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CHAPTER 1

Introduction

In this thesis three major topics of Reinforcement Learning (RL) are addressed:
(1) The classical control and estimation problem, (2) the control task for the
case that only sensory information are available and no state space representa-
tion and (3) a special non-Markov control problem, where the system needs to
memorize important events. These three topics address main parts of a robotic
control system. In a robotic setting no state space is available, but only sensory
information and a control system needs to be able to deal with these (point
2). Furthermore, in real world setting the sensory information alone are not
enough. The system needs to identify and memorize important information and
actions. For example, a robot that works in a household and uses a camera for
navigation will be unable to derive the “state of the house” out of the current
image. He needs to remember what he did and what he observed before (point
3). Based on the sensory processing and possibly memorized information the
system needs to derive a reasonable control (point 1). We treat all three top-
ics in the simplest setting, where the topic makes “sense”: Finite state space
Markov Decision Processes (MDPs) for topic 1, a camera based robotic task
where the system is Markovian and the sensory information are sufficient, i.e.
no unobserved environmental states, for topic 2 and finite state space Partially
Observable Markov Decision Processes (POMDPs) for topic 3.

In the following we provide some background information to the studies and
introduce basic concepts.

1.1 Value Estimation for MDPs

An important task in Reinforcement Learning is the estimation of state values
by means of different estimators. Natural questions which arise are: (1) Does
the estimator converge to the correct value with an increasing number of exam-
ples? (2) Which estimator is better for a fixed number of examples? These are
standard questions in statistical estimation theory (for example [63], [75], [48])
and they are typically addressed in a two step procedure. First, a measure for

1



CHAPTER 1. INTRODUCTION

the distance between an estimator and the true value is defined (error measure).
Second, statements about the distance are derived. In this sense convergence
means that the distance converges to zero with an increasing number of exam-
ples. While an estimator A is better than an estimator B if it has a smaller
distance for a fixed number of examples. The following two subsections deal
with the convergence and the finite example case.

1.1.1 Convergence

An important property of estimators is the convergence to the correct value
with an increasing number of examples. Different kinds of convergence exist, for
example point-wise, norm-wise and so on. Three important kinds of convergence
in probability and estimation theory are: convergence in probability, almost sure
convergence (a.s.) and convergence in the average (L1-convergence). A series of
estimators (An), with n being the number of examples, converges in probability
to θ if

lim
n→∞

P[|An − θ| > ε] = 0

for all ε > 0. This means that the distance between an estimator An and the
true value will be arbitrary small for a sufficient number of training examples
with probability one. An estimator An converges almost surely if

P[ lim
n→∞

An = θ] = 1.

That means the limes of the series of estimators differs from θ only on a set of
probability 0. Almost sure convergence is similar to convergence in probability.
This can be observed, by using the following alternative definition of almost
sure convergence. An converges almost surely, if

lim
n→∞

P[ sup
m≥n
|Am − θ| > ε] = 0

holds for all ε > 0. Again the probability of a deviation tends to zero, however,
the distance between the estimate and the true value is now measured with
the supremums norm. The almost sure convergence is stronger and implies
convergence in probability. The contrary does not hold in general. Intuitively
the difference between these two types of convergence is that for a given N for
which P[|An−θ| > ε] < δ holds it is likely to have “outliers”.This is because the
probability of a deviation of a single element of the series is bounded and not a
set of elements, like for the almost sure convergence. Contrary, for the almost
sure convergence the probability of finding an “outlier” after N is bounded by
δ. In this sense the almost sure convergence is uniform, while the convergence in
probability is not. Finally, the L1-convergence is a convergence in the average.
It is defined through

lim
n→∞

E[|An − θ|] = 0.

E denotes the expectation. This kind of convergence is different to the former
two in the sense that we do not look at the probability of a deviation but we
measure the distance directly on the space of the estimators with the L1-norm.
The convergence in probability follows from the L1-convergence. Other implica-
tions, like L1 ↔ a.s., do not hold in general. A.s.→ L1 can, however, often be

2



1.1. VALUE ESTIMATION FOR MDPS

derived if a further “integrability” property is available using convergence the-
orems like the Lebesgue theorem. More general theorems for this direction use
the concept of uniform integrability. A family of measurable functions (fi)i∈I

is uniformly µ-integrable if for every ε > 0 a µ-integrable function g exists with
∫

|f |≥g |f |dµ ≤ ε for all fi. The index set must not be countable. In summary,

these three kinds of convergence differ in the choise of distance measure. We
will see a similar setup in the next section, where we measure the distance be-
tween an estimator and the true value in different ways (for example with the
L2-norm).

1.1.2 Comparison of Estimators

The convergence results tell us what happens for an infinite number of examples.
However, in practice we want to choose the estimator which is best for a finite
number of examples. So the first question which arises is: How can we say that
an estimator A is better than estimator B? One way would be to show that A
is always closer to the true value for any fixed number of examples. Again, this
is a bit imprecise as an estimator is a random variable. To be more precise we
could say that A is better than B if it has a higher probability to be close to
the true value. Formalising this results in the following criterion: Whereas A is
better than B if for all λ1, λ2 > 0 and parameter θ

P(θ − λ1 < A < θ + λ2) ≥ P(θ − λ1 < B < θ + λ2)

holds. A is said to be optimal if this holds for all possible estimators B. This
criterion is also called largest possible concentration criterion because A has
the highest concentration of probability mass around the true parameter [63].
Although the criterion is appealing from a theoretical point of view, it is not ap-
plicable in a practical setting [63]. Instead of this measurement for the distance
one can use any of the distance measurements which are used for convergence,
like P[|A − θ| > ε] or the distance implied by the L2-norm. These distance
measurements provide weaker statements then the largest possible concentra-
tion criterion but are often related to this criterion. For example, the distance
implied by the squared L2-norm is related in the sense that it is a necessary but
not sufficient condition for the largest possible concentration criterion to hold
that an optimal estimator has also the lowest squared L2-norm. This distance is
often used in statistical estimation theory and is named the mean squared error
(MSE).

mse(A) = E[(A− θ)2]

The MSE is the expected squared-distance between the estimator and the pa-
rameter. The MSE can be decomposed in a bias and a variance part:

mse(A) = V[A] + (E[A]− θ)2. (1.1)

The first term is the variance of the estimator and the second is the bias. A is
called unbiased if the bias term is zero. In the unbiased case the MSE equals the
variance of the estimator and the MSE bounds the probability of a deviation of
more than ε from the parameter:

P(|A− θ | ≥ ε) ≤ 1

ε2
mse(A).

3
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This follows from the Chebyshev inequality [7]. One should be aware of the
difference between the MSE and the empirical or sample mean squared error
which is often used as an error function. The MSE used here corresponds to
the value obtained by averaging the empirical mean-squared-error values from
an infinite number of learning tasks on a given problem. The MSE is often used
for estimator comparison. See [63] for a discussion on estimator comparison. A
special problem are counterintuitive effects like the following: Consider the class
of constant estimators c (c does not change with data and always gives the same
value). In this class an estimator with mse(c) = 0 exists and is hence optimal.
This is the case because c has zero variance and one c equals θ. However, one
does not know the correct c. It is possible to overcome such strange effects by
restricting the estimator class to unbiased estimators. This is a typical setup
in statistics, whereas one is interested in finding the best estimator in this class
(the minimum variance unbiased estimator MVU, [48]).

Sufficient Statistics

Naturally related to the estimation performance is the amount of information.
Information about a sample is typically available through a statistic S of the
data (for example S =

∑

i xi, where x is a sample). Especially important are
statistics which contain all information of a sample. Such statistics are called
sufficient1. They are of high importance, as they allow us to derive the optimal
unbiased estimator for a distribution if they are minimal and complete. Many
different sufficient statistics exist, but the most interesting one is the one with
the smallest dimension. This is the minimal sufficient statistics. Formally, sup-
pose that a statistic S is sufficient for θ. Then S is minimally sufficient if S is a
function of any other statistic T that is sufficient for θ. Completeness is a more
abstract property, which is needed to guaranty optimallity. Formally, a statistic
S is complete if Eθ[h(S)] = 0 for all θ implies h = 0 almost surely. The famous
theorem from Rao and Blackwell [75] states that for a complete and minimal
sufficient statistics S and any unbiased estimator A of a parameter θ the esti-
mator E[A|S] is the optimal unbiased estimator with respect to any convex loss
function and hence the optimal unbiased estimator for the MSE. The param-
eter can also be vector valued, in which case the minimal statistics typically
has the same size as the parameter vector. Furthermore, the theorem holds, if
a function of the parameters is estimated (for example A estimates f(θ)). We
show the two main properties of the theorem (unbiased and that E[A|S] has a
lower loss than A), as they are short to derive, give some intuition and because
the theorem is often stated only for the parameters, but not for functions of the
parameters. The new estimator is unbiased because A is unbiased,

E[E[A|S]] = E[A] = f(θ).

The new estimator has a lower convex loss. This follows from the Jensen-
inequality for the conditional expectation [7]. Let l be a convex loss function,
the loss of E[A|S] is given by

E[l(E[A|S]−f(θ))] = E[l(E[A−f(θ)|S])]
Jensen
≤ E[E[l(A−f(θ))|S]] = E[l(A−f(θ))].

1It is distribution dependent which statistics contain all information. A statistics might be
sufficient for one distribution and not sufficient for another.
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1.2. THE VARIANCE OF A MDP AND VARIANCE BASED COST
FUNCTIONS

1.2 The Variance of a MDP and Variance based

Cost Functions

An important measure of uncertainty and of risk is the variance of a MDP. An
equation of the variance was first derived from Sobel [72]. I started to study the
variance of a MDP in winter 2006. I wanted to submit a workshop paper to a
PASCAL workshop about the exploration-exploitation problem. I thought the
variance might be a “nice” measure for estimator uncertainty. I did not had too
much time for the submission and, therefore, in my literature study I did not
stumble over the work of Sobel and the follow ups. So I rederived the variance
used it for the workshop paper and submitted a long version to ICML. There,
one out of three reviewers was actually aware of the work of Sobel and told me to
cite the paper instead of rederiving the equations. Yet, the other two reviewers
did not know the work. I think this is a typical phenomena in Reinforcement
Learning. There are many overlaps with other fields and the community is
often unaware of important contributions. Respectively, for students like myself
it is hard to have the needed broad overview. I think this problem applies in
particular to Reinforcement Learning as a “standard text book” summarizing
and unifying the field is missing.

Being unaware of the work of [72] was particularly annoying, as he did not
only derived the variance but he also showed with an example that the variance
is not useful for optimization as it does not fulfill the so called monotonicity
property. Intuitively, monotonicity means that a policy π which has a higher
variance than a policy π′ for successor states of a state s has also a higher
variance for state s, given that in state s for π and π′ the same action is chosen.
I found the example in Sobel not that intuitive and want to give here a different
example, emphasising one of the factors that is responsible for this effect. Some
basic properties of MDPs are used in this example. Readers unfamilar with
MDPs may consult the preliminaries section from Chapter 2 (2.2).

Monotonicity Example We use a MDP with 5 states with transitions 1→
2, 1 → 3, 2 → 4, 2 → 5, 3 → 4, 3 → 5. We want to decompose the variance of
state 1 into the variance parts of state 2 and 3 and a further “covariance” term.
We simplify the analysis by using a reward of 0 for the transitions from state 1
to state 2 and 3 and a discount factor of γ = 1. In the following we denote the
second moment with M and the first moment (the value) with V . The variance
V of state 1 is given by

V1 =p12(p24r
2
24 + p25r

2
25) + p13(p34r

2
34 + p35r

2
35)

− (p12p24r24 + p12p25r25 + p13p34r34 + p13p35r35)
2

=p12M2 + p13M3 − (p12V2)
2 + 2p12p13V2V3 + (p13V3)

2

=p12M2 + p13M3 − (p12V2 + p13V3)
2.

Now the problem becomes obvious. The normalization is not the right one.
Instead of p12V

2
2 + p13V

2
3 we have the term (p12V2 + p13V3)

2. If we reformulate
this with variance terms, we get:

V1 = p12V2 + p13V3 + p12p13(V2 − V3)
2.

5



CHAPTER 1. INTRODUCTION

So the variance of state 1 does not only depend on the variance of state 2 and
3 but also on the difference in value of state 2 and 3. This effect is problematic
as we cannot define optimization problems using directly the variance. For
example, if we have a policy π with V2 = V3 = 0, V2 = 100, V3 = −100 and
a policy π′ with V2 = V3 = 1 and V2 = 0, V3 = 0 then policy π has a higher
variance for states 2 and 3 but a lower variance for state 1 than π′. If we want
to maximize the variance in state 1 then we need to chose policies in state 2
and 3 that does not achieve the maximal variance in these states.

In operations research different approximations are known which replace the
variance with alternative measures. We summarize different approximations
and corresponding “Mean-Variance Tradeoffs” in Chapter 3.

1.3 Function Approximation and Control

Another major topic of my thesis is a camera based robotic control system. We
addressed the control problem with Reinforcement Learning methods that are
constructed for the function approximation setting, i.e. for the case that no
discrete state space is given but only sensory signals. This setting is currently
quiet popular in Reinforcement Learning and in my opinion will become even
more popular in the future. The reason for this is that we are currently at the
point where computers are fast enough to apply the Reinforcement Learning
methods to “real-world” problems. The robotic task we are studying is still a
simple one, but its a huge step forward compared to old Reinforcement Learning
tasks of the 90’s like for example pole balancing. Certainly, there were already
good applications at that time like the TD-Gammon. Yet, I think a really huge
field for applications can be explored in the future using robots. And our work
is in this sense a first step in this direction.

Working on this robotic task yielded to us a lot of insight knowledge for
the methods and the problem. One particular interesting insight was for me
that in control tasks it is possible to construct “functions on the environment”
with unsupervised procedures. Usually, one wants to have independent and
identical distributed (iid) examples. In a control setting the examples are not
iid. This certainly introduces problems, yet it also allows us to construct “more
powerful” unsupervised algorithms. For example, the Slow Feature Analysis
we used in our work constructs trigonometric functions “on the environment”.
Using these functions in combination with a linear value estimator is similar
to performing a Fourier expansion. And the resulting method inherits all the
nice approximation properties of the Fourier expansion. I think the Fourier
expansion is just a first step towards a new set of unsupervised methods for
control tasks. Approximation theory, for example, provides us with a broad
number of “well” structured function spaces that are useful for approximating
functions.

1.4 Vanishing Gradient and Reinforcement

Learning

In the final two chapter of the thesis we discuss vanishing gradient related topics
and an application to Reinforcement Learning. Both are smaller works, but in
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my opinion the whole topic has a big future potential.
To explain here shortly the basic idea about the vanishing gradient prob-

lem: Assume that we have a dynamical (differentiable) system with a dynamics

described by f and a Jacobian J of the dynamical system, where Jij :=
∂st,i

∂st−1,j

and st is the n-dimensional state of the system at time t. The Jacobian is a
measure for the influence of the state of the system at time t − 1 to the new
state at time t. If the Jacobian is in a given matrix norm smaller than 1 for
each possible state s, i.e. sups ||Js|| ≤ c < 1 then the influence of the state s0

onto the state st vanishes exponentially fast due to the chain rule:

||Ds0f
(t)|| = ||Df(t−1)s0

fDf(t−2)s0
f . . . Ds0f || ≤ sup

s
||Dsf ||n = sup

s
||Js||n ≤ cn,

where f describes the system evolution, f (t) denotes the t-times application of
f and Ds denotes the differential at point s.

This exponential information loss has a tremendous practical impact. Learn-
ing systems with a norm smaller 1 are hardly able to relate signals that are more
than a few steps apart. For a control setting this means, for example, that im-
portant old actions which does not influence the observable state but only the
true (unobservable) system state are extremly hard to detect. We applied in
our last chapter a special Hidden-Markov Model from Sepp Hochreiter which
circumvents the problem. It is a smaller work, which is partly due to the fact
that the model worked “out of the box”. For me this was quiet surprising:
Usually, if you want to apply a system to a new setting then at least a hand
full of unexpected and not directly solvable problems appear for which you need
to modify and adapt the original system. In this case the needed modifications
were “minor”.

1.5 Contributions and Outline

I separated the thesis into three parts. Each part corresponds to another
stochastical model:

1. Discrete Markov Decision Processes (MDPs).

2. A continuous state space system with sensory observations.

3. Partially Observable Markov Decision Processes (POMDPs).

It might be more natural to first treat the discrete case (MDPs and POMDPs)
and then move on to the continuous setting. My motivation was here the rel-
evance of the different studies. In my opinion the MDP studies are the most
significant with a couple of open question that can be further explored. After
that I find the continuous setting very important. Currently, there is a lot of
interest in this setting and I think our study provides an interesting new ap-
proach. Finally, the POMDP studies are smaller works and no main stream
topics. However, I think the combination of methods from time-series analysis
and control problems is a good and interesting approach. And I am quite sure
that the problems considerd in part 3 will become popular in the near future.

In Chapter 2 we study value estimation in MDPs. Most of the previous
works in RL were concerned with asymptotic properties of estimators, i.e. does
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an estimator converge to the value. In practice, however, only a finite number of
samples is available and it is important to know which estimators are best in this
situation. We addressed this question with methods from statistical estimation
theory. We applied the Rao-Blackwell theorem to derive the optimal unbiased
value estimator (Minimum Variance Unbiased estimator, MVU) and we com-
pared it to three well known estimators from RL: Temporal Difference Learning
(TD), Monte Carlo estimation (MC) and Least Squares Temporal Difference
Learning (LSTD). In particular, we demonstrate that the LSTD estimator is
equivalent to the MVU for acyclic Markov Reward Processes (MRPs) and show
that both differ for cyclic Markov Reward Processes as LSTD is then typically
biased. In general, estimators that fulfill the Bellman equation, such as LSTD,
cannot be unbiased. Two main factors that separate unbiased estimators and
estimators that fulfill the Bellman equation, are identified: 1) the discount and
2) a normalization. Furthermore, we show that in the undiscounted case the
MC estimator is equivalent to the MVU and to the LSTD estimator if the same
amount of information is available to MC. In the discounted case this equiva-
lence does not hold anymore. For the case of TD we show that TD gets unbiased
with a minor modification for acyclic MRPs. In general, the TD update rule
“moves” the estimate towards the LSTD solution. Consequently, TD is biased
for cyclic MRPs. Finally, counter-examples are presented to show that no gen-
eral ordering exists between the MVU and the LSTD estimator, between MC and
LSTD and between TD and MC. Theoretical results are supported by examples
and an empirical evaluation.

In Chapter 3 we addressed the cost function which is optimized. It is com-
mon in RL to choose strategies that maximize the mean without regarding the
corresponding variance. This strategy, however, is undesirable in many cases as
the derived policies are unreliable and the performance may have high positive
and negative peaks causing fatal effects (e.g. the bankruptcy of a trading com-
pany). In operations research several variations of mean-variance tradeoffs are
used to control the variance and thus, the risk. The objectives have the draw-
back that a policy iteration cannot be applied and the optimization is slow,
leading to problems for large state spaces. We overcame this problem by using
a first order Taylor approximation to transform the objective to a value maxi-
mization objective with modified rewards. Furthermore, we derived estimators
for the variance of a policy which can be used for evaluation of the associated
risk. We compared the objectives and the methods in different experimental
settings. We used two tasks from the series of paper by D. J. White on MDPs
with real-world applications for the evaluation.

In Chapter 4 we present adaptive control system for navigating a camera
equipped robot. The main feature of the system is the visual processing which
generates a Fourier expansion on the area in which the robot acts. In our
approach the system for visual processing is learned from examples of the con-
crete environment using a Slow Feature Analysis and not “hard-coded”. The
control is learned by applying the Least-Squares Policy Iteration and the Least-
Squares Temporal Difference Value estimator onto the learned visual features.
The combination of the linear value estimator and the features corresponding
to the elements of the Fourier expansion turns out to be a powerful tool to
approximate value functions. The navigation capability of the control system is
demonstrated and analyzed on a real robot and in simulated environments. In
addition, we derived a Kernel Slow Feature Analysis to increase the capability
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of the preprocessing.
In two smaller studies (Chapter 5 and 6 ) we studied the so called vanish-

ing gradient problem which hinders the detection of long term dependencies in
time series data. Most systems are affected by this problem and are unable to
detect dependencies which are more than a few steps apart. A system called
Long Short Term Memory (LSTM) has been proposed to solve the problem.
The key element of the LSTM is a “volume conserving” unit that prevents the
system from losing information. In the first study we modified the LSTM with
an attention mechanism. This study was done with an emphasis on cognitive
science and the goal was to address critical points which make the processing
of the structure differ from human processing. In particular, we were interested
in the encoding and the storage: (1) The LSTM structure is built to massively
store information instead of carefully selecting few input signals for storage in
memory. (2) Reweighting of stored information due to changing constellations
is not possible. In this work we tackled these points through introducing an
attention mechanism which drives the encoding and the storage of the struc-
ture. The mechanism “weakens” the volume conservation in that way that it
allows to reweight stored information. Yet, the vanishing gradient problem is
circumvented by lower bounding the weighting factors.

In the second study we applied a state space based system called Memory
Input-Output Factorial Hidden Markov Model (MIOFHMM) to POMDPs. Sim-
ilarly to the LSTM the MIOFHMM solves the vanishing gradient problem. In
particular, we addressed in this part POMDPs where observations are avail-
able, which contain information about the true MDP state. In simulations we
showed that a MIOFHMM based system is able to resolve MDPs even if a crit-
ical observation is about 100 000 steps before a related effect (T-maze task). In
comparison, other methods can at maximum handle up to 60-70 steps.

Each chapter starts with an abstract and a short introduction followed by
chapter specific preliminaries.
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CHAPTER 2

The Optimal Unbiased Value Estimator and its Relation to

LSTD, TD and MC

Abstract

In this analytical study we derive the optimal unbiased value estimator (Min-
imum Variance Unbiased estimator, MVU) and compare its statistical risk to
three well known value estimators: Temporal Difference learning (TD), Monte
Carlo estimation (MC) and Least-Squares Temporal Difference Learning (LSTD).
In particular, we demonstrate that the LSTD estimator is equivalent to the
MVU for acyclic Markov Reward Processes (MRPs) and show that both differ
for cyclic MRPs as LSTD is then typically biased. In general, estimators that
fulfill the Bellman equation, such as LSTD, cannot be unbiased. Two main fac-
tors that separate unbiased estimators and estimators that fulfill the Bellman
equation, are identified: 1) the discount and 2) a normalization. Furthermore,
we show that in the undiscounted case the MC estimator is equivalent to the
MVU and to the LSTD estimator if the same amount of information is avail-
able to MC. In the discounted case this equivalence does not hold anymore. For
the case of TD we show that TD gets unbiased with a minor modification for
acyclic MRPs. In general, the TD update rule “moves” the estimate towards the
LSTD solution. Consequently, TD is biased for cyclic MRPs. Finally, counter-
examples are presented to show that no general ordering exists between the
MVU and the LSTD estimator, between MC and LSTD and between TD and
MC. Theoretical results are supported by examples and an empirical evaluation.

2.1 Introduction

One of the important theoretical issues in reinforcement learning are rigorous
statements on convergence properties of so called value estimators (e.g. [77],
[80], [44], [19]) which provide an empirical estimate of the expected future reward
for every given state. So far most of these convergence results were restricted
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to the asymptotic case and did not provide statements about the deviation of
the estimate from the true value for the case of a finite number of observations.
In practice, however, one wants to choose the estimator which yields the best
result for a given number of examples or in the shortest time.

Current approaches to the finite example case are mostly empirical and few
non-empirical approaches exist. [49] present upper bounds on the generaliza-
tion error for Temporal Difference estimators (TD). They use these bounds to
formally verify the intuition that TD methods are subject to a “bias-variance”
trade-off and to derive “schedules” for estimator parameters. Comparisons of
different estimators with respect to the bounds were not performed. The issue
of bias and variance in reinforcement learning is also addressed in other works
([70], [55]). [70] provide analytical expressions of the mean squared error (MSE)
for various Monte Carlo (MC) and TD value estimators. They further provide
a software that yields the exact mean squared error curves given a complete
description of a Markov Reward Process (MRP). The method can be used to
compare different estimators for concrete MRPs and concrete parameter values.
But it is not possible to prove general statements with this method. The most
relevant works for our analysis are provided by [55] and by [69].

In [55] the bias and the variance in value function estimates is studied and
closed-form approximations are provided for these terms. The approximations
are used in a large sample approach to derive asymptotic confidence intervals.
The underlying assumption of normally distributed estimates is tested empiri-
cally on a dataset of a mail-order catalog. In particular, a Kolmogorov-Smirnov
test was unable to reject the hypothesis of normal distribution with a confidence
of 0.05. The value function estimates are based on sample mean estimates of
the MRP parameters. The parameter estimates are used in combination with
the value equation to produce the value estimate. Different assumptions are
made in the paper to simplify the analysis. A particularly important assump-
tion is that the number of visits to a state is fixed. Under this assumption the
sample mean parameter estimates are unbiased and the application of the value
equation results in biased estimates. We show that without this assumption
the sample mean estimates underestimate the parameters in the average and
the value estimates can therefore be unbiased in special cases. We address this
point in detail in Section 2.3.4.

In [69] different kinds of eligibility traces are introduced and analyzed. It is
shown that TD(1) is unbiased if the replace-trace is used and that it is biased if
the usual eligibility trace is used. What is particularly important for our work is
one of their side findings: The Maximum Likelihood and the MC estimates are
equivalent in a special case. We characterize this special case with Criterion 3
(p. 24) and we make frequent use of this property. We call the criterion the Full
Information Criterion because all paths that are relevant for a value estimator
in a state s must hit this state (For details see p. 24).

In this work we follow a new approach to the finite example case using tools
from statistical estimation theory (e.g. [75]). Rather than relying on bounds,
on approximations, or on results to be recalculated for every specific MRP this
approach allows us to derive general statements. Our main results are sketched
in Figure 2.1. A major contribution is the derivation of the optimal unbiased
value estimator (Minimum Variance Unbiased estimator (MVU), Sec. 2.3.3).
We show that the Least-Squares Temporal Difference estimator (LSTD) from
[19] is equivalent to the Maximum Likelihood value estimator (ML) (Sec. 2.3.4)
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and that both are equivalent to the MVU if the discount γ = 1 (undiscounted)
and the Full Information Criterion is fulfilled or if an acyclic MRP is given (Sec.
2.3.4). In general the ML estimator differs from the MVU as estimators that
fulfill the Bellman equation such as ML cannot be unbiased. The main reasons
are the discount and a normalization (Sec. 2.3.1). In the undiscounted case the
ML estimator approaches the MVU exponentially in the number of observed
paths. In general, neither the ML nor the MVU estimator are superior to each
other (Appendix 2.B.5). For the first-visit MC estimator it is known that the
estimator is unbiased and the first-visit MC estimator is therefore inferior to the
MVU. However, we show that for γ = 1 the MC estimator is equivalent to the
MVU if the Full Information Criterion applies (Sec. 2.3.5). Finally, we compare
these estimators to TD(λ). We show that TD(λ) gets unbiased through a minor
modification for acyclic MDPs (Appendix 2.A) and is thus inferior to the MVU
and to the ML estimator. In the cyclic case the bias of TD is related to the bias
of ML (Sec. 2.3.6).

x x
ML/LSTDAcyclic or

x
Cr. 3 and

TD
BellmanUnbiased

Acyclic

MVU

Acyclic or

xMC

Cr. 3 and γ = 1

γ = 1

Cr. 3 and γ = 1

Figure 2.1: The figure shows two classes of estimators: Unbiased estimators and
estimators that fulfill the Bellman equation. The best estimators (MVU and
ML/LSTD) are drawn at the bottom. The arrows represent relations between
the classes and between individual estimators. Different properties are needed
for these relations. These properties are written above or below an arrow and
they are highlighted with the line styles of the arrows.

For the sake of readability proofs are presented in Appendix 2.B.

2.2 Estimation in Reinforcement Learning

Reinforcement learning methods typically consist of a value estimation and a
policy update step (value/policy iteration, [76]). A common assumption under-
lying the value estimation is that the environment can be described by a Markov
Decision Process (MDP). This assumption allows us to improve the estimation
performance beyond the performance of general estimators, such as the sam-
ple mean (Monte Carlo) estimator. The best known estimator, which uses the
Markov structure to collect information that is “invisible” to general estimators,
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is the temporal difference estimator. Despite this principal advantage of TD,
simple cases exist where MC outperforms TD.

In our work, we focus on systems which are modeled as Markov Reward
Processes (MRP). The difference between an MRP and an MDP is that there
is only one action in MRPs. Therefore, there is only one policy for the MRP
case and “learning” is thus restricted to the estimation of the value function.
MDPs with fixed policies (e.g. no online update) can be described with MRPs
as it is possible to account for the effect of nondeterministic policies through
the transition distribution of the MRP.

2.2.1 Markov Reward Processes and Value Estimators

A Markov Reward Process (MRP) consists of a state space S (in the follow-
ing we will consider a finite state space), starting probabilities pi for the initial
states, transition probabilities pij and a random reward Rij between states i
and j. In principle, the reward can have an arbitrary distribution such as multi-
nomial or normal. The statements we derive are valid at least for deterministic
rewards as well as for multinomial distributed rewards. For arbitrary reward
distributions they do not hold. For example, distributions exist for which no
unbiased estimators exists for the mean and thus no unbiased estimator exists
for the corresponding value function. However, this is a property of the reward
distribution and not of the MRP. Therefore, we will not address this topic any
further.

