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Zusammenfassung

In den letzten Jahren zeigt sich, dass sich die Orthogonal-Frequency-Division-Multiplex

(OFDM)-Technik zunehmend zur Schlüsseltechnologie für zukünftige drahtlose Kommu-

nikationssysteme entwickelt. Einige grundlegende Aufgabenstellungen bei der Konzeption

von OFDM-basierten zellularen Broadcast-Systemen werden in dieser Arbeit diskutiert.

Die Erörterung konzentriert sich auf folgende drei Bereiche: Effiziente Feedback-Schemata

für die Übertragung von Kanalinformation, Ressourcenallokationsstrategien, die auf die

Feedback-Schemata angewendet werden können, und Scheduling-Verfahren, die auch mit

den Ressourcenallokationsstrategien kombiniert werden können.

Um die hohe spektrale Effizienz der OFDM-Technik ausschöpfen zu können, müssen

frequenzselektive Kanalinformationen an Sender verfügbar sein. Der daraus resultierende

erhöhte Bedarf an Kanalinformation benötigt effizientere Lösungen für die Feedback-Schemata.

In dieser Dissertation werden zwei Feedback-Schemata vorgeschlagen, welche die Feedback-

Datenmenge enorm reduzieren, nämlich mobility-dependent successive refinement und over-

sampling of channel impulse response. Der Leitgedanke bei dem mobility-dependent-

successive-refinement-Verfahren ist es, nicht den gesamten Frequenzgang auf einmal zu

übertragen, sondern in zeitlich aufeinanderfolgenden Abschnitten. Je nach Mobilitätszus-

tand der Nutzer werden die einzelnen Abschnitte nach einer vordefinierten Zeitperiode aktu-

alisiert. Bei dem oversampling-of-channel-impulse-response-Verfahren wird die Feedback-

Datenmenge reduziert, indem man Redundanzen in der Kanalinformation im Frequenzbere-

ich entfernt.

Basierend auf diesen Feedback-Schemata werden Ressourcenallokationsstrategien dar-

gestellt. Die Strategien maximieren die System-Utility, indem ein gewichtetes Ratensum-

menmaximierungsproblem gelöst wird. Diese Ressourcenallokationsprobleme haben auf-

grund von praktischen Einschränkungen nicht-differenzierbare und nicht-konvexe Zielfunk-

tionen. Um die Probleme nachhaltig zu lösen, werden Algorithmen entwickelt, die auf

der Lagrangeschen Methode basieren. Es hat sich gezeigt, dass diese Algorithmen andere

Standard-Algorithmen sowohl in Bezug auf Durchsatz als auch im erforderlichen Rechen-
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ii Zusammenfassung

aufwand übertreffen.

Wenn die Gewichtsfaktoren in dem oben erwähnten Ressourcenallokationsproblem in

angemessener Weise bestimmt werden, kann das System den Bufferzustand stabil halten,

solange die Ankunftsrate innerhalb der ergodisch erreichbaren Region liegt. Ein entsprechen-

des Scheduling-Verfahren nennt man throughput-optimal. Zwei Bedingungen an den Gewichts-

faktoren sind Voraussetzung, um die Throughput-Optimalität zu gewährleisten: Wenn der

Gesamt-Bufferzustand im System zu voll wird, wird die Änderung der Gewichtsfaktoren

zwischen zwei aufeinander folgenden Zeitpunkten kleiner. Wenn darüber hinaus der Buffer-

zustand eines Nutzers unter einem Schwellenwert bleibt, tendiert sein Gewichtsfaktor gegen

Null. Diese Bedingungen bieten passable Möglichkeiten zur Verifizierung der Throughput-

Optimalität.

Schließlich stellen wir einen iterativen Algorithmus vor, der Idle State Prediction genannt

wird. Dieser Algorithmus ermittelt Gewichtsfaktoren, die die relevante Verzögerungs-zeit

im System minimieren. Analysen und Simulationen zeigen, dass das Idle-State-Prediction-

Verfahren sowohl Durchsatz als auch Verzögerungszeit im System optimal gewährleisten.



Abstract

Orthogonal Frequency Division Multiplexing (OFDM) is evidently going to be the core

technology for next generation wireless communication systems. In this thesis certain cru-

cial issues arising from the concept design of an OFDM based cellular broadcast system

are being studied. The contributions are focused in three fields: efficient feedback schemes

for channel state information, resource allocation strategies that work with the feedback

schemes under further practical constraints, scheduling policies that can be combined with

these resource allocation strategies.

In order to exploit the high spectral efficiency of OFDM, frequency-selective channel

state information should be available at the transmitter. The resulting increased demand on

channel state information needs more efficient feedback method. In this thesis two feedback

schemes are proposed that enormously reduce the necessary feedback capacity demand.

One scheme is called mobility-dependent successive refinement. The main idea is not to

report the complete frequency response all at once but in subsequent parts. Subsequent parts

will be further refined in this process. After a predefined number of time slots, outdated

parts are updated depending on the reported mobility class of the users. Another scheme is

called oversampling of channel impulse response which reduces the feedback demand by

removing the redundancy of channel state information in frequency domain. With very low

required feedback capacity, both schemes provide an excellent description of the frequency-

selective channel state.

By using these feedback schemes, resource allocation strategies are presented, which

maximize the system utility by solving certain weighted sum rate maximization problems.

Additional rate constraints reflecting the quality of service requirement are considered in

these problems. Due to the properties of practical systems, these resource allocation prob-

lems have non-differentiable non-convex objective, which makes the problem solving more

difficult. In order to tackle these problems, we develop algorithms that are able to progres-

sively approach the solution in few steps. Evaluation results show that these algorithms

outperform existing standard algorithms both in achieved throughput and computational
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iv Abstract

complexity.

If the weight factors in the above resource allocation problem are constructed in a proper

manner, the system can keep all data queues stable for any set of arrival rate inside the

ergodic achievable rate region. The corresponding scheduling policy is called throughput-

optimal. Proving the throughput-optimality of scheduling policies used to be a laborious

task. In this thesis two conditions on the weight factors are presented that guarantee the

throughput-optimality. Heuristically, the conditions imply that if the queue length in the

system becomes large, the rate allocation is always the solution of a weighted sum rate

maximization problem. Furthermore, the change of the weight factors between two time

slots becomes smaller and the weight factors of the users, whose queues are bounded while

the other queues expand, tend to zero. Since the form of the conditions is rather straightfor-

ward, we can easily use them to verify the throughput-optimality policies.

At last, we propose an iterative algorithm called Idle State Prediction to obtain the

weight factors which minimize the relevant delay measure in the system. Analytical and

simulative tools are used to show that the proposed scheduling policy provides both optimal

throughput and delay performance.



Acknowledgment

This thesis is the result of the research work at the Fraunhofer German-Sino Lab for Mobile

Communications (MCI). First of all, I would like to thank my advisor Professor Holger

Boche, who gave me the opportunity to work in such a stimulating research environment

with excellent conditions. I am very grateful to Professor Michael Honig, who spent his

valuable time to act as second referee and reader of this thesis. My sincere gratitude goes to

Gerhard Wunder. Without his thoughtful guidance, caring supervision, encouragement and

critics, I would not be able to accomplish this thesis.

I am also grateful to all my colleagues at MCI, Heinrich-Hertz-Institut (HHI) and Tech-

nical University of Berlin, who not only were always open for informative discussions,

but foremost for the friendly and congenial atmosphere. My special thanks go to Thomas

Michel. It was a pleasure experience to work with him together in a room. I also thank

Anastasios Giovanidis for his continued interest in my work. Moreover, I would like to

express my gratitude to Shuying Shi, Jörg Bühler and Siddharth Naik for the effort they put

in reading this thesis and providing constructive comments. I would also like to thank Peter

Jung, Ingmar Blau and Jan Schreck for the inspiring discussions and additional support.

Most of all, I would like to thank my wife Jun. She has brought so much love to my life

and has been a constant source of support throughput my PhD studies.

v





Table of Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 OFDM System Architecture 7

2.1 Modeling of Broadband Radio Channel . . . . . . . . . . . . . . . . . . . 7

2.2 OFDM System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.1 OFDM data channel . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.2 Feedforward control channel . . . . . . . . . . . . . . . . . . . . . 11

2.2.3 Pilot channel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.4 Feedback channel . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2.5 Scheduler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Feedback Channel Design Concept 15

3.1 Mobility-dependent Successive Refinement . . . . . . . . . . . . . . . . . 16

3.1.1 Description of the scheme . . . . . . . . . . . . . . . . . . . . . . 16

3.1.2 Performance evaluation . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Oversampling of Channel Impulse Response . . . . . . . . . . . . . . . . . 24

3.2.1 Alternative 1: least-squares-based approximation . . . . . . . . . . 25

3.2.2 Alternative 2: linear-programming-based approximation . . . . . . 26

3.2.3 Oversampling and error control . . . . . . . . . . . . . . . . . . . 27

3.2.4 Comparison of the proposed feedback schemes . . . . . . . . . . . 29

4 Resource Allocation 31

4.1 Fixed Power Allocation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1.1 Resource allocation algorithm . . . . . . . . . . . . . . . . . . . . 34

4.1.2 Uniqueness and random noise addition . . . . . . . . . . . . . . . 37

4.1.3 Performance evaluation . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1.4 Extension to problems with maximum rate constraints . . . . . . . 44

4.2 Dynamic Power Allocation . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2.1 Resource allocation algorithm . . . . . . . . . . . . . . . . . . . . 47

vii



viii TABLE OF CONTENTS

4.2.2 Performance evaluation . . . . . . . . . . . . . . . . . . . . . . . . 49

5 Throughput-Optimal Scheduling 53

5.1 General Broadcast System Model . . . . . . . . . . . . . . . . . . . . . . 54

5.1.1 PHY layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.1.2 MAC layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.1.3 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.2 Stability Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2.1 Conditions on weight factors . . . . . . . . . . . . . . . . . . . . . 59

5.2.2 Proof of stability conditions . . . . . . . . . . . . . . . . . . . . . 63

5.3 Necessity of Stability Conditions . . . . . . . . . . . . . . . . . . . . . . . 76

5.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.4.1 Exponential rule . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.4.2 QPS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.4.3 Exponential functions as weight factors . . . . . . . . . . . . . . . 87

6 Delay Minimization 89

6.1 Parameter Separation Design of Throughput-optimal Scheduling Policies . 90

6.2 Scheduling Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.2.1 Scheduling policy for a static channel . . . . . . . . . . . . . . . . 91

6.2.2 Scheduling policy for dynamic channels . . . . . . . . . . . . . . . 94

6.3 Numerical Evaluations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

7 Conclusions 101

Publication List 104

Bibliography 113

Abbreviations and Nomenclature 115



List of Figures

2.1 OFDM air interface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 OFDM time frequency resource grid . . . . . . . . . . . . . . . . . . . . . 12

3.1 Throughput decline with respect to feedback delay . . . . . . . . . . . . . 17

3.2 Illustration of successive refinement principle for feedback channel design . 20

3.3 Throughput performance by improved feedback . . . . . . . . . . . . . . . 21

3.4 Throughput performance with respect to update period . . . . . . . . . . . 22

3.5 Throughput performance with respect to supported users . . . . . . . . . . 23

3.6 Comparison of frequency-nonselective and frequency-selective scheduling . 24

3.7 Feedback process of the oversampling scheme . . . . . . . . . . . . . . . . 28

3.8 Interpolation of the channel frequency response . . . . . . . . . . . . . . . 28

3.9 Error in CSI with respect to different oversampling rate . . . . . . . . . . . 30

4.1 Fixed point with and without random noise . . . . . . . . . . . . . . . . . 39

4.2 Convergence of µ̂ and R . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.3 Comparison of Algorithm 3 with Hungarian Algorithm . . . . . . . . . . . 42

4.4 Comparison of Algorithm 3 with optimal solution . . . . . . . . . . . . . . 43

4.5 SNR-Gap approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.6 Comparison of Algorithm 6 with optimal solution . . . . . . . . . . . . . . 51

5.1 Normal vector at the boundary point of ergodic achievable rate region . . . 57

5.2 Multiuser broadcast system and its queue structure . . . . . . . . . . . . . 58

5.3 Orthogonal grid in M = 3-dimension . . . . . . . . . . . . . . . . . . . . . 69

5.4 Linear interpolation of V(q) . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.5 Piecewise differentiable Lyapunov function V(q) . . . . . . . . . . . . . . 73

5.6 Lyapunov drift ∆V crosses subdomains . . . . . . . . . . . . . . . . . . . 74

5.7 Multiple rate allocations corresponding to same weight factors µP . . . . . 78

5.8 Multiple weight factors µP corresponding to same rate allocation . . . . . . 79

5.9 Weight vector of QPS and MWM policy . . . . . . . . . . . . . . . . . . . 86

6.1 Illustration of parameter separation . . . . . . . . . . . . . . . . . . . . . . 91

6.2 Ergodic achievable rate region of the OFDMA system . . . . . . . . . . . . 97

ix



x LIST OF FIGURES

6.3 Delay performance with respect to system load . . . . . . . . . . . . . . . 98

6.4 Delay performance with respect to number of supported users . . . . . . . 99



Chapter 1

Introduction

1.1 Motivation

Since the launch of the first commercial mobile phone service in the 1970s, cellular network

has been taken as a basic structure for the realization of the wireless connections. The

complete service area is divided into multiple cells and the mobile terminals in each cell

are served by one base station. The wireless connections between the base station and

the mobile terminals in the downlink and uplink directions are considered as a broadcast

channel and a multiple access channel, respectively.

Up to now the cellular network has experienced several generations of development.

Each generation is a leap in the quality of the mobile services accompanied by break-

throughs in mobile communication techniques. 3GPP (Third Generation Partnership Project)

LTE (Long Term Evolution) standard is considered as the fourth generation mobile commu-

nication technology which brings improvement to the provided mobile services with even

higher data rate and lower cost. To this end, a complete new air interface based on OFDM

(Orthogonal Frequency Division Multiplexing) is proposed in 3GPP LTE standard [18].

Compared to other multiplexing technique, OFDM is more robust against frequency selec-

tive fading and interference, as well as inter channel interference caused by multipath prop-

agation. Furthermore, OFDM is a highly efficient modulation scheme, which is proven to

approach the information theoretical capacity with water-filling among subcarriers. System

evaluations show that the use of OFDM based system brings about superior performance

with implementation efficiency compared to the performance of current W-CDMA (Wide-

band Code Division Multiple Access) systems. An additional advantage of OFDM is its

higher flexibility in the resource allocation due to the fine frequency resolution. Subcarriers

can be dynamically allocated among the users according to the channel conditions and the

1



2 Chapter 1. Introduction

service requirements. Additionally, subcarrier-based power and bit loading can also easily

be implemented in the system. These flexibilities provide more convenience for the mobile

systems to satisfy various service demands. Therefore, OFDM is widely adopted in wireless

communication standards such as 3GPP LTE, WLAN 802.11a [19] and WiMax (Worldwide

Interoperability for Microwave Access) [20].

Currently there are significant efforts to integrate the OFDM technique with these stan-

dards. In such efforts, several issues are considered as crucial challenges to the design of

a high-performance OFDM-based system. One of these challenge is construction of an ef-

ficient signaling scheme, which allows the transmitter to adapt to the frequency-selective

propagation conditions. In order to take full advantage of the high spectral efficiency in the

OFDM system, precise Channel State Information (CSI) on each subcarrier should be acces-

sible at the transmitter. In wireless standard such as 3GPP LTE, different frequency bands

are used for up- and downlink, and CSI can not be acquired through reciprocity. Hence CSI

is reported from the receiver to the transmitter through a feedback channel. In the OFDM

system, subcarrier-based report of CSI affords a much higher feedback rate compared to

W-CDMA. As a consequence, the capacity of the feedback channel must be increased to

meet this requirement, which causes additional interference in the reverse link. A common

way to reduce the feedback requirement is combining the groups of subcarriers and report-

ing quantized CSI per subcarrier group. For instance, some works [21, 22, 23, 24, 25, 26]

applied a one bit per subcarrier group scheme which simply turns the subcarriers on or off

according to the reported feedback bit. However, we are still short of truly effective method

to achieve high OFDM capacity with low feedback rate.

Another problem arises from the resource allocation in the OFDM systems. Com-

pared to W-CDMA systems, resource allocation (subcarriers, modulation scheme, code

rate, power) in OFDM based systems is more elaborate due to the huge number of de-

grees of freedom. Several practical restrictions make the resource allocation problem even

more difficult. A common restriction is that each subcarrier is assigned exclusively to a

single user leading to an orthogonal signaling scheme. This scheme is called OFDMA

(Orthogonal Frequency Division Multiple Access) to distinguish it from a common OFDM

scheme. From an information-theoretic perspective, this subcarrier allocation strategy is not

optimal in most cases. However, it avoids complex multiuser coding schemes (superposi-

tion coding) and simplifies the transmitter/receiver structure tremendously without causing

a significant loss in spectral efficiency. A notable drawback is that the resulting resource

allocation problems have a combinatorial structure and the objective is non-differentiable.

A further constraint is the finite number of coding and modulation schemes that can be used
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in the system. Mathematically it turns the resource allocation problem into a non-convex

problem over discrete sets, which is generally difficult to resolve. At the same time, we

must be ware that in practice we have strictly limited time to solve the resource allocation

problem. This requirement causes additional restriction to the complexity of the applied

algorithms and makes the design of resource allocation strategies more demanding.

A next challenge for the OFDM system design is to improve the system throughput

with Quality of Service (QoS) guarantee. A cross-layer design of scheduling policy is often

used, which considers both the channel conditions in Physical (PHY) layer and the QoS

requirement in Medium Access Control (MAC) layer. However, cross-layer design usually

improves the system performance at the cost of high computational complexity, since the

scheduling problem involves variables and constraints from both PHY and MAC layer. Es-

pecially in the OFDM system with a large number of subcarriers, the scheduling problem

can be a more laborious one.

This thesis is done as a study of aforementioned problems in a cellular broadcast sys-

tem. In the next section, the contribution of this thesis is summarized and the structure is

presented.

1.2 Outline

We consider an OFDMA based cellular broadcast system which is described in Chapter2.

The architecture of this system is set up to meet the standard of 3GPP LTE so as to give the

results of this thesis more practical relevance. However, the application of these results is

not restricted to these detailed settings.

• Feedback Channel

In Chapter 3 feedback schemes are provided to meet with the demand on necessary

CSI. As introduced in Section 1.1, frequency-selective resource allocation is critical

in terms of feedback capacity. Two efficient schemes for the feedback of CSI are

presented in this chapter:

Mobility-dependent successive refinement: The main idea of this concept is not to re-

port the complete frequency response all at once but in parts depending on the mobil-

ity class of the users. The resolution of reported channel state is successively refined

in sequential time slots. Each reported part has a life cycle, in which the channel

information remains valid apart from an error that can be estimated and considered at

the base station. If its life cycle is outdated, the corresponding part has to be updated.
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Thus, after all individual parts are reported, the frequency response is fully available

with an inherent additional error that can be calculated for the mobility class.

Oversampling of channel impulse response: This scheme takes advantage of the Dis-

crete Fourier Transform (DFT) to eliminate the redundancy in CSI in frequency do-

main. Furthermore, the compressed CSI is oversampled so that error produced by the

quantization process can be restricted.

These schemes are verified with simulations. It is shown that both schemes provide a

proper description of the frequency response with very low required feedback capac-

ity. The first scheme works well even within the standard UMTS (Universal Mobile

Telecommunications System) HSDPA (High Speed Downlink Packet Access) inter-

face with only 5 bits per feedback report.

• Resource Allocation

Based on the acquired CSI from the feedback channel, we present resource allo-

cation strategy which maximizes the system utility by solving a weighted sum rate

maximization problem. This approach provides a convenient way to balance prior-

ities of different services and more general, to achieve economical objectives in the

scheduling policy by prioritizing more important clients. Besides, it has an impor-

tant meaning for scheduling problems. In Chapter 5 we will see that the formulation

of a weighted sum maximization problem coincides with the general formulation of

throughput-optimal scheduling policies. Additionally, user specific rate requirements

are considered in the optimization model so that QoS requirements for services such

as video/audio live streaming or other real-time multimedia applications can be guar-

anteed.

Two classes of resource allocation problems are dealt with in Chapter 4. The first

class of problems is to maximize the weight sum of rate under a fixed power budget

on each subcarrier. Since subcarrier-based power allocation is less operable in prac-

tical systems, resource allocation in these problems is restricted to adaptive coded

modulation and subcarrier allocation. Minimum and maximum rate requirements

are taken as additional constraints in the maximization problem to meet the differ-

ent QoS requirements. The second class of problems is the general scheme where

the transmission power can be dynamically distributed among the subcarriers. Due

to the discrete nature of practical systems, these resource allocation problems have

non-differentiable non-convex objective and the optimization variable takes values in

a finite set. For solving these problems, we propose iterative algorithms, which are
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motivated by a weight matching strategy stemming from a Lagrangian approach [27].

It can be regarded geometrically as the search for a suitable point on the convex hull

of the achievable region. Further they are easy to implement and can be proven to

converge very fast. Simulation results show that these algorithms work well together

with the feedback schemes in Chapter 3 and the scheduler based on these algorithms

has superior throughput performance compared to standard approaches.

• Throughput-optimality

For the scheduling design problem we focus on a special class of scheduling policies

which achieve the maximum throughput region. These policies are called throughput-

optimal since the system driven by these policies can offer a maximal possible traffic

load and keeps all data queues in the system stable at the same time. Throughput-

optimality is a desirable feature of scheduling policies, but it is hard to prove ex-

cept some special cases. Up to now there are only a few policies are certified to be

throughput-optimal. As a major contribution of this thesis, in Chapter5 we present

general conditions of throughput-optimal scheduling policies. We first analyze some

general characteristics of throughput-optimal scheduling policies. It is shown that

they can be generally formulated as weighted sum rate maximization problems dif-

fering solely in the choice of the weight factors. Then we show that throughput-

optimality can be verified by checking characteristics of the weight factors. It is

shown that the weight factors of a throughput-optimal scheduling policy only need to

satisfy two conditions:

1. If the total queue length in the system becomes large, the change of the weight

factors between two time slots tends to zero.

2. If the total queue length in the system becomes large, the weight factors of

“nonurgent” users, whose queues are bounded while the other queues expand,

tend to zero.

The proofs are accomplished by using special Lyapunov functions in connection with

theorems in differential geometry. Moreover, it is proven that the presented conditions

are necessary under some weak assumptions. We apply these results to well-known

scheduling policies and verify their throughput-optimality.

• Delay Minimization

An additional finding about throughput-optimal policy is that the weight factors in the

maximization problem are independent of the current channel state. This discovery
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is significant for the cross-layer design of scheduling problem since the problem can

be decomposed into two separate optimization subproblems:

1. Finding the optimal weight factors according to the queue states

2. Solving the weighted sum rate maximization problem with respect to the instan-

taneous channel states

Both subproblems are only coupled by the weight factors in the maximization prob-

lem. This scheduling scheme can be well integrated into our resource allocation

strategies in Chapter 4. In Chapter 6 we introduce an iterative algorithm to obtain the

weight factors in the first subproblem. This algorithm calculates the delay-optimal

weight factors under the assumption that no new arrivals occur in the future. In a

dynamic scenario with random arrivals, the weight factors have to be recalculated in

each time slot according to the updated queue state. Simulations show that the delay

performance can be significantly improved by this scheduling algorithm.

It is worth pointing out that the analyses and the proofs of the results in Chapter5 and

6 are based on a general system model. Therefore, these results are not restricted to

the OFDM system considered in this thesis. The conditions of throughput-optimality

and the proposed scheduling algorithm can also be applied to other systems using e.g.

CDMA or MIMO (Multiple Input Multiple Output) techniques.

