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Zusammenfassung

Die vorliegende Arbeit beschäftigt sich mit einem Themengebiet an der Schnittstelle von
Kommunikationstheorie, Vernetzung und Algorithmendesign: Wie sollen die vorhande-
nen Ressourcen Leistung, Raum und Richtung, Zeit und Frequenz in einem verteilten
drahtlosen Netz mit einer allgemeinen Netztopologie den Nutzern zugewiesen bzw. von
ihnen verwendet werden? Bekanntermaßen kann die Performanz eines drahtlosen Net-
zes erheblich verbessert werden, indem man die Vorteile einer intelligenten Ressourcen-
allokation und eines intelligenten Interferenzmanagements ausnutzt. Unter Verwendung
eines mathematischen Frameworks untersuchen wir Probleme der Ressourcenallokation,
die auf einer gewichteten Summe von Nutzenfunktionen oder der Unterstützung von
QoS(Quality-of Service)-Anforderungen basieren bzw. beide Ansätze vereinen, und legen
einen Schwerpunkt auf den Entwurf verteilter Algorithmen. Unsere Resultate sind auf
drahtlose Netze mit verrauschten Kanälen und allgemeinen Leistungsbeschränkungen an-
wendbar und können mit einer beliebigen Routing- und/oder Scheduling-Strategie kom-
biniert werden. Neben dem Entwurf von Strategien zur Ressourcenallokation, der Ableitung
ihrer Eigenschaften sowie geeigneter Algorithmen gewähren wir Einblicke in die Aspekte
der praktischen Implementierung.

Im Hauptteil dieser Arbeit konzentrieren wir uns auf Modelle drahtloser Netze, in denen
Interferenz als Rauschen behandelt wird. Dieser Teil leistet einen Beitrag dazu, die Mecha-
nismen der Leistungskontrolle und des Beamformings sowie deren grundlegende Wechsel-
beziehungen und Abhängigkeiten besser zu verstehen. Zu Beginn identifizieren wir die
optimale Leistungsallokation, welche eine Summe von gewichteten Nutzenfunktionen maxi-
miert und gleichzeitig die durch SIR-Anforderungen repräsentierten QoS-Anforderungen
der Nutzer unterstützt. Dazu analysieren wir einen primal-dual Algorithmus, welcher auf
der dazugehörigen linearen Lagrangefunktion basiert, und zeigen, dass dieser Algorith-
mus effizient in einem verteilten Netz implementiert werden kann. Da jedoch die SIR-
Anforderungen für einige Kanalzustände möglicherweise nicht unterstützbar sind und um
mögliche best-effort Nutzer zu berücksichtigen, kombinieren wir das Problem der Nutzen-
funktionen mit einer Barrier-Funktion, um das ursprüngliche Problem möglichst gut zu ap-
proximieren. Wir beweisen wichtige Eigenschaften dieses Ansatzes und stellen zur Lösung
einen verteilten rekursiven Algorithmus mit globaler Konvergenz bereit.

Anschließend widmen wir uns den Abhängigkeiten der Leistungen und der Beamformer,
indem wir das anspruchsvolle Problem der gemeinsamen Optimierung der Ressourcen
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Sendeleistung und Empfangsbeamformer in einem verteilten Netz und für beide oben
genannten Ansätze näher beleuchten. Leider ist nicht bekannt, für welche Klasse von
Nutzenfunktionen das entsprechende gemeinsame Optimierungsproblem in ein konvexes
Problem überführt werden kann, so dass eine globale Lösung in verteilten drahtlosen Net-
zen gefunden werden könnte. Deswegen stellen wir eine alternative verteilte algorith-
mische Lösung bereit, die zu einem stationären Punkt konvergiert. Wir untersuchen ihr
Verhalten in realen drahtlosen Netzen, in denen Messungen und Schätzungen verrauscht
sind, unter Verwendung der stochastischen Approximation. Da der zweite typische Op-
timierungsansatz, der auf QoS-Anforderungen basierende relative Max-Min-Ansatz, nicht
differenzierbar ist, scheint dieses Konzept mit einer verteilten Lösung nicht vereinbar. Wir
vermuten jedoch, dass dieses gemeinsame relative Max-Min-Problem für ein Netz mit all-
gemeinen Leistungsbeschränkungen optimal gelöst werden kann, u.z. unter Verwendung
der gewichteten Summe der Nutzenfunktionen. Die Verbindung zwischen beiden Proble-
men wird dabei durch die Wahl der Gewichte hergestellt. Der abgeleitete Algorithmus ist
zudem fast vollständig verteilt implementierbar.

Im letzten Teil der Arbeit untersuchen wir das gemeinsame Problem des Schedulings und
der Leistungkontrolle in einem drahtlosen Netz mit orthogonalen Kanälen mit dem Ziel,
die gewichtete Summenrate zu maximieren. Da die Schedulingvariablen typischerweise
diskret sind, stellen wir mit Hilfe der Relaxation dieser Variablen eine obere Schranke
für das gestellte Problem bereit. Anschließend leiten wir interessante Eigenschaften des
ursprünglichen, diskreten Problems und eine heuristische Lösung ab.

Zum Abschluss der Arbeit zeigen wir vielversprechende weiterführende Themen und
Problemstellungen auf.
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Abstract

This thesis addresses a problem at the nexus of communication theory, networking and
algorithm design: how to allocate radio resources to users in distributed wireless networks
with a general network topology? We emphasize that the network performance can be
significantly improved by taking advantage of an intelligent resource allocation and inter-
ference management. Based on a mathematical framework we study resource allocation
problems which are utility-based, QoS(Quality-of Service)-based or a combination of both,
with an emphasis on distributed algorithm design. Our results apply to networks with
noisy channels and general power constraints and can be combined with any fixed routing
and/or scheduling strategy. In addition to algorithmic solutions and their properties we
give insights into practical implementation issues.

In the main part of this thesis we focus on models of wireless networks where interference
is treated as noise. This is one step forward to a better understanding of the mechanisms
power control and beamforming as well as their interdependencies. First we combine the
QoS-based and utility-based power control approach by incorporating QoS support in
terms of minimum SIR targets into the utility-based power control problem. We analyze
a primal-dual algorithm that is used to find a stationary point of an associated linear
Lagrangian function and show that this algorithm can be efficiently implemented in a
distributed manner. Since the SIR requirements might be infeasible for some channel
states and in order to incorporate possible best-effort users we combine the traditional
utility function with a barrier function to closely approximate the utility-based power
control problem with QoS support. We prove relevant properties of optimal solutions and
propose a distributed recursive algorithm with global convergence.

After that, we address the challenging problem of jointly optimizing powers and receive
beamformers in distributed wireless networks. Unfortunately it is not known for which
class of utility functions such a joint utility-based problem can be converted into a convex
one such that a global solution can be found in distributed wireless networks. Neverthe-
less we reveal a distributed algorithmic solution that converges to a stationary point and
investigate its behaviour in real-world wireless networks using the framework of stochastic
approximation. Considering on the other hand the QoS-based approach, the main chal-
lenge is to solve the max-min SIR-balancing problem in a distributed manner. In order to
address this challenge, we solve the max-min SIR-balancing problem for a network with
general power constraints by instead maximizing a weighted sum of utilities. The con-
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nection between both problems is provided by the weights of the utilities. We conjecture
that the algorithm derived converges to the optimal max-min SIR-balancing solution but
is semi-distributed due to some control data exchange which is required to calculate the
weights.

Finally we discuss a joint scheduling and power control problem in a wireless network
with orthogonal channels. The main objective is to maximize a weighted sum rate. First,
by relaxing the discrete scheduling variables and by solving the relaxed problem we provide
an upper bound to the original discrete problem. Subsequently we analyze the original
discrete problem and derive a heuristic solution.

We conclude the thesis by highlighting topics of future interest.
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1 Introduction

1.1 Motivation

The origins of wireless communications date back to the 19th century. In 1888 Heinrich
Hertz verified experimentally Maxwell’s theory. The Italian engineer Guillermo Marconi
was the first to practically and commercially use the wireless communication. Starting
with successfull experiments in 1895 he established the first radiotelegraph transmissions
in 1899 [Fre02]. The wireless communication network was born. In the 1920s radio broad-
casting conquered rapidly the households. Since then, wireless communication has devel-
oped at an increasing speed culminating in the breakthrough of personal mobile wireless
communication in the early 1990s in form of the second generation (GSM). A wireless
access provides users with mobility, eases deployment where wired connections are not
feasible, and may reduce costs.

Since the early 1990s, in addition to voice applications at anytime and anywhere, data
services and applications increase in popularity with each year. This drives the evolution
of new wireless networks and access technologies (WLAN, UMTS/HSPA, LTE, WiMAX)
which are needed to fulfill the increasing demands on data rate of the wireless communica-
tion services. Besides, the fourth generation (LTE, WiMAX) is expected to be a cellular
network with advanced attributes including the wireless backhaul in WiMAX networks or
the possibility of relaying to save infrastructure costs. Last but not least, a very interesting
and important wireless network is the wireless sensor network. Promising applications are
envisaged in many areas such as industrial process monitoring and control, environment
monitoring, home automation, healthcare applications and many more. Wireless networks
like the backhaul of a WiMAX network, wireless LANs, networks with relays, sensor net-
works and other future wireless networks would benefit highly from a decentralized or
distributed network organization that avoids a lot of control overhead.

All wireless networks have in common that they are characterized by limited frequency
and power resources as well as time-varying fading channels due to both the wireless en-
vironment and the user mobility. Most importantly, the wireless spectrum is a shared
medium, meaning that wireless links interfere with each other if they are not ortho-
gonalized. Thus, resource allocation and interference management belong to the most
important issues for implementing future wireless networks. The objective is to utilize the
limited resources as efficiently as possible and at the same time to ensure the quality of
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1 Introduction

service (QoS) in terms of data rate, bit error rate or delay for all customers. We empha-
size that the QoS is determined by the signal-to-interference ratio (SIR) and thus can be
represented by minimum SIR targets in many cases of practical interest [TH99, BG92].
The list of resources to be assigned includes frequency, power, time, space, codes, routes
to name the most important ones. The resource allocation and interference management
mechanisms that may control and optimize these resources include the media access con-
trol (MAC) in terms of power control, time and frequency scheduling; routing, multiple
antenna techniques, and so on. In the main part of this thesis we assume that interference
is treated as noise and focus on the mechanisms power control and adaptive beamforming
with one data stream only. Besides we also discuss the mechanisms scheduling and power
control under the simplifying assumption that the links are orthogonal to each other. Fur-
ther, motivated by the fact that many future wireless networks require a decentralized
network organization, in this thesis we devise power control, adaptive beamforming and
scheduling strategies and algorithms that can be executed distributedly. In more detail,
we focus on wireless networks that require or benefit from a decentralized or distributed
network organization and optimization. A typical example for such a wireless network
is the wireless backhaul of a WiMAX (IEEE 802.16) network depicted exemplarily in
figure 1.1. Here the channels vary slowly and the algorithms are able to track the wire-
less channel. We emphasize, that by a decentralized or distributed network organization
and optimization we usually mean that no central network controller is required. In this
case the actions to control and optimize a wireless network are decoupled and executed
seperately for each link.

Figure 1.1: An example of a wireless backhaul of a WiMAX (IEEE 802.16) network. The
base stations are connected with each other and the access point over wireless links.

Power control in wireless networks refers to an intelligent setting of the transmit power
with respect to the available wireless resources. To be more precise we use the metaphor
of a party where several people are talking simultaneously in different groups. If someone
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1 Introduction

in one group does not hear the conversation well, the speaker will talk louder. However,
at the same time the crosstalk, that is, the interference with other conversations increases.
Thus other groups may have to increase their volume as well. This results in a competitive
situation where all speakers try to compensate the interference by increasing their own
volume. To avoid such possibly uncontrollable effects and to further ensure a certain signal
quality in terms of SIR an intelligent power control should be used that incorporates these
interdependencies and finds a suitable equilibrium exploiting the available power resources
optimally. Note that due to the coupling of the links this requires a joint optimization
of all links. Adaptive beamforming corresponds in the party metaphor to the case where
a listener points his/her ears in the direction of the speaker (receive beamforming) or
a speaker faces a listener directly (transmit beamforming). Further, assume that only
one speaker is allowed to talk for a certain amount of time meaning that the speakers
are ordered by talking one after the other. This provides an example for scheduling in
different time intervals.

In the remainder of this chapter, beginning with section 1.2, we first summarize the
related works on resource allocation and interference management in the area of power
control, beamforming and scheduling as well as motivate the main topics and problems
considered in this thesis. Then, in section 1.3 we summarize our main contributions
and give an overview regarding the organization of the thesis. Finally, in section 1.4 we
introduce the network and system model.

1.2 State of the Art and Related Work

The history of resource allocation and interference management dates back to the 1970s.
Together with the shift to mass-market telephony the necessity occurred to manage the
limited spectrum. More precisely, a frequency spectrum was assigned to the operator or
owner of the wireless telephone system. Each operator had to organize the use of the
spectrum assigned to his telephone system. Surely, to achieve a high profit the operator
was interested to maximize the number of supported services or users. Thus, in order to
organize the use of the spectrum profitably, the spectrum planning was born. In a wireless
multi-cell network spectrum planning divides the spectrum in several bands and aims at
reusing these bands in cells that are separated by a sufficient spatial distance, also called
the frequency reuse distance. The problem of the limited spectrum was first understood
as radio resource management [Zan97, ZK01]. However, to keep up with the increasing
demands on wireless communications and with ongoing research on the optimization of
wireless communication networks, radio resource management had to capture more di-
mensions. What started out with frequency planning became more and more an issue of
managing available resources and at the same time tolerating interference in a controlled
way by using mechanisms like power control, intelligent assignment of frequency and time,

3



1 Introduction

beamforming etc. That is why we refer to radio resource allocation and interference man-
agement in this thesis.

Studying and developing strategies for radio resource allocation and interference ma-
nagement has been the concern of many researchers and network providers over many
years. There exists a great amount of literature on resource allocation from different
points of view. Keep in mind that due to the interdependencies between the links a
joint optimization is required. A network can be optimized with respect to certain design
criteria such as feasibility of some QoS requirements in terms of minimum SIR targets,
network efficiency, stability, fairness and so on. Thus an important problem in resource
allocation is to find QoS points according to some of these criteria. In general, there exist
two approaches which have attracted the main interest during the last years. The classical
QoS-based approach aims at satisfying a certain QoS requirement with minimum power.
To circumvent the feasibility problem a related approach is to solve the relative max-min
or so-called max-min SIR-balancing problem. In contrast to this stands the utility-based
resource allocation problem where the network operator aims at optimizing a weighted
aggregate utility so as to maximize the overall network performance. Throughput, fairness,
or a tradeoff between throughput and fairness can be achieved by choosing the utility
function adequately. In figure 1.2 an examplary convex QoS region is depicted to illustrate
which points can be achieved by the various approaches.

Classical QoS-based power control aims at allocating transmit powers to the users such
that each user meets its SIR target [Wu00, BCP00, FM05]. Provided that the SIR require-
ments are feasible there exist iterative distributed algorithms that attain the target SIR
[FM93, Yat95, BCP00]. However, to the best of our knowledge a distributed algorithm
to detect the feasibility of the SIRs remains an open problem. Note, that maximizing
the minimum (relative) SIR [Zan92a, Zan92b, Bam98, KG05] provides a closely related
approach to the classical QoS-based power control problem.

In contrast to the classical QoS-based power control, the objective of utility-based power
control is to optimize the overall network performance with respect to some aggregate
utility function [GM00, SMG02, XSC03, JXB03, Chi04, Chi05, HBH05, HBH06, SWB07,
SWB09, HRCW08, HSAB09b]. The utility-based approach has recently attracted a lot of
attention, mainly because of a better throughput performance due to an efficient utilization
of wireless resources. At the same time, the use of increasing and strictly concave utility
functions ensures the desired degree of fairness [KMT98, MW00, SW05]. Some of the
mentioned papers model the utility-based power control problem as a noncooperative game
where users maximize their utilities [GM00, SMG02, XSC03]. In addition, these papers
balance the throughput and fairness performance against power consumption. Distributed
utility-based power control algorithms have been provided by [Chi05, HBH06, SWB07,
HRCW08]. In [Chi05] the problem of joint power control and end-to-end congestion control
is addressed where the power control part is a special case of the power control problem in
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QoS link 1

QoS link 2
max-min fairness

max
P

k QoSk (best overall efficiency)

max
P

k αkQoSk (weighted sum optimization)

minimum total power
max-min SIR-balancing

Feasible QoS region

Figure 1.2: [SB06] Example of a feasible convex QoS region for 2 users. The feasible QoS
region is the set of all QoS values that can be achieved by means of a certain resource
allocation mechanism, e.g power control, with all links activated concurrently. The points
illustrate the various approaches. In detail, the classical QoS-based approach supports, if
feasible, the QoS requirements with minimum power. The closely related max-min SIR-
balancing approach achieves the point at the boundary of the feasible QoS region where
the line with the direction of the vector of QoS requirements intersects the boundary. The
utility-based approach also achieves a point on the boundary. Here the weights determine
which point is reached, because the weight vector is normal to the hyperplane that touches
the boundary of the QoS region in one point. Thus by varying the weights any point on
the boundary can be achieved even the max-min fair point or the max-min SIR-balancing
point.

[SWB07]. The approach of [HBH06] is a game-theoretic one. Both [Chi05] and [HBH06]
apply a flooding protocol to pass locally available quantities to other nodes. The authors
of [HRCW08] interpret the utility-based power control problem as a joint optimization of
powers and SIR assignment over the feasibility region. They propose a distributed power
control and SIR assignment algorithm for the uplink in a multi-cell wireless network. In
contrast, [SWB07] propose a distributed utility-based power control algorithm for wireless
networks with a general network topology applying the notion of the adjoint network and
thus avoiding to use a relatively expensive flooding protocol.

However, in view of many important applications, the main drawback of utility-based
approaches is that, in general, QoS-requirements cannot be guaranteed even if the cor-
responding SIR targets are feasible. Thus, a utility-based approach with QoS support is
surely desirable and highly beneficial because it kills two birds with one stone: the network
provider maximizes the network efficiency and at the same time supports the needs of the
customers. One possible approach to solve this problem can be found in [Chi06] where
the utility function is restricted to the sum rate in the high SIR region. Another way is to
enforce the SIR targets by projecting the users’ transmit powers on a set of so-called valid
transmit powers which provide the desired SIR performance to each user. As far as the
implementation in a decentralized network is concerned, the main problem seems to be
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the projection operation. For instance, a very simple cyclic projection algorithm [FM05]
where the users successively perform projections on individual sets corresponding to each
SIR target would certainly require a lot of coordination in a network. In addition to the
issue of distributed implementation, there is an inherent problem resulting from the fact
of possible infeasibility. Assuming that admission control works, however, no valid power
allocation may exist to meet the SIR targets due to channel and/or network dynamics.
As a remedy, a resource allocation strategy should be also able to occasionally cope with
the problem of infeasibility. These and further interesting and practically relevant ques-
tions, emerging from the topic of utility-based power control with QoS support, are the
scope of chapter 2. Note that simultaneously and independently to our work the authors of
[GMG08] imposed a maximum and a minimum SIR requirement in the utility-based power
control problem and presented a Lagrangian gradient-based algorithm and its distributed
implementation based on an expensive flooding protocol.

In addition to power control, beamforming provides another powerful mechanism to
manage the interference in wireless networks. In order to ensure a high utilization of
wireless resources, transmit powers and beamformers should be optimized jointly to ex-
ploit interdependencies between them. As a matter of fact, optimizing over the joint
space of powers and beamformers is a much more intricate task than optimizing over
powers only. So far almost all works on joint power control and beamforming have fo-
cused on the QoS-based approach by finding the optimum QoS point with minimum
total power or by solving the related max-min SIR-balancing problem. More precisely,
in [RTL98, SB04, SB06] the duality between uplink and downlink channels is exploited.
Another strategy shows that the problem can be embedded in semidefinite and conic opti-
mization programs [BO01, WES06]. Aside from that, in [BS06b] the authors consider the
noiseless case and solve the max-min SIR-balancing problem by optimizing a specific aggre-
gate utility function over the joint space of powers and beamformers. However, apart from
[SWB09] the above set of publications considers only the deterministic case. First works
incorporating imprecise knowledge of received waveforms include [HMV95, UY98, Var99].
Recently, stochastic algorithms for joint QoS-based power control and receive beamform-
ing and their convergence analysis have been proposed by [LUE05, DV07]. Summarizingly,
at the time we worked at this thesis the joint utility-based power control and receive beam-
forming problem has been still a problem uninvestigated and insights here especially for
decentralized real-world wireless networks would provide a valuable extension to the pure
utility-based power control framework and algorithm from [SWB07] even if a global opti-
mum cannot be found. Besides we need to better understand the connection between the
utility-based and the QoS-based resource allocation approach. This follows immediately
from the fact that the max-min SIR-balancing objective function is not differentiable. As a
consequence gradient-projection methods and its existing distributed implementation can-
not be applied. A possible solution is to identify the connection between both problems
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and then to solve the equivalent utility-based resource allocation problem. Encouragingly,
recent results [SKB10] have revealed the connection between the max-min SIR-balancing
and the utility-based power control problem under general power constraints. Thus the
question arises whether both works [BS06b] and [SKB10] can be combined to find a solu-
tion for general power constraints and a larger class of utility functions and thus enable
us to solve the max-min SIR-balancing problem distributedly using an indirect way. Sum-
marizingly, the topic resource allocation in multiantenna wireless networks, specifically
the mentioned interdependencies between powers and beamformers will be discussed in
chapter 3. Independently from and simultaneously to our work the authors of [LHC07]
have proposed a distributed utility-based joint power control and receive beamforming
algorithm for cellular uplinks applying the scheme of [HRCW08].

Scheduling is another powerful mechanism in the area of resource allocation and interfer-
ence management. It facilitates orthogonalizing the users either a) by using a time-division
multiplexed (TDM) system where a user is assigned to a single time slot (scheduling in-
terval) or b) by using a combination of TDM and another multiplexing technique such
as code division multiple access (CDMA) or orthogonal frequency division multiple access
(OFDMA). In the latter case we have to decide both which users to schedule and how to
divide the bandwidth in terms of signature sequences or subchannels among the scheduled
users. Assuming that only one user is scheduled at the same time and for the same band-
width resource, we arrive at a system with orthogonal channels. Several channel-aware
scheduling algorithms exist for a system like a) that schedules a single user in each schedul-
ing interval [AKR+01, SS01]. First works on bandwidth allocation in OFDMA/CDMA
networks like in b) combined with power control include [WCLM99, KL00, KLKL01]
among others. These mainly focus on minimizing the total transmit power given tar-
get bit rates for each user and give the impression that exploiting frequency diversity is
quite a challenging task. Further related works consider the problem of maximizing the
weighted sum capacity for the downlink channel from an information-theoretic point of
view [Tse97, LG01] assuming multi-user coding/decoding. However, in the special case
of maximizing the equal weight capacity the information-theoretic optimal approach is
to transmit only one user in each time slot. These works and discussions motivate us to
optimize powers and bandwidth allocation jointly in a wireless network with orthogonal
channels and general power constraints such that the weighted sum rate is maximized.
Note that the bandwidth allocation is usually constrained to a set of discrete or integer
points. To sum it up, resource allocation in networks with orthogonal channels with an
emphasis on sum-rate maximization will be discussed in chapter 4. Simultaneously to
and independently from our work over the last years further algorithms have been de-
veloped that first dealt with the downlink problem, then extended the problem to the
uplink and finally have been also generalized to networks with general power constraints
[KV05, HSAB09b, HSAB09a, ASB10, HSBA10] (and references therein). These recent and
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newer publications partly take into account frequency diversity and several constraints on
per user power and rate constraints.

1.3 Contributions and Thesis Overview

This thesis is dedicated to topics in the area of resource allocation and interference man-
agement in wireless networks of a general network topology that require a distributed or
decentralized organization. More precisely, in chapters 2 and 3 we investigate the problems
of power control as well as joint power control and beamforming assuming a wireless net-
work where interference is treated as noise. The key contributions are two-fold. They do
not restrict to the development of applicable distributed algorithms that can be combined
with any routing and scheduling strategy. We also derive and prove practically interesting
and significant properties of the approaches and algorithms.

Chapter 2: In order to deal with the drawback that QoS requirements cannot be guaran-
teed by the traditional utility-based approach, we incorporate QoS requirements in terms
of minimum SIR targets into the utility-based power control problem. We first ensure
the desired SIR targets by projecting the transmit powers on the valid power region.
This approach is called hard QoS support, simply because the SIR targets are only met
when being feasible. Because the projection operation on the feasible set of powers can-
not be implemented in a distributed way or would require a prohibitive amount of data
exchange we apply a primal-dual approach to find a stationary point of the associated La-
grangian. We show both that the derived corresponding primal-dual algorithm converges
to the optimum and that it is amenable to efficient distributed implementation in case
of feasibility. However, a challenge with hard QoS support occurs if it is impossible to
enforce the desired SIR levels. For this reason we argue in favor of soft QoS support in
which case a solution to the corresponding power control problem always exists even if the
SIR targets are infeasible. We achieve soft QoS support by approxima-ting the max-min
SIR-balancing solution which is a a straightforward result applying the argumentation of
[MW00] to power-controlled wireless networks. The approximation of the max-min SIR
balancing problem can be seen as a barrier function. We combine this barrier function with
the traditional utility-based approach to include best-effort users and prove the following
interesting properties of this approach:

(a) If the SIR targets are infeasible so that they cannot be met simultaneously, then
the maximum relative error is minimized, provided that the concavity parameter of
the utility function chosen is sufficiently large. If all SIR targets are equal, then the
distance to the SIR targets is minimized with respect to the l∞-norm (the maximum
norm).

(b) The SIR targets are met provided that the concavity parameter of the utility function
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is sufficiently large and the targets are feasible. The irreducibility condition of the
channel gain matrix is a sufficient condition to ensure that the achieved SIR has an
upper bound and does not exceed the target SIR.

(c) After all SIR targets are satisfied remaining power resources are allocated to the users
so as to optimize the aggregate utility function.

Finally we show that our extended gradient-projection algorithm can be efficiently imple-
mented in a distributed manner using the scheme of [SWB07] and give some numerical
examples to show the influence of noisy measurements.

Chapter 3: This chapter captures the possibility of jointly optimizing powers and beam-
formers. Such a joint optimization is much more challenging than a pure power control
problem only. To the best of our knowledge it is not known which class of utility functions
allows a convex formulation of the joint utility-based power control and receive beamform-
ing problem so that a global solution can be found in distributed wireless networks. We
analyze the structure of the problem and show that the joint problem can be formulated
as a pure power control problem under inherent optimal receivers. More precisely, for
any fixed power vector, if the optimal receive beamformer is chosen in the sense that it
maximizes the SINR it solves at the same time the original utility-based problem. For the
case of perfect synchronization where a closed-form solution of the optimal receiver exists
we derive a gradient projection power control algorithm that cannot be implemented dis-
tributedly in an efficient way. Due to this and because synchronicity is not a property of
decentralized wireless networks we decompose the problem into two coupled sub-problems
and propose a decentralized alternating computation that converges to a stationary point.
Simulations suggest that with increasing concavity of the utility function the algorithm
converges to a global optimum for many initial points. But in fact we cannot even show
that our proposed algorithm converges to a local maximum. Nevertheless, we provide a
powerful distributed algorithm and investigate its behaviour in real-world wireless net-
works where noisy measurements and estimations occur.

The second part of chapter 3 considers the possibility of solving the max-min SIR-
balancing problem. Because a gradient-projection algorithm cannot be applied in case of
the non-differentiable relative max-min objective function we propose a different way to
arrive at a possibly distributed solution. For this purpose we extend the work of [SB06]
by solving the joint max-min SIR-balancing problem under general power constraints
and for a larger class of utility functions. More precisely, we apply recent results of
[SKB10] that reveal the connection between the max-min SIR-balancing and the utility-
based power control problem under general power constraints. These results show how to
choose the weights such that the utility-based power control problem achieves the max-
min SIR-balancing solution. We analyze the properties of this connection and combine
these results with receiver control to arrive at an algorithmic solution. We conjecture
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that the proposed algorithm converges to the optimal max-min SIR-balancing solution.
Interestingly, we would be able to even distributedly solve the joint max-min SIR-balancing
problem provided that the corresponding weights could be calculated in a distributed
fashion. Unfortunately, the weights are not so easily calculated in a decentralized way,
some coordination is still required.