Our goal is to estimate the value Vi of each state i, i.e. the expected future
reward received after visiting the state. This value function is given by

Vi =
∑

j∈S

pij

(
E[Rij ] + γVj

)
,

respectively in vector notation by

V =
∞∑

t=0

γtPtr = (I− γP)−1r,

where P = (pij) is the transition matrix of the Markov process, I the identity
matrix, γ a discount factor and r is the vector of the expected one step reward
(ri =

∑

j∈S
pijE[Rij ]).

We compare different value estimators with respect to their risk (not the
empirical risk)

E[L(V̄i, Vi)],

where V̄i is the value estimator of state i and L is the loss function, which
penalizes the deviation from the true value Vi. We will mainly use the mean
squared error

MSE[V̄i] := E[(V̄i − Vi)
2], (2.1)

which can be split into a bias and a variance term

MSE[V̄i] = V[V̄i]
︸ ︷︷ ︸

Variance

+(E[V̄i − Vi]
︸ ︷︷ ︸

Bias

)2.
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The MSE used here corresponds to the value obtained by averaging the empirical
mean-squared-error values from an infinite number of learning tasks on a given
problem. An estimator is called unbiased if the bias term is zero.

In Reinforcement Learning it is not unbiasedness with respect to E[·] that is
important, but it is conditional unbiasedness on the event {Ni ≥ 1}. Here, Ni

denotes the number of times state i is visited. In other words, one is interested
in estimators that are on average correct, given that at least one example is
available for estimation.

We conclude this section by introducing a simple criterion for a class of
estimators. With this criterion it is possible to verify unbiasedness and mini-
mal MSE in this class. This criterion provides an intuitive interpretation of a
weakness of the TD(λ) estimator. Let xi, i = 1, . . . , n be a sample consisting of
n ≥ 1 independent and identically distributed (iid) elements from an arbitrary
distribution (e.g. reward sequences of an MRP). The estimator

n∑

i=1

αixi, with 0 ≤ αi ≤ 1, and

n∑

i=1

αi = 1, (2.2)

is unbiased and has the lowest variance for αi = 1/n [75]. This means that all
examples should have an equal influence to achieve optimal performance.

2.2.2 Temporal Difference Learning

A commonly used value estimator for MRPs is the TD(λ) estimator [77]. It
converges on average (L1-convergence, [77]) and it converges almost surely to
the correct value ([80], [44]). In practical tasks it seems to outperform the MC
estimator with respect to convergence speed and its computational costs are
low. Analyses for the TD(0) estimator are often less technical. We therefore
restrict some statements to the TD(0) case. The TD(0) estimator is given by

V̄ (i+1)
s = V̄ (i)

s + αi+1(R
(i+1)
ss′ + γV̄

(i)
s′ − V̄ (i)

s ), (2.3)

where αi+1 is the learning rate, V̄
(i)
s is the estimated value for state s after the

ith transition, s′ is the successor state of s, γ is the discount factor, and R
(i+1)
ss′

is the reward which occurred during the transition from s to s′. The general
TD(λ) update equation is given by

V̄ (i+1)
s = V̄ (i)

s + ∆V̄ (i+1)
s and ∆V̄ (i+1)

s = αi+1(R
(i+1)
ss′ + γV̄

(i)
s′ − V̄ i

s )e(i+1)
s ,

where αi is the learning rate in sample path i (the learning rate might be de-

fined differently) and e
(i+1)
s is an eligibility trace. The update equation can be

applied after each transition (online), when a terminal state is reached (offline)
or after an entire set of paths has been observed (batch update). The eligibility
trace can be defined in various ways. Two important definitions are the accu-
mulating trace and the replacing trace [69]. In [69] it is shown that for λ = 1
the TD(λ) estimator corresponding to the accumulating trace is biased while
the one corresponding to the replacing trace is unbiased. The replacing trace is
defined by

e(i+1)
s =

{

1 if s = t

γλ else .
(2.4)
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In the acyclic case both definitions are equivalent. For λ < 1 the estimators
are biased towards their initialization value. However, a minor modification is
sufficient to delete the bias for acyclic MRPs (Appendix 2.A). In the following
we will use this modified version.

2.2.3 Monte Carlo Estimation

The Monte Carlo (MC) estimator is the sample mean estimator of the future
reward. In [76] it is defined as 1/n

∑n
i=1 Return(i), where n is the number of

paths that have been observed and Return(i) the cumulated future reward of
run i. In the cyclic case there are two alternative MC estimators: First-visit
MC and every-visit MC. First-visit MC makes one update per sampled path.
It uses the part of the path which follows upon the first visit of the relevant
state. Every-visit MC makes an update for each visit of the state. This leads
to an overlap in the paths used for training. The every-visit MC estimator
is equivalent to TD(λ) for the accumulate trace and the first first-visit MC
estimator for the replace trace if λ = 1 and αi = 1/i. The first-visit MC
estimator is unbiased while the every-visit MC estimator is biased in the cyclic
case [69]. Both estimators converge almost surely and on average to the correct
value.

1 1
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3 4

A B

2
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4 5
R24 = −1

p12 = 1

p23 = 0.5 p24 = 0.5

R23 = 1

R12 = ±1

p13 = 1

p35 = 0.5p34 = 0.5

p23 = 1

p2 = 0.5p1 = 0.5

R34 = 1 R35 = −1

Figure 2.2: A: An MRP for which TD is inferior to MC. The transition from
state 1 to state 2 is followed by a reward R12 = +1 and R12 = −1 with prob-
ability p = 0.5 each. B: An MRP for which MC is inferior to TD. No reward
is received for transitions 1 → 2 and 1 → 3. p1 and p2 are the probabilities to
start in state 1 and 2.

2.2.4 Comparison of TD and MC

Although TD is often preferred to the MC estimator, there is no guarantee
that TD will converge faster. Using the mean squared error (eq. 2.1) as a
performance criterion we will construct two MRPs: One for which MSE[MC] <
MSE[TD] (Section 2.2.4), and one for which MSE[TD] < MSE[MC] (Section
2.2.4). Hence, cases exist in which estimators that use the Markov structure
(here TD) are worse than estimators that do not use the Markov structure
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(here MC) even if the learning rate is chosen optimally. This motivates the
theoretical analysis of Section 2.3, where we derive the optimal unbiased value
estimator which makes extensive use of the Markov structure.

MSE of MC is Smaller than MSE of TD

Figure 2.2 (A) shows an example for which the MC estimator is superior. We
assume that the learning rate αi of TD(0) is between 0 and 1, that the learning
rate in the first step is 1 (α1 = 1) and that the estimator is initialized to 0 (we
use this assumption for readability, it is also possible to use the unbiased TD(0)
estimator (Modification 2)). Let state 1 be the starting state, n be the number
of observed paths and let γ = 1 for simplicity.

The MC estimator for state 2 is 1/n
∑n

i=1 Yi, where Yi = R23 or Yi = R24

are the rewards received after a transition from state 2 to state 3 or 4. For
state 1 we obtain 1/n

∑n
i=1(Yi + R

(i)
12 ), where the Yi are the same as before and

R
(i)
12 is the received reward after a transition to state 2. The MC estimator is a

weighted average of the examples and it is the optimal unbiased linear estimator
(eq. 2.2) as αi = 1/n for all i.

We now analyze the TD(0) estimator. Consider two different sequences αi

and α̃i, i = 1, . . . , n, of learning rates for the TD(0) estimators V̄1 and V̄2. The
TD(0) estimator V̄2 can be written as (Lemma 12, Appendix 2.A)

V̄
(n)
2 =

n∑

i=1

(

α̃i

n∏

j=i+1

(1− α̃j)
)

Yi =:

n∑

i=1

β̃iYi.

The estimator is unbiased and has minimal variance if, and only if, β̃i = 1/n.
This can be enforced by choosing α̃i = 1/i. For state 1 we obtain

V̄
(n)
1 =

n∑

i=1

βi(V̄
(i−1)
2 + R

(i)
12 ) =

n∑

i=1

βi

(i−1∑

j=1

β̃jYj + R
(i)
12

)

(2.5)

=
( n∑

i=1

βiR
(i)
12

)

+
(n−1∑

i=1

(
β̃i

n∑

j=i+1

βj

)
Yi

)

=:
( n∑

i=1

βiR
(i)
12

)

+
(n−1∑

i=1

γiYi

)

,

where βi = αi

∏n
j=i+1(1 − αj). Using the Bienaymé equality (e.g. [7]) the

variance of the estimator takes the following form

V(V̄
(n)
1 )

ind
= V(

n∑

i=1

βiR
(i)
12 ) + V(

n−1∑

i=1

γiYi)
iid
= V(R

(1)
12 )

n∑

i=1

β2
i + V(Y1)

n−1∑

i=1

γ2
i ,

where “ind” abbreviates “independence”. Y1 and R
(1)
12 have the same variance.

With γn = 0

V(V̄
(n)
1 ) = V(Y1)(

n∑

i=1

β2
i +

n∑

i=1

γ2
i ).

Because 0 ≤ βi, γi ≤ 1 and
∑n

i=1 βi =
∑n

i=1 γi = 1 (see Appendix 2.A) this

term would be minimal if, and only if, βi = γi = 1/n. From βi = β̃i = 1/n,

however, it follows that γi = 1/n
∑n−1

i+1 1/n = (n − i − 2)/n2 6= 1/n. Hence
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optimality cannot be achieved. Since both MC and TD are unbiased, we obtain
MSE[MC] < MSE[TD].

This example demonstrates a major weakness of TD, namely that it is im-
possible for TD to weight the observed paths equally, even for simple MRPs. We
will show in Section 2.3.5 that MC is actually the optimal unbiased estimator
for this MRP and thus it also holds that MSE[MC] ≤MSE[TD(λ)] for each λ.

MSE of TD is Smaller than MSE of MC

Figure 2.2 (B) shows an example where TD(0) is superior. Let the number of
observed paths be n = 2 and γ = 1. The value of all states is zero. TD(0) and
MC are unbiased for this example. The variance of the MC estimator for states
1,2 and 3 is therefore given by

E[V̄ 2
3 ] =P[R(1) = 1, R(2) = 1] · 12 + P[R(1) = −1, R(2) = −1] · (−1)2

+ P[R(1) = 1, R(2) = −1] · 0 + P[R(1) = −1, R(2) = 1] · 0
=(1/4)12 + (1/4)(−1)2 + (2/4) · 0 = 1/2

E[V̄ 2
1 ] =E[V̄ 2

2 ] = (1/4)1/2 + (1/2)1 + 0 = 5/8,

where R(i) denotes the received reward in run i. The first term in the second
line results from starting two times in state 1 or 2 and the second term in
the second line from a single start in state 1. Setting the learning rate αi to
αi = 1

i for TD, the estimator for state 3 is equivalent to the corresponding MC
estimator and therefore the variance is 1/2. In the first run the standard TD(0)
update rule uses the initialization value of state 3 to calculate the estimate in
state 1 or 2. This is advantageous and results in a variance of 1/2. Without
exploiting this advantage the variance is 17/32. This is still lower than the
variance of the MC estimator. Since both estimators are unbiased we obtain
MSE[TD(0)] < MSE[MC].

2.3 Comparison of Estimators: Theory

We have seen in the last section that the TD estimator does not outperform
the MC estimator. That is astonishing as the MC/sample-mean estimator is a
general estimator that can be applied to nearly any estimation problem at hand,
while the TD estimator is specifically constructed for MDPs. In particular, the
MC estimator of a state i does not use paths that does not hit state i, while TD
does. One would expect that the information contained in these paths would
increase the performance. And indeed, this is the case. Just TD does not use
this information efficiently.

In the following, we “condition” the MC estimator with “all the information”
that is available through the observed paths and we show that the resulting
estimator is the optimal unbiased estimator with respect to any convex loss
function. The conditioning has two effects. First, the new estimator uses the
Markov structure to make use of (nearly) all paths. Second, it uses “consistent”
alternative cycles beside the observed ones. For example, if a cyclic connection
from state 1→ 1 is observed once in the first run and three times in the second
run, then the optimal estimator will use paths with the cyclic connection being
taken 0 to 4 times. Consistent with this finding, we show that if MC uses all
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information and the modification of cycles has no effect, then the MC estimator
is already optimal.

Furthermore, we show in this section that the LSTD and ML estimators are
very similar to the MVU. These estimators also use all information, but they are
typically biased. We show that the bias of these estimators depends mainly on
the discount γ and a normalization. We conclude this section with a comparison
of these estimators to TD(0) and MC.

We start our theoretical analysis with a discussion of two classes of estima-
tors: (1) Estimators that are unbiased and (2) estimators that fulfill the Bellman
equation. Following that we formalize what we mean with all information.

2.3.1 Unbiased Estimators and Bellman Equation

We say that an estimator V̄ fulfills the Bellman equation if a r̄ and P̄ exist,
such that

V̄ = r̄ + γP̄V̄.

First, we observe that the Bellman equation restricts the class of estimators
considerably. Essentially, the only degree of freedom is the parameter estimate
P̄. If P̄ is full rank then

V̄ = (I− γP̄)−1r̄ =: V (P̄, r̄),

i.e. V̄ is completely specified by P̄ and r̄. Here, V (P̄, r̄) denotes the value
function for an MRP with parameters P̄ and rewards r̄.

The restrictions posed by the Bellman equation leads to an introduction
of a bias. Essentially, for cyclic MRPs, the class of estimators fulfilling the
Bellman equation and the class of unbiased estimators does not overlap. Here,
unbiased refers to all value estimators, i.e. E[V̄i|{Ni ≥ 1}] = Vi for every state
i. We will later see that value estimators for specific states can be unbiased,
even if the Bellman equation is fulfilled. On the contrary, if all estimators are
unbiased, then the Bellman equation can in general not be fulfilled. This does
not change with a growing number of examples. The bias is reduced through
more examples, but only in the asymptotic case do estimators that fulfill the
Bellman equation become unbiased. In the following we argue that the factors
that influence the bias are: (1) the discount, (2) the normalizations P[{Ni ≥ 1}]
and (3) value estimates for cases where not all states have been visited, i.e.
where an i ∈ S exists with Ni = 0. Points (2) and (3) are quiet technical and
their effect vanishes quickly.

Discount

Consider the MRP from Figure 2.3 (A) with the following reward setting R11 :=
0 and R12 := 1, for one run (n = 1) and for γ < 1. In this example we use a
sample mean parameter estimate, i.e. p̄ = i/(i + 1) if the cyclic transition has
been taken i times. This is also the maximum likelihood parameter estimate.
The value of state 1 is

V1 = (1− p)
∞∑

i=0

γipi =
1− p

1− γp
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and therefore the value estimate is

V̄1 =
1− i/(i + 1)

1− γi/(i + 1)
.

The estimator is unbiased if and only if

(1 − p)

∞∑

i=0

γipi ?
= E[V̄1] = (1− p)

∞∑

i=0

1− i/(i + 1)

1− γi/(i + 1)
pi

⇔
∞∑

i=0

(

γi − 1− i/(i + 1)

1− γi/(i + 1)

)

pi = 0.

With induction one sees that γi ≤ 1−i/(i+1)
1−γi/(i+1) . Induction step:

γi+1
I.H.
≤ γ

1− i
i+1

1− γ i
i+1

?
≤

1− i+1
i+2

1− γ i+1
i+2

⇔ γ

(

1− i

i + 1
− γ

i + 2

)

≤ 1− i + 1

i + 2
− γi

(i + 1)(i + 2)

⇔ (1− γi)(γ − 1) ≤ (1− γ)2 ⇔ −(i− γi) ≤ 1− γ,

where the last inequality holds, because −(i − γi) ≤ 0 and (1 − γ) ≥ 0. I.H.
denotes Induction Hypothesis. Further, for i = 1

0 < (1 − γ)2 = 1− 2γ + γ2 ⇔ γ − γ2

2
<

1

2
⇔ γ <

1− 1
2

1− γ
2

holds. Hence, the estimator is biased for all γ < 1.
The estimator is biased because it makes use of the value function, respec-

tively fulfills the Bellman equation. In general, no value estimator exists that is
unbiased for each MRP and each γ ∈ (0, 1) which uses the value function:

Theorem 1 (p. 42). For any estimator P̄ there exists an MRP and a γ ∈ (0, 1)
such that V (P̄) is biased.

Normalization P[{Ni ≥ 1}] and Value Estimates on {Ni = 0}
Consider the MRP shown in Figure 2.3 (B) for one run. The MRP starts in
state 2 and has a chance of p to move on to state 1. The value of state 1 and 2
is

V1 = V2 = (1− p)

∞∑

i=0

ipi =
p

1− p
.

Using the sample mean parameter estimate p̄ = i/(i + 1), we get the following
value estimate for state 2:

V̄2(i) =
p̄

1− p̄
= i ⇒ E[V̄2(i)] = (1− p)

∞∑

i=0

V̄2(i)p
i = V2,

where V̄2(i) denotes the value estimate, given the cyclic transition has been
taken i times. The estimator fulfills the Bellman equation. Therefore, V̄1(i) =
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B2

1
1

2

3
A

(1− p)R21 = 1

p

(1− p)

p

R11 = 1

Figure 2.3: A: Cyclic MRP with starting state 1 and with probability p for
the cyclic transition. Reward is 1 for the cyclic transition and 0 otherwise. B:
Cyclic MRP with starting state 2 and with probability p for the cyclic transition.
Reward is 1 for the cyclic transition from state 2 to state 1 and 0 otherwise.

V̄2(i) = i, given at least one visit of state 1, i.e. conditional on the event
{N1 ≥ 1}. The expected value estimate for state 1 is therefore

E[V̄1(i)|{N1 ≥ 1}] =
(1− p)

∑∞
i=1 ipi

(1− p)
∑∞

i=1 pi
=

p/(1− p)

1− (1− p)
=

V1

p
,

where (1− p)
∑∞

i=1 pi = p is the normalization. Hence, the estimator is biased.
More generally, assume V̄1, V̄2 are unbiased, i.e. E[V̄1|{N1 ≥ 1}] = E[V̄2] =
V1 = V2 and the estimator fulfills the Bellman equation, i.e. V̄1 = V̄2 on
N1 := {N1 ≥ 1}. Then

E[V̄2|N1]
Bellm.

= E[V̄1|N1]
unb.
= V1

Bellm.
= V2

unb.
= E[V̄2]

= E[V̄2|N1]P[N1] + E[V̄2|N c
1 ]P[N c

1 ]

⇒ E[V̄2|N1] = E[V̄2|N c
1 ]⇒ E[V̄2] = 0,

where N c
1 denotes the event N1 = 0. E[V̄2] = 0 contradicts unbiasedness.

Besides using the Bellman equation and unbiasedness we used that the estimator
of the deterministic transition 1 → 2 equals 1, i.e. p̄12 = 1 and that V̄2 = 0 if
only the transition 2→ 3 is taken.

More intuitively the reasons for the bias are: Firstly, V̄1 equals V̄2 on {N1 ≥
1} but the estimators differ (in general) on {N1 = 0}. In the example, we
made no use of this point. We could make use of it by introducing a reward
for the transition 2 → 3. Secondly, the normalization differs, i.e. E[·] versus
E[·|{N1 ≥ 1}]. In our example we used this point. Both estimators are 0 on
N c

1 and are therefore always equivalent. However the expectation is calculated
differently and introduces the bias.

How does these effects behave in dependence of the number n of paths?
Let pi denote the probability to visit state i in one sampled path. Then the
probability of the event {Ni = 0} drops exponentially fast, i.e. P[{Ni = 0}] ≤
(1− pi)

n and the normalization 1/P[{Ni ≥ 1}] approaches exponentially fast 1.
Therefore, if the estimates are upper bounded on {Ni = 0} then the bias drops
exponentially fast in n.
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2.3.2 Maximum Likelihood Parameter Estimates and
Sufficient Statistics

We start this section with a derivation of the maximum likelihood parameter
estimates. After that we introduce a minimal sufficient statistics for MRPs and
we show that this statistic equals the maximum likelihood estimates.

Maximum Likelihood Parameter Estimates

Let pij be the transition probability of state i to j, pi the probability to start in i
and x a sample consisting of n iid state sequences x1, . . . , xn. The log-likelihood
of the sample is

log P[x|p] =
n∑

k=1

log P[xk|p].

The corresponding maximization problem is given by

max
pij ,pi

n∑

i=1

log P[xi|pij , pi], s.t.:
∑

j∈S

pij =
∑

j∈S

pj = 1.

The unique solution for pij and pi (Lagrange multipliers) is given by

pij =
µij

Ki
=: p̄ij and pi =

1

n

(
Ki −

∑

j∈S

µji

)
=: p̄i, (2.6)

where Ki denotes the number of visits of state i, µij the number of direct
transitions from i to j, p̄ij the estimate of the true transition probability pij

and p̄i the estimate of the true starting probability pi.

Sufficient Statistics for the MRP Parameters

Information about a sample is typically available through a statistic S of the
data (for example S =

∑

i xi, where x is a sample). A statistic which contains
all information about a sample is called sufficient. Important properties of
sufficient statistics are minimality and completeness. The minimal sufficient
statistics is the sufficient statistic with the smallest dimension (typically the
same dimension as the parameter space). Formally, suppose that a statistic S is
sufficient for a parameter θ. Then S is minimally sufficient if S is a function of
any other statistic T that is sufficient for θ. Formally, a statistic S is complete
if Eθ[h(S)] = 0 for all θ implies h = 0 almost surely. The theorem from Rao
and Blackwell [75] states that for a complete and minimal sufficient statistics
S and any unbiased estimator A of a parameter θ the estimator E[A|S] is the
optimal unbiased estimator with respect to any convex loss function and hence
the unbiased estimator with minimal MSE.

The maximum likelihood solution is a sufficient statistics for the MRP pa-
rameters. We demonstrate this with the help of the Fisher-Neyman factoriza-
tion theorem [75]. It states that a statistic is sufficient if and only if the density
f(x|θ) can be factored into a product g(S, θ)h(x). For an MRP we can factor
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the density as needed by the Fisher-Neyman theorem (h(x) = 1 in our case),

P(x|p) =

n∏

i=1

(

pxi(1)

Li∏

j=2

pxi(j−1)xi(j)

)

=
∏

s∈S

p
(Ks−

∑

s′
µs′s)

s

∏

s,s′∈S

p
Ksµss′

ss′ ,

where xi(j) is the jth state in the ith path, n the number of observed paths
and Li the length of the ith path. Ksµss′ is sufficient for pss′ and because suf-
ficiency is sustained by one-to-one mappings [75] this holds true also for µss′ .
The sufficient statistics is minimal because the maximum likelihood solution is
unique [75]1. The sufficient statistic is also complete because the sample distri-
bution induced by an acyclic MRP forms an exponential family of distributions
(Lemma 15, page 43). Due to [51] any exponential family of distributions is
complete.

2.3.3 Optimal Unbiased Value Estimator

The Rao-Blackwell theorem [75] states that for any unbiased estimator A the
estimator E[A|S] is the optimal unbiased estimator, given S is a minimal and
complete sufficient statistic. For the case of value estimation this means that
we can use any unbiased value estimator (e.g. the Monte Carlo estimator) and
condition it with the statistic induced by the maximum likelihood parameter
estimate to get the optimal unbiased value estimator.

Theorem 2. Let V̄ be the first-visit Monte-Carlo estimator and S the sufficient
and complete statistics for a given MRP. The estimator E[V̄ |S] is unbiased and
the optimal unbiased estimator with respect to any convex loss function. Espe-
cially, it has minimal MSE.

From now on, we refer to the estimator E[V̄ |S] as the Minimum Variance
Unbiased estimator (MVU). For a deterministic reward the estimator E[V̄ |S] is
given by

E[V̄ |S] =
1

|Π(S)|
∑

π∈Π(S)

V̄ (π), (2.7)

where π := (π1, . . . , πi) denotes a vector of paths, Π(S) denotes the set of
vectors of paths which are consistent with the observation S, | · | is the size of
a set and V̄ (π) is the MC estimate for the vector of paths π. Essentially, π is
an ordered set of paths and it is an element of Π(S) if it produces the observed
transitions, starts and rewards. The MC estimate is simply the average value
for the paths in π. The estimator E[V̄ |S] is thus the average over all paths which
could explain the (compressed) observed data S. As an example, take the two
state MRP from Figure 2.3 (A). Assume that an agent starts twice in state 1,
takes three times the cycle in the first run and once in the second. The paths
which are consistent with this observation are:

Π(S) = {((1, 1, 1, 2), (1, 2)), ((1, 1, 2), (1, 1, 2)), ((1, 2), (1, 1, 1, 2))}.
1It is needed to use the minimal parameter set of the MRP to be formally correct. The

minimal sufficient statistics excludes also one value µ
ss

′ , however the missing value is defined
by the other µ’s.
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The MC estimator for the value of a state s does not consider paths which do
not hit s. On the contrary to that the conditioned estimator uses these paths.
To see this, let us again take a look at the MRP from Figure 2.2 (A). Assume,
that two paths were sampled: (1, 2, 4) and (2, 3). The MC value estimate for
state one uses only the first path. Taking a look at

Π(S) = {((1, 2, 4), (2, 3)), ((1,2,3), (2, 4)), ((2, 3), (1, 2, 4)), ((2, 4), (1,2,3))},

we see that the conditioned estimator uses the information.

Costs of Unbiasedness

The intuition that the MVU uses all paths is, however, not totally correct. Let
us take a look at the optimal unbiased value estimator of state 1 of the MRP in
Figure 2.3 (B) for γ = 1. Furthermore, assume that one run is made and that
the path (2, 1, 2, 3) is observed. No permutations of this path are possible and
the estimate of state 1 is therefore the MC estimate of path (1, 2, 3), which is
0. In general, if we make one run and we observe i transitions from state 2 to
state 1, then the estimate is (i − 1). I.e. we ignore the first transition. As a
consequence, we have on average the following estimate:

(1− p)

∞∑

i=1

(i− 1)pi = p
p

1− p
= pV1.

The term p is exactly the probability of the event {N1 ≥ 1} and the estimator is
conditionally unbiased on this event. The intuition is, that the estimator needs
to ignore the first transition to achieve (conditional) unbiasedness.

Hence, unbiasedness has its price. Another cost beside this loss in infor-
mation is that the Bellman equation cannot be fulfilled. In Section 2.3.1 we
started with estimators that fulfill the Bellman equation and we showed that
the estimators are biased. Here, we have a concrete example of an unbiased
estimator that does not fulfill the Bellman equation, as V̄1 = (i − 1) 6= i = V̄2.
For this example this is counterintuitive as p12 = 1 and essentially no difference
between the states exists in the undiscounted case.

Undiscounted MRPs

In the undiscounted case permutations of paths do not change the cumulated
reward. For example,

∑n
i=1 Rπ(i)π(i+1) =

∑n
i=1 Rπ(σ(i))π(σ(i)+1), if σ is a permu-

tation of (1, . . . , n), because the time at which a reward is observed is irrelevant.
This invariance to permutations implies already a simple fact. We need the fol-
lowing criterion to state this fact:

Criterion 3 (Full Information). A state s has full information if, for every
successor state s′ of s and all paths π, it holds that

π(i) = s′ ⇒ ∃j with j < i and π(j) = s.

π(i) denotes the ith state in the path.
Let π be a vector of paths following the first visit of state s that are consistent

with the observations. V̄ (π) is then given by (1/|π|)∑i

∑

j R
(i)
jj+1, where |π|
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is the number of paths contained in π and R
(i)
jj+1 is the observed reward in

path i at position j. Rearranging the path does not change the sum and the
normalizing term. Therefore each consistent path results in the same first-visit
MC estimate and the MVU equals the first-visit MC estimator.

Corollary 4. Let V̄ be the first-visit MC estimator and let the value function
be undiscounted. If the Full Information Criterion applies to a state s, then

E[V̄s|S] = V̄s.

The undiscounted setting allows alternative representations of the optimal
estimator. As an example, suppose we observed one path π := (1, 1, 1, 2) with
reward R(π) = 2R11+1R12. The optimal estimator is given by R(π). alternative
representation of the estimator can be constructed by splitting the path in
two: {π1 := (1, 1, 2), π2 := (1, 1, 1, 1, 2)} with reward R(π1) = (1R11 + 1R12)
and R(π2) = (3R11 + 1R12) and with P (π1) + P (π2) = 1, e.g. “ 1

2 ((1, 1, 2) +
(1, 1, 1, 1, 2)) = (1, 1, 1, 2)”. More generally, the optimal unbiased estimator for
this MRP can be represented as

∑

j

wj(jR11 + R12), (2.8)

given
∑

j wj = 1 and
∑

j jwj = i, where i denotes the number of times the
transition 1 → 1 has been observed (in the example i = 2). We come back to
this representation in the discussion of the ML estimator.

Convergence

Intuitively, the estimator should converge because MC converges in L1 and
almost surely. Furthermore, conditioning reduces norm-induced distances to
the true value. This is already enough to follow L1 convergence but the almost
sure convergence is not induced by a norm. We therefore refer to an integral
convergence theorem which allows us to follow a.s. from L1 convergence under
weak assumptions. Details are given in Appendix 2.B.3.

