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Zusammenfassung

Der Einsatz mehrerer Antennen an der Basisstation und an den Mobilstationen
(multiple-input-multiple-output (MIMO)) erhöht die spektrale Effizienz und Zuver-
lässigkeit von drahtlosen Kommunikationsverbindungen. Mehrnutzer MIMO-Kanäle,
wie z.B. der Punkt-zu-Mehrpunkt Kanal (Downlink) sind wesentlich komplizierter als
der klassische ‘Single User’ Kanal. Diese Arbeit behandelt den gemeinsamen Entwurf
von linearen Sende- und Empfangsfiltern für eine Punkt-zu-Mehrpunkt-Übertragung
in einem Mehrnutzer MIMO-System. Verschiedene Optimierungsprobleme werden
untersucht. Der Schwerpunkt liegt auf der Optimierung des minimalen mittleren
quadratischen Fehlers (minimium mean square error, MMSE) und der Datenraten.

Die Nicht-Konvexität dieser Probleme macht die Entwicklung von global kon-
vergierenden Sender- und Empfänger-Algorithmen oft schwierig. Wir schlagen daher
einen neuen dualitätsbasierten Ansatz für die Downlink-Optimierung vor. Anstatt di-
rekt zu optimieren, stellen wir äquivalente Uplink/Downlink-Kanäle auf. Es wird für
eine vorgegebe Gesamtleistung gezeigt, dass jeder MSE Punkt, der im Uplink erreich-
bar ist, auch im Downlink erreicht werden kann. Die vorgeschlagene MMSE-Dualität
ermöglicht eine Lösung des komplizierten Downlink-Problems durch Betrachtung ei-
nes äquivalenten Uplink Problems.

Weiterhin wird eine heuristische Optimierungsstrategie zur gemeinsamen Opti-
mierung von Sende- und Empfangsfiltern vorgeschlagen. Die Strategie basiert auf
der abwechselnden Optimierung von Sendeleistungen und Filtern, durch den Wech-
sel zwischen dem äquivalenten Uplink-Kanal und dem Downlink-Kanal. Die gezeigte
Dualität stellt sicher, dass die gleichen MSE Punkte in beiden Links erreicht wer-
den. Es wird gezeigt, dass dieser alternierende Ansatz nicht nur für die MMSE-
Optimierung genutzt werden kann, sondern auch für die Raten-Optimierung. Weitere
Algorithmen werden innerhalb dieser Optimierungsstrategie untersucht. Ein wesent-
licher Aspekt ist hierbei die Optimierung der Sendeleistungen. Für unterschiedliche
Optimierungsstrategien werden optimale Algorithmen zur Berechnung der Sendeleis-
tungen hergeleitet.

Neben den dualitätsbasierten Optimierungsansätzen wird ein weiterer Ansatz
entwickelt, welcher die Optimierung direkt im Downlink durchführt. Dieser Ansatz
nutzt, dass die Optimierung der Sender für bestimmte MMSE-basierte Aufgabenstel-
lungen konvex ist. Es wird gezeigt, dass diese sendeseitigen Optimierungsprobleme
als ‘Second Order Cone Programs’ (SOCPs) formuliert werden können. Der optimale
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lineare Empfänger ist das lineare MMSE-Filter. Wir beweisen, dass die Algorith-
men aus diesem Ansatz monoton konvergieren. Anwendungsbeispiele werden unter-
sucht für Multicasting-Szenarien und für die Kooperation von Basisstationen in einem
Netzwerk mit MIMO-Verbindungen. Dieser Optimierungsansatz ist jedoch sehr allge-
mein und nicht beschränkt auf die gezeigten Anwendungsbeispiele. Beliebige konvexe
Nebenbedingungen können hinzugenommen werden, z.B. unterschiedliche Leistungs-
beschränkungen, eine Summenleistungsbeschränkung oder Leistungsbeschränkungen
pro Antenne (bzw. Antennengruppe).
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Abstract

The use of multiple antennas at both base stations and mobile stations (multiple-
input-multiple-output (MIMO)) increases the spectral efficiency and reliability in
wireless communications. Multiuser MIMO communication, especially the point-to-
multipoint downlink transmission is substantially more complicated compared with
a single-user communication environment. The focus of this thesis is the joint design
of linear transmitters and receivers (transceivers) for point-to-multipoint transmis-
sion in multiuser MIMO systems. Various optimization problems with respect to
minimum mean square error (MMSE) and rate will be investigated.

The non-convexity of these problems makes the derivation of globally optimal
algorithms very difficult. We propose a new duality-based approach for downlink op-
timization under a total power constraint. Instead of optimizing directly, we set up
equivalent uplink/downlink channels and show that under a total power constraint,
any MSE point which is achievable in the uplink can be achieved in the downlink as
well. As a direct consequence of this MSE duality, the complicated downlink opti-
mization can be carried out efficiently by focusing on the equivalent uplink problem.

Additionally, a heuristic alternating optimization strategy is proposed. Since the
MSE duality ensures that the same MSEs can be achieved in both links, it is possible
to optimize the powers and filters in an alternating manner by switching between
the equivalent uplink channel and the downlink channel. This alternating approach
is not only applicable to MMSE optimization, but also to rate optimization. To
derive an algorithm from this framework, the essential issue is to specify the uplink
power allocation according to the concrete optimization problem. New optimal power
allocation strategies are derived for the problems considered here.

Besides these duality-based approaches, we propose another framework, which
performs optimization in the downlink directly. This framework exploits the convex-
ity of certain MMSE-type transmitter optimization problems. We show that these
problems can be reformulated as second order cone programs (SOCPs). The optimal
linear receiver is known as the linear MMSE filter. We prove that the algorithms
derived from this framework converge monotonically. Application examples are stud-
ied for the scenarios of multicasting and base station cooperation in network MIMO
systems. However, the proposed optimization framework is very general and not
restricted to the application examples. Any convex constraints can be included with-
out changing the mathematical structure, e.g., different power constraints, such as a
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total power constraint or per-antenna(-group) power constraints, etc.
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1 Introduction

1.1 Motivation

Multiple-input-multiple-output (MIMO) communication techniques are important
for next-generation wireless systems because of their potential for high capacity,
robustness, and interference suppression. While point-to-point MIMO is relatively
well understood, there are many open problems for the multiuser case. As a result,
the study of multiuser MIMO systems has emerged recently as an important research
topic.

In a multiuser MIMO system, there are two communication scenarios to consider:
the uplink, where multiple users transmit signals to the same base station, and the
downlink, where the base station attempts to transmit signals to multiple users. It
is usually assumed that there is no coordination among the users. A result of the
lack of coordination among users is that the optimization of the uplink and downlink
channel differs from each other. In the uplink scenario, the challenge for the base
station is to separate the signals transmitted by the users, using multiuser receive
strategies like multiuser detection, or other methods. In the downlink channel, the
base station is simultaneously transmitting to multiple users over the same channel.
In this case, the users interfere with each other. With the aid of multiuser detection,
it might be possible for a given user to overcome the multiple access interference, but
such techniques are often too costly for the receivers. The quest for better perfor-
mance with lower cost and complexity led researchers to optimize the transmitter,
or even jointly optimize the transmitter and receivers, provided that channel state
information is available at the transmitter side.

Non-linear ‘Dirty Paper Coding’ (DPC) techniques achieve the capacity of the
multiuser MIMO channel. However it is very difficult to implement it in practical
systems. A simpler way of dealing with the interference is to use linear processing
techniques. One commonly used approach is to impose a constraint that all interfer-
ence terms are zero. Such a zero-forcing approach is a good solution for low-noise or
high-power situations. An ill-conditioned channel matrix, when inverted, will require
a large normalization factor, which will dramatically reduce the SNR at the receivers.
Allowing a limited amount of interference at each receiver facilitates a larger set of
potential solutions, which can provide higher capacity for a given transmit power
level, or a lower transmit power for a given rate point.
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1 Introduction

The linear minimum mean squared error (MMSE) filters exhibit such kind of
behavior. The MMSE receivers depend on the transmit powers and transmit filters.
It takes the interference resulting from transmit strategies into account. Changing
the powers and filters associated with one user can influence the interference to
other users. We have a coupled system, where the user’s performance depends on
all users’ transmit strategies and transmit powers. This necessitates a transceiver
solution where the beamforming vectors and powers are jointly optimized. This is
particularly challenging because there are numerous different optimization criteria
that may be of interest to a system operator. Each of them has a different solution.

In this thesis, we will focus on the joint design of linear MMSE-type transmitter
and receivers for multiuser MIMO downlink transmission. The MMSE is the perfor-
mance measure of interest, and also rate will be considered. Various design goals will
be investigated and efficient algorithms for these goals are developed. It will be seen
that the results are not restricted to linear processing. They can be extended to the
non-linear case as well, where uplink successive interference cancellation (SIC) and
downlink ‘Dirty Paper Coding’ (DPC) are applied.

In the rest of this chapter, the main results of the thesis are outlined.

1.2 Outline of the Thesis

Chapter 2 presents a new MSE duality.
First, we extend the SINR (signal-to-interference-plus-noise-ratio) duality in a

multiple-input-single-output (MISO) channel [1, 2] to a multiuser MIMO channel. It
is interesting to see that the duality also holds in terms of mean square error (MSE).
Then, the analysis of the achievable MSE region is given. Finally, based on the
duality results, two optimization frameworks are presented.

The optimization frameworks are general. The MSE duality provides a generic
way for downlink MSE optimization, and can also be applied to various kinds of other
optimization goals, e.g., sum-rate or user-rate optimization. The MSE duality also
provides a better general understanding of the duality phenomenon, which was also
observed in other areas, like the information-theoretical duality between broadcast
and multiple-access channels [3–5], SIR (signal-to-interference-ratio) duality [6], or
SINR duality [1, 2].

Chapter 3 deals with the MSE-based transceiver designs by utilizing the opti-
mization frameworks presented in Chapter 2.

MMSE estimation plays an important role in approaching the information-theoretic
limits of linear Gaussian channels [7]. Recently, it was shown in [8] that the deriva-
tive of the mutual information with respect to the signal-to-noise ratio (SNR) is
equal to half the MMSE, regardless of the input statistics. Moreover, it has been
shown in [9, 10] that the interference resulting from MMSE equalization can be con-
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1 Introduction

sidered as Gaussian distributed with zero mean for large numbers of transmit and
receiver antennas. This shows that MMSE is closely connected with other important
performance measures, such as bit error rate (BER), capacity, etc.

In this chapter, we study various optimization problems with respect to sum MSE,
user MSE and layer MSE, e.g., the problem of minimizing the downlink sum-MSE,
the problem of minimizing the maximum weighted layer-wise or user-wise MSE, and
the problem of minimizing the total transmit power subject to a set of layer-wise or
user-wise MSE requirements, etc.

One way to deal with the problems of total-power-constrained sum-MSE mini-
mization and sum-MSE-constrained power minimization, is to focus on the equivalent
uplink problems. Without a rank constraint on the transmit covariance matrix, the
variations of the equivalent uplink problems can be reformulated as convex semidefi-
nite programs. Thus, global optima can be found efficiently. Then, according to the
MSE duality, the uplink optimal solutions are transformed to the downlink. Another
way is based on the alternating optimization framework. The powers, receivers and
transmitters are optimized in an alternating manner. Specifically, the optimal power
is obtained by solving a convex problem, optimal receivers are known as the linear
MMSE receivers, and the transmitter is derived from a ‘virtual’ uplink channel. This
iteration is proved to be convergent.

For the optimization problems with respect to layer MSE or user MSE, gener-
ally, neither the original nor the equivalent uplink problems, can be transformed into
convex forms. Thus, it is difficult to find the global optimum. We derive globally
optimal power allocations for these problems. Based on the power allocation strate-
gies, we study how this can be used for joint transceiver optimization. We propose
computationally efficient algorithms which perform well with respect to the design
criteria. The proposed algorithms have low complexity and are observed to converge
very fast during the first few iterations.

The assumption of a total power constraint is typical for a downlink channel, so
our discussion will focus on this case. But besides the power constraint, all results
hold equivalently for uplink and downlink channels. The extension to the optimiza-
tion with uplink SIC and downlink DPC is also discussed.

Chapter 4 focuses on linear transceiver design for rate optimization in multiuser
Gaussian MIMO channels.

The capacity region of multiuser MIMO Gaussian broadcast channels has been
characterized in [2, 5, 11, 12]. However, the search for efficient practical schemes to
achieve the limit is still ongoing. Existing schemes are usually under the assumption
of DPC. Examples are schemes for sum-capacity optimization [13–15] and individual
rate optimization [16–18]. However, it is difficult to implement DPC techniques in
practice, and there are still open issues, like finding the optimal precoding order
[16, 18]. Thus, much research has been spent on linear equalization schemes (see e.g.
[19–24]), which offer a good performance at less implementation complexity. But
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1 Introduction

finding an optimum linear scheme is still an open problem.
We pay special attention to the following two design criteria:

• maximize the weighted sum rate subject to a total power constraint;

• maximize the minimum user rate subject to a total power constraint.

For these problems, new power allocation strategies are derived, which can be for-
mulated as geometric programs (GPs) involving MSEs. Based on these solutions, we
propose iterative algorithms, where each iteration contains the optimization of the
uplink power, uplink receive filters and downlink receive filters. Monotonic conver-
gence of the algorithms is proved. Simulations show that the algorithms outperform
existing linear schemes.

The results can also be extended to other variations of the problems, such as, the
problem of sum-rate-constrained or user-rate-constrained power minimization, and
the problem of sum-rate maximization subject to user-rate constraints and a total
power constraint.

The extension to non-linear processing with uplink SIC and downlink DPC is
discussed as well. We observe from simulations that the proposed algorithm achieves
the global sum-rate optimum. This indicates that the proposed algorithm can be
considered as an alternative to the iterative waterfilling algorithm [14, 15].

Chapter 5 studies the problem of linear transceiver design for multicasting with
MIMO links.

Most studies on multicasting have been done for IP networking, assuming a wire-
line network. However, in a wireless network with MIMO links, the physical layer
greatly affects the achievable performance. If channel state information is available
at the transmitter, then the spatial radiation pattern of the transmitting antenna
array can be optimized towards certain receivers. Therefore, the physical layer is
important for multicasting and should be considered.

We consider four optimization problems for both single-group and multi-group
multicasting:

• minimize the total transmit power subject to user-MSE constraints,

• minimize the worst-case weighted MSE among all users subject to a total power
constraint,

• minimize the total transmit power subject to a sum-MSE constraint,

• minimize the sum MSE subject to a total power constraint.

In the case of single-group multicasting, we show that these problems can be
reformulated as convex semidefinite programs (SDP) under the assumption that the
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1 Introduction

rank of the transmit covariance is unconstrained. Otherwise, these problems are
non-convex for both single-group and multi-group multicasting. Additionally, for the
above optimization problems, we show that for fixed receivers, the optimal trans-
mitter can be found by reformulating the problem as a second order cone program
(SOCP). Globally optimal transmitter can be found efficiently by modern optimiza-
tion methods, as well as the existing optimization tools. In addition, the optimal
receiver is known as the linear MMSE receiver. Therefore, we can optimize the
transmitter and receivers iteratively to derive algorithms for these problems. The
convergence behavior of the algorithms is analyzed. The convergence of the cost
functions is proved for any chosen number of data streams. The subsequences of the
parameters involved in the optimization always converge to stationary points, even
to global optima for some special cases in the single-group multicasting scenario.

The results are extended to variations of the problems with other convex con-
straints, e.g., different types of power constraints, like per-group power constraints,
or per-antenna(-group) power constraints.

Chapter 6 investigates the problem of linear transceiver design for base station
cooperation with per-base-station power constraints in network MIMO systems.

Cooperative transmission with multiple base stations is a way to overcome the
interference limitation of conventional cellular system. Although base station coop-
eration is difficult and requires a high-speed backbone, the significant improvement
of capacity and coverage makes it very promising and motivates further research.

We consider a scenario where several base stations jointly transmit signals to
multiple mobile stations. Since each base station has its own power limitation, we
focus on the following design goals including per-base-station power constraints:

• minimize the total sum-MSE subject to per-base-station power constraints;

• minimize the total transmit power subject to a total sum-MSE target and per-
base-station power constraints;

• minimize the maximum weighted user-MSE subject to per-base-station power
constraints;

• minimize the total transmit power subject to a set of user-MSE targets and
per-base-station power constraints.

For these problems, we derive new iterative algorithms. We show that for given
receivers, the transmitter optimization with respect to the total sum-MSE and user-
MSE can be reformulated as SOCPs as well. The receivers can be updated as the
linear MMSE filters. The values of the cost functions are proved to be convergent.
The subsequences of the parameters involved in the optimization always converge to
stationary points for all algorithms. For the sum-MSE optimization algorithms, the
subsequences even converge to global optima for some special cases.
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1 Introduction

In addition, we extend the results to other kinds of power constraints, e.g, a total
power constraint or individual user power constraints, etc. This provides an alterna-
tive approach to deal with the problems in Chapter 3, where a total power constraint
is under consideration.

Chapter 7 contains the conclusions and open problems for future research.

1.3 Notation

The following notations are used. Boldface letters denote matrices and vectors. The
superscripts (·)T and (·)H denote the transpose and the conjugate transpose, respec-
tively. The notation diag{·} returns a diagonal matrix with the elements of a vector
on the diagonal or return a vector containing the diagonal elements of a matrix,
and blkdiag{·} returns a block diagonal matrix with matrices on its diagonal. Tr(·)
denotes the trace, and Tril(·) denotes the lower triangular part of a matrix with di-
agonal elements. I is the identity matrix and 1 is the all one vector. The operator
vec(·) stacks the elements of a matrix in one column vector. A � 0 denotes that
matrix A is positive semidefinite. ‖ · ‖1 and ‖ · ‖2 are the `1-norm and `2-norm,
respectively. The notation inf stands for infimum and sup for supremum.

6



2 Uplink/Downlink Duality

In multiuser MIMO systems, both base station and mobile terminals are equipped
with multiple antennas. Unlike single user MIMO systems, the transmission over
the link from the mobiles to the base station (uplink or multiple access channel) and
over the reversed link - from the base station to the mobiles (downlink or broadcast
channel) are of much difference. In the uplink, the base station can perform joint
reception of all receive signals to obtain the maximum diversity or multiplexing gain.
However, joint transmission in the downlink leads to a more complicated mathe-
matical structure than in the uplink, since the signal transmitted to all mobiles are
coupled by the transmit filters and powers.

In recent years, it has been discovered that there exist “dual” properties between
the uplink and downlink channels. Duality between uplink and downlink channels
has proved useful for the development of optimum transceiver strategies. A duality
based on signal-to-interference ratios (SIR) was already observed in a power control
context [6]. Later it was used for beamforming optimization [25]. This was extended
and formalized in [1, 2]. Later, a connection with a Lagrangian duality was observed
in [26], and per-antenna power constraints were investigated in [27]. Independently,
an information-theoretical duality was shown for capacity regions of MIMO Gaussian
broadcast channels [3, 5, 11, 28]. Recently, a rate duality with linear filtering without
DPC/SIC was derived in [29].

Given these results, it is perhaps not surprising that duality also holds in an
MMSE context. For MMSE regions of multiuser MIMO channels, it is shown in
this thesis (see also publications [30, 31]) that the achievable MSE region of MIMO
downlink is exactly equal to that of the dual MIMO uplink, with the same sum power
constraint as the MIMO downlink. The MSE duality also provides a better general
understanding of the duality phenomenon. This was extended in [32, 33].

The most important application of MSE duality is that it provides conceptually
new approaches for downlink transceiver optimization. Instead of investigating the
downlink structure, the problem can be solved indirectly via a duality between uplink
and downlink channels. One example is the problem of downlink transceiver sum-
MSE optimization, which has been studied for a decade. Based on the MSE duality,
the optimum downlink solution is derived by focusing on the equivalent virtual uplink
problem (see Chapter 3).

However, in some cases, the uplink problem itself is even not easier to handle than
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2 Uplink/Downlink Duality

the downlink problem, e.g., the min-max MSE balancing problem, the situation is not
better for the uplink channel, since downlink MSEs are coupled by the choice of the
transmit filter and the uplink MSEs as well. By exploiting the MSE duality result, we
propose an alternating optimization framework for MMSE transceiver design, which
is suitable for such kind of problems. The basic idea is as follows: if we want to
optimize a downlink channel, then the equivalent uplink channel only serves for the
purpose of optimization, and vice versa; additionally, the MSE duality ensures that
the same MSEs can be achieved in both links. This makes it possible to optimize
the powers and filters in an alternating manner by switching between the equivalent
uplink channel and the downlink channel. In most cases, this alternating approach
has lower complexity than joint transceiver optimization, since one of the variables
is optimized while keeping others fixed.

Examples of transceiver design utilizing these strategies will be shown later in
Chapter 3 and Chapter 4. Note that our optimization frameworks are general and
not restricted to the application examples and can be applied to various kinds of
optimization goals. The significance of this duality-based framework is even more
far-reaching. In fact, we show a duality for the whole MSE feasible region, so the
analysis of any other design goal (such as min-max fairness, utility optimization, etc.)
can be based on this framework as well. The results will be of further importance for
the combination of transceiver optimization with resource allocation strategies, such
as medium access control and scheduling.

2.1 System Model

We consider a multiuser MIMO downlink model (depicted in Fig. 2.1) with NT trans-
mit antennas at the base station and K decentralized receivers, each with NRk

anten-
nas. The overall channel matrix is H = [H1, ...,HK ], where Hk ∈ CNT×NRk models
the channel between the kth user and the base station. Each user can multiplex
Mk data streams (each data stream is also referred to as a layer), i.e., dk ∈ CMk×1

is the data vector to be transmitted to the kth mobile. We denote the data sym-
bol of the ith stream (layer) as di and the total number of the transmit (active)
data streams (layers) as Nd =

∑K
k=1Mk. Without loss of generality, we assume

that the transmit data symbols are independent and with unity average powers, i.e.,

nK

n1

T
H
K

d = [dT
1 , . . . , dT

K ]T

d̂1

HH
d̂K

T
H
1

U

Figure 2.1: Downlink System Model

8



2 Uplink/Downlink Duality

d = [dT1 , ...,d
T
K ]T = [d1, ..., dNd

]T with E{ddH} = I.
Zero-mean white Gaussian noise n = [nT1 , ...,n

T
K ]T ∼ CN (0, σ2

nI) is assumed. The
data and the noise are statistically independent. The transmit filter U ∈ CNT×Nd is
used to map the data vector d onto the NT transmit antennas. We assume that the
total transmit power is limited, i.e., E{Tr{UddHUH}} = Tr{U U

H} ≤ Pmax.
At each mobile, the signal is received by a filter (T k)

H ∈ CMk×NRk . Collecting
all the receive filters in one block diagonal matrix T = blkdiag{T 1, ...,TK}, we have
the total estimated data vector for all users

d̂ = [d̂
T

1 , ..., d̂
T

K ]T = T
H

(HHUd+ n).

In the following, an equivalent uplink-downlink channel pair will be set up to
show the MSE duality. To this end, the filters are separated into two parts: a matrix
with unity-norm columns and a scaling matrix. Based on this model, it will be shown
by only switching the role of the normalized filters in the uplink and downlink, that
the uplink and downlink share the same achievable MSE region.

We reformulate the downlink model introduced in Section 2.1 in the way as de-
picted in Fig. 2.2. The transmit filter is U = UQ1/2 where U = [U 1, ...,UK ] =
[u1, . . . ,uNd

] with U k ∈ CNT×Mk and normalized columns ‖ui‖2 = 1, and Q =
blkdiag{Q1, ...,QK} with diag{Qk} ∈ RMk×1

+ contains the transmission powers. We
define q = [q1, ..., qNd

]T = diag{Q} and assume qi > 0, ∀i. Comparison of Fig. 2.1
and Fig. 2.2 gives TH

k = Q
−1/2
k βkT

H
k , where T k ∈ CNRk

×Mk has normalized
columns and βk is a diagonal matrix with diag{βk} ∈ RMk×1

+ . Defining T =
blkdiag{T 1, ...,TK} = [t1, ..., tNd

], where ‖ti‖2 = 1, and β = blkdiag{β1, ...,βK} =
diag{[β1, ..., βNd

]}, we have the individual estimated symbol

d̂i = βit
H
i H

Huidi + βi/
√
qit

H
i H

H

Nd∑
j=1,j 6=i

uj
√
qjdj

+ βi/
√
qit

H
i n, ∀i ∈ {1, ..., Nd}. (2.1)

The layer-MSE (MSE between the estimated data symbol d̂i and the transmit

U
nK

n1

HHQ1/2

T H
1

T H
K βK

β1

Q
−1/2
K

d = [dT
1 , . . . , dT

K ]T
Q
−1/2
1

d̂1

d̂K

Figure 2.2: Downlink Channel
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2 Uplink/Downlink Duality

data symbol di) can be expressed as

εDL
i = E{|d̂i − di|2}

= β2
i /qit

H
i H

H(

Nd∑
j=1

qjuju
H
j )Hti − 2βiRe{tHi HHui}

+ σ2
nβ

2
i /qi + 1, ∀i ∈ {1, ..., Nd}. (2.2)

Now, we set up the equivalent uplink model (see Fig. 2.3), which is obtained
by switching the role of the normalized transmit and receive filters, i.e., T kP

1/2
k

is the kth transmit filter and P−1/2βUH is a multiuser receive filter, where P =
blkdiag{P 1, ...,PK} with diag{P k} ∈ RMk×1

+ is the uplink power allocation. We
assume that the quantities H , U , T and β are the same as for the downlink model.
Additionally, we assume that the uplink noise power is the same as the downlink
noise power. The effective channel (including transmit and receiver filters) is the
Hermitian transpose of the effective downlink channel. In general, different power
allocations are needed in the uplink and downlink in order to achieve the same MSE
values. We also write the powers in vector form as p = diag{P } and q = diag{Q},
and assume that both links fulfill the same sum-power constraint, i.e., ‖p‖1 = ‖q‖1.
In the end, we obtain the ith estimated symbol

d̂i = βiu
H
i Htidi + βi/

√
piu

H
i H

Nd∑
j=1,j 6=i

tj
√
pjdj

+ βi/
√
piu

H
i n, ∀i ∈ {1, ..., Nd}, (2.3)

and layer-MSE

εUL
i = β2

i /piu
H
i H(

Nd∑
j=1

pjtjt
H
j )HHui − 2βiRe{uHi Hti}

+ σ2
nβ

2
i /pi + 1, ∀i ∈ {1, ..., Nd}, (2.4)

respectively.