Summarizingly, this chapter provides applicable distributed and semi-distributed algo-
rithms to jointly optimize powers and receive beamformers. It provides also a distributed
heuristic to additionally optimize the transmit filters and indicates by simulations that by
this means an additional performance gain can be achieved.

Chapter 4: While chapters 2 and 3 are concerned with networks with interference, in
this chapter we consider a wireless network with orthogonal channels to separate the users.
Orthogonal channels are achieved by applying CDMA or OFDMA (with flat fading chan-
nels). As a consequence the problem of joint power control and link scheduling, such that
a weighted sum of link rates is maximized, greatly simplifies. On the other hand we have
scheduling variables that are usually discrete. We emphasize that in contrast to other
simultaneous works we focus on networks with general power constraints. First, relaxing
the discrete scheduling variables, we show that the problem is jointly convex and derive an
optimal iterative solution which provides an upper bound to the original discrete problem.
The optimal real solution can be simply rounded to result heuristically in a discrete solu-
tion. However, a more promising way is to analyze the problem structure first and then to
derive a convenient heuristic based on the problem properties. Interestingly, we can show
that the decision of how many subchannels or signature sequences are assigned to each
node can be interpreted as a multiple-choice knapsack problem. Using the knowledge of
the problem structure we derive a heuristic centralized algorithm for the problem and indi-
cate a possible distributed implementation. Moreover, we emphasize that the approach of
weighted throughput maximization offers throughput-optimality if the weights are chosen
accordingly and that the choice of the weights highly influences the delay performance as
well.

1.4 System Model

1.4.1 Notation

Throughout the text, R denotes the set of real numbers and C the set of complex numbers.
R+ ⊂ R and R++ ⊂ R are used to designate the set of non-negative and positive real
numbers, respectively. The corresponding sets of all N-tuples will be denoted by RN , CN ,
RN

+ and RN
++, respectively. We use small-type bold letters a = (a1, . . . , aN ) to represent

a vector and capital bold letters A = (ak,l) to represent a matrix. Further aT and aH

denote the transpose and conjugate transpose of vector a, respectively.
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1.4.2 Network Model

A wireless network is a collection of nodes being able to communicate with each other
over a wireless communication link. Let N = {1, . . . , N} be the set of nodes and let (n, m)
with m 6= n represent a wireless link from transmitter node n ∈ N to receiver node m.
We assume that wireless links are bidirectional meaning that (m,n) exists if and only if
there exists (n, m). The set of nodes and the set of wireless links constitute the network
topology. We consider a wireless network with an established network topology, in which
all links share a common wireless spectrum.

Now, let K ≥ 2 users compete for access to the wireless links and let K = {1, . . . ,K}
denote the index set of all users. The set of users originating in node n ∈ N is labeled by
Kn ⊆ K 1. In the case that only one user is competing for access on a certain wireless
link, the notion of users and active wireless links is the same. In contrast, if more than
one user competes for access on a wireless link we have several so-called logical links on
a wireless link, one for each user. We point out, that the notion of logical links is only
used in this thesis in the case where we consider a multi-hop wireless network with several
source-destination pairs and a fixed, established route. Then, several routes or paths may
use the same wireless link, in which case we establish a number of logical links on each
wireless link.

1.4.3 Signal-to-Interference-Ratio

The transmit powers of the users are denoted by pk ≥ 0 and collected in the vector
p = (p1, . . . , pK), called the power vector. We define Vk,l ≥ 0 with Vk,k > 0 to be the path
attenuation between transmitter l ∈ K and receiver k ∈ K (see figure 1.3) which depends
on the bandwidth and spectrum allocation, the channel state of the wireless link2, the
receiver structure and other system parameters. Further, σ2

k > 0 denotes the Gaussian
noise variance at the kth receiver.

The main figure of merit is the SIR at each receiver output given by

SIRk(p) :=
Vk,k pk∑K

l=1
l 6=k

plVk,l + σ2
k

=
pk∑K

l=1
l 6=k

pl
Vk,l

Vk,k
+ σ2

k
Vk,k

, k ∈ K . (1.1)

Moving Vk,k into the denominator, we define vk,l = Vk,l/Vk,k if l 6= k. Here and hereafter,
we assume no self-interference meaning that vk,l = 0 if l = k. Further, we define zk =
σ2

k/Vk,k > 0 to be the effective noise power at the receiver k. Based on this, we define
z := (z1, . . . , zK) > 0 and V := (vk,l) ∈ RK×K

+ with trace(V) = 0 to be the vector of
effective noise variances and the matrix of power gains, respectively. The nonnegative

1Later, in subsection 1.4.4 defining the power constraints, this set is transformed into a Matrix A mapping
the users and the power constraints

2The channel state of a wireless link depends on the characteristics of the radio channel, e.g. path loss.
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interference

V1,1

V1,2

T2

T1

R1

T3

R3R2

Figure 1.3: An example of a network with 6 nodes and 3 active links or users. Each link
consists of a transmitter node T1, T2, T3 and a receiver node R1, R2, R3. By transmitter
(receiver) l ∈ K we refer to the transmit (receive) node of link or user l. The path
attenuation between different transmitters and receivers is illustrated as follows: The
transmission links are depicted by black lines, the interference links are depicted by dashed
red lines.

matrix V is called the gain matrix. Unless otherwise stated, it is assumed that V is
irreducible, in which case the network is entirely coupled by interference. In practice, this
is a reasonable assumption and means that there is no isolated subnetwork perceiving no
interference from links outside the subnetwork.

Using this notation the SIR can be also written as follows

SIRk(p) =
pk

Ik(p)
=

pk

(Vp + z)k
, k ∈ K, (1.2)

where
Ik(p) =

∑

l∈K

vk,lpl + zk (1.3)

is the interference function.

1.4.4 Power Constraints

In wireless networks with a general network topology the transmit powers are subject to
general power constraints

P = {p ∈ RK
+ : Ap ≤ p′,A ∈ {0, 1}N×K} ⊂ RK

+ (1.4)

for some given p′ = (P1, . . . , PN ) > 0. We use N = {1, . . . , N} to denote the set of
power constraints, one for each active transmit node, where N is the number of power
constraints. The mapping between the users/active links and the power constraints is
represented by A = (an,k) ∈ {0, 1}N×K : an,k = 1 if user k belongs to power constraint n

or, in other words, if active link k originates in node n. In practice, we may have several
links originating at node n such that we have a sum power constraint at node n. Note,
there is at least one 1 in each column of A. Thus P is a compact set.
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With this model the subsequent two special cases can be represented as follows:

• Individual power constraints on each link: This scenario occurs in practice in case
that each active node is the origin for exactly one link. We have N = K, A = I and
may define

P := {p ∈ RK
+ : ∀k∈Kpk ≤ Pk}. (1.5)

A typical example is the uplink channel in a single-cell wireless network.

• Sum power constraint: We have only one node N = 1, where each active link
originates. Thus A reduces to a vector A = 1T and we have P := {p ∈ RK

+ :∑
k∈K pk ≤ P}. A well-known example for such a network is the downlink of a

single-cell wireless network.

If not otherwise stated, for brevity and simplicity in presentation, we assume individual
power constraints throughout this thesis.

1.4.5 Linear Receiver

As emphasized, the value SIRk(p) is not only a function of the power vector p but depends
also on the choice of the transmit and the receive filters. Note that all transmitters but
only the kth receiver influence the kth SIR.

Let k ∈ K be arbitrary but fixed. We assume that all users are equipped with M ≥ 1
antennas and define bl := b(k)

l = (b(k)
1,l , . . . , b

(k)
M,l) ∈ CM to be the effective transmit vector

of transmitter l ∈ K associated with receiver k ∈ K. The effective transmit vector bl is
the product of the channel matrix between transmitter l ∈ K and receiver k ∈ K and
its transmit beamformer. It determines the direction of the transmit signal. We give an
example for a wireless network with M antennas at both the transmitter and the receiver
side. Here, H(k,l) ∈ CM×M describes the channel from the transmitter of user l to the
receiver of user k. Further, defining ul with ||ul||2 = 1 to be the transmit beamformer at
the transmitter-side of link l, we arrive at b(k)

l = Hk,lul describing the effective transmit
beamformer of transmitter l into the direction of receiver k.

If not otherwise stated the effective transmit vector is assumed to be arbitrary but
fixed, which implies that the channels and transmit beamformers are fixed. In addition,
we use ck ∈ CM to denote the receive beamformer of user k. The receive beamformers
of all users are collected in the receive beamforming matrix C = (c1, . . . , cK) ∈ CM×K .
Furthermore, since the signal-to-interference ratio (SIR) is independent of the norm of
the receive beamformers, we can assume that ‖ck‖2 = 1 for each 1 ≤ k ≤ K, and hence
C = {C = (c1, . . . , cK) ∈ CM×K : ∀k‖ck‖2 = 1} denotes the set of all beamforming
matrices.

Using the above notation, assuming that the effective transmitters are fixed and con-
sidering the fact that all users are perfectly synchronized, the SIR at the output of an
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arbitrary linear receiver is given by

SIRk(p, ck) : =
pk|〈ck,bk〉|2∑K

l=1
l 6=k

pl|〈ck,bl〉|2 + ||ck||22σ2
k

=
pkVk,k(ck)∑K

l=1
l 6=k

plVk,l(ck) + σ2
k

=
pk∑K

l=1
l 6=k

pl
Vk,l(ck)
Vk,k(ck) + σ2

k
Vk,k(ck)

(1.6)

where Vk,l(ck) = |〈ck,bl〉|2 is the attenuation of the power from the transmitter of user
l to the receiver of user k and 〈x,y〉 denotes the inner product of the vectors x,y. As
before the SIR can be also written as follows

SIRk(p, ck) =
pk

Ik(p, ck)
=

pk

(V(C)p + z(C))k
, k ∈ K, (1.7)

where
Ik(p, ck) =

∑

l∈K

vk,l(ck)pl + zk(ck) (1.8)

is the interference function. Notice, under the assumption of a fixed receiver ck ∈ CM we
have SIRk(p) = SIRk(p, ck), k ∈ K.

Optimal Linear Receiver

By an optimum linear receiver usually a receiver is meant that maximizes the SIR of
each user. More precisely, the optimum receive vector ck is a vector that maximizes the
SIRk under the assumption that the power vector p and the effective transmit vectors
bl := b(k)

l , ∀l ∈ K are fixed. Hence, rewriting (1.6) as

SIR(p, ck) =
pkcH

k bkbH
k ck

cH
k Zk(p)ck

(1.9)

with
Zk(p) =

∑

l 6=k

plblbH
l + σ2I (1.10)

we have

c∗k(p) = arg max
‖ck‖2=1

pkcH
k bkbH

k ck

cH
k Zk(p)ck

.

Since σ2 is positive, the matrix Zk(p) is Hermitian positive definite for any p ≥ 0. As
a consequence, the inverse matrix of Zk(p) exists regardless of the choice of receivers C

and powers p ∈ P. Note that the SIR can be written in this compact form due to the
assumption of perfect synchronization. An optimal receive beamformer c∗k(p) can be easily
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found when the SIRk is rewritten as a Rayleigh quotient to obtain [VAT99]

c∗k(p) = akZ−1
k (p)bk (1.11)

where ak > 0 is a constant chosen such that ‖c∗k(p)‖2 = 1. Consequently, with an optimal
beamformer, the SIR of user k is equal to

SIR∗k(p) = pkbH
k Z−1

k (p)bk. (1.12)

1.4.6 Applied System Models

For a better understanding we shortly summarize the specific system models used in each
of the following 3 chapters.

Chapter 2 considers a pure power control problem in a wireless network where inter-
ference is treated as noise. Thus, the defined SIR depends on the power vector only (see
equation (1.2)). Further we derive solutions and distributed algorithms assuming individ-
ual power constraints for each user (see equation (1.5)). However, we point out that these
solutions and distributed algorithms can be easily generalized to the case of general power
constraints.

In chapter 3 we discuss a joint power control and beamforming problem in a wireless
network where interference is treated as noise. Consequently, the SIR is a function of
powers, transmit vectors and receive beamformers (see equation (1.6)). We emphasize
that only one data stream is transmitted over each link, hence the beamformers indicate a
signal direction. Note that the main focus is on the optimization of receive beamformers.
That is why we introduced the optimal linear receiver (see equation (1.11)). Moreover,
in the first part of chapter 3, for brevity and simplicity we again focus on networks with
individual power constraints. Here as well as in chapter 2 the solutions can be easily
adapted to the case of general power constraints. In the second part of chapter 3 we
extend existing works to the case of general power constraints. Thus, here general power
constraints are assumed (see equation (1.4)).

Finally in chapter 4 we consider a joint power control and scheduling problem in a
network with orthogonal channels. As a consequence the SIR model defined in equation
(1.2) is simplified, Vk,l = 0, ∀k,l. Thus V := (vk,l) with vk,l = Vk,l/Vk,k is a zero matrix, z

remains equivalent representing the vector of effective noise variances. Due to the fact that
scheduling is a topic only in chapter 4, we directly introduce the scheduling variable in the
SIR model at the beginning of chapter 4. Moreover, the wireless network of chapter 4 is
investigated assuming a general network topology. Thus, again general power constraints
(see equation (1.4)) are assumed.
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2 Utility-based Power Control with QoS

Support

During the last two decades, we have observed the evolution of a number of different
wireless communication standards that support a wide range of services. These services
have requirements on quality-of-service (QoS) parameters such as data rate, delay, bit
error rate. The QoS is determined by the signal-to-interference ratio (SIR) and may be
expressed in terms of some minimum SIR targets, which is a reasonable assumption in
many cases of practical interest [TH99, BG92]. One of the most important mechanisms
to manage interference in a wireless network is power control. This chapter addresses
the question, how such QoS or SIR requirements may be supported using a utility-based
power control scheme in a distributed wireless network.

Having a look at related works we know that classical QoS-based power control aims at
allocating transmit powers to the users such that each user meets its SIR target [Wu00,
BCP00, FM05]. Provided that the SIR requirements are feasible there exist iterative
distributed algorithms that attain the target SIR [FM93, Yat95, BCP00]. However, to
the best of our knowledge a distributed algorithm to detect the feasibility of the SIRs
remains an open problem. Note, that maximizing the minimum SIR [Zan92a, Zan92b,
Bam98, KG05] provides a closely related approach to the classical QoS-based power control
problem.

In contrast to the classical QoS-based power control, the objective of utility-based power
control is to optimize the overall network performance with respect to some aggregate
utility function [GM00, SMG02, XSC03, JXB03, Chi04, Chi05, HBH05, HBH06, SWB07,
SWB09, HRCW08, HSAB09b]. The utility-based approach has recently attracted a lot of
attention, mainly because of a better throughput performance due to an efficient utiliza-
tion of wireless resources. At the same time, the use of increasing and strictly concave
utility functions ensures the desired degree of fairness [KMT98, MW00, SW05]. Some
of the mentioned papers model the utility-based power control problem as a noncoop-
erative game where users maximize their utilities (e.g. [GM00, SMG02, XSC03]). In
addition, these papers balance the throughput and fairness performance against power
consumption. Distributed utility-based power control algorithms have been provided by
[Chi05, HBH06, SWB07, HRCW08]. In [Chi05] the problem of joint power control and
end-to-end congestion control is addressed where the power control part is a special case
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of the power control problem in [SWB07]. The approach of [HBH06] is a game-theoretic
one. Both [Chi05] and [HBH06] apply a flooding protocol to pass locally available quan-
tities to other nodes. The authors of [HRCW08] interpret the utility-based power control
problem as a joint optimization of powers and SIR assignment over the feasibility region.
They propose a distributed power control and SIR assignment algorithm for the uplink
in a multi-cell wireless network. In contrast, [SWB07] propose a distributed utility-based
power control algorithm for general wireless networks applying the notion of the adjoint
network and thus avoiding to use a relatively expensive flooding protocol.

However, in view of many important applications, the main drawback of utility-based
approaches is that, in general, no QoS can be guaranteed even if the corresponding SIR
targets are feasible. One possible approach to solve this problem is to enforce the SIR
targets by projecting the users’ transmit powers on a set of so-called valid transmit powers
that provide the desired SIR performance to each user. This is called hard QoS support as
the SIR targets are enforced whenever they are feasible. As far as the implementation in a
decentralized network is concerned, the main problem seems to be the projection operation.
For instance, a very simple cyclic projection algorithm [FM05] where the users successively
perform projections on individual sets corresponding to each SIR target may require a lot
of coordination in a network. Another way to manage the SIR requirements within a
utility-based approach can be found in [Chi06, GMG08]. In [Chi06] the utility function
is restricted to the sum rate in the high SIR region. The authors of [GMG08] impose
a maximum and a minimum SIR requirement and present a Lagrangian gradient-based
algorithm and its distributed implementation based on a flooding protocol. In this chapter
we analyze a similar primal-dual algorithm to find a stationary point of the associated
Lagrangian and show that this algorithm is amenable to distributed implementation.

In addition to the issue of distributed implementation, there is an inherent problem
associated with hard QoS support resulting from the fact that no valid power allocation
may exist to meet the SIR targets due to channel and/or network dynamics. For this
reason, we argue in favor of soft QoS support in which case a solution to the corresponding
power control problem always exists even if the SIR targets are not feasible. To be more
precise, the proposed scheme attempts to approach the SIR targets closely, provided that
the utility functions are chosen appropriately. Moreover, if the QoS requirements are
feasible, once the SIR targets are met, remaining power resources may be allocated to all
or some users so as to optimize the overall network performance expressed in terms of
some aggregate utility function. As far as we know our scheme is the first to incorporate
QoS constraints in this way.

Potential applications of the power control scheme presented in this chapter are envi-
saged for example in wireless mesh networks to control transmit powers of base stations
(mesh routers). These base stations create a wireless backbone via multi-hop ad-hoc
networking and have practically unlimited energy supply.
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In this chapter, we first review the utility-based power control problem without QoS
support in section 2.2 and show how a simple hop-by-hop congestion control protocol can
be coupled with power control (section 2.2.1) such that end-to-end fairness is achieved. We
emphasize that the objective of controlling the network congestion provides a motivation
to investigate the utility-based power control problem. In the main part of this chapter
we reformulate the conventional utility-based power control problem so as to take into
account given minimum SIR targets of the users. Most importantly, the power control
schemes and algorithms derived incorporate the demand on amenability to distributed
implementation. Section 2.3 is devoted to the utility-based power control with hard QoS
support. We analyze a primal-dual algorithm that is used to find a stationary point of an
associated linear Lagrangian function. For a large class of utility functions identified in
[MW00, SWB07], the algorithm is shown to exhibit a global convergence. Furthermore, it
is shown that the use of an adjoint network introduced in [SWB07] allows for an efficient
decentralized implementation of the algorithm. In section 2.4, we address the problem of
utility-based power control with soft QoS support. This scheme circumvents the feasibility
problem. First, for the sake of completeness it is mentioned that a widely-studied max-min
SIR balancing solution [BS06a] can be approximated arbitrarily closely by a solution to
a slightly modified utility-based power control problem, with a class of utility functions
considered, for instance, in [MW00]. Then we combine this approach with the conventional
utility-based power control problem in order to incorporate best-effort users. The main
results (Proposition 2 with Corollary 2 and Proposition 3) state that under a solution to
this problem, the following is true.

(a) If the SIR targets are infeasible so that they cannot be met simultaneously, then
the maximum relative error is minimized, provided that the concavity parameter of
the utility function chosen is sufficiently large. If all SIR targets are equal, then the
distance to the SIR targets is minimized with respect to the l∞-norm (the maximum
norm).

(b) The SIR targets are met provided that some parameter is sufficiently large and the
targets are feasible.

(c) After all SIR targets are satisfied remaining transmit powers are allocated to the users
so as to optimize a given aggregate utility function.

Section 2.4.3 shows that the problem can be solved in a distributed manner, again applying
the notion of the adjoint network from [SWB07]. Finally, in Section 2.5, we present some
numerical results to better illustrate the proposed power control concepts. The results
presented in this chapter have been published in [2, 9, 8, 11]. Parts of these works also
appeared in [SWB09].
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2.1 System Model, Assumptions and Definitions

We use the system model introduced in section 1.4. Considering a pure power control
problem the SIR is given by equation (1.2) depending only on the power vector p. For
brevity, in this chapter we assume individual power constraints1 as defined in equation
(1.5).

Let ωk ∈ Q ⊆ R represent the QoS requirement of user k. Interesting QoS parameters
may be for example data rate, bit error rate or delay. Depending on the QoS parameter
either larger values are desired (data rate) or smaller values imply a larger QoS (delay).
Throughout this chapter, it is assumed that γ : Q → R++, γk := γ(ωk) is the minimum
SIR being necessary to provide ωk to user k. We refer to γ1, . . . , γK ≥ 0 as the SIR targets.
If γk = 0, k ∈ K, then user k has no QoS requirements and is called a best-effort user.
Otherwise, we call it a QoS user. The QoS vector ω = (ω1, . . . , ωK) ∈ QK is said to be
feasible if there is a power vector p ∈ P such that ∀k∈KSIRk(p) ≥ γk = γ(ωk). The set of
all feasible QoS vectors is called the feasible QoS region.

We point out that since best-effort users have no QoS requirements, they could be denied
access to the channel under some power control strategies such as those of [BCP00].
In the thesis, however, we consider power control strategies under which each user is
allocated a positive transmit power.2 As a result, we can focus on positive transmit
powers p ∈ P+ with P+ := P ∩ R++ and consider all the problems in the logarithmic
power domain. To this end, let s := log(p),p > 0, denote the (logarithmic) power vector
and S := {s ∈ RK : ∀ke

sk ≤ Pk} 6= ∅. Notice that log(p) and es are taken component-wise
and we may sometimes write exp(s) instead of es.

Definition 1 Given ω ∈ QK , we say that s ∈ RK is a valid power vector if SIRk(es) ≥
γk, k ∈ K. Any valid power vector s ∈ RK such that s ∈ S is said to be feasible. The set

S(ω) := {s ∈ S : ∀k∈K SIRk(es) ≥ γk} ⊂ S

is called the feasible power region as s ∈ S.

In words, the feasible power region is the set of those power vectors for which all SIR
targets are met and the power constraints are fulfilled. By the above definition, we can
conclude that

Observation 1 ω ∈ QK is feasible if S(ω) 6= ∅.

Observation 2 For any ω ∈ QK , S(ω) is a convex set.

1We emphasize that the proposed solutions and distributed algorithms can be easily adapted to sum
power or general power constraints.

2The only exception is Proposition 2 where one of the proposed strategies is shown to approximate a
power vector with zero entries.
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2.2 Utility-based Power Control without QoS Support

At the beginning of this section we briefly review the traditional utility-based power control
problem (see [SWB07]) that deals with a network of best effort users only. In other words
no QoS or minimum SIR requirements are incorporated in the optimization problem. This
section provides the fundamentals for the main part of this chapter. We emphasize that
although utility-based optimization problems are typically formulated as maximization
problems, in the following we rewrite the utility-based power control problem as a mini-
mization problem to be conform with standard results from the optimization theory. We
introduce a class of monotonically decreasing strictly convex utility functions of the SIR
for which the power control problem can be converted into a convex optimization problem.
We summarize the gradient projection algorithm solving this convex problem and outline
its amenability to distributed implementation by using the concept of the adjoint net-
work. Giving some interesting additional aspects on cross-layer design, in subsection 2.2.1
we show how a simple rate control can be performed by coupling hop-by-hop congestion
control with utility-based power control.

Explicitly, the traditional utility-based power control problem is

s∗ = arg max
s∈S

Ge(s) (2.1)

where the maximum is assumed to exist and Ge : RK → R is the aggregate utility function
defined to be

Ge(s) :=
∑

k∈K
wkΨ(SIRk(es)) . (2.2)

Here and hereafter, w = (w1, . . . , wK) > 0 is a given weight vector and Ψ : R++ → Q is
the inverse function of γ so that γ(Ψ(x)) = x, x > 0. Consequently, Ψ(SIRk(p)) is the
QoS level of user k ∈ K under the power vector p. Other typical interpretations of the
function Ψ(SIRk(p)) include the degree of user satisfaction with the received SIR or the
revenue of the network operator.

In the thesis, it is assumed that Ψ satisfies the following conditions [SWB07, SWB09]:

(A.1) Ψ : R++ → Q is a twice continuously differentiable and strictly increasing (bijective)
function where Q is an open interval on the real line such that Ψ−1 : Q → R++.

(A.2) limx→0 Ψ(x) := −∞, limx→0 Ψ′(x) = limx→0
dΨ
dx (x) = +∞

(A.3) Ψe(x) := Ψ(ex) is concave on R.

The following class of traditional utility functions Ψ : R++ → Q introduced by [MW00]
satisfies (A.1)–(A.3):

Ψ(x) = Ψα(x) :=





log x α = 1
x1−α

1−α α ≥ 2
x > 0 . (2.3)
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Figure 2.1: The class of utility functions (2.3) from [MW00].

We emphasize that another interesting class of utility functions is

Ψ(x) = Ψ̃α(x) :=





log(x) α = 1

log x
1+x α = 2

log x
1+x +

∑α−2
j=1

1
j(1+x)j α > 2

x > 0 . (2.4)

We point out that condition (A.2) ensures that each link is assigned a nonzero SIR.
More important, condition (A.3) permits to convert the utility optimization problem into
a convex problem.

As mentioned at the beginning of this section, in order to be conform with the standard
results from the optimization theory, we rewrite the utility-based power control problem
as a minimization problem. Therefore we define a strictly decreasing SIR-QoS mapping
ψ : R++ → Q

ψ(x) := −Ψ(x), x ∈ R++ (2.5)

Now, ψ : R++ → Q is the inverse function of γ with γ(ψ(x)) = x, x > 0. Using

Fe(s) :=
∑

k∈K
wkψ(SIRk(es)) . (2.6)

the power control problem can be equivalently rewritten as

s∗ = arg min
s∈S

Fe(s), (2.7)
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From (2.5) the following properties of function ψ immediately result:

(A.4) ψ : R++ → Q is a twice continuously differentiable and strictly decreasing (bijective)
function where Q is an open interval on the real line such that ψ−1 : Q → R++.

(A.5) limx→0 ψ(x) := +∞, limx→0 ψ′(x) = limx→0
dψ
dx (x) = −∞.

(A.6) ψe(x) := ψ(ex) is convex on R.

Condition (A.6) permits to convert the utility optimization problem into a convex prob-
lem. More precisely, the main reason for considering these classes of functions ψ(x) is
Observation 3.

Observation 3 ([SWB09]) Fe is convex on RK , and thus, by convexity of S, the problem
(2.7) is convex if (A.4)–(A.6) hold.

This result evolved from the work on the geometry of the so-called feasible QoS region
[BS04, BS05, CIM04]. In [BS04, BS05], it was shown that this region is a convex set if
the SIR is a log-convex function of a QoS parameter of interest. As a consequence, the
problem of optimizing the aggregate QoS of a network over the set of all feasible QoS levels
is a convex problem. In [BWS04], it was shown that if the SIR is log-convex in the QoS,
then the Karush-Kuhn-Tucker conditions for the corresponding power control problem are
necessary and sufficient to characterize an optimal power allocation. Furthermore, if the
log-convexity property holds, the power control problem can be converted into a convex
optimization problem by the logarithmic transformation of the power vector.

The following recursive gradient projection algorithm with a constant, small enough
step size δ > 0 can be applied to solve the problem [BT89]:

s(n + 1) = ΠS

[
s(n)− δ∇Fe(s(n))

]
, s(0) ∈ S, n ∈ N0 (2.8)

where ΠS[x] denotes the projection of x ∈ RK on S with respect to the Euclidean norm.
The kth partial derivative ∇kFe(s) is equal to

∇kFe(s) =
∂Fe

∂sk
(s) = esk

(
φk(es)−

∑

l∈K

vl,kSIRl(es)φl(es)
)
, k ∈ K, (2.9)

with
φk(es) =

wkψ
′(SIRk(es))
Ik(es)

, k ∈ K. (2.10)

The sequence {s(n)} generated by (2.8) converges to a stationary point that minimizes
Fe(s) over S.

