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1 Introduction

Throughout human history technological advancements havechanged the ways
in which we communicate. Today, personal mobile communication devices
enable access to huge information resources provided by theinternet at al-
most any place at any time. Demand for integration of television broadcasting,
voice and data services over internet protocol (IP) requires increased bandwidth
per customer and improved flexible architectures of access and backbone net-
works [1–3]. Furthermore, future services like high-definition television over
IP or even distribution of super-high-definition digital cinema over optical fi-
bres [4] need tremendous amounts of transmission bandwidth. Increasing pen-
etration of homes with broadband fibre to the home (FTTH) connections puts
a growing strain on the capacity of backbone networks [5, 6].These develop-
ments necessitate upgrades of backbone networks.

The capacity of fibre-optic networks can either be increasedby utilising ex-
isting legacy fibre plant and upgrading terminal equipment only or by building
entirely new fibre lines with modern technology. Obviously,the former solution
is more cost-efficient, because the infrastructure of buried fibre lines remains
untouched. Pursuing this upgrade path allows to replace legacy transmitters
and receivers with modernised equipment.

At the transmitter of fibre-optic communication systems, information is modu-
lated onto the light of lasers emitting at different wavelengths. The light from
different laser sources is then transmitted together over asingle optical fibre.
This technique is called wavelength-division multiplexing (WDM) and allows
simple extraction of wavelength channels by using optical bandpass filters.
This enables different users to share a single fibre line. Furthermore, WDM
increases the total capacity tremendously compared to transmission over a sin-
gle wavelength channel. The capacity of a WDM system can be increased by
adding additional wavelength channels or by increasing thebit rate per WDM
channel. However, the total number of wavelength channels is eventually lim-
ited by the available bandwidth of the optical inline amplifiers used to period-
ically amplify the optical signal along the transmission line. Therefore, a lot
of research is focussed on optical amplification in other wavelength bands and
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Figure 1.1: Spectrum of five WDM channels, each carrying information with bit rateRb. Spectral
efficiency is increased by reducing the channel spacing∆fch.

on using the available bandwidth of inline optical amplifiers more efficiently,
i. e. to transport more information over the same bandwidth.A measure for the
information spectral density is the so called spectral efficiency

S =
Rb

∆fch
, (1.1)

which is the quotient of bit rateRb per WDM channel and WDM channel
spacing∆fch.

Due to cost efficiency most commercial digital fibre-optic communication sys-
tems still use the most basic form of modulating the optical carrier. The light
is switched on to transmit a logical’One’ and off for a logical’Zero’. This
kind of binary modulation is referred to as on-off keying (OOK). After intro-
duction of the erbium-doped fibre amplifier (EDFA) in the mid 1990’s, which
allowed broadband simultaneous amplification of many WDM channels, in-
creased spectral efficiency could be readily achieved by reducing channel spac-
ing and applying narrower optical bandpass filters [7]. Fig.1.1 shows the effect
of increased spectral efficiency for OOK modulated carriersin the spectral do-
main. For low spectral efficiency, WDM channels remain clearly separated.
For increasing spectral efficiency, where channel spacing approaches the bit
rate per channel, the extraction of WDM channels becomes more challenging
and requires narrow-band optical filters with very steep flanks. The highest
spectral efficiency reported for binary modulation is 1 b/s/Hz and was reached
in 2007 [8]. Although the theoretical maximum spectral efficiency for binary
modulation is 2 b/s/Hz [9], the required technological effort and investment
make it infeasible to actually reach it. A further increase of spectral efficiency
therefore necessitates the use of multilevel modulation formats, which encode
more than one bit per transmitted symbol. This push to multilevel modulation
and advances in electronic digital signal processing brought about a revival of
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Figure 1.2: Selected experimental results reported in post-deadline sessions of recent OFCs and
ECOCs. (a) Product of total capacity and distance versus year of presentation, (b) product of total
capacity and distance versus achieved spectral efficiency.White symbols represent experiments
using direct detection. Black symbols denote experiments with coherent detection where a digital
sampling oscilloscope with subsequent off-line processing of the received data has been used.

coherent receivers. In recent years, phenomenal results were achieved by using
multilevel modulation in conjunction with coherent detection. Fig. 1.2 sum-
marises some selected experimental results, which were presented in the post-
deadline sessions of the Optical Fiber Communication Conference (OFC) and
the European Conference on Optical Communication (ECOC) over the past
several years. Shown is the product of capacity times distance as a function
of presentation date or spectral efficiency. White symbols denote experiments
using direct detection of the incoming light, while black symbols denote co-
herent detection. Due to a lack of digital signal processingcircuits operating at
speeds of several Gb/s, all of the depicted experiments withcoherent detection
use a digital sampling oscilloscope and subsequent off-line processing of the
data. Although first realtime transmission experiments using electronic digital
signal processing have been conducted for symbol rates up to10 GBd [10], it
seems that optics has to wait for electronics to evolve and provide the required
speeds. However, it becomes clear from Fig. 1.2 that multilevel modulation and
coherent detection enable new record spectral efficienciesand bit rate times dis-
tance products.

Ultimately, the capacity of fibre-optic communication systems is limited by
the inherent nonlinearity of silica fibre, which dictates the maximum optical
launch power into the system. There has been a lot of researchfocussed on
determination of the exact maximum capacity which could be transmitted over
a single-mode optical fibre (e. g. [11–21]). The focus of thiswork is not to
estimate the channel capacity but to provide a general insight into the scaling
of fibre nonlinearity with important design parameters of fibre-optic commu-
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1 Introduction

nication systems. On the transmitter side, these design parameters include the
choice of modulation format (including possible electronic precompensation
for nonlinear effects), bit rate per WDM channel and WDM channel spacing.
The nonlinear impact of the transmission line depends on thechoice of a trans-
mission fibre and dispersion compensation scheme. It is the aim of this work to
develop a simplified model for fibre nonlinearity in dispersion-managed trans-
mission systems. The main challenge here is to simplify as much as possible,
while still remain applicable to many different system configurations. This is
in continuation of previous work done by Hadrien Louchet [22]. The analytic
framework developed by Hadrien Louchet provides a startingpoint for the con-
siderations presented in the following. In particular, theidea of an equivalent
single-span model is pursued. This model aims to approximate the nonlinear
impact of a transmission line consisting of multiple fibre spans by an analysis
of just a single fibre span, thereby significantly simplifying the optimisation
process of dispersion-managed transmission systems.

Chapter 2 starts with an overview of important physical principles of signal
propagation in single-mode silica fibres. It focusses on theeffects of fibre loss
and dispersion as well as on nonlinear interactions occurring in a single wave-
length channel and nonlinear interactions between WDM channels. In chapter 3
a simplified mathematical model is derived, which approximates the nonlinear
perturbation experienced by an optical signal travelling through a fibre-optic
transmission line. From this simplified model, scaling lawsfor different non-
linear propagation effects are derived. The scaling laws are then verified by
numerical simulations in chapter 4. Furthermore, the modelis applied to ex-
plore the impact of multilevel modulation on the resilienceof a modulation
format to fibre nonlinearity. Last but not least, scaling of nonlinear effects with
varying spectral efficiency is investigated.
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2 Propagation Effects

This chapter briefly introduces propagation effects affecting optical signals
transmitted over single-mode silica fibre. Section 2.1 deals with the linear ef-
fects of fibre loss and group-velocity dispersion (GVD) and section 2.2 with
nonlinear phenomena, such as nonlinear phase modulation and mixing pro-
cesses. Notation and derivations in this chapter are kept close to [23] for the
most part, with exceptions being marked specifically.

The electric field of the fundamental fibre mode propagating in z-direction
along a single-mode fibre can be expressed in the time domain as

~E(~r, t) = ~pF (x, y)A(z, t) exp [j (β0z − ω0t)] , (2.1)

where~r is the spatial coordinate vector,~p is the Jones vector describing the
electric field’s state of polarisation,F (x, y) is the transversal field distribution
of the fundamental fibre mode,A(z, t) is a slowly varying (compared to the
angular frequencyω0) field envelope andβ0 is the propagation constant atω0.
In the following, the electric field is assumed to have a constant linear state of
polarisation, such that a scalar representation of the fieldmay be used. Further-
more, the transversal field distribution is independent of propagation distance.
Therefore, evolution of optical signals along the fibre can solely be described
by the complex envelopeA(z, t).

2.1 Linear Effects

This section deals with linear propagation phenomena. Whenthe propagated
optical power is very low, a silica fibre can be approximated to be a linear
transmission medium. Under the assumption of constant linear polarisation,
signal distortions due to fibre birefringence (e. g. polarisation-mode dispersion)
are neglected. In this case, optical signals are affected byfibre loss and GVD
only, which are described in the following two sections.

5



2 Propagation Effects

Tx RxSMFSMF
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Figure 2.1: Schematic of a fibre-optic transmission system consisting of a transmitter (Tx), a
receiver (Rx) andN spans. Each span comprises of a single-mode fibre (SMF), a dispersion-
compensating fibre (DCF) and (a) single-stage optical amplifier (OA) or (b) dual stage OA.P0 and
PDCF denote output powers of the OAs in front of SMF and DCF, respectively.

2.1.1 Fibre Loss

Light propagating along a silica fibre is attenuated throughscattering and ab-
sorption processes. A more comprehensive description of the processes respon-
sible for fibre loss can be found e. g. in [24]. The optical power P is attenuated
while propagating along the fibre with

P (z) = P0 exp (−αz) , (2.2)

whereP0 is the time-averaged optical power atz = 0 in units W andα is the
attenuation coefficient of the fibre in units Np/km. It is often more practical to
express the attenuation coefficient in units dB/km. To distinguish between the
two it is then referred to as fibre loss.

Typically, the fibre loss of a silica fibre is minimum at a wavelength of 1550 nm
in a trade-off between Rayleigh scattering and infrared absorption. In the
late 1970’s, technology had evolved to fabricate low-loss fibres with mea-
sured losses of 0.2 dB/km at this wavelength [25]. Although new fibres have
been developed in recent years achieving exceptionally lowfibre loss (e. g.
0.1484 dB/km [26]) most field-deployed fibres still have a minimum fibre loss
of about 0.2 dB/km. Therefore, unless stated otherwise, a fibre loss ofα =
0.2 dB/km is assumed throughout this thesis.

In fibre-optic transmission systems spanning distances exceeding several tenths
of kilometres, the optical signal has to be amplified to compensate for fibre loss.

6



2.1 Linear Effects

Today there are two quite different approaches to inline amplification of WDM
signals: lumped amplification using EDFAs (an extensive discussion of EDFA
fundamentals can be found in [27]) and distributed amplification exploiting
stimulated Raman scattering (see e. g. [28]). Both techniques are also used
in combination. Although some concepts presented in this thesis also apply
to Raman amplified systems, the main focus is on systems with EDFA-only
amplification. A schematic of such a system is sketched in Fig. 2.1. Each EDFA
compensates loss and adds amplified spontaneous emission (ASE)-noise to the
signal, thereby reducing the optical signal-to-noise ratio (OSNR) [27]. The
OSNR at the receiver of a transmission link with single-stage amplification
according to Fig. 2.1(a) can be easily calculated (in dB) as [29]

OSNR = 58+Pin−FOA−αSMF LSMF −αDCF LDCF −10 log (N) , (2.3)

wherePin is the average launch power in dBm,FOA the noise figure of a single
optical amplifier,N the number of spans andαSMF , LSMF , αDCF , LDCF are
fibre loss and length of SMF and DCF, respectively. The quantum noise limited
OSNR referred to a noise bandwidth of∆λ = 0.1 nm is 58 dB atPin = 0 dBm.
A major drawback of this amplification scheme is that the input power into the
DCF can not be adjusted individually. Therefore, a dual-stage amplification
scheme as shown in Fig. 2.1(b) is usually used in practical systems. In this
case, dual-stage means that there is an additional EDFA between SMF and
DCF, which allows adjustment of the input power into the DCF.Furthermore,
this scheme allows for a larger OSNR at the receiver due to a reduced overall
noise figure of the system, when compared to systems with single-stage am-
plification at the same launch power. The OSNR for a system with dual-stage
amplification is

OSNR = 58 + Pin − FDC − αSMF LSMF − 10 log (N) , (2.4)

whereFDC is the noise figure of a dual-stage amplifier with a DCF in-between
the two stages in dB. The noise figure depends on the losses of SMF and DCF
as well as on their respective input powers and can be approximately calculated
with [29]

FDC = FOA

(

1 +
P0 exp (−αSMF LSMF )

PDCF exp (−αDCF LDCF )

)

, (2.5)

whereαSMF is the attenuation coefficient of the SMF,PDCF is the input
power into the DCF (in units Watt) andαDCF andLDCF are attenuation coef-
ficient and length of the DCF, respectively1. For example, assuming spans con-
sisting of 100 km SMF with fibre lossαSMF = 0.2 dB/km followed by 16 km

1Please note that Eq. (2.5) describes the linear noise figure,which needs to be converted to units
dB for use in Eq. (2.4).
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2 Propagation Effects
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Figure 2.2: Optical power as a function of distance for transmission lines with (a) single-stage and
(b) dual-stage optical amplifiers. Grey areas indicate effective lengths of SMF and DCF.

DCF with fibre lossαSMF = 0.5 dB/km and input powersP0 = 1 mW and
PDCF = 0.1 mW leads with Eq. (2.5) to a noise figure ofFDC = 2.1 dB.

A useful parameter to describe the influence of fibre loss on nonlinear signal
propagation is the effective lengthLeff . It is defined as the length of a fictitious
lossless fibre which has the same integrated power as the realfibre with length
L and attenuation coefficientα and can be written as

Leff =

∫ L

0

P (z)

P0
dz =

1 − exp (−αL)

α
, (2.6)

with P (z) according to Eq. (2.2). Fig. 2.2 shows the progression of theopti-
cal power in an exemplary transmission link consisting of four spans. While
Fig. 2.2(a) plots the power in a link with single-stage EDFAsaccording to
Fig. 2.1, Fig. 2.2(b) does the same for dual-stage EDFAs. Thegrey rectang-
les indicate the productPinLeff for SMF and DCF (αDCF = 0.5 dB/km),
respectively. As will be seen in section 2.2, the productP0Leff (with opti-
cal powerP0 in units W) is proportional to the nonlinear phase shift induced
by the propagating signal. It is therefore an indicator of the strength of fibre
nonlinearity in a given system configuration.

2.1.2 Group-Velocity Dispersion

The refractive index of a fibre and consequently the propagation constant are a
function of wavelength. For this reason, spectral components of a signal travel
at different group velocities. This phenomenon is commonlyreferred to as
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2.1 Linear Effects

group-velocity dispersion (GVD). The propagation constant can be expanded
into a Taylor series around a reference angular frequencyω0 as

β(ω) = β0 + β1 (ω − ω0) +
1

2
β2 (ω − ω0)

2 +
1

6
β3 (ω − ω0)

3 + · · · , (2.7)

where

βm =
dmβ

dωm

∣
∣
∣
∣
ω=ω0

for m = 0, 1, 2, . . . (2.8)

The parameterβ1 = 1/vg describes the group-velocityvg, β2 = dβ1/ dω the
GVD andβ3 = dβ2/ dω the second-order GVD. In this context, it should
be noted that the GVD is commonly described with respect to wavelengthλ
rather than to angular frequency. Fibres are characterisedby their dispersion
parameterD in units ps/(nm·km) which relates toβ2 as

D = −2πc

λ2
β2, (2.9)

wherec is the speed of light in vacuum. In the following, the dispersion param-
eterD is used to specify GVD values of fibres.

For linear transmission, the field envelope is described by the differential equa-
tion [23]

∂A(z, T )

∂z
= −α

2
A(z, T ) − j

2
β2

∂2A(z, T )

∂T 2
+

1

6
β3

∂3A(z, T )

∂T 3
, (2.10)

whereT = t − β1z is a retarded time frame moving with the group velocity
vg = 1/β1. The Fourier transform of Eq. (2.10) is

∂Ã(z, ω)

∂z
= −1

2

(
α − jω2β2

)
Ã(z, ω), (2.11)

whereÃ(z, ω) is the Fourier transform ofA(z, T ) and second order GVD has
been neglected. The solution of Eq. (2.11) is of the form

Ã(z, ω) = Ã(0, ω) exp

[

−1

2

(
α − jω2β2

)
z

]

. (2.12)

This means that the frequency dependence of the refractive index results in a
frequency dependent phase shift of the spectral componentsof a signal. Al-
though the power spectrum remains unchanged, the time-domain pulse shape
becomes distorted.

9



2 Propagation Effects

Similar to the effective length, there is a length scale associated with GVD.
The dispersion length is often defined asLD = T 2

0 / |β2|, whereT0 is the ini-
tial pulse width [23]. In the context of transmission of Gaussian pulses,T0

designates the half width at1/e of peak intensity of the Gaussian pulse. In
the special case of unchirped Gaussian pulses,LD defines the distance where
the pulse is broadened by a factor of

√
2. It is thus a simple measure for the

influence of GVD on the pulse width. However, pulse shapes in practical trans-
mission systems are not Gaussian. Examples of non-Gaussianpulse shape are
return-to-zero (RZ) pulses shaped by a pulse carver based ona Mach-Zehnder
interferometer [30]. In other cases, it is generally difficult to define a meaning-
ful pulsewidth, e. g. for non-return-to-zero (NRZ) modulated signals or phase
modulated signals with constant intensity. For this reasonit makes sense to
define the dispersion length in a more general way as

LD =
1

R2
s |β2|

, (2.13)

with symbol rateRs. In this form it designates the position where two spectral
components spaced∆ω = Rs apart, experience a group delay difference of
∆τ = R−1

s (neglecting second order GVD).

For transmission over lengthsL ≫ LD the cumulated dispersion has to be
compensated to mitigate signal distortions induced by GVD.This task is typi-
cally performed by DCFs, which are fibres having a negative dispersion coeffi-
cient.

2.2 Nonlinear Effects

Light propagating through a silica fibre changes the refractive index of the ma-
terial. This phenomenon is called optical Kerr effect and was experimentally
demonstrated as early as 1973 [31].

Mathematically, the Kerr effect can be treated as a small perturbation to the
refractive index [23]

n = nl + nnl = nl +
n2

Aeff
P, (2.14)

wherenl is the unperturbed, frequency-dependent refractive index, nnl is the
nonlinear perturbation of the refractive index,n2 the nonlinear index coeffi-
cient, Aeff the effective core area of the fibre andP the instantaneous op-
tical power. In measurements, the nonlinear index coefficient was found to

10



2.2 Nonlinear Effects

ben2 = 2.6 · 10−20 m2/W for standard single-mode fibre (SSMF) andn2 =
2.7 · 10−20 m2/W for non-zero dispersion-shifted fibre (NZDSF) at a wave-
length ofλ = 1550 nm [32, 33]. The effective core area ranges from about
25 µm2 found in DCFs to 120µm2 in specially designed large-effective area
fibres [34], which are attractive due to their low nonlinearity, e. g. for transmis-
sion over transoceanic distances [35].

Analogous to the refractive index, the propagation constant becomes perturbed
as

β′ = β(ω) + γP, (2.15)

whereβ(ω) is the unperturbed propagation constant according to Eq. (2.7) and
γ is the nonlinear coefficient of the fibre with

γ =
n2ω0

cAeff
. (2.16)

The nonlinear coefficient is defined at the reference angularfrequencyω0 =
2πf0. Throughout this thesis, the reference frequency is chosensuch that it
is the centre frequency of the simulated frequency band atf0 = 193.1 THz,
which coincides with the wavelength of minimum fibre loss.

For nonlinear pulse propagation Eq. (2.10) has to be extended to include the op-
tical Kerr effect. Neglecting GVD of second and higher orders as well as stim-
ulated scattering processes such as stimulated Raman scattering and stimulated
Brillouin scattering (a discussion of which and can be foundin [23]), pulse
propagation in a single-mode fibre is described by the nonlinear Schrödinger
equation (NLSE) [23]

∂A(z, T )

∂z
= −α

2
A(z, T ) − j

β2

2

∂2A(z, T )

∂T 2
+ jγ|A(z, T )|2A(z, T ). (2.17)

whereγ the nonlinear coefficient of the fibre.

The following two sections deal with nonlinear propagationeffects originating
in and affecting a single wavelength channel (section 2.2.1) or multiple wave-
length channels (section 2.2.2).

2.2.1 Intrachannel Nonlinearities

In the late 1990’s research was on the way to upgrade existing10 Gb/s in-
frastructure to a bit rate of 40 Gb/s per wavelength channel (see e. g. [36–45]
and references therein). In this context it became clear that new nonlinear
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2 Propagation Effects

phenomena arise, when pulses broadened by dispersion overlap with neigh-
bouring pulses. In these high-speed systems, the dispersion length can be-
come much smaller than the effective length of a fibre. When this is the case,
many pulses overlap and interact nonlinearly with each other within the effec-
tive length. This nonlinear interaction between pulses of the same wavelength
channel gives rise to the nonlinear effects intrachannel cross-phase modulation
(IXPM) and intrachannel four-wave mixing (IFWM) [29,41].

A simple equation for the number of overlapping pulses has been derived in
[46]. By writing this equation with the symbol rate instead of the bit rate, the
number of overlapping symbols can be calculated as

m = CmaxRs∆ωs + 1, (2.18)

where∆ωs is the spectral width of the signal andCmax designates the max-
imum absolute cumulated dispersion (in units ps2) at locations in the system
with enough signal power to generate a significant nonlinearperturbation of
the propagation constant [46]. For transmission over a single fibre,Cmax cor-
responds to the cumulated dispersion over the effective length. It follows with
Eq. (2.6) and (2.13) that the number of overlapping symbols is directly propor-
tional to the quotient of effective length and dispersion length

m =
Leff

LD

∆ωs

Rs
+ 1, (2.19)

where∆ωs/Rs is a constant depending on the modulation format. It relatesthe
spectral width∆ωs of the signal to the symbol rate. For narrow-band optical
filtering at the transmitter, the spectral width can approximately be taken as the
bandwidthBMUX of the optical multiplexer filters, i. e.∆ωs ≈ 2πBMUX.

For a small symbol rate and GVD, i. e. forLD ≫ Leff , it can be assumed
that the pulse shape does not change significantly within theeffective length of
a fibre. In this case, the only intrachannel nonlinearity is classical self-phase
modulation (SPM) or more precisely intrapulse SPM, i. e. thenonlinear change
of the refractive index depends only on the waveform of a single pulse itself.
This kind of transmission regime is commonly referred to as solitonic regime as
opposed to the pseudo-linear regime, where many pulses overlap during trans-
mission [29]. The transition between these two regimes, depending on bit rate,
GVD, fibre loss and modulation format has been investigated in [47]. The tran-
sition bit rate is there defined with respect to optimum net residual dispersion
at the receiver. In pseudo-linear transmission, the optimum net residual disper-
sion is very small for NRZ-OOK (some tenths of ps/nm) and approaches zero
for RZ-OOK with small duty cycle [48]. Contrary to that, the optimum net
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2.2 Nonlinear Effects

residual dispersion amounts to several hundred ps/nm in thesolitonic transmis-
sion regime, where the nonlinear phase shift due to SPM can bepartly com-
pensated by residual dispersion [49]. Somewhat arbitrarily, the bit rate where
the optimum net residual dispersion falls below 10% of the cumulated disper-
sion of a SSMF (with dispersion parameterD = 17 ps/(nm·km) and fibre loss
α = 0.2 dB/km) is defined as the transition bit rate in [47]. It was found that for
SSMF the transition bit rates are in the ranges 20 to 22.5 Gb/sfor NRZ-OOK
and 17.5 to 20 Gb/s for RZ-OOK with 33% duty cycle. This corresponds to
2 < m < 3.