UH β

n

T K

T 1

P−1/2

dK

d1

P
1/2
1

P
1/2
K

d̂

H

Figure 2.3: Uplink Channel
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2 Uplink/Downlink Duality

2.2 SINR Duality

The SINR duality [1, 2], which was shown for a multiuser beamforming system with
single-antenna mobiles, extends to the individual layers of a multi-user MIMO sys-
tems in a straightforward way.

W can define an Nd ×Nd coupling matrix Ψ, with

[Ψ]ij =

{
uHi Htjt

H
j H

Hui, i 6= j
0, i = j

.

The symbol and noise averaged total filtered interference plus noise power experienced
by the ith layer in front of p−1/2

i in the uplink is given by

IUL
i = β2

i ([Ψ]i∗p+ σ2
n), ∀i ∈ {1, 2, . . . , Nd}, (2.5)

where [·]i∗ is the row vector that contains the ith row of a matrix. Similarly, the
downlink interference plus noise power is

IDL
i = β2

i ([Ψ
T ]i∗q + σ2

n), ∀i ∈ {1, 2, . . . , Nd}. (2.6)

With (2.5) and (2.6), the uplink and downlink SINRs are

SINRUL
i =

β2
i pi|gii|2

IUL
i

=
pi|gii|2

[Ψ]i∗p+ σ2
n

, ∀i, (2.7)

and

SINRDL
i =

β2
i qi|gii|2

IDL
i

=
qi|gii|2

[ΨT ]i∗q + σ2
n

, ∀i, (2.8)

where gii = uHi Hti, ∀i. Suppose that SINR values γ1, ..., γNd
can be achieved in

the uplink for fixed transmit and receive filters. Then they can be achieved with
minimum total power by the power allocation

p = σ2
n(D−1

s −Ψ)−11Nd
, (2.9)

where
Ds = diag

{[ γ1

|g11|2
, . . . ,

γNd

|gNdNd
|2
]}
.

In order to achieve the same SINR values in the downlink, we need a power allocation

q = σ2
n(D−1

s −ΨT )−11Nd
. (2.10)

For both uplink and downlink, the feasibility of targets γk, which are contained in
Ds, is determined by the spectral radius of DsΨ. Thus, a strictly positive uplink

11



2 Uplink/Downlink Duality

allocation (2.9) exists if and only if a strictly positive downlink allocation (2.10)
exists. With

‖p‖1 = 1TNd
p = σ2

n1
T
Nd

(
(D−1

s −Ψ)−1
)T

1Nd

= σ2
n1

T
Nd

(D−1
s −ΨT )−11Nd

= 1TNd
q = ‖q‖1, (2.11)

we know that the same minimal total power is required in both links to achieve certain
points in the SINR region [1, 2]. Hence, the regions of achievable layer-oriented SINR
values γ1, ..., γNd

are identical in the uplink and downlink under the same sum power
constraint.

Lemma 1. For any T , U and a total power limit Pmax, SINR values γ1, . . . , γNd

can be achieved in the uplink if and only if the same values can be achieved in the
downlink. Thus, both links have the same achievable SINR region under a sum power
constraint.

2.3 MSE Duality

With the equivalent uplink and downlink channels introduced in Section 2.1, it can
be shown that the same layer-MSE values can be achieved in both links.

Theorem 1. With the same set of T , U , β, and a total power limit Pmax, the same
MSE values ε1, . . . , εNd

can be achieved in the uplink (Fig. 2.3) if and only if the
same values can be achieved in the downlink (Fig. 2.2). Thus, both links have the
same achievable MSE region under a sum power constraint.

Proof. We define a diagonal matrix

[D]ii = β2
i u

H
i Htit

H
i H

Hui − 2βiRe{uHi Hti}+ 1,

where [·]ij denotes the element of the ith row and jth column of a matrix. The
downlink and uplink MSE (2.2) and (2.4) can be rewritten as

εDL
i = Dii + β2

i /qi[Ψ
Tq]i + σ2

nβ
2
i /qi, ∀i,

and
εUL
i = Dii + β2

i /pi[Ψp]i + σ2
nβ

2
i /pi, ∀i,

respectively. The notation [·]i denotes the ith element of a vector.
Collecting all layer-MSEs in a diagonal matrix εDL/UL = diag{[εDL/UL

1 , ..., ε
DL/UL
Nd

]},
we obtain

εDL1Nd
= Q−1[(D + β2ΨT )Q1Nd

+ σ2
nβ

21Nd
], (2.12)

12



2 Uplink/Downlink Duality

and

εUL1Nd
= P−1[(D + β2Ψ)P1Nd

+ σ2
nβ

21Nd
]. (2.13)

If λmax((ε−D)−1β2Ψ) < 1, then there exists a strictly positive power allocation

p = σ2
n(ε−D − β2Ψ)−1β21Nd

, (2.14)

such that εUL
i = εi, ∀i. This is an immediate consequence of the convergence prop-

erties of the Neumann series in which (2.14) can be decomposed. Conversely, by a
similar reasoning as in the context of SINR [34], we know that if there exists a p > 0
such that εUL

i = εi, ∀i, then λmax((ε−D)−1β2Ψ) < 1 holds.
In the same way it can be shown that downlink targets εi, ∀i, can be achieved if

and only if λmax((ε−D)−1β2ΨT ) < 1. If the targets are feasible for given T , U , β,
then they can be achieved by a strictly positive power allocation

q = σ2
n(ε−D − β2ΨT )−1β21Nd

. (2.15)

Since λmax((ε −D)−1β2Ψ) = λmax((ε −D)−1β2ΨT ), we know that this implies
that p > 0 exists, if and only if q > 0 exists.

Both allocations have the same total power which can be verified by

‖p‖1 = 1TNd
p = σ2

n1
T
Nd

(ε−D − β2Ψ)−1β21Nd

= σ2
n1

T
Nd

[β−2(ε−D)−Ψ]−11Nd

= σ2
n1

T
Nd

[β−2(ε−D)−ΨT ]−11Nd

= σ2
n1

T
Nd

(ε−D − β2ΨT )−1β21Nd

= 1TNd
q = ‖q‖1 ≤ Pmax,

i.e., the same feasible layer-MSE values can be achieved in both links with the same
total transmit power ‖p‖1 = ‖q‖1 ≤ Pmax. �

Theorem 1 shows a layer-wise MSE duality. This implies that both links also
share the same per-user MSE region. The MSE of a certain user is the sum of all its
layer-MSEs. Moreover, both links have the same total MSE. This will be exploited
later in Chapter 3 and Chapter 4 in order to derive transceiver designs.

Remark 1. If some layers have zero powers, then this means that these data streams
are switched off. The duality result still holds for the system formed by the remaining
links. That is, uplink and downlink have the same MSE region.

The MSE duality can be regarded as an extension of the SINR duality [1, 2, 6].
Any linear system with an effective channel H̃ has the same MMSE region as a dual
system associated with the transpose channel H̃

H
. Assume that the filtered received

signal ri has an SINR value SINRi. By choosing the MMSE factor βmmse
i , the MSE

13



2 Uplink/Downlink Duality

is minimized. Then we obtain the well known relation between the achieved SINR
and the achievable minimum MSE (see e.g., [35]),

SINRi =
1

MMSEi

− 1, ∀i. (2.16)

Thus, it can be concluded that the same MMSE boundary can be achieved for
the reciprocal channel H̃

H
with the same scalar MMSE receivers βmmse

i , ∀i. The
relation between SINR duality and MSE duality is depicted in Fig. 2.4.

However, relation (2.16) only holds for minimum MSE i.e., when βi, ∀i, are op-
timally chosen. Here, we show that for arbitrary βi, ∀i, the uplink/downlink SINR
and MSE are related in the following way

SINRUL/DL
i =

xi

MSE
UL/DL
i − yi

, ∀i, (2.17)

with xi = β2
i u

H
i Htit

H
i H

Hui and yi = 1 + β2
i u

H
i Htit

H
i H

Hui − 2βiRe{uHi Hti}.
Relation (2.17) generalizes the relation between the achieved SINR and MMSE (2.16).

Theorem 1, which is developed for linear processing, can be easily extended to
the case with successive interference cancellation (SIC) applied in the uplink and
‘Dirty Paper Coding’ (DPC) [3] in the downlink, under the assumption of no error
propagation and precoding loss.

Particularly, without loss of generality, we assume a precoding order Nd to 1 in the
downlink and decoding order 1 to Nd in the uplink. As a consequence of the uplink
SIC and downlink DPC, a triangular structure on the effective channel is imposed,
or equivalently, the matrix Ψ is reduced into a triangular matrix. To differentiate
from the linear processing case, we define Ψu = Triu(Ψ) (Triu(·) denotes the upper
triangular part of matrix.). With Ψu, the MSE duality for the case with SIC/DPC
[36] is a straightforward extension of the result in Theorem 1.

Corollary 1. Assume perfect successive interference cancellation is applied in the
uplink (no error propagation) and perfect interference pre-compensation in the down-
link (no shaping loss). For any T , U and β, and a total power limit Pmax, MSE

downlink SINR

downlink MSEuplink MSE

uplink SINR

duality

duality in terms of SINR

Theorem 1

Transformation
MSEmin,DL

i = 1/(1 + SINRmax,DL
i )

Transformation
MSEmin,UL

i = 1/(1 + SINRmax,UL
i )

[Schubert/Boche’02, Viswanath/Tse’02]

Figure 2.4: SINR and MSE Duality
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2 Uplink/Downlink Duality

values ε1, . . . , εNd
can be achieved in the uplink if and only if the same values can be

achieved in the downlink.

In the uplink, it is known that for fixed user filters the optimal receive strategy
is MMSE-DFE [37–39]. And V-BLAST [40] with MMSE criterion was proved to
be equivalent to MMSE-DFE [41]. Following the proposed uplink/downlink trans-
formation framework, a downlink counterpart which achieves the same MSE and
SINR values as MMSE-DFE can be easily obtained. A simple technique that realizes
such a triangular structure in a sub-optimal way is Tomlinson-Harashima Precoding
(THP) [42]. The realization of THP is straightforward, if the precoding matrix which
contains the interference to be subtracted is given. Another strategy called sphere
precoder (SP), which combines THP and constellation shaping to compensate the
precoding loss, was proposed in [43].

2.4 Uplink and Downlink Linear MMSE Receive
Filters

For convenience, we give a short review of the uplink and downlink linear MMSE
receive filters with fixed transmit filters in both links.

2.4.1 Linear Processing

In the uplink channel (Fig. 2.3), for a fixed power allocation P and transmit filter
T , it is well known that the MSE of each layer can be minimized independently by
the linear MMSE receive filter (U kβkP

−1/2
k )H , where

U kβkP
−1/2
k = (HTPTHHH + σ2

nI)−1HkT kP
1/2
k , ∀k. (2.18)

Similarly, for the downlink channel (Fig. 2.2), with fixed downlink power al-
location Q and transmit filter U , the linear MMSE receive filters are given as
(T kβkQ

−1/2
k )H , where

T kβkQ
−1/2
k = (HH

k UQU
HHk + σ2

nI)−1HH
k U kQ

1/2
k , ∀k. (2.19)

2.4.2 Non-Linear Processing

In the uplink channel with SIC, the interference caused by the previous i− 1 layers
is subtracted from the ith layer. Thus, the MMSE filter for the ith layer only needs
to suppress the interference caused by the remaining Nd− i layers, which is given by

βip
−1/2
i uHi = p

1/2
i {[H(

Nd∑
l=i

pltlt
H
l )HH + σ2

nI)]−1Hti}H , ∀i. (2.20)
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2 Uplink/Downlink Duality

Similarly, in the downlink with DPC, the first layer sees no interference and the
second layer sees interference from the first layer, and so on. Therefore, the MMSE
filter for each layer is

βiq
−1/2
i tHi = q

1/2
i {[HH

k (
i∑
l=1

qlulu
H
l )Hk + σ2

nI)]−1HH
k ui}H , ∀i. (2.21)

In the rest part of this thesis, these linear MMSE receivers given above will be
used often.

2.5 Analysis of the Feasible MSE Region

MMSE optimization depends on the choice of the power allocation. For downlink
point-to-multipoint transmission, the total available transmission power is limited.
The set of all feasible MSE points, when all users are active simultaneously, is referred
to as the feasibility region.

Unlike single-user transmission, multiuser transmission is about finding a good
tradeoff between the performances of all users. Each point in the region can be
regarded as an optimal transmission strategy, depending on the optimization goal
and possible power constraints. The optimization has to be performed over a region
of possible strategies (e.g. the minimization of the sum power while maintaining
MSE requirements). This necessity of a joint approach is a major difference to the
single-user case.

As a consequence, a better understanding of the geometry of the MSE region
is crucial, not only for a general better understanding, but also for the design of
algorithms for resource allocation and scheduling. Since all users are coupled by the
choice of the power allocation, the problem is no longer limited to the physical layer.
Additional system constraints will have to be considered. Thus, it is desirable to
know whether the region is convex or not. Convexity is a useful property, which
often leads to the development of globally convergent algorithms.

The convexity of the feasible downlink MSE region for a two-user case with a
constrained zero-forcing transmit filter was studied in [44]. In [45], it was shown that
for two single-antenna users, the MMSE region is convex, however, for more than
two users, the MMSE region is not convex in general.

Here, we show the convexity of the feasible MSE region for multiuser MIMO
systems (not restricted to two-user MIMO) with any fixed transmitters and receivers.
We show that the feasible MSE region is a convex set in both links (see also [46]). The
proof is based on the fact that the SINR at the output of the receiver is a bijective and
log-convex function of the MSE. Thus, the minimum total power needed to satisfy
arbitrary MSE requirements is a jointly log-convex function, which implies that the
corresponding feasible MSE region is a convex set.
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2 Uplink/Downlink Duality

Furthermore, we find that the maximal feasible MSE region (MMSE region) for
two-user beamforming systems with adaptive non-linear processing is convex. The
boundary points of the regions can be achieved by jointly optimizing the powers and
filters. Additionally, we show that the minimal infeasible SINR region for non-linear
processing is convex. This result differs from the result in [47], which was derived for
fixed receivers and linear processing.

2.5.1 MSE Feasibility Region and Optimal Power Allocation

Thanks to MSE duality, we now can restrict the analysis of the MSE feasibility region
to the uplink case. The same properties also hold for the downlink region.

First, we briefly introduce some properties of the MSE region, which will be
required later.

Assume that for the ith layer, the MSE is related to the SINR by a bijective
mapping φi,

MSEi = φi(SINRi), 1 ≤ i ≤ Nd . (2.22)

Let ϕi be the inverse function of φi, then the MSE requirements ζ1, ..., ζNd
translate

into the SINR requirements γi := ϕi(ζi), i = 1, ..., Nd. In order to guarantee a certain
MSE requirement for each layer, we demand that

φi(SINRi) ≤ ζi, i = 1, ..., Nd,

or equivalently,
ϕi(MSEi) ≥ γi i = 1, ..., Nd. (2.23)

Suppose there exists an uplink power allocation p such that (2.23) holds and
‖p‖1 ≤ Pmax, then the MSE requirement vector Ξ := (ζ1, ..., ζNd

) is said to be feasible.
The set of all feasible vectors Ξ is referred to as the feasibility region and is denoted
by F. It is easy to see that Ξ is feasible if and only if the minimum required total
power

Pm(Ξ) := min
p
‖p‖1, s.t. SINRi ≥ ϕi(ζi) (2.24)

fulfills Pm(Ξ) ≤ Pmax. In the following, we assume that p is an optimizer of (2.24)
and ‖p‖1 = Pm(Ξ) ≤ Pmax is fulfilled. The feasible region is given by

F = {Ξ : Pm(Ξ) ≤ Pmax}.

Furthermore, we use
F∞ = {Ξ : Pm(Ξ) < +∞}

to denote the set of MSE requirements for which Pm exists and is bounded. Clearly,
for any Pmax < +∞, we have F ⊆ F∞.
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2 Uplink/Downlink Duality

It is easy to verify that ‖p‖1 = Pm(Ξ) implies γi = SINRi, i = 1, ..., Nd. F(Ψ) is
referred to as the effective coupling matrix, which has a triangular structure if SIC
is applied. Then, the uplink SINR is given by

SINRUL
i =

β2
i pi|gii|2

IUL
i

=
pi|gii|2

[F(Ψ)]i∗p+ σ2
n

, ∀i, (2.25)

where

IUL
i = β2

i ([F(Ψ)]i∗p+ σ2
n), i = 1, ..., Nd (2.26)

is the total interference plus noise power. Thus, the uplink optimal power allocation
p is characterized by

p(Ξ) = σ2
n[D−1

s −F(Ψ)]−11Nd
.

A necessary and sufficient condition for the existence of such a power allocation p
is the spectral radius ρ(DsF(Ψ)) < 1 [48]. Then, p(Ξ) is the unique power allocation
which achieves an arbitrary point Ξ ∈ F∞.

2.5.2 Convexity of the Feasible MSE Region

In this subsection, we show that the feasible MSE region is a convex set for fixed
transmitters and receivers. In order to characterize the convexity of the feasible MSE
region, we need the following result.

Theorem 2. If the functions ϕi, ∀i, are log-convex, then the minimum total power
Pm is log-convex on F∞.

Proof. The proof is a straightforward extension of the results in [47, 49], where
identical log-convex functions were considered for all layers. The result holds as well
for individual functions ϕi. �

Theorem 3. The feasible MSE region

F = {Ξ : Pm(Ξ) ≤ Pmax},

is a convex set. This holds for both uplink and downlink, and for linear and non-linear
processing with any fixed decoding/precoding order.

Proof. We can transform the MSE requirement ζi into an SINR requirement for the
ith layer by

ϕi(ζi) =
ai

ζi − bi
,∀i .

The second derivative of logϕi(ζi) is

(log(
ai

ζi − bi
))′′ =

1

(ζi − bi)2
≥ 0.
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2 Uplink/Downlink Duality

Hence, ϕi(ζi),∀i, is a log-convex function. Following Theorem 2, the minimum total
power Pm is a log-convex function on F∞.

This implies that the feasible set F is convex, as will be shown in the following.
The convexity of the feasible set F is completely determined by the minimum total
power Pm. In particular, if Pm is a convex function on F, i.e., if

Pm(Ξ(α)) ≤ (1− α)Pm(Ξ̂) + αPm(Ξ̆)

for every α ∈ [0, 1] and Ξ̂, Ξ̆ ∈ F∞ with Ξ(α) = (1 − α)Ξ̂ + αΞ̆, then F is a convex
set. This is because if Ξ̂, Ξ̆ ∈ F ⊆ F∞, then we have

Pmax ≥ max{Pm(Ξ̂), Pm(Ξ̆)}
≥ (1− α)Pm(Ξ̂) + αPm(Ξ̆)

≥ Pm(Ξ(α)). (2.27)

We know from Theorem 2 that Pm is a log-convex function on F∞. As any positive
log-convex function is convex [50], we know that the feasible MSE region F is a convex
set in the uplink. According to Theorem 1, we can conclude that F is a convex set
in both links with linear and non-linear processing. �

Note that, for the non-linear case, the convexity holds for any fixed precod-
ing/decoding order.

2.5.3 Two-User Beamforming System

By jointly optimizing the transmit powers and filters, a larger MSE region can be
achieved. This region is the union of all regions obtained for all possible choices of
filters. Note that the union of the convex regions does not need to be convex. We
know that the MSE values on the boundary of the maximal feasible MSE region
are achieved by jointly optimizing the transmit powers and the associated MMSE
filter. In this case, the analysis of the above section is not suitable, since adaptive
MMSE filtering is employed and hence the convexity of the minimum total power
Pm is unknown. In this section, we show that for two-user beamforming systems, the
maximal feasible MSE region is convex for non-linear processing with an arbitrary
fixed sorting. To this end, we need the following result.

Theorem 4. The infeasible SINR region in both uplink and downlink for two-user
beamforming systems with adaptive non-linear processing (SIC/DPC) is a convex set.
This holds for any fixed decoding/precoding order.

Proof. We first show that the uplink minimal infeasible SINR region is convex.
Without loss of generality, we assume a decoding order 2, 1. Thus, the second

detected user, i.e, user 1, sees no interference and the beamformer which is optimal
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2 Uplink/Downlink Duality

in terms of transmit power is the matched filter hH1 /‖h1‖2
2. The target γ1 is achieved

with the minimal power

popt
1 =

γ1σ
2
n

‖h1‖2
2

. (2.28)

Setting SINRUL
2 = γ2, the optimal beamformer of the first detected user, i.e., user 2,

is of the form (2.20). The target γ2 is achieved by the power

popt
2 =

γ2σ
2
n

‖h2‖2
2

(1− γ1

1 + γ1

ρ)−1 , (2.29)

where ρ =
|hH1 h2|22
‖h1‖2

2‖h2‖2
2

.

Assume that the achievable pair (γ1, γ2) is limited by the sum power constraint
p1 + p2 ≤ Pmax. With (2.28) and (2.29), the maximal SINR feasible region with SIC
is characterized by{

0 ≤ γ1 ≤ ‖h1‖2
2
Pmax

σ2
n
.

0 ≤ γ2 ≤ ‖h2‖2
2(1− γ1

1+γ1
ρ)(Pmax

σ2
n
− γ1
‖h1‖22

) .

It is easy to show that the boundary function

f(γ1) = ‖h2‖2
2(1− γ1

1 + γ1

ρ)(
Pmax

σ2
n

− γ1

‖h1‖2
2

) , (2.30)

is convex, i.e., the second derivative of f(γ1)

f ′′(γ1) = 2ρ
‖h2‖2

2

‖h1‖2
2

(
1

(1 + γ1)2
+
Pmax‖h1‖2

2/σ
2
n − γ1

(1 + γ1)3

)
> 0 . (2.31)

Clearly, if ρ = 0, then f ′′(γ1) = 0. Therefore, the uplink minimal infeasible SINR
region with SIC is a convex set. With Theorem 1, we know that this also holds for
the downlink. �

This result differs from the one in [47] for CDMA systems, which was proposed
for a fixed coupling matrix, i.e., no adaptive receiver was considered.

Theorem 5. The maximal feasible MSE region for two-user beamforming systems
with adaptive non-linear signal processing and a fixed ordering is a convex set in both
uplink and downlink transmission.
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2 Uplink/Downlink Duality

Proof. Assume the MSE targets ζ1, ζ2 are on the boundary of the maximal feasible
MSE region in both links. With the relation between the maximum SINR and min-
imum MSE (2.16), we can express the boundary SINR values γ1, γ2 as a function of
ζ1, ζ2, i.e.,

γi = ϕ(ζi) = 1/ζi − 1, i = 1, 2. (2.32)

Substituting (2.32) into (2.30), we have the boundary function of the MSE region

h(ζ1) =
1

‖h2‖2[1− (1− ζ1)ρ](Pmax

σ2
n
− 1−ζ1

ζ1‖h1‖2 ) + 1
.

It can be shown that h(ζ1) is a log-convex function, i.e.,

(log h(ζ1))′′ =
t1t2 + t23

t21
> 0,

where t1 = ‖h2‖2[1− (1− ζ1)ρ](Pmax

σ2
n
− 1−ζ1

ζ1‖h1‖2 ) + 1 > 0,

t2 = 2‖h2‖2(1−ρ)

ζ31‖h1‖2 ≥ 0,

and t3 = ‖h2‖2[1−(1−ζ1)ρ

‖h1‖2ζ21
+ ρ(Pmax

σ2
n
− 1−ζ1

ζ1‖h1‖2 )] > 0.

Therefore, h(ζ1) is a convex function, since any positive log-convex function is
a convex function [50]. Thus, the maximal feasible MSE region in both links is a
convex set. �

2.6 Generic Optimization Frameworks for
Transceiver Design

As a direct consequence of this MSE duality, the complicated downlink optimization
can be carried out efficiently by focusing on an equivalent uplink problem. We
propose an uplink/downlink transformation framework, which can transfer all the
existing uplink MSE solutions efficiently to the downlink. This uplink/downlink
transformation framework is given as follows:

1. formulate the equivalent uplink problem and find the optimal filters T , U , β
and power allocation p under a total power constraint.

2. compute the associated MSE values εi, ∀i, with (2.13).

3. compute the downlink power allocation Q with (2.15), which achieves the same
MSE values εi, ∀i, obtained by step 2).
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2 Uplink/Downlink Duality

The downlink MMSE transmission counterparts of the uplink MMSE and MMSE-
DFE can be easily obtained by following this optimization framework. These down-
link counterparts achieve the same individual MSE and SINR values as the uplink
MMSE and MMSE-DFE with the same total transmit power and transmit and re-
ceive filters.

However, in some cases, the equivalent uplink problem is not easier to be handled
than the downlink problem itself. For example, for the problem of minimizing the
maximum MSE per user, the mathematic structures of the uplink and downlink
problems are similar: downlink MSEs εDL

1 , . . . , εDL
Nd

are all coupled by the choice of
the transmit filter U , while the uplink MSEs are coupled by the filter T . In this
case, no additional benefit can be obtained from the above optimization framework.

Note that, if we want to optimize a downlink channel HH , then the equivalent
uplink channel H only serves for the purpose of optimization, and vice versa. Addi-
tionally, the MSE duality ensures that the same performance in terms of MSE can
be achieved in both links. This makes it possible to optimize the powers and filters
in an alternating manner by switching between the equivalent uplink channel and
the downlink channel. This results in our second optimization framework:

repeat

1. uplink channel:

a) for fixed T , or for fixed T , U and β, find the optimal P according to the
optimization problem under consideration.

b) for fixed T and P , update U and β with (2.18) (or (2.20) for non-linear
processing).

c) compute the associated layer-MSE values εi, ∀i, with (2.13).

