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Zusammenfassung

Dynamische Netzwerkflüsse spielen eine wichtige Rolle in vielen Bereichen wie beispiels-
weise Transport, Verkehr und Logistik. Ihre zeitliche Dimension ermöglicht die realistische
Modellierung von vielen realen Anwendungen. Dynamische Flüsse wurden bislang nur in
Szenarien betrachtet, in denen die Eingebeparameter vorgegeben und nicht von der Zeit
abhängig sind. Für viele Anwendungen ist dies zu statisch und es wäre wünschenswert,
wenn das Netzwerkmodell nicht nur zeitabhängige Flüsse, sondern auch zeitabhängige
Netzwerkparameter berücksichten würde. Sich ändernde Netzwerkcharakteristiken wie
Kapazitäten, Kosten und Knotenbalancen wurden jedoch in der Literatur bislang nicht
ausreichend betrachtet. Der Hauptgrund dafür ist, dass die entstehenden dynamischen
Flussprobleme sehr schwierig zu analysieren und zu lösen sind; insbesondere, wenn die
Zeit stetig und nicht diskret modelliert wird.

In dieser Dissertation behandeln wir eine allgemeine Klasse von dynamischen Flussproble-
men mit zeitveränderlichen Kapzitäten, Kosten und Bedarfen und entwickeln Lösungsal-
gorithmen für diese Probleme. Der Fokus liegt dabei auf kontinuierlichen Modelle, da diese
– im Gegensatz zu diskreten Modellen – bisher in der Literatur wenig behandelt wurden.
Daher wurde nur geringer Fortschritt darin erzielt, dynamische Flüsse mit zeitveränder-
lichen Parametern mit einem kontinuierlichen Zeitansatz zu lösen, obwohl ein kontinuier-
licher Ansatz in realen Anwendungen unerlässlich ist. Das Ziel dieser Arbeit besteht
darin, ein kontinuierliches Analogon zu den grundlegenden Konzepten und Techniken der
statischen Netzwerkflüsse zu entwickeln. Wir präsentieren zwei Algorithmen basierend
auf einem Diskretisierungansatz, welche gegen eine optimale Loesung konvergieren. Beide
Algorithmen erzeugen approximierte nicht extremale Loesungen, obwohl ein Extrempunkt
in der Praxis aufgrund seiner klaren und einfachen Struktur zu bevorzugen wäre. Zur Lö-
sung dieses Problems wurde ein sogenannter Purifikationsalgorithmus entwickelt, welcher
ausgehend von einer beliebigen zulässigen Loesung einen extremale Lösung erzeugt, ohne
den Zielfunktionswert zu verschlechtern.

Der Theorie dynamischer Flüsse mit zeitabhängigen Netzwerkparametern fehlen weiter-
hin grundlegende Aspekte, wie Optimalitätskriterien und Lösungsalgorithmen, welche
im statischen Fall vorhanden sind. Dies motiviert die Betrachtung des kontinuierlichen
Kürzeste-Wege-Problems. Dieses Problem tritt als Teilproblem bei der Erkennung nega-
tiver Kreise im Residualgraphen auf und führt somit zu einem Optimalitätskriterium für
dynamische Netzwerkflüsse. Wir formulieren das kontinuierliche Kürzeste-Wege-Problem
als lineares Programm im Raum der Maße. Ausgehend von diesem linearen Programm
charakterisieren wir die Extrempunkte der zulässigen Region und zeigen, dass sie dy-
namischen Wegen entsprechen. Wir betrachten ebenfalls ein duales Programm und leiten
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Zusammenhänge mit dem primalen Programm her. Unter Anderem beweisen wir ein
starkes Dualitätstheorem.

Ausgehend von der Analyse des kontinuierlichen Kürzeste-Wege-Problems leiten wir drei
Optimalitätskriterien für eine sehr allgemeine Klasse dynamischer Flussprobleme her.
Diese basieren auf reduzierte Kosten, negative Kreise und starke Dualität. Weiterhin
behandeln wir einen generischen Negativen-Kreis-Eliminations-Algorithmus der auf dem
entsprechenden Optimalitätskriterium basiert.
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Introduction

In our everyday lives we are faced with many instances of networks. Highway, rail roads,
electrical power systems, telephone lines, and public transport systems are familiar to all
of us as instances of physical networks. Typically, a network consists of supply points (e.g.,
oilfields, factories, or other production units) and demand points (e.g., refineries, cities,
or other consumption centers), together with several routes (e.g., pipelines, roads, cables
or other channels) that connect these points. These routes are used to ship the supply to
the demand and may contain intermediate transshipment points (e.g., pumping stations,
warehouses etc.). Often the supply, demand, and transshipment points can be modeled by
the nodes of a graph, and the routes can be modeled by the paths of the graph. There may
be some constraints on the characteristics of the routes, such as their maximum carrying
capacities, and some costs associated with using particular routes. Such situations are
naturally modeled as network flow problems, whereby we wish to determine a shipment
of some good(s) (vehicles, messages, electricity, water, or other commodities) through
a network that will satisfy demands at consumption centers from available supplies at
production units so that the cost of shipment is minimized.

Network flow problems form a large area of optimization and are central problems in
operations research, computer science, applied mathematics, and many fields of engineer-
ing. They arise not only naturally in the analysis and design of large systems, such as
communication, transportation, and manufacturing systems, but also in situations that
apparently are quite unrelated to networks. Network flow problems have been investigated
and expanded by many researchers from various point of views. Numerous efficient algo-
rithms for solving the minimum cost flow problem as well as the shortest path problem and
the maximum flow problem exist. A comprehensive discussion of theory, algorithms and
applications of network flow problems can be found in the textbook by Ahuja, Magnanti,
and Orlin [AMO93].

The time taken to traverse an arc is typically assumed to be zero in network flows. How-
ever, time plays a vital role and temporal dynamics is a crucial feature of network flow
problems occurring in many practical applications. Moreover, important characteristics
of real-world networks such as arc costs and capacities, demands and supplies etc. are
subject to fluctuations over time. Consequently, also flow values on arcs can change over
time which lead to so-called dynamic network flows (also called network flows over time).
In general, dynamic network flows have three aspects which distinguish them from the
traditional models. Firstly, flow value on an arc changes over time, which are called dy-
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namic flow (or flow over time). Secondly, traversal of flow along an arc takes a finite time
determined by the so-called transit time. Thirdly, storage is allowed at the nodes of the
network for later transportation.

The notion of dynamic network flows was first introduced by Ford and Fulkerson [FF58,
FF62]. Since then, this topic has become an area of active research and many authors
have extensively studied different features of dynamic network flows (see [Aro89, PJO95,
Sku09] and the references therein). The research in this area has pursued two main
approaches with respect to time modeling, namely discrete time models and continuous
time models. While discretization of time leads to problems that are considerably easier
to solve computationally, the more challenging continuous time model reflects reality in
more detail.

Dynamic network flows play an important role in real world applications such as trans-
portation, traffic and logistics. This importance is due to the fact that the temporal
dimension provide a more realistic modeling tool for numerous applications. Dynamic
network flows have been traditionally considered in a purely static environment in which
the input data is given in advance and it is assumed to be independent of time; only the
flow solution changes over time. In many practical applications such a static representa-
tion may be inadequate and it would be desirable if the model considered not only the
time-varying nature of flow, but also of network parameters. However, the fact that net-
work characteristics like capacities, costs, demands, and supplies etc. may vary over time
has not been reflected to an adequate extent in the literature so far. The main reason is
that the resulting flow over time problems are much harder to solve or analyze in detail,
specifically when time is modeled as a continuum.

In this thesis we study a general class of dynamic flow problems with time-varying capac-
ities, costs, supplies, and demands and develop algorithms for solving such problems. We
mainly concentrate on a continuous time models since - in contrast to the discrete time
model - little progress has been made in solving dynamic flow problems with time-varying
parameters in a continuous time model despite its importance as a realistic model in real-
world applications. Our aim is to mark the transition from static to dynamic network
flows by developing the continuous-time analogue of those concepts and techniques which
are the cornerstones of static network flows.

Contribution and Structure of this Thesis

The chapter-by-chapter description and contribution of this thesis follow:

Chapter 1: In the first chapter we give a thorough introduction into the topic of dy-
namic network flows. After presenting the discrete-time model and the continuous-time
model, a problem of pumping crude oil around a distribution network is discussed as a
motivating example. Then we give an overview over the historical development of dynamic
flows both in the discrete-time and the continuous-time model.

Chapter 2: In the second chapter we study a general dynamic minimum cost flow
problem in the discrete-time model with time-varying transit times, transit costs, transit
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capacities, storage costs, and storage capacities. This problem can be solved as a static
minimum cost flow problem in a time-expanded network with T + 1 time layers where T
denotes the given time horizon of the dynamic flow problem. One particular minimum
cost flow algorithm that can be employed is the successive shortest paths algorithm.
This algorithm iteratively improves the balance of supplies and demands by augmenting
flow along a cheapest path from a node with positive supply to a node with demand.
We present a natural variant of Dijkstra’s algorithm for finding a cheapest path in the
residual network whose running time is O(nT (n + T )) where n is the number of nodes of
the underlying static network. This leads to an O(V nT (n + T )) time algorithm for the
problem where V denotes the total supply in the network.

Chapter 3: In the third chapter we turn to the continuous-time version of the dynamic
minimum cost flow problem. We assume piecewise linear arc costs and node storage ca-
pacities, while supply and demand rates, node storage costs, arc capacities, and transit
times are supposed to be piecewise constant. We take a discretization approach by sub-
dividing the considered time interval into finitely many subintervals. This gives us a time
discretization for which we construct a static flow counterpart that yields an upper bound
on the optimum value of the continuous-time problem. By considering a dual problem
and a corresponding discrete approximation on the same discretization, we obtain also a
lower bound on the optimum value of the original problem.

It is shown that the gap between lower and upper bounds converges to zero when the time
discretization gets arbitrarily fine. These results can be also turned into an algorithm that
outputs a sequence of feasible solutions converging to an optimum solution. The main idea
is to solve the two discretized problems for successively finer partitions of time in such a
way an improved feasible solution is obtained at each iteration. This idea was introduced
by Pullan [Pul93] for a special class of continuous linear programs. The quality of the
solution is always controlled by the gap between the current upper and lower bound.
Building upon ideas of Philpott and Craddock [PC95], we also present a more efficient
variant of this algorithm where the partition of time is refined in a more clever way in
every iteration.

Chapter 4: This chapter deals with a major drawback of the algorithms presented
in Chapter 3. Already after few iterations the number of time intervals in the time
discretization and thus the encoding size of the solutions and the time required to compute
them is huge. Moreover, it keeps growing at a fast rate while the improvement of the
objective function value is only marginal. On the other hand, computations for small
example instances show that the structure of an optimum solution is often much simpler.
Extreme point solutions usually have a considerably simpler structure than arbitrary
feasible solutions. Hence one possible solution to the described problems is purification,
that is, the process of turning an arbitrary feasible solution into an extreme point solution
without degrading the objective function value. We give a characterization of extreme
point solutions and present a purification algorithm for the general case of piecewise
analytic problem data and constant and rational transit times.
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Chapter 5: In the fifth Chapter we study the continuous-time dynamic shortest path
problem. The main motivation for studying this problem is its application for computing
dynamic minimum cost flows. In contrast to many direct applications of the dynamic
shortest path problem where arc transit times and costs are nonnegative or even positive,
both transit times and costs can take arbitrary values in the residual network of a dynamic
flow. Therefore we face the challenge of developing results in this general setting.

The dynamic shortest path problem in a continuous-time model is formulated as a linear
program in measure spaces. We characterize extreme point solutions of this program and
show that they correspond to dynamic paths in the underlying network. Moreover, we
consider a dual program and establish a strong duality theorem for the general case of
piecewise analytic problem data and constant and rational transit times.

Chapter 6: The sixth chapter is again devoted to the dynamic minimum cost flow prob-
lem with piecewise analytic problem data and constant rational transit times. We develop
continuous-time analogues of several well-known optimality conditions for static minimum
cost flows. In particular, we prove a reduced cost optimality condition, a negative cycle
optimality condition, and finally a strong duality result. Further, we discuss a generic
negative cycle canceling algorithm which is the logical consequence of the corresponding
optimality criterion.

Chapter 7: The last chapter concludes the dissertation by giving a summary of the
results obtained and a list of further research directions in the context of dynamic network
flows.

Parts of this thesis have been published or have been submitted for publication in the
folowing articles: [HNS09a, HNS09b, NH08, NH09]



Chapter 1

Dynamic Network Flows

Dynamic network flows are a fascinating area of research. In contrast to classical static
flows, they include a temporal dimension and consequently provide a more realistic model-
ing tool for a wide variety of applications such as road traffic control, production systems,
communication networks, financial flows and pipeline systems for transporting. In such
applications, flow values on arcs are not constant but may change over time due to sea-
sonal altering demands, supplies and arc capacities. Moreover, there is a second temporal
dimension in these applications. Usually, flow does not travel instantaneously through a
network but requires a certain amount of time to travel through each arc.

Much of the work on dynamic network flows are treated in a purely static environment
in that the input data is given in advance and is assumed to be independent of time, and
only the flow solution changes over time. Fleischer and Skutella [FS07] point out that
the term “dynamic” is more consistently for problems with input data that arrives online
or changes over time. For these reasons, they use the term “network flows over time”
instead of “dynamic network flows” to refer to these problems and to express that only
the movement of flow through the network over time is considered. However, important
characteristics of real-word networks are subject to fluctuations over time and the fact
that they may change over time has not been reflected to an adequate extent in the
literature so far and mostly the real-world applications are treated as static in that time
does not enter into the model. The main reason is that the resulting dynamic network flow
problems are much harder to solve or analyze in detail, specifically when time is modeled
as a continuum. The aim of this thesis is to advance the state of the art for dynamic
flow problems in time-varying networks by establishing structural results and developing
solution algorithms for such problems.

1.1 Problem Description and Formulation

We begin our treatment by a mathematical description of the central problem in network
flows. We suppose that there is a single commodity to be routed through a network. Let
the nodes of the network be denoted by the set N and suppose that there is a set of
directed arcs A ⊆ N × N , so that (i, j) represents the arc from node i to node j. We
assume without essential loss of generality that every pair of nodes is connected by at
most one arc. Each node i ∈ N has a supply or demand ri, which represents the available

5



6 Dynamic Network Flows

supply or required demand of flow depending on whether ri > 0 or ri < 0 at node. We
represent the flow on an arc (i, j) by xi,j. The flow must be conserved at each node
of the network, that is, they have to satisfy the following constraints, the so-called flow
conservation constraints:

∑

j:(i,j)∈A

xi,j −
∑

j:(j,i)∈A

xj,i = ri, ∀i ∈ N. (1.1)

Each arc (i, j) has a capacity ai,j giving the maximum amount of flow on the arc and a
lower bound li,j giving the minimum amount of flow one the arc. We assume, without
loss of generality, that li,j = 0 for each arc (i, j) since we can transform a general instance
with non-zero lower bounds into an instance where the lower bounds are zero. Hence we
have the following :

0 ≤ xi,j ≤ ai,j , ∀(i, j) ∈ N. (1.2)

Each arc also has an associated cost per unit flow on the arc. It is assumed that the flow
cost varies linearly with the amount of flow. The minimum cost flow problem (MCF) is
then formulated as

MCF : min
∑

(i,j)∈A

ci,jxi,j

s.t. constraints (1.1) and (1.2).

(1.3)

MCF is the most fundamental network flow problem and lies at the heart of network
optimization. Two important special cases of the minimum cost flow problem are the
shortest path problem and the maximum flow problem. Let s ∈ N be a source node
and t ∈ N be a sink node. The shortest path problem is stated as follows: we wish to
determine a path of minimum cost from s to t. In the formulation of model (1.3), if we
set rs = 1, rt = −1, and ri = 0 for all other nodes, and set each ai,j ≥ 1, then an optimal
basic feasible solution for the problem (1.3) will send one unit of flow from node s to node
t along the shortest path problem. In the maximum flow problem, we wish to send the
maximum amount of flow from node s to node t through the network with each arc (i, j)
having a maximum capacity ai,j . If we set ri = 0 for all i ∈ N , ci,j = 0 for all (i, j) ∈ A,
and introduce an additional arc (t, s) with associated cost ct,s = −1 and capacity at,s =∞,
then it is easy to see that an optimal solution to problem (1.3) maximizes the amount of
flow from node s to node t in the original network.

So far we have only considered the setting of static network flow problems in which time
does not enter into the model and the time taken to traverse an arc is assumed to be zero.
In what follows, we consider a generalization of the MCF problem (1.3) in which each arc
has a transit time in addition to cost and capacity, storage with a corresponding cost is
allowed at the nodes, and network characteristics (e.g., arc costs and capacities, transit
times, storage costs, demands and supplies) can change over time. In particular, each
arc (i, j) has a transit cost ci,j, a transit capacity ai,j , and a transit time λi,j. Further,
each node i has a supply/demand ri, a storage cost di, and a storage capacity bi. All of
these parameters are supposed to be functions of time. The aim of the dynamic minimum
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cost flow problem (DMCF) is to seek a dynamic flow that satisfies all supplies/demands
and obeys all the transit and storage capacity constraints over time, while minimizing
total transit and storage costs. This problem can be formulated in two ways, as we shall
discuss below, depending on whether we use a discrete or continuous representation of
time.

1.1.1 Discrete-time Dynamic Minimum Cost Flows (DDMCF)

We first consider the case where time is discretized into steps of unit length. We suppose
that the time variable t varies in the set {0, 1, . . . , T} of time steps, where T > 0 is a given
time horizon. For t ∈ {0, 1, . . . , T}, ci,j(t) is the cost for sending one unit of flow through
arc (i, j) at time t, ai,j(t) is an upper bound on the amount of flow that can enter arc (i, j)
at time t and λi,j(t) is the amount of time required for flow to traverse arc (i, j) at time
t. More precisely, flow which is entering arc (i, j) at time t, arrives at node j at time
t+λi,j(t). Moreover, di(t) is the cost for storing one unit of flow at node i from time t−1
to t, bi(t) is an upper bound on the amount of flow that can be stored at node i from
time t−1 to t and ri(t) is the amount of supply or demand at node i at time t. All transit
times λi,j(t) as well as the time horizon T are assumed to be nonnegative integer values.
The discrete-time dynamic minimum cost flow problem (hereafter called (DDMCF)) can
now be formulated as follows:

DDMCF : min
T
∑

t=0

∑

(i,j)∈A

ci,j(t)xi,j(t) +
T
∑

t=0

∑

i∈N

di(t)yi(t)

s.t.
∑

j:(i,j)∈A

xi,j(t)−
∑

j:(j,i)∈A

∑

t′:t′+λj,i(t′)=t

xj,i(t
′) + yi(t + 1)− yi(t)

= ri(t), ∀i ∈ N, t ∈ {0, . . . , T},

0 ≤ xi,j(t) ≤ ai,j(t), ∀(i, j) ∈ A, t ∈ {0, . . . , T},

0 ≤ yi(t) ≤ bi(t), ∀i ∈ N, t ∈ {0, . . . , T}.

(1.4)

The problem is only defined on {0, 1, . . . , T} and in order to simplify notation we use xi,j(t)
for t < 0, implicitly assuming that xi,j(t) = 0 in this case. In the above formulation xi,j(t)
gives the amount of flow sent at time t into arc (i, j) and yi(t) gives the amount of flow
stored at node i from time t−1 to t. Note that yi(0) is given, not a variable, and represents
an initial storage at node i.

The time-expanded network technique is a typical approach for solving DDMCF. A time-
expanded network is a static network that encapsulates the time-varying attributes of the
network G and is formed by creating T + 1 copies of N , labeled N0 through NT , with
the tth copy of node i denoted by it, for t = 0, . . . T . Each node in the time-expanded
network is actually a node-time pair corresponding to one original node number and one
time step. For each arc (i, j) ∈ A and each time step t (0 ≤ t ≤ T − λi,j(t)), there is an
arc (it, jt+λi,j(t)) with associated cost ci,j(t) and capacity ai,j(t). Moreover, for each node i
at each time t (1 ≤ t ≤ T ), there is a holdover arc (it−1, it) with associated cost di(t)
and capacity bi(t). Supply/demand at node it is defined as ri(t). If there is an initial
storage yi(0) at some node i, then a copy of node i, labeled by i−1, is introduced with
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associated supply yi(0), and a holdover arc from node i−1 to node i0 is added with infinite
capacity and zero cost. It is easy to see that any static flow in the constructed time-
expanded network corresponds to a dynamic flow of equal cost in the original one, and
vice versa. Therefore, DDMCF is equivalent to a static minimum cost flow problem on
the time-expanded network.

Although DDMCF can be solved by applying classical minimum cost flow algorithms on
the time-expanded network, the size of this network is typically very large for realistic
problems. In particular, since the size of the time-expanded network is linear in T (and
therefore exponential in log T ), a polynomial time min-cost flow algorithm will in general
only yield a pseudo-polynomial time algorithm for DDMCF. Here it is worth mentioning
that it follows from the work of Klinz and Woeginger [KW04] that already a very restricted
subproblem of DDMCF with constant arc capacities, transit costs and transit times, zero
storage costs, and infinite storage capacity is NP-hard. The situation becomes even much
more difficult when time is modeled as a continuous quantity rather than discrete.

1.1.2 Continuous-time Dynamic Minimum Cost Flows (CDMCF)

We now consider the more challenging continuous-time model in which the time variable t
can take any point in time in the interval [0, T ]. In contrast to the discrete-time model,
ai,j(t) limits the flow rate (i.e., amount of flow per time unit) into arc (i, j) at time t, di(t)
is the cost for storing one unit of flow at node i at time t, bi(t) denotes the maximum
storage allowed at node i at time t and ri(t) represents the supply or demand rate at
node i at time t. We require that the components of λ(t) are piecewise polynomial, and
that the components of c(t), d(t), r(t), a(t), and b(t) are bounded measurable functions
on [0, T ].

A dynamic flow in the network G with time horizon T is a function x : A× [0, T ] −→ R≥0

that assigns a flow rate xi,j(t) to every point in time t and every arc (i, j). We assume that
an initial storage of yi(0) is associated with each node i. The dynamic flow x and initial
storage y(0) induce a storage function y : N × [0, T ] −→ R≥0 that assigns a storage yi(t)
to every node i at each point in time t. More specifically, yi(t) measures the amount of
flow stored at node i at time t and xi,j(t), which is required to be a bounded measurable
function on [0, T ], gives the rate of flow entering arc (i, j) at time t. Mathematically, the
continuous-time dynamic minimum cost flow problem (hereafter CDMCF) can now be
expressed as follows:

CDMCF : min

∫ T

0

c(t)T x(t)dt +

∫ T

0

d(t)T y(t)dt

s.t.

∫ t

0

∑

j:(i,j)∈A

xi,j(s)ds−

∫ t

0

∑

j:(j,i)∈A

∑

s′:s′+λj,i(s′)=s

xj,i(s
′)ds + yi(t)

= yi(0) + r̄i(t), ∀i ∈ N, t ∈ [0, T ],

0 ≤ x(t) ≤ a(t), ∀t ∈ [0, T ],

0 ≤ y(t) ≤ b(t), ∀t ∈ [0, T ].

(1.5)
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Figure 1.1: An instance of the crude oil distribution network

1.2 Motivation

Dynamic flow problems can be used to model a variety of real word problems that arise
in traffic control, production systems, communication networks (e. g., the internet),
and pipeline systems for transporting. Here a problem of pumping crude oil around a
crude oil distribution network is illustrated to motivate the study of CDMCF. A crude
oil distribution system is the essential part of a crude oil supply chain which links the
upstream and downstream functions and obviously the management of this system has a
critical role in the performance of the crude oil supply chain.

Traditionally, this system is mostly managed manually without much assistance of scien-
tific methods. A typical large oil company operates more than refineries, which process
several million barrels of crude oil every day. Typical total unitary crude transportation
cost is in the range of US$ 1.50–3.00 per barrel of crude oil [CD04]. Therefore, total
yearly transportation costs of crude oil in a large oil company can be as much as several
billion dollars. Thus, implementing scientific methods instead of traditional (manual)
ones can considerably reduce distribution costs and improve customer satisfaction. In
this regard, Cheng and Duran [CD04] develop a decision support system for a world-wide
crude oil supply chain by using discrete event simulation and optimal control. Although
simulation is a powerful tool, it misses the optimization potential. However, the crude oil
transportation system can be modeled as a dynamic network flow problem as described
below.

There are several methods that are used to transport crude oil: pipelines, tank trucks,
railroad tank cars, barges and tankers. Pipelines are very economical, especially when
large amounts of crude oil have to be pumped over long distances. We consider a crude
oil network linking a number of production units to consumption centers (refineries and
export terminals) by pipelines. In addition, there are intermediate pump stations and
storage tanks next to them. A crude oil distribution network is shown in Figure 1.1.
Obviously, this system can be viewed as a network G = (N,A), in which N represents
the set of production units, intermediates pump stations, refineries and export terminals,
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and A the set of pipelines. The input data are given as follows 1:

ri(t) = rate of crude oil supply/demand at node i at time t,
ci,j(t) = instantaneous unit cost of pumping crude oil from node i to node j,
di(t) = instantaneous unit cost of storing crude oil at storage tanks next

to node i at time t through pipeline (i, j) at time t,
ai,j(t) = an upper bound on the rate of crude oil that can be pumped

through pipeline (i, j) at time t,
bi(t) = an upper bound on the amount of crude oil that can be stored

at storage tanks next to node i at time t,
λi,j = the time required to traverse crude oil through pipeline (i, j).

The problem arising here is to find a policy of pumping crude oil from the production
units to consumption centers so as minimize the total cost over the planning period [0, T ].
Obviously, this problem is an instance of CDMCF.

1.3 A Brief Historical Review

Ford and Fulkerson [FF58, FF62] first introduced the notion of dynamic flows in networks.
They study the maximum dynamic flow problem whose aim is to find a dynamic flow that
sends as much flow as possible from a source node to a sink node within a given time
horizon. They show that the problem can be solved efficiently by one minimum cost flow
computation on the given network, where transit times of arcs are interpreted as arc costs.

In the model studied by Ford and Fulkerson, time is measured in discrete time steps.
Since then, there has been much research done on discrete-time models, most of it with
time-independent or piecewise constant parameters. The typical approach in this area of
research is to use the time-expanded network, either explicitly in the algorithms, or im-
plicitly in the proofs, to produce theoretically or practically efficient algorithms. Research
on dynamic flow problems has also taken another approach where time is modeled as a
continuous measure. Research in this area typically considers networks with time-varying
parameters (e.g., arc capacities and costs), and focuses on proving the existence of opti-
mum solutions, investigating the structure of optimum solution, extending duality theory,
and developing solution algorithms.

For the case that the network parameters (e.g., costs, capacities, supplies and demands)
are independent of time and the transit times as well as the time horizon are integral,
there is a one-to-one correspondence between discrete-time and continuous-time dynamic
flows. Fleischer and Tardos [FT98] point out even a stronger connection between the two
models. They show how a number of results and algorithms for the discrete-time model
can be carried over to the analogous continuous-time model, even if the time horizon T is
not integral. These results do not remain true for the more general setting where network
parameters are subject to fluctuation over time. In the following, we briefly review closely
related to our dynamic network flow problems.

1If node i is a production unit (refinery/terminal export), then we have ri(t) ≥ 0 (ri(t) ≤ 0). No
crude oil is produced or consumed at pump stations, thus ri(t) = 0, if node i is a pump station.
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1.3.1 Discrete-time Models

A more complicated variant of the maximum dynamic flow problem is the problem of
finding a dynamic flow which simultaneously maximizes the amount of flow arriving at
the sink before time t for all t ∈ [0, T ]. Such a dynamic flow is called an earliest arrival
flow . Gale [Gal59] considers this problem and proves that earliest arrival flows always
exist. Following Gale, Wilkinson [Wil71], and Minieka [Min73] independently presented
pseudopolynomial algorithms to compute these flows. The resulting solution is also a
latest departure flow , i.e., a dynamic flow which simultaneously maximizes the amount of
flow departing from the source after time t for all t ∈ [0, T ] (subject to the constraint that
all flow must arrive at the sink before time T ). A dynamic flow which is both an earliest
arrival flow and a latest departure flow is called universally maximal dynamic flow . Hoppe
and Tardos [Hop95, HT00] describe an algorithm to approximate a universally maximum
dynamic flow within a factor of (1+ ǫ), for any ǫ > 0, which runs in polynomial time with
respect to ǫ and the input network.

A problem closely related to the maximum dynamic flow problem is the quickest flow
problem whose aim is to minimize the time horizon given a flow value, rather than maxi-
mizing the flow value given a time horizon. In the other words, the goal is to determine
the paths along which to send a given supply from a single source to a single sink such that
the last unit of flow arrives at the sink in the minimum time. This problem can be solved
in polynomial time by incorporating the algorithm of Ford and Fulkerson [FF62] into a
binary search framework. Burkard, Dlaska, and Klinz [BDK93] provide more efficient and
strongly polynomial algorithms for the quickest flow problem based on the parametric
search method of Megiddo [Meg79].

A multi-source and multi-sink version of the quickest flow problem is the quickest trans-
shipment problem. Given supplies and demands at the nodes, the goal is to find a dy-
namic flow satisfying all supplies and demands within minimal time. Hoppe and Tardos
[Hop95, HT00] present the first polynomial time algorithm for this problem based on a
submodular function minimization routine. Hall, Hippler, and Skutella [HHS03] show that
computing quickest multicommodity flows is NP-hard, even on series-parallel networks.
Also Fleischer and Skutella [FS02] propose a fully polynomial approximation scheme for
this problem.

So far we surveyed the setting of dynamic network flows where problem data are assumed
to be time-invariant. Cai, Sha and Wong [CSW01] consider a time-varying network in
which all attributes of the network change over time. They propose a pseudopolynomial
time algorithm for sending a given amount of flow from a single source to a single sink such
that the total cost is minimized and the flow arrives at the sink node before a given time
bound. They examine three versions of this problem with zero, arbitrary and bounded
waiting times, which are classified depending on whether waiting at the intermediate nodes
is strictly prohibited, arbitrarily allowed or bounded, respectively. The main difference
between DDMCF and theirs is that DDMCF admits multiple sources and multiple sinks
in which the supplies at source nodes and demands at sink nodes may vary over time.

Miller-Hooks and Patterson [MHP04] develop a pseudopolynomial time algorithm for
solving the quickest flow problem in a time-varying network. Moreover, they present
a technique for converting a network with multiple sources and multiple sinks into an
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equivalent single source and sink network with the addition of a number of nodes and
showed that such conversion enables solution of the evacuation problem (multiple sources,
single sink) and the quickest transshipment problem (multiple sources and sinks) in a
time-varying network by employing their algorithm.

1.3.2 Continuous-time Models

Continuous-time models for network flow problems were first introduced by Philpott
[Phi82] and further studied by Anderson, Nash and Philpott [ANP82]. They consider
the problem of sending as much flow as possible from a source node to a sink node within
a given horizon time T in a network with zero transit times and time-varying transit and
storage capacities. They also introduce the concept of continuous-time cuts and establish
a max-flow min-cut theorem (see also [AN87]). This result was later extended to arbitrary
transit times by Philpott [Phi90].

CDMCF was first introduced by Anderson [And89], who characterizes extreme-point
solutions for the special case of constant and rational transit times. Later, Anderson
and Philpott [AP94b] survey results relating to continuous-time network flows as well as
CDMCF. They introduce a dual problem for CDMCF with a corresponding definition of
complementary slackness and prove a weak duality result.

In the absence of transit times on the arcs and storage capacities and costs at the nodes,
CDMCF is reduced to the so-called continuous-time network flow problem (CNFP):

CNFP : min

∫ T

0

∑

(i,j)∈A

ci,j(t)xi,j(t)dt

s.t.

∫ t

0

∑

j:(i,j)∈A

xi,j(s)ds−

∫ t

0

∑

j:(j,i)∈A

xj,i(s)ds + yi(t)

= yi(0) + r̄i(t), ∀i ∈ N, t ∈ [0, T ],

0 ≤ xi,j(t) ≤ ai,j(t), ∀(i, j) ∈ A, t ∈ [0, T ],

yi(t) ≥ 0, ∀i ∈ N, t ∈ [0, T ].

(1.6)

This problem was introduced by Philpott [Phi85] and studied in more details by Anderson
and Philpott [AP89]. They develop a continuous-time version of the simplex method for
CNFP under the assumption that the cost functions on the arcs are piecewise linear. All
remaining functions are assumed to be piecewise constant, that is, supply and demand
rates and arc capacities. There are no guarantees for the convergence of this algorithm
and it often produces a sequence of solutions which converge to a suboptimal instead
of an optimum solution. Philpott and Craddock [PC95] develop an adaptive discretiza-
tion algorithm for solving CNFP under the same assumptions as in [AP89] and present
encouraging computational results.

CNFP is a special type of the separated continuous linear program (SCLP), which takes
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the following form:

SCLP : min

∫ T

0

c(t)T x(t)dt

s.t.

∫ t

0

Kx(s)ds + y(t) = a(t), ∀t ∈ [0, T ],

Hx(t) ≤ b(t), ∀t ∈ [0, T ],

x(t) ≥ 0, y(t) ≥ 0, ∀t ∈ [0, T ].

(1.7)

Here c(t), a(t) and b(t) are column vector valued functions, defined on the time interval
[0, T ], of dimensions n1, n2 and n3, respectively, and K and H are fixed-matrix of dimen-
sions n2× n1 and n3× n1, respectively. The decision variables are given by x(t) and y(t),
which are vector valued functions of dimensional n1 and n2. Moreover, x(t), c(t) and b(t)
are bounded measurable functions, and y(t) and a(t) are absolutely continuous functions.
All vectors are as columns and the superscript T denotes the transpose operation.

The SCLP problem was first introduced by Anderson [And78] in order to model job-shop
scheduling problems. This problem has attracted most of the attention in the following
class of optimization problems:

CLP: min

∫ T

0

c(t)T x(t)dt

s.t. B(t)x(t) +

∫ t

0

K(s, t)x(s)ds ≤ b(t), ∀t ∈ [0, T ],

x(t) ≥ 0, ∀t ∈ [0, T ].

(1.8)

where B(t),K(t, s) are given n2 × n1 matrices, c(t) is a given n1-vector, b(t) is a given
n2-vector and x(t) is an n1-vector to be determined.

Bellman [Bel53, Bel57] introduces the problem (1.8) to model some economic processes
which he calls “Bottleneck Processes”. These problems are generally referred to in the
literature as continuous linear programs (CLP) since they can be formulated as linear
programs having variables which are functions of time. SCLP has attracted most of
the attention in the class of CLP due to its applications and has been investigated by
several authors. In particular, Anderson, Nash, and Perold [ANP83] characterize the
extreme point solutions of SCLP and show the existence of optimum solutions with a
finite number of breakpoints in certain cases. Anderson and Philpott [AP94a] discuss the
form of solutions for SCLP. They prove the existence of a piecewise analytic optimum
solution under certain assumptions on the problem data and establish a strong duality
result.

Most of the progress in the field of SCLP has been achieved by Pullan. In a series
of papers [Pul93, Pul95, Pul96, Pul97b, Pul97a, Pul00, Pul02], he extensively studies
the SCLP. In particular, he develops a detailed duality theory, conditions under which
an optimum solution exists with a finite number of breakpoints as well as a convergent
algorithm for solving SCLP under certain assumptions on the problem data. Fleischer and
Sethuraman [FS05] present polynomial-time approximation algorithms for solving SCLP
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under certain assumptions on the problem data. In contrast to previous approaches
[LB98, PC95, Pul93], their algorithm uses a fixed partition of [0, T ], specifically designed
to meet the accuracy requirement on the solution. Weiss [Wei08] examines SCLP under
the assumption of linear problem data. He characterizes the form of optimum solutions,
establishes a strong duality result and develops a solution algorithm using simplex pivot
operations.