Finally, in Chapter 7, we draw conclusions of the thesis. The list of publications and

the bibliography finalize this thesis.

1.3 Notations

We use boldface letters to denote vectors and common letters with subscript are the ele-

ments. Sets are denoted by calligraphic letters. ‖x‖i denotes the li-norm of the vector x

and ‖x‖ is a arbitrary norm of x. |x| is the cardinality of x. The inequality between two

vectors x ≤ y stands for x being componentwise smaller than or equal to y. E{x} denotes

the expected value of random variable x. Furthermore we useAc to denote the complement

of a set A. The probability function is denoted as Pr{·}. The indicator I{·} equals 1 if the

argument is true and equals 0 otherwise. We also use �x� to denote the smallest integer

larger than x.



Chapter 2

OFDM System Architecture

This chapter introduces some fundamental settings about the considered system throughout

this thesis. In Section 2.1, we describe the broadband channel model and some special

characteristics of OFDM channel. In Section 2.2, essential components which constitute

the OFDM system are defined. Since the components such as feedforward control channel

and pilot channel are beyond the focus of this thesis, they are briefly described here and will

not be concerned later.

2.1 Modeling of Broadband Radio Channel

As the transmitted signal passes through the wireless channel, it suffers from different ef-

fects:

• Multipath effect is caused by scattering, reflection and diffraction of the transmitted

signals. The radio signal travelling along different path arrives at the receiver with

different delay and attenuation. Thus the received signal is the superposition of elec-

tromagnetic waves with distinct amplitude and phase variation.

• Doppler effect arises when the transmitter, receiver or the environment is moving

during the transmission processes. These movements result in a shift in the frequency

of the signal transmitted along each signal path.

• Shadowing is caused by large obstructions such as a hill or large building which

obscures the main signal path between the transmitter and the receiver.

• Path loss is determined by the distance between the transmitter and receiver. It indi-

cates the mean reduction in signal strength as it propagates through space.

7
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The variation of the radio signal induced by shadowing and path loss has a much lower

rate compared to the transmission rate of the signal. Therefore, the signal’s change due to

shadowing and path loss is referred to as slow fading. In contrary to slow fading, multipath

effect and Doppler effect result in much more rapid changes and thus the signal variation

induced by these effects are called fast fading.

Mathematically, if we assume that the channel fading statistic remains constant over the

signal transmission duration, the radio channel can be represented as a linear time-variant

transfer function. The channel impulse response is given by:

h(τ, t) =
L−1∑
l=0

αle
− j(2π fDt+φl)δ(τ − τl), (2.1)

where h(τ, t) is the channel response at the time t due to an impulse applied at time t − τ.

The channel has L different paths and αl, φl denotes the signal attenuation and phase shift

of the l-path, respectively. The signal transmitted through the l-th path has the delay τl and

the Doppler effect is captured by fD. The delta function is defined as

δ(τ − τl) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 τ − τl

0 otherwise
.

After the Fourier transformation with respect to the delay variable τ, the time-frequency

channel response is written as

H( f , t) =
L−1∑
l=0

αle
− j(2π fDt−2π f τl+φl). (2.2)

A main advantage of OFDM system is the reduced Inter Symbol Interference (ISI),

which is caused by the overlapping and interfering of adjacent data symbols due to the

multipath effect. In an OFDM system with K subcarriers, the symbol duration is K times of

the duration of a single-carrier modelled symbol with the same symbol rate. By increasing

the number of subcarriers, the symbol duration can be increased so that it is significantly

larger than the maximum delay τmax in the multipath propagation. Additionally, in order to

completely eliminate the ISI, a cyclic-prefix with the duration larger than τmax is inserted

between the adjacent OFDM symbols.

The Doppler effect causes the interference of the adjacent carriers and degrades the

system performance. This Inter Channel Interference (ICI) can be reduced by pulse shaping

and by increasing bandwidth of each subcarriers. In this thesis, it is generally assumed that

the bandwidth of a subcarrier is significantly larger than the maximum Doppler spreading.
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Therefore, the ICI can be neglected.

The channel can be considered flat over the coherent bandwidth, which is denoted by

Bc. It is assumed that the bandwidth of each subcarrier Bsc is sufficiently narrow so that

Bsc � Bc and the channel of a subcarrier is considered as flat. The coherent time, which is

denoted by Tc, is the time interval over which the channel response is essentially invariant.

It is assumed that the duration of an OFDM symbol is much smaller than Tc. In this thesis,

the term Transmission Time Interval (TTI) Ts is referred to as the smallest time unit for the

resource allocation, scheduling or for the analysis of queuing states. It is assumed that Ts is

short in comparison to Tc and the channel conditions are considered to be constant during a

TTI. Then the OFDM channel with M users and K subcarriers at the n-th TTI can be written

as an M × K matrix

h (n) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h1,1 (n) · · · hM,1 (n)
. . .

... hm,k (n)
...

. . .

h1,K (n) · · · hM,K (n)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where the element hm,k(n) is the fading state of m-user on the k-th subcarrier.

If the coherent bandwidth Bc is smaller than the total bandwidth Btot and hm,k(n) differs

largely in dimension k, the channel is considered as frequency-selective. Otherwise, if Bc

is large compared to Btot and hm,k(n) varies slightly in dimension k, the channel is called

frequency non-selective.

According to 3GPP, the multipath fading channel is modelled in three different cate-

gories, namely Pedestrian A/B, Vehicular A with a delay spread that is always smaller than

the guard time of the OFDM symbol. A detailed description of these channel models is

given in [28].

2.2 OFDM System Model

An OFDM downlink air interface can be abstracted into several entities which are illustrated

in Figure 2.1. A description of these entities are given in the following.

2.2.1 OFDM data channel

In an OFDM system, the data transmission over the wireless channel is preformed in a

block-by-block basis. At the transmitter, the arrival data are mapped into data blocks. Each
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OFDM Channel

Transport Block
Transmission

Reconstruction
CQI

Scheduler

Arrival Data
Traffic

Control Channel

Queue

Receiver

CQI Feedback Channel

HARQ
ReorderingEstimation

CQI

ACK/NACK

Transmitter

Pilot Channel

Figure 2.1: OFDM air interface

data block, which is also called an OFDM symbol, is divided into K data sets through a

serial-to-parallel converter and assigned to K subcarriers. On each subcarrier, the data set

is mapped into a complex data symbol according to the applied modulation scheme and the

data symbol corresponds to a constellation point in the modulation scheme. The number of

data bits assigned to each subcarrier is determined by the applied modulation schemes on

the subcarriers which may be variable. Then an Inverse Fast Fourier Transform (IFFT) is

operated to generate the signal samples in the time domain. The cyclic prefix is appended

to the samples and the resulting signals are pulse shaped and transmitted.

The receiver operations are essentially the reverse of those in the transmitter. In practice,

a critical point is the synchronization of the carrier frequency, sampling rate, and block

framing. Thus the sampled signals are first processed to determine the starting point of a

data block and the proper demodulation window. After removing the cyclic prefix, the signal

samples are converted into K complex data symbols using the Fast Fourier Transform (FFT).

Since the data symbols are distorted due to the complex channel gain, diverse detection

techniques are used to compensate the impact of the channel and recover the information

bits. Additionally, in order to ensure the reliability of the data transmission, the source data

are encoded before they are mapped into the constellation symbols at the transmitter. Then

at the receiver the channel errors are corrected by the corresponding decoder.

In the above process, the transmission rate is determined by the OFDM symbol rate, the

number of subcarriers, the code rate and the applied modulation schemes. While the other

parameters are fixed in the system configuration, the code rate and the modulation scheme

can be dynamically adapted in each TTI. Especially in an OFDM system the modulation
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scheme can be individually assigned to each subcarrier so that the transmission rate R can

be written as:

R = Ns

K∑
k=1

γkrk,

where Ns is the number of OFDM symbols transmitted within one TTI. The code rate and

the number of information bits on subcarrier k is denoted as γk and rk, respectively.

A major advantage of OFDM system is the flexibility in resource allocation. Theo-

retically, each subcarrier can be assigned to different user using different modulation and

coding scheme. One subcarrier can be shared between multiple users using superposition

coding and interference cancellation. However, these techniques are generally too complex

to be implemented in practical systems. In this thesis, an OFDMA system is applied, i.e.,

each subcarrier is exclusively assigned to one user. Denoting the transmitted signal for user

m on subcarrier k as xm,k, the received signal ym,k can be expressed as

ym,k = xm,khm,k
√

pm,k + σm,k,

where pm,k, hm,k and σm,k denote the transmission power, the complex channel gain and

the noise in the TTI. In this work, we assume that the noise is white Gaussian with σm,k ∼
CN(0, 1).

2.2.2 Feedforward control channel

Since the selected transport format varies over the time slots, control information has to

be transmitted in parallel to users’ data in the downlink channel containing user identifiers,

used coding and modulation scheme and overall subcarrier assignment. Note that there are

several tradeoffs involved. While a smaller granularity in the downlink channel allows more

flexible scheduling strategies, it increases the amount of the necessary control information

and, hence, decreases the available capacity for the user data. Furthermore, a large number

of simultaneously supported users might yield a higher multiuser gain, which again affects

the effective downlink capacity.

2.2.3 Pilot channel

CSI is required for the coherent demodulation and decoding of the OFDM signals at the

receiver, as well as for the resource allocation at the transmitter. In order to estimate the

channel state, pilot symbols are inserted in the OFDM symbol stream. Special subcarriers

has to be reserved for these pilot symbols which are distributed over the time frequency re-



12 Chapter 2. OFDM System Architecture

source. The minimum pilot spacing in time and frequency is determined by the bandwidths

of the channel variation, which are equal to the Doppler spread Bd in the time domain and

the maximum delay spread τmax in the frequency domain. Hence the pilot symbols are

placed Nf subcarriers apart in frequency, which must satisfy

Nf ≤ 1
τmaxBsc

,

where Bsc is the bandwidth of a subcarrier.

The pilot symbols are placed Nt OFDM symbols apart in time with

Nt ≤ 1
BdTsymbol

,

where Tsymbol is the length of an OFDM symbol.

......

......

Nf
Nf

Nt Nt

... ... ... ... ...

...... ... ... ...

......
... ...

... ... ... ... ...

...

......
...

...

Pilot Channel

Control Channel

Data Channel

...... ... ... ... ...
...

Figure 2.2: OFDM time frequency resource grid

An example of the pilot structure is given in Figure 2.2, which includes also the time-

frequency allocation of the data and control channels. The power budget for pilot and

control subcarriers will be slightly increased compared to data subcarriers in order to en-

able reliable estimation in case of interference from other cells. A detailed discussion of
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the channel estimation schemes is beyond the scope of this thesis (see e.g. [29] for a dis-

cussion), thus perfect channel estimation is assumed. The required resources for pilot and

control channels are also neglected in the later chapters. Moreover, in order to protect the

OFDM signals against neighboring band interference, a portion of the subcarriers at the two

edges of the band are not used. Therefore, the number of subcarriers that are used for data

transmission is generally smaller than the size of DFT block. However, this fact does not

influence the analysis in this thesis and is neglected.

2.2.4 Feedback channel

In a closed-loop concept the complex channel gains h are estimated by the user terminals

based on the pilot signals. Then, a proper Channel Quality Indicator (CQI) value of the es-

timated channel gains is generated and reported back to the base station through a feedback

channel. The feedback channel carries also necessary information for the Hybrid-Automatic

Repeat reQuest (H-ARQ) process. Usually a very low code rate and a small constellation

size is used for the feedback channel (e.g. a (20, 5) code and BPSK modulation for UMTS

HSDPA [30]) and it is reasonable to assume that the feedback channel can be considered

errorfree. The CQI values are taken up by the scheduler in the base station that distributes

the available resources among the users in terms of subcarrier allocation and adaptive mod-

ulation (bitloading).

2.2.5 Scheduler

The traditional task of the scheduler is the assignment of the rate resources to individual

users according to QoS requirement. The maximum available rate is restricted to the con-

stant link capacity, which can not be affected by the scheduler. By contrast, in a cross-layer

design concept all resources are jointly optimized across the layers. Both service require-

ments from the higher layers and the channel conditions are considered by the resource

allocation. In this concept, a scheduler in a broad sense is considered, which plays a central

role in the resource allocation. Besides the rate assignment of users, it is in charge of the

dynamic adaptation of modulation and coding schemes to the current channel state. Fur-

thermore, the transmission power can be adjusted by the scheduler to improve the frequency

efficiency and hence the system throughput.

Let Γ : RK
+ → RK

+ be some vector quantizer applied to the channel gains |hm,1|, ..., |hm,K |,
∀m. Denote the outcome of this mapping by h̃m,1, ..., h̃m,K,∀m, which are equal to the re-

ported channel gains due to the errorfree feedback channel. Then, given the power budget
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pk on subcarrier k, the rate rm,k of user m on subcarrier k within a TTI can be calculated as

rm,k

(
pk, h̃m,k

)
= Ns · γc

(
pk, h̃m,k

)
· rmod

(
pk, h̃m,k

)
, (2.3)

if the subcarrier k is assigned to user m in this TTI. The term γc(pk, h̃m,k) is the asserted

code rate and rmod(pk, h̃m,k) denotes the number of bits of the selected modulation scheme.

The mapping γc and rmod, which guarantee certain transmission error rate according to the

reported channel state h̃m,k and the allocated power pk, can be determined e.g. by extensive

link-level simulations.



Chapter 3

Feedback Channel Design Concept

Since W-CDMA does not support frequency-selective resource allocation, only frequency-

nonselective CSI needs to be reported by the user terminal, leading to a very low feedback

rate. Obviously, the same channel information can in principle be used for the OFDM sys-

tems. Moreover, by exploiting frequency-selective channel information the OFDM down-

link capacity can be further drastically increased. However, in practice one faces the dif-

ficulty that frequency-selective resource allocation affords a much higher feedback rate if

the feedback scheme is not properly designed. Hence, most of the existing works applied a

one bit per subcarrier scheme to activate or deactivate subcarriers [21,22,23,24,25,26,31].

Additionally, subcarriers are grouped together and the feedback rate is further reduced by

reporting averaged CSI values per group [31, 32, 33, 34]. Consequently, the accuracy of the

CSI at the transmitter is largely affected. In order to achieve higher throughput performance

by this scheme, the optimal threshold for the activated subcarrier was studied in [25, 35].

Some works [34,36,37] provided a higher precision for CSI instead of one bit. For a limited

feedback rate, the optimal precision of CSI, as well as the optimal size of a subcarrier group

and the number of users allowed to feedback are investigated in [34]. It was shown that for

this kind of feedback schemes, the optimal strategy is to feedback CSI for as many subcar-

riers as possible, then to increase the number of users, and lastly to increase the precision

of CSI. This result argues again for the scheme to use only one bit per subcarrier (group)

report, when the feedback capacity in the system is low.

Some works tried to handle the feedback problem in alternative ways. Authors in

[38, 39] proposed schemes that use a shared codebook containing configurations of sub-

carrier, power and modulation. The receiver selects a codeword according to the current

channel state and then feeds the index of the selected codeword back to the transmitter.

This idea originated from the research for MIMO systems. However, in OFDM systems

15
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with large number of subcarriers, the dimension of the codebook becomes much larger,

which makes these schemes rather impractical. More simple and facile schemes were intro-

duced in [40,41,42,43]. In these schemes the receiver selects a fixed number of subcarriers

with best channel state and reports CSI of the selected subcarriers. However, these schemes,

as well as the codebook schemes, suffer considerable throughput loss when they are applied

in multiuser systems. In [44, 45] the channel gains (or quantized channel gains) of the pilot

symbols are fed back to the transmitter. CSI of the complete frequency band is then recon-

structed at the transmitter by interpolation. In these works, the authors did not spend much

effort to adapt the interpolation method, which impaired the performance of the scheme.

In this chapter, we aim to circumventing the practical shortcomings of previous OFDM

feedback technologies. Two novel schemes are proposed taking care of the limited feedback

channel capacity. One scheme is called mobility-dependent successive refinement and the

other is called oversampling of channel impulse response. These schemes are based on

different theoretical background and they each have their respective merits. Details of these

schemes are given in the next sections.

3.1 Mobility-dependent Successive Refinement

3.1.1 Description of the scheme

The first feedback scheme is based on two fundamental principles: mobility report and

successive refinement of user dependent frequency response. Both principles are driven

by the observation that complete channel information is not available at a time but if the

channel is stationary enough, information can be gathered in a certain manner. By contrast,

if the channel variations are too rapid, finer resolution of the frequency response is difficult

to be obtained. Hence, throughput of a frequency-selective system distinctly decreases

with the delay of feedback information [46, 47, 24, 48]. Figure 3.1 shows a sketch of the

throughput decline related to the delay of feedback information, where the feedback rate

is assumed to be unlimited. It can be observed that the stationary channels (Pedestrian

A/B [28]) provide much longer lifetime of feedback information. Hence, according to these

principles, feedback channel information consists of two sections. The information in the

first section describes the mobility class of users. The mobility class is defined as the set of

similar conditions of the variation of the frequency response. The information in the second

section is a channel indicator. If mobility is high, no frequency-selective scheme will be

used for this user and only a frequency-nonselective CQI will be reported as e.g. in UMTS

HSDPA. Otherwise, if mobility is low, user proceeds in a different but predefined way as
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Figure 3.1: Throughput decline with respect to feedback delay (averaged transmit SNR
equals 12dB, perfect channel knowledge at transmitter and receiver, 5 users are simultane-
ously supported, code rate = 2/3). It is important to note that an inherent delay of 4 TTI
(caused by the signal processing) is already considered in the simulation

described in the following.

The subcarriers are bundled together into groups. In the first TTI, the channel gains

are reported in a low resolution. In the next TTIs, the subcarrier-groups with higher chan-

nel gain are further split into smaller groups and the channel gains of the new groups are

reported again. Hence, the base station has a finer resolution of the channel. Due to mo-

bility, the channel gain information of a group must be updated in a certain period of time

depending on the coherence time of the channel. Hence, if group information is outdated,

the group information will be reported again, which limits the maximum refinement steps.

This process then repeats itself up to a predefined number of TTIs (so-called restart period)

until the frequency response will have significantly changed.

The basic approach to generate the CQI at the mobile terminal is depicted in Algorithm

1, where the estimated CSI at the time n is expressed as a vector h(n) with the length

K. The channel state on the k-th subcarrier is denoted as hk(n), which is the k-th element

of the vector. The vector I(n) indexes the elements in h(n) and Ij(n) is the j-th element

of I(n). Denoting the number of subcarrier groups per CQI report by Ngroups, the feedback
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information CQI(n) is a vector of Ngroups samples. The vector Imax ⊂ {1, ...,Ngroups} indexes

the chosen subcarrier groups to be refined in the next step. We have |Imax| = Nre f ine, where

Nre f ine is the predefined number of subcarrier groups to be refined. The channel state varies

significantly after the coherent time Tc and must be reported again after Nupdate TTIs with

Nupdate · Ts ≤ Tc.

Algorithm 1 Compression

Initialization:
t = 1
I(1) = [1, ...,K]
Calculation of CQI:
while TRUE do

J = length of I(n)
Ngroups

for i = 1 to Ngroups do
Ǐi(n) = [I(i−1)·J+1, ..., Ii·J]
CQIi(n) = min j∈Ǐi(n) hj(n)

end for
if t < Nupdate then

Imax = arg max
|I′max |=Nre f ine

∑
i∈I′max

CQIi(n)

I(n + 1) = ǏImax(n)
t = t + 1

else
I(n + 1) = I(n − Nupdate + 1)
t = 1

end if
end while

In Algorithm 1, “mean” can be used instead of “min” operation by acquiring the CQI

value. The transmission rate in the system can possibly be increased in this alternative

approach, since a higher CQI value is reported to the scheduler. However, in this case there

is no worst case grantee for CQI values, which can result in a higher bit error rate caused

by the erroneous CSI.

An the base station, the channel state h̃(n) is recaptured from CQI using Algorithm 2.

An example of this approach is illustrated in Figure3.2 where the scheme is tailored to

the feedback channel used in HSDPA, namely using effectively 5 bits.

In this feedback scheme, due to mobility, the channel gain information of a group must

be updated in a certain period of time depending on the coherence time of the channel.

Hence, if group information is outdated, the group information will be reported again. If

the channel information is updated every Nupdate TTIs, the finest achievable granularity Ng,
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Algorithm 2 Reconstruction

Initialization:
t = 1
I(1) = [1, ...,K]
Reconstruction of h̃(n):
while TRUE do

J = length of I(n)
N

for i = 1 to Ngroups do
Ǐi(n) = [I(i−1)·J+1, ..., Ii·J]
h̃ j(n) = CQIi(n) ∀ j ∈ Ǐi(n)

end for
if t < Nupdate then

Imax = arg max
|I′max |=Nre f ine

∑
i∈I′max

CQIi(n)

I(n + 1) = ǏImax(n)
t = t + 1

else
I(n + 1) = I(n − Nupdate + 1)
t = 1

end if
end while

which is the size of the smallest subcarrier group in the CQI report, can be calculated by

Ng =
K

Ngroups

(
Nre f ine

Ngroups

)Nupdate−1

(3.1)

where K is the total number of subcarriers.

Relative to the previous works on limited feedback schemes, which treat the channel

state information in each scheduling interval in isolation, this scheme refines the feedback

according to the speed of user, which allows for a further reduction in feedback. Compared

to a uniform subcarrier grouping scheme, the size of a subcarrier group in the proposed

feedback scheme various from Ng to K
2 . The subcarrier regions with higher channel gain,

which are preferred by the subcarrier allocation, are described in a higher resolution. For

a large number of users, this feedback achieves almost the same throughput compared to

a uniform subcarrier grouping scheme with group size Ng, but request on feedback rate is

much lower.

The idea of successively improving the precision of CQI is also embodied in [49]. This

work proposed a feedback scheme using Discrete Cosine Transform (DCT) coding of CSI.

The channel coefficients obtained from DCT are successively reported to base station in

sequential TTIs. At the base station, the description of channel state is incrementally refined

using the received coefficients. This scheme can be used an alternative to our proposed
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Figure 3.2: Illustration of successive refinement principle for feedback channel design

scheme.

3.1.2 Performance evaluation

In order to examine the throughput performance of the introduced feedback scheme, an op-

portunistic scheduler is used, which assigns each subcarrier group to the user with the best

CQI value. Physical parameters defined in [50] is used in order to evaluate the proposed

system design. The transmission bandwidth is 5 MHz. The subcarriers 109 to 407 of the

entire 512 subcarriers are occupied and used both for user data and feedforward control in-

formation. The number of subcarriers reserved for the feedforward channel, is determined

by the amount of the control information (assignment, user ID, modulation per subcar-

rier [group], code rate), the number of simultaneously supported users, and the employed

coding scheme for the feedforward channel. For the feedforward scheme many different

approaches can be chosen. Here, we used an approach described in [15] but no effort has

been made to optimize this approach. The TTI length is 2 ms and the symbol rate is 27 sym-

bols/TTI/subcarrier. Furthermore, uniform power allocation is employed. If a subcarrier is

asserted to a particular user, the complex data is modulated in either one of three constella-

tions (QPSK, 16QAM, 64QAM, nothing at all) and one fixed coding scheme (2/3 code rate)

is used. The feedback and feedforward link is assumed to be errorfree. Furthermore, a delay

interval of 4 TTIs between the CQI generation and transmission processing is considered in

the simulations. The total number of users in the cell is set to 50 and only fast fading model

is used.