Assuming three consecutive pulses of a single wavelength channel as input
signal, the envelope of the electric field at the input of a fibre can be written
as

A(0, T ) = A1(0, T ) + A2(0, T ) + A3(0, T ), (2.20)

with A2(0, T ) = A1(0, T − Ts) andA3(0, T ) = A1(0, T − 2Ts), whereTs is
the symbol duration. Substituting (2.20) into the NLSE (2.17) and evaluating
evolution ofA1(z, T ) yields (withAi(z, T ) = Ai for brevity)

∂A1

∂z
= − α

2
A1 − j

β2

2

∂2A1

∂T 2

+ jγ




|A1|2A1
︸ ︷︷ ︸

(I)SPM

+ 2|A2|2A1 + 2|A3|2A1
︸ ︷︷ ︸

IXPM

+ A2
2A

∗

3
︸ ︷︷ ︸

IFWM




 .

(2.21)

It is obvious that as long as there is no significant pulse overlap, the contri-
bution of IXPM and IFWM terms to this differential equation is zero (since
|A2|2A1 ≈ |A3|2A1 ≈ A2

2A
∗

3 ≈ 0) and only intrapulse SPM remains. For
pulse-overlapped transmission, all three nonlinear termshave to be accounted
for.

Intrapulse Self-Phase Modulation

The phenomenon of self-phase modulation (SPM) was first measured in a silica
fibre in 1978 [50]. Variation of the intensity of the electricfield leads to a vari-
ation of refractive index and propagation constant, i. e. the phase of the electric
field. This can be seen by solving the NLSE in the absence of dispersion. With
β2 = 0 andβ3 = 0, Eq. (2.17) reduces to

∂A(z, T )

∂z
= −α

2
A(z, T ) + jγ|A(z, T )|2A(z, T ). (2.22)
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2 Propagation Effects

This differential equation is solved by

A(z, T ) = A(0, T ) exp
(

−α

2
z + jΦNL(z, T )

)

, (2.23)

with the nonlinear phase shift

ΦNL(z, T ) = γ |A(0, T )|2 1 − exp (−αz)

α
. (2.24)

Such a time-dependent phase shift is equivalent to a frequency chirp. Lead-
ing pulse edges cause a red shift, i. e. negative chirp, whiletrailing pulse
edges cause a blue shift, i. e. positive chirp. This leads to spectral broaden-
ing, while the pulse shape is preserved in the absence of dispersion. When the
signal is transmitted at a wavelength not coinciding with the zero-dispersion
wavelength, the frequency chirp is translated to amplitudedistortion by phase
modulation (PM)-to-amplitude modulation (AM) conversioninduced by GVD
[51, 52]. There are special cases where this interplay between SPM and GVD
can be beneficial, e. g. transmission of fundamental solitons [23]. However,
WDM transmission of fundamental solitons is heavily impaired by interchan-
nel nonlinearities and is therefore not considered to be a feasible solution for
high-capacity commercial transmission systems [30].

A characteristic length scale for the SPM-induced nonlinear phase shift is the
nonlinear length

LNL =
1

γP0
. (2.25)

It is here defined with respect to the time-averaged power rather than to the
peak power as in [23]. With Eq. (2.6), (2.24) and (2.25), the time-averaged
nonlinear phase shift at the end of a fibre of lengthL can be written as

ΦNL = γP0
1 − exp (−αL)

α
=

Leff

LNL
. (2.26)

For an average nonlinear phase shift of1 rad the nonlinear length thus equals
the effective length of a fibre. Furthermore, Eq. (2.26) shows that the product
P0Leff implicitly shown in Fig. 2.2 is indeed proportional to the generated
nonlinear phase shift.

One implication of Eq. (2.26) is that the total SPM-induced nonlinear phase
shift is larger in systems employing dual-stage optical amplifiers [Fig. 2.2(b)]
compared to single-stage amplification [Fig. 2.2(a)], since the nonlinear length
of the DCFs is usually smaller for dual-stage amplification.This was verified
by numerical simulations in [49]. Dual-stage amplifiers allow adjustment of
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2.2 Nonlinear Effects

the input power into the DCFs. The noise figure of the transmission line can
be minimised by choosing equal input powers into transmission fibre and DCF.
However, due to the small effective core area of DCFs and thuslarge nonlinear
coefficient, this would create unacceptable nonlinear distortion of the signal.
Therefore, the input power into the DCF has to be optimised with respect to
both noise figure and nonlinear phase shift in such systems.

Intrachannel Cross-Phase Modulation

The term intrachannel cross-phase modulation (IXPM) was first established by
Essiambre in 1999 [41]. In the following years, extensive research was per-
formed to understand the basic principles and system implications of IXPM.
First theoretical studies analysed frequency and timing shift induced by IXPM
for pulse-overlapped transmission of two Gaussian pulses for single-fibre [53,
54] and dispersion-managed transmission [55]. These results were soon gener-
alised to transmission of random sequences of Gaussian pulses and the genera-
tion of timing jitter observed in experiments was theoretically described for sys-
tems with dispersion compensation at the receiver [56] and periodic dispersion-
management [57,58].

The principle of IXPM can be demonstrated with two Gaussian pulses asso-
ciated with the same wavelength channel. While the pulses remain separated
in the time domain there is no nonlinear interaction betweenthem. However,
when the pulses acquire dispersion they are broadened and overlap eventually
[see inset of Fig. 2.3(b)]. In this case, IXPM terms in (2.21)contribute to the
total nonlinear phase shift experienced by pulseA1. An analytic expression
for the IXPM induced chirp depending on the amount of pulse broadening of
two Gaussian pulses was derived in [53]. It was found that thechirp initially
increases and is maximum when the full width at half maximum of the pulses
approaches the initial pulse separation. When the pulses are broadened fur-
ther, the chirp is reduced, since it is proportional to the slope of the pulse edge,
which decreases with pulse broadening.

Transmission of random sequences of highly dispersed pulses leads to genera-
tion of timing jitter. Each pulse is chirped by a random number of overlapping
pulses. Due to GVD this random chirp leads to statistic variations of the group
delay. An analytical expression for the standard deviationof the pulse arrival
time at the receiver and for the optimum amount of dispersionprecompensation
to minimise IXPM induced timing jitter for the case of Gaussian pulses can be
found in [56]. A numerical study of the reduction of IXPM by optimisation of
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Figure 2.3: Spectrogram (in logarithmic scale) of two Gaussian pulses (a) at the input of the fibre
and (b) broadened by GVD atz = 4LD . Insets show pulse shapes in the time domain.

the dispersion precompensation was performed in [59]. Apart from dispersion-
management, IXPM can also be reduced by alternating the state of polarisa-
tion between two orthogonal states from bit to bit, since nonlinear interaction
between orthogonally polarised signal components is reduced by 2/3 [60]. Op-
tical phase conjugation, originally proposed to compensate for SPM [61] in
the solitonic regime, is also an effective means to combat IXPM in pseudo-
linear transmission as was shown in an experiment for differential phase-shift
keying (DPSK) in [62].

Intrachannel Four-Wave Mixing

The phenomenon of intrachannel four-wave mixing (IFWM) wasfirst mea-
sured in a 100 Gb/s optical time-division multiplexing (OTDM) transmission
experiment in 1998 [63]. In OOK transmission, IFWM leads to the genera-
tion of so called ghost pulses at the temporal positions where logical zeroes
are transmitted. Later, IFWM was also experimentally confirmed for transmis-
sion of 40 Gb/s electrical time-division multiplexing (ETDM) signals with RZ
pulse shaping over SSMF [41]. In the following years, the generation of ghost
pulses was analytically described using perturbation theory for the exemplary
case of Gaussian pulse shape and constant dispersion [54] aswell as periodic
dispersion [64]. In later studies, it was found that in systems with small aver-
age dispersion, IFWM induced energy transfer between pulses and therewith
amplitude jitter and amplitude of ghost pulses grow linearly with transmission
distance [58,65–67].

In order to illustrate the origin of IFWM, it is convenient touse a spectrogram
representation of the optical signal. A spectrogram of two Gaussian pulses
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2.2 Nonlinear Effects

computed with short-time Fourier transform [68] using a sliding Gaussian win-
dow of width0.7T0 is depicted in Fig. 2.3(a). When dispersion accumulates,
different group-velocities of red and blue spectral components lead to walk-
off between them, which can be seen as a tilt of the spectrogram [Fig. 2.3(b)],
and the pulses eventually overlap. Just as with light from different wavelength
channels, nonlinear mixing occurs between the red spectralcomponents of the
leading pulse and the blue spectral components of the trailing pulse (β2 < 0
assumed). The frequencies of the mixing products and the efficiency of this
four-wave mixing (FWM) process are covered in detail in section 2.2.2. Af-
ter dispersion compensation, the generated mixing products emerge as ghost
pulses in the time domain. For the example of three consecutive pulses in
Eq. (2.20), the mixing products are reformed around time instants [64]

Tijk = Ti + Tj − Tk with i, j 6= k, (2.27)

whereTi, Tj andTk are the centres of the respective symbol time slots. An
example for two Gaussian pulses can be found in [69].

For high-speed transmission systems, the generation of ghost pulses by IFWM
is one of the most detrimental effects [29]. A lot of researchhas been focussed
on how to reduce the impact of IFWM on transmission performance. In the
same way as IXPM, IFWM can be reduced by proper dispersion-management
[59] and by employing bit-to-bit alternate polarisation with OOK [60, 70–72]
and DPSK formats [73–78]. Unlike the incoherent process IXPM, IFWM is
susceptible to additional phase coding of the signal pulses. It has been shown
that proper phase coding can tremendously reduce the build-up of ghost pulses
in OOK transmission [79–85]. A further reduction of IFWM canbe achieved
with a combination of both polarisation and phase coding techniques by intro-
ducing additional phase coding in each of the two orthogonalstates of polari-
sation [86,87].

2.2.2 Interchannel Nonlinearities

The term interchannel nonlinearities comprises all nonlinear interactions bet-
ween different copropagating wavelength channels of a WDM signal. There are
two distinguished scalar interchannel nonlinear effects:cross-phase modulation
(XPM) and four-wave mixing (FWM). Very detailed analyses ofthese effects
can be found e. g. in [23,88,89]. In the following two sections, a brief descrip-
tion of the main features and system impact of XPM and FWM is given.

For the discussion of interchannel nonlinear effects, it isuseful to rewrite the
NLSE for a WDM-signal in the limit of vanishing dispersion. Transmission of
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2 Propagation Effects

three wavelength channels with field envelopesA1(z, T ), A2(z, T ) andA3(z, T )
is considered. The carrier frequencies of the WDM channels are located at an-
gular frequenciesω1, ω2 andω3 and are spaced∆ωch apart. In this case, the
field envelope of the propagating electric field can be written as a superposi-
tion

A(z, T ) = A1(z, T ) + A2(z, T ) + A3(z, T ). (2.28)

Substituting Eq. (2.28) into Eq. (2.22) and evaluating all terms forming atω1

yields (withAi = Ai(z, T ) for brevity)

∂A1

∂z
= −α

2
A1 + jγ



|A1|2 A1
︸ ︷︷ ︸

SPM

+ 2 |A2|2 A1 + 2 |A3|2 A1
︸ ︷︷ ︸

XPM

+ A2
2A

∗

3
︸ ︷︷ ︸

FWM



 .

(2.29)
This equation describes the evolution of the wavelength channel centred at an-
gular frequencyω1. Similar equations result for other wavelength channels.
The SPM-term accounts for all intrachannel nonlinearities, which were de-
scribed in the previous section. The influence of the other nonlinear terms
responsible for XPM and FWM is discussed in the next two sections.

Cross-Phase Modulation

As the name suggests, XPM leads to a nonlinear phase shift similar to SPM. In
this case, however, the nonlinear phase shift originates inthe power propagated
in other wavelength channels as can be seen in Eq. (2.29). By assuming neg-
ligible GVD and applying the same methodology as used in section 2.2.1 for
SPM, it can be shown that the time-averaged nonlinear phase shift experienced
by a single wavelength channel at the end of a fibre of lengthL is

ΦNL =
Leff

LNL



 1
︸︷︷︸

SPM

+ 2Nch
︸ ︷︷ ︸

XPM



 , (2.30)

whereNch is the number of WDM channels and equal power per channel has
been assumed. Similar to SPM, XPM leads to spectral broadening. Depending
on the relative timing of the interfering pulses, this broadening can be asym-
metric [23, 90]. Only in conjunction with nonnegligible dispersion the XPM-
induced frequency chirp leads to signal distortions in the time domain.

The effect of XPM was first studied in the context of phase modulated signals,
where XPM-induced phase noise degrades the signal [91, 92].Later work fo-
cussed on intensity modulated signals, particularly Gaussian pulses [90]. The
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2.2 Nonlinear Effects

nonlinear phase shift itself does not depend on spacing between WDM chan-
nels. However, two pulses belonging to different wavelength channels and be-
ing aligned with each other at the input of the fiber will walk-off due to GVD.
The length over which this walk-off occurs depends on channel spacing and
GVD. This characteristic length is called walk-off length and was defined
in [90] asLw = T0/

∣
∣v−1

g1 − v−1
g2

∣
∣, whereT0 is the pulse width andvg1 and

vg2 are the group-velocities of the two interacting pulses. Thewalk-off length
can be approximated with good accuracy to beLw ≈ T0/(|β2|∆ωch), i. e. it is
inversely proportional to channel spacing. In some cases the walk-off length is
not defined by the pulse width but rather the transition time from zero intensity
to peak intensity, e. g. in [93, 94]. This takes into account that frequency chirp
is only generated at the pulse edges. In order to be consistent with the definition
of the dispersion length in Eq. (2.13) the walk-off length ishere defined with
respect to symbol rate

Lw =
1

|β2|Rs∆ωch
, (2.31)

such that it designates the length after which two wavelength channels, spaced
∆ωch apart, experience a walk-off of one symbol period. This definition is
more general as it is not only applicable for pulsed signals but also for NRZ-
type and constant-intensity signals. The dependence of XPMon the number of
copropagating WDM channels and channel spacing, i. e. the effect of walk-off
between wavelength channels, is covered in detail in [95]. It was shown that for
Lw ≪ Leff the signal distortion caused by XPM is reduced and performance
of the WDM system approaches that of a single-channel system[93, 95]. This
can also be understood theoretically by looking at the efficiency of XPM de-
rived in [96], which becomes proportional toL2

w for Lw ≪ Leff .

It is intuitively obvious that there exists a trade-off between PM-to-AM conver-
sion by GVD and the benefit of having a smaller walk-off length. Indeed, it was
found that the XPM-induced penalty for WDM transmission of10 Gb/s NRZ-
OOK signals is smaller when transmitting at the zero-dispersion wavelength,
e. g. over dispersion-shifted fibre (DSF), compared to transmission over fibres
with a small amount of GVD. A further increase of GVD significantly reduces
the observed penalty as the benefits of walk-off outweigh a larger efficiency
of PM-to-AM conversion [97]. In another study, it was shown that the effect
of XPM can be described by two parameters, namely the XPM-induced phase
shift and normalised fibre dispersionDLR2

s [98]. For constant channel spac-
ing, the normalised dispersion characterises the walk-offbetween the WDM
channels and the amount of PM-to-AM conversion.
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2 Propagation Effects

Four-Wave Mixing

First measurements of four-wave mixing (FWM) in silica fibres were performed
with multi-mode fibres in 1974 [99] and with single-mode fibres four years
later [100]. It was found that the optical Kerr effect leads to frequency mixing
between copropagating waves and consequently to the generation of mixing
products in the frequency domain. Due to the optical Kerr effect originating in
the third-order susceptibility of silica, three waves mix with each other (there-
fore FWM is often also referred to as three wave mixing) to generate a new
fourth wave. Assuming an electric field consisting of three wavelength chan-
nels as in Eq. (2.28), substituting into Eq. (2.22) and evaluating the term de-
scribing the optical Kerr effect results in the following equation for the angular
frequency of the generated mixing products

ωijk = ωi + ωj − ωk with i, j 6= k. (2.32)

When employing equally spaced wavelength channels (as it isrecommended
e. g. by the standardisation group of the International Telecommunication Union
(ITU), [101,102]), some of these mixing products fall into the signal bandwidth
of other WDM channels resulting in nonlinear crosstalk. This crosstalk as well
as FWM-induced excess loss of signal power is a major source of degradation
in WDM transmission systems and limits the possible input power per chan-
nel [103].

In order to occur with sufficient efficiency, the process of FWM depends on
phase-matching of the interacting waves [104]. The power ofthe mixing pro-
ducts at the end of a fibre with lengthL is approximately determined by [88]

Pijk =

(
dijk

3
γLeff

)2

PiPjPk exp (−αL) |η|2 , (2.33)

wherePi, Pj andPk are the input powers of the interacting wavelength chan-
nels, |η|2 is the FWM efficiency describing phase matching anddijk is the
degeneracy factor withdijk = 3 for i = j (degenerate FWM) anddijk = 6 for
i 6= j. Neglecting the influence of GVD-slope (which is legitimatewhen op-
erating away from the zero-dispersion wavelength) and assuming a fibre with
lengthL ≫ Leff , the FWM efficiency is [104]

|η|2 =
1

1 +
(

β2∆Ω
α

)2 , (2.34)

where∆Ω = (ωi − ωk)(ωj − ωk) describes the frequency mismatch of the in-
teracting waves. Since∆Ω is proportional to the square of channel spacing and
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Figure 2.4: FWM efficiency as a function of channel spacing∆fch for transmission of two wave-
length channels over 80 km fibre with fibre lossα = 0.2 dB/km and varying dispersion param-
eter. The curves correspond to dispersion parametersD =1, 4, 8, 12, 16 and 20 ps/(nm·km) at
λ = 1.55 µm.

FWM efficiency is inversely proportional to the square of∆Ω, FWM-induced
distortions are reduced the farther away interacting WDM channels are located.
Therefore, the input power limitation, imposed on a system by FWM, saturates
for a certain number of WDM channels. This number is determined by GVD,
fibre loss and channel spacing [105].

Fig. 2.4 shows the decay of FWM efficiency with frequency separation∆fch

of neighbouring WDM channels (with∆Ω = 4π2∆f2
ch) for transmission over

80 km fibre. The dispersion parameter of the fibre is varied from 1 ps/(nm·km)
to 20 ps/(nm·km). Comparison of the curves for different dispersion parameters
demonstrates the effect of GVD on phase matching. As can be deduced from
Eq. (2.34), the 3-dB bandwidth of FWM efficiency is inverselyproportional to
β2 and the efficiency thus decays more rapidly for larger dispersion.

Apart from employing fibres with large GVD, there were other proposals how
to combat FWM. One idea was to use unequal channel spacings and arrange
the wavelength channels such that the FWM products do not fall into signal
bands but rather in-between the wavelength channels [106].However, deter-
mining the correct wavelengths turned out to become a very complex problem
for systems with many WDM channels and conflicts with the aim of standard-
ised channel spacings as it is pursued e. g. by the ITU [101, 102]. Another
idea was to design special dispersion-distributed fibres, which can be tailored
to significantly reduce phase-matching [107]. However, compared to SSMF the
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manufacturing process of such fibres is very complex and costly.
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3 Single-Span Model

It is the aim of this work to find simple, universal scaling laws for the seem-
ingly very different nonlinear effects discussed in the previous chapter. So far,
the discussion of nonlinear effects was focussed on propagation through a sin-
gle fibre. However, practical fibre-optic transmission systems consist of mul-
tiple concatenated fibres and usually incorporate optical amplifiers and means
of dispersion compensation. Furthermore, there exist numerous fibre types and
modulation formats, each with their very own strengths and weaknesses. Nu-
merical optimisation of the impact of nonlinear effects in this huge parameter
space can become a very cumbersome and time-consuming task.It is there-
fore of great interest to develop simple analytical design rules guiding system
engineers to the most promising solutions.

Since the design rules ought to be as simple as possible, the main challenge
will be the simplification of the complex analytical description of nonlinear
propagation in optical fibres. Furthermore, the developed scaling laws should
be valid for as many different system configurations as possible. To tackle
this task, the idea of an equivalent single-span model – briefly introduced in
the work by Hadrien Louchet [22] – is pursued. This model aimsto approxi-
mate the nonlinear perturbation of the received signal after propagation along
a transmission line consisting of multiple fibre spans by a nonlinear perturba-
tion generated in a single fibre span. This approach could potentially simplify
the optimisation of fibre-optic transmission systems, since a single-span opti-
misation would yield valuable information about optimum system parameters
of multi-span systems.

For the derivation of the single-span model, a Volterra series expansion1 is
applied. The Volterra series expansion as a tool to model nonlinear systems
has been applied to optical fibres by Peddanarappagari and Brandt-Pearce in
1997 [108]. In 1998 the model was extended to the more generalcase of trans-
mission lies consisting of amplified fibre sections [109]. Since then, it has
successfully been used to model interchannel nonlinear effects such as XPM

1The Volterra series expansion is named after its creator Vito Volterra, who developed this series
expansion in 1887.
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and FWM [110]. More recently, a time-domain counterpart of the frequency-
domain Volterra transfer function – the power-weighted dispersion distribution
function – was applied to analytically derive the generation of ghost pulses due
to IFWM in high-speed pulse-overlapped transmission [111]. The major draw-
back of the Volterra series expansion is its slow convergence and insufficient
accuracy for large input powers, i. e. when operating in the highly nonlinear
regime [112]. However, its accuracy is comparable to other alternative meth-
ods [113].

Proper dispersion management can reduce the accumulation of nonlinear dis-
tortion in fibre-optic transmission systems. Consequently, Hadrien Louchet
applied the Volterra series to systems with single-periodic dispersion maps and
derived a closed form solution for the received optical signal. However, the de-
scribed equivalent single-fibre model does not account for dispersion precom-
pensation [22,114]. Here, this approach is extended to a more general class of
systems, including dispersion precompensation and randomly varying residual
dispersion per span (RDPS). Furthermore, an approximationof the third-order
Volterra kernel transform is proposed in order to yield an equivalent single-span
description with simple parameters to characterise the nonlinear properties of a
wide range of possible system configurations.

