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Abstract

The present thesis approaches the loop space of a Riemannian
3-manifold (M, 〈, 〉) from a geometric point of view. Loops are im-
mersed circles represented by immersions γ : S1 → M modulo repara-
metrizations. In this setup, the loop space M appears as the base of a
principal bundle

π : Imm(S1,M)→ Imm(S1,M)/Di�(S1) =: M.

The tangent space at γ may be identi�ed with the space Γ(⊥γ) of
smooth sections of the loop's normal bundle. A�ne connections on M
are constructed. Firstly, the Levi-Civita connection ∇LC belonging to
the Kähler structure (J, 〈〈, 〉〉), where 〈〈, 〉〉 denotes the L2 product of
normal �elds and the almost complex structure J is given by 90◦ left
rotation in the normal bundle. Its curvature and topological properties
of the distance function induced by 〈〈, 〉〉 are analyzed.

Secondly, a previously unknown complex linear connection ∇C on
M is described, which depends only on the conformal class of (M, 〈, 〉).
The introduction of the conformally invariant harmonic mean

L(X) =

( ∫
γ

1

‖X‖

)−1

, X ∈ Γ(⊥γ),

permits the characterization of the geodesis of ∇C as critical points of
the corresponding length functional. It is shown that immersed cylin-
ders are geodesics of the conformal connection if and only if they are �
as surfaces � isothermic and their curvature lines enclose an angle of 45◦

with the individual loops. The whole construction is then applied to
the space of immersed hypersurfaces. Here, geodesics of the conformal
connection correspond to critical points of the length functional of an
adapted harmonic mean. Moreover, an immersive variation is geodesic
if and only if it consists � up to a conformal change of the metric on
the ambient space � of parallel minimal hypersurfaces.

As an example of a special class of loops, conformal circles are
discussed. In the case dim(M) = 3, it is shown that they are precisely
the critical points of the parallel transport in the normal bundle.
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Zusammenfassung

Die vorliegende Arbeit nähert sich dem Schleifenraum M einer
Riemannschen 3-Mannigfaltigkeit (M, 〈, 〉) vom geometrischen Stand-
punkt aus: Schleifen sind immersierte Kreise, die durch Immersionen
γ : S1 → M modulo Umparametrisierung dargestellt werden. Der
Schleifenraum M ist die Basis des Hauptfaserbündels

π : Imm(S1,M)→ Imm(S1,M)/Di�(S1) =: M.

Der Tangentialraum am Punkt γ wird mit dem Raum Γ(⊥γ) der glat-
ten Schnitte des Normalenbündels identi�ziert. Es werden a�ne Zusam-
menhänge auf M konstruiert. Einerseits der Levi-Civita-Zusammen-
hang ∇LC , welcher zur Kählerstruktur (J, 〈〈, 〉〉) gehört, wo 〈〈, 〉〉 das
L2-Produkt von Normalenfeldern bezeichnet und die fast komplexe
Struktur J durch 90◦-Linksdrehung im Normalenbündel von γ gegeben
ist. Die Krümmung von ∇LC sowie topologische Eigenschaften der zu
〈〈, 〉〉 gehörenden Abstandsfunktion werden analysiert.

Weiterhin wird ein bisher unbekannter komplex linearer Zusammen-
hang∇C auf M beschrieben, welcher nur von der konformen Klasse von
(M, 〈, 〉) abhängt. Die Einführung eines konform invarianten harmo-
nischen Mittels

L(X) =

( ∫
γ

1

‖X‖

)−1

, X ∈ Γ(⊥γ),

ermöglicht die Charakterisierung der Geodätischen von∇C als kritische
Punkte des zugehörigen Längenfunktionals. Es wird gezeigt, daÿ im-
mersierte Zylinder genau dann Geodätische des konformen Zusammen-
hangs sind, wenn sie � als Fläche betrachtet � isotherm sind und ihre
Krümmungslinien mit den einzelnen Kreisen einen Winkel von 45◦ ein-
schlieÿen. Die gesamte Konstruktion wird dann auf den Raum der im-
mersierten Hyper�ächen angewandt. Die Geodätischen des konformen
Zusammenhangs entsprechen hier den kritischen Punkten des Längen-
funktionals eines angepaÿten harmonischen Mittels. Eine immersive
Variation ist genau dann geodätisch, wenn sie � bis auf eine konforme
Änderung der Metrik des umgebenden Raumes � aus parallelen Mini-
mal�ächen besteht.

Als Beispiel einer speziellen Klasse von Schleifen werden konforme
Kreise betrachtet. Im Fall dim(M) = 3 wird gezeigt, daÿ sie genau die
kritischen Punkte des Paralleltransports im Normalenbündel sind.
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Introduction

The present thesis approaches the loop space M of a Riemannian
manifold (M, 〈, 〉) from a geometric point of view. Loops are immersed
circles. As such, they are represented by equivalence classes of immer-
sions γ : S1 → M , where two immersions are identi�ed if they di�er
only by reparametrization. In this setup, the loop space appears as the
base of an in�nite dimensional principal bundle

π : Imm(S1,M)→ Imm(S1,M)/Di�(S1) =: M.

Its construction is discussed in chapter one, however, we immediately
replace the circle by a compact manifold S in order to obtain the space
of immersed submanifolds of di�eomorphism type S in M . The topol-
ogy of the model spaces is addressed, and the tangent space of M is
identi�ed with the space Γ(⊥γ) of smooth sections of the normal bun-
dle.

Chapter two introduces the canonical almost complex structure J
on the loop space M of a Riemannian 3-manifold given by 90◦ left rota-
tion in the normal bundle of γ. The construction of a�ne connections
on M then leads to a description of the Kähler geometry of (M, J, 〈〈, 〉〉)
in chapter three. Here, 〈〈, 〉〉 denotes the L2 product of normal �elds.

In chapter four, the previous investigations lead to the discovery of a
complex linear connection∇C on M which is invariant under conformal
changes of the Riemannian metric 〈, 〉 on M . The introduction of the
conformally invariant harmonic mean

L : TM→ R, L(X) =

( ∫
γ

1

‖X‖

)−1

permits the characterization of the geodesics of ∇C as critical points
of the corresponding length functional on variations of loops. We show
that immersed cylinders are geodedics of the conformal connection if
and only if they are isothermic surfaces and their curvature lines enclose
an angle of 45◦ with the individual loops.

Chapter �ve carries these �ndings over to spaces of immersed hy-
persurfaces. The curvature of the Levi-Civita connection belonging to
the L2 product is discussed. In analogy to the case of loop spaces,
we derive a conformal connection. A suitable adaption of the har-
monic mean allows for an identi�cation of geodesics with the critical
points of the corresponding length functional. Moreover, we show that

1



2 INTRODUCTION

an immersive variation is a geodesic if and only if it consists � up to
a conformal change of the metric on the ambient space � of parallel
minimal hypersurfaces.

A special class of loops, namely conformal circles, are discussed in
chapter six. In the case dim(M) = 3, the total torsion of loops can
be considered as a smooth function on loop space. We show that its
critical points are precisely the conformal circles.

At many points in the text, the conformal invariance of objects
de�ned through Riemannian metrics has to be checked. Therefore,
the formulas describing the conformal change of the most important
curvature quantities have been collected in an appendix.



CHAPTER 1

Manifolds of Mappings

The geometric approach to the theory of loop spaces developed in
this chapter serves as a foundation upon which we rely in subsequent
parts of this thesis. Concerning the functional analytic depth we tried
to strike a balance between tiring out the reader whose primary inter-
est is assumed to be of di�erential geometric nature and leaving the
discussion on the level of �formal considerations�. We will focus on a
description of the model spaces used to equip spaces of smooth map-
pings with a manifold structure. In particular, we do not repeat the
explicit de�nitions, theorems, and proofs of the basic di�erential geo-
metric language in in�nite dimensions. For a comprehensive treatment
of global analysis in the non-Banach setting � which is far beyond the
scope of this thesis � we refer to the interesting monograph (KM97).

1. Nuclear Fréchet Manifolds

As a prerequisite for any consideration of spaces of mappings we
need to decide in which category of di�erentiability we prefer to work.
Finite di�erentiability, say of order k ∈ N, would lead us to Ba-
nach spaces thus avoiding many analytic intricacies. Unfortunately,
the coarseness of the Ck-topology causes di�erentiation to be discon-
tinuous. For our purposes, this is a severe defect: The concatenation
operator ◦ would not be continuous as its derivative involves the deriva-
tives of the concatenated mappings. In turn, the analysis of the almost
complex structure on loop space worked out in later chapters would
break down. As most of the constructions we are interested in would
be met by a similar fate we choose to take the burden of working with
smooth maps and hence with a �ner topology.

1.1 Fundamental assumptions. To begin with, we �rst state our
basic assumptions:

(1) All �nite dimensional manifolds are assumed to be second-
countable, Hausdor�, without boundary, and smooth.

(2) Let S denote a compact manifold (usually S1).
(3) Further, let M be an n-dimensional manifold.
(4) Most of the time, we will work with oriented immersions; in

this case we require S and M to be orientable and choose
orientations on them.

3



4 1. MANIFOLDS OF MAPPINGS

(5) Frequently, we will choose a Riemannian metric 〈, 〉 on M . In
each case, it will be made clear if the construction depends on
the particular metric, its conformal class, or if it is completely
independent of [〈, 〉].

If we now consider a smooth immersion f : S →M we can parametrize
immersions g : S → M �close to� f using sections X ∈ Γ(f ∗TM) of
the pullback of the tangent bundle of M . One possibility is to write
the nearby immersion g using the Riemannian exponential map of M :

g : S →M, s 7→ g(s) = expf(s)(X(s)).

This construction works for any Riemannian metric on M and for all
immersions g that can be represented by sectionsX with sup ‖X‖ small
enough. In the sequel, we will make precise how the above mentioned
parametrizations can be used to obtain a manifold structure on the
space of immersions of S into M .

1.2 The smooth topology. As indicated above, the space of smooth
sections Γ := Γ(f ∗TM) will be used to model a neighborhood of a given
immersion f : S → M . On Γ, we consider the canonical C∞ topology
induced by the sequence of seminorms (‖.‖)k∈N with

‖X‖2k =
k∑

j=0

∫
S

∥∥∇jX
∥∥2

forX ∈ Γ. On the right hand side, we use the Levi-Civita connection∇
as well as the norm associated to the Riemmanian metric on the target
manifold (M, 〈, 〉). Therefore, the individual seminorms depend on the
choice of metric. However, the induced topology does not (Roe98, p.
75).

1.3 Nuclearity. As a topological vector space, Γ = Γ(f ∗TM) is lo-
cally convex, complete, and metrizable, hence a Fréchet space. An
example of a metric that yields the smooth topology is

d(X, Y ) =
∞∑

k=0

1

2k

‖X − Y ‖k
1 + ‖X − Y ‖k

.

Yet, d is of limited use: since every subset is d-bounded, the metric
does not re�ect boundedness in the sense of topological vector spaces.1

It is worthwhile to take a closer look at the topology of the space
Γ. For each k ∈ N, denote by

Γk :=
(
Γ/ ‖.‖−1

k (0), ‖.‖k
)

1A subset is bounded if and only if it is bounded in each seminorm. The implied
accuracy of discrimination between boundedness and in�nity is at the root of major
di�erences to the category of normed spaces. See also 1.4.



1. NUCLEAR FRÉCHET MANIFOLDS 5

the completion2 of Γ with respect to ‖.‖k. Moreover, write

ϕkl : Γl → Γk, k ≤ l,

for the natural inclusion of Γl into Γk. Then the family (Γk, ϕkl) forms
an inverse directed system. The linear subspace

lim←−Γk :=

{
(Xk)k∈N ∈

∏
k∈N

Γk | ϕkl(Xl) = Xk for all k ≤ l

}
equipped with the trace topology induced by the product is called the
projective limit of the given inverse directed system (FW68). This rep-
resentation summarizes the properties of the underlying convex space
Γ in a convenient manner. In general, each convex space is isomorphic
to a dense subspace of the projective limit of an inverse directed system
of Banach spaces. Since Γ is metrizable, the system is countable. The
completeness of Γ amounts to the equality Γ = lim←−Γk.

Spaces like Γ are prototypes3 of socalled nuclear spaces (Gro55),
which can be characterized (Sch71) by the fact that the canonical in-
clusions ϕk : Γ → Γk into the individual completions Γk are nuclear,
that is, they can be written as

ϕk(X) =
∞∑

j=0

λjψj(X)Yj,

where
∑
|λj| < ∞, (ψj) ⊂ Γ′ is equicontinuous, and (Yj) ⊂ Γk is

contained in a convex bounded neighborhood of zero.4

As a concrete example, for C∞(S1,C), one can obtain the required
representation from the standard Fourier basis.

In contrast to the case of a generic Fréchet space, each normed
completion Γk of a nuclear space is a Hilbert space (FW68). By tak-
ing linear subspaces, quotients with respect to closed linear subspaces,
topological duals, and products of nuclear Fréchet spaces, nuclearity

2In the case of (Γ(f∗TM), ‖.‖k), it is not strictly necessary to consider the
quotient spaces Γ/ ‖.‖k, since the individual seminorms ‖.‖k are in fact norms.

Nevertheless, we prefer this notation in order to emphasize the general setting.
3 Spaces of smooth sections (resp. smooth functions) like Γ were the start-

ing point for A. Grothendieck's theory of nuclear spaces. He writes (Gro55, p. 3):
�Ces recherches avaient pour origine d'éclaircir et de généraliser les propriétés trés
spéciales que semblaient posséder certain espaces de fonctions indé�niment di�éren-
tiables en vertu du 'théorème des noyaux' de L. Schwartz.� Other treatments of
nuclear spaces can be found in (Tre67), (FW68), (Sch71), (Pie72), (Jar81).

4In this context, Γ′ denotes the strong dual of the space of smooth sections. Nu-
clear maps in the context of locally convex spaces are a generalization of operators
of trace class on Hilbert spaces. A. Grothendieck de�nes a space V to be nuclear
if the projective and equicontinous topologies on the tensor product of V with any
other locally convex space W coincide (Gro55, chap. II, p. 34). Our de�nition is,
of course, equivalent to his.
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will always be preserved (Pie72, 5) while completeness and metrizabil-
ity might be lost. Each bounded subset of a nuclear Fréchet space is
precompact (Pie72, 4.4.7) � which emphasizes once more the comple-
mentary relationship of nuclear spaces to those with norm topology.
Figure 1 provides an overview of the functional analytic setting.