2. downlink channel:

a) for fixed T , U and β, find the downlink power allocation Q with (2.15),
which achieves the same uplink MSE values εi, ∀i.

b) for fixed Q and U , update T and β with (2.19) (or (2.21) for non-linear
processing).

until accuracy is reached.

The optimization is over powers, or transmit filters, or receive filters while keeping
the other fixed, which in most cases is based on simple operations as compared with
joint optimization over transceivers. The monotonic convergence of the algorithms
derived from this framework can be proved, if the solution returned by step 1.a) is
optimal according to the corresponding optimization problem. This is due to the
fact that when switching the optimization between the uplink and the downlink, the

22



2 Uplink/Downlink Duality

same performance can always be ensured by the duality theory shown in Theorem 1.
Thus, the gain obtained in both links can be accumulated until convergence is ob-
served. However, it is still unknown whether this alternating approach returns a
global optimum. The proof is difficult. In general, the optimality conditions of the
problems studied in this thesis are still unknown. Moreover, the switch between the
uplink and the downlink also makes the analysis very complicated.

In the following two chapters, we show how these optimization frameworks can
be utilized to derive iterative algorithms for various optimization problems.
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3 MMSE Optimization

A fundamental problem in multiuser multiple-input-multiple-output (MIMO) com-
munication is the minimization of the mean square error (MSE) between the trans-
mitted and the estimated signal, which is corrupted by interference and additive
noise. MMSE estimation plays an important role in approaching the information-
theoretic limits of linear Gaussian channels [7]. Recently, it was shown in [8] that the
derivative of the mutual information with respect to the signal-to-noise ratio (SNR)
is equal to half the MMSE, regardless of the input statistics. Moreover, it has been
shown in [9, 10] that the interference resulting from MMSE equalization can be con-
sidered as Gaussian distributed with zero mean for large numbers of transmit and
receiver antennas. This shows that MMSE is closely connected with other important
performance measures, such as BER, capacity, etc.

In [51, 52], MMSE transceiver optimization has been studied for a single-user
MIMO scenario and in [53–55, 64] for multiuser MIMO systems in the uplink, where
precoders at the mobile terminals and the MMSE receiver at the base station are
jointly adjusted to minimize the sum-MSE.

However, the point-to-multipoint downlink is more difficult to handle than its
uplink counterpart since all users are coupled by the transmit filters and powers,
which leads to a complicated mathematical structure in most cases. Furthermore, it
is important to constrain the transmit power, otherwise the optimization of a linear
precoder to minimize the MSE yields a zero-forcing solution [56], which is generally
not spectrally efficient due to power enhancement, in analogy to noise enhancement
at the receiver.

In this chapter we focus on optimizing the linear MSE of a multiuser down-
link MIMO system (The system model is given in Section 2.1). Utilizing the up-
link/downlink optimization frameworks discussed in the previous chapter, we propose
different algorithms for the following optimization problems:

PM1: minimizing the sum-MSE under a total power constraint,

PM2: minimizing the total transmit power under a sum-MSE constraint,

PM3: minimizing the maximum weighted per-layer MSE values under a total power
constraint,

PM4: minimizing the total power under per-layer MSE constraints,
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3 MMSE Optimization

PM5: minimizing the maximum weighted per-user MSE values under a total power
constraint,

PM6: minimizing the total power under per-user MSE constraints.

The first two problems will be studied in the first part of this chapter (Section 3.1)
and the other four problems in the second part (Section 3.2).

It should be noted that the results are not restricted to the downlink broadcast
channel. The assumption of a total power constraint is typical for a downlink channel,
so our discussion will focus on this case. But besides the power constraint, all results
hold equivalently for uplink and downlink channels. It will be seen later, that a joint
treatment of both links is useful and even necessary, since our algorithms are based
on the duality between the uplink and downlink MMSE regions [31]. By exploiting
the duality, transmit powers and equalizers can be computed efficiently.

3.1 Sum-MSE Optimization

3.1.1 Total-Power-Constrained Sum-MSE Minimization

In this subsection, we will jointly design the transmit and receive filters to minimize
the downlink sum-MSE of all users, SMSEDL = E{‖d̂−d‖2

2}, which can be formulated
as

PM1: min
U ,T

SMSEDL s.t. Tr{U U
H} ≤ Pmax. (3.1)

The power-constrained optimization problem is difficult to handle directly. For
fixed receive filters, downlink MMSE strategies were independently introduced in [57]
(Transmit Optimization, TO-MIMO) and in [58] (Transmit Wiener Filter, TxWF),
which minimizes the modified MSE by scaling all data streams (layers) by a common
factor. It will be shown that better results are possible by using a vector scaling.
A transceiver strategy for sum-MSE minimization under individual per-user power
constraints per user was proposed in [59]. However, this algorithm does not always
converge [59].

To combat the interference between users, another strategy is to diagonalize or
block-diagonalize the channel, e.g., [22, 23, 60]. However, this requires that the
number of transmit antennas is greater than or equal to the total number of receive
antennas. Other transceiver schemes without such a restriction can be found in [61]
for maximizing rate, [62] for maximizing SJNR (signal-to-jamming and noise ratio).

Utilizing this uplink/downlink transformation framework, we propose two differ-
ent algorithms to minimize the sum-MSE based on ideas in [53, 55]. In particular,
first the equivalent uplink problems are solved by using standard convex optimization
methods, and then the uplink optimal solution is transformed to the downlink.
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The third algorithm is based on the alternating optimization framework, which
has a lower complexity as compared with the first two algorithms. We will prove the
monotonic convergence. The algorithm is observed to converge very fast in the first
few iterations. Global optimality is difficult to be proved, but for all simulated cases,
globally optimum convergence was observed.

In [32, 63, 64], the authors propose alternative algorithms for downlink sum-
MSE minimization based on convex optimization. Sum-MSE optimization based
on alternating optimization was also independently investigated in [65] and in the
preprint [66]. This iteration is very similar to the one studied here. One contribution
of this chapter is to prove the convergence of the iteration. Also, an additional
eigenvalue decomposition is proposed, which reduces the number of iterations.

In the following, we assume Mk = NRk
. The reason for that will become clear

later.

Algorithm AM1a

Problem PM1 (3.1) can be reformulated as

min
U ,β,T ,q

Nd∑
i=1

εDL
i s.t. ‖q‖1 ≤ Pmax, ‖u‖2 = 1, ‖t‖2 = 1. (3.2)

To solve (3.2), let us first consider the equivalent uplink problem. It is known that
εUL

1 , . . . , εUL
Nd

can be minimized independently for given P and T by the linear MMSE
filter, i.e., U and β of form (2.18). Under the assumption that all data streams are
active, i.e., pi > 0, ∀i, the covariance matrix of the estimation error can be written
as

Cε = I − P 1/2THHH(HRHH + σ2
nI)−1HTP 1/2, (3.3)

where R = TPTH = blkdiag{R1, ...,RK}. Hence, the sum-MSE can be expressed
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as

MSEUL =

Nd∑
i=1

εUL
i = Tr{Cε}

=
K∑
k=1

Mk − Tr{(HRHH + σ2
nI)−1HRHH}

=
K∑
k=1

Mk −
NT∑
i=1

µi
σ2
n + µi

=
K∑
k=1

Mk −NT + σ2
n

NT∑
i=1

1

σ2
n + µi

=
K∑
k=1

Mk −NT + σ2
nTr([

K∑
k=1

HkRkH
H
k + σ2

nI]−1), (3.4)

where µi, ∀i, are the eigenvalues of HRHH .
With a fixed number of data streams, the minimum sum-MSE optimization is

equivalent to minimizing the last term in (3.4), i.e.,

min
R1,...,RK

Tr([
K∑
k=1

HkRkH
H
k + σ2

nI]−1)

s.t.
K∑
k=1

Tr(Rk) ≤ Pmax, and, Rk � 0. (3.5)

This problem (3.5) is convex and can be solved efficiently by standard optimization
tools, like SeDuMi [67], a primal-dual interior point solver. This convexity was
observed before in [55]. With our duality result (Theorem 1), we know that also
downlink sumMMSE optimization can be related to the convex optimization problem
(3.5). This facilitates the efficient computation of optimal precoders.

Suppose that the optimal covariance matrices are R?
k, k = 1, ..., K. Then the op-

timal transmit matrix T ?

k can be constructed fromR?
k. Generally, any decomposition

of the form T
?

k(T
?

k)
H = R?

k gives an optimal transmit matrix T ?

k ∈ CNRk
×Mk . Multi-

plying T ?

k with anMk×Mk unitary matrix at its right side, we have another optimal
transmit matrix, which is a minimizer as well. This means that the construction of
an optimal transmit matrix is not unique.

If R?
k is full rank, the chosen number of streams (Mk = NRk

) can really be
supported. Possible decomposition to derive the optimal transmit matrix is, e.g.,
Cholesky factorization or eigenvalue decomposition. In the case that R?

k is rank-
deficient with rank{R?

k} = r, the optimal transmit matrix can be obtained by the
following steps: a) perform eigenvalue decomposition R?

k = V kΣkV
H
k ; b) replace
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the columns of V k associated with zero eigenvalues by another column associated
with a non-zero eigenvalue, to get V ′k; c) split up the non-zero eigenvalues to get Σ′k;
d) compute T ?

k = V ′k(Σ
′
k)

1/2. Note that in this case, we get a solution where some
eigenvectors point in the same direction, i.e., the beamformers are linearly dependent.
This causes a maximum MSE. If the powers of the linearly dependent data streams
are set to zero, there is a seeming discrepancy in the definition of the MSE (3.4),
which is based on a given number of streams. However, in practice it is better to
remove the linearly dependent data streams and to transmit r data streams. This
will improve the MSE per data stream. (More discussion on the number of data
streams is given in Section 3.1.3)

Therefore, in our proposed algorithm we decompose the optimal covariance ma-
trix in the way such that the maximum number of active data streams can really
be supported, regardless of the rank of the optimal covariance matrix. This can be
done by eigenvalue decomposition, where the number of active data streams per user
is equal to the rank of the covariance matrix, i.e., Mk = rank{Rk} ≤ NRk

, and
the eigenvalues are the powers assigned to layers. In particular, the optimal power
allocations P ?

k and transmit filters T ?
k fulfill R?

k = T ?
kP

?
k(T

?
k)
H , ∀k. With the opti-

mal uplink solution, the downlink solution can be obtained by the uplink/downlink
transformation framework described in Section 2.6. The detailed algorithm is given
in Table 1.

Algorithm AM1b

Algorithm AM1b is based on the existing uplink algorithm proposed in [53, 68], where
instead of solving (3.5), the following equivalent uplink problem

min
R̄1,...,R̄K ,p̃1,...,p̃K

Tr([
K∑
k=1

p̃kHkR̄kH
H
k + σ2

nI]−1)

s.t.
K∑
k=1

p̃k ≤ Pmax, p̃k ≥ 0, R̄k � 0, Tr{R̄k} = 1, (3.6)

was solved by an iterative algorithm, where Rk = p̃kR̄k, ∀k, with R̄k being the
normalized transmit covariance matrices with Tr{R̄k} = 1.

Each iteration consists of two steps: first, optimize the power allocation

p̃
(n)
1 , ..., p̃

(n)
K = arg min

p̃1,...,p̃K

Tr{(
K∑
k=1

p̃kHkR̄
(n−1)
k HH

k + σ2
nI)−1}

s.t. p̃k ≥ 0,
K∑
k=1

p̃k = Pmax, (3.7)
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e.g., by using interior point methods, since this problem is convex.
Then, optimize the covariance matrix using iterative single-user covariance opti-

mization with colored noise, i.e.,

R̄
(n)
k = arg min

R̄k

Tr{(
K∑
k=1

p̃
(n)
k HkR̄kH

H
k + σ2

nI)−1}

s.t R̄
(n)
k � 0, Tr{R̄(n)

k } = 1. (3.8)

The proof of convergence and optimality is based on the joint convexity of (3.6) with
respect to power allocation and covariance matrices (The detailed proof can be found
in [68]).

Having the uplink solution, the downlink solution can be obtained by applying the
uplink/downlink transformation framework described in Section 2.6. The algorithm
is summarized in Table 2. Superscript (·)(n) denotes the nth iteration.

Algorithm AM1c

Algorithm AM1c follows the alternating optimization framework described in Sec-
tion 2.6. Unlike the first two algorithms, this algorithm is not based on convexity
arguments, it is rather motivated by practical considerations. That is, for a fixed
transmitter the optimum MMSE receiver can be computed. For a fixed receiver,
the optimum transmitter can be found by the duality framework. This leads to an
alternating algorithm, which switches the optimization between the dual uplink and
downlink channels.

We first minimize the sum-MSE in the uplink for fixed transmit filters T k, ∀k,
by finding the power allocation P . This problem can be formulated as

P (n) = arg min
P

Tr{(HT (n−1)P (T (n−1))HHH + σ2
nI)−1}

s.t.Tr{P } ≤ Pmax, diag{P } ≥ 0. (3.9)

In the downlink channel, for fixed U and T , we first allocate the power which
achieves the same MSE values as in the uplink channel. With the downlink power
allocation Q and transmit filter U , update the receive filters T k and βk with (2.19).

Again, in the uplink channel, the powers are computed to achieve the same MSE
values as in the downlink channel. Eigenvalue decomposition is used to recompute
the transmit filters T k, ∀k.

The algorithm is summarized in Table 3.

Theorem 6. The sum-MSE
∑Nd

i=1 ε
(n)
i associated with the filters T (n), U (n), β(n) and

the power allocation Q(n) obtained by Algorithm AM1c is monotonically decreasing
with increasing n. (The proof is given in Section 3.3 Appendix A.)
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It is observed from simulations that the value achieved by Algorithm AM1c equals
the global optimum found by Algorithm AM1a and Algorithm AM1b. Initial values
of matrices T (0)

k , ∀k, influence the convergence behavior of the algorithm. The rank
of T (0)

k determines the initial number of active data streams. Since we do not allow
linearly dependent transmission, the number of the active data streams per user is
equal to or smaller than the number of antennas at each mobile. Therefore, the initial
values should fulfill the rank constraint, i.e., rank(T k) = NRk

, to avoid that some
data streams are switched off by the initializations at the very beginning. It might
happen that the switched data streams indeed should be active, however, they might
not be switched on again during the iteration. The initial values can be chosen as
identity matrices or matrices containing the right singular vectors of the channels,
which have better convergence behavior than randomly chosen matrices.

The main advantage of Algorithm AM1c is that it has lower complexity. This
is more suitable for practical implementation. Moreover, Algorithm AM1c has very
fast convergence behavior in the first few iterations. We observe that in two or three
iterations, the gap to the optimum is satisfactorily small.

Simulation Results

We consider a three-user MIMO system with 6 transmit antennas and 2 receive
antennas per user. The channel is assumed to be a flat fading normalized channel,
i.e., each element is normally distributed [H ]ij ∼ CN (0, 1). The simulation is done
over 100 randomly chosen channel realizations.

The convergence behavior of Algorithm AM1c with different initial values is dis-
played in Fig. 3.1. The total transmit power is 1 and noise power is 0.1. It can
be observed that the average sum-MSE value decreases monotonically and converges
to the dashed line, which is the average minimum sum-MSE returned by Algorithm
AM1a or Algorithm AM1b. The initialization with identity matrices or with right
singular vectors of the channel matrices has faster convergence than with randomly
chosen matrices. The average number of active data streams is equal to 5.94. If all
data streams can be supported simultaneously, after 2-3 iterations, the sum-MSE is
already very close to the optimum, otherwise more iterations are required to choose
the active data streams.

Fig. 3.2 shows the average number of iterations required by Algorithm AM1c
and the algorithm using projected gradient method in [32] to achieve accuracy (the
sum-MSE difference between two iterations) equal to 1E-4 or 1E-6. The required
iterations of Algorithm AM1c increase with the ratio between transmit power and
noise power, whereas the algorithm in [32] requires more iterations for low Pmax/σ

2
n.

We compare the average MSE achieved by Algorithm AM1c with [32], [66],
TxWF/TO-MIMO (with fixed receive filters chosen as the singular vectors of the
channel) and TxNullSVD-MMSE, which is based on nullspace-directed SVD [23] and
additional power allocation over all ‘parallel’ channels is performed to minimize the
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sum-MSE. In order to have the same number of active layers for all schemes, Fig. 3.3
shows the average total sum-MSE for high Pmax/σ

2
n. We can see that Algorithm

AM1c returns the same sum-MSEs as the algorithm proposed in [32] and [66], which
are smaller than the values achieved by TxWF and TxNullSVD-MMSE.

In the low SNR region, Algorithm AM1c can choose the preferred layers. This
is shown in Fig. 3.4, where the number of active layers is increasing with the total
transmit power.

3.1.2 Sum-MSE-Constrained Power Minimization

If a certain sum-MSE target has to be fulfilled to ensure successful transmissions,
it will be more power efficient to examine the reversed problem: minimizing the
total required transmit power while maintaining a sum-MSE requirement. In this
subsection, we focus on this power minimization problem

PM2: min
q,U ,β,T

‖q‖1 s.t.
Nd∑
i=1

εDL
i ≤ εsum, ‖u‖2 = 1, ‖t‖2 = 1, (3.10)

where εsum is the sum-MSE requirement.
Comparing the problem (3.10) with (3.2), we can see that the only difference

between these two problems is the exchange of the objective function and the sum-
MSE constraint. Therefore, we can modify Algorithm AM1a, AM1b and AM1c to
derive new algorithms for (3.10).

Algorithm AM2a

Let us first consider the equivalent uplink problem.
With a fixed number of active data streams, in order to satisfy the sum-MSE

requirement, σ2
nTr{(

∑K
k=1HkRkH

H
k + σ2

nI)−1} ≤ ε′sum has to be fulfilled, where
ε′sum = εsum −

∑K
k=1Mk + NT . Therefore, the equivalent uplink problem can be

formulated as a semidefinite programming problem

min
R1,...,RK

K∑
k=1

Tr(Rk)

s.t. Rk � 0 ∀k, σ2
nTr{(

K∑
k=1

HkRkH
H
k + σ2

nI)−1} ≤ ε′sum. (3.11)

The optimal power allocations and transmit filters can be obtained by eigenvalue
decompositions R?

k = T ?
kP

?
k(T

?
k)
H , ∀k.

However, the MSE target is usually chosen for a given number of layers. By eigen-
value decomposition, it can happen that some layers get power zero, i.e, are switched
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Figure 3.1: Average achieved sum-MSEs (after transmitter optimization) with dif-
ferent initializations vs. number of iterations. Parameters: K = 3, NT = 6,
NR1 = NR2 = NR3 = 2, Pmax = 1, σ2

n = 0.1. The average number of active data
streams is 5.94. The average value of the global optima returned by Algorithm
AM1a or AM1b is denoted by the dashed line.

Figure 3.2: Number of iterations vs. Pmax/σ
2
n. K = 3, NT = 6, NR1 = NR2 = NR3 =

2.
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Figure 3.3: Average total sum-MSE vs. Pmax/σ
2
n. K = 3, NT = 6, NR1 = NR2 =

NR3 = 2. All layers are active for all schemes for Pmax/σ
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Figure 3.4: Average number of active layers vs. Pmax/σ
2
n. K = 3, NT = 6, NR1 =

NR2 = NR3 = 2. Algorithm AM1c chooses the minimum number of active layers
for low Pmax/σ
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off. Switching off layers means that the corresponding MSE value is decreased by the
number of deactivated data streams. Thus, the sum-MSE is decreased and the target
is still fulfilled. But now the MSE per layer is better than that originally excepted,
so it is suggested to re-adjust the target in the following way: ε(n+1)

sum = ( number of
current active data streams) × ε(n)

sum /( number of previous active data streams). This
adjustment maintains the excepted average performance requirement per layer.

Having found the uplink solution, the downlink solution can be obtained by find-
ing the corresponding downlink power allocation with (2.15). The detailed algorithm
is given in Table 1.

Algorithm AM2b

Similar to Algorithm AM1b, we consider the uplink optimization, which contains two
steps. First, optimize the power allocation

p̃
(n)
1 , ..., p̃

(n)
K = arg min

p̃1,...,p̃K

K∑
k=1

p̃k

s.t. σ2
nTr{(

K∑
k=1

p̃kHkR̄
(n−1)
k HH

k + σ2
nI)−1} ≤ ε′sum

p̃k ≥ 0. (3.12)

Then, optimize the single-user covariance matrix to maximize the sum-MSE

R̄
(n)
k = arg min

R̄k

Tr{(
K∑
k=1

p̃
(n)
k HkR̄kH

H
k + σ2

nI)−1}

s.t R̄
(n)
k � 0, Tr{R̄(n)

k } = 1. (3.13)

The remaining steps are the same as in Algorithm AM1b (see Algorithm AM2b
in Table 2).

Algorithm AM2c

Following the alternating optimization approach, we first find the optimal power
allocation with minimum sum to achieve the sum-MSE requirement, under the as-
sumption that the transmit filters T k, ∀k, and receive filter βUH are fixed. Similarly,
the optimal power allocation can be found by solving

min
P

Tr{P }

s.t. pi ≥ 0, ∀i, σ2
nTr{(

K∑
k=1

HkRkH
H
k + σ2

nI)−1} ≤ ε′sum. (3.14)
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The remaining steps are the same as in Algorithm AM1c. Algorithm AM2c is
summarized in Table 3.

Theorem 7. The total transmit power P (n)
min obtained by Algorithm AM2c is mono-

tonically decreasing with increasing n. (The proof is given in Section 3.3 Appendix
B.)

Table 1 Algorithm AM1a, AM2a: Sum-MSE Minimization (3.1) and Sum-MSE-
Constrained Power Minimization (3.10) via Uplink Joint Covariance Optimization
1: find R?

k, ∀k, by solving (3.5) [Algorithm AM1a] or by solving (3.11) [Algo-
rithm AM2a]

2: compute P ?
k and T ?

k, ∀k, by eigenvalue decomposition

[T ?
k,P

?
k] = eig(R?

k), ∀k

3: compute U ? and β? with (2.18)
4: compute achieved uplink MSE values ε1, ..., εNd

with (2.13)
5: compute optimal downlink power allocation Q? with (2.15)

Simulation Results

The convergence behavior of Algorithm AM2c is shown in Fig. 3.5 and Fig. 3.6 for
different MIMO systems. From the figures we can see that the total required power
is monotonically decreasing with each iteration and approaches the real line, which
denotes the global optimum returned by Algorithm AM2a.

Fig. 3.5 is for a three-user MIMO system, where each user is equipped with 3
receive antennas and the base station with 8 antennas. The sum-MSE target is
assumed to be 1.9. For the randomly chosen channel realization, all data streams are
active during the iterations.

However, if the number of transmit antennas is relatively less than the number
of total receive antennas, it happens often that some data streams are switched off.
This case is shown Fig. 3.6, where the number of the antennas at the base station
is reduced to 6. By re-adjusting the target during the iterations according to the
number of active number data streams (using the mentioned strategy to ensure the
same average MSE per layer.), the ultimate sum-MSE target becomes 3.0333 instead
of the original one 3.9. In the end, the number of the active data streams is 7. The
discontinuities observed in Fig. 3.6, is due to switching off data streams.
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Figure 3.5: Total Transmit Power vs. Number of Iterations. Parameters: K = 3,
NT = 8, NR1 = NR2 = NR3 = 3, sum-MSE target: 1.9. Total number of active
data streams of all users is 9, i.e., all data streams are active. The global optimum
is denoted by the real line.
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Figure 3.6: Total Transmit Power vs. Number of Iterations. Parameters: K = 3,
NT = 6, NR1 = NR2 = NR3 = 3. Original sum-MSE target is 3.9. By re-adjusting
the target during the iterations according to the number of active number data
streams, the ultimate sum-MSE target is 3.0333 and the number of active data
streams is 7. The global optimum is denoted by the real line.
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Table 2 Algorithm AM1b, AM2b: Downlink Sum-MSE Minimization via Uplink
Iterative Power Allocation and Single-User Covariance Optimization

1: initialize: R̄(0)
k = I, ∀k

2: repeat
3: n← n+ 1
4: for given covariance matrices R̄(n−1)

k , ∀k, solve the power allocation optimiza-
tion (3.7) [Algorithm AM1b] or (3.12) [Algorithm AM2b]

5: for given power allocation p̃(n)
1 , ..., p̃

(n)
K

repeat
for k = 1, ..., K

solve single user covariance matrix optimization (3.8) [Algorithm
AM1b] or (3.13) [Algorithm AM2b]

end
until required accuracy is reached

6: until required accuracy is reached
7: compute P k and T k, ∀k, by eigenvalue decomposition

[T k,P k] = eig(p̃
(n)
k R̄

(n)
k ), ∀k

8: compute U and β with (2.18)
9: compute achieved uplink MSE values ε1, ..., εNd

with (2.13)
10: compute optimal downlink power allocation Q with (2.15)

3.1.3 Discussions

Number of Active Data Streams

To address the problem of number of active data streams, we have to differentiate
the following three cases for sum-MSE optimization.

Minimizing the total sum-MSE without any constraint on the number of data
streams, will lead to the trivial case, where a single data stream is transmitted with
full power over the subchannel (layer) with maximum norm.

The reversed case is for fixed number of layers per user, say Mk, to minimize the
sum-MSE. One possible approach is to minimize (3.5). Then the optimal transmit
covariance matrices are decomposed into matrices with desired dimension, i.e., T k ∈
CNRk

×Mk and P k ∈ CMk×Mk . Other alternative approaches, which optimize the
filters directly, are proposed in [32, 66]. However, if Mk > rank{Rk}, or equivalently
Mk > rank{T k}, the resulting beamformers point in the same direction. This causes
a maximum MSE. This happens often in the low SNR region.