Distributed power control algorithms for problem (2.7) that do not resort to the use of
classical flooding protocols can be found in [SWB07, WSB08, SWB09]. The key ingredi-
ent in distributed implementation of these power control schemes is the use of an adjoint
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network to efficiently distribute some locally measurable quantities to other (logical) trans-
mitters. More precisely, instead of each transmitter sending its message separately as in
case of classical flooding protocols, some information is transmitted simultaneously over
the adjoint network such that each transmitter can estimate its gradient component from
the power of the received signal [SWB07, WSB08, SWB09]. For the sake of completeness
and because of its importance to this thesis, the details of this concept are summarized in
section 2.6 Appendix A.

Gradient projection algorithms are recursive in nature and mostly require an appro-
priate choice of step sizes. Since (adaptive) step size control is difficult to implement in
distributed wireless networks, the step size sequence {δ(n)} is usually a non-increasing
real-valued sequence satisfying one of the following conditions [KY03]:

(A.7) δ(n) = δ, n ∈ N0, for some sufficiently small δ > 0.

(A.8) δ(n) > 0,
∑∞

n=0 δ(n) = ∞ and limn→∞ δ(n) = 0.

We observe that the second condition might be more reasonable if an algorithm is based
on some noisy measurements. An appropriate choice of the step size is a key ingredient to
the effectiveness of the algorithm [KY03]. Throughout the thesis, {δ(n)} is an appropriate
step size sequence assumed to fulfill either (A.7) or (A.8).

2.2.1 Hop-by-Hop Congestion and Power Control

In this subsection we show how hop-by-hop congestion control can be combined with
utility-based power control so as to achieve end-to-end fairness. Over the past years the
problem of congestion control has received a lot of attention. Starting in the internet
context the research mainly focused on the analysis and algorithm development of end-
to-end schemes (e.g. TCP, Vegas) [Kel97, LPD02, LPW02, MW00]. Later these schemes
have been adapted to wireless networks incorporating that in wireless networks the link
capacities cannot be assumed to be fixed quantities. End-to-end window-based congestion
control typically couples traditional transport layer protocols with physical or MAC layer
protocols mainly to enhance the network performance in terms of some aggregate utility
function. Chiang [Chi05] has proposed a cross-layer approach where power control is
coupled with TCP Vegas in wireless multihop networks. Lin and Shroff [LS06] proposed a
framework for joint rate control and scheduling and additionally investigated the impact of
imperfect scheduling on the performance of the cross-layer congestion control. Such end-
to-end schemes have some important disadvantages. The rates are adjusted with a period
proportional to the end-to-end round-trip delays, which are usually large in multi-hop
wireless networks and cause slow convergence and rate oscillations. The latter one may
lead to large queues or data loss on congested links. In fact, because of slow convergence,
dynamic wireless networks cannot determine correct rate allocations. In addition, the
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scalability argument does not hold in wireless networks where on the one hand the number
of flows per node is much smaller than in the Internet and on the other hand per-flow
queueing is typically used for reasons of scheduling.

Due to these facts, we argue in favor of MAC or link-layer fairness with hop-by-hop
congestion control. Different MAC-layer strategies coupled with hop-by-hop congestion
control were used to achieve network-wide end-to-end fairness [YS04, ST05]. In the fol-
lowing we couple a hop-by-hop congestion control similar to that of [ST05, TE92b] with
power control.

We define S to be the set of S flows where Ks denotes the set of logical links belonging to
flow s, s ∈ S. Assume that each logical link k ∈ K is equipped with a single-user decoder
achieving the Gaussian capacity so that the data rate ν

(s)
l (p) on link l of flow s is ν

(s)
l (p) =

Φ(SIR(s)
l (p)) with Φ(x) = a log(1+bx), x ≥ 0 for some positive constants a, b.3 The notion

of MAC-layer fairness is defined along similar lines as end-to-end fairness [MW00], except
that instead of network flows, link-layer flows are considered. Our proposed MAC-layer
fair policy with hop-by-hop congestion control works as follows: At the beginning of every
frame, a (distributed) MAC controller chooses link rates ν∗ ∈ RK

+ such that (assume that
the maximum exists)

ν∗ = arg max
ν∈R

∑

s∈S

∑

l∈Ks

U
(s)
l

(
ν

(s)
l

)
(2.11)

where U
(s)
l is a continuously differentiable, increasing and strictly concave function, R :=

{ν(p) : p ∈ P} ⊂ RK
+ is the feasible rate region and ν(p) is the vector of all data rates

under the power vector p. Since the noise vector z is a positive vector Φ : R+ → R+ is
bijective, it may be seen from (1.2) that ν(p) provides a continuous bijective map from
R onto P. Hence, (2.11) can be formulated as a power control problem:

p∗ = arg max
p∈P

∑

s∈S

∑

l∈Ks

U
(s)
l

(
Φ(SIR(s)

l (p))
)

(2.12)

where the maximum exists. Clearly, given p∗, the optimal data rate on link l of flow s

is given by ν
(s)∗
l = Φ(SIR(s)

l (p∗)). We emphasize that this discussion on fair MAC-layer
rate control and on end-to-end rate control provides in fact a motivation for considering
the utility-based power control problem of section 2.2.

Now, taking (2.12) for the 2-user case it can be verified that (2.12) is in general not
convex. Therefore, the following class of utility functions is considered:

U
(s)
l (x) = w

(s)
l Ψ(Φ−1(x)), x > 0, s ∈ S, l ∈ Ks (2.13)

where Ψ(x) =, x ∈ R++, fulfills (A.1)–(A.3).
The class of utility functions is obtained by composing the traditional utility functions

3For brevity we assume a = b = 1 and the natural logarithmic function.
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with Φ−1(x) = ex−1, x > 0. The effect of this is a linearization of the logarithmic rate-SIR
curve. We see that the power control problem in (2.12) becomes

p∗ = arg max
p∈P

G(p) = arg max
p∈P

∑

s∈S

∑

l∈Ks

w
(s)
l Ψ(SIR(s)

l (p)) . (2.14)

Therefore, if U
(s)
l has the form given by (2.13) and (2.3), then p∗ in (2.14) can be

regarded as being (w, α)-fair with respect to the SIR [MW00]. Note that the propor-
tional fair policy with α = 1 is close to a throughput optimal one if SIR(s)

l (p) À 1 for
each l ∈ Ks, ∀s and Φ(x) = log(1 + x). On the other hand, if SIR(s)

l (p) ¿ 1 for each
l ∈ Ks, ∀s, then ν

(s)
l (p) = log(1 + SIR(s)

l (p)) ≈ SIR(s)
l (p). So, at low SIR values, the

modified utility functions are good approximations of the traditional ones in the sense
that Ψα(SIR(s)

l (p)) ≈ Ψα(ν(s)
l (p)).

Now, the nonnegative weight wl is used to couple the MAC layer with a congestion
control protocol for each link and therefore depends on the current queue states at this
link. In other words, the weights establish an interface between resource allocation and
congestion control. One possible way to choose the weights provides the back-pressure
policy [TE92a]. Let u

(s)
l , 1 ≤ s ≤ S, 1 ≤ l ≤ |Ks| denote the queue backlog at the source

node of link l belonging to flow s. The weights w
(s)
l , 1 ≤ s ≤ S, 1 ≤ l ≤ |Ks| are updated

according to:
w

(s)
l = max{q(s)

l − q
(s)
l+1, 0} (2.15)

where q
(s)
|Ks|+1 = 0 denotes the queue backlog of the destination node of flow s. Another

way may just use the current queue states at each link:

w
(s)
l = q

(s)
l . (2.16)

In addition to the hop-by-hop congestion control, at source nodes, a simple window-based
congestion control is used to prevent excessive queues at the nodes. The window size
determines the maximum number of outstanding bits (or packets) a source can send to
the network. In the following we assume that at the beginning of every frame, each source
s ∈ S refills its window so that its size is Ws. As a consequence, each window size is fixed
and equal to Ws > 0, s ∈ S, implying that q

(s)
1 = Ws,∀s.

Summarizingly, the joint hop-by-hop congestion control and power control is performed
iteratively in an algorithm, in which the weights and transmit powers are updated alter-
nately. The nth iteration step for both ways of choosing the weights (see for a) (2.15) and
for b) (2.16)) is:

(i) Require: q
(s)
1 = Ws,∀s, w

(s)
l (0) > 0, ∀s∀l∈Ks , s(0)

(ii) s(n + 1) = ΠS

(
s(n) + δ∇G(s(n))

)

(iii) a) w
(s)
l (n + 1) = max{q(s)

l (n + 1)− q
(s)
l+1(n + 1), 0} or
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b) w
(s)
l (n + 1) = q

(s)
l (n + 1)

where

q
(s)
l (n + 1) = q

(s)
l (n)+min

{
q
(s)
l−1(n), TΦ

(
SIR(s)

l−1(p(n + 1))
)}

−min
{
q
(s)
l (n), TΦ

(
SIR(s)

l (p(n + 1))
)}

(iv) n + 1 → n and go to (ii)

where p(n) = es(n) (p(n) > 0 is positive), δ > 0 is the step size, Π(x) is the projection
of x ∈ RK on the modified set P, ∇G denotes the gradient of G defined in (2.14) and
T > 0 denotes the frame length. We point out that step (iii) simplifies, if the queues are
sufficiently long or T is sufficiently small. Then the min-operator can be neglected.

Since the window size at each source node s ∈ S is fixed and equal to Ws, we have
q
(s)
1 = Ws. Therefore, due to the back-pressure policy of (2.15), we see that all queue

backlogs along the path associated with source s ∈ S are bounded. Now assume that
the channel remains constant and that T is sufficiently small. The proposed joint power
control and congestion control algorithm has been extensively tested in simulations and
these experiments suggest that it converges to an equilibrium point4. The equilibrium is
defined to be the weight and power vector pair (w̃, p̃), where w̃ > 0 and p̃ is optimal in
the sense of (2.14) with fixed w̃. Since ∀s∈S ∀k,l∈Ks

w
(s)
l (n + 1) = w

(s)
l (n) + TΦ

(
SIR(s)

l−1(p(n + 1))
)− 2TΦ

(
SIR(s)

l (p(n + 1))
)

+ TΦ
(
SIR(s)

l+1(p(n + 1))
)
,

in an equilibrium we must have

∀s∈S ∀k,l∈Ks SIR(s)
k (p) = SIR(s)

l (p) := SIRs(p̃) (2.17)

where the rates along the path of flow s are equal. Now suppose, that the problem
converges to an equilibrium point defined by (w̃, p̃), then for the back-pressure policy it
follows from (2.17) that

∑

s∈S

∑

l∈Ks

w̃
(s)
l Ψ(SIRs(p̃)) =

S∑

s=1

WsΨ(SIRs(p̃)) .

So, in an equilibrium point, a network-wide end-to-end fairness is provided, with the
weights equal to the window sizes. Note that the window sizes influence the fairness
between the flows. A large window size prioritizes its flow compared to other flows with
small window sizes. Nevertheless, stronger fairness is achieved by increasing α instead of
equalizing the window sizes. Max-min fairness can be achieved as α →∞.

4If T is arbitrarily chosen the algorithm may alternate between different states.
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Now the question is whether (w̃, p̃) converges to an equilibrium. As mentioned, sup-
ported by extensive simulations it seems that the joint congestion and power control
algorithm converges to an equilibrium point for sufficiently small T . However, the proof
of this problem is still open.

Corollary 1 Suppose that A1-2 hold. Then, for sufficiently large window sizes, the joint
congestion and power control algorithm converges to an equilibrium point specified by
(2.17).

Finally we present some numerical results of the proposed control scheme. We consider
a simple network with 4 end-to-end flows and a string topology (Fig. 2.2). Figure 2.3
depicts the throughput and individual source rate performance as a function of α. In this
simulation, all end-to-end flows have the same source window size W . The simulation
confirms exemplarily that the link rates converge to a max-min fair rate allocation as
α → ∞. Since there is no noise in the simulation and V is a primitive matrix, all link
(and hence all end-to-end) rates are equal under the max-min fair policy. Furthermore,
fairness improves with α →∞ at the expense of the throughput performance. For α = 1,
the rate discrepancy is significant, with Flow 1 being allocated the lowest end-to-end rate.

Flow 1

Flow 2
Flow 3 Flow 4

Figure 2.2: String topology with 4 end-
to-end flows and an asymmetric scenario
as the first flow goes through all wireless
links.
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Figure 2.3: Individual flow rate and through-
put performance as a function of α. W1 =
. . . = WS

Now let us look at the transient dynamics of the hop-by-hop scheme with Ψ(x) =
log(x) (α = 1). Starting from a steady state, the transient response to a change of
the gain matrix V (see Fig.2.4) and to a change of the source window sizes (see 2.5) is
examplarily depicted. In addition the transient response of an end-to-end scheme based
on the congestion control protocol TCP Vegas is shown. In this case, the utility function
for source s ∈ S is αsds log(x) where αs is a constant and ds is the propagation delay along
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the path originating from source s. Thus, the comparison is not quite fair because the end-
to-end scheme adjusts the window sizes at source nodes to channel changes, whereas the
source window sizes in the hop-by-hop scheme can remain constant. In other words, our
protocol provides proportional fair rates with constant weights. The simulation however
illustrates that the traditional end-to-end congestion control schemes may not be suitable
for wireless networks where the propagation environment is highly dynamic and resources
are strictly limited.
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Figure 2.4: The transient behavior in re-
sponse to a change of the gain matrix V
for α = 1.
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sponse to a change of the source window
sizes for α = 1.

2.3 Hard QoS Support with a Distributed Primal-Dual Algorithm

In the following two sections 2.3 and 2.4 we present the main results of this chapter showing
how QoS requirements expressed as SIR targets can be incorporated in the utility-based
power control problem. We distinguish between hard and soft QoS support.

Power control with hard QoS support ensures that each link satisfies its QoS require-
ment, provided that the QoS vector ω is feasible. Remind that this is equivalent to fulfilling
SIRk(p) ≥ γk, k ∈ K with the SIR target γk = γ(ωk) ≥ 0. We emphasize that although we
have defined the function γ : Q → R++ to be the inverse function of the utility function
ψ : R++ → Q ⊆ R, we may use any SIR target value γk ≥ 0 by appropriately choosing
ωk.

The problem with hard QoS support writing as a minimization problem takes the fol-
lowing form

s∗(ω) := arg min
s∈S(ω)

Fe(s) (2.18)

where Fe : RK → R is defined by (2.6). Obviously, (2.18) has a solution if and only if
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S(ω) 6= ∅. In this section, we additionally assume that

(A.9) int(S(ω)) 6= ∅ where int(A) is the interior of A.

Comparing (2.18) with (2.7) reveals that the only difference to the traditional utility-
based power control is that the projection must be performed instead of S on the set
S(ω). Unfortunately the projection on S(ω) is in general not amenable to distributed
implementation as it may require excessive coordination between wireless nodes. The
difficulty results from the fact that the SIR performance of any user generally depends on
transmit powers of all other users.

To alleviate the projection problem, we propose a primal-dual algorithm that is based
on a standard Lagrangian function and show that it can be implemented in a distributed
manner using the scheme of [SWB07] summarized in the previous section. To this end, let

A = {k ∈ K : γk > 0} (2.19)

be the set of QoS users and assume that the users are ordered: A = {1, . . . , J} with
J = |A|. We consider an associated (linear) Lagrangian function L : RK × RJ

+ → R:

L(s, λ) = Fe(s) +
∑

k∈A
λk fk(s) (2.20)

where s ∈ S, λ = (λ1, . . . , λJ) ∈ RJ
+ are the dual variables and fk : RK → R are the

constraint functions given by

fk(s) := Ik(es)/esk − 1/γk, k ∈ A .

Since fk(s) ≤ 0, k ∈ A, L(s, λ) ≤ L(s,0) for all s ∈ S(ω) and all λ ≥ 0. Hence for
any given s ∈ S(ω) 6= ∅, L(s, λ) attains its maximum (which exists) at λ = 0. From
this and the unboundedness of λ → L(s, λ) on RJ

+ for any set s /∈ S(ω), it follows that
mins∈S(ω) Fe(s) = mins maxλ≥0 L(s, λ) and

s∗(ω) = arg min
s∈S

max
λ≥0

L(s, λ) . (2.21)

The corresponding dual problem to (2.18) is defined to be

λ∗(ω) = arg max
λ≥0

min
s∈S

L(s, λ) , (2.22)

where the minimum (for any λ ≥ 0) and the maximum can be shown to exist. Now by
Observation 2 and the results of [SWB09], we can conclude the following.

Lemma 1 If (A.4)–(A.6) hold, then Fe is convex on RK , and hence, by convexity of S(ω),
the problem (2.18) is convex. Moreover, fk, k ∈ A, is convex as well so that the Lagrangian
is a convex-concave function [Roc71].
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As a consequence of the lemma and (A.9), the Slater constraint qualification for the
problem (2.18) is satisfied [Ber03]. So, by standard results of convex optimization theory,
we have the following result.

Lemma 2 The complementary slackness conditions are satisfied and strong duality holds
so that: maxλ≥0 mins∈S L(s, λ) = mins∈S maxλ≥0 L(s, λ).

These observations imply that the Karush-Kuhn-Tucker (KKT) conditions are necessary
and sufficient conditions for optimality. Thus, we can find the minimum in (2.18) by solving
the KKT conditions. This is equivalent to finding a stationary point of the Lagrangian
function L(s, λ) over S× RJ

+, which is the saddle point (s∗(ω), λ∗(ω)) ∈ S(ω)× RJ
+.

In order to find a saddle point of L with respect to X := S × RJ
+ we can apply a

primal-dual algorithm of the following form:

x(n + 1) = ΠX

[
x(n)− δ

(
IK 0
0 −IJ

)
∇L̃(x(n))

]
, n ∈ N0, (2.23)

where x = (s, λ) ∈ RK+J is a stacked vector, L̃ : RK+J → R is an extension of L(s, λ),
(s, λ) ∈ S × RJ

+ to the domain RK+J , δ > 0 is a sufficiently small step size, Im is the
identity matrix of dimension m, ∇L̃(x) is the gradient of L̃ with respect to x ∈ RK+J and

ΠX(x) =
(
min{s1, log(P1)}, . . .min{sK , log(PK)},max{0, λ1}, · · · ,max{0, λJ}

)

is the projection of x on X. Computing the partial derivatives of (2.20) shows that the
algorithm (2.23) takes the form





sk(n + 1) =min
{

sk(n)− δ
[
φk(s(n))esk(n) − µk(n)Ik(es(n))

esk(n)

+ esk(n)Sk

(
s(n),µ(n)

)]
, log(Pk)

}
, k ∈ K

λk(n + 1) =max
{

0, λk(n) + δfk

(
s(n)

)}
, k ∈ A

µk(n + 1) =





λk(n + 1) k ∈ A

0 k ∈ K \A

(2.24)

for each k ∈ K (note that vk,k = 0 for each k ∈ K), where

φk(s) = wkψ
′(SIRk(es)

)
/Ik(es) (2.25)
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and

Sk(s, µ) =
∑

l∈K
vl,k

( µl

esl
2.6− SIRl(es)φl(s)

)

=
∑

l∈K
vl,k

( µl

esl
+

∣∣SIRl(es)φl(s)
∣∣
)

︸ ︷︷ ︸
ml(s,µ)

. (2.26)

The last step follows from the fact that φk(s) is negative on RK since ψ is strictly decreas-
ing. Observe that the iterations are performed simultaneously from which it follows that
the convergence to the saddle point that provides the optimal solution is not a straight-
forward result.

Proposition 1 If V ≥ 0 is such that each column has at least one positive entry5, then the
sequence {s(n), λ(n)}n∈N0 generated by (2.23) converges to a saddle point (s∗(ω), λ∗(ω))
given by (2.21) and (2.22).

Proof: By Lemma 1, Lemma 2 and [Roc71, pp. 125–126], it is sufficient to show
that both s 7→ L(s,λ) is strictly convex for any λ ≥ 0 and λ 7→ L(s∗(ω), λ) is a strictqly
concave function of λ ≥ 0. Then we can conclude, that a simultaneous application of
gradient methods to minimize the Lagrangian over primal variables and to maximize it
over dual variables converges to a saddle point (s∗(ω), λ∗(ω)).

Now we prove the strict convexity and strict concavity properties. If each column
of V has at least one positive entry and ψ satisfies (A.4)– (A.6), then we know from
[SWB07] that Fe is strongly convex on any bounded subset of RK so that s 7→ L(s,λ) is
strictly convex for any λ ≥ 0. Thus, we only need to prove the strict concavity property.
To this end, let µ ∈ (0, 1) and λ̂, λ̌ ≥ 0 with λ̂ 6= λ̌ be arbitrary, and let L(λ) :=
mins∈S

(
Fe(s) +

∑
l∈A λlfl(s)

)
. Due to the minimum operator, it is clear that

L(λ(µ)) = L((1− µ)λ̂ + µλ̌) ≥ (1− µ)L(λ̂) + µL(λ̌)

with equality if and only if one of the following holds:

(i) There are ŝ ∈ S and š ∈ S with ŝ 6= š such that L(λ̂) = L(ŝ, λ̂), L(λ̌) = L(š, λ̌) and
L(λ(µ)) = (1− µ)L(ŝ, λ̂) + µL(š, λ̌), λ̂ 6= λ̌.

(ii) There exists s∗ ∈ S such that L(s∗, λ̂) = L(λ̂) and L(s∗, λ̌) = L(λ̌), λ̂ 6= λ̌.

Consequently, in order to prove the proposition, it is sufficient to show that neither (i) nor
(ii) can hold. To disprove (i), assume that s(µ) ∈ S minimizes L(s, λ(µ)) over s ∈ S so
that L(λ(µ)) = L(s(µ), λ(µ)). Then, by (i) and a linearity of λ 7→ L(s, λ) for any fixed s,

5Note that this condition is weaker than irreducibility.
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we have

(1− µ)L(ŝ, λ̂) + µL(š, λ̌) = L(λ(µ)) = L(s(µ),λ(µ))

= (1− µ)L(s(µ), λ̂) + µL(s(µ), λ̌).

Thus, (i) always implies (ii) so that it is sufficient to disprove (ii). By the KKT conditions
and (ii), we have ∂L

∂sk
(s∗, λ̂) = ∂L

∂sk
(s∗, λ̌), k ∈ K, which implies that

λ̂k

es∗k
− es∗k

Ik(es∗)

∑

l∈A

vl,k
λ̂l

es∗l
=

λ̌k

es∗k
− es∗k

Ik(es∗)

∑

l∈A

vl,k
λ̌l

es∗l

for each k ∈ A. Defining

r̂ = (λ̂k/es∗k)k∈A = (λ̂1/es∗1 , . . . , λ̂K/es∗K ) and ř = (λ̌k/es∗k)k∈A = (λ̌1/es∗1 , . . . , λ̌K/es∗K ),

the equality above can be written as

(I− D̃Ṽ
T
)r̂ = (I− D̃Ṽ

T
)ř (2.27)

where we have D̃ = diag((SIRk(es∗))k∈A) and Ṽ = (vk,l)k∈A,l∈A. First note that if A = K,
then (2.27) is (I − DVT )r̂ = (I − DVT )ř, with the matrix D = diag((SIRk(es∗))k∈K).
Since the diagonal entries of D are feasible SIRs, it is well-known [SWB09] that ρ(DV) =
ρ(DVT ) < 1 must hold. Consequently, as D̃Ṽ is a sub-matrix of DV, we have ρ(D̃Ṽ

T
) <

1. So, the inverse of I − D̃Ṽ
T

exists and thus, by (2.27), one has r̂ = ř or, equivalently,
λ̂ = λ̌. This contradicts λ̂ 6= λ̌ and hence completes the proof.

We emphasize that the primal-dual algorithm does not provide monotonicity. However,
the algorithm can be implemented in distributed wireless networks using the scheme based
on the adjoint network [SWB07]. Except for Sk given by (2.26), all the other quantities
(such as the weights wk, the possibly different functions ψk and its derivatives) are either
known locally at both the transmitter side and the receiver side of link k ∈ K or can be
computed from local measurements (such as the SIR) and, if necessary, conveyed to the
corresponding transmitter/receiver by means of a low-rate control channel. In contrast,
Sk can be estimated from the received signal power in the adjoint network with the ex-
changed roles of transmitters/receivers and a channel inversion on each link as described
in [SWB07]. The only difference to the scheme of [SWB07] is that each receiver, say
receiver l ∈ K, transmits in the nth iteration a sequence of independent zero-mean ran-
dom symbols with the variance being equal to ml(s(n), µ(n)) defined in (2.26). The main
steps of the distributed power control scheme are summarized below (see Algorithm 1).
Finally, we point out that due to the projection on X in every step, it is ensured that the
intermediate power vectors satisfy the power constraints, which is important due to Step
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2 of Algorithm 1. A primal-dual algorithm based on a non-linear (modified) Lagrangian
function can be found in [WSB08] and provides faster convergence than using a standard
Lagrangian.

Algorithm 1 Distributed primal-dual algorithm
Require: w > 0, ε > 0, n = 0, s(0) ∈ S, ω with S(ω) 6= ∅, a sufficiently small step size

δ > 0.
Ensure: s ∈ S
1: repeat
2: Concurrent transmission at transmit powers esk(n), k ∈ K, with receiver-side esti-

mation of Ik(es(n)) and SIRk(es(n)).
3: Each transmitter-receiver pair exchanges the necessary estimates and variables in-

cluding Ik(es(n)), sk(n), k ∈ K and λk(n), k ∈ A.
4: Concurrent transmission in the adjoint network with transmitter-side estimation of

the received power. The variance of the zero-mean input symbols is mk(s(n), µk(n))
given by (2.26).

5: Transmitter-side computation of sk(n+1), k ∈ K and λk(n+1), k ∈ A according to
(2.24).

6: n = n + 1
7: until |L(s(n), λ(n))− L(s(n− 1),λ(n− 1))| < ε

2.4 Soft QoS Support

In addition to the non-monotonic behavior of the primal-dual algorithm, there is an inher-
ent problem associated with hard QoS support resulting from the fact that no valid power
allocation may exist to meet the SIR targets due to channel and/or network dynamics.
Note that this feature pertains to any classical QoS-based power control strategy and may
pose a significant challenge in distributed wireless networks as the necessary communi-
cation overhead for coping with the problem of in-feasibility can explode, requiring a lot
of additional resources and thereby deteriorating the overall network performance signif-
icantly. For this reason, we argue in favor of soft QoS support in which case a solution
to the corresponding power control problem always exists even if the SIR targets are not
feasible.

One possibility of incorporating soft QoS into (2.1) is to dynamically choose the weights.
There even exists a relation between the SIR targets and the choice of the weights in the
utility function as is described in more detail in section 3.2.2 see Proposition 5. However, so
far a fully distributed calculation of the weights does not exist. Thus, we have a closer look
at the second possibility. Assuming that each user is a QoS user, meaning γk > 0,∀k∈K,
we may approximate a solution to the so-called max-min SIR balancing problem (see for
instance [SB06] and references therein). It is known that ω is feasible if and only if the SIR
targets are met under a max-min SIR balancing power vector. Unfortunately, a max-min
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SIR balancing problem is for general power constraints notoriously difficult to solve in
a distributed manner [MW00]. However, on the positive side a max-min SIR balancing
solution can be approximated arbitrarily closely by solving the following utility-based
power control problem:

s̄(α) := arg max
s∈S

∑
k∈K

wkΨα

(
gk(s)

)
(2.28)

where
gk(s) := SIRk

(
es

)
/γk, γk > 0, k ∈ K (2.29)

and Ψα : R++ → Q is given by 2.3. Since ω is feasible if and only if the QoS requirements
are satisfied under a max-min SIR balancing solution, the following can be easily deduced
from [MW00, Lemma 3].

Observation 4 Using (1.2) and assuming that γk > 0 for each k ∈ K. Then, ω ∈ QK is
feasible if and only if, for any ε > 0, there exists α(ε) ≥ 2 such that

∀α≥α(ε) ∀k∈K SIRk

(
es̄(α)

)
/γk ≥ 1− ε . (2.30)

This observation says, that we can arbitrarily closely approximate a solution to the max-
min SIR balancing problem by choosing the parameter α sufficiently large. The approx-
imation becomes more accurate as α increases. Practically, the observation implies that
if ω is feasible, then each user meets its QoS requirement under power control (2.28) if
α ≥ 2 is sufficiently large.