Anderson and Pullan [AP96] develop a purification algorithm for SCLP, that is, the pro-
cess of turning an arbitrary feasible solution into an extreme point solution whose objective
function value is no worse. They also demonstrate by numerical examples that the use
of a purification algorithm can significantly enhance the performance of the algorithm
developed by Pullan [Pul93] for the solution of SCLP.

Luo and Bertsimas [Luo95, LB98] examine a larger subclass of CLP so-called state-
constrained separated continuous linear program (SCSCLP):

SCSCLP : min

∫ T

0

c(t)T x(t)dt +

∫ T

0

g(t)T y(t)dt

s.t.

∫ t

0

Kx(s)ds + Ey(t) = a(t), ∀t ∈ [0, T ],

Hx(t) ≤ b(t), ∀t ∈ [0, T ],

Fy(t) ≤ h(t), ∀t ∈ [0, T ],

x(t) ≥ 0, ∀t ∈ [0, T ].

(1.9)

This problem is motivated by real-world applications in areas such as communication,
manufacturing, and urban traffic control (see Luo [Luo95]). Luo and Bertsimas use
quadratic programming techniques in conjunction with discretization and develop an al-
gorithm for the solution of SCSCLP under some assumptions on the form of the problem
data.

Pullan [Pul97b] studies a more general class of SCLP to include time-delays in the fol-
lowing form, so-called separated continuous linear programs with time-delays (SCLPTD):

SCLPTD : min

∫ T

0

c(t)T x(t)dt

s.t.

∫ t

0

(

Kx(s)
)

i
ds +

n1
∑

j=1

∫ t

0

γi,jxj(s− λij)ds + yi(t)

= ai(t), ∀i = 1, . . . , n2, t ∈ [0, T ],

Hx(t) ≤ b(t), ∀t ∈ [0, T ],

x(t) ≥ 0, y(t) ≥ 0, ∀t ∈ [0, T ].

(1.10)

This problem serves as a useful model for a variety of dynamic network problems with
zero transit times on the arcs. In fact, it is not difficult to see that SCLPTD includes
CDMCF as a special case if there is no upper bound on the storage at nodes, the storage
costs are zero and the transit times are constant. This can be seen by letting n1 denote
the number of arcs (numbered 1 to n1) and n2 denote the number of nodes (numbered
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1 to n2), and taking Ki,j = 1 if node i is the tail of arc j and Ki,j = 0 otherwise, H
the identity matrix, ai(t) the total supply/demand at node i up to time t, and by setting
γi,j = −1 if node i is the head of arc j and γi,j = 0 otherwise. Notice that here λi,j denotes
the transit time on arc j whose tail is node i.

Pullan [Pul97b] assumes that the transit times λi,j and the time horizon T are all rational.
He then characterizes the extreme point solutions and proves the existence of piecewise
analytic optimum extreme point solutions for the case where input functions are piecewise
analytic. Furthermore, he uses the ideas of [Pul93] to present an algorithm for solving
SCLPTD.

Fleischer and Skutella [FS07] study the CDMCF problem with constant parameters (e.g.
costs, capacities, supplies and demands). They show that there always exists a dynamic
flow of minimum cost that does not require storage. They also introduce condensed time
expanded networks of polynomial size that lead to fully polynomial-time approximation
schemes for several NP-hard dynamic flow problems with constant parameters including
dynamic minimum cost flows. For the case that arc costs are proportional to transit times,
Fleischer and Skutella [FS03] describe a very simple fully polynomial-time approximation
scheme based on capacity scaling for the dynamic minimum cost flow problem with single
source and single sink. They observe that optimal solutions to this problem are earliest
arrival and latest departure flows. Their algorithm runs directly on the original network
(i.e., no time expansion).





Chapter 2

Successive Shortest Path Algorithm
for DDMCF

2.1 Introduction

The dynamic minimum cost flow problem is the central object of this thesis. For this
problem, we wish to determine a flow of minimum cost in a network for which

1. flow requires a certain amount of time to traverse each arc,

2. storage is permitted at the nodes of the network for later transportation, and

3. network characteristics are subject to fluctuations over time.

This problem can be stated in two ways depending on whether we use a discrete or con-
tinuous representation of time. In this chapter we concentrate on the dynamic minimum
cost flow problem in a discrete time model. In the following a detailed description of the
problem as well as a mathematical formulation is given.

Problem Description and Formulation. We consider a directed graph G = (N,A)
with n = |N | nodes and m = |A| arcs and a set {0, 1, . . . , T} of time steps. It is assumed
without essential loss of generality that every pair of nodes is connected by at most one
arc. Each node has a supply or demand ri(t), which gives the available supply or required
demand of flow depending on whether ri(t) > 0 or ri(t) < 0 at time step t. Without loss
of generality, it is assumed that the total sum of supplies equals the total sum of demands,
that is,

T
∑

t=0

∑

i:ri(t)>0

ri(t) = −
T
∑

t=0

∑

i:ri(t)<0

ri(t).

A dynamic flow (also called flow over time) in G is a function

x : A× {0, 1, . . . , T} −→ R≥0

that assigns to every arc (i, j) at each time step t a nonnegative value xi,j(t). We assume
that an initial storage of yi(0) is associated with each node i. The dynamic flow x and
initial storage y(0) induce a storage function

y : N × {0, 1, . . . , T} −→ R≥0

17
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that assigns to every node i at time step t a nonnegative value yi(t). The value xi,j(t)
determines the amount of flow entering arc (i, j) at time step t and the value yi(t) measures
the amount of flow stored at node i from time step t− 1 to t.

Each arc (i, j) has a transit time λi,j(t) for each time step t ∈ {0, 1, . . . , T}, which is the
amount of time it takes for flow to travel from node i to node j entering arc (i, j) at
time step t. Hence the storage function y is derived from the following flow conservation
constrains:

yi(t + 1) =ri(t) + yi(t)−
∑

j:(i,j)∈A

xi,j(t)

+
∑

j:(j,i)∈A

∑

t′:t′+λj,i(t′)=t

xj,i(t
′), ∀i ∈ N, t ∈ {0, . . . , T}.

(2.1)

Constraints (2.1) indicate the flow may be neither created or destroyed in the network. In
these constraints, the first sum represents the total amount of flow that is leaving node i
at time t. Analogously, the second sum represents the total amount of flow that is entering
node i at time t. Notice that the flow which is leaving node j at time t′ via arc (j, i), will
arrive node i at time t′ + λj,i(t

′).

Each arc (i, j) ∈ A and each node i ∈ N has an associated transit and storage capacity
for each time step t ∈ {0, 1, . . . , T}, respectively, given by ci,j(t) and di(t). Here ai,j(t)
is an upper bound of the flow that can enter on the arc (i, j) at time step t and bi(t) is
an upper bound on the flow that can be stored at node i from time step t − 1 to t. If x
satisfies transit capacity constraints

0 ≤ xi,j(t) ≤ ai,j(t), ∀(i, j) ∈ A, t ∈ {0, . . . , T}, (2.2)

and generates storage function y satisfying the storage capacity constraints

0 ≤ yi(t) ≤ bi(t), ∀i ∈ N, t ∈ {0, . . . , T}, (2.3)

then we say that x (with corresponding storage y) is a feasible dynamic flow.

Each arc (i, j) ∈ A also has an associated transit cost ci,j(t), giving the cost per flow unit
for sending flow into arc (i, j) at time t. Similarly, each node i ∈ N has an associated
storage cost di(t), giving the cost for storing one unit of flow at node i from time step
t− 1 to t. The cost of a dynamic flow x with corresponding storage y is thus given by

Cost[x, y] :=
T
∑

t=0

∑

(i,j)∈A

ci,j(t)xi,j(t) +
T
∑

t=0

∑

i∈N

di(t)yi(t). (2.4)

The discrete version of the dynamic minimum cost flow problem (hereafter called DDMCF)
is now easy to state: we wish to find a dynamic flow x (with corresponding storage y)
that satisfies flow conservation constraints (2.1) and obeys the transit and storage capacity
constraints (2.2) and (2.3), while minimizing the total cost (2.4).
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Related Models. An overview of the models related to DDMCF was given in Sec-
tion 1.3. DDMCF is strongly related to the ones discussed in Cai, Sha and Wong [CSW01]
and Miller-Hooks and Patterson [MHP04].

Cai, Sha and Wong [CSW01] consider a time-varying network in which all attributes
of the network change over time. They propose a pseudopolynomial time algorithm for
sending a given amount of flow from a single source to a single sink such that the total
cost is minimized and the flow satisfies the capacity constraints and arrives at the sink
node before a given time bound. They examine three versions of this problem with zero,
arbitrary and bounded waiting times, which are classified depending on whether waiting at
the intermediate nodes is strictly prohibited, arbitrarily allowed or bounded, respectively.
The main difference between DDMCF and theirs is that DDMCF admits multiple sources
and multiple sinks in which the supplies at source nodes and demands at sink nodes may
vary over time.

Miller-Hooks and Patterson [MHP04] develop a pseudopolynomial time algorithm for
solving the quickest flow problem in a time-varying network. Moreover, they present
a technique for converting a network with multiple sources and multiple sinks into an
equivalent single source and sink network with the addition of a number of nodes and
showed that such conversion enables solution of the evacuation problem (multiple sources,
single sink) and the quickest transshipment problem (multiple sources and sinks) in a
time-varying network by employing their algorithm.

2.1.1 Our Contribution

As mentioned already in Section 1.1, the DDMCF problem can be solved by applying clas-
sical minimum cost flow algorithms in a time-expanded network. The successive shortest
path algorithm is among the simplest and fundamental minimum cost flow algorithms.
So we consider this algorithm as a solution approach for DDMCF on the time expanded
network. This algorithm iteratively improves the balance of supplies and demands by
augmenting flow along a cheapest path from a node with positive supply to a node with
demand. The main task in this algorithm is to successively seek a cheapest path in the
residual network with nT + n nodes and nonnegative costs. By applying Dijkstra’s al-
gorithm at each iteration for finding cheapest paths, an algorithm of time complexity
O(V n2T 2) is obtained for solving DDMCF where V denotes an upper bound on the total
supply. While this approach allows us to apply any standard technique on the time-
expanded network, its main drawback is the enormous size of the time-expanded network.
The size of this network is typically very large for realistic problems and it may be bene-
ficial to avoid such explicit expansion.

In this chapter we present a natural variant of Dijkstra’s algorithm for finding a cheapest
path in the residual network whose running time is O(nT (n + T )) and does not require
an explicit space-time expansion. This leads to an O(V nT (n + T )) time algorithm for
DDMCF.

The time-varying minimum cost flow problem (zero and arbitrary waiting times cases)
discussed by Cai et al. [CSW01] and the time-varying quickest transshipment problem
and its special cases (the time-varying evacuation and quickest flow problems) examined by
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Miller-Hooks and Patterson [MHP04] are specials cases of DDMCF. For a given amount
of flow V , the computational complexity of our algorithm is O(V nT (n + T )), whereas
that of Cai et al. [CSW01] and Miller-Hooks and Patterson [MHP04] are O(V nmT 2)
and O(V n2T 2), respectively. Thus, our algorithm is also better than both algorithms
presented by Cai et al. and Miller-Hooks and Patterson from theoretical point of view.

Organization of this Chapter. Preliminaries and basic definitions are presented in
Section 2.2. A time-varying version of Dijkstra’s algorithm is developed for solving the
dynamic shortest path problem in Section 2.3. This algorithm is then applied in Section
2.4 to solve the DDMCF problem via a successive shortest path algorithm. A simple
example is illustrated in Section 2.5.

2.2 Preliminaries

We first redefine and reconstruct some basic definitions and concepts.

Definition 2.1.

1. We use the term node-time pair (NTP) to refer to a particular node at a particular
time step, i.e., a member of N × {0, 1, . . . , T}.

2. We say that the NTP (i, α) is arc-linked to the NTP (j, β) if either

(a) (i, j) ∈ A and β = α + λi,j, or

(b) (j, i) ∈ A and α = β + λj,i.

We say that the NTP (i, α) is node-linked to the NTP (j, β) if i = j. In this case,
it is assumed that α 6= β.

3. A (discrete-time) dynamic path is defined as a sequence of distinct NTPs as

P : (i, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β),

with consecutive members either arc or node-linked. Such a sequence is said to be
a (discrete-time) dynamic cycle if q ≥ 3, (i1, t1) = (iq, tq) and all other NTPs are
distinct. We refer to tk as the arrival time (departure time) at node ik, if ik−1 6= ik
(ik 6= ik+1) along the path P . We refer to β as the time of path P . We sometimes
omit the term “dynamic” when the meaning is clear from context.

We need the concept of augmenting paths and cycles with respect to a given dynamic
flow x.

Definition 2.2. A dynamic flow x with corresponding storage function y is called a
pseuddynamic flow if it obeys all nonnegative and capacity constraints (2.2) and (2.3),
but violates the flow conservation constraints (2.1). For such a dynamic flow, we define
the imbalance of any node i ∈ N at each time step t ∈ {0, 1, . . . , T} as

ei(t) = bi(t) +
∑

j:(j,i)∈A

∑

t′:t′+τj,i(t′)=t

xj,i(t)−
∑

j:(i,j)∈A

xi,j(t) + yi(t− 1)− yi(t).
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If ei(t) > 0 for some node i, then ei(t) is called the excess of node i at time t. If ei(t) < 0,
then −ei(t) is called its deficit at time t. A node i is called balanced at time t if ei(t) = 0.

Definition 2.3. Given a dynamic flow or pseudoflow x with corresponding storage y, the
residual capacity of a path (or cycle) P : (i1, t1), (i2, t2), . . . , (iq, tq) is defined by

Cap[P ] := min
1≤k≤q−1

δk,

where for k = 1, . . . , q − 1, δk is given by

δk =















aik,ik+1
(tk)− xik,ik+1

(tk), if (ik, ik+1) ∈ A,
xik+1,ik(tk+1), if (ik+1, ik) ∈ A,
min{bik(t)− yik(t) : tk ≤ t ≤ tk+1 − 1}, ik = ik + 1, tk < tk+1,
min{yik(t) : tk+1 ≤ t ≤ tk − 1}, ik = ik + 1, tk+1 < tk.

(2.5)

The path (or cycle) P is called an augmenting path (or an augmenting cycle) with respect
to x, y if Cap[P ] > 0.

Definition 2.4. The cost of a path P : (i1, t1), (i2, t2), . . . , (iq, tq) is defined by

Cost[P ] :=
∑

(ik,ik+1)∈A

cik,ik+1
(tk) +

∑

ik=ik+1, tk<tk+1

tk+1
∑

t=tk+1

dik(t)

−
∑

(ik+1,ik)∈A

cik,ik+1
(tk+1)−

∑

ik=ik+1, tk>tk+1

tk
∑

t=tk+1+1

dik(t).

We shall sometimes use the notation Cost[P, (c, d)] instead of Cost[P ] to emphasize that
the cost of the path P is computed with respect to transit costs c and storage costs d.
Similarly, the cost of a cycle is defined. A cycle is said to be negative if its cost is negative.
Without ambiguity, throughout the rest of this chapter, we will assume that the length of
a path is equal to its cost and use interchangeably the terminologies cost and length, and
cheapest path and shortest path.

Definition 2.5. Given a dynamic flow x, an augmenting path P is said to be a dynamic
shortest augmenting path (DSAP) from NTP (i, α) to NTP (j, β), if Cost[P ] ≤ Cost[P ′]
for all (augmenting) paths P ′ from (i, α) to (j, β).

2.3 Discrete-time Dynamic Shortest Paths

Let s ∈ N be a fixed source node and ts be a starting time from that node. Further,
let x with corresponding storage y be a dynamic flow. The aim of the discrete-time
dynamic shortest augmenting path (DDSAP) problem is to determine a DSAP from NTP
(s, ts) to every other NTP (i, α). The algorithm that we describe in the next section
solves successively a DDSAP problem in a time-varying network with nonnegative costs.
Therefore we first require to present an algorithm for finding shortest augmenting paths
which is the context of the following section.
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It is not difficult to see that the DDSAP problem is equivalent to a classical static shortest
path problem in a time-expanded network. We can then solve the DDSAP problem by
applying a shortest path algorithm in a time-expanded network with nonnegative costs.
Solution approaches for classical static shortest path problems are divided into two classes:
label-setting and label-correcting. Label-setting algorithms can be applied only on acyclic
networks and networks with nonnegative, whereas label-correcting algorithms are more
general and applicable for all classes of problems.

The first label-setting algorithm was developed by Dijkstra [Dij59], which is among the
most popular shortest path algorithms. This algorithm is very easy to implement and
archives the best available running time for dense networks. By applying Dijkstra’s al-
gorithm [Dij59] on the time-expanded network, we can solve the DDSAP problem in
O(n2T 2) time. However, in what follows, we present a natural variant of Dijkstra’s al-
gorithm, which we shall refer to as Extended Dijkstra’s Algorithm, on the time-expanded
network that runs in O(nT (n + T )) time.

The basic idea of Extended Dijkstra’s Algorithm is to fan out from NTP (s, ts) and labels
NTPs according to their cost from (s, ts). The algorithm maintains a cost label τi(t)
with each NTP (i, t), which is an upper bound on the cost of the shortest augmenting
path to (i, t). The cost label τi(t) is either ∞, indicating that we did not yet discover
any augmenting path from (s, ts) to (i, t), or it is the length of some augmenting path.
Before proceeding our discussion, let us give necessary and sufficient conditions for a set
of distance labels to represent the length of shortest augmenting paths.

Theorem 2.1. Let τi(t) denote the length of some augmenting path from NTP (s, ts) to
NTP (i, t). Set τs(ts) = 0. Then the distance labels τi(t) represent the length of shortest
augmenting paths if and only if they satisfy the following:

τj(t + λi,j(t)) ≤ τi(t) + ci,j(t), ∀(i, j) ∈ A, xi,j(t) < ai,j(t), (2.6)

τi(t) ≤ τj(t + λi,j(t))− ci,j(t), ∀(i, j) ∈ A, xi,j(t) > 0, (2.7)

τi(t) ≤ τi(t− 1) + di(t), ∀i ∈ N, yi(t) < bi(t), (2.8)

τi(t− 1) ≤ τi(t)− di(t), ∀i ∈ N, yi(t) > 0. (2.9)

for all t = 0, 1, . . . , T . The conditions (2.6)–(2.9) are referred to as shortest augmenting
path optimality conditions.

Proof. It is obvious that if the labels τi(t) are the length of shortest augmenting paths,
they must satisfy (2.6)–(2.9). Now assume that for each node (i, t), τi(t) is the length of
some dynamic augmenting path from NTP (s, ts) to NTP (i, t). Thus, τi(t) is an upper
bound on the length of shortest augmenting path. We can also easily show that conditions
τi(t) is also a lower bound on the length of any dynamic augmenting path from NTP (s, ts)
to NTP (i, t) if conditions (2.6)–(2.9) hold. This completes the proof of the theorem.

We now proceed our discussion by describing the Extended Dijkstra’s Algorithm in more
detail. At any point in the algorithm, the distance labels are divided in two groups:
permanent and temporary . The label τi(t) is permanent once we know that it denotes
the length of shortest augmenting path from (s, ts) to (i, t), otherwise it is temporary. In
addition to label τi(t), two other labels fi and ρi are associated with each node i. The
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label fi denotes the smallest temporary label corresponding to node i, and label ρi denotes
the corresponding time, that is, when we arrive at i along the path whose cost is fi. The
algorithm associates two pointers Pi(t) and Di(t) with each NTP (i, t). Pi(t) denotes the
predecessor node of node i along the augmenting path whose cost and time are τi(t) and
t, respectively, and Di(t) denotes the departure time from node Pi(t) corresponding to an
arrival time ρi along the path from the source to i of time t. At any iteration, the algorithm
selects a node i with minimum temporary label, makes its distance label at time ρi (that
is τi(ρi)) permanent, and checks optimality conditions and updates labels and pointers
accordingly. Labels f1, . . . , fn allow us to search the minimum temporary label among
them instead of the set {τ1(t), . . . , τn(t) : t = 0, . . . , T} with cardinality nT . The algorithm
uses a bucket-list B = {B0, . . . , Bn} at any iteration in order to efficiently compute fi

and ρi where Bi contains the time steps such t for which τi(t) has been designed as
permanent. The algorithm terminates whenever the minimum temporary label is infinity.
At termination, if label τi(t) is finite, then it is optimal and the corresponding pointers
Pi(t) and Di(t) can be used to reconstruct a dynamic shortest augmenting path starting
at time ts from the source to node i of time t; otherwise it indicates that NTP (i, t) is
inadmissible, i.e., the network contains no dynamic augmenting path from NTP (s, ts) to
NTP (i, t).

Algorithmic description of Extended Dijkstra’s Algorithm is given in Alg. 1 which given
as input a discrete time varying network G, a dynamic flow or pseudoflow x with corres-
ponding storage y, a source node s and a starting time ts, computes shortest augmenting
paths from NTP (s, ts) to all admissible NTPs (i, t).

Theorem 2.2. The Extended Dijkstra’s Algorithm solves the discrete-time dynamic short-
est augmenting path problem in O(nT (n + T )).

Proof. In order to prove the correctness of Extended Dijkstra’s Algorithm, we need to
show that at each iteration fi represents the smallest temporary label corresponding to
each node i and it is possible to designate the NTP (i, ρi) as permanent whose label fi

is finite and minimum among {f1, . . . , fn}. Using an induction argument, we can easily
prove the former. Thus, we only focus on the latter. Let i be a node whose label fi is
finite and minimum among {f1, . . . , fn}. So there exists a path such P from s to i of cost
fi and time ρi. Since the costs are assumed to be nonnegative, the cost of any path from
s to i of time ρi that contains some nodes as an internal node in which their labels are
temporary, will be at least fi. Thus the label of internal nodes on the dynamic shortest
augmenting path from s to i must be designed as permanent. So when the algorithm
finds the predecessor node of node i on the dynamic shortest augmenting path, the labels
of node i at time ρi is updated accordingly. Consequently, the label fi is optimal and the
path P is the dynamic shortest augmenting path of time ρi from s to i.

We next need to analysis the ruling time of Extended Dijkstra’s Algorithm. The time
requirement of the initialization step is bounded by O(nT ). The algorithms iterates the
node selection step at most nT times and each such iteration requires to find a node with
minimum temporary label among a set with cardinality at most n. Thus the total time for
node selection is O(n2T ). The required time for the label update step is |{j : (i, j) ∈ A}|
for node i at each time. The algorithm needs to compute the minimum temporary label fi

among a set with cardinality at most T at every iteration. Thus the worst-case complexity
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Algorithm 1: Extended Dijkstra’s Algorithm (x, y, s, ts)

Step 0. Initialization
Bi := ∅, i ∈ N

τs(ts) := 0, Ps(ts) := s, Ds(ts) := ts, fs := 0, ρs := ts

τs(t) :=∞, Ps(t) :=∞, Ds(t) :=∞, t ∈ {0, . . . , T} \ {ts}

τi(t) :=∞, Pi(t) :=∞, Di(t) :=∞, t ∈ {0, . . . , T}, i ∈ N \ {s}

fi :=∞, ρi :=∞, i ∈ N \ {s}
Step 1. Node selection
if fi =∞ for each node i ∈ N then

stop the algorithm and reconstruct the determined DSAPs using pointers Pi(t) and Di(t)
end if

let i be a node for which fi = min{fj : j ∈ N}
set ρi := arg min{τi(t) : t = 0, . . . , T} and Bi := Bi ∪ {ρi}

Step 2. Check DSAP optimality conditions and update labels
for all j such that (i, j) ∈ A, xi,j(ρi) > ai,j(ρi), τj(ρi + λi,j(ρi)) > τi(ρi) + ci,j(ρi) do

set τj(ρi + λi,j(ρi)) := τi(ρi) + ci,j(ρi), Pj(ρi + λi,j(ρi)) := i, and Dj(ρi + λi,j(ρi)) := ρi

if fj > τj(ρi + λi,j(ρi)) then

set fj := τj(ρi + λi,j(ρi)) and ρj := ρi + λi,j(ρi)
end if

end for

for all j and t′ such that (j, i) ∈ A, t′ + λj,i(t
′) = t, xj,i(t

′) > 0, τj(t
′) > τi(t)− cj,i(t

′) do

set τj(t
′) := τi(t)− cj,i(t

′), Pj(t
′) := i, and Dj(t

′) := t

if fj > τj(t
′) then

set fj := τj(t
′) and ρj := t′

end if

end for

if |Bi| ≤ T then

if τi(ρi + 1) > τi(ρi) + di(ρi + 1) and ri(ρi + 1) > 0 then

set τi(ρi + 1) := τi(ρi) + di(ρi + 1) and Pi(ρi + 1) := i, Di(ρi + 1) := ρi

end if

if τi(ρi − 1) > τi(ρi)− di(ρi) and r̄i(ρi + 1) > 0 then

set τi(ρi − 1) := τi(ρi)− di(ρi) and Pi(ρi − 1) := i, Di(ρi − 1) := ρi

end if

ρi := arg min{τi(t) : t ∈ {0, . . . , T} \Bi} and fi := di(ρi)
else

set fi :=∞
end if

return to Step 1

of Extended Dijkstra’s Algorithm is

O(nT + n2T + mT + nT 2) = O(nT (n + T )).

The Extended Dijkstra’s Algorithm is very easy to implement and also achives the best
available running time for dense networks (i.e, m = Ω(nn)) and the case that T ≤ n.
However, for more general cases, its running time can be improved if the Fibonacci heap
data structure is used to maintain temporarly labeled NTPs at each iteration of the
algorithm. This leads to the following result.
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Theorem 2.3. The Fibonacci heap implementation of Extended Dijsktra’s Algorithm runs
in O (Tm + Tn log(Tn)).

2.4 Solution Algorithm

In this section we apply the successive shortest path algorithm for solving DDMCF and
discuss its running time. Before describing this algorithm, we need to establish some
simple results, in particular an optimality criterion, that the algorithm uses.

We associate a real number πi(t) with each NTP (i, t), which we shall refer to as the
potential of node i at time t, or equivalently potential of NTP (i, t). With respect to a set
of NTP potentials π, we define the reduced transit costs cπ and the reduced storage costs
dπ as

cπ
i,j(t) := ci,j(t)− πi(t) + πj(t + τi,j(t)), ∀(i, j) ∈ A, (2.10)

dπ
i (t) := di(t)− πi(t) + πi(t + 1), ∀i ∈ N. (2.11)

for t ∈ {0, 1, . . . , T}.

The following results are easily established in a similar way as static network flows.

Lemma 2.4. Let π denote a set of NTP potentials.

(a) With respect to any (augmenting) path P : (i1, t1), (i2, t2), . . . , (iq, tq), we have

Cost[P, (cπ, dπ)] = Cost[P, (c, d)]− πi1(t1) + πiq(tq).

(b) With respect to any (augmenting) cycle W , we have

Cost[W, (cπ, dπ)] = Cost[W, (c, d)].

Lemma 2.5. Suppose that x with corresponding storage y is a feasible dynamic flow. The
network G contains no augmenting cycle under x, y with negative cost if and only if some
labels π satisfy (2.6)–(2.9).

Proof. If the network G contains no negative augmenting cycle under x, y, then the dis-
tance labels τi(t) computed by the Extended Dijkstra’s Algorithm are well defined and
satisfy (2.6)–(2.9). To prove the other direction, we consider an arbitrary dynamic aug-
menting cycle W : i1 − i2 − . . . , ir − i1 = ir+1 and assume that there are labels di(t)
satisfying (2.9)–(2.9). The cost of W with respect to the reduced transit costs cτ

i,j and
storage costs dτ

i is computed by

Cost[W, (cτ , dτ )] :=
∑

(ik,ik+1)∈A

cτ
ik,ik+1

(tk) +
∑

ik=ik+1, tk<tk+1

tk+1
∑

t=tk+1

dτ
ik

(t)

−
∑

(ik+1,ik)∈A

cτ
ik,ik+1

(tk+1)−
∑

ik=ik+1, tk>tk+1

tk
∑

t=tk+1+1

dτ
ik

(t).

Conditions (2.6)–(2.9) imply that Cost[W, (cτ , dτ )] ≥ 0. From the second part of Lemma
2.4, we have Cost[W, (c, d)] = Cost[W, (cτ , dτ )] ≥ 0, which establishes the desired result.
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Theorem 2.6. Let x∗ with corresponding storage y∗ be a feasible dynamic flow. Then
x∗, y∗ is optimal if and only if there exist NTP potentials π satisfying the following con-
ditions:

cπ
i,j(t) ≥ 0, ∀(i, j) ∈ A, x∗i,j(t) < ai,j(t), (2.12)

cπ
i,j(t) ≤ 0, ∀(i, j) ∈ A, x∗i,j(t) > ai,j(t), (2.13)

dπ
i (t) ≥ 0, ∀i ∈ N, y∗i (t) < bi(t), (2.14)

dπ
i (t) ≤ 0, ∀i ∈ N, y∗i (t) > 0. (2.15)

for all t = 0, 1, . . . , T . We shall refer to the conditions (2.12)–(2.15) as reduced cost
optimality conditions for DDMCF.

Proof. We first assume that x∗, y∗ is optimal for DDMCF. By this hypothesis, it is clear
that the network G contain no augmenting cycles under x∗, y∗ with negative cost because
otherwise we can improve the objective value by sending a positive flow along one of the
existing negative augmenting cycles. Hence by Lemma 2.5, there are some labels τ , which
satisfy (2.6)–(2.9). So by setting π = −τ , we conclude the theorem in one direction. We
now assume that the flow x∗, y∗ satisfies (2.12)–(2.15). Therefore the network G contains
no negative augmenting cycles of and we can easily show that x∗, y∗ is optimal, in this
case.

The successive shortest path algorithm maintains a dynamic pseudoflow x at every iter-
ation that satisfies the reduced cost optimality conditions (2.12)–(2.15). The algorithm
proceeds by augmenting a positive amount of flow along the shortest augmenting paths
where the costs are defined to be reduced costs. The following theorem shows that the
flow obtained by these augmentations also satisfies the reduced cost optimality conditions.

Theorem 2.7. Suppose that a dynamic pseudoflow x with corresponding storage y satisfies
(2.12)–(2.15) with respect to some NTP potentials π and that x′, y′ is obtained by sending
a positive amount of flow along a shortest augmenting path from NTP (k, α) to some other
NTP (ℓ, β). Then x′, y′ also satisfies (2.12)–(2.15) with respect to some NTP potentials.

Proof. Let P : (k, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (ℓ, β) be a shortest augmenting path
from (k, α) to (ℓ, β) with respected to reduced costs cπ and dπ computet by 2.10 and 2.11,
respectively. Suppose that τir(tr) denotes the length of shortest augmenting path from
(k, α) to (ir, tr). We define new NTP potentials π′ as follows:

π′i(t) :=

{

πi(t)− τi(t) + τj(β), if τi(t) ≤ τℓ(β);
πi(t), otherwise.

The pseudoflow x, y satisfies (2.12))-(2.15) with respect to the NTP potentials π′. More-
over, the reduced costs on the path P are zero. Hence the dynamic flow x′ with corres-
ponding storage y′ obtained by sending flow along the path P satisfies (2.12))-(2.15) with
respect to the NTP potentials π′.

The results that we have obtained so far enable us to present a successive shortest path
algorithm for solving the DDMCF problem. A formal statement of such an algorithm is
given in Algorithm 2.
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Algorithm 2: Successive Shortest Path Algorithm

Step 0. Initialization
x := 0, y := 0, π := 0

ei(t) := bi(t), i ∈ N, t = 0, . . . , T

E(t) := {i ∈ N : ei(t) > 0}, D(t) := {i ∈ N : ei(t) < 0}, t = 0, . . . , T

Step 1. Apply the Extended Dijkstra’s Algorithm
if ∪tE(t) = ∅ then

terminate the algorithm (since an optimal flow over time is found)
end if

select k and α such that ek(α) > 0
Call the Extended Dijkstra’s Algorithm (x, y, k, α) with respect to the reduced costs cπ

i,j , d
π
i

if no deficit NTP is designed as permanent then

stop the algorithm (since no feasible solution exists)
end if

choose node ℓ and time β such that eℓ(β) < 0 and its distance label at time β is permanent
determine a DSAP P from k to ℓ of time β

set δ := min{ek(α),−eℓ(β), Cap(P )}
augment δ units of flow along the path P

Step 2. Update flows and node potentials
update x, y, π, E(α), D(β)

return to Step 1

Theorem 2.8. The successive shortest path algorithm solves DDMCF in O(V nT (n+T )).

Proof. The correctness of the successive shortest path algorithm follows from Theorems
2.6 and 2.7. The algorithm starts with a zero pseudoflow x = 0, y = 0 and zero NTP
potentials π = 0. It is clear that the zero pseudoflow satisfies the reduced cost optimality
conditions with respect to zero NTP potentials. At each iteration, the algorithm selects
a node k with excess at time α and uses the Extended Dijkstra’s Algorithm. Note that
as long as any node has an excess, the network must have a deficit since the total sum of
excesses equals to the total sum of deficits. If no deficit node is permanently labeled, the
algorithm terminates and we conclude that DDMCF is infeasible, otherwise the algorithm
augments maximum possible flow on the dynamic shortest path from k to ℓ and updates
NTP potentials and pseudoflow. The algorithms terminates with an optimal feasible
solution x∗, y∗ when the network has no excess node, which means that x∗, y∗ satisfies the
flow conservation constraints. If V is an upper bound on the total supply, the algorithm
terminates in at most V iterations, since at each iteration it reduces the excess of some
node i at some time t by at least one unit. Each iteration of the algorithm solves a
dynamic shortest augmenting path problem. Therefore, the worst-case complexity of
DDMCF algorithm is O(V nT (n + T )).

Using the Fibonacci heap implementation of Extended Dijsktra’s Algorithm at each it-
eration of the successive shortest path algorithm leads to a more efficient algorithm for
DDMCF.

Theorem 2.9. The successive shortest path algorithm can be implemented to solve DDMCF
in O (V T (m + n log(Tn))).
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Figure 2.1: Network for the example in Section 2.5.

2.5 Illustrative Example

In this section a simple example is illustrated. The network has six nodes, numbered 1
through 6, and ten arcs connecting those nodes as shown in Figure 2.1. The time-varying
transit costs, transit times, transit capacities, storage costs and storage capacities are
given in Table 2.1 and Table 2.2. Moreover, network has two source nodes 1 and 2 with
r1(0) = 5, r1(4) = 3, r2(2) = 4, and a sink node 6 with r6(6) = −2, r6(8) = −3, r6(9) =
−3, r6(11) = −4 and there is no initial storage at nodes.

The iterative process of the successive shortest path algorithm for solving this problem is
as follows:

Step 0.

Initialize the variables x := 0, y := 0, π := 0.
Set e1(0) = 5, e1(4) = 3, e2(2) = 4, e6(6) = −2, e6(8) = −3, e6(9) = −3, e6(11) =
−4.
Set E(0) = {1}, E(2) = {2}, E(4) = {1}, D(6) = {6}, D(8) := {8}, D(9) =
{6}, D(11) = {8}.

Step 1. (Iteration 1)

Set k := 1, α := 0.
Call the Extended Dijkstra’s Algorithm (G, x, y, k, α). The results are shown
in Table 2.3.
From these results, we determine ℓ = 6, β = 6 and the shortest augmenting
path P : (1, 0), (3, 1), (3, 3), (5, 4), (6, 6).
Determine δ := min{e1(0),−e6(6),Cap(P )} = min{5, 2, 2}.
Augment 2 units of flow along P .

Step 2.