Section 3.1 presents a brief introduction to nonlinear system theory and one of
its mathematical tools, the Volterra series expansion. In section 3.2, the nonlin-
ear transfer function (NLTF), which links the input electric field to the output
nonlinear perturbation, is derived for a single fibre and a concatenation multi-
ple fibre sections. Subsequently, the NLTF is simplified for transmission links
consisting of identical spans with periodic dispersion-management. Finally, a
randomly varying residual dispersion as it is common in practical dispersion-
managed transmission systems is also considered. Some parts of this and the
following chapter are taken from [115].

3.1 Volterra Series Expansion

In a time-invariant nonlinear system with memory, the Volterra series describes
the time-domain output of the system,y(t), by a sum of convolutions as [116]

y(t) =

∫
∞

−∞

h1(τ1)x(t − τ1) dτ1

+

∫∫
∞

−∞

h2(τ2)x(t − τ1)x(t − τ1 − τ2) dτ1 dτ2 + . . . ,

(3.1)
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A(0, t) A(z, t)

Ã(0, ω) Ã(z, ω)

Figure 3.1: Block diagram of the optical fibre modelled as a nonlinear time-invariant system. Time-
domain inputs and outputs are linked through Volterra kernels h1, . . . , hN and frequency-domain
inputs and outputs by kernel transformsH1, . . . , HN .

wherex(t) is the input of the system andhn is thenth order Volterra kernel. A
first-order Volterra series is easily recognised to describe a linear time-invariant
(LTI) system. In this case, the first order Volterra kernelh1(t) is the impulse
response of the LTI system and convolution with the input signalx(t) describes
the output of the system. Analogous to the relationship of time-domain impulse
response and frequency-domain transfer function in LTI systems, Eq. (3.1) can
be Fourier transformed to yield a relation between frequency-domain input and
output as [116]

Y (ω) =H1(ω)X(ω)

+

∫
∞

−∞

H2(ω1, ω − ω1)X(ω1)X(ω − ω1) dω1

+

∫∫
∞

−∞

H3(ω1, ω − ω1, ω − ω1 − ω2)

× X(ω1)X(ω − ω1)X(ω − ω1 − ω2) dω1 dω2 + . . . ,

(3.2)

whereX(ω) andY (ω) are the Fourier transforms ofx(t) andy(t), respectively,
andHn is thenth order kernel transform.

3.2 Nonlinear Transfer Function

Propagation of the complex envelopeA (T, z) of the electric field along the spa-
tial coordinatez of a single-mode fibre is described by the NLSE. Neglecting
higher-order dispersion and stimulated inelastic scattering processes, such as
stimulated Raman scattering, the NLSE can be expressed in the time domain as
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3 Single-Span Model

in Eq. (2.17). In order to derive the frequency-domain Volterra series it is use-
ful to transform Eq. (2.17) into the frequency domain. The Fourier transform
of Eq. (2.17) is

∂Ã(ω, z)

∂z
= −α

2
Ã(ω, z) + jω2 β2

2
Ã(ω, z)

+ jγ

∫∫
∞

−∞

Ã(ω1, z)Ã∗(ω2, z)Ã(ω3, z) dω1 dω2,

(3.3)

whereÃ(ω, z) is the Fourier transform ofA(T, z) andω3 = ω − ω1 + ω2 for
brevity. In a weakly nonlinear regime, the complex envelopeÃ (ω, z) can be
approximated with a Volterra series expansion up to third order [108]. It follows
with Eq. (3.2) and the identities̃A(ω, z = 0) ≡ X(ω) andÃ(ω, z) ≡ Y (ω)
that

Ã (ω, z) ≈ H1 (ω, z) Ã0 (ω) +

∫∫
∞

−∞

H3 (ω1, ω2, ω, z)

× Ã0 (ω1) Ã∗

0 (ω2) Ã0 (ω3) dω1 dω2,

(3.4)

whereÃ0 (ω) stands forÃ (ω, z = 0) andH1 (ω, z) andH3 (ω1, ω2, ω, z) are
the first- and third-order Volterra kernel transforms, respectively. In the follow-
ing

S̃0 = Ã0 (ω1) Ã∗

0 (ω2) Ã0 (ω3) (3.5)

will be used for conciseness of notation.

3.2.1 Nonlinear Transfer Function of a Single Fibre

The Volterra kernel transforms can be determined by substituting Eq. (3.4) into
Eq. (3.3). Discarding all terms of higher order than three and comparing the
terms of equal order yields two differential equations for the Volterra kernel
transformsH1 (ω, z) andH3 (ω1, ω2, ω, z) [108]. These differential equations
are solved by

H1 (ω, z) = e(−
α
2
+jω2 β2

2 )z (3.6)

and

H3 (ω1, ω2, ω, z) = jγH1 (ω, z)

∫ z

0

e(−α+jβ2∆Ω)z′

dz′, (3.7)

where
∆Ω = (ω − ω1)(ω2 − ω1). (3.8)
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3.2 Nonlinear Transfer Function

Substitution of Eq. (3.6) and (3.7) in (3.4) yields the field envelope after prop-
agation

Ã (ω, z) ≈ H1 (ω, z)
(

Ã0 (ω) + δNL (ω, z)
)

, (3.9)

where

δNL (ω, z) = jγ

∫∫
∞

−∞

∫ z

0

e(−α+jβ2∆Ω)z′

dz′ S̃0 dω1 dω2 (3.10)

is the first-order nonlinear perturbation [14,113,114].

Examination of Eq. (3.9) reveals that energy conservation is seriously violated
when the energy contained in the nonlinear perturbation gets too large. There-
fore Eq. (3.9) is valid in a weakly nonlinear regime only. This is covered in
greater detail in [112]. One example given in [112] states that the pulse ener-
gies of Gaussian pulses diverge up to 10% after transmissionover 100 km fibre
with GVD β2 = 2 ps2/nm, fibre lossα = 0.2 dB/km, nonlinear coefficient
γ = 2 W-1km-1 and input peak power of 10 mW. In the following, the nonlin-
ear distortions are assumed small enough, such that the condition of a weakly
nonlinear regime is fulfilled.

There are two distinct contributions to the nonlinear perturbation in Eq. (3.10),
one stemming from the physical parameters of the fiber and theother from
the input signalS̃0. Thus it makes sense to describe the signal-independent
part of the nonlinear perturbation with a nonlinear transfer function (NLTF).
Evaluation of the inner integral of Eq. (3.10) yields the NLTF as

η (∆Ω, z) = γ

∫ z

0

e(−α+jβ2∆Ω)z′

dz′

=
γ

α

1 − e(−α+jβ2∆Ω)z

1 − j β2

α ∆Ω
.

(3.11)

Now, the nonlinear perturbation can be concisely written as

δNL (ω, z) = j

∫∫
∞

−∞

η (∆Ω, z) S̃0 dω1 dω2. (3.12)

An analogue expression for the kernel in Eq. (3.11) has been derived through
averaged propagation models in earlier contributions by Turitsyn and cowork-
ers [117,118].

For spatial coordinatesz ≫ Leff , the nonlinear transfer functionη (∆Ω, z)
can be approximated to be independent ofz. The nonlinear transfer function of
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3 Single-Span Model
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Eq. (3.11)
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Figure 3.2: Normalised magnitude and phase of the nonlineartransfer functionηs (∆Ω) of a single
fibre with L = 80 km, α = 0.2 dB/km and (a,b)D = 4 ps/(nm·km), i.e.Ωs = 9 · 1021 rad2/s2,
and (c,d)D = 16 ps/(nm·km), i.e. Ωs = 2.25 · 1021 rad2 /s2, at a wavelength ofλ = 1.55 µm.
Shown are the exact function according to Eq. (3.11) (circles) and its approximation according to
Eq. (3.13) (line).

such a long fibre is then obtained from Eq. (3.11) as

ηs (∆Ω) ≈ γ

α

1

1 − jsgn (β2)
∆Ω
Ωs

, (3.13)

where
Ωs = α/|β2| (3.14)

is its 3 dB-bandwidth2 andsgn(x) is the sign function defined as

sgn(x) =







−1 for x < 0

0 for x = 0

1 for x > 0.

(3.15)

Eq. (3.13) is closely related to the theory of FWM, whereβ2∆Ω describes the
phase mismatch of the interacting fields and|ηs|2 is proportional to the effi-
ciency of the FWM process, according to Eq. (2.34). Fig. 3.2 shows the mag-
nitude and phase of the NLTF as a function of∆Ω for 80 km of NZDSF with a
dispersion parameter ofD = 4 ps/(nm·km) and SSMF withD = 16 ps/(nm·km).
For this length of fibre, the approximation of Eq. (3.11) by Eq. (3.13) is already

2The 3 dB-bandwidth is related throughΩs = 4πf2

d
to the nonlinear diffusion bandwidth derived

in [114].
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Figure 3.3: Fibre-optic transmission line consisting ofM fibre sections and optical amplifiers.

very good. Comparing Fig. 3.2(a) and (b), it can be seen that lower local dis-
persion leads to a broadening of the transfer function. Consequently, more
frequency components of the input signal participate significantly in the non-
linear processes affecting the signal at angular frequencyω. This reflects the
well-known fact, that the impact of FWM is more severe at lower local disper-
sion [30,89].

3.2.2 Nonlinear Transfer Function of Multiple Fibre
Sections

Practical fibre-optic transmission systems consist of several concatenated fibre
sections. A schematic of such a system is shown in Fig. 3.3. The physical
parameters of the fibres, such as length, group-velocity dispersion, attenuation
and nonlinear coefficient are likely to be different in each section. Further-
more, the signal has to be amplified in certain intervals. This can either be
done between fibre sections with discrete amplifiers such as e.g. EDFAs or
distributed along the fibre using a Raman amplification scheme [28]. Pedda-
narappagari and Brandt-Pearce derived a solution for the field envelope after
transmission over several fibre sections including lumped amplifiers and ampli-
fier noise in [109]. However, due to its complexity it is quiteunwieldy and does
not lend itself easily to analytic examination. Approximations in the following
derivation serve the aim to considerably simplify the expressions describing the
field envelope after transmission over several fibre sections.

To derive the NLTF of a system consisting of multiple fibre sections and ampli-
fiers, including different amplification and dispersion compensation schemes,
it is useful to define gain and dispersion profiles of the transmission link. They
are a convenient way to describe thez-dependence of attenuation (or gain) and
GVD. The gain profile can be defined as [114]

dG (z)

dz
= −α (z) + g (z) +

∑

i

giδ (z − zi) , (3.16)
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Figure 3.4: (a) Cumulated gain for lumped amplification using EDFAs at positionszi, (b) cumu-
lated gain for distributed Raman amplification using backward pumping, (c) cumulated dispersion
for SMF spans with full inline dispersion compensation using DCFs approximated as ideal lumped
dispersion-compensating devices at positionszj and (d) cumulated dispersion for SMF spans with
full inline dispersion compensation using inverse dispersion fibre (IDF).

whereG (z) is the cumulated gain3, g (z) accounts for distributed amplifica-
tion, gi is the gain of lumped amplifiers positioned atzi andδ (z) is Dirac’s
delta function. Similarly, the dispersion profile can be defined as [114]

dC (z)

dz
= β2 (z) +

∑

j

Cjδ (z − zj) , (3.17)

whereC (z) is the cumulated dispersion at positionz andCj is the cumulated
dispersion of a lumped dispersion compensation module at position zj . The
first- and second-order Volterra kernel transforms defined in Eq. (3.6) and (3.7)
depend on gain and dispersion profile, which substitute attenuation coefficient
α and GVDβ2. Fig. 3.4 schematically shows cumulated gain and dispersion
for some exemplary system configurations.

Fig. 3.5 shows the block diagram of a single fibre section preceded by an op-
tical amplifier. The input fieldÃm−1(ω) is amplified according to the transfer
functionHa(ω) of the optical amplifier, which also adds noiseñm(ω) to the
signal. The resulting field̃Am−1(ω)Ha(ω) + ñm(ω) then propagates over the
fibre with associated kernel transformsH1,m(ω) andH3,m(ω). The output field

3The cumulated gain is defined such thatP (z) = P0 exp (G(z)).
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Ãm−1(ω) Ãm(ω)

ñm(ω)

Ha,m(ω) H1,m(ω)

H3,m(ω)

Figure 3.5: Block diagram of a fibre section with kernel transformsH1,m(ω) andH3,m(ω) pre-
ceded by an optical amplifier with transfer functionHa,m(ω) adding noisẽnm(ω) to the signal.

Ãm(ω) is determined with Eq. 3.4, wherẽA0(ω) = Ãm−1(ω)Ha(ω)+ ñm(ω)
and the appropriate kernel transformsH1,m(ω) andH3,m(ω) have to be used.
It becomes immediately obvious that numerous mixing products between sig-
nal and noise arise from the evaluation of the product insidethe convolution
integral. These mixing products account for nonlinear interaction between sig-
nal and noise during propagation. However, a thorough analysis incorporat-
ing nonlinear signal-noise interactions yields complex expressions as the ones
found in [109], which are not suitable as a basis for simple design rules. In or-
der to simplify the analysis considerably, amplifier noise and consequently any
nonlinear interaction between signal and noise is not considered in the follow-
ing derivation. The transfer functionHa(ω) of the amplifiers is incorporated
into the gain profileG(z) as defined in Eq. (3.16). Therefore, the following
results do not hold for systems where the nonlinear interaction between signal
and noise is the dominant source of signal degradation.

Under the assumption of noiseless optical amplifiers, the field envelope at the
output of themth fibre section can be expressed with the recursion [analogous
to Eq. (3.9)]

Ãm (ω) ≈ H1,m (ω, Lm)
(

Ãm−1 (ω)

+ j

∫∫
∞

−∞

ηm (∆Ω, Lm) S̃m−1 dω1 dω2

)

,
(3.18)

whereAm−1 is the field envelope at the input of themth fibre section,S̃i =
Ãi (ω1) Ã∗

i (ω2) Ãi (ω3) andH1,m, ηm andLm are the first-order Volterra ker-
nel transform, the NLTF and the length of themth fibre section, respectively.
Please note that since the nonlinear perturbation generated in each span is as-
sumed to be very small, it is neglected when calculatingS̃m−1. With Eq. (3.18)
the output field envelopẽAM (ω) after transmission overM fibre sections is

ÃM (ω) ≈
(

M∏

m=1

H1,m (ω, Lm)

)(

Ã0 (ω) +

M∑

m=1

δNL,m (ω)

)

, (3.19)
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3 Single-Span Model

where the nonlinear perturbation generated in themth fibre section is

δNL,m (ω) = jγm

∫∫
∞

−∞

∫ zm

zm−1

eG(z)+jC(z)∆Ω dzS̃0 dω1 dω2, (3.20)

with z0 = 0, Lm = zm − zm−1 andγm the length and nonlinear coefficient
of themth fibre and gain and dispersion profilesG (z) andC (z) as defined in
Eq. (3.16) and (3.17). To get a similar notation as in the single-fibre case, the
overall nonlinear perturbation can be noted as

δNL (ω) =
M∑

m=1

δNL,m (ω)

=j

∫∫
∞

−∞

η (∆Ω) S̃0 dω1 dω2,

(3.21)

with the overall NLTF of a concatenation ofM fibre sections

η(∆Ω) =

M∑

m=1

γm

∫ zm

zm−1

eG(z)+jC(z)∆Ω dz. (3.22)

It is easily verified that Eq. (3.11) is a special case of the above equation with
M = 1, no dispersion precompensation and no distributed amplification. Fur-
ther simplification is possible by noting that the product offirst-order kernel
transforms in Eq. (3.19) describes the residual gainG (zM ) and dispersion
C (zM ) at the receiver. The overall first-order kernel transform ofthe con-
catenated fibres can thus be defined as

H1 (ω) =

M∏

m=1

H1,m (ω, Lm) = eG(zM)+jC(zM )∆Ω. (3.23)

Analogous to the solution for a single fibre in Eq. (3.9), Eq. (3.19) can now be
written as

ÃM (ω) ≈ H1 (ω)
(

Ã0 (ω) + δNL (ω)
)

. (3.24)

The key assumptions for Eq. (3.20), (3.22) and (3.24) to be valid are:

• Operation in a weakly nonlinear transmission regime and thus small non-
linear perturbation verifying

∫
|δNL (ω) |2 dω ≪

∫
|Ã0 (ω) |2 dω is as-

sumed [108,112].

32



3.2 Nonlinear Transfer Function
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Figure 3.6: Schematic of a single-span system with a dispersion precompensation stage after the
transmitter.

• Volterra kernels of higher order than three are assumed to be negligi-
ble. Furthermore, the influence of nonlinear distortions onthe nonlinear
perturbation generated in subsequent spans is neglected. This condition
may not be fulfilled for a large number of concatenated fibres or high
input power.

• Nonlinear interaction between amplifier noise and signal (e. g. Gordon-
Mollenauer phase noise [119]) must be negligible. This condition may
not be fulfilled for a large number of concatenated fibres or systems op-
erating at low OSNR and can be problematic when dealing with phase-
modulated signals.

3.2.3 Nonlinear Transfer Function of a Single-Span
System

Eq. (3.22) describes the NLTF for the general case of arbitrary fibre-optic trans-
mission lines. In the following, more confined, albeit common, scenarios are
discussed. Fibre-optic transmission lines are usually organised in spans in-
stead of fibre sections as basic building blocks. Each span comprises more than
one fibre section and typically consists of a transmission fibre, inline disper-
sion compensation (e. g. a DCF) and means of signal amplification (e. g. an
EDFA). Commonly, a certain amount of dispersion precompensation is used to
predistort the launched signal at the transmitter and thereby reduce the impact
of fibre nonlinearity on the signal [29, 120]. The most basic form of such a
precompensated transmission line consists of just a singlespan and is depicted
in Fig. 3.6.

For the following analysis, the input power into the DCFs is assumed small
enough to treat them as linear dispersion-compensation devices and neglect
their nonlinear impact. This means that they do not have to beconsidered as
individual fibre sections and can be approximated as ideal lumped dispersion-
compensation devices [cp. Fig. 3.4(c)]. Under this assumption, dispersion
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Figure 3.7: Schematic of a fibre-optic transmission line consisting ofN identical spans and disper-
sion pre- and postcompensation stages.

precompensation can be included in the NLTF simply through the cumulated
dispersion profileC (z). For the single-span system shown in Fig. 3.6, the cu-
mulated dispersion can thus be written with Eq. (3.17) asC (z) = Cpre + β2z,
whereCpre is the amount of dispersion precompensation in units ps2 andβ2

is the GVD of the SMF. The optical amplifiers completely compensate for the
fibre loss of preceding fibres. With Eq. (3.13) and (3.22) (with M = 1) the
transfer function of a single span with dispersion precompensation is

η (∆Ω) ≈ ηs (∆Ω) ejCpre∆Ω, (3.25)

whereηs is the NLTF of a single fibre according to Eq. (3.13). Introducing a
precompensation thus only affects the phase of the NLTF and has no effect on
its magnitude.

3.2.4 Nonlinear Transfer Function of Systems with
Single-Periodic Dispersion Maps

A common scheme for dispersion management is the single-periodic disper-
sion map [29]. Ideally, the transmission line consists ofN identical spans4,
each comprising of a transmission fibre, a DCF and an optical amplifier. A
schematic of such a transmission line is shown in Fig. 3.7. Ina transmission
line consisting of multiple spans, the amount of dispersioncompensation per-
formed in each span adds another degree of freedom to the optimisation of
a dispersion map. Usually, the dispersion is not fully compensated per span,
leading to a certain amount of residual dispersion per span (RDPS). Assum-
ing low input power into the DCF and thus negligible nonlinear impact, they
act as ideal lumped dispersion compensation modules at positionszm. In this
case, they do not need to be treated as individual fibre sections and only affect
the cumulated dispersionC(z)5. The cumulated dispersionC (z) of a trans-

4The number of spans is denoted byN in order to distinguish between spans and fibre sections.
5Due to this simplification, only transmission fibres are treated as fibre sections and it follows that

N = M for this special case.
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3.2 Nonlinear Transfer Function

mission line with dispersion precompensation and RDPS is shown in Fig. 3.8
(black line). Under the assumption of identical spans, length, fibre loss, GVD
and nonlinear coefficients of the transmission fibres are thesame in each span
and Eq. (3.22) simplifies to [114]

η(∆Ω) =
γ

α

1 − e−αL+jβ2L∆Ω

1 − j β2

α ∆Ω

N∑

n=1

eGn+jCn∆Ω, (3.26)

whereL is the length of the transmission fibre,N is the number of identical
spans andGn andCn are the cumulated gain and dispersion at the beginning
of thenth span. Further simplification is possible by noting that lossis usually
compensated per span, leading toGn = 0. The cumulated gain for full ream-
plification per span is also shown in Fig. 3.8 (grey line). Assuming identical
spans means that there is a constant RDPSCres and the cumulated dispersion
at the beginning of thenth span isCn = Cpre + (n − 1)Cres. In most cases,
fibres are long with respect to their effective length such that L ≫ 1/α 6. In
this case, the term in front of the sum in Eq. (3.26) is approximately equal to
the NLTFηs of a single fibre according to Eq. (3.13). Under these conditions,
Eq. (3.26) can be written as

η(∆Ω) ≈ ηs (∆Ω) ejCpre∆Ω
N∑

n=1

ej(n−1)Cres∆Ω. (3.27)

Evaluating the geometric series in Eq. (3.27) yields

η(∆Ω) ≈ ηs (∆Ω)
ejNCres∆Ω − 1

ejCres∆Ω − 1
ejCpre∆Ω

= ηs (∆Ω)
sin
(

NCres

2 ∆Ω
)

sin
(

Cres

2 ∆Ω
) ejC′

pre∆Ω,

(3.28)

with

C′

pre = Cpre +
N − 1

2
Cres. (3.29)

In contrast to dispersion precompensation, introduction of RDPS thus has an
influence on both phase and magnitude of the NLTF.

6As long asL ≫ Leff for all fibres, the length of fibres may actually vary and they need not
be identical in this respect. Since the nonlinear phase shift is mainly generated within the
effective length, length variations forL ≫ Leff have no significant impact on the nonlinear
perturbation. For example, varying fibre lengths between 50km and 110 km for transmission
of 5×10 Gb/s NRZ-OOK over 1200 km with 50 GHz channel spacing and launch powerP0 =
3 mW showed no significant difference to transmission over fibres with a uniform length of
80 km [121].
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Figure 3.8: Profile of the cumulated gainG(z) and cumulated dispersionC(z) in a single-periodic
dispersion map with dispersion precompensationCpre and RDPSCres.
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Figure 3.9: Solid lines show the magnitude of the nonlinear transfer function according to
Eq. (3.28). The transmission line consists of 10×80 km SSMF spans with RDPS correspond-
ing to (a) 40 km and (b) 2 km of uncompensated SSMF. Dashed lines indicate the magnitude of
ηs (∆Ω) according to Eq. (3.13). Magnitudes are normalised to theirrespective maximum values.