Theorem 5 (p. 44). E[V̄ |S] converges on average and almost surely to the true
value.

A MVU algorithm can be constructed using Equation 2.7. However, the
algorithm needs to iterate through all possible paths and therefore has an ex-
ponential computation time.

2.3.4 Least-Squares Temporal Difference Learning

In this section we discuss the relation of the MVU to the LSTD estimator.
The LSTD estimator was introduced by [19] and extensively analyzed in [17]
and [18]. Empirical studies showed that LSTD often outperforms massively TD
and MC with respect to convergence speed per sample size. In this section
we support these empirical findings by showing that the LSTD estimator is
equivalent to the MVU for acyclic MRPs and closely related to the MVU for
undiscounted MRPs. We derive our statements not directly for LSTD, but for
the maximum likelihood value estimator (ML) which is equivalent to LSTD
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(Section 2.3.4). The estimator is briefly sketched in [77], where it is also shown
that batch TD(0) is in the limit equivalent to the ML estimator. The estimator
is also implicitly used in the certainty-equivalence approach, where a maximum
likelihood estimate of the MDP is used for optimization.

Maximum Likelihood Estimator

The ML value estimator is given by V (P̄, r̄), where P̄ :=
(
p̄ij

)
is the maximum

likelihood estimate of the transition matrix and r̄ is the vector of the maximum
likelihood estimates of the expected one step reward. Hence, the ML value
estimator is given by:

V̄ =

∞∑

i=0

γiP̄ir̄ = (I− γP̄)−1r̄, (2.9)

whereas the Moore-Penrose pseudoinverse is used if P̄ is singular (e.g. too few
samples).

Acyclic MRPs

If an estimator is a function of the sufficient statistic (e.g. A = f(S)) then
the conditional estimator is equal to the original estimator, A = E[A|S]. If the
estimator A is also unbiased then it is due to the Rao-Blackwell theorem the
optimal unbiased estimator. The defined maximum likelihood estimator is a
function of a minimal and complete sufficient statistic. It is unbiased in the
acyclic case and therefore equivalent to the MVU.

Theorem 6 (p. 45). The ML estimator is unbiased if the MRP is acyclic.

Corollary 7. The ML estimator is equivalent to the MVU if the MRP is acyclic.

Undiscounted MRPs

In the cyclic case the class of unbiased estimators is separated from the set of
estimators that fulfill the Bellman equation if γ < 1 or the normalization effect of
Section 2.3.1 applies. In this section we argue that these are essentially the only
factors that separate the classes. In particular, if the Full Information Criterion
holds for a state i, then the normalization {Ni ≥ 1} applies to all successor
states of state i and no successor state got estimates if the event {Ni = 0}
occurs. Thus, if this Criterion holds for a state then the normalization problem
does not occur. And actually in this case estimators that fulfill the Bellman
equation can be unbiased for state i. In particular, the ML estimator is, in
this case, unbiased and equivalent to the MVU. This can be shown by using
Theorem 5 from [69], which states that the ML estimator equals the first-visit
MC estimator if the Full Information Criterion holds. Furthermore, in this case
the first-visit MC estimator is equivalent to the MVU (Corollary 4).

Corollary 8. The ML estimator of a state i is unbiased and equivalent to the
MVU if the Full Information Criterion applies to state i and an undiscounted
MRP is given.

We analyze this effect using a simple MRP.
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Cyclic MRP - Unbiased The value of state 1 for the MRP in Figure 2.3
(A) and γ = 1 is V1 = (1 − p)

∑∞
i=0 ipi. The ML estimate for state 1 given a

sample of n paths is

V̄1 =
(

1− k

k + n

) ∞∑

i=0

i
( k

k + n

)i

=
(

1− k

k + n

) k/(k + n)

(1− k/(k + n))2
=

k

n
,

where k is the number of taken cycles (summed over all observed paths). There-
fore

E[V̄1] = (1− p)

∞∑

i=0

V̄ (i)pi = V1,

where V̄ (i) denotes the ML estimate if the cyclic connection has been taken
i times. Hence, the ML estimator is unbiased. This point is interesting as
in general nonlinear transformations of unbiased parameter estimates produce
biased estimators, as

E[f(θ̂)] = V = f(θ) = f(E[θ̂])

essentially means that f is a linear transformation. However, in our example
the estimator θ̂ is actually not unbiased. For n = 1:

E

[
k

k + 1

]

= (1 − p)

∞∑

k=0

k

k + 1
pk < (1− p)

∞∑

k=1

pk = (1− p)

∞∑

k=0

pk+1 = p.

The parameter is underestimated on average. The reason for this lies in the de-
pendency between the visits of state 1. For a fixed number of visits, respectively
for iid observations the parameter estimate would be unbiased. The relation
between these two estimation settings is very similar to the first-visit and every-
visit MC setting. The first-visit MC estimator is unbiased because it uses only
one observation per path while the every-visit MC estimator is biased. In our
case, the effect is particularly paradox as for the iid case the value estimator is
biased.

The MVU estimate for this MRP is also k
n . This can be seen in the following

way. Let u be the number of ways how k can be split onto n-paths. For each split
the summed reward is k and the MC estimate is therefore k

n . Hence, the MVU is
uk/n

u = k
n . Thus the MVU is equivalent to the ML and to the MC estimator. The

reason for the equivalence of the MVU and the ML estimator is the unbiasedness
of ML. The MC estimator equals the MVU as the Full Information Criterion and
Corollary 4 apply. Intuitively, the ML estimator equals the MVU for this MRP
because ML fulfills Equation 2.8 with wj = (1− p̄)p̄j (for simplicity n = 1). In
other words, the ML estimator is an alternative representation of the MVU.

Relation to the MVU

The ML estimator differs from the MVU because it uses paths that are inconsis-
tent with the observation S. For example, given the MRP from Figure 2.3 (A)
and the observation (1, 1, 1, 2). The set of paths consistent with this observation
is again {(1, 1, 1, 2)}. The ML estimator on the other hand uses the following
set of paths:

{(1, 2), (1, 1, 2), (1, 1, 1, 2), (1, 1, 1, 1, 2) . . .}.

27



CHAPTER 2. OPTIMAL UNBIASED VALUE ESTIMATION

This, however, does not mean that the ML estimator is worse than the MVU.
The ML estimator is also a function of the sufficient statistics, it is just not
unbiased. To demonstrate this, we present two examples based on the MRP
from Figure 2.3 (A) in Appendix 2.B.5 (p. 45). One for which the MVU is
superior and one where the ML estimator is superior.

The LSTD Estimator

The LSTD algorithm computes analytically the parameters which minimize the
empirical quadratic error for the case of a linear system. [19] showed that the
resulting algorithm converges almost surely to the true value. In [17] a further
characterization of the least-squares solution is given. This turns out to be
useful to establish the relation to the ML value estimator. According to this
characterization, the LSTD estimate V̄ is the unique solution of the Bellman
equation, i.e.

V̄ = r̄ + γP̄V̄, (2.10)

where r̄ is the sample mean estimate of the reward and P̄ is the maximum
likelihood estimate of the transition matrix.

Comparing Equation 2.10 with Equation 2.9 of the ML estimator it becomes
obvious that both are equivalent if the sample mean estimate of the reward
equals the maximum likelihood estimate.

Corollary 9. The ML value estimator is equivalent to LSTD.

2.3.5 Monte Carlo Estimation

We first summarize Theorem 5 from [69] and Corollary 4 from p. 25:

Corollary 10. The (first-visit) MC estimator of a state i is equivalent to the
MVU and to the ML estimator if the Full Information Criterion applies to state
i and an undiscounted MRP is given.

Essentially, the corollary tells us that in the undiscounted case it is only the
“amount” of information that makes the difference between the MC estimator
and the MVU, respectively the ML estimator. Amount of information refers
here to the observed paths. If MC observes every path then the estimators are
equivalent.

From a different point of view this tells us that in the undiscounted case the
MRP structure is only useful for passing information between states, but yields
no advantage beyond that.

Discounted MRPs

In the discounted cyclic case the MC estimator differs from the ML and the
MVU estimator. It differs from ML because ML is biased. The MC estimator is
equivalent to the MVU in the undiscounted case because the order in which the
reward is presented is irrelevant. That means the time at which a cycle occurs is
irrelevant. In the discounted case this is not true anymore. Consider again the
MRP from Figure 2.3 (A) with the following two paths π = ((1, 1, 1, 2), (1, 2)).
The MC estimate is 1/2((1 + γ) + 0). The set of paths consistent with this
observation is Π(S) = {((1, 1, 1, 2), (1, 2)), ((1, 1, 2), (1, 1, 2)), ((1, 2), (1, 1, 1, 2))}.
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Hence, the MVU uses the cycle (1, 1, 2) besides the observed ones. The MVU
estimate is 1/3((1 + γ)/2 + 2/2 + (1 + γ)/2) = 1/3(2 + γ). Both terms are
equivalent if and only if γ = 1. For this example the Full Information Criterion
applies.

Similarly, for acyclic MRPs the MC estimator is different from the ML/MVU
estimator if γ < 1. Consider a 5 state MRP with the following observed paths:
((1, 3, 4), (1, 2, 3, 5)), a reward of +1 for 3 → 4 and −1 for 3 → 5. The ML
estimate is (1/4γ2 + 1/4γ)(1− 1) = 0, while the MC estimate is 1/2(−γ2 + γ)
which is 0 if and only if γ = 1. Again the Full Information Criterion applies.

2.3.6 Temporal Difference Learning

One would like to establish inequalities between the estimation error of TD and
the error of other estimators like the MVU or the ML estimator. For the acyclic
case TD(λ) is essentially unbiased and the MVU and the ML estimator are
superior to TD. However, for the cyclic case the analyzes is not straightforward,
as TD(λ) is biased for λ < 1 and does not fulfill the Bellman equation. So TD
is in a sense neither in the estimator class of the MVU nor of the ML estimator
and conditioning with a sufficient statistics does not project TD to either of
these estimators.

The bias of TD can be verified with the MRP from Figure 2.3 (A). I.e. for
the case of TD(0), a learning rate of αj = 1/j, γ = 1 and of one path, the

value estimate for state 0 is i/(i + 1)
∑i

j=1 1/j if i cyclic transitions have been
observed. The estimate should on average equal i to be unbiased. However, for
i > 0 it is strictly smaller than i.

While our tools are not usable to establish inferiority of TD, we can still
interpret the weaknesses of TD with it. In the following we focus on the TD(0)
update rule.

Weighting of Examples and Conditioning

We have seen in Section 2.2.4 that a weakness of TD(0) is that not all of the
examples are weighted equally. In particular Equation 2.2 on page 15 suggests
that no observation should be preferred over another. Intuitively, conditioning
suggests so too: For an acyclic MRP TD(0) can be written as V̄i = p̃ij(Rij+γV̄j),
whereas p̃ij differs from the maximum likelihood parameter estimates p̄ij due to
the weighting. Generally, conditioning with a sufficient statistics permutes the
order of the observations and resolves the weighting problem. Therefore, one
would assume that conditioning with the element p̄ij of the sufficient statistics
changes V̄i to p̄ij(Rij + γV̄j). As conditioning improves the estimate, the new
estimator would be superior to TD(0). However, conditioning with just a single
element p̄ij must not modify the estimator at all, as the original path might
be reconstructed from the other observations. E.g. if one observes a transition
1→ 2 and 2→ 3, with 2→ 3 being the only path from state 2 to state 3, then
it is enough to know that transition 1→ 2 occurred and state 3 was visited.

Despite these technical problems, the superiority of p̄ij over p̃ij and the
weighting problem are reflected in the contraction properties of TD(0). Due
to [77] TD(0) contracts towards the ML solution. Yet, the contraction is slow
compared to the case where each example is weighted equally.
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Weighting of Examples and Contraction Factor

We continue with another look at the familiar ML equation: V̄ = r̄ + γP̄V̄ =:
T̄V̄. If the matrix P̄ is of full rank then the ML estimate is the sole fixed
point of the Bellman operator T̄. The ML estimate can be gained by solving
the equation, i.e V̄ = (I − γP̄)−1r̄. Alternatively, it is possible to make a
fixed point iteration. I.e. starting with an initial guess V̄(0) and iterating the
equation, i.e V̄(n) = T̄V̄(n−1). Convergence to the ML solution is guaranteed by
the Banach Fixed Point Theorem, because T̄ is a contraction. The contraction
factor is upper bounded by γ||P̄|| ≤ γ, where || · || denotes in the following the
operator norm. The bound can be improved by using better suited norms (e.g.
[15]). Hence, for n updates the distance to the ML solution is reduced by a
factor of at least γn.

Applying the TD(0) update (Eq. 2.3) to the complete value estimate V̄
using P̄ and a learning rate of 1/n results in

V̄(n) = V̄(n−1) +
1

n

(

r + γP̄V̄(n−1) − V̄(n−1)
)

=
n− 1

n
V̄(n−1) +

1

n
T̄V̄(n−1) =: S̄(n)V̄(n−1).

In this equation the weighting problem becomes apparent: The contraction T̄
affects only a part of the estimate. Yet, the operators S̄(n) are still contractions.
For V̄ and W̄:

||S̄(n)V̄− S̄(n)W̄|| ≤ n− 1

n
||V̄−W̄||+ 1

n
||T̄||||V̄−W̄|| ≤ n− 1 + γ

n
||V̄−W̄||.

The contraction coefficient is therefore at least n−1+γ
n . The ML solution (in

the following V̄) is a fixed point for the S̄(i) and for n iterations the distance is
bounded by

||S̄(n) . . . S̄(1)V̄(0) − V̄|| ≤
∏n−1

i=0 (i + γ)

n!
||V̄(0) − V̄||.

The smaller γ the faster the contraction. Yet, even in the limit the contraction
is much slower than the contraction with the ML fixed point iteration, i.e. for
γ = 0 the distance decreases at least with 1/n while for the ML fixed point
iteration it decreases with γn. For γ = 0.1 and two applications of the Bellman
operator the contraction is at least γ2 = 1/100 and it needs 100 iterations with
the TD(0) equation to reach the same distance.

TD(0) is applied only to the current state and not to the full value vector.
The same can be done with the ML fixed point iteration, i.e. V̄i = p̄ij(R̄ij+γV̄j).
We analyze the contraction properties of this estimator in the empirical part and
we refer to the estimator as the iterative Maximum Likelihood (iML) estimator.
The costs of the algorithm are slightly higher than the TD(0) costs: O(|S|)
(time) and O(|S|2) (space).

The restriction to the current path does not affect the convergence, i.e. the
restricted iteration converges to the ML solution. Intuitively, the convergence
is still guarantied, as a contraction of γ is achieved by visiting each state once
and because each state is visited infinitely often. Using that idea the following
Theorem can be proved:
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Theorem 11. iML is unbiased for acyclic MRPs, converges on average and
almost surely to the true value.

We use this algorithm only for the analysis and we therefore omit the proof.

2.4 Comparison of Estimators: Experiments

In this section we make an empirical comparison of the estimators. We start
with a comparison using acyclic MRPs. For this case the ML estimator equals
the MVU and the MVU solution can be efficiently computed. This allows us to
make a reasonable comparison of the MVU/ML estimator with other estimators.
In a second set of experiments we compare the MVU with the ML estimator
using a very simple cyclic MRP. In a final set of experiments we compare the
contraction properties of iML and TD(0).

We start with a table that summarizes the properties of the different estima-
tors. The row Optimal refers to the class of unbiased estimators and to convex
loss functions. The statement that ML is unbiased if the Full Information Cri-
terion is fulfilled and γ = 1 applies state wise. I.e. for a cyclic MRP there will
exist a state for which the ML estimator is biased. However, if the Full Informa-
tion Criterion applies to a state, then the ML estimator for this state is unbiased.

Estimator MVU ML/LSTD TD(λ) (First-visit)
MC

Convergence a.s., L1 a.s., L1 a.s., L1 a.s., L1

Cost (Time) exp? O(|S|3) O(|S|) O(|S|)
Cost (Space) O(|S|3) O(|S|) O(|S|)
Unbiased

√
Acyclic or Cr. 3
and γ = 1

Acyclic
(minor ch.)

√

Bellman Acyclic
√

Optimal
√

Acyclic or Cr. 3
and γ = 1

Cr. 3 and γ = 1

2.4.1 Acyclic MRPs

We performed three experiments for analyzing the estimators. In the first ex-
periment we measured the MSE in dependence to the number of observed paths.
In the second experiment we analyzed how the MRP structure affects the esti-
mation performance. As we can see from Corollary 4 the performance difference
between “MDP” based estimators such as TD or ML and model free estimators
like MC depends on the ratio between the number of sequences hitting a state
s itself and the number of sequences entering the subgraph of successor states
without hitting s. We varied this ratio in the second experiment and measured
the MSE. The third experiment was constructed to analyze the practical use-
fulness of the different estimators. We measured the MSE in relation to the
calculation time.

Basic Experimental Setup We generated randomly acyclic MRPs for the
experiments. The generation process was the following: We started by defining
a state s for which we want to estimate the value. Then we generated randomly
a graph of successor states. We used different layers with a random number
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of states in each layer. Connections were only allowed between adjacent layers.
Given these constraints, the transition matrix was generated randomly (uniform
distribution). For the different experiments, a specific number of starts in state
s was defined. Beside that, a number of starts in other states were defined.
Starting states were all states in the first layers (typically the first 4). Other
layers which were further apart from s were omitted as paths starting in these
contribute few to the estimate, but consume computation time. The distribution
over the starting states was chosen to be uniform. Finally, we randomly defined
rewards for the different transitions (between 0 and 1), while a small percentage
(1 to 5 percent) got a high reward (reward 1000). Beside the reward definition,
this class of MRPs contains a wide range of acyclic MRPs. We tested the
performance (empirical MSE) of the ML, iML, MC and TD estimators. For
the first two experiments the simulations were repeated 300 000 times for each
parameter setting. We splitted these runs into 30 blocks with 10 000 examples
each and calculated the mean and standard deviation for these. In the third
experiment we only calculated the mean using 10 000 examples. We used the
modified TD(0) version which is unbiased with a learning rate of 1/i for each
state. The ML solution was computed at the end and not at each run. This
means no intermediate estimates were available, which can be a drawback. We
also calculated the standard TD(0) estimates. The difference to the modified
TD(0) version is marginal and therefore we did not include the results in the
plots.
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Figure 2.4: MSE of ML, iML, TD(0) and MC in relation to the number of
observed paths. The state space consisted of 10 layers with 20 states per layer.
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Experiment 1: MSE in Relation to the Number of Observed Paths

In the first experiment, we analyzed the effect of the number of observed paths
given a fixed rate of ps = 0.2 for starts in state s. The starting probability for
state s is high and beneficial to MC (The effect of ps is analyzed in the second
experiment). Apart from ML, all three estimators perform quite similarly with
a small advantage for iML and MC (Figure 2.4). ML is even for few paths
strongly superior and the estimate is already good for 10 paths. Note that, due
to the scale the improvement of ML is hard to observe.

Experiment 2: MSE in Relation to the Starting Probability

"Extra"  Paths (2k)
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Figure 2.5: MSE of ML, iML, TD(0) and MC in relation to the starting prob-
ability of the estimated state. The state space consisted of 10 layers with 20
states per layer.

In the second experiment we tested how strongly the different estimators
use the Markov structure. To do so, we varied the ratio of starts in state
s (the estimator state) to starts in the subgraph. The paths which start in
the subgraph can only improve the estimation quality of state s if the Markov
structure is used. Figure 2.5 shows the results of the simulations. The x-axis
gives the number of starts in the subgraph while the number of starts in state s
was set to 10. We increased the number exponentially. The exponential factor
is printed on the x-axis. x = 0 is equivalent to always start in s. One can see
that the MC and ML estimator are equivalent if in each run the path starts
in s. Further, for this case MC outperforms TD due to the weighting problem
of TD (Section 2.3.6). Finally, TD, iML and ML make a strong use of paths
which does not visit state s itself. Therefore, TD becomes superior to MC for
a higher number of paths. The initial plateau for the TD estimator appeared
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in the modified and the standard version. We assume that it is an effect of the
one step error propagation of TD(0). For the one step error propagation a path
starting in a state s′ in the ith layer can only improve the estimate if i paths
are observed that span the gap between s and s′. The probability of such an
event is initially very small but increases with more paths.

Experiment 3: MSE in Relation to Calculation Time
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Figure 2.6: MSE in relation to the computation time of the ML, iML, TD(0)
and MC estimator. The left plot shows pure computation time (we excluded
computation time for MRP calculations like state changes). In the right plot,
an extra factor for each observed path is included (one second per path). The
state space consisted of 10 layers with 20 states per layer. We tracked for a
given number of paths (ML: 10-50, iML, TD(0), MC: 10-1000) the MSE and
the computation time. The plot was constructed with the mean values for every
number of paths.

In many practical cases the convergence speed per sample is not the impor-
tant measure. It is the convergence speed per time that is important. The time
needed for reaching a specific MSE level consists of the MSE for a given number
of paths, the costs to calculate the estimate from the sample, and the costs for
generating the paths. We constructed an experiment to evaluate this relation
(Figure 2.6). We first tested which estimator is superior if only the pure esti-
mator computation time is regarded (left part). For this specific MRP the MC
estimator converges fastest in dependence of time. The rate for starts in state s
was 0.2, which is an advantage for MC. The ratio will typically be much lower.
The other three estimators seem to be more or less equivalent. In the second
plot a constant cost of 1 was introduced for each path. Through this the pure
computation time becomes less important while the needed number of paths
for reaching a specific MSE level becomes relevant. As ML needs only very few
paths, it becomes superior to the other estimators. Further, iML catches up
on MC. For higher costs the estimators will be drawn further apart from ML
(indicated by the arrow). The simulations suggest that MC or TD (dependent
on the MRP) are a good choice if the path costs are low. For higher costs ML
and iML are alternatives.
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2.4.2 Cyclic MRPs: MVU - ML Comparison
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Figure 2.7: A: The plot shows the difference in MSE between the ML estimator
and the MVU (MSE(ML)- MSE(MVU)) for 10 paths and different values of γ
and p. In the top right part the MVU is superior and in the remaining part
the ML estimator. B: The plot shows the MSE of the ML, the MVU and the
MC estimator and the bias of ML in dependence of the number of paths for
p = γ = 0.9. 30 000 samples were used for the mean and the standard deviation
(30 blocks with 1000 examples).

Calculating the MVU is infeasible without some algebraic rearrangements.
Yet, the algebraic rearrangements get tricky, even for simple MDPs. We there-
fore restrict the comparison of the MVU and the ML estimator to the simplest
possible cyclic MDP, i.e. the MDP from Figure 2.3 (A). The MC and ML value
estimates are

1

n

n∑

u=1

iu∑

j=0

γiu =
1

1− γ
− 1

n

n∑

u=1

γiu+1

1− γ
and

(1− p̄)

∞∑

i=0

1− γi+1

1− γ
p̄i =

1

1− γ
− γ

1− γ

1− p̄

1− γp̄
,

where iu denotes the number of times the cycle has been taken in run u. The
MVU sums the MC estimates over all consistent sets, i.e. over all vectors
(k1, . . . , kn) which fulfill

∑n
u=1 ku = s :=

∑n
u=1 iu. With the normalization

N being the size of this set the MVU is

1

nN

∑

(k1,...,kn)=s

MC(k1) + . . . + MC(kn)

=
1

nN

s∑

k1=0

. . .

s−k1...−kn−2∑

kn−1=0

MC(k1) + . . . + MC(kn).

The number of times ku takes a value j is independent of u, i.e. MC(k1) appears
equally often as MC(kn) if k1 = kn. Therefore, it is enough to consider MC(k1)
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and the MVU is

1

N

s∑

k1=0

MC(k1)

s−k1∑

k2=0

. . .

s−k1...−kn−2∑

kn−1=0

1 =:
1

N

s∑

k1=0

MC(k1)C(k1).

Finally, the coefficient is C(k1) =
(
s+n−2−k1

n−2

)
and the normalization is N =

(
s+n−1

n−1

)
. The derivation can be done in the following way. First, observe that

1 =
(
kn

0

)
. Then, that

∑s−k1...−kn−2

kn−1=0

(
kn

0

)
=
(
1+(s−k1...−kn−2)

1

)
(e.g. rule 9 in [3]

on page 13). And finally that

s−k1...−kn−3∑

kn−2=0

(
1 + (s− k1 . . .− kn−2)

1

)

=

s−k1...−kn−3∑

kn−2=0

(
1 + kn−2

1

)

.

Iterating these steps derives the normalization and the coefficients. In summary
the MVU is given by

1

1− γ
− 1

(1− γ)
(
s+n−1

n−1

)

s∑

i=0

(
s + n− 2− i

n− 2

)

γi. (2.11)

We compared the MVU with the ML estimator in two experiments. The results
are shown in Figure 2.7. One can observe in Figure 2.7 (A) that high probabili-
ties for cycles are beneficial for ML and that the discount which is most beneficial
to ML depends on the probability for the cycle. We have seen in Section 2.3.4
that the Bellman equation enforces the estimator to use all cycle times from 0
to “∞” and thus in a sense “overestimates” the effect of the cycle. Furthermore,
the probability for the cycle is underestimated by ML, i.e. E[p̄] < p (Section
2.3.4), which can be seen as a correction for the “overestimate”. The parameter
estimate is independent of the true probability and the discount. Therefore, a
parameter must exist which is most beneficial for ML, i.e. ML is biased towards
this parameter. The experiment suggests that the most beneficial parameter p
is close to 1, meaning that ML is biased to systems with high probabilities for
cycles.

In Figure 2.7 (B) the results of the second experiment are shown. In this
experiment γ = p = 0.9 and the number of paths is varied. One can observe
that the difference between the ML and the MVU estimator is marginal in
comparison to the difference to the MC estimator. Furthermore, the bias of ML
approaches quickly to 0 and the MVU and the ML estimator become even more
similar.

2.4.3 Contraction: ML, iML and TD(0)

In a final set of experiments we compared the contraction factor of different
operators. We generated randomly transition matrices for a state space size of
100 and applied the different operators. The results are shown in Figure 2.8.
The left plot shows the results for the usual Bellman operator and the bound
for different discount values. In the middle the TD(0) update equation is used
and in the right plot the Bellman operator is applied state wise, whereas the
state is chosen randomly from different priors. The prior probabilities for states
1, . . . , n := |S| are given by: p1 = (1− c)m, p2 = (1− c + 1/(n− 1))m, . . . , pn =
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Figure 2.8: The three plots show the contraction rate of different operators to
the ML solution. The x-axis denotes the number of applications of the operators
and the y-axis shows the distance to the ML solution. The left and the center
plot are normed with the initial distance (before the first application). Left:
The Bellman operator is used. The discount γ varies from 0.3 to 0.9. For each
discount value the empirical distance and the bound (dotted line) is plotted.
Center: Same setting as in the left plot but with the “TD(0)” operator. Right:
In this plot γ = 0.9. The ML curve corresponds again to the Bellman operator.
For the other three curves only single states are updated with the Bellman
operator, whereas the states which are updated are chosen randomly. The
percent values denote the deviation from the uniform prior for the states (0%
means uniform). For the single state curves not one update was performed per
iteration but |S| many.

(1 + c)m, where m = 1/n (mean) and c denotes the deviation from the uniform
prior. If c = 0 then we got a uniform distribution. If c = 0.1 then p1 =
0.9m, p2 = (0.9 + 1/(n− 1))m, . . . , pn = 1.1m.

While we were not able to proof that TD is in general inferior to ML, respec-
tively to iML the plots suggest this to be the case for typical MRPs. Especially,
the contraction of TD (middle plot) to the ML solution is magnitudes slower
than the contraction using the Bellman operator. The state-wise update reduces
the contraction speed further. The right plot shows the difference between the
fixed point iteration and the state-wise update with the Bellman operator (cor-
responding to iML). The contraction factor of the state-wise update depends
crucially on the distribution of visits of the different states. At best (i.e. uni-
form distribution over the states) the contraction is about |S|-times slower than
the contraction with the Bellman operator applied to the full state vector.

2.5 Summary

In this work we derived the MVU and compared it to different value estimators.
In particular, we analyzed the relation between the MVU and the ML estimator.
It turned out that the relation between these estimators is directly linked to the
relation between the class of unbiased estimators and estimators that fulfill the
Bellman equation. If the ML estimator is unbiased then it is equivalent to the
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MVU and more generally the difference between the estimators depends on the
bias of ML. This relation is interesting, in particular as the estimators are based
onto two very different algorithms and proving equivalence using combinatorial
arguments is a challenging task. Furthermore, we demonstrated in this work
that the MC estimator is equivalent to the MVU in the undiscounted case if both
estimators got the same amount of information. The relation to TD is harder to
characterize. TD is essentially unbiased in the acyclic case and therefore inferior
to the MVU and the ML estimator in this case. In the cyclic case TD is biased
and our tools are not applicable.