Our approach here is more practice oriented. For the optimal covariance matrices
which minimize (3.5), the number of active data streams is chosen by eigenvalue
decomposition, i.e., Mk = rank{Rk}. Such a strategy isolates the linearly dependent
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layers which degrade the system performance. The sum-MSE, as well as the average
MSE per layer will become smaller as compared with the second case.

Allowing to re-determine the number of active data streams, the following ques-
tion is interesting: how many data streams can be active for a given channel real-
ization? The answer would be important for determining a feasible sum-MSE target
and a ‘good’ initialization. Thus, it is desired to estimate the upper and lower bound
of the number of active layers. Obviously, a loose lower and upper bound of the ac-
tive layers is 1 and

∑
NRk

, respectively. Tight bounds, which depend on the channel
quality and the total transmit power, is difficult to determine.

Fig. 3.7 shows the number of active layers for a four-user MIMO system with
NT = 3, NRk

= 2, k = 1, 2, 3, 4. The ratio of the total transmit power to the noise
power is assumed to be -20dB, 0dB, 10dB and 40dB, respectively. It can be seen
that for very low power transmission, only one layer can be active. Interestingly, for
very high power, all data streams can be active, even though the number of transmit
antennas is only three.

Complexity

It should be noted that the complexity analysis we make here can only approximate
the real complexity, which depends on many parameters and assumptions. Neverthe-
less, it is added here in order to give the reader a rough impression on the complexity
that can be expected for the different algorithms.

For simplicity, we assume that each user equipped with the same number of
antennas NR1 = ... = NRK

= NR and NT ≥ NR.
In [55] it was shown in the context of the multiuser MIMO uplink with individual

power constraints, that the sum-MSE minimization problem can be reformulated as a
semidefinite program (SDP). The arithmetic complexity of the interior point method
for solving this SDP was reported as O(K6.5N6.5

T ). With a sum power constraint, the
dual uplink problem (3.5) can be reformulated in a similar way

min
X,R1,...,RK

Tr(X)

s.t.
K∑
k=1

Tr(Rk) ≤ Pmax,Rk � 0 (3.15)[
X I

I
∑K

k=1HkRkH
H
k + σ2

nI

]
� 0,

where X is an auxiliary variable. Following [55], we use O(K6.5N6.5
T ) for the approx-

imate complexity of an interior point method for solving this SDP (3.15).
The most complicated operation in Algorithm AM1b is the computation of opti-

mum single user covariances in each iteration. This can be formulated as an SDP as
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Figure 3.7: Total active number of layers. Parameters: K = 4, NT = 3, NRk
= 2,

k = 1, 2, 3, 4.

well, which has complexity O(N6.5
T )[55]. Here, we have K users, thus, complexity is

O(L1KN
6.5
T ), where L1 is the number of outer iterations.

The complexity of Algorithm AM1c depends on the method how to solve (3.9).
One specific solution can be found in [32]. If we take HT as an effective channel,
the scaled Jacobi iteration proposed in [32] for MISO sum-MSE optimization can
be utilized to solve (3.9). This iteration has only complexity O(N3

T ) per iteration
and converges very fast (2 or 3 iterations are needed [32]). The computation of the
uplink MMSE filters, downlink MMSE filters, power allocation and eigenvalue de-
compositions needs O(N3

T ), O(KN3
R), O(K3N3

T ), O(KN3
R), respectively. Therefore,

the complexity of Algorithm AM1c can be in the degree O(L3 max(L2N
3
T , K

3N3
T )),

where L2 and L3 are the numbers of inner iterations and outer iterations, respec-
tively. In general, compared with Algorithm AM1a and AM1b, the complexity is
drastically reduced.

Notice that step 6 in Algorithm AM1c can be omitted, as proposed in [65] and in
the preprint [66]. It is observed that the eigenvalue decomposition reduces the number
of iteration steps, but it increases the complexity per iteration. The resulting overall
complexity can be regarded as roughly the same.

The algorithm using projected gradient method in [32] has complexity degree
O(L4N

3
T ), where L4 is the number of iterations. Generally, this algorithm has a

lower complexity than Algorithm AM1c. However, from the simulation, we can see
that for low SNR, it needs more iterations than Algorithm AM1c.

The most complicated operation of TxNullSVD-MMSE is to diagonalize the chan-
nel with nullspace-directed SVD. Each iteration requires the computation of K times
of null spaces, K times of singular value decompositions. And the number of itera-
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tions to achieve the suggested accuracy in [23] varies much depending on the channel
realizations. From the simulation, we observe that it can be 2-3 iterations, or even
more than thousand iterations. Thus, roughly speaking, TxNullSVD-MMSE has a
comparable complexity as Algorithm AM1c.

Linear transmitter optimization TxWF/TO-MIMO computes the filters in one
step, which has the lowest complexity O(N3

T ).

3.2 MMSE Balancing

In a multiuser MIMO system, with a sum-MSE optimization, the power resource is
shared between the channels in an uneven fashion: good channels are favored over
bad channels. Note that, this ‘unfairness’ happens for sum-capacity optimization as
well, where some users are even not allowed to transmit their signals.

In order to avoid this effect, different fairness notions are known, like max-min
fairness, weighted fairness, or proportional fairness. In this section we will focus on
max-min fairness. The achievable balanced (MMSE) margin can be considered as a
measure of the limit of the multiuser channel. The weighted fairness is an extension of
the max-min fairness by introducing different weighting factors for the performance
measures (here, specifically, MSEs). Every set of the weighting factors corresponds to
a point on the boundary of the achievable MSE region, which is defined as the set of
all feasible MSE points, when all users are active simultaneously under a total power
constraint. Each point on the boundary corresponds to an optimal transmission
strategy, depending on the chosen weighting factors.

If a point within the achievable region is good enough to ensure a successful trans-
mission, a spectrally efficient strategy means that individual Quality-of-Service (QoS)
requirements (here: MSE) are jointly achieved with minimum total transmit power.
Furthermore, each user can perform spatial multiplexing of several independent data
streams (layers). The users’ transmissions interfere not only with other users, but
also with their own data streams, so the Quality-of-Service (QoS) requirement per
data stream is also of importance.

In this section, we focus on two kinds of transceiver optimization problems. One
is to minimize the maximal weighted MSE under a total power constraint. The other
one is to minimize the total power subject to a set of MSE requirements. Both layer-
wise MSE (MSE of each data stream) and user-wise MSE (total MSE of each user)
will be studied.

These problems were studied in a single user MIMO systems [51]. Unfortunately,
the optimal designs of single user systems are not directly applicable to the multiuser
MIMO systems. The problems for multiuser MIMO transmission, generally, neither
the original nor the equivalent uplink problems, can be transformed into convex forms
for transceiver design. Thus, it is difficult to find efficient and optimal algorithms.

We derive globally optimal power allocations in order to
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1. balance the weighted per-layer MSE values subject to a total power constraint,

2. minimize the total power subject to per-layer MSE constraints,

3. balance the weighted per-user MSE values subject to a total power constraint,

4. minimize the total power subject to per-user MSE constraints.

We propose two alternative solutions for the problems of power optimization. One is
based on an interpretation of the MSE within the framework of interference functions
[69, 70]. That is, we exploit certain monotonicity and scalability properties which
allow the application of Yates’ well-known fixed-point algorithm [69]. The other,
more direct approach is based on solving a system of linear equations.

Based on the power allocation strategies, we study how this can be used for
joint resource allocation and transceiver optimization. We propose computationally
efficient algorithms which perform well with respect to the above design criteria.
The proposed algorithms have low complexity and are observed to converge very fast
during the first few iterations. The monotonic convergence of the proposed algorithms
is proved. The MSE duality [31] plays an important role, since it ensures that the
same MMSE can be achieved in both links. Additionally, the globally optimal power
allocation guarantees that a better performance is achieved in the current iteration
as compared with that in the previous one.

3.2.1 Problem Formulation

The layer-MSE is given by (2.2). The user-MSE (MSE between the estimated data
vector d̂k = Q

−1/2
k βkT

H
k (HH

k

∑K
l=1U lQ

1/2
l dl + nk) and the transmitted data vector

dk) is defined as

εDL
k = E{‖d̂k − dk‖2

2} ∀k ∈ {1, . . . , K}. (3.16)

Taking layer-MSE (2.2) or user-MSE (3.16) as the performance measure, we have
two groups of optimization strategies and four specific problems:

(1) Layer-MSE Optimization

PM3: Min-Max Weighted Layer-MSE

min
Q,U ,T ,β

max
1≤i≤Nd

εDL
i /ζi s.t. Tr{Q} ≤ Pmax, ‖u‖2 = 1, ‖t‖2 = 1, (3.17)

where Pmax is the total transmit power limit.

PM4: Layer-MSE-Constrained Power Minimization

min
Q,U ,T ,β

Tr{Q} s.t. εDL
i ≤ ζi, ∀i, ‖u‖2 = 1, ‖t‖2 = 1, (3.18)
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where ζi is the MSE requirement for the ith layer.

(2) User-MSE Optimization

PM5: Min-Max Weighted User-MSE

min
Q,U ,T ,β

max
1≤k≤K

εDL
k /ξk s.t. Tr{Q} ≤ Pmax, ‖u‖2 = 1, ‖t‖2 = 1, (3.19)

where ξk is the MSE target of the kth user.

PM6: User-MSE-Constrained Power Minimization

min
Q,U ,T ,β

Tr{Q} s.t. εDL
k ≤ ξk, ∀k, ‖u‖2 = 1, ‖t‖2 = 1. (3.20)

As mentioned before, in order to derive an algorithm from the alternating opti-
mization framework in Section 2.6, the essential issue is to specify the uplink power
allocation (step 1.a)) according to the concrete optimization problem. In the follow-
ing sections, we will first focus on the uplink power allocation strategies for PM3,
PM4, PM5 and PM6. Then, the joint optimization will follow the alternating opti-
mization framework.

3.2.2 Optimal Uplink Power Allocation

PM3: Min-Max Weighted Layer-MSE

For fixed T , U and β, the power optimization problem can be formulated as

min
p

max
1≤i≤Nd

εUL
i /ζi s.t. ‖p‖1 ≤ Pmax . (3.21)

Problem (3.21) always has a global minimizer popt characterized by the following
equations

∆UL =
εUL
i (popt)

ζi
, ∀i, (3.22)

‖popt‖1 = Pmax, (3.23)

where ∆UL is the minimum balanced weighted MSE level. This can be shown by con-
tradiction. Assume that there exists an index i0 such that εUL

i0
/ζi0 < maxi 6=i0 ε

UL
i /ζi.

From (2.4) it can be observed that each εUL
i is strictly monotonically decreasing in

pi and monotonically increasing in pj for j 6= i. Thus, pi0 can be reduced without
increasing the maximum level. This leads to a new power vector p̂ with ‖p̂‖1 < Pmax.
This power saving can be redistributed among all users by using a scaled power vec-
tor αp̂, where the scalar α > 1 is chosen such that ‖p̂‖1 = Pmax. It is easy to show
that εUL

i (αp̂) < εUL
i (p̂), for all i = 1, ..., Nd. Thus, it would be possible to obtain a

42



3 MMSE Optimization

point with the cost function smaller than the global maximum, which is contrary to
the assumption that popt is a global maximizer of (3.21).

We show that (3.22) and (3.23) can be combined together to form an eigensystem.
To this end, we rewrite (2.14) as

εULp = (D + β2Ψ)p+ σ2
nβ

21Nd
.

Defining ζ = diag{[ζ1, ..., ζNd
]} and multiplying both sides with ζ−1, we have

ζ−1εULp = ζ−1(D + β2Ψ)p+ σ2
nζ
−1β21Nd

. (3.24)

Since the optimal power allocation popt fulfills (3.22), ζ−1εUL(popt) = ∆ULI holds.
Thus, (3.24) becomes

∆ULpopt = ζ−1(D + β2Ψ)popt + σ2
nζ
−1β21Nd

, (3.25)

The total power fulfills (3.23), i.e., 1TNd
popt = Pmax. It follows from (3.25)

∆UL =
1

Pmax

(1TNd
ζ−1(D + β2Ψ)popt + 1TNd

σ2
nζ
−1β21Nd

). (3.26)

Combining (3.25) and (3.26) into one matrix form, we have an eigensystem

Υ ·
[
popt

1

]
= ∆UL ·

[
popt

1

]
, (3.27)

where

Υ =

[
ζ−1(D + β2Ψ) σ2

nζ
−1β21Nd

1
Pmax

1TNd
ζ−1(D + β2Ψ) 1

Pmax
σ2
n1

T
Nd
ζ−1β21Nd

]
.

The balanced level ∆UL is an eigenvalue of the non-negative extended coupling matrix
Υ. However, not all eigenvalues represent physically meaningful balanced levels. In
particular, p ∈ RNd×1

+ and ∆UL ∈ R+ must be fulfilled.
It is known that for any non-negative irreducible real matrix X with spec-

tral radius ρ(X), there exists a vector p > 0 and λmax(X) = ρ(X) such that
Xp = λmax(X)p [71]. The uniqueness of λmax(Υ) also follows immediately from
the function ∆UL(Pmax) being strictly monotonically decreasing in Pmax. This rules
out the existence of two different balanced levels with the same sum power. For
each eigenvalue, the power constraint ‖p‖1 = Pmax can be ensured by scaling the
eigenvector such that the last component equals one. If there are two eigenvalues
with strictly positive eigenvectors, then they must have the same value. Hence, the
balanced level is given by

∆UL,opt = λmax(Υ).

Therefore, the optimal power allocation popt is the upper part of the principal eigen-
vector of the matrix Υ, i.e., the optimal power allocation can be found by solving

Υ ·
[
p
1

]
= λmax ·

[
p
1

]
. (3.28)

A similar technique was used in the context of SINR optimization in [1, 72].
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PM4: Layer-MSE-Constrained Power Minimization

Assume the targets ζi, ∀i, are feasible, the optimal uplink power allocation with
minimum sum can be obtained by solving (see also Section 2.3)

p = σ2
n(ζ −D − β2Ψ)−1β21Nd

. (3.29)

Another approach to find the optimal uplink power allocation is by the fixed-point
iteration [69, 70]. The utilization of the fixed-point iteration needs a construction of
an interference function.

We follow the definition of the interference function in [70].

Definition: We say that fk : RK+1
+ 7→ R+ is an interference function if it fulfills

A1: fk(p) is non-negative on RK+1
+

A2: fk(µp) = µfk(p) for µ ∈ R+

A3: fk(p
(1)) ≥ fk(p

(2)), if p(1) ≥ p(2)

A4: fk(p
(1)) > fk(p

(2)), if p
(1)
K+1 > p

(2)
K+1 and p(1) ≥ p(2).

We define a function

f li (p) = β2
i u

H
i H(

∑
j 6=i

pjtjt
H
j )HHui + σ2

nβ
2
i ,

where the noise power together with the transmit powers is stacked in one vector

p = [p1, ..., pNd
, pNd+1] = [p1, ..., pNd

, σ2
n].

It is easy to show that f li (p) fulfills the properties of the interference function.
With f li (p), the layer MSE εUL

i (2.4) can be expressed as

εUL
i = mi + f li (p)/pi, ∀i, (3.30)

where mi = β2
i u

H
i Htit

H
i H

Hui − 2βiRe{uHi Hti}+ 1.
From (3.30), we know that MSE targets ζi, ∀i, are fulfilled if

pi/f
l
i (p) ≥ 1/(ζi −mi), ∀i.

The following iteration converges to the unique optimizer

p(n+1) = Γζf l(p(n)), ∀i, (3.31)

where Γζ = diag{[1/(ζ1−m1), ..., 1/(ζNd
−mNd

)]} and f l(p(n)) = [f l1(p(n)), ..., f lNd
(p(n))]T .

This can be seen as a special case of the generic fixed-point iteration proposed in [69]
with extensions in [70].
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PM5: Min-Max Weighted User-MSE

The MSE of the kth user can be expressed as

εUL
k = Mk + Tr{P−1

k βkU
H
k HkT kP kT

H
k H

H
k U kβk}

− 2 Tr{Re(βkU
H
k HkT k)}+ σ2

n Tr{P−1
k βkU

H
k U kβk}

+
∑
j 6=k

Tr{P−1
k βkU

H
k HjT jP jT

H
j H

H
j U kβk}, ∀k. (3.32)

We define P k = p̃kP k, where Tr{P k} = 1 and p̃k is the individual power of the
kth user. Then, the transmit covariance matrix Rk = T kP kT

H
k can be written as

Rk = p̃kRk with Tr{Rk} = 1. Thus, the MSE εUL
k (3.32) can be rewritten as a

function of p̃ = [p̃1, ..., p̃K ]T

εUL
k = ak + p̃−1

k

∑
j 6=k

p̃jbkj + p̃−1
k ckσ

2
n, ∀k, (3.33)

where ak = Mk + Tr{P−1

k βkU
H
k HkRkH

H
k U kβk} − 2 Tr{Re(βkU

H
k HkT k)},

bkj = Tr{P−1

k βkU
H
k HjRjH

H
j U kβk}, and ck = Tr{P−1

k βkU
H
k U kβk}.

Similar to the strategy for PM3, we construct an eigensystem to find the optimal
uplink power allocation. The optimal powers balance the weighted user MSE to

the minimum common level. We define two matrices [A]kj =

{
bkj, k 6= j
ak, k = j

, and

C = diag{[c1, ..., cK ]}. The optimal power allocation can be solved by finding the
eigenvector belonging to the largest eigenvalue of the matrix Λ

Λ ·
[
p̃
1

]
= λmax ·

[
p̃
1

]
, (3.34)

where

Λ =

[
ξ−1A σ2

nξ
−1C1K

1
Pmax

1TKξ
−1A 1

Pmax
σ2
n1

T
Kξ
−1C1K

]
,

and ξ = diag{[ξ1, ..., ξK ]}.

PM6: User-MSE-Constrained Power Minimization

For fixed T , U and β, the MSE of the kth user is given by (3.33). Let ε =
diag{[ε1, ..., εK ]} contain all the user MSE values, we can rewrite (3.33) for all users
in a matrix form

εp̃ = Ap̃+ σ2
nC1K ,

Therefore, to achieve the targets ξ = diag{[ξ1, ..., ξK ]}, the optimal power allocation
is given by

p̃ = σ2
n(ξ −A)−1C1K . (3.35)
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Unlike the above approach, where the optimal power is found with fixed transmit
and receive filters, the power can be optimized together with its associated MMSE
receiver (4.3). In this case, the closed-form of MMSE including optimal receivers can
be expressed as

εUL
k = Mk − Tr

{
HkRkH

H
k

( K∑
l=1

H lRlH
H
l + σ2

nI
)−1
}
, ∀k. (3.36)

We define a function

fuk (p) = 1/Tr
{
HkR̄kH

H
k

( K∑
l=1

p̃lH lR̄lH
H
l + σ2

nI
)−1
}
,∀k, (3.37)

where p = [p1, ..., pK , pK+1] = [p̃1, ..., p̃K , σ
2
n]. The MSE of the kth user can be

simplified as
εUL
k = Mk − p̃k/fuk (p). (3.38)

Recall that the optimization goal is to achieve the targets with a minimum total
power, which means that the following inequality

p̃k/f
u
k (p) ≥Mk − ξk, ∀k,

has to be fulfilled. The next lemma shows that the function fuk (p) fulfills the prop-
erties of the interference function.

Lemma 2. Function fuk (p) (3.37) is an interference function.

Proof. A1 holds since the trace of a positive definite matrix is non-negative.
A2 also follows immediately from inspection of (3.37).
In order to show A3, we define W = HkRkH

H
k and let p(1) ≥ p(2). It is

clear that there exists a p̂ ≥ 0 such that p(1) = p(2) + p̂. Using notation S(p) =∑K
l=1 p̃lH lRlH

H
l + σ2

nI and writing S1 = S(p(1)), S2 = S(p(2)), and Ŝ = S(p̂) for
short, we have S1 = S2 + Ŝ. According to the Sherman-Morrison-Woodbury formula
for matrix inversion [73], we get

fuk (p(1)) = 1/Tr
{
W (S2 + Ŝ)−1

}
= 1/Tr

{
WS−1

2 −W (S2Ŝ
−1
S2 + S2)−1

}
≥ 1/Tr

{
WS−1

2

}
= fuk (p(2)) . (3.39)

Inequality (3.39) holds because the covariance matricesW , Ŝ, and S2 are all Hermi-
tian and positive semidefinite (p.s.d.). It can be shown that S2Ŝ

−1
S2 is Hermitian

and p.s.d. as well. The inverse of a sum of p.s.d. matrices is p.s.d. Since the product
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of two positive definite matrices has only positive eigenvalues [73, p.465], the trace
is always positive.

In order to prove A4, we define B =
∑K

l=1 p̃lH lRlH
H
l . Since B = BH , there

exists a decomposition B = FV FH , with V = diag{v1, . . . , vNT
} ≥ 0, and B−1 =

FV −1FH . Then fk(p) can be rewritten as

fk(p) = 1/Tr
{
WF (V + σ2

nI)−1FH
}

= 1/Tr
{
FHWF (V + σ2

nI)−1
}

= 1/(

NT∑
l=1

al
vl + σ2

n

) , (3.40)

where al ≥ 0 is the lth diagonal entry of FHWF .
Property A4 follows from (3.40) and (3.39). �

The following fixed-point iteration [69] returns the global optimum

p̃(n+1) = Γξfu(p(n)), (3.41)

where Γξ = diag{[(M1− ξ1), ..., (MK − ξK)]} and fu(p(n)) = [fu1 (p(n)), ..., fuK(p(n))]T .

3.2.3 Transceiver Optimization and Convergence

Following the alternating optimization framework, we summarize Algorithm AM3,
AM4a and AM4b in Table 4, Algorithm AM5, AM6a in Table 5 and AM6b Table 6.
Superscript (·)(n) denotes the nth iteration.

Algorithm AM3-AM6b can be proved to be convergent. For Algorithm AM4a,
AM4b, AM6a, and AM6b, feasible initializations are required to ensure the conver-
gence. One possible way to generate a feasible initialization is by Algorithm AM3 or
AM5. If Algorithm AM3 or AM5 returns a balanced level smaller than or equal to 1,
then this solution can be taken as a feasible initialization for Algorithm AM4a and
AM4b, or Algorithm AM6a and AM6b.

Theorem 8. The balanced weighted layer-MSE level in each iteration obtained by
Algorithm AM3 decreases monotonically and converges. (The proof is given in Section
3.3 Appendix C.)

Theorem 9. With a feasible initialization, the total transmit power in each itera-
tion obtained by Algorithm AM4a or Algorithm AM4b decreases monotonically and
converges. (The proof is given in Section 3.3 Appendix D.)

Theorem 10. The balanced weighted user-MSE level in each iteration obtained by
Algorithm AM5 deceases monotonically and converges. (The proof is given in Section
3.3 Appendix C.)
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Theorem 11. Suppose that the user-MSE targets ξk, ∀k, are feasible, then the total
transmit power in each iteration obtained by Algorithm AM6a or Algorithm AM6b
decreases monotonically and converges. (The proof is given in Section 3.3 Appendix
D.)

3.2.4 Discussion on Optimality

For the special case of single-antenna users, the proposed algorithms achieve the
global optima. In this case, each user receives a single data stream and the power per
user is the power per data stream. Thus, Algorithm AM3 and AM4a are equivalent
to Algorithm AM5 and AM6a, respectively. Moreover, each step in the algorithms
corresponds to that in the algorithms proposed in [1] for SINR optimization. There-
fore, they approach the global optima. Global optimality of Algorithm AM4b and
AM6b is a direct consequence of the convergence shown in [70].

However, these results do not hold for the general MIMO case. The problems
PM3-PM6 are non-convex problems and it is difficult to transform them into convex
forms. In general, finding the global optima is a non-trivial task. Although our
proposed algorithms do not always converge to the global optima, they perform
well and always converge. In the simulation, we test the global optimality of the
algorithms by some special points, which correspond to the minimum sum-MSEs.
The sum-MSE minimization under a total power constraint can be formulated as
a semidefinite programming [31]. The global optimum can be efficiently obtained
by modern convex optimization techniques. We take the achieved MSE point as
the layer- or user-MSE targets and use it to test Algorithm AM3, AM6a & AM6b.
Clearly, if the algorithms return the same total power as the power constraint for the
sum-MSE minimization, we can say that the algorithm achieves the global optimum.
The simulation results show that in most cases the algorithms approach the global
optima and even the suboptimal solutions have negligible errors.

3.2.5 Extension: Optimization with SIC/DPC

To improve the performance of the system, one way is to perform successive in-
terference cancellation (SIC) in the uplink and ‘Dirty Paper Coding’ (DPC) in the
downlink. If error propagation or precoding loss is neglected, uplink SIC/downlink
DPC imposes a triangular structure on the effective channel. Without loss of gener-
ality, we assume a precoding order Nd to 1 in the downlink and a decoding order 1 to
Nd in the uplink. Any decoding/precoding order can be easily applied by permuting
the channel matrix.

In order to derive algorithms for PM3-PM6 with SIC/DPC, we can modify the
algorithms as follows. First, the matrix Ψ is substituted with Ψu = Triu(Ψ) (Triu(·)
denotes the upper triangular part of a matrix). Second, the uplink and downlink
receive filters have to take the SIC and DPC into account as well. Particularly, in
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the uplink channel, the interference caused by the previous i− 1 layers is subtracted
from the ith layer. Thus, the MMSE filter for the ith layer only needs to suppress
the interference caused by the remaining Nd − i layers, which is given by

βip
−1/2
i uHi = p

1/2
i {[H(

Nd∑
l=i

pltlt
H
l )HH + σ2

nI)]−1Hti}H ,∀i. (3.42)

Similarly, in the downlink the first layer sees no interference and the second layer
sees interference from the first layer, and so on. Therefore, the MMSE filter for each
layer is

βiq
−1/2
i tHi = q

1/2
i {[HH

k (
i∑
l=1

qlulu
H
l )Hk + σ2

nI)]−1HH
k ui}H ,∀i. (3.43)

The convergence of the algorithms for the case with SIC/DPC can be proved by
a similar reasoning as for the linear processing case given in Section 3.3 Appendix C
and D.