Fig. 3.9 shows the influence of RDPS on the magnitude of the NLTF for a trans-
mission line consisting ofN = 10 spans. The transmission fibre is a SSMF
with fibre lossα = 0.2 dB/km and dispersion parameterD = 16 ps/(nm·km).
Dashed lines represent the magnitude ofηs (∆Ω) normalised to its maximum
value. This corresponds to FWM efficiency for transmission over a single fibre
[cp. Eq. (2.34)]. Furthermore, it also describes FWM efficiency for a transmis-
sion line with full inline dispersion compensation per span, i. e. forCres = 0
in Eq. (3.28). In contrast to that, solid lines show the NLTF of the transmission
line with RDPS. Introduction of a RDPS makes the magnitude ofthe NLTF
oscillate. The oscillation frequency depends on the amountof RDPS and the
number of spansN , while the envelope of the oscillation is described by the
NLTF ηs (∆Ω) of a single fibre. Again, the NLTF normalised to its maximum
value corresponds to the FWM efficiency in systems with RDPS.For example,
evaluating the magnitude of the NLTF for the special case of atransmission line
without dispersion compensation7 corresponds to the FWM efficiency derived
for such systems in [122]. Measurements of FWM efficiency performed in a

7That meansCres = β2L in Eq. (3.28).
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3.2 Nonlinear Transfer Function

dispersion-managed system [123] show very good agreement with the analyti-
cal description presented in [122]. A proper choice of RDPS can thus be used
to reduce FWM efficiency in multi-span transmission lines.

In its present form, the NLTF for transmission lines with RDPS is very different
from the NLTFηs (∆Ω) for a single-span. However, for very small arguments
of the sine-functions, i. e. for

N

2
|Cres∆Ω| ≪ 1, (3.30)

Eq. (3.28) can be approximated as

η(∆Ω) ≈ Nηs (∆Ω) exp
(
jC′

pre∆Ω
)
. (3.31)

While the phase term is preserved, the magnitude is approximated by its enve-
lope. Essentially, this is theN -fold transfer function of a single fibre with an
additional phase shift governed byC′

pre. In this case,C′

pre can be interpreted
as the amount of dispersion precompensation of an equivalent single-span sys-
tem, which becomes clear when comparing Eq. (3.31) to Eq. (3.25). Within the
validity of the first-order perturbation approach and Eq. (3.30), the NLTF of
systems with arbitrary single-periodic dispersion maps can thus be described
by the NLTF of simple single-span systems. However, due to the factorN in
Eq. (3.31) the nonlinear perturbation generated overN spans is larger than that
generated over a single span. This discrepancy can be approached by consider-
ing propagation of the complex envelope of the electric fieldnormalised to the
average launch powerP0 as

ũ(ω, z) =
Ã(ω, z)√

P0

. (3.32)

Substitutingũ in Eq. (3.24) yields the normalised envelope after transmission
overM fibre sections

ũM (ω) =H1(ω)

(

ũ0(ω) + j

∫∫
∞

−∞

η(∆Ω)P0

× ũ0(ω1)ũ0(ω2)ũ0(ω3) dω1 dω2

)

.

(3.33)

From this equation it becomes clear that the nonlinear perturbation depends on
the product of NLTF and average launch power. For the case of single-periodic
dispersion maps, this product can be written with Eq. (3.13)and (3.31) as

η(∆Ω)P0 ≈ ΦNL

1 − jsgn (β2)
∆Ω
Ωs

exp
(
jC′

pre∆Ω
)
, (3.34)
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where

ΦNL = N
γP0

α
= N

Leff

LNL
(3.35)

is the average nonlinear phase shift. The generated nonlinear perturbations in
the equivalent single-span system andN -span system will thus be compara-
ble, provided that the average launch powerP0 is scaled such that the average
nonlinear phase shift remains constant.

Unfortunately, the validity of the equivalent single-spanapproximation is very
strictly limited by Eq. (3.30). Should the approximation Eq. (3.31) be at least
accurate for|∆Ω| ≤ Ωs, it follows from Eq. (3.30) thatN |Cres| ≪ 2|β2|/α.
This means that the cumulated residual dispersion over all spans has to be much
less than the cumulated dispersion over twice the effectivelength of the trans-
mission fibre. Extensive numerical simulations for 40 Gb/s OOK as well as
DPSK have shown that the match in terms of required optical signal-to-noise
ratio (ROSNR) penalty is reasonably good for

N |Cres| ≤ 0.8
|β2|
α

. (3.36)

For example, considering 5 spans of SSMF [withD = 16 ps/(nm·km)], |Dres| ≤
60 ps/nm [124,125].

The effect of the approximation of sine functions in Eq. (3.28) is clarified in
Fig. 3.9. Fig. 3.9(a) shows the magnitude of the NLTF for a system with large
RDPS corresponding to 40 km uncompensated SSMF length. Clearly, the ap-
proximation of the main lobe, even for|∆Ω| < Ωs is very poor. On the other
hand, the approximation is quite good for small RDPS as seen in Fig. 3.9(b),
where the error is small for|∆Ω| ≤ (100 · 109 rad

s )2.

3.2.5 Nonlinear Transfer Function of Systems with
Randomly Varying Residual Dispersion per Span

In practical transmission systems, the RDPS usually variesfrom span to span
due to a certain granularity of commercially available dispersion-compensating
modules (DCMs), e. g. DCM-20 which compensate 20 km of SSMF are com-
monly used in 10 Gb/s systems. Although one tries to approximate a certain
nominal value of RDPS as closely as possible, the accuracy ofthis approxima-
tion is limited by the granularity of the available DCMs. Dueto these practical
reasons, the residual dispersion of an individual span can be viewed as a ran-
dom number, drawn from a uniform distribution, whose mean value 〈Cres〉
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PDF(Cres,i)

〈Cres〉 − |CDCM |/2 〈Cres〉 + |CDCM |/2〈Cres〉

1/|CDCM |

Cres, i

Figure 3.10: Probability density function (PDF) of the residual dispersion of an individual span.
The uniform distribution has mean〈Cres〉 and its boundaries are defined by the cumulated disper-
sionCDCM of the employed DCM.

is the nominal value of RDPS. The width of the uniform distribution equals
the cumulated dispersionCDCM of the employed DCMs. Fig. 3.10 shows the
probability density function of the residual dispersion ofan individual span
Cres,i.

For the derivation of the NLTF of a transmission line with such a random
RDPS, key assumptions from the last section pertaining to a transmission line
with identical spans and constant RDPS still hold.

• The propagation in DCFs can be assumed as linear, such that they do not
need to be considered as individual fibre sections.

• All transmission fibres are identical and are long comparedto their ef-
fective length (i. e.L ≫ Leff ).

• Fibre loss is fully compensated per span, such that the cumulated gain at
the input of thenth span isGn = 0.

With these assumptions the general NLTF (3.22) simplifies toEq. (3.26). Since
Gn = 0, the NLTF for transmission lines with randomly varying RDPScan
thus be derived by describing the cumulated dispersionCn.

Let ∆Cres,i be the deviation of the RDPS of theith span from the nominal
RDPS 〈Cres〉, such thatCres,i = 〈Cres〉 + ∆Cres,i. The ∆Cres,i are in-
dependent and identically distributed random variables. They are uniformly
distributed between−|CDCM |/2 and|CDCM |/2. The cumulated dispersion at
the beginning of thenth span can then be expressed as

Cn = Cpre + (n − 1) 〈Cres〉 +
n−1∑

i=0

∆Cres,i, (3.37)
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Figure 3.11: Magnitude of the nonlinear transfer function for 10×80 km SSMF and RDPS dis-
tributed with (a)〈Cres〉 = −816 ps2, CDCM = 413 ps2 (corresponding to DCM-20) and (b)
〈Cres〉 = −41 ps2, CDCM = 41 ps2 (corresponding to DCM-2). Dashed lines indicate the
magnitude ofηs (∆Ω).

where∆Cres,0 accounts for a possible deviation of the precompensation from
its nominal value8. The RDPS mismatch∆Cres,i is uniformly distributed
with zero mean and distribution boundaries defined by the cumulated disper-
sion CDCM of the employed DCM. Taking above example of DCM-20, the
maximum mismatch per span corresponds to 10 km of SSMF (i. e.CDCM =
400 ps2 and−200 ps2 ≤ ∆Cres,i ≤ 200 ps2).

Assuming small deviations|∆Cres,i| ≪ |β2/α| for all spans and validity of
Eq. (3.30) forCres = 〈Cres〉 it can be shown that Eq. (3.26) may be approxi-
mated as

η (∆Ω) ≈ Nηs (∆Ω) ej 1

N

∑N
n=1

Cn∆Ω. (3.38)

This leads to the same single-span representation as in Eq. (3.31) but with an
equivalent precompensation of

C′

pre =
1

N

N∑

n=1

Cn. (3.39)

For the special case of periodic dispersion maps with non-random RDPS, above
equation reduces to the expression given in Eq. (3.29).

Fig. 3.11 shows the magnitude of the NLTF for the same system configura-
tions as in Fig. 3.9 but with random variations of RDPS. Randomisation of the
RDPS destroys the regular resonances in the NLTF’s magnitude. In particular,

8Please note that the nominal RDPS〈Cres〉 is the mean ofPDF(Cres,i). Therefore it is
not necessarily the mean RDPS of a transmission line and it isonly for N → ∞ that
lim

∑N−1

i=0
∆Cres,i = 0.
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3.3 Scaling Laws

this effect can be observed for large variations of RDPS [cp.Figs. 3.9(a) and
3.11(a)]. To verify applicability of the equivalent single-span model and quan-
tify the impact of random variations of RDPS, extensive numerical simulations
were conducted. The results are discussed in chapter 4, section 4.2.2.

3.3 Scaling Laws

In the preceding section, it was shown that the first-order nonlinear perturba-
tion of a signal at the end of a transmission line consisting of N spans can be
approximated by the nonlinear perturbation generated in a single span. This
single-span approximation is in agreement with important design rules derived
in recent years, pertaining to the dependence of nonlinear impairments on cu-
mulated nonlinear phase [126, 127], bit rate and fibre dispersion [128, 129] as
well as dispersion map [59, 130]. These design rules define the parameters of
the equivalent single-span system and thus the approximatefirst-order nonlin-
ear perturbation. The three parameters defining the single-span system are the
3-dB bandwidthΩs of the NLTF, the equivalent precompensationC′

pre and the
cumulated nonlinear phase shiftΦNL according to Eq. (3.35). In many stud-
ies, all of these parameters have been found to significantlyinfluence the per-
formance of fibre-optic transmission systems. In the following, each of these
three parameters is discussed in greater detail and put intocontext with existing
research.

3.3.1 3-dB Bandwidth of the Nonlinear Transfer
Function

The 3-dB bandwidth of the single-span NLTF [Eq. (3.14)] depends entirely on
the employed transmission fibre, more precisely on its attenuation coefficient
and GVD. It essentially describes the 3-dB bandwidth of FWM efficiency.

In order to highlight the significance ofΩs for propagation of the electric field
in a single-mode fibre, the NLSE can be written in a parameterised form. For
the derivation of this form it is useful to introduce a normalised amplitude func-
tion independent of fibre loss as follows

U(z, T ) =
A(z, T )√

P0 exp
(
−α

2 z
) . (3.40)
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SubstitutingU(z, T ) into the NLSE (2.17) yields

∂U(z, T )

∂z
= −j

β2

2

∂2U(z, T )

∂T 2
+ jγP0 exp (−αz) |U(z, T )|2 U(z, T ).

(3.41)
Writing this equation with dimensionless variables

ζ = αz (3.42)

and
τ = TRs (3.43)

leads to

∂U(ζ, τ)

∂ζ
= −jsgn (β2)

C1

2

∂2U(ζ, τ)

∂τ2
+ jΦNL exp (−ζ) |U(ζ, τ)|2 U(ζ, τ),

(3.44)
whereΦNL is the nonlinear phase shift according to Eq. (3.35) (withN = 1)
andC1 is a dimensionless parameter defined as

C1 =
R2

s

Ωs
= R2

s

|β2|
α

. (3.45)

The parameterC1 can be interpreted as a normalisation of the cumulated dis-
persion of the effective length by the symbol rate. In the following, it is there-
fore referred to as normalised cumulated dispersion. It is clearly seen from
Eq. (3.44) that normalised dispersionC1 and nonlinear phase shiftΦNL gov-
ern the evolution of the electric field in the time domain.

The normalised cumulated dispersionC1 has been shown to be a direct measure
for the maximum number of overlapping and nonlinearly interacting pulses in
a single wavelength channel within the effective length of afibre [46]. Fur-
thermore, it was demonstrated by numerical simulations in [129] and without
inclusion of fibre loss in [128,131,132] that it universallydescribes the impact
of intrachannel nonlinearities. Interestingly, this result has both a frequency-
domain and a length-scale interpretation since for long fibres (withL ≫ Leff )
R2

s/Ωs = Leff/LD.

The frequency-domain NLSE can be parameterised in a similarfashion. Sub-
stituting the Fourier transform̃U(z, ω) of U(z, T ) defined in Eq. (3.40) into the
NLSE in the frequency domain (3.3) yields

∂Ũ(z, ω)

∂z
=jω2 β2

2
Ũ(z, ω) + jγP0 exp (−αz)

×
∫∫

∞

−∞

Ũ(z, ω1)Ũ
∗(z, ω2)Ũ (z, ω3) dω1 dω2.

(3.46)
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Writing Eq. (3.46) with dimensionless variablesζ as in Eq. (3.42) and

Ω =
ω

2π∆fch
, (3.47)

leads with Eq. (3.35) (N = 1) to

∂Ũ(ζ, Ω)

∂ζ
=2jπ2Ω2sgn (β2)C2Ũ(ζ, Ω) + jΦNL exp (−ζ)

×
∫∫

∞

−∞

Ũ(ζ, ω1)Ũ
∗(ζ, ω2)Ũ(ζ, Ω, ω1, ω2) dω1 dω2,

(3.48)

where

C2 =
∆f2

ch

Ωs
= ∆f2

ch

|β2|
α

. (3.49)

Similar toC1, the dimensionless parameterC2 describes the dispersion cumu-
lated over the effective length but in this case normalised by the WDM chan-
nel spacing∆fch. Eq. (3.48) demonstrates that the frequency-domain NLSE
can be parameterised by normalised dispersionC2 and nonlinear phase shift
ΦNL. For constant spectral efficiency, parametersC1 andC2 are equivalent.
However, this equivalence is destroyed when varying spectral efficiency is con-
sidered. This will become clear in the following, where scaling of FWM and
IFWM efficiency withC1 andC2 is analysed.

Now that the two parametersC1 andC2 are established, the question arises,
how do interchannel and intrachannel nonlinearities scalewith them? In the
following scaling of these different nonlinear effects is discussed using the ex-
ample of FWM efficiency. First, the efficiency of IFWM betweentwo overlap-
ping pulses is derived. Subsequently, scaling of IFWM and FWM efficiencies
with parametersC1 andC2 are compared.

As explained in section 2.2.1, the effect of IFWM originatesin FWM between
red and blue frequency components of overlapping pulses. For a simple anal-
ysis of the scaling of IFWM efficiency with the normalised cumulated disper-
sionC1, the case of two dispersive Dirac pulses is considered. Theyare de-
fined atz = 0 asUa(0, t) = δ(t − ta) andUb(0, t) = δ(t − tb), whereδ(x)
is Dirac’s delta function. The respective Fourier transforms have magnitudes
|Ũa(0, ω)|2 = 1 and|Ũb(0, ω)|2 = 1. A spectrogram of two such pulses af-
fected by dispersion is shown in Fig. 3.12 (bold lines in the time-frequency
plane). In the time domain, the two pulses are centred att = ta (pulse A) and
t = tb (pulse B) such that the symbol duration isTs = tb − ta. The group-
delay difference∆τ between the optical carrier at reference angular frequency
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Figure 3.12: Spectrogram representation of two dispersiveDirac pulses (bold lines) and the for-
mation of IFWM. Pulses A and B are centred at time instantsta andtb and at reference angular
frequencyω0 in time and frequency domain, respectively. Their separation in the frequency do-
main is2∆ω. The vertical axis represents the efficiency of the FWM process with 3-dB bandwidth
Ωs.

ω0 and a spectral component spaced∆ω apart can be approximated by

∆τ ≈ β2∆ωz. (3.50)

For z = 1/α ≈ Leff , the frequency difference between overlapping pulses A
and B for|∆τ | = Ts/2 is thus determined as

2∆ω =
α

|β2|Rs
. (3.51)

The efficiency of IFWM between the two pulses can then be calculated with
Eq. (2.34) and∆Ω = (2∆ω)2 to be

|ηIFWM|2 =
1

1 +
(

α
β2R2

s

)2 =
1

1 + 1
C2

1

. (3.52)

It is immediately obvious that the efficiency of IFWM monotonously increases
with C1 and thatlimC1→0 |ηIFWM|2 = 0 andlimC1→∞ |ηIFWM|2 = 1.

However, for small values ofC1, IFWM is not so much limited by FWM ef-
ficiency but rather by the lack of sufficient pulse overlap. Inorder to find a
lower bound onC1 it can be assumed that for practical modulated signals, only
spectral components with∆ω ≤ 2πRs carry significant power and that the
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Figure 3.13: Efficiency of FWM and IFWM as functions of normalised cumulated dispersion (a)
with respect to symbol rateRs and (b) to channel spacing∆fch. The four shown cases of spectral
efficiency are 0.1, 0.2, 0.4 and 0.8 b/s/Hz (binary modulation assumed).

most significant nonlinear interactions occur within the effective length (i. e.
z ≤ Leff ). The condition for pulse overlap is|∆τ | ≥ Ts/2. With Eq. (3.50),
∆ω = 2πRs andz = 1/α ≈ Leff the condition for nonlinearly significant
pulse overlap is

4π
|β2|
α

R2
s ≥ 1, i. e. C1 ≥ 1

4π
. (3.53)

This implies that IXPM and IFWM do not occur forC1 < 1/(4π). For trans-
mission over SSMF, this corresponds to a symbol rate of 13.5 GBd, which is
in good agreement with the results in [47].

Similarly, the efficiency of FWM between adjacent WDM channels is deter-
mined by Eq. (2.34) (with∆Ω = 4π2∆f2

ch) as

|ηFWM|2 =
1

1 +
(

4π2 ∆f2

ch
β2

α

)2 =
1

1 + (4π2C2)
2 . (3.54)

The efficiency of FWM decreases monotonously with the normalised disper-
sionC2 such thatlimC2→0 |ηFWM|2 = 1 andlimC2→∞ |ηFWM|2 = 0.

The efficiency of FWM and IFWM is plotted in Fig. 3.13 as a function of
normalised cumulated dispersion for spectral efficiencies0.1, 0.2, 0.4 and 0.8
b/s/Hz. When normalising the cumulated dispersion to the symbol rate, the
channel spacing and thus FWM efficiency become a function of spectral effi-
ciency [Fig. 3.13(a)]. Therefore this normalisation applies to systems where the
major impairments come from intrachannel nonlinearities.On the other hand,
normalising the cumulated dispersion to the WDM channel spacing makes
symbol rate and thus efficiency of IFWM a function of spectralefficiency [Fig.
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3 Single-Span Model

3.13(b)]. Due to this dualism it can be concluded that there is no single nor-
malisation describing both FWM and IFWM for arbitrary spectral efficiency.
Another implication of Fig. 3.13 is that interchannel nonlinearities dominate
for small normalised dispersion, while intrachannel nonlinearities do so for
large normalised dispersion. Optimum system configurations are likely located
in-between these two extremes, where neither FWM nor IFWM reach their full
efficiency. Furthermore, the minimum achievable efficiencydepends on the
spectral efficiency. As a consequence, increasing the spectral efficiency while
keeping the same modulation format will always result in a larger nonlinear
penalty. These guesses will be verified by numerical simulations in the next
chapter.

3.3.2 Equivalent Precompensation

The equivalent precompensation [Eq. (3.29) and (3.39)] describes the influence
of the dispersion map and its parameters precompensation and RDPS. In the
equivalent single-span model, the dispersion map only changes the phase of the
NLTF, while its impact on the magnitude is neglected.

In the context of dispersion-map optimisation in transmission systems with a
per-channel bit rate of40 Gb/s, it was found that the optimum amount of pre-
compensation depends on the RDPS in a linear fashion as described by the
equivalent precompensation in Eq. (3.29). One approach to minimise the im-
pact of intrachannel nonlinearities, which was proposed byKilley et al, is to
minimise the pulse width within the effective length and thus minimise pulse
overlap. It follows from this consideration that the optimum amount of disper-
sion precompensation is [59]

Dpre = −D

α
ln

(
2

1 + exp (−αL)

)

− N

2
Dres. (3.55)

A very similar rule for optimum precompensation was found bymeans of nu-
merical simulation and was verified for transmission over different fibre types.
According to this rule, the optimum precompensation is [133]

Dpre = −N − 1

2
Dres + K, (3.56)

whereK is the optimum value of dispersion precompensation for a system
with full inline dispersion compensation. In later work, Eq. (3.56) was also
derived analytically. This was done by applying small-signal analysis to de-
termine the amplitude variance of the received signal induced by PM-to-AM
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conversion along the transmission line [130]. From this analytical derivation
follows thatK ≈ −D/α is the optimum precompensation. This result is simi-
lar to Eq. (3.55) and is valid forL ≫ Leff in systems limited by intrachannel
nonlinearities. In the scope of the equivalent single-spanmodel, the optimum
K is determined by the optimum precompensation of the single-span system.

3.3.3 Nonlinear Phase Shift

The cumulated nonlinear phase shift [Eq. (3.35)] defines thegeneral strength of
the nonlinear perturbation. It depends on the power of the transmitted signal, as
well as on the number of spans and the employed transmission fibre (nonlinear
coefficient and attenuation coefficient).

The cumulated nonlinear phase shift has been shown to be strongly correlated
to the expected penalty in many system configurations [126,127]. Furthermore,
it can give an indication of the optimum net residual dispersion at the receiver
[48].
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4 Application to the Design of
Fibre-Optic Transmission
Systems

In this chapter, the theory derived in the previous chapter is verified by nu-
merical simulations. First, section 4.1 describes the numerical modelling of
fibre-optic communication systems, encompassing transmitters and receivers
for various amplitude-shift keying (ASK) and phase-shift keying (PSK) mo-
dulation formats, the transmission line itself and last butnot least criteria and
methods to evaluate system performance. In section 4.2, theequivalent single-
span model is verified for two exemplary configurations of practical interest.
The first one represents 10 Gb/s-based legacy systems, the second one a pos-
sible 40 Gb/s scenario. While the first configuration allows verification of the
equivalent single-span model for impairments caused by interchannel nonlinea-
rities, the latter does so for intrachannel nonlinearities. Finally, section 4.3
presents applications of the model to the design of systems with multilevel mo-
dulation formats, varying spectral efficiency and electronic precompensation of
intrachannel nonlinearities.