Update flow and storage variables: x1,3(0) = 2, y3(1) = 2, y3(2) = 2, x3,5(3) =
2, x5,6(4) = 2.
Decrease e1(0) and increase e6(6) by δ: e1(0) = 3, e6(6) = −2.
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Table 2.1: Time-varying transit costs/times/capacities for the example in Section 2.5

(i, j) (1, 2) (1, 3) (1, 4) (2, 3) (2, 5) (3, 4) (3, 5) (4, 5) (4, 6) (5, 6)

ci,j(t)
5, t ≤ 3
3, 4 ≤ t ≤ 8
4, 9 ≤ t

3, t ≤ 6
4, 7 ≤ t ≤ 8
1, 9 ≤ t

6, t ≤ 4
3, 5 ≤ t ≤ 8
5, 9 ≤ t

4, t ≤ 3
3, 4 ≤ t ≤ 6
4, 7 ≤ t

4, t ≤ 3
3, 4 ≤ t

3, t ≤ 5
2, 6 ≤ t

3, t ≤ 5
2, 6 ≤ t

2, t ≤ 6
3, 7 ≤ t

5, t ≤ 3
3, 4 ≤ t

2, t ≤ 2
4, 3 ≤ t

τi,j(t)
2, t ≤ 5
3, 6 ≤ t

1, t ≤ 3
2, 4 ≤ t

2
1, t ≤ 4
2, 5 ≤ t

3
2, t ≤ 7
3, 8 ≤ t

1, t ≤ 3
2, 4 ≤ t

2, t ≤ 6
4, 7 ≤ t

1, t ≤ 4
3, 5 ≤ t

2, t ≤ 7
3, 8 ≤ t

ui,j(t)
3, t ≤ 3
2, 4 ≤ t

3
2, t ≤ 5
4, 6 ≤ t

3
2, t ≤ 5
3, 6 ≤ t

4, t ≤ 7
6, 8 ≤ t

3, t ≤ 4
2, 5 ≤ t

3, t ≤ 6
4, 7 ≤ t

4, t ≤ 7
3, 8 ≤ t

3, t ≤ 8
4, 9 ≤ t

Table 2.2: Time-varying storage costs and capacities for the example in Section 2.5

i 1 2 3 4 5 6

ci(t)
3, t ≤ 4
2, 5 ≤ t

3
1, t ≤ 6
2, 7 ≤ t

2, t ≤ 4
1, 5 ≤ t

2
2, t ≤ 5
3, 6 ≤ t

ui(t) 4
3, t ≤ 5
2, 6 ≤ t

2, t ≤ 3
4, 4 ≤ t

3
2, t ≤ 4
3, 5 ≤ t

4, t ≤ 6
3, 7 ≤ t
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Table 2.3: Results of Extended Dijkstra’s Algorithm after the first iteration

t 0 1 2 3 4 5 6 7 8 9 10 11
i Cost of shortest augmenting paths: di(t)

1 0 3 6 9 12 15 17 19 21 23 25 27
2 ∞ ∞ 5 8 11 14 15 18 21 20 25 24
3 ∞ 3 4 5 6 7 8 9 11 13 15 17
4 ∞ ∞ 6 6 7 8 9 10 10 11 12 13
5 ∞ ∞ 6 7 8 8 9 10 10 11 13 13
6 ∞ ∞ ∞ 11 8 10 12 12 11 12 13 13

Predecessors nodes: Pi(t)

1 1 1 1 1 1 1 1 1 1 1 1 1
2 ∞ ∞ 1 1 1 1 1 1 2 1 1 1
3 ∞ 1 3 3 3 3 3 3 3 3 3 1
4 ∞ ∞ 1 3 3 3 3 3 3 3 4 3
5 ∞ ∞ 3 3 3 4 3 3 3 3 3 3

6 ∞ ∞ ∞ 4 5 4 5 5 4 4 4 4

Predecessors departure times: Di(t),

1 1 1 1 1 1 1 1 1 1 1 1 1
2 ∞ ∞ 1 1 1 1 1 1 2 1 1 1
3 ∞ 1 3 3 3 3 3 3 3 3 3 1
4 ∞ ∞ 1 3 3 3 3 3 3 3 4 3
5 ∞ ∞ 3 3 3 4 3 3 3 3 3 3
6 ∞ ∞ ∞ 4 5 4 5 5 4 4 4 4

Step 1. (Iteration 2)

k := 2, α := 2.
Call the Extended Dijkstra’s Algorithm (G, x, y, k, α). The results are shown
in Table 2.4.
From these results, we determine ℓ := 6, β′ := 8 and the shortest augmenting
path P : (2, 2), (5, 5), (5, 6), (6, 8).
Determine δ := min{e2(2),−e6(8),Cap(P )} = min{4, 3, 2}.
Augment 2 units of flow along P .

Step 2.

Update flow and storage variables: x2,5(2) := 2, y5(5) := 2, x5,6(6) := 2.
Decrease e2(2) and increase e6(8) by δ: e2(2) := 2, e6(8) := −1.

Step 1. (Iteration 3)

k := 1, α := 0,
Call the Extended Dijkstra’s Algorithm (G, x, y, k, α). The results are shown
in Table 2.5.
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Table 2.4: Results of Extended Dijkstra’s Algorithm after the second iteration

t 0 1 2 3 4 5 6 7 8 9 10 11
i Cost of shortest augmenting paths: di(t)

1 0 3 6 9 12 15 17 19 21 23 25 27
2 ∞ ∞ 4 0 0 2 5 8 4 12 14 16
3 ∞ 4 4 4 4 4 4 4 4 5 7 9
4 ∞ 4 4 4 4 4 4 4 4 4 4 5
5 ∞ ∞ 4 4 4 2 2 3 4 4 5 5
6 ∞ ∞ ∞ 4 4 4 4 1 4 4 5 5

Predecessors nodes: Pi(t)

1 3 1 1 1 1 1 1 1 1 1 1 1
2 ∞ ∞ 2 2 2 2 2 2 2 2 2 1
3 ∞ 3 3 2 3 3 2 3 3 3 3 3
4 ∞ ∞ 1 3 3 3 3 3 3 3 3 3
5 ∞ ∞ 3 3 3 3 2 5 3 3 3 4
6 ∞ ∞ ∞ 4 5 5 4 5 5 5 4 4

Predecessors departure times: Di(t),

1 1 1 1 1 1 1 1 1 1 1 1 1
2 ∞ ∞ 3 3 4 5 6 7 8 7 8 9
3 ∞ 3 4 3 4 5 6 7 8 9 10 11
4 ∞ ∞ 1 2 3 4 5 6 7 8 10 9
5 ∞ ∞ 2 3 4 3 6 7 7 8 9 8
6 ∞ ∞ ∞ 3 3 5 5 6 7 7 8 9

From these results, we determine ℓ := 6, β := 8 and the shortest augmenting
path P : (1, 0), (4, 2), (5, 4), (3, 3), (4, 5), (6, 8) with zero waiting times at nodes.
Determine δ := min{e1(0),−e6(8),Cap(P )} = min{3, 1, 2}.
Augment 1 units of flow along P .

Step 2.

Update flow and storage variables: x1,4(0) := 1, x4,5(3) := 1, x3,5(3) := 1, x3,4(3) :=
1, x4,6(5) := 1
Decrease e1(0) and increase e6(8) by δ:e1(0) = 2, e6(8) = 0;

If we continue the above procedure, after nine iterations all demands are satisfied and the
following flow over time with minimum cost 129 is found:

x1,3(0) = 3, x1,3(4) = 3, x1,4(0) = 2,

x2,3(2) = 1, x2,3(4) = 1, x2,5(2) = 2,

x3,4(1) = 1, x3,4(3) = 1, x3,4(4) = 2, x3,4(6) = 3, x3,5(6) = 1,

x4,5(2) = 2, x4,6(5) = 1, x4,6(6) = 3, x4,6(8) = 3,

x5,6(4) = 2, x5,6(6) = 2, x5,6(8) = 1,
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Table 2.5: Results of Extended Dijkstra’s Algorithm after the third iteration

t 0 1 2 3 4 5 6 7 8 9 10 11
i Cost of shortest augmenting paths: di(t)

1 0 3 6 9 12 15 17 19 21 23 25 27
2 ∞ ∞ 0 0 0 0 1 4 7 8 10 12
3 ∞ 0 0 0 0 0 0 0 0 1 3 5
4 ∞ ∞ 0 0 0 0 0 0 0 0 0 1
5 ∞ ∞ 0 0 0 0 0 0 0 0 1 1
6 ∞ ∞ ∞ 0 0 0 0 0 0 0 1 1

Predecessors nodes: Pi(t)

1 1 1 1 1 1 1 1 1 1 1 1 1
2 ∞ ∞ 5 2 2 2 2 2 2 1 1 1
3 ∞ 1 3 5 3 3 3 3 3 3 3 3
4 ∞ ∞ 1 3 3 3 3 3 3 3 4 3
5 ∞ ∞ 3 3 4 5 6 3 3 3 3 4
6 ∞ ∞ ∞ 4 5 4 5 5 4 4 4 4

Predecessors departure times: Di(t),

1 1 1 1 1 1 1 1 1 1 1 1 1
2 ∞ ∞ 6 3 4 5 6 7 8 7 8 9
3 ∞ 1 4 5 4 5 6 7 8 9 10 11
4 ∞ ∞ 1 2 3 4 5 6 7 8 10 9
5 ∞ ∞ 2 3 3 7 6 7 7 8 9 8
6 ∞ ∞ ∞ 3 3 5 5 6 6 7 8 9

with corresponding storage

y2(2) = 1, y2(3) = 1,

y3(1) = 2, y3(2) = 2, y3(3) = 2, y3(5) = 1,

y4(3) = 1, y4(4) = 1, y4(5) = 1,

y5(5) = 2.



Chapter 3

Discretization-based Algorithms for
CDMCF

3.1 Introduction

In Chapter 2 we investigated a general dynamic minimum cost flow problem in the discrete
time model with time-varying transit times, transit costs, transit capacities, storage costs,
and storage capacities. This problem becomes an infinite-dimensional linear program with
a network structure when time is modeled as a continuum and appears to be much harder
to solve in general situations. While discretization of time leads to problems that are
considerably easier to solve computationally, the more challenging continuous time model
reflects reality in more detail. Here we turn our attention to the continuous time version
of the dynamic minimum cost flow problem.

Problem Description and Formulation. The class of dynamic network flows that
we consider in this chapter is as follows. We suppose that a single commodity is to be
routed through a directed graph G = (N,A) with node set N and arc set A.

Each arc (i, j) is associated with three functions defined on the time interval [0, T ]: transit
cost ci,j, transit capacity ai,j , and transit time λi,j . Here, the value ci,j(t) gives the cost
per flow unit for sending flow into arc (i, j) at time t, ai,j(t) denotes an upper bound on
the flow rate (i.e., amount of flow per time unit) that can enter arc (i, j) at time t, and
λi,j(t) represents the amount of time needed to traverse arc arc (i, j) at time t. More
precisely, flow entering arc (i, j) at time t needs λi,j(t) time units to travel through the
arc and thus arrives at node j at time t + λi,j(t).

Each node i is associated with three functions defined on [0, T ]: supply/demand ri, storage
cost di and storage capacity bi. Here the value ri(t) denotes the available supply rate or
required demand rate of flow at node i at time t, depending on whether ri(t) > 0 or
ri(t) < 0. Moreover, di(t) is the cost per time unit for storing one unit of flow at node i
at time t and bi(t) is an upper bound on the amount of flow that can be stored at node i
at time t.

A (continuous-time) dynamic flow is described by a function

xi,j : [0, T ] −→ R≥0

33
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for each arc (i, j) ∈ A, where the value xi,j(t) denotes the rate of flow (i.e., amount of
flow per time unit) entering arc (i, j) at every point in time t. To simplify notation, we
sometimes use xi,j(t) for t /∈ [0, T ], implicitly assuming that xi,j(t) = 0 in this case. It is
required that xi,j, ci,j, di, ri, di and bi are bounded measurable functions on [0, T ] for each
i ∈ N and (i, j) ∈ A. Any choice of dynamic flow x(s), s ∈ [0, t], will uniquely determine
a storage function y(t) by the following flow conservation constraints:

yi(t) := r̄i(t) + yi(0)−

∫ t

0

∑

j:(i,j)∈A

xi,j(s)ds

+

∫ t

0

∑

j:(j,i)∈A

∑

s′:s′+λj,i(s′)=s

xj,i(s
′)ds, ∀t ∈ [0, T ],

(3.1)

where yi(0) is an initial storage at node i ∈ N . In constraints (3.1), the first integral
represents the total amount of flow that is leaving node i up to time t. Analogously, the
second integral represents the total amount of flow that is entering node i up to time t.
Notice that the flow which is leaving node j at time s′ via arc (j, i), will enter node i at
time s′ + λj,i(s

′).

If x(t) satisfies transit capacity constraints

0 ≤ xi,j(t) ≤ ai,j(t), ∀(i, j) ∈ A, t ∈ [0, T ], (3.2)

and generates a storage function y(t) satisfying the storage capacity constraints

0 ≤ yi(t) ≤ bi(t), ∀i ∈ N, t ∈ [0, T ]. (3.3)

then we say that x(t) (with corresponding storage y(t)) is feasible for CDNFP. Hence the
feasible region for CDNFP, denoted by F , can be defined as

F :=
{

x(t) ∈ L|A|∞ [0, T ] : x(t) with y(t) derived from (3.1) is feasible
}

.

The cost of a dynamic flow x with corresponding storage y is given by

Cost[x, y] :=

∫ T

0

∑

(i,j)∈A

ci,j(t)xi,j(t)dt +

∫ T

0

∑

i∈N

di(t)yi(t)dt. (3.4)

The continuous-time dynamic minimum cost flow problem (hereafter called CDMCF) to
find a dynamic flow x (with corresponding storage y) that satisfies the flow conservation
constraints (3.1) and obeys the transit and storage capacity constraints (3.2) and (3.3),
while minimizing the total cost (3.4).

Summarizing our above discussion, we can express the CDMCF problem as follows:

CDMCF : min

∫ T

0

c(t)T x(t)dt +

∫ T

0

d(t)T y(t)dt

s.t.

∫ t

0

∑

j:(i,j)∈A

xi,j(s)ds−

∫ t

0

∑

j:(j,i)∈A

∑

s′:s′+λj,i(s′)=s

xj,i(s
′)ds + yi(t)

= yi(0) + r̄i(t), ∀i ∈ N, t ∈ [0, T ],

0 ≤ x(t) ≤ a(t), ∀t ∈ [0, T ],

0 ≤ y(t) ≤ b(t), ∀t ∈ [0, T ].

(3.5)
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Here all vectors are as columns and the superscript T denotes the transpose operation.

Related Models. In Chapter 1 we reviewed the general results of continuous net-
work programs related to CDMCF. In particular, CDMCF is most closely related to the
SCLPTD problem (1.10). Pullan [Pul97b] studies SCLPTD by assuming that the transit
times λi,j and the time horizon T are all rational. He then characterizes the extreme-point
solutions, proves the existence of piecewise analytic optimal extreme-point solutions, and
develops a strong duality result. Furthermore, he uses the ideas of [Pul93] to present an al-
gorithm for solving SCLPTD. To this end, Pullan [Pul97b] first transforms the SCLPTD,
in two stages, into a much larger problem which is very close to a special class of SCLP
and then uses the theory of SCLP to derive similar results for SCLPTD. In the first stage,
rational time-delays and the time horizon are converted into integers by scaling time by
some common denominator. Notice that the time horizon T increases enormously. In the
second stage, the dimensions of the variables are scaled by T such that also the dimen-
sions of the variables become very large. As mentioned already by Pullan [Pul97b], the
resulting problem will be huge in general and his algorithm may thus be difficult to use.
Moreover, his transformation technique can no longer be used for the case of time-varying
or irrational-valued transit times.

3.1.1 Our Contribution

In this chapter we study CDMCF with piecewise linear transit costs and storage capacities,
while supply and demand rates, storage costs, transit capacities, and transit times are
supposed to be piecewise constant. The main novel feature compared to earlier work by
others is that transit times are not assumed to be constant and rational. We make use of
techniques developed in the literature for special cases and related problems and develop
two algorithms based on a discretization approach that compute, or at least converge to
optimum solutions. In contrast to Pullan’s approach [Pul97b], we work directly on the
original problem and thus avoid facing a much larger problem.

Organization of this Chapter. In Section 3.2 we consider CDMCF with piecewise
linear transit costs and storage capacities, while supply and demand rates, storage costs,
transit capacities, and transit times are supposed to be piecewise constant. By parti-
tioning the time interval [0, T ] into finitely many subintervals, we construct two different
discretizations of CDMCF. One discretization is based on averaging the network proper-
ties over each subinterval and another one corresponds to a dual problem CDMCF∗. It
is worth nothing that both discretized problems can be solved by any of the well-known
minimum cost flow algorithms on a time-expanded network to give a lower and an upper
bound, respectively, on the optimum solution value of CDMCF. We show that the gap
between these bounds converges to zero when the time discretization gets arbitrarily fine.
Indeed, not only the optimum value of CDMCF but also the optimum value of CDMCF∗

is nested between the upper and lower bounds provided by the two discretizations.

The results from Section 3.2 can be turned into an algorithmic approach for solving
CDMCF that outputs a sequence of feasible solutions converging to an optimum solution
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value. The main idea is to solve the two discretized problems for successively finer parti-
tions of time. The quality of the solution can be controlled by the gap between the current
upper and lower bound. There are a variety of possible implementations of this algorithm
based on how fine the discretization at each iteration. The typical method, which is called
uniform discretization, is to divide the time interval into a series of subintervals of equal
length. Here the time interval is arbitrarily divided and no information from solutions of
discrete approximations is used to fine the discretization.

In Section 3.3 we present an algorithm which solves the two discretized problems on
successively finer (nonuniform) discretizations. In contrast to the uniform discretization,
the algorithm uses the properties of the second discretized problem (the one corresponding
to the the dual problem) in order to insert new breakpoints at appropriate places and
consequently does not discretize arbitrarily the time interval. It is worth noting that this
idea was introduced by Pullan [Pul93] for SCLP. We also present an alternative algorithm
that proceeds by adding and removing points at favorable places, thereby adapting the
discretization used in the current iteration. This is built upon ideas of Philpott and
Craddock [PC95] that turns out to be more efficient in practice. Finally, we give an
empirical analysis of both algorithms for small example instances.

3.2 Time-expanded Networks and Discretizations

As mentioned in Section 1.1, DDMCF can be solved by using the time-expanded network
approach. But this is not longer true for CDMCF and an optimal solution cannot be
obtained by this approach in general situations. However, we can compute an upper
bound and a lower bound on the optimal value of CDMCF by using two non-uniform
time-expanded networks if the problem data are assumed to be piecewise constant/linear.
In this section we describe the construction of these two time-expanded networks followed
by their mathematical formulations and a discussion of their properties needed for the
purposes of this and the following section. Before beginning our discussion, we give some
definitions and notation.

Definition 3.1.

1. A set P = {t0, . . . , tm} is said to be a partition of the time interval [0, T ] if

0 = t0 ≤ t1 ≤ . . . ≤ tm = T.

The term breakpoints will be used to refer to the points in P which separate the

time interval [0, T ]. The norm of the partition P , denoted by ||P ||, is defined by

||P || := max{tk − tk−1 : k = 1, 2. . . . ,m}.

2. Let f be a real-valued function defined on the time interval [0, T ] and P = {t0, . . . , tm}

be a partition of [0, T ]. We say that f is piecewise constant (linear) with respect

to the partition P , if it is constant (linear) on [tk−1, tk) for k = 1, . . . ,m. We say
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that f is piecewise constant (linear) on [0, T ] if it is piecewise constant (linear) with

respect to some partition of [0, T ]. The breakpoints of a piecewise linear or piecewise

constant function are the discontinuity points in the function and its derivatives.

3. Let f be a real-valued function. We will use the notation

f(t−) = lim
s→t−

f(s), f(t+) = lim
s→t+

f(s),

when the above limits exist.

4. We shall use the notation V [OP ] to denote the optimum value of an optimization

problem (OP), where it is ∞ if OP is an infeasible minimization problem and −∞

if OP is an infeasible maximization problem. Moreover, the notation V [OP, x] will

be used to denote the objective function value of OP for a given feasible solution x.

We now make the following assumption on the form of the problem data.

Assumption 1. The functions c(t), r̄(t), and b(t) are piecewise linear (with continuous

r̄(t) and b(t)), and the functions d(t), a(t) and λ(t) are piecewise constant (with nonneg-

ative λ(t)).

This assumption is supposed to hold throughout the rest of this chapter. We give the
following definition due to the existence of transit times in our model.

Definition 3.2. Let β denote the set of breakpoints of c(t), d(t), r̄(t), a(t), b(t) and λ(t).

A partition P = {t0, . . . , tm} of [0, T ] is said to be valid for CDMCF if it contains the set

β, and for each arc (i, j) and any breakpoint tk ∈ P the following statements hold:

1. if tk + λi,j(tk+) ≤ T , then tk + λi,j(tk+) ∈ P,

2. if tk − λi,j(t+) ≥ 0, then tk − λi,j(t+) ∈ P , for t ∈ {t′ : t′ + λi,j(t
′+) = tk}.

The set of all valid partitions of [0, T ] is denoted by P .

3.2.1 Computing an Upper Bound

Given a partition P = {t0, t1, . . . , tm} ∈ P, a non-uniform time-expanded network of G,
denoted by G(P ), is created as follows: G(P ) contains m + 1 copies of N , denoted by
N0, N1, . . . , Nm, in which Nk−1 corresponds to the time interval [tk−1, tk), and Nm to the
time horizon T . Here and throughout the rest of this section, unless mentioned otherwise,
index k varies between 1 and m. The copy of node i ∈ N in Nk−1 is denoted by ik−1. For
each arc (i, j) ∈ A and each time interval [tk−1, tk) with 0 ≤ tk′ = tk−1+λi,j(tk−1+) ≤ tm−1,
there is an arc (ik−1, jk′). The amount of flow that passes through this arc corresponds
to a dynamic flow entering arc (i, j) in the time interval [tk−1, tk). Since arc (ik−1, jk′)
corresponds to a time interval of length tk − tk−1, we set (tk − tk−1)ai,j(tk−1+) as the
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capacity of arc (ik−1, jk′). Moreover, for each node i, there is a holdover arc from node
ik−1 to node ik. The amount of flow that passes through (ik−1, ik) corresponds to the
amount of flow stored at node i at time tk. Thus, an arc capacity equal to bi(tk) is
associated with the holdover arc (ik−1, ik). Supply/demand at node ik−1 is set to the total
amount of supply/demand at node i during [tk−1, tk), i.e.,

∫ tk
tk−1

ri(s)ds = r̄i(tk)− r̄i(tk−1).

There is no supply/demand at node im, for i ∈ N . In the model with initial storage at
nodes, an additional copy of N , denoted by N−1, is added to G(P ). A supply of yi(0) is
associated with each node i−1, in which i−1 is the label of node i in N−1. Moreover, for
each node i, a holdover arc from i−1 to i0 is introduced with infinite capacity and zero
cost.

Any static flow in G(P ) corresponds to a dynamic flow in G: consider a static flow
in G(P ). Let x̂(tk−1+) denote the amount of flow passing through Nk−1 and ŷ(tk) the
amount of flow on holdover arcs from Nk−1 to Nk. A dynamic flow x(t) is obtained by
interpreting x̂(tk−1+)/(tk− tk−1) as the flow rate on arc set A in the interval [tk−1, tk) and
by interpreting ŷ(tk) as the amount of flow stored at node set N at time tk. Specifically,
the dynamic flow x(t) and storage y(t) are determined as follows:

x(t) =

{

x̂(tk−1+)

tk−tk−1
, t ∈ [tk−1, tk), k = 1, . . . ,m,

x̂(tm−1+)
tm−tm−1

, t = T,
(3.6)

y(t) =

(

tk − t

tk − tk−1

)

ŷ(tk−1) +

(

t− tk−1

tk − tk−1

)

ŷ(tk), t ∈ [tk−1, tk], k = 1, . . . ,m. (3.7)

Conversely, any dynamic flow x(t) with corresponding storage y(t) corresponds to a static
flow in G(P ) by averaging x(t) on any arc in each time interval [tk−1, tk) and by interpreting
y(tk) as the amount of flow on the holdover arcs from Nk−1 to Nk.

Now we discuss how to assign costs to the arcs in G(P ) so that the cost of the static
flow in G(P ) is the same as the cost of the corresponding dynamic flow in G. Since the
dynamic flow x(t) obtained by using G(P ) and the transit costs c(t) are constant and
linear on [tk−1, tk), respectively, the total transit cost is equal to

∫ T

0

c(t)T x(t)dt =
m
∑

k=1

∫ tk

tk−1

c(t)T x(t)dt =
m
∑

k=1

c

(

tk + tk−1

2

)T

x̂(tk−1+).

We therefore assign a cost of c
(

tk+tk−1

2

)

to the arcs whose tails are in Nk−1.

Moreover, since y(t) and d(t) are linear and constant over [tk−1, tk), respectively, the total
storage cost is equal to

∫ T

0

d(t)T y(t)dt =
m
∑

k=1

∫ tk

tk−1

d(t)T y(t)dt =
m
∑

k=1

tk − tk−1

2
d(tk−1+)T (ŷ(tk) + ŷ(tk−1)).

Hence, we assign a cost of t1−t0
2

di(t0+) to the holdover arcs from N−1 to N0, a cost of

tk − tk−1

2
di(tk−1+) +

tk+1 − tk
2

di(tk+)
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to the holdover arcs from Nk−1 to Nk for k = 1, . . . ,m− 1, and a cost of

tm − tm−1

2
di(tm−1+)

to the holdover arcs from Nm−1 to Nm.

We denote G(P ) with the associated costs, as discussed above, by GU(P ). We can now
establish the following theorem.

Theorem 3.1. Let P be an arbitrary partition in P . Any dynamic flow in G corresponds

to a static flow in GU(P ). Moreover, any static flow in GU(P ) corresponds to a dynamic

flow in G of equal cost.

Mathematically, the static minimum cost flow problem in GU(P ) can be formulated as
follows:

min
m
∑

k=1

c

(

tk + tk−1

2

)T

x̂(tk−1+) +
m
∑

k=1

tk − tk−1

2
d(tk−1+)T (ŷ(tk) + ŷ(tk−1))

s.t.
∑

j:(i,j)∈A

x̂i,j(t0+)−
∑

j:(j,i)∈A,λj,i(t0+)=0

x̂j,i(t0+) + ŷi(t1) = r̄i(t1), i ∈ N,

∑

j:(i,j)∈A

x̂i,j(tk−1+)−
∑

j:(j,i)∈A

∑

t:t+λj,i(t+)=tk−1

x̂j,i(t+) + ŷi(tk)− ŷi(tk−1)

= r̄i(tk)− r̄i(tk−1), k = 2, . . . ,m, i ∈ N,

0 ≤ x̂(tk−1+) ≤ (tk − tk−1)a(tk−1+), k = 1, . . . ,m,

0 ≤ ŷ(tk) ≤ b(tk), k = 1, . . . ,m.

This problem is only defined on P = {t0, t1, . . . , tm}, and so it is an implicit constraint
that x̂i,j(t+) = 0, for t < 0. We will refer to the above problem as DP (P ) that can be
viewed as a discrete approximation of CDMCF. Having established Theorem 3.1, we can
immediately conclude the following result.

Corollary 3.2. Let P be an arbitrary partition in P . DP (P ) is feasible if and only if

CDMCF is feasible. Moreover V [CDMCF ] ≤ V [DP (P )].

Corollary 3.2 shows that the optimum value of DP (P ) gives an upper bound on the
optimum value of CDMCF. Moreover, if it is known that there is some optimum solution
x(t), y(t) in which x(t) is piecewise constant with breakpoints in some partition P ∈ P,
then an optimum solution for CDMCF can be obtained by solving DP (P ). Unfortunately,
we cannot use this result to solve CDMCF, since the set of all breakpoints of an optimum
solution is unknown in advance. However, we can obtain a lower bound on the optimum
value of CDMCF by introducing a slightly different time-expanded network from GU(P ).
This is the context of next subsection.
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3.2.2 Computing a Lower Bound

To compute a lower bound on the optimum value of CDMCF, we consider a dual problem
and introduce a corresponding discrete approximation.

The dual problem of CDMCF, denoted by CDMCF ∗, is defined as follows:

CDMCF∗ : max −

∫ T

0
{y(0) + r̄(t)}T dπ(t)−

∫ T

0
a(t)T ρ(t)dt−

∫ T

0
b(t)T dη(t)

s.t. πi(t)−
∑

t′:t′−λi,j(t)=t

πj(t
′)− ρi,j(t) ≤ ci,j(t), (i, j) ∈ A, t ∈ [0, T ],

π(t) of bounded variation and right continuous on [0, T ] with π(T ) = 0,

η(t) monotonic increasing and right continuous on [0, T ] with η(T ) = 0,

ρ(t) bounded measurable and nonnegative on [0, T ],

π(t) + η(t)−

∫ T

t

d(s)ds monotonic increasing on [0, T ].

The form of this dual is based on that given by Pullan [Pul93] for the dual of SCLP. A
detailed discussion of the dual program and an alternative equivalent formulation ana-
logues to the dual problem of static network flow problem will be given in Section 6.2.
The following weak duality result is easily established.

Lemma 3.1 (Weak duality). Let x(t), y(t) and π(t), η(t), ρ(t) be feasible solutions to

CDMCF and CDMCF∗, respectively. Then

V [CDMCF ∗, π(t), η(t), ρ(t)] ≤ V [CDMCF, x(t), y(t)].

Proof. Consider any two feasible solutions x(t), y(t) and π(t), ρ(t), η(t) for CDMCF and
CDMCF ∗, respectively. Then, we have

V [CDMCF, x(t), y(t)]− V [CDMCF ∗, π(t), η(t), ρ(t)]

=

∫ T

0

{

c(t)T x(t) + d(t)T y(t)
}

dt +

∫ T

0

{y(0) + r̄(t)}T dπ(t) +

∫ T

0

a(t)T ρ(t)dt +

∫ T

0

b(t)T dη(t)

=

∫ T

0

{

c(t)T x(t) + d(t)T y(t)
}

dt

+
∑

i∈N







∫ T

0





∫ t

0

∑

j:(i,j)∈A

xi,j(s)ds−

∫ t

0

∑

j:(j,i)∈A

∑

s′:s′+λj,i(s′)=s

xj,i(s
′)ds + yi(t)



 dπi(t)







+

∫ T

0

a(t)T ρ(t)dt +

∫ T

0

b(t)T dη(t)
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=

∫ T

0

{

c(t)T x(t) + d(t)T y(t)
}

dt−
∑

i∈N

∫ T

0



πi(t)
∑

j:(i,j)∈A

xi,j(t)



dt

−
∑

i∈N

∫ T

0



πi(t)
∑

j:(j,i)∈A

∑

t′:t′+λj,i(t′)=t

xj,i(t
′)



 dt +

∫ T

0

y(t)T dπ(t) +

∫ T

0

a(t)T ρ(t)dt +

∫ T

0

b(t)T dη(t)

=
∑

(i,j)∈A

∫ T

0







ci,j(t)− πi(t) +
∑

t′:t′−λi,j(t)=t

πj(t
′) + ρi,j(t)







xi,j(t)dt

+

∫ T

0

y(t)T d

(

π(t) + η(t)−

∫ T

t

d(s)ds

)

+

∫ T

0

{a(t)− x(t)}T ρ(t)dt +

∫ T

0

{b(t)− y(t)}T dη(t) ≥ 0.

Corollary 3.2. Strong duality holds between CDMCF and CDMCF ∗ if and only if there

are feasible solutions x(t), y(t) and π(t), ρ(t), η(t) for CDMCF and CDMCF ∗, respec-

tively, which satisfy the following complementary slackness conditions

∑

(i,j)∈A

∫ T

0







ci,j(t)− πi(t) +
∑

t′:t′−λi,j(t′)=t

πj(t
′) + ρi,j(t)







xi,j(t)dt = 0,

∫ T

0

y(t)T d

(

π(t) + η(t)−

∫ T

t

d(s)ds

)

= 0,

∫ T

0

{a(t)− x(t)}T ρ(t)dt = 0,

∫ T

0

{b(t)− y(t)}T dη(t) = 0.

Given a partition P = {t0, t1, . . . , tm}, we now construct another non-uniform time-
expanded network, denoted by GL(P ), as follows: GL(P ) has the same arc set and
node set as GU(P̄ ), where P̄ includes P with each interval split in half, i.e., P̄ =
{t0,

t0+t1
2

, t1 . . . , tm−1+tm
2

, tm}. Thus, copies of N in GL(P ) correspond to time intervals
defined by the breakpoints in P̄ . We denote the copy of N corresponding to the time
intervals [tk−1,

tk−1+tk
2

) and [ tk−1+tk
2

, tk) by N+
k−1 and N−k , respectively, and the copy of N

corresponding with tm by N+
m. For modeling initial storage at nodes, a copy of N , denoted

by N−0 is introduced by adding holdover arcs from N−0 to N+
0 . The capacity of arcs and

supply/demand at nodes in GL(P ) are defined in the same way as in GU(P̄ ). Thus, any
static flow in GL(P ) corresponds to a dynamic flow in G and vise versa.

The only difference between GL(P ) and GU(P̄ ) is in the assignment of costs to the arcs.
We wish to assign costs to the arcs in such a way so that the static flow in GL(P ) gives a
lower bound on the optimum value of CDMCF. To this end, the costs of the arcs passing
N−k−1 and N+

k are set to c(tk−1−) and c(tk+), respectively. Furthermore, the costs of the
holdover arcs from N+

k−1 to N−k and from N−k to N+
k are set to zero and (tk−tk−1)d(tk−1+),

respectively.
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We shall show that a minimum cost flow in GL(P ) gives a lower bound on the cost of the
optimum solution in the original network G. The static minimum cost flow in GL(P ) can
be expressed as follows:

min

m
∑

k=1

(

c(tk−1+)T x̂(tk−1+) + c(tk)T x̂(tk−)
)

+

m
∑

k=1

(tk − tk−1)d(tk−1+)T ŷ

(

tk + tk−1

2

)

s.t.
∑

j:(i,j)∈A

x̂i,j(t0+)−
∑

j:(j,i)∈A,λj,i(t0+)=0

x̂j,i(t0+) + ŷi

(

t1 + t0

2

)

= r̄i

(

t1 + t0

2

)

, i ∈ N,

∑

j:(i,j)∈A

x̂i,j(tk−1+)−
∑

j:(j,i)∈A

∑

t:t+λj,i(t+)=tk−1

x̂j,i(t+) + ŷi

(

tk + tk−1

2

)

− ŷi(tk−1)

= r̄i

(

tk + tk−1

2

)

− r̄(tk−1), k = 2, . . . , m, i ∈ N,

∑

j:(i,j)∈A

x̂i,j(tk−)−
∑

j:(j,i)∈A

∑

t:t+λj,i(t−)=tk

x̂j,i(t−) + ŷi(tk)− ŷi

(

tk + tk−1

2

)

= r̄i(tk)− r̄i

(

tk + tk−1

2

)

, k = 1, . . . , m, i ∈ N,

0 ≤ x̂(tk−1+) ≤

(

tk − tk−1

2

)

a(tk−1+), k = 1, . . . , m,

0 ≤ x̂(tk−) ≤

(

tk − tk−1

2

)

a(tk−), k = 1, . . . , m,

0 ≤ ŷ (tk) ≤ b (tk) , k = 1, . . . , m,

0 ≤ ŷ

(

tk + tk−1

2

)

≤ b

(

tk + tk−1

2

)

, k = 1, . . . , m.