Topological vector spaces

Locally convex spaces

Nuclear spaces

Convenient spaces

Banach spaces

Hilbert spaces

Finite dimensional vector spaces

Topological spaces

most of the time

in many cases

A. Grothendieck, ’50s

A. Frölicher, ’80s

Fréchet spaces

Nuclear Fréchet spaces

Figure 1. This diagram is meant to guide the reader
through the functional analytic background discussed in
this chapter. Arrows indicate specialization. In�nite di-
mensional nuclear spaces are not normable. In practice,
the nuclear Fréchet spaces on the left side of the dia-
gram can be considered complementary to the Banach
and Hilbert spaces on the right. According to A. Pietsch
(Pie72, p. VI), nuclear spaces �are more closely related
to �nite dimensional spaces than are normed spaces.�
Moreover, nuclear Fréchet spaces are special examples of
convenient spaces. This allows us to use the results of A.
Kriegl's and P. W. Michor's convenient analysis (KM97).
However, in general, convenient spaces need not even be
topological vector spaces (KM97, 4.20).
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1.4 Smooth curves. A curve γ : R→ V in a locally convex space V
is called di�erentiable if its derivative

γ̇(t) := lim
h→0

γ(t+ h)− γ(t)
h

exists for all t ∈ R. It is called Ck if its iterated derivatives up to
order k exist and are continuous. Moreover, γ is said to be smooth if
all its iterated derivatives exist. If we replace the given topology τ of V
by another locally convex topology τ̃ that has the same bounded sets,
then a curve γ is smooth with respect to τ if and only if it is smooth
with respect to τ̃ (KM97, 1.8). Hence, smoothness of curves depends
only on the bounded sets of V , the socalled bornology.

1.5 The c∞-topology. Let V be a locally convex space. The c∞-
topology is de�ned to be the �nal topology with respect to all smooth
curves (KM97, 2.12). This is to say, U ⊂ V is open in the c∞-topology
if and only if γ−1(U) ⊂ R is open for any smooth curve γ : R→ V .

It follows that the c∞-topology is not coarser than the given locally
convex vector space topology. Generally, the c∞-topology does not
describe a topological vector space (KM97, 4.20). The reason why it
is still considered as a key ingredient in in�nite dimensional analysis
is the possibility to test openness of subsets by examining preimages
under smooth curves. On Fréchet spaces, the c∞-topology coincides
with the given locally convex topology.

1.6 Di�erentiation of maps. There are at least two successful ap-
proaches to di�erentiation in locally convex spaces. One is the tradi-
tional C∞

c -analysis5 as applied by R. S. Hamilton in his study (Ham82)
of the inverse function theorem of J. F. Nash and J. Moser. Another
notable work based on this concept of smoothness are J. Milnor's notes
(Mil84) on in�nite dimensional Lie groups. Here, a map

f : V ⊃ U → W

from an open subset U of a locally convex space V to another locally
convex space W is called continuously di�erentiable (C1) if its directi-
tonal derivative

df(p)(v) := lim
t→0

f(p+ tv)− f(p)

t
exists for all p ∈ U and v ∈ V and induces a continuous mapping

df : U × V → W.

The map f is called Ck, k > 1, if f is C1 and df is Ck−1. It is called
smooth if it is Ck for all k ∈ N.

Another possible approach to smoothness in locally convex spaces is
the socalled Convenient Analysis as developed in (KM97) by A. Kriegl

5This terminology was introduced by H. H. Keller in his survey (Kel74) of
di�erential calculus on locally convex spaces.
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and P. W. Michor. In this theory, the map f is said to be smooth if it
maps smooth curves in V to smooth curves in W .

In the case of Fréchet spaces, both concepts of smoothness are
equivalent (KM97, 12.8). We note that this equivalence does not hold
for maps of �nite di�erentiability.

1.7 Functional analytic summary. We summarize our basic func-
tional analytic strategy:

(1) A subset is open if its preimages under smooth curves are open.
(2) A map is smooth if and only if it maps smooth curves to

smooth curves.
(3) We do not consider �nite di�erentiability.

1.8 Nuclear Fréchet manifolds. A nuclear Fréchet manifold is a set
M together with a smooth structure represented by an atlas6 (Uα, uα)α∈A

such that the canonical topology on M with respect to this structure
is Hausdor�.

A map f : M→ N of nuclear Féchet manifolds is said to be smooth
in p ∈ M if it is smooth in one � hence all pair(s) of charts around
p and f(p). The map is smooth if it is smooth at all points of M.
Particularly, f is smooth if and only if f ◦γ is smooth for every smooth
curve γ : R→M (KM97, 27.2).

From now on, we require nuclear Fréchet manifolds to be smoothly
Hausdor� (smooth functions separate points).

One can prove (KM97, 16.10) that each nuclear Fréchet manifold
is smoothly paracompact, that is, each open cover admits a smooth
partition of unity subordinated to it.

1.9 Tangent bundles. Let p ∈ V be a point in a nuclear Fréchet
space V . The tangent space TpV of V at p is the set of all pairs (p,X)
with X ∈ V . Equivalently, TpV is the set of equivalence classes of
smooth curves γ through p, where γ1 ∼ γ2 if both have the same
derivative at p.

Each tangent vector X ∈ TpV yields a continuous (hence bounded)
derivation

X : C∞(V ⊃ {p},R)→ R

on the germs of smooth functions at p. In the general locally convex
case, it is not true that each such derivation comes from a tangent
vector. However, if V is a nuclear Fréchet space (KM97, 28.7) TpV
does coincide with the set derivations on the stalk C∞(V ⊃ {p},R).

6As usual, charts are bijections from open subsets of M to open subsets of a
Fréchet space, whose isomorphism type has to be the same for the whole manifold.
An atlas is a cover of M by charts, where all chart changings are de�ned on open
subsets and are required to be smooth. An equivalence class of atlas with respect
to union is called a smooth structure.
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We de�ne the tangent bundle TM of a nuclear Fréchet manifold to be
the quotient of the disjoint union⋃

α∈A

{α} × Uα × Vα,

by the equivalence relation

(p,X, α) ∼ (q, Y, β)⇔ p = q, d(uαβ)(uβ(p))(Y ) = X,

where the uα : M ⊃ Uα → Vα denote the charts, and uαβ = uα ◦uβ the
chart changings of the manifold.

The strong dual of a nuclear Fréchet space need not be metrizable.
In particular, this is true for spaces of smooth sections in �nite dimen-
sional vector bundles. If we would consider the strong dual of TpM as
cotangent space we would drop out of the nuclear Fréchet category. In
order to avoid this we will consider tensors not as sections of a certain
bundle, but simply as smooth, �berwise multilinear maps

A : TM×M . . .×M TM→ E

with π ◦ A = id and π : E →M a vector bundle over M.

2. Manifolds of Mappings

After having introduced the necessary functional analytic back-
ground we are now in position to discuss the manifold structure of
spaces of smooth mappings and spaces of (oriented) immersed sub-
manifolds.

1.10 The manifold of smooth mappings. The space of smooth
mappings C∞(S,M), where S is a compact manifold, and M an n-
dimensional manifold can now be given the structure of a nuclear
Fréchet manifold in the following way (see (KM97, 42.1) for a full
proof).

Firstly, we choose a Riemannian metric 〈, 〉 on M . On a suitable
open neighborhood U ⊂ TM of the zero section, the combination of the
Riemannian exponential with the bundle projection πM : TM → M
yields a di�eomorphism

(πM , exp) : TM ⊃ U → V ⊂M ×M, Xp 7→ (p, expp(Xp)),

onto an open neighborhood V of the diagonal in M ×M .
For f ∈ C∞(S,M), each smooth section X ∈ Γ(f ∗TM) can be

viewed as a smooth map X : S → TM with πM ◦ X = f . A smooth
atlas can now be constructed from charts around f with domain

Uf = {g ∈ C∞(S,M) | ∀s ∈ S : (f(x), g(x)) ∈ V },

an open subset

Ûf = {X ∈ Γ(f ∗TM) | X(S) ⊂ f ∗U},
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and a bijection

uf : C∞(S,M) ⊃ Uf → Ûf ⊂ Γ(f ∗TM)

given by

uf (g) =

(
s 7→

(
s, exp−1

f(s)(g(s))
)

=
(
s, (πM , exp)−1 ◦ (f, g)(x)

))
.

Thus, the tangent space TfC
∞(S,M) can be identi�ed with the space

Γ(f ∗TM) of smooth sections of the pullback of the tangent bundle of
M . The above manifold structure on C∞(S,M) is Hausdor�, and does
not depend on the Riemannian metric 〈, 〉 on M .

1.11 The space of immersions. The space

Imm(S,M) = {f ∈ C∞(S,M) | f is an immersion}

is an open subset of the manifold C∞(S,M) of smooth mappings, and
hence a nuclear Fréchet manifold itself. In particular, the di�eomor-
phism group

Di�(S) = {f ∈ C∞(S, S) | f is a smooth di�eomorphism}

is open in C∞(S, S). One of its two components,

Di�(S) = Di�
+(S) ∪ Di�

−(S),

is the subgroup Di�
+(S) of orientation preserving di�eomorphisms. We

are mostly concerned with immersed submanifolds, that is, equivalence
classes [f ] whose elements f1, f2 ∈ [f ] di�er only by an di�eomorphism
ϕ : S → S:

f1 = f2 ◦ ϕ.
Our aim is now to introduce a manifold structure on the set

Imm(S,M)/Di�(S)

of immersed submanifolds [f ]. Therefore, we need to describe the
di�eomorphism group Di�(S) of S as well as its action on the space
Imm(S,M) of immersions.

1.12 De�nition (Mil84, 7.6, KM97, 38). A nuclear Fréchet Lie
group G is a nuclear Fréchet manifold with a group structure such that
multiplication and inversion are smooth. It is called regular if for every
smooth path X : R ⊃ I → g in the Lie algebra g of G there is a path
γ : I → G which solves the di�erential equation

γ̇(t) = (Lγ(t))∗X(t)

and furthermore the correspondence

g 3 X 7→ γ(0)−1γ(1)

de�nes a smooth map from the space C∞(I, g) to the Lie group G.
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1.13 Milnor's regularity7 as explained in the above de�nition is a
strengthened form of the requirement that the exponential map exp :
g→ G should be de�ned and smooth. For a compact manifold S, the
di�eomorphism group Di�(S) as well as Di�+(S) are regular Lie groups
(KM97, 43.1). The derivative of its exponential map exp : Γ(TS) →
Di�(S) at 0 ∈ Γ(TS) is the identity mapping of Γ(TS). Nevertheless, it
is not locally surjective near zero (Gra93). Even worse, for dim(S) > 1
as well as for the unit circle S1, one can �nd a vector �eld X arbitrarily
close to the zero section, such that d exp is not injective at X. This
implies that GL(Γ(S)) is not open8 in the space of endomorphisms
L(Γ(TS)).

1.14 The right action of the di�eomorphism group Di�(S) on the space
Imm(S,M) of smooth immersions is not free. A simple example for this
phenomenon is the double cover

γ : S1 → C, γ(s) = ei2s.

If ϕ ∈ Di�(S1) denotes left rotation by 180 degrees, it follows that
γ ◦ ϕ = γ. For general S and M , it is not obvious if all immersions f :
S →M on which Di�(S) does not act freely are of the type mentioned
in the example. The next theorem gives a precise description of the
situation.
1.15 Theorem (CMM91, 3.1,3.2).
For any immersion f ∈ Imm(S,M), the isotropy group Di�(S)f = {ϕ ∈
Di�(S) | f ◦ ϕ = f} is a �nite group which acts as a group of covering
transformations for a �nite covering c : S → S̄ such that f factors over
c to an immersion f̄ : S̄ →M with f̄ ◦ c = f and trivial isotropy group
Di�(S̄)f̄ = {idS̄}.

1.16 A deeper analysis (CMM91; MM05) of the singular points (pro-
jections of immersions with non-trivial isotropy group) of the space
Imm(S,M)/Di�(S) shows that the latter space admits the structure of
an �in�nite dimensional orbifold�. Nevertheless, we will not delve into
this theory and rather content ourselves with the following workaround:

From this point on, we will only consider immersions
f : S → M with trivial isotropy group Di�(S)f and
exclude all others from Imm(S,M).

1.17 Theorem (CMM91, 1.5, KM97, 39.1, 43.1). Let S be a
compact manifold and M an n-dimensional manifold equipped with a

7According to (Mil84) and (KM97), all known Lie groups are regular.
8This shows that one cannot hope to �nd a classical implicit function theorem

for spaces of smooth mappings.
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conformal structure [〈, 〉]. The space Imm(S,M) of free immersions is
the total space of a smooth principal �ber bundle

π : Imm(S,M)→ Imm(S,M)/Di�(S)

with structure group Di�(S), whose base, the space of immersed sub-
manifolds of type S in M , is a smooth nuclear Fréchet manifold in
the sense of 1.8. This bundle admits a smooth principal connection
described by the horizontal bundle whose �ber over an immersion f ∈
Imm(S,M) is the space Γ(⊥f) of smooth normal vector �elds. The
parallel transport for this connection exists and is smooth.

1.18 For our purposes, the usefulness of the principal connection lies in
the guaranteed existence of horizontal paths9 in Imm(S,M). Moreover,
Γ(⊥f) is the horizontal lift of the tangent space T[f ](Imm(S,M)/Di�(S)),
and this is the representation we will work with.

We do not give a full proof of the above theorem, but include a
description of saturated neighborhoods for the Di�(S) action which
split smoothly into product of a submanifold of Imm(S,M) and Di�(S).

Step 1: Any immersion f ∈ Imm(S,M) induces a �berwise injec-
tive bundle homomorphism f :

⊥f f→ TM
πS ↓ ↓ πM

S →
f

M

Step 2: Now we choose an open cover (Wα) of S such that eachWα

is connected and each compact Wα is contained in a connected, open
subset Uα on which f |Uα is an embedding. The family (Uα) is chosen
to be an open locally �nite cover of S.

Step 3: Next, we select a Riemannian metric 〈, 〉 from the given
conformal class, and an open neighborhood Uf ⊂ ⊥f of the zero sec-
tion in the normal bundle small enough such that for each α the map
exp ◦f |Ufα

with Ufα = Uf |Uα is an embedding. Altogether, we get an
immersion

τf : ⊥f ⊃ Uf →M, τf = exp ◦f,
of an open tube around of 0 ∈ Γ(⊥f) into M .

Step 4: We de�ne an open neighborhood If ⊂ Imm(S,M) of im-
mersions which respect our partition ∪αUα = S from step 2:

If = {g ∈ Imm(S,M) | g(Wα) ⊂ τf (Ufα) ∀α}.
The immersions contained in If will be identi�ed with functions in the
open subset Ff ⊂ C∞(S,⊥f):

Ff = {h ∈ C∞(S,⊥f) | h(Wα) ⊂ Ufα ∀α}.
9If one feels uncomfortable with the assumption of trivial isotropy groups

Di�(S)f above, one could alternatively accept singularities in the base manifold
M(S, M) and then prove the existence of horizontal paths directly (MM05, 2.5).
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The identi�cation is achieved by the smooth di�eomorphism

ϕf : Imm(S,M) ⊃ If → Ff ⊂ C∞(S,⊥f)

with

ϕf (g) : S → Uf , s 7→ τ−1
f (g(s)).

Its smooth inverse will be denoted by ψ = ϕ−1
f : Ff → If , ψ(h) = τf ◦h.

For di�eomorphisms σ ∈ Di�(S) close enough to id ∈ Di�(S) such that
h ◦ σ ∈ Ff we have ψ(h ◦ σ) = ψ(h) ◦ σ.

