE(t)

~ with the electrical field E(t) = E0 exp
(
− t2

2σ2

)
and the interband dipole

moment dvc, which is set to 0.6 e0nm according to experimental data.25 The amplitude E0 deter-
mines the pulse area Θ (expressed in units of π)

Θ ≡
∫

Ω(t)dt =
dvc

√
2σ

~
√

π
E0 =⇒ E0 =

~
√

π

dvc

√
2σ

Θ . (4.32)

This definition goes back to the generation of Rabi flops.142 For a pulse area of Θ = 2π, the
populations ρe and ρh are inverted corresponding to one complete Rabi flop. The pump-probe
experiment is modeled with two sets of Bloch equations: i) including only the pump pulse and
ii) including both the pump and the probe pulse. The length of both pulses is set to 150 fs, and
their intensity ratio is Iprobe/Ipump = 0.01 in agreement with the experimental setup. To model
the gain dynamics, the absorption coefficient α(ω, τ) is calculated as a function of the pulse fre-
quency ω and the delay time τ between the pump and probe pulse. The system is in the gain
regime, if the absorption coefficient α(ω, τ) is negative. In Sec. 2.5, the latter was shown to be de-
termined by the imaginary part of the optical susceptibility χ(ω). Within the r · E approach (see
Sec. 2.2) the absorption coefficient can be expressed in the frequency space as the ratio between
the macroscopic polarisation P (ω) and the electrical field E(ω)

αpp(ω, τ) ∝ ωIm

[
Ppump+probe(ω, τ) − Ppump(ω)

Eprobe(ω)

]
. (4.33)

In a pump-probe experiment, only the probe signal is measured probing the changes arising
from the passed pump pulse. The macroscopic polarisation Ppump(ω) describing the contribution
arising from the pump pulse alone needs to be subtracted from Ppump+probe(ω, τ) obtained when
considering both the pump and the probe pulse. This method ensures that only the response
coming from the probe pulse (after the influence of the pump pulse) is obtained.147

Finally, the macroscopic polarisation P (t) = dvcp(t) is determined by the optical dipole moment
dvc and the microscopic polarisation p(t). The first is known from experiments, the second is cal-
culated using the semiconductor Bloch equations. In general, Eqs. (4.28)-(4.30) cannot be solved
analytically. In this thesis, the Bloch equations are evaluated numerically using the Runge-Kutta
method. An analytic solution performed within a perturbation approach up to the χ3 order will
be performed in future work. In agreement with the experiment, the gain dynamics is calculated
for the case that the pulse is in resonance to the QD energy ω = ωqd, i.e. the gain is given as a
function only of the delay time τ . Furthermore, it is normalized to the value at times long before
the pump pulse arrives. The gain dynamics is shown to depend on the temperature T , the WL
charge carrier density wb, the pulse area Θ, and the dephasing time T2. In the following, these
dependencies are discussed in detail.



4.6 QUANTUM DOT AMPLIFIERS 113

Figure 4.14: The normalized gain is plotted as a function of the pump-probe delay time τ for different injection currents
IC . The experiment was performed by Gomis et al.25 with a pulse sequence consisting of four 150 fs long pulses with
a repetition frequency of frep = 1THz (corresponding to a pulse delay time of τ0 = 1ps). The larger the current, the
shorter is the gain recovery time and the smaller is the gain depletion.

Gain dynamics - temperature and WL carrier density dependence

Figure 4.14 shows the normalized gain measured for injection currents Ic between 80mA and
150mA as a function of the pump-probe delay time τ . A four-pulse sequence with a repetition
rate of 1THz was generated in the experiment.25 The pump-probe measurements show a gain
depletion followed by gain recovery. The higher the injection current, the smaller is the gain re-
duction resulting in a faster gain recovery. However, as shown in Fig. 4.12b, at this very short
repetition rate, the gain signal could not be completely switched back, even for IC = 150mA.
The increase of the injection current has two effects: i) the number of charge carriers in the WL
increases and ii) the temperature of the device is enhanced. In the experiment, the device temper-
ature is increased by 75K for a variation of IC from 0mA to 150 mA.

The evaluation of the Bloch equations for different temperatures and WL carrier densities allows
a comparison with the experimental results. In Fig. 4.15a, the normalized gain is plotted as a
function of the pump-probe delay time τ for temperatures between 300K and 500 K for a fixed
pulse area of Θ = 1.5π and for dephasing times as described in Sec. 4.5.1. The figure shows that
the gain recovery time is reduced with increasing temperatures. The faster gain recovery is due
to the stronger scattering rates at higher temperatures, as shown in Fig. 4.16. Consequently, the
QD ground state can be refilled more efficiently with charge carriers from the WL, resulting in
a shorter gain recovery time. An increase in temperature affects, in particular, the in-scattering
processes, since Sin

b is proportional to the product of two fermi functions f b
k2

f b
k3

, see Eq. (4.22).
The Fermi distributions become broader at higher temperatures increasing the probability for the
capture of charge carriers into the QD ground state. This has a stronger influence on holes due
to their larger effective mass and a flatter band structure. A temperature increase of ∆T = 200K
leads to a more than twice as large hole in-scattering rate Sin

h . The application of QD-SOAs as
high-speed communication devices requires both a fast gain recovery and a deep gain deple-
tion. The latter is important to obtain pronounced signal pulses. Unfortunately, the enhanced
temperatures do not only accelerate the gain recovery time, but at the same time, they reduce
the gain depletion. The optimisation of the refilling of QD states leads at the same time to a less
pronounced gain peak.
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Figure 4.15: Normalized gain g(τ) = −α(τ, ωqd) as a function of the pump-probe delay time τ for different temper-
atures (for a fixed WL carrier density of we = 5.7 × 1012 cm−2, corresponding to the density at which the electron
in-scattering Sin is maximal). In a) the normalized gain is calculated for a realistic situation, where the T2 time varies
with the temperature, see Sec. 4.5.1. To illustrate the pure temperature dependence of the gain, in b) the T2 is artificially
set to 25 fs for all temperatures. For both figures, the pulse area is fixed to Θ = 1.5π. Furthermore, note that the gain
is normalized to the value long before the pump pulse has arrived. The higher the temperature, the faster is the gain
recovery and the smaller is the gain depletion. The increase of the WL carrier density increases the gain recovery time
due to the less efficient scattering rates.

The difference in gain depletion is reduced by approximately 30% at a temperature increase of
∆T = 200K. Note that the gain depletion depends only indirectly on the temperature. It is the
change of the dephasing time T2 with the temperature that causes the reduction of the gain de-
pletion. Plotting the gain dynamics in dependence of T with artificially fixed constant dephasing
times T2 leaves the gain depletion largely unchanged, see Fig. 4.15b. The figure also illustrates
the decrease of the absolute gain recovery time with the increasing temperature.

The other effect of the experimental increase of the injection current, namely the increase of the
WL carrier density, is shown in Fig. 4.17. Here, the dependence of the normalized gain on the WL
carrier density we is illustrated. At first sight, the result seems to be surprising: the higher we, the
slower is the gain recovery. One would expect higher WL carrier densities to be advantageous
for a fast gain recovery. However, the scattering rates have a complex dependence on wb, see
Sec. 4.5. At the WL electron density we = 5.7 × 1012 cm−2, the electron in-scattering rate Sin

e has
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Figure 4.16: Temperature dependence of Coulomb a) in-scattering and b) out-scattering rates for electrons and holes.
Generally, the scattering becomes more efficient with increasing temperatures.
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its maximum, see Fig. 4.16. For we = 6.7 × 1012 cm−2 and we = 7.7 × 1012 cm−2, the capture of
electrons via Auger processes is already reduced. The scattering rates increase with increasing
WL carrier densities up to a certain value, then they decrease due to Pauli blocking. As a result,
Fig. 4.17 reflects how efficient the refilling of the QD ground state is. The gain recovery is fastest
at we = 5.7 × 1012 cm−2, where the electron in-scattering is maximal.
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Figure 4.17: Normalized gain as a function of the pump-probe
delay time τ for different WL carrier densities (for a fixed
temperature of T = 300K).

Increasing the injection current in experi-
ment has a similar effect, namely an accel-
eration of the gain recovery and a reduc-
tion of gain depletion, see Fig. 4.14. For a
current of 150mA, the gain recovery is al-
most complete. With decreasing currents, i.e.
with a smaller number of scattering part-
ners, the refilling of QDs with charge carri-
ers is slowed down. The gain offset ∆ be-
comes larger and increases with every pulse
in the sequence. At the same time, the gain
depletion is enhanced. An injection current
increase of ∆IC = 100mA enhances the gain
reduction by approximately 20%. The vari-
ation of the injection current in the experi-
ment can be obviously modeled by a varia-
tion of the temperature in theory. The comparison gives a good qualitative agreement.

The gain behavior in the first 200 fs is surprising. The gain peak passes a minimum followed by an
ultrafast gain recovery on a femtosecond time scale. This effect cannot be explained by Coulomb
induced refilling processes, since the latter are on a picosecond time scale. This characteristic
feature of the gain peak can be explained by the so-called coherent artifact, a coherent effect de-
scribing the interference between the pump and the probe pulse. The overlap generates a grating
in the absorption which scatters a part of the pump pulse in the probe direction. As a result, the
probe signal is enhanced. This effect turns out to be sensitive to the T2 time, as discussed below.

Gain dynamics - pulse area dependence

Besides the temperature dependence, the gain dynamics is influenced by the pulse area Θ. In
Fig. 4.18a, the normalized gain is shown as a function of the pump-probe delay time τ for three
different pulse areas Θ = 0.75π, 1.0π, and 1.5π. The WL carrier density is fixed to we = 5.7 ×
1012 cm−2, corresponding to the density at which the electron in-scattering Sin is maximal. The
temperature is set to 300K and the corresponding dephasing time T2 is 25 fs. The figure illustrates
that the gain depletion is strongly dependent on the pulse area Θ. Increasing Θ from 0.75π to 1.5π

enhances the amplitude of the renormalized gain approximately by a factor of three. However,
at the same time, the gain recovery is slowed down. Similar to the temperature dependence, the
influence of the pulse area on the gain depletion and gain recovery is opposite. The optimisation
of a QD-SOA is a trade-off between the gain amplitude and the recovery time. Note that the
absolute refilling time of the QD ground state does not depend on the pulse area. The system
needs longer to recover, since the gain reduction at large pulse areas is high.

Figure 4.18b illustrates the importance of taking the dynamics of both electrons and holes into ac-
count. The dashed curves show a pure electron dynamics, i.e. the electrons and holes are assumed
to be identical. Considering only electrons leads to strongly reduced in-scattering processes, as
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Figure 4.18: a) Normalized gain as a function of the pump-probe delay time τ for different pulse areas Θ (for a fixed
temperature of 300K and the WL carrier density we = 5.7×1012 cm−2). The stronger the pulse area, the larger is the
gain depletion and the slower is the gain recovery. b) Illustration of the importance of the hole dynamics. The dashed
lines show the normalized gain under the condition that only the electron dynamics is taken into account. It is clearly
seen how important the holes are for a correct simulation of ultrafast gain dynamics.

can be seen in Fig. 4.10. The capture of electrons described by Sin
e is one order of magnitude

weaker at the considered WL carrier density of we = 5.7 × 1012 cm−2 due to the missing ef-
ficient electron-hole processes. Consequently, the gain recovery is considerably slowed down.
This shows a possible way to accelerate the gain dynamics by further increasing the importance
of holes, e.g. by p-doping of the device. Furthermore, Fig. 4.18b illustrates that holes have no
influence on the gain depletion.

Gain dynamics - dephasing time dependence

The gain dynamics has a particular behavior in the first 200 fs after the arrival of the pump pulse.
As can be seen in Fig. 4.19a, the gain dynamics follows the microscopic polarisation as long as
the pump pulse is present, then it reflects the population dynamics. The gain depletion right
after the arrival of the pump pulse is strongly influenced by the T2 time, while the gain recovery
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Figure 4.19: a) Illustration of the coupled population and coherence dynamics and their influence on the characteristic
gain peak. In the first 200 fs, the gain dynamics is dominated by the coherence, then, the population dynamics is
crucial. b) Normalized gain as a function of the pump-probe delay time τ for different dephasing times T2 showing that
the characteristic gain peak disappears for long T2 times. The behavior for negative delay times is ascribed to the optical
Stark effect.
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time is determined by the T1,e/h times. At very short pump-probe delay times, interference effects
between the pump and the probe pulse play a crucial role. . The resulting characteristic gain peak
shows a strong dependence on the dephasing time T2, as shown in Fig. 4.19b. The pronounced
minima only appears if the T2 time is low enough, i.e. in the order of some femtoseconds - the time
scale of the coherence artifact. Then, the gain dynamics is completely reflected by the population
dynamics.
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Figure 4.20: Normalized gain as a function of the optical
pump power (at the pump-pulse delay time of τ = 0) show-
ing a long region with a linear dependence.