This problem is only defined on P̄ = {t0,
t0+t1

2
, t1 . . . , tm−1+tm

2
, tm}, and so it is an implicit

constraint that x̂i,j(t+) = 0, x̂i,j(t−) = 0, for t < 0. In this formulation, x̂(tk−1+)
and x̂(tk−) denote the amount of flow passing through N+

k−1 and N−k , respectively, and

ŷ( tk−1+tk
2

) and ŷ(tk) denote the amount of flow along the holdover arcs from N+
k−1 to N−k

and from N−k to N+
k , respectively. We will refer to the above problem as AP (P ) that can

be viewed as another discrete approximation of CDMCF.

The time-expanded network GL(P ) (or equivalently the discrete approximation AP (P ))
has many interesting properties that enable us to develop an algorithm for solving CDMCF.
In what follows, we present some of them needed for the purposes of this chapter.

Lemma 3.3. Let P be an arbitrary partition in P. Then CDMCF is feasible if and only

if AP (P ) is feasible.

Proof. Let P = {t0, . . . , tm} ∈ P and x̂, ŷ be a feasible solution for AP (P ). It is clear

that this solution forms a feasible solution x(t), y(t) for CDMCF defined by

x(t) =















2x̂(tk−1+)

tk−tk−1
, t ∈

[

tk−1,
tk−tk−1

2

)

, k = 1, . . . ,m,

2x̂(tk−)
tk−tk−1

, t ∈
[

tk−tk−1

2
, tk
)

, k = 1, . . . ,m,
2x̂(tm−)
tm−tm−1

, t = T,

(3.8)
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with y(t) derived from the flow conservation constraints. For the other direction, we

assume that x(t), y(t) is a feasible solution for CDMCF and we define x̂, ŷ by

x̂(tk−1+) =

∫

tk−1+tk
2

tk−1

x(t)dt, k = 1, . . . ,m, (3.9)

x̂(tk−) =

∫ tk

tk−1+tk
2

x(t)dt, k = 1, . . . ,m, (3.10)

ŷ(tk) = y(tk), k = 1, . . . ,m, (3.11)

ŷ

(

tk + tk−1

2

)

= y

(

tk + tk−1

2

)

, k = 1, . . . ,m. (3.12)

It then is not hard to check that x̂, ŷ is feasible for AP (P ).

Lemma 3.3 motivates the following definition.

Definition 3.3. Let P = {t0, . . . , tm} ∈ P and x̂, ŷ be a feasible solution for AP (P ).

We will refer to the feasible solution x(t), y(t) defined by (3.8) as the natural solution

for AP (P ) (constructed from x̂, ŷ). Similarly, assume that x(t), y(t) is a feasible solution

for CDMCF in which x(t) is piecewise constant with breakpoints in P . We will refer

to the feasible solution x̂, ŷ defined by (3.9)-(3.12) as the natural solution for AP (P )

(constructed from x(t), y(t)).

Theorem 3.4. For any partition P ∈ P, we have V [AP (P )] ≤ V [CDMCF ].

Proof. The dual problem AP ∗(P ) for AP (P ) can be written as

max
m
∑

k=1

(

r̄(tk)− r

(

tk + tk−1

2

))T

(π̂(tk−1+) + π̂(tk−))

−
m
∑

k=1

tk − tk−1

2
a(tk−)T (ρ̂(tk−1+) + ρ̂(tk−))

+
m
∑

k=1

(

b(tk)
T η̂(tk) + b

(

tk + tk−1

2

)T

η̂

(

tk + tk−1

2

)

)

s.t. π̂i(tk−)−
∑

t′:t′−λi,j(t′−)=tk

π̂j(t
′−)− ρ̂i,j(tk−) ≤ ci,j(tk−), k = 1, . . . , m, (i, j) ∈ A,

π̂i(tk−1+)−
∑

t′:t′−λi,j(t′+)=tk−1

π̂j(t
′+)− ρ̂i,j(tk−1+) ≤ ci,j(tk−1+), k = 1, . . . , m, (i, j) ∈ A,

π̂(tk−1+)− π̂(tk) + η̂

(

tk + tk−1

2

)

≤ (tk − tk−1)d(tk−1), k = 1, . . . , m,

π̂(tk−)− π̂(tk) + η̂(tk) ≤ 0, k = 1, . . . , m− 1,

π̂(tm−) + η̂(tm) ≤ 0,

ρ̂(tk−1+), ρ̂(tk−) ≥ 0, k = 1, . . . , m,

η̂(tk), η̂

(

tk + tk−1

2

)

≤ 0, k = 1, . . . , m.
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Now suppose that x̂, ŷ is an optimum solution for AP (P ). By the strong duality theorem

of linear programming, there is some π̂, ρ̂, η̂ that solves AP ∗(P ) with

V [AP (P ), x̂, ŷ] = V [AP ∗(P ), π̂, ρ̂, η̂]. (3.13)

The proof is completed by showing that the optimum value of AP ∗(P ) is a lower bound

on the optimum value of CDMCF ∗. Let

π(t) =















π̂(t+), t = t0, t1, . . . , tm−1,

0, t = T,
(

tk−t
tk−tk−1

)

π̂(tk−1) +
(

t−tk−1

tk−tk−1

)

π̂(tk), t ∈ (tk−1, tk), k = 1, . . . ,m,

(3.14)

ρ(t) =















ρ̂(t+), t = t0, t1, . . . , tm−1,

0, t = T,
(

tk−t
tk−tk−1

)

ρ̂(tk−1) +
(

t−tk−1

tk−tk−1

)

ρ̂(tk), t ∈ (tk−1, tk), k = 1, . . . ,m,

(3.15)

η(t) =















∑m

l=k+1

{

η̂
(

tk−tk−1

2

)

+ η̂(tl)
}

, t = tk, k = 0, . . . ,m− 1,

0, t = T,
(

tk−t
tk−tk−1

)

η̂(tk−1) +
(

t−tk−1

tk−tk−1

)

η̂(tk), t ∈ (tk−1, tk), k = 1, . . . ,m.

(3.16)

It is not difficult to check that π̂, ρ̂, η̂ is a feasible solution for AP ∗(P ). Moreover, it can

be shown that the objective function value of this solution is equal to V [AP (P )] by a

similar argument as in the first part of the proof of Theorem 1 in [LB98]. Hence,

V [AP ∗(P ), π̂, ρ̂, η̂] ≤ V [CDMCF ∗]. (3.17)

The result now follows from (3.13), (3.17) and Lemma 3.1 .

Combining Corollary 3.1 and Theorem 3.4, we obtain the following important result.

Corollary 3.5. For any two partitions P and Q in P, we have

V [AP (Q)] ≤ V [CDMCF ∗] ≤ V [CDMCF ] ≤ V [DP (P )].

3.2.3 Absence of a Duality Gap

A crucial property of finite-dimensional linear programming problems is that the objective
value of the given problem is equal to the objective function of the dual problem. But this
is not always the case for continuous-time linear programming problems (see [AN87]). If
the problem and its dual have the same objective function value, then it said that there is
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no duality gap between the problem and its dual. Here we show that there is no duality
gap between CDMCF and CDMCF∗.

Given a partition P = {t0, t1, . . . , tm} ∈ P and an optimum solution x̂, ŷ for AP (P ). Let
x(t), y(t) be the corresponding natural solution for CDMCF constructed from x̂, ŷ. We
define

α[x̂, ŷ] := α[x̂] + α[ŷ], (3.18)

where

α[x̂] :=

∫ T

0

c(t)T x(t)dt−
m
∑

k=1

{

c(tk−1+)T x̂(tk−1+) + c(tk)
T x̂(tk−)

}

,

α[ŷ] :=

∫ T

0

d(t)T y(t)dt−
m
∑

k=1

(tk − tk−1)d(tk−1+)T ŷ

(

tk − tk−1

2

)

.

The value α[x̂, ŷ] gives the difference in the objective function values yielded by x(t), y(t)
for CDMCF and x̂, ŷ for AP (P ) . By Theorem 3.4, we know that α[x, y] ≥ 0, and
α[x̂, ŷ] = 0 implies that x(t), y(t) is optimum for CDMCF. Now we give some properties
of α[x̂, ŷ].

Lemma 3.6. The values of α[x̂] and α[ŷ] can be computed by the following formulas:

α[x̂] =

m
∑

k=1

(

tk − tk−1

4

)

ċ(tk−)T {x̂(tk−1+)− x̂(tk−)} ,

α[ŷ] =
m
∑

k=1

(

tk − tk−1

4

)

d(tk−1+)T

{

ŷ(tk−1)− 2ŷ

(

tk + tk−1

2

)

+ ŷ(tk)

}

.

Proof. The result follows after simple algebra.

Lemma 3.7. There is a constant K such that for any partition P ∈ P, we have

α[x̂P , ŷP ] ≤ ||P ||K,

where (x̂P , ŷP ) is an optimal solution for AP (P ).

Proof. Assume that ||ċ(t)||2 ≤ C, ||d(t)||2 ≤ D, and ||a(t)||2 ≤ M for t ∈ [0, T ]. Let

P = {t0, t1, . . . , tm} be an arbitrary partition in P . Then

α[x̂P ] =

m
∑

k=1

(

tk − tk−1

4

)

ċ(tk−)T {x̂(tk−1+)− x̂(tk−)}

≤
MC

4

m
∑

k=1

(tk − tk−1)
2 ≤

ACT

4
||P ||,
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and

α[ŷP ] =
m
∑

k=1

(

tk − tk−1

4

)

d(tk−1+)T

{

ŷ(tk−1)− ŷ

(

tk + tk−1

2

)

− ŷ

(

tk + tk−1

2

)

+ ŷ(tk)

}

=
∑

i∈N

m
∑

k=1

(

tk − tk−1

4

)

di(tk−1+)

{

r̄i(tk−1)− r̄i

(

tk + tk−1

2

)

+
∑

j:(i,j)∈A

x̂i,j(tk−1+)−
∑

j:(j,i)∈A

∑

t:t+λj,i(t)=tk−1

x̂j,i(t+)







−
∑

i∈N

m
∑

k=1

(

tk − tk−1

4

)

di(tk−1+)

{

r̂

(

tk + tk−1

2
− r̂(tk)

)

+
∑

j:(i,j)∈A

x̂i,j(tk−)−
∑

j:(j,i)∈A

∑

t:t+λj,i(t)=tk

x̂j,i(t−)







=
∑

i∈N

m
∑

k=1

(

tk − tk−1

4

)

di(tk−1+)







∑

j:(i,j)∈A

(x̂i,j(tk−1+)− x̂i,j(tk−))

+
∑

j:(j,i)∈A





∑

t:t+λj,i(t)=tk

x̂j,i(t−)−
∑

t:t+λj,i(t)=tk−1

x̂j,i(t+)











≤ D

m
∑

k=1

(

tk − tk−1

2

)







∑

(i,j)∈A

(x̂i,j(tk−1+) + x̂i,j(tk−))







≤
|A|MD

2

m
∑

k=1

(tk − tk−1)
2 ≤
|A|MDT

2
||P ||,

The result now follows by setting K = 1
4
MT (C + 2|A|D).

Corollary 3.8. Let {Pn}∞n=1 be any sequence of partitions in P such that

lim
n→∞

||Pn|| = 0,

and x̂n, ŷn be an optimal solution for AP (Pn). Then

lim
n→∞

α[x̂n, ŷn] = 0.

Corollary 3.8 implies that the optimal values of discrete approximations DP (P̄n) and
AP (Pn) close up to the same value as the norm of sequence {Pn} tends to zero value.
This leads to the following theorem.

Theorem 3.9 (No duality gap). If CDMCF has an optimal solution, then there is no

duality gap between CDMCF and CDMCF∗, i.e. V [CDMCF ] = V [CDMCF ∗].

Proof. Let P be an arbitrary partition in P and x(t), y(t) be an optimal solution for

CDMCF. By Lemma 3.3, this solution can be turned into a feasible solution for AP (P ),
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and as a consequence for DP (P̄ ). Furthermore, by Corollary 3.1, the optimal value of

CDMCF is a lower bound on the optimal value of DP (P̄ ). Thus DP (P̄ ) has an optimal

solution. On the other hand, the optimal value of CDMCF is an upper bound on the

optimal value of the maximization problem AP ∗(P ). Since AP (P ) is feasible and the

objective function value of its dual is bounded, by theory of duality in linear programming,

both AP (P ) and AP ∗(P ) have optimal solutions.

Now let {Pn}∞n=1 be any sequence of partitions in P with limn→∞ ||Pn|| = 0. From the

above argument, all three problems DP (P̄n), AP (Pn) and AP ∗(Pn) have optimal solu-

tions for any n. Let x̂n, ŷn, ¯̂xn, ¯̂yn, and π̂n, ρ̂n, η̂n represent optimal solutions for DP (P̄n),

AP (Pn) and AP ∗(Pn), respectively, and

an = V [DP (P̄n)], bn = V [AP ∗(Pn)], for n = 1, 2, . . . .

By Corollary 3.5 and the fact that α[¯̂xn, ¯̂yn], given by (3.18), is an upper bound on the

difference between an and bn, we have

0 ≤ bn − an ≤ α[¯̂xn, ¯̂yn], for n = 1, 2, . . . . (3.19)

Corollary 3.8 and relation (3.19) imply that

lim
n→∞

(bn − an) = 0.

We also have bn − am ≥ 0 for all m and n, by Corollary 3.5. Thus, both limn→∞ an and

limn→∞ bn exist (see Lemma 3.8 in [Pul93]) and

lim
n→∞

an = lim
n→∞

bn.

On the other hand, by Corollary 3.5, we have

V [AP ∗(Pn)] ≤ V [CDMCF ∗] ≤ V [CDMCF ] ≤ V [DP (P̄n)], for n = 1, 2, . . . .

Therefore, we can deduce

lim
n→∞

V [AP ∗(Pn)] = lim
n→∞

{

−

∫ T

0

r̄(t)T dπn(t)−

∫ T

0

a(t)T ρn(t)dt−

∫ T

0

b(t)T dηn(t)

}

= V [CDMCF ∗] = V [CDMCF ]

= lim
n→∞

∫ T

0

(

c(t)T xn(t) + d(t)T yn(t)
)

dt

= lim
n→∞

V [DP (P̄n)],

where xn(t), yn(t) is obtained from x̂n, ŷn by (3.6)-(3.7), and πn(t), ρn(t), ηn(t) from π̂n,

ρ̂n, η̂n by (3.14)-(3.16). The above relation shows the desired result.
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3.3 Solution Algorithms for CDMCF

So far we have introduced two different discretizations AP (P ) and V DP (P ) of CDMCF
with respect to a given valid partition P of [0, T ]. The two problems AP (P ) and V DP (P )
yield a lower and an upper bound, respectively, on the optimum solution value. Moreover,
we have shown that these bounds converge to the optimum value of CDMCF as the
partition P becomes finer. This motivates developing a class of algorithms for solving
CDMCF. The typical method is the Uniform Discretization (UD) Algorithm, which starts
with a valid partition P of equal size intervals. With respect to this fixed partition, DP (P )
and AP (P ) are both solved to yield an upper bound and a lower bound on the optimum
value of CDMCF, respectively. Thus, by solving these two discretizations, one gets an
estimate of the duality gap. If the gap is not small enough, the number of breakpoints is
doubled by introducing new bleakpoints at the midpoints of the current partition.

A serious drawback of the algorithm outlined above is that the time interval is arbitrarily
divided and no information from the solutions of discrete approximations AP (P ) and
V DP (P ) is used to fine the partition P . Moreover, a straightforward implementation
of this algorithm soon becomes impractical since the number of breakpoints grows expo-
nentially. In this section we present two others algorithms which solve both DP (P ) and
AP (P ) on successively finer (nonuniform) discretizations, but in contrast to the uniform
discretization approach, they use the information from the current solution for AP (P ) in
order to insert new breakpoints at favorable places to improve the solution for CDMCF.

3.3.1 Descent Algorithm

Here we show that the algorithm developed by Pullan [Pul93] for SCLP can be extended
to CDMCF. This algorithm that we call the Descent Algorithm moves between feasible
solutions of CDMCF and successively improves the objective function value until an op-
timum solution is obtained. The main task is then to construct an improved feasible
solution from a given (non-optimum) feasible solution.

Let x(t), y(t) be a feasible solution for CDMCF in which x(t) is piecewise constant with
respect to some partition P = {t0, t1, . . . , tm} ∈ P. Suppose that x̂, ŷ is the corresponding
natural solution for AP (P ). By Theorem 3.4, if x̂, ŷ is optimum for AP (P ), then x(t), y(t)
is also optimum for CDMCF. Otherwise there exists a feasible solution ˜̂x, ˜̂y for AP (P )
with strictly improved objective function value, i.e.,

δ[x(t), y(t)] := V [AP (P ), ˜̂x, ˜̂y]− V [AP (P ), x̂, ŷ] < 0. (3.20)

We can write
δ[x(t), y(t)] = δ[x(t)] + δ[y(t)],

where

δ[x(t)] :=
m
∑

k=1

(

c(tk−1+)T{˜̂x(tk−1+)− x̂(tk−1+)}+ c(tk)
T{˜̂x(tk−)− x̂(tk−)}

)

,

δ[y(t)] :=

m
∑

k=1

(tk − tk−1)d(tk−1+)T

{

˜̂y

(

tk + tk−1

2

)

− ŷ

(

tk + tk−1

2

)}

.
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The problem that we address now is how to construct a new feasible solution for CDMCF
that has a better objective function value than the current solution x(t), y(t). To end this,
the first step is to construct a new partition P ǫ of [0, T ] by adding two new breakpoints

tk−1 + ǫk and tk − ǫk in each interval [tk−1, tk], where ǫk = (tk−1−tk)ǫ

2
and ǫ is a fixed value

in [0, 1]. Formally, we define P ǫ as

P ǫ = {t0, t0 + ǫ1, t1 − ǫ1, t1 + ǫ2, . . . , tk − ǫk, tk, tk + ǫk+1, . . . , tm − ǫm, tm}.

For the general case, partition P ǫ may not be a valid partition and we require to make
the following assumption.

Assumption 2. For each arc (i, j) ∈ A, the transit time λi,j(t) is constant and will be

denoted by λi,j.

The above assumption is assumed to hold throughout the rest of this subsection (notice

that our algorithm presented in the next section does not rely on this assumption).

Lemma 3.10. If P ∈ P and Assumption 2 holds, then P ǫ ∈ P.

Proof. Since P contains the set of breakpoints of the problem data, so does P ǫ. Let tk−1

and tk be two consecutive breakpoints in P and (i, j) be an arbitrary arc in A. Then,

P ǫ includes breakpoints tk−1, tk−1 + ǫk, tk − ǫk and tk. Since P ∈ P and P ⊆ P ǫ, if

tk−1 + λi,j ≤ T and 0 ≤ tk − λi,j, then tk−1 + λi,j ∈ P ǫ, and tk − λi,j ∈ P ǫ, respectively.

Now assume that tk−1 + ǫk + λi,j ≤ T . We can conclude that tk−1 + λi,j and tk + λi,j are

two consecutive breakpoints in P . Hence,

tk−1 + λi,j +
(tk + λi,j − tk−1 − λi,j)ǫ

2
= tk−1 + ǫk + λi,j

is a member of P ǫ. Similarly, we can show that tk − ǫk − λi,j is a member of P ǫ, if

0 ≤ tk − ǫk − λi,j , which establishes the lemma.

The next step is to construct a solution x̄ǫ(t), ȳǫ(t) for CDMCF with breakpoints in P ǫ.
This can be done by patching together the current feasible solution x(t), y(t) and the
natural solution x̃(t), ỹ(t) constructed from ˜̂x, ˜̂y. Specifically, we define x̄ǫ(t), ȳǫ(t) by

x̄ǫ(t) =

{

x̃(t), t ∈ [tk−1, tk−1 + ǫi) ∪ [tk − ǫi, tk), k = 1, . . . ,m,
x(t), otherwise,

with yǫ(t) derived from the flow conservation constraints. The construction of x̄ǫ for in-
terval [tk−1, tk] is illustrated in Figure 3.1. As with [Pul93], it is referred to as a “patching”
together process. We have the following result.

Lemma 3.3. x̄ǫ(t), ȳǫ(t) is a feasible solution for CDMCF.



50 Discretization-based Algorithms for CDMCF

Figure 3.1: Construction of new solution x̄ǫ(t) for interval [tk−1, tk].

Proof. The feasibility of x̄ǫ(t), ȳǫ(t) follows from Lemma 3.10 and the fact that ȳǫ is

piecewise linear with respect to the partition P ǫ. If fact, ȳǫ is as the following:

ȳǫ(tk−1) = (1− ǫ)y(tk−1) + ǫỹ(tk−1), k = 1, . . . ,m,

ȳǫ(tk−1 + ǫi) = (1− ǫ)y(tk−1) + ǫỹ

(

tk + tk−1

2

)

, k = 1, . . . ,m,

ȳǫ(tk − ǫi) = (1− ǫ)y(tk) + ǫỹ

(

tk + tk−1

2

)

, k = 1, . . . ,m.

We can obtain not only a new feasible solution for CDMCF, but also an improved solution
if ǫ is appropriately chosen. This is a direct consequence of the following theorem.
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Theorem 3.11. We have

V [CDMCF, x̄ǫ(t), ȳǫ(t)]− V [CDMCF, x(t), y(t)] = ǫ(δ + ǫα),

where α = α
[

˜̂x, ˜̂y
]

and δ = δ[x(t), y(t)] are given by (3.18) and (3.20), respectively.

Proof. It can be shown that (see Lemma 4.3 in [Pul93])

∫ T

0

c(t)T x̄ǫ(t)dt−

∫ T

0

c(t)T x̄ǫ(t)dt = ǫ
(

δ[x(t)] + ǫα
[

˜̂x
])

.

Hence, to establish the result, it is sufficient to prove

∫ T

0

d(t)T ȳǫ(t)dt−

∫ T

0

d(t)T y(t)dt = ǫ
(

δ[y(t)] + ǫα
[

˜̂y
])

.

We have

ȳǫ(tk−1)− y(tk−1) = (1− ǫ)y(tk−1) + ǫỹ(tk−1)− y(tk−1) = ǫỹ(tk−1)− ǫy(tk−1),

ȳǫ(tk−1 + ǫi)− y(tk−1 + ǫi) = (1− ǫ)y(tk−1) + ǫỹ

(

tk + tk−1

2

)

− (1−
ǫ

2
)y(tk−1)−

ǫ

2
y(tk)

= ǫỹ

(

tk + tk−1

2

)

−
ǫ

2
y(tk−1)−

ǫ

2
y(tk),

ȳǫ(tk − ǫi)− y(tk − ǫi) = (1− ǫ)y(tk) + ǫỹ

(

tk + tk−1

2

)

−
ǫ

2
y(tk−1)− (1−

ǫ

2
)y(tk)

= ǫỹ

(

tk + tk−1

2

)

−
ǫ

2
y(tk−1)−

ǫ

2
y(tk),

Thus,

∫ T

0
d(t)T ȳǫ(t)dt−

∫ T

0
d(t)T y(t)dt =

∫ T

0
d(t)T (ȳǫ(t)− y(t)) dt

=
m
∑

k=1

∫ tk−1+ǫi

tk−1

d(t)T (ȳǫ(t)− y(t)) dt +
m
∑

k=1

∫ tk−ǫi

tk−1+ǫi

d(t)T (ȳǫ(t)− y(t)) dt

+
m
∑

k=1

∫ tk

tk−ǫi

d(t)T (ȳǫ(t)− y(t)) dt

=
m
∑

k=1

ǫi

2
d(tk−1+)T (ȳǫ(tk−1 + ǫi) + ȳǫ(tk−1)− y(tk−1 + ǫi)− y(tk−1))

+

m
∑

k=1

(1− ǫ)

2
(tk − tk−1)d(tk−1+)T (ȳǫ(tk − ǫi) + ȳǫ(tk−1 + ǫi)− y(tk − ǫi)− y(tk−1 + ǫi))

+
m
∑

k=1

ǫi

2
d(tk−1+)T (ȳǫ(tk − ǫi) + ȳǫ(tk)− y(tk − ǫi)− y(tk))
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=

m
∑

k=1

ǫ2

4
(tk − tk−1)d(tk−1+)T

(

ỹ(tk−1) + ỹ

(

tk + tk−1

2

)

−
3

2
y(tk−1)−

1

2
y(tk)

)

+
m
∑

k=1

(1− ǫ)ǫ

2
(tk − tk−1)d(tk−1+)T

(

2ỹ

(

tk + tk−1

2

)

− y(tk−1)− y(tk)

)

+
m
∑

k=1

ǫ2

4
(tk − tk−1)d(tk−1+)T

(

ỹ

(

tk + tk−1

2

)

+ ỹ(tk)−
1

2
y(tk−1)−

3

2
y(tk)

)

=
m
∑

k=1

ǫ2

4
(tk − tk−1)d(tk−1+)T

(

ỹ(tk−1)− 2ỹ

(

tk + tk−1

2

)

+ ỹ(tk)

)

+
m
∑

k=1

ǫ2

4
(tk − tk−1)d(tk−1+)T

(

4ỹ

(

tk + tk−1

2

)

− 2y(tk−1)− 2y(tk)

)

+

m
∑

k=1

(1− ǫ)ǫ

2
(tk − tk−1)d(tk−1+)T

(

2ỹ

(

tk + tk−1

2

)

− y(tk−1)− y(tk)

)

= ǫ2α
[

˜̂y
]

+
m
∑

k=1

ǫ2(tk − tk−1)d(tk−1+)T

(

ỹ

(

tk + tk−1

2

)

− y

(

tk + tk−1

2

))

+
m
∑

k=1

(1− ǫ)ǫ(tk − tk−1)d(tk−1+)T

(

ỹ

(

tk + tk−1

2

)

− y

(

tk + tk−1

2

))

= ǫ2α
[

˜̂y
]

+ ǫ2δ[y(t)] + (1− ǫ)ǫδ[y(t)] = ǫ
(

δ[y(t)] + ǫα
[

˜̂y
])

.

Corollary 3.12. For ǫ small enough, x̄ǫ(t), ȳǫ(t) has a strictly smaller objective function

value than x(t), y(t). Moreover,

min
ǫ

V [CDMCF, x̄ǫ(t), ȳǫ(t)]− V [CDMCF, x(t), y(t)] =

{

− δ2

4α
, α > 0 and δ < −2α,

δ + α, otherwise,

which occurs at

ǫ∗ =

{

− δ
2α

, α > 0 and δ < −2α,

1, otherwise.
(3.21)

We will refer to patching x(t), y(t) and x̃(t), ỹ(t) together with ǫ = ǫ∗, given by (3.21), as
the patching together optimality.

Theorem 3.13. Let x(t), y(t) be an optimal solution for CDMCF in which x(t) is piece-

wise constant with respect to some partition P ∈ P. Then the natural solution x̂, ŷ is

optimal for AP (P ).

Proof. If x̂, ŷ is not optimal, then by patching together optimality process, we can con-

struct a feasible solution for CDMCF with strictly smaller objective function value x(t),

y(t).
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Algorithm 3: Descent Algorithm for CDMCF

Step 0 Let P1 ∈ P be an initial partition.

Construct an initial solution x0(t), y0(t)

for CDMCF by constructing a feasible solution for DP (P1). If DP (P1) is infeasible, then so is

CDMCF (by Lemma 3.3). Set n = 1.

Step 1 Let x̂n−1, ŷn−1 be the natural solution for AP (Pn) constructed from xn−1(t), yn−1(t).

If x̂n−1, ŷn−1 is optimal for AP (Pn), then stop as xn−1(t), yn−1(t) is optimal for CDMCF (by

Corollary 3.5).

Step 2 Optimize AP (Pn) to produce ˜̂xn, ˜̂yn. Let x̃n(t), ỹn(t) be the natural solution for CDMCF.

Step 3 Patch x̃n(t), ỹn(t) and xn−1(t), yn−1(t) together optimality to produce the solution x̄ǫ
n(t),

ȳǫ
n(t). Let Pn+1 be the constructed partition from the patching optimality together process.

Step 4 Optimize DP (Pn+1) to generate a solution xn(t), yn(t) to CDMCF.

Set n = n + 1 and return to Step 1.

Summarizing the above argument, we can establish a strong duality result and present an
algorithm for solving CDMCF.

Theorem 3.14 (Strong duality). Assume that CDMCF has an optimal solution x(t), y(t),

in which x(t) is piecewise constant with respect to some P ∈ P. Then there exists a

piecewise linear optimal solution π(t), ρ(t), η(t) with breakpoints in P with

V [CDMCF ∗, π(t), ρ(t), η(t)] = V [CDMCF, x(t), y(t)].

Proof. By Theorem 3.13, the natural solution x̂, ŷ constructed from x(t), y(t) is optimal

for AP (P ). Thus by the strong duality theorem for linear programming, there exist an

optimal solution π̂, ρ̂, η̂ for AP ∗(P ) with the same objective function value. By Theorem

3.4, this solution yields a piecewise linear solution π(t), ρ(t), η(t) with breakpoints in P

and the same objective function value. The result now follows from Corollary 3.5.

The formal description of the algorithm for solving CDMCF is given in Alg. 3

The convergence of the Descent Algorithm follows by Lemma 3.7 and a similar argument
as in [Pul00]. We thus have the following result.

Theorem 3.15. Either Descent Algorithm terminates at the optimal solution for CDMCF

or V [DP (Pn)] and V [AP (Pn)] both converge to V [CDMCF ].

3.3.2 Adaptive Discretization Algorithm

The current form of the Descent Algorithm presented in the previous section may be not
practical because at each iteration of the algorithm the number of breakpoints is increased
by a factor of 2 or 3. Here we present another algorithm based on the ideas of Philpott
and Craddock [PC95]. We first need to give a definition.
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Definition 3.4. Given a valid partition P = {t0, t1, . . . , tm}, we refer to a member of

N × {t0, t1, . . . , tm−1}, i.e., a node i ∈ N at time tk−1, k = 1, . . . ,m, as a node-time pair

(NTP). We say that NTP (i, α) is connected to NTP (j, β) if there is a sequence of distinct

NTPs as

(j, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β),

in which either (ik, ik+1) ∈ A and tk+1 = tk + λik,ik+1
, or ik = ik+1.

If we assume that every NTP is connected to itself, then connectedness is an equivalence
relation, and as such partitions N × {t0, t1, . . . , tm−1} into disjoint subsets, denoted by
NTP1, NTP2, . . . , NTPℓ. Now assume that x̂, ŷ is an optimum solution for AP (P ). For
each NTPq, q = 1, . . . , ℓ, we define

αq[x̂, ŷ] :=
∑

(i,tk−1)∈NTPq

∑

j:(i,j)∈A

(

tk − tk−1

4

)

ċi,j(tk−) {x̂i,j(tk−1+)− x̂i,j(tk−)}

+
∑

(i,tk−1)∈NTPq

(

tk − tk−1

4

)

di(tk−1+)

{

ŷi(tk−1)− 2ŷi

(

tk + tk−1

2

)

+ ŷi(tk)

}

.

(3.22)

Theorem 3.16. Let P ∈ P, x̂, ŷ be an optimum solution for AP (P ), and NTP1, NTP2,

. . . , NTPℓ be a partition of N × {t0, t1, . . . , tm−1} defined by the connectedness relation.

Then

α[x̂, ŷ] =
ℓ
∑

q=1

αq[x̂, ŷ],

for α[x̂, ŷ] and αq[x̂, ŷ] are given by (3.18) and (3.22), respectively. Moreover, we have

αq[x̂, ŷ] ≥ 0, for every q = 1, 2, . . . , ℓ.

Proof. We only prove the second part; the first part is straightforward. Assume that for

some q we have αq[x̂, ŷ] < 0. We define x̂o, ŷo by

x̂o
i,j(tk−1+) :=

{

1
2
{x̂i,j(tk−1+) + x̂i,j(tk−)} , if (i, tk−1) ∈ NTPq,

x̂∗i,j(tk−1+), otherwise,
(i, j) ∈ A,

x̂o
i,j(tk−) :=

{

1
2
{x̂i,j(tk−1+) + x̂i,j(tk−)} , if (i, tk−1) ∈ NTPq,

x̂∗i,j(tk−), otherwise,
(i, j) ∈ A,

ŷo
i

(

tk−1 + tk
2

)

:=

{

1
2
{ŷi(tk−1) + ŷi(tk)} , if (i, tk−1) ∈ NTPq,

ŷi

(

tk−1+tk
2

)

, otherwise,
i ∈ N,

ŷo
i (tk) := ŷ(tk), i ∈ N,
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Algorithm 4: AD Algorithm for CDMCF

Step 0 Let P1 ∈ P be an initial partition. Set n := 1.

Step 1 Solve DP (Pn) to produce ˜̂xn, ˜̂yn.

Step 2 Solve AP (Pn) to give x̂n, ŷn.

Step 3 Calculate the current duality gap, i.e., δn := V [DP (Pn)]− V [AP (Pn)].

If δn = 0, then stop as ˜̂xn, ˜̂yn yields an optimum solution to CDMCF. Otherwise, construct a new

partition Pn+1 according to (3.23).

Step 4 Set n := n + 1 and return to Step 1.

for k = 1, . . . ,m. It is easy to prove that x̂o, ŷo is feasible for AP (P ). By comparing the

objective value of AP (P ) for x̂o, ŷo and x̂, ŷ we obtain

V [AP (P ), (x̂o, ŷo)]− V [AP (P ), (x̂, ŷ)] = αq[x̂, ŷ] < 0 .

This contradicts the assumed optimality of x̂, ŷ.

Now we present an outline of the Adaptive Discretization (AD) Algorithm. In iteration
n, starting from an initial valid partition Pn, both DP (Pn) and AP (Pn) are solved to
produce ˜̂xn, ˜̂yn and x̂n, ŷn, respectively. Then the duality gap and α[x̂n, ŷn] are computed
accordingly. If the duality gap is zero, then the solution x(t), y(t) corresponding to ˜̂xn, ˜̂yn

is an optimum solution to CDMCF and the algorithm terminates. Otherwise, we have
α[x̂n, ŷn] > 0 and, by Theorem 3.16, αq[x̂n, ŷn] > 0 for some q. We keep q fixed and
introduce new breakpoints at the midpoints of those intervals [tk−1, tk] so that there is
some node i ∈ N with (i, tk−1) ∈ NTPq. In fact, a new valid partition Pn+1 is constructed
as follows:

Pn+1 := P ∪

{(

tk + tk−1

2

)

: (i, tk−1) ∈ NTPq for some i

}

. (3.23)

We now give a formal description of the AD Algorithm in ALg. 4.

To prove convergence of the AD Algorithm, we need the following result that can be
established in a similar way as the proof of Lemma 6 in [PC95].

Lemma 3.17. For every ǫ > 0, there is some partition Pn generated by the AD Algo-

rithm with δn < ǫ.

We can now prove the following theorem.

Theorem 3.18. Either AD Algorithm terminates at the optimal solution for CDMCF or

V [DP (Pn)] and V [AP (Pn)] both converge to V (CDMCF ).

Proof. By Corollary 3.5, termination of the AD Algorithm yields an optimal solution

for CDMCF. So assume that the AD Algorithm does not terminate. Consider the

sequence {δn}. It can be shown that {δn} is a decreasing sequence, bounded below by 0.

Thus, by Lemma 3.17, {δn} tends to zero and the result follows immediately.
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Algorithm 5: ADR Algorithm for CDMCF

Step 0 Let δ1 :=∞, γ1 :=∞ and P1 ∈ P be an initial partition. Choose θ such that 0 ≤ θ < 1.

Set n := 1.

Step 1 Solve DP (Pn) to produce ˜̂xn, ˜̂yn.

Step 2

if δn < θγn then

Remove redundant breakpoints from Pn resulting in a new partition P̂n.

Add required breakpoints to P̂n to produce a valid partition Pn.