However, an important drawback of strategy (2.28) is certainly the inability of choosing
γk = 0, which raises the question of how to incorporate best-effort users into the optimiza-
tion. Also, once the SIR targets are met for a sufficiently large α, the users with relatively
high SIR targets are preferred when allocating remaining powers, which may be inefficient
in terms of throughput when compared to the strategies with hard QoS support considered
in Section 2.3. As a possible solution, we consider a strategy that combines the power
control strategy (2.28) with the ”pure” utility-based approach (2.1). To this end, we define
two sets A ⊆ K and B ⊆ K such that A ∪ B = K. The set A is defined by (2.19), while
B contains indices of all users without any QoS requirements (best effort users) but may
also contain indices of all other users. Thus, these sets are not necessarily disjoint so that
A∩B 6= ∅. We have however γk = 0 for each k ∈ K\A. Without loss of generality, the users
are assumed to be ordered so that A = {1, . . . , J}, B = {M + 1, . . . , K}, 0 ≤ M ≤ J ≤ K.

With these definitions in hand, we can formulate the power control problem of interest
in this section as follows:

s̃(α) := s̃(α,ω) = arg max
s∈S

G̃α(s) (2.31)
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where

G̃α(s) =
∑

k∈A

akΨαk

(
gk(s)

)
+

∑

k∈B

bkΨ
(
SIRk(es)

)
(2.32)

and where a > 0 and b > 0 are given weight vectors, α = (α1, . . . , αJ) with αk ≥ 2, k ∈ A,
and gk(s) is defined by (2.29), Ψαk

(x), x > 0, k ∈ A, is given by (2.3) with α = αk ≥ 2,
and Ψ(x), x > 0, is any function that satisfies (A.1)–(A.3).

Since A contains indices of all QoS users, the first addend in (2.32) acts as a penalty
function for not meeting the SIR targets. Thus, (2.31) can be seen as a barrier method with
a barrier function approximating the indicator function of the feasible power region. The
approximation improves with increasing αk, ∀k. For a better visualization of the barrier
function we refer to figure 2.1. Here it can be seen that the corner point of Ψα(x) for α →∞
is at x = 1. For x ≥ 1 we have Ψα→∞(x) → 0 and for x < 1 we have Ψα→∞(x) → −∞.
This means for a utility function with large αk, as long as gk = SIRk/γk < 1 a marginal
increase of gk leads to a high increase in utility. In constrast, if gk ≥ 1 the increase in
utility is very small and vanishes for αk → ∞ to 0. Consequently, for a sufficiently large
αk the user is urged to approximate the SIR-target γk. If αk, ∀k is sufficiently large, the
choice of the weight vector a has negligible impact on the optimal power vector s̃(α) so
that one can often assume a = 1. Notice that (2.31) with A = ∅, B = K, is the utility-
based power control problem (2.1), and if we choose A = K, B = ∅, the problem reduces
to (2.28) which approaches the max-min SIR-balancing solution.

In the following we prove some interesting problem properties of (2.31). Again, in order
to stay consistent with optimization theory, we reformulate the power control problem
(2.31) as an equivalent minimization problem:

s̃(α) := s̃(α,ω) = arg min
s∈S

F̃α(s) (2.33)

where

F̃α(s) =
∑

k∈A

akψαk

(
gk(s)

)
+

∑

k∈B

bkψ
(
SIRk(es)

)
(2.34)

and where ψ(x) = −Ψ(x) is any function that satisfies the corresponding conditions (A.4)–
(A.6).

For simplicity, we prove our results for α = (α, . . . , α), α ≥ 2, in which case (2.33) and
(2.34) have the following form:

s̃(α) := s̃(α, ω) = arg min
s∈S

F̃α(s) (2.35)
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and

F̃α(s) =
∑

k∈A

akψα

(
gk(s)

)
+

∑

k∈B

bkψ
(
SIRk(es)

)
. (2.36)

It may be easily deduced from the proofs that the more general case can be reasoned in
the same way (only with a more cumbersome notation) by defining the parameter α ≥ 2
in the following derivations to be

α := min
k∈A

αk . (2.37)

Thus, each αk, k ∈ A, can be made arbitrarily large by increasing α and αk →∞ for each
k ∈ A as α → ∞. In view of distributed implementation, this is a very useful property
and is in fact exploited in section 2.4.3.

Observation 5 Each of the following is true: (i) The minimum in (2.35) exists. (ii) The
problem is convex. (iii) ∇F̃α(s) is Lipschitz continuous on every bounded subset of RK .

Proof: Due to [SWB07], both addends on the right-hand side of (2.36) attain their
minima on S, are convex and their gradients satisfy (iii). So, (i)–(iii) must be also true for
F̃α.

In the remainder of this section, we first discuss and prove some relevant properties of
the proposed power control approach (2.35). Section 2.4.3 presents a distributed gradient
algorithm for solving the power control problem.

2.4.1 Infeasible QoS Requirements

Let us first assume that the QoS vector ω is infeasible, in which case we have S(ω) = ∅.
Our goal is to show that, as α tends to infinity, the vector exp(s̃(α)) converges to a vector
p ∈ P defined to be

p = arg max
p∈P

min
k∈A

SIRk(p)
γk

= arg min
p∈P

max
k∈A

ψα

(SIRk(p)
γk

)
. (2.38)

In words, p maximizes the worst relative SIR among the QoS users over P (see also the
discussion after Proposition 2). We emphasize that p is not necessarily unique and the
second equality holds due to (i) in the following lemma.

Lemma 3 Each of the following holds.

(i) We have p
k

> 0, k ∈ A.

(ii) If the sub-matrix V̄ := (vk,l)k,l∈A = (vk,l)1≤k,l≤J of V is irreducible, then the sub-
vector (p

k
)k∈A of p is unique and

SIRk(p)/γk = β, k ∈ A, for some β > 0. (2.39)
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If, in addition, vk,l > 0 for some k ∈ A and l ∈ K \A, then p
l
= 0.

Proof: (i) As mink∈A(SIRk(p)/γk) is positive for any positive power vector p ∈ P
and equals zero whenever pk = 0 for some k ∈ A, it is obvious that p

k
> 0 for each

k ∈ A. (ii) The uniqueness property and (2.39) follow from [SKB10]. Finally, if we had
p

l
> 0 for some l ∈ K \ A with vk,l > 0, k ∈ A, then, by (2.39), we could always increase

mink∈A(SIRk(p)/γk) by letting p
l
= 0. Thus, by (2.38), we must have p

l
= 0.

Quite importantly, the lemma states that p defined by (2.38) may have zero components,
in which case p has no counterpart in S. This problem is circumvented in the proof of the
following proposition by considering a sequence of positive power vectors that approach a
given nonnegative power vector.

Proposition 2 Assume that

0 < g := sup
s∈S

min
k∈A

gk(s) = max
p∈P

min
k∈A

SIRk(p)
γk

< 1 (2.40)

and
lim

x→∞x ax ψ(1/x) = 0, a ∈ (0, 1) . (2.41)

Then, for any ε > 0 and V ≥ 0, there exists α(ε,V) ≥ 2 such that

1 ≤ g

mink∈A gk(s̃(α))
≤ 1 + ε (2.42)

for all α ≥ α(ε,V) ≥ 2.

Proof: Let s ∈ S be arbitrary and α′ = α − 1 ∈ N. We define A(s) :=
{
k ∈ A :

gk(s) = minl gl(s)
}

and Ac(s) = A \ A(s). Without loss of generality, we can assume
that

∑
k∈A(s) ak = 1 for all α ≥ 2. So, by strict monotonicity of ψα and the fact that

akψα(gk(s)) > 0 for every k ∈ A, s ∈ S, and α ≥ 2, we have (for any s ∈ S and α′ ∈ N)

Rα(s) =
F̃α(s)

ψα(gk0(s))
=

[
1 +

∑

k∈Ac(s)

ak

(gk0(s)
gk(s)

)α′
+ α′(gk0(s))

α′
∑

k∈B

bkψ(SIRk(es))
]

where k0 ∈ A(s) is arbitrary. Note that ψ(x) →∞ as x → 0 and gk0(s)/gk(s) < 1, s ∈ S,
for each k ∈ Ac(s). Moreover, by (2.40), we have sups∈S gk0(s) ∈ (0, 1) so that considering
(2.41) shows each of the following.

(i) lim infα→∞Rα(s̃(α)) ≥ 1, where s̃(α) is given by (2.33).

(ii) lim supα→∞Rα(s(α)) = lim infα→∞Rα(s(α)) = 1 where s(α) = log p(α), α ≥ 2, and

37



2 Utility-based Power Control with QoS Support

p(α) = (p1(α), . . . , pK(α)) > 0 is defined as follows:

pk(α) =





α
1+αp

k
p

k
> 0

1
1+α p

k
= 0

with p given by (2.38).

Note that since P is a convex set, there is α0 ≥ 2 such that s(α) ∈ S for all α ≥ α0.
Furthermore, we have limα→∞ exp(s(α)) = p. Thus, we have

1
(ii)
= lim

α→∞Rα(s(α))
(ii)
= lim sup

α→∞
Rα(s(α))

(a)

≥ lim sup
α→∞

F̃α(s̃(α))
maxk∈A ψα(gk(s(α)))

= lim sup
α→∞

Rα(s̃(α))maxk∈A ψα(gk(s̃(α)))
maxk∈A ψα(gk(s(α)))

(i)

≥ lim sup
α→∞

maxk∈A ψα(gk(s̃(α)))
maxk∈A ψα(gk(s(α)))

(b)
= lim sup

α→∞
maxk∈A ψα(gk(s̃(α)))

infs∈S maxk∈A ψα(gk(s))

= lim sup
α→∞

maxk∈A ψα(gk(s̃(α)))
ψα(ḡ)

≥ 1

where (a) is due to the fact that s̃(α) minimizes F̃α(s) over S and (b) follows from (2.38)
and the definition of s(α). Thus, as maxk∈A ψα(gk(s̃(α))) ≥ ψα(ḡ) for all α ≥ 2, we have

lim sup
α→∞

ψα(mink∈A gk(s̃(α)))
ψα(ḡ)

= lim inf
α→∞

ψα(mink∈A gk(s̃(α)))
ψα(ḡ)

= lim
α→∞

( ḡ

mink∈A gk(s̃(α))

)α−1
= 1.

This implies (2.42), and thus completes the proof.
We point out that the assumption (2.40) is slightly stronger than the assumption S(ω) =

∅, as the latter one is equivalent to sups∈S mink∈A gk(s) ≤ 1. Further, the assumption
(2.41) holds for any function belonging to the function class (2.3).

The proposition implies that exp(s̃(α)) with s̃(α) defined by (2.35) converges to a vector
p as α →∞, provided that (2.40) and (2.41) are satisfied. We observe that p is not unique
but if V̄ is irreducible, then, by Lemma 3, p is unique up to the transmit powers of the
users in the set K \A. These powers however have no impact on the objective function in
(2.38). For brevity, let us assume in the remaining discussion that

(A.10) for each l ∈ K \A, there is k ∈ A such that vk,l > 0. By Lemma 3, this implies that
p

k
= 0 for each k ∈ K \A (all best-effort users are inactive).
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It is important to emphasize that irreducibility of V does not imply that V̄ is irreducible,
and vice versa.

Proceeding essentially as in [SKB10] shows that the point, where the half-line starting
at the zero point in the direction of the vector γ = (γ1, . . . , γK) intersects the boundary
of the feasible SIR region,6 is achieved by some p. By Lemma 3 and (A.10), this point
(and also p) is unique if the sub-matrix V̄ is irreducible, in which case the intersection
point is called the max-min fair point. Thus, under the assumption of irreducibility of V̄,
Proposition 2 shows that, as α tends to infinity, the QoS users achieve the max-min fair
point under the power control strategy (2.35). This is illustrated in Figure 2.6.

SIR1

SIR2

γ̄ = γ/‖γ‖1

Max-min fair point

(γ1, γ2)

SIR1

SIR2
(γ1, γ2)

Max-min fair point

Fγ

γ̄ = γ/‖γ‖1

Fγ

Figure 2.6: An illustration of Proposition 2 for the case of two users with (A.10) and an
irreducible matrix V̄. Fγ is the feasible SIR region (γ(x) = x, x ≥ 0) and the infeasible
SIR targets are represented by the dashed lines. γ̄ = γ/‖γ‖1. Power control strategy
(2.35) asymptotically achieves the max-min fair point as α →∞. In the left picture, both
users are QoS users, whereas in the right picture the first user is a best effort user. Thus,
by (A.10), the first user is allocated no transmit power in the max-min fair point.

It is clear from the figure that the max-min fair point is not necessarily the nearest point
to the point γ in the sense of the Euclidean distance (norm). In other words, if the SIR
targets γ are infeasible, then the max-min fair point does not need to be the projection
of γ on the feasible SIR region with respect to the Euclidean norm. It is however the
projection of γ on the feasible SIR region with respect to a (weighted) maximum norm
(l∞-norm). To see this, consider the following corollary.

Corollary 2 Let V̄ be irreducible, and let (A.10) be satisfied. Define Γ = diag(γ) and

‖Γ−1x‖∞ =





maxk∈A(xk/γk) ∀k∈K\A xk = 0

∞ ∃k∈K\Axk > 0 .

6Note that the feasible SIR region is equal to Fγ if γ(x) = x, x ≥ 0.
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Suppose that (2.40) holds. Then,

∀p∈P ‖Γ−1e(p′)‖∞ ≤ ‖Γ−1e(p)‖∞ (2.43)

holds with equality if and only if p′ = p, where e(p) = (e1(p), . . . , eK(p)) is used to denote
the vector of the absolute errors (distances): ek(p) = |γk − SIRk(p)|, k ∈ K.

Proof: By (2.40) and (A.10), we have

‖Γ−1e(p)‖∞ =max
k∈A

|1− SIRk(p)/γk| = (1−min
k∈A

(SIRk(p)/γk))

=(1−max
p∈P

min
k∈A

(SIRk(p)/γk))

≤(1−min
k∈A

(SIRk(p)/γk))

=max
k∈A

|1− (SIRk(p)/γk)| ≤ ‖Γ−1e(p)‖∞

for all p ∈ P. So, the corollary follows since p is unique by (ii) of Lemma 3 and (A.10).

Thus, in the special case of equal SIR targets Γ = γI, the max-min fair point is the
projection of the vector γ on the feasible SIR region with respect to the (standard) l∞-
norm. If we interpret ek(p)/γk, k ∈ K (with ek(p)/0 = +∞ if ek(p) > 0 and zero if
ek(p) = 0), as relative errors (distances), then the max-min fair point is the nearest point
to γ in the sense of the maximum relative distance.

2.4.2 Feasible QoS Requirements

Now let us turn our attention to the case of feasible QoS requirements so that we have
S(ω) 6= ∅ (notice that (2.45) trivially holds if S(ω) = ∅).

The following simple lemma is used to prove the main result in case of feasible QoS
requirements (see Proposition 3).

Lemma 4 Consider (2.35). If S(ω) 6= ∅, then, for any s ∈ S(ω), there are constants
c1 > −∞ and c2 = c2(s) < +∞ such that c1 ≤ F̃α

(
s̃(α)

) ≤ F̃α(s) ≤ c2 for all α ≥ 2. So,
if S(ω) 6= ∅, there are 0 < c3 ≤ c4 < ∞ such that

∀α≥2 c3 ≤ min
k∈K

SIRk(es̃(α)) ≤ max
k∈K

SIRk(es̃(α)) ≤ c4 (2.44)

and hence the entries of s̃(α) ∈ S are bounded for all α ≥ 2.

Proof: The lower bounds follow from Observation 5(i). The upper bounds hold as
F̃α(s(α)) ≤ F̃α(s) for all s ∈ S and F̃α(s) is bounded above for any s ∈ S(ω).

Now we are in a position to prove the main result, which reveals important features of
an optimal solution to (2.35).
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Proposition 3 Suppose that A\B 6= ∅ and B 6= ∅. Then, for any ε > 0 and an irreducible
matrix V ≥ 0, there exists α(ε,V) ≥ 1 such that

max
k∈A\B

SIRk(es̃(α))/γk ≤ 1 + ε (2.45)

for all α ≥ α(ε,V) ≥ 1. Moreover, if S(ω) 6= ∅, then, for any nonnegative but not
necessarily irreducible matrix V,

1− ε ≤ min
k∈A

SIRk(es̃(α))/γk . (2.46)

Proof: Let γk > 0, k ∈ A, and γk = 0, k ∈ B \ A 6= ∅. Without loss of generality,
the weight vectors a and b are assumed to be a = b = 1. Furthermore, assume that
α ≥ 2. First, we prove (2.46) by contradiction. Thus, assume that there are ε1 ∈ (0, 1)
and A0 ⊆ A such that 0 < a := maxk∈A0 SIRk(es̃(α))/γk < 1− ε1 for all α ≥ 2. So, using

φ(s̃(α)) =
∑

k∈A\A0

ψα

(SIRk(es̃(α))
γk

)
+

∑

k∈B

ψ
(
SIRk(es̃(α))

)

one obtains

F̃α(s̃(α)) ≥ |A0|ψα(a) + φ(s̃(α)) > |A0|ψα(1− ε1) + φ(s̃(α))

where the inequalities hold since ψα is strictly decreasing and φ(s̃(α)) is bounded for
all α ≥ 2 (by Lemma 4). Now observe that, as α → ∞, we have ψα(x) → +∞ for any
x ∈ (0, 1), and ψα(x) → 0 for any x ≥ 1. Moreover, F̃α(s) is bounded for any s ∈ S(ω) 6= ∅.
Thus it follows

F̃α(s̃(α)) > ψα(1− ε1) + φ(s̃(α)) ≥ F̃α(s)

for all α ≥ α(ε1, s) with a sufficiently large α(ε1, s). This, however, contradicts the fact
that s̃(α) minimizes F̃α(s) over S, and thus proves (2.46).

In order to prove (2.45), we first remark that this bound trivially holds if S(ω) = ∅.
So, in what follows, assume that S(ω) 6= ∅. By Observation 5, the minimum exists and
the Karush-Kuhn-Tucker conditions are necessary and sufficient for s̃(α) to be a global
minimizer of F̃α(s). So, for any fixed α ≥ 2, we have

u(α) =
(
I−VTD(α)

)−1t(α)

es̃(α) =
(
I−D(α)V

)−1D(α)z ∈ P+ ⊂ P .
(2.47)

The notation in (2.47) is defined as follows

(a) D(α) := D
(
s̃(α)

)
= diag(d1(α), . . . , dK(α)) where dk(α) = SIRk

(
es̃(α)

)
, k ∈ K.

Observe that (2.44) implies that dk(α) > 0 for each k ∈ K regardless of the choice of
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α ≥ 2, and hence D(α) is positive definite for all α ≥ 2.

(b) u(α) := u
(
s̃(α)

)
= (u1(α), . . . , uK(α)) > 0 with

uk(α) =





φα,k(s̃(α)) k ∈ A \B

φα,k(s̃(α))− θk(s̃(α)) k ∈ A ∩B

−θk(s̃(α)) k ∈ B \A ,

(2.48)

where φα,k(s̃(α)) = e−s̃k(α)
(

γk

SIRk

(
es̃(α)

)
)α−1

> 0 and θk(s) = ψ′(SIRk(es))/Ik(es) < 0.

(c) t(α) := t
(
s̃(α)

)
= (t1(α), . . . , tK(α)) ≥ 0 depends on the Lagrangian multipliers

resulting from the power constraints s ∈ S (inequality constraints). Note that we
must have t(α) 6= 0 since otherwise there would be no positive solution u(α) > 0 to
(2.47), regardless of the choice of V. By Theorem 1 (see 2.6 Appendix B), we see that
there exists a positive vector u(α) satisfying (2.47) iff ρ(D(α)V) = ρ(VTD(α)) < 1,
which is satisfied due to the second equality in (2.47) and the existence of es̃(α) > 0.

Since D(α) is positive definite for all α ≥ 2 and V is irreducible, the matrices D(α)V and
VTD(α), α ≥ 2, are irreducible as well. Now let y(α) and x(α) with y(α)Tx(α) = 1 be left
and right positive eigenvectors of VTD(α) associated with ρ(VTD(α)) > 0, respectively.
Then, by Theorem 2 (see 2.6 Appendix B) and the fact that ρ(VTD(α)) = ρ(D(α)V),
the first equality of (2.47) can be written as

u(α) =
1

1− ρ(D(α)V)
Z(α)t(α) + R(α)t(α) (2.49)

where Z(α) = x(α)y(α)T is positive (and bounded in any norm due to y(α)Tx(α) = 1)
and R(α) ∈ RK×K follows from (2.57). Since, for all α ≥ 2, ρ(VTD(α)) < 1 and
p̃(α) = es̃(α) ∈ P+ belongs to a bounded subset of RK

++, it follows from the second equality
in (2.47) and Theorem 3 (see 2.6 Appendix B) that there exists a constant c1 ∈ (0, 1)
independent of α such that 1 ≤ 1/(1− ρ(D(α)V)) ≤ 1/c1 < +∞ for all α ≥ 2. From this
and (2.49), we then have ‖u(α)‖1 ≤ ‖Z(α)t(α)‖1/c1 +‖R(α)t(α)‖1. By (2.44) and (2.48),
the left-hand side is bounded (consider uk(α) for any k ∈ B 6= ∅). So, by the discussion
above and the fact that induced matrix norms are compatible with their underlying vector
norms, one obtains

‖t(α)‖1 ≥ ‖u(α)‖1

‖Z(α)‖1/c1 + ‖R(α)‖1
≥ c2 > 0 .

Thus, ‖t(α)‖1 is bounded away from zero for all α ≥ 2. On the other hand, considering
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the Neumann series u(α) = (I−VTD(α))−1t(α) =
∑∞

j=0(V
TD(α))jt(α), we obtain

uk(α) =
∑∞

j=0

∑

l∈K

a
(j)
k,l (α)tl(α), k ∈ K (2.50)

where a
(j)
k,l (α) = (Aj(α))k,l and A(α) = (ak,l(α)) = (VTD(α)). Now assume that there

exist k0 ∈ A \ B and ε2 > 0 such that SIRk0(e
s̃(α))/γk0 > 1 + ε2 for all α ≥ 2, which

contradicts (2.45). This is equivalent to saying that

∀α≥2 0 < b(α) = γk0/SIRk0(e
s̃(α)) < 1− ε3

for k0 ∈ A\B and some ε3 = ε2/(1+ε2) ∈ (0, 1). Consequently, if α goes to infinity, (2.48)
implies that the left-hand side of (2.50) with k = k0 ∈ A \B tends to zero. However, the
right-hand side of (2.50) is bounded away from zero by some constant for all α ≥ 2, and
hence (2.45) must hold. To see that the right-hand side of (2.50) cannot be arbitrarily
close to zero, let tl0(α) = maxl tl(α) ≥ ‖t(α)‖1/K ≥ c3 = c2/K > 0 and note that
since VTD(α) is irreducible, Lemma 5 (see 2.6 Appendix B) implies that there is a finite
j = j(k, l) ≥ 0 for each pair (k, l), 1 ≤ l, k ≤ K, such that a

(j)
k,l (α) > 0. Moreover, since the

SIRs cannot be arbitrarily small in the minimum due to Lemma 4, there exists some j ≥ 0
and c4 > 0 such that a

(j)
k0,l0

(α) ≥ c4, from which and (2.50) we have uk0(α) ≥ c3 · c4 > 0
for all α ≥ 2.

According to the proposition, all users in A (QoS users) satisfy their SIR targets under
an optimal power vector s̃(α), provided that α is sufficiently large and the SIR targets
are feasible. Additionally, for each user in A \ B, a potential overshoot of its SIR target
vanishes as α tends to infinity. Thus, for large values of α, these users meet their SIR
targets with equality whenever the targets are feasible. In contrast to that, each QoS user
in A∩B may overshoot its SIR target. Indeed, if α is large enough and all SIR targets are
met, the remaining power resources are allocated so as to minimize the second addend on
the right-hand side of (2.36), which also accounts for best-effort users in B \ A. Thus, if
the objective is to maximize the throughput over these remaining resources, a reasonable
choice for ψ(x) = −Ψ(x) is ψ(x) = − log(x), x > 0, because this function seems to best
approximate the (negative) rate function log(1 + x), x > 0, among the functions fulfilling
(A.4)–(A.6).

Figure 2.7 illustrates Proposition 3. We have two users so that the first user is a best-
effort user (B \A = B = {1}) and the second user is a pure QoS user (A \B = A = {2}).
Point 1 corresponds to the max-min SIR performance, while point 2 corresponds to the
traditional utility-based power control (2.7) with ψ(x) = log(x), x > 0. In this point, the
SIR target of user 2 is not achieved although it is feasible. Now, under the power control
strategy with soft QoS support (2.35), it follows from (2.46) that user 2 achieves its SIR
target if α = α2 is sufficiently large. Moreover, by (2.45) and (2.46), SIR2(es̃(α)) converges
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1

wA = 2

B = 1

3 - soft QoS support

2 - max
∑

k wkωk

1 - max-min-fairness

3

2

Feasible QoS region

ω2

ω1

Figure 2.7: An illustration of power control strategy (2.33) with one QoS user and one
best-effort user.

to γ2 as α = α2 → ∞. In other words, for sufficiently large α, the operating point of
the scheme is point 3 in Figure 2.7. We emphasize that this is true even if point 2 is
somewhere left of 3, which is due to (2.45) and 2 ∈ A \ B (no overshoot of user 2). In
contrast, if 2 ∈ A ∩B, then, for sufficiently large α, the operating point can be in general
any boundary point on the left side of point 3 depending on the choice of the weight vector
b in (2.34).

We point out that irreducibility of V is a key ingredient in the proof of (2.45) being a
sufficient condition for (2.45). In particular, if V is reducible, then, due to the assump-
tion of individual power constraints, the network may decompose into smaller isolated
subnetworks so that each subnetwork is described by an irreducible gain matrix that is
a sub-matrix of V. This means that each subnetwork is entirely coupled by interference
but the subnetworks are mutually independent of each other. In such a case, it may be
easily seen that (2.45) holds if each subnetwork has at least one user whose index belongs
to A \B and at least one user whose index belongs to B.

2.4.3 A Distributed Algorithm

Now we return to the general problem statement (2.33) where user k ∈ A is assigned
the utility function ψαk

(x), x > 0, given by (2.3) with α = αk ≥ 2. As aforementioned,
Proposition 3 straightforwardly extends to this case with α ≥ 2 defined by (2.37).

The gradient-projection algorithm for the problem (2.33) is

sk(n + 1) = min
{

sk(n)− δ∇kF̃α(s(n)), log Pk

}
(2.51)

for each k ∈ K with s(0) ∈ S. The kth entry of the gradient vector ∇kF̃α(s) is given by

∇kF̃α(s) = esk
(
φk(s) + Sk(s)

)
(2.52)
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where (note that vk,k = 0)

Sk(s) = −
∑

l∈K

vl,kSIRl(es)φl(s) =
∑

l∈K

vl,k|SIRl(es)φl(s)| =
∑

l∈K

vl,kml(s) (2.53)

since φl(s) is negative and

φk(s) =





ηk(s) k ∈ A \B

ηk(s) + νk(s) k ∈ A ∩B

νk(s) k ∈ B \A.

Here we have ηk(s) = akψ
′
αk

(gk(s))/(γkIk(es)) and νk(s) = bkψ
′(SIRk(es))/Ik(es). Now

standard results from convex optimization theory together with Observation 5 lead to the
following observation.

Observation 6 A sequence {s(n)} generated by (2.51) converges to s̃(α) ∈ S given by
(2.33).

