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Zusammenfassung

Das geophysikalische Feldverfahren der Oberflächen NMR (Surface NMR, SNMR oder Magnetic
Resonance Sounding, MRS) ermöglicht eine nicht invasive Erkundung des mobilen Wasserge-
haltes im Untergrund. Analog zu Bohrloch und Labor NMR Anwendungen enthält das Re-
laxationsverhalten von SNMR Signalen zusätzliche Informationen über den Porenraum, aus de-
nen Speicher- und Transporteigenschaften wie Porengrößenverteilungen und hydraulische Leit-
fähigkeiten von Aquiferen abgeleitet werden können. Darüber hinaus kann aus den Signalphasen
auch auf elektrische Eigenschaften des Untergrundes geschlossen werden.
Mit dem Ziel einer verbesserten quantitativen hydrogeophysikalischen Charakterisierung von
Aquiferen werden bekannte Model Konzepte aus Bohrloch und Labor NMR in einem neuen glob-
alen Inversionsansatz (COIN) implementiert und angewendet. Dabei wird der multi-exponentielle
Charakter der SNMR Transienten berücksichtig, welcher sich einerseits aus einer vertikaler
Schichtung und andererseits aus einer nicht uniformen Porenradienverteilung innerhalb einer
lithologischen Einheit ergeben kann. In diesem Zusammenhang kommt neben einem standard
"smooth" Inversionskonzept mit festen Schichtgrenzen auch eine im Verlauf dieser Arbeit en-
twickelte Block-Inversion mit flexiblen Schichtgrenzen zur Anwendung. Die neu entwickelten In-
versionskonzepte werden an synthetischen und Felddaten auf ihre Leistung und Stabilität getestet
und bewertet.
Gängige hydrogeologische und Labor NMR basierte Modelle werden verglichen und zur Bestim-
mung hydraulischer Leitfähigkeiten aus SNMRDaten eingesetzt. Auf Grundlage einer Datenbasis
von vorhandenen Ergebnissen aus Labor und SNMR Untersuchungen werden gesteinsspezifische
mittlere Kalibrationsfaktoren zur Bestimmung hydraulischer Leitfähigkeiten aus SNMR Daten
abgeleitet, welche als erste Näherung für nicht kalibrierte Felddaten verwendet werden können.
SNMR Felddaten von zwei Standorten aus Deutschland und den Niederlanden werden mit kon-
ventionellen mono- und neu entwickelten multi-exponentiellen Ansätzen invertiert. Hierbei wird
die Datenanpassung und Parameterabschätzung durch Verwendung der multi-exponentieller In-
version deutlich verbessert. Die dabei über gemittelte SNMR Kalibrationsfaktoren abgeleiteten
hydraulischen Leitfähigkeiten korrelieren im Rahmen der Messgenauigkeiten gut mit Ergebnissen
aus Bohrkernanalysen.



Abstract

The geophysical field method of Surface Nuclear Magnetic Resonance (SNMR) or Magnetic Reso-
nance Sounding (MRS) allows to non-invasively determine the mobile water content (amplitudes)
in the subsurface. Analogous to well-logging and laboratory applications the SNMR signal also
contains information linked to pore sizes (decay times) and electrical conductivity (phases) in
the ground. Therefore, SNMR can basically also provide estimates of storage and transport
properties, i.e. the pore size distribution or the hydraulic conductivity.
Aiming at an improved aquifer characterization and estimation of hydraulic conductivity –

in analogy to applications commonly used in NMR well-logging and laboratory NMR – a new
strategy for a comprehensive inversion (COIN) of SNMR data is developed. This concept takes
into account a multi-exponential behaviour of SNMR relaxation data due to both, layering and
non-uniformly distribution of pores in the subsurface. In this respect commonly used smooth
inversion concepts as well as a free boundary block inversion approach developed in the course of
this thesis are employed. The developed new inverse modelling strategies are tested and assessed
with respect to stability and parameter resolution using simulated and field data.
Frequently used relations to estimate hydraulic conductivity in hydrology and NMR relaxome-

try are compared and discussed with respect to their applicability to SNMR. Taking into account
results from a variety of laboratory and SNMR experiments mean rock-specific calibration fac-
tors are utilized for a data-base-calibrated estimation of hydraulic conductivity, e.g. usable as
first-order approximation when no on-site calibration is available. SNMR field data from two
sites in Germany and the Netherlands are analyzed using conventional and multi-exponential
inverse modelling concepts. Here, the multi-exponential approach allows to better capture the
multi-exponential relaxation data, and thus can significantly reduce the data misfit between in-
verse models and field data. Hydraulic conductivities derived by utilizing mean calibration values
agree well with estimates obtained from well core analysis.
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1. Introduction

Nuclear Magnetic Resonance (NMR) applications have been developed in a wide range of chem-
ical, physical, biological, and medical areas. The static primary fields, that are in the range of
0.02− 2T, are typically generated using strong permanent magnets or electromagnets. In Geo-
physics, NMR relaxometry is commonly employed for petrophysical investigations of saturated
porous rocks in well-logging and laboratory studies. In this respect the NMR method is a unique
geophysical method which delivers direct information about the water content in samples or the
subsurface. Moreover, it allows to determine important structural and transport parameters like
porosity, pore size distributions, surface to volume ratio or hydraulic conductivity. In an NMR
field application the 1H protons of the pore water are excited with a magnetic excitation field
generated by a circular, square or figure-(square)eight antenna loop placed on the Earth’s surface
(vertical dipole). The maximum depth of investigation of SNMR is limited by the loop diam-
eter, the maximum applied intensity of excitation, i.e. pulse moment, as well as the electrical
conductivity of the subsurface.
Varian (1962) initially proposed a field NMR method as a possible tool for groundwater ex-

ploration using the static earth magnetic field that exhibits a field strength in the range of
30−60µT primary field, i.e. corresponding to a Larmor frequency of 1.3−2.5 kHz. However, the
first surface based geophysical NMR applications (Surface Nuclear Magnetic Resonance, SNMR
or Magnetic Resonance Sounding, MRS) based on the patent of Varian have been developed not
until the late 1980’s by Semenov (1987) and Schirov et al. (1991). Up to now only a small selec-
tion of field devices is commercially available to carry out SNMR surveys, i.e. HYDROSCOPE
(HydroScope Lab., 2002), NUMIS (Iris Instruments, 2009), MRS-MIDI (Radic-Research, 2009)
and GMR (Vista Clara, 2009) systems. The latter two systems also have multi-receiver capabili-
ties, convenient for conducting 2D SNMR surveys. Over the last 20 years advancing the method
with respect to hardware, processing and interpretation techniques has greatly benefitted from
an international collaboration centered around the following organizations: IRIS Instruments,
ICKC, BRGM, BGR, ETH Zürich, and the TU-Berlin’s Department of Applied Geophysics.
At this stage, SNMR is commonly used in sounding mode with a maximum depth of investi-

gation of about 100− 150m and inversion is mainly focused on the determination of the vertical
distribution of producible subsurface water content. Recent advances comprise derivation of hy-
draulic conductivity Legchenko et al. (2004); Vouillamoz et al. (2005) and development of two
dimensional field setups and inversion Warsa et al. (2002); Hertrich (2005); Girard et al. (2007);
Hertrich (2008); Walsh and Ferre (2009). Available inversion schemes include algorithms that
use a regularized smooth inversion, e.g. Legchenko and Shushakov, 1998; Mohnke and Yara-
manci, 2002a; Hertrich and Yaramanci, 2003; Muller-Petke and Yaramanci, 2008. To take into
account geological scenarios that exhibit sharp boundaries – actually, being mostly the case for
aquifers – the concept of a non-linear block inversion algorithm based on Simulated Annealing
(SA) has been developed by Mohnke and Yaramanci (2002a). Here, this concept is also used
in the multi-exponential inverse modeling approach introduced in chapter 6, however, using a
modified sequential programming approach to reduce computational cost. Utilizing the SA block
inversion concept a phase inversion algorithm has been developed to derive SNMR-resistivity in
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1. Introduction

Figure 1.1.: SNMR relaxation data example (FID) from the Waalwijk site and corresponding de-
cay time fits using conventional mono-exponential (black line) and multi-exponential
fitting with 25 decay times per decade (gray lines).

addition to water content and decay times (Braun, 2007; Braun and Yaramanci, 2008).
So far, available inversion schemes make use of an approximated mono-exponential fitting

approach of the NMR relaxation behavior. However, this practice does not take into account that
analogous to borehole and laboratory NMR, every signal contribution of a single sample or volume
element is a superposition of signal contributions due to a specific pore size distribution within
the investigated sample or volume element in the subsurface.Furthermore, SNMR time series are
superpositions of the signal contributions (subject of sensitivity) of all water bearing volumes or
– in the 1D simplification – depth layers and, therefore, can lead to erroneousness derivations off
water content and decay times. As illustrated in Fig. 1.1 the mono-exponential fitting approach
of recorded SNMR time series as it is employed in the conventional inversion strategy can lead
to misinterpretation with respect to estimated subsurface water content and decay times, and
thus consequently to derived hydrological parameters such pore sizes and hydraulic conductivity.
Initial comprehension and proposals for a multi-exponential interpretation of SNMR data were
issued by Schirov et al. (1991) and later by Roy (2000) and Mohnke et al. (2002). So far,
however, detailed studies with respect to forward and inverse modeling that take into account
the multi-exponential behavior of SNMR relaxation data have not been carried out. Therefore,
this thesis aims to develop and assess a comprehensive inverse modeling (COIN) concept for
SNMR relaxation data in order to

1. improve the deduction of total mobile water content, i.e. distribution in the subsurface by
an improved data fitting and resulting optimized extrapolation of initial amplitudes and to

2. quantitatively derive petrophysical parameters such as mono- and bi-modal pore size dis-
tributions and respective transport properties in subsurface layers.

In this context multi-exponential fitting techniques, as they are commonly used in laboratory
and borehole NMR, are adopted and possibilities and limits of a multi-exponential interpretation
applied to SNMR data are discussed and evaluated.
In chapter 2 mathematical formulations of the basic physical theory and practical approxi-

mations for macroscopic description of NMR with respect to applications on fluids, i.e. NMR
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1. Introduction

relaxometry, are introduced and respective equations of motion with longitudinal (T1) and trans-
verse (T2 and T ∗2 ) relaxation terms in static and alternating magnetic fields are derived. Sub-
sequently in chapter 3 the respective equations and parameters are constituted in terms of a
macroscopic geophysical SNMR imaging/sounding framework related to volume/depth depen-
dent distributions of relevant NMR parameters, i.e. water content and decay times. The basic
SNMR measurement concept is outline and spatial sensitivity of the method related to loop
size, excitation current and Earth field parameters is assessed. In this context also the inherent
multi-exponential character of SNMR data following a sensitivity weighted signal superposition is
discussed. To numerically implement the SNMR Fredholm integral and derived pore size and de-
cay time distribution models for a subsequent forward and inverse modeling respective functions
are discretized and parametrized in chapter 5. Parameter studies for mono- and multi modal
decay time distributions of different aquifer scenarios are carried out using simulated SNMR
relaxation data. In chapter 7 the developed algorithms are benchmarked on simulated data. To
assess basic performance, noise stability and parameter resolution limits for the respective con-
cepts of multi-exponential smooth and block inverse modeling strategies. Results from inverse
modeling of SNMR field data from two sites in Germany and the Netherlands are presented and
discussed in chapter 8 followed by summarizing and concluding remarks given in chapter 9.
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2. Nuclear Magnetic Resonance (NMR Relaxometry)

The phenomenon of Nuclear Magnetic Resonance (NMR) occurs when the nuclei of certain
atomic isotopes are immersed in a static magnetic field B0. Some isotopes experience this
phenomenon, and others do not, dependent upon whether they possess a property called spin.
Protons, electrons, and neutrons possess spin, being an intrinsic physical property such as an
electric charge or the specific mass of particles. Nearly every element has at least one isotope
that is NMR active, e.g. the 1H+ hydrogen isotopes in the common water molecule H2O. On
the other hand the nucleus of the most common oxygen isotope 16O possesses 8 neutrons and 8
protons which pair up and thus have no observable net spin, whatsoever.
In the following the basic physical concept of the spin being intrinsic to nuclear particles and the

correlated nuclear magnetic moment is illustrated and explained using a quantum mechanical
terminology. However, in practice for the measurement of (S)NMR signals the macroscopic
aspects of the nuclear magnetization are of relevance. Therefore mathematical formulations and
assumptions for a macroscopic treatment of the nuclear moments, i.e. a net magnetization vector
– with respect to NMR applications on fluids– are framed and the equations of motion of nuclear
magnetization in the presence of static and alternating magnetic fields are derived. In this respect
the phenomenological Bloch equations are introduced and thereby defined the longitudinal and
transverse relaxation constants T1 and T2 that govern the interactions of the particles with their
environment, e.g. the rock matrix. Finally the principal measurement sequences to determine
T1 and T2 are outlined.

2.1. Nuclear spin and magnetic moment of atomic nuclei

Atomic nuclei possess a quantized mechanical angular momentum given by

| L |=
√
I(I + 1)~ (2.1)

where ~ is Planck’s constant. The in such a way defined quantum number I is a zero-positive
integer multiple of 1/2 called "nuclear spin" that arises from quantum mechanical considerations
of discrete energy states of atomic and nuclear particles.
Elementary particles with half-integer spin obey Fermi-Dirac statistics and are known as

fermions, whereas particles with integer spin obey Bose-Einstein statistics and are known as
bosons. Individual (unpaired) electrons1, protons, and neutrons each possesses a spin of I = 1/2.
However, nuclei often act as if they are a single entity with intrinsic angular momentum I. Ac-
cording to the shell model for the nucleus nucleons, just like electrons, fill orbitals. When the
number of protons or neutrons equals 2, 8, 20, 28, 50, 82, and 126, orbitals are filled. Because
nucleons have spin, their spin can pair up when the orbitals are being filled and cancel out, and
thus eliminating its observable manifestations. In NMR, it is unpaired nuclear spins of isotope
nuclei that are of importance, in particular the hydrogen isotope 1H in (ground) water.

1Actually, there is a clear distinction between electron spin and electron orbital angular momentum for electrons
in atoms, when combined to give the total angular momentum.
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2. Nuclear Magnetic Resonance (NMR Relaxometry)

Many elements in the periodic table have an isotope with a non zero nuclear net spin. NMR
can only be performed on isotopes whose natural abundance is high enough to be detected.
Listed in Table 2.1 are the spin properties of some nuclei routinely used in NMR with particular
emphasis on the hydrogen nucleus (1H) in water as it is the target of investigation for ground
water exploration using SNMR.
Generally, only the component of the nuclear spin in a preferred direction z can be observed,

e.g. the direction of an applied static magnetic field Bo, whereas the x- and y-components will
disappear in the time average. To the z-component applies

Lzuz = mI~ with mI = I, I − 1 · · · − I. (2.2)

From a quantum mechanic perspective the angular momentum Lz corresponds to the eigen-
values of the component of the angular momentum operator Îz (see below) that is oriented in
the direction of Bo, with the quantum number mI . There are 2I + 1 possibilities for quantum
number mI , i.e. for the alignment of the nuclear angular momentum to a preferred direction.
For the 1H+ hydrogen nucleus this yields I = 1/2 and | L |= (

√
3/2)~, Lz = ±1/2~ (Fig. 2.1,

left).
Associated with each nuclear spin is a nuclear magnetic moment µI that is proportional to the

nuclear spin and producing magnetic interactions with its environment, (Fig. 2.1, middle),

µ
I

= γL. (2.3)

The use of a "gyromagnetic ratio" γ or Landé "g-factor" is the ratio of the magnetic dipole
moment to the angular momentum of an elementary particle or atomic nucleus. It is defined by

γ = g
µn
~

with µn =
e

2mp
~ (2.4)

where analogous to the Bohr magneton for electrons µn is the nuclear magneton unit. The
dimensionless Landé "g-factor" for free protons and neutrons is gproton = 5.5856912± 2.2× 10−7

and gneutron = −3.8260837± 1.8× 10−7), respectively (Poenaru and Greiner, 1996).

Nuclei Unpaired protons Unpaired neutrons Net spin γ (MHz/T)

1H 1 0 1/2 42.58
2H 1 1 1 6.54
31P 1 0 1/2 17.25

23Na 1 2 3/2 11.27
14N 1 1 1 3.08
13C 0 1 1/2 10.71
19F 1 0 1/2 40.08

Table 2.1.: NMR properties of 1H hydrogen isotopes and a few other common elements after
Hornak (2006).
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2. Nuclear Magnetic Resonance (NMR Relaxometry)
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Figure 2.1.: Nuclear spin (here, I = 1/2 for a 1H atom) possesses discrete alignments in relation
to a preferred direction, such as an external static magnetic field B0 (left). This
correlates to discrete values of the measured components of the magnetic moment
(middle) and potential energy of Zeeman Eigenstates (right).

Nuclear resonance - the Larmor frequency

When placed in a magnetic field of strength Bo, the 1H+ nucleus can absorb a photon, of
frequency fL , and thus can undergo a stimulated transition between its energy states, e.g. a
proton in the lower energy state absorbs a photon and ends up in the upper energy state and
vice versa. The energy of this photon must exactly match the energy difference

∆E = gIµnBo = γ~Bo (2.5)

between the two states (Fig. 2.1, right). The energy, ∆E, of a photon is related to its frequency
f by Plank’s constant ∆E = hf = ~ω. This resonance frequency or Larmor frequency is
determined by gyromagnetic ratio as given by the Larmor equation.

fL = −γBo (2.6)

For hydrogen 1H protons the Larmor frequency is then given by fL = 42.57648×106Bo [Hz] or
in terms of the angular frequency ωL = 2πfL = 26.51591×107Bo[rad/s−1] (Poenaru and Greiner,
1996). Equation 2.6 further implies that the Larmor frequency for a positive gyromagnetic ratio
is defined negative (−fL), corresponding to a clockwise precessional motion of the magnetic
moment, whereas a negative gyromagnetic ratio corresponds to a counter clockwise precession
with a positive Larmor frequency +fL . This will be of further relevance in section 2.2.
In Geophysical NMR applications such as in laboratory or borehole NMR where the static

magnetic fields (Bo ≈ 0.02− 2T) are generated using strong permanent magnets or electromag-
nets the resonance frequency for hydrogen nuclei is in the radio frequency range (1− 900MHz),
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2. Nuclear Magnetic Resonance (NMR Relaxometry)

whereas in MRS much lower field strength and frequencies have to be used (Earth magnetic field
Bo ≈ 30− 60µT and fL ≈ 1.3− 2.5 kHz).

2.2. Magnetic moments in magnetic fields

2.2.1. Nuclear magnetization in static fields

Nuclear net magnetization in equilibrium state

So far, only isolated single particles, e.g. hydrogen protons in a static magnetic field Bo have
been considered, that can switch between lower to upper energy states by absorbing or emitting
a photon with energy ∆E related to their Larmor frequency fL. However, in the NMR experi-
ment samples having a large number N of nuclear spins, e.g. hydrogen protons, are investigated.
Therefore the concept of a macroscopic magnetization has to be derived, in which the contribu-
tions from different µ values have been averaged. The sum of the contributions from all magnetic
moments of all spin systems is then called the net magnetization of the unit volume dV . This
leads to setting up of a macroscopic magnetization, whose equilibrium value is given by

Mo = N < µ̃
I
> (2.7)

with N being the number of nuclear magnetic moments, e.g. number of 1H protons, per unit
volume. The expected value of the operator < µ̃

I
> of the magnetic moment oriented in the

direction of the magnetic field Bo can be determined using the BRILLOUIN functional (Michel,
1981)

< µ̃
I
>= γ~

{
2I + 1

2
coth

(
2I + 1

2
x

)
− 1

2
coth

(x

2

)}
with x =

γ~Bo

kT
(2.8)

that is valid for arbitrary temperatures T and spin numbers I. However, for high temperature
approximation, i.e. x � 1 series expansion yields the CURIE description of the macroscopic
magnetization in the direction of Bo in equilibrium condition

Mo = χoBo with χo =
Nγ2~2I(I + 1)

3kT
(2.9)

where χo is the nuclear susceptibility. While the magnetic moment µ of a single nucleus is
quantized and can only be in one of two states < α| or < β|, the macroscopic magnetization Mo

reflects a system’s whole spin population and thus, will have a continuous value.

Equation of motion in the static field

The magnetic moment µ can be considered to be a vector quantity with its direction parallel to
the angular momentum of a particle, such as an electron or nucleus (see equation 2.3). In the
classical treatment the presence of a magnetic field2 B will exert a rotational force, i.e. changes
of angular momentum with time µ̇, to the magnetic moment vector of the particle. This torque
acts perpendicular to the magnetic moment and will cause the magnetic moment to tilt away

2When referring to magnetic fields a ’magnetic induction’ is implied since the bulk magnetic susceptibility κ of
the environment (i.e. porous sediments/rocks) is used in macroscopic considerations.
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2. Nuclear Magnetic Resonance (NMR Relaxometry)

from its equilibrium polarization in direction of an existing static magnetic field and thereby
precessing at the angular Larmor frequency ωL .
The torque on an isolated magnetic moment µ as it is expressed by the equation of motion

µ̇ = γ(µ×B) (2.10)

represents a linear relationship. Therefore, in continuation of equation 2.7 in classical terms an
appropriate equation can be noted also for a macroscopic magnetization M in the unit volume
dV

Ṁ = γ(M ×B) with M =
∑
i

µ̃i . (2.11)

Note that the latter equation presupposes that interaction between individual magnetic mo-
ments and with their environment, e.g. pore walls, is negligible and all moments experience a
strictly homogeneous static magnetic field Bo, thus possessing the same resonance frequency.
Naturally, these presumptions are not fulfilled3. However, by introducing the phenomenological
Bloch equations (see section A.1) such complicated quantum mechanic considerations can be
bypassed.
In equation 2.11 only the component of B perpendicular to M takes effect. For instance, a

magnetic moment vector oriented in z-direction M = Mzuz experiences torque solely due to the
perpendicular components Bux and Buy of the applied magnetic field B. Assuming a static
magnetic field Bo =| B |= Buz in z-direction the formulation of the homogeneous differential
equation for its individual components yields

Ṁx − ωLMy = 0 (2.12a)
Ṁy + ωLMx = 0 (2.12b)

Ṁz = 0 (2.12c)

As it has been noted in section 2.2.1 the nuclear magnetization in equilibrium is oriented in the
direction of the static magnetic field (z-direction) and is given by Mz = Mo with no observable
components Mx = My = 0.
Now, assume a given torque to the nuclear magnetization, e.g. by changing the direction of

Bo with respect to M. According to equation 2.11 this results in a deflection of Mo by an angle
θ from the equilibrium condition. Solving of equations 2.12a - 2.12c with the initial conditions

Ṁx(0) = Mo sin θ ∧ Ṁy(0) = 0 ∧ Ṁz(0) = Mo cos θ (2.13)

directly yields the equations of motion for the components

3To comprehensibly take into account those interactions in analogy to equation 2.7 the quantum mechanic
expectation values of the components Mk(t) =< M̃k(t) >, k = x, y, z would have to be utilized

8



2. Nuclear Magnetic Resonance (NMR Relaxometry)

Mx(t) = Mo sin θ sin(ωLt) · ux (2.14a)
My(t) = Mo sin θ cos(ωLt) · uy (2.14b)
Mz(t) = Mo cos θ · uz . (2.14c)

The latter equations then describe the precessional motion of the nuclear (net) magnetization
vector M around the direction of the static magnetic field B = Bouz. The angular Larmor
frequency ωL as given by equation 2.6 implies a clockwise course of the moment vector. Note
that the deflection or tilt angle Θ is constant in this formulation. In this respect also a deflection
angle of zero the magnetic moment will be considered to exert a (non-observable) precessional
motion around Bo.
So far, only the precessional motion along the x-y plane, for a constant deflection or tilt angle

Θ has been considered. The change of Θ or excitation of the magnetization vector due to
the magnetic torque of an exciting alternating magnetic field, as it is commonly used in NMR
experiments will be discussed in the following section.

2.2.2. Nuclear magnetization in alternating fields.

Excitation of the magnetic moment – Quantum mechanic considerations

To discuss effects of an alternating field on the magnetic moment vector M , in particular being
the buildup of a tilt angle between M and the primary static field Bo one can again revert to a
quantum mechanical view of the transition between Zeeman Eigenstates | α > and | β> of 1H
protons as introduced in section 2.1.
When assuming an alternating magnetic field B1 cos(ωLt) applied in addition to the static field

the total field interacting with the magnetic moment vector M is then given by

B(t) = B1 cos(ωLt) +Bouz . (2.15)

with B1 = (B1x, B1y, B1z) and ωL being the Larmor frequency of the system. Analogous to
equation A.5 the Hamilton operator associated to this alternating field derives from the potential
energy of the magnetic moment in the magnetic field B(t), hence

Ĥ = −γ~
(

cos(ωLt)
[
B1x Îx +B1y Îy +B1z Îz

]
+BoÎz

)
(2.16a)

or in a formulation using the shift operators Î
+/− as introduced in equation A.2a

Ĥ = −γ~
(

cos(ωLt)

[
1

2
(B1x − iB1y)Î+ +

1

2
(B1x − iB1y)Î− +B1z Îz

]
+BoÎz

)
(2.16b)

Generally a transition between the quantum states α and β can occur if there exists a proba-
bility > 0 for the transition. Since α and β are orthonormal, i.e. < α | β >= 0, only a stimulated
transition can take place according to < α | Ĥ | β >6= 0 , the probability for a transition between
the states α and β of the 1H+ nuclei. After some rearranging this relation then yields
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2. Nuclear Magnetic Resonance (NMR Relaxometry)

a) b) c)

Figure 2.2.: Precessional motion of the magnetic moment vector M(t) in the presence of a static
magnetic field Bo in a static frame of reference (a) and a rotational frame of reference
(b). Superposition of precession and nutation around Bo and Beff in the resonant
case (c).

< α | Ĥ | β > = −γ~ cos(ωLt) ×

×
[
A < α | Î+ | β > +B < α | Î− | β > + C < α | Îz | β >

]
+

+D < α | Îz | β >

(2.17)

with
A =

1

2
(B1x − iB1y) ∧ B =

1

2
(B1x − iB1y) ∧ C = B1z ∧ D = Bo

In consideration of the properties of the angular momentum operator Î given by equations A.1
and A.2b it is immediately noticeable that only the term A < α | Î+ | β >= A < α | α >= A
of the above equation yields a non-zero result. Since A contains only the x- and y-components
of B1 it directly follows the constitutional necessity of a polarization perpendicular to the static
field Bo in order to excite transitions between the energy states of the spin system.
Considering the reciprocity, i.e. exchanging the polarizing field B1 (transmitter) and angular

momentum Î (receiver), and a further consequence of the above relations follows immediately:
Only the transverse components of the in such a way excited magnetic moments will contribute
to a responding magnetic field that can be measured in a NMR experiment (see section 2.3).

Polarization in the concept of a rotational frame of reference

Consider an alternating magnetic field B1(t) = 2B1 cos(ωr t)ux , with B1 � Bo that is linearly
polarized along the x-direction with respect to the frame of reference as depicted in Fig. 2.2a.
Generally, a linear polarized field, such as the magnetic field produced by an alternating current

in a conducting circuit, can be expressed by the superposition of two circular polarized clock-
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B
±

1
=

 (B+
1 +B−1 ) cos(|ωr |t)

0
0



B
±

1
=

 (B+
1 +B−1 ) cos(|ωr |t)

(B−1 −B
+
1 ) sin(|ωr |t)

0


Figure 2.3.: Superposition of two circular polarized co- and counter-rotating magnetic fields B+

and B− to a) linear and b) elliptic polarized fields.

and counter clockwise rotating fields B+
1 and B−1 with amplitudes (|B+

1 | = |B
+
1 |), respectively

(Fig. 2.3a). The effective field acting on the magnetic moment then superposes to

B±
1

(t) = B1 cos(ωRt)ux ±B1 sin(ωRt)uy +Bouz (2.18)

The angular frequency of such rotating fields is given by ±ωR . If ωR = ωL the field B1(t) is said
to be in resonance. Note that when considering effects of electromagnetic attenuation occurring
in conducting media, e.g. Earth’s subsurface, the magnetic fields are no longer collinear but
rather elliptic polarized, i.e. +B1 6= −B1 (Fig. 2.3b). This is due to the fact that horizontal
and vertical component of the magnetic field experience different degrees of electromagnetic
attenuation as it propagates through the conductive media. This is of no significant relevance
in NMR applications such as the analysis of core samples or well logging since ratio between
investigated volume and skin depth is negligible. However, in field applications, i.e. MRS over a
high conductive subsurface (ρ < 100 Ωm), this effect can have a considerable impact on the results
of a NMR experiment, and therefore has to be taken into account. This will be further outlined
in chapter 3. In this respect extensive studies dealing with effects of elliptical polarization on
MRS data have been published for instance by Weichmann et al. (1999, 2000), Hertrich (2005)
and Braun et al. (2005).
For further considerations it is convenient to define a frame of reference S′(x′, y′, z) rotating

around the z-axis, i.e. the direction of the static magnetic field Bo, with the angular frequency
±ωR (Fig. 2.2b). In this frame the alternating field B1 having the same direction of rotation
appears then to be stationary, since its time-dependence is now localizes in the frame’s rotation.
By transforming equation 2.11 to the rotational frame of reference. according to the general
vector relation with respect to the static and rotational coordinate systems S and S′, respectively.

Ȧ|Sstat. = Ȧ|Srot. + ωR(uz ×A) (2.19)

As shown in Fig. 2.3 the effective magnetic fields B±
eff

for a corresponding angular frequency
ω±
R
of the rotating coordinate system S′ according to equation 2.6 are then given by the relation
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B±
eff

= Bo + B±
1

= (
ω
±

R

γ
)uz + B±

1
= B1ux′ +

(
Bo ±

ω±
R

γ

)
u
z′=z (2.20)

In the above equation the z-component reflects the resonance condition of the system, i.e.
the difference or ’relative Larmor’ frequency ∆ω± = ωo − ωR ⇔ Bo +

ω
R
γ between the angular

frequency ωR of the frame and the Larmor frequency ωo of the protons. Since in general B1 � Bo
the motion of the magnetic moment can be only influenced considerably if the resonance condition
is satisfied, i.e. ∆ω± ≈ 0. In this respect only the part of the linear polarized alternating field B1

that is synchronized (co-rotating) along with the precession of the 1H protons at ωo will produce
an effective field Beff having a component B1 � Bo +

ω
R
γ → Beff ≈ B1ux′ perpendicular to Bo

that will significantly take effect, i.e. it induces transitions in spin systems of 1H protons and
thus changing the (macroscopic) nuclear magnetization vector M. Note, that considering both
parts of the linear polarized field will basically lead to a small shift, namely the Bloch-Siegert
shift, in the resonance frequency (Abragam, 1983). In typical SNMR applications B1 � Bo
(and Θ . π/4)is usually satisfied for the respective sensitive focussing depths. Even so, for large
loop currents or frequency offsets such shifts can be significant and cause signal distortions that
in particular will affect the (S)NMR signal phases but can also lead to inversion artifacts, i.e.
phantom aquifers at greater depth (Legchenko, 2005).
Analogous to the case of the static field Bo the magnetic moment in the rotating frame of

reference will then (clockwise) precess around the direction of the effect field Beff with an angular
frequency (nutation frequency)

ωnut = −γ|Beff| = −
√
γ2B2

1 + (γBo − ωR)2 (2.21)

superimposing to ωL (Fig. 2.2c). When assuming a sufficiently high amplitude of the excitation
field, such as γB1 � |γBo − ωR | will yield Beff ≈ B1ux′ and the nutational frequency simply
being ωnut = γB1 (Fig. 2.2c).
Switching on the excitation field B1(t) at t = 0, while at t < 0 the magnetic moment is oriented

in direction of the static magnetic field Bouz′ , with M(t < 0) = Mouz′ in equilibrium condition
the direction of magnetization vector then changes due to its precession around Beff within the
y′-z′ plane according to

M(t) = Mo cos Θ(t) uz′ +Mo sin Θ(t) uy′ . (2.22)

The tilt angle building up between the magnetic moment M(t) and its equilibrium condition is
then given by

Θ(t) = ωnutt = γB+
1 t . (2.23)

Taking into account this excitation field the equations of motion 2.12a-c can then be expanded
according to

Ṁx′ −∆ω±My′ = 0 (2.24a)
Ṁy′ + ∆ω±Mx′ − ωnutMz = 0 (2.24b)

Ṁz′ + ωnutMy′ = 0 (2.24c)
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a) b)

Figure 2.4.: a) Effective magnetic field Beff in a frame of reference, rotating clockwise with the an-
gular velocity ωR . b) Build-up of the tilt angle Θ between equilibrium magnetization
and magnetization after 90o- (i) and 180o (ii) excitation pulses.

As will be discussed further in section 2.3.1 of particular interest in the NMR experiment is
the build-up of tilt angles Θ = 90o and Θ = 180o as a result of so-called 90o- and 180o pulses of
the excitation field. Those tilt angles then correspond to a maximum transverse component of
magnetization MΘ=90o = Mouy′ and a minimum longitudinal component MΘ=180o = −Mouz′ ,
respectively (Fig. 2.4b).
The equations of motion 2.11 and 2.12a-c predict perpetual precessional motion of the magnetic

moment at the induced tilt angle Θ after switching of the excitation field B1. However, due to the
principle of energy conservation, a return to equilibrium state is eventually reached. Therefore,
in order to describe the relaxation of the magnetic moment to its equilibrium condition, i.e.
M(t) → Mo = Mouz′ , additional damping or relaxation constants have to be introduced in
equations 2.11 and 2.12a-c. These relaxation processes, being the basis of any NMR experiment
are described by the phenomenological Bloch equations as discussed in the following section.

2.3. Relaxation mechanisms of nuclear magnetic moments

2.3.1. Bloch equations

Generally, the relaxation of excited spin systems to an equilibrium state is caused by fluctuations
of local magnetic fields in the vicinity of the nuclear spins that are caused by thermal motion of the
particles. With this respect a correlation time τc, whose inverse is related to a maximum velocity
of the particles affected, is roughly defined as the time taken for a molecule to move a distance
of the order of its own dimension. Thereby the correlation time τc is a measure how fast a spin
particle can be reoriented due to such fluctuating magnetic fields, i.e. molecules characterized
by long correlation times will relax fast to their equilibrium state. When considering systems
that possess a sufficiently high thermal motion (x � 1 in equation 2.8, e.g. fluids and such),
τc, being in the range of a few nanoseconds is very short with respect to the observation time t
in the NMR experiment τc � t. In this case the magnetic properties of an ensemble of nuclear
spins can be well described by the phenomenological Bloch equations (Béné, 1980; Levitt, 2002).
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The Bloch equations, as introduced by Bloch (1946), are a set of coupled differential equations
which can be used to quantitatively describe the behavior of the magnetization vector M in the
presence of magnetic fields such as Bo and B1 under any conditions, i.e. with respect to Fig. 2.4
before, during and after the exciting pulse, i.e. Θ(t) = γB1(t)t. The Bloch equations will yield
the x′, y′, and z components of the magnetization vector as a function of time in the rotational
frame of reference by using the following approach

Ṁx′ −∆ω±My′ +
1

T2
Mx′ = 0 (2.25a)

Ṁy′ + ∆ω±Mx′ − ωnutMz +
1

T2
My′ = 0 (2.25b)

Ṁz + ωnutMy′ +
1

T1
(Mz −Mo) = 0 (2.25c)

These relations then represent the equations of motion of the magnetic moment M as intro-
duced in the previous section (equations 2.12a-c and 2.24a-c) plus an extension governing the
attenuation of the system. The last terms in the above equations represent the interactions of
the nuclear spins between each other and their environment leading to a return to equilibrium
condition. In this respect two damping terms, namely the relaxation constants/times T1 and T2

are defined.
The longitudinal relaxation constant T1 refers to the time for the magnetization vector to

return to its equilibrium state M = Mouz. Originating from NMR experiments in solids T1 is
also referred to as the spin-lattice relaxation time, because it arises due to energy exchanges
with its surrounding media. The transverse relaxation constant T2 is a measure for the decay or
de-phasing of the net magnetization Mx′,y′ in the x′ − y′ plane.
The values for bulk T1 and T2 for fluids, such as groundwater, are in the range of a few seconds.