Step 5: A smooth straightening map de�ned on an open subset is
given by

C∞(S, Uf ) ⊃ {ĥ = h ◦ σ | h ∈ Ff , σ ∈ Di�(S)} → Γ(Uf )× Di�(S),

ĥ 7→
(
ĥ ◦ (πS ◦ ĥ)−1, πS ◦ ĥ

)
.

By putting

Uf = ψf

(
Γ(Uf ) ∩ Ff

)
⊂ Imm(S,M)

we get, since the action of Di�(S) on f is free,

If ◦ Di�(S) ∼= Uf × Di�(S).

Moreover,

π|Uf
: Uf → Imm(S,M)/Di�(S)

is a bijection onto an open subset of Imm(S,M)/Di�(S), and

ϕf ◦ (π|Uf
)−1 : π|Uf

(Uf )→ Γ(Uf )

provides a chart for the quotient space. The subset If ◦ Di�(S) is an
open neighborhood of f ∈ Imm(S,M) which is saturated for the action
of the di�eomorphism group. Uf becomes a smooth splitting submani-
fold of the space of immersions, di�eomorphic to an open neighborhood
of the zero section in the space Γ(⊥f).

1.19 Clearly, the above procedure remains the same in the oriented
case. That is, for a compact oriented manifold S, an n-dimensional
oriented manifold M with conformal structure [〈, 〉] we can consider
the space of orientation preserving immersions, mod out the orienta-
tion preserving di�eomorphisms, and arrive at the space of oriented
immersed submanifolds of type S in M . We �x the following notation.

1.20 De�nition. For a compact orientable manifold S and an ori-
ented n-dimensional Riemannian manifold (M, 〈, 〉), the space of ori-
ented immersed submanifolds of type S in M is denoted by

M(S,M) = Imm
+(S,M)/Di�+(S),

where Imm
+(S,M) contains the orientation preserving immersions S →

M .
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1.21 De�nition. Let f : S → (M, 〈, 〉) be an isometric immersion
representing the immersed submanifold [f ] ∈ M(S,M). Let X, Y ∈
Γ(⊥f) be normal �elds representing tangent vectors of M(S,M). Then
the formula

〈〈X, Y 〉〉 :=

∫
S

〈X, Y 〉ωf

for the L2 product of the two normal �elds de�nes a (weak) Riemannian
metric on M. Above, ωf denotes the induced volume form.

1.22 Aspects of the Riemannian geometry of (M(S,M), 〈〈, 〉〉) � some-
times restricted to the case of embeddings � have been studied by many
authors including (Bin80), (Kai84), (Bry93), (KM97), and (MM05).
Alternative Riemannian metrics on spaces of immersions and embed-
dings have been considered in (Bin80), (MM05), (Sha08).

We note that for any chosen Riemannian metric 〈, 〉 on M the pro-
jection

π : Imm
+(S,M)→M(S,M)

now becomes a Riemannian submersion with respect to the L2 product
on Imm

+(S,M) and M(S,M).



CHAPTER 2

Complex Structures and A�ne Connections

This chapter introduces the basic building blocks for the study of
the geometry loop spaces. In particular, we discuss the canonical al-
most complex structure as well as a�ne connections on loop space.

1. The Almost Complex Structure

While the L2 product 〈〈, 〉〉 induces a Riemmanian structure on
spaces of immersed submanifolds of arbitrary dimension this is in par-
ticular true for loop spaces. In this case, the normal bundle has rank
two. It turns out that 90 degree left rotation of normal �elds along loops
induces an almost complex structure J which �ts together with 〈〈, 〉〉
such that loop spaces (M(S1,M), J, 〈〈, 〉〉) of Riemannian 3-manifolds
become Hermitean. The question of integrability of J brings up sur-
prising results due to the in�nite dimensionality of mapping spaces.

2.1 In this section, we consider the space

M = M(S1,M) = Imm
+(S1,M)/Di�+(S1)

of oriented loops in a Riemannian 3-manifold (M, 〈, 〉). For a loop
represented by

γ : S1 →M, s 7→ γ(s),

we write γs for its tangent with respect to an arbitrary1 (yet regular)
parametrization and let

T =
γs

‖γs‖
denote its unit tangent with respect to the chosen metric 〈, 〉.
2.2 De�nition. Let X ∈ Γ(⊥γ) be a normal �eld along the loop γ.
Denote by × the vector product in TM induced by the Riemannian
metric 〈, 〉. Then the mapping

X 7→ T ×X
induces an almost complex structure

J : T[γ]M→ T[γ]M

on the loop space M.

1In the literature, s is often used to denote a parametrization by arc length. We
do not follow this convention, since we never assume any special parametrizations
unless explicitly stated. Nevertheless, we apologize to the reader for not following
the tradition.

15
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2.3 The almost complex structure de�ned above has been considered
by H. Hasimoto (Has72) for loops in R3, on the space of geodesics by
N. J. Hitchin (Hit82), and on loop spaces of general 3-manifolds by
J.-L. Brylinsky (Bry93). It is straightforward to see that J

(1) is smooth in the C∞ category,2

(2) is not a�ected by the action of Di�+(S1) on the space of im-
mersed loops,

(3) and is invariant under conformal changes 〈, 〉 7→ e2u〈, 〉 of the
Riemannian metric on the 3-manifold M .

Therefore, J is well-de�ned, and (M, J) is an almost complex manifold.
Moreover, we note that together with the L2 product (M, J, 〈〈, 〉〉) be-
comes a Hermitean manifold. This aspect will be further explored in
chapter 3.

2.4 De�nition. As in the �nite dimensional case, the Nijenhuis tensor
N of J is de�ned by

N(X, Y ) = [JX, JY ]− J [JX, Y ]− J [X, JY ]− [X, Y ].

In the above formula, X and Y denote vector �elds on M.

2.5 Theorem (Bry93, 3.4.3). The Nijenhuis tensor N of the almost
complex structure J on the loop space M vanishes identically.

2.6 Proof. The proof given in (Bry93, 3.4.3) is rather complicated. An
alternative is to show that the almost complex structure J is parallel
with respect to the Levi-Civita connection ∇LC belonging to the L2

product 〈〈, 〉〉 on M. This is done in corollary 3.3. Using this result we
see that

N(X, Y ) = ∇LC
JXJY −∇LC

JY JX

− J(∇LC
JXY −∇LC

Y JX)

− J(∇LC
X JY −∇LC

JY X)

−∇LC
X Y +∇LC

Y X.

= 0.

�

2.7 In �nite dimensions, the well-known theorem of Newlander-Niren-
berg (NN57) states that an almost complex structure is a complex
structure if and only if N vanishes identically. In light of the above the-
orem, one might expect to �nd a holomorphic atlas. Unfortunately, the
next theorem shows that (M, J) is a counter example to the Newlander-
Nirenberg theorem in in�nite dimensions.

2.8 Theorem (Lem93, 10.5). No open subset of M is smoothly bi-
holomorphic to an open subset of a complex Fréchet space.

2The de�nition of J works precisely in the smooth setting, which is one of our
motivations not to work with maps of �nite di�erentiability.
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2.9 L. Lempert's analysis of the integrability of (M, J) leads him to
the following concept of weak integrability adhered by the space of
smooth loops:

2.10 De�nition (Lem93, 4.1). An almost complex manifold (M, J)
is called weakly integrable if for each real tangent vector X ∈ TM,
X 6= 0, there is a J-holomorphic function

f : M ⊃ U → C,

de�ned on an open neighborhood U of the base point of X such that

df(X) 6= 0.

2.11 Theorem (Lem93, 9.6). If the Riemannian 3-manifold (M, 〈, 〉)
is real analytic, then the corresponding loop space (M, J) is weakly in-
tegrable.

2.12 In order to construct holomorphic functions on M L. Lempert
applies C. LeBrun's theory of Twistor CR manifolds to the case of the
loop space M . We refer to (LeB84) for this interesting construction.

2. A�ne Connections on Loop Space

For spaces M(S,M) of embedded submanifolds, the Levi-Civita
connection ∇LC belonging to the L2 product 〈〈, 〉〉 has been known
for more than two decades (Kai84). Nevertheless, a direct computa-
tion of ∇LC yields very complex formulas. We will take a di�erent
route. Firstly, a certain �basic� connection ∇⊥ on M(S,M) will be in-
troduced. Secondly, a tensor H is used to encode geometric properties
of the loops. Finally, the Levi-Civita connection ∇LC can be de�ned
as a linear combination of ∇⊥ and H (see chapter 3). This approach
leads directly to an important new discovery discussed in chapter 4:
an a�ne connection ∇C which is invariant under conformal changes of
the Riemannian metric on M .

2.13 Vector �elds and Lie brackets. At �rst sight, the concept of
�vector �elds on loop space� might seem a bit awkward. To clarify this,
we give a detailed description.

Firstly, we know from 1.9 that a tangent vector of a nuclear Fréchet
manifold may be regarded as an equivalence class of smooth paths
through its foot point. Hence, it may be represented by one parameter
variation of a loop.

Secondly, any vector �eld is determined completely by its values
along paths. Therefore, we may legitimately restrict our attention to
vector �elds along variations of loops.

Concerning Lie brackets on loop spaces, we note the following.
Given a two parameter variation

R×R× S1 →M, (r, t, s) 7→ γ(r, t, s),
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the three vector �elds

Y = γr = dγ

(
∂

∂r

)
, X = γt = dγ

(
∂

∂t

)
, γs = dγ

(
∂

∂s

)
are γ-related to the coordinate �elds on R×R× S1. Hence,

[X, Y ] = dγ

([
∂

∂t
,
∂

∂r

])
= 0,

and equally well [X, γs] = [Y, γs] = 0.
Now consider two vector �elds X, Y on the space M of (oriented)

unparametrized loops. Since this space is the base of the principal
bundle

π : Imm
+(S1,M)→ Imm

+(S1,M)/Di�+(S1) = M,

which, at the same time, is a Riemannian submersion, we have

[̃X, Y ] = [X̃, Ỹ ]h = 0,

where � ˜ � denotes the horizontal lift of vector �elds, and the super-
script �h� indicates the horizontal part within the tangent space to the
total space.

2.14 The connection in the normal bundle. If X ∈ Γ(⊥γ) is a
normal vector �eld which represents a tangent vector in T[γ]M we use
the Levi-Civita connection ∇ of (M, 〈, 〉) to write

X ′ := ∇TX + 〈X,H〉T

for the connection in the normal bundle of the loop γ. As a convention,
T will always denote the unit tangent of the loop. Moreover, H = ∇TT
denotes the �mean� curvature vector of γ. Obviously, the connection
in the normal bundle depends on the Riemannian metric of M . Its
behavior under conformal changes is summarized in section 2 of the
appendix.

2.15 Pullbacks of the Levi-Civita connection. We would like to
apply the Levi-Civita connection ∇ of (M, 〈, 〉) to vector �elds on M
in a certain way. To this end, consider a vector �eld along a path in
loop space, represented as a normal �eld Y ∈ Γ(γ∗TM), Y⊥T , where

γ : R× S1 →M, (t, s) 7→ γ(t, s),

is a variation with

X := dγ

(
∂

∂t
|t=0

)
⊥T.

Using γ, we can pull back the Levi-Civita connection ∇ ofM to R×S1

and compute

∇̂XY := (γ∗∇) ∂
∂t
Y ∈ Γ(γ∗TM).
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Since this is the only possibility to di�erentiate (representations of)
vector �elds on M using the Levi-Civita connection of M , it should
not lead to confusion if we reuse the symbol ∇ for it: ∇XY := ∇̂XY .

2.16 De�nition. Given [X] ∈ T[γ]M with its horizontal lift X ∈
Γ(⊥γ) let (t, s) 7→ γ(t, s) be some variation which satis�es γt = X for
t = 0. Lifting a vector �eld [Y ] ∈ Γ(TM) to the variation we may
require Y⊥T for t = 0. Now we de�ne

∇⊥
XY := Y ⊥

t − 〈γt, T 〉Y ′,

where Y ⊥
t abbreviates the normal part

(∇γtY )⊥ = ∇γtY − 〈∇γtY, T 〉T
of the covariant derivative of Y along t 7→ γ(t, s). The projection to
TM of ∇⊥

XY de�nes the socalled basic connection on loop space, again
denoted by ∇⊥.

2.17 Lemma. The connection ∇⊥ enjoys the following properties:

(1) The connection ∇⊥ is well de�ned.
(2) ∇⊥ is torsion free.
(3) The almost complex structure J on M is parallel with respect

to ∇⊥.
(4) A conformal change of the Riemannian metric on M by 〈, 〉 7→

e2u〈, 〉 results in a change of the basic connection according to

∇̃⊥ = ∇⊥ +B⊥

with

B⊥
XY = (BXY )⊥ = 〈X,U〉Y + 〈Y, U〉X − 〈X, Y 〉U⊥,

where U = gradu and X, Y ∈ Γ(⊥γ).
2.18 Proof. The de�nition shows that ∇⊥ does not depend on the
chosen parametrizations of the loops and vector �elds. Moreover, one
checks easily that it complies to the axioms of an a�ne connection.
If X, Y are two (representations of) vector �elds on loop space which
agree along a path, that is,

X ◦ γ = Y ◦ γ
with

γ : R× S1 →M, (t, s) 7→ γ(t, s),

then, by de�nition of ∇⊥,

∇⊥
γt
X = ∇⊥

γt
Y.

Hence, our de�nition of a connection along paths does indeed �x a well
de�ned a�ne connection on M.

In order to compute the torsion tensor T⊥ of ∇⊥, we take some
arbitrary 2-parameter variation

R×R× S1 →M, (r, t, s) 7→ γ(r, t, s),
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such that at a given loop s 7→ γ(0, 0, s) the variational vector �elds
γr and γt are normal to the tangent direction γs, and hence represent
tangent vectors X, Y of the loop space M. Using the de�nition of ∇⊥,
we may now compute its torsion tensor T⊥ directly:

T⊥(X, Y ) =∇⊥
XY −∇⊥

YX − [X, Y ]

=− (〈X,T 〉Y ′ − 〈Y, T 〉X ′)

=0.

Complex linearity of ∇⊥ follows from

∇⊥
X(JY ) =

(
∇γt(T × Y )

)⊥
=

(
γ′t × Y + J∇γtY

)⊥
=J

(
∇γtY

)⊥
= J∇⊥

XY

The Levi-Civita connection ∇̃ of (M, e2u〈, 〉) is given by the well known
formula

∇̃XY = ∇XY + 〈X,U〉Y + 〈Y, U〉X − 〈X, Y 〉U,
where U = gradu. The change induced in ∇⊥ is a direct consequence
of this. �

2.19 Theorem. Let X, Y, Z ∈ Γ(⊥γ) be horizontal lifts of tangent
vectors from T[γ]M. Then the horizontal lift of the curvature tensor
R⊥ of ∇⊥ is given by

R⊥(X, Y )Z =

(
〈X, Y ′〉−〈Y,X ′〉

)
Z ′−

(
〈JX ′, Y ′〉+K(T )〈JX, Y 〉

)
JZ,

where K(T ) denotes the sectional curvature of the plane {T}⊥.