It is worth pointing out that the gradient-projection algorithm exhibits monotoni-city,
which is not guaranteed by the primal-dual algorithm. This may be advantageous in prac-
tice where often only few iterations can be performed. The algorithm can be implemented
in a distributed manner by means of an adjoint network that is used for a distributed
estimation of Sk(s) given by (2.53). In fact, a distributed version of the algorithm is sim-
ilar to Algorithm 1 of Section 2.3 except that there is no exchange of dual variables, F̃α

defined by (2.34) is used for the termination and mk(s) is defined in (2.53). In addition,
each transmitter, say transmitter k ∈ A, must inform the corresponding receiver about
αk. For relatively large values of αk, the step size may have to be chosen relatively small
due to rapid variations of the gradient, resulting in a low convergence rate. One possible
remedy is to let the QoS users start iterating with small values of αk, k ∈ A, and then
to increase αk gradually as the algorithm proceeds until either some predefined maximum
value is achieved or the SIR targets are met. As we already mentioned before, each QoS
user can increase its αk, k ∈ A, separately so that no information exchange to the other
users is required.

2.5 Numerical Results

First, we consider a network with K = 8 users and a randomly chosen irreducible gain
matrix V ≥ 0. The weight vector and the SIR targets are chosen to be w = 1 and
γk = 5, k ∈ A. Each user operates at SNR = 40dB.

Figure 2.8 shows the impact of the parameter α ≥ 1 on the achievable balanced SIRs
(SIRk/γk) and the total throughput for different power control strategies.
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Figure 2.8: The minimum and maximum of SIRk/γk (left picture) and the total throughput
(right picture) as functions of α.

The simulation confirms Observation 4 ensuring that the SIR targets are met if they
are feasible and α is sufficiently large. This stands in contrast to the case of hard QoS
support where the SIR targets are achieved for any choice of α ≥ 1. We point out that
the discrepancy between the rates achieved by different users may be significant for small
values of α. As α increases, the fairness performance improves at the expense of the
throughput performance. Figure 2.9 depicts exemplarily the convergence behavior of the
primal-dual algorithm of Section 2.3 under the assumption that only noisy estimates of
mk and SIRk (see Algorithm 1) are known [KY03]. The diminishing step size is chosen
to be δ(n) = C/(n + 1)0.5. For clarity reasons, the figure shows the convergence behavior
only for 4 users, whose balanced SIR values in the optimum are depicted by dashed lines.

In order to illustrate Proposition 3 (see Figure 2.10), let us consider a network with
K = 5 users so that 2 users are pure QoS users (A \ B), 2 users are both best-effort
and QoS users (A ∩ B) and 1 user is a best-effort user only (B \ A). As α increases, the
SIR of the QoS users in A \B approach their SIR targets according to (2.45) and (2.46).
Once the SIR targets are met for some sufficiently large α, the available remaining power
resources are allocated to the users in A ∩ B and B \ A so as to maximize the aggregate
utility function, which is the second summand in (2.36). Figure 2.11 shows exemplarily
the convergence behavior of the algorithm in Section 2.4.3. In this simulation, in order to
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Figure 2.9: A convergence behavior of the primal-dual algorithm in the case of noisy
estimates in the adjoint network.
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Figure 2.10: The SIR performance over α under a power vector given by (2.35).
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improve the convergence speed, α is increased gradually as the algorithm proceeds.
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Figure 2.11: Convergence behavior of (2.51) with α being increased gradually as the
algorithm proceeds.

Remark: We point out that in practical systems, increasing the SIR above a certain
threshold corresponding to the maximum feasible data rate will not improve the rate per-
formance (but will in general reduce the bit error rate). Thus, it may be reasonable to
impose additional upper bounds on the SIR values. The problem is not addressed here
but the reader will realize that our results can be easily extended to incorporate any upper
bounds on the SIR values. Such a problem generalization implies a slight modification
of the primal-dual algorithms presented in Section 2.3. In fact, augmenting the new SIR
constraints to an associated Lagrangian function would only increase the dimensionality
of the dual variable. Alternatively, we could follow similar ideas to those in Section 2.4 to
make large SIR values less “attractive” by introducing a suitable penalty function.

2.6 Appendix

A. Distributed Feedback Scheme

In this section we describe a distributed feedback scheme which realizes the power control
iteration (2.8). It has been introduced in [SWB07]. The ideas are however applicable to
other algorithms and are utilized later in the sections 2.3 (Alg. 1), 2.4.3, 3.1.4, 3.1.6 (Alg.
3) and 3.2.4 (Alg. 4 ) to develop other distributed gradient-based algorithms as well as
distributed primal-dual algorithms. Before we explain the scheme in more detail we first
define our understanding of a distributed network organization and optimization.
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Definition 2 We understand a solution of a network optimization problem as a decen-
tralized or distributed one if it consists of decoupled actions executed seperately for each
link. We require a coarse synchronization between the links to be able to measure the inter-
ference at each link. Further, we assume that the local knowledge at each link is provided
by a low rate signaling and feedback channel on each link.

The major achievement of distributed feedback scheme was to parallelize the com-
putation of ∇Fe(s) in such a way that each node can calculate ∇kFe(s) = ∂Fe

∂sk
(s) for

all k ∈ K, without requiring extensive communication between nodes. More precisely,
the algorithm is separated into K local algorithms operating concurrently at different
transmitter–receiver pairs.

Consider the nth iteration in (2.8) and assume that p = p(n) = es(n) is the nth power
vector. It is easy to see, that ∇kFe(s) = ∇kF (p)esk . Thus, in what follows, we focus on
∇F (p). Considering (2.9) reveals that the gradient vector can be rewritten as follows

∇F (p) = (I + Γ(p))g(p)︸ ︷︷ ︸
η(p)<0

− (I + VT )Γ(p)g(p)︸ ︷︷ ︸
θ(p)<0

= η(p)− θ(p) , (2.54)

where η(p) = (η1(p), . . . , ηK(p)), θ(p) = (θ1(p), . . . , θK(p)), g(p) := (φ1(p), . . . , φK(p))
with φk(p) = wkψ

′(SIRk(p))/Ik(p) defined by (2.10) and

Γ(p) := diag
(
SIR1(p), . . . ,SIRK(p)

)
.

So the computation of the gradient ∇kF (p) at the kth transmitter consists of a local part

ηk(p) =
(
1 + SIRk(p)

)
φk(p) =

(
1 + SIRk(p)

)wkψ
′(SIRk(p))
Ik(p)

. (2.55)

and a global part

θk(p) = SIRk(p)φk(p) +
∑

l∈K

vl,kSIRl(p)φl(p). (2.56)

Assuming that the transmitters are coarsely synchronized and transmit a pseudorandom
training sequence each receiver may estimate the signal-to-interference ratio and feed the
estimate back to the corresponding transmitter using a reliable low-rate feedback channel.
Based on this information and assuming that the kth transmitter–receiver pair can also
extract the interference Ik(p), each transmitter k is able to calculate the estimate of
φk(p) < 0 and thus the local part ηk(p) .

However, the main ingredient to the scheme and the key to its distributed character
is the concept of the so-called adjoint network that allows to determine the global part
θk(p).

49



2 Utility-based Power Control with QoS Support

Definition 3 (Adjoint Network [SWB07, SWB09]) Consider an arbitrary wireless
network with K (logical) links and the gain matrix V. Let us call it the primal network.
Then, a network with K (logical) links and the gain matrix U ∈ RK×K

+ is said to be adjoint
to the primal network if U = VT .

We see that θ(p) in (2.56) results from the multiplication of the vector Γ(p)g(p) with
(I + VT ). This suggests that the entries of the vector θ(p) may be made available to the
nodes in the network by transmitting appropriately scaled pilot symbols over an adjoint
network. The key feature of this concept is that one can mimic the corresponding adjoint
network:

Observation 7 Given a network with interference matrix V = (Vk,l) as is used in (1.1),
an adjoint network on the same link set K is obtained by

i) applying a reversed network, where the roles of transmitters and receivers on each
link in a primal network are reversed. (In a reversed network, link k ∈ K is a link
between the kth receiver and the kth transmitter in the primal network.);

ii) inverting the channel multiplying the transmit symbols of each transmitter k ∈ K in
the reversed network by 1/

√
Vk,k.

Using the definitions and observations above the authors of [SWB07, SWB09] proposed
the following distributed handshake protocol. The basic idea is to use the primal network
and the adjoint network alternately to obtain an estimate of ∇kF at the kth transmitter
in the primal network. It is assumed that the kth transmitter in the primal network in
advance informs the kth receiver about its weight wk and ψ′. This must be done only once
before starting the iteration process. Now, in Algorithm 2 the protocol is summarized.

B. Some auxiliary results

Lemma 5 X ≥ 0 is irreducible if and only if, for each (i, j) with 1 ≤ i, j ≤ n, there is
k ≥ 0 such that x

(k)
i,j := (Xk)i,j > 0.

Proof: See [Sen81].

Theorem 1 Let X ≥ 0 be arbitrary and let µ > 0 be any scalar. A necessary and sufficient
condition for a solution p ≥ 0,p 6= 0 to (µI − X)p = b to exist for any b > 0 is that
µ > r = ρ(X). In this case, there is only one solution p, which is strictly positive and
given by p = (µI−X)−1b.

Proof: See [SWB09].
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Algorithm 2 Distributed gradient projection algorithm [SWB07, SWB09]
Require: w > 0, n = 0, s(0) ∈ S, constant or non-increasing step size sequence

{δ(n)}n∈N0 .
Ensure: s ∈ S
1: repeat
2: Concurrent transmission of training sequences at powers (p1(n), . . . , pK(n)).
3: Receiver-side estimation of the signal-to-interference ratios and interferences. Based

on these estimations, each receiver calculates φk(p(n)), k ∈ K.
4: All receivers feed the signal-to-interference ratios back to the corresponding trans-

mitters using a per-link control channel. Transmitter-side computation of φk(p(n)),
and then ηk(p(n)) for each k ∈ K.

5: Concurrent transmission of sequences of zero-mean independent symbols Xk with

E[|Xk|2] = |SIRk(p(n)) · φk(p(n))|, k ∈ K

over the adjoint network. Note that the transmission over the adjoint network
involves channel inversion.

6: Transmitter-side estimation of the received power and subtraction of noise variances
from the estimates to obtain θk(p(n)). Since ηk(p(n)) and θk(p(n)) are known at
transmitter k, the transmitter computes

∇kF̂ (p(n)) = ηk(p(n))− θk(p(n))

= φk(p(n))− (VTΓ(p(n))g(p(n)))k

where we assumed that all the variables have been estimated perfectly.
7: Update of transmit powers according to (2.8) with s(n) = log(p(n))
8: n = n + 1
9: until |Fe(s(n))− Fe(s(n− 1))| < ε

10: s = s(n)
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Theorem 2 Let X ≥ 0 be irreducible and let q(λ) =
∏s

k=1(λ− λk(X))mk be its minimal
polynomial with the eigenvalues ordered so that |λ1(X)| ≥ |λ2(X)| ≥ · · · ≥ |λs(X)|. Then,
there exist matrices Zk,j ∈ Rn×n, 1 ≤ j ≤ mk, 2 ≤ k ≤ s, such that

(µI−X)−1 =
1

µ− ρ(X)
pqT +

s∑

k=2

mk∑

j=1

(j − 1)!
(µ− λk(X))j

Zk,j (2.57)

where q > 0 and p > 0 with qTp = 1 are left and right positive eigenvectors of X associated
with ρ(X).

Proof: See [Lan69].

Theorem 3 Suppose that Ū = {X : (µI −X)−1b ∈ P} is not an empty set for a given
bounded set P ⊂ Rn

++, a positive vector b and some constant µ > 0. Then, there exists
a constant c = c(µ,b, P) > 0 such that 0 ≤ ρ(X) ≤ µ − c for all X ∈ Ū. So, we have
supX∈Ū ρ(X) < µ.

Proof: Let X ∈ Ū be arbitrary, and let x ≥ 0 be any right eigenvector of X associated
with ρ(X) and normalized such that ‖x‖1 = 1Tx = 1. Note that by Theorem 1, we must
have 0 ≤ ρ(X) < µ. If ρ(X) = 0, then the theorem holds trivially. So, assume that
ρ(X) ∈ (0, µ). As b is positive, it is clear that there is a constant c1 > 0 such that
x ≤ b/c1. Moreover, from the boundedness of the set P, we can conclude that there is a
constant c2 > 0 such that 1T (µI−X)−1b ≤ c2. Considering these two inequalities yields

0 ≤ 1T (µI−X)−1p ≤ 1
c1

1T (µI−X)−1b ≤ c2

c1
.

On the other hand, by the Neumann series, one obtains

1T (µI−X)−1x =
1
µ
1T

(
I− 1

µ
X

)−1x =
1
µ
1T

∞∑

l=0

( 1
µ
X

)lx

=
1
µ

∞∑

l=0

( 1
µ

ρ(X)
)l1Tx =

1
µ

1
1− ρ(X)/µ

=
1

µ− ρ(X)
.

Combining this identity with the previous inequality yields 1/(µ− ρ(X)) ≤ c2/c1 > 0 or,
equivalently, ρ(X) ≤ µ − c1/c2. Since X has been chosen to be any matrix in Ū, this
proves the theorem with c = c1/c2 ∈ (0, µ).
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Wireless Networks

Beamforming provides in addition to power control another powerful mechanism to ma-
nage the interference in wireless networks. In order to ensure a high utilization of wireless
resources, transmit powers and beamformers should be optimized jointly to exploit inter-
dependencies between them. As is widely known, the overall network can be optimized
with respect to different optimization goals. In general, there exist two main approaches
attracting interest during the last years. The classical QoS-based approach aims at satis-
fying a certain quality-of-service (QoS) requirement with minimum power. To circumvent
the feasibility problem a related approach is to solve the so-called max-min SIR-balancing
or relative max-min problem. In contrast to this stands the utility-based resource alloca-
tion problem that has been considered in more detail in the previous chapter with power
as the resource to be optimized. Remember, here the network operator aims at optimizing
a weighted aggregate utility so as to maximize the overall network performance. Through-
put, fairness, or a tradeoff between throughput and fairness can be achieved by choosing
the utility function adequately.

Optimizing over the joint space of powers and receive beamformers is a more intricate
task than optimizing over powers only. Even more, in addition to efficiently managing
wireless resources, it is a challenging task to distributedly assign these resources, espe-
cially in the case of the non-differentiable relative max-min objective function. Further,
in practice we need to apply stochastic algorithms that deal with real-world noisy mea-
surements and estimations. Based on the above discussion, in this chapter we discuss
the following two topics to better understand the interdependencies between powers and
beamformers as well as the optimization approaches:

(i) Optimization of an aggregate utility function jointly over powers and receive beam-
formers in real-world distributed wireless networks (section 3.1).

(ii) Solve the max-min SIR-balancing problem by optimizing a certain aggregate utility
function over the joint space of powers and receivers (section 3.2).
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3.1 Joint Utility-Based Power Control and Receiver Control

As mentioned in the introduction, in this section we focus on the following problem:
maximize an aggregate utility jointly over powers and receive beamformers in real-world
distributed wireless networks.

Existing works on power control, distributed power control and the topic of noisy mea-
surements are summarized at the beginning of chapter 2. For the sake of completeness,
we point out that the following section is an extension of the work on utility-based power
control in [SWB07], where the authors propose a distributed utility-based power control
algorithm for general wireless networks, touch the problem of stochastic approximation
and show how to cope with it in practice.

Independently from and simultaneously to our work the authors of [LHC07] proposed
a distributed utility-based joint power control and receive beamforming algorithm for
cellular uplinks applying the scheme of [HRCW08]. Apart from that, so far most work
on joint power control and beamforming focusses on the so-called max-min SIR-balancing
and its related problem. For example in [RTL98, SB04, SB06] the duality between uplink
and downlink channels is exploited. Another strategy shows that the problem can be
embedded in semidefinite and conic optimization programs [BO01, WES06]. The work
presented in [3] (see also section 3.2) extends the work of [SB06] by solving the max-min
SIR-balancing problem under general power constraints. However, apart from [SWB09] the
above set of publications considers only the deterministic case. First works incorporating
imprecise knowledge of received waveforms include [HMV95, UY98, Var99]. Recently,
stochastic algorithms for joint QoS-based power control and receive beamforming and
their convergence analysis have been proposed by [LUE05, DV07].

To be more precise, in this section we consider the problem of joint power control and
receive beamforming in order to maximize a certain aggregate utility function that repre-
sents the QoS attained and is a function of the SIR. In section 3.1.2 we first reformulate
the joint power and receiver control problem as a pure power control problem under im-
plicit optimal linear receivers. However, in contrast to the pure utility-based power control
problem [SWB07], it is not known which class of utility functions allows a convex formu-
lation of this joint optimization problem and thus enables an efficient global solution in
distributed wireless networks. In particular, in the case of the lo-garithmic function, the
aggregate utility function appears to have relatively many local maxima. Though, if we
confine our attention to utility functions whose relative conca-vity is larger than that of
the logarithmic function, numerical experiments suggest that then the proposed algorithm
may converge to a global maximum for a large set of initial SIRs. In section 3.1.3 we start
by assuming perfect synchronization. Due to the fact that an optimal linear receiver can
be obtained in closed-form solution for any power vector, we analyze the power control
problem under implicit optimal linear receivers. However, an efficient implementation of
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the equivalent gradient projection algorithm is notoriously difficult to achieve in decen-
tralized wireless networks. Thus, in section 3.1.4 we decompose the problem into two
coupled subproblems and propose an alternating algorithm that converges to a stationary
point. As already mentioned, in real-world wireless networks noisy measurements and
estimations occur. We embed the proposed alternating algorithm into the framework of
stochastic approximation, thus discussing practical implementation aspects. Then, in sec-
tion 3.1.5 we investigate the convergence properties of the proposed stochastic algorithm
by simulations. Finally and for the sake of completeness, in section 3.1.6 we compare
our joint utility-based approach with the recent pure adaptive beamforming scheme via
bi-directional training [SBH10].

The results presented in this section appeared in part in [10, 4]. Parts of these works
also appeared in [SWB09].

3.1.1 Problem Statement

In the following we consider a multiple-antenna wireless network with K users or active
links as introduced in section 1.4. For simplicity we assume that the transmit powers of
the users are subject to individual power constraints P1, . . . , PK > 0 so that p ∈ P must
hold, where P = (p ∈ RK

+ : ∀kpk ≤ Pk) ⊂ RK
+ . As introduced in section 1.4.5 the receivers

are collected in a matrix C ∈ C where C = {C = (c1, . . . , cK) ∈ CM×K : ∀k‖ck‖2 = 1}
denotes the set of all receive beamforming matrices. Each column of C is normalized
meaning that each receiver is a vector on a unit sphere. Also note that both P and C are
compact sets, so is also their Cartesian product P×C. Finally, we define P+ = P ∩RK

++.
In words, P+ is the set of positive power vectors satisfying the power constraints. The
main figure of merit is the SIR at the output of each receiver and has been defined in (1.6)
assuming perfectly synchronized users. A crucial property of receive beamforming is that
the kth receiver only influences the SIR of the k-th user. Thus the SIR of user k depends
only on the kth receive beamformer. In contrast, transmit powers and also transmit filters
have in general impact on all users. That is why we write SIRk(p, ck).

One way to control both transmit powers of the users and their receive beamformers
is to apply a utility-based framework. Let Ψ(SIRk(p, ck)) be the utility of user k that
represents the QoS level or the degree of user satisfaction of user k under power vector
p and receive beamformer ck. Throughout this section we assume that Ψ satisfies (A.1)-
(A.3). Now, the joint utility-based power control and receive beamforming problem can
be written as follows. Given any weight vector w = (w1, . . . , wK) > 0, we search for a
power vector p∗ ∈ P and a beamforming matrix C∗ = (c∗1, . . . , c

∗
K) such that

(p∗,C∗) = arg max
(p,C)∈P×C

G(p,C) (3.1)
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where the maximum is assumed to exist1 and

G(p,C) =
∑

k∈K

wkΨ
(
SIRk(p, ck)

)
. (3.2)

We know that [SWB07], for any fixed C ∈ C, Ge(s,C) := G(es,C) is concave in the
logarithmic power vector s := log p ∈ S with p ∈ P+ and S := {s = log p : p ∈ P+} ⊂ RK .
Therefore, for Ge(s,C) to be concave in s, it is sufficient that SIRk(es) is a log-concave
function of s ∈ RK . Now the question is what happens if we use this class of utility
functions Ψ(x) defined by (2.3) in the joint power control and receive beamforming problem
(3.1).

3.1.2 Problem Properties

First of all we point out that the joint problem (3.1) is equivalent to a power control
problem once the optimal receivers are known explicitly for a given power vector. Under
optimal receivers we understand the receivers that maximize the SIR. A crucial ingredient
to reason this statement comes from the fact, that the kth SIR depends only on the kth
receiver. Because each receiver has a unit norm, it is a vector on a unit sphere of CM

denoted by CM−1, such that ck ∈ CM−1, k ∈ K. Further, let us assume that

(A.11) RK
+ × CM−1 → RK

+ : (p, ck) 7→ SIRk(p, ck) is continuous,

which is reasonable in practice. From this it follows immediately that the SIR has a
maximum on the compact set P× CM−1. Thus we can observe:

Observation 8 For any fixed p ≥ 0, there exists c∗k(p) such that

SIR∗k(p) := max
ck∈CM−1

SIRk(p, ck). (3.3)

Now we show that the joint problem (3.1) can be written as a pure power control
problem under optimal adaptive receivers. This is because

max
(p,C)∈P×C

G
(
p,C

) (a)
= max

p∈P

∑

k∈K

max
ck∈CM−1

wkΨ(SIRk(p, ck))

(b)
= max

p∈P

∑

k∈K

wkΨ
(

max
ck∈CM−1

SIRk(p, ck)
)

(c)
=

∑

k∈K

wkΨ
(
SIR∗k(p)

)

= max
p∈P

G
(
p,C∗(p)

)
,

1Since the noise variance is strict positive, standard arguments can be used to show that with our choice
of the utility functions, the maximum exists.
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where (a) follows from the fact, that the kth receiver impacts only the kth SIR, (b) is an
immediate consequence of the strictly increasing function Ψ(x), x > 0, and the positive
vector w and (c) results from (3.3). Remind, that C∗(p) = (c∗1(p), . . . , c∗K(p)) denotes an
optimal receiver matrix for a given power vector p ≥ 0. We summarize the result in the
following lemma.

Lemma 6 For any fixed p ≥ 0, the receive beamforming vectors maximizing the individual
SIRs (or solves (3.3)) solve at the same time the original utility-based problem

max
C∈C

∑

k∈K

wkΨ(SIRk(p, ck)).

Now, using the substitution s = log p,p ∈ P+, (in accordance with the power control
problem of [SWB07]) and defining

F (s) :=
∑

k∈K

wkΨ
(
SIR∗k(e

s)
)

(3.4)

it follows that a solution to (3.1) is any pair (p∗,C∗) ∈ P+ × C given by p∗ = es∗ and
C∗ = C∗(p∗) where

s∗ = arg max
s∈S

F
(
s
)
. (3.5)

In words, the problem reduces to a power control problem except that now each SIR is
assumed to attain its maximum over all receive beamformers. Since c∗k(p) maximizes the
SIR for a given power vector p, it indeed minimizes the interference at the receiver of user
k.

Convexity Discussion

Unfortunately, so far it is not known which class of utility functions allows a convex
formulation of the problem (3.5), such that a global solution can be found using standard
optimization methods. We assume a perfectly synchronized network with two links such
that the SIR∗k in (3.4) can be expressed by (1.12). For both exemplary utility functions
Ψ(x) = log(x) and Ψ(x) = log[x/(1 + x)], x > 0 it can be easily shown by a counter
example that the problem is not concave in general (see section 3.3 Appendix A). However,
by simulations we have observed that the standard gradient projection algorithm deduced
in 3.1.3 for this power control problem converges to a local maximum in significantly fewer
cases with increasing concavity of the utility function.

In economics, the quantity

r(x,Ψ) = −xΨ′′(x)
Ψ′(x)

≥ 0 (3.6)

is known as the coefficient of relative risk aversion [MCWG95]. Here Ψ′(x) > 0 and
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Ψ′′(x) < 0, x > 0, denote the first and second derivatives of Ψ, respectively. r(x,Ψ) is
used to measure the relative concavity of Ψ(x). The larger the value of r(x,Ψ) ≥ 0 is, the
larger is the relative concavity of Ψ(x) at x > 0, and therefore a better fairness performance
(at the cost of the throughput performance) can be expected. For the logarithmic function
Ψ(x) = log(x), x > 0 we have r(x,Ψ) = 1, x > 0, for Ψ(x) = log[x/(1 + x)], x > 0 it is
r(x,Ψ) = (1 + 2x)/(1 + x) ∈ (1, 2) while for Ψα(x) := x1−α

1−α , α ≥ 2, α ∈ N it can be easily
verified that r(x,Ψα) = α.

Further, for any fixed C ∈ C we observe the following:

Observation 9 r(x,Ψ) ≥ 1 if and only if Ψ(ex) is concave on R.

Proof: Since Ψ(x), x > 0, is twice continuously differentiable, Ψ(ex), x ∈ R, is
concave if and only if ex

(
Ψ′′(ex)ex + Ψ′(ex)

) ≤ 0, x ∈ R. This in turn holds if and only if
Ψ′′(x)x + Ψ′(x) ≤ 0, which is equivalent to r(x,Ψ) ≥ 1 since Ψ′(x) > 0 for all x > 0.

However, as we have seen by the counter example the problem (3.5) is not concave. Yet,
numerical experiments with the utility function Ψ(x) = log[x/(1+x)], x > 0 suggest that
in this case, the gradient projection algorithm (see Section 3.1.3) converges to a global
maximum for a relatively large set of initial SIR values compared to the utility function
Ψ(x) = log(x). Now, an interesting problem is whether a global convergence (if not for
all starting points, then at least for most of them) of the gradient projection algorithm
can be achieved by requiring that r(x,Ψ) ≥ c, x > 0, for some sufficiently large constant
c ≥ 2. Remember, increasing the constant c leads to utility functions with larger relative
concavities. In particular, as shown below, if there is a utility function for which each
addend in (3.4) is concave on RK , then F (s) is concave for all utility functions with a
larger coefficient r(x,Ψ).

Observation 10 Let g : R++ → Q1 be any utility function for which (3.6) holds, and
suppose that each addend in F (s) with Ψ(x) = g(x), x > 0, is concave on RK . Then, F (s)
with Ψ(x) = f(x), x > 0, is concave for any utility function f : R++ → Q2 such that
r(x, g) ≤ r(x, f) for all x > 0.

Proof: Since g and f are bijective utility functions, there is a twice continuously
differentiable and strictly increasing function h : Q1 → Q2 such that f(x) = h(g(x)), x >

0. So, the observation follows if h(x) is concave. Considering the fact that f ′(x) =
h′(g(x))g′(x) with g′(x) > 0 for all x > 0, the second derivative of f(x) yields f ′′(x) =
h′′(g(x))(g′(x))2 + f ′(x)g′′(x)/g′(x), x > 0. By r(x, g) ≤ r(x, f), we have f ′′(x)g′(x) ≤
f ′(x)g′′(x), x > 0, so that f ′′(x) ≥ h′′(g(x))(g′(x))2 + f ′′(x), x > 0. This implies that
h′′(g(x)) ≤ 0, x > 0, and hence one obtains h′′(x) ≤ 0, x ∈ Q1 due to the bijectivity of g.

Applying this observation to the class in (2.3) reveals that if there was some α ≥ 2
such that Ψα(SIR∗k(e

s)) is concave on RK for each k ∈ K, then the problem (3.5) would
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be a convex problem for all Ψα′(x) with α ≤ α′. Then we would be able to arbitrarily
close approximate the max-min fair power allocation for any power constraints. In detail,
from [MW00, Lemma 3]) we may deduce that p∗ = es∗ with Ψ(x) = Ψα(x) converges to
the max-min power allocation as α tends to infinity. Moreover, for every α, ∇F (s) exists
and is continuous on RK so that efficient gradient projection algorithms could be used
to approximate the max-min power allocation for any power constraints if the algorithms
were global convergent for some sufficiently large α (as discussed before).