Since the rate of relaxation depends on the velocity of molecules in the fluids with respect to the
Larmor frequency of the particles it can be shown that a small product ωLτc � 1 yield T1 ≈ T2

for the bulk relaxation. This for instance is the case for water molecules in the Earth magnetic
field. For higher Larmor frequencies, i.e. increasing strength of the static induction field, one
observes a dispersion of relaxation times up to T1 ≈ 2T2 (Béné, 1980).
Assume that for the duration of the applied excitation field B1 τp � T1,2 holds, i.e the pulse

duration τp being short enough so that relaxation processes can be neglected during excitation.
Hence, the behavior of M during excitation and consequently the build-up of the tilt angle Θ(τp)
will be essentially governed by the equations of motion as described in 2.24a-c. The behavior of
M subsequent to the termination of the excitation field, i.e. the return to equilibrium state with
an initial tilt angle Θ(t = τp), can then be described by solving Bloch’s equations analogous to
equations 2.14a-c yielding

Mx′(t) = Moe
−−t
T2 sin(∆ω±t) sin(Θτp) (2.26a)

My′(t) = Moe
− t
T2 cos(∆ω±t) sin(Θτp) (2.26b)

Mz(t) = −Mo(1− e
− t
T1 ) cos(Θτp) (2.26c)
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The solutions to the Bloch equations contain then three independent dynamic parameters of
the spin system, i.e. the longitudinal relaxation time T1, the transverse relaxation time T2 and
the precession of the spins ωL or in case of the rotational frame of reference the frequency offset
∆ω±.
Figure 2.5 shows the evolution of the components x’, y’ and z’ of the magnetic moment governed

by the relaxation constants T1 and T2 after application of a 90o pulse assuming a) ideal resonance
condition ∆ω± = 0 [Hz] and resonance offsets of b) 2 Hz and c) 5 Hz , respectively. In the case
of ideal resonance (Fig. 2.5a) the component Mx = 0, i.e. there exists no phase relation between
M ′x and M ′y. However, a non-zero offset resonance ∆ω± will result in an ’in-phase’ component
My and an ’out-of-phase’ component M ′x. In this respect the complex transverse magnetization

M⊥ ≡M
′
y + iM ′x (2.27)

is defined, i.e. the projection of the magnetic moment in the x’-y’ plane, which states the
evolution of the component of M perpendicular to the static magnetic field Bo.
In the following, the terms of longitudinal and transverse relaxation constants and how they

are measured using ’pulsed NMR’, i.e. recording the NMR signal after a short duration of the
applied excitation field B1, are further outlined. In this respect particular attention comes to the
commonly applied succession of pulses (pulse sequences) in NMR. To measure T1 commonly used
pulse sequences are the inversion- and saturation recovery sequences, the latter being adapted for
surface NMR applications as discussed in chapter 3. With respect to determining the transverse
relaxation time T2 the accelerated relaxation rate 1/T ∗2 , i.e. de-phasing of coherence, of transverse
net magnetizationM⊥ due to inhomogeneities in the static field Bo, governing the Free Induction
Decay (FID) has to be considered. Therefore, to eliminate such effects and to determine T2,
spin-echo experiments are conducted. Similar to the saturation recovery sequence also spin-echo
screening experiments for surface NMR applications have been introduced in recent years, e.g.
Shushakov (1996); Shushakov and Fomenko (2004).
The precession of the equilibrium magnetization vector Mo around the static field B0 in equi-

librium condition can not be observed directly. As described in the previous sections pulsed field
NMR experiments excite the spin systems by applying a magnetic excitation field B1 perpendic-
ular to B0 and then observe the NMR response to this excitation. The rotating field B1 produces
a coherence in the precessing spins and induces a detectable (macroscopic) magnetic moment. In
pulsed NMR the magnetization vector is tilted an angle Θ, which is proportional to the applied
pulse.
In laboratory and well-logging NMR applications the exciting alternating field B1 is usually

generated by an alternating current in a coil which is simply oriented perpendicular (e.g. along
the x-axis, with respect to Fig. 2.1) to the static field Bo. This coil then is used both as
transmitter (Tx) for the exciting pulse and as receiver (Rx) of the NMR relaxation signal due
to the precession of the excited particles, e.g. 1H protons, after the pulse τpB1 (e.g. Kenyon
(1992); Kleinberg (2002)).

2.3.2. Transverse relaxation processes

As introduced in the previous section the transverse relaxation is the mechanism by which the
nuclear magnetization in the plane orthogonal to the static field decays is governed, being usually
slightly faster than longitudinal relaxation. Any process causing a loss of transverse magnetiza-
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tion will contribute to T2. Thereby T2 is sensitive to inhomogeneities in the static field and to
interactions between different nuclear spins.
T2 reflects a combination of reversible and irreversible dephasing of the net magnetization of

the spins. The latter can be linked to petrophysical properties of the rock, e.g. pore sizes (see
section 4.2). The former, reflects the loss of coherence of transverse magnetization decay due
to the corresponding spatial variation of the static field / Larmor frequency and described the
so-called free induction decay of the protons.

Free Induction Decay, FID (T ∗2 )

Several factors contribute to the decay of the transverse net magnetization vector of nuclear spins.
Molecular interactions between molecules in the fluid’s bulk phase lead to an ’intrinsic’ relaxation
rate 1/T2B of the fluid. Spatial variations of the magnetic permeability due to contrasts of
magnetic susceptibility between the rock matrix and the pore fluid lead to an enhanced relaxation
rate 1/T2S in porous rocks that is linked to the NMR properties of the material, namely the pore
space’s surface-to-volume ratio or pore sizes (see chapter 4).
Additionally spatial variations of the magnetic permeability – not linked to geometrical prop-

erties of the rock’s pore space – can occur as a consequence of intrinsic macroscopic field inhomo-
geneity of Bo and/or (induced) local magnetic fields that originate from paramagnetic impurities.
Nuclear spins in such a static, spatially varying magnetic field will experience a loss of coher-

ence. This dephasing leads to an accelerated decay of the net magnetization vector owing to
destructive interference between the constituent magnetic dipoles precessing at different Larmor
frequencies.
In practice there is a distribution or spread of Larmor frequencies due to gradients in the static

field Bo(r) = Bo + r∇Bz(r), with ∇Bz(r) being the field gradient in z-direction, there will be
regions with spins which locally experience increased and decreased Larmor frequencies

∆ωo(r) = γ(B(r)−Bo) = γr∇Bz(r). (2.28)

With respect to equation 2.10 the evolution of the transverse magnetization solely due to the
magnetic field inhomogeneity of the static field writes as

Ṁt = M× γr∇zB(r) = −iγ∇BzMt . (2.29a)

Ṁ = M× γr∇Bz(r) = γ∇BzMyux − γ∇BzMxuy (2.29b)

This extra term than adds to the contributing relaxation processes of the magnetic moment
introduced in Bloch’s equations 2.25a-2.25c.
The diffusive motion of molecules in such a gradient field further accelerates the loss of signal

coherence in the presence of a magnetic field gradient, i.e. during time scale (T2) of their
relaxation to equilibrium state the molecules move through the gradient field and experience
different localized Larmor frequencies. Considering this fact Torrey (1956) expanded Bloch’s
equations by introducing an additional diffusion term, which describes the enhanced transverse
relaxation due to diffusive motion in a gradient field according to

Ṁt = D∇2M⊥ (2.30)
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where D is the temperature dependent self-diffusion coefficient of the fluid’s molecules that
controls the speed of the diffusive processes, and is typically expressed in [m2/s], e.g. for bulk
water D is in the range of a few 10−9[m2/s] (DH2O = 2.5×10−9[m2/s] at 25oC). A more detailed
treatment of self-diffusion relevant in NMR is given in section 4.1.
Including these additional relaxation contributions arising from field gradients the Bloch equa-

tions that describe the transverse components Mx′ ,My′ of the magnetization vector M can be
expanded to

Ṁx′ −∆ω±My′ +
1

T2
Mx′ + γr∇BMy′ +D∇2Mx′ = 0 (2.31a)

Ṁy′ + ∆ω±Mx′ − ωnutMz +
1

T2
My′ − γr∇BzMx′ +D∇2My′ = 0 (2.31b)

and solving the above equations the behavior of the transverse component of M will become

M⊥(r, t) = Mo exp

[
− 1

T2
t− 1

TDG
t− i 1

TI
t+ i∆ω±t

]
sin(Θτp) . (2.32)

The reversible (1/TI ) and irreversible (1/TDG) contributions arise from field gradients and lead
to an enhanced relaxation rate

1/T ∗2 =

’intrinsic’ T2︷︸︸︷
1/T2 +1/T2DG︸ ︷︷ ︸

irreversible

+ 1/T2I︸ ︷︷ ︸
reversible

(2.33)

of the free induction decay (FID) of the transverse component of the net magnetization with the
inhomogeneous terms (Torrey, 1949, 1956)

1

T2I
= γr∇Bz and

1

T2DG
= D(γ∇Bz)2 t

2

3
(2.34)

In a perfect homogeneous static magnetic field T ∗2 equals T2. When the field is inhomogeneous
T ∗2 < T2 and the relaxation behavior of the FID can be dominated by the loss of signal coherence
rather then by the evolution of the transverse component of the magnetic moment due to NMR
properties linked to the fluid saturated porous material.
To illustrate the influence of local field gradients on transverse relaxation processes Fig. 2.6

and 2.7 show the calculated evolution of the net magnetization of individual spin packets in a
unit volume in the presence of a (constant) gradient field ∇B = 1 nT/m up to B = 1µT/m. For
small gradients, i.e. B = 1− 10 nT/m, only minor deterioration of the net magnetization takes
place, i.e. T ∗2 /T2 > .8, even for the higher values T2 = 1, 0.5 s.
However, in the presence of higher field gradients, e.g. ∇B > 1e−7T/m the relaxation is

strongly dominated by induced relaxation, and resulting decay times T ∗2 can become but a
fraction of T2 i.e. T ∗2 /T2 < .2. Furthermore, due to the spread of contributing spin packets that
precess at different Larmor frequencies a multi-exponential behavior of the transverse relaxation
becomes prominent at higher gradients. This multi-exponential decay is then not attributed
to a possible distribution of NMR relevant rock properties but is an effect solely arising from
inhomogeneities of Bo. In SNMR the contribution of the diffusion term in equation 2.32 to an
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enhanced relaxation rate 1/T ∗2 is only of minor relevance. As it is shown in Fig. 2.8, for the
relevant scales 1/TD only significantly contributes at late times, e.g. t > 1.5 s, and high field
gradients, ∇B > 105 T/m. Such minor impacts of diffusion processes in SNMR have been also
confirmed on the basis of experimental SNMR data, e.g. Shushakov and Fomenko (2004).
In an environment that exhibits fields gradients in the range of only few nT/m such as it is

for instance often the case in the Earth magnetic field only minor deterioration of the observed
transverse relaxation signals (FID) can be expected. Thus, here the relaxation constant T ∗2 of
the observed FID would basically reflect the transverse relaxation constant T2 that is linked to
NMR properties of the investigated porous rocks or sediments. Note, that equation 2.30 is only
stringently valid for non restricted diffusion in a an infinite fluid medium. However, application
of the above diffusion relation can be used as an approximated correction term for relaxation in
the restricted geometries of a porous medium.

Spin-spin relaxation (T2)

When T ∗2 is dominated by relaxation due to magnetic field inhomogeneities caused by hetero-
geneity in the static field,little information will be delivered that reflect relaxation processes
characterized by the investigated medium, but rather the de-phasing of coherence of transverse
net magnetization M⊥ due to inhomogeneities in the static field Bo. The static component of
the accelerated relaxation rate 1/T ∗2 as given in equation 2.33 can be reversed by applying a
second pulse with a moment 2τpB1 after a certain delay time τd � τp. In the example given in
Fig. 2.9 two magnetic moment vectors M1,M2 precess with the Larmor frequencies ω1 > ω2.
After exciting the system with a τpB1 pulse, M1 will eventually outrun M2 and coherence is
lost. Applying a second 2τpB1 pulse flips their positions and M2 will catch up with M2 in due
course and reestablish coherence of the system (Fig. 2.9a). Thus, a relaxation rate equal to
1/T2 + 1/T2DG can be reconstructed, e.g. by first applying a 90o pulse followed by several 180o

pulses refocussing the signal until equilibrium is reached and measuring the amplitude decay of
the corresponding spin echo train (Fig. 2.9b) according to

|M⊥(t)| = Mo exp

[
−2nτ

d

T2
−D(γ∇Bo)2 2nτ3

d

3

]
n = 1, 2, . . . (2.35)

This is commonly known as the CPMG pulse sequence, named for its initial developers Carr,
Purcell, Meiboom and Gill. Since no energy is exchanged with the particle’s surrounding media,
but rather the interactions of the spins result in a decay of the magnetization T2 is also referred
to as the spin-spin relaxation time. However, the time dependent component of the accelerated
relaxation is not affected by this treatment. Therefore, to reduce further deterioration by irre-
versible molecule diffusion processes τd has to be chosen sufficiently small. As it will be further
outlined in chapter 3 for surface applications of the NMR method a similar pulse sequence can
be simulated. However, since the so far available SNMR equipment generates only two successive
pulses the recording of a spin echo train as depicted in Fig. 2.9b is still strongly limited with
respect to measurement progress and the number of echoes recorded.
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2. Nuclear Magnetic Resonance (NMR Relaxometry)

Figure 2.5.: Evolution of the components of magnetic moment vector (rotating frame of reference)
in a static field Bo after termination of the 90o = τpB1 pulse of a excitation field B1

with resonance offsets of 0, 2 and 5 Hz, respectively
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Figure 2.6.: Enhanced transverse relaxation for a) T ∗2 < T2 = 1 s and b) T ∗2 < T2 = 0.5 s in the
presence of macroscopic external field gradients ∇B = 10−9 − 10−6 T.
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Figure 2.7.: Enhanced transverse relaxation for a) T ∗2 < T2 = 0.25 s and b) T ∗2 < T2 = 0.05 s in
the presence of macroscopic field gradients ∇B = 10−9 − 10−6 T.
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Figure 2.8.: Ratio 1/T2DG : 1/T2I of reversible and non reversible enhanced transverse relaxation
rates due to internal magnetic field gradients.

Figure 2.9.: a) Schematic of the refocussing of the transverse net magnetization (spin-echo) in a
non-homogeneous static field by applying succeeding 90o − 180o pulses. b) Recon-
structed T2 spin-echo train (CPMG pulse sequence) to eliminate static effects due
to field inhomogeneities. Spin-echoes occur in the middle of two succeeding 180o

pulses. sequence
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a) b)

Figure 2.10.: a) Buildup of macroscopic longitudinal magnetization Mz(t) in a static magnetic
field Bo. b) decay of the longitudinal magnetization after termination of Bo

2.3.3. Longitudinal relaxation processes

The longitudinal or spin-lattice relaxation time T1, as introduced in equation 2.26c describes
how the MZ (longitudinal) component relaxes towards its equilibrium state in the presence of a
magnetic field Bo. Originating from NMR experiments in solids T1 is also referred to as the spin-
lattice relaxation time, because the relaxation of the spins arises due to energy exchanges with
its surrounding media, the lattice. As discussed in section 2.2.1 a spin system in equilibrium,
e.g. hydrogen protons in a water saturated sample, in the absence of an external magnetic field
and are considered to have an isotropic distribution of its magnetic moments and thus exhibits
no macroscopic magnetization. When exposed to a static magnetic field Bo the spin system
is no longer in equilibrium condition and therefore relaxing to a new equilibrium state. After
switching on Bouz at t = ton) a surplus of nuclear moments orients in the direction uz of the
field and as a consequence of equation 2.26c a macroscopic magnetization

Mz(t) = Mo(1− exp[
−(t− ton)

T1
]) (2.36)

builds up that is referred to as longitudinal magnetization. There is no transverse (MX or MY )
magnetization here. For large times, e.g. for t = 5T1 equation 2.36 yields Mz(5T1) = .993Mo,
the magnetization eventually will reach its thermal equilibrium state Mz(t) = Mo = χoBo
(Fig. 2.10a). In analogy to the above equation when the magnetic field is switched off again
(toff ) governed by the longitudinal relaxation time T1 the spin system relaxes back to zero
magnetization (Fig. 2.10b) according to

Mz(t) = Mo exp[
−(t− toff)

T1
] . (2.37)

The evolution of the component Mz oriented in direction of the static field Bo cannot be
determined in a direct way as it does not contribute to the measurable NMR response signal (see
section 2.2.2). Therefore the measurement of the behavior of Mz governed by its longitudinal
relaxation constant T1 is performed by applying a particular succession of pulses, e.g. similar
to the CPMG sequence, to flip Mz in the plane of the Tx/Rx loop (x − y plane) and thus
determining T1. Commonly used pulse successions to determine T1 are the inversion recovery
(IR) and saturation recovery (SR) pulse sequences (Levitt, 2002; Canet, 1996; Michel, 1981)
In this respect only the SR sequence is further outlined as its basic concept has also being

adapted for state of the art MRS applications (e.g. the NUMIS Plus system), although limited
with respect to measurement time and the number of sampled time steps (see chapter 3). In the
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Figure 2.11.: a) Principle of the saturation recovery sequence to measure the longitudinal relax-
ation time T1 by applying succeeding 90o−90o pulses with a delay time τd between
pulses to flip Mz ↔ M⊥ and recording the FID. Initial amplitudes of the FIDs
correspond to the z-component Mz(τd)

SR sequence the spins are excited by a 90o pulse, yielding a component Mz = 0 and M⊥ = Mo

of the nuclear magnetization (Fig. 2.11, i). After the evolution of the net magnetization over the
time τd (Fig. 2.11, ii) a second 90o pulse again flips the magnetization yielding M̂z = M⊥(τd)
and M̂⊥ = Mz(τd) (Fig. 2.11, iii). The Initial amplitude M̂⊥ of the FID that is recorded after
the second pulse is terminated then corresponds to the (longitudinal) z-component Mz(τd) of
the system’s net magnetization. Several of such pulse successions with increasing delay times τd
then yield the behavior, namely T1, of the longitudinal magnetization during its recovery to its
equilibrium state according to

Mz(τd) = Mo(1− exp[− τd
T1

]) (2.38)

where τd is the delay time between two successive 90o pulses as shown in Fig. 2.11. Note, that
the IR experiment is based in a similar concept. In IR a 90o-180o pulse succession is applied,
screening the evolution of the longitudinal magnetization in the range −Mo < Mz < Mo. While
IR usually has the advantage of a better data quality due the greater dynamic range (2Mo).

2.4. NMR voltage response

2.4.1. Uniform excitation fields

The measured observable parameter in a NMR experiment is the induced voltage response VRx(t),
i.e. electro motive force Purcell et al. (1946), in the receiver loop due the evolution with time
of the magnetization of the system as described by the Bloch-Torrey equations. According to
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Faraday’s law the induced voltage is then given by

VRx(t) = −φ̇Rx(t) (2.39)

where φRx is the magnetic flux through the area A of the receiver loop oriented in ux direction
with respect to Fig. 2.2, i.e. perpendicular to the direction of magnetic field, and is given by

φRx(t) =

∫
S

B(t)uxdA (2.40)

Formulating the magnetic moment M(t) in terms of an energized magnetic current dipole

M(t) = ITx(t)usA (2.41)

with ITx = Io cos[ωLt] being the current flowing through the transmitter dipole and us being the
vector normal to the oriented plane A of the transmitter (Tx) dipole. Faraday’s law defines the
electro motive force (emf) that is then induced in a receiver (Rx) dipole/loop as the change of
magnetic flux with time according to

Ẽ(t) = −φ̇(t) = −L(Tx→Rx)İ(t)dip. (2.42)

The coefficient L(Tx→Rx) represents the mutual inductance between Tx and Rx dipole (Purcell,
1965) given by

φ(t)(Tx→Rx)

I(t)Tx
= const = L(Tx→Rx). (2.43)

Using the theorem of Lorentz reciprocity yields L(Tx→Rx) = L(Rx→Tx) = L, and assuming a
uniform magnetic flux in A, i.e. φ = BS, with equations 2.41 and 2.42 the induced emf in a Rx
loop can be described by

E(t) = −B⊥
Io

Ṁ(t) (2.44)

with B⊥ = BTxuyux being the component of the exciting magnetic field BTx perpendicular to
the magnetic moment vector M. At any point the magnetic field is proportional to the current
I in the transmitter dipole/loop. Therefore, the relation B⊥ = B⊥/Io can also be considered as
a normalized or specific induction vector, depending only on the coordinates of the contributing
volume element dV . Since the nuclear magnetization is directly proportional to the amount of
fluid protons contributing to NMR, such as hydrogen protons in water (chapter 2.2.1), Mo can
be scaled with respect to the water content fV ∈ [0, 1] present in an investigated volume dV ,
thus ModV ⇒MofV dV . With respect to equation 2.26 the time derivative of the free induction
decay (FID) of the nuclear magnetization Ṁ = Ṁxux + Ṁyuy + Ṁzuz after termination of the
exciting pulse (t > τp) in the rotational frame of reference can be expressed by
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Ṁx′(t) = Mof exp[− t
T ∗2

] sin Θ

(
− 1

T ∗2
sin ∆ω±t+ ∆ω± cos ∆ω±t

)
(2.45a)

Ṁy′(t) = Mof exp[− t
T ∗2

] sin Θ

(
− 1

T ∗2
cos ∆ω±t−∆ω± sin ∆ω±t

)
(2.45b)

Ṁz(t) = −Mof exp[− t
T1

] cos Θ
1

T1

(
1 + cos Θ

)
(2.45c)

|Ṁ⊥′(t)| =
√
Ṁ2
x′ + Ṁ2

y′ = Mo exp[− t

T ∗2
] sin Θ

√
1

T ∗2
2 + ∆ω±2 (2.46a)

Now, consider the rotating frame of reference (ux′ ,uy′ ,uz) (Fig. 2.2) that rotates clockwise
around uz with its reference (Larmor) frequency ωL. Then in the fixed laboratory frame of
reference the transverse magnetization components Mxux,Myuy will behave as two orthogonal
dipoles (90 degree phase shift) that will exhibit a phase shift ζ with respect to the phase of
exciting field.

M⊥(t) = Mx′(t) sin[ωLt+ ζ]ux +My′(t) cos[ωLt+ ζ]uy (2.47)

This phase shift ζ between the oscillating excitation field oscillating at the reference frequency
ωR and the NMR signal then basically arises due to electrical conductivity of the investigated
material. However, further contribution to ζ will also occur at off-resonance condition due an ad-
ditional phase lag/lead of the spin system with respect to the reference frequency (Torrey, 1949).
The time derivation Ṁ⊥ of the transverse components of the magnetization in the laboratory
frame can then be derived according to

Ṁ⊥ = Mof exp[− t

T ∗2
] sin Θ

[(√
1

T ∗2
2 + ∆ω2

± sinωLt+ ωL cosωLt

)
ux+

+

(√
1

T ∗2
2 + ∆ω2

± cosωLt+ ωL sinωLt

)
uy

]
(2.48a)

The magnitude of the transverse component is then given

|Ṁ⊥(t)| =
√
Ṁ2
x + Ṁ2

y = Mo exp[− t

T ∗2
] sin Θ

√
1

T ∗2
2 + ∆ω±2 + ω2

L
. (2.48b)

Note, that Ṁ⊥ will be slightly increased due to the rate of transverse relaxation 1/T ∗2 and
frequency offset ∆ω± = ωL −ωR between the oscillating exciting field and Larmor frequency, i.e.
the small additional non-rotational motion of the magnetic moment towards equilibrium state.
However when assuming resonance condition (∆ω± � ωL) and due to rather small relaxation
rates with respect to the frequency ranges commonly used in NMR applications the relation
1/T ∗2

2 + ∆ω2
± � ω2

L holds and the above equations simplify to
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Ṁ⊥(t) = ωLMo exp[− t

T ∗2
] sin Θ

(
cos[ωLt+ ζ] ux + sin[ωLt+ ζ] uy

)
. (2.49)

With respect to figure 2.3 and equations 2.6, 2.44 and 2.23 – keeping in mind the ’negative’ de-
fined Larmor frequency (co-rotating) of hydrogen protons due to their positive gyromagnetic ratio
(comp. table 2.1) – along with equation 2.23 the induced complex voltage in a Rx dipole/loop
due to the NMR within a volume element dV is then given by

dE(t) = −ωLMofv(r)B−⊥Rx exp[
−t
T ∗2

(r)] sin Θ exp[i(ωLt+ ζ)] dV (2.50)

with the tilt angle of the magnetization after termination of the exciting pulse given by

Θ = γB+

⊥TxIoτp + Θo . (2.51)

Θo is the initial tilt angle of the magnetization vector before excitation, e.g. in equilibrium
condition Θo = 0o. In practice the tilt angle Θ of the magnetization vector directly after
termination of the exciting field is adjusted by means of the excitation intensity, the so-called
pulse moment q = Ioτp. Note, that in the above equations the co-rotating part B+

⊥Tx of the Tx
dipole field determines the tilt angle Θ of the magnetization vector. The signal amplitude on
the other hand is determined by the counter-rotating part B−⊥Rx of the Rx field as a consequence
of reciprocity used in 2.43. The intensity of the induced voltage response dE(t) then scales with
the square power of Bo. Consequently using a higher Larmor frequency allows to measure higher
induced voltages increasing data quality. For instance the ratio of induced voltage per loop turn
using Larmor frequencies of 2Mhz at the lower range of laboratory NMR applications and 2 kHz,
typical range in Earth field NMR is about E

2Mhz
/E

2khz
= 106. Thus, while the 2MHz laboratory

NMR operates in the mV range SNMR signals are measured in the nV range.
In laboratory applications, signal excitation and reception is usually carried out using the same

loop configuration, thus Tx and Rx dipoles coincide and

B±⊥Tx = B±⊥Rx . (2.52)

Besides the general assumptions introduced in the previous section, e.g. such as resonance
condition and τp � T1, the above relations act on the assumption of a uniform static field Bo

and a uniform alternating field B
±

Tx/Rx
within the investigated volume dV . Hence, the above

relations are basically valid for sufficiently small samples, e.g. used for signal estimations and
calculation in laboratory experiments.
If protons are excited by a basically non-uniform magnetic induction field, i.e. when inves-

tigating large samples such as subsurface layers being the case in surface NMR applications,
appropriate spatial dependencies •(r) of the relevant parameters B+

⊥Tx , B
−
⊥Rx , ζ and Θ, as well as

fv and relaxation constants 1/T in the above relation have to be taken into account and equation
2.50 has to be integrated along the volume of the water repository, V =

∫
V d

3r.
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3. NMR field application: Surface Nuclear Magnetic Resonance
(SNMR)

In previous chapters the basic physical concepts and principles underlying the application of
NMR relaxometry have been introduced and discussed. In field scale applications of NMR,
namely Surface NMR (SNMR) or Magnetic Resonance Sounding (MRS), these concepts have to
be constituted in terms of geophysical imaging, i.e. the derivation of spatial (depth) dependent
distributions of NMR parameters, i.e. the water content and decay time distributions, to derive
hydro-geophysical relevant parameters such as the pore size distribution (psd) or the hydrological
permeability.
SNMR is a non-invasive groundwater-exploration method that allows to directly determine the

subsurface water content distribution and to estimate the aquifer permeability or hydraulic con-
ductivity from the relaxation signal of excited hydrogen protons. Thereby, the NMR excitation
field B⊥ is usually generated by a circular/square or figure–of–eight antenna loop on the Earth’s
surface, i.e. vertical dipoles as sketched in Fig. 3.1, that is energized by an alternating current.
The excitation intensity of the pulse is characterized by the pulse moment q = I0τ , where I0

is the current intensity in the loop and τp is the duration of the exciting pulse. Increasing the
pulse moment increases the depth of investigation of the method. When the excitation field is
terminated the magnetic moments return to their equilibrium orientation as a consequence of
interactions of the nuclear Spins between each other and their environment. In this respect two
damping terms, namely the relaxation constants/decay times T1, T2 and the directly observable
decay constant T ∗2 of the free induction decay (FID) are defined. T1 and T2 describe the decay
of longitudinal and transverse magnetisation excited 1H protons, respectively.
So far, standard SNMR experiments are carried out in sounding mode, i.e. assuming a hori-

zontal stratification, and use coinciding Tx and Rx loop configurations (equation 2.52). In this
respect recent developments in hardware and software towards a 2D interpretation of SNMR
measurements that use separate Tx and Rx antenna field layouts have been initially suggested
by Weichmann et al. (2000) and experimentally realized by Hertrich (2005) using a modified
NUMIS+ hardware provided by Iris Instruments. The induced voltage of the NMR signal as
described in equation 3.1 and 3.2 oscillates at the Larmor frequency, being in the range of sev-
eral MHz in laboratory applications and in the kHz range for the Earth’s magnetic field used in
surface NMR experiments. In NMR the signal envelope yields information with respect to initial
amplitude (water content) and decay times (pore sizes). In addition the signal phase ζ is related
to electrical conductivity in the investigated sample/volume. To gain information with respect
to the SNMR signal phase a phase sensitive detection scheme also used in laboratory NMR is ap-
plied in standard SNMR recording equipment, i.e. synchronous or quadrature detection scheme
(see A.3).
As a further consequence of the volume integration in equations 3.1 and 3.4 every recorded

SNMR time series can be expressed as a superposition of the signal contributions with respect
to the spatial distribution of NMR properties such as fV (r), T1,2(r), ζ(r) (being subject of sen-
sitivity). Provided that the NMR decay times are not uniformly distributed in the subsurface,
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Figure 3.1.: Concept of the field setup in a SNMR sounding experiment using a circular coincident
transmitter (Tx) and receiver (Rx) loop.

SNMR relaxation data will also exhibit a multi-exponential behavior in a macro-scale sense, e.g.
the sequence of geological horizons such as coarse sand or sandy clays layers/lenses.
Analogous to borehole and laboratory NMR experiments, in SNMR multi-exponential signals

will arise due to the ’micro’ scale distribution of fluid saturated pores of different sizes within
the investigated sample or volume element in the subsurface (see chapter 4). Hence, SNMR
relaxation data will basically become a superposition of both the multi-exponential behavior in
the micro- and macro-scale.

3.1. NMR in non-uniform excitation fields – SNMR basic equation

In order to apply eq. 2.52 to the surface NMR problem, i.e. imaging subsurface distributions
and NMR properties of large water bearing volumes/layers in the subsurface, also the volumetric
water content f and decay time constants have to be considered to be spatially distributed within
the investigated volume. Integrating equation 2.50 then yields the basic formulation of the three
dimensional SNMR problem

E(q, t) = −ωLMo

∫
V
fv(r)B−⊥Rx(r) exp[

−t
T ∗2 (r)

] sin Θ(q, r) exp[i {ωLt+ ζ(r)}] d3r (3.1)

with
Θ(q, r) = γB+

⊥Tx(r)Ioτp + Θo(r) . (3.2)

As it will be discussed further in chapter 3 for a numerical treatment of the above equations
it is convenient to summarize its time independent known parameters in the kernel functional

K3D(q, r) = −ωLMoB
−
⊥Rx(r) sin Θ(q, r) exp[iζ(r)] (3.3)

yielding the general complex Fredholm integral equation for the induced voltage in a Rx loop
due to NMR in a non-uniform exciting magnetic induction field
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E(q, t) =

∫
V
K3D(q, r) fv(r) exp[

−t
T ∗2 (r)

] d3r exp[i {ωLt)}] (3.4)

where the kernel function K3D represents a bounded linear operator, the Fredholm operator
(Hansen, 1998). The above expression then also states the general basic equation for surface
NMR imaging applications. The Larmor frequency ωL and magnetic moment in equilibrium
condition Mo present variables that can be easily derived from the intensity Bo of the primary
field using the Curie formula (eq. 2.9). Whereas in laboratory NMR experiments Bo is usually
generated by a strong permanent magnet with known properties, in SNMR the Geomagnetic field
acts as static primary field, and can be measured e.g. using a proton precession magnetometer
(see section C.1).

Remark on the numerical calculation of Tx/Rx fields in SNMR

In petrophysical NMR applications in the laboratory or borehole it is usually not necessary to
explicitly calculate the excitation fields B⊥. Here, the typically used 90o and 180o pulses as
well as the rock sample’s water content can be easily derived by calibration. In SNMR the com-
ponents B±⊥Rx/Tx of the exciting magnetic transmitter and receiver fields perpendicular to the
primary static field Bo have to be numerically calculated and depend also on the field inclination
I strength Bo of the Earth’s magnetic field (see C.1), e.g. Fig. 5.5. (in laboratory application
Bo = Bz → I = 0o). B±⊥Rx/Tx are also affected by the electrical conductivity of the investigated
samples/volumes. Actually, in laboratory NMR applications the electrical conductivity of the
investigated rocks is usually – but for very high sample conductivities – negligible due to the
typically small sample volumes with respect to the loop size (loop impedance) and wavelengths
of the NMR signal, e.g. (Vesselle, 1990). In SNMR exciting magnetic fields are usually generated
by a circular, square or figure-eight antenna loop, lying on the Earth’s surface (vertical dipole).
Obviously, such electromagnetic fields depend on the loop size and the resistivity distribution
in the conductive subsurface (Nabighian, 1987). These induction effects manifest in terms of
amplitude attenuation and a shift (delay) in the signal phase of the oscillating magnetic fields.
As it has been discussed and demonstrated in Weichmann et al. (2000) and Hertrich (2005) in
case of a low subsurface resistivity a further significant effect can result due to elliptical polarized
fields, i.e. B+

⊥ 6= B
−
⊥, that will enter in equation 3.1 and 3.2. Therefore, when considering the

scales of wavelength of the exciting magnetic fields with respect to loop sizes, the investigated
target’s electrical conductivity has to be taken into account when calculating these excitation
fields, particularly when dealing with high conductive subsurface media. Detailed discussion
of the numerical calculation of magnetic fields generated by surface-antenna loops on a layered
Earth that are used in SNMR soundings can be found e.g. in Weidelt (1984); Anderson (1984);
Nabighian (1987). With this respect the numerical calculations of the SNMR (1D)kernels for cir-
cular loops that are used in this work have been calculated using modeling routines as introduced
by Mohnke, 1999 and further adapted and optimized by Hertrich (2005)) using the formulation
of elliptical polarized Tx and Rx fields as introduced by Weichmann et al. (2000) and separated
loop configurations.
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3.2. SNMR sounding equation

From the fundamental NMR relation (eq. 3.4) as introduced in section 3.1 it follows that the
NMR response at a point r in a sample or – in case of the larger scale in the field application of
NMR (SNMR) – in the subsurface varies with the intensity of excitation, i.e. the pulse moments
q.
SNMR experiments are usually conducted in a sounding configuration and also use coinciding

Tx and Rx loop configurations, i.e. B⊥Rx ≡ B⊥Tx. Therefore, eq. 3.3 can be simplified with
respect to a one-dimensional depth distribution of water content f and decay time (spectra) T .
In this respect a one dimensional Kernel function

K1D(q, z) =

∫ ∫
K3D(q, r)dxdy, with r = (x, y, z) (3.5)

can be introduced along with a one-dimensional, i.e. depth z dependent, distribution of the water
content f = f(z) and NMR decay times T = T (z). The above equation then summarizes all time
invariant parameters and represents the vertical signal sensitivity distribution for a particular
pulse moment q of the measurement. As depicted in Fig. 3.2 and 3.3 for coincident Tx/Rx loops
regions of maximum sensitivity (i.e. Θ 45o) cluster in increasing depths with increasing pulse
moments. (Note, that the sharp phase boundary at 75m for 10Ωm half-space reflects the -180
phase jump in the arctan domain rather than some significant subsurface property.)
The pulse moment q is therefore an input parameter in a SNMR sounding, that unlike the

loop size, not only limits the maximum depth of investigation, but also focusses the main NMR
response to a particular depths zone. Thus, when carrying out several individual measurements
with a certain spread of q values, e.g. 20 measurements with pulse moments that range from
0.010 − 16As, a subsurface scanning can be realized. Such sounding yields information with
respect to a depth distribution of initial amplitudes (Fig. 3.4) and respective decay times linked
to an SNMR detectable, effective volumetric water content (= effective MRS porosity at full
saturation) and the pore sizes in the subsurface, respectively. In this context SNMR porosity
φSNMR is typically found to be φSNMR = φtotal − φbound mainly as a consequence of long signal
dead times (see section 3.3). The maximum investigation depth of SNMR is limited by the
diameter of the antenna loop, the applied maximum intensity of excitation, i.e. pulse moment,
and the electrical conductivity of the subsurface. Naturally, the signal-to-noise ratio also poses
a central limiting factor in the method’s parameter and depth resolution.
The envelope of the voltage induced in the Rx loop due to the relaxation of the excited hydrogen

protons (FID) in the subsurface is then given by the commonly used one-dimensional formulation
of the SNMR sounding equation

e(t, q)

∣∣∣∣
T∗2

=

∫
Z
K1D(q, z) fv(z) exp

[
−t

T ∗2 (z)

]
dz exp[i

{
∆ω±t) + ζSD

}
] . (3.6)

considering the transverse relaxation time T ∗2 . When measuring T1 decay times, i.e. using the
quasi saturation recovery sequences as introduced by Legchenko et al. (2002)), the observed
longitudinal relaxation time can be expressed by

e(t, q)

∣∣∣∣∣T ′1 =

∫
Z
K1D(q, z) fv(z)

(
1− exp

[
−τd
T ′1(z)

])
dz . (3.7)
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3. NMR field application: Surface Nuclear Magnetic Resonance (SNMR)

Figure 3.3.: Complex SNMR 1D kernel function for a circular loop (R=50m, 1 turn, Bo =
48000 nT / fL = 2043Hz, inclination I = 60 deg) over conductive halfspace of 10,
100 and 1000 Ωm
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Figure 3.4.: Schematic of a SNMR sounding (initial amplitudes): A series of subsequently in-
creasing pulse moments q, that focus the NMR excitation to increasing depths.
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excitation pulse

relaxation signal

E
0

30-40 ms
''dead'' time

t

Figure 3.5.: General principle of a FID measurement in SNMR: Exciting pulse, dead time and
recorded FID.