Corollary 2. Exchanging Ψ with Ψu, and uplink filters (2.18) and downlink filters
(2.19) with (3.42) and (3.43) in Algorithm AM3 AM4a, AM4b, AM5, AM6a and
AM6b, the algorithms still converge.

Having the optimal powers and transmit and receive filters, we can employ a
simple technique – Tomlinson-Harashima Precoding (THP) [42] to realize such a
triangular structure in a sub-optimal way. The realization of THP is straightforward,
if the precoding matrix which contains the interference to be subtracted is given. A
more power-efficient precoding strategy is proposed in [43], which combines THP
with constellation shaping to combat the precoding loss.

3.2.6 Simulation Results

The simulations are carried out over normalized flat fading channels, i.e., each element
is normally distributed [H ]ij ∼ CN (0, 1). The performance measures are averaged
over 1000 randomly chosen channels. For convenience, we list PM3-PM6 together
with the corresponding algorithms in the following:

• PM3: Min-Max Weighted Layer MSE (Algorithm AM3)

• PM4: Layer-MSE-Constrained Power Minimization (Algorithm AM4a & Algo-
rithm AM4b)

• PM5: Min-Max Weighted User MSE (Algorithm AM5)

• PM6: User-MSE-Constrained Power Minimization (Algorithm AM6a & Algo-
rithm AM6b).
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The convergence behaviors of Algorithms AM3 and AM4a with different initial-
izations (T (0)

k is chosen as a random matrix, singular vectors of the channel, and an
identity matrix, respectively), are displayed in Fig. 3.8. Initialization with identity
matrix leads to a better convergence behavior.

Fig. 3.9 shows the average number of iterations required by Algorithm AM4b to
achieve |δ(n+1)−δ(n)| = 10E−4 or |δ(n+1)−δ(n)| = 10E−6 with different initializations
(δ(n) is the balanced level in the nth iteration). The case with initial values chosen
as right singular vectors of the channels or as identity matrices requires less number
of iterations than the case with randomly chosen matrices. The number of required
iterations does not increase with the ratio between transmit power and noise power.

The complexity comparison of Algorithm AM6a & AM6b is given in Table 7 and
Table 8. With accuracy equal to 1E-3 (Table 7), Algorithm AM6a requires less than 6
iterations with identity matrix or singular vectors as an initialization value, whereas
Algorithm AM6b requires about 4 outer iterations and about 33 inner iterations. For
a higher accuracy 1E-5 (Table 8), Algorithm AM6a requires approximately the same
number of outer iterations as Algorithm AM6b, however, Algorithm AM6b requires
about 50 inner iterations. Thus, in general Algorithm AM6a improves the complexity
over Algorithm AM6a.

We illustrate how MSEs are distributed among users and layers for different design
criteria in Fig. 3.10. Scheme 1: sum-MSE minimization (PM1); Scheme 2: user-MSE
balancing; Scheme 3: layer-MSE balancing; Scheme 4: sum-MSE-constrained power
minimization (PM2); Scheme 5: user-MSE-constrained power minimization; Scheme
6: layer-MSE-constrained power minimization.

For a given total power constraint Pmax = 1, we apply Scheme 1, 2, 3 and plot
the results in the upper subplot in Fig. 3.10. For each scheme, there are 5 bars: the
first three bars are the achieved user-MSEs, where the gray part denotes the MSE
of the first layer and white part the 2nd layer-MSE; the fourth bar is the sum-MSE
and the fifth bare is the total required power. We can see that Scheme 1 achieves
the minimum sum-MSE, and Scheme 2 balances the MSEs among users, whereas the
MSEs among layers are unevenly distributed. Scheme 3 ensures the same MSE for
every layer.

In the lower subplot in Fig 3.10, we perform a reversed case. We give a sum-MSE
target 1.6, a user-MSE target 1.6/3 and a layer-MSE target 1.6/6 and apply power
minimization Scheme 4, 5, 6. It can be seen that they achieve the same sum-MSE
and Scheme 5 or Scheme 6 ensures ‘fairness’ among users or layers at the cost of
higher powers compared with Scheme 4.

We check the optimality in the following way: step 1. under a total power con-
straint Pmax = 1, we minimize the sum-MSE; step 2. compute the achieved layer-
MSEs and user-MSEs and take these values as layer-MSE targets and user-MSE
targets; step 3. execute Algorithm AM4b, AM6a & AM6b. Since the sum-MSE min-
imization is a convex problem, we know that if the total transmit powers returned
by the Algorithm AM4b, AM6a & AM6b, are equal to Pmax = 1, the global optimum
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Figure 3.8: Algorithm AM3 & AM4a: Average balanced weighted layer-MSE level
& average total required power vs. iterations with different initializations. Pa-
rameters: K = 3, NT = 5, NR1 = M1 = 2, NR2 = M2 = 2, NR3 = M3 = 2,
ζ = diag{[0.2 0.4 0.3 0.3 0.4 0.3]}

Figure 3.9: Algorithm AM4b: Number of iterations with different initializations vs.
Pmax/σ

2
n. K = 3, NT = 5, NR1 = NR2 = NR3 = 2
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Figure 3.10: MSE distribution among layers for different schemes. Scheme 1: sum-
MSE minimization; Scheme 2: user-MSE balancing; Scheme 3: layer-MSE bal-
ancing; Scheme 4: sum-MSE-constrained power minimization; Scheme 5: user-
MSE-constrained power minimization; Scheme 6: layer-MSE-constrained power
minimization. K = 3, NT = 6, NR1 = NR2 = NR3 = 2. Scheme 2 & 5 or Scheme
3 & 6 ensure ‘fairness’ among users or layers at the cost of a larger sum-MSE or a
higher total power as compared with Scheme 1 or 4.

is achieved. In Fig. 3.11, we compare the total powers for 100 trials. We can observe
that for most of the trials, the error is tolerably small. With Algorithm AM6a the
maximum error is 0.0168, and with Algorithm AM6b, 0.0078. Interestingly, Algo-
rithm AM4b always achieves the global optimum.

3.3 Appendix

A. Proof of Theorem 6

Proof. Consider iteration n, step 4 returns the solution P (n), U (n), β(n), which min-
imize the sum-MSE value SMSE(n,step4) =

∑Nd

i=1 ε
(n)
i for given receive filters T (n−1)

k ,
∀k, and a total power limit Pmax.

In step 5, first, the power allocationQ(n) ensures that the same sum-MSE SMSE(n,step4)

can be achieved with the same total transmit power Pmax. Then, with the powerQ(n)

and transmit filter U (n), the receive filters are optimally chosen as MMSE receive
filters T (n)

k β
(n)
k (Q

(n)
k )−1/2, so that the sum-MSE value is further reduced, i.e.,

SMSE(n,step5) ≤ SMSE(n,step4).

In step 6, the uplink power allocation P (n)
k together with the same filters U (n),
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Figure 3.11: Number of trials v.s. total transmit power. K = 3, NT = 6, NR1 =
NR2 = NR3 = 2. Algorithm AM6a & AM6b achieve the global optimum in most
cases and Algorithm AM4a always approaches the global optimum.

T
(n)
k and β(n)

k achieving the same sum-MSE SMSE(n,step5). The eigenvalue decompo-
sition does not change the sum-MSE values, thus

SMSE(n,step6) = SMSE(n,step5).

For the next iteration n+ 1, by choosing the optimal P (n+1), U (n+1) and β(n+1),
step 4 minimizes the sum-MSE value for given T (n)

k , i.e.,

SMSE(n+1,step4) ≤ SMSE(n,step6).

Therefore, the sum-MSE value monotonically decreases with each iteration. Due
to the fact that with a total power limit, there exists an infimum of the sum-MSE
value, we can conclude that the value

∑Nd

i=1 ε
(n)
i must converge to a limit as n →

∞. �

B. Proof of Theorem 7

Proof. Consider iteration n, step 4.a. returns the solution P (n) with sum P
(n)
min which

achieves the sum-MSE targets εsum, i.e., SMSE(n,step4.a) = εsum. In step 4.b., the
receivers are chosen as MMSE filters, which minimize the sum-MSE for given T (n−1)

k

and P (n), i.e., SMSE(n,step4.b) ≤ εsum.
In step 5, the power allocationQ(n) ensures that the same sum-MSE SMSE(n,step4.b)

can be achieved with the same total transmit power P (n)
min. With the power Q(n) and

transmit filter U (n), the receive filters are optimally chosen as MMSE receive filters
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T
(n)
k β

(n)
k (Q

(n)
k )−1/2, so that the sum-MSE value is further reduced, i.e., SMSE(n,step5.b) ≤

εsum.
In step 6, the uplink power allocation P (n)

k together with the same filters U (n),
T

(n)
k and β(n)

k achieves the same sum-MSE SMSE(n,step5.b). With eigenvalue decom-
position, the optimal number of data streams is chosen (see Section 3.1.3), so that
SMSE(n,step6.b) ≤ SMSE(n,step5.b) ≤ εsum.

Thus, for the next iteration n+ 1, by choosing the optimal P (n+1) to achieve the
target εsum, the total transmit power can be further reduced, i.e.,

P
(n+1)
min ≤ P

(n)
min.

Therefore, the total transmit power P (n)
min decreases monotonically with each iter-

ation. �

C. Proof of Theorem 8 and Theorem 10

Proof. The convergence of Algorithm AM3 & AM5 can be proved by a similar rea-
soning.

Consider iteration n, in step 5, under a total power constraint Pmax. The weighted
layer-MSE or weighted user-MSE values is balanced to a same level, say δ(n) =
ε

(n,step5)
i /ζi, ∀i [Algorithm AM3] or δ(n) = ε

(n,step5)
k /ξk, ∀k, [Algorithm AM5], respec-

tively.
In step 6, first, the power allocation Q(n) ensures that the same MSE level δ(n) to

be achieved with the same total transmit power Pmax. Then, with the powerQ(n) and
transmitter U (n), the receivers are chosen as MMSE receivers. Thus, the individual
MSE value per layer or per user is further minimized, i.e., ε(n,step6)

i ≤ ε
(n,step5)
i ,∀i,

[Algorithm AM3] and ε(n,step6)
k ≤ ε

(n,step5)
k ,∀k. [Algorithm AM5].

[Algorithm AM5 only]. Steps 7 is similar to Step 6, which returns a smaller
user-MSE ε

(n,step7)
k ≤ ε

(n,step6)
k ,∀k.

In the next iteration n + 1, based on the MSE duality, we know that the same
MSE values ε(n,step6)

i , ∀i, [Algorithm AM3] or ε(n,step7)
k ,∀k, [Algorithm AM5] can be

achieved. Thus, optimizing the power allocation P (n+1) leads to a lower balanced
level,

δ(n+1) ≤ δ(n).

�

D. Proof of Theorem 9 and Theorem 11

Proof. The convergence of Algorithm AM4a, AM4b, AM6a, AM6b can be proved by
a similar reasoning.

Consider iteration n, in step 5, first, the layer- or user-MSE targets ζi, ∀i, or ξk,
∀k are achieved with the minimal total transmit power P (n)

min, i.e., ε
(n,step5)
i = ζi , ∀i,
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[Algorithm AM4a & AM4b] or ε(n,step5)
k = ξk, ∀k [Algorithm AM6a & AM6b]. Then

the MMSE receiver reduces the MSEs.
In step 6, first, the power allocation Q(n) ensures that the same MSE values are

achieved with the same total transmit power P (n)
min. Then, the MSE values are further

minimized by the MMSE receivers, so that ε(n,step6)
i ≤ ζi , ∀i, [Algorithm AM4a &

AM4b] or ε(n,step6)
k ≤ ξk, ∀k [Algorithm AM6a & AM6b].

[Algorithm AM6a & AM6b only]. Steps 7 is similar to Step 6, which returns a
smaller user-MSE ε

(n,step7)
k ≤ ε

(n,step6)
k ,∀k.

In the next iteration n+ 1, according to the MSE duality, we know that the MSE
values ε(n,step6)

i , ∀i, or ε(n,step7)
k , are achievable, which already exceeds the require-

ments. Thus, to achieve the targets, a smaller total power is required

P
(n+1)
min ≤ P

(n)
min.

�
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Table 3 Algorithm AM1c, AM2c: Downlink Sum-MSE Minimization via Alternating
Optimization between Uplink and Downlink
1: initialize: choose arbitrary transmit filters T (0)

k with rank{T (0)
k } = NRk

, ∀k,
n = 0, and maximal number of iterations nmax

2: repeat
3: n← n+ 1
4: uplink channel:

• for given transmit filters T (n−1)
k , ∀k, solve power optimization (3.9) [Al-

gorithm AM1c] or (3.14) [Algorithm AM2c]

• update U (n) and β(n) with (2.18)

• compute the MSE values of all layers with (2.13)

5: downlink channel:

• compute the downlink power allocation Q(n) with (2.15)

• for given Q(n) and U (n), update the downlink receive filters T (n)
k and

β
(n)
k , ∀k, with (2.19)

6: uplink channel:

• compute the uplink power allocation P (n)
k with (2.14)

• update T (n)
k , ∀k, with eigenvalue decomposition

[T
(n)
k ,P

(n)
k ] = eig(T

(n)
k P

(n)
k (T

(n)
k )H), ∀k

7: until required accuracy is reached or n ≥ nmax
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Table 4 Algorithm AM3, AM4a & AM4b : Transceiver Optimization for Min-Max
Weighted Layer-MSE (3.17) and Power Minimization with Layer-MSE Requirements
(3.18)
initialize: T (0) = I, P k = (Pmax/Nd)I, n = 0, and maximal number of iterations
nmax

compute uplink receive filter U (0) and β(0) with (2.18)
repeat
n← n+ 1
uplink channel:

• for given T (n−1), U (n−1) and β(n−1), find optimal power allocation by solv-
ing (3.28) [Algorithm AM3], or by (3.29) [Algorithm AM4a] or by
(3.31) [Algorithm AM4b]

• update U (n) and β(n) with (2.18)

• compute the layer-MSE values of all layers

downlink channel:

• compute the power allocation Q(n) with (2.15)

• update T (n) and β(n) with (2.19)

until required accuracy is reached or n ≥ nmax
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Table 5 Algorithm AM5, AM6a: Transceiver Optimization for Min-Max Weighted
User-MSE (3.17) and User-MSE-Constrained Power Minimization (3.18)

1: initialize: T (0) = I, P (0)
= I, n = 0, and maximal number of iterations nmax

2: compute uplink receive filter U (0) and β(0) with (2.18)
3: repeat
4: n← n+ 1
5: uplink channel:

• for given P (n−1), T (n−1), U (n−1), and β(n−1), find optimal user power allo-
cation p̃ by solving (3.34) [Algorithm AM5], or by (3.35) [Algorithm
AM6a]

• compute P (n)
k = p̃kP

(n−1)

k and update U (n) and β(n) with (2.18)

• compute the layer-MSE values of all layers

6: downlink channel:

• compute Q(n) with (2.15)

• update T (n) and β(n) with (2.19)

• compute the layer-MSE values of all layers

7: uplink channel:

• compute P (n) with (2.14)

• update U (n) and β(n) with (2.18) and compute P (n)

k = P
(n)
k /Tr{P (n)

k }

8: until required accuracy is reached or n ≥ nmax
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Table 6 Algorithm AM6b: Transceiver Optimization for User-MSE-Constrained
Power Minimization (3.18)

1: R
(0)

= I, n = 0
2: choose a maximal number of iterations nmax

3: repeat
4: n← n+ 1
5: uplink channel:

• for given R(n−1)

k , find the optimal uplink user power allocation p̃(n) with
(3.41)

• compute T (n)
k and P (n)

k by eigenvalue decomposition T (n)
k P

(n)
k (T

(n)
k )H =

p
(n)
k R

(n−1)

k . (Zero powers are substituted by small values in the algorithms
in order to ensure numerical stability.)

• update U (n) and β(n) with (2.18)

• compute the layer-MSE values of all layers

6: downlink channel:

• compute Q(n) with (2.15)

• update T (n) and β(n) with (2.19)

• compute the layer-MSE values of all layers

7: uplink channel:

• compute P (n) with (2.14)

• update R(n)

k = T
(n)
k P

(n)
k (T

(n)
k )H/Tr{T (n)

k P
(n)
k (T

(n)
k )H}

8: until required accuracy is reached or n ≥ nmax

Table 7 Accuracy=1E-3, NT = 6, NR1 = NR2 = NR3 = 2, ξ1 = 0.8, ξ2 = 0.8,
ξ3 = 0.8

Algorithm AM6a Algorithm AM6b
idt. mat. sgl. vec. idt. mat. sgl. vec.

# outer iter. 5.83 5.82 4.03 4.13
# inner iter. 0 0 32.65 32.65
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Table 8 Accuracy=1E-5, NT = 6, NR1 = NR2 = NR3 = 2, ξ1 = 0.8, ξ2 = 0.8,
ξ3 = 0.8

Algorithm AM6a Algorithm AM6b
idt. mat. sgl. vec. idt. mat. sgl. vec.

# outer iter. 61.06 59.13 58.65 57.57
# inner iter. 0 0 49.15 49.15
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The capacity region of multiuser Multiple-Input-Multiple-Output (MIMO) Gaussian
broadcast channels has been characterized in [2, 5, 11, 12]. However, the search for
efficient practical schemes to achieve the limit is still ongoing. Existing schemes are
usually under the assumption of ‘dirty paper coding’ (DPC). Examples are schemes
for sum-capacity optimization [13–15] and individual rate optimization [16–18]. How-
ever, it is difficult to implement the dirty paper precoding techniques in practice, and
there are still open issues, like finding the optimal precoding order [16, 18]. Thus,
much research has been spent on linear equalization schemes (see e.g. [19–24]), which
offer a good performance at less implementation complexity. Recently, an asymp-
totic analysis of the achievable weighted sum rate with linear processing in high SNR
regime is given in [74]. The authors show that block diagonalization is asymptoti-
cally optimum in the broadcast channel and corresponding optimum precoding and
transmit covariance matrices are derived [74]. However, finding an optimum linear
scheme for the general case is still an open problem.

The discussion in this chapter is focused on linear processing, since this problem
is still open. However, the approach can also be combined with dirty paper coding
(DPC) and successive interference cancellation (SIC), as discussed later.

We will jointly optimizing the powers, transmit and receive filters with respect to
the following design criteria:

PR1: weighted sum-rate maximization under a total power constraint;

PR2: max-min balancing the user rate under a total power constraint.

We will also discuss variations of these problems, such as, rate-constrained power
minimization, etc.

One commonly used strategy for the above optimization problems is to diagonalize
or block-diagonalize the channel [19–23]. However, such a zero-forcing receive or
transmit strategy suffers from noise or power enhancement and has a restriction on
the number of transmit and receive antennas. Thus, zero-forcing is generally not a
capacity-achieving strategy.

Based on MSE duality, many strategies for MMSE transceiver optimization were
proposed. For example, the problem of sum-MMSE minimization subject to a total
power constraint was solved in [31, 32] (see also Chapter 3). There is also research
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on power efficient designs under individual MMSE constraints [32, 75–77] (see also
Chapter 3). Uplink designs with respect to MMSE are also studied, e.g., in [53–55].

However, all these MMSE-based strategies are not optimal with respect to the
rate optimization problems considered in this chapter. Even finding the sum-rate
optimal MIMO transceivers is still an open problem for the linear case. Partial
results appeared in [24, 78], but only for beamforming (MISO) channels, and in [79],
where power allocations were studied.

It was noted in [79] that the sum-rate optimization problem leads to a problem
formulation involving ratios of posynomials, which is generally an intractable, NP
hard problem. The problems studied here are even more complicated, since we
consider a joint optimization over powers, transmit filters and receive filters. Thus,
it is difficult to find efficient and optimal algorithms. We aim at the development of
transceiver designs with good performance/complexity tradeoff.

We derive new power allocation algorithms for PR1 and PR2. Our approach
exploits the connection between capacity and MMSE for Gaussian distributed signals.
Thereby we can reformulate the problem as a geometric program (GP) involving the
geometric MSE, for which the global optimum can be found efficiently. The relation
between capacity and MMSE is ensured by updating the receivers as the linear MMSE
receivers.

Note, that this approach differs from [79], where a high-SINR approximation
SINR ≈ 1 + SINR was used. The performance comparison with our proposed strat-
egy under a heuristic optimization framework, is given in Section 4.6. The proposed
power allocation algorithms also differ from the MMSE optimization problems con-
sidered in Chapter 3, where the optimization is with respect to MSEs.

Iterative algorithms for jointly optimizing powers, transmit filters, and receive
filters with respect to PR1 and PR2 are proposed. The algorithms are based on
the aforementioned optimal power control strategies and the MSE duality [31]. In
each iteration, the following optimization steps are carried out successively: a) uplink
power control by GP; b) uplink receive MMSE filtering; c) dual transformation from
the uplink to the downlink; d) downlink receive MMSE filtering. By exploiting the
optimality of the power allocation step, this joint strategy is proved to be convergent.

We pay special attention to PR1 and PR2. However, it will be seen later that
the results can also be extended to other variations of the problems, such as, the
problem of sum-rate-constrained or user-rate-constrained power minimization, and
the problem of sum-rate maximization subject to user-rate constraints and a total
power constraint.

If successive interference cancellation (SIC) is applied in the uplink or ‘dirty paper
coding’ (DPC) in the downlink, then we observe from simulations that the proposed
algorithm achieves the global sum-rate optimum. This indicates that the proposed
algorithm can be considered as an alternative to the iterative waterfilling algorithm
[14, 15].

All results hold equivalently for uplink and downlink channels under a total power
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constraint. Joint treatment of both links is useful and even necessary, since the
algorithms are based on the MSE duality. This facilitates the efficient computation
of the transmit powers and filters.

4.1 Weighted Sum-Rate Maximization

We first consider the problem of maximizing the weighted sum rate (The system
model is given in Section 2.1. This problem can be formulated as

PR1: sup
q,U ,T ,β

Nd∑
i=1

wiRi s.t. ‖q‖1 ≤ Pmax, qi > 0, ∀i,

‖ui‖2 = 1, ∀i, ‖ti‖2 = 1, ∀i. (4.1)

where Pmax is the total power constraint, Ri := Ri(q,U ,T ,β), ∀i, are the layer-rates
(rate per channel use), and wi, ∀i, are weighting factors, which can be used to model
individual user priorities.

In the following, we will first explain the optimization in the uplink and downlink
channel separately. Then a joint transceiver optimization based on MSE duality is
proposed.

4.1.1 Optimization in the Uplink Channel

Under the common assumption of Gaussian signaling and noise, there is a one-to-one
monotone relationship between the maximum achievable layer-rate and the SINR

Ri = log2(1 + SINRi), ∀i,

where

SINRi =
pi|uHi Hti|2∑Nd

j=1,j 6=i pj|uHi Htj|2 + σ2
n

,∀i.

Note that the relation between rate and SINR holds under the assumption of an
infinite signaling time interval. For practical designs, the SNR gap approximation [80]
can be utilized to predict the achievable rate depending on the modulation and coding
scheme. Another alternative approach is the use of heuristic bitloading algorithms.
Examples can be found in [81, 82]. The authors also show that the theoretical
optimum is suitable as a good starting point in most cases.

Moreover, we have the well known relation between the achieved SINR and MMSE

MMSEi =
1

SINRi + 1
,
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where

MMSEi = 1− pitHi HH [H(

Nd∑
j=1

pjtjt
H
j )HH + σ2

nI]−1Hti,∀i. (4.2)

This holds under the assumption of an optimum linear MMSE receiver (U kβkP
−1/2
k )H ,

where

U kβkP
−1/2
k = (HTPTHHH + σ2

nI)−1HkT kP
1/2
k ,∀k. (4.3)

It is known that with Gaussian input and noise, and under the assumption of linear
processing, linear MMSE estimation is the optimal receive strategy. Therefore, the
rate per layer can be expressed as a function of MMSE, i.e.,

Ri = − log2(MMSEi).

By introducing (layer-wise) weighting coefficients w = [w1, ..., wNd
]T , the weighted

sum rate in terms of MMSE is given by

RΣ(w) = − log2

[
Nd∏
i=1

MMSEwi
i

]
. (4.4)

Thus, maximizing the weighted sum rate is equivalent to minimizing the product of
MMSEs, or equivalently the weighted geometric MMSE. The MMSE (4.2), however,
is coupled by the powers and transmit filters, which makes the joint optimization
very difficult. In order to minimize the weighted geometric MMSE, we perform two
steps for the uplink optimization: first, for fixed transmit and receive filters T and
βUH , the weighted geometric MSE is minimized by finding the optimal uplink power
allocation P ; then, the receive filter P−1/2βUH is updated as the MMSE filter (4.3).

For fixed filters T and βU , the MSE of the ith layer is given by (see also Section
2.3)

εi = p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i, ∀i, (4.5)

with a diagonal matrix

[D]ii = β2
i u

H
i Htit

H
i H

Hui − 2βiRe{uHi Hti}+ 1, (4.6)

and a matrix Ψ defined by

[Ψ]ij =

{
uHi Htjt

H
j H

Hui, i 6= j
0, i = j

. (4.7)
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It can be observed that the weighted geometric MSE
∏Nd

i=1 ε
wi
i is a posynomial (see

Section. 4.7 Appendix). Hence, the power optimization problem can be formulated
as a geometric program (GP)

inf
p

Nd∏
i=1

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}wi

s.t. ‖p‖1 ≤ Pmax, pi > 0, ∀i. (4.8)

The global optimum of (4.8) can be found by existing optimization tools, e.g.,
MOSEK [83] or GGPLAB [84]. An overview on geometric programming is given
in Section. 4.7 Appendix.

For the optimal allocation P = diag{p} and transmit filter T , the MSE of each
layer can be minimized independently by the MMSE receive filters (4.3). This in-
creases the weighted sum rate (4.4).