4.1 Simulation Model

This section briefly introduces the simulation environmentand outlines neces-
sary approximations due to trade-offs between simulation accuracy and avail-
able computation time. All simulations were performed withthe commer-
cially available software package VPItransmissionMakerTM, complemented by
Tcl/TK scripting as well as cosimulation programmed in Matlabr. A block
diagram for simulation of a generic WDM fibre-optic transmission system is
depicted in Fig. 4.1. It consists of transmitters, a WDM multiplexer, disper-
sion precompensation stage,N fibre spans, a postcompensation stage, WDM
demultiplexer and receivers. All components are discussedconsecutively, start-
ing with transmitters in section 4.1.1, continuing with thetransmission line in
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Figure 4.1: Generic setup of a WDM transmission system consisting ofN spans.
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Figure 4.2: Schematic of basic OOK transmitters

section 4.1.2 and receivers in section 4.1.3. Finally, section 4.1.4 presents a
discussion about evaluation of signal quality at the receiver and system perfor-
mance in general.

4.1.1 Transmitter

In optical communication systems information can be encoded into amplitude,
phase, frequency or state of polarisation of the optical carrier. However, so far
only ASK and DPSK have seen noteworthy deployment in commercial fibre-
optic communication systems. This thesis concentrates on these modulation
schemes, namely binary ASK, often referred to as on-off keying (OOK), dif-
ferential binary phase-shift keying (DBPSK) and differential quadrature phase-
shift keying (DQPSK). Extensive discussion of these modulation formats, their
generation and reception as well as impact of linear and nonlinear impairments
can be found e. g. in [30,134,135].

A schematic of NRZ-OOK and RZ-OOK transmitters is shown in Fig. 4.2.
The continuous-wave (CW) lasers are considered as ideal monochromatic light
sources, i. e. with zero linewidth. In systems with phase-modulated signals,
phase noise of the laser source leads to additional penalties and places stringent
limits on laser linewidth [136, 137]. These penalties are neglected here. The
CW laser light is intensity modulated with a Mach-Zehnder modulator (MZM)
in push-pull operation, which is driven by the data signal. This mode of oper-
ation guarantees a chirp-free modulation [138]. In case of RZ-OOK, the data
modulator is followed by a second sinusoidally driven MZM acting as a pulse
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Figure 4.3: Schematics of (a) DBPSK and (b) DQPSK transmitters and associated constellation
diagrams. [141]

carver. Depending on the bias point of the MZM as well as on frequency and
amplitude of the sinusoidal drive signal, pulses with duty cycles of 33%, 50%
and 67% can be generated [30]. In the following, only pulses with a duty cycle
of 33% are considered. The extinction of the generated signals is assumed to
be ideal.

It should be noted that some conclusions presented later in this section are sub-
ject to change based on the extinction ratio of the optical signals. For example,
it has been reported in [139] that optimum dispersion maps for signals with
very low extinction ratio (ER ≤ 10 dB) differ from optimum maps derived
in [59] for signals with larger extinction ratio. However, asignal extinction
ratio of 10 dB is also the minimum recommended by the ITU [140]. Therefore,
all presented results should be applicable to systems conforming with this ITU
recommendation.

Schematics of RZ-DBPSK and RZ-DQPSK transmitters are shownin Fig. 4.3(a)
and 4.3(b), respectively. The RZ-DBPSK transmitter is comparable in com-
plexity to a RZ-OOK transmitter, both use one MZM for data modulation and
one MZM for pulse carving. DPSK adds some complexity in the electronic
domain since a precoder is necessary to differentially encode the data. For sim-
ulation purposes a logical XOR-gate with a delayed feedback-loop is used. The
feedback signal is delayed by one symbol period. In practical realisations this
is often replaced by an AND-gate followed by a T-flip-flop due to simple imple-
mentation of the same function [142,143]. The MZM used for data modulation
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is biased at minimum transmission. This ensures a rectangular modulation of
the phase of the electric field, where the data is encoded in a phase difference of
either zero orπ. The two resulting signal states are shown in the constellation
diagram in Fig. 4.3(a).

The need for higher spectral efficiency and better tolerances towards linear im-
pairments such as GVD has led to the development of optical multilevel modu-
lation formats. A particularly successful modulation format is DQPSK, which
uses a set of four possible phase differences two encode two bits per transmit-
ted symbol. The transmitter and the resulting four signal states are shown in
Fig. 4.3(b). Following [141] DQPSK is implemented here withtwo MZMs in
a Mach-Zehnder super-structure. Unlike DBPSK this adds considerable com-
plexity in the optical domain compared to RZ-OOK. Moreover,the electric
precoder has to implement a more complex logical function inorder to use di-
rect detection [141]. A method to reduce the optical complexity of RZ-DQPSK
generation by using a serial approach with two MZMs followedby a phase
modulator has been proposed in [144].

For numerical simulations of high-speed optical transmission systems, a proper
choice of the transmitted digital data is vital. In order to accurately model bit
pattern dependent intrachannel nonlinear effects such as IFWM and IXPM, the
length and content of the transmitted binary sequence has tobe chosen ade-
quately [46]. Pseudo-random binary sequences of length2m containing ev-
ery possible permutation ofm bits are particularly suited for this task. Such
a sequence is commonly called a de Bruijn binary sequence (DBBS) after
N. G. de Bruijn, who derived the number of existing DBBSs of a certain or-
der [145]. The necessary length of the DBBS is still a subjectof research and
depends on the specific system configuration and target bit-error ratio (BER)
[146,147]. Unless stated otherwise, all simulations in this thesis use a DBBS of
order ten, since that constitutes a good trade-off between accuracy and simula-
tion time. Additional care has to be taken when multilevel modulation formats
are considered. In case of DQPSK transmission, binary sequences do not lead
to sufficiently stable results and have to be replaced by pseudo-random quater-
nary sequences (PRQSs) [148]. For all DQPSK simulations, a PRQS of length
45 is used. It is constructed by interleaving two DBBSs of length 210 with an
appropriate cyclic shift of±5 bits [149].

Besides these single channel considerations, the accuracyof numerical simula-
tions of WDM systems has to be carefully weighed against needed computation
time. The impact of interchannel nonlinear effects (FWM andXPM) depends
on the bit patterns transmitted in interfering WDM channelsand in case of
FWM also on phase matching with these channels. In realisticsystems, many
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4 Application to the Design of Fibre-Optic Transmission Systems

WDM channels are transmitted simultaneously, such that thewalk-off between
channels spaced far away can add up to large numbers of bits. Furthermore, the
phase relationship between WDM channels is usually random1. It is futile to at-
tempt to simulate all possible combinations of bits in the observed channel and
all interfering channels. A possible solution to this dilemma is to use a statistic
approach. Similar to the simulation technique proposed in [151] for coherent
WDM crosstalk, a system can be simulated numerous times withrandom tim-
ing and phase of each channel. From these simulation runs a distribution of
the resulting BER is obtained. Since this procedure requires many simulation
runs to be meaningful, it is very time consuming. Such a simulation procedure
is only implemented for the analysis of DBPSK and DQPSK transmission in
section 4.3.1 and implications on the results are discussed. Because of time
constraints, one arbitrarily chosen constellation of timings and phases is used
for other investigations.

The multiplexer filters are modelled as second order Gaussian bandpass filters
with a 3-dB bandwidth of twice the symbol rate.

4.1.2 Transmission Line

A configuration of a fibre-optic transmission system with single-stage optical
amplifiers is shown in Fig. 4.1. Propagation of the complex envelope of the
electric field through the fibres is computed by the split-step Fourier method,
which is implemented in the fibre model of VPItransmissionMakerTM. The
transmission line consists of a dispersion precompensation stage at the trans-
mitter, a number ofN identical transmission spans and a postcompensation
stage before the receiver. Precompensation and postcompensation stages are
modelled as purely linear dispersive elements without any nonlinear impact.
Each of theN spans consists of a single-mode fibre (SMF), a dispersion-
compensating fibre (DCF) and an optical amplifier (OA). The SMF is mod-
elled with fibre lossα = 0.2 dB/km, nonlinear index coefficientn2 = 2.6 ·
10−20 m2/W and effective core areaAeff = 80 µm2 (corresponding to typical
values for SSMF). At wavelengthλ = 1.55 µm this results in a nonlinear coef-
ficientγ = 1.31 W−1km−1. The GVD of the SMF varies. Second-order GVD
(i. e. dispersion slope) and the nonlinear impact of inline DCFs have not been
considered. The optical amplifier compensates the span lossand is modelled
as noiseless, since the ASE-noise is treated analytically in the receiver model.

1Although it has been demonstrated that the phase relationship between WDM channels can be
controlled in point-to-point links [150] this technique isprincipally not applicable in networks
with optical add-drop multiplexers.
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4.1 Simulation Model

symbol rate fibre type
(GBd) NZDSF SSMF SLAF

10 0.011 0.045 0.059
40 0.18 0.71 0.94
100 1.1 4.4 5.9
160 2.9 11 15

Table 4.1: Values of normalised dispersionC1 = R2
s/Ωs for some combinations of symbol rate

and fibre type. Values are rounded to the two most significant digits.

The postcompensation stage in front of the receiver is adjusted such that the net
residual dispersion is zero.

In order to easily identify practical system configurationsin the normalised no-
tation, tables 4.1 and 4.2 show exemplary values of normalised dispersionC1

andC2 , respectively. There are mainly three common fibre types in present-
day systems, NZDSF, SSMF and super-large-effective-areafibre (SLAF). Their
fibre loss and dispersion parameters used for tables 4.1 and 4.2 are summarised
in table 4.3. Although most simulations are performed with fibre loss and non-
linear coefficient typical for SSMF, the results can be scaled to fibres having
different fibre loss and nonlinear coefficient by simply adjusting the launch
power for constant nonlinear phase shift according to Eq. (3.35).

channel spacing fibre type
(GHz) NZDSF SSMF SLAF

25 0.071 0.28 0.37
50 0.28 1.1 1.5
100 1.1 4.4 6
200 4.6 18 23
400 18 71 94

Table 4.2: Values of normalised dispersionC2 = ∆f2

ch
/Ωs for some combinations of channel

spacing and fibre type. Values are rounded to the two most significant digits.

4.1.3 Receiver

Optical receivers are either based on direct detection or coherent detection of
the incoming light. Direct detection receivers convert theoptical intensity to an
electric current. In this process all information about theoptical phase is lost.
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4 Application to the Design of Fibre-Optic Transmission Systems

fibre type fibre parameters
fibre loss dispersion parameter effective core area
α (dB/km) D (ps/(nm·km)) Aeff (µm2)

NZDSF 0.22 4.5 72
SSMF 0.2 16 80
SLAF 0.19 20 120

Table 4.3: Parameters of fibre types used in tables 4.1 and 4.2.

Contrary to that, coherent detection, where the photodiodeis used as a mixing
device for the incoming optical signal and light from a localoscillator, pre-
serves information about the optical field’s amplitude and phase. This makes
coherent systems particularly suited for electronic mitigation of transmission
impairments at the receiver end [152, 153]. Although only direct detection is
considered here, qualitative results concerning the scaling of fibre nonlineari-
ties should also be applicable to coherent systems, since the generated nonlinear
perturbation does not depend on the type of receiver.

A schematic of a direct-detection receiver for ASK signals is shown in Fig. 4.4(a).
The signal is noise-loaded with additive white Gaussian noise (AWGN) before
the optical band-pass filter (BPF). The receiver consists ofa photodiode (PD)
followed by an electrical low-pass filter (LPF). After low-pass filtering and
sampling, the digital data is recovered at the decision gate. Optical BPFs are
modelled as second order Gaussian filters. This constitutesa good approxima-
tion for the transfer function of optical thin-film filters [154]. The electrical
post-detection filter is a 5th order Bessel low-pass filter with a 3-dB cut-off
frequency of0.7 × Rs. This configuration of filter bandwidths is close to op-
timal for all considered modulation formats [155, 156]. Back-to-back eye di-
agrams of NRZ-OOK and 33% RZ-OOK are shown on the right-hand side of
Fig. 4.4(a).

The schematic of a direct detection receiver for DBPSK and the resulting back-
to-back eye diagram are shown in Fig. 4.4(b). The delay interferometer with
a delay of one symbol period demodulates the differential phase into intensity
modulation at both output ports. The optical signal is then detected by two bal-
anced photodiodes. In simulations conducted for this thesis, all components are
assumed to work in ideal operating conditions. However, in practical systems
these conditions can not be guaranteed due to e. g. manufacturing tolerances
of the components. This leads to additional penalties [156–158] which are not
considered in this thesis in order to remain as general as possible. A compre-
hensive analysis of transmitter and receiver structures for DBPSK and DQPSK
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(b) Receiver model for direct detection of DBPSK signals.
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(c) Receiver model for direct detection of DQPSK signals.

Figure 4.4: Schematics of (a) the receiver model for direct detection of intensity modulated signals,
(b) receiver model for differential demodulation and balanced detection of DBPSK and (c) the
same for DQPSK.

which also covers aspects of non-ideal components can be found in [159].

The DQPSK receiver depicted in Fig. 4.4(c) follows the same principle as that
for DBPSK. It consists of two DBPSK receivers, with±π/4 phase shifts in one
arm of each delay interferometer [141]. Compared to DBPSK, this doubles
the number of components in the optical domain as well as in the electrical
domain. However, at the same bit rate DQPSK has only half the symbol rate,
which lowers the required speed of electrical components. Also shown are
back-to-back eye diagrams of both tributaries.
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Figure 4.5: (a) Obtained and required OSNR as a function of launch power for transmission of
40 Gb/s NRZ-OOK over 10×80 km SSMF. The nonlinear threshold (NLT) is defined as the launch
power resulting in 1 dB ROSNR penalty. (b) OSNR margin as a function of launch power. The
NLT does not coincide with the launch power giving maximum OSNR margin.

4.1.4 Evaluation of System Performance

The most important quality criterion for digital communication systems is the
sustained BER, which is the probability of erroneously deciding the value of
a received bit. The BER can be accurately estimated based on aKarhunen-
Loève expansion of the ASE-noise before the optical demultiplexer filter and
subsequent saddle-point approximation of the integral over the resulting mo-
ment generating function [160]. This semi-analytic approach is embedded in
a Matlabr cosimulation environment of VPItransmissionMakerTM and was
implemented by Sebastian Randel [154]. In this model, the noise is treated
analytically and assumed to be additive white Gaussian noise (AWGN) before
the demultiplexer filter, which is the case in many practicalsystem configura-
tions. With only minor adjustments the model is also suited for estimation of
the BER in DBPSK and DQPSK systems with interferometric demodulation
and direct detection [137, 161]. However, the assumption ofnoise loading at
the receiver implies that nonlinear interactions between signal and noise along
the transmission line (such as Gordon-Mollenauer phase noise [119]) are not
considered. Since nonlinear phase noise is problematic mainly for PSK, an es-
timation of the impact of nonlinear phase noise is given in the context of DPSK
transmission discussed in section 4.3.1.

A digital communication system is usually designed to guarantee operation
below a certain target BER. In fibre-optic communication systems, the BER
depends on the OSNR at the receiver. Time-invariance of the system assumed,
a required optical signal-to-noise ratio (ROSNR) can be determined for opera-
tion below a certain BER. Unless stated otherwise all results are based on the
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4.1 Simulation Model

Table 4.4: Back-to-back ROSNR for a BER of 10-9 at a symbol rate of 10 GBd.

modulation format ROSNR in dB

NRZ-OOK 13.7
RZ-OOK 12.9

RZ-DBPSK 9.7
RZ-DQPSK 14.6

ROSNR forBER = 10−9. The ROSNR for the considered modulation formats
in back-to-back configuration is summarised in Tab. 4.4. Theactual OSNR at
the receiver depends on the system configuration as in Eq. (2.3). The differ-
ence between ROSNR and actual OSNR is called OSNR margin and is used
to safeguard against time-dependent impairments such as component aging,
drift of system parameters with temperature and so forth. Ina fixed transmis-
sion line, the only way to increase the OSNR at the receiver isto increase the
launch power at the transmitter. Unfortunately, nonlinearimpairments become
stronger with increased launch power. Above a certain powerthreshold, the
penalty in ROSNR due to nonlinear impairments outpaces the gain in OSNR
at the receiver and a further increase of launch power becomes pointless. This
principle is illustrated in Fig. 4.5(a), where ROSNR and obtained OSNR are
plotted as functions of launch power for transmission of 40 Gb/s NRZ-OOK
over 10×80 km SSMF. The noise figure of the optical amplifiers is assumed to
be 5 dB, which is quite conservative, given that noise figuresof about 4 dB are
used for transoceanic fibre-optic transmission lines [162,163] and that a noise
figure of slightly above 3 dB should in principle be possible to obtain [164].
The resulting OSNR margin of the system is plotted in Fig. 4.5(b). In order to
obtain a good estimate on where the maximum OSNR margin is reached, it is
practical to define the nonlinear threshold (NLT) as the launch power leading
to a 1 dB ROSNR penalty. In literature, there exist numerous other defini-
tions of the NLT, where it is also defined with respect to eye-opening penalty,
Q-factor penalty, different values of ROSNR penalty and OSNR margin. The
NLT is a very convenient measure since it is independent of the bit rate (i. e.
the required back-to-back OSNR) and it ensures that the nonlinear perturbation
δNL [Eq. (3.10)] is small enough to verify the condition of a weakly nonlin-
ear regime. Furthermore, it gives the maximum reasonable launch power into
a system, since increasing the launch power beyond the NLT would not yield
a significantly larger OSNR margin at the receiver due to additional nonlinear
distortion of the signal.
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Figure 4.6: Nonlinear threshold as a function of normalisedprecompensation for transmission of
five WDM channels over a single span of fibre with (a) NRZ-OOK and spectral efficiencyS =
0.2 b/s/Hz at normalised dispersionC1 = 0.0445, (b) RZ-OOK andS = 0.4 b/s/Hz atC1 =
0.71.

4.2 Numerical Verification of the Single-Span
Model

This section presents a verification of the single-span model by means of nu-
merical simulation. The simulation model described in the previous section is
applied to provide more detailed verification than already published in previ-
ous work [124, 125, 165–167]. First, the performance of a single-span system
in terms of NLT is determined. Subsequently it is tested to what extent these
single-span results are applicable to multi-span systems with different disper-
sion maps. Starting from a resonant dispersion map with fullinline dispersion
compensation per span, the common scheme of single-periodic maps with con-
stant or randomly varying RDPS is also considered.

4.2.1 Single-Span Systems

According to Eq. (3.25), the NLTF for transmission over a single span with
dispersion precompensation does depend on only three parameters: its 3-dB
bandwidthΩs, the amount of precompensation and the ratio of nonlinear coef-
ficient to attenuation coefficient. Evaluation of the NLTF at∆Ω = R2

s results
in

η(R2
s) =

γ

α

1

1 − jsgn(β2)C1
exp

(
jR2

sCpre

)
. (4.1)
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4.2 Numerical Verification of the Single-Span Model

Assuming a constant spectral efficiency, it can be conjectured from this equa-
tion that system configurations with equal normalised dispersionC1 [Eq. (3.45)]
and normalised precompensationR2

sCpre have equal NLT. This is verified
using two exemplary configurations of practical interest: 5×10 Gb/s NRZ-
OOK over SSMF with 50 GHz channel spacing (S = 0.2 b/s/Hz) and 5×40 Gb/s
RZ-OOK over SSMF with 100 GHz channel spacing (S = 0.4 b/s/Hz). The
first configuration is typical for 10 Gb/s-based legacy systems, while the second
constitutes a possible upgrade path to 40 Gb/s. Furthermore, these two system
configurations represent transmission in two different regimes. While the first
system is mainly impaired by interchannel nonlinearities,the latter operates in
the pseudo-linear transmission regime, where intrachannel nonlinearities limit
the NLT.

Fig. 4.6 shows the NLT for transmission over 80 km fibre. The normalised dis-
persionC1 is kept constant, while bit rate and GVD are varied. In each case, the
precompensation is varied from 0% to 100% of the fibre’s cumulated dispersion
CSMF . The results indicate that the NLT is indeed determined by normalised
dispersionC1 and normalised precompensationR2

sCpre only. Please note that
the binary sequences assigned to the WDM channels are delayed by an arbi-
trary number of bits. This number is kept constant for all simulation points.
The NLT therefore represents only one specific alignment of bit pattern in non-
linearly interacting wavelength channels. In order to estimate the true NLT
one would have to simulate many configurations with randomlychosen delays
and carrier phase constellations. From these runs a time-averaged BER can be
determined. However, this would be extremely time consuming. Since the con-
clusion holds for any random values of delay and carrier phase alignment, it is
also valid for the NLT determined by a time-averaged BER obtained by many
simulation runs.

In above simulations, only the dispersion parameter of the fibre is varied, while
nonlinear coefficient and fibre loss are kept constant. However, dispersion pa-
rameter and effective core area of a fibre are not entirely independent param-
eters. Usually, a reduced dispersion parameter necessitates a smaller effective
core area. According to Eq. (2.16), the nonlinear coefficient of a fibre is in-
versely proportional to the effective core area. Thus, a reduced dispersion pa-
rameter has to be traded with a larger nonlinear coefficient and consequently
larger nonlinear phase shift at equal input power. Besides normalised disper-
sion and precompensation, the nonlinear phase shiftΦNL is the third defining
parameter for a single-span system. Taking above examples of 10 Gb/s and
40 Gb/s systems, it is verified that the allowed nonlinear phase shift for 1 dB
ROSNR penalty remains constant when the effective core areais varied. Apart
from an effective core areaAeff = 80 µm2, which is common for SSMF, very
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Figure 4.7: Nonlinear phase shiftΦNL for P0 = NLT (in units Watt) as a function of normalised
precompensation. The signal is transmitted over 80 km fibre with dispersion parameterD =
16 ps/(nm·km) and varying effective core area. (a) 5×10 Gb/s NRZ-OOK with spectral efficiency
S = 0.2 b/s/Hz, (b) 5×40 Gb/s RZ-OOK withS = 0.4 b/s/Hz.

small (25µm2) and large (120µm2) effective core areas are considered. The
results are shown in Fig. 4.7. Indeed, the nonlinear phase shift for P0 = NLT
(in units Watt) is independent of the effective core area.

So far, the fibre loss has been assumed to beα = 0.2 dB/km. However, legacy
fibres often have larger losses, while modern fibres achieve losses below that
value. For constantC1, the nonlinear phase shift resulting in 1 dB ROSNR
penalty should remain constant when the fibre loss is varied,i. e. the NLT is
inversely proportional to fibre loss. In order to keepC1 constant, the dispersion
parameter of the fibre is varied. It isD =12, 16, 20 ps/(nm·km) for α =0.15,
0.2, 0.25 dB/km. The nonlinear phase shift for 10 Gb/s NRZ-OOK and 40 Gb/s
RZ-OOK transmission over 80 km fibre is shown in Fig. 4.8. The nonlinear
phase shift is verified to be invariant to variations of fibre loss for constant
C1.