In practice, with respect to the so far available hardware, i.e. NUMIS, not the oscillating
transient signal but rather an under-sampled envelope oscillating with a relative frequency ∆ω±
is recorded by using a synchronous detection (SD) scheme (see chapter A.3). In SD the relative
frequency ∆ω± reflects an offset between the actual local Larmor frequency ωL of the protons
and the applied excitation frequency ωR of the alternating current. The term ζSD describes a
constant instrumental phase shift and adds to the subsurface related SNMR phase ζ(r). Actually,
such off-resonance phase shift poses a systematic type of error in a SNMR experiment, i.e.

(EX , EY ) = (ESNMR cos(•), ESNMR sin(•))

that distorts the (multi-exponential) SNMR relaxation data with respect to the interpretation
of decay times. Even so, performing the data inversion by using the signal magnitudes instead
of its complex values, i.e. E2

SNMR = E2
x + E2

y , basically allows to evade such fitting errors,
however at the cost of an increase of non-linearity of the inverse problem. A detailed discussion
of the method of synchronous detection in SNMR applications in the context of signal-to-noise
optimization can be found e.g. in Legchenko and Valla (1998); Strehl (2006).

3.3. SNMR dead times

Any SNMR instrument which uses the same induction coil to both excite the nuclei and to
detect the subsequent free induction decay (FID) is subject to artifacts due to imperfect sepa-
ration between its high-power excitation transmitter and the low-power receiver. In the so far
commercially available SNMR instrumentation the circuitry is a tuned circuit (Iris Instruments,
2009) and reacts to the pulse by a ringing tail which has nothing to do with the NMR signal.
The result is that for some time after the pulse, the detected signal is heavily distorted and/or
contains pulse-ringing artifacts which results in a dead time, e.g. τdead ≈ 40ms for NUMIS).
Hence, the actual recording of the NMR response signal starts only after this SNMR dead time
between the termination of the exciting pulse and the recorded FID (Fig. 3.5). Fast relaxation
processes that occur at such small time scales, i.e. relaxation of clay-bound water or relaxation
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SNMR

Figure 3.6.: NMR T2 distribution reflecting the PSD in water saturated sandstones. Mobile
water contributes to longer T2 > 33ms times while capillary (< 33ms) and clay
bound (< 3ms) water are non producible (after Allen et al. (2000))

in the presence of high surface relaxivities or a high paramagnetic ion content (i.e. T ∗2 � T2) in
the subsurface, are thus not or only partly observable by SNMR. In this respect the decay time
threshold at approximately 40ms for detectable water using SNMR with commercially available
hardware (see chapter 5 for detailed discussion) then roughly corresponds to the ’cut-off’ time
with respect to capillary bound and clay bound water (Fig. 3.6) found in laboratory and borehole
NMR, e.g. Allen et al. (2000). Hence, the SNMR technique is mostly sensitive to the mobile or
free water content encountered in porous rocks and sediments, even so making it a valuable tool
for groundwater prospecting.

3.4. T ∗2 as proxy of T2 in SNMR

As it has been discussed in the previous chapter when the alternating excitation field is terminated
the magnetic moments return to their initial orientation and the response field exponentially
decays with a certain time constant. The transverse relaxation time T2 governs the decay of the
Larmor precessing components of the nuclear magnetization in the plane orthogonal to the static
field. T2 is sensitive to inhomogeneities in the static field and to interactions between different
nuclear spins. Thus, a time constant T ∗2 reflecting a combination of reversible and irreversible
de-phasing is used to describe the observed NMR relaxation behavior of the free induction decay
(FID). T ∗2 can be significantly biased by the inhomogeneity in the static (Earth) magnetic field
and the spin spin relaxation. However, at low Larmor frequencies –SNMR works in the range of
about 2 kHz– will exhibit a slower de-phasing of the transient signals due to field inhomogeneities
and T ∗2 will eventually approximate
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T ∗2 ≈ T2 . (3.8)

Nevertheless, static magnetic field inhomogeneities at all scales, from km to micron, relevant
to SNMR will more or less bias T ∗2 as an estimator of T2. Even in highly uniform cases, a low
biasing takes place, e.g. due to magnetic susceptibility difference between the matrix minerals
such as quarts and feldspars and their coatings on one hand and water on the other hand.
As a consequence T2 values for in-situ water will always be more or less underrated by MRS
T ∗2 measurements even in coarse-size sands. Therefore, above approximation is valid only for
uniform cases where subsurface mineral contents exhibit only low susceptibility contrasts, i.e.
κ . 10−3 SI
In the absence of strong susceptibility anomalies, such as granite rock, the Earth’s magnetic

field, used as primary static field in SNMR (see also C.1), usually exhibits fields gradients in the
range of only few nT/m in the subsurface. Therefore, only minor deterioration of the observed
transverse relaxation signals can be expected and the measured relaxation constant T ∗2 of the
FID (Fig. 3.7A) basically can be used as initial proxy for T2 which is linked to NMR properties of
the investigated porous rocks or sediments. To possibly estimate T1 and T2 relaxation constants
on a field scale, basic pulse sequences commonly used in laboratory NMR relaxometry have
been adopted for SNMR measurements (Legchenko et al., 2004; Shushakov and Fomenko, 2004).
Actually, such field realization, the NMR excitation yields a wide range of spatially distributed
different nutation angles < 90o as approximation of the (idealized) ’90o−90o’ saturation recovery
sequence in the laboratory. Furthermore, due to hardware limitations, i.e. only two successive
pulses can be used in one measurement, in practice the respective T1 and T2 relaxation curves
as sketched in Fig. 3.7B,C right, have to be pieced together of several individual two-pulse
measurements (see also section 3.6). Nevertheless, using the two-point measurement-concept
to estimate quasi T1 decay times in the field has shown to be quite reliable in practice, e.g.
Legchenko et al., 2002, 2003; Vouillamoz et al., 2005.
As depicted in Fig. 3.8 values for T ∗2 range from less than 60ms for clay and sandy clay up

to 600− 1000ms for pure water, whereas 60− 300ms are typical for sands and 300− 600ms for
gravel (Schirov et al., 1991). However, in this respect it has to be kept in mind that these ranges
can site dependently shift considerably, e.g. calcareous material may bring clay-bound water
in the ’aperture window’ (T ∗2 > ’dead time’) of SNMR due to its lower relaxivity ρs while the
presence of magnetic effects, such as magnetic coatings or grains of magnetic minerals, may shift
even coarse sands to very short T ∗2 values being outside that window (T ∗2 < ’dead time’). SNMR
surveys conducted in a high magnetic environment have been reported to exhibit considerable
decrease of T ∗2 decay times fairly below the ’dead time’-resolution limit, e.g. Roy et al. (2008).
While the initial amplitude E0 at t = 0 at the termination of the excitation pulse is directly

proportional to the water content, the decay time constant is associated with pore sizes and
consequently linked to grain sizes of the material (see chapter 4).
In this respect for the data analyzed in terms of multi-exponential decay time distribution in

subsequent chapters 5 and 8 T ∗2 will be used as proxy for T2. Even so, the introduced inversion
approach can directly be applied to possibly less biased T2 and T1 relaxation data obtained from
SNMR experiments using adopted laboratory pulse sequences.
Values for T ∗2 range from less than 60ms for clay and sandy clay up to 600− 1000ms for pure

water, whereas 60−300ms are typical for sands and 300−600ms for gravel (Schirov et al., 1991;
Yaramanci et al., 1999). In this context, it has to be kept in mind that these ranges can site

37



3. NMR field application: Surface Nuclear Magnetic Resonance (SNMR)

Figure 3.7.: Schematic representation of SNMR measurements of the relaxation time T ∗2 using
the FID (A), of a quasi longitudinal relaxation time T1 using a quasi saturation
recovery pulse sequence (B) and of a quasi transverse relaxation time T2 using a
quasi ’spin echo’ measurement (CPMG) (C).

38



3. NMR field application: Surface Nuclear Magnetic Resonance (SNMR)

Figure 3.8.: Rough estimate of SNMR T ∗2 decay times to grain sizes of sediments after Schirov
et al. (1991)

dependently shift considerably, e.g. calcareous material may bring bound water in the ’aperture
window’ (T ∗2 > ’dead time’) of SNMR due to its lower surface relaxivity while the presence of
magnetic effects, such as magnetic coatings or grains of magnetic minerals, may shift even coarse
sands to very short T ∗2 values being outside that window (T ∗2 < ’dead time’).

3.5. Origins of multi-exponential behavior in SNMR relaxation data

The decay time inversion in SNMR is commonly carried out postulating a basically mono-
exponential relaxation behavior. However, from borehole and laboratory NMR applications it is
well known, e.g. Kenyon et al., 1988; Kleinberg and Horsfield, 1990, that the NMR relaxation
in porous rocks reflects a superposition of signal contributions which originate from a specific
distribution of pore spaces, i.e. pore size, within the rock.
In borehole and laboratory NMR relaxometry experiments the total saturated pore space of

an investigated rock sample contributes to the signal, and hence derived pore size distributions
are used to characterize the rock sample as a whole.
In contrast in SNMR every recorded time series of a sounding (see Fig. 3.4) is a superposition

of the sensitivity weighted signal contributions from all water bearing lithological units or – in the
case of 1D considerations – layers in the subsurface. Thus, SNMR field data will generally show
a multi-exponential behavior as a superposition due to both microscopic pore size distributions
within the lithological unit (=’rock sample’) and due to stratification. As a further consequence
the signal phase ζ of the complex SNMR data, correlated to the electrical conductivity of the
subsurface, will not be time-invariant but experience changes due to non uniform relaxation
behavior of different strata in the subsurface. As of current status SNMR measurements are
recorded only after a certain dead time t ≈ 40ms such changes of the NMR phase can also
affect the quantitative interpretation of SNMR phases, e.g. to derive resistivities from SNMR
measurements (Braun et al., 2005; Braun, 2007).
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Figure 3.9.: Superposed SNMR signal contribution for q = 4.4As from 3 layers (A, B, C) with
discrete mono-exponential decay times (A,B: T = 260ms, C: T = 50ms)

Figure 3.9 illustrates such signal superposition for a simple three layer case at a pulse moment
q=4.4As. The model uses layer specific mono-exponential decay times of 260ms (layer A+B)
and 40ms (layer C), respectively. The complex Kernel sensitivity (signal contribution) of the
pulse moment focusses on a depth range of about 20 -40m. As such each layer will exhibit
an individual NMR relaxation signal (A, B, C) according to the layers’s water content, decay
time constant and kernel sensitivity. Note, that the NMR phase for each layer is a constant
property. However, as the recorded SNMR signal is basically a superposition of all three layers
the relaxation behavior will become multi-exponential, i.e. exhibiting two decay time constants.
Furthermore, as the ratio of imaginary and real components of the transient changes with time,
due to the different relaxation rates, also the SNMR phase becomes time variant (Figure 3.9,
right). Actually, the multi-exponential decay time distribution due to a specific pore size dis-
tribution within a subsurface layer the SNMR signal will not influence the phase behavior as
the phase variations with time go along with a combination of both, changes in sensitivity of
the Kernel and decay time behavior of the subsurface. This is also demonstrated in chapter 5.3
for a different aquifer scenarios with respective discrete and continuous mono-modal decay time
distribution within the water bearing layer (see Fig. 5.16). In practice such phase variation with
time will mix with the observed variations due to frequency offsets and drifts.

3.6. Remarks on T2 and T1 measurements in SNMR

In well-logging-NMR and laboratory-NMR the field dependent enhanced relaxation processes
due to field inhomogeneities observed in the FID can be partly eliminated or reversed by the
application of suitable pulse sequences for the measurement of transverse relaxation T2, i.e.
CPMG echo trains. Even so, the signal de-phasing due to molecular diffusion in the gradient
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Figure 3.10.: SNMR FID and Spin-echo amplitudes measured in Novosibirsk using quasi CPMG
sequences. 13 Pulse delays where scanned between 100 and 700ms using pulse
durations 16 and 34ms (Shushakov and Fomenko, 2004)

field can not be reversed, thus in practice T2 ≤ T1. To determine the longitudinal relaxation
constant T1 in NMR relaxometry saturation (90o−90o) and inversion recovery (180o−90o) pulse
sequences are commonly employed (Levitt, 2002). State of the art SNMR equipment, e.g. the
NUMIS+ or Hydroscope apparatus, allows to apply similar pulse-sequences to obtain transverse
and longitudinal relaxation times in the field. However, only two successive pulses can be realized
in a single measurement sequence. (Shushakov and Fomenko, 2004; Legchenko et al., 2002).

3.6.1. T2 measurements

Similar laboratory NMR experiments successive application of a series of double pulses, each with
different pulse delay can be used in SNMR to eliminate the static component of the accelerated
decay time T ∗2 (Fig. 3.7C). In this respect the second pulse has to use a reversed polarity, i.e.
ζq2 = −ζq1 in order to refocus the Spins of q1. At present the available SNMR instrumentation
allows the application of only two successive exciting pulses. Therefore, in practice a T2 transient
data can be obtained by juxtaposing spin-echo measurements using different delays nτd between
pulses as illustrated in in Fig. 3.10.
However, in SNMR the spin-echo excitation sequence is a first order approximation as a broad

variety of excitation angles φ(r) are stimulated in the range of the investigated volume. In this
respect maximum tilt angles (Θ . 45o) occur at a q-dependent focussing depth. Furthermore, the
second pulse of reversed polarity and double intensity, e.g. double length 2τp, also focusses the
SNMR sensitivity to an increased depths, that can possess different NMR properties. Therefore,
one will obtain rather an effective value T ′2 ≈ T2. However, quantitative studies of this relation
and comparison with complementary laboratory results have not been carried out so far and are
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Figure 3.11.: Saturation Recovery measurement to determine aquifer T1 relaxation time in Nauen
(Germany) at the amplitude maximum of a SNMR sounding (pulse moment q =
585 A.ms; Eo(q) = 641 nV) with mono- and bi-exponential T1 curve fit (Mohnke
and Yaramanci, 2002b).

the objective of ongoing research. Measurements of T ′2 and T ∗2 could also be used to determine
local magnetic field gradients effective at a SNMR sounding site and to correct the measured
T ∗2 times according to equation 2.34. For the field example shown in Fig. 3.10 an enhanced
relaxation rate of TI ≈ 85ms due to internal gradients could be determined and used to correct
the observed T ∗2 values. In an environment that exhibits a high diamagnetic or paramagnetic
mineral content, T ′2 can still provide reliable information, whereas the SNMR FID will be outside
the SNMR aperture window, i.e. T ∗2 < ’dead time’. However, to record such a T ′2 spin-echo curve
with n echoes it takes about > n times as long as a conventional SNMR measurement. Therefore,
in practice more than but a few echoes can be recorded, and thus, so far a respective inversion
in terms of multi-exponential decay time analysis is not feasible.

3.6.2. T ′1 measurements

As it has been discussed in chapter 2.3.1 in NMR the longitudinal relaxation time T1 is not what-
soever influenced by field inhomogeneities of the static primary field, e.g. the local geomagnetic
field. Using pulse sequences similar to laboratory applications T1 can be determined also by use
of SNMR techniques. Analogous to a 90o − 90o pulse sequence in the laboratory NMR, namely
a saturation recovery sequence (Levitt, 2002), two successive NMR pulses of the same intensity
q1 = q2 but reverse polarity are emitted (Fig. 3.7, B). Here the second pulse q2 has a 180o phase
shift which avoids the further increase of tilt angles, i.e. q1τD + q2 6= 2q1 for τD → 0. Similar to
the compilation of the quasi spin-echo-sequence a T1 measurement is put together from several
individual double pulse measurements, featuring different pulse delays nτd according to equation
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2.38. However, in SNMR there is no constant excitation over the full range of the investigated
volume (i.e. constant tilt angle distribution of the magnetic moments vectors), but rather an
area of maximum excitation (tilt angle) φ ≤ π/2 within the focused depth zone. Therefore,
for T1 measurements with SNMR only an approximated quasi π/2 − π/2 pulse sequence can
be realized, leading to an approximated longitudinal relaxation time T1 that will be referred to
as T ′1. However, in environments with high internal magnetic field gradients, highly significant
biasing can occur in such T ′1 measurements, i.e. only that fraction of the 1H+ nuclei that are
located in low enough gradients to have a T ∗2 above the instrumental early time threshold will
contribute to the T ′1 measurements; the remainder of the pore volume will be ’invisible’ to the
SNMR investigation.
For sake of measurement progress (see above) default T ′1 measurements are commonly con-

ducted using only a single pulse sequence (Legchenko et al., 2002), i.e. two reading points with
a fixed pulse delay τd, e.g. circles in Fig. 3.11 represent τd = 280ms. SNMR data often exhibit
a low signal to noise ratio, and thus, a considerable variance in single reading points can occur
(Mohnke and Yaramanci, 2002b). For a more reliable determination of T ′1 relaxation times, it is
therefore recommendable to carry out T ′1-curve-scans using a sufficiently high number of sampling
points in conjunction with an appropriate high stacking rate, e.g. Fig. 3.11. A determination of
T ′1 times from the interpolation of only two reading points will considerably save measurement
time, however, at the cost of a decreased parametrical resolution. In this respect – depending on
the local ranges of T ′1 – such a fixed delay τd may be too short or too long to reliably assess the
relaxation times at the investigated site. Naturally, a multi-exponential behavior, e.g. due to
signal contributions from lithologically differing layers or units with different T1 relaxation times
e.g. Fig. 3.11, is not taken into account in such considerations. Nevertheless, in many cases
– particularly in the presence of moderate field inhomogeneities – the two-point-measurements
of T ′1 yield relaxation time estimates that tend to be more reliable than the respective recorded
distorted T ∗2 values.
At present a quantitative analysis focussing on the relation between T ∗2 , T

′
2 and T ′1 and a

comparison with complementary laboratory results of T2 and T1 has not been carried out in
great detail. However, further research in this respect including an assembly of a world wide
data base has been proposed by several researchers, e.g. Legchenko, pers. comm. ;Roy pers.
comm.; Yaramanci, pers. comm., and first results in this respect have been summarized by
Müller et al., 2005.
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In petrophysical applications of nuclear magnetic resonance (NMR), the measured relaxation
signals originate from the fluid filled pore space. Hence, the water content of saturated rocks or
sediments directly corresponds to the initial amplitude of the recorded NMR relaxation signals.
The rate of relaxation (transverse T2 and longitudinal relaxation times T1) is sensitive to the
pore size and to physicochemical properties of the rock-fluid interface (surface relaxivity), as well
as the concentration of paramagnetic ions in the fluid phases (bulk relaxivity). Therefore SNMR
can provide estimates of hydraulic parameters, i.e. pore size distribution or the permeability.
For transverse relaxation, additional signal decay occurs due to magnetic field inhomogeneities

of B0 and diffusive motion of the particles in an internal magnetic gradient fields, i.e. local
variations of the Larmor frequency, that arise as a consequence of susceptibility contrasts between
the pore fluids and rock matrix or due to minerals with different susceptibilities. Such internal
gradients naturally increase as the field strength of the static magnetic field increases, and thus
enhanced observed transverse relaxation rates 1/T2 and T ∗2 will be observed at higher Larmor
frequencies. At very low B0 fields, e.g. Larmor frequencies in the kHz range in the Earth’s
magnetic field, influence of the gradient fields is less dominant and T2 draws near to the respective
T1 relaxation times. Therefore, NMR relaxometry experiments at lower fields, i.e. low field NMR,
generally yield a more accurate estimate of petrophysical properties from T2 relaxation times,
however with a tradeoff towards lower signal amplitudes as the Spin magnetization scales with
magnetic field intensity.
A large variety of empirical or semi-empirical relations exists (Kenyon et al., 1988; Dunn et al.,

2002; Sen et al., 1990) that provide estimates of hydraulic parameters, i.e. pore size distribution
or the permeability. Other relations frequently used as permeability estimators from NMR are
based on geometrical considerations such as the Kozeny-Carman model (Carman, 1956). These
permeability estimators make use of analytical relations between pore size and NMR relaxation
behavior as derived by Brownstein and Tarr (1979) for single (non-connected) pores and use
simple pore geometries such as cylinders, spheres or planar geometries to describe the pore
space.
The relaxation of observable NMR signals as introduced in Bloch’s equations result from the

exchange of energy with their surrounding environment (T1, T2). In case of the transverse com-
ponent magnetization the rate of decay (1/T2) will be further accelerated as a consequence of
a loss of phase coherence in non-uniform fields, resulting in a decreased decay time T ∗2 of the
FID as given in equation 2.34. Generally speaking, the fluid phase within pores of a given –
sufficiently small – pore size exhibits well defined relaxation rates 1/T1,2 that govern the decay
of the nuclear magnetization of the excited protons, i.e. small pores-sizes correlate to increasing
relaxation rates (e.g Fig.4.3). Following the argumentation of Brownstein and Tarr (1979) the
relations between the pore size distribution and permeability of porous media and NMR relax-
ation times are derived. The possibilities and limits, i.e. priori assumptions, in estimating those
parameters from NMR laboratory and subsequently field measurements via appropriate physical
models and approximations, is discussed and assessed.
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4.1. Definition of pore space parameters

4.1.1. Pore sizes and porosity

A pore is a discrete small volume within hard rock or unconsolidated sediments, which can
contain air, water, hydrocarbons or other fluids. The pore-throat determines the smaller pore
space at the point where two grains meet, which connects two larger pore volumes. The number,
size and distribution of the pore throats control many hydrogeological characteristics of the rock,
e.g. resistivity, flow and capillary-pressure characteristics. The percentage of pore space Vp with
respect to the total volume Vtot of the porous rock is the porosity

φtot = Vp/Vtot

Considering the pore space Veff that is interconnected and thus effectively available for fluid
flow and such an effective porosity can be defined as

φeff = Veff/Vtot . (4.1)

In petrophysical NMR relaxometry, the measured NMR relaxation signals originate from the
fluid filled pores space. Hence, in saturated rocks or sediments the water content, i.e. φ derived
from NMR amplitudes (see section 2.3) directly corresponds to the initial amplitude E0 of the
recorded NMR signals. Whereas the most quantity of the (mobile) water will be situated in the
bigger pore spaces, dynamic transport processes, such as ground water flow, vertical seepage or
the yield of wells is significantly affected and limited by the smaller pore-throats in a pore-matrix
system. As sketched in Fig. 4.1 the geometry encountered in pore-matrix systems of rocks and
sediments is a complicated lattice of pores (pore-throats) in a solid environment, i.e. the matrix.
Such pores are in some way connected by small channels, i.e. pore-throats. Similar to hardrock
variation of grains and structural properties, i.e. size and shape of the grains and compactness
of packing, lead to a variety of complicated pore and pore-throat geometries in unconsolidated
rocks. Such complex pore space can be approximated by a set of geometrical parameters: A
corresponding specific inner surface Spor = s/v [m−1] is given by the ratio of the pore’s surface
area s [m2] (inner surface) and its volume s [m3] . The connectivity of adjacent pores can be
expressed by a separation length l between the pores’ centers. The pore connecting pore-throats
are defined by their cross-section-area A and the respective pore-throat diameter d.
In order to quantitatively characterize such pore spaces in practice, e.g. using NMR techniques

one reverts to pore volume equivalent simple geometrical models. Commonly used approxima-
tions in this respect are the assumption of equivalent spherical, cylindrical or planar shaped pores
shapes (e.g. dashed circle line in Fig. 4.1 refers to an equivalent spherical/cylindrical pore with
radius a). In this respect such simple geometries, e.g. spheres, have been found to also offer
a suitable approximation of grain particles in unconsolidated sediments. Hence, the pore space
between those compacted grain particles can be directly linked to the grain size with respect
to the compactness of the packing, e.g. assuming a homogeneous spherical grain packing the
diameter of the pore-throats is given by d = dgrain(1−

√
2 (Busch et al., 1993).

In summary the term pore refers more to a tortuous system of channels and spaces than to an
isolated void in the rock matrix and has therefore to be understood as an idealized approxima-
tion of a more complex diffusion cell (see B.4) representing the microscopic spaces in rocks or
sediments.
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Figure 4.1.: Schematic (cross section) of a porous medium. Individual pores are characterized by
their pore size a−1 = s/v (dashed line represents pore s/v equivalent sphere/cylinder)
with v and S being the pore’s volume and surface area, respectively. Pores are
connected by narrow channels (pore-throats) with a pore-throat cross sectional area
A with size/diameter d

4.1.2. Hydraulic conductivity and intrinsic permeability of rocks and
unconsolidated sediments

The surface-to-volume ratio Spor, is petrophysically important as it directly enters in the esti-
mation of hydraulic permeability ks or conductivity Ks used to predict transport and storage
properties of rocks and (unconsolidated) sediments, e.g. ground water uptake or contamination
flow. In this context it is obvious that the relation between ks and s/v also depends upon the
geometry of the pore structure (compare B.3).
The hydraulic conductivity Ks represents the property of a porous medium such as rocks or

sediments in the vadose zone or groundwater, that describes the ease with which water can move
through pore spaces or fractures. Ks depends on the intrinsic permeability ks of the material
and on the degree of saturation Sw. The permeability ks of a porous rock depends generally on
the square of the cross-sectional dimension of its available flow channels (Busch et al., 1993).
Fractured rocks or sand and gravel aquifers would thus be easier to extract water from, e.g. using
a pumping well, because of their high transmissivity( hydraulic conductivity), compared to clay
or unfractured bedrock aquifers (see table 4.1).
Consequently the saturated hydraulic conductivity, Ks, describes water movement through

saturated media with porosity φ, whereas the relative hydraulic conductivity Ku describes the
fluid flow in a partly saturated porous medium (Swφ). The intrinsic hydraulic permeability ks
of a porous rock depends generally on the square of the cross-sectional dimension of its flow
channels (Busch et al., 1993).
In hydrological applications the flow properties of rocks and in particular of unconsolidated

sediments are usually expressed by Ks [m/s] whereas in petrophysical applications generally the
– fluid type independent – intrinsic permeability ks [m2] is referred to, e.g. Seevers (1966);
Kenyon et al. (1988). In order to compare estimates for Ks and ks derived from hydrological
and petrophysical relations, respectively or to access rock calibration parameters derived from
laboratory NMR data, a conversion can be carried out according to
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Ks [m/s] 102 101 100 10−1 10−2 10−3 10−4 10−5 10−6 10−7 10−8 10−9 10−10

relative pervious semi-pervious impervious
permeability
Aquifer good Poor None
unconsolidated well sorted well sorted sands / Very fine sands /
sands / gravel gravel sands and gravel Silt, Loess, Loam
unconsolidated peat layered clay un-weathered clay
clay / organic
consolidated highly fractured oil reservoir Sandstone Limestone, Granite
rocks rocks rocks Dolomite

Table 4.1.: Saturated hydraulic conductivity (Ks) values found in nature after Bear (1988).

Ks = ks
γ(Ttmp)

µ(Ttmp)
. (4.2)

where the hydraulic conductivity is a function of the rock’s intrinsic permeability and the ratio
between the fluid’s temperature dependent weighted density γ = gρ and its kinematic viscosity
µ with the acceleration of gravity g and Ttmp the groundwater temperature.
Note, that the temperature dependence of µ dominates above equation. The high specific heat

capacity of water and the insulating effect of soil and rock can mitigate the effects of climate and
maintain groundwater at a relatively steady temperature. The ground temperature for a location
is approximately equal to an areaŠs annual average air temperature. For the temperate zone of
Europe groundwater temperature can generally considered to be around 10◦C (Hölting, 1995).
In this context the calibration factors summarized in (Table 4.3) are calculated for a subsurface
temperature at 10◦C with a conversion factor Ks = 6.4556× 106

∣∣
10◦C

ks and will have to be
adapted accordingly for different subsurface temperature environments or depth gradients, e.g.
SNMR sites in tropical areas. Sand and gravel aquifers for instance exhibit higher hydraulic
conductivity than clay or unfractured granite aquifer, because of their high permeability.

4.2. NMR relaxation times related to pore size distributions

4.2.1. Magnetization evolution in porous media

In the so far consideration of NMR relaxation processes the relaxation times T1, T2 and T ∗2 have
been the relaxation constants of the nuclear magnetization of 1H in non restricted volumes, i.e.
the bulk water. In petrophysical applications of NMR the recorded relaxation signals originate
from the fluid filled pores spaces of rocks or sediments. Generally, the relaxation times of the
fluid in porous material have been found to be considerably shorter with respect to the relaxation
of bulk water as a consequence of molecular interactions at the fluid solid interface that are
enhancing the relaxation rates of the protons.
The specific mechanisms for surface relaxation varies dependent on the material investigated. It

depends on the magnetic dipolar interaction of the fluid nuclei (i.e. Spin) with magnetic dipoles
near/at the liquid-solid interface (Fig. 4.2). Thus, the interaction is of only extremely short
range for fluid molecules in a range of thickness λ ≈ 3 Åcorresponding to 2-5 molecular layers
(Gallegos et al., 1987; Halperin et al., 1989). This surface interaction may be related to attracting
van der Waals forces between liquid and solid at the surface impeding such molecular dynamics.
The mechanism to the enhanced relaxation could then be considered as the inter-/intramolecular
interaction between the dipoles (Korringa et al., 1962).
However, in the saturated pore spaces of rocks or sediments enhanced relaxation rates are
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Figure 4.2.: Schematic of a spherical model of a single pore of radius R. Colored emphasized
regions represent fluid saturated pore volume fractions of surface water (red) with
thickness λ and pore water (blue).

mainly due to paramagnetic particles such as iron, manganese, nickel or chromium near or at the
grain surfaces. In this case surface relaxation mainly arises due to the interaction between active
nuclear magnetic dipoles of the liquid and the magnetic dipoles of the paramagnetic electrons at
the grain surfaces (Kleinberg et al., 1994).
Thus, the relaxation regime of the protons in a fluid filled pore is basically governed by a)

surface relaxation effects at liquid-solid interfaces, i.e. pore surfaces, and b) the bulk relaxation,
i.e. classical diffusion of the water molecules of the bulk water and c) by molecular diffusion be-
tween pores, an inter-pore coupling or exchange rate (Mc.Call et al., 1991). However, significant
effects of inter-pore coupling can be observed only in porous material exhibiting very small pores
sizes being in the sub-micron range, such as sol-gel or low porosity reservoir formations. Thus,
in typical petrophysical NMR relaxometry in porous rocks and sediments relaxation effects a)
and b) are dominant.
The commonly employed physical model to describe such relaxation phenomenons of fluid filled

pores in petrophysical NMR as introduced by Brownstein and Tarr (1979) assume two magnet-
ically distinct relaxation phases within a pore. Whereas the bulk phase shows the relaxation
rates (1/TB ) of the bulk fluid, the surface phase features an enhanced relaxation rate or surface
relaxation strength (ρs = λ/τS � 1/TB ) arising from interactions within a thin surface layer λ
at the liquid-solid interface. A more detailed discussion with respect to the NMR parameters
τs, ρs with respect to longitudinal and transverse relaxation processes is given in appendix B.3.
Using Fick’s law of diffusion Brownstein and Tarr (1979) set up a pair of differential equations

governing the evolution of magnetization with respect to diffusive processes of nuclear Spins in
a single pore

D∇2M(r, t)− M(r, t)

TB
= ˙M(r, t) (pore volume) (4.3a)

n̂D∇M(r, t) + ρsM(r, t) |S = 0 (pore surface) (4.3b)
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where D [m2/s] is the self diffusion coefficient of the pore fluid1. M(r, t) is the density of un-
relaxed nuclear Spins distributed within the pore volume v that integrate to an total effective
magnetization of the pore

M(t) =

∫
v
M(r, t) dr (4.4)

and n̂ is the unit outward normal at the pore surface, i.e. a normal vector pointing into the rock
matrix. The initial condition of the nuclear magnetization density is presumed to correspond to
an initial uniform total magnetization Mo of the poreMo = Mo/v.
For simple geometries, e.g. spherical (Fig. 4.2), capillary or planar shapes, the above partial

differential equations can be solved analytically (see B.1). From such considerations the funda-
mental relations between NMR relaxation times and geometrical properties of pores, e.g. inner
surface or pore radius, have been be derived by Brownstein and Tarr (1979) and are commonly
used for the interpretation of NMR relaxometry measurements.
In case of a surface limited or fast diffusion NMR relaxation regime the relaxation at the

solid-liquid interface is exclusively governed by a single relaxation time, i.e. the molecules diffuse
faster to the liquid-solid interface of the pore than the time it takes for the excited Spins to
decay to equilibrium state. Thereby they will explore all pore surfaces during the observational
time scale of the NMR experiment. Further assuming λ

v−λ � 1, i.e. using the two-fraction fast
exchange approximation (see B.2), a single pore is characterized by a single decay time T1,2 and
the pore size can be linearly related to NMR relaxation times according to

1

T1
= ρsSpor +

1

Tb
(4.5a)

for longitudinal relaxation and

1

T2
= ρsSpor +

1

TDG
+

1

Tb
(4.5b)

1

T ∗2
= ρsSpor +

1

TDG
+

1

TI
+

1

Tb
(4.5c)

when considering transverse relaxation times T2 and T ∗2 measured in CPMG and FID experi-
ments, respectively. Generally speaking, the fluid phase within the pores of a given - sufficiently
small - pore size (Fig. 4.3, left) exhibits well defined decay times T1,2 (Fig. 4.3, middle) that
govern the relaxation processes (Fig. 4.3, right) of the nuclear magnetisation of the excited
protons within that specific pore, i.e. small pore sizes correlate to small decay times.

4.2.2. NMR decay time spectra – basic equation for determination of the pore size
distributions from SNMR

With respect to geological materials relevant for petrophysical (S)NMR measurements one can
assume that the NMR relaxation of fluids – and particularly that of water – in the pore spaces
of sedimentary rock or unconsolidated sediments is mainly dominated by relaxation processes
in a surface controlled (limited) or fast diffusion regime (Brownstein and Tarr, 1979; Kenyon,

1Basically diffusion is described by the diffusivity tensor D . However assuming uniform diffusion velocities
throughout the entire pore space the diffusion can be simply expressed by the scalar diffusion coefficient D
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Figure 4.3.: Schematic of NMR relaxation behavior dependent on pore sizes as observed in a
surface-limited diffusion regime. Left: individual fluid saturated pores; middle: (zero
mode) relaxation constants and respective amplitudes; right: observed transverse
NMR relaxation

1997). The diffusion controlled NMR relaxation is typically only of minor relevance. However,
for large pores, e.g. coarse gravel or Karst cavities, as well for a high rock surface relaxivity,
e.g. high haematite mineral content, pore size proportionality will be lost (diffusion limited
relaxation). The pore sizes of aquifer materials encountered are typically in the range of the
diffusion length of the water molecules, thus diffusion cell size can be approximately correlated
to pore sizes. However a high clay content, being generally the case in aquiclude material, will
lead to a certain diffusional averaging of decay rates resulting in a possible underrating of decay
rates for such materials. An enhanced NMR relaxation rate of the fluid saturated pore space
in porous material arises from interactions with the fluid molecules near the pore walls. In the
subsequent consideration and discussion full saturation of the pore space is assumed.
The enhanced NMR relaxation of the fluid saturated pore space in porous material arises

from interactions with the fluid molecules near the pore walls. Porous rocks generally exhibit a
distribution of pores differing in size and shape. Hence, the observed NMR relaxation processes
will be a superposition of all contributing pores of the pore space, e.g. Fig 4.3, bottom. Due to
their linear relations the following considerations are valid both for transverse and longitudinal
relaxation processes in petrophysical NMR applications. A detailed discussion is given for the
transverse relaxation time, as T ∗2 as proxy for T2 is so far mainly used in the interpretation of
SNMR measurements relaxation data (see chapter 3). According to eq. 4.5-c a single water-
saturated pore will yield a NMR transverse magnetization decay of the form

A1(t) = (1− exp[−t/T1]) and A2(t) = exp[−t/T2] (4.6)

for longitudinal and transverse relaxation, respectively. Considering the NMR response of a
particular pore volume at the point r. In porous media the observed NMR signal naturally is
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a superposition of the relaxation of myriads of such saturated pores that exhibit different pore
specific relaxation times. For simple geometries, such as spherical or cylindrical pore shape,
commonly used to quantitatively assess the pore sizes of rocks the surface-to-volume ratio Spor
can be expressed by the pore’s radius a and a geometrical shape factor m, e.g. for spherical
(m = 3) or capillary (m = 2) geometries, and hence

Spor =
m

a
(4.7)

Note, that m can become considerable larger for more complex geometries, i.e. a larger Spor.
However, following hydrogeological considerations the packing of unconsolidated sediments, as
they are target of the majority of SNMR applications can be well represented by pores roughly
in the shape of spheres or cylinders (Busch et al., 1993).
Substituting above equation in eq. 4.5-c the resulting multi-exponential NMR relaxation signal

can be expressed in a continuous form by the porosity weighted pore size distribution function

A1(t) =

∞∫
0

f(a)

{
1− exp

[
−t
(

1

Tb
+ ρs1

m

a

)]}
da (4.8a)

A2(t) =

∞∫
0

f(a) exp

[
−t
(

1

Tb
+

1

TDG
+ ρs2

m

a

)]
da (4.8b)

with the total porosity given by

φ =

∞∫
0

f(a) da . (4.9)

The signal amplitude contribution of individual pore radii da is given by f(a). Above equa-
tions then provide the basic quantitative relations between the observed multi-exponential NMR
relaxation signals and respective pore size distributions of the rock or sediment. As it has been
discussed in section 2.3.2 the relaxation of transverse magnetization is further enhanced as a
consequence of global field gradients in the primary field the above equation has basically to be
expanded with 1/TI when measuring the FID in SNMR surveys. Elimination of the bulk term
1/Tb and incorporating gradient effects in case of transverse relaxation yields

A∗2(t) = A2(t) exp

[
−t
TI

]
(4.10)

In SNMR application there are usually no means to quantitatively determine the parameter of
1/TI or 1/TDG , i.e. the local and internal gradients ∇Bo(r) of the Earth magnetic field in the
subsurface. However, the Earth magnetic field con be considered to be essentially homogeneous
in the range of a few nV/m (Berckhemer, 1990) in low susceptibility environments, i.e. κ < 10−3

SI , what is mostly the case in sedimentary aquifers. Thus, in SNMR it is often justified to
use the relaxation behavior, i.e. T ∗2 , of the recorded FID, as proxy for the pore size related
transverse relaxation times T ∗2 ≈ T2 ≈ T1. However, in a high susceptibility environment such as
volcanic rocks or unconsolidated sediments with high content of disseminated magnetite within
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the aquifers above approximation will break down as T ∗2 � T2 < T1. Actually, due to the dead
times of 40ms in a SNMR experiment (see chapter 3) such high decrease of the FID relaxation
constant, e.g. T ∗2 � 40ms can render a SNMR sounding impossible because no NMR signal can
be observed during the experiment’s time scale (e.g. Roy et al., 2008).
In low field NMR employed in petrophysical applications both, T1 and T2 relaxation pro-

cesses are sensitive to the same rock parameters, i.e. pore-sizes Spor and the surface relaxation
properties ρs of the matrix. Actually, the T2 and T1 decay times extracted from an (S)NMR
measurement will basically yield a distribution of ρsSpor. However, as the surface relaxivity
strongly depends on the rock’s surface properties, i.e. surface roughness and paramagnetic ion
content (see appendix B.3 for more details), ρs has to be calibrated in order to derived pore sizes
from NMR experiments.
Determining the surface relaxivity ρs independently for each rock is a complex procedure and

can considerably vary depending on the accumulation and distributions of paramagnetic ions
and the susceptibility contrasts between the grain surfaces and the pore fluid. In laboratory
applications ρs is generally assumed to be a constant property throughout the investigated rock
sample. In this respect for pure sandstones values of ρs1 ranging from 1 to 50µm/s and for clay
materials, such as Illite and Kaolinite ρs1 ≈ 1µm/s can be found in literature, e.g. references
cited in Dunn et al. (2002). Similar values have been reported for (clean) silica gels much smaller
values. ρ2s have been experimentally found to exhibit a similar behavior, however shifted by a
factor in the range of T1/T2 = ρs2/ρs1 ≈ 1 − 2.6 with a mean ratio of about 1.65 (Kleinberg
et al., 1993; Dunn et al., 2002; Weichmann et al., 2000).
Actually, so far no such explicit analysis on surface relaxivities for unconsolidated sediments

and such have been carried out. However, since the matrix material is basically of comparable
mineralogical composition (Busch et al., 1993) one would expect similar values for ρsk. Therefore,
for the estimation of petrophysical parameters from SNMR relaxation data recorded at two sites
in norther Europe the above values are used in this thesis. Note, that there are also regions
in the world where one can finds different accessory minerals and grain coatings between hard
rock and respective unconsolidated sediments, e.g. magnetite is not observed in sandstones from
sedimentary basin but is observed in Quaternary sands at several locations in North and South
America or Australia.