The system throughput is measured as the amount of bits in data packets that are er-

rorless received (“over the air throughput”). According to the current receive SNR and the

applied modulations on each subcarrier, a block error generator inserts erroneous blocks in

the data stream. In case of a dynamic frequency-selective transmission scheme, there is no
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standard error generation method for MAC layer simulations. A PHY-layer-based simu-

lation is too time-consuming in this case. Therefore, we use the simulation method given

in [15] to generate the erroneous blocks. A two-step error generation process are applied

to simulate the error performance. Since subcarriers are assumed to be flat, the individual

BER can directly be derived from the corresponding SNR and modulation. This relation-

ship is obtained from physical layer simulations. The number of error bits in a subcarrier

can be treated as a Bernoulli-distributed random variable dependent on the total number of

transmitted bits and BER. We generate the number of error bits for each subcarrier in the

first step. The amount of error bits in the subcarriers that are allocated to the same transport

block are added up so that the local bit error rate in a certain transport block can be obtained.

Simulation results show that the BLER is mainly determined by the used code rate and the

BER within the block [15]. Hence, we assume that BLER is a mapping from the current

BER and code rate. Based on this probability the block error is randomly generated in the

second step.
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Figure 3.3: Throughput increase by improved feedback over average transmit SNR (5 users
are simultaneously supported, Pedestrian B channel [28] , 3km/h, 24 subcarriers are re-
served for feedforward control information)

In practice, if the received packet is erroneous, the base station is demanded to retrans-

mit the packet. The decoding error probability of the retransmitted packet is smaller than
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Figure 3.4: Throughput with respect to update period (average transmit SNR equals 15dB,
5 users are simultaneously supported, Pedestrian B channel [28], 3km/h)

the error probability of a first-time transmitted packet, if the retransmitted packte is decoded

in combination with the previous erroneously received packet (chase combining or incre-

mental redundancy). In order to simplify the simulation procedure, this effect is ignored in

the throughput measure.

Clearly, the scheduler performs better when the CQI reports are more accurate. Figure

3.3 shows the throughput improvement by increasing feedback rate, where the feedback

scheme as described in previous section is used. In the scheme with 2 kbit/s feedback, 2

subcarrier groups are reported in 4 levels per TTI. The channel gain of each subcarrier in the

group must be higher than the reported level. Then the subcarrier group with higher level

is split into 2 groups and reported in the next TTI. In the scheme with higher feedback rate,

the number of reported groups per TTI is increased to 4, 8 and 32.

In this feedback scheme the channel description is successively refined within a certain

period of time. Obviously, the accuracy of the description largely depends on the period

length. On the other hand, a long report period increases the delay of update information

leading to a higher number of erroneous blocks. The throughput gain due to the improved

feedback resolution and the loss caused by the delay is shown in Figure 3.4, where the

throughput is maximized at an update period of 4 TTIs.
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Figure 3.5: Throughput with respect to simultaneously supported users (average transmit
SNR equals 15dB, feedback period equals 4 TTIs, Pedestrian B channel, 3km/h)

Furthermore, the simultaneous support of several users provides multiuser gain. How-

ever, the necessary signaling information consisting of transmission modulation scheme,

user identifier, subcarrier assignment has to be sent to the users through the downlink chan-

nel. The demand of the signaling information grows with the number of supported users and

more subcarriers must be reserved for the feedforward channel instead of the data channel.

Hence, the achieved throughput gain is compensated by the increased signaling require-

ment. Figure 3.5 shows that the optimum is attained at 5 links with the present simulation

setup. Note that, in order to improve the delay performance for delay-sensitive applications,

a higher number of links can be applied at the cost of throughput loss.

The performance of frequency-selective and frequency-nonselective scheduling is pre-

sented in Figure 3.6. It was shown in [51] that even the frequency-nonselective OFDM

system performs much better than the standard W-CDMA system. Figure 3.6 shows that

the frequency-selective scheduling yields much higher throughput for Pedestrian B, 3km/h.

The only exception is the 64QAM in very high SNR regime (21dB). Since the data packets

are always received errorfree, the throughput of the system is saturated. In this case, the

frequency-nonselective scheme using 64QAM requires less feedforward information and

therefore achieves a higher throughput than the frequency-selective scheme. A more de-
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Figure 3.6: Throughput comparison of frequency-nonselective and frequency-selective
scheduling over average transmit SNR (5 users are simultaneously supported and feedback
period equals 4 TTIs, Pedestrian B channel, 3km/h)

tailed study of the throughput gap between the frequency-selective and frequency-nonselective

feedback scheme is also given in [52].

3.2 Oversampling of Channel Impulse Response

Considering the channel model given in Chapter 2 and ignoring the Doppler effect, the

channel frequency response can be written as

H(ωk) =
L−1∑
l=0

αl · e jωkl, (3.2)

where ωk =
2kπ
K , k = {0, 1, ...,K}. Coefficient αl denotes the l-th tap of the complex channel

impulse response and L is the maximum number of taps. In practical environments it can

be observed that the number of the channel impulse response L is much smaller than the

number of subcarriers K, so the channel frequency response H(ωk) is quite correlated. In

fact, the channel frequency response can be approximated by real trigonometric polynomial

of degree L′, where L′ is a predefined constant that provides a reliable accuracy after the
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approximation. If L′ is larger than the number of major channel taps, the approximation

is nearly prefect. The 2L′ + 1 coefficient of the real trigonometric polynomial are found

using e.g. a least-squares-based algorithm (Alternative 1) or a linear-programming-based

algorithm (Alternative 2).

3.2.1 Alternative 1: least-squares-based approximation

The least-squares-based algorithm minimizes the sum of quadratic errors at the frequency

positions corresponding to each subcarrier. The following problem is considered. Given the

channel frequency response H(ωk) with ωk =
2kπ
K , k = 0, 1, ...,K, find the optimal set of h̄l,

l = 0, ..., L′ − 1 for the minimization problem

min
h̄l∈C

K−1∑
k=0

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
L′−1∑
l=0

h̄l · e jωkl

∣∣∣∣∣∣∣
2

− |H (ωk)|2
∣∣∣∣∣∣∣∣ . (3.3)

According to Fejér-Riesz Theorem [53], there is a bijective mapping between the frequency

response |∑L′−1
l=0 h̄l · e jωkl|2 and a real trigonometric polynomial with degree L′, which can

be written as ∣∣∣∣∣∣∣
L′−1∑
l=0

h̄l · e jωkl

∣∣∣∣∣∣∣
2

=
a0

2
+

L′−1∑
l=1

al (cos (lωk) + bl sin (lωk)) , (3.4)

and the above problem becomes

min
a∈RL,b∈RL−1

K−1∑
k=0

∣∣∣∣∣∣∣a0

2
+

L′−1∑
l=1

(al cos (lωk) + bl sin (lωk)) − |H (ωk)|2
∣∣∣∣∣∣∣ (3.5)

s.t.
a0

2
+

L′−1∑
l=1

(al cos (lωk) + bl sin (lωk)) ≥ 0.

Define x = [a0, a1, ..., aL′−1, b1, ..., bL′−1]T ,

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2 cos (ω0) ... cos ((L′ − 1)ω0) sin (ω0) ... sin ((L′ − 1)ω0)
1
2 cos (ω1) ... cos ((L′ − 1)ω1) sin (ω1) ... sin ((L′ − 1)ω1)

·
1
2 cos (ωK−1) ... cos ((L′ − 1)ωK−1) sin (ωK−1) ... sin ((L′ − 1)ωK−1)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and ho = [|H (ω0)|2 , |H (ω1)|2 , ..., |H (ωK−1)|2]T , Problem (3.5) can be rewritten as:

min
x∈R2L−1

‖A · x − ho‖22
s.t. A · x � 0.

(3.6)
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It is equivalent to

min
x∈R2L−1

xT · (A · A) · x − 2hT
o · A · x (3.7)

s.t. A · x � 0.

Neglect the positive constraint in Problem (3.7), the typical Least-squares problem has the

optimal solution

x∗ = (AT · A)−1 · AT · ho (3.8)

Thus, the searched coefficients a0, ..., aL′−1, b1, ..., bL′−1 are obtained by the matrix multipli-

cation x∗ = Q · ho where Q :=(AT · A)−1 · AT is a constant matrix and ho consists of the

measurements of the channel frequency response at the subcarrier positions.

3.2.2 Alternative 2: linear-programming-based approximation

The linear-programming-based algorithm minimizes the maximum error at the frequency

positions corresponding to each subcarrier. The problem is written as

min
h̄l∈C

max
ωk

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
L′−1∑
l=0

h̄l · e jωkl

∣∣∣∣∣∣∣
2

− |H (ωk)|2
∣∣∣∣∣∣∣∣ . (3.9)

Define the auxiliary variable δ ≥ 0, (3.9) can be transformed into the minimization problem

min
h∈CL

δ

s.t.

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
L′−1∑
l=0

h̄l · e jωkl

∣∣∣∣∣∣∣
2

− |H (ωk)|2
∣∣∣∣∣∣∣∣ − δ ≤ 0,

(3.10)

where h = [h0, h1, ..., hL−1]T . It is equivalent to

min
h∈CL

δ (3.11)

s.t.

∣∣∣∣∣∣∣
L−1∑
l=0

h̄l · e jωkl

∣∣∣∣∣∣∣
2

− |H (ωk)|2 − δ ≤ 0

−
∣∣∣∣∣∣∣
L−1∑
l=0

h̄l · e jωkl

∣∣∣∣∣∣∣
2

+ |H (ωk)|2 − δ ≤ 0.
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Replace |∑L−1
l=0 h̄l ·e jωkl|2 with the trigonometric polynomial with real coefficient a0, ..., aL′−1

and b1, ..., bL′−1, Problem (3.11) is written as

min
a∈RL,b∈RL−1

δ (3.12)

s.t.
a0

2
+

L−1∑
l=1

(al cos (lωk) + bl sin (lωk)) − |H (ωk)|2 − δ) ≤ 0

−a0

2
−

L−1∑
l=1

(al cos (lωk) + bl sin (lωk)) + |H (ωk)|2 − δ ≤ 0

−a0

2
−

L−1∑
l=1

(al cos (lωk) + bl sin (lωk)) ≤ 0

where a = [a0, a1, ..., aL−1]T and b = [b1, ..., bL−1]T . It is a linear programming problem

and thus can be solved using many well-known methods (see e.g. [54]).

3.2.3 Oversampling and error control

Using the proposed algorithms in 3.2.1 and 3.2.2, a trigonometric polynomial with 2L′ + 1

coefficients are obtained, which can be used at the base station to recover the channel fre-

quency response. However, this information must be quantized before it is transmitted

through the feedback channel. If the CQI value are directly composed of the obtained coef-

ficients (or the channel impulse response), the error caused by the quantization will be am-

plified after the Fourier transformation and the reconstructed channels frequency response

on some subcarrier positions might largely deviate from the original value.

In order to avoid this situation, the trigonometric polynomial is oversampled with Nsp

sample values. The number Nsp is the predefined oversampling number which must be equal

to or greater than the total number of the coefficients 2L′ + 1 of the real trigonetric polyno-

mial. This oversampling introduces redundancy which can be used at the base station, e.g.

to minimize the error probability of the reconstructed channel frequency response. Then,

the Nsp samples are quantized and transmitted through the feedback signaling channel to

the base station (see Figure 3.7).

At the base station, CSI is reconstructed as described in Figure 3.8. At first, an IFFT

is performed to obtain the channel state in the time domain. This enables it to obtain the

original channel impulse response and the remaining terms due to oversampling. The chan-

nel impulse response is not error free due to the quantization performed at the transmitter.

Then, a windowing operation is performed on the obtained channel impulse response. The

windowing operation is designed to minimize the maximum error in the time domain. Dif-
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Figure 3.7: Feedback process of the oversampling scheme. The error ε′ is determined by
the quantization error ε and bounded according to Theorem1.

ferent windowing operations, e.g. cosine window or trapezoid window, can be used, which

results in different error performance of the reconstruct channel information. After that, an

FFT is used to regain the channel state for each subcarrier.
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Figure 3.8: Interpolation of the channel frequency response

Thanks to the redundancy introduced by the oversampling, the error due to quantization

can be restricted to a maximum error bound. Denoting by H̃(ωk) the reconstructed channel
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frequency response with ωk =
2kπ
K , k = {0, 1, ...,K}, the error function is given by

εL′(ωk) =
∣∣∣∣|H(ωk)|2 − ∣∣∣H̃(ωk)

∣∣∣2∣∣∣∣ , (3.13)

which has the following characteristic.

Theorem 1. Let Nsp be the number of samples with Nsp > L′. It holds

max
1≤k≤K

|εL′(ωk)| ≤ 1

cos2
(
πL′

2Nsp

) max
0≤l≤2Nsp

∣∣∣∣∣∣εL′

(
πl

Nsp

)∣∣∣∣∣∣ . (3.14)

Proof. Since |H(ωk)|2 and |H̃(ωk)|2 can be described a real trigonometric polynomials with

degree L′, the same holds for εL′(ωk). Thus, it can be written as

εL′(ωk) =
a0

2
+

L′−1∑
l=1

al (cos (lωk) + bl sin (lωk)) . (3.15)

Since the codomain of εL′(ωk) is real and positive, it can be represented as the quadratic of

a complex function

εL′(ωk) = |cL′(ωk)|2 , (3.16)

where cL′(ωk) is a trigonometric polynomial with degree L′.

It was shown in [55] that for given Nsp > L′, Nsp ∈ N, it holds

max
1≤k≤K

|cL′(ωk)| ≤ 1

cos
(
πL′

2Nsp

) max
0≤l≤2Nsp

∣∣∣∣∣∣cL′

(
πl

Nsp

)∣∣∣∣∣∣ . (3.17)

Together with (3.16), this leads to the result in Theorem 1. �

Based on Theorem 1, the maximum error in the reconstructed CSI can be calculated

from the maximum quantization error εL′( πl
Nsp

) and the oversampling rate
Nsp

L′ . In general, a

higher oversampling rate leads to a lower quantization error rate (see Figure3.9).

3.2.4 Comparison of the proposed feedback schemes

Compared with the oversampling scheme, the implementation of the mobility-dependent

successive refinement scheme is more flexible considering that it can work with various

feedback rates. Moreover, the minimum requirement of the feedback rates in the scheme is

very low; in the previous examples it is shown that the successive refinement scheme can



30 Chapter 3. Feedback Channel Design Concept

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
10

−4

10
−3

10
−2

10
−1

TT

E
rr

or
 P

ro
ba

bi
lit

y 
D

en
si

ty

Distortion

Nsp

L′ = 1

Nsp

L′ = 2

Nsp

L′ = 4

Figure 3.9: Error in the reconstructed CSI with respect to different oversampling rates

even be implemented under the current UMTS HSDPA standards, where only 5 bits feed-

back is allowed in every TTI. If higher feedback rate is available, the performance of the

feedback scheme can be improved approaching the optimum. Furthermore, the mobility-

dependent successive refinement scheme can be extended to MIMO-OFDM systems. For

MIMO-OFDM systems, in addition to CQI, Channel Direction Information (CDI) is re-

ported to the scheduler through the feedback channel. The same successive refinement

method can also be used for CDI.

The oversampling scheme needs a minimum number of feedback bits, which is deter-

mined by the number of taps of the channel impulse response. This scheme is particularly

advantageous in systems with a large number of subcarriers. The original channel frequency

response information is strongly compressed after the approximation at the cost of a min-

imum error. Instead of K (the original number of subcarriers) samples, only Nsp samples

with Nsp > 2L′ + 1 are necessary for the feedback. It provides a more precise description

of the channel quality. Thus, the scheduler is allowed to optimally allocate the transmission

power (with e.g. the water-filling algorithm) in order to improve the spectral efficiently or

to reduce the total transmission power.



Chapter 4

Resource Allocation

Resource allocation is essentially an optimization problem. The objective of the problem

might be e.g. maximizing the sum rate [56, 57] or minimizing the total transmission power

[58,59,60]. In this chapter we consider the resource allocation problem that maximizes the

utility of the systems. One typical class of utility functions is defined by the weighted sum

of all users’ rate, in which weight factors reflect different priority classes as e.g. used in

UMTS HSDPA air interface. If all weight factors are equal, the scheduler maximizes the

total throughput. In addition, the formulation of a weighted sum maximization problem has

an important meaning for scheduling problems. In Chapter 5 we will see that it coincides

with the general formulation of throughput-optimal scheduling policies. For example, the

well-known Maximum Weight Matching (MWM) policy maximized the weighted sum of

rates, where the weights are chosen to be the current buffer lengths.

In order to meet strict requirements of real-time services, user specific rate demands

have to be considered as well. Heuristically, strict requirements also stem from retrans-

mission requests of a running H-ARQ process, which have to be treated in the very next

TTI. Therefore, it is necessary to have additional individual rate constraints in the utility

maximization problem.

The weighted sum rate maximization problem was investigated in the information-

theoretic point of view [61,62]. In this chapter, we consider additional practical constraints

in the OFDMA systems as described in Chapter 2. In these systems, each subcarriers is

exclusively allocated to one user. Furthermore, finite number of modulation and coding

schemes are available, so that only certain rates can be achieved. Thus, the resulting re-

source allocation problem is a discrete optimization problem with non-differentiable non-

convex objective.

31
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4.1 Fixed Power Allocation

Previous works [63, 64, 57, 65] showed that constant power allocation has not significant

performance loss compared with true water-filling. The performance gap can be analyti-

cally bounded [23, 66]. Furthermore, the dynamic power allocation provides even less gain

in the system with quantized feedback and very limited modulation schemes (e.g. 3 mod-

ulation schemes in HSDPA), but costs additional signaling requirement and increases the

scheduling complexity. This fact motivates us to use a fix power allocation scheme, where

the power budget pk on each subcarrier k is constant. The power distribution pk is not

necessary to be uniform, which e.g. allows for additional frequency planning in multi-cell

scenarios.

As we described in Chapter 2, given the power pk and the reported CSI h̃m,k, the rate of

user m on subcarrier k within one TTI is

rm,k

(
pk, h̃m,k

)
= Ns · γc

(
pk, h̃m,k

)
· rmod

(
pk, h̃m,k

)
, (4.1)

if the subcarrier k is assigned to user m in this TTI. The chosen code rate γc
(
pk, h̃m,k

)
and the

number of bits of the selected modulation rmod

(
pk, h̃m,k

)
are determined by the channel state

h̃m,k and the allocated power pk. As mentioned, the choices of code rate and modulation are

limited to certain possible schemes in a real system and thus the rate rm,k is restricted to

several discrete values. According to the feedback schemes in Chapter3, the user reports

only a quantized form of CSI. This might be a quantized version of the channel gain hm,k

or even an index corresponding to a feasible coding and modulation scheme achieving the

required bit error rate.

Firstly, we consider the rate maximization problem, where certain minimum rates have

to be guaranteed. Arranging the (positive) weights and allocated rates for all users in vectors

µ = [µ1, ..., µM]T and R = [R1, ...,RM]T , respectively, the resource allocation problem can

be formulated as

maximize µT R

s.t. Rm ≥ Řm ∀m ∈ M
R ∈ COFDMA(h, p),

(4.2)

where Ř = [Ř1, ..., ŘM]T are the required minimum rates. The set COFDMA(h, p) is the
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achievable OFDMA region for a fixed power allocation

COFDMA(h, p) ≡
⋃

M∑
m=1

φm,k=1 ∀k
φm,k∈{0,1}

⎧⎪⎪⎨⎪⎪⎩R : Rm =

K∑
k=1

rm,kφm,k

⎫⎪⎪⎬⎪⎪⎭ ,

where φm,k ∈ {0, 1} is the indicator whether user m is assigned to subcarrier k, and rm,k is the

corresponding rate gain. As defined in Eqn.(4.1), the rate gain rm,k for user m on subcarrier

k is determined by the power allocation pk and the reported channel state h̃m,k, which is

mapped from the current channel state hm,k. Here, we omit the parameters of rm,k to simply

the notation.

This problem is a non-linear combinatorial problem. It is difficult to solve directly, since

there exist MK subcarrier assignments to be checked. Thus, the computational demand for

a brute-force solution is prohibitive. In previous works, convex relaxation were often ap-

plied to handle this kind of problem. For instance, in [58,67,65,68] the OFDMA constraint

was relaxed to permit time sharing of each subcarrier. Suboptimal solutions to the problem

were obtained ultimately. Alternatively, duality-based methods can be used to solve dis-

crete problems [27]. The application of duality is considered as an efficient way to solve

resource allocation problem in OFDMA [69, 70]. In order to form the dual problem, we

introduce in the following additional “soft” rewards µ̃ = [µ̃1, ..., µ̃M]T corresponding to the

rate constraints.

max
R∈COFDMA(h,p)

µT R + µ̃T
(
R − Ř

)
. (4.3)

Omitting the constant term µ̃T Ř in (4.3) and setting µ̂ = µ + µ̃, we rewrite Eqn.(4.3) as

max
R∈COFDMA(h,p)

µ̂T R. (4.4)

By varying the weight factors µ̂, the convex hull of the set of all possible rate vectors is

parameterized. If the solution to the original problem is a point on the convex hull of

the achievable OFDMA region COFDMA(h, p), µ̂ has to be found such that the minimum

rate constraints are met. Note, that the optimum may not lie on the convex hull and the

reformulation will lead to a suboptimal solution. In this case, the obtained solution is a

point that lies on the convex hull and closest to the optimum. However, even for a moderate

number of subcarriers the said state is quite improbable.

The OFDM subcarriers constitute a set of orthogonal channels, so the optimization prob-
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lem (4.4) can be decomposed into a family of independent optimization problems

max
R(k)∈C(k)

OFDMA(hk ,pk)
µ̂T R(k) = max

t∈M
µ̂trt,k, (4.5)

where R(k) and C(k)
OFDMA(hk, pk) denote the rate vector and the achievable OFDMA region on

subcarrier k, respectively, hk = [h1,k, ..., hM,k]T is the vector of channel gains on subcarrier

k. Assume that the maximum maxt∈M µ̂trt,k is unique (which can be guaranteed by choosing

µ̂), the subcarrier and rate allocation can be calculated by a simple maximum search on each

subcarrier. Hence, the maximizer R(µ̂) for the problem (4.4) can be directly obtained. The

remaining task is to find a suitable vector µ̂ such that R(µ̂) maximizes µT R subject to the

minimal rate constraints.

4.1.1 Resource allocation algorithm

Algorithm 3 Weighted rate sum maximization with fixed power and minimum rate con-
straints

(0) add a random noise matrix ∆with uniformly distributed entries to the rate gain matrix:
r′ = r + ∆
(1) initialize weight vector µ̂(0) = µ
(2) calculate the subcarrier assignment I(k) = arg max

m∈M
µ̂mr′m,k ∀k and the resulting rate

allocation
Rm =

∑
k∈K ,I(k)=m

rm,k

while rate constraints R ≥ Ř not fulfilled do
for m = 1 to M do

if Rm < Řm then
(3.1) increase µ̂m according to the criteria described in step (2) such that the rate
constraint of user m is fulfilled
(3.2) recalculate I(k) and Rm

end if
end for

end while

In the following, we introduce a simple iterative algorithm to obtain µ̂ (see Algorithm

3). In the first step, the algorithm is initialized with µ̂(0) = µ. Note that step 0 is optional

and will be discussed in the next subsection. Then in each iteration i the rate rewards µ̂(i−1)
m

are increased to µ̂(i)
m one after another such that the corresponding rate constraint Řm is met

while the new reward µ̂(i)
m is chosen as small as possible:

µ̂m ≤ u, ∀u ∈ �
� =

{
u : Rm(µ̂1, ...µ̂m−1, u, ..., µ̂M) ≥ Řm

}
,

(4.6)
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where we use R(µ̂) to denote the maximizer for the problem (4.4) with weight vector µ̂. The

search for µ̂m in step 3.1 can be done by simple bisection, since Rm(µ̂) is monotone in µ̂m.

This fact is proven in the following Lemma.