According to the above results, it is possible to simulate a single-span system
with just a single symbol rate and a single value of the nonlinear coefficient with
varying dispersion parameter and precompensation to fullydescribe the obtain-
able NLT for arbitrary symbol rate and fibre type. Results of such a simulation
are shown in Fig. 4.9, where the NLT (contour line labels) is plotted for single-
channel and WDM transmission of RZ-OOK versus normalised dispersionC1

and precompensationR2
sCpre. The lower bound of the abscissa corresponds

to a bit rate of 10 Gb/s and a fibre dispersion ofD = 1 ps/(nm·km), while
the upper bound corresponds to 160 Gb/s andD = 18 ps/(nm·km). This plot
completely describes the performance of single-span transmission for arbitrary
bit rate and fibre type for 33% RZ-OOK. However, in case of WDM transmis-
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Figure 4.8: Nonlinear phase shiftΦNL for P0 = NLT (in units Watt) as a function of normalised
precompensation. The signal is transmitted over 80 km fibre with varying fibre loss. The dispersion
parameter is adjusted in each case to keepC1 constant. (a) 5×10 Gb/s NRZ-OOK with spectral
efficiencyS = 0.2 b/s/Hz, (b) 5×40 Gb/s RZ-OOK withS = 0.4 b/s/Hz.

sion the results are valid for constant spectral efficiency only. The impact of
varying spectral efficiency is discussed towards the end of this chapter in sec-
tion 4.3.2. Furthermore, the NLT for system configurations mainly impaired by
interchannel nonlinearities holds only for the specific simulated set of bit pat-
tern timings. Neither does it reflect the true best or worst case, nor does it allow
to draw a conclusion about the NLT for a time-averaged BER. The influence of
the statistics of interchannel nonlinearities on the NLT isdiscussed in greater
detail in the context of DPSK formats in section 4.3.1.

The NLT obtained for optimised precompensation is shown in Fig. 4.10. It
compares the NLT of single-channel transmission with that of WDM transmis-
sion at a spectral efficiency of 0.4 b/s/Hz. The NLT forC1 > 1 (shaded region)
is likely to be overestimated, since the length of the simulated binary sequence
is not sufficient to correctly account for all interacting bit patterns of a sin-
gle wavelength channel. For example, with Eq. (2.19) and∆ωs = 2πRs the
number of overlapping symbols2 at C1 = 10 is m ≈ 64. Thus, intrachannel
nonlinear distortions are underestimated [46]. Recent numerical results with
sequence lengths up to217 indicate that the NLT does not increase for larger
values ofC1 [146]. Further note should be taken that the results represent the
NLT due to nonlinear impairments in the absence of net residual dispersion.
In certain scenarios, the NLT can be further increased by careful optimisation
of the net residual dispersion, e. g. in SPM-limited systems(single-channel
transmission at smallC1 in Fig. 4.10) [49].

2Since the bandwidth containing 90% of the signal power is∆ωs = 4πRs [168], this can be
viewed as a low estimate for the number of overlapping symbols.
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Figure 4.9: Nonlinear threshold in dBm (contour line labels) for RZ-OOK modulation and trans-
mission of (a) a single channel with symbol rateRs and (b) a5×Rs WDM signal with 0.4 b/s/Hz
spectral efficiency over a single span with precompensationCpre. Circles indicate configurations
giving maximum nonlinear threshold for dispersion parameter D = 4, 8, 16 ps/(nm·km) and a bit
rate of 10 Gb/s (grey dots) or 40 Gb/s (black dots).
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Figure 4.10: Nonlinear threshold for optimised normalisedprecompensationR2
sCpre in case of

single-channel (white circles) and 5×Rs WDM (black circles) transmission. Due to insufficient
bit-sequence length, the nonlinear threshold is likely to be overestimated in the shaded area, i. e.
for large channel memory.

A comparison between single-channel and WDM transmission reveals the se-
vere impact of FWM for smallC1, where the NLT for WDM transmission can
be up to 10 dB lower than in the single-channel case. In contrast, there is negli-
gible penalty due to interchannel nonlinear effects for sufficiently large bit rate
and/or dispersion (C1 ≥ 0.3), i. e. in the pseudo-linear regime [29]. The maxi-
mum NLT is achieved in a trade-off between inter- and intrachannel nonlinear
effects atC1 = 0.25.

As discussed in section 4.1.4, the OSNR margin at the receiver is an impor-
tant criterion for the design of a fibre-optic transmission system. Knowledge
of the NLT for optimised precompensation as shown in Fig. 4.10 enables sim-
ple estimation of the achievable OSNR margin. In the following, strategies to
maximise the OSNR margin are discussed on the basis of a simple single-span
example. Although the OSNR margin is usually not of concern in a single-span
system, this discussion allows to illustrate the main principles. A common de-
sign decision faced by engineers designing a fibre-optic transmission system
concerns the quest for the best combination of fibre type and symbol rate. In
order to answer that question for single-span transmissionof RZ-OOK, three
fibre types are considered: SLAF, SSMF and NZDSF. Dispersionparameter
DSMF and fibre loss of these fibres are summarised in Tab. 4.3. The length
of the transmission fibre isLSMF = 100 km and the EDFA noise figure is
FOA = 6 dB. The OSNR at the receiver of a transmission link with single-
stage amplification is then determined by Eq. (2.3), withαDCF = 0.5 dB/km
andLDCF = −LSMF DSMF /DDCF for complete inline dispersion compen-
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Figure 4.11: OSNR margin as a function of symbol rate for transmission of 5×Rs RZ-OOK with a
spectral efficiency of 0.4 b/s/Hz over 100 km fibre with optimised precompensation and (a) single-
stage amplification or (b) dual-stage amplification.

sation3. The launch powerPin equals the NLT shown in Fig. 4.10. To avoid
ambiguities due to insufficient DBBS length, only NLTs forC1 ≤ 1 are con-
sidered. The ROSNR is 1 dB higher than the value given in Tab. 4.4 due to
operating at the NLT.

The resulting OSNR margin is shown in Fig. 4.11(a). The maximum OSNR
margin is achieved by using SLAF and a symbol rate of about 16 GBd, because
this configuration maximises the NLT while minimising the required received
OSNR under the given constraints. When transmitting at bit rates per WDM
channel higher than 30 Gb/s, NZDSF becomes the best choice. This is due
to an increasing impact of intrachannel nonlinearities when transmitting over
fibres with large dispersion parameter. Furthermore, a large dispersion param-
eter necessitates a longer DCF to compensate the dispersion. For example, the
loss of a DCF compensating for a SLAF is 6.2 dB larger than the loss in case
of NZDSF. As discussed in chapter 2, dual-stage amplification is used to mit-
igate the impact of DCFs on the received OSNR. AssumingP0/PDCF = 10
to ensure linear transmission in the DCF, the received OSNR for dual-stage
amplification is determined by Eq.(2.4) and (2.5). The resulting OSNR margin
is shown in Fig. 4.11(b). While the OSNR margin increases only slightly for
NZDSF (less than 1 dB) it increases by about 3.2 dB for SSMF and3.3 dB for
SLAF. The conclusion remains valid that SLAF enables the overall maximum
OSNR margin, while NZDSF is better suited for transmission at high symbol
rates. In the next section it will be shown how these results can be extended to
systems with multiple spans.

3The dispersion parameter of the DCF is assumed to beDDCF = −100 ps/(nm·km).
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4.2.2 Multi-Span Systems with Single-Periodic
Dispersion Map

In the following, the general class of multi-span systems istreated with respect
to a more confined, albeit common, scenario. In a system with asingle-periodic
dispersion map, dispersion is compensated per span by a certain amount. If
dispersion is fully compensated per span (i. e. no RDPS), this compensation
scheme is referred to as full inline dispersion compensation. First, multi-span
systems with such a so-called resonant dispersion map are discussed. The next
section goes one step further by introducing a constant amount of RDPS. Last
but not least, the impact of small random variations in RDPS,which are in-
evitable in practical systems, is quantified. For each system configuration, it is
explored to what extent multi-span systems can be approximated by single-span
systems.

Resonant Dispersion Map

A resonant dispersion map is characterised by the absence ofRDPS. Cumu-
lated dispersion at the input of each span equals the amount of precompen-
sation introduced at the transmitter. Hence, signal waveforms are the same
at the input of each span, except for nonlinear signal distortions. According
to Eq. (3.10), the nonlinear perturbation generated in eachspan will thus be
very similar and the magnitude of the nonlinear perturbation should accumu-
late approximately in a linear fashion with the number of spans. If this is the
case, input power per channel has to be scaled such that the cumulated nonlin-
ear phase shift [Eq. (3.35)] remains constant. In order to test this hypothesis,
WDM transmission over five, ten and twenty spans with full inline dispersion
compensation per span is compared to transmission over a single span.

The results are shown in Fig. 4.12, where the nonlinear phaseshift ΦNL for
P0 = NLT (in units Watt) is plotted versus normalised precompensation. For
the most part, these results indicate that the NLT found in single-span transmis-
sion can indeed be generalised for systems with an arbitrarynumber of spans.
However, the nonlinear phase shift for transmission of 5×10 Gb/s NRZ-OOK,
which is predominantly impaired by interchannel nonlinearities, shows devia-
tions of up to 0.2 rad between single-span and multi-span results [Fig. 4.12(a)].
Just recently, a group from the Università degli Studi di Parma reported simi-
lar results obtained by averaging models [169]. They determined the nonlinear
phase shift resulting in 3 dB ROSNR penalty for NRZ-OOK with span counts
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Figure 4.12: Nonlinear phase shiftΦNL for P0 = NLT (in units Watt) as a function of normalised
precompensation for transmission overN spans of SSMF. (a) 10 Gb/s NRZ-OOK with spectral
efficiencyS = 0.2 b/s/Hz, (b) 40 Gb/s RZ-OOK withS = 0.4 b/s/Hz.

up to 100. While dispersion precompensation was optimised,full inline dis-
persion compensation was used. It was reported that the allowable nonlinear
phase shift is independent of the number of spans for bit rates and GVD above
20 Gb/s and 8 ps/(nm·km) (i. e.C1 > 0.09). The smallerC1 becomes, the more
the allowable nonlinear phase shift diverges for differentspan count. However,
the allowable nonlinear phase shift of the single-span system always constitutes
the lower bound.

Fig. 4.12(b) presents the results for an exemplary system mostly limited by in-
trachannel nonlinearities. The perfect match of results for transmission over
different numbers of spans verifies that the NLT is reduced with increasing
number of spans, thus keeping the cumulated nonlinear phaseshift constant.
This scaling behaviour was also verified for 160 Gb/s single-channel transmis-
sion of Gaussian pulses by means of numerical simulations [127].

These results confirm that the equivalent single-span modelderived in chap-
ter 3 is applicable to arbitrary multi-span systems with full inline dispersion
compensation per span. Thus, Fig. 4.10 does not only completely describe the
maximum NLT of RZ-OOK in single-span systems but it also covers this addi-
tional class of multi-span systems.

Constant Residual Dispersion per Span

Introduction of RDPS opens up a new degree of freedom in dispersion-map
design. According to Eq. (3.31) and (3.29) the NLTF is invariant to an intro-
duction of RDPS, as long as dispersion precompensation is adjusted properly.
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Figure 4.13: ROSNR penalty in dB (contour line labels) as a function of dispersion map parameters
for transmission of 5×10 Gb/s NRZ-OOK over 10×80 km SSMF with 4 dBm launch power and
spectral efficiency 0.2 b/s/Hz. Black dots indicate numerically obtained optimum precompensation
for each value of RDPS. The solid line represents optimum precompensation as a function of RDPS
obtained semi-analytically with the equivalent single-span model. Optimum precompensation of
the single-span systemC′

pre is determined numerically [cp. Fig.4.6(a)]. Then Eq. (3.29) is used
to calculate optimum precompensation for the multi-span system. Dashed line represents analy-
tically predicted optimum precompensation as a function ofRDPS according to Killey’s formula
[Eq. (3.55)].

However, the approximation used in the derivation of Eq. (3.31) is only valid
under the condition that RDPS is small [Eq. (3.30)]. The RDPSin practical
systems may well exceed the required small values and thus violate this condi-
tion. Can knowledge about the NLT of a single-span system still be of value for
the design and optimisation of single-periodic dispersionmaps? This question
is the main focus of this section.

The equivalent single-span model represents an approximation of the cumu-
lated nonlinear perturbation at the receiver. Although approximation of the
NLTF’s magnitude becomes inaccurate for large RDPS, single-span optimi-
sation can be used to obtain optimum dispersion map parameters. Having
found the optimum value of dispersion precompensation for the single-span
system, optimum precompensation as a function of RDPS and span count is
determined by Eq. (3.29). For example, points of maximum NLTfor single-
span transmission with a bit rate of 40 Gb/s and a fibre dispersion parameter
of D = 4, 8, 16 ps/(nm·km) are indicated by black dots in Fig. 4.9(a). With
Eq. (3.29), the rule for optimum precompensation [Eq. (3.56)] of multi-span
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systems is reproduced and the value ofK is found to be

K ≈ −D

α
ln

(
2

1 + exp (−αL)

)

. (4.2)

This is in good agreement with the results of Killey in [59]. To test the accuracy
of this approach for dispersion map optimisation, it is compared to full numer-
ical optimisation of precompensation and RDPS. The considered transmission
line consists of 10×80 km SSMF spans. Two different transmission regimes
are examined. Systems limited by interchannel nonlinearities are accounted
for by transmission of 5×10 Gb/s NRZ-OOK, while limitation by intrachannel
nonlinearities occurs for transmission of 5×40 Gb/s RZ-OOK. As in the pre-
vious section, channel spacing is chosen as 50 GHz and 100 GHzto conform
with ITU recommendations. This results in a spectral efficiency of 0.2 b/s/Hz
and 0.4 b/s/Hz for NRZ-OOK and RZ-OOK, respectively. Launchpowers cor-
respond to the NLT for single-span transmission with optimised precompen-
sation according to Fig. 4.6 (i. e. 14.3 dBm for NRZ-OOK and 12.2 dBm for
RZ-OOK).

The ROSNR penalty as a function of dispersion precompensation and RDPS
for 10 Gb/s NRZ-OOK transmission with 4 dBm launch power is shown as a
contour plot in Fig. 4.13. The contour line labels denote ROSNR penalty in
dB. The solid strait line represents optimum precompensation as a function of
RDPS according to Eq. (3.29). Compared to the numerical results, the deviation
in predicted optimum precompensation within the contour for 1 dB ROSNR
penalty is less than 250 ps/nm and the difference in ROSNR penalty is less than
0.19 dB. This adequate accuracy makes the equivalent single-span model suited
for dispersion-map optimisation in systems mainly impaired by interchannel
nonlinearities. The dashed line indicates predicted optimum precompensation
as a function of RDPS according to Eq. 3.55, which was derivedin the context
of 40 Gb/s transmission. Deviations in predicted optimum precompensation up
to 700 ps/nm and differences in ROSNR penalty up to 0.6 dB showthat it is
indeed not designed for this transmission regime.

Fig. 4.14 plots the ROSNR penalty for RZ-OOK transmission with a launch
power of 2 dBm per channel. For the optimum dispersion map, a minimum
ROSNR penalty of 0.7 dB is achieved. For configurations inside the contour
of 1 dB ROSNR penalty, the maximum mismatch between analytically and nu-
merically obtained optimum precompensation is 40 ps/nm in case of the equiv-
alent single-span model and 72 ps/nm when using Eq. (3.55). Analytically
found optima result in additional ROSNR penalties of 0.08 dBand 0.32 dB for
equivalent single-span model and Killey’s model, respectively. These results
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Figure 4.14: ROSNR penalty in dB (contour line labels) as a function of dispersion map parameters
for transmission of 5×40 Gb/s RZ-OOK over 10×80 km SSMF with 2 dBm launch power and
spectral efficiency 0.4 b/s/Hz. Black dots indicate numerically obtained optimum precompensation
for each value of RDPS. Solid and dashed line represent predicted optimum precompensation as a
function of RDPS according to the equivalent single-span model and Killey’s formula [Eq. (3.55)],
respectively.

indicate that the equivalent single-span model is suited for dispersion map op-
timisation in WDM OOK systems and offers comparable accuracy to already
established models.

For both simulated system configurations, i. e. in systems limited by interchan-
nel as well as intrachannel nonlinearities, the ability of the equivalent single-
span model to make predictions about optimum dispersion maps is verified. But
what about the equivalence of single-span and multi-span system in terms of
ROSNR penalty? According to the approximated NLTF in Eq. (3.31) all system
configurations having equal equivalent precompensationC′

pre should generate
the same nonlinear perturbation and thus lead to the same ROSNR penalty. One
can see at first glance in Fig. 4.13 and 4.14 that this is not thecase for ROSNR
penalty along the solid line and large values of RDPS. Fig. 4.15 shows the
ROSNR penalty along the solid line for both NRZ-OOK and RZ-OOK. The
light grey area represents the validity region according toEq. (3.36). While the
configuration limited by intrachannel nonlinearities doesindeed show similar
ROSNR penalty inside the validity region, this is not the case for the 10 Gb/s
system limited by interchannel nonlinearities. In contrast, results for single-
channel 10 Gb/s NRZ-OOK transmission over 5 and 15 spans reported in [121],
indicate a validity of the equivalent single-span model forRDPS at least up
to 150 ps/nm (5 spans) and 50 ps/nm (15 spans). Apparently, the equivalent
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Figure 4.15: ROSNR penalty as a function of RDPS for transmission of 5×10 Gb/s NRZ-OOK and
5×40 Gb/s RZ-OOK over 10 spans of SSMF. The equivalent precompensation is kept constant.
This corresponds to the ROSNR penalty along the solid lines in Fig. 4.13 and 4.14. The grey area
represents the validity region of the equivalent single-span model according to Eq. (3.36).

single-span model is able to correctly describe SPM-limited transmission but
can not accurately predict the influence of RDPS on the impactof interchannel
nonlinearities.

Closely linked to the estimation of ROSNR penalties is the estimation of ex-
pected NLT for multi-span transmission. According to the equivalent single-
span model, nonlinear coefficient, attenuation coefficientand NLT for single-
span transmission define a maximum allowable nonlinear phase shift. The NLT
for multi-span transmission is then determined by Eq. (3.35) and is inversely
proportional to the number of transmission spansN . As shown in the previous
section this holds with good accuracy for multi-span systems with a resonant
dispersion map. However, RDPS is known to reduce the resonant accumula-
tion of nonlinear distortions along a transmission line. Itis therefore expected
that the NLT is increased compared to the resonant case. To quantify this in-
crease, the NLT is determined for transmission of 5×10 Gb/s NRZ-OOK and
5×40 Gb/s RZ-OOK over 5, 10 and 20 spans of SSMF and compared to single-
span transmission. In each case, precompensation and RDPS are optimised
along the straight line defined by the optimum equivalent single-span precom-
pensation and Eq. (3.29). From Fig. 4.6, the optimum values for equivalent pre-
compensation areD′

pre = −512 ps/nm for 10 Gb/s andD′

pre = −192 ps/nm
for 40 Gb/s. Please note that these are not the exact optimum values, since
the step width for precompensation in Fig. 4.6 is quite large(64 ps/nm). The
resulting allowed nonlinear phase shift for each number of spans is shown in
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Figure 4.16: Nonlinear phase shiftΦNL for P0 = NLT (in units Watt) as a function of span count
for transmission overN spans of SSMF with optimised dispersion map.

Fig. 4.16. The NLT for NRZ-OOK transmission is mainly limited by XPM.
Optimising the RDPS leads to a reduced accumulation of XPM-induced distor-
tions and thus allows for a larger cumulated nonlinear phaseshift. For ten or
more spans the allowed nonlinear phase shift almost doublescompared to the
single-span case. When interchannel nonlinearities are the dominant source of
nonlinear impairments, the NLT of the single-span system can therefore only
act as a lower bound for the expected NLT of a multi-span system with opti-
mised dispersion map. In contrast to that, the NLT for RZ-OOKtransmission at
40 Gb/s is limited by intrachannel nonlinearities. Although an optimisation of
the RDPS allows for an increased cumulated nonlinear phase shift, this increase
is less pronounced than for 10 Gb/s transmission. In this case, the single-span
NLT indeed constitutes a good estimate for the NLT of multi-span systems with
optimised dispersion map.

The equivalent single-span model presents a simple way to estimate expected
performance not only in single-span systems but also in dispersion-managed
multi-span systems with a single-periodic dispersion map.Furthermore, the
dispersion map of a given multi-span system can be easily optimised by using
knowledge about the single-span system. However, due to several reasons, the
RDPS can not be controlled exactly in practice. Therefore, the ideal dispersion
map does not exist in real systems. The next section verifies the equivalent
single-span model for the more practical case of systems with small random
variations of the RDPS and analyses their effect on ROSNR penalty.
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Figure 4.17: ROSNR penalty as a function of equivalent precompensation. Shown are the results
of split-step Fourier simulations for transmission of 5×40 Gb/s RZ-OOK over different transmis-
sion lines: a single 80 km span of SSMF with launch power of 12 dBm per channel (circles), and
10×80 km SSMF with uniformly distributed residual dispersion per span, varying precompensa-
tion and 2 dBm launch power per channel (dots). The distribution parameters are: (a) mean RDPS
〈Cres〉 = ±51 ps2, width CDCM = 102 ps2 and (b) mean RDPS〈Cres〉 = ±102 ps2, width
CDCM = 204 ps2.

Randomly Varying Residual Dispersion per Span

Due to length variations of the transmission fibre in each span and granular-
ity of commercially available DCMs, the nominal RDPS can usually not be
guaranteed throughout a transmission line. It is thereforeimportant to esti-
mate the consequences of an imperfect dispersion map on transmission perfor-
mance [170, 171]. In this example, transmission of 5×40 Gb/s RZ-OOK over
a transmission line consisting of 10 spans is considered. The precompensa-
tion Dpre is varied from -700 ps/nm to 300 ps/nm in steps of 100 ps/nm. Two
different uniform distributions of the RDPS are simulated:

1. mean RDPS:|〈Cres〉| = 51 ps2, widthCDCM = 102 ps2 (corresponding
to a DCM-granularity of 5 km SSMF),
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2. mean RDPS:|〈Cres〉| = 102 ps2, width CDCM = 204 ps2 (correspond-
ing to a DCM-granularity of 10 km SSMF).

The maximum absolute residual dispersion of an individual span is 80 ps/nm
for the first case and 160 ps/nm for the second case. For negative precompensa-
tion values, a positive mean RDPS has been assumed and vice versa. This way,
all dispersion maps show either a monotonously increasing or decreasing cu-
mulated dispersion at the beginning of each span. A special case occurs for zero
precompensation, where the mean RDPS is assumed to be zero. The equivalent
precompensationD′

pre is determined by Eq. (3.37) and (3.39). For each of the
two distributions, 1100 random systems have been simulated. Fig. 4.17 plots
the ROSNR penalty versus precompensation of the equivalentsingle-span sys-
tem. Penalties for the equivalent single-span system (whereD′

pre = Dpre) are
shown as a reference (circles). As long as the mean RDPS and the variation of
the RDPS are small enough, the qualitative match between single-span systems
and random multi-span systems is satisfactory [Fig. 4.17(a)]. For equivalent
precompensation in the range−300 ps/nm≤ D′

pre ≤ 150 ps/nm, the maxi-
mum error in ROSNR penalty is less than±0.5 dB. Furthermore, the optimum
system configuration around a precompensation of about -200ps/nm is cor-
rectly estimated by the single-span system. However, for larger mean RDPS
and larger variation per span [Fig. 4.17(b)] approximationby the single-span
model becomes too inaccurate and the error in terms of ROSNR penalty can ap-
proach 1 dB even near the predicted optimum. The results in Fig. 4.17(b) also
indicate that the OSNR margin can be significantly reduced due to DCM gran-
ularity, even when special care is taken to match the optimumdispersion map
as accurate as possible. It can be concluded that predictionof optimum system
parameters by use of the single-span model even holds in the presence of small
random variations of RDPS, which inevitably occur in practical systems.