4.3. SNMR equation in the context of decay time spectra analysis and pore
size distributions

Following the interpretation techniques used in borehole and laboratory NMR as discussed in
chapter 4.2 a certain volume fraction or layer specific distribution of pores with different sizes and
inner surfaces is assumed in the subsurface. Consequently a corresponding distribution of NMR
relaxation times will arise that reflect the pore size distributions in each macroscopic volume
element (3D) or subsurface layer (1D). Introducing this theory to the relations derived for the
NMR surface application at larger scales basically enables to process SNMR relaxation data in
terms of an overall mobile water content or porosity and depth dependent pore size distributions
within the respective lithography, e.g. aquifer layers. Substituting equation 4.8a, 4.8b in eq. 3.6
one obtains a Fredholm integral of the first kind with a tensor product structure according to

ETk(τd, q) =

∫
z

∫
a
K1D(q, z)A′k(τd, z, a) f(a, z) dzda with k = 1, 2 (4.11a)
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and

Ek(t, q) =

∫
z

∫
a
K1D(q, z)A∗2(t, z, a) f(a, z) exp[i

{
∆ω±t) + ζSD

}
] dzda (4.11b)

where the decay time distribution kernels A′1, A′2 and A∗2 for longitudinal T ′1 and transverse T ′2, T ∗2
relaxation constants, respectively are given by

A′1(τd, z, a) = 1− exp

[
−τd

(
1

T1b

+ ρs1(z)
m(z)

a

)]
, (4.12a)

A′2(τd, z, a) = exp

[
−τd

(
1

T2b

+ ρs2(z)
m(z)

a
+ 1/TD(z)

)]
(4.12b)

and

A∗2(t, z, a) = exp

[
−t
(

1

T2b

+ ρs2(z)
m(z)

a
+ 1/TD(z) + 1/TI(z)

)]
. (4.12c)

where τd is the delay time between the q1 − q1 and q1 − 2q1 pulse sequences used for T ′1 and
T ′2 SNMR measurements, respectively. These relations then characterize a spectral distribution
of pore sizes ai – within a volume unit dV or subsurface layer dz – which are related to a
respective multi-exponential distribution of observed decay times and a corresponding water
content distribution f(z, a). The water content f(z, a) in the above relations is now both, a
function of spatial dimensions, i.e. depth z and pore sizes v/s = m/a, i.e. assuming simple pore
geometries pore radii a and geometric factor m (m=2, capillary; m=3, sphere, etc.).
As it has been found that the NMR relaxation in geophysical applications is surface rather

than diffusion limited (see chapter 4.2.1), and thus diffusion effects are small with respect to an
enhanced transverse relaxation due to static field inhomogeneities. Therefore, in further consid-
erations the contribution to transverse relaxation due to diffusion is neglected, i.e. 1/TD ≈ 0.
A quantitative assessment of the enhanced relaxation rate 1/T ∗2 ≈ 1/T ′2 + 1/TI due to local
linear magnetic field gradients can for instance be carried out by determining T ′2 using SNMR
spin-echo sequences (see 3) for a representative pulse moment q that focusses on the depth of the
target aquifer, e.g. Shushakov and Fomenko, 2004. Alternatively, a first approximation could
be obtained by assuming a linear field gradient ∇B effective at the investigated site. Determi-
nation of ∇B in the field could possibly be realized with complementary magnetic gradiometer
measurements.

4.4. Estimating hydraulic permeability from SNMR relaxation data

Sensitivity of NMR measurements to pore sizes as it has been discussed previously makes it thus
a good indicator for hydraulic conductivity as it is has been tested on myriads of sandstones
over the years, e.g. Kleinberg et al. (1994). However, the technique has not been systematically
tested in unconsolidated sediments.
Only a few publications exist that have proposed approaches to qualitatively and quantitatively

estimate petrophysical parameters such as the hydraulic conductivity from SNMRmeasurements,
i.e (S)NMR porosity and relaxation times (Schirov et al., 1991; Yaramanci et al., 1999; Legchenko
et al., 2002). Thereby the derivation of Ks uses empirical relations from laboratory and borehole

53



4. Petrophysical SNMR measurements

Author relation scale technique
Hazen, 1892 Ks ∝< d >2 field analysis of grain

size distributions
Kozeny, 1927;
Carman, 1956

Ks ∝ φm < r >2 field analysis of grain
size distributions

Seevers, 1966;
Legchenko
et al., 2002

Ks =∝ φT 2 laboratory
field

NMR
SNMR

Kenyon, 1997;
Legchenko
et al., 2002

Ks =∝ φ4T 2 laboratory
field

NMR
SNMR

Yaramanci
et al., 1999

Ks = 1.1T 4.14 field MRS

Table 4.2.: List of widely used empirical relations between hydraulic conductivity Ks, porosity
φ, effective grain size < d > and NMR decay time T for hydrological and SNMr
applications with different factors of proportionality C.

applications as introduced by Seevers (1966); Kenyon et al. (1988). Yaramanci et al. (1999)
proposed an indirect approach to derive permeability from SNMR by adopting the simple em-
pirical hydrological model developed by Hazen (1892) that is still widely used in hydrogeological
application. Table 4.2 lists frequently used relations between Ks and (NMR) porosity, effective
grain sizes and NMR relaxation times. Note, that there exist a large variety of subsets of these
relations with slightly differing fitting parameters. Additionally an alternative SNMR permeabil-
ity estimator based on the Kozeny-Carman relation is introduced. Here, calibration is carried
out through a combination of the cementation factor m and the effective (S)NMR porosity.
Naturally, as NMR decay times are primarily sensitive to pore sizes of the medium, a similar

form of Ks determination from NMR relaxation and grains sizes can be observed.

Permeability derived from hydrological and petrophysical models

Hazen model

A widely used empirical relation in hydrogeology for approximating the saturated hydraulic
conductivity from the analysis of grain size distributions of saturated sands has been introduced
by Hazen (1892):

Ks = CHd
b
10 (4.13)

where Ks is the saturated hydraulic conductivity [m/s] and d10 reflects the particle size for which
10% of the material is finer. The empirical temperature dependent coefficient CH and exponent
b are usually assumed to be CH = 100 (sands, for 10oC) and b = 2. However, values for CH
can also be found ranging from 1 to 1000 depending on the soil type (Shephard, 1989; Carrier,
2003). Although Hazen’s formula is basically valid only for coefficients of uniformity d60/d10 < 5,
e.g. loose sands, it is frequently used to estimate the hydraulic conductivity of aquifers in situ.
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Therefore, an adapted form of Eq. 4.13 is also used in this study to compare with Ks derived
from NMR measurements.
Usually the Hazen model reflects a simple model of a random packing of spheres, hence m = 3

and S/V = 6/d, e.g. analogous to equation 4.5, where d represents the diameter of the spherical
grain particles. The diameter of the pores can then be approximated by 2r = d(

√
2 − 1) ≈

0.414 < d > or 2r = d(2
√

3/3 − 1) ≈ 0.155 < d > for loosest and densest grain packings,
respectively. Substituting eq. 4.5 in eq. 4.13 yields

Ks = Ch

[
6ρs

1−
√

2

]b
T b10 . (4.14)

where T10 reflects a decay time of the spectrum for which 10% of the signal contribution to NMR
amplitudes is smaller. Actually, this approach is similar to the bound/free water ’cut-off’ used
for the analysis of decay time spectra in laboratory and borehole NMR applications, e.g. Coates
et al., 1999.

Kozeny-Carman relation

Kozeny and Carman (Kozeny, 1927; Carman, 1956)derived a relationship between the saturated
hydraulic conductivity Ks and the pore sizes of a porous medium using ’hydraulic radius theory’,
i.e. m = 2, and referred to as the Kozeny-Carman (K-C) equation (Kozeny, 1927; Carman, 1956).
The Kozeny-Carman relation (Kozeny, 1927; Carman, 1956) is frequently used in hydrological

and petrophysical applications at different scales, such as the design of sand filter for water
purification or yield estimates of wells. The K-C model predicts the permeability of saturated
porous media using the rock’s mean pore (capillary) radius rmean and total porosity φ according
to

ks =
φ

2T S2
por

(4.15)

where T is the hydraulic tortuosity of the connected pore system. Substituting eq.4.5 and
assuming capillary pores yields

ks =
φ

2T S2
por

=
φ

8T
r2 (4.16)

for the hydraulic conductivity. The tortuosity is related to the rock’s formation factor F according
to

F =
φ

T
.

In the Archie equation, a frequently used empirical relation in geophysics (e.g. Schön, 1996), the
formation factor of rocks is estimated through the porosity, i.e.

F ≈ c

φm

where the cementation exponent m and tortuosity factor c are empirical rock type dependent
parameters, which are commonly set to m ≈ 2 and c ≈ 1, respectively. Hence, eq. 4.16 can be
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written in the form

ks =
φm

8c
r2
mean ≈

φ2

8
r2 (4.17)

Actually, in geophysics the parameters F and m are commonly determined using geoelectri-
cal laboratory measurements and can basically also estimated by respective geoelectrical field
experiments, e.g. Kosinski and Kelly (1981)
When assuming a distribution of a water saturated pore space with a uniform (capillary) pore

size r the porosity and mono-exponential NMR relaxation behavior will be directly related to
the respective permeability value according to eq. 4.17. However, natural rocks and sediments
are generally characterized by a particular non-uniform distribution of grains and thus pore sizes
that correlates to a particular decay time distribution, e.g. Fig. 4.4, and thus the hydraulic con-
ductivity depends on the pore size distribution in the rock, Furthermore Hydraulic conductivity
can vary considerably depending on the type of the rock pore system
Considering non-uniform distribution of interconnected pores, e.g. large and small pores, the

main fraction of the pore fluid will be located in the larger pores. For a series-connected string
of pores the transport properties of the rock will be mainly limited by the narrow pores and
the rock’s hydraulic conductivity will be essentially related to its smaller pore spaces. In case of
parallel connected pore systems the flow will by mainly related to large pores. In this context,
e.g. laminated clay layers, hydraulic conductivity can also become anisotropic. However, in
the standard (S)NMR relaxometry application such features usually cannot be determined. In
practice, to quantitatively estimate permeability from a characteristic distribution of pore sizes
and related NMR decay times a single effective parameter < • > is employed that reflects the
effective flow properties of the porous medium. In this context the logarithmic mean values of
< r > and < T > according to

< • >= exp

[
1

φ

∫ ∞
0

f(•) ln(•)∂•
]
. (4.18)

are used to calculate the effective permeability of the rocks.
The K-C equation has been shown to hold true for silts, sand or even gravelly sands, but

consistently fails when applied to clays or clay rich sands. As K-C also assumes a slow laminar
fluid flow, equation 4.16 is also not appropriate for very coarse material, e.g. d > 3mm. Thus,
using K-C is only valid for an intermediate regime of grain and pore sizes, respectively, e.g.
Carrier (2003).

Seevers-Kenyon relations

To quantitatively estimate permeability from NMR measurements Seevers (1966) introduced an
empirical relation that connects the permeability ks to porosity and an effective relaxation time
parameter < Tk > according to

ks = ckφ
a

NMR
< Tk >

b with k = 1, 2 (4.19)

Exponents in equation 4.19 have found to be a ≈ 1, b ≈ 2. Kenyon et al., 1988 obtained a best
permeability estimate for a large variety of sandstone using a ≈ 4, b ≈ 2.
Analogous to the surface relaxivity ρs the calibration coefficient ck in the above equation
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Figure 4.4.: Pore radii distributions of sandstone derived from mercury injection measurements
(bars) and respective NMR relaxation time spectrum (squares)

strongly depends on the mineralogy and on the magnetic impurity content of matrix material.
Reported values for ck derived from laboratory NMR applications on sandstone and unconsoli-
dated sediments (Kenyon, 1997; Kleinberg et al., 2004; Kooman, 2003) is summarized in table
(Table 4.3).
Evaluating SNMr decay time data (T ∗2 ) and grain sizes observed in numerous laboratory and

field measurements (e.g. Schirov et al. 1991) and comparing this to hydraulic conductivities
derived from grain size analysis Yaramanci et al., 1999 found a simplified relation of (4.19) in
the form

Ks = 1.1 < Tk >
4.14 , (4.20)

i.e. Ck = 1.1, a = 0 and b = 4.14 which is independent of the porosity φ. Here the influence of
φ has been directly assimilated in T .
Equation 4.19 has been also adopted in SNMR experiments using pumping test data for cal-

ibration of ck. However, up to now only few SNMR experiments have been conducted and
published in this respect, e.g. Legchenko et al. 2002, 2004; Vouillamoz et al. 2005. Here, similar
site specific coefficients ck for T ∗2 and T1 measurements have been found depending on the local
geology at the survey site (Table 4.3). So far, however, the available data base to calibrate of ck
for SNMR surveys with respect to different geologic formations, e.g. by using pumping tests, is
sparse and only a few types of rock have been investigated in such way.
Equation 4.20 is a twofold empirical relationship that 1) correlates reported SNMR T ∗2 decay

time ranges from a variety of different SNMR sites to corresponding (mean) grain sizes obtained
from core material (Schirov et al., 1991, Fig. 3.8) and 2) cross-relates these with known rela-
tionships between permeability and grain size ranges (Hölting, 1995). This approach avoids an
explicit usage of SNMR porosities by utilizing respective grain size relations. Actually, eq. 4.20
does not take into account, possible variation in site specific surface relaxivities as well as pos-
sible increased relaxation rates due to local field inhomogeneities. Also, due to wide parameter
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Geology Ck [×10−2m2/s2] Ck [×102]m2/s2]
(a = 1, b = 2) (a = 4, b = 2)

clean sandstones 3.95− 4.93

Limestone, (clayey) sand 29.9− 326 2.76− 11.3

Fractured diorite ≈ 5.68 ≈ 83.4

Fractured gneiss ≈ 0.615 ≈ 0.625

Table 4.3.: Proportional factors to derive hydraulic conductivity from SNMR measurements (T ∗2 )
after Legchenko et al. (2002) and Kleinberg et al. (2004)

ranges used in deducing the formula one can find inherent model uncertainties ranging from ±1
decade (grain sizes > 100µm) up to 4 decades (grain sizes <100µm) However, as the model is
deduced (and thus calibrated) from data supposedly collected for unconsolidated sand aquifers
in north-eastern Europe and Russia, one would expect it to provide reasonable K estimates in
these areas. However, further direct observations should be useful to refine and improve such
relationship.
The introduced relations derived from hydrological considerations, i.e. eq. 4.13 and 4.17, and

adopted from NMR laboratory and borehole applications, i.e. eq. 4.19 are employed in chapter
8 to estimate of Ks from multi-exponential data analysis of SNMR field surveys. Shown in Fig.
4.5 are five frequently used relations to derive mean saturated hydraulic conductivity Ks from
observed NMR and SNMR decay times for the example of a sand stone aquifer with moderate
porosity (φ = 25 % ). For the calculation formulae with mean coefficients of proportionality Ck
have been used as summarized in tables 4.2 and 4.3. Note that with respect to the ’dead time’
of td ≈ 40ms that occurs in present SNMR measurements information with respect to decay
time outside this SNMR aperture are not available. Due to different values for the exponent a
the porosity function φa (total saturated SNMR water content) defines a spread of derived Ks

values for the models in consideration of the T-K-curves plotted in Fig. 4.5.
All models in consideration yield similar relation of Ks values that decrease with decreasing

decay time. Due to a higher exponent b eq. 4.20 features a stronger decrease of Ks with decay
time. Different weights of the porosity (exponent a) and the assumption of respective mean
values for the proportionality factor C yield a constant shift on a logarithmic scale between
models.
However, when considering a decay time range of 40 − 1000ms one observes model variances

within only half a decade for all relations, but for eq. 4.19 with a = 1, b = 2 and for Eq. 4.20
for T < 100ms. However, such small decay times, i.e. pore sizes and consequently Ks values,
are untypical for sandstones. Note, that the reliability of hydraulic conductivity estimates in
these lower ranges (Ks < 10−6 m/s) are at the lower limit of the validity of the used models.
In any case such model variances (in the present example for sandstone) can be used as a first-
order confidence interval for data-base-calibrated estimates of hydraulic conductivity from SNMR
decay time data where no additional borehole data (e.g. pumping tests) are available. Note,
that these confidence intervals will be basically valid for sandstone formations, however, similar
first-order estimates can be derived for other formation types and lithology, e.g. chalk.
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Figure 4.5.: In situ saturated hydraulic conductivity Ks (@ 10◦C) derived from SNMR T ∗2 decay
times according to adopted formulas of Hazen and Kozeny-Carman, Kenyon-Seevers
relations and after Yaramanci et al. (1999) for moderate aquifer porosity (φ = 25 %).
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5. Forward modeling of multi-exponential SNMR relaxation data

At present, SNMR measurements are conducted in sounding mode. Therefore, the inversion
of SNMR data is one-dimensional, that is, the water content and decay time distribution are
only a function of depth z (layers). This yields the one-dimensional formulation of the SNMR
functional according to eq. 4.11a and 4.11b with the distribution functionals A′and A∗2 for the
respective relaxation times T ′1 and T ∗2 according to equations 4.12a and4.12b. Initial approaches
with respect to a two and three dimensional inversion and interpretation of SNMR measurements
have been introduced in recent years, e.g. Warsa et al. (2002); Hertrich (2005). However, in this
context no explicit consideration of a two and three dimensional inversion of SNMR decay times,
i.e. T ∗2 and T ′1, has been considered.
Since the following analysis and discussion are basically valid for calculations using both T ∗2

and T ′1 relaxation times the decay times are referred to as T1 and T2 and the respective pore size
distribution functions A∗2 and A′1 are referred to as Âk with k = 1, 2.

5.1. Parametrization

In order to numerically calculate the NMR response of a SNMR experiment from a specific water
distribution in the subsurface one has to spatially (x, y, z) and parametrically (q) discretize the
SNMR sensitivity kernel K as stated in eq. 3.3 and to limit the integration to a finite volume.
In this thesis SNMR forward and inverse modeling is carried out on the basis of a vertical
distribution of NMR water content and decay time distributions, and thus one dimensional
sensitivity kernels K = K1D are compiled for coincident circular and square Tx/Rx loops.
The numerical calculations of the respective magnetic excitation fields of the loops over a

conductive layered Earth have been carried out using Fortran subroutines which have been
kindly provided by P. Weidelt (Weidelt, 1984, pers. comm.).

5.1.1. Kernel parametrization

To calculate the one dimensional sensitivity kernel function K = K1D =
∫ ∫

K(q;x, y, z)dxdy as
given in eq. 3.3 for a particular pulse moment q at the depth z it has to be discretized accordingly
for ∆x∆y. However, with respect to the used circular loop geometries it is convenient to carry
out the parametrization of the 3D Kernel using cylindrical coordinates r, φ, z. As the radial
variation of the magnetic fields Tx/Rx field are strongest at the loop wire r = R (a singularity at
z=0) a logarithmical discretization (48 node log. increment) with respect to a relative distance
r/R from the loop wire is employed (Fig. 5.1). Following conclusions of Mohnke, 1999 the
parametrization of K has to be carried out up to a maximum distance of 6 loop diameters to
take into account the total signal sensitivities outside the area of the Tx/Rx loop.
Due to the radial symmetry of the excitation fields the K shows only moderate angular vari-

ations, and thus discretization steps of φ are set to ∆φ = 1o are used in the parametrization of
K. Shown in Fig. 5.2 is an exemplary horizontal Kernel parametrization grid for a circular loop
with R = 50m used for parameterizing eq. 3.3.
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Figure 5.1.: Radial discretization steps with respect to loop radius R of the circular Tx/Rx loop

Figure 5.2.: Schematic of basic X-Y discretization grid with respect to loop radius R of the
circular Tx/Rx loop for SNMR Kernel

61



5. Forward modeling of multi-exponential SNMR relaxation data

Figure 5.3.: Sections of calculated vertical (Hz) and radial (Hr) magnetic field components of a
circular loop (R = 50m) on a conductive half-space of 100Ωm (a) and 1Ωm (b) at
R-normalized depths z = R/1000− 4R.
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Figure 5.4.: Sections of calculated vertical (Hz) and radial (Hr) magnetic field components of a
circular loop (R = 25m) on a conductive half-space of 100Ωm (a) and 1Ωm (b) at
R-normalized depths z = R/1000− 4R.
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Figure 5.5.: Component of the exciting magnetic field perpendicular to the Earth’s magnetic field
B0 in the x-y plane at inclinations 0−90o and model parameters: R = 50m,z = 10m,
q = 1As, B0 = 48µT, Declination D = 0o.

Fig. 5.3 and 5.4 show the radial sections of calculated vertical (Hz) and radial (Hr) magnetic
field components of circular loops (R = 50, 25m) on a conductive half-spaces (a: 100 Ωm and b:
1Ωm) according to the radial grid introduced in Fig. 5.1. The sections have been calculated for
depths of z = R/1000m up to maximum of z = 4Rm reflecting the decrease of the excitation
field strengths with increasing depths.
As in SNMR only the exciting field components (Tx) perpendicular to the Earth’s magnetic field

contribute K shows a north-south directed asymmetry with respect to the local field inclination
and exhibits zero sensitivities where BTx runs parallel to B0. Thus, SNMR basically has a ’blind’
spot with a low signal sensitivity. At the magnetic poles, i.e. at I = 90o, the low sensitivity
zone is below the loop center (Fig. 5.5). In contrast a more homogeneous planar distribution of
Kernel sensitivities inside the loop occurs at the magnetic equator, i.e. I = 0o. Whereas such low
sensitivity zones will be only of minor relevance for the SNMR applications in sounding mode,
such considerations are significant for the implementation of 2D and 3D SNMR experiments and
inversion schemes, e.g. Warsa et al. (2002); Hertrich (2005); Boucher et al. (2006), and have to
be accounted for.
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The used semi logarithmic radial symmetric r−φ grid, depending on the radius R of the Tx/Rx
loop, yields a sufficiently fine planar discretization of K which allows the accurate numerical
integration in cylindrical coordinates

∫ ∫
dxdy =

∫ ∫
rdrdφ of eq. 3.3 using Simpson’s rule.

Similar to the radial spatial component r a logarithmic grid for the vertical direction z has to
be used that satisfies

zi∫
zi−1

K1D(qj , z)dz ≈ K1D(qj , z)∆zi ≡ Ki(qj) = const
∣∣∣
zε[zi−1,zi)

. (5.1)

Basic considerations and detailed discussion addressing on optimum choice for discritization
parameters of the 3D Kernel function such kernel basic layers or intervals ∆zi for discretizing
of the above kernel function K1D has been given in (Mohnke, 1999; Mohnke and Yaramanci,
2002a; Hertrich, 2005) and is also employed in the kernel calculation routines used in the multi-
exponential comprehensive inversion software package (COIN). Fig. 5.6a and b illustrate the
parametrization of complex 1d sensitivity kernel using above parameters for 100Ωm and 10Ωm
half-space, respectively. Calculations according eq. 5.1 for seven pulse moments in the range of
1× 10−3 − 14As are shown.

5.1.2. Discrete water content distribution and decay time spectra

For the numerical forward and inverse modeling of multi-exponential SNMR data using finite
differences eq. 4.11a,b are discretized and parameterized by firstly defining a discrete vertical
distribution φi(zi) =

∫
f(zi, •)∂•) of the total water content1 within the ith of Nz subsurface

layers with layer intervals ∆zi = [zi−1, zi), i = 1, . . . Nz and z0 = 0 at the surface. Secondly,
for each layer i, a discrete pore size distribution function Ak(t, zi) is defined which reflects a
particular finite distribution of NT relaxation times in the ith subsurface layer

T
(j)
k = ρ(i)S(j)

por = ρ(i)m
(i)

aj
with k = 1, 2 (5.2)

that are related to the layer specific surface relaxivity ρ(i)
s and a finite distribution of specific

inner surfaces S(j)
por or pore radii aj , i.e. pore sizes. In this context the parameter m(i) reflects a

particular pore geometry of the ith layer. A discrete formulation of the decay time distribution
functions A (see 4.2) is then given by

A1(τd, zi) =

NT∑
j=1

f(zi, T
(j))

{
1− exp

[
−τd

(
1

Tb
+

1

T
(j)
1

)]}
(5.3a)

in case of modeling of the longitudinal relaxation T ′1 and

A2(t, zi) =

NT∑
j=1

f(zi, T
(j)) exp

[
−t

(
1

Tb
+

1

T
(j)
2

)]
(5.3b)

1in this context total water content refers to
phiSNMR, i.e. nor bound water
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a)

b)

Figure 5.6.: Parametrized 1D sensitivity kernels calculated for a circular loop (R = 50m) on
a conductive half-space of a) 100Ωm and b) 10Ωm. Earth’s magnetic field: B0 =
48µT, I = 60o.
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when modeling the FID transients. In the following T ∗2 is used as proxy for transverse relaxation
T2 in subsequent consideration. The total water content or saturated porosity is given by

φ
(i)
S =

NT∑
j=1

f(zi, aj)

The overall relaxation signals associated to the ith layer can then be calculated as the su-
perposition of relaxation times that originate from an arbitrary pore size distribution (PSD)
consisting of NT pores sizes. The signal contribution is weighted by a discrete z − T porosity
(water content) distribution fi,j(zi, T

(j)). Assuming a single (mean) or effective pore size, i.e.
NT = 1 and thus, a single effective relaxation constant Tk, for the ith layer the above equations
simplify to

A(i)
1 (t) = φ

(i)
S

{
1− exp(−t/T (i)

1 )
}

(5.4a)

and
A(i)

2 (t) = φ
(i)
S exp(−t/T (i)

2 ) (5.4b)

for longitudinal and transverse relaxation processes, respectively.
In porous rocks and unconsolidated sediments grain size and consequently pore size distribu-

tions typically show logarithmic patterns. Thus, parametrization of respective decay time and
pore size distributions derived from SNMR relaxation data is carried out using logarithmically
spaced nodes in an interval 10a − 10b, where a ≤ b are lower and upper limits of a distribution
vector

pn = b− b− a
n

, with n = 1, . . . NT .

As outlined in section 3 in practice a SNMR sounding is conducted by measuring signals
for a finite number of pulse moments qj , j = 1, . . . , Nq to obtain the NMR responses of the
water molecules from different depths. In the so far commercially available SNMR measurement
devices, e.g. NUMIS, Hydroscope or Aquatom, the time series of the FID are recorded using
quadrature detection technique. Thereby the envelope of the SNMR FID relaxation signal is
usually sampled with 1/4 of the signal frequency, i.e. Larmor frequency. Therefore, time series
E(t, q) are sampled using Nt linear equidistant intervals of ∆t = 0.25fL ms in the range of
∆t ≈ 2ms and time axis can be discretized using ti = n∆t and n = 1, . . . , Nt. For measurements
of SNMR T ′1 data using multiple delay times τdi between pulses (i.e. Nτd > 1) the respective
saturation recovery curves have to be scanned accordingly, e.g. by using logarithmically spaced
delay times τ (n)

d , e.g. Fig. 3.11.
Hence, the parametrized distribution function A(t, z) can be formulated as the matrix product

Ak = F×Ak, k = 1, 2 (5.5)

where F(Nz×NT ), Fij ≥ 0 is the water content distribution matrix in the Z − T domain and
Ak

(NT×Nτd ), k = 1, 2 and A∗2
(NT×Nt) define respective parameterized kernels for decay times

T ′1, T
∗
2 and related pore sizes Spor according to
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A
(i,j)
1 = 1− exp

[
−
τ

(j)
d

T
′(i)
1

]
and A

(i,j)
2 = exp

[
− tj

T
(i)
2

]
. (5.6)

Using the above matrix notation the 1D forward problem of a SNMR sounding in a multi-
exponential context equations along with the discrete signal sensitivity kernel matrix K(Nq×Nz)

calculation of the complex multi-exponential SNMR relaxation signal of a horizontally stratified
Earth according to eq. 4.11a and b can be approximated by the tensor product

E = K× F×A (5.7)

where the signal matrix E(Nq×Nτd,t) represents the relaxation data of the complete q− t or q− τd
domain obtained in a SNMR sounding survey. Note, that decay time kernels A will be usually
rank deficient, thus the inverse modeling of eq. 5.7 basically will state an ill-posed problem.

5.2. Modeling tools

To evaluate and assess the multi-exponential behavior of SNMR amplitude and decay time data
model studies have been carried out on the basis of the discretized relations according to eq. 5.1-
5.7 as introduced in the previous section. The numerical forward and inverse models are calcu-
lated using model creation and data generation tools of the COIN forward and inverse modeling
package for multi-exponential SNMR data (Mohnke and Yaramanci, 2005). This toolbox has
been originally been compiled in FORTRAN 90. For this thesis the graphical user interfaces and
routines for parametrical model generation and forward computation of the multi-exponential
SNMR sounding data have been redesigned in the MATLAB programming environment.
In the MATLAB model creator mod_gen (Fig. 5.7a) model layers with specific discrete or

continuous mono- and multi-modal and pore size distributions (PSD) can be defined. Depending
the respective surface relaxivity and surface-to-volume ratio according to eq. 5.2 corresponding
decay time distribution are compiled for the individual model layers. Presuming logarithmical
distribution patterns of the pore sizes in porous rocks and unconsolidated sediments the PSD and
corresponding decay time distributions of the ith layer are calculated for a log-normal distribution
with the corresponding probability density function

ni(a;µ, σ) =
1√
2πσ

exp
[
(log r − µ)/(2σ2)

]
, r ∈ (0,∞) (5.8a)

with
φ

(i)
S =

∫ ∞
0

n(a)dr = 1, (5.8b)

where µ = log a state the logarithmic mean of the layer’s pore radius a and respective distribu-
tional width σa. For sufficiently small values of σa, i.e. σ < 1e − 3, the function n simplifies
to a single radius a and a resulting mono-exponential decay time behavior of the corresponding
model layer. In this respect more complicated multi-modal PSD can be designed by adding
further distribution functions n to the model layer.
Numerical forward calculation of the multi-exponential SNMR relaxation data is carried out

according to eq. 5.7 using the SNMR data calculation tool mod_calc depicted in Fig. 5.7b.
Measurements parameters such as noise, employed dead time, record length or frequency shifts
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a)

b)

Figure 5.7.: Graphical user interfaces of the generic pore size distribution (a) and 1D SNMR
relaxation data generation b) tools.
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as well as generator/amplifier phase offset according to eq. A.10 can be set arbitrarily to study
and assess their respective impact on inversion results.
In this thesis the major focus is given to SNMR sounding parameters of dead times and

signal to noise ratio with respect to the observable multi-exponential behavior of the magnitude
transient data of a SNMR sounding. Therefore respective phase effects do not impact in the
inverse modeling. However, for the continuation of this research topic, i.e. by combining phase
and decay time inversion in a comprehensive analysis of SNMR decay time data, parameters such
as frequency and respective phase offsets will also have to be considered as they all contribute to
the observed time dependent phase variations, e.g. Legchenko et al. (1997); Legchenko (2005);
Braun and Yaramanci (2008). The simulated data presented in this chapter are used to test and
assess different approaches for a multi-exponential inverse modeling of SNMR relaxation data on
the basis of linear and non-linear programming as discussed in chapter 6.

5.3. A 2D q − T representation of multi-exponential SNMR data

In standard SNMR modeling data are presented in terms of sounding curves of initial ampli-
tudes E0, decay times T2∗, T ′1 and phases ζ, e.g. Fig. 5.8. In this context a mono-exponential
approximation of the individual relaxation curves is carried out in a postprocessing step, and
thus information with respect to a possible multi-exponential behavior is lost.
Consequently inversion results of SNMR sounding data yield vertical distributions of total

water content φs(z) and decay times T (z)
However, for the analysis and discussion of multi-exponential relaxation behavior in SNMR

such representation is not suitable. Therefore to describe the multi-exponential character of
(inverse) models and data a more comprehensive representation adopted from borehole analysis
is introduced.
Model scenarios illustrating the multi-exponential behavior of SNMR relaxation data due to

the signal superposition from different layers on the one hand and due to respective pore size
distributions within a subsurface layer are shown.