We want to conclude the section with open problems. Possibly, the most
interesting problem is the derivation of an efficient MVU algorithm. The com-
binatorial problems that must be solved appear to be formidable. Therefore,
it is astonishing that in the undiscounted case the calculation essentially boils
down to calculating the ML estimate. In particular, the exponential runtime of a
brute force MVU algorithm which is intractable even for simple MRPs decreases
in this case to an O(n3) factor. This efficiency is mainly due to the irrelevance
of the time at which a reward is observed. In the discounted case the time of
an observation matters and the algorithmical difficulties increase considerably.
Instead of the full geometric series of ML with arbitrary long paths it seems
to be needed to make a cutoff at a maximum number of cycles, i.e. replacing
(I− γP̄)−1 with something like (I− γP̄s)(I− γP̄)−1. Yet, Equation 2.11 shows
that a weighting factor is associated with each time step and the MVU equation
is not that simple.

Another interesting question concerns the bias of the ML estimator. We
showed that the normalizations {Ni ≥ 1} are the reason for the bias. Further-
more, if the Full Information Criterion applies then the normalization problem
is not present and we used a theorem from [69] to deduce unbiasedness of ML
for this case. Yet, there seems to be a deeper reason for the unbiasedness of the
ML estimator and the theorem from [69] appears to be an implication from this
and from Corollary 4 (MVU=MC).

2.5.1 Discussion

In the discussion section we address two questions: (1) What is the convergence
speed of the MVU? (2) Which estimator is to be preferred in which setting? In
this section the emphasis is put onto gaining intuition and not on mathematical
rigor.

Convergence Speed We are interested in the MSE and in the small devia-
tion probability of the MVU. First, let us state the variance and the Bernstein
inequality (e.g. [54]) for the first-visit MC estimator with n paths available for
estimation:

V[V̄ (n)] = MSE[V̄ (n)] =
1

n
V[R] and

P(|V̄ (n) − V | ≥ ε) ≤ 2 exp

(

− ε2n

2V[R] + 2dε/3

)

,

where V[R] is the variance in the cumulated reward (see [72] for the variance of
an MRP) and d is an upper bound for the cumulated reward of any path, i.e.
|∑Rt − V | < d.
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How about the MVU? In the undiscounted case the MVU has the same vari-
ance and small deviation probability if the Full Information Criterion applies.
The quality increases with further paths into the graph of successor states. In-
tuitively, the improvement in quality depends on the ”distance” of the entry
point s′ in the successor state graph to the state s of which we want to estimate
the value. A natural distance measure for this setting is the probability to move
from state s to s′. Furthermore, the improvement will depend on the variation
in the cumulative reward of paths starting in s′. Paths, that run through regions
in which the reward has high variance will yield a better performance increase
than paths which run through near deterministic regions. The performance will,
however, be lower bounded by the case that all of these N paths start directly
in s. Therefore, for undiscounted MRPs the rough lower bound (1/N)V[R] will
hold:

1

N
V[R] ≤ MSE[E[V̄ (n)|S]] ≤ 1

n
V[R].

If starts in the successor graph are c times more often than starts in s, i.e.
N = cn then

1

c
MSE[V̄ (n)] ≈MSE[E[V̄ (n)|S]].

Similarly, a “reasonable” Bernstein bound of the small deviation probability will
lie between

2 exp

(

− ε2N

2V[R] + 2dε/3

)

= 2 exp

(

− cε2n

2V[R] + 2dε/3

)

and

2 exp

(

− ε2n

2V[R] + 2dε/3

)

.

Choosing an Estimator Our study shows that we got essentially a tradeoff
between computation time and convergence speed per sample. As one would
expect, the methods which converge faster have a higher computation time.
It seems that the fast methods with bad convergence speed are superior if we
consider pure computation time (Experiment 3, Section 2.4.1). However, if
there are costs involved for producing examples, then the expansive methods
become competitive. In a high cost scenario it currently seems best to choose
the ML/LSTD estimator. The MVU might become an alternative, but an ef-
ficient algorithm is currently missing. Furthermore, the algorithmic problems
restricted the numerical comparison to ML and it is unclear in which setting
which estimator is superior.

2.A Unbiased TD(λ)

In this section we introduce a (minorly) modified TD(λ) estimator. The es-
timates are, in contrast to the standard TD(λ) estimator, independent of the
initialization. In the acyclic case this is already enough to guarantee unbiased-
ness of TD(λ). We first discuss the TD(0) case. This case contains the major
arguments in an accessible form.
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2.A.1 TD(0)

We first restate the TD(0) equation through unfolding the recursive definition
(eq. 2.3, p. 15).

Lemma 12. If the TD(0) estimator is initialized with 0 then for an acyclic
MRP it equals

V̄ (n)
s =

n∑

i=1

βiR
(i) +

∑

s′∈S

( n∑

i=1

Ti,s′βiγV̄
(i−1)
s′

)

,

where βi :=
(

αi

∏n
j=i+1(1−αj)

)

, R(i) is the received reward in path i and Ti,s′

a random variable which is one if in run i the state s′ followed upon state s and
is zero otherwise.

Proof. The recursive TD(0) definition (eq. 2.3) can be written as: V̄
(n)
s =

V̄
(n−1)
s (1− αn) + αn(R(n) + γV̄

(n−1)
s′ ). Substituting V̄

(n−1)
s :

V̄ (n)
s =

(
γV̄ (n−2)

s (1− αn−1) + αn−1(R
(n−1) + γV̄

(n−2)
s′′ )

)
(1− αn)

+ αn(R(n) + γV̄
(n−1)
s′ )

=γV̄ (n−2)
s (1− αn−1)(1 − αn) + αn−1(1 − αn)(R(n−1) + γV̄

(n−2)
s′′ )

+ αn(R(n) + γV̄
(n−1)
s′ ) = . . .

=

n∑

i=1

(

αi ·
n∏

j=i+1

(1− αj)
)(

R(i) + γV̄
(i−1)

s(i−1)

)

=:

n∑

i=1

βi

(

R(i) + γV̄
(i−1)

s(i−1)

)

.

The estimate contains the values V̄
(0)
s′ which bias the estimator towards the

initialization. The estimator can be made unbiased for acyclic MRPs by exclud-
ing these values and by guarantying that the βi sum to one. With the following
simple modification2 we exclude the initialization values and we guarantee that
the sum is one:

Modification 1 Modified TD(0)

if V̄
(i)
s has seen no example then

set the learning rate for this step to 1.
end if
if V̄

(i)
s′ has seen no example then

first update the estimate V̄
(i)
s′

end if
Use the TD(0) update rule (2.3).

Setting the learning rate for the first example to 1 eliminates the initialization
of Vs itself. The second rule assures that the initialization of the estimators of

2The modification is easy to implement with a TD(λ) algorithm. λ is set to 0 if the
successor state is initialized and it is set to 1 if the successor state is not. Further, the initial
learning rate must be 1.
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the successor states is eliminated. Setting the learning rate α1 to 1 has also the
effect that the weighting factors βi sum to one, independent of the learning rate.
For example for n=3, we have

∑3
i=1 βi = 1(1−α2)(1−α3)+α2(1−α3)+α3 = 1.

Theorem 13. The modified TD(0) estimator is unbiased if the MRP is acyclic.

Proof. We prove this by induction. We start with the terminal states for which
V̄s = 0 = Vs holds. The induction step considers now the states which have
only successors that have already been handled. This way the complete state
space will be addressed. The expectation has the form (Lemma 12):

E

[ n∑

i=1

βiR
(i) +

∑

s′∈S

( n∑

i=1

Ti,s′βiγV̄
(i−1)
s′

)∣
∣
∣Ks = n

]

=

E

[ n∑

i=1

βiR
(i)
∣
∣
∣Ks = n

]

+
∑

s′∈S

n∑

i=1

βiγE

[

Ti,s′ V̄
(i−1)
s′

∣
∣
∣Ks = n

]

=

E

[ n∑

i=1

βiR
(i)
∣
∣
∣Ks = n

]

+
∑

s′∈S

pss′

n∑

i=1

βiγE

[

V̄
(i−1)
s′

∣
∣
∣Ks = n

]

.

It remains to show that E

[

V̄
(i−1)
s′

∣
∣
∣Ks = n

]

is unbiased. For i ≥ 2 this follows

from the induction hypothesis. For the case i = 1 Modification 2 guarantees
that the estimator has at least one example for estimation and is unbiased due to
the induction hypothesis. Further, the βi’s sum to one due to the modification
and

∑

s′∈S
pss′γVs′

∑n
i=1 βi =

∑

s′∈S
pss′γVs′ .

2.A.2 TD(λ)

The TD(λ) case is essentially the same. The main difference is that the estimates
of all states of a path are used. Therefore, it is not enough that the estimators
of the direct successor states are set to “reasonable” values, but all states of the
path must be:

Modification 2 Modified TD(λ)

if V̄
(i)
s has seen no example then

set the learning rate for this step to 1.
end if
if for a successor s′ in the path V̄

(i)
s′ has seen no example then

first update the estimate V̄
(i)
s′

end if
Use the TD(λ) update rule.

Theorem 14. The modified TD(λ) estimator is unbiased if the MRP is acyclic.

Proof. Proof by induction. Induction Hypothesis: E[V̄s|Ks = n] = Vs.
Induction Basis: For terminal states the Hypothesis trivialy holds.
Induction Step: Let π(i, j) be state i in path j and let Rπ(i,n) be the reward
received at state j in run i. In the acyclic case TD(λ) can be written as
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V̄ (n)
s = (1− αn)V̄ (n−1)

s + αn

(
∑

i=1

(γλ)i−1Rπ(i,n) + γ(1− λ)
∑

i=2

(γλ)i−2V̄π(i,n)

)

= (1− α1)V̄
(0)
s +

n∑

j=1

βj

(
∑

i=1

(γλ)i−1Rπ(i,j) + γ(1− λ)
∑

i=2

(γλ)i−2V̄π(i,j)

)

.

We suppressed the “iteration” index of V̄π(i,j) for readability. Like in the TD(0)

case βj :=
(

αj

∏n
k=j+1(1− αk)

)

. Applying the expectation operator and using

α1 = 1, we get

E[V̄ (n)
s |Ks = n] (2.12)

= E





n∑

j=1

βj

(
∑

i=1

(γλ)i−1Rπ(i,j) + γ(1− λ)
∑

i=2

(γλ)i−2V̄π(i,n)

)∣
∣
∣
∣
∣
Ks = n





=

n∑

j=1

βj

(
∑

i=1

(γλ)i−1
E[Rπ(i,j)|Ks = n] + γ(1− λ)

∑

i=2

(γλ)i−2
E[V̄π(i,j)|Ks = n]

)

.

(2.13)

Instead of E[Rπ(i,j)] and E[V̄π(i,j)] we use E[Ri] and E[V̄i] in the following to
denote the expected reward in step i, respectively the expected value estimate
in step i (expected state times expected value estimate for that state). Due to
the induction hypothesis

E[V̄i|Ks = n] = Vi =
∑

j=i

γj−i
E[Rj ].

Substituting this term into equation 2.13:

n∑

j=1

βj




∑

i=1

(γλ)i−1
E[Ri] + γ(1− λ)

∑

i=2

(γλ)i−2
∑

j=i

γj−i
E[Rj ]



 .

Taking a specific E[Ri], we see that for the coefficient

(γλ)i−1 + γ(1− λ)(γi−2λi−2 + . . . + γi−2λ + 1)

= γi−1



λi−1 + (1− λ)

i−2∑

j=0

λj



 = γi−1

(

λi−1 + (1− λ)
1 − λi−1

1− λ

)

= γi−1

holds. We know already that the βj sum to one. Hence, the modified TD(λ) is
unbiased.

2.B Proofs

2.B.1 Unbiased Estimators - Bellman Equation

Theorem 1 For any estimator P̄ there exists an MRP and a γ ∈ (0, 1) such
that V (P̄) is biased.
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Proof. We use the MRP from Figure 2.3 (A) with the reward setting R11 := 0
and R12 := 1, n = 1 and p̄ being a parameter estimator. For V (p̄) to be
unbiased, it must hold that

E

[ ∞∑

i=0

γip̄i

]

=

∞∑

i=0

γipi ⇒
∞∑

i=0

γi(E[p̄i]− pi) = 0.

If the equality holds for all γ ∈ (0, 1), then E[p̄i] = pi. Otherwise, with xi :=
E[p̄i]− pi and xn being the first term different from 0: |γnxn| = |

∑∞
i=n+1 γixi|

and therefore |xn| = |γ
∑∞

i=n+1 γi−(n+1)xi|. The sequence |xi| is bounded, i.e.

|xi| < 2 for all i because |E[p̄i]− pi| ≤ |E[p̄i]|+ |pi| ≤ 2. Hence,

|γ
∞∑

i=n+1

γi−(n+1)xi| ≤ γ

∞∑

i=n+1

γi−(n+1)2 =
2γ

1− γ
.

With γ := |xn|/(2− |xn|) the term and the remaining part of the sum becomes
smaller than |xn|. This contradicts the assumption. Hence, E[p̄i] must equal pi

for all i.
Hence, p = E[p̄], E[p̄2] = p2 = E[p̄]2, . . . , E[p̄i] = pi = E[p̄]i and therefore all

central moments of p̄ are zero. Consequently, p̄ must be a constant. Otherwise,
we would get a contradiction with the following argument: The possible values
of p̄ are countable (countable many outcomes). We denote the values with ai and
with qi the probabilities for the values ai. From E[p̄2] = E[p̄]2 it follows that
∑∞

i=0 qia
2
i =

∑∞
i=0

∑∞
j=0 qiqjaiaj ⇒

∑∞
i=0

∑

j 6=i qiqjaiaj = 0. Furthermore,
qi, ai >= 0 for all i and therefore qiqjaiaj = 0 for all i 6= j. As a consequence,
there can be only one ai > 0. Because of unbiasedness it holds that ai = p/qi

and qia
2
i = p2 = a2

i q
2
i . This is impossible as qi 6= 0.

The only possibility is now that p̄ is a constant with p̄ = p. This, however,
is not a well defined parameter estimator.

2.B.2 Markov Reward Process

Lemma 15. A MRP with finite state space and iid sequences forms an s-
dimensional exponential family, where s is the number of free MRP parameters.

Proof. A family {Pθ} of distributions is said to form an s-dimensional exponen-
tial family if the distributions Pθ have densities of the form

pθ(x) = exp

( s∑

i=1

ηi(θ)Ti(x)−A(θ)

)

h(x) (2.14)

with respect to some common measure µ [51]. Here, the ηi and A are real-valued
functions of the parameters, the Ti are real-valued statistics and x is a point
in the sample space. The η’s are called natural parameters. It is important
that the natural parameters are not functionally related. In other words no
f should exist with η2 = f(η1). Otherwise, the family forms only a curved
exponential family [51]. A curved exponential family is not complete. Firstly,
we demonstrate that the transition distribution forms an exponential family.
The density can be written as

P(X1 = π(1), . . . , Xl = π(l)) =

∞∏

i=1

P ci
πi

= exp
( ∞∑

i=1

ci log Pπi

)

,
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with π(i) being the observed paths, (πi)i∈N the set of paths, ci the number of
times path i has occurred and Pπ the probability of path π. The parameters Pπ

are redundant. We explore now the MRP structure to find natural parameters
that are not functionally dependent. The size of this set of parameters is the
number of necessary MRP parameters, that is

]Starting States− 1 +
∑

i∈S

(
]Direct Successors of i− 1

)
.

We reformulate the exponential expression to reduce the number of parame-

ters. First, one can observe that
∏∞

i=1 P ci
πi

is equivalent to
∏

i∈S

(

pni

i

∏

j∈S
p

µij

ij

)

,

where ni is the number of starts in state i. The parameters are still redundant:
Let state 1 be a starting state and S the remaining set of starting states, then
p1 = 1−∑j∈S pj . Furthermore, we got one redundant parameter pij for every
state i. The first problem can be overcome by using A(θ) in the following way:
n log

(
1−∑i∈S pi

)
+
∑

i∈S ni log pi

(1−
∑

j∈S
pj)

. Here, A(θ) equals the n term and

ni is the number of starts in state i. Using the same approach for the transition

parameters results in Ki log
(

1−∑j∈S(i) pij

)

+
∑

j∈S µij log
pij

(1−
∑

u∈S(i) piu)
,

with S(i) being the set of successor states of i without the first successor. This
time the Ki term cannot be moved into A(θ), as Ki is data dependent. This
problem can be overcome by observing that Ki = ni +

∑

j∈S
µji and by splitting

the Ki terms. As a result we get

exp

(

n log

(

1−
∑

i∈S

pi

)

1−
∑

u∈S(1)

p1u



+
∑

i∈S

ni log
pi

(

1−∑u∈S(i) piu

)

(

1−∑j∈S pj

)

+
∑

i

∑

j∈S(i)

µij log
pij

(

1−
∑

u∈S(j) pju

)

(

1−∑u∈S(i) piu

)

)

.

If the reward is deterministic and the examples consist of state sequences, then
the MRP forms an exponential family. If the reward is a random variable then
it depends on the distribution of this random variable. In many cases, like
for the binomial or multinomial distribution, the resulting MRP still forms an
exponential family.

2.B.3 MVU

Theorem 5 E[V̄ |S] converges on average and almost surely to the true value.

Proof. The estimator converges on average, because E[|E[V̄ |S] − V |] ≤ E[|V̄ −
V |] n→∞−→ 0, where n denotes the number of observed paths. The inequality fol-
lows from the Rao-Blackwell Theorem, respectively from the Jensen inequality
because | · | is convex.

It converges almost surely if the density function is bounded (e.g. discrete
or gaussian reward distribution). Convergence follows from lim V̄ = V a.s. ⇒
E[lim V̄ |S] = V a.s. ([7][§15 Conditional Expectation]) and from E[lim V̄ |S] =
lim E[V̄ |S]. The later equality holds due to an integral convergence theorem
from [8][Theorem 15.1]. The theorem can be applied because V̄ converges in L1
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and because the change in measure induced by S does not effect L1 convergence
(Bounded density and [8][Theorem 14.8]).

2.B.4 ML Estimator

Theorem 6 The ML estimator is unbiased if the MRP is acyclic.

Proof. The value function can be written as

Vs = E[Rs] +
∑

s′∈S

∑

π∈Πss′

Pπγ|π|
E[Rs′ ],

where Πss′ is the set of paths from s to s′, Pπ the probability of path π, |π|
the length of the path and E[Rs] =

∑

s′∈S
pss′E[Rss′ ]. The ML estimator can

be written in the same form, whereas Pπ is replaced with P̄π :=
∏

i p̄πiπi+1 and
the expected reward with the reward estimator. The sample mean estimator
p̄ is unbiased and the reward estimator is unbiased if, for example, the reward
distribution is multinomial or gaussian. The main problem is to show that P̄π

is unbiased, i.e. that

E

[∏

i

p̄πiπi+1

∣
∣
∣Ks = n

]
?
=
∏

i

pπiπi+1 .

The last of these estimators (denote it with pŝˆ̂s) is conditionally independent of
the others given the number of visits of state ŝ (Kŝ). This is also the main point
where acyclicity is needed. Using this together with the law of total probability
and the fact that p̄ is unbiased, leads to the following statement (with L being
the length of the path π):

E

[L−1∏

i=1

p̄πiπi+1

∣
∣
∣Ks = n

]

=

n∑

l=1

E

[L−1∏

i=1

p̄πiπi+1

∣
∣
∣Ks = n, Kŝ = l

]

P[Kŝ = l|Ks = n]

ind
=

n∑

l=1

E

[L−2∏

i=1

p̄πiπi+1

∣
∣
∣Ks = n, Kŝ = l

]

pŝˆ̂sP[Kŝ = l|Ks = n]

= pŝˆ̂s

n∑

l=1

E

[L−2∏

i=1

p̄πiπi+1

∣
∣
∣Ks = n, Kŝ = l

]

P[Kŝ = l|Ks = n]

= pŝˆ̂sE

[L−2∏

i=1

p̄πiπi+1

∣
∣
∣Ks = n

]

.

We used that for l = 0 the last estimator p̄ in the product is zero. The procedure
has to be repeated for every p̄. As a result the expectation of this estimator is
equal to the path probability. One can handle the reward estimator with the
same procedure. In summary we find that the value estimator is unbiased.

2.B.5 Counterexample: MVU/MC - ML

We show by means of counterexamples that neither the MVU is superior to
the ML estimator nor is the ML estimator superior to the MVU or to the
MC estimator. We use again the MRP from Figure 2.3 (A) with the following

45



CHAPTER 2. OPTIMAL UNBIASED VALUE ESTIMATION

reward setting R11 := 0 and R12 := 1 and n = 1. As we showed before, the
value for state 1 is (1 − p)/(1 − γp) and the ML estimate is (1 − p̄)/(1 − γp̄),
where p̄ = i/(i+1) and i denotes the number of times the cyclic connection has
been taken. The MC estimate and therefore the MVU estimate is given by γi.
Because of the unbiasedness of the MVU/MC estimator the MSE is given by:

MSE[V̄1] = E[V̄ 2
1 ]− V 2

1 = (1 − p)

∞∑

i=0

γ2ipi − (1 − p)2

(1− γp)2

=
p(1− p)

(1− γp)2(1− γ2p)
(1− γ)2,

where V̄1 denotes the MVU/MC estimator. For the MSE of the ML estimator
¯̄V1 we need to calculate the first and the second moment. The first moment:

E[ ¯̄V1] = (1− p)

∞∑

i=0

1− p̄

1− γp̄
pi = (1− p)

∞∑

i=0

1

1 + (1 − γ)i
pi.

In the following, we chose γ such that (1 − γ)−1 = m ∈ N. The sum can then
be written as

m(1− p)

pm

∞∑

i=0

1

m + i
pm+i =

m(1− p)

pm

( ∞∑

i=1

pi

i
−

m−1∑

i=1

pi

i

)

=
m(1− p)

pm

(

ln
1

1− p
−

m−1∑

i=1

pi

i

)

.

The second moment:

E[ ¯̄V 2
1 ] = (1− p)

∞∑

i=0

(1 − p̄)2

(1− γp̄)2
pi = (1− p)

∞∑

i=0

1

(1 + (1− γ)i)2
pi

=
(1− p)m2

pm

∞∑

i=0

1

(m + i)2
pm+i =

(1 − p)m2

pm

( ∞∑

i=1

pi

i2
−

m−1∑

i=1

pi

i2

)

.

The infinite sum is called Spence function or dilogarithm and is denoted with
Li2(p). Using these terms one can derive the MSE:

(1− p)2m2

pm(m(1 − p) + p)

(

m(1− p) + p

(1− p)

(

Li2(p)−
m−1∑

i=1

pi

i2

)

− 2

m(1 − p)

(

ln
1

1− p

−
m−1∑

i=1

pi

i

)

+
pm

(m(1 − p) + p)

)

.

For γ = p = 1/2 the MSE of the MVU/MC estimator is 0.127 and 0.072 for the
ML estimator. Contrary, for p = 0.99 the MSE of the MVU/MC estimator is
0.0129 and 0.0219 for the ML estimator.
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2.C Supplementary Material

2.C.1 Convergence Proof and Unbiasedness of iML

Theorem 16. iML is unbiased for acyclic MRPs. Futhermore, it converges in
the average and almost surely to the true value.

Proof. We start with unbiasedness. The proof is similar to the TD proof.

E[V̄s|Ks = n] = E

[

R̄s + γ
∑

s′∈S

µss′

Ks
V̄

(k(s′))
s′

∣
∣
∣Ks = n

]

= Rs +
γ

n

∑

s′∈S

E[µss′ V̄
(k(s′))
s′ |Ks = n].

We use the conditional independence between µ and V̄s′ given the number of
visits to s′:

∑

m=1

E[µss′ V̄
(ks′ )
s′ |Ks′ = m, Ks = n]

=
∑

m=1

E[µss′ |Ks′ = m, Ks = n]E[V̄
(ks′ )
s′ |Ks′ = m, Ks = n]

=
∑

m=1

E[µss′ |Ks′ = m, Ks = n]Vs′

= Vs′

∑

m=0

E[µss′ |Ks′ = m, Ks = n] = npss′Vs′ .

We continue with the almost sure convergence. We prove the discounted case.
The undiscounted case where from each state a terminal state can be reached
is nearly identical.

Almost sure convergence holds if and only if for every ε1, ε2 there exist an
N such that for n ≥ N P[{supm≥n ||V̄(m) − V||∞ > ε1}] < ε2, where || · ||∞
denotes the sup-norm.

We start with the case that the update equation is V̄(n+1) = T(n)V̄(n),
where T(n) := r̄(n) + γP̄(n) is a contraction with contraction factor γ. Due to
the Banach fixed point theorem (T(n))lx converges to the unique fixed point
V̄(n) for l→∞ and any x.

The fixed point V̄(n) = (I − γP̄(n))−1r̄ depends continuously on r̄ and P̄.
Continuous dependency can be observed by noting that for invertible matrices
A,B: ||A−1 −B−1|| = ||A−1(B−A)B−1|| ≤ ||A−1||||B−1||||A−B|| and that

||(I− γP̄(n))−1|| = ||
∑

γiP̄(n)i || ≤
∑

γi||P̄(n)||i = 1
1−γ , where || · || denotes the

operator norm (using || · ||∞ for the elements). Hence, for every ε a δ exists with
||V̄(n) −V||∞ ≤ ε if ||P̄(n) −P|| ≤ δ and ||̄r(n) − r||∞ ≤ δ.

P̄(n) and r̄ converge almost surely. We chose N such that for n ≥ N the
probability of the event C := {supm≥n ||P̄(m) − P|| < ε̃} ∩ {|| supm≥n r̄(m) −
r||∞ < ε̃} is greater than 1 − ε2, where ε̃ is chosen such that for m ≥ N :
||V̄(m) − V||∞ ≤ ε := ε1

8 (1 − γ) holds. Thus for event C all the V(m) are
contained in an ε1

8 (1− γ)-ball around V.

We now got the problem that in each step another contraction operator T(m)

is applied each with its own fixed point. However, each of the operators drags
the value estimate to the ball Uε(V). Notice that the ball Uε(V) must not be
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reached, but the estimate will be dragged into the larger ball Uε1(V). First, we
observe that for ||x−Uε(V)||∞ > ε1

2 any T(m) contracts towards Uε(V) at least

with 1+γ
2 < 1:

||T(m)x−T(m)Uε(V)||∞ ≤ ||T(m)x− V̄(m)||∞ + ||V̄(m) −T(m)Uε(V)||∞
≤ ||T(m)x− V̄(m)||∞ + ε ≤ γ||x− V̄(m)||∞ + ε ≤ γ||x− Uε(V)||∞ + 2ε

≤ γ + 1

2
||x− Uε(V)||∞

as (1+γ
2 − γ)||x − Uε(V)||∞ − 2ε = 1−γ

2 ||x − Uε(V)||∞ − (1−γ)ε1
4 ≥ 0. Hence,

a factor l exists, such that (T(m))lx ∈ Uε1(V) for each x on the event C and
almost sure convergence follows.

In the case of iML we update only one state in each turn, e.g. for state

i: x̃ = T
(n)
i x, where T

(n)
i is for j 6= i the idendity and is for i given by x̃i =

r̄
(n)
i +γp̄

(n)
i• x. For simplicity assume that r̄ and p̄ does not change with n. For a

sequence of operators T̃ = Ti1 . . .Tiu
where each state is updated at least once,

we have ||T̃x− T̃y||∞ ≤ γ||x− y||∞, because for x̃ = Tix and ỹ = Tiy we have
|x̃i − ỹi| = γ|p̄i•(x− y)| ≤ γ||x− y||∞. As sequences of the form i1 . . . iu occur
infinitely often with probability one the convergence in || · ||∞ is established.
Convergence does not depend on the norm as the different norms on R|S| are

equivalent. The case where T
(n)
i depends on n is proved the same way as the

T(n) case.
Convergence in the average can for bounded reward functions be shown

with the Lebesgue convergence theorem. Because V̄
(n)
i → Vi almost surely,

V̄
(n)
i ∈ L1 and for all n: |V̄(n)

i | ≤ rmax ∈ L1 the theorem can be applied and
proves L1 convergence.
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2.C.2 iML Algorithm

Algorithm 3 iML

Procedure main
init: K=0, µ = 0, A = 0
for i = 1 to number of paths do

step 1: Observe starting state s
step 2: Run: estimate(s)

end for

Procedure estimate(s)
if s is absorbing state then

return
end if
step 1: Take one step and observe reward r and successor state s′

step 2: Run: estimate(s’)
step 3: Update estimate:

V̄ (s)← K(s)

K(s) + 1

(

V̄ (s)− γ
µ(s, s′)

K(s)
A(s, s′)

)

+
γ

K(s) + 1

(

µ(s, s′)V̄ (s′) + r
)

step 4: Update µ, K and A:

µ(s, s′)← µ(s, s′) + 1

K(s)← K(s) + 1

A(s, s′)← V̄ (s′)
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CHAPTER 3

Risk Sensitive Control: Mean-Variance Tradeoffs

Abstract

It is common in Reinforcement Learning to choose strategies that maximize the
mean without regarding the corresponding variance. This strategy, however, is
undesirable in many cases as the derived policies are unreliable and the per-
formance may have high positive and negative peaks causing fatal effects (e.g.
the bankruptsy of a trading company). In operations research several varia-
tions of mean-variance tradeoffs are used to control the variance and thus, the
risk. The application of this mean-variance tradeoffs in a Reinforcement setting
is straight forward. However, the objectives have the drawback that a policy
iteration cannot be applied and the optimization is slow, leading to problems
for large state spaces. We overcome this problem by deriving a variation of the
mean-variance objective that is solvable by policy iteration and thus, allows us
to use common methods such as the Temporal Difference Learning. Further-
more, we derive estimators for the variance of a policy which can be used for
evaluation of the associated risk. We compare the objectives and the methods
in different experimental settings. We use two tasks from the series of paper by
D. J. White on Markov Decision Processes with real-world applications for the
evaluation.