The gain curve possesses a turning point
after a delay time of approximately 200 fs,
when the influence of the pump pulse is di-
minished and the gain recovery via charge
carrier capture from the neighboring WL
states begins. This feature has been dis-
cussed controversially in literature.148 One
widely spread explanation is obtained by in-
cluding the two-photon absorption (TPA).
This assumption accounts for the quadratic-
like dip in the gain curve within a rate equa-
tion approach. However, the dependence of
the gain depletion on the injection current,
as shown in Fig. 4.14, does not support
this explanation. Furthermore, preliminary
experiments149 have been done showing that the normalized gain has a linear dependence on
the optical pump power over a wide range. In the theory, this statement was confirmed. In Fig.
4.20, the normalized gain for τ = 0 is plotted over the pump power, which is given by the time
integral over the intensity∫ ∞

−∞
|E(t)|2dt = E2

0

√
πσ =

~2π
3
2

2d2
vcσ

Θ2

[
eV

fs nm2

]
.

The stronger the pump power, the larger is the gain depletion. Over a wide range of pump pow-
ers, the dependence is approximately linear, see Fig. 4.20. This is a strong indication that the two-
photon absorption cannot play an important role. At very high pump powers, the system is not
in the gain region any more. The processes of induced absorption become crucial. Increasing fur-
ther the pump power leads to an equilibrium situation, where both QD states are equally filled.
There is no gain and no absorption, i.e. the system is transparent. In contrast, in the experiment,
the gain is saturated at high pump powers, but a transition to the absorption regime has not been
observed so far. This might be due to the inhomogeneous distribution of QDs accounting for a
considerable number of non-resonant QDs.

Additionly, the impact of the coherent artifact turns out to depend on the width of the pump
σpump and the probe pulse σprobe. The broader the pulses, the broader is the gain peak. The po-
sition of the maximal gain depletion (corresponding to the minimum in the gain curve) is de-
termined by the relative width of the gain and pump pulse. In the case σpump ≤ σprobe, the gain
minima can be found at a positive delay time τ . For σpump ≥ σprobe, the maximal gain depletion
is already reached at a negative τ . Moreover, the width of the pump and probe pulse has also
an influence on the strength of the gain depletion. These observations reflect the importance of
interference effects for a better understanding of the coherent artifact. In future work, a quanti-
tative analysis of these dependencies will be performed in a limiting case, where an analytical
solution of the Bloch equations [Eqs. (4.28)-(4.30)] is possible.
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4.6.3 Summary

In this section, the gain dynamics of QD optical amplifiers has been investigated. The theoretical
approach is based on the semiconductor QD Bloch equations describing the charge carrier pop-
ulation and coherence dynamics. The interaction between the charge carriers in the QD ground
state and the delocalized two-dimensional WL states is included by a microscopic calculation of
the Coulomb scattering rates.

The gain recovery time is shown to be determined by the strength of the Coulomb scattering
between the QD and WL states as well as by the temperature, while the gain depletion is found
to be a function of the dephasing time and the pump power. Up to now, the processes of two-
photon absorption have been assumed to play a crucial role for the explanation of the so-called
coherent artifact. In this work, the latter has rather been found to be a result of interference effects
between the pump and the probe pulse. The obtained results contribute to a better understanding
of the limiting mechanisms for the ultrafast gain recovery in QD amplifiers.
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4.7 Quantum dot laser

Semiconductor QD lasers are excellent candidates for future data and telecom applications.124

They show a high potential for a fast dynamical response, which strongly depends on the fre-
quency and the damping rate of relaxation oscillations (ROs).20 Quantum dot based lasers show
many important advantages over conventional quantum well based lasers, such as lasing at data
and telecom wavelengths in the range of 1300 nm with very low threshold current densities be-
low 10Acm−2 as well as high internal quantum efficiencies approaching 100%, and high temper-
ature stability. Moreover, ROs in QD lasers have been measured to be strongly damped, which is
advantageous for low bit-error rates and high-speed data transmission.126–128 This indicates their
potential for modulation bandwidths higher than 10GHz. The underlying mechanisms are still
being discussed in literature.23, 24

In this section, a detailed microscopic analysis of the turn-on dynamics of single-mode InAs/GaAs
quantum dot lasers pumped by a nanosecond current pulse150 is presented. The approach goes
beyond standard phenomenological laser rate equations151–158 similar to those used in quan-
tum well lasers159–161 by incorporating microscopic kinetic equations which describe Coulomb
scattering processes.129, 162, 163 This approach takes the microscopic interaction and charge trans-
fer between QDs and the WL evolving in the process of fabricating self-organized QDs into
account.133, 136

4.7.1 Experiment

The measurement of relaxation oscillations was performed by Kuntz et al.125 at the TU Berlin.
The corresponding experimental setup is illustrated in Fig. 4.21a. A double-spectrometer was
used to compensate path differences of interfering beams, enabling a temporal resolution of 5 ps
and transients up to 10 ns. Furthermore, a pulse generator with a maximum voltage of 5V and
QD laser diodes with dimensions of 1mm× 4µm were used. The measurements were performed
for different current densities at room temperature, see Fig. 4.21b. The threshold current density
was 290 Acm−2. The laser diodes were driven by electrical pulses with a length of 5 ns and a rise
and a fall time of 100 fs.
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Figure 4.21: Experimental setup for measurements of relaxation oscillations designed by Kuntz et al.125 shows a He
cryostat with the QD laser diode inside. A pulsed current is applied to the cryostat chamber. The optical output of
the diode is focused into a double-spectrometer. The selected wavelength of 1.3 µm reaches the streak camera, which is
connected to a computer.
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The measured relaxation oscillations are strongly damped. As a result, only one or two peaks
were detectable, see Fig. 4.21b. The damping was shown to be much stronger than in conven-
tional quantum well lasers.21, 22 Furthermore, a characteristic turn-on delay time of approximately
τ = 1ns is observed. It is proportional to the inverse of the current density j, while the RO fre-
quency is proportional to the square root of j. The RO frequency allows the determination of
the maximal bandwidth frequency fmax. In the case of strong damping,125 small signal mea-
surements yield an experimental relation between these two frequencies fmax = 1.2fro. Conse-
quently, the faster the laser reaches its stationary value, the higher is the maximal bandwidth
frequency.

4.7.2 Turn-on-dynamics

The turn-on dynamics of a QD lasers is modeled within the rate equation model, which presents
a suitable method to describe the dynamics of laser processes at room temperature.20, 159 The rate
equations follow from the Bloch equations for ultrashort coherence times, i.e. T1 À T2. At low
temperatures, the approach of master equations for micro-states is more suitable for QDs, con-
sidering the carrier capture and recombination in QDs as random processes.164 At room tem-
perature, however, it is a good approximation to average the level populations over the QD
ensemble.19 Some simplifying assumptions have to be made to obtain the rate equations from
the QD Bloch equations, presented in the previous section. The latter are valid for processes
within one QD and need to be averaged over the entire ensemble of QDs present in the laser
active region. In this work, it is assumed that all QDs contribute equally to the dynamics of the
system, i.e. the inhomogeneous broadening due to the Gaussian size distribution of QDs is not
considered directly. Instead, the QD density NQD is assumed to be smaller by a factor 2 than
experimentally measured accounting for the fact that not all QDs are in resonance with the con-
sidered laser mode due to their size distribution. As shown in the description for QD-SOAs, the
coherence decay occurs within some tens of femtoseconds, while the relaxation oscillations are
on a nanosecond time scale. As a result, the turn-on dynamics of QD lasers can be well described
by considering only the population dynamics.

QD charge carrier densities

The polarisation and the Rabi frequency can be separated in a fast oscillating part and a slow
time dependent amplitude: p(t) = p̃0(t)e−iωt and Ω(t) = Ω0(t) cos(ωt). Then, the rate equation
approximation dp̃0(t)

dt ¿ p̃0
T2

is applied, i.e. it is assumed that the decay of the coherence is very fast
(T2 time short). As a result, the stationary value of p̃0 is reached very quickly, and the derivative
of p̃0(t) can be set to zero. Then, the equation of motion for the polarisation [Eq. (4.28)] can be
solved analytically, yielding

p̃0(t) = −iΩ0

(
ρe(t) + ρh(t) − 1

)
T2 . (4.34)

Inserting this solution into Eq. (4.29) and Eq. (4.30) leads to rate equations for the electron and
hole densities ne and nh in the QD ground state

ṅe = − 1
T1,e

ne + Sin
e NQD − Rind(ne, nh) − Rsp(ne, nh) , (4.35)

ṅh = − 1
T1,h

nh + Sin
h NQD − Rind(ne, nh) − Rsp(ne, nh) . (4.36)
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Here, the occupation densities nb are obtained by summing the corresponding occupation prob-
abilities ρb over all QDs, i.e. nb = 1

A

∑
i ρb

i = NQDρb with the QD density NQD.

The first terms in Eqs. (4.35)-(4.36) express the charge car-
j(t)

j(t)

WL

WL

Sin
eSout

e

Rsp

Sin
h

wh

we

Rind

Sout
h

nh

nph

ne

Figure 4.22: Illustration of the investigated
QD-WL structure.

rier capture from WL states via Coulomb scattering, see
Fig. 4.22. The electron and hole scattering rates Sin

b , Sout
b

and the corresponding scattering times T1,b (b = e, h) are
a measure for the strength of the non-local Auger pro-
cesses between the bound QD and continuous WL states.
They have already been discussed in detail in Sec. 4.5.

The second contribution to the dynamics of the QD charge
carrier density describes the radiative relaxation of charge
carriers within a QD (see Fig. 4.22)

Rind ≡ Ŵ (ne + nh − NQD)nph (4.37)

with Ŵ ≡ WA where A is the WL normalization area
and W the Einstein coefficient, which is a measure for the
strength of the light-matter interaction. Its microscopic
derivation performed within a full quantum mechanical
approach is sketched below. In Eqs. (4.35)-(4.36), it was introduced as W ≡ 2Ω̂2

0T2 with Ω̂0 = Ω0b0

containing the dimensionless quantity b0. The latter leads to the definition of the photon density
nph = 1

A |b0|2. The induced processes of emission and absorption are proportional to the photon
density nph and to the difference of the electron densities in the two QD levels. Note that the hole
density nh can be easily transformed into the corresponding electron density in the lower QD
level with nv

e = NQD − nh.

Finally, the third contribution to the QD charge carrier dynamics in Eqs. (4.35)-(4.36) is given by
the spontaneous emission rate

Rsp(ne, nh) ≡ W̃nenh , (4.38)

with W̃ = W/NQD. The spontaneous emission is governed by bimolecular recombination.159, 160

This has been discussed controversially in literature.165 The crucial point is whether the Hartree-
Fock approximation, necessary to obtain the above bimolecular expression, is applicable in QDs
with only one localized, gain active electron. Assuming the QD and the WL states to belong
to one QD-WL structure justifies the Hartree-Fock approximation,∗ since the WL can be treated
as a two-dimensional charge carrier gas. However, the spontaneous emission cannot be obtained
from the semiconductor Bloch equations presented in Sec. 2.4, since a semiclassical approach was
applied treating the electromagnetic field E(r, t) classically. In the following section, the sponta-
neous emission is derived quantum mechanically.