4.1.2 Optimization in the Downlink Channel

Similar results as for the uplink channel also hold for the downlink channel. That
is, for fixed transmit and receive matrices, the downlink power optimization can be
formulated as a GP as well. For a given power allocation Q and transmit filter U ,
the optimal receiver of each user is the linear MMSE receiver (T kβkQ

−1/2
k )H , where

T kβkQ
−1/2
k = (HH

k UQU
HHk + σ2

nI)−1HH
k U kQ

1/2
k ,∀k. (4.9)

4.1.3 Joint Transceiver Optimization

When we consider a joint optimization of the transceivers, one possible strategy is to
switch the optimization between the uplink channel and the downlink channel. The
MSE duality facilitates the computation of the downlink transmit filter via a ‘virtual’
uplink channel. Likewise, uplink transmitters can be found via a ‘virtual’ downlink
channel.

The described optimization steps can be carried out in an alternating manner.
There are many possible orders in which we can optimize transmitters, receivers and
powers. In the following, we will focus on a particular algorithm for a downlink
channel, where transmitters and powers are computed via a ‘virtual’ uplink channel.

Specifically, we start with the optimization in the uplink. Power allocation is
performed with GP (4.8) and the receivers are updated with (4.3). Intuitively, before
proceeding the optimization in the downlink, these two optimization steps (power
allocation + MMSE receiver) should be repeated until they converge. Note that the
geometric programming step (4.8) has a higher computational complexity compared
with other steps in the algorithm. We observe a lower overall complexity, if these
two steps are only performed once in each iteration.
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Then, we switch to the downlink channel and perform optimization. As it has
been mentioned, we first ensure the same performance as in the uplink channel by
MSE duality. Assume that the achieved uplink MSE is ε = diag{[ε1, ..., εNd

]}. The
downlink power allocation achieving the given targets ε is given by (see also Section
2.3)

q = σ2
n(ε−D − β2ΨT )−1β21Nd

. (4.10)

Since the power allocation with GP has high complexity, in each iteration we only
perform power allocation with (4.10) and then update the receivers with (4.9).

In addition, when switching from the downlink channel to the uplink channel,
the powers are first computed to achieve the same MSE values as in the downlink
channel (see also Section 2.3)

p = σ2
n(ε−D − β2Ψ)−1β21Nd

. (4.11)

The receivers are updated as the MMSE receivers (4.3). The purpose of the power
allocation step (4.11) is to update the uplink MMSE receiver (4.3). Based on this
update, a new uplink power allocation is computed by geometric programming. From
simulations, we observe that this additional receiver update reduces the overall num-
ber of iteration steps.

The detailed algorithm (Algorithm AR1) is summarized in Table 9. Superscript
(·)(n) denotes the nth iteration.

4.2 Max-Min User Rate

The problem of maximizing the minimum user rate can be written as

PR2: sup
q,U ,T ,β

min
k

∑
i∈Ik

Ri s.t. ‖q‖1 ≤ Pmax, qi > 0, ∀i,

‖ui‖2 = 1, ∀i, ‖ti‖2 = 1, ∀i, (4.12)

where Ik is the index set containing the layer indices associated with the kth user.
Different uplink power allocation strategies influence the power distribution among

layers according to different design goals under consideration. Therefore, the key step
in each iteration is the specific uplink power strategy. The remaining steps in Algo-
rithm AR1 will be the same for different problems.

In the following, we specify the power strategy for PR2. We introduce t to
denote a certain rate target log2

1
t
and assume that the minimum achieved user

rate is mink
∑

i∈Ik Ri ≥ log2
1
t
, or equivalently,

∑
i∈Ik Ri ≥ log2

1
t
, ∀k. Due to∑

i∈Ik Ri = − log2

∏
i∈Ik MMSEi ≥ − log2

∏
i∈Ik εi, ∀k, to ensure all users achieve

the rate value log2
1
t
, we can constrain − log2

∏
i∈Ik εi ≥ log2

1
t
, ∀k, i.e.,

∏
i∈Ik εi ≤ t,
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∀k. Additionally, with fixed transmit and receive filters in the uplink the geometric
MSE ∏

i∈Ik

εi =
∏
i∈Ik

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}
,

is a posynomial as well. Thus, we can formulate the uplink power optimization for
(4.12) as a GP

inf
p,t

t

s.t.
∏
i∈Ik

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}
≤ t, ∀k,

‖p‖1 ≤ Pmax, t > 0, pi > 0, ∀i. (4.13)

By exchanging the uplink power allocation (4.8) in Algorithm AR1 with (4.13),
we obtain a new algorithm for PR2 (see Algorithm AR2 in Table 9).

4.3 Convergence

Proof of the Convergence of Algorithm AR1 (Table 9)
Exploiting the MSE duality [31], we can derive the following (in)equalities

Nd∏
i=1

(MSE
UL,(step5.a,n)
i )wi ≥

Nd∏
i=1

(MMSE
UL,(step5.b,n)
i )wi

=

Nd∏
i=1

(MSE
DL,(step6.a,n)
i )wi ≥

Nd∏
i=1

(MMSE
DL,(step6.b,n)
i )wi

=

Nd∏
i=1

(MSE
UL,(step7.a,n)
i )wi ≥

Nd∏
i=1

(MMSE
UL,(step7.b,n)
i )wi

≥
Nd∏
i=1

(MSE
UL,(step5.a,n+1)
i )wi .

The notation MSE
UL,(step5.a,n)
i refers to the uplink layer MSE achieved at step 5.a in

the nth iteration in Table 9. The equalities hold due to the MSE duality and the
first three inequalities due to the uplink or downlink MMSE filtering. The optimal
power allocation by GP (4.8) leads to the last inequality. Note that the decrease of
the weighted geometric MMSE values implies the increase of the weighted sum rates.
Thus the weighted sum rate is monotonically increasing in each iteration.

Proof of the Convergence of Algorithm AR2 (Table 9)
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In the nth iteration, we have the following (in)equalities∏
i∈Ik

MSE
UL,(step5.a,n)
i ≥

∏
i∈Ik

MMSE
UL,(step5.b,n)
i

=
∏
i∈Ik

MSE
DL,(step6.a,n)
i ≥

∏
i∈Ik

MMSE
DL,(step6.b,n)
i

=
∏
i∈Ik

MSE
UL,(step7.a,n)
i ≥

∏
i∈Ik

MMSE
UL,(step7.b,n)
i

≥
∏
i∈Ik

MSE
UL,(step5.a,n+1)
i .

The equalities hold due to the MSE duality and the first three inequalities due to
the uplink or downlink MMSE filtering. The last inequality is due to optimal power
allocation by GP (4.13). Therefore, the individual rate per user is monotonically
increasing in each iteration.

The above proofs show that Algorithm AR1 and Algorithm AR2 converge. How-
ever, due to the non-convexity of the problems, different initializations of T (0)

k , ∀k,
can lead to different limit points. Therefore, choosing a suitable initialization is im-
portant. How to choose an initialization which ensures the global optimum is an
interesting problem for future work. The recommended initialization of T (0)

k is the
singular vectors of the channel matrix Hk or an identity matrix.

4.4 Variations of the Problems

In this section, we consider other variations of the problems, for which the uplink
power optimization problems can be formulated as GPs as well. Thus, the global
optimum power allocation can be found for fixed transmitters and receivers. We
only specify the uplink power allocations for the following problems

PR3: sum-rate-constrained power minimization,

PR4: user-rate-constrained power minimization,

PR5: sum-rate maximization subject to individual user-rate targets.

For the problem of sum-rate-constrained power minimization PR3, the total power
has to be minimized for the given sum-rate target Rsum

inf
p
‖p‖1

s.t.
Nd∏
i=1

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}wi ≤ 2−Rsum ,

pi > 0, ∀i. (4.14)
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Table 9 Algorithm AR1, AR2, AR3, AR4, AR5: Transceiver Optimization for PR1,
PR2, PR3, PR4, PR5
1: initialize: T (0)

k = V k, where V k is the matrix containing the right-hand singular
vectors of Hk, P

(0)
k = (Pmax/Nd)I, ∀k, n = 0 and nmax is the maximal number

of iterations
2: compute uplink receive filters U (0)

k and β(0)
k , ∀k, with (4.3)

3: repeat
4: n← n+ 1
5: uplink channel:

a. for given T (n−1)
k , U (n−1)

k , and β(n−1)
k , ∀k, find an optimal power allocation

p by solving (4.8) [Algorithm AR1], or by solving (4.13) [Algorithm
AR2], or by solving (4.14) [Algorithm AR3], or by solving (4.15)
[Algorithm AR4], or by solving (4.16) [Algorithm AR5]

b. update U (n)
k and β(n)

k , ∀k, with (4.3)

6: downlink channel:

a. compute Q(n) with (4.10)

b. update T (n)
k and β(n)

k , ∀k, with (4.9)

7: uplink channel:

a. compute P (n) with (4.11)

b. update U (n)
k and β(n)

k , ∀k, with (4.3)

8: until required accuracy is reached or n ≥ nmax

It can be observed that (4.14) is a GP problem as well.
For problem PR4, the total transmit power is minimized to achieve individual

user-rate constraints, i.e.,

inf
p
‖p‖1

s.t.
∏
i∈Ik

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}
≤ 2−rk , ∀k,

pi > 0, ∀i, (4.15)

where rk is the rate target for the kth user. This is a GP as well.
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The GP formulation of the power optimization for PR5 is given by

inf
p

Nd∏
i=1

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}wi

s.t.
∏
i∈Ik

{
p−1
i [(D + β2Ψ)p+ σ2

nβ
21Nd

]i
}
≤ 2−rk , ∀k,

‖p‖1 ≤ Pmax, pi > 0, ∀i. (4.16)

With power allocations obtained by solving (4.14), (4.15), and (4.16), new algo-
rithms for PR3-PR5 are at hand (see Table 9)). The monotonic convergence of the
algorithms can be shown by a similar reasoning as the proofs in Section 4.3.

4.5 Extension: Optimization with SIC/DPC

In the uplink channel, known interference can be partially canceled by successive
interference cancellation (SIC). The downlink counterpart is known as dirty paper
coding (DPC). DPC can partially compensate interference by appropriately encoding
the signals. Assuming that ideal SIC and DPC (no error propagation and precoding
loss) are applied to the uplink and downlink, respectively, we can use the same
optimization framework for computing the transmit filters, powers, and receive filters
for problems PR1–PR5. We also assume an arbitrary fixed DPC precoding order Nd

to 1 in the downlink, and an SIC decoding order 1 to Nd in the uplink.
Exchanging Ψ with Ψu = Triu(Ψ) (Triu(·) denotes the upper triangular part of

a matrix), the uplink filters (4.3) with (3.42), and the downlink filters (4.9) with
(3.43), we obtain new algorithms for PR1-PR5 with SIC/DPC. Following a similar
reasoning as for the linear case, we can show that the new algorithms converge as
well. For convenience, we denote the algorithm with SIC/DPC for PR1 and PR2 as
‘Algorithm AR1-DPC’ and ‘Algorithm AR2-DPC’, respectively.

4.6 Simulation Results

Now we compare our algorithms with other schemes, which are derived either based
on the result [23], or by combining the result [79] with our alternating optimization
framework.

TxNullSVD-SumRate/RateBalancing: Based on nullspace-directed SVD [23],
the transmit filters, channel and receive filters together form an effective diagonal
channel. It has been shown in [23] that this approach outperforms other zero-forcing
approaches published in [19–22]. Thus, we take it as the example for the comparison
with the category of orthogonal processing.
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An additional power allocation over the parallelized channels can be easily per-
formed, either to maximize the sum rate (called TxNullSVD-SumRate) or to balance
the rates among all users (called TxNullSVD-RateBalancing).

GPSINR-SumRate: This scheme follows the alternating approach Algorithm
AR1 and AR2, with a different power allocation proposed in [79]. Specifically, for high
SINRs, we can approximate Ri = log2(1+SINRi) ≈ log2(SINRi). With fixed transmit
and receiver filters, the power allocation for sum-rate optimization can be formulated
as a GP problem with respect to SINRi, ∀i, (see [79] for more information), i.e.,

inf
p

Nd∏
i=1

{
[p−1
i g−1

i ([Ψp]i + σ2
n)
}wi

s.t. ‖p‖1 ≤ Pmax, pi > 0, ∀i, (4.17)

where gi = uHi Htit
H
i H

Hui, ∀i. We can exchange the power allocation step 5.a) in
Table 9 with (4.17) to obtain another iterative algorithm, which is named GPSINR-
SumRate. Note that due to the high-SNR approximation, it is difficult to prove
that the power allocation returned by (4.17) indeed improves the sum rate as com-
pared with that in the previous iteration. Thus, it is unclear whether this algorithm
converges monotonically.

The performance improvement over above schemes is shown in Fig. 4.1 and
Fig. 4.2. We consider a two-user downlink MIMO channel, with 4 transmit an-
tennas at the base station and 2 receive antennas at each mobile. We assume an
independently and identically distributed Rayleigh fading channel model. The per-
formance measures, the sum rate (Fig. 4.1) and the balanced rate level (Fig. 4.2),
are averaged over 1000 channel realizations. It can be observed in Fig. 4.1 that our
proposed Algorithm AR1 outperforms TxNullSVD-SumRate and GPSINR-SumRate.
Interestingly, Algorithm AR1-DPC with DPC achieves the channel capacity. From
Fig. 4.2, we can see that the proposed Algorithm AR2 achieves a higher balanced
level than TxNullSVD-RateBalancing. The algorithm with DPC (a simple ordering
strategy is used, where the users are ordered according to their channel norms), has
a performance, which is very close to the global optimum. The global optimum is
denoted by the line with asterisks. The optimal values of sum rates and balanced
user rates are obtained by the algorithms proposed in [14] and [17], respectively.

Fig. 4.3 shows the monotonic convergence behavior of the proposed Algorithm
AR1 & Algorithm AR2. The total power constraint is 10 and noise power is 1.
The sum rates and balanced user rates are averaged over 1000 channel realizations.
With non-linear processing, the performance is improved over the case with linear
processing, which is expected.

The required numbers of iterations to achieve accuracy ϑ < 1E−3 or ϑ < 1E−5
are listed in Table 10. For Algorithm AR1 and AR1-DPC ϑ is defined as |R(n)∑ −R(n−1)∑ |
and for Algorithm AR2 and AR2-DPC as maxk |

∑
i∈Ik R

(n)
i −

∑
i∈Ik R

(n−1)
i |. The total
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power is assumed to be 10 and noise power be 1. Two scenarios are considered. One
is 2-user MIMO, with 4 transmit antennas and each user with 2 receive antennas,
denoted as (4,2,2), the other one is 3-user MIMO, with 6 transmit antennas and each
user with 2 receive antennas, denoted as (6,3,2). Two data streams are transmitted
per user. Generally, with DPC, the required numbers of iterations is less than without
DPC. With linear processing, transmitting more data streams increases the number
of iterations. The GP in Algorithm AR1 or Algorithm AR1-DPC has higher order of
‘degree of difficulty’ (DoD) [85] than Algorithm AR2 or Algorithm AR2-DPC. Degree
of difficulty is defined as the difference between the total number of the monomial
terms in the objective and constraints, and one plus the number of variables.

In Fig. 4.4, we illustrate the achieved sum rates/user rates and sum MSEs/user
MSEs for a randomly chosen channel realization with difference schemes: Scheme 1:
sum-rate maximization (Algorithm AR1); Scheme 2: max-min user rate (Algorithm
AR2); Scheme 3: sum-MSE minimization (Algorithm AM1, see Section 3.1); Scheme
4: min-max user MSE (Algorithm AM5, see Section 3.2). The total power is 10 and
noise power is 1. For each scheme, there are three bars. The first and second bar
denote the user rates or user MSEs, and the third bar denotes the sum rate or sum
MSE. It can be observed that Scheme 1 achieves a higher sum rate, whereas Scheme
3 achieves a smaller sum MSE than others. Scheme 2 balances the user rates and
Scheme 4 balances the user MSEs. However, both schemes are neither optimal in
terms of sum rate nor in terms of sum MSE.

Table 10 Number of iterations and degree of difficulty for different channel setups.
ϑ < 1E − 3/1E − 5, Pmax = 10, σ2

n = 1, Setup 1 (4,2,2): K = 2, NT = 4, NRk
= 2,

∀k; Setup 2 (6,3,2): K = 3, NT = 6, NRk
= 2, ∀k

ϑ = 1E − 3 ϑ = 1E − 5 DoD
(4,2,2) (6,3,2) (4,2,2) (6,3,2) (4,2,2) (6,3,2)

#Alg.AR1 28.26 31.79 112.80 155.26 69 923
#Alg.AR1-DPC 11.80 10.51 34.30 34.48 42 428
#Alg.AR2 23.54 25.74 73.94 94.29 27 53
#Alg.AR2-DPC 6.66 6.18 13.26 12.76 16 42

4.7 Appendix

Geometric Programming
Let x = [x1, ..., xn]T be a vector with real positive variables xi, ∀i. A real valued

function h of x, with the form

h(x) = cxa1
1 x

a2
2 · · ·xan

n ,

where c > 0 and ai, ∀i, are real numbers, is called a monomial function, or a monomial
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(of the variables x1, ..., xn). A sum of one or more monomials, i.e.,

f(x) =
K∑
k=1

ckx
a
(1)
k

1 x
a
(2)
k

2 · · ·xa
(n)
k
n ,

where ck > 0, is called a posynomial function, or simply, a posynomial (with K
terms, in variables x1, ..., xn).

A geometric program (GP) is an optimization problem of the form

min f0(x)

s.t. fi(x) ≤ 1, i = 1, ...,m,

hl(x) = 1, l = 1, ..., p, (4.18)

where fi, i = 0, 1, ...,m, are posynomials: fi(x) =
∑Ki

k=1 cikx
a
(1)
ik

1 x
a
(2)
ik

2 · · ·xa
(n)
ik
n , hl,

l = 1, ..., p, are monomials: hl(x) = clx
a
(1)
l

1 x
a
(2)
l

2 · · ·xa
(n)
l
n , and x are the optimization

variables. There is an implicit constraint that the variables are positive. Problem
(4.18) is referred to as a GP in posynomial form.

Via a logarithmic change of variables: yi = log xi, bik = log cik, bl = log cl, and a
logarithmic transformation of the objective and constraint functions, the GP (4.18)
becomes

min log

K0∑
k=1

exp(aT0ky + b0k)

s.t. log

Ki∑
k=1

exp(aTiky + bik) ≤ 0, i = 1, 2, ...,m,

aTl y + bl = 0, l = 1, 2, ..., p, (4.19)

where optimization variables y = [y1, ..., yn]T and aik = [a
(1)
ik , ...,a

(n)
ik ]T .

A GP in form (4.18) is not a convex optimization problem, because posynomials
are not convex functions, whereas (4.19) is convex. We refer to (4.19) as a GP in
convex form. Consider a special case where all the posynomials are simply monomials.
Then this GP in convex form reduces to a linear program (LP). Hence, geometric
programming can be considered to be a generalization of linear programming.

GP can be transformed into a convex problem. Therefore, a local optimum for GP
is also a global optimum, and the duality gap is zero under mild technical conditions.
Detailed discussion on numerical methods for GP can be found in, e.g., [86, 87]. Two
major approaches to solve a GP are the interior-point method as in [88], and the
infeasible interior-point algorithm as in [89]. User-friendly software packages for GP
are available publicly, such as the MOSEK package [83] and the GGPLAB toolbox
[84].
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To measure how ‘difficult’ a GP is, the ‘degree of difficulty’ was introduced by Duf-
fin, Peterson and Zener in [85]. The ‘degree of difficulty’ is defined as the difference
between the total number of the monomial terms in the objective and constraints,
and one plus the number of variables. However, in [89], the authors reported that
the proposed infeasible interior-point algorithm for solving primal and dual GP is
effective regardless of the degree of difficulty.

The GP can be solved very efficiently by standard interior-point methods with
a worst case polynomial-time complexity. Roughly speaking, standard interior-point
methods can solve a GP with 1000 variables and 10000 constraints in under a minute,
on a small desktop computer [87]. The detailed discussion on computational com-
plexity via self-concordant functions and parameter choices can be found in [50]. The
upper bound on the total number of Newton steps in the barrier method [50] does
not depend on the dimension of the variables, or the number of equality constraints,
or the particular values of the problem data, i.e., the objective and constraint func-
tions. This upper bound shows that the barrier method converges at least linearly.
By appropriately choosing the parameters, the bound on the number of Newton steps
can grow as

√
m, instead of m [50].

The infeasible algorithm [89], which solves both the primal and dual GP simulta-
neously, is reported to produce very competitive numerical efficiency for a wide range
of GPs. This algorithm is tested on most challenging 19 GP problems and shown to
be faster than the earlier methods [89].

It has been also known that the GP is sensitive to perturbation procedures that
may for example arise in solution methods. A careless perturbation may eliminate
dual optimal solutions and make it impossible to solve the original problem [90]. A
successful attempt at developing a stable perturbation method appears in [91].
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Figure 4.1: Average sum rate vs. Pmax/σ
2
n. σ2

n = 1, K = 2, NT = 4, NRk
= 2, ∀k.

Algorithm AR1 (with linear processing) outperforms other existing linear schemes
and Algorithm AR1-DPC achieves the global optimum.

Figure 4.2: Average balanced rate level vs. Pmax/σ
2
n. σ2

n = 1, K = 2, NT = 4,
NRk

= 2, ∀k. Algorithm AR2 (with linear processing) outperforms TxNullSVD-
RateBalancing and the performance of Algorithm AR2-DPC is very close to the
global optimum.
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Figure 4.3: Average sum rate & average balanced rate level vs. number of iterations.
Pmax/σ

2
n = 10dB, σ2

n = 1, K = 2, NT = 4, NRk
= 2, ∀k.
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Figure 4.4: Rate and MSE comparison of different schemes. Scheme 1: sum-rate
maximization; Scheme 2: max-min user rate; Scheme 3: sum MSE minimization;
Scheme 4: min-max user MSE. Pmax/σ

2
n = 10dB, σ2

n = 1, K = 2, NT = 4, NRk
= 2,

∀k.
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5 Physical Layer Multicasting

Multicasting means that a single data stream is addressed to multiple receivers. Most
studies on multicasting have been done for IP networking, assuming a wireline net-
work. However, in a wireless network with multiple-input-multiple-output (MIMO)
links, the physical layer greatly affects the achievable performance. If channel state
information is available at the transmitter, then the spatial radiation pattern of the
transmitting antenna array can be optimized towards certain receivers. Therefore
multicasting is also important at the physical layer.

For the special case of multiple-input-single-output (MISO) links, also referred to
as beamforming, this was studied in [92–97]. This was extended to several multicast
groups, where each group receives one data stream [98–100]. Even for this relatively
simple beamforming case, the problem of transmitter optimization subject to signal-
to-noise ratio (SNR) constraints is NP-hard [95]. Suboptimal solutions were proposed
in the literature [95, 96, 98, 100]. They are based, e.g., on semidefinite relaxation
(SDR).

Here, we study linear transceiver designs for multicasting with MIMO links. The
use of MIMO has some advantages compared to the aforementioned beamforming
(MISO) systems. First, by employing multiple receive antennas, an additional gain
is obtained from antenna combining. Also, MIMO offers the possibility of spatially
multiplexing several data streams per link.

The following results show here, perhaps surprisingly, that the MIMO multicas-
ting problem is convex under certain conditions. Thus, the observed NP-hardness
of the beamforming case [92–96, 98–100] is not characteristic for all types of MIMO
systems. The results of this chapter will be facilitated by considering MMSE as the
performance measure instead of the signal-to(-interference-plus)-noise ratio S(I)NR
used in [92–96, 98–100].

We consider joint transceiver optimization for single-group multicasting with re-
spect to the following design criteria:

S1: minimize the total transmit power subject to an MSE constraint for each re-
ceiver.

S2: minimize the worst-case weighted MSE among all receivers subject to a total
power constraint.
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S3: minimize the total transmit power subject to a sum-MSE constraint.

S4: minimize the sum MSE subject to a total power constraint.

The main results in this chapter are summarized as follows:
1) If the number of data streams is constrained, and if the receivers are fixed,

then the optimization of the transmitter can be reformulated a second order cone
program (SOCP). This result does not contradict the NP-hardness of the beamform-
ing problem [92–96, 98–100], since the equivalence between SINR and MMSE only
holds under the assumption of optimal adaptive MMSE receivers.

2) Using the result 1), we analyze the alternating optimization of the transmit
and receive filtering matrices. The convergence of the cost function is proved for any
chosen number of data streams.

3) The results 1) and 2) can be extended to multi-group multicasting scenario,
where multiple data streams are transmitted to groups of receivers. We show that the
transmitter optimization problems can be reformulated as SOCPs as well. Following
a similar alternating optimization approach as for the single-group multicasting, we
can derive iterative algorithms for multi-group multicasting.

4) Finally, the results are extended to variations of the problems with other types
of power constraints, e.g., per-antenna(-group) power constraints, etc. Additional
convex constraints can be included as well.