3.1.3 Centralized Algorithm in Case of Perfect Synchronization

In this section, we derive a gradient projection algorithm for the problem (3.5) and prove
its convergence. To this end, let us first identify optimal receive beamformers. As has been
shown, an optimal receive beamformer of user k is exactly that beamformer for which the
kth SIR attains its maximum. Hence, under the assumption of perfect synchronization
it follows from (1.11) and (1.12), that the power control problem with implicit optimal
linear receivers becomes

s∗ = arg max
s∈S

F (s)

= arg max
s∈S

∑

k∈K

wkΨ
(
eskbH

k Z−1
k

(
es

)
bk

) (3.7)

and (s∗ = log p∗)
C∗ =

(
a1Z−1

1 (p∗)b1, . . . , aKZ−1
K (p∗)bK

)
∈ C (3.8)

with appropriately chosen constants a1, . . . , aK > 0 and Zk defined by equation (1.10).
If we assume the utility functions Ψ(x) of (2.3), then F (s) in (3.7) can be written using

the inverse of
Z(p) = Zk(p) + pkbkbH

k

which is independent of the index k. Indeed, by the Sherman-Morrison formula [Mey00],
it follows that

Z−1
k (p) = Z−1(p) +

Z−1(p)bkbH
k Z−1(p)pk

1− pkbH
k Z−1(p)bk

and hence
SIR∗k(p)

1 + SIR∗k(p)
= pkbH

k Z−1(p)bk .

So, if Ψ(x) = log(x/(1 + x)), x > 0, and using this equation the aggregate utility function

59



3 Resource Allocation in Multiantenna Wireless Networks

in (3.4) yields

F (s) =
∑

k∈K

wk log
(
eskbH

k Z−1(es)bk

)

=
∑

k∈K

wk log
(
eskbH

k adj(Z(es))bk

)
− ‖w‖1 log det

(
Z(es)

)
.

Choosing Ψ(x) = Ψα(x) := x1−α

1−α , α ≥ 2, α ∈ N gives

F (s) =
1

1− α

∑

k∈K

wk

(1− eskbH
k Z−1(es)bk

eskbH
k Z−1(es)bk

)α−1

where α ≥ 2 and the constant 1/(1 − α) can be neglected as it has no impact on the
maximizer.

Gradient projection algorithm

All partial derivatives of SIR∗k(e
s) with SIR∗k(p) given by (1.12) exist and are continuous

functions on RK because the inverse matrix Z−1
k (es) exists for all s ∈ RK , regardless of

the choice of the transmit vectors, and the entries in Z−1
k (es) vary continuously with the

entries in Zk(es). Hence, we can consider a gradient projection algorithm with a constant
step size δ > 0 (sufficiently small):

s(n + 1) = Πs

[
s(n) + δ∇F (s(n))

]
, s(0) ∈ RK (3.9)

where Πs(x) is the projection of x ∈ RK on the closed convex set S [Ber03, BT89] and
the kth partial derivative ∇kF (s) = ∂F

∂sk
(s) yields

∇kF (s) = wkΨ′
(
SIR∗k(e

s)
)
SIR∗k(e

s)− esk
∑

l 6=k

wle
slΨ′

(
SIR∗l (e

s)
)∣∣bH

l Z−1
l (es)bk

∣∣2
(3.10)

where the following identity was used: For an invertible and differentiable matrix function
Y(x), there holds

dY−1(x)
dx

= −Y−1(x)
dY(x)

dx
Y−1(x) .

Hence, due to the individual power constraints on each user ∀k sk ≤ log Pk, the algorithm
(3.9) takes the form

sk(n + 1) = min
{

logPk, sk(n) + δ
[
wkΨ′

(
SIR∗k(e

s)
)
SIR∗k(e

s)−

esk
∑

l 6=k

wle
slΨ′

(
SIR∗l (e

s)
)
|bH

l Z−1
l (es)bk|2

]} (3.11)
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where SIR∗k(e
s) is defined by (1.12).

Lemma 7 (Convergence) For a sufficiently small step size δ > 0, the sequence {p(n)}
generated by the algorithm (3.11) with p(n) = es(n) converges to a stationary point.

Proof: By standard results [BT89, Ber03], the gradient projection algorithm con-
verges to a stationary point for sufficiently small values of δ > 0 if F (s) is bounded above,
continuously differentiable on S and the gradient ∇F (s) is Lipschitz continuous on any
bounded subset of S. The first condition is clearly satisfied due to the power constraints.
The second condition holds as well since, by assumption, the utility function Ψ(x) is twice
continuously differentiable. Hence, the Hessian of F (s) is bounded in the matrix 2-norm
on any bounded subset of S. This implies that ∇F (s) is Lipschitz continuous on any
bounded subset of S [OR00, page 70].

Note that the maximum feasible step size in the algorithm may depend on the choice
of the starting point s(0).

3.1.4 Distributed Alternating Implementation

The computation of the gradient in (3.11) seems be too expensive to be implemented in a
distributed environment. The question to be answered is: How should |bH

l Z−1
l (es)bk|2 be

measured at the l-th link without costly data exchange or signaling between the nodes?
Due to the definition of Z−1

l this part of the gradient depends on all effective transmit
vectors associated with receiver k and hence seems not to be amenable to distributed
implementation. In order to circumvent this problem and the demand on perfect syn-
chronization, in this section, we slightly modify the algorithm so that it can be imple-
mented in a distributed manner. The basic idea is to increase the value of the func-
tion G(p,C) in the following alternating fashion: For some given receive beamforming
matrix C(n) and power vector p(n), a new power vector p(n + 1) is chosen such that
G(p(n),C(n)) ≤ G(p(n+1),C(n)). Then, the beamforming matrix is updated by C(n+1)
such that G(p(n+1),C(n)) ≤ G(p(n+1),C(n+1)). This alternating process is repeated
until convergence.

Let us first consider the power vector update. To this end, let C be fixed and define
GC(s) := G(es,C). Then, the power vector can be updated according to the following
algorithm

sk(t + 1) = min
[
log Pk, sk(t) + δp(t)∇kĜC(t)(s(t))

]
, t ∈ N0 (3.12)

for some s(0) ∈ RK , where, with some abuse of notation, ∇ĜC(t)(s(t)) is used to denote
a noisy estimation of the gradient vector ∇GC(t)(s(t)) and {δp(t)} with δp(t) > 0 is an
appropriately chosen sequence of diminishing step sizes [KY03]. If {sk(t)}Lp

t=1 is a sequence
generated by (3.12) for a certain number of power iterates Lp ≥ 1, then we put s(n+1) =
(s1(Lp), . . . , sK(Lp)). Note, that the estimate ∇kĜC(t)(s(t)), k ∈ K can be computed in a
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distributed manner using the adjoint network of [SWB07] shortly summarized in section 2.6
Appendix A. This scheme enables each transmitter to estimate its current update direction
from the received signal power. This mitigates the problem of global coordination of
the transmitters when carrying out gradient-projection algorithms in distributed wireless
networks. More precisely, instead of each node sending its message separately as in case of
classical flooding protocols, nodes transmit simultaneously (only coarse synchronization is
required) over the adjoint network such that each node can estimate its gradient component
from the received power. The price for this are possible estimation errors that usually can
be dealt with using a diminishing step size [KY03] as is shortly discussed in the next
subsection ’Stochastic Approximation View’.

Now assume that s = log p is fixed. Distributed algorithms for computing optimal
receive beamformers defined by (3.3) are widely established. These algorithms are based
either on blind or pilot-based estimation methods [Ver98]. In the latter case, if Xk is a pilot
symbol2 of user k with E[|Xk|2] = esk and rk ∈ CM represents the observations at receiver
k, then c∗k given by (1.11) minimizes the mean square error θk(ck) = E[|κXk − 〈ck, rk〉|2]
over CM , where κ > 0 is a normalizing constant3 chosen such that, in the minimum,
‖ck‖2 = 1. Note that the expectation is taken with respect to r(k) := (rk, Xk), which
depends on the logarithmic power vector s ∈ RK . Now if the convex function θk(ck) was
explicitely known, then the algorithm (with the complex gradient operator ∇ which gives
the direction of steepest ascent of θk : CM → R+)

ck(t + 1) = ck(t)− δr∇θk(ck(t)), k ∈ K, t ∈ N0 (3.13)

would converge to c∗k defined by (1.11) for a sufficiently small step size δr > 0. The
problem is that the function θk is usually not known since the distribution of rk is not
known [Ver98]. Therefore, ∇θk(ck(t)) cannot be computed and the algorithm must be
modified using the framework of stochastic approximation [KY03]. The idea is to consider
the functions θr(k)(ck) = |κXk−〈ck, rk〉|2 for all r(k) as noisy estimations of θk(ck). Then,
under some conditions on the estimation error and for any ck(0) ∈ CM , the algorithm

ck(t + 1) = ck(t)− δr(t)∇θr(k)(t)

(
ck(t)

)
, t ∈ N0 (3.14)

converges to c∗k (in some probabilistic sense), provided that the step size δr(t) > 0 with
limt→∞ δr(t) = 0 and

∑∞
t=0 δr(t) = +∞ is chosen suitably [HMV95].

Now combining these two ingredients leads to the following joint power control and
receive beamforming algorithm: At the beginning of every frame, s(0) and C(0) are set
to be equal to the current transmit powers and receive beamformers. Then, all users

2A zero-mean random variable that is known to the estimator
3For practical implementation, we can assume κ = 1, and then normalize the beamformers so that their

l2-norms are equal to one.
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concurrently execute N ≥ 1 updates of their transmit powers and receive beamformers.
The nth update consists of the following intermediate steps:

(i) For fixed C(n) and a number of power iterates Lp ≥ 1, each user k ∈ K generates a
sequence {sk(t)}Lp

t=1 by carrying out (3.12) and defines sk(n + 1) = sk(Lp).

(ii) For a number of receiver iterates Lr ≥ 1 and with E[|Xk|2] = esk(n+1), each user k ∈
K executes Lr iterations of the algorithm (3.14) to obtain the sequence {ck(t)}Lr

t=1.
It defines ck(n + 1) = ck(Lr).

The convergence of the algorithm (in some probabilistic sense) strongly depends on the
choice of the step sizes in (3.12) and (3.14) as well as on the properties of the estimation
errors in (3.12) and (3.14). However, we point out that the algorithm is motivated by the
following observation: If the estimates in (3.12) are known perfectly4 and (3.13) is used
instead of (3.14), then the sequence {(s(n),C(n))} generated by the resulting algorithm
converges to a stationary point. This is because, under this assumption, (3.12) and (3.13)
are both monotonic, and hence we have (for all n ∈ N0)

G(p(n),C(n)) ≤ G
(
p(n + 1),C(n)

) ≤ G
(
p(n + 1),C(n + 1)

)
.

This implies that the sequence {G(
p(n),C(n)

)} is monotonically increasing, provided
that the step sizes are sufficiently small. Moreover, it is bounded since G

(
p(n),C(n)

) ≤
G

(
p∗,C∗) for all n ∈ N0. Therefore, the algorithm converges to a stationary point. In

addition, to show that this stationary point is a local maximizer for the problem (3.1), we
need to verify the second order sufficiency condition.

Due to scarce resources in wireless networks, it is reasonable to choose the number of
updates N = 1 in every frame. In addition, instead of transmitting pilot signals in the
intermediate step (ii), the optimal receive beamformers can be estimated during the data
transmission using some blind estimation method (see [Ver98] and references therein). So,
at the beginning of every frame, the step (i) is executed only once. Then, the resulting
transmit powers are used for data transmission. During this time, the receive beamformers
are updated online after each transmitted symbol. However, numerical experiments sug-
gest that the scheme should not exclusively rely on blind methods to estimate the optimal
receivers with a sufficient accuracy.

Stochastic Approximation View

As already mentioned, in real-world networks estimation errors and other distorting fac-
tors as quantization noise occur. Now the interesting question is, what is the impact of
these stochastic noisy measurements on the convergence properties. Does the proposed

4In this case, δp(t) = δp for sufficiently small δp > 0.
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algorithm still converge and under what conditions? In the case of such distorting fac-
tors, the proposed algorithm has to be analyzed applying stochastic approximation theory.
However, this topic is too wide to be considered in more detail. We refer to [KY03] as a
comprehensive reference. In the following we give only a few known insights and present
some exemplary numerical results (section 3.1.5).

We assume that the estimated gradient component ∇ĜC(t)(s(t)) is a random variable
of the form

∇kĜC(t)(s(t)) = ∇kGC(t)(s(t)) + Mk(t)

where Mk(t), k ∈ K is the estimation noise process that fulfills the following conditions
[KY03]:

(A.12) The estimation noise process depends on the receiver noise process which is as-
sumed to be a martingale difference that is uncorrelated with transmit symbols
and has a finite variance.

(A.13) The estimation noise is zero-mean and exogeneous, meaning that Mk(t), k ∈ K is
independent of the iterate value.

Assuming these two conditions one can deal with the estimation noise applying a dimin-
ishing step size sequence that satisfies δp(t) > 0 with limt→∞ δp(t) = 0 and

∑∞
t=0 δp(t) =

+∞. A typical choice for a step size sequence is for instance δp(t) = cty for some y ∈ (0, 1].
The choice of the step size is central to the effectiveness of the algorithm as is shown by
simulations in the next section 3.1.5.

In the above algorithm the powers and beamformers are updated in parallel, mean-
ing that the power control algorithm does not wait for the convergence of the receive
beamformers and vice versa. Thus the convergence of this practical stochastic algo-
rithm is only verified by simulations presented in the following section. In addition,
note that condition (A.13) is not necessarily fulfilled by the distributed power control
algorithm. Thus the estimates ∇kĜC(t)(s(t)) may be biased by some bk(t) meaning that
∇kĜC(t)(s(t)) = ∇kGC(t)(s(t)) + Mk(t) + bk(t). Simulation results indicate that the algo-
rithm still converges to a contraction region around the optimal point provided that the
bias is bounded by a scaled version of the true gradients.

3.1.5 Numerical Results

In the following, we show exemplarily the convergence behavior of the proposed scheme for
Ψ(x) = −1/x, x > 0 and a random channel realization. We consider a wireless system with
M = 2 transmit and receive antennas, and K = 4 users operating at a SNR level of 30 dB.
The weight vector is w = 1. The noisy measurements of the gradient are assumed to be
∇kĜC(t)(s(t)) = ∇kGC(t)(s(t))+ z, k ∈ K, where z is an independent zero-mean Gaussian
random variable (and thus fulfils the conditions of a martingale difference noise) whose
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Figure 3.1: Convergence behavior of the distributed algorithm in case of noisy measure-
ments for different values of y, c1 = 30 and c2 = 0.5.
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Figure 3.2: Convergence behavior of the distributed algorithm in case of noisy measure-
ments for different values of the step sizes c1, c2 and y = 0.5.
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variance σ2
z(t) depends on t and is 10 percent of the absolute gradient value. We have

Lp = 1 and Lr = 16 steps in (i) and (ii), respectively. Hence, during each iteration step n,
the algorithm performs 1 power control step and estimates the beamformers using 16 pilot
symbols. The diminishing step sizes for the intermediate steps are δp(t) = c1/(t + 1)y and
δr(t) = c2/(t + 1)y for some positive constants c1, c2 and some exponent y ∈ (0, 1]. Figure
3.1 depicts the aggregate utility, the mean square error of the SIR and the SIR for two
users over the number of iterations n for different values of y to show the influence of the
diminishing step size. As can be easily seen, if the step size vanishes fast the algorithm
converges much slower than with a slowly decreasing step size. However, the behavior
is very smooth causing nearly no oscillations in contrast to a slowly decreasing step size.
Figure 3.2 depicts the aggregate utility, the mean square error of the SIR and the SIR
for two users over the number of iterations n for different values of c1 and c2 and a fixed
y = 0.5 to show the influence of the start step size values. Here a higher (but sufficiently
small) start step size leads to a faster but oscillating convergence compared to lower start
step sizes with a slow but smooth convergence behavior.

Summarizingly, we state the following. It is important that the step sizes c1 and c2

are sufficiently small to ensure that the algorithm does not diverge. Besides, the decrease
of the step sizes (exponent y) should be not too small to avoid a very slow convergence
speed. In case of a dynamic environment where the channel changes over time, y should
be chosen to be able to follow the channel changes. This is then obtained at the cost of a
more oscillating behavior. Finally note that the length of the pilot sequences also depends
on the number of users because the link-specific pilot sequence is typically a pseudo-noise
sequence with good autocorrelation poperties.

In figure 3.3 we depict a convergence example for the case that the estimates∇kĜC(t)(s(t))
are biased by some bk(t). Further independent simulations suggest that the proposed al-
gorithm converges to a contraction region around the optimal point if the bias is small
enough. Otherwise the algorithm may diverge. However, the conditions on the bias to
ensure convergence to a contraction region remain an open question.

3.1.6 Comparison with Pure Beamformer Control

Finally, in this section, we compare our joint utility-based scheme with the scheme of
[SBH10] that optimizes transmit and receive beamformers only, with the aim to maximize
the sum rate. Therefore, we first derive a heuristic algorithm to additionally update the
transmit beamformers or precoders in our utility-based joint power and receive beam-
forming algorithm. Then we summarize the main ingredients of the scheme in [SBH10].
Finally, we compare both schemes numerically to show the influence of beamforming and
power control on the sum rate performance. Note, that due to the fact that the [SBH10]
aims at sum rate maximization, we need to choose Ψ(x) = log(x).
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Figure 3.3: Convergence behavior of the distributed algorithm in case of noisy measure-
ments y = 0.4, c1 = 40, c2 = 1 for the biased and unbiased case.
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Joint Utility-based Power and Transceiver Optimization

For comparison reasons we now extend the joint utility-based power control and receive
beamforming algorithm and heuristically incorporate the transmit filters [3]. We point
out, that the effective transmit vector is affected by the transmitter structure, the chan-
nel state etc. These vectors determine how the transmit signals direct into and through
the space. Assuming the transmitter structure to be a transmit beamformer any user
can influence its effective transmit vectors b(k)

l by changing its transmit beamformer ul

defined in section 1.4.5. The optimization of transmit beamforming is crucial, because in
contrast to receive beamforming it impacts the interference power to all other receivers
and thus the performance of the other users. However, depending on the interference sce-
nario a transmit beamformer optimization may achieve high performance gains. Related
work to both transmitter and joint transmitter and receiver optimization can be found
in [RLT02, CTR98, SB06]. However, it has been shown that the virtual uplink concept
to calculate transmit beamformers and powers cannot be applied in networks with gen-
eral power constraints [RLT02]. Next we present a heuristic scheme that recalculates the
transmit beamformers as long as the utility improves.

As in [CTR98] the basic idea is to optimize the transmit and receive beamformers in
an alternating way. For a better understanding we use the notion of the primal and the
reversed network. In contrast to the primal network the reversed network is the network
that is obtained by reversing or swapping the roles of transmitters and receivers. More
precisely, transmitters and transmit beamformers are assumed to be receivers and receive
beamformers, respectively. Vice versa receivers and receive beamformers are assumed to be
transmitters and transmit beamformers. Each iteration of the joint optimization of powers,
receive and transmit beamformers consists of 4 steps, where 2 steps are executed in the
primal and in the reversed network, respectively. These 2 steps include the update of the
power vector and the beamformer optimization. The proposed algorithm is summarized in
Alg. 3. Next we describe the single steps in detail. Note that the transmit beamforming
vectors are collected in the transmit beamforming matrix U = (u1, . . . ,uK) ∈ CM×K ,
U ∈ U where U = {(u1, . . . ,uK) : ‖uk‖2 = 1} denotes the set of all transmit beamforming
matrices. The algorithm performs the following steps. First each user calculates for
fixed transmitters and receivers the power allocation p(t). The power computation was
explained in section 3.1.4. After that each user updates its receive beamformers ck(t) in
the primal network such that the SIR is maximized. Therefore each user fixes its transmit
power p(t − 1) and transmit beamforming vector uk(t − 1), k ∈ K. Then we switch
to the reversed network. Remember, in the reversed network the transmit beamformers
uk, k ∈ K are assumed to be receive beamformers and the receive beamformers ck, k ∈ K

are assumed to be transmit beamformers. The transmit powers of the reversed network
are collected in the power vector q = (q1, . . . , qK) ∈ RK

+ that is subject to some individual
power constraints qk ≤ Qk, k ∈ K. Now, in the reversed network first we perform the
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power update for fixed transmit and receive beamformers. The power allocation q(t) for
the reversed network is computed again such that the sum of weighted utilities of SIRs
is maximized. Then the receive beamformers of the reversed network uk(t), k ∈ K are
updated such that the SIR of each user is maximized. The algorithm terminates if the
sum utility values decrease or a sufficiently small relative improvement is achieved. In
addition the algorithm may also be stopped after a predefined number of iterations.

Algorithm 3 Heuristic Joint Power and Transceiver Optimization
Require: δ > 0, t = 0,p(0) ∈ P+,C(0) ∈ C,U(0) ∈ U
1: repeat
2: t = t + 1
3: primal network: compute power allocation p(t)
4: primal network: given p(t) and U(t− 1) compute receive beamformers ck(t), k ∈ K

5: reversed network: compute power allocation q(t)
6: reversed network: given q(t) and C(t) compute receive beamformers U(t)
7: until some termination condition is satisfied

Adaptive Beamforming via Bi-directional Training

Recently the authors of [SBH10] designed an adaptive distributed algorithm for upda-ting
the precoders and receive beamformers to maximize the sum rate. It consists of two steps
that are repeated as long as the sum rate increases: (i) Fix the precoders and optimize the
receivers in the primal network, (ii) reverse the direction of the transmission and optimize
the transmit filters (now receivers) in the adjoint network. The optimization criterion in
each step is to maximize the SINR of each user. The authors assume that in each step the
set of transmitters or the set of receivers transmit coarse synchronously pilot or training
sequences in each direction. Consequently this scheme is quite similar to our distributed
receive beamforming scheme and to the heuristic transceiver optimization proposed above
and in [3]. We emphasize that in addition the authors numerically investigated the influ-
ence of the training length and the number of bi-directional iterations.

Numerical Results

Finally we compare both schemes. We consider a network with K users, M = 4 trans-
mit and receive antennas and a channel matrix which entries are iid complex Gaussian
distributed. Each user is subject to the same individual power constraint and operates at
SNR= 30dB.

Figures 3.4 and 3.5 illustrate for an exemplary network the gain that can be achieved
by different resource allocation schemes. More precisely, the sum rate averaged over 1000
channel realizations is depicted over the number of users in the network for the following
5 resource allocation strategies. Note, with increasing user number the interference in the
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Figure 3.4: Average rate per user over the number of users for different resource allocation
schemes
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Figure 3.5: Relative improvement of the average rate per user with respect to the maximum
power scheme (Max. power) for different resource allocation schemes

71



3 Resource Allocation in Multiantenna Wireless Networks

network increases. If not otherwise stated the beamformers of the schemes adapt to the
channel. The first strategy, that is also used as reference strategy in figure 3.4, allocates the
maximum power to each user (max. power). The same is true for the scheme of [SBH10].
However, here the receivers only (denoted by RX) or both the transmitters and receivers
(denoted by RX/TX) are optimized. Finally we show for Ψ(x) = log(x) the sum rate that
can be achieved by a joint power and receiver control (denoted by PC+RX) and by a joint
power and transceiver control (denoted by PC+RX/TX). As can be easily seen, optimizing
the receive and/or transmit filters may significantly improve the network performance. In
contrast and as is known, the mechanism power control provides only small gains in case
of a sum rate maximization. Consequently, in case of sum rate maximization (α = 1) a
pure and low complex beamformer control is preferrable in distributed wireless networks.
In the following chapter which investigates the max-min approach, numerical results will
show that power control plays an important role.

3.2 Max-Min Fair Joint Power and Receiver Control

This section discusses the possibility of solving the max-min SIR-balancing problem by
optimizing a certain aggregate utility function over the joint space of powers and receivers.
As emphasized before, in contrast to the max-min SIR problem, an advantage of a utility-
based approach is certainly the existence of distributed power control algorithms for a
given set of weights.

Recent results [SKB10] obtain a simple characterization of the max-min SIR-balanced
power vector under general power constraints. The authors formulate an eigenvalue prob-
lem of the same dimension as the original problem and give a procedure to compute the
max-min SIR power vector. The authors also reveal the connection between the max-min
SIR-balancing and the utility-based power control problem. We briefly explain this con-
nection in section 3.2.2, where we review how to choose the weight vector such that the
sum utility optimization achieves the max-min SIR-balancing solution. In addition we
discuss the properties of this connection in order to derive an algorithmic solution for our
joint power control and receive beamforming problem. Based on these insights, in sec-
tion 3.2.4, we propose an iterative algorithm that solves the joint power and beamformer
optimization problem. We prove important properties as monotonicity and convergence
to the optimal max-min SIR-balancing solution. Thus, in this section we generalize the
results of [BS06b] to noisy channels under general power constraints and to a larger class
of utility functions. More precisely, the authors of [BS06b] describe a similar alternating
scheme to solve the joint max-min fair power control and preequalizer problem in the
noiseless case for a multiuser downlink channel. They achieve the max-min SIR-balancing
solution by minimizing the sum of weighted inverse SIRs. Thus, due to their problem
structure the single steps of the algorithm are different. On the other hand, we only pro-
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vide optimal powers and receive beamformers. For transmit beamformer optimization we
propose a heuristic algorithm in section 3.2.5 because the theory of uplink-downlink dual-
ity is not applicable in case of general power constraints. Numerical results illustrate the
gain achievable by a sophisticated resource allocation. Finally, in this section we discuss
the amenability of our algorithm to distributed implementation. Unfortunately, so far a
fully-distributed algorithm is not available. On the positive side, we refer to recent results
that mitigate this problem considerably.

The results presented in this section appeared in [3].

3.2.1 System Model, Assumptions and Definitions

We consider a multiantenna wireless network with general power constraints as defined in
(1.4) so that p ∈ P where P = {p ∈ RK

+ : Ap ≤ p′,A ∈ {0, 1}N×K} ⊂ RK
+ . Remember,

as defined in section 1.4.5 the main figure of merit is the SIR given by

SIRk(p, ck) :=
pk

Ik(p, ck)
=

pk∑K
l=1

vk,l(ck)pl + zk(ck)
.

Throughout this section we also assume that

(A.14) each entry of the gain matrix V(C) is a continuous function of C ∈ C. Moreover,
for any fixed C ∈ C, V = V(C) ≥ 0 is an irreducible matrix.

Remark 1 In practice, the irreducibility property can be guaranteed by approximating the
gain matrices V(C),C ∈ C, with matrices of the form V(C) + εA for some sufficiently
small ε > 0 where A = (11T − I) ∈ {0, 1}K×K .

Let γ1, . . . , γK > 0 be the SIR targets of the users, and let Γ := diag(γ1, . . . , γK).

Definition 4 Given any Γ, we say that (p∗,C∗) is a max-min SIR-balanced solution if

(p∗,C∗) := arg max
(p,C)∈P×C

min
k∈K

(SIRk(p, ck)/γk) . (3.15)

The maximum exists as the SIRs are continuous on the compact set P× C. Moreover, it
may be easily verified that p∗ > 0, allowing us to focus on P+ = P ∩ RK

++.
Notice that γk is not necessarily met under a max-min SIR-balanced solution (3.15).

However, it is well known [SWB09] that SIRk(p, ck) ≥ γk for each k and some (p,C) ∈
P×C if and only if SIRk(p∗, c∗k) ≥ γk for each k. In other words, Γ is feasible if and only
if each γk is met under a max-min SIR-balanced solution.

3.2.2 Characterization of Max-Min SIR-Balancing for Fixed Beamformers

Throughout this section we assume that in addition to the transmit filters, the receive
beamformers C ∈ C are arbitrary but fixed. Note that by (A.14), V := V(C) is a
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nonnegative irreducible matrix. In what follows, we briefly review the connection between
the max-min SIR-balancing power control problem (3.15) and a utility-based power control
problem [SKB10]. More precisely, we show how to choose the weight vector in the utility
maximization problem so that a solution to this problem is a max-min SIR-balancing
solution. For the proofs, the reader is referred to [SKB10, SWB09]. Let us first define the
max-min SIR-balancing power control problem. For any given γk > 0, k ∈ K, a max-min
SIR-balanced power vector is defined to be

p̄ := p̄(C) = arg max
p≥0

min
k∈K

(
SIRk(p, ck)/γk

)

s.t. max
n∈N

gn(p) ≤ 1 ,
(3.16)

where
gn(p) := (1/Pn)aT

np, n ∈ N (3.17)

and an ∈ {0, 1}K is a (column) vector equal to the nth row of the power constraint matrix
A. Note that p ≥ 0 and maxn∈N gn(p) ≤ 1 holds if and only if the power constraints
are satisfied: p ∈ P. Moreover, for any power vector p̄ that solves (3.16), we have
maxn∈N gn(p̄) = 1, which means that at least one power constraint is active.