Set γn+1 := δn.

else

Set γn+1 := γn.

end if

Step 3 Solve AP (Pn) to give x̂n, ŷn.

Step 4 Calculate the current duality gap, i.e., δn := V [DP (Pn)]− V [AP (Pn)].

Step 5

if δn = 0 then

stop as ˜̂xn, ˜̂yn yields an optimum solution to CDMCF.

else

Construct a new partition Pn+1 according to (3.23), set n := n + 1, and return to Step 1.

end if

Now assume that xn(t), yn(t) denotes the solution to CDMCF generated by ˜̂xn, ˜̂yn in
iteration n of the AD Algorithm. Usually xn(t) remains constant over some consecutive
intervals of Pn such that some breakpoints are redundant. Specifically, a breakpoint tk in
Pn is said to be redundant if

˜̂xn(tk−1+)

tk − tk−1
=

˜̂xn(tk+)

tk+1 − tk
.

It is desirable to remove the redundant breakpoints as they increase the size of the sub-
problems to be solved at each iteration. On the other hand, if redundant breakpoints are
removed at every iteration, then the algorithm may cycle and not converge. However, a
quicker AD Algorithm which maintains the convergence property is obtained if redundant
breakpoints are removed only if a sufficient reduction in δn is observed. This leads to the
Adaptive Discretization Algorithm with Removal of Breakpoints given in
Alg. 5.

The parameter θ determines the proportion by which the duality gap must be reduced
before the removal of redundant breakpoints is allowed. We can now extend Theorem
3.18.

Theorem 3.19. Either the ADR Algorithm terminates at an optimum solution to CDMCF

or V [DP (Pn)] and V [AP (Pn)] both converge to V [CDMCF ].

Proof. If the algorithm terminates, then by Theorem 3.3 an optimum solution to CDMCF

is obtained. We can assume that 0 < θ < 1 since for θ = 0 the ADR Algorithm is identical
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Figure 3.2: Network for Examples 3.4

and 3.5.
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Figure 3.3: Network for Example 3.6.

to the AD Algorithm. The sequence {γn} is decreasing, bounded from below by 0, and

has the property that for every ǫ > 0 there is some partition Pn such that γn < ǫ. Thus,

sequence {γn} tends to zero and this concludes the proof.

3.3.3 Computational Results for Small Example Instances

In this section three simple example instances of CDMCF are solved by using the Uniform-
discretization Algorithm, the Descent Algorithm and the ADR Algorithm. We wrote a
preliminary version of all algorithms in MATLAB. This program records and updates the
partition, generates the time-expanded networks associated to DP (P ) and AP (P ), and
calls the TOMLAB simplex network solver at each iteration. For each algorithm, we give
the results of the first five iterations, including optimum values of DP (Pn) and AP (Pn),
the duality gap δn, the number of breakpoints at partition Pn, denoted by“# BP”, and the
number of breakpoints after removing redundant ones at optimum solution of DP (Pn),
denoted by “# BPR”.

Example 3.4. Here, we consider the example designed by Philpott and Craddock [PC95].

The network has four nodes and five arcs connecting those nodes as shown in Figure 3.2.

The transit costs and transit capacities are as follows:

c1,2(t) = 1 + 0.6t, c1,3(t) = 12− t, c2,3(t) = 1 + 1.4t, c2,4(t) = 20 + t, c3,4(t) = 6− 0.2t,

a1,2(t) = 0.6, a1,3(t) = 0.8, a2,3(t) = 0.8, a2,4(t) = 2.2, a3,4(t) = 1.6,

The storage capacities and storage costs are assumed to be infinity and zero, respectively.

Moreover, we assign a transit time of 2 to each arc. An initial storage of 8 units must be

sent from source node 1 to sink node 4 within the time interval [0, 10].
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Table 3.1: Computational results for Example 3.4

n DP (Pn) AP (Pn) δn # BP # BPR

UD Algorithm

1 124.16000 123.36000 0.799999 5 5

2 123.76000 123.52000 0.239999 10 8

3 123.64000 123.60000 0.039999 20 9

4 123.62000 123.61000 0.009999 40 9

5 123.61500 123.61250 0.002499 80 13

Descent Algorithm

1 123.76000 123.52000 0.239999 10 8

2 123.62166 123.60777 0.013895 42 14

3 123.61926 123.60849 0.010770 99 36

4 123.61560 123.61120 0.004402 173 74

5 123.61509 123.61165 0.003440 309 126

ADR Algorithm

1 124.16000 123.36000 0.799999 5 5

2 123.76000 123.52000 0.239999 10 8

3 123.64000 123.60000 0.040000 15 9

4 123.62000 123.61000 0.010000 15 9

5 123.61500 123.61250 0.002500 20 10

The optimum solution has value 123.633̄ with breakpoints in {0, 2, 3.5, 4, 16
3
, 6, 22

3
, 8, 10}.

Computational results are reported in Table 3.1.

Example 3.5. We consider Example 3.4 with the following modified transit times:

λ1,2 = λ2,3 = λ2,4 = λ3,4 = 1, λ1,3 = 2.

The exact optimum solution to this problem is not known. The computational results are

shown in Table 3.2.

Example 3.6. The third example is posed in the network shown in Figure 3.3. The

transit times, transit costs and transit capacities are as follows:

λ1,4 = λ3,6 = λ4,7 = λ6,9 = λ7,10 = λ9,12 = 2.5,

λ2,1 = λ2,3 = λ5,4 = λ5,6 = λ8,7 = λ8,9 = λ10,11 = λ12,11 = 5,

λ2,5 = 2.5, λ5,8 = 5, λ8,11 = 10,
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Table 3.2: Computational results for Example 3.5

n DP (Pn) AP (Pn) δn # BP # BPR

UD Algorithm

1 102.96000 102.78000 0.180000 10 6

2 102.96000 102.87000 0.090000 20 7

3 102.92625 102.91250 0.013750 40 10

4 102.92312 102.91906 0.004062 80 11

5 102.92156 102.91992 0.001640 160 24

Descent Algorithm

1 102.96000 102.78000 0.180000 10 6

2 102.93300 102.85100 0.082000 25 9

3 102.92219 102.91400 0.008190 87 22

4 102.92172 102.91200 0.001669 240 64

5 102.92127 102.92040 0.000871 527 161

ADR Algorithm

1 102.96000 102.78000 0.180000 10 6

2 102.96000 102.87000 0.090000 20 7

3 102.92625 102.91250 0.013750 40 10

4 102.92312 102.91906 0.004062 30 11

5 102.92156 102.91992 0.001640 60 18

c1,4(t) = 5 + 2.8t, c2,1(t) = 7 + 2.4t, c2,3(t) = 1 + 2.4t, c2,5(t) = 2 + 2.8t,

c3,6(t) = 50− 1.5t, c4,7(t) = 72− 2t, c5,4(t) = 12 + 1.2t, c5,6(t) = 9 + 1.6t,

c5,8(t) = 3 + 1.6t, c6,9(t) = 1 + 2.5t, c7,10(t) = 1 + 2.2t, c8,7(t) = 9 + 1.2t,

c9,12(t) = 4 + 2.6t, c10,11(t) = 3 + 1.2t, c12,11(t) = 3 + 1.6t,

a1,4(t) = a3,6 = a4,7(t) = a6,9 = a7,10(t) = a9,12 = 2,

a2,1(t) = a2,3 = a5,4(t) = a5,6 = a8,7(t) = a8,9 = 1,

a2,5(t) = a5,8 = a8,11(t) = 1.5, a10,11 = a11,12(t) = 3.

The supplies/demands, storage costs and storage capacities at nodes are as follows:

r1(t) =

{

0.5, t ∈ [0, 5],

0, t ∈ (5, 30],
r2(t) =

{

0.25, t ∈ [0, 10],

0, t ∈ (10, 30],

r3(t) =

{

0.4, t ∈ [0, 5],

0, t ∈ (5, 30],
r4(t) =

{

0.6, t ∈ [0, 5],

0, t ∈ (5, 30],
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Table 3.3: Computational results for Example 3.6

n DP (Pn) AP (Pn) δn # BP # BPR

UD Algorithm

1 1225.68750 1225.34375 0.343750 12 8

2 1225.51562 1225.34375 0.171875 24 9

3 1225.42968 1225.34375 0.085937 48 9

4 1225.38671 1225.34375 0.042968 96 9

5 1225.36523 1225.36120 0.004028 192 9

Descent Algorithm

n DP (Pn) AP (Pn) δn # BP # BPR

1 1225.68750 1225.34375 0.343750 12 8

2 1225.51561 1225.35080 0.262323 64 14

3 1225.39080 1225.35080 0.040004 288 103

ADR Algorithm

1 1225.68750 1225.34375 0.343750 12 8

2 1225.51562 1225.34375 0.171875 24 9

3 1225.42968 1225.34375 0.085937 48 9

4 1225.38671 1225.34375 0.042968 24 9

5 1225.36523 1225.36120 0.004028 48 9

r5(t) =

{

0.3, t ∈ [0, 10],

0, t ∈ (10, 30],
r6(t) =

{

0.4, t ∈ [0, 5],

0, t ∈ (5, 30],

r7(t) = 0, r8(t) =

{

1, t ∈ [0, 10],

0, t ∈ (10, 30],

r9(t) = 0, r10(t) = 0,

r11(t) =

{

0, t ∈ [0, 20],

−2.5, t ∈ (20, 30],
r12(t) = 0,

d1(t) = 0, i = 1, . . . , 12,

b1(t) = b3(t) = 2, = b2(t) = b4(t) = b6(t) = 3,

b5(t) = b8(t) = b10(t) = b12(t) = 5, b7(t) = b9(t) = 4, b11(t) =∞.

The computational results are given in Table 3.3.
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To compare the performance of the algorithms, our main focus lies on the growth of
the number of breakpoints. This number is the critical parameter for the running time
and memory requirement of the considered algorithms. As expected, the ADR Algorithm
yields reasonable solutions and is clearly superior to the Uniform Discretization Algorithm
and the Descent Algorithm for all three examples since the number of breakpoints grows
considerably faster for the latter algorithms. On the other hand, although the Descent
Algorithm guarantees to yield a strictly improved solution at each iteration, the solutions
obtained by this algorithm have huge numbers of breakpoints, many more than neces-
sary. Moreover, as the algorithm proceeds, it even produces many more breakpoints and
obscures the form of optimum solution, while computational results for show that the
structure of an optimum solution is often much simpler. As described in the next chapter,
a good solution to this problem is a purification algorithm since extreme point solutions
usually have a considerably simpler structure than arbitrary feasible solutions.





Chapter 4

Purification for CDMCF

4.1 Introduction

In the previous chapter we have considered the problem of seeking a flow of minimum
cost in a network for which all its attributes may change over a time interval [0, T ]. This
problem is called the continuous-time dynamic minimum cost flow problem (CDMCF)
and formulated as follows:

CDMCF: min

∫ T

0

c(t)T x(t) dt +

∫ T

0

d(t)T y(t) dt

s.t.

∫ t

0

∑

j:(i,j)∈A

xi,j(s) ds−

∫ t

0

∑

j:(j,i)∈A

xj,i(s− λj,i) ds

+ yi(t) = r̄i(t), ∀i ∈ N, t ∈ [0, T ], (4.1)

0 ≤ x(t) ≤ a(t), ∀t ∈ [0, T ], (4.2)

0 ≤ y(t) ≤ b(t), ∀t ∈ [0, T ]. (4.3)

Here A and N represent the set of arcs and nodes in a network, respectively. The network
properties are characterized by

• ci,j(t), a bounded measurable function giving the transit cost of flow in each arc
(i, j) at time t,

• di(t), a bounded measurable function giving the storage cost of flow at node i at
time t,

• ri(t), a bounded measurable function giving the rate of demand (negative) or supply
(positive) at node i at time t,

• ai,j(t), a bounded measurable function giving the upper bound on the rate of flow
that can enter arc (i, j) at time t,

• bi(t), a bounded measurable function giving the upper bound on the amount of flow
that can store at node i at time t, and

• λi,j, a nonnegative real value given the time needed to traverse arc (i, j).

63
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The decision variables are given by

• xi,j(t), a bounded measurable function representing the rate of flow in arc (i, j) at
time t, and

• yj(t), an absolutely continuous function representing the amount of storage at node
j at time t.

The problem is only defined on the time interval [0, T ] and so to simplify notation we
assume that xi,j(t) = 0, for t < 0 or t > T .

In Chapter 3 we have used the same ideas as in Pullan [Pul93] to develop an algorithm, the
so-called Descent Algorithm, for CDMCF under the assumption of piecewise linear c and b
and piecewise constant d, r and a. Although the Descent Algorithm generates a strictly
improved solution at each iteration, numerical examples in Section 3.3.3 show that the
solutions obtained by this algorithm have huge numbers of breakpoints, many more than
necessary. Moreover, as the algorithm proceeds, it produces even many more breakpoints
with little improvement in the objective function value. Apart from the slow convergence
and long computational times, this can also obscure the form of optimal solutions. The
same problems have been already reported in [Pul93, Pul02] for solving SCLP. Anderson
and Pullan [AP96] demonstrate by numerical examples that the use of purification may
efficiently overcome these difficulties in solving SCLP under the assumption of piecewise
constant/linear problem data. Moreover, purification is necessary if one is interested in
extending the algorithm developed by Pullan [Pul02] for SCLP to CDMCF with piecewise
analytic costs.

We recall that the process of taking a feasible solution and generating an extreme-point
solution without increasing the objective function value is called purification. Purification
for infinite-dimensional problems has been considered in the general context of linear
programming by Lewis [Lew85], for semi-infinite linear programming by Anderson and
Lewis [AL89] and Leon and Vercher [LV95], and for SCLP by Anderson and Pullan [AP96].

4.1.1 Our Contribution

In this chapter we present a purification algorithm for CDMCF for which transit times
λi,j are all constant and rational, and the input functions c, d, r, a, and b are assumed to
be all piecewise analytic on [0, T ]. The purification algorithm that we present is a network
specialization of the purification algorithm described in Anderson and Pullan [AP96] in
the context of SCLP, but including arc time-delays. In particular, we show that arc time-
delays present no new problems and all results in [AP96] can be extended to CDMCF.
The purification algorithm can be incorporated into the Descent Algorithm to construct
an extreme-point solution as the input solution for Step 4 of the Descent Algorithm at
each iteration.

Organization of this Chapter. In Section 4.2 extreme points of the feasible region
for CDMCF are characterized. In Section 4.3 a purification algorithm is developed for
CDMCF and it is shown that arc time-delays present no new problems and all results
in [AP96] can be extended to CDMCF. Finally, a numerical example is illustrated in
Section 4.4.
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4.2 Characterizing Extreme Points for CDMCF

The notion of extreme points plays a central role in the theory of linear programming,
specifically for the simplex algorithm. Fundamental to this algorithm is that whenever
the problem has an optimum solution, then one can be found among the extreme points
of the feasible region. This result remains true for CDMCF.

It is clear that from the flow conservation constraints (4.1) that any choice of flow x(s), s ∈
[0, t] will uniquely determine a vector y of storage variables, continuous at t. If x is satisfies
transit capacity constraints (4.2) and generates storage y satisfying the storage capacity
constraints (4.3) for all t ∈ [0, T ], then we say that x (with corresponding storage y) is
feasible. To establish existence of an optimal extreme-point solution for CDMCF, we must
work within the space L∞ of essentially bounded measurable functions in which functions
that differ on a set of measure zero are identified. Hence, the feasible region for CDMCF,
denoted by F , is defined as

F := {x ∈ Ln1

∞ [0, T ] : x, y is feasible for CDMCF with y derived from (4.1)} .

We can now prove the following result concerning F .

Theorem 4.1. If F is nonempty, then there is an optimal solution for CDMCF at an
extreme point of F .

Proof. The proof is the same as the proofs of the similar results for continuous-time linear
programming and SCLP given in [ANP83, Per81, Pul96]. We give an outline of the proof
for the sake of completeness. The feasible region F is obviously convex and bounded.
Moreover, we can show F is closed in the weak topology σ(Ln1

∞ [0, T ], Ln1

1 [0, T ]). Then, by
Alaoglua’s Theorem (see [Con90]), it follows that F is compact in the σ(Ln1

∞ [0, T ], Ln1

1 [0, T ])
topology and consequently is a convex hull of its extreme points by Krein-Milman’s Theo-
rem (see again [Con90]). Further, the objective function of CDMCF is σ(Ln1

∞ [0, T ], Ln1

1 [0, T ])-
continuous functional and hence will attain a minimum over F at such an extreme
point.

By Theorem 4.1, we can restrict our attention to the set of all extreme points of the
feasible region of CDMCF when looking for an optimum feasible solution and hence it
is important to characterize extreme points of F . In the context of finite-dimensional
network flow, extreme points of the feasible region correspond to the flows which do not
admit cycles, that is the arcs with flow strictly between their bounds form a forest. A
similar characterization of the extreme points for CDMCF has been derived by Anderson
[And89]. To present this result, we need some concepts and notation.

In Subsection 2.2 we redefined some basic definitions and concepts to take into account
the existence of time in dynamic networks. Here we extend those definitions to the
continuous-time case.

Definition 4.1.

1. We use the term node-time pair (NTP) to refer a particular node at a particular
time, i.e., a member of N × [0, T ].
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2. We say that the NTP (i, α) is arc-linked to the NTP (j, β) if either

(a) (i, j) ∈ A and β = α + λi,j, or

(b) (j, i) ∈ A and α = β + λj,i.

3. We say that the NTP (i, α) is node-linked to the NTP (j, β) if i = j. In this case,
it is assumed that α 6= β.

4. A (continuous-time) dynamic path is defined as a sequence of distinct NTPs as

(i, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β),

with consecutive members either arc or node-linked.

5. A sequence of distinct NTPs as

(i, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β),

with consecutive members either arc or node-linked is said to be a (continuous-time)
dynamic cycle if q ≥ 3, (i, α) = (j, β) and all other NTPs are distinct. Hereafter we
shall omit the term “continuous-time dynamic” to refer a continuous-time dynamic
(cycle) path when the meaning is clear from context.

6. A (cycle) path (i, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β), is said to be an (arc-
cycle) arc-path if every pair of consecutive NTPs is arc-linked. Such an (arc-cycle)
arc-path can be written as

(i, α) = (i1, τ1(α)), (i2, τ2(α)), . . . , (iq, τq(α)) = (j, β),

where τ1(α) = α and τk(α) = τk−1(α) + λik−1,ik , if (ik−1, ik) ∈ A, and τk(α) =
τk−1(α)−λik,ik−1

, otherwise, for k = 2, . . . , q. We shall refer to α as the stating time
and to τk(α) as the arrival time at node ik through the arc-path.

We then need to give the concept of augmenting paths and cycles with respect to a given
flow x for CDMCF.

Definition 4.2.

1. Given a dynamic flow x(t) with corresponding storage y(t), the residual capacity of
the path (or cycle) P : (i1, t1), (i2, t2), . . . , (iq, tq) is defined by

Cap[P ] := min
1≤k≤q−1

δk,

where for k = 1, . . . , q − 1, δk is given by

δk =















aik,ik+1
(tk)− xik,ik+1

(tk), if (ik, ik+1) ∈ A;
xik+1,ik(tk+1), if (ik+1, ik) ∈ A;
min{bik(t)− yik(t) : tk ≤ t ≤ tk+1 − 1}, ik = ik + 1, tk < tk+1;
min{yik(t) : tk+1 ≤ t ≤ tk − 1}, ik = ik + 1, tk+1 < tk.

(4.4)



4.2 Characterizing Extreme Points for CDMCF 67

2. The path (or cycle) P is called an augmenting path (or an augmenting cycle) under
(or with respect to) x(t) if Cap[P ] > 0.

3. We refer to (cycle) path P : (i1, t1), (i2, t2), . . . , (iq, tq) as a bi-augmenting (cycle)
path under x(t) if both path P and its reserve (i.e., (iq, tq), (iq−1, tq−1), . . . , (i1, t1))
are both augmenting (cycle) paths with respect to x(t). We say that NTP (i, α) is
arc-connected to NTP (j, β) if there is a bi-augmenting arc-path from (i, α) to (j, β).

We also need to make the following assumption before giving a characterization of extreme
points.

Assumption 3. The transit times λi,j are all constant (time-independent) and rational.
Moreover, the time horizon T is rational.

Theorem 4.2 (Anderson [And89]). If x(t) is a feasible solution and Assumption 3 holds,
then x(t) is an extreme point of the feasible region for CDMCF if and only if there is no
node i ∈ N and S ⊂ [0, T ] of nonzero-measure such that either

(1) for every α ∈ S, (i, α) is part of a bi-augmenting arc-cycle under x(t); or

(2) for every α ∈ S, (i, α) is arc-connected to some (j, β) under x(t), and moreover
0 < yi(α) < bi(α) and 0 < yj(β) < bj(β).

The purification algorithm that we describe below requires the problem data to be piece-
wise analytic functions. In particular, we make the following assumption on the nature of
the problem data.

Assumption 4. The functions c, d, r, a, and b are all piecewise analytic on [0, T ].

This assumption guarantees the existence of an optimum solution which is piecewise
analytic on [0, T ].

Theorem 4.3 (Pullan [Pul97b]). If F is nonempty and Assumptions 3 and 4 hold, then
CDMCF has a piecewise analytic optimum extreme point solution.

We next give an alternative characterization of extreme points for CDMCF in a similar
way as in static network flows.

Theorem 4.4. Suppose that Assumptions 3 and 4 hold and x(t) is a piecewise analytic
feasible solution for CDMCF. Then x is an extreme point of the feasible region F if and
only if there exists no bi-augmenting cycle under x.

Proof. Having established Theorem 4.2, the proof is pretty straightforward and thus omit-
ted here.
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4.3 A Purification Algorithm

Here we present a generic form of the purification algorithm for CDMCF given piecewise
analytic problem data. We suppose that Assumptions 3 and 4 hold throughout the rest of
the chapter. Thus by Theorem 4.3, CDMCF has a piecewise analytic optimum solution
and we can restrict our attention to piecewise analytic solutions. The algorithm begins
with a piecewise analytic solution x for CDMCF which is not an extreme point of F .
Hence, by Theorem 4.2, there is some node i and some interval (u, v) such that either

(a) there is a bi-augmenting arc-cycle under x of the form

W (α) : (i, α) = (i1, τ1(α)), (i2, τ2(α)), . . . , (iq, τq(α)) = (i, α),

for each α ∈ (u, v); or

(b) there is a bi-augmenting arc-path from (i, α) to some (j, β) as

P (α) : (i, α) = (i1, τ1(α)), (i2, τ2(α)), . . . , (iq, τq(α)) = (j, β),

with

0 < yi1(τ1(α)) < bi(τ1(α)), 0 < yiq(τq(α)) < biq(τq(α)),

for each α ∈ (u, v).

The basic idea of the purification algorithm is to increase or decrease the flow rate on
the arcs in either sequence W (α) or P (α) during [u, v], depending on whether case (a) or
(b) occurred. More precisely, we wish to construct a new flow x̄ = x + z with storage ȳ,
where z is defined by

zi,j(t) =







δ(α), if i = iik , j = ik+1, t = τik(α) for some α ∈ [u, v], k = 1, . . . , q,
−δ(α), if j = iik , i = ik+1, t = τik+1(α) for some α ∈ [u, v], k = 1, . . . , q,
0, otherwise.

(4.5)

The function δ(α) on [u, v] will be chosen in such a way that the following conditions hold:

(i) x̄(t) remains feasible for CDMCF;

(ii) for all α ∈ (u, v), neither W (α) is a bi-augmenting arc-cycle under x̄ nor P (α) is a
bi-augmenting arc-path (under x̄) between (i, α) and (j, β) with

0 < ȳi1(τ1(α)) < bi(τ1(α)), 0 < ȳiq(τq(α)) < biq(τq(α));

(iii) the objective function value improves in comparison to x (or remains the same).

Observe that although x̄ may not be an extreme point, it has fewer a bi-augmenting arc-
cycles or arc-paths than x and one can repeat the process until an extreme point solution
is generated.
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For each k = 2, . . . , q and α ∈ (u, v), we define

δh
ik−1,ik

(τk−1(α)) =

{

aik−1,ik(τk−1(α))− xik−1,ik(τk−1(α)), if (ik−1, ik) ∈ A,
xik,ik−1

(τk(α)), otherwise,
(4.6)

δl
ik−1,ik

(τk−1(α)) =

{

−xik−1,ik(τk−1(α)), if (ik−1, ik) ∈ A,
xik,ik−1

(τk(α))− aik,ik−1
(τk(α)), otherwise.

(4.7)

The terms δh
ik−1,ik

(τk−1(α)) and δl
ik−1,ik

(τk−1(α)) represent the maximum and minimum ad-
ditional flow rate, respectively, that can be sent from node ik−1 to node ik, at time τk−1(α)
by using either arc (ik−1, ik) or (ik, ik−1), depending on which one is in A.

We next define

δh(α) = min{δh
ik−1,ik

(τk−1(α)) : k = 2, . . . , q},

δl(α) = max{δl
ik−1,ik

(τk−1(α)) : k = 2, . . . , q}.

Note that we have
δl(α) < 0 < δh(α), α ∈ (u, v).

It is not hard to see that the functions δh(α) and δl(α) give the highest and lowest flow rate,
respectively, which can be augmented along W (α) or P (α) without violating the transit
capacity constraints. In other words, we will have 0 ≤ x̄(t) ≤ a(t) for every t ∈ [0, T ], if
and only if

δl(α) ≤ δ(α) ≤ δh(α), α ∈ [u, v]. (4.8)

Moreover, if δ(α) = δl(α) or δ(α) = δh(α), then neither W (α) nor P (α) will be a bi-
augmenting arc-cycle or arc-path, respectively, under the new solution x̄(t).

It is clear that augmenting flow along an arc-cycle does not affect the storage at nodes.
Thus, if case (a) occurs, then augmenting flow by rate δ(α) ∈ [δl(α), δh(α)] during [u, v]
yields a feasible solution. This feasible solution will be x̄(t) = x(t) + z(t) with z(t)
given by (4.5). Thus, condition (i) is satisfied. Moreover, if δ(α) = δl(α) or δ(α) = δh(α),
then W (α) will not be a bi-augmenting arc-cycle under x̄(t) and as a consequence condition
(ii) will be satisfied. In order to improve the objective function value, we need to compute
the cost of augmenting, flow rate δ(α) through W (α), that is, the difference in objective
function values between x(t) and x̄(t). We first define the cost of arc-cycle W (α) as
follows:

Cost[W (α)] =

q
∑

k=2

ηkcik−1,ik(τk−1(α))− (1− ηk)cik,ik−1
(τk(α)),

where ηk = 1 if (ik−1, ik) ∈ A, and ηk = 0, otherwise. The cost of augmenting flow with
rate δ(α) during [u, v] is now given by

∫ v

u

Cost[W (α)]δ(α)dα.



70 Purification for CDMCF

We know that c is piecewise analytic on [u, v], and so is Cost[W (α)]. We can thus split
up the interval [u, v] into a finite number of subintervals in each of which Cost[W (α)] has
the same sign. We can thus carry out the purification by setting δ(α) = δh(α) throughout
any subinterval where Cost[W (α)] ≤ 0 and δ(α) = δl(α) throughout any subinterval
where Cost[W (α)] > 0. In either case we produce a feasible solution with improved
objective function value (or at least no worse) such that W (α), α ∈ (u, v), is not an
arc-cycle under it.

Now we discuses how to augment flow on the arcs in P (α) during [u, v] such that conditions
(i)-(iii) are satisfied. This case requires a complicated argument because it affects the
storage at the end nodes of the path. To simplify the analysis, we assume without loss of
generality that (u, v) is chosen so that all problem data are analytic on (u, v).

Assume that δ(α) ∈ [δl(α), δh(α)] is augmented along P (α) during [u, v]. This yields a
flow x̄(t) = x(t) + z(t), where z(t) is given by (4.5), with corresponding storage ȳ(t). It is
not difficult to see that if

∫ v

u

δ(s)ds = 0, (4.9)

then ȳ(t) remains unchanged except at the end nodes i1 and iq during [u, v] and [τq(u), τq(v)],
respectively. More precisely, if (4.9) holds, then ȳ(t) is given by

ȳi(t) =











yi1(t)−
∫ α

u
δ(s)ds, if i = i1 and t = τ1(α) for some α ∈ [u, v],

yiq(t) +
∫ α

u
δ(s)ds, if i = iq and t = τq(α) for some α ∈ [u, v],

yi(t), otherwise.

Thus we will have 0 ≤ ȳ(t) ≤ b(t), for every t ∈ [0, T ], if and only if

ϕl(α) ≤

∫ α

u

δ(s)ds ≤ ϕh(α), α ∈ [u, v], (4.10)

where

ϕh(α) = min{yi1(α), biq(τq(α))− yiq(τq(α))},

ϕl(α) = max{−bi1(α) + yi1(α),−yiq(τq(α))}.

Summarizing, we obtain the following result.

Lemma 4.5. Let δ(α) be any bounded measurable function on [u, v] satisfying (4.8), (4.9)
and (4.10), and z(t) be given by (4.5) accordingly. Then x̄(t) = x(t) + z(t) is feasible for
CDMCF.

The next step is to consider the cost of augmenting along P (α) given by the following
lemma.

Lemma 4.6. If δ(α) satisfies (4.9), then

V [CDMCF, x̄(t), ȳ(t)]− V [CDMCF, x(t), y(t)] =

∫ v

u

Cost[P (α)]δ(α)dα,
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where

Cost[P (α)] =−

∫ v

α

d1(τ1(s))ds +

q
∑

k=2

{

ηkcik−1,ik(τk−1(α))− (1− ηk)cik,ik−1
(τk(α))

}

+

∫ v

α

dq(τq(s))ds.

Proof. The result follows easily by integrating by parts.

Our aim is to improve the objective function value as much as possible. This leads to the
following optimization problem:

PS : min

∫ v

u

Cost[P (α)]δ(α)dα

s.t. ϕl(t) ≤

∫ α

u

δ(s)ds ≤ ϕh(α), α ∈ [u, v],

δl(α) ≤ δ(α) ≤ δh(t), α ∈ [u, v],
∫ v

u

δ(α)dα = 0.

This problem is an instance of SCLP with only one decision variable δ(α) on [u, v]. The
feasible region of PS is nonempty (as δ(α) = 0, α ∈ [u, v] is feasible) and bounded. Thus,
by using a result from the theory of SCLP, it has a piecewise analytic optimum extreme
point solution with a finite number of breakpoints (see Pullan [Pul95]). Such an optimum
solution has been derived by Anderson and Pullan [AP96]. In the sequel, by using the
results in [AP96], we first compute an optimum solution for PS and then show that it
is the desired solution for purification. To this end, we first need to define the following
functions:

h(α) =

∫ α

u

δ(s)ds, α ∈ [u, v],

χ(α) =
d

dα
Cost[P (α)], α ∈ [u, v].

Solving PS involves the computation of the function h(α), the integral of δ(α), on [u, v].
It is convenient to compute the cost of augmenting in terms of h(α), that is,

V [CDMCF, x̄(t), ȳ(t)]− V [CDMCF, x(t), y(t)] = −

∫ v

u

χ(α)h(α)dα.

The cost functions c(t) and d(t) are analytic on [u, v], and hence is χ(α). We can thus
partition the interval [u, v] into a finite number of subintervals in each of which χ(α) has
the same sign. We have two cases to consider, one where χ(α) is positive on a subinterval
and the other where χ(α) is negative. The construction is essentially the same in the two
cases. In fact one can be obtained from the other by replacing P (α) by its reverse, that is

(j, β) = (iq, τq(α)), (iq−1, τq−1(α)), . . . , (i1, τ1(α)) = (i, α).
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Hence, without any loss of generality, we assume that χ(α) ≥ 0 for all α ∈ [u, v], and so
we wish to make h(α) as large as possible on [u, v].

We need to introduce several other definitions. Let

φh(t) =

∫ t

u

δh(t)ds,

φl(t) =

∫ v

t

δl(t)ds,

for t ∈ [u, v]. We now define a function f(α) on [u, v] by

f(α) = min{−φl(α),−ϕl(α), ϕh(α), φh(α)}.

It is clear that f(α) > 0 for any α ∈ (u, v), and f(u) = f(v) = 0. Moreover, f(α) is
piecewise analytic and continuous on [u, v] (see Lemma 3.2 in [AP96]).

Following Anderson and Pullan [AP96], we let

h(α) = min
t∈[u,v]

g(t, α), (4.11)

where

g(t, α) =

{

f(t) +
∫ α

t
δh(s)ds t ≤ α ,

f(t)−
∫ t

α
δl(s)ds t > α .

The function h(α), given by (4.11), satisfies the following properties:

1. h(α) is absolutely continuous on [u, v] and ḣ(α) ∈ [δl(α), δh(α)], for all α ∈ [u, v]
(see Lemma 3.4 in [AP96]).

2. 0 < h(α) ≤ ϕh(α), for all α ∈ [u, v].

3. ϕ(u) = ϕ(v) = 0.

By the above observations, a feasible solution for PS may be defined by

δ(α) = ḣ(α), α ∈ [u, v]. (4.12)

Now we summarize the above discussion in the following theorem.

Theorem 4.7. The function δ(α) defined by (4.11) and (4.12) yields a solution x̄(t) which
satisfies conditions (i)-(iii).

Proof. Assume that δ(α) is given by (4.11) and (4.12). If z(t) is given by (4.5) by us-
ing δ(α), then, by the above observations, x̄(t) = x(t) + z(t) is a feasible solution and
has an improved objective function value in comparison with x(t) (or at least no worse
if χ(α) = 0 on (u, v)). Thus, conditions (i) and (iii) are satisfied. Moreover, we can show
that δ(α) is the unique (up to equality a.e.) optimum solution for PS (see Corollary 4.1.1
in [AP96] for details). On the other hand, PS is an instance of SCLP, and its feasible
region is bounded and nonempty. So, by a result of Pullan [Pul95], PS has an optimum
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extreme point solution. This means that δ(α) is an extreme point of the feasible region for
PS. The extreme points of PS must be as δ(α) = δl(α), δ(α) = δh(α),

∫ α

0
δ(s)ds = φl(α)

or
∫ α

0
δ(s)ds = φh(α) (see [ANP83]). The last two terms are equivalent to h(α) = φl(α)

or h(α) = φh(α), respectively. The h(α) given by (4.11) is positive on (u, v). Hence, δ(α)
must be equal to δl(α), δh(α) or φh(α) on (u, v). This means that P (α) is not an arc-path
under x̄(t) with 0 < ȳi1(τ1(α)) < bi(τ1(α)), and 0 < ȳiq(τq(α)) < biq(τq(α)), and the proof
is complete.

If the problem data are piecewise constant/linear, then it becomes relatively easier to
compute an optimum extreme point solution for PS.

Theorem 4.8. If d, r and a are piecewise constant, and c and b are piecewise linear,
then h(α), as given by (4.11), is equal to f(α) on [u, v].

Proof. Under hypothesis of the theorem, CDMCF has an optimum solution which is
piecewise constant by a result of Pullan [Pul97b]. Thus we can consider only piece-
wise constant solutions for CDMCF and assume that the interval (u, v) is chosen such
that δh

ik−1,ik
(τk−1(α)) and δl

ik−1,ik
(τk−1(α)), k = 2, . . . , q are constant, andyi1(α), bi1(α),

yiq(τq(α)), and biq(τq(α)) are linear on (u, v). Thus φl(α), ϕl(α), ϕh(α), and φh(α) are
piecewise linear, continuous and concave on (u, v) since they are the minimum of a finite
set of lines, and so is f(α). Now by a similar argument as the proof of Theorem 5.1 in
[ANP83], we can now show that h(t) = f(t) for t ∈ [u, v].