5.1 Single-Group MIMO Multicasting

We consider a multiuser downlink MIMO channel with NT transmit antennas at the
base station and K decentralized mobile stations K = {1, 2, ..., K}, each equipped
with NRk

antennas. The base station broadcasts a common information to the mo-
bile stations, therefore we call the set K a ‘group’. The Nd transmit data streams
d = [d1, ..., dNd

]T are independent and with unity powers, i.e., E{ddH} = INd
. These

data streams are intended for each user in a group. If Nd > 1, then each MIMO
link performs spatial multiplexing. Whether or not spatial multiplexing is possible
depends on the worst-case link. The transmit filtering matrix is U ∈ CNT×Nd . Each
column vector of U is associated with one of the Nd data streams, and the trans-
mission power of this stream is given by the `2-norm of this vector. We denote the
receive filtering matrix of the kth user as Rk ∈ CNd×NRk . The channel matrix is
H = [HT

1 , ...,H
T
K ]T , where Hk ∈ CNRk

×NT models the channel between the base
station and the kth mobile station. Zero-mean complex white Gaussian noise is de-
noted by n = [nT1 , ...,n

T
K ]T ∼ CN (0, σ2

nI
∑

NRk

), where nk ∈ CNRk
×1 is the noise at

the kth mobile station. The data and the noise are statistically independent.
In the single-group multicasting scenario, the decision variable d̂

(k)
of the kth

78



5 Physical Layer Multicasting

user

d̂
(k)

= Rk(HkUd+ nk), ∀k ∈ K,

contains no interference caused by other users. The user MSE between the transmit
data vector d and the decision vector d̂

(k)
is defined as

MSEk(U ,Rk) = E{‖d̂
(k)
− d‖2

2}
= E{‖Rk(HkUd+ nk)− d‖2

2}
= Tr{(RkHkU − INd

)(RkHkU − INd
)H}

+ σ2
n Tr{RkR

H
k }. (5.1)

In this section, we focus on the following problems:

S1: minimize the total transmit power subject to user-MSE constraints

min
U ,R1,...,RK

Tr{UUH}

s.t. MSEk(U ,Rk) ≤ ξk, ∀k ∈ K, (5.2)

where ξk, ∀k, are the user-MSE requirements for all users.

S2: minimize the maximum weighted user MSE subject to a total power constraint

min
U ,R1,...,RK

max
k∈K

MSEk(U ,Rk)/ξk

s.t.Tr{UUH} ≤ Pmax, (5.3)

where Pmax is the total power constraint.

S3: minimize the total transmit power subject to a sum-MSE constraint

min
U ,R1,...,RK

Tr{UUH}

s.t.
K∑
k=1

MSEk(U ,Rk) ≤ εsum, (5.4)

where εsum is the sum-MSE requirement.

S4: minimize the sum MSE subject to a total power constraint

min
U ,R1,...,RK

K∑
k=1

MSEk(U ,Rk)

s.t.Tr{UUH} ≤ Pmax. (5.5)
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In the following sections, we will first pay special attention to the power mini-
mization problem S1, where each user has an individual MSE constraint. We derive
an iterative algorithm by exploiting the convexity of the resulting sub-problems, if
we either fix the transmit matrix or receive matrices. The convergence behavior of
this iterative algorithm will be analyzed. Additionally, we show that the problem
can be reformulated as a rank-constrained semidefinite program (SDP) with respect
to the transmit covariance. Then, we investigate other problems S2-S4 by using a
similar approach.

5.1.1 User-MSE-Constrained Power Minimization

Optimal Transmit Matrix

In this subsection, we consider the optimization with respect to the filtering matrixU .
It will be shown that for any given receive matrices, the transmit matrix optimization
can be reformulated as a convex problem, regardless of the number of transmit data
streams. This enables the application of modern optimization methods, as well as
the existing optimization tools.

The transmit matrix optimization is written as

min
U

Tr{UUH} s.t. MSEk(U) ≤ ξk, ∀k. (5.6)

The KKT conditions for (5.6) are given by

(INT
+

K∑
k=1

λkH
H
k R

H
k RkHk)

−1

K∑
k=1

λkH
H
k R

H
k = U ,

ξk −MSEk(U) ≥ 0, ∀k,
λk ≥ 0, ∀k,

λk(ξk −MSEk(U)) = 0, ∀k. (5.7)

It is difficult to find the optimal solution by directly solving (5.7). In the following, we
show how to reformulate (5.6) as a second order cone program (SOCP). It is known
that an SOCP is a convex optimization problem [101], for which efficient numerical
methods can be applied. This differs from the approach proposed in [26], where the
optimization is with respect to per-layer SINR constraints.

Examining the expression of the user MSE (5.1), we can write the constraint
MSEk(U) ≤ ξk as an SOC ∥∥∥∥ vkwk

∥∥∥∥
2

≤
√
ξk, (5.8)

where vk = vec(RkHkU − I) and wk = σnvec(Rk), ∀k. The operator vec(·) stacks
the elements of a matrix in one column vector. However, this SOC formulation is
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inefficient. The vector wk is not a variable, but a known parameter. The computa-
tional complexity of an SOCP depends on the number of the unknown variables and
particularly the sizes of the cones. Thus, it is not necessary to put the parameter wk

inside the cone, because it increases the size of the cone. A better formulation would
be

‖vk‖2 ≤
√
ξk − ck, (5.9)

where vk = vec(RkHkU − I) and ck = σ2
n Tr{RkR

H
k }, ∀k. Therefore, the transmit

matrix optimization (5.6) can be reformulated as an SOCP in standard form

min
U ,t

t

s.t. ‖vec(U)‖2 ≤ t,

‖vk‖2 ≤
√
ξk − ck, ∀k. (5.10)

The global optimum can be found efficiently by standard SOCP solvers, e.g., SE-
DUMI [67]. Note that the transmit optimization (5.10) has no requirement on the
number of the transmit data streams, i.e., an arbitrary fixed number of data streams
is possible. Beamforming multicasting, i.e., Nd = 1, is just a special case, which can
be handled as well.

An Iterative Algorithm and Convergence

By exploiting the global optimality of the sub-problem (5.6) studied in the previous
subsection, we propose an iterative algorithm by optimizing the transmit and receive
filtering matrices in an alternating manner.

Specifically, for fixed receive matrices, the optimal transmit matrix can be found
by solving (5.10). With a fixed transmit matrix, the optimal receive matrices are the
MMSE receivers

Rk(U) = UHHH
k (HkUU

HHH
k + σ2

nINRk
)−1,∀k. (5.11)

Thus, we can update the receivers with (5.11) to improve the performance in terms
of MSE.

Repeating the optimization of the transmitter U with (5.10), and receivers Rk,
∀k, with (5.11), we obtain an iterative algorithm for the problem S1 (5.2) (See Al-
gorithm S1 in Table 11).

The proposed algorithm uses a similar approach as the ‘block coordinate descent’
or ‘nonlinear Gauss-Seidel method’ [102]. However, the ‘block coordinate descent’
is proposed for an optimization problem where the optimization set is a Cartesian
product of closed convex sets. Although our cost function is minimized with respect
to each of the variables in cyclic order, the optimization set of the problem S1 does
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Table 11 Algorithm S1, S2, S3, S4: Transceiver Design for Single-Group Multicast-
ing (5.2), (5.3), (5.4), (5.5)
1: initialize: Rk, ∀k, n = 0, and nmax

2: repeat
3: n← n+ 1
4: find U (n), by solving (5.10) [Algorithm S1], or (5.18) [Algorithm S2], or

(5.21) [Algorithm S3], or (5.24) [Algorithm S4].
5: update R(n)

k , ∀k, with (5.11)
6: until required accuracy is reached or n ≥ nmax

not have such a kind of structure. For the problem S1, the transmitter and receivers
are coupled in the MSE constraints. This does not make a Cartesian product. Thus,
the convergence proof provided in [102] cannot be applied.

Here, we show that with a feasible initialization, the cost function converges. To
this end, let us consider iteration n. In step 4, the user-MSE targets ξk, ∀k, are
achieved with total transmit power P (n)

min, i.e.,

MSE
(n,step4)
k ≤ ξk, ∀k.

In step 5, the MMSE receivers reduce the MSEs, i.e.,

MSE
(n,step5)
k ≤ MSE

(n,step4)
k , ∀k.

In the next iteration n+ 1, due to the global optimality for fixed receivers, less total
power is required to achieve the targets, i.e.,

P
(n+1)
min ≤ P

(n)
min

holds. This shows that Algorithm S1 returns a monotonically convergent sequence
of the total transmit power. It is clear that the sequence {P (n)

min} is bounded, i.e.,
there exists a 0 ≤ δp <∞ such that 0 ≤ P

(n)
min ≤ δp. Since every monotone, bounded

sequence of real numbers converges, there exists a limit point P ? such that

lim
n→∞

P
(n)
min = P ?.

Transmit Covariance Optimization

Another way to perform optimization is to include an adaptive MMSE receiver di-
rectly in the MSE expression. We know that for any transmit matrix U , the optimal
linear receivers are the MMSE receivers Rk (5.11).

The MMSE receivers (5.11) minimize the user MSEs independently. Substituting
Rk in (5.1) with (5.11), and defining the transmit covariance matrix Q = UUH , the
user MSE (5.1) becomes

MMSEk(Q) = Nd −NRk
+ σ2

n Tr{Z−1
k }, (5.12)
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where Zk = HkQH
H
k +σ2

nINRk
, ∀k. Then, the problem S1 (5.2) is equivalent to the

following problem

min
Q

Tr{Q} s.t. Q � 0, rank(Q) ≤ Nd,

MMSEk(Q) ≤ ξk, ∀k. (5.13)

For any optimal solution U ? of (5.2), there exists a Q? = U ?(U ?)H which solves
(5.13), and vice versa. This equivalence is ensured by the rank constraint.

The problem formulation (5.13) is quite general. A special case is beamforming,
whereNd is equal to one and the rank of the transmit covariance has to be constrained
to one. Note that the relationship between MMSE and SINR is MMSEk = 1/(1 +
SINRk), where SINRk is the maximum SINR of the kth user. Thus, the SINR target,
say γk, can be transformed to the MMSE target by ξk = 1/(1 + γk). Therefore, the
problem formulation (5.13) includes the beamforming power minimization problem
studied in [92–97], as a special case. For multiple data stream transmissions, the MSE
of each user is the sum of the MSEs of several data streams. However, the SINR is
usually defined stream wise. There is no clear relationship between the SINR per
data stream and MSE per user. The optimization with respect to SINR and user
MSE will lead to different solutions.

The MMSE (5.12) is a convex function with respect to the transmit covariance
Q. However, with a rank constraint on the transmit covariance, the problem (5.13) is
non-convex in general. Under the assumption that there is no additional constraint
on the rank of the transmit covariance, the problem (5.13) can be reformulated as a
semidefinite program (SDP) via Schur’s complement (e.g.,[73])

min
Q,X1,...,XK

Tr{Q}

s.t. Q � 0,

Nd −NRk
+ σ2

n Tr{Xk} ≤ ξk, ∀k,[
Xk INRk

INRk
Zk

]
� 0, ∀k. (5.14)

A similar technique was used in [55] for uplink sum-MSE minimization for multiuser
MIMO transmissions (Users transmit independent data symbols to the base station).
Here, we show the SDP formulation for single-group multicasting scenario with user-
MSE constraints (not the sum MSE). Generally, for a multiuser MIMO transmission,
an SDP formulation for user-MSE optimization is not possible.

A common approach to rank-constrained problems of the form (5.13) is semidef-
inite relaxation (SDR) method. The SDR method was used, for example, in the
context of downlink beamforming [103], and other areas in wireless communications.
The basic idea of SDR is to solve the rank-unconstrained (relaxed) problem (5.14).
If the solution Q? fulfills the rank constraint, then the solution is globally optimal
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with respect to the original problem (5.13), otherwise, a suboptimal solution can be
derived, e.g., from the eigendecomposition of Q?.

Unlike the capacity optimization (e.g., [13]), where an optimal joint decoder is
assumed at the receivers, the linear MMSE receiver performs the estimation in a
stream wise and symbol by symbol fashion. The resulting MMSE, therefore, depends
on the number of data streams. This also determines the dimension of the transmit
beamforming matrix U . Thus, the construction of the transmit matrix U from
the transmit covariance Q is an important issue, which has to be considered for
MMSE optimization. Assume that solving (5.2) by SDR, we have a solution Q?

with rank r = rank(Q?) ≤ Nd, i.e., Q? fulfills the rank constraint. Note that
the solution Q? might be suboptimal in the case that the rank constraint in (5.13)
is active. To construct the transmit matrix U ?, we can decompose Q? into the
form Q? = U ?(U ?)H , via numerical linear algebra routines, e.g., modified Cholesky
factorization or eigenvalue decomposition, etc.

Remark 2. In the case that r < Nd, we will get a solution where some beamformers
point in the same direction, i.e., the beamformers are linearly dependent. This causes
a maximum MSE. If the powers of the linearly dependent data streams are set to zero,
there is a seeming discrepancy in the definition of the MMSE (5.12), which is based on
a given number of streams. However, for practice, it is better to remove the linearly
dependent data streams and to transmit r data streams. This will improve the MMSE
per user.

5.1.2 Other Optimization Problems

In this section, we will briefly discuss the optimization problems S2-S4. For each
problem, we will first formulate the problem as a rank-constrained SDP with respect
to the transmit covariance, then derive an iterative algorithm. Since the optimization
of the receive filtering matrices is the same as for the problem S1, we will only
focus on the transmit matrix optimization. It will be seen that the transmit matrix
optimizations can be formulated as convex SOCPs as well.

Max-Min Weighted User MSE

We introduce a slack variable t and assume that the maximum achieved user MMSE
is maxk MMSEk(Q)/ξk = t2, or equivalently MMSEk(Q) ≤ t2ξk, ∀k. Then, the opti-
mization problem S2 (5.3) with respect to the transmit covariance can be expressed
as

min
Q,t

t s.t. Tr{Q} ≤ Pmax, MMSEk(Q) ≤ t2ξk, ∀k

Q � 0, rank(Q) ≤ Nd. (5.15)
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The rank-constrained SDP formulation of (5.15) with respect to the transmit covari-
ance can be written as

min
Q,X1,...,XK ,t

t s.t. Tr{Q} ≤ Pmax

Q � 0, rank(Q) ≤ Nd,

Nd −NRk
+ σ2

n Tr{Xk} ≤ t2ξk, ∀k,[
Xk INRk

INRk
Zk

]
� 0, ∀k, (5.16)

where Xk, ∀k, are auxiliary variables.
Note that for a fixed transmit filtering matrix U , the optimal receive strategy is

always the MMSE receiver (5.11). It will be shown that the optimal transmit filtering
matrix for the problem S2 can be found by solving a convex SOCP as well.

In particular, the constraint MSEk(U)/ξk ≤ t2 can be written as an SOC∥∥∥∥ (1/
√
ξk)vk√
ck/ξk

∥∥∥∥
2

≤ t. (5.17)

With (5.17), we can write the transmitter optimization for the problem S2 as an
SOCP in a standard form

min
U ,t

t

s.t. ‖vec(U)‖2 ≤
√
Pmax,∥∥∥∥ (1/

√
ξk)vk√
ck/ξk

∥∥∥∥
2

≤ t, ∀k. (5.18)

Exchanging the transmit optimization (5.10) in Algorithm S1 with (5.18), we
obtain a new algorithm for the problem S2 (See Algorithm S2 in Table 11).

Sum-MSE-Constrained Power Minimization

The transmit covariance optimization for the problem S3 (5.4) is

min
Q

Tr{Q} s.t. Q � 0, rank(Q) ≤ Nd,

K∑
k=1

MMSEk(Q) ≤ εsum. (5.19)

The MMSEk(Q), ∀k, is a convex function with respect to Q, thus the sum of the
MMSE of all users

∑K
k=1 MMSEk(Q) is also convex. Thus, the optimization (5.19)
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is convex without a rank constraint. The problem (5.19) can be reformulated as a
rank-constrained SDP

min
Q,X1,...,XK

Tr{Q}

s.t. Q � 0, rank(Q) ≤ Nd,

K∑
k=1

(
Nd −NRk

+ σ2
n Tr{Xk}

)
≤ εsum,[

Xk INRk

INRk
Zk

]
� 0, ∀k. (5.20)

With fixed receivers, the SOCP formulation for the transmit matrix optimization
can be expressed as

min
U ,t

t

s.t. ‖vec(U)‖2 ≤ t

‖vsum‖2 ≤
√
εsum − csum, (5.21)

where vsum = vec(v1, ...,vK) and csum =
∑K

k=1 ck.
An iterative algorithm for the problem S3 is obtained by replacing step 4 in

Table 11 with (5.21) (See Algorithm S3 in Table 11).

Sum-MSE Minimization

The problem of transmit covariance optimization for S4 (5.5) can be written as

min
Q

K∑
k=1

MMSEk(Q) s.t. Tr{Q} ≤ Pmax,

Q � 0, rank(Q) ≤ Nd. (5.22)

The corresponding rank-constrained SDP formulation is given as

min
Q,X1,...,XK ,t

t s.t. Tr{Q} ≤ Pmax

Q � 0, rank(Q) ≤ Nd,

K∑
k=1

(
Nd −NRk

+ σ2
n Tr{Xk}

)
≤ t,[

Xk INRk

INRk
Zk

]
� 0, ∀k. (5.23)
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The transmit matrix optimization for S4 (5.5) is an SOCP

min
U ,t

t

s.t. ‖vec(U)‖2 ≤
√
Pmax,∥∥∥∥ vsum√

csum

∥∥∥∥
2

≤ t. (5.24)

Similarly, we can optimize the transmit matrix with (5.24) and the receive matrix
with (5.11) iteratively. The detailed algorithm (Algorithm S4) is given in Table 11.

With a similar reasoning as for Algorithm 1, it can be shown that these algorithms
(Algorithm S1 - Algorithm S4) also return monotonically convergent sequences of
their cost functions, respectively.

5.2 Multi-Group MIMO Multicasting

In this section, we consider the case where the base station (equipped with NT

transmit antennas) spatially multiplexes independent information to M groups of
mobile stations. There are Km mobile stations in the mth group and the mobile
stations are equipped with N(m,k), k = 1, ..., Km antennas, respectively.

We denote the data vector transmitted to the mth group as d(m) ∈ CMm×1.
The number of data streams to the mth group is Mm. Again, the data symbols
are independent and with unity average powers, i.e., E{d(m)d

H
(m)} = IMm . The

transmit filtering matrix, which maps the data vector d(m) onto the antennas, is
denoted by U (m) ∈ CNT×Mm . The channel matrix H(m,k) ∈ CN(m,k)×NT models the
channel between the base station and the kth mobile station in the mth group. Zero-
mean complex white Gaussian noise at the mobile station is denoted by n(m,k) ∼
CN (0, σ2

nIN(m,k)
).

At the kth mobile station in the mth group, the received signal is detected by
receive filtering matrix R(m,k). Thus, the decision variable of the kth user in the mth
group is given by

d̂(m,k) = R(m,k)(H(m,k)

M∑
i=1

U (i)d(i) + n(m,k)). (5.25)
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The corresponding MSE of the kth user in the mth group can be written as

MSE(m,k) = E{‖d̂(m,k) − d(m)‖2
2}

= E{Tr{[R(m,k)(H(m,k)

M∑
i=1

U (i)d(i) + n(m,k))− d(m)]}

[R(m,k)(H(m,k)

M∑
i=1

U (i)d(i) + n(m,k))− d(m)]
H}

= Tr{R(m,k)H(m,k)

M∑
i=1

U (i)U
H
(i)H

H
(m,k)R

H
(m,k)}

− Tr{R(m,k)H(m,k)U (m) +UH
(m)H

H
(m,k)R

H
(m,k)}

+ Tr{σ2
nR(m,k)R

H
(m,k) + IMm}. (5.26)

For multi-group multicasting, we also consider four optimization problems:

M1: minimize the total transmit power subject to user-MSE constraints

min
U (1),...,U (M),R(1,1),...,R(M,KM )

M∑
m=1

Tr{U (m)U
H
(m)}

s.t. MSE(m,k) ≤ ξ(m,k), ∀m, ∀k, (5.27)

where ξ(m,k) is the MSE target for the kth mobile station in the mth group.

M2: minimize the maximum weighted user MSE subject to a total power constraint

min
U (1),...,U (M),R(1,1),...,R(M,KM )

max
m,k

MSE(m,k)/ξ(m,k)

s.t.
M∑
m=1

Tr{U (m)U
H
(m)} ≤ Pmax. (5.28)

M3: minimize the total transmit power subject to a sum-MSE constraint

min
U (1),...,U (M),R(1,1),...,R(M,KM )

M∑
m=1

Tr{U (m)U
H
(m)}

s.t.
M∑
m=1

Km∑
k=1

MSE(m,k) ≤ εsum. (5.29)
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M4: minimize the sum MSE subject to a total power constraint

min
U (1),...,U (M),R(1,1),...,R(M,KM )

M∑
m=1

Km∑
k=1

MSE(m,k)

s.t.
M∑
m=1

Tr{U (m)U
H
(m)} ≤ Pmax. (5.30)

The MMSE receive filter for the kth mobile station in the mth group is

R(m,k) = UH
(m)H

H
(m,k)(H(m,k)

M∑
i=1

U (i)U
H
(i)H

H
(m,k) + σ2

nIN(m,k)
)−1, ∀m, ∀k. (5.31)

With the MMSE receivers (5.31), the MMSE of each user can be expressed as

MMSE(m,k) = Mm − Tr{(HH
(m,k)

M∑
i=1

Q(i)H(m,k) + σ2
nINT

)−1HH
(m,k)Q(m)H(m,k)},

(5.32)

where Q(m) = U (m)U
H
(m), ∀m, are the transmit covariances.

Unlike the case of single-group multicasting, the MMSE per user is a non-convex
function with respect to the transmit covariances. Due to the non-convexity and the
complicated mathematical structure of the MMSE (5.32), it is difficult to reformulate
these problems as SDPs. Thus, the SDR techniques is not applicable in this case.

We employ the similar alternating optimization approach as for the single-group
multicasting. In the following subsection, we only focus on the transmit matrix
optimizations for the problems M1-M4. We show that these problems with respect
to the transmit filtering matrix can be reformulated as SOCPs as well.

5.2.1 Transmit Matrix Optimization

Our aim is to express the MSE constraint as an SOC. To this end, we stack all data
vectors d(m), ∀m, in one vector d = [dT(1), ...,d

T
(M)]

T and all transmit matrices U (m),
∀m, in one matrix U = [U (1), ...,U (M)], and introduce a matrix

Θ(m) = [0Mm×am IMm 0Mm×bm ],

where am =
∑m−1

m=1 Mm, and bm =
∑M

m=m+1 Mm, ∀m.
Then, the MSE (5.26) can be rewritten as

MSE(m,k) = Tr{[R(m,k)(H(m,k)U d+ n(m,k))−Θ(m)d]

× [R(m,k)(H(m,k)U d+ n(m,k))−Θ(m)d]H}
= Tr{[R(m,k)H(m,k)U −Θ(m)][R(m,k)H(m,k)U −Θ(m)]

H}
+ σ2

n Tr{R(m,k)R
H
(m,k)}. (5.33)
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With (5.33), the MSE constraint MSE(m,k) ≤ ξ(m,k), can be rewritten as an SOC∥∥ v(m,k)

∥∥
2
≤
√
ξ(m,k) − c(m,k), ∀k, ∀m, (5.34)

where v(m,k) = vec(R(m,k)H(m,k)U−Θ(m)) and c(m,k) = σ2
n Tr{R(m,k)R

H
(m,k)}, ∀m,∀k.

Then, the transmit optimization for the problem M1 (5.27) is an SOCP

min
U (1), ...,U (M), t

t

s.t. ‖vec(U)‖2 ≤ t∥∥ v(m,k)

∥∥
2
≤
√
ξ(m,k) − c(m,k), ∀k, ∀m. (5.35)

Similarly, the transmit optimization problems for the problems M2-M4 can be
reformulated as

min
U (1), ...,U (M), t

t

s.t. ‖vec(U)‖2 ≤
√
Pmax∥∥∥∥ (1/

√
ξ(m,k))v(m,k)√

c(m,k)/ξ(m,k)

∥∥∥∥
2

≤ t, ∀k, ∀m, (5.36)

min
U (1),...,U (M),t

t

s.t. ‖vec(U)‖2 ≤ t,

‖vsum‖2 ≤
√
εsum − csum, (5.37)

and

min
U (1),...,U (M),t

t

s.t. ‖vec(U)‖2 ≤
√
Pmax,∥∥∥∥ vsum√

csum

∥∥∥∥
2

≤ t, (5.38)

respectively. The vector vsum = vec(v(1,1), ...,v(M,KM )), and csum =
∑M

m=1

∑Km

k=1 c(m,k).
Clearly, (5.36)-(5.38) are SOCPs as well.

5.2.2 Algorithms

With the optimal transmit filtering matrix, we can update the receivers as the MMSE
receivers (5.31). The detailed algorithms (Algorithm M1, M2, M3, M4) are summa-
rized in Table 12.

Algorithm M1-M4 return monotonically convergent sequences of the cost func-
tions. This can be proved with a similar reasoning as for Algorithm S1.

90



5 Physical Layer Multicasting

Table 12 Algorithm M1, M2, M3, M4: Transceiver Design for Multi-group Multi-
casting (5.27), (5.28), (5.29), (5.30)
1: initialize: Rk,∀k, n = 0, and nmax

2: repeat
3: n← n+ 1
4: find U (n)

(m), ∀m, by solving (5.35) [Algorithm M1], or (5.36) [Algorithm
M2], or (5.37) [Algorithm M3], or (5.38) [Algorithm M4].

5: update R(n)
(m,k), ∀m, ∀k, with (5.31)

6: until required accuracy is reached or n ≥ nmax

5.3 Extension: Other Types of Power Constraints

In a realistic implementation, each antenna has its own amplifier and is thus limited
individually. In this case, per-antenna power constraints must be considered. The
per-antenna power constraints can be written as

‖ur,i‖2 ≤
√
pi, ∀i,

where ur,i is the ith row of the transmit filtering matrix U or U and pi is the
power limit of the ith antenna. This power constraint is convex. Therefore, adding
additional per-antenna power constraints to the problems S1, S3, M1, and M3, or
exchanging the total power constraint with per-antenna power constraints for the
problems S2, S4, M2, and M4, does not change the mathematical structure of the
optimization problems. These problems with respect to transmit matrix can be
formulated as SOCPs as well. Thus, the alternating optimization method can be
applied to derive new algorithms. The algorithms have similar convergence behaviors
as those of the corresponding problems studied in the previous sections.

In some cases, the transmission powers to different groups can vary due to the
different locations of the groups of the mobile stations. For single-group multicasting,
this is equivalent to the total power constraint, because only one group of mobile
stations is under consideration. For multi-group multicasting, the per-group power
constraints are given by

‖vec(U (m))‖2 ≤
√
p(m), ∀m,

where p(m) is the power constraint of the mth group. This power constraint is convex
as well. Therefore, the results can also be extended to the problems with per-group
power constraints.