5.3.1. Discrete and continuous decay time spectra

Following the previous considerations regarding the origins of multi-exponential behavior in
SNMR relaxation data simulated SNMR data are calculated for 1D subsurface models with
layers of effective (mean) discrete (e.g. Fig. 5.9 a, c) and continuous (e.g. Fig. 5.9 b, d) mono-
and multi-modal pore size distributions in the subsurface.
Fig. 5.10 sketches the schematic representation of the data of a SNMR sounding for a simple

three layer model with continuous mono-modal decay time distribution as they can be calculated
using eq. 5.8a. Following observations from field surveys the model represents an aquifer con-
sisting of medium sands situated over a clayey aquiclude. The data are calculated for a circular
loop (D=100m) over a moderately conductive half-space (100Ωm) using a Larmor frequency
of fL = 2043Hz that corresponds to a total field strength of 48000 nT, and field inclination
of 60 deg. The model features a distribution of decay times centered around 250ms and 50 ,
respectively, with a moderate half-width (Fig. 5.10, left).
The FID data presented in Fig. 5.10 are calculated using 16 values of q in a range of 0.26 to

17 A s. For sake of clarity the simulated time series (t=0-300ms) of the signal amplitudes and
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phases are plotted for every second pulse moment of the sounding (Fig. 5.10, right)2. Hereby, the
data show a slow signal decay for smaller q values, as a consequence of their higher sensitivity
for shallow depth that have decay times around 250ms. With increasing pulse moments the
signals show a faster decay as the main signal contribution gradually focusses on greater depths
that have dominant decay times of 50ms. However, the relaxation behavior of all signals shows
multi-exponential features due signal contributions from different depths. As a consequence of
the ground conductivity (here, 100 Ωm half-space) the kernel function K1D becomes complex
and thus, the relaxation data are of complex nature with a nonzero signal phase. In Fig. 5.10
the signal phases are nearly constant for small pulse moments, e.g. q < 1000Ams, focussing
to shallow depths (T ≈ 250ms) with only a small signal contribution originating from greater
depth (T ≈ 50ms). For increasing q values, the phase starts to become time dependent due to
the superposition of signals from layers with different decay time properties that contribute to
the overall complex relaxation signal, e.g. Fig. 5.12. In this context it has to be emphasized that
the phase changes result not from frequency offsets/drifts but arise solely due to spatial (i.e. in
this case vertical) variations of subsurface decay time properties. In practice such variations will
then superpose to the overall observed phase shifts.
In well logging NMR decay time analysis, data is typically represented in decay time distribu-

tions vs depths type of diagrams, e.g. í̧tepcoates1999. This concept has been adopted, i.e. con-

2Note, that in this original illustration phase convention is negative, whereas in subsequent figures a positive
phase convention will be used
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Figure 5.8.: Standard representation of measured SNMR sounding data in terms of initial am-
plitudes, mono-exponential decay times and phases from postprocessing data fit and
mean noise in Haldensleben (Germany) at location B8 (from Mohnke and Yaramanci,
2002a).
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tour diagrams, and is subsequently used to display the model parameters and (multi-exponential)
SNMR relaxation data in addition to the commonly used sounding curve representation of the
data and inversion results.
The concept is illustrated in Fig. 5.11 (top), showing the model parameters used for the data

compilation. The total saturated porosity φs and the ground resistivity relevant for the Kernel
function K (left). The surface relaxivities ρs and the pore geometry m (middle) used in eq.
5.2. The depth dependent distribution of saturated pore sizes and their respective decay time
distribution (right). The dashed lines plotted in Fig. 5.11, right – corresponding to an inverse
of grain-distributions obtained from sieve analysis used in hydrological applications, e.g. Bear
(1988); Busch et al. (1993) – state layer specific cumulative water content in terms of pore sizes
and respective decay times calculated from eq. 5.2. In Fig. 5.11 (bottom, left) the initial SNMR
amplitudes E0 at t = 0ms and at t = 40ms (dead-time) amplitude E40 (left) are displayed along
with respective phases φ0 and φ40.
However, the focus of the multi-exponential analysis introduced in the subsequent sections will

be mainly set on the interpretation of relevant signal magnitudes. Even so, the multi-exponential
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Figure 5.9.: Examples of mono- and multi-modal decay time distribution for discrete (mean) (a,
c) and continuous (b, d) decay time distributions
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Figure 5.10.: Schematic of multi-exponential modeling using decay time distributions. Model
(left) and calculated amplitudes and phase (right). Modeling parameters: circu-
lar loop with diameter D = 100m over conductive half-space 100Ωm, Larmor
frequency 2043Hz, inclination 60 deg

behavior of the SNMR relaxation can have a significant influence on the phase behavior of the
signals, e.g. dashed line in the mid section of Fig. 5.11 (bottom). This time variant phase change
will become more pronounced as the signal sensitivity of a specific pulse moment focusses on the
boundary of zones (layers) with different decay time properties, e.g. around 7-10As in Fig. 5.12.
Plotted in Fig. 5.11 (bottom) is the multi-exponential amplitude distribution of the recorded

SNMR signal that will arise from the pore size distribution depicted in Fig. 5.11(top) is plotted
for initial amplitudes and recorded amplitudes at t = 40ms. Naturally, a fast decrease (≈
factor 3-4) of signal components for small decay times in the spectrum (≤ 50ms) of the dead
time amplitudes E40 can be observed. Here, the dashed lines analogues to the cumulative volume
curves plotted in Fig. 5.11 (top) visualize the cumulative amplitude contribution of the respective
decay time distribution, i.e. the fraction of the total signal associated to a particular decay time
or pore size. In this respect for low pulse moments which focus on shallow regions also a small
50ms component of the third deep layer contributes while for high pulse moments (e.g. > 5As)
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5. Forward modeling of multi-exponential SNMR relaxation data

Figure 5.11.: Contour representation of multi-exponential modeling data. Top: Model pa-
rameters of total water content and subsurface resistivity; surface relaxivity and
shape factor; pore size and decay time distributions with cumulative water content
(dashed line). Bottom: Signal data: Initial ((E(t = 0, q),ζ(t = 0, q)) and first-
record (E(t = 40, q),ζ(t = 40, q)) signal amplitudes and phases after dead-time;
decay time weighted signal contribution for initial and dead time (td = 40ms)
amplitudes.

250ms components significantly contribute to the SNMR relaxation.
An equivalent model using a single discrete (mean) pore size and decay time per layer according

to eq. 5.4a and 5.4b instead of a distribution function is shown in Fig. 5.13.
When comparing the continuous and discrete models (Fig. 5.14a), sounding amplitudes and

phases show deviations of less than 0.2% (Fig. 5.14b), and rhus can be considered as equivalent
with respect to typical measurement errors in a SNMR sounding. This also reflects the general
issue of equivalences in the analysis of exponential functions with respect to exploiting informa-
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tion related to the half-width of decay time distributions (Gallegos and Smith, 1987; Mohnke
and Yaramanci, 2005). Consequently the inverse problem for deriving decay times or pore sizes
from the relaxation data will be ill-posed. A more detailed discussion in terms of uniqueness
and equivalences with respect to the half-width of an inverted decay time spectrum is given in
chapter 6.
In the subsequent sections, SNMR sounding data of typical hydrological aquifer scenarios are

simulated. In the context basic parametrical resolution limits with respect to short decay times,
e.g. bound water, due SNMR dead times is pinpointed. In these consideration water bearing
layers consist of a particular distribution of pore sizes and related NMR decay times according
to eq. 4.5 and 4.7.

5.3.2. Single aquifer

Fig. 5.15 shows SNMR relaxation data for a single water layer of 20m thickness in 20, 40 and
60m depth. The mono-modal decay time (pore size) distribution is centered at 100ms with a
half-width parameter σ = 0.1
Corresponding to the depth of the water bearing layer the sounding curve exhibits a signal

maximum at q = 1.8As for the shallow layers up to q = 10.2As for the deeper layers. Also
a correlation between the phase minima and the depth of the water layer can be observed
Here, no superposition of relaxation signals that originate from different depths, i.e. different

0 1000 2000

10
0

10
1

amplitude [nV] 

pu
ls

e 
m

om
en

t [
A

s]

 

 

Eabs
0

 / Φ
0

Ereal
0

Eimag
0

Eabs
dead

 / Φ
dead

Ereal
dead

Eimag
dead

0 5 10 15

10
0

10
1

phase [deg] time [ms]

 

 
0 100 200 300

10
0

10
1

[deg]

−6

−4

−2

0

2

4

6

8

10

12

14

Figure 5.12.: Initial and dead time amplitudes, phases and time evolution of SNMR signal phases
(model in Fig. 5.11,top) due to decay time distributions in a conductive subsurface
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Figure 5.13.: Multi-exponential modeling: discrete (mean) decay time distribution. SNMR
Model parameters (top): Integral water content and resistivity; surface relaxiv-
ity and shape factor (middle); pore size and decay time distributions with derived
theoretical cumulative water content. SNMR signal data (bottom): Initial and
dead time signal amplitudes and phases; signal decay time distribution for initial
and dead time amplitudes
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sensitivities of the SNMR kernel K, occurs. Therefore, no time dependence of the signal phase
can be observed, i.e. the phase values for dead time amplitudes equal the initial phase values at
t = 0ms. Also no multi-exponential characteristics of the data due to signal superposition can
be observed, thus the multi-exponential behavior shown in Fig. 5.15, right directly reflects the
multi-exponential character of the pore size distribution with the single aquifer of the model.
Analogous to the standard SNMR sounding curve, the contour plot (Fig. 5.15, right) of the

spectral contribution of the initial decay signal at t = 0 s has its maximum values at q = 1.8, 6.5
and 10.2As. The decay behavior of the complete sounding data (q = 0.06 − 14As) reflects the
symmetric decay time distribution of the single water layer. Actually, the decay time contribution
at later times (here: dead time td = 40ms) has an asymmetric shape, shifted towards higher
decay times due to the increased signal deterioration of the faster decay time components of
the spectrum. Consequently, the fitting of these relaxation data will tend to underrate lower
decay times in the calculation (extrapolation) of the initial amplitudes, and thus, average decay
times as used in current SNMR may underrate shorter decay times due to long dead times. In
a subsequent inversion such underrating of short decay times can than lead to under-represent
the fraction of finer material and thereby possibly overestimate flow properties of the aquifer.

5.3.3. Double aquifer layers

Fig. 5.16 illustrates the resulting multi-exponential relaxation data and the resulting signal
superposition of two water bearing layers at different depth. The model water layers in the
model each have 10% water content and a thickness of 10m. The decay time distributions of the
layers reflect aquifers in coarse sands (top layer with center decay time Tc = 250ms) and silty
sands (bottom layer with center decay time Tc = 50ms) The shallow aquifer is situated at 10m
depth and a second deeper aquifer at 20, 40 and 60m depth, respectively. Fig 5.16 (left). The
calculated SNMR sounding curves of amplitudes and phases for initial and dead time (t = 40ms)
values are plotted in Fig 5.16 (middle), respectively.
The contribution of decay time weighted signal as a function of pulse moment q is plotted in Fig.

5.16 (right) for initial amplitudes E0 and dead time amplitudes E40 , respectively The amplitude
maximum of the SNMR sounding curve at q ≈ 2As corresponds to the shallow aquifer. A second
smaller maximum at q ≈ 10As can be distinguished for the model with a second aquifer in 40
and is indicated at q ≈ 14As for 60m depth. Additionally for all q values a bi-modal decay time
distribution in the recorded SNMR transients can be observed due to the sensitivity weighted
signal contributions of both aquifers.
However, for the third model with the second aquifer in 60m depth a significant bi-modal

behaviors occurs only at q ≈ 10As as the signal sensitivity smears and overall depth resolution is
lost for the higher pulse moments. Considering the signal amplitudes at the standard dead times
of 40ms between pulses and observed FID the contribution of the second layer is further reduced
due to the smaller pores and subsequent faster relaxation times in the second layer. Even so the
bi-modal characteristics of the multi-exponential relaxation signal is still prominent for q values
> 6As
In summary the signal contribution of the shallow aquifer layer is highly dominant for all pulse

moments of the sounding, as the signal strength and resolution decreases with increasing depths.
The relaxation time spectrum is mono-modal, but for the shallow adjoining layersťmodel, for
small q as the signal contribution (SNMR sensitivity) is limited to shallow depths, i.e. to the
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first layer. However for high q values signal contribution from deep as well as shallow layers
occurs and thus, the character of the spectrum becomes increasingle bi-modal.
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Figure 5.14.: Comparison of SNMR sounding data for discrete (a, left) and continuous (a, right)
decay time distributions. Amplitude and phase residuals of calculated sounding
curves (b, left) and residual phase evolution (b, right).
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Figure 5.15.: Multi-exponential modeling of SNMR signals for a single water bearing layer of 10%
water content with mono-modal decay time distribution (center time 100ms) (left).
Sounding curves and phases for initial (solid) and dead time (dashed) values (mid)
and amplitude-decay time signal contribution for initial amplitudes (@ : t = 0ms)
and dead time amplitudes (@ : t = 40ms)
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Figure 5.16.: Multi-exponential modeling of SNMR signals for two water bearing layers of 10%
water content with different decay time distributions (left). Sounding curves and
phases for initial (solid) and dead time (dashed) values (mid) and amplitude-decay
time signal contribution for initial amplitudes (@ : t = 0ms) and dead time ampli-
tudes (@ : t = 40ms)
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Figure 5.17.: Model of a single water bearing layer (φs = 10 %;T̂ = 100ms) in a surrounding
environment of non-producible bound water content (φs = 1 %;T̂ = 10ms)

5.3.4. Aquifer and non-producible water content

As discussed in chapter 3.4, so far, the SNMR method is mainly sensitive to the mobile water
content in the subsurface as the data recording starts only after a dead time of commonly 40ms.
In contrast to laboratory or borehole applications the NMR response of the bound water with
decay times of typically ≤ 30ms is hardly inside the SNMR aperture window, e.g. Coates
et al., 1999. The NMR signal of clay-bound water which exhibits decay times of even less than
3ms is way outside this aperture window, e.g. Fig. 3.6). In this context the model shown in
Fig. 5.17 possibly reflects a hydrologically possibly more realistic scenario, reflecting residual
water in small pores in an unsaturated zone (above 20m depth) and in an aquiclude (below
40m depth). Here, a single water bearing layer with 10 vol.% water content is situated in a
pore space with 1 vol.% of non producible bound water associated with a respective decay time
distribution centered at 10ms. The simulations were calculated for three different scenarios of
conductive half-spaces with 1000, 100 and 10Ωm resistivity (Fig. 5.18). The signal data are
calculated for idealized conditions, i.e. no SNMR noise, to assess the basic signal sensitivity and
detection limits of bound water using SNMR. Generally, for initial amplitudes the ratio of slow
/ fast relaxation signal contribution reflects the water content ratio of bound and mobile water,
i.e. Eslow

0 /Efast
0 = 10. However, at the dead time of 40ms this ratio has already increased to

Eslow
0 /Efast

0 = 366. and the fast decay components do not significantly contribute to the SNMR
relaxation data. In the models the E40 signal amplitudes of the fast components total generally
to < 5 nV which is below typical ranges of measurement noise and near the resolution limit of
state of the art SNMR hardware.
Even so, the contribution to the phase behavior for t < dead time can significantly impact on

the recorded phases ζ40 at the SNMR dead time.
Naturally, in case of a low conductive Earth (1000Ωm) no significant complex term of the

SNMR amplitude and thus signal phases are constant and near zero degree but for higher pulse
moments (q & 2As) both at t = 0ms and t = 40ms.
As the electrical ground conductivity of the model increases the imaginary component of the

complex SNMR amplitude increases and consequently the signal phase. With respect to the
1000Ωm half-space the difference between initial and dead time phase values can be increased
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1000 Ωm

100 Ωm

10 Ωm

Figure 5.18.: Multi-exponential SNMR sounding data and signal decay time distributions of a
single aquifer layer and residual water content (model from Fig. 5.17)
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significantly already at low pulse moments. Note, that at very low subsurface resistivities this
effect can reverse and dead time phase approximate the respective initial values as the signal
behavior at high q is dominated by the complex term of the sensitivity kernel.
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In this chapter strategies for inverse modeling of multi-exponential SNMR data that take into
account the multi-exponential nature of SNMR decay time data are introduced and assessed. The
SNMR inverse problem becomes non-linear when the SNMR phase information is less reliable and
optimizing has to be carried on the basis of the more stable signal magnitudes of the complex
signals, i.e. e =

√
e2
x + e2

y (e.g. Legchenko and Valla, 1998; Mohnke and Yaramanci, 2005).
Optimization strategies using regularized smooth inversion with a fixed thickness of each inversion
layer and a block inversion approach with free layer boundaries are discussed with respect to
their stability and performance on synthetic and field data examples in subsequent chapters.
In this respect the type of smoothness can a priori be set to impose gradual changes or steep
changes of the subsurface water content, i.e. reflecting different types of lithology (Mohnke and
Yaramanci, 2002a).
To further improve the mapping of aquifers with sharp lithological boundaries and to possi-

bly reduce the ambiguity of the smooth inversion a different approach similar to the inversion
of vertical electrical sounding (VES) data, a SNMR block inversion, has been developed and
introduced by Mohnke and Yaramanci, 1999, 2002a. The SNMR block inversion uses a fixed
number of inversion layers with variable layer thicknesses. Thus, there is no need to introduce
a smoothness constraint, i.e. regularization, to the inversion. This inversion approach has also
been successfully implemented in several other SNMR inversion schemes, e.g. Hertrich and
Yaramanci, 2002; Braun et al., 2005; Braun, 2007. In the context of multi-exponential inversion
this scheme can be used to determine a sharp distribution of layers and boundaries prior to
the actual multi-exponential smooth inversions. The inversions are calculated using non-linear
least squares inversion algorithm for constraint optimization which is based on the sequential
quadratic programming (SQP) method to optimize the objective functions for amplitude and
decay time inversions of SNMR relaxation data, respectively.
In the following the basic concept of the inversion scheme used for the constraint inversion

initially introduced in Mohnke and Yaramanci, 2002a is outlined. The algorithm is implemented
in the comprehensive inversion (COIN) program. Initially the COIN software for the multi-
exponential inversion of SNMR relaxation data was written in FORTRAN. A more recent imple-
mentation of the code has been translated to the more convenient MATLAB programming envi-
ronment, however still using parts of the original (faster) fortran optimization routines compiled
as dynamic link libraries (DLL). First, a general formulation of a stabilized objective function to
be minimized is derived and the main features of the underlying sequential quadratic program-
ming (SQP) optimization algorithm are described. In this respect special considerations are
given to the design of the stabilizing smoothness constraints, i.e. regularization term for smooth
approaches, that are incorporated in an augmented objective function. The detailed design
and formulation of particular objective functions used for different multi-exponential inversion
strategies are discussed in subsequent sections.
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Figure 6.1.: Complete transient data set (magnitudes) of a SNMR sounding (Waalwijk, Nether-
lands) with exponential fit and extrapolation of initial amplitudes.

6.1. Numerical implementation of the concept for a multi-exponential
analysis of SNMR relaxation data in the comprehensive inversion
scheme (COIN)

In this section the conceptional approach for the inversion of SNMR relaxation data with respect
to their multi-exponential nature is discussed and its implementation in respective smooth and
block inversion algorithms is introduced. Unlike the standard smooth inversion concept employed
in SNMR, e.g. Legchenko and Shushakov, 1998, the COIN scheme can take into account the
multi-exponential behavior of SNMR sounding data due to the superposition of signal contribu-
tions (subject of sensitivity) of all water bearing layers on the one hand and due to a specific
decay time (pore size) distribution present within the investigated water bearing layers in the
subsurface on the other hand.
Similar to the frequently individual transient representation of SNMR time series used in con-

ventional mono-exponential data postprocessing1, SNMR data can be considered as set of SNMR
sounding curves that are measured at each single time step during the experiment, e.g. Fig. 6.1,
and thus are directly related to the water content f in pores in which NMR relaxation is still in
progress. Due to technical limitations of commercially available SNMR field equipment recorded
SNMR transients typically start at a dead time td ≈ 40 ms, and thus the water content in pores

1The red line in Fig. 6.1 then complies with conventional representation of SNMR sounding data in terms of
the initial amplitudes (compare Fig. 5.8).
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Figure 6.2.: Schematic of the COIN SNMR inversion. Top: recorded SNMR relaxation signals
and sorted sounding curves for time steps ti. Bottom: inversion of soundings curves
to vertical water content distribution (phase I) and multi-exponential fitting of model
transients (water content decay) in each subsurface layer.
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that relaxes much faster, e.g. bound water, will not be in the aperture window of the method.
Naturally, for larger pores in the subspace, i.e. longer decay times, a higher sounding amplitude
e(q, t) will be observed at a particular time ti and an inverse model will consequently yield a cor-
responding total water content distribution φS(ti). Then a set of (ideal) inverse transient models
of (vertical) water content distributions φS(z, t) have to directly reflect the relaxation behav-
ior, and thus the related pore size distribution, within the respective subsurface layers. These
considerations have been the basic motivation for developing the strategy of multi-exponential
inversion approach employed in the COIN inversion scheme. As sketched in Fig. 6.2 the multi-
exponential inversion process is carried out in two consecutive phases for amplitude/magnitude
inversion and decay time analysis, respectively.
In the first phase a vertical total water content distribution φS(t, z) for each time step of the

SNMR transient is derived that would correspond to a respective SNMR sounding curve et(q) at
a particular time t. For the amplitude inversion two different inversion strategies can be employed
using fixed and free model variables, i.e. the conventional smooth inversion and a block inversion
approach similar to a vertical electrical sounding (VES) inversion (Mohnke and Yaramanci,
2002a). Subsequently, using these transient model data φS(t, z) derived in the first phase a
multi-exponential analysis analogous to laboratory and borehole NMR relaxometry applications
is performed for the model exponentials of each inversion layer. Hereby, the inversion of SNMR
amplitudes and decay times is decoupled. Consequently the inversion does not implicitly impose
an overall degree or type of smoothness on the water content and layer specific decay time
distributions, and thus, allows to employ different strategies for fitting the exponential model
data, e.g. by optimizing the amplitudes fi of a fixed decay time spectrum or setting fi and Ti
as free variables of discrete distribution functionals.
This concept for the multi-exponential inversion of SNMR relaxation data is implemented in

two inversion algorithms for smooth (coin_smooth, Fig. 6.3) and block inversion (coin_block,
Fig. 6.4) approaches , respectively. Thereby, the necessary linear and non-linear optimizations
of respective objective functions are compiled using a sequential quadratic programming concept
as introduced by (Schittkowsky, 1985) and related auxiliary subroutines which will be described
in subsequent sections.
The strategy for the smooth inversion algorithm used in COIN is separated into two consecu-

tive loops, both of which use the same fixed division of inversion layers and a particular type of
regularization, i.e. smoothness constraint. In the amplitude inversion of the first loop a water
content distribution for each time step is calculated. In a second loop the (multi-)exponential
decay time inversion is performed for the respective transients model data derived by the preced-
ing amplitude inversion, and thus the total layer water content φS(z) as well as a layer specific
decay time distribution fz(T ) is derived.
Similar to smooth inversion in the block inversion algorithm the determination of the water

content and decay time distribution is carried out in consecutive loops. Here, in a first phase
individual block inversions using Nz inversion layers are successively compiled at each time step
ti and respective weighted mean layer boundaries are determined from the resulting block mod-
els. Using the such determined set of (fixed) subsurface layers a smooth inversion coin_smooth
is evoked for amplitude and subsequent decay time inversion. In this context no additional
smoothness constraints are employed, i.e. λ = 0 during the smooth amplitude inversion as the
’smoothness’ of the solution has already been defined in the block inversion. For the subsequent
layer specific decay time analysis used in both algorithms two multi-exponential curve fitting
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6. Inversion of multi-exponential SNMR relaxation data

program coin_smooth

initialize

load SNMR sounding data e[Nq×Nt]

set inversion layers z[Nz ]

trim sensitivity Kernel matrix to K
[Nq×Nz ]
trim

set type of objective function Fλ and Jacobian Jλ:
eq. 6.23 and 6.24 [complex amplitudes]
eq. 6.30 and 6.31 [magnitudes]

run inversion

do i = tmin, tmin
estimate data noise threshold σe using non-regularized inversion coin_sqp(Fλ=0)
optimize λ in regularized inversion coin_sqp(Fλ)

end do
transient model data set: m[Nz×Nt]

set decay time spectrum T[NT ]

calculate decay time kernel matrix A[NT×Nt]

set type of objective and function Fλ and Jacobian Jλ:
eq. 6.39 and 6.40 [fixed decay time distribution]
eq. 6.42 and 6.43 [free decay time distribution]

do i = zmin, zmax
estimate model noise threshold σmi using non-regularized inversion coin_sqp(Fλ=0)
if fixed decay time spectrum: optimize λ in regularized inversion coin_sqp(Fλ)

end do

Figure 6.3.: Basic operational scheme of the COIN smooth inversion program.
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6. Inversion of multi-exponential SNMR relaxation data

program coin_block

initialize

load SNMR sounding data e[Nq×Nt]

set number of inversion layers Nz

set type of objective function F and Jacobian (finite differences) J:
eq. 6.34ff and 6.21

run inversion

do i = tmin, tmax

solve coin_sqp(F(mi,K
[Nq×Nz ]
trim (mi)))

end do
determine mean layer sizes < ∆zi >

set inversion layers z[Nz ] for smooth inversion
trim sensitivity Kernel matrix to K

[Nq×Nz ]
trim

run coin_smooth(z,K, λ = 0)

Figure 6.4.: Basic operational scheme of the COIN block inversion program.

concepts commonly used in laboratory and borehole NMR applications, e.g. Canet 1996; Dunn
et al. 2002, have been implemented that will allow the interpretation of both mono-modal and
multi-modal distributions of decay times within inversion layers, i.e. two or more separated
prominent decay time peaks. The inversion algorithms have been also implemented in a shared
graphical MATLAB user interface as shown in Fig. 6.5.
Note, when assuming a non-complex kernel K = |K|, and thus |e| ≈ |ereal| + |eimag|, in the

SNMR equation, e.g. the measured data contain a negligible small imaginary part due to a very
low ground conductivity, the coin inversion scheme can be basically also applied in a reversed
order, i.e. first segmenting the NMR transient signals into mono-exponential signal partitions
that sum up to the measured (multi-exponential) relaxation amplitudes, e.g. Fig. 6.6a. A
subsequent amplitude inversion then yield the total water content and respective layer specific
decay time spectra, e.g. Fig. 6.6b.
Such approximations have been applied in initial approaches for multi-exponential interpreta-

tion of SNMR data, e.g. Lubczynski and Roy, 2003; Mohnke and Yaramanci, 2005.

6.2. Generalized objective function and smoothness constraint

The geophysical inverse problem can be essentially considered as a parametric data-fitting prob-
lem, i.e. matching a computed model response to a set of measured data. This can be formulated
on the basis of a constraint optimization where a cost functional Σ is defined in terms of dis-
crepancy between a set of observed data g ∈ RN and computed model response e(m) ∈ RN is
minimized over the model space m ∈ RM
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6. Inversion of multi-exponential SNMR relaxation data

Figure 6.5.: Screenshot of the graphical user interface of the COIN inversion scheme (smooth
amplitude (magnitudes) inversion and subsequent decay time inversion).

Σ2(m) =
∑
i

∣∣∣∣ei(m)− gi
εi

∣∣∣∣2 =
∥∥∥D(e(m)− g)

∥∥∥2

2
(6.1)

with ε being the standard deviation and D = diag(ε−1) the error weighting matrix.
As for many problems in geophysics the system of equation used in the inversion of SNMR

decay time data is underdetermined and is ill-posed a smoothness constraint is introduced in
terms of a weighted semi-norm λ|| · || (Constable et al., 1987; Tikhonov et al., 1995) to stabilize
the solution according to.

Σ2
λ
(m) =

∥∥∥D(e(m)− g)
∥∥∥2

2
+ λ2

∥∥∥Cm
∥∥∥2

ρ
(6.2)

The stabilizing term given by
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6. Inversion of multi-exponential SNMR relaxation data

Figure 6.6.: a) Multi-exponential data fit (10 decay time constants per decade) of a SNMR
sounding curve from Nauen. (Acquisition parameters: circular-8-loop D = 50 m,
1 turn, frequency 2084 Hz). b) Spectral block inversion results: total water con-
tent (left) and distribution of water to characteristic decay times (p̃ore sizes) (from
Mohnke and Yaramanci, 2005).

λ2
∥∥∥Cm

∥∥∥2

ρ
= λ2

 M̂∑
i=1

M∑
j=1

∣∣∣ Cijmj

∣∣∣ρ
2

(6.3)

where λ is the smoothness or global regularization parameter that controls the weight between
the two different norms in the above equation. The stabilization matrix C reflects the expectation
of a certain degree of smoothness in the model parameters such as water content or decay time
distribution. In this respect C is typically expressed as zero, first or second order derivative of
the model parameters m,

C0 = I =

 1
. . .

1


M×M

, C1 =

 1 −1
1 −1

. . .


(M−1)×M

and

C2 =

 1 −2 1
1 −2 1

. . .


(M−2)×M

. (6.4)

If λ → 0 the solution of eq. 6.2 will approach 6.1. If λ > 0 a minimum of eq. 6.2 demands
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b) Square-root-norm using first order derivatives (
∥∥ C1m

∥∥
ρ=0.5

)

Figure 6.7.: Vertical distribution of the total water content (model parameter m) as a result
of smooth inversion using Tikhonov Phillips regularization with L2 (a) and L0.5 (b)
normalization (both, with the same number of fixed layer boundaries, i.e. thickness).

a small value of its second norm. Thereby severe oscillation of Σλ are damped, and thus, the
solution will be smooth, e.g. Fig. 6.7. Additionally the type of smoothness depends on the
type the ρ−norm used for the stabilizing term in equation 6.2, e.g. Euclidian norm (L2, ρ = 2).
In this respect a (in SNMR) non-conventional norm is the usage of a square-root-norm, i.e.
ρ = 0.5, imposing a block-like type of smoothness. An example as given in Fig. 6.7 illustrates
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6. Inversion of multi-exponential SNMR relaxation data

the effects on the model smoothness when applying stabilizer-norms λ with different ρ values
on the inversion results of SNMR water contents. In standard L2 norm (ρ = 2) differences in
the water content f are conditioned with their second power (standard regularisation in SNMR)
favoring a more gradual change in the water content, hence resulting in a smooth solution. Using
the square-root-norm differences in the water content are conditioned by favoring a few steep
changes in the water content with a remaining constant level in between, hence imposing in a
more block-like or flat distribution. (Mohnke and Yaramanci, 2002a). Application of a square-
root-norm can be convenient when changes in the model parameters are expected to be in a
rather abrupt than in gradual way such as the boundaries between different lithological units
or the aquifer-aquitard interface. Referring to eq. 6.1 - 6.3 the augmented regularized objective
function to be minimized is given by

Fλ(m) =

(
D(e(m)− g)
λ {Cm}ρ

)
(6.5)

which has an unique solution for a given regularization parameter λ.

6.3. Sequential quadratic programming algorithm for constrained inversion
of SNMR amplitudes and decay time spectra

Particularly when dealing with ill posed problems it is convenient to reduce the range of pos-
sible solutions by taking into account available a priori information in the optimization, in
SNMR namely the nonnegative nature and feasible ranges of the water content and NMR de-
cay times. Obviously the solution space m can be fundamentally constrained within ranges of
f ∈ [0, 100] vol.% for the water content and T ∈ (0, 3.5] s for the NMR decay times. Here, the
upper limit T = 3.5 s can be considered to be the bulk decay time of water.
Such constrained optimization problem for SNMR amplitudes and decay times in terms of a

general problem (GP) description can therefore formulated as

min
m∈RM

Fλ(m) (6.6)

subject to li ≤ mi ≤ ui i = 1, . . . ,M

For a numerical implementation of the above inverse problem it is necessary to use a standard
form formulation of the lower and upper bound constraints l and u in terms of the linear inequality
constraint vector G with

Gi = mi − li, i = 1, . . .M and Gi = ui −mi, i = M + 1, . . . 2M. (6.7)

For numerical handling the above equation can be reformulated in matrix notation as

Am =

(
I
−I

)
m ≥

(
l
−u

)
= b (6.8)

with m, l,u ∈
{
RM

}
and I ∈

{
RM×M

}
the identity matrix , thus eq. 6.6 can be reformulated

for the general nonlinear program (NLP) with equality and inequality (box) constraints according
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to

min
m∈RM

Fλ(m) (6.9)

subject to Gi ≥ 0, i = 1, . . . , 2M

Gi = 0, i = 2M + 1, . . . ,Me

Naturally the constraint vector G can basically be extended to incorporate further a priori
information, e.g. set the overall water content to a fixed total amount. Equality constraints
are of particular interest for implementing the SNMR block inversion approach with both layer
boundaries and water content as free variables.
To solve the above linearly constraint inverse problem a generalized implementation of Newton’s

method for unconstrained optimization is employed, finding a step away from the current iterate
by minimizing a quadratic model of the inverse problem, e.g. Powell, 1978; Schittkowsky, 1985;
Han, 1977.
To take into account the boundary constraints as given in eq. 6.9, both the objective and the

constraint functions must be modeled. Therefore, optimization is carried out by minimizing a
substitute objective function, i.e. the Lagrangian function, which is augmented by the respective
inequality and equality constraint vector G according to

L(m,v) = Fλ(m)−G(m)v (6.10)

where v = (v1, . . . , v2M+Me)
T ∈ R2M+Me are the Lagrangian multipliers of the active (boundary)

constraints which have to be optimized along with the model parameters m in such a way that
for a local minimizer m∗ the equality L(m∗,v∗) = Fλ(m∗) is obtained.
The employed optimization algorithm coin_sqp as summarized in Fig. 6.8 sequentially solves

the respective quadratic subproblems (sqp) that arise from the quadratic approximation of the
Lagrange function and linearization of the constraint functions. In this respect the Newton
direction (•)k+1 = mk + ∆mk is basically found from the second order Taylor series expansion
of the original objective function

F (mk+1) ≈ F (mk) +∇F (mk)∆mk +
1

2
∆mT

k∇2F (mk)∆mk (6.11)

In case of the linear optimization problem (LP) which arise in the smooth inversion of the
complex SNMR amplitudes (chapter 6.4.1) and a subsequent fitting of multi-exponential model
transients (chapter 6.4.3) the quadratic term in above equation can be dropped, as ∇2F =
0. Therefore, calculation of the Hessian Bk is omitted in the SQP algorithm coin_sqp and
computation time for the linear inversion is considerably reduced.
Due to the linearity of the used constraints, an updated model estimate mk+1 = mk + ∆mk

of the constraint vector G can be approximated by a first order Taylor series

G(mk+1) = ∇G(mk)
T∆mk + G(mk) (6.12)

and thus, the constraint in eq. 6.10 can be replaced by

∇G(mk)
T∆mk + G(mk) ≥ 0. (6.13)
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Substituting eq. 6.11 and 6.13 in eq. 6.10 a new search direction ∆mk = αkdk is obtained by
solving the quadratic problem

mindk∈RM
{
∇F (mk)dk + 1

2dTk∇2
mL(mk,vk)dk

}
(6.14)

subject to Gi(mk) +∇Gi(mk)
Tdk ≥ 0, i = 1, . . . , 2M

Gi(mk) +∇Gi(mk)
Tdk = 0, i = 2M + 1, . . . , 2M +Me

For an optimal solution dk of eq. 6.11 with corresponding Lagrange multipliers vk of the above
quadratic subproblem (QP) a new iterate is obtained by(

mk+1

vk+1

)
=

(
mk

vk

)
+ αk

(
dk
yk

)
(6.15)

subroutine coin_sqp()

initialize

ε > 0 [stopping tolerance]
l,m ∈ RM [box constraint boundaries]
r∈R

M

0 = (0.1, . . . , 0.1) [initial penalty parameters]
m0 = l [initial model parameters]
v∈R

2M

0 = (0, . . . , 0) [initial lagrange parameters]
B∈R

M×M
0 = I [initial Hessian matrix]

calculate

F0,G0,∇F0,∇G0

do while ||dk|| > ε2 ∨ k < max.iter + 1

solve QP for < dk,yk > (PCG)
k = k + 1
calculate new step length αk (LS)
update model/lagrange parameters mk,vk

update penalty parameter rk
update Hessian Bk

end do

Figure 6.8.: sqp algorithm of the COIN package for constrained optimization of SNMR ampli-
tudes and decay time distribution.
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where αk is an appropriate step length of the kth iterate of the SQP.
A subsequent iterate k + 1 is supposed to not only decrease the objective function F but also

to come closer to satisfying the constraint G. Thus, it is necessary to balance their relative
importance and to define a merit function P that is used to determine whether a point is an
improvement with respect to the constraints. Therefore to determine the step length αk in the
above equation a one dimensional auxiliary function

min
αk
{PA(αk,mk+1,vk+1)} (6.16)

is minimized using a simple search algorithm (coin_ls) outlined in Fig. 6.9. In the COIN
implementation PA is set up by employing a standard absolute value penalty function of the
form

PA(mk+1,vk+1; r) = F (mk+1) +
2M∑
j=1

rj |min(0, G(mk+1)|). (6.17)

which penalizes a new iterate of the objective function F (mk+1) in terms of an L1-norm whenever
the model values are in violation with the box constraints defined in eq. 6.9. For sufficiently
large penalty parameter rj ≥ r̂ > 0 minimization of PA yields an optimal solution αk for eq.
6.16. In this respect r is successively increased at each SQP iterate step according to (Powell,
1978)

subroutine coin_ls(f, αmin, αmax)

initialize

ε > 0 [error tolerance]
k = 1 [line search iteration ]
x0 = αmin [set starting values ]
x1 = αmax
dx = |x1 − x0| [starting interval]

do while dx > ε ∨ k < max.iter + 1

f ′(xk) =
f(xk)−f(xk−1)

xk−xk−1
[finite diff. approx. of first derivative]

xk+1 = xk − f(xk)
f ′(xk) [new steplength]

dx = |xk − xk−1| [update search interval]
k = k + 1

end do

Figure 6.9.: Line search algorithm to find the minimum of a linear unimodal function f(α) using
Newton’s method to determine SQP step length parameter α in the range αmin, αmin
with respect to the merit function f(α) (eq. 6.16).
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r
(k)
j = max

(
|y(k)
j − v

(k)
j |,

1

2
(r

(k−1)
j + |y(k)

j − v
(k)
j |)

)
(6.18)

To determine the iterate steps dk,yk the Kuhn-Tucker conditions that form necessary condi-
tions for optimality for the constrained optimization problem as stated in eq. 6.6 (Mordecai,
2003; Schittkowsky, 1985) have to be solved according to(

∇mL(mk,vk)
vTk G(mk)

)
= 0. (6.19)

The above equation represents a system of equations F(xk) = 0 with 3M unknowns zk =
(mk,vk) and 3M (basically) nonlinear functions F(zk) = (∇mL(mk,vk),G(mk)). Using a
linear Taylor series approximation analogues to eq. 6.9 an approximate solution zk of the QP for
the kth iterate with search direction xk = (dk,yk) can be expressed as a unconstrained linear
problem of the form

−∇F(xk) xk = F(xk) (6.20)

⇐⇒ −
(

Bk −∇G(mk)
IvTk∇G(mk) 0

)
︸ ︷︷ ︸

A

(
dk
yk

)
︸ ︷︷ ︸

x

=

(
∇F(mk)−∇G(mk)v

T
k

vTk G(mk)

)
︸ ︷︷ ︸

b

for an approximate solution (mk,vk) at the kth iteration and the search direction xk = (dk,yk).
BMxM
k = ∇2

mk
L(mk,vk) is the Hessian matrix of the Lagrange function and I2Mx2M the iden-

tity matrix. In a matrix notation Ax = b the dimension are A ∈ R3Mx3M and x,b ∈ R3M ,
respectively.
Numerical optimization of eq. 6.20 is carried out using a preconditioned conjugate gradient

(pcg) algorithm (coin_pcg) described in Fig 6.10. If the first derivatives of the objective and
constraint functions F,G can not be calculated analytically, e.g. being the case for the objective
function in SNMR smooth inversion as discussed in chapter 6.4.1, the Jacobian must be numer-
ically approximated by finite differences, e.g. in case of the block inversion approach introduced
in chapter 6.4.2 according to

∇xkf(xk) =
f(xk + ε)− f(xk)

ε
(6.21)

where ε is the machine precision of the used computer.
The Hessian of the Lagrange function, at each SQP iteration is numerically approximated using

the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update formula according to

Bk+1 = Bk +
qkq

T
k

pTk qk
−
Bkpkp

T
kBk

pTkBkpk
with pk =

(
mk+1

vk+1

)
−
(
mk

vk

)
(6.22)

and
qk = ∇mL(mk+1,vk+1)−∇mL(mk,vk)

(
= ∇mF (mk+1)−∇mF (mk)

)
as employed in coin_sqp.
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subroutine coin_pcg(A, x, b)

initialize

Â = ATA [set normal equations]
b̂ = ATb [set right hand side vector]
Cij = Aijδij [diagonal Jacobi preconditioner]
x0 = 0

r0 = b̂− Âx0 [residual vector]
z0 = C−1r0

p̂0 = z0 [search direction]
i = 0 [iteration no]

do while ||ri|| > err.tol ∨ i < max.iter + 1

αi =
zTi ri

p̂T
i Âp̂i

[update step length (solution)]

xi+1 = xi +αip̂i [update solution]
ri+1 = ri −αiÂp̂i [update residual]
zi+1 = C−1ri+1

βi+1 =
zTi+1ri+1

zTk rk
[update step length (search direction)]

p̂i+1 = zi+1 + βi+1p̂i+1 [new search direction]

end do

Figure 6.10.: PCG algorithm with Jacobi preconditioning for unconstrained optimization used
to solve Kuhn-Tucker conditions of the quadratic subproblem in coin_spq.
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6.4. Objective functions

At present state of the art SNMR measurements devices such as NUMIS, HYDROSCOPE or
AQUATOM systems are using a tuned resonant circuit for registration, i.e. transmitter-receiver
field loop and adjustable capacitor banks, (e.g. Legchenko and Valla 2002; Iris Instruments 2009.
This configuration, however, is not optimal for an accurate detection of the signal phase and

so far, the signal phase is a more qualitatively rather than quantitatively known parameter in
SNMR. Issues at hand are an additional phase distortion that arises due to an off-set between
exciting and the local Larmor frequency. Due to the recording of the transient envelope using
quadrature detection no complete time series of the 2 kHz signal are available for sophisticated
noise reduction techniques, e.g. a phase correlated remote reference. In this context it has shown
to be difficult – though basically possible – to reliably quantify the absolute signal phase effects
of the complex transients of SNMR field data, e.g. Hertrich 2005; Braun et al. 2005; Braun 2007.
However, allowing for an empirical phase offset will possibly allow to better exploit the phase
parameters in terms off a relative phase shift, e.g. Braun (2007).
In smooth inversion, the number and thickness of inversion layers as well as the degree and

type of the smoothness constraint, for example, the parameter of regularization, is most decisive
on the results of the inversion. Therefore, the results are highly ambiguous, depending on the
type and degree of regularization. To improve the mapping of aquifers with sharp boundaries
and to overcome issues of ambiguity that arise in the smooth inversion, a different approach can
therefore been chosen, using block inversion similar to 1D geoelectrics.
Using both smooth and block inversions, respectively, the results for two synthetic sets of

SNMR data and for field data from a site in northern Germany with well-known hydrogeological
properties are discussed. The results of block inversion and smooth inversion using a regular-
ization that favors more block-like structures correspond to the sharp aquifer boundaries of the
synthetic models and the site. The conventional smooth inversion gives only a rough estimate of
the aquifer location.