The irreducibility assumption of V(C) implies that the max-min SIR-balanced power
vector p̄ is unique and that

∀k∈K SIRk(p̄)/γk = β (3.18)

for some β > 0. From these observations, it follows that [SKB10]

1
β
p̄ = ΓVp̄ + Γz max

n∈N
gn(p̄) = 1 . (3.19)

Now let
N(p) :=

{
m ∈ N : m = arg max

n∈N
gn(p) = 1

}

be the set of power constraints that are active under the power vector p. Note that due
to the fact that at least one power constraint is active in the optimum, N(p̄) is not empty.
An important observation is that (see [SKB10])

N̄ := N(p̄) =
{
m ∈ N : m = arg max

n∈N
ρ(B(n))

}
(3.20)

where ρ(B(n)) is used to denote the spectral radius of B(n).5 Using this definition, we can

5Since B(n), n ∈ N, is irreducible, it follows from Perron-Frobenius theorem [Sen81] that ρ(B(n)) is a
simple eigenvalue of B(n). Moreover, left and right eigenvectors of B(n) associated with ρ(B(n)) are
positive and unique up to positive multiples. These eigenvectors are called (left and right) principle
eigenvectors of B(n).
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rewrite (3.19) as
1
β
p̄ = ΓVp̄ + Γz · gn(p̄), n ∈ N̄ (3.21)

which is simply because gn(p̄) = 1 for each n ∈ N̄.
Thus, with (3.17), we have (for each n ∈ N̄)

1
β
p̄ = B(n)p̄, β > 0, p̄ ∈ RK

++, gn(p̄) = 1 (3.22)

where B(n) ∈ RK×K
+ is defined to be (for each n ∈ N)

B(n) := ΓV +
1
Pn

ΓzaT
n = Γ

(
V + 1/PnzaT

n

)
. (3.23)

So, given p̄ defined by (3.16), the condition (3.22) must hold for each n ∈ N̄. In other
words, if V is irreducible, a max-min SIR-balanced power vector (3.16) must satisfy (3.22)
for each node n ∈ N whose power constraint is active at the maximum. Since B(n), n ∈ N,

is irreducible, the converse can be concluded from the Perron-Frobenius theorem [Sen81,
Mey00].

Proposition 4 ([SKB10, SWB09]) Let (A.14) be satisfied, and let β > 0 be given by
(3.18). Then, p = p̄ > 0 if and only if p is the right principle eigenvector of B(n), n ∈ N̄,
normalized such that gn(p) = 1. Moreover, 1/β = ρ(B(n)), n ∈ N̄.

We point out, that these results lead to a simple procedure for computing the max-min
SIR-balanced power vector. Besides notice, in matrix B the power constraints provide an
additional interference term to V.

3.2.3 Connection to Utility-based Power Control

By the above results and definitions we are in the position to explain the aforementioned
connection between the max-min SIR-balancing problem and a utility maximization prob-
lem for any fixed beamformers. In words, we show how to compute the max-min SIR-
balanced power vector by solving the corresponding utility-based power control problem.
To this end, given any C ∈ C, consider the following aggregate utility function

U(p,w) :=
∑

k∈K

wkΨ
(SIRk(p, ck)

γk

)
(3.24)

where Ψ fulfills (A.1)–(A.3). Moreover, without loss of generality, it is assumed that

(A.15) w ∈ Π+
K := {w ∈ RK

++ : ‖w‖1 = 1}.
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The utility maximization problem of interest is to maximize the aggregate utility function
(3.24) over P+:

p(w) := arg maxp∈P+ U(p,w) (3.25)

where the maximum can be shown to exist. Furthermore, it is obvious that in the maxi-
mum at least one power constraint is active:

∀w∈Π+
K
∃n∈N gn(p(w)) = 1 . (3.26)

Now, the following connection between (3.16) and (3.25) can be observed.

Proposition 5 ([SKB10, SWB09]) Suppose that y(n) and x(n) are left and right prin-
ciple eigenvectors of B(n), n ∈ N. Define

w(n) := y(n) ◦ x(n), (y(n))Tx(n) = 1, n ∈ N . (3.27)

Then, p̄ = p(w) whenever w = w(m) for some m ∈ N̄.

Interestingly, this connection is independent of the choice of the utility function Ψ,
provided that Ψ fulfills (A.1)–(A.3). The basic idea behind Proposition 5 is illustrated in
Figure 3.6. For some Ψ satisfying (A.1)–(A.3), the figure depicts the set F ⊂ QK (for the
two-user case) defined to be

F =
{
ω ∈ QK : ωk = Ψ

(
SIRk(p)/γk

)
, k ∈ K,p ∈ P+

}
. (3.28)

Note that F can be interpreted as a feasible QoS region where the QoS value for link k is
Ψ(SIRk(p)/γk). We define the boundary of F (denoted by ∂F) to be the set of all points
of F such that, if p is the corresponding power vector in (3.28), then Ap ≤ p′ holds with
at least one equality. Let

ω̄k = Ψ(SIRk(p̄)/γk), k ∈ K

and
ωk(w) = Ψ

(
SIRk(p(w))/γk

)
, k ∈ K

where p̄ and p(w) are defined by (3.16) and (3.25), respectively. Both

ω̄ = (ω̄1, . . . , ω̄K) ∈ ∂F

and
ω(w) = (ω1(w), . . . , ωK(w)) ∈ ∂Fγ

are boundary points as at least one power constraint is active in the optimum. The
figure shows an example of the feasible QoS region under individual power constraints
(A = I). The boundary is given by the following condition: ω ∈ ∂Fγ if and only if

76



3 Resource Allocation in Multiantenna Wireless Networks

maxn∈N ρ(Q(ω)B(n)) = 1, where Q(ω) := diag(g(ω1), . . . , g(ωK)) with g(x) = Ψ−1(x).
The point ω̄ = ω(w(m)) for some m ∈ N̄, corresponds to the unique max-min SIR-
balanced power allocation. The weight vector w(m),m ∈ N̄, is normal to a hyperplane
which supports the feasible QoS region at ω̄ ∈ ∂Fγ . Note that in Figure 3.6, N̄ = {1}.
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ω̄ = ω(w(1))

Figure 3.6: An illustration of Proposition 5 [SKB10]. We have w = w(1) and N̄ = {1}:
The power constraint of the first link is active under the max-min SIR-balanced power
vector p̄ = p(w(1)).

Next we discuss the properties of this connection in order to derive an algorithmic
solution to the joint power control and receive beamforming problem. More precisely,
proposition 5 shows how to choose the weight vector w ∈ Π+

K in (3.24) so that the max-
min SIR-balanced power vector p̄ given by (3.16) is equal to p(w) given by (3.25). We
have the following interesting result that leads to Proposition 5 and is also a key ingredient
in the proof of a saddle point of the Perron roots of B(n), n ∈ N (which are irreducible
matrices by assumption): If ψ(x) = −Ψ(1/x), x > 0, then [SWB09] (with n ∈ N)

ψ(ρ(B(n))) ≤ Gn(p,w) :=
∑

k∈K

wkψ
((B(n)p)k

pk

)
(3.29)
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holds for all p > 0 if and only if w = w(n) ∈ Π+
K given by (3.27). Moreover, if w = w(n) ∈

Π+
K , then (3.29) holds with equality if and only if p = x(n) > 0, that is, if and only if p is

the right principal eigenvector of B(n).
On the other hand, since maxn∈N gn(p) ≤ 1 for all p ∈ P+, ψ(x) = −Ψ(1/x), x > 0,

is strictly increasing if (A.1)–(A.3) are satisfied, the diagonal matrix Γ is positive definite
and z > 0, we have

Gn(p,w) =
∑

k∈K

wkψ
( [Γ(V + 1/PnzaT

n )p]k
pk

)

=
∑

k∈K

wkψ
((ΓVp + Γzgn(p))k

pk

)

≤
∑

k∈K

wkψ
((ΓVp + Γz)k

pk

)

= F (p,w), n ∈ N,p ∈ P+,w ∈ Π+
K

(3.30)

with equality if and only if gn(p) = 1 where

F (p,w) :=
∑

k∈K

wkψ
( γk

SIRk(p)

)
. (3.31)

So, considering (3.29), (3.30) and (3.27) shows that (note that Gn(p,w) has the ray
property with respect to p)

ψ(ρ(B(n))) = min
p>0

Gn(p,w(n))

= max
w∈Π+

K

min
p>0

Gn(p,w)

= max
w∈Π+

K

min
p∈P+

Gn(p,w)

≤ max
w∈Π+

K

min
p∈P+

F (p,w) = min
p∈P+

F (p,w∗), n ∈ N

(3.32)

with equality if and only if gn(p(w∗)) = 1, where w∗ ∈ Π+
K is a maximizer of minp∈P+ F (p,w)

and p(w∗) is a minimizer of p 7→ F (p,w∗) over P+ (see also (3.25)6). By (3.26), we know
that N′ = {m ∈ N : gm(p(w∗)) = 1} is a nonempty set. Thus, by (3.30) and (3.32),

ψ(ρ(B(n))) < ψ(ρ(B(m))) = min
p∈P+

F (p,w∗) (3.33)

6Note that any power vector minimizining p 7→ F (p,w) over P+ for some given weight vector w > 0 is
optimal in the sense of the utility maximization problem (3.25) where the utility is defined by (3.24).
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for each m ∈ N′ and n /∈ N′. So, by (3.20), we obtain N′ = N̄, which together with (3.29)
and (3.33) implies that

w(m) ∈ W :=
{
w∗ = arg max

w∈Π+
K

min
p∈P+

F (p,w)
}
.

for each m ∈ N̄.
Consequently, the max-min SIR-balancing power vector can also be obtained by mini-

mizing F (p,w(m)) for any m ∈ N̄ over P+. From (3.33), we see that ρ(B(m)) > ρ(B(n))
with m ∈ N̄, n /∈ N̄ and β(m) < β(n). Figure 3.6 illustrates these facts. The line q1 = q2 in-
tersects both individual boundaries but only the intersection point on ρ(B(1)) = 1 satisfies
both power constraints so that we have N̄ = {1}.

Finally, note that by the above discussion, we can relax the power constraint p ∈ P+

to gm(p) ≤ 1,p > 0, for any m ∈ N̄. Thus, instead of minimizing p 7→ F (p,w(m)),m ∈ N̄

over P+, we can consider

p(m) = arg min
p>0,gm(p)≤1

F (p,w(m)), m ∈ N̄ . (3.34)

Alternatively, one can minimize p 7→ Gm(p,w(m)) over RK
++, which can be also deduced

from (3.32).

3.2.4 Joint Power and Receiver Control

Based on the insights of the previous section we propose an algorithmic solution to find
the max-min SIR-balanced resource allocation defined in (3.15) and prove its convergence
to the optimum. Instead of directly solving problem (3.15) we find the jointly optimal
transmit powers and receive beamformers by incorporating the beamformers into problem
(3.34). Hence we need to solve the following utility-based optimization problem

min
(p,C)∈P+×C

F (p,C,w) , (3.35)

where F (p,C,w) is defined in (3.31) with SIRk(p, ck). The connection between the max-
min SIR-balancing power control problem (3.16) and the utility-based power control prob-
lem (3.25) assuming a fixed gain matrix V(C) (i.e. fixed receive beamforming matrix C)
was already established in [SKB10] and has been summarized in the previous section.
Now, in order to solve (3.35), the basic idea is to perform an iterative algorithm that up-
dates the power vector and the receive beamforming matrix in an alternating way. More
precisely, the algorithm keeps one of the variables C and p fixed while optimizing with
respect to the other. The alternating process is repeated until the termination condition is
satisfied. The termination condition may be for instance a predefined number of iterations
or a sufficiently small relative improvement δ > 0. The proposed iterative algorithm is
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summarized in Alg. (4). In the following we describe its single steps in detail.

Algorithm 4 Joint power control and receive beamforming achieving the max-min SIR-
balancing solution
Require: δ > 0, t = 0,C(0) ∈ C
1: repeat
2: t = t + 1
3: determine some m ∈ N̄

4: w(m)(t) = c · y(B(m)(t− 1)) ◦ x(B(m)(t− 1))
5: p(t) = arg minp>0,gm(p)≤1 F (p,w(m)(t))
6: ck(t) = arg max||ck||2=1 SIRk(p(t), ck) ∀k

7: until termination condition is satisfied

Consider iteration t. For some given beamforming matrix C(t− 1) we first update the
power vector p(t). Remember, if we fix the receive beamformers problem (3.35) reduces
to a pure power control problem. In order to obtain the max-min SIR-balancing power
vector solving the pure power control problem is equivalent to solving problem (3.34) as
shown in the previous section. Here, the active power constraint, say m, is determined by
(3.20). The weight vector w(m)(t) is chosen applying proposition 5. The power control
problem can be solved by means of a gradient projection algorithm [SWB07].

Then we fix the power vector p(t) and recalculate the receive beamforming matrix C(t).
Since the k-th receiver influences only the k-th SIR and has no impact on other SIRs we
can focus on the single link k. An optimal linear receive beamformer of user k is exactly
that beamformer for which the k-th SIR attains its maximum (for a fixed power vector)

ck(t) = arg max
||ck||2=1

SIRk(p(t), ck) ∀k. (3.36)

Then we obtain

min
k

SIRk(p(t), ck(t− 1))
γk

≤ min
k

SIRk(p(t), ck(t))
γk

.

The proposed algorithm converges to the optimum max-min SIR-balanced resource al-
location (p∗,C∗) defined in (4). This will be proven in the remainder of this subsection.
We start by showing monotonicity.

Lemma 8 Assume that V(C(t)) is irreducible. Then, the sequence

β(t) := 1/ρ(B(m)(t)) m ∈ N̄ (3.37)

is monotonically increasing in t.
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Proof: We have the following

ψ(1/β(t)) : = ψ(ρ(B(m)(t))) m ∈ N̄

= F (p(t),w(m)(t),C(t))

≥ F (p(t),w(m)(t),C(t + 1)))

≥ min
p>0,gm(p)≤1

F (p,w(m)(t + 1),C(t + 1))

= F (p(t + 1),w(m)(t + 1),C(t + 1))

= ψ(ρ(B(m)(t + 1))) = ψ(1/β(t + 1))

The first inequality follows from the fact that the SIR of user k depends only on the k-th
receive beamformer. Thus maximizing the SIR (see (3.36)) decreases the utility measure
for a fixed power and weight vector. The second inequality follows from the previous
section where it was shown that the max-min SIR-balancing power vector can be obtained
by solving (3.34). Now, due to the fact that ψ(x) = −Ψ(1/x) is strictly increasing the
sequence β(t) is monotonically increasing.

Next we conjecture that the monotone sequence β(t) converges to the optimum.

Conjecture 1 The proposed algorithm converges to the optimum max-min SIR-balanced
value (3.39), i.e.

lim
t→∞β(t) = β∗ (3.38)

where
β∗ = min

k∈K
(SIRk(p∗, c∗k)/γk) (3.39)

is the minimum SIR value under a max-min SIR-balanced solution (3.15).

It seems that the conjecture can be proven by proceeding essentially as in [BS06b], with
the matrix ΓV substituted by B(m) for some m ∈ N̄ and the power vectors p(t), t ∈ N,
normalized such that gm(p(t)) = 1,m ∈ N̄.

3.2.5 Implementation Issues

This section is concerned with practical implementation issues. First of all we review how
the receive beamformers and powers can be updated in practice and discuss whether and
to what extent a distributed implementation is possible. Then we propose a heuristic
algorithm to additionally improve the choice of the transmit beamformers and finally we
present a numerical example to show which gains can be achieved by solving the relative
max-min optimization problem over powers only and over the joint space of powers and
beamformers.

81



3 Resource Allocation in Multiantenna Wireless Networks

Power and Receiver Updates

We start by reviewing the receive beamformer optimization in practice. It is widely known
that an explicit computation of the receive beamformers is intricate due to the lack of per-
fect synchronization and multipath propagation in many wireless networks. As explained
before in section 3.1, adaptive algorithms that converge to the optimal receiver seem to
be the only suitable option, especially in distributed wireless networks. Distributed al-
gorithms for computing optimal linear receive beamformers defined by (3.36) are widely
established. These algorithms are based either on blind or pilot-based estimation methods
as is explained in more detail in subsection 3.1.4.

Next we consider the power updates. As already known, the power control problem can
be solved using a gradient projection algorithm that can be implemented in a distributed
manner applying the concept of the adjoint network [SWB07]. Unfortunately the calcula-
tion of the weight vector is not amenable to distributed implementation as the weights are
global variables. An interesting idea to mitigate this problem provides the saddle point
characterization of the Perron root of B(n), n ∈ N̄ [SKB10]. This characteri-zation can be
used to design a power update where each link updates its weight vector in parallel to the
power control recursion. Here the main problem with a distributed implementation comes
from the fact that the weight vector needs to be normalized. A partial solution to this
problem simplifying the requirements on information exchange provides the recent work
of [SKG11]. Both works constitute a basis for developing fully-distributed algorithms in
the future.

Finally we emphasize, that in practice it is sufficient to perform some Lp ≥ 1 steps of
the gradient projection algorithm and some Lr ≥ 1 beamformer updates during the t-th
iteration of Alg. 4 to limit the algorithm complexity.

Transceiver Optimization

Similarly to the Alg. 3 presented in section 3.1.6 the algorithm to solve the max-min SIR-
balancing problem can be extended, too, with the difference that to compute the powers
we use the ingredients summarized in 3.2.4 and in Alg. 4. We point out, that in a network
with general power constraints a transceiver optimization has some inherent problems.
As mentioned before the uplink-downlink duality does not hold. More considerable is the
fact that the power constraints in a general network may not be equivalent in the reversed
network. For example, if we consider a downlink that has a sum power constraint, the
corresponding reversed network is usually represented by an uplink with individual power
constraints for each user. The power constraints for the adjoint network are defined by
Q = {q ∈ RK

+ : A′q ≤ q′,A′ ∈ {0, 1}N ′×K} ⊂ RK for some given q′ = (Q1, . . . , QN ′) > 0
and A′ with at least one 1 in each column so that Q is a compact set. N ′ is the number of
power constraints. To be more precise, compared to the primal network, different subsets
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of links may have (different) sum power constraints. So we cannot ensure an improvement
with each iteration step. This should be incorporated in the termination condition.

Numerical Results

We consider a network with K users, M = 4 transmit and receive antennas and a channel
matrix which entries are iid complex Gaussian distributed. Each user is subject to the
same individual power constraint and operates at SNR= 30dB. The SIR targets are chosen
to be Γ = I.

Figures 3.7 and 3.8 illustrate for an exemplary network the gain that can be achieved
by different resource allocation schemes. More precisely, the max-min SIR-balanced value
averaged over 1000 channel realizations is depicted over the number of users in the network
for the following 4 resource allocation strategies. If not otherwise stated the beamformers
of the schemes adapt to the channel. The first strategy, that is also used as reference
strategy in figure 3.8, allocates the maximum power to each user (max. power) whereas
the second scheme allocates the max-min SIR power vector to the users (max-min power).
The third strategy solves the joint receive beamforming and power allocation problem
applying Alg. 4 and the fourth scheme additionally optimizes the transceivers applying
Alg. 3. As can be seen a sophisticated resource allocation scheme may significantly
improve the network performance. Further we see that in case of a relative max-min
objective function, power control seems to be an important mechanism.
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Figure 3.7: Balanced SIR over the number or users for different resource allocation schemes
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Figure 3.8: Relative improvement with respect to the maximum power scheme (Max.
power) for different resource allocation schemes

3.3 Appendix

A. Concavity of (3.4)

We show that F (s) given by (3.4) is not concave in general when Ψ(x) = log(x), x > 0. To
this end, consider the 2-user case with w = 1 so that F (s) =

∑2
k=1 log(eskbH

k Z−1
k bk) where

Z1 = es2b2bH
2 + σ2I and Z2 = es1b1bH

1 + σ2I. Define ‖b1‖2
2 = c11 > 0, ‖b2‖2

2 = c22 > 0
and |〈b1,b2〉|2 = c12 ≥ 0. Without loss of generality, assume σ2 = 1. Using the Sherman-
Morrison formula [Mey00] yields Z−1

1 = (I + es2b2bH
2 )−1 = I − es2

1+es2c22
b2bH

2 and Z−1
2 is

obtained in an equivalent way. Therefore,

F (s) = s1 + s2 + log
c11 + es2ρ

1 + es2c22
+ log

c22 + es1ρ

1 + es1c11
,

where ρ = c11c22 − c12. Assume that b1 6= b2 and c12 > 0, in which case ρ > 0. Now
taking the second derivative either with respect to s1 or s2 shows that F is not concave
in general.
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Orthogonal Channels

The medium access control (MAC) dictates how different wireless links share the available
resources as power and bandwidth. The wireless spectrum can be divided into differ-
ent channels that can be assigned to different links by using TDMA, FDMA, OFDMA,
CDMA, space division multiple access (SDMA) or hybrid combinations of these methods.
The higher the number of simultaneously active links, the higher the level of interference
occurring. On the other hand, the performance can be significantly improved by combin-
ing power control with link scheduling. These are two central mechanisms for resource
allocation and interference management. In this chapter we assume that the links are
scheduled such that no interference occurs meaning that all simultaneously active links
are orthogonal to each other. More precisely, we consider the problem of joint power
control and link scheduling in general wireless networks with orthogonal channels such
that the sum of weighted link rates is maximized. The presented results have been partly
published in [7, 1] in 2004 and 2005.

In the last years, similar works have emerged further extending and generalizing our
results. To the most important ones belong [ASB10, HSAB09b, HSAB09a, HSBA10] that
maximize the weighted throughput for CDMA and OFDMA networks, respectively. In
contrast to our work, these works use a dual formulation to exploit several structural
properties. Applying these properties the authors propose optimal and heuristic algo-
rithms with low complexity. For further related work on the resource allocation topic in
orthogonal networks the reader is referred to the references in [ASB10, HSBA10].

As mentioned above, in this chapter the objective is to maximize a weighted sum of
link rates. Because of power constraints and a limited bandwidth, we devise strategies
for allocating powers and signature sequences / OFDMA-subchannels to nodes depending
on their weight and channel states. The chapter is organized as follows: In sections 4.1
and 4.2 we introduce the system model and the problem, respectively. Due to fact that
we face a discrete or integer problem, in section 4.3 we first relax the problem and give
an iterative solution providing an upper bound to the original discrete problem. Then
in section 4.4 we investigate the structure of the discrete problem and derive a simple
heuristic algorithm. The weights may depend on some network variables to ensure network
stability. In a special case, when the weights are proportional to the queue lengths, such
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strategies are called throughput optimal [YC03]. In section 4.5 we shortly discuss the
choice of the weights of such throughput-optimal strategies in order to also improve the
delay performance. Finally in section 4.6 we give an example to decentrally implement
our heuristic algorithm and show some numerical results.

4.1 System Model, Assumptions and Definitions

Wireless scheduling approaches can be categorized in TDMA systems and systems that
combine TDMA with another multiplexing technique such as CDMA or OFDMA where
the transmitter can simultaneously transmit to multiple users in each time slot. Ensuring
that links are mutually orthogonal is one way to simplify resource allocation problems.
However, establishing and maintaining the orthogonality in wireless networks is a tricky
task, especially in the cases of uplink or a general network topology, due to in particular
asynchronous multi-path channels of the different links. To be more precise, in OFDMA a
proper frequency and timing synchronization is necessary to maintain orthogonality among
the active users. On the positive side, in CDMA systems the problem of synchronization
can be circumvented by using quasi-synchronous CDMA. Here it is sufficient to allocate
signature sequences (or spreading sequences) with zero aperiodic correlation sidelobes
within a small window around the zero shift. The window size is determined by the delay
of the multiple paths. The drawback is that the number of such aperiodic zero correlation
window (AZCW) sequences is strictly limited and inversely proportional to the window
size. The interested reader is referred to [FH00, SBH01, SB02], where the problem of
designing signature sequences for QS-CDMA systems has been addressed in more detail.

In this chapter we assume that the users are orthogonal. We consider a general wireless
network with N nodes and K links that are restricted to the corresponding general power
constraints defined in equation (1.4). For each node n ∈ N we also remind the definition
Kn := {m ∈ K : an,m = 1} ⊆ K as a set of all active logical links originating in node
n. We point out, that the SIR model simplifies due to the orthogonality. That is why we
introduce a slightly different notation for this chapter. The channel gain state on link k

normalized by its noise power is denoted by hk, ∀k∈K and depends on the path attenuation
and the multi-path channel coefficients. In case of OFDMA we assume randomly grouped
subchannels or a frequency hopping scheme where the subchannels have approximately
the same channel quality. Hence, in the OFDMA case the channel vector reduces to a
single value that depends only on the link k which is naturally the case using CDMA.
Now, assigning one subchannel or one signature sequence to a user it is easy to see that
the SIR of link k is

SIRk = pkhk, 1 ≤ k ≤ K. (4.1)

Throughout this chapter we will typically talk of signature sequences instead of subchan-
nels. However, due to the system model, we may use the terms subchannel or signature
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sequence interchangeably.

Queuing Model

Packets are assumed to arrive at the network according to an ergodic stationary process
with rates λr, 1 ≤ r ≤ R bits per second. The packet lengths are i.i.d. with finite mean
and variance. Due to a limited number of signature sequences and power constraints, data
packets are not transmitted immediately after their arrivals. The matrix of queue backlogs
(expressed in bits) is denoted by Q = (qni)1≤n,i≤N ≥ 0, where qni is the backlog of bits at
node n that need to be sent to node i.

Data Rate Model

We consider a channel in which each link can be assigned no, one or several signature
sequences/OFDMA-subchannels. Given an arbitrary block, let sk be the number of signa-
ture sequences/subchannels assigned to link k. Clearly, because there are M > 0 available
signature sequences/subchannels, we need to have s = (s1, . . . , sK) ∈ S, where

S := {s ∈ NK
0 : ‖s‖1 ≤ M} .

In addition to pk and hk, the data rate on link k depends on sk. If sk = 1, then the
data rate on link k can be often modeled as a log(1 + bSIRk) for some positive constants
a, b [NMR03]. For brevity and as before we assume a = b = 1. Thus, if there are sk ∈ N0

signature sequences on link k, it follows from (4.1) that

rk = sk log
(
1 +

pkhk

sk

)
, 1 ≤ k ≤ K , (4.2)

where 0 log(1 + pkhk
0 ) = 0. Note that rk is strictly increasing with respect to both pk ≥ 0

and sk ≥ 0. Furthermore we observe the following:

Observation 11 Assuming s ∈ RK . Then rk(pk, sk) defined in (4.2) is a concave function
of (pk, sk).

Proof: To see this define

f(x, y) = y log
(
1 +

c x

y

)
, x, y ≥ 0

and let z = (x, y) and z(µ) = (1−µ)ẑ +µž, 0 ≤ µ ≤ 1 for some arbitrary ẑ, ž ∈ D = P×S.
We calculate the second derivative of f̃(z(µ)) = f(x, y) with y(µ) > 0 to obtain

d2f̃(z(µ))
dµ2

= − c2(x̌ŷ − x̂y̌)2

y(µ)[y(µ) + cx(µ)]2
≤ 0, y(µ) > 0,
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for every 0 ≤ µ ≤ 1 and ẑ = (x̂, ŷ), ž = (x̌, y̌) ∈ D. Thus, since f̃(z) is continuous on D,
f(x, 0) = 0 for any x ≥ 0, and the Cartesian product of convex sets P and S is convex, we
can conclude that f(x, y) is jointly concave.

4.2 Problem Statement

In this section, we assume that there is a central network controller having full channel
and weight knowledge of each node. More precisely, the controller knows the channel and
weight state of each logical link or user. The problem is to maximize a weighted sum of
link rates.