Note that if we add additional convex constraints to these problems, the structure
of the problems will not change. Thus, the results can be extended other variations
of the problems, e.g., the problem of minimizing sum MSE subject to certain power
constraints, while each mobile has to achieve its own MSE target, etc.
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5.4 Simulation Results

For single-group multicasting, we assume that the base station with four transmit
antennas broadcasts two data streams to three users, each with two receive antennas.
The MSE target of each user is chosen as ξk = 0.8, and the sum MSE as εsum = 2.4.
The noise power is assumed to be 0.1 and the total transmit power is limited by 1.

We take the problem S2, i.e., min-max user MSE, as an example to show the
performance of Algorithm S2. In Fig. 5.1, we plot the difference maxKMSESDR

k −
maxKMSEAlgS2

k , where maxKMSESDR
k is the achieved maximum user MSE level re-

turned by SDR approach and maxKMSEAlgS2
k by Algorithm S2. For SDR approach,

the transmit matrix is obtained as follows: 1) find the transmit covariance by solv-
ing the unconstrained SDP; 2) perform eigenvalue decomposition; 3) choose the Nd

maximal eigenvalues and associated eigenvectors as the beamformers. 4) scale the
beamformers to fulfill the power constraints. We consider two scenarios: Nd = 1
and Nd = 2. In the case of Nd = 1, where the rank constraint is active in most
cases, the SDR approach has a worse performance than Algorithm S2. For Nd = 2,
Algorithm S2 and SDR approach are likely to have the same performance, when the
rank constraint is fulfilled by solving the unconstrained SDP.

The achieved user MSEs, sum MSEs and required transmit powers for Algorithm
S1 - Algorithm S4 are shown in Fig. 5.2. The first three bars in each group denote
the user MSEs, the fourth bar denotes the sum MSE, and the fifth bar the total
transmit power. Algorithm S1 and Algorithm S3 achieve the same sum MSE target
2.4. However, more power is needed for Algorithm S1 to balance the MSEs among
all users. Under the same total power constraint, Algorithm S2 ensures the same
performance (in terms of MSE) of all users, whereas Algorithm S4 gives a better
overall performance of the system, i.e., the sum MSE is smaller than the one by
Algorithm S2.

For multi-group multicasting, we assume that the base station with four transmit
antennas servers two groups of users, and broadcasts two data streams to each group.
Each group has two users, each with two receive antennas. The MSE target of each
user is chosen as ξ(m,k) = 0.8, and the sum MSE target as εsum = 3.2. The noise
power is 0.1 and the total transmit power is 1. The achieved user MSEs, sum MSEs
and total transmit powers are illustrated in Fig. 5.3.
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Figure 5.1: Difference of the achieved maximum user MSE levels returned by SDR
approach and Algorithm S2. K = 3, NT = 4, NRk

= 2, Pmax = 1, Nd = 1, 2,
ξk = 0.8

Figure 5.2: User MSE/sum MSE/Total transmit power for Algorithm S1 - Algorithm
S4. K = 3, NT = 4, NRk

= 2, Nd = 2, Pmax = 1, ξk = 0.8, εsum = 2.4
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Figure 5.3: User MSE/sum MSE/Total transmit power for Algorithm M1 - Algorithm
M4. M = 2, NT = 4, K1 = K2 = 2, N(m,k) = 2, M1 = M2 = 2, Pmax = 1,
ξ(m,k) = 0.8, εsum = 3.2
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6 Network MIMO with
Per-Base-Station Power
Constraints

In a cellular network, cooperative signal processing among several base stations (net-
work multiple-input-multiple-output (MIMO)), was proposed to combat the inter-cell
interference and to improve the spectral efficiency [104–107]. Although base station
cooperation is difficult and requires a high-speed backbone, the significant improve-
ment of capacity and coverage makes it very promising and motivates further re-
search.

For base station cooperation, we have to take per-base-station power constraints
into account. Each base station can have multiple antennas. We can either con-
strain the transmit power of each antenna individually, or we can put constraints
on groups of antennas. This includes the sum power constraint as a special case.
Most publications are on sum power constraint, only a few recent papers are on per-
antenna or per-base-station constraints [27, 104, 108, 109]. In [27], the transmitter
optimization with per-antenna power constraints for Multiple-Input-Single-Output
(MISO) systems was investigated. In this work, the margin of the transmit power
per antenna over power constraint of all antennas is uniformly minimized subject to
a set of given SINR targets. Optimum zero-forcing beamforming with per-antenna
constraints was proposed in [108, 109] independently. In [104], the problem of bal-
ancing the rate/SINR per layer for a network MIMO system is investigated with
per-base-station power constraints.

Unlike [27, 104, 108, 109], we take the total sum-MSE and user-MSE as the
performance measures. In this chapter, we will optimize the cooperative transmitters
and decentralized receivers (both linear filtering) with per-base-station constraints
according to the following design criteria:

PN1: minimize the total sum-MSE under per-base-station power constraints,

PN2: minimize the total transmit power to achieve a total sum-MSE target under
per-base-station power constraints,
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PN3: minimize the maximum weighted user-MSE under per-base-station power con-
straints,

PN4: minimize the total transmit power to achieve a set of user-MSE targets under
per-base-station power constraints.

With multiple antennas, each user possibly can transmit multiple data streams. The
total sum-MSE or user-MSE is the sum of the MSE of several data streams and is cou-
pled with the transmitters and receivers. This leads to a complicated mathematical
structure. Generally, these problems are non-convex.

In our previous work [31, 110], these problems were studied under a total power
constraint. The proposed algorithms in [31, 110] were based on the uplink-downlink
duality in terms of MSE. However, with per-base-station power constraints, this MSE
duality can not be applied directly. In this chapter, we follow the optimization ap-
proach proposed in Chapter 5, where the optimization is carried out in the downlink
channel directly, i.e, a virtual uplink channel is not required for the optimization.

We show that for given receivers, the transmitter optimization with respect to the
total sum-MSE and user-MSE can be reformulated as second order cone programs
(SOCPs). This differs from the approach proposed in [26], where the optimization is
with respect to per-layer SINR constraints and no per-base-station power constraints.
Global optimality of the transmitter follows directly from the properties of SOCP.
With the optimal transmitter, the receivers can be updated as linear MMSE filters,
which is known to be the optimal linear receive strategy. Repeating the optimiza-
tion of the transmitters with SOCP and the MMSE receivers, we obtain iterative
algorithms for the problems given above. We prove that the proposed algorithms
converge monotonically.

In addition, we extend the results to other kinds of power constraints, e.g., a
total power constraint or individual user power constraints, etc. The convexity of
the transmitter optimization problems does not change for variations of the power
constraints and additional convex constraints.

6.1 System Model and Problem Formulation

We consider a cellular system, where N cooperative base stations jointly transmit
signals to K users. Each base station is equipped with NTn , n = 1, .., N , antennas
and each user with NRk

, k = 1, .., K, antennas. The whole system forms a network
MIMO with a total number NT =

∑N
n=1NTn transmit antennas. Without loss of

generality, we assume that independent unity-energy data symbols d = [dT1 , ...,d
T
K ]T ,

i.e., E{ddH} = I, are jointly transmitted from the cooperative base stations to users.
Vector dk is the data vector of dimension Mk to be transmitted to the kth user. The
transmit filtering matrix is denoted by U = [U 1, ...,UK ] where U k ∈ CNT×Mk maps
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the signal dk onto the NT transmit antennas. The antenna output is given by

x = Ud = [u1d, ...,uNT
d]T ,

where ul is the lth row of U and l is the antenna index. For convenience, we
denote the transmit filtering matrix applied at the nth base station as UB,n =
[uT

1+
∑n−1

i=1 NTi

, ...,uT∑n
i=1NTi

]T , ∀n.
We focus on a scenario where each base station has an individual power constraint

pn, i.e., Tr{UB,n(UB,n)H} ≤ pn, ∀n ∈ 1, ..., N .
The channel is denoted by H = [HT

1 , ...,H
T
K ]T where Hk models the channel

between the kth user and N cooperative base stations. We assume zero-mean white
Gaussian noise n = [n1, ...,nK ]T ∼ CN (0, σ2

nI). The data and the noise are statis-
tically independent. At each mobile, the signal is received by a filter Rk. We define
R = blkdiag{R1, ...,RK}. In the end, we have the decision variable d̂ of all users

d̂ = R(HUd+ n), (6.1)

and the decision variable d̂k of the kth user

d̂k = Rk(HkUd+ nk), ∀k ∈ {1, . . . , K}. (6.2)

The performance measure is the total sum-MSE SMSE = E{‖d̂−d‖2
2} and user-

MSE εk = E{‖d̂k − dk‖2
2}, ∀k. Four optimization design criteria will be considered:

PN1: minimize the total sum-MSE subject to per-base-station power constraints

min
U ,R

SMSE s.t. Tr{UB,n(UB,n)H} ≤ pn, ∀n. (6.3)

PN2: minimize the total transmit power subject to a total sum-MSE constraint and
per-base-station power constraints

min
U ,R

Tr{UUH}

s.t. SMSE ≤ εsum, Tr{UB,n(UB,n)H} ≤ pn, ∀n, (6.4)

where εsum is the total sum-MSE target.

PN3: minimize the maximum weighted user-MSE subject to per-base-station power
constraints

min
U ,R

max
1≤k≤K

εk/ξk s.t. Tr{UB,n(UB,n)H} ≤ pn, ∀n, (6.5)

where ξk is the user-MSE target for the kth user.

PN4: minimize the total transmit power subject to user-MSE constraints and per-
base-station power constraints

min
U ,R

Tr{UUH}

s.t. εk ≤ ξk, ∀k, Tr{UB,n(UB,n)H} ≤ pn, ∀n. (6.6)
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6.2 Optimal Transmit Matrix

In this section, we derive globally optimal transmit filtering matrices for the problems
PN1-PN4 with fixed receive filtering matrices, respectively.

6.2.1 Sum-MSE Minimization

Assume that the receivers Rk, ∀k, are fixed. The total sum-MSE of all users can be
expressed as

SMSE(U) = E{‖d̂− d‖2
2} = E{‖R(HUd+ n)− d‖2

2}
= Tr{(RHU − I)(RHU − I)H}
+ σ2

n Tr{RRH}. (6.7)

The transmitter optimization problem can be formulated as

min
U

SMSE(U) s.t. Tr{UB,n(UB,n)H} ≤ pn, ∀n. (6.8)

The KKT conditions for (6.8) are given by

(Λ +HHRHRH)−1HHRH = U ,

pn − Tr{UB,n(UB,n)H} ≥ 0, ∀n,
λn ≥ 0, ∀n,

λn(pn − Tr{UB,n(UB,n)H}) = 0, ∀n. (6.9)

where Λ = diag{[λ1, ..., λ1︸ ︷︷ ︸
NT1

, λ2, ..., λ2︸ ︷︷ ︸
NT2

, ..., λN , ..., λN︸ ︷︷ ︸
NTN

]}. Note that directly solving (6.9)

by finding the optimal variables λn, ∀n, is non-trivial.
In the following, we show that (6.8) can be reformulated as an SOCP.
By introducing a slack variable t, we can write SMSE ≤ t2 as an SOC∥∥∥∥ vsum√

csum

∥∥∥∥
2

≤ t, (6.10)

where vsum = vec(RHU − I) and csum = σ2
n Tr{RRH}.

Similarly, the per-base-station power constraint Tr{UB,n(UB,n)H} ≤ pn can be
written as

‖vec(UB,n)‖2 ≤
√
pn.
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Thus, transmitter optimization for sum-MSE minimization PN1 (6.8) can be for-
mulated as an SOCP in a standard form

min
U ,t

t

s.t.
∥∥∥∥ vsum√

csum

∥∥∥∥
2

≤ t,

‖vec(UB,n)‖2 ≤
√
pn, ∀n. (6.11)

This enables the application of modern optimization methods, as well as the existing
optimization tools. For example, the global optimum can be found efficiently by
standard SOCP solvers, e.g., SEDUMI [67].

6.2.2 Sum-MSE-Constrained Power Minimization

For a given feasible sum-MSE target εsum, the power minimization problem PN2 for
fixed receivers can be reformulated as

min
U ,t

t

s.t. ‖vec(U)‖2 ≤ t,

‖vsum‖2 ≤
√
εsum − csum,

‖vec(UB,n)‖2 ≤
√
pn, ∀n. (6.12)

Problem (6.12) is also an SOCP, so it can be solved efficiently.

6.2.3 Min-Max Weighted User MSE

Now, we consider the problem of minimizing the maximum weighted user-MSE under
individual per-base-station power constraints.

By introducing selection matrices

Θk = [0Mk×
∑k−1

k=1 Mk
IMk

0Mk×
∑K

k=k+1Mk
], ∀k,

we can express the MSE of the kth user as

εk = E{‖d̂k − dk‖2
2} = E{‖Rk(HkUd+ nk)−Θkd‖2

2}
= Tr{(RkHkU −Θk)(RkHkU −Θk)

H}
+ σ2

n Tr{RkR
H
k }, ∀k. (6.13)

Suppose that maxk εk/ξk ≤ t2, or equivalently εk/ξk ≤ t2, ∀k. With (6.13), we
can write εk/ξk ≤ t2 as an SOC ∥∥∥∥ vk√

ck

∥∥∥∥
2

≤ t, ∀k, (6.14)
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where vk = 1/
√
ξkvec(RkHkU −Θk) and ck = (σ2

n/ξk) Tr{RkR
H
k }, ∀k.

Therefore, the transmitter optimization for PN3 can be formulated as an SOCP

min
U ,t

t

s.t.
∥∥∥∥ vsum√

ck

∥∥∥∥
2

≤ t, ∀k,

‖vec(UB,n)‖2 ≤
√
pn, ∀n. (6.15)

6.2.4 User-MSE-Constrained Power Minimization

Under the assumption that a set of user-MSE targets ξ1, ..., ξK is feasible, we can
minimize the total transmit power subject to MSE targets by solving

min
U ,t

t

s.t. ‖vk‖2 ≤
√

1− ck, ∀k,
‖vec(U )‖2 ≤ t,

‖vec(UB,n)‖2 ≤
√
pn, ∀n. (6.16)

This is an SOCP as well.

6.3 Transceiver Optimization

In the previous section, we have derived the optimal transmit filtering matrix U for
PN1-PN4 with fixed receivers. Now, we consider adaptive MMSE receivers. It is
known that the optimal linear receivers are the linear MMSE receivers

Rk(U) = UH
k H

H
k (HkUU

HHH
k + σ2

nI)−1, ∀k, (6.17)

which minimize the MSE of each layer independently and simultaneously maximize
the SINRs. Thus, we can update the receivers with (6.17) to improve the performance
in terms of MSE.

Repeating the optimization of the transmitter U with (6.11), or (6.12), or (6.15),
or (6.16), and receiver Rk, ∀k, with (6.17), we obtain iterative algorithms for PN1-
PN4, respectively (see Algorithm AN1, AN2, AN3 & AN4 in Table 13).

It should be noted that the problems PN1 and PN3 are always feasible. However,
PN2 and PN4 can be infeasible. If Algorithm AN1 or Algorithm AN3 returns a
solution, which is feasible for PN2 or PN4, then a feasible initialization for Algorithm
AN2 or AN4 can be generated by Algorithm AN1 or AN3.

In each iteration, we know that the cost functions are minimized with respect
to the transmitter and receivers in cyclic order. Therefore, Algorithm 1-4 returns
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monotonic sequences of the cost functions and these sequences converges to limit
points due to the compactness of the optimization sets. This can be proved similarly
as the proofs in [31, 110] (see also Chapter 3) for a sum power constraint. We omit
the detailed proof here. However, it is not clear whether the limit point is a local
optimum or a global optimum. This will be an interesting open problem for future
work.

Table 13 Algorithm AN1, AN2, AN3, AN4: MMSE Transceiver Designs with Per-
Base-Station Power Constraints for PN1, PN2, PN3, PN4
1: initialize: R(0)

k , n = 0, and nmax

2: repeat
3: n← n+ 1
4: find U (n) by solving (6.11) [Algorithm AN1], or by solving (6.12)

[Algorithm AN2], or by solving (6.15) [Algorithm AN3], or by solving
(6.16) [Algorithm AN4]

5: update the receivers R(n)
k , ∀k, with (6.17)

6: until required accuracy is reached or n ≥ nmax

6.4 Extension: Other Types of Power Constraints

The proposed algorithms can be extended for the problems PN1-PN4 with a total
power constraint (a special case of per-antenna-group power constraint) or individual
power constraints per user. This can be done by exchanging the per-base-station
power constraints ‖vec(UB,n)‖2 ≤

√
pn, ∀n, in the SOCP problem formulations

(6.11), (6.12), (6.15), (6.16), with a sum power constraint

‖vec(U)‖2 ≤
√
P ,

or individual per-user power constraints

‖vec(U k)‖2 ≤
√
Pk, ∀k,

where P and Pk, ∀k, are the respective power limits. The modification does not
change the mathematic structure of the optimization problems, i.e., the problems
PN1-PN4 with a total power constraint or individual per-user power constraints can
be formulated as SOCPs as well.

We can follow a similar alternating optimization approach in Algorithm AN1-AN4
to derive new iterative algorithms. These algorithms provide alternative solutions to
the ones proposed in Chapter 3 and in [32, 59]. The convergence of the new algorithms
can be shown analogously to the convergence proof in Chapter 5.
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It should be noted that with individual user power constraints, the algorithm
proposed in [59] is not guaranteed to converge, whereas the new algorithm proposed
here does always converge.

Any other convex constraints can be included, since they do not change the
convexity of the SOCP.

6.5 Simulation Results

We consider a network MIMO system, with 3 cooperative base stations, each with
3 transmit antennas. In total 6 users are served, each with 2 receive antennas. The
simulations are carried out over a randomly chosen, normalized flat fading channel.
Noise power is assumed to be 0.1. The user-MSE targets are ξk = 0.6, k = 1, ..., 6
and total sum-MSE target εsum is 3.6. The per-base-station power constraints are
pn = 1, n = 1, 2, 3.

The transmit power of each base station is illustrated in Fig. 6.1. For Algorithm
AN1, base station 1 and base station 3 transmit signals with full power, and for
Algorithm AN3, only base station 3 transmits with full power. Under the same per-
base-station power constraints, to achieve a sum-MSE target 3.6 or user-MSE target
0.6 per user, less power is required by Algorithm AN2 or AN4.

The achieved MSE values are shown in Fig. 6.2. The first six bars in each group
denote the user-MSE values and the seventh bar denotes the sum-MSE value. Under
the same power constraints, Algorithm AN1 achieves the minimum sum-MSEs among
all algorithms, whereas Algorithm AN3 balances the MSEs among users with slight
increase of the total sum-MSE. Algorithm AN2 achieves the total sum-MSE target
3.6 and Algorithm AN4 achieves the same sum-MSE value with each user fulfilling
its target 0.6 at the cost of a higher power consumption.
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Figure 6.1: Power per base station for different algorithms. N = 3, K = 6, NT = 9,
NRk

= 2, pn = 1, n = 1, 2, 3, εsum = 3.6, ξk = 0.6

Figure 6.2: User-MSE/sum-MSE for different algorithms. N = 3, K = 6, NT = 9,
NRk

= 2, pn = 1, n = 1, 2, 3, εsum = 3.6, ξk = 0.6. The first six bars in each group
denote the user-MSE values and the seventh bar denotes the sum-MSE value.
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7.1 Summary of Contributions

In this thesis, joint transceiver optimization for multiuser MIMO links with linear
transmit and receive processing is studied. We consider different performance mea-
sures: sum MSE, user MSE, layer MSE, sum rate, and user rate. New algorithms for
various design goals are proposed. The following topics are covered and the following
results are derived:

• We propose a fundamentally new way to investigate the problem of downlink
MMSE transceiver optimization. Instead of directly studying the downlink
structure as in state-of-the-art work on MMSE MIMO design, it is shown that
the problem can be solved indirectly via an MSE duality between the uplink and
downlink channels. This duality is used to derive two frameworks for downlink
MSE optimization. One is to solve an equivalent uplink problem and transform
the uplink solution to the downlink based on the MSE duality. The other one is
to optimize the powers and filters by switching between the uplink and downlink
representation of the given channel matrix. This benefits from the fact that if
we want to optimize a downlink channel, then the equivalent uplink channel
only serves for the purpose of optimization, and vice versa. When switching
between two links, the duality is used to ensure the same performance.

• As application examples of the MSE duality, we propose different algorithms for
downlink MMSE optimization PM1-PM6 (as defined on page 24) for multiuser
MIMO systems under a sum power constraint. We prove the monotonic conver-
gence of the algorithms. Additionally, we show that the results for PM3-PM6
can be extended to the case with uplink SIC and downlink DPC.

• The proposed MSE-duality-based optimization framework is general and can
be used for related performance measures. We show that it can be applied
to the optimization problems PR1-PR5 (as defined on page 61 and 68) with
respect to sum rate and user rate. These problems are non-convex, and no
efficient solutions are available. The proposed iterative algorithms are based
on the MSE duality and the proposed alternating optimization framework. The
crucial steps in the iterations are the new power allocation strategies, which
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are carried out by optimizing the product of layer-MSEs together with MMSE
filtering. Monotonic convergence of the iterations is proved. Simulations show
that the proposed algorithms outperform other existing linear schemes in terms
of average achieved rate.

• We investigate the problem of linear transceiver design for multicasting with
MIMO links. Four optimization problems with respect to MMSE are studied
both for single-group and multi-group multicasting. We show that for the case
of single-group multicasting, these problems are convex with respect to transmit
covariance matrix without a rank constraint. Additionally, we show that if
either the transmitter or receivers are fixed, the resulting sub-problems are
convex. The optimal transmit matrix can be found efficiently via SOCP. Based
on this result, we derive iterative algorithms for transceiver designs and analyze
the convergence behavior of these algorithms. The convergence of the cost
functions is proved for any chosen number of data streams. The subsequences
of the parameters involved in the optimization always converge to a stationary
point, even to a global optimum for some special cases.

Additionally, we show that these results can be extended to problems with
other types of power constraints or variations of the problems.

• We also consider the optimization with per-base-station power constraints for
cooperative transmission in network MIMO systems. Several base stations
jointly transmit signals to multiple mobile stations to suppress the inter-cell
interference. In this scenario, instead of a total power constraint, we are in-
terested in per-base-station power constraints. New iterative algorithms are
proposed for PN1-PN4 (as defined on page 95). The values of the cost func-
tions are proved to be convergent. The subsequences of the parameters involved
in the optimization always converge to stationary points. For the sum-MSE op-
timization Algorithm AN1 and AN2, they even converge to global optima for
some special cases. Other types of power constraints, e.g., the problems PM1-
PM6 (as defined on page 24) with a total power constraint, can be dealt with
by a similar approach.

7.2 Discussion and Future Work

The problems studied in this thesis are generally non-convex and in most cases it
seems unlikely that convex reformulations can be found. It would be interesting to
have additional insights into these problems. Specifically, the following aspects will
be investigated in the future work:

• Per-User MMSE Optimization
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Due to the uplink/downlink MSE duality, we can focus on a multiuser uplink
MIMO channel with K users. It is known that the sum-MSE minimization
problem can be reformulated as a semidefinite program with respect to the
transmit covariance, if there is no rank constraint. However, the problems
with respect to per-user MSE are non-convex optimization problems. For these
problems, convexity can not be exploited to apply efficient numerical methods.

The closed-form of MMSE per user including optimal receivers (2.18), can be
expressed as

MMSEk(R1, ...,RK) = Mk − Tr
{
HkRkH

H
k

( K∑
l=1

H lRlH
H
l + σ2

nI
)−1
}
, ∀k.

(7.1)

where Hk is the channel matrix, Mk ≥ 2 is the number of data streams of
user k, and Rk is the transmit covariance. The difficulty lies not only in the
non-convexity of MMSEk(R1, ...,RK), but also its complicated mathematical
structure. The central objective for future work is to characterize the optimality
conditions and develop globally optimal algorithms.

• Rate Optimization

With linear signal processing, the achievable rate region is still unknown for a
multiuser MIMO channel. Thanks to the rate duality [29], we can focus on the
uplink channel as well. Consider the rate of user k

Rk(R1, ...,RK) = log
∣∣∣I +Z

−1/2
k HkRkH

H
k Z

−1/2
k

∣∣∣
= Tr{log(Z−1

k HkRkH
H
k )} (7.2)

where Zk =
∑K

l=1,l 6=kH lRlH
H
l + I. The non-convexity of Rk(R1, ...,RK)

makes the characterization of the achievable rate region very difficult.

The objective is to characterize the achievable rate region and the optimality
conditions to achieve the boundary of the region. The development of efficient
algorithms to achieve the boundary points is also a topic for future research.

• Generalized Uplink/Downlink Duality

In recent years, duality between uplink and downlink channels has proved to
be very useful for the development of optimum transceiver strategies. A better
general understanding of the duality phenomenon is still ongoing. Finding a
unifying theory will be a challenging goal for research work. Specifically, the
establishment of an uplink/downlink duality in terms of error covariance with
linear processing will be the focus of future work.
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• Robust Design

It is well known that the knowledge of the channel state information at the
transmitter can be utilized for providing significant gains in digital communi-
cation systems. However, the assumption of the exact channel knowledge at the
transmit side in practical wireless systems is often unrealistic. The problems
arise due to imperfections in the channel estimation process, fast variations
of the channel, limited feedback capacities, etc. Therefore, the performance
of schemes based on the perfect channel state information can be degraded in
practice, and certain promised quality of service targets might be violated.

The problem of robust transceiver optimization in multiuser MIMO downlink
wireless systems is of much importance for practical implementations. We
have shown that the robust designs with respect to MSE can be dealt with
by SDP [111–113]. However, the globally optimal strategies are still unknown.
The research on this topic is still ongoing. The characterization of the global
optimum is a challenging open problem.
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