As mentioned earlier, the new solution x̄ may not be an extreme point, but the above
procedure can be repeated until an extreme point is produced. The convergence properties
of the algorithm are obviously of great interest. For all examples with r and a piecewise
constant, and b piecewise linear that we have examined the algorithm produces an extreme
point after a finite number of iterations. Whether or not this is true for each CDMCF
and every initial feasible solution is an open question.

4.4 An Illustrative Example

Here we consider Example 3.4 again to show that the proposed purification algorithm
may be incorporated into the solution algorithms for CDMCF.

We perform the purification algorithm for the solution obtained at the end of the first
iteration. This solution is

x1,2(t) =







0.6, t ∈ [0, 4),
0.4, t ∈ [4, 6),
0, t ∈ [6, 10],

x1,3(t) =

{

0.8, t ∈ [0, 6),
0, t ∈ [6, 10],

x2,3(t) =







0, t ∈ [0, 2),
0.6, t ∈ [2, 6),
0, t ∈ [6, 10],

x2,4(t) =







0, t ∈ [0, 6),
0.4, t ∈ [6, 8),
0, t ∈ [8, 10],

x3,4(t) =















0, t ∈ [0, 2),
0.4, t ∈ [2, 4),
1.6, t ∈ [4, 8),
0, t ∈ [8, 10],
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with corresponding storage y derived as

y1(t) =







8− 1.4t, t ∈ [0, 4),
7.2− 1.2t, t ∈ [4, 6),
0, t ∈ [6, 10],

y2(t) = 0, t ∈ [0, 10],

y3(t) =















0, t ∈ [0, 2),
−0.8 + 0.4t, t ∈ [2, 4),
1.6− 0.2t, t ∈ [4, 8),
0, t ∈ [8, 10],

y4(t) =















0, t ∈ [0, 4),
−1.6 + 0.4t, t ∈ [4, 6),
−8.6 + 1.6t, t ∈ [6, 8),
20− 2t, t ∈ [8, 10].

This solution is not an extreme point of the feasible region since

P1(α) : (1, α), (2, α + 2), (4, α + 4),

is an arc-path under x(t) with 0 < y1(α) < b1(α) and 0 < y4(α + 4) < b4(α + 4), for
all α ∈ (4, 6). For this arc-path, we have

χ(α) = d
dα

Cost[P2(α)] = 1.6, α ∈ [4, 6],

Now we proceed with the purification by augmenting flow along P (α) during [4, 6]. For
each α ∈ [4, 6], we have

δh
1,2(α) = 0.2, δh

2,4(α + 2) = 1.8,

δl
1,2(α) = −0.4, δl

2,4(α + 2) = −0.4,

and so

δl(α) = −0.4, δh(α) = 0.2.

Moreover,

ϕl(α) = −20 + 2α, ϕh(α) = 7.2− 1.2α,

φl(α) = −2.4 + 0.4α, φh(α) = −0.8 + 0.2α.

Now f(α) is obtained as

f(α) = min{2.4− 0.4α, 20− 2α, 7.2− 1.2α,−0.8 + 0.2α}

=

{

−0.8 + 0.2α, t ∈ [4, 16
3
),

2.4− 0.4α, t ∈ [16
3
, 6],

and hence we have

δ(α) = ḟ(α) =

{

0.2, t ∈ [4, 16
3
),

−0.4, t ∈ [16
3
, 6].

The cost of augmenting flow δ(α) along P1(α) during α ∈ (0, 4) is −64
75

= −0.4266̄.

In addition to P1(α), there is another arc-path

P2(α) : (3, α), (4, α + 2),
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under x(t) with 0 < y3(α) < b3(α) and 0 < y4(α + 4) < b4(α + 4), for all α ∈ (2, 4). Here,
we have

χ(α) = d
dα

Cost[P2(α)] = −1.2, α ∈ [2, 4],

so we consider the reverse arc-path

←−
P 2(α) : (4, α), (3, α− 2), α ∈ [4, 6]

Now we proceed with the purification by augmenting flow along path
←−
P 2(α) during [4, 6].

For each α ∈ [4, 6], we have

δl(α) = −1.2, δh(α) = 0.4,

ϕl(α) = 1.6− 0.4α, ϕh(α) = −1.6 + 0.4α,

φl(α) = −7.2 + 1.2α, φh(α) = −1.6 + 0.4α.

Now f(α) is determined by

f(α) = min{−1.6 + 0.4α, 7.2− 1.2α} =

{

−1.6 + 0.4α, t ∈ [4, 5.5),
7.2− 1.2α, t ∈ [5.5, 6].

and therefore

δ(α) = ḟ(α) =

{

0.4, t ∈ [4, 5.5),
−1.2, t ∈ [5.5, 6].

The cost of augmenting flow δ(α) along path
←−
P 2(α) during [4, 6] is −0.12.

The new solution is

x̄1,2(t) =

{

0.6, t ∈ [0, 16
3
),

0, t ∈ [16
3
, 10],

x̄1,3(t) =

{

0.8, t ∈ [0, 6),
0, t ∈ [6, 10],

x̄2,3(t) =







0, t ∈ [0, 2),
0.6, t ∈ [2, 6),
0, t ∈ [6, 10],

x̄2,4(t) =







0, t ∈ [0, 6),
0.6, t ∈ [6, 22

3
),

0, t ∈ [22
3
, 10],

x̄3,4(t) =







0, t ∈ [0, 3.5),
1.6, t ∈ [3.5, 8),
0, t ∈ [8, 10],

with corresponding storage y derived as

ȳ1(t) =







8− 1.4t, t ∈ [0, 16
3
),

4.8− 0.8t, t ∈ [16
3
, 6),

0, t ∈ [6, 10],
ȳ2(t) = 0, t ∈ [0, 10],

ȳ3(t) =























0, t ∈ [0, 2),
−1.6 + 0.8t, t ∈ [2, 3.5),
4− 0.8t, t ∈ [3.5, 4),
1.6− 0.2t, t ∈ [4, 8),
0, t ∈ [8, 10],

ȳ4(t) =















0, t ∈ [0, 5.5),
−8.8 + 1.6t, t ∈ [5.5, 8),
15.2− 1.8t, t ∈ [8, 28

3
),

24− 2.4t, t ∈ [28
3
, 10].
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The objective function value of x̄ is 123.76 − 0.4266̄ − 0.12 = 123.633̄. We can check
that there is no bi-augmenting cycle under x̄ and hence, by Theorem 4.4, it is an extreme
point solution. This solution is also optimum since there is no augmenting cycle under x̄
with negative cycle (see Theorem 6.8). We have thus obtained not only an extreme point
solution, but also an optimum solution.



Chapter 5

Continuous-time Dynamic Shortest
Path Problem

5.1 Introduction

The shortest path problem is among the best studied network optimization problems.
This problem has applications in a large number of fields and arises in routing problems
whenever we want to send some material (e.g. a vehicle, a message) between two specified
points in a network as quickly or as cheaply as possible. The shortest path problem also
frequently arises as a subproblem that must be solved as part of some algorithm to solve
a more complex problem.

Let us give a mathematical description of the shortest path problem. We are given a
directed network G = (N,A) with node set N = {1, 2, . . . , n} and arc set A ⊆ N ×N . A
path from node i to node j is a sequence of distinct nodes as

P : i = i1, i2, . . . , iq = j

so that (ik, ik+1) ∈ A for ever k = 1, 2 . . . , q − 1. We assume without loss of generality
that the network G is connected, i.e., there is a path between every pair of distinct nodes.
Each arc (i, j) ∈ A has an associated cost (or length) ci,j. The cost (or length) of the path
P is defined by

Cost[P ] :=

q−1
∑

k

cik,ik+1
.

Let 1 ∈ N be the source node and node n ∈ N be the sink node. The shortest path
problem is to determine a path from node 1 to node n with minimal cost (length). This
problem is formulated as the following linear program:

SP: min
∑

(i,j)∈A

ci,jxi,j

s.t.
∑

j:(i,j)∈A

xi,j −
∑

j:(j,i)∈A

xj,i =







1 if i = 1,
0, if i 6= 1, n,
−1 if i = n,

0 ≤ xi,j, (i, j) ∈ A.

(5.1)

77
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It is well known that as a consequence of the unimodularity of the constraint matrix, the
nonzero components of any basic feasible solution of the SP problem are one and indicate
a path from node 1 to node n with the same cost. Conversely, any path from node 1 to
node n corresponds to some basic feasible solution with the same cost. Thus, an optimal
basic feasible solution of SP yields a shortest path from node 1 to node n.

The dual problem SP∗ of SP is formulated as follows:

SP∗: max π1 − πn

s.t. πi − πj ≤ ci,j, ∀(i, j) ∈ A.
(5.2)

If the network G contains some cycle C with negative cost, then the SP problem has an
unbounded solution because we can send an infinite amount of flow along C. In this case,
the dual problem SP∗ is infeasible. The shortest path problem with a negative cycle (i.e.,
a cycle with negative cost) is more difficult to solve than one without a negative cycle. In
fact, it is NP-complete (see [AMO93], page 95), i.e., no polynomial-time algorithm for
this problem exist unless P = NP . For the case that the network contains no negative
cycle, strong duality holds between SP and SP∗. More specifically, there exist optimal
solutions for SP and SP∗ with the same objective function value. If π is an optimal
solution for SP∗, then πi− πj can be interpreted as the cost of a shortest path from node
i to node j, if node j lies on the shortest path from node 1 to node j.

Numerous efficient algorithms for solving the shortest path problem exist. A complete
discussion and comparison between these algorithms can be found in [AMO93]. Most of
them use some labeling procedure to construct a feasible solution for SP∗ node by node
which is complementary slack with a feasible solution for SP.

The dynamic shortest path problem is a generalization of the shortest path problem whose
aim is to find a path with minimum cost through a network, in which each arc has a transit
time in addition to arc cost, and network characteristics (e.g., arc costs and transit times)
can change over time. The dynamic shortest path problem was initially introduced by
Cooke and Halsey [CH66], who presented an algorithm based on the Bellman’s principle
of optimality. In the model proposed by Cooke and Halsey, time is measured in discrete
time steps. Research on dynamic shortest path problems has also taken another approach
where time is assumed to be a continuous measure. The general properties and solution
algorithms have been discussed in both discrete-time and continuous-time settings by
Ahuja et al [AOPS03], Cai et al [CKW97], Chabini [Cha45] Orda and Rom [OR90, OR91,
OR95], Pallottino and Scutella [PS98], Philpott [Phi94], and Philpott and Mees [PM92,
PM93] among others.

In Section 2.3 we studied the dynamic shortest path problem in the discrete-time setting.
We observed that this problem can be solved in a pseudo-polynomial time. However, it
suffers from a serious drawback: the times at which we are allowed to leave nodes are
fixed in advance before the problem is solved. For many applications, this is by no means
a necessary feature of the problem. This is where the continuous-time model comes into
play where allows decisions to be made at any arbitrary point in time. In this chapter we
consider a very more general class of dynamic shortest path problems in a continuous-time
model so that problem data (e.g., arc costs and transit times) can have negative values.
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5.1.1 Problem Definition and Notation

The class of dynamic shortest path problems we consider is as follows. We are given
a directed graph G with arc set A and node set N = {1, 2, . . . , n} and a time horizon
T ∈ R

+. To simplify notation, we assume (without loss of generality) that every pair
of nodes is connected by at most one arc. Each arc (i, j) ∈ A has an associated transit
time λi,j with the following meaning: if a vehicle leaves node i at time t along the arc (i, j),
then it will arrive at node j at time t + λi,j.

In Section 2.2 we introduced some basic definitions and concepts in dynamic shortest path
problem for the case that time is modeled in discrete time steps. Here we extend the those
concepts and definitions to the continuous-time setting.

Definition 5.1.

1. We define a node-time pair (NTP) to be a member of N × [0, T ].

2. A continuous-time dynamic path from the NTP (j, α) to the NTP (j, β) is a sequence

of distinct NTPs as

P : (j, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β),

in which either (ik, ik+1) ∈ A and tk+1 = tk + λik,ik+1
, in which case traffic leaves

node ik for node ik+1 at time tk and arrives at tk+1, or ik = ik+1, in which case

parking occurs at node ik for the interval [tk, tk+1]. Such a sequence is said to be

a continuous-time dynamic cycle if (j, α) = (j, β) and the other NTPs are distinct.

When the meaning is clear from context, we omit the term “continuous-time dy-

namic”.

3. The cost of the path (or cycle) P is defined by

Cost[P ] :=
∑

(ik,ik+1)∈A

cik,ik+1
(tk) +

∑

ik=ik+1

∫ tk+1

tk

dik(t) dt,

where ci,j(t) is the traveling cost along arc (i, j) at time t, and dv(t) is the parking

cost at node i at time t.

4. The path P is said to be the continuous-time dynamic shortest path from NTP (j, α)

to NTP (j, β), if Cost[P ] ≤ Cost[P ′] for all paths P ′ from (j, α) to (j, β).

Given a source node 1 and sink node n, the aim of the continuous-time dynamic shortest
path problem is to find a shortest path from NTP (1, 0) to NTP (n, T ). Because of
existence of transit times, some NTPs (i, t) do not appear at any path from (1, 0) to
(n, T ) because we cannot reach node i from 1 in time t, or we cannot reach node n from
node i in time T − t. The remaining NTPs are called admissible. A formal definition of
admissible NTP is given as follows.
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Definition 5.2. A NTP (i, t) is said to be admissible if there is a path from (1, 0) to (i, t)

and also a path from (i, t) to (n, T ).

Let ρi be the earliest time we may arrive at node i if we leave node 1 at time zero, and σi

be the latest time we may leave node i so as to arrive at node n by time T . Obviously we
have ρ1 = 0 and σn = T . Admissible NTPs can now be characterized as those (i, t) with
t ∈ [ρi, σi].

5.1.2 Continuous-time LP Formulation

As described previously, the classical shortest path problem has an equivalent LP for-
mulation as SP problem (5.1), i.e., there is a one-to-one correspondence between paths
from node 1 to node n and basic feasible solutions of SP problem (5.1). Hence, a natural
question could be the following:

Does continuous-time dynamic shortest path problem have an equivalent LP formulation?

Philpott [Phi94] shows that if the problem is suitably posed as a linear program in an
infinite-dimensional space of measures, then the results mentioned above for SP and SP∗

remain true for a class of continuous-time dynamic shortest path problems. In particular,
Philpott [Phi94] formulates the continuous-time dynamic shortest path problem from NTP
(1, 0) to NTP (n, T ) as the following continuous-time linear programming problem:

CDSP: min
∑

(i,j)∈A

∫ σj−λi,j

ρi

ci,j(t) dxi,j +
∑

i∈N

∫ σi

ρi

cv(t)yi(t) dt

s.t.
∑

j:(j,i)∈A

∫ σj−λi,j

ρi

dxi,j −
∑

j:(i,j)∈A

∫ σi−λj,i

ρj

dxj,i

=







1 if i = 1,
0, if i 6= 1, n,
−1, if i = n,

(5.3)

∑

j:(j,i)∈A

∫ t

ρi

dxi,j −
∑

j:(i,j)∈A

∫ t−λi,j

ρj

dxi,j

+ yi(t) =

{

1 if i = 1,
0, if i 6= 1,

t ∈ [ρi, σi] (5.4)

0 ≤ xi,j(B), B ⊆ [ρi, σj − λi,j], (i, j) ∈ A, (5.5)

0 ≤ yi(t), t ∈ [ρi, σi]. (5.6)

Here the arc cost ci,j(t) is taken to be continuous function on [ρi, σj − λi,j] for every arc
(i, j) ∈ A, and the parking cost ci(t) is a bounded measurable function on [ρi, σi] for every
node i ∈ N . The decision variable xi,j is a regular Borel measure on [ρi, σj − λi,j] and
the decision variable yi is a function of bounded variation and continuous from the right
on [ρi, σi]. Throughout the rest of this chapter, for the ease of notation, we interpret the
values of x and y to be zero at any point where they are not defined. In particular, we
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assume that

xi,j(−∞, ρi) = xi,j(σj − λi,j,∞) =0, ∀(i, j) ∈ A,

yi(t) =0, ∀ i ∈ N, t ∈ R \ [ρi, σi].

Notice that y is uniquely determined by x and the flow conservation constraints (5.4), and
it is easy to show that 0 ≤ yi(t) ≤ 1, for every i ∈ N . We will show that in an extreme
point optimal solution, xi,j and yi indicate whether a shortest path involves arc (i, j) and
whether parking occurs in node i, respectively. The CDSP problem is always feasible if
the time horizon T is chosen sufficiently large. In fact, we have the following result.

Lemma 5.1 (Philpott [Phi94]). CDSP has a feasible solution if and only if ρt ≤ T .

It is easy to see that the CDSP problem is unbounded if the network contains a continuous-
time dynamic cycle with negative cost. Thus, we make the following assumption.

Assumption 5. The network contains no continuous-time dynamic cycle with negative

cost.

This assumption can be avoided by making all arc costs or all transit times positive.
Philpott [Phi94] makes the latter assumption and investigates the properties of the CDSP
problem. In particular, he introduces a dual problem for CDSP and proves the absence of
a duality gap. He also demonstrates the existence of an optimal extreme-point solution to
CDSP and derives a correspondence between extreme points of feasible region of CDSP
and continuous-time dynamic shortest paths. Moreover, he establishes a strong duality
result in the case where the arc costs satisfy a Lipschitz condition.

The assumption made by Philpott [Phi94] is not so restrictive for the case in which the
continuous-time dynamic shortest path problem arise as a stand-alone model in routing
problems. However, as with classical shortest path problem, the problem may arise in
solving more complicated problems such as continuous-time dynamic network flow prob-
lems (CDMCF). For example, we might wish to develop negative-cycle canceling and
successive shortest path algorithms for solving CDMCF. It is central to these algorithms
to work with the residual networks, which may contain arcs with associated negative
transit times. Here we cannot use the results derived by Philpott [Phi94] since as already
mentioned by himself, central to these results is to assume that the transit times λi,j are
all strictly positive and hence this assumption is so restrictive.

5.1.3 Our Contribution

In this chapter, in contrast to Philpott’s work, we allow that the transit times take zero
or negative values, but we assume that they are rational. In particular, we shall study
CDSP under the following weak assumption 1 and restate the results derived in [Phi94].

1From a practical point of view this is no restriction at all, because any measurement of a traversal

time in a practical problem must give rational data or, at least, only be able to be represented as a

rational number on a computer.
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Assumption 6. The transit times λi,j and the time horizon T are all rational.

We suppose that Assumptions 5 and 6 to be maintained throughout the rest of this chap-
ter. We then characterize extreme point solutions of the CDSP problem and establish a
correspondence between extreme-point solutions of CDSP and continuous-time dynamic
paths. We also introduce a dual problem and establish a strong duality result for the
case that the arc costs are piecewise analytic. Although our results are similar to those
achieved by Philpott, the approach and proofs are different.

Organization of this Chapter. In Section 5.2 we give some definitions and results
in measure theory that are required for the purposes of this chapter. In Section 5.3 we
first characterize the extreme points of CDSP and then show that they correspond to
continuous-time dynamic paths. In Section 5.4 we first define a dual problem of CDSP
and then derive some results between CDSP and its dual, specifically the strong duality
theorem.

5.2 Some Definitions and Results in Measure Theory

We first recall some definitions in measure theory. Let µ be a regular Borel measure.
Then by definition of regular Borel measures (see [Con90]), µ(K) <∞ for every compact
subset K of R and hence µ is a Lebesgue-Stieltjes measure. A function F : R → R is
said to be a distribution function if it is of bounded variation and right-continuous. It is
well known that the formula µ(a, b] = F (b) − F (a) sets up a one-to-one correspondence
between Lebesgue-Stieltjes measures and distribution functions, where two distribution
functions that differ by a constant are identified. Thus we can restate the CDSP problem
in terms of distribution functions as follows:

CDSP: min
∑

(i,j)∈A

∫ σj−λi,j

ρi

ci,j(t) dxi,j +
∑

i∈N

∫ σi

ρi

ci(t)yi(t) dt

s.t.
∑

j:(i,j)∈A

Xi,j(σj − λi,j)−
∑

j:(j,i)∈A

Xj,i(σi − λj,i) =







1 if i = 1,
0, if i 6= 1, n,
−1, if i = n,

∑

j:(i,j)∈A

Xi,j(t)−
∑

j:(j,i)∈A

Xj,i(t− λj,i)

+yi(t) =

{

1 if i = 1,
0, if i 6= 1,

t ∈ [ρi, σi],

Xi,j monotonic increasing and right continuous on [ρi, σj − λi,j]

with Xi,j(ρi) = 0, i ∈ N, t ∈ [ρi, σi],

yi(t) ≥ 0, i ∈ N, t ∈ [ρi, σi].
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Here and throughout the rest of this chapter, let Xi,j : R → R
+ to be the distribution

function with respect to regular Borel measure xi,j defined by

Xi,j(t) :=0, t ∈ (−∞, ρi],

Xi,j(t) :=xi,j((ρi, t]), t ∈ (ρi, σj − λi,j],

Xi,j(t) :=xi,j([ρi, σj − λi,j]), t ∈ (σj − λi,j,∞),

for every arc (i, j) ∈ A.

The support of measure µ is defined to be the set of all points in R with a neighborhood
of positive measure, that is

Supp(µ) := {t ∈ R : µ(U) > 0 for every open neighborhood U of t}.

We define the discrete support of measure µ to be the set of all points in R with a positive
measure, that is

Suppd(µ) := {t ∈ R : µ({t}) > 0}.

It is clear that Suppd(µ) is countable since µ is finite for each compact subset of R.

We define the discrete part µd of µ by µd(B) = µ
(

B ∩ Suppd(µ)
)

and the continuous part
µc of µ by µc(B) = µ(B) − µd(B) for every Borel set B. Then, the continuous support
of µ is defined as the support of µc, i.e., Suppc(µ) := Supp (µc). Note that in general the
equality

Suppc(µ) = Supp(µ)\Suppd(µ)

is not valid (consider µ defined by µ
(

1
n

)

= 1
n2 , n ∈ N, and t = 0).

Lemma 5.2. Suppose that µ is a regular Borel measures and f : R→ R
+ is a measurable

function such that
∫

B

f dµ ≤ µ(B), (5.7)

for every measurable set B ⊆ R. Then f(t) ≤ 1 almost everywhere on R.

Proof. First assume that f is a simple function. We recall that a function is simple if and

only if it is measurable and takes only finitely many values. Let {a1, a2, . . . , an} be the

set of non-zero values of f , then

f =
n
∑

i=1

aiχAi
,

where Ai = {t ∈ R : f(t) = ai}. Obviously, we have Ai ∩ Aj = for i 6= j. To establish

the result, it is sufficient to show that ai ≤ 1 if µ(Ai) 6= 0. Set B = Aj for some j with

Aj 6= 0. Then

∫

B

f dµ =

∫

Aj

n
∑

i=1

aiχAi
dµ =

n
∑

i=1

aiµ(Ai ∩ Aj) = ajµ(Aj) = ajµ(B).

and from (5.7), we conclude ajµ(B) ≤ µ(B) and hence aj ≤ 1 since it is assume that

Aj 6= 0.
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Now suppose that f is not simple. By the fact that a measurable function, there is a

sequence of simple functions gn such that

0 ≤ g1 ≤g2
≤ . . . ≤ f, lim

n→∞
gn = f, lim

n→∞

∫

B

gn dµ =

∫

B

f dµ.

Since
∫

B
gn dµ ≤

∫

B
f dµ, we have

∫

B
gn dµ ≤ µ(B) for every measurable set B. By a

similar argument as above, it follows gn(t) ≤ 1 almost everywhere on R for every n. This

implies that limn→∞ gn ≤ 1 and hence f ≤ 1 almost everywhere on R.

Lemma 5.3. Suppose that µ1 and µ2 are two nonzero and regular Borel measures and

that H is any measurable subset. If µ1 and µ2 are equivalent on H, i.e.,

µ1(B) = 0 ⇐⇒ µ2(B) = 0,

for any measurable subset B of H, then there is a nonzero regular Borel measure φ with

φ(B) ≤ µ1(B) and φ(B) ≤ µ2(B) for every measurable B ⊆ H.

Proof. We first assume that µ1 and µ2 are equivalent on R. It is clear that µ1 is absolutely

continuous with respect to µ1 + µ2 on H, that is µ1(B) = 0 for every set B for which

(µ1 +µ2)(B) = 0. Hence by the Radon-Nikodym Theorem [Rud87], there is a measurable

function f : R→ R
+, such that

µ1(B) =

∫

B

f d(µ1 + µ2),

for any measurable set B. Let φ(B) =
∫

B
f µ2. By Lemma 5.2, f(t) ≤ 1 almost everywhere

and hence φ(B) ≤ µ1(B) and φ(B) ≤ µ2(B) for every measurable B. We now show by

contradiction that φ is nonzero. Assume that φ is zero and so
∫

B
f µ2 = 0 for every

measurable B. It follows that (see Theorem 1.30 in [Rud87])

µ2 ({t ∈ R : f(t) 6= 0}) = 0.

By the fact that µ1 and µ2 are equivalent on R, we also have

µ1 ({t ∈ R : f(t) 6= 0}) = 0,

and as a result

(µ1 + µ2) ({t ∈ R : f(t) 6= 0}) = 0.

This results µ1(B) =
∫

B
f d(µ1 + µ2) = 0 for every measurable B, which a contradiction

because we have assumed that µ1 is nonzero. Thus, φ is nonzero.

We now assume that µ1 and µ2 are equivalent on H. We define

µ̄1(B) = µ1(B ∩H), µ̄2(B) = µ2(B ∩H),

for any measurable set B. It is clear µ̄1 and µ̄2 are regular Borel measure and equivalent

on R. Thus by the previous result, we can construct a nonzero regular Borel measure φ

so that φ(B) ≤ µ1(B) and φ(B) ≤ µ2(B) for every measurable B. This measure gives the

result we require.
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5.3 Characterization of Extreme Points for CDSP

The notion of extreme points plays a central role in the theory of linear programming,
specifically for the simplex algorithm. Fundamental to this algorithm is that whenever
the problem has an optimal solution, then one can be found among the extreme points of
the feasible region. In the context of classical shortest path problems, an extreme-point
solution to the corresponding LP problem corresponds to a path from the source node to
the sink node with the same cost and vise versa. In the following discussion, we show
that this result can be extended to CDSP. We first define

Yi = {t ∈ R : yi(t) > 0, yi(t−) > 0},

for any i ∈ N . Then we have the following result.

Lemma 5.4. Suppose that x is feasible for CDSP and that Supp(xi,j) is uncountable for

some arc (i, j). Let H be any uncountable Borel subset of Suppc(xi,j).

1. If H ∩ Yi is countable, then there exist an arc (k, i) and a uncountable Borel set

Q ⊆ (H − λk,i) ∩ Suppc(xk,i).

2. Similarly if (H+λi,j)∩Yj is countable, then there exist an arc (j, k) and a uncountable

Borel set Q ⊆ (H + λi,j) ∩ Suppc(xj,k).

Proof. We define

Ȳi := {θ ∈ R : there exists an open neighboorhod

U of θ with yi(t) = 0 for every t ∈ U},

which obviously is an open set. Since H ∩ Yi is countable, it follows that H ∩ Ȳi is

uncountable. For θ ∈ H ∩ Ȳi, let

K(θ) = {(k, i) ∈ A : θ − λk,i ∈ Suppc(xk,i)}.

Now we show that K(θ) is nonempty for every θ ∈ H ∩ Ȳi. Fix θ ∈ H ∩ Ȳi and let U be

an open set for which yi(t) = 0 for every t ∈ U . Thus for every t ∈ U

∑

k:(k,i)∈A

Xk,i(t− λk,i)−
∑

k:(i,k)∈A

Xi,k(t) = yi(t) = 0.

Let us define the regular Borel measure z to be equal to xi,j. Then by (5.4)

∫ t

0

dz(τ) ≤
∑

k:(k,i)∈A

∫ t−λk,i

0

dxk,i −
∑

k:(i,k)∈A, k 6=j

∫ t

0

dxi,k,

with equality holding for t ∈ U . Then by Lemma 3.3 in [Phi92], we have

z(B) ≤
∑

k:(k,i)∈A

xk,i(B − λk,i),
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for every measurable set B ⊆ U . Now we can construct a decomposition of z into
∑

k:(k,i)∈A zk,i so that

0 ≤ zk,i(B) ≤ xi,j(B − λi,j),

for every (k, i) ∈ A and every measurable set B ⊆ U . Furthermore, since z(U) =

xi,j(U) > 0, we have wℓ(U) > 0 for some arc (k, i), and hence xk,i(U − λk,i) > 0. Since

there are a finite number of incoming arcs to node i, for at least one arc, say (k, i), we

have xk,i(U − λk,i) > 0 for every open neighborhood U of θ. This implies that θ − λk,i ∈

Supp(xk,i) and so (k, i) ∈ K(θ).

So far we have shown that K(θ) is nonempty for every θ ∈ H ∩ Ȳi. Since H ∩ Ȳi is

uncountable and there are a finite number of nodes which may appear in K(θ), at least

one node appears in K(θ) for each θ in a uncountable measurable subset of H ∩Zi. Let k

be this node and let R bet his subset. Then (k, i) and Q = R\Suppd(xk,i) give the result

that we require.

In the same manner we can prove the second part.

We can now state the first result concerning characterization of extreme points for CDSP
which gives us a necessary condition for a solution to be an extreme point.

Lemma 5.5. Let x be a feasible solution for CDSP. If Supp(xi,j) is uncountable for some

arc (i, j), then x is not an extreme point of the feasible region.

Proof. The proof proceeds by constructing a signed measure z in such a way can be added

or subtracted from x without destroying feasibility.

We first assume that Yi ∩ Supp(xi,j) is countable for every arc (i, j) ∈ A. By hypothesis

of the lemma, there is some arc, say (i∗, j∗), for which Supp(xi∗,j∗) is uncountable. We

set q = 1 and label arc (i∗, j∗) as eq = (iq, jq), and uncountable Borel set Suppc(xi∗,j∗)

as Hq. Then we successively label arcs and uncountable sets according to the following

procedure:

Step 1. By Lemma 5.4, there is some arc, say eq+1 = (iq+1, jq+1), for which jq = iq+1 and

some uncountable set Hq+1 ⊆ (Hq + λeq+1
) ∩ Suppc(xeq+1

). Label arc eq+1 and set

Hq+1, and set q = q + 1;

Step 2. If we have labeled arc eq+1 before as eℓ with uncountable set Hℓ and we have

Hq ⊆ Hℓ, then stop. Otherwise return to Step 1;

The number of iterations we can take is bounded by |A|γ
λ̂

, where |A| denotes the number

of arcs in G, γ = maxi{σi − ρi}, and λ̂ is the greatest common factor of the transit times

and so

λ̂ = min
S>0
{S is a finite some of elements of the form +λi,j or +λi,j}.
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Then after a finite number of iterations, we obtain a sequence

eℓ, eℓ+1, eℓ+2, . . . , eq = eℓ

of arcs and a uncountable measurable set H = Hq+1 such that

H ⊆ Suppc(xek
) +

k−1
∑

r=ℓ

λer
, k = ℓ, . . . , q.

Moreover, for k = ℓ, . . . , q we have

xek
(B) = 0 ⇐⇒ xek+1

(B + λek
) = 0, B ⊆ H +

k−1
∑

r=ℓ

λer
.

Then by the application of Lemma 5.3, there is a nonzero measure φ such that for every

B ⊆ H,

0 ≤ φ(B) ≤ xek

(

B +
k−1
∑

r=ℓ

λer

)

, k = ℓ, ℓ + 1, . . . , q,

and φ(H) > 0. Now we define z to be zero everywhere except

zek
(B) = φ

(

B +
k−1
∑

r=ℓ

λer

)

, B ⊆ H +
k−1
∑

r=ℓ

λer
, k = ℓ, ℓ + 1, . . . , q.

Then it is easy to show that x + z and x− z are both feasible for CDSP. Hence x is not

an extreme point of the feasible region.

Now assume that Yi ∩ Suppc(xi,j) is uncountable for some arc (i, j). Then we set q = 1

and label this arc as eq, and the uncountable set Yi ∩ Suppc(xi,j) as Hq. As before we

successively label arcs and uncountable sets according to the following procedure:

Step 1. If Yjq
∩ (Hq + λeq

) is uncountable, then stop.

Step 2. By Lemma 5.4, there is some arc, say eq+1 = (iq+1, jq+1), for which jq = iq+1 and

some uncountable set Hq+1 ⊆ (Hq + λeq+1
) ∩ Suppc(xeq+1

). Label arc eq+1 and set

Hq+1, and set q = q + 1;

Step 3. If we have labeled arc eq before as eℓ with set Hℓ and we have Hq ⊆ Hℓ, then

stop. Otherwise return to Step 1;

As before the above procedure terminates after at most |A|γ
λ̂

iterations. If it terminates is

Step 2, then we get again an instance of the former case. Thus suppose that it terminates

in Step 1, which gives us a sequence

e1, e2, . . . , eq
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of arcs and a uncountable set H = Hq−
∑q−1

r=1 λer
such that Yi1∩H and Yjq

∩H +
∑q

r=1 λer

are uncountable sets, and H +
∑k−1

r=1 λer
⊆ Supp(xek

), k = 1, . . . , q. Furthermore, we have

xek
(B) = 0 ⇐⇒ xek+1

(B + λek
) = 0, B ⊆ H +

k−1
∑

r=1

λer
,

for k = 1, . . . , q − 1.

Since yi1 and yiq are continuous from the right, Yi1 and Yjq
are open and can hence be

expressed as the countable union of disjoint intervals. Thus Yi1∩
(

Yiq −
∑q−1

r=1 λer

)

consists

of a countable number of open intervals. We can choose one of these intervals, say (α, β),

with a uncountable intersection with H and a subinterval I = [α− δ, β − δ] again with a

uncountable intersection with H. Now there is some ǫ > 0 satisfying

yi1(t) ≥ ǫ, yiq

(

t +

q−1
∑

r=1

λer

)

≥ ǫ, t ∈ I.

We can also choose I1 and I2 as disjoint subsets of I with a uncountable intersection with

H. Let H1 = I1∩H and H2 = I2∩H. Now by Lemma 5.3, we can construct two measures

w1 and w2 such that

0 ≤ w1(E) ≤ xek

(

B +
k
∑

r=1

λer

)

, B ⊆ H1,

0 ≤ w2(E) ≤ xek

(

B +
k
∑

r=1

λer

)

, B ⊆ H2,

for k = 1, 2, . . . , q − 1. Let ǫ = {ǫ, w1(H1), w2(H2)} and define z to be zero everywhere

except

zek
(B) =







ǫw1(B+
Pk−1

r=1
λek

)

w1(H1)
, if B ⊆ H1 +

∑k−1
r=1 λer

,

−
ǫw2(B+

Pk−1

r=1
λer )

w2(H2)
, if B ⊆ H2 +

∑k−1
r=1 λer

,

Then it is not difficult to check x + z and x − z are both feasible for CDSP. Hence, x is

not an extreme point of the feasible region.

Corollary 5.6. If a feasible solution x is an extreme point of CDSP, then xi,j is a a

discrete measure for each arc (i, j) ∈ A.

We now consider a solution x for which Supp(xi,j) is a countable set for each arc (i, j) ∈ A.
for each arc (i, j) ∈ A. To avoid complicated notation, for every arc e = (i, j) we create
a backward arc ←−e = (j, i). Notice that (i, j) ∈ A implies ←−e /∈ A due to our assumption
that there is at most one arc between any pair of nodes in G. The backward arc ←−e
has associated transit time λ←−e := −λe and measure x←−e (B) := xe(B + λe), for every

measurable set B. We denote the set of backward arcs by
←−
A and let

←→
A := A ∪

←−
A .