Photon density

A quantum mechanical approach is needed to derive the equation of motion for the photon den-
sity nph, which has been introduced phenomenologically so far. Here, a brief derivation is pre-
sented; for more details, see App. B. Starting from the quantized field E(z, t) within a cavity along
the z-axis

E(z, t) =
∑

i

E0,i sin(qiz)(c+
i + ci ) (4.39)

∗Within the Hartree-Fock approximation, the bimolecular expression is only obtained, if the states are not
degenerate.138
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with the photon creation and annihilation operators c+
i and ci and the field amplitude E0 =√

~ω
2ε0V . The sum runs over all modes i of the field. Then, the carrier-field Hamilton operator

from Eq. (2.15) can be generalized to

Hc-f =
∑

i

∑
l,l′

dl,l′E0 sin(qiz) (c+
i + ci )a+

l al′ . (4.40)

It contains the photon-assisted quantities c+
i a+

l al′ and ci a+
l al′ . The first quantity describes the

emission of a photon and the corresponding annihilation of an electron-hole pair. The second
quantity describes the reverse process of a photon absorption. Now, using the Heisenberg equa-
tion from Eq. (2.33) and the Hamilton operator including the free carrier and photon part and the
electron-light coupling, the dynamics of the photon number 〈c+

i ci 〉 of the mode i can be deter-
mined. Within the RWA, the corresponding equation of motion reads

d

dt
〈c+

i ci 〉 = − i

~
dvcE0 sin(qiz)

(
〈c+

i a+
v ac〉 − 〈ci a+

c av〉
)

. (4.41)

To obtain a closed set of equations, the dynamics of the appearing photon-assisted quantities
〈c+

i a+
v ac〉 and 〈ci a+

c av〉 needs to be determined. Applying the Heisenberg equation with the
Hamilton operator from above yields an equation of motion for those quantities, see App. B. Since
radiative processes are on a nanosecond time scale, while carrier scattering occurs within some
picoseconds, the derivative of the photon-assisted quantities is small.36 Then, the corresponding
equation of motion can be solved formally. The solution Inserted in Eq. (4.41) gives

d

dt
〈c+

i ci 〉 = |Ω(ωi)|2
(
〈c+

i ci 〉(ρ
e + ρh − 1) + ρeρh

)
2γ

(ωcv − ωk)2 + γ2
(4.42)

with |Ω(ωi)|2 =
1
~2

|dvc|2|E0 sin(qiz)|2. Up to now, only a single mode of the radiation field has
been considered. To calculate the total radiative rate for the spontaneous emission all possible
modes need to be taken into account. They are characterized by the wave vector q = ω

c . Applying
this dispersion relation for light, the sum over the photon modes denoted by i can be expressed
as an integral over frequency ωi. The latter is evaluated using the relation limγ→0

γ
(ωcv−ωk)2+γ2 =

πδ(ωcv − ωk). Finally, an equation of motion for the photons density nph = NQD
∑

i〈c
+
i ci 〉 is

obtained

d

dt
nph =

|dvc|2

3π ε0 ~

(
ωk

cm

)3

︸ ︷︷ ︸
Einstein coeff. W

[
Γnph (ne + nh − NQD)︸ ︷︷ ︸

induced processes

+ βnenh︸ ︷︷ ︸
spont. emission

]
− 2κnph . (4.43)

The first contribution is proportional to the photon density nph. It describes the processes of
induced emission and absorption. In contrast, the second contribution is proportional only to the
occupation probabilities for electrons and holes. This term describes the spontaneous emission.
The strength of both processes is given by the Einstein coefficient W .

W =
|dvc|2

3π ε0 ~

(
ω

cm

)3

, (4.44)

with the dipole momentum dvc, the gap frequency ωk, the speed of light in medium cm = c√
εbg

,
the dielectric background constant εbg , and the vacuum permittivity ε0.

Furthermore, the coefficient

κ =
γ

2
=

(
κint −

1
2L

ln(r1r2)
)
cm (4.45)
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has been introduced. It describes the total cavity loss, which depends on the cavity length L,
the facet reflection coefficients19 r1 = r2, and the internal losses κint, which are adapted to the
experimental realisation of quantum dot lasers,125 see Table 4.1. The optical confinement factor
Γ in Eq. (4.43) is introduced to take the difference of the optical and electronic active area in the
QD-WL structure into account. It can be split into an in-plane and a vertical confinement factor
Γ ≡ NlΓxy Γz with Nl as the number of QD layers.19 The in-plane component Γxy is given by
the product of the QD density NQD and the in-plane size of a QD Axy (coverage with QDs). The
vertical confinement Γz = 2.5 × 10−3 expresses the vertical overlap of QDs and optical modes,
averaged over the plane of area A

Γz =
1
A

∫ L/2

−L/2
|E(z) |2 dz∫ ∞

−∞ |E(z) |2 dz
. (4.46)

Finally, the spontaneous emission coefficient β has been introduced to describe the efficiency of
the spontaneous emission with respect to the considered laser mode in the cavity, since only a
fraction of generated photons will contribute to the considered laser mode.

WL charge carrier densities

In contrast to the investigations of the gain dynamics of QD amplifiers in the previous section,
now, the turn-on dynamics of QD lasers is in the focus. Starting with initially empty WL and
QD states, the injection current density j(t) is applied leading to a rapid change of both WL
and QD charge carrier densities. The Coulomb scattering rates in Eqs. (4.35)-(4.36) describing the
capture/escape processes into/out of the QD states strongly depend on the WL charge carrier
density wb. As a result, taking the full dynamics of we and wh into account is crucial for a better
understanding of the turn-on dynamics. In analogy to the rate equations for the QD charge carrier
densities ne and nh, corresponding rate equations for we and wh are found

ẇe =
j(t)
eo

+
ne

T1,e

NWL

NQD
− Sin

e NWL − R̃sp(we, wh) , (4.47)

ẇh =
j(t)
eo

+
nh

T1,h

NWL

NQD
− Sin

h NWL − R̃sp(we, wh) . (4.48)

Equations (4.47)-(4.48) were derived assuming the conservation of charge carriers within the QD-
WL structure. The loss terms in the dynamics of ne and nh are gain terms in the corresponding
dynamics of we and wh, respectively.∗ In analogy to the QD density NQD, an effective WL density
NWL = 1

Aeff
≈ 0.2 nm−2 is introduced. Due to the strong screening, Coulomb scattering is only

effective within a WL area Aeff = 5nm2 corresponding to a screening length of 2.2 nm, see Eq.
(4.20).

The WL charge carrier dynamics is crucially determined by the pump process described by the
injection current density j(t)

j(t) = j0 exp
[
−

(
t − t0
2.5

)n]
(4.49)

∗A better way to introduce the WL carrier densities wb is to consider that the WL consists of many states characterised
by a wave vector k. To obtain a k-independent WL carrier density wb, a k-integral over the Fermi function and the
two-dimensional density of states is to be performed. As a result, an overall WL charge carrier density denoted by wb is
obtained.
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with n = 90 and t0 = 2.49 ns ensuring a rise and fall time of 100 ps in agreement with the
experiment.125 For high injection currents, it is important to include the coefficient ηb ∝ (NWL −
wb) describing the efficiency of the injection of charge carriers into the WL.36 The larger the WL
charge carrier density, the less efficient is the injection due to the Pauli exclusion principle.

Finally, the spontaneous recombination rate within the WL is expressed by R̃sp(we, wh) = W ′wewh

with W ′ = W/NWL, in analogy to the spontaneous emission in QDs.

Turn-On Dynamics

For a better overview, the entire set of coupled nonlinear differential equations for the QD charge
carrier densities ne, nh, the WL charge carrier densities we, wh, and the photon density nph is
shown

ṅph = −2κnph + ΓRind(ne, nh) + βRsp(ne, nh) , (4.50)

ṅe = − 1
T1,e

ne + Sin
e NQD − Rind(ne, nh) − Rsp(ne, nh) , (4.51)

ṅh = − 1
T1,h

nh + Sin
h NQD − Rind(ne, nh) − Rsp(ne, nh) , (4.52)

ẇe =
j(t)
eo

+
ne

T1,e

NWL

NQD
− Sin

e NWL − R̃sp(we, wh) , (4.53)

ẇh =
j(t)
eo

+
nh

T1,h

NWL

NQD
− Sin

h NWL − R̃sp(we, wh) . (4.54)

These equations describe the dynamics of an InAs/GaAs QD laser. The parameters are either cal-
culated or obtained from experimental realisation of the investigated QD-WL structure,125 see Ta-
ble 4.1. Now, Eqs. (4.50)-(4.54) can be numerically evaluated using the Runge-Kutta algorithm.139

parameter value from parameter value from
W 1.3 ns−1 Eq. (4.44) κ 0.12 ps−1 Eq. (4.45)
dvc 0.3 e0 nm experiment25 κint 220m−1 experiment125

εgap 0.96 eV experiment125 r1, r2 0.32 experiment125

εbg 14.2 experiment135 L 1mm experiment125

m∗
e 0.04m0 experiment135 A 4 × 10−5 cm2 experiment125

m∗
hh 0.450m0 experiment135 NWL 2 × 1013 cm−2 Eq. (4.20)
β 5 × 10−6 adjusted NQD 1 × 1010 cm−2 experiment125

Γ 1 × 10−3 Eq. (4.46) Nl 15 experiment125

Tabel 4.1: Parameters used in the numerical evaluation of Eqs. (4.50)-(4.54) to model the turn-on dynamics of QD
semiconductor lasers. The material parameters, such as effective masses and the background dielectric constant, are
assumed to be the average of the corresponding values for GaAs and InAs,135 since the QD-WL structure contains
both InAs and GaAs.
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Figure 4.23: a) Response of the photon density nph(t) to a current pulse (dashed line) of 5 ns length and with a rise and
a fall time of 100 ps, see Eq. (4.49). The current density is set to be 1.9 times over the threshold density. Pronounced
strongly damped relaxation oscillations are generated during the turn-on processes. b) The corresponding experimental
result125 showing only the turn-on dynamics.

First, an injection current density pulse j(t) of 5 ns width is applied to obtain inversion. The
current density is set to be 1.9 times above the laser threshold.∗ The dynamics of the photon
density nph is shown in Fig. 4.23a. After a characteristic turn-on delay of approximately 1 ns, the
photon density increases exponentially. The initial period after the injection current is applied
is dominated by filling processes of the WL states and the processes of spontaneous emission.
After the WL carrier density wb reaches a certain value, the Coulomb scattering becomes efficient,
and the induced processes become crucial. Now, the laser is switched on. The photon density
performs pronounced strongly damped relaxation oscillations with a frequency of approximately
2GHz. These results are in good agreement with experimental data, shown in Fig. 4.23b, with
respect to the frequency, delay time, and the full width half maximum.

The ROs result from the interplay of electron filling, induced emission, and absorption processes.
The oscillations only appear if these contributions are of comparable magnitude. The stronger the
filling processes, the less damped are the ROs. In the limiting case of very weak scattering rates
or a very strong damping, the photon density reaches the stationary value without performing
oscillations. The phase portrait in Fig. 4.24b illustrates this interplay. It shows the evolution of the
photon density nph as a function of the QD electron carrier density ne. In the beginning, nph in-
creases exponentially with increasing ne. Then, the photon density performs clockwise rotations
around its steady state. When the current pulse is switched off, nph decreases exponentially with
decreasing ne (not shown in the phase portrait).

The Coulomb scattering rates Sb are essential for a better understanding of the turn-on dynam-
ics. Unfortunately, they cannot be given in an analytical form. They show a strongly nonlinear
dependence on the WL carrier densities. As a result, the frequency and the damping rate of re-
laxation oscillations cannot be expressed analytically. They both show a strong dependence on
the injection current j(t). The higher the current, the more pronounced are the ROs, see Fig.
4.21. Their frequency increases with the square root of the current, while the damping rate has a
linear dependence on j(t). In this work, the focus lies on the qualitative description of the turn-
on dynamics of QD lasers. A detailed study on the characteristics of ROs and especially their
dependence on the injection current is given in Lüdge et al.140 There, it has been shown that a

∗The threshold current density is determined by plotting the photon density nph over the current. Its value jth =

2 × 1010 e0cm−2ps−1 corresponding to jth = 3 × 103 Acm−2. This value is approximately one order of magnitude
larger than the measured experimental value. This discrepancy arises from the optically active area, which is necessary
to calculate the threshold injection current density. Here, the active area is assumed to correspond to the WL area A.
However, in the experiment, the active area is expected to be larger.
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Figure 4.24: a) Response of the QD charge carrier densities ne(t), nh(t) to a current pulse (shown in Fig. 4.23). The
insets show the generation of weak ROs even for the charge carrier densities. b) The Phase portrait of the photon density
nph vs. the QD electron density ne illustrates the interplay of electron filling and induced emission and absorption
processes leading to an oscillation of the photon density. In the inset, a zoom into the oscillating region during the
turn-on processes is shown.

good quantitative agreement with the experiment over a wide range of current densities can be
achieved. Furthermore, studies based on the presented model have been performed to describe
the modulation response and eye pattern diagrams of QD lasers. A good agreement with experi-
mental findings was found.

Figure 4.24a illustrates the dynamics of the QD carrier densities ne, nh. Both quantities show
weak relaxation oscillations before reaching the corresponding stationary values. These are less
pronounced than in the dynamics of the photon density due to the capacitative inertia of the
charge carriers. Other interesting features are the rise and fall times of ne and nh. While the rise
time is dominated by the in-scattering contributions (on a picosecond time scale), the fall time
is much longer due to slower radiative processes (on a nanosecond time scale). Furthermore,
the electron density ne has a higher stationary value than the hole density nh due to the larger
electron in-scattering rate Sin

e , see Fig. 4.7a.