2.20 Proof. Since the value of the normal �eld R⊥(X, Y )Z ∈ Γ(⊥γ)
at a given parameter s ∈ S1 depends only on the behavior of X, Y, Z
near s we may assume γ to be an embedding. In order to compute the
curvature tensor we consider a two-parameter variation

(x, y, s) 7→ γ(x, y, s)

of s 7→ γ(s) with
γx = X, γy = Y.

For x, y, z = 0, we assume the variational �elds to represent elements
of T[γ]M, that is X, Y ∈ Γ(⊥γ). Moreover, we extend the normal �eld
Z ∈ Γ(⊥γ) along the variation and require Z⊥T everywhere. Applying
the de�nition of ∇⊥ we may compute

∇⊥
X∇⊥

YZ = (∇X∇YZ)⊥ − 〈∇YZ, T 〉(∇XT )⊥ − 〈γy, T 〉xZ ′,

where subscripts denote di�erentiation. All vector �elds involved are
coordinate �elds, so their Lie brackets vanish. Hence, the above formula
evaluates to

∇⊥
X∇⊥

YZ = (∇X∇YZ)⊥ + 〈Z, Y ′〉X ′ − (〈∇γxγy, T 〉+ 〈Y,X ′〉)Z ′.
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Denoting by R the curvature tensor of ∇ and by R⊥ that of ∇⊥ we
arrive at

R⊥(X, Y )Z = (R(X, Y )Z)⊥

+
(
〈X, Y ′〉 − 〈Y,X ′〉

)
Z ′ + 〈Z, Y ′〉X ′ − 〈Z,X ′〉Y ′.

Since {T}⊥ is two-dimensional, the curvature tensor R of the Levi-
Civita connection ∇ on (M, 〈, 〉) satis�es

(R(X, Y )Z)⊥ = −K(T )〈JX, Y 〉JZ,
where ⊥ is the orthogonal projection onto {T}⊥. Apart from that,
Graÿmann's identity yields

〈Z, Y ′〉X ′ − 〈Z,X ′〉Y ′ = Z × (X ′ × Y ′) = −〈JX ′, Y ′〉JZ.
This completes the proof. �

2.21 The a�ne connection ∇⊥ on M is a good starting point for
the description of the Levi-Civita connection ∇LC of the Riemannian
metric (M, 〈〈, 〉〉). In addition to that, it will be used in the construction
of a �conformal connection�, too. In between, we need to come up with
suitable �correction tensors� to be added to ∇⊥.

2.22 For the moment, assume we had already discovered the Levi-
Civita connection ∇LC of (M, 〈〈, 〉〉) and write l for the Riemannian
length functional

l : M→ R, l(γ) =

∫
S1

‖γs‖ ds,

on M. The gradient of l with respect to 〈〈, 〉〉 is given by

gradl = −H.
Above, we view H as a vector �eld on M. A conformal change of the
L2 metric 〈〈, 〉〉 7→ e−2l〈〈, 〉〉 on the loop space M would result in a
transformation of the Levi-Civita connection ∇LC according to

∇LC 7→ ∇LC + F,

where the symmetric bilinear form F is given by

F(X, Y ) = 〈〈X,H〉〉Y + 〈〈Y,H〉〉X − 〈〈X, Y 〉〉H.
Since our primary focus lies on geometric properties invariant under
conformal changes of the Riemannian metric 〈, 〉 on M rather than the
L2 product on M, a keen guess would be to investigate a pointwise
version of F as given in the next de�nition.

2.23 De�nition. For normal vector �elds X, Y ∈ Γ(⊥γ), de�ne the
mean curvature form of γ by

HXY = H(X, Y ) = 〈X,H〉Y + 〈Y,H〉X − 〈X, Y 〉H,
where H denotes the mean curvature vector of the loop.
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2.24 Since H does not depend on the parametrization of the curve and
the normal �elds it de�nes a symmetric bilinear form on T[γ]M. The
next lemma summarizes the basic properties of the tensor H.

2.25 Lemma. The mean curvature form H is symmetric and complex
linear:

HJXY = HX(JY ) = JHXY.

Moreover, we have

HXY = 〈X,H〉Y + 〈X, JH〉JY
and

HXHYZ = HY HXZ.

2.26 Proof. Symmetry, complex linearity as well as the third prop-
erty follow directly from the de�nition of H. With respect to the last
equation note that due to 7.3

HXHYZ − HY HXZ = 〈X × Y,H〉H × Z = 0,

because X, Y are normal vectors to γ. �

2.27 In preparation for the coming curvature computations, we need
to know how the mean curvature vector �eld H of a loop and the tensor
H behave under normal variations. The next two lemmas provide the
necessary information.

2.28 Lemma. The mean curvature vector H, viewed as a vector �eld
on loop space, satis�es

∇⊥
XH = X ′′ +R(X,T )T + 〈X,H〉H,

where X ∈ Γ(⊥γ) represents a tangent vector of M, R is the Riemann-
ian curvature tensor of (M, 〈, 〉), and prime stands for the connection
in the normal bundle.

2.29 Proof. In order to prove the claim we consider a variation

γ : R× S1 →M, (t, s) 7→ γ(t, s),

with
X = γt|t=0⊥γs,

and set v := ‖γs‖. Now we compute

∇⊥
XH =(∇XH)⊥ =

(
∇X(

1

v
∇γsT )

)⊥

=

(
1

v
〈X,H〉∇γsT +

1

v
∇X∇γsT

)⊥

=〈X,H〉H +R(X,T )T + (∇T∇XT )⊥.

Since

∇XT = ∇X(
1

v
γs) = 〈X,H〉T +∇TX = X ′



2. AFFINE CONNECTIONS ON LOOP SPACE 23

we get

(∇T∇XT )⊥ = X ′′.

This completes the proof. �

2.30 Lemma. The mean curvature form H of γ satis�es

(d∇
⊥
H)(X, Y, Z) =

(
〈Y,X ′′〉 − 〈X, Y ′′〉

)
Z

+

(
〈Y ′′, JX〉 − 〈X ′′, JY 〉

+ (‖H‖2 + ric(T ))〈JX, Y 〉
)
JZ,

where X, Y, Z are normal �elds along γ, T and H denote the unit tan-
gent and mean curvature vectors of the loop, and ric(T ) = ric(T, T ) is
the Ricci curvature of the underlying Riemannian 3-manifold (M, 〈, 〉).

2.31 Proof. We start by splitting (d∇
⊥
H)(X, Y, Z) = (∇⊥

XH)(Y, Z) −
(∇⊥

Y H)(X,Z) into two parts:

(d∇
⊥
H)(X, Y, Z) = αZ + A,

where

α :=
(
〈∇⊥

XH, Y 〉 − 〈∇⊥
YH,X〉

)
and

A := 〈Z,∇⊥
XH〉Y − 〈Z,∇⊥

YH〉X + 〈X,Z〉∇⊥
YH − 〈Y, Z〉∇⊥

XH.

Inserting the formula 2.28 for the derivative of H, we get for the com-
ponent α in direction of Z:

α = 〈Y,X ′′〉 − 〈X, Y ′′〉.

We may assume Z 6= 0 in order to set E := Z
‖Z‖ . Then we have

A =〈A, JE〉JE

=

(
〈E,∇⊥

XH〉〈Y, JE〉 − 〈E,∇⊥
YH〉〈X, JE〉

+ 〈X,E〉〈∇⊥
YH, JE〉 − 〈Y,E〉〈∇⊥

XH, JE〉
)
JZ

=

(
〈E × JE,∇⊥

XH × Y 〉+ 〈E × JE,X ×∇⊥
YH〉

)
JZ

=

(
〈∇⊥

YH, JX〉 − 〈∇⊥
XH, JY 〉

)
JZ.
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Applying 2.28 twice, we get for A

A =

(
〈Y ′′, JX〉+ 〈Y,H〉〈H, JX〉+ 〈R(Y, T )T, JX〉

− 〈X ′′, JY 〉 − 〈X,H〉〈H, JY 〉 − 〈R(X,T )T, JY 〉
)
JZ

=

(
〈Y ′′, JX〉 − 〈X ′′, JY 〉+ ‖H‖2 〈JX, Y 〉+ ric(T )〈JX, Y 〉

)
JZ.

This completes the proof. �



CHAPTER 3

Kähler Geometry of Loop Space

In this chapter, we will apply the tools developed so far to the
investigation of the Kähler geometry of the loop space M = M(S1,M)
of a Riemannian 3-manifold (M, 〈, 〉).

1. The Levi-Civita Connection

The Levi-Civita connection (in the form of its connector) of M was
computed by (Kai84) for the case of immersions S → M of compact
manifolds. Nevertheless, the formulas and proofs given below for loop
spaces as well as those for spaces of hypersurfaces contained in chapter
5 may be easier to digest.

3.1 Theorem. The Levi-Civita connection ∇LC of (M, 〈〈, 〉〉) is given
by

∇LC = ∇⊥ − 1

2
H.

3.2 Proof. Given a Riemannian metric on an in�nite dimensional nu-
clear Fréchet manifold, one can apply the standard proof for the unique-
ness of the corresponding Levi-Civita connection. So we only need to
check that ∇LC is a torsion free metric connection. Since ∇LC is de-
�ned as the sum of the torsion free connection ∇⊥ and the symmetric
tensor H its torsion tensor vanishes.

It remains to check that ∇LC is metric, too. To this end, con-
sider a three-parameter variation (x, y, z, s) 7→ γ(x, y, z, s) of a given
parametrization s 7→ γ(s) of a loop [γ] ∈M. Let

X = γ⊥x , Y = γ⊥y , Z = γ⊥z

be parametrizations of tangent �elds to M given as normal parts of the
variational vector �elds. We may require that for x, y, z = 0

γx, γy, γz ∈ Γ(⊥γ).
Using this setup we compute

X〈〈Y, Z〉〉 =

∫
S1

(
〈∇⊥

XY, Z〉+ 〈Y,∇⊥
XZ〉 − 〈X,H〉〈Y, Z〉

)
‖γs‖ ds.

The third summand in the integrand enjoys

〈X,H〉〈Y, Z〉 =
〈HXY, Z〉+ 〈Y,HXZ〉

2
.

25
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Therefore, we may conclude

X〈〈Y, Z〉〉 = 〈〈∇LC
X Y, Z〉〉+ 〈〈Y,∇LC

X Z〉〉.
Hence, ∇LC is indeed torsion free and metric. �

3.3 Corollary. The complex structure J is parallel with respect to the
Levi-Civita connection ∇LC. Thus, (M, J, 〈〈, 〉〉) is a pseudo-Kähler
manifold.1

3.4 Proof. The almost complex structure J on M is parallel with re-
spect to ∇⊥. Since H is complex linear we also have ∇LCJ = 0.
�

3.5 The Kähler form of (M, J, 〈〈, 〉〉) is given by

ω(X, Y ) = 〈〈JX, Y 〉〉 =

∫
S1

〈JX, Y 〉 ‖γs‖ ds
∫

S1

det(γs, X, Y )ds.

In (LeB93), C. LeBrun explains how one can generalize the Kähler
structure of the loop space M to spaces of codimension two submani-
folds. We will not consider this generalization, but rather compute the
curvature of the Levi-Civita connection on loop space. The formula
for the (holomorphic) sectional curvature given in theorem 3.8 may be
compared to the one contained in (MM05).

3.6 Theorem. The curvature tensor RLC of the Levi-Civita connec-
tion on loop space is given by

RLC(X, Y )Z =
(
〈X, Y ′〉 − 〈Y,X ′〉

)
Z ′ − 1

2

(
〈Y,X ′′〉 − 〈X, Y ′′〉

)
Z

+
1

2

(
〈Y ′′, JX〉 − 〈X ′′, JY 〉 − 2〈JX ′, Y ′〉

+
(
‖H‖2 + ric(T )− 2K(T )

)
〈JX, Y 〉

)
JZ,

where H is the loop's mean curvature, K(T ) denotes the sectional cur-
vature of the plane {T}⊥, and ric(T ) = ric(T, T ) is the Ricci curvature
of the underlying Riemannian 3-manifold (M, 〈, 〉).

3.7 Proof. The de�nition of ∇LC implies

RLC(X, Y )Z = R⊥(X, Y )Z−1

2

(
(d∇

⊥
H)(X, Y, Z)+HXHYZ−HY HXZ

)
.

Due to lemma 2.25, HXHYZ−HY HXZ = 0. Now the asserted formula
follows from theorem 2.19 and lemma 2.30. �

1According to (KN69, p. 149), the terminus pseudo-Kähler used to describe
an almost Hermitian manifold with closed Kähler form and vanishing Nijenhuis
tensor. After the discovery of the Newlander-Nirenberg theorem, the attribute
�pseudo� could be dropped, so the old terminology sunk into oblivion. We may put
it back to use for the theory of loop spaces.
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3.8 Theorem. The holomorphic sectional curvature of (M, 〈〈, 〉〉) is
given by

KLC(X∧JX) =

∫
γ

(
2〈X ′, JX〉2+

(
‖X ′‖2−〈X ′′, X〉−κ

2
‖X‖2

)
‖X‖2

)
,

where X ∈ Γ(⊥γ) is a normal �eld along the loop γ of L2 length
〈〈X,X〉〉 = 1. Moreover,

κ = ‖H‖2 + ric(T )− 2K(T ),

ric(T ) = ric(T, T ) denotes the Ricci curvature of (M, 〈, 〉), and K(T ) =
K({T}⊥) the sectional curvature of (M, 〈, 〉), respectively.
3.9 Proof. Since X has unit length with respect to the L2 product we
have have

KLC(X ∧ JX) = 〈〈RLC(X, JX)JX,X〉〉.
In order to evaluate the right hand side, we use the formula for the
curvature tensor of the Levi-Civita connection ∇LC given in theorem
3.6:
〈RLC(X, JX)JX,X〉 =2〈X, JX ′〉2

+
(
‖X ′‖2 − 〈X,X ′′〉 − κ

2
‖X‖2

)
‖X‖2

But this is precisely the integrand given in the theorem. �

3.10 Corollary. For a �eld of constant length ‖X‖ = 1√
l
, l the length

of γ, and constant rotation speed τ , we get

KLC(X ∧ JX) =
4τ 2

l
− 1

2l2

∫
γ

κ.

If γ is a great circle on standard S3, this simpli�es to

KLC(X ∧ JX) =
2τ 2

π
+

1

4π
.

3.11 Proof. Let E :=
√
lX. With τ = 〈E ′, JE〉 we may compute

KLC(X ∧ JX) =

∫
γ

(
2
τ 2

l2
+

(
τ 2

l
+
τ 2

l
− κ

2l

)
1

l

)
=

4τ 2

l
− 1

2l2

∫
γ

κ.

In the special case of a great circle on the round 3-sphere, we have

κ = −1.

This implies the last statement of the corollary. �

3.12 Theorem. Let

γ : (−ε,+ε)× S1 →M, (t, s) 7→ γ(t, s),

be a parametrization of a given curve (−ε,+ε) 3 t 7→ γ(t) ∈M in the
loop space M. As usual, denote by ⊥ the orthogonal projection onto
the normal bundle of a loop, and assume

t = 0⇒ ∀s ∈ S1 : 〈γt, γs〉 = 0.
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Then the geodesic equation of the Levi-Civita connection ∇LC in t = 0
takes the form (subscripts denote derivatives with respect to the Levi-
Civita connection of (M, 〈, 〉))

0 = (‖γs‖2 γtt +
1

2
‖γt‖2 γss)

⊥ − 〈γss, γt〉γt.