3.1 Introduction

In Reinforcement Learning (RL), an agent interacts with an unknown environ-
ment and attempts to maximize its cumulative reward. However, a policy that
maximizes the reward is not necessarily reliable and the gained reward can vary
arbitrarily over different runs. In many settings such a fluctuation is harmful
and one is willing to trade in some of the expected reward for reliability. Dif-
ferent traders at a financial market, for example, will have different preferences
over the risk that they are willing to accept. A risky trader may go for the max-
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imum payoff while a conservative trader will be more satisfied with a strategy
that yields smaller payoff but has high reliability. In this work we introduce
objectives to RL that incorporates preferences about the risk.

Little attention has thus far been paid to such risk-sensitive objectives in
RL. In contrast, in the field of operations research several studies have addressed
risk-sensitive objectives for Markov Decision Processes (MDPs) [72, 33]. One
common approach for risk-sensitive objectives is the mean-variance tradeoff,
where the mean is penalized by the variance. Unlike the maximum expected
reward criterion, however, the mean-variance objective leads to an optimization
problem that is hard to solve. In fact, the intuitive mean-variance tradeoff that
uses the variance of an MDP appears unusable [72] and one needs to fall back
on alternative objectives [33].

Here, we provide an overview of the popular approaches that incorporate a
measure for the variance and discuss how they can be applied to the RL setting.
In general, the risk-sensitive objectives lead to non-linear programs (mostly
concave programs) that cannot be solved with a policy iteration. Corresponding
optimization methods for the objectives rely on all MDP parameters and thus,
are practically impossible to apply to MDPs with large state spaces. We present
an alternative objective by approximating the discount-normalized variance [33]
using a Taylor series. While there is some loss in quality, the optimziation
problem can be solved efficiently with standard approaches such as a value-
policy iteration using the Temporal Difference estimator.

Since there are number of alternative objectives, the question is which of
them is the ”best”, or rather, what is ”best”. In this work we take the intuitive
mean-variance criterion as the benchmark. While the optimziation problem with
this criterion is not solvable, it still is the ”correct” measure of the variance.
Alternative objectives, thus, should not result in strategies which results in poor
performances with respect to this criterion.

If the MDP is not fully known, one must rely on estimates of the variance
to analyze the risk of different policies. Variance estimators can be constructed
in complete analogy to value estimators. We introduce two estimators that are
straight forward to derive: (1) the Monte-Carlo variance estimator (MC) and
(2) the Maximum-Likelihood estimator (ML). The ML value estimator is also
known as the Least-Squares Temporal Difference Estimator (LSTD, [19]). We
derive basic properties such as the almost sure convergence for these estimators.

In an empirical evaluation we compare the risk-sensitive objectives and meth-
ods in different MDPs. We use two MDPs from the series of papers of D. J.
White [82, 83, 84] for the evaluation. In these papers White collects models that
had an industrial “impact”, i.e., models which had certain influence onto indus-
trial decisions. These papers are quite dated and the models used are relatively
simple, but not as arbitrary as artificially created examples.

The first scenario is the control of storage reservoirs for the Grand Coulee
plant at Columbia River. The reservoirs of the hydroelectric system collect
water during high river flows for use during low flows season. A model for this
task is described in [52]. Data of the river flows is available online. Monthly
data during 1955-2005 were used.

The second task deals with claim decisions by policyholders in car insurance
systems [79]. The goal is a decision rule on filing or not filing a claim when
an accident occurs according to the current risk category of the driver and the
number of claims that have already been filed.
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3.2 Preliminaries and Definitions

We begin with basic definitions. A Markov Decision Process (MDP) M on
states S = {1, . . . , N} and with actions a1, . . . , ak consists of: (1) transition
probabilities pa

ij ≥ 0, which for any action a, and any states i and j, specify
the probability of reaching state j from state i after executing action a. Thus,
∑

j pa
ij = 1 for any state i and action a. (2) Starting probabilities qi ≥ 0, which

specify the probability to start in state i, thus
∑

i qi = 1. (3) A payoff or
reward Rij , for each transition from state i to j. For simplicity we assume
a deterministic payoff, however, the extension to a random payoff is straight
forward. A policy in M is a mapping π : {1, . . . , N} → {a1, . . . , ak}. An MDP
M , combined with a policy π, yields a Markov Reward Process (MRP) on the
states.

It is useful to use matrix notation in discussing MDPs. State i is then
represented by a vector of length N with all elements being zero except the ith
which is one. The transition probabilities for policy π are given by the stochastic
matrix Pπ , where Pπ

ij = pa
ij and a = π(i). Similarly, the payoff for the states is

given by a vector rπ of length N , where the ith element is given by:
∑

j pa
ijRij .

We write P instead of Pπ if we do not want to refer to the policy π, e.g. the
policy stays the same.

The usual goal in RL is to find a policy which maximizes the expected
future reward (value). The value of a state i given a policy π is defined as
Vπ = Eπ[

∑∞
t=0 γtRt|s0 = i], where Eπ denotes the expectation with respect to

the policy π, s0 is the state at time t = 0, Rt is the received reward at time
t and γ ∈ (0, 1] is the discount factor. The average value for a given starting
distribution q is denoted with Vπ,q = Eπ,q[

∑∞
t=0 γtRt]. The value can also be

written as a function of the transition matrix and the reward, v := V (Pπ , r) :=
(I − γPπ)−1r, where I is the identity matrix. An important task in RL is the
estimation of the value from observations and a number of different estimators
have been proposed for this goal, including the Monte-Carlo estimation (MC)
and the Maximum Likelihood (ML)/Least-Squares TD (LSTD, [19]).

The MC estimate is the sample mean of the cumulative discounted reward,
1
n

∑n
i=1

(
∑∞

t=0 γtR
(i)
t

)

, where n is the number of paths and R
(i)
t is the received

reward in path i at step t. The estimate converges a.s. and the estimator is
unbiased if each path is used only once (First visit MC, [69]).

An alternative approach is to use the value equation in combination with
a maximum likelihood parameter estimate p̄a

ij . The parameter estimate is the
sample mean of taking transition i → j given state i and action a. The value
estimator is then given by V (P̄π , r), where P̄π is the sample mean, respectively
the maximum likelihood estimate of the transition matrix. The resulting ML
estimator is equivalent to the LSTD estimator [19] and the value estimate is also
known as the value of the certainty-equivalence model. The estimator converges
a.s..

3.3 Risk Sensitive Control

Mean-Variance tradeoffs are studied for a long time in operations research. A
milestone is the work from Sobel in 1982 [72]. Sobel presented a formula for
the variance of a MDP and a counter-example for the usability of the intuitive
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mean-variance tradeoff. The variance is given by

V(P, R) := (I− γ2P)−1θ

with θi :=
∑

j

pij(Rij + γvj)
2 − v2

i . (3.1)

However, the intuitive mean-variance approach, i.e., maxπ V (Pπ, R)−λV(Pπ , R)
cannot be used. The reason lies in the missing monotonicity of the variance.
Having monotonicity implies that a policy which is “good” for successor states
of a state i is also “good” for state i. This does not hold for the variance.
Monotonicity is related to the existence of optimal stationary policies and to
the convergence of a policy improvement algorithm to an optimum. As the
variance lacks the monotonicity, there is no guarantee that an optimum exists
and that a policy improvement algorithm converges [72].

3.3.1 Discount Normalized Variance

Whilst the variance is truly meaningful as a measure of uncertainty, the corre-
sponding optimization problem seems to make the approach inapplicable. Due
to this problem “alternative” definitions of the variance have been proposed
(e.g. [33]). Two important alternatives are the stage-wise and the discount-
normalized variance [33]. Assuming that the rewards at different stages t are
independent the variance can be rewritten with the Biénayme equality as fol-
lows:

Vπ

[ ∞∑

t=0

γtRt

]

=
∞∑

t=0

γt
Vπ [Rt] .

The right hand side of the equation is the definition of the stage-wise variance.
Only in trivial MDP’s the Rt’s will be independent and therefore both definitions
will in general differ.

While the objective using the stage-wise variance is appealing, the corre-
sponding optimization problem is still problematic for two reasons. First, the
algorithm in [33] requires a “product” of MDPs to solve the optimization prob-
lem and thus the state space size increases to |S|2. Second, as shown in the
example in [33], the corresponding mean-variance cost function C does not ful-
fill the recursive equation Ci = ci + γ

∑
pijCj , where ci is the direct costs

occuring in i. The problem lies in the squared bias term Eπ[Rt]
2. For example,

for t = 3:

E1[Rt]
2 =

(
∑

i1

p1i1γ
∑

i2

pi1i2γ
∑

i3

pi2i3Ri2i3

)2

= γ2
∑

i1

∑

ĩ1

p1i1p1̃i1
Ei1 [Rt]

2
Eĩ1

[Rt]
2.

It is thus questionable whether a policy iteration can be applied.
The second alternative definition of the variance, i.e., the discount-normalized

variance, is in a sense a further simplification of the stage-wise variance. As seen
above, the main problem with the stage-wise variance is the mean term Eπ[Rt]
around which the fluctuation is measured. For the discount-normalized vari-
ance this term is replaced with the average reward (1 − γ)Vπ,q. (1− γ) is used
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to normalize the “weights” γt for the rewards Rt, i.e. (1 − γ)
∑

γt = 1. The
discount-normalized variance, denoted hereafter by V , is defined as:

Vπ,q :=

∞∑

t=0

γt
Eπ,q

[
(Rt − (1 − γ)Vπ,q)

2
]

= Eπ,q

[ ∞∑

t=0

γtR2
t

]

− (1 − γ)V 2
π,q.

In summary, V and V are similar if the rewards at different time steps are
independent and if (1− γ)Vπ,q is a good approximation of E[Rt]. Independence
of the Rt’s is related to the independence between the future behavior and
the current state, e.g. the probability to enter a state u is independent of the
current state: piu ≈ pju for i, j ∈ S. The similarity between (1 − γ)Vπ,q and
E[Rt] depends largely on the time t and on γ as the weighting for Rt is (1−γ)γt,
e.g. for γ = 0.1 the coefficient is approximately 10−t. However, as the resulting
term is scaled by another γt to calculate V the difference in the mean is not
that cruicial.

3.3.2 Taylor Approximation of the Discount Normalized
Variance

The quadratic terms of the mean-variance objective introduces few undesired
properties, some of which can be avoided by replacing E[(

∑

t γtRt)
2] with the

term
∑

t γtE[R2
t ] and E[Rt]

2 with (1− γ)V 2
π,q. Yet, the associated optimization

problems are still computationally expensive and moreover, a policy iteration
cannot be applied. The problem arises from the V 2

π,q term. Similar to E[Rt]
2,

this term introduces products pi1i2pĩ1 ĩ2
which prevent us from formulating the

cost function recursively and thus from applying a policy iteration. One way to
overcome this problem is a linearization of the normalization term using a first
order Taylor approximation around an expansion point V0, i.e.

V 2
π,q ≈ 2Vπ,qV0 − V 2

0 .

Using this approximation we are nearly able to apply a policy iteration. The
final problem is the average with respect to q. As different states have different
prior ”weights” qi, there will be a problem with the recursive definition. The
easiest way to avoid this complication is to omit averaging and use the value of
the current state. We denote the corresponding approximation of the discount-
normalized variance with V. The complete approximation of the variance for a
state i and policy π is given by

Vi,π := Ei,π

[ ∞∑

t=0

γtR2
t

]

− (1− γ)(2Vi,πV0 − V 2
0 ).

The linearization of the normalization induces multiple effects. The advan-
tages are the computation time and the possibility to formulate the cost function
recursively to derive a policy iteration. The disadvantage is that the approx-
imated value may be far off if we take an inappropriate expansion point. In
particular, care must be taken that V0 does not overestimate the value. Other-
wise the normalization term may end up being higher than the second moment
term and thus, the “variance” can be negative.
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3.3.3 Mean-Variance Tradeoffs

Using V , respectively V, mean-variance tradeoffs can be defined. We begin with
the mean-variance tradeoff using to the Taylor approximation, as the optimiza-
tion is straight forward.

Taylor Approximation

The Mean-Variance Tradeoff for the Taylor approximation is given by

max
π

Vπ − λVπ . (3.2)

Rewriting this to formulate a recursive expression and dropping the index π
gives:

Vi − λVi = Ei

[ ∞∑

t=0

γt(Rt − λR2
t )

]

+ 2λV0(1− γ)Vi − (1 − γ)λV 2
0

︸ ︷︷ ︸

=:c

= Ei

[ ∞∑

t=0

γt(1 + 2λV0(1 − γ)Rt − λR2
t )

]

− c.

The constant c is uneffected by the policy and can be ignored for the optimiza-
tion. The first term on the right hand side of the equation is the value term
with a modified reward, i.e. R̃t := 1 + 2λV0(1− γ)Rt − λR2

t . One can therefore
treat the optimization problem like an ordinary value optimization and apply
the usual methods.

Discount Normalized

The tradeoff corresponding to the discount-normalized variance is given by

max
π

Vπ − λVπ. (3.3)

The optimization is not as straight forward as for the Taylor approximation.
Yet, in [33] it is shown that this optimization problem is well-posed, i.e, there is
an optimum and the corresponding policy is stationary and deterministic. Due
to [33] the optimal policy is the solution of the following quadratic optimization
problem with linear constraints:

Optimization Problem: Discount Normalized

max
x

∑

i,a

Riaxia − λ
∑

i,a

R2
iaxia + λ(1 − γ)

(∑

i,a

Riaxia

)2

s.t.
∑

i,a

(δij − γpa
ij)xia = qj and xia ≥ 0.

Here, ria :=
∑N

j=1 pa
ijRij and xia denotes the probability to select action a

in state i. The maxima of the optimization problem correspond to deterministic
policies. At the extreme points for every state i only one xia is greater than
zero and the optimal policy is simply π(i) = a for xia > 0. For the optimization
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problem, there are specialized and efficient algorithms (concave minimization
under linear constraints, [42]). We used the standard algorithm for constraint
nonlinear programming (Matlab Optimization Toolbox) which worked well for
our tasks. There are different alternatives to this optimization problem. See
[43] and [73] for details.

3.3.4 Estimation

If the MDP parameters are unknown then two common approaches are: (1)
use maximum likelihood estimates of the parameters, treat the estimate of the
MDP as the true MDP and apply the usual optimization methods (certainty
equivalence approach); or (2) estimate the costs for the different states and use
these estimates in a value-policy iteration like optimization.

The first approach has the advantage that the estimates converge fast in
dependence of the number of observed paths. For example, the ML/LSTD
value estimator usually massively outperforms the value estimators such as the
TD(λ). The disadvantage is the high computational costs as the number of
parameters that must be to estimateed are in the order of |S|2, e.g., for 1000
states we need to keep track of about 1000 000 entries.

Similar to the first approach, the second approach has the disadvantage of
slow convergence per observed path and the advantage of low computational
costs. It is for example needed to keep track of only |S| entries.

For the discount-normalized objective only the first approach is applicable
and the size of the MDP for which the optimization is computationally tractable
is rather small, i.e. some thousands of states.

The Taylor approximation has got the advantage that the second approach
can be applied and thus, the objective can be used for large state spaces.

3.4 Evaluation of the Risk: Variance Estimation

Although the variance of an MDP cannot be used for the optimization, it is still
the “correct” measure of the risk associated with a policy. It is thus useful to
have estimators of the variance at hand to evaluate the found solutions, might
they be derived from value maximization, the discount-normalized tradeoff or
completely different objectives. We introduce two variance estimators: the MC
and the ML variance estimator. The latter converges faster but is only applicable
for small numbers of states.

3.4.1 Monte Carlo Variance Estimator

The MC estimate is the sample mean of the variance of the cumulative dis-
counted reward, where a normalization of 1/(n−1) is used to make it unbiased:

1

n− 1

n∑

i=1

( ∞∑

t=0

γtR
(i)
t − V̄

)2

,

R
(i)
t is the received reward in path i at step t and V̄ is the MC estimate of the

value.
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Analogous to the MC value estimator, there are different possibilities if a
state is visited for multiple times in a run [69]. If each path is used only once
for each estimate (First visit MC ), then the estimator is unbiased. The proof
of this property and of almost sure convergence is straight forward:

Lemma 17. The First-visit MC variance estimator is unbiased and converges
almost surely.

3.4.2 Maximum Likelihood Variance Estimator

We use Equation (3.1) with the maximum likelihood estimates to get an esti-
mator for the variance:

V(P̄, R) = (I− γ2P̄)−1θ̄ with θ̄i :=
∑

j

p̄ij(Rij + γv̄j)
2 − v̄2

i

where, v̄i is the ML value estimate for state i. It is straight forward to show
the convergence:

Lemma 18. The ML variance estimator V(P̄, R) converges almost surely.

Proof. The sample mean parameter estimates converge a.s. due to the strong

law of large numbers [7], i.e. p̄ij → pij (a.s.). That means P{limn p̄
(n)
ij 6= pij} =

0. As we have a finite set of parameters

P{An i, j exists with lim
n

p̄
(n)
ij 6= pij} = P

(⋃

i,j

{lim
n

p̄
(n)
ij 6= pij}

)

≤
∑

i,j

P{lim
n

p̄
(n)
ij 6= pij} = 0.

Hence, P({limn V(P̄(n), R) 6= V(P, R)}) = 0 and the estimator converges a.s..

The ML variance estimator has different desirable properties concerning bias
and convergence speed per sample. In particular, it is nearly unbiased for the
acyclic and the undiscounted MDPs. Furthermore, the difference between the
ML estimator and the optimal unbiased estimator depends essentially on the
size of the bias. In the unbiased case both are equivalent and for small bias
values they are very similar. With optimal we refer to the expected loss where
the loss function needs to be convex. An example for such an expected loss is
the mean squared error (MSE).

We restrict the discussion to the acyclic. We first split the estimator into a
second moment part and a value part:

Proposition 3.4.1. V(P, R) is equal to M(P, R)− V (P, R)� V (P, R), where

M(P, R) = (I− γ2P)−1ϑ with ϑi :=
∑

j

pij(R
2
ij + 2γRijvj).

M(P, R) is the second moment of the reward sequence and � denotes the entry
wise multiplication.
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Proof. V(P, R) = M(P, R)−V (P, R)�V (P, R) is the standard variance decom-
position, e.g. [7]. Equation (3.1) can be written as V(P, R) = θ+ γ2PV(P, R).
Combining the equations

M(P, R)− V (P, R)� V (P, R) = θ + γ2P
(
M(P, R)− V (P, R)� V (P, R)

)

⇒M(P, R) =
(
θ + V (P, R)� V (P, R)− γ2PV (P, R)� V (P, R)

)

︸ ︷︷ ︸

ϑ

+γ2PM(P, R)

⇒M(P, R) = (I− γ2P)−1ϑ.

The ML variance estimator is biased even for the acyclic MDPs. The reason
is analogous to that of the sample mean the normalization, i.e. 1/(n) instead of
1/(n− 1). Yet, for the associated estimator of the second moment we got

Lemma 19. For the acyclic MDP the estimator M(P̄, R) of the second moment
is unbiased and the unbiased estimator with minimal expected loss if the loss
function is convex.

Essentially, one needs to show that the estimator is unbiased. The op-
timallity statement follows then from the Rao-Blackwell theorem [51] as the
maximum likelihood parameter estimates are a complete sufficient statistics for
a MDP. The derivation of unbiasedness is analogous to the case of the ML value
estimator.

3.5 Experiments

We performed three sets of experiments. In the first set we compared the val-
ues of the different “variances”. In the second set, we determined the optimal
policies with respect to the value, the discount-normalized, and the Taylor ap-
proximation trade-off. In the last set we compared the performance of the
variance estimators.

3.5.1 Tasks

For the evaluation, we used two models that were applied to real-life situations.
These models were chosen from the papers from D. J. White [82, 83, 84]. In
these papers MDPs that had an impact onto industrial decisions were collected.

Grand Coulee Plant

Water reservoirs of a hydroelectric system collect water during the high river
flow and use during low flows, aiming to generate adequate amounts of electricity
that meet the demand throughout the year. In [52], the amount used and stored
at the reservoir for the Grand Coulee steam plant on the Columbia River is
modelled to find the optimum water usage. The model consists of: an electricity
demand; the predicted amount of water influx (probability density function
generated from the 39-year record of river flows); the amount stored before and
after the usage; and the action. The action is defined as the amount of water
used to generate the electricity (indexed by 1 to 24). The states are defined by
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Figure 3.1: The left two plots are scatter plots of the true variance, the Discount
Normalized variance and the Taylor approximation (line/row 1: true variance;
2: Discount Normalized; 3 Taylor Approximation). Each point corresponds to
a different policy. On the diagonal the marginals are plotted for the different
variances. The right two plots compare Discount Normalized with the Taylor
Approximation for different expansion points (distance 0 to 90%, see text).

the current amount stored (1 to 40) and the month of the year (1 to 12). The
transition probabilities depend on the predicted water influx of the month the
amount used at the hydroelectric system. Rewards depend on the state and the
action (Equation 5 in [52]).

Automobile Insurance

In most automobile insurance systems the insurance premium depends on the
number of filed claims per year. In [79] the german automobile insurance system
is modelled. We use this model with the slight simplification that we assume
stationarity over the years. The state is given by the number of accidents that
occured in a year (0 to 4) and the risk category of the insured (1 to 10). The
actions are the number of claims filed (0 to 4). The transition probabilities
depend deterministically on the old risk category and the number of claims filed
(Table 1 in [79]) and probabilistically on the number of occured accidents. The
number of occurences is modelled in [79] with a Poisson distribution. We used
a mean of 2. The rewards depend solely on the risk category (Equation 1 and
Table 1 in [79]).

3.5.2 Comparison of the “Variances”

To compare the values of the different ”variances”, we generated random policies
for the two models and calculated the mean-variance costs (10000 runs). Figure
3.5.1 shows the results. One can observe that the Taylor approximation is well
correlated with the discount normalized variance (2 and 4). Yet, the discount
normalized is only well correlated with the true variance for the insurance data
(3) while it is decorrelated for the Grand Coulee data (1). The right side of the
Figure shows the effect of the expansion point (growing distance from bottom
to top). While the values differs strongly the correlation stays nearly the same
(for the insurance data this is hard to observe on the plot).
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3.5.3 Mean-Variance Tradeoffs

We calculated optimal policies for the data sets based on: value, discount nor-
malized and Taylor Tradeoff. We measured the performance with the value
equation, with the true variance and with the discount normalized variance.
We were unable to calculate the discount normalized solution for the Grand
Coulee data set, as the memory requirement was too high. The optimal value
policy is best for the Grand Coulee data with regard to the variance. The rea-
sons are two: (1) the discount normalized variance is rather decorrelated from
the true variance and (2) the optimization of the value reduces for this MDP
strongly the variance.

Task Grand Coulee
Policy Discount-Normalized Taylor Value
Value NA 4.55 · 109 6.4 · 109

Variance NA 7.64 · 1015 3.99 · 1015

D-N Variance NA 1.88 · 1018 2.78 · 1019

Task Insurance
Policy Discount-Normalized Taylor Value
Value 615 615 632
Variance 9.06 · 104 9.06 · 104 9.52 · 104

D-N Variance 2.21 · 104 2.21 · 104 2.22 · 104

3.5.4 Variance Estimation

We compared the ML and MC variance estimators. The following table shows
the MSE (10000 runs). First number is for Gr. Coulee, second for Insurance.
The errors are scaled by the terms written beside ML and MC. ML is in the
order of magnitudes better than MC.

Runs 10 20 30 40 50
ML (103/106) 5.45/5.93 4.43/3.08 2.56/1.98 2.46/1.06 0.57/0.48
MC (106/109) 5.8 /8.38 4.81 /7.99 3.35/7.82 1.9/7.75 0.53/7.7

3.6 Summary

We introduced different Risk-Sensitive objectives to RL. In particular, we de-
rived a Taylor approximation for the discount normalized variance. The quality
of the approximation is very good in the simulations. The discount normalized
variance, however, is not always a good measure for the true variance. Care
must therefore be taken in applying the objectives. The simulations suggest
that the solutions should be cross-checked with the true variance or with vari-
ance estimators.
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Sensoric Processing and
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CHAPTER 4

Navigation Using Slow Feature Analysis and

Reinforcement Learning

Abstract

We present an adaptive control system for navigating a robot using camera im-
ages. The main feature of the system is the visual processing which generates
a Fourier expansion on the area in which the robot acts. In our approach the
system for visual processing is not “hard-coded” but learned from examples of
the concrete environment using a Slow Feature Analysis. The control is learned
by applying the Least-Squares Policy Iteration and the Least-Squares Temporal
Difference Value estimator onto the learned visual features. The combination
of the linear value estimator and the features corresponding to the elements
of the Fourier expansion turns out to be a powerful tool to approximate value
functions. The navigation capability of the control system is demonstrated and
analyzed on a real robot as well as in simulated environments. In addition, we
derive a Kernel Slow Feature Analysis to increase the capability of the prepro-
cessing.

4.1 Introduction

A long term goal of robotics is to develop robots that can reliably interact with
everyday environments to support humans in all kinds of tasks. One major
difficulty for such robotic systems is the immense variability of environments
and tasks. Assume, for example, that a company wants to sell a cleaning robot.
Every robot will face a different household and owner with particular expecta-
tions about what the robot should do. Therefore, it appears to be impossible
to predefine the control and it seems more reasonable to aim for a robot that
adapts quickly to the household and the task. As the task is only known to
the owner, there is a need of interaction with him. The usual owner will not
have a technical background and the interaction should therefore stay as simple
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Figure 4.1: Left Side: Top view of a quadratic room and a path taken by the
robot. Right Side: Transformation of the camera images in relation to the
delay.

as possible. A natural and simple way for such an interaction is by means of
reward and punishment. Adaptation to the concrete task can then be achieved
by applying Reinforcement Learning methods.

A major problem with real-world environments is that no state space is
available, but only sensory observations of the environment. In recent years a
feature space setting has become increasingly popular in Reinforcement Learn-
ing, which can be applied to such environments. Different value estimators
like Least Squares Temporal Difference Learning (LSTD, [19, 18]) and policy
iteration methods like Least Squares Policy Iteration (LSPI, [50]) have been de-
veloped for this setting. The methods, however, rely on a well structured input
space to achieve a good performance. In most cases, raw sensory observations
are not sufficient and a sophisticated preprocessing is needed. Images from a
camera, for example, induce a high-dimensional space and it is intractable to
apply methods like LSTD directly.

In the feature space setting the performance of a learned control depends
strongly on how well the value function can be approximated. The question
now is, can we construct a feature space that facilitates the approximation
capabilities? Furthermore, the feature space should be low dimensional such
that methods like LSTD and LSPI can be applied and topological properties
of the environment like the distance between states should be preserved in the
feature space. I.e. if states s and s′ have a small distance then φ(s) and φ(s′),
where φ denotes the mapping into the feature space, should also have a small
distance in feature space. The motivation for this property is that the difference
in value between states usually depends on the distance between the states, i.e.
two states that are close by will have a similar value.

To make the feature space low dimensional is certainly not a problem. More
interesting is the value approximation problem. This problem is, however, ex-
tensively studied in approximation theory (e.g. [27]) and we can use results
from there. In this work we use a “classical” approximation space: the space of
trigonometric functions. Projecting a function into this space corresponds to a
Fourier transform of this function.

Till here it sounds straight forward to construct a “good” feature space, but
there is a catch! We want to construct trigonometric functions on our unknown
state space. How should that be possible if we have only sensory data like camera
images detached from the state space? The key idea is now that images from the
robot camera are temporally close by if they correspond to similar coordinates,
i.e. two images that are taken with a delay of 1 second will correspond to similar
coordinates while images that are taken with a delay of 100 seconds are likely
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to be far apart (Figure 4.1). Therefore, a function that has small distances in
feature space for temporally close feature vectors will automatically have small
distances with respect to the coordinates in the environment. We can put it
differently: the topology of the environment corresponds to the topology that
is induced by the temporal structure in the observed sensory data.

This similarity between the topologies allows us to define optimization prob-
lems that generate a feature space with a distance measure that is related to
the distances in the environment, i.e. φ(s) ∼ φ(s′)⇔ s ∼ s′, where φ(s) corre-
sponds to the representation in feature space of state s and ∼ refers to suitable
metrics in feature space, respectively in the environment. One way to define this
as an optimization problem is to enforce small distances between φ(s) and φ(s′)
for states s and s′ that are close to each other. Whereas we need to replace the
minimization with respect to the distance between s and s′ in the environment
with the “temporal distance” between the sensory signals corresponding to s
and s′. The distance in feature space can be measured with different metrics,
like the ones that are induced by the L1- or L2-norm. Beside this distance mea-
sure it is needed to define constraints to avoid trivial solutions like φ(s) = 0 for
all s. Both the metric and the constraints can be used to define the form of the
features. We are interested in generating trigonometric functions, therefore we
need to find the right metric and the constraints which enforce this form under
reasonable assumptions on the initial sampling process.