4.3 Implications on the Design of Fibre-Optic
Transmission Systems

This section explores some possible applications of the model to the design of
fibre-optic transmission systems. With the range of applicability of the equiv-
alent single-span model and its limits established in the previous section, it
is now used to provide help with some exemplary design decisions. In sec-
tion 4.3.1, it is applied in order to compare the performanceof binary and
quadrature DPSK transmission in the presence of fibre nonlinearity. The im-
pact of an increasing number of encoded bits per transmittedsymbol on NLT
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and OSNR margin is determined. Section 4.3.2 deals with the impact of vary-
ing spectral efficiency on the NLT and verifies the duality between the param-
etersC1 andC2 as predicted in section 3.3. Furthermore, it is shown that the
NLT in systems with electronic precompensation of intrachannel nonlinearities
depends solely on the parameterC2.

4.3.1 Multilevel Phase-Modulated Signals

So far, only binary OOK modulation has been considered. However, the de-
mand for higher bit rates per WDM channel as well as for an increased spec-
tral efficiency necessitates utilisation of advanced modulation formats such as
binary and quadrature DPSK. Compared to binary OOK formats,the main
advantage of DBPSK with balanced detection is a reduction ofthe back-to-
back ROSNR by about 3 dB [172]. Furthermore, it shows a bettertolerance
to narrow-band optical filtering [156]. There has been extensive research con-
cerning the tolerance of DPSK formats to fibre nonlinearity.For equal average
power, RZ-DPSK formats have half the peak power compared to RZ-OOK
formats, because a pulse is sent for every symbol. In most cases, this is the
underlying reason for the observed better tolerance towards fibre nonlinear-
ity [159,173]. In particular, it was shown that in some configurations the detri-
mental effect of XPM is reduced by employing DBPSK [174–176]. Further-
more, the impact of IFWM, which leads to phase fluctuations and amplitude
jitter, is less severe for DPSK formats [177]. This was confirmed by measure-
ments of the NLT for transmission of 40 Gb/s signals over SSMF[178] and
other fibre types [179, 180]. Numerical simulations showed that DPSK does
indeed outperform OOK for a large range of fibre types by even alarger mar-
gin than one would suspect from its 3 dB reduction in peak power [181]. This
was later supported by experimental comparison of RZ-OOK and RZ-DBPSK
transmission over SSMF and dispersion-managed fibre [182].

For the case ofM -ary multilevel signals the spectral efficiency defined in
Eq. (1.1) is generalised to

S =
log2 (M)Rs

∆fch
. (4.3)

DQPSK transmits two bits per symbol (M = 4) and thus enables a doubling
of spectral efficiency compared to DBPSK (M = 2) for a constant symbol
rate and channel spacing [141, 144]. Transmission experiments implement-
ing DQPSK have demonstrated high spectral efficiency without resorting to
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Figure 4.18: (a) Spectra of RZ-DBPSK and RZ-DQPSK for equal channel spacing and symbol rate
and (b) associated time-domain waveforms of four exemplarysymbols.

polarisation-division multiplexing, e. g. [183–185]. Another important advan-
tage of DQPSK is the ability to generate high bit rates while using low-speed
electronics. For example, a 100 Gb/s DQPSK signal was generated with a trans-
mitter consisting of electronics specified for 40 Gb/s systems [186]. There are
few studies comparing the effect of fibre nonlinearity in DBPSK and DQPSK
transmission. One comparison of these two formats for a bit rate of 42.7 Gb/s
and equal spectral efficiency of 0.8 b/s/Hz concluded that the nonlinear toler-
ance is similar in the presence of narrow-band optical filtering [187]. In the
following, NLTs of RZ-DBPSK and RZ-DQPSK are compared for single-span
WDM transmission. Furthermore, applicability of the equivalent single-span
model for dispersion-map optimisation in RZ-DQPSK systemsis verified.

In order to compare the tolerance of binary and quadrature RZ-DPSK to fibre
nonlinearity, the same single-span investigation as for RZ-OOK in section 4.2.1
is conducted. In the scope of analysis of multilevel modulation formats, the de-
pendence of normalised dispersionC1 on symbol rate rather than on bit rate be-
comes important. By choosing equal symbol rate and channel spacing for both
binary and quadrature RZ-DPSK, it is ensured that spectra and time-domain
waveforms (in the absence of cumulated dispersion) are approximately identi-
cal (Fig. 4.18). This implies that quaternary formats have adoubled spectral
efficiency compared to binary formats for constant normalised dispersionC1.
For this specific investigation, spectral efficiencies are fixed at 0.4 b/s/Hz and
0.8 b/s/Hz for RZ-DBPSK and RZ-DQPSK, respectively. Since the physical
origin of the nonlinear perturbation – the optical power – isdistributed in the
same way in frequency domain and time domain for both formats, the gener-
ated nonlinear perturbation is expected to be almost identical. Nevertheless,
the NLT of RZ-DQPSK is reduced compared to RZ-DBPSK due to a reduced
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Figure 4.19: NLT for single-span transmission of 5×Rs RZ-DBPSK and RZ-DQPSK as a function
of normalised dispersionC1. Grey areas are bounded by the respective 10th and 90th percentiles
of the NLT distribution resulting from 100 simulation runs with random timings of the transmitted
bit sequences in the five WDM channels and random relative carrier phases.

distance between signal states in the complex plane.

Fig. 4.19 shows the NLT for single-span transmission of five WDM channels
modulated with RZ-DBPSK and RZ-DQPSK, respectively. The curves have
the same characteristic shape as for OOK transmission. ForC1 < 0.3, where
the NLT is limited by interchannel nonlinearities, it increases monotonously
with C1. The penalty induced by FWM strongly depends on the phase relation
between the carriers. In a real system, the relative phase between the carri-
ers fluctuates. It is therefore not sufficient to consider only a constant relative
phase. Furthermore, the alignment of the transmitted bit sequences in the time
domain also affects the penalty induced by FWM and XPM. In order to as-
sess the extent of NLT fluctuation, due to variations of carrier phases and bit
patterns, a statistic approach is adopted. For each value ofC1, 100 simula-
tion runs with random carrier phases and bit pattern alignments were carried
out. The precompensation is optimised for maximum mean NLT.The width
of the resulting distribution is indicated in Fig. 4.19 by grey areas bounded
by the respective 10th and 90th percentiles. Dots represent the mean NLT.
At the smallest consideredC1, the difference between the 10th and the 90th

percentile amounts to about2 dB and4 dB for RZ-DQPSK and RZ-DBPSK,
respectively. The maximum observed difference between best and worst case
of the conducted 100 simulation runs is 5.9 dB and 5.1 dB for RZ-DBPSK
and RZ-DQPSK, respectively. However, such large variations only occur for
transmission of low bit rates over fibres with small dispersion parameter, e. g.
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4.5 Gb/s over NZDSF withD = 4.5 ps/(nm·km). Allowing for less launch
power and thus smaller nonlinear perturbation, the variation of NLT for RZ-
DQPSK is slightly smaller than for RZ-DBPSK. With increasing C1 and there-
with reduced impact of interchannel nonlinearities, the distribution becomes
narrower. Both modulation formats reach maximum NLT atC1 ≈ 0.4, where
both interchannel and intrachannel nonlinearities contribute to the nonlinear
penalty. Further increase ofC1 leads to stronger impact of intrachannel non-
linearities, reducing the NLT. Unfortunately, the computational effort becomes
prohibitively large forC1 > 1. According to Eq. (2.19), the required bit-
sequence length scales exponentially withC1. Due to insufficient length of the
employed pseudo-random sequences, the NLT is likely to be overestimated in
the shaded region. However, the general trend should be similar to OOK modu-
lation, where recent numerical results indicate that the NLT saturates for large
C1 [146,169]. Disregarding the uncertain results forC1 > 1, the minimum dif-
ference in NLT occurs at optimumC1 ≈ 0.4 and amounts to 2 dB. In transmis-
sion limited by interchannel nonlinearities, the difference in mean NLT reaches
up to 4 dB. A common upgrade scenario is the overlay of RZ-DQPSK channels
over existing line infrastructure by just exchanging the terminal equipment. By
keeping the channel spacing and the symbol rate constant, the bit rate per chan-
nel and the spectral efficiency can be doubled [188]. However, this increase
in capacity comes at the cost of a 4.9 dB increase in back-to-back ROSNR
(3 dB due to doubled bit rate, 1.9 dB due to a reduced distance between signal
states [19]) and at least a 2 dB reduction in NLT. Therefore, the OSNR margin
is reduced by about 7 dB in this upgrade scenario, which makesit unfeasible in
systems already operating at tight margins.

Besides calculation of the actual OSNR margin (as performedfor RZ-OOK in
section 4.2.1), there is another way of interpreting the NLT. The energy per
symbol resulting in 1 dB ROSNR penalty can be calculated fromthe results in
Fig. 4.19 by assuming a specific fibre type. In this case, the maximum energy
per symbol is

Es =
NLT

Rs
, (4.4)

where the NLT is expressed in units Watt. ForM -ary modulation, the energy
per bit is obtained as

Eb =
Es

log2 M
(4.5)

The energy per bit is an important measure, since it allows the estimation of
channel capacities [9]. Fig. 4.20 shows the energy per symbol as a function
of symbol rate for single-span transmission over SLAF. The maximum energy
per symbol is obtained at symbol rates of about 21 GBd for RZ-DBPSK and
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Figure 4.20: Energy per symbol resulting in 1 dB ROSNR penalty as a function of symbol rate for
transmission over a single-span of 80 km SLAF with optimisedprecompensation.

24 GBd for RZ-DQPSK. Considering the energy per bit, the values for RZ-
DQPSK have to be divided by two, according to Eq. (4.5). At thepoint of
maximum energy per bit for RZ-DQPSK, it has about 5.2 dB lowerenergy per
bit than RZ-DBPSK (3 dB due to doubled bit rate of RZ-DQPSK and2.2 dB
reduced NLT). This is in good agreement with the discussion in the previous
paragraph.

In order to verify the applicability of dispersion-map optimisation with the
equivalent single-span model to multilevel PSK signals, a dispersion map for
transmission of five RZ-DQPSK modulated WDM channels over 10spans is
optimised numerically. Three different configurations with 0.8 b/s/Hz spectral
efficiency are considered: 10 and 40 GBd over SSMF and 20 GBd over SLAF.
According to the single-span results in Fig. 4.19, the last configuration should
be least affected by fibre nonlinearity and therefore allow for the highest launch
power, while the other two configurations could be employed as upgrades over
legacy fibre plant. The launch power is chosen to yield approximately the non-
linear phase shift determined by the NLT of the single-span system. Fig. 4.21
plots the ROSNR penalty as contour lines over the plane spanned by dispersion
precompensation and RDPS. The optimum amount of precompensation for
each simulated value of RDPS is indicated by black dots. For comparison, op-
timum precompensation as a function of RDPS as predicted by the equivalent
single-span model and by Killey’s formula [Eq. (3.55)] are shown as solid and
dashed lines, respectively. The 10 GBd system shown in Fig. 4.21(a) and the
40 GBd system shown in Fig. 4.21(b) operate atC1 = 0.045 andC1 = 0.71, re-
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Figure 4.21: Contour plot of ROSNR penalty as a function of dispersion precompensation and
RDPS for transmission of (a) 5×10 GBd withPin = 0 dBm and (b) 5×40 GBd RZ-DQPSK with
Pin = 4 dBm over 10×80 km of SSMF. Black dots indicate optimum amount of precompensation
for each simulated value of RDPS. Solid line is optimum precompensation as a function of RDPS
according to Eq. (3.29), where the optimum value of the equivalent precompensationC′

pre was
numerically obtained. Dashed line is optimum precompensation according to Eq. 3.55.
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Figure 4.22: ROSNR penalty (contour line labels) as a function of dispersion map parameters for
transmission of 5×20 GBd RZ-DQPSK over 10×80 km SLAF withPin = 4 dBm.

spectively. According to Fig. 4.19, the former system is limited by interchannel
nonlinearities, while the latter is predominantly affected by intrachannel non-
linearities. The prediction of optimum precompensation yields quite accurate
results for both transmission regimes.

Fig. 4.22 presents the results for transmission of 20 GBd RZ-DQPSK over
SLAF, which constitutes a nearly optimum configuration withrespect to NLT
and OSNR margin at the receiver. Indeed, a comparison with results of 40 GBd
transmission reveals a reduced ROSNR penalty for an optimised dispersion
map. This better performance is mainly due to a reduced impact of intrachannel
nonlinearities and a smaller nonlinear coefficient of the transmission fibre.

The accuracy of predicting optimum dispersion map parameters with the equiv-
alent single-span model can be estimated by analysing the mismatch between
numerically and analytically obtained optimum precompensation as well as the
difference in ROSNR penalty that is associated with this mismatch. Fig. 4.23(a)
plots the mismatch of normalised precompensationR2

sCpre as a function of
normalised RDPSR2

sCres for symbol rates 10, 20 and 40 GBd. The overall
maximum mismatch amounts to 1600 ps/nm, 320 ps/nm and 140 ps/nm for 10,
20 and 40 GBd, respectively. Considering only configurations situated inside
the 1 dB penalty contour, the maximum mismatch reduces to 640ps/nm and
240 ps/nm for 10 and 20 GBd, while it stays the same for 40 GBd. Fig. 4.23(b)
plots the corresponding difference in ROSNR penalty. The overall maximum
additional ROSNR penalty amounts to 0.76 dB, 0.53 dB and 0.32dB for 10,
20 and 40 GBd, respectively. Again, considering only configurations inside the
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Figure 4.23: (a) Mismatch of normalised precompensationCpreR2
s and (b) difference in ROSNR

penalty between analytically and numerically obtained optima versus normalised RDPS.

1 dB penalty contour, the additional penalty is reduced to 0.22 dB and 0.06 dB
for 10 and 20 GBd while it stays the same for 40 GBd. Thus, for the considered
configurations, a maximum of 0.32 dB additional penalty incurs.

As discussed in section 4.2.2 in the context of 10 Gb/s NRZ-OOK transmis-
sion over multiple-spans with optimised dispersion map, the equivalent single-
span model does not correctly estimate the NLT and the ROSNR penalty in
this transmission regime. Based on the results presented inFig. 4.21 and 4.22,
the ability of the equivalent single-span model to predict ROSNR penalties in
multi-span RZ-DQPSK transmission is assessed. For this purpose, Fig. 4.24
plots the ROSNR penalty for optimum equivalent precompensation as a func-
tion of RDPS. The region of validity according to Eq. (3.36) is indicated by
the light grey area. For the equivalent single-span model tobe applicable,
the ROSNR penalty should be approximately constant within these bound-
aries. Similar to NRZ-OOK transmission, the equivalent single-span model
does not correctly predict the ROSNR penalty for smallC1, i. e. for 10 GBd
(C1 = 0.045) and 20 GBd (C1 = 0.23) in Fig. 4.21. For a symbol rate
of 40 GBd (C1 = 0.71), the ROSNR penalty remains remarkably constant
within the boundaries and even beyond, thus verifying the equivalent single-
span model in this transmission regime. In the same way as forOOK trans-
mission, the accuracy of the equivalent single-span model in predicting actual
ROSNR penalties is reduced for small values ofC1. Nevertheless, as discussed
previously, the ability to predict optimum precompensation is retained.

The results presented in this section together with resultspublished in [125] in-
dicate that the equivalent single-span model is applicableto DPSK systems,
be it binary or quadrature DPSK. However, apart from the considerations
above, there is another important limitation. Due to the nature of its deriva-
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tion, the equivalent single-span model does not account fornonlinear inter-
actions between signal and noise. Therefore it can not be used to make pre-
dictions about systems limited by such interactions, most notably Gordon-
Mollenauer phase noise. An example currently of great practical interest is
ultra long-haul transmission of phase-modulated signals in conjunction with
forward error correction (FEC). In such systems the maintained OSNR dur-
ing transmission can become very low, leading to strong nonlinear phase noise
[30, 119, 176, 189–194]. In order to estimate the impact of nonlinear phase
noise for the system configurations considered in this section, a simple method
presented in [195] is adopted. The impact of nonlinear phasenoise is estimated
based on the ratio of the variances of nonlinear phase noiseσ2

NL and linear
noiseσ2

L. This ratio is approximately [195]

σ2
NL

σ2
L

=
4

3
Φ2

NL, (4.6)

whereΦNL is the average nonlinear phase shift according to Eq. (3.35). For
σ2

NL/σ2
L > 1, nonlinear phase noise is the dominating noise term. For trans-

mission over 10×80 km SSMF withPin = 0 dBm [Fig. 4.21(a)], the ratio is
σ2

NL/σ2
L = 0.11. Increasing the launch power toPin = 4 dBm [Fig. 4.21(b)]

leads to a ratio ofσ2
NL/σ2

L = 0.69. For transmission over 10×80 km SLAF
with Pin = 4 dBm (Fig. 4.22) the ratio isσ2

NL/σ2
L = 0.34. It can therefore be

concluded that the considered system configurations are only weakly affected
by nonlinear phase noise. Furthermore, it is conjectured from Eq. (4.6) that the
equivalent single-span model should be applicable as long asΦ2

NL ≪ 3/4.

Another implication of the presented results concerns the value of single-span
transmission experiments. In conjunction with the equivalent single-span model,
measurements of the NLT in simple single-span systems, suchas conducted
in [178–180], can be used to estimate optimum dispersion mapparameters and
obtainable NLT in more complex multi-span systems. This is supported by
measurements in [178] and [180], where the ruleNLT + 10 · log(N) = const
was confirmed for 43 Gb/s single-channel transmission of RZ-DBPSK over one
and three spans as well as for WDM transmission over one and two spans.

4.3.2 Varying Spectral Efficiency

So far, only fixed spectral efficiency has been considered. This section deals
with the impact of varying spectral efficiency on the NLT. Considered spec-
tral efficiencies are 0.1, 0.2 and 0.4 b/s/Hz. A further doubling of spectral
efficiency to 0.8 b/s/Hz leads to coherent WDM crosstalk between wavelength
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Figure 4.24: ROSNR penalty as a function of RDPS for system configurations shown in Fig. 4.21
and 4.22. The equivalent precompensation is kept constant.This corresponds to the ROSNR
penalty along the solid line representing optimum precompensation in those figures. The grey area
represents the validity region of the equivalent single-span model according to Eq. (3.36).

channels [151]. This crosstalk could distort the results. Therefore, spectral effi-
ciency is limited in this analysis to values not exceeding 0.4 b/s/Hz. The binary
sequences transmitted in different channels are decorrelated by delaying them
by an arbitrarily chosen number of bits. This number is kept constant for all
simulations.

Fig. 4.25(a) plots the NLT for single-span transmission of NRZ-OOK as a
function of normalised dispersionC1. As expected from the considerations
presented in section 3.3, the parameterC1 does not capture the influence of
varying spectral efficiency on the NLT. In case of WDM transmission, there
are three distinct curves for different spectral efficiency. Only for large symbol
rates and dispersion (e. g. forRs ≥ 40 GBd andD ≥ 8 ps/(nm·km)), i. e.
for C1 ≥ 0.3, the three curves converge and the NLT becomes independent of
spectral efficiency. In this regime, nonlinear interactionbetween wavelength
channels is negligible and intrachannel nonlinearities are predominantly limit-
ing the NLT (cp. Fig. 3.13). This confirms that the parameterC1 is only truly
universal in systems limited by intrachannel nonlinearities.

When plotting the NLT against normalised dispersionC2 the curves become
invariant to spectral efficiency for system configurations where interchannel
nonlinearities limit the NLT, i. e. forC2 < 1 4 [Fig. 4.25(b)]. However, this

4Remaining differences in NLT are attributed to non-perfectoptimisation of the precompensation.
It turned out that the step-size was chosen too large to accurately capture all optima.
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Figure 4.25: Nonlinear threshold for single-span transmission of NRZ-OOK with optimised pre-
compensation and varying spectral efficiencyS as a function of (a) normalised dispersionC1 and
(b) normalised dispersionC2.

normalisation does not capture the impact of intrachannel nonlinearities. Con-
sequently, the curves for systems impaired mostly by intrachannel nonlinea-
rities diverge. Comparison of Fig. 4.25(a) and (b) reveals adualism between
parametersC1 andC2. While the normalisationC1 universally describes scal-
ing of NLT in systems predominantly impaired by intrachannel nonlinearities,
the same is true for normalisationC2 in systems impaired by interchannel non-
linearities. Both normalisations fail when the respectiveother type of non-
linearity limits the NLT. This supports the conclusions drawn at the end of
chapter 3 in the context of FWM and IFWM efficiency. It can be concluded
that no single parameter exists, which describes the scaling of NLT for arbi-
trary bit rate, fiber type and spectral efficiency. However, the possibility to
electronically precompensate for intrachannel nonlinearities has emerged in re-
cent years. The remaining nonlinear impairments are causedby interchannel
nonlinearities only. It is expected that the normalisationC2 is universally valid
in such systems. This possibility is explored in the next section.

Electronic precompensation of intrachannel nonlineariti es

Recent advances in electronic digital signal processing brought about the possi-
bility to electronically precompensate for intrachannel nonlinearities in systems
with bit rates up to 10 Gb/s per channel [196–201]. Today, thelimited sampling
rate of digital-to-analogue converters and the amount of channel memory that
can be represented by nonlinear filters pose the main limitations for electronic
precompensation of intrachannel nonlinearities [201]. With the expected in-
crease in speed of available electronics, it becomes feasible to apply electronic
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Figure 4.26: Schematic of the system setup with EPD of the centre channel.

precompensation to systems with per-channel bit rates of 40Gb/s and higher.
Numerical studies of electronic precompensation in 40 Gb/ssystems predict an
achievable increase in launch power of 8 dB for single-channel [202] and up
to 3 dB for WDM configurations [203, 204]. In systems employing electronic
predistortion (EPD) of the transmitted signal to precompensate for intrachan-
nel nonlinearities, interchannel nonlinearities are leftas the dominant source of
nonlinear impairments limiting the channel capacity [21,203–205]. It is there-
fore of paramount importance to understand how the influenceof interchannel
nonlinearities is affected by the choice of bit rate, fibre type and spacing bet-
ween wavelength channels.