Lemma 1. For all m, if the m-th component of µ̂ is increased and the other components are

held fixed, the rate Rm(µ̂) remains the same or increases while Rn(µ̂) remains the same or

decreases for n � m.

Proof. Denote the set of subcarriers assigned to user m as

Sm =

{
k : µ̂mrm,k = max

t∈M
µ̂trt,k

}
. (4.7)

The rates Rm(µ̂) and Rn(µ̂) only depend on the current subcarrier assignment. It is easy to

show that in iteration i+1 an increase of µ̂(i)
m to µ̂(i+1)

m expands or preserves the set Sm. More

precisely, if there is any k ∈ Sm such that µ̂(i)
m rm,k < µ̂nrn,k < µ̂(i+1)

m rm,k, the rate of user m

increases by rm,k while the rate of user n decreases by rn,k. Otherwise the rates remain the

same. �

To show the convergence of the algorithm, we need to prove the order preservingness

of the mapping defining the update of each step and hence the sequence {µ̂(i)}.

Lemma 2. Let µ̂(i) ≤ µ̂′(i), where the inequality a ≤ b refers to component-wise smaller or

equal. Then it follows µ̂(i+1) ≤ µ̂′(i+1).

Proof. Assume that during iteration i + 1, the rate reward of user m is µ̂′m. The subcarrier

set allocated to user m within iteration i + 1 is given by

Sm(µ̂′(i+1)
1 , ..., µ̂′(i+1)

m , µ̂′(i)m+1, ..., µ̂
′(i)
M)

= { k : µ̂′(i+1)
m rm,k > µ̂

′(i+1)
t rt,k, ∀t ≤ m

µ̂′(i+1)
m rm,k > µ̂

′(i)
t rt,k, ∀t > m } .

(4.8)

Due to the assumption in Lemma 2 we have µ̂′(i)t ≥ µ̂(i)
t for t > m. Additionally we assume

for any t < m

µ̂′(i+1)
t ≥ µ̂(i+1)

t , (4.9)

then for any subcarrier

k ∈ Sm(µ̂′(i+1)
1 , ..., µ̂′(i+1)

m , µ̂′(i)m+1, ..., µ̂
′(i)
M),
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it holds that

µ̂′(i+1)
m rm,k > µ̂

′(i+1)
t rt,k ≥ µ̂(i+1)

t rt,k, ∀t < m

µ̂′(i+1)
m rm,k > µ̂

′(i)
t rt,k ≥ µ̂(i)

t rt,k, ∀t > m.
(4.10)

Hence,

Sm(µ̂′(i+1)
1 , ..., µ̂′(i+1)

m , µ̂′(i)m+1, ..., µ̂
′(i)
M)

⊆Sm(µ̂(i+1)
1 , ..., µ̂′(i+1)

m , µ̂(i)
m+1, ..., µ̂

(i)
M)

(4.11)

and thus we get the following inequality for the rates:

Rm(µ̂(i+1)
1 , ..., µ̂′(i+1)

m , µ̂(i)
m+1, ..., µ̂

(i)
M)

≥Rm(µ̂′(i+1)
1 , ..., µ̂′(i+1)

m , µ̂′(i)m+1, ..., µ̂
′(i)
M)

(4.12)

According to Algorithm 3, we know that Rm(µ̂′(i+1)
1 , ..., µ̂′(i+1)

m , µ̂′(i)m+1, ..., µ̂
′(i)
M) fulfills the rate

constraint Řm, therefore also

Rm(µ̂(i+1)
1 , ..., µ̂′(i+1)

m , ..., µ̂(i)
M) ≥ Řm. (4.13)

Recalling the criterion (4.6) of the update rule we know that µ̂(i+1)
m must be the minimum of

all possible µ that fulfill the inequality (4.13). Thus µ̂′(i+1)
m ≥ µ̂(i+1)

m holds. This argument

holds for the first user without the additional assumption (4.9) and the proof then can be

extended inductively for users t > 1, which completes the proof. �

Now we are able to prove the central theorem ensuring convergence of the algorithm.

Theorem 2. The given algorithm converges to the component-wise smallest vector µ̂∗,

which is a feasible solution of the system such that Rm(µ̂∗) ≥ Řm,∀m ∈ M.

Proof. If R(µ̂∗) fulfills all rate constraints, then µ̂∗ is a fixed point of the algorithm: µ̂∗ =

µ̂(i) = µ̂(i+1), ∀i ∈ N+. We also have µ̂∗ ≥ µ since µ̃ ∈ RM+ . Starting with µ̂(0) = µ, we

know that {µ̂(i)} is a component-wise monotone sequence µ̂(i+1) ≥ µ̂(i). Define a mapping

U representing the update of the sequence {µ̂(i)}, it follows from Lemma 2 that for all i,

µ̂(i) = U(µ̂(0)) ≤ U(µ̂∗) = µ̂∗. Hence, {µ̂(i)} is a monotone increasing sequence bounded

from above and converges to the limiting fixed point µ̂∗. This completes the proof. �

Algorithm 3 can be interpreted in the sense of a subgradient method. According to the
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supremum rule of subgradient [71], we can find subgradient of the dual problem

min
µ̃≥0

sup
R∈COFDMA(h,p)

µT R + µ̃T
(
R − Ř

)
(4.14)

as the subgradient of

min
µ̃≥0
µT R∗ + µ̃T

(
R∗ − Ř

)
,

where R∗ is the maximizer of (4.3). Hence, we obtain a subgradient of (4.14) as

g′(µ̃) = R − Ř.

Written out in components, we have g′m(µ̃) = Rm − Řm. If the rate constraint Rm ≥ Řm is not

satisfied, the subgradient g′m(µ̃) is negative. Thus, in each iteration step the variable µ̃m is

increased toward the direction of the negative gradient.

Next we analyze the obtained fixed point R(µ̂∗). Let S̃m denote the set of carriers, which

are assigned to user m at the fixed point µ̂∗ of the algorithm, but were not allocated to user

m according to the original weights µ:

S̃m =

{
k : µmrm,k < max

t∈M
µtrt,k, µ̂

∗
m,krm,k = max

t∈M
µ̂∗t rt,k

}
. (4.15)

Denoting the optimal rate allocation not considering the minimal rate constraints as Ropt,

then the value of the objective function f (µ̂∗) ≡ µT R(µ̂∗) can be decomposed to the sum of

this optimum value and an additional term stemming from the reassignment of carriers due

to the modification of the rate rewards:

f (µ̂∗) = µT Ropt +
∑
m∈M

∑
k∈S̃m

(
µmrm,k −max

t∈M
µtrt,k

)
. (4.16)

Since each addend in the second term is negative due to the definition ofS̃m, any expansion

of the set S̃m reduces the object value. Hence each set size S̃m must be kept minimal while

fulfilling the rate constraint Rm. Using Lemma 1, we can conclude that this is the case for

the minimum value of µ̂ already fulfilling the rate constraints.

4.1.2 Uniqueness and random noise addition

However, in some cases the minimum of S̃m can not be achieved directly and the proposed

algorithm has to be modified. This can be demonstrated constructing the following example.
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Assume that there exist user m, n and subcarrier k, l with

rm,k

rm,l
=

rn,k

rn,l
, m � n (4.17)

and

µnrn,k = max
t∈M

µtrt,k

µnrn,l = max
t∈M

µtrt,l

µ̂∗nrn,l = max
t∈M,t�m

µ̂∗t rt,l.

(4.18)

If k ∈ S̃m so that µ̂∗mrm,k > µ̂∗nrn,k, we get µ̂∗mrm,l > µ̂∗nrn,l from (4.17) and further l ∈ S̃m

from (4.18). The subcarrier k and l are forced to be reallocated together. If the set S̃′m =
S̃m/{l} which is the subset of S̃m without subcarrier l already meets the rate constraint,

the selection of S̃m leads to a suboptimal solution. It is worth noting that the quantization

and compression of the channel state information in feedback channel blur the distinctness

between the rate profit rm,k. Therefore, the aforementioned state occurs frequently. A simple

workaround can cope with this effect: In order to avoid the leap in rate allocation we use

modified rate profits

r′m,k = rm,k + δm,k, m ∈ M, k ∈ K . (4.19)

To this end random noise δm,k ∈ R+ is added to the original rate profits, where δm,k is

uniformly distributed on the interval (0,�r), where �r is the minimum distance between all

possible rate values. Thus the rate profits can be distinguished avoiding the occurrence of

(4.17). Note that the user selection of the subcarriers is unchanged since for any rm,k > rn,k,

we still have r′m,k > r′n,k. This effect can be illustrated geometrically and is depicted in

Figure 4.1.

Geometrically, the objective is to depart a hyperplane with normal vector µ as far as

possible from the origin within the achievable rate region COFDMA. In the upper example

without random noise, the region has a big flat part with equal slope. In order to fulfill

the rate constraint the normal vector of the plane is changed to µ̂′′ so that R reaches the

feasible region (filled region in the figure). Thus, the algorithm skips R∗ and switches from

R′ directly to R′′ constituting a suboptimal point. In the second example, it can be seen

that random noise makes the region more curved, avoiding the described problem. The

algorithm now ends up in the optimum R∗.
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4.1.3 Performance evaluation

Using the same physical parameters for the evaluation of the feedback channel, we exam at

first the throughput performance of the introduced resource allocation algorithm.

Figure 4.2 illustrates the convergence process for an exemplary random channel with

K = 299 subcarriers and M = 5 users. CSI is obtained through a feedback channel(2 kbit/s).

In every TTI (2 ms) 27 symbols are transmitted per subcarrier. The modulation is adapted

to the different channel states on each subcarrier and can be chosen from QPSK, 16QAM,

64QAM. The averaged receive SNR is 15 dB, µ = [1, 1, 1, 1, 1]T . The required minimum

rates are set to Ř = [1000, 2000, 6000, 5000, 0]T bit/TTI, where 0 means no minimum rate

constraint. The algorithm stops at the point of complete convergence which is shown as the

dashed vertical line in Figure 4.2. The number of iterations depends on the given channel

rate profits and the rate constraints. For some channel states the rate constraints are not

achievable and the algorithm will not converge. To cope with these infeasible cases, we ex-

pand the algorithm by an additional break condition which consists of a maximum number

of iterations. If the number of iteration steps is on a threshold, the iteration should be broken

up and the user with the largest µ̂, who has also the worst channel condition, is removed

from the scheduling list. Then the resource allocation algorithm is initialized and started

again. The removed user will not be served and the link is dropped in this TTI.

In order to evaluate the throughput performance we also implemented the Hungarian as-

signment algorithm from [56], which solves a general resource assignment problem. Mod-

eling the reward of certain resources as an K × K square matrix, of which each element

represents the reward of assigning a “worker” (equal to a subcarrier) to a “job” (user), the

Hungarian algorithm yields the optimal assignment that maximizes the total reward. Unfor-

tunately, the complexity of the algorithm depends on the given reward matrix and increases

very fast with the size of the matrix. The Hungarian algorithm realizes an optimal as-

signment strategy but, before starting the algorithm, the number of subcarriers each user

is assigned must be determined a priori. This means that the scheduler must estimate the

necessary number of subcarriers for each user in order to achieve the minimum rate require-

ment. Even though a rough estimate can be obtained by dividing the required rate by the

average rate profit on each subcarrier as described in [56], we know that this estimation is

quite imprecise in a frequency-selective channel with large frequency dispersion. Such an

improper estimation impairs the algorithm even if the assignment algorithm itself is optimal.

Figure 4.3 shows the comparison between the reference algorithm and the proposed

algorithm. For the same system as in Figure 4.2, we set µ = [1, 1, 1, 1, 1]T which means

that the sum rate of the system is maximized. Holding the minimum rate constraints of
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user 2-5 [Ř2, Ř3, Ř4, Ř5]T = [2000, 2000, 0, 0]T bit/TTI and increasing the rate constraints

of user 1 from 0 to 6000 bit/TTI, we can see a drop in sum rate in Figure 4.3. Define a

transmission failure in case that the minimum rate constraints are not met, the failure rate

rise over the minimum rate Ř1 is depicted in the lower part of Figure 4.3. It can be seen that

the introduced algorithm clearly outperforms the reference scheduler for both measures.

A comparison with the optimal solution (with brute-force search) is shown in Figure

4.4. Due to the high computational demand, we set K = 16 subcarriers and M = 2 users.

The rest of the system settings are the same as those in Figure 4.2. Increasing the rate

constraint Ř1 from 0 to 1200 bit/TTI by fixed rate constraint Ř2 = 400 bit/TTI, we compare

the both algorithms in terms of sum rate and failure rate. The proposed algorithm causes

only little performance loss in this simulation. As mentioned before, the performance loss

will be further reduced in the system with higher number of subcarriers.

4.1.4 Extension to problems with maximum rate constraints

Sometimes the user has only a few bits in the buffer. If the allocated transmission rate is

larger than the number of bits in buffer, data padding is applied. However, it means also a

wastage of the valuable rate resources. Thus, it is beneficial to have additional maximum

rate constraints in the resource allocation problem, which can be formulated as:

maximize µT R

s.t. Rm ≤ R̂m ∀m ∈ M
R ∈ COFDMA(h, p),

(4.20)

and R̂ = [R̂1, ..., R̂M]T are the maximum rate constraints. Actually we can use the same

iterative algorithm as in Section 4.1 for this problem, in which the weight factors µ̂m are

decreased in each iteration if the rate constraints are not satisfied. However, it probably

leads to an unfavorable situation: Since the allocated rates are in a discrete set, it is most

likely that the maximum rate constraints are not fulfilled with equality. Several bits will

always be left in the buffer and the buffer is never really empty. A small modification in the

algorithm will get rid of the problem. In one iteration step, if the maximum rate constraint

of user m is not satisfied, the weight factor µ̂m is decreased to the smallest possible:

µ̂m ≥ u, ∀u ∈ � (4.21)

with � :=
{
u : Rm(µ̂1, ...µ̂m−1, u, ..., µ̂M) ≥ R̂m

}
. Thus, the rate Rm allocated to user m is ex-

actly sufficient to empty the buffer. Correspondingly the stopping criterion is also modified.
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The iterative algorithm should be stopped if all rate constraints is satisfied or if the weight

factors µ̂ converge, i.e. the change of µ̂ between two iteration steps is sufficiently small.

The complete algorithm is given in Algorithm 4.

Algorithm 4 Weighted rate sum maximization with fixed power and maximum rate con-
straints

(0) add a random noise matrix ∆with uniformly distributed entries to the rate gain matrix:
r′ = r + ∆
(1) initialize weight vector µ̂(0) = µ
(2) calculate the subcarrier assignment I(k) = arg max

m∈M
µ̂mr′m,k ∀k and the resulting rate

allocation
Rm =

∑
k∈K ,I(k)=m

rm,k

while rate constraints R ≤ R̂ not fulfilled or ‖µ̂(i) − µ̂(i−1)‖1 < ε do
for m = 1 to M do

if Rm < R̂m then
(3.1) decrease µ̂m to the smallest possible value which satisfies the condition
(4.21)
(3.2) recalculate I(k) and Rm

end if
end for

end while
ε is predefined error tolerance of µ̂

Similar as in Section 4.1.1 it can be shown that the sequence {µ̂(i)} in the iterative al-

gorithm is a component-wise monotone decreasing sequence bounded from below. Hence,

Algorithm 4 converges to a fixed point µ̂∗. Compared to the original weight vector µ, µ̂∗ is

component-wise equal to or smaller than µ. Considering the maximum rate constraints, the

rate allocation Rm(µ̂∗) determined by µ̂∗ is either smaller than R̂m, or it the smallest value

larger than R̂m so that it is exactly sufficient to empty the buffer.

Next we consider the combined weighted sum rate maximization problem with both

minimum and maximum rate constraints. Even the exact rate requirement can be included

in this formulation. The equality constraint can be written as a minimum constraint in

combination with a maximum constraint. Thus, the problem is written as

maximize µT R

s.t. Rm ≥ Řm

Rm ≤ R̂m ∀m ∈ M
R ∈ COFDMA(h, p).

(4.22)

In order to meet the minimum/maximum rate constraints, the weight vector in the weight

sum rate maximization problem should be increased/decreased, respectively. We can apply



46 Chapter 4. Resource Allocation

Algorithm 3 and 4 one after another to get a feasible solution that satisfies all constraints.

However, it is most likely that the obtained solution is suboptimal. Suppose that in the first

phase the weight factor µ̂m, m ∈ M is increased so that the minimum rate constraint Řm is

fulfilled with equality. Then in the second phase, the weight factor of some other user n � m

is decrease to fulfill the maximum constraint of R̂n. During this phase, more subcarriers

may be reallocated to user m and the maximum rate constraint Řm is overfulfilled. The set

of reallocated subcarrier S̃m is larger than the smallest necessary set, hence the solution is

not optimal. In order to avoid this situation, in the second phase, we reverse the minimum

rate constraint Řm for user m and treat it as a maximum rate constraint so that in the final

solution the rate constraint Řm is exactly fulfilled. The algorithm is given in Algorithm 5.

Algorithm 5 Weighted rate sum maximization with combined rate constraints
(0) add a random noise matrix ∆with uniformly distributed entries to the rate gain matrix:
r′ = r + ∆
(1) initialize weight vector µ̂(0) = µ
(2) calculate the subcarrier assignment I(k) = arg max

m∈M
µ̂mr′m,k ∀k and the resulting rate

allocation
Rm =

∑
k∈K ,I(k)=m

rm,k

while rate constraints R ≥ Ř not fulfilled do
for m = 1 to M do

if Rm < Řm then
(3.1) increase µ̂m according to the criteria described in step (2) such that the rate
constraint of user m is fulfilled
(3.2) recalculate I(k) and Rm

end if
end for

end while
while rate constraints R ≤ R̂, R ≤ Ř not fulfilled or ‖µ̂(i) − µ̂(i−1)‖1 < ε do

for m = 1 to M do
if Rm < R̂m or Rm < Řm then

(4.1) decrease µ̂m to the smallest possible value which satisfies the condition
(4.21)
(4.2) recalculate I(k) and Rm

end if
end for

end while
ε is predefined error tolerance of µ̂

4.2 Dynamic Power Allocation

If more precise information about the current channel state is available at the base sta-

tion, the scheduler can dynamically allocation the power to each subcarrier to achieve a
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higher spectral efficiency. Considering the same weight sum rate maximization problem

as in (4.2), the resource allocation problem includes both subcarrier allocation and power

allocation. Due to the OFDMA constraint and the finite available modulation and coding

scheme, the problem is also a non-linear combinatorial problem over discrete set. Denoting

the maximum sum power constraints as P̂, the optimization problem is

maximize
∑
m∈M

µm

K∑
k=1

rm,k(pk, hm,k)φm,k

s.t.
K∑

k=1

rm,k(pk, hm,k)φm,k ≥ Řm ∀m ∈ M
K∑

k=1

pk ≤ P̂,

M∑
m=1

φm,k = 1 ∀k ∈ K ,

(4.23)

where φm,k ∈ {0, 1} is the indicator of rate allocation. Here we assume that CQI is precise

enough and ignore the difference between the reported channel state h̃ and actual channel

state h.

4.2.1 Resource allocation algorithm

We can substitute the objective using the following equivalence

max
φ

M∑
m=1

µm

K∑
k=1

rm,k(pk, hm,k)φm,k =

K∑
k=1

max
m∈M

{
µmrm,k(pk, hm,k)

}
.

Then the objective in the problem can be recasted as

max
p

K∑
k=1

max
m∈M

{
µmrm,k(pk, hm,k)

}
. (4.24)

Similarly, we transform the optimization problem into a Lagrangian dual formulation.

In order to take the power constraint into account, an additional parameter λ is introduced.

The problem becomes

max
p

∑
m∈M

µ̂m

K∑
k=1

max
m

{
rm,k(pk, hm,k)

} − λ K∑
k=1

pk (4.25)

Due to the orthogonality of between the subcarriers of the OFDM system the problem (4.25)

can be decomposed into K independent problems. On the k-th subcarrier, the subproblem
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is written as

max
m∈M

max
pk

{
µ̂mrm,k(pk, hm,k) − λpk

}
. (4.26)

If the parameters µ̂ and λ are fixed, the maximum over the power allocation pk can be

obtained by bisection. Subsequently the maximum over user set M can be found by lin-

ear search. Particularly, if the achievable rate rm,k(pk, hm,k) coincides with the SNR-Gap

approximation [72], the search of the optimal power allocation pk can be further simpli-

fied. Denoting by R the set of available rate allocation on one subcarrier and Φ the set of

minimum required powers under the channel state hm,k, it holds

rm,k(p′k, hm,k) = log(1 + γhm,k p′k), ∀p′k ∈ Φ (4.27)

where γ is some positive constant (see Figure 4.5) and the set of minimum required powers

Φ is

Φ =

{
p ∈ R+ : p =

1
λhm,k

(
2r − 1

)
, r ∈ R

}
. (4.28)
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In this case, the solution p∗k can be approximated by

p∗k = �
µm

λ
− 1
γhm,k

�,

where the operator �x� denotes the largest available power p′ ∈ Φwith p′ ≤ x. The obtained

solution p∗k can be suboptimal due to the round operation, but the complexity of the search

algorithm can be significantly reduced.

The remaining task is to find the suitable weight factor µ̂ and λ such that the resulting

rate allocation fulfills the minimum rate constraints. It can be obtained by the iterative

algorithm given in Algorithm 6.

Algorithm 6 OFDMA weighted rate sum maximization with minimum rate constraints

(1) initialize weight vector µ̂(0) = µ and λ0 = 1
(2) increase/decrease λ such that the solution in Problem (4.25) exactly fulfills the maxi-
mum power constraint P̂
while ∃m ∈ M with Rm < Řm or

∑K
k=1 pk > P̂ do

for m = 1 to M do
if Rm < Řm then

(3.1) increase µ̂m such that the rate constraint Rm ≥ Řm is exactly fulfilled
end if

end for
if

∑K
k=1 pk > P̂ then

(3.2) increase λ such that the power constraint
∑K

k=1 pk ≤ P̂ is fulfilled
end if

end while

Analogously as in Section 4.1, it can be shown that the given algorithm converges to the

component-wise smallest µ̂∗ and λ which give a feasible solution of the problem (4.23) and

hence, it yields a excellent suboptimal solution. Similarly, Algorithm6 can be extended to

solve the weight sum rate maximization problem with additional maximum rate constraints.

4.2.2 Performance evaluation

The performance of Algorithm 6 is compared with the optimal solutions. The discrete rate

function is defined as in (4.27) with γ = 1 and the set of available rates on one subcarrier is

R := {1, 2, 3, 4, 5, 6} bit. The OFDMA system has K = 256 subcarriers. For the simulations

i.i.d. Rayleigh fading on each subcarrier was assumed and 1000 Monte Carlo runs were

simulated. We set M = 5 users and the weight factors µ = [0.1, 0.1, 0.2, 0.2, 0.4]. In each

TTI, the minimum rate Ř = [3, 3, 2, 1, 0] bit/TTI must be satisfied. Figure 4.6 shows the

growth of the objective µT R by the increasing power constraint. The dotted line in the fig-

ure is achieved by information-theoretic upper bound with continuous rate function and the
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dashed line is the optimum with discrete rate function. The search space of the optimal so-

lution is M×K×|R|which is beyond the applicability of the brute-force method. Therefore,

the optimum is calculated using CPLEX [73], which is based on cutting-edge algorithms

and solves such integer programming problems within acceptable simulation time. It can

be shown that the solution of the proposed algorithm has marginal loss compared to the

optimal solution and the difference is even diminished by higher transmission power.
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contains an enlargement of the area marked in the figure at the top.