3.13 Proof. For t = 0, we compute

∇LC
γt

(γ⊥t ) =∇⊥
γt

(γ⊥t )− 1

2
Hγt(γ

⊥
t )

=(γtt)
⊥ − 〈γt, H〉γt +

1

2
‖γt‖2H

=

(
γtt +

1

2

‖γt‖2

‖γs‖2
γss

)⊥

− 1

‖γs‖2
〈γss, γt〉γt.

Multiplication with ‖γs‖2 now yields the claimed formula. �

2. Topological Consequences

The formula for the holomorphic sectional curvature KLC of a �eld
of normal planes with constant rotation speed given in corollary 3.10
contains two summands. One, namely the integral of κ, incorporates
information about the geometry of the loop as well as that of the un-
derlying 3-manifold. The other is determined by the winding number
of the given normal �eld � and diverges to +∞ for increasing winding
numbers. Since this e�ect occurs at each given loop one might ask what
the consequences are for the inner metric induced by the L2 product.

3.14 De�nition. The length functional2 F associated to the L2 prod-
uct 〈〈, 〉〉 on the loop space M is given by

F (γ) :=

∫ b

a

√
〈〈γ⊥t , γ⊥t 〉〉dt =

∫ b

a

( ∫
S1

‖γt‖2 ‖γs‖ ds
) 1

2

dt,

where the variation

γ : [a, b]× S1 →M, (t, s) 7→ γ(t, s),

represents a curve in loop space connecting γ(a, .) with γ(b, .). The
associated inner metric dL2

is then de�ned by

dL2

(γa, γb) := inf{F (γ)},
where the in�mum is taken over all variations connecting γa with γb.

3.15 The loop space M is modeled on nuclear Fréchet spaces, which
are, in particular, metrizable. Via its atlas, M is equipped with a
canonical manifold topology. This topology is metrizable if and only
if it is paracompact and locally metrizable. One can prove that M

2We use F to denote the L2 length functional, because we would like to reserve
the letter L for a di�erent concept of length (see chapter 4).
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enjoys both of these properties (KM97, 42.2). Nevertheless, there is
reasonable doubt that metrization can be achieved by the inner metric
dL2

. The next theorem shows that the L2 product 〈〈, 〉〉 on M is indeed
a nightmare from a distance-geometric point of view.

3.16 Theorem (MM05). The inner metric dL2
induced by the L2

product 〈〈, 〉〉 on the loop space M vanishes identically.

3.17 In (MM05), P. W. Michor and D. Mumford prove a more general
version of this result for spaces of immersed submanifolds of any dimen-
sion and codimension. We will not repeat the proof here, but rather
demonstrate the crucial idea behind it in its simplest incarnation, that
is, for loops in R2. Hence, we consider a variation

γ : [0, 1]× [0, 1]→ R
2 = C, (t, s) 7→ γ(t, s),

where we assume the circle to be parametrized by the second factor
[0, 1]. Moreover, we may assume 〈γt, γs〉 = 0. Now we focus on modi�ed
variations

γ̃(t, s) = γ(ϕ(t, s), s),

where
ϕ : [0, 1]× [0, 1]→ R

represents a reparametrization of the square. In order to construct
a variation whose L2 length is arbitrarily small, the idea is to use a
reparametrization ϕ which scales down

∥∥γ⊥t ∥∥ while scaling up ‖γs‖ by
the same order of magnitude. This will result in a decrease of the L2

length, because the normal component of the variational vector �elds
is squared while the length of the tangent is not:

F (γ̃) =

∫ 1

0

( ∫ 1

0

∥∥γ̃⊥t ∥∥2 ‖γ̃s‖ ds
) 1

2

dt.

Such a scaling can be achieved by a piecewise linear �saw tooth� vari-
ation.

Clearly, the more teeth the variation has the higher the sectional
curvature of the regions of M it passes through.

3.18 The above degeneracy of the L2 product can be �xed by intro-
ducing a penalty on the curvature of a given loop. In (MM05), this is
done by using the modi�ed scalar product

〈〈X, Y 〉〉A =

∫
S1

(1 + A ‖H‖2)〈X, Y 〉 ‖γs‖ ds, X, Y ∈ Γ(⊥γ),

where A ∈ [0,∞) is a weighting factor. The corresponding inner metric
dA can then be shown to separate points of the space of embedded
loops or, more generally, embedded submanifolds. Another possibility
is to replace the L2 product by a conformal metric e2u〈〈, 〉〉, where
u ∈ C∞(M) is meant to incorporate the length and/or curvature of
the loop (Sha08).
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Riemannian metrics on spaces of curves have many applications
in image segmentation and more general image processing tasks. How-
ever, non of the distance measures obtained by the above constructions
yields the canonical manifold topology of M, which is certainly much
�ner.



CHAPTER 4

Conformal Geometry of Loop Space

This chapter contains the central topic of this thesis, the investiga-
tion of the conformal geometry of the loop space, that is, the geometry
of the loop space M of a conformal 3-manifold (M, [〈, 〉]). The start-
ing point of this analysis is the Levi-Civita connection ∇LC which will
be modi�ed to obtain a conformally invariant connection on the loop
space M. Moreover, we will come up with a conformally invariant re-
placement for the L2 metric � a variant of the harmonic mean, and
�nally relate conformal geodesics in loop space to isothermic surfaces.

1. The Conformal Connection

The formula for the Levi-Civita connection ∇LC of (M, 〈〈, 〉〉) de-
rived in theorem 3.1 suggests that it should be possible to use ∇⊥ and
H to build a connection on loop space which is invariant under confor-
mal changes of the Riemannian metric 〈, 〉 on M . This is what we will
do next.

4.1 Theorem. The connection ∇C on M given by

∇C = ∇⊥ + H

is torsion free and invariant under conformal changes of 〈, 〉 on M .
Therefore, it is called the conformal connection on loop space.

4.2 Proof. The vanishing of the accompanying torsion tensor follows
from the symmetry of H. The veri�cation of the claimed conformal
invariance is straightforward: We change the Riemannian metric 〈, 〉
to 〈̃, 〉 = e2u〈, 〉 on M using some function u ∈ C∞(M,R) and denote
by U = gradu the gradient of u with respect to the old metric 〈, 〉.
Moreover, we decorate objects constructed from the new metric with
�˜�. Since the new Levi-Civita connection on (M, 〈̃, 〉) is given by

∇̃XY = ∇XY +BXY

with
BXY = 〈X,U〉Y + 〈Y, U〉X − 〈X, Y 〉U.

It follows that ∇⊥ on M changes according to

∇̃⊥
XY = ∇⊥

XY + (BXY )⊥

with
(BXY )⊥ = BXY − 〈BXY, T 〉T

31
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denoting the component of BXY orthogonal to the tangent of the loop.
Further, the mean curvature vector of the loop changes to

H̃ = e−2u(H − U⊥),

where we again use �⊥� to indicate the part perpendicular to the loop.
This implies the following change in the tensor H:

H̃XY = HXY − (BXY )⊥.

Finally, the above observations lead to

∇̃C = ∇̃⊥ + H̃ = (∇⊥ +B⊥) + (H−B⊥) = ∇C .

�

4.3 Corollary. The complex structure J is parallel with respect to the
conformal connection ∇C.

4.4 Proof. The almost complex structure J on M is parallel with re-
spect to ∇⊥. Since H is complex linear we have also ∇CJ = 0.
�

4.5 Theorem. The curvature tensor RC of the conformal connection
on loop space is given by

RC(X, Y )Z =
(
〈Y,X ′′〉 − 〈X, Y ′′〉

)
Z +

(
〈X, Y ′〉 − 〈Y,X ′〉

)
Z ′

+

(
〈Y ′′, JX〉 − 〈X ′′, JY 〉 − 〈JX ′, Y ′〉

+
(
‖H‖2 + ric(T )−K(T )

)
〈JX, Y 〉

)
JZ,

where H is the loop's mean curvature, K(T ) denotes the sectional cur-
vature of the plane {T}⊥, and ric(T ) = ric(T, T ) is the Ricci curvature
of the underlying Riemannian 3-manifold (M, 〈, 〉).

4.6 Proof. The de�nition of ∇C implies

RC(X, Y )Z = R⊥(X, Y )Z + (d∇
⊥
H)(X, Y, Z) + HXHYZ − HY HXZ.

Due to lemma 2.25, HXHYZ−HY HXZ = 0. Now the asserted formula
follows from theorem 2.19 and lemma 2.30. �

4.7 Theorem. The curvature tensor RC of the conformal connection
∇C can be decomposed in two parts, both of which are conformally
invariant:

RC(X, Y )Z = R1(X, Y )Z +R2(X, Y )Z

with

R1(X, Y )Z =

(
〈Y,X ′′〉 − 〈X, Y ′′〉

)
Z +

(
〈X, Y ′〉 − 〈Y,X ′〉

)
Z ′



1. THE CONFORMAL CONNECTION 33

and

R2(X, Y )Z =

(
〈Y ′′, JX〉 − 〈X ′′, JY 〉 − 〈JX ′, Y ′〉

+ 〈JX, Y 〉
(
‖H‖2 + ric(T )−K(T )

))
JZ.

4.8 Proof. We start with a given Riemannian metric 〈, 〉 on M . Deco-

rate all objects arising from 〈̃, 〉 = e2u〈, 〉 with a tilde �˜� and use U to
denote the gradient of u with respect to 〈, 〉. Then we can compute the
change induced in the �rst summand of R1:

e2u
(
〈Y,Xe′′〉 − 〈X, Y e′′〉)Z =

(
〈Y,X ′′〉 − 〈X, Y ′′〉

)
Z

+ 〈U, T 〉
(
〈Y,X ′〉 − 〈X, Y ′〉

)
Z.

For the second summand of R1, we get

e2u
(
〈X, Y e′〉 − 〈Y,Xe′〉)Ze′

=
(
〈X, Y ′〉 − 〈Y,X ′〉

)
Z ′

+ 〈U, T 〉
(
〈X, Y ′〉 − 〈Y,X ′〉

)
Z.

Thus, the sum R1 of the two is not a�ected by the conformal change
of metric. Since we know already that the curvature tensor RC of the
conformal connection is invariant, too, the equation R2 = RC − R1

implies the claimed invariance of R2. �

4.9 The curvature tensor in the Fourier basis. Choose a Rie-
mannian metric 〈, 〉 from the conformal class of M , and consider the
corresponding constant speed parametrization γ of some loop. For the
sake of simplicity, we assume γ to be of length 2π. Hence, we have
a torus worth of unit normals, from which we pick some V0 ∈ ⊥γ(0).
Denote by V (s) the parallel translate of V0 to ⊥γ(s). At 2π, V (2π)
will di�er from V0 by an angle τ , which is equal to the total torsion
(see also chapter 6) of the underlying loop.

We now de�ne Fourier normal �elds Ek along γ by

Ek(s) =
1√
2π

(
cos(αks)V (s) + sin(αks)JV (s)

)
with

αk = k − τ

2π
.

Clearly, {Ek, JEk}k∈Z constitutes an orthonormal basis of (the hori-
zontal lift of) the tangent space T[γ]M with respect to the L2 product
〈〈, 〉〉. This Fourier basis induces a direct sum decomposition

TγM =
⊕
k∈Z

Ck with Ck = span(Ek, JEk).

of the tangent space which is orthogonal with respect to 〈〈, 〉〉. For
X, Y ∈ Γ(⊥γ) and k ∈ Z,

RC(X, Y )Ck ⊂ Ck,
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that is,

RC(X, Y ) =
∑
k∈Z

RC(X, Y ) ◦ pr
Ck
∈ EndC

(
⊕k∈Z Ck

)
respects the decomposition into complex Fourier summands:

R(X, Y )|Ck
∈ EndC(Ck).

Hence, in the Fourier basis, R(X, Y ) is represented by a diagonal matrix
whose elements are complex valued functions of the circle. At position
k ∈ Z, we have the function

R(X, Y )|Ck
=

(
〈Y,X ′′〉 − 〈X, Y ′′〉

)
+ (k − τ

2π
)

(
〈X, Y ′〉 − 〈Y,X ′〉

+ 〈Y ′′, JX〉 − 〈X ′′, JY 〉 − 〈JX ′, Y ′〉+ κ〈JX, Y 〉
)√
−1.

This shows:

• The real part is independent of k.
• The absolute value of the imaginary part tends to in�nity as
|k| → ∞. This makes taking traces di�cult.

After haven analyzed the curvature tensor RC of ∇C we will now turn
our attention to conformal geodesics in M.

4.10 Theorem. Let

γ : (−ε,+ε)× S1 →M, (t, s) 7→ γ(t, s),

be a parametrization of a given curve (−ε,+ε) 3 t 7→ γ(t) ∈M in the
loop space M. As usual, denote by ⊥ the orthogonal projection onto
the normal bundle of a loop, and assume

t = 0⇒ ∀s ∈ S1 : 〈γt, γs〉 = 0.

Then the geodesic equation of the conformal connection ∇C in t = 0
takes the form (subscripts denote derivatives with respect to the Levi-
Civita connection of (M, 〈, 〉))

0 = (‖γs‖2 γtt − ‖γt‖2 γss)
⊥ + 2〈γss, γt〉γt.

4.11 Proof. For t = 0, we compute

∇C
γt

(γ⊥t ) =∇⊥
γt

(γ⊥t ) + Hγt(γ
⊥
t )

=(γtt)
⊥ + 2〈γt, H〉γt − ‖γt‖2H

=

(
γtt −

‖γt‖2

‖γs‖2
γss

)⊥

+
2

‖γs‖2
〈γss, γt〉γt.

Multiplication with ‖γs‖2 now yields

0 = (‖γs‖2 γtt − ‖γt‖2 γss)
⊥ + 2〈γss, γt〉γt.

�
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4.12 Corollary. Let γ be a geodesic of ∇C as described in theorem
4.10. Then (

‖γs‖
‖γt‖

)
t

= 0

for all t, where γt⊥γs.

4.13 Proof. Scalar multiplication of the geodesic equation with γt

yields
0 = ‖γs‖2 〈γtt, γt〉+ ‖γt‖2 〈γss, γt〉.

Comparing this with the derivative(
‖γt‖
‖γs‖

)
t

=
−

(
‖γs‖2 〈γtt, γt〉+ ‖γt‖2 〈γss, γt〉

)
‖γt‖3 ‖γs‖

of ‖γt‖ / ‖γs‖ yields the claim. �

2. Harmonic Mean and Isothermic Surfaces

In this section, we will introduce a smooth function on the tan-
gent bundle of M(S1,M), the harmonic mean. Depending only on the
conformal structure of the 3-manifold M , it will be used to de�ne a
conformal length functional on loop space. Further investigations will
then yield equivalent characterizations of the geodesics of∇C as critical
points of the harmonic mean, and as isothermic cylinders in M .

4.14 De�nition. The harmonic mean is a function

L : TM→ R

de�ned as follows. For a tangent vector of M represented by a normal
�eld X ∈ Γ(⊥γ) without zeroes the harmonic mean is given by

L(X) =

( ∫
S1

1

‖X‖
‖γs‖ ds

)−1

.