We now make the following definitions with respect to a given solution x.
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Definition 5.3. Let x be a given solution to CDSP.

1. We say that NTP (j, α) is arc-linked under x to NTP (j, β) if (i, j) ∈
←→
A , β = α+λi,j

and 0 < xi,j({α}).

2. We say that (j, α) is node-linked under x to (j, β) if i = j and 0 < yi(t), for every

t ∈ [min{α, β},max{α, β}).

3. A sequence of NTPs as

(j, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β),

with consecutive members either arc or node-linked under x is said to be an aug-

menting cycle with respect to x if q ≥ 3, (j, α) = (j, β), and all other NTPs are

distinct.

Now we can state the following result.

Lemma 5.7. If x is an extreme point of CDSP, there are no augmenting cycles with

respect to x.

Proof. Suppose that there exists an augmenting cycle with respect to x such as C :

(i1, t1), (i,t2), . . . , (iq, tq), then by scaling down the discrete measure xd on the arcs in

the cycle C in an appropriate way, we can easily construct a signed measure z in such a

way can be added or subtracted from x without violating the constraints. This yields two

feasible solutions x− z and x + z for CDSP, and hence x is not an extreme point.

Lemma 5.8. Suppose x is an extreme point of the feasible region for CDSP. If t ∈

Supp(xi,j) for some arc (i, j) ∈ A, then there is a sequence of distinct NTPs from (1, 0)

to (n, T ) as

(1, 0) = (i1, t1), (i2, t2), . . . , (i, t), (j, t + λi,j), . . . , (iq, tq) = (n, T ),

with consecutive members either arc or node-linked under x.

Proof. The result follows by using a labeling procedure as described in the proof of

Lemma 5.5, and the fact that there are no augmenting cycles with respect to x.

As described previously, the nonzero components of any basic feasible solution of SP
problem are one. This result can be extended to CDSP.

Theorem 5.9. Suppose x is an extreme point of the feasible region for CDSP and t ∈

Suppd(xi,j) for some arc (i, j). Then xi,j({t}) = 1.
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Proof. It is not hard to see that xi,j({t}) ≤ 1 since, by Lemma 5.7, there are no augmenting

cycles with respect to x. Moreover, by Lemma 5.8, there is a sequence of NTPs as

P1 : (1, 0) = (i1, t1), (i2, t2), . . . , (i, t), (j, t + λi,j), . . . , (iq, tq) = (n, T ),

with consecutive members either arc or node-linked under x. Now assume that xi,j({t}) <

1. Then we can construct a sequence P2 of NTPs from (1, 0) to (n, T ) which is distinct

from P1. This implies that there is a cycle under x, and hence is a contradiction by the

fact that x is an extreme point. Thus, we must have xi,j({t}) = 1.

Corollary 5.10. Let x be an extreme-point solution to CDSP. Then Supp(xi,j) is finite

for each arc (i, j) ∈ A.

We can now state the main theorem concerning characterization of extreme points for
CDSP.

Theorem 5.11. Let x be a feasible solution for CDSP. Then x is an extreme point of the

feasible region if and only if

1. Supp(xi,j) is finite for each arc (i, j) ∈ A;

2. there are no augmenting cycles with respect to x.

Proof. If x is an extreme-point solution of CDSP, then by Corollary 5.10, Supp(xi,j) is

finite for every arc (i, j) ∈ A, and further by Lemma 5.7, there are no augmenting cycles

with respect to x.

Now we assume that x is not an extreme point of the feasible region and that Supp(xi,j)

is finite. Thus there is some nonzero singed measure z with x + z and x − z are both

feasible for CDSP and with yz derived by

yz
i (t) =

∑

j:(j,i)∈A

Zj,i(t− λj,i)−
∑

j:(i,j)∈A

Zi,j(t),∀i ∈ N, t ∈ [ρi, σi]. (5.8)

Here Zi,j is the distribution function corresponding to zi,j. By the Hahn Decomposition

Theorem (see [Rud87]), the signed Borel measure z can be expressed as z1 − z2, where

z1 and z2 are positive measures and mutually singular. Consider the absolute value of z,

that is |z| = z1 + z2. The support of z is defined to be the support of |z|, i.e, Supp(z) :=

Supp(|z|). Notice that |z| ≤ x and hence Supp(z) ⊆ Supp(x). Furthermore, it follows

that Supp(zi,j) is also countable for each arc (i, j) ∈ A.

Since z is nonzero, Supp(|zi,j |) is not empty for some arc (i, j) ∈
←→
A and we can choose

some α with |zi,j|({α}) > 0. We construct an augmenting cycle with respect to x using a

labeling procedure. We first label NTPs (j, α) and (j, α+λi,j) and then successively label

NTPs according the following rules:
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a1. (i, j) ∈ A and yz
i (α−) = 0.

Then we have zi,j({α}) 6= 0 and by (5.8) there is some arc ℓ = (k, i) ∈
←→
A with

zℓ({α− λℓ}) 6= 0. Label NTP (j, {α− λℓ}), and set e = (k, i) and α = α− λℓ.

a2. (i, j) ∈
←−
A and yz

i (α) = 0.

Then by (5.8) there is some arc ℓ = (k, i) with zℓ({α − λℓ}) 6= 0. Label NTP

(u, {α− λℓ}), and set e = (k, i)) and α = α− λℓ.

b1. (i, j) ∈ A and yz
i (α−) 6= 0.

We assume without loss of generality that yz
i (α−) > 0. Then since yz

i is continuous

from the right, there is some ǫ > 0 with yz
i (α−) > 2ǫ, and some α1 < α with

yz
i (t) > ǫ, t ∈ [α1, α), and yz

i (α1−) ≤ ǫ. Then by (5.8) there is some arc ℓ = (k, i)

with zℓ([α1−λℓ, α−λℓ) 6= 0, and hence |zℓ|([α1−λℓ, α−λℓ) > 0. Thus, there exists

some β ∈ Supp(zℓ) ∩ [α1 − λℓ, α − λℓ). Then label NTP (k, β), and set e = (k, i)

and α = β.

b2. (i, j) ∈
←−
A and yz

i (α) 6= 0.

We assume that yz
i (α) > 0. Then there is some ǫ > 0 with yz

i (α) > 2ǫ, and some

α1 > α with yz
i (t) > δ, t ∈ [α, α1), and yz

i (α1) ≤ ǫ. Then by (5.8) there is some

arc ℓ = (k, i) with |zℓ|([α − λℓ, α1 − λℓ)) > 0, which implies that there exists some

β ∈ Supp(zℓ) ∩ [α− λℓ, α1 − λℓ). Label NTP (k, β), and set e = (k, i) and α = β.

We can repeat the above procedure until a NTP labeled twice for which obviously gives

us an augmenting cycle with respect to x. The procedure terminates after a finite number

of iterations by the fact that Suppd(xi,j) is finite for every arc (i, j).

We now summarize the results of this section in the following theorem.

Theorem 5.12. Any extreme point of the feasible region for CDSP problem corresponds

to a continuous-time dynamic path from (1, 0) to (n, T ) with the same cost, and vice versa.

Proof. First suppose that P : (1, 0) = (i1, t1), (i,t2), . . . , (iq, tq) = (n, T ) is a path from

(1, 0) to (n, T ). We define the Borel measure x by

xi,j(B) =

{

1, if (i, j) = (ik, ik+1) and tk ∈ B and k = 2, . . . , q,

0, otherwise.
(5.9)

By Theorem 5.11, x is an extreme-point solution to CDSP with cost

∑

ik 6=ik+1

cik,ik+1
(tk) +

∑

ik=ik+1

∫ tk+1

tk

cik(t) dt.

Conversely, suppose that x is an extreme point of the feasible region with corresponding y.

It follows from Theorem 5.11 that discrete part xd
i,j of xi,j is concentrated on a finite set for

every arc (i, j) ∈ A. Then by a similar argument as the proof of Theorem 3.6 in [Phi94],

xd indicates a path from (1, 0) to (n, T ), which whose cost is equal to V [CDSP, xd].
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5.4 Duality Theory

In this section, we define a dual problem for CDSP and prove a strong duality result. For
the ease of notation, we first assume that parking costs are zero, i.e., ci(t) = 0 for every
i ∈ N and t ∈ [ρi, σi]. We note that this poses no loss of generality since we can transform
a general instance of CDSP to an instance where the cost for parking is zero (see [Phi94]
for more detail).

5.4.1 Dual Formulation

By introducing dual variables u and v(t) associated to constraints (5.3) and (5.4), respec-
tively, a dual problem of CDSP can be given as follows:

CDSP∗
′

: max u1 − un +

∫ σ1

ρ1

v1(t) dt

s.t. ui − uj +

∫ σj

t

vj(s) ds−

∫ σj

t+λi,j

vj(s) ds

≤ ci,j(t), (i, j) ∈ A, t ∈ [ρi, σj − λi,j],

u(t) ≤ 0, t ∈ [ρi, σj ].

The reader is referred to [Phi94] for a more detailed discussion of the above formulation.

To derive a similar formulation as classical shortest path problem, we consider a more
general dual problem. In particular, we consider the following dual problem:

CDSP∗ max π1(0)− πn(T )

s.t. πi(t)− πj(t + λi,j) ≤ ci,j(t), (i, j) ∈ A, t ∈ [ρi, σj − λi,j],

πi monotonic increasing and right continuous on [ρi, σj].

It is clear that CDSP∗
′

is a generalization of CDSP∗ because any feasible solution u, v(t)
generates one for CDSP∗ of the same objective function value by

πi(t) = ui +

∫ σi

t

ui(s) ds.

Conversely, if π(t) is feasible for CDSP∗ in which πi is absolutely continuous on [ρi, σj ]
for every i ∈ N , then

ui(t) = π̇(t), vi = πi(σi),

is feasible for CDSP∗
′

and again the two solutions have the same objective function value.
The following weak duality result is easily established.

Theorem 5.13 (Weak duality). For any feasible solution x for CDSP and any feasible

solution π for CDSP∗, we have 2

V [CDSP, x]− V [CDSP∗, π] ≥ 0.

2We recall that the notation V [OP, x] denotes the objective function value of an optimization problem

OP for a feasible solution x.



5.4 Duality Theory 93

Proof. By integration by parts (see Lemma 2.2 in [Phi94]), we can write

V [CDSP∗, π] =
∑

(i,j)∈A

∫ σj−λi,j

ρi

{πi(t)− πj(t + λe)} dxi,j +
∑

i∈N

∫ σj

ρi

yi(t) dπi(t).

Here y(t) is the function derived from x(t) and the constraints (5.4). Then, by comparing

the objective function values of CDSP and CDSP ∗ for x, y and π, respectively, we obtain

V [CDSP, x]− V [CDSP∗, π]

=
∑

(i,j)∈A

∫ σj

ρi

{ci,j(t)− πi(t) + πj(t + λi,j)} dxi,j +
∑

i∈N

∫ σi

ρi

yi(t) dπi(t) ≥ 0.

5.4.2 Strong Duality

In what follows, we give sufficient conditions to ensure that the strong duality result
holds between CDSP and CDSP∗. In fact, we show that if Assumptions 5 and 6 hold and
the cost functions c(t) are piecewise analytic, then there exist an extreme point optimal
solution x for CDSP and a piecewise analytic optimal solution π for CDSP∗ for which

V [CDSP, x] = V [CDSP∗, π].

We begin our discussion by showing that there exists a shortest path from NTP (1, 0)
to NTP (n, T ) for the case in which the cost functions c(t) are piecewise analytic. We
consider the path

P : (1, 0) = (i1, t1), (i2, t2), . . . , (iq, tq) = (n, T ).

By Theorem 5.12, this path corresponds to an extreme-point solution, say xP , for CDSP.
This path can also be seen as a family {υP

i,j : (i, j) ∈ A} of vectors with υP
i,j in R

|Suppd(xP
i,j)|

for each arc (i, j) ∈ A. The entries of υP
i,j are exactly times when we leave node i along

arc (i, j) along the path P . We now give the following definition.

Definition 5.4 (Local shortest path). Let

P : (1, 0) = (i1, t1), (i2, t2), . . . , (iq, tq) = (n, T )

be a path from NTP (1, 0) to NTP (n, T ).

1. For ǫ > 0, the ǫ-neighborhood of P is defined to be the set of all paths P̄ from NTP

(1, 0) to NTP (n, T ) for which

|Suppd(xP
i,j)| = |Suppd(xP̄

i,j)|, ∀ (i, j) ∈ A

and

max
(i,j)∈A

||υP
i,j − υP̄

i,j ||∞ < ǫ.
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2. The path P is said to be local shortest path if there exists an ǫ > 0 such that the

cost of all paths in the ǫ-neighborhood is not larger than the cost of P .

We can characterize local shortest paths in another way. To see this, let us first to give
some more definitions.

Definition 5.5 (Arc-path). Let

P : (i, α) = (i1, t1), (i2, t2), . . . , (iq, tq) = (j, β)

be a path from NTP (i, α) to NTP (j, β). We refer to P as an arc-path if (ik, ik+1) ∈ A

for k = 1, . . . , q − 1. Such a path can also be defined as sequence

S : (i1, i2), (i2, i3), . . . , (iq−1, iq)

of arcs in A with starting time α from node i. With respect to the sequence S, we define

the cost function Cost[S] on the time interval [0, T ] by

Cost[S](t) :=

q−1
∑

k=1

cik,ik+1
(αk(t)), t ∈ [0, T ]. (5.10)

where α1(t) = t and αk+1(t) = αk(t) + λik,ik+1
, for k = 1, . . . , q− 1. Obviously, the cost of

arc-path P is equal to Cost[S](α).

Definition 5.6 (Maximal arc-subpath). Let

P : (1, 0) = (i1, t1), (i2, t2), . . . , (iq, tq) = (n, T )

be a path from NTP (1, 0) to NTP (n, T ), and

Q : (iℓ, tℓ), (iℓ+1, tℓ+1), . . . , (ir, tr)

be a subsequence of consecutive NTPs in P . We refer to Q as a maximal arc-subpath of

P if

1. Q is an arc-path,

2. either iℓ−1 = iℓ or (iℓ, tℓ) = (1, 0), and

3. either ir = ir+1 or (ir, tr) = (n, T ).

Note that the sum of piecewise analytic functions is also piecewise analytic and thus
Cost[Q] for every path P .

Lemma 5.14. Let P be a path from NTP (1, 0) to NTP (n, T ), and

Q : (iℓ, tℓ), (iℓ, tℓ), . . . , (ir, tr)

be a maximal arc-subpath of P .
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1. If P is a local shortest path, then Cost[S](t) is locally minimized at point tℓ, where

S : (iℓ, iℓ+1), (iℓ+1, iℓ+2), . . . , (ir−1, ir)

2. Vice versa if for all maximal arc-subpaths of P such Q, the cost function Cost[S](t)

has a local minimum at tℓ, then P is a local shortest path.

Proof. This is not hard to see.

For k ∈ N, we define Pk to be the set of all local shortest paths from NTP (1, 0) to NTP
(n, T ) using each arc (i, j) ∈ A for at most k points in time. We have the following results
concerning Pk

Lemma 5.15. If cost functions c(t) are piecewise analytic, then Pk is nonempty and

finite for every k ∈ N.

Proof. We first consider the case that k = 1. There is a path, say P : 1 = i1, . . . , iq = n,

in the underlying network from node 1 to node n with 0 ≤ αk ≤ T , for k = 1, . . . , n where

α1 = 0, and αk+1 = αk + λi,k,ik+1
. Let α := min1≤k≤q{T − αk}. We now define the cost

function Cost[P ] on the time interval [0, α] as

Cost[P ](t) :=

q−1
∑

k=1

cik,ik+1
(t + αk), t ∈ [0, α].

The cost functions cik,ik+1
(t) are piecewise analytic and so is Cost[P ](t). Thus, it takes its

minimum at some point, say t∗. Hence by Lemma, the path

(1, 0) = (i1, t1), (i1, t
∗), (i2, t

∗ + α2), . . . , (iq, t
∗ + αq),

is a local shortest path using each arc (i, j) at most as once. So far we have established

that Pk is nonempty for k = 1. Obviously, we we have P1 ⊆ Pk for every k ≥ 1, hence

Pk is nonempty for every k ∈ N.

Now assume that the cardinality of Pk is infinite for some k. We define I := maxi∈N{σi−

ρi} and let λ̂ be the greatest common factor of the transit times. Then every maximal

arc-subpath uses at most ⌈ I

λ̂
⌉ arcs. Thus the number of possible maximal arc-subpath

is bounded by a constant. there exists an infinite number of elements all containing the

same maximal arc-path P , but using it for difference times. Therefore the cost function

cP must have an infinite number of local optimum which is a contradiction since cP is

piecewise analytic.

Because of the previous lemma one way to show that there exists a shortest path is to
prove that Pk remains unchanged for large enough k.

Lemma 5.16. If cost functions c(t) are piecewise analytic, then there exists a K ∈ N

such that Pk = PK for all k ≥ K.
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Proof. This follows by a similar argument as the second half of the proof of Lemma.

Now the main theorem follows.

Theorem 5.17. If cost functions c(t) are piecewise analytic, then there exists a shortest

path from NTP (1, 0) to any other admissible NTP (i, t).

Proof. The result follows directly from the previous lemmas and the fact that that these

lemmas remain true if (n, T ) is replaced by any other admissible NTP (i, t).

Theorem 5.18 (Shortest Path Optimality Conditions). For any reachable NTP (i, t),

let τi(t) denote the cost of some path from NTP (1, 0) to NTP (i, t). Then the labels τ

represent the cost of shortest paths if and only if they satisfy the following conditions:

(SPOP1) τi is monotonic decreasing on [ρi, σi] for every i ∈ N ;

(SPOP2) ci,j + τi(t)− τj(t + λi,j) ≥ 0, for every (i, j) ∈ A and t ∈ [ρi, σi − λe].

Proof. The proof is straightforward.

We now summarize the results of this section in the following theorem.

Theorem 5.19 (Strong duality). Suppose that cost functions c(t) are piecewise analytic.

Then there exist x and π feasible for CDSP and CDSP∗, respectively with

V [CDSP∗, π] = V [CDSP, x].

Proof. By Theorem 5.17, there exists a shortest path from NTP (1, 0) to any other ad-

missible NTP (i, t). Hence, we define τi(t) to be the cost of shortest path from NTP (1, 0)

to admissible NTP (i, t). Let πi(t) = −τi(t) for any i ∈ N and every t ∈ [ρi, σi]. By

Theorem 5.12, we know that any path from (1, 0) to (n, T ) corresponds to some extreme

point of the feasible region of CDSP with the same value. Let x denote the corresponding

extreme-point solution to the shortest path from NTP (1, 0) to (n, T ). It is easy to check

that π forms a feasible solution for CDSP* with the following objective function value

V [CDSP∗, π] = π0(0)− πn(T ) = −τ1(0) + τn(T ) = τn(T ) = V [CDSP, x].

Now by Theorem 5.13, it follows that x is optimal for CDSP and π is optimal for CDSP∗.



Chapter 6

Optimality Conditions and Strong

Duality for CDMCF

6.1 Introduction

The following continuous-time dynamic minimum cost flow problem (CDMCF) is the
central problem of this thesis:

CDMCF: min

∫ T

0

c(t)T x(t) dt +

∫ T

0

d(t)T y(t) dt

s.t.

∫ t

0

∑

j:(i,j)∈A

xi,j(s) ds−

∫ t

0

∑

j:(j,i)∈A

xj,i(s− λj,i) ds

+ yi(t) =

∫ t

0

ri(s) ds, i ∈ N, t ∈ [0, T ], (6.1)

0 ≤ x(t) ≤ a(t), t ∈ [0, T ], (6.2)

0 ≤ y(t) ≤ b(t), t ∈ [0, T ]. (6.3)

This problem is an instance of the class of continuous-time linear programs (CLP) with
a network structure and arc time-delays on arcs and is closely related to separated con-
tinuous linear programs (SCLP). The common approach to solving CLP as well as SCLP
is to convert the original problem to a finite-dimensional approximation linear program
by discretization of time. This approach, which is called discretization, was first taken by
Buie and Abrham [BA73] for solving CLP and later used by Pullan [Pul93], Philpott and
Craddock [PC95], Luo and Bertsimas [LB98] for SCLP, who assumed that the problem
data are piecewise constant/linear. This approach has attracted most of the attention for
solving practical problems for the following reasons:

1. Discretization of time leads to problems that typically can be solved by using tra-
ditional methods and are in general much easier to handle computationally. In
fact, the techniques required to implement such algorithms are no more than finite-
dimensional linear programming.

97
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2. The solutions for discrete approximations converge to the solution for the original
problem as the discretizations become finer.

Motivated by the above mentioned advantages, in Chapter 3 we have developed two
discretization-based algorithms, so-called Descent Algorithm and Adaptive Discretization
Algorithm, for CDMCF under some assumptions on the form of the problem data. Al-
though both algorithms converge to the optimal value of CDMCF as the discretizations
become finer, these algorithms, particularly the Descent Algorithm, may not be satisfac-
tory in practice. More specifically, computations for small example instances in Chapter 3
show that the solutions obtained by the Descent Algorithm have a huge number of break-
points1, many more than necessary. Furthermore, when this algorithm proceeds, the
number of breakpoints increases further with little improvement in the objective function
value. Apart from the slow convergence and long computation times, this can also ob-
scure the structure of the optimal solution. The same serious problems have been already
reported in [Pul93, Pul02] for solving SCLP.

In general, discretization-based algorithms for solving continuous-time linear programs
have the following major disadvantages:

1. The size of resulting discrete approximations is enormous, which leads to long com-
putation times.

2. The solution is only approximate, and to obtain a good approximation it is necessary
to divide the time interval into a large number of subintervals. On the other hand,
a very fine level of discretization is likely to generate solutions with huge numbers
of breakpoints, many more than necessary. The redundant breakpoints not only
increase the size of the subproblems, leading to long computation times, but also
cause serious numerical problems (see [PC95]).

3. Sensitivity analysis2 plays an important role in optimization and it is most worth-
while to develop algorithms which allow to perform sensitivity analysis. Unfortu-
nately, the discretization-based approaches are not suitable for performing sensitiv-
ity analysis,

4. The input functions must be piecewise constant/linear. For example, Descent Al-
gorithm and Adaptive Discretization Algorithm presented in Chapter 3 for solving
CDMCF rely on the assumption of piecewise linear c and b and piecewise constant d,
r and a.

Consequently, a number of authors have attempted to generalize the simplex method to
solve instances of CLP without discretization. This approach was initiated by Lehman
[Leh54] and continued later by Drews [Dre74], Hartberger [Har74] and Segers [Seg74].
Perold [Per81, Per78] makes major progress in this direction with the specification of a
simplex-like algorithm for CLP. Anstreicher [Ans83] continues Perold’s work in his thesis.
However, the described algorithm is complicated and incomplete, reflecting the difficult

1The term breakpoints is used to refer to the points in time at which the solution changes.
2The aim of sensitivity analysis is to determine changes in the optimal solution of an optimization

problem resulting from changes in the input data without the expensive task of resolving the new problem.
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nature of the problem. Recently, Weiss [Wei08] examines SCLP under the assumption
of piecewise linear problem data and develops a simplex algorithm that gives an exact
solution after a finite number of iterations. Moreover, he characterizes the form of optimal
solutions and establishes a strong duality result.

The first attempt for developing a simplex algorithm for continuous-time network flows
appears to be by Anderson and Philpott [AP89]. They consider CDMCF with zero tran-
sit times on the arcs and piecewise constant/linear input functions. In particular, they
assume that the transit times λi,j are zero and the transit cost functions ci,j and the
storage capacity functions bi are piecewise linear. All remaining input functions are as-
sumed to be piecewise constant, that is, supply and demand rates ri, storage costs di and
transit capacities ai,j. Then they discuss how the simplex method can be developed for
CDMCF to directly produce an exact solution, rather than doing a discretization to get
an approximation to the optimal solution. Unfortunately, there are no guarantees for the
convergence of this algorithm and it often produces a sequence of solutions which converge
to a suboptimal solution.

6.1.1 Our Contribution

The theory of continuous-time dynamic network flows still lacks some of the key features
(such as network related algorithms) that are available in static network flow theory.
Thus it would be most worthwhile if one could generalize the continuous-time analogues
of existing algorithms, such as negative cycle-canceling and successive shortest path, for
static network flow problems to the dynamic case. Most algorithms for static network
flows are based on the duality theory and optimality conditions. Hence, an essential and
crucial step is to develop these fundamental elements for CDMCF.

The purpose of this chapter is to mark the transition from static to dynamic network flows.
We are concerned with the development of continuous-time analogues to those concepts
and techniques which are the cornerstones of static network flows. Specifically, several
network based optimality conditions analogous to that found in static network flows are
developed for CDMCF with piecewise analytic input functions and rational transit times.
A strong duality result is then derived from these optimality conditions. Previously,
strong duality was developed by Pullan [Pul96, Pul97b] for SCLP given piecewise analytic
problem data and for SCLPTD with rational transit times and piecewise constant/linear
input functions. However, we do not follow the approach taken by Pullan, but we make
use of ideas from the area of static network flows for proving the strong duality result.

Organization of this Chapter. We begin our discussion in Section 6.2 by presenting
preliminaries and some earlier results that are required for the purpose of the chapter. We
then establish a reduced cost optimality condition, a negative cycle optimality condition,
and finally a strong duality result for CDMCF in Section 6.3. These results allow us
to develop algorithms for CDMCF analogous to that known for the static min-cost flow
problem. We present a generic version of such an algorithm and discuss several promising
directions for future research in Section 6.4.
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6.2 Dual Formulation

The concept of duality plays a central role in the theory of linear programming and is
at the heart of the simplex algorithm for static network flows. Thus to generalize this
algorithm to CDMCF, it would be necessary to establish a similar duality theory for
CDMCF. In this section we present some results on the duality theory of CDMCF that
will be useful for our main results. Let us first rewrite CDMCF in the following equivalent
form:

CDMCF: min

∫ T

0

c(t)T x(t) dt +

∫ T

0

d(t)T y(t) dt

s.t.

∫ t

0

∑

j:(i,j)∈A

xi,j(s) ds−

∫ t

0

∑

j:(j,i)∈A

xj,i(s− λj,i) ds

+ yi(t) = r̄i(t), i ∈ N, t ∈ [0, T ], (6.4)

−

∫ t

0

∑

j:(i,j)∈A

xi,j(s) ds +

∫ t

0

∑

j:(j,i)∈A

xj,i(s− λj,i) ds

≤ bi(t)− r̄i(t), i ∈ N, t ∈ [0, T ], (6.5)

x(t) ≤ a(t), t ∈ [0, T ], (6.6)

x(t) ≥ 0, y(t) ≥ 0, t ∈ [0, T ].

Here r̄i(t) denotes the total supply or demand at node i up to time t, i.e., r̄i(t) :=
∫ t

0
ri(s) ds. Moreover for the ease of notation, in what follows we assume that the storage

costs d are zero. This assumption imposes no loss of generality because we can transform
a general instance of CDMCF to an instance where the storage costs are zero. Now by
introducing the dual variables u, v and w associated to the constraints (6.4), (6.5) and
(6.6), respectively, a dual problem CDMCF∗

′

for CDMCF can be given as follows:

CDMCF∗
′

: max

∫ T

0

r̄(t)T u(t) dt +

∫ T

0

{b(t)− r̄(t)}T v(t) dt +

∫ T

0

a(t)T w(t) dt

s.t.

∫ T

t

{ui(s)− uj(s + λi,j)} ds−

∫ T

t

{vi(s)− vj(s + λi,j)} ds

+ wi,j(t) ≤ ci,j(t), (i, j) ∈ A, t ∈ [0, T ],

u(t) ≤ 0, v(t) ≤ 0, w(t) ≤ 0, t ∈ [0, T ].

The form of this dual problem is based on the dual formulation of CLP proposed by
Bellman [Bel53, Bel57]. Simple examples can be constructed such that CDMCF has an
optimal solution, but there is no optimal solution for CDMCF∗

′

, even for the case of zero
transit times (see Example 4.2 in Pullan [Pul97a]). For this reason it would be necessary
to consider a more general dual problem. In particular, we consider the following dual
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problem CDMCF∗:

CDMCF∗ : max −

∫ T

0

r̄(t)T dη(t)−

∫ T

0

{b(t)− r̄(t)}T dµ(t) +

∫ T

0

a(t)T ρ(t) dt

s.t. ηi(t)− ηj(t + λi,j) + µi(t)− µj(t + λi,j)

+ ρi,j(t) ≤ ci,j(t), (i, j) ∈ A, t ∈ [0, T ],

η and µ monotonic increasing and right continuous

on [0, T ] with η(T ) = µ(T ) = 0,

ρ(t) ≤ 0, t ∈ [0, T ].

This problem was introduced by Anderson and Philpott [AP94b] and is based on that
given by Pullan [Pul93] for the dual of SCLP. Here the notation

∫ v

u
g(t) df(t) denotes the

Lebesgue-Stieltjes integral of function g with respect to function f from u to v when the
integral exists. Thus by integration by parts (see Theorem 7.6 in [Apo74]), the objective
function of CDMCF∗ can be written in the following equivalent form:

∫ T

0

r(t){η(t)− µ(t)} dt−

∫ T

0

b(t) dµ(t) +

∫ T

0

a(t)ρ(t)dt.

It is easy to see that CDMCF∗ is a generalization of CDMCF∗
′

because any feasible
solution u, v, w for CDMCF∗

′

generates one for CDMCF∗ with the same objective function
value by defining

η(t) =

∫ T

t

u(s) ds, µ(t) =

∫ T

t

v(s) ds, ρ(t) = w(t).

Conversely if η, µ, ρ is feasible for CDMCF∗ in which η and µ are absolutely continuous
on [0, T ], then

u(t) = −η̇(t), v(t) = −µ̇(t), w(t) = ρ(t),

is feasible for CDMCF∗
′

and again the two solutions have the same objective function
value.

Anderson and Philpott [AP94b] show that CDMCF∗ has an alternative equivalent for-
mulation in an analogous manner to that described for static network flows. They also
introduce the concept of complementary slackness for CDMCF deriving from a weak du-
ality result. We present these results in the rest of the section.

Given a feasible solution η, µ, ρ for CDMCF∗, we define the potential function π on the
time interval [0, T ] by

π(t) = η(t)− µ(t), t ∈ [0, T ]. (6.7)

It is clear that π is of bounded variation because it is the difference between two monotonic
increasing functions. Then there exist functions π(+) and π(−), known as the Jordan
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decomposition of π, that are monotonic increasing on [0, T ] with π(+)(T ) = π(−)(T ) = 0
and π(t) = π(+)(t)− π(−)(t) for t ∈ [0, T ]. These functions are defined by

π(+)(t) = V (t)− V (T ), π(−)(t) = V (t)− π(t)− V (T ), t ∈ [0, T ], (6.8)

where V (t) = V (π; [0, t]) measures the total variation of π within the time interval [0, t]
(see Chapter 6 in [Apo74]). The functions π(+) and π(−) are called the positive and
negative part of π, respectively.

Let us give some properties of the Jordan decomposition π(+) and π(+) of π that will be
useful for our discussion. We first need to give the concept of a function strictly increasing
at a point.

Definition 6.1. We say that a monotonic increasing function f : [u, v] → R is strictly

increasing at t ∈ (u, v) if f(t1) < f(t2) for any t1, t2 ∈ [u, v] with t ∈ (t1, t2), f is strictly

increasing at u if f(u) < f(t) for every t ∈ (u, v], and f is strictly increasing at v if

f(t) < f(v) for every t ∈ [u, v). A function f of bounded variation on [u, v] is said to

be strictly increasing at t ∈ [u, v] if f (+) is strictly increasing at t, similarly f is strictly

decreasing at t if f (−) is strictly increasing at t.

The following lemma follows from some basic results in measure theory.

Lemma 6.1. Let η, µ, ρ be a feasible solution for CDMCF∗ and π be given by (6.7).

1. If π is strictly increasing (decreasing) at some t, then η (µ) is also strictly increasing

at t.

2. The functions η − π(+) and µ− π(−) are monotonic increasing on [0, T ].

We can now establish the following result.

Lemma 6.2. Suppose that η, µ, ρ is an optimal solution for CDMCF∗ and π is given by

(6.7). Let π(+) and π(−) be the Jordan decomposition of π, given by (6.8). Then

η∗ = π(+), µ∗ = π(−), ρ∗ = ρ,

is also an optimal solution for CDMCF∗.

Proof. It is clear that η∗, µ∗, ρ∗ is feasible for CDMCF∗. So it is sufficient to show that3

V [CDMCF ∗, η∗, µ∗, ρ∗] ≥ V [CDMCF ∗, η, µ, ρ],

or equivalently
∫ T

0

b(t)T d{µ(t)− π(−)(t)} ≥ 0.

The above inequality easily follows from that fact that b is nonnegative and µ − π(−) is

monotonic increasing on [0, T ].

3We recall that the notation V [OP, x] is used to denote the objective function value of an optimization

problem (OP) for a given feasible solution x.
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Having Lemma 6.2, we can replace µ with π(−) in the dual problem CDMCF∗ and rewrite
CDMCF∗ in the following equivalent form:

CDMCF∗ : max

∫ T

0

r(t)T π(t) dt−

∫ T

0

b(t)T dπ(−)(t) +

∫ T

0

a(t)T ρ(t)dt

s.t. πi(t)− πj(t + λi,j) + ρi,j(t) ≤ ci,j(t), (i, j) ∈ A, t ∈ [0, T ],

π of bounded variation and right continuous

on [0, T ] with π(T ) = 0,

ρ(t) ≤ 0, t ∈ [0, T ].

We can also eliminate the dual variable ρ from the CDMCF∗ problem since it appears in
the objective function integrated with the transit capacity function a which is nonnegative
on [0, T ], and hence at an optimum solution each component of ρ should be made as large
as possible. This observation implies that if we know optimal values for the dual variables
πi, we can compute the optimal values for ρi,j by

ρij(t) = min {0, cij(t)− πi(t) + πj(t + λi,j)} , (i, j) ∈ A, t ∈ [0, T ]. (6.9)

Summarizing the above discussion, the dual problem CDMCF∗ can be simplified as

CDMCF∗ : max

∫ T

0

r(t)T π(t) dt−

∫ T

0

b(t)T dπ(−)(t)

+

∫ T

0

∑

(i,j)∈A

ai,j(t) min {0, cij(t)− πi(t) + πj(t + λi,j)} dt

s.t. π of bounded variation and right continuous

on [0, T ] with π(T ) = 0.

The following result is now easily established.

Theorem 6.3 (Anderson and Philpott [AP94b]). Weak duality holds between CDMCF

and CDMCF∗.

Proof. Assume that x is feasible for CDMCF with corresponding storage y derived from (6.1)

and π is feasible for CDMCF∗ with corresponding ρ given by (6.9). By integrating by
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parts, we have
∫ T

0

r(t)T π(t) dt = −

∫ T

0

r̄(t)T dπ(t)

= −

∫ T

0

∑

i∈N





∫ t

0

∑

j:(i,j)∈A

xi,j(s) ds−

∫ t

0

∑

j:(j,i)∈A

xj,i(s− λj,i) ds + yi(t)



 dπi(t)

=

∫ T

0

∑

(i,j)∈A

xi,j(t)πi(t) dt−

∫ T

0

∑

j:(j,i)∈A

xj,i(s− λj,i)πi(t) dt−

∫ T

0

y(t)T dπ(t)

=

∫ T

0

∑

(i,j)∈A

xi,j(t) {πi(t)− πj(t− λi,j)} dt−

∫ T

0

y(t)T dπ(t).