At the beginning of every time block, the network controller chooses optimal link trans-
mission rates by allocating transmit powers and signature sequences to the links. To be
precise, consider an arbitrary time block and let w1, . . . , wK be given positive weights.
Then, the network controller determines popt ∈ P and sopt ∈ S such that

(popt, sopt) = arg max
p∈P,s∈S

N∑

n=1

Fn(pn, sn) (4.3)

where sn = (sk)k∈Knrepresents the vector of the number of signature sequences allocated
to links originating at node n and

Fn(pn, sn) =
∑

k∈Kn

wksk log
(
1 +

pkhk

sk

)
. (4.4)

In a special case, when the weights are equal to the differential queue backlogs (see section
4.5), this approach can be shown to stabilize a wireless network if the link arrival rates are
strictly interior to the set of all feasible link rates [NMR03, YC03]. Recall that a wireless
network is said to be stable if the probability for any queue length to be infinity is equal
to zero.

The problem described in (4.3) is an integer programming problem. Consequently, to
find the optimal solution may be a time consuming task. Therefore, in the following we
first derive an upper bound and then propose a simple heuristic solution resulting from
the problem properties.

4.3 Upper Bound - Problem Relaxation

To derive an upper bound, let S̄ := {s ∈ RK : ‖s‖1 ≤ M} and note that S ⊂ S̄. As an
immediate consequence it follows that

max
p∈P,s∈S

N∑

n=1

Fn(pn, sn) ≤ max
p∈P,s∈S̄

N∑

n=1

Fn(pn, sn).
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In words, an upper bound is obtained assuming that s ∈ S̄ is a real-valued sequence
allocation vector. Of course, the relaxation implies that the throughput performance can
be further improved by employing a suitable time-sharing protocol that allows nodes to
share signature sequences / subchannels within one block.

To the best of our knowledge there is no closed-form solution for the relaxed version
of Problem (4.3). However, since Fn(p, s) defined by (4.4) is jointly concave (note that
a weighted sum of concave functions is concave [BV04]) and bounded on the convex set
P × S, the relaxed problem results in a tractable convex optimization problem. Hence,
we could use some of the standard optimization methods such as interior point methods
to solve this problem numerically. Independently and simultaneously to our work the
authors of [ASB10] used a dual approach to characterize the solution, though at this time
for a downlink CDMA network only. In the following section, we describe an alternative
iterative algorithm that alternately maximizes the rate function with respect to one of the
vectors while keeping constant the other one until the algorithm converges.

4.3.1 Iterative Algorithm

In detail, holding the sequence and power allocation alternatingly constant new power and
sequence allocation vectors are calculated (see Alg. 5). The algorithm generates a strictly
increasing sequence F (p(t), s(t)), and converges to the global maximum popt and sopt of
the relaxed problem (4.3).

Algorithm 5 Dynamic resource allocation
Require: t := 0,p(0) ∈ P,p 6= 0
1: repeat
2: t := t + 1
3: s(t) := arg maxs∈SF (p(t−1), s)
4: p(t) := arg maxp∈PF (p, s(t))
5: until |F (p(t), s(t))− F (p(t−1), s(t−1))| < ε for ε > 0

Remark: We start with any point in the interior of P × S. If p
(t)
k = 0 for some k and

t, then we set pk = sk = 0, and remove this user from the optimization (such users are
allocated no resources).

Optimal power allocation for a given sequence allocation

Suppose that s ∈ S is given. By the remark above, we can assume that s > 0. Let

p∗ = arg maxp∈PF (p, s). (4.5)

Obviously, the problem is convex and Slater’s conditions are satisfied implying that the
Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient for the global opti-
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mum. Moreover, it is easy to see that in the case of sum power constraints ‖p∗‖1 = Pt

must hold. Writing F (p, s) as

F (p, s) =
∑

k
wksk log

(
pk +

sk

hk

)
+

∑
k
wksk log hk

sk

reveals that (4.5) is a weighted version of the standard water-filling problem [BV04, Page
245]. Hence,

p∗k = max
{

0, sk

(
wk/v∗ − 1/hk

)}
, hk > 0, (4.6)

where the optimal dual variable v∗ can be easily obtained from

∑
k
max

{
0, sk

(
wk/v∗ − 1/hk

)}
= Pt.

We emphasize that since sk > 0, p∗k = 0 if v∗ > hk ·wk meaning that in this case user k are
assigned no resources. Otherwise, we have pk > 0. Now, in a special case when a certain
amount of resources is assigned to each user meaning p∗k > 0 for each 1 ≤ k ≤ K, we have

p∗k = wksk

Pt +
∑K

l=1
sl
hl∑K

l=1 slwl

− sk

hk
.

The solution of the power control problem can be easily generalized to the case of
general power constraints where we have 1 < N ≤ K power constraints: Here, instead of
one dual variable we have a vector of dual variables v = (v1, . . . , vN ). The optimal power
is obtained by

p∗k = max
{

0, sk

(
wk/v∗n − 1/hk

)}
, hk > 0, k ∈ Kn,∀n ∈ N (4.7)

where the optimal dual variable v∗n can be easily obtained from

∑

k∈Kn

max
{
0, sk

(
wk/v∗n − 1/hk

)}
= Pn, ∀n ∈ N.

Optimal sequence allocation for a power allocation

Given p ∈ P with p > 0, let
s∗ = arg max

s∈S
F (p, s).

As before, the KKT conditions are necessary and sufficient for the global optimum (note
that if pk > 0, then s∗k > 0). Furthermore, ‖s∗‖1 = M . Eliminating the slack variables
from the KKT conditions, we are left with s∗ > 0, ‖s∗‖1 = M,

v∗ ≥ wk log
(
1 +

pkhk

s∗k

)
− wkhkpk

s∗k + pkhk
, (4.8)
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and
s∗k

[
v∗ +

wkhkpk

s∗k + pkhk
− wk log

(
1 +

pkhk

s∗k

)]
= 0. (4.9)

The right-hand side of (4.8) tends to +∞ as s∗k → 0. Thus with v∗ chosen so that
‖s‖1 = M , s∗ > 0 given by

v∗ + wk
pkhk

s∗k + pkhk
− wk log

(
1 +

pkhk

s∗k

)
= 0 (4.10)

satisfies the KKT conditions. Using uk = ( −s∗k
s∗k+pkhk

) and zk = ( v∗
wk

+1), we can write (4.10)
in form of the inverse Lambert W-function

uk expuk = − exp−zk ,

from which the optimal solution s∗ can be obtained by determining first uk, ∀k. Lambert’s
W-function is defined to be the inverse of the function f : C → C given by f(x) := x expx.
That is, W(x) is the complex valued function that satisfies W (x) expW (x) = x, ∀x ∈ C. In
our case x = − exp−zk .

4.4 Approximations of the Integer-Programming Problem

One way to find an integer solution is to use the optimal real solution and round the
sequence allocation vector in an appropriate way such that the constraint M is met. Next
we will propose another heuristic solution by analyzing the problem structure of (4.3). This
heuristic is not based on the optimal solution of the relaxed problem. To solve the problem
in (4.3), note that if the maximum in (4.3) is attained, we have both ‖s‖1 =

∑
k sk = M

and ‖pn‖1 =
∑

k∈Kn
pk = Pn for each 1 ≤ n ≤ N . This is simply because data rate rk is

continuous and strictly increasing in both sk ≥ 0 and pk ≥ 0. Thus, we can rewrite (4.3)
to obtain

max
p∈P,s∈S

N∑

n=1

Fn(pn, sn) s.t.





||sn||1 = Sn ∀k

N∑

n=1

Sn = M
. (4.11)

Clearly, for any fixed S1, . . . , SN , Problem (4.11) decomposes into N independent con-
strained optimization problems, one for each node:

(p∗n, s∗n) = arg max
pn∈Pn,sn∈Sn

Fn(pn, sn), (4.12)

91



4 Resource Allocation in Networks with Orthogonal Channels

where p∗n := p∗n(Sn), s∗n := s∗n(Sn), Sn := {sn ∈ N|Kn|
0 : ‖sn‖1 = Sn} and finally

∑
n Sn =

M must hold. Thus, an optimal power and sequence allocation (popt, sopt) follows from

(popt
n , sopt

n ) =
(
p∗n(Sopt

n ), s∗n(Sopt
n )

)
, 1 ≤ n ≤ N

where

(Sopt
1 , . . . , Sopt

N ) = arg max
S1,...,SN≥0P

n Sn=M

N∑

n=1

Fn

(
p∗n(Sn), s∗n(Sn)

)
. (4.13)

Now suppose that p∗n(Sn) and s∗n(Sn) from (4.12) are known for each Sn and 1 ≤ n ≤ N .
Problem (4.13) can be written as a Multiple-Choice Knapsack Problem (MCKP)

X∗ = arg max
X∈{0,1}N×(M+1)

N∑

n=1

M∑

i=0

Fn

(
p∗n(i), s∗n(i)

)
xni

s.t.
N∑

n=1

M∑

i=0

ixni ≤ M and ∀n

M∑

i=0

xni = 1.

(4.14)

Then Sopt
n = i ⇐⇒ xni = 1, 1 ≤ n ≤ N, 0 ≤ i ≤ M . MCKP problems are weakly NP-

hard and can be solved in pseudo-polynomial time through dynamic programming [Pis95].
However, the algorithm for the MCKP problem greatly simplifies if ∀n Fn

(
p∗n(i), s∗n(i)

)−
Fn

(
p∗n(i − 1), s∗n(i − 1)

)
is decreasing with increasing i, 1 ≤ i ≤ M . Unfortunately this

property is not always satisfied in general due to the limitation of sn on integer values, but
we observed that the cases in which the property is not satisfied are quite rare. Therefore,
we propose the simplified algorithm for the heuristic (see Alg. 6) and denote its solution
as Ŝn, 1 ≤ n ≤ N .

Now return to Problem (4.12). Obviously we can solve (4.12) by checking all the positive
integer valued vectors sn ∈ Sn which may be quite complex. Another way is to solve
(4.12) under the assumption that sn ∈ S̄n, S̄n := {sn ∈ R|Kn| : ‖sn‖1 = Sn} is relaxed
and can be found using the algorithm presented in the previous section. Searching in the
neighborhood (s∗n − 1, s∗n + 1) of s∗n ∈ S̄n seems to yield good results by simulations, but
is not optimal in general. Therefore we propose to assign the resources Sn und Pn to the
link that maximizes

k̂ = arg max
k∈Kn

wkSn log
(
1 +

Pnhk

Sn

)
.

and denote the heuristic solution as (p̂n, ŝn). Note, that in a network with a sum power
constraint which maximizes the total throughput (∀lwl = 1) it is optimal to assign the
resources completely to the link with the best channel. We also emphasize, that the
authors of [HSBA10] proposed the same heuristic to decide which user is assigned to a
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certain bandwidth resource.
The analysis of the problem structure and the assumptions we have made in order to

find a simple heuristic algorithm to determine
(
p̂n(Ŝn), ŝn(Ŝn)

)
result in the algorithm

outlined finally (see Alg. 6).

Algorithm 6 Heuristic centralized algorithm

Require: ∀nŜn = 0, p̂n(0) = (0), ŝn(0) = (0)
1: for n = 1 : N do
2: calculate

(
p̂n(1), ŝn(1)

)
3: dn = Fn

(
p̂n(1), ŝn(1)

)− Fn

(
p̂n(0), ŝn(0)

)
4: end for
5: for i = 1 : M do
6: n̂ = arg maxn dn

7: Ŝn̂ = Ŝn̂ + 1
8: calculate

(
p̂n̂(Ŝn̂ + 1), ŝn̂(Ŝn̂ + 1)

)

9: dn̂ = Fn̂

(
p̂n̂(Ŝn̂ + 1), ŝn̂(Ŝn̂ + 1)

)− Fn̂

(
p̂n̂(Ŝn̂), ŝn̂(Ŝn̂)

)
10: end for

4.5 Choice of the Weights

In this section we shortly discuss the influence of the weights. Interestingly, by appropri-
ately choosing the weights, one can stabilize the network in case of elastic traffic. On the
other hand, in multi-hop wireless networks the weights can be chosen to reduce the delay.

4.5.1 Network Stability

Now we are able to briefly introduce the concept of stability and review a necessary
condition for network stability. As mentioned in Section 4.1, packets are assumed to arrive
according to an ergodic stationary process. Let Qk(t) denote the number of unprocessed
bits in queue k at time t. Define the overflow function as

gk(V ) = lim sup
t→∞

E
{1

t

∫ t

0
1Qk(t)>V dt

}
, 1 ≤ k ≤ K,

for some V ≥ 0. In other words, gk(V ) is the probability that the queue length is larger
than V . Now a network is said to be stable if

lim
V→+∞

gk(V ) = 0, 1 ≤ k ≤ K.

Roughly speaking, in a stable network, the probability that a queue blows up to infinity
is zero.

Now, maximizing the weighted sum of link rates as defined by policy (4.3) we can
state the following. In a special case, when the weights are equal to the differential
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queue backlogs (see section 4.5.2), this approach (4.3) can be shown to stabilize a wireless
network if the link arrival rates are strictly interior to the set of all feasible link rates
[NMR03, YC03].

Numerical Example

In this section we give a numerical example for the downlink of a single cell to compare the
throughput optimal policy (4.3) with three other heuristic approaches. As a performance
metric, we consider the normalized total average queue size over an arrival rate parameter
λ (see Figure 4.1). We assume an asymmetric traffic scenario (4 user groups with λ1 =
0.4λ, λ2 = 0.8λ, λ3 = 1.2λ, λ4 = 1.6λ) with K = 16 users, M = 8 signature sequences.
The arrival processes are independent Poisson distributed. The LQ (longest queue) policy
assigns M signature sequences to M users with the longest queues. The power allocation is
equal to (4.6) with h1 = . . . = hK = 1. The BC (best channel) policy assigns M signature
sequences to M users with the best channels. The power allocation is equal to (4.6). In
case of CPT, the resources are evenly distributed among the users.

In comparison with the heuristic approaches, the throughput optimal policy provides
significantly larger stability region. To reduce the average queue size under light traffic
(small values of λ), the optimal policy determines a new resource allocation whenever one of
the queues becomes empty within a time-slot. The performance loss of BC and LQ policies
is strongly influenced by the channel statistics and data traffic scenario (asymmetric or
symmetric). It turns out that under more realistic traffic and channel scenarios, the LQ
policy guarantees lower delays and better stability conditions than the BC strategy. Note
that in case of symmetric traffic, the performance of the BC policy (under the additional
condition sk ≤ M, sk ∈ N0) approaches that of the throughput optimal policy provided
that all users have the same average channel conditions.

4.5.2 Delay Reduction

As mentioned, in multi-hop networks, it is reasonable to choose the weights depen-ding on
the differential backlogs, which ensures that packets are moved to destination in directions
of decreasing backlogs [TE92a, NMR03]. In order to reduce the delays we additionally may
take into account the number of hops from source to destination [NMR03]. In particular,
the weights for each link k := (n, j) between node n and node j may be chosen according
to

wk = max[ max
i∈{1,...,N}

(
(qni − qji) + α(zni − zji)

)
, 0], k ∈ Kn. (4.15)

Here and hereafter zni is equal to the number of hops from source n to destination node
i. Thus, data packets are urged to move into the directions of the maximum differential
backlogs while being inclined to choose the shortest path route. The factor α prioritizes the
route information and may be appropriately chosen in the range of the maximum possible
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Figure 4.1: Total average queue size vs. arrival rate

transmission rate of a node [NMR03]. We emphasize that (4.15) decides inherently on the
route taken by some data packet belonging to a certain source-destination pair.

However, this is only a heuristic algorithm decreasing the delay and avoiding rou-
ting loops or unnecessary long paths. The authors of [YSR09] proposed an algorithm
(joint traffic-splitting and shortest-path-aided back-pressure algorithm) that in contrast
to [NMR03] provably minimizes the average path-lengths. More precisely their algorithm
uses long paths only when necessary and thus results in small end-to-end delays. The
reader will however realize that each node needs to maintain at most N(N − 1) queues.
As a remedy, the authors suggest to introduce the cluster-technique proposed in [YST08]
to reduce the queue complexity. In [BSS09] the authors deal with both problems. On
the one hand they introduce the concept of shadow queues to reduce the number of real
queues to be maintained at the nodes. On the other hand they modify the back-pressure
algorithm - meaning the choice of the weights - in order to improve the delay performance.

4.6 Resource Allocation: Decentralized Approximation

In general the solution of Problem (4.11) requires a central network controller having the
global knowledge of all queue backlogs and channel states. This is also true for the heuristic
approach presented in section 4.4, which approximates the optimal solution given by (4.12)
and (4.13). In this section, we shortly summarize a possible decentralized implementation
to approximate the centralized strategy in a wireless network with a general network
topology. Further details can be found in [1].

Summarizingly we propose the following decentralized scheme outlined in Alg. 7.
In detail, we first suppose that the network is based on a clustered organization (step (i)).

Due to the properties of AZCW sequences a coarse synchronization between the clusters is
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Algorithm 7 Decentralized resource allocation

(i) Introduce a clustered network organization.

(ii) Assignment of a number of signature sequences to each cluster.

(iii) Contention phase for node activation.

(iv) Cluster heads allocate powers and signature sequences determined by Alg. 6 to the
cluster nodes activated.

required. We suggest to use the partitioning of the network to assign the available signature
sequences among the clusters (step (ii)). In the following we focus on small networks
[LG97] and refer to [L.H93] concerning the code assignment with spatial reuse. Further,
so far the centralized strategies for resource allocation have been obtained under the
assumption that nodes can transmit and receive simultaneously. Unfortunately, in practice
this assumption is rarely satisfied. Thus we need a simple decentralized mechanism to
choose a set of links that can be activated concurrently (step (iii)). In the decentralized
network we suggest to activate nodes with all its outgoing links by a contention phase.
Now, provided that a node activation set is chosen, the resources have to be finally assigned
to the corresponding links (step (iv)). Under the assumption that the active nodes inform
their cluster heads about their link states and weights calculated from (4.15) the cluster
head can determine the resource allocation using Alg. 6. We assume that each node n

knows the channel states on its outgoing links k ∈ Kn and the neighboring queue states.
To exchange this control data all nodes are provided with a low rate control channel.
Additionally we point out, that for a centralized network the link activation to support
the half-duplex communication can be embedded in Algorithm 6 due to the fact that
the signature sequences are allocated one by one. Then, the destination node of the link
activated and all its outgoing links can be simply removed in each step.

Numerical Example

Finally we present some simulation results to compare the centralized heuristic po-licy with
the distributed approximations and with the relaxed optimal solution (upper bound). As
a performance measure we consider the total average queue size over an arrival rate pa-
rameter λ (see Figure 4.2). We restrict the simulations to a small network without spatial
code reuse. We assume a network of 16 nodes distributed over a discretized grid with 16
source-destination pairs whereas each node can serve both as source and as destination.
During the simulation the nodes can move within a predetermined area. We assume an
asymmetric traffic scenario (14 sources with λ1 and 2 sources with λ2 = 5λ1), a channel
with 3 paths, a relative time offset parameter d = 4 and a spreading gain of 32. Conse-
quently there are M = 8 signature sequences (AZCW) of length 40 chips. The required
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uncoded bit error rate is BER = 10−3. In comparison with the optimal solution based
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Figure 4.2: Total average queue size in packets vs. arrival rate

on time-sharing the proposed heuristic algorithm (Alg. 6) provides a considerable perfor-
mance. This is due to the fact that the simple algorithm (Alg. 6) exploits the problem
properties of (4.3). In contrast, compared with the centralized half-duplex strategy the
decentralized strategy (of Alg. 7) suffers as expected from a performance loss. This is an
immediate consequence of the node activation strategy that blocks nodes and therefore
links that may be used otherwise.

Furthermore we compare the performance offered by orthogonal QS-CDMA channels
with the centralized and distributed implementation of DRPC (Distributed Routing and
Power Control) from [NMR03] for a system with random sequences of length 32 chips.
Here, the near-far effect is mitigated because the nodes transmit data to the receiving
neighbor node which maximizes wn log(1 + SIRn). To determine this neighbor in the
distributed case, the receiving nodes which are randomly chosen measure the interference
of the transmitting nodes and send this information back to all neighbors. A comparison
of networks using either AZCW or random signature sequences depends strongly on the
required bit error rate, the spreading gain and the parameter d which includes the coarse-
ness of the synchronization and the multi-path propagation. For the defined parameters
the simulations show that the scheme based on AZCW sequences provides larger stability
region than the scheme from [NMR03] with random sequences. If d = 8, resulting in
M = 4 signature sequences, both schemes provide a similar performance. Generalizing,
if a low bit error rate for data applications is required and it can be ensured that d is
much smaller than the spreading gain N , d ¿ N , then orthogonal QS-CDMA channels
outperform a system with random sequences. Vice versa, the same is true if the significant
channel impulse response is long and only voice applications have to be supported.
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5.1 Conclusions

The primary objective of this thesis was to develop distributed strategies for resource
allocation and interference management in decentralized wireless networks. We considered
three main approaches: the utility-based, the utility-based with QoS support and the
relative max-min approach. The investigated mechanisms for resource allocation and
interference management have been power control, beamforming and link scheduling in
time or frequency.

More precisely, in the main part of this thesis, in chapters 2 and 3, we considered a
wireless network where interference was treated as noise. In chapter 2 we investigated the
so far open problem of how QoS requirements in terms of minimum SIR targets can be
incorporated into the traditional utility-based power control problem. A straightforward
approach is to maximize the aggregate utility function over the set of feasible power vectors
(hard QoS support). Here, an additional challenge in comparison with the traditional
approach is to perform the projection operation, which may require a lot of coordination in
a distributed environment. Therefore, interesting alternatives are primal-dual algorithms
to find stationary points of associated Lagrangian functions. We have shown that a primal-
dual algorithm based on the standard Lagrangian function can be efficiently implemented
in a distributed manner.

Soft QoS support is of interest since the QoS requirements might be infeasible for some
channel states, in which case the above problem with hard QoS support has no solution.
To circumvent the feasibility problem and to incorporate possible best-effort users we
combined a barrier function with the traditional utility function. In case that the barrier
function is chosen suitably and the channel gain matrix is irreducible one can arbitrari-
ly closely approximate a solution to the utility-based power control problem with QoS
support. Further, remaining resources are allocated to interested users so as to optimize
a given aggregate utility function. In contrast, if the SIR targets are infeasible, they are
projected on the feasible SIR region with respect to a weighted maximum norm. Again
we have shown that the proposed algorithm is amenable to distributed implementation.

In chapter 3 we proposed a framework for joint power control and receive beamforming in
decentralized wireless networks for both typical optimization objectives: maximizing some
aggregate utility function of the SIRs and finding the max-min SIR-balancing solution.
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Compared to pure power control problems a joint optimization is much more challenging.
This chapter is one step forward to a better understanding of the interdependencies. First
of all, it is not known for which class of utility functions the problem can be converted into
a convex one so that a global solution can be efficiently found in distributed wireless net-
works. Assuming perfect synchronization we formulated the joint problem as a pure power
control problem with implicit optimal linear receivers. However, these implicit optimal
receivers result in an algorithm which is not amenable to distributed implementation. A
solution was revealed by decoupling the problem in a utility-based power control problem
with fixed receivers and a receiver control problem with fixed powers. This algorithm was
shown to converge to a stationary point. Simulations suggested, that for a larger conca-
vity the algorithm even converges to a global optimum for a large set of initial points. In
addition and as is widely known, in real-world wireless networks noisy measurements and
estimations occur. We gave insights especially into practical implementation issues and
exemplarily showed the effects of noisy estimations (unbiased and biased) as well as the
influence of step size control on the convergence properties.

The second part of chapter 3 considered the possibility of solving the max-min SIR-
balancing problem distributedly by optimizing a weighted sum of utilities over the joint
space of powers and receivers. The obvious advantage of the utility-based power control
approach is that distributed power control schemes are available. Now, in addition to
approximating the max-min SIR-balancing solution by appropriately choosing the utility
functions, there also exists a connection between both problems. More precisely, the
utility-based power vector solves the relative max-min SIR power control problem provided
that the weight vector is chosen suitably. We analyzed the connection and proposed a
joint power and receiver control algorithm that is conjectured to converge to the optimal
relative max-min solution. We emphasized that we would be able to distributedly solve
the joint max-min SIR-balancing problem provided that the corresponding weights could
be calculated in a distributed fashion. So far calculating the weights requires some control
data exchange. On the positive side, recent results mitigated this problem considerably
[SKB10, SKG11]. Finally, regarding the second part of chapter 3, we emphasized that
the authors of [BS06b] described a similar alternating scheme to solve the joint max-
min fair power control and preequalizer problem in the noiseless case for a multiuser
downlink channel. They achieved the max-min SIR-balancing solution by minimizing the
sum of weighted inverse SIRs. Thus, due to their problem structure the individual steps
of the algorithm are different. In fact, the generalization provided by our results has been
in two directions. We extended the results of [BS06b] to noisy channels under general
power constraints and considered a larger class of utility functions. However, we only
provided optimal powers and receive beamformers. For transmit beamformer optimization
we described a heuristic approach. This is among other things due to the fact that the
theory of uplink-downlink duality is not applicable in case of general power constraints.
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While chapters 2 and 3 were concerned with networks with interference, chapter 4
considered a general wireless network with orthogonal channels to separate the users.
Orthogonal channels are achieved by applying CDMA or OFDMA (with flat fading chan-
nels). As a consequence the problem of joint power control and link scheduling, such that
a weighted sum of link rates is maximized, greatly simplifies. On the other hand, the
scheduling variables are usually discrete. We established an upper bound of the problem
by relaxing these discrete variables. First we showed that the relaxed problem is jointly
convex and proposed an iterative algorithm, that maximizes the weighted sum rate by
keeping the power and the scheduling vectors alternately constant. The optimal real so-
lution can be simply rounded to result heuristically in an integer solution. However, a
more promising way was to analyze the problem structure and then to derive a conve-
nient heuristic based on the problem properties. Interestingly, the discrete problem was
shown to be a multiple-choice knapsack problem. We emphasized that the approach of
weighted throughput maximization offers throughput-optimality if the weights are chosen
accordingly. Moreover, the choice of the weights highly influences the delay performance
as well.

Finally, we refer to publications that have not been incorporated in this thesis [5, 12, 6].
All of these works discussed topics in the area of energy-efficient wireless sensor networks.

5.2 Outlook and Future Work

Some of the key success factors of future wireless networks will be the ability to provide
cost-effective and affordable wireless bandwidth, better quality of service for innovative
services and the ability to integrate sensors. In order to meet these factors the following
topics are of interest:

• In order to save infrastructure costs, wireless ad-hoc networks, which are usually
decentralized, may be used to flexibly extend wired and cellular wireless networks.

• In many future wireless networks energy-efficient wireless communication is crucial
to enhance the lifetime. Furthermore, saving energy fits into the aim of green radio
where the carbon emission is intended to be reduced.

• Sophisticated transmission techniques are required to increase the capacity and ro-
bustness of wireless links. Here multiple-antenna techniques will play an important
role.

• Further research in the area of resource allocation and interference management is
necessary to improve the network performance. These developments should incorpo-
rate, at most jointly, mechanisms as medium access control in terms of power control
and scheduling, as routing and as congestion control.
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To stay consistent with the main goal of this thesis, to develop distributed strategies
for resource allocation and interference management, one interesting extension might be
a utility-per-cost maximization: maximize a weighted sum of utilities of link rates ba-
lanced against a cost function that mirrors strict deadlines or limited energy resources.
Deterministic MAC protocols should be developed and analyzed, the problem of noisy
measurements should be taken into consideration to devise practically applicable algo-
rithms. In addition to deterministic solutions, stochastic protocols are of interest because
these cope with fast intractable channels and network dynamics by using the statistics of
the network variables. Finally, cross-layer variables from the routing or congestion control
layer should be appropriately combined with the MAC scheme to further improve the
network performance.

Further open issues that result directly from this thesis include among other things:

• Identify the class of utility functions for which the joint power and receiver control
problem is globally solvable.

• Is it possible to develop a fully-distributed power control and receive beamforming
algorithm which finds a global solution to the max-min SIR balancing problem?

• Provide a general interference function model and investigate the resource allocation
problems assuming a general interference function.

• An interesting theoretical question is: When is it optimal to treat interference as
noise?

Last but not least, implementing and verifying these resource allocation algorithms in a
simple but real wireless network seems to be crucial for the future of such algorithms and
thus provides a significant challenge in future.
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