If X does have a zero we set L(X) = 0.

4.15 Lemma. The harmonic mean L is a well de�ned function on
TM which is homogeneous of degree one and invariant under conformal
changes of the Riemannian metric 〈, 〉 on M .

4.16 Proof. By de�nition, L is independent of the chosen parametriza-
tion γ of the loop. Clearly, L(λX) = |λ|L(X) for λ ∈ R. Moreover,
under a change of metric 〈, 〉 7→ e2u〈, 〉 on M the integrand in the
de�nition of L remains the same. �

4.17 The function L describes a harmonic mean of the length of a
given normal �eld. As such, it plays together nicely with the ordinary
harmonic mean

h(a, b) =
2ab

a+ b
, a, b > 0.
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In particular, for X, Y ∈ Γ(⊥γ), a simple computation shows

h(L(X), L(Y )) = L(Z) ≤ L(X) + L(Y )

2
,

where Z ∈ Γ(⊥γ) is some normal �eld with

‖Z‖ = h(‖X‖ , ‖Y ‖).
Moreover, if Φ : M → M is a conformal di�eomorphism of (M, [〈, 〉]),
then

M→M, [γ] 7→ [Φ ◦ γ],
de�nes an isometry of the loop space M with respect to the harmonic
mean L.

4.18 Theorem. The harmonic mean L is invariant under parallel
translation with respect to ∇C.

4.19 Proof. Let (t, s) 7→ γ(t, s) be a variation of some loop γ(0, .)
along which we consider a ∇C-parallel normal �eld Y . For t = 0, we
may assume γt⊥γs. Then the parallelism of Y can be expressed as

0 = ∇C
γt
Y = ∇⊥

γt
Y + HγtY = Y ⊥

t − 〈γt, H〉Y − 〈γt, JH〉JY
for t = 0. Furthermore, we may assume that Y has no zeroes. We have

d

dt
|0L(Y ) = −L2(Y )

∫
S1

(
‖γs‖
‖Y ‖

)
t

ds

with (
‖γs‖
‖Y ‖

)
t

=
1

‖Y ‖

(
〈γst, γs〉
‖γs‖

− ‖γs‖
〈Yt, Y 〉
‖Y ‖2

)
=

1

‖Y ‖

(
〈γst, γs〉
‖γs‖

+ ‖γs‖ 〈γt, H〉
)

=
〈γst, γs〉+ 〈γt, γss〉
‖Y ‖ ‖γs‖

=0,

since γt⊥γs for t = 0. �

4.20 De�nition. The conformal length of a curve γ : [a, b] → M in
loop space is de�ned by

L(γ) =

∫ b

a

L(γt)dt.

Since L is homogeneous of degree one L(γ) is invariant under reparam-
etizations.

4.21 Theorem. Consider an immersed cylinder

γ : [a, b]× S1 →M, (t, s) 7→ γ(t, s).

representing a curve t 7→ γ(t) in M. Then the following statements are
equivalent:
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(1) γ is a geodesic of the conformal connection ∇C.
(2) γ is a critical point of the conformal length L.
(3) As a surface, γ is isothermic and its curvature lines make an

angle of π
4
with the individual loops γ(t, .).

4.22 Proof. In preparation for the proof of the equivalence of (1) and
(2) we consider a variation

(−ε, ε)× [a, b]× S1 →M, (u, t, s) 7→ γ(u, t, s),

with �xed �end points�, that is, each cylinder γ(u, ., .) has the same
boundary. For u = 0, we may assume γt⊥γs, otherwise we can reparame-
trize in s to achieve this. We put

λ =
‖γs‖
‖γt‖

,

such that

L(γ) =

∫ b

a

( ∫
S1

λds

)−1

dt.

Since L is invariant under reparametrization in t we may choose, for
u = 0, a reparametrization in t to conformal arc length which gives us

∀t :

∫
S1

λds = 1,

and

Lu|u=0 = −
∫ l

0

∫
S1

λudsdt,

where

λu =
‖γt‖2 〈γus, γs〉 − ‖γs‖2 〈γut, γt〉

‖γt‖3 ‖γs‖
.

For u = 0, we decompose the vector �eld γu into

γu = X + αγt + βγs,

where X is the orthogonal projection of γu onto the normal space of
the cylinder. With this decomposition, we compute

λu =
〈X, ‖γs‖2 γtt − ‖γt‖2 γss〉

‖γt‖3 ‖γs‖

+
‖γt‖2 〈(αγt)s, γs〉 − ‖γs‖2 〈(αγt)t, γt〉

‖γt‖3 ‖γs‖

+
‖γt‖2 〈(βγs)s, γs〉 − ‖γs‖2 〈(βγs)t, γt〉

‖γt‖3 ‖γs‖

(4.1)

After these preparations, we are in position to show the equivalence of
the statements (1) and (2).
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�(1)⇒ (2)�: Assume γ(0, ., .) is a geodesic of the conformal connec-
tion ∇C . In the light of

0 = (‖γs‖2 γtt − ‖γt‖2 γss)
⊥ + 2〈γss, γt〉γt

the equation 4.1 for λu simpli�es to

λu = (βλ)s − (αλ)t.

Now, integration over s eleminates the �rst summand, integration over
t the second, since α = 0 along the boundary of the cylinder. This
shows that the geodesic under consideration is indeed a critical point
of the conformal length functional.

�(2)⇒ (1)�: Under the assumption of γ(0, ., .) being a critical point
of L, we want to show that ∇C

γt
γt|t0 vanishes for t0 arbitrarily chosen

from (0, l). This may be done in two steps. Firstly, for variations with
γu orthogonal to the whole cylinder, we get

λu =
〈γu, ‖γs‖2 γtt − ‖γt‖2 γss〉

‖γt‖3 ‖γs‖
.

Therefore, the component ∇C
γt
γt orthogonal to the cylinder has to van-

ish. Secondly, we may consider variations with γu = γt for u = 0 and t
close to t0. In this case,

λu = −‖γs‖2 〈γtt, γt〉+ ‖γt‖2 〈γss, γt〉.
‖γt‖3 ‖γs‖

.

Hence, it follows that

0 = ‖γs‖2 〈γtt, γt〉+ ‖γt‖2 〈γss, γt〉,
so ∇C

γt
γt|t0 = 0.

For the proof of the equivalence of (1) and (3) we may assume γt⊥γs

and put

E :=
1

‖γt‖
γt and Ĥ := ∇EE,

in order to write the geodesic equation of the conformal connection ∇C

in the form

(4.2)


〈H,E〉 = −〈 γtt

‖γt‖2
, E〉

〈H, JE〉 = 〈Ĥ, JE〉
,

where H and Ĥ are the mean curvature vectors of the individual loops
and variational curves, respectively. Now we observe that, using the
frame (T,E, JE), the shape operator of the given cylinder with respect
to the normal �eld JE is represented by

A =

(
〈H, JE〉 〈∇TE, JE〉
〈∇TE, JE〉 〈Ĥ, JE〉

)
.
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�(1) ⇒ (3)�: Under the assumption of γ being a geodesic of ∇C

corollary 4.12 implies that there is a constant c > 0 such that ‖γs‖ =
c ‖γt‖. Hence, we may rescale the variational parameter t such that
‖γs‖ = ‖γt‖ for all t, s. To simplify the situation further we divide
the metric on M by ‖γs‖2, such that both coordinate �elds have now
length one. If the cylinder is a geodesic, the eigenvalues κ1,2 of A are

κ1,2 = 〈H, JE〉 ± 〈∇TE, JE〉.
It follows that the corresponding eigenspaces are precisely the angle
bisectors of the (T,E)-plane. If we denote by ϕ : R2 → R

2 the left
rotation by 45 degrees γ̂(x, y) = (γ ◦ ϕ)(x, y) gives a new local confor-
mal parametrization of the cylinder. Now the geodesic equation yields
〈γ̂xy, JE〉 = 0, and γ̂x, γ̂y become eigenvectors of the shape operator.

�(3) ⇒ (1)�: Assuming γ to be an isothermic surface whose curva-
ture lines make an angle of 45 degrees with the γs direction we see
that

〈H, JE〉 = 〈Ĥ, JE〉.
Moreover, the cylinder ful�lls ‖γs‖ = ‖γt‖, hence(

‖γs‖
‖γt‖

)
t

= 0,

which is equivalent (see corollary 4.12 and its proof) to the �tangential
part� of the geodesic equation 4.2. Thus, γ is indeed a geodesic of ∇C .

�





CHAPTER 5

The Space of Hypersurfaces

We now generalize the results obtained in chapters 3 and 4 to spaces
of higher dimensional submanifolds. Although most of the construc-
tions could be carried out for submanifolds of arbitrary codimension
our focus will lie on hypersurfaces. We provide an interpretation of
geodesics with the help of a suitable variant of the harmonic mean
discussed in the previous chapter.

1. The Conformal Connection

Similar to the strategy of chapters 3 and 4 we will �rstly de�ne a
�basic connection� ∇⊥ as well as a mean curvature form H and then
show how to obtain a conformal connection ∇C as linear combination
of ∇⊥ and H.

5.1 Let S be an oriented closed n-manifold, (M, 〈, 〉) an (n + k)-
dimensional oriented Riemannian manifold. The group Di�

+(S) of ori-
entation preserving di�eomorphisms ofM acts on the space Imm(S,M)
of (free) immersions S → M . As discussed in chapter 1, we consider
the immersed submanifolds of di�eomorphism type S inM to be given
as an equivalence class [γ] of immersions, where γ1 ∼ γ2 if and only if
there exists some ϕ ∈ Di�

+(S) such that γ2 = γ1 ◦ ϕ. The space of all
such submanifolds of M is itself a nuclear Fréchet manifold which we
denote by M = M(S,M).

5.2 De�nition. Consider a normal variation

γ : (−ε,+ε)× S → (M, 〈, 〉), (t, p) 7→ γ(t, p),

with variational vector �eld γt|t=0 = X ∈ Γ(⊥γ(0)), and a normal �eld
Y ∈ Γ(⊥γ) along that variation.

For t = 0, we may choose a local orthonormal frame (T1, . . . , Tn) of
TS with respect to the induced metric γ(0)∗〈, 〉 on S.

Then the torsion free basic connection ∇⊥ on M is de�ned by

∇⊥
XY := (∇XY )⊥ −

∑
i

〈X,Ti〉(∇Ti
Y )⊥.

As a prerequisite of further investigations we compute its curvature
tensor.

41
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5.3 Theorem. For tangent vectors of M represented by normal �elds
X, Y, Z ∈ Γ(⊥γ) along an immersion γ the curvature tensor R⊥ of the
basic connection is given by

R⊥(X, Y )Z =(R(X, Y )Z)⊥

+
∑

i

(
〈Z,∇Ti

Y 〉(∇Ti
X)⊥ − 〈Z,∇Ti

X〉(∇Ti
Y )⊥

−
(
〈Y,∇Ti

X〉 − 〈X,∇Ti
Y 〉

)
(∇Ti

Z)⊥
)
.

In the above formula, (T1, . . . , Tn) denotes a local orthonormal frame
of TS.

5.4 Proof. We extend X, Y, Z ∈ Γ(⊥γ) to vector �elds on a neighbor-
hood of γ and compute

∇⊥
X∇⊥

YZ =

(
∇X(∇YZ)⊥

)⊥

−
∑

i

(
∇X

(
〈Y, Ti〉(∇Ti

Z)⊥
))⊥

=

(
∇X∇YZ −

∑
j

〈∇YZ, Tj〉∇XTj

)⊥

−
∑

i

(〈∇XY, Ti〉+ 〈Y,∇Ti
X〉)(∇Ti

Z)⊥

=(∇X∇YZ)⊥ +
∑

i

(
〈Z,∇Ti

Y 〉(∇Ti
X)⊥

− (〈∇XY, Ti〉+ 〈Y,∇Ti
X〉)(∇Ti

Z)⊥
)
.

Inserting this into

R⊥(X, Y )Z = ∇⊥
X∇⊥

YZ −∇⊥
Y∇⊥

XZ

yields the claim. �

5.5 Conformal connection on spaces of submanifolds. Using the
basic connection ∇⊥ we can generalize the conformal connection ∇C

to the space M(S,M) of immersed submanifolds in a straightforward
manner:

∇C = ∇⊥ + H,

where, for normal �elds X, Y ∈ Γ(⊥γ) along an immersion γ,

HXY = 〈X,H〉Y + 〈Y,H〉X − 〈X, Y 〉H,

and � writing B for the immersion's second fundamental form �

H =
1

n
Trace(B).
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Again, it is straightforward to show that ∇C is invariant under con-
formal changes of the Riemannian metric 〈, 〉 on the ambient manifold
M .

For the rest of this chapter, we will restrict our attention to the
space of hypersurfaces.

From this point on, we assume dim(S) = n and
dim(M) = n+ 1.

We will now compute the curvature tensor RC of the conformal
connection. In preparation for the proof of theorem 5.12 we collect some
information about R⊥ and H in the following corollary and lemmata.

5.6 Corollary. If γ is an immersed hypersurface with unit normal
�eld N ∈ Γ(⊥γ), and X = xN , Y = yN , Z = zN with x, y, z ∈
C∞(S),

R⊥(X, Y, Z) =
(
x〈grady, gradz〉 − y〈gradx, gradz〉

)
N

5.7 Proof. This is a direct consequence of the general formula for R⊥

given in theorem 5.3, since, in the case of hypersurfaces,

(∇Ti
X)⊥ = 〈gradx, Ti〉N,

where (T1, . . . , Tn) is a local orthonormal frame. �

5.8 Lemma. Let

γ : (−ε, ε)× S → (M, 〈, 〉), (t, p) 7→ γ(t, p),

be a normal variation of γ(0) with variational vector �eld X = xN =
γt|t=0 ∈ Γ(⊥γ(0)), x = 〈X,N〉 ∈ C∞(S), and N ∈ Γ(⊥γ(0)) a unit
normal �eld. Then we have

∇⊥
XH =

1

n

(
x(‖B‖2 + ric(N,N)) + ∆x

)
N,

where B, ric, and ∆ denote the second fundamental form of S, the
Ricci tensor of M , and the Laplace operator on C∞(S), respectively.

5.9 Proof. Denote by g(t) = γ(t)∗〈, 〉 the induced Riemannian metric
on S at time t, and write ∇ for the Levi-Civita connection of (M, 〈, 〉).
For t = 0, p ∈ S, we choose an orthonormal frame (T1, . . . , Tn) of TpS,
and use parallel translation along geodesic arcs emanating from p to
obtain a local orthonormal frame around p with ∇Ti

Tj|p ∈ ⊥γ(0, p).
The pushforward γ(t)∗Ti will again be denoted by Ti in order to avoid
clumsy notation. Locally, we have

nH =
n∑

i,j=1

gij(t)〈∇Ti
Tj, N〉N,
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where gij(t) are the components of g(t)−1. Hence,

n

(
d

dt
H

)⊥

|t=0 =
∑
ij

(
d

dt
gij|t=0︸ ︷︷ ︸
(1)

〈∇Ti
Tj, N〉N+δij

d

dt
〈∇Ti

Tj, N〉|t=0︸ ︷︷ ︸
(2)

N

)
.