6.4.1. Smooth inversion approach (fixed layer boundaries)

With respect to the discretized eq. 5.7 a regularized smooth inversion of the complex SNMR
amplitudes e(q, t) = ere(q, t) + ieim(q, i) is carried out straight forward by separating real and
imaginary components of the complex SNMR kernel function K on the basis of an augmented
objective function

Fλ(f) =

 D(Kre(f)− gre)
D(Kim(f)− gim)

λ {Cf}ρ

 (6.23)

and respective jacobian J = ∇Fλ.

Jij = ∇jFi(f) =

Kre
Kim
JR

 (6.24)

where Kre,Kim are the error weighted real and imaginary SNMR kernels and JR is the respective
Jacobian for the regularization term calculated by
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J
(ij)
R =

∂Ci

∂fj
= Cijρ

∣∣CT
i f
∣∣ρ

CT
i f

(6.25)

where Cij , CT
i and ρ are the respective components, row vectors and the type of smoothness

imposed on the solution by the stabilizer C introduced in eq. 6.5. Even so, the total magnitude
of the SNMR signal seems to be a so far somewhat more reliable indicator in an SNMR mea-
surement, e.g. Schirov et al. 1991; Legchenko et al. 1997; Vouillamoz et al. 2005; Mohnke and
Yaramanci 2002a. Therefore, to allow for a more stable – phase decoupled – multi-exponential
fitting of SNMR field data subsequent inversion approaches discussed and employed to synthetic
and field data will also focus on the optimization with respect to the SNMR magnitudes e
following eq. 3.6 and 3.7

|e(i)|2 = e2
(i)x

+ e2
(i)y

(6.26)

⇔ e2 = (e sin ζ)2 + (e cos ζ)2 = e2
(
sin2 ζ + cos2 ζ

)
, (6.27)

however, at the loss of the total complex information of the signal, i.e. phase. A subset of eq.
5.7 for time t = n∆t can then be reformulated in terms of the SNMR square magnitude vector
ê = (ê(q1), . . . , ê(qNq))

> with its components

ê(qi) = f>K̂qi
f (6.28)

The matrix operator K̂q ∈ RNz×Nz represents the magnitude transformation for the ith row
of the discretized SNMR kernel from eq. 3.6 and 3.7, respectively according to

K̂q = K ′re,qKre,q +K ′im,qKim,q (6.29)

where Kre,q and Kim,q are real and imaginary components of the ith row of the Kernel matrix.
The regularized objective function for the inversion of SNMR magnitudes is then given by

Fλ(f) =

(
D(ê− ĝ)
λ{Cm}ρ

)
(6.30)

where ĝ represents the magnitudes squares of the observed SNMR signals according to ĝ = e2
x+e2

y

and the analytical Jacobian of the above equation is calculated from

J
(ij)
M = 2

Nz∑
k=1

fkK̂
(qi)
jk (6.31)

and

∇F(f) =

(
JM
JR

)
(6.32)

yielding a basically non-linear inverse problem.
Fig 6.7a,b show results obtained from a regularized smooth amplitude inversion using the non-

linear objective function as given in eq. 6.9. The stabilizer use first order derivative (C1) and
ρ = 1 for gradual changes as well as ρ = .5 for block-like changes of the water content distribution
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6. Inversion of multi-exponential SNMR relaxation data

f .

6.4.2. Block inversion approach (variable layer boundaries)

An alternative approach to the smooth inversion of SNMR data is the implementation of a
block inversion as developed by Mohnke and Yaramanci, 2002a. Very similar to the inversion
of 1D geoelectrics, e.g. VES, in this inversion concept the water content and the decay time
constants of free inversion layers are optimized along with the positions of the layer boundaries
for a given number of inversion layers, e.g. a 3-layer-case. In block inversion regularization may
be used, however, with negligible differences in the results except for very high values of λ and
large amounts of inversion layers, e.g. a 8-layer-case. Due to its nature this approach has been
employed for the joint inversion of SNMR and VES and also in the SNMR phase inversion scheme
introduced by Braun, 2007. In principle, a regularization is basically realized by (manually)
finding the simplest model solution which yields in a sufficiently small error variance.
In the block inversion algorithm a trimmed sensitivity kernel has to be updated along with the

iteration of the layer boundary variables. The respective component K̃im of the trimmed kernel
function reflecting the mth layer of the block inversion’s forward operator is calculated by

K̃(qn, zm) =

∫ zm+1

zm

K1Ddz =
J∑
i=1

∆ziK(qn, zi)

∣∣∣∣∣
zi∈[zm,zm+1)

, (6.33)

The constrained inverse problem using free layer boundaries can then be set up as

min
m∈RM

F (m) (6.34)

subject to li ≤ mi ≤ ui i = 1, . . . , 2Nz∑
mi = zmax i = Nz + 1, . . . , 2Nz

(6.35)

where Nz is the number of free layers and zmax the maximum depth of the inversion. The
model vector m summarizes the optimization variables of water content mi, i = 1, . . . , Nz and
respective thicknessesmi, i = Nz+1, . . . , 2Nz of the free inversion layers. The equality constraint
for i > Nz ensures that the distribution of the (non-negative) thicknesses of the free layers are
inside the relevant depth range. A respective (non-regularized) objective function can then be
formulated in matrix notation

F(m) = D
( (

K̃(m) 0
)

m− g
)

(6.36)

where the matrix operator (•)Nq×2Nz consists of the trimmed sensitivity matrix K̃ augmented
by Nq×Nz zeroes. Analogous to eq. 6.23 and 6.30 the objective function can be set up in terms
of complex or absolute amplitude values, respectively.
As a consequence of the necessary updating of the trimmed sensitivity kernel during the block

inversion process at each forward step calculation of ∇F is carried out using a finite difference
approximation as described in eq. 6.21.

102



6. Inversion of multi-exponential SNMR relaxation data

Figure 6.11.: Three layer model with noisy synthetic data and SNMR amplitude inversion results.
a,b) smooth inversion (fixed inversion layers) with smooth and sharp smoothness
constraints (C1, ρ = 1, 0.5) at different degrees of regularization. c) non-regularized
block inversion with 2 to 6 free layers (from Mohnke and Yaramanci, 2002a)

Figure 6.11, top shows a three layers situation with a sharp upper boundary at 20 m as
well as a sharp lower boundary at 40m and 25 % of mobile water content in the saturated
zone. The synthetic data are superimposed with 2.5 % stochastic noise. Plotted in a) and b)
are inversion results for initial amplitudes using smooth inversion approaches with first order
derivative smoothness constraints and an inversion grid of 50 equidistant layers with ∆z = 2m.
The respective results using block inversion with 2 to 6 free inversion layers are shown in c). For
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6. Inversion of multi-exponential SNMR relaxation data

Figure 6.12.: Data misfit of block inversion results for the simple three layer model in Fig. 6.11

an optimal choice of the regularization parameter λ smooth inversions are in good agreement with
the model, however the sharp regularization (ρ = 0.5) yields a representation of the sharp model
boundaries. Note that for all smooth inversions the rms error of the data is generally at about 2.5
The results of the block inversion are in very good agreement with the sharp boundaries of the
model. In contrast to smooth inversion the fitting error proves to be a good indicator whether
a feasible model has been found, i.e. here for three layers (Fig. 6.12). Increasing the number of
free inversions layers the fitting error does not further improve and results become ambiguous
similar to smooth inversion.

6.4.3. Multi-exponential analysis of SNMR transient data (model transients)

As it has been discussed in chapter 4.3 the observed SNMR relaxation signals in a porous medium
naturally is a superposition of the relaxation of water saturated pores that exhibit different pore
specific relaxation times. Using an inverse modeling the respective decay time distribution and
thus pore size distribution can be derived from the relaxation transients. similar to the smooth
inversion of SNMR amplitudes the multi exponential analysis can be carried out either by using a
fixed set of decay times T and optimizing the respective amplitude distribution of the exponential
functions or by optimizing both amplitudes and decay time constants of the exponentials of the
distribution functional A introduced in eq. 5.4a and 5.4b
In this respect the COIN algorithm can utilize two multi-exponential curve fitting approaches

that are commonly used in laboratory and borehole NMR applications, e.g. Canet 1996; Dunn
et al. 2002.

1. A linear inversion is carried out on the basis of a fixed predetermined distribution of decay
times (fixed values and range), e.g. 20 discrete T ∗2 values per decade and inversion layer.

2. A non-linear inversion is carried out using a free decay time distribution, e.g. several T ∗2
value per layer that are free parameters in the inversion. When using just a mean or effective
decay time, i.e. one decay time per layer, this is very similar to the modus operandi of
other SNMR inversion schemes, however taking into account the effect of multi-exponential
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6. Inversion of multi-exponential SNMR relaxation data

relaxation due to signal contributions originating from different water bearing depth layers.
Additionally, a log-gauss distribution around this value can be applied, that can have a
predetermined variance or also be a variable in the inversion.

fixed decay times

The model data e of the objective function for multi-exponential inversion is calculated using a
fixed set of relaxation times T = (T1, . . . , TNT )> and time series vector tn = n∆t in a parame-
terized decay time kernel A as introduced in chapter 4.3, i.e.

e = Am (6.37)

where the model vector components mi = fi represent the water content associated with the
decay time and pore size fractions Ti and ai(Ti), respectively. In this respect typical decay
distributions of fluid saturated porous media extend from below 1 ms (e.g. clay) to over 1 s
(e.g. coarse sands) because of the heterogeneous nature of the pore systems. However, the
SNMR aperture to small decay times, e.g. T < 40ms is basically limited by the method’s dead
time td ≈ 40ms. With respect to eq. 6.1 the objective function for the basic multi-exponential
optimization of the NMR transients can be given by

∑
i

∣∣∣∣A>i f − gi
εi

∣∣∣∣2 =
∥∥∥D(Af − g)

∥∥∥2

2
(6.38)

As shown in Fig 6.13 and 7.8 it is possible to represent multi-exponential data sets by very
different – equivalent in terms of their respective rms error – distributions with respect to the
noise. Therefore, analogous to the amplitude smooth inversion (eq. 6.23 and 6.30) a smoothness
stabilizer has to be is introduced and an augmented objective function is formulated as

Fλ(f) =

(
D(Af − g)
λ{Cm}ρ

)
(6.39)

with its respective analytical Jacobian given by

Jij =

(
A
JR

)
(6.40)

free decay times

The model data e of the objective function for the non-linear multi-exponential inversion are
calculated on the basis of NT free relaxation times and corresponding amplitude coefficients, i.e.
m = (f1, . . . , fNT , 1/T1, . . . , TNT )> and time series vector tn = n∆t in the parameterized decay
time kernel A i.e.

e(tn) =

NT∑
i=1

mi exp(−tn/mNT+i) (6.41)

The respective objective function for the (non-linear) free decay time optimization is then given
by
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6. Inversion of multi-exponential SNMR relaxation data

Figure 6.13.: a) Noisy SNMR T ∗2 relaxation data and multi-exponential equivalent data fits. b)
Derived decay time distributions with and without regularization.

F(m) =
(
D(e(m)− g)

)
(6.42)

and the respective Jacobian function to determine a new search direction is calculated using

Jij =
∂Fi
∂mj

=


exp(−mNT+j ti), j ≤ NT

−mj−NT
ti exp(mjti), j ≥ NT + 1

(6.43)

Similar to the SNMR block inversion no explicit regularization in terms of a respective smooth-
ness constraint is used here as the approach implicitly yields a regularized solution in a terms of
model simplicity Occam’s razor, i.e. the smallest number of decay time amplitude pairs necessary
to explain the data.

6.5. Determination of an optimized regularization parameter λ using
non-regularized inversion for noise approximations

As it has been demonstrated in previous sections the stabilization term strongly influences the
resulting inverse model. In this respect regularization factor λ is considered a most decisive
parameter in the inversion of SNMR amplitudes and decay time distributions.
Generally a regularized parameter estimate is affected by error due to the regularization ||Cm||

(bias) and by perturbation error (variance) due to the error in the data ||e−g||. The regulariza-
tion error usually increases with increasing regularization while the perturbation error usually
decreases with increasing regularization. Methods for the choice of a regularization parameter
attempt to find a good trade-off between the two kinds of error.
In the presented multi-exponential inversion approaches for SNMR decay time inversion an

optimal trade-off between model and data error in the regularized inversion of SNMR amplitudes
and subsequent decay time fitting is found by employing the concept of satisfying a discrepancy
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6. Inversion of multi-exponential SNMR relaxation data

Figure 6.14.: a) Estimated noise (circles) and mean measured noise level (dashed line) using non
regularized unconstrained optimization. b) Optimization of λ for SNMR sounding
data e(q,t) for 150 time steps using discrepancy principle.

criterion. If a rough estimate of the error variance is available, the discrepancy principle can
be used to limit the range of regularization parameters over which to search for the "optimal"
parameter, e.g. Hansen, 1998. Hence, λ is chosen such that the residual variance of the estimated
data, i.e. SNMR amplitudes or water content distribution, is consistent with the known error
variance and the discrepancy principle is satisfied, i.e. the data misfit is in the range ε of the
respective noise variance σ2.

1

n

n∑
i

(ei − gi)2 ≤ εσ2. (6.44)

For SNMR amplitude inversion a data error estimate can be readily derived from noise recording
during the sounding. Even so, assuming the measurements error is normally distributed with
a variance σ2, the variance of the data can be estimated on the basis of the underlying model
which in a mathematical sense best fits the data, e.g. vertical water content or multi-exponential
decay time distribution. Thus, an unconstrained data fitting is performed yielding a best fit
variance σ2 which is used as respective noise estimator of the data. Fig. 6.14a) shows respective
noise estimations for simulated SNMR data with mean noise level of σ = 5. The derived noise
levels are in a sufficient agreement to use as proxy for the actual noise variances.
Optimizing λ is then carried out by minimizing of the respective objective function Fλ for λ

starting at λ0 with a high initial tradeoff λ0||Cm||
||eg|| >> 1, and thus data error, and successively

decreasing λk until the discrepancy criterion stated in eq. 6.44 is satisfied (Fig. 6.14b).
In the COIN inversion scheme introduced in chapter 6.1 the multi-exponential inversion of

SNMR decay times is carried out on the basis of a set of inverted sounding curves at different
successive time steps of the time series. Thus, the respective data variance is due to the model
misfit resulting in the prior amplitude inversion and a direct noise parameter is not directly
available. In this respect the choice of an optimal regularization parameter for the amplitude
inversion is of importance. Fig. 6.15a-c illustrate three cases of exponential resulting from SNMR
amplitude inversion. In case of an under regularization (a) the noise of the model parameter, i.e.
water content, is comparably high. In the case of an over regularization during the amplitude
inversion the model transient look smooth but are distorted (’smeared’) will also underrate the
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Figure 6.15.: Derived layer specific T ∗2 relaxation data from regularized SNMR amplitude inver-
sion with a) underrated regularization (λ too low) b) optimized regularization using
discrepancy principle on the basis of an estimated noise inversion (Fig. 6.14) and
c) overrated regularization (λ too high)

a) b)

Figure 6.16.: Multi-exponential fitting results of noisy data (a) for three inversion layers using
regularization parameters λ = 0, 10, 100. The inverted spectra (b) show equivalent
rms errors with respect to the data noise level.

actual water content of the layers. Fig. 6.15b shows model transients derived from amplitude
inversion using an optimized λ. The data exhibit a certain model noise as a consequence of noise
and model misfit during the amplitude inversion, but do still reflect the (multi-) exponential
character of the model transients.
To estimate the respective model noise of the layer specific exponential data a new variance

proxy parameter is obtained by an unconstrained multi-exponential fitting using eq. 6.30.
Similar to Fig. 7.8 equivalent decay time distribution functions can be found (Fig. 6.16a-

c which will nicely fit the data with respect to its noise level but featuring different width of
the distribution, e.g. see chapter 7.3). Thus, the distribution width is generally subject to
equivalences in that it can reflect both distribution width as well as a particular uncertainty
correlated with the data noise.
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6.6. Decay time cut off with respect to SNMR dead times and signal noise

As discussed in chapter 4 the initial NMR amplitude E0 at t = 0 (termination of the excitation
pulse) is directly proportional to the water content and the relaxation behavior of the (S)NMR
transients is associated with pore sizes and consequently linked to grain sizes and grain sizes
sorting of the material. In SNMR values for T ∗2 , T ′1 have been found to be in a range from less
than 60ms for clay and sandy clay up to 600− 1500ms for pure water, whereas 60− 300ms are
typical for sands and 300− 600ms for gravel (Schirov et al., 1991; Yaramanci et al., 1999).
In state of the art SNMR field surveys the record of relaxation data start only after a dead time

of typically ≈ 40ms (e.g. Legchenko et al., 2004). In this respect short relaxation processes,
e.g. NMR relaxation of bound water, are way outside the aperture window of the method.
When considering a (multi-)exponential inversion of SNMR decay data a feasible range of still
observable and interpretable decay times in a sounding has to be estimated, e.g. even at a dead
time of 40ms pore sizes with shorter decay times of 20ms will to some degree contribute to the
NMR transient. In consideration of noise present in the (S)NMR relaxation data the parameter
resolution in particular for short decay times in the range of the signal dead time will also depend
on the basic signal to noise ratio of the data. To assess a feasible lower limit for a decay time
range in the analysis of SNMR relaxation data correlations between mono exponential decay
curves have been calculated as a function of dead time and signal noise. In this respect an
axiomatic lower decay time resolution threshold, i.e. the initially recorded relaxation signal at
t = τd is above the noise level, can be set as

exp(−τd/Tmin)− σnoise > 0 (6.45)

where T is a trial decay time, e.g. in the range of 1ms to 1000ms and σ the respective noise
variance of the data. Fig 6.17 and 6.18 show correlation data for exponential time series with
dead times of 40ms and 20ms, respectively. Mono-exponential relaxation transients have been
calculated with 0.1, 1.0, 5.0 and 10.0% gaussian noise, roughly corresponding to noise levels
frequently observed in SNMR field measurements, added in relation to initial amplitudes E0.
Trial decay curves have been calculated for a decay time range of T=1-10 s for typical time
series parameters, i.e. ∆t = 2ms and tmax = 300 ms. The respective correlation errors between
(noisy) model and (fit) trial data are represented in respective contour plots. Note, that noise
is recalculated for each trial, thus the contour lines also reflect the noise variations of the finite
time series, i.e. 120 and 130 time steps in Fig. 6.17 and 6.18, respectively. The red dashed lines
reflect the respective dead times, i.e. tdead = 20, 40ms, used in the calculation of the model and
trial data. The blue dashed line represents a principal theoretical lower threshold according to
eq. 6.45.
Generally for very short times, e.g. relaxation in bound water, with respect to the used

dead time td, i.e. T < τd/3ms, even at low noise levels – no correlation between model data
and trials can be found, i.e. a plateau in the contour representation of correlation errors, and
thus a respective inversion at these decay times is generally not feasible in SNMR. From such
representation of correlation errors σc a feasible lower limit for the analysis of decay times can be
defined as a threshold σc > σ, i.e. correlation error is higher than the noise level. In this context
as an efficient threshold approximation, e.g. for noise/signal of . 5 %, a respective correlation
limit can be set to Tmin ≈ td. For high quality data, e.g. σ/E0 . 1 % the limit can be set to
Tmin ≈ td/2 which would than reflect the axiomatic limit defined above.
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Note, that in these considerations it is basically assumed that the length τp of the excitation
pulse q is smaller than the respective T1(r) relaxation in the subsurface, and thus, NMR relaxation
during the excitation is neglected. To compensate for such processes the SNMR kernel would
have to be basically calculated taking into account the subsurface distribution of T1 relaxation
in the Bloch-Torrey equations during the finite length of the excitation pulse, e.g. Béné, 1980.
In this respect the SNMR kernel function would have to be recalculated at each iterate of the
inversion process at a significantly – and possibly unrealistic – increase in computation time. As
a consequence for the practical field application of the method it would be generally advisable to
use as short as possible excitation pulses. (However, in practice there is a limitation set by the
finite turn-on and turn-off times off the generator-loop circuit and the finite current capability
of the generator.) Therefore, as a first order approximation in practice would be to choose a
respective lower decay time limit at least as Tmin & τp to avoid misinterpretation.
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Figure 6.17.: Correlation errors of SNMR decay time fitting subject to noise level. Mono-
exponential trials have been calculated for time series with a dead time td = 40ms
(red line), i.e. t = 40 − 300ms (t = 2nms n = 20, . . . 150). The blue dashed line
represents the principal/theoretical noise dependent lower threshold
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Figure 6.18.: Correlation errors of SNMR decay time fitting subject to noise level. Mono-
exponential trials have been calculated for time series with a dead time td = 20ms
(red line), i.e. t = 20 − 300ms (t = 2nms n = 10, . . . 150). The blue dashed line
represents the principal/theoretical noise dependent lower threshold
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7. Studies on synthetic data

In order to compare and assess possibilities and limits of the introduced multi-exponential inver-
sion approaches for MRS sounding data studies simulated SNMR sounding data with mono- and
bimodal decay time distributions have been calculated. Inversions are carried out using the prior
introduced concepts of fixed and free parameter distributions of inversion layers and decay times,
respectively. In this context, a particular focus is set on the proposed implementation of the block
inversion technique in COIN as introduced by Mohnke and Yaramanci, 2002a. To illustrate the
basic difference of the new multi-exponential approach with respect to the smooth inversion so
far commonly used in the inverse modeling of SNMR data, results for different aquifer scenar-
ios are compared to the respective inverse models obtained using conventional smooth inversion
concept. Stability and robustness of smooth and block inversion approaches are benchmarked
on simulated data with varying degrees of statistical noise added. Effects of equivalences with
respect to the distribution widths which occur when estimating decay time distributions from
(multi-) exponential SNMR relaxation data and the respective parameter resolution limit due to
the signal dead times and noise are demonstrated and discussed.

7.1. Comparison of the COIN scheme to the conventional smooth inversion
approach in SNMR

To illustrate the basic advantage of a multi-exponential inversion approach in comparison to
the conventional approximated mono-exponential inversion strategy as it is used in available
MRS inversion schemes, e.g. Legchenko and Shushakov, 1998; Mohnke and Yaramanci, 2002a,
inversions have been carried out on synthetic data calculated for two simple single and double
aquifer scenarios with respective mono-modal decay time distributions within the water bearing
layers.
SNMR data have been simulated for a circular loop (diameter D=100m, 1 turn) at the surface

of conductive half-space of 100 Ωm. Due to the ground conductivity a moderate phase effect
will be present in the complex MRS signals. In compliance with real field data the analyzed
time series of amplitudes and phases start only after a typical dead time of 40ms with a total
record length of 300ms. For sake of clarity, only five excerpts from the 16 time series of the
sounding at q = 60, 500, 2600, 5500Ams and q = 17000Ams have been used for a direct com-
parisons presented in Fig. 7.1 - 7.5, right. The data have been analyzed using conventional
smooth inversion approach with mono-exponential preprocessing of the relaxation data, and us-
ing the COIN smooth inversion algorithm. The compiled regularized smooth inversions use 20
logarithmically distributed inversion layers up to a maximum depth of 100m and a first order
L2-norm smoothness constraint C1. In this case layer boundaries have been chosen favorable
for the inversion, i.e. coinciding with respective model layers, in order to basically allow for an
optimum fit of the data for both inversion approaches. No additional noise has been added.
The first model shown in Fig. 7.1 represents a three layer case – deduced from field experiences

– representing an aquifer at 20m depth with a thickness of 20m and a water content of 30 vol.%.
Adjacent layers have a residual non-producible water content of 5 and 10 vol.%, respectively.
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a)

b)

Figure 7.1.: Model I – three layer model: a) Model parameters, water content, decay time dis-
tribution (top) and simulated data (bottom). b) Model and conventional sounding
data representation (left) and excerpts from FID magnitude and phase time series
(right.)
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Down to a depth of 40m the SNMR water content is associated to a mean decay time of 250ms
(layers 1 and 2), e.g. complying with medium sands. The water content of the aquiclude layer
ranging from 40-100m depth is associated with a mean decay time of 50ms, e.g. silty sands. The
initial amplitudes E0(q) of the calculated sounding data for pulse moments q = 60− 17000A.ms
are in the range of E0(q) = 100− 900 nV showing a sounding maximum at about q = 2600Ams
(Fig. 7.1, upper left). The relaxation data (Fig 7.1, right) show a multi-exponential behavior
due to signal superposition of layers with different (mono-exponential) decay times. The multi-
exponential behavior increases and becomes more prominent as the penetration depth increases
and signals from both, upper (T = 250ms) and lower (T = 50ms) model layers contribute to the
total SNMR data. As a result of these different decay times in the different conductive layers
also the signal phases show a time dependent behavior which increases with increasing pulse
moments and yielding a phase decrease up to 7 degrees over a complete time series.
Fig. 7.2 shows inversion results using the conventional smooth inversion approach employed in

the SNMR data analysis. The rms fitting error (Fig. 7.2a, upper left) of the SNMR transients
is small for low pulse moments (≈ 1 − 2 %), as the multi-exponential behavior is not yet very
pronounced due to the shallow penetration depth of small pulse moments. However, for increasing
q the rms error significantly increases as a consequence of the more and more prominent multi-
exponential behavior of the signals (7.2a, right) that is not covered in this type of inversion.
As a further consequence of the mono-exponential presumption the time dependent behavior of
the signal phase is also not accounted for. Thus, the phase is fitted as a constant value. Even
so, the main features and structure of the model are basically reproduced, i.e. center depth of
the water bearing layers as well as the layer specific mono-modal decay times. However, the
layer boundaries are not well reproduced and the water content is generally underrated due to
an suboptimal data fit and a consequently erroneous extrapolation of initial amplitudes at t=0.
This error increases for higher pulse moments.
Inversion results using the COIN smooth inversion approach are presented in Fig. 7.2b. The

inversion has been compiled using the free decay time method implying a single (mono-modal)
decay time per inversion layer, i.e. similar to the conventional approach. However, the COIN
scheme takes into account the multi-exponential character of the MRS relaxation amplitudes,
i.e. in this case solely due to the superposition of signal originating from different subsurface
layers. Considering the favorable set up of inversion parameters, the algorithm is basically able
to achieve an optimal data fit, and thus the rms fitting error, given in Fig. 7.2b, upper left, is
less then 0.01 % for all (multi-exponential) decay curves of the sounding (Fig. 7.2b, right).
Besides the amplitudes also the time dependent behavior of the signal phases caused by different

decay times in the subsurface are well fitted. The inversion is generally in a good agreement
with the model, i.e. both depth and thickness of the layers as well as water content and decay
time distribution match the model properties.
Fig. 7.3 shows the model of a more complex hydrological scenario of an interbedded aquifer

system with two separated water bearing layers. The water bearing layers are at 15 and 70m
center depth with layers thicknesses of 10 and 20m, respectively. Aquifer layers have a mobile
water content of 30 vol.% associated to a decay time of 250ms. The interbedding features a
water content of 5 vol% associated to a decay time of 50ms. (Fig. 7.3, lower left).
Initial amplitudes of the calculated sounding data, here in the range of E0(q) = 100− 750 nV,

show two prominent maxima at q = 1000A.ms and q = 10000A.ms, respectively (Fig. 7.3,
upper left). This shape already indicates the existence of a second water bearing layer in a
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a)

b)

Figure 7.2.: Model I: Regularized smooth inversion using a) conventional approach using mono-
exponential data processing and b) multi-exponential approach with free decay times
(COIN). Left: SNMR sounding curve of initial amplitudes and rms error of relax-
ation curve fits (top); inversion results for water content and decay times (straight
lines) and model (dashed lines) (bottom). Right: Synthetic (dots) and fitted (line)
relaxation amplitudes and phases.

116



7. Studies on synthetic data

a)

b)

Figure 7.3.: Model II – five layer model: a) Model parameters, water content, decay time dis-
tribution (top) and simulated data (bottom). b) Model and conventional sounding
data representation (left) and excerpts from FID magnitude and phase time series
(right.).
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Figure 7.4.: Model II: Regularized smooth inversion (conventional approach using mono-
exponential data processing). Left: SNMR sounding curve of initial amplitudes
and rms error of relaxation curve fits (top); inversion results for water content and
decay times (straight lines) and model (dashed lines) (bottom). Right: Synthetic
(dots) and fitted (line) relaxation amplitudes and phases.

greater depth. Similar to model I the signal phases show a time dependent behavior due to
different decay times in the different water bearing layers. However, decay time properties of
the model already change at shallow layers, and thus SNMR relaxation data shows a strong
multi-exponential behavior at low q values. Here – in contrast to model I – the observed time
dependent phase behavior are most prominent at intermediate pulse moments of the sounding.
Fig. 7.4 shows inversion results for model II using the conventional inversion approach. Because

of decay time contrasts in the shallow layers and the resulting multi-exponential behavior of the
time series the data misfit already increases for low pulse moments up to a maximum of 12%
(Fig. 7.4, upper left). Whereas the inversion results are in a good agreement with the center
depth as well as water content and decay time of the shallow first aquifer the second deeper
aquifer beyond 50m depth is only indicated and both, its position and water content are not
rendered correctly. However, while the inverted decay times for this second water bearing layer
are in good agreement with the model its lower boundary is not matched correctly.
Fig. 7.5 shows inversion results for model II using the COIN approach. Similar to the

method used before a single free decay time per layer is implied, thus taking into account multi-
exponential decay due to superposition of layer contribution.
The inversion again yields a good fit of the amplitudes of the transients with generally < 0.1
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Figure 7.5.: Model II: Regularized smooth inversion with free decay times (COIN). Left: SNMR
sounding curve of initial amplitudes and rms error of relaxation curve fits (top);
inversion results for water content and decay times (straight lines) and model (dashed
lines) (bottom). Right: Synthetic (dots) and fitted (line) relaxation amplitudes and
phases.

% rms data error (Fig. 7.5, right) and well reproduces the time dependent phase behavior of
the signals. The inverse model matches the properties of the first water bearing layer and also
resolves position and thickness as well as water content and decay times of the second aquifer.
The results for these examples indicate that a multi-exponential fitting concept of MRS data ba-

sically allows to increase the accuracy of interpretation with respect to both, parameter and depth
resolution of the method. Since the conventional inversion approach uses mono-exponential pre-
processing of SNMR relaxation amplitudes a subsequent inversion of these data is per se flawed
to some degree when significant spatial contrasts NMR decay times are present in the subsur-
face. Actually, if the decay times are homogeneously (and mono-modal) distributed throughout
the subsurface, e.g. the same for all subsurface layers, the mono- and multi-exponential ap-
proaches will yield similar results. Therefore, in practice if no multi-exponential behavior of
the raw data can be observed, e.g. due to a high noise level (see also section 7.4), the conven-
tional fitting approach using a mono-exponential approximation is justified, e.g. to avoid possible
over-interpretation of the data.
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Figure 7.6.: Parameter convergence plots of layer depths (left) and water content (right) in block
inversion for noisy data (10 nV) from model IV. Inversions have been carried out
using 2, 3 and 4 free layers, respectively.

7.2. Block inversion – stability and convergence

In contrast to the well established smooth inversion concept, i.e. fixed subsurface layers bound-
aries, in SNMR the block inversion concept implemented in COIN uses free layers. As discussed
in section 6.4.2 the inverse problem is non-linear. Basic stability of this concept for conventional
SNMR amplitude inversion has been demonstrated in Mohnke and Yaramanci, 2002a, however
using a semi random search algorithm, i.e. Simulates Annealing (SA). In the multi-exponential
inversion concept block inversion of SNMR sounding data is basically employed to determine
respective layer boundaries for a subsequently determining of model transients using the smooth
inversion approach. Implementation of block inversion using the coin_sqp algorithm has a bet-
ter convergence performance, and thus significantly reduces computational time compared to the
initial implementation in SA.
Fig. 7.6 shows examples of convergence rate for the coin_block algorithm for noisy data (noise-

level 25 nV ) from model I using 2,3 and 4 free inversion layers, respectively. Analogous to the
data presented in Fig. 6.11c the layer boundaries model are generally well determined if the
number of inversion layers is equal or higher that the model’s. Thus, in block inversion generally
the simplest inverse model is derived that fits the field data, e.g. three layers in the example
shown in Fig. 7.6.
The basic approach for the decay time analysis of the COIN inversion postulates fixed sub-

surface layers which can exhibit different model transients, an exponential decrease of the total
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water content. Therefore basically the same layer boundaries for all time steps inversions are
imperative. For idealized, e.g. noiseless, data and an optimum convergence of the algorithm
derived block models will show the same layer bounds at all time steps of the inversion. In
reality there will be some degree of data noise and block inversion carried out at different time
steps will determine different (optimal) layer boundaries for the respective amplitude data sets,
and consequently a scattering of derived layer depths, e.g. Fig. 7.7.
Hence, to determine an optimum common set of layer boundaries which will be used to subse-

quently derive depth dependent model transients using smooth and block inversions for several
time steps of the SNMR time series are performed, e.g. also to check for consistency. And thus,
(weighted mean) layer boundaries are defined as shown in Fig. 7.7. Actually, the effective s/n
ratio will gradually ( exponentially) decrease with increasing time steps t = n∆t, thus parameter
resolution will be possibly poor at later times depending on the actual noise level. Consequently,
when determining layer boundaries using block inversions for several time steps, a s/n weighted
mean is used. Note, that the block inversion results shown in Fig. 7.7 are generally consistent
and converge for a large range of noise levels in the considered sounding data, i.e. a total of 532
inversion runs.