A method that fulfills all our demands is a method called Slow Feature Anal-
ysis (SFA, [88]), where slow refers to small changes between successive feature
vectors that are enforced by the SFA objective. Under suitable conditions the
SFA optimization problem generates trigonometric functions [87, 34]. Whereas
exact trigonometric functions can only be achieved in theory. In practice these
optimal solutions cannot be achieved because the representation of the data
(images from the video) and the class of functions used (e.g. linear, polyno-
mial) restricts the solution space. A crucial element is the model complexity
and the number of samples that are used for optimization. The original linear
SFA from [88] is to weak to deal with video data. Therefore, in [34] a hierarchi-
cal SFA was developed which can be applied to video data. Yet, the hierarchy
introduces a large number of parameters and the optimization is cumbersome.
Here, we make a kernel based approach and we extend the linear SFA to a ker-
nel SFA to increase the capability of the method. The complexity of the kernel
SFA can directly be adjusted by the number of support vectors that are used.
With growing model complexity the features generated by the kernel SFA get
increasingly similar to the “optimal features”, i.e. the trigonometric functions.

We use the SFA to preprocess the camera images and to generate a “good”
feature space for Reinforcement Learning methods. We use in this work the
LSPI policy iteration in combination with the LSTD value estimator to learn
a control. Here, we use LSTD to estimate Q-values, i.e. values for state-action
combinations. This is needed to circumvent the problem of “building” a model
for transitions between states. Such a model would be needed if we would
estimate values for states.

We tested our system in simple navigation tasks. The goal in these naviga-
tion tasks was always to reach a specific spot inside a room. To evaluate the
performance, we conducted robotic experiments in a small rectangular room and
virtual experiments in two connected rooms. The control system was learned
without prior knowledge about the environment, i.e. no specialized feature de-
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Figure 4.2: The figure sketches the control process for a virtual two room en-
vironment following the arrow from (a) to (d). (a) shows the environment (top
view). The goal is to reach the position G. At the agents position (white ar-
row) a camera image is available which is shown in (b). The image is processed
with the SFA and results in a feature vector (φ1(x, y, θ),φ2(x, y, θ), . . .)> rep-
resenting the position. The current feature vector is marked by the vertical line
connecting the layers (c). The features are weighted by a value approximation
method and summed up to provide the value estimate at that location (bottom
image in (c)). The value estimate is used to navigate the agent (d).

tectors for graphic processing were used. The robot gained a reward if it reached
the goal and a punishment if it crashed into a wall.

The complete control process from the camera image to the control signal
is shown in Figure 4.2. The camera image (b) is preprocessed with SFA. As a
result, we get a feature vector φ, where each component φi corresponds to a
multivariate trigonometric function. The camera image at location (x, y) and
orientation θ is mapped to a vector φ(x, y, θ) (vertical line in (c)). Applying
LSTD onto these features results in a weighted sum of trigonometric functions,
i.e., an approximation of the value function (lowest layer in c). We use this
approximation to control the robot (d).

In the “real-world” robotic experiments the system succeeded (reached the
goal) in 17 of 20 trials if the goal was in the middle of the room and in 15 of 20
trials if the goal was in the lower right corner (Figure 4.7, p. 76).

4.1.1 Alternative Approaches

Camera based navigation using Reinforcement Learning has to our best knowl-
edge not been done before. Visual processing is, however, an active field and
approaches exist that are similar to our visual processing. The approaches that
are most similar address the simultaneous localization and mapping (SLAM)
problem. The goal of SLAM is the estimation of positions of landmarks and of
the camera position (for visual SLAM ). SLAM was originally used with sonar
sensors [71]. Roughly a decade ago, the methods were adapted to visual sensors
[24] and are currently under development by several groups [25, 68, 28].

Many of the SLAM methods rely on extended Kalman filters (EKF) for po-
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sition estimation [24, 28]. The EKF tracks dependencies between landmarks
over different camera positions and therefore has a complexity of O(n2), where
n is the number of landmarks. The complexity makes the approach not usable
for larger environments. One approach that is used to tackle this problem are
particle filters [60, 58]. In this approach each particle represents a camera posi-
tion with the corresponding landmarks. Landmark dependencies over different
camera positions are ignored. The particle filter methods have a complexity of
O(mn), where m is the number of particles. Particle filters have been applied
to visual SLAM by [68] and [28]. An alternative approach to particle filters has
been made in [32]. There, the EKF approach has been extended by producing
independent local maps of limited size. These local maps are stitched together
in a global layer and the algorithm is called hierarchical maps. Recently, in [23]
this approach has been applied to visual SLAM.

Another speedup can be achieved by using so called active measurement
strategies. In the common approach a set of landmarks is available which must
be compared to the camera image. I.e. each landmark is a small 2-D patch and
these patches are convolved with the whole image. If a convolution at a point
(x, y) in the image yields a high value, then the landmark is detected. Testing
each landmark at each position of the image is computationally expensive [68].
Active measurement strategies overcome this problem by incorporating infor-
mation about the expected location of a landmark. This way, visual SLAM can
be performed in real time [25, 23, 28].

Differences The SLAM approach differs from the SFA approach in different
aspects. The SLAM approaches are less adaptive then the SFA approach. Usu-
ally, the SLAM approaches “adapt” to the environment by building a database
of landmarks. In visual SLAM a fixed set of landmark detectors like edge or
corner detectors are usually used for this task. A problem with these detectors
are all sorts of transformations, like rotations or optical distortions (e.g. by
a lens). Approaches to overcome this problem are (1) the application of 2-D
transformations onto the set of landmarks [28], i.e. rotate a corner and per-
form a convolution with the rotated corner and (2) the use of scale and rotation
invariant features (SIFT, [68]). The SFA approach is different. A set of im-
ages from the environment is recorded and the SFA constructs automatically a
visual processing that is best suited to detect differences in this concrete envi-
ronment. For example, if a lot of optical distortions are present in the images,
then the SFA will try to generate a visual processing that is unaffected by these
transformations. So the SFA based system is very specialized to the concrete
environment.

Another difference is that SLAM tracks the current state of the system and
updates this with incoming observations. The SFA based system is instanta-
neous and has no internal estimate of the current state.

4.2 Control: Reinforcement Learning

Our control setting differs from the classical Reinforcement Learning setting as
we observe only camera images and because we have a continuous state space
with discrete actions at discrete time steps. The continuous state space is not
problematic since we use an approximation of the value function [15]. Yet, the
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formal definitions are cumbersome and we fall back to the discrete state space
case for explaining the concepts. The interested reader may, however, consult
[14] for formal details.

We start with the definition of a Markov Decision Process (MDP). A MDP
consists of a state space S, an action space A, transition probabilities pa

ij to
move from state i to state j with action a and a reward ri associated with
state i. The control is introduced through policies π. In this work we use
deterministic and randomized policies. The goal in Reinforcement Learning
is the maximization of the value with respect to the policy. The value for a
state i given a policy π is V π(i) := Eπ [

∑∞
t=0 γtrt|s0 = i], where Eπ denotes the

expectation given policy π, γ ∈ (0, 1] is the discount and rt the reward received
at time t.

We use a policy-iteration (PI) based approach to find a policy that maximizes
the value [76, 15]. The PI algorithm alternates between a policy evaluation and
a policy improvement step. A policy πu at iteration u is evaluated with a value
estimator and the estimate is used to calculate a new policy πu+1. In our setting
we do not observe the states directly. Instead we have observations from a high
dimensional space that represent the states. Instead of a value for each state i,
i.e. V (i), we got now an approximation of the value function, i.e. a function
V that maps an observation o ∈ O representing state i onto an approximate
value (V(o) ≈ V (i)). Instead of the exact PI we must use in this setting an
Approximate Policy Iteration (API, [15]). An API must not converge to the
optimal policy, respectively it can happen that it does not converge at all.

In the following we shortly describe two problems that we encountered in
the practical application of current API approaches and that are rarely docu-
mented: (1) If a value estimator like LSTD is used then a model for the transition
probabilities between states is needed to apply the API. In [31] this problem is
circumvented by providing the system with the true transition model and in [64]
an explicit transition model is learned. Learning a transition model for a com-
plex real-world problem is, however, a challenging task. An easier solution is
provided by switching from value estimation to Q-value (values for state-action
pairs) estimation. This approach is documented in [50] and the method is called
LSPI. We followed this approach.

(2) The sampling, i.e. the movement of the robot is important. If the
sampling of this training data is unbalanced, meaning a lot of transitions are
observed at few locations of the environment or if only a subset of the available
actions are observed then the estimates will be bad for the other locations,
respectively actions. The sampling is particularly problematic for an API if
actions are chosen deterministically (e.g. greedy). For such a sampling the Q-
values are badly estimated for most actions with fatal effects for the API. In
[29] such an approach is taken and is named SARSA. In [50] the problem is
circumvented by using samples (s, a)→ (s′, a′), where only a′ is chosen greedily
while a is chosen randomly. We essentially followed this approach, with the
minor modification of including a sample for every possible action a′ ∈ A (in
our case we had 3 actions). This small modification improved the convergence
properties considerably. Yet, it is just a heuristical modification without a
theoretical argument supporting it.

Popular value/Q-value estimators are linear, i.e. V̄ (φ) = φ>w [19, 29],
where φ is a feature vector (e.g. an preprocessed image). In contrast to su-
pervised learning the value is not observed directly. Therefore, the methods
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minimize the Bellman error. We use in this work the LSTD value estimator.
The corresponding optimization problem and the solution is given by

min
w
||Φ(−Φ̇>

γ w − r)|| ⇒ w = −(Φ̇γKΦ̇>
γ )−1Φ̇γKr,

where Φ ∈ Rk×n denotes the data matrix, K := Φ>Φ, k is the size of the
feature space and n is the number of examples. Furthermore, Φ̇γ ∈ Rk×n

denotes the discrete derivative of the observations scaled by the discount, e.g.
the t’th column is given by γφt+1 − φt.

4.3 Slow Feature Analysis

The goal of the preprocessing are the generation of trigonometric functions on
the environment in which the robot acts. SFA is the method which produces
these functions. We start with defining the SFA optimization problem in a
general form. In the following section we describe the linear SFA from [88] and
we extend it to a kernel SFA. After these sections we describe the “optimal
SFA features” [87, 34]. These features are generated if our model space is
not restricted and if different assumptions concerning the environment and the
sampling are fulfilled. Following that we discuss the approximation properties
of the SFA features and we link them to API convergence statements.

4.3.1 Optimization Problem

Given a sequence of observations x(1), . . . ,x(n) ∈ O, we want to find a set of p
continuous and differentiable mappings φi(x) : O → IR where 1 ≤ i ≤ p that
satisfy [88]:

min s(φi) := IE[φ̇2
i ]

s.t. IE[φi] = 0 (Zero Mean)

IE[φ2
i ] = 1 (Unit Variance) (4.1)

∀j 6= i : IE[φiφj ] = 0 (Decorrelation),

where E denotes the expectation, φ̇ the temporal derivative and s(φi) the slow-
ness. The slowness of a feature φi is measured with the 2-norm. The indices
i are sorted in ascending order according to their slowness. Trivial solutions
like the constant φi(x) = 0 are avoided by the unit variance constraint. The
decorrelation constraint guarantees that more than one function is generated,
i.e. without it all φi would be equivalent.

4.3.2 Linear SFA

We aim to find a set of k functions that solve minimization problem 4.1. The
expectation is replaced with the empirical average Ê with respect to n observa-
tions x(1), . . . ,x(n) ∈ O = IRd. In this section we restrict the solution space in
which we search for a minimizing element to the space of affine functions, i.e.
functions φi(x

(t)) = w>
i x

(t) − ci, where wi is a weight and ci a constant. To
keep the notation simple, we group observations and features into the matrices
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Xit = x
(t)
i and Φit = φi(x

(t)). Instead of the temporal derivative the discrete

temporal derivative Ẋ = [x(2) − x(1), . . . ,x(n) − x(n−1)] is used.

The k solutions are calculated simultaneously in 3 steps [88]:

1. Centering of the data: xc := x− xm, where xm = Ê[x].

2. Sphering of the centered data: xs := Sxc, where Ê[xsx
>
s ] = I. Sphering

establishes unit variance and decorrelation. An eigenvalue decomposition
of the covariance matrix Ê[xcx

>
c ] = 1

n XX> − xmx
>
m = UΛU>, can be

used to determine the sphering matrix S = Λ−1/2U>.

3. Minimizing the slowness : This can only be achieved by a rotation of the
sphered data, since any other operation would violate the already fulfilled
constraints. Again, an eigenvalue decomposition of the covariance matrix
Ê[ẋsẋ

>
s ] = 1

n−1SẊẊ>S> = ŨΛ̃Ũ> can be used. The solutions are given

by the p smallest eigenvectors Ũp.

Combining the steps the affine function φ that solves the optimization is given
by φ(x) = W>x, where W = UΛ−1/2Ũ>

p and c = W>xm

The algorithm has to collect the mean 1
nX1, the covariances 1

nXX>, 1
n−1ẊẊ>

and has to perform two eigenvalue decompositions in step 2 and 3. Since the
eigenvalue decompositions have complexity O(d3), the algorithm has an overall
complexity of max(O(d2n),O(d3)).

4.3.3 Dual Approach - Kernel SFA

Linear methods are usually not powerful enough for real-world applications. The
usual approach to increase their power is an embedding of the data items into a
high-dimensional feature space and an application of the learning algorithm in
this space. This embedding is usually done implicitly with the help of a kernel
function. Learning methods can make use of this approach if they do not need
the coordinates of the data items but only their pair wise inner product.

SFA can be formulated in terms of inner products and the approach can
therefore be applied. For SFA the approach is particularly simple due to the
close relation between kernel and covariance matrix. Furthermore, due to this
relation the linear SFA algorithm needs to be modified only minorly.

Background

In this section we give a rough summary of the needed kernel terminology. For
a detailed introduction see for example [66]. First, let ψ : IRd → IRk be an
embedding of the data items into an usually high dimensional feature space. If
an algorithm is formulated in terms of inner products < ·, · >, then < x,x′ >
can be replaced by < ψ(x),ψ(x′) > and the algorithm can be run in feature
space without modification.

Usually k >> d and algorithms cannot be applied efficiently in feature space.
An alternative is provided by kernels. Instead of an explicit construction of the
feature space kernels imply a feature space, i.e. given a symmetric and positive
definite kernel k(x,x′) a Hilbert space (H, < ·, · >H) and a mapping ψ exists
such that k(x,x′) =< ψ(x),ψ(x′) >H. An inner product based algorithm can
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now be applied by replacing < x,x′ > with k(x,x′). Popular kernels are the
polynomial kernel of degree g k(x,x′) = (x>x′+1)g and the RBF (or Gaussian)

kernel k(x,x′) = exp(− ||x−x
′||22

2σ2 ), where σ denotes the standard deviation.

Covariance Matrix and Kernel Matrix

The SFA algorithm performs an eigenvalue decomposition of the covariance ma-
trix. In feature space this corresponds to nIE[ψψ>] = ΨΨ> = UΛU>, where
Ψit = ψi(x

(t)) denotes the matrix of the embedded samples. The decomposi-
tion has a complexity of O(k3) and is therefore infeasible in a high dimensional
space.

Luckily, the nonsingular eigenvalues of the kernel matrix K = Ψ>Ψ =
VΛV> are the same as the eigenvalues of the covariance matrix and the eigen-
vectors are related by U = ΨVΛ−1/2 [66]. If we express the eigenvalue decom-
position of the covariance matrix in terms of the kernel matrix, the complexity
decreases to O(n3), where usually n << k.

Kernel SFA Algorithm

In this section we derive the kernel SFA. For a related cost function a kernel
approach has been made in [20]. Beside the difference in the cost function their
approach differs from ours because they do not use a kernel matrix but work
directly with support vectors. Using a specific kernel matrix approximation,
their approach turns out to be a special case of ours.

In the following let k(x,x′) be a given kernel andψ the corresponding feature
mapping. Similar to linear SFA the kernel SFA algorithm consists of three steps:

1. Centering can be performed directly on the kernel matrix [66]: Kc =
(I − 1

n11>)K(I − 1
n11>). In the following we make use of the centered

matrix Kc and with it Ψc.

2. Sphering: As discussed in 4.3.3, we substitute the nonsingular eigenvec-
tors U in the sphering matrix with those of the kernel matrix: S =
1√
n
Λ−1V>Ψ>

c .

3. Minimizing the slowness : Let Ψ̇c := ΨcD, with D ∈ IRn×n−1 being a
matrix which is everywhere zero except for Di,i = −1 and Di+1,i = 1.

This way we can express the sphered covariance matrix 1
n−1SΨ̇cΨ̇

>
c S>

in feature space as 1
n(n−1)Λ

−1V>K̇cK̇
>
c VΛ−1 with K̇c = Ψ>

c ΨcD. The

eigenvectors corresponding to the smallest p eigenvalues of this covariance
matrix are the rotations Ũp which optimize the problem.

The kernel solution to optimization problem 4.1 is given by φ(x) = W>k(x)−c,
W = (I− 1

n11>)VΛ−1Ũ>
p is the weight matrix, k(x) := [k(x(1),x), . . . , k(x(n),x)]>

and c = 1
nW>K1 is the weighted mean.

The algorithm collects the matrix K and derives K̇cK̇
>
c from it. The two

eigenvalue decompositions in steps 2 and 3 are responsible for an overall com-
plexity of O(n3).
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Figure 4.3: The figure shows the performance of the kernel SFA in dependence of
the model complexity (number of support vectors). The measure is the slowness
of the produced features. The lower the slowness the better the method. The
lowest line is the optimal solution, i.e. the slowest possible features. One can
observe that with growing model complexity more “reasonable” SFA features are
produced and the earlier features become very similar to the optimal solutions.

Kernel Matrix Approximation

Working with kernel matrices is restricted to a small amount of samples (5000-
10000). Different approaches have been made to overcome this problem by
means of an approximation K̃ ∈ IRm×m of the kernel matrix K ∈ IRn×n, where
m << n (see for example [65]).

The simplest approach is called subset of data. In this approach only a subset
of m samples (support vectors) is used and the approximation has size m×m.
Because, only the support vectors influence K̃ all information of the remaining
n−m samples is lost.

A better approach is called projected process. Here, the non support vector
rows are removed but all columns are kept and the resulting matrix K̂ has
size IRm×n. The matrix K̂K̂> ∈ IRm×m is then used to approximate K2.
While preserving much more information, the method can only be applied to
algorithms which use K2.

If one aimes to preserve as much information as possible, the choice of suppot
vectors is crucial. Finding the optimal set of support vectors is, however, a
NP hard problem. Therefore a number of heuristics have been proposed. We
use a heuristic which was proposed in [21] and applied to Gaussian Process
Temporal Difference Learning [30]. This heuristic runs sequentially through the
sample and includes data points into the set of support vectors if the orthogonal
residual between the data point and the span of the current set of support vectors
{s1, . . . , sn} is above a threshold β, i.e. if

min
α1,...,αn

|ψ(x)−
∑

i

αi < ψ(x),ψ(si) > ψ(si)| > β.

Intuition being that new data points contribute essentially the residual, i.e. if
the residual is zero then nothing is gained.

The number of support vectors m is largely dependent on the data and the
kernel. This can lead to problems, since the complexity of the algorithm scales
with O(m2n).

One would like to apply the projected process method to the kernel SFA,
but this method only provides approximations of K2. Luckily, K2 = VΛ2V>
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Figure 4.4: The upper rows show four learned SFA features, evaluated on a test
set. The arrows indicate the orientation of the robot. On the right, a plot of the
achieved slowness against different model classes (as number of used support
vectors) is shown. The continuous lines are means over 10 sfa features each
and are getting closer to the optimal features (dashed lines) the more support
vectors are used. The bounded box shows results from the simulator. Here,
we get place and orientation sensitive features by varying the ratio between
movements and rotations in the training videos. Further, for settings with
multiple rooms, we get features that encode the room or specialize in a specific
room. All experiments were performed with kernel SFA and RBF kernels.

has the same eigenvectors and the squared eigenvalues of K. If we perform the
eigenvalue decomposition on K̂K̂> and take the square root of the eigenvalues,
the solution is the projected process approximation of K.

With this approximation, the algorithm has complexity O(m2n) because it

requires the collection of the matrices K̂K̂> and
˙̂
K

˙̂
K>. Additionally, one has

to pick a set of support vectors, which usually is costly, too.

We tested the performance of the kernel SFA in an experiment (Figure 4.3
and right side of Figure 4.4). We compared kernel SFA with different numbers
of support vectors to the optimal solutions (see next Section). With growing
model complexity the kernel SFA approaches the optimal solutions.

4.3.4 Theoretical Solutions

One can address optimization problem 4.1 with (classical) variational calcu-
lus to find solutions in the class of continuous functions. The linear SFA and
the kernel SFA produce continuous functions. With growing model complexity
(more support vectors) the set of functions that can be represented grows and
the solution of the kernel SFA approaches the variational solution. The varia-
tional solutions tell us therefore how the “limit solution with respect to model
complexity” looks like.

The application of variational calculus, however, is not straight forward. As
with optimization problems in finite dimensional spaces only in few cases the
analytical solutions can be calculated explicitly. The difficulties for optimization
problem 4.1 are introduced through boundary conditions, which depend on the
structure of the room in which the robot navigates.

In [34] the variational approach has been taken for a rectangular room. For
this case the solutions to the optimization problem are trigonometric functions.
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More precisely, let K := [0, 1]× [0, 1]× [0, 2π) denote the room1 and the viewing
angle and let (x, y, θ) ∈ K be a point in the room. If the movements in the
different directions (x, y, θ) are decorrelated then the (variational) solutions of
problem 4.1 are

φijl(ι(x, y, θ)) =

{
3
√

2 cos(iπx) cos(jπy) sin( l+1
2 θ), l odd

3
√

2 cos(iπx) cos(jπy) cos( l
2θ), l even,

where i, j, l ∈ N and ι(x, y, θ)→ O represents the function that maps coordinates
onto camera images. We refer to these solutions as the optimal features.

If features have the same slowness, a linear mixture is also possible. For
example, if φ100 and φ010 have the same slowness, then s(φ100) = s(φ010) =
s(aφ100 + bφ010) holds as long as a2 + b2 = 1. This corresponds to an arbitrary
rotation between features of equal slowness.

The slowness of the optimal feature is influenced by the frequency and by
the driving speed in the three directions of the room (x, y, θ). If, for example,
the rotation speed is high compared to driving speed then features are generated
that are invariant to rotation. These features are also called place cells. Simi-
larly, if the rotation speed is low then features are generated that are invariant
to the place (orientation features). Place and orientation features are shown in
Figure 4.4. Under realistic conditions separated place and orientation features
appear seldom. Usually, mixtures of them are generated. The upper line of
Figure 4.4 shows different features, whereas we controlled the robot tightly to
produce orientation invariant features. The first two features are orientation
invariant, but, despite our effort, mixtures appear already at feature 4.

We did the same experiment using the simulator (for details about the sim-
ulator see Section 4.4.3). There we were able to produce very clean place and
orientation features (Simulator box, Figure 4.4).

A derivation of the variational solutions for general room structures seems
to be impossible. In experiments with other room structures we found features
that are often very similar to these trigonometric functions. However, beside
these features other solutions exist. For example, in the case of two connected
rooms features that identify rooms and features that are exclusive to one of the
rooms were generated (Simulator box, Figure 4.4).

4.3.5 Function Approximation and Policy Iteration

In general one is interested in having guaranties for the performance of a learned
control. For example, when we apply a policy iteration in combination with a
value estimator we would like to get a policy that is in some way close to the
optimal control. According to [15] and [59] it is actually possible to bound
the distance between the achieved performance and the performance of the
optimal policy (regret). These bounds rely on the approximation quality (bias)
of the approximate value function and on the estimation quality (variance). The
bound of [15] is based on the || · ||∞-norm while the bound from [59] is based
on || · ||p-norm. In general, the measure of the estimation error is the mean-
squared error (MSE). Therefore, we get a good estimate in the || · ||2-norm and
not in the || · ||∞-norm from estimators like LSTD. For these the || · ||p-norm

1quadratic for simplicity
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Figure 4.5: The plot shows the value approximation quality in dependence of the
number of features. The upper line shows approximations of a value function
for optimal SFA features and the lower line for learned SFA features. The
learned SFA features are evaluated on video frames. The value functions (target
functions) are shown on the right. The shape of the value approximations in
the upper and lower line differ, because the learned SFA features got more
frequencies in x-direction and fewer in y-direction then the optimal features.
The approximation error (MSE) in dependence of the number of features is
plotted on the right side of the figure (green line: learned features, blue line:
optimal features). For the optimal features one can clearly see that the shape
of the approximation becomes more similar to the target function with growing
feature size. For the learned features this is more difficult to observe due to the
scatter plot, however in the MSE plot a clear improvement can be observed.

bounds are better suited. We will not discuss the bounds any further, but we
will concentrate on the approximation (bias) part on which these bounds rely.

The first interesting question is: Given a growing number of optimal fea-
tures, can a large set of value functions be approximated arbitrarily well? In
the appendix we show that we are able to approximate continuous functions
arbitrarily well in || · ||∞. Furthermore, we can approximate bounded functions
arbitrarily well in the || · ||p-norms. Our value functions are not continuous since
we choose actions at discrete time steps. However, they are bounded.

Beside statements about the asymptotic case it is possible to derive state-
ments for a finite number of features. In particular, it is possible to bound
the approximation error for function classes like the continuous functions or the
bounded functions using so called Jackson Theorems [45, 27] from approxima-
tion theory.

In Figure 4.5 the approximation behavior in dependence to the expansion size
is shown for optimal and kernel SFA features. The figure shows the least squares
fit to a value function and the corresponding approximation error (MSE). The
value function is generated “by hand”. The reward is in the middle of the room.
The needed number of steps is the sum of the number of needed rotations to
turn the “agent” to the middle of the room and the number of steps to move the
agent to the goal after rotating it. This heuristic is very similar to the optimal
policy. One can observe that the approximation error drops continuously with
a growing number of features, despite the fact that the value function is not
continuous.
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c) Ceiling Viewb) Robot Viewa) Robot

Figure 4.6: The Real-World setting. a)The robot. b) An image from the robot
camera. c) The rectangular room from above (ceiling camera). Two balls on
top of the robot are detected (blue and red rectangle). These are used to log
the experiments (robot coordinates and orientation).

4.4 Empirical Analysis

We tested the method on a robot in a rectangular room (Section 4.4.1) and
additionally on a simulator in two other room structures (Section 4.4.3).

The only sensory input for the control are the images from the video camera,
mounted on top of the robot, respectively, the virtual images. Part b) of Figure
4.6 shows an example image. The fact, that no prior knowledge about the
environment is given, makes the navigation task challenging.

4.4.1 Setup

Since experiments with the robot are time consuming, we aimed to reduce the
necessary training data to one random walk video. The frames of this video
were scaled down to 32 × 16 RGB images. The SFA was trained on a subset
of approximately 35.000 of these. Out of this training set, approximately 8000
support vectors were chosen according to Section 4.3.3.

An advantage of the used LSPI method is that no additional trajectories are
needed for the policy iteration, but a set of transitions from the training video
and the gained rewards are sufficient. We chose such a set with approximately
12.000 transitions. To each transition there corresponds one of 3 possible ac-
tions: Move approximately 30 cm forward, turn 45 degrees left or right. We
chose LSTD as the value approximator. The robot receives a positive reward if
a transition ends at the goal. Contrary, if the robot comes too close to a wall it
receives a negative reward. After training, the robot follows a greedy policy.

4.4.2 Robotic Experiments

We performed two types of experiments: the first set of experiments was done
with the robot (40 runs, Figure 4.7). These experiments are time consuming
and are not suited for a large scale analysis. Therefore, we performed a second
set of experiments using optimal SFA features (2000 runs).

In both settings the goal areas were placed for half the runs in the middle
of the room and for the other half in the lower right corner (red painted area).
The training set was the same for both experiments the only difference was that
we replaced the learned SFA features with optimal SFA features for the large
scale experiment. The control behavior was in both experimental settings very
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Figure 4.7: The recorded robot trajectories using SFA features. The plot shows
40 trajectories with random starting positions and viewing angles. Successful
trajectories are green and unsuccessful trajectories are red. The goal area is
plotted in red. The numbers indicate the number of steps the robot needed to
reach the goal.

similar. For example, in both experiments starts in the lower left corner were
problematic if the goal was in the middle.

The trajectories for the robot experiments are shown in the figure. Red
trajectories mark the unsuccessful runs. In numbers, the success rate for the
robot was 17/20 (middle) and 15/20 (corner). For the optimal features we
achieved a success rate of 907/1000 (middle) and 986/1000 (corner).

4.4.3 Simulator Experiments

By simulations we tested the degree to which the performance depends on the
room structure. We used 3 different room settings: (1) a quadratic room, (2)
a quadratic room with a block in the middle (O-Room) and (3) a two-room
environment (the two-room is shown in Figure 4.2). The SFA was trained with a
weaker model class (around 3000 support vectors) and the images were obtained
by a simulator. To simplify the policy iteration step, we used a discrete state
space (a grid of equidistant points), where each state corresponds to exactly one
image. In this setting it is easily possible to apply other PI methods. Besides
LSPI, we used an optimistic policy iteration version of Sarsa [29]. We used
180 SFA features for all but the O-Room for which we used 324 features. Each
experiment was repeated 10 times. The following table shows the mean and
standard deviation of the regret (absolute value).