Fig. 4.26 shows the simulation setup for this analysis. In order to remove the
impact of intrachannel nonlinearities on the NLT, the centre channel is predis-
torted by ideal reverse propagation [206,207]. Limitations due to the sampling
rate of digital-to-analogue converters and the amount of channel memory that
can be represented by nonlinear filters are neglected. This represents precom-
pensation of intrachannel nonlinearities under ideal conditions. Since OAs are
modelled as noiseless for simulation purposes, the remaining nonlinear im-
pairments originate in nonlinear interaction between the wavelength channels.
Since the results shown in Fig. 4.25 revealed a lack of accuracy in precompen-
sation optimisation, Kushner’s algorithm for a 1-dimensional peak search [208]
is implemented with 50 iterations to yield more accurate results for optimum
precompensation5. Full inline dispersion compensation per span is used.

Fig. 4.27(a) plots the NLT for transmission over 10×80 km spans as a function
of parameterC1. For single-channel transmission with EPD, the NLT is lim-

5This was inspired by discussions with Oscar Gaete who presented an iterative numerical ap-
proach to multidimensional optimisation at the ECOC 2008 [209]
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Figure 4.27: Nonlinear threshold for transmission of electronically precompensated NRZ-OOK
over 10×80 km spans with optimised precompensation and varying spectral efficiencyS as a func-
tion of (a) normalised dispersionC1 and (b) normalised dispersionC2. The solid line represents a
quadratic fit to the data.

ited by the available multiplexer bandwidth. In this case, the multiplexer filter
bandwidth is 2×Rb. Although interchannel nonlinearities dominate for WDM
transmission, the NLT is invariant to changes of bit rate andGVD for constant
C1 and spectral efficiency. In that sense,C1 is still universally valid for WDM
transmission with EPD, albeit for fixed spectral efficiency only. However, as in
systems without EPD, this parameter can not capture the influence of varying
spectral efficiency. This is solved by introducing the normalisationC2. The
NLT as a function ofC2 is shown in Fig. 4.27(b). Plotted versus the param-
eterC2, the NLT becomes invariant to changes of spectral efficiency. Thus,
the parameterC2 indeed characterises the impact of interchannel nonlineari-
ties for arbitrary bit rate, channel spacing, spectral efficiency and fibre type.
For constantC2, the NLT scales only with the nonlinear phase shift, such that
φNL = const. For spectral efficiency 0.1 b/s/Hz andC1 ≥ 0.8, the NLT for
WDM transmission approaches that of the single channel case. This indicates
that transmission impairments begin to stem from intrachannel nonlinearities
which are not completely precompensated for by EPD.

The spectral width of the predistorted signal increases with the cumulated non-
linear phase shift. For increasing launch power, the ability to precompensate
for intrachannel nonlinearities thus becomes limited by the bandwidth of WDM
multiplexer filters. In order to assess this limitation, simulations of single-
channel transmission with varying multiplexer filter bandwidth are conducted.
The transmission fibre is a SSMF. Precompensation is fixed at -232 ps/nm,
which is the analytically determined optimum value to minimise intrachannel
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Figure 4.28: Nonlinear threshold as a function of normalised multiplexer filter bandwidth for trans-
mission of single-channel (a) 10 Gb/s and (b) 40 Gb/s NRZ-OOKover 10×80km SSMF with target
BER of 10-3 (squares) and 10-9 (circles).

nonlinearities in this configuration6 [59]. Fig. 4.28(a) shows the NLT as a func-
tion of multiplexer filter bandwidthBMUX for transmission of 10 Gb/s single-
channel NRZ-OOK. In this configuration, intra-pulse SPM is the dominant
impairment. With increasing launch power, the spectrum of the predistorted
signal broadens. Therefore, the ability to precompensate is severely limited
for narrow multiplexer filter bandwidth. ForBMUX = 1.25Rs, application
of EPD yields a NLT which is less than 1 dB higher than it would be without
EPD. Fig. 4.28(b) shows the NLT for 40 Gb/s transmission. In this case, IFWM
is the main source of degradation. Although the gain in NLT isalso reduced,
it exceeds 4 dB even for narrow multiplexer filter bandwidth.Depending on
multiplexer filter bandwidth, bit rate and spectral efficiency, there are config-
urations where residual intrachannel nonlinearities due to incomplete precom-
pensation dominate over interchannel nonlinearities. Generally, this effect will
be stronger for large bit rate per channel, small spectral efficiency and narrow
multiplexer bandwidth. However, the NLT of most practical configurations is
rather limited by interchannel nonlinearities as suggested in [203, 204]. Thus,
the parameterC2 is a valuable tool in designing such systems and predicting
their performance.

The message of Fig. 4.27(b) with respect to the NLT is quite simple. In or-
der to maximise the NLT for a given spectral efficiency, GVD and bit rate per
channel have to be chosen as large as possible. However, thisstrategy does
not lead to a maximum energy per bit and thus OSNR margin. Based on the

6This value slightly differs from the numerically obtained optimum precompensation used for
Fig. 4.27
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quadratic fit depicted in Fig. 4.27(b), a lower bound7 for the energy per bit
for transmission over 10×80 km SLAF spans (fibre parameters according to
Tab. 4.3) is calculated. SLAF is chosen here because of all fibre types it enables
maximum NLT for any constantC2, when systems with EPD are considered.
Fig. 4.29 shows the resulting energy per bit for spectral efficiency 0.1, 0.2 and
0.4 b/s/Hz. For small bit rates, the energy per bit becomes limited by increasing
penalties due to FWM. The bit rate resulting in the maximum energy per bit
increases with spectral efficiency, but the maximum energy per bit is reduced.
For bit rates larger than the optimum, the NLT does not increase fast enough
to keep pace with the higher bit rates. Initially, the NLT increases rapidly be-
cause phase-matching and thus FWM efficiency decreases. Forlow FWM ef-
ficiency, XPM becomes the dominating nonlinear effect. XPM is reduced due
to the walk-off between WDM channels, which leads to an averaging of the
incurred nonlinear phase shifts. The smaller the walk-off lengthLw according
to Eq. (2.31) becomes, the more effective is the averaging operation. However,
for Lw ≪ Leff , the benefit of additional averaging decreases. For this reason,
the NLT shows a saturating behaviour for largeC2. Consequently, the energy
per bit is reduced. Due to the saturating behaviour of the NLTthe differences
in energy per bit are smaller for high bit rates. This exampleshows the ver-
satility and simplicity of the equivalent single-span model for the analysis and

7Since the dispersion map is not optimised, there is potential to further increase the NLT (cp.
Fig. 4.16).
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optimisation of fibre-optic communication systems.
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5 Conclusion

This chapter summarises the main results of this work and discusses their ap-
plication areas. Section 5.1 starts by presenting the most important parameters
defining the nonlinear properties of a dispersion-managed transmission system
and highlighting their significance. Thereafter, main results of exemplary nu-
merical simulations conducted during the work on this thesis are recapitulated.
This chapter concludes with a discussion of expedient extensions to the pro-
posed equivalent single-span model.

5.1 Summary of Key Results

In this work, the concept of an equivalent single-span system – briefly touched
previously in the work by Hadrien Louchet [22] – is investigated in greater
detail. The mathematical tool for the derivation of the equivalent single-span
model is the frequency-domain Volterra series expansion. It is reviewed in the
context of the evaluation of dispersion maps in chapter 3. Starting from the
Volterra transfer function of concatenated fibre sections,an approximate solu-
tion for the received electric field in single-periodic dispersion-managed trans-
mission systems with dispersion precompensation and constant or randomly
varying residual dispersion per span is derived. The influence of physical pa-
rameters of the transmission line on nonlinear propagationof the electric field
is described by the nonlinear transfer function, which links the input electric
field to the generated nonlinear perturbation. Analysis of the nonlinear transfer
function of single-periodic dispersion-managed transmission systems reveals
that there exist three parameters defining the nonlinear perturbation. These
are

1. the cumulated nonlinear phase shift

φNL = N
γP0

α
,

whereN is the number of fibre spans,γ the fibre’s nonlinear coefficient,
α its attenuation coefficient andP0 the launch power per WDM channel;
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2. the 3 dB bandwidth of the nonlinear transfer function

Ωs =
α

|β2|
,

whereβ2 is the fibre’s group-velocity dispersion;

3. the equivalent precompensation for constant residual dispersion per span

C′

pre = Cpre +
N − 1

2
Cres,

whereCpre is the amount of dispersion precompensation at the transmit-
ter side andCres the residual dispersion per span. For random residual
dispersion per span the equivalent precompensation is

C′

pre =
1

N

N∑

n=1

Cn,

whereCn is the cumulated dispersion at the beginning of thenth fibre
span.

Transmitting the same input signal over different transmission lines having
equal values of these parameters generates approximately the same nonlinear
perturbation. Thus, all prerequisites of the model being fulfilled, there exists an
equivalent single-span system for each multi-span system,leading to the same
nonlinear perturbation after transmission. It is verified by numerical simula-
tions in chapter 4 (in addition to already published results[124,125,165–167])
that under certain conditions, a multi-span system can be approximated by an
equivalent single-span system. Dispersion precompensation of the single-span
system is defined by the dispersion map parameters of the multi-span system.
The single-span system is equivalent to the multi-span system in the sense
that both allow the same cumulated nonlinear phase shift fora certain ROSNR
penalty.

In order to incorporate the influence of signal properties such as symbol rate and
WDM channel spacing into the model, the 3-dB bandwidth and the equivalent
precompensation are normalised. Normalising the 3-dB bandwidth leads to two
important parameters

C1 = R2
s/Ωs,

whereRs is the symbol rate and

C2 = ∆f2
ch/Ωs,
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where∆fch is the WDM channel spacing.

Assuming optimised equivalent precompensation and constant spectral effi-
ciency, either one of these parameters defines the allowed cumulated nonlinear
phase shift for arbitrary fibre type and symbol rate or channel spacing, respec-
tively. This in turn determines the maximum reasonable launch power into the
system. With this information, one can readily determine the achievable OSNR
at the receiver and thus the expected OSNR margin. For a certain modulation
format, optimisation of a single-span system can thus be used to find optimum
system parameters such as bit rate, fibre type and dispersionmap for arbitrary
span counts. Once established, single-span results enablerapid comparison of
the nonlinear tolerance of different modulation formats and identification of
their respective ideal application area.

The theoretical model is verified by numerical simulations of NRZ- and RZ-
OOK transmission in section 4.2. In accordance to analytical predictions,
equivalent multi-span systems in terms of ROSNR penalty exist for 40 Gb/s
RZ-OOK transmission atC1 = 0.71. However, this equivalence can not be
found for 10 Gb/s NRZ-OOK transmission atC1 = 0.045. Although optimum
dispersion map parameters could still be obtained by the single-span model,
the allowed cumulated nonlinear phase shift is not correctly estimated for small
C1.

Having established the theoretical framework, an exemplary analysis of single-
channel and WDM RZ-OOK transmission is performed in section4.2. It turns
out that the OSNR margin for single-span WDM transmission ofRZ-OOK
with 33% duty cycle and 0.4 b/s/Hz spectral efficiency can be maximised by
employing SLAF with a dispersion parameterD = 20 ps/(nm·km) and sig-
nalling with a bit rate of about 16 Gb/s per WDM channel. This configuration
is optimum because it balances the effects of intrachannel and interchannel
nonlinearities.

In section 4.3.1, a similar analysis is performed for RZ-DBPSK and RZ-DQPSK
in order to quantify the reduction of the nonlinear threshold when upgrading
from binary to quaternary modulation. Keeping the WDM channel spacing
and the symbol rate constant enables a doubling of spectral efficiency from
0.4 b/s/Hz to 0.8 b/s/Hz. Furthermore, extensive numericalsimulations are car-
ried out to determine the influence of random relative phasesof the optical car-
riers and random timings of the transmitted bit sequences ineach WDM chan-
nel. Generally, the impact of these variations is strong forsmallC1 but steadily
decays with increasingC1. Similar to RZ-OOK transmission, the energy per bit
is maximised by employing SLAF and signalling with symbol rates of 21 GBd
and 24 GBd for RZ-DBPSK and RZ-DQPSK, respectively. Doubling spectral
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efficiency in this way reduces the OSNR margin by about 7 dB, which makes
this upgrade only feasible in systems operating with ample margin to spare.
However, it should be kept in mind that RZ-DQPSK offers much better toler-
ance to linear impairments such as residual dispersion and polarisation-mode
dispersion, such that less margin is needed to safeguard against these effects.

The influence of varying spectral efficiency on the nonlinearthreshold is in-
vestigated in section 4.3.2. This investigation reveals a dualistic nature of the
two parametersC1 andC2. On the one hand,C1 defines the allowed cumu-
lated nonlinear phase shift for arbitrary spectral efficiency and pseudo-linear
transmission, i. e. for system configurations where the nonlinear perturbation
is mainly caused by intrachannel nonlinearities. On the other hand, the same
is true forC2 but for system configurations where interchannel nonlinearities
dominate. Both parameters thus describe one transmission regime successfully,
while they fail in the respective other regime as soon as different spectral effi-
ciencies are considered. This is due toC1 andC2 universally describing IFWM
and FWM efficiency, respectively (cp. section 3.3). A general result stemming
from this analysis is that the optimum value of eitherC1 or C2 resulting in
maximum nonlinear threshold increases with spectral efficiency.

Compensation of fibre nonlinearity by reverse propagation models in the elec-
tronic domain has emerged as an enabling technology for future high-capacity
transmission systems [201,205,210–212]. However, in optical networks where
WDM channels are added and dropped at network nodes, it is generally im-
possible to compensate for interchannel nonlinearities, because phase, timing
and polarisation of copropagating WDM channels are not known and can not
be controlled effectively. In such systems, compensation of intrachannel non-
linearities remains the only feasible option for electronic mitigation of non-
linear impairments. Complete compensation of intrachannel nonlinearities as-
sumed, interchannel nonlinearities remain as the only source of nonlinear im-
pairments. As verified by numerical simulations for NRZ-OOKtransmission
with electronic precompensation of intrachannel nonlinearities in section 4.3.2,
the parameterC2 universally defines the nonlinear threshold in this kind of
systems. The nonlinear threshold increases monotonicallywith C2 and shows
a saturating behaviour for largeC2. For this reason, there exists an optimum
bit rate resulting in maximum OSNR margin for each spectral efficiency. It is
expected that the parameterC2 describes scaling of interchannel nonlinearities
for more advanced modulation formats as well. The parameterC2 can thus
be a valuable tool for the design of future high-capacity transmission systems
employing electronic compensation of intrachannel nonlinearities.
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In conclusion, a simplified analytical model for the nonlinear perturbation in
dispersion-managed transmissions systems is derived in this work. Scaling
laws for interchannel as well as intrachannel nonlinearities are discussed. Sim-
ple strategies to maximise OSNR margin for arbitrary span count are presented.
Applying these strategies, optimum system configurations for OOK as well as
DPSK transmission are identified. Optimum system configurations in terms
of OSNR margin are generally found in a trade-off between interchannel and
intrachannel nonlinearities and by using SLAF in conjunction with an appro-
priate symbol rate of the transmitted signal. Furthermore,the scaling of nonlin-
ear threshold in systems employing electronic precompensation of intrachannel
nonlinearities is investigated. It was shown that the nonlinear threshold in-
creases monotonically with the parameterC2, which universally describes the
nonlinear threshold in such systems.

5.2 Further Work or Shortcomings and
Pitfalls

The limited validity of the equivalent single-span model inthe presence of
RDPS and strong interchannel nonlinearities is a somewhat disappointing sit-
uation. In order to better approximate the impact of RDPS on the NLTF’s
magnitude, there have been attempts to introduce not only anequivalent pre-
compensation but also an equivalent 3-dB bandwidth, which then also depends
on the RDPS. However, this approach necessitates a correction to the phase
term of the NLTF, which would destroy its simplicity. Unfortunately, these at-
tempts were not successful and the problem of improving the accuracy for such
system configurations has still to be solved.

Due to the nature of its derivation the equivalent single-span model does not
capture all detrimental nonlinear effects. Most notably inthis respect is the
nonlinear interaction between signal and noise during propagation, leading to
nonlinear phase noise. This nonlinear interaction can become the most limiting
nonlinear effect in transmission of phase-modulated signals over certain trans-
mission lines1. A simple estimation of the impact of nonlinear phase noise
showed that it dominates over linear phase noise for a nonlinear phase shift
Φ2

NL > 3/4. Incorporating this effect into the equivalent single-span model
would therefore greatly enhance its ability to predict system performance in
such systems and thus widen its area of applicability. A starting point could

1Nonlinear phase noise seems to be less of an issue for coherent systems, since there exist tech-
niques to mitigate nonlinear phase noise by digital signal processing at the receiver [213].
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be a parametric gain approach to the analysis of single-channel DBPSK and
DQPSK signals impaired by nonlinear phase noise presented in [193]. It is
shown that nonlinear phase noise can be described by an equivalent ASE-noise
model in many system configurations. This equivalent ASE-noise model is then
applied in conjunction with Karhunen-Loève expansion to estimate the BER. It
should in principle be possible to incorporate this equivalent ASE-noise model
into the equivalent single-span model.

Another simplification made while deriving the equivalent single-span model
concerns the nonlinear impact of DCFs. Although the input power into DCFs
can be made small enough in order to make their nonlinear impact vanishingly
small, this is not necessarily the optimum configuration. Infact, increasing the
power into the DCF leads to a larger achievable OSNR at the receiver. There-
fore, the power into the DCF has to be optimised in a trade-offbetween their
nonlinear impact and achievable OSNR. Furthermore, conclusions about the
optimum fibre dispersion parameter may change slightly. This is because a
larger dispersion parameter necessitates longer DCFs resulting in a reduced
achievable OSNR. Incorporating the nonlinear impact of DCFs into the equiv-
alent single-span may be possible but certainly destroys the beauty of its sim-
plicity.

An important property of the electric field only briefly mentioned in chapter 2
is its state of polarisation. Throughout this work only linearly polarised electric
fields with a constant state of polarisation during propagation have been consid-
ered. This is justified as long as the signal is fully polarised at the transmitter,
i. e. all power is concentrated in a single state of polarisation, and polarisation-
mode dispersion can be neglected. However, techniques suchas polarisation
interleaving to reduce nonlinear effects or polarisation-multiplexing to increase
spectral efficiency do not verify this condition. In order toextend applicability
of the equivalent single-span model to such signals, the Manakov equation in
the limit of vanishing polarisation-mode dispersion (see e. g. [214]) seems to
be a promising starting point.
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Acronyms

AM amplitude modulation

ASE amplified spontaneous emission

ASK amplitude-shift keying

AWGN additive white Gaussian noise

BER bit-error ratio

BPF band-pass filter

CW continuous-wave

DBBS de Bruijn binary sequence

DBPSK differential binary phase-shift keying

DPSK differential phase-shift keying

DCF dispersion-compensating fibre

DCM dispersion-compensating module

DMUX demultiplexer

DSF dispersion-shifted fibre

DQPSK differential quadrature phase-shift keying

ECOC European Conference on Optical Communication

EDFA erbium-doped fibre amplifier

EPD electronic predistortion

ETDM electrical time-division multiplexing

FEC forward error correction

FM frequency modulation

FTTH fibre to the home
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FWM four-wave mixing

GVD group-velocity dispersion

IDF inverse dispersion fibre

IFWM intrachannel four-wave mixing

IP internet protocol

ITU International Telecommunication Union

IXPM intrachannel cross-phase modulation

LTI linear time-invariant

LPF low-pass filter

MZM Mach-Zehnder modulator

MUX multiplexer

NLT nonlinear threshold

NLTF nonlinear transfer function

NRZ non-return-to-zero

NLSE nonlinear Schrödinger equation

NZDSF non-zero dispersion-shifted fibre

OA optical amplifier

OFC Optical Fiber Communication Conference

OOK on-off keying

OSNR optical signal-to-noise ratio

OTDM optical time-division multiplexing

PD photodiode

PM phase modulation

PRQS pseudo-random quaternary sequence

PSK phase-shift keying

QPSK quadrature phase-shift keying

RDPS residual dispersion per span
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ROSNR required optical signal-to-noise ratio

Rx receiver

RZ return-to-zero

SLAF super-large-effective-area fibre

SMF single-mode fibre

SPM self-phase modulation

SSMF standard single-mode fibre

TDM time-division multiplexing

Tx transmitter

WDM wavelength-division multiplexing

XOR exclusive or

XPM cross-phase modulation
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List of Symbols

A complex envelope of the electric field (W−1/2)
Aeff effective core area (m2)
BMUX full 3-dB bandwidth of optical multiplexer filter (Hz)
C cumulated dispersion (s2)
c speed of light (m/s)
C1 dispersion cumulated over effective length normalised to

squared symbol rate
C2 dispersion cumulated over effective length normalised to

squared WDM channel spacing
CDCM cumulated dispersion of a dispersion compensation module

(s2)
Cn cumulated dispersion at the input of thenth span (s2)
Cpre amount of dispersion precompensation (s2)
C′

pre equivalent precompensation (s2)
Cres residual dispersion per span (s2)
CSMF cumulated dispersion of a single-mode fibre (s2)
D dispersion parameter (s/m2)
Dpre dispersion precompensation (s/m)
D′

pre equivalent precompensation (s/m)
Dres residual dispersion per span (s/m)
dijk four-wave mixing degeneracy factor
ER extinction ratio (dB)
f frequency (Hz)
f0 reference frequency (Hz)
FOA noise figure of an optical amplifier (dB)
L fibre length (m)
Leff effective length (m)
LD dispersion length (m)
LNL nonlinear length (m)
Lw walk-off length (m)
m order of a de Bruijn binary sequence
M length of the symbol alphabet
n refractive index
nl linear part of the refractive index
nnl nonlinear perturbation of the refractive index
n2 nonlinear index coefficient (m2/W)
N number of spans
Nch number of WDM channels
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NLT nonlinear threshold (W or dBm)
P (z) time-averaged optical power (W)
P0 average launch power (W)
Pin average launch power (dBm)
Rb bit rate (b/s)
Rs symbol rate (Bd)
S spectral efficiency (b/s/Hz)
t time (s)
T retarded time (s)
T0 pulse width (s)
Ts symbol duration (s)
U normalised complex envelope of the electric field
vg group velocity (m/s)
z spatial coordinate, usually chosen as direction of propagation

(m)
α attenuation (Np/m or dB/m)
β linear part of the propagation constant (1/m)
β2 group-velocity dispersion (s2/m)
β′ propagation constant (1/m)
∆Cres deviation of th residual dispersion per span from its nominal

value (s2)
∆f frequency separation (Hz)
∆fch WDM channel spacing (Hz)
∆λ noise bandwidth (m)
∆τ group delay difference (s)
∆Ω angular frequency mismatch (rad2/s2)
∆ω angular frequency difference (rad/s)
∆ωch WDM channel spacing (rad/s)
∆ωs signal bandwidth (rad/s)
γ nonlinear coefficient (W−1m−1)
τ normalised time
Ω normalised angular frequency
ω0 reference angular frequency (rad/s)
ζ normalised direction of propagation
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