7.3. Equivalent decay time distribution models in multi-exponential SNMR
data

7.3.1. Equivalences in the mono-modal decay time analysis of noisy data

In the previous section basic difference between the multi-exponential approach and conventional
smooth inversion strategy of SNMR data have been assessed. In this discussion the models
analyzed showed a mono-modal decay time behavior in terms of a single decay time per layer.
In this procedure basically a mean or effective decay time has been considered in the analysis
of the data, i.e. free decay time inversion. However, in porous rocks or sediments usually a
particular mono- or multi-modal distribution of pore sizes – and respective NMR decay times
– exists. Information with respect to such characteristic distributions can be used to improve
derivation of transport properties, e.g. Banavar and Johnson, 1987; Bear, 1988.
Therefore – similar to laboratory studies – a multi-exponential analysis of SNMR relaxation

can be carried by using a spectrum of decay times that corresponds to a specific pore size
distribution in a subsurface inversion layer, e.g. as shown in Fig. 4.4 or Fig. 5.9. However,
the analysis of such spectra can be subject to high equivalences with respect to the variances,
i.e. half widths, of the distribution function, e.g. Brown, 1988. Therefore, basic limitations in
the parametrical resolution of multi-exponential inversion of SNMR data in terms of decay time
distributions of inversion layers, due to equivalences are assessed. Fig. 7.8a and b show ideal
and noisy (noise variance σn = 2.5%) decay curves with T = 250ms and ∆t = 2ms for a single
discrete mono-modal exponential function, respectively. Multi-exponential mono-modal decay
curves have been calculated using log normal distributed (eq. 5.8a) trial decay time models with
fixed distribution variances in the range σd = 0.01 − 10. The resulting normalized decay time
distributions are plotted in Fig. 7.8c. The respective data mismatches between decay curves of
the initial discrete single time model and the trial distribution models is plotted as function of
the distribution variances in Fig. 7.8a, b, right. Comparisons with the noise free decay curve in
(a) naturally show a steady increase of the data misfit with increasing distribution variances of
the trial models. In contrast for the noisy reference data in (b) the data mismatch is generally
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Figure 7.7.: Inverted layer depths using block inversion (three free layers) for noisy data from
model IV. Respective mean layer depths (red lines) are used for subsequent three
layer smooth inversion and decay time analysis
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Figure 7.8.: Fitting results for an exponential T ∗2 decay curve with (a) no noise added and (b)
2.5% of noise added. Fitting is carried out using fixed variances σ = 0.01, 0.1, 0.5, 1.0
and 10.0 for respective decay time distribution (c).

in the range of the noise level up to a distribution variance σ < 1.0 of the trial models, i.e. a
distributional half-width of slightly less than one decade. Hence, these models are equivalent with
respect to the noise level of the reference decay curve. Only for the highest variance σ = 10.0
the fitting error of the fairly wide distribution lies beyond the noise threshold of the data.
Therefore, and this is also the case in many laboratory or borehole NMR data and much less in

a SNMR field data, one can not reliably distinguish between inverse decay time models presented
in Fig 7.8 in terms of respective half-width of the compared decay time distributions. Considering
a regularized solution of the inverse problem, the distribution variance of an inverse decay time
model can well reflect the quality of the data rather than the actual distribution width of NMR
decay times, and thus pore sizes. However, the actual position of the center decay time remains
stable for all distributions employed in Fig. 7.8c. Thus, the mean decay time of a spectrum can
be considered as a robust parameter in an inverse model and can be used to estimate an effective
mean decay time which can be used for subsequent derivation of hydraulic conductivities, from
a multi-exponential analysis of SNMR data.
Fig. 7.9 shows inverse block models as derived for noise free data of model I (Fig. 7.1). The

inversion uses free (center) decay times (1 decay time) per inversion layer and imposes a log-
normal distributions with variances σ = 0.01, 0.1, 0.5, 1.0, 10.0, respectively. σ is kept constant
for all inversion layers. Initial amplitudes (top), model properties (dashed lines) and fitted
inversion layers (straight lines) are depicted Fig. 7.9a. The fitting errors of the inverted SNMR
time series for respective σ values are plotted in Fig. 7.9b, top.
The data misfit is generally less than 1% and shows only a minor increase at high pulse
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a) b)

Figure 7.9.: Model data and block inversion results for model I using different fixed variances of
idealized mono-modal multi-exponential log-normal decay time distributions. Left:
Initial amplitudes of synthetic MRS sounding curve of (initial amplitudes) and sub-
surface model. Right: rms data error [%] of the decay curve fitting (top) and nor-
malized multi-exponential decay time distributions of the inverted model transients
(bottom).

moments, but for an extreme distribution variance, i.e. σ = 10.0. Even so, the inverted total
water content gets only slightly underrated with increasing variances and the model misfit with
respect to the total water content is less than 0.1%. Similar to the simple example with a single
mono-exponential decay curve in Fig. 7.8 the inverse models further substantiate a high degree
of equivalence with respect to the half-width of derived mono-modal decay time distributions in
SNMR data. However, the mean value of a distributions can be considered a robust parameter
to assess an effective decay time, e.g. as it can be calculated using eq. 4.17 to estimate the
hydraulic conductivity from SNMR relaxation data.

7.3.2. Bi-modal decay time distributions

In preceding sections data examples have been shown that focus on mainly mono-modal decay
time distributions observed in the majority of rocks and sediments. However, while typical not
for unconsolidated sediments but sometimes for hard rocks in laboratory and borehole NMR
measurements pronounced bi-modal decay time distributions can be observed, e.g. (Kenyon,
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1992; Kleinberg et al., 1994). In that case the investigated rock sample or a subsurface layer
features two separate prominent pore size classes. Another mechanism which can possibly intro-
duce a bi-modal behavior in (S)NMR data could be a strong local gradient effect in a particular
subsurface layer, e.g. due to high rock susceptibility, resulting in non-negligible additional relax-
ation terms in eq. 2.33, and thus a further enhanced relaxation rate. In SNMR such bi-modal
signal signatures will then superpose to the multi-exponential character of signal data due to the
depth dependent kernel sensitivity of the method.
To evaluate and demonstrate whether it is possible to distinguish between these two effects,

i.e. to in principle resolve bi-modal distributions in an inversion layer, inverse models have
been calculated for a model that show both mechanism of multi-exponential behavior in SNMR
data. Note, that in this exercise bi-modality could be basically either due to pore sizes or
gradient effects. Fig. 7.10 shows a three layered model (model III) of an interbedded strata,
e.g. a sandstone aquifer between low(er) porous materials, with a total water content of 30 vol%
within the aquifer and 5 vol.% for neighboring layers. In this example both the first and third
layer feature a low mono-modal decay time of 50ms. The aquifer layer itself yields a bi-modal
decay time distribution with decay times of 50 and 250ms at a ratio of 1/3. Therefore, multi-
exponential behavior of the relaxation amplitudes as well as the phase variation with time is
caused by

• layers featuring different (mono-modal) decay times and

• layers featuring a bi-modal decay time distribution, in terms of two prominent decay times
within the layer itself.

Note, that for low pulse moments (0.3As) of the sounding the phases only slightly increase with
time (< 1o phase difference between Θ0 and Θ40), whereas for high q values (q > 2As) the data
experience a stronger phase decrease of phase ( approx3o phase difference between Θ0 and Θ40).
In the following example no additional noise has been added to the data. Fig. 7.11a and b show

Inverse smooth models have been calculated using first derivatives (C1) and square-root-norm
difference in the regularization term for magnitude inversions. For the subsequent decay time
analysis free decay times (1-4 decay times) and fixed decay time spectra with different degrees
regularization have been employed.
The time series data misfit, derived total water content and decay time spectra of the inverse

models are plotted in Fig. 7.11a and 7.11b, top, middle and bottom, respectively.
Analogous to the number of inversion layers in the block inversion, e.g. Fig. 7.15, when using

only one decay time per layer the algorithm is still able to accurately determine the mono-modal
water content and decay time distributions of both the first and third layer but evidently fails
to match the bi-modal characteristics of the second layer (Fig. 7.11a, left). Consequently the
derived total water content of the second layer is underrated as a consequence of the non-optimal
fit of the model transients. The bi-modal distribution is not rendered but rather an mean decay
time is derived, i.e. 50ms < T2 ≈ 146ms< 250ms., and the data error of fitted SNMR decay
curves is significantly higher compared to the inverse models using 2,3 and 4 free decay times,
respectively. Even so, the inverted single decay time coincides with the model’s decay time value,
according to eq. 5.8a.
Inverse models using two or more free decay times yield an optimal fit of the relaxation curves

and both, the mono-modal and the bi-modal decay time behavior of the layers are well repro-
duced. Analogous to the magnitude block inversion strategy the decay time fitting on the basis
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Figure 7.10.: Model III: Water content and decay time distribution of a three layer model with
bi-modal decay time distribution (top). Simulated data: amplitudes and phases
(left) and decay time spectra (right).
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Figure 7.11.: Inverse models from regularized COIN smooth inversion with steep smoothness
constraint (ρ = 0.5) and decay time distributions in the range 10–1000ms using a)
1 – 4 free and b) a fixed spectrum of 100 decay times.
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of free decay times (free decay times ⇔ free layer boundaries) yield a simplest best fit model
estimate. Respective inverse models on the basis of fixed decay time distributions (50 logarithmic
equidistant values per decade in the range of 10 to 1000ms, stabilizer uses first order derivatives
C1 and L2 norm) are presented in Fig. 7.11b. Here, the fitting of the model transients has
been carried out using different λ, i.e. λ = 0, 0.01, 0.1, 1.0 and 10.0), thus imposing different
degrees of smoothness on the resulting decay time spectrum. For all inversions calculated the
algorithm basically yields a good fit of the SNMR relaxation curves, i.e. the data misfit increases
up to 0.25% for the highest distribution variances. Both, the mono-modal and bi-modal decay
time characteristics of the layers are generally well reproduced and the prominent maxima of the
water content distributions are centered at the corresponding decay times of the model. Nat-
urally, with increasing regularization the distribution variances at the respective center decay
times increases. However, as discussed before, e.g. Fig. 7.9, the data misfit hardly changes for
different half-widths of the distribution, and thus models can be considered as equivalent with
respect to their resulting fitting error. Note also, that the effective decay time used to derive
hydraulic conductivity (see chapter 4) derived from these smooth inverse models all agree well
with respective mean values derived using the free decay time approach, i.e. T=146ms.
In summary, the introduced concept of multi-exponential inversion basically allows to derive

mono- and bi modal decay time distributions that superimpose to the multi-exponential behavior
of the SNMR relaxation data. The parameter resolution with respect to the quantitative determi-
nation of distribution widths will presumably be difficult as a consequence of strong equivalences
between inverse models. Even so, the determination of an integrated effective decay time which
can then be used to estimate hydraulic properties appears to be robust irrespective of the exact
shape of the distribution function.

7.4. Basic performance of multi-exponential smooth and block inversion in
the presence of noise – benchmark data sets

To test and assess the principle parametric resolution limits of the SNMR data interpretation in
terms of multi-exponential decay time distribution in subsurface layers the overall performance
of the introduced smooth and block inversion approaches are directly compared and assessed
on simulated data sets exhibiting varying levels of artificially generated random noise. In this
exercise the inversions have been calculated for a three layer case with mono-modal pore size /
decay time distribution with different layer specific distribution variances as shown in Fig. 7.12.
Due to the different decay time properties of the individual subsurface layer mono-, bi, and partly
a tri-model behavior of the respective SNMR relaxation curves occurs. To review the stability of
smooth and block inversion algorithms the simulated data has been distort by varying degrees
of random noise (1− 50 nV) as shown in Fig. 7.13.
Depending on the initial amplitudes of the individual q values of the sounding the (initial)

signal to noise ratio varies between 900 and 1. Both, block and smooth inversions have been
carried out for signal magnitudes and dead times of 40ms. With respect of typical SNMR noise
levels encountered in the field a noise level of ≤ 10nV in can be considered as low noise for
high quality data, whereas 50nV will reflect the typical high noise level observed in SNMR field
surveys.
Fig. 7.14a and 7.14b show the estimated block inversion layers for low and high noise data,

respectively. Invers models for two, three and four free layers have been calculated. The inverse
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Figure 7.12.: Model IV – three layer model with decay time distribution: Model parameters,
water content, decay time distribution (top) and simulated data (bottom). contours
reflect decay time contents of respective multi-exponential SNMR relaxation time
series at t = 0ms and t = 40ms.
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Figure 7.13.: Model IV: a) Initial magnitudes and phase. b) SNMR FID relaxation data with
1-50 nV of random noise added.
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block models using three layers are consistent over all time steps but for an expected scattering
due to noise. In contrast boundaries for two and four inversion layers frequently change, and
thus already indicate a possibly non-optimal setting of inversion layers and less stability of the
results.
In Fig. 7.15 examples of sounding fitting errors at each time step inversion are plotted. The

respective data misfit for low (left) and high (right) noise examples are plotted for inverse models
of two, three and four inversion layers. Here, the inversions with two layers exhibit a generally
high data misfit, whereas for three and four layers – and the comparative smooth model (green
line) – the data misfit is stable with respect to the data noise. Thus, for the block inversion the
simplest model that sufficiently fits the data needs three free layers. The layer specific model
transients, i.e. the exponential decay of the total water content, derived by smooth (17 fixed
layers) and block (3 layers) magnitude inversions for the above examples are summarized in
Fig. 7.16a-d. The transients represent the NMR relaxation behavior, within respective inversion
layers. Here, the model noise in the time series reflects the data noise which is relayed by
the magnitude fitting error. The model transients derived by smooth inversion exhibit a high
model noise, as a consequence necessary regularization. In this respect a stronger stabilization
of the magnitude inversion will generally also yield smoother model transients, however the
results will be over-regularized and resulting total water content and decay time distributions
will be underrated and ’smeared’, respectively, e.g. Fig 7.17b and c. As a further consequence a
’crosstalk’ between layers occurs in the respective inverse decay time models and increases with
increasing regularization. In Fig. 7.17 c such an artificial bi-modal decay time distribution due
to poorly resolved signal contributions from 250ms and 50ms model layers is dominant for depth
> 30m. To assess the respective inverse smooth (17 layers) and block (3 layers) model misfits
for model IV Fig. 7.18 and 7.19 matches up the normalized model distributions to respective
(smooth) decay time fits for noisy data in the range from 1 − 50 nV. Here, smooth inversion
layers 1-10, 11-14 and 15-17 correlate to the first, second and third model layers, respectively.
The three layers derived by block inversion directly relate to the respective model layers.
For low noise data, i.e. 1 nV and 5 nV, both smooth and block inversion result are generally

consistent with the center decay times as well as respective variances (half-width) of the model
distributions. For higher noise levels the model misfit increases with respect to distribution
variances and center decay times in particular for the shallow low water content layers in the
smooth inversion results. This is due a low s/n ratio for these model transients, i.e. no exponential
behavior whatsoever can be resolved here, e.g. model transients in Fig. 7.16 for low water
contents).
For block inversion the layer specific model transients are per se more stable1 in this respect,

and thus block inversion basically performs better for the high noise environments. However, as a
consequence of an erroneous layer fitting, i.e. h1 = 23 and h2 = 36 at 50 nV noise level, becomes
increasingly erroneous with increasing noise an artificial bi-modal distribution – similar to the
artifacts in an over-regularized smooth inversion – occurs as (significant) signal contributions
from different model layers are associated with the shallow inversion layer.
Finally in Fig. 7.20 respective regularized smooth (left) and block (right) inversion results

are presented for low, intermediate and high noise data of model IV. Here, respective inversion
parameters, i.e. the regularization parameter for smooth inversion and the number of block
layers for block inversion, have been optimized according to strategies discussed before. As the

1The use of a simple model can be considered as regularization in terms of ’model simplicity’
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a)

b)

Figure 7.14.: Model IV; layer fitting using block inversion scheme using 2 – 4 block layers for a)
low (5 nV) and high (50 nV) noise levels.
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Figure 7.15.: Model IV; fitting errors for block inversion (2-4 free layers) and regularized smooth
inversion (17 fixed layers, λ ≈ 20, 200) for data sets from Fig. 7.13b with 5 nV and
50 nV, respectively.

Figure 7.16.: Model IV; layer model transients derived from smooth (a, c) and block (b, d)
magnitude inversions for low (a, b) and high (c, d) noise levels, respectively.
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Figure 7.17.: Model IV, inverse smooth models for noisy data (10 nV): model transients, total
water content and decay time distribution of the regularized smooth inversions with
a) noise optimized regularization parameter b) weak over-regularization c) strong
over regularization of SNMR magnitudes. Dashed lines represent model water
contents (red) and center decay times (black), respectively.
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Figure 7.18.: Model IV: Normalized model decay time distributions (straight black) compared to
respective regularized smooth inversion results (17 layers, 30 decay times/decade)
for 1 nV, 5 nV 10 nV and 50 nV noise added.
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Figure 7.19.: Model IV: Normalized model decay time distributions (straight black) compared to
respective block inversion results (3 layers, 30 decay times/decade) for 1 nV, 5 nV
10 nV and 50 nV noise added.

inverse block model better reflects the basic characteristics, i.e. few layers with contrasts, of the
three layer case the results are in general more stable. However, for noise data both in block and
smooth inversion bi-modal artifacts can occur from ’crosstalk’ between layers due regularization
and layer fitting in smooth and block inversion, respectively.
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Figure 7.20.: Model IV; Inverse smooth (17 layers) and block (3 layers) models with fixed decay
time distributions for a) 1 nV b) 10 nV and c) 50 nV added random noise.
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8. Field examples

In this chapter results of multi-exponential (ME) inverse modeling for actual SNMR field data
from two sites in Germany and the Netherlands are presented, respectively. Inversions have been
calculated using the COIN smooth inversion strategy and subsequent decay time analysis’ using
fixed and free decay time distributions. In the course of this thesis, the data and discussion
presented in subsequent sections have been published in Mohnke and Yaramanci (2005) and
Mohnke and Yaramanci (2008). In this respect data representations have been taken from the
relevant papers.
For the site Nauen in Germany, detailed information with respect to the geophysical subsurface

parameters and hydraulic conductivity estimates from laboratory investigations on core plugs are
available (Goldbeck et al., 2002; Yaramanci et al., 2002). Therefore, for these data a quantitative
estimation of a vertikal distribution of hydraulic conductivity Ks using ME inverse modeling of
SNMR data have calculated and validated. The second data example discussed in section 8.2
comprises a high quality data set of a SNMR survey at the Waalwijk site in the Netherlands
(Roy, 2000; Lubczynski and Roy, 2003; Roy and Lubczynski, 2005), kindly provided by Dr. J.
Roy.

8.1. Field case – Nauen

Conventional mono- and ME inversion strategies have been applied to data obtained from a SNMr
sounding at the site Nauen in northern Germany (Yaramanci et al., 2002). In order to assess
reliability and stability of the introduced ME inversion strategy mono and multi-exponential
inversion schemes have been applied to data obtained from a SNMR sounding at the site Nauen
in northern Germany (Yaramanci et al., 2002). In addition the feasibility of utilize a data-base-
calibrated estimation of Ks based on mean values – taken from a NMR-SNMR data base for
different geological formations – as proposed in chapter 4 is assessed.
The geology of this area, typical for the Berlin - Brandenburg region, consists of quaternary

sediments, namely fluvial sands bordered by glacial till. Level measurements at a research well
confirm the water table at a depth of 2m. The hydrological setting of this site as derived from
logging and well core analysis up to a depth of 60m is given by an unconfined shallow aquifer of
about 15m thickness consisting of fine to medium sands underlain by an aquiclude of marly and
glacial till with interbedded layers of fine sands and silt. Below this aquiclude horizon that crops
out in the northern part of the site two deeper aquifers at 31 and 48m separated by silt layers
are confirmed by borehole measurements. In this respect the intermediate aquifer is found to be
hydrologically low conductive as it consists of thin interbedded layers of silt and fine sands.
The measurements were conducted using a circular antenna loop with a diameter of 100m and

a maximum pulse moment of q = 9As with short pulse length τ = 20ms. The local Larmor
frequency was 2089Hz with an inclination of the Earth magnetic field of 64 degrees. Fig. 8.1
summarizes the results of conventional as well as ME inverse modeling for magnitudes (left)
and T2∗ decay times (middle) and the respective estimation of hydraulic conductivities from
SNMR and well core analysis (right). Both, Conventional (CO) as well as ME inverse models
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show a prominent increase of the total SNMR water content (φmean) ≈ 25 vol.% for the shallow
aquifer in a depth of about 2− 20m. While a second water bearing layer between 30 and 40m
is indicated by conventional inversion COIN inversion yields a more distinct representation with
a higher contrast of water content. A third aquifer with it’s upper boundary at about 45-55m
is only slightly indicated, i.e. by the lack of low decay time components (Fig. 8.1, 3rd panel).
However, due to the loss in resolution at these depths no conclusive interpretation with respect
to its lower boundary can be deduced.
In Fig. 8.1, middle, the mean decay time approximation (dashed line) from the conventional

inversion approach has been superimposed on the contour plot of the decay time spectra derived
from ME inversion using a fixed decay time spectrum in the range of 25−1000ms For the shallow
aquifer there is a good agreement between both inversion schemes with respect to a dominant
decay time (T ∗2 ≈ 200ms), as only minor signal superposition from deeper layers occurs for low
q values that are sensitive to shallow depths. Starting at about 17m the inverted decay times
smoothly decrease to smaller values, due to local presence of marly components and absence
medium sands. Additionally for conventional inversion (dashed line) the increasing contribution
of relaxation signals from deeper layers with smaller T ∗2 values seemingly further increases this
drop.
For a first order estimate of pore radii from SNMR relaxation data according to equation

4.8b mean values for surface relaxivity (ρ̂s = 25µ/s) of sandstone and spherical pore geometries
(m = 6) have been used. With respect to the range ρs for typical sandy and clayey materials this
yields a reliable estimate of pore sizes within one order of magnitude. Similar for decay times
at depth > 25m signals from deeper layers associated to higher decay times superimpose to the
smaller decay times. The inverted decay times again increase to a weighted average between
both, small decay times for the intermediate silt units and the higher decay times for signals
associated with the sand layers in greater depths. In this context the decay times do not show
the distinct changes between the fine grained layers and the sands of the third aquifer. The
decay time spectra derived by ME inversion feature a smearing zone – indicating a non optimal
separation of decay times for different geological units – at the lower boundary of the shallow
aquifer. A distinct decrease of decay times (T ∗2 ≈ 40 − 60ms) between 22 and 40m depth that
can be correlated to the fine grained material observed in well core analysis (see lithology in Fig.
8.1, right). The bi-modal decay time distribution in the depth range of 38−48 is interpreted as a
non-optimal separation of decay time clusters from different layers, possibly due to regularization
’smearing’ and loss of depth resolution, e.g. compare Fig. 7.17. However, the prominent decay
time clusters can still be well correlated to the contrasting decay time properties of the silty sand
and sand units at the layer boundary in 48m depth.
Fig. 8.1, right shows the vertical profiles of the hydraulic conductivity as derived from eq. 4.19

and 4.20 using SNMR porosities and decay times from ME inversion and constants summarized
in table 4.3. Estimates results from conventional inversion (dashed line) have been plotted using
eq. 4.19 (a = 4, b = 2). Additionally the Ks values obtained by laboratory measurements (BET,
porosity, sieve analysis) of core material (taken from Goldbeck et al. 2002 and Yaramanci et al.
2002 are shown (filled circles).
For the shallow aquifer up to 20m depth a good agreement within one order of magnitude

between the estimated hydraulic conductivities from SNMR – both conventional and multi-
exponential inversion strategies – and laboratory analysis’ can be found. The estimates using
exponents a = 1, b = 2 (blue line) tend to underestimate Ks. Note, however, that besides

139



8. Field examples

Figure 8.1.: Conventional (mono-exponential approximation) and ME inversion of SNMR data
and subsequent estimation of hydraulic conductivities at the Nauen site. Left:
SNMR water contents (dashed: conventional inversion; solid: ME inversion). Mid-
dle: conventional decay time estimation (dashed) and decay time spectra and derived
pore sizes using mean values (sand stone) for ρ and Ck. Right: Derived hydraulic
conductivity Ks: using eq. 4.19 for conventional (dashed black) and ME inversion
(solid red); using Eq. 4.20 for ME inversion (dash-dotted); Ks values derived from
well core analysis (filled circles). Lithology as derived from well logging.
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possible scale dependent deviation, the available laboratory measurements will also be biased
to some degree, e.g. due to the sample selection/extraction and measurement process. In this
context, the used models can to be considered as provide equivalent results for the shallow
aquifer.
In depths below 20m SNMR the relaxation behaviour stronger reflects the signal superposition

from different lithologies. Here, conventional inversion tends to underestimate (≈ 20−30m) and
overstimate (≈ 30 − 40m) Ks values due to averaging of decay times on the one hand. On the
other hand the high contrasts of decay times and consequently of Ks between the first aquifer
and aquitard found in conventional inversion can be attributed to the strong correlation of the
inverted water contents and derived decay times in this approach.
Laboratory analysis from core material at depths from 20 to 40m show a decrease in Ks of

about 2-3 orders of magnitude in the aquitard region, implying a less prominent boundary as
for the third aquifer at about 48m depth. For the ME inverse model the Ks estimates for the
fine grained material between (≈ 20 − 40m) correlate well with results obtained from well core
analysis.
The second low permeable aquifer can be reasonably well reproduced with respect to its in-

creased water content going along with low hydraulic conductivities. In this case similar results
are found for both eq. 4.19 and 4.20, respectively. Seemingly better results can be found in the
shallow vadose zone above 2m as in eq. 4.20 the SNMR water content (≈ porosity for full sat-
uration) is not considered for the estimation of Ks. As the multi-exponential inversion strategy
allows to better render higher decay time contrasts between neighboring layers, a sharp boundary
with respect to decay times and consequently hydraulic conductivity to a third aquifer is found
at about 43m depth. The depth of the boundary, however, is to some extent underestimated due
to loss of depth resolution and a resulting ’smearing’ of decay times. (Fig. 8.1, 40-50m). Con-
sidering the inverted SNMR water content, both conventional and multi-exponential inversion
strategies only indicate the presence of this deeper aquifer. Nevertheless, the sharp increase inKs

of about 3-4 orders of magnitude in the multi-exponential inversion in es reasonable agreement
with results from well core analysis and reflects well the hydraulic properties of the aquifer.

8.2. Field case – Waalwijk

Inversions have been performed for data obtained from an SNMR survey carried out at the
Waalwijk-2 site in the Netherlands. The data has been made kindly available by Dr. J. Roy
from ITC. The geology of the area consists of an interbedding of well-sorted sands and Quaternary
layers. At this site, a borehole confirms a shallow aquifer with a water table at about 6m depth
and its lower boundary at 52m depth to clay and silt layers (Lubczynski and Roy, 2003). All
units are heterogeneous and made of thin layers. The electrical subsurface model at the site,
as derived from TDEM measurements shows moderate to low ground resistivity (table 8.1),
thus reducing the effective penetration depth of the measurements. Hereby, the low resistivity
values correspond to the clayey material between 52 and 80m depth. A second deeper aquifer
is presumed at 84m (Lubczynski and Roy, 2003) being beyond the investigation depth of the
sounding.
The local geomagnetic field intensity during the survey was 48360 nT (corresponding to a

Larmor frequency fL = 2059Hz) with an inclination of approximately 60 degrees. The measure-
ments were conducted using a square Tx/Rx loop with a side length of a = 113.5m. Excitation
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intensities (24 pulse moments) ranged from 57 to 5350 A.ms. Considering the resulting SNMR
sensitivity for this configuration a reliable depth of investigation of approximately 50-60m can be
expected. The total recording length of the decaying signals is 450ms with a dead time between
the exciting pulse and start of recording of 40ms. Plotted in Fig. 8.2 are excerpts from the raw
data magnitudes. The data generally show a high s/n ratio with the level of (stacked) ambient
noise being about 50 nV. Therefore, relaxation time series can be considered to be of a general
high quality for all pulse moments of the sounding. Inverse models have been calculated using
both, conventional and ME inversion strategies. The multi-exponential decay time inversions
have been carried out on the basis of fixed and free decay times, respectively. Maximum depth
for the inversion has been set to 100m and the decay time ranges have been limited to Ti ∈
[40, 1000]ms. The lower limit of 40ms complies to the dead time of the recorded time series.
Fig. 8.3 shows inverse models using conventional (a) and COIN inversion strategies with free
(b, c) and fixed (d, e) decay time distributions, respectively. The data misfit of the relaxation
times series of the sounding is plotted in Fig. 8.3, left. The integrated water content and decay
times are shown in Fig. 8.3, middle and right, respectively. In order to make the respective
models comparable decay times are represented in contour plots both, for mono-exponential and
multi-exponential distributions (Fig. 8.3, right). Due to the low signal magnitudes and thus,
a decreased s/n ratio for small pulse moments, i.e. q ≤ 200As) the fitting errors are generally
increased at about 2 - 4%, and 6% for ME and conventional inversions, respectively. For higher
pulse moments the respective data errors for conventional and ME inversions is about ≈ 0.3 and
≈ 1.5%.
The inverse model using conventional mono-exponential fitting is presented in Fig. 8.3a) shows

. The data misfit for data with higher s/n ratio (q > 200A.ms) lies in the range of 0.5 to 1.5%.
The inversion resolves a shallow aquifer between 6 and 50 meters with a mean total water content
of about 28 vol.%. The inverted (mono-exponential) decay time distribution ranges from 200 -
300ms for the aquifer layers and is about 100-150ms for neighboring layers above and below.
For increasing depths (>50m) the decay times rapidly increase to values of about 400ms. This
rapid increase of decay times for greater depth correlates to the increase of data misfit for
q > 2500Ams(> 1%).
Fig. 8.3b) shows inversion results using COIN smooth inversion with free decay time distribu-

tion. Here, the inversion has been carried out using a single free decay time per inversion layer.
This strategy can be considered similar to the conventional approach but taking into account the
multi-exponential character of SNMR data due to signal superposition from (mono-exponential)
mono-modal relaxation times in different depths. Here, the data misfit for q values > 200Ams
is already significantly decreased (≈ 0.4− 0.9%) with respect to the short time behavior in the

Table 8.1.: Waalwijk-2: Electrical subsurface model and Lithology derived by TDEM and a
nearby borehole, respectively (Lubczynski and Roy, 2003).

depth resistivity Lithology
[m] [Ωm] (from nearby borehole)
0 - 6 120 fine sand
6 - 52 60 fine - coarse sand
52 - 85 20 clayey material
> 85 60 medium sand
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Figure 8.2.: a) Complete transient data set (magnitudes) of a SNMR sounding at the Waal-
wijk site with respective exponential fits and extrapolation of initial amplitudes. b)
SNMR relaxation data (5 excerpts out of 24 pulse moments) recorded at the site
Waalwijk-2 .
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Figure 8.3.: Inverse smooth models - Waalwijk-2: Data misfits of recorded relaxation time series
(left), total SNMR water content (middle) and decay time distributions (right) for
conventional mono-exponential approximated inversion (a), regularized ME smooth
inversions using 1 and 2 free decay times (b and c) and using 100 fixed decay times
(d).

144
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Figure 8.4.: Waalwijk-2: Example SNMR relaxation time series (FID magnitudes) @q =
1297Ams and corresponding inverted decay times from conventional mono-
exponential (black line) and multi-exponential (50 decay times per decade, gray
area) inverse models.

range of 40-80ms of the relaxation data. This is a significant improvement of data fit in consider-
ation of the necessary extrapolation of the data due to dead time to obtain initial amplitudes and
derive a total water content. Such fitting improvement is shown in more detail on an example
of an individual relaxation curve (pulse moment q = 1297Ams) and time series of the invers
models using conventional and COIN ME inversion, e.g. Fig. 8.4). Here, the fit of the complete
time series using the mono-exponential approximation and a multi-exponential approach using a
single, mono-exponential decay time per layer yield a similar total relative data misfit of 0.51%
and 0.39%, respectively. However, the extrapolation of the signals E(q, t) → E(q, t = 0) to ob-
tain initial amplitudes (≈ total water content) differs significantly. Hereby, the mono-exponential
fit tends to underrate the initial amplitudes and thus, will also underestimate the corresponding
total subsurface water content.
Inversion results presented in Fig. 8.3b) also resolve the aquifer in about 6 - 52m depth, how-

ever, showing a high total water content of about 31% for the aquifer. The inverted decay times
are in the range of 200 - 300ms within the aquifer layers and about 100-150ms for neighboring
layers above and below. However, unlike the results obtained from conventional inversion the
decay times do not exhibit the rapid increase at greater depth but keep constant in the range of
150 - 200ms. Note, that also the data misfit only slightly increases and stays below 1%.
Using two free decay times per inversion layer in the ME smooth inversion (Fig. 8.3c) the data

fit can be further improved, in particular on relaxation data of high pulse moments, i.e. greater
investigation depth. Here, the total water content of the aquifer is about 33-34 vol.% associated
to a decay times between 300 and 400ms, (medium to coarse material). However, also small
inversion artefacts at lower decay time boundaries appear resulting in a somewhat increased
total water content. For depths beyond 50m the decay time distribution indicates a different
type of lithology. Here, prominent decay times of about 90-100ms indicate fine grained material
as expected from borehole measurements. Furthermore, the distribution exhibits a bi-modal
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features with a second less distinct peak at 400ms. However, besides these prominent maxima
at low decay times a distinct, albeit smaller, maximum appears at decay times of about 450ms.
One could speculate whether this is an indication of the presence of a second aquifer in greater
depth of strongly decreased SNMR sensitivity. However, with respect to the results derived from
synthetic modeling the 400ms peak has more likely to be attributed to the artificial crosstalk or
smearing effects of the inversion echoing from the prime aquifer. Results obtained from inverse
smooth modeling using fixed decay time distribution with 50 fixed values per decade (Fig. 8.3d)
correspond to the free decay time inversion using two free decay times (Fig. 8.3c).
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9. Conclusion

SNMR relaxation transients inherently exhibit a multi-exponential relaxation behavior, expressed
by the decay time constants T2∗ and T ′1 for FID and approximated T1 saturation recovery se-
quences. The multi-exponential behavior will mainly arise due to signal superposition from
separate volume units or subsurface layers with different NMR relaxation properties but can also
be caused due to multi-modal decay time distributions within individual lithological division in
the subsurface. In this context also the SNMR signal phase can also experience significant varia-
tions, apart from off-resonant frequency effects, in the range of several degrees during relaxation.
It is therefore necessary to take into account this effect for the inversion of SNMR data and the
subsequent derivation of (effective) pore sizes and subsurface hydraulic conductivities.
The developed multi-exponential inversion scheme COIN employs two different approaches

to calculate respective inverse models. Apart from the commonly used concept of a smooth
distribution of fixed inversion layers in a regularized smooth inversion, also the concept of a
block inversion has been employed both for determining layer boundaries and (effective) decay
times. In the concept of a multi-exponential block inversion besides layer water contents also layer
boundary depths are optimized, e.g. analogous to vertical electrical sounding (VES). Similar, in
the layer-wise analysis of decay time distributions both, free (effective) decay times as well as
the typically smooth distribution of a fixed decay time spectrum can be used.
While the so far available approximated mono-exponential inversion strategies a priori assume

mono-exponential behavior in recorded SNMR time series, the developed COIN scheme also ac-
counts for multi-exponential features in the inverse modeling of SNMR relaxation data. Thereby,
COIN employs a decay time analysis approach analogous to laboratory and borehole NMR with
fixed and free decay time distribution functions within individual subsurface layers of the inverse
model. Consequently, the multi-exponential inverse models are generally in a better agreement
with actual subsurface water content and decay time models. In contrast the conventional mono-
exponential approximated inversion averages respective decay time variations in the subsurface
and thus a priori reduces the resolution potential of the method. In this respect to avoid mis-
interpretation due to phase effects generally a non-linear optimization of signal magnitudes has
been employed.
In SNMR the water content is directly proportional to the signal amplitude, i.e. initial am-

plitude. As multi-exponential inverse modeling can significantly reduce the data misfit – in
particular at short times – determination of the total SNMR water content, usually underrated
by conventional inversion, can be further improved. In decay time analysis both, inverse block
models using fixed and free decay time distribution can reliably determine prominent maxima
for mono-modal and multi-modal decay time distributions in subsurface layers, respectively.
However, an interpretation regarding a specific half-width associated a prominent decay time
maximum (fixed decay times) is generally subject to strong equivalences. Due to increased noise
levels in synthetic and field data, a crosstalk between inversion layers can be observed simulating
a respective (artificial) bi-modal decay time distribution in individual layers. Such cross-talk
reflects a loss of spatial resolution, due to data and/or model noise. In this context a bi-modal
behavior of inversion model transients can also indicate non-optimal inverse layer boundaries,
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e.g. two different lithological division within a single inversion layer, which can be overcome e.g.
by using block inversion concepts.
Hydrological and petrophysical models have been adapted to quantify pore size distributions

and hydraulic conductivity from SNMR relaxation data. Having a rough knowledge of the
expected type of lithology of the MRS site, e.g. sandy sediments, a data-base-calibrated first
order estimation of (saturated) hydraulic conductivity Ks with a confidence interval of about 1-2
orders of magnitude can be obtained by using mean values from a general NMR-MRS data base
of known constants of proportionality C for the relevant formations. Application of conventional
multi-exponential inverse modeling using a data-base calibration on a field data set (Nauen)
show a basically good agreement of derived hydraulic conductivities and results obtained from
well core analysis for the shallow aquifer. For greater depth multi-exponential inversion yields a
better correlation with respect to a low (hydraulic) conductive second aquifer. Therefore, when
no field related calibration data, e.g. obtained from well pumping tests, are available – as it
is usually the case – and a basic lithology of the site is known, using a data-base-calibration
with parameters taken from calibrated field data at other similar sites, probably allow for a
semi-quantitative on-site assessment of the hydraulic conductivity using SNMR. Furthermore
– if justified by the signal quality – a multi-exponential inverse modeling taking into account
the relaxation signal superposition from different layers can significantly improve the estimated
hydraulic conductivities from SNMR surveys.
To achieve a significant improvement of the quantitative interpretation of SNMR relaxation

data by using multi-exponential inverse modeling a considerable high s/n ratio is required, that
so far is usually not the case in field surveys. Therefore – complementary to multi-exponential
inverse modeling – to further improve the reliability of the interpretation of SNMR relaxation
data, e.g. resolution of +/− 1 vol.% for water content estimation and its association to subsurface
decay times distribution the author suggest following issues to be addressed in future research
on SNMR:

1. Overall signal to noise ratio of SNMR relaxation data needs to be improved considerably
as to increase quality and reliability of derived subsurface NMR parameters, i.e. amplitude
and decay time spectra. Necessary developments would comprise noise reducing SNMR
field setups, e.g. remote reference techniques, and data postprocessing, e.g. weighted
stacking, spike elimination.