Task Qu. Room O-Room Two-Rooms
]States 8192 7040 15744

LSPI 12.9/2.6 36/3.3 28/1.7
O-Sarsa 11.5/0.9 16.5/1.2 27/2.5

LS 2.7 6.8 18
Random 32.7/0.2 55.5/0.4 53.5/0.1

The LS row shows the performance if no PI is used but a least-squares fit
of the true value function (about the best possible policy for the given feature
space). The Random row shows the results for a random policy.
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One can observe that the least-squares fit is considerably better than the
policy iteration methods. That means that the SFA features allow in principle
much better policies, but the policy iteration does not converge to them. Fi-
nally, the performance decreases with growing room complexity (e.g. LS row).
Nevertheless, the method is in principle applicable to other enviroments. How-
ever, the computational demand increases with increasing complexity of the
enviroment.

4.5 Conclusion

We presented a new approach to robotic navigation. The central idea is the
use of a feature space consisting of trigonometric functions as the basis for re-
inforcement methods. The motivation for the trigonometric functions is their
usefulness for function approximation (e.g. approximation of the value func-
tion). It is possible to learn with SFA a projection from sensory data into this
feature space. As a result we are able to learn a control process for almost any
kind of sensory systems. We demonstrated this on a simple real-world task: A
robot learned to navigate using camera images only. Furthermore, we demon-
strated with a simulator that the method is also applicable in more complex
environments if the computational power is sufficient. In general, the limiting
factor is the computational power, as the number of support vectors directly
relates on it. We did not focus on computational aspects and we assume that a
big improvement can be achieved with more sophisticated numerical methods.

We think that our approach has the potential to allow robot navigation in
manifold environments. The advantages of the approach are: (1) The system
adapts to the environment quiet fast (in our setting around 6 hours of recording)
and can therefore be applied to very different settings. (2) The approach is not
restricted to visual data. Essentially, without any adjustments it would be
possible to use any other sensory system, e.g. ultrasonic sensors.

4.A Approximation Results

In this section we discuss approximation properties of linear functions that are
applied on optimal SFA features. We are interested in the following question:
Can we approximate a large class of functions well in an appropriate norm in
the limit?

In the following let K := [ax, bx]× [ay, by]× [0, 2π] describe the rectangular
room and the viewing angle. Let (φi)i≥1 be the set of optimal features, let
φ0 be the constant function 1 and let M be the set of functions for which
f(x, y, 0) = f(x, y, 2π).

4.A.1 Denseness

We start with the limit case. The function classes we are interested in are
the continuous functions and the Lp functions. In approximation theory a lot
of powerful theorems are known for denseness. To apply these theorems it is
typically sufficient to check a number of simple properties of G
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Theorem 20. The space spanned by the φi is dense in the continuous functions
(C(K) ∩ M , || · ||∞), (C(K) ∩ M , || · ||p) and in (Lp(K) ∩ M , || · ||p), with
1 ≤ p <∞, if the assumptions from [34] are fulfilled (Section 4.3.4).

Dense means that we can approximate any of the C(K) and Lp(K) functions
arbitrarily well in the corresponding norm. In particular, we can approximate
any bounded function in the p-norms arbitrarily well.

Proof. First the case (C(K) ∩ M , || · ||∞). We use a version of the Stone-
Weierstraß Theorem ([27][Th. 4.3]). We denote the space spanned by the φi

with G . We need to check that (a) g(x) = 0 for all g ∈ G implies f(x) = 0.
Due to the constant 1 which we included there is no x for which all g are 0 and
(a) is fulfilled.

(b) G needs to separate any two points separated by f . f does not separate
(x, y, 0) and (x, y, 2π), therefore we can ignore these points. Further, points
at the boundary of the rectangle are not a problem, as the slowest features in
x, respectively y direction seperate them. For any other set of points one can
argue that if a cosine assigns the same value to the positions then a cosine with
a frequency increased by 1 does not.

(c) G must be an algebra. Due to [27] it is sufficient to check that g1, g2 ∈ G

implies g1g2 ∈ G . Each gi is a linear combination of φ = cos(ax) cos(by) cos(cθ),
respectively sin(cθ) factors, where a, b = n/2, n ∈ N and c = n ∈ N [34].
Taking the product g1g2 we get linear combinations of terms φφ̃. Therefore,
if every φφ̃ is contained in G then every g1g2 is contained in G . Let, φφ̃ :=
(cos(ax) cos(ãx))(cos(by) cos(b̃y))(cos(cθ) cos(c̃θ)). Each such cosine product,
e.g. cos(ax) cos(ãx) is a linear combination of the φ’s. Let a ≥ ã, then
cos(ax) cos(ãx) = 1/2 cos((a + ã)x) + 1/2 cos((a − ã)x) and a ± ã ∈ N. The
cases cos(cθ) sin(c̃θ) and sin(cθ) sin(c̃θ) are similar. In summary G is closed
under multiplication and an algebra. (a),(b) and (c) are the needed properties
for the Stone-Weierstraß Theorem to apply.

The case (C(K)∩M , || · ||p) follows directly as ||f − g||p ≤ A||f − g||∞, with
A being the size of the rectangle times 2π. Further, (C(K)∩M , || · ||p) is dense
in (Lp(K) ∩M , || · ||p) (e.g. [81]).
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CHAPTER 5

Attention Driven Memory

Abstract

Categorization is a skill which is used extensively in everyday life and is there-
fore an important aspect of human cognition. Consequently a variety of studies
exist which address the topic and revealed that diverse factors affect human cat-
egorization performance. A critical but not extensively studied factor is time.
Imagine watching a basketball game for 30 minutes. In this period of time plenty
of actions will take place resulting in diverse impressions which make you af-
terwards categorize the game as interesting or boring. Such a categorization
task is very similar to a time series classification task in the context of machine
learning. In the field of machine learning a phenomena called “vanishing gradi-
ent” is known which makes it generally hard to solve such a categorization task.
A prominent method that overcomes this phenomena is the long short term
memory which basically consists of a memory that is controlled by two gate
units which can be interpreted as adaptive encoding and recall units. Critical
points which make the processing of the structure differ from human processing
concern the encoding and the storage: (1) The structure is built to massively
store information instead of carefully selecting few impressions for storage in
memory. (2) Reweighting of stored information due to changing constellations
is not possible. Coming back to the example this would mean that a nice action
at the beginning of the game has a strong impact on your categorization inde-
pendent of what kind of actions - might they be impressive or not - followed
afterwards. In this work we tackle these points through introducing an atten-
tion mechanism which drives the encoding and the storage of the structure. We
analyze the model behavior in category learning tasks.
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Recall

Output

Memory

Input

Encode

Figure 5.1: Interpretation of the LSTM. The central element is the memory
which is controlled by adaptive encoding and recall units. Encoding/recall acti-
vation scales the memory input/output through a multiplicative relation to the
ordinary pathway (dashed line). The hidden layer (memory, encode, recall) is
fully connected (not drawn due to readability).

5.1 Introduction

Diverse factors like category dimensionality [67], covariance complexity [4] or,
for rule-based task, if a rule is conjunctive or disjunctive [16] are responsible
for human categorization performance. Another important but not extensively
studied factor is time. Categorization tasks which involve the temporal domain
come up all the time in everyday life, think for example of the different ways you
can take to your work place. You will surely have categorized them according
to the time you need to arrive at work.

In the machine learning field similar classification problems are studied,
whereas the machine learning methods here face a similar problem like a hu-
man. The information they need for classification is spread over time so not all
of the relevant information is available at one moment. Just like a human these
methods have to memorize relevant information to yield good performance in
the task.

Interestingly, studies in the machine learning field revealed that such clas-
sification tasks are generally hard to solve. This mainly relies on the so called
vanishing gradient problem ([39], [12] and [40]). This “problem” comes up when
stored information decays with time. This results in the effect that information
that might be strongly related to a later signal being downscaled with time and
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finally when the later signal comes the original information can no longer be
distinguished from noise. This way the relation between the signals cannot be
revealed, respectively learned. This has dramatic effects on the performance of
methods. Due to this effect traditional recurrent networks1 are hardly able to
relate two signals which are 15 time steps or more apart from each other.

A prominent machine learning method that overcomes this problem is the
Long Short Term Memory (LSTM, [38]). The LSTM is a recurrent neural
network structure which basically consists of a memory unit that is controlled by
adaptive encoding and recall units (see Figure 5.1 and next section). Similarities
of the LSTM structure to recent neuropsychological models of working memory
exist as stated in [61].

Despite these similarities some obvious differences still exist between the
processing through the LSTM structure and human processing of information.
Two points are especially critical: (1) The LSTM tends to massively store in-
formation in its memory in contrast to the very selective storage in humans. (2)
Information that is once stored cannot be reweighted due to changed conditions.

We address these two points through introducing an attention mechanism
which drives the encoding unit and rescales the memory content when needed.

Furthermore, we analyze the behavior of this process model in category
learning tasks.

5.2 Long Short Term Memory (LSTM)

Figure 5.1 shows the LSTM structure [38]. The key element is the memory unit
in the center of the LSTM. The unit uses the identity as an activation function
and is self-connected with a recurrent connection. This recurrent connection
has a weight of one which guaranties that no information is lost, respectively
information is conserved and so the vanishing gradient problem does not apply.

A problem that occurs directly from the conservation of all information which
is encoded in the unit, is that the capacity of the memory unit will be quickly
exceeded. This problem is overcome through introducing an encoding unit which
controls the inflow of information into the memory. Beside that a recall unit
is used to control the flow of information out of the memory cell back into the
network.

The control of the inflow and outflow is achieved through scaling the input
to the memory respectively the output from the memory, with the activation
of the encoding/recall unit. Whereas both units got a sigmoidal activation
function in [0, 1]. Thus when the activation of these control units tends to zero
the information flow is stopped.

An important aspect about the encoding and recall units is that they are
adaptive and through training learn when to store information and when to use
stored information.

5.3 Attentional Driven Encoding and Storage

Encoding in human memory is driven by attention. This has the advantage
that the memory can be used according to current needs or objectives. Fur-

1For an introduction to neural network models see [37]
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Attention Features

Memory
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Encode
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2) Attention1) Full Model

Output

Encode
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Figure 5.2: 1) Full Model: Modified LSTM structure. Like in the LSTM the
central element is the memory cell and the input to the memory is controlled by
an encoding unit. In difference to the LSTM the encode and rescale units are
driven by an attention process which weights the input according to its relevance
and reweights the memory when new constellations come up (e.g. a new signal
attracts most attention). Encode and rescale units have exponential activation
functions which are used to emphasize strong attended input and downscale
input of low attention value. 2) A detailed view on the attention box of the
left part. The input activates a set of features which lead to an attention value.
This attention value is compared with the stored maximal attention value and
replaces this when it is higher. It further drives together with the maximal
attention value the encode unit. The rescale unit on the other hand is driven
by the difference between the new and the old maximal attention value.

thermore, storing information selectively reduces the needed memory and this
way it is easier to detect a relation between past attended and present events.
A disadvantage is, that when a relation exists between past and present events,
but attention is not drawn to the relevant past events then the relation will
hardly be detected. Encoding in the LSTM varies in these points from hu-
man encoding. The LSTM massively stores information. Therefore problems
arise with the memory capacity. Additionally, through this massive storage the
LSTM is on the one hand able to detect a wide variety of relations, however, on
the other hand it takes a long time to extract relations. Thus, a well working
attention mechanism should be able to improve the LSTM performance, make
its encoding behavior more human like and thus make it a memory structure
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whose processing is more similar to human information processing.
We start from a basic and general assumption of how the memory content

should be computed out of input and attention values at different time steps.
It shows up that critical elements of the attention process are predetermined
from this first assumption and thus at the core of the attention structure no
variations are possible when the defined equation (5.1) should hold.

Basically we want the memory content to “concentrate” on few strongly
attended information and to downscale the impact of information which has
a low attention value relative to the strongly attended signals. Due to the
vastly reduced amount of stored information that must be processed, detecting
relations between attended signals should be much easier. Furthermore, we
don’t want the storage of information to rely on the special time step when the
information arrives. So basically the memory content at time T should look like
this.

memi(T ) =

T∑

t=1

ini(t) · φ(Amax(T )−A(t)). (5.1)

φ denotes a function which operates on the relative value between the strongest
and the actual attention value at step t. If the relative value is high the input
should be strongly downgraded.

When storage is limited and thus not every A(T ) and ini(t) can or should
be stored it is not simply possible to rescale the stored information when Amax

changes. What we need is a function φ that makes it possible to rescale the
stored information in the way that

memi(T ) =

rescale
︷ ︸︸ ︷

K · memi(T − 1)+

ini(T ) · φ(Amax(T )−A(T ))
︸ ︷︷ ︸

encode

.

To do so it must be possible to transform the ’-’ into a multiplicative factor, in
other words φ(Amax(T )−A(t)) = φ(Amax(T )) · φ(−A(t)). This only holds for
the exponential function thus φ = exp. After introducing an additional minus
and a scaling factor σ we get

memi(T ) =

T∑

t=1

ini(t) · exp(−σ(Amax(T )−A(t))).

The rescaling factor K computes now to

K = exp(σ(Amax(T − 1)−Amax(T ))).

To guarantee that the equation holds in every step we only need to store the
memory value memi(T ) and the highest activation value Amax(T ) that has come
up till the time step T.

In the next section we present a model which is based on these equations.

5.3.1 Model Description

Figure 5.2 shows the model structure. The input is passed to the attention
process and to the memory. The attention process computes an attention value
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for the momentary time step due to the input. According to this attention value
it drives the encode and rescale units which control if the new input is stored,
respectively how “strong” it is stored, and how the memory content must be
reweighted due to changed conditions.

Diverse factors exist which drive our attention in one special moment. An
example is our physical condition. When we are hungry or thirsty totally differ-
ent objects attract our attention than when we are tired. Also totally different
conditions like a task we are working on at the moment or personal preferences
affect what attracts our attention. The study of the influence of these points
is beyond the scope of this work. Instead of realizing an attention mechanism
which is driven by all these factors we used some abstract variables Fi(t) which
might be used to represent a variety of features which are relevant to control
attention. The only condition the variables must fulfill is that the values the
variables can take lie in a bounded interval.

Due to these features the attention value at time step t calculates in our
method as follows:

A(t) = f(max(ŵiFi(t) + bi)).

Here max is the maximum function and f is a logistic sigmoidal function. Vari-
able Fi(t) is dependent on the input and as stated above simulates a feature
detector that signals if a feature i is present at time step t (in simulations the
range of Fi(t) was chosen to be in [0, 1]). A short remark: the function to cal-
culate A(t) must not have the upper form, one might for example also use a
weighted sum of the different feature activations. Finally, in the above equation
ŵi is the weight of feature i and bi a bias. Both are adaptive and modulated
through learning.

Contrary to the choice of A(t) the following variables are predefined through
our initial assumption (equation 5.1).

As stated above the maximal attention value which appears until step t is
needed to encode and rescale:

Amax(t) = max(A(t), Amax(t− 1)).

Building up on the value A(t), Amax(t) and Amax(t− 1) the encode and the
rescale value can be calculated:

encode(t) = exp(−σ(Amax(t)−A(t))),

rescale(t) = exp(σ(Amax(t− 1)−Amax(t))).

Finally the activation of the memory at time step t calculates as follows:

memi(t + 1) = ini(t) · encode(t) + memi(t) · rescale(t).

And the output of the network:

out(t + 1) = f(
∑

i

wimemi(t) + b).

In this simple setup adaptive parameters that must be learned are the wi

values which weight the impact of the memory content to the output of the
network and the ŵi values which weight the impact of the different features to
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the attention value at one time step. The latter ones are the interesting ones,
because they define how the network uses its memory. Another remark: in the
LSTM input is bundled through a weighted sum and thus concentrated in one
memory unit. This can also be done here through introducing another weight
layer between the input and the memory. The attention at one special moment
will in this case have a large impact on the learning of the input weights. Input
units that are active when attention is high and thus the encode unit stores
information will be strongly affected by a learning process.

Training the network can be done with any gradient descent algorithm which
does not rely on higher derivatives (s. below). We used back-propagation
through time [37] for training. The derivatives are straight forward to calcu-

late. We only want to single out two of them. First, the derivative of ∂Amax(t)
∂A(t)

because the maximum function is involved. The maximum function is differen-
tiable, however its derivative is not continuous:

∂Amax(t)

∂A(t)
=

{

1, A(t) ≥ Amax(t− 1)

0, otherwise
.

This makes no problem for calculating the gradient and thus to train with a
gradient descent method which does not rely on the second or higher order
derivatives.

The other derivative which we want to single out is

∂memi(t + 1)

∂memi(t)
= rescale(t).

This one is important because of the vanishing gradient problem ([39], [40] and
[12]) which makes it hard to process temporal information. Like in the original
LSTM in our model this problem does not apply. The reason for this is that the
rescaling for stored information is bounded, as long as the range of A(t) lies in
a bounded interval (for our case [0, 1]), information, respectively the gradient,
cannot vanish. The upper bound for rescaling is 1, which is trivial and the lower
bound can be inferred in the following way.

Because Amax(j)−Amax(i) ≥ −1 for i > j due to the choice of the function
f it holds that

k=j
∏

k=i+1

rescale(t) =exp(σ(Amax(i + 1)−Amax(i)))·

·...· exp(σ(Amax(j)−Amax(j − 1)))

=exp(σ(Amax(j)−Amax(i)))

≥exp(−σ).

the overall rescale value summed over all time steps is lower bounded by e−σ.
Thus stored information cannot be rescaled arbitrary low and thus will in all
situations still have a noticeable effect. This leads to the statement that the
vanishing gradient problem does not apply.

5.4 Simulation

We evaluate our model in category learning tasks. The tasks we consider here
are rule-based category learning tasks [5]. In the simulations we presented the
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Time

Input

Memory

*

Figure 5.3: We presented a sequence of 15 steps to a network. In the first
10 steps cards were drawn randomly with equal probability from a pool of 20
cards, whereas each card could appear only once. In the final 5 steps no card
was presented. At step 15 the network got an error signal for it’s classification
response. In the upper part one such sequence is shown. The sequence is
presented from left to right with one card per time step. The relation of the
sequence and the class was deterministic. If the black square card (* in the
figure) was presented the class of the sequence was 1 otherwise the class was 0.
The variables Fi(t) where chosen to be reactive to only one of the cards, so we got
20 variables (one for each card). This way the calculation of A(t) was trivial and
the emphasis laid on the weighting over the different time steps. The according
weights of Fi(t) were initialized with a value of 0.2 whereas the weights between
the memory and the output layer were chosen randomly in [−0.1, 0.1]. The bias
values where negatively initialized (-2) to initially hold attention values low.
The lower part shows the memory of a trained network (20 000 training steps,
mean squared error < 0.1). At the position of the correct card the memory is
rescaled and the stored values are strongly downgraded. At the same moment
the input is stored with a high attention value and overshadows the other input
signals.

network a set of cards (see Figure 5.3) whereas at each point in time only one
card was presented. Thus the networks had to learn to memorize information
about the seen cards to solve the categorization task. The relation between
the presented cards and the category was deterministic, if a special card was
present in the sequence then the according category was one, otherwise zero.
Each card was represented through a 5x5 matrix of input activation. To each
input unit directly one memory unit corresponded, thus we also had a matrix of
5x5 memory units. Input to the memory, respectively the rescale of the memory,
was, however, controlled by just one unit. So a single attention mechanism was
responsible for the inflow of information to the 5x5 memory units.

In the first simulation we were interested in how the memory is used from
a network which had learned to solve the categorization task (see Figure 5.3).
It shows up that the network has learned to extract the relevant feature and
stores it in the memory whereas the other input elements are downscaled when
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Figure 5.4: We measured how the initial weighting of the correct feature and its
relative weighting to other features effects the performance of the model. The
signals and features were chosen like in simulation described in Figure 5.3. We
used the number of training steps which are needed to bring the mean squared
error below 0.1 as a measurement for the performance of the network. We
initialized the feature weights in the following way: ŵi = 0.1 · i and changed the
position of the correct feature. So in the worst case the initial weight was 0.1 and
in the best 2.1 for the correct feature. For each setup we made 100 runs. Notice
that beside the effect of the rank also interference effects came up because the
different cards we presented had similarities. Especially the cards which were
similar to the black square card (this was the relevant feature) had an impact
on the performance. This becomes most obvious in the plot at position 3. Here
the feature responsible to detect the black square card with a dot in center (in
figure 5.3 the card in the upper left) was initialized with a low weight which
resulted in a low attention value when the card came up. Because this card is
very similar to the relevant feature the reduced attention to this card boosted
the performance of the network. We also made a run with the standard LSTM
to compare the performance. We have chosen the same learning rate as in our
model and initialized the other parameters similar to [38]. The mean number
of training steps was 17640 and standard deviation was 781.28 (dashed line in
the figure).

the relevant feature is seen.
We made a second experiment to study how the performance of the network

changes when attention is directly drawn towards the correct feature against the
case when attention is high for irrelevant features and low for the correct one.
Figure 5.4 shows the results. An interesting side effect became apparent in this
simulation. The cards we have chosen are in parts similar. During the simulation
it became clear that this has a considerable impact on the performance of the
network. Especially, as the performance was strongly boosted when a card which
was nearly the same as the relevant card attracted no attention (the arrow in
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the figure).

5.5 Conclusion

An important factor in categorization is time. Categorizing events which are
spread over time puts humans in a similar position as machine learning models
which have to classify time series. A prominent machine learning method, the
Long Short Term Memory, which successfully processes time series has some sim-
ilarities to recent neuropsychological models of the working memory. However
different points make its processing behavior vary from human processing. Es-
pecially, it tends to massively memorize information and is not able to reweight
memorized information due to changing constellations. We showed that these
points can be tackled through introducing an attention mechanism which drives
the encoding and the storage process. Especially, when the attention mechanism
is working well, the performance of the network increases and learning becomes
faster than with standard LSTM. However, the network performance strongly
relies on the quality of the attention process (in our simulations an exponential
relation shows up), thus when attention is attracted by irrelevant signals and
the relevant signals are omitted then performance dramatically decreases. Be-
side this point the simulations revealed that the network is very sensitive to the
effects of interference between input signals.
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CHAPTER 6

MDP Unfolding through Hidden State Extraction

Abstract

Reinforcement learning has a long history in studies of Markov Decision Pro-
cesses (MDPs) and has produced a variety of algorithms. In recent times the
focus of attention has switched towards partially observable MDPs (POMDPs),
which are more general but harder to handle. Consequently, algorithms con-
structed for MDPs are not applicable or do not perform well. In this work we
consider POMDPs for which the environment is Markov, but the learner has
restricted access to the state information. In particular, we address the prob-
lem where observations are available, which contain information about the true
MDP state. For these problems we propose a method which resolves the Markov
structure and enables us to apply arbitrary MDP methods to solve the control
problem. Our approach builds up on studies about long term dependencies. We
show in simulations that our method is able to resolve MDPs even if a critical
observation is about 100 000 steps before a related effect.

6.1 Introduction

Markov Decision Processes (MDPs) are a popular and successful approach for
modeling stochastic environments in which actions must be performed. In this
work we are concerned with MDPs in which not all properties of the environment
are encoded in the observable states. As an example one might think of a camera
equipped household robot which has to cook, wash the cloth, clean the room and
so on. The camera image can be used as an observation corresponding to the
MDP states. Yet, this observation will in general be ambiguous, because: (1)
the image will be distorted by noise (light, etc.) and (2) because hidden states
might exist in the environment. For example, the robot might have washed the
cloth and put it outside on a line or it might have started cooking water and
is cleaning the room in between. In these cases the robot cannot infer these
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Figure 6.1: The Figure shows the vanishing gradient problem schematically.
The three plots show how credit is distributed to observations over time. A,B,C
are cases for three different dynamical systems f . The plots differ in the volume
transformation of the system (A: | detJ | < 1,B: | detJ | > 1,C: | detJ | = 1).

properties from the current observation (camera image) but must remember
them. In nearly any everyday setting hidden-states like these are present and
a system that should be able to interact in human environments needs to deal
with these.

In this work we address this topic of hidden states extraction. The setting is
a special case of a Partially Observable Markov Decision Process (POMDP). The
definition of a POMDP includes a number of other cases like fuzzy sensors (case
1 above) that we do not address here. We are essentially interested in scenarios
in which critical observations are available at some time which make it possible
to infer the environment’s true state. To derive a sensible control strategy it is
needed to store, respectively memorize these observations. A control strategy
can then be applied to the directly available observation, e.g. the camera image,
and the memorized signals.

The problem of memorizing information is strongly related to problems in
time-series analysis, where critical signals are often only shortly available. Typ-
ically, such signals do not occur immediately before the target and learning
systems must memorize the information for a longer period. Problems of learn-
ing can be significantly hindered by the presence of such long-term dependencies
[13, 10, 40]. In general, a sequence of observations o1, . . . , oT is said to exhibit

91



CHAPTER 6. MDP UNFOLDING THROUGH HIDDEN STATE
EXTRACTION

long-term dependencies if the observations at a time t are significantly depen-
dent on observations ot0 at much earlier time t0 � t. Long-term dependencies
introduce learning problems, because credit assignment over time becomes in-
creasingly complicated with longer sequences. The term credit refers to the
“impact” an input signal has onto an observed signal. In differentiable systems
the assigned credit is related to the partial derivative of the costs with respect
to the input signal. Essentially, the problem with credit assignment for long
sequences is that dynamical systems need to store information about all former
observations in order to learn dependencies. If, for example, at time t no “infor-
mation” about an observation ot0 is left in the system then it will be impossible
for a learning algorithm to detect a dependency between ot and ot0 at time t.

Standard methods for time series processing facilitate this problem, because
they “weight” information not uniformly over time, but assign an exponentially
higher weight to recent information. Such system are therefore unable to detect
dependencies that are more than a few steps apart. For continuous systems
the effect can be analyzed by utilizing the Jacobian J of the dynamical system,
where Jij :=

∂st,i

∂st−1,j
and st is the n-dimensional state of the system at time t.

The Jacobian is a measure for the influence of the state of the system at time
t−1 to the new state at time t. If the Jacobian is in a given matrix norm smaller
than 1 for each possible state s, i.e. sups ||Js|| ≤ c < 1 then the influence of the
state s0 onto the state st vanishes exponentially fast due to the chain rule:

||Ds0f
(t)|| = ||Df(t−1)s0

fDf(t−2)s0
f . . . Ds0f || ≤ sup

s
||Dsf ||n = sup

s
||Js||n ≤ cn,

where f describes the system evolution, f (t) denotes the t-times application of
f and Ds denotes the differential at point s. In the vanishing gradient litera-
ture the volume transformation from the Jacobian is usually measured with the
determinant and not with a norm [13, 40]. In dependence of this measure one
can distinguish three cases: (A) | detJ | < 1, (B) | detJ | > 1, (C) | detJ | = 1.
In Figure 6.1 the three cases are displayed schematically. On the x-axis the
observations at different time steps are drawn. The y-axis describes the credit,
which is assigned to the observations. Case A corresponds to the so called van-
ishing gradient problem. This is the usual case for dynamical systems. The
signals close to the target time get the most credit whereas far apart signals get
exponentially less credit. Therefore, it is hard to extract important observations
if they are far apart from the target time. Case B is the contrary. In this case
the first signals get a high credit. Case C is an important special case which
is utilized to solve the vanishing gradient problem [38, 41]. In this case each
observation gets the same credit and far apart events can be related.

In [10] it is shown that similar problems occur for Hidden Markov Models
(HMMs, [62]). The effect is the same as with other dynamical systems, however,
it is needed to argue differently for HMMs. A different approach is needed
because the sup-norm of |J | = 1. |J | = 1 holds, because the system evolution
is given by a stochastic matrix. Therefore, there is in general “no loss” of
information, but a diffusion of information. In [10] the problem is broken down
to the ergodicity of the transition probability matrices and it is shown that this
diffusion of context and credit information hampers both the representation and
the learning of long-term context in the state variables.

The effect of the vanishing gradient problem is tremendous, because of the
exponential information loss. For example, if a classical recurrent neural network
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is used then the system is able to learn to relate signals which have a gap
of about ∼ 15 time steps between them at best. In [38] a neural network
structure named Long Short Term Memory (LSTM) was proposed that solves
the vanishing gradient problem. The idea of the LSTM network is quite simple.
To circumvent the information loss a subsystem is introduced for which | detJ | =
1 holds. This subsystem is called a memory unit. The memory unit enables the
LSTM network to relate far apart signals. Despite the simplicity of this approach
it has strong practical implications. The LSTM network is, for example, able
to relate signals that are up to 1000 steps apart.

Nearly all approaches to handle POMDPs do not address the vanishing gra-
dient problem (e.g. [22, 56, 57, 86, 1, 47]). As a consequence these methods
have problems with environments in which critical signals must be memorized
for a longer period (whereas longer means for more than about 10-20 steps).
Actually, many of the methods are designed to handle other problems related
to POMDPs, especially the problem of noisy sensory and the problem to con-
struct an underlying MDP from scratch [22, 56, 57, 86]. The latter problem is a
very hard one. Some of the methods try to solve it through modeling the MDP
structure with a HMM. The methods try to learn the state structure of the
HMM with the help of statistical tests. If the used test says that an observation
actually corresponds to two different MDP states then the HMM structure is
expanded about one node (for more details see [86] where these methods are
summarized). As a consequence of the complexity of the problem the meth-
ods are very slow and not usable for larger state spaces, respectively for the
detection of dependencies with a longer time gap.