Finally, in Fig. 4.25a, the evolution of the WL carrier densities we(t), wh(t) as a response to the ap-
plication of the injection current pulse j(t) is shown. In analogy to QD carrier densities ne(t), nh(t),
their rise and fall time are determined by scattering and radiative processes, respectively, result-
ing in clearly different time scales. In contrast to ne(t), nh(t), the stationary value of the WL hole
density wh is higher than the one of we. The reason lies again in the higher in-scattering rate Sin

e ,
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Figure 4.25: a) The dynamics of the WL carrier densities we(t), wh(t) during the turn-on processes of a QD laser. b)
The time dependence of the Coulomb scattering rates Sin

e , Sout
e , Sin

h and Sout
h as a response to the injection current

pulse j(t).
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that leads to a loss of charge carriers in the WL. Furthermore, the dynamics of the WL electron
density we shows a peculiar behavior during both turn-on and switch-off processes. After the
injection current is applied, an initial exponential increase of we is followed by a considerable
slow-down. When the current pulse is switched off, the decrease of we in the first picoseconds
is accelerated, before the radiative processes start to dominate the decrease of we. This can be
explained with the dynamics of the scattering rates, shown in Fig. 4.25b. In the first picoseconds,
the out-scattering processes dominate the dynamics. After the WL states are filled to a certain
percentage, the in-scattering increases. Especially the capture of electrons into the QD ground
states is considerably enhanced, accounting for the observed slow-down in the dynamics of the
WL electron density we. Sin

e even performs well pronounced oscillations around its steady state.
As long as the the injection pulse has a plateau and the charge carriers remain in their stationary
states, the scattering rates are constant. Finally, when the current pulse is switched off, the scatter-
ing rates increase again, especially the electron in-scattering Sin

e , leading to a very fast decrease
of we in the first picoseconds of the turn-off dynamics.

4.7.3 Summary

In this section, the turn-on dynamics of electrically pumped InAs/GaAs QD lasers has been in-
vestigated. The theoretical approach is based on rate equations describing the photon density and
the charge carrier densities in QDs and the WL. The interaction between the charge carriers in
the QD ground state and the delocalized two-dimensional WL states is included by a microscopic
calculation of the Coulomb scattering rates.

The theoretical simulation of the turn-on dynamics shows the generation of relaxation oscillations
in both the photon and the charge carrier density dynamics. They start after a characteristic delay
time of approximately 1 ns which is due to the charge carrier filling of initially empty quantum
dot states. The complex interplay between the strongly nonlinear Coulomb scattering rates and
radiative processes gives rise to the relaxation oscillations and determines their frequency and
damping rate. In agreement with experiments, a strong damping of relaxation oscillations in QD
lasers is obtained. The results indicate the crucial importance of the Coulomb scattering processes
between QD and the WL states. Other processes, such as electron-phonon scattering and WL-bulk
interaction are assumed to play a minor role for a qualitative description of the turn-on dynamics.
However, their inclusion as well as an extension to a multi-mode theory would improve the
model.
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Chapter 5

Conclusions

I am convinced that not only what I am saying is wrong, but so will be what is said against it. Still one has
to start somewhere. The truth does not lie in the middle, but rather somewhere around it - like a sack which
changes its form with every opinion one puts into it, but at the same time becomes firmer and firmer.

Robert Musil

This work presents a detailed theoretical investigation of optical properties of single-walled car-
bon nanotubes (SWCNTs) and self-assembled InAs/GaAs quantum dots (QDs).

Carbon nanotubes

A microscopic calculation of the absorption coefficient and the Rayleigh scattering cross section
for carbon nanotubes is performed by a novel approach combining the density-matrix formalism
with zone-folded tight-binding wave functions. The derived excitonic Bloch equations allow the
study of SWCNTs of arbitrary chirality. Analytical expressions for the optical matrix elements
are derived containing all symmetry-imposed selection rules. The Coulomb matrix elements are
calculated within the Ohno-parametrization allowing the description of both intra- and inter-
(sub)band processes. As a result, also the dark-bright splitting due to the Coulomb-induced in-
tervalley mixing is covered.

In agreement with experiment, the calculated spectra of metallic nanotubes show a double-
peaked structure resulting from the trigonal warping effect. The intensity ratios of the four lowest-
lying transitions in both absorption and Rayleigh spectra can be explained by the different behav-
ior of the optical matrix elements along the high-symmetry lines KΓ and KM . Also in agreement
with experiment, the Rayleigh line shape is predicted to be asymmetric, with an enhanced cross
section for lower photon energies arising from non-resonant contributions of the optical suscep-
tibility.

Furthermore, the Coulomb interaction is shown to be strongest when the momentum transfer is
low. For intersubband processes with a perpendicular momentum transfer, the coupling strength
is reduced to less than 5%. Due to their reduced dimensionality, SWCNTs have a strong Cou-
lomb interaction that considerably changes their optical spectra. While the electron-electron in-
teraction renormalizes the band gap by almost 100%, the electron-hole coupling leads in both
semiconducting and metallic SWCNTs to the formation of excitons with binding energies of up
to 1 eV. Due to the stronger internal screening, the excitonic binding energies in metallic nano-
tubes are shown to be one order of magnitude smaller than in semiconducting nanotubes. Higher
transitions are also predicted to have considerable excitonic binding energies. The chirality and
diameter dependence of the excitonic binding energy and the transition frequency is presented
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in excitonic Kataura plots. The influence of the surrounding environment on the optical proper-
ties of SWCNTs is investigated, in particular the theoretical description of solvatochromic shifts
in SDS medium is shown to be in good agreement with experimental results. The experimental
trend for an increasing oscillator strength towards the armchair constellations is also confirmed.
The latter is shown to be more pronounced if excitonic effects are taken into account. Finally, a
brief outlook on exciton-phonon coupling in SWCNTs is given, accounting for the observation of
pronounced phonon-sidebands in the absorption spectra.

Further investigations on i) the behavior of metallic nanotubes, ii) the dark-bright splitting and
the role of dark excitons for relaxation mechanisms in SWCNTs, and iii) exciton-phonon coupling
in metallic and semiconducting nanotubes need to be performed to obtain a better insight into
the optical properties of SWCNTs. The evaluation of the excitonic Bloch equations including the
integration over the entire Brillouin zone and the consideration of all subbands and the corre-
sponding interactions is a numerical challenge with respect to CPU time and memory. Moreover,
the nearest-neighbor tight-binding method can be improved by including more neighbors and
considering curvature effects (in analogy to the ETB calculations). Future investigations will fo-
cus on non-linear optics, exciton relaxation, and functionalization of carbon nanotubes.

Quantum dots

Extending the confinement to all three spatial dimensions, semiconductor Bloch equation are
derived to describe the dynamics in QD semiconductor lasers and amplifiers.

The Coulomb interaction, which is expected to dominate over the electron-phonon coupling due
to the high charge carrier densities in the investigated gain regime, is considered beyond the
Hartree-Fock approximation, taking scattering processes between the bound QD and continuous
WL states into account. A detailed microscopic analysis of the nonlinear turn-on dynamics of
electrically pumped InAs/GaAs QD lasers is performed, showing the generation of relaxation
oscillations on a nanosecond time scale in both the photon and charge carrier density. The com-
plex interplay between strongly nonlinear Coulomb scattering rates and radiative processes gives
rise to these oscillations, which are generated after a characteristic delay time of approximately
1 ns. In agreement with experiments, the theory predicts a strong damping of relaxation oscilla-
tions, indicating the crucial importance of Coulomb scattering for a fast dynamical response of
QD lasers.

Moreover, the ultrafast gain dynamics in QD semiconductor optical amplifiers has been inves-
tigated. It is found to be sensitively affected by the strength of the Coulomb scattering rates as
well as by temperature, dephasing time, and pump power. Furthermore, the so called coherent
artifact is shown to be a result of interference effects between the pump and the probe pulse
rather than a consequence of two-photon absorption processes as often claimed in literature. The
obtained results contribute to a better understanding of the limiting mechanisms for the ultra-
fast gain recovery in QD amplifiers. They are in good qualitative agreement with experimental
results.

The theory can be further improved by taking the inhomogeneous distribution of QDs into ac-
count. A corresponding inhomogeneous broadening with respect to the gap energies and the
dipole moments will be performed in future work. Also, propagation effects, processes leading
to pure dephasing, wetting-layer-bulk interaction, multi-mode effects, and intra-QD relaxation
need to be considered microscopically to obtain a complete picture of the dynamics in QD based
devices.



Appendix A

Bloch Equations

Coincidence is God’s way of remaining anonymous.

Albert Einstein

In this chapter the equations of motion for single-particle density matrix elements are derived in
the case of a two-band system.

A.1 Hartree-Fock

The starting point is the Hamilton operator (see Sec. 2.2)

H = H0,c + Hc-f + Hc-c + H0,ph + Hc-ph

=
∑

l

εla
+
l al +

∑
l,l′

~Ωl,l′a+
l al′ +

1
2

∑
l1,l2,l3,l4

V l1,l2
l3,l4
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al4
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(A.1)
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∑
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i bi +
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+

∑
l,l′

∑
i

(
gi

l,l′a+
l bi al′ + gi∗

l,l′a+
l′ b

+
i al

)
. (A.2)

The time evolution of an observable Ô can be obtained from the Heisenberg equation of motion

i~
d

dt
Ô(t) = [Ô(t),H]− +

∂

∂t
Ô(t) . (A.3)

If Ô(t) has no explicit time dependence, the second contribution vanishes. To calculate the equa-
tions of motion, the well-known commutation relations

[al , a+
l′ ]∓ =al a+

l′ ∓ a+
l′ al = δl,l′ , (A.4)

[al , al′ ]∓ =[a+
l , a+

l′ ]∓ = 0 . (A.5)

need to be considered. The fermion’s (electrons, holes) operators anti-commute ([ ... ]+), while
the boson’s (phonons, photons) operators commute ([ ... ]−).

In the following, the dynamics of the microscopic polarization pk(t) = 〈a+
v kac k〉 and the popula-

tion probabilities ρi
k(t) = 〈a+

i kai k〉 (with i = c, v denoting the conduction and the valence band)
is determined separately for different part of the Hamiltonian.
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Free particles: Hc = H0,c + Hc-f

i~ṗk |Hc = (εc k − εv k)pk + ~Ωvc(ρc
k − ρv

k) , (A.6)

i~ρ̇i
k |Hc = 2i~ Im (Ωvcp

∗
k) . (A.7)

Coulomb interaction within Hartree-Fock: Hc-c

i~ṗk |Hc-c =
∑
ABC

(
V ck A

BC 〈a+
v ka+

AaCaB〉 − V AB
vk D〈a+

Aa+
BaCac k〉

)
. (A.8)

The four-operator term is factorized into products of two-operator terms with:

〈a+
1 a+

2 a3 a4〉 = 〈a+
1 a4〉〈a

+
2 a3〉 − 〈a+

1 a3〉〈a
+
2 a4〉 + 〈a+

1 a+
2 a3 a4〉c , (A.9)

where 〈 ... 〉c denotes the correlation term. This factorisation leads to a closed set of equations of
motion for the single-particle elements of the density matrix. If the correlation term is neglected,
the truncation of a four-operator is called Hartree-Fock factorisation. Within this approximation
and after applying the random phase approximation (see Sec. 2.4.1) the equation of motion for
the microscopic polarisation pk reads

i~ṗk |HHartree
c-c

=
∑
k′

[ (
V vk,vk′

vk,vk′ − V ck,vk′

ck,vk′

)
︸ ︷︷ ︸

→ 0

pkρv
k′ + V ck,ck′

vk,vk′ p
∗
k′(ρc

k − ρv
k)

+
(
V vk,ck′

vk,ck′ − V ck,ck′

ck,ck′

)
︸ ︷︷ ︸

→ 0

pkρc
k′ + V ck,vk′

vk,ck′ pk′(ρc
k − ρv

k)
]

,

i~ṗk |HFock
c-c

=
∑
k′

[ (
V ck,vk′

vk′,ck′ − V vk′,vk
vk,vk′

)
pkρv

k′ − V ck,ck′

vk′,vkp∗k′(ρc
k − ρv

k)

+
(
V ck,ck′

ck′,ck′ − V ck′,vk
vk,ck′

)
pkρc

k′ − V ck,vk′

ck′,vk pk′(ρc
k − ρv

k)
]

.