Chapter 5

Throughput-Optimal Scheduling

In wireless communication systems input data packets arrive randomly at the transmitter

and queue up in a buffer awaiting their transmission. The transmission rate for each user

is determined by a scheduling policy which acts according to the system state. One major

challenge for the policy design is to improve the system throughput by taking advantage of

the channel variations. However, policies which consider only the channel state will cause

unfairness among the users due to the randomness in the data traffic. Even more severely,

some users may suffer from long queueing delay or even buffer overflow.

In order to avoid this situation, the scheduling policy can take the queue states into

account. An essential requirement then is that the queues are kept finite for all users and

do not blow up over time, such that the queueing system is stable. The stability of the

queueing system is determined by the arrival traffic, the transmission capacity and the ap-

plied scheduling policy. A scheduling policy is called throughput-optimal if it keeps the

system stable for any set of mean arrival rates that lies in the ergodic achievable rate region.

Throughput-optimality is a desirable feature of scheduling policies, since the system can

offer a maximal possible traffic load and keeps all queues stable at the same time.

There already exist a number of throughput-optimal scheduling policies in previous

work, e.g. the Maximum Weight Matching (MWM) policy [74, 75, 76, 77], the exponential

rule [78], the Queue Proportional Scheduling (QPS) [79] and the Log rule [80]. Throughput-

optimality of these policies is proven using techniques which are adapted to the particular

policy and in fact the proofs can be rather involved [74, 78, 79]. Eryilmaz et al. provided

some sufficient conditions under which the scheduling policies are throughput-optimal [81].

However, these conditions are quite restricted and do not include all throughput-optimal

scheduling policies (e.g. exponential rule, QPS).

In this chapter, we give general conditions for throughput-optimality of queue-length

53
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based scheduling policies. These scheduling policies are formulated as the solution of a

weighted sum rate maximization problem differing only in the choice of the weight factors.

Then we show that throughput-optimality can be verified solely by checking the character-

istics of the weight factors.

In order to generalize our results which should also be applicable for other broadcast

systems beside OFDM, we extended our system model and describe it in Section5.1. This

section includes some assumptions on the rate and arrival processes. The definitions of

stability and throughput-optimality are introduced subsequently.

General sufficient conditions for throughput-optimality are presented in Section5.2. It

is shown that the weight factors of a throughput-optimal scheduling policy only need to

satisfy two conditions:

1. If the total queue length in the system becomes large, the change of the weight factors

between two TTIs tends to zero.

2. If the total queue length in the system becomes large, the weight factors of “nonur-

gent” users, whose queues are bounded while the other queues expand, tend to zero.

The proof of this statement is derived by using some special Lyapunov functions in con-

nection with theorems in differential geometry. The necessity of the presented conditions

are discussed in Section 5.3. A partial converse to the throughput-optimal conditions is

provided in this section. Some applications of our results are shown in Section5.4.

5.1 General Broadcast System Model

5.1.1 PHY layer

As mentioned in Chapter 1, our results about throughput-optimal scheduling policies can

be applied to a wide class of system models. It is not only restricted to the OFDMA system

specified in Chapter 2. Here, we consider a general broadcast system model in which a

base station simultaneously supplies M mobile users. The channel between the base station

and each user is assumed to be constant within a TTI and varies from one TTI to another

in a stationary i.i.d. manner. The channel state of user m in the n-th TTI is denoted as

hm(n) ∈ S, where S is an arbitrary countable or uncountable set, and all channel states

of the user set M := {1, ...,M} are collected in the vector h(n) ∈ SM. Here the set S
is used to indicate that the general approach is not restricted to a specific transmission

scheme. For example in a MIMO system the channel state can be described as a matrix
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of complex channel gains, e.g. hm(n) ∈ Cnrnt , where nr, nt are the number of transmit and

receive antennas at the base station and mobiles, respectively. For the OFDM system that

we considered so far, the channel state can be defined as a vector of complex channel gains

on each subcarrier hm(n) ∈ CK, where K is the number of subcarriers. Furthermore we

assume that the channel state information is, either perfectly or partially, accessible at the

receiver and the transmitter. In the n-th TTI the data is transmitted through the channel at the

rate r(n) with the transmission power p(n). The allocated rate satisfies r(n) ∈ C(h(n), p(n)),

where C (h(n), p(n)) is the achievable rate region of the broadcast system with the channel

state h(n) and the transmission power p(n). For instance, for the OFDMA system defined

in Chapter 2 this achievable rate region is given by

C (h(n), p(n))

:=

⎧⎪⎪⎨⎪⎪⎩r̃1, ..., r̃M : r̃m ≤
K∑

k=1

Ns · γc

(
pm,k(n), h̃m,k(n)

)
· rmod

(
pm,k(n), h̃m,k(n)

)
,∀m ∈ M

⎫⎪⎪⎬⎪⎪⎭ ,
where p(n) ∈ RM×K

+ follows the OFDMA constraint with pm,k ≥ 0 if subcarrier k is allocated

to user m and pm′,k = 0 for all m′ � m. Here, we do not specify the achievable rate region

C (h(n), p(n)) either, so that the results in the chapter can be applied to different transmission

schemes.

The entire achievable rate region of a system with maximum power constraint P̂ in TTI

n is given by

C
(
h(n), P̂

)
:=

⋃
p(n)∈Ω

C (h(n), p(n)) , (5.1)

where Ω is the set of feasible power allocations

Ω :=
{
p′ :

∥∥∥p′
∥∥∥

1 ≤ P̂
}
.

In general, the rate region C
(
h(n), P̂

)
might be non-convex; then we consider the convex

hull of the achievable rate region. Any point on the convex hull of the region C(h(n),P̂) is a

solution of the maximization problem

r(µ,h(n)) = arg max
r̃∈C(h(n),P̂)

µT r̃, (5.2)

where µ ∈ RM
+ is the set of weight factors. It is important to stress that even though

the weight factors are fixed and independent of the channel state h(n), the rate allocation

r(µ,h(n)) depends on the channel state due to the maximization problem over C(h(n),P̂) in
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(5.2). We can observe that weight factors µ also represent a normal vector of a supporting

hyperplane which is tangential to the convex hull at the point r(µ, h(n)).

Then, the ergodic achievable rate region is defined as

C(P̂) :=
⋂
‖µ‖=1

⎧⎪⎪⎨⎪⎪⎩r1, ..., rM : µT r ≤ E
⎧⎪⎪⎨⎪⎪⎩ max

r̃∈C(h(n),P̂)
µT r̃

⎫⎪⎪⎬⎪⎪⎭
⎫⎪⎪⎬⎪⎪⎭ . (5.3)

Note that the definition (5.3) coincides with the capacity region given in [82, 83], when

C (h(n), p(n)) is the capacity region of parallel degraded channels. Furthermore, it is shown

in [76, 77, 2] that the region is also the maximal achievable stability region. In general the

characterization of the achievable rate region C(h(n),P̂) and the solution of the weighted

sum rate maximization problem is complicated. Considering practical constraints, such

as finite code, modulation scheme and imperfect channel state information, the ergodic

achievable rate region C(P̂) can be much smaller than the information-theoretic capacity

region. Thereby the instantaneous achievable rate region C(h(n),P̂) might be non-convex

or even be restricted to a set of some discrete rate points. The results in this chapter can also

be applied to these practical systems as long as a solution of the problem (5.2) exists (i.e.

for the discrete OFDMA system the solution is given in Chapter4).

It is easy to show that the ergodic achievable region given in (5.3) is convex. According

to the convexity, any boundary point of the region C(P̂) is a solution of the problem

rE(µ) = arg max
r̃∈C(P̂)

µT r̃. (5.4)

Likewise here the weight factors µ represent the normal vector of the boundary at the point

rE (µ) (see Figure 5.1).

5.1.2 MAC layer

Assume that the transmission is time-slotted, data packets arrive randomly at the MAC layer

and queue up in a buffer reserved for each user m ∈ M. Simultaneously the data is read

out from the buffers according to the system state, i.e., the random channel state and the

current queue lengths. Thus, the system can be modeled as a queueing system with random

processes reflecting the arrival and the departure of data packets.

Denoting the queue state of the m-th buffer in TTI n ∈ N by qm (n) and arranging all

queue states in the vector q(n) ∈ RM
+ , the evolution of the queueing system can be written

as

q (n + 1) =
[
q (n) − r (n) + a (n)

]+ , (5.5)
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Figure 5.1: Any solution of the weight maximization problem (5.4) is a point on the bound-
ary of the ergodic achievable rate region C(P̂). The vector µ of weight factors can be inter-
preted as the normal vector of the boundary at the obtained point

where [x]+m = max{0, xm}, ∀m ∈ M. Vector a (n) ∈ RM
+ is a random vector denoting

the amount of arrival packets during the n-th TTI and vector r(n) ∈ RM
+ is the amount of

transmitted data. Figure 5.2 illustrates the described multiuser broadcast system.

Without loss of generality, we set the length of a TTI Ts = 1 so that a (n) and r (n) are

equal to the arrival and transmission rate during n-th TTI. We assume that the size of a data

packet is constant. To simplify the notation, we set the packet size to 1 unit without loss of

generality.

Eqn.(5.5) can be formulated as

q (n + 1) = q (n) + a (n) − r (n) + z (n) , (5.6)

with

zm(n) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 qm(n) + am(n) − rm(n) ≥ 0

rm(n) − qm(n) − am(n) otherwise
.

We assume that the sequence of arrival bits forms an i.i.d. sequence of variables over



58 Chapter 5. Throughput-Optimal Scheduling

Scheduler

User

Channel Information

Base station

h

a1

a2

a3

aM

q1

q2

q3

qM

r1

r2

r3

rM

MS1

MS2

MS3

MSM

Figure 5.2: Multiuser broadcast system and its queue structure

time. For technical reasons we assume that the arrival bits ai(n) are uniformly bounded by

some real constant Ca > 0.

The transmission rate r (n) is determined by the applied scheduling policy. We con-

sider scheduling policies which are independent of the time index and define the policies

as the mapping from the cartesian product of the set of channel gains h(n) and queue

lengths q (n) to the set of transmission rates. The rate allocated by policy P is denoted as

rP(h(n), q(n)). Furthermore, we make a technical assumption that the maximum transmis-

sion rates rP(h(n), q(n)) are uniformly bounded by some real constant Cr > 0. Under these

assumptions, the considered queueing system can be modeled as a ψ-irreducible Markov

chain with ψ-irreducible measure δ0, where δ0 denotes a Dirac measure at zero [84].

5.1.3 Stability

The stability of a ψ-irreducible Markov chain can be defined in different manners. We first

introduce the definitions of recurrent and transient Markov chain [84]. These definitions

are based on the measure of the occupation time

ηA :=
∞∑

n=1

I (q (n) ∈ A) ,

which gives the number of visits in a setA ∈ RM
+ by a Markov chain after time zero.

Definition 1. A Markov chain is recurrent, if it holds E {ηA |q (1) = x } = +∞, ∀x ∈ RM
+
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and for any set A ⊂ RM
+ . Additionally, if the Markov chain admits an invariant probability

measure π, then it is positive recurrent.

If the Markov chain is positive recurrent, it is also weakly stable [85], then it holds

lim
n→+∞ Pr(‖q(n)‖ > B) < ε

for any ε > 0 and some constant B > 0.

Definition 2. A Markov chain is transient, if there is a countable cover of RM
+ with uni-

formly transient sets, i.e. there is a constant C with E {ηA |q (1) = x } ≤ C, ∀x ∈ A.

In this thesis, we also apply another stability definition as it in [81]:

Definition 3. A Markov chain is called f -stable, if there is an unbounded function f :

R
M
+ → R+ so that for any 0 < B < +∞, the set B := {x : f (x) ≤ B} is compact, and

furthermore it holds

lim sup
n→+∞

E { f (q (n))} < +∞. (5.7)

The function f is unbounded in all positive directions so that f (q (n)) goes to infinity,

when ‖q‖ goes to infinity. Choosing directly f (q) = ‖q‖, Definition 3 is equivalent to the

definition of strongly stable [85]. Moreover, it is easy to show that for any f (q) which

grows faster than ‖q‖, inequality (5.7) implies that the Markov chain is strongly stable.

Denoting the mean of the arrival bits ai(n) per TTI as ρm collected in the vector ρ ∈ RM
+ ,

we call a vector ρ of arrival rates stabilizable under P when the corresponding queueing

system driven by some specific scheduling policy P is positive recurrent.

It is well-known that any vector of arrival rates inside the ergodic achievable rate region

C(P̂) is stabilizable (e.g. under MWM policy) and any vector of arrival rate outside C(P̂)

is not stabilizable [81, 2]. Thus a scheduling policy is now called throughput-optimal if

it keeps the Markov chain positive recurrent for any vector of arrival rates ρ ∈ int(C(P̂)),

where int(C(P̂)) denotes the interior of the ergodic achievable rate region C(P̂).

5.2 Stability Conditions

5.2.1 Conditions on weight factors

We consider scheduling policies which solve the weighted sum rate maximization problem

rP(h(n), q(n)) = arg max
r̃∈C(h(n),P̂)

µP (q(n)) r̃, (5.8)
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where µP (q) denotes the weight vector for some queue state q determined by a scheduling

policy P. Note that the weight factors µP (q) depends solely on the queue state. In Section

5.3 we argue for the necessity of this assumption. It is worth noting that the solution of the

optimization problem in (5.8) is a boundary point of the convex hull of C(h(n),P̂). However,

such a rate allocation is possibly not uniquely defined by the weight vector µP(q) (which

is often the case). Nevertheless we can enforce uniqueness by invoking e.g. additional

constraints on the allocated rate vector, by the way, not affecting the line of proof in Theorem

3.

One of the well-known throughput-optimal scheduling policies is the MWM policy,

which uses the weight vector

µMWM(q) = q. (5.9)

The throughput-optimality of the MWM policy in general multiple access and broadcast

channels is proven in [76, 77]. Despite its simple form, the MWM policy has satisfactory

delay and fairness properties and is applied in several systems including MIMO [86] and

OFDM.

A further class of throughput-optimal scheduling policies use the exponential rule [78].

Here, the weight vector is given by

µEXP
m (q) = γmexp

⎛⎜⎜⎜⎜⎜⎜⎜⎝ αmqm

β +
(

1
M

∑
t∈M αtqt

)ηc

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , (5.10)

where γ1, ..., γM, α1, ..., αM are arbitrary sets of positive constants and the positive constants

β and ηc ∈ (0, 1) are fixed.

A more generalized class of throughput-optimal scheduling policies is presented by

Eryilmaz et al. in [81]. The weight factor µm(qm) is given by a function of qm satisfying the

following conditions:

1. µm(qm) is a nondecreasing, continuous function with limqm→+∞ µm(qm) = +∞.

2. Given any C1 > 0, C2 > 0 and 0 < ε < 1 there exists a B < +∞, such that for all

qm > B and ∀m ∈ M,

(1 − ε)µm(qm) ≤ µm(qm −C1)

≤ µm(qm +C2) ≤ (1 + ε)µm(qm). (5.11)

Condition (5.11) implies that the relative difference |µm(qm±C)−µm(qm)|
µm(qm) tends toward zero

for constant C if qm is large. Hence the scheduling policies using weight functions such
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as µPm = eqm do not belong to this class. Actually, it can be proven that these scheduling

policies are not throughput-optimal.

The conditions given in [81] cover quite a large class of throughput-optimal scheduling

policies. However, the weight factor µm(qm) is exclusively calculated by qm and independent

of the queue length of other users, which is a rather strict constraint. In general the weight

factor is determined by the queue state of all users, i.e.

µm : RM
+ → R+, q �→ µm(q).

Some examples are the aforementioned policies using exponential rule and QPS. Unfortu-

nately the results in [81] can not be applied in these cases.

Here, we give generalized sufficient conditions for throughput-optimality. The condi-

tions are presented by characterizing the corresponding weight vector µP of the scheduling

policies. In the following, we consider the normalized weight vector

µ̄P(q) :=
µP(q)∥∥∥µP(q)

∥∥∥
1

(5.12)

and hence
∥∥∥µ̄P(q)

∥∥∥
1 = 1. Since the magnitude of the weight vector does not affect the

solution of the maximization problem (5.2), namely the scheduling decision, we only need

to consider the direction of the vector. Thus the normalization of weight factors µP(q) can

be done without lose of generality.

Theorem 3. Any vector of arrival rates ρ ∈ int(C(P̂)) is stabilizable under the scheduling

policy P, if its corresponding normalized weight vector µ̄(q) given in Eqn.(5.12) fulfills the

following conditions:

1. Given any 0 < ε1 < 1 and C1 > 0, there is some B1 > 0 so that for any ∆q ∈RM

with ‖∆q‖<C1, we have |µ̄m (q + ∆q) − µ̄m (q)| ≤ ε1 for any q ∈ RM
+ with ‖q‖ > B1,

∀m ∈ M.

2. Given any 0 < ε2 < 1 and C2 > 0, there is some B2 > 0 so that for any q ∈ RM
+ with

‖q‖ > B2 and qm < C2, we have µ̄m(q) ≤ ε2, for any m ∈ M.

Moreover, for any arrival process with ρ ∈ int(C(P̂)), the queueing system is f -stable

under the given policy P, where f is an unbounded function as defined in Definition3. The

exact formulation of f depends on the weight function µ̄(q).

In order to simplify the notation, provided the limit exists, we can also write the two
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conditions as

lim
‖q‖→+∞

|µ̄m (q + ∆q) − µ̄m (q)| = 0, ‖∆q‖<C1

lim‖q‖→+∞ |µ̄m (q)| = 0, qm < C2,

where ‖q‖ → +∞ is any path in RM
+ with unbounded norm. The conditions are interpreted

in the next section and their necessity is proven in Theorem5.

Proof. The proof is given in 5.2.2. �

Before we give a proof of Theorem 3, we compare the conditions in Theorem 3 and

the conditions given by Eryilmaz et al. To this end, let µm(qm) be the function depending

only on qm and satisfies Eryilmaz’s conditions. We consider two different cases: qm < +∞
and qm → +∞. If qm is bounded and ‖q‖ goes to infinity, then we have some m′ � m

with qm′ → +∞. According to Eryilmaz’s conditions, it follows that µm(qm) < +∞ and

µm′(qm′)→ +∞. We normalize the weight vector

lim‖q‖→+∞ µ̄m(q)

= lim
qm′→+∞

µm′(qm′)
µm′(qm′ ) +

∑
t�m′ µt(qt)

= 0

and Condition 2) in Theorem 3 is fulfilled. It holds that lim‖q‖→+∞ µ̄m(q + ∆q) = 0 as long

as ‖∆q‖ is bounded. Thus lim‖q‖→+∞ |µ̄m(q + ∆q) − µ̄m(q)| = 0 and Condition 1) is satisfied.

If qm → +∞, we only need to check the first condition in Theorem3. Suppose ‖∆q‖ < C

for some constant C > 0, we have ∆qm < C, ∀m ∈ M. After the normalization we have

µ̄m(q + ∆q) =
1

1 +
∑

m′�m
µm′ (qm′+∆qm′ )
µm(qm+∆qm)

. (5.13)

As ‖q‖ → +∞, if there are other users m′ � m with qm′ → +∞, then according to (5.11) we

have

lim
‖q‖→+∞

µm′(qm′ + ∆qm′)
µm(qm + ∆qm)

= lim
‖q‖→+∞

µm′(qm′)
µm(qm)

.

Otherwise if qm′ is bounded, it holds

lim‖q‖→+∞
µm′(qm′ + ∆qm′)
µm(qm + ∆qm)

= 0.

Considering the both situations and substitute them in (5.13), we have lim‖q‖→+∞ |µ̄m(q + ∆q) − µ̄m(q)| =
0 and the condition is satisfied. Hence we conclude that the class of policies in [81] is indeed
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included in Theorem 5.

So far we considered scheduling policies based on the current queue state. In some

situations, the queue state information might be imprecise or delayed. These cases occur

even more frequently in an uplink system, where the queue state information has to be

quantized and transmitted from the mobile terminal to the base station through a signaling

channel. In this thesis we mainly consider the downlink system. However, we emphasize

that the PHY layer described in Section 5.1 can be generalized, if the achievable rate region

is independent of the transmission schemes. Thus our results can also be applied to multiple

access channels in the uplink systems if we replace the term downlink achievable rate region

with uplink achievable rate region in our system model.

Theorem 3 has an interesting interpretation. Suppose that the scheduling policy deter-

mines the rate allocation based on the quantized queue state information q̄(n) with some

quantization error ε(q(n)), then we have q̄(n) = q(n) + ε(q(n)). If the weight vector µ̄(q̄(n))

determined by the scheduling policy satisfies the conditions given in Theorem 3, when

‖q̄(n)‖ is sufficiently large, it can be shown that

|µ̄m (q + ∆q+ε (q + ∆q)) − µ̄m (q+ε (q))| ≤ ε1

for any 0 < ε1 < 1 and bounded ∆q, and if qm is bounded, it holds

µ̄m(q+ε (q)) ≤ ε2

for any 0 < ε2 < 1 as ‖q(n)‖ is sufficiently large. Thus the scheduling policy is throughput-

optimal.

If the obtained queue state information has ∆n TTIs delay, we have q̄(n) = q(n − ∆n).

Since the transmission and arrival rate are bounded, we have q̄(n) = q(n) + εd, where the

error εd caused by delay, is also bounded. Similarly, it can be shown that the stability

conditions can be applied in this case.

5.2.2 Proof of stability conditions

Stability can be proven by checking the so-called Lyapunov drift criteria as given in [74,76,

85]. That is to say, if we can find some non-negative V(q) : RM
+ → R+, some θ > 0 and a
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compact region B̄ := {q : ‖q‖ ≤ B} such that

E {V (q (n + 1))|q (n)} < +∞ ∀q (n) ∈ B̄ (5.14)

∆V (q (n)) < −θ ∀q (n) � B̄, (5.15)

the queueing system is positive recurrent. Here, ∆V (q (n)) is the one-step drift defined as

∆V (q (n)) := E {V (q (n + 1)) − V (q (n))|q (n)} .

Furthermore, if for some θ > 0, it satisfies

∆V (q) ≤ −θ f (q) , ∀‖q‖ > B (5.16)

for some B > 0 and unbounded positive function f (q), it can be shown that the queueing

system is f -stable.

We carry out the proof in two steps. First, we prove the throughput-optimality for those

policies, whose weight factors µ̄(q) fulfill the integrability condition in Eqn.(5.17). The

weight factors in those policies can be regarded as the normalized gradient of a certain po-

tential field V(q). We show that the expected drift ∆V (q) satisfies the inequality (5.16) and

hence the system driven by those policies is stable. In the second step, we extend the results

to all other policies whose weight factors are not integrable. It is shown that if the policies

fulfill the condition given in the theorem, their weight factors µ̄(q) can be approximated by

some functions µ̃(q) which are integrable. Then we prove the drift condition ∆V(q) for

those policies and establish the stability.

Firstly, we analyze the subclass of weight functions whose µ̄i(q) is continuously differ-

entiable. Furthermore, we assume that the weight functions satisfy the integrability condi-

tion, i.e.,

∂ (µ̄i (q))
∂qj

=
∂
(
µ̄ j (q)

)
∂qi

, ∀i, j ∈ M. (5.17)

For scheduling policies with this kind of weight functions, we have the following lemma.

Lemma 3. If Eqn. (5.17) holds for all q ∈ RM
+ , then any vector of arrival rates ρ ∈

int(C(P̂)) is stabilizable under the corresponding scheduling policy as long as µ̄(q) fulfills

the conditions given in Theorem 3.

Proof. Condition (5.17) implies that the vector field defined by µ̄(q) has the path indepen-

dence property, namely the integral of µ̄(q) along a path is dependent only on the start and

end points of that path, but not on the particular route taken. According to Poincaré lemma,
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the vector field µ̄(q) is completely integrable and it is the gradient of a scalar field, that is to

say, there exists some function f (q) : RM
+ → R+ with

∂ f (q)
∂qi

= µ̄i(q). (5.18)

Setting the value of f (q) at the origin equal zero, f (q) at the point q can be calculated by

f (q) =
∫ ‖q‖2

0
µ̄ (tq̄)T q̄dt, (5.19)

where q̄ := q
‖q‖2 is the normalized vector of q. Since each element of µ̄(q) is larger than

or equal to zero, f (q) is a positive function. Moreover, if ‖q‖ becomes large, according to

Condition 2) in Theorem 3, for the i-th queue with bounded qi, q̄i → 0 results in µ̄i(q)→ 0.

Then for other queues with µ̄j(q) > Cµ, q j grows with increasing ‖q‖ and we have q̄j > Cq

for some Cq and Cµ > 0. Thus it holds

µ̄(q)T q̄ > C

for some C > 0, if ‖q‖ is sufficiently large. Considering Eqn.(5.19), it follows that f (q) →
+∞ as ‖q‖ → +∞. Therefore, f (q) is a positive, unbounded function as we used in Defini-

tion 3.

Observing a new vector field defined by ν(q) = f (q)µ̄(q), we have

∂ (νi (q))
∂qj

=
∂ ( f (q) µ̄i (q))

∂qj

= µ̄ j (q) µ̄i (q) +
∂µ̄ j (q)

∂qi

= µ̄ j (q) µ̄i (q) +
∂µ̄i (q)
∂qj

=
∂
(
f (q) µ̄ j (q)

)
∂qi

=
∂
(
ν j (q)

)
∂qi

, ∀i, j ∈ M. (5.20)

Condition (5.20) ensures that ν(q) is also the gradient of a scalar field and there is a function

V(q) : RM
+ → R+ with

∂V(q)
∂qi

= f (q)µ̄i(q),

where f (q) is the magnitude of the gradient and µ̄(q) is the direction of the gradient. Set
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V(0) = 0 and V(q) at the point q is

V(q) =
∫ ‖q‖2

0
f (tq̄) µ̄ (tq̄)T q̄dt.

It is easy to shown that the function V(q) is also a positive, unbounded function. We use the

function V(q) as our Lyapunov function in the proof.

The first condition of the Lyapunov function given in (5.14) is satisfied as long as the

arrival rates am(n) and transmission rates rm(n) are bounded. Next we analyze the second

condition, namely the drift of V(q) of the queueing system. For convenience, we use the

superscript to denote the TTI index in the following.

Using the mean value theorem of differential calculus, we have for someq̃n between qn

and qn+1 i.e. q̃n
m = αmqn

m + (1 − αm) qn+1
m , ∀m ∈ M, for some αm ∈ [0, 1]

∆V(qn) (5.21)

=E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

f (q̃n)µ̄m(q̃n)
(
an

m − rn
m
)∣∣∣∣∣∣∣ qn

⎫⎪⎪⎬⎪⎪⎭ + E
⎧⎪⎪⎨⎪⎪⎩

M∑
m=1

f (q̃n)µ̄m(q̃n)zn
m

∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ (5.22)

Considering the first part in (5.22), we have

E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

f (q̃n)µ̄m(q̃n)
(
an

m − rn
m
)∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ (5.23)

≤ f (qn)

⎛⎜⎜⎜⎜⎜⎜⎝
M∑

m=1

µ̄m(qn)ρm −
M∑

m=1

µ̄m(qn)E
{
rn
m

∣∣∣ qn
}⎞⎟⎟⎟⎟⎟⎟⎠

+ E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

∣∣∣ f (q̃n)µ̄m(q̃n) − f (qn)µ̄m(qn)
∣∣∣ ∣∣∣an

m − rn
m

∣∣∣
∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ . (5.24)

Since

E

{
rn
∣∣∣qn

}
= arg max

r̃∈C(P̂)
µ̄(qn)T r̃.

for any ρ ∈ int(C
(
P̂
)
), we can always find some Γ > 0, so that

E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

µ̄m(q)(ρm − rn
m)

∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ ≤ −Γ.
Hence the first part in (5.24)

f (qn)

⎛⎜⎜⎜⎜⎜⎜⎝
M∑

m=1

µ̄m(qn)ρm −
M∑

m=1

µ̄m(qn)E
{
rn
m

∣∣∣qn
}⎞⎟⎟⎟⎟⎟⎟⎠ ≤ −Γ f (qn).
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For the second part in (5.24), we define ∆q = q̃n − qn. Then

f (qn + ∆q) − f (qn)

=

∫ 1

0
µ̄(qn + t∆q)∆qdt

≤
∫ 1

0
‖∆q‖1 dt = ‖∆q‖1 .

Since an
m and rn

m are bounded, we choose some C3 > 1 so that an
m < C3 and rn

m < C3 for all

i. Then ‖∆q‖1 is bounded by 2MC3 and we have

∣∣∣ f (q̃n) − f
(
qn)∣∣∣ < ε3 f (q)

for any given ε3 > 0 and sufficiently large ‖q‖. According to Condition 1) in Theorem3, we

also have ∣∣∣µ̄m(q̃n) − µ̄m(qn)
∣∣∣ < ε1.

Then if ‖qn‖ is sufficiently large,

E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

∣∣∣ f (q̃n)µ̄m(q̃n) − f (qn)µ̄m(qn)
∣∣∣ ∣∣∣an

m − rn
m

∣∣∣
∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭
≤2C3E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

(
f (qn) + ε3 f (qn)

) (
µ̄m(qn) + ε1

)∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ − 2C3E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

f (qn)µ̄m(qn)

∣∣∣∣∣∣∣ qn

⎫⎪⎪⎬⎪⎪⎭
=(2MC3ε1 + 2C3ε3 + 2MC3ε1ε3)︸�����������������������������������︷︷�����������������������������������︸

σ1

f (qn) (5.25)

holds for any ε1, ε3 > 0. Hence we have σ1 → 0 when ‖q‖ → +∞.

Now we consider the second part in (5.22).

E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

f (q̃n)µ̄m(q̃n)zn
m

∣∣∣∣∣∣∣ qn

⎫⎪⎪⎬⎪⎪⎭ (5.26)

≤E
⎧⎪⎪⎨⎪⎪⎩

M∑
m=1

f (qn)µ̄m(qn)zn
m

∣∣∣∣∣∣∣ qn

⎫⎪⎪⎬⎪⎪⎭ + E
⎧⎪⎪⎨⎪⎪⎩

M∑
m=1

∣∣∣ f (q̃n)µ̄m(q̃n) − f (qn)µ̄m(qn)
∣∣∣ zn

m

∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ (5.27)

For the first part in (5.27), since zn
m ≤ rn

m is bounded by the current rate region, E
{
zn
m

∣∣∣qn
}

is

bounded by the ergodic achievable rate region for some C4 > 0, we have

E
{
zn
m
} ≤ C4. (5.28)

We define the set G := {m : zm > 0,m ∈ M}. Since rn
m < C3 is bounded by C3, then
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qn
m < C3, ∀m ∈ G. If ‖qn‖ is sufficiently large so that ‖qn‖ > MC3, we can exclude the case

G = M. According to Condition 2) we have µ̄m(qn) ≤ ε2, ∀m ∈ G for arbitrarily small ε2.

Then

E

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∑
m∈G

f (qn)µ̄m(qn)zn
m

∣∣∣∣∣∣∣∣qn

⎫⎪⎪⎪⎬⎪⎪⎪⎭ < MC4ε2 f (qn) (5.29)

holds.

Using the similar reasoning as for (5.25), it can be shown that the second part in (5.27)

can be bounded by σ2 f (qn) for any σ2 > 0.

Define θ = Γ − σ1 − MC4ε2 − σ2 and choose σ1, σ2, ε2 so that θ > 0, we have the drift

∆V(qn) ≤ −θ f (qn). (5.30)

It is negative and the Markov chain is positive recurrent. �

Lemma 3 is applied to weight functions which are completely integrable. In general, the

weight functions do not have to meet the integrability condition (5.17) or can be even not

continuously differentiable. However, it can be shown that if the weight function µ̄(q) has

the properties described in Theorem 3, it can be approximated by some (at least piecewise

integrable) function µ̃(q). The following lemma help us to achieve our main result.

Lemma 4. If the function µ̄(q) fulfills the Condition 1), 2) in Theorem 3, then there exists

a positive, unbounded function f : RM
+ → R+ as given in Definition 3, and a positive,

continuous, piecewise differentiable function V : RM
+ → R+, such that it holds

∂V(q)
∂qm

= f (q)̃µm(q),∀m ∈ M (5.31)

on each differentiable subdomain of V , and

|µ̃m(q) − µ̄m(q)| < ε4,∀m ∈ M, (5.32)

for any ε4 > 0, if ‖q‖ is sufficiently large.

Proof. In the following, we show how to construct the function V(q), f (q) and µ̃(q) based

on µ̄(q). Since we only need to ensure that |µ̃m(q)−µ̄m(q)| < ε4 for large ‖q‖, it is sufficient to

construct the functions on the domain where ‖q‖ ≥ B for a sufficiently large B. The function

V and f on the domain ‖q‖ ≤ B can be defined as any positive, bounded, continuously

differentiable function, which is continuous on the boundary ‖q‖ = B.

In the domain of ‖q‖ ≥ B, we at first construct an orthogonal grid such that each cell in
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0

1

2

3

4

5

q0

q∗

qa

qb

qc

qd

∆Qi

∆Qj

Figure 5.3: Orthogonal grid (irregular) in M = 3-dimension. The line integral between two
points on the grid line (e.g. along the two paths marked by the dashed line) depends only
on the start point q0 and end point q∗. It is independent of the chosen pathes

the grid is a rectangle (see Figure 5.3 for an example in M = 3-dimension). Start by a point

qa = Q ∈ RM
+ , the next cell in the dimensions i, j (see Figure 5.4) has the grid points

qa = [Q1, ...,Qi, ...,Qj, ...,QM]T ,

qb = [Q1, ...,Qi + ∆Qi, ...,Qj, ...,QM]T ,

qc = [Q1, ...,Qi, ...,Qj + ∆Qj, ...,QM]T ,

qd = [Q1, ...,Qi + ∆Qi, ...,Qj + ∆Qj, ...,QM]T .

The length of the cell ∆Qi,∆Qj is determined by the equation

∫ ∆Qi

0
µ̄i(..., qi,Qj, ...) − µ̄i(..., qi,Qj + ∆Qj, ...)dqi

=

∫ ∆Qj

0
µ̄ j(...,Qi, qj, ...) − µ̄ j(...,Qi + ∆Qi, qj, ...)dqj. (5.33)

Condition 2) in Theorem 3 implies that in the region ‖q‖ ≥ B for some large constant

B, the function µ̄i(q) decreases with increasing qj and µ̄ j(q) decreases with increasing qi as
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well. Hence

µ̄i(..., qi,Qj, ...) − µ̄i(..., qi,Qj + ∆Qj, ...) > 0

µ̄ j(...,Qi, qj, ...) − µ̄ j(...,Qi + ∆Qi, qj, ...) > 0

and Eqn.(5.33) has positive general solutions with ∆Qi, ∆Qj > 0. Iteratively take qb, qc and

qd as the start point, we can extend the grid until it covers the subdomain in the dimensions

i, j. Based on the existing grid lines in the dimensions i, j (e.g. the line ¯qaqb in Figure 5.3),

we can repeat the process in a further dimension k and construct the grid in this dimension

(the grid qa-qb-qe-q f ). Since relationship of ∆Qi and ∆Qj is determined by the definition

of µ̄i(q) on the particular points, each rectangle in the grid has different height and width so

that the constructed grid has a irregular pattern.

Denote the path starting at qa via qb to qd as S abd and the path starting at qa via qc to qd

as S abd, Eqn.(5.33) ensures that the integral of the function µ̄(q) along the path Sabd equals

the integral along the path Sacd, which is

∫
S abd

µ̄(q) · ds

=

∫ ∆Qi

0
µ̄i(..., qi,Qj, ...)dqi +

∫ ∆Qj

0
µ̄ j(...,Qi + ∆Qi, qj, ...)dqj

=

∫ ∆Qj

0
µ̄ j(...,Qi, qj, ...)dqj +

∫ ∆Qi

0
µ̄i(..., qi,Qj + ∆Qj, ...)dqi

=

∫
S acd

µ̄(q) · ds. (5.34)

Since Eqn.(5.34) holds for all cells of the grid, the integral between arbitrary two grid points

along any grid line has the same value. Hence the vector field µ̄(q) can be considered as

“path-independent” along the grid lines. Then we define a function f (q) whose value on the

grid line as the integral of µ̄(q) along the grid lines, i.e.

f (q∗) := f (Q0) +
∫

S
µ̄(q) · ds,

where q∗ is a point on the grid line and S is an arbitrary path between q∗ and the initial

point Q0 along the grid lines.

Define a new vector field by ν(q) := f (q)µ̄(q), the line integral of ν(q) along the path
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S abc is

∫
S abd

ν(q) · ds=
∫

S abd

f (q)µ̄(q) · ds

=

∫
S abd

f (q)d f (q)

=
1
2

(
f 2

(
qd

)
− f 2 (qa))

=

∫
S acd

ν(q) · ds.

Thus the integral of the vector field ν(q) between two grid points along the grid lines is

independent of the chosen paths. Then we define a scalar field V(q) whose value on the grid

line is given by

V(q∗) := V(Q0) +
∫

S
f (q)µ̄(q) · ds.

The value of f (Q0) and V(Q0) at the initial point Q0 can be chosen as an arbitrary positive

constant. Since µ̄m(q) ≥ 0, ∀m ∈ M, we have f (q∗) → +∞ and V(q∗) → +∞ as ‖q∗‖ →
+∞.

Once the value of V(q∗) is fixed on the grid lines, we obtain the value of V inside a

grid cell by the linear interpolation of V(q∗) along the lines parallel to the diagonal line (see

Figure 5.4).

In the lower triangle with ∆qi
∆Qi
+
∆qj

∆Qj
< 1, V is defined as

V(...,Qi + ∆qi,Qj + ∆qj, ...) = KiV(qI) + KjV(qJ), (5.35)

where

Ki =
∆Qj∆qi

∆Qj∆qi + ∆Qi∆qj
,

Kj =
∆Qi∆qj

∆Qj∆qi + ∆Qi∆qj
,

qI = [Q1, ...,Qi + ∆qi +
∆Qi

∆Qj
∆qj,Qj, ...,QM]T ,

qJ = [Q1, ...,Qi,Qj + ∆qj +
∆Qj

∆Qi
∆qi, ...,QM]T

and in the higher triangle with ∆qi
∆Qi
+
∆qj

∆Qj
≥ 1, V is defined as

V(...,Qi + ∆qi,Qj + ∆qj, ...) = KiV(qI) + KjV(qJ), (5.36)
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qi

q j

qa qb

qc qd

∆Qi

∆Qj

∆qi

∆q j

V(qI )

V(qJ )

V(q)

Figure 5.4: The value of V(q) := V(...,Qi + ∆qi,Qj + ∆qj, ...) is calculated by the linear

interpolation between the value V(qI) and V(qI) defined on the grid lines. The line qIqJ is
parallel to the diagonal qbqc

where

Ki =
∆Qj∆Qi − ∆Qj∆qi

2∆Qi∆Qj − ∆Qj∆qi − ∆Qi∆qj
,

Kj =
∆Qj∆Qi − ∆Qi∆qj

2∆Qi∆Qj − ∆Qj∆qi − ∆Qi∆qj
,

qI = [...,Qi + ∆qi +
∆Qi

∆Qj
∆qj − ∆Qi,Qj + ∆Qj, ...]

T ,

qJ = [...,Qi + ∆Qi,Qj + ∆qj +
∆Qj

∆Qi
∆qi − ∆Qj, ...]

T .

Eqn.(5.35) and (5.36) determine the value of V(q) on the orthogonal planes stretched by

the grid, then the value of V(q) in the space between these planes is calculated by the linear

interpolation of the existing value in further dimensions. Similarly, we can define the value

of f (q) in the entire domain.

Observing the function V(q), we can see that it is continuous in RM
+ and differentiable in

each subspace bounded by the grid lines and diagonal lines. For two points q and q′ that lie

in the same cell, under Condition 1) in Theorem 3, we have |µ̄m (q) − µ̄m (q′)| ≤ ε1. Hence,
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V(q)

qi

q j

V(qa)

V(qb)

V(qc)

V(qd)

Figure 5.5: The Lyapunov function V(q) is differentiable inside the subdomain between
qa,qb,qc and the subdomain between qb,qc,qd

| f (q) − f (q′)| ≤ ε1 f (q) for arbitrarily small ε1 > 0. Then for Eqn.(5.35) it holds

V(qI) = V(qa) + f (q) (µ̄i (q) + εi(q))

(
∆qi +

∆Qi

∆Qj
∆qj

)
,

V(qJ) = V(qa) + f (q)
(
µ̄ j (q) + ε j(q)

) (
∆qj +

∆Qj

∆Qi
∆qi

)
.

and further

V(q) =V(qa) + f (q) (µ̄i (q) + εi(q))∆qi + f (q)
(
µ̄ j (q) + ε j(q)

)
∆qj,

where the deviation εi(q), ε j(q) → 0 as ‖q‖ → +∞. Similarly, we can obtain the same

result for Eqn.(5.36).

Then the partial derivative of V is

∂V(q)
∂qm

= f (q) (µ̄m (q) + ε4) .

for arbitrarily small ε4 > 0 and we obtain Lemma 4. �

It can be shown that f (q) and V(q) constructed in Lemma 4 are positive and grow to
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infinity as ‖q‖ → +∞. Now we use the function V(q) and f (q) in Lemma4 as the Lyapunov

function and the stability measure function, respectively. It can also be shown that ∆V(qn)

is bounded, if qn lies in some compacted region B̄ and the arrival rates an
m and transmission

rates rn
m are bounded. Hence the Lyapunov condition (5.14) is satisfied.

0 1 2 3 4 5 6
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

qi

q j

qn

q(1) q(2)

q(3) q(4)

qn+1

Figure 5.6: The drift ∆V crosses 5 subdomains, which can be written as the sum of the
difference between V(qn), V(q(1)), ..., and V(qn+1)

Next we consider the drift ∆V(qn) in Lyapunov condition (5.15) where qn � B̄. The

connection between qn and qn+1 probably pass through multiple differentiable subspaces of

V(q) (see Figure 5.6), so we denote the intersection of the connecting line and the boundary

of the subspaces as q(1), ..., q(LV) and the difference as ∆q(1) = q(1)−qn,...,∆q(l) = q(l+1)−q(l).

The drift is written as:

∆V(qn)

=E

⎧⎪⎪⎨⎪⎪⎩V(qn+1) − V(q(LV )) +
LV∑
l=2

V(ql+1) − V(q(l)) V(q(1)) − V(qn)
∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭
=E

⎧⎪⎪⎨⎪⎪⎩
LV+1∑
l=1

f (q̃(l))µ̃(q̃(l)) · ∆q(l)

∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭
≤E

⎧⎪⎪⎨⎪⎪⎩
LV+1∑
l=1

f (q̃(l))µ̄(q̃(l)) · ∆q(l) + ε4

∥∥∥∆q(l)
∥∥∥ f (q̃(l))

∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ ,
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Where q̃(l) is some point in the l-th subspace. Since the arrival rates an
m and the transmis-

sion rates rn
m are bounded for all m ∈ M, the difference ‖∆q‖ = ‖qn+1 − qn‖ is bounded.

Thus according to Condition 1) in Theorem 3, we have
∣∣∣µ̄m(q̃(l)) − µ̄m(q̃(1))

∣∣∣ < ε1 and∣∣∣ f (q̃(l)) − f (q̃(1))
∣∣∣ < ε1 f

(
q̃(1)

)
for arbitrary ε1 > 0 if ‖q̃(1)‖ is large. The drift

∆V(qn)

≤E
⎧⎪⎪⎨⎪⎪⎩ f (q̃(1))µ̄(q̃(1)) ·

LV+1∑
l=1

∆q(l) + σ3 f (qn)

∣∣∣∣∣∣∣ qn

⎫⎪⎪⎬⎪⎪⎭
≤E

{
f (q̃(1))µ̄(q̃(1)) ·

(
qn+1 − qn

)∣∣∣∣qn
}
+ σ3 f (qn),

where σ3 is some small constant.

Using the previous result in (5.30), it holds

∆V(qn)

≤E
⎧⎪⎪⎨⎪⎪⎩

M∑
m=1

f (q̃n)µ̄m(q̃n)
(
an

m − rn
m + zn

m
)∣∣∣∣∣∣∣qn

⎫⎪⎪⎬⎪⎪⎭ + σ3 f (qn)

≤ − θ f (qn) + σ3 f (qn)

≤ − θ′ f (qn)

for some θ′ > 0 if ‖qn‖ > B, for some B > 0. The drift is negative, thus the Markov chain is

positive recurrent.

At last, we prove that the chain is f -stable for the magnitude function f (q). We can

write

E

{
V(qn+1)

∣∣∣qn
}

≤E
{
V(qn+1)

∣∣∣qn > B
}

Pr
(
qn > B

)
+ E

{
V(qn+1)

∣∣∣qn ≤ B
}
Pr

(
qn ≤ B

)
≤E

{
V(qn) − θ′ f (qn)

∣∣∣qn > B
}
Pr

(
qn > B

)
+ E

{
V(qn+1)

∣∣∣qn ≤ B
}
Pr

(
qn ≤ B

)
≤E {V(qn)

} − θ′ f (qn) +C5,

where C5 is some constant satisfying

C5 ≥ E
{
V(qn+1)

∣∣∣qn ≤ B
}

Pr
(
qn ≤ B

)
+ E

{
θ′ f (qn)

∣∣∣ qn ≤ B
}
Pr

(
qn ≤ B

)
.
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Using the telescoping machinery, the summation of the drift over N TTIs yields

E

{
V(qN)

}
≤ E

{
V(q1)

}
− θ′

N∑
n=1

E
{
f (qn)

}
+ N · C5.

Since V(q) is non-negative function, it holds

N∑
n=1

E
{
f (qn)

} ≤ E
{
V(q1)

}
θ′

+
N · C5

θ′
.

Hence we have

lim sup
n→+∞

1
N

N∑
n=1

E
{
f (qn)

} ≤ E
{
V(q1)

}
Nθ′

+
C5

θ′
< +∞,

which completes the proof.

5.3 Necessity of Stability Conditions

In the previous section, we presented sufficient conditions for throughput-optimal schedul-

ing policies. To do so, the scheduling problem is formulated as a weighted sum rate max-

imization problem, and hence, the rate allocation of these scheduling policies always lies

on the convex hull of the instantaneous achievable rate region C(h(n),P̂). Additionally, the

weight factors µP are independent of the instantaneous channel state. Actually, we can ob-

serve that all existing throughput-optimal policies have these general characters (although

it is not explicitly noticed in previous works). In fact it is an inherent necessity of any

throughput-optimal scheduling policy: A scheduling policy P is not throughput-optimal,

namely there exists some arrival process with ρ ∈ int(C(P̂)) which is not stabilizable un-

der the policy P, if the policy does not allocates the rate vector on the convex hull of the

instantaneous rate region, i.e., there is some constant 0 < γ ≤ 1 so that it holds

lim
N→+∞

1
N

N∑
n=1

I

⎧⎪⎪⎨⎪⎪⎩µT rP (h(n), q(n)) < max
r̃∈C(h(n),P̂)

µT r̃, ∀ ‖µ‖1 = 1

⎫⎪⎪⎬⎪⎪⎭ ≥ γ (5.37)

with probability 1.

If the assumption (5.37) holds, the event, that the scheduling policy P allocates a rate

vector rP (h(n), q(n)) in the interior of the convex hull of C
(
h (n) , P̄

)
, is not negligible

compared with the entire process. Hence, the ergodic achievable rate region CPerg(P̂) of the
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policy P is smaller than C(P̂)

CPerg(P̂) :=
⋃
‖q̃‖=1

{
r̃1, ..., r̃M : r̃ ≤ E

{
rP (h, q̃)

}}
⊂ C(P̂).

Thus the scheduling policy does not achieve the entire ergodic rate region C(P̂) and is not

throughput-optimal.

As the rate allocation of a throughput-optimal scheduling police is on the convex hull

of the instantaneous rate region C
(
h(n), P̂

)
, the policy can be formulated as an optimization

problem

rP(h(n), q(n)) = arg max
r̃∈C(h(n),P̂)

µP(h(n), q(n))T r̃, (5.38)

where µP determined by scheduling policy P is a mapping from the current channel state

h(n) and the queue state q(n) to the set of weight factors.

However, we probably meet a problem during this transformation. In many cases, there

is not a one-to-one correspondence between the rate allocation rP and the weight factors

µP. For a given weight factors, there may exist multiple rate allocations as the solution of

the maximization problem (5.38), if the corresponding supporting hyperplane of C
(
h(n), P̂

)
contains more than one boundary point of C

(
h(n), P̂

)
(see Figure 5.7). Conversely, different

weight factors lead to the same rate point, on which the convex hull of C
(
h(n), P̂

)
has no

unique supporting hyperplane (see Figure5.8).

For the first case, as mentioned in Section 5.2, we can enforce the uniqueness of the

rate allocation by invoking additional constraints on the rate vector. The statement about

the throughput-optimal conditions in Theorem 3 remains valid. The second case causes

more difficulty in the analysis of the necessity of throughput-optimal conditions. A typical

example is a rate region with only two available rate points on the boundary, which is shown

in Figure 5.8. In this case a throughput-optimal scheduling policy can be characterized by a

weight function where the image only consists of two points in RM
+ . Obviously, this weight

function does not need to satisfy e.g. Condition 1) in Theorem 3. To fix this problem, we

argue that in the wireless case the achievable rate regions are varying over time and further

the policies must be defined for any possible configuration of C(h(n),P̂). Hence, to prove

the necessity, we will only consider those achievable rate regions where the weight vector

is unique for every boundary point.

Based on the above assumptions, we present the first necessary property.

Theorem 4. The mapping µP which characterizes a throughput-optimal scheduling policy

is independent of the current fading state h(n).
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Figure 5.7: There exist multiple solutions of the weight maximization problem (5.38) if
the same supporting hyperplane with µP = [0.5, 0.5] contains serval boundary points of
C(h(n), P̂)

Proof. We arbitrarily choose a weight vector µ∗ corresponding to a fixed boundary point r∗

of the ergodic achievable rate region. Hence, µ∗ is independent of the instantaneous channel

state. We have for the channel state ĥ and the queue state q̂

rP
(
ĥ, q̂

)
= arg max

r∈C(ĥ,P̂)

(
µP

(
ĥ, q̂

))T
r.

Thus for fixed q̂ ∈ RM
+ , we have

µ∗TE
{
rP

(
ĥ, q̂

)
|q̂
}

=E

⎧⎪⎪⎨⎪⎪⎩µ∗T arg max
r∈C(ĥ,P̂)

(
µP

(
ĥ, q̂

))T
r |q̂

⎫⎪⎪⎬⎪⎪⎭
≤E

⎧⎪⎪⎨⎪⎪⎩ max
r∈C(ĥ,P̂)

µ∗T r

⎫⎪⎪⎬⎪⎪⎭
=µ∗T r∗.

Equality holds if and only if µP
(
ĥ, q̂

)
= µ∗ and the boundary point is achieved by the

scheduler P. Otherwise, the scheduling policy gives a rate vector in the interior of the



5.3. Necessity of Stability Conditions 79

0 0.2 0.4 0.6 0.8 1 1.2
0

0.2

0.4

0.6

0.8

1

1.2

r
2

r
1

boundary of C(h(n), P̂)
µP

µP

Figure 5.8: Rate region with only two available rate points. All weight vectors with µP1 < µP2
index the upper corner and all weight vectors with µP2 < µP1 index the lower corner

ergodic rate region. Therefore, if µP is dependent of the instantaneous channel state, we

can choose an arrival process whose mean rate ρ∗ fulfills

max
q̂∈RM

+

µ∗TE
{
rP

(
ĥ, q̂

)
|q̂
}

<µ∗Tρ∗

<µ∗T r∗.

Define a bounded positive function with x ∈ RM
+

V(x) = 1 − 1
µ∗T x + 1

,

we have

∆V =E {V (q(n + 1)) − V (q(n)) |q(n) }

=E

⎧⎪⎪⎪⎨⎪⎪⎪⎩ µ∗T
[
q (n) − r (n) + a (n)

]+ − µ∗T q(n)(
µ∗T

[
q (n) − r (n) + a (n)

]+
+ 1

) (
µ∗T q(n) + 1

) |q(n)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
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Since the arrival rate am (n) and the transmission rate rm (n) is bound by the constant ca > 0

and cr > 0, respectively, it holds

∆V ≥E
{

µ∗T a (n) − µ∗T r (n)(
µ∗T q(n) + ca + 1

) (
µ∗T q(n) + 1

) |q(n)

}
Pr

{
µ∗T a (n) > µ∗T r (n)

}
− E

{
cr

µ∗T q(n) + 1
|q(n)

}
Pr

{
µ∗T a (n) ≤ µ∗T r (n)

}

≥
µ∗Tρ∗ − µ∗TE

{
rP (h(n), q(n)) |q(n)

}
(
µ∗T q(n) + ca ‖µ∗‖ + 1

) (
µ∗T q(n) + 1

) Pr
{
µ∗T a (n) > µ∗T r (n)

}
− E

{
cr

µ∗T q(n) + 1
|q(n)

}
Pr

{
µ∗T a (n) ≤ µ∗T r (n)

}

where the constant cr > 0, ca > 0 is the bound of the arrival rate am (n) and the transmission

rate rm (n). Suppose that the variance of am (n) and rm (n) is sufficiently small, and the

probability Pr
{
µ∗T a (n) ≤ µ∗T r (n)

}
tends to zero, we have ∆V > 0. According to Theorem

8.4.2 in [84] the queueing system is uniformly transient. �

This result is significantly important in the design of throughput-optimal policies. After

being formulated as a weighted sum rate maximization problem, these policies only differ in

the choice of the weight factors µP. Thus, the scheduling design is equivalent to the design

of the weight factors. According to Theorem 4, by the design of the weight factors, we only

need to consider the parameters in the MAC layer, e.g. the queue length or the delay time,

and we don’t have to care about the current channel state in the PHY layer. Thereby, the

complexity of the design problem is largely reduced. We will give more details about this

result in Chapter 6.

Next we consider the necessity of the stability conditions given in Theorem3. Before

the proof, we first give some intuition about why these conditions must be satisfied in gen-

eral. Recall that a throughput-optimal policy should keep the queues stable for any mean

arrival rate ρ inside the ergodic rate region C(P̂); so if the arrival rate vector ρ lies close

to some boundary point r∗ of C(P̂) corresponding to a weight vector µ̄∗, heuristically, the

weight vector determined by a throughput-optimal scheduling µ̄P should be in the close

neighborhood of µ̄∗ for almost all TTIs. Condition 1) in Theorem 3 ensures now that the

weight vector varies smoothly between two TTIs if the queue lengths become large. Thus

for the above situation, it guarantees that the weight vector µ̄P does not leave the neighbor-

hood of µ̄∗ in almost all TTIs. Condition 2) in Theorem 3 guarantees that no rate is wasted

on “nonurgent” users. If the queues of some users are bounded while the other queues ex-

pand, the scheduler should reduce the weights of these users and save these rate resources

for other users.
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Theorem 5. A scheduling policy P is not throughput-optimal, namely there exists some

arrival process with ρ ∈ int(C(P̂)) which is not stabilizable under the policy P, if the policy

has one of the following characteristics:

1. The change of the weight vector between two TTIs is not negligible, i.e., there is

some constant 0 < γ ≤ 1 and ε > 0 so that it holds

lim
N→+∞

1
N

N∑
n=1

I {‖µ̄ (q(n + 1)) − µ̄ (q(n))‖ ≥ ε} ≥ γ (5.39)

for any q(n), n ∈ N, with probability 1.

2. There is some user m ∈ M, whose weight factor is not negligible, i.e., there is some

constant 0 < γ ≤ 1 and ε > 0 so that it holds

lim
N→+∞

1
N

N∑
n=1

I {µ̄m (q(n)) ≥ ε} ≥ γ (5.40)

for any q(n), n ∈ N, with probability 1.

Proof. Considering the first case in Theorem 5, we define the set of TTIs in which the

change of µ̄i (q(n)) is not negligible as

NV :=
{
n :

∥∥∥∥µ̄ (qn+1
)
− µ̄ (qn)∥∥∥∥ ≥ ε}

for some constant ε > 0. The superscript is again used to denote the index of the TTI.

Suppose that there is some constant γ with 0 < γ ≤ 1 and

1
N

N∑
n=1

I {n ∈ NV} ≥ γ + ε(N),

where ε(N)→ 0 as N → +∞. If the difference between µ̄
(
qn+1

)
and µ̄ (qn) is larger than ε,

then the expected rate allocation r̃n
E := E{rP(hn, qn)} and r̃n+1

E := E{rP(hn+1, qn+1)}, which

are determined by µ̄
(
qn+1

)
and µ̄ (qn), also have non-negligible difference. Note that this

assumption is valid only if the normal vector µ̄ is unique on every boundary point of C(̂P).

Generally, two different normal vector µ̄ and µ̄′ might lead to the same boundary point of

C(P̂), where the boundary has no unique supporting hyperplane. Fortunately, to disprove the

throughput-optimality, we only need to consider certain rate region C(P̂) whose boundary

is differentiable everywhere and the normal vector is always unique. Since bothr̃n
E and r̃n+1

E

lie inside C(P̂), for a boundary point r∗ of C(P̂) and the corresponding normal vector µ∗, we
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have

µ∗T r̃n
E + µ

∗T r̃n+1
E

=µ∗T · arg max
r′∈C(P̂)

µ̄
(
qn)T · r′ + µ∗T · arg max

r′∈C(P̂)
µ̄
(
qn+1

)T · r′
≤2µ∗T · r∗ − θ(ε),

where θ(ε) is determined by the difference ε between µ̄
(
qn+1

)
and µ̄ (qn) with θ(ε) > 0.

Considering the queue states on some even TTIs N = 2, 4, ..., it holds

µ∗TE
{
qN

}
=µ∗T

N/2∑
n=1

E

{
an − rP(h2n, q2n) + a2n+1 − rP(h2n+1, q2n+1)

}

=

N/2∑
n=1

(
2µ∗Tρ∗ − µ∗T

(
r̃2n

E + r̃2n+1
E

)
I {2n � NV } − µ∗T

(
r̃2n

E + r̃2n+1
E

)
I {2n ∈ NV}

)

≥N
2

(
2µ∗Tρ∗ − 2µ∗T r∗ + (γ + ε(N)) θ(ε)

)
. (5.41)

Suppose that the expected arrival rate ρ∗ is close to the boundary point r∗, i.e.,

µ∗T r∗ − µ∗Tρ∗ < θ∗

for some θ∗ > 0. Combining with (5.41), it holds

µ∗TE {q(N)} > N
2

(
γθ(ε) − 2θ∗ + ε(N)θ(ε)

)
.

Since ε(N)→ 0 as N → +∞, if θ′ < γ
2θ(ε), we have

lim
N→+∞ µ

∗T
E {q(N)} = +∞

and the Markov chain is not strongly stable. Suppose that the variance a(n) and h(n) is

sufficiently small, so that for some constant CA > 0 the probability

Pr
{
µ∗T q(N) < CA

}

decreases sufficiently fast when Ψ(N) := µ∗TE {q(N)} increases, i.e. ∃CB,K > 0 with

K
1

Ψ(N)1+Γ
≥ Pr

{
µ∗T q(N) < CA

}
, ∀Ψ(N) > CB,
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for some constant Γ > 0. Define Nc := min{N ∈ N : Ψ(N) > CB}, the expected occupation

time of the setA :=
{
q : µ∗T q < CA

}
is given by

E {ηA} =
∞∑

N=1

Pr
{
µ∗T q(N) < CA

}

≤ Nc +

∞∑
N=Nc

K

(
1

Ψ(N)1+Γ

)

= Nc +

∞∑
N=Nc

K

(
1

((γθ − θ∗) N)1+Γ

)

< +∞

and the Markov chain is transient.

For the second case in Theorem 5, we choose the expected arrival rate vector ρ∗ close

to the m′-th corner of the ergodic achievable rate region with

r∗m′ − ρ∗m′ < θ∗,

for the user m � m′ and some constant θ∗ > 0, where r∗m′ := maxr̃∈C(P̂) r̃m′ . According to

(5.40), we have for some constant ε > 0 and γ with 0 < γ ≤ 1

1
N

N∑
n=1

I {µ̄m′ (q(n)) ≤ 1 − ε} ≥ γ + ε(N),

where ε(N)→ 0 as N → +∞. It implies that for some θ(ε) > 0, it holds

1
N

N∑
n=1

I

{
r∗m′ − r̄m′ (n) ≥ θ(ε)

}
≥ γ + ε(N),

where r̄m′ (n) := E{rPm′(hn, qn)} and the corner point [0, ..., r∗m′ , ...] can not be achieved. Then

we have

E

{
qN

m′
}

=

N∑
n=1

E

{
an

m′ − rPm′(h
n, qn)

}

=

N∑
n=1

(
ρ∗m′ − r̄m′ (n) I

{
r∗m′ − r̄m′ (n) ≥ θ(ε)

}
−r̄m′ (n) I

{
r∗m′ − r̄m′ (n) < θ(ε)

})
>N

(
γθ(ε) − θ∗ + ε(N)θ(ε)

)
. (5.42)
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Choose θ∗ < γθ(ε), we have

lim
N→+∞E

{
qN

m′
}
= +∞

and the Markov chain is not strongly stable. Similarly, we can show that the Markov chain

is transient if the variances of a(n) and h(n) are sufficiently small. �

Applying the results in Theorem 5, it can be proven that the policies using certain ex-

ponential functions as weight factors are not throughput-optimal. The details are given in

Section 5.4.

5.4 Applications

In this section, we prove the throughput-optimality of some well-known scheduling policies.

Note that the throughput-optimality of these policies are already proven in the previous

works. Here, we use our results to perform the proof in a different way and show the

applicability of our results. In this section, we also use the necessary conditions in Theorem

5 and verify some policies which are not throughput-optimal.

Normalizing the weight factors given in (5.9), it is easy to show that the MWM policy

satisfies the conditions in Section 5.2, hence, it is throughput-optimal. In the following, we

use the results to check the throughput-optimality of several other scheduling policies.

5.4.1 Exponential rule

Normalizing the weight factors given in (5.10), we have

µ̄m(q) =
γm∑

t∈M γtexp
(

αtqt−αmqm

β+( 1
M

∑
l∈M αlql)ηc

)
=

γm∑
t∈M γtexp

(
αtqt−αmqm

β+α̃(q)‖q‖ηc
2

) . (5.43)

Recall that γ1, ..., γM, α1, ..., αM, β, ηc are predefined constants in the scheduler, we define

α̃ (q) :=
(

1
M · αT q

‖α‖2‖q‖2

)ηc

.

In order to check the first condition in Theorem 3, we need to show that

lim‖q‖→+∞ |µ̄m (q + ∆q) − µ̄m (q)| = 0. (5.44)
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If ‖∆q‖ is bounded, it holds lim‖q‖→+∞ α̃ (q + ∆q) = lim‖q‖→+∞ α̃ (q) and

lim
‖q‖→+∞

αm′ (qm′ + ∆qm′ ) − αm (qm + ∆qm)

β + α̃ (q + ∆q) ‖q + ∆q‖ηc
2

= lim
‖q‖→+∞

αm′qm′ − αmqm

β + α̃ (q) ‖q‖ηc

2

for all m,m′ ∈ M so that the Eqn. (5.44) follows.

Considering the second condition in Theorem3, if qm is bounded as ‖q‖ increases, there

is another user m′ who has the longest queue so that qm′ ≥ ‖q‖M , then we have

lim
‖q‖→+∞

αm′qm′ − αmqm

β + α̃ (q) ‖q‖ηc

2

= lim
‖q‖→+∞

αm′qm′

α̃ (q) ‖q‖ηc

2

= +∞ (5.45)

for ηc < 1.

Substituting (5.45) in Eqn.(5.43), it follows

lim
‖q‖→+∞

µ̄m (q) = 0,

which fulfills the Condition 2) in Theorem 3 and the throughput-optimality is proven.

5.4.2 QPS

QPS from [79] is a scheduling policy which has good delay and fairness performance in the

downlink. Applying QPS in a broadcast system with random arrivals, each user’s queueing

delay becomes equal as n → +∞. Additionally, if the queue state is initialized by q(0) > 0

and there is no new packet arrivals after n = 0, which can be considered as a draining

problem, the QPS minimizes the expected draining time until all the buffers are cleared.

The rate vector is allocated so that

E

{
rP (h (n) , q (n))

}
= q (n) max

xqn∈C(P̂)
x,

where x is a scalar. According to the policy, the weight vector is chosen as the norm at the

boundary point of C(P̂) where E
{
rP (h, q)

∣∣∣q} is proportional to q. Figure 5.9 shows the

expected rate vector allocated by QPS compared to MWM policy and the ergodic achievable

rate region in a 2-user scenario.

The weight vector in QPS is found by Geometric Programming. Unfortunately, there

exists no explicit function of the weight factor µ and the rate allocation rP in QPS. There-

fore, the verification of its throughput-optimality is not easy by using the standard methods.
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Figure 5.9: Weight vector of QPS and MWM policy. For MWM µMWM = q and for QPS
the weight vector µQPS is the norm at the boundary point of C

(
P̂
)

where E
{
rP (h, q)

∣∣∣q} is
proportional to q

The presented general approach in this chapter is particularly suitable in this case.

Since the weight vector is determined by the normalized queue state q
‖q‖2 , for bounded

‖∆q‖, we have

lim
‖q‖→+∞

µ̄m(q + ∆q)

= lim
‖q‖→+∞

µ̄m(
q + ∆q
‖q‖2

)

= lim‖q‖→+∞ µ̄m(q).

If qm < +∞ we have

lim‖q‖→+∞
qm

‖q‖2
= 0

and hence

lim‖q‖→+∞ µ̄m(q) = 0.

Both conditions in Theorem 3 are satisfied and the QPS policy is throughput-optimal.
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5.4.3 Exponential functions as weight factors

Applying Theorem 5, it can easily be shown that the policy using exponential weight func-

tion such as µPm(q) = eqi is not throughput-optimal. We consider a point r∗ on the boundary

of ergodic achievable rate region C(P̂) and its corresponding normal vector µ∗ with µ∗m > 0,

∀m ∈ M. Suppose that the expected arrival rate vector ρ lies close to the boundary point r∗.

In order to keep the system stable, the weight factors µ̄ should be frequently chosen close

to µ∗ so that there exists some constant γ1 > 0 with

lim
N→+∞

1
N

N∑
n=1

I

{∣∣∣µ̄i (q(n)) − µ∗m
∣∣∣ < θ,∀m ∈ M}

≥ γ1

for arbitrary θ > 0 and any q(n), n ∈ N, with probability 1.

If
∣∣∣µ̄m (q(n)) − µ∗m

∣∣∣ < θ, according to the definition of µ̄(q) we have

C1 ≤ µ∗m − θ
µ∗m′ + θ

≤ µ̄m (q(n))
µ̄m′ (q(n))

=
eqm

eqm′
≤ µ∗m + θ
µ∗m′ − θ

≤ C2, (5.46)

for some constant C1,C2 > 0, ∀m,m′ ∈ M. We denote

∆q := q(n + 1) − q(n) = a(n) − rP(h(n), q(n)).

Due to the randomness of a(n) and h(n), for a particular user m ∈ M, there is some proba-

bility γ2 > 0 that

Pr
{
C3 < ∆qm < C4,∆qm′ ≤ 0,∀m′ � m

} ≥ γ2 (5.47)

for some constants C3,C4 > 0. Then it holds

µ̄m (q(n + 1)) − µ̄m (q(n))

=
eqm+∆qm

eqm+∆qm +
∑

m′�m eqm′+∆qm′
− eqi

eqm +
∑

m′�m eqm′

≥
(
eqm+∆qm − eqm

)∑
m′�m eqm′(

eqm+∆qm +
∑

m′�m eqm′
) (

eqm +
∑

m′�m eqm′
)

≥
(
e∆qm − 1

)
(
e∆qm +

∑
m′�m

eqm′
eqm

) (
eqm∑

m′�m eqm′ + 1
) .

According to (5.46), we have

µ̄m (q(n + 1)) − µ̄m (q(n)) ≥ eC3 − 1(
eC4 + M−1

C1

) (
C2

M−1 + 1
) = ε
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for some constant ε > 0. Then, combining with (5.47) and our i.i.d. assumption, the

inequality (5.39) in Theorem 5 holds

lim
N→+∞

1
N

N∑
n=1

I {µ̄m (q(n + 1)) − µ̄m (q(n)) > ε,∃m ∈ M}

≥ γ1γ2

with probability 1 and the queueing system is not stable.



Chapter 6

Delay Minimization

In Chapter 5, it is shown that a scheduling policy is throughput-optimal if the corresponding

weight factors in the maximization problem are chosen in a proper manner. An important

observation on these throughput-optimal policies is that, even though two different schedul-

ing policies have the same throughput performance, they might significantly differ in e.g.

their packet delay performance. Hence, in a system with random packet arrivals stored tem-

porarily in queues, an enhanced performance criterion is to keep the queue lengths as short

as possible. It was shown that the widely adapted MWM policy is delay-optimal for multi-

ple access channels [74, 75, 76, 77, 87]. However, this result is based on the polymatroidal

structure of the capacity region of multiple access channels. For broadcast channels, MWM

policy is not delay-optimal even with symmetry assumptions. Motivated by this fact, Seong

et al. introduced the QPS policy in [79], which provides superior delay and fairness prop-

erties for the broadcast channels compared to MWM. It minimizes the maximum draining

time of the queueing system without new arrival. Based on the QPS policy, the delay region

for such queueing systems can be characterized if the channel state is quasi-static [88].

A disadvantage of the approach in [79] is that the cost function is not directly related to

packet delay. The authors of [89] considered the draining problem and studied a scheduling

policy called µR rule with a sum utility objective, where the utility function depends on the

total delay incurred. It was shown that the µR rule is optimal in some special cases.

According to Little’s Law, the average packet delay can be calculated as the average

queue length divided by the average arrival rate. Based on this expression, a scheduling

problem can be formulated as a cross-layer optimization problem containing system param-

eters and constraints in PHY layer and MAC layer. A direct solution of such a problem

involves a large number of optimization variables and is intractable. The focus of this chap-

ter is to provide a new approach to this problem.

89
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Based on the characteristics of the throughput-optimal policy, we introduce our param-

eter separation concept for the design of throughput-optimal policies in Section 6.1. In

Section 6.2, we present our scheduling policy for both static and dynamic channels. The

scheduler is evaluated by simulations in Section6.3.

6.1 Parameter Separation Design of Throughput-optimal Schedul-

ing Policies

We now introduce a relevant cross-layer performance measure for average packet queueing

delay. Consider the following quantity

D̄(N) =
1
M

M∑
m=1

Dm(N) =
1

MN

N∑
n=1

M∑
m=1

αmqm(n), (6.1)

where the natural number N ≥ 1 is the length of the observation time window and α1, ..., αm

are positive real factors. If the factors are chosen such that αm := 1
ρm
= 1
E{am(n)} , and the limit

limN→+∞ 1
N

∑N
n=1 αmqm(n) exists and is equal to its stationary value, then Dm(N) represents

the average queueing delay of each packet of user m as N → +∞ [90]. Note that even if the

average arrival rates ρm are not known a priori or they are approximately estimated “on the

fly”, so that αm � 1
ρm

, Eqn.(6.1) still represents a useful, measurable quantity for practical

purposes. In this case, D̄(N) is the weighted average delay where the weight factor equals

αmρm.

The scheduler minimizing the average packet queueing delay D̄(N) is confronted with

a cross-layer optimization problem. As we introduced in Chapter1, cross-layer design usu-

ally improves the system performance at the cost of high computational complexity. The

optimization problem involves variables and constraints from both PHY and MAC layer.

The resources, which can be dynamically adapted, are not only the transmit power, but also

the code, frequency and space according to the applied physical model. At the same time

the scheduler must consider the possible evolution of the queue states in subsequent TTIs.

However, following the result in Theorem 4, we can define the weight vector µP(q) of a

throughput-optimal policy as a function only determined by queue state q. In this way,

the classical cross-layer optimization problem can be divided into two subproblems: Find-

ing the optimal weight vector µP(q) according to the queue states; solving the resource

allocation problem (5.38) with the given weight vector. By the separation of the optimiza-

tion parameters, the complexity of the optimization problem is largely reduced. Since the

second subproblem can be efficiently solved for various physical models, the scheduling
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design problem is reduced to find the optimal weight vector for the optimization problem.

Particularly for the considered delay optimization problem, the interface between the two

subproblems is the weight factor µP(q). An illustration of the scheme is shown in Fig-

ure 6.1. The average packet delay D̄(N) is dependent on the rate allocation rP, which is

controlled by the weight factor µP(q). Thus in Subproblem 1, we aim to find the optimal

weight factors which minimize averaged delay D̄(N). The obtained weight factor µP(q) is

then used in Subproblem 2 to calculate the rate allocation r. The details of this scheduling

algorithm is introduced in the next section.

priority management: µP(q) = arg min
µ

D̄(N)

resource allocation: r = arg max
r̃∈C(h(n),P̂)

µP(q)T r̃

µP

Subproblem 1

Subproblem 2

Figure 6.1: Illustration of parameter separation. The suboptimization problems are coupled
by the weight factor µP(q)

6.2 Scheduling Design

In this section, we introduce our scheduling policy. First we solve the delay-optimization

problem for a queueing system with a static channel assuming that no new packet arrivals.

Then we adapt the scheduling policy to the queueing system with dynamic channels and

random packet arrivals.

6.2.1 Scheduling policy for a static channel

Consider a static channel ĥ and the initial queue states q(n = 1). We assume that there is

no packet arriving after n = 1 and we choose a sufficiently large observation time window

N with qm(N) = 0, ∀m ∈ M, so that the buffers are completely emptied within the time

window. Thus the scheduling policy can be written as the solution of the optimization
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problem

min
M∑

m=1

Dm(N) ≡ min
N∑

n=1

M∑
m=1

αmqn
m

s.t. qn+1
m = qn

m − rn
m (6.2)

rn ∈ C
(
ĥ, P̂

)
qn

m − rn
m ≥ 0, ∀m ∈ M, n ∈ [1, ...,N],

where qn
m, rn

m denote the queue length and transmit rate of user m in the n-th TTI. Extending

the problem (6.2) to each queue state qn, we have the equivalent optimization problem

min
N∑

n=1

⎛⎜⎜⎜⎜⎜⎜⎝
M∑

m=1

αmq1
m −

M∑
m=1

(N − n)αmrn
m

⎞⎟⎟⎟⎟⎟⎟⎠
s.t. rn ∈ C

(
ĥ, P̂

)
(6.3)

q1
m −

n∑
t=1

rt
m ≥ 0, ∀m ∈ M, n ∈ [1, ...,N]

The problem (6.3) is a convex optimization problem which can be solved by using standard

“ready-to-use” methods. However, this problem involves parameters over N TTIs and M

users, which is very complicated, especially if N is large. Therefore, we propose an iterative

algorithm called Idle State Prediction (ISP) algorithm in the following to solve the problem.

Formulating the Lagrangian function of (6.3)

L(rn, λn) (6.4)

=

N∑
n=1

M∑
m=1

αmq1
m −

N∑
n=1

M∑
m=1

(N − n)αmrn
m −

N∑
n=1

M∑
m=1

λn
m

⎛⎜⎜⎜⎜⎜⎝q1
m −

n∑
t

rt
m

⎞⎟⎟⎟⎟⎟⎠ .
Denote η∗m = N −∑N

t=1
λt

m
αm

. If η∗m is known, we can get the optimal µn
m with

µn
m =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
αm

(
η∗m − n + 1

)
n ≤ η∗m

0 n > η∗m
(6.5)

and the delay-optimization problem is transformed into

max
N∑

n=1

µnT rn

s.t. rn ∈ C
(
ĥ, P̂

)
(6.6)
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where µn is the vector of weight factors in the n-th TTI.

The parameters η∗m in (6.5) can be interpreted as the expected service time of user m if

the optimal solution is applied. In the TTIs n > η∗m, the buffer of user m is emptied and

the corresponding transmitter is in idle state. Based on this property, η∗ is obtained with an

iterative approach given in Algorithm 7.

Algorithm 7 Idle State Prediction Algorithm

(1) Set µ(0)
m = αm, ∀m ∈ M and calculate r(0) = arg maxr∈C(ĥ,P̂) µ

(0)T r.

(2) Initialize the length of non-idle state η(0)
m = minm∈M

q1
m

r(0)
m

, ∀m ∈ M.

(3) Set the order π so that
q1
π(1)

r(0)
π(1)

≥ q1
π(2)

r(0)
π(2)

≥ ... ≥ q1
π(M)

r(0)
π(M)

.

(4) Set t = 0.
repeat

(5.1) Set η(t+1) = η(t)

for m = 1 to M do
(5.2.1) η′ = η(t+1)

repeat
(5.2.2.1) Increase η′π(m) and calculate µn by setting η∗π(m) = η

′
π(m) in (6.5).

(5.2.2.2) Solve the maximization problem (6.6) and calculate the evolution of the
queue state.

if q
�η′π(m)�
π(m) ≥ 0 then

η(t+1)
π(m) = η

′
π(m)

end if
until q

�η′π(m)�
π(m) < 0

end for
t = t + 1

until η(t)
m − η(t−1)

m < ε, ∀m ∈ M
(6) η∗ = η(t)

ε is the predefined error tolerance of ηm.

As we previously mentioned, the convex optimization problem (6.2) can be solved using

standard method (e.g. ellipsoid method [91, 92, 93]). However, there are N × M λ in the

problem, which must be iteratively adjusted. The computational complexity is very high,

especially if N becomes large, i.e. if the initial queue length q1 is large. Therefore, we

substituted M η∗ for N×M λ. Once η∗ is obtained by Algorithm 7, the problem (6.6) can be

solved directly. Here, the complexity of the algorithm is reduced to M parameters compared

to the subgradient algorithm with N × M parameters.

Theorem 6. η(t) obtained in Algorithm 7 converges to η∗ which gives the optimal µn
i for the

delay-optimization problem (6.2).

Proof. In any TTI n > η∗m, we have µn
m = 0 which means the buffer of the i-th user is empty

at the n-th TTI. In any n ≤ η∗m, the m-th buffer must be non-empty. Therefore, if η(t) = η∗,
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we have qm(�η∗m�) = 0, ∀m ∈ M and η(t+1) = η∗ = η(t). The break condition in step (6) is

fulfilled and the algorithm stops at the optimum.

For two users i, j ∈ M, if η∗i ≥ η∗j , the optimal weight factors

µn
i

µn
j

=
αi

(
η∗i − n + 1

)
α j

(
η∗j − n + 1

) > αi

α j
=
µ(0)

i

µ(0)
j

, n ∈ [1, ..., �η∗j�].

The rate allocation is determined by the given weight factor, thus

rn
i

rn
j

>
r(0)
i

r(0)
j

, n ∈ [1, ..., �η∗j�] (6.7)

follows.

From (6.7) we have

r(0)
i

r(0)
j

≤
∑�η∗j�

n=1 rn
i∑�η∗j�

n=1 rn
j

≤
∑�η∗j�

n=1 rn
i +

∑�η∗i �
n=�η∗j�+1 rn

i∑�η∗j�
n=1 rn

j

=
q1

i

q1
j

,

and it holds
q1

i

r(0)
i

≥
q1

j

r(0)
j

.

Therefore, π in step (3) gives also the order of η∗ so that η∗π(i) ≥ η∗π( j), if i < j.

For the π(M)-th user with η∗π(M) = mini∈M η∗π(i), we have

µn
π(M)

µn
i

=
απ(M)

(
η∗π(M) − n + 1

)
αi

(
η∗i − n + 1

) ≤ απ(M)

αi
=
µ(0)
π(M)

µ(0)
i

, ∀n ∈ [1, ..., �η∗π(M)�],∀i ∈ M, i � π(M).

It follows rn
π(M) ≤ r(0)

π(M), ∀n ∈ [1, ..., �η∗π(M)�]. Hence in the initial state, η(0)
π(M) ≤ η∗π(M) and

further η(0)
m = η

(0)
π(M) ≤ η∗m, ∀m ∈ M,m � π(M). In each iteration step, if the optimum η∗

is not achieved, η(t+1)
m can always be increased so that η(t+1)

m > η(t)
m , ∀m ∈ M. Hence, the

convergence of the algorithm is proven. �

6.2.2 Scheduling policy for dynamic channels

It is worth noting that if channel state h(n) varies over time and the base station has the

knowledge of each channel state in advance, the algorithm in the previous subsection can

be used in this case with some modifications. However, such a non-causal scheduler is not

realizable. The base station has usually only the current channel state information and the
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statistical knowledge of the channel. In this case, the optimal weight factors are calculated

by the ergodic achievable rate region and under the assumption that there is no new packet

arrivals. In the next TTI, the weight factors must be recalculated according to the new queue

state.

If no new packet arrives after the TTI n = 0, the expected delay for a given policy P is

1
M
E

⎧⎪⎪⎨⎪⎪⎩
M∑

m=1

Dm(N)

⎫⎪⎪⎬⎪⎪⎭
=

1
M
E

⎧⎪⎪⎨⎪⎪⎩
N∑

n=1

⎛⎜⎜⎜⎜⎜⎜⎝
M∑

m=1

αmq1
m −

M∑
m=1

(N − n)αmrPn
m

⎞⎟⎟⎟⎟⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭ , (6.8)

where rPn
m is the rate allocated by the policy P for the m-th user at the n-th TTI. From

Theorem 4, we know that if P is a throughput-optimal policy, then

E

{
rP

(
hn, qn)} = arg max

r∈C(P̂)

(
µP

(
qn))T r,

where µP is independent of the current channel state. Hence the optimization problem is

equivalent to

min
N∑

n=1

⎛⎜⎜⎜⎜⎜⎜⎝
M∑

m=1

αmq1
m −

M∑
m=1

(N − n)αmr̃n
m

⎞⎟⎟⎟⎟⎟⎟⎠
s.t. r̃n ∈ C

(
P̂
)

(6.9)

q1
m −

n∑
t=1

rt
m ≥ 0, ∀m ∈ M, n ∈ [1, ...,N].

Then the optimization problem can be solved using Algorithm8.

Algorithm 8
for each TTI n do

1 Calculate η∗ according to current queue state q using algorithm 7, where the static
rate region C(ĥ, P̂) is replaced with the ergodic achievable rate region C(P̂).
2 Calculate the weight factor µ̃m = αmη

∗
m, ∀m ∈ M for the current TTI.

3 Calculate the current rate allocation

r∗ = arg max
r∈C(hn ,P̂)

(µ̃)T r, (6.10)

where hn is the current channel state.
end for

In the system with arrival of new packets, the weight vector µ̃ should be recalculated

according to the new queue state and the rate allocation is determined by µ̃ and the current
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channel state h(n).

As we introduced in Section 6.1, if we choose the factor αm =
1
ρm

, the limit limN→+∞ D̄(N)

represents the average delay of each packet. Average arrival rates ρm can be estimated by

previous arrival processes. However, even if the estimation deviates from the actual arrival

rate, limN→+∞ D̄(N) can still be considered as a useful delay measurement.

The ergodic achievable rate region is also estimated based on history. The ergodic region

is calculated from a number of sampled fading states, thus the computational complexity

might be very high. In [79] a method was introduced to approximate the boundary surface

of C(P̂) by utilizing a hypersphere. Only M + 1 boundary points on C(P̂) are necessary to

characterize the hypersphere so that the complexity is significantly reduced.

Using the stability conditions in Chapter 5, it is easy to prove the throughput-optimality

of the scheduling policy.

Theorem 7. The proposed scheduling policy keeps the system stable for any set of arrival

rates of which the expected value ρ lies inside the ergodic achievable rate region.

Proof. We can see that if ‖∆q‖ < +∞, it follows ∆ηm := |ηm(q + ∆q) − ηm(q)| < +∞. If

qm → +∞, then ηm(q)→ +∞. It holds

lim‖q‖→+∞ |µ̄m (q + ∆q) − µ̄m (q)|

= lim‖q‖→+∞

∣∣∣∣∣∣ αm∆ηm

αmηm(q) +
∑

t�m αtηt(q)

∣∣∣∣∣∣ = 0.

If qm is bounded we have ηm(q) < +∞ and

lim
‖q‖→+∞

∑
t�m

ηt(q) = +∞

and

lim‖q‖→+∞ µ̄m(q) = lim‖q‖→+∞
αmηm(q)

αmηm(q) +
∑

t�m αtηt(q)
= 0.

Thus the sufficient conditions of throughput-optimality given in Chapter5 are satisfied and

the proof follows. �

6.3 Numerical Evaluations

In order to evaluate the delay performance of the introduced ISP policy, we compare our

policy with other two throughput-optimal policies: MWM [74] and QPS [79]. MWM uses
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the queue length as the weight factor in the maximization problem:

rP
(
hn, qn) = arg max

r∈C(hn,P̂)
qnT r. (6.11)

For the QPS policy, the weight vector is chosen as the norm at the boundary point of C(P̂)

where E
{
rP (hn, qn)

∣∣∣ qn
}

is proportional to qn

E

{
rP

(
hn, qn)} = qn max

xqn∈Cerg(P̂)
x,

s.t. rP
(
hn, qn) ∈ C (

hn, P̂
)

where x is a scalar.
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Figure 6.2: Ergodic achievable rate region of an OFDMA system for 2 users. 7 sets of
arrival rates (x-marks in the figure) are chosen from the inside/outside of the rate region to
test the throughput and delay performance of the system

The performance of the three schedulers are compared for an OFDMA system as de-

scribed in Chapter 2. The system has 250 orthogonal subcarriers and an entire bandwidth of

2.5 MHz. The multipath channel is modeled as i.i.d block fading and the length of channel

impulse response Lm = 4, ∀m ∈ M. The length of a TTI T is 2ms and in every slot 27

OFDM symbols are transmitted per subcarrier. The modulation is adapted to the different
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Figure 6.3: Delay performance of the OFDMA system driving by MWM, QPS and the
introduced ISP scheduling policy. The sets of average arrival rates in the system are indexed
by the arrival rate of user 2

channel states on each subcarrier and can be chosen from QPSK, 16QAM, 64QAM. The

source data is coded at rate 2/3 so that the decoding error probability at the receiver is lower

than 1e-3. For an average receive SNR of 15dB, the ergodic achievable rate region for the

two users is shown in Figure 6.2. Note that the small number of users is not a limitation but

facilitates the description of the ergodic achievable rate region.

We choose arrival rate ρ1 = [366, 488, 610, 732, 854, 977, 977] packet/s and ρ2 = [732,

976, 1220, 1464, 1708, 1954, 2440] packet/s for user 1 and 2, respectively. The size of a

packet is 512 bytes. In Figure 6.2 and 6.3, the arrival rates are converted to Mbit/s for

convenience. In order to verify the stability properties of the system, the last set of arrival

rates is chosen to lie outside the ergodic achievable rate region.

The average packet delay in the system with the selected sets of arrival rates is shown in

Figure 6.3. It can be seen that for the sets of arrival rates inside the ergodic rate region, the

system is kept stable in the sense that the average packet delay is finite. For the arrival rates

ρ = [977; 2440] packet/s, the packet delay tends to infinity. All three scheduling policies

are throughput-optimal. Compared to the other two scheduling policies, the introduced

scheduling policy has the best delay performance and achieves a significant gain. Note that
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in order to show the rapid growth of the delay time by increased arrival rates, the y-axis is

logarithmically scaled.
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Figure 6.4: Delay performance of MWM, QPS and ISP scheduling policy with respect to
number of supported users in the system. Solid lines are simulated by arrival rate set 1.
Dotted lines are simulated by arrival rate set 2. Dashed lines are simulated by arrival rate
set 3

In Figure 6.4, we compare the delay performance with respect to the number of sup-

ported users in the system. The number of users is increased from M = 2 to M = 16 while

the sum of expected arrival rate remains the same. Denote the sum of expected arrival rate

by S ρ, we set ρm =
2S ρ
3M for m ∈ M, if m is odd, and ρm =

4S ρ
3M for m ∈ M, if m is even.

The other physical parameters are the same as in Figure 6.2 and 6.3. Figure 6.4 shows the

average packet delay in the system resulting from the different scheduling policies. Solid

lines are simulated by arrival rate set 1 with Sρ = 1098 packet/s. Dotted lines are simu-

lated by arrival rate set 2 with Sρ = 1830 packet/s. Dashed lines are simulated by arrival

rate set 3 with Sρ = 2196 packet/s. Similarly, in Figure 6.3, it can be observed that the

delay increases with increasing Sρ. Fixing S ρ, the delay decreases with the number of users

due to multiuser diversity. At the same time, because of higher flexibility in resource al-

location, ISP scheduler provides even more performance gain in delay than the other two

schedulers. In the case of M = 6, ISP scheduler achieves about 30% reduction in averaged
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delay compared to QPS.



Chapter 7

Conclusions

In this thesis, we studied a series of closely related problems emerging from the integration

of OFDM technique into cellular broadcast systems.

At first, we reviewed the practical constraint of feedback capacity which strongly affects

the overall performance. Hence, several optimized feedback schemes were devised to cope

with this constraint and to facilitate optimum system performance. While the mobility-

dependent successive refinement scheme enjoys very low feedback rate, the oversampling

of channel impulse response scheme provides a more precise description of the channel

quality which allows the base station to optimal allocate the transmission power to further

improve the spectral efficiency.

Based on these feedback schemes, we proposed some resource allocation algorithms

which maximize the weighted sum of rate and are capable of handling user specific rate

requirements. These algorithms take care of some non-convex discrete optimization prob-

lems with non-differentiable objective. Nevertheless, based on our reward enhancement

strategies, these algorithms are proven to converge to suboptimal solutions, which are often

the global optimum. Simulation results show that the proposed algorithms outperform the

standard approaches in terms of throughput and failure rate.

Subsequently, we focused on the design of scheduling policies which achieve the max-

imum stability region. Stability with respect to a given scheduling policy has become an

important issue for wireless communication systems. However, it is hard to prove in partic-

ular scenarios. In this thesis, two simple conditions for stability in broadcast systems were

derived, which are easy to check. These conditions guarantee that if the mean arrival rate lies

inside the ergodic achievable rate region, the system is stable. With some application exam-

ples, we have shown that the results provide an easy way to check the throughput-optimality

of scheduling policies in cases where conventional proof techniques fail. Furthermore, these
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results help the development of concepts to design throughput-optimal scheduling policies.

In general, it proves that a throughput-optimal scheduling problem can be formulated as

a weighted sum rate maximization problem, where the characteristics of the scheduling

policy is determined by the choice of weight factors in the maximization problem classify-

ing all throughput-optimal policies. Based on this concept, a throughput-optimal policy is

developed to achieve low delay performance. The weight factors achieving the minimum

averaged delay are obtained by an iterative procedure, called Idle State Prediction (ISP)

algorithm. The convergence of the algorithm as well as the throughput-optimality of the

scheduling policy are proven. Numerical results show that ISP significantly reduces the av-

erage packet delay compared to other existing scheduling policies. In systems with larger

number of users, this advantage becomes even more noticeable due to higher flexibility in

resource allocation.

There are plenty of possibilities for future research in OFDM based systems. One of

the most important areas is the application of multiple antennas in these systems. MIMO-

OFDM is already adopted in the wireless standards such as 3GPP LTE [18], WiMax 802.16e

[20] and WLAN 802.11n [94]. The upgrade from single-antenna-OFDM to multile-antenna-

OFDM results in new challenges in system design. For example, MIMO-OFDM sys-

tems have even higher requirement of CSI. In Chapter 3, we discussed the possibility to

send additional CDI in the proposed feedback scheme so that it can be applied to MIMO-

OFDM. Some of other studies on the MIMO-OFDM feedback problem were given in

[95, 96, 97, 98, 99, 100, 101, 102, 103]. Also resource allocation constitute new problem

in MIMO-OFDM systems. While resources in single antenna OFDM systems are allocated

over time and frequency, the additional spatial dimension has to be handled in multiple an-

tenna systems. The MIMO-OFDM resource allocation problem was recently investigated

in [104,105,106,107,108]. However, the research in this area is still in the fledgling stages

and lots of problems remain open.
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Abbreviations and Nomenclature

a arrival rate

Bc coherent bandwidth

Bd bandwidth of Doppler spread

Bsc bandwidth of a subcarrier

C achievable rate region, information-theoretic capacity region

C(P̂) ergodic achievable rate region under sum power constraint P̂

COFDMA OFDMA achievable rate region

Ca upper bound for maximum arrival rate

Cr upper bound for maximum arrival rate

D̄ average packet delay

h channel gain

h̃ reconstructed channel state information at the transmitter

K number of subcarriers

K set of subcarriers

L number of fading pathes

M number of users

M set of users

Ng granularity in feedback report

Ngroups number of subcarrier groups per feedback report

Nre f ine number of to be refined subcarrier groups

Ns OFDM symbol rate

Nsp number of oversampled channel coefficients

Nupdate update period of the feedback information

p power allocation

P scheduling policy

q state of queue length

P̂ maximum power constraint
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116 Abbreviations and Nomenclature

R rate allocation

Ř minimum rate constraints

R̂ maximum rate constraints

rmod bit rate of the selected modulation scheme

rP rate allocation determined by policy P
Tc OFDM symbol duration

Ts length of the Transmission Time Interval

Tsymbol length of an OFDM symbol

γc code rate

ηA occupation time of set A
µP weight factors determined by policy P
τmax maximum delay in multipath propagation

φm,k indicator of the subcarrier mapping

3GPP Third Generation Partnership Project

CQI Channel Quality Indicator

CSI Channel State Information

DCT Discrete Cosine Transform

DFT Discrete Fourier Transform

FFT Fast Fourier Transform

H-ARQ Hybrid-Automatic Repeat reQuest

HSDPA High Speed Downlink Packet Access

ICI Inter Channel Interference

IFFT Inverse Fast Fourier Transform

ISI Inter Symbol Interference

ISP Idle State Prediction (policy)

LTE (3GPP) Long Term Evolution

MAC Medium Access Control (layer)

MIMO Multiple Input Multiple Output

MWM Maximum Weight Matching (policy)

OFDM Orthogonal Frequency Division Multiplexing

OFDMA Orthogonal Frequency Division Multiple Access

PHY Physical (layer)



Abbreviations and Nomenclature 117

QoS Quality of Service

QPS Queue Proportional Scheduling (policy)

TTI Transmission Time Interval

UMTS Universal Mobile Telecommunications System

W-CDMA Wideband Code Division Multiple Access
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