Another approach is taken in [6]. In this work the LSTM network is used to
predict the value function. However, this approach has a major disadvantage.
Learning the value for each state action combination is a quite hard task for a
network. The network parameters must be adjusted to give the correct value
in each state (regression). It is known that for LSTM and other recurrent
networks the regression problem leads to difficulties if too many outputs must
be predicted. This can easily be seen with a look at the empirical risk function,
which is minimized (typically: 1/2

∑

i

∑T
t (yi,t − f(xi,t))

2, with yi,t being the
observed output in sequence i at time t, T being the length of the sequences, xi,t

being the input and f the network). If T is large, then a single term yi,t−f(xi,t)
will have a negligible influence. The result is that a system f concentrates on
the mean response yi,t. It is often unable to learn a different behavior in non
standard cases (unbalanced data). In [6] this results in a reduced performance,
which makes the method only usable for small size systems. In simulations the
proposed system was able to solve tasks with 60-70 steps of time gap between
the signals, respectively 60-70 observations in the POMDP (in contrast to 1000
time steps, which have been reported for other tasks [38]). For special cases
where the MDP allows only actions in a few states (in [6] it was one state) the
performance gets better (between 100-1000 states/steps).

Essentially, the problem of the approach from [6] is that the LSTM is used
for controlling. If the usage of the LSTM would be restricted to detecting
important patterns and a second method would be used for the controlling itself,
then the performance could be dramatically improved. However, coupling the
LSTM with a state space based method like a MDP based algorithm is not easy,
because neural networks and state space models are in a sense quite different
systems. In this work we make another approach with a state space system,
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which accounts for the vanishing gradient problem. Due to the natural relation
to standard reinforcement learning approaches the coupling of the systems is
straight forward and the performance improves in the order of magnitudes (in
simulations we solved tasks with up to 100 000 states, respectively steps between
the signals). The major advantage against the LSTM approach is that the
controlling can be performed by any of the methods constructed for MDPs. In
simulations we used Temporal Difference Learning (TD(0), [77]), Least-Squares
Temporal Difference Learning (LSTD, [19, 18]) and MDP based exploration
strategies [78].

The system we use is a so called Memory based Input-Output Factorial
Hidden Markov Model (MIOFHMM,[41]). It is like the LSTM constructed to
solve the vanishing gradient problem. We use the most probable state of the
MIOFHMM (Viterbi) to expand the observation vector. The approach has some
similarity to [47]. In [47] the agent has the possibility to set a number of memory
bits through actions. However, the approach has a major disadvantage. It does
not account for the vanishing gradient problem. Hence it is only able to relate
signals which come close to each other.

In our opinion the lack of knowledge of the vanishing gradient problem and
the corresponding literature hampers the development of methods for POMDPs.
The main goals of this work are therefore: (1) To demonstrate the importance
of the subject for POMDPs. We do so by solving two POMDPs: One in which
we increase the solvable state-space size from roughly 100 to 100 000 and one in
which we solve a complicated maze task that currently cannot be solved by other
methods. (2) To provide an approach that accounts for the vanishing gradient
problem for solving POMDPs. The usual tool to address the vanishing gradient
problem is the LSTM network. Yet, the LSTM network and the state-space
structure from (PO)MDPs do not fit well together. We use the MIOFHMM as
an alternative because it fits naturally to the POMDP setting. However, the
MIOFHMM has not been the focus of research as it has few advantages over
the LSTM for time-series processing. Consequently, the structure is not well
studied. For example, in [41] the exact Expectation-Maximization algorithm
(EM, [26]) is used. However, as the MIOFHMM is a factorial HMM, the exact
EM is very costly and most often intractable [35]. Due to the usage of the exact
EM the usefulness of the MIOFHMM is very limited. We address this point, we
furthermore describe two problems of the MIOFHMM and we provide a solution
for them.

6.2 Preliminaries

A Partially Observable Markov Decision Process (POMDP) consists of a finite
state space S = {s1, s2, . . . , snS

}, a finite set of actions A = {a1, a2, . . . , anA
},

a finite set of observations O = {o1, o2, . . . , onO
}, transition probabilities pa

ss′

which denote the probability to move from state s to s′ if action a is taken,
probabilities Oa(s, o) for observing o while choosing action a in state s, and a
reward function Ra(s) ∈ R which denotes the reward for performing action a in
state s. The transition probabilities and the probabilities for the observations
sum to one,

∑

s′∈S
pa

ss′ = 1 and
∑

o∈O
Oa(s, o) = 1. The system evolves due to

the transition probabilities pa
ss′ and the chosen actions a. However, an agent

which interacts with the system does not observe the states but observes only
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Figure 6.2: The left side of the figure shows a Markov Process (T-Maze). This
one is transformed implicitly through partial observability to a partially ob-

servable Markov Process (s
(1)
i , s

(2)
i → oi, right side). Our method recovers the

original Markov Process through extracting the hidden states.

the observations. Observations are typically ambiguous and the agent does not
know the state of system.

The task for the agent is to determine a control policy that maximizes the
value. The value is the expected sum of discounted rewards (infinite horizon),
Eπ [
∑∞

i=1 γi−1ri], where the discount is denoted with γ ∈ (0, 1], ri is the received
reward in step i and π a policy. The policy is a mapping from a sequence of
observations and actions to an action, π(o1, a1, o2, a2, . . . , on) = an. In the case
that the state of the system is fully observable it is enough to consider only
the last observation. For a “real” POMDP it is needed to consider the past
actions and observations. Instead of the full history it is enough to store the
belief vector [74]. The belief vector encodes the belief about the state of the
system, e.g. b(s) is the probability to be in state s. The probabilities sum to
one,

∑

s∈S
b(s) = 1.

Standard methods for solving a POMDP use the belief vector representa-
tion [74]. A problem with this approach is that the space of belief states is
continuous and algorithms are computationally expensive. A natural approach
for determining the belief state and to learn the transition model is to apply
a Hidden-Markov Model (HMM) [62]. The states of the HMM represent in
this case the states of the POMDP and the observations of the HMM are the
observations of the POMDP. Actions can be incorporated through using the
Input-Output Hidden Markov Model (IOHMM) [11]. The IOHMM is in princi-
pal a HMM where the state transitions depend on an input signal. To model
a POMDP one uses the actions as the input. In this way the state transitions
of the HMM depend on the chosen actions of the policy. The IOHMM needs to
be trained. This can be done by running the POMDP and collecting the input
and output sequences. The transition model can then be learned by applying
the Expectation-Maximization algorithm [9, 26].

A different way to apply an IOHMM, which is particularly suited to hidden
state extraction, is to predict the reward sequence given the observations of the
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POMDP. The inputs to the IOHMM are in this case the POMDP observations.
The basic idea from this approach is that observations which influence the re-
ward must be represented in the state space of the IOHMM to achieve a good
performance.

Often a system consists of more or less independent sub-systems and each
of these systems evolve by its own dynamics. Such cases can be modeled by
using a Factorial Hidden-Markov Model [35], respectively a Factorial IOHMM.
We make use of this approach in Section 6.4 by introducing factors for hidden
states of the system.

6.2.1 Policy Iteration and Value Estimators

For our setting we assume that the true state of the system can be inferred from
the observation sequence. In this case it is possible to apply standard methods
from the MDP setting. In our simulations we used a policy-iteration approach
[15]. The policy-iteration algorithm alters between a policy evaluation and a
policy improvement step. The policy is evaluated with a value estimator and
the estimate is used to calculate a new policy. We used two value estimators,
the Temporal Difference Learning value estimator (TD(0), [77]) and the Least-
Squares Temporal Difference Learning value estimator (LSTD, [19, 18]).

The TD(0) estimator is defined by the following update equation which is
applied after each step

V (s)← V (s) + α(r + γV (s′)− V (s)),

where V (s) is the value estimate for state s, α is the learning rate and r the
observed reward in that step.

For a MDP the LSTD value estimator coincides with a the maximum like-
lihood value estimate [18]. The value estimate applies the value equation onto
estimates of the MDP parameters. The maximum likelihood parameter esti-
mates p̄a

ss′ are given by

p̄a
ss′ :=

T a(s, s′)

Na(s)
,

where T a(s, s′) denotes the number of times the transition s → s′ has been
taken while performing action a and Na(s) is the number of times action a
has been performed in state s. The parameter estimate is simply the observed
frequency of the transition.

The parameter estimates define another MDP that converges to the orig-
inal MDP with growing sample size. In our simulations we applied dynamic
programming algorithms [15] to calculate the optimal policy for this estimated
MDP. The advantage of this approach against TD(0) is that the value estimate
is strongly superior and that fewer samples are needed to yield a reasonable
policy. Further, there are no free parameters like the learning rate that must
be adjusted. The disadvantage is the higher computation time which is O(|S|3)
(TD(0) has O(|S|))).

6.2.2 Exploration

Exploration is an important aspect of the initial control process. This is es-
pecially true for environments with hidden states, because the hidden relation
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must be observed in a number of trials to be detectable for a learning system.
In our simulations we applied a very simple counter-based exploration strategy
from [78]. This strategy chooses the action that has been chosen the fewest
times in each state. Despite the simplicity, the exploration strategy typically
visits every state in the state space for a number of times and allows a learning
system to infer hidden relations.

6.3 Hidden State Representation

We are interested in detecting hidden states of the environment. These hidden
states are only of interest if they affect the distribution of the reward. The
hidden states that affect the reward distribution are important for modeling
the reward distribution and a generative model will produce a better fit to the
reward distribution if it incorporates the hidden states. We use a IOHMM in
our approach and hidden environment states are most naturally represented
through hidden states of the IOHMM. The details of the IOHMM that we use
are explained in the next section. The input to the IOHMM are the observations
and the target sequences are the gained rewards.

6.3.1 Expanded MDP

Our goal is to remove the ambiguities induced by the observation of the POMDP
with the help of the hidden environment states. The hidden environment states
are represented through the IOHMM states and the ambiguities can be removed
by expanding the observation vector with the values of the different hidden
states. If all hidden states have been extracted then the POMDP is transformed
into a MDP and MDP algorithms can be used to solve the control problem.

For a Factorial IOHMM with M factors the new states are given by

s̃ := (o, h(1), . . . , h(M)),

where o ∈ O and h(i) is a state of the ith factor of the Factorial IOHMM. The
size of the new state space is |O| × |S1| × . . .× |SM |, where Si is the state space
of the ith factor. In our each factor consists of two states. The state space size
is therefore 2M |O|.

The transition probabilities of the IOHMM factors depend not only on the
last IOHMM state, but also on the input (the observations from the POMDP).
The transition probabilities for the new MDP are therefore given by:

P̃ a((oi, h
(1)
i , . . . , h

(M)
i ), (oj , h

(1)
j , . . . , h

(M)
j ))

= P a(oi, oj)P (h
(1)
i , h

(1)
j |oi) . . . P (h

(M)
i , h

(M)
j |oi),

where P (·, ·|o) denotes the transition probability of the IOHMM. The transition
probabilities of the observations are induced by the original MDP: P a(oi, oj) =
∑nS

b=1

∑nS

c=1 P (sb)p
a
sbsc

P a(sb, oi)P
a(sc, oj)/P (oi), where P (sb) denotes the prior

probability to be in state sb and P (oi) the probability to observe oi.
In this work we use the most probable IOHMM state (Viterbi algorithm [62])

to determine the MDP state. An alternative would be to use the probabilities
for being in the different IOHMM states. This would result in a belief vector
representation (see [2, ch. 6]). We did not try this approach.
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6.3.2 Example

Let us consider the example given in Figure 6.2. The environment is a so called
T-maze [6]. In one state (typically the first) a sign is shown which gives the
spatial position of the reward. In state n the agent must decide whether to move
north or south. If the correct action is taken, a reward of +1 will be received,
otherwise −1. The agent must memorize the seen sign for at least n steps to
achieve a good performance. The problem can be interpreted as a POMDP with
an underlying MDP structure. The original MDP structure consists actually of
two T-mazes, each with a fixed sign and a fixed reward distribution (left side of
Figure 6.2). Given the full state information, it is easy to learn a good policy.
However, due to the partially observability, the situation results in a POMDP
(right side). The agent is only able to observe ambiguous information o2, ..., on

with o1 being the only unambiguous information (sign up or down). Our goal
is to reconstruct the original MDP structure using information like the sign
(right-left arrow in Figure 6.2).

Now, let us further assume that a Factorial IOHMM with one factor (M = 1)
has been successfully trained and assume that the sign is shown in state k. The

agent would have the following observation vector in the beginning o
(0)
1 , ..., o

(0)
k−1

(upper index is the IOHMM state). In state k the IOHMM would switch to
state 1 or stay in state 0 according to the coding of the sign. Assume that
the shown sign is coded as 1, then the agents final observation sequence looks

like o
(1)
k , ..., o

(1)
n . The extracted MDP corresponds to a split in two paths (and

T-Mazes) at the sign. In this case the MDP structure of Figure 6.2 varies
from the extracted one, because no information gives a hint that the first k− 1
observations correspond to different states. Nevertheless the extracted MDP
problem is easy to solve for any MDP learning algorithm, e.g. value-policy
iteration with a TD(0) value estimator [77].

6.3.3 Training

HMMs are typically trained with the EM or an approximate EM algorithm1.
The EM is a batch and not an online algorithm. Therefore, it is not possible to
train the IOHMM in parallel to an reinforcement learning algorithm. We used
two different approaches in order to overcome this problem and to incorporate
the IOHMM in a reinforcement learning architecture. The first approach was
to train the IOHMM ones with randomly sampled trajectories. This method
works fine, as long as the random sampling covers the state space and as long
as the important signals are included in a reasonable number of trajectories (in
simulations the signals were present in a quarter or less of the total number of
trajectories). The second approach combines the IOHMM with the MDP based
method and performs an iteration between the methods, similar to a value-
policy iteration. In this way the IOHMM is trained multiple times and with a
sample distribution that is policy dependent. The advantage of this approach
is that the IOHMM adapts to the needs of the current control policy. We used

1As an alternative to the EM we directly maximized the likelihood in a number of simula-
tions. We did this with a batch algorithm and the performance was comparable to the EM.
The maximization can also be done with a gradient ascent and can thus can be performed
online. We did not follow this direction, because the EM approach worked very well for our
tasks.
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the following algorithm in simulations:

Algorithm 4 IOHMM-Value/Policy Iteration

while IOHMM Transition Matrix Changed? do
for i = 1 to batchsize do

while Not in terminal state do
Step 1: Update IOHMM state with current observation (Viterbi)
Step 2: Choose action for current observation and IOHMM state
Step 3: Update value estimates
Step 4: Collect observations and given reward

end while
end for
Step 5: Train IOHMM

end while

In our simulations we stopped when no transition probability changed more
than a given threshold θ, i.e. if for all inputs x and IOHMM states i, j it holds
that |Px(i, j) − P̃x(i, j)| < θ, where Px(i, j) denotes the new transition proba-
bility of the IOHMM and P̃x(i, j) the old transition probability. A drawback
of the multiple training is that in a factorial HMM the factors can interchange
their meaning and the control policy will get invalid. In our simulations we used
the old IOHMM solution as the initialization for the new EM procedure. If the
new batch of examples is drawn from a similar distribution like the old one,
then few learning steps are needed (often 1 or 2). Furthermore, the coding of
the states remains typically the same and the value estimates stay valid.

6.4 MIOFHMM

We use a special IOHMM in this work, the so called Memory Input Output
Factorial HMM (MIOFHMM) from [41]. The MIOFHMM is the HMM analog
to the LSTM network. The MIOFHMM is an input output Hidden Markov
Model [11] which consists of M different factors [35]. Each factor is equivalent
to a two state HMM model with the following transition matrix depending on

the input x and on an input and factor dependent parameter c
(m)
x ∈ [0, 1]:

P (m)
x =

(

c
(m)
x 1− c

(m)
x

0 1

)

(6.1)

Each of the factors represents a memory latch with the catch state being state
2. The c’s play the role of diffusion factors. If a parameter c is close to 1
then the system remains in state 1, while for c close to 0 the system “diffuses”
from state 1 to state 2. The intuition of the memory latch is that the system
should adjust the diffusion probabilities in the way that state 2 is only accessed
if a critical input information is observed. In this way state 2 memorizes the
occurrence of signals. We can increase the memory capacity to 2M by using
multiple factors/latches.

The MIOFHMM was proposed as a solution to the “vanishing gradient”
problem. However, some care must be taken with the application of the MIOFHMM,
because two problems exist that are related to diffusion of state 1 to state 2.
We discuss these problems and a simple solution in Appendix 6.A.
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6.4.1 Model Details

We use a factorial IOHMM with M factors [35]. Each of the factors has the
transition probability defined by (6.1). In [41] the output was modeled in anal-
ogy to traditional HMMs through multinomial distributions for each possible
complex state, hence it was represented through matrices of dimension D×2M ,
where D is the number of output signals. Such a representation has some draw-
backs (see [35] for details). In our case it is especially problematic because we
do not calculate the EM directly but we approximate it (s. below). The strong
coupling due to this matrix representation is unsuitable for the approximation.
We therefore use an alternative approach from [46]. In this approach the out-
put distribution is given by a linear combination of the expected values of the
hidden states on which a monotonic and differentiable function h is applied. h
is chosen according to the output distribution. For example, if the output is
binomial then h is the logistic function. The setting is very flexible and allows
to model a variety of continuous and discrete distributions. This is also the ad-
vantage to approximations suggested in [35] which are, for example, not usable
for discrete distributions.

6.4.2 Training

The MIOFHMM is trained with the EM algorithm [26]. In our work we use an
approximate EM which is suggested in [46]. The approximation is based on the
backfitting algorithm for generalized additive models [36]. The approximation
updates the different factors sequentially. The first factor is adapted to account
as good as possible to the overall distribution. Then the second factor is adapted
to account for the remaining uncertainty, and so on. The method is very similar
to boosting. For details see [46]. Like in the variational approximations from
[35] a direct coupling between the states of different factors does not exist.

6.4.3 Variations of the Memory Latch

It is possible to use other structures then the 2-state memory latch. Instead
one can use for example multiple catch states. This increases the representation
power of one factor. It is further possible to account for a series of events, where
the different events have a long time gap in-between. A structure that would
be suitable for this case is a chain of states with a final catch state and high
probabilities for staying in the current state. The structure of the MIOFHMM
can in this sense be adapted to the task at hand.

6.5 Experiments

We tested the capability of the MIOFHMM to detect hidden states in the en-
vironment and to reconstruct the underlying MDP in two experiments. In the
first experiment we used the T-Maze from [6] to test the maximal distance for
which our method is able to relate a source to a target signal. The control prob-
lem in the T-Maze is quite simple (mainly one decision must be learned). In the
second experiment we used the 986-State Maze from [85] to test the capability
of the method in a non-trivial control problem.

100



6.5. EXPERIMENTS

6.5.1 T-Maze

The T-maze problem has been described in Section 6.4. We used the following
setup to solve the T-maze problem. We first generated a set of 1000 trajecto-
ries with a counter-based exploration strategy from [78] (Section 6.2.2). This
exploration strategy takes in state s the action which has been taken the fewest
times. For the T-maze, this sampling leads to a trajectory which walks from
the sign to the goal states and makes no step back. In fact, the needed number
of steps to reach the goal in case of pure random sampling, increases exponen-
tially with the length of the corridor. We then trained the MIOFHMM with the
samples. For the T-maze, the MIOFHMM consisted of just one factor, which is
enough to code the observed sign. Notice that in this case the approximate EM
is equivalent to the exact EM. After the training of the MIOFHMM we applied
the TD(0) estimator on the extended observation vector. In this step we used
again the counter-based exploration strategy for sampling. In a final step we
used a greedy policy on the TD(0) estimates and we verified the performance
of the method in 100 greedy runs. In all trials (10/10) the final policy achieved
in all runs a reward of +1 for a maximal corridor length of 100 000. In contrast
the current best method for this task from [6] can handle a length of about 70
and for a simpler task a corridor length below 1000.

Figure 6.3: 986-State Maze. (G) denotes the goal state and (K) the key. See
text for details.

6.5.2 986-State Maze.

The second POMDP is a modified version of the so called 986-State Maze from
[85]. The POMDP is shown in Figure 6.3. The original setup is the following:
The POMDP contains one goal state (G) in the lower right corner. The goal is
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blocked by a door, which can only be opened by a key. The key is located in
the upper right corner (K).

The difficulty for an agent is to memorize if it visited the key state or not.
This is difficult for a MDP algorithm since it must decide for a given state if
it should walk to the key or to the door without knowing whether it has the
key or not. However, in the original setup a solution for MDP algorithms is
possible and one can bypass the memory task. This is the case because one can
construct a path from the starting position to the key and a path from the key
to the goal which does not cross each other (in this way the states of the path
contain the information if the key has been visited or not). The following MDP
policy solves the task: first walk from the starting position (for example in the
left area of the map) along the left wall until the key room and then from the
Key state walk along the right wall to the door and to the goal.

State (1,1) State (2,1) State (1,2)
Key

Goal

Figure 6.4: The figure shows the value maps which correspond to the different
HMM states. The left map corresponds to the case that both factors are in state
1. This case represents the situation that the signal has not yet been observed.
The map in the middle corresponds to the case that the first factor is in state
2 and the right map to the case that the second factor is in state 2. Both cases
encode the situation that the signal has been observed, whereas one encodes
signal one and the other signal two. The color denotes the value (dark blue =
low value, red = high value). For state (2,1) and (1,2) the value gets higher
from the key to the goal, while for state (1,1) the value is highest at the key.

We changed the original setup to overcome this effect. In our setup the key
was associated with a signal (like in the T-Maze). Furthermore, in the goal
the agent can take two possible actions, one with positive reward and one with
negative reward. The door was removed. The signal at the key state denotes
the correct action. This task is not solvable for a MDP algorithm, which will
have an equal chance for positive or negative reward. The task is considerably
harder than the T-Maze task because the trajectories differ strongly for different
runs and the control task is not trivial.

We solved the 986-State Maze problem with a similar setting as for the T-
Maze. This time we used a 2-factor MIOFHMM and sampled again with the
counter-based exploration strategy. We tested the method for three different
cases: (1) deterministic transitions, (2) 1/4 of the action result in a random
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movement, (3) 1/2 of the actions result in a random movement. In all cases
(10/10) the MIOFHMM extracted the relevant signal, whereas a high number
of EM steps was needed (up to 500). Instead of TD(0) we used the LSTD based
approach as discussed in Section 6.2.1 for control (5000 trajectories). The LSTD
approach solved the problem nearly perfectly. In a few cases it happened that
from some states the goal was not reached. Figure 6.4 shows value maps for
the different MIOFHMM states (in this case 1/4 of the actions were random).
State (1,1) means that both MIOFHMM factors are in state 1. State (2,1) and
(1,2) denote the case where one of the factors switched to state 2. The case that
both factors switched to state 2 does not occur.

We did not try alternative methods on this task, as a method should at least
solve the T-maze for a length of > 1000. The only candidate would in principle
be the method from [6] but this method achieves such a performance only if few
actions must be taken.

6.6 Summary

Environments with hidden states are the common case in everyday life. The
knowledge of such hidden states is often cruicial for a successful control strat-
egy. Extraction of hidden states is, however, not trivial. An indication for this
point is the shortcoming of most reinforcement learning methods in quite simple
environments like the T-maze. One reason for the difficulties is the vanishing
gradient problem, which states that it is getting exponentially harder in time
to extract relations between signals. In a complex control task in which a se-
quence of actions must be performed to achieve a goal, it is typically the case
that a long time gap exists between the first actions and the final result (e.g.
the reward). It is needed to account for the vanishing gradient problem to be
successful in such scenarios.

In this work we used the MIOFHMM from [41] to deal with the vanishing
gradient problem. The MIOFHMM is able to relate far apart signals and is
therefore well suited for large environments. In contrast to [41] we did not apply
the exact EM but an approximation suggested in [46]. The advantage of our
approach is that it is computationally feasible to use multiple factors and in this
way to increase the size of the memory for environmental signals. We showed
in simulations that in the extreme case our method can reconstruct MDPs if
the signals are up to 100 000 steps apart. This is a significant improvement in
comparison with other approaches, which are mostly only able to solve POMDPs
where the signals are fewer than 100 steps apart. Our method is explicitly
constructed for extracting hidden signals and does not handle other sources of
partial observability. We think that it is an interesting line for future research
to combine our method with approaches that handle other sources like fuzzy
sensors.

6.A Diffusion and Credit Assignment

We discuss in this appendix two problems of the MIOFHMM which have to do
with diffusion from state 1. For simplification we assume in the following that
the output must only be generated at the last time step.
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CHAPTER 6. MDP UNFOLDING THROUGH HIDDEN STATE
EXTRACTION

The probability to be in state 1 depends exponentially on t, due to the
diffusion. With st being the state at time t, {xt} being the input sequence and
k being a point in time with k < t:

P (st = 1|sk = 1, {xt}) =

t∏

i=k

cxi
∼ ct−k (6.2)

The factor of interest in the system is the probability for a transition from state
1 to state 2. The learning method (in our case EM, [26, 9]) must adjust this
parameter to be high for important signals and low otherwise. The update rule
for this parameter depends on the difference between ξt(1, 2) and ξt(1, 1), where
ξt(i, j) denotes the probability of being in state i at time t and state j at time
t + 1 (we use the notation of [62]). These probabilities are

ξt(1, 1) = (1/Z)αt(1)a11βt+1(1) ∼ a11βt+1(1),

ξt(1, 2) = (1/Z)αt(1)a12βt+1(2) ∼ a12βt+1(2),

where Z is a normalization factor, αt(i) the probability to be in state i at time
t given the observation sequence until time t, βt(i) the probability to be in state
i given the observations from time t + 1 to the end of the sequence and aij the
probability for a state transition from state i to j. Crucial in these equations are
the β’s. These should be as different as possible to detect important information
at time t. However, due to the diffusion these are:

βt+1(1) ≈ cT−t−1b1(oT ) + (1− cT−t−1)b2(oT ),

βt+1(2) = b2(oT ),

where oT is the observation at time T and b1(oT ), b2(oT ) are the observation
probabilities, i.e. the probabilities to observe oT given state 1, respectively 2. ck

goes exponentially in k to zero and βt+1(1) approaches βt+1(2). Hence, it gets
exponentially more difficult to separate the states in dependence of the time and
adjustments will get marginal. This results in an effect similar to the vanishing
gradient (Case A in Figure 6.1).

The second weakness becomes obvious when taking a closer look at the
probability to be in state 2 at time T if the important signal comes either at
time t or time l (for simplification we assume l=0). Due to equation (6.2) the
probability is exponentially lower for the later point in time (here t): Using

P (sT = 2|{xT }) =

T−1∑

t=1

P (st+1 = 2|st = 1, xt)P (st = 1|{xt−1}),

assuming that the transition probability for signal I is d and setting c̃ := 1− c:

P (sT = 2|x0 = I)− P (sT = 2|xt = I) = c̃ct + d− dct − c̃ = (d− c̃)− (d− c̃)ct.

For t → ∞ the value approaches exponentially the value (d − c̃). Hence the
probability to be in state 2 is exponentially less affected by the later signal (e.g.
for d = 0.5, c̃ = 0.1 and t = 10 the probability difference is 0.36). The probabil-
ity directly affects the change in the output distribution. For the multinomial
case

b2(k) =

∑n
i=1 P (sT = 2|{xT,i})δoT ,k
∑n

i=1 P (sT = 2|{xT,i})
,
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6.A. DIFFUSION AND CREDIT ASSIGNMENT

0 200 400 600 800 1000
0

10

20

30

40

50

60

Time of signal

R
un

s

c=1E−06
c=1E−05
c=1E−04
c=1E−03

Figure 6.5: The Figure shows the effect of the initialization of the diffusion factor
c. If it is to high a vanishing gradient like problem is present (The number of
training runs needed to correctly predict the reward for a T-Maze of length 1000
is plotted).

where δ denotes the Dirac delta function. The output distribution affects the
values of the β’s. Hence, the detection of the signal is inhibited. Therefore, we
have a problem that corresponds to case B in Figure 6.1.

In simulations the first disadvantage was dominant, however, both can lead
to considerable problems. Yet, being aware of the problems it is easy to circum-
vent them. Despite the exponential relation of the critical factor ct to the time
t it is possible to control the “minimal” influence through a thorough initializa-
tion. If we know, for example, that we have to cope with sequences of maximal
length 100 then we can bound this influence factor easily (for example by 0.9):
0.9 < ct < c100 ⇒ c > 0.91/100. This way the transition probability is extremly
low in the beginning, but all signal times are nearly equally important. The
low initial value did not result in problems in our simulations. In Figure 6.5 the
effects of different initial values of c are plotted. The x-axis denotes the signal
time and the y-axis the number of training runs needed to solve a prediction
problem for the T-maze ([6], see also Section 6.4) in dependence of the time
of the signal. The task was to predict the given reward for the last transition
(time t = 1000).
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