(1) By de�nition,

δij =
∑

j

gij(t)gjk(t)⇒
d

dt
gij|t=0 = − d

dt
〈Ti, Tj〉|t=0.

Observing 0 = [Ti, Tj] = [Ti, N ], we deduce

d

dt
gij|t=0 = −(〈∇Ti

X,Tj〉+ 〈Ti,∇Tj
X〉)

= 2〈∇Ti
Tj, X〉 = 2〈B(Ti, Tj), X〉.

(2) Moreover,

d

dt
〈∇Ti

Ti, N〉|t=0 = 〈∇X∇Ti
Ti, N〉

= 〈R(X,Ti)Ti, N〉+ 〈∇Ti
∇Ti

X,N〉
In the light of X = xN ,

〈∇Ti
∇Ti

X,N〉 = 〈∇Ti
gradx, Ti〉 −

∑
j

〈X,∇Ti
Tj〉〈∇Ti

Tj, N〉

= 〈∇Ti
gradx, Ti〉 − x

∑
j

〈∇Ti
Tj, N〉2.

Therefore,∑
i

d

dt
〈∇Ti

Ti, N〉|t=0 = x(ric(N,N)− ‖B‖2) + ∆x.

Combining the results of steps (1) and (2), we arrive at the claimed
formula. �

5.10 Lemma. Let X = xN, Y = yN,Z = zN be normal �elds along
an immersed hypersurface γ : S → (M, 〈, 〉) with x, y, z ∈ C∞(S), and
N ∈ Γ(⊥γ) a unit normal �eld. Then we have

(d∇
⊥
H)(X, Y, Z) =

1

n
(y∆x− x∆y)Z.

5.11 Proof. By de�nition of H,

(∇⊥
XH)(Y, Z) = 〈Y,∇⊥

XH〉Z + 〈Z,∇⊥
XH〉Y − 〈Y, Z〉∇⊥

XH.

Hence,

(d∇
⊥
H)(X, Y, Z) =

(
〈Y,∇⊥

XH〉 − 〈X,∇⊥
YH〉

)
Z

+ 〈Z,∇⊥
XH〉Y − 〈Z,∇⊥

YH〉X
+ 〈X,Z〉∇⊥

YH − 〈Y, Z〉∇⊥
XH.
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Inserting the formula for∇⊥H obtained in lemma 5.8, we get the result.
�

5.12 Theorem. Let X = xN, Y = yN,Z = zN be normal �elds along
an immersed hypersurface γ : S → (M, 〈, 〉) with x, y, z ∈ C∞(S), and
N ∈ Γ(⊥γ) a unit normal �eld. Then the curvature tensor RC of the
conformal connection ∇C on M(S,M) is given by

RC(X, Y )Z =
(
x〈grady, gradz〉 − y〈gradx, gradz〉

+
1

n
z(y∆x− x∆y)

)
N,

where ∆ is the Laplace operator on C∞(S).

5.13 Proof. Since ∇C = ∇⊥ + H,

RC(X, Y )Z = R⊥(X, Y )Z + (d∇
⊥
H)(X, Y, Z) + HXHYZ − HY HXZ.

Inserting the results for R⊥ and d∇
⊥
H from corollary 5.6 and lemma

5.10 yields the claim. �

5.14 Next, we will derive the geodesic equation of the conformal con-
nection ∇C on the space of hypersurfaces. Afterwards, a characteri-
zation of geodesics will be obtained with the help of a suitable notion
of harmonic mean for the codimension-one case in section 2 of this
chapter.

5.15 Theorem. Let

γ : (−ε,+ε)× S →M, (t, s) 7→ γ(t, s),

be a parametrization of a given curve (−ε,+ε) 3 t 7→ γ(t) ∈M(S,M)
in the space of hypersurfaces of type S in M . As usual, denote by ⊥
the orthogonal projection onto the normal bundle of an immersion, and
assume

t = 0⇒ ∀s ∈ S : γt = fN,

where N : (−ε,+ε) × S → ⊥γ is, for each t, an oriented unit nor-
mal �eld of the hypersurface γ(t). Then, the geodesic equation of the
conformal connection ∇C in t = 0 takes the form

0 = ft + f 2h,

with h denoting the mean curvature function of γ(t).

5.16 Proof. Since γt is orthogonal to the immersion, the geodesic equa-
tion of ∇C amounts to

0 = ∇C
γt
γt = (γtt)

⊥ + 2〈γt, H〉γt − ‖γt‖2H,
where we have used subscripts to denote di�erentiation with respect
to the Levi-Civita connection of M . Using the unit normal �eld N ,
we have h = 〈H,N〉, γt = fN , and (γtt)

⊥ = ftN . Therefore, γ is a
geodesic of ∇C if and only if

0 = (ft + 2f 2h− f 2h)N = (ft + f 2h)N.
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�

2. Harmonic Mean for Hypersurfaces

With only minor adaptions, the idea to introduce a harmonic mean
as a conformally invariant replacement for a Riemannian metric can
be carried over from the case of loops (see chapter 4) to the case of
hypersurfaces. This will provide for a characterization of conformal
geodesics as critical points of the corresponding length functional.

5.17 De�nition. Let γ : S → (M, 〈, 〉) represent an immersed hyper-
surface. For a normal �eld X ∈ Γ(⊥γ) without zeroes, the harmonic
mean is given by

L(X) =

( ∫
S

1

‖X‖n
dVol

)−1/n

,

where n = dim(S). If X does have a zero we set L(X) = 0.
The conformal length of a curve γ : [a, b] →M(S,M) in the space

of hypersurfaces is de�ned by

L(γ) =

∫ b

a

L(γt)dt.

5.18 The above de�nition1 generalizes the harmonic mean from loops
(see de�nition 4.14) to hypersurfaces. The exponents in the formula
are chosen so that the following basic properties are maintained:

(1) invariance under the action of the di�eomorphism group
Di�

+(S) on the space of immersions,
(2) invariance under conformal changes of the Riemannian metric
〈, 〉 on the ambient manifold M ,

(3) and homogeneity of degree one.

Now we are in position to prove the following characterization of con-
formal geodesics.

5.19 Theorem. Consider an immersion

γ : [a, b]× S →M, (t, s) 7→ γ(t, s).

representing a curve t 7→ γ(t) in M(S,M) with oriented unit normal
�eld N and (γt)

⊥ 6= 0 for all t, s. Then the following statements are
equivalent:

(1) γ is a geodesic of the conformal connection ∇C.
(2) γ is a critical point of the conformal length L.

1We note that precisely the same de�nition would yield a conformally invariant
harmonic mean for immersed submanifolds of arbitrary codimension.
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(3) Up to a conformal change of the pullback 2 of the Riemannian

metric to γ∗〈, 〉/
∥∥(γt)

⊥
∥∥2

on γ∗TM , the variation consists of
parallel minimal hypersurfaces.

5.20 Proof. Without loss of generality, we may assume, that γt is
orthogonal to the immersion.

�(1) ⇔ (3)�: Assume γ is a geodesic of the conformal connection
∇C . Using the notation from theorem 5.15 this means

h = − ft

f 2
=

(
1

f

)
t

where f = 〈γt, N〉, h = 〈H,N〉, and N is a unit normal.
Now we change the Riemannian metric on M according to

〈, 〉 7→ e2u〈, 〉 =
1

‖γt‖2
〈, 〉,

and write U for the gradient of u with respect to 〈, 〉. We decorate all
objects that arise from the new metric with � ˜ �. This results in

Ñ = γt, f̃ = 1, f̃t = 0.

Clearly, the immersed hypersurfaces γ(t, .) are parallel with respect to
e2u〈, 〉. For the new mean curvature, we get

h̃ =
1

n

∑
i

e2u〈∇̃fEi
Ẽi, Ñ〉 =

1

n
e−u

∑
i

〈∇Ei
Ei − U,N〉

= e−u(h− du(N)).

Since the scaling function u is given by

u = −1

2
ln〈γt, γt〉

it follows from the geodesic equation that

du(N) =
ut

‖γt‖
= −〈γtt, N〉

‖γt‖2
= h.

Therefore, h̃ = 0.
On the other hand, if we start with a variation consisting of parallel

minimal hypersurfaces we have already

ft = 0, h = 0.

Hence, this variation ful�lls 0 = ft + f 2h and thus has to be a geodesic
of the conformal connection ∇C .

2The pullback is a technical necessity, since we consider immersions. If the
whole variation is an embedded submanifold with boundary the conformal change
can be applied directly to the Riemannian metric on M .
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�(2) ⇔ (3)�: We consider a variation

γ : (−ε, ε)× [a, b]× S →M, (u, t, s) 7→ γ(u, t, s),

of the given path γ(0, ., .) in the space of hypersurfaces. The conformal
length functional is given by

L(γ) =

∫ b

a

I(t)−1/ndt

with

I(t) =

∫
S

1

‖γt‖n
dVol.

The induced Riemannian volume form dVol on S ful�lls (see, for in-
stance, (Law80))

dVolu = −n〈γu, H〉dVol.

Consequently, for u = 0, we get

Iu = −n
∫

S

〈γtu, γt〉+ ‖γt‖2 〈γu, H〉
‖γt‖n+2 dVol.

Since the conformal length functional L is invariant under reparametriza-
tions in t, we may choose an arc length parametrization to achieve
I(t) = 1 for all t ∈ [0, l] with L(γ) = l. This gives us

Lu|u=0 = − 1

n

∫ l

0

Iu(t)dt.

Moreover, we apply a conformal change to the pullback of the Rie-
mannian metric on the ambient spaceM such that � in the new metric
� ‖γt‖ = 1 for all t and u = 0. This results in

Lu|u=0 =

∫ l

0

∫
S

〈γu, H〉 dVol dt.

Therefore, the given path is a critical point of the conformal length if
and only if it consists � with respect to the changed metric � of a family
of minimal hypersurfaces. �

3. The Levi-Civita Connection

We will now turn to the Levi-Civita connection ∇LC belonging to
the L2 product 〈〈, 〉〉 on the space of hypersurfaces. It will turn out
that (M(S,M)), 〈〈, 〉〉) considered as a Riemannian manifold has non-
negative sectional curvature.

5.21 Theorem. The Levi-Civita connection belonging to the L2 pro-
duct 〈〈, 〉〉 on the space of immersed hypersurfaces is given by

∇LC = ∇⊥ − n

2
H.



3. THE LEVI-CIVITA CONNECTION 49

5.22 Proof. The connection ∇LC is torsion free by de�nition. It re-
mains to show that it is metric. To this end, we di�erentiate the L2

product of two normal �elds X, Y along a variation

γ : (−ε,+ε)× S → (M, 〈, 〉), (t, p) 7→ γ(t, p),

with variational vector �eld γt|t=0 = Z ∈ Γ(⊥γ(0)). This yields

Z〈〈X, Y 〉〉 =

∫
S

(
〈∇⊥

ZX, Y 〉+ 〈X,∇⊥
ZY 〉 − n〈Z,H〉〈X, Y 〉

)
dVol.

Now, the last summand in the integral ful�lls

n〈Z,H〉〈X, Y 〉 =
n

2

(
〈HZX, Y 〉 − 〈X,HZY 〉

)
.

Therefore, ∇LC is a metric connection. �

5.23 Theorem. Let X = xN, Y = yN,Z = zN be normal �elds along
an immersed hypersurface γ : S → (M, 〈, 〉) with x, y, z ∈ C∞(S), and
N ∈ Γ(⊥γ) a unit normal �eld. Then the curvature tensor RLC of the
Levi-Civita connection associated to the L2 product 〈〈, 〉〉 on M(S,M)
is given by

RLC(X, Y )Z =
(
x〈grady, gradz〉 − y〈gradx, gradz〉

+
1

2
z(x∆y − y∆x)

)
N,

where ∆ denotes the Laplace operator on C∞(S). Moreover,

〈〈RLC(X, Y )Y,X〉〉 =
1

2

∫
S

‖xgrady − ygradx‖2 dVol,

such that the sectional curvature of the space of hypersurfaces is non-
negative.

5.24 Proof. The formula for RLC follows directly from ∇LC = ∇⊥ −
n
2
H. Concerning the sectional curvature we note that for any pair of

smooth functions f1, f2 ∈ C∞(S),∫
S

f1∆f2dVol = −
∫

S

〈gradf1, gradf2〉dVol,

since S is compact. This implies∫
S

xy(x∆y − y∆x)dVol =

∫
S

(
〈grad(y2x), gradx〉

− 〈grad(x2y), grady〉
)
dVol

=

∫
S

(y2 ‖gradx‖2 − x2 ‖grady‖2)dVol.
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Finally, we get

〈〈RLC(xN, yN)xN, yN〉〉 =

∫
S

(
xy〈gradx, grady〉 − y2 ‖gradx‖2

+
1

2
xy(x∆y − y∆x)

)
dVol

= −1

2

∫
S

‖xgrady − ygradx‖2 dVol.

�

5.25 With the notation from theorem 5.15, the geodesic equation of
∇LC takes the form

0 = ft −
n

2
f 2h.

Concerning the inner metric d〈〈,〉〉 induced by the L2 product 〈〈, 〉〉 on
the space of hypersurfaces M(S,M) the e�ects described in section 2
of chapter 3 remain the same: d〈〈,〉〉 vanishes identically. We refer to
(MM05) for more information on the distance metric point of view.



CHAPTER 6

Conformal Circles

Conformal circles have been studied by many authors including
(Fia39), (Fer82), (BE90). Depending on the viewpoint one wishes to
assume the terminology ranges from conformal geodesics and conformal
null curves to conformal circles. It turns out that the case of circles in
3-manifolds is much easier to handle than the general situation of circles
in n-dimensional manifolds. For this case, we exhibit a variational
characterization of conformal circles.

1. Basic Properties

Before we come to the variational characterization of conformal
circles we collect the basic de�nitions and elementary properties.

6.1 De�nition. A loop γ : S1 → M in a Riemannian n-manifold
(M, 〈, 〉), n ≥ 3, is called a conformal circle1 if it satis�es the equation

(n− 2)H ′ = (RicT )⊥,

where H denotes the loop's mean curvature vector, T its unit tangent,
and

(RicT )⊥ = RicT − 〈RicT, T 〉T
the normal part of the Ricci tensor of (M, 〈, 〉) applied to T .

6.2 Lemma. The condition of being a conformal circle is invariant
under conformal changes of the Riemannian metric 〈, 〉 on M .

6.3 Proof. We consider a conformal change of the Riemannian metric
to 〈, 〉 7→ e2u〈, 〉 = 〈̃, 〉 using some smooth function u ∈ C∞(M,R) and
decorate objects arising from the new metric with � ˜ �. Unwinding the
de�nitions, we see that the normal vector �eld H ′ ∈ Γ(⊥γ) changes to

H̃
e′
= e−3u

(
H ′ + 〈U, T 〉U⊥ − (∇TU)⊥

)
,

where U = gradu. On the other hand, the Ricci tensor changes to

(R̃icT̃ )⊥ = e−3u

(
(RicT )⊥ + (n− 2)

(
〈U, T 〉U⊥ − (∇TU)⊥

))
.