2. The SNMR aperture windows, i.e. dead times between excitation pulse and recording of
the time relaxation data, need to be further reduced to improve amplitude fits and to
eventually expand the interpretation range to smaller decay times, e.g. partial saturation.

3. The understanding of complex signal behavior of SNMR has to be further improved for
a quantitative interpretation of signal phases, e.g. effective relaxation rates due to finite
pulse duration in SNMR. This will also be of value to improve inverse modeling taking into
the (multi-exponential) signal superpositions of complex SNMR relaxation data.

4. Basically the quantitative interpretation of SNMR signal phases, i.e. deriving of ground
resistivities and related ground water salinity, can possibly be further improved by taking
into account the time dependent behavior of the relaxation data, i.e. to extrapolate for
initial phase values.
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A. Nuclear Magnetic Resonance

A.1. Quantum mechanical treatment of Spin

As it will be of further relevance in section 2.2.2 when dealing with effects of alternating mag-
netic fields on the motion behavior of the magnetic moment in the following quantum mechanic
treatment of the Spin system and its discrete energy states will be outlined. In this respect the
"bra-ket" or Dirac notation of functions is used.
In quantum mechanics, the state of a physical system is identified with a vector - called a

"ket" - in a complex Hilbert space and written as | ψ > ("psi-ket"). Its conjugate transpose or
Hermitian conjugate < ψ | is call the "bra". In this notation the scalar product of such vectors
is then written as < psi | φ > ("bra-ket") resulting in a complex number. This also yields the
probability amplitude for the state φ to collapse into the state ψ.
In case of 1/2 Spin particles such as 1H protons these states are commonly known as Zeeman

eigenstates, in Dirac notation (| ψ >=| I,mI ) written as | α >=| 1/2,+1/2 > and | β >=|
1/2,−1/2 > (Fig. 2.1, left).
Instead of the classical angular momentum the hermitian angular momentum operator Î =

i~(r ×5) is introduced. Îz , generally given by Îz | ψ >= mI | ψ >, for the two eigenstates of
the 1H proton is formulated as

Îz | α >= +
1

2
| α > ∧ Îz | β >= +

1

2
| β > (A.1)

In this respect it is convenient to define the associated shift operators

Î+ = Îx + iÎy ∧ Î− = Îx − iÎy (A.2a)

with
Î+ | ψ >= Î+ | I,mI >=

√
I(I + 1)−mI (mI + 1) | I,mI + 1 >

Î− | ψ >= Î+ | I,mI >=
√
I(I + 1)−mI (mI − 1) | I,mI − 1 >

(A.2b)

that raise and lower possible energy states of the Spin system (Canet, 1996), e.g. when consider-
ing the Zeeman eigenstates of the 1H proton the shift operator Î+ raises the energy state | β >,
while Î− lowers the energy state | α > according to

Î+ | α >= 0 ∧ Î− | α >=| β > ∧ Î+ | β >=| α > ∧ Î− | β >= 0 (A.3)

The hermitian Hamiltonian operator Ĥ is an observable property corresponding to the total
energy of the system as stated by the time-independent Schrödinger equation

Ĥ | ψ >= E
ψ
| ψ > | ψ >= {| α >, | β >} (A.4)

with E
ψ
being the Spin system’s energy eigenvalues, and thus determining the behavior of the

Spin. Substituting equation 2.3 by exchanging classical properties with their corresponding
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A. Nuclear Magnetic Resonance

quantum operators and applying the inherent potential energy Ep = −µB of a magnetic dipole
that is placed in a magnetic field one gets

Ĥ = −γ~BoÎz (A.5)

yielding a distribution of 2(I + 1) = 2 possible energy eigenvalues E
ψ

= ±1
2γ~Bo of the 1H

proton as depicted in Fig.2.1, right.

A.2. Nuclear net magnetization in equilibrium state B

A possibly more vivid derivation of the macroscopic magnetization is given by the approach
via classical statistical mechanics, namely the Boltzmann distribution over energies that do not
require immersing too deep into quantum statistics.
When a group of 1H protons is placed in a magnetic field, each spin is either polarized along

z or −z direction with low and high energy states E = ±1
2gIµnBo (corresponding to quantum

numbersm = +1/2 orm = −1/2, see Fig. 2.1), respectively. The total number of Spins being the
sum of all possible states of the spin ensembles in the unit volume dV is then N = N

+1/2
+N−1/2

.
The equilibrium ratio between the lower and upper states obeys the Boltzmann distribution,

N−1/2

N
+1/2

= e−∆E/kT . (A.6)

As equation A.6 indicates at room temperature (T ≈ 300K), the number of spins in the lower
energy level, N+1/2 will slightly outnumber the number in the upper level, N−1/2.

∆E = gIµnBo is the energy difference between the two spin states; k denotes Boltzmann’s
constant, k = 1.3805× 10−23 [J/K] and T the temperature in Kelvin.
As the temperature T decreases the ratio N−1/2

/N
+1/2

decreases and eventually limits to zero,
i.e. nearly all protons are in the lower energy state. As the temperature increases, the ratio
increases and limits to one, resulting in a zero net magnetization.
The signal in NMR results from the difference between the energy absorbed by spins making a

transition from the lower energy state E = −1
2gIµnBo to the higher energy state E = −1

2gIµnBo,
and the energy emitted by the spins which at the same time make a transition from the higher en-
ergy state to the lower energy state (Canet, 1996). Analogous to equation 2.8 a high temperature
approximation allows to write

e−∆E/kT ≈ 1− ∆E

kT
(A.7)

and consequently with equations 2.3 and 2.4 yields

N
+1/2
−N−1/2

≈ ∆E

kT
=
gIµnBo
kT

=
γ~Bo
kT

(A.8)

This leads to an estimation of a macroscopic magnetic moment Mo for the hydrogen proton -
as well as for other I = 1/2 Spin particles - in equilibrium state analogous to equation 2.7

Mo = N(N
+1/2
−N−1/2

)µ
I

= N
γ2~2Bo

4kT
. (A.9)
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Figure A.1.: Schematic of synchronous detection of SNMR signals.

The number of hydrogen protons per cubic meter water results toN = 6.692×1023 with consid-
eration of the mol mass of water MH2O = 18, 0152 g and Avogadro’s numberNA = 6, 022045 1023 mol−1,
i.e. the number of molecules in one mole (Poenaru and Greiner, 1996). Therefore it is found that
Mo = 3.287×10−3Bo at a temperature T = 293K (20oC), andMo = 3.403×10−3Bo at T = 283K
(10oC), respectively. The latter is commonly used in MRS applications, as it does usually well
reflect the mean temperatures of the groundwater the shallow subsurface (z ≈ 0− 150m).

A.3. Measuring NMR relaxation signals in a rotating frame of reference -
concept of synchronous/quadrature detection

The induced voltage of the NMR signal as described in equation 3.1 and 3.2 oscillates at the
Larmor frequency, being in the range of several MHz in laboratory applications and in the
kHz range for surface NMR experiments. With respect to the so far available hardware not
the ’complete’ transient signal is recorded but rather an undersampled transient signal that
oscillates with the relative Larmor frequency ∆ω± , i.e. the frequency difference between the
Larmor frequency ωL of the protons and the reference frequency ωR as discussed in section 2.2.2.
In NMR only the envelope of signal yields information with respect to initial amplitude and

decay times. In addition the signal phase ζ is related to electrical conductivity in the investigated
sample/volume. In order to gain information not only about amplitude and decay times, e.g. by
using envelope detection (Buttkus, 2000), but also get information with respect to the phase of
the signal a phase sensitive detection scheme is applied, i.e. synchronous or quadrature detection
scheme.
In the following the basic principle of synchronous signal detection and consequences for the

observed SNMR voltage is outlined and discussed.
In quadrature detectors, the received alternating signal is split into two signals. One of the two

signals is then passed through a high-reactance capacitor, which shifts the phase of that signal
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by 90 degrees. This phase-shifted signal is then applied to an LC circuit, which is resonant at
the excitation signals frequency, i.e. the presumed local Larmor frequency fL. If the received
NMR signal’s frequency equals the excitation frequency, then the two signals will have a 90o

phase shift and they are supposed to be in "phase quadrature".
The main feature of synchronous detectors is their inherent phase sensitivity. The two signals

are multiplied together in an analog or digital device, which serves as a phase detector, i.e. the
signal output is proportional to the phase difference between two signals.
In the case of zero frequency shift of the recorded signal, i.e. fNMR = fL, the phase detector’s

output will be zero. However, if the recorded signal is different from the excitation signal, its
frequency will differ from the reference frequency fL. In this case, the resonant LC circuit will
further shift the phase of the signal, so that the signal’s total phase shift will be the sum of the
90 degrees imposed by the capacitor and the positive or negative phase change that’s imposed
by the LC circuit and the phase detector’s output is not zero.
The amplitude of the demodulated signal is a function of the relative phases ∆ω± = ωR − ωL

of the incoming NMR signal at its angular frequency ωNMR and the reference (excitation)signal
oscillating at ωL . Demodulation of the incoming NMR signal is performed by multiplying it by
a complex phase locked (e.g. ζL = 0) reference signal

EL(t) = CL exp[i(ωLt+ ζL). (A.10)

The real and imaginary components of the above equation exhibit a 90 degree phase shift, i.e.
they are in quadrature, and represent in- and out-phase channels X and Y , respectively of the
synchronous detector (Fig. A.1). The transient SNMR voltage observed in the Rx loop can be
expressed by

Erf(t) = Crf (t) cos(ωrf t+ ζ) (A.11)

with a total signal phase ζ with respect to the exiting field as introduced in equation 2.47.
Now, in synchronous detection the incoming NMR signal is initially demodulated using a com-
plex reference signal, i.e. equation A.11 is multiplied by equation A.10 yielding the complex
demodulated signal

ESD(t) = Erf(t)⊗ EL(t)

= CL
Crf (t)

2

 exp[i(ωL + ωrf + ζSD ]︸ ︷︷ ︸
high frequency part

+ exp[i(ωL − ωrf + ζSD ]︸ ︷︷ ︸
low frequency part

 (A.12)

After applying a low-pass filter the high frequency component of the above equation can be
easily eliminated and with equation 3.4 yielding the measured phase sensitive in-phase and out-
phase components X and Y of the complex NMR/SNMR envelope:

EX(q, t) =

∫
V
K(q, r) fv(r) exp[

−t
T ∗2 (r)

] d3r cos[∆ω±t+ ζSD ] (A.13a)

EY(q, t) =

∫
V
K(q, r) fv(r) exp[

−t
T ∗2 (r)

] d3r sin[∆ω±t+ ζSD ] (A.13b)

163



A. Nuclear Magnetic Resonance

Following from the above relations the recorded X,Y channels of the recorded SNMR voltage
using SD are then not ’true’ relaxation time series but rather oscillate with ∆ω±t due to the
offset between the frequency of the exciting signal and the local Larmor frequency. The observed
constant phase shift ζSD in SD is due to hardware recording equipment and adds to the SNMR
phase ζ(r) that is linked to the electrical conductivity distribution in the subsurface.
A detailed discussion of the method of synchronous detection (SD) in SNMR applications in

the context of signal-to-noise optimization can be found e.g. in Legchenko and Valla (1998);
Strehl (2006).
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B. NMR relaxation in porous media

B.1. Analytical solution of NMR diffusion equation using Eigenvalues

A solution of the diffusion equations 4.3a and 4.3b can be formulated as normal mode expansion
(Polyanin and Zaitsev, 2003)

M(r, t) =
∞∑
n=0

Anψn(r) exp[−t/Tn] (B.1)

where the orthogonal eigenfunction ψn satisfy the positive definite Eigenvalue problem.

D∇2ψn −
ψn
TB

= −ψn
Tn

(B.2a)

with the boundary conditions given by

n̂D∇ψn +
ψn
TS

∣∣∣∣
S

= 0 . (B.2b)

In the above equations the bulk relaxation rate 1/TB is often neglected in the interpretation
of NMR relaxation. However depending on rock types surface relaxation constants can be in
the same range with bulk relaxation, for instance being often the case for Carbonates or chalk
material due to sparse magnetic impurities within their mineral composition (Dunn et al., 2002).
Substituting equation 4.4 the evolution of the total magnetic moment of the considered pore

can be expressed in terms of normal modes according to

M(t) = Mo

∞∑
n=0

In exp[−t/Tn] . (B.3)

The relative amplitudes In of the contributing exponentials can be determined by using the
initial state of the system (t = 0) along with ψiψj = δij

In =

(∫
V ψn(r) dr

)2
V
∫
v ψ

2
n(r) dr

≥ 0 . (B.4)

The above relation is then valid for arbitrary pore geometries. However, commonly used
geometries in petrophysical applications to estimate the pore structure of rocks comprise simple
solvable geometries such as planar, cylindrical or spherical pores as introduced by Brownstein
and Tarr (1979). These eigenvalues 1/Tn, In (n = 0, 1, 2, . . . ) have been found to be mainly
determined by the pore’s geometry and are strongly linked to the relaxation velocities (surface
relaxivity) ρs(r) [m/s] at the liquid-solid interfaces of the pore. Assuming a uniform surface
relaxivity throughout the entire pore surface, i.e. ρs(r) = ρs, Brownstein and Tarr (1979) defined
a dimensionless parameter ρsa/D which is a measure of the ’freedom’ of diffusion of the fluids
molecules with respect to a specific confining liquid-solid interface, e.g. a pore wall. Hereby the
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parameter a represents the geometrical dimension of the pore, i.e. the equivalent pore radius for
spherical and cylindrical geometries or simply the gap between pore walls for planar geometries
(Fig. 4.1).
Figure B.1 shows the behavior of the amplitude and decay time eigenvalues In and Tn for

spherical, cylindrical and planar pore geometries, respectively. Generally, all geometries consid-
ered exhibit a similar behavior. The eigenvalues Tn and In of the respective decay times and
amplitude contributions continually decrease with increasing mode numbers. Most significant in
this respect is the relation between the decay time constants Tn and the pore parameter ρsa/D.
Decay times exhibit a linear behavior for small values of the pore parameter, i.e. ρsa/D < 1 and
become quasi constant, i.e. independent of pore parameters for higher values, i.e. ρsa/D > 10.
Thus, relaxation processes can be roughly considered to occur in three different regions, i.e. the

Figure B.1.: Ratios of decay times (top) for normal modes n = 1, . . . 20 with respect to zero mode
(n = 0) as a function of ρsr

D for planar, cylindrical and spherical pore geometries
(top). Relative amplitudes contribution In of normal modes n = 0, 1, . . . 20 (bottom)
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ρsa/D << 1
1 << ρsa/D << 10

10 << ρsa/D

surface limited intermediate diffusion limited

regimes. In the fast diffusion regime the relaxation at the solid-liquid interface is exclusively
governed by zero mode relaxation, i.e.

∑
1/Tn → 1/T0 (comp. Fig. B.1). The molecules diffuse

faster to the liquid-solid interface of the pore than the time it takes for the excited Spins to
decay to equilibrium state. Thereby they will explore all pore surfaces during the observational
time scale of the NMR experiment. The relaxation process is than also said to be solely surface-
limited. In this respect the amplitude contribution I0 of the characteristic relaxation time T0

of the pore becomes linearly linked to the pore’s size and is largely independent of the pore’s
geometry. Fast-diffusion is then of course characteristic for small pores, fluids having a high
diffusion coefficient and/or rock matrix surfaces that exhibit low surface relaxation rates.
In the intermediate and slow diffusion region also higher decay time eigenvalues will contribute

to the relaxation processes and thus yield a multi-exponential decay for the single pore. As the
length of diffusion during a NMR experiment, i.e. l(t) =

√
Dt, becomes small with respect to

the pore sizes only parts of the pore walls will then be encountered or ’seen’ by the diffusing
molecules. The relaxation processes are limited by the diffusion coefficient of the molecules
(diffusion-limited). Hereby the geometry/shape of the pore has a strong influence on the relax-
ation behavior. This is illustrated by different amplitude contributions In for the three sample
geometries considered in Fig. B.1. Whereas to intermediate region shows effects both from pore’s
shape and size the slow diffusion regime exhibits a quasi constant the relaxation behavior. Thus
in the slow diffusion regime decay times rather correlate to the pore’s shape than the pore’s size.
However, even for such regimes that are strongly diffusion limited the zero mode is the dominant
in the relaxation processes.
Summarizing the above considerations multi-exponential relaxation behavior is inherent in

the diffusion limited relaxation processes NMR in restricted geometries such as the pores of
rocks or sediments. However, many experiments carried out on a large majority of rocks an
sediments – e.g. (Kleinberg et al., 1994; Gallegos et al., 1987; Straley et al., 1991) – indicate
that fluids imbibed in pores of a given size have well defined mono-exponential relaxation times
T1/2 governing the relaxation of nuclear magnetization. Furthermore, it is found that the NMR
relaxation times depend only weakly on temperature (Swift and Connick, 1962; Latour et al.,
1992). If NMR relaxation for instance occurs in the diffusion-limited regions, the observed
relaxation times would show a temperature dependent behavior (e.g. see ρsa/D > 1 range in
Fig. B.1, top) since the diffusion coefficient D is strongly temperature dependent (Smith, 2004).
This additionally supports an assumption of a mainly surface-limited relaxation behavior in
rocks/sediments and also indicates that the intrinsic surface relaxivity ρs of rocks is independent
of temperature over the relevant temperature range in NMR or SNMR experiments.
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B. NMR relaxation in porous media

B.2. The two-fraction fast-exchange model

Under condition of a surface limited relaxation regime NMR relaxation times can be correlated
to pore sizes distributed on a macroscopic heterogeneity scale by using the two-fraction fast-
exchange model Brownstein and Tarr (1977). This model acts on the general assumption of a
relaxation regime that is dominated by fast diffusion processes, i.e. the fluid molecules move
sufficiently fast exploring all parts of the pore volume, i.e. surface water and bulk water phase,
with respect to the time scale T1,2 of the experiment. Thus the nuclear magnetization density
and thereby the relaxation behavior of the molecules is basically uniform over the entire pore
exhibiting a single relaxation constant that arises from contributions of the bulk and surface fluid
phases of the pore.

1

Tk
=

ξb
Tkb

+
ξs
Tks

, k = 1, 2 (B.5)

where Tkb and Tks are the characteristic relaxation constants for the bulk and surface phase
of the pores fluid (Fig 4.2). The contributions of the volume fractions of the bulk and surface
phases (Fig 4.2) is related to the pore’s size using volumetrical weighting factors

ξb = V − λS = 1− λS
V

and ξs = λS , (B.6)

respectively. Now assuming a small ratio between active volumes of surface and bulk phases of
the fluid, i.e. ξs/ξb � 1 equation B.5 can be written as

1

Tk
=

1

Tkb
+
λS

V

1

Tks
k = 1, 2 (B.7)

with S/V = a−1 being the characteristic geometric pore size parameter, i.e. specific inner surface,
as introduced in section 4.1. As a consequence of the above assumption of a negligible volume of
the fluid’s surface phase equation B.7 will be only valid for pore sizes of approximately a > 5 nm,
however being sufficiently small for petrophysical applications, e.g. compare Fig. 4.4.
Whereas the bulk relaxation rate 1/Tkb in equation B.7 is solely related to the fluid’s intrinsic

physical-chemical properties, the second term is directly correlated i) to the pore size, i.e. the
surface to volume ratio, and ii) to the an enhanced NMR surface relaxation rate 1/Tks which
characterizes the relaxation speed of molecules situated in the surface phase of the pore fluid at
the solid-surface interface.

B.3. Surface interaction parameter (surface relaxivity ρs)

As it has been referred to in section 4.2.1 the relaxation rates at the surfaces of fluid filled pores
of rocks or sediments primarily arise due to paramagnetic particles at grain surfaces. Generally
such materials are said to contain about 1% paramagnetic particles, such as iron or manganese,
thus dominating other relaxation processes, e.g. the relaxation related to the inter-molecular
coupling at diamagnetic surfaces (see section 4.2.1).
Therefore, relaxation contributions of such nonmagnetic zones on the pore surface can be

neglecting as they are to weak to significantly affect observed relaxation signals (D’Orazio et al.,
1988). The longitudinal relaxation rate 1/T1 dominated by interaction with paramagnetic surface
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impurities, can then be written as (Kleinberg et al., 1994)

1

T1s
=

νm
T1m + τm

(B.8)

S and V are the surface area and volume of the pore, h is the thickness of the surface layer
within which relaxation can take place. The parameter νm = Sm/S represents the fraction Sm
of the pore’s surface S which is occupied by paramagnetic particles. T1m is the characteristic
longitudinal relaxation time of fluid molecules that are attached to surface sites coated with
paramagnetic ions.
The dwell time τm determines the time that a fluid molecules resides at a particular coordinate

on the pore surface during diffusion. Along with the diffusion coefficient of the fluid τm is strongly
temperature dependent.
In contrast to T1, the transverse relaxation rate 1/T2 is further enhanced by diffusional pro-

cesses occurring in the inhomogeneous local magnetic fields that arises due to paramagnetic
impurities at the pore’s surface, yielding

1

T2s
=
νm
τm

T−2
2m + T−1

2mτ
−1
m + ∂ω2

m

(T−1
2m + τ−1

m )2 + ∂ω2
m

. (B.9)

This diffusion is thereby not related to surface relaxation processes, i.e. the pore size. ∂ωm is
the shift of precession frequency due to magnetic field inhomogeneities associated to the Spins
of the fluid’s molecules at sites occupied by paramagnetic ions. Analogous to T1m the transverse
surface relaxation time T2m is characteristic for the Spins of the fluid’s molecules at sites occupied
by paramagnetic ions. However, for low fields, i.e. fL < 5MHz, Kleinberg and Horsfield (1990)
found this enhanced relaxation to be negligible with respect to the dominant surface relaxation
processes. Thus 1/T2 is considered to be dominated by grain-surface relaxation.
The observed temperature independence of NMR relaxation times in rocks (see section 4.2.1)

further indicates that τm has to be significantly smaller than T1m and T2m as well as the de-
phasing constant 1/∂ωm, i.e. τM � T1m, T2m, 1/∂ωm. In other words the fluid’s molecules
will encounter many paramagnetic impurities sites at the pore surface during their relaxation.
Therefore equations B.8 and B.9 simplify to

1

Tks
=

νm
Tkm

k = 1, 2 . (B.10)

and equation B.5 can be written in the form

1

Tk
=

1

Tkb
+ ρsk

S

V
, k = 1, 2 . (B.11)

The surface interaction parameter ρsk (surface relaxivity) then summarizes the paramagnetic
surface properties of the pore walls leading to an enhanced relaxation at the pore fluid’s surface
phase.
For simple geometries, such as spherical or cylindrical pore shape, commonly used to quanti-

tatively assess the pore sizes of rocks the surface-to-volume ratio can be tangibly expressed by
the pore’s diameter a, e.g. for spherical or cylindrical geometries, and a geometrical shape factor
m, thus equation B.11 becomes
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1

Tk
=

1

Tkb
+ ρsk

m

a
, k = 1, 2 . (B.12)

The shape factor then is m = 4 for cylindrical pores (capillary model) and m = 6 both for
spherical and cubic pores shapes. Note that m can become considerable larger for more complex
geometries, i.e. a larger surface-to-volume-ratio or specific internal surface. However, following
hydrogeological considerations the packing of unconsolidated sediments, as they are target of the
majority of SNMR measurements is commonly assumed to possess pores in the shape of spheres
or cylinders (Busch et al., 1993).
When using the above equations for pore structure analysis one has to keep in mind that

equations B.8 and B.9 in the above form are valid in case of a fast chemical exchange of molecules,
i.e. fast diffusion, with respect to the surface relaxation times Tm and – in case of transverse
relaxation – to the dephasing effects of the paramagnetic ion at the pore’s surface. The equation
B.10 then relates the distributions of relaxation rates to local surface-to-volume ratios , i.e. pore
sizes, and are used extensively in petrophysical laboratory application, e.g. Kenyon et al. (1989);
Kleinberg et al. (1994).
As both T1 and T2 relaxation times are basically sensitive to the same rock parameters, namely

the pore-sizes and the surface relaxation properties ρs of the matrix, thus they reflect the local
pores sizes S/V of the material. However, determination the surface relaxivity ρsk independently
for each rock is a complex procedure and can considerably vary depending on the accumulation
and distributions of paramagnetic ions and the susceptibility contrasts between the grain surfaces
and the pore fluid. In laboratory applications is generally assumed to be a constant property
over the whole scale of the investigated rock sample. For pure sandstones values of ρs1 ranging
from 1 to 50µm/s and for For clay materials, such as Illite and Kaolinite ρs1 ≈ 1 can be found
in literature, e.g. references cited in Dunn et al. (2002). For clay materials, such as Illite and
Kaolinite ρs1 ≈ 1. whereas for silica gels much smaller values ρ1 ' 1 − 10 nm/s have been
reported. ρ2s have been experimentally found to exhibit a similar behavior, however shifted by
a factor in the range of T1/T2 = T1m/T2m = ρs2/ρs1 ≈ 1 − 2.6 with a mean ratio of about 1.65
(Kleinberg et al., 1993; Dunn et al., 2002; Weichmann et al., 2000).
Note that so far no such explicit analysis on the surface relaxivities for unconsolidated sediments

and such have been carried out. However, since the matrix material is basically of comparable
mineralogical composition (Busch et al., 1993) one would expect similar values for ρsk. Thus
for the estimation of petrophysical parameters from SNMR relaxation data the above values are
used in this thesis.

B.4. NMR pore-sizes = Diffusion Cells

It has been pointed out that in the petrophysical application of NMR the relaxation signals
originate from the fluid filled pores space of rocks or sediments. Fluids are subject to diffusion
i.e. its molecules can move through the fluid filled pore space. This movement can be considered
to be ’free’ in the bulk phase of the fluid, and considered to be in some way ’hindered’ at the
fluid-solid interfaces, i.e. the pore walls of the rock lattice.
In this respect a more adequate definition of the pore space from a NMR perspective is to refer

to a representative fluid imbibed cell of length (cell size) li which depicts the pore-microstructure
inhomogeneity of the rock/sediment. The diffusion length lD of the fluid molecules during
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the NMR experiment (longitudinal/transverse relaxation time Tk) is then the distance that a
molecule diffuses at the relevant time scale,

lD =
√
DTk k = 1, 2 (B.13)

For rock material many experiments indicate that lD >> li (e.g. Kenyon (1992)). Thus the
observed NMR decay times reflect the average relaxation property or mean pore size of the
material over such micro inhomogeneity scale li. Consequently – when assuming fast diffusion
conditions (see section 4.2.1) – an observed distribution/spectrum of relaxation times arises then
on a macroscopic inhomogeneity scale Li > lD.
This also defines a principle resolution limit for ’pore sizes’ or diffusion cells of the NMR

method with respect to the rock’s surface relaxation properties and diffusion constant of the
pore fluid. NMR relaxation times are therefore localized to microscopic homogeneous regions
of a size Li defined by the diffusion length lD of the imbibed liquid molecules. Halperin et al.
(1989) and co-workers found this diffusion cell size to be in the range Li ≈

√
6DTk

It is well known (Simpson and Carr, 1958; Stallmach, 2004) that the self diffusion coefficient
of H2O is strongly dependent on the water’s temperature, ranging from 1e − 9 [m2/s] for 0o [C]
up to 8.6e − 9 [m2/s] for 100o [C]. (Fig. B.2). Hence the effective size of such diffusion cells is
also subject to the temperature of the investigated material.
Considering hydrological and geophysical application in the shallow Earth region, i.e. z ≈

1 − 100 [m] only a small temperature gradient is encountered Busch et al. (1993). Therefore
it is reasonable to assume an average subsurface temperature in this treatment, e.g. 8o [C]
corresponding to D ≈ 1. The dimension of a diffusion cells encountered in SNMR will then be
on the scale of 10 < Li < 100 [µm]. However, Li is in the range of pore (throat) sizes one typically
encounters for instance in aquifer material, e.g. sand stones (Fig. 4.4). The micro inhomogeneity
scale of the rock will be then closely correlated to individual pore sizes, thus observed SNMR
relaxation properties are approximately related to the inherent pore sizes of the rock. Moreover
diffusion between pores is negligible with respect for the considered range of pore sizes in rock
material such as sandstones or unconsolidated rocks.
However, for materials which feature smaller pore sizes, e.g. clay sand mixture in an aquiclude,

it is necessary to take diffusional averaging into account. One has to keep in mind that NMR
relaxation properties reflect rather an average pore size within a particular diffusion cell than
a breakdown to individual clay and sand NMR properties due to inter-pore diffusion that can
expert significant effects on the fluid’s relaxation behavior, e.g. Mc.Call et al. (1991). Such
averaging effects have been also observed on unconsolidated sediments such as fine/coarse sand
and sand/clay compounds, e.g. by Kooman (2003); Müller et al. (2005). Note, that of course a
compound of porous materials exhibiting extremely large pore spaces (e.g. coarse sands) on the
one hand and extremely small pore sizes (e.g. clay) on the other hand the larger pores will be
effectively filled and thereby ’masked’ by small materials NMR properties.
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Figure B.2.: Temperature dependence of the self diffusion coefficient D of bulk water and re-
laxation time T1 in a diffusion dominated system after Simpson and Carr (1958)
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Figure B.3.: Lower limit for the diffusion cell size as a function of self diffusion coefficient D and
experimental time scale T . Dashed lines mark diffusion coefficients for water (25oC)
and air.
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C. NMR field applications: Surface Nuclear Magnetic Resonance
(SNMR)

C.1. Earth’s magnetic field as static field for surface NMR applications

The static magnetic field Bo used in SNMRmeasurements is the magnetic field of the Earth which
exhibits field strengths in the range of Bo ≈ 30 − 60µT corresponding to fL ≈ 1.3 − 2.5 kHz).
Important for the worldwide use of SNMR is an almost square proportionality between SNMR
signal amplitudes and the total intensity of the Earthťs magnetic field (Legchenko et al., 1997).
The total intensity shows global structures with maximum values of > 70, 000 nT over the polar
regions and minimum values of < 20, 000 nT in South America (Fig.1, left). This results in
different SNMR signal amplitudes for the same hydrogeological situation. Although the survey
locations are close to the equator, the geomagnetic conditions for SNMR measurements are
excellent for instance in Thailand and generally in South East Asia (Vouillamoz et al., 2002;
Lange et al., 2005). Here, total magnetic field intensities and field inclinations are in the range
of 42, 000 to 45, 000 nT and 10 to 15 degrees, respectively.
As a first approximation the magnetic field of the Earth can be described as the static field

Bo of a magnetic dipole placed in Earth’s center. The direction of this field corresponds to the
rotational axis (geographic north) of the Earth but for a small misdirection (magnetic north)
given by the angle of declination D. For a point on the Earth’s surface Bo can be represented by
its total magnetic intensity (TMI) Bo = |Bo|, its declination D and the field inclination I, being
the tangent angle between Bo and its projection BH (horizontal component) on the surface (Fig.
C.1).
Generally SNMR surveys are constraint in their geometry by the surface of the Earth, i.e.

Tx/Rx loops are lying on the ground. Thus for modelling and inverting SNMR data the incli-
nation I as well as total intensity Bo of the Earth’s field are critical need-to-know information,
with respect to the component B1⊥Bo which excites a NMR response of the 1H protons in the
subsurface.

Spatial variations of the Earth’s magnetic field

The Earthťs magnetic field shows global intensity variations with maximum values of more than
65 µT over the polar regions and minimum values less than 27 µT near to the equator in South
America and Southern Africa (Fig. C.2, top). These values correspond then to worldwide
variablility of the Larmor frequencies between about 1700 and 2500Hz. The inclination ranges
from values being almost 90o in the polar regions to about 10o in the equatorial zones (Fig. C.2,
bottom). Note that this results in very different signal amplitudes for similar hydrogeological
situations in different parts of the world.
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Figure C.1.: Components of the Earth’s magnetic field: Vertical and horizontal components BZ
and BH , total intensity Bo, declination D and inclination I.

Time variations of the Earth’s magnetic field

In laboratory and borehole NMR application the primary field Bo is usually of artificially origin
being generated by strong permanent magnets or electromagnets. Thus Bo experiences no sig-
nificant variations with time during a NMR experiment. However, the Earth’s magnetic field is
subject time dependent variations.
In this respect the long term and diurnal variations of interest are of cosmic origin, i.e. fields

that superpose to the Earth’s magnetic field. The intensity of such variations changes with the
time of the year and with the 11 year cycle of sunspot activity. These variations can be explained
by eddies in the Earth’s ionosphere caused by tidal forces and thermal influences linked to the
Earth’s magnetic field (dynamo theory of the ionosphere), e.g. Berckhemer (1990); Kertz (1971).
Similar to the variations due to solar activity also the gravitational field of the moon causes

variations of the Earth’s magnetic field, albeit only about a tenth in intensity compared to solar
activities. Besides of such daily variations also extraterrestrial short term variations oscillating
in the range of ≈ 0.1Hz with amplitudes of several nT have been observed (Oehrl and König,
1968).
The lowest semi-continuous magnetic oscillations within the Earth’s field are due to its natural

frequency, i.e. the oscillations of the system earth-air-ionosphere with a zero-mode of 8Hz.
However the intensities of such oscillations are in the range of a few pT (Schumann and König,
1954). Fig. C.3 shows an overview of the intensities of natural variations as outlined above with
respect to their effect on NMR measurements in the Earth’s magnetic field. Note that Fig. C.3
does not take into account the field variations caused by magnetic storms and such.
The third group of non-periodic variations in the magnetic induction are summarized as ’mag-

netic unrest’ with its strongest effect caused by solar eruptions. The intensity variations of solar
particles hitting the Earth’s ionosphere (after 20-40 hours delay) can cause variations of more
the 10% of the Earth magnetic field intensities. In this case every NMR experiment using the
Earth’s magnetic field as primary static field will be of course extremely difficult edging to nearly
impossible to realize, e.g. Lange et al. (2005).
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Figure C.2.: Mercator projection of Earth’s magnetic field taken from the IGRF/10th generation
(WDCG, 2005): Total intensity Bo (top); Inclination I (bottom).
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Figure C.3.: Observable Field strength of natural low frequency electromagnetic field: electrical
field [V/m] and magnetic induction [nT]; after Oehrl and König (1968).
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D. Forward modeling
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Figure D.1.: ME modeling: single water layer in 20m depth.
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Figure D.2.: ME modeling: single water layer in 40m depth.
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D. Forward modeling
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Figure D.3.: ME modeling: single water layer in 60m depth.
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