Then by comparing the objective function values of CDMCF and CDMCF∗ for x, y and

π, ρ, respectively, we obtain

V [CDMCF, x, y]− V [CDMCF ∗, π, ρ]

=

∫ T

0

∑

(i,j)∈A

xi,j(t) {ci,j(t)− ρi,j(t)− πi(t) + πj(t− λi,j)} dt

−

∫ T

0

ρ(t)T{a(t)− x(t)} dt +

∫ T

0

y(t)T dπ(+)(t)

+

∫ T

0

{b(t)− y(t)}T dπ(−)(t).

The result now follows by the fact that each of the above integrals is nonnegative due to

feasibility of x, y for CDMCF and feasibility of π, ρ for CDMCF∗.

The weak duality result motivates the notion of complementary slackness for CDMCF as
the following result.

Corollary 6.4. Suppose that x, y is feasible for CDMCF and π, ρ is feasible for CDMCF∗.

If
∫ T

0

∑

(i,j)∈A

xi,j(t) {ci,j(t)− ρi,j(t)− πi(t) + πj(t− λi,j)} dt = 0, (6.10)

∫ T

0

ρ(t)T{a(t)− x(t)} dt = 0, (6.11)

∫ T

0

y(t)T dπ(+)(t) = 0, (6.12)

∫ T

0

{b(t)− y(t)}T dπ(−)(t) = 0, (6.13)

then x and π are optimal for CDMCF and CDMCF∗, respectively. Moreover, strong

duality holds between CDMCF and CDMCF∗.
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By feasibility of x, y for CDMCF and π, ρ for CDMCF∗, and also by using some basic re-
sults from real analysis, the integral equations (6.10)-(6.13) can be simplified to derive the
notion of complementary slackness for CDMCF in an analogous manner to that described
for static network flows.

Definition 6.1. Suppose that x with corresponding storage y is feasible for CDMCF

and that π is a function of bounded variation on [0, T ]. We say that the function π is

complementary slack with x if the following conditions are met:

(CSOC1) if ci,j(t)− πi(t) + πj(t + λi,j) > 0, then xi,j(t) = 0;

(CSOC2) if ci,j(t)− πi(t) + πj(t + λi,j) < 0, then xi,j(t) = ai,j(t);

(CSOC3) if πi is strictly increasing at t, then yi(t) = 0;

(CSOC4) if πi is strictly decreasing at t, then yi(t) = bi(t).

We refer to the above conditions as complementary slackness optimality conditions.

Lemma 6.5 (Complementary Slackness Optimality Conditions). Let x be feasible for

CDMCF and π be complementary slack with x. If π is feasible for CDMCF∗, then x and

π are optimal for CDMCF and CDMCF∗, respectively.

Proof. Let ρ be given by (6.9) with respect to π. Then conditions (CSOC1) and (CSOC2)

imply that

xi,j(t) {ci,j(t)− ρi,j(t)− πi(t) + πj(t− λi,j)} = 0,

ρi,j(t){ai,j(t)− xi,j(t)} = 0,

for every arc (i, j) ∈ A and all t ∈ [0, T ], and obviously the integral equations (6.10) and

(6.11) are satisfied. Moreover, by Lemma 3.3 in [Pul96], we can show that the conditions

(CSOC3) and (CSOC4) imply that the integral equations (6.12) and (6.13) hold. The

result now follows from Corollary 6.4.

6.3 Optimality Conditions and Strong Duality

1 In this section we give some conditions to ensure that not only conditions (CSOC1)-
(CSOC4) are sufficient for optimality, but also are necessary. Furthermore, we develop
more necessary and sufficient conditions for optimality, and prove a strong duality result
between CDMCF and CDMCF∗. The results that we present require the input functions
to be piecewise analytic and transit times to be rational. Hence, we make the following
assumptions on the nature of the problem data.

Assumption 7. The transit times λi,j are all rational, as is the the time horizon T .
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Assumption 8. The functions c, r, a, and b are all piecewise analytic on [0, T ].

In what follows, we suppose that Assumptions 7 and 8 hold which guarantee the existence
of a piecewise analytic optimal solution for CDMCF.

Theorem 6.2 (Pullan [Pul97b]). If F is nonempty, then CDMCF has an optimal solution

which is also piecewise analytic on [0, T ].

We now consider a feasible solution x for CDMCF which is assumed, without loss of
generality, to be piecewise analytic due to Theorem 6.2. Suppose that

W : (i1, t1), (i2, t2), . . . , (iq, tq)

is an augmenting cycle4 with respect to x. Hence, for every k = 2, . . . , q with ik−1 6= ik,
there exist δk and γk such that

xik−1,ik(t) ≤ aik−1,ik(t)− δk, t ∈ (tk−1 − γk, tk−1 + γk),

if (ik−1, ik) ∈ A, and
δk ≤ xik,ik−1

(t), t ∈ (tk − γk, tk + γk),

otherwise. Let δ and γ be the minimum of δk and γk, respectively, and define ǫk = 2δγ.
Also for every k = 2, . . . , q with ik−1 = ik, there exist δk and γk such that

yik(t) ≤ bik(t)− δk, t ∈ (tk−1 − γk, tk + γk),

if tk−1 < tk, and
δk ≤ yik(t), t ∈ (tk − γk, tk−1 + γk),

otherwise. Let δ and γ be the minimum of δk and γk, respectively. We then define

ǫk :=

{

2δγ, if ik−1 6= ik,
δ, if ik−1 = ik,

for k = 2, . . . , q, and let

z∗ =
1

2γ
min{ǫ2, ǫ3, . . . , ǫq}.

We now define

zi,j(t) :=







z∗, if i = ik−1, j = ik, t ∈ (tk−1 − γ, tk−1 + γ) and k = 2, . . . , q,
−z∗, if j = ik, i = ik−1, t ∈ (tk − γ, tk + γ), and k = 2, . . . , q,
0, otherwise.

We can easily see that x + z is feasible for CDMCF.

So far we have observed that if W is an augmenting cycle with respect to x, then another
feasible solution x̄ = x+z can be obtained by augmenting the constant flow rate z∗, given

4The concept of augmenting cycle with respect to a given solution x(t) for CDMCF is given in

Definition 4.2.
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by (6.14), along the arcs involved in the cycle W . The cost of augmenting , that is, the
change in the objective function value in moving from x to x̄, is computed by z∗

∑q

k=2 ζk,
where

ζk =











∫ tk−1+γ

tk−1−γ
cik−1,ik(t) dt, if i = ik−1, j = ik,

0, otherwise,
∫ tk+γ

tk−γ
−cik,ik−1

(t) dt, if i = ik, j = ik−1,

for k = 2, . . . , q. Since z∗ > 0, x̄ will be a strictly improved feasible solution than x(t) if
∑q

k=2 ζk < 0. We know that cost functions c are piecewise analytic. Hence we will have
∑q

k=2 ζk < 0 for γ small enough if the cycle W is negative. We have thus proved the
following result.

Lemma 6.3. Let x be a piecewise analytic feasible solution for CDMCF. Then x is

not optimal for CDMCF if there exists an augmenting dynamic cycle with negative cost

under x.

In what follows, we show that the converse of Lemma 6.3 is also true, that is, if there are
no negative augmenting cycles with respect to x, then x is optimal for CDMCF. To prove
this, we make use of the following important theorem.

Theorem 6.6. Let x be a piecewise analytic feasible solution for CDMCF. The network G

contains no augmenting cycle under x with negative cost if and only if there exist piecewise

analytic functions τi on [0, T ] for each node i which satisfy the following conditions:

(SPOC1) if xi,j(t) > 0, then ci,j(t) + τi(t)− τj(t + λi,j) ≤ 0;

(SPOP2) if xi,j(t) < ai,j(t), then ci,j(t) + τi(t)− τj(t + λi,j) ≥ 0;

(SPOC3) if yi(t) > 0 on (u, v), then τi is monotonic increasing on (u, v);

(SPOC4) if yi(t) < bi(t) on (u, v), then τi is monotonic decreasing on (u, v).

Proof. We first suppose that there exist piecewise analytic functions τi on [0, T ] for every

node i satisfying conditions (SPOC1)-(SPOC4). Now let W : (i1, t1), (i2, t2), . . . , (iq, tq)

be an augmenting cycle with respect to x. We have

Cost[W ] =
∑

k:(ik−1,ik)∈A

cik−1,ik(tk−1) +
∑

k:(ik,ik−1)∈A

−cik,ik−1
(tk)

=
∑

k:(ik−1,ik)∈A

cik−1,ik(tk−1) + τik−1
(tk−1)− τik(tk)

+
∑

k:(ik,ik−1)∈A

−cik,ik−1
(tk) + τik(tk)− τik−1

(tk−1)

+
∑

k:ik−1=ik,tk−1<tk

τik(tk−1)− τik(tk)

+
∑

k:ik−1=ik,tk−1<tk

τik(tk)− τik(tk−1).
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Here the index k varies from 2 to q. It is not difficult to see that each of the above four

summation terms on the right-hand side of the second equal sign is nonnegative since W

is an augmenting cycle under x and the pair x and τ satisfies (SPOC1)-(SPOC4). Hence

Cost[W ] ≥ 0 and this establishes the result in one direction.

Let us now consider the other direction, that is, there exists no augmenting cycle under

x with negative cost. We introduce an artificial storage node s and an artificial arc (s, i)

joining node s to node i for each node i ∈ N . We assign a large initial storage, a large

storage cost and an infinite storage capacity to node s. We also assign a transit time of

zero, a large transit cost, and an infinite transit capacity to each artificial arc (s, i). It

is clear that the new network contains no negative augmenting cycle. Morover, there is

an augmenting path from NTP (s, 0) to each other NTP (i, t). We let NTP (s, 0) as the

source NTP. An augmenting path P from (s, 0) to (i, t) is said to be a shortest augmenting

path to (i, t), if Cost[P ] ≤ Cost[P ′] for all augmenting paths P ′ from (s, 0) to (i, t). By

applying Theorem 5.17 in previous chapter, there exists a shortest augmenting path from

NTP (s, 0) to any other NTP (i, t). We define τi(t) to be the cost of shortest augmenting

path to (i, t). It is now easy to see that the conditions (SPOC1)-(SPOC4) regarding τi.

Moreover, the cost functions ci,j are analytic on [0, T ], and hence are τi. This establishes

the proof of the theorem.

We are now ready to prove the main results of the chapter.

Theorem 6.7 (Reduced Cost Optimality Conditions). Suppose that x is a piecewise

analytic feasible solution for CDMCF. Then x is optimal for CDMCF if and only if there

are piecewise analytic functions πi on [0, T ] for each node i so that satisfy the following

conditions:

(RCOC1) if xi,j(t) > 0, then ci,j(t)− πi(t) + πj(t + λi,j) ≤ 0;

(RCOC2) if xi,j(t) < ai,j(t), then ci,j(t)− πi(t) + πj(t + λi,j) ≥ 0;

(RCOC3) if yi(t) > 0 on (u, v), then πi is monotonic decreasing on (u, v);

(RCOC4) if yi(t) < bi(t) on (u, v), then πi is monotonic increasing on (u, v).

Proof. First suppose that x is optimal. Then by Lemma 6.3, there are no negative aug-

menting cycles with respect to x, and hence by Theorem 6.6, there are piecewise analytic

functions τi for each node i satisfying conditions (SPOC1)-(SPOC4). The result now fol-

lows by setting π = −τ . To prove the other direction, it is easy to see that conditions

(RCOC1) and (RCOC2) are equivalent to conditions (CSOC2) and (CSOC2), respectively.

Morover by an application of Lemma 6.1, we can easily show that conditions (RCOC3)

and (RCOC4) are equivalent to conditions (CSOC3) and (CSOC4), respectively. Then x

is optimal for CDMCF by Lemma 6.5 and this completes the proof of the theorem.
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We call the conditions (RCOC1)-(RCOC4) the reduced cost optimality conditions.

Theorem 6.8 (Negative Cycle Optimality Condition). A piecewise analytic feasible solu-

tion x is optimal for CDMCF if and only if the network G contains no negative augmenting

cycle under x.

Proof. Having Lemma 6.3, it is suffice to show that x is optimal for CDMCF if there

are no negative augmenting cycles under x. Then we can show that there are piecewise

analytic functions πi, i ∈ N in a similar way as the proof of Theorem 6.7 such that satisfy

optimality conditions (CSOC1)-(CSOC4). This establishes the desired result.

Theorem 6.9 (Strong Duality). If F is nonempty, then strong duality holds between

CDMCF and CDMCF∗. Moreover, CDMCF∗ has a piecewise analytic optimal solution.

Proof. It follows from Theorem 6.2 that CDMCF has a piecewise analytic optimal solu-

tion, say x, due to the hypothesis that F is nonempty and the fact that Assumptions 7 and

8 hold. Therefore by Theorem 6.7, there exists a piecewise analytic π satisfying conditions

(CSOC1)-(CSOC4). These conditions are equivalent to conditions (RCOC1)-(RCOC4).

The result now follows by Lemma 6.5.

6.4 Negative Cycle-canceling Algorithm

The results that we have obtained so far can be used to develop algorithms for solving
CDMCF in a similar way as in static network flows. For example, Theorem 6.8 lays the
ground for an algorithmic approach which we call the Negative Cycle-Canceling

Algorithm. Here we discuss the essential steps of a generic version of this algorithm.
Further details are beyond the scope of this thesis and are left for further .

Like the negative cycle-canceling algorithm for the static min-cost flow problem, the algo-
rithm maintains a feasible solution at each iteration and successively improves the solution
towards optimality. More specifically, the algorithm first establishes a feasible solution x.
It then proceeds by identifying negative augmenting cycles under x and sending flow rate
in these cycles, while preserving feasibility. The algorithm terminates when the network
contains no negative cycle with respect to x. Theorem 6.8 implies that when the algorithm
terminates it has found an optimal solution. Alg. 6 specifies the generic version of this
procedure.

In what follows, we investigate in more detail how we can implement the Negative

Cycle-Canceling Algorithm and discuss further research directions.

6.4.1 Obtaining an Initial Feasible Solution

The problem of finding an initial feasible solution for CDMCF is not a difficult task. In
fact, for the case that b is piecewise linear, and a and r are piecewise constant, we can
construct a feasible flow by a static min-cost flow computation in a so-called time-expanded
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Algorithm 6: Negative Cycle-Canceling Algorithm

establish an initial solution x

while G contains a negative augmenting cycle under x do

identify a negative augmenting cycle W under x

augment maximum flow rate along W

update x

end while

network (see Section 3.2 for more details). However, for the more general setting where
the input functions are piecewise analytic, but not piecewise constant/linear, we could
construct an initial solution, which is also an extreme point of the feasible region F , in a
similar manner as in static network flows. Specifically, this can be done by introducing an
artificial storage node s and artificial arcs of zero transit time and infinite capacity and
cost joining node i to s. We note that no such arc would appear in an optimal solution
unless the problem contains no feasible solution without artificial arcs.

6.4.2 Identifying a Negative-Cycle

The most important task in the Negative Cycle-Canceling Algorithm is how to
check whether or not there exists a negative augmenting cycle with respect to a given
solution. Moreover, if such a cycle exists, then how to detect it. In the context of static
network flows, the problem of detecting negative cycles also plays an important role in
negative cycle-canceling algorithms for solving the min-cost flow problem. Hence several
algorithms have been developed for detecting the presence of a negative cycle if one exists
(see [CG99]). Most of them combine a shortest path algorithm and a negative cycle
detection strategy. Thus a natural approach to detect dynamic cycles with negative cost
could be developing algorithms analogous to those that are available in the static case
and would be an important topic for further investigation.

Another possible approach for detecting augmenting cycles with negative cycle is to main-
tain an extreme point solution x and a potential function π which is complementary slack
with x at each iteration. It is worth to mention that extreme points of the feasible region
for the static mini-cost flow problem correspond to the flows which do not admit aug-
menting cycles. A similar characterization of the extreme points for CDMCF has been
derived by Anderson [And89] (see also Section 4.2). We now consider a feasible solution
x for CDMCF which is an extreme point of the feasible region5. The problem here is how
to compute a potential function π which is complementary slack with x. It can be done in
a similar manner as described in Anderson and Philpott [AP89] (see Section 3 in [AP89]
for details) by having complementary slackness optimality conditions (CSOC1)-(CSOC4)
and the fact that x is an extreme point solution. Then we check whether complementary
slackness (or reduced costs) optimality conditions hold or not. If optimality conditions
hold for the pair x and π, then Lemma 6.5 (or Theorem 6.7) implies that x is optimal

5We note that any feasible flow can be converted into an extreme point solution without increasing

the objective function value using the purification algorithm described in Chapter 4
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for CDMCF and π is optimal CDMCF∗. Otherwise, there is a negative augmenting cy-
cle with respect to x, and the pair x and π enable us to identify a negative augmenting
cycle. We should mention that due to degeneracy, this version of the algorithm cannot
necessarily send a positive flow rate along this cycle. The problem that how to overcome
degeneracy and develop a network simplex version of the Negative Cycle-Canceling

Algorithm is very interesting and certainly deserves further study.

6.4.3 Augmenting Flow Around a Cycle

Here we discuss how to augment flow rate around a negative dynamic cycle so that the
largest decrease in the objective function value is obtained.

Suppose that W : (i1, t1), (i2, t2), . . . , (iq, tq) is a negative augmenting cycle with respect
to a given feasible solution x. We first consider the simple case that W is an arc-cycle,
i.e., ik−1 6= ik for k = 2, . . . , q. Such a cycle can be written as

W (t1) : (i1, τ1(t1)), (i2, τ2(t2)), . . . , (iq, τq(t1)),

where τ1(t1) = t1 and τk(t1) = τk−1(t1) + λik−1,ik , if (ik−1, ik) ∈ A, and τk(t1) = τk−1(t1)−
λik,ik−1

, otherwise, for k = 2, . . . , q. We shall refer to t1 as the stating time and to τk(t1)
as the arrival time at node ik on the arc-cycle W (t1).

We assume without loss of generality that x is piecewise analytic due to Theorem 6.2.
Hence there is some interval, say (u, v), containing t1 so that W (α) is an augmenting cycle
for each α ∈ (u, v). Since the cost functions ci,j are assumed to be piecewise analytic,
interval (u, v) can be chosen in such a way Cost[W (α)] ≤ 0, for each α ∈ (u, v). Now we
wish to increase the flow rate on the arcs involved in W (α) during [u, v]. More precisely,
we wish to construct a new flow x̄ = x+z with corresponding storage ȳ, where z is defined
by

zi,j(t) =























δ(α), if i = ik−1, j = ik, t = τik−1
(α)

for some α ∈ [u, v], k = 2, . . . , q,
−δ(α), if j = iik−1

, i = ik, t = τik(α)
for some α ∈ [u, v], k = 2, . . . , q,

0, otherwise.

(6.14)

Since Cost[W (α)] ≤ 0, for each α ∈ (u, v), we must make δ(α) as large as possible so as
to obtain the largest decrease in the objective function value. The function δ on [u, v] will
be chosen in such a way that the following conditions hold:

(i) x̄ remains feasible for CDMCF;

(ii) for all α ∈ (u, v), W (α) is not an augmenting arc-cycle with respect to x̄;

For each k = 2, . . . , q and α ∈ (u, v), we define

δh
ik−1,ik

(τk−1(α)) :=

{

aik−1,ik(τk−1(α))− xik−1,ik(τk−1(α)), if (ik−1, ik) ∈ A,
xik,ik−1

(τk(α)), otherwise,
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The term δh
ik−1,ik

(τk−1(α)) represents the maximum additional flow rate that can be sent
from node ik−1 to node ik, at time τk−1(α) by using either arc (ik−1, ik) or (ik, ik−1),
depending on which one is in A.

Now we define

δh(α) := min{δh
ik−1,ik

(τk−1(α)) : k = 2, . . . , q}.

It is clear that we have

0 <δh(α), ∀α ∈ (u, v).

The function δh(α) gives the highest flow rate which can be augmented along W (α)
without violating the transit capacity constraints (6.2). In other words, we will have

0 ≤ x̄(t) ≤ a(t), ∀t ∈ [0, T ],

if

0 ≤ δ(α) ≤ δh(α), ∀α ∈ [u, v]. (6.15)

Moreover, if δ(α) = δh(α), then W (α) will not be an augmenting cycle with respect to
the new solution x̄.

It is clear that augmenting flow along an arc-cycle does not effect the storage at nodes.
Thus, augmenting flow by rate δ(α) ∈ [0, δh(α)] during [u, v] yields a feasible flow. This
feasible flow will be x̄ = x + z with z given by (6.14). Thus, condition (i) is satisfied.
Moreover, if δ(α) = δh(α), then W (α) will not be an augmenting cycle under x̄ and as a
consequence condition (ii) will be satisfied. Furthermore, since Cost[W (α)] ≤ 0 for every
α ∈ (u, v), setting δ(α) = δh(α) produce a feasible flow with improved objective function
value.

Now we consider the case that the cycle W : (i1, t1), (i2, t2), . . . , (iq, tq) is not an arc-cycle,
i.e., for some k, we have ik = ik+1. This case requires a complicated argument and further
investigation. The main reason for this is that it effects the storage at node ik for which
ik = ik+1 during the time interval [min{tk, tk+1},max{tk, tk+1}].

We conclude the chapter by noting that the termination of the Negative Cycle-
Canceling Algorithm after a finite number of iteration is still an open problem and
deserves attention. Hence it is of great interest to investigate the convergence properties
of the algorithm, even for the special case that r and a are piecewise constant and c and
b are piecewise linear.



Chapter 7

Conclusion and Future Work

7.1 Summary of the Thesis

In this thesis we studied a generalization of the dynamic minimum cost flow problem, to
include time-varying features arising in many practical situations. In general, this problem
can be stated in two ways depending on whether we model time in discrete time steps or
as a continuous measure.

We began our discussion by considering the dynamic minimum cost flow problem in a
discrete-time setting, that is, the DDMCF problem (1.4). Typically discrete-time models
as well as DDMCF can be solved by applying traditional algorithms in a related, expo-
nentially large time-expanded network. However, we presented a discrete-time version of
the successive shortest path algorithm for DDMCF.

When time is modeled as a continuous measure, a dynamic minimum cost flow problem
becomes an continuous linear program with arc time-delays and appears to be very difficult
to solve in general situations. This problem is called CDMCF formulated as model (1.5).
For the case that the input data are piecewise constant/linear we developed two algorithms
for CDMCF based on a sequence of discrete approximations to the problem. We also
presented computational results to illustrate the performance of the proposed algorithms.

There are disadvantages to the use of a discretization of time for solving continuous
linear programs as well as CDMCF. The natural approach to overcome the disadvantages
resulting from the use of discretization is to seek a simplex-like algorithm for the solution
of CDMCF. The notion of extreme points plays a significant role in developing such an
algorithm. It was our motivation to study purification for CDMCF. We presented a
purification algorithm for CDMCF with piecewise analytic data and demonstrated by a
numerical example that the use of purification may efficiently improve the performance
of discretization-based algorithms.

The continuous-time dynamic shortest path problem is another important problem in the
framework of dynamic network flows. This problem is a generalization of the shortest
path problem for a network in which arc costs can vary with time, each arc has a tran-
sit time, and parking with a corresponding time-varying cost is permitted at the nodes.
This problem is formulated as a linear program (LP) in infinite-dimensional space of mea-
sures. We considered a general class of continuous-time dynamic shortest path problems

113
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for which the problem data (e.g., arc costs, transit times and parking costs) can take
negative values. We characterized extreme-point solutions of LP formulation and derived
a correspondence between extreme-point solutions and dynamic paths. Furthermore, we
considered a dual problem and established a strong duality result in the case where costs
are piecewise analytic.

Finally, we considered again dynamic minimum cost flow problems with include piecewise
analytic data and developed continuous time analogues to those concepts which are the
cornerstones of static network flows. In particular, we presented necessary and sufficient
optimality conditions analogous to that found in static network flows and established a
strong duality result.

7.2 Further Research Directions

We close this thesis with some comments about more realistic and further promising
directions of research.

Aggregate Arc Capacities. In most dynamic flow models known from the literature,
as well as in models (1.4) and (1.5), the capacity of an arc is an upper bound on the flow
rate, i.e, on the amount of flow that can enter the arc during each unit of time. Recently,
Melkonian [Mel07] introduces a new version of dynamic networks, the so-called dynamic
networks with aggregate arc capacities, by using a different interpretation of arc capacities:
the capacity of an arc is an upper bound on the amount of flow in the arc at any point
of time. Melkonian shows that the maximum dynamic flow problem with aggregate arc
capacities is NP-complete and static network flow techniques cannot be extended to this
problem. However, the application of aggregated arc capacities to dynamic minimum cost
flows is a matter of further research.

Uncertainty of Network Attributes. In models (1.4) and (1.5), although all at-
tributes of the network vary with time, but they must be well defined and precise in
advance, which is often impossible in practice. Thus an interesting problem is to study
the “stochastic” version of the problem, that is, the future values of the attributes are
unknown at present, and only historical data are known.

Load-dependent Transit Times. From the definition of models (1.4) and (1.5), the
transit time of an arc only depends on the time a flow enters the arc, no matter what
its congestion. In many real-world applications, such as road traffic control, production
systems, and communication networks, a difficult but crucial feature is that the amount of
time needed to traverse an arc of the network increases as the arc becomes more congested.
Köhler and Skutella [KS05] investigate the model of dynamic flows with load-dependent
transit times. The load of an arc is the total amount of flow on the arc. Another interesting
variation of our dynamic network flows problems is when transit times are not necessarily
time-varying but may depend on the amount of flow currently sent on the arcs.

Network Simplex Algorithm for CDMCF. It is obviously of great interest to de-
velop a network simplex algorithm for the CDMCF (1.5) with piecewise analytic problem
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Algorithm 7: Network Simplex Algorithm

establish an initial extreme point solution x

compute NTP potentials π with respect to x

while x(t) and π(t) violate optimality conditions do

perform a pivot step to move from x to another extreme point solution x̂ with improved (or at

least the same) objective value

update π with respect to x̂

end while

data. The results that we have obtained in Chapter 6 can be used to design such an
algorithm. In the following, an outline account of the way that a network simplex method
could be developed for CDMCF is given.

As with simplex method in linear programming, the algorithm maintains an extreme
point solution x and a set of NTP potentials π at every iteration. It proceeds by moving
between extreme point solutions and successively improving the objective function value
until an optimal extreme point solution is found. A generic version of this algorithm which
specifies the essential steps is given in Alg. 7.

An initial extreme-point solution can be found by a similar argument as described in
Section 6.4. Moreover, we can compute a set of NTP potentials π with respect to x
by a similar procedure given in [AP89]. We also require a pivoting algorithm which
constructs an improved extreme-point solution for CDMCF, from some starting extreme-
point (non-optimal) solution. This problem is still open and is an interesting topic for
further work. However, we might hope to develop a pivoting algorithm in a similar way
as the purification procedure developed in Chapter 4.
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[PS98] S. Pallottino and M. G. Scutellà. Shortest path algorithms in transportation models: Classical

and innovative aspects. In P. Marcotte and S. Nguyen, editors, Equilibrium and advanced

transportation modelling, pages 245–281. Kluwer, Norwell, MA, 1998. 78

[Pul93] M. C. Pullan. An algorithm for a class of continuous linear programs. SIAM Journal on

Control and Optimization, 31:1558–1577, 1993. 3, 13, 14, 15, 35, 36, 40, 47, 48, 49, 51, 64, 97,

98, 101

[Pul95] M. C. Pullan. Forms of optimal solutions for separated continuous linear programs. SIAM

Journal on Control and Optimization, 33:1952–1977, 1995. 13, 71, 72

[Pul96] M. C. Pullan. A duality theory for separated continuous linear programs. SIAM Journal on

Control and Optimization, 34:931–965, 1996. 13, 65, 99, 105

[Pul97a] M. C. Pullan. Existence and duality theory for separated continuous linear programs. Math-

ematical Modeling of Systems, 3:219–245, 1997. 13, 100

[Pul97b] M. C. Pullan. A study of general dynamic network programs with arc time-delays. SIAM

Journal on Optimization, 7:889–912, 1997. 13, 14, 15, 35, 67, 73, 99, 106

[Pul00] M. C. Pullan. Convergence of a general class of algorithms for separated continuous linear

programs. SIAM Journal on Optimization, 10:722–731, 2000. 13, 53

[Pul02] M. C. Pullan. An extended algorithm for separated continuous linear programs. Mathematical

Programming, 93:415–451, 2002. 13, 64, 98

[Rud87] W. Rudin. Real Analysis. McGraw-Hill, New York, 1987. 84, 90

[Seg74] R. G. Segers. A generalised function setting for dynamic optimal control problems. In R. W.

Cottle and J. Krarup, editors, Optimization Methods for Resource Allocation, pages 279–296.

Crane Russak and Co. Inc., New York, 1974. 98

[Sku09] M. Skutella. An introduction to network flows over time. In W. Cook, L. Lovász, and

J. Vygen, editors, Research Trends in Combinatorial Optimization, pages 451–482. Springer,

Berlin, 2009. 2

[Wei08] G. Weiss. A simplex based algorithm to solve separated continuous linear programs. Mathe-

matical Programming, 115:151–198, 2008. 14, 99

[Wil71] W. L. Wilkinson. An algorithm for universal maximal dynamic flows in a network. Operations

Research, 19:1602–1612, 1971. 11



Index

ǫ-neighborhood, 93

admissible NTP, 80
arc-connected, 67
arc-linked, 20, 66, 89
arc-path, 94
arrival time, 66

breakpoints of a partition, 36
breakpoints of a piecewise constant/linear

function, 37

capacity, 6
capacity constraints, 6
complementary slackness optimality condi-

tions, 105
continuous linear programs (CLP), 13
continuous part of measure, 83
continuous-time augmenting cycle, 89
continuous-time dynamic arc-cycle, 66
continuous-time dynamic arc-path, 66
continuous-time dynamic augmenting cycle,

67
continuous-time dynamic augmenting path,

67
continuous-time dynamic bi-augmenting cy-

cle, 67
continuous-time dynamic bi-augmenting path,

67
continuous-time dynamic cycle, 66, 79
continuous-time dynamic flow, 33
continuous-time dynamic minimum cost flow

problem, 97
continuous-time dynamic minimum cost flow

problem (CDMCF), 63

continuous-time dynamic minimum cost flows
(CDMCF), 8

continuous-time dynamic network flow prob-
lem, 34

continuous-time dynamic path, 66, 79
continuous-time dynamic shortest path prob-

lem, 79
continuous-time network flow problems (CNFP),

12
cost of a continuous-time dynamic cycle, 79
cost of a continuous-time dynamic path, 79
cost of a discrete-time dynamic augmenting

path, 21
cost of arc-path, 94
cost of augmenting, 107
cost of discrete-time dynamic cycle, 21

demand, 5
Descent Algorithm, 48
discrete part of measure, 83
discrete support of measure, 83
discrete-time dynamic augmenting cycle, 21
discrete-time dynamic augmenting path, 21
discrete-time dynamic cycle, 20
discrete-time dynamic minimum cost flows

(DDMCF), 7
discrete-time dynamic path, 20
distribution function, 82
dynamic flow, 2, 8, 17
dynamic minimum cost flow problem, 7
dynamic network flows, 1
dynamic networks with aggregate arc capac-

ities, 114
dynamic shortest augmenting path, 21

122



Index 123

earliest arrival flow, 11
Extended Dijkstra’s Algorithm, 22

feasible dynamic flow, 18, 34
flow, 6
flow conservation constrains, 18
flow conservation constraints, 6, 34
flow over time, 2, 17

latest departure flow, 11
Lebesgue-Stieltjes measure, 82
length of a discrete-time dynamic augment-

ing path, 21
load, 114
load-dependent transit times, 114
local shortest path, 94
lower bound, 6

maximal arc-subpath, 94
maximum dynamic flow problem, 10
maximum flow problem, 6
minimum cost flow problem, 6

Negative Cycle Optimality Condition, 109
network flows over time, 1
node-linked, 20, 66, 89
node-time pair, 7, 20, 65, 79
nonnegative discrete-time dynamic cycle, 21
norm of a partition, 36
NTP potentials, 25

partition, 36
path, 77
permanent label, 22
piecewise constant, 36
piecewise linear, 36
pseuddynamic flow, 20

quickest flow problem, 11
quickest transshipment problem, 11

reduced cost optimality conditions, 26, 109
reduced storage costs, 25
reduced transit costs, 25
residual capacity of continuous-time dynamic

path, 66
residual capacity of discrete-time dynamic

path, 21

separated continuous linear programs (SCLP),
12

separated continuous linear programs with
time-delays (SCLPTD), 14

shortest augmenting path optimality condi-
tions, 22

shortest path problem, 6, 77
sink node, 6, 77
source node, 6, 77
starting time, 66
state-constrained separated continuous lin-

ear programs (SCSCLP), 14
static network flow problem, 6
storage capacity, 33
storage capacity constraints, 18, 34
storage cost, 6, 33
storage function, 8, 17, 34
strictly decreasing, 102
strictly increasing, 102
supply, 5
supply/demand, 6, 33
support of measure, 83

temporary label, 22
time horizon, 7
time-expanded network, 7
transit capacity, 6, 33
transit capacity constraints, 18, 34
transit cost, 6, 33
transit time, 2, 6, 18, 33

universally maximal dynamic flow, 11

valid partition, 37





List of Figures

1.1 An instance of the crude oil distribution network . . . . . . . . . . . . . . . 9

2.1 Network for the example in Section 2.5. . . . . . . . . . . . . . . . . . . . . 28

3.1 Construction of new solution x̄ǫ(t) for interval [tk−1, tk]. . . . . . . . . . . . 50
3.2 Network for Examples 3.4 and 3.5. . . . . . . . . . . . . . . . . . . . . . . 57
3.3 Network for Example 3.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

125





List of Algorithms

1 Extended Dijkstra’s Algorithm (x, y, s, ts) . . . . . . . . . . . . . . . 24
2 Successive Shortest Path Algorithm . . . . . . . . . . . . . . . . . . 27
3 Descent Algorithm for CDMCF . . . . . . . . . . . . . . . . . . . . 53
4 AD Algorithm for CDMCF . . . . . . . . . . . . . . . . . . . . . . . . 55
5 ADR Algorithm for CDMCF . . . . . . . . . . . . . . . . . . . . . . . 56
6 Negative Cycle-Canceling Algorithm . . . . . . . . . . . . . . . . . 110
7 Network Simplex Algorithm . . . . . . . . . . . . . . . . . . . . . . . 115

127





List of Tables

2.1 Time-varying transit costs/times/capacities for the example in Section 2.5 29
2.2 Time-varying storage costs and capacities for the example in Section 2.5 . 29
2.3 Results of Extended Dijkstra’s Algorithm after the first iteration . . . . . . 30
2.4 Results of Extended Dijkstra’s Algorithm after the second iteration . . . . 31
2.5 Results of Extended Dijkstra’s Algorithm after the third iteration . . . . . 32

3.1 Computational results for Example 3.4 . . . . . . . . . . . . . . . . . . . . 58
3.2 Computational results for Example 3.5 . . . . . . . . . . . . . . . . . . . . 59
3.3 Computational results for Example 3.6 . . . . . . . . . . . . . . . . . . . . 60

129





Lebenslauf

Ebrahim Nasrabadi

geboren am 11. Dezember 1979 in Birjand, Iran

9/1998 bis 6/2002 B.Sc. Student in Applied Mathematics
Shahid Bahonar University of Kerman

9/2002 bis 9/2008 M.Sc. Student in Industrial Engineering
Sharif University of Technology
Betreuer: Mohammad Modarres

01/2004 bis 6/2007 PhD Student in Computer Science
Amirkabir University of Technology
Betreuer: S. Mehdi Hashemi

6/2007 bis 10/2007 Visiting Stusent
Technische Universität Dortmund
Betreuer: Martin Skutella

10/2007 bis 2/2009 PhD Student in Mathematics
Technische Universität Berlin
Betreuer: Martin Skutella





Erklärung
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