In the limit of linear optics, i.e. ρv
k = 1 and ρc

k = 0, the contributions simplify to

i~ṗk |Hc-c =
∑
k′

[(
V ck,vk′

vk′,ck − V vk′,vk
vk,vk′

)
pk +

(
V ck,vk′

ck′,vk −V ck,vk′

vk,ck′

)
pk′ +

(
V ck,ck′

vk′,vk−V ck,ck′

vk,vk′

)
p∗k′

]
,

(A.10)
where the blue contributions stem from the Fock part and the red ones from the Hartree part of
the Coulomb interaction.
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Electron phonon interaction within Hartree-Fock: Hph = H0,ph + Hc-ph

i~ṗk |Hph =
∑
q,γ,λ

[
gcλ,γ ∗

k,q,k′S
vλ,γ
k,q,k′ − gλv,γ ∗

k′,q,kSλc,γ
k′,q,k + gλc,γ

k′,q,kSλv,γ ∗
k′,q,k − gvλ,γ

k,q,k′S
cλ,γ ∗
k,q,k′

]
(A.11)

with the phonon-assisted quantities

Sλλ′,γ
k,q,k′ = 〈a+

λkbγqaλ′k′〉 and Sλ′λ,γ ∗
k′,q,k = 〈a+

λ′k′b
+
γqaλk〉 . (A.12)

A.2 Coulomb scattering

The Coulomb interaction is given in second quantization as

V =
1
2

∑
ABCD

V AB
CD a+

Aa+
BaDaC (A.13)

with the Coulomb matrix elements

V AB
CD = 〈ΨAΨB |V |ΨCΨD〉 . (A.14)

Renaming indices and exploiting the commutation relations from Eqs. (A.4)-(A.5), following re-
lations can be derived

V AB
CD = −V BA

CD = V BA
DC , V AB

CD = V CD ∗
AB . (A.15)

In this section, a detailed derivation of the Boltzmann equation is presented. The starting point
is the Hamiltonian H = H0,c + Hc-c describing the Coulomb interaction. In contrary to the last
section, the calculation is performed beyond the Hartree-Fock approximation. The correlation
expansion applied to Eq. (A.8) leads to the following equation

i~
d

dt
〈a+

1 a2〉 = (ε2 − ε1)〈a+
1 a2〉 +

∑
abc

[
V 2a
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]
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]
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a ac〉〈a+
b a2〉

]}
.

(A.16)

Now, the correlations terms are taken into account. To obtain a more compact equation, the fol-
lowing abbreviations are introduced

εHF
1a := ε1δ1a + 2

∑
bc

V ab
1c 〈a+

b ac〉 ,

εHF
a2 := ε2δ2a + 2

∑
bc

V 2b
ac 〈a+

b ac〉 .

After some simple rewriting, one obtains

i~
d

dt
〈a+

1 a2〉 =
∑

a

[
εHF

a2 〈a+
1 aa〉 − εHF

1a 〈a+
a a2〉

]
−

∑
abc

[
V ab

1c 〈a+
a a+

b aca2〉c − V 2a
bc 〈a+

1 a+
a acab〉c

]
. (A.17)
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The dynamics of four-operator-products needs to be determined. Applying again the Heisenberg
equation yields

i~
d

dt
〈a+

1 a+
2 a3a4〉 = − (ε1 + ε2 − ε3 − ε4)〈a+

1 a+
2 a3a4〉

+
∑
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a a+
b a+

2 aca3a4〉 − δ2c〈a+
a a+

b a3a4〉
]

−
∑
abc

V ab
2c 〈a+

1 a+
a a+

b aca3a4〉

+
∑
abc

V ab
3c 〈a+

1 a+
2 a+

c abaaa4〉

−
∑
abc

V ab
4c

[
〈a+

1 a+
2 a+

c a3abaa〉 − δ3c〈a+
1 a+

2 abaa〉
]

.

Carrier-carrier interaction couples the four-operator term to six-operator terms. These have to be
further factorised38

〈a+
1 a+

2 a+
3 a4a5a6〉 = 〈a+

1 a4〉
(
〈a+

2 a6〉〈a+
3 a5〉 − 〈a+

2 a5〉〈a+
3 a6〉

)
− 〈a+

1 a5〉
(
〈a+

2 a6〉〈a+
3 a4〉 − 〈a+

2 a4〉〈a+
3 a6〉

)
+ 〈a+

1 a6〉
(
〈a+

2 a5〉〈a+
3 a4〉 − 〈a+

2 a4〉〈a+
3 a5〉

)
+ 〈a+

1 a+
2 a4a5〉c〈a+

3 a6〉 − 〈a+
1 a+

2 a4a6〉c〈a+
3 a5〉 + 〈a+

1 a+
2 a5a6〉c〈a+

3 a4〉

− 〈a+
1 a+

3 a4a5〉c〈a+
2 a6〉 + 〈a+

1 a+
3 a4a6〉c〈a+

2 a5〉 − 〈a+
1 a+

3 a5a6〉c〈a+
2 a4〉

+ 〈a+
2 a+

3 a4a5〉c〈a+
1 a6〉 − 〈a+

2 a+
3 a4a6〉c〈a+

1 a5〉 + 〈a+
2 a+

3 a5a6〉c〈a+
1 a4〉 .

(A.18)

The correlation expansion is truncated at this level, i.e. the six-operator correlation terms are
neglected. Then, the equation of motion for the four-operator correlation terms is determined

〈a+
1 a+

2 a3a4〉c = 〈a+
1 a+

2 a3a4〉 − 〈a+
1 a4〉〈a+

2 a3〉 + 〈a+
1 a3〉〈a+

2 a4〉︸ ︷︷ ︸
Hartree-Fock part

.

Some of the terms from Eq. (A.18) cancel with the Hartree-Fock part resulting in

i~
d

dt
σc

1234 |first three rows of Eq. (A.18) = −(ε1 + ε2 − ε3 − ε4)σc
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]
.

At this step an useful zero-addition (bold printed) has been introduced. With the relation

(σ2c − δ2c)δ1d + σ1d(δ2c − σ2c) = −σ+
2cσ

+
1d with σ+

2c = 〈aca
+
2 〉 ,
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one obtains the following result including all contributions from Eq. (A.18)
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d
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Here, the abbreviation εcor
1a = 2

∑
bc V ab

1c σbc has been introduced. To derive the Boltzmann equa-
tion for scattering processes only the blue colored terms are taken into account. They correspond
to the contributions stemming from the two-operator parts from Eq. (A.18). Higher order terms
are ascribed, e.g. , to screening which corrects the bare Coulomb potential. They are partially
considered by including a dephasing constant γ. Then, the equations reads

d

dt
σc

1234(t) =
i

~
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1234(t) +
i
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.

Finally, the Markov approximation is used neglecting all memory effects
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dt′e( i
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dse( i
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with the abbreviation ∆ε = (ε1 + ε2 − ε3 − ε4) and s ≡ t − t′. In the limiting case of γ → 0, the
solution can be written in an analytical form

σc
1234(t) = iQ(t)πδ(∆ε) . (A.19)

Since in this section, the focus lies on the derivation of the Boltzmann equation, which expresses
an occupation probability, in the following the consideration will be restricted to the special case
of identical indices in Eq. (A.16), i.e. 2 = 1. Then, the equation for the occupation probability
ρ1 = 〈a+

1 a1〉 reads

d
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The second sum has been evaluated using σA1 = ρ1δA1 and σ+
bC = 1 − ρbδbC . Furthermore,

relations between the Coulomb matrix elements from Eq. (A.15) have been exploited. Finally, one
obtains the Boltzmann equation

d

dt
ρ1 =

2π

~
∑
abc

V 1c
ab

(
V 1c ∗

ab −V 1c ∗
ba

)(
ρaρb(1 − ρ1)(1 − ρc) − ρ1ρc(1 − ρb)(1 − ρa)

)
δ(ε1+εc−εa−εb) .

The derivation of the corresponding equation of motion for the microscopic polarization 〈a+
1 a2〉

with different indices is straight-forward.141 It reads

p = − i

~
(ε2 − ε1)p +

2π

~
∑
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(
|V 1c

ab |2 δ(ε2 + εc − εa − εb) − |V 2c
ab |2 δ(ε1 + εc − εa − εb)

)
×

×
(

ρc (1 − ρb) (1 − ρa) + (1 − ρc) ρb ρa

)
p . (A.20)



Appendix B
Spontaneous Emission

If you are lonely when you’re alone, you are in bad company.

Jean-Paul Sartre

In this section, a quantum mechanical description of the spontaneous emission is presented. The
latter is crucial, e.g. during turn-on processes of a laser. Induced emission responsible for the
laser process is proportional to the photon density, i.e. at the beginning some photons need to be
created by spontaneous emission before the laser process can start. Furthermore, the simplifying
assumption of only one light mode in the laser resonator will be dropped in this section to be
able to calculate the Einstein coefficient analytically.

For most investigations of this work, the semiclassical approach treating the electromagnetic field
classically is sufficient. For a description of the spontaneous emission, however, the electromag-
netic field needs to be quantized. The starting point is the classical, single-mode electromagnetic
field within a cavity along the z-axis36

E(z, t) = q(t)

√
ω2

ε0V
sin(kz)ep (B.1)

with the single-mode frequency ω, the wave vector k, the cavity volume V , and the polarization
vector ep. q(t) is a measure of the field amplitude. The corresponding classical Hamilton operator
is given by

H =
∫

dV
(
ε0|E|2 + |B|2µ−1

)
. (B.2)

Inserting the electric field from Eq. (B.1) and the corresponding magnetic field, that can be de-
rived from the Maxwell equation rot E = −Ḃ, the Hamilton operator can be written as

H =
1
2
(
ω2q2 + p2

)
. (B.3)

It corresponds to the Hamiltonian of a harmonic oscillator. The quantization of the electromag-
netic field can be traced back to the quantization of a harmonic oscillator. Introducing photon
annihilation and photon creation operators c and c+

c =
1√

2~ω
(
ωq + ip

) , c+ =
1√

2~ω
(
ωq − ip

) , (B.4)

the well-known quantized Hamilton operator is obtained

H = ~ω
(
c+c +

1
2

)
. (B.5)
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Inserting q, obtained from Eq. (B.4) into Eq. (B.1) yields the quantized single-mode electric field

E(z, t) = E0 sin(qiz)(c+ + c) (B.6)

with E0 =
√

~ω
2ε0V . The derivation of the spontaneous emission rate requires the inclusion of all

modes of the field. The generalization of Eq. (B.6) is straight-forward. The Hamilton operator of
a multi-mode field is the sum of the Hamiltonians of a single mode. As a result, the multi-mode
electric field is given by

E(z, t) =
∑

i

E0,i sin(qiz)(c+
i + ci ) . (B.7)

The modes are characterized by the frequency, wave vector and the polarization. Now, the carrier-
field Hamilton operator from Eq. (2.15) can be generalized to

Hc-f =
∑

i

∑
l,l′

dl,l′E0 sin(qiz) (c+
i + ci)a

+
l al′ (B.8)

including a sum over the photon modes i and the electronic quantum numbers l, l′. The latter are
compound indices containing the band index λ and the wave vectors i. Performing the sum over
λ for a two-level system with λ = c, v and applying the rotating wave approximation (see Sec.
2.4.1) yields

Hc-f =
∑

i

∑
k

E0 sin(qiz)
(
dvc c+

i a+
v kac k + dcv ci a

+
c kav k

)
. (B.9)

The Hamilton operator contains the photon-assisted quantities c+
i a+

v kac k′ and ci a+
c kav,k′ . The

first quantity describes the emission of a photon and the corresponding annihilation of an electron-
hole pair. The second quantity describes the reverse process of a photon absorption. Now, the
Heisenberg equation can be applied to obtain an equation of motion for the photon number
N i

ph = 〈c+
i ci 〉 of the mode i. Using the Hamilton operator H = H0,c + H0,p + Hc-f with the free

carrier part given in Eq. (A.1), the free photon part H0,p =
∑

j(~ωj + 1
2 )c+

j cj , and the quantized
electron-light part from Eq. (B.9) yields

d

dt
〈c+

i ci 〉 = − i

~
dvc E0 sin(qiz)

∑
k

(
〈c+

i a+
v kac k〉 − 〈ci a+

c kav k〉
)

. (B.10)

Here, only the electron-light part of the Hamiltonian contributes directly to the dynamics of the
photon number N i

ph. To obtain a closed set of equations, also the dynamics of the appearing
photon-assisted quantities needs to be calculated. Applying again the Heisenberg equation, one
obtains commutators, such as

[c+
i a+

v kac k,H0,c]− =
∑

k

(εc k − εv k)c+
i a+

v kac k ,

[c+
i a+

v kac k, H0,p]− = −~ωi c+
i a+

v kac k ,

[c+
i a+

v kac k,Hc-f]− = dcvE0 sin(qiz)
(∑

i

(
c+
λ ci a+

v kav k − c+
λ ci a+

c kac k

)
− a+

c kac k +
∑
k′

a+
c k′av ka+

v k′ac k

)
.

Considering the expectation values and factorizing the four-operator terms within the Hartree-
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Fock approximation,∗ the equation of motion for the photon-assisted quantities can be deter-
mined

d

dt
〈c+

i a+
v kac k〉 = −i(ωk−ωi+iγ)〈c+

i a+
v kac k〉−

i

~
dcv E0 sin(kiz)

(
〈c+

i ci 〉(1−ρh
k−ρe

k)−ρe
kρh

k−pkp∗k

)
.

(B.11)
Here, the random phase approximation (see Sec. 2.4.1) has been applied neglecting expectation
values with different wave vectors (modes), i.e.

∑
k′〈a+

c k′ac k〉 ≈ 〈a+
c kac k〉. Furthermore, the oc-

cupation probabilities for electrons ρe
k = 〈a+

c kac k〉 and holes ρh
k = 1−〈a+

v kav k〉, the gap frequency
ωk = ωc k − ωv k, as well as the decay rate γ have been introduced. The phenomenological rate
γ describes neglected scattering processes. It is responsible for a broadening of spectral lines.
The last tern in Eq. (B.11) driven by the quadratic microscopic polarisation pkp∗k is assumed to
be vanishingly small, since the microscopic polarization decays much faster than the occupation
probabilities for electrons and holes, as shown in chapter 4. Furthermore, radiative processes
are on a nanosecond time scale while carrier scattering occurs within some ps. As a result, the

derivative of the photon-assisted quantities is small.36 Assuming
d

dt
〈c+

i a+
v ac〉 ≈ 0, Eq. (B.11) can

be solved formally

〈c+
i a+

v kac k〉 = − i

~
dcvE0 sin(kiz)

〈c+
i ci 〉(1 − ρh

k − ρe
k) − ρe

kρh
k

i(ωk − ωi) + γ
. (B.12)

Inserting the solution in Eq. (B.10) gives

d

dt
〈c+

i ci 〉 = |Ω(ωi, Θ)|2
(
〈c+

i ci 〉(1 − ρh
k − ρe

k) + ρe
kρh

k

)
2γ

(ωk − ωi)2 + γ2
(B.13)

with |Ω(ωi, Θ)|2 = 1
~2 |dvc|2|E0 sin(kiz)|2. In the limit γ → 0, the described ansatz corresponds

to the Markov approximation, see Sec. 2.4.1. In this limit, the solution from Eq. (B.12) simplifies
considerably due to the relation42

lim
γ→0

2γ

(∆ωk − ω)2 + γ2
= 2πδ(ωk − ω) . (B.14)

Up to now, only a single mode of the radiation field has been considered. To calculate the total
radiative rate for the spontaneous emission all possible modes need to be taken into account.
They are characterized by the wave vector q = ω

c . Applying this dispersion relation for light, the
sum over the photon modes denoted by i can be expressed as an integral over frequency ωi∑

i

→ V

(2π)3

∫
d3q =

V

(2π c)3

∫ ∞

0

dω ω2

∫ π

0

dθ sin θ

∫ 2π

0

dφ .

This integral is evaluated using the relation from Eq. (B.14). Then, an equation of motion for the
photons density nph = NQD

∑
i〈c

+
i ci 〉 is obtained

d

dt
nph =

|dvc|2

3π ε0 ~

(
ωk

cm

)3

︸ ︷︷ ︸
Einstein coeff. W

[
nph (ne + nh − NQD)︸ ︷︷ ︸

induced processes

+ nenh︸︷︷︸
spont. emission

]
− 2κnph . (B.15)

∗Considering a QD without the interaction with the surrounding WL, the Hartree-Fock approximation is not applica-
ble, since a QD has only few bound states, which can only be populated with maximally two carriers. The basic assump-
tion of the Hartree-Fock approximation, however, is the presence of many particles. Here, the four-operator product can
be analysed by exploiting the relation ρh

k = 1−〈a+
v kav k〉. This results in 〈a+

c ka+
v kav kac k〉 = 〈a+

c k(1−a+
h kah k)ac k〉 ≈

ρe
k neglecting the four-operator expectation value. Then, the spontaneous emission rate is proportional to the electron

population ρe
k .
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The first contribution is proportional to the photon density nph. It describes the processes of
induced emission and absorption. In contrary, the second contribution is proportional only to the
occupation probabilities for electrons and holes. This term describes the spontaneous emission.
The strength of both processes is given by the Einstein coefficient

W =
|dvc|2

3π ε0 ~

(
ω

cm

)3

, (B.16)

which is dependent on the dipole momentum dvc and the gap frequency ωk. Furthermore, the
coefficient

κ =
γ

2
=

(
κint −

1
2L

ln(r1r2)
)

cm (B.17)

has been introduced. It describes the total cavity loss, which depends on the cavity length L, the
facet reflection coefficients r1, r2, and the internal losses κint.



Appendix C
Coulomb Matrix Elements

A man can do what he wants, but not want what he wants.

Arthur Schopenhauer

C.1 CNT Coulomb matrix elements

The Coulomb interaction in one-dimensional structures needs to be treated with care since the
ground state is known to have an infinite energy.61 This problem can be avoided by introducing a
regularized Coulomb potential that takes into account that CNTs are not strictly one-dimensional.

The Coulomb matrix elements are given by42

V l1,l2
l3,l4

=
∫

dr

∫
dr′ Ψ∗

l1(r)Ψ∗
l2(r

′) VCoul(|r − r′|)Ψl3(r
′) Ψl4(r) (C.1)

with the compound index l containing the band index α = c, v and the wave vector k. The
required wave functions are calculated within the tight-binding method yielding

Ψα(k, r) =
∑

j=A,B

Cα
j (l)

1√
N0

N0∑
Rj

eik·Rj φj(r − Rj) (C.2)

with the lattice vectors Rj , the atomic wave functions φj(r − Rj), ant the coefficient functions
Cα

j (l). The latter are calculated in Sec. 2.3.2 yielding for the overlap parameter s0 = 0

Cα
A(k) = cαCα

B(k)
e(k)
|e(k)|

and Cα
B(k) =

1√
2

(C.3)

with cα = +(−) for the valence (conduction) band. Furthermore, the abbreviation

e(k) =
3∑

i=1

exp(ik · bi) (C.4)

has been introduced including the vectors bi, which connect the reference atom with its three
nearest neighbors. Inserting the tight-binding wave functions from Eq. (C.2) into the Coulomb
matrix elements in Eq. (C.1) yields

V α1k1,α2k2
α3k3,α4k4

=
A,B∑

i,i′,j,j′

Cα1∗
i (k1)Cα2∗

j (k2)Cα3
i′ (k3)Cα4

j′ (k4)
1

N2
0

N∑
l,l′,n,n′

e−ik1·Ri
l e−ik2·Rj

neik3·Ri′
l′ eik4·Rj′

n′ ×

×
∫ ∫

d3rd3r′φ∗(r − Ri
l)φ

∗(r′ − Rj
n)VCoul(|r − r′|)φ(r − Ri′

l′ )φ(r′ − Rj′

n′) .



142 COULOMB MATRIX ELEMENTS

Taking into account only the strongest contribution where the interacting particles are on the
same site, i.e. (i, l) = (i′, l′) simplifies this expression to

V α1k1,α2k2
α3k3,α4k4

=
A,B∑
i,j

γij(αk)
1

N2
0

N0∑
l,n

e−i(k1−k3)·Ri
l e−i(k2−k4)·Rj

nVCoul(|Ri
l − Rj

n|) .

Here, the abbreviation γij(αk) ≡ Cα1∗
i (k1)Cα2∗

j (k2)Cα3
i′ (k3)Cα4

j′ (k4) has been introduced. Fur-
thermore, since the atoms are located at the positions Ri

l , it is |φ(r − Ri
l)|2 = δ(r − Ri

l). After in-
troducing the center-of-mass coordinate R̂ij = Ri

l+Rj
n

2 and the relative coordinate r̂ij = Ri
l −Rj

n,
the equation reads

V α1k1,α2k2
α3k3,α4k4

=
A,B∑
i,j

γij(αk)
1

N2
0

∑
r̂

e
1
2 i(k3−k1+k2−k4)·r̂ij

VCoul(|r̂ij |)
∑
R̂

e−i(k1−k3+k2−k4)·R̂ij

︸ ︷︷ ︸
N0δk1−k3,k4−k2

=
A,B∑
i,j

γij(αk)δk1−k3,k4−k2

1
N0

∑
r̂

e
1
2 i(k3−k1+k2−k4)·r̂ij

VCoul(|r̂ij |)

=
A,B∑
i,j

γij(αk)δk1−k3,k4−k2V
ij(q) .

Finally, the Coulomb matrix element can be expressed in a short form as

V α1k1,α2k2
α3k3,α4k4

=
A,B∑
i,j

γij(αk)δk1−k3,k4−k2V
ij(q) . (C.5)

Here, the Fourier transform V ij(q) of the Coulomb potential has been introduced by

V ij(q) =
1

N0

∑
r̂

eiq·r̂ij

V ij(|r̂ij |) (C.6)

with the momentum transfer q = k3 −k1 = k2 −k4 = (qz,∆m). The conservation of the momen-
tum follows from the Kronecker delta δk1−k3,k4−k2 .

The unscreened Coulomb interaction V ij(|r̂ij |) is parametrized by the Ohno potential62

V ij(|r̂ij |) =
U√(

4πε0
e2 U |r̂ij |

)2
+ 1

(C.7)

with U = 11.3 eV representing the necessary energy to place two electrons on a single site. The
parameter U is given by17 U =

∫
d3r

∫
d3r′|φ(r)|2 e2

0
4πε0|r−r′| |φ(r′)|2 with π orbital functions φ(r).

The Fourier transform of the Coulomb potential is performed atom-wise using the line group
symmetry operations described in Sec. 3.2, i.e. the sum in Eq. (C.6) is expressed by

∑
r̂

=⇒
Nc∑

c=−Nc

q/2n∑
t=1−q/2n

n−1∑
s=0

1∑
u=0

(C.8)

with u expressing the the U-operation responsible for mapping atom A to atom B, s denoting the
pure rotation about the tube axis Cs

n, t describing the pure translations and screw axis rotations
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(Crt
q | tna

q ), and finally c expressing the number of unit cells considered in the calculation. This
atom-wise procedure distinguishes between the atoms of type A and B resulting in four different
Fourier transforms, which are related by

V AA(q) = V BB(q), V AB(q) = V BA∗(q) . (C.9)

For the calculation of these quantities, it is important to calculate the scalar product q · r̂AA and
q · r̂BA, see Eq. (3.29). Using Eq. (3.4) and considering the cylinder as unrolled (i.e. neglecting
curvature effects) leads to the expressions

q · r̂AA = qzr̂
AA
z + q⊥r̂AA

⊥ = qz(t
na

q
+ cia) + m[2π(t

r

q
+

s

n
)] , (C.10)

q · r̂AB = qzr̂
BA
z + q⊥r̂BA

⊥ = qz(t
na

q
+ cia − 2z0) + m[2π(t

r

q
+

s

n
) − 2φ0] (C.11)

with the reference atom r0 = r000 = (ρ0, φ0, z0) =
(

d
2 , 2π n1+n2

2N , a0
n1−n2

2
√

3N

)
corresponding to

r0 = 1
3 (a1 + a2), see Fig. 3.9.

Now, the specific Coulomb matrix elements needed in Sec. 3.6, are calculated.

Band gap renormalization

Performing the sum over the atoms A,B and inserting the coefficient functions Cα
i (k) from Eq.

(C.3) into Eq. (C.5) yields

V vk′,vk
vk,vk′ =

A,B∑
i,j

γij(αk)V ij(k′ − k)

=
1
4

e∗(k′)e∗(k)e(k)e(k′)
|e∗(k′)||e∗(k)||e(k)||e(k′)|

V AA(k′ − k) +
1
4
V BB(k′ − k)

=
1
4

e∗(k′)e(k)
|e∗(k′)||e(k)|

V AB(k′ − k) +
1
4

e∗(k)e(k′)
|e∗(k)||e(k′)|

V BA(k′ − k)

=
1
2

[
V AA(k′ − k) + Re

(
e∗(k′)e(k)

|e∗(k′)||e(k)|
V AB(k′ − k)

)]
. (C.12)

In the last step, the relations from Eq. (C.9) have been used. A similar calculation leads to the
expression for the second matrix element being responsible for the band gap renormalization

V ck,vk′

vk′,ck =
1
2

[
V AA(k′ − k) − Re

(
e∗(k′)e(k)

|e∗(k′)||e(k)|
V AB(k′ − k)

)]
. (C.13)

The only difference is the sign in front of the second term arising from the different sign of the
TB coefficient functions for the valence and conduction band, see Eq. (C.3).

Excitonic contribution

In analogy to the calculation presented above, the Coulomb matrix elements accounting for the
formation of excitons are determined, yielding

V ck,vk′

ck′,vk =
1
2

[
V AA(k′ − k) + Re

(
e∗(k′)e(k)

|e∗(k′)||e(k)|
V AB(k′ − k)

)]
= V vk′,vk

vk,vk′ , (C.14)

V ck,ck′

vk′,vk =
1
2

[
V AA(k′ − k) − Re

(
e∗(k′)e(k)

|e∗(k′)||e(k)|
V AB(k′ − k)

)]
= V ck,vk′

vk′,ck . (C.15)
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Depolarization part

Finally, the depolarization part of the Coulomb interaction is given by

V ck,vk′

ck,vk′ =
1
2

[
V AA(0) − ReV AB(0)

]
, (C.16)

V ck,ck′

vk,vk′ =
1
2

[
V AA(0) + ReV AB(0)

]
. (C.17)

C.2 QD Coulomb matrix elements

The starting point is again Eq. (C.1). The wave function for quantum dots can be separated into
an in-plane and a z-component

Ψb
i,σ(r) = ϕb

i (ρ) ξb
σ(z)ub(r) (C.18)

where ub(r) are Bloch functions with b = e, h denoting the charge carrier type, ϕb
i (ρ) is the in-

plane part of the wave function, and ξb
σ(z) is the z−component of the wave function with the

quantum number σ. After inserting these wave functions in Eq. (C.1), the integrals are separated
into a sum of integrals over unit cells with a volume Ω. After some lengthy but straight-forward
steps under the assumption that not all contributions vary within an unit cell, and applying the
orthogonality of Bloch functions

∫
V

d3r ub∗i (r) ubj (r) = V δbi,bj one obtains

V l1,l2
l3,l4

= δb1,b4δb2,b3

∫
d2ρ

∫
dz

∫
d2ρ ′

∫
dz′ ϕb1

i1
(ρ)∗ ξb1

σ1
(z) ϕb2

i2
(ρ ′ )∗ ξb2

σ2
(z′)∗

e2

4π ε |r − r′ |
×

× ϕb3
i3

(ρ ′ ) ξb3
σ3

(z′)∗ ϕb4
i4

(ρ) ξb
σ4

(z)
(C.19)

with the compound indices l1, l2, l3 and l3 containing all relevant quantum numbers of the sys-
tem. The dielectric background constant εbg has been included by ε ≡ ε0 εbg. The Coulomb po-
tential is now transformed where the Fourier transform is given by

Vq =
∫

d2ρ eiq·(ρ−ρ ′) e2

4πε0 |r − r′|
=

∞∫
0

dr̂ r̂

2π∫
0

dϕ eiqr̂ cos ϕ e2

4πε0

√
r̂2 + |z − z′|2

=
e2

2ε0 q
e−q|z−z′|

(C.20)

with r̂ = |ρ − ρ ′ | . The Coulomb matrix element can be expressed in a more convenient form
reading

V l1,l2
l3,l4

=
1
A

∑
q

e2

2ε q

∫
dz

∫
dz′ξb1

σ1
(z) ξb2

σ2
(z′)∗ e−q|z− z′| ξb3

σ3
(z′)∗ ξb

σ4
(z) δb1b4δb2b3×

×
∫

d2ρ ϕb1
i1

(ρ)∗ ϕb4
i4

(ρ) e−iq·ρ
∫

d2ρ ′ ϕb2
i2

(ρ ′)∗ ϕb3
i3

(ρ ′) eiq·ρ ′
.

(C.21)

These integrals can be solved separately. First, the integral over the z-component is evaluated.
Inserting the wave function

ξ0(z) =
√

2
Leff

cos
[

π

Leff
z

]
(C.22)
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corresponding to the lowest bound state of an infinite barrier well yields

F (q) ≡ 4
L2

L/2∫
−L/2

dz

L/2∫
−L/2

dz′ cos2
( π

L
z

)
cos2

( π

L
z′

)
e−q|z−z′|

=
4
L2

L/2∫
−L/2

dz cos2
( π

L
z

) L/2∫
−L/2

dz′ cos2
( π

L
z′

)
e−q|z−z′| .

(C.23)

The second integral in Eq. (C.23) is solved first. The substitution z′ ⇒ L

π
x with the abbreviation

q̂ =
L

π
q is applied resulting in:

L/2∫
−L/2

dz′ cos2
( π

L
z′

)
e−q|z−z′| =

L

π

π/2∫
−π/2

dx′ cos2(x′)e−q̂|x−x′|

=
L

π


x∫

−π/2

dx′ cos2(x′)e−q̂(x−x′) +

π/2∫
x

dx′ cos2(x′)eq̂(x−x′)


=

4
(
1 − e−

π
2 q̂ e−x q̂

)
+ q̂2

(
1 + cos(2x)

)
+ 2 q̂ sin(2x)

2q̂ (4 + q̂2)
+

+
4

(
1 − e−

π
2 q̂ex q̂

)
+ q̂2

(
1 + cos(2x)

)
− 2q̂ sin(2x)

2q̂(4 + q̂2)

=
4

(
1 − e−

π
2 q̂ cosh(q̂ x)

)
+ q̂2

(
1 + cos(2x)

)
q̂ (4 + q̂2)

.

Then, the entire integral in Eq. (C.23) reads

F (q) = =
4
π2

32(e−π q̂ − 1) + π q̂(4 + q̂2) (8 + 3 q̂2)
4 q̂2(4 + q̂2)2

=
4
π2

{
π

2q̂
+

1
4

π q̂

q̂2 + 4
−

[
1
q̂
− q̂

q̂2 + 4

]
2

(q̂2 + 4) q̂
(1 − e−π q̂)

}

=
2
Lq

+
1

Lq + 4π2

L q

− 2
L6

(
4π2

q̂ (q̂2 + 4π2

L2 )

)2

(1 − e−q L) .

Now, the second integral in Eq. (C.21) is calculated. The in-plane components of the wave func-
tion for QD and WL states are given by

ϕb
QD(ρ) =

β
√

A√
π

exp
(
−1

2
β2ρ2

)
, (C.24)

ϕb
k(ρ) =

1
Nb(k)

[
exp(ik · ρ) − 2αb(k) exp

(
−1

2
β2

b ρ2

)]
(C.25)
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with the normalization factor Nb(k) =
√

1 − 4π

Aβ2
b

α2
b(k), and the abbreviation βb =

√
m∗

b ωb

~ . In-

serting these wave functions into Eq. (C.21) leads to integrals of the form√
mb ωgs,b

~ π

∫
d2 ρ exp

(
−mb ωgs,b

2 ~
ρ2

) 1√
A

exp (ik1 · ρ ) exp (−i q · ρ )

=
√

mb ωgs,b

~ π A

∞∫
0

dρ ρ exp
(
−mb ωgs,b

2 ~
ρ2

) 2π∫
0

dϕ exp (i (k1 − q) · ρ )
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2 π BesselJ

(
0,|k1−q| ρ

)
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2 π ~
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“

− ~
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|k1−q |2
”

=2

√
~ π

mb ωgs,b A
exp

(
− ~

2mb ωgs,b
|k1 − q |2

)
.

Exploiting this result, the second integral in Eq. (C.21) can be calculated yielding∫
d2ρ ϕb ∗

QD(ρ) ϕb
k1

(ρ) exp (−iq · ρ )

=
2
√

π

βb

√
ANb(k1)

[
αb(k1 − q) − αb(k1) exp

(
− q2

4β2
b

)]
.

In a similar calculations, also the third integral in Eq. (C.21) is determined. It reads∫
d2ρ′ ϕb ∗

k2
(ρ) ϕb

k3
(ρ) exp (iq · ρ′ )

=
1

ANb(k2)Nb(k3)

[
(2π)2δ

(
q − (k2 − k3)
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− 2
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− 2
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b
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2
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b

αb(k2)αb(k3) exp
(
− q2

4β2
b

)]
.

Bringing together the calculations of all three integrals in Eq. (C.21) yields for capture processes
into the ground state of a QD

V b, b′k2
bk1, b′k3

=C1
1
q
F (q)

[
αb(k1 − q) − αb(k1)α

1
2
b′(q)

]
δq,k2−k3

−
∑

q

C2
1
q
F (q)

[
αb(k1 − q)αopw

b′ (q, k2, k3) + αb(k1)α
1
2
b′(q)α

opw
b′ (q, k2, k3)

] (C.26)

with

α
opw
b′ (q, k2, k3) = αb′(k3)αb′(q − k2) + αb′(k2)αb′(q + k3) − αb′(k2)αb′(k3)αb′(q) . (C.27)

and

C1 =
e2
0

√
π

βbε0A
3
2 Nb(k1)Nb′(k2)Nb′(k3)

and C2 =
4
A

π

β2
b

. (C.28)

In the last step, the relation between the Kronecker symbol δ and the δ-function has been used

δ(k − k′) =
(2π)2

A
δk,k′ . (C.29)
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The normalization area A vanishes in the calculation and does not have any influence on the
scattering rates. The first blue colored term in Eq. (C.26) stems from the plane wave part of the
WL wave function.
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Appendix D

Rayleigh Scattering Cross Section

Each person is a graveyard of his thoughts. They are most beautiful for us in the moment of their birth;
later we can often sense a deep pain that they leave us indifferent where earlier they enchanted us.

Robert Musil

The Rayleigh scattering from nanotubes is treated as electromagnetic scattering from an infinite
cylinder with a diameter small compared to the wavelength of light. The scattering cross section σ

of such a cylinder is also infinite. However, the light scattered per unit length is finite. As a result,
the Rayleigh scattering cross section can be calculated per unit length of an infinite cylinder by
constructing a closed concentric surface A of length L and radius r. This approximation is good
as long as the ratio of cylinder length to diameter is large. The presented approach for solving
the problem of scattering by small particles is often called Mie theory.45

The scattering cross section is given by the ratio of the rate

Ws = rL

∫ 2π

0

(Ss)r dφ (D.1)

at which energy passes through the scattering surface A and the incident irradiance Ii. The rate
Ws is determined by the radial component of the Poynting vector of the scattered field Ss =
1
2Re[Es × H∗

s ]. Now, expressions for the electric and the magnetic field need to be found. Both
E(r, t) and B(r, t) satisfy the vector wave equation

¤E(r, t) = ∇2E(r, t) + k2E(r, t) = 0 , ¤B(r, t) = ∇2B(r, t) + k2B(r, t) = 0 (D.2)

with the d’Alembert operator ¤A = ( ∂2

c2∂t2 −4)A and the Laplace operator 4A = ∇2A = ∇ ·
(∇A). Their components, however, do not separately fulfil the scalar wave equation ¤ψ = 0. By
introducing the so-called vector harmonics M = ∇×(cψ) and N = ∇×M

k with a scalar function ψ

and a constant vector c, the problem can be considerably simplified, since these functions satisfy
both the vector and the scalar wave equation. Once they are calculated, the electric and magnetic
field can be expanded in M and N with

E =
∞∑

n=−∞
[AnMn + BnNn] . (D.3)

From the definition, it follows directly that the divergence of both vector functions vanishes. The
curl of M is proportional to N . Using the vector identity ∇2A = ∇(∇ ·A)−∇× (∇×A), it can
be shown that ∇× N = kM , i.e. also the curl of N is proportional to M . Furthermore, playing
with the vector identities leads to

∇2M + k2M = ∇×
[
c(∇2ψ + k2ψ)

]
. (D.4)
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Consequently, if ψ is a solution of the scalar wave equation, it follows immediately that M satis-
fies the vector wave equation. The same can be shown for N . As a result, the introduced vector
harmonics M and N fulfil all required properties of an electromagnetic field (Maxwell equations,
wave equation). The scalar function ψ is called a generating function for the vector harmonics F

and G. Its choice depends on the investigated system, its symmetries and boundary conditions.
The vector c is called the pilot vector. Its choice can be random, however, it is also guided by the
investigated problem.

For Rayleigh scattering from a cylinder, the scalar function should satisfy the wave equation in
cylindrical polar coordinates (ρ, φ, z)

1
ρ

∂

∂ρ

(
ρ
∂ψ

∂ρ

)
+

1
ρ2

∂2ψ

∂φ2
+

∂2ψ

∂z2
+ k2ψ = 0 . (D.5)

An ansatz for the solution is given by

ψ(r, φ, z) = Zn(ρ)einφeihz (D.6)

with Zn(r) as Bessel functions of first and second kind of integral order n and with r =
√

k2 − h2.
The quantum number h = −k cos ζ satisfies the boundary conditions between the cylinder and
the surrounding medium. The vector harmonics generated by Eq. (D.6) are45

Mn =
√

k2 − h2

(
inZn(ρ)

ρ
er − Z ′

n(ρ)eφ

)
exp

(
i(nφ + hz)

)
, (D.7)

Nn =
√

k2 − h2

k

(
inZ ′

n(ρ)er − hn
Z ′

n(ρ)
ρ

eφ +
√

k2 − h2Zn(ρ)ez

)
exp

(
i(nφ + hz)

)
.(D.8)

For an infinite cylinder of radius r, which is illuminated by a plane homogeneous wave Ei =
E0e

ikei·r with the propagation direction ei = − sin ζex − cos ζez with the ζ as the angle between
the incident wave and the cylinder axis. Furthermore, the case of a polarization parallel to the
axis of the cylinder is of interest. Now, the electromagnetic field can be expanded by the vec-
tor harmonics M and N . The coefficients are calculated using the orthogonality of M , N , i.e.∫ 2π

0
Mi · M∗

j dφ = 0. For the incident fields, one obtains

Ei =
∞∑

n=−∞
EnNn , Hi =

−ik

ωµ0

∞∑
n=−∞

EnMn (D.9)

with En = E0(−i)n

k sin ζ . In a similar way, the scattering fields Es and Hs are expanded to

Es = −
∞∑

n=−∞
En

(
bnNn + ianMn

)
, Hs =

ik

ωµ0

∞∑
n=−∞

En

(
bnMn + ianNn

)
. (D.10)

Applying the boundary condition, that the tangential components of E and H are continuous
across the boundary separating the cylinder from the surrounding medium, i.e. E2(r)−E1(r)×
n = 0 with n as the outward directed normal to the surface of the cylinder, the coefficients an and
bn can be determined. For ζ = 90◦, i.e. the incident light is perpendicular to the cylinder axis45

an = 0, bn =
Jn(n̂kr)J ′

n(kr) − n̂J ′
n(n̂kr)Jn(kr)

Jn(n̂kr)H ′
n(kr) − n̂J ′

n(n̂kr)Hn(kr)
(D.11)

with n̂ as the refractive index, Jn as the Bessel function of the first kind and Hn as the Hankel
function. The latter can be written as a sum of Bessel functions of the first and second kind:
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Hn = Jn + iYn. Furthermore, exploiting J−n = (−1)nJn and Y−n = (−1)nYn, it follows a−n =
an, b−n = bn and a0 = 0. The prime indicated functions are differentiations with respect to their
argument.

Now, the Poynting vectors can be calculated using the expansions of the electromagnetic fields
from Eqs. (D.9)-(D.10). The integration over the angle φ yields

σ =
Ws

Is
=

4rL

k · r

[
|b0|2 + 2

∞∑
n=1

(
|an|2 + |bn|2

)]
. (D.12)

In the limit of small particles, i.e. for cylinders with a diameter much smaller than the wavelength
of light (k·r ¿ 1), it is sufficient to take the first order of the Bessel functions in Eq. (D.11) yielding

J0(x) = 1 − x2

4
, J ′

0(x) = −x

2
+

x3

16
, Y0(x) =

2
π

log
(x

2

)
, Y ′

0(x) =
2
πz

(D.13)

valid for |x| ¿ 1. Using these relations, leads to

b0 =
−π(kr)2(n̂2) − 1

4
. (D.14)

Inserting this coefficient into Eq. (D.11), an expression for the Rayleigh scattering cross section
σ(ω) per unit length of the cylinder is obtained exploiting the relation42 n̂(ω)2−1 = χ(ω) between
the refractive index n̂(ω) and the optical susceptibility χ(ω)

σ(ω) =
π2

4c3
r4ω3|χ(ω)|2 . (D.15)
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Appendix E

Material Parameters

The most beautiful thing we can experience is the mysterious. It is the source of all true art and all science.

Albert Einstein

Universal constants

physical constant symbol SI units eV-K-nm-fs-e0 units

Planck constant h 6.626076 · 10−34 Js 4.135668 eVfs

~ 1.054573 · 10−34 Js 0.658212 eVfs

speed of light in vacuum c 2.997925 · 108 m/s 2.997925 · 102 nm/fs

elementary charge e0 1.602177 · 10−19 C 1.0 e0

dielectric constant ε0 8.854188 · 10−12 C2/Jm 5.526347 · 10−2 e2
0/eVnm

Boltzmann constant kB 1.380658 · 10−23 J/K 8.617386 · 10−5 eV/K

electron mass m0 9.109390 · 10−34 kg 5.685631 fs2 eV/nm2

Tabel E.1: For reasons of numerical simplicity, the calculations have been performed within the eV-K-nm-fs-e0 unit
system.
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Quantum dot parameters

parameter symbol value

Einstein coefficient W 1.3 ns−1

Dipole moment dcv 0.3 e0 nm

Gap energy εgap 0.96 eV

Dielectric background constant εbg 14.2

Electron effective mass m∗
e 0.043 m0

Hole effective mass m∗
hh 0.450 m0

Spontaneous emission coefficient β 5 × 10−6

Optical confinement factor Γ 1 × 10−3

Total cavity loss κ 0.12 ps−1

Internal cavity loss κint 220m−1

Facet reflection coefficients r1, r2 0.32

Cavity length L 1mm

WL area A 4 × 10−5 cm2

effective WL density NWL 2 × 1013 cm−2

QD carrier density NQD 1 × 1010 cm−2

Number of QD layers Nl 15

Tabel E.2: Parameters used in the theoretical simulation of the turn-on dynamics of QD semiconductor lasers (Sec.
4.7).
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Carbon nanotube parameters

quantity armchair tubes zigzag tubes chiral tubes

Chiral indices (n, n) (n, 0) (n1, n2)

N
√

3n n
√

n2
1 + n2

2 + n1n2

R 3 1 3 if (n1 − n2) mod 3n = 0

Chiral angle Θ 30◦ 0◦ arccos
(

n1+
n2
2√

N

)
Diameter d

a0

π

√
3n

a0

π
n

a0

π

√
N

Atoms per unit cell 2q 4n 4n
4N

nR

Unit cell length a a0

√
3a0

√
3Na0

nR

Perp. wave vector k⊥
1
2n

(k1 + k2)
1
2n

(2k1 + k2)
2n1 + n2

2N
k1 +

2n2 + n1

2N
k2

Axial wave vector kz
1
2
(k2 − k1)

1
2

k2 −n2

q
k1 +

n1

q
k2

Lattice vector a a2 − a1 2a2 − a1 −2n2 + n1

nR
a1 +

2n1 + n2

nR
a2

Chiral vector c n(a1 + a2) na1 n1a1 + n2a2

Tabel E.3: Structural parameters of armchair, zigzag and chiral nanotubes with n as the greatest common divisor of
n1 and n2 and a0 = 0.2461 nm as the lattice constant.46 Another useful quantities are the carbon-carbon distance
aC = a0/

√
3, the reciprocal wave vectors k1 = 2π

a0
ex − 2π√

3a0
ey and k2 = 4π√

3a0
ey in Cartesian coordinates.

BZ K’

K

k2

a1

k1

Γ
x1

x4

x3

x2

a2

M x1 =
2π

a0

, x2 =
2π

3a0

x3 =
4π

3a0

, x4 =
2π

√

3a0

Figure E.1: The Brillouin zone of graphene with the high-symmetry points Γ, K and M including some useful
distances in reciprocal space.
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Figure E.2: The quantities from E.3 are illustrated in a nanotube periodic system. The source is shown in the
bottom right corner of the picture.
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56. M. Damnjanović, I. Milosević, T. Vuković and J. Maultzsch. Quantum numbers and band
topology of nanotubes. J. Phys. A 36, 5707 (2003).

57. H. Ajiki and T. Ando. J. Phys. Soc. Jpn. 62, 4267 (1993).

58. A. Grüneis, R. Saito, G. G. Samsonidze, T. Kimura, M. A. Pimenta, A. Jorio, A. G. SouzaFilho,
G. Dresselhaus and M. S. Dresselhaus. Inhomogeneous optical absorption around the K

point in graphite and carbon nanotubes. Phys. Rev. B 67, 165402 (2003).
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73. E. Malić, M. Hirtschulz, F. Milde, Y. Wu, J. Maultzsch, T. F. Heinz, A. Knorr and S. Reich.
Theoretical approach to rayleigh and absorption spectra of semiconducting carbon nano-
tubes. Phys. Status Solidi (b) 244, 4240 (2007).
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Zusammenfassung der Dissertation

Many-particle theory of optical properties in low-dimensional nanotstructures

vorgelegt von Ermin Malić

Die vorgelegte Dissertationsarbeit beschäftigt sich mit optischen Eigenschaften von niederdimen-
sionalen Nanostrukturen am Beispiel von Kohlenstoff-Nanoröhren und Quantenpunkten. Die
Kohlenstoff-Nanoröhren sind quasi-eindimensionale Nanostrukuren, deren einzigartige Eigen-
schaften sie sowohl für die Grundlagenforschung als auch für die Industrie attraktiv machen.
In dieser Arbeit wurden mikroskopische Berechnungen des Absorptionskoeffizienten und des
Rayleigh-Streuwirkungsquerschnitts im Rahmen eines neuen Ansatzes, der die Dichtematrix-
theorie mit Tight-Binding Wellenfunktionen kombiniert, präsentiert. Im Gegensatz zu Ab-Initio-
Berechnungen ermöglichen die so hergeleiteten Blochgleichungen die Untersuchung von Nano-
röhren beliebiger Chiralität. In Übereinstimmung mit experimentellen Ergebnissen zeigen die
berechneten Absorptions- und Rayleigh-Spektra eine Doppelpeak-Struktur bei metallischen Nano-
röhren, die sich auf den Trigonal-Warping-Effekt zurückführen läßt. Die Intensitätsverhältnisse
der energetisch niedrigsten Anregungen können durch das unterschiedliche Verhalten des op-
tischen Matrixelements entlang der hochsymmetrischen Richtungen KΓ und KM erklärt wer-
den. Die Asymmetrie der Lininenform in Rayleighspektra hin zu niedrigeren Energien wurde
bestätigt und mit dem Einfluß der nicht-resonanten Beiträge des Brechungsindex begründet.

Außerdem konnte gezeigt werden, dass die Coulomb Wechselwirkung dann maximal ist, wenn
der Impulsübertrag gering ist, wobei die Kopplungsstärke für Intersubbandübergänge mit einem
senkrechten Impulstransfer auf weniger als 5% abnimmt. Wegen ihrer Eindimensionalität ist
die Coulomb Wechselwirkung in Kohlenstoff-Nanoröhren besonders ausgeprägt. Die Elektron -
Elektron - Abstoßung führt zu einer Renormierung der Bandlückenenergie, während die anziehende
Elektron - Loch - Wechselwirkung zur Ausbildung von Exzitonen mit Bindungsenergien von
bis zu 1 eV führt. Die exzitonischen Übergangs- und Bindungsenergien wurden auf ihre Ab-
hängigkeit von der Chiralität, dem Durchmesser und ihrer Familienzugehörigkeit untersucht.
Außerdem wurde der Einfluß des die Nanoröhren umgebenden Mediums im Detail studiert.

Das aufgestellte theoretische Modell wurde weiterhin am Beispiel der quasi-nulldimensionalen
Quantenpunkte und ihrer Anwendungen als Laser und Verstärker ausgewertet. Eine detaillierte
mikroskopische Analyse der nichtlinearen Einschaltdynamik in elektrisch gepumpten InAs/GaAs
Quantenpunkt-Lasern zeigt die Ausbildung von Relaxationsoszillationen, die als Folge eines
komplexen Zusammenspiels zwischen nichtlinearen Coulomb-Streuprozessen (zwischen gebun-
denen Quantenpunkt-Zuständen und den sie umgebenden kontinuierlichen Wetting - Layer -
Zuständen) und der radiativen Prozesse entstehen. In Übereinstimmung mit experimentellen
Ergebnissen sagt die Theorie eine starke Dämpfung dieser Oszillationen für Quantenpunkt-Laser
vorher und stellt dabei die entscheidende Bedeutung der Coulomb-induzierten Augerprozesse
heraus.

Schließlich wurde die ultraschnelle Gain-Dynamik von quantenpunktbasierten optischen Ver-
stärkern mikroskopisch untersucht. Dabei wurde diese insbesondere auf ihre Abhängigkeit von
der Stärke der Coulomb-Streuung, der Temperatur, der Dephasierungszeit und der Pulsinten-
sität untersucht. Die erhaltenen Ergebnisse tragen zu einem besseren Verständnis sowohl des
sogenannten kohärenten Artefakts als auch der limitierenden Mechnismen für eine ultraschnelle
Gainerholung in quantenpunktbasierten Verstärkern bei.