1Our de�nition di�ers from that given by T. N. Bailey and M. G. Eastwood
(BE90, 3.1) in that we do not demand conformal circles to be parametrized in a
special way.
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Hence, it does not matter which Riemannian metric we choose from a
conformal class to check the circle condition. �

6.4 Lemma. If γ : S1 → (M, 〈, 〉) is an embedded loop, we can change
the Riemannian metric to e2u〈, 〉 on an open neighborhood V of γ such
that u|γ = 1, gradu⊥T , and γ becomes a geodesic of the new metric
e2u〈, 〉. If γ is not embedded we can still apply the same strategy to the
pullback γ∗〈, 〉 of the metric to γ∗TM .

6.5 Proof. We choose some smooth u : V → R with u|γ = 1 and
gradu = H. For the changed Riemannian metric, the mean curvature
vector H̃ of the loop is now given by

H̃ = e−2u(H − (gradu)⊥) = 0,

so the loop is a geodesic with respect to the changed metric. �

6.6 Circles in Einstein manifolds. Following (NY74), we call a
loop γ : S1 → (M, 〈, 〉) with parallel mean curvature vector, H ′ = 0,
a Riemannian circle. In particular, closed geodesics are Riemannian
circles. Clearly, a Riemannian circle is a conformal circle if and only if,
at each point,

(RicT )⊥ = 0,

that is, its unit tangent T is an eigenvector of the Ricci tensor con-
sidered as an endomorphism Ric : TpM → TpM . Thus, if (M, 〈, 〉) is
conformally Einstein the conformal circles of (M, [〈, 〉]) are exactly the
Riemannian circles of the Einstein metric.

We note that in dimensions greater than three the �gap� between
conformally �at and conformally non-�at Einstein manifolds is quite
large: The interior of the zero set of the Weyl tensor (see 6.14) of a
conformally non-�at Einstein manifold is empty (Bes87, 5.26).

Standard examples of Einstein manifolds all of whose geodesics are
closed � and hence are conformal circles � include (Sn, can), (CP n, can),
and (HP n, can) (Bes76, 3.31). One may consider the notion of confor-
mal circles as �new� only in the case where M is not conformal to an
Einstein manifold.

2. Conformal Circles and Total Torsion

In the case of conformal circles in 3-manifolds, we can take advan-
tage of the fact that the codimension of a loop is always two in order to
�nd an interesting characterization of conformal circles � regardless of
any special properties of the conformal structure on the ambient space.

6.7 De�nition. Let M denote the loop space of a Riemannian 3-
manifold (M, 〈, 〉). Then the (S1-valued) total torsion is the function
given by

τ : M→ S1 ⊂ C, τ([γ]) = exp

(
i

∫
S1

〈∇TE, JE〉 ‖γs‖ ds
)
,
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where E ∈ Γ(⊥γ) is an arbitrary normal vector �eld of length ‖E‖ = 1.

6.8 Lemma. The total torsion τ : M→ S1 is a conformally invariant
function on loop space. Precisely, τ is independent of

(1) the parametrization of the loop,
(2) the chosen unit normal �eld E, and
(3) the particular choice of Riemannian metric 〈, 〉 on M repre-

senting a given conformal class.

Moreover, τ represents the parallel transport around the loop [γ] in its
normal bundle ⊥γ.

6.9 Proof. The de�nition shows that τ does not depend on the chosen
parametrization of the loop. Changes introduced to the integrand by
switching from one unit normal E1 to another one E2 are annihilated
by the periodicity of exp. Finally, if we multiply the metric with e2u,
we need to replace E by, say, Ẽ = e−uE. Hence, the integrand does
not change:

e2u〈∇e−uT (e−uE), J(e−uE)〉eu ‖γs‖ ds = 〈∇TE, JE〉 ‖γs‖ ds.
The statement concerning the parallel transport follows from the fact
that (E, JE) is an orthonormal frame for ⊥γ. �

6.10 The integral ∫
S1

〈∇TE, JE〉 ‖γs‖ ds

is sometimes called the total twist of the unit normal �eld E (see
(BW75)). Apart from being an example of a smooth function on the
loop space of a conformal 3-manifold, the derivative dτ ∈ Ω1(M) of
the total torsion is intimately connected with the notion of conformal
circles as the next theorem shows.

6.11 Theorem. Let X ∈ Γ(⊥γ) be a normal �eld representing a tan-
gent vector [X] ∈ T[γ]M at some loop [γ] ∈M. Then, the derivative in
direction [X] of the total torsion is given by

dτ([X]) = iτ([γ])

∫
S1

〈X, J
(
(RicT )⊥ −H ′)〉 ‖γs‖ ds.

6.12 Proof. Consider a variation (t, s) 7→ γ(t, s) of the original loop
with γt = X⊥T for t = 0. Along the variation, choose some unit
normal �eld E. Now we compute

d

dt
|t=0〈∇TE, JE〉 ‖γs‖ = 〈∇γt∇γsE, JE〉

+ 〈∇γsE,∇γtT × E〉+ 〈∇γsE, T ×∇γtE〉︸ ︷︷ ︸
=0

= 〈∇γs∇γtE, JE〉
− 〈R(γs, γt)E, JE〉+ 〈∇γsE,∇γtT × E〉
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From
〈∇γsE,∇γtT × E〉 = 〈γ′t, JE〉〈E,H〉 ‖γs‖

we deduce
d

dt
|t=0〈∇TE, JE〉 ‖γs‖ = 〈∇γs∇γtE, JE〉

− 〈R(γs, γt)E, JE〉+ 〈γ′t, JE〉〈E,H〉 ‖γs‖ .
Concerning the �rst summand on the right hand side,

〈∇γtE, JE〉s = 〈∇γs∇γtE, JE〉 − 〈γ′t, E〉〈E, JH〉 ‖γs‖ .
By partial integration, we arrive at∫

S1

d

dt
|t=0〈∇TE, JE〉 ‖γs‖ ds =

∫
S1

(
〈γ′t, 〈H,E〉JE − 〈H, JE〉E〉

− 〈γt, R(E, JE)T 〉
)
‖γs‖ ds.

Using
〈H,E〉JE − 〈H, JE〉E = JH

and
(RicT )⊥ = JR(E, JE)T

another application of partial integration �nally yields∫
S1

d

dt
|t=0〈∇TE, JE〉 ‖γs‖ ds =

∫
S1

〈γt, J((RicT )⊥ −H ′)〉 ‖γs‖ ds.

�

6.13 Corollary. A loop [γ] is a conformal circle if and only if it is a
critial point of the total torsion τ , hence critical for the parallel trans-
port in the normal bundle ⊥γ.

6.14 Conformal circles in higher dimensions. It is well known
(Bes87, 1.116) that the Riemannian curvature tensor R of a manifold
(M, 〈, 〉) with dim(M) = n ≥ 4 splits into a conformally invariant part,
the Weyl tensor W , and a second part that is a�ected by conformal
changes of the metric. One possible way to state this splitting is the
following.

R(X, Y )Z = W (X, Y )Z

+
1

n− 2

(
〈Z,RicX〉Y − 〈Z,RicY 〉X

+ 〈Z,X〉RicY − 〈Z, Y 〉RicX

+
scal

n− 1

(
〈Z, Y 〉X − 〈Z,X〉Y

))
.

In the above formula, Ric and scal denote the Ricci and scalar cur-
vature of (M, 〈, 〉), respectively. In contrast to the above formula, the
Riemannian curvature tensor of a 3-manifold is completely determined
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by the manifold's Ricci tensor. If T is some unit vector and X, Y⊥T
we have

(R(X, Y )T )⊥ = (W (X, Y )T )⊥

+
1

n− 2

(
〈(RicT )⊥, X〉Y − 〈(RicT )⊥, Y 〉X

)
︸ ︷︷ ︸

=:rT (X,Y )

.

Assume now that γ : S1 → M is a conformal circle with unit tangent
T which, at the same time, is a geodesic of 〈, 〉 (we can always achieve
this by lemma 6.4). We see that the property of being a conformal
circle or not a�ects only the rT -part, but not the Weyl tensor.

This shows that the situation in higher dimensions is much more
complicated.





CHAPTER 7

Appendix

This appendix summarizes notational conventions as well as a cou-
ple of standard formulas from conformal geometry which are needed in
the main text.

1. Symbols and Conventions

We list those symbols which appear most frequently in the main
text and have a prede�ned meaning.

(M, 〈, 〉) smooth Riemannian manifold with Riemannian
metric 〈, 〉

∇ Levi-Civita connection of (M, 〈., .〉)
R Riemannian curvature tensor of (M, 〈., .〉)
× cross product on TM for dim(M) = 3
γ smooth immersed loop in M
T unit tangent vector of γ
H mean curvature vector of a loop or hypersurface
K(T ) sectional curvature of the plane orthogonal to T

for dim(M) = 3
Ein Einstein tensor considered as an endomorphism
Sch Schouten tensor considered as an endomorphism
Ric Ricci tensor considered as an endomorphism
ric(., .) Ricci tensor considered as a bilinear form
scal Scalar curvature
⊥γ normal bundle of the loop γ, ⊥γ(s) = {T (s)}⊥ for

s ∈ S1

M(S,M) space of immersed submanifolds of type S in M
〈〈., .〉〉 L2 scalar product on M(S,M)
∇⊥ basic connection on (M, 〈〈., .〉〉)
∇LC Levi-Civita connection on (M, 〈〈., .〉〉)
∇C conformal connection on (M, [〈〈., .〉〉])

Fraktur (M, N, . . .) is used to denote in�nite dimensional manifolds
while roman type appears where the dimension is less than in�nity.

2. Tools from Conformal Geometry

This section is meant to summarize some formulas from Riemannian
and conformal geometry in a manner adapted to the application in the
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theory of loop spaces. A comprehensive introduction to the subject is
(KP88).

7.1 Concerning the Riemannian curvature tensor R we employ the
sign convention exhibited by

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z.

If we change the metric according to 〈, 〉 7→ 〈̃, 〉 = e2u〈, 〉, where u is a
smooth function with gradient gradu = U , the Levi-Civita connection
∇̃ belonging to 〈̃, 〉 is given by

∇̃ = ∇+B

with a symmetric bilinear form

BXY = 〈X,U〉Y + 〈Y, U〉X − 〈X, Y 〉U.

This, in turn, yields a change in the Riemannian curvature tensor:

R̃(X, Y )Z = R(X, Y )Z

+ 〈∇XU,Z〉Y − 〈∇YU,Z〉X
+ 〈X,Z〉∇YU − 〈Y, Z〉∇XU

+

(
〈Y, U〉〈Z,U〉 − 〈Y, Z〉 ‖U‖2

)
X

+

(
〈X,U〉〈Z,U〉 − 〈X,Z〉 ‖U‖2

)
Y

+

(
〈X,U〉〈Y, Z〉 − 〈Y, U〉〈X,Z〉

)
U.

(7.1)

7.2 Curvature tensors on 3-manifolds. The main focus of this
work is the investigation of loop spaces of three-dimensional Riemann-
ian manifolds (M, 〈, 〉). Therefore, we will make explicit some simpli�-
cations special to dimension three.

In many situations, the cross product

× : TpM × TpM → TpM,

de�ned with respect to 〈, 〉, turns out to be useful. With its help we
can write down formulas for the Riemannian curvature, Einstein, and
Schouten tensors of (M, 〈, 〉):

R(X, Y )Z =

(
Ein(X × Y )

)
× Z

=

((
Ric− scal

2

)
(X × Y )

)
× Z

=

((
Sch− scal

4

)
(X × Y )

)
× Z.
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7.3 Lemma. Let dim(M) = 3. For U ∈ Γ(TM), de�ne

BXY = 〈X,U〉Y + 〈Y, U〉X − 〈X, Y 〉U.

Then

BXBYZ −BYBXZ = 〈X × Y, U〉U × Z.

7.4 Proof. The de�nition of B implies

BXBYZ −BYBXZ =

(
〈Z,U〉〈Y, U〉 − 〈Y, Z〉 ‖U‖2

)
X

−
(
〈Z,U〉〈X,U〉 − 〈X,Z〉 ‖U‖2

)
Y

+

(
〈Y, Z〉〈X,U〉 − 〈X,Z〉〈Y, U〉

)
U

=− 〈U × Y, U × Z〉X + 〈U ×X,U × Z〉Y
+ 〈X × Y, U × Z〉U.

Assume U 6= 0 and set Z⊥ = Z − 〈Z, U
‖U‖〉

U
‖U‖ in order to write

〈U ×X,U × Z〉Y − 〈U × Y, U × Z〉X = ‖U‖2 (〈Z⊥, X〉Y − 〈Z⊥, Y 〉X)

= ‖U‖2 Z⊥ × (Y ×X)

=
(
U × (U × Z)

)
× (X × Y )

= 〈X × Y, U〉U × Z
− 〈X × Y, U × Z〉U.

This proves the claim. �

7.5 Lemma. Using a function u ∈ C∞(M) with U = gradu change

the Riemannian metric of the 3-manifold (M, 〈, 〉) to 〈̃, 〉 = e2u〈, 〉 and
decorate all changed objects with �˜�. Then the new Riemannian cur-
vature tensor R̃ satis�es

R̃(X, Y )Z = R(X, Y )Z+

(
X×∇YU−Y ×∇XU + 〈X×Y, U〉U

)
×Z.

7.6 Proof. This formula follows by applying lemma 7.3 to the n-
dimensional version given in equation 7.1. �

7.7 Let (M, 〈, 〉) be a Riemannian 3-manifold, E ∈ TM some unit
vector. Using a function u ∈ C∞(M) with U = gradu change the

Riemannian metric to 〈̃, 〉 = e2u〈, 〉 and decorate all changed objects
with �˜�. Given a curve with unit tangent T we denote by X⊥ the
orthonormal projection of a vector X onto {T}⊥, and by Y ′ = (∇TY )⊥

the connection in the normal bundle. Then, using lemma 7.5, one
can derive the following equations describing the behavior of several
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objects under conformal changes of the Riemannian metric on the given
manifold.

×̃ = eu×

X
e′

= e−u

(
X ′ + 〈U, T 〉X

)
X

e′′
= e−2u

(
X ′′ + 〈U, T 〉X ′ +

(
〈U,H〉+ 〈∇TU, T 〉

)
X

)
H̃ = e−2u

(
H − U⊥

)
Ẽin = e−2u

(
Ein− Hessu+ ∆u+ 〈., U〉U

)
K̃(Ẽ) = e−2u

(
K(E) + 〈∇EU,E〉 −∆u− 〈E,U〉2

)
s̃cal = e−2u

(
scal− 4∆u− 2 ‖U‖2

)
R̃ic = e−2u

(
Ric− Hessu−∆u+ 〈., U〉U − ‖U‖2

)
r̃ic(Ẽ, Ẽ) = e−2u

(
ric(E,E)− 〈∇EU,E〉 −∆u+ 〈E,U〉2 − ‖U‖2

)
S̃ch = e−2u

(
Sch− Hessu+ 〈., U〉U − 1

2
‖U